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This thesis extends earlier works by Wheeler, Boettinger and McFadden [1, 2], and Aziz
[9], on a non-equilibrium phenomenon commonly observed in rapid solidification, called ‘solute
trapping’. The phase-field model by Wheeler, Boettinger and McFadden (denoted as WBM2),
and a sharp interface model, known as the Continuous Growth Model (CGM), due to Aziz,
are found to show similar solute trapping behaviours.

Numerical and asymptotic analyses are carried out on the WBM2 model. The numerical

results establish the possible cause of solute trapping, which is, the relative size of the diffu-

sive length scale of the solute field, and the characteristic thickness of the interface. As the
solidification velocity increases, the diffusive length scale of the solute field decreases. When
its value becomes comparable or smaller than the characteristic thickness of the interface,
solute trapping occurs. This relationship cannot be realised by the Continuous Growth Model
because it is a sharp interface model, in which, the interface is assumed to have negligible
thickness. This result emphasises the capability of a phase-field model in studying the solute
trapping phenomenon.

The asymptotic analysis successfully produces an explicit form for the ‘diffusive speed’,
which is an important parameter in solute trapping, as it scales the solidification velocity. So-
lute trapping becomes important when the solidification velocity exceeds this diffusive speed.
The explicit expression obtained for the diffusive speed, relates it directly to the material

parameters of the alloy; this is the first theory to provide such a relationship. A comparison

with values calculated from experimental data on solute trapping shows that this expression
supports the experimental results.

Another non-equilibrium effect found in rapid solidification processes, is the ‘kinetic un-
dercooling’ effect. This effect is also succesfully captured by the WBM2 model, where the

numerical values of the interface temperature is found to decrease with the interface velocity.
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Chapter 1

Introduction

Solidification is an important industrial process which finds application in the production
of materials used in the fabrication of modern electronic devices, as well as the casting of
metals. In the case of electronic materials, controlled solidification is necessary to provide a
very high quality product. The optimisation of control techniques for this process requires a
rigorous method to tackle the issue effectively. Thereby, mathematical models are established
to introduce a practical way of assessing the techniques, by relating the fundamental concepts
involved in the solidification process, to practice.

The essential aim of this thesis is to provide a step forward in the development of mathe-
matical models of solidification processes. It builds on the original work of Wheeler, Boettinger
and McFadden [1, 2] which focuses on a particular type of model known as the ‘Phase-field
Model’. Their proposed version of the model has been successful in predicting typical phe-
nomena observed in solidification, one of which, is in the prediction of ‘solute trapping’ during
the rapid solidification of a binary alloy [2]. This development motivates most of the work
carried out in this thesis whose main emphasis is on the rapid solidification of a binary alloy.

Solute trapping is a ‘non-equilibrium’ phenomenon that is commonly observed in rapid
solidification of alloys. It has been identified as one of the factors involved in the formation
of supersaturated solid solutions in rapid solidification during pulsed laser melting [3] . The
uniform distribution of solute in alloys produced in this way, is a great advantage in subse-
quent processing of the material [4]. The limited understanding of the mechanisms of solute
trapping, and rapid solidification in general, emphasise the importance of the analyses carried
out in this thesis. Current solidification theories mainly focus on the concept of ‘equilibrium
solidification’, which is commonly associated with much slower rates of solidification. Improve-

ments in rapid solidification techniques in recent years, have enabled in-depth experimmental




studies of the process. This is a great advantage towards providing a more comprehensive

understanding of the non-equilibrium nature of rapid solidification processes.

1.1 Background

Knowledge of solidification processes is needed in order to understand how solidification models
are derived. We set out, in chapter 2, by considering solidification on a microscopic level, where
we focus our attention on the processes occurring in the region separating the two bulk phases,
the liquid phase and the solid phase. This region is called ‘the solid-liquid interface’. During
solidification, the growth of solid causes the interface to move forward into the liquid, thus
it is often referred as the ‘moving boundary’ or the ‘free boundary’. There are two different
types of mathematical formulations of the process, known as the Sharp Interface Model
and the Phase-field Model.

A detailed description of the sharp interface model is given in chapter 2, which involves
deriving an appropriate set of governing equations for temperature and concentration in the
bulk phases, as well as boundary conditions at the ‘outer boundary’, i.e., the boundary around
the melted region, and a set of conditions at the moving boundary, i.e., the interface. The
concept of ‘equilibrium solidification’ is also introduced here; this is used to derive the con-
ditions for temperature and concentration at a slowly moving interface, where the conditions
are very closely approximated by the equilibrium conditions [5]. An extension of this model
to the rapid solidification process, takes into account the deviation, from equilibrium to non-
equilibrium, of the interfacial conditions (often referred as the ‘response function’). This leads
to the derivation of the corresponding non-equilibrium versions of the response functions given

by Boettinger et. al. [6, 7]; their results are outlined.

1.2 Overview

This section provides an overview of each chapter of the thesis. Chapters 3 and 4 contain liter-
ature reviews on phase-field models and solute trapping models respectively. In the remaining

chapters, we discuss the analyses we carried out on the WBM2 model.

1.2.1 Chapter 3

The phase-field model is described in this chapter, where the state of art of the model is

reviewed. The differences between the phase-field model and the sharp interface model are



outlined and the simplest form of the model, which corresponds to the solidification of a pure
material is described. Several analyses of the phase-field model that have been carried out
over the years are summarised here, for example the derivation of the thermodynamically
consistent phase-field model, the sharp interface limits of the model as well as the numerical
calculations. The description of several extensions to the model to include anisotropy, and
the extension to binary alloys are also included.

The phase-field model which will be used in this thesis is referred to as the ‘WBM2 model’,
proposed by Wheeler, Boettinger and McFadden [2], and it is described in detail in the last
section of chapter 3. The model is for isothermal solidification of a binary alloy, where
the solid and liquid solutions are assumed to be ideal. It is a generalisation of an earlier
model WBM1 [1]. In WBM2, a solute gradient energy is added in the corresponding free
energy functional. The generalisation was made because the WBM1 model failed to capture
the correct variation in the jump of concentration across the interface, with interface velocity.
Although WBM2 qualitatively predicts the correct variation (i.e., solute trapping) in the sharp
interface limit, it is still not clear whether the improvement is due to the solute gradient energy
term, or, the particular distinguished limit they chose for their asymptotic analysis. This is
one of the important issues that is resolved in this thesis.

The free energy functional used in the model is given in this section, together with the
corresponding governing equations for the phase-field and the solute field, along with the
appropriate boundary conditions. The asymptotic analysis of the model in the sharp interface
limit (where the interface is assumed to be planar) is summarised and the resulting boundary
conditions across the interface are presented. The solute trapping phenomena observed in
the leading order solution of the solute field is discussed briefly. Several other calculations
for binary alloys are also discussed, they include the computation of dendrites in binary alloy

solidification and a phase-field description of growth of a eutectic alloy.

1.2.2 Chapter 4

This chapter contains discussions of solute trapping models. We describe three different solute
trapping models, the Stepwise Growth Model (SGM), the Continuous Growth Model
(CGM) and the Aperiodic Stepwise Growth Model (ASGM). All of these models are due
to Aziz [9], and they are based on the sharp interface formulation of solidification processes.
The three models differ in their description of the growth mechanism of the solid, although it
can be shown that there are special cases in which they are equivalent. In all the models, the

same measure of solute trapping is used, i.e. the partition coefficient k. This is defined as the



ratio of the solute concentration in the far-field to the maximum concentration. Experimental
observations suggest that its value should rise from an equilibrium value, k., say (whenever
ke < 1), where k. is a constant for each alloy, at a constant temperature, to a saturation
value of unity, as the interface velocity increases, i.e. as the system departs from equilibrium.
(Whenever k. > 1, the value of k should decrease from k. to unity, as the interface velocity
increases). All the models are successful in predicting the ‘qualitative’ variation of k, but the
CGM is noted to be the most successful in predicting its ‘quantitative’ value [4, 8].

Each solute trapping model contains a fitting parameter which is defined as the ‘diffusive
speed’ (solute trapping is observed when the interface speed exceeds this speed). Its value is
defined to be the ratio of the interface diffusion coeflicient, D;, to the inter-atomic distance A.
Because of the difficulty in obtaining direct measurements for D, and A, the diffusive speed is
commonly assumed to be approximately equal to the ratio of the diffusivity in the liquid bulk
phase to the interface width, but experimental measurements on solute trapping have proved
the inaccuracy of this assumption [4].

At the end of chapter 4, we describe the experimental procedures involved in measuring
the value of the partition coefficient for a particular interface speed. We also review the
experimental results on solute trapping, observed in several alloys like the Silicon based alloys.
One of the important results we highlight here is the inverse correlation found between the
diffusive speed and the equilibrium partition coeflicient, an observation made by Smith et.

al. [4].

1.2.3 Chapter 5

The analysis of the WBM2 model carried out in [2] assumes the solid-liguid interface to be
planar, and that the melted alloy transforms from an ideal liquid solution to an ideal solid
solution during solidification. These assumptions provide a very simplified description of the
process, hence, in order to afford a comparison with the ‘real’ system, further extensions need
to be done. To this end, we used the model to propose a formulation in chapter 5, that
assumes a curved solid-liquid interface.

In the curved interface formulation, the WBM2 model is expressed in a suitable curvi-
linear coordinate system. The sharp interface limit of this new configuration produces a set
of boundary conditions across the interface. The resulting equation for the interface temper-
ature is shown to capture the physical effect, known as the ‘thermal undercooling’ (or the
‘Gibbs-Thomson effect’), due to the curvature of the interface and the interface velocity. The

undercooling effect due to the moving interface is also captured.



1.2.4 Chapter 6

Another extension of the WBM2 model is considered here which deals with transformation
of a regular liquid solution to a regular solid solution. This is referred as the ‘regular
solution’ model. It involves adding an extra term in the free energy density function of the
WBM2 model. This term corresponds to the ‘entropy of mixing’ associated with the regular
solution mixture. It contains a parameter G, which is the energy of pairwise interaction of
the atoms, and represents a measure of the regularity of the solutions. The equilibrium phase
diagram associated with this new model, is constructed for different values of G using the
common tangent construction derived from both classical thermodynamics and the phase-

field model.

1.2.5 Chapter 7

In this chapter, the solute trapping behaviour in the WBM2 phase-field model is analysed
numerically, where the partition coefficient, &, is derived from the solutions for the solute
field, obtained for a particular interface velocity. The definition for & is adopted from [2], and
given by

far — field concentration

k= —— : : (1.1)
maximum concentration of solute

The governing equations are non-dimensionalised in such a way that the solute gradient
energy coefficient, 4, may be set to zero. We also allow the diffusivity to vary monotonically
across the interface, from a value Dy, on the liquid side, to a value of Dg on the solid side, where
Dy, and Dg are the diffusivities in the liquid and solid bulk phases respectively. The numerical
procedures involved in the computation of the solutions are explained, with a demonstration
of how a well-resolved solution is obtained.

The solutions are computed for the Nickel-Copper alloy (whose material parameters are
given in appendix B), where they are described, for Dg/Dy = 1 and for Dg/Dyp # 1. In
the case of Dg/Dy = 1, the solutions are first computed for § # 0, an equivalent case to
the one considered by Wheeler et. al. in [2]. The numerical solution for the solute field in
this case, exhibits solute trapping as the interface velocity increases, confirming their results.
The computations are then performed with § = 0 which has the effect of removing the solute
gradient energy term from the model. Comparison of the results in the two cases, § # 0 and
0 = 0, leads to the conclusion that the solute gradient energy term is not a prerequisite for
solute trapping. Therefore, for simplicity, the remainder of the calculations are carried out

with ¢ = 0.
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The effect of varying diffusivity is captured by setting Dg/Dy # 1. This helps to predict
the nature of the solutions as we approach the more realistic limit of Dg/D; <« 0, ie,
the liquid diffusivity is far greater than the solid diffusivity. The interface temperature also
forms part of the solution, where we are able to obtain a set of values for the temperature
corresponding to a range of interface speeds. The temperature variation with velocity is
compared with the results predicted from sharp interface models.

A procedure is formulated so that for each interface speed V, a corresponding value for
the partition coeflicient & is calculated from the profile of the solute field obtained at that
particular value of V, using equation (1.1). We performed least squares fitting on the numerical

data, where we fit the following function to the & data,

k= kl—i‘-/v-/%fl (1.2)
which is the form for the partition coefficient given by CGM. The quantity Vp denotes the
diffusive speed, and in this case, it acts as a fitting parameter. Repeating the procedure for
a number of sets of k — V data, we are able to study the correlation between Vp and (i) the

equilibrium partition coefficient k. (assumed less than 1), (ii) the diffusivity ratio Dg/Dy,

and (iii) the interface width.

1.2.6 Chapter 8

In this chapter, an asymptotic analysis is carried out in the high interface velocity limit. In this
limit, regular expansions for the phase-field and the solute field are obtained. The partition
coefficient is defined in the same way as in the numerical analysis, i.e., (1.1). Therefore, a
corresponding expansion for k is obtained, which shows the value increases to unity as V
increases (k. is assumed to be less than 1). The first two terms of the expansion are observed
to be independent of 4, which supports the claim we made earlier based on the numerical
results, that solute trapping is independent of the solute gradient energy term.

We proceed by expanding the form for k given by the CGM in the same limit. A functional
form for Vp is found by equating this expansion with the expansion for k obtained earlier from
the WBM2 model. This is done under the assumption that the trapping behaviour captured
in both models is quantitatively the same !. Encouragingly, the functional form shows that

Vp decreases with increasing values of k., which is in agreement with experimental results.

'The validity of this assumption is later confirmed, where in the ‘dilute limit’, the ‘interdiffusion fluxes’
from the two models are found to be almost exactly identical. The interdiffusion flux is the flux of solute atoms
that are diffusing away from the interface. It is derived in CGM using the chemical rate theory, whereas in the

WBM2 model, it is given by the multiple of the gradient of the ‘interdiffusion potential’
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The analyses are extended to cases where k. > 1 and V' < 0 (melting), where similar results
are produced.

A more general form for Vp is obtained in the case Dgs/Dy # 1. For the more realistic
case where Dg /Dy, = 0, the asymptotic approximation for Vp is compared with a set of data

from experiment on solute trapping of several Silicon alloys.

1.3 Main results

In this thesis we set out to address several important issues regarding the solute trapping
phenomena, observed in an earlier work by Wheeler et. al. [2]. These issues are outlined

below;
(i) the dependence of the solute gradient energy term on solute trapping;

(ii) the dependence of various length scale in the problem, and their relative sizes, on solute

trapping;
(iii) to find a better means of estimating the value of the diffusive speed for a specific alloy;
(iv) to establish a connection between the WBM2 model and the CGM.

After performing numerical and asymptotic analyses on the WBM2 model, we have success-
fully obtained results that enable us to resolve the issues above.

The successful prediction of solute trapping in the analysis of Wheeler et. al. in [2] has
suggested that the inclusion of the solute gradient energy term in the free energy functional,
may be the important factor that leads to this result. On the other hand, our numerical
results clearly show that the solute trapping is not due to the solute gradient energy
term. This result however, does not explain why solute trapping is not observed in the earlier
model, WBM1 [1]. After analysing the length scales used in both formulations, [1] and [2],
we discover that solute trapping is intimately related to the relative sizes of the diffusive
length scale of the solute field, and the characteristic thickness of the interface.
The diffusive length scale, denoted as D /V, decreases in size as the solidification velocity, V, is
increased. When its size becomes comparable or smaller than the interface thickness, solute
trapping results. It is not possible to draw this conclusion from Aziz’s solute trapping models
because they are based on the sharp interface models, where the interface is assumed to have
negligible thickness, and hence prevent a direct connection between the interface thickness

and the effect of solidification velocity on the length scale of the solute field.
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The diffusive speed Vp is an important parameter which appears in all the solute trapping
models described in chapter 4. However, none of the solute trapping theories to date is able

to provide an explicit form for it. The common assumption that

the diffusion coefficient in the liquid
Vp = , - , (1.3)
the interface thickness

has been experimentally proven to be inaccurate by Smith et. al. [4], thereby, a better estimate
is clearly needed. This issue is tackled in our asymptotic analysis, where we have succeeded
in producing a functional form for Vp which relates it to measurable parameters of
the alloy, such as the equilibrium segregation coefficient, k., the diffusivity ratio, Dg/Dy,
and the interface thickness, /;. It is even more encouraging to see that the form for Vp is
inversely correlated with k., confirming the experimental prediction of Smith et. al. [4].
The agreement is shown to be both qualitative and quantitative, since we are able to show
that the values of Vp calculated using this functional form correspond to a reasonable
value of the interface thickness.

One interesting factor that arises from the analysis of the WBM2 model is that the pre-
dicted solute trapping behaviour resembles the behaviour observed in the CGM. Although
both models are derived using two completely different formulations (phase-field formulation
(WBM2) and sharp interface formulation (CGM)), the partition coefficient from both mod-
els are shown to have a very similar dependence on the interface velocity. Furthermore, the
explicit functional form we obtain for Vp shows both quantitative and qualitative agreements
with the values of Vp, derived using the CGM, from experimental results. A more detailed
analysis of the governing equations for the solute field from both models has shown that, in
the dilute alloy limit, the interdiffusion flux of both models are very similar. Because the
interdiffusion flux plays an important role in the solute trapping process, the results offer an
explanation as to why the solute trapping behaviour predicted in both models show a lot of
resemblance.

In summary, this thesis provides several contributions to existing solute trapping theories.
It also highlights the capabilities of the WBM2 model in predicting characteristic behaviours
of solute trapping, and other non-equilibrium aspects of rapid solidification, for example, the
kinetic undercooling. These findings should encourage further developments in the study of

non-equilibrium solidification.
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Chapter 2

The solidification process

A system undergoing solidification can be described macroscopically as one that consists of
two distinct phases, solid and liquid, lying adjacent to each other with a thin interfacial
region separating them. The temperature gradient across the interface promotes various
processes that transform the liquid into solid at the interface, thereby changing the position
of the interface. These processes are governed by a set of concepts describing the transport
processes, thermodynamics and material science. In order to gain a thorough understanding
of the interface dynamics, it is necessary to study the interface processes on the microscopic
scale.

The interface is envisioned to be of two different types, an atomically flat interface, and
a diffuse interface (see Fig. 2.1). On an atomically flat interface, the solid atoms are very
closely packed resulting in a well-defined boundary between the solid and liquid. Transition
from liquid to solid is assumed to take place across a single atomic layer. On the other hand,
the diffuse interface is more ‘atomically rough’. The ordering of the atoms changes over a
number of atomic layers, getting more and more ordered towards the fully crystalline side,
where all the atoms are in their appropriate lattice sites and all heat of fusion is released [5].

During solidification, an atom from the liquid phase will find a site on the solid-liquid
interface and ‘attach’ itself to it. The atom will naturally choose a site where it will lose a
maximum amount of its heat of fusion if it moves there. Such a site would have to be where
the atom gains a large number of nearest neighbours. The ease with which the solid can grow
depends very much on the proportion of interface sites that are favorable for the atoms. A
diffuse interface has a higher proportion of favorable sites for growth on it, compared to a
flat interface; therefore it grows more easily. The growth mechanism of the two interfaces is

also expected to be different. Because growth of solid occurs more easily, the diffuse interface
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Figure 2.1: The two types of solid-liquid interface, (a) atomically flat interface, (b) a diffuse interface.
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moves uniformly into the liquid and it is said to be a ‘continuous growth’. Forward growth of
a flat interface occurs preferentially at steps which sweep laterally across the interface, this is
called ‘lateral growth’.

In the next section we will discuss how the solidification process (applied to a binary alloy
case) is analysed mathematically. Two different mathematical formulations are introduced,

the sharp interface model and the phase-field model.

2.1 Mathematical analysis of solidification

Over the years, a number of mathematical models {1, 9, 10, 11, 12, 13, 14, 15] have been
developed to describe phase transitions in solidification. The classical modelling approach
[9, 10] represents the solid-liquid interface as a microscopically thin evolving surface. The
governing equations are typically, diffusion equations for heat and concentration, formulated
independently in the bulk phases. Boundary conditions are posed at the interface, which
express the conservation of heat and mass across the interface and the assumption of local
interface equilibrium. This gives rise to a free boundary problem. Numerical solutions require
the tracking of the free boundary, involving intricate numerical schemes for problems with
complex goemetries. Models of this type are commonly known as Sharp Interface Models, and
the corresponding model for a binary alloy is described in detail below.

The Phase-field Models are a more recent development compared to the sharp interface
models. We will mostly focus our attention on the phase-field model in this thesis where a

detailed description of the model is given in chapter 3.

2.1.1 Sharp interface model of the solidification of a binary alloy

The simplest sharp interface model of alloy solidification is one that describes the solidification
of a dilute binary alloy (i.e. the mole fraction of a component of the alloy is very small
compared to that of its complement), contained in a fixed region 2. In such a case, we
consider the system as a solvent-solute system, where, if the alloy is made up of components
A and B, the A component is treated as the solvent and B as the solute. Let us define ¢ to
be the mole fraction of solute in the system, and T to be the system temperature. Therefore

the diffusion of solute and heat in the solid bulk phase is described by,

DsV?e— — =0, (2.1)
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and
oT

ks V2T — 5 =0 (2.2)
respectively, where Dg and kg are the solute and thermal diffusivity for the solid respectively,
which are assumed constant. There is a similar pair of equations for the solute and heat
diffusion in the liquid phase. We use the customary subscripts S and L to denote the respective
quantities in the solid and liquid. These four equations are the governing equations for the
solidification process.

Typically, conditions are imposed at the boundary of §2 to ensure no solute or heat enters

or leaves the system. Thereby, we require

Jdc oT
—8_7_7, =0 and, %‘ =

0, (2.3)
where 0 is the outward unit vector, normal to the fixed boundary. The governing equations
(2.1) and (2.2), together with boundary conditions in (2.3) guarantees the conservation of
solute and heat within the system.

Solute and heat are also conserved across the moving solid-liquid interface, a notion which

is expressed in terms of their fluxes, and provide interfacial boundary conditions for the

problem. The conservation of solute satisfies the following boundary condition,
Ds(Ve-i)s — Dp(Ve-fi) = (e — ¢5)Vh, (2.4)

applied on the solid on the interface, S, and the conservation of heat (also applied on S) is
given by,
ks(VT - f)s — k1 (VT - 21) = LV, (2.5)

which allows for the latent heat production, denoted by the term proportional to L, where L
is the latent heat of fusion. Here, i represents the unit vector normal to the interface, directed
into the liquid, which has a velocity component V,, in that direction. The quantities c¢g and
¢y, are the interfacial concentrations on the solid and liquid side respectively.

Further, boundary conditions are imposed based on the assumption of local equilibrium at
the interface. The equilibrium conditions for heat and solute are summarised by the so-called
‘phase diagram’. (See chapter 5 for a detailed discussion). An example of an idealised phase
diagram is shown in Fig. 2.2(i). It gives the values of the interfacial concentrations of the
solid and liquid phases, ¢g and ¢, at a particular interfacial temperature. In the case of a
dilute alloy, the phase diagram may be approximated by straight lines as the temperature of

interest lies in the domain close to the melting point of the major component, Ty, say (see
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Figure 2.2: (i) The phase diagram of the Nickel-Copper alloy which is an example of an idealised phase

diagram. (ii) The idealised phase diagram for a dilute alloy.
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Fig. 2.2(ii)). The two interfacial concentrations are related through the following equation,
cs = keg. (2.6)

This equation describes the solute partitioning at the interface, where k indicates the degree
of partitioning. Under the assumption of local equilibrium, k takes the value k., the so-called
equilibrium partition coefficient.
The temperature is assumed continuous across the interface and its interfacial value, in
the dilute limit, is given by,
T =Ty +mprcr +TyT'K, (2.7)

where my, is the slope of the liquidus curve (the loci of ¢y on the phase diagram). The term
TymTK is the effective change in the melting point due to the Gibbs-Thomson effect (i.e., the
effect due to the interface being curved) with I' being the capillary constant (defined as the
ratio of the interfacial surface free energy to the latent heat of fusion per unit volume) and
K is the average curvature of the interface. Equations (2.1) to (2.7) provide a free boundary

problem for the solidification of a dilute alloy.

2.2 Rapid solidification

The assumption of local interface equilibrium only holds when the solid-liquid interface is
either stationary or it is moving at a very slow rate (typically 10 3cms™!). In solidification
techniques such as the pulsed laser melting, the growth velocities are found to achieve up
to several metres per second. Under such circumstances, the recrystallization of the melted
region takes place under conditions that are far from equilibrium. Recent developments in
the rapid solidification techniques have provided fundamental information on high-speed, non-
equilibrium solidification. For example, it is observed that the value of the (non-equilibrium)
partition coefficient k, is greater than the corresponding equilibrium value k. (whenever k. <
1). It is also found that k has a velocity dependence, and as the interface velocity increases,
k rises to a saturation value of unity.

The observed increase in the value of k is termed as ‘solute trapping’. It is a phenomenon
in which the solute atoms are trapped in the solid by the rapid incorporation of new layers
of atoms at the interface. During solidification, a solute atom exchanges places many times
across the interface before they are permanently embedded into the solid [3]. When the the
growth of solid occurs rapidly, the solute atom has a much reduced opportunity to escape into

the liquid.
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The mathematical study of non-equilibrium solidification processes to date have mostly
been performed on sharp interface model. An extension of the simple version of the sharp
interface model we presented in the previous section, to rapid solidification was provided by
Baker and Cahn {16, 17]. They proposed a model with a thermodynamically consistent for-
mulation for the interfacial boundary conditions in non-equilibrium solidification. This model
employs the same governing equations (2.1) and (2.2) in the bulk phases and interfacial con-
servation equations (2.4) and (2.5). The conditions due to the assumption of local equilibrium,

(2.6) and (2.7), were replaced by the following equations (in the dilute limit),

cs = k(Va)er, (2.8)
and
T =T(Va,cr) +Tyl'K, (2.9)
where
k'e + ﬂOVn
k(V,) = ———, 2.10
W =T Ew, (2:10)
and
my  Va
T(Vp,er) = Tar +m(Va)er — TR (2.11)
e

The quantity By has dimensions of the reciprocal of the normal interface velocity V,,, and
m(V,) is given by,

1

m(Vy,) = my {1 oD

ke — (1 - 1n<k/ke>>]} ,

where the liquidus slope my, is obtained from the phase diagram at the dilute limit. The
velocity Vp is defined in [18] to be the upper bound for V;,. The local interface temperature
(2.9) (derived by Boettinger et. al. [6, 7]) is obtained from thermodynamic arguments for the
free energy of the non-equilibrium system, and it corresponds to a process where ‘solute drag’
is limited. The more detailed treatment of solute trapping carried out by Aziz [9, 19, 20] will
be discussed in chapter 4.

The study of rapid solidification using a diffuse interface model of solidification has been
minimal. Advances in the development of the phase-field model, has made it possible for the
numerical calculations of complicated geometries of the interface [21, 22]. These methods can
be used to produce numerical computations of the solute trapping phenomenon and gain more
insights into nonequilibrium solidification. The study in this direction has been proposed by

Wheeler et. al. [1, 2], and their work is extended in this thesis.
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Chapter 3

Phase-field Models

The phase-field method is an alternative approach to the sharp interface model in modelling
solidification processes. It captures both the microscopic and the continuum aspects of the
solid-liquid interface. An important difference between these two approaches is that, while
the classical method involves prescribing boundary conditions at the evolving interface, the
phase-field method avoids any explicit reference to it. Instead, an order parameter, i.e.,
the phase-field, ¢(x,t) is introduced to label the liquid and solid phases explicitly. It is a
continuous function of space, x, and time, ¢ and characterises the phase of the system at each
point (x,t). This function assumes constant values in the solid and liquid bulk phases, and
varies monotonically between these two values, over thin transition layers which represent the
interface. Therefore, unlike the classical models, which assume the interface to have negligible
thickness, the phase-field model attributes a finite thickness to the interface and allows it to
have an internal structure.

The concept of an order parameter has its roots in statistical physics and finds appli-
cations in the study of critical phenomena in dynamical systems. It goes back as early as
1893, when van der Waals [23] employed the method in his study of a fluid near its critical
point. The approach was later used in the study of high temperature superconductivity by
Landau and Ginzburg [24]. A model of spinodal decomposition for metallic alloys was pro-
posed by Cahn and Hilliard [14] who derived the so-called ‘Cahn-Hilliard equation’ from the
‘Landau-Ginzburg’ energy functional (which is given in equation (3.1) below), in which, solute
concentration was treated as the conserved order parameter. A similar theory was applied in
the development of the ‘Allen-Cahn equation’ for the motion of a curved antiphase boundary
[15] (with non-conserved solute).

The phase-field model for a pure material was first suggested by Langer [11] following an

21



adaptation of a similar model called ‘Model C’ by Halperin et. al. [25]. At around the same
time, similar models of the solidification of a pure material were developed by Caginalp [12],
Collins and Levine [13] and Umantsev and Roitburd [26]. Since then, phase-field models have
received more attention as their potential was realised.

The model is generally based on a Landau-Ginzburg free energy functional, F, assumed

to be a function of ¢ and is given by,

62
f[¢>,..]:/ﬂ[31v¢;2+f(¢,..)+... dx, (3.1)

where Q is the region occupied by the system. The free energy density f(¢,..) is usually chosen
to have the double-well form with respect to ¢, with minimas in the solid and liquid. The
gradient energy coefficient e determines the thickness of the interface [11] and the gradient
energy term |V¢|? is associated with the surface free energy of the interface [14].

Many different forms of the free energy density function f(¢,..) have been suggested. The
phase-field model of a solidification process of a pure material developed by Kobayashi [21]

employs the following form for f(¢,T),

161 =W [ oo Vlp - 1/2— BT dp, (2)
11y =217+ T o), (33

where W is a constant with dimensions of energy per unit volume, B(T") is a monotonic
decreasing function of T' such that G(Ths) = 0, Ths is the melting point of the material and
|B(T)| < 1/2 (to ensure the minima of f are at ¢ = 0 and ¢ = 1). Here ¢ = 0 represents
the liquid phase and ¢ = 1, the solid phase. Figure 3.1 shows the double-well form of f with
respect to ¢. Notice that when T' = Ty, f has a ‘symmetric double-well’ form, where at
the melting temperature, the second term in (3.3) (which is an ‘asymmetric’ function of ¢)
is identically equal to zero. Other choices of f(¢,..) have been proposed by Penrose and Fife
[27], Langer [11], Caginalp [12] and Wang et. al. [28].
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Figure 3.1: The variation of free energy density f(¢,T) given by (3.2), with ¢. The function is drawn for

three different characteristic values of T; T =Tar, T > Tar and T < Ty [1].

The governing equation for the phase-field is derived from the free energy functional by
requiring the functional to decrease monotonically in time, consistent with the second law of

thermodynamics. The equation is postulated to be of the form,

9 _ oy 0F
ot e’

where M is positive and may depend on the phase-field, the composition and the temperature

(3.4)

of the system, and

% = % — 2V?¢p.
Other equations, describing the transport processes (i.e., equations for composition and tem-
perature) are modified by adding terms that depend on the phase-field to allow, for example,

for latent heat production in the interfacial region.

23




3.1 Thermodynamics

Penrose and Fife [27] claimed that the phase-field model is thermodynamically sound when
applied to an isothermal process but a difficulty arises when it is extended to a non-isothermal
case. The usual derivation for a non-isothermal model starts by deriving a governing equation
for the phase-field from a Helmholtz free-energy functional that is applicable to an isothermal
situation. The equation for the temperature field is obtained by altering the corresponding
classical equation so that the latent heat production is accounted for by a source term pro-
portional to the time derivative of the phase-field. For example, a modified equation due to
Langer [11] and Caginalp [12] is given (in our notation) as,

oT 0
YVPT = pep—r + Lg?, (3.5)

where «y is the thermal conductivity, ¢, is the heat capacity per unit mass, p is the density
and L is the latent heat per unit volume.

This procedure, apparently, does not guarantee the free energy functional to always de-
crease on solution paths [27]. An alternative method was proposed by Penrose and Fife [27]
in which the phase-field and temperature field are derived in a thermodynamically consistent

manner from a single entropy functional, S given by,
L, 2
S = —565|V¢[ +s(¢p,e)| df2, (3.6)
Q
where € is a constant, s(¢,e) represents the entropy density function and e is the internal
energy density. This method was used by Wang et. al. [28] to develop a class of phase-field

models that are guaranteed to be thermodynamically consistent.

3.2 The relation between phase-field models and sharp inter-

face models

In sharp interface models, boundary conditions are prescribed at the interface and interfacial
physical mechanisms, such as the Gibbs-Thomson effect, are represented by these conditions
explicitly. In phase-field models however, the association of the internal layers of the interface
with realistic physical features is rather more implicit. It has been shown that common free
boundary problems (sharp interface models) with their corresponding interfacial boundary
conditions, are recovered in asymptotic limits in which the thickness of the interface goes to
zero. This relationship can provide a means to relate the parameters in a phase-field model

with material parameters. For the purpose of demonstrating this relationship, we summarise
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the results of Wheeler et. al. [1], where they calculated the solution of the phase-field equation
(3.4) with the free energy density f(¢,T), given by the form in (3.2). They consider the case
of isothermal solidification of a pure material, where the solid-liquid interface is planar. The

one-dimensional phase-field equation is given as,

2
ot Vo
dz? M1
where V' is the velocity of the interface and f4(¢,T) is given as,

fo=0, (3.7)

FolT) = 5 6(6 ~ 1)(26 ~ 1) + WH(T)$(1 ~ §).

A solution to (3.7) with the property ¢ — 1 as z — —oo and ¢ — 0 as z — 400 s,

~1
1+ exp (; Y;)} ) (3.8)

which represents ¢ through the interfacial layer. It exists only when

$(z) =

V = —Me8(T)V2W. (3.9)

Since the free energy difference between the solid and liquid phases, i.e., WB3(T') /6 (evaluated
from the integration of (3.2)), is often approximated as L(T — Tar)/Tar, then we have,

6L(T ~ Th)

pT) = =20,

(3.10)

where W is a constant, 7" is the interfacial temperature and T is the melting temperature.
Equation (3.9) indicates that the interface velocity V, is related to the temperature deviation
from the melting temperature, which may be interpreted as a non-equilibrium effect in which
the interface moves in response to a difference in free energy density between the two phases.

From the form of the solution (3.8), it can be inferred that the characteristic interface

I = e\/%. (3.11)

The surface energy, o, or the interfacial free energy is defined in [14] as the difference, per

thickness, [;, is given by,

unit area of an equilibrium interface, between the actual free energy of the system
and the free energy it would have in the bulk phases (where ¢ is uniform). Now, the

total energy of the system (in 3-D) is given as follows,

e2
F= /QE(W’)Z + (5, TV, (3.12)
which, in 1-D reduces to,
F= / —¢Z + [ (¢, T)dz. (3.13)
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Using the definition for the surface energy above, we have

o= [ 5+ 1Tz - / s mde = [ 50,z G14)

From definition of f in (3.3), we see that

which gives,
0o [ 2
o= [ [5& + f(¢,TM>] dz. (3.15)

After substituting for ¢(z) given by (3.8), (3.15) evaluates to give,

i
6v2

It is evident from expressions (3.11) and (3.16) that the characteristic length scale of the

g =

(3.16)

interface and its surface energy, both depend on e. It is therefore natural to expect that in
the limit € — 0, we will recover the corresponding free boundary problem.

The relationship between the two types of models has been investigated by Caginalp [29].
He showed that in various distinguished limits of the phase-field model, in which ¢ — 0,
different free boundary problems are recovered. These free boundary problems include a
variety of the classical Stefan problems and the Hele-Shaw type problems. They emerge
from an asymptotic analysis of the same phase-field model, in different distinguished limits
in which ¢ — 0, giving rise to different type of problems. In particular, if W = O(e2) and
M; = O(e™2), he obtained the following jump conditions for the temperature, at the interface,

of the corresponding free boundary problem,

[aT} — _LV, (3.17)
on
and,
T
T =Ty =Ty — M9 - Vo (3.18)
L p

where p is the attachment kinetic parameter of the interface which is related to M;, K is
the curvature of the interface,  is the dimensionless thermal diffusivity and V, is the normal
velocity of the interface into the liquid. Hence, we see from (3.18) that the Gibbs-Thomson

effect (the term proportional to K) and interface kinetics are featured by the phase-field model.

3.3 Anisotropy

Anisotropy plays a very important role in the macroscopic description of solidification and

hence its inclusion in phase-field models is significantly vital. An interface is said to be
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anisotropic when properties like the surface free energy and interface kinetics depend on
the orientation of the interface. In particular, during dendritic solidification, it has been
proposed in microscopic solvability theory [30, 31] that, surface energy anisotropy is important
in governing the operating state of a dendrite tip.

Several methods have been proposed to include crystalline anisotropy in phase-field models.
An early attempt in this direction was made by Caginalp and Fife [32] who modified the ‘square
gradient term’ in the free energy functional by replacing it with a more general quadratic form
with different coefficients in each coordinate direction. Another possible modification to the
gradient term to include terms of higher derivatives of ¢, was first suggested by Langer [11].
A different approach was employed by Cahn and Kikuchi [33] who included the effect of
anisotropy through the inclusion of nearest-neighbour-interactions. Recently, Kobayashi [21]
introduced another method on a 2-D model, which is to allow the gradient energy coefficient,
namely €, to depend on the local orientation of the gradient of the phase-field (i.e. € = én(0)
where 0 is the angle between the interface normal and a fixed direction, the z-axis say, 7(0)
is a function that determines the anisotropy of the surface energy, and £ is a parameter).

Kobayashi’s method was adopted by McFadden et. al. [34]. They introduced a similar
phase-field model, in which, an asymptotic analysis in the limit ¢ — 0 was conducted. In this
limit, they obtained a modified boundary condition for temperature (i.e. an anisotropic form
of the Gibbs-Thomson effect given in (3.18) was recovered in 2-D), namely,

Vu
un(0)’

where the term ogg represents the second derivative with respect to 8 of the surface energy.

T
T =Ty + TM(G +0p9)K — (3.19)

This result is equivalent to the form obtained from conventional thermodynamic arguments
(Herring [35]). The corresponding result in 3-D, obtained using &-vector formulation, is dis-
cussed by Wheeler and McFadden [36]. Due to the dependence of the interface kinetics on €
(as can be seen from (3.9), this approach results in the inclusion of anisotropy not only in the

surface energy, but also in the interface kinetic term.

3.4 Numerical Calculations.

In the context of numerical computation of solidification processes, phase-field models have
many advantages over the free boundary formulations. The introduction of the phase-field
variable into the problem allows the whole domain of solidification to be treated in the same
way numerically. Phase-field models are able to show the transition between liquid and solid

through the smooth (but extremely localised) changes in the phase-field variable. Moreover,
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the explicit tracking of the interface (common in numerical treatments of the free bound-
ary formulations) which usually leads to difficulties when the interface develops complicated
geometries, can be avoided.

Computations on phase-field models have been conducted for dendritic solidification. Such
a case requires the inclusion of anisotropy‘ effects. In addition to the methods discussed in the
last section, anisotropy may also be provided implicitly by the underlying grid used in the
computation. This method was employed by Smith [37] and Umantsev et. al. [38] in early
computations on the phase-field models. Recent works by Kobayashi [21] and Wheeler et. al.
[22] provided successful computations of dendrites from phase-field models with anisotropy
included. Kobayashi conducted calculations in 2-D on an anisotropic model of a pure ma-
terial, in which, the effect of thermal noise was included at the interface. The results were
remarkable in that the computer simulations exhibited realistic dendritic features such as side
arm formations, coarsening effects and liquid pockets. These calculations were repeated by
Wheeler et. al. using finer mesh in order to investigate the accuracy of Kobayashi’s results
and how they correspond with realistic growth conditions of an actual material. The results
were compared with current theories of dendrite tip selection like the Ivantsov solution [39],
marginal stability theory [40, 41, 42, 43] and microscopic solvability theory [31], and gave very

good agreement.

3.5 Phase-field models of binary alloys

Until recently, phase-field models have been confined to solidification in pure materials. Pio-
neering studies of solidification in alloys using phase-field models were established by Wheeler,
Boettinger and McFadden [1] and Lowen, Bechoefer and Tuckerman [44]. The former devel-
oped a phase-field model of an isothermal solidification of a binary alloy and used an analogous
asymptotic analysis to the one employed by Caginalp [29] for the pure material, to show that
their model recovers classical sharp interface models. However, their model predicts, in this
asymptotic limit, a jump in the concentration across the interface, which increases in magni-
tude as the solidification velocity is increased. This contradicts the experimental results on
rapid solidification. To remedy this shortcoming, they generalised their model by including
a gradient energy term for the solute field, in the free energy functional (3.1). This new
model [2] (which will henceforth be referred to as Wheeler, Boettinger and McFadden 2
(WBM2)) predicts a decrease of the interfacial concentration jump with increasing growth

rate, (i.e., solute trapping), as observed in experiments.
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3.5.1 WBM2 model

Wheeler et. al. [2] considered a binary alloy with components A and B, in which A is the
solvent and B, the solute. The Helmholtz free-energy functional used in the model was given
by,
[52 2, 02 2
F= (ST IV 4 (D) d (3.20)

where ¢ is the composition of solute. The term proportional to §2 in (3.20) is the so-called
solute gradient energy term, which is absent from their earlier model [1]. Both models assumed
the solid and liquid solutions of the alloy to be ideal solutions, leading to the following choice
of Helmholtz free energy density function

F(&0) = elp(@) + (L= AFald) + 1 [elet (1=l =)],  (3.21)

m

where the quantities R, T and vy, are respectively the universal gas constant, the temperature
of the system and the molar volume (assumed constant). The term proportional to RT /v,
is the contribution of the entropy of mixing of an ideal solution, and the functions f4(¢) and
fB(¢) are the free energies of the pure components which take the same form as (3.2).
Governing equations postulated in both models are similar, where the phase-field, ¢ is

governed by equation (3.4). An additional equation for the solute field is given by,

Jdc 0F
where F is given by (3.20) and
OF Of  aon
5 = Be 0°V-e.

The quantity M is a mobility constant and is related to the diffusion coefficient by,

RT
D= My——. (3.23)

m

It can be seen from this relation that the diffusion coefficient is the same in both liquid and
solid. The diffusivities in the two phases may be distinguished by letting D be a monotonic
function in ¢ that takes a value, Dp, in the liquid bulk phase, and, Dg, in the solid bulk phase
[1]. We tackle this issue later in chapter 7.
The governing equations, together with the following boundary conditions (for a finite
volume ),
op  8c  9(Vic)

il il ek 0, (3.24)
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where 1 is the outward unit normal to the boundary of 2, ensure consistency with the second
law of thermodynamics in that they guarantee F decreases monotonically in time. They also
express the conservation of solute within the system.

In the 1-D formulation of the model, the solid-liquid interface is assumed to be planar and
move with constant speed V in the z direction. Therefore, the solidifying alloy is assumed to
occupy an infinite region —oo < z < +o0o where the origin z = 0 is chosen to correspond to
¢ = 1/2; the liquid is considered to be situated in the region z > 0 and the solid, in the region

z < 0. The appropriate far-field boundary conditions are therefore given by

1, 00), a8 2z — —00,
($rc) — (1 €oc) (3.25)
(0,¢400), as z— 400,
where ¢_o and ¢ are the far-field concentrations.
The non-dimensionalised versions of (3.4) and (3.22), formulated in the frame of reference

attached to the moving interface are,

d? ,Vd
g2__¢ 4 2V dd

7(—2) ~— #(0
e e ] =0, (3:26)

d d d?c - ~ d?c  ~dec
el | (=2)z—2 (0) >
7 {c(l C)dé l P + (fc I ) }+ P +Vd2 0, (3.27)
where
~  Vlis
V= R (3.28)
and
~ l? 62M1
T = oo =75 (3.29)

are non-dimensional representations of the interface velocity and mobility of the interface,
respectively. The length scale I = §/v,,/RT has been chosen as the reference length scale
so that Z = z/l;, here € = ¢/ and the non-dimensional free energy density f = f/[RT/vpm)

takes the form

Flgc) =cfp+ (1 —c)fa+clnc+ (1 —-c)In(l - ¢), (3.30)
where
Falp) =272 () + FO(9), (3.31)
with
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FTP(9) = 1855621 - ¢)7 5 F(8) = AFad*(3—29), (3.32)

AF, = Waba _  La (T = T47")
AT 6[RT /o]~ [RT/vn] T
and
WA ~9
— = T7207.
[RT /v A

The quantity &4 is the non-dimensional surface energy of pure A given by o4/(e/RT/vm)
where o4 is its dimensional value and W4 has been eliminated in favour of o4 using the

relation

- _evyWy

Similar definitions hold for the B component. We have employed the notation fm =¢ fl(gn) +

(3.33)

(1—-2¢) ff(ln) to simplify the non-dimensional expression for the free energy density.

3.5.2 Asymptotic analysis for ¢/6 < 1 of WBM2

An asymptotic analysis of governing equations (3.26) and (3.27) was carried in the limit € — 0.
Two separately distinguishable regions emerged from this analysis, which were referred to as
the inner region and the outer region. In the inner region, where 7 is of O(€?), c is constant
and ¢ varies between zero and unity. The inner region is therefore associated with the solid-
liquid phase transition. In the outer region, ¢ varies but ¢ is effectively zero or unity. When
the two regions were matched, the following free boundary problem was recovered, at leading
order:

d3c @

—dl-dmE Tt

where ¢y, is the common value of the far-field concentrations ¢_o, and c., as required by

+ Ve = Ve, (3.34)

conservation of solute for this steady-state solution. The appropriate boundary conditions at

zZ =20 are

c(07) = c(07) = x(V,T), (3.35)
de15=0"
[35]2:0— = T, (3.36)
z=0%
d R
[32—2- = AF, - AFp, (3.37)
z=0"
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where x is the interfacial concentration which satisfies the equation,

T /[dc de 1% 5 " x z

== — —/x6% + (1 —x)5%4 = FO0,x) - FOL,x). 3.38
s(E +E )+ meb+-07 =000 - FOux. 639
(The interfacial concentration when the interface is stationary was found to be ¢*(T"), and for
T = 0 it corresponds to the concentration for which the free energy curves of the solid and

liquid intersect). The quantity Y is given by,

v=28_7%4 (3.39)
20*
where
0" = \/x6% + (1 - x)5%, (3.40)

is a weighted average of the surface energies of the two components. The boundary conditions
express continuity of the solute field, the chemical potentials and conservation of solute.

The numerical solution of this leading order problem displayed solute trapping as V was
increased. To investigate the dependence of the solute profile on Vv, they rescaled the non-

dimensional equation (3.34) and expressed it in the Z coordinate, where
7z = 7/[eoo(1 = co0) [ V)3 = 2/l5[co0(l — o) / V],

and found an explicit expression for ¢ in the high 1% limit, showing, the maximum concentration

-2/3

of solute decreases like V . Defining the partition coefficient, k as

b= far — field concentration (3.41)

maximum value of the concentration’

they managed to compare their dependence of k£ on V' with the result by Aziz [9] and found

a good qualitative agreement between the two results.

3.5.3 Developments in phase-field models of binary alloys

Computation of dendrites using phase-field models of binary alloy was first presented by War-
ren and Boettinger [45], in which, the solid and liquid phases were allowed to have different
diffusivities. Realistic growth patterns were obtained, which include the development, coars-
ening and coalescence of secondary and tertiary dendrite arms. Caginalp and Xie [46] analysed
the sharp interface limit of a non-isothermal model and recovered the classical free boundary
problems. Several models describing the eutectic growth (when two different solid phases grow
from a single liquid phase) in binary alloy solidification have also been produced. These in-
clude the works by Karma [47], Elder et. al. [48] and Wheeler et. al. [49]. The latter proposed

two models of a eutectic alloy. Their first model is based on a regular solution model with a
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chemical miscibility gap. It suffered from the deficiency that the solid-solid surface energy is
zero in the sharp interface limit. Their second model contains two parameters to distinguish
the liquid phase and the two solid phases. This model is derived in a thermodynamically

consistent manner which is analogous to the treatment of Wang et. al. [28].
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Chapter 4

Sharp Interface Models of Solute

Trapping

4.1 Introduction

A number of sharp interface solidification models have been developed in an attempt to de-
scribe the trapping phenomena that is observed during rapid solidification. The understanding
of the mechanism of solute trapping is still in its infancy, but it is generally agreed that the
value of the partition coefficient &, which is the measure of solute trapping, increases from its
equilibrium value k. (for k. < 1) to unity as the solidification velocity is increased. Experi-
ments on rapid solidification have also confirmed this behaviour [9, 50, 51, 52, 53]. Although
different solute trapping models seem to suggest different mechanisms by which the solute
trapping occurs, all of them have been successful in predicting this particular velocity depen-
dence of k.

We will describe the principle sharp interface solute trapping models in this chapter, these
are the Stepwise Growth Model, the Continuous Growth Model and the Aperiodic
Stepwise Growth Model, all of which are due to Aziz [9]. The Continuous Growth Model is
considered to be the most successful of the three (and the simplest), as it has shown very good
agreement with experimental data [8, 54]. On the other hand, the Stepwise Growth model
offers a more detailed atomistic description of the solute trapping process, but it fails to fit the
experimental data as well. We will see later that the Continuous Growth Model is actually
equivalent to a special case of the Stepwise Growth Model. The Aperiodic Stepwise Growth
Model is an extension of the Continuous Growth Model in which the partition coeflicient & is

allowed to depend on the orientation of the interface.
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All the solute trapping models mentioned above contain a fitting parameter which has the
dimension of velocity, and is identified as the diffusive speed. It is defined as the ratio of the
interface diffusion, D;, to the interatomic spacing, A, a relationship which has been confirmed
by Clancy and co-workers [55, 56] in their non-equilibrium molecular dynamics computer
simulations. The diffusive speed is the lower bound of the values of the solidification velocities
where solute trapping becomes important. At such high velocities, the solute atoms are
trapped by the advancing crystal, which gives them insufficient time to escape back into the

liquid, hence the term solute trapping.

4.2 The solute trapping models.

All three models we discuss here concern a binary alloy with components A and B say, where
A is treated as the solvent and B the solute. The A and B atoms compose a two-phase system,
liquid and solid (crystal), where the two distinct phases are separated by a planar interface
moving with a constant velocity V' (V > 0 corresponds to solidification) with respect to the
crystal lattice. The temperature of the interface is T'; we denote cg as the mole fraction of B
in the solid adjacent to the interface, and cp as the mole fraction of B in the liquid adjacent

to the interface.

4.2.1 Stepwise Growth Model.

This model assumes a planar solid-liquid interface executing instantaneous periodic jumps of
length A, the period of which is 7 = A/V, where V is the velocity of the interface. During
each jump, a monolayer of liquid, which contains all the solute atoms, is incorporated into the
crystal lattice. Before the next layer is added, the solute atoms have time to diffuse back into
the liquid during the time interval 7. Let ¢} be the concentration of solute in the liquid at the
interface, and ch be the concentration of solute in the newly created solid monolayer. Then at
time t = 0, ¢} = ¢. As t increases to t = 7, the value of c4(t) decreases as the solute atoms
start to escape from the solid. When the next layer is added at time ¢ = 7, the solute atoms

that have not diffused back are assumed to be embedded permanently in the solid. Therefore,
cL(t=1)=cg (4.1)

The transport of atoms from one phase to another, has been described by Turnbull [57]
using chemical rate theory. In this theory, a solute atom is envisioned to reach an activated

transition state before it can jump across the interface (see Fig. 4.1). The energy acquired
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free
energy

distance

Figure 4.1: A schematic free energy diagram for a solid-liquid interface [5].

by the solute atom at this stage enables it to exchange places with a solvent atom in the
opposite phase. The flux of solute atoms that escapes the solid monolayer into the liquid (for

0 <t < 7) is given by the rate theory as,

Jso1 = frA(cs(8))(1 — ci) exp(—Q/RT), (4.2)

where f is the fraction of the interface sites where a diffusive jump can occur, v is the attempt
frequency (which is on the order of an atomic vibrational frequency), @ is the activation energy
barrier for interdiffusion, T" is the temperature of the undercooled interface and R is the gas
constant. The reverse reaction gives the flux of solute from the liquid that is incorporated

into the solid monolayer, i.e.,

Jis = frA(c)(1 = cs(t)) exp(—[Q + (Au's — Apy)]/RT). (4.3)

The quantity u' is the redistribution potential which is the difference between the actual

chemical potential and the contribution from the ideal mixing entropy, e.g., for A and B in
solid,
p{A = ;I,A(l - CS,T) - RTln(l - CS),

wp = pp(cs, T) — RT In(cg).

The quantity Ay’ denotes the difference between the values of u’ in the solid adjacent to the

interface, and its value in the liquid adjacent to the interface. Notice that in both (4.2) and
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(4.3) above, the second and third factors involve the concentrations of B and the concentration
of A, either side of the interface. This reflects the fact that the rate of A — B exchange is
proportional to the concentration of B and A in the corresponding phases [19]. The final
factor in the expressions represent the fraction of attempted interchanges that are successful.

Assuming negligible diffusivity in the bulk solid, conservation of mass requires the following

relationship to hold '
des _ (Jros = Jsoi)
dt A '

(4.4)

Substituting for Js_,7, and Jr g in (4.4), we arrive at the following differential equation for

cé‘(t)a i i D
—5 = (1)1 - ) — rech (L= (1), (4:5)

where D; = fuA?exp(~Q/RT) and s, = exp[A(p'y — 1'5)]- In the dilute solution limit, this

is just,
dcg . —-—Di

dt - 22 [C'fg(t) - keciLL (46)

where k. is the equilibrium partition coefficient. Note that, for dilute solution,
ke(T) = exp[A(pa — pB) + RT Ink.(T)]/RT.

Also, at equilibrium, Apg =0 = Aup, giving ke(T) = k.(T).

Equation (4.6) with the boundary condition c%(0) = ¢} has the following solution,

i i —Dit
cs(t) = ¢}, <ke + (1 —ke)exp [ 32 ]) . (4.7)
At time ¢t = 7, this is just
i —Vp
cs(t)y=cs=cp [ ke + (1 —k.)exp [T}) , (4.8)
which gives,
k() = == = ke + (1= k) exp(—Vp/V), (4.9)
I

where the diffusive speed Vp = D;/X, V = \/7, and ¢} is assumed constant throughout. The
form for k given in (4.9) has the right variation with velocity, i.e., it increases monotonically

from its equilibrium value k. to unity, as the velocity, V', increases.

4.2.2 Continuous Growth Model (CGM).

Continuous growth of solid occurs when the interface is diffuse, i.e., when a large part of

the solid-liquid interface is favourable for the deposition of atoms from the liquid phase. This
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results in a uniform growth of solid, and hence the interface advances uniformly into the liquid.

Under such ideal conditions, a less atomistic approach can be used to model solidification.
Due to the almost uniform growth of solid, it is reasonable to assume a steady state in the

reference frame of the interface implies that dc/dt = 0, where c(z,t) = cL(z, ), is the solidus

concentration of the solute. In the reference frame of the crystal lattice, this becomes,

dc dc
g — =0. 4.10
o TV =0 (4.10)

Again, mass conservation requires that dc/dt = (J.s — Js—1)/A where the fluxes are as-

sumed steady. Because dc/dz = (cL — cs)/A, the steady state requirement becomes,
Vier —cs) = Js»p — Jrss = JIp. (4.11)

The left hand side of equation (4.11) is defined as the interdiffusion flux Jp, which is the
physical flux of solute atoms that are diffused away from the crystal lattice. It is the difference
between the flux of solute atoms in the liquid adjacent to the interface, (i.e., ¢, V), and the
flux of solute atoms that are successfully incorporated into the crystal, (i.e., esV).

The rate equations (4.2) and (4.3) also apply in this case (with cg replacing ¢4 (t) and cf,

replaces ¢} ), and they are inserted into equation (4.11) to give,
(e —es)(V/Vp) =cs(l —cp) — kecr (1 = cs), (4.12)

which can be solved for the partition coefficient to give,

cs V/VD + Ke
k(v)=—= . .
() cr. V/Vp+1—(1—keecL (4-13)

In the dilute limit, this is just
k(v) _ V/VD + ke’
V/VD +1

where, the velocity dependence of k is qualitatively the same as the SGM result. Equation

(4.14) is refered as ‘the simple CGM result’.

(4.14)

This result may also be derived from the SGM model if, we assume the monolayers are
added randomly in time, rather than periodically. If we define E to be the event that a given
layer is not covered at time ¢, but during the next interval dt (where dt is very small), then
the probability that £ occurs is given by P(t)dt where,

ot/

P(t) = . (4.15)

T

(E may be interpreted as the waiting time before the next layer is added. Waiting times are

commonly modelled as an exponential distribution, in this case, with parameter 1/7 [58]).
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Figure 4.2: Solidification via lateral motion of (111) step, where the (111) step makes an angle (7/2 — 6)
with the direction of the interface velocity. The flux of solute atoms escapes laterally across the moving step

[20].

The partition coefficient is obtained by taking the average of £ over many 7, which gives,

- V/VD + ke

V/Vp+1' (4.16)

k:Aw@waﬁ

which is the simple CGM result (4.14), where ¢, () = c4(t)/c} (see (4.7)).

4.2.3 Aperiodic Stepwise Growth Model.

This model uses the assumption that the growth of crystal occurs by the lateral motion of (111)
steps (see Fig. 4.2), separated by an interval determined by the velocity and the orientation
of the interface, with the additional assumption that solute atoms may diffuse away along the
normal to the terraces. The trapping along the step edges, which occurs as soon as a layer
is added along the steps, (i.e., at time ¢t = 0), is characterised by CGM and accounted for by

the following equation,
[U(6)/Up} + ke
[U(©)/Up]+1°

where ¢, (t) is as defined at the end of the last section, U = V sin# is the growth velocity of

e (0) =

(4.17)

the steps, Up = D} /X, is the diffusive speed of solute atoms along the terraces (D} is the
coefficient of interdiffusion along the terraces and A, is the length of each terraces). Before the
next layer is added, solute atoms have time to escape through the terraces, the decay of solute
composition is given by a differential equation similar to (4.6), but with the interdiffusion

coefficient equal to D}”, which is its value perpendicular to the terraces, the direction in which
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the solute atoms are escaping. Therefore we have,

‘—% - (%) (s (£) — koc]. (4.18)

Integrating (4.18), using the initial condition given in (4.17), we arrive at the following ex-

pression for ¢, (1),
¢ (£) = ke + [(Bu + ko) (Bu + )] = ke exp(=[D}"t/3), (4.19)

where 8, = U/Up. For randomly spaced ledges, we apply the same idea we used for random

interval SGM (i.e., equation (4.16)) to get,

ke + Bul(Bu + ke)/(By + 1)]
B Bw +1

where 8, = W/Wp = (Vcos8)/Wp, with Wp = D¥/X\, and A, being the height of the

k , (4.20)

terraces. Again the correct £ — V dependence is captured by equation (4.20), namely, & rises
from its equilibrium value, ke, when V small (3, and 8, small), to unity when V is large (3,

and [, large).

4.3 Experimental Results.

In order to investigate the trapping behaviour in non-equilibrium solidification experimentally,
a suitable technique is needed to ensure the growth velocity is sufficiently large for the system
to significantly deviate from equilibrium. The pulsed-laser melting (PLM) technique has
been identified as an ideal technique for such studies. It is capable of establishing re-growth
velocities in the metre-per-second regime. Early studies of non-equilibrium solidification that
employ the PLM technique have met with some difficulties in the calculation of the interface
velocity and the melt duration. The heat flow calculations that were used to estimate the
interface velocity proved to be unreliable due to the uncertainties in the measured laser energy
and pulse duration [59, 60, 61]. In his studies of solute trapping [4, 8, 20], Aziz used the
transient conductance measurement (TCM) technique to measure the interface velocity during
solidification. The TCM technique exploits the change in resistivity of the alloy upon melting
to determine the depth to which a thin-film resistor has been melted. The velocity of the
solid-liquid interface, V, can easily be measured by performing these measurements with
nanosecond resolution.

The implanted impurity distribution and final profiles were determined by Rutherford
Backscattering Spectrometry (RBS). In order to determine the partition coefficient, k, this

final profile is compared with that from a simulated process with a known value of k. The
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value of &k that corresponds to the simulated profile that looks closest to the experimentally
observed profile is accepted as the estimated value for k for that particular V.

The redistribution of ion-implanted solutes in the solvent films during solidification is
modelled by simple diffusion and partition simulations with use of a finite element solution
of the diffusion equations. The simulations treat implanted impurity profile and melt depth
as functions of time for each sample. Impurity diffusion was assumed to occur in the liquid
phase but neglected in the solid phase. During solidification, a fraction k of the impurity in the
liquid at the interface, is incorporated into the crystal. The bulk liquid phase diffusion, Dy,
and the partition coefficient during solidification were allowed to vary to fit the experimentally
observed solute profile. This way, unique values for Dy and &k were obtained.

The dependence of the partition coefficient on re-growth velocity is measured by performing
the measurements for several values of the velocity. This is done by altering the thermal
conductivity properties of each sample, which effectively alters the interface velocity.

The first experimental measurement of the partition coefficient k& was carried out for Bi in
Si(001) by Aziz and co-workers [8] and the result was compared with several solute trapping
models. Although all the models agreed qualitatively with the dependence of & and V observed
in the experiment, the Continuous Growth Model fits the data best for interface speeds of 2 and
14m/s. Subsequent work by Aziz and White [20] demonstrated the orientation dependence of
k at constant V for Biin Si. This work was carried out to resolve the matter which arose when
measurements of k£(V') for Bi in Si(001) and Bi in Si(111), both of which were well described
by CGM, gave two different values of the diffusive speed Vp. These results prompted the
development of the ASGM [62]. It was shown to have an excellent quantitative agreement
with experimental data.

The single fitting parameter of CGM, namely the diffusive speed Vp, was originally esti-
mated as Dy /L where Dy, is the diffusion coefficient in the bulk liquid and L is the interface
width. Experiments performed by Smith, Reitano and Aziz [4] which produced measurements
for both Vp and Dy, for dilute concentrations of various solute in Silicon, indicated that the
above estimate suggested that L varies from 6A to 400A. This casts doubts on the validity of
the estimate, as one would expect the interface width to be independent of the solute species
for dilute solute concentrations. Having realised this implication, they examined correlation
between Vp (obtained through fitting £ — V data with CGM) and various alloy properties,
for example, equilibrium partition coefficient k., the diffusivity of the solute in the bulk liquid
Dy, the diffusivity of the solute in the solid Dg, and the maximum limit of solubility of the

solute in the solvent. They found a strong correlation between Vp and k. but no apparent
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relation between Vi and either Dy, or Dg. This is the first experimental result to relate Vp
to a measurable quantity of the alloy. It provides a very useful guideline for finding a better

estimate for Vp.
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Chapter 5

The sharp interface limit of WBM2
when the solid-liquid interface is

curved

In the near-equilibrium solidification of dilute binary alloys, the interface temperature 77 is

generally obtained from the phase diagram, and its form is given by,
Tr = T{ + mper, (5.1)

where the phase diagram is assumed linear near ¢ =~ 0 (i.e., concentration of solute in the
alloy is small, see chapter 2), the liquidus slope is given by my, and ¢y, denotes the liquidus
concentration of solute. This assumption neglects an important equilibrium phenomenon,
known as the ‘undercooling’ effect, which is a decrease in the interface temperature below the
normal melting point by an amount AT, say. Undercooling arises from two sources, i) the
curvature of the interface - the so-called Gibbs-Thomson effect, ii) the motion of the interface
- kinetic undercooling.

The Gibbs-Thomson effect arises because there is an equilibrium surface energy associated
with the interface. Broadly speaking, a curved interface has a greater surface energy, thus,
the energy of the system is increased by the effect. This increase in energy is balanced by
a decrease in the solid bulk free energy relative to the liquid which results in the interface
temperature being reduced [63]. The amount AT, has been shown to be proportional to the
curvature of the interface and the constant of proportionality involves the surface energy,
ie.,

AT, = TyTK, (5.2)
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where I" is the capillary constant defined as the ratio between the surface energy and the
latent heat, and K is the curvature of the interface. The relationship in (5.2) is commonly
called the Gibbs-Thomson Relation {12, 63, 64].

The undercooling effect is also observed to occur in a system that deviates from equilib-
rium. In such cases, the undercooling provides the driving force for growth, thus the greater
the undercooling (i.e. the driving force), the greater the growth rate. It is referred to as the
‘kinetic undercooling’, AT}, say, and its magnitude is proportional to the growth rate [63, 29].
In general, AT} is given by,

14

ATy = —, (5.3)
HA

where (14 is the so-called attachment kinetic parameter.

In this chapter, we apply the WBM2 model to a solidification process with a curved
solid-liquid interface. The governing equations are expressed in an appropriate curvilinear
coordinates, and non-dimensionalised with respect to the l5 = 0+/v,,/RT length scale. In the
sharp interface limit, boundary conditions across the interface are obtained, from which we
find an expression for the interface temperature. This expression is observed to capture both

the Gibbs-Thomson effect and the kinetic undercooling effect.

5.1 The governing equations

We consider the model described in section 3.5.1, where the governing equations are given by,

g_f _ _MI%’ (5.4)
% - V.M (c(l—c)V%), (5.5)
where

and f and F are given by (3.21) and (3.20). The material is assumed to be of a finite volume,

and situated in the region ), where the conditions at the boundary of €2 is given by,

op  8c  9(Vic) _

on  on  On

0,

where f1 is the outward unit normal to this boundary.
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Figure 5.1: A schematic diagram of the moving curved interface, showing the direction of the coordinates

(r, s) with respect to the Cartesian coordinates.

We introduce the curvilinear coordinates (r,s) local to the moving interface. Specifically,
we let 7 = 0 represent ¢ = 1/2 with r and s coordinates measured normal to and along
¢ = 1/2 (see Fig. 5.1), i.e., the liquid phase occupies the region r > 0 and the solid phase
occupies the region r < 0. The coordinate transformation from the Cartesian coordinates to
the curvilinear coordinates are carried out using the the procedure employed by McFadden
et. al. [34], the details of which can be found in Appendix A. We have used tensor calculus to
transform the gradient V and the Laplacian V? into the new coordinate system (r,s), from

which the following relations are obtained,

R S
Vi = + 2545, (5.6)
and
9 1 1
Vi =~ (b)), + | 75 ) | (5.7)
h h s

2y Zg
where 9 is an arbitrarily chosen differentiable function, h(r, s) is the Jacobian, det ,

Ty g

and is given in [34] as,

h=1+7rK(s).

Here, K denotes the local curvature of the interface.
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We use (5.6) and (5.7) to transform the governing equations (5.4) and (5.5) to the (r,s)
coordinate system. Again, we need to express the equations in the local moving reference
frame of the interface, in which case, we find it is appropriate to consider the motion of
the interface along its normal, with normal velocity denoted by V. In the asymptotic limit
€/6 — 0 an interfacial layer forms and variations across the layer (with respect to r) dominate
over those along the layer (with respect to s). Thus, for simplicity of presentation, we only

retain the partial r derivatives in which case the governing equations are

Ry [ ohe Vi 00
2 20y Tn VZY = 5.8
¢ o2 + (6 h + Ml) or fo =0, (5:8)

)

d%¢ h, Oc V, Oc
ARG B v v Al on .
+c(1 c)h r[ ) 2 ) 5 r+fc]+M2 " 0. (5.9)

The equations above are non-dimensionalised with respect to the [s length scale where the

and

0 0 2 0% o hy Oc
i~ <C(1—C)—- [—5 m—-(s TL"—a—r‘*‘fc

resulting non-dimensional representation of the equations is given below,

2%¢ | o (16 + Yﬂ) 9% _ (2702 + 1) =0, (5.10)

or? m | Or

a7z~ Vor

g 0 ?c  =0c o, -
(-0 |- s~ kgt et o) )+ 28

> d%c
+ =+

~ o1 o2 ~Jc  _ o <
/C<c(1—c)— [—-{ﬁ-—ﬁ%%—e 272 4 f(0)

where

K=Kl , 7=r/ls,

and all the other non-dimensional quantities are defined as in section 3.5.1. We have assumed
the interface is thin, i.e. 7 is small, that h,/h may be approximated as K.

There are two characteristic length scales that are important in this problem. They are,

Um { Um
l€ ¢ RT, g 6 R,_Z—’7 (5 1 )

which characterise the transition layer thickness of the phase-field and the solute field in the
interfacial zone respectively [2]. It was noted by Wheeler et. al. [1] (see also, section 3.2) that
the sharp interface limit is equivalent to the limit ¢ — 0. In our analysis, we will employ the

equivalent limit of € — 0, with ¢ constant, following a similar analysis in [2]. In this limit, the
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ratio l¢/ls reduces to zero because the phase-field, ¢, changes more rapidly from its value in

the liquid to that in the solid, than the solute field c.

5.2 Asymptotic analysis in the limit ¢/6 — 0

The asymptotic analysis carried out in this section follows a similar procedure used by Wheeler
et. al. [1, 2] for a planar interface, which we described in chapter 3. In both of their analyses,
it was observed that as € — 0, an interior layer is formed within the region occupied by the
alloy. Outside the layer, the solute field variable varies while the phase-field variable was found
to be either 0 (when 7 > 0) or 1 (when 7 < 0). Significant variations in ¢ are only observed
inside the layer. This layer, which represents the interface, is called the ‘inner region’ and the
region outside is called the ‘outer region’. The solutions in the inner region are matched with
solutions in the outer region, thereby, provide a set of ‘matching conditions’ which gives rise
to a set of boundary conditions across the interface. The matching procedure is described in

detail in section 5.2.3.

5.2.1 The outer region
The solutions in this region are expressed as regular perturbation series in €2 to give,
p = dOF+EeD () + O, (5.13)

¢ = AOFE) +22F) + 0. (5.14)

The expansions above are substituted into the governing equations (5.10) and (5.11), where

at leading order in €2, the phase-field equation is given as,
#(—2
£, d9) =0, (5.15)

which solves to give ¢ = 0 when 7 > 0 (i.e. in the liquid), and ¢ = 1 when 7 < 0 (i.e. in the

solid). The corresponding leading order equation for the solute field is,

9 8 [ 829 a0 _ N
9]0 — 09| _ ORF, — (1 — ©®
= {c 1-c )af[ s — Ko + +(dVAFp — (1 - ) AF )

- 9 526000 95el0) — —
+zc{c<o><1_c<0>)_[_ RO L (ORFp+ (1 - O)AF,)

920\ 9O

where AF 4 and AF p are defined in section 3.5.1.
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5.2.2 The inner region

The rapid change in ¢ in this region suggests that it is characterised by a much smaller length
scale than I5. Thus we rescale # with €2 and introduce the stretched variable p = €27, The
solutions in this region are denoted by hats and they are expressed as regular expansions in

& ie.,

~

¢ (p) + &6 (p) + O(e), (5.17)

¢ = &9 + 22 (5) + 0. (5.18)

-
Il

The expansions are substituted in the governing equations and we obtain the following set of

equations,

8% AN T .

90,2 <IC + —V—> 9 _(f52 420 =0, (5.19)
m P

and

a |. - 0 9% 0=06 o 7(—~2) | 4 7(0)
2 o[22 ont oo
[—32—6 ~ *216?—2 + &P ¢ E"‘fc(o)] }

9% ~ o~ 0¢
4 6
+ € W-}—e (’C+Vn)8_[)

The appropriate boundary conditions in this region is given by the following matching condi-

= 0. (5.20)

tions,
7oA (Oac+oo) as p — +o0,
(¢, ¢) = ) (5.21)
(1,c_00) as p— —o0,
where ¢ and c_. are constants representing the solute concentrations in the liquid and

solid phases of the outer region respectively.

Equations (5.19) and (5.20) express the governing equations as regular perturbations in €

where the leading-order equations in ¢ are found to be the following,
2P 9y )
g~ Fs @0 EN =0, (5.22)
0 o ( 92
— e o= [ 2= )| =0. 5.23
Equation (5.23) is integrated twice, and the matching condition (5.21) is applied to give
2(0)
9 (5.24)
op
which has solutions that are constants in p, i.e.,
&9(p) = &0 (—00) = &0 (+00) = x(V, T, K). (5-25)
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The leading order phase field equation (5.22) is solved to give the following leading order
solution,

30(3) = 311 - tanh(35,), (5.26)

where &, represents the weighted average of the surface energies of the two components of the

alloy at the interface, its value is given by,

Gy = /x5% + (1 - x)5%.

Similarly, at the next order, i.e., O(¢2), we obtain the following pair of equations,

A P AN T ’ 22) 7= 2(0) A0)y _ F(0)2(0) A0
o T\ 5 ) 5 — #0060 - @0, &0) - [P0, 89) =0,
(5.27)
and
0 B] 9262 _peo) .
= 180 — 0y 2| - (=2) (3(0)_4(0) — 28
aﬁ{ (1-¢ )aﬁ[ G~ K H A0 =0 2
The solute equation (5.28) is integrated twice and the matching conditions are applied to give,
922 o oy
g =4 @0.&0), (5.29)
which is integrated once again to give,
4(2)1P=T° 22 =9
[‘9{‘; ] =T = 932—% (5.30)
p p=—00 UX

The first-order equations (5.27) and (5.29) can be rewritten as,

=0 v 83© | F0), 2(0) A
- (B 32) 255+ 60,60

L£(®3?)) = AN (5.31)
FEP($0,e0)
where L is a linear operator acting on vector &) where

R (2
32 = ¢ , (5.32)

&2)

[ 29D _ 4@ DGO, 60) - 6@ fD (GO, 0
82¢(2)

Notice that £ is a self-adjoint operator because the following relationship holds for vectors

¥, and Py, whose respective ith entries are suitably differentiable functions ! and % say,

L(T1) Ty =Ty L(T3), (5.34)
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where the inner product is defined below as,
Uy Ty = -+ 97 9s,
O 2,12\ 7=
= [ (whed+ i) dp, (5.35)
-0

where, in this case, ¥1 = (41,97 and ¥y = (p3,42)7. Also, after differentiating equations

(5.22) and (5.24) once with respect to g, the resulting homogeneous equations are found to

$(0)
c [8‘2’5 ] =0, (5.36)

be of the forms,

where

Equation (5.36), together with the fact that £ is self-adjoint, leads to the following solvability

condition,
o9 (0)
9p
The vector £(®®@) in (5.37) is replaced with the vector in the right-hand side of equation

L($3)) = 0. (5.37)

(5.31), and after computing the inner product, we arrive at the equation below, which relates
the temperature to the curvature term,

+00

T 5(2)\ 2 o o
(e B )] oz e

Proceeding to the next order, we find the O(&!) equation for the solute field, which is given
by,

o 2™ 0o 9y 20 A(2) F(2)7 3(0) =0) 7 2(0) »
9 {X(l_” [“ s~ Kogr TP @,E0) + dBFEREG0, 60 + FO0, 60

- 32 520) o 8280 _ O 1~ .
- PV e E A 1 —y) 1) | F=2 (30 0N = ]
Rx(1 =055+ o ~ K1 =) + Rx1=0 55 [0 60, 6] =0, (539)
After being integrated once, applying the matching conditions accordingly, we are left with,
5264 p=+o0 o Gmtoo
Zr = | F(0)(4(0) A0 _
l 55 ,s}oo_[fc (39, ¢ )]ﬁ:_oo kY. (5.40)

Equations (5.25), (5.30), (5.38) and (5.40) are matched with the corresponding solutions

in the outer region; this is explained in detail in the next section.
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5.2.3 Matched asymptotic analysis

The existence of the outer and inner region implies that there is an overlap domain in which

the inner solutions and the outer solutions are equivalent. The matching principle states that

[65]7

Inner representation of the outer expansion = outer representation of the inner expansion.

In our notation, this means,

lim ¢(f) = _lim é(p), (5.41)
F—=0— p—r—00

lim ¢(f) = lim é&(p 5.42
Jim e(r) SAim&(p), (5.42)

respectively, and similarly for ¢. This principle allows us to find a set of boundary condition
for the solute field across the interface. More precisely, we obtain a set of ‘jump conditions’ for
c and its derivatives, by matching equations (5.25), (5.30) and (5.40) with the corresponding
equations in the outer region.

The inner representation of the outer expansion of the solute field is derived by first,
expanding the regular expansion for ¢(7) (given in equation (5.14)) in the outer region, using
a Taylor series, in terms of # = é25, and then, taking the ‘inner limit’ of this new expansion.
This is the limit of €2 — 0 with p fixed (i.e. for example, on the solid side, this is the limit
7 — 07). Thus, the inner representation of the expansion, on the solid side, is given by

lim () = d¥(07) + & {0(2) 07) +5 lacm)} }
F=0—

F—=0~ or

~2 2 .(0) (2)
P PO T i L 5% FOE).  (5.43)
21 0/ |- 4

The inner representation of the expansion in the liquid is obtained similarly, where the limit
€2 = 0, with p fixed, is equivalent to the limit 7 — 0.

Similarly, the outer representation of the inner expansion for ¢ is obtained by taking the
‘outer limit’ of the inner expansion given in (5.18). This is the limit of €2 — 0 with 7 fixed
(i.e. on the solid side, this is the limit § — —o0). As a result, we arrive at the following outer
representation of the inner solution ¢ (on the solid side),

im é(p) = ¢ (=00) + 26 (—o0) + e (—o00) + O(). (5.44)
p——00
Again, the outer representation of the inner expansion on the liquid side is obtained by taking

the limit p — +oc.
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Now, the matching principle (5.41) and (5.42), also implies that the outer limit of the
derivatives of ¢é with respect to p, is equal to the inner limit of the derivatives of ¢ with respect

to g, i.e., on the solid side we have,

0é Jc 9% 0?%c
% — lim & = lim 2< . 4
phm 9 Th%’l 9 phm o7 fl_l}I(I){ o5 etc (5.45)

Similar equations are implied on the liquid side.

We proceed by matching equations (5.43) and (5.44), and their derivatives with respect

to g, from which we find,

dNp=—-0) = =0" (5.46)
.
= (5.47)
[ ap p=—00 = 0_
32A(4)} [32 O)}
= i (5.48)
[ 9p* PR 0% | o

The corresponding equations on the liquid side are also matched to give a similar set of
equations to the above. The outer representation of &%, 9¢(2) /95 and 626(4)/854 on both
sides of the interface are substituted into equations (5.25), (5.30) and (5.40) respectively, to

give the following boundary conditions across the interface,

c(0%) = ¢(07) = x(Va, T, K), (5.49)
dc17=0F -
[EL:O_ = T (5.50)
0%c =07 ~ - o
{5—} o= JP000 - FO0,0) - KT, (5.51)

where 0" and 0~ represent the limits 7 tends to zero, from above and below respectively. The

solvability condition (5.38) is matched with the solutions in the outer region to give

% ({%] F=0— * gg]f:g—) <IC + ——> \/XUB = fO0,x) - FO(1,x), (552)

which provides an equation for the interface temperature T in terms of the interface concen-

tration x and the dimensionless interface curvature K. The quantity Y is shown in [2] to be
roughly estimated by (6% —&%)/2. This value is found to be small and may be approximated

as zero.
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5.3 Interface temperature

Having obtained an equation for the interface temperature, we proceed further by rearranging

the equation to extract an exact expression for 7'. This is given below as,
(IC + %g) & RT v

xLp/Ti; + (1= x)La/Tfy’

T=T),— (5.53)

where,
(xIp + (1 —x)La)
(xLp/Ti; + (1 = x)La/T5;)’
and T is assumed to be zero. Note that, in the dilute solution limit, i.e., the lmit y — 0,

To =

Oy = G4, and T is given by the following expansion,

T T8 (L L
To =Ti + x Z%(LB_LA)_TAZ_ <—T%—T—‘}>] +O(x?). (5.54)
M M

Hence, the dimensional form of the leading order in x of (5.53) is given by,

TA’}O'AIC _ Va TK}IUA

T~ T4 —
M La mD Ly

(5.55)

For a dilute alloy, a common form for the interface temperature is given by the equation
below (a simplified version of equation (2.9) in chapter 2),
Va
pa’

T =T{ + mp(Vyp)er — THTK — (5.56)

where the first two terms of the (5.56) is obtained from the phase diagram; the second and
third terms are the undercooling terms due to the Gibbs-Thomson effect and the interface
kinetic effect respectively, where I' = 04/L 4 represents the capillary length, and p4 denotes
the dimensional attachment kinetic parameter.

After comparing equation (5.55) and (5.56), we identify the term proportional to K in
(5.55) as the undercooling term due to the Gibbs-Thomson effect, and the term proportional
to V, as the kinetic undercooling term. Also, the second term in (5.56) is approximated by
the first order term in (5.54), i.e., the term proportional to the interface concentration, .

The undercooling terms from the (5.55) and (5.56) imply that,

2
7= eDl (5.57)
A
pacaT
= —————LADM. (5.58)

Thus we see that equation (5.58) relates the non-dimensional phase-field parameter 1 directly
to the material parameters of A, where here we have shown that m is exactly equal to the
non-dimensional attachment kinetic parameter. For the Nickel-Copper alloy, this value turns

out to be approximately 500.




Chapter 6

Phase diagram for a regular

solution model

A phase diagram (sometimes known as an equilibrium diagram) is one way of relating the
temperature at the solid-liquid interface and the interfacial concentration of solute, while cap-
turing the notion of equilibrium in alloy solidification. It may be thought of as an analogue to
the notion of melting point for the case of a pure material. The phase diagram indicates the
equilibrium compositions, at a given temperature, of the two phases separated by a stationary
interface. The loci of the solid and the liquid compositions as functions of temperature are
called the solidus and liquidus curves respectively. These two curves act as boundaries sep-
arating a region where a single phase exists from the region where two phases co-exist. The
simplest phase diagram of a binary alloy is one that characterizes the solidification of ideal
liquid to ideal solid solutions. Such a phase diagram consists of a liquidus and a solidus curve,
joined together at the points corresponding to the melting points of the pure components to
make up the shape of a convex lens (see Fig. 2.2).

In this section we investigate how phase diagrams may change as each phase of the alloy
deviates from being ideal, by introducing regular solution terms in the free energy functions.
They are constructed from the common tangent conditions obtained from the conditions at

equilibrium.

6.1 The free energy

The corresponding free energy density for a regular solution model may be given by the

following equation,
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F(di0) = cfp(d) + (1 - c)fald) + g[chlc + (1=l -]+ G(P)e(l —c),  (6.1)

Um,
where G(¢) is the energy of pairwise interactions of the atoms in the solution and is given
by G(¢) = G + ¢(Gs — GL) as suggested by Wheeler et. al. [1]. It has the value Gg in
the solid (when ¢ = 1) and G in the liquid (when ¢ = 0). The quantities R, T" and vy, are
respectively the universal gas constant, the temperature of the system and the molar volume
(assumed constant).

The contribution of the entropy of mixing of a regular solution model to the Helmholtz
free energy density is given by the terms proportional to RT /v, and the term proportional
to G(¢) (the free energy density for the ideal solution may be recovered by setting G(¢$) = 0).
For simplicity, we set G’ to zero, to give a phase transformation from an ideal liquid solution
to a regular solid solution. The functions f4(¢) and fg(¢) assume the form given in (3.2) and

given below as,

1) = 2 (p -1y 4 Dl o gy (6.2
15(8) = VB (g -1 + VOB o5 o) (6.3

To analyse the effect of the regular solution term on the free energies, we plot the free
energy curves against composition for a fixed Gg and vary the temperature. For the purpose
of illustration we have included the plots of the free energy curves for G'g = 2000Jcm ™2 where

significant effects are observed (see Fig. 6.1).

55




400 T T T T T T
200 /
0

-200

(a) free energy -400 - —
[ 600 - s

-800 - T, N

-1000 - N

-1200 n

21400 | L ! I ! L i l L
0 01 02 03 04 05 06 07 68 09 1

composition of copper, ¢

0 R m— ] T T I T
-200 —

-400 - T, —

b b
(b) ree energy .| |
f S
-800 |- ~

-1000

T
[

-1200 ) 1 L L 1 H 1 ! |
0 01 02 03 04 05 06 07 08 09 1
composition of copper, ¢

0 T T T T T T T T
-200 - L -

-400 n

-600
-800 + -

(c) free energy

f
-1000

-1200
-1400

-1600

0 01 02 03 04 05 06 07 0.8 09 1
composition of copper, ¢

Figure 6.1: Free energy curves for solid and liquid of Nickel-Copper alloy, displayed as functions of composition
of Copper at temperatures {a) 1600K, (b) 1140K, and (c) 600K (miscibility gap), with Gs = 2000Jcin™? and

Gr =0.
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From studying the behaviour of the free energy curves for the solid and liquid of our model,
we notice that for a fixed Gg, while the shape of the liquid curve remains convex, the solid
curve becomes concave at a sufficiently low temperature. We define the critical temperature
T.rit as the temperature at which the curvature of the solid free energy curve is zero, i.e., its
second and third derivatives are identically zero (Lupis [66]). This condition allows us to find

the following explicit expressions for T..;+ and the corresponding concentration cg;

Gsvm
g 6.4
Tcrlt 2R ( )
and
Cerit — 0.5. (65)

Below the critical temperature, the solid free energy curve becomes a double-well with respect
to ¢ and a miscibility gap is said to occur.

Positive values of G's suggest positive deviations from ideality of the solid phase. In other
words, like atoms in the solution have a greater affinity for each other. Sufficiently large
values of G'g cause instability in the system when the temperature decreases below the critical
temperature. The region with a miscibility gap that starts to form at this point is a region
where the solid solution segregates into two phases, one rich in A and the other rich in B giving

two solid crystals of two different concentrations, which can exist in a state of equilibrium.

6.2 Common tangent constructions

6.2.1 Classical thermodynamics

Equilibrium in a heterogeneous system (i.e., a system containing more than one phase) is
related to the chemical potential of the components, such that at this state, the chemical
potentials of all the components in the system are equal in all phases (Lupis [66]). So for
a solid-liquid system of a binary alloy with components A and B, we require Nf& = /l,i and

,ulé = ,u%, where MI;‘ and ui are the chemical potentials of A in the liquid and solid respectively.

Similarly for p% and p3.
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Figure 6.2: Tangents to the energy curves at ¢ = cs and ¢ = cr, when the system is not at equilibrium. The

curves labelled L and S are the free energy curves of the liquid and solid phases respectively.
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Figure 6.3: A common tangent when the system is in equilibrium. The curves labelled L and S are the free

energy curves of the liquid and solid phases respectively.

The chemical potential of a component may be obtained through the method of intercept.
For example, for a given concentration, the intercept of the corresponding tangent to the
liquid free energy curve with the f-axis at ¢ = 0, gives pl{, the intercept with the f-axis at
¢ =1 gives pu%. Similarly, the intercepts of the tangent to the solid free energy tangent give
p and p3 (see Fig. 6.2).

At equilibrium, because p4 = p and pk = u%, the two tangents are coincident (see
Fig. 6.3), forming a common tangent between the two points, (cg, f(1,¢s)) and (cr, f(0,c1))
on the free energy curves, with corresponding concentrations cg and ¢y which represent the
equilibrium concentrations in the solid and liquid respectively. Denoting the slope of the

common tangent by A we have that,

A= f(och)_,U'ﬁ _ f(]-acs)—:ufl
Cyr, Ccg

(6.6)

Also,

A= fc(oa CL) = fc(lch)' (67)
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Writing F(¢,c¢) = f{p,c) — Ac, we arrive at the following common tangent conditions,

F(17CS) = F(07CL)a (68)

F.(1,¢cs) = F.(0,cp) = 0. (6.9)

6.2.2 Phase-field model

Employing the phase-field model WBM2, we may construct the phase diagram by using the
fact that the solid and liquid phases are separated by a stationary planar interface. The

corresponding steady, one-dimensional solutions of the governing equations, in this case are

— ¢, + fs=0, (6.10)

for the phase-field; where z measures distance normal to the interface. After integrating the

solute equation (3.22) twice and employing the far-field conditions (3.24), we have

— 8%, + f.= A, (6.11)

where A is a constant of integration. We rewrite equations (6.10) and (6.11) in the form

. + Fy =0, (6.12)

6%¢c,, + F. =0, (6.13)

where F' is the function defined in the last section. We require that the solution matches to

the solid and liquid bulk phases and therefore impose the boundary conditions

(p,¢) — (1,cs) asz = —o0, (6.14)

(¢,c) = (0,cr) as z = 4o0. (6.15)

This is equivalent to requiring a heteroclinic connection between (1,cg) and (0, ¢r) of the
ordinary differential equations (6.12) and (6.13). We therefore insist that (1,cg) and (0,c¢r)
are critical points, i.e., Fi(1,cs) = F,(0,¢;) = 0 which simply recovers the common tangent
condition in (6.9), derived from the classical results. Note the form of f automatically ensures

Fy(l,cs) = Fy(0,cr) = 0. A first integral of (6.12) and (6.13) gives
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E2 52
E(d)Z)Q + —2—(02)2 + F = constant, (6.16)

on the heteroclinic orbit connecting (1,cg) and (0,cr). Thus, because ¢, andc, — 0 as z —
+o00, we have F(1,cs) = F(0,cr), the other condition (6.8) for the common tangent construc-
tion.

Note that for an ideal solution, (6.8) and (6.9) can be solved exactly, to give expressions
for the solidus and liquidus concentration, c¢g and ¢, in terms of the interfacial temperature

T. They are,

(exp(AFa) — 1)

cs = —— L, (6.17)
(exp(AF4) — exp(AFp))
¢, = csexp(AFp), (6.18)
which implies,
po=S o1 (6.19)

¢, exp(AFp)
Using a similar common tangent construction, the equilibrium between solid a and solid
b, due to the formation of the miscibility gap in the free energy curve, leads to the following

conditions,

F(l,ca) = F(1,¢) (6.20)

Fc(laca) = Fc(l,Cb) =0 (621)

where ¢, and ¢, are the concentrations of solid a and solid b respectively, at equilibrium.

6.3 Numerical results

We solved numerically the common tangent equations (6.8) and (6.9) for T, ¢s and ¢, and
equations (6.20) and (6.21) for T', ¢, and c¢;. Plots of T versus c¢s and T versus ¢y give the
solidus and liguidus curves for the solid-liquid phase transition while plots of T' versus ¢, and
T versus ¢ give the curves for the solid-solid phase transition. The two types of curves are

plotted on the same axis for three increasing values of Gg.
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Figure 6.4: Solidus-liquidus and solidus-solidus phase diagrams for Nickel-Copper alloy, drawn for Gs = (a)

0, (b) 1800 and (c) 2500 J em™3, G is assumed to be zero. The bottom most diagram displays the eutectic

point.
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From the plots, we see that when Gg = 0, a lens-shaped diagram is obtained for the
solid-liquid phase transition. For nonzero values of Gg, the liquidus exhibits a minima which
touches the solidus curve. For small values of (g, this occurs at a concentration close to ¢ = 1.
As G increases this concentration moves away from ¢ = 1. The temperature corresponding to
this minima is known as the congruent melting point, a point where the free energy curves of
solid and liquid are tangent to cach other (see Fig. 6.1, for T = 1140K). At this temperature,
the liquid of the alloy solidifies without any change in its composition.

The critical temperature, T4, defined in (6.4) to be proportional to G g, is the temperature
corresponding to the maximum point observed in the solid-solid phase diagram. Therefore,
as Gg increases this maximum starts to move upwards, to higher values of T'. When Ty
becomes greater than the congruent melting point, a eutectic point is formed (Fig. 6.4(c)).
At this point, the common tangent to the free energies of solid and liquid is also a common
tangent to the two convex parts of the free energy curve of the solid. The congruent melting

point is now referred to as the eutectic temperature.
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Chapter 7

Numerical Computations of the

Phase-field Model

As we have seen in section 3.5, solute trapping behaviour is observed in the WBM2 theory as
the interface velocity is increased, when the analysis is confined to a particular distinguished
limit. This is the limit €¢/§ — 0 (with ¢ fixed), where € and ¢ are the phase field and solute
field gradient energy coefficient respectively. A natural question arises as to whether this
limit is required to observe solute trapping and, moreover, whether it is necessary to have a
solute gradient energy (i.e., § # 0), incorporated into the free energy functional for the model.
The numerical analysis carried out in this chapter is aimed at providing an answer to these
questions. For this purpose, the governing equations are nondimensionalised with respect
to the length scale, I, representing the distance over which ¢ changes, where I, = e\/%.
A quantity A = §/e is introduced, which is a positive constant and may be set to zero,
consequently excluding the solute gradient energy term from the model.

A numerical code has been written to solve the dimensionless forms of equations (3.4)
and (3.22). Following WBM2, the equations are formulated for a planar solid-liquid interface
moving with a constant speed V. In the frame of reference of the moving interface, the

equations in 1-D are given by,

2V do
2
= 7.1
and
d d | ,d% de

where we have assumed steady states in this frame of reference.

Two cases are considered in the numerical calculations:
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(1) when the diffusivity in the solid, Dg, equals the diffusivity in the liquid, Dr;
(2) when Dg is not equal to Dy,

In the latter case, Dg is distinguished from Dj, by letting D (which is related to My through
equation (3.23)) to be a function of ¢ satisfying the conditions D = Dg, dD/d¢$ = 0 when
¢ =1and D = Dy, dD/d¢ = 0 when ¢ = 0. The following choice of D(¢) satisfies all the

conditions and is monotonic in ¢,

D(¢) = (Ds — D1)¢*(3 —2¢) + Dy. (7.3)

7.1 Dimensionless equations

Under the assumption of constant diffusivity throughout the region (—oo, +00), i.e., My is
constant, we nondimensionalise equations (7.1) and (7.2) using lc = ey/v,,/RT as the reference
length and we set § = e¢A where A is a positive constant. Specifically, we introduce the
dimensionless variables 2 = z/[, into the governing equations. The dimensionless equations

are therefore

P¢  Vodd -2 w0
Zexy = (. 7.4
ot (4 [y =0, (7.4
and
d d d?c ~ ~ d*c  ~ dc
Z el —a) A (-2) (0) hudlieg > )
dz (C“ Z¥E [ IO )+ Ve =0 (75)
or equivalently,
d 2d2c ~(_2) 7(0) dC 5
C(l—c)a-z- [—A Zl?+( o +fc ) +£+VLC—VECOO. (76)

Equation (7.6) is obtained after integrating (7.5) once and applying the following boundary
conditions,

(1,¢0), as z— —o0,
(¢,0) — (7.7)
(0,¢0), as z— 400,
where the far-field concentrations c¢_, and ¢y are assumed equal. The dimensionless inter-
facial velocity is now defined by
~ Vi,

= — 7.8
V= (75)

and the interfacial mobility /m has the same definition as in (3.29). The nondimensional
representation of the free energy density (3.30) is used here, where the contribution from the

pure component A is given by,

fa(®) = F52(8) + 7049, (7.9)
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with a similar expression for B. The notations fi{g) and fvg)) are the same as those used in
(3.32).
The equations above may be generalised to the case where the diffusivity varies across the
region, by simply replacing D with D(¢) from (7.3). This gives
d’¢  Vdp ,x-2), 70
ik AT Sk =0 7.10

and

2c 5 B
o) wo-am e | g [ o)

+ % { Kg_i - 1) $2(3 — 24) + 1] Z—‘Zf} +XZ% =0, (7.11)

where now
~ Vie . M, €2
A

Note that equations (7.10) and (7.11) reduce to (7.4) and (7.6) when we set Dg/ Dy = 1.

7.2 Numerical procedures

The governing equations (7.4) and (7.6), together with boundary conditions given in (7.7)
make up a nonlinear boundary value problem with variables varying on an infinite domain. In
the sharp-interface limit, the solute field forms a boundary layer adjacent to the interface, and
its length scale is characterized by the ratio of the diffusivity to the interface velocity, i.e., D/V
[1]. This length scale is much larger than the characteristic length scale of the phase-field,
which is [,. In order to solve for the solute and phase field equations numerically, the region is
truncated to some finite domain of length, Ly (where N is the number of points), chosen to be
‘large’ enough so that the boundary condition in the solid bulk phase is applied at z = — Ly /2,
and the condition in the liquid bulk phase is applicable at Z = Ly /2. Because the variation
in the phase-field, ¢, occurs on the length scale, [, in the vicinity of the interface, and the
solute ¢ varies on a much larger length scale, which decreases monotonically as the interface
velocity increases [2], problems may arise when solving the governing equations. This is due
to the fact that the difference in the length scale is accentuated when the interface velocity is
small. Thus in order to ensure the far-field boundary conditions for ¢ are met, a much larger

domain is needed. This often causes problem in obtaining ‘well-resolved’ solutions for both

¢ and c.
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We tackle this problem by allowing the uniform interval between each of the evaluation
points to vary with L. This has the effect of letting the length scale in the numerical code to
change with velocity. We set Ly and the scaled interface velocity V., to be input parameters
so that everytime V. changes, Ly can also be changed. Consequently, for a specific value of
Vf, Ly can be altered until the boundary conditions are satisfied and the program converges
satisfactorily. Because the interval between each evaluation points is defined as, { = Ly/N,
increasing Ly alone will make the solution ‘less well-resolved’ (i.e., [ is large). Therefore, in
order to increase the resolution, N can be increased.

Other input parameters include the latent heats of the pure components of the alloy, L4
and Lp, their melting temperatures, TA/}[ and T2, the equilibrium segregation coefficient k., the
far-field concentration co, the diffusivity ratio Dg/Dr, € and A. The boundary value problem
is solved using a second order Finite Difference Method. Instead of imposing the Dirichlet
boundary conditions in (7.7), Neumann boundary conditions are employed at Z = —Lx /2 and
Z = Ly /2, for both ¢ and ¢. An additional equation is added to the system of equations, to
solve for the extra variable in the problem, namely, the interfacial temperature 7. This extra
equation is an integral condition (applied numerically using Simpson’s Rule) given below,

F=—Ln /2 1
/ [¢>(2) - —] iz = 0. (7.12)
F=Ly/2 2
The finite difference discretization of the governing equations is given in appendix C. The
discretized equations and the integral equation make up a system of nonlinear algebraic equa-
tions for the nodal values of ¢, ¢ and the value of T. This system of equations is solved
using subroutine SNSQE, which contains an algorithm for solving N nonlinear equations in
N variables by a modification of the Powell Hybrid Method [67].

After a successful convergence, the program calculates the maximum value of solute con-
centration and computes a value for the partition coefficient k, which we define as k¥ = ¢ /Cmax,
where cmax 1S the maximum value of the solute concentration.

Most of the calculations we performed are based on the Nickel-Copper alloy data given
in appendix B. The phase diagram of the Nickel-Copper alloy has been experimentally de-
termined to have the lens shape, and hence the phase transition may be assumed to occur
from an ideal liquid mixture to an ideal solid mixture. Unfortunately, the near-equilibrium
solidification of most alloys cannot be represented by the lens-shaped phase diagram. As we
have shown in chapter 5, the shape of the phase diagram depends on the type of mixtures
(e.g., ideal, regular, subregular, etc.) which exist in the two distinct phases of the solidifying

material. The current model can be extended to non-ideal alloys by adding the term corre-
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sponding to the contribution of the entropy of mixing of components A and B (the case of
a regular solution mixture has been demonstrated in chapter 3), to the free energy density

function.

7.2.1 Initial guesses

The subroutine SNSQE employed in the numerical algorithm contains a procedure for solving
nonlinear functions which uses the Newton’s Method. This method requires a good initial
guess in order for the code to converge satisfactorily and produce the required solutions. The
nature of the solidification process itself, which departs from the near equilibrium state as the
solidification velocity is increased, produces solutions that have very different behaviour for
different values of V,. Therefore, in order to achieve successful convergence of the numerical
code, different initial guesses are needed at low Y~/€ and high 176 Thus we have used two

different forms of initial guesses corresponding to the two different cases below:

1. At low V,, the ¢ and c lie close to the solutions correspond to a stationary interface, and

these are given by [2],

b = %[l—tanh(?)é*é)], (7.13)
1

= — (7.14

C T (o) !

T = 1700, (7.15)

where,

fE = flp=0c=cp)
= 18(6% —%)¢° (1 — §)? + (AFp — AFA)¢(3 — 2¢) + In(er /(1 — er)),

ot = \/COOO‘% + (1 = coo)0?,
o = o"/(e/RT/vm),
g4 = oa/ley/RT/vy),

o _TA

RT /v, T

with ¢oo (= cg) and ¢, correspond to the solidus and liquidus concentrations of the alloy

(obtained from the phase diagram), and T is the corresponding temperature.
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(if)

Figure 7.1: (i) initial guess for ¢, (ii) initial guess for c.
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2. At high V., the solutions can be approximated as asymptotic expansions in 17;1 (de-

scribed in chapter 8), i.e.,

b = %[1—tanh(3&82)], (7.16)
6= o+ VD, (7.17)
T = T (7.18)
where,
D de [z~ P
= (B2 1) #0200+ 1] el = e (7570 00) + T ()

757 = 36(6% —a%)b(1 - #)(1 - 2¢),

f9 = 6(AFp - AFA)$(1 - 4),
coolip + (1 — Coo)LA

oo Lp /TS + (1= co)La/T

5 = o/ (a/RTO /vm) |

Both the initial profiles for solutions at low and high V. are shown in Fig. 7.1.

Notice that at low velocities, the initial guesses depend on the values of the solidus and
liquidus concentrations (and hence k). Therefore, it is vital that the equilbrium phase diagram

of the alloy is known in order to obtain reasonably accurate solutions at low interface velocities.

7.2.2 Grid resolution

We have described earlier how the size of the domain of computation can affect the conver-
gence of the numerical code and the quality of the computed solutions. As a demonstration,
we computed the solutions for three different values of the domain size, Ly, with all other
parameters fixed (see Fig. 7.2 and 7.3). We can see from the solute profiles in Fig. 7.2 that,
although the code converges when the size of Ly is too small, the discrete points on the
solution curve are observed to ‘oscillate’ about the ‘actual” solution of the problem. This is
evident from the fact that a very ‘rough’ and ‘jagged’ curve is obtained when all the points
are connected by straight lines. This solution clearly does not accurately satisfy the boundary
conditions at the end points (i.e., de¢/dz # 0). As we increase the size of Ly, the solution
curve becomes much smoother and its gradient approaches zero gradually near the edge of
the computational domain (see Fig. 7.2(ii)). On the other hand, the phase-field profiles (see
Fig. 7.3) are generally smooth, with the far-field boundary conditions adequately satisfied at

the end points, for all the three values of Ly.
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Figure 7.2: The solute profile computed for three different values of Ly, Ly = 20, Ly = 40 and Ly = 60.
The values of 176, and A are fixed in all cases. The figure in (iii) shows that once the appropriate size of the
domain length is achieved (i.e., when the far-field boundary conditions are satisfied, in this case Ly = 40),

increasing L further will not change the solution in any way.
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Figure 7.3: The phase-field profile produced for three different Ly. Although the profiles satisfied the neuman
boundary conditions in the far-field for all three values of Ly, the number of evaluation points in the interfacial
region are reduced as Ly is increased, i.e., reducing the resolution of the solution. In order to improve the

resolution, NV has to be increased (while keeping Ly fixed).
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Once the correct boundary conditions are satisfied, the solution can be further improved
by increasing the number of mesh points, N, i.e., decreasing the grid size, where the grid size
[ is defined as Ly /N. In order to demonstrate how the solutions improve as we increase N,

we define the area under the solute curve as,

L
C:/O (c(3) — coo)d5. (7.19)

The integral (7.19) was evaluated numerically using the Simpson’s Rule, where as N is in-

creased, we can expect C to take the value given below,
C =Cn, —a1/N? —ay/N*, (7.20)

where C_, is the value of C' when N = oo and «; and oy are constants. The terms of orders
1/N? and 1/N* are the truncation errors from the finite difference method and the Simpson’s
rule respectively. Assuming the term of order 1/N* is small, we expect the solutions to be
linear in 1/N2.

The value of C' for various values of N are tabulated in Table 7.1, where it can be seen
that the computed values of C' approaches a fixed number, namely Cy_ as N is increased.
Assuming Co ~ Chop, we calculated the value of a; corresponding to N = 50, ...,500 using
equation (7.20) (with ap/N* = 0), and the values of C given in Table 7.1. The average of
the five different values of a; obtained from the calculation, namely «ay, is found to be 0.022.

Equation (7.20) can now be estimated as,
C = Coo — tgy /N2, (7.21)

or equivalently,

In(Co — C) = =21n(N) 4 In(agy), (7.22)

which is represented by a straight line with slope —2 that intersects the vertical axis at the
point (0, In{e,)). This line is drawn against the corresponding numerical data in Fig 7.4, and
the plot shows that all the data points lie approximately on it. This agreement validates the

claim we made in (7.20) and therefore confirms the accuracy of the solutions.
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Number of points, N C |
50 1.695632 x 1072
100 1.696344 x 1072
200 1.696460 x 1072
300 1.696511 x 1072
400 1.696515 x 1072
500 1.696532 x 1072
600 1.696535 x 1072

Table 7.1: A table of the values of C for increasing values of the number of mesh points, N.

Figure 7.4: The computed values of In(C\, — C) are plotted against In(/N). The data lies very closely to the

straight line In(Coo — C) = @y /N?, where Cn., = 1.696535 x 107% and aa, = 0.022.
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7.3 Numerical results

The numerical calculations are carried out using the data from the Nickel-Copper alloy (see
Appendix B). The value for the far-field concentration c is fixed throughout the calculation.
It is estimated as the solidus concentration of the solute and this is determined using the
common tangent conditions described in chapter 5. For an interface temperature of 1700K,
the solidus concentration is found to be 7.17441 1072 and it corresponds to an the equilibrium
partition coefficient of 0.7965. The value of 6.6 X 1076J/2¢m=1/2 is chosen for €, and this is

also fixed '. All calculations are carried out using N = 200.

7.3.1 Solutions when Ds/D; = 1.

The solutions of the phase-field problem are first computed for a non-zero value of A. This is
done for increasing values of the nondimensional speed V., with constant diffusivity throughout
the domain, (i.e., Dg/Dy = 1). The results are depicted in Fig. 7.5(i) and 7.5(ii). It can
be clearly seen from the plots that the code has successfully produced solutions with much
of the qualitative behaviour expected of rapid solidification. In Fig. 7.5(i), the maximum
value of the concentration, ¢, decreases with increasing value of V., resulting in a decrease of
the degree of segregation between the solid and liquid, i.e, solute trapping occurs. We also
observe a monotonic reduction in the characteristic length scale of the solute field as V. gets
larger. On the other hand, the characteristic length scale of the phase-field remains almost

constant for all values of V, (Fig. 7.5(ii)).

!The behaviour of the solutions are similar for all values of . The size of € determines the thickness of the

interface (see section 7.4 later)
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Figure 7.5: (i) The solute profile computed for different values of the dimensionless velocity V., (i) the
corresponding phase-field profiles for the three different values of the dimensionless velocities are shown here to
be indistinguishable. The diffusivity is assumed equal in both phases and distance has been nondimensionalised

with respect to [.. The material parameters are those of Nickel-Copper alloy given in appendix B and the values

of § and € are fixed at 3.3 x 107°J*2cm™/? and 6.6 x 107%J%2cm~"/2 (i.e., A = 5) respectively.
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Figure 7.6: (i) The solute profile computed for different values of the dimensionless velocity 175, where
diffusivity is equal in both phases. Distance has been nondimensionalised with respect to l.. The material
parameters are those of Nickel-Copper alloy given in appendix B. The value of ¢ is 6.6 x 107%J"/?cm~1/2
and A is fixed at 0. (ii) The solute profiles for A = 5 and A = 0 are compared for increasing values of the

dimensionless velocity V..
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Figure 7.7: The solute profiles drawn for three different values of Dg/D;y. The solutions were computed with

V. = 1, where the value of € is fixed at 6.6 x 1076J*/2¢m™ /2 in all cases.
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Figure 7.8: The solute profiles for A = 5 and A = 0 are compared for increasing values of the dimensionless

velocity XN/E .
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In order to investigate whether or not solute trapping occurs as a result of the inclusion
of the solute gradient energy term in the free energy functional of the model, we repeat the
calculations above for the case when A is identically zero, i.e., excluding the solute gradient
energy term. For the three increasing values of 176 we considered, i.e., 176 = 0.1,0.3, and
0.6 (with the domain length Ly of 180, 80 and respectively), the solutions (shown in Fig.
7.6(1)) exhibit a similar trend to the solutions obtained in the previous case. Regardless of the
absence of the solute gradient energy term, the degree of segregation decreases monotonically
as V, is reduced. This suggests that the solute gradient energy term is not a prerequisite
to solute trapping. The results also show a decrease in the characteristic length scale of the
solute field as 175 increases.

We go on to compare the solutions in the two cases A = 0 and A # 0, for a much larger
value of V., and it is found that the solute profile when § # 0 becomes very similar to the
profile when ¢ = 0 (see Fig. 7.6(ii)). In other words, the degree of segregation becomes
increasingly independent of §, as V, becomes large. Thus we can see that in the high V.
regime, the term propotional to the velocity in the solute equation (see (7.6)) dominates the

equation causing a minimal effect from the solute gradient term.

7.3.2 Solutions when Ds/Dy, # 1

In real situations, the diffusivity in the solid phase is normally very small compared to that in
the liquid. Typically, Dg is four orders of magnitude smaller than Dy . It is therefore natural
to explore the changes in the solutions as the the ratio of the diffusivities, Dg/ Dy, approaches
zero. We perform the computations using the same values of € and ¢, as before. The solute
profiles for three different values of Dg/Dy, are shown in Fig. 7.7, from which we can see that
as the value of Dg/Dj, approaches zero, there is a reduction in the maximum value of solute
concentration. At the same time, the Z-coordinate at which the maxima occurs, becomes more
positive.

In Fig. 7.8 we compute the solute profiles with Dg/Dj = 0, for two different values of
V., and compare the two cases A = 0 and A # 0. Again, solute trapping is observed with

decreasing dependence on & as V, is increased.
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Model length scale limit(s) dimensionless velocity | solute trapping?
WBM1 le le/(D/V) =0 V =1/(D]V) no
WBM2
(Wheeler et. al.’s I, ls IJls =0 Vs =15/(D]V) yes
formulation)
WBM2
(our formulation) le none V.=1/(D/V) yes

Table 7.2: A summary of the results from the analyses of the WBM model.
7.4 The determining factor of solute trapping

In section 7.1, we nondimensionalised the governing equations using the length scale [, which
is the length scale over which ¢ changes. This is also the length scale used in the WBM1 model
[1], where, in the limit {/(D/V) — 0, the model was unable to capture the solute trapping
phenomena. In the generalisation of the WBMI1 model, i.e., Wheeler et. al.’s formulation of
the WBM2 model, another length scale was introduced, namely, 5. This is the length scale
associated with the solute field, ¢. In the limit [ /{5 — 0, the model succesfully predicts solute
trapping when the interface velocity is large. The observations above raise the question of
whether the relative sizes of D/V and, either /; or /., determine solute trapping,
a question which we will try to answer shortly.

In order to get a clear picture of the relationship between the different length scales and
solute trapping, we summarise the results from the three different formulations of the WBM
model, in Table 7.2, which shows that the three phase-field formulations share one thing in
common, namely, all the dimensionless velocities are defined as the ratio of, either [, or s,
to D/V. The quantity D/V is in fact, the diffusive length scale of the solute field. Thus, in
our formulation for example, when the dimensionless velocity, V. is large, this implies that
D/V is ‘small’ compared to l.. Therefore, we identify the solute trapping phenomena, as
the behaviour that results from D/V being comparable or smaller than the length, with
which the interface velocity is scaled. This explains why solute trapping behaviour is captured
in Wheeler et. al.’s formulation of the WBM2 model, and not in their earlier formulation,
i.e., the WBMI1 model. The sharp interface limit that was taken in their first analysis, i.e.,
the limit [./(D/V) — 0, is equivalent to insisting the D/V is larger than l.. On the other

hand, in the generalised version, the sharp interface limit, [ /ls — 0 (with I5 fixed), was taken
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independent of D/V. Therefore, solute trapping is observed when Vs is large.

The explanation above mainly concerns the technicalities involved in the nondimension-
alisation of the interface velocity. In order to relate the technical aspect to physics, we need
to take a closer look at [, and ls5, and investigate their relationship with the thickness of the
interface.

In section 3.2, the interface thickness is shown to be characterised by I;, where [; is given

by

2
li=—. (7.23)
60 4
This may be written as,
l
l; = ——, (7.24)
654,
where 64, = 04/(er/RT [vy,), or,
l
= (7.25)
60 4,

where 4, = 04/(6v/RT [vmm). Thus, we see that, both I, and s, are directly proportional
to the interface thickness I;. Hence, we conclude, that solute trapping occurs when D/V
becomes comparable or smaller than the characteristic thickness of the interface.

It is important to note that, we managed to arrive at the conclusion above, because the
phase-field model prescribes a finite thickness to the interface. This is not possible in the
CGM, or any of the solute trapping model described in chapter 4, because they are based
on a sharp interface formulation of solidification. The assumption made in the models,
that the interface has negligible thickness, prevents a direct relation between the physical

length associated with the solute field, and the interface thickness.

7.5 Partition coefficient and diffusive speed

The partition coefficient &, which is defined here as the ratio of the far-field concentration to
the maximum concentration of solute, is a parameter used for measuring the degree of solute
trapping in rapid solidification. The solutions obtained through the numerical calculations
provide a range of values of k for different values of V.. The observed dependence of k on V,
agrees qualitatively with existing solute trapping models, in that its values increases to unity
as V, gets larger. This is evident from the marked decrease in the maximum concentration of
solute (see Fig. 7.6(i)) as V, increases.

However, many of the existing solute trapping models contain another parameter, namely

the diffusive speed Vp, which does not appear explicitly in the WBM2 model. In most
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experiments on solute trapping, for example in [4, 8], the value of the diffusive speed is
obtained by fitting a suitable solute trapping model to the experimental data, where Vp is
treated as a fitting parameter. We will use a similar method to derive a value for the diffusive

speed from the numerical values for k(V.), and the procedure is described in the following

section.

7.5.1 The diffusive speed

In order to demonstrate how Vp is calculated from the numerical solutions we have obtained,
a set of values for k are computed for various values of the dimensionless velocity V.. We again
use the data of the nickel copper alloy in appendix B, where € is given as 3.3 x 107631/ 2em=1/2,
and k. is chosen to be 0.7965 which corresponds to a solidus concentration of 7.17441 x 1072
and temperature of 1700K. The diffusivity ratio Dg/Dy, is fixed at 0.5.

A similar procedure as carried out with the experimental results is employed here onwards,
i.e, the set of numerical k& values is treated in the same way as the experimental k£ values.
Thereby, we performed a Least Squares Fitting of the numerical £ values with a suitable
solute trapping model, which in this case is the Continuous Growth Model (CGM). The CGM
is given below where the fitting parameter in this case is the nondimensional value of Vp,

namely Vp = Vpl, /D, -
ke +Ve/Vp

k= MeS (7.26)
1+VE/VD

In least squares method, the value of Vp for which CGM fits the numerical data best, is the

value for which the following sum of squares, (), is at its minimum [58],

Q= > (ki — B2, (727)

where N is the number of evaluation points, k; is the numerical value of k corresponds to the
i-th value of V, i.e. V7, and k¢ is the value of k evaluated from (7.26) at V. This is the sum
of squares of the residuals between the two sets of k values. ) achieves its minimum value
when its first derivative with respect to Vp (or 1/Vp) is identically zero. Hence, the best fit

value of Vp satisfies the following equation,

Y dE
D

2 m(k‘i — k) =0, (7.28)

where here, we have differentiated () with respect to 1/ Vp for simplicity.
The numerical k values and the fitted & values from CGM are plotted in Fig. 7.9, in which

the two sets of data are observed to be almost indistinguishable. The numerical &k values are
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Figure 7.9: The numerical approximation of the partition coefficient k is plotted for various values of the
dimensionless velocity V.. The smooth curve represents the results from least square fitting, with the best-fit
value for Vp = 0.5525. The diffusivity ratio Ds/Dy, is fixed at 0.5. The value of € is 3.3 x 107¢J*/2em™1/2,
which is the corresponding value for a Nickel-Copper alloy. The equilibrium segregation coeflicient k. is 0.7965

which corresponds to a solidus concentration of 7.17441 x 10™% and temperature of 1700K.

shown to be close to the equilibrium value of 0.7965 for small V,, and as V. increases, k rises
to unity. The best-fit value for Vp is found to be 0.5525 which corresponds to a dimensional
value of 0.73m/s. Considering how good the numerical values of the partition coefficient for
the WBM2 fits the CGM model, it is fair to suggest that the two models have similar physical

attributes. This idea will be explored in detail later in section 8.5.

7.5.2 Dependence of Vp on k., Ds/Dy, and ¢

We use the least squares fitting method described above to compute Vp for various values
of k., Ds/Dy, and € and extract a value for the dimensional diffusive speed by using the

relationship,

Vp = VpD/L..

The calculations are performed separately for each of the three parameters, (i.e., k., Dg/Dy,
and €), keeping two of the parameters fixed while varying the third. The quantities Dg/Dy,
and e are altered without making any changes to the other material parameters. On the other

hand, k. is varied by changing the values of the melting temperature and the latent heat of the

83




B component of the alloy, namely 75 and Lp, according to the relationship k. = exp(—ﬁ\FB)
where AFp = (Lp/(RT/vm))(T — TEY/TE. This is equivalent to computing a series of
values of Vp corresponding to several component A-based alloys (in our case, these are the
Nickel-based alloys).

The values of the dimensional Vp are plotted against each of the three quantities k.,
Dg/Dy, and € in Fig. 7.10. In the first diagram, Vp is plotted against k. in which Vp is
observed to decrease with k. (k. < 1). This inverse correlation is consistent with experimental
observation made by Smith et. al. [4]. Because Vp is the value that scales the interface
velocity, V, (i.e., V has to be large compared to Vp in order to attain solute trapping), the
result above suggests that if the solute partitioning at equilibrium is small (k. close to unity)
(i.e., the liquidus concentration of the solute is almost equal to the solidus concentration),
solute trapping can occur at lower values of V. In Fig. 7.10(ii), Vp exhibits an approximately
linear increase with the diffusivity ratio Dg/Dy, suggesting trapping of solute occurs more
readily when, either Dg is small, i.e., limited diffusion in the solid phase, or Dy, is large, i.e.,
complete diffusion in the liquid phase.

The last plot in Fig. 7.10 is In(Vp) against In(e) where the values of In(Vp) are observed to
decrease linearly with In(e). A straight line of slope —2 is drawn against the data to show that
almost all the data points lie near this line. We therefore deduce the following relationship
for Vp and ¢,

In(Vp) = —21n(e) + In(Cy),

or equivalently,

Vp = Cie™?, (7.29)

where Cj and C} are constants, i.e., Vp is inversely proportional to €2. But from (7.23), € is
shown to be directly proportional to the interface width /;, implying that Vp is also inversely
proportional to [;. This relationship agrees with the basic hypothesis of CGM that claims

Vb = D;/l;, where D; is the interface diffusion.
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Figure 7.10: (i) A plot of the dimensional diffusive speed Vp against the equilibrium segregation coefficient
k.. The diffusivity ratio is assumed to be zero, and the value of ¢ is fixed at 3.3 x 107%J"/2cm™*/2, which is the
corresponding value for a nickel-copper alloy (see appendix B). (ii) A plot of the dimensional diffusive speed
Vp against the diffusivity ratio Ds/Dr. The values of k. and ¢ are fixed at 0.7925 and 3.3 x 10771 2¢m~1/2
respectively. (iii) A plot of In(Vp) against In(e), a straight line of slope —2 is drawn against the data showing

them lying very close to this line. The value of ke is fixed at 0.7965.
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7.6 Interfacial temperature

The interface temperature appears as an eigenvalue of the governing equations of the WBM2
model. Its value is found numerically along side the phase field and the solute field. For the
nickel-copper alloy data, three sets of values arc obtained numerically for the temperature,
these are for A = 0, A = 10 and A = 100. The three sets of results are plotted in Fig.
7.11(i) where the values are shown to depend weakly on A at low interface velocities, this
dependence slowly diminishes as V. is increased. At high velocities, there is a sharp decline
in the temperature, exhibiting the so-called kinetic undercooling at the interface.

A measure for the undercooling of the melt adjacent to the interface is provided by the
interfacial temperature 7. Results from sharp interface models (see chapter 2) show that
the temperature at the interface may be formulated as a function of the interface velocity
V. For dilute alloys, this function is given by (2.9), which is applicable for a process where
solute drag is limited. More generally, for dilute alloys with a fixed solid composition, ¢, the

undercooling function has been derived to be,

T=Ty+

ML Coo (1 —k —I—aln(k'/ke)) v (7.30)
k 1~k w’ '

where Ty is the pure (solvent) melting point, my is the slope of the liquidus, and p is the
interface kinetic coefficient for the pure solvent. The value of the parameter « depends on
whether or not ‘solute drag’ effect is included, it is equal to & when solute drag is neglected
and equal to unity when solute drag is included. This expression was deduced by Aziz and
Boettinger [68] from the consideration of the eflective free energy difference between liquid
and solid during solidification, using Turnbull’s collision-limited growth model [69] and the
Continuous Growth Model [19].

We compare the numerical values for the interface temperature corresponding to A = 0,
with the sharp interface prediction given in (7.30), by plotting the two results in Fig. 7.11(ii).
For both cases, with and without solute drag, the numerical solution agrees very well with
the sharp interface result. The agreement is observed to get better as the interface velocity

increases.
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Figure 7.11: (i) The temperature profile is plotted for A = 0,10 and 100, which corresponds to § =
0,3.3x 107° and 3.3 x 107*J/?cm~/? respectively. (ii) The numerical solution for the interfacial temperature

is compared with the sharp-interface predictions, with and without solute drag.
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Chapter 8

The high solidification velocity

limit with §/¢ constant

The numerical calculations in chapter 7 indicated that the WBM2 model has successfully
captured the solute trapping behaviour, irrespective of the value of the solute gradient energy
coefficient §. Moreover, the solution for the solute field with § nonzero, approaches the solution
when 6 = 0, as V, is increased. This result provides a useful indication of the weak influence
the solute gradient energy term has on the model when the interface velocity is large.

In order to investigate the trapping phenomenon further, it is appropriate to perform an
asymptotic analysis of the governing equations in the large V. regime. This is carried out
below for both cases when Dg/Dy = 1 and when Dg/Dy # 1. The asymptotic expressions
for the partition coefficient £ in both cases, are compared with the large V/Vp asymptotic
expansion of the partition coefficient from the CGM, from which, expressions for the diffusive
speed Vp are established. The values of Vp obtained from the more realistic expression where
Dg/Dy, = 0 are compared with the experimental values obtained by Smith et. al [4], and very

good agreement is found.

8.1 Asymptotic analysis for V. — oo

We will first explore the form of the solutions when the diffusivity ratio, Dg/Dy, is equal to

unity. We proceed by expanding the solution as a regular perturbation series in 175'1,
o =02 + Vg0 ) + OV, (8.1)

¢=d9z) + vV dW(z) + 0V, (8.2)
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as V. — oo. Substituting these expansions into (7.4) and (7.6) gives, at leading order,

d2¢0) N de)(o) B
dz? m dZ

(fé—?)(qs(O)’ c(o)) + féo)(qs(o)’ C(O))) =0, (8.3)

and

9 = ¢ (8.4)

The quantity 7n is shown in chapter 5 to be related to the dimensional interface kinetic

coefficient of A, p4, by

AT AT](;)

M=
For the Ni-Cu alloy, this value turns out to be rather large compared to typical values of
V.. Under this assumption, we infer that it is quite acceptable to assume V. /™ is small and
therefore assume the second term in (8.3) is negligible. In which case, the equation (8.3) has

the solution,

$9)(3) = %[1 _ tauh(35"2)], (8.5)
where
with

of = \/cooa% + (1 — coo)0%;
when

¥ =o.
This latter condition is met when
F(leoo) = f(0,c00). (8.6)

Solving for T' from (8.6) gives the temperature when free energy curves of the solid and
liquid intersect, i.e., solid and liquid phases have the same free energy density. Denoting this

temperature by Tp we find,

CooLp + (1 - Coo)LA

Ty = .
oo Ln /TSP + (1 = o) La/TY

(8.7)

It is a simple matter to generalise the above, to the case when V. /™ is not small where,
in this case, the temperature is given by

Vo*

T =T, — )
® 7 WD [cooLp/TE + (1 — coo)La/TE]

(8.8)
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In the dilute limit, i.e., when ¢y, = 0, Ty ~ TA"/‘[ and o* &2 04, (8.8) may approximated as
T~TH — —. (8.9)

Notice that the extra term in the temperature equation (8.8) is in fact the kinetic undercooling
term, which is a non-equilibrium cffect. Thus, by neglecting the term V. /™, we are in fact
neglecting the non-equilibrium effect on the temperature caused by the high interface velocity.

We proceed to find the next order term in the asymptotic solution for the solute concen-

tration, and we obtain the following,

dp® .
D =~ (1 - coo)% (7520, co0) + F5 (41, 0)) » (8.10)
with ¢(0) = L1 — tanh(3532)], where 63 = o/(e\/RTo/vy). Writing (8.10) explicitly, we have
M = %Zcoo(l — Coo) (G50 — 640)[1 — tanh?(357 2)]*[tanh (3653 2) + 7], (8.11)
where . -
sy (8.12)
6(00 — T40)
G40 = 0a/(ey/ RTo/vm); dpo = op/(e\/ RTo/vm),
and,
= La  (Do-Ty) o Lp  (To—T5)
AFy = . AFpy =
T R fom) T8 PO IRTy Jum) TR

Note that the form obtained for ¢(!) here is a quintic in tanh(36%2) (an asymmetric function),
and it reduces to sech?(365%) when & >> tanh(35%) (a symmetric function). This observation
suggests a transition in the profile of ¢(1), from asymmetric to symmetric, as 7 is increased.
The plot of ¢1) for increasing values of  shown in Fig. 8.1 confirms this prediction. For small
values of 7, the profile has a local maximum and a local minimum. As we increase the value
of 7, the profile becomes symmetric about Z = Z,,,., where Z,,,, is the Z coordinate of the
local maximum of ¢(1). At this point, the local minimum disappears, at the same time, Z;,q
becomes less negative and approaches zero.

We are now able to proceed to find the corresponding asymptotic expression for the par-
tition coefficient k. This involves determining an estimate for the maximum concentration,
which will be calculated from the asymptotic expression derived for ¢ above. It is discussed

in detail in the following section.
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Figure 8.1: The ¢!V profiles for values of & ranging from —0.53 to —36.63. These values correspond to values

of € of 1.98 x 107%, 3.3 x107°, 6.6 x 107° and 1.65 x 107 °J*/2cm™/? respectively.

8.1.1 Partition coefficient and solute trapping

In order to establish an asymptotic expansion for & in ‘76_1, we need to calculate the maximum

value of the solute concentration ¢, and therefore, a detailed analysis of the form of ¢ is required.

It is simple to see that, to O(V,"1), ¢ attains its maximum when ¢1) is at its largest. Hence,

we differentiate ¢(!) once with respect to %, in order to analyse its turning points, i.e., the

z-coordinate for which dc/dzZ = 0. It follows from this analysis that the Z-coordinate at which

the maximum/minimum of ¢(!) occurs can be obtained by solving the following quadratic in

tanh(362):

4
tanh?(357%2) + gﬁtanh(Bc}a‘Z) —
The solutions to (8.13) are given by the following equation,

tanh(365%) = —

which gives two values for Z,

and

(SRR ]
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(8.14)

(8.15)

(8.16)
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Solutions (8.15) and (8.16) exist only when the modulus of the right hand side of equation
(8.14) is less than unity. Therefore, in order to investigate which of the two roots exists, we
expanding the square root in (8.14) for the two cases, |[7|> 1 and |P|< 1, and obtain the

following expansions for tanh(3532),

(1) the case |P|> 1,

Wl = 207+ 007,
tanh(3677) = or as |U|— oo. (8.17)
35— 207+ 20T+ O(070);

(2) the case [p|< 1,

tanh(363%) = or as |o|— 0. (8.18)

We see that when |P|< 1, both roots exist. On the other hand, when |7|> 1, the modulus of
the second expansion in (8.17) may become greater than unity, when || is large enough. The
critical value of |7|, i.e., the value that corresponds to {tanh(35§Z)|= 1, |7| say, may easily
be calculated from (8.13) to be unity. Therefore we infer that when |7|> 1, only Z_ exists.
The two roots Z_ and 7, determine the Z coordinate of the turning points of ¢!). Let
us now refer to the profiles in Fig. 8.1, where ¢(!) is plotted for increasing values of |7|. The
plot indicates that, for |#7|= 0.53 (which is less than |Z;|), the two roots correspond to a local
maximum and a local minimum. Tt also shows that the root corresponding to the local
maximum (Zme, say) is more negative than the root corresponding to the local minimum

(denoted as Z;,). Now, assuming 7 is negative!, equations (8.15) and (8.16) imply
P< 3y,

where we have assumed tanh(363%) ~ 35%2. We then infer that ¢1) has a local maxima at

and a local minimum at

'This is true when the surface energy of the B component of the alloy is less than that of the A component

(ie., o <o0a)
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Thus, the concentration profile has a local maximum for all values of |7], and the Z coordinate
of the maximum is given by (8.15).

It appears that the maximum value of ¢, ie., ¢V (Z02) = csrllzn, is very dependent on
the magnitude of &, and because the partition coeflicient, k, depends on the maximum value
of the concentration (i.e., c$,{2n), we also expect k to depend on . In fact, it can be shown

that 7 is directly related to the equilibrium partition coefficient, k.. In order to see this

more clearly, we refer to equation (6.19), where for ideal solutions,
ke = exp(—AF o), (8.19)

which implies that,
AFgo = In(1/k.). (8.20)

Now, in the dilute alloy limit, i.e., the limit when the mole fraction of the B component of

the alloy is very small compared to that of A, ¢, = 0 and Ty =~ TA“/‘[, which gives,

EF’BO

6(5%0 — 540)

_ ln(l/ke) (8 21)
6(5%30 - 51240)7 -

thus, |7| has a specific value for each alloy. Equation (8.21) indicates that large values of |7

correspond to small values of k.. A rough estimate for c%x in this case, is given by,

27 xy = 29\~ o
e = 5 Cooll = Coo)T3 (G50 — Ta0)7 + O(072), (8.22)
where we have aproximated tanh(353%) as $071.

Equation (8.21) also shows that the case || small, corresponds to k. =~ 1. In such a case,

from the first expansion in (8.18) that tanh(35§Zmae.) = —%, it follows that

27 e B VB 3. 2V5 . N
cg,i?m = 7000(1 — Coo)0}) (0%0 -~ 01240) — 5 + gu + Euz + O(V4) ) (8.23)

Having obtained the value for the maximum concentration, the partition coefficient may

be derived as follows,

po= 2 (8.24)

Cmazx

Coo
Coo t+ i}e_lc?(’rlnzzx + O(‘Z_Q)
01(72116 il ad
= 1- Vol o, (8.25)

Coo

We see from this expression that as V; increases, k increases to unity, in other words solute

trapping occurs. This result can be confirmed from the profiles of ¢ for increasing values
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’ Figure 8.2: The profiles of the asymptotic solutions for ¢ given in equation (8.2), with ¢*) given by (8.11),
Terms of (9(‘7;) and smaller are ignored. The profiles are are drawn for V. = 10, 50 and 100. The value of ¥

corresponds to that of the Nickel-Copper alloy, which is —1.46.

of V,, depicted in Fig. (8.2). The plots show a decrease in the maximum value of ¢ as V.
increases, exhibiting solute trapping. It is also important to note that, to first order in Ve, k
is independent of 6. This result is in agreement with the numerical results, from which it is
implied that the solute gradient energy is not needed in the model, in order for it to

capture the trapping phenomenon.
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8.1.2 Diffusive speed

From the Continuous Growth Model (CGM) (see section (4.2.2)), the dilute limit of the
partition coefficient is given by equation (4.14) and can be written as an asymptotic expansion

in Vp/V,

k=1+ (ke — 1)V7D +O([Vp/V]™?). (8.26)

It is possible to obtain an expression for the diffusive speed Vp as a function of the equilibrium
partition coefficient k., and the diffusivity D, if we assumed (8.26) is equal to (8.24), in which

case, the following relation holds,

L N
Crnax D
= . .2
Vo <coo> le(1 = ke) (8:20)

(1) * (1)
The quantity (%) denotes the dilute limit of —MCC(')O )

Large v, small k&,

Now, for large |7|, we have

1)
Crnaz 27 e~ o L
c = 7(1 — Co0)B5 (550 — G30)7 + O(577),
o0
9 ., = — _
= 100(AFpo — AFao) + O 2. (8.28)

In the dilute limit, Ty ~ T4} and ce = 0, therefore, the expansion in (8.28) can be approxi-

mated as,

Cgrlezz ’ 9
( ) = 26aln(1/k) + O™, (8.29)

Ceo
Substituting (8.29) into (8.27) we obtain the following expression for the diffusive speed,

_ 9D 4In(1/ke)

= =k +O™). (8.30)

Ignoring terms of O(7~2) and smaller, we write (8.30) in terms of the dimensional quantities,

this is,
9 Do In(1/k.)
=" 8.31
Vo =7 2(1— k) (8:31)
From (7.23),
os _ 1
e 6l
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Figure 8.3: The dependence of the asymptotic approximation of Vp on k..

which, after substitution into (8.31) gives,

3D n(1/k)

R (8.32)

D

This equation shows a direct relation between Vp and both the diffusion coefficient and
the interface thickness, and it differs from the basic hypothesis of CGM, namely Vp ~ D/l;,
by a factor which is a function of k.. We use this final expression to produce a plot of Vp
against k. (see figure (8.3)). It shows an inverse correlation between Vp and k., when k. is
small. This observation agrees with the experiment results obtained by Smith et. al. [4],

where the prediction they made is based on alloys that have values of k. ranging from 0.0007

to 0.3.
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Small 7, k. =~ 1

In this case, we have,

M \* g 5 3
(Cmaz) _ Z"A(a.QBO _ 5—1240) l:——-\g_— 4 gf/ + 0(172)} (833)
Coo

The diffusive speed, Vp, is then given by,

9 DG (6%, —5%) | V5
Vp == A
4 (1 —ke) 5

+ O(ﬁ)} , (8.34)

where we can see that, to leading order in 7 a singularity exists at k. = 1.

The singularity is caused by the definition we have used for k. (see equation (8.19)), which
is derived using the common tangent construction, and restricted to alloys with the idealised
phase diagram. This definition implies that AF Bo = 0 whenever k., = 1, which in turn
suggests that the interface temperature is equal to Tﬁ, the melting temperature of the B
component of the alloy (i.e., the solute). In other words, for the ideal solution case, this
corresponds to the solidification of pure B, which is not applicable in the dilute limit we have
taken (i.e., the limit ¢ — 0, where ¢ is the mole fraction of B in the alloy). It clearly shows
that the ideal solution model is not capable for estimating Vp for k. = 1. A more adequate
model would require the the addition of non-ideal mixing entropy terms in the corresponding
free energy density function, an example of which, is given in chapter 6, where the regular
solution formulation of the WBM2 model is described.

In summary, the derivation of equation (8.32) is a breakthrough in the development of
the theory of solute trapping. The equation, not only confirms the experimental prediction,
it also provides an explicit form for the diffusive speed Vp, which, to date, remains as a
fitting parameter. The direct relationship between the diffusive speed, Vp, and the material
parameters, will enable us to provide an estimate of Vp, for any alloy systems in which the
value is not available. Because equation (8.32) only applies for small values of k., a better
estimate, which would hold for a wider range of k., is clearly needed. Such an estimate may

be obtained by considering the phase-field formulation for non-ideal solutions.

8.1.3 Extension to cases k, > 1 and V, < 0.

In this section, the earlier analyses of the partition coefficient and the diffusive speed in the
large XN/G limit, is extended to the two cases, i) k., > 1 and, ii) TZ < 0, which are discussed
separately below. We will only consider the case where || is large in the following analyses,

i.e., we ignore the region where k., =~ 1.
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Figure 8.4: The ideal solution phase diagram for an alloy whose equilibrium segregation coefficient k. is

greater than 1.

The case k. > 1.

Throughout the analysis of the WBM2 model, we have mainly assumed the equilibrium seg-
regation coefficient k. is less than unity. There are cases in which the alloys have k., > 1.
These are the cases where the melting point of the B component of the alloy (i.e., the solute)
is higher than the melting point of the A component (i.e., the solvent). The idealised phase
diagram for such a system is given in Fig. 8.4.

The asymptotic results can easily be extended to this case, where the only significant
difference is that T]{,‘I < TAI?[. It will result in a change in the signs of AF Ag and AF B0,

which in turns changes the sign of cﬁ,ﬂw, ie., CS,{ZW = ~c§,1L2m where cﬁ,lLZm is the new value of

A (see definition of c%z in (8.22)). This causes the asymptotic expansion for the partition

coefficient £ to differ slightly from the case k. < 1, it is now given by,

O ~
P 1— Cmazx* V;_l + O(‘/g_g)v
Co

(1)

Cmax

= 1+ Vol oW P, (8.35)

Coo

which shows that as V, — 0o, k approaches unity from above, i.e., solute trapping.
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Figure 8.5: The diffusive speed Vp, is plotted against k., where k. is greater than 1.

Because AF po changes sign, so will the exponent of the earlier definition of k. derived
from common tangent construction (see equation (6.19)), giving the following new expression
for it,

ke = exp(AF po).

Consequently, a corresponding expression (for k. > 1) can be derived for the diffusive speed
Vp, which is,

3 Dln(ke)
© 81i(ke — 1)
This new form for Vp is plotted against k. in Fig. 8.5 and it displays exactly the same

Vi (8.36)

correlation as in the previous case with k. < 1, ie., Vp decreases with k.. (Note that
expression (8.36) is only valid for k., >> 1. The same singularity is found at k., = 1 because of
the same argument given for the case k. < 1 earlier). With this evidence, we conclude that

the solute trapping results obtained, is applicable for both cases k. < 1 and k., > 1.

The case 175 <0

This refers to a melting process, in which the solid-liquid interface advances into the solid.
The expected ideal solution phase diagram for this process is shown in Fig. 8.6, where, for
dilute alloys, the interface temperature lies close to the melting temperature of B. We can see
from the phase diagram that cg > ¢y, which implies k. > 1. Thus, we can expect to obtain
similar forms for k£ and Vp as in the last case.

Minor changes are needed in the formulation of the problem in order to account for the

melting process. The change in the direction of the interface requires V. to be replaced

99




] T 1 1

solidus —
ligquidus <©

Temperature

Ty

1 1

0 0.2 0.4 0.6 0.8 1
solute concentration

Figure 8.6: The ideal solution phase diagram for an alloy undergoing a melting process.

with —V,. Also, from the phase diagram it is straightforward to see that the two melting
temperatures have changed roles. For dilute alloys, the process occurs at the lower end of the
temperature scale, i.e., near Tf[. To alter the current model, we simply replace T]f},, whenever
it appears, with Tjﬁ.

Having worked through the asymptotic analysis again, applying all the required changes,
we indeed find the same expressions for k& and Vp as for the case k, > 1. This shows that the
two cases are equivalent when applied to the dilute limit. It also implies that solute trapping

during melting occurs in a similar manner as we see in a solidification process.
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8.2 Varying diffusivity

We can extend the analysis, as before in (7.10) and (7.11), where the diffusivity is allowed to

be different in each phase. The analysis leads to the same leading order solutions (8.3) and

(8.4). At O(V,) we obtain

D ~ do©® - _
= = (22 1) 4063 - 269) + 1] et = o) T (757009, 0) + 760, 00)).
L z
(8.37)
which, after the substitution of ¢(%) gives,
2
= -23(;00(1 — Coo) G (650 — 640)(1 — tanh?(3532))% (tanh (353 2) + D)
1 DS ~ ¥ (o *xz
<15 (D—L _ 1> (2 — tanh(3632) + tanh®(3532)) + 1| . (8.38)

8.2.1 Partition coeflicient

We repeat the calculations in section (8.1.1) and find that the turning points of c(!) are
solutions of a quintic equation in tanh(3552), which will be referred as Ps and is given below
as,

b _
Py = (D—S - 1> {tanh5(3635) + %tanh4(3535) - 5tanh3(3585)}
L

Dg . (Ds
i | Z5
+o (1) +90 (57 1)

4 [417 (% + 1) 3 (—gi - 1)] tanh(3572)

L L

Dg 3_(Dg
(ES ) <2 (28 ). .
(DL+ ) 2”<DL ) (8.39)

(Note that, when Dg/Dy, = 1, this equation is reduced to (8.13)). Therefore we expect ()

tanh? (363 2)

to have at most five turning points, which are either local minimas or maximas. Again, for
real values of Zpae (O Zpmin), the modulus of tanh(364%) has to be less then unity. In order
to investigate the zeros of (8.39) in this range, we plot the polynomial against tanh(35§%) for
different values of Dg/Dy. From the plots shown in Fig. 8.7 , we can see that the trend we
found in the case Dg/Dj, = 1 is repeated for the case when Dg/Dy, < 1, i.e., when |7|< 1, two
zeros (corresponding to two turning points) exist and as || becomes greater than unity, one

of the turning point disappears. The single turning point that remains, is found to become

more positive as Dg/Dy, is reduced.
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We go on further to plot the profiles of ¢(!) for different values of Dg/Dy, in Fig. (8.8(i)).
The profiles confirm the observations we predicted above where we can see that the persistent
turning point turns out to be a local maximum.

The profiles of ¢ for increasing V, in Fig. 8.8(ii) showed that solute trapping persists for
Dgs/Dj, < 1. The profiles are plotted using the Nickel-Copper alloy data with € = 3.3 x
1076J1/2¢m =2 where we see that for these values, the Z-coordinate of ¢y is shifted from
z = 0 by a small value, say %, i.e., Z;,4; = Z where Z satisfies (8.39). Expanding tanh(363Zmaz)
about Z = 0 we have,

tanh(3642) = 3652 + O(2%),
which, after substituting in the homogeneous equation

P5:07

we can approximate z as,

S 3 (Bemea) + 7 (8.40)

i 1 5 (BB

For simplicity, we will restrict the remaining analysis to the case |7| large, i.e., k. is small and

less than unity, in which case,

1 Dg/Dy, - 1) 8. <DS/DL — 1)2 0, o
~ 4 — 3{ =———— . 41
¢ 3253[ <D5/DL+1 T3 Py r1) U TV (841)

The approximate value for z gives,
tanh(3652z) =~ 3542
3 Ds/Dy, —1 Ds/Dy, —1\?
R R =l
32 Ds/Dp +1 3 Ds/Dp+1
+ 0}, (8.42)

Assuming tanh(3652) is small, where its estimate is given by the expression (8.42) above, an
approximation for the maximum concentration cg,ll?w can be found. This is,
e = V(2)
27 e D _ /D e
= cooll — coo)53 (5% — %) K—S + 1> v+ (—S + 1> tanh(36,72)
4 Dy, Dy,
1 /D

(—5 - 1) zztanh(:za—gz)] : (8.43)
Dy,

2
where, we only retain the terms proportional to tanh(36(z) and larger. After substituting for

tanh(354z) in (8.43), we have

27 o . _[/Ds 3 ((Ds/Dy —1)2 ~_
e = ZC”(I—C“)UO(U%O—U%‘O)"KDT“)_E(_DS%_LLIE)” + o .(8.44)
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Figure 8.8: (i) The asymptotic solution for the solute field for different values of Ds/Dy. (ii)The profiles of

the asymptotic solution for ¢ when Ds/D; # 1 exhibit solute trapping as ‘7; increases.
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The relationship (8.24) applies here for the partition coefficient, with cﬁ}ﬁm given by (8.44),

where we see the same trapping behaviour is produced.

8.2.2 Diffusive speed

We now look for an expression for the diffusive speed, Vp, by using the same method used in

KOO N .
section (8.1.2). In the dilute limit, the form for “zse is given below,

N 9 D 3 ((Ds/Dy, — 1)? n
< e > = coamn(1/k) [<—5+1) = <—“_Di/DLL+1 )—1—(’)(1/ 1)}.

After substituting this expression into (8.27), and ignoring terms of O(7~!) and smaller, we
obtain the following dimensional form for Vp,

 90aDyIn(l/k.) [(D 3 ((Ds/Dp —1)2
[Chl-r e l(ﬁ'“)‘ﬁ< Ds/D; 71 )] (8:49)

After substituting 04/€? with 1/(61;), equation (8.45) becomes

3 DyIn(/k.) [(D 3 ((Ds/Dr,—1)*
o= k) [(bf 1) 55 (W)} ’ (8:40)

where (8.46) relates Vp directly to the material parameters of the alloy.

We now have a more realistic form for Vp, which exhibits the dependence of the diffusive
speed on both the diffusivity in the solid bulk phase and the diffusivity in the liquid bulk
phase. We note that, when both diffusion constants are equal, the expression reduces to
(8.32). It is also interesting to note that, when the ratio Dg/Dy = 0, this final expression

becomes,
_ 39 Dy In(1/k)
D056 1 (1—ke)

(8.47)

In order to see how well (8.47) approximates experimental data, we plot the Vp — k. data
obtained from (8.47) and compare it with experimental values of Vp given in reference [4]
(see Table 8.1). The form in (8.47) is plotted for four different values of the interface width
liy I; = 3.46 x 1077,1 x 1077,6.2 x 107% and 1.0 x 10~%cm in Fig. 8.9. The first value of
[; is obtained by taking an average of the five different values of [; that correspond to the
experimental data in Table 8.1, where [; is calculated using Aziz's approximation, which is
l; = D,/Vp and Dy, is assumed to be 1.5 x 10 %cm?s™! [54]. A physically reasonable value
for I, should be between 1 x 1077 and 1 x 10™8cm [70], the third value that we choose above
is a more specific figure for [; which was suggested by Kittl et. al. [54].

We see from Fig. 8.9 that a good agreement between (8.47) and experimental results is

obtained when [; is 6.2 x 1078, where the solid line represented by this value lies close to
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Alloy ke Vb (experiment)(m/s)
Si-Bi | 0.0007 32
Si-In | 0.004 57
Si-Ga | 0.008 22
Si-Sn | 0.016 17
Si-Ge 0.3 1.0

Table 8.1: A table of experimentally determined values of the diffusive speeds Vp and the corresponding

equilibrium partition coefficient k. for various Silicon-based alloys.

most of the experimental data (represented in the plot by dots). The plot emphasizes the
significance of the k., dependence of V. Furthermore, the fact that the asymptotic result
and the experiment data agree best for a value of [; which is within the physically reasonable
range, confirms the accuracy of our asymptotic approximation of Vp.

Note that the basic hypothesis of CGM states that Vp ~ D;/A, where D; is the diffusion
coefficient across the interface and A is the interatomic distance. The common approximation
that D; =~ Dy, and A = [; is quite inaccurate as suggested by Cahn, Hillig and Sears [72]. Thus,
Aziz’s approximation of Vp should be corrected by some factor 11 say, in order to account for
the error in the approximations of D; and A. Our result suggests that this factor should be,

_ 3 In(l/ke) | (D 3 ((Ds/Dyg —1)?
=60 =% {(52:“)‘13( DD ¥ 1 )] (843

where it allows Vp to depend on k., capturing the correct dependence observed in experiments.
It also shows how Vp relates to the ratio of the diffusion coefficients, namely Dg/Dy, which

has not yet been determined succesfully in experiments.
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Figure 8.9: The values of the dimensional diffusive speed calculated from the functional form in (8.47) which

corresponds to that of Silicon alloys are compared with the experimental values.

8.3 Comparing the asymptotic solutions with numerical so-

lutions

The asymptotic analysis of the WBM2 model is one way of determining the reliability of the
numerical calculations of the model. The results we have obtained so far are very encour-
aging, in that much of the behaviour of the solutions predicted in the numerical analysis is
also observed in the asymptotic analysis. One important feature that was captured in the
numerical calculation of the solute concentration is the trapping phenomena at high V., which
is independent of the solute gradient energy coefficient, 4. This behaviour is confirmed in
the asymptotic analysis from the form of the partition coefficient &, which rises to one as 176
increases, and, to first order of V,, k is independent of §. Both analyses are also able to pro-
vide values for the diffusive speed Vp which show an inverse correlation with the equilibrium
partition coefficient k., a trend that is also observed in experiments.

The agreements we have established between the two analyses are mostly qualitative. It
is important to also obtain quantitative agreements in order to ascertain the range of values
of V. for which the asymptotic approximations are valid. Such information can be acquired

by comparing the numerical solutions with the regular expansions for ¢, ¢ and % in ‘7;1.
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A comparison of the solutions from the asymptotic and numerical calculations is shown in
Fig. 8.10 and Fig. 8.11, where, they are observed to agree quantitatively. They contain the
profiles of ¢ and ¢ respectively, from the two calculations. An increasingly good agreement is
observed for the ¢ profiles in Fig. 8.10 between the asymptotic and the numerical solutions
as V, gets large. The agreement is observed for both case Ds/Dy =1 and Dg/Dy = 0. The
¢ profiles for both calculations are observed to be almost exactly the same, and this is found
for all values of 176

The partition coefficients are given in Fig. 8.13 (shown here as a plot of In(1 — k) against
In(V,)) to determine how similar the solute trapping measurements are between the two cal-
culations. The numerical values of k£ are observed to approach the solid line reprsenting its
asymptotic approximation, as V. gets large. A good quantitative agreement is obtained for
V. > 30 (equivalent to V > 40m/s). Although the asymptotic solution for ¢ fails to capture
the more detailed feature of the solute profile (see Fig. 8.10), for example, the small oscil-
latory behaviour of the solution near z = 0, it does not affect the maximum value of the
concentration, which results in a good quantitative agreement between the values of k for the
two calculations in the large v, range.

We have also compared, in Fig 8.12, the Vp — k. data of the Nickel based alloys with the
values calculated from (8.47), where we have assumed [; to be 4.9 x 10~%cm. Both calculations
produce values of Vp with the same qualitative behaviour with respect to k., where it decreases
as k. increases to unity. A better quantitative agreement is achieved between the two sets of
results when 0.1 < k., < 1, which is the range where the numerical code performs at its best.
This is also the range where the k. value is approaching the value corresponding to the Nickel-
Copper alloy. Because the numerical calculations of Vp are performed using artificial data for
the alloys, we expect the results to be more reliable as k. approaches the value corresponding

to the real alloy.
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Figure 8.10: The asymptotic solutions for ¢ are compared with the numerical solutions for three different

values of 176 .The solutions above are computed for Ds/Dy =1, the result is similar for the case Dg/Dy = 0.
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Figure 8.11: The asymptotic phase-field profile compared with the corresponding numerical profile for the

two cases Ds/Dy, =1 and Ds/Dy = 0.
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Figure 8.12: The asymptotic approximation for Vp for the Nickel-based alloy, plotted against the corre-

sponding numerical values. The interface thickness is assumed to be 4.9 x 10 %cm.
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Figure 8.13: The asymptotic form for In(1 — k) (plotted against ln(f/;)) is compared with the corresponding

numerical values for Ds/Dy =1 and Ds/Dyp = 0.
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8.4 The relationship between Continuous Growth Model and
the WBM model

The numerical and the asymptotic analyses of the WBM2 model have both successfully pro-
vided predictions of the solute trapping phenomenon. We have also seen numerous similarities
between the trapping behaviour predicted by WBM2 model and that of the CGM (see Fig.
7.9). Moreover, when the high V. expansions of the partition coefficient from the two models
are compared, we were able to extract a functional form for the diffusive speed Vp which de-
pends on the equilibrium segregation k. in the same way as predicted in experiments. These
results provide strong indications that the two models share the same physical features.

The WBM2 model describes the solid-liquid interface as a thin transition layer with a
finite thickness. This description fits thaf of a diffuse interface which we have described in
chapter 2. This particular type of interface favors a continuous transition from the liquid to
solid due to the continuous change in the thermodynamic properties of the layers of atoms
within the interfacial zone [5]. It is therefore reasonable to expect the growth mechanism of
the alloy modelled by WBM2, to resemble that of a continuous growth. Inevitably, some, if
not all of the ensuing phenomena, characterised by a continuous growth should be predicted
by the model. Thus we may expect a similarity between the predictions of solute trapping in
WBM2 model and that of the CGM. The similarities can be seen more clearly in the definition
of the interdiffusion flux of the two models.

In CGM, the interdiffusion flux, Jp, is defined as the difference between the forward flux
of solute, i.e., the flux of solute from the liquid into the solid, and the reverse flux, i.e, the
flux of solute from the solid back into the liquid. Therefore, adopting the same notation as in

Chapter 4, we have,

Jp = Jsur—Jios,

= [Di/A[es(1 ~cr) — keer,(1 = cs)], (8.49)

where, A is the interatomic distance and k. = exp[—(Ap's — Ap'y)/RT). The chemical poten-
tials Ap'y and Ap'g, the interface diffusion D; and other constants are defined in chapter 4.
Assuming the exponent in the definition of s, is small, and for dilute alloys we can find a c*
such that ¢*(1 — ¢*)(1 — ke) =~ ¢s(1 — ¢1) — kecr,(1 — cg), (8.49) can be approximated as,

D; * *
Jp = St (1= ¢) (A — Aply)/RT. (8.50)
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The conservation of solute in the system gives rise to the following equation,

oc _ (Jros—Jssr) b

ot A DY

(8.51)

In the WBM2 model, the conservation of solute is achieved by postulating the following

equation for the solute field,

g; =v- {Mg (c(l - c)v%ﬂ : (8.52)

where M, is related to the diffusion coefficient by D = M;RT/v,,, and the free energy
functional F is defined by equation (3.1). In this model, the interdiffusion flux is proportional
to the term V(§F/dc) [1]. This term is identically equal to V f. (assuming § = 0), which is

the gradient of chemical potential of the alloy. In 1-D, (8.52) becomes

%‘tf - ZJdZ {MQ <c(1 - c)v‘;—“:)] . (8.53)

Comparing (8.51) and (8.53), we are able to identify the interdiffusion flux of the WBM2

model as,
OF Dy, OoOF

o _ =)= - = .54
T5 = —M, <c(1 Y 5(:) £ {c(l v 56] , (8.54)

for one dimensional steady state fluxes.

Now, across a sharp interface, V f. can be approximated as,

1

View 5 (sl = 1fall) + B, (8.55)

where E' is a constant and,
[fA]i = fa(solid) — fa(liquid).

The quantity f4 and fp are the actual chemical potentials of A and B respectively, minus the
contribution from the ideal mixing entropy. This is in fact the exact definition of p/y and p'g,
ie., fa =y and fp = p'g, which gives,
5
(falp = Vil (8.56)

[f8), = V. (8.57)

On substituting (8.56) and (8.57) into (8.55), we obtain the following approximation for (8.54),

Duvy,
Jh ;) (c(1 = ¢)(Vly — Vi'y)/RT) + E (8.58)
~ Jp+E, (8.59)

where E = 2me(1 — o) E'.
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So we see that J}, is almost identical to Jp if £ = 0. The constant F depends on the
concentration ¢, which, if we recall the nondimensionalisation of the governing equation we
did earlier, this term is equal to dc/dZ (see governing equation (7.6)). In the limit V, — oo,
this term is found to appear in the first order equation as dc(® /dZ, but because the leading
order concentration is a constant, this term is identically zero. Therefore, in the limit the

interface velocity V — oo, we deduce that
Jh =Jp. (8.60)

In sections 7.1.2 and 7.2.2, we made an important assumption that the high velocity limit
of the partition coefficient k from CGM is identically equal to the asymptotic expansion of
k in the high V. limit from the WBM2 model. The relationship given by (8.60) offers a
justification for this assumption. The interdiffusion flux determines the amount of solute
atoms that successfully escape the advancing solid front. Indirectly, for a particular interface
velocity, it offers a measure of the solute atoms that are trapped in the solid. Thus, it
determines the extent of trapping at that velocity. The fact that the interdiffusion fluxes from
the two models are almost identically equal in the high interface velocity limit (8.60), suggests
that their forms for the partition coefficient are also equal.

Notice that the interdiffusion flux is dependent on the free energy density function f (¢, c).
It may be possible to obtain a similar relationship between CGM and other phase-field models

that adopt a different choice of f(¢,c), by conducting a similar investigation as above.
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Chapter 9

Summary and future work

The analyses carried out in the previous chapters have dealt with a variety of aspects of
the rapid solidification process, specifically the mechanisms that govern solute trapping. The
results we obtained have explained several issues regarding the process, that have arisen in
previous works on the subject. They also offer improvements to previous results which, in
general, contribute to a further understanding of the process.

In this concluding chapter, we produce a summary of the results and discuss their signifi-
cance in the development of the theories of rapid solidification. We also discuss a number of

areas where the analysis can be extended and improved.

9.1 Summary and discussion of the results on solute trapping

In this section, we present the summary of the results obtained on solute trapping. Each

result is outlined and discussed separately below.

9.1.1 The independence of solute trapping on §

In their first model for the solidification of a binary alloy [1], Wheeler et. al. recovered a
corresponding sharp interface problem in the limit of the ratio I = ey/v, /RT to D /V, tends
to zero, which failed to capture the solute trapping phenomenon. They modified this model
in [2] by adding the gradient energy term for the solute field in the free energy functional. In
a similar limit € = [, /l; — 0 (with the solute gradient energy coefficient, 8, constant), where
ls = 6+/vm/RT, solute trapping was predicted for large solidification velocities. However, it
is not clear from this new model, whether the observed solute trapping behaviour is due to
the solute energy gradient, or whether it is an outcome of the particular distinguished limit

they considered.
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In both the numerical and asymptotic analyses, we determined that the solute gradient
energy term is not needed for solute trapping. The numerical profiles of the solute fields,
computed with § = 0, show a marked decrease in the maximum concentration of solute as the
velocity is increased, i.e., solute trapping. A similar observation is found with the asymptotic
solution for the solute field in the high V. limit, where the first two terms in the expansions
are independent of 0.

The result above is obtained from both analyses by considering the limit V, — oo with
A = §/e fixed, where V, = VI.,/D = I./(D/V). This corresponds to allowing the diffusive
length scale associated with the solute field, namely D/V, to be smaller than the length with
which the velocity is scaled, denoted by [, for large V. This is precluded in the original model
[1] because the limit {./(D/V) — 0 , with the interface velocity, V fixed, implies D/V is
large compared to l¢. In the second WBM model [2], the non-dimensional interface velocity is
scaled as Vy = l5/(D/V), where l5 is identified as the characteristic length scale of the solute
field. The limit [./ls — O in this case, is taken independent of the interface velocity. As a
result, trapping of solute is observed when V; is not small. Therefore, we identify the trapping
phenomena as a result of D/V being comparable or smaller than the characteristic length
scales of either the phase-field, or the solute field. Now, in the case when ¢ = 0, the only
interfacial length scale is [, and so trapping occurs when V, = I./[D/V] is not small.

Both of these lengths are shown in the analysis (see section 7.4) to be proportional to the
characteristic thickness of the interface, i.e., [;, thus solute trapping can be said to occur
when the physical length scale of the solute field is comparable or smaller than
the interface width. This proved to be an advantage of the WBM2 model (a phase-field
model) over Aziz’s solute trapping models, which are sharp interface models. Because the
phase-field model allows the solid-liquid interface to have a measurable thickness, we are able
to form a direct relationship between, the relative sizes of the diffusive length scale D/V and
the interface thickness, and the solute trapping process. Naturally, a concern arises when
applying continuum models to a description of the length scale associated with the interface

width , which is comparable to atomic dimensions. We have not addressed this issue here.

9.1.2 The partition coefficient

In our analyses, the partition coefficient, which is the parameter used as a measure for solute

trapping, is defined by the following equation,

far — field concentration

the maximum concentration of solute’
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The dependence of & on the interface velocity as observed in experiments, is well captured
numerically and asymptotically. The numerical values of k are shown to increase from its
equilibrium value k. (whenever k. < 1) to unity, as the interface velocity increases. The
asymptotic representation of £ also shows an increase to unity as V. = o0 (whenever k. < 1).

The quantitative dependence of k£ on the velocity is shown in the numerical analysis (see

Fig. 7.9) to be closely approximated by the form of k given by CGM, i.e.,

._k‘e“i—V/VD
1+ ViV

The similarity has allowed us to extract values for the diffusive speed Vp from the numerical
values of k using least squares fitting. We also managed to obtain an explicit form for Vp
from the comparison of the asymptotic expansion for £ and the CGM, in the high interface

velocity limit.

9.1.3 Correlation between the diffusive speed and the material parameters

The values for the diffusive speed are obtained numerically using the procedure mentioned
earlier, for a number of different material parameters of the alloy. These are the equilibrium
partition coefficient k., the diffusivity ratio, Dg/Dy, and the interface width, /;. The corre-
lation between the numerical values of Vp and two of the parameters (k. and I;) agree with
experimental observations, where we find Vp to be inversely correlated with both, k. and ;.
We also observed that Vp is directly proportional to Dg/Dy,.

These results are later confirmed by the explicit functional form obtained for Vp in the

}, (9.1)

asymptotic analysis. This form is given by,

o _ 3 Drln(i/k,) [Qg -2 (Ds/Dy, —1)?
D=1 U=k | DL Dg/Dy + 1

16

II is given by,
_ 3 In(1/ke) H& w1 -2 [(DS/DL - 1)

where it differs from the conventional approximation for Vp, i.e., D /l; by a factor of II, where
Dy, 16| Ds/Dp+1

T 16 (1 —ke) }

The quantity II is identified as a factor to correct the assumptions made in the conventional

approximation, that D; = D and A = [;, where D; and X are the interface diffusivity and the
interatomic distance respectively.

In the expression for Vp above, the interface width [; appears as a parameter, thus, in order
to compare the explicit form for Vp with experimental results, a specific value for the interface
width had to be chosen. This is resolved by plotting the asymptotic form corresponding to

several different, physically plausible values of [;, against the experimental data. For the
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Silicon alloys in Table 8.1, we found the experimental Vp data are best approximated by the
asymptotic approximation that corresponds to I; = 6.2 x 10"8cm. This value is within the
proposed range of reasonable values for the interface width of Silicon [54, 70].

The explicit expression for Vp provides an estimate for its value which is useful in predicting
microstructural development in solidification [71]. Our estimate is clearly an improvement to
the conventional method, in that the interface width is the same for all the Silicon
alloys, which is expected in this case as all the alloys are dilute. In the conventional method
however, because the interface width is inferred from the equation l; = Dy /Vp, its value was
found to be different for all the Silicon alloys in Table 8.1. Its value varies by over an order
of magnitude, which is quite unacceptable [4, 71].

Another advantage of the form we derived above is that it relates Vp to the readily
measurable quantities of the solvent (in this case, Silicon). This provides a means
of estimating the value of the parameter Vp for alloy systems in which the value cannot
be measured. Nomne of the solute trapping models to date is capable in providing a direct
relationship between Vp and the material parameters. The only experimental result that
has been able to predict an inverse correlation between Vp and the equilibrium partition
coefficient, k., is due to Smith et. al. [4]. The expression we obtained in (9.1), extends their
prediction by providing a more specific dependence of Vp on k., where the values calculated
using the functional (9.1) are shown to agree both qualitatively and quantitatively with
the results of Smith et. al. Furthermore, the functional form gives a direct relationship
between Vp with the diffusivities in the bulk phases, i.e., Dg and Dy. Experimental analyses
carried out by Smith et. al. [4] were unable to predict any correlation between Vp and either

of these parameters.

9.1.4 The cases k£, > 1 and ﬁ <0

The analyses we did in section 8.1.3 shows that solute trapping is also observed for the cases
ke > 1 and IN/C < 0. The resulting form for Vp shows exactly the same trend with k. and
other material parameters as in the previous case. The similarity in the results suggest that
there exists some symmetry between the trapping behaviour of solute in cases with k, < 1
and k., > 1, and in the cases V, > 0 (solidification) and V. < 0 (melting). Obviously, more

analysis needs to be done to determine the limits in which the symmetric relationship is valid.
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9.1.5 The relationship between phase-field models and the CGM

In section 8.4, we have shown that in the dilute limit of the alloy, the interdiffusion fluxes from
the two models are in fact almost exactly equal. Because the interdiffusion flux determines
the extent of trapping, this result implies that the partition coeflicient is also equal in this
limit. Consequently, this observation validates the earlier assumption that

lim k(asymptotic) = lim k(CGM). (9.2)

Vi oo V/Vp—oo

It is perhaps not surprising that (9.2) is true because we have already observed an over-
whelming similarity between the solute trapping calculations of WBM2 model in the numerical
analysis, and the trapping behaviour described in CGM. Moreover, the explicit form for Vp
derived at the end of the asymptotic analysis shows all the expected features predicted in
experiments (where the Vp values are obtained from the least squares fitting of the CGM to

the experimental data).

9.2 Kinetic undercooling effect

In rapid solidification, the interface temperature is commonly observed to decrease beyond
the normal melting point of the material. This reduction in the temperature is ascribed to
the kinetic undercooling effect. The effect is successfully captured by the WBM2 model as
we have shown in sections 7.6 and 8.1. The numerical calculations of the temperature are
compared with the corresponding sharp interface predictions where very good agreement is
found. The kinetic undercooling is featured in the asymptotic analysis of the model, as a first
order term in the high 176 expansion.

In the sharp interface limit of the WBM2 model with a curved interface, carried out in
chapter 5, the kinetic undercooling term is obtained as part of the equation for the interface
temperature. This expression led to a direct relationship between the phase-field parameter
mm, which is the non-dimensional representation of the mobility of the phase-field, to the
dimensional interface attachment kinetic of the solvent y 4, and other materials parameters of

A. This relationship is given by,
iy — AT ATH
L.D ~’
where 04, L4 and TZ{} are the surface tension, latent heat and melting temperature of the
solvent A respectively, and D is the diffusion coefficient. In the studies of non-equilibrium
solidification, the kinetic undercooling term is commonly expressed as a term inversely pro-

portional to m.
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Because the treatment of solute trapping is carried out using the Nickel-Copper alloy,
where the value of m is relatively large compared to the non-dimensional velocity V., the
kinetic undercooling term (which is proportional to V. /m) is neglected in the asymptotic
analysis, and the interface temperature is assumed constant. The addition of the term will
involve a small change in the leading order solution of the solute field, subsequently, a small

change in the solute trapping results is also expected.

9.3 Future work

Because of the limited studies on rapid solidification using the phase-field model, there is a
lot of scope for further development of this area of research. The topics we propose below are
just a few of the possible areas that could be explored, and further expansions of the analyses

can be made.

9.3.1 The stability of the planar interface during rapid solidification

The sharp interface limit of the curved interface model in chapter 5 provides a starting point
for further analyses on the stability of the planar interface during rapid solidification. This
involves an investigation in the ensuing so-called morphological stability. The work can be
built on the work of Mullins and Sekerka [10] (for a sharp interface model of a binary alloy),
and Braun, McFadden and Coriell [73] (for a phase-field model of a pure material).

Unlike the present isothermal phase-field model of a binary alloy, morphological instabil-
ity takes place in a temperature gradient and may result from undercooled liquid adjacent to
the interface. Therefore the WBM2 model may need to be extended to the non-isothermal
situation. A thermodynamically consistent phase-field model is based upon an entropy func-
tional [28], a methodology that can be extended to an alloy. Alternatively, a simpler heuristic

method may be adopted, that is to append a modified heat equation of the form

or o¢
'OCPW = ’)’V T — L—a";,

where ¢, is the heat capacity , 7y is the thermal conductivity and p is the density of the alloy.

9.3.2 Solute trapping treatments using curved interface and regular solu-

tion formulations of the WBM2 model

The extension of our analyses on the rapid solidification process to the formulations suggested

in chapters 5 and 6, which accounts for a curved interface and the regular solutions, is quite
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straightforward. The only addition to the formulations are the two parameters K and G
which correspond to the interface curvature and the energy of pair-wise interaction of the
solute atoms. These are the quantities that represent the physical effects included in the
formulation. The study of the effects of these additional parameters on the analyses will
throw more light on the mechanisms of rapid solidification in more general circumstances.
Specifically, we could examine the dependence of the partition coefficient and the diffusive
speed on GG, and the possibility of deriving a suitable form for the diffusive speed, Vp, in terms
of the equilibrium partition coefficient, k., in the limit k., — 1. We have shown in chapter 8
that the ideal solution phase-field model is incapable of determining the values of Vp for this

range of k. values (see section 8.1.2).

9.3.3 The interface diffusivity

In Aziz’s sharp interface theories, the interface diffusivity D; is the main factor that determines
the value of the diffusive speed. The basic hypothesis of CGM states that D; is related to the

diffusive speed through the equation

Vp = %7
where A is the inter-atomic distance. It has not been possible to measure D; directly through
experiments, therefore it is common practice to estimate its value by Dy, the diftusivity of the
bulk liquid [4]. The explicit form we obtained for Vp has allowed us to provide a correction

to this estimate, which gives the following new estimate for D;,

oA
I

D; = (9.3)

where all the parameters are described in section 8.2.2.
However, in our current analyses, we included the effect of varying the diffusivity across
the interfacial region, by insisting that the diffusivity D to be a function of ¢. The form for

D in this case is given by,

D(¢) = (Ds — D1)¢*(3 — 2¢) + Dy,

where Dg and Dy, are the diffusion coefficients in the solid and liquid bulk phases respectively.
This particular choice of D(¢) satisfies the conditions D = Dg, dD/d¢$ = 0 when ¢ = 1 and
dD/d¢$ = 0 when ¢ = 0, and it is monotonic in ¢. It is therefore possible to relate D; given
in (9.3), to some average of D(¢) over the interfacial region [70], for example,

¢ where c=Cmaz

D;i ~ / D(¢)d¢. (9.4)

¢ where c=c4 oo
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The feasibility of equation (9.4) has not yet been verified. However, it offers a starting
point from which the idea may be expanded. Success in this direction could provide a ratio-
nalisation of the relationship between the phase-field model and the microscopic properties of

the interface.

9.3.4 Solute trapping treatments using other phase-field models

Tt would be possible to generalise the results of our analysis to other phase-field models that
adopt a different form of the free energy density function. This supposition can be confirmed
by carrying out the analyses on, for example, the phase-field model of Caginalp [12] (extended
to binary alloys). His choice of the free energy density function is the following Helmholtz

free energy density (for pure materials),

1

F(8.T) = 5-(¢* = 1) — 279, (9:5)

where a is a dimensionless constant. Notice that this form is similar to the free energy
density suggested by Kobayashi, in that it comprises two parts, the symmetric part (the first
term in (9.5) which has the symmetric double-well form), and an asymmetric part (the term

proportional to temperature).

9.4 Conclusion

The analyses carried out in this thesis have produced numerous insights into the rapid so-
lidification process and, more specifically, the solute trapping phenomenon. Not only have
we managed to use the WBM2 model to predict the trapping behaviour that agrees with
experimental observations, we also succeeded in producing the numerical values for the par-
tition coefficient which displays solute trapping phenomena. Moreover, the functional form
we have obtained for the diffusive speed, provides an exact dependence of the diffusive speed
on material parameters like the equilibrium partition coefficient, the diffusivity ratio and the
interface width of the alloy. This is the first solute trapping theory that is able to produce
such an explicit relationship. It extends an earlier theory of Aziz, which predicts an inverse
correlation between the diffusive speed and the equilibrium partition coefficient. A lack of
experimental data for the diffusive speed means this finding is very important as it will help
to predict the values for the diffusive speed of alloys where experimental data is not available.

Our analyses have managed to resolve an important issue that arose in an earlier work

by Wheeler, Bottinger and McFadden [1, 2], since our numerical results shows that solute
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trapping captured by the WBM2 model is not a result of the inclusion of the solute gradient
energy term in the free energy functional of the model. Instead, it is found to result from the
diffusive length scale of the solute field becoming comparable to the thickness of the interface,
when the interface velocity is sufficiently large. This issue brings us to the problem of applying
a continuum model at length scales comparable to atomic dimensions. Further studies are
required to ascertain the possible effects such description of the length scale might have on
solute trapping.

Having found some evidence that the solute trapping behaviour modelled by the CGM is
equivalent to the behaviour predicted by the WBM2 model, we are in the position to make the
same generalisation to other types of phase-field models. A further generalisation to consider,
is to extend the result to the ‘thermodynamically consistent’ phase-field models in which an
entropy functional is adopted.

We have produced several different formulations of the WBM2 model to include a curved
solid-liquid interface, and the consideration of regular solutions in the solid-liquid transfor-
mation. These formulations should provide suitable models to assist further work on solute
trapping.

Another important physical effect successfully observed in the analyses is the kinetic un-
dercooling effect. This effect is one of the main characteristics of rapid solidification processes.
An extension of the current model to the non-isothermal process will be needed in order to

analyse the effect in greater detail.
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Appendix A

Transforming the cartesian
coordinates into the curvilinear

coordinates

In the new coordinates (r, s), the tangent vector and the normal vector to the point (X (s, 1), Y (s, 1))
on the curve ¢ = 1/2 are (X',Y’) and (Y',-X') respectively, and the normal velocity is
Vi = Y'X; — X'Y;, where the prime denotes the derivative with respect to arclength and time
derivative is denoted by the subscript ¢. Therefore, the Cartesian coordinates are transformed

into the new coordinate as follows (see Figure 5.1),

w(r,s,t) = X(s,t)+1Y"(s,1), (A.1)
y(r,s,t) = Y(s,t) —rX'(s,1), (A.2)
and hence,
T, = Y'(s1), (A.3)
y = —X'(s,1), (A.4)
zs = X'(s,t)+71Y"(s,1), (A.5)
ys = Y'(s,t) —rX"(s,1). (A.6)

Following McFadden et. al. {34], the local curvature to the interface is given by

K=XY"-Y'X" (A7)
so that the Jacobian is given by,
x T
h(r,s) = det r Y
Ts Ys
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= Z,Ys — TsYr (A~8)
= 147rK(s). (A.9)

Having obtained an expression for the local curvature K, we can now derive an expression for
the square of the element of the differential arclength for the orthogonal coordinates (r, s).

This is given by

dS? = dr? + h%ds?, (A.10)
thus, if we denote g, to be the metric tensor of the (r, s) coordinate system, then we have

1 0
Jap = (A'll)
0 h?
as,

ds? = gagdm"dmﬂ, a,0 = 1or 2,

where dz! = dr and dz? = ds.
The equivalent expressions for the gradient V and the divergence V2 in the (r, s) coordinate

are obtained using tensor calculus [74, 75], where, in tensor forms they are given as follows,

Vi = VY, (A.12)
\721/) = (VQI/’);aa (A'l?’)

where 9(r, s) is an arbitrary differentiable function. Expanding the right-hand side of equation

(A.12), we have

1 0 I
Vi = v
0 l/h2 P
= "//'rf'+i1/)s§’ (A.14)
h?

where £ and § are the unit vectors in the r and s directions respectively. Similarly, we expand

the right-hand side of equation (A.13) to obtain an equivalent expression for the divergence,

Vi = (V) a0 + (V) The, (A.15)

ey

where Iz are the Christoffel symbols. Variational methods lead us to the following nonzero

values of the Christoffel symbols,

h, h,
Py = hhy, Iy =T = W T3 = }—:,




which are substituted into (A.15) to give,

Pamnes (39), 9 (5) )
= % [(h¢r)r + (%%)J . (A.16)

Equations (A.14) and (A.16) provide the appropriate expressions for V and V? in the curvi-

linear coordinate (r,s).
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Appendix B

The Nickel-Copper alloy data

Nickel Copper

Classical parameters

Ty (K) 1728 1358
L(J/cm?) 2350 1725
L9y (cm? /mole) 7.0 7.8
25(J/em?) 3.7x107° 2.8 x 107°
3D(cm?/s) 1075 1075
Phase-field materials parameters
e(J/em)1/? 3.3x 1076 3.3x 1076
W (J/cm?) 8.9 x 10° 5.1 x 10%
B(T) 1.6%@ 2.0%@
M (cm?/Js) 4.9 x 108 4.9 x 108
4 My (cm®/Js) 5.7 x 1079 5.7 x 1077

A table of the classical and phase-field parameters for the Nickel-Copper alloy, taken from
WBMI1 [1]. The material parameters used in this thesis are the same as those in both the

WBMI1 and the WBM2 model.

'We have used an average value of 7.4 for the alloy because our model does not deal with volume changes.
2Estimated from ¢ = 0.7L(vm, /No)%, see Coriell and Turnbull [76]; N, is Avogadro’s number.

3Typical liquid diffusion coefficient.

AL T = (Ti +TH)/2 = 1543K.
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Appendix C

Finite difference discretization

The governing equations (for 0 < Dg/Dyp < 1) (7.10) and (7.11) may be formulated as three
second order nonlinear differential equations for variables ¢, ¢ and -y say, where v is defined
as,

y=—a2 Sl 0 O, ()

Therefore, the governing equations are reduced to,

(1= ¢)D($) -+ (D(¢) + 1)% +TVc—co) = O, (C.3)
v+ A% —[fF24 70 =, (C.4)
where the corresponding boundary conditions are,

The domain length Ly is divided into N — 1 equally spaced intervals, where N is the
number of points at which the functions ¢, ¢ and ~ are evaluated. Each of these points is

defined as,

where | = Ly /(N — 1), the interval length. Correspondingly, the nodal values of ¢, ¢ and ~y
are defined as ¢; = ¢(x;), ¢; = ¢(z;) and y; = y(x;). These values form a vector U whose

entries are ordered as follows (with subscript 4 denoting the ith entry),

Ui = (bh (CG)
Ui = « (C.7)
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The last entry of U, namely Uszyyq, is defined to be the temperature T'.

The derivatives are discretised using the Central Difference Approxzimation [77] to give,

et — e =T,
i;lg _ 4= Pit1 - pi-1 _ Uit - i3 (C.9)
Z_g _ 4= Pit1 — 21¢2>z' T dic1 _ Uigs = Zgi + Uli‘3, (C.10)
gg: - Cit1 2—lci—1 _Ujis ;l Uj—3’ (C.11)
3272 _ o Gus 2; tei1 _ Ujys = 2[2]’ + U1 (C.12)
%% = 7= Jit1 2_1%'—1 _ Ukss 2‘[ Uk—3’ (C.13)

j=i+2 k=i+3, i=1,...,N,

These derivatives are inserted into equations (C.2), (C.3) and (C.4) to form 3N nonlinear

equations in ¢, ¢, v and their derivatives. These nonlinear equations another vector V, where,

Vio= gt gt - TG0 e) + T o) (©14)
Virt = il —c)D(¢i)v: + (D(¢i) + 1)k + Velei — co0), (C.15)
Viee = %+ Ack; — (f5 (0, 0) + (60 e0)),s (C.16)

(C.17)

where V; is the i-th component of the vector V. The extra equation for the temperature,
i.e., (7.12) is included in the formulation as the last entry of V, and it is discretised using the

Simpson’s Rule to give,
i=N

Vinygr = é > (i1 +4¢i+ disn).

i=1

Note that the boundary conditions will be imposed on the first three entries of V, and on
Viany—2, Vany-1 and Vsy. The entries of V provide 3N + 1 nonlinear equations for the 3N + 1
variables, namely ¢;, ¢;, v, ¢ =1,..., N, and T.

Boundary conditions

The far-field conditions are applied at the two ends of the domain, namely we imposed con-
ditions at Z = —oo at —Ly/2 and conditions at Z = +oo at Ly /2.

(1) At —LN/2:

pr=c=7 =0,
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giving,

202 — ¢
%E = ( 212 1)a (018)
¢k = _“"——2(02[2_ 01), (C.19)
v = ——2(7212_ ), (C.20)

The conditions above are substituted into the first three entries of V respectively to give

the first three nonlinear equations of the system.

(2) At LN/2:

We have similar conditions as above, i.e.,
N N N
(ﬁé =C; =79 = 0.

The second derivatives are therefore given by,

2(¢v-1) — ¢n)

pzzN = 7 : (C.21)
2 _ —

= 2=y —en) 112) CN), (C.22)
2(Yn-1) —

N (v 112) ’)’N). (©.23)

Similarly, these conditions are substituted into the last three entries of V.
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Appendix D

Fortran program PDE1l.F

#define NOPTS 201
#define NODE 3
program main
c
¢ program to compute 1-d p.f. solutions for solute trapping
¢ modified from bif2.f for solving algebraic nonlinear equations
c
parameter ( npts = NOPTS, neq = NODE#npts +1 ,
. iwork = 3#*neq, lwa = (3*neqg**2 + 13#*neq)/2 )
common /b/ delx, fswitch, mswitch, mprint
common /c/ eps,dsiga,dsigb,xla,xlb,v,xm,vmax
common /d/ temp,xke,cinf, tma, tmb
common /e/ del, dd
dimension y(neq),f(neq),fp(neq,neq),
ivi(neq) ,fvi(neq),alfr(neq),alfi(neq),
z(neq,neq),vi(neq),v2(neq)
complex eig(neq),cmax
dimension work(iwork),wa(lwa)
external fcn

read in data
open(4,file=’pdel.dat’,status=’unknown’)
read(4,*)
read(4,*) ncont
read(4,x*)
read(4,*) eps, dsiga, dsigb, xla, xlb,v
read(4,x*)
read(4,*) xke, tt, xm, tma, tmb
read(4,x*)
read(4,*) mswitch,fswitch, xlen, del, vmax
read(4,*)
read(4,*) dd

c

¢ compute delx, the length of the interval
delx = xlen/float(npts -1)
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gas = 8.314

vm = 7.4

rtvm = gas*tt/vm

dfa = xlax(tt - tma)/(tma*rtvm)

dfb = x1b*(tt - tmb)/(tmb*rtvm)

cs = (exp(dfa) - 1.0)/(exp(dfa) - exp(dfb))
cinf = cs

cl = cs*xexp(dfb)

if(v .eq. 0.0) cinf = cl

t0 = (cinf*xlb + (1.0-cinf)*xla)/(cinf*x1b/tmb
+ (1.0-cinf)*xla/tma)

rtOvm = gas*t0/vm
siga0 = dsiga/(eps*sqrt(rtOvm))
sigb0 = dsigb/(eps*sqrt(rtOvm))

sigsta0 = sqrt(cinf*sigb0**2 + (1.0-cinf)*siga0**2)
write(*,*) ’cinf, siga0, sigb0O, sigsta0 = ’,
cinf, siga0, sigb0, sigsta0

c set the initial guesses \phi, ¢ and \gamma as y(1), y(2) and y(3)
respectively.

temp = tO

write(*,*) ’exact solution’

xold = -xlen/2.0

O

if (v .gt. vmax) then

a0

initial guess for velocity greater than vmax
do i =1, npts

x = xo0ld + (i-1)*delx

il = NODE*(i ~ 1) + 1

i2 = i1 + 1

i3 =12 + 1

y(i1) = 0.5%( 1.0 - tanh( 3.0*sigstaO*(x) ) )

cl = —cinf*(1.0-cinf)*((dd - 1)*y(i1)**2%(3 -2.0*xy(il1)) + 1.0)
*(1.0-(tanh(3.0*sigsta0*(x))
*x2) )xfcfun(y(il),cinf)

y(i2) = cinf + cl/v

y(i3) = fcfun(y(il),y(i2))

end do

elseif (v .ge. 0.0 .and. v .le. vmax) then
c

¢ initial guess for velocity less than or equal to vmax
do i=1, npts

x = xold + (i-1)*delx
il = NODE*(i-1) + 1
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12
i3

il + 1
i2 + 1

x11 = 0.5%(NOPTS-1)*delx
y(i1) = 0.5%(1.0-tanh(3.0*sigsta0*(x)))

c
delfa_dl = xla*(temp/tma - 1.0)/rtOvm
delfb_dl = xlb*(temp/tmb -1.0)/rtOvm
ddl = delfa_dl - delfb_dl
delf = (sigal**2 - sigbO**2)*y(il)**2%(1.0-y(i1))**2
delf = 18.0*delf + ddl*xy(il)#*2x(3.0 - 2.0x*y(il))
delf = delf + fcfun(0.0,cl)
y(i2) = 1.0/(1.0 + exp(-delf))
y(i3) = fcfun(y(il),y(i2))
c
end do
end if
c

c set initial temperature to tt
y(neq) = temp

c

c to use previous solutions as initial guess, set ncont > 0
if (ncont .ne. 0) call readin(y)

write(6,*)
write(6,x*)
write(6,%*)
write(6,1300) eps, siga, sigb, delfa, delfb,
. ncont ,mswitch,fswitch
1300 format(5x,’ eps = ’,1e12.4,6x,’ siga

=, 1e12.4/,
* 5x,’ sigb = ’,1e12.4,5x,’ delfa = ’,le12.4/,
* 5x,’ delfb = ’,1e12.4/,
* 5x,’ ncont = 7, 112,5x,’mswitch = 7, i12/,
* 5x,’fswitch = *,1e12.4/)
c

write(6,*) ’ starting guess....’
call output(y)

set parameters for snsg
iopt = 2

tol = 1.0e-9

nprint 1

mprint 1

write(6,*) *
write(6,*) ’ calling snsqge...... )
write(6,*) ’
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call snsqe using implicit jacobian

call snsqe(fcn,hjaco,iopt,neq,y,f,tol,nprint,info,

wa,lwa)
c
write(6,%) ’ °
write(6,*) ’ (is info = 17) info = ’,info
write(6,*) ’ °
c
call fcn(neq,y,f,info)
C
call output(y)
c

ynorm = 0.0e0
do 300 k=1,neq
300 ynorm = ynorm + y(k)**2
ynorm = sqrt(ynorm)
write(6,*) ’
write(6,*) °’ ’
write(6,*) > a2 , y(1), ynorm: ’
write(6,*) a2, y(1), ynorm

call resave(y)

c
call gnu(y)
c
end
c
subroutine output(y)
c=

¢ This subroutine writes out the solutions at any stage it is called.
c y(1) = \phi, y(2) = ¢, y(3) = \gamma, y(neq) = temp
c

parameter ( npts = NOPTS, neq = NODE#npts + 1)

dimension y(*)
c
¢ compute max and min of ¢

c
c¢min = 1.0
cmax = 0.0
c
do k=1, npts
c
¢ = y(NODE*(k-1) + NODE-1)
if (c.gt.cmax) cmax = ¢
if (c.lt.cmin) cmin = ¢
c
end do
c

write(6,*)
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o 0O 0 0 o000

O O 0O 00

do 10 k= 1, npts

write(6,’(’’k, phi, ¢: ’’,i3,2x,1pel3.5,2x,1pel13.5,2x,1pel13.5)’)
k ,y(NODE*(k - 1)+ 1), y(NODEx(k-1) + 2),
y(NODE* (k-1) + 3)

10 continue

write(6,x*)

write(6,*) ’temperature =’, y(neq)

write(6,*) ’cmin,cmax.,k =’

write(6,*) cmin,cmax,cmin/cmax

return

end

subroutine readin(y)
This subroutine reads in the solution vector y{(*) from the file fort.8.
It is normally used to read in the solutions from the previous run and
use them as the current initial guesses.

parameter ( npts = NOPTS, neq = NODExnpts+1)
common /b/ delx, fswitch, mswitch, mprint
common /c/ eps,dsiga,dsigb,xla,xlb,v,xm,vmax

dimension y(*)

do j=1,neq
read(8,*) jdum,y(j)

end do

return

end

subroutine resave(y)
This subroutine store the vector y(*) in the file fort.9. It is
normally use to store the current solutions for use as initial guesses
in the following run.

parameter ( npts = NOPTS, neq = NODE#npts+1)

common /b/ delx, fswitch, mswitch, mprint

common /c/ eps,dsiga,dsigb,xla,xlb,v,xm,vmax

dimension y(*)

do 10 j=1,neq
10 write(9,%) j,y(j)

return
end
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subroutine gnu(y)

O 0O 0

100

10

This subroutine writes out the solutions in the file pdel.out for plotting.

parameter ( npts = NOPTS, neq = NODE*npts+1)
common /b/ delx, fswitch, mswitch, mprint

common /c/ eps, dsiga, dsigb, xla, xlb,v,xm,vmax
dimension y(*)

open(10, file = ’pdel.out’, status = ’unknown’)

write(10,100) eps, siga, sigb, xla, x1b, vd, xm, tma,tmb
, cinf, delta

format (’#’,1x,e13.5,1x,e13.5,1x,e13.5)

write(10,’ (’’# temp = ’’,e13.5)’) y(neq)

xlen = delx*float(npts - 1)

do 10 k=1,npts

cl = v*(y((k-1)*NODE + 2) - cinf)

write(10,’ (1x,1pel3.5,2x,1pel13.5,2x,1pel13.5,2x,1pel13.5,
2x,1pel13.5,2x,1pel3.5) )
((k-1)*delx - xlen/2.0), y((k-1)*NODE + 1), y((k-1)*NODE + 2),
y((k-1)*NODE + 3), cl

continue

close(10)
return

end

subroutine fcn(neq,y,yp,info)

¢ Subroutine required by snsqge.
¢ It defines the equations to be solved.

C

O o0 o0 0

common /b/ delx, fswitch, mswitch, mprint

common /c/ eps, dsiga, dsigb, xla, x1b, v, xm,vmax
common /d/ temp, xke, cinf, tma, tmb

common /e/ del,dd

dimension y(neq),yp(neq), a(4), t(24), s(3)
complex r(3)

negpts is the no of points where equation is solved
neq is neqpts + 1 - the extra for int constraint

negpts = neq - 1
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O O o0

O o o0

O OO0

o O

a o

set temperature - which is the extra degree of freedom
temp = y(neq)
if(iflag.eq.0) then

write(*,*) ’current guess:’
call output(y)

end if
set b.c.s at x = -xlen/2 (neumann)
ipt = 1
il = NODE*(ipt - 1) + 1
ilpl = il + NODE
itml = ilp1

compute phi at neighbouring points

phipt = y(iip1)
phi = y(il)
phiml = y(iimi1)

derivil
derivi2

(phipl - phim1)/(2.0%delx)
2.0%( phipl - phi )/(delx**2)

compute (dd-1)phi~2(3-2phi)
phidum = (dd-1.0)*phi**2*(3.0 - 2.0%phi)
i2 =1i1 + 1
i2p1l = i2 + NODE
io2ml = i2p1

compute ¢ at neighbouring points

cpl = y(i2pl1)

c = y(i2)

cml = y(i2ml)

deriv2l = (cpl - cml)/(2.0*delx)
deriv22 = 2.0*(cpl - c¢)/(delx**2)
i3 =1i2 + 1

i3pl = i3 + NODE

i3ml = i3p1

compute mu at neighbouring points

xmupl = y(i3pl)
xmu = y(i3)
xmuml = y(i3ml)
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a0 0

O O 0

[e e TN 9]

O O 0

(e e}

compute mu’
deriv31 = (xmupl - xmumi)/(2.0*delx)
yp(il) = derivl2 + v*derivil/xm + func(y(il),y(i2),1)

yp(i2) = c*(1.0-c)*(phidum + 1.0)*deriv3l
+ func(y(il1),y(i2),2)

yp(i3) = y(i3) + dels*2*deriv22 - fcfun(y(il),y(i2))
set b.c.s at x = xlen/2 (neumann)

ipt = neqpts/NODE

i1 = NODE*(ipt - 1) + 1

ilml = i1l - NODE

ilpl = iiml
compute phi at neighbouring points

phipl = y(ilpl)

phi = y(i1)
phiml = y(iimi1)

derivil
derivil2

(y(i1lpl) - y(iim1))/(2.0%delx)
2.0+%( y(iim1) - y(i1) )/(delx**2)

i2 = i1 + 1
i2m1 = i2 - NODE
12pl = i2ml

comput ¢ at neighbouring points

cpl = y(i2p1)

c y(i2)

cml = y(i2ml)

deriv21l = (cpl - cml)/(2.0x*delx)

deriv22 = 2.0#(cpl - c)/{(delx**2)

i3 = i2 + 1
i3mi = i3 - NODE
i3p1 = i3ml

compute xmu at neighbouring points

xmupl = y(i3p1l)
xmu = y{(i3)
xmumi = y(i3mi)

deriv31l = (xmupl - xmuml)/(2.0*delx)
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yp(il) = derivl2 + vxderivii/zm + func(y(il),y(i2),1)
yp(i2) = c*(1.0-c)*(phidum + 1)*deriv3l

+ func(y(i1),y(i2),2)
yp(i3) = y(i3) + del**2*xderiv22 - fcfun(y(il),y(i2))

¢ Special case, v=0.0, c= c_L at +\infty

O O o0

O 0O O 0

if(v .eq. 0.0) then
xmupl = xmuml
yp(i2) = ¢ - cinf

endif
set interior points
do ipt = 2, neqpts/NODE - 1
set pointer to neighbouring points and compute second
derivs

il = NODE*(ipt - 1) + 1
ilml = i1 - NODE
ilpl = i1 + NODE
derivi2
derivil

c compute phi at neighbouring points

phipl = y(itp1)
phi = y(i1)
phimi = y(iimi)

¢ compute (dd-1)phi~2(3-2phi)

phidum = (dd-1.0)*phi**2%(3.0 - 2.0%phi)

i2 =11 + 1
i2ml = i2 - NODE
i2p1 i2 + NODE

¢ compute ¢ at neighbouring points

cpl = y(i2pl)

c y(i2)

cml = y(i2m1)

deriv2l = (cpl - cml)/(2.0%delx)

deriv22

i3 =i2 + 1
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( y(ilp1l) - 2.0%y(il) + y(ilm1) )/ (delx**2)
(y(ilp1) - y(ilm1))/(2.0%*delx)

(cpl -2.0%c + cml)/(delx**2)



i3p1
i3mil

i3 + NODE
13 - NODE

compute mu at neighbouring points

O 0O 0

xmupl = y(i3pl)
xmu y(i3)
xmuml = y(i3m1)

I

compute mu’

o o0

deriv3l = (xmupl - xmuml)/(2.0*delx)

compute equations

O OO0

derivi2 + func(y(il),y(i2),1)
yp(il) + vxderivil/xm

yp(il)
yp(il)

c*x(1.0-c)*(phidum + 1)*deriv3i
(phidum + 1)*deriv21l + func(y(il),y(i2),2)

yp(i2)

yp(i3) = y(43) + del**2xderiv22 - fcfun(y(il),y(i2))
end do

last equation is that \int (phi - 1/2) =0
use Simpson’s Rule to evaluate this

O O 00

xint = 0.0
do ipt = 2, neqpts/NODE - 1,2

il = NODE#(ipt -1) + 1
ilm1l = i1 - NODE
ilpl = i1 + NODE

xint = xint + y(ilml) + 4.0%y(i1) + y(ilpl)

end do

xint delx*xint/3.0

xint - 0.5%(NOPTS - 1)*delx

]

xint
yp(neq) = xint

compute residual

[e e}

resid = 0.0e0
do 100 j=1,neq
100 resid = resid + yp(j)**2

resid = sqrt(resid)
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OO

[ e}

o oo

if (mprint.eq.l1) write(6,*) ’ resid = ’,resid

return
end

real function func(xphi,c,ieqn)

common /c/ eps,dsiga,dsigb,xla,xlb,v,xm,vmax
common /d/ temp, xke, cinf, tma, tmb

fm2a(x) = -72.0*siga_dl**2*x*(x-1.0)*(x-0.5)
fm2b(x) = —72.0*Sigb_dl**2*x*(x—1.0)*(x—O.S)
fOa(x) = -6.0%delfaxx*(1.0-%)

fOb(x) = -6.0%delfb*x*(1.0-x)

rtvm = 8.314*temp/7.4

delfa = xla*(temp/tma - 1.0)/rtvm
delfb = xlb*(temp/tmb - 1.0)/rtvm
siga_dl = dsiga/(eps*sqrt(rtvm))
sigb_dl = dsigb/(eps*sqrt(rtvm))

gives nonlinearity of the equation
if(ieqn.eq.1) then
phi equation
fm2 = (1.0 - c)*fm2a(xphi) + c*xfm2b(xphi)
fO = (1.0 - c)*fO0a(xphi) + c*f0b(xphi)
func = fm2 + £0
else if(ieqn.eq.2) then
¢ equation
func = v*(c-cinf)
end if

return
end

real function fcfun(xphi,c)

common /c/ eps, dsiga, dsigb, xla, x1b, v, xm,vmax
common /d/ temp, xke, cinf, tma, tmb
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fm2a (x)

fla(x) = delfa*x**2x(3.0-2.0%x)
fm2b(x) = 18.0*sigb_dl**2+x**2x(1.0-x)**2
fOb(x) = delfb*x**2%(3.0-2.0%x)

rtvm = 8.314*temp/7.4
delfa = xlax(temp/tma - 1.0)/rtvm
delfb = x1lb*(temp/tmb - 1.0)/rtvm

siga_dl = dsiga/(eps*sqrt(rtvm))
sigb_dl = dsigb/(eps*sqrt(rtvm))

fa
fb

fm2a(xphi) + fOa(xphi)
fm2b(xphi) + fOb(xphi)

fefun = log(c/(1.0-¢)) + fb - fa
return

end
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