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Long term problems arising from creep deformation occur frequently in industry. In the

power generation industry, for instance, knowledge of the high temperature performance

of plates and pipes containing weldments is of particular importance, since the majority

of plant failures are associated with weldments. One mode of failure identified by met-

allurgists is called type IV cracking, and this mode occurs close to the weld in material

which has been softened by the welding process

This thesis extends the models of a weldment developed by Nicol(1985) and

Hawkes(1989), which are based on the Cosserat theory of plates and shells.

The ultimate aim of this investigation is to predict the time to failure of weldments under

applied loads. In order to achieve this goal we introduce the basic concepts of Continuum

Damage Mechanics into both the Cosserat model introduced by Nicol and the alternative

approach suggested by Hawkes. The lifetimes of a welded plate comprising the parent

material, low and high temperature heat affected zones and weld metal, are calculated for

both methods, for values of the parameters associated with type IV cracking. It is found

that the corresponding solutions from each model display similar characteristics for the

initial strain rates but the calculated rupture times can differ significantly.

A different Cosserat model of a plate, in which the assumed stress distribution is zero on

the top and bottom surfaces, is next presented. Finally, we investigate the behaviour of

a V-shaped weld, obtaining results which imply that the presence of the angled interfaces

reduces the lifetime of the weldment.
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Chapter 1

INTRODUCTION

In the last twenty years the design life of components in power plant has been an area

of increasing interest. The high temperature creep regime is one area of particular interest

since knowledge of the performance and lifetime of plant components is of considerable

importance, for both safety and economic reasons.

The majority of problems in weldments occur due to material inhomogeneities in, or

around, the weld. These inhomogeneities are caused during the welding process and arise

mainly due to different local rates of cooling within the metal being welded which lead, in

practice, to the production of metallurgical^ different zones contained in the weldment.

These different zones have been confirmed by observation, Coleman (1978). Within each

zone the material properties are almost uniform and from one zone to the next the changes

in properties occur over very small length scales, typically 100/mz, Hence it is reasonable

to model a weldment containing zones using a material with piecewise constant material

properties.

Metallurgists suggest that a ferritic weld, containing ^Chromium ^Molybdenum

^Vanadium weld material, consists of four basic regions. The first region is the untrans-

formed parent material. Adjacent to this is a narrow partially transformed or overtempered

region, known as the type IV region (after a German classification of the weld crack mode

which occurs in this region) or, alternatively, as the low temperature heat affected zone.

The type IV region is much more ductile than the parent material. Next to this region is

the narrow fully transformed high temperature heat affected zone (HAZ), which is much



stronger than the parent material. Finally in the centre of the weldment is the weld ma-

terial itself. The weld material is usually weaker than the parent material but not as weak

as the material in the type IV region. The weldment is generally the weak feature of any

component and often causes welded plates not to reach their design life.

There are three main modes of cracking associated with the structure of the weldment

as described in the previous paragraph. The first of these is called stress relief or HAZ

cracking, which is attributed to the high creep strength and low ductility of the heat

affected zone. The second, referred to as transverse weld metal cracking, occurs within

an incorrectly heat-treated weld metal. Both of these forms of cracking are promoted

by the existence of residual stresses created by the welding process. The third type of

cracking is called type IV cracking, which gives its name to the previously mentioned

partially transformed region between the HAZ and the parent material. Type IV cracking

is mainly influenced by the applied loading and since it occurs frequently in practice it is

important to understand the process more fully.

Changes to the welding process, through varying the local rates of cooling and the

maximum temperature in the fusion zone of the weld, make it is possible to maintain some

control over the width and material properties of the narrow HAZ and type IV region.

Hence, knowing how changes to the parameters affect the lifetime of a weld should lead

to improvements in the welding process.

The introduction,by Kachanov (1958, 1986), of the concept of "effective stress" into

the steady state creep equation of Norton (1929), allowed much progress to be made on

the modelling of the tertiary stage of creep, and thus creep rupture. The approach intro-

duced by Kachanov, and later modified by Rabotnov (1969), incorporates the coupling

effect between the material deterioration and the mechanical behaviour of the specimen.

These pioneering efforts led to the development of a new field of applied mathematics

called Continuum Damage Mechanics (CDM), in which a single damage variable represents

the accumulated damage in a material arising from the microscopic level of dislocations



(Ashby and Embury (1985)), slip bands, void growth and coalescence (Giessen and Tver-

gaard(1991), Dyson (1983)) , the initiation of microcracks and crack propagation (Cocks

and Ashby (1981)) to the macroscopic level of the influence of material damage on phys-

ical quantities such as density change (Jonas and Baudelet (1977)) and the mechanical

change of the material as measured by effective stress. The basic assumption involving

effective stress is that a volume of damaged material under an applied stress displays

the same strain response as a volume of the undamaged material subject to an effective

stress. To measure the damage of the material, and thus the effective stress, Kachanov

introduces into the steady state creep equation a damage variable D which takes the

value 0 in the undamaged state and 1 at failure. A more detailed discussion of CDM can

be found in Chaboche (1989).

The concept of effective stress has been extensively used in obtaining constitutive

equations for creep and creep rupture (see, for example Hayhurst (1972), Leckie and

Hayhurst (1977), Leckie (1986)). An alternative model for creep and creep rupture has

been proposed more recently by Evans, Parker and Wilshire (1982) and Wilshire (1991),

called the theta-concept. This method allows data obtained from short term high precision

experiments to be extrapolated to predict rupture times. Maruyama, Tanaka and Oikawa

(1990) have used a modification of this theta concept model to predict the long term

creep rupture of CrMoV ferritic steels.

Other recent work has used the Kachanov-Rabotnov equations to model creep and

creep rupture of some simple structures. For instance, Othman and Hayhurst (1990)

modelled the creep of a two bar structure subject to a steady load. Hall and Hayhurst

(1991a) have used a similar method to model the crack growth and failure behaviour

in an internally cracked plate and have also examined a plate containing an external

crack. The same authors have produced a model which predicts the accumulated damage

and rupture time of a pipe containing a V-shaped weld (Hall and Hayhurst (1991b)).

Storesund, Tu and Wu (1992) have used Norton's simple power law to investigate the



stress redistribution due to the presence of a weld in an initially flat plate, and they then

made predictions as to the failure behaviour using a simplistic rupture criterion.

All the papers mentioned in the previous paragraph contain results found using finite

element methods. Unfortunately, the presence of the thin distinct zones in a weldment

and the fact that stress singularities occur at the corners of these regions makes choosing

a suitable mesh and obtaining reliable solutions with the finite element model both very

difficult and extremely time consuming. It would be very useful,therefore, to construct a

simple and reliable mathematical model which will accurately predict the time and position

of rupture.

Nicol (1985) introduced a model, different from that used by previous authors, based

on the Cosserat theory of plates and shells. The general Cosserat theory of shells was

developed during the 1960's by such authors as Green and Naghdi (1965), Green, Naghdi

and Wainwright (1965), Green, Naghdi and Osborn (1968), Green Laws and Naghdi

(1968) and Green, Naghdi and Wenner (1971). A full thermodynamic derivation of the

Cosserat theory can be found in Naghdi (1972), and this latter article encompasses much

of the work of the previous authors.

Nicol (1985) investigated a welded plate containing parent material and weld metal

only, under simple uniaxial tension, by generalising the multi-axial form of Norton's Law

and introducing generalised stresses and strains appropriate to Cosserat theory. Nicol

examined the effect on the steady state strain-rate caused through varying the width of

the weld metal and the relative creep strengths of the constituent materials. The results of

Nicol's work were analysed more extensively by Nicol and Williams (1985), who obtained

parametric equations defining the variation of strain-rate with the material properties at

certain positions within the plate. The aim of their work was to predict the lifetime of

the weld using a simple failure criterion defined by Monkman and Grant (1956), in which

the strain at failure is required. Unfortunately, data on this value is scarce and hence no

predictions on rupture could be made.



Hawkes (1989) applied Nicol's simple model to a more realistic weldment containing

the extra two zones (namely the type IV region and the HAZ) and then obtained plots

of the initial strain-rates for various material parameters associated with the weld. The

results showed that it is necessary to include these thin zones in any satisfactory model

of a weld. Hawkes also introduced an alternative approach, deriving the constitutive

equations directly from the multiaxial form of the steady state creep law. Comparisons

made between solutions obtained using Hawkes' suggested model and the original one

of Nicol, for a plate containing parent material and weld metal only, showed qualitative

agreement. Hawkes also used the generalised method of Nicol to examine a model more

appropriate to a thicker plate by associating more directors with each point on the Cosserat

surface (see Chapter 2 for more details about the Cosserat theory and 'directors'). For

a simple weld, in the 'elastic case', it was found that the results were similar to those

obtained by Nicol.

Hawkes then investigated the creep of a pipe containing a simple butt weld, subject to

constant end loading and internal and/or external pressure, and the creep in an initially

curved plate. The results obtained for the pipe showed that the thinning of the pipe

about its mean radius occurred over a different lengthscale than the bending of the pipe.

Although these extensions of Hawkes increased the range of applications of Nicol's theory,

it was still not possible to determine the rupture time and position of rupture

In this thesis we attempt to address this outstanding problem using the basic ap-

proach of Continuum Damage Mechanics which, as mentioned earlier, was introduced

by Kachanov (1958) and extended by Rabotnov (1969). In chapter 3 we shall use the

multi-axial form of the Kachanov-Rabotnov equations, in conjunction with the alternative

Cosserat model suggested by Hawkes, to model the creep and creep rupture of a weldment

comprising parent material, type IV region, HAZ and weld metal. Although analytical re-

sults can be found for strain-rates at / = 0, the rupture time and position of rupture

must be calculated numerically. A suitable numerical scheme is presented and numerous



results, obtained for different parameters associated with the weld, are determined and

discussed.

An alternative damage evolution model has been suggested by Hayhurst (1983). This

model includes a direct dependence of the damage rate on the maximum principal stress

in addition to the equivalent stress, the effects on the time to rupture of using this model

is also investigated in chapter 3.

In the development of their models of a plate under simple uniaxial tension, IMicol

and Hawkes both used linear expressions in z (where z denotes the co-ordinate normal

to the Cosserat surface) for the components of the three dimensional stress in the plate.

Hawkes, in his model of a thicker plate, introduced more directors associated with each

point on the Cosserat surface and, to obtain a consistent model, now used higher order

terms in z for the three dimensional stress tensor. In chapter 4, by introducing a cubic

in z for the three dimensional stress distribution and introducing suitable constraints, we

obtain a model for the strain-rates of an initially flat plate containing a weld under uniaxial

tension in which the three dimensional stress has zero shear on the plate's top and bottom

surfaces.

Most real welds do not display the simple geometry described earlier in which the

interfaces of each region are normal to the central surface of the plate. The usual geometry

is that of a V-shaped weld, where the interfaces are at an angle 0o to the central surface

of the plate. This type of weld is modelled in chapter 5. In obtaining a model for the

pipe, Hawkes generalised the derivation of Nicol to include the use of non-Cartesian co-

ordinates. In chapter 5 we shall further extend Nicol's approach by introducing directors

which reflect the geometry of the plate. This extension includes not only the concept of

effective stress and Continuum Damage Mechanics, but directors which initially are not

perpendicular to the Cosserat surface. The model leads to a complex system of partial

differential equations which are solved by a suitable numerical scheme. When 80 = 0,

the system reduces to Nicol's model for the strain-rate together with a damage evolution



equation. It is found that the presence of the angled interface reduces the rupture time

of the weldment

Finally in chapter 6, we state some concluding remarks on the use of a Cosserat model

to represent the creep and creep rupture of a plate containing a weldment. Some other

problems that could be attacked in the future using the Cosserat model are also presented.



Chapter 2

BACKGROUND INFORMATION

This chapter will look at the background information required to solve the problem set

out in the introduction to this thesis. We shall briefly examine the geometry of Euclidean

space and present some results from differential geometry. In section §2.3 the multi-axial

creep laws used throughout the thesis are introduced and, finally, sections §2.4 to §2.6

are concerned with the introduction of the general Cosserat theory and the derivation of

the field equations associated with this theory.

2.1 Geometry of Euclidean Space.

This section will summarize the basic formulae of tensor calculus and some appropriate

results from the differential geometry of a surface. For a much more complete exposition

the reader should consult books on the subject of tensor calculus and/or differential

geometry, such as, Abram (1965).

Throughout the thesis all Latin indices (subscripts and superscripts) take the values

1,2,3 whereas Greek indices (subscripts and superscripts) have the range 1,2 only. The

usual summation convention over a repeated index will apply, unless specifically stated

otherwise.

Let xl refer to a fixed right-handed orthogonal Cartesian co-ordinate system in Eu-

clidean 3-space. Let v1 denote an arbitrary curvilinear system related to the x1 by the

transformation

x' = x'(v\v2,v3), (2.1)



detf^jj^O. (2.2)

The non-zero determinantal condition (2.2) ensures that there exists a unique inverse

such that

v{ = vi(<x\x2,x3). (2.3)

Let vl be a new set of curvilinear co-ordinates and consider the invertible transformation

& = v' (vl,v2,v3) , (2.4)

and its inverse defined by

u - v [i! ,v ,v ) . {Z.o)

We assume that the functions defining these transformations (2.4)-(2.5) are continuous

and are partially differentiable as many times as required. Hence from (2.4) and (2.5) the

transformation of the differentials dv'.dv' can be expressed

. dv'
dv' = ——:dv\ (2.6)

av'J

and

dv1 = jjdv3. (2.7)

Let T> = {T\T2,T3} and Ti = {TUT2,T3} be two distinct sets of 3 real numbers

associated with a point P of the Euclidean space with co-ordinates vl . Let there also
-W . f IV IV -V ^ -N-

be associated with the same point 2 sets of real numbers T' = | r 1 , T 2 , r 3 | and T,- =

JTi , T2,T3} defined with respect to a co-ordinate system vl introduced through (2.4).

Then T' are said to be the components of a contravariant tensor of order 1, and X1,- to be

the components of a covariant tensor of order 1, if the numbers Tl and Tl, and Tt- and

T{, satisfy respectively the relations

r = ̂ P , r = |̂ f-\ (2.8)
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T — T- T — —— T- (2 9)

The above relations can be generalised by letting T^\'fr
s and Ti*"mfr' be two systems of

%{r+s) numbers associated with a point P in the co-ordinate systems v\ vl respectively. We

say these numbers are the components of a mixed tensor of order (?- + s) at P, covariant

of order r and contravariant of order s , if they transform according to the laws

n->h---J! _ _ ^ _ . . . , . , rpl-i...l3 /9 ̂ Q\
n ' " ' r Ov'1 8v'r dv^1 ^{J'j 1-" r '

It should be noted that only tensors of the same type can be added or subtracted.

Now, suppose

P = P W) (2-12)

is the position vector of some point in Euclidean space, then the square of the line element

is

ds2 = dp • dp = gijdjdv', (2.13)

where

g." = j £ , 9, = g.' • gi, (2-14)

are the covariant base vectors and the metric tensor respectively. The reciprocal con-

travariant base vectors g ! and conjugate metric tensor g'J are defined by

g' = g'igj , 9lJ - 9Jl = g1' • gJ - y , (2-15)

g = d e t ( < 7 , j ) ,

where Q*i are the cofactorsof </,-j in the expansion of the determinant g . The base vectors

also satisfy the following relationships

g' • g, = «} , 9ik9kj = g3kgkl = 6), (2.16)
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where <5*- is the Kronecker delta.

It is possible to raise or lower an index of a tensor through inner multiplication by gli

or gij as in the following examples

TKik = 9HiTjk, ( 2 1 7 )

T)k = gthThjk.

The Christoffel symbols of the first and second kinds are defined by

r i j k = 9mk T-] = \ (gik.j + g J k l - ga k ) , (2.18)

where ,,- denotes partial differentiation with respect to vl and similarly with the notations

j and ifc .

Using (2.14), the Christoffel symbols can also be expressed as

Yi-k = f -ih = KA- • °"i - f - =Tk- = °'k • °'i • = — g t • g f c •• (2.19)

We now define covariant differentiation of a covariant tensor T{, a contravariant tensor

T l and a mixed second order tensor Tj, respectively, by

Ti]]k = Tu- T[hTh (2.20)

r,|, = r,k+ f IT1, (2.21)

r;p = r-t+f;tr;-f;tT;. (2.22)

For higher order tensors there is a natural generalisation of equation (2.22).

2.2 Results on the Differential Geometry of a Surface.

First we define a surface S, by the parametric equations

(2.23)
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where Xi are rectangular Cartesian co-ordinates of a point P on the surface <5, u1 and

v2 are parameters. We assume that the functions / ; are continuous and differentiable as

many times as required. It immediately follows from (2.23) that the position vector r can

be expressed as a function of the parameters va (usually called the curvilinear co-ordinates

on the surface S):

() (2.24)

Hence with any point P of the surface we can associate a set of base vectors a!,a2 ,

defined by

aa. = r,c, . ai x a2 ^ 0, (2.25)

where ,Q denotes partial differentiation with respect to va. The condition (2.25)(H) ensures

that there exists a unique normal at each point on the surface S. Definitions of covariant,

contravariant and mixed tensors at a point P on S are similar to those in the previous

section §2.1, and so will not be discussed here. Let a3 denote the outward unit normal to

S at the point P, then it follows that

i x a2

from which we deduce

a3 • a3 = 1 , a3 • aa. = 0 , a3 • a3)Q, = 0. (2.27)

The first and second fundamental forms are now defined. The square of a line element

of the surface is given by

ds2 = rfr • rfr = aa!3dvadv13, (2.28)

where

aD.;3 = a o • a0. (2.29)

The quadratic form (2.28) is called the first fundamental form of the surface . The

reciprocals of the base vectors aD and the first fundamental form aop are denoted by aa
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and aafi respectively. They are defined at all non-singular points of the surface, and are

given by

a" = a Q % , aaSi = a13" = aa • a^ = — , (2.30)
(X

where Aali are the cofactors of aap in the expansion of the determinant a. All of the

above quantities satisfy the relevant laws for tensor transformations. They also satisfy

the relations

a a ' - a / 3 = <^ , aaXax0 = apxa
Xa = 6%. (2.31)

We can use aa'3 and aalo to raise and lower indices in a similar way to that shown in

(2.17).

The second fundamental form is a measure of the curvature of the surface S and is

defined by

-dr-d<i3 = ba3dvadv13, (2.32)

and on using equations (2.25)(j) and (2.27)^) we obtain the relations

baj = b(jQ = — a a • a3i/3 = a 3 • aQ^. (2.33)

The Christoffel symbols on the surface are defined in a similar fashion to the Euclidean

3-space Christoffel symbols through

(o o 7 3 + a01ct aaP^j , (2.34)

ro./37 = T0a~, = a0, • a.aj3, (2.35)

T ^ = T}a = a? • aQ,^ - - a a • a\p. (2.36)

The covariant derivative associated with the metric tensor aQ0 of the surface can

now be defined. Notice that the operator is represented by a single vertical bar in this

case instead of the double vertical bar in the previous section, §2.1. The appropriate

expressions for the derivatives are

Tab = Tft<7 - r ^ r A , (2.37)
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Figure 2.1: Creep diagram

.-rid- _ -pa , p a -rA pA j-or
1 /3|~, — 1 Qn + x A T J ,3 x JST-4 A'

T o/3 <~r<x8 i "pi> i~p\3 i "P/5

|- = J o + 1 ,v,i + 1 A-,

2.3 Introduction to Creep and Creep Laws.

(2.38)

(2.39)

Creep is the term used to describe the phenomenon that occurs when a material, usually

a metal, is subjected to a load at a high temperature (the temperature being greater

than some critical value). The material undergoes a plastic time-dependent deformation.

There are three main stages in the creep process and these are shown graphically in Figure

(2.1).

Figure (2.1) shows how the strain in a specimen changes with time under constant

load and temperature. At the instant of loading the component obtains an instantaneous

elastic or elasto-plastic strain e0. The first portion of the curve AB, which is the primary

creep regime, is where the strain-rate decreases with time. The portion BC is the secondary
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creep regime, and during this time the strain-rate is approximately constant (the so called

'steady creep' regime). Finally, the third part of the curve, CD, shows the tertiary creep

regime, where the strain-rate increases dramatically with time until either brittle or ductile

rupture occurs.

Another factor that affects the form of the creep curve is the applied stress level. At

high applied stress levels (short term creep) ductile fracture usually occurs. The main

features of this type of fracture are a decrease in the cross-sectional area of the specimen

and the formation of necking. Ductile fracture occurs at large strains and the creep

acceleration in the tertiary stage is large.

For the case of low applied stress (long term creep) the fracture is usually brittle. This

type of fracture occurs at small strains and the tertiary stage is not so important. For

weldments brittle fracture is the principal failure mechanism and it is only this case which

is considered in this thesis.

The most generally accepted form for the constitutive equation for uniaxial secondary

creep is Norton's power law, Norton (1929), which is written

(2.40)

where A and ??. are material dependent constants. In practice both of these latter pa-

rameters are not only material dependent but also vary with the applied stress and the

temperature. In this thesis, however, A and n will be assumed to be material dependent

only.

A useful, and perhaps the simplest, way to predict failure is to use the continuum

damage model first suggested by Kachanov (1958) and extended by Rabotnov (1969). In

this approach one introduces an additional variable xb and, for the uniaxial case, equation

(2.40) becomes

£ = ^ . (2.41)
dl tp
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where ip satisfies an 'evolution' equation of the form

°4 = - — • (2.42)
dt 09 v '

In Kachanov's original theory 0 was replaced by (1 — u), with u representing the accumu-

lated damage in the material. Hence u> = 0 denotes the virgin state and u = 1 when the

material fails. The quantity 0 is called the 'continuity'. Expressing the initial condition

and rupture criterion in terms of the continuity variable, we have

u> = 1 at t = 0, ,
(2.43)

0 = 0 at t = tr,

where tr is the rupture time of the specimen.

In practice, the stress state is usually multi-axial and therefore equations (2.41) and

(2.42) need to be extended. On assuming that the influence of the continuum damage on

the rate of deformation is scalar in character, we obtain the following coupled equations

(see Hayhurst(1983))

where 7^ is the three dimensional strain tensor and

In (2.44) and (2.45) a' is defined by

( O 2 = | ^ , - ; , (2.46)

where 3,-j is the usual stress-deviation tensor given by

tij - ^ - lsmk, (2.47)

6{j being, as usual, the Kronecker delta.
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2.4 An Introduction to the Cosserat Theory of Plates and Shells.

Before defining a shell we shall introduce suitable co-ordinate systems. Let points in a

region of Euclidean 3-space be referred to a fixed right-handed rectangular Cartesian co-

ordinate system X{, and let {u 1 , ^ 2 , ^ 3 } be a general material co-ordinate system such

that

x, = xt{v\v\v3), (2.48)

Assuming that

det (0) * 0, (2.49)

then the transformation (2.48) is non-singular and has a unique inverse which is defined

by

vi = vi(x1,x2,x3). (2.50)

It will be convenient for later use to set i>3 = £ and so the notation that we will use is

»' = K , £ } - (2-51)

Consider a three-dimensional body, B, in a region of Euclidean 3-space 1Z. If P

denotes the position vector of some point in the body in the reference configuration (we

can identify the reference configuration with that of the initial configuration at time t = 0,

and hence 'reference configuration' and 'initial configuration' are interchangeable in this

context), relative to a fixed origin, then

P = P(u a , 0 - (2-52)

The position p of the point, relative to the same origin, in the deformed configuration at

time t can be expressed as

P = p(va,t,t). (2.53)
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It is assumed that the function p is sufficiently smooth that it is differentiable with respect

to t>a,£ and t as many times as required. Further if we impose

r , \ __ ! „ „ „ 1 \ P I (0 Z\±\
g 2 — I g i , g 2 5 & 3 j S> U , ^ Z . O ' i J

then we shall have a right-handed co-ordinate system. We now commence with the

description of a shell. Let OB, the boundary of the body B, be specified by:

(i) The two material surfaces

and £ = 0 (i;A) , a < 0 < /?, (2.55)

where the surface <̂  = 0 lies entirely between the two surfaces a and (3.

(ii) A material surface

f(vl,v>)=0, (2.56)

such that £ = constant are closed smooth curves on (2.56). It should be noted that we

have imposed the condition (2.54), which ensures that the surfaces (2.55) and the surface

£ = 0 do not intersect one another.

If p*(va,£,t) and pl(va,£) are the mass densities of the body B, in the deformed

configuration and the reference (initial) configuration respectively, then the local equation

of conservation of mass is

p~g?=p~0G?, (2.57)

where G is the dual of g in the reference (initial) configuration. The position of the

surface f = 0 at time t can be fixed by imposing the condition

p"oG>Zdt = 0. (2.58)

The condition (2.58) was first introduced by Green, Laws and Naghdi (1968), and it is

in effect a condition which equalizes the mass distribution above and below the surface

£ = 0. It should be noted that as a result of (2.57) condition (2.58) is independent of
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time and hence once the relative position of the surface £ = 0 is determined at some time

t, it remains so determined at all subsequent times. This completes the description of a

shell.

Let us now briefly introduce the Cosserat theory of plates and shells. We model the

shell by introducing a two-dimensional reference surface S, identified with the surface

£ = 0 above. At each material point of the surface S we associate an infinite number of

vectors dependent on the material points va. In this Cosserat model the deformable vector

fields are called 'directors', and these directors vary independently of the deformation of

the surface. It is shown in Naghdi (1972) that the deformation of a general plate or shell,

of arbitrary thickness, can be modelled exactly by a Cosserat plate or shell with an infinite

number of directors. Clearly with an infinite number of directors the model is extremely

complicated. To simplify the analysis we often restrict attention to a finite number of

directors only and, for the simplest case, introduce a single director. The latter model

would be a good approximation, we hope, for a thin plate or shell, at least.

How do we define a thin shell? If h is the thickness of the shell then

h = 13 (vx) - a (V) , (2.59)

and we say that a shell is thin when the thickness, h, is much smaller than the minimum

radius of curvature, R, of the surface; that is

A « i. (2.60)

In the case of an initially flat plate (for which R is infinite) we say the plate is thin when

h is much smaller than the smallest dimension of its middle plane.

Thus for a thin shell or plate we introduce a single deformable director d at every

point on the surface S. It should be noted that d is not necessarily normal to S. The

assigned director is expected to portray the 'thickening' about the surface £ = 0 and its
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component along the unit normal to this surface models in some sense the thickness of

the three-dimensional shell or plate.

2.5 Kinematics of Shells.

The kinematics of the shells defined in the previous section, §2.4, is now developed from

the three-dimensional theory. We assume that the position p(va,£,t) of a point in a

deformed arbitrarily thick shell is defined by the analytical function

N=l

and its dual in the initial (reference) configuration is

P = R(iA0)+ f ^ v D ( j V ) K , 0 ) , (2.62)
N=\

where r and R are the position vectors of a point in the deformed and initial configuration

respectively and d(yj and D(-vj are vector functions of va and t in the deformed and initial

configuration. We assume that the power series (2.61) and (2.62) are differentiable as

many times as required. The velocity vector of the shell or plate is given by

v" = i>(va,£,t) = v+J2 £A'w(jv), (2.63)

where we have written

v = i- , W(yv) = d^v), (2.64)

and the superposed dot denotes differentiation with respect to time holding the other

material variables constant. Recalling (2.14)(i) and (2.61) the base vectors g,- can be

expressed

CO >1J

go = ao. + J2 £A

i V = l
CO

g3 = ^ A f - ' d ^ . (2.66)
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We now introduce some additional kinematical quantities. Let the three-dimensional

vector fields d(jv) and their partial derivatives with respect to va be referred to the base

vectors aa , then

(2.67)

where the components A(AT),:Q are given by

a 7 • d ( j Y ) Q = t / ( A r h | a - 67a<i(jV)3 , A(jv)7
a = a7/3A(jv)/3a (2.69)

A(A')3Q- = a 3 • d(N) o. = ^(A")3iO. — Kd(N)-t : ^(N) a = ^(N)3a (2.70)

Let us next introduce kinematic variables gag, K(.v)!a and 7(jv),- through the definitions

Qoti = \ («a/3 - AQ0) , (2.71)

K(N)ia = A(jV),-o. — A(,\r),'a, (2.72)

7(.V)f = <l(N)i - D(N)" (2-73)

where Aa/3, A(N)ia and DJA-J, are the values of aa0, \(NyQ and d(N)i respectively, in

the initial (reference) configuration. In preparation for certain results derived later it is

convenient to record the following expressions

(2-74)

iQ ) (2.75)

d(A'),a ' d{M)_g = A(A')aA(j.;)7/3 + \{N)Q^(M)3(3- (2.76)

It should be noted that analogous expressions to (2.74)-(2.76) in the initial configuration

may be written down. These are not stated here but the reader is referred to Naghdi

(1972) for a full presentation of the appropriate results.
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For later use we now calculate the components of g^ in terms of the variables in (2.67)

to (2.68), using (2.65) and (2.66), and we obtain

dd ( i ) dd ( i )

P = 2

CO

y i
P-2

dd(P)

.. p i

s

I ^*d

M = l

• d (M)
M=\

and

P=2 LA/=I

- M)MdiP_M) • d{M))

^ i ) , (2.77)

(2.78)

(2.79)

The components of G;J, the values of g,j in the initial (reference) configuration, can be

calculated similarly.

Now recalling from Green and Zerna (1968), the result

% = :j (gf • gj - G, • G,) = - (gij - (2.80)

where 7*̂  are the covariant components of the usual three-dimensional strain tensor, and

substituting for g^ and Gij using (2.77) to (2.79) and the corresponding expressions for

Gij, we obtain

2laf3 = 2
af3

+ E
= 7(i)o

CO

P=2

E

ri.

E

,(2.81)

, (2.82)

and

2733 = E
P=2

-P-2
P - 1

d{P_M) • d ( M ) - B(P_M) (2.83)
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For future reference we expand the series (2.81) to (2.83) in order to show the dependence

of 7*j on d(i), d(!)o and their reference values, and obtain

(A (1 )
3

QA (1 )3 /3 - A ( 1 )
3

aA ( 1 ) 3 / 3 ) ] + • • • ,(2.84)

2 7a3 = 7(1 )a

(d(x)
3X(1]3o - I>(1)3A(i)3a)] + • • •, (2-85)

and

2733273*3 = (<*(!)%)* - D(»Do)*) + ((rf(i)3)2 - (Ai ) 3 ) 2 ) + • • •, (2-86)

where all terms in (2.84)-(2.86) which do not appear explicitly involve the quantities

d(7v), D(.v), iV > 2.

Before completing this section we note that the variables used to derive the kinematic

results in this section, namely d^\y, A(,V)KV
 ar |d those on the right-hand side of equations

(2.71) to (2.73), all satisfy the invariance condition in that they remain unaltered under

superposed rigid body rotation, and hence they are suitable for use in developing a sensible

mathematical theory.

2.6 Basic Field Equations for Shells and Plates.

In this section we shall briefly derive the field equations for a shell-like body, leaving most

of the mathematical manipulation to the reader. Alternatively, the reader can find the

full derivation with explanations in Naghdi (1972) §11 and §12.

We must first present some preliminary results. Suppose dv and da are an element of

the volume of the body B and an element of the area of the surface £ = 0, respectively,

given by

dv - (ga x g2 • g3) dv1dv2dv3 = gidv1dv2dv3, (2.87)



24

da = (ai x a2 • a3) dv\lv2 = a*dvxdv2. (2.88)

Let f* = f* (va,£,t), a vector field per unit mass defined for points in the body B,

represent the body force at time t, and let

n = nig
i = nigi, (2.89)

be the outward unit normal vector on the boundary dB at time t. Suppose the vector

field t = t(va,£,t;n) is the contact force (or the stress vector) defined for every point

on the boundary 'dB at time t.

Under suitable continuity assumptions the principles of conservation of linear momen-

tum and the conservation of angular momentum for non-polar media imply:

(i) That there exists a tensor field aK1 = a1-' (va,£.t) such that

t = TJ1± = aiin.g. , T = gh^gj = gto)g*. (2.90)
(J2

(ii) That the Cauchy equations of motion hold and hence

T\; + P
mVg* = p*vg? , g,- x T ' = 0. (2.91)

It is easily shown from (2.90)(ij) and (2 .91)( ;J) that the stress tensor a u is symmetric

i.e.

aij = aJl. (2.92)

We observe that if n is the outward unit normal to dB then t (va,£, t; n) reduces to

a function of position for points on dB, hence

t = i(v°,£J), (2.93)

where t is the surface traction prescribed on the boundary dB.
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The outward unit normals to the surfaces defined through (2.55) are;

g3) on £ = a

n =
where

[ ^ V 1 + («,2)V
2 + / 3 + 2 (alft,</12 - a^ 1 3 - a2g

23)}" (2.95)

with an analogous expression to (2.96) for /(/?)• The area elements on the two bounding

surfaces are given by

da = }\a)(/?dvldv2 on £ = a (uA) ,

on £ =

In all of the expressions above, (2.94)—(2.96), g \ gv, g are evaluated on the surfaces

£ = a \V) or E, — {3 (vx). It should be noted that if a and f3 are constants (as in the

case of the flat plate) then both expressions in (2.95) reduce to

da = (g g33) dv1dv2. (2.97)

We define a two-dimensional body force by

U=/3

and two-dimensional body moments by

0

l - /3,T2 + T3] - \-a iT1 - a 2T2 + T31 , (2.98)

= f pTgifdZ
Ja

^.iT1 - ^2T2 + T3)] .= 3 - \(N (-a^T1 - a,2T
2 + T3)] (2.99)



26

where we have defined the mass density per unit area of a surface p through

paS = [ kd£ and pklN)a$ = I £Nkd£, (2.100)
Jo J a

where

(2.101)

Finally let us define N ° and M' A ^° , the resultant force vector and resultant couple vector

of order A^ (N = 1,2,...) by

(2.102)

We now recall the conservation of energy for non-polar media over any part of the

body V in the form

4- / (-v" • v") p'dv = I i"-v*p"dv+ I t-v*da. (2.103)
dt Jv \2 / ip 9̂P

The left-hand side of (2.103) denotes the kinetic energy of the body and t • v* and

f • v*, are the rate of work by surface forces and the rate of work by body forces re-

spectively. Equation (2.103) describes the conservation of the mechanical energy only

with all thermodynamic terms omitted. Naghdi (1972) derives field equations for the

full thermo-mechanical problem, but in our work we are considering purely isothermal

situations.

It can be shown that the (three-dimensional) balance of energy, equation (2.103), can

be written in terms of the two-dimensional variables as

dd f (1/ p v • v + J2 fc('V)w(N) • v + - J2 k{M+N)^(M) • w ( N ) da
N=2 - .V/,A'=1

= / P ff • v + E {iN) • w0V)l da+ f, ( N • v + £ M ( A ° • W(N)) ds, (2.104)
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where dV is the boundary of V, part of the two-dimensional reference surface £ = 0 in

the present configuration.

The local balance of energy can be written as

<riJA(ij = 0, (2.105)

or, in the alternative form

T{-v',t = 0. (2.106)

Let cj> = <j) (vl) be a scalar function, then multiplying (2.106) by g~%<j> and integrating

over V* gives

= 0, (2.107)

which can be expressed as

- T\, • v*6 - T • = 0, (2.108)

which implies

=• /" (t-v')0da+ f g-1? (-Tl,-v'<p-Tl •v*<f>l)dv = 0. (2.109)
JdV ' Jv \ • ' ' J

Af te r some manipulat ion and using (2.91 )(j) we obtain

4 / -vm-v"p"<!>dv= [ (f •v'p"6-g-?Ti-v*<j>i)dv+ [ t • v*<j>da. (2.110)
dt Jv 2 Jv v ' ' JQV

In particular if we use the specific substitution 6 = ifn (?z = 0,1,.. .) we can deduce

from (2.110) the result

A r ( 1

± p UfcWv - v + I

v -
A'=i

JdV
M (n) • M ('v+n)

• w (Ar)
iV = l

n) j

• W(N) da

(2.1H)
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where we have introduced

•.-.-.(AO,.,i AT I eN—1 T I 3 , 7 £ I AT "^ ^ ^ to i i * ^

Under suitable continuity assumptions, (2.111) can be reduced to

{n)a\a + p\{n) - m(n)) • v + M(n)Q • v,a

iN+n]a-w{N)a = 0 , 77. = 0 , 1 , . . . , ( 2 . 113 )
N=2

where we define

_ (2.114)

and
CO

It is possible now to derive the field equations for plates or shells from the energy

equations (2.113) together with invariance requirements under superposed rigid body

motions. We assume that the quantities

T, , a'\ (f-v"), (2.115)

are invariant under superposed rigid body motions, and so by the definitions introduced

in this section it follows that

M(n)a ^ m(n) ^ J(n) ^ n > Q ^ (2.116)

are also invariant under superposed rigid body motions.
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For simple translational motion we have the transformation given by

v* + =v* + b (2.117)

and hence

v + = v + b , w(Ar)+ = W(w). (2.118)

Under a general superposed rigid body motion the energy equation (2.113) becomes

n]a+\a + pl (n )+ - m (n ) + ) • v + + M ( n ) a + • v +

«+ +/9I(A'+")+ !1
L J ' A T t n

(2.119)
Ar=2

Recalling that the variables in (2.116) are invariant under superposed rigid body mo-

tions and substituting (2.118) into the equation (2.119) and subtracting the resultant

equation from the original energy equation (2.113) we obtain the condition that

M ( n ) % + />I(n) - m (n ) = 0 , {n = 0 ,1 , . . . ) , (2.120)

and so the generalised energy equation (2.113) can be reduced to

" • v.a + £ _ ^ _ m < " + » > • w ( N ) + J2 M<"+B>« • w ( N ) = 0. (2.121)
A f = l ' l l .V = 2

If we assume next that the plate or shell undergoes a uniform rotation of the form

v * + = v - + u>0 x p, (2.122)

then it follows that

v + = v + io0 x r , w ( j V)+ - W(jV) + w0 x d(Ar). (2.123)
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Substituting (2.123) into (2.121), recalling the list of invariant variables (2.116), sub-

tracting equation (2.121) and then noting that coo is arbitrary, leads to the equation

OO / AT \

W° x ao + £ (—_m(A r+") x d{N) + M<N+n^ x d(N) J = 0. (2.124)
AT=i VA + ??. /

It should be observed that the equations of motion (2.120) can be obtained by direct

integration of (2.91)(j), after multiplication by £N and with use of definitions (2.98)

to (2.99), (2.102) and (2.112), and hence the field equations result directly from the

symmetry of the stress tensor av.

The quantities M ( A ' a and m ( j V ) o transform as contravariant surface vectors and may

be written in component form, referred to the base vectors a;, as

m(N) = mWat. (2.125)

Similarly the variables in (2.114) can be expressed through

f = Io = /'a,- , I("» = F(n)lat , (n > 1) , (2.126)

and so using (2.125) and (2.126) we can express (2.120) in the component forms

Nal3\a-b^No3 + pf'3 = 0, (2.127)

A'°3|a + ba3N
aii + pp = 0, (2.128)

= 1, 2, . . .) , (2-129)

= 1,2,. . .) , (2.130)

where we have used the notation Na'3 = M^aP and Na3 = M(°)a3.

In a similar manner the component forms of equations (2.124) can be shown to be

(2.131)
/ V = l
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= 0, (2.132)
JV=1

and

/V
I , y77- : z = l , w , - . . ) , ( Z . I o o j

A ' = l '

CO

(A, a

( A - A - . ^ ( A r + J l ) 7 Q A ( A ^ . ) = 0 , ( n = 1 , 2 . . . ) , ( 2 . 1 3 4 )
J V = 1

where we have defined symmetric tensors Ar/a'3 and M'(n)Q'3 in terms of asymmetric tensor

components.

Next we wish to proceed with the linearization of the general field equations and in

order to do this we need to expand all of the terms appearing in the field equations as

power series in a small parameter e. Thus we write

r = R + eu + 0 (e2) . u = u'Ai, (2.135)

which implies

aa = Aa + eu,a, + O (e2) , (2.136)

and leads to the results

a.0 = ^ + 0(0, {

We assume that in the initial configuration the continuum is stress-free. Consequently

in the complete three-dimensional linearized theory the stress tensor cr'-7 and its derivatives
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will be 0{t). It follows from the definitions (2.102) and (2.112) that the vector fields

Na, M^a, m ^ (N > 1) and their tensor components as well as their derivatives with

respect to the surface co-ordinates are all O(e). Thus, we define new variables through

Nai = eNoi , M (Ar)a t = eM(N)oi , m{N)i = em{N)i. (2.138)

Consistent with the above assumptions we write

fi = €pi + 0(t) , U = cLt + O(e). (2.139)

On substituting (2.137)-(2.139) into (2.127)-(2.130), the relevant linearized field

equations become

No;V.- B?
aN°3 + PoF>3 = 0, (2.140)

Aro3|a + BcjN"13 + PoF
3 = 0, (2.141)

MW^-BZMW^ + POLW13 = mW3, (2.142)

M{N)% + Bo3M^N^ + PMN)3 = m{N)3- (2.143)

where we have retained only leading order terms in e.

For small deformations of the shell or plate we can also expand the components of

the directors as power series in e through

d{N)l = D{N)l + O(e), (2.144)

where D(;v){ are the values of d^^ in the initial configuration. Using (2.144) we can now

linearize the equations (2.131) to (2.134) obtaining

m('^D{Nf, (2.145)
N=l

m{N)aD{Nf) = 0, (2.146)
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- d v 7 - A { w + n ) V ) » (2-147)

= 0. (2.148)
7 V = 1

In subsequent chapters of this thesis we will use the general linearized field equations

which have been derived above.



Chapter 3

MATHEMATICAL MODEL OF A PLATE CONTAINING

A WELD WITH INTERFACES NORMAL TO THE

SURFACE OF THE PLATE

In this chapter we shall model the creep of an initially flat plate containing a weld

region. For a ferritic material the weldment consists of four main regions, namely the

parent material, low temperature heat affected zone or type IV region, the high temper-

ature heat affected zone (HAZ) and the weld metal. Each of the regions has markedly

different material properties , but these properties can be assumed to be constant in each

of the respective zones. In this chapter we assume that each region is joined to the next

by a plane interface normal to the central surface of the plate. The plate is subjected

to constant uniaxial end loading. We wish to model the time to rupture and position of

rupture of the specimen, and shall use the Cosserat theory of plates developed in chapter

2.

By using different welding techniques and heat treatments it is possible to vary the

widths and creep strengths of the different zones, and so in our results we will investigate

the changes in rupture time and position of rupture due to variations in the material

parameters and zone widths. After the welding process has been completed there are

normally residual stresses left in the weld. With correct post-weld heat treatment, however,

these stresses can be eliminated and, hence, we shall ignore the presence of such stresses

in our model.
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Figure 3.1: Diagram of a. butt weld containing 4 zones.

3.1 Kinematics of the Plate.

In this section we follow closely the work of Hawkes (1989) and use the model for creep

of a plate that proceeds directly from the three-dimensional constitutive equations.

In the model we use the Cartesian co-ordinates (x,y,z) defined as shown in Figure

(3.1). The mid-surface of the plate ~ = 0 can now be identified with the Cosserat

reference surface £ = 0. To produce a simple modei we shall only introduce a single

director associated with each point of the surface, this director is initially assumed to

be normal to the surface z = 0. We would expect that this model will be best when

considering thin plates, but further comments will be made about this later in the thesis.

Within this chapter we assume, therefore, that

d(.v, = D (A*) N > 2. (3-1)
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Since we are now dealing with a single director we can write

d(1) = d = (di,d2,d3), (3.2)

D ( 1 ) = D = (0,0,1). (3.3)

We can simplify the model further by considering only an infinite plate so that, by

symmetry, there will be no y-dependence in the problem, that is

To specify the three-dimensional strain -•/'•, a displacement vectoru(x,t) and a director

8(x,t) are associated with each point of the central surface of the plate, such that the

three-dimensional displacement field u~(.r,~,t) is approximated by

We also assume infinitesimal displacements, given by

p = P + eu* , u" = tz-'A,-, (3.6)

and infinitesimal director displacements

d = D + e8 , 8 = 6{Ai, (3.7)

where A ; represents the initial value of the base vectors a,- associated with the reference

surface £ = 0.

Using the kinematic expressions defined by (2.71)-(2.83), in conjunction with equa-

tions (3.5) to (3.7), we can show that the linearized expressions for the three-dimensional

strain tensor of the initially flat plate are

r i / \ l / c \1 /-»^ 2\

(3.9)

733 = €S3 + O ( e 2 ) . (3.10)
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We can simplify our variables further by noting that for the case of initially flat plates,

the linearized kinematic variables separate into two groups, namely

E = {uo,#3, £a0,73,Ka3} , / o i i \
{SAL)

F = {ll3,Sa, K-aPila} •

The displacements ua, 83 in set E characterize the extensional motion of the plate,

whereas 113 and 8a in set F characterize the flexural motion of the plate. In this chapter

we wish to model an initially flat plate under uniaxial tension and since there will then be

no bending of the plate we can set all flexural variables identically equal to zero.

Furthermore, taking the leading order term of each expression in equations (3.8) to

(3.10) and setting e = 1, with no loss of generality, and then differentiating with respect

to time, we obtain the following expressions for the linearized strain-rates of the initially

flat plate under simple uniaxial tension, in terms of variables associated with the motion

of the Cosserat surface z = 0:

Us = Q*i3,t, (3.12)

7*3 = ^3 ,c , t , (3-13)

733 = V (3.14)

3.2 Stress Equations for the Plate.

In our model we assume that the three-dimensional stress tensor can be approximated by

truncated power series of the form

O-Q/3 = a a 13 + =h/3 +

aa3 = aa3 + zba3 + 0 (z2) , (3.15)
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It is possible to include higher order powers of z in the above expressions, but this would

also require us to include extra directors in the general theory leading to a more com-

plicated model. Hawkes (1989) has found solutions using a three-director model for a

simpler weldment under uniaxial tension, but his results are little different from those

found using his simpler single director model.

In the general theory two-dimensional 'generalised' forces and moments are defined

for initially flat plates by

h. h.

Xo-3 = /", vO3(lz , M(o3)= ] (TQ/3zdz,
j — — j ~ —

h h

= I o3odz . m3 — I a33dz, (3.16)
J—— J — —

?77

-Ma3 ~ / \ O-O.3zdz,

where M(ap) denotes the symmetric part of Map and h is the thickness of the plate. On

substituting from (3.15) into (3.16) and integrating through the plate, it is easily shown

that

aa8 — —-I— i bop ~ —M(aQ),

my 12
«a3 = -r- , ba3 = T T M O 3 , (3-17)

h h^
m3

«33 = — •

Nicol (1985) notes that we can split the stress variables into two separate sets, anal-

ogous to the situation for the strain variables described in section §3.1. For the initially

flat plate under uniaxial tension all the bending variables, namely A/(o/3) and ma, are

identically zero. Hence we deduce that the final expressions for the components of the

three-dimensional stress tensor, using (3.17) in (3.15), are

% UO(,'),
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(3.18)

a33 =

Having obtained the stress and strain variables relevant to an initially flat plate under

uniaxial tension we shall next derive the governing system of partial differential equations.

To begin the derivation we shall use the expressions (3.18) to obtain some results that

are required for latter use. From (3.18) and (2.47) the only non-zero components of the

stress deviator tensor S{j are

2 A
H

3 h 3 h 3 /i '

, „ - 2 A ' 2 2 1 A ' n 1!Z!2 f3191
* 2 2 — — —: ——; 77 ; ' {o.ij)

3 /?. 3 h 3 /?,

2 ???3 1 A'n 1 N22
633 ~ 3T~3T"3T'

and
_ 12

Using (3.19) in (2.46) we can express the equivalent stress a* in terms of the two-

dimensional generalised stresses, to leading order, as

. (3.20)

Using the expressions (3.12)-(3.14), (3.19) and (3.20) in equation (2.44) we obtain

022,t = ^;{-^r-(-Nn + 2N22-m3)1 (3.22)

**'* = ^ ^ T " ( " - / V " " J V 2 2 + 2 m 3 ) ' (3'23)

^7~ i 1 / l 3 ' (3 '24)
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The plane strain condition implies that

Q22 , = 0 (3.25)

and so, with the use of (3.22) and (3.25) for a non-trivial solution we require that

N22 = - (Nu + m3). (3.26)

3 A {a'
4 h i

Using (3.26) to eliminate N22 from (3.21) and (3.23) then leads to the equations

L_( ,V n - ,72 3 ) , (3.27)

6*t = - - ^ - ^ - ( - A ' n + m 3 ) . (3.28)3 A (a*

Quoting directly from Hawkes (1989), the incompressibility condition for an initially

flat plate, with a single director associated with each point on the reference surface z = 0,

is

9n,t + 83,t = 0. (3.29)

We observe that equations (3.27) to (3.28) satisfy the incompressibility condition (3.29).

Next we must express a* in terms of the two-dimensional generalised stresses. On

using (3.26) and (3.20), it follows that

3 576
(3.30)

Assuming that Nn ^ m3 and

576M13
2*2

< 1, (3.31)

which will certainly be true close to the surface z = 0, then to a first approximation

l~\ (3.32)2 — 1
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This value for <J* can now be substituted into equations (3.24), (3.27), (3.28) and (2.45)

to yield the partial differential equations

= -Qn» (3-33)

n - l , \n—1

?s,xt = o o ^ l r J \~] — 1 - L - r r ^ M^ (3-34)

and
/ D / ' 3 \ T / l \ m ( A r n — m3)OT , .

0,t = - 5 - T • —. (3.35)
\4.J\hJ xbq

Finally to complete the set of differential equations we need the equilibrium equations.

For the case of the initially flat plate, all curvature terms are identically zero and hence

assuming that there are no body forces acting on the plate i.e. F = l / ^ = 0, then the

field equations, (2.140)-(2.143), with a single director reduce to

JVlliX = 0, (3.36)

and

Mis.x = m3. (3.37)

We observe that in the present co-ordinate system, contravariant and covariant tensors

are equivalent and so we can raise or lower the indices of tensor components trivially.

It follows immediately from equation (3.36) that

JVn = N(t), (3.38)

and as we are assuming that the stress at the ends of the plate is constant (<Joo), we

obtain

Nu = N^ = ^ / i . (3.39)

The system of partial differential equations (3.33) to (3.35) and (3.37) can be non-

dimensionalised using the following substitutions

— , 0 = lb , ($3 = <53,
1
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<*•«>

where T is a suitable time scale for the problem. The transformations (3.40) lead to

(3-42)

(3.43)

X/i3.* = J7I-3- (3.44)

Before solving the differential equations it is necessary to state the appropriate boundary

conditions and initial conditions.

3.3 Boundary Conditions.

The boundary conditions used here are identical to those adopted by Nicol (1985) and

Hawkes (1989):

( i )as;c-»-oo,M 13->0, (3.45)

(ii) at ar = / 3 , A/13 = 0, (3.46)

where /3 is the position of the centre of the weld. The condition (3.45) comes from the

constant uniaxial tension at infinity, whilst (3.46) is due to symmetry at the centre of

the weld. We must also apply continuity conditions at each of the interfaces between the

zones. These continuity conditions can either be derived by energy considerations or by

the following argument. The material parameter A(x) is assumed to be continuous for

all x, except for jump discontinuities at each of the interfaces. Hence all the variables
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in the problem are either continuous everywhere or suffer jump discontinuities at each of

the interfaces: the variables must be piecewise continuous. It follows that the right-hand

sides of equations (3.41), (3.42) and (3.44) are piecewise continuous and hence their

integrals with respect to x will be continuous everywhere. Consequently, the first integral

with respect to x of the left-hand sides of the equations must be continuous everywhere

and so at each of the interfaces

831 , il/13 are continuous. (3-47)

For completeness we remind ourselves of the initial condition and failure criterion

(2.43), namely

it- = 1 at i = 0,
(3.48)

0 = 0 at i = tr.

Before solving the complete system numerically we shall obtain first a small time

solution, which can be used as a check on the full numerical solution, and then an

analytical solution for the strain-rates at time t = 0.

3.4 Small-Time Solution to the General System of Equations.

In this section we will obtain the small-time solution to the system of equations derived

in section §3.3. To simplify the analysis we will only look at the simple case of the two

zone weldment, containing the parent material and the weld metal only. A similar form

for the solution would be appropriate for a four zone weldment, but the algebra would be

more complex.

The general non-dimensional partial differential equations (3.41) to (3.44), repeated

here for convenience, are

83J = -,4(1 -m3)
ntn\ (3.49)
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lMi3V~p , (3-50)

ni})-\ (3.51)

M13iX = ?7^3, (3.52)

where a comma followed by a subscript denotes partial differentiation with respect to

that variable, and where we have omitted the~ for convenience. Equation (3.51) can be

written

(MLy = il-mt). (3.53)

Since the variable xp is monotonically decreasing from 1 to 0 (at failure), tpit is negative

and hence, the term in brackets on the left-hand side of equation (3.53) is positive as

required. We can now substitute for (1 — m3) from (3.53) into the equations (3.49) and

(3.50), to give

63, = -A(^Y^-p, (3-54)

and

1 1 3 . (3.55)

On differentiating (3.54) with respect to x, assuming that A and B are constant within

each region and eliminating 6o,xt from (3.55), we deduce that

i f ( '/'•' ^ ™ ^ ^ \ ( n \ i / , f^n \ i i 1 a KC\

ivlis = — —— — 'ii> XfXJ) + p xb xxb A . (6.bo)
\ — B J il\t l \ i n j ' ' " ' \ m ) ' ' J

After differentiating equation (3.56) and substituting into equation (3.52), and then using

(3.53), we finally get the third order non-linear partial differential equation for ip

•B

x
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- 1. (3.57)
\-Bj

In order to obtain a small time solution for 4' w e assume

ib(x t) = 1 taib (x) t2atb (x} • • • (3 58)

where a > 0, with derivatives

•J- K '' (3.59)

If we now substitute these expressions for the derivatives into equation (3.57) and retain

the leading order terms only, then we obtain the equation

-B

( X 6 0 )

Comparing powers of £ in equation (3.60) it is clear that we require a = 1, in which

case the equation reduces to

The small time behaviour for V' can therefore be found by solving the ordinary differential

equation (3.61) subject to certain boundary conditions which will be discussed later in

this section.
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The equation (3.61) can be considerably simplified by introducing a new variable

through

u = (V-i)1". (3.62)

Differentiating the above equation with respect to x gives

u.x = w(ipi) 0i,., (0.60J

u = w('ii'i)w~ \(w — 1) (t/'i ,.) + ihiWi ^,. , (3.64)

and comparing with equation (3.61) suggests we choose iv — ̂ . With this choice and

with the use of (3.63) and (3.64), equation (3.61) is transformed to

u TT u = . (3.65)
n n

The latter equation is clearly a second order linear equation for u with constant coefficients

and so its general solution is easily seen to be

u(x) = he^ + k2e~7^ + B™. (3.66)

3.4.1 Boundary Conditions.

To apply the boundary conditions to the above solution, it is necessary to rewrite condi-

tions (3.45) and (3.46) in terms of u and its derivatives.

(i) As we get further from the weld, its influence on the damage rate should be negligible

and hence the damage should become independent of x, i.e. we require

(/',,_. -» 0 as x -> -oo for all t. (3.67)

Since from (3.62)

0! = u"\ (3.68)
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on differentiating (3.68) and using (3.59)(jj), we obtain the condition

« m ~ V r -> 0 as a; -> - oo . (3.69)

(ii) From symmetry considerations we must have

i\x = 0 at x = /3 for all t, (3.70)

where /3 is the position of the centre of the weld. In a similar manner to the derivation

of (3.69) we then deduce that

it"1-1!/., = 0 at x = l3. (3.71)

The conditions at the interface are that M^?J and 63t must be continuous. Using

(3.54), (3.58) and (3.59) with Q = 1 it follows by consideration of the leading order term

that the continuity of <53]t implies that

— is continuous at x = 0, (3.72)
B )

and in terms of u we therefore require that

u
A—TT is continuous at x = 0. (3.73)

B "i

Similarly with the use of (3.56), (3.58) and (3.59) with a = 1, it follows that the

continuity of A/13 at x — 0 requires that

1 (ib-i \ "" - 1 / n \
— I — I ( — ] ?/'i..r is continuous at x = 0, (3-74)

which is equivalent, on recalling (3.68), to imposing

n—7- is continuous at x = 0. (3.75)
B
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For the present problem we shall assume n and m are constant throughout the weld-

ment and so (3.75) is equivalent to requiring

—^- is continuous at x — 0. (3.76)

The transformed boundary conditions for the problem under discussion have now been

determined and we now proceed to find the actual solution.

3.4.2 Analysis.

Recalling (3.66) the general solution is

{ ) ^ ( M ) ™ , x < 0
\ (3.77)

W) m , 0 < x < h

and the constants are now determined from application of the boundary conditions. Con-

dition (3.69) requires that

'«-! (h (P) ,. l-AP) , \
—> 0 as x —> — oo,

(3.78)

and so for a non-trivial solution

fc2
(p) = 0. (3.79)

Applying the condition (3.71) to the general solution (3.77) leads to

C&\ = 0, (3.80)

and it follows that either

or

( ) ^ ( ) ^ ( { ) ) = 0. (3.82)
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If (3.82) were true then the linear term in the time series for ib is identically zero at the

centre of the weld. Hence, the centre of the weld remains undamaged over a much longer

time-scale than other parts of weld metal, which is physically unrealistic. Therefore, we

assume that (3.81) is the correct condition to apply.

Using equations (3.77) and (3.79) the continuity conditions (3.73) and (3.76) imply

that

(3.83)

and

(3.84)

On solving the simultaneous equations (3.81), (3.83) and (3.84) we obtain

1
L

_1_

' 1

(3.87)

with the remaining constant fc2^
p' satisfying

A'2
(p) = 0, (3.88)

(equation (3.79), repeated here for completeness).

Using equation (3.58) and (3.68) in conjunction with equations (3.66) and (3.85) to

(3.88), the leading terms in the small time solution for the damage are

2 1 •>

1 - iB{^ K,e^ 1 - e7» + 1 +0 (t2) x < 0
> V i V

+ 0 {t2) 0 <x
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where

1 -

This solution can be used to determine the values of the damage at small times and

provides a check on the accuracy of the numerical procedure used in obtaining the solution

for \jj for all t > 0.

3.5 Analytical Solution for the Strain-Rates at t = 0.

With the mathematical model introduced §3.2 it is possible to obtain an analytical solution

for the strain-rates in the virgin, undamaged state. No equivalent analytical solution can

be found for the model developed by Nicol (1985), and so the model presented in section

§3.2 does possess an attractive feature not present in Nicol's earlier model.

If we write equations (3.49), (3.50) and (3.52) for the situation at t = 0, and hence

?/> = 1, we obtain the system of differential equations

6 3 , = - . 4 ( 1 - m 3 ) ' 1 , (3.91)

83vt = ,4(1 - ?7?-3)"-17\/13, (3.92)

M1 3 . r = m3 . (3.93)

remembering that these equations are all written in terms of non-dimensional variables.

Differentiating (3.91) with respect to x leads to

83vt = An{l - m3)n~177?3ir, (3.94)

where it has been assumed that A remains constant in each zone, which is a reasonable

approximation in reality. Eliminating 83vl between (3.92) and (3.94) yields

'»3.,. = — . (3.95)
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The equations (3.93) and (3.95) are a pair of ordinary differential equations in the variables

M13 and m3 . If we write these as a single second order differential equation, we obtain

m 3 i x r - ^ = 0, (3.96)
n

which is easily solved for m3 to yield

( .i:

A ê + k2e ^ x < 0,
(3-9 7)

^ kte-J* 0 < x < /3,where we have assumed that the weldment under discussion has the simple composition

discussed in section §3.4 . Recalling (3.27), knowledge of ???,3 clearly allows us to determine

the strain-rate Qn.t-

For the two zone weldment the boundary conditions to be applied are:-

as x -* - c o , Mi 3 —> 0 => m3x -> 0, (3.98)

at x = /3, M13 = 0 => m3x = 0 (3.99)

at x = 0, A/13 is continuous =>• n?.3 is continuous , (3.100)

at x = 0, £3 t is continuous => / i ' ' ' ( l — ?7?3)" is continuous, (3.101)

where A^ takes the value / l ' p ' in the parent material and J4^W) in the weld region.

Applying these boundary conditions to the solution (3.97) and solving the resulting

system of simultaneous equations in A*i, k-2, k3 and fc4, we obtain a solution for the

strain-rate gu t in the form

.i- < 0,
(3.102)

0 < x < /3,
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where

h = 0,

\ 4 —

In the above fx is defined by

t\> =

.4* - 1 -

where

A =
4?PT

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

A similar solution can be obtained for the strain-rate of a weldment containing four

separate zones, by applying the continuity conditions (3.47) at each of the additional

interfaces.

The four zone weldment is represented by Figure (3.1), where /<*, is chosen such that

the values of the variables j l / 1 3 and m3 at l^ are sufficiently close to their respective

values as x —» —oo.

In this case the general solution takes the form

Sn,t(x) =

.4(p» ( l - - k2e~^)n , /^ < x < 0,

, 0 < a; < lu

, h < x < l2,

, l2 < x < l3.

(3.109)

Applying the boundary conditions and the continuity conditions, we find not unex-

pectedly that the constants /o, satisfy a complicated system of simultaneous equations
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which can be represented in matrix form as

where

M

Mx = b

— e

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

A ( h i

— e v"

A ( h a z ) )" .

0

0

1

~7

0

0

0

0

0

0

0

0

= ( o , 0, (AH)» _(A(P))", 0,

( A W ) " - (A(|V))", o, (AW)"

0

0

0

0

0

0

0

0

— e
J3

(3.110)

(3.111)

(3.112)

(3.113)

This system can be solved on a computer using Gaussian elimination and back sub-

stitution with a relatively simple algorithm. The results will be shown graphically, and
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discussed later in this chapter. First we shall discuss the numerical method used to obtain

the solution to the full problem.

3.6 Numerical Method.

Before discussing the numerical procedure used to solve the system of partial differential

equations (3.41) to (3.44), for the weldment containing four zones, it will be prudent to

identify some simplifications of the material parameters, consistent with type IV cracking.

Experimental data suggests that in the low stress regime (<100 MPa) it is reasonable to

assume that

n(p) = n(iv) = n(haz) = n(w) = ^ (3.114)

m ( p ) = m ( iv ) = m ( h a z ) = = 4, (3.115)

p(P) = p(iv) = p(haz) = pM = ^ (3.116)

(/(P) = f/(iv> = qW = 4, (3.117)

and

f/(haz) = 7. (3.118)

These assumptions simplify the problem considerably, but it should be noted that they

are not necessary in order to obtain a numerical solution. In the algebra that follows we

set, p = m = n, then equations (3.41), (3.42) and (3.44) can be written as

a \ n —1

^ i W i3 , (3.120)

= rn3. (3.121)
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On eliminating 83 and 777.3 from the above equations we derive the ordinary differential

equation

n

In addition, with the aid of (3.121), the damage evolution equation (3.43) can be expressed

as
1

tl).i = —

which for the purpose of our numerical calculations can be more conveniently written as

. (3.124)

The algorithm for the numerical procedure is as follows;

Step(l) Initialise Variables: At t = 0 the weldment is undamaged and hence ip = 1

everywhere, which can then be used in the next step of the algorithm.

Step(2) Solve the Ordinary Differential Equation: The ordinary differential equation

(3.122) can be solved using a suitable finite difference scheme, subject to the applied

boundary conditions (3.45) and (3.46). Using the method of central differences the vari-

ous derivatives in (3.122) are represented by

,„„„ = -^-ff+ MK (3,25)

*f»* = M 2 T ^ r i - (3126»
and

* T r1 (2 (Ax)

where M- represents the value of i l / 1 3 at the ?'th node at the jlh time step. Substituting

(3.125)-(3.127) into (3.122) we obtain the algebraic equation
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If each region has Ar + 1 nodes (a1;, z = 0 , . . . A )̂ then (3.128) is satisfied at every node.

This requires the introduction of two imaginary nodes for each region, one associated with

the first node and the other linked with the last node of each respective region. Thus we

now have a system of 4Ar + 4 algebraic equations in AN + 12 unknowns. To complete

the system, the remaining 8 equations arise from the boundary and continuity conditions.

At both x = /oo and x — /3, MX3 = 0 and ib,x = 0 and hence (3.122) implies that

at x = /«, and x = /3, M13,xx = 0 (3.129)

Using the finite difference formulae it follows that

=

MJ?H = M^ i - (3.131)

For the continuity conditions, assume that at the interface between the parent material

and the type IV region the imaginary node associated with the parent material has an

Mi3 value represented by M\^, similarly the imaginary node associated with the type IV

region has an Mi3 value given by M/li • To begin with the two regions can be thought of

as being separate , and hence the values at the nodes in each region satisfy the algebraic

equation (3.128), i.e.

7/,(p) \ / (AT^Y \
, V J - I vr(p) , 97/ ,(P) V / ,/.(P) AAv)
1 — I -'-'7+1 + \~-Vl ~ VI MI'7+1 \ l

(3.132)

and
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/ (iv) , (iv)

ffi-^_v! , (3.133)

where we are at the j t h time step but have removed the superscript j to improve legibility.

The symbols Ax^ and A.T'1V) represent the step-sizes in the parent and type IV regions

respectively .

The continuity conditions (3.47)(j)(n) with equations (3.119), (3.121) and the expres-

sions (3.126) lead to

Mjp ) = MJ iv), (3.134)

and

i -
M (P)

7+1
A(iv)\ n

(iv)
1

2(Arc( iv)) +
(3.135)

The equations (3.132) to (3.135) can now be used to eliminate MJ^\ and Mi_x, to

leave a single algebraic equation that must be satisfied at the interface:

(iv) M7+1

Mr

1 + ,/,(p) / , (P) , / , (P )
V 7 - 1 .

1 +

M7-1

(p)

(3.136)

Due to the d iscont inui ty of rp at the interface we need to know both ipj and ipj,

the values of tp associated w i th the parent mater ia l and type IV region respectively. We
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shall assume also that before updating Mi3 at each time-step the values of ip are known

everywhere.

The equations (3.128) with (3.130), (3.131) and the analogous equations to (3.136)

for the type IV/HAZ interface and HAZ/weld interface form a system of 4iV + 1 linear

equations for the unknown values of M J 3 at each node, which can be written in matrix

form as

Am = b. (3.137)

where A is a tri-diagonal (4N + 1) x (4JV + 1) matrix. The system (3.137) was solved,

using Gaussian elimination and partial pivoting, to provide the updated value of Mi3 at

each node.

Step(3) March Forward in Time: It is now possible to march forward in time using the

calculated values of Mi3 and equation (3.124). The latter equation in difference form

becomes

„„„
Step(4): Steps (2) and (3) are repeated in turn until

• + 1 ) < ; + 1 < 0. (3.139)

at some position X{. If the inequality (3.139) is satisfied at more than one value of x,

then the step-size At is reduced and new values for ip are calculated. This procedure of

reducing At is repeated until the failure criterion (3.139) is satisfied uniquely.

The robustness of the numerical solution was checked by altering the size of the time

step, and by varying the number of nodes in each region from 20 to 100. Both of these

checks produced a negligible variation in the position of rupture and the rupture time.

At small times , there was also good agreement between solutions found using the above

numerical scheme and the small time solution derived in section §3.4. It seems, therefore,
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that the numerical scheme developed is satisfactory, and the coding has been carried out

accurately.

3.7 Results.

Before discussing the results it is convenient to specify the widths of each region by

introducing the non-dimensional variables;

,r(iv) = - , (3.140)

.r(haz) = (!l^!±\ , (3.141)

*<•' = ( ^ ) . P.142)

where h represents the thickness of the plate.

All of the above widths will be varied in the results to be presented, and hence we can

observe the effects of narrowing or widening the various regions on the position of rupture

and the time to rupture. Another property that can be changed is the relative hardness

(or softness) of each region to that of the parent material, through altering the ratios

,4("v) ^(haz) ^ (w)

~A~te) ' Ate) ' Ate)'

If the indices n and m satisfy (3.114) and (3.115) and time is measured in hours then

the experimental data indicates that for a typical weldment that leads to type IV cracking

AM = 3.2 x 10~15,

B ( p ) = 3.8 x 10~14,

B ( iv ) = 1.8 x 10~n , (3.143)
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Figure 3.2: Strain-rates for various values of .4(iv'/A(p) with x^ = 0.1

B ( w ) = 2.2 x 10-1 3 .

These figures were obtained by Powergen from their long-term creep experiments. A large

number of solutions were found using the numerical scheme for a variety of values for

the remaining parameters, and some of these are discussed below, where in each of the

Figures (3.2) to (3.10) the non-dimensional strain-rate gnj is plotted on the y-axis and

the x-axis represents the non-dimensional position x/h.

In Figures (3.2) to (3.4) we can observe the effects of varying the width and strength

of the type IV region. In each of the three figures the ratio A ( i v V ^ ^ takes the values

10, 5 and 2 respectively. In all the displayed results, however, the widths and relative

strengths of the HAZ and weld region are kept constant at a;(haz) = 0.2, x^ = 0.2,

A<hazVA'p ' = 0.1 and A ( w ) / ^ ( p ) = 3- T h e o n l v parameter that changes from figure to

figure is x^'v\ which takes the values

Figure (3.2), ,r<iv> = 0.1 .
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• Figure (3.3), .x<iv) = 0.2 .

• Figure (3.4), tx<iv) = 0.5 .

The numbers on the right-hand side of each graph show the rupture time in hours (in the

first column) and the non-dimensional position of rupture (in the second column).

To interpret the results it is useful to note that due to the choice of the values of the

material parameters, the evolution equation can be written in the form

UU = - (j) gn,t±; (3-144)

where k = 3 within the heat affected zone and k = 0 in all the other regions. Note from

the values (3.143) that because 73'IV' is very much greater than B in any other region it

is not surprising that the weld usually ruptures in the type IV region. This result is not

unexpected since all the material parameters were taken from experiments related to type

IV cracking.

From Figure (3.2) we see that the strong heat affected zone, restricts the strain-rate

at t = 0, even when the type IV region is very weak LA^/A^ = 10]. So, for a thin

type IV region the HAZ (Heat Affected Zone) is the dominant zone. In particular, the

results show that the variation in the relative strength of the type IV region by a factor

of 5 produces only a small variation in the initial value of the strain-rate £>n t. Equation

(3.144) then suggests that (at t = 0) the magnitude of the damage rate T/\< will decrease

and hence the time to rupture will increase as / l ' l v ' / / l ' p ) increases and the material gets

weaker. The figures on the right-hand side of the graph confirm this trend. This behaviour

is most surprising however and so it will be considered in more detail in section §3.8.

It should also be noted that in Figure (3.2) the position of rupture is at, or very close

to, the interface between the parent material and the type IV region, which is the position

of maximum strain-rate within this region at t = 0.
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Figure 3.3: Strain-rates for various values of .4(h'V^(p) with x(iv) = 0.2

When the width of the type IV region is increased we observe frpm Figure (3.3) that

the HAZ now has much less effect on restricting the initial strain-rate in the type IV

region. Since the type IV region is very much weaker than the parent material, the strain-

rate becomes larger and hence there is a decrease in rupture time compared with the

analogous cases for the thinner type IV region shown in Figure (3.2). We observe again,

however, that the increase in strain-rate as the material gets weaker is not so great as the

factor by which the material weakens and so this produces a decrease in the magnitude

of the rate of damage as the ratio A ' l v ' / ^ ( p ' changes from 2 to 10, with a consequential

increase in the time to rupture.

The results for a very wide type IV region confirm the same trend with the rupture

time decreasing as the type IV material gets stronger. There is a considerable decrease

in the rupture time for the wider zone LT'1V ' = 0.5) compared to a thin zone of the same

strength. We finally observe from Figure (3.4) that, not unexpectedly, the position of

rupture tends to move towards the centre of the type IV region, the position of maximum
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Figure 3.4: strain-rates for various values of /l(iv>/-4(p' with x-(iv' = 0.5

strain-rate at t = 0.

We shall now consider varying the properties of the HAZ, the results of which are

shown in Figures (3.5) to (3.7). We wish again to keep the other material properties

of the type IV region and weld metal constant, so we retain the 'standard' values of

AW/A^ = 10, AW/AM = 3, with the widths x^lv\ .r<w> being kept constant at 0.1

and 0.2 respectively. In all three figures the ratio /l<haz)/,4(p> takes the values 1, 0.1 and

0.01, and the only difference in the values of the parameters used in obtaining the graphs

concerns a;(haz', which has the values:

• Figure (3.5), .r(haz» = 0.05,

• Figure (3.6), .r*haz) = 0.2,

Figure (3.7), x-(haz' = 0.5.
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Figure 3.5: strain-rates for various values of Aihaz)/A{p) with £(haz) = 0.05

We see in Figure (3.5) that as the HAZ gets stronger, from A(haz)/A<p' = 1 to

^(haz)^(p) _ Q ̂  the values of the initial strain-rate in each zone are lowered and the

time to rupture is longer. This result appears at first sight to contradict the situation

discussed above. However, we should emphasize that here we are varying the material

properties of the HAZ and are keeping all material properties constant in the type IV

region. Since the rupture occurs in the latter region it is only the effect on the strain-rate

in the type IV region caused by varying the properties of the HAZ that determines the

variation in failure time.

For the final curve in Figure (3.5), when the HAZ has been strengthened by another

factor of 10, such that /l(haz)//l(p) — 0.01, we observe surprisingly that the time to rupture

actually decreases, and rupture now occurs at the interface between the HAZ and weld

metal. This change in rupture position arises because in the situation under discussion
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Figure 3.6: strain-rates for various values of A(haz)/,4(p) with .r<haz) = 0.2

the values of both

( i ^ 1 1 - * a n d 1

in the type IV region and HAZ are comparable, and it is the presence of the tp3 term in

equation (3.144) for the HAZ that causes the material to rupture in this zone.

In Figure (3.6) we display results for a wider HAZ with x'haz ' = 0.2. The results in

Figure (3.6) show that all strengthenings of the HAZ lead to decreases in the strain-rates

at t = 0 and increases in the times to rupture. The position of rupture switches from

being inside the type IV region for the top two curves , to being at the interface between

the type IV region and the HAZ for the final curve , with A'h a z ) /A ( p ) = 0.01. The reason

for the switch is similar to that discussed in the previous paragraph but now the maximum

value of the strain-rate within the HAZ is attained at its interface with the type IV region.

Results for an even wider HAZ Lr(haz) = 0.5] are shown in Figure (3.7). In this figure

the initial strain-rates are reduced even more and there is a subsequent increase in the
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Figure 3.7: strain-rates for various values of A<haz)/'A^ with a;<haz) = 0.5

rupture times. We observe that the position of rupture remains in the type IV region at

the position of the maximum strain-rate (at t = 0).

In the penultimate group of results in this section we investigate how the rupture time

changes when we vary the widths and properties of the weld metal. In all the Figures

(3.8) to (3.10), we choose A^/A^ = 10, A^/A^ = 0.1, with the widths of these

regions being x(iv> = 0.1 and a;(haz> = 0.2. In each of the figures, A^/A^ takes the

values 30, 3 and 0.3 respectively, but the values of x'w* varies as follows:-

• Figure (3.8), a-'w) = 0.05,

• Figure (3.9), .?("> = 0.2,

• Figure (3.10), x^ = 0.5.

We note from Figure (3.8) that for a narrow weld region, the dominant feature of

the complete weldment is the strength of the HAZ, which reduces the initial strain-rate
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Figure 3.8: strain-rates for various values of /i(w>/A(p) with .x(w) = 0.05

dramatically. Moreover, since the width of the weld metal is very small, there is little

opportunity for the strain-rate to increase in this region, even when the weld metal is

very weak L4 ( w ' / / l ( p ) = 30J. Varying the strength of the weld, therefore, leads to little

variation in the rupture time when the weld is narrow. Rupture still occurs in the type IV

region.

If the width of the weld region is increased to ,r'w' = 0.2 and x^ = 0.5 (Figures (3.9)

and (3.10) respectively) we observe that, the strain-rate increases significantly, especially

when the weld metal is very weak. However, even this large increase has only a minimal

effect on the rupture time and, in the case of the strong weld material, there is virtually

no change to the rupture time by widening the weld region. In both these situations,

the changes in rupture time are small because B^ is three orders of magnitude smaller

than B^ (see (3.143)) and the large changes in strain-rate in the weld region are not

sufficiently large to alter the overall rupture behaviour of the weldment.

In the final set of plots Figure (3.11), we examine the development of the strain-rate
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Figure 3.9: strain-rates for various values of
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Figure 3.10: strain-rates for various values of A^/A^ with o;(w) = 0.5

at particular stages during the lifetime of the weld. The parameters chosen for the weld



69

2-

1.5-

-1.5

Figure 3.11: strain-rates at different stages of a. weld's lifetime

are those represented in Figure (3.3) with A^/A^ = 2. It is not obvious from the

graph of the initial strain-rates that the position of rupture will occur within the type

IV region. In Figure (3.11) we plot the strain rates when the minimum value of tp at

some position in the weldment is i/'=l-0. 0.75, 0.5 and 0.25 respectively. We observe

that although initially the position of maximum strain-rate in the type IV region is at the

interface between the parent material and the type IV region, it subsequently moves to a

location inside the type IV region.

3.8 Discussion of the Variation of the Rupture Times.

As noted in section §3.7, in the paragraph with discussion of Figure (3.2), when varying

the material properties of the type IV region we were surprised to see that as the material

gets softer the time to rupture increases, contrary to intuition which suggests that the

rupture time should increase when the strength of the material increases. Recalling the
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assumptions that were made for our material parameters, we note that the ratio A^

was allowed to take the values 10, 5 and 2 respectively, but the evolution parameter

i?(lv) was kept constant at 1.8 x 10~n . Since both A and B are 'strength-dependent'

parameters, however, it seems unrealistic to change one without some variation in the

other. How changes in A and B should be connected is not obvious, but some indication

can be found as follows.

In the simplest possible uniaxial damage model, we have

eit = Aan , V,* = -Ban. (3.145)

If the stress, a, is constant everywhere, then from (3.145)(,-;)

where tr represents the rupture time of the specimen. Experimentally it is found that

s ttT £2 constant, (3.147)

and so from (3.145) and (3.147) it follows that

4
— ?s constant. (3.148)

In practice it is found that the product s,ttr does vary a little as A is changed, and

so we need to estimate this variation. As ,4 increases the material becomes more ductile,

both in terms of the rupture ductility and through the product e,ttr increasing. Hence, if

A increases then AjB must increase slightly, which means that any changes in A must

be greater, but only slightly greater than the corresponding changes in B.

To incorporate this effect into our model we assume that B is changed by a proportion

p, of the change in A, i.e.
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Figure 3.12: Effect of p on rupture times, with ,r'lv' = 0.1

where Bo is the 'standard value' for the evolution parameter B as stated in (3.143) and

Ao is the 'standard value' of the strength ratio A^/A^. By varying the parameter p,

between 0 and 1, we can observe the effect on the rupture times caused by this variation

in ductility.

Figures (3.12) and (3.13) show what effect the variation in p has on the time to

rupture. To obtain the graphs shown in Figure (3.12) we assume that A^h^/A^ = 0.1,

AW/AM = 3, .x<iv) = 0.1, .r(haz) = 0.2 and x^ = 0.2. The ratio A^/A^ is

varied between 2 and 100, and _B'1V) is changed according to the equation (3.149) with

p taking the values 0, 0.6, 0.8 and 1.0 respectively. We see that the time to rupture

varies considerably, and depending on the choice of p the rupture time can increase or

decrease. Experimental results suggest that p is most likely to lie near the upper limit of

its permissible range, 0 < p < 1, in which case a weakening of the type IV region does

not produce the significant increase in rupture time discussed earlier.

To obtain the results shown in Figure (3.13), the width of the type IV region has
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Figure 3.13: Effect of p on rupture times, with x'iV' = 0.2

been doubled f.r')v) = 0.2J, with all the other parameters retaining the values stated

in the previous paragraph. The ratio A^/A^ is again varied between 2 and 100.

With a;(lv' = 0.2 now, the strain-rate within the type IV region will be increased with

a consequential decrease in rupture time. Comparing Figure (3.13) with Figure (3.12)

shows that for all values of p (0 < p < 1), the rupture time will be less for the wider type

IV region than for the corresponding narrow one. It is also evident from Figure (3.13)

that as the material gets weaker, the sensitivity of the rupture time to the chosen value

of p decreases.

3.9 An Alternative Evolution Model.

It has been suggested that the evolution equation (2.45) is not the most appropriate

equation to model the damage associated with most types of materials, and a more suitable

model requires in the damage evolution equation some combination of the maximum
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Figure 3.14: Variation in lifetimes using Hayhurst's evolution equation

principal stress <Jmax ar|d Von Mises equivalent stress a", defined by (2.46) and (2.47).

Hayhurst (1983) suggests that the evolution equation should take the form

1[)1

where a is a material dependent parameter. The equation (3.150) can be introduced into

the numerical procedure with little alteration to the code.

Figure (3.14) shows the effect on the rupture time tr due to the variation of the

material parameter a, when the material parameters take the values A'haz'/A^p^ = 0.1,

A^/A^ = 3, and the widths of the regions satisfy ;r<iv> = .x(haz' = x^ = 0.2. The

strength ratio of the type IV region A^/A^ takes the values 10, 5 and 2 respectively

in the three displayed graphs, but no change is made to the value of B^'v\

From Figure (3.14) we observe the convergence of the three graphs to a single value

of the rupture time as a —» 1. This result is expected since the maximum principal stress

is JVn and from equation (3.39) Nu = N^,. Therefore, with the evolution equation



74

dependent only on A ^ we will obtain a single rupture time regardless of the value of

A(iV)/A(p\ If we had changed the evolution parameter B^ as discussed in §3.8, we

would have observed three separate limits for the rupture time as a —> 1, relating to

each value of A^/A^h It should be noted from Figure (3.14) that the introduction

of this alternative evolution equation has dramatic effects on the time to rupture of the

weldment.



Chapter 4

MATHEMATICAL MODEL OF A WELD WITH ZERO

SHEAR STRESS ON THE TOP AND BOTTOM

SURFACES

In previous work Hawkes (1989) and Nicol (1985) modelled the creep of a weld under

simple uniaxial tension, by assuming that the three dimensional stress can be expressed as

a linear expression in £, where £ represents the co-ordinate normal to the reference surface

of the plate. However, this assumption leads to the plate being subjected to a non-zero

shear stress at the top and bottom surfaces of the plate and a more realistic model would

be to introduce a stress distribution in the material such that there would be zero shear

stress on the outer surfaces. The system can be modelled in this way by the introduction

of a cubic expression in £ for the stress components, but for a consistent theory it is then

necessary to increase the number of directors. The derivation in this section is somewhat

similar to chapter 5 of Hawkes' thesis.

4.1 Geometry of the Plate.

Introduce curvilinear co-ordinates ( t ' 1 , ^ 2 , ^ ) in the body. Let the position vector of some

point on the central surface S of the plate, lying between the inner and outer surfaces

of the plate, be r. Referred to some fixed origin 0 , r has cartesian co-ordinates (x,y,z)

given by

r = xi + yj + zk. (4.1)

The curvilinear co-ordinates in the body need to be introduced such that the two-
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X

Figure 4.1: Geometry of a, plate at time t

dimensional Cosserat surface lies strictly between the lower and upper surfaces of the

plate and is given by

£ = 0. (4.2)

Let / ( u 1 , * ) be the position along the ,-r-axis corresponding to a position v1 along the

ua-axis. Also let ft. ( v M ) be the position along the s-axis corresponding to a position

u1, along the i^-axis. The co-ordinate system can now be defined with the aid of Figure

(4.1).

Suppose that u2-axis lies parallel t o j , in the plane of the (possibly deformed) Cosserat

surface. Then let the t^-axis be perpendicular to the t>2-axis such that it too lies in the

plane of the Cosserat surface S. Finally the £-axis lies in the direction of the outward

facing normal to the surface, such that (v1,v2,^) form a right-handed co-ordinate system.

With these definitions we obtain

x = f(v\t),
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y = v\ (4.3)

z = h(y\t),

and hence the position vector r can be expressed in terms of the new convected co-

ordinates, using equations (4.1) and (4.3), by

r = / {y1 ,t)i + v1j + h (v1, t) k. (4.4)

If R represents the position vector at t — 0, then it is clear that for an initially flat plate

R(v\v2) =r(v\v2,0) = vli + v2j, (4.5)

and therefore at t = 0, we can identify t '1, v2 with x and y respectively.

Assuming that the displacement of the Cosserat surface from its initial position is small,

we can introduce a small parameter t. Then, f (vl,t) and h^v1^) can be expanded as

series in e about their initial values and the linearised version of (4.4) can be expressed as

r = (t;1 + ej\ (y\t)) i + v2j + (e/̂  (v\ t)) k. (4.6)

We observe that for (4.6) to reduce to (4.5) at t = 0 we require that

v^O) =h, (v\0) =0. (4.7)

Using equation (2.25)(j) and (4.6), the linearized base vectors on the surface can be

written

, (4.8)

a2 = j , (4.9)

where ,i represents differentiation with respect to the material co-ordinate v1 and likewise

t2 represents differentiation with respect to the material co-ordinate v2. With the aid of



78

equations (2.26), (4.8) and (4.9) the unit normal vector to the surface can be calculated

to be

a3 = ( -e / iM ) i + k. (4.10)

It should be noted that in the above expressions for a,-, terms of O (e2) and higher are

ignored. From equations (2.29) and (4.8) to (4.9) the components aap can be calculated:

= «21 = 0,

022 = I-

(4.11)

It will be useful to calculate the (contravariant) reciprocal base vectors aa , but first

the matrix (aa0) must be inverted to obtain, correct to first order in e,

aal3) =
- 2 e / M 0

0 1
(4-12)

Hence, on using (2.30), the contravariant base vectors, again neglecting terms of 0 (e2),

become

a1 = ( l - e : / l i l ) l + ( e : / i l a ) k ,

a* = J,

(4-13)

(4-14)

from which it can be deduced that a3, defined by

a1 x a2

a = a1 x a2

can be expressed

a3 = a3 = [-ehiA i + k

(4.15)

(4.16)
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it is important, for later use, to invert the base vectors and derive expressions for i, j and

k in terms of the covariant and contravariant base vectors respectively. Performing the

relevant algebra we obtain, correct to first order

a3,

j = a2, (4.17)

Similarly in terms of the contravariant base vectors we have

i = (l + e . / ^a 1 - ( e /> u )a 3 ,

j = a2, (4.18)

k = ((/,,,) a1 + a3.

From the definitions of the Christoffel symbols (2.36) and the expressions (4.8), (4.9),

and (4.13)—(4.16), the only non-zero component can be shown to be

r l i = e / . . n + O ( e 2 ) . (4-19)

Similarly , to first order, the only non-zero components of the second fundamental form

bap, defined by (2.33), are

/-,, = e h l t i l = b \ . (4.20)

If BQp are the values of bal) in the initial configuration then it follows immediately using

(4.7) that

Ba0 = 0, (4.21)

as required for an initially flat plate.

Before deriving the required kinematic results, we should point out that in this section

we have considered a model for a semi-infinite plate which is initially flat but has a central
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surface which may deform with time. This basic geometry is similar to that employed

later in this thesis in the model for the 'V-shaped' weld.

4.2 Kinematic Results.

For a consistent theory including the more general expressions for the stress components

aQ/3 it is necessary to include at least three directors. Hence, it is assumed that the

position vector p, of the deformed plate is given by

p = r+Ylt"d[N). (4.22)
A'= I

On differentiating (4.22) we obtain

go = afl + J2 ^d(A'),a> (4-2 3)
N-l

g3 = E^'-'duv). (4-24)
;Y=1

Since we are assuming small deformation, it is possible to expand the directors about

their original values which, in terms of their components, take the form

d{N)i = V[N)i + e6W)i + O (e2) . (4.25)

It should be noted that the initial values of the director components are

D{Nh = 0 , ^ = 0 , N = 1 , 2 , 3 ,

A D 3 = 0 ( , ) • " • = 1 ^ (4-26)

£(A')3 = ^ ( N ) 3 = 0 ' ^ = 2 , 3 ,

as this defines with (2.62) every point within the plate at t — 0. In this work we also

assume the plane strain condition, which in turn implies that there is no variation of
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quantities in the v2 direction. Hence, we can assume that

d{N)2 = constant = 0 , N = 1,2,3. (4.27)

With the above assumptions it follows from (4.23) and (4.24) that

(hi,i + £6(1)3,! + £2<S(2)3,i + ^(3)3,0] k, (4.28)

g2 = j , (4-29)

g3 = [e(<5(i)i - hhl + 2^6(2)i +3£26(3

+ [l + e (<W + 2^(2,3 + 3£26(3)3)] k. (4.30)

The kinematic variables oQ/3, /C(,v)o-,3. K(.V)Q3
 a r |d 7(iV)i. defined by (2.71) to (2.73),

have time derivatives

<?ii = e/ i . i , (4-31)

?12 = ^21 = 2̂2 = 0, (4.32)

(4.33)

(4-34)

«(3)n = e^(3)i.r (4-35)

^(A')12 = 'M.V)21 = K(N)22 = 05 (4.36)

'̂(A'-)i3 = e<5(,v)3a, (4-37)

'>'(Ar)23 = 05 (4.38)

(4.39)
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(4.41)

To complete the set of the kinematic results we can use equations (4.28) to (4.30)

with (2.14)(ij) to calculate components 5^:

(4-42)

9i2 = <72i = 0, (4.43)

522 = 1, (4.44)

523 = 532 = 0, (4.45)

(4-46)

533 = 1 + 2e (6(1)3 + £ [26(2)3] + £2 [36(3)3]) , (4.47)

again neglecting terms of O(e2). It is now possible to calculate the components of the

three dimensional strain-rate Yij either by substituting (4.42)-(4.47) into the equation

(2.80) and differentiating with respect to time or, alternatively, by substituting the kine-

matic results (4.31) to (4.41) directly into the expressions (2.81)-(2.83). Either method

leads to the results

7n = t (/i,! + Z [6(i)la -hltU]

7l*2 = 721 = 72*2 = 723 = 73*2 = °> ( 4 - 4 9 )

* = \ (<5(i)i + i [26(2)i + 6(i)3il] + e [36(3)i + Sm,i] + ? [hm,i]) » (4-50)
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4.3 Calculation of the Two-Dimensional Stress Components.

Next we must introduce the two-dimensional generalised stress measures appropriate to

the Cosserat theory with three directors. It can be shown by using the definitions (2.90) in

the expressions (2.102) and (2.112) that the two-dimensional stress measures are related

to the components of the three-dimensional stress tensor oli through the expressions

2 1
g} d£, (4.52)

ai&dZ, (4-53)

<A'>a* = A / ' o ^ - V - ' g ^ , (A =1 ,2 ,3 ) . (4.54)m<A>a

Taking the dot product of (4.52) to (4.54) with the contravariant base vectors a' yields

the equations linking the components of the two-dimensional stress measures to the three-

dimensional stress tensor through

(g; • a') # , (4.56)

The above equations can be simplified by assuming that the expected small deforma-

tions are associated with small three-dimensional stresses and hence with small generalised

two-dimensional stresses. These assumptions suggest that we redefine our stress variables

by

aij = tai3 , Nai = eNai , M{N)ai = eM^ai , m^{ = em^\ (4.58)

It follows then that we only require the leading order terms in the expressions for 02, g?
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and (gj • a'). From (4.8), (4.9), (4.28) to (4.30) and (4.42) to (4.47) we can deduce that

ai = 1+O(e) , (4.59)

gh = 1 + O(e), (4.60)

gJ • a,- = 6} + O(e). (4.61)

With the simplifications (4.59) to (4.61), the definitions (4.55) to (4.57) become

Nai = \\ aaid^ (4.62)
7

AYN)ai = f] ZNaoid£, (4.63)

r —

m^' = N [f-'^'dt , (iV = 1,2,3). (4.64)
2

In future we shall ignore the ~ and for simplicity we have set e = 1, with no loss of

generality.

We now wish to represent the three-dimensional stress components by power series in

£, and in this chapter assume

aai = aai + bai£ + caii2 + daif + 0 (£4) , (4.65)

a3t - a3' + 63ie + c3l'£2 + 0 (e3) • (4.66)

Once again it is convenient to use a model in which the polynomial for a3' has order

one less than the polynomial for a01 . Substituting (4.65)-(4.66) into (4.62)-(4.64) and

solving the resulting set of simultaneous equations for al\ W, ciJ and dQ1 leads to the

results

aai = ^-Nai -^M{2)a\ (4.67)
4/). /i3

^ , (4.68)
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hs~ + ^ ( 3 ) « (4.70)

a3' = JLm(O«-_ JLm(3).-, (4.71)
4 a aJ

63i = 4 m ( 2 ) i ' (4-72)
c31" = -—m^ 1 ' + — m^\ (4.73)

The plate is under simple uniaxial tension, which causes no bending of the central

surface, and so all stress and strain terms relating to flexural motion are identically zero:

h{\)a3 — h{3)o3 = fi<2)ci3 = ; ( l )o = 1(3) a = 7(2)3 — U5 V 4 - ' 4 J

Na3 = Ml1)al3 = M{3)a'3 = M{2)a3 = m(1)Q = m^01 = m ^ 3 = 0. (4.75)

In addition there will be no torsional effects and the associated stresses can be assumed

to be zero, that is

Finally, we observe that the plane strain condition implies that there is no variation of

stress within planes normal to the indirection and so we can take

M(.V)23 = m(.V)2 =

It is important to point out that it is not essential to make the above assumptions at this

stage, since the statements (4.74) to (4.77) would all follow naturally from the theory.

However by introducing the results now the algebra that follows is considerably simplified.

With the simplifications (4.74) to (4.77) and substituting the values al\ 6!J, c1J and

dat from (4.67)-(4.73) into (4.65)-(4.66) we obtain the explicit definitions for the com-

ponents of the three-dimensional stress tensor in terms of the non-zero components of
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two-dimensional generalised stresses to be

15 i Yn + 180^ iY + M ( 4 J 8 )

\ h3 h5 J
a12 = a21 = 0, (4.79)

4/r h3 • s v «3 ' h*
r23 = a32 = 0, (4.81)

M M ) + e ( M +
h3 h5 ) \ h5 h'

a31 = ^(pm^) (4.83)

4/i h3 \ h3 h5 J

The method used to derive the constitutive equations in the following sections is

different to that employed in chapter 3 of this thesis. The method we use below was first

suggested by Nicol (1985) and was developed further by Hawkes (1989) in chapters 5 and

6 of his thesis.

4.4 Derivation of the Constitutive Equations.

Before presenting the derivation of the multi-axial form of Norton's Law for general tensors

in any co-ordinate system, and the corresponding generalised form of Norton's Law used

in Cosserat theory, we need to discuss briefly the concept of physical tensors.

4.4.1 Physical Tensors.

For an extended discussion on the physical components of tensors the reader is referred to

the text by Eringen (1967) and, in particular, to the article by Truesdell (1953) in which

he defines physical components of tensors in non-orthogonal co-ordinate systems. It is

necessary to know relationships between the contravariant and covariant components of
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a tensor and the components used in mathematical physics, since tensor components will

often not have the same physical dimension as the vector field to which they belong.

The right physical components of a second order tensor can be defined as

a<(j> = ——a%j (unsummed), (4.85)

and for the left physical components

<;,->«. = —aj (unsummed). (4.86)

It is clear from (4.85) and (4.86) that there is a relationship between left and right physical

components of a mixed tensor a1,- such that

d). (4.87)[i.j unsumme

It then follows that in an orthogonal co-ordinate system the left physical components of

a tensor field equal the right physical components and both are given by

•/ = ,A/,,f/,,a!'7 (i, 7 unsummed). (4.88)

4.4.2 Derivation of the Kachanov-Rabotnov Equations.

To derive the multi-axial form of the Kachanov-Rabotnov equations, we first state the

five postulates generally used (see Odqvist (1974) for more details). The five postulates

are:

1. The material is incompressible.

2. The creep rate is independent of superimposed hydrostatic pressure.

3. A flow potential exists.



4. The material is isotropic (which implies the co-axiality of the stress and strain-rate

tensors).

5. The Kachanov-Rabotnov equations hold in the special case of uniaxial stress.

Hayhurst (1983) adds that we must also assume that the influence of continuum damage

on the creep deformation rate is scalar in character.

In a general co-ordinate system the stress deviator tensor can be defined in terms of

right physical tensors through

s<n> = a<H> — -X^<ii>cr<kk>- (4.89)
o

Then, using (4.85), the stress deviator tensor can be written as a mixed mode tensor

5 i =a) - IstA- (4-9°)

The rate of dissipation IF is a scalar invariant and hence can be written in terms of

the physical components of the stress and strain rate tensors through

= <,-7"V (4-91)

By varying the dissipation W, while keeping the strain-rate tensor constant, we obtain

SW = Ss'jYi, (4-92)

where we have used (4.89) and the incompressibility equation. It follows immediately that

i-'i = §£. (4.93)

One of the postulates introduced at the beginning of this section was that W is a

flow potential, i.e. it is dependent on some scalar function a* of the components of the

stress deviator tensor only. In general W will depend on the three invariants of the stress
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tensor. The first invariant is identically zero, however, and Johnson (1951) has shown

that the dependence on the third invariant is negligible. Hence, W will depend only on

the second invariant a*, which may be written in terms of the physical components of

the stress deviator tensor as

3 3
(a')2 = -s<w>5<u-> = ^Asl

k. (4.94)

Carrying out the differentiation in (4.93), we obtain

2a" da" 2 \ ' ds) k Os'
(4.96)

using equation (4.94). The dummy variables k and / can be swapped in the final term of

(4.95) to reduce equation (4.95) to

r3i = Tr-r-rr^-s-r- (4-96)

On introducing the mixed mode form of the Kronecker delta tensor

f 1. / = it,
Sl

k = • (4.97)

[ 0, / ^ k,

we can reduce equation (4.96) to

2a da 2a da

A necessary requirement for equation (4.98) is that it reduces in the uniaxial case to

the mixed tensor form of the Kachanov-Rabotnov equation, that is

&Z-. (4.99)
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For a uniaxial stress

hence on comparing (4.98) and (4.99) we deduce that

TT = A^r- (4-101)

On substituting the result (4.101) into equation (4.98) we determine the mixed mode

form of one of the Kachanov-Rabotnov equations as

The second Kachanov-Rabotnov equation has the simple form

V = ~B—^-- (4.103)

Next, we wish to apply the multi-axial constitutive equations (4.102) and (4.103) to

problems in Cosserat shell theory. Nicol (1985) generalised the multi-axial form of Norton's

Law (equation (4.102) with \b — 1) for the case of a single director and a plate that is

initially flat. Hawkes (1989) extended this work to include three directors and general

tensors. The derivation presented here will generalise both these earlier approaches and

will include the basic concepts of continuum damage mechanics.

The constitutive equations must be derived in forms that are invariant under rigid

body transformations. This requires that the equations must be written in terms of

variables which are invariant under rigid body transformations. Naghdi (1972) notes that

the variables

where we have defined

CO

~ ' "S (4.105)
.V=l
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are all invariant under rigid body transformations and hence constitute a suitable set of

variables with which to derive the constitutive equations.

The sets of generalised stresses and strains, \& and $ respectively are defined by

(4.106)
$ = \Qaji, K(N)ai, 7(JV)tJ •

We define a flow potential / by

vp • $ = / . (4.107)

from which we can deduce that

* = w (4-108>
We introduce an invariant analogous to a*, through

(N'f = h I0 {a"f d£, (4.109)
o

where the values of a and /3 can be calculated using (2.58) and (2.59).

Assuming that the flow potential is a function of N* only and performing the differ-

entiation in (4.108) we obtain

=
dN" 0^1 2N*dN* d

It is necessary that the Kachanov-Rabotnov equations reduce for the simple case of uniaxial

tension to

fNu\n 1
On =M—r) T ' 4-1 U

and
//\ni\ m i

^ = _,g __5 (4.112)

where ac is any constant value of stress.
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Under simple uniaxial tension, we have N* = Nu and hence comparing (4.110) and

(4.111) we deduce that

df
dN' \<JC}

Finally substituting the result (4.113) into (4.110) we obtain the generalised form of the

Kachanov-Rabotnov equations, appropriate for use in a Cosserat shell theory, to be

(4.114)
zacn \acnj xp'J cv

and

"• = - B f e J -,• <4-1 1 5>
Before continuing with the analysis to obtain an appropriate model for an initially flat

plate, with zero stress on the top and bottom surfaces of the plate, we wish to examine

briefly the continuity equation associated with the problem under discussion.

4.5 Continuity Equations.

The equations of continuity are given by

where

^ < V ) , (4.117)

the superposed dot representing differentiation with respect to time. On using (4.6),

(4.25) and (4.26) in (4.117), we obtain

v- = t [(.A + £26(2)1) i + (lh + ̂ (1 )3 + £3<5(3)3) k] . (4.118)
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By observing from (4.17) that to leading order the base vectors aj and 83 are identical

to i and k respectively, then the components of the velocity are given by

v*1 = h + fHto)!, (4.119)

v'2 = 0, (4.120)

,y*3 7 1 c'c 1 c'i'r (^ 22]\

Substituting equations (4.119) to (4.121) into the continuity equation (4.116) we obtain

A. i + £2<W ! + <W + 3^^(3)3 = 0. (4.122)

On integrating equation (4.122) through the plate with respect to £ , between the limits

— Tj- < £ < 7, we obtain the continuity equation as

4.6 Analysis.

As stated in the introduction to this chapter, we wish to impose the condition that the

three-dimensional stress tensor defined by (4.78) to (4.84) is identically zero on the top

and bottom surfaces of the plate, that is

a 1 3 | ^ = ± i = < 7 % = ± i = 0. (4.124)

Clearly for the condition (4.124) to hold then we must require that

28

It is also necessary that the three-dimensional stress tensor is symmetrical for all

which from (4.82) to (4.83) would lead to the relationships

.1/(3)13 = BL
20
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and

m'2 '1 = 2M(1 '13. (4.127)

We now observe that conditions (4.125) and (4.126) are only satisfied if M<1)13 =

^j(3)i3 _ Q (Jsing these results it can be shown that the model collapses so we must

relax one of our constraints. The aim of this chapter is to produce a model of a weld with

a zero stress distribution on the top and bottom surfaces of the plate and so it seems

sensible that the constraint on the symmetry of the stress will have to be amended.

As an alternative constraint we require that the difference between <r13 and a31 when

integrated through the plate between the limits | and —-| is zero. This requires exami-

nation of

•rf£ = 0, (4.128)

which leads again to the condition (4.127). Thus we wish to modify the Von Mises

equivalent stress by

(a13 - a31) £ + A

where Ai and A2 are two Lagrange multipliers. From (4.129), redefine jV* through the

integral

(N~)2 = h j \ (a{)2di. (4.130)

On substituting the expressions (4.78) to (4.84) for the three-dimensional stress tensor

in terms of the two-dimensional generalised stresses into (4.129), using (4.94) and noting

the equivalence of contravariant and covariant tensors in the present co-ordinate system

we obtain, after performing the integration (4.130),

9 / (1)3x2 _ 9 / ^ n (i)3} _ £
' 4 V / 4 V ) 4

30
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( w m ) + ] i ( N M ) ^ ( N M )

- m'2'1) + A2 (3Af(x)13 - §^ ( 3 ) 1 3 ) • (4-131)

Provided that (4.125) and (4.127) hold, then the terms involving the Lagrange multipliers

in (4.131) are identically zero.

We can now apply the constitutive equations derived in section §4.4, by using (4.131)

in (4.114) with the expressions for the kinematic variables given by (4.31) to (4.41).

Neglecting terms of O (e2), we obtain the following system of equations

( 4 " 1 3 2 )

0 =
2ach\crc

(4.133)

( ] (

l»P) (4,35)
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fy)3 = 92crch\a

n-1
(4.139)

2 ' />2

fin 40 fin \

_ ™ M ( 2 ) 2 2 + ^m< 3 > 3 - ™ Af<2)11 J . (4.140)

Observe from equations (4.132) to (4.140) that the displacement of the central surface

hi (v1^) has disappeared from the problem. This is due to the central surface remaining

flat for all time t.

It can be shown from equations (4.133) and (4.135) that

N22 = ^ [Nu + m(1>3) , (4.141)

and

1/(2)22 _ £ y (2)11 , £?

21 6

Hence, with the aid of results (4.141) and (4.142), iV22 and Af(2)22 can be eliminated

from the remaining differential equations (4.132), (4.134), (4.138) and (4.140) to give
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It is trivial to show that (4.143) to (4.146) satisfy the continuity equation (4.123).

From (2.140) to (2.143) the field equations for an initially flat plate, with no body

forces, corresponding to a three director model are

= 0, (4.147)

= m™1, (4.148)

= m^3, (4.149)

= m(3>3. (4.150)

To complete the system we also have the evolution equation given by (4.103).

The Lagrange multipliers can be eliminated from the system using (4.137) and (4.139)

and on applying the constraints (4.125) and (4.127) the system reduces to

, A

(4.151)
2 liz

28 ^ -1 2ach\ac ^

Nu^ = 0, (4.154)

(4.155)

(4.156)

Equations (4.151) and (4.152) can be used to eliminate mW3 from the system and hence

obtain a relationship between ^(^3 and <5(3)3.
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Differentiating (4.157) with respect to vl and using the equations (4.154) and (4.155)

yields the final system of differential equations

1,! = 2M(1)13, (4.160)

AT11,! = 0. (4.162)

Equation (4.162) implies that A r l1 = Arcc, which can then be used to simplify the forms

of the other equations (4.158) to (4.161) through the use of new dimensionless variables

defined by

- . N~
A

4§^-<S(2)1 , M^n = ̂ - , C1 = ^-, (4.163)

where ,4(p) represents the value of the parameter A in the parent material. The ratio

A/A^ is introduced so that the problem is reseated and hence only the relative creep

strengths in each region are required.

4.7 Boundary Conditions.

We wish to specify the boundary conditions as i;1 —> - c o and at t;1 = 1% where /3

represents the position of the centre of the weld.
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(1) It is clear that as v1 —> —oo then the influence of the weld upon the stresses diminishes

and hence as v1 —> —oo we expect the plate to act as a homogeneous plate under simple

uniaxial tension, where the applied three-dimensional stress components satisfy

a11 =a°° , a13 = 0. (4.164)

Using the definitions (4.62) and (4.64), conditions (4.164) lead to

Nn = / h a
00 d£ = a°°h = VV00, (4.165)

£2d( = cr°° —, (4.166)

M (1)13 = 0. (4.167)

When (4.166) to (4.167) are non-dimensionalised using (4.163) then as v1 —*• —oo we

require

- J ^ (4-168)
- • 0. (4.169)

(2) At f 1 = /3, the centre of the weld, we observe that we have a position of symmetry.

Hence, derivatives of the components of normal stress with respect to vl are identically

zero there, as are the derivatives of the displacement with respect to v1. This implies

that at vl = /3

AT11,! = 0, (4.170)

M'2 '11,, = 0, (4.171)

= 0. (4.172)

Condition (4.170) is identically satisfied by (4.162). The two conditions (4.171) and

(4.172) together with (4.168) and (4.169) form the boundary conditions for the system

of partial differential equations (4.115) and (4.158) to (4.161).
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4.8 Continuity Conditions.

Next we must examine the continuity conditions to be applied at each of the interfaces.

In this section we shall present two alternative approaches to obtaining the continuity

conditions, the first is attributable to Naghdi (1972), and as such we shall use results

from this piece of work freely without further justification. The second method was used

by Hawkes (1989).

To obtain the continuity conditions we observe that in a mechanical system we require

that the rate of work of the contact forces across each interface must be identically zero.

The rate of work of the contact forces N a and M ' A ' Q may be written

Rc= I (N • v + £ M<*> • w(N) ) ds, (4.173)

where dV is the boundary of part V, of the body. For the case of only three directors

(4.173) can be expressed in component form as

Re = I //Q (NaiVi + J2 M{N)aiwiN)) ds, (4.174)
JP Vd'P V iV=l /

where /.ia is the unit normal to the boundary curve dV. For the case of an initially flat

plate we obtain from Naghdi (1972) that

(4.175)

Thus the mechanical rate of work of the contact forces reduces to

Rc= f (NU
VI + j ^ MWuw{N)?\ ds. (4.176)

Jdv V jv=i /

It can be shown from (2.64), (4.6), (4.25) and (4.74) that the only non-zero components

of the surface and director velocities are

vi = e/i, (4.177)
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(4.178)

(4.179)

(4.180)

and hence the expression for the rate of work becomes

Rc = I e (N11 f\ + M (1 )136 (1 )3 + M(2»116(2)1 + M
JdV v

If, as an example, we concentrate on the interface between the parent material and

the type IV region at v1 = 0 then we require

lim B.r
ip) = lim R9V\ (4.182)

t . .i-o- c 1.1-0+ c

where R}1^ and i?JIV' represent the rate of work in the parent material and type IV

region respectively. By observing each term in the integrand of (4.181) in relation to the

requirement (4.182) then, for the rate of work to be identically zero across the interface

v1 = 0, we require

lim A ' ( p ) n = lim JV ( i v ) n , (4.183)
u l — 0 - f l — 0+

l i m <5<p) = l i m <5liv). (4 .184)
u l - 0 - 1-1-.0+

The above conditions, with similar expressions for the other terms in the integrand implies

that the variables

A , n 5 M ( i , « ^ (2 ,1^ M ( 3) i 3 ) y i } ^ ( i ) 3 j s w u ^ ( 3 ) 3 > ( 4 - 1 8 5 )

are all continuous across this interface. Clearly some of these variables depend on the

others and for our system, we need only require that

i l / ( 1 ) 1 3 , M ( 2 ) n , <5(i)3, ($(2)i are continuous at each interface. (4.186)
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Alternatively we observe the differential equations (4.158) to (4.161) and note that

all the variables on the right-hand side of equations (4.158) to (4.161) are continuous in

each region. We also observe that A suffers a jump discontinuity at each interface only,

which implies that the variables on the right-hand side of equations (4.158) to (4.161)

are either continuous or suffer a jump discontinuity at each interface. This implies that

the right-hand side of each differential equation is piecewise continuous and hence the left

hand sides of the equations are piecewise continuous, which means that the integrals of

the left-hand side of equations (4.158) to (4.161) are continuous everywhere. In particular

M ( 1 ) 1 3 , M ( 2 ) n , (5(1)3, 6(2)1 are continuous at each interface. (4.187)

4.9 The Elastic Case, n = 1.

The constitutive equations simplify considerably for the 'elastic case' when n — 1, and

we shall introduce this postulate for the remainder of this section. The non-dimensional

form of the equations reduce to

A </>*> V 23 J 23 A ' v

(4.189)

= 2M'1 '13, (4.190)

18 A 16 4

where for clarity we have omitted the ~from all non-dimensional variables.

This simplified set of equations is linear and so it is possible to obtain analytical

solutions for the strain-rates at t = 0. If we set 0 = 1 (which is the appropriate value if

the material is undamaged at t = 0) then the equations (4.188) to (4.191) can be written



in matrix form as

where

X T =

B =

A ' A

45 „ 21

,M(2)u,Af(1)13>

Li =

0

5

0

if o 2763
23

3150

0 0

o -¥•

Assuming that the solutions to the homogeneous equations

a - LX = 0,

take the form

then substituting (4.197) into (4.196) gives

CXeXv - LCtXv = 0

Since

Vt-1, eXvl > 0 and C ^ 0,

it follows that non-trivial solutions of (4.196) exist only when
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(4.192)

(4.193)

(4.194)

(4.195)

(4.196)

(4.197)

(4.198)

(4.199)

(4.200)
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where in (4.200) / is the identity matrix of rank 4. For the matrix (4.195) the characteristic

equation resulting from (4.200) is

23A4 - 392A2 + 11760 = 0, (4.201)

which has the solutions

Ai = -3 .945 + 2.654z,

A2 = -3 .945 - 2.6542,
(4.202)

A3 = 3.945 + 2.654z,

A4 = 3.945 - 2.6542.

The particular solution to equation (4.192) when X, i = 0 is

X p = -L~XB. (4.203)

It is simple to show that

and so the general solution of (4.192) takes the form

X = ][>i C,-eA'vl + Xp, (4.205)

where C; are the complex eigenvectors associated with each eigenvalue A,-. The param-

eters a,- can take different values in each of the four regions of the weld. The values of

the eigenvectors associated with each respective eigenvalue of (4.202) can be calculated

to be

CX
T = ( 0 . 3 2 1 + 0 . 3 8 6 2 . 0 . 8 6 4 , - 0 . 0 1 1 + 0 . 0 0 2 2 , 0 . 0 2 - 0 . 0 2 z ) ,

C 2
r = ( - 0 . 3 2 1 - 0 . 3 8 6 i , 0 . 8 6 4 , - 0 . 0 1 1 - 0 . 0 0 2 i , 0 . 0 2 + 0.02i),

C3
T = (0.321+0.386?, 0.864, 0 .011+0.0022, -0 .02 + 0.022),

C4
T = (0.321 - 0.3862,0.864,0.011 - 0.0022, - 0 . 0 2 - 0.02i).

The values of the constants a; are calculated with the use of the boundary conditions

(4.168) to (4.169) and (4.171) to (4.172), and the continuity conditions (4.182).
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4.10 Solution of the Boundary and Continuity Conditions.

It is now possible to determine the values of the coefficients a\l , a"\a\ and «; (i =

1 .. .4) in each of the respective zones. We note that dj denotes the j t h component of

the eigenvector which corresponds to the ith eigenvalue. The material quantity A takes

the value 1 in the parent material and A ( iv), A(lia7j) and A^ in the other three regions,

with an obvious identification. The boundary conditions imply:-

as t ' 1 —> —oo : J U ( I ) 1 3 —> 0

=» a[p) = 0, (4.207)

=> a2
p) = 0, (4.208)

at i.;1 — 0 : 6(1)3 continuous

1 ., / 4 o\

^ y a[p)Cn - - = A{W) Y 4v)Ctl - - , (4.209)
,=1 l \t=l Z /

: 6(2)i continuous

=> T a\p)Ci3 = A(iv) (T «! i v )a2 l , (4.210)

i l / ( 2 ) n continuous

x:«{p)ca = i : a ! i v ) ^3, (4.2H)
i=i 1=1

M(!)13 continuous

at vl = /] : ^(i)3 continuous

; = i

f] (4.213)
i=i /

continuous
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=» AW iZaWCae^ = A<haz> (X>fiaz)a-2eA'M ,(4-214)

continuous
4 4

_i ^~^ , ('v)/^" A,-/i V~^ «(haz)/^< _A;/i (A O1 K\

: M ( 1 ) 1 3 continuous

=» X^aHCwe^'1 =^aShaz )C,-4eA ' '1 , (4.216)

at u1 = /2 : ^(i)3 continuous

\i=i " /

= A ^ ( i : a ! - w ) C I - 1 e ^ - | ) , (4.217)
\t=i " /

continuous

\i=\ / \t=i /

continuous
4 4

=> y , a i L-i3e = / y a t ^ i 3 e i yt.AVi))

: M ( 1 ) 1 3 continuous

=» £ a!haz)Ct-4e
Ai'2 = £ a!w)Ci4eA''2, (4.220)

t=i 1=1

at v1 = /3 : M12'11,! = 0 =» M (1)13 = 0 (using (4.190)),

4

=^ y.ai ^ i 4 e — 0 , (4 .2/1)

1 = 1

: 6(1)3 j = 0 => 5(2)i = 0 ( using (4.188) and above),

4

= £ f lSW)C ' '2e 'Xl ' '3 = °- (4.222)
t=i

The 16 simultaneous equations (4.207) to (4.222) can be solved to obtain the 16 unknown

coefficients a jp ) ,a^ i v ) ,ajha2> and a|w) (i = 1.. .4), and hence the general solution (4.205)

can be determined.
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4.11 Results.

In this section we shall present some results for the strain-rates at t = 0, using the

analytical solutions obtained in the previous section. At the end of the section there will

be a brief discussion about the implications of these results. As in section §3.7 we specify

the widths of each region by introducing the non-dimensional variables;

(4.223)

(4-224)

(4-225)

where h represents the thickness of the plate.

Since we are mainly concerned with the type IV region we shall confine our attention

to the effect on the strain-rates over the whole weldment by varying the parameters

associated with the type IV region, namely its width ;r(lv), and the relative strength of the

type IV region, / l ' l v ' / / l ' p ' . The following figures have the non-dimensional strain-rate,

Qn, at t = 0 plotted on the //-axis against the non-dimensional position v1 /h on the

,r-axis.

In Figures (4.2) and (4.3) we observe the effects of varying the width and the strength

of the type IV region. In both of these figures the ratio A^/A^ takes the values 10,

5 and 2 respectively, with the ratio /l(haz)//[(p) and the weld material A^/A^ taking

the values 0.1 and 3.0 respectively. In the Figure (4.2) the widths of each region are

r(iv) _ .?.(haz) = T(w) = 0 2 _ whereas in Figure (4.3) the width of the type IV region is

0.5, with the widths of the other two regions remaining unaltered.

In Figure (4.2) we observe that for the case of the relatively soft material

f / l ' l v ' / / l ' p ' = 10), within the type IV region the strain-rate dramatically increases, before

being severely restricted by the hard heat affected zone. When the width of the type IV
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Figure 4.2: strain-rates for a plate with stress free surfaces, x' iv ' =: 0.2
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Figure 4.3: strain-rates for a plate with stress free surfaces, x^lv' = 0.5

region is increased (Figure (4.3)) we observe a further dramatic rise in the strain-rate
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Figure 4.4: strain-rates for different values of n using method of chapter 3

in this region, and with a:(iv' = 0.5 the maximum strain-rate almost reaches the value

expected of a homogeneous plate of type IV material. From Figures (4.2) and (4.3) we

conclude that the imposition of a stress free constraint on the top and bottom surfaces

of the plate produces less interaction between adjacent regions with the tendency for the

strain-rate within each region to tend towards its homogeneous limit.

Although the results presented here are for the elastic case when n — 1, it is possible to

make some comments about the strain-rates for the weld when n ^ 1. Figure (4.4) shows

strain-rates for a weldment having exactly the same material properties and parameters

as Figure (4.2), for different values of n, using the method described in chapter 3. We

see that higher values of the index tend to equalise the strain-rates (as observed by Nicol

and Hawkes) such that as n —> oo the strain-rate tends to a constant throughout the

plate. We would expect the same behaviour for the weldment under consideration in

this chapter and hence, as n increases, a reduction in the strain rates within the type IV

region and weld material. This reduction would be expected to increase the lifetime of the
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weld, and so acts against the trend discussed earlier in this section. An accurate numerical

solution would be required for these more complicated situations in order to determine the

actual failure time, but in view of the assumed parameter values the position of rupture

is expected to remain in the type IV region.



Chapter 5

MATHEMATICAL MODEL OF AN INITIALLY FLAT

PLATE CONTAINING A WELD WITH THE

INTERFACE AT AN ANGLE 6O TO THE CENTRAL

SURFACE OF THE PLATE

The models discussed so far in this thesis have all been appropriate for the modelling

of a low alloy ferritic (^Chromium, i Molybdenum, -^Vanadium) weld, produced by TIG

welding. This arises when an arc is struck between the tungsten electrode and the work

piece, the electrode being surrounded by an inert gas shield.

If the plate being welded is thin, typically about 2-3 mm, then a single pass of the

arc will complete the joining process leaving four regions within the weldment, with the

interfaces between the regions approximately normal to the surface of the plate (Figure

(3.1)). If the plate is thicker than 3mm , then the weld is produced by a series of passes

of the arc, thereby producing a weld in w'hich the interfaces of each region are now at

angle 0O to the surfaces of the plate (Figure (5.1)). These types of weld are found,

for example, in boiler tubes in power stations operating at about 500°C under constant

uniaxial loading, and so are operating in the creep regime.

In this chapter we shall apply the Cosserat theory, already successfully developed for

a simple butt-weld with the interface normal to the surface of the plate, to the more

complicated geometry of the so called 'V-shaped' weld. We shall obtain a model for this

type of weld by introducing directors which are no longer normal to the central surface,

but more accurately mimic the actual geometry of the weld.
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V = «o

type IV

Figure 5.1: Cross-section of a V-shaped weld containing 4 regions

5.1 Geometry of the Plate.

The geometry of the plate and associated co-ordinate system are identical to those defined

in section §4.1 and hence the reader will be referred back to equations in the previous

chapter where appropriate.

5.2 Kinematic Results.

In this chapter we shall adopt a single director model. Before we derive the relevant

kinematic results, we need to define this director in terms of the base vectors a,-. In the

initial configuration (t = 0) we wish to introduce the director such that it will represent

a flat plate with each of the respective interfaces at an angle 90 to the £-axis, see Figure

(5.1).

Naghdi (1972) states that the director is intended to represent the "thickening" about
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the surface £ = 0 of the three-dimensional shell or plate, and that the component along

the unit normal to the Cosserat surface can be regarded as representing the thickness

of the three-dimensional shell or plate. Thus if Dx is the initial value of the director

component d1, then we assume that

Ds = 1. (5.1)

The geometry of the weldment implies the existence of important directions which are

not normal to the central surface. In our model we assume that the director lies along

these preferred directions. Hence, we assume that at a position v1 — l0 the director is

normal to the surface of the plate. The director varies continuously with distance such

that at the interface between the parent material and the type IV region it lies in the plane

of the interface. The director is then required to stay parallel to the interfaces within the

type IV region and the HAZ, before reaching the weld metal in which it again varies

continuously with distance until the centre of the weld, where it returns to being normal

to the central surface. We define therefore, the initial value of the director component d1

as

Dl = - ta .n0 (V) . (5.2)

where

0 (v1) =

U-v1

u
60 , 0 < vl < l2 (5.3)

0 (l

/o

0

<

<

<

V1

V1

<

<

<

0

h

h

We assume that there is no variation in the v2 direction and hence that

d2 = D2 = 0. (5.4)

Assuming that only infinitesimal deformations occur, we can expand the components

of the director d about their initial values and therefore we express the director as

d = ( - t a n 0 + e<Si) a! + (1 +eS3) a3 + 0 (e2) , (5.5)
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where we have omitted terms of 0 (e2) in (5.5). Using the relations (2.67)(ii)f(jjj) and

(4.11) we obtain the covariant form of the director components as

ck = - tan 0 + e (<$i - 2flA tan 9) + 0 (e2) ,

d2 = 0,

d3 = i + e63 +

(5.6)

(5.7)

(5.8)

Then, using the definitions (2.71) to (2.73), the kinematic expressions associated with a

single director model for the V-shaped weld can be expressed

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

On =

012 = 021 = 022 = 0 ,

'>11 :

Ki2 = /v2l = K'22 = = 0 ,

e (63,1 - A l f l l tan 0) + O (e2) ,

0,

72 = 0,

73 = e63 + O (e2) ,

where the superposed dot denotes the partial derivative with respect to time, holding all

other material variables constant. In deriving (5.9) to (5.17) we have also assumed that

d0

eta T
h

(5.18)

This assumption is valid for sufficiently small angles, and since it greatly simplifies the

algebra it is used in this chapter. We shall discuss this condition further in section §5.10.
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The components of the metric gap can be easily expressed in terms of the variables

introduced above, and using equations (2.77) to (2.79) we obtain (ignoring terms of

O(e2))

gn = l + e(2/M + 2£(5u- / l a i tan#-/* l i l l)) , (5.19)

5i2 = 521 = 0, (5.20)

922 = 1, (5.21)

g13 = - tan 0 + t {hi - 2 / u tan 0 + £ {83<1 - <5M tan 5 + / M tan2 0)) , (5.22)

523 = 0, (5.23)

</33 = 1 + t a n 2 9 + e (283 + 2 / x , n t a n 2 0 - 2 <$i t a n O) . (5 .24)

We observe that at this stage in our analysis we have retained the bending terms in

the expressions for the kinematic results. From (4.20) we see that the curvature of the

plate is a function of /ij (vl,t), and although the curvature is identically zero at t = 0

we would expect that at later times the plate would bend due to the presence of the

V-shaped weld. If this is not the case, and the plate remains flat, then both hi and the

curvature will be identically zero in the solution.

In the following section we derive the continuity equation for a V-shaped weld.

5.3 Continuity Equation.

Recalling equations (4.116) and (4.117), the continuity equation can be written

^ ( ) = ° - (5'25)

where

v" = r + £d. (5.26)
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Using equations (4.6), (5.6), and (4.8) to (4.10) in (5.26) we obtain, to leading order,

v* = e ([ / i + £ (Sx - tan0/M _ AM)] i + [Ax + £ (s3 - tan 9hltl)] k) (5.27)

Also, it follows from (4.17) and (5.19)-(5.24) that, to leading order, we have

k = a 3 + O ( e ) , (5.28)

The components of the three-dimensional velocity expressed in terms of the base vectors

a; are

v'1 = A + c" (<5i - t a n i

v'2 = 0, (5.29)

Substituting expressions (5.28)—(5.29) into equation (5.25) and integrating the resulting

expressions through the plate (i.e. with respect to £ from £ = —| to £ = | ) , we obtain

the condition

/i?1 + 4 + tan#/iM =0. (5.30)

5.4 Stress Variables.

Next we must express the components of the three-dimensional stress tensor er^ in terms

of the two-dimensional generalised stress measures appropriate to the geometry of the

weld under investigation. On using the definition (2.91) in the expressions (2.102) and

(2.112), the two-dimensional stress measures are related to the components of the three-
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dimensional stress tensor o"'-7 through the expressions

= fcg^&dt, (5.31)

(5.32)

ma? = / ' ci^a^p-df (5 33)

Taking the dot product of each of equations (5.31) to (5.33) with the contravariant

base vector a', we obtain expressions relating the contravariant components of the two-

dimensional stress measures to the three dimensional stress tensor, through

2

h

r«i (g.? • a
J) # , (5.34)

Maia$ = / ' g$aaj fg, • a1) ^ d£, (5.35)
J-§ v ' >

mla~- = / cpa2j (g7 • a* J df. (5.36)

-j-

As in the previous chapter, the case of the weld with the stress-free top and bottom

surfaces, expressions (5.34) to (5.36) can be simplified by assuming that only small de-

formations occur. In such situations the three-dimensional stress components are small,

which in turn implies the existence of small two-dimensional stresses. Hence all stresses

involved in the model can be rescaled such that

Nai _ ef]ai Mai _ ^ a i

(5.37)
m! — ah1 , cr'-7 = ea*-7'.

The rescaling of the stress variables in (5.37) means that we require only the leading

order terms in e of as , g* and (gj -a2). Hence from the expressions (4.23) and (4.24)

for a single director and the definition (5.5), we obtain

gi =
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g2 = j , (5-38)

g3 = -

Recalling expressions (4.13) to (4.16) for the contravariant base vectors we have

a1 =

a2 = j , (5.39)

a3 = k + 0(e) ,

and we also note that

ak = 1 + 0 ( » . (5.40)

Using the definitions (5.28), (5.37), (5.39) to (5.40) in (5.34) to (5.36) we obtain

Nal = f\ (V1 -tan#<7a3)c/£ ,a = 1,2 (5.41)

Na2 = [\aa2d£ , a = l ,2 (5.42)

(5.43)

, a = l,2 (5.44)

Ma2 = [\aa2Zd£ , a = l ,2 (5.45)

, a = l ,2 (5.46)

m1 = / T
h (cr31-tanker33) d^, (5.47)

(5.48)

(5.49)
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For simplicity we shall now omit the tildes from the above variables.

We assume that the three-dimensional stress distribution can be represented by trun-

cated power series of the forms

(5.50)

a33 = a33.

Substituting (5.50) into the expressions (5.41) to (5.49) and performing the relevant

calculations and back substitutions leads to

h ^ ' h3 ^ '
/Y12 19

a12 = ±- + ±M^ (5.52)

\- — (M21 + tan^M23) £, (5.53)
h3 ^ '

(5.54)

(5.55)

(5.56)

(5.57)

We also have expressions for a31 and a32 in the forms

a31 = j (m1 + tan dm3) + b31£, (5.58)

23

a33 =

h

N23

h

a + 6 ^ (

a

In order that the three-dimensional stress tensor <71J is symmetric we require that, in

particular, a13 = a31 which leads to

631 = i^M13, (5.60)
h3
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A^13 = r^+tanflm3 . (5.61)

According to the Cosserat theory, if no body forces are acting then the linearized field

equations (2.140)-(2.143), for an initially flat plate with a single director, become

Nal3
yO = 0, (5.62)

Na3,o = 0, (5.63)

M"i\a = m
/ 3 , (5.64)

M a 3 , a = 7773. (5.65)

Applying the plane strain condition

0

dv2

the field equations (5.62) to (5.65) reduce further to

= 0, (5.66)

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

As v1 —>• —oo we assume that the plate acts as if it were a single material plate under

simple uniaxial tension and so the only non-zero component of the three-dimensional

stress tensor is a11, where

au = a°°. (5.73)

Nn

N12

N13

M"

M12

Af13

,i

,i

.i

,i

,i

= o,
= o,

= o,

= m\

= 777.2 ,

- m3.
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On integrating the field equations (5.67) to (5.69), using the expressions (5.51), (5.52)

and (5.55) and noting that as v1 —-> - c o then tan0(t>1) —> 0, it follows that

A/i2 = jv13 = 0. (5.75)

Now from equation (2.145), for a single director we have

Na3 + m.3Da - maD3 = 0 (5.76)

Using the definitions (5.1), (5.2) and (5.4) with the identities (5.75) and (5.76) we deduce

that

A-13 = m1 + tan 0m3 = 0, (5.77)

JV23 = m2 . (5.78)

Substituting for in1 and ???3 into (5.77), using the field equations (5.70) and (5.72), and

integrating with respect to t;1 ( recalling that 0?1 <C 1), we obtain

i \ /n + tan 0M13 = constant. (5.79)

Using the expression (5.51) and observing that tan0(u1) —» 0 as v1 —»• —oo, then the

constant in equation (5.79) becomes identically zero, and hence the expressions for the

three-dimensional stresses in terms of the two-dimensional generalised stress measures

reduce to

/yii
a11 = '-—, (5.80)

h
a i2 = ir-A/12^ (5-81)

a'3 = j | ,U 1 3£, (5.82)
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23 = 'JL. + ±M23Z, (5.83)
II II6

/V22 19
9 9 -1 * -1- *"' n * -99 >- f r* r\ A \

^ = — + ̂ > ( ^
cr33 = - ^ . (5.85)

h

From equations (4.90) and (4.94) we obtain the mixed mode form of the Von Mises

equivalent stress as

(a*)2 = (a\Y+ (*1)2+ (al)2~ala2
2-*la3

3-alal + 3 [a\a\ + a2
3a

3
2 + o*ol) . (5.86)

Since the field equations in the Cosserat theory are derived in terms of the contravariant

components of the two-dimensional generalised stresses, then we require the equivalent

stress also to be defined in terms of the contravariant components of the three-dimensional

stress tensor alJ. Thus, we need to raise the indices of the mixed mode form of the

components of the stress tensor. Using equation (2.17) in conjunction with the leading

order terms of the metric </,-j, we then obtain

a\ = <7n-tanfl<713. (5.87)

a\ = a22, (5.88)

al = - tan 0a13 + (l + tan2 0) a23, (5.89)

a\ = a12, (5.90)

a\ = <r2 1-tan0a2 3 , (5.91)

a\ = - tan 0a21 + (l + tan2 9) a23, (5.92)

a\ = a32, (5.93)

a\ = - tan 0au + (l + tan2 0) a23, (5.94)

<r? = a 1 3 - t an 0a23. (5.95)
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Upon substituting (5.87) to (5.95), after use of the expressions (5.80) to (5.85), into

(5.86) we finally derive

(o-*)2 = -L

- (l + tan2 6) N22m3 - (l - 2 tan2 0) Num3 + 3 (l + tan2 fl) (m2)']

+ 1!^ [2AT22M22 - NnM22 - (l + tan2 fl) m3M22 + 6 (l + tan2 6) m3M

- 4 tan ONllM13 - 4 tan 0 (l + tan2 #) ?n3M13 + 2 tan 6M13N

- 6 tan (9M12m2] + ̂ 2 f(M22)2 + (3 + 4 tan2 $) ( M 1 3 ) ' + 3(M

+ 3 ( l + tan2 0) (M23) 2 + 2 tan OMl3M22 - 6 tan 6M 1 2M2 3 | , (5.96)

where we have assumed that the contravariant components of the three-dimensional stress

tensor are symmetric i.e.

r22

rl2\2

a13 = <7J\ (5.97)

5.5 Derivation of the Constitutive Equations.

First let us recall the generalised form of Norton's Law, derived for non-Cartesian tensors

in section §4.4. If the kinematic variables and generalised stresses are defined by the two

sets,

vp = ( jV / o r " ,M a i ,m ' ' ) , (5.98)

© = (<?*/?,*•«,•, 7,0, (5-99)

in which we have introduced the invariant stress variable

(5.100)
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then the generalised forms of the Kachanov-Rabotnov equations, appropriate for use with

the Cosserat shell theory, are

and

—, (5.102)

with A7'* being given by (4.109).

Assuming small deformations, the linearized form of equation (5.100) for use with the

kinematic variables associated with the geometry of the weld is

N'aii = N'!3a = Nal3 - maDp. (5.103)

Thus, in the derivation of the constitutive equations we require

7 7 2 1 , (5.104)

N'22 = N22. (5.105)

As noted in the previous section , we require the three-dimensional stress tensor to be

symmetric. We will show later that the components a23, a32, a12 and a21 are identically

zero and hence we require, in particular , that

a13 = a31. (5.106)

In deriving the three-dimensional stress components, we obtained the relations

m3 = 0, (5.107)

M n + tan0Af13 = 0, (5.108)

(see (5.77) and (5.79)) and so it is possible to add the expressions on the left-hand sides

of (5.107) and (5.108) to (N*)2 without altering the value of (N*)2 . After performing
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the integration (4.109) on (5.96), replacing Nn,N22 by the invariants 7V'n,JV/22, and

adding on (5.107) and (5.108) with the use of Lagrange multipliers A,// respectively, we

obtain an expression for (Ar*)2 as

2 ( 3 ) 2^2 2)2 + (l + tan2 fl)2(m3)

_ N'nN'22 + tan 9m1 N122 - (l + tan2 0) Nmmz - (l - 2 tan2 6) N'um3

+ tan 0 (l - 2 tan2 6) m1™3 + 3 (l + tan2 0) (m2)2

+ g (3 + 4 ̂  0) {U»)> + I (.Wf + I (1 + t»»») (M-)2

+ | | tan 6A'I1ZM22 - — tan 6M12M23 + A (?7̂ 1 + tan 0m3)
/?,2 /i2 v x

+ //( iUn + tan 0il/13) . (5.109)

Using the generalised form of Norton's Law (5.98) to (5.101), and using the results (5.9)

to (5.17) for the strain-rates, we obtain

0 =

- (l-2tan20)?7i3), (5.110)

4 / N" \ ° " 1 1

2crc/i \ach,

tan20)m3) , (5.111)

""1 1 /2
>c<» vCr c /?7 4'p

24 - - mtan 0,1/22 + /i tan 0 ) , (5.115)
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o =
2arh \ach\ac

- -£tan0M1 2V (5.116)

Si-2 tan Oh , - - A - f—^ — (-2 tan 0 W11 + 2 tan2 0??!1 + tan 0N/22

2ach \achj xpP v

+ tan 6 (l - 2 tan2 0) ??23 + A) , (5.117)

O i l //•> / i i i. 2 / i \ 2\ /c i i o\

53 = _ l - f ^ y " 1 i - f 2 ( l + tan20)2m3-(l + tan20)iV'22

- (l - 2 tan2 0) N'11 + tan 9 (l - 2 tan2 0) m1

+ A ta.n 0). (5.119)

The field equations (5.62) to (5.65), have been derived in terms of A r l 1 and so it is

helpful to substitute back for A m and Ar22, using (5.104) and (5.105). For non-trivial

solutions to the system of equations we require from equations (5.111) and (5.114) that

Ar22 = \ (A'n + (l + tan2 $) 77̂ 3) , (5.120)

M22 = -tantfiV1 3 , (5.121)

and, in order that the equations (5.113), (5.116) and (5.118) are satisfied for a general

angle 0 , it is necessary that

M23 = A/12 = m2 = 0. (5.122)

Eliminating TV22 and Af22 from the system of equations then gives

fil63 x - tan Oh, u = -^— (~) —fil(i + tan2 6) M13 + fi tan o) , (5.124)
2ach\achJ </'? \h2 y ' J
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A /Ar*\n~1

Si - tan 0/i x = -— rr r2ach\ach
1—A, (5.125)

_ 3
03 — ~

3 A f Nf
4 ach \ach

-Atan0).

i . ((1 + tan2 e)2m3 - (l - tan2 6) Nn

(5.126)

Differentiating (5.125) with respect to vl and then eliminating 8\ from the system using

equation (5.112) leads to

(5.127)

In a somewhat similar way, differentiating (5.126) with respect to v1 and using equations

(5.67) and (5.127) leads to the differential equation

A ,
2ach '\crch/

n - l

) "

1 M AT* 1 -P

S3 i — tan 1
3 A
4aci

n - 1 1

x 77i3 1 - tan2 e) Nu

T
2<7c/i

(5.128)

Comparing (5.128) with the differential equation (5.124) and recalling the field equation

(5.72) we finally derive the following system of partial differential equations

48

(1 +tan2 •M
13

M13,i = m3,

with

4iVu , (5.129)
(1+tan2^)2 J V ;

(5.130)

(5.131)

Before introducing the boundary conditions we shall discuss briefly the use of the

Lagrange multipliers A and fi. The latter have been introduced into (5.109) to make full
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use of the symmetry of <rJJ and this extra flexibility is necessary in order that the continuity

condition (5.30) is identically satisfied. Differentiating (5.30) leads to

= 0. (5.132)

Hence on differentiating equation (5.110) with respect to v1, and using equations (5.124),

(5.129), (5.130) and (5.67) we deduce that equation (5.132) is satisfied only if the La-

grange multiplier /.i satisfies

72 tan 0 / 3 + tan2

1 + tan20
A/13 -

6 tan 0

(5.133)

The other Lagrange multiplier A can be calculated from equation (5.127). In both the

expressions for A and /i we have

(5.134)

and

2 , \ /48 Af13

48

X

X 717.

V V J \

3A +~N

' 3 (l-tan2fl)

_- l l (- (i _ tan2 9) Nn + (l + tan2

(5.135)

5.6 Boundary Conditions.

The boundary conditions and continuity conditions for the V-shaped weld are identical

to those stated in chapter 3 of this thesis for the weld with the interface normal to the
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central surface of the plate. Thus we require

as v1 -> -oo , M13 -> 0, (5.136)

at v1 = k , M13 = 0, (5.137)

where /3 is the position of the centre of the weld. The continuity conditions are that at

each respective interface

^/1 3 . on are continuous. (5.138)

The initial conditions and failure criterion are those defined by (2.43). In view of the form

of conditions (5.136) and (5.137) we must solve a two point boundary value problem.

5.7 Non-Dimensionalisation.

The equations (5.129) to (5.131) and the expressions (5.134) and (5.135) can be rescaled

and non-dimensionalised by redefining the variables through

i , (5.139)

Ml
to give

(l+tanJ9)

- ((„ - 1) (t±) - „ (|i)) (A' - y - ^ j , (5.140)

= ?7?3, (5.141)

= -B^ J , (5.142)
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with

( > ) 2 = 1 - 2 (l - tan'2 0) 77V + (l + tan2 of (m3)2 + (l + tan2 6) ( M 1 3 ) 2 (5.143)

and

- (l - tan2 O) + (l + tan2 d)2mA I-
M13

tan2fl)

p (U
tan2

tan2

x + i!lll _ (l _ tan2 (?) + (l + tan2

(. 3
x ?7?3 -

V
(5.144)

The system of partial differential equations is now solved numerically.

5.8 Numer i ca l Solut ion.

To solve the system of partial differential equations (5.140) to (5.142) we must specify

values for the indices m,n,p and q and also values for A(p>, A^iv\ A(haz) and A^w) and the

corresponding values for B. It seems sensible to use the same values for these parameters

as those used in chapter 3, (namely (3.114) to (3.118)), so that direct comparisons can

be made with the results in chapter 3 . The system of differential equations is solved as

follows;

Step 1: At t — 0, we know that ib = 1 everywhere. Hence (5.140) and (5.141) can be

solved using a fourth order Runge-Kutta technique, which is accurate to 0 (Ax5) where

Ax defines the step size. Let Mi and m, represent the values of M 1 3 and m3 respectively

at the z'th node along the v1 axis, dropping the tildes of the non-dimensional quantity

for convenience. Then if we define

jl/13., = / ( m 3 ) , (5.145)
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J,! = g(v\M13,m3), (5.146)

we deduce

6

mi+i = mi + -(h +2k2 + 2k3 + fc4), (5.148)

= A. i - / (??? , ) , (5.149)

= Aij (vK.Mi.mi) . (5.150)

= Ax/L. + M, (5.151)

J-,mi + 2- , (5.152)

•^• + f j ' (5-153)

fcs = Ax g Iv1 + ̂ - , Mi + | , m i + ^ J , (5.154)

j 4 = Axf(mi + k3), (5.155)

fc4 = Ax g [v1 + Ax, Mi + j 3 , m{ + k3) . (5.156)

The ordinary differential equations (5.140) and (5.141) are solved using a shooting

and matching technique, which changes the two point boundary value problem to an

initial value problem with m3 unknown as v1 —> — oo. In the numerical solution minus

infinity is replaced by l M l which is a position chosen to be far enough away from the weld

region that M13 and m3 have attained their limiting values. The Runge-Kutta method

is then initiated at /<*, with M13 — 0 and a "guess" for m3. Let this guess be denoted

by m0. The solution for this initial value will give a value for M13 at /3 which we hope

will satisfy the boundary condition (5.137). If it is sufficiently close, i.e. within some
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tolerance of zero, then we proceed with step 3 (below), otherwise m0 needs to be revised.

The improvement to mo is carried out using the Newton-Raphson method for finding the

root of a function.

Step 2: We wish to find the root of

M13\vi=h = M ( m o ) = 0, (5.157)

and so can update the guess for ???.o using

mx — m0 — —j-——, (5.158)

where
,7,1 ,r

(5.159)

We cannot write down an explicit function for M(m0), however, and so we must ap-

proximate (5.159) by slightly altering the initial guess, and then using the Runge-Kutta

procedure to obtain a different boundary value for M13. The derivative can then be

approximated through the formula

-—• =2 : , (5.160)
amo i\m0

where A m 0 is the change in the initial guess. This process is repeated continually until

(5.157) is satisfied to some tolerance level.

Step 3:After solving the ordinary differential equations (5.140) and (5.141) at a particular

time step the quantity xb can be updated to the next time step using a forward difference

scheme giving

V ' . , V ' =-B(q + l) (N")n, (5.161)

where rpj represents the value of (/' at the ?'th node along the v1 axis at the j t h time step.

Steps 1 to 3 are repeated until the failure criterion
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holds at a single node. If the condition (5.162) is true at more than one node then the

time step At is reduced by a factor of 10 and the process is repeated for that time step

until (5.162) is satisfied uniquely.

In using the above numerical method we assume that there are 51 nodes in each region

and that at each interface the continuity conditions (5.138) hold. Thus at the interface

between the parent material and the type IV region , for example, we have

Ml£] = A/|iv), (5.163)

and

o\n = 9iV\ (5.164)

where £ , - ,£ ; represents the strain-rate gu in each respective region. On using (5.9),

(5.123) and (5.139) condition (5.164) becomes

n(P)

(0(p))r

where a parameter or variable with an index of (p) or (iv) represents the limiting value of

the parameter/variable at the interface in the parent or type IV region respectively. Since

the only unknown in (5.165) is m' i v ' , we can solve (5.165) iteratively, from an initial

guess of m^v\ by using

where
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and

df

- t a n 2 6) - ( i V

+ (l + tan2 0)2m(iv') - ( iV^))" ' 1 (l - tan2 fl)l . (5.168)

In the above procedure a separate Newton-Raphson iteration must be performed at

each interface, and hence the computer time required to solve this system is much greater

than for the solution obtained in chapter 3. The initial guesses for mz at v1 = l^ and for

the guesses of m3 at each of the interfaces can be improved by using the values obtained

for the solution of the ordinary differential equations at the previous time step.

Using the above method rupture times and position of rupture can be obtained for

various prescribed values of the parameters.

5.9 Results.

This section divides naturally into two subsections. The first contains results for the strain-

rates at t = 0, together with the rupture times and rupture positions for the situation

where the interface of each region is normal to the central surface of the plate (90 — 0).

These results can then be directly compared with the results obtained using the method

of chapter 3.

The second subsection considers the effects on the strain-rates at t = 0, rupture times

and rupture positions in the weldment, caused by varying the angle of the interface (#0).

We recall the definitions (3.140) to (3.142) for z( i v \z(haz) and x^. We shall also use

the same values for B stated in (3.143).
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Figure 5.2: strain-rates for various A'1V'//4'P' with .r(lv)=0.

5.9.1

In Figures (5.2)-(5.4), (5.6)-(5.8) and (5.14)-(5.16) the non-dimensional position v1/h

is plotted on the horizontal axis against the non-dimensional strain-rate Qu on the vertical

axis. On the right hand side of each figure are shown the corresponding rupture times tr

and rupture positions t>* respectively.

Figures (5.2) to (5.5) show the changes in the strain-rate at t — 0 and the time to

rupture caused by varying the parameters associated with the type IV region, namely a;'lv'

and the ratio A^/A^. In all three figures /4.(iv' takes the values 10, 5 and 2 respectively,

but in all cases A^a^/A^ = 0.1 and A^/A^ = 3.0 and the widths of the heat affected

zone and weld metal are given by ,r*haz' = .r'"1' = 0.2. The difference between the figures

is due to the variation in x' l v ' :

Figure (5.2), a-<iv> = 0.1,
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• Figure (5.3), a:<iv) = 0.2.

• Figure (5.4), x^ = 0.5.

The analogous results to Figures (5.2)-(5.4), using the method described in chapter 3,

are shown in Figures (3.2) to (3.4). Comparing directly Figure (3.2) with Figure (5.2) we

observe that although the plots of the initial strain-rates are similar, the rupture times and

positions of rupture are dramatically different. In Figure (5.2) the positions of rupture, for

the three chosen values of A^/A^, are at the interface between the type IV region and

the heat affected zone. The reason for these rupture positions being located at this point

becomes clear upon examination of the generalised effective stress N*, which attains its

maximum value within the type IV region at this position, and as the rate of damage xp is

dependent upon N" (with a high B in the type IV region) we would expect the maximum

rate of damage to occur at this point.

The time to rupture for each specific value of A'JV'/A^P' has been reduced significantly

for each of the Figures (5.2)-(5.4) compared to the analogous results shown in Figures

(3.2)-(3.4). The results display the same characteristic trends in rupture times, however,

since the rupture time decreases as the relative strength of the type IV region is increased.

It should be noted that we have again not altered the value of the parameter B in the

type IV region when changing the value of /U l v ' / / l ' p ' .

If the value of B is changed in the type IV region such that B satisfies equation

(3.149) with p - 0.9, then the times to rupture, as / l ( i v ) /A ( p ) decreases become 3348,

4184 and 4514 hours respectively. This agrees with the argument expressed in §3.8 that

the relationship between the parameters A and B is very important, and in realistic

situations increasing the strength of the type IV region increases the rupture time.

Widening the type IV region to ;r(lv' = 0.2 (Figure (5.3)) produces an increase in the

initial strain-rates for each value of A^'v^/A^p\ and a decrease in the corresponding rupture

times. The rupture positions are again at the interface between the type IV region and the
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Figure 5.3: strain-rates for various A(iv>/^(p) with a;(iv)=0.2

HAZ. We observe that the percentage decrease in the rupture time from the previous case

(x( iv) = 0.1, Figure (5.2) ) is greatest for the softer type IV region (A^/A^ = 10).

This trend continues when the width of the type IV region is increased to a;'iv' = 0.5,

when the rupture time has decreased so much for the soft type IV region that the weld

ruptures quicker than for the stronger type IV region (A^/A^ = 5j . Examination of

the initial (t = 0) generalised effective stress N* within the type IV region (Figure (5.5)),

for the same parameters used to obtain Figure (5.4), gives the mathematical reason for

this anomaly. From Figure (5.5), for the very soft type IV region there is, according to

our model, an increase in the value of N* as v1 /h approaches the interface between the

type IV region and the HAZ. This raises the value of Ar* above the corresponding plot for

A^/A^ = 5 and hence the damage rate is greater for the softer type IV region, which

in turn implies that the weld ruptures quicker for this softer type IV region.

When the value of B is altered, using the equation (3.149) with p = 0.9, and using the

appropriate parameter values associated with Figure (5.3), the rupture times corresponding
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Figure 5.5: Variation of N* in the type IV region, corresponding to Figure (5.4)

to the chosen values of A^/AM=10, 5 and 2 are 1718, 2514 and 3174 hours respectively.
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Figure 5.6: strain-rates for various _4(haz)//l(p> with x<haz>=0.05

When a;(lv> = 0.5 (Figure (5.4)) the corresponding rupture times are 523, 987, and 1661

hours. Thus counter intuitive solutions obtained without a variation in B have been

removed.

From Figure (5.5) it appears that the maximum value of N" occurs at some position

within the type IV region (the maximum value of N* within the type IV region actually

occurs at v1/h =0.21, 0.19 and 0.12 for .4(iv>/-4(p) =10, 5 and 2 respectively) and so

we would expect rupture to occur at these positions. However,in a similar manner to

the behaviour of the strain-rates in Figure (3.11), where the position of the maximum

value of the strain rate moved with time, using the method of this chapter the position

of the maximum value of N*, and hence the position of the maximum damage rate, is

also time-dependent.

In Figures (5.6) to (5.8) the parameters associated with the HAZ are varied. Each of

the figures show plots of the strain-rate at t = 0 for A(haz'/^4(p^ taking the values 1.0,

0.1 and 0.01 respectively. The widths of the type IV region and the weld metal are kept
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Figure 5.7: strain-rates for various A with ,x(haz'=0.2

constant at a:' lv'=0.1 and ;r 'w '= 0.2, with the relative strength of these two regions being

fixed at A^/A^ = 10.0 and A ( w7-4 ( p ) = 3.0. The only parameter varying from figure

to figure is a;(liaz', which takes the values

• Figure (5.6), x^h^ = 0.05,

• Figure (5.7), a*(haz> = 0.2,

• Figure (5.8), ,T(haz) = 0.5.

Comparing Figure (5.6) with Figure (3.5) we observe a similar pattern in the ini-

tial strain-rates and rupture times. We deduce again that for a very hard HAZ

(A(haz)/A (p) = 0.0l) the position of rupture is at the interface between the HAZ and

the weld metal and, for this case, the actual time to rupture is comparable to that ob-

tained using the direct method of chapter 3.
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Figure 5.8: strain-rates for various ..4(haz)/,4» with x<haz>=0.5

When B is altered, the time to rupture for yl(haz'/A(p> = 1.0 is 2881 hours. This

value is of a similar order to that obtained without this variation in B, indicating that

the influence of HAZ on the damage accumulated in the type IV region is minimal when

^(hazj/^p) _ lQ vVhen Alhaz)/A^haz) = 0.1 the rupture times are identical as this is the

standard value used for Ao in equation (3.149). With ,4.(haz)/,4>) = 0.01 and B altered

accordingly, the position of rupture is now at the interface between the type IV region

and the HAZ. The rupture time has also increased to 3743 hours.

When the width of the HAZ is increased to x-(haz) = 0.2, we observe that the rup-

ture times do not follow the pattern obtained using the method of chapter 3 (Figure

3.6), where strengthening the HAZ produced a decrease in the strain-rates and thus an

increase in the time to rupture. Figure (5.7) reveals that strengthening the HAZ from

^(haZ)/A(P) = L 0 t o ^(haz)^(p) _ 0 J a n d subsequently to A^hazyA^ =0.01 leads

to apparently contradictory results for the respective rupture times when compared with

Figure (3.6). With the generalised Nicol model used in this chapter there is no simple
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Figure 5.9: Variation of N* in the type IV region, corresponding to Figure (5.7)
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Figure 5.10: Variation of M13 in the type IV region, corresponding to Figure (5.7)

analogy to equation (3.144) and so we must investigate the behaviour of N* to ascertain
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the reason for the confusing variation in rupture time. Figure (5.9) shows the initial value

of N* within the type IV region , using the same parameters and method adopted in

determining Figure (5.7). It becomes apparent from Figure (5.9) that the extremely hard

HAZ (A(haz)/A(p) = O.Ol) causes an increase in the value of N* when approaching the

interface with the HAZ and it is this increase that causes the observed variation in rupture

time.

The latter argument becomes clearer when observing the initial values of M 1 3 in the

type IV region (Figure (5.10)), since increasing the strength of the HAZ increases the

value of M 1 3 . From equation (5.143) the contribution to JV* is through the term (M1 3) ,

and so it seems that for the anomalous case with A (haz )/A<p '=0.01, the value of M 1 3 has

become sufficiently large to increase significantly the value of iV* and hence affect the

rupture time.

When the value of B is altered then the respective rupture times for p — 0.9 are 2883,

3348 and 1195 hours for A ( h a z ) /A ( p ) = 1.0, 0.1 and 0.01. Thus the rate of accumulated

damage in the HAZ has little effect on the time to rupture within the type IV region.

In Figure (5.8) the width of the HAZ is now x(haz) = 0.5. Comparing Figure (5.8)

with Figure (3.7) we observe that the strain rates at t = 0 are comparable throughout

the weld for each of the three values of the ratio A^haz ' /A'p ' . Again plotting the value

of M 1 3 (on the y-axis) against vl/h (on the a--axis), for the type IV region only (Figure

(5.11)), we note that as the ratio A ( h a z ) / / l ( p ) decreases then the value of Af13 within

the type IV region increases. In this case the values of M13 when A (haz '/^4'p '=0.01 and

A(haz)/A (p)=0.1 are sufficiently large to influence N* and the rupture time.

In both of the previous cases it seems clear that the rupture time has local maxima for

some value of A'haz ' / -4'p ' - Figures (5.10) and (5.11) suggest that the optimal values lie

within the ranges 0.01 < A(haz'/A(p> < 1.0 for a-<haz' = 0.2 and 0.1 < A^^/A^ < 1.0

for .x-(haz) = 0.5 respectively (see Figures (5.12) and (5.13)).

For the case of the wide HAZ, with ,r'haz' = 0.5, changing the value of B as
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Figure 5.11: Variation of M 1 3 in the type IV region, corresponding to Figure (5.8)

4000

Figure 5.12: Variation in rupture time with A(haz)/A(p), for n-(haz)=0.2

changecj produced the following rupture times:fr=3867, 2054 and 977 hours
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4000

Figure 5.13: Variation in rupture time with A(haz)/-4-(p\ for ,i'(haz)=0.5

for A(haz)//i(P>=1.0, 0.1 and 0.01.

Figures (5.14) to (5.16) show the effects on the strain-rate at t = 0, the position

of rupture and time to rupture, through variations in the width and relative strength of

the weld metal. In each figure the ratio A^v)/A{p) takes the values 30.0, 3.0 and 0.3

respectively. The values of the other parameters are A ( i v ) /A ( p ) = 10.0, yl(haz)//l(p> = 0.1,

with the widths of these two regions being x( l v '=0.1 and #(haz) = 0.2 respectively. The

remaining parameter a-'w' changes as follows:

• Figure (5.14), 0.05,

• Figure (5.15), z<w> = 0.2,

• Figure (5.16), .r<w> = 0.5.

The most interesting feature of these series of figures is that as the width of the weld

metal increases the time to rupture continues to increase for the 'standard' value of the
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Figure 5.14: strain-rates for various A^/A^ with x-W=0.
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Figure 5.15: strain-rates for various A W / A ^ with a;W=0.2

ratio A(wVA^p)=3.0, whereas, for the softer weld metal (AW/A^ - 30.0) , the time to
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Figure 5.16: strain-rates for various A^/A^ with a;(w>=0.5

rupture increases to a value of 3832 hours when x^ = 0.2 and then decreases slightly

to 3812 hours when the width of the weld metal is increased to .T^W )=0.5. . This would

imply that there exists an optimal value for x^ in the range 0.05 < a;(w) < 0.5.

The reason for this slightly confusing result may be that as the width of the weld

metal is increased, the strain-rate within this zone tends to its homogeneous limit. Once

the strain-rate has reached this limit it is unlikely to increase further for a wide weld and

this has a constraining affect on the strain-rates within the other zones of the weld.

Upon changing the value of the B in Figures (5.14)—(5.16) using p = 0.9 we obtain

the following rupture times, omitting the case when y4^v^/A^p^=3.0 since this is assumed

to be the 'standard' value. For Figure (5.14), *,.=2903 and 2281 for A^/A^=30.0 and

0.3. For Figure (5.15), £r=3832 and 2232 hours for the respective values of A ( w ) /V l ( p ) and,

finally for Figure (5.16), tr=312A and 2212 hours for the chosen values of the strength

ratio.

We note that altering the value of B in the weld region has very little efFect on the
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^ with angled interfaces

rupture times apart from the case when ,4 ( wV^p '=30.0 and x^ = 0.5. The large change

in rupture time in the latter case occurs because the rupture position has now moved to

within the weld metal at vx jh = 0.71, whereas for all the other cases the rupture position

was at the interface between the type IV region and the HAZ.

The results in this section emphasize that complex interactions occur within a weld-

ment and these can cause unexpected variations in rupture times.

5.9.2 6O 0.

Figure (5.17) shows the changes in the strain-rate caused when the interfaces are at

an angle #0(7^ 0) to the central surface of the plate. The plots shown are for the ratio

A^/A^ taking the values 10 and 2, with the angle 90 taking the values 0° and 10°. All

other parameters involved in the problem have the same values as used to produce Figure

(5.3). We observe that for both situations an angled interface produces a small variation

in the non-dimensional strain-rate at t = 0, and a decrease in the rupture time of the
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weld.

Figure (5.18) shows the variation in the rupture time as a function of the angle of

the interface 0o, for the two welds described in the previous paragraph. We observe that

the percentage decrease in rupture time varies dramatically depending on the value of the

strength ratio A^jA{v\ For A^/A^ = 10.0 there has been a 60% reduction in the

lifetime of the weld, whereas for the case of A^/A^ = 2.0 the lifetime of the weld has

been reduced by 20%.

Figure (5.19) shows the effect of an angled interface on the strain-rate at t = 0

for different strengths of the weld metal where A ( w ) / / l ' p ) takes the values 30.0 and

0.3 respectively. The other parameters of the weld are x^ = 0.1,x^haz* = x^ =

0.2,A( i v7^ ( p ) = 10.0 and A[hAz)/AM = 0.1. Again we observe a large difference in the

rupture times arising from the angled interface.
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Figure 5.19: strain-rates for various A^/A^ with angled interfaces

5.10 Discussion.

It has been shown in the previous section §5.9 that, using the generalised Nicol method,

we can obtain results for the strain-rates at t = 0,and the corresponding rupture times and

rupture positions for welds containing four zones with different material properties, when

the interfaces between each region are at an angle 60 to the central surface of the plate.

The results produced, using this method, show that for all the different welds considered

the presence of the angled interfaces has caused a reduction in the lifetime of the weld.

The size of this reduction has been somewhat larger than expected.

The condition (5.18), when non-dimensionalised using (5.139), requires that

1
(5.169)

For a typical weldment with the width approximately equal to the thickness of the plate

the inequality is strictly satisfied for very small angles. The derivative in (5.169), however,
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becomes significant even for angles as small as 10°. Consequently, the results presented

in the previous section should be used only to indicate the trend in the behaviour of the

lifetime of the weld due to the presence of angled interfaces. At larger angles we would

not expect a reversal of this trend, but the magnitude of reduction might be significantly

changed. The trend indicated by our results is in agreement with results obtained by

Shakhmatov et al.(1987) who examined welds with different geometries using a model

which included slip lines.

Clearly it would be useful to industry if a model applicable to large angles could be

developed, hi principle our method is easily extended but since the algebraic complexity

is increased the problem is not considered further in this thesis.



Chapter 6

CLOSING REMARKS

This thesis has used the basic ideas of Continuum Damage Mechanics to introduce

an explicit time dependence into the constitutive equations derived by Nicol (1985) and

Hawkes (1989). We have used coupled damage equations to model the creep and creep

rupture of a plate containing a weldment comprising parent material, type IV region, heat

affected zone and the weld metal.

It has been found that both models introduced by Nicol and Hawkes produce results

that are in close agreement for the initial strain-rates, but that the positions of rupture

and the rupture times differ significantly from one model to the other. These differences

in rupture times appear to be caused by how the different models cope with the large

mismatch of material properties at the interfaces separating each region. Large differences

in creep strength between the materials lead to rapid changes in stresses close to the

interface. Hayhurst (1983) argues that a more realistic evolution equation should include

a specific dependence on the maximum principal stress as well as the equivalent stress. We

have obtained results using such an evolution equation and observe that for the weldment

considered in this thesis there was a resulting large reduction in the rupture time. It is

clear from the work in this thesis that the Nicol approach does incorporate some of the

variations in stresses into the model but, as yet there is no firm evidence to suggest which

model is best.

The obvious advantage of the Cosserat models discussed here is that they produce

results for the rupture time and position of rupture in a fraction of the time taken to

operate a full finite element scheme. Each set of results displayed earlier in this thesis was
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produced in about 1 minute, typically, compared with the many hours necessary to obtain

a solution using a finite element code. This comment alone justifies further investigation

as to the accuracy and reliability of the results obtained using the Cosserat models.

During the progression of this thesis it has become clear that it is unrealistic to

change the value of the material parameter A without alterating the corresponding value

of B. It has been shown that the rupture results depend sensitively on the relationship

between these two material quantities. Without detailed information about all the material

parameters it is impossible to make lifetime predictions with any confidence and hence

the results obtained in this thesis should only be used as an observation on the trends

in rupture behaviour. However, it should be stated that the qualitative results obtained

up to now with the Cosserat models do not contradict the experimental evidence derived

over many years of testing.

In chapter 5, we investigated the effect on the rupture time of a plate containing

a V-shaped weld. It has been found that the presence of a weld in the plate with the

interfaces between each region at an angle to the central surface causes a reduction in the

time to rupture. This is in agreement with results obtained by Shakhmatov et al.(1987),

in their investigation of butt welded joints using the method of slip lines. The results

of chapter 5 have shown that small differences in the values of the initial strain-rate can

cause large changes in the calculated lifetime of a plate. Consequently the approach used

by Storesund, Tu and Wu (1992) to predict the lifetime seems to be a little simplistic.

Clearly there are many problems that have been left incomplete or untouched by this

present work. It would be desirable, for instance, to model a weld with a larger bevel angle

than that considered in this thesis. Although the increase in algebra would be considerable,

one expects the form of the resulting constitutive equations would be similar to the form

of the equations in chapter 5 and hence could be solved using a similar numerical scheme.

It would also be useful to obtain failure times for a pipe instead of a plate, since pipes

are used much more extensively in practical situations. Such a solution would then allow
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a direct comparison with the finite element method of Hall and Hayhurst (1991).

The Cosserat approach might also be used to model plates and pipes containing welds

with other geometrical shapes, such as an 'X-shaped' weld, a weld with the interfaces at

an oblique angle to the surface of the plate, or a 'chevron' weld. It may be possible to

model an X-shaped weld by imposing a symmetry condition on a laminate containing two

V-shaped welds. The oblique angled weld could be modelled in a similar manner to the

V-shaped weld without the initial value of the director in the weld needing to vary with

distance.

The chevron weld could then be modelled as a composite of two of the oblique welds.

One feature of the last two problems is the loss of symmetry at the centre of the welds.

Another situation that has recently been studied by Robinson, Binienda and Miti-Kavuma

(1992), using a method somewhat similar to Cosserat theory, is that of a thin-walled

pressure vessel, with reinforced fibres at an arbitrary helical angle, operating in the creep

regime. This problem has a geometrical structure which would require the initial values

of all the director components to be non-zero.

The overall conclusion which emanates from this thesis is that the Cosserat model

coupled with the Kachanov-Rabotnov damage equation, of a weldment, provide much

useful information to the design engineer on the time and position of rupture. The

derivation of the governing equations for the mathematical model may sometimes be

somewhat lengthy, but the resulting partial differential equations can be solved very quickly

using a computer and the results are potentially useful, therefore, in an efficient design

process.
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