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This thesis is based on the research of joint channel equalisation and channel decoding al-

gorithms, known as turbo equalisation. Initially, the performance of independent channel 

equalisation ajid decoding waa studied in the context of Gaussian Minimum Shift Keying 

(GMSK) modulation. A low-rate 1.9 Kbps GSM-like speech system was constructed with 

the aim of studying the potential of using convolutional-based turbo codes for low-delay 

systems. The results conGrmed that turbo codes did not outperform conventional convo-

lutional codes in low-delay speech systems, but were advantageous for data transmission 

systems that can tolerate longer transmission delays. 

Subsequently, iterative joint channel equalisation and channel decoding techniques were 

investigated for the above convolutional-coded GMSK scheme, for convolutional-coding 

based turbo-coded systems and for block-based Bose-Chaudhuri-Hocquengham (BCH) 

turbo-coded GMSK schemes. Our results showed that the convolutional-coded GMSK 

system outperformed the convolutionai-coding based turbo-coded scheme and the BCH-

coding based turbo-coded system by a margin of 1.0 dB and 0.8 dB, respectively, for the 

transmission over a five-path Rayleigh fading channel at BER = 10"^. This performance 

trend was confirmed by deriving the theoretical Maximum Likelihood bound upon invoking 

the union bound approach. 

Turbo equalisation for full-response Binary Phase Shift Keying (BPSK) systems was also 

researched. Three classes of codes, namely convolutional codes, convolutional-coding based 

turbo codes and BCH-coding based turbo codes were employed. The objective was to com-

pare the turbo equalisation performance of these codes for high code rates of A = ^ and 

A = §. It was observed that the turbo-equalised convolutional-coding based turbo-coded 

system was the most robust scheme. Finally, turbo equalisation was explored in the con-

text of multi-level Quadrature Amphtude Modulation schemes. A novel reduced complexity 

trellis-based equaliser, known as the In-Phase/Quadrature-phase Equaliser (I/Q EQ), was 

proposed based on equalising the in-phase and quadrature-phase components of the traiis-

mitted signal separately. The I/Q EQ was capable of achieving the same performance as 

the conventional turbo equaliser, while achieving a complexity reduction by a factor of 2.67 

and 16 for 4-QAM and 16-QAM, respectively. 
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Chapter 1 

Introduction 

During the last two decades, mobile communications have experienced an enormous 

growth. Commencing with the Erst generation mobile systems, speech services were 

provided through analogue transmissions. This motivated the development of several 

standards such as the Advanced Mobile Phone Service (AMPS) in the United States, the 

Total Access Communication System (TACS) in the United Kingdom and the Nippon 

Telephone and Telegraph (NTT) system in Japan. In the late 19808 second generation 

systems using digital transmission techniques were introduced. These systems, such as the 

Global System for Mobile Communication known as GSM [2, 3], oSered higher spectrum 

e@ciency and more advanced data services as compared to the Erst generation systems. 

This was then followed by intense standardisation activities towards the Third Generation 

(3G) systems [4] during the recent years. In the International Telecommunication Union's 

(ITU) activities the third generation networks are known as IMT-2000, while they are 

termed as Universal Mobile Telecommunication System (UMTS) in Europe. In support of 

the standardisation activities, several research programmes have developed 3G air interface 

concepts throughout the world, such as the Advanced Communications Technology and 

Services (ACTS) initiatives in Europe and the Future Public Land Mobile Telephone 

System (PPLMTS) as weU as the Radio Transmission Special Group in Japan. The 3G 

proposals submitted to the European Telecommunications Standcirds Institute (ETSI) can 

be grouped in the the following main categories [5]: Wideband Code Division Multiple 

Access (WCDMA), Time Division Multiple Access (TDMA), hybrid CDMA/TDMA, 

Orthogonal Frequency Division Multiplex (OFDM) and Opportunity Driven Multiple 

Access (ODMA). 

The main objectives of these 3G proposals include [4]: 

« Full coverage and mobility for a bit rate of 144 kbps, preferably 384 kbps. 
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« Limited coverage and mobility for a bit rate of 2 Mbps. 

# High spectrmn efEciency compared to existing systems. 

# High Eexibihty in supporting new services. 

However, there are problems associated with high data rate transmissions and with em-

ploying spectrally e@cient systems. Systems transmitting at high bit rates, such as 2 Mbps, 

experience a high grade of channel-induced dispersion and hence suSer from Inter Symbol 

Interference (ISI). Hence, the equaliser technology employed must be capable of mitigating 

the effects of ISI. Furthermore, in order to achieve a high bandwidth efficiency, multi-level 

linear modulation techniques — such as 16-IeveI Quadrature Amplitude Modulation 

(QAM) and 64-level QAM [6] can be invoked. Partial response modulation techniques 

— such as Continuous Phase Modulation (CPM) [7] schemes, which include Gaussian 

Minimum Shift Keying (GMSK) [8] — can also be employed. The above QAM-based 

systems are susceptible to noise and fading, since the signal constellation points become 

closer in the constellation space. CPM schemes, which spread the eSects of a bit over time 

in order to decrease the bandwidth of the signals, additionally suSer from intentionally 

introduced Controlled ISI (CISI). Hence, the equaliser design must also be able to cope 

with the additional CISI. In conjunction with equalisation, channel decoding can also be 

employed in order to further improve the performance of the systems. Powerful error 

correction schemes — such as turbo codes [9] — have been shown to yield performances 

close to Shannonian performance hmits. Instead of performing the equalisation and 

decoding separately, higher performance gains could be achieved by implementing the 

equalisation and decoding operations jointly and iteratively. This technique is also known as 

turbo equalisation [10] and has been shown to combat the eSects of channel ISI successfully. 

The outhne of this chapter is as follows. Section 1.1 presents the motivation of the 

research, while Section 1.2 describes the layout of the thesis. This is followed by a brief 

overview of the mobile radio channel in Section 1.3. In Sections 1.4 and 1.5, the basic 

Continuous Phase Modulation (CPM) theory and the Digital Frequency Modulation (DFM) 

theory are presented. Subsequently, the state representation of Minimum Shift Keying 

(MSK) and Gaussian MSK (GMSK) is discussed in Section 1.6. Section 1.7 presents the 

spectral performance of MSK and GMSK, while Section 1.8 describes the principles of 

constructing trelhs-based equahser states. Finally, Section 1.9 summarises the main points 

presented in this chapter. 



1.1 Mot iva t ion 

The scope of this research encompasses a range of equalisation and decoding issues with 

the aim of enhancing the performance of the GSM system. Since its standardisation in 

the mid-eighties, the GSM system has been evolving throughout the past decade. This 

process has been hallmarked by the introduction of the High-Speed Circuit Switched Data 

(HSCSD) service [11] and the General Packet Radio Service (GPRS) [12]. Further impor-

tant developments were the introduction of the 5.6 kbps half-rate [13] and the Enhanced 

Pull-Rate (EFR) speech codecs [14]. Turbo-equalised [15] and turbo-coded [16] performance 

improvements were proposed by Bauch et aJ and Burkert et aJ, respectively. Motivated by 

these trends, in this treatise we also set out to develop a range of powerful performance 

enhancement techniques. SpeciEcally, turbo equalisation algorithms — which have been 

shown to mitigate the eSects of ISI [10] — are investigated in the context of partial re-

sponse CPM schemes, namely GMSK and spectrally eScient multi-level QAM techniques. 

Furthermore, a novel reduced complexity treUis-based equaliser is developed, in order to 

mitigate the associated high complexity, which is experienced by treHis-based equahsers 

when the channel dispersion is severe, since the number of channel equaliser states required 

increases exponentially with the channel dispersion. 

1.2 Organisat ion of Thesis 

Below, we present the layout of the thesis: 

e In Chapter 2, the potential of employing turbo codes for low-rate GSM-like speech sys-

tems is investigated. An overview of the Soft-In/Soft-Out (SISO) algorithms, namely 

the Maximum A Posteriori (MAP) algorithm [17] and Log-MAP algorithm [18], which 

are used in the investigated equaliser and turbo decoder, is also presented. 

® Chapter 3 introduces the principles of an iterative, joint equalisation and decoding 

technique known as turbo equalisation [10] invoked in order to overcome the ISI 

and CISI introduced by the channel and modulator, respectively. Modifications of 

the SISO algorithms employed in the equaliser and decoder are proposed in order 

to generate information related to not only the source bits but also to the parity 

bits of the codewords. The performance of coded systems employing turbo equalisa-

tion is analysed. Three classes of encoders are utilised, namely convolutional codes, 

convolutional-coding based turbo codes and Bose-Chaudhuri-Hocquengham (BCH)-

coding based turbo codes. 
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# Theoretical models are devised for the coded schemes in order to derive the Maxi-

mum Likelihood bound of the system in Chapter 4. These models are based on the 

Serial Concatenated Convolutional Code (SCCC) analysis presented in reference [19]. 

Essentially, this analysis can be employed, since the modulator could be represented 

accurately as a rate A = 1 convolutional encoder. Apart from convolutional-coded 

systems, turbo-coded schemes are also considered. Therefore the theoretical concept 

of Parallel Concatenated Convolutional Codes (PCCC) [20] is utilised in conjunction 

with the SCCC principles in order to determine the Maximum Likelihood (ML) bound 

of the turbo-coded systems, which are modelled as hybrid codes consisting of a paral-

lel concatenated convolutional code, serially linked with another convolutional code. 

An abstract interleaver from reference [20] — termed as the uniform interleaver — 

is also utihsed, in order to reduce the complexity associated with determining all the 

possible interleaver permutations. 

# Chapter 5 presents a comparative study of coded BPSK systems, employing high rate 

chaimel encoders. The objective of this study is to investigate the performance of 

turbo equalisers in systems employing diSerent classes of codes for high code rates 

of i? = I and i? = | , since known turbo equalisation results have only been pre-

sented for turbo equalisers using convolutional codes and convolutional-based turbo 

codes for code rates of A = ^ and A = ^ [10, 21]. Specifically, convolutional codes, 

convolutional-coding baaed turbo codes, and Bose-Chaudhuri-Hocquengham (BCH)-

coding based [22, 23] turbo codes are employed in this study. 

# Finally, in Chapter 6, a novel reduced complexity trellis-baaed equaliser is proposed. 

In each turbo equalisation iteration the decoder generates information, which reSects 

the reliability of the source and parity bits of the codeword. With successive iteration, 

the reliability of this information improves. This decoder information is exploited, in 

order to decompose the received signal such that each quadrature component consists 

of the in-phase or quadrature-phase component signals. Therefore, the equaliser only 

has to consider the possible in-phase or quadrature-phase components, which is a 

smaller set of signals, than aU of their possible combinations. 

# Chapter 7 summarises the main Endings and conclusions. Suggestions for future work 

are also presented. 

Next, we outline the novel contributions of this thesis: 

# The potential of using turbo codes in a low-rate GSM-like speech system was investi-

gated [1] in comparison to the system employing the same speech codecs but protected 

by convolutional codes. 



# The turbo equalisation performance is investigated for convolutional-coding based 

turbo-coded GMSK systems, BCH-coding baaed turbo-coded GMSK schemes [24] 

and convolutional-coded GMSK systems [25]. 

e The theoretical bound for coded systems employing turbo equalisation is derived. 

The principles of deriving the maximum likelihood bound for Parallel Concatenated 

Convolutional Code (PCCC) schemes is used in conjunction with Serial Concatenated 

Convolutional Code (SCCC) bound theory in order to derive the performance bound 

of the turbo-coded system. 

# The performance of turbo equalisers in BPSK-modulated systems employing different 

classes of codes — convolutional codes, convolutional-coding based turbo codes, and 

BCH-coding based turbo codes — for high code rates of B ^ and A = ^ is studied 

comparatively. Known turbo equalisation results have only been presented for turbo 

equalisers using convolutional codes and convolutional-coding based turbo codes for 

code rates of .R = ^ and A = ^ [10, 21]. 

# A novel reduced complexity equaliser is developed by exploiting the information gen-

erated by the decoder in each turbo equalisation iteration. This information is em-

ployed, in order to decompose the received signal such that only the in-phase or the 

quadrature-phase component signals need to be considered, hence reducing the num-

ber of states in the trellis-based channel equaliser [26]. 

In order to explore the practical design constraints of turbo-coded and turbo-equalised 

interative systems, transceivers were invoked in the context of real-time systems, such as 

speech and video transceivers. In the context of adaptive modulation, the throughput of 

the system in terms of bits per symbol was increased by employing turbo equalisation, 

since the turbo equaliser was capable of mitigating the eSects of channel-induced ISI and 

hence enabhng higher-order, higher throughput modulation modes to be employed more 

frequently, despite experiencing poor channel conditions [27] ̂ . Furthermore, the benehts of 

iterative turbo equalisation were quantised in terms of video performance improvements in 

the context of a GSM-like videophone transceiver [28]̂ . With the objective of improving 

the performance of turbo equalisation schemes and exploring their performance limit, a 

non-iterative joint channel equalisation and channel decoding algorithm was proposed [29]̂ , 

where the equaliser treUis and the decoder treUis were amalgamated into a structure that 

we referred to as a supertreUis, in order to obtain the ML performance. Research into more 

powerful turbo equalisation schemes was also conducted, employing the more powerful 

extended BCH codes insteaxl of conventional BCH codes in conjunction with turbo 
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equalisation [30] .̂ Finally, with the aim of reducing the complexity of the turbo equaliser, 

Radial Basis Function (RBF)-based equalisers were employed for turbo equalisation [31]̂ . 

Having given an overview of the thesis and the novel contributions, we present a model of 

the mobile radio channel. Subsequently, the baaic theory of Continuous Phase Modulation 

(CPM) ig discussed and the fundamental principles for constructing a trellis for equahsation 

are presented. 

1.3 T h e Mobile Radio Channel 

Mobile radio channels have been characterised in depth for example in refer-

ences [3, 32, 33, 34], hence here we restrict ourselves to a rudimentary introduction. 

A dispersive mobile radio channel has as an impulse response, which exhibits both 

time-domain delay-spread and Doppler frequency-domain spreading [6, 3]. The delay-

spread introduces time dispersion and, as a consequence of the time-frequency duality, 

frequency-selective fading as well. Again, due to duality, the frequency-domain Doppler 

spread results in time-selective fading [3]. Although, aU four eSects are present in mobile 

radio channels, their dominance is dependent on the nature of the transmitted signal, 

i.e. on the modulation technique and Baud rate employed. Hence, the channel can be 

further categorised based on the dominant eSects perceived by the system. We wiU brieEy 

elaborate on this below. 

Frequency dispersion and time-selective fading occurs when the channel is time-variant. 

In time-selective fading the frequency-domain response of the chaimel varies, while the 

signal is being transmitted, hence linearly distorting the signal. Furthermore, due to the 

time-frequency duality, frequency dispersion occurs and results in the signal bandwidth 

being stretched. In other words, the signal bandwidth at the receiver is wider than the 

transmitted signal's bandwidth due to the frequency dispersion over the channel. However, 

if the signal has a high bit rate and a short transmission frame length, the frame may 

propagate through the channel before any signihcant changes in channel characteristics take 

place. This may improve the system's resistance against time-selective fading. However, 

due to the reduced bit duration the signal now becomes more susceptible to frequency-

selective fading or time dispersion. More exphcitly, at high bit rates, the bit period will be 

shorter than the channel's delay spread in a time dispersive or frequency-selective channel. 

Therefore, the effect of the previous transmitted bits will be imposed on the present data 

bit, hence introducing ISI. 

^This work was conducted in collaboration with the co-authors 



In time-dispersive channels, the transmitted signal is stretched in time, since the signal 

is convolved with the channel's impulse response, hence prolonging the duration of the 

signal. This occurs when the transmitted signal, which is rejected and refracted, reaches 

the receiver along a number of diSerent paths. Bach of these signal paths arrives at 

the receiver with diSierent delays and possesses a diSerent power. As a consequence, 

the impulse response of a wireless channel can be represented as a series of pulses, as 

illustrated on the left of Figure 1.1. Frequency-selective fading, portrayed on the right in 

Impulse response Frequency transfer function(dB) 

Fourier 
Transform 

Time Frequency 

Figure 1.1: Stylised channel impulse response and frequency transfer function of a multipath 
channel. 

Figure 1.1 arises, since the Fourier transform of this impulse response is typically a non-Sat 

frequency-domain transfer function. When the signal bandwidth is narrow compared to 

the channel's so-called coherence bandwidth. Be — which is inversely proportional to the 

delay spread related to it by [3] — the transmitted frequency components will 

experience similar attenuations or frequency-Bat fading. Conversely, as the delay spread 

increases, Be becomes narrower. If the transmission bandwidth exceeds Be, the transmitted 

signal's frequency components will begin to encounter different attenuations, unlike in the 

Eat-fading scenario described previously. Subsequently, the channel imposes a Altering 

eSect, and linearly distorts the waveform, hence resulting in frequency-selective fading. For 

digital systems having large transmission bandwidths, the receiver will experience distinct 

time-domain echoes of the previous transmitted signals, resulting in ISI. 

For example, in the Global System of Mobile Communications known as GSM [3], 

GMSK [35] modulation is employed at a transmission rate of 270.833 Kbauds, thereby 

giving a bit duration of 3.69/iS. For this system, the bit duration is short with respect to 

the typical mobile radio channel delay spread, which can be as high as 18/iS in the hilly 



terrain environment and therefore the signal does not experience time-selective fading and 

frequency dispersion. Instead, it experiences frequency-selective fading and time dispersion 

due to its large transmission bandwidth for a static Mobile Station (MS). However, when 

the MS starts to move, Doppler spreading occurs, since the channel characteristics begin 

to change more signi&cantly with time. Therefore, the mobile radio channel's impulse re-

sponse can be modelled as a sequence of impulses, where each impulse is attenuated by 

values satis^ing the Rician or Rayleigh distribution statistics [36]. Under these circum-

stances, the above-mentioned GMSK signals will be exposed to time-dispersion and the 

receiver will observe contributions from the previous transmitted symbols. Furthermore, 

the GMSK signal's spectrum will be distorted, since the channel characteristics vary with 

time as a consequence of Doppler spreading. It is therefore necessary to perform chan-

nel equalisation in order to resolve the transmitted signals, which have been degraded by 

the channel-induced impairments, in addition to the deliberately introduced CISI. Another 

channel model employed in our simulations is the so-called narrowband fading channel. The 

corresponding channel impulse response is modelled as a single impulse, which is attenuated 

by fading values conforming to Rayleigh or Rician statistics. 

Having discussed the channel models used, we proceed by describing the basic CPM 

principles and subsequently present two CPM schemes, namely Minimum Shift Keying 

(MSK) and Gaussian Minimum Shift Keying (GMSK). 

1.4 Cont inuous P h a s e Modula t ion T h e o r y 

The classiBcation tree of CPM schemes is shown in Figure 1.2. It is observed that there are 

two subclasses of CPM, namely Digital Frequency Modulation (DFM) and Digital Phase 

Modulation (DPM). Examples of DPM are L-Raised Cosine (L-RC) modulation, where L 

denotes the length of spreading in the modulator Slter. Therefore, 1-RC is a fuU response 

scheme, while 2-RC and 3-RC are examples of partial response modulation. For an in-depth 

treatment on the subject of DPM the interested reader is referred to references [7, 3]. In 

this section, the basic DFM theory, specifically MSK and GMSK, is elaborated. 

1.5 Digital Frequency Modula t ion S y s t e m s 

In Digital Frequency Modulation (DFM) the transmitted radio signal can be described as: 

2E 
g(̂ , a) - y cos (27r/c^ + <6(4 <3;) 4-

where .Bg is the energy within the symbol period T. Note that in a binary system a symbol 

consists of only one bit. Therefore, the terms symboJ and bit have the same meaning. 
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Partial 
Response 

Partial 
Response 

Full 
Response 

Full 
Response 

Minimum Shift 
Keying (MSK) 

L-Raised Cosine 
L=2,3 

L-Raised Cosine 
L=1 

Digital 
Frequency 

Modulation 

Digital 
Phase 

Modulation 

Gaussian MSK (GMSK) 

Tamed Frequency 
Modulation (TFM) 

Continuous Phase Modulation 
(CPM) 

Figure 1.2: Classification tree of Continuous Phase Modulation (CPM) schemes. 

The frequency of the carrier is /c, while (̂ (t, a) is the phase contribution dependent on the 

information bit a. Also, the term is used to denote the phase o&et, which can be set 

to 0 without loss of generality. Here a represents an infinitely long and uncorrelated data 

sequence, which, for M-ary signaling Ccin be deSned as, 

a E { d: 1, :i3 . . . d: (jlf " 1)}-

Equation 1.1 is also often presented as: 

'S(t, o:) ^ Y cos [^(t, a)] - cos [27r/ĉ  + <6c] - ^ ^ sin [(^(f, a)] - sin [27r/ĉ  + <̂ c], (1-2) 

leading to the so-called quadrature-representation, where the in-phase and quadrature-

phase carriers are modulated Independently by the terms cos[(^((, a)] and 8in[^((, a)]. 

The modulated radio signal, a((, a), can be produced through two different quadrature-

component based implementations, as illustrated in Figure 1.3. The first method applies 

the input data, a, to a frequency shaping Elter, g((), which constitutes an impulse response 

that spreads each data bit over a hnite number of bit intervals. Subsequently, the output 
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Frequency 
shaping filter 

gW 

Quadrature 
Frequency 
Modulator 

Phase Shaping Filter q{t) 

Frequency 
shying 
filter 

gW 

Quadrature 
Phase 

Modulator 

27rAy 

Figure 1.3: An illustration of two possible Digital Frequency Modulation (DFM) imple-
mentations, where a, /(^, a), a) and a) are the sequence of uncorrelated bits, the 
frequency of the DPM signal, the phase of the DPM signal and the modulated DFM signal, 
respectively. 

of the filter is multiplied by 27r/ij, where hf is the modulation index, in order to give the 

frequency / ( f , a) of the DFM signal. The resultant DFM signal /(<, a) is then directed to 

a frequency modulator, which generates varying harmonics of frequency, depending on the 

transmitted data bits, thereby producing the DFM signal. 

The alternative approach followed in the lower branch of Figure 1.3, is to integrate the 

frequency shaping Biter's impulse response, g(^), prior to the Altering of the input data 

stream. Subsequently, the response of the filter is multiplied with the scaled modulation-

index term 27r/iy, in order to yield the data dependent phase, (^(t, a), of the transmitted data 

bits, which is applied to a phase modulator. Mathematically, this scheme can be described 

by representing the phase, a), as the integral of the partial response pulse shaped data 

signal, summed over the signalling interval index —oo<% < oo and scaled by 27rAy, yielding: 

+00 ft 
(̂ (̂ ,a:) = 27rAy ^ / 0!ig(T — ( 1 . 3 ) 

1= —OO 

where — as mentioned previously — a, is an infinitely long sequence of uncorrelated bits, 

is the frequency shaping impulse response and /ly is the modulation index. The mod-

ulation index, Ay, is a ratio of relative prime numbers and also a proportionality constant, 

which determines the magnitude of the phase change upon receiving a data bit. We will 

elaborate further on the choice of Ay in Section 1.6. The phase, a), of a DFM signal 
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in the nth signalling interval can then be expressed in terms of the phase shaping function, 

as: 

0!) = 27r/i/ ^ —%!r) forMT'^^^(n + l)T', (1.4) 
%= —00 

since 

gW = / g(T)(fT. (1.5) 
J —00 

In practical implementations the integration of g(() in Equation 1.5 is performed within the 

limits of t = 0 to t < LT. When t < 0 and t ^ LT, we have: 

g(̂ ) = 0 for f < 0 (1.6) 

and 

g(̂ ) = 0.5 for (1.7) 

respectively. The frequency shaping function p(() can be of any arbitrary causal shape 
having a width of L bit intervals: 

[ 0 for t < 0 and ( > . 
g\tj = \ (^l.oj 

[ any arbitrary function for 0 ^ ^ LT, 

where Z, = 1 for fuU response systems, while for partial response schemes we have _L > 1. 

Therefore, the phaae shaping impulse response, g(<), is also spreâ d over a Bnite number 

of bit intervals, and the e&ctive output phase a) has contributions from partially 

overlapping pulses. The intentional introduction of Inter Symbol Interference (ISI) due to 

partial-response pulse shaping results in a tight spectrum, which reduces the spectral spiUage 

into adjacent channels. However, in order to mitigate the eSects of ISI, an equaliser is 

needed at the receiver, even if the channel is non-dispersive. For the purpose of illustration, 

in Figure 1.4 we portrayed a pair of stylised impulse responses, namely g(t) and g(t). 

1.6 S ta te Represen ta t ion 

The partial response DFM signal can be viewed as a signal exhibiting memory. This is the 

consequence of spreading the response of the hlter, g(t), over a Bnite number of bit inter-

vals. For modulated signals exhibiting memory the optimal form of detection is Maximum 

Likelihood Sequence Estimation (MLSE) [37, 3]. MLSB-type detection can be employed 

by observing the development of the so-called phase tree over an arbitrary number of sym-

bols, before making a decision on the oldest symbol within that time span. The number of 
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Time. ^ Time, t Z,T 

Figure 1.4: Stylised g(t) and g(̂ ) impulse responses. The impulse response g(t) is obtained 
by integrating g((), as shown in Equation 1.5. 

branches in the phase tree increases exponentially with each data bit received. Hence, the 

number of correlations required, in order to identify the most likely received sequence will 

also increase exponentially. However, as it wiH be shown, upon employing a trellis structure 

or state representation of the DFM system, this exponential increase in complexity can 

be avoided. In the following discussion, the underlying principles for constructing a DFM 

treUis structure are established. 

By using the relationship expressed in Equations 1.6 and 1.7 and by rearranging Equa-

tion 1.4, the phase of the DFM modulated radio signal at instant n can be written as [7]: 

71—Z/ 7% 

a) = 27r/iy ^ — ^T) + 27rAy 
«=—oo Z/+1 
n—L n 

= 27rAy ^ 0:^(0.5)+ 27rAy —%T) 
i=—oo i=n~L+l 

n n—L 

= 27r/ty ^ —2T) + 7r/iy CK; 
2=71 —Z/+1 i= —oo 

= a) + 

(1.9) 
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where 

a) = 27r/z/ ^ — zT) 
i=n—L+l 

n—1 

= 27rAy ^ + 27r/i/or;ig(t — nT), (1 10) 
i=n~L+l 

Current bita's eSect 

Correlative State Vector 

and 

71 — L 

TrAy ̂  CKi, (1.11) 

%=00 

is the Phaae State, which is periodic with respect to 27r and represents the accunmlated 

phase due to the previous bits that have passed through the phase shaping Elter. Equa-

tion 1.10 describes the relationship between three parameters, namely ^(t, a), the most 

recent information bit, 0:̂ , and the so-caUed Correlative State Vector, which is the hrst 

term on the right. 

Let us now estabhsh the relationship between the number of phase states needed and 

the modulation index, Since the phase state, is Tr/iy recalling that /zy 

is a ratio of relative prime numbers and is periodic with respect to 27r, the four phase 

states for a modulation index A/ = ^ are 0, ^,7r and Similarly, for /i/ = ,̂ there are 

six phase states, namely 0, Y, %,7r, ^ and When the modulation index, A/, is the 

three phase states are 0, ^ and We observe that for modulation indices, which possess 

even numerators, the number of phase states is equal to the denominator, aa in the example 

of A/ = .̂ By contrast, when the numerator of Ay is odd, aa in A/ = ^ and Ay = the 

number of phase states is double that of the denominator. Therefore, we caji express the 

modulation index, h f , as [7]: 

hf = — , ( 1 . 1 2 ) 
P 

where A; and p are two integers with no common factor, such that the denominator, p, 

determines the number of phase states for the DFM system. For example, for A: = 1 and 

p = 4 we arrive at Ay = ^ and four phase states. A general expression for the p legitimate 

phase states , is as follows: 

E j forA; —0. . . (p —1). (113) 
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For a full response DFM system with f, = 1, i.e. when employing no partial-response 

spreading, Equation 1.9 becomes, 

71—1 

a) = — ^T) + vr/iy cKi. (1-14) 
%= —OO 

The Erst term on the right depends on the most recent information bit On and the second 

term is the phase state 

In a partial response system, there are correlative state vector contributions from overlap-

ping pulses, as we have seen in Equation 1.10. The message of Equation 1.10 wih be made 

more explicit below by introducing the so-called treUis structure. By studying Equations 1.9 

and 1.10, it is observed that the overall phase is dependent on the correlative state vector, 

the phase state, and the latest data bit, CKn- Therefore, we deSne the trellis state, 5'n, 

as a combination of the correlative state vector and phase state, 

5"̂  = Correlative state vector}, 

and we will illustrate this relationship in Figure 1.5. However, since the correlative state 

vector relies on the information bits 0!n-i,a!n-2,- - - as seen in Equation 1.10, the 

trellis state 5'n in the partial response DFM system at time n T can be deBned as, 

Sn — \GniOin—li(^n~2T • • • jO n̂—L+l}-

For a modulation index of Ay = y and M-ary signalling, where f = log2 M number of bits 

are input simultaneously to the modulator, there are p number of phase states and 

correlative state vectors for each phase state. Hence, at time nT the total number of states 

is Upon receiving an information bit q;„ within the interval nT and (n + 1)T, the 

state 5'n changes to 5'n+i, depending on the value of CKn- By using the state representation 

established in Equation 1.15, 5"̂ +! becomes, 

—1) n̂—2; • • • 1 —L+l}") ^ —1; • • • i Zz+s}); 

where the phase state of Equation 1.13 at time (n -t- 1)T is given by: 

gn+i = [0n + 7rAyo:n-z,+i] modulo27r, (1-17) 

since the phase state is accumulative. 
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(8n'«n-l) (8n+l.«n) 
( 0 , 1 ) _ . ( 0 . 1 ) - 1 

( 0 , - 1 ) 0 , - 1 ) 

n/2,1) Ut/2,1) 

( , -1) (71 /2 , -1 ) 

(n, 1) (:t, 1) 

(;i.-i , -1) 

( 3n/2 ,1) 37[/2,1) 

(3n/2 , - 1 ) (3n/2 , - 1 ) 

CCn 

Figure 1.5: The states in a partial response DFM trellis system. The length of spreading is 
Z, = 2 and the modulation index used is Ay = 

Let us consider the example of a binary partial response DFM system spread over 2/ = 2 

bit intervals and with a modulation index of /ly = ^ = ,̂ where A and p in Equation 1.12 

will be 1 and 4, respectively. Note that the value of the modulation index Ay, in this system 

is not necessarily an attractive setting. It was only chosen to illustrate the principles 

discussed previously. In this DFM system the legitimate phase states, are as foHows: 

TT STT 
"•r'-Y 

For each phase state in tke trellis, there are 2^"^ associated correlative state vectors, 

where indicates the extent of the spreading. Hence, for pulses spread over two bit 

intervals, there will be a total of 4 2̂ "̂  = 8 states in the trellis. The transitions from each 

of these states are iUustrated in Figure 1.5 and governed by Equation 1.16. Specihcally, for 

the trellis state 5'n = (0n,CKn-i) = (0,1) at the top of Figure 1.5, there are two legitimate 

trellis transitions, depending on the current incoming bit CKyi. Note that the dashed lines 

indicate transitions due to = +1, while the continuous tines represent transitions due to 

= —1. Hence, for each state there are two legitimate treHis transitions, and similarly, 

there are two transitions merging in each state 5'n+i. We note at this early stage that 

the MLSB receiver technique [37, 3] is eHcient in partial response systems, since certain 

transitions are illegitimate, such as a transition from state (0,1) to (0,1) in Figure 1.5, 

hence allowing the receiver to eliminate the associated estimated received bits from its 
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decisions. 

In summary, DFM systems can be viewed as a form of Frequency Shift Keying (FSK) 

with a constant signal envelope and phase continuity at bit intervals and boundaries. They 

may also be further claasiGed as full response or partial response systems, depending on the 

extent of spreading, L. For full response systems we have X = 1, while partial response 

schemes have > 1. Spreading the frequency shaping function, g(^), over a higher number 

of bit intervals improves the spectral e@ciency, but at the expense of higher complexity at 

the demodulator due to the increased contribution of ISI. As a consequence of the spreading 

in the phase and frequency shaping functions, the transmitted signals exhibit memory, since 

the bits in the data sequence are interdependent. In this situation, the optimum form of 

detection is Maximum Likehhood Sequence Estimation (ML8E) [37, 3]. By constructing 

the DFM modulator as a system of trellis states, the complexity incurred in implementing 

MLSE is reduced in comparison to a modulator with a phase tree structure. We now proceed 

by describing two DFM systems, namely Minimum Shift Keying [38, 39] and Gaussian 

Minimum Shift Keying [8], in more detail. 

1.6.1 M i n i m u m Shift Key ing 

The basic theory behind Minimum Shift Keying (MSK) can be described through a brief 

discussion of two other modulation schemes. Quadrature Phase Shift Keying (QPSK) and 

OSset Quadrature Phase Shift Keying (OQPSK) [40]. 

QPSK is a modulation technique, which imposes a set of patterns on the phase of the 

carrier signal, depending on the incoming data bits. Figure 1.6(a) is an illustration of a 

QPSK modulator. The binary stream seen at the left of the figure is demultiplexed into 

odd and even index data bits, which subsequently modulate a cosine and sine carrier, hence 

giving, 

cos , (1.18) 

where /c is the carrier frequency, while a/ and og are the demultiplexed bits in the in-phase 

and quadrature arms, respectively. 

In QPSK, the data bits of both quadrature arms are aligned and they are clocked syn-

chronously. Therefore, the phase can only change once at every interval of 22". From 

Equation 1.18, the signal space diagram of Figure 1.7, can be constructed, in order to il-

lustrate the possible phase transitions at every two-bit intervals. The signal space diagram 

shows a phase transition of ± | radians, when only one of the data bits in the quadrature 
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Figure 1.6: The difference in bit stream alignment for QPSK and OQPSK is highlighted. 
Due to the staggering of data streams in OQPSK, the large phase difference of tt radians is 
avoided. 
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cos(2nf(l+n/4) 

(-1,-1) 

sin (2nfct +n / 4 ) 

Figure 1.7: Signal space diagram for QPSK and OQPSK. The possible phase transitions 
for QPSK are 0, §, -§ and vr radians, whereas in OQPSK the possible phaae changes are 0, 
^ and radians. 

arms changes, while a transition of 7r radians results when both information bits change 

simultaneously. In OQPSK, an oSset of one bit period, T", is introduced between the two 

binary quadrature streams. As a consequence, only one of the quadrature bits can change in 

every bit interval, T, hence preventing the phaae difference of 7r radiajis between consecutive 

phase values. Consequently, the large and abrupt signal envelope swing traversing through 

the origin of the coordinate system of Figure 1.7 is avoided. Hence, the bandwidth required 

is reduced, as compared to that of QPSK. This large amplitude swing in QPSK would result 

in substantial out-of-band emission, unless a perfectly linear amplifier is used [6]. 

The shift in time alignment between the quadrature arms does not produce different power 

spectra. Therefore, OQPSK and QPSK have the same povyer spectral density. However, 

when band-limiting and signal envelope hard-limiting is performed, both systems respond 

diEerently. Upon bajid-limiting, the QPSK signal envelope becomes more distorted and at 

phase transitions of 7r radians the amphtude of the signal changes abruptly from unity to zero 

and back again, during the transition from (1,1) to (—1,-1) in Figure 1.7. Consequently, 

due to hard-hmiting by hnite-dynamic ampliGers, for example, large and rapid changes 

in phase are produced. Hence, the high frequency components, which were removed by 

band-limiting are regenerated. 
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For OQPSK, band-limiting also distorts the signal. However — in contrast to QPSK — 

the signal amplitude no longer falls to zero, since the phase transition of 7r radians has been 

prevented. This is because the transitions from any phasor position in Figure 1.7 are now 

limited to the adjacent phasors, hence limiting the envelope swing. Therefore, when the 

signal envelope is hard-limited, the rate of signal change is limited, thereby band-hmiting 

the high frequency components. The improvement achieved in spectral eSciency through 

the minimisation of the phase diEerence suggests that further reduction in out-of-band 

emission and adjacent channel interference can be obtained, if phase continuity is preserved 

at bit intervals. This is the motivation, which led to the development of Minimum Shift 

Keying (MSK) [38, 39]. 

MSK can be viewed as OQPSK, but with the in-phase and quadrature-phase components 

shaped by a half-cycle sinusoid, as highhghted below. The MSK modulated signal can 

therefore be expressed as: 

a W == cos cos (27r/ct) + sin în (27r/ct) 

— — ; = COS ( 2t7tt + ' 

where 

and 

vr radians for a j = — 1 

0 radians for a/ = +1, 

= :l:l, OQ. 

Equation 1.19 shows that MSK has a constant envelope and signalling frequencies of 

/c + 4^ and /c — 4^- The difference between the signalling frequencies is which is half 

the bit rate and also equal to the minimum frequency spacing required for two signals to 

be so-caHed coherently orthogonal [40]. 

MSK can also be implemented as a DFM system by setting g(t) in Figure 1.3 according 

to: 

I 0 for ^ < 0 and t > (T. 
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(a) The impulse response of the MSK 
frequency shaping filter g(t) . 

(b) The cor responding MSK impulse 
response o f the phase shaping Glter, 
q(t). 

Figure 1.8: The MSK impulse response q(t) is evaluated by integrating g(t). 

The impulse response, g(() yields in Figure 1.8(b) by using the relationship in Equa-

tion 1.5. MSK is a full response binary system with a modulation index of Ay = g. A value 

of /i/ = ^ is employed in order to ensure that the minimum frequency spacing of ^ — which 

is required for two signals to be coherently orthogonal — can be achieved so that orthogonal 

detection can be implemented. We note, however that the rectangular g(t) time-domain 

pulse shaping function of Figure 1.8 imphes a sinc-shaped spectrum extending theoretically 

over an infinite bandwidth and hence resulting in substantial spectral side-lobes, which will 

be illustrated at a later stage in Figure 1.14. As described in Section 1.6, the states in the 

trellis structure are represented by the four phase states, 0, §,7r, Assuming that the 

initial phase of the system is 0, a data bit of 4-1 would cause the overall phase, ^((,0;), 

to change linearly to Meanwhile, a logical —1 will result in a transition from 0 to — 

Although — § is not one of the four states in the trellis, an equivalent representation would 

be a transition &om state 0 to since the phase state is periodic with respect to 27r. 

By using the relationships introduced in Equations 1.16 and 1.17, the trellis diagram in 

Figure 1.9 can be constructed. Let us now consider, how the undesirable spectral side-lobes 

of MSK can be reduced by invoking a partial response pulse-shaping technique in GMSK. 

1.6.2 Gauss ian M i n i m u m Shift Key ing 

Gaussian Minimum Shift Keying (GMSK) [8] is a form of partial response DFM, which 

incorporates a so-called Gaussian shaped pulse in Figure 1.10(a) as the impulse response 

for g(t). A so-called Non-Return To Zero (NRZ) data stream of unity amphtude can be 
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Figure 1.9: Stylised MSK trellis constructed with four phase states, 0, ^,7r and 

27r 
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convolved with a Gaussian low pass Biter, whose impulse response is [3]: 

to give [41], 

eW - ^ 

(1.21) 

(1.22) 

where the parameter B;, is the bandwidth of the Gaussian low pass hlter, and the Gaussian 

Q-function, Q(a;) [42], is dehned as: 

(1.23) 

For bit-stream having a period of T, the normalised bandwidth, .8^, can be expressed as, 

Bn = -BfeT-

The impulse response, g((), is illustrated in Figure 1.10(a) for diEerent values of normalised 

bandwidth, Bji- It is observed that GMSK with = oo is the full response MSK system. 

In order to implement a GMSK modulator, the impulse response g(f) must be synmietrically 

truncated to Z, bit periods. For of 0.5 the impulse response, g(<), has a pulse width 

of approximately two bit periods. Therefore, g{t) may be truncated to two bit intervals, 

i.e. Z, = 2. With diSerent hmits of truncation depending on the normalised bandwidth 

the corresponding impulse response g(t) in Figure 1.10(b) is obtained using the integrals 

of Equation 1.5. Typically, for partial response GMSK, the Elter impulse response g(t) is 

truncated by bit periods, where [̂  j represents the nearest integer Eoor. For example. 

when = 0.3, g(^) wiU be truncated to -Bn 3.33J = 3 bit periods. 
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(b) The corresponding pulse-shaping impulse response, g(f) is obta ined by integrating (;(f) 
after symmetrical ly t runca t ing g(t) to L bit intervals. The origin in the t ime axis, is used as 
a reference point and represents the point of t runcat ion. 

Figure 1.10: Plots of various and g(̂ ) GMSK shaping functions. The normalised band-
width, Bn, determines the extent of the partial-response spreading. In practice, 

is symmetrically truncated to bit intervals, where [-J denotes the closest 
integer floor. 
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Figure 1.11: GMSK phase tree, where the impulse response g(() is spread over two bit 
intervals. The modulation index used is 

The objective of introducing a Gaussian filter is to prevent the instantaneous changes in 

frequency, which exist in MSK, when switching from /c4- ^ to /c — Hence, as depicted 

in Figure 1.14 in conjunction with Gaussian Altering, the power spectrum obtained is more 

tight and has lower side lobes than MSK. Further improvement in spectral performance 

is achieved by spreading q{t) over L bit periods. However, the spreading also introduces 

Controlled Inter Symbol Interference (CISI), since the resulting phase in each bit interval 

is now dependent on the previous _L — 1 bits, as weU as on the current bit. The resulting 

phase tree is shown in Figure 1.11 for a spreading over two bit intervals. We note that 

the expected phase development in this example occurs over 2T. However, these phase 

changes are not explicitly observable in the figure due to the superposition of consecutive 

phage trajectory changes. 

Partial response DFM signals can be equalised by constructing the GMSK modulator 

as a system consisting of a Snite number of states and subsequently implementing 

trellis-based MLSE equalisers such as the Viterbi Equaliser [3]. For a GMSK modulator 

with a modulation index of /ly = ^ and a spreading over bit intervals, there are four 
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phage states, namely 0, §, 7r and and 2^"^ correlative states per phase state, giving a 

total of 4 2^"^ states in the trellis structure. The possible transitions are governed by the 

relationships established in Equations 1.16 and 1.17, and the resulting state representation 

for the modulator is equivalent to the trellis structure illustrated in Figure 1.5. Each 

transition corresponds to a particular quadrature-component baseband signal waveform. 

Therefore, a library of legitimate signal waveforms can be stored in a look-up table 

for waveform-comparison with the received signal. For a binary DFM signal, the num-

ber of signal waveforms that must be stored is twice the total number of states in the trelhs. 

Both the full response MSK and partial response GMSK system have been discussed. 

MSK can be viewed as a DFM system with phase continuity but frequency discontinuity 

at bit boundaries or as an OQPSK system, where consecutive phase-tree transitions are 

shaped by a half-cycle sinusoid. By preventing phase discontinuities at bit boundaries, the 

power spectrum obtained has lower side lobes compared to OQPSK and QPSK. However, 

at bit transitions, there are instantaneous changes in frequency. In GMSK, a Gaussian hlter 

is employed, in order to prevent these instantaneous changes in frequency. Furthermore, by 

spreading the impulse response of the filter over a finite number of bit intervals, a more tight 

spectrum than that of MSK is obtained. The improved spectral performance is however 

achieved at the expense of considerable Controlled ISI (CISI). Hence, equalisation must be 

performed at the demodulator, even in the absence of channel-induced dispersion. Let us 

now consider the spectral-domain properties of these signals in the next section in more 

detail. 

1.7 Spect ra l Pe r fo rmance 

With increasing demand for spectrum, the spectral occupancy of the modulated signal 

becomes an important consideration in the design of modulation schemes. In the following 

discussion, the spectral characteristics of the modulated signals considered in this treatise 

are evaluated by computing the Power Spectral Density (PSD) and the fractional out-of-

band power, 

1.7.1 Power Spectral Dens i ty 

The power spectral density of the modulated signal is a measure of the distribution of power 

with respect to the &equency. Here, the so-called Welch method [43] is employed in order to 

estimate the spectra of the DFM signals, which are characterised as random processes. In 

these experiments a pseudo-random data sequence was directed into the MSK and GMSK 

modulator, which produced the in-phase and quadrature-phase baseband samples. Before 
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transformation in the frequency domain, the time domain quadrature-phase samples of the 

modulated signals were decomposed into A: number of segments, which were overlapped by 

50% between successive segments, as shown in Figure 1.12. Bach segment of M samples 

1 2 3 

M 

- / / -

- / / -

- M / 2 

Number of samples 

r 

/ / -

N-2 N-1 N 

k-2 

k-1 

Figure 1.12; The Welch method subdivides the block of N samples into k segments. Each 
segment has a length M and overlaps with the successive segments by 50%. 

waa then multiplied with a time-domain window function. DiEerent window functions yield 

subtle enhancements and degradations in terms of the sharpness of the peaks or narrowness 

of the computed spectral estimation. Since the purpose of this experiment is to compare 

the PSD of different modulation schemes, the specific choice of window function is of less 

signiHcance, if the PSD of these schemes is evaluated with the same window. For our 

investigations, the Bartlett window [43] was chosen, which is shown in Figure 1.13 along 

with other commonly used windows. The Bartlett window can be expressed as: 

1 - for 0<j<M, (1.24) 

where ^ is the sampling index. The so-called periodogram in Equation 1.25, is an estimate of 

the PSD, which is computed by applying the Fast Fourier Transform (FFT) to the windowed 

segments having M samples, in order to obtain %(/). Subsequently, the magnitude of %(/) 
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Figure 1.13: Commonly used window functions for computing the power spectral density 
of the modulated signal. 

is squared and normalised. 

Periodogram = ^ |%(/)|^ (1.25) 

All the A; periodograms are averaged, in order to give an estimate of the PSD. A detailed 

mathematical treatment of PSD estimation can be found in reference [43]. The spec-

tral density plot for MSK and GMSK having different normalised bandwidths, in 

Figure 1.14, was obtained by subdividing the data samples into A = 100 segments, each 

containing M = 256 samples. 

From Figure 1.14, it is observed that the power spectrum of MSK contains signlBcant 

side lobe leakage compared with the GMSK spectra. This is due to the instantaneous 

changes in frequency at symbol interval boundaries. In GMSK, these rapid frequency 

transitions are prevented by the use of a Gaussian Biter, hence giving a spectrum with lower 

side lobes. For = 0.5 the impulse response of the hlter, is extended approximately 

over two symbol periods. As a consequence, a more compact spectrum is obtained. Further 

reduction in the normalised bandwidth, produces power spectra, which occupy a 

further reduced bandwidth. However, this is at the expense of considerable CISI. 

In Figure 1.14, the power spectrum for the modulated GMSK signal with .8^ = 0.3 and 

.Bn = 0.5 exhibit a bend at a normalised &equency of 1.2 and 1.6, respectively. This is 
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Figure 1.14: Normalised power spectral density for MSK and GMSK for diEerent normalised 
bandwidtbs, 

due to the time-domain truncation of the impulse response g(<) [7], which corresponds to 

multiplying g{t) by a rectangular window, and hence equivalent to convolving the frequency-

domain transfer function (?(/) with the sinc-shaped window spectrum. Note that G(/) is 

obtained through the Fourier Transform of the impulse response g(^). 

1.7.2 Fractional Out-Of-Band Power 

The fractional out-of-band power, represents the power in the region exceeding a par-

ticular bandwidth, B. An expression for Pqj, is given by: 

/ ~ „ S ( / ) d / - / ® ^ S ( / ) # 

(1 .26) 

PoiAB) 
/~oo S i m 

S%SU)d! 
= 1 -

The function, for MSK and GMSK in Figure 1.15 was obtained by numerically 

integrating the PSDs in Figure 1.14. It shows the fraction of power — expressed in dB — 

that faHs outside the range — w h e r e B is a variable. As expected, the 

for MSK is much higher due to the side lobe leakage in the power spectrum. In GMSK at 

Bn = 0.25, the fraction of power leakage is -70 dB for a normalised frequency of 1.0, while 

MSK has a greater power leakage of -25 dB at the same normalised frequency. Since the 

power spectra for GMSK associated with — 0.5 and = 0.3 suffer from an anomalous 

bend owing to the time-domain truncation of g(^), the function for these systems also 



CHAPTER]. JNTRODIJCTfON 28 

j£ 
1 m 

(S 

A 

- 1 0 -

-30 

"MSK 
OMSK Bn=0.5 

"GMSKBn=0.3 
"OMSK Bn=0.25 

-40 

- 6 0 

0.5 1 1.5 
Normalised Bandwidth, BT 

Figure 1.15: The out-of-band power for MSK and GMSK for diSerent normalised band-
widths. 

displays an irregularity. This occurs at a normalised frequency of approximately 1.1 and 

1.3 for GMSK associated with = 0.5 and = 0.3, respectively. 

Having described the fundamental principles and properties of the DFM schemes, specif-

ically for Minimum Shift Keying (MSK) and Gaussian Minimum Shift Keying (GMSK), we 

now proceed by describing the basic principles of constructing trellis-based equaliser states. 

1.8 Cons t ruc t ion of Trellis-based Equa l i se r S ta tes 

In order to describe the construction of the associated equaliser treUis states, we must 

Erst extend the principles of modulator state representation, which were introduced in Sec-

tion 1.6. When the signal is transmitted over a Gaussian channel, a trellis-based equaliser 

has the same state representation as the modulator. However, in dispersive wideband radio 

channels the trellis-based equaliser must consider a larger set of possible signals, in order 

to remove the eSects of the ISI introduced by the channel's multipath components. Hence, 

more states will be needed in the treUis-based equaliser in order to perform the equalisation 

process. We will show later how each of these treUis-based equahser states, which incor-

porate information needed to mitigate the CISI introduced by the modulator filter and to 

remove the channel-induced ISI, can be decomposed into number of modulator states, in 

order to regenerate the received signal estimates corresponding to a trellis-based equaliser 
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state transition. 

CSVEQ in non-dispersive channels CSVsQ in truncated channel of length 

1; ' ' ' ) —Zf-j-l — X 7 • • • J —X-f-l; • ' • ; ^71—L— 

Table 1.1: Correlative State Vector (CSVEQ) used over non-dispersive channels and disper-
sive radio channels with delay spread at time nT. 

Let us introduce the notations CSVmod CSVEQ to represent the Correlative State 

Vector (CSV) of the modulator and the trellis-based equaliser, respectively. The states 

in the trellis-based equaliser are represented by the phase state, and the Correlative 

State Vector CSVEq , as shown in Equation 1.15. Over dispersive multipath channels, 

the number of phase states remains the same. However, more data bits are required, in 

order to represent the CSVsQ and it is dependent on which is the sum 

of the spreading interval in the modulator and the length of the channel window, 

Table 1.1 highhghts the number of bits needed in the CSVeQ for non-dispersive channels 

and dispersive wideband radio channels. At this stage, we have established that the CSV 

in the demodulator must be represented with the aid of additional data bits, namely 

bits CKn-;;, - - , when compared to the trellis-baaed equaliser designed for non-

dispersive channels. The additional information is needed, in order to mitigate the effects 

of the ISI introduced by the dispersive wideband channel. 

We will now show explicitly how the information in the trellis-based equaliser state 

is used to regenerate the estimated received signal, which is then compared with the 

received signal in order to give the branch metric. At each trellis state, the phase state 

and the correlative state vector CSVeq are used to reproduce the GMSK modulated 

signals over -|- 1 bit periods. As illustrated in Figure 1.16, the modulated signal over 

Lu, + 1 bit periods is convolved with the estimated channel impulse response of length 

hence giving the expected received signal, which extends over a single bit period. 

There is sufficient information stored in each trellis state in order to regenerate the GMSK 

modulated signal over + 1 bit periods, because each equaliser trellis state describes 

Jjtt, 4- 1 modulator states, as depicted in Figure 1.17. Since the transition between each 

of these modulator states releases a modulated signal transition over one bit period, we 

obtain a resultant modulated signal, which extends over Lyj + 1 bit periods. As mentioned 

previously, the estimated modulated signal is then convolved with the measured channel 

impulse response in order to give an estimate of the received signal. 
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Lu]=2 bit periods 

Truncated channel 
impulse response 

Sample 1 

time-reversed 
modulated signal 
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time-reversed 
modulated signal 

Li^+1=3 bit periods 

Figure 1.16: The truncated channel impulse response is over Lw = 2 bit periods, while the 
modulated signal extends over 2̂ ^ -I-1 — 3 bit periods. We obtain the regenerated signal by 
convolving the modulated signal with the truncated channel impulse response, in order to 
get the estimate of the received signal over one bit period. An oversampling by a factor of 
two was used in this example. 

{Qn—Lw — Xym=0 ^n-L—mj • • • iQn-Um + l} 

j. a, %— modulated signal at time (n — Lyj)T 

1,̂ +1 = Dn - -L~rm Ctn - Lm; • • • ; Qin - Vw+2} 

4" ^n—L-uj+l modulated signal at time (n — 4-1)^ 

71—2 modulated signal at time (n — 2)%" 

1 — 2 i) (^n—2i ®n—3) - - - , Lj" 

4 —>- modulated signal at time (n — 1)T 

{^711 ^71—1 ? ^71—2; • • • 1 ^71 — _L+l} 

4- (̂ 71 current modulated signal at time 

Figure 1.17: Each of the equaliser treUis state 5"̂  = {^^,0:71-1, -- ,a:n-z,+i: 
. . . , can be broken down into 1,̂ ; + 1 modulator states, in order to regenerate 
the modulated signal g((, a), which extends over 2,̂ ,, -|-1 bit periods. 
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CSVvE = 

CSVmod at time nT 

CSVmod at time (n - l ) r 

CSVmod at time (m — 2)!r 

CSVmod at time (n - Z'u,)?' 

1/ - 1 bit periods 

Figure 1.18: Sliding window employed to extract the previous CSVmod- The current 
CSVmod is an-i , - - , CKn-1,+1 - By sliding the window one position to the right, the (n — l)th 
CSVmod, which is 0:^-2, - - - is determined. This sliding operation is repeated until 
jLiu + 1 CSVmod are obtained. 

Next, we describe the steps taken to decompose each trellis-based equaliser state into 

+ 1 modulator states. First, we determine the CSV^od ^ach modulator state and 

then the corresponding phase states. The current CSV^od can be obtained by choosing 

the first L — I bits in CSVEQ- Subsequently, we skip the first bit in CSVEQ and select the 

next L — 1 bits in order to determine the previous CSVmod- This procedure is essentially 

a sliding window process, where the width of the window is — 1 bits and the window is 

shifted by one bit position to the right each time we want to extract the next CSV^od for 

the previous modulator states. This is illustrated in Figure 1.18. 

For example, let the equaliser trellis state be {0^, an-i , - - , a!n-z,+i, - - , 

The current CSV^od instant nT is 0:^-1, CKn-2, - - - ,0!n-z,+i by sliding the window 

one bit position to the right, it will encompass the (n — l ) t h CSVmod, which consists of 

the data bits 0!n_2,0:^-3, By repeating this shding window operation, we are 

able to identi^ the + 1 CSVmodS. At the same time, we are capable of determining the 

previously transmitted bits from each modulator state since for each CSV^od, the &rst bit 

on the left is the previous bit transmitted. Therefore, if the CSVmod is —1,+1,+1, the 

previous data bit was a logical —1. 

We have described, how the CSVmod can be obtained from CSVBQ. Now we have to 

determine the modulator phase states for each of these CSV^odS, in order to complete the 

description of the modulator states and hence to regenerate the modulated signal over 



bit intervals. This estimated modulated signal is then convolved with the channel impulse 

response, in order to generate the estimated received signal. The phase state in the treDis-

based equaliser state is also the current modulator phase state. Since the current modulator 

phase state, is mathematically expressed as = [0̂  + 7rAyan-z,+i] modulo 27r, in 

Equation 1.17, we can rearrange this equation to give: 

On — ^n+1 '̂ hj'CXn—L+l' (1-27) 

In order to evaluate the previous modulator phase state, we substitute n in Equation 1.27 

by n — 1, yielding: 

— TrhyCKn-Z,, (1.28) 

while for the (n — 2)th phase state, we get: 

dn—2 ~ Gn—1 X. (1.29) 

Substituting 6n-i from Equation 1.28 into Equation 1.29, we obtain: 

dn—2 — iŜ n—L 4" ®n—L—l) • (1.30) 

Repeating this, we can derive a closed form equation for the previous phase states, 

giving: 

k 

^n~-\~k — ^ ^ ̂ n~L~m for k — 0. . 'Lyj 1. (1.31) 
m=0 

In summary, with the aid of the sliding window operation illustrated in Figure 1.18 

and Equation 1.31, we can regenerate the modulated signal over 2,^ + 1 bit peri-

ods for each of the trellis-based equaliser states, by first subdividing the trellis state 

Sn = -[071, , . . . ^ otfi-ij-ij-ii... , into Lyj + 1 modulator states and the 

previous number of bit transitions, as seen in Figure 1.17. The purpose of decomposing 

each of the trellis states into + 1 modulator states is to regenerate the modulated signal 

over Ztu + 1 bit periods, which is then convolved with the estimate of the channel impulse 

response in order to reconstruct the estimated received signal. Together, the estimate 

of the received signal and the actual received signal is then used to calculate the branch 

metric by evaluating the correlation or the squared Euclidean distance between these signals. 

For example, in a GMSK system with L = 3 and Lw = 2, the total spread-

ing, Ww, is 5. There will be 4 phaae states as before, while the number of 

CSVEQ is 2''"'"̂  or 16 for each phage state, giving a total of 4 16 = 64 

states in the trellis-based equaliser. Let us assume that we are currently in the 
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{^n-2; Qn-S;'^n-4} — + 1 ; + ! } 

i 0!n_2 = +1 —modulated signal at time (n — 2)7" 

C(n-2, 0:71-3} — {0; + 1; +1} 

j. = — 1 —modulated signal at time (n - l)!" 

{^n; CKn-l; "71^2} — {f ; — 1, +1} 

^ 0!n = :l:l — c m r e n t modulated signal at time nT 

Figure 1.19: The trellis-based equaliser state 5'̂  = {§, — 1, +1, +1, +1} contains informa-
tion on the Lyj = 2 previous bit transitions and Lyj + 1 = 3 modulator states. Prom the 
information used to represent state 5"̂ , we can deduce that the current nth modulator state 
is — 1,+!} , while the (n — l)th ajid (n — 2)th modulator state, is (0, 4 -1 ,+!} and 
{ ̂ , + 1, +1), respectively. 

equaliser trellis state 6̂ ^ = — §, CSVEQ = —1, + 1 , + 1 , + 1}, where 

9n = fjCtn-i = — 1, CKn—2 = +1, CKn-3 = +1 and CKn-4 = +1. By substituting these 

values into the decomposed modulator states in Figure 1.17, we can deduce that the 

(n — l)th modulator state was 0:71-2,0:71-3} = {0, + 1, +1} and that the (n — l)th 

bit transmitted was o:n-i = — 1 , hence reaching the current nth modulator state 

{0^,0:71-1,0:^-2} = {§,—1,+!}, as illustrated in Figure 1.19. Note that the phase state 

is periodic with respect to 27r. Therefore, the phase state at instant n — 2 is ^ and not 

— For each trellis-based equaliser state in this system we can determine the previous 

modulator states and bit transitions. Therefore, being able to extract this information and 

by considering the latest data bit, we can regenerate the modulated sequence, which 

extends over + 1 = 3 bit periods. The estimated received signal can be produced by 

convolving the modulated signal with the truncated channel impulse response. 

In summary, over dispersive channels, the number of states in the trellis-based equaliser 

must be increased to mitigate the eEects of the ISI introduced by the multipath channel. 

Each equaliser trellis state contains the associated information of the previous bit tran-

sitions and modulator states. Therefore, with the knowledge of the current data bit a„ 

leaving an equaliser trellis state, all combinations of the modulated signal can be generated 

over Lw + 1 bit periods. Subsequently, the received signal can be estimated by convolving 

the modulated signal with the windowed channel impulse response. 
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1.9 S u m m a r y 

At this stage, we have provided an overview of the mobile radio channel model and also 

introduced the fundamental theory and properties of Digital Frequency Modulation (DFM), 

specifically Minimum Shift Keying (MSK) and Gaussian Minimum Shift Keying (GMSK). 

The basic principles of constructing the trellis states of the equaliser have also been pre-

sented. Let us now commence our discussion of turbo coding in the context of GSM-like 

systems. 



Chapter 2 

Turbo Coding in GSM 

In 1993, Berrou, Glavieux and Thitimajshima introduced the concept of turbo cod-

ing [9, 44], and showed that its performance approximates the Shannonian limit. Turbo 

encoders encodes the data or information sequence twice, typically using a half rate 

Recursive Systematic Convolutional (RSC) encoder. As illustrated in Figure 2.1, the input 

data sequence is directed towards the Erst RSC encoder, but the same data sequence is 

also input into an interleaver prior to passing it to the second encoder. This is to ensure 

that the encoded sequences will be statistically independent of each other. The interleaver 

introduces time diversity and therefore, when a particular bit is erroneously decoded 

in the Erst decoder due to channel impairments, it can still be corrected in the second 

decoder, since this particular bit has been mapped to a different time instant due to the 

permutations introduced by the turbo interleaver. Hence, as the size of the interleaver 

increases, the performance of the turbo codes improves, since the bit sequences, which are 

passed into the decoders become more independent. Both decoders can then exchange 

information in the form of the reliability of the bits, hence aiding the error-correction 

process. In order to achieve the required coding rate, the outputs of both RSC encoders 

are punctured and multiplexed. 

A commonly used structure, which performs turbo decoding through a series of iterations 

consists of two RSC decoders. The schematic of this turbo decoder is shown in Figure 2.2. 

Both decoders accept soft channel values and provide soft outputs. These soft outputs 

express the hkelihood or the probability that the data bit was decoded correctly, given the 

received channel values. They are usually in the form of the so-called Log Likelihood Ratio 

(LLR) [45], which assists in reducing the computational complexity. As mentioned previ-

ously, the turbo decoding process is performed in a series of iterations, where information 

is passed from one decoder to the other in cycles, until a certain termination criterion is 

35 
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Figure 2.1: Structure of turbo encoder with RSC as component codes. 

Channel output 
Interleaver Interleaver 

Interleaver Deinterleaver Deinterleaver 

Figure 2.2: Structure of iterative turbo decoder with RSC as component decoders. 

satisfied [46, 47]. A more detailed treatment of turbo codes can be found for example in 

reference 

2.1 Mot iva t ion 

Turbo codes have been shown to exhibit superior performance when long turbo interleavers 

are employed [44, 49]. However, a delay is incurred, when Elling the interleaver matrix. 

Hence, for delay-sensitive systems such as a speech system, the depth of the turbo 

interleaver must be reduced, thereby compromising the performance of the turbo code. 

Currently, the fuU-rate GSM speech system employs the conventional ^-rate, constraint 

length oi K = b convolutional code. In this chapter the suitability of turbo codes for the 



CffAPTBR 2. TC/RBO CODIZVG fN GSM 37 

full-rate GSM speech and data systems [3] is assessed, while also considering evolutionary 

versions of potential low-rate GSM speech systems. 

The organisation of this chapter is as follows. Sections 2.2 and 2.3 describe the Maximum 

A Posteriori (MAP) algorithm and the calculation of the Log Likelihood Ratio (LLR). The 

main operations of the MAP algorithm are summarised in Section 2.4. Subsequently, in 

Sections 2.5 and 2.6 the Log-MAP algorithm is described and summarised, respectively. 

This is followed by Section 2.7, which gives an overview of the complexity associated with 

turbo decoding and convolutional decoding operations. In Section 2.8 the performance of 

the turbo-coded GSM system and the convolutional-coded GSM scheme is presented and a 

summary of the main findings is provided in Section 2.9. 

Having given a brief introduction to turbo coding, we now describe the soft-output 

equaliser used in the turbo-coded GSM system. 

2.2 Soft O u t p u t G M S K Equaliser 

In GSM, the most commonly used equaliser is the Viterbi equaliser (VE) [3, 50] although 

Decision Feedback Equalisers (DFE) have also been used in the past [51]. The conventional 

Viterbi Equaliser (VE) performs Maximum Likelihood Sequence Estimation (MLSE) by 

observing the development of the accumulated path metrics in the equaliser's trellis, 

which are evaluated recursively over several bit intervals. The length of the observation 

interval depends on the afforded complexity. Hard decisiona are then released at the end 

of the equalisation process. However, since Log Likelihood Ratios (LLRs) [45] are required 

by the turbo decoders, we must employ specific Soft-In/Soft-Out (SISO) algorithms in 

place of the conventional VE. A range of SISO algorithms have been proposed in the 

literature such as the Maximum A Posteriori (MAP) [17] algorithm, the Log-MAP [18], 

the Max-Log-MAP [52, 53], or the Soft Output Viterbi Algorithm (SOVA) [54, 55, 56]. 

We opted for employing the Log-MAP algorithm, since it yielded identical performance 

to the optimal MAP algorithm, but at a significantly lower complexity. Additionally, 

the Log-MAP algorithm is also numerically more stable. Other schemes — such as the 

Max-Log-MAP and SOVA — are computationally less intensive, but provide sub-optimal 

performance. 

Although we have chosen to use the Log-MAP algorithm in our simulations, we will 

describe the MAP algorithm first, in order to demonstrate that the Log-MAP algorithm 

is a modiGcation of the MAP algorithm, having reduced computational complexity. We 

commence by showing, how the MAP algorithm provides the LLR L{um\i") for each input bit 
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+ 1 

m + 2 m — 3 m — 2 m — I m + 1 

l^j<m fj>m 

1('̂ ) Tm(̂ )'̂ ) Pmi^) 

Figure 2.3: Example of binary (M = 2) system's trellis structure. 

Urn- The LLRs, can be dehned as the ratio of the probabihty that the transmitted 

turbo coded bit, ifm was a logical '+1' to the probability that lim = —1, given that r was 

the symbol sequence received, expressed as: 

(t/m = +l |r) ' 
— In (2 .1 ) 

Depending on the implementation of the MAP algorithm, the input bit Um can represent 

the channel coded or decoded information bit. When the MAP algorithm is used in an 

equaliser, is the channel coded bit. However, when it is used as decoder, then Um 

represents the source data bit. In this section, we will describe the MAP algorithm in the 

context of a channel equaliser employed, in order to provide soft values for turbo decoding. 

By using Bayes' theorem [57] of f (a A 6) = f (a|6) - f (b), where the symbol A means 

'and'. Equation 2.1 can be rewritten to give the LLR in the form of: 

(um = +1 A r)' 
= In (2 .2 ) 

, -P(wm = —1 A r)^ 

For a binary system's trellis with % states at each trellis stage, there wiU be % sets of 

Um = +1 and Um = —1 bit transitions, which are mutually exclusive. This is because 

only one transition could have occurred in the modulator, depending on the value of 
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Therefore, the probability that Um was transmitted can also be expressed as the sum of the 

individual probabilities of the associated % transitions. We can then express the LLR in 

Equation 2.2 as: 

— In 

/ ^ f (ft A K A r)' 
k,K)=i'Um=+l 

E 
\ (k,K)^Um 

f (« A K A r) 
(2.3) 

where (A:, /() => = +1 denotes the set of transitions from state K to K caused by the bit 

lim = +1 and similarly, («, = —1 for the bit = —1- In Figure 2.3 we show an 

example of a binary system, which has % states at each stage m in the trellis. Since this is 

an example of a binary system's trellis, at each time interval, there are Af = 2 transitions 

leaving each state and % = 4 transitions due to the bit = +1- Each of these transitions 

belongs to the set ( « , ^ = +1- Similarly, there will be % = 4 number of —1 

transitions, which belong to the set («,«) =4̂  = —1- In our forthcoming discussion, we 

will introduce the other notations in Figure 2.3, with emphasis on nm-i(K), ;8m(K), and 

7m(K,K). 

Bahl et al [17] showed that by using Bayes' theorem and by splitting the received sequence 

r into rjcni, and where the term represents the present continuous-valued 

received channel output value, while and are the previous and future received 

channel output value sequences, respectively, Equation 2.3 can be expressed as the product 

of three terms: 

L{um\r) = In 

= In 

(K,K)=>Um=+l 
Z f (rniAK|K) .P(rj>m|K) 

1 (^) • K) • /3m('̂ ) ̂  
(K,K)=>Um=+l 

yi (K) •'Ym (/̂ j K) • /3r7i(K) 

(2.4) 

In the derivation of this equation, we assumed that the channel is memory less. The symbol 

^m-i(«)=-P(r;<mAA:) (2.5) 

is the probability that we are in state k at instant m — 1 and that the previous continuous-

valued received channel output sequence is The notation 

K/) — P{rm/\K\K), (2.6) 
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indicates the probability that given that we are in state A: at trellis stage m — 1, we receive 

the channel output rm at instant m, resulting in a transition to state K. Lastly, 

(2-7) 

is the probability that at instant m we wiU receive the future channel output value se-

quence with the condition that the present state at instant m is By using Equa-

tions 2.4, 2.5, 2.6 and 2.7 we can calculate the LLR for each input bit, Um- In the following 

subsection, we will describe, how each of these three variables, namely 

and /3m (t) can be determined recursively, in an eSort to maintain as low a complexity, as 

possible. 

2.3 T h e Calculat ion of t he Log Likel ihood Ra t io 

First, we consider the calculation of which will become at instant m + 1. 

Using Equation 2.5, and being at instant m, we can express OTn(K) as: 

— f (/{ ' 

It is shown in reference [58] that by using Bayes' theorem and writing the probabihty 

f (/cAfjcniArm) as the sum of the joint probabilities f over all possible 

states K, Equation 2.8 becomes: 

^ ] -P(kAK A 

^2.9) 
— ^ ] -P([̂ Ar,7j]I [K A A Tjc^rn)-

all k 

Now, we can write f([MArni]|[A; Arj<m]) as f ([M:Arm]|[K), since we have assumed that the 

channel is memoryless and therefore the probability that was received ajid that state K 

was reached at instant m, is only dependent on the previous state K, to give: 

([KArm]|A:)-f (A: Arjcm)- (2.10) 
all k 

Upon using Equations 2.6 and 2.5, we then have: 

all k 

Observing Equation 2.11, we note that can be evaluated recursively, once !'(«,/() is 

determined. At the beginning, the value of Hg(/() is set to 

r;o(K) = ( ^ (2.12) 
I 0 for ^ 6'start 
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where S'gtart is the starting state. The forwazd-oriented recursion of Equation 2.11 is also 

indicated in Figure 2.3. 

Let us now derive a recursive expression for using a similar approach as for ob-

taining f2ni(K)- From Equation 2.7, we have: 

/Sm-iN = f (rj>m-l|K), (2.13) 

which is also depicted in Figure 2.3. By expressing P{rjyrn-i\k) as the sum of joint proba-

bilities over all states k, we have: 

An—1 (^) — PiXjym—ll^) 

= ^ ^-P([KArj>yn_i]|K) 
all K 

= -P([KArj>j7jArj7j] IK) 
all K 

and employing Bayes' theorem, we can write ;8m-i(K) as: 

Pm-l(K) - 2 ^ 
all K 

f A K A K) 

(2.14) 

f ( « ) 

all K L W 

AM A/{])-f([r^ AK]|K). 

(2.15) 

all K 

By assuming that the channel is memoryless, the term -P(r̂ >m|['"77i A « A /<]) can be written 

as f (rĵ ^ml̂ ), because the probability that occurs depends only on the current state 

K, leading to: 

/)m-i(K) = (r;>m|K)'f([rm A «]!«:). (2.16) 
all re 

Lastly, upon invoking Equations 2.6 and 2.7, we arrive at 

,9m-l(K) = ^,8m(K)'7m(K,K)- (^-17) 
aU A 

Similarly to f̂ m(K), /3m-i(K) can also be evaluated recursively, given the value of'ym(K.K)-

In order to determine the initial conditions for /^//(K), where N is the length of the 

transmitted data burst, we must consider Equation 2.17 and Equation 2.7, as pointed out 

by Breihng [59]. Rearranging Equation 2.7 yields: 

/3jV-i(M) = -P(r7v|K) 

all K 
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and upon using Equation 2.6 we get 

= (2.19) 
all K 

and Equation 2.17 is re-stated as: 

(2-20) 

all K 

to give an expression for We observe that Equations 2.19 and 2.20 will only be 

satisEed, when 

= 1, (2.21) 

for all states k. 

Once 'ym(K) has been calculated, both l̂m(M) aiid /3m (t) can be determined recursively 

using Equations 2.11 and 2.17, and the initial conditions in Equations 2.12 and 2.21. Here, 

we derive a mathematical expression for 'ym(K), by invoking Equation 2.6 and using Bayes' 

theorem, 

7m(K,K) = f (rmAK|K) 

f (rmAwAA;) 
^(K) 

f (rm|KAK)-
f (/cAA;) (2.22) 

f(K) 

= f (rm|KAK) f (K|K) 

~ f ()^m|^i)f (^m); 

where the notation represents the estimate of the transmitted signal arising from a tran-

sition from state k to k, while P{um) is the so-called a priori probability for bit Um- At 

the beginning of the equalisation process we have no prior knowledge concerning bit Um-

Potentially, the a priori information P(tfni) can be obtained from independent source(s). 

Since we assume that the probability of transmitting the binary bit Um = 1 is equal to trans-

mitting = —1, we assign P(um) to be ^ for a binary system. Essentially, P(^/m) can be 

ignored in Equation 2.22, since it is independent of bit can therefore be treated as 

a constant. However, in an iterative equahsation or feedback scheme [10], the a priori in-

formation P(?/nz) can be obtained from another source — rather than from the equaliser or 

from the current received channel sequence — which can then be used to calculate 7m (^j K) 

in Equation 2.22. In this case we wiH then have a non-constant value of P(i/m) in consec-

utive iterations, which cannot be neglected as before. From Equation 2.22 we observe that 
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in the case of the non-iterative equaliser having no feedback, where f (um) = tbe term 

7m(K, K), depends solely on f (rMijai). Assuming that the estimate of the transmitted signal 

was received over a Gaussian channel, we can express f as the noise-contaminated 

transmitted signal given by: 

1 1 
f (rmla,) = - ^ = exp [ - — ^ (rt,^ - , (2 23) 

VTTiVo iVo 

where Ng is the oversampling ratio implemented at the receiver, and ^ is the double sided 

power spectral density of the Gaussian noise. The notations ^ acd t represent the Ath 

sample of the received signal and transmitted signal, respectively. Therefore, jm{k,K) is 

given by: 

1 ^ Ns-1 (2.24) 

A;=0 
1 where for a non-iterative binary system equaliser having no feedback, f (i/m) = 2 since it 

is equiprobable that the bit Um = +1 or = — 1 was transmitted. 

2.4 S u m m a r y of t he M A P Algor i thm 

Let us now summarise the operations required in order to calculate the LLR, which is needed 

by the turbo decoder. Initially, as shown in Figure 2.4, we evaluate '̂ ) the entire 

burst of received symbols r using Equations 2.22 and 2.23. Subsequently, using these values 

of'ym(K,«) we are able to determine r2m-i(^) and ^m(K) recursively using Equations 2.11 

and 2.17, respectively. Having evaluated these three terms, namely nm-i(«), 

'ym(K,«), we can calculate the LLR i,(um|r) for each coded bit using Equation 2.4, 

which is passed to the turbo decoder. The complexity involved in implementing the MAP 

algorithm is high, since we have to consider all possible paths in the trellis, unhke in the 

Viterbi algorithm, which only considers the survivor paths. Therefore, the MAP algorithm 

wag neglected for many years until the emergence of turbo coding, which needed likelihood 

values lor each input bit. Hence much eSbrt has been devoted to devising soft output algo-

rithms with similar performance as the MAP algorithm, but a t lower complexity. Robertson 

et aJ [18] proposed the Log-MAP algorithm, which gave identical performance to that of 

the MAP algorithm at a lower complexity. This is the topic of our next discussion. 
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Channel Values 

Evaluate K 
Equations 2.22, 

2.23 

Calculate LLR 

Equation 2.4 

Evaluate 

Equation 2.11 

Evaluate 

Equation 2.17 

a priorj information 

Figure 2.4: Summary of key operations in the MAP algorithm, in order to evaluate the 
LLR for bit at instant m. 

2.5 T h e L o g - M A P Algor i thm 

In the MAP algorithm we calculated the LLR at instant m by evaluating 

cmd K) in Equations 2.11, 2.17 and 2.22. We had to perform computationally 

exhaustive calculations, involving multiplications and evaluating natural logarithms, In(-), 

in order to determine these three variables. In the Log-MAP algorithm, the complexity of 

these recursive calculations is reduced by transforming /() and into 

the logarithmic domain and then invoking the so-called Jacobian logarithmic relationship, 

which is dehned as [181: 

ln(e'̂ ^ -t- = max(a:i,a;2) + ln(l 4-

= max(a;i,a;2) + / c ( k i -

= max(a;i,a;2) + /cW 

— J(^1) X2), 

where ^ = jzi — a;2| and c&n be viewed as a correction term, while max(a:i,a;2) is 

(2.25) 

maa:(a;i,a;2) 
a;i if > 372 

a;2 if a;2 > 3;i. 
(2.26) 



The transformation to the logarithmic domain is done by defining: 

A ln(0^(«)), (2.27) 

(2.28) 

rm(K) = ln('Ym(K,«)). (2-29) 

We will show subsequently how the transformation to the logarithmic domain and the use 

of the Jacobian logarithmic relationship in Equation 2.25 will allow the evaluation of the 

LLRs through additions and table look-up operations, instead of the more complex multi-

plication operations, natural logarithm ln() calculations and exponential computations. 

Let us consider the forward recursive calculations for flm('S)- By transforming flm-i(^) 

to the logarithmic domain, and using Equations 2.29 and 2.11, the term v4m(K) can be 

expressed as: 

^m(/() - ln(^m(K)) 

~ In f ^ ^ 1 (^) • Tm (^) ̂ ) I 
<all k 

= In f Y ] exp [Am-i(A:) + rm(/i:, «)] ) 
\ a l l K / 

= In f ^exp[T/(A;,K)] j , 
\ a l l K / 

(2.30) 

where Ty(K,«) is 

TXK,«)=A^_i(K) + r^(K,K), (2.31) 

representing the accumulated metric for a forward transition from state k to k in Figure 2.3. 

Explicitly, for each transition from state A to K, we add the branch metric rm(K,K) to the 

previous value ylm-i(K), in order to obtain the current value Ty(K,K) for that path. In a 

binary treUis there are two branches leaving each state, and as a consequence, two possible 

transitions merge to every state, as illustrated in Figure 2.3. Therefore, we will have two 

values of Tf(k, k) arising from the two branches reaching state k, which we will refer to as 

Tyi («,/{) and Ty2(«,/()- Exploiting this property — which is inherent in a binary system 

— Equation 2.30 can be written as: 

v4m(K) = l n | ^ e x p [ T ( K , « ) ] ) 
y (2.32) 

= hl(exp[T/i(K,K) +T/2(K, K)]). 
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Since («) can be expressed aa a natural logarithm of the sum of exponentials, the Ja-

cobian logarithmic relationship in Equation 2.25 can be employed, hence allowing Bqua-

tion 2.32 to be rewritten as: 

= In (exp [T/i(K, K) + Ty2(M, K)]) 

= max(T/i(K,M),Ty2(K,K)) + h l ( l +exp[-|Tyi(K,K) - Ty2(K,K)|]) . 

Although the transformation of («:) to the logarithmic domain term and the use of the 

Jacobian logarithmic relationship enables us to evaluate the AmiK) term through recursive 

additions rather than using the more complex multiphcation operations, we stiU need to 

compute the natural logarithm term, ln(l + exp[—|Tyi(«,«:) — Ty2(K,«)!]) or 

Equation 2.25, where — Tyi(M,/() — Ty2(K,«). Fortunately, /c(< ŷ) be stored aa a 

look-up table to avoid the need for computing it repeatedly. Furthermore, Robertson et 

aJ [60] have shown that it is suScient to store only eight values of ranging from 0 to 5. 

Therefore, in the Log-MAP algorithm the evaluation of .4,̂ 1 (fc), which is the logarithmic 

domain representation of is less complex, compared to the MAP algorithm, since it 

only involves additions and a look-up table search. This look-up table is speciGed later on 

in Section 3.5 in conjunction with a numerical example of iterative joint equalisation and 

decoding, known as turbo equalisation. 

Employing the same approach for and using Equations 2.17 and 2.28, we obtain: 

= In I ^ ^ | 
Vail K / 

= In I exp[_B^(K) 4- TrnfA:, /()] j (2.34) 
\ a l l K / 

= hi I ^exp[T6(K,K)] j , 
Vail K / 

where Tb(K,«), is: 

T 6 ( K , + rm(K,«), (2.35) 

representing the accumulated metric for the backward transition from state K to A;. We 

observe in Equation 2.35 that T(,(A;,K) for each path from state K to A: is evaluated by 

adding ?(«,/<) to Bni(K)' Since we are considering a binary system here, there are only 

two possible transitions or branches from state k to states k. As before, by using this 

information and representing the accumulated metric from these two branches as T(,i(K,«) 
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and T62(A;,«;), we can rewrite Equation 2.34 as: 

-Bm-i(M) = 1:1 f ^ exp[T(,(K,«)] j 
Vail K ) (2.36) 

= In (exp[Tbi(K, K) + T62(K, «)]). 

Exploiting the Jacobian logarithmic relationship in Equation 2.25, Equation 2.36 becomes: 

B m - i N = max(T(,i(K,K),T62(K,K)) + l n ( l + exp[-|Tbi(A;,K) - Tb2(K,K)|]) 

= max(T(,i(K,K),T(,2(K,K)) + / c ( 4 ) , 
(2.37) 

where <5;, — T(,i(K,«) — T(,2(/(:, /(). Similarly to ^^(K), we see that the recursive calculations 

for Bni-i(K) are also based on additions and the evaluation of yc(< 6̂), which — as mentioned 

before — can be stored in a look-up table in order to reduce the computational complexity. 

From Equations 2.30 and 2.34, we observe that Am(K) and .8^-1 (K) can be evaluated, 

once FrnfA:,«) was obtained. In order to evaluate the branch metric rm(^, K), we use 

Equations 2.24 and 2.29, to give: 

rm(K,K) A hl('ym(K,K)) 

— In •-P(rj7i |<Sj 

1 

= In 
\2\/7rJVo 

exp 
iv„ ^ ] {'^k,m Si,k) 

k=0 

(2.38) 

iv„ 
^ (rt.m - + h i ( f (Mm)). 
t=0 

The term In j on the right hand side of Equation 2.38 is independent of the bit 

and therefore can be considered as a constant and neglected. Furthermore, in a non-

iterative equaliser we do not have a priori information concerning the bit Wm- Therefore, 

we can make the assumption that all bits have equal probabilities of being transmitted. 

Hence, f (um) is a constant and can be neglected, enabling the branch metric rm(A:,«) to 

be written as: 

rm(M,K)- ^ rk,-. 'Si.t j (2.39) 
k=0 

which is equivalent to that used in the Viterbi algorithm. 

By transforming ^^(K), 7ni(K, /() and ;8m(K) iiito the logarithmic domain in the Log-MAP 
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algorithm, the expression for the LLR, in Equation 2.4 is also modiEed to give: 

( X] 1(^) • • /3m(^) \ 
(K,K)=>Um=+l 

= In 

\ (K,K)=>'Um = - l / 

/ Z exp(Am-l(K)+rm(K, K)+Bm(K))\ 
(«,«)=> Um=+1 

z exp(Am_i(K) + r^(A:,K)+Bm(K)) 
\ (K,K)=>Um = —1 / (2.40) 

— Ill I ^ ] exp ( ( k ) + Pjj;, (k, k) -j- Brn (^)) 

\(k,K)=>Um=+l 

— in I exp (^^_ i (k ) + r^(K, k) + 
\(k,K)=>Um = — l 

By considering a trellis with % number of states at each trellis stage, there will be % transi-

tions, which belong to the set («, K) => — +1, and similarly, % number of = —1 tran-

sitions, belonging to («,«) = — 1. Therefore, we must evaluate the natural logarithm 

ln() of the sum of % exponential terms. This expression can be simpliEed by extending and 

generalising the Jacobian logarithmic relationship of Equation 2.25 in order to cope with 

higher number of exponential summations. This can be achieved by nesting the J(a;i,a;2) 

operations as follows: 

I n ^ ^ e ' ^ ^ j = J(a:y,J(a;y_i,...J(a;3,J(a;2,a;i)))), (2.41) 

where V = x for our x-state trellis. Hence, by using this relationship and Equation 2.40, 

the LLR values for each input bit Um — where is equal t o the sum of Am-i(k) Fmi^, k) 

and Bmi^) for the Ath path at instant m — can be evaluated. 

2.6 S u m m a r y of t he Log-MAP A l g o r i t h m 

The Log-MAP algorithm transforms 0^(k), and 7^(k,k ) , in Equations 2.5, 2.7, 

and 2.6, to the corresponding logarithmic domain terms rm(K,«), using 

Equations 2.27, 2.28, and 2.29. These logarithmic domain variables are evaluated after 

receiving the entire burst of discretised received symbols, rm- Figure 2.5 illustrates the 

sequence of key operations required for determining the LLR L{um\r) of bit Um in a trellis 

having % number of states at each treUis stage. Once An:_i(K), and r m ( K , h a v e 

been calculated recursively, we evaluate the sum of these three terms — as seen in Equa-

tion 2.40 — for each path or branch caused by the bit itm = +1, J e. all the transitions 
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{k, K)=^Um = —1 

Path k + 2 Path X Path k + 2 Path X Path t + 1 Path 1 Path 1 Pa th k 

ln(f (Um = +l|r)) 

+rm (K, K) 
1 (^) 4" B m (/{) 

-\-Tm (K, k) +rm(K, K) 

Store the entire burst of received symbols, r. 

Invoking the generalised Jacobian 
logarithmic relationship 

7(1%, J ( r x _ i , . . .7(13,7(12,11)))) 
where 

-/(i2,3:i) — max(z; i , i2) + l i i ( l 7(12,11) = niax(a:i,Z2) + ln(l 

Invoking the generalised Jacobian 
logarithmic relationship 

. •7(X3,7(3;2)̂ I)))) 
where 

|ri—Z2 

Calculate Tm{k,K) from Equation 2.38 

and Bm(K) from Equation 2.34 

N. Z.̂ t=o 
Am(K) from Equation 2.30 

for the entire burst 

LLR for bit 

Figure 2.5: Summary of key operations in the Log-MAP algorithm, in order to evaluate 
the LLR for bit in a trellis having % number of states, at instant m for a non-iterative 
equaliser. 
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belonging to the set (A:,«) =4̂  — +1 at the trellis stage m between the previous state 

A: and the current state K in Figure 2.3. We repeat the process for aU paths A; = 1 - % 

in the set («:,«:) => = — 1, at the trellis stage m between the previous state A: and 

the current state k in Figure 2.3 as well. In order to evaluate the LLR for bit Um, we 

use Equation 2.40 and the generalised expression of the Jacobian logarithmic relationship, 

as expressed in Equation 2.41, where A denotes the 6th path (A = 1...%), which be-

longs to the set («,/() => Km = +1 or («,/{) => = —1- Both terms on the right hand 

side of the LLR expression in Equation 2.40 can be determined by substituting the sum 

+ + rm(K,«), into the term in the generalised Jacobian logarithmic rela-

tionship of Equation 2.41. In comparison with the MAP algorithm, the Log-MAP algorithm 

is less complex since we do not need to evaluate the LLRs using multiplications, natural 

logarithm and exponential calculations. Instead, we only need subtractions, additions and 

a look-up table. This reduction in complexity — while retaining an identical BER perfor-

mance to the MAP algorithm — renders the Log-MAP algorithm an attractive option for 

the demodulator or decoder. There are also other algorithms exhibiting a lower complex-

ity, such as the so-called Max-Log-MAP [52, 53] and the Soft Output Viterbi Algorithm 

(SOVA) [54, 55, 56], which are however suboptimal. In our work, we have used the optimal 

Log-MAP algorithm in order to obtain the best possible or upper bound performance of 

the system. 

Having described the underlying principles of the MAP and Log-MAP algorithm, which 

was used in our GMSK equaliser, we now proceed by providing an overview of the complexity 

associated with turbo decoding emd convolutional decoding. 

2.7 Complexi ty of Tu rbo Decoding and Convolut ional De-

coding 

In this section, the complexity of the turbo decoder (TC) and convolutional decoder (CC) 

is quantified in terms of the number of trellis states. The convolutional decoder employs the 

Viterbi algorithm, while the turbo decoder consists of two constituent decoders employing 

the Log-MAP algorithm. As described previously, the Log-MAP algorithms determines the 

LLR values, which represent the reliability of the transmitted source bits. In comparison to 

the Viterbi algorithm, the Log-MAP algorithm is approximately three times more complex. 

This is because the Log-MAP algorithms haa to evaluate the forward and backward recursion 

values and subsequently employ these values to determine the LLRs of the source bits. By 

contrast, the Viterbi algorithm only performs an operation similar to the forward recursion, 

with the exception that only the most reliable trelhs path is stored and in contrast to the 

Jacobian Logarithmic relationship, no correction term has to be computed. 
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Firstly, the number of trellis states in the convolutional decoder and the turbo decoder 

is determined. The number of states in the convolutional decoder is dependent on the 

constraint length K of the convolutional code according to the relationship of 2^"^. For 

example, a rate ^ jiT = 5 convolutional decoder requires 2^"^ = 16 trellis states at 

each trellis interval. For the turbo decoder, the number of states required is 2 • = 2^, 

since the turbo decoder consists of two constituent convolutional decoders. In addition, 

the complexity evaluation of the turbo decoder must also account for the number of turbo 

decoding iterations. Therefore, the complexity of the turbo decoder can be expressed as 

a function of the number of iterations, and the number of states in each trellis interval, 

yielding; 

Complexity of TC = 3 2 - Number of iterations - Number of TC states 

Complexity of CC = Number of CC states, 

where the factor of '3' was introduced in the complexity of the turbo decoder, since the 

Log-MAP algorithm employed by the constituent decoders is assumed to be three times 

more complex than the Viterbi algorithm utilised in the convolutional decoder. 

For example, turbo codes possessing a constraint length of IT = 3 in each constituent 

decoders and performing eight iterations will have a complexity of 3 2 8 - 2̂ "̂  = 192 

states. When compared with the complexity of the K = ^ liT = 5 convolutional decoder, it 

is observed that the convolutional decoder haa a complexity of 16 and is twelve times less 

complex than the turbo decoder. 

Having given an estimate of the complexity associated with turbo decoding and convolu-

tional decoding, in our following discussion we will investigate the performance of the turbo 

codec employed in delay-sensitive systems, such as speech systems. 

2.8 T u r b o Coding Pe r fo rmance Resul ts 

One of the key design factors in turbo codes is the choice of interleaver in the channel 

encoder of Figure 2.1. As described in the introductory section of Chapter 2, the input 

sequence is encoded twice, where the Erst encoder operates upon the actucd input bit 

sequence, while the second parallel encoder acts on the interleaved bit sequence. The 

performance of turbo codes improves, as the interleaved and non-interleaved sequences 

become more statistically independent. Since upon exchanging information between 

them, these information sources supply two-near independent 'opinions' concerning the 

transmitted information. Therefore, as the depth of the turbo interleaver increases, the 

performance improves as weU. It was also shown by Barbulescu and Pietrobon [61] that 

block interleavers with odd number of rows and columns perform better than a block 
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interleaver having even number of rows and columns. This is also true, when compared with 

block interleavers having odd number of rows and even number of columns or even number 

of rows and odd number of columns. Another parameter, which affects the performance of 

turbo coding, is the number of iterations invoked at the decoder. In our work, the decoder 

is set to perform eight iterations, since experimental investigations [58] have shown that no 

significant improvement in BER performance is gained by using higher number of iterations. 

We commence by presenting simulation results over Gaussian channels in order to high-

light the eSect of diSerent interleaver depths. The turbo encoder used consists of two ^-rate, 

Gaussian channel 
- - Uncoded 

9x9 turbo code 
15x15 turbo code 
31x31 turbo code 

2.5 3 .0 3.5 

Eb/N,(dB) 

Figure 2.6: BER performance of GMSK without coding and with turbo codes using 9x9 and 
31x31 interleavers, half-rate, K = 3 RSC encoders using the octal generator polynomial of 
7 and 5. 

constraint length, = 3, RSC encoders, where the generator polynomials, Go and are 

1 + D 4- and 1 -I- or 7 and 5, correspondingly in the octal representation. Note 

that we have adopted the notation RxC to indicate the dimensions of the block interleaver, 

which has R rows and C columns. From Figure 2.6, we observe that the BER performance 
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improves by approximately 0.5 dB at a BER of 10"^ as the size of the block interleaver 

is increased from 9x9 to 15x15. Another 0.25 dB improvement is gained by using a 31x31 

interleaver, when compared to the performance of the 15x15 turbo encoder at BER = 10" .̂ 

This performance is expected, since a longer interleaver will render the two encoded se-

quences more statistically independent, hence improving the code's performance. However, 

this will incur long delays, since we must wait for the interleaver matrix to be Elled, before 

the turbo encoding process can begin. Therefore, there must be a compromise between the 

delay afforded by the system, and the BER performance desired. Next, we investigate the 

performance of turbo coding in a low rate speech system [1]. 

2.8.1 Turbo Coding for a 1.9 kbps Speech C o d e c ^ 

In this Subsection, we investigate the potential of using turbo coding in the context of low 

rate speech codecs, namely a 1.9 kbps speech codec [1] in order to explore whether their 

performance potential can be exploited in conjunction with low-delay speech systems. 

1.9 kbps GSM-hke system 
Speech coding rate 
Convolutional codec 
(RSC 1 and 2) Turbo codec 
Turbo interleaver 
Modem 

38 bits/20 ms = 1.9 kbps[l] 
Rate= | , Constraint Length K=b, Go=23, Gi=33 [3] 
Rate—g, Constraint Length _fiL=3; (jo=7, Gi=5 
9x9 block interleaver 
GMSK, using the Log-MAP algorithm for equalisation 

Full-rate GSM-like system 
Speech coding rate 
Convolutional codec 
(RSC 1 and 2) Turbo codec 
Turbo interleaver 
Modem 

260 bits/20 ms = 13.0 kbps[3] 
Rate=^, Constraint Length ^<"=5, (?o=23, Gi=33 [3] 
Rate=^, Constraint Length ^ = 3 , (jo=7, (ji=5 
11x17 block interleaver 
GMSK, using the Log-MAP algorithm for equalisation 

Channel specihcations 
Doppler frequency 
Impulse Response 

41.7Hz 
Narrowband Rayleigh fading and COST207 TU50 channels 

Table 2.1: System speciGcations for 1.9 kbps GSM-like system [1] and for the full-rate 
GSM-lite system. 

Since the speech information is sensitive to delays, which in practical terms must be limited 

to within a maximum of 100 ms, we cannot use large interleavers in order to obtain a 

large turbo coding gain in BER performance terms. We compare the turbo coding results 

with the convolutional code based benchmarks, used in GSM [3]. Our work was based on 

a GSM-hke transceiver, which is illustrated in Figure 2.7, noting that the 1.9 kbps speech 

T h i s w o r k w a s b a s e d o n a c o l l a b o r a t i o n [1] 
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Figure 2.7: GSM-like system block diagram. 

codec [1] was a proprietary scheme, generating only 38 bits per 20 ms speech frame. 

In this investigation, the 38 encoded speech bits from the speech codec are channel 

encoded using a ^ rate turbo encoder possessing a 9x9 block interleaver or a GSM 

convolutional encoder, as shown in Table 2.1. Assuming neghgible processing delay, 162 

bits will be released every 40 ms upon encoding two 20 ms speech frames, since the 9x9 

turbo interleaver matrix employed requires two 20 ms 38-bit speech frames before channel 

interleaving commences. Hence, we set the transmission burst length to be 162 bits. 

2 3 
Time (us) 

Figure 2.8: The impulse response of the COST207 typical urban channel used. 

The turbo encoded speech bits are then passed to a channel interleaver in Figure 2.7. 

Subsequently, the interleaved bits are modulated using Gaussian Minimum Shift Keying 

(GMSK) [8] with a normalised bandwidth of = 0.3 and transmitted at 270.833 Kbit/s 
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Typical Urban 
Position (/.fs) Weights 

0.00 0.622 
0.92 0.248 
2.30 0.062 
2.76 0.039 
3.22 0.025 
5.06 0.004 

Table 2.2: The weight and delay of each path in the COST207 typical urban channel 
illustrated in Figure 2.8. 

across the COST207 [62] Typical Urban (TU) and Rayleigh fading narrowband channel 

models. Figure 2.8 portrays the typical urban channel model used, where each path 

is fading independently with Rayleigh statistics, for a vehicular speed of 50km/h or 

13.89 ms"^ and transmission frequency of 900 MHz. The GMSK Log-MAP demodulator 

equalises the received signal, which has been degraded by the widebajid or narrowband 

fading channels with the assumption that perfect channel impulse response information 

is available. Subsequently, the soft outputs from the demodulator are deinterleaved and 

passed to the turbo decoder in order to perform channel decoding. Finally, the turbo 

decoded bits are directed to the speech decoder, in order to extract the original speech 

information. Let us now describe the channel coder, interleaver/deinterleaver scheme and 

the GSM-like transceiver used in our investigations. 

We compare two channel coding schemes, namely the constraint length AT = 5 convo-

lutional codec as used in the GSM [3, 63] system, and turbo coding. Again, the turbo 

codec uses two liT = 3 so-called RSC component encoders, while the decoder employs the 

optimal Log-MAP [18] decoding algorithm and performs eight decoding iterations. As 

mentioned above, turbo codes perform best for long turbo inter leavers, however, due to the 

low bit rate of the speech codec we are constrained to using short interleaving and a short 

coding frame length. In our investigations, a coding frame length of 81 bits is used, with 

a 9x9 block interleaver within the turbo codec since we wait for two 38-bit speech frames 

from the speech codec. The transmission frame also contains three trellis termination bits. 

Hence the sum of the encoded bits and trellis termination bits gives a total of 79 bits. 

Therefore, another two dummy bits are included in the turbo interleaver in order to fill it 

completely, since it has a depth of 9x9=81 bits. The BBR performance with a 9x9 turbo 

interleaver over Gaussian channels is shown in Figure 2.6. 
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(b) Rayleigh fading phase. 

Figure 2.9: Rayleigh fading amplitude and phase profile examples. Each path in the mobile 
radio channel is Rayleigh faded independently to create a worst-case mobile radio scenario. 

In a Rayleigh fading channel the transmitted burst experiences phase rotation and 

amplitude fluctuation, as shown in Figure 2.9, due to the time-varying channel impulse 

response. In a deep fade, the transmitted burst will be severely attenuated, resulting in 

consecutive errors, also known as burst errors, which cannot be readily combatted by the 

channel decoder. We can mitigate the effects of burst errors by implementing channel 

interleaving. The channel interleaver rearranges the positions of the bits into different 

locations within the transmission burst or even may allocate them to different transmission 

bursts, depending on the type of interleaving scheme used. At the receiver, when the 

signal is demodulated and deinterleaved, such that the bits are placed back into their 

original positions, the errors will no longer be close to each other. They are dispersed, 

hence improving the channel decoder's chances of decoding the encoded bits. In GSM, the 

channel interleaving scheme used is known as inter-burst interleaving [3, 2]. 
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Narrowband fadine channel 
Uncoded 
Turbo code 9x9 
Conv code K=5 

E%04o(dB) 

Figure 2.10: BER performance over the narrowband Rayleigh fading channel without chan-
nel coding, using rate= h, K = 3 turbo coding and rate= h K = 5 convolutional coding. 

An interburst interleaver is used to introduce time-diversity in the system, such that 

burst errors are mitigated, hence yielding improved coded BER performance. Briefly, the 

interburst interleaver in this system spreads the contents of a single 162 coded-bit burst, 

C(n, k), into 4 sub-blocks, each consisting of 81-bits. The notation k, is the position 

of the coded input bit in the mth incoming information burst C{n, k), while j indicates the 

interleaved-bit location in the Bth sub-block. Two consecutive 81-bit sub-blocks are then 

combined, in order to form a transmitted data burst. This interleaving process adheres to 

the mapping relationship of: 

(2.43) .8 = 2-71 -I- [A modulo 4] A: = 0 , 1 , . . 1 6 1 

j = [67 A:] modulo 81. 

The mapping pareimeters for the interburst interleaving in Equation 2.43 have been 
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COST207 Typical Urban channel 
Uncoded 
Turbo code 9x9 
Conv code K=5 
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Figure 2.11: BER performance over the COST207 typical urban channel without channel 
coding, using rate= AT = 3 turbo coding and rate= ^ jiT = 5 convolutional coding. 

chosen to introduce pseudo-random displacements of the coded input bits. Therefore, this 

scheme haa the advantage of randomising the periodic fading-induced errors, since the 

coded input bursts C{n,k) are mapped into interleaved sub-blocks with irregular 

offset positions. However, additional delays are introduced, which in this case is equal to 

one data burst, due to the dispersion of symbols. Having described the turbo codec and 

channel interleaving scheme used, we proceed with the description of the GMSK transceiver. 

A GMSK modulator having = 0.3, which is employed in the current GSM mobile 

radio standard [3], is used in our system. As mentioned before, GMSK belongs to the clags 

of Continuous Phaae Modulation (CPM) [7] schemes, and possesses high spectral efSciency 

as well aa constant signal envelope, hence allowing the employment of non-linear power 

efficient class-C amplifiers. However, this spectral efiiciency is achieved at the expense 

of Controlled Intersymbol Interference (CISI), and therefore a channel equaliser, typically 
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a Viterbi Equaliser is used in conventional implementations. The conventional Viterbi 

Equaliser (VE) [3, 50] performs Maximum Likelihood Sequence Estimation by observing the 

development of the accumulated path metrics in the trellis, which are evaluated recursively, 

over several bit intervals. The length of the observation interval depends on the complexity 

affordable. The results of the bit-related hard decisions are then released at the end of 

the equalisation process. However, since Log Likelihood Ratios (LLRs) [45] are required by 

the turbo decoders, in the proposed system we employ soft output algorithms instead of 

the VE, such as the Maximum A Posteriori (MAP) [17] or the Log-MAP [18] algorithm, 

which were described in Subsection 2.2 and Subsection 2.5, respectively. However, other 

techniques such as the reduced-complexity, but suboptimum Max-Log-MAP [52, 53], and 

the Soft Output Viterbi Algorithm (SOVA) [54, 55, 56] can also be used. We chose to 

invoke the Log-MAP algorithm, since it yielded identical performance to the optimal MAP 

algorithm at a much lower complexity. 

2.8.2 Resul ts and Discussion 

The performance of our turbo-coded GSM-like system was compared with that of an equiv-

alent system, but using conventional convolutional codes instead, which had the same code 

specifications as those in the standard GSM [3, 63] system. Figures 2.10 and 2.11 illustrated 

the BER performance over narrowband Rayleigh fading channel and COST207 typical ur-

ban channel. For turbo coding, we observed an By/No improvement of approximately 0.25 

dB at a BER of 10"^ over convolutional codes. The marginal improvement of the turbo 

code over the convolutional code was due to the short interleaver frame length that was 

used in the turbo encoder imposed by the maximum 40 ms speech codec delay arrived at 

by concatenating two 20 ms speech frames. Hence, the investment in the higher complexity 

and longer delay turbo codec was not justifiable, demonstrating the important limitation of 

short-latency turbo-coded systems. We extended our investigation of turbo-coded GMSK 

systems by simulating the full rate GSM speech and data system. For the 13 kbps full-

rate GSM speech codec, 260 bits were released from the speech coder every 20 ms. As 

illustrated in Figure 2.12, the speech encoded bits can be categorised into three diSerent 

classes, namely class la, lb, and 2, depending on their importance [3]. From this figure, 

it was observed that the class 2 bits were the least importazit ones and hence were not 

protected by any 6)rm of coding, while the class la bits were the most important ones and 

were encoded using a cychc (53,50) block encoder, giving 53 bits. Subsequently, the cyclic 

encoded class la bits and the class lb bits were encoded using a | - ra te constraint length 

K = 5 convolutional coder, specified in GSM [63, 3], hence giving 378 convolutional encoded 

bits. Since we have used a K = 5 convolutional code, we required K — 1 = 4 tailing bits, in 
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GSM full-rate speech encoder 

260 bits every 20 ms 

50 Class la bits 132 Class lb bits 78 Class 2 bits 

Cyclic coding 

50 Class la + 3 parity bits 132 Class lb + 4 tailing bits 78 Class 2 bits 

189 bits 

Channel encoded with 1/2 rate 
convolutional coding 

378 convolutional encoded bits 78 Class 2 bits 

Figure 2.12: Frame structure for full-rate GSM speech coding. 

order to terminate the decoder trellis in a known state. The final frame length after cychc 

coding and convolutional encoding was 456 bits long, where 378 bits were from the convo-

lutional encoder, while the other 78 bits are the class 2 speech encoded bits. The frame was 

subjected to interburst interleaving, which used the mapping relationship recommended by 

GSM [35]. At the receiver, the same Log-MAP based GMSK equaliser as in Subsection 2.2 

was employed, which passed soft values to a convolutional decoder. 

For the turbo-coded full-rate GSM system, the frame architecture was identical to the 

convolutional-coded GSM system, with the exception that the convolutional encoder and 

decoder was substituted by a turbo encoder and decoder, respectively. We used a ^-rate 

constraint length K = 3 turbo decoder — as in the 1.9 kbps turbo-coded GSM-like speech 

system in Subsection 2.8.1 — however in conjunction with a longer turbo inter leaver, 

namely an 11x17 interleaver, which required 187 input bits, arising from the 53 cyclic 

coded bits, 132 class lb bits and the jii — 1 = 2 taihng bits. Since we were employing a 

^-rate encoder, we obtained 374 encoded bits. At the receiver, the received signal wag 

demodulated by the same GMSK demodulator, employing the Log-MAP algorithm. Soft 

values indicating the LLRs of the coded bit were passed to the iterative turbo decoder, 

which performed eight iterations. Simulations were conducted over the narrowband 

Rayleigh fading channel and COST207 typical urban channel using a Doppler frequency of 
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(a) Coded BER versus By/No over the narrowband Rayleigh fading channel. 
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(b) Coded BER versus Ey/No over the COST207 typical urban channel. 

Figure 2.13: Coded BER performance of the 11x17 turbo-interleaved turbo code, which was 
approximately 0.5 dB to 0.7 dB better in Eb/Ng terms at BER = 10"^ than that of the 
constraint length jiT = 5 convolutional code over the narrowband Rayleigh fading channel 
and the COST207 typical urban channel for the full rate GSM speech channel using the 
parameters of Table 2.1. 
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(a) Coded BER versus Eb/No over the narrowband Rayleigh fading channel. 
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(b) Coded BER versus Eb/No over the COST207 typical u rban channel. 

Figure 2.14: The coded BER performance of turbo code with random interleaving possessing 
an interleaving depth of 1083 bits, which was approximately 1.5 dB better in .Bb/ATo terms 
at BER = than that of the constraint length K = 5 convolutional code over the 
narrowband Rayleigh fading channel and the COST207 typical urban channel for full rate 
GSM data channel TCH/F9.6 [3] 
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Figure 2.15: Coded BBR performance of the ^-rate, — 5 turbo coding in conjunction 
with a random turbo interleaver of depth 50000 bits, which was approximately 3.7 dB 
better in -Bb/ATo terms at BER = 10"'̂  than convolutional codes over the so-called perfectly 
interleaved, uncorrelated Rayleigh fading narrowband channel. 

fd =41.7Hz, as seen in Table 2.1. 

We observed in Figures 2.13(a) and 2.13(b) that the 11x17 turbo code required an SNR 

of 0.5 dB lower than the A" = 5 convolutional code over the narrowband Rayleigh fading 

channel, and approximately 0.7 dB over the COST207 typical urban channel, at a BER 

of 10"^. As expected, the turbo codec performed better, than the convolutional code, 

when the turbo coding frame length was longer, since in conjunction with longer coding 

frames the depth of the turbo interleaver can be increased. Therefore, there will be less 

correlation between the original and turbo-interleaved data sequences. In the less delay-

sensitive GSM data channel — more speciEcally the TCH/F9.6 standard [3] — we can 

aSbrd a delay of 19 114-bit data bursts. Therefore, we used a turbo encoder with an 

interleaving depth of 19T14 = 2166 bits. A random turbo interleaver was employed as 
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it has been shown in [61] that for long turbo coding frames, the random interleaver hag 

superior performance over block interleavers. However, block interleavers performed better 

for short frames [64]. The coded BER over the narrowband Rayleigh fading channel and the 

C08T207 typical urban channel were illustrated in Figures 2.14(a) and 2.14(b), respectively. 

Here, we observed an %/A/o improvement of approximately 1.5 dB at BBR = 10"^ for 

both channels. By increasing the coding frame length further, to the order of 50000 bits, 

we obtained an improvement of approximately 3.7 dB at BER = lO"'̂  over the standard 

convolutional codes, when transmitting over the so-called perfectly interleaved narrowband 

Rayleigh fading channel — which is modelled as a so-called complex Gaussian channel 

having a Doppler frequency or vehicular speed of infinity — as illustrated in Figure 2.15. 

This confirmed the superiority of turbo codes over convolutional codes, when the coding 

frame length waa suSciently long. 

2.9 S u m m a r y 

In Sections 2.2 and 2.5, the optimal Maximum A Posteriori (MAP) algorithm and the Log-

MAP algorithm were described, respectively. Subsequently, the performance of the turbo-

coded and convolutional-coded potential low-rate GSM speech systems was presented in 

Section 2.8. Specifically, the speech codec operated on 20 ms speech frames ajid output 

38 bits for each of these 20 ms frames. It was observed in Figures 2.10 and 2.11, that 

turbo coding obtained a modest improvement of approximately 0.25 dB in comparison to 

the standard convolutional coding for transmissions over the narrowband Rayleigh fading 

channel and COST207 typical urban channel of Figure 2.8. This marginal improvement 

was attributed to the short interleaver depth used in the turbo encoder. Therefore, it was 

concluded that it was not justified to invest in the higher complexity and longer delay 

turbo codec, due to the above-mentioned performance limitation of short-latency turbo-

coded systems. For longer turbo coding frames, simulations vyere carried out in conjunction 

with the full-rate GSM speech codec and for the GSM data channel. The full-rate GSM 

speech codec utilised a coding frame length of 378 bits and an llxl7-bit turbo interleaver. 

In the GSM data channel, a turbo encoder with a random turbo interleaver of depth 1083 

bits was used. In Figures 2.13(a) and 2.13(b) we observed that the performance of the turbo 

codec employing an 11x17-bit turbo interleaver was 0.5 dB better, than that of the K = 5 

convolutional code for the narrowband Rayleigh fading channel and approximately 0.7 dB 

better over the COST207 typical urban channel at a BER of 10"^. For the GSM data 

channel, the required Eb/Ng of turbo codes was approximately 1.5 dB lower, than that of 

the standard convolutional code at BER=10^^ for both of these channels. When the turbo 

coding frame length was increased to the order of 50000 bits, it waa observed that a gain 
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of approximately 3.7 dB was achieved in Et/ATo terms at BER = 10"^ as compared to the 

stajidard convolutional code over the so-called perfectly interleaved narrowband Rayleigh 

fading channel, as illustrated in Figure 2.15. 



Chapter 3 

Turbo Equalisation for Partial 

Response Systems 

Turbo equalisation was Brst proposed by Douillard, Picart, Jezequel, Didier, Berrou and 

Glavieux in 1995 in reference [10] for a serially concatenated convolutional coded BPSK 

system, as shown in Figure 3.1. In this contribution turbo equalisation employing the 

structure illustrated in Figure 3.2 was shown to mitigate the effects of ISI, when having 

perfect channel impulse response information. Instead of performing the equalisation and 

decoding independently, in order to overcome the channel's frequency selectivity, better 

performance can be obtained by the turbo equaliser, which considers the discrete channel's 

memory and performs both the equalisation and decoding iteratively. 

Channel Turbo 
Equaliser 

B P S K 
Modulator 

Convolutional 
Encoder 

Channel 
Interleaver 

Figure 3.1: Serially concatenated convolutional coded BPSK system using the turbo 
equahser, which performs the equalisation, demodulation and channel decoding iteratively. 

The basic philosophy of the original turbo equalisation technique stems from the iterative 

turbo decoding algorithm consisting of two Sofk-In/Soft-Out (SISO) decoders, a structure, 

which was proposed by Berrou et [9, 44]. Before proceeding with our in-depth discussion, 

let us define below the terms a priori, a posteriori and extrinsic information, which we 

employ throughout this treatise. 

A priori The a priori information associated with a bit Vm is the information known before 

equalisation or decoding commences, from a source other than the received sequence 

66 
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Channel 
Output 

SISO Conv 
Decoder 

Channel 
Interleaver 

SISO Equaliser 
Channel 

Deinterleaver 

Figure 3.2: Structure of original turbo equaliser introduced by Douillard et al [10]. 

or the code constraints. It is also often referred to as intrinsic information, in order 

to contrast it with the extrinsic information, which is described next. 

Extrinsic The extrinsic information associated with a bit Vm is the information provided 

by the equaliser or decoder based on the received sequence cind on the a priori 

information of all bits with the exception of the received and a priori information 

explicitly related to that particular bit 1?̂ - To elaborate a little further, extrinsic 

information related to a specific bit exists due to a number of factors. Firstly, when 

using an error correction encoder exhibiting memory, each input bit influences the 

encoder's output sequence over a long string of bits. Since a conventional convolu-

tional code has an inSnite duration impulse response [3], in theory each input bit 

influences the output bit sequence over an infinite number of coded bits. In practice, 

however, this interval is curtailed at about Eve times the code's constraint. In the 

context of RSC-coding based turbo codes, typicaUy a long-memory turbo interleaver 

is employed, which substantially extends the number of coded bits, over which 

an input bit has an influence, since the turbo code's impulse response is typically 

prolonged. This justifies their high error correction power and the requirement 

of a high-depth turbo interleaver. Furthermore, since an input bit inHuences the 

encoded sequence over a high number of encoded bits, even when our confidence in 

a particular bit-decision is low, substantial amount of extrinsic information related 

to this was 'smeared' across a high number of encoded bits. With the aid of this 

extrinsic information the turbo decoder can iteratively enhance our confidence in the 

originally unreliable bit decision. We note however that the above arguments require 

that the intrinsic and extrinsic information related to a bit are treated separately 

by the decoder and hence remain uncorrelated, in order to be able to enhance each 

other's estimates in consecutive turbo decoding iterations. 
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As mentioned above — apart from the turbo encoder's memory — there are a number 

of other mechanisms generating extrinsic information due to their inherent memory, 

such as the channel's memory inducing dispersion over time. The deliberately in-

troduced CISI of the GMSK modulators investigated constitutes another source of 

extrinsic information. These issues will be treated in more depth throughout our 

further discourse. 

A posteriori The a posteriori information associated with a bit is the information that 

the SISO algorithm provides taking into account all available sources of information 

about the bit u^. 

As mentioned previously, the original turbo equaliser consists of a SISO equaliser and a 

SISO decoder. The SISO equaliser in Figure 3.2 generates the a posteriorj probability 

upon receiving the corrupted transmitted signal sequence and the a priori probability 

provided by the SISO decoder. However, at the initial iteration stages — i.e. at the 

first turbo equalisation iteration — no a priori information is supplied by the channel 

decoder. Therefore, the a priori probability is set to since the transmitted bits are 

assumed to be equiprobable. Before passing the a posteriori information generated by 

the SISO equaliser to the SISO decoder of Figure 3.2, the contribution of the decoder 

— in the form of the a priori information — accruing &om the previous iteration muat 

be removed, in order to yield the combined channel and extrinsic information. This also 

minimises the correlation between the a priori information supplied by the decoder and 

the a posteriori information generated by the equaliser. The term 'combined channel and 

extrinsic information' indicates that they are inherently linked — in fact they are typically 

induced by mechanisms, which exhibit memory — and hence they cannot be separated. 

The removal of the a priori information is necessary, in order to prevent the decoder 

from receiving its own information, which would result in the so-called 'positive feedback' 

phenomenon, overwhelming the decoder's current reliability-estimation of the coded bits, 

i.e. the extrinsic information. 

The combined channel and extrinsic information is channel-deinterleaved and directed to 

the SISO decoder, as depicted in Figure 3.2. Subsequently, the SISO decoder computes 

the a posteriori probabihty of the coded bits. Note that the latter steps are different from 

those in turbo decoding, which only produces the a posteriori probability of the source bits 

rather than those of all channel coded bits. The combined channel and extrinsic information 

is then removed from the a posteriori information provided by the decoder in Figure 3.2 

before channel interleaving, in order to yield the extrinsic information. This is to prevent 

the channel equaliser from receiving information based on its own decisions, which was 
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generated in the previous turbo equalisation iteration. The extrinsic information computed 

is then employed as the a priori input information of the equahser in the next channel 

equalisation process. This constitutes the first turbo equalisation iteration. The iterative 

process is repeated, until the required termination criteria are met [65]. At this stage, the a 

posteriori information of the source bits, which has been generated by the decoder is utilised 

to estimate the transmitted bits. A more in-depth treatment of the turbo equalisation 

principles will be presented in Section 3.2. 

3.1 Mot iva t ion 

Following the pioneering turbo equalisation research of Douillard et al [10], further work 

was conducted by Gertsman and Lodge [66], who demonstrated that the iterative process 

of turbo equalisation can compensate for the performance degradations due to imperfect 

channel impulse response estimation. In the context of non-coherent detection, Marsland 

et aZ demonstrated in reference [67] that turbo equalisation oSered better performance, 

than Dai's and Shwedyk's non-coherent, hard-decision based receiver using a bank of 

Kahnan hlters [68]. Turbo codes have also been used in conjunction with turbo equalisers 

by Raphael! and Zarai [21], giving increased improvement due to the performance gain of 

turbo coding, as well as due to the ISI mitigation achieved by employing turbo equalisation. 

Bauch and Franz [15] as well as Jordan and Kammeyer [69] then demonstrated how the 

turbo equaliser can be applied in the context of GSM — employing GMSK modulation 

— although having to make modiScations due to the interburst interleaving scheme 

used in GSM. Turbo equalisation was also utilised, in order to improve the performance 

of a convolutional-coded GMSK system employing a diEerential phase detector and 

decoder [70]. Recent work by Narayanan and Stiiber [71] demonstrated the advantage 

of employing turbo equalisation in the context of coded systems invoking recursive 

modulators, such as DiGerential Phase Shift Keying (DPSK). Narayanan and Stuber 

emphasised the importance of a recursive modulator and showed that high iteration gains 

could be achieved, even when there was no ISI in the channel, i.e. for transmission over the 

non-dispersive Gaussian channel. The above-mentioned advantages of turbo equalisation 

as well as the importance of a recursive modulator motivated our research on turbo equal-

isation of coded-GMSK systems, since GMSK is also recursive in its nature. The recursive 

nature of GMSK modulation will be made explicit during our further discourse in Chapter 4. 

The outline of this chapter is as follows. In Section 3.2, we will describe the functionality 

of the turbo equaliser in the context of convolutional-coded partial response GMSK systems 

and portray how the original concept of turbo equalisation is extended to multiple encoder 
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assisted systems, such as tmrbo-coded schemes. Subsequently, Sections 3.3 and 3.4 describe 

how the Log-MAP algorithm is employed in the context of channel equalisation and channel 

decoding, respectively. The basic principles of turbo equalisation are then highlighted with 

the aid of a simple convolutional-coded BPSK system — employing turbo equalisation 

as an example — in Section 3.5. In Section 3.6 the turbo equalisation operations are 

summarised. Subsequently, Section 3.7 presents the turbo equalisation performance of the 

convolutional-coded GMSK system, that of the convolutional-coding based turbo-coded 

GMSK scheme and the Bose-Chaudhuri-Hocquengham (BCH) [23] coding based turbo-

coded GMSK system, followed by a discussion in Section 3.8. 

3.2 Pr inciple of Turbo Equal isat ion u s ing Single /Mul t ip le 

Decoder(s) 

With reference to Figure 3.3, in this section we describe the turbo equalisation principle 

for a baseband receiver consisting of an equaliser and .ZVj component decoders. This is 

an extension of the original turbo equalisation scheme [10], illustrated in Figure 3.2. For 

simplicity, we have omitted the channel interleaver tTc and turbo interleavers vt and have 

only marked their positions. The superscript '—1' is used to represent a deinterleaver. 

Typically, for turbo codes there are = 2 component decoders, whereas for non-iterative 

convolutional decoding we have = 1. A vital rule for such turbo equalisers is that 

the input information to a particular block in the current iteration must not include the 

information contributed by that particular block from the previous iteration, since then 

the information used in consecutive iterations would be dependent on each other [66]. We 

will elaborate on this issue later on in more depth. 

The equaliser and decoder in Figure 3.3 employ a Soft-In/Soft-Out (SISO) algorithm, 

such as the optimal Maximum A Posteriori (MAP) algorithm [17], the Log-MAP algo-

rithm [18] or the Soft Output Viterbi Algorithm (SOVA) [54, 55, 56], which yields the a 

posteriori information. As defined previously, the a posteriori information concerning a bit 

is the information that the SISO block generates taking into account all available sources of 

information about the bit. When using the MAP algorithm or the Log-MAP algorithm of 

Chapter 2, we express the a postenori information in terms of its so-called Log Likelihood 

Ratio (LLR) [45]. Again, the LLR L"™ of a bit Vm, is defined as the natural logarithm of 

the ratio of the probabilities of the bit taking its two possible values of -1-1 and —1: 

(3.1) 
P(fm = - 1 ) 
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Channel output 

:̂(o) = 4+^:M 

Equaliser 

stage 0 

Hard 
Decision 

Decoder 

Demultiplexer 

Decoder 

stage 2 

Figure 3.3: Structure of the turbo equaliser using — 2 component decoders. For concep-
tual simplicity, we have omitted the inter leavers and only marked the inter leaver positions, 
where TTc and TT̂  represent the channel interleaver and turbo interleaver, respectively. The 
superscript '—1' is used to denote a deinterleaver. 

For clarity, we have employed the approach used by Gertsmau and Lodge [66] and expressed 

the LLR of the equaliser and decoder using vector notations. The associated superscript 

denotes the nature of the LLR, namely 

composite a posteriori LLR consisting of source or information and parity bit a poste-

riorj information. 

a posteriori information of the source bit. 

a posteriori information of the parity bit. 

i,*: combined channel and the so-called extrinsic information, dehned previously, for the 

source and parity bits. 

combined channel and extrinsic information for the source bits. 

combined channel and extrinsic information for the parity bits. 
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Z,̂ : extrinsic information corresponding to the source bit. 

L^: extrinsic information of the parity bit. 

^a;s. g priori information of the source bit. 

l^a;h. ^ priori information of the parity bit. 

Furthermore, the subscript notation is used to represent the iteration index, while the 

argument within the brackets ( ) is the index of the receiver stage. 

At the equaliser — which is denoted by stage 0 in Figure 3.3 — the composite output 

a posteriori LLR Lp{0) at iteration p is generated by the sum of the LLR of the a priori 

information .Lp(O), and the combined LLR of the channel and extrinsic information 

giving: 

= + ( 3 . 2 ) 

As noted before in Chapter 2, at the commencement of the iterative detection there is no a 

priori information about the bit to be decoded and hence Lp{0) = 0 is used, indicating an 

equal probability of a binary one and zero. During the forthcoming iterations, however, our 

estimation concerning this bit can be fed back to the input of the equaliser in Figure 3.3, 

in order to aid its further iterations. We also have to augment the concept of a priori and 

extrinsic information. Recalling that the former is the information related to a speciBc bit, 

while the latter — as suggested by the terminology — indicates the information indirectly 

related to a bit, for example gained from the parity bits or redundcint bits generated by the 

turbo encoder of Figure 2.1. We are imable to separate the channel's output information 

and extrinsic information at the output of the equaliser, which is denoted as Lp, since the 

channel impulse response can be viewed as that of a non-systematic code [15] 'smearing' 

the e&cts of the channel's input bits over time due to the associated convolution operation. 

Considering stage 0 of Figure 3.4, which is a detailed illustration of the equaliser, with 

Channel output 
Equaliser 

Figure 3.4: SISO equaliser illustration with emphasis on the input and output information 
at the pth iteration. 

emphasis on the input and output information. It is noted that the composite a posteriori 
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information J!Lp(0), the a priori information ^^(0) of the equaliser as well as the combined 

channel and extrinsic LLR reflects the reliability of not only the source bits, but also 

that of the parity bits. The term can be written as a set of vectors, given as: 

i:h (3.3) 

, source bit parity bi ts , 

As for the stage 0 a priori information jLp(O), this vector is obtained from the other jVj 

decoder stages — namely stages 1 and 2 in Figure 3.3 — and contains the a priori informa-

tion of the encoded bits. Therefore, like vector ^p(O) is also a set of vectors consisting 

of the a priori information for the source and parity bits, hence giving: 

source bit parity bits. 

E p-l ( ! ) ; • 

(3.4) 

; 4 - i ™ > 

parity bits 

source bit 

where i}p_^(j) ajid ^p_i(j) are the source and parity extrinsic LLRs of the _;th decoder 

stage from the previous iteration p — 1 while is the number of component decoders in 

Figure 3.3, as before. Using Equations 3.2, 3.3 and 3.4, the composite a posteriori LLRs of 

the encoded bits iLp(O) at the output of the equaliser in Figure 3.3 can be expressed as: 

. source bit parity bits, 

Na 
G 

j=i ' 

(3.5) 

parity bits 
source bit 

The stage 6 decoder in Figure 3.3 is illustrated here again in more detail in Fig-

ure 3.5, with emphasis on its input and output information. It receives the sum of ex-

trinsic information from all the other decoders excluding the stage 6 decoder — namely 

12^=1 -̂ (̂.7) + ^p-i(j) — the a priori information and also the combined chan-

nel and extrinsic information of the source and parity LLR values, namely and 
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= E-=̂  i-̂ U) + Z'̂ -iU) 

Z,!" Decoder 
stage 6 

(6) = i''" 4- j;::'(6) + ̂ (̂b) r \ 

I j):(6) 

Figure 3.5: Schematic of the SISO decoder with emphasis on the input and output infor-
mation at the pth iteration. 

respectively. The augmented source a priori information of the stage 6 decoder at the pth 

iteration can be expressed as: 

6—1 N d 

j=l j=b+l 

(3.6) 

From Equation 3.6 we observe that the a priori information (b) of the source bits consists 

of the extrinsic information from the decoders of the previous stages — namely for j < b 

in the current iteration p — and from the decoders of the later stages — namely for 

j > b from the previous iteration p—1 — but does not include any extrinsic information 

from stage b. Note that unlike the equaliser, which receives the a priori information of 

the source and parity bits, the decoders accept a priori LLRs of source bits only. This 

is because the source bit is the only common information to all decoders, whether in the 

interleaved order or the original sequence, whereas the parity bits are exclusive to a partic-

ular decoder, hence they are unable to contribute in the other decoders' decoding operation. 

At the stage b systematic decoder — for example at the outputs of the stages 1 and 2 

in Figure 3.3 and in greater detail in Figure 3.5 — the composite a posteriori LLR Lp{b) 

consists of two LLR vectors, namely the source bit a posteriori information and the 

parity bit a posteriori information Lp^{b): 

(3.7) 

The composite source a posteriori LLR Lp^{b) — which is the first component in Equa-

tion 3.7 — can be expressed as the sum of the augmented a priori information Lp'^{b), the 

extrinsic information Lp(b) produced by the decoder stage and the combined channel and 

extrinsic LLR of the source bit from the equaliser: 

(3.8) 
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which can be rewritten by using Equations 3.6 and 3.8 as: 

6 - 1 

= 4- Zji_i(;) 4- ;';(&) 4-
j=l ;=M^ 

6 % 

= Y.K'-i)+ E 
j=l J=6+1 

while the parity a posteriori LLR of Equation 3.7 can be expressed as: 

+ (3 .10) 

The term is the combined channel and extrinsic information of the parity bit and 

is the extrinsic LLR corresponding to the parity bit. 

In general, only two component encoders are used in practical turbo encoders. Therefore, 

by substituting — 2 into Equations 3.5, 3.9 and 3.10, we can determine the a posteriori 

LLRs of the equaliser and decoders, whereas Equations 3.4 and 3.6 can be used to deter-

mine the corresponding a priori inputs to the equaliser and decoders. Again, Figure 3.3 

illustrates the structure of the turbo equaliser, which employs the principles discussed above. 

In the following sections we will concentrate on the main components of Figure 3.3, 

namely on the equaliser and the decoder (s). 

3.3 So f t - In /So f t -Ou t Equaliser for T u r b o Equal isa t ion 

In Subsections 2.2 and 2.5 we discussed, how the MAP algorithm and the Log-MAP algo-

rithm can be used as a soft output GMSK equaliser in conjunction with turbo decoding. 

However, in these subsections, the iterations were only performed in the turbo decoder. 

Therefore, the equaliser did not receive any a priori values from an independent source. 

However, when implementing turbo equalisation, the SISO equaliser will receive not only 

channel outputs, but also a priori information from the SISO decoder. We can still employ 

the MAP algorithm or the Log-MAP algorithm described in Subsections 2.2 and 2.5 for 

the soft output GMSK equaliser, however we must now consider additionally the a priori 

information from the SISO decoder at the turbo equaliser's input. Explicitly, the term 

P{um) — which represents the a priori probability of the code bits — required when evalu-

ating «) and rm(K,«) in Equations 2.24 and 2.38 is no longer since the probabihty 
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of the bit being +1 or —1 is no longer equal. Instead, the probability is aug-

mented with the aid of the a priori information from the decoder(s), as seen in Equation 3.4. 

Typically, the Viterbi algorithm [37, 72] — which is a Maximum Likelihood Sequence 

Estimation algorithm — is used to decode convolutional codes. However, in turbo equali-

sation we need soft outputs, which represent the LLRs of the individual coded bits. In the 

following subsection, we will show how the LLRs of these coded bits is determined. 

3.4 So f t - In /So f t -Ou t Decoder for T u r b o Equal isa t ion 

In turbo equalisation the SISO decoder block accepts soft inputs from the SISO equaliser 

and gives the LLR of not only the 8om;ce bits, but also that of the coded bits, in order to 

implement turbo equalisation. Therefore, the decoder must employ SISO algorithms, such 

as the MAP algorithm, Log-Map algorithm or the SOVA. Note that since the Log-MAP 

algorithm yields identical performance to the optimal MAP algorithm, while incurring 

lower complexity, we wiU use this algorithm in our discussions. 

Through the Log-MAP algorithm the LLRs of the source and those of the coded bits 

— which are output by the turbo decoder and turbo equaliser, respectively — can be 

computed in two key steps. Let us define the notations used before highlighting these steps. 

In the decoder the trellis transitions are denoted by the index d, whereas the equaliser 

transition intervals are represented by m. The notation Vd represents the source bit, while 

represents the Zth coded bit at the dth decoder treUis interval. Relating the equaliser 

transition intervals to the rate -R = f decoder trellis intervals, we note that the lapse of n 

number of equaliser intervals corresponds to a single decoder trellis interval. For example, 

one decoder transition interval in a rate A = ^ decoder is equivalent to n = 2 equaliser 

intervals. Therefore, the bits and received at the equaliser correspond to the code 

bits and at decoder interval d. Having defined the notation used, let us now return 

to the discussion of the two key steps employed to determine the LLR values of the source 

and coded bits. 

Firstly, the forward and backward recursion values, Am(K) and respectively, 

as well as the transition metric rm(K,/() — which are the logarithmic domain counter-

parts of and K) in the MAP algorithm — are computed using Equa-

tions 2.30, 2.34 and 2.38. However, for the decoder the treHis transition index m is replaced 

by d. Secondly, we have to modi^ Equation 2.40 — which was discussed previously in 

Chapter 2 in the context of channel equalisation for turbo decoding — in order for the 
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SISO decoder to give the LLR of not only the source bits but also that of the coded 

bits, namely Explicitly, for the rate convolutional encoder there are n number of 

LLR values generated at each trellis interval, whereas the binary equaliser produces only 

a single LLR value at each interval. Recalling Equation 2.40, which is repeated here for 

convenience: 

— In 

( exp (k) + Fjji(re, k) + Bm(/<)) \ 
(K,K)=>Um=+l 

Z exp (Am-l(A:) + rm(K, «) + gm(K)) 
\{k,K)^Um = -l / 

it is noted that at the mth equaliser trellis interval, the numerator is the sum of the transition 

probabilities associated with the paths caused by the coded bit Um = +1, whereas the 

denominator is the sum of the probabilities corresponding to the transitions generated by 

Urn = — 1- As explained in Subsection 2.5 regarding the Log-Map algorithm, these transition 

probabilities can be written ag the a sum of exponential terms, whose arguments are the 

sum of and rm(K,«). Therefore, at each equaliser treHis interval m, the 

LLR value obtained is for the coded bit Um- However, for the R = ^ decoder, we require the 

LLR values for the n number of coded bits. Therefore, in order to determine the LLR for 

each coded bit for / = 1 . . . n, we must first consider the branches and the corresponding 

probability value — which is the summation of the term exp((Aj_i («) + rd(K, 

— giving the coded bit = +1 and subsequently the branches resulting in the coded bit 

of = —1- Consequently, Equation 2.40 is modi&ed to: 

= hi 

/ GXp(Aj_i(K)-|-rj(K,/{)+.Bd(K))\ 
(K,K)=>Cf,j=+l 

^ exp(Aj_l(K)+rj(K,/()+gd(K)) 

= ^ exp(ylj_i(K) + rj(A:,K) + Bj(K))i 
\(K,K)̂ C,,d=+l 

- I n I exp(Ad_i(K) + rj(K,K)+B^(K)) 
\(K,K)=>C(_d = - l 

in order to calculate the LLR of the coded bits where L{ci^d\Lp] is the LLR of the /th 

coded bit at trellis interval d, given that the combined channel and extrinsic LLR L® was 

received by the decoder. 

Let us now consider the example of a SISO convolutional decoder trellis for a rate R 1 
2' 

constraint length K = 3 RSC encoder, as illustrated in Figure 3.6. In this example, a 

RSC code has been chosen instead of a non-systematic convolutional code, since we will 

be implementing turbo coding, which has been shown to perform better with the aid of 
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- 1 Kl—1, —1 

-1,+1 

+ 1, —1 

+ 1,+1 (+1,-1) 

(+1.+ 1) 

(+1,-1) 

(-1,+ 1) 

- 1 

+ 1 

Trellis interval d 

Figure 3.6; Trellis of a iC = 3 RSC convolutional decoder at the dth decoder trellis in-
terval, where the octal representation of the generator polynomial (jo aiid (ji is 7 and 5, 
respectively. 

RSC component codes [9, 44, 20]. Since the code rate is ^ the output codeword 

consists of A = 2 coded bits, and C2,d, at each decoder trellis interval d. The output 

codeword for each transition is depicted as (ci_d, in Figure 3.6 and is governed by the 

generator polynomials Go and Gi, which can be represented in the octal form as 7 and 5, 

respectively. In order to determine the LLR for ci_j, we have to consider all paths which 

give the coded bit ci j = +1. Prom Figure 3.6 we observe that there are 4 branches, which 

fulhl this requirement, namely branches &om state to Kg, A;2 to Mi, Kg to K2 K4 to 

K4. Observing Equations 2.3 and 2.4 and by substituting Equations 2.27, 2.28 and 2.29 into 

Equations 2.4, we note that the probability that a transition from state K to K occurs and 

that the combined channel and extrinsic LLR Lp was obtained is given by: 

P(K A K A = exp (Aj_i(K) + Bd(K)). (3.12) 

Therefore, the individual branch probabilities associated with the coded bit of Ci_j = +1 

wiU be: 

P(KiA/{3AZ,p) =exp(Ad_i(Ki) + rj(Ki,K3) + B(((K3)) =exp(a;(Ki,M3)) 

P(K2AKiAZ,p) =exp(Ad_i(A:2) + rd(K2,Ki) + B^(Ki)) =exp(a;(K2,Ki)) 

P(K3AK2AZ,p) =exp(Ad_i(K3)-|-r(((K3,K2)+Bj(K2)) =exp(z;(A:3,K2)) 

P(K4A/{4Al,p) =exp(Aj_i(A;4)+rd(K4,K4)4-Bj(K4)) =exp(a;(K4,/{4)), (3.13) 

where exp(2;(A:i, Kj) represents the sum Aj_i(Ki) + rj(Ki, Kj) + .Bd(Kj). As before, Aj_i(A;) 

and Bj(K) are evaluated, once Fj(«,«;) haa been computed. However, the expression of 
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rj(K, fc) for the decoder can be further simphEed from Equation 2.38, which is repeated 

here for convenience: 

/ 1 \ 1 
rm(K,«) = In j " ^ + hi ( f (t/m)). (3 14) 

Observe that Fn,(«:,«:) is related to the squared Euchdean distance between the sampled 

received signal the expected signal which is subsequently normahsed by 

The above expression can be expanded to; 

( 1 \ 1 
rm(K, K) = In j " ^ " 2 - rt,m ' (l/m))- (3.15) 

The expected signals at the decoder are the coded bits of values +1 as well as —1. There-

fore, the square of the expected signal ^ is always unity and hence it can be ignored. 

Furthermore, since the same value of is considered for each trellis transition, it too can 

be neglected during the associated pattern-matching process, leaving the decoder metric 

rd(K, K) to be dependent on the cross-correlative term (2 - ' <81,t)/^- At the input of 

the decoder, the combined channel and extrinsic information — containing the contri-

bution of JVo [15] — is received, while the locally generated expected signals are associated 

with the trellis transitions due to the coded bits c; j, for Z = 1 . . . n, where m is the number 

of codeword bits. Hence, the decoder metric rj(K, w) at decoder trellis interval d can be 

expressed as [15]: 

n = 2 / \ 

r^(K, K) = ^ + in(f (2;^)), (3.16) 

where P{v^ is the a priori probability of the source bit Vd- After evaluating V^{k, k), the 

terms v4j_i(K) and Bj(K) can be determined using Equations 2.30 cind 2.34, respectively. 

Therefore, the probability that = +1 was transmitted at instant d and that was 

received is determined by the sum of the = +l-related individual branch probabilities 

of f («! A Kg A î p), f (A:2 A Ki A i^*), f (^3 A K2 A i}p) and f (A;4 A K4 A î ^). 

Similarly, we must consider all paths in Figure 3.6, which give = —1, namely the 

branches from state to Ki, A:2 to K3, K3 to K4 and K4 to Kg. Having observed this, with 

the aid of Figure 3.6 we proceed to calculate the individual branch probabilities associated 

with the coded bit of = — 1 as foHows: 

f (KiAKiAl ,p) =exp(yld_i(Ki) + rj(Ki,Ki)-|-Bj(Ki)) =exp(a:(Ki,/(i)) 

f (K2AK3Ai;p =exp(v4d_i(K2)+r(f(K2,K3) + -Bd(K3)) =exp(a;(K2,K3)) 

f(K3AK4Al,p) =exp(v4j_i(K3)-t-rj(K3,/{4)+Bj(K4)) =exp(3;(K3,K4)) 

f(K4AK2AZ,p =exp(Aj_i(A;4)-|-rj(K4,K2)4-Bj(K2)) =exp(a:(K4,K2)). (3.17) 
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As before, we can evaluate the probabihty that = — 1 was transmitted at trellis interval 

d given that was received by taking the sum of the individual branch probabilities of 

P(Ki A Ml A _Lp), P(K2 A K3 A I,p), P(A;3 A K4 A and ^(^4 A K2 A 

With the aid of Equation 3.11 and using Equations 3.12, 3.13 and 3.17, we can express 

the LLR for the first coded bit as: 

= hi (K,K)=>Cl,d=+l 
E P(«AKAi::) 

\(K,K)=>Cl,d = - l / 

= In 
P{ki A Kg A Lp) + P{k2 A Ki A Lp) + f (/tg A Kg A Lp) + P{k4 A M4 A Lp) 

P(Ki A Ki A + P(K2 A K3 A Z,*) + P(K3 A K4 A + P(K4 A Kg A 

= hi^exp(a;(Ki,K3)) + exp(a;(K2,Ki)) +exp(2;(K3,K2)) +exp(a;(K4,K4)) 

- I n f exp(a;(Ki,Ki)) +exp(a;(K2,K3)) 4-exp(a;(K3,K4)) +exp(2;(K4,K2))) (3-18) 

Since the term can be expressed as the natural logarithm of a sum of exponen-

tials, the generalised Jacobian logarithmic relationship of Equation 2.41 can be employed, 

in order to calculate the LLR of the coded bit ci_j at trellis interval d. 

By employing the same approach as above we can demonstrate that the LLR of the coded 

bit C2 d is given by: 

L{c2,d\Lp) — In 

/ E P ( K A K A Z p \ 
(K,K)=>C2,j=+l 

E A K A 
\(K,K)=>C2_d = - l y 

= In 
P{ki A Kg A Lp) + P{K2 /\ Ki A Lp) + -P(K3 A K4 A Lp) + P{K4̂  A Kg A Lp) 

f (Ki A A + P(K2 A K3 A Z,j,) + P(A;3 A K2 A Z,̂ ) + f (^4 A K4 A Z )̂ 

— hi^exp(a;(Ki,K3)) +exp(z(K2,Ki)) +exp(a;(K3,M4)) +exp(a;(K4,/{2))^ 

- h i ^exp(a;(Ki,Mi)) +exp(a;(K2,K3)) +exp(a;(K3,K2)) +exp(2;(K4,K4))j.(3.19) 

The generalised Jacobian relationship in Equation 2.41 is then used to evaluate the sum 

of the exponential terms in Equations 3.18 and 3.19 in order to yield the LLR values 

Z(c2,d|Zp) of the coded bit at treUis interval d. 

3.5 T u r b o Equal isat ion Example 

In order to highlight the principle of turbo equalisation, let us now consider a simple 

convolutional-coded BPSK system transmitting over a three-path, symbol-spaced static 
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0.407 0.407 

0 T 2T 
Delay [bit period] 

Figure 3.7: Three-path symbol-spaced static channel. 

channel detailed in Figure 3.7 and employing a turbo equaliser at the receiver, as shown in 

Figure 3.8. A rate R = 0.5, constraint length K = 3 RSC encoder using octal generator 

polynomials of 7 and 5, respectively, was utilised. The corresponding decoder trellis 

structure and its legitimate transitions was illustrated in Figure 3.6. Note that this turbo 

equaliser schematic — consisting of a trellis-based channel equaliser and a channel decoder 

— was Erst introduced in Figure 3.2, where its basic operation was highlighted. Hence 

here we refrain from detailing its philosophy. 

Since the maximum dispersion of the channel impulse response is = 2 bit periods, the 

trellis-based BPSK equaliser requires = 4 states, as shown in Figure 3.9. Each of 

these four states can be viewed as those of a shift-register possessing two memory elements 

and can therefore be represented by two binary bits. Consider state 1 in Figure 3.9, which 

corresponds to the binary bits 1 and 0 in the shift register, where bit 0 is the 'older' bit. 

For an input bit of 1, the bit 0 is shifted out while the input bit 1 is now stored. Therefore, 

the new state reached is state 3, since the bits in the shift register memory elements are 

1 and 1. Applying the same reasoning, all the other legitimate state transitions can be 

determined, producing the trellis structure of Figure 3.9. 

In this example, the transmission burst consists of 10 data bits and 3 tail bits, while 

the depth of the random channel interleaver is 10 bits. The following discussion will 

describe the operation of the turbo equaliser, commencing with generating the equaliser's 
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Figure 3.8: Schematic of the convolutional-coded BPSK system using the turbo equaliser 
scheme of Figure 3.2. 

State 0 

State 1 
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^ Um = — 1 

^ Um — 4"! 

states 

Figure 3.9: Equaliser trellis depicting the legitimate transitions. 
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a posteriori LLR, which is then processed to extract the combined channel and extrinsic 

information to be passed to the decoder. Subsequently, it is shown how this combined 

channel and extrinsic information is utihsed, in order to generate the decoder's a poateriori 

LLR, which — as in the equaliser — is processed to obtain the extrinsic information, 

before passing it back to the equaliser. For simplicity, all Eoating point values in the 

following Egures have been rounded to one decimal position. The trellis-baaed channel 

equaliser employs the Log-MAP algorithm described previously in Subsection 2.2. In order 

to evaluate the LLR value of a bit Um, the values of Ani-i(K) and — 

which were described in Subsection 2.5 — must be evaluated and used jointly. This wiU be 

elaborated on numerically in the following example. 

In this example, the 5 source bits and the corresponding 10 convolutional encoded bits 

are speciBed in Table 3.1. Subsequently, these encoded bits are rearranged by a 2x5 block 

Decoder trellis Source Encoded Interleaved 
interval d bits bits encoded bits 

1 +1 +1, +1 +1, - 1 
2 + 1 +1, - 1 4-1, —1 
3 - 1 - 1 , - 1 + 1, +1 
4 - 1 - 1 , +1 — 1) +1 
5 +1 + 1 , - 1 — 1, —1 

Table 3.1: The source bits transmitted and the corresponding encoded bits produced by a 
rate R = ^ K = 3 reci 
polynomials of 7 and 5. 
rate R = ^ TiT = 3 recursive, systematic convolutional encoder using the octal generator 

channel interleaver to give the new sequence detailed in Table 3.1. These interleaved bits 

are BPSK-modulated before being transmitted through the three-path static channel of 

Figure 3.7. At the receiver the additive white Gaussian thermal noise corrupts the received 

signal. The signal is subsequently sampled and stored in a buffer, until all 10 encoded bits 

and 3 tail bits arrive at the receiver. At this stage, we can begin to evaluate the transition 

metric rni(K,«) for all trellis intervals. Figure 3.10 illustrates the transitions in the first 

three trellis intervals. Specifically, starting from state 0 at trellis interval m = 1, where the 

initial value of Ao(0) is 0.0, while the values of ri(0,0) and r i (0 ,1) are computed by using 

Equations 2.29 and 2.24, which are repeated here for convenience: 
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;4o(0) = 0.0 
0 #: ri(o, 0) = - 0 . 3 

ri(o, i) = - o . 5 

2̂ (0) — — 5.5 /l3(0) = - 7 . 7 A i ( 0 ) = - 0 . 3 

r 2 ( 0 , 0 ) = - 5 . 2 r3(0,0) = -10.6 

r3(2, 0) = -6.0 r 2 ( 0 , 1 ) = - 2 . 5 F g ( 0 , 1) = —6.0 

w4i (1) = — 0 . 5 

r 3 ( 2 , l ) = - 2 . 7 

2̂(0, 0) = -1.2 

r 3(0 , 0 ) = -2.7 

r2(o, 1) = -1.2 
^ 2 ( 2 ) = - 1 . 7 

# ^ 3 ( 1 ) = — 4 . 4 

^ 3 ( 2 ) = - 2 . 5 

/l2(3) = - 1 . 7 

= - 0 . 8 \ 
r 3 ( l , 3 ) = - 0 8 

T s C S , 3 ) = - 0 . 2 

x . r s ) = - 1 . 

m = 1 m = 2 m = 3 

Figure 3.10: Evaluation of Am(K) in the turbo equaliser of Figure 3.8 through forward re-
cursion using a range of rn,(A:,values, which were evaluated from Equations 2.29 and 2.24 
by employing our simulation program over the channel of Figure 3.7. 

and 

= - ^ = e x p [ 1 jv,-l 
T>r ^ ] {l"k,m ^i,k) ] 'P(ttm), 

° 6=0 

where f (^m), &re the oversamphng ratio, the sampled channel-impaired 

received signal, the estimated signal and the a priorj information of the coded bits, respec-

tively. Note that in the first iteration, no a priori information is fedback by the channel 

decoder to the equaliser. Therefore, the term P(t4n) is indicating that the bits 4-1 and —1 

have equal probability of occurring. Recall that A^{k) of Equation 2.30, which is repeated 

here for convenience, is dependent on Am-i(K) and Tm («,«;): 

^ In f ^ exp [Am-l(K) + «)] j . 
\all K / 

Therefore, the new values of Ai(0) and Ai(l) can be determined. Consider the transition 

from state 0 to state 0. Since we have ri(0,0) = —0.3 and Ao(0) = 0.0, the term Ai(0) 

becomes: 

— 0) — In (exp (k — 0) + — 0 , k — 0)]) 

Ai(0) = 0 . 0 + (-0.3) = -0.3, 
(3.20) 
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(3.21) 

while Ai(l) is: 

Ajji=l (k — 1) = In (fixp — l (k = 0) + ^rn=l (/t = 0, K = 1)]) 

Ai(l) =0 .0 + (-0.5) = -0.5. 

At the next trellis interval of m = 2, the same updating process is repeated. However, in 

the third interval there are more than one transition reaching a particular state. Consider 

state 2, where there are merging transitions from state 1 and state 3. In this situation the 

new value of A3(2) for state 2 is: 

(3.22) 

^ m = 3 — 2) — ln(exp [Aj7j:=2 ('̂  — 1) + T m = 3 — 1 ,K — 2)] 

+ exp [Am=2(K = 3) + rm=3(M = 3, K = 2)]) 

Ag (2) = ln(exp(—2.8 — 2.7) + exp(—1.7 — 0.8)) 

= hi(exp(—5.5) +exp(—2.5)), 

which can be evaluated using the Jacobian logarithm [18] of Equation 2.25 ajid a lookup-

table, in order to avoid processing natural logarithm and exponential computations, yield-

ing: 

hi(exp(—5.5) + exp(—2.5)) = max(—5.5, —2.5) + ln(l + exp(—| — 5.5 — (—2.5)|) 
^ ^ 

Lookup table f d i f f = I — 5.5 — ( —2.5)| = 3.0 

= -2 .5 + 0.05 = -2.45, 

(3.23) 

where the lookup table of Reference [18] is detailed in Table 3.2. The same operation is 

Range of /jiy; hl(l + exp(-/d^yy)) 
/ a / / >3.70 0.00 

3.70 > /di/y > 2.25 0.05 
2.25 > Zd,// > 1.50 0.15 
1.50 > > 1 05 0.25 
1.05 > > 0.70 0.35 
0.70 > /di/y > 0.43 0.45 
0.43 0.20 0.55 

Zdi// ^ 0.20 0.65 

Table 3.2: Lookup table involved, in order to avoid natural logarithm and exponential com-
putations [18]. The value of / j i / / is the absolute value of the difference between arguments 
of the exponential function. 

performed for all the other states throughout the trellis, until all values of A^ are obtained. 
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r i o ( o , o ) = - 4 . 8 r i l ( 0 , 0) - 58 .0 
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#Bl3(2) =0.0 
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Figure 3.11: Evaluation of in the turbo equaliser of Figure 3.8 through backward 
recursion using a range of rm(K,va lues , which were evaluated from Equation 2.34 by 
employing our simulation program over the channel of Figure 3.7. 

The evaluation of the backward recursion term Bni(K) involves a similar approach. How-

ever, the starting point is at the end of the treUis, namely at trellis interval m = 13. Initially, 

the values of Bm=i3(K) at trellis interval m — 13 are set to 0.0, as shown in Figure 3.11. Also 

observe that since three —1 terminating tailing bits have been inserted in the transmission 

burst at trellis intervals m = 11, m = 12 and m — 13, the only legitimate transitions at 

these intervals are due to bit —1. Therefore, the transitions corresponding to a transmission 

bit of +1, are illegitimate and hence are not considered. In order to evaluate the values of 

^m=i2(K), Equation 2.34 is repeated here for convenience: 

) = ^ I ^ K)] 
Vail K J 

For example, in order to determine the value of = 0) at m = 13, only the values 

of .8^=13 (K = 0) and rm=i3(K = 0,« = 0) are required, yielding: 

-Bm-i=i2(K = 0) = hi(exp [Bm=i3(K = 0) + rm=i3(A: = 0, K = 0)] 

= ln(exp(0.0 + 57.5) (3-̂ '̂ ) 

= 57.5. 

This is because there is only one legitimate path, which is caused by the trellis termination 

bit —1. As seen in Figure 3.11, this backward recursion process is repeated, in order to 

determine the values of Bm-~i=ii{k) of the states « = 0 . . . 3 at interval m = 12, although 

due to the tailing bits of —1 only .8m-i=ii(K = 0) and (« = 2) have to be computed 

by backtracing. At this stage, the Jacobian logarithmic relationship is not utilised, since 
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there is only one path to be considered at state K = 0 and state A: = 2, generated by bit —1. 

Consequently, Bm-i(K) in Equation 2.34 is expressed as the natural logarithm of a single 

exponential term. However, at trellis interval m = 10 the paths associated with the bit 

+1 are also considered in Figure 3.11, since the received signal is no longer due to the —1 

tailing bits. Considering state 0, it is observed that there are two transitions leaving this 

state during trellis Interval m = 10, where the hrst is arriving at state 0, while the other at 

state 1. Therefore, the probabilities of these transitions leaving state 0 during m = 10 are 

summed to give: 

-̂ 772—1=9 — 0) = ln(exp 10 (/̂  — 0) ~f~ k — 0)] 

exp [-̂ 7n=io — 1) 4" — 0, /c = 1)]) 

== hi(exp(170.7 + (—4.6)) + exp(162.9 + (—1.8))) 

= max(166.1,161.1) + ln(l + exp(—1166.1 — 161.1|)) 
(3.25) 

Lookup table:/j,yy = |166.1 — 161.1)| = 5.0 

= 166.1 + 0.00 = 166.1, 

where the Jacobian logarithmic relationship was employed again, in order to simphfy 

the computation of the natural logarithm of a sum of exponentials to an operation 

involving a maximisation process and a look-up table operation. By repeating the above 

backward recursion, all values of Bm(K) for states k = 0 . . . 3 and intervals m = 1 . . . 13 

can be determined, some of which were summarised for the sake of illustration in Figure 3.11 

Having determined the values of Am(K), ^m(K) for all states and the r(A;,«) values associ-

ated with all transitions, the LLR of the bit Um can be computed by using Equation 2.4. This 

involves identifying the trellis transitions caused by bit Um = —1 and summing the transi-

tion probabilities of each path. Since according to Equation 2.1 the associated probabilities 

can be expressed as a sum of exponential terms, the LLR is then the natural logarithm of 

a sum of exponential values. Hence, the Jacobian logarithmic relationship in Equation 2.25 

and the lookup table (LUT) of Table 3.2 can again be employed, in order to reduce the 

complexity associated with computing exponentials and logarithms. Figure 3.12(a) illus-

trates the set of transitions caused by = —1, while Figure 3.12(b) depicts the set of 

branches corresponding to the bit = +1 at trellis interval m = 6, which were extracted 

from the generic trellis seen in Equation 3.9. Considering this trelhs interval as an example, 

the natural logarithm of the transition probability associated with the bit Um = — 1 is given 
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Figure 3.12: Equaliser trellis transitions, which were considered when evaluating the corre-
sponding LLR values of bit —1 and +1 at trellis interval m = 6. 
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by the natural logarithm of the denominator in Equation 2.40, yielding: 

= - l | r ) ] =Mexp(A5(0) +r6(0,0) +^6(0)) +exp(A5(l) + r6(l,2) +^6(2)) 

+ exp(A5(2) + r6(2,0) + Bq{0)) + exp(A5 (3) + TgCS, 2) + BQ{2))]. 

(3.26) 

Since Equation 3.26 is the natural logarithm of the sum of four exponentials terms, the 

generalised Jacobian logarithmic relationship of Equation 2.41 is applied recursively, giving: 

ln[P(t/m = —l|r)] = hi[exp(—7.1 + (—2.8) + 162.9) + exp(—4.4 + (-1.0) + 164.8) 

+ exp(—3.9 + (—1.2) + 162.9) + exp(—2.8 + (—2.2) + 164.8)] 
=159.4 

ln[exp(max(153.0,159.4) +^0^) + exp(—3.9 + ( - 1 2 ) + 162.9) 
L U T 

+ exp(-2.8 + (-2.2) + 164.8)] 
=159.55 

« hi[exp(max(159.4,157.8) + ^ ) + exp(-2.8 + (-2.2) + 164.8)] 
L U T 

« max(159.55,159.8) + ^ 
L U T 

« 160.35. 
(3.27) 

Similarly, the paths corresponding to bit Um = +1 grouped together with the aid of 

Equation 2.40 and Figure 3.12(b), in order to yield the natural logarithm of the probability 

of the bit Um = +1 being received given that r was transmitted: 

hi[P(if^ = +l|r)] = hi[exp(-7.1 + (-1.2) + 165.9) + exp(-4.4 + (-2.2) + 166.2) 

+ exp(-3.9 + (-1.0) + 165.9) 4- exp(-2.8 + (-4.6) + 166.2)] 
=159.75 

% ln[exp(max(157.6,159.6) + 0 ^ ) + exp(—3.9 + (—10) + 165.9) 
L U T 

+ exp(-2.8 + (-4.6) + 166.2)] 
161.25 

% ln[exp(max(159.75,161.0) + ^ ^ ) + exp(—2.8 + (—4.6) + 166.2)] 
L U T 

% max(161.25,158.8) + ^ 
L U T 

« 161.3. 
(3.28) 

Recall from Equation 2.1, repeated here for convenience as Equation 3.29, that the LLR is 
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the natural logarithm of the ratio of P(um = +l |r) to P(iir 

— In A i„ I Pi'^m — 4̂ 11̂ ) 

-l|r): 

^P(tfm = - l | r ) y (3.29) 

= lnP(iim = +l |r) — lnP(um = —l|r). 

Hence, with the aid of the results from Equations 3.27 and 3.28, the a posteriori LLR of 

bit Um at trellis interval m = 6 is 161.3 — 160.35 = 0.95. By applying the same approach to 

all treHis stages, the a posterjorj LLRa of all the 13 bits can be determined. Table 3.3 

Equaliser trellis interval m 
1 2 3 4 5 6 7 8 9 10 11 12 13 

APR! 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
APOS 2.7 2.1 -0.5 1.1 -0.1 1.0 -0.6 0.2 -0.4 -6.5 -123.0 -119.9 -116.2 
EXT 2.7 2.1 -0.5 1.1 -0.1 1.0 -0.6 0.2 -0.4 -6.5 -123.0 -119.9 -116.2 
TXD-C 1 -1 1 -1 1 1 -1 1 -1 -1 -1 -1 -1 
DCSN 1 1 -1 1 -1 1 -1 1 -1 -1 -1 -1 -1 

Table 3.3: Example of various turbo equaliser probabilities after the Erst iteration. No-
tations TXD-C, APRI, APOS, EXT and DCSN represent the transmitted encoded bits, 
which have been interleaved, the a priori LLR, the a posteriori LLR, the combined channel 
and extrinsic LLR, and the decision bits, respectively. In the first iteration the equaliser 
does not receive any a prjori information — hence APR= 0.0— and it was observed that 
four bits — emphasised in bold — were corrupted. 

shows the transmitted channel encoded bits, which have been interleaved, in order to 

yield the sequence (TXD-C). The associated a priori LLRs (APRI), the a posteriori LLRs 

(APOS), the combined channel and extrinsic LLRs (EXT) and the decision bits (DCSN) in 

the first turbo equalisation iteration are also shown in the table. At this stage, no a priori 

information was received by the equaliser, yielding the values of 0.0 in the table. From the 

a posteriori LLRs computed, the detected bit is determined by using a threshold of 0, i.e. 

a decision of +1 is made when the LLR value is > 0 and —1 when the LLR value is < 

0. The APOS value of 1.0 at m = 6 was due to the rounding of the previously calculated 

value of 0.95. It was observed in Table 3.3 that four errors — shown in bold — were made. 

At this stage, we have shown how the LLR of bit is determined by the Log-MAP 

equaliser using the example of a simple convolutional-coded BPSK system. Let us now 

consider the combined channel and extrinsic LLR denoted by E X T in Table 3.3, which is the 

only remaining quantity to be derived. At the next stage of operations, the LLR generated 

by the equaliser is passed to the channel decoder. However, as mentioned previously, a 

vital rule for turbo equalisation is that the input information to a particular block in the 
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current iteration must not include the information contributed by that particular block 

from the previous iteration, since then the information used in consecutive iterations would 

be dependent on each other hence would fail to achieve iteration gain. Therefore, the a 

posteriori LLR, which consists of the combined channel and extrinsic information plus 

the a priori information provided by the channel decoder, must be processed in order to 

remove the previous decoder contribution in the form of the a priori LLR, before it is 

passed to the decoder. This is achieved by storing the previous decoder contribution and 

subtracting it from the a posteriori LLR produced by the equaliser, as it was illustrated 

in Figure 3.8. Since in the first iteration there is no a priori information generated by 

the decoder, the corresponding APRI contributions in Table 3.3 are zero and hence the 

a posteriori LLR constitutes also the combined channel and extrinsic LLR, which can be 

passed directly to the decoder. Observe furthermore that the equaliser produces LLR 

values also for the three tail bits. Although these tail bit LLR values are not required 

by the decoder, they are employed in the equalisation process. This is because the tail 

bits represent contributions from the data symbols at the edge of the burst, which were 

spread by the dispersive channel into the adjacent symbols. Should the tail bits be ignored, 

low-reliability LLR values will be obtained for the bits at the edge of the received burst, 

since some of the symbol energy and the associated 'smeared' information is lost. 

Having highlighted the operation of the Log-MAP equaliser, we now proceed to describe 

the Log-MAP decoder in the context of turbo equalisation. As depicted in Figure 3.3, 

the decoder receives the combined channel and extrinsic LLR Lp = {Lp'̂ , Lp^}, which has 

been deinterleaved. Here, the purpose of the deinterleaver is to minimise the correlation 

between the equaliser's input information and the input of the decoder. It also presents 

the information in the right order to the decoder, since previously the channel interleaver 

TTc of Figure 3.3 rearranged the bits in the order required by the equaliser. Recall that a 

rate A = ^ JiT = 3 recursive, systematic convolutional encoder using the octal generator 

polynomials of 7 and 5 was employed in this example. Since the constraint length K is 3, 

the decoder's trellis consists of = 2̂  — 4 states, as illustrated in Figure 3.6. As in the 

Log-MAP equaliser, the Log-MAP decoder also computes the values of Am(k), and 

using Equations 2.30, 2.34 and 2.38, respectively, for all states and all the trellis 

stages. However, as mentioned in Subsection 3.4, the calculation of rm(K,/() — which is 

evaluated using Equation 3.16 — can be simpliEed, since the received coded bits and the 

square of the expected coded bits are always constant for all trellis transitions. Note that in 

contrast to the equaliser trellis interval index m, here we will use d to denote the index of the 

decoder trellis intervals. Once these parameters are calculated, the LLRs of both the source 

and coded bits are determined, in contrast to stand-alone turbo decoding schemes, which 
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only compute the LLRs of the source bits. Therefore, at each rate R = \ decoder trellis 

instant the LLR values of two coded bits are produced. In our following discussions, we will 

demonstrate, how the LLR of each coded bit is determined. Figure 3.13(a) is a portion of 

the decoder trellis at trellis interval = 4, which shows the set of branches corresponding to 

the Erst coded bit ci,4 = —1, while Figure 3.13(b) illustrates the group of trellis transitions 

caused by ci_4 = +1. Note that when a systematic encoder is employed, the LLR of the Erst 

coded bit cî d constitutes the LLR of the source bit. Similarly to our approach in the Log-

MAP equaliser, the values of ln[P(ci,4 = + l | L p ] and ln[P(ci^4 = —l|Lp] are determined 

in order to compute the LLR of ci_4. From Figure 3.13(a) and using Equation 3.11, the 

term ln[P(ci,4 = —IjLp)] is given by: 

ln[P(ci 4 = —l|Ijp)] = ln[exp(2.1 + (—1.0) + 3.2) H—(- exp(2.1 + (—1.0) + 3.3) 

exp (1.0 + (—0.1) + 3.2) + exp(0.4 + (—0.1) + 3.3)] 
5.05 

% ln[exp(max(4.3,4.4) + 0 ^ ) +exp(1.0 + (—0.1) + 3.2) 
L U T 

+ exp(0.4 + (—0.1) + 3.3)] (3.30) 
5.4 

« ln[exp(max(5.05,4.1) +0^^) + exp(0.4 + (—0.1) + 3.3)] 
L U T 

% max(5.4, 3.6) + 
L U T 

« 5.55. 

while ln[P(ci_4 = +l|Lp)] becomes: 

ln[P(ci^4 = +l|ivp)] = ln[exp(2.1 + 1.0 + 3.3) + exp(2.1 + 1.0 + 3.2) 

+ exp (1.0 + 0.1 + 3.3) + exp(0.4 + 0.1 + 3.2)] 
7.05 

% ln[exp(max(6.4,6.3) + 0 ^ ) + exp(1.0 + 0.1 + 3.3) 
L U T 

+ exp(0.4 + 0.1 + 3.2)] (3.31) 
7.1 

% ln[exp(max(7.05,4.4) + 0 ^ + exp(0.4 + 0.1 + 3.2)) 
L U T 

« max(7.1,3.7) + 0 ^ 
L U T 

% 7.15. 

Therefore, the LLR of bit ci_4 at trellis interval d — 4 is ln[P'(ci^4 = +l|I,p)] — ln[P(ci_4 = 

— l\Lp)] = 7.15 — 5.55 = 1.6. By following the same approach, the LLR of the second coded 
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/l3(0)=Zl 

3̂(2) = 1.0 

3̂(1) =2.1 

^3(3)= &4 

r4(i, 2) = -1.0 

r4(o, 0) = -1.0 

r4 (3,1) = —0.1 

r4(2, 3) = -0.1 

4̂(3) = 3.2 

d = 3 d = 4 d = 5 

(a) Transitions corresponding to coded bits ci,4 = —1 

/l3(0)=2^ B4(0) = 3.2 

r4(l,0) = 1.0 

A3(1)=Z1 4̂(1) = 3.3 

/l3(2) = 1.0 

Vis (3) = 0.4 r4(3,3) =0.1 B4(3) = 3.2 

d = 3 d — 4 d = 5 

(b) Transitions corresponding to coded bits ci ,4 = + 1 

Figure 3.13: Half-rate, K = 3 RSC channel decoder trellis transitions, which were considered 
when evaluating the corresponding LLR values of ci_4, which is the first coded bit at interval 
d = 4. The trellis is based on Figure 3.6. 
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3̂(0) = 2.1 

/laCl) = 2.1 

>13(2) = 1.0 

r4(i,2) = -1.0 

r 4 ( o , 0) = - 1 . 0 

A 3 ( 3 ) = 0 .4 
r 4 ( 3 , 3 ) = 0 .1 3 4 ( 3 ) = 3.2 

= 3 d — 4 d — 5 

(a) Transitions corresponding to coded bits 02,4 = —1 

# 8 4 ( 0 ) = 3 .2 

/t3(l) = 2.1 

3̂(2) = 1.0 

As (3) = 0.4 

(1) = 3.3 

# B4(3) = 3.2 

r4(2, 3) = -0.1 

d — 3 d — 4 d = 5 

(b) Transitions corresponding to coded bits C2,4 = + 1 

Figure 3.14: Half-rate, A" = 3 RSC channel decoder trellis transitions, which were considered 
when evaluating the corresponding LLR values of C2_4, which is the second code bit at 
interval d = 4. The trellis is based on Figure 3.6 
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bit C2,4 at interval (f = 4 can also be evaluated. Explicitly, we must calculate ln[f (c2,4 = 

— a n d ln[_P(c2,4 = +l|i^p)] by considering a diEerent set of transitiona obeying the 

trellis diagram of Figure 3.6, which were caused by the coded bit C2,4 = +1 and C2,4 = 

— 1, respectively. Considering the set of transitions corresponding to bit C2,4 = — 1 in 

Figure 3.14(a), the term ln[f (c2,4 = — i s : 

ln[jP(c2,4 = —l|ijp)] = ln[exp(2.1 + (—1.0) + 3.2) + exp(2.1 + (—1.0) + 3.3) 

+ exp (1.0 + 0.1 + 3.3) + exp(0.4 + 0.1 + 3.2)] 
5.15 

hi[exp(max(4.3,4.4) +^65) +exp(1.0 + 0.1 + 3.3) 
LUT 

+ exp(0.4 + 0.1 + 3.2)] (3,33) 
5.4 

%: ln[exp(max(5.15,4.4) + 0 ^ ) + exp(0.4 + 0.1 + 3.2)] 
L U T 

% max(5.4,3.7) 4- 0 ^ 
L U T 

% 5.55, 

while ln[f (c2,4 = +l|i^p)] can be written as: 

In[i^(c2j4 = +l|ijp)] = ln[exp(2.1 + 1.0 + 3.3) + exp (2.1 + 1.0 + 3.2) 

+ exp (1.0 + (—0.1) + 3.2) + exp(0.4 + (—0.1) + 3.3)] 
7.05 

% ln[exp(max(6.4,6.3) + ^ ^ ) + exp(1.0 + (—0.1) + 3.2) 
L U T 

+ exp(0.4 + (—0.1) + 3.3)] (3.33) 
7 . 1 

« ln[exp(max(7.05,4.1) + 0 ^ ) + exp(0.4 + (—0.1) + 3.3)] 
LUT 

% max(7.1,3.6) + 0 ^ 
L U T 

% 7.15 

upon considering all legitimate trellis transitions corresponding to the bit 02,4 = +1-

Therefore, the a posteriori LLR for bit C2,4 at interval m = 4 is 7.15 — 5.55 = 1.6. This 

operation is applied to all treHis transition intervals in the trellis to determine the LLRs 

of the coded bits. In the last iteration, only the a posteriori LLR of the source bit is 

computed instead of both coded bits, since only the transmitted source bits have to be 

determined. Note that in our example a decision concerning the source bits — based on 

their a posteriori LLR — was made even after the first iteration, as shown in Table 3.4. 
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Decoder trellis interval cf 
1 2 3 4 5 

APRI-S 0.0 0.0 0.0 0.0 0.0 
RXD-LLR 2.7,-0.5 -0.1,-0.6 -0.4,2.1 1.1,0.8 0.2,-6.5 
APOS-C 2.5,2.5 0.2,-0.3 0.1,2.3 1.6,1.6 0.2,-6.5 
BXT-C -0.2,3.0 0.3,0.3 0.5,0.2 0.6,0.8 0.0, 0.0 
APOS-S 2.5 0.2 0.1 1.6 0.2 
TXD-S 1 1 -1 -1 1 
DCSN 1 1 1 1 1 

Table 3.4: Various metrics of the convolutional decoder in Figure 3.8 extracted from our 
simulations after the first turbo equalisation iteration. The convolutional decoder never 
receives any source bit a priori (APRI-S) information, unless this information can be ex-
tracted from another independent source, such aa another convolutional decoder. The 
extrinsic LLR (BXT-C) is computed by subtracting the received combined channel and ex-
trinsic LLR (RXD-LLR) from the decoder's a posteriori LLR of the code bits (APOS-C). 
The decision bits (DCSN) — obtained from the the decoder source a posteriori (APOS-S) 
information — is compared with the transmitted source bi ts (TXD-S) to determine the 
number of erroneous bits. It is observed that two errors were obtained in the Erst iteration. 

This decision was invoked for determining the decoding performance of the convolutional 

code using the Log-MAP algorithm, which is equivalent to the performance of turbo 

equalisation after one turbo equalisation iteration. In general, however the detected bits 

are only determined in the final iteration. 

Various metrics characterising the convolutional decoder of Figure 3.8 were extracted 

from our simulations after the first turbo equalisation iteration and summarised in 

Table 3.4. Let us first consider the information received by the Log-MAP decoder, 

followed by the output information of the decoder. It is observed in Table 3.4 that the 

convolutional decoder never receives any source-bit-related a priori information (APRI-S), 

unless this information can be extracted from another independent source, such as another 

convolutional decoder in turbo-coded systems. Therefore, similarly to the a priori LLR of 

the coded bit received by the equaliser, namely APRI in Table 3.3, in the first iteration the 

a priori LLR of the source bit, namely APRI-S is also initialised to 0, indicating that the 

bits 4-1 and —1 have equal probability of occurring. However, in contrast to the Log-MAP 

equaliser, in the absence of additional decoders the values of APRI-S remain at 0 in 

successive turbo equalisation iterations, whereas the reliability of the a priori LLRs at the 

input of the equaliser APRI improves, as it will be shown next in our discussion of the turbo 

equaliser operations during the second iteration. As mentioned previously, the decoder 

also received the LLR associated with the combined channel and extrinsic information. 
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namely EXT of Table 3.3, which had been channel-deinterleaved to give RXD-LLR of 

Table 3.4. Subsequently, with the aid of these received LLR values i.e. APRI-S as well as 

RXD-LLR and by employing the principles highlighted above, the Log-MAP decoder is 

now ready to determine the a posteriori LLRs of the source bits and the coded bits, namely 

(APOS-S) and (APOS-C), of Table 3.4, respectively. Recall that the input information to 

a particular block in the current iteration must not include the information contributed by 

that particular block from in previous iteration, in order to ensure minimum correlation 

between these values. Therefore, as seen at the bottom of Figure 3.8, the combined 

channel and extrinsic LLR RXD-LLR is subtracted from APOS-C, in order to yield the 

extrinsic LLR (EXT-C), which is subsequently channel-interleaved, before being passed to 

the Log-MAP equaliser in the next iteration as the a priori LLR APRI of Table 3.5. This 

additional information will be utilised by the equaliser in the second iteration, in order 

to improve the reliability of the a posteriori LLR, i.e. to increase our confidence in the 

associated decision. The a posteriori LLR of the source bits, namely APOS-S in Table 3.4 

is used to detect the transmitted source bits, which is denoted by DCSN in Table 3.4. . 

By comparing DCSN with the source bits that were actually transmitted (TXD-S), it was 

observed that two errors — which were emphasised in bold in Table 3.4 — were obtained 

in the first iteration. Continuing with our example, we will show next that the iterative 

exchange of information between the decoder and equaliser will improve the performance 

further, such that the turbo equaliser outperforms independent equalisation and decoding. 

Equaliser trellis interval m 
1 2 3 4 5 6 7 8 9 10 11 12 13 

APRI -0.2 0.2 2.9 0.5 0.3 0.8 0.3 0.1 0.5 -0.1 -115.1 -115.1 -115.1 
APOS 2.0 1.2 2.2 0.1 0.1 1.3 -0.6 -0.1 -0.1 -6.7 -123.1 -119.9 -116.2 
EXT 2.2 1.0 -0.7 -0.4 -0.2 0.5 -0.9 -0.2 -0.6 -6.6 -8.0 -4.8 -1.1 
TXD-C 1 -1 1 -1 1 1 -1 1 -1 -1 -1 -1 -1 
DCSN 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 

Table 3.5: Various equaliser metrics extracted from our simulations after the second itera-
tion. Notations TXD-C, APRI, APOS, EXT and DCSN represent the transmitted encoded 
bits, which have been interleaved, the a priori LLR, the a posteriori LLR, extrinsic LLR 
and the detected or decision bits. In the second iteration the equaliser now obtains a priori 
information provided by the convolutional decoder, hence improving the reliability of the a 
posteriori LLRs evaluated, generating only three errors, emphasised in bold. 

In the second iteration, the equaliser receives a priori information of the source bits 

APRI-S from the decoder output of the first iteration, as shown in Table 3.5 . Recall 

that in the first turbo equalisation iteration the a priori LLR shown in the top line of 
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Decoder trellis interval d 
1 2 3 4 5 

APRI-S 0.0 0.0 O.O 0.0 0.0 
RXD-LLR 2.2,-0.7 -0.2,-0.9 -0.5,1.0 -0.4,0.5 -0.1,-6.7 
APOS-C L4,1.4 0.3,-0.6 -0.2,4-0.7 -0.2,0.4 0.1,-6.7 
EXT-C -0.8,2.1 0.5,-0.3 0.3,-0.3 0.2,-0.1 0.2, 0.0 
APOS-S 1.4 0.3 -0.2 -0.2 0.1 
TXD-S 1 1 -1 -1 1 
DCSN 1 1 -1 -1 1 

Table 3.6: Channel decoder metrics extracted from our simulations after the second turbo 
equalisation iteration. No a priori APRI-S information is received. As in the first iteration, 
the extrinsic LLR EXT-C is computed by subtracting the received combined channel and 
extrinsic LLR RXD-LLR from the decoder's a posteriori LLR of the code bits APOS-C. 
Since the decoder receives higher-reliability LLR values, it produces source a posteriori 
APOS-S, which results in an error-free output. 

Table 3.3 waa initialised to 0, indicating that the bits 4-1 and —1 had equal probability of 

being transmitted. Now this additional information cissists the equaliser in providing more 

accurate values of the a posteriori LLRs APOS. The improved reliability is reflected in the 

reduced number of errors, as compared to the results of the Hrst iteration, seen in Table 3.3, 

indicating a reduction from four to three errors. As before, the a priori information 

is subtracted from the a posteriori LLR at the output of the Log-MAP equaliser of 

Figure 3.8, yielding the combined channel and extrinsic LLR EXT, which is subsequently 

deinterleaved. At the decoder the received combined clannel and extrinsic LLR is processed 

using the Log-MAP algorithm and — as shown in Tktle 3.6 — the decoder corrects the 

two errors incurred in the previous iteration, characterised in Table 3.4. It is observed that 

by performing the equalisation and decoding jointly, the dispersion induced by the channel 

can be overcome, as opposed to the scenario characterised in Table 3.4, which is equivalent 

to situation employing independent equalisation and decoding. In order to further improve 

the performance of the system, more turbo equalissLtion iterations can be performed. 

However, in this example, it was sufficient to perform two turbo equalisation iterations, 

in order to obtain an error-free performance. Figure 3.15 illustrates the reliability of the 

LLRs — expressed as the product of the decoder's a posteriori LLR and the actual source 

bits transmitted — versus the source bit index. A large positive reliability value indicates 

a high-confidence LLR value, whereas a negative value represents an erroneous decision. 

It is observed that in the first iteration of Figure 3.15(a) there was a large number of 

low reliability LLR values. The negative reliability values i n Figure 3.15(a) indicate that 

errors have been made. In the second turbo equalisation i teration of Figure 3.15(b) the 
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Figure 3.15: Reliability of the decoder a pogteriori LLR with each turbo equalisation iter-
ation. The reliability is expressed as the product of the source a posteriori LLR produced 
by the decoder and the transmitted source bit. 
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number of low-confidence LLR values was reduced as compared to the first iteration. 

With increasing turbo equalisation iterations — for example after six turbo equalisation 

iterations, as shown in Figure 3.15(f) — the number of low-confidence LLR values was 

significantly reduced, hence justifying the improved BBR performance obtained with an 

increasing number of turbo equalisation iterations. 

However, as it can be seen from the results shown at a later stage, the additional gain 

decreases with an increasing number of turbo equalisation iterations. Iteration gains are 

achieved, when the decoder is capable of correcting errors, which were not corrected by the 

equaliser. When the number of turbo equalisation iterations increases, the deinterleaved 

output of the equaliser becomes more similar to the decoder output, yielding a high corre-

lation. This diminishes the advantage of having information from both the equaliser and 

decoder, hence reducing the iteration gain. 

3.6 S u m m a r y of Tiirbo Equal isat ion 

In this section we have shown the operation and structure of the original turbo equaliser 

presented by Douillard et al [10] and subsequently extended the principle to turbo 

equahsation schemes utilising multiple decoders, as in turbo decoders. The SISO equaliser 

must be able to accept both the a priori information provided by the channel decoder 

as well as channel outputs and to utilise both of these information sources, in order to 

calculate the LLR of the received encoded bits. Here, the only modification to our MAP 

algorithm highlighted in Subsection 2.2 and to the Log-MAP algorithm of Subsection 2.5, 

for employment in our iterative soft output GMSK equaliser was to consider the a priori 

probabihty P('Um) in the calculation of or («,«:), since P(«m) was no longer 

constant — in contrast to the non-iterative scenario. The decoder(s) in the turbo equahser 

must also be able to provide soft outputs in the form of the source and parity LLR values. 

Therefore, instead of implementing a hard decision trellis-based algorithm for the decoder 

— such as the Viterbi Algorithm —, we have used an optimal SISO algorithm. Specifically, 

the Log-MAP algorithm was employed since it guaranteed a performance identical to that 

of the optimal MAP algorithm, despite having lower computational complexity. We then 

showed in Section 3.4 that the a posteriori LLR of both the parity and source bits can 

be calculated by considering all trellis branches, where the parity bit or source bit is —1 

or -1-1, as expressed in Equation 3.11. The a posteriori LLR of eax:h turbo equalisation 

stage was subsequently processed, in order to yield the combined channel and extrinsic 

information of the equaliser or the extrinsic information of the decoder, such that the input 

information to a particular block in the current iteration did not include the information 
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contributed by that particular block from the previous iteration, in order to avoid any 

correlation between the information used in consecutive iterations. 

In the next section the performance of various coded GMSK systems employing turbo 

equalisation is characterised. 

3.7 Pe r fo rmance of Coded G M S K S y s t e m s using Turbo 

Equal isat ion 

In this section the turbo equalisation performance for three coded systems, namely that of 

the convolntional-coded GMSK system, the convolutional-coding baaed turbo-coded GMSK 

scheme and the BCH-coding based turbo coded system are presented. These systems 

were eveiluated over the non-dispersive Gaussian channel and over the equally-weighted 

and symbol-spaced 5ve-path Rayleigh fading channel experiencing a normalised Doppler 

6equency of = 1.5x10"^, which corresponds to a transmission frequency of 900 MHz, 

-vehicular speed of 30 mph and a signalling rate of 270.833 KBaud. For our investigations, 

-we have employed the transmission burst structure specified by GSM [2, 3] consisting of 

j tail bits at both ends of the burst and two 57-bit data segments separated by a 26-bit 

znidamble. We have assumed that the channel impulse response was known. Furthermore, 

the fading magnitude and phase was kept constant for the duration of a transmission burst, 

a condition which we refer to as employing burst-invariant fading. In the following subsec-

tions the simulation parameters — which are specihc to the class of the encoder utilised — 

are outlined. 

Encoder type Component code parameters 

Convolutional 
code 

Rate R = 0.5, Constraint length K = 5 RSC 
Octal generator polynomials (?o — 35 = 23 

Convolutional-coding 
based turbo code 

Rate R = 0.5, Constraint length K = 5 RSC 
Octal generator polynomials Go = 35 Gi = 23 

BCH-coding 
based turbo code 

Rate R = ^ = 0.58 
BCH (15,11) 

Table 3.7: Parameters of the encoders employed in the rate R = 0.5 convolutional-coded 
GMSK system, the R = 0.5 convolutional-codiug based turbo-coded GMSK scheme and 
the rate R = ^ = 0.58 BCH-coding based turbo-coded GMSK system. 
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3.7.1 Convolut ional -coded G M S K S y s t e m 

Non-dispersive Gaussian channel 5-path Rayleigh fading channel 
Iteration index Iteration gain Iteration index Iteration gain 

2 2.5 dB 2 2.9 dB 
4 3.5 dB 4 3.9 dB 
8 3.7 dB 8 4.2 dB 

Table 3.8: The iteration gains relative to the first iteration at BER = 10"^ for the R = 0.5 
convolutional-coded GMSK system employing turbo equalisation over the non-dispersive 
Gaussian channel and the Eve-path Rayleigh fading channel using burst-invariant fading. 

A code rate R = 0.5, constraint length 7(7 = 5, recursive, systematic convolutional encoder 

was employed. The octal generator polynomials of the encoder were Go = 35 .and Gi = 23 

as summarised in Table 3.7. No puncturing was applied to the encoded bits, which were 

paased to a random channel interleaver having a depth of 20000 bits. Figure 3.16(a) showed 

the turbo equalisation performance of the convolutional-coded GMSK system transmitting 

over a non-dispersive Gaussian channel after one, two, four and eight turbo equalisation 

iterations. Note that the convolutional decoding performance was equivalent to the 8rst 

turbo equalisation iteration. It was observed that the gain obtained from joint equalisation 

and decoding after eight turbo equalisation iterations was approximately 3.7 dB as compared 

to independent equalisation and decoding at BER = 10"^. As for the turbo equalisation 

performance over the five-path Rayleigh fading channel, it can be seen from figure 3.16(b) 

that the gain achieved by using turbo equalisation after eight turbo equalisation iterations 

was 4.2 dB, compared to conventional convolutional decoding at BER = 10"^. The turbo 

equalisation performance was observed to improve significantly by employing more turbo 

equalisation iterations. At BER =10""^ and when transmitting over the iion-dispersive 

Gaussian channel, iteration gains — i.e. gains in SNR performance with respect to the Grst 

iteration — of approximately 2.5 dB, 3.5 dB and 3.7 dB were obtained after two, four and 

eight turbo equalisation iterations, as displayed in Table 3.8. Over the five-path Rayleigh 

fading channel using burst-invariant fading the iteration gains, also summarised in this 

table, achieved were 2.9 dB, 3.9 dB and 4.2 dB at BER =10"^ after two, four and eight 

turbo equalisation iterations. Let us now consider a convolutional-coding based turbo-coded 

GMSK system. 
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• - I t r -1 
A — Itr=2 
* — I t r -4 

* - Itr=8 
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(a) Non-dispersive Gaussian channel. 

2 3 4 5 6 
E b M , ( d B ) 

(b) Five-path Rayleigh fading channel. 

Figure 3.16: Turbo equalisation performance over the non-dispersive Gaussian channel 
and the five-path Rayleigh fading channel using burst-invariant fading for a rate R = 0.5 
convolutional-coded GMSK system using a turbo equaliser, which performs a maximum 
of eight turbo equalisation iterations. 
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(b) Five-path Rayleigh fading channel. 

Figure 3.17: Turbo equalisation performance over the non-dispersive Gaussian channel 
and the five-path Rayleigh fading channel using burst-invariant fading for a rate R = 0.5 
convolutional-coding based turbo-coded GMSK system employing a turbo equaliser, 
which performs eight turbo equalisation iterations. The turbo decoding performance after 
eight turbo decoding iterations is also presented. 
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Code Rate i? = 0.5 
CI: 1 0 
C2: 0 1 

1 = transmitted bit 
0 = non transmitted bit 

Table 3.9: Regular puncturing pattern used in order to obtain the R = 0.5 convolutional-
coding based turbo codes. The terms CI and C2 represent the parity bits of the R = 0.5 
convolutional codes of the first and second constituent codes, respectively. 

Non-dispersive Gaussian channel 5-path Rayleigh fading channel 
Iteration index Iteration gain Iteration index Iteration gain 

2 1.6 dB 2 1.7 dB 
4 2.2 dB 4 2.5 dB 
8 2.4 dB 8 2.7 dB 

Table 3.10: The iteration gains relative to the Erst iteration at BER = 10"'̂  for the R = 0.5 
convolutional-coding based turbo-coded GMSK system employing turbo equalisation over 
the non-dispersive Gaussian channel and the Eve-path Rayleigh fading channel using burst-
invariant fading. 

3.7.2 Convolutional-coding Based Turbo-coded G M S K S y s t e m 

The convolutional-coding based turbo encoder consists of two rate R = 0.5, constraint 

length jiT = 5 recursive, systematic convolutional encoders, using octal generator polyno-

mials of Go = 35 and Gi = 23 as summarised in Table 3.7. A random turbo interleaver 

possessing a depth of 10000 bits separated the component encoders. The encoded bits 

were punctured regularly using the puncturing pattern of Table 3.9 in order to obtain an 

overall code rate of R = 0.5. Subsequently, the punctured encoded bits were passed to a 

random channel interleaver, which had a depth of 20000 bits. The turbo equalisation perfor-

mance of the convolutional-coding based turbo-coded GMSK system transmitting over the 

non-dispersive Gaussian channel and the five-path Rayleigh fading channel were shown in 

Figures 3.17(a) and 3.17(b), respectively. In the non-dispersive Gaussian channel scenario 

it was observed that the joint equalisation and decoding arrangement using eight turbo 

equalisation iterations outperformed the system employing eight turbo decoding iterations 

by approximately 0.5 dB at BER = 10" .̂ For the five-path Rayleigh fading channel shown 

in Figure 3.17(b), the gain achieved by performing turbo equalisation after eight turbo 

equalisation iterations over the independent equalisation and turbo decoding employing 

eight turbo decoding iterations was 0.8 dB at BER = 10"^. As in the convolutional-coded 

GMSK system, the turbo equalisation performance improved by performing more turbo 
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equalisation iterations. When transmitting over the non-dispersive Gaussian channel, iter-

ation gains of approximately 1.6 dB, 2.2 dB and 2.4 dB were achieved after two, four and 

eight turbo equalisation iterations, as displayed in Table 3.10. Over the five-path Rayleigh 

fading channel using burst-invariant fading, the iteration gains — also summarised in this 

table — achieved were 1.7 dB, 2.5 dB and 2.7 dB at BER =10""^ after two, four and eight 

turbo equalisation iterations. Again — as expected — including the equaliser in the itera-

tive loop was more complex but resulted in further performance gains. Let us now consider 

the performance of the BCH turbo-coded systems in the context of turbo equalisation. 

3.7.3 BCH-coding Based Turbo-coded G M S K S y s t e m 

Non-dispersive Gaussian channel 5-path Rayleigh fading channel 
Iteration index Iteration gain Iteration index Iteration gain 

2 2.0 dB 2 2.5 dB 
4 3.8 dB 4 4.0 dB 
8 4.3 dB 8 4.5 dB 

Table 3.11: The iteration gains relative to the first iteration at BER = 10" for the R = 
II = 0.58 BCH-coding based turbo-coded GMSK system employing turbo equalisation 
over the non-dispersive Gaussian channel and the five-path Rayleigh fading channel using 
burst-invariant fading. 

The BCH-coding based turbo encoders invoked consisted of two BCH (15,11) encoders 

— characterised in Table 3.7 — which were separated by a random turbo interleaver, hav-

ing a depth of 12100 bits. No puncturing was applied, yielding an overall code rate of 

R = g = 0.58. The encoded bits were directed to a random channel interleaver possessing 

a depth of 20900 bits. When the BCH-coding baaed turbo-coded GMSK system was trans-

mitted over the non-dispersive Gaussian channel, it was observed from Figure 3.18(a) that 

by performing the equalisation and decoding jointly — i.e. upon invoking turbo equalisa-

tion — and using eight turbo equalisation iterations, a gain of 2.8 dB was achieved over 

independent equalisation and BCH-coding based turbo decoding performing eight turbo 

decoding iterations at BER = 10"*̂ . The advantage of using turbo equalisation over turbo 

decoding was also highlighted in Figure 3.18(b). Here, it was observed that a gain of 3.0 

dB was attained over the turbo decoding scheme employing eight turbo decoding iterations. 

The BER performance of the system employing turbo equalisation was also improved upon 

subsequent iterations. Specifically, in Figure 3.18(a) and at BER = 10"" ,̂ the iteration gains 

obtained were 2 dB, 3.8 dB and 4.3 dB — as shown in Table 3.11 — when transmitting 

over the non-dispersive Gaussian channel. For the five-path fading channel scenario using 
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Figure 3.18: Turbo equalisation performance over the non-dispersive Gaussian channel and 
the five-path Rayleigh fading channel using burst-invariant fading for a rate R = 0.58 
BCH(15,ll)-based turbo-coded GMSK system using a turbo equaliser, which performs eight 
turbo equalisation iterations. The turbo decoding performance after eight turbo decoding 
iterations is also plotted. 
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burst-mvaricint fading, it Ccm be seen from Figure 3.18(b) and Table 3.11 that the iteration 

gains achieved were 2.5 dB, 4 dB and 4.5 dB at BER = 10"^. 

3.8 Discussion of Resul ts 

The key observations from the results in Subsections 3.7.1, 3.7.2 and 3.7.3 were: 

# The advantage of performing turbo equalisation over turbo decoding. 

8 Improvement with subsequent turbo equalisation iterations. 

• The rate R = 0.5 convolutional-coded GMSK system employing turbo equalisation 

achieved better performance than that of the A = 0.5 convolutional-coding based 

turbo-coded GMSK scheme. 

8 The R = 0.58 BCH-coding based turbo-coded GMSK system employing turbo equali-

sation achieved better performance than that of the lower rate R = 0.5 convolutional-

coding based turbo-coded GMSK scheme. 

It was observed that significant advantage was gained by performing the equalisation and 

decoding jointly. Upon each turbo equalisation iteration the equaliser benefits from the 

a priori information of the encoded bits obtained from the decoder(s). Consequently, 

more reliable LLR values can be generated by the equaliser, hence aiding the decoder 

in improving the confidence of the LLR values. In contrast, by performing independent 

equalisation and decoding, the decoder(s) can only operate on the initial soft values 

from the equaliser. Therefore, the equaliser was unable to exploit the improved decoder 

estimates for enhancing the reliability of the equaliser's soft values. Hence, the joint 

equalisation and decoding technique outperformed the independent equalisation and 

decoding scheme. The disadvantage of turbo equalisation was the increased complexity 

due to the need of performing equalisation and decoding in each turbo equalisation 

iteration. For the convolutional-coded GMSK scheme, each additional iteration involved 

the equalisation and decoding process, hence increasing the complexity signiScantly, as 

compared to the conventional convolutional decoding technique. Upon comparing turbo 

decoding with turbo equalisation, it was observed that turbo decoding iterations involved 

exchange of information between the decoders, whereas in turbo equalisation information 

was exchanged not only between the decoders, but also with the equaliser in each turbo 

equalisation iteration. Hence, the complexity of the turbo equalisation scheme was also 

higher than that of turbo decoding. However, the number of iterations can be reduced by 

employing various termination criteria [65], similar to those used in turbo decoding [47]. 

This will reduce the complexity associated with turbo equalisation, making this technique 
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(a) Non-dispersive Gaussian channel. 
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Figure 3.19: Comparison of the R = 0.5 convolutional-coded GMSK system with R = 
0.5 convolutional-coding based turbo-coded GMSK scheme, transmitting over the non-
dispersive Gaussian channel and the Eve-path Rayleigh fading channel using burst-invariant 
fading. Both systems employ turbo equalisation, which performs eight turbo equalisation 
iteration at the receiver. 
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a good alternative for mitigating the channel's frequency selectivity. Furthermore, the 

Log-MAP algorithm used for the equaliser and decoder can be substituted by lower com-

plexity SISO algorithms [73, 74, 75, 56], in order to practically realise the turbo equaliser. 

Recent work by Reeve [76] has demonstrated that the Log-MAP algorithm can be readily 

parallelised in a form suitable for parallel computing. This will speed up the computations 

associated with the complex Log-MAP algorithm, hence enabling the turbo equahser — 

consisting of the Log-MAP equaliser and decoder — to be implemented in real-time systems. 

As mentioned previously, by performing more iterations, the equaliser and decoder are 

capable of enhancing the rehability of their estimates. Therefore, the BBR performance 

was improved as the number of turbo equalisation iterations were increased. However, as 

observed from the results of Subsections 3.7.1, 3.7.2 and 3.7.3, the rate of increase of the 

iteration gain, which was again the gain in SNR performance relative to the performance 

achieved in the Erst turbo equalisation iteration, decreased with successive turbo equahsa-

tion iterations. Iteration gains were obtained, when the decoder was capable of correcting 

errors previously inflicted by the equaliser. As the number of turbo equalisation iterations 

increased, the deinterleaved output of the equaliser became more similar to the decoder 

output. This therefore, reduced the advantage of having information from the equaliser 

and decoder and consequently failed to achieve greater iteration gains, despite performing 

further turbo equalisation iterations. 

Another interesting observation was the abihty of the convolutional-coded GMSK system 

employing turbo equalisation to outperform the convolutional-coding based turbo-coded 

GMSK scheme, as demonstrated by Figure 3.19. Over the non-dispersive Gaussian 

channel, the convolutional-coded GMSK system had a better Eb/No performance, than the 

convolutional-coding based turbo-coded GMSK scheme by 0.8 dB at BBR = 10"^, while 

in the hve-path Rayleigh fading scenario using burst-invariant fading the advantage of the 

convolutional-coded system over the convolutional-coding based turbo-coded scheme was 

approximately 1.0 dB, as illustrated in Figures 3.19(a) and 3.19(b), respectively. These 

results were surprising since the more complex turbo-coded system was expected to form 

a more powerful encoded system compared to the convolutional-coded scheme. Below, we 

oSer a possible explanation, which considered the performance of both codes after the first 

turbo equalisation iteration. Over the non-dispersive Gaussian channel in Figure 3.19(a), 

the convolutional-coded scheme yielded a lower BER than that of the turbo-coded system 

at Eh/No values less than 4.5 dB, indicating that the a posteriori LLR of the source 

bits — which constitute the first coded bit of the systematic codeword — produced by 

the convolutional decoder had a higher reliability than that of the turbo-coded scheme. 



CHAPTER 3. TURBO EQUAMSATfON FOR PARTIAf, RESPONSE SYSTEMS 111 

• Itr=l 
A Itr=2 
-k Itr=4 

Itr=8 
- - - - Turbo-conv 

— Turbo-BCH 

2 3 4 5 6 7 
Eb/N, (dB) 

8 9 

(a) Non-dispersive Gaussian channel. 

O Itr=l 
A Itr=2 
* Itr=4 

* Itr=8 
- - - - Turbo-conv 

— Turbo-BCH 

2 3 4 5 6 
Eb/N, (dB) 

(b) Five-path Rayleigh fading channel. 

Figure 3.20: Comparison of the rate R = 0.58 BCH-coding based turbo-coded GMSK sys-
tem with the R = 0.5 convolutional-coding based turbo-coded GMSK scheme, transmitting 
over the non-dispersive Gaussian channel and the Bve-path Rayleigh fading channel using 
burst-invariant fading. Both systems employ turbo equalisation, which performs eight turbo 
equalisation iteration at the receiver. 
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Consequently, upon receiving the higher-confidence LLR values from the decoder, the 

equaliser in the convolutional-coded scheme was able to produce much more reliable LLR 

values in the subsequent turbo equalisation iteration, as compared to the turbo-coded 

system. After receiving these LLR values, the decoder of the convolutionai-coded system 

will also generate more reliable LLR values. Similarly, for the five-path Rayleigh fading 

channel scenario in Figure 3.19(b), it was also observed that for Eb/^o < 6 dB and after one 

turbo equalisation iteration, the convolutional-coded system outperformed the turbo-coded 

scheme. Similarly to the non-dispersive Gaussian channel scenario, the convolutional-coded 

system transmitting over the dispersive fading channel also produced LLR values of higher 

reliability as compared to those generated by the turbo-coded system, hence, allowing the 

convolutional-coded system to outperform the turbo-coded scheme after performing eight 

turbo equalisation iterations. For Eb/#o values beyond the previously mentioned values, 

the performance of the convolutional-coding based turbo-coded scheme after one turbo 

equalisation iteration was better than that of the convolutional-coded system. Therefore, 

it was predicted that although the performance of the turbo-coded system waa poorer than 

the convolutional-coded system after eight turbo equalisation iterations for Eh/No < 4.5 

dB for the non-dispersive Gaussian channel and Eb/Ng < 6.0 dB for the five-path Rayleigh 

fading channel, it wiH outperform the convolutional-coded system beyond these Eb/JVo 

values, potentially yielding a lower error door. 

Finally, in Figure 3.20 the rate i? = 0.58 BCH-coding based turbo-coded system was also 

observed to outperform the R — 0.5 convolutional-coding based turbo-coded GMSK scheme 

transmitting over the non-dispersive Gaussian channel and over the five-path Rayleigh 

fading channel by a margin of 0.7 dB and 0.2 dB, respectively, at BER = 10"" ,̂ when using 

eight turbo equalisation iterations. Here, the performance improvements achieved by the 

BCH-coding based turbo-coded system over the convolutional-coding based turbo-coded 

scheme can also be attributed to the fact that the former attained a lower BER for Eh/Ng 

values less than 4.0 dB and 5.5 dB over the non-dispersive channel and the five-path 

Rayleigh fading channel using burst-invariant fading, respectively. Therefore, the equaliser 

in the BCH-coding based turbo-coded system received more reliable LLR information 

compared to the convolutional-coding based turbo-coded scheme, hence allowing it to 

achieve better BER performance upon invoking successive turbo equalisation iterations. 

In order to further justify these results, the associated Maximum Likelihood (ML) per-

formance bound of coded systems was derived and compared in our forthcoming chapter. 



CgAPTBR 3. Tt/RBO EQ!7AMSATI0N FOR PABTMI, RESPONSE gYSTBMS 113 

3.9 S u m m a r y 

In this chapter the principles of turbo equalisation in the context of multiple encoder assisted 

systems, were described. Here, the advantage of performing the channel equalisation and 

channel decoding jointly was examined and quantified in the context of GMSK-modulated 

systems, as compared to implementing the equalisation independently from the decod-

ing. Gains of 3.7 dB and 4.2 dB were achieved for the rate R = ^ convolutional-coded 

GMSK system transmitting over the non-dispersive Gaussian channel and the 6ve-path 

Rayleigh fading chaimel using burst-invariant fading, respectively. Similarly, for the rate 

R = ^ convolutional-coding based turbo-coded scheme the corresponding gains achieved 

through turbo equalisation over independent equalisation and turbo decoding were 0.5 dB 

and 0.8 dB over the non-dispersive Gaussian channel and the above-mentioned dispersive 

Rayleigh fading channel. Finally, the BCH-coding based turbo-coded systems employing 

turbo equalisation and transmitting over the non-dispersive Gaussian and the five-path 

fading channel exhibited gains of 2.8 dB and 3 dB, respectively. It was also observed that 

the rate R = 0.5 convolutional-coded GMSK system employing turbo equalisation obtained 

a better performance, than that of the R = 0.5 convolutional-coding based turbo-coded 

GMSK scheme. Over the non-dispersive Gaussian channel, the convolutional-coded GMSK 

system outperformed the convolutional-coding based turbo-coded GMSK scheme by 0.8 dB 

at BER = 10""̂ , while in the Eve-path Rayleigh fading scenario the convolutional-coded 

system attained a gain of approximately 1.0 dB over the convolutional-coding based turbo-

coded scheme, as illustrated in Figures 3.19(a) and 3.19(b), respectively. These results were 

surprising, since the more complex turbo-coded system was expected to perform better gen-

erally, as it was deemed to be a more powerful code compared to convolutional codes. How-

ever, from Figures 3.19(a) and 3.19(b), which compared the turbo equalisation performance 

of the convolutional-coding based turbo-coded system and the conventional convolutional-

coded scheme over the non-dispersive Gaussian channel and five-path Rayleigh fading chan-

nel, it was observed that at Eb/No values less than 4.5 dB and 6 dB, respectively, the BER 

of the rate R = 0.5 convolutional-coded GMSK system was lower than that of the R = 0.5 

convolutional-coding based turbo-coded GMSK scheme after the Grst turbo equalisation 

iteration. This indicated that the decoder in the convolutional-coded system mentioned 

above was providing more reliable LLR values to the equaliser. Consequently, the equaliser 

in the convolutional-coded scheme — upon receiving the higher conEdence LLR values from 

the decoder — was capable of producing more reliable LLR values, which was subsequently 

passed to the decoder in the following turbo equalisation iteration. Beyond the .Bt/ATo val-

ues of 4.5 dB and 6 dB over the non-dispersive Gaussian channel and the hve-path Rayleigh 

fading channel, respectively, the turbo-coded scheme exhibited a better performance after 
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one turbo equalisation iteration. Therefore, it is predicted that the convolutional-coding 

based turbo-coded GMSK system will potentially yield a lower error floor. In Figure 3.20 

it was also observed that the weaker BCH-coding based turbo-coded GMSK system yielded 

better performance, than that of the convolutional-coding based turbo coded scheme after 

eight turbo equalisation iterations. The performance of the BCH-coding based turbo-coded 

system was better, than that of the convolutional-coding based turbo-coded scheme after 

the first turbo equalisation iteration at Eh/No values less than 4.0 dB and 5.5 dB for trans-

missions over the non-dispersive Gaussian channel and over the five-path Rayleigh fading 

channel, respectively. Therefore, the equaliser in the BCH-based turbo-coded system re-

ceived more reliable LLR information compared to the convolutional-based turbo-coded 

scheme, hence enabling it to a<jiieve a better BER performance after invoking successive 

turbo equalisation iterations. 



Chapter 4 

Turbo Equalisation Performance 

Bound 

Since the invention of turbo codes [9, 44], which have been shown to approach Shannonian 

performance limits, much research has been devoted to improving the overall performance 

by optimising the turbo code components, such as the constituent codes [77, 78, 79, 80], 

interleavers [81, 82, 83] and their decoding techniques [9, 84], either independently or jointly. 

Berrou et al proposed an iterative decoding algorithm instead of the Maximum Likelihood 

(ML) decoder [84], in order to reduce the decoder's complexity. Since the maximum likeli-

hood decoder can only be implemented for speciEc and rather speciEc interleavers [84, 85] 

at the cost of a high complexity, theoretical performance bounds were derived in order to 

observe the ability of the iterative decoder to approximate the performeince of the optimal 

maximum likelihood decoder. The theoretical bounds of the Parallel Concatenated Con-

volutional Code (PCCC) [20], namely turbo code, can be derived by employing the union 

bound technique in conjunction with Benedetto's and Montorsi's uniform interleaver [20]. 

This uniform interleaver is a probabilistic interleaver model, which maps the input codeword 

of weight w into all possible distinct permutations with equal probability. Therefore, the 

associated theoretical bound characterises the upper bound performance of turbo codes in 

conjunction with maximum-likelihood decoding averaged over all possible interleaver struc-

tures. The performance bound of Serial Concatenated Convolutional Codes (SCCC) can 

also be determined using this approach [19]. 

115 
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4.1 Mot iva t ion 

In this chapter, the principles employed for deriving the ML performance bound for 

the SCCC and PCCC schemes are adapted, in order to derive the ML bound for non-

pimctured convolutional-coded and for turbo-coded systema. Previous work in this area 

by Narayanan and Stiiber in reference [71] employed the analysis by Benedetto et aJ [19], 

which emphasised the importance of possessing recursive properties for the inner encoder 

— constituted for example by the partial-response GMSK modem — in SCCC schemes. 

This technique was utilised for determining the performance bound of the iterative 

demodulation and decoding of convolutional-coded interleaved systems in conjunction with 

differential modulation schemes, such as Differential Phase Shift Keying (DPSK) [71, 86] 

and I-Differential Quadrature Phase Shift Keying (DQPSK) [71]. Differential modulation 

techniques were employed, in order to show that the inherent recursive nature of these 

modulation schemes in conjunction with the interleave! signiScantly improves the distance 

spectrum of the transmitted signal, yielding good interleaving gains, quantised as the 

factor by which the bit error probability is decreased upon increasing the interleaver 

depth. Specifically, DPSK and DQPSK can be modeled as rate i? = 1 convolutional codes 

followed by a memoryless mapper. This rate R = 1 recursive encoder can be viewed as 

an inner code in the SCCC scheme. Motivated by these research trends, we set out to 

employ the principles for PCCC schemes in conjunction with SCCC, in order to evaluate 

the ML performance bound of non-punctured turbo-coded systems employing recursive 

modulators. However, the main objective of the theoretical analysis is not to obtain the 

exact ML performance bound, but to characterise the turbo equalisation performance 

trends for turbo-coded systems. Explicitly, we aim to explain the turbo equalisation 

results obtained for turbo-coded GMSK and convolutional-coded GMSK systems, where 

the convolutional-coded scheme outperformed the turbo-coded system, despite using only 

a single decoder in each turbo equalisation iteration. Although the union bound diverges 

at the so-called cut-off rate [71] giving unreliable performance bounds, this bounding 

technique is still capable of demonstrating the performance trends associated with the 

turbo-equalised systems. For our investigations we have employed DPSK modulation, since 

it too is inherently recursive like GMSK, but lends itself to simpler analysis. 

The organisation of this chapter is as follows. Sections 4.2 and 4.3 present an overview 

of the associated parallel concatenated convolutional coding and serial concatenated con-

volutional coding schemes, respectively. Subsequently, Section 4.4 describes the algorithm 

employed in determining the key parameter — namely the so-called Input Redundancy 

Weight Enumerating Function (IRWEF) — of an encoder. Section 4.5 models DPSK, MSK 
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and GMSK as a recursive encoder, while Section 4.6 shows, how the SCCC and PCCC prin-

ciples are adapted in order to determine the ML performance bound of convolutional-coded 

and turbo-coded systems. The results of the theoretical analysis and computer simulations 

are then presented in Section 4.7. This is followed by a discussion and a summary of the 

observations made in Section 4.8. 

4.2 Paral le l Conca tena ted Convolut ional Code Analysis 

This section describes the fundamental principles involved in determining the performance 

bound for Parallel Concatenated Convolutional Codes (PCCC). The parallel concatenated 

Interleaver 
length = Ni 

Rate R = ^ 
systematic 

convolutional 
encoder ci 

Rate R = -
systematic 

convolutional 
encoder cg 

PCCC Rate R 2n—k 

Figure 4.1: Structure of the parallel concatenated code considered, consisting of encoders 
cl and c2 and of the turbo interleaver of depth bits. 

convolutional codes illustrated in Figure 4.1 consist of two encoders, namely cl and c2, 

which have a common input information sequence of length Ni bits and which are linked 

through an interleaver, so that the information sequence entered into the second encoder 

ia the permuted version of the original input information sequence. Therefore, the weights 

of the input sequences of the first and second encoder are identical, although el 's and c2's 

parity weight will be different. In order to determine the performance bound of the PCCC, 

the constituent encoders are characterised by the so-called Input Redundancy Weight 

Enumerating Function (IRWEF) and the concept of uniform interleaving is introduced. 
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Essential PCCC notations from reference [20] are quoted and described, before elaborating 

on the proposed turbo equalisation analysis. 

The first term introduced is the IRWEF represented by A'^(W, Z), where W and Z are 

the dummy variables, whose exponent w and represents the input weight and parity check 

weight, respectively. It can be expressed as a polynomial of and 

(4.1) 

where j is the number of codewords of parity weight j generated by the input sequence 

of weight w. The IRWEF quantifies explicitly the separate contributions of the input source 

bit information segment and that of the parity-check segment to the total Hamming weight 

of the codewords. Hence, the IRWEF characterises the entire encoder, since it depends on 

both the input information and parity bits. In order to further highlight the significance of 

the IRWEF, let us consider a BCH(7,4) block encoder, which accepts four input bits and 

produces a seven-bit codeword. Table 4.1 shows all the possible codewords, which consist 

Codeword Input Codeword Parity Term in Term in 
Input bit Parity bit weight w weight weight j Equation 4.2 Equation 4.12 

0000 000 0 0 0 1 1 
1000 101 1 3 2 2 2 
0100 111 1 4 3 3 3 
1100 010 2 3 1 4 4 
0010 110 1 3 2 2 2 
1010 o i l 2 4 2 5 5 
0110 001 2 3 1 4 4 
1110 100 3 4 1 7 7 
0001 o i l 1 3 2 2 2 
1001 110 2 4 2 5 5 
0101 100 2 3 1 4 4 
1101 001 3 4 1 7 7 
0011 101 2 4 2 5 5 
1011 000 3 3 0 6 6 
0111 010 3 4 1 7 7 
n i l 111 4 7 3 8 8 

Table 4.1: AU possible BCH(7,4) codewords, which consist of the input word and parity 
word. The corresponding Hamming weights of the input word, parity word and codeword 
are also presented. 

of the input word and the parity word. For example, it is observed that the input word 

1100, whose Hamming weight — i.e. the number of I's — is two, produces the parity word 
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-^UlJ Ao,o Al,2 Ai,3 ^2,1 ^2,2 ^3,0 ^3,1 
1 3 1 3 3 1 3 1 

Table 4.2; The number of codewords of parity weight j generated by the input sequence of 
weight lu for the BCH(7,4) code. These A^ ĵ coeGcients constitute the weighting factors in 
Equations 4.1 and 4.2. 

010, hence giving the codeword 1100010 of Hamming weight three. Considering all input 

words and Equation 4.1, the IRWEF for the BCH(7,4) code becomes: 

A'^(;y, = i ;y °z° + + iw^^z^ 

+ (4 2) 

= 1 + + If ^(3z + + PF^(i + 3Z) + 

As it can be seen from Equation 4.2, each term in the IRWEF polynomial represents the 

input word weight and parity segment weight of the codewords, as weH as the number 

of such Hamming-weight codes. For example, the second polynomial term on the right 

hand side of Equation 4.2, namely W{3Z'^ + Z^), shows tha t there are three codewords, 

which were generated by input bit segments having a Hamming weight one and resulting 

in parity weight of two, while there is only a single codeword caused by a Hamming-weight 

one input word and yielding a parity word of weight three. The last but one column 

of Table 4.1 indicates, which BCH(7,4) codeword contributes to which term in the top 

two lines of Equation 4.2. It is also noted that the sum of the A ^ j coefficients is 16 in 

this example, which is the total number of codewords. The associated A,,, j coe&cients 

of Equation 4.2 are summarised in Table 4.2. Although we have considered block codes 

instead of convolutional codes in this example, we note that convolutional codes can be 

treated as block codes by adding all-zero tailing bits in order to terminate the encoder in 

the all-zero state. 

Once the IRWEF of the code is determined, the bit error probability Pb{e) can be evalu-

ated by using the upper bound approximation in reference [20], which is given by: 

^ I ] ^merfc , 
m=j+w \ " J 

(4.3) 

where m is the Hamming-weight of the codeword generated by the input word of weight w 

and the weight distribution is defined as: 

n ^ -A 
^ ^11),J 

(4.4) 
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while k is the number of original information bits in the n-bit codeword. We will show at 

a later stage that Equation 4.3 can also be employed for PCCC and SCCC schemes. 

Having deEned the IBWEF and described, how the BBR can be subsequently evaluated, 

we now introduce the Conditional Weight Enumerating Function (CWEF) of the parity 

check bits A^{Z) for the purpose of evaluating the performance bound of the PCCC scheme. 

The CWEF is the IRWEF of the encoder C corresponding to a particular input weight w. 

Referring to the previous BCH (7,4) example, the CWEF Ai^(Z) becomes: 

= 1 w = 0 

AF(Z) = 3^^ + w = 1 

= 3Z + 3^^ w = 2 

= 1 + 32 W : = 3 

Af(^) = w = 4, 

(4.5) 

The derivation of the CWEF can be generahsed as [20]: 

A^(^) = g A ^ (4.6) 
j 

where the corresponding A^ ĵ coe@cients caa be extracted from both Table 4.1 or from 

Table 4.2 for the BCH(7,4) code. 

Before showing the contribution of the CWEF to the evaluation of the performance bound, 

let us introduce a further abstract device known as the uniform inter leaver. Benedetto's and 

Montorsi's [20] uniform interleaver of depth fcj is a conceptual probabilistic device, which 

maps a given input word of weight w to all possible distinct (^) number of permutations 

of it with equal probabihty of l / (^)- As a consequence of the interleaving — between 

the first encoder cl and the second c2 — the conditional weight enumerating function of 

the first encoder is independent from the second. Hence, the CWEF A^'' {Z) of the entire 

concatenated code Cp can be expressed as the product of two CWEFs functions of the 

constituent codes, which is given by: 

A^X^) = X (4 J) 

(5 
which is normalised by — or averaged over — the number of possible permutations (^). In 

order to highlight the principle of computing the bit error probability of a PCCC scheme, 

let us consider the parallel concatenated BCH (7,4) scheme employing the above abstract 

uniform interleaver with a depth of Ai = 4 bits, replacing the convolutional codec in Fig-

ure 4.1. Using Equation 4.7 and the CWEF of the BCH (7,4) code in Equation 4.5, the 
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CWEF of the entire code becomes: 

lo/ 
(3Z^ + X (3^2 + _ 9 

(t) 
= 

A-'(Z) = (3Z + ^ m x (3Z + 3Z2) ^ 3 ^ , 

(S 
3^3 + - ^ 4 (4.8) 

_ (l + 3 ^ ) x ( l + 3^) _ 1 3 9 2 
@ - 4 + 2 ^ + 4 ^ 

= 
X 

I F 
Since Z) = with the aid of Equation 4.8 the IRWEF of the overall 

parallel concatenated BCH (7,4) code can be expressed as: 

yi^p(w;^) == i + vf 
9 

+ f + 3^^ + 

2 4 

z-
2 (4.9) 

+ (z^). 

In possession of Equation 4.9 we can now tabulate the Ayjj values of the parallel concate-

nated BCH(7,4)-ba8ed code, aa seen in Table 4.3. This then allows us to determine the values 

^w,j ^ 0 , 0 - ^ 1 , 4 - ^ 1 , 5 ^ 1 , 6 ^ 2 , 2 ^ 2 , 3 ^ 2 , 4 ^ 3 , 0 ^ 3 , 1 ^ 3 , 2 ^ 4 , 6 

1 
9 
4 

3 
2 

1 
4 

3 
2 

3 3 
2 

1 
4 

3 
2 

9 
4 1 

Table 4.3: The number of codewords of parity weight j generated by the input sequence of 
weight tu for the BCH(7,4) turbo code extracted from Equation 4.9. 

of the weight-distribution Dm in Equation 4.4, since we can obtain A ^ j — i.e. the number 

of codewords having a parity word of weight j generated by the input sequence of weight w 
Tl 

— from the IRWEF (Ŵ , Z). Recalling from Equation 4.4 that = E j and 
ni=j+w 



CHAPTER 4. TLTRBO EQ[/AMSATION PERFORMANCE BOUND 122 

using Table 4.3 for the BCH(7,4) based turbo code, we obtain: 

^ . y = 0.1875 
4 4 

Dq = Di = D2 = 0 
^3 = 

^6 ~ 4 ' 2 ^ 4 ' 2 ~ 1-125 

(410) 

D j = 7 • 7 = 0.0625 
4 4 

Dg = Dg — 0 

Dio = ^ . 1 = 1. 

Consequently, with the aid of Equation 4.3 the bit error probability Pb{e) is given by: 

4 5 6 
Ek/Nn 

Figure 4.2: Theoretical bound of the parallel concatenated BCH (7,4) code, using a uniform 
interleave! and possessing an overall code rate of R = ^ = 0.4. 
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1 ^ ^ \ 
^ (e ) - 2 ^ ^merfc 

m=j+w V j 
f6(e) « 1[0.1875 erfc + 1875 erfc 

+ 3.75 erfc j _|_ 2 ^25 erfc 

(4.11) 

+ 0.0625 erfc ( + erfc ( v ^ ) l 
which is plotted in Figure 4.2 for various values, vyhere the overall rate of the 

parallel concatenated BCH (7,4) code is R = ^ = 0.4. 

The PCCC principles described previously can be adapted to evaluate the bit error 

probability of parallel concatenated convolutional codes, when the convolutional code is 

terminated in the all-zero state with the aid of tailing bits consisting of logical Os. 

In summary, the key parameters and principles, which were required for the evaluation 

of the bit error probability bound were the: 

o Input Redundancy Weight Enumerating Function (IRWEF) of the constituent codes 

and entire code. 

" Uniform interleaver. 

8 Conditional Weight Enumerating Function (CWEF) of the constituent codes. 

o Union bound approximation [20]. 

The IRWEF of each constituent code is a function of the input word and the parity word 

weight. As seen in Equation 4.1, the IRWEF is a polynomial of the dummy variables W and 

Z, whose exponents are determined by the Hamming weight w of the input word and weight 

j of the parity word, respectively. The polynomial coefficients represent the number 

of codewords with these weights. Consequently, the CWEF, which is constituted by the 

IRWEF for a particular input weight w, can be evaluated. For block codes the codeword 

is of Snite length, while convolutional coded codewords can be potentially inSnitely long. 

However, when we employ terminated convolutional codes, Ae. convolutional codes using 

all-zero termination bits, these codes can be treated as block codes. In order to evaluate 

the performance bound of PCCCs for a speciGc interleaver, the permutation of the input 

bit sequence by the interleaver must be considered, in order to allow the parity word of the 

second encoder to be determined. Consequently, an exhaustive enumeration of all possible 
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Interleaver 
length= Ni 

Rate= ^ 

systematic 
convolutional 

encoder 

Rate= ^ 

systematic 
convolutional 

encoder 

SCCC Rate= ^ 

Figure 4.3: Serial concatenated convolutional code scheme consisting of a rate | outer 
encoder serially cascaded with a rate ^ inner encoder, which are separated by an interleaver. 

cases must be performed. This high-complexity operation was circumvented by using the 

abstract concept of the uniform interleaver, which maps a given input into all possible 

distinct permutations of the input word with equal probability. Therefore, the CWEF of 

the overall PCCC code using the uniform interleaver can be evaluated as the product of 

the CWEF of the constituent codes and normalised by the number of possible distinct 

permutations. Subsequently, the bit error probabihty bound can be evaluated using the 

union bound relationship in Equation 4.3. 

Having described the key notations and principles of union-bounding for the PCCC 

scheme, we now proceed to analyse SCCC schemes. 

4.3 Serial Conca tena ted Convolutional C o d e Analysis 

The Serial Concatenated Convolutional Code (SCCC) scheme illustrated in Figure 4.3 con-

sists of a rate ^ convolutional outer encoder serially cascaded with a rate ^ convolutional 

inner encoder, separated by an interleaver of depth 

Let the notations w, I, h represent the Hamming weights of the input sequence, the outer 

codeword and the inner codeword. Since the output of the outer encoder becomes the 

input of the inner encoder, the Hamming weight of the codeword is considered instead of 

the weight of the parity segment as in the PCCC analysis. Hence, the original concept of 

IRWBF is modiGed, in order to include the weight of the codewords, resulting in another 

function known as the Input Output Weight Enumerating Function (lOWEF) [19]. Using 

the BCH(7,4) example of Section 4.2 and observing the IRWBF expressed in Equation 4.2, 
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which is repeated here for convenience, 

Z) = 1 + + 3Z^) + 

and with the aid of the last column in Table 4.1 the lOWEF of the BCH(7,4) code can be 

written as: 

w,l 

z;) = + i : f (4.12) 

+ 

= 1 + (3i:^ + + w^(3]:^ + 3i:^) + + 3i:^) + 

where W and L are dummy variables, whose exponent, namely w and I, are used to 

represent the Hamming weights of the input word and codeword, respectively. Therefore 

— in contrast to the PCCC scheme of Section 4.2 — for the purpose of the SCCC analysis, 

all enumerations will consider the weight of the codeword, rather than that of the parity 

segment. 

Codeword Input Codeword Parity 
Input bit Parity bit weight w weight weight J 

000 0 0 0 0 
100 1 1 2 1 
010 1 1 2 1 
110 0 2 2 0 
001 1 1 2 1 
101 0 2 2 0 
Oil 0 2 2 0 
111 1 3 4 1 

Table 4.4: All possible (4,3) parity check codewords, which consist of the input word and 
parity word. The corresponding Hamming weights of the input word, parity word and 
codeword are also presented. 

Having determined the lOWEF, the associated CWEF can be evaluated as in our previous 

PCCC analysis. Subsequently, since the SCCC scheme assumes that the interleaver permu-

tations are of equal probabihty through the use of the uniform interleaver, we can obtain an 

expression for the lOWEF of the entire SCCC using the CWEF of the constituent codes. 

By using the lOWEF of the overall code, the corresponding bit error probability bound can 

be determined. As an example, let us consider a simple Serial Concatenated Block Code 

(SCBC), in order to highlight the key principles in determining the performance bound of 
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the SCCC conSgiiratioii concerned. Let us aasume that the outer constituent encoder Cg 

is a (4,3) parity check code, while the inner encoder q employed is a BCH(7,4) code. The 

corresponding lOWEF of the outer encoder is derived by using Table 4.4, which details all 

the possible input words and the corresponding codewords for the (4,3) parity check code, 

yielding: 

Furthermore, upon replacing by as well aa by in Equation 4.12, we arrive at the 

lOWBF of the BCH(7,4) inner code: 

A^ (z:, = 1 + 2;(3a-^ + + 3jf^) + (4.14) 

where W, L and H are dummy variables, whose exponent represents the Hamming weights 

of the input word, that of the codeword of the outer encoder constituting the input to the 

inner encoder and that of the codeword of the inner encoder, respectively. As mentioned 

in Section 4.2, the CWEF is essentially the IRWEF of the constituent code for a particular 

weight. However, in the serial concatenated code analysis the CWEF is the lOWEF con-

ditioned upon the Hamming weight of a word, such as the Hamming weight of the outer 

encoder codeword. For example, is the CWBF of the outer encoder obtained 

from the lOWEF A'^°{W, L), which has been conditioned upon I — namely upon the Ham-

ming weight of the codeword — whereas [H) is the CWEF of the inner encoder c%, which 

is obtained by conditioning the lOWEF A'^°{L,H) upon the weight of the input word Z, 

which constitutes also the outer encoder's codeword. Continuing with the SCBC example 

described previously, the corresponding values of A[°(FF) employing the (4,3) parity check 

code are extracted from Equation 4.13, yielding: 

= 0 

while the CWEFs A^'(i?) of the BCH(7,4) code are inferred from Equation 4.14, giving: 

A^3(a^) = 
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Here, we have assumed uniform interleaving, i.e. each codeword of weight I is permuted 

at the output of the outer encoder into all of its possible distinct permutations, where 

A; is the depth of the interleaver. Each codeword of the outer code Co of weight Z — 

after uniform interleaving — is then directed towards the inner encoder generating 

inner encoder codewords. In reference [19] it was shown tha t the lOWEF of the entire 

concatenated code A'"" {W, H) — i.e. that of the SCCC using uniform interleaver — can be 

expressed as the product of two CWEFs of the constituent codes, which is normalised by 

the number of possible permutations : 

ki 
(4.17) 

(=0 ( 

Therefore, with the aid of Equations 4.15, 4.16 and 4.17 the lOWEF of the SCBC example 

using the (4,3) parity check code as the outer encoder and the BCH(7,4) as the inner encoder 

can be written as: 

A:=4 

(;y, a )̂ = ^ 
=0 

A;^(;y) x A;̂ (a )̂ 

1 x 1 Ox(3^r3+jf^) (3;^ + 3W^^)x(3a^^ + 3a'4) 
1 

+ 
6 (4.18) 

0 X (fr^ + 3^74 x 
+ : + -4 • 1 

3 I 1 c ZT4\ I w 2 / i cr r r S , i c r j - 4 \ , t j ^ 3 u ? = 1 + ;^(1.5j^'' + l-sa-"^) + ;y':(1.5j7-^ + 1.5^-^) + 

where the depth of the interleaver is Ni = ki = 4. Recalling from Equation 4.4 that the 

-^w,h ^0,0 ^1,3 -̂ 1,4 -^2,3 ^2,4 ^3,7 
1 1.5 1.5 1.5 1.5 1 

Table 4.5: The number of SCBC codewords extracted from Equation 4.18. 

7% 
weight distribution is Dm = ^ where m — which is the sum of the input word 

m=j+w 

weight u; and the parity segment weight — also represents the weight of the codeword and 

is denoted as h for the serial concatenated code configurations. Referring to Equation 4.18 

and Table 4.5, it is observed that the possible codeword weights generated are A = 3, = 4 



CHAPTER 4. TLTRBO BQUAMSATJON PERFORMANCE BOt/ND 128 

and = 7, hence giving Dni=/i values of: 

-D/i=o = Dh=i = Dh=2 = 0 
w = 1 w = 2 

JJh=3 = 7 • Ai 3 + 

Dh=4 = 

Dh=i 

ki — 4 
w = 1 
Ai = 4 

^6 = : 0 

lu = 3 

J . • A2 3 — — • 1.5 + - • 1.5 — 1.125 
Ki = 4 4 4 
lu = 2 

• -̂ 2̂ 4 - 4 1.5 + J . 1.5 = 1.125 (4.19) 

fc = 4 ^3.7 = J • 1 = 0.75, 

and with the aid of Equation 4.3, the bit error probability bound can be expressed as [20]: 

- - ^ D ^ e r f c 
m=h 

mREh 
N„ 

Pb{e) % ^[1.125 erfc ( ^ | +1.125 erfc V j N, 

(4.20) 

as plotted in Figure 4.4, where R is the overall SCBC code rate, which is equal to ^ in our 

4 5 6 
Eb/No 

Figure 4.4: Theoretical performance bound of the serial concatenated code consisting of a 
(4,3) parity check code aa the outer encoder and a BCH (7,4) code as the Inner encoder. 

example. As argued before, the same principles can also be applied for serial concatenated 
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codes using convolutional codes as constituent codes provided that the code is terminated 

with all-zero tailing bits. More explicitly, this is because convolutional codes, which can 

potentially have infinitely long codewords, can be treated as block codes when all-zero 

tailing bits are inserted, such that the trellis terminates in the all-zero state. 

In reference [19], Benedetto et af. showed that the key design criterion for SCCC 

schemes is that the inner encoder must possess recursive properties. This is crucial in order 

to obtain a lajge interleaving gain, which is deEned as the factor by which the bit error 

probability is decreased with increasing interleaver length. 

In summary, we have described how the Maximum Likelihood (ML) performance of the 

PCCC and the SCCC schemes can be approximated by utilising the constituent codes' 

IRWEF and lOWEF, respectively. Furthermore, the application of the abstract uniform 

interleaver also alleviated the computational complexity associated with the evaluation of 

the ML bound of the PCCC and SCCC schemes for a speclEc interleaver. In order to 

evaluate the IKWBF of the code, all possible input words and its corresponding parity 

words are determined. Subsequently, the individual contribution of the input word and 

parity word Hamming weight to the overall codeword Hamming weight was identified, in 

order to yield the IRWEF. Similarly, the lOWEF of a code is determined by considering 

the individual contribution of the input word and codeword Hamming weight. However, 

the number of input words increases exponentially as the number of bits forming the input 

word increases. In a PCCC or SCCC analysis convolutional codes are assumed to be 

terminated and therefore the length of the input word is equivalent to the depth of the 

turbo interleaver for PCCC schemes, or to the depth of the interleaver separating the inner 

encoder and outer encoder for SCCC schemes. Therefore, the longer the interleaver depth, 

the greater the complexity associated with the evaluation of the IRWEF and lOWEF. In 

order to overcome this complexity problem, we employed a trellis search algorithm based 

on the Viterbi algorithm [37, 72], which is the focus of our next discussion. 

4.4 E n u m e r a t i n g the Weight D i s t r i bu t i on of t h e Convohi-

t ional Code 

This section discusses our advocated method employed in order to determine the IRWEF 

of convolutional codes. Recall that in Section 4.3 the IRWEF of the BCH(7,4) code was 

evaluated by identifying all the possible input words and the associated parity words. 

This approach can also be employed for convolutional codes. However, as the length 

of the input word increases, the number of possible sequences increases exponentially, 
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hence rendering the task in general impractical. Alternatively, the enumeration of each 

input word's Hamming weight and its corresponding codeword Hamming weight can be 

performed through a recursive treHis search algorithm, in order to reduce the associated 

computational complexity. The search algorithm employed is similar to the Viterbi 

algorithm [37, 72], where a metric is updated recursively. Below, we present a simple exam-

ple of the algorithm and subsequently we generalise the key points discussed, where possible. 

Consider a rate R = ^, constraint length K = 2, Recursive Systematic Convolutional 

(RSC) encoder, using octal generator polynomials of Go = 3 and Gi = 2, which is depicted 

in Figure 4.5. Let the length of the input sequence be four bits. As it was shown in 

Cl,v 

e-
C2. 

<=2,1,-1 

Figure 4.5: Schematic of the rate i? = ^, constraint length K = 2, recursive systematic 
convolutional code employing octal generator polynomials of Go = 3 and Gi = 2. The 
notations D, ci,^, 02,,, and C2,r-i represent the symbol duration, the source bit at time 
instant v, the systematic bit of the codeword at instant v, parity bit of the codeword at 
instant v and the parity bit of the codeword at the previous t ime instant v — 1, respectively. 

Section 4.2, the IRWEF of the code can be determined by listing aH possible input words 

and the corresponding parity words. Therefore, by considering all possible 4-bit input 

sequences entered into the rate P = A" — 2 RSC encoder of Figure 4.5 we can determine 

their corresponding parity segments and codeword Hamming-weights, as summarised in 

Table 4.6. Using this approach and Table 4.6 it can be readily verified that the IRWEF and 

lOWEF of the code is: 

Z) = 1 + + 22^ + 

+ + 2Z^) + 

and 

^ ) = 1 + + vy^(3a-^ + 2̂ "̂  + 

+ + 2̂ " )̂ + ^̂ "̂ (2̂ ^̂ ), 

(4.21) 

(4.22) 
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State 0 # 
WO 

V 

\ 

\ 1/1 
\ 

State 1 # WZ 

Notations: 

(input/parity) 
(W/Z) 

0/0 1 0/0 1+W z 

1 /1 \ / 

\ X 
\ 1/0/7^ \ 

» V^n/1 ^ 2 
wz wz + wz 

(a) Trellis transition interval v=l (b) Trellis transit ion interval v=2 

0/0 
1 

0/0 
1+W^̂ Z 
_ 0/0 

I T / 
1/1\ 1/1\ / l / l \ 7 ^ / 

\ X X 
\ 1/0/ \ 1 /0 /7^ \ 

k \k/ 1A 

e 

0/1 

wz 
^ 0/1 

wz+wz^ WZ+wz^+ z^ + wz^ 

(c) Trellis transition interval v=3 

0/0 
' \ 
1/1\ 

1 

- e 
0/0 

1+ w z 1+2W^Z+W^Z^ 
l+jW^Z+2W^Z^+ 

\ \ y 
i / i \ / i / i \ / 1/1 \ / 

\ X X X 
\ 1/0/ \ 1 /0/ \ 1/0/ \ 

z^+2iy^ z^+ 

lyz 

0/1 ^ 0/1 ^ 0/1 

WZ+W^^Z WZ+WZ^+M/̂ Z^+WZ 

wz+wz^+wz^+wz'^ 

(d) Trellis transition interval v=4 

Figure 4.6; Trellis development and the accumulated Hamming weight of the input words 
and the parity words for each state of the ^-rate, constraint length K = 2 recursive sys-
tematic convolutional encoder, using octal generator polynomials of Go = 3 and Gi = 2 
illustrated in Figure 4.5. 
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Input word Input Weight Parity Bit Parity Weight Codeword weight 
0000 0 0000 0 0 
1000 1 nil 4 5 
0100 1 0111 3 4 
1100 2 1000 1 3 
0010 1 0011 2 3 
1010 2 1100 2 4 
0110 2 0100 1 3 
1110 3 1011 3 6 
0001 1 0001 1 2 
1001 2 1110 3 5 
0101 2 0110 2 4 
1101 3 1001 2 5 
0011 2 0010 1 3 
1011 3 1101 3 6 
0111 3 0101 2 5 
nil 4 1010 2 6 

con-Table 4.6: Input information, codeword and parity Hamming weight for rate R = 2' 
straint length jiT = 2 recursive systematic convolutional encoder, using octal generator 
polynomials of Go = 3 and Gi = 2. 

respectively. Alternatively, we can employ a trellis search algorithm that updates a weight 

metric recursively upon traversing through the trellis. Specifically, in this case the metric 

updated for each state is the input and parity word Hamming weight. From this, we 

can easily determine the Hamming weights of the codewords. Figure 4.6 illustrates the 

development of the trellis until the trellis transition interval of u = 4, which will be detailed 

in the next paragraph. At each interval, there are two main trellis operations. Firstly, 

the Hamming weight of the input and parity word is evaluated for each transition. This 

is analogous to the transition metric in the Viterbi algorithm. Secondly, the IRWEF 

associated with the previous state is updated after considering the Hamming weight of 

the corresponding transition, in order to yield the accumulated IRWEF of the new state. 

This too resembles the accumulated path-metric computed by the Viterbi algorithm. One 

major difference between this trellis search algorithm and the Viterbi algorithm is that 

during the determination of the IRWEF, no paths are discarded. This will be made more 

explicit in our forthcoming discussion. 

At trellis interval v = 1 m Figure 4.6(a), the accumulated IRWEF at state 0 is initialised 

to = 1. Note that the first bit written on the transition is the input bit — which is the 

same as the systematic encoded bit —, while the second is the associated parity bit generated 
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by the encoder. There are two branches leaving state 0, giving the corresponding weight 

contributions of = 1 and for input bits of 0 and 1, respectively. Therefore, 

at the next trellis stage in state 0 we have an IRWEF of = 1, while in state 1 the 

accumulated IRWEF is W^Z'^. In trellis interval w = 2 in Figure 4.6(b) there are two 

transitions leaving both state 0 and state 1. Consider transitions Ti and Tg, which merge 

into state 0. The corresponding Hamming weights of the input word and parity bit for 

transition Ti is w; = 0 and j = 0, while for Tg it is w = 1 and j = 0. Therefore, we can 

express the IRWEF of the transition Ti as W^Z° = 1, while for transition T3 the IRWEF is 

W^Z^. Consequently, the accumulated IRWEF of state 0 at interval v = 2 can be expressed 

as: 

A iyV, Z^ of s tate 0 at (j; = 2) — A (W-, Z ) of s tate 0 at n = 1 X A {W, Z ) of Ti 

+ A ^ ( W , Z ) of state 1 at (r = 1) X A ^ ( W , 2") of 

= 1 X 1 + lyZ X 

= 1 + 

as seen also in Figure 4.6(b). Similarly, the accumulated IRWEF of state 1 at interval v = 2 

can be written as: 

A (TV, Z ) of s tate 1 at (j; = 2) — A (M^, Z ) of state 0 at = 1 X A {W^, ZJ of T2 

+ A ^ ( V y , .Z) of gtate 1 at (1, = 1) ^ of 74 

— 1 X Tyz + X z 
(4.24) 

as portrayed in Figure 4.6(b). Note that — in contrast to the Viterbi algorithm — there 

is no selection of the winning path here and hence no paths are discarded. Instead, the 

Hamming weight contributions from the two merging paths contribute to the accumulated 

Hamming weight of the specific state reached as we have seen in Equations 4.23 and 4.24. 

Following the same reasoning, at trellis interval v = 3 state 0 accumulates the IRWEF 

A(̂ (M ,̂Z) of: 

A {W, Z) of state 0 at {?; = 3) — A (W., Z) of state 0 at (it = 2) ^ ^ •̂ ) of Ti 

+ A^(W, Z) of state 1 at (« = 2) A^(ty, Z) of T3 

= (1 + :y^z) X 1 + ( ;^z + ;yz^) x 
(4.25) 
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while for state 1 at (%; = 3) is: 

A {W, Z ) Qf gtate 0 at ("u = 3) — A {W, Z ) Qf state 0 at (% = 2) ^ A {W, Z ) of T2 

+ of state 1 at (1, = 2) X of T4 

= (1 + X X z 

These functions can be also seen in Figure 4.6(c). We can generalise the expression of 

Z) for state « at trellis interval i; as: 

A iyV, Z ) of state K at interval v — ^ ^ ( ^ ; Z ) of s ta te k at v — I 

Vk-̂ K (4.27) 

X A {W, Z) of transition k -t- k} j 

where VA: —K represents all paths from the previous state « to the current state «. 

In Figure 4.6(d) the trellis ends and the sum of the accumulated IBWEF at states 0 and 1 

represents the IRWEF of the entire code. This is because the IRWEF accumulated at state 

0 indicates the weight of all the possible codes, which started from state 0 at trellis interval 

V = 1 and reached state 0 at trellis interval v = 4, while the IRWEF at state 1 encompasses 

all the codes that emerged from state 0 at = 1 and arrived at state 1 at interval = 4. 

Furthermore, since there are only two possible states in the trellis, the sum of the IRWEF 

in these states represents all the possible input words and codewords. Therefore, we infer 

from Figure 4.6(d) that the IRWEF of the entire code Z) is: 

(4.28) 
+ + 2^^) + 

which is identical to the IRWEF in Equation 4.21 that was obtained from Table 4.6 

by generating all possible input words. The advantage of employing the trellis search 

algorithm is that its complexity is not determined by the consideration of exponentially 

increasing number of possible input words. 

Although the trellis search algorithm's complexity is not determined by the exponentially 

increasing number of codewords, it is constrained by the memory required to store the 

Hamming weights of the input and parity words. Therefore, input and parity weights 

exceeding a certain threshold, which we termed as the IRWEF weight threshold, are 

not stored. 

In our forthcoming discussion we aim to show that by modelling the modulator as an 

inner encoder, the PCCC and SCCC principles can be employed for the analysis of turbo 
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equalisation performance for convolutional-coded and turbo-coded GMSK systems. How-

ever, since it ia not possible to model the GMSK modulator as a binary, recursive encoder 

in order to exploit the SCCC and PCCC principles for the ML bound analysis, we employ 

a simpler modulator, namely DPSK, which is also inherently recursive like GMSK. 

4.5 Recurs ive P roper t i e s of t he MSK, G M S K and D P S K 

M o d u l a t o r 

As mentioned previously, one of the important design criteria for SCCC schemes is that 

the inner encoder must be recursive [19]. In this section, CPM schemes such as MSK 

and GMSK are shown to be recursive. However, due to the difficulty in modelling these 

modulation techniques as binary recursive convolutional codes, a simpler modulation 

scheme is considered, namely DPSK modulation. Here, a suitable recursive convolutional 

code is utihsed, in order to represent the DPSK modulator as an inner code, hence allowing 

the SCCC principles to be adopted in order to derive the ML bound of coded DPSK systems. 

Let us proceed by examining the first CPM scheme concerned, namely MSK. As men-

tioned in Section 1.6.1, the transmitted information is embedded in the phase of the signal. 

Recalling from Equation 1.14 that the output phase of the MSK modulator at interval v is 

v—1 

a) = 2 n h — vT) + irhf ^ a, for vT ^ t ^ {v + 1)T 
%= —OO 

TT TT (4.29) 
= g + 2 where = ±1 

i = — o o 

TT . 
— + Oy, 

since the MSK modulation index is Ay = g and the phase shaping function q{t — vT) = 0.5 

for t > T. The notation Oy is the phase state and represents the accumulated phase due 

to the previous bits a,, i = —oo.. .u — 1, that have passed through the filter q{t — vT). 

Equation 4.29 can also be represented graphically by the schematic of Figure 4.7. In the 

MSK modulator, the interleaved encoder bits are mapped from logical Os and Is to —Is 

and -t-ls, respectively. The mapped bits are multiplied by | and subsequently added to 

the phase state in order to yield the current phase a). We observe that there 

is inherent memory in MSK and the modulator is recursive its in nature. However, the 

MSK modulator is not readily modelled as a recursive convolutional encoder, since the 

range of phase values involved in the recursive operation is much wider compared to the 

binary AND operations between bits 0 and 1, which are performed in the case of DPSK, 
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Figure 4.7: Schematic of the MSK modulator based on Figures 1.3 and 1.8, which was 
modiEed according to Equation 4.29, where D represents the symbol duration. 

aa described at a later stage. Furthermore, the model chosen must account for the eSect of 

the recursive summation of the phase values on the minimum distance of the modulation 

scheme, hence increasing the complexity of the performance analysis of turbo-coded and 

convolutional-coded MSK systems. 

The GMSK modulator can also be represented with the aid of a model similar to that em-

ployed for MSK. Here, the additional modiEcations are due to the partial-response spreading 

introduced by the phase shaping function q{t) in the time domain. For convenience, the 

Encoder Interleaver 0/1 Memoryless 
Mapper 

+ 1/-1 

go 
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I mod 2ir 

"Q i 

av-3 
D 

, o r ) 

Gaussian Minimum Shift Keying modulator 

Figure 4.8: GMSK modulator model based on Figures 1.3 and 1.10 and modihed according 
to Equation 4.30, where D represents the symbol duration. 
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expression for the phaae of GMSK is repeated from Equation 1.9: 

V v—L 

4>{t,a) — 2'Khf ^ aiq{t — iT) + Tihf ^ 
i=i;—Z/+1 z=—oo 

= 7r g + ^ E 

ai 

(4.30) 

t=1/ —2 2= —oo 

= 9{t, a) + By, 

where a) is the overall phase of the GMSK signal, while and a) are the 

phase state and the phase, which is dependent on the previously tranamitted bits, also 

known as the correlative state vector, respectively. The phase shaping function is 

typically spread over _L = 3 symbol periods, as in the GSM standard [2, 3]. Taking 

these changes into consideration, the GMSK modulator can be schematically represented 

in Figure 4.8. As before, it is observed that GMSK is also recursive in its nature and 

possesses memory. The recursive nature of the MSK and GMSK modulation schemes 

can therefore be exploited, in order to yield interleaving gains when concatenated with 

an outer encoder and separated by an interleaver as in the SCCC schemes of Figure 4.3 

for example. However, as mentioned above, the analysis of coded GMSK systems cannot 

readily adopt the principles invoked for SCCC schemes since GMSK — like MSK — 

C c i n n o t be modelled as a binary recursive convolutional code because its recursive nature 

exhibits itself in terms of the phase, not in terms of binary bits. Let us now describe 

a simple diSerential modulation technique, namely DPSK, which is also inherently recursive. 

Memoryless 
mapper 

Figure 4.9: Schematic of the DPSK modulator baaed on Equation 4.31, where D represents 
the symbol duration. 

Figure 4.9 illustrates the schematic of the recursive DPSK modulator, where D represents 

the symbol period delay. The DPSK modulator can be viewed as a block, which performs 

a binary AND operation on the current binary input bit and the previous output bit 

in order to give at trellis interval which is formulated as: 

Uv ffi Vv — l - (4.31) 
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Subsequently, the memoryless mapper as shown in Figure 4.9 translates the resultant bit 

Uj = 1 to the phase 6 = 0 radians and 6 = tt radians for yj = 0 . Explicitly, the output of 

the DPSK modulator, is dependent on the previous output bit, hence exhibiting recursive 

properties. It was observed that the schematic of the DPSK modulator of Figure 4.9 has 

a structure similar to the rate R = 0.5, constraint length K = 2, recursive systematic 

convolutional encoder using octal generator polynomials (?o = 3 and Oo = 2, as illustrated 

in Figure 4.5. However, the DPSK modulator only generates a single discrete response 

for every input bit received, unlike the rate R = 0.5 convolutional encoder above, which 

produces two coded bits for every source bit received. Therefore, the DPSK modulator can 

be modelled as a rate R = 1 recursive systematic convolutional encoder with constraint 

length K = 2 and octal generator polynomials Go = 3 and Gq = 2, coupled with a 

memoryless mapper. The rate R = 1 RSC encoder is obtained by retaining the parity bit 

of the rate R = 0.5 RSC encoder and discarding the systematic bit. Furthermore, since the 

mapper is memoryless, the encoder state transitions are not affected. Hence, the DPSK 

modulator can be modelled solely by the encoder without the mapper. 

At this stage, we have shown that MSK, OMSK as well as DPSK possess memory and 

are recursive in their nature, hence they are suitable for SCCC-like schemes and capable 

of achieving large interleaving gains [19]. Due to the difficulty of representing MSK and 

GMSK modulation as a binary convolutional code, in our approach DPSK modulation is 

employed. DPSK can be modelled as a rate R = I recursive, convolutional code using octal 

generator polynomials Gq = 3 and GI = 2. Therefore, in our approach the theoretical 

analysis of turbo-coded and convolutional-coded GMSK schemes ensues employing DPSK 

instead of GMSK. In the next section, we discuss the analytical model of the coded DPSK 

system and how the associated ML bound can be determined. 

4.6 Analyt ical Model of Coded D P S K S y s t e m s 

Having identi&ed a suitable convolutional encoder for representing the DPSK modulator, 

the analytical model of the coded DPSK systems can be constructed. The model of the 

convolutional-coded DPSK scheme is the same as that of a SCCC configuration illustrated 

in Figure 4.3, where the iimer encoder of rate R = ^ represents the DPSK modulator. As 

mentioned in the previous section, the DPSK model is a rate R = 1, constraint length 

K = 2 recursive convolutional code, employing octal generator polynomials of Go = 3 

and Gi = 2. Therefore, the ML bound of the convolutional-coded DPSK system can be 

determined by applying the principles of the SCCC scheme of Section 4.3 directly. 
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Figure 4.10: Modelling the turbo-coded DPSK system as a hybrid code, consisting of a par-
allel concatenated convolutional code, Cp which is coupled serially via a channel inter leaver, 
to a inner encoder c,. The DPSK modulator is modelled by a recursive, rate R = 1 inner 
convolutional encoder. 

For a non-punctured turbo-coded DPSK system the analytical model consists of two 

parallel concatenated encoders ci and C2, which are separated by a turbo inter leaver. This 

forms the outer encoder Cq — also equivalent to Cp of Section 4.2 — and is coupled serially 

with an inner encoder Ci, which models the DPSK modulator. The entire model Cg of 

the turbo-coded DPSK system is depicted in Figure 4.10. The resultant configuration 

is that of a hybrid PCCC and SCCC code and therefore the theoretical analysis of the 

turbo-coded DPSK system considered requires employing both the PCCC and SCCC 

principles. Initially, the IRWEF of the parallel concatenated code {W, Z) is evaluated 

by employing the PCCC principles described in Section 4.2. Once this IRWEF has been 

determined, the overall system can be viewed as a SCCC scheme, consisting of the outer 

encoder CQ — which is the parallel concatenated code now characterised by its IRWEF 

— and the inner encoder describing the DPSK modulator. The IRWBF of 

Equation 4.1 is subsequently modified and treated as the lOWEF of the outer encoder 

A'^°{W,L), which is a function of the dummy variables W and L. This is achieved by 

substituting Z in Equation 4.1 by the dummy variable L, where the exponent of L is 

the associated Hamming weight of the outer codeword Z obtained by taking the sum of 

the exponents of the dummy variables W and Z in Equation 4.1, i.e. w + j. Now, by 

evaluating the lOWEF of the inner encoder A^^{L,H) as well, where the orders of L and 

H are the Hamming weights of the input words of the inner encoder (or the Hamming 

weight of the output encoder's codewords) and those of its output codeword, the overall 



CffAPTBR 4. TURBO EQC/AMSATfON PERFORMANCE BOUND 140 

lOWEF A^''{W,H) of the PCCC/SCCC hybrid scheme can be determined by using the 

SCCC principles of Section 4.3. Subsequently, with the aid of Equation 4.3 and using the 

lOWEF A'"" (W, H) determined, the ML bound of the turbo-coded DPSK system can be 

evaluated. 

At this stage we have to remind the reader that there are several limitations associated 

with the theoretical analysis of the coded-DPSK system concerned. The first limitation 

is due to the use of the abstract uniform inter leaver in the analysis, which only yields 

the average ML performance instead of the exact performance of the speciEc interleaver 

employed. However, since the analysis is utilised as a tool for comparisons, all the coded 

systems are analysed in the same manner, and hence determining the average performance 

bound is adequate for these purposes. Secondly, the theoretical bound derived using 

union bound techniques produces a divergence in the ML bound at .Bb/No values below 

the so-called cut-off rate [71], leading to an inaccurate ML bound. However, as long as 

the systems compared are analysed using the same technique, the ML bound derived 

can be used — with due caution — in order to characterise the performance trends of 

the associated systems. Thirdly, the recursive weight evaluation algorithm of Section 4.4 

employed is constrained by the memory requirement for large Hamming weights. In order 

to circumvent this memory-limitation, a threshold known as the IRWEF weight threshold 

can be employed, whereby only Hamming weights below this threshold are retained, while 

the others are discarded. Due to this limitation, we are unable to determine the weight 

distribution Dm associated with high values of the codeword Hamming weights m, which 

were identified as the reason for the divergence in the ML bound [20]. In such cases, where 

the input word is long, the ML bound can be employed in a more limited context, for 

example in order to determine the error floor of the system. 

In the following section we will compare our simulation and theoretical results for 

non-punctured convolutional-coded DPSK systems and non-punctured turbo-coded DPSK 

schemes, which employ channel interleavers of depths of 300 bits and 30000 bits between 

the encoder and modulator. 

4.7 Theore t ica l and Simulat ion P e r f o r m a n c e of Coded D P S K 

Systems 

In this section, the results of our comparative study between a code rate R = ^ turbo-

coded DPSK scheme and a i? = | convolutional-coded DPSK system will be presented. 

The parameters employed are summarised in Table 4.7. Initially, a channel interleaver 
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Encoder Constraint length K Octal Generator polynomials 
i? = 1 convolutional code 3 

5 
Go = 5 Gi = 7 G2 = 7 
Go = 25 = 33 Gg = 37 

i? = 1 convolutional-coding 
based turbo code 

3 
5 

Go = 7 Gi = 5 
Gq = 35 Gi = 23 

Table 4.7: Parameters of the encoders used in the R g rate turbo-coded and convolutional-
coded DPSK systems. 

possessing a depth of 300 bits was employed. This corresponds to a turbo interleaver 

depth of 100 bits at the input of the turbo encoder, while introducing the same delay. The 

reason for employing such a short interleaver is to avoid the previously mentioned memory 

limitation associated with the theoretical analysis. In Figure 4.11(a) the simulation results 

of the rate i? = | , constraint length K = 3 turbo-coded and convolutional-coded DPSK 

system employing eight turbo equalisation iterations over the non-dispersive Gaussian 

channel, were presented. Again, a random channel interleaver with a depth of 300 bits was 

employed, while the random turbo interleaver had a depth of 100 bits. It was observed 

that iteration gains — i.e. SNR performance gains with respect to the first iteration — 

can be obtained by both the convolutional-coded and turbo-coded DPSK schemes. Based 

on our simulation results in Figure 4.11(a) the convolutional-coded DPSK system achieved 

an iteration gain of 2.0 dB, 2.9 dB and 3.0 dB, after two, four and eight turbo equalisation 

iterations, respectively, at BER = 10"^. By contrast, for BER = 10"^, the turbo-coded 

DPSK system achieved iteration gains of 1.5 dB, 2.1 dB and 2.2 dB after two, four and 

eight turbo equalisation iterations. These results further justify the importance of the 

recursive nature in the inner component of a serially concatenated code. After eight turbo 

equalisation iterations, the convolutional-coded DPSK scheme was observed to outperform 

the turbo-coded DPSK system by a margin of 0.5 dB at BER = 10"^. 

Studying the ML bound of Figure 4.11(b) obtained through our theoretical analysis — 

where the same simulation parameters were employed as in our computer simulations —, 

it was observed that at E^/No < 3 dB, the convolutional-coded DPSK system has a lower 

BER compared to the turbo-coded DPSK scheme. This result further justifies the ability 

of the convolutional-coded DPSK system outperforming the turbo-coded DPSK scheme. 

However, at E^/No > 3 dB the convolutional-coded system yielded a higher error floor 

compared to the turbo-coded scheme. Note that although the theoretical analysis only 

yields the average performance of the system and does not predict the BBR performance 

accurately due to the previously mentioned divergence, it is an adequate tool for comparing 
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Figure 4.11: Comparing the performance of the rate R = ^ AT = 3 convolutional-coded 
DPSK system with that of the R = | turbo-coded DPSK scheme over the non-dispersive 
Gaussian channel using both computer simulations and theoretical analysis. A random 
channel interleaver with a depth of 300 bits was employed, while the random turbo inter-
leaver had a depth of 100 bits. 
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the performance of coded schemes in order to identi^ the more robust encoder. Note that 

the theoretical analysis for such short channel interleavers is not memory intensive, since 

the corresponding input word length, and consequently the Hamming weight, is not high. 

Therefore, no IRWEF weight threshold was set. 

In our next experiment, random channel interleavers having deptha of 30000 bits and 

random turbo interleavers possessing depths of 10000 bits were utilised. Here, the constraint 

length of the rate R — I encoders was set to K = 5 and the octal generator polynomials 

of Table 4.7 were employed. The results of our computer simulations were presented in 

Figure 4.12(a). It was noted that the iteration gains achieved by the convolutional-coded 

scheme were 2.7 dB, 4.0 dB and 4.5 dB after two, four and eight turbo equalisation 

iterations, whereas the turbo-coded system obtained gains of 1.8 dB, 2.5 dB and 2.7 dB, 

respectively. Compared to the scenario, where a short turbo interleaver with a depth of 

100 bits was employed, the iterations gains observed in Figure 4.12(a) were higher, since 

the longer Interleaver minimised the correlation between the input of the equaliser and 

the decoder(s), hence beneSting from the information provided by the other equaliser or 

decoder blocks. Another key observation was that after eight turbo equalisation iterations, 

the convolutional-coded DPSK scheme was observed to outperform the turbo-coded DPSK 

system by a margin of 1.2 dB at BBR = 10""̂ . 

For the theoretical analysis of Figure 4.12(b), a IRWEF weight threshold of 100 was 

set, since it was not feasible to accumulate Hamming weights corresponding to an input 

word length of 10000 bits. The analysis was based on the same R = | , = 5 encoder 

parameters as tabulated in Table 4.7 and employing the abstract uniform interleaver 

of reference [20]. Since the Hamming weights have been truncated, we were unable 

to determine the weight distribution values Dm of Equation 4.4, for higher codeword 

Hamming weights. The distribution of the codeword Hamming weights in this high-weight 

region determines the divergence of the ML bound, while the Dm values of the lower-

weight region are responsible for the error floor performance [20]. Therefore, the ML 

bound evaluated for the coded systems considered in conjunction with such long channel 

interleavers — with a depth of 30000 bits — only reflects the error-floor performance of 

the coded DPSK schemes. As before, the error Boor of the turbo-coded DPSK system in 

Figure 4.12(b) was observed to be lower than that of the convolutional-coded DPSK scheme. 

In conclusion, our simulation results in Figures 4.11(a) and 4.12(a) showed that 

convolutional-coded DPSK systems outperformed turbo-coded DPSK schemes, which em-

ployed turbo equalisation. In our simulations employing 300-bit random channel interleavers 
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Figure 4.12: Comparing the performance of the rate i? = | i f = 5 convolutional-coded 
DPSK system with that of the -R = | turbo-coded DPSK scheme, over the non-dispersive 
Gaussian channel using both computer simulations and theoretical analysis. A random 
channel interleaver possessing a depth of 30000 bits and a 10000-bit random turbo inter-
leaver were implemented. 
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the convolutional-coded DPSK system outperformed the turbo-coded scheme by a margin 

of 0.5 dB at BER = 10^^, while a gain of 1.2 dB was achieved by the convolutional-coded 

scheme over the turbo-coded system, when a channel interleaver with a depth of 30000 

bits was employed. This performance trend was also observed in Chapter 3 for our coded 

OMSK schemes. Intuitively, the turbo-coded scheme is expected to perform better since it 

employs two encoders, which are concatenated in parallel, as opposed to the single encoder 

in convolutional codes. Therefore, the theoretical analysis of coded DPSK systems was 

invoked, in order to justify the simulation results obtained. Through the analysis using a 

300-bit uniform channel interleaver, it was observed in Figure 4.11(b) that the convolutional-

coded system performed better, than the turbo-coded system, at < 3 dB. However 

the former yielded a higher undesirable error floor. For longer channel interleaver depths, 

speciEcally for 30000 bits, the ML bound of the convolutional-coded system gave a worse 

error-Boor performance, than that of the turbo-coded DPSK scheme. Note that in the 

analysis of the systems employing such interleaver depths, the input words of Hamming 

weights above 100 were not considered. Hence, the region where the divergence occurs 

could not be determined and therefore the ML bound derived reflects only the error-floor 

performance and it is incapable of reflecting the BER performance adequately at low Eh/No 

values. From the observations made, it can be concluded that for speech or data systems — 

requiring BER = 10"^ — 10"'' — employing recursive modulation techniques such as DPSK 

or GMSK and utilising turbo equalisation, convolutional coding is the more robust choice 

as compared to the more complex turbo coding schemes considered. 

4.8 S u m m a r y 

This chapter described how the union bound principles of the SCCC and PCCC schemes 

can be employed to evaluate the maximum likelihood bound of the convolutional-coded and 

turbo-coded DPSK systems investigated. Each component encoder was characterised by 

the Input Redundancy Weight Enumerating Function, which categorised the codes accord-

ing to the input word and parity word Hamming weight or in terms of the input word and 

codeword Hamming weight quantified by the Input Output Weight Enumerating Function 

(lOWEF). By modelling the modulator as a convolutional encoder, the IRWEF and lOWEF 

was evaluated in conjunction with the abstract uniform interleaver in order to determine 

the ML performance of an encoder concatenated with a modulator. The aim of this study 

waa to provide a theoretical justif cation of the results obtained for coded GMSK schemes 

employing turbo equalisation in Chapter 3. Furthermore, it was intended that the investi-

gations showed the importance of employing inner encoders constituted by the modems in 

a serial concatenated scheme, which were recursive in their nature. In Chapter 3, it was 
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observed that the convolutional-coded GMSK scheme achieved better performance than the 

convolutional-coding baaed turbo-coded GMSK system employing turbo equalisation, de-

spite utilising only one convolutional decoder, while the turbo-coded scheme employed two 

decoders. In our investigations, we have used DPSK instead of GMSK modulation. This 

was because DPSK — unlike GMSK — could be readily modelled as a binary recursive con-

volutional encoder and hence allowing the union bound SCCC principles to be employed in 

order to evaluate the ML bound of the system. GMSK is also recursive in its nature, but in 

terms of phase values (radians), whereas DPSK operated recursively on binary values and 

hence it was modelled similarly to recursive convolutional encoders. Hence we have em-

ployed DPSK in our analysis of the associated performance bounds. From our simulation 

results generated for turbo-coded DPSK schemes and convolutional-coded DPSK systems, 

it was observed that the convolutional-coded scheme outperformed the turbo-coded system. 

This was further justified by the similar trends of the theoretical performance bounds. De-

spite the divergence of the theoretical bound below the cut-off rate, the ML bound derived 

was still a reliable experimental tool, since the aim of the analysis was to characterise the 

relative performance of the coded systems analysed with the aid of the same analytical tech-

nique. In Figure 4.11(b), for a channel interleaver depth of 300 bits, the theoretical bound 

of the turbo-coded DPSK system diverged at an Ejj/No value of approximately 3.0 dB, and 

showed that the performance of the convolutional-coded system was better than that of 

the turbo-coded system at low Eh/No values. As the Eh/Ng value increased beyond 3 dB, 

the theoretical bound for the convolutional-coded system began to flatten at approximately 

BER = 10"^ — whereas the error-Soor for the turbo-coded system for .B6/.ZV0 > 3 dB 

was approximately BER = 10~^° — 10""^ .̂ For channel interleaver depths of 30000 bits the 

error-floor of the convolutional-coded scheme was approximately BER = 10^^ — 10̂ ®, while 

the turbo-coded DPSK system yielded an error-floor of BER = 10̂ ® — 10^^. Therefore, it 

can be concluded that the turbo-coded DPSK system exhibited a better error-floor, than 

the convolutional-coded system but at low values, its performance was poorer, than 

that of the convolutional-coded DPSK system. These observations and conclusions were 

also consistent with the results obtained for convolutional-coded GMSK schemes and turbo-

coded GMSK systems. Furthermore, it can be concluded that for speech and data systems 

— requiring BER = 10"^ and BER = 10"^, respectively — employing recursive modulation 

techniques such aa DPSK or GMSK and utihsing turbo equalisation, the convolutional code 

is the more robust choice, compared to the more complex turbo code. 



Chapter 5 

Comparative Study of Turbo 

Equalisers 

In Chapter 3, turbo equalisation was investigated in the context of coded partial response 

GMSK systems. The inherent recursive nature of GMSK modulation was exploited, in 

order to achieve large interleaver gains. Furthermore, it was observed in Chapter 4 through 

computer simulations that for recursive modulation systems such as GMSK and DPSK 

convolutional-coded schemes outperformed convolutional-coding based turbo coded systems 

at low Eh/No values and for BER > 10~®. The theoretical ML bounds of the convolutional-

coded and turbo-coded DPSK systems in Chapter 4 also showed that the convolutional-

coded scheme was more powerful than the investigated turbo-coded systems at these 

values. However, at higher .Bb/ATo values, it was observed that the turbo-coded scheme 

yielded lower error-floors compared to the convolutional-coded scheme. It was therefore 

concluded for recursive modulation systems transmitting data and speech — i.e. upon 

requiring BER = 10"^ and BER = 10"^, respectively and employing turbo equalisation 

— that convolutional codes are more robust, compared to the investigated turbo-coded 

schemes. 

5.1 Mot iva t ion 

In this chapter, BPSK modulation is employed in order to investigate the performance 

of the turbo equaliser in the context of non-recursive modulation systems. In this case 

the modulator and dispersive channel is viewed as the inner encoder, while the channel 

encoder employed is perceived to be the outer encoder, as in the SCCC scheme described 

in Section 4.3. In addition to convolutional codes and convolutional-coding based turbo 

codes, block-coding based turbo codes are also researched in conjunction with BPSK 

147 
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systems utilising turbo equalisation. With the ever increasing demand for bandwidth, 

current systems aim to increase the spectral efficiency by invoking high-rate codes. This 

has been the motivation for research into block turbo codes, which have been shown by 

Hagenauer et al. [87] to outperform convolutional turbo codes, when the coding rate is 

higher than g. It waa also observed that a rate R = 0.981 block turbo code using BPSK 

over the non-dispersive Gaussian channel can operate within 0.27 dB of the Shannon 

limit [88]. In reference [89] Pyndiah presented iterative decoding algorithms for BCH 

turbo codes. In this chapter we construct a B P S K turbo equaliser, which 

employs block-coding based turbo codes with the objective of investigating its 

performance in comparison to turbo equalisers employing different classes of 

codes for high code rates of i? = | and R = | , since known turbo equalisation 

results have only been presented for turbo equalisers using convolutional 

codes and convolutional-coding based turbo codes for code rates of R = | and 

R = ^ [10, 21]. SpeciGcally, Bose-Chaudhuri-Hocquengham (BCH) codes [22, 23] are used 

as the component codes of the block-coding based turbo codec. Since BCH codes may be 

constructed with parameters M and A:, which represent the number of coded bits and data 

bits, respectively, we wiU use the notation BCH (n,A;). The BCH-coding based turbo-coded 

systems are denoted as BT, while the convolutional-coding based turbo-coded schemes 

and convolutional-coded systems are represented as CT and CC, respectively. 

The orgemisation of this chapter is as follows. Section 5.2 provides an overview of the sys-

tems researched. Subsequently, Section 5.3 summarises the simulation parameters. Finally, 

Section 5.4 provides results and discussions, while Section 5.5 summarises the the systems' 

performance. 

5.2 Sys tem overview 

Again, in this comparative study three classes of encoders, namely convolutional codes, 

convolutional-coding based turbo codes and BCH-codmg based turbo codes are employed, 

which are serially concatenated with the BPSK modulator. The encoder parameters 

will be specified in the following section. In addition to the channel interleaver, which 

separates the encoder and the modulator, turbo interleavers are also implemented for the 

turbo encoders. At the receiver, the equaliser and decoder(s) are conBgured to perform 

either independent equalisation and decoding or turbo equalisation, where equalisation 

and decoding is performed jointly by exchanging information iteratively between the 

equaliser and decoder (s). Specifically, for the convolutional-coded system, the receiver 

implements either conventional convolutional decoding [72, 37] or turbo equalisation. The 
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turbo equalisation operation is based on the principles described in Section 3.2 using 

iVrf = 1 decoder. For convolutional-coding based turbo codes and BCH-coding based turbo 

codes, independent equalisation and decoding refers to the scenario, where soft decision is 

passed from the equaliser to the turbo decoder, which performs its decoding by passing 

information between the decoders, but never with the equaliser [9, 89]. In these systems 

turbo equalisation is also based on the principles of Section 3.2, but in this case information 

is exchanged between the equaliser and the JVj = 2 decoders. 

In the following section, we specif the parameters of the convolutional-coded BPSK 

system, convolutional-coding based turbo-coded BPSK scheme and the BCH-coding based 

turbo-coded BPSK system. 

5.3 Simulat ion P a r a m e t e r s 

In this chapter, BPSK modulation is employed in aU the examined systems. The Erst sys-

tem described is a convolutional-coded scheme, denoted by C C . A rate R = ^, constraint 

length K = 5, recursive systematic convolutional code was used with octal generator 

polynomials of Co = 35 and Ci = 23 as summarised previously in Table 3.7. In order to 

obtain i? = | and R = | - rate convolutional codes, we have employed the Digital Video 

Broadcast (DVB) puncturing pattern [90] specified in Table 5.1. For a fair comparative 

Code Rate R = ^ Code Rate R = § 
Co: 1 0 1 
Ci: 1 1 0 

Co: 1 0 1 0 1 
Ci: 1 1 0 1 0 

1 = transmitted bit 
0 = non transmitted bit 

Table 5.1; DVB puncturing pattern [90] applied to the coded bits of the -R = 5 convolutional 
code in order to obtain code rates -R = f and R = § convolutional codes. 

study, it was adequate for the turbo codes to employ a simple regular puncturing pattern, 

even though it was recognised that puncturing patterns can be optimised to improve the 

performance of turbo codes [91]. For the convolutional-coding based turbo-coded system, 

represented by CT, we have used the convolutional constituent codes with the same 

parameters — i.e. R = ^, K = 5 — as described previously for example in Table 3.7. 

When no puncturing is implemented, the overall rate of the turbo code is R = Therefore, 

we have applied regular puncturing — as detailed in Table 5.2 — to the turbo codes, in 

order to obtain R = ,̂ R = ^ and R = ^ rate convolutional-coding based turbo codes. 
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Code Rate i? = ^ Code Rate R — j Code Rate A = ^ 
(31: 1 0 
C2: 0 1 

CI: 1 0 0 0 0 0 
C2: 0 0 1 0 0 0 

CI: 1 0 0 0 0 0 0 0 0 0 
C2: 0 0 0 0 1 0 0 0 0 0 

1 = transmitted 
0 = non transmitte 

ait 
d bit 

Table 5.2: Regular puncturing pattern used in order to obtain the i? = 5, E = | and -R = | 
convolutional-coding based turbo codes. The terms CI and C2 represent the parity bits of 
_R = ^ convolutionai codes of the Erst and second constituent codes, respectively. 

Finally, for the BCH-coding based turbo-coded system, which we denoted by BT, three 

different constituent BCH codes were used, namely the BCH(15,11) code, the BCH(31,26) 

code and the BCH(63,57) code, in order to obtain the A = ^ and A = code 

rates, respectively. No puncturing is required for this class of turbo equalisers. A summary 

of all three classes of encoder parameters is shown in Tkble 5.3. We used random channel 

interleavers for all three turbo equalisation systems and the depth waa set to approximately 

20000 bits. Similarly, random turbo interleavers — which have an odd-even separation [61] 

— were used in the turbo equalisers employing BCH turbo codes and convolutional-coding 

based turbo codes. The detailed channel and turbo interleaver depths are specified in 

Table 5.3. 

We have assumed perfect knowledge of the channel impulse response and for the 

Soft-In/Soft-Out (SISO) equaliser and SISO decoder we have used the Log-Maximum A 

Posteriori (Log-MAP) algorithm [60], since the Log-MAP algorithm achieves identical 

performance to the original Maximum A Posteriori (MAP) algorithm [17], despite having 

a reduced computational complexity. Furthermore, the term decoding refers here to the 

scenario, where the equaliser passes soft outputs to the decoder and there is no iterative 

processing between the equaliser and decoder(s). When using turbo decoding, there will 

be decoding iterations, where information is passed iteratively between the component 

decoders, but not between the decoders and the equaliser. Information is only passed 

iteratively between the equaliser and decoder(s), when turbo equalisation is employed. 

For our work, we have used eight turbo decoding and turbo equalisation iterations. 

The complexity of the turbo equaliser for each system investigated can be characterised 

by the number of states in the entire decoder trellis for each iterative step. Here, the 

complexity of the equaliser is not taken into account, since the same equaliser is used in all 

the turbo-equalised systems. For example, a trellis-based convolut ional decoder employing 
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Encoder Random irt depth Random tTc depth Puncturing 
Conv 
Rate i? = 2 = 0.5 

None 20736 None 

Conv 
Rate A = 1 = 0.75 

None 20736 See Table 5.1 

Conv 
Rate i? = 1 = 0.833 

None 20736 See Table 5.1 

Turbo Conv 
Rate — ^ = 0.5 

10368 20736 See Table 5.2 

Turbo Conv 
Rate R = J = 0.75 

15552 20736 See Table 5.2 

Turbo Conv 
Rate i? = 1 = 0.833 

17280 20736 See Table 5.2 

Turbo BCH (15,11) 
Rate R = ^ = 0.579 

12672 21888 None 

Turbo BCH (31,26) 
Rate A = ^ = 0.722 

14976 20736 None 

Turbo BCH (63,57) 
Rate R = ^ — 0.826 

16416 19872 None 

Table 5.3: Parameters of the encoders used in the A i? I and R % | - ra te BPSK CC, 
CT, B T systems. The notations nt and ttc represent the turbo and channel inter leaver, 
respectively. 

the Log-MAP algorithm has 2^"^ states at each time instant, where K is the code constraint 

length. Hence, for an encoder input block length of 10000 bits the total number of states 

in the entire trellis is 10000 • 2^~^. Since a turbo equaliser employing convolutional-coding 

based turbo codes consists of = 2 convolutional decoders, its receiver complexity is twice 

that of the turbo equaliser using conventional convolutional codes. For BCH {n,k) trellis 

decoders the total number of states in the treUis is approximately : 

Encoder Input Block Length 
Number of states in decoder treUis 

k 
(2A - n + 3) . 2* 

(5.1) 

Table 5.4 shows the turbo equaliser complexity of each turbo equalisation iteration, for the 

three diSerent claases of encoders. 

The trangmission burst structure used in aU systems was the so-called FMAl non-spread 

speech burst as specified in the Pan-European FRAMES proposal [92] and shown in Fig-

ure 5.1. Our comparative study was conducted over the five-path Gaussian channel and the 

equally-weighted five-path Rayleigh fading channel using a normalised Doppler frequency 
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Code rate 
Complexity [States] 

Code rate Convolutional 
code 

convolutional-coding 
based turbo code 

BCH-coding 
based turbo code 

165 888 331 776 368 640 
248 832 497 664 884 736 
276 480 552 960 1 990 656 

Table 5.4: The complexity of the BPSK turbo equalisers employing three different classes 
of codes after one turbo equalisation iteration, as a function of the total number of states 
in the trellis-based decoder(s). 

72 microseconds 

3 72 data symbols 27 symbols 72 data symbols 3 10.5 

Data 

Tailing 
Bits 

Training 
sequence 

Data 

Guard 

non-spread speech burst 

Tailing 
Bits 

Figure 5.1: Transmission burst structure of the FMAl non-spread speech burst of the 
FRAMES proposal [92]. 

of /(f = 1.5x10"^, as illustrated in Figures 5.2(a) and 5.2(b), respectively. Again, the 

fading magnitude and phase was kept constant for the duration of a transmission burst, a 

condition which we refer to as employing burst-invariant fading. 

5.4 Resul t s and Discussion 

In this section we compare the turbo equalisation and decoding performance of the CC, 

CT and B T systems investigated. We commence by comparing the turbo equalisation 

performance of the CT, B T and CC systems, followed by a study of the turbo equalisation 

performance in comparison to the decoding performance of each system for code rates of 

i? « i? « I and -R ~ I over the five-path Gaussian channel and the five-path Rayleigh 

fading channel using burst-invariant fading of Figures 5.2(a) and 5.2(b), respectively. 
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0.500 

0.316 
0.223 

T 2T 3T 
Delay [bit period] 

(a) Five-path Gaussicim channel 

0.447 0.447 0.447 0.447 0.447 

0.4 

0 T 2T 3T 4T 
Delay [bit period] 

(b) Equally-weighted five-path Rayleigh fad ing 
channel 

Figure 5.2: Channel impulse response of the five-path Gaussian channel and the equally 
weighted Eve-path Rayleigh fading channel. 



CHAPTER 5. COMPARATIVE STC/DY OF TURBO EQUAMSERS 154 

5.4.1 Five-path Gaussian Channel 

Figure 5.3 shows the BPSK turbo equalisation performance of the R = ^ BT system, 

of the R = ^ CT system and that of the R = ^ CC system after one and eight turbo 

equalisation iterations over the Sve-path Gaussian channel illustrated in Figure 5.2(a). We 

— ConvR=0 .5 

- - Turbo B C H (15,11) R=0.579 
• - Turbo Conv R=0.5 

Non-dispersive Gaussian 

4 5 6 7 
E b / N , [ d B ] 

10 11 

Figure 5.3: Comparing the BPSK turbo equahsation performance of the R = g CC system, 
the R = 5 CT scheme and the R = ^ BT system for one (#1) and eight (#8) turbo 
equalisation iterations, over the five-path Gaussian channel of Figure 5.2(a). The decoding 
performance over the non-dispersive Gaussian channel — i.e the lower bound performance 
— is shown as well. 

observed that the BER performance of the R = ^ CT system and the R = ^ B T system 

was comparable and both were better than that of the R = ^ C C system by approximately 

0.5 dB after eight turbo equalisation iterations at BER = 10"^. The same comparison was 

performed for R « ^ BPSK turbo equalisers in Figure 5.4. We observed that the R = ^ 

CT scheme achieved a gain of 0.8 dB over the R = j CC system, whereas the R = 26 
36 

after B T system outperformed the R = ^ CT arrangement by 0.4 dB at BER — 10' 

eight turbo equalisation iterations. Figure 5.5 shows the turbo equalisation performance of 

the R = II B T system, the R = § CT scheme and that of the R — § CC system. For this 

code rate, we observed that the R = § CT system had a comparable BER performance to 

that of the R = | | B T system after eight turbo equalisation iterations. At BER = 10"^ 
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Conv R=0 .75 

- - - Turbo BCH (31,26) R=0.722 
— - Turbo C o n v R=0.75 

# Non-dispersive Gaussian 

^10'^ 

#8 ' !#8 
1 

4 5 6 7 8 
E b / N , [ d B ] 

10 11 

Figure 5.4: Comparing the BPSK turbo equalisation performance of the B § CC system, 
the R = ^ CT scheme and the ^ B T system for one (#1) and eight (#8) turbo 
equalisation iterations, over the five-path Gaussian channel of Figure 5.2(a). The decoding 
performance over the non-dispersive Gaussian channel, i.e the lower bound performance, is 
shown as well. 

both the -R = I CT system and the R 

R = 0 CC system. 

0̂  B T scheme obtained a 1 dB gain over the 

The results demonstrated that at high code rates the BPSK turbo equaliser using BCH 

turbo codes required the lowest Ef,/No value of the three systems in order to achieve a BER 

of 10"^, except at i? ss | , where the performance of the B T system and the CT system 

was similar. We summarised the above turbo equalisation performance results for the 

different CC, CT and B T systems and ranked them according to the Eh/No required 

to achieve a BER of 10""̂  in Table 5.5, where '1' represents the system that requires the 

lowest value and '3' the system that required the highest Eb/ATo value. The value 

within the brackets ( ) represents the Eh/No loss relative to the system in column T . 

Next we compared the performance of the BPSK turbo equaliser with the decoding 

performance of each system over the Eve-path Gaussian channel of Figure 5.2(a). Note 

that for the concatenated-coded BT and CT schemes, tu rbo equalisation and turbo 
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Code rate 1 2 3 
BT « CC (0.0 dB) CC (0.4 dB) 

BT (0.0 dB) CT (0.3 dB) CC (1.1 dB) 
BT « CT (0.0 dB) CC (1.0 dB) 

Table 5.5: Ranking of the BPSK turbo equalisation performance for all systems over the 
five-path Gaussian channel from Figure 5.2(a). The notation '1' represents the system that 
required the lowest E^/No value and '3' for the system that needed the highest Eb/No value 
to achieve a BER of 10"^. The value within the brackets ( ) represents the Eb/No loss 
relative to the system in column '1'. 

decoding have the same processing sequence when only one iteration is implemented, hence 

giving the same performance. From Figures 5.6(a), 5.6(b) and 5.6(c) we observed that 

by performing turbo equalisation using convolutional-coding based turbo codes instead 

of convolutional-coding based turbo decoding, gains of 0.7 dB, 0.8dB and 0.6 dB were 

achieved for code rates of i? = | , i? = | and i? = | at BER = 10"^, respectively. In 

Figures 5.7(a), 5.7(b) and 5.7(c), we observed the same trend, where gains of 3.0 dB, 1.4 

dB and 0.7 dB were achieved by the turbo equaliser using BCH turbo codes over BCH 

turbo decoding for code rates of R = g , R — ^ and R = at BER = 10"^. Note that 

for the CC system, the performance of the turbo equaliser after one turbo equalisation 

iteration is the same as the convolutional decoding performance. Therefore, we have 

used Figures 5.3, 5.4 and 5.5 for the comparison between the turbo equalisation and 

the convolutional decoding performance. Here, gains of 3.2 dB, 2.8 dB and 2.5 dB were 

obtained by using turbo equalisation over convolutional decoding for code rates of i? = 

R I and R § at BER - 10-4. 

In summary, we can conclude from the results observed that by performing equalisation 

and decoding jointly, a better BER performance can be obtained than by performing these 

operations in isolation, although for the BT system this performance gain begins to erode, 

as the code rate increases. 

5,4.2 Equally-weighted Five-path Rayleigh Fading Channel 

We now compare the turbo equalisation performance of the CC, CT and B T systems, for 

code rates of R ^ R a ^ and -R ~ | over the five-path Rayleigh fading channel using 

burst-invariant fading depicted in Figure 5.2(b). 

As shown in Figure 5.8, the A = t CT system achieved a significant gain of 2.4 dB and 
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Conv R=0 .83 

Turbo BCH (63,57) R=0.826 
Turbo C o n v R=0.83 
Non-dispersive Gaussian 

#8 #8 

4 5 6 7 
E b / N « [ d B ] 

Figure 5.5: Comparing the BPSK turbo equalisation performance of the R = § CC system, 
the i? = I CT scheme and the i? = | | B T system for one (#1) and eight (#8) turbo 
equalisation iterations, over the five-path Gaussian channel of Figure 5.2(a). The decoding 
performance over the non-dispersive Gaussian channel, i.e the lower bound performance, is 
shown as well. 

3.0 dB, when compared to the i? = B T system and the R i CC system after eight 

turbo equalisation iterations at BER = 10~^. For a code ra te of i? « | we observed in 

Figure 5.9 that from the set of three turbo-equalised systems, the B T system required 

the lowest Eb/Ng value in order to achieve BER = 10~^. Relative to the B T system, the 

CT system exhibited an Eh/Ng loss of 0.1 dB, while the CC system yielded an Eh/No loss 

of 3.6 dB at BER = 10"^ after eight turbo equalisation iterations. The same performance 

trend was observed in Figure 5.10 for the -R ~ | rate turbo equalisers, where the BT system 

obtained an E^/No gain of 0.1 dB, when compared to the i? = | rate CT system, whereas 

a significant gain of 3.8 dB was observed, when compared to the CC system after eight 

turbo equalisation iterations at BER = 10"''. 

We observed, again, in the five-path Rayleigh fading channel scenario that the turbo 

equaliser using high rate — i.e. A « ^ and R % § — BCH turbo decoders outperformed the 

high rate CC system significantly, while only a marginal improvement over the CT system 

was obtained. In Table 5.6 we ranked the CC, CT and B T systems, according to the 
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M . 
nio-

TurboEq/Deciûl 
DecUfS 
Tuibo Eq iU"8 

I 

I 
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Eb/N.[dB] 

(a) A = § 

— TmboEq/Decitfl 
Dec itr=8 
Toitx) Eq itrmg 

Ey/N.[dB] 

(b) A = | 

Tuibo Eq/Dccilr=l 
DecbrmS 
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( c ) E : 

Figure 5.6: Decoding performance of the BPSK CT system using isolated turbo decoding 
compared with the turbo equalisation performance after the first iteration — which is 
identical for both — and after the eighth iteration for code rates of i? = ^, i? = | and 
-R = | , over the five-path Gaussian channel of Figure 5.2(a). 
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Figure 5.7: Decoding performance of the BPSK B T system using isolated turbo decoding 
compared with the turbo equahsation performance after the 6rst iteration — which is 
identical for both — and after the eighth iteration for code rates of A = g , R = §§ and 
i? = H, over the five-path Gaussian channel of Figure 5.2(a). 
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Code rate 1 2 3 
CT (0.0 dB) B T (2.4 dB) CC (3.0 dB) 
B T (0.0 dB) CT (0.1 dB) CC (3.6 dB) 
B T (0.0 dB) CT (0.1 dB) CC (3.8 dB) 

Table 5.6: Ranking of the BPSK turbo equalisation performance for all systems for the five-
path Rayleigh fading channel using burst-invariant fading in Figure 5.2(b). The notation 
'1' represents the system that required the lowest Efj/Ng value and '3' for the system that 
needed the highest E^/No value to achieve a BER of 10"^. The value within the brackets 
( ) represents the Eh/No loss relative to the system in column '1'. 

Ejj/No value required to achieve a BER of 10"^, where the index '1' is used for the system 

that required the lowest value and '3' for the system that needed the highest .Bb/A/o 

value. The value within the brackets ( ) represents the loss relative to the system 

in column '1' for the five-path Rayleigh fading channel using burst-invariant fading of 

Figure 5.2(b). 

In our next endeavour a comparison of the turbo equalisation and decoding performance 

was conducted for the BT, CT and CC system over the five-path Rayleigh fading channel. 

Prom Figures 5.11(a), 5.11(b) and 5.11(c) we observed that for all code rates investigated 

the turbo equaliser using convolutional-coding based turbo codes required approximately 

0.4 dB lower Eb/No in order to achieve a BER of 10"'' when compared to isolated turbo 

decoding. The same performance trend was observed for the turbo-equalised systems in 

Figures 5.12(a), 5.12(b) and 5.12(c) using BCH turbo codes. Here, gains between 0.5 dB 

and 0.6 dB were achieved through turbo equalisation, as compared to BCH turbo decoding 

at BER = 10~"̂  for all code rates investigated. Finally, Figures 5.8, 5.9 and 5.10 showed 

gains of 0.7 dB, 0.5 dB and 0.5 dB, which were achieved by employing turbo equalisation 

instead of convolutional decoding at BER = 10"^ for the CC system at code rates of 

A 7 and A = respectively. 

In summary, we observed over the five-path Rayleigh fading channel that turbo equal-

isation — i.e. joint equalisation and decoding — outperforms isolated equalisation and 

decoding for all code rates investigated, although for the B T system the gain achieved 

through turbo equalisation was lower than that obtained over the dispersive Gaussian 

channel scenario. 

The turbo equalisation simulations over the five-path Rayleigh fading channel of 

Figure 5.2(b) also showed that the CC system has poor iteration gain — i.e. a modest 
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Figure 5.8: Comparing the BPSK turbo equalisation performance of the R = \ CC system, 
the R — ^ CT scheme and of the R = g BT system for one (#1) and eight (#8) turbo 
equalisation iterations, over the Eve-path Rayleigh fading channel using burst-invariant fad-
ing illustrated in Figure 5.2(b). The decoding performance over the non-dispersive Gaussian 
channel — i.e the lower bound performance — is shown as well. 

gain in E^/No — performance with respect to the first iteration (consistent with the results 

presented for the R = \ CC system in references [10, 65]). For the turbo-equalised CT and 

B T systems, the CT system obtained slightly higher iteration gains. For example, the 

R — § CT system obtained an iteration gain of 2.4 dB, while the R = gg B T system 

achieved a gain of 2.3 dB after eight turbo equalisation iterations at BER = 10"" ,̂ as shown 

in Figure 5.10. At this BER, the R = § CC system only achieves an iteration gain of 0.5 

dB after eight turbo equalisation iterations. 

In the five-path Gaussian channel and the five-path Rayleigh fading channel scenario, the 

performance of the high-code-rate R % ^ and R % ^ B T system is marginally better or 

comparable to the CT system at BER = 10"^. However, this was obtained at the cost 

of higher receiver complexity compared to the CT system as seen in Table 5.4. At high 

code rates the CC system performs poorly over the Sve-path Rayleigh fading channel. For 



CHAPTER 5. COMPARATfVB STL/DY OF TC/RBO EQCMMSERS 162 

Conv R=0.75 

Turbo BCH (31,26) R=0.722 
Turbo Conv R=0.75 
Non-dispersive Gaussian 

^#8',',#8 

1 2 3 4 5 6 7 8 9 10 
E b / N « [ d B ] 

Figure 5.9: Comparing the BPSK turbo equalisation performance of the R = \ CC system, 
the R = \ CT scheme and the i? = | | BT system for one (#1) and eight (#8) turbo equal-
isation iterations, over the five-path Rayleigh fading channel using burst-invariant fading 
illustrated in Figure 5.2(b). The decoding performance over the non-dispersive Gaussian 
channel, i.e the lower bound performance, is shown as well. 

example, at BER = 10""̂  a loss of 3.8 dB was observed, when compared to the turbo-

equalised BT system after eight turbo equalisation iterations and of 1 dB for the dispersive 

Gaussian channel, when compared to the CC system. This inferior performance is due to 

the low iteration gain, which does not exceed 0.9 dB. A reason for this marginal improvement 

through iterative equalisation and decoding is that the CC system's performance is already 

close to the optimum — i.e. to the decoding performance over the non-dispersive Gaussian 

channel — after the first iteration. 

5.5 S u m m a r y 

DiEerent receiver conEgurations were compared for BPSK modulated transmission systems 

using BCH turbo codes BT, convolutional-coding based turbo codes CT and convolu-

tional codes CC. Non-iterative and iterative equaliser/decoders operating at code rates 

% I and i? « | were studied. In the iterative cases loops containing only decoders 

as in isolated turbo decoding — and loops containing joint equalisation and decoding 

R 
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Figure 5.10: Comparing the BPSK turbo equalisation performance of the -R = | CC sys-
tem, the i? = § CT scheme and the i? = | | BT system for one (#1) and eight (#8) turbo 
equalisation iterations, over the five-path Rayleigh fading channel using burst-invariant fad-
ing illustrated in Figure 5.2(b). The decoding performance over the non-dispersive Gaussian 
channel, i.e the lower bound performance, is shown aa weD. 

stages — as in turbo equalisation — were implemented. The SISO equaliser and decoders 

employed the Log-MAP algorithm. Our comparative study of the turbo equalisers for the 

BT, CT, CC systems showed that at high code rates of ^ and i? « | the B T sys-

tem is marginally better or comparable to the CT system at BER = 10"^, at the expense 

of a higher complexity compared to the CT system. At these high code rates and over 

the equally-weighted symbol-spaced five-path Rayleigh fading channel using burst-invariant 

fading of Figure 5.2(b), the CC system performs poorly since its iteration gain is low. 

This is because after the first iteration the system's performance is already close to the 

decoding results over the non-dispersive Gaussian channel. At i? = | we observed a loss of 

= 10 dB over the Sve-path Gaussian channel and a loss of = 3.8 dB, when 

compared to the B T system over the five-path Rayleigh fading channel at BER = 10"'̂  

after eight turbo equalisation iteration. On the whole, the turbo-equalised CT system is 

the most robust scheme, giving comparable performance within a few tenths of a dB for 

all code rates investigated, compared to the best system in each scenario. Furthermore, 
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Figure 5.11: Decoding performance of the BPSK CT system using isolated turbo decoding 
compared with the turbo equalisation performance after the Srst iteration — which is 
identical for both — and after the eighth iteration for code rates of i? = | , i? = | and 
-R = | , over the five-path Rayleigh fading channel using burst-invariant fading illustrated 
in Figure 5.2(b). 
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Figure 5.12: Decoding performance of the BPSK B T system using isolated turbo decoding 
compared with the turbo equalisation performance after the Srst iteration — which is 
identical for both — and after the eighth iteration for code rates of A = ^ , .R = §§ and 
A — over the 5ve-path Rayleigh fading channel using burst-invariant fading illustrated 
in Figure 5.2(b). 
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the turbo-equalised CT system has a lower receiver complexity, when compared to the 

B T system, hence making it the best choice in most applications. 



Chapter 6 

Reduced Complexi ty Trellis-based 

Equaliser 

In a communications system, the received signal is degraded by ISI introduced by the chan-

nel. We can mitigate the eEects of ISI by employing equalisation and further reduce the bit 

error rate by using error correction/decoding schemes. When performing the equalisation 

and decoding independently, we cannot compensate for the loss due to the ISI effectively, 

even when soft decisions are passed from the equaliser to the decoder. Instead, by per-

forming the equalisation and decoding jointly, as in the iterative turbo equalisation scheme 

proposed by Douillard et al [10], the channel ISI can be mitigated effectively. Knickenberg 

et al [29] subsequently proposed a non-iterative joint equalisation and decoding technique 

based on a supertrellis structure. This technique yielded an optimum performance but 

was restricted to simple interleavers due to the high complexity incurred by high-depth 

inter leavers. Therefore, Radial Basis Function (RBF) equalisers, which incur lower com-

putational complexity as compared to conventional trellis-baaed equalisers, have been re-

searched [31] in the context of turbo equalisation. Other reduced complexity equalisers for 

turbo equalisation have also been proposed by Glavieux et al [93]. 

6.1 Mot iva t ion 

This chapter characterises turbo equalisation implemented in the context of multi-level full 

response modulation schemes, namely in M-level Quadrature Amplitude Modulation (M-

QAM) [6], where M denotes the number of constellation points in a particular modulation 

mode. However, due to its complexity, turbo equalisation using treUis-based equalisers 

can only be realistically applied to BPSK and QPSK modulation schemes [66], since the 

computational complexity incurred by the trellis-based equaliser is dependent on the length 

167 
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of the Channel Impulse Response (CIR) and on the modulation mode utilised. Explicitly, 

the number of states in the M-QAM treUis-baaed equaliser is proportional to where Tj 

is the maximum CIR duration expressed in terms of symbol periods. Consequently, a high 

complexity can be incurred for long CIR durations and higher order modulation modes. 

Hence, turbo equalisation research has been focused on developing reduced complexity 

equalisers, such as the receiver structure proposed by Glavieux et af [93]. Motivated by 

these trends, we propose a turbo equaliser, which employs a novel reduced complexity 

trellis-based scheme, in order to allow the implementation of turbo equalisation in the 

context of higher-order modulation modes, such as 16-QAM and 64-QAM. We refer to this 

equaliser as the In-Phase/Quadrature-phase Equaliser (I/Q EQ). The basic principle of 

the reduced complexity equaliser is based on equalising the in-phase and quadrature-phase 

component of the transmitted signal independently. Therefore, the number of states for 

the in-phase and quadrature-phase trellis-based equaliser is reduced, when compared to 

the afore-mentioned trellis-based equaliser. This is made more explicit in our forthcoming 

discourse. 

The outline of this chapter is as follows. Section 6.2 provides a brief introduction to the 

principles of constructing trellis-based equahsers and to the associated complexity. Sub-

sequently, the operations of the reduced complexity equaliser are described in Section 6.3. 

Section 6.4 then summarises the system parameters followed by the system performance in 

Section 6.5. Finally, Section 6.6 provides discussions and concluding remarks concerning 

the systems' performance. 

6.2 Complexi ty of the Multi-level Full Response Turbo 

Equaliser 

The original turbo equaliser proposed by Douillard et al [10] for BPSK transmission can 

be extended to M-QAM transmissions by modifying the trellis-based equaliser. This 

equaliser accepts soft inputs and produces soft outputs, which reSect the reliability of the 

equalised encoded bits. Hence, such equalisers are also known as the Soft-In Soft-Out 

(SISO) trellis-based equalisers. In our forthcoming discussions, we will provide a brief 

introduction to the principles of constructing a M-QAM equaliser trellis and subsequently 

highlight the relationship between the equaliser complexity, the modulation mode as well 

as the channel's memory. 

Figure 6.1(a) shows the transmitted constellation points of the 4-QAM signal using 

Cartesian coordinates, whereas Figure 6.1(b) depicts the corresponding signal constellation 
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-2 - ] 0 1 
Si 

(a) 4-QAM signal constellation (b) Signal constellation after the 4-
QAM symbols are t ransmit ted over 
the noiseless two-pa th Gaussian chan-
nel 

(c) 16-QAM signal constellation (d) Signal constel lat ion after the 16-
QAM symbols are t ransmit ted over 
the noiseless two-pa th Gaussian chan-
nel. 

Figure 6.1; Plotted 4-QAM and 16-QAM signal constellation consisting of in-phase and 
quadrature-phase components 5/(<) and respectively, is expcinded after transmission 
over the noiseless two-path Gaussian channel of Figure 6.2, as a consequence of the memory 
in the channel. The received in-phase and quadrature-phase components at the channel 
output are denoted by r / and rg, respectively and since due to the two-path channel's 
memory now two consecutive symbols determine each constellation point. Therefore, the 
number of received points is now given by all possible combinations of two consecutive 
symbols, i.e. by M .̂ Note, however that in Figure 6.1(d) only 100 points — instead of 
16^ = 256 points — are visible, since some points happen to coincide due to the regularity 
of the constellation. 
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Figure 6.2: The impulse response of a two-path static channel. 

received over the two-path static channel illustrated in Figure 6.2. Similarly, when the 

16-QAM signal constellation of Figure 6.1(c) is transmitted over the same dispersive 

Gaussian channel of Figure 6.2, the number of constellation points is determined by the 

number of all possible combinations of the two consecutive symbols, i.e. although some 

points happen to coincide aa in Figure 6.1(d) due to the regularity of the constellation. 

This can be explained by observing firstly that when the channel is non-dispersive, the 

output of the channel is only dependent on the transmitted symbol at that time instant. 

However, when there is channel dispersion, the output of the channel becomes dependent 

on not only the current transmitted symbol, but also on the previously transmitted symbol. 

Hence, the number of constellation points becomes over a two-path channel as shown in 

Figure 6.1(b). Again, in Figure 6.1(d) only 100 points are visible since some points coincide 

for the specific CIR of Figure 6.2. In order to obtain a more quantitative explanation, the 

design and construction of the trellis-based equaliser is briefly discussed. 

Previously in Section 1.8 we described, how the estimated received signal at each time 

instant can be regenerated, when we have the knowledge of the current and previous 

partial response symbols, as well as the estimated channel impulse response. Applying the 

same principles here, we can construct a trellis, which can regenerate all possible received 

signals for each time instant. At instant information on the previous Tj number of sym-

bols gm-Tj - - - and the current symbol is embedded in the states of the trellis and 

the state transitions, respectively. The symbol sequence - - - <8771-1, which is associ-

ated with each state transition, is convolved with the estimated channel impulse response in 

order to yield the received signal estimate at instant m. Since there are M possible symbols 



in the M-QAM constellation, states are required to represent all combinations of the 

previous Tj number of symbols. Furthermore, since there are M transitions leaving each 

state, the total number of possible received signal constellation points is x M = . 

For 4-QAM symbols transmitted over the dispersive channel of Figure 6.2, the resulting 

number of possible received constellations points is = 4̂ +̂  = 16, as shown in Fig-

ure 6.1(b), since 7-̂  = 1 symbol period. Similarly, when transmitting 16-QAM symbols over 

this channel, the maximum number of signal constellation points is = 256. By study-

ing the trellis construction, we observe that the number of states increases exponentially 

with the maximum CIR duration r^. Consequently, the practical implementation of trellis-

based equalisers for higher-order full response modulation over long dispersive channels is 

not feasible. In order to implement a practical turbo equaliser for M-QAM, the complexity 

of the SISO equaliser must be reduced. The next section presents a novel turbo equaliser 

structure, employing two reduced complexity SISO equalisers and a single channel decoder. 

6.3 In -phase /Quadra tu re -p l i a se Equa l i se r Pr inc ip le 

When a signal s{t), which possesses an in-phase component sj(t) and quadrature-phase 

component is transmitted over a complex channel the resultant received signal 

r{t) is given by: 

r(^) = g(t) * 

= - a p M * AQ(t)] - I - * / i g M + a g W * 

where 

r; W = (t) + A;(f) - * /tg (() 

rgW = a/W * /iqW + aqW * /i/W-

These equations are modelled and illustrated in Figure 6.3, where the in-phase and 

quadrature-phase components of the received signal, namely r / ( f ) and rg ((), become de-

pendent on 8f(() and SQ(̂ ) after transmission over the complex channel. We refer to the 

cross-correlation between and in the received quadrature signals r/(() and 

as cross-coupling. This cross-coupling of the transmitted signal's quadrature components 

requires the receiver to consider more signal combinations, hence requiring a high num-

ber of equaliser trellis states. Therefore, we can reduce the number of states significantly 

when the cross-coupling is removed such that the quadrature components of the channel 
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Figure 6.3: Model of the complex, dispersive channel. After transmission over the complex 
channel, the received signal r(t) becomes dependent on the in-phase component sj(t) and 
quadrature-phase component SQ(() of the transmitted signal, as expressed in Equations 6.1 
and 6.2. 

output r{t) are only dependent on sj(t) or SQ{t) solely, as illustrated in Figure 6.4. This 

decoupling operation will be elaborated on in Section 6.3.4. When decoupled, each of the 

modihed complex channel output signals, namely and respectively, can be 

perceived to be the consequence of convolving a real transmitted signal constituted by one 

of the quadrature components with a complex channel on each quadrature arm, which is 

expressed as: 

(6.3) 
= 5/ (t) * Af (t) + ; (gf (t) * Ag (()) 

r'gW = apW * /iW 

= SQ(t) * 

Note that after decoupling the signals r'j{t) and r'Q{t) constitute the received signal r{t). 

Consequently, we can equalise the in-phase signal quadrature-phase signals and 

independently, hence reducing significantly the number of states in the trellis. Explicitly, 

one I/Q EQ is assigned to equalise the r'j{t) signal, in order to obtain soft decisions for s/(t) 

and similarly, another I /Q EQ is employed for providing soft decisions concerning SQ{t). 

Instead of considering all M signal constellation points, the I /Q EQs only consider the \ /M 

number of points of the in-phase and quadrature-phase components of the M-QAM signal. 

In our following discussion an overview of the above-mentioned reduced complexity turbo 

equaliser is given. Subsequently, the main operations are described in greater detail and 

finally the complexity of the I /Q EQ is quantified as a function of the modulation mode 

and the maximum CIR duration Td-
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Figure 6.4: Removing the dependency of rf(t) and rQ(f) on the quadrature components of 
the transmitted signal, namely a/(t) and 5Q(<), to give r'7(^) and r'Q(t), respectively. This 
modiSed complex channel outputs, namely and respectively, can be viewed as 
the result of convolving both quadrature components independently with a complex channel 
on each quadrature arm. 

6.3.1 Overview of the Reduced Complexi ty T u r b o Equaliser 

Figure 6.5 — which is discussed in detail throughout this section — illustrates the 

schematic of the turbo equaliser utilising two reduced complexity SISO equalisers. Since 

the Log-MAP algorithm of Section 2.5 is employed in the SISO equaliser and in the decoder 

blocks, the soft decisions generated are in the form of LLRs. As before in Section 3.2, we 

have employed the approach used by Gertsman and Lodge [66] and expressed the LLR of 

the equaliser and decoder using vector notations. The superscript denotes the nature of 

the LLR, namely 'c' is used for the composite a posteriori information, 'i' for the combined 

channel and extrinsic information and 'e' for the extrinsic information. Furthermore, the 

subscript is used to represent the iteration index, while the argument within the brackets 

( ) indicates the receiver stage. The equahsers are denoted as stage 0, while the decoder as 

stage 1. Furthermore, in our discussions related to multi-level QAM, the term bit refers 

to either the +1 or —1 bit of the M-QAM symbols. For 4-QAM, there are two bits in a 

symbol, whereas a 16-QAM symbol consists of four bits. 

As seen in Figure 6.5, in the first turbo equalisation iteration a conventional Decision 

Feedback Equaliser (DFE) is employed, in order to provide soft decisions in the form of 

the LLR to the decoder. The DFE was employed at the Erst iteration, since it 

constitutes a low-complexity approach to providing initial estimates of the transmitted 
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Figure 6.5: Schematic of the turbo equaliser employing a Decision Feedback Equaliser 
(DFE) and a SISO channel decoder in the first turbo equalisation iteration. In subsequent 
iterations, two reduced complexity SISO In-phase/Quadrature-phase Equalisers (I/Q BQ) 
and one SISO channel decoder is employed. The notation tTc represents a channel interleaver, 
while TTg is used to denote a channel deinterleaver. 
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symbols, which were required in the decoupling operation of Figure 6.4 and Equation 6.3. 

Conventional trellis-based equalisers could not be employed due to the associated high 

number of trellis states. The SISO channel decoder of Figure 6.5 then computes the a 

posteriori LLR -Lf(l) and subsequently the extrinsic information of the encoded bits, 

namely L\{1) is extracted. In the next iteration, the a posteriori LLR Li{l) is used to 

regenerate estimates of the tn-phase and quadrature-phaae components of the transmitted 

signal, namely si{t) and SQ{t) as seen in the 'MAP bit LLRs to symbols' block of 

Figure 6.5. The estimated transmitted quadrature components are then convolved with 

the estimate of the channel impulse response h{t) and the resultant signals are directed to 

the decoupler block of Figure 6.5. As mentioned previously, the cross-coupling between 

and in each quadrature arm of the received signal results in the need for a 

large number of equaliser trellis states. Therefore, in order to reduce the number of trellis 

states, the cross-coupling of and in each quadrature branch of is mitigated 

by the decoupler. This results in and of Equation 6.3, which are formed 

by the channel impulse response h{t), the in-phase component of the transmitted signal 

5/(f) and the quadrature-phaae of the transmitted signal As shown in Figure 6.5, 

after the decoupling operation, the signals r'f(t) and /<)(<) are passed to the I/Q BQ. 

In addition to these received quadrature signals, the I/Q EQ also processes the a priori 

information received — which is the extrinsic LLR from the previous iteration i.e. Li{l) 

— and generates the a posteriori information ^2(0). Subsequently, the combined channel 

and extrinsic information -^1(0) is extracted from both I/Q EQs in Figure 6.5, multiplexed 

and combined, before being passed to the Log-MAP decoder. As in the first turbo equal-

isation iteration, the a posteriori and extrinsic information of the encoded bits, namely 

L^il) and respectively, are evaluated. The following turbo equalisation iterations 

also obey the same operation sequence, until the iteration termination criterion used is met. 

Let us now discuss in greater detail the following aspects of the schematic in Figure 6.5: 

® Conversion of the DFE symbol estimates to LLR. 

8 Conversion of the decoder a posteriori LLR into symbols. 

# Decoupling operation. 

# I/Q EQ complexity. 

6.3.2 Conversion of the D F E Symbol Est imates t o LLR 

We commence by describing the DFE symbol-to-LLR conversion for a specific example, 

namely for 4-QAM, in order to highlight its salient steps, before generalising the concept. 
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The associated DFE block can be found at the top left corner of Figure 6.5 at iteration 1. 

The output of the DFE is the estimate s{t) of the transmitted symbol at time instant t. 

The squared Euclidean distance between the DFE symbol estimate s{t) and the individual 
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Figure 6.6: The squared Euclidean distance ei, Eg, Eg and £4 between the DFE symbol 
estimate and the 4-QAM signal consteHatioii points ai, 32, 3̂ cind 54. The values in 
the brackets ( ) are the bits of the 4-QAM symbol. 

4-QAM constellation points, namely ai, 82, 3̂ ajid 54 at instant ( can be evaluated as: 

Ej = |s(t) — Sjf j = 1 ,2. . . M = 4, (6.4) 

where M is the number of constellation points, which is depicted in Figure 6.6. Note 

that in Figure 6.6 the values in the brackets ( ) represent the bits of the 4-QAM symbol. 

Subsequently, the probability that symbol Sj, j = 1, 2 . . . M = 4, was transmitted given that 

was received can be evaluated by using [93]: 

1 

V2 
:exp 

2(72 y 
1 , 2 . . . M = 4, (6.5) 

where M is the number of constellation points. Before we proceed, we define new notations, 

in order to represent each element of the decoder's a posteriori LLR vector Infor-

mation related to the time instant m and to bit bk of a symbol, where k is the bit index, is 

introduced to give k) for all bits of all symbols, which is formulated as:. 

L\{Qi) = [L'^{m] k = 1); L'^(m; A: = 2)] m, = 1 ,2 . . . (6.6) 

where is the length of the coded block, while the maximum value of A; in our example is 

two for 4-QAM. Subsequently, having determined the probability of the transmitted symbols 
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1̂: 2̂, 3̂ 54, we can now compute the LLR of each transmitted bit A) at instant 

m, since 

Vsj w h e r e 6 f c = + l 

\Vs;Where 6^——1 / 

(6.7) 

where hk is the kih. bit of the M-QAM symbol. Explicitly, the numerator is the sum of all 

probabilities P[sj|s(t)], where the kih. bit of the symbol Sj is +1. For the 4-QAM scenario 

we observe in Figure 6.6 that, when k = 1 this corresponds to signal points 53 and S4, while 

to 2̂ and gg, when 6 = 2. For the denominator, we sum all the probabilities 

which correspond to the Ath bit of the symbol being —1. From Figure 6.6, we observed 

that when A = 1, the summation of probabilities f(gi|a(t)) and f(a2|5(^)) is performed, 

while for A = 2 f (ai|g(()) is added to f (a4|a(^)). Therefore, at instant m the equahser a 

posteriori LLR L'^{m] k = I) for the {k = l)st bit is given by: 

while for the (A = 2)nd bit, we obtain: 

The symbol estimates at the output of the DFE for the other modulation modes can be 

easily converted into the LLR form by substituting the value of M in Equations 6.4 and 6.5 

for the corresponding modulation mode and using Equation 6.7. Having described the 

conversion of the DFE symbol estimates to LLRs, we now proceed with the discussion of 

the LLR conversion to modulated symbols. 

6.3.3 Conversion of the Decoder A Posteriori L L R s into Symbols 

Let us now highlight the operation of the top left block of Figure 6.5 at iteration 2. There 

are two potential approaches, which can be employed to convert information from LLRs 

into symbols. The first technique is based on the inverse of the conversion of DFE symbol 

estimates to LLRs — which was described in the previous subsection — while the second 

approach determines the statistical average of the in-phase and quadrature-phase signals, 

denoted as and respectively, by using [94]: 

VM-l 

=̂0 (6.10) 
M-l 

-G{aQ(^)} = a Q ( ( ) = ^ - f [aQ;i | s (^)] , 

1=0 
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Figure 6.7: The Gray mapping [95] of the 16-QAM mode depicting the in-phase and 
quadrature-phase components and the corresponding bit assignments. 

where denotes the expectation or averaging operation and M is the number of con-

stellation points in a particular modulation mode. The terms and % = 0 . . . — 1 

represent the ith in-phase signal and the ith quadrature-phase signal, as illustrated in 

Figure 6.7 for 16-QAM. In attempting to determine the estimated symbol from the LLR 

values, the former technique involves solving second-order equations arising from the 

squared Euclidean distance term in Equation 6.4. Therefore, there are more than one 

possible symbol estimates at each time instant. The latter approach provides the symbol 

estimates based on the probabilities of symbols, which can be extracted from the LLR 

values. Since there is no ambiguity in the latter statistical approach — in the contrast to 

the inverse process of the symbols to LLR conversion — we will adopt this technique, in 

order to translate LLR values to symbol estimates. 

In order to highlight the associated operations, let us consider a particular example, 

namely 16-QAM, before generalising the concept. Each 16-QAM symbol s{t) can be rep-

resented by four bits, namely by 61,62,63 and 64. Let us assume that the first two bits 

(61,62) correspond to a coordinate on the in-phase axis &/(<) of the signal constellation, 

while the other two bits ( 6 3 , 6 4 ) represent a point on the quadrature-phase axis 5Q((), as 

depicted in Figure 6.7. Hence, the 16-QAM symbol can be expressed as a combination of 

the coordinates af(() and 5Q(t): 

g(t) = a;(() -|-;5Q(t). (6.11) 

With reference to Figure 6.7, which illustrates the Gray mapping used in each quadrature 

arm of the 16-QAM signal constellation and by employing Equation 6.10, the regenerated 

quadrature components of g(t), namely 8/(^) and SQ(t) can be expressed aa: 

a/(t) = 3 . f [az;o|a(()] + l - f [gi;i|g(t)] - l - f [g;;2|a(t)] - S- f [g/;3|a(t)] 

= 3 . f [61 = - 1 ; 62 = -l|a(^)] + 1- f [61 = - 1 ; 62 = 4-l|a(t)] -

1-P[6 i = 4-1; 62 = + l | s ( i ) ] — 3-P[bi = 4-1; 62 = —l | s ( t ) ] , 
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and 

ggM = 3 . f [aQ;o|aW] + l . f [gQ;i|aW] - I f [aQ;2|5(t)] - S-f [gQ;3|gW] 

= 3 . f [63 - -1 ; 64 = - l | a W ] + I f [63 = -1; 64 = + i | aW] -

I f [63 = +1; 64 = +l|s(i)] — 3 f [63 = +1; 64 = —l|a(t)], 

where the probabilities P[sj;i|s(t)] and P[s(5;i|s(t)] for i = 0 . .. \/M — 1 can be written as 

P[6i; 62|5(t)] and P[63; ()4|g(()], respectively, since the symbol s/;, corresponds to bits 61 and 

62, while the symbol SQ;i is represented by bits 63 and 64. Note also that P[6i;62|s(t)] can 

be expressed as P[bi\s{t)]-P[b2\s{t)], since the transmission of bits 61 and 62 are statistically 

independent events. Similarly, the probability P[b3;b4\s{t)] can be written as P[63|s(i)] • 

P[64|aW], yielding 

azW - 3.P[6i = -l|gW].P[62 = - l | g M ] + l.P[6i = -l |a(()].P[62 = 4-l|Kt)] -

l.p[6i = +l|s(()].p[62 = +l |aW] -3 .P[6 i = +1|8(()].P[62 - - l | aW] , 

and 

sgW = 3.p[63 = - l |g(( ) ] P[64 = - l | a W ] + I f [63 = - l | 5 M ] - f [64 = +l |aW] -

l . f [63 = + l |5W]-f [64 = +l|aW] - 3-f [63 = +l |a( t ) ] - f [64 = - l | gW] . 

Therefore, it is possible to infer the associated 16-QAM symbols, once the probabilities 

P[bk\s{t)] of the bits in the symbol are known. This can be extracted from the decoder's 

a posteriori LLR (1) in Figure 6.5, since the LLR reflects the confidence associated with 

the assumption of the transmitted bit being either +1 or —1 in the form of a ratio, as 

expressed in Equation 6.7. Since A:) can be expressed as: 

("«) 

the probability that bk = +1 was transmitted at instant m given that s{t) was estimated 

by the DFE, namely P[6t = -t-l|5(f)] can be expressed after a few steps as: 

Subsequently, using the relationship that P[bk = +l |s(i)] + P[bk = —l|s(t)] = 1, the term 

f [("t = — becomes: 

P[h = -l|i(t)l = 

We now have an expression for the kth bit's probability in the m t h symbol, which can be ex-

tracted from the decoder's LLRs by substituting Equations 6.17 and 6.18 into Equations 6.14 

and 6.15. At this stage, the probabilities in Equations 6.10 and 6.12-6.18 have been con-

ditioned upon the DFE symbol estimates s{t), since the D F E is utilised and LLR values 
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Figure 6.8; The Gray mapping [95] of the 4-QAM mode depicting the in-phase and 
quadrature-phase components and the corresponding bit assignments. 

are generated based on the DFE symbol estimates. However, when I /Q EQs are employed 

instead of the DFB, the probability terms in these equations will be conditioned upon the 

received signal r{t). Closer inspection of Equations 6.17 and 6.18 shows that the maximum 

value of the sj(t) and s~Q{t) components is 4-3, when P[bi = ~l\s{t)]-P[b2 = —l|s(t)] = 1 

and _P[63 = —l|a(t)] ^[64 = - l |a(t)] = 1, respectively. Conversely, and 

haa a minimum value of —3, when = -l-l|g(t)]-f[62 = — 1 

f [('a = +l |&(t)]f [64 = — = 1, respectively. Therefore, by evaluating the average 

value of the in-phase and quadrature-phase components, we will obtain a constellation of 

estimated symbols, which are within the boundaries of the maximum and minimum values 

of each quadrature arm. 

Let us highlight this point more explicitly by considering a simple 4-QAM signal constel-

lation as illustrated in Figure 6.8. Again, by employing Equation 6.10 and with reference to 

Figure 6.8, which illustrates the Gray mapping used in each quadrature arm of the 4-QAM 

signal constellation, the regenerated quadrature components of namely 57(t) and 

can be expressed as: 

8/W = 1. f [61 = +1|5W] - 1 . f [61 = - l l ^ W ] (6.19) 

and 

gqW = 1. f [62 = -UlaM] - 1. f [62 = - l | a W ] . (6.20) 

Since the expression P[bi = -l-l|s(t)] + P[bi = —l|s(t)] = 1 is valid, the maximum value of 

1 is assumed by s/(t) in Equation 6.19, when P[bi = 4-l|g(t)] = 1 and P[bi = —l|s(t)] = 0. 

Conversely, a minimum value of —1 is assumed by si{t), when P[bi = — l|s(t)] = 1 

and P[bi = -|-l|s(t)] = 0. Employing the same reasoning as above, the maximum 

and minimum values of aQ(t) in Equation 6.20 are 4-1 and —1, respectively. Hence, 

the average symbol values of 5/(^) and aQ(() will never be beyond the boundaries 



formed by the minimum and maximum values of these quadrature signal estimates, as it 

will be shown in Figures 6.11, 6.13 and 6.15 for 4-QAM, 16-QAM and 64-QAM, respectively. 

We summarise the associated operations described previously and generalise the concept, 

where possible, in order to allow the conversion of decoder's bit LLR values to M-QAM 

symbols in the top left block of Figure 6.5 at iteration 2, as follows: 

® Initially, determine the Gray mapping for the M-QAM symbol, as shown in Figure 6.7. 

Knowledge of the mapping allows the in-phase and quadrature-phase components 

of the symbol, namely s/(t) and SQ{t), to be determined as a function of the bit 

probabilities, as seen in Equations 6.12 and 6.13. 

# Subsequently, we evaluate the probability that bit 6̂  = +1 transmitted at time 

instant given that a(() was estimated by the DFB, namely f [6̂  = +l|5(t)], by using 

Equation 6.17. Similarly, with the aid of Equation 6.18 we compute the probability 

f [("A = —1|̂ (̂ )] of 6*; = —1 being transmitted at instant given that a(t) was 

estimated by the DFE. For 4-QAM, 16-QAM and 64-QAM the maximum values of k 

are two, four and six, respectively. 

® Finally, we substitute the above bit probability values computed into Equations 6.14 

and 6.15 in order to obtain the M-QAM symbol. 

So far, we have described the conversion of DFE symbol estimates s{t) to the LLR i f (0). 

This LLR information is then passed to the decoder at iteration 1 in Figure 6.5, which 

subsequently computes the a posteriori LLR Li(l) of the encoded bits. Next, this LLR Lfll) 

is converted into M-QAM symbols at iteration 2 in Figure 6.5 using the principles described 

previously. These symbols are then used in conjunction with the channel estimates h{t), 

in order to remove the cross-coupling between and in each quadrature branch, 

such that a lower number of states are required in the equaliser. This decoupling operation 

is seen at the bottom left corner of Figure 6.5 at iteration 2 and will be the focus of our 

following discussion. 

6.3.4 Decoupl ing Operation 

Recall that the term cross-coupling refers to the cross-correlation of s/(t) and SQ{t) 

in the quadrature branches of the received signal, as shown in Equation 6.2 and Fig-

ure 6.3. This is the consequence of transmitting the M-QAM signal over a complex 

channel. The aim of removing the cross-coupling from the quadrature branches of the 

received signal is to reduce the number of states required by the trellis-based M-QAM 
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equaliser. We will quanti^ the associated reduction in the number of states at a later stage. 

Equation 6.2 is used as our starting point to highlight the decoupling operation, which is 

repeated here for convenience: 

rf(f) = 

rgW = 

With the assumption that we have perfect knowledge of aQ(t), and at the 

receiver, we can then generate the signals SQ(() * and Subsequently, we 

can achieve perfect decoupling by removing the contribution of these signals from r/(t) 

and rQ(t), leaving and respectively. Both of these resultant signals 

can be combined, in order to give in Elquation 6.3, which is also repeated here for 

convenience: 

= * AfM +;(gQ(() * AQ(<)). 

Similarly, if we had perfect knowledge of s/(t), hf(t) and /iQ(t), we can remove the effects 

of the signal 5/(t) from r/(() and rQ(t), and subsequently augment the resultant signals to 

yield r'Q{t) in Equation 6.3. This is the basis of the decoupling operation at the bottom 

left corner of Figure 6.5 at iteration 2. In a more realistic scenario, we will not have 

perfect knowledge of the in-phase and quadrature-phase components of the transmitted 

signal. Instead, we must operate on the basis of the available information at the receiver. 

Therefore the previous decoder's a posteriori information, which reflects our confidence in 

whether a +1 or —1 bit was transmitted, given that s(t) was estimated by the DFE, is used 

to extract information concerning a/(t) and SQ((). This conversion process from decoder 

LLRs to M-QAM symbol estimates was described in the previous section. Subsequently, 

these symbols are convolved with the channel estimates — which can be obtained from 

a multitude of midamble-based channel estimation techniques using the the Least Mean 

Square algorithm [96] or the Kalman algorithm [96] — and is utilised for the decoupling 

as seen in Figure 6.5. There will be errors introduced in the decoupling operation, when 

inaccurate M-QAM symbol estimates are generated from low-confidence LLR values. 

However, as we will show in our simulation results later on, this is compensated through 

successive turbo equalisation iterations and the performance approaches that of the turbo 

equaliser utilising the conventional trellis-based equaliser. In our simulations, we have 

assumed perfect channel knowledge in order to study the upper bound performance of the 
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turbo equalisation scheme employing the I /Q EQs. We note furthermore that for BPSK 

transmission no reduction in complexity is achieved by employing the I/Q EQ, since BPSK 

signalling consists of the in-phase component only, resulting in no cross-coupling between 

the quadrature components. 

Having discussed the decoupling operation, we now proceed to assess the complexity 

incurred by M-QAM I/Q EQs. As mentioned previously, the decoupling operation produces 

r'I{t) and r'qlt), which when perfectly decoupled are only dependent on si{t) * h{t) and 

SQ{t) * h{t), respectively, as expressed in Equation 6.3. These signals, namely r'j(t) and 

r'Q{t), can be perceived as real signals, which have been convolved with the complex 

channel impulse response h{t). For conceptual simplicity, let us examine the trellis-based 

I/Q BQ, which equalises the perfectly decoupled signal r'/ = Initially, we 

determined all possible values of the in-phase component s j ( t ) . For the 4-QAM system 

si{t) can be either -|-1 or —1, whereas for 16-QAM, there are four possible values of 

namely s/(t) = {—3, —1, +1, 4-3}. When utilising 64-QAM, s j ( i ) has eight possible values, 

namely sj(t) = {—7, —5, —3, —1, 4-1, -t-3,4-5, 4-7}. Hence, there are \ / M possible values of 

where M is the number of constellation points for a particular modulation mode. 

Recalling the principles of constructing M-QAM treUis states from Section 6.2, all possible 

combinations of can be reproduced, when the previous number of symbols and 

the current symbol are available, yielding a total of M '̂' states and M transitions emerging 

from each state. In the I/Q EQ case, the required symbols are values of s/(t). Hence, 

the total number of states in the I /Q EQ trellis is -\/M and there are \/M number of 

transitions leaving each state. Once the trellis states and transitions are determined, any 

trellis-based Soft-In/Soft-Out algorithm, such as the MAP algorithm or the Log-MAP 

algorithm of Sections 2.2 and 2.5, respectively, can be implemented. As mentioned before, 

each signal consteHation point a(t) = 4- can be represented by using a given 

combination of bits. For example, the 16-QAM signal constellation can be represented 

by = 4 bits, namely 6i, 62,63 and 64, where bk = ±1 for k = 1,2... Kj, = 4. Let us 

assume that bits 61 cind 62 are used to represent while bits 63 and 64 are mapped to 

SQ{t). Therefore, the SISO I/Q EQ, which equalises r'i{t) will give the a posteriori LLRs 

of bits bi and 62- The other I /Q EQ, which equalises the signal r'Q{t) is also based on 

the same principles. However, in this case, combinations of are considered instead of 

si{t) and the LLRs of bits 63 and 64 are produced. In general, for the M-QAM schemes, 

the number of bits used to represent a symbol is Ki, = log2 M. Therefore, the I /Q EQ 

associated with r'i{t) will compute the a posteriori LLRs of the first ^ number of bits, 

while the other I /Q EQ determines the LLRs of the following ^ bits. Subsequently, the 
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LLRs of both I/Q EQs are multiplexed before being passed to the decoder, in order to en-

sure that they are rearranged in the right order, i.e. in the order of 6 i , . . . 6 ^ , 6 ^ -
2 2 ^ 

Note that it is important to identify the bits which are mapped to the in-phase and 

quadrature-phase component of the signal. For example, as in the previous 16-QAM exam-

ple, bits 6i and 62 correspond to signal s/(f), while 63 and 64 map to aQ(̂ ). Therefore, the 

above-mentioned principle of I/Q EQ is not directly applicable to M-Phase Shift Keying 

(M-PSK) modulation schemes, which have M values higher than 4, such as M = 8, 16, 32 

since the bits of the multi-level symbol do not distinctly map to s/(t) and SQ{t) as in the 

above square-shaped M-QAM constellations. Another exception to the above I/Q EQ prin-

ciples exists for non-square constellation M-QAM schemes, like 8-QAM and 32-QAM. For 

these signal constellations the number of bits, which map to a/(<) is not identical to that 

mapping to aQ(̂ ). For example, in 8-QAM schemes, there are three bits, namely 61, 62 

63 in a symbol. Bits bi and 62 can be used to represent leaving bit 63 to be mapped 

to aQ(<). Hence, the I/Q EQ of will require more states, than the I/Q EQ equalis-

ing SQ{t). However, since non-square constellation M-QAM schemes, such as 8-QAM and 

32-QAM, are not widely used due to their poor Euclidean distance, we wiH conSne the fol-

lowing complexity analysis and the rest of our discussions to square-constellation M-QAM 

systems, such as 4-QAM, 16-QAM and 64-QAM. 

6.3.5 C o m p l e x i t y of the In -phase /Quadrature -phase Equal iser 

The complexity of the conventional trellis-based equaliser and the I /Q EQ for square-

constellation M-QAM systems is expressed here as a function of the number of states and 

transitions for each trellis interval. Explicitly, the number of transitions considered at a 

particular trellis interval is our measure of complexity. For the conventional trellis-based 

equaliser, the complexity associated with equalising M-QAM signals transmitted over a 

complex channel having a delay spread of Tj symbols is: 

Complexity = Number of states • Number of transitions 

= . M (6-21) 

= transitions per trellis interval, 

whereas for the single I/Q treUis: 

Complexity = Number of states • Number of transitions 

= \/M transitions per trellis interval. 
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Hence, by using Equations 6.21 and 6.22 we can evaluate the reduction in complexity 

achieved by the I/Q EQ over the conventional trellis-based equaliser. Since two I/Q EQs 

are required to perform the equalisation, the complexity reduction factor achieved by the 

I/Q EQ can be expressed as: 

Complexity reduction factor — rrr 
(6.23) 

However, in order to evaluate the complexity of the entire turbo equaliser, which performs 

iterative joint equalisation and decoding, in addition to the equaliser complexity we also 

have to consider the number of iterations required. From the results obtained, we will 

show that even though the turbo equaliser using the reduced complexity I /Q EQ required 

a higher number of turbo equalisation iterations, its complexity was still lower than that 

of the turbo equaliser using the conventional trellis-based equaliser. 

In summary, the principle of constructing the I/Q trellis is the same as that of a 

trellis-based equaliser equalising real signals, which have been transmitted over a complex 

channel. When implementing the I/Q equaliser, we treat si(t) and SQ{t) as real-component 

signals. Once the trellis states and transitions are determined, treUis-based SISO algo-

rithms can be invoked, in order to yield the a posteriori LLR of the encoded bits The 

novelty of the I/Q EQ is in the removal of the cross-coupling between and 

from the received quadrature signals r/(() and rQ((). After the decoupling operation of 

Figure 6.5, the resultant decoupled signals r'j(t) and r'Q(t) can be equalised by utihsing 

the low complexity I /Q EQs. For M-QAM signals transmitted over a complex channel 

having a delay spread of symbols, the complexity of the I / Q EQ is reduced by a factor 

of 0.5 X when compared to the conventional equaliser scheme. However, for 

BPSK transmission there is no reduction in complexity, since BPSK signalling employs the 

in-phase component only, resulting in no cross-coupling. It was also stated that the 1/Q EQ 

required a specific mapping between bits bk of a symbol and the quadrature signals s/(t) 

and SQ{t), which was shown in Figure 6.5. Since this mapping is not straightforward in 

M-PSK modulation, the I/Q EQ principle cannot be readily implemented in this context. 

Furthermore, it was noted that non-square M-QAM constellations result in unidentical 

I/Q EQ complexity. However, such systems are not commonly used, since they exhibit a 

poor Euclidean distance amongst constellation points and were therefore not considered in 

our further discussions. 

Having described the salient operations of the I/Q EQ, we now give an overview of 

the system parameters utihsed and subsequently present performance results for our turbo 



equalisation scheme employing the I/Q EQ. 

6.4 Sys tem P a r a m e t e r s 

In our forthcoming deliberations, the performance of our turbo equaliser employing the 

proposed reduced-complexity I/Q BQ and a convolutional decoder is investigated in 

the context of square-constellation M-QAM systems having a fixed system delay. We 

will elaborate on our considerations related to the system delay after describing the 

transmission burst structure. 

The rate i? = | , constraint length K = 5, recursive systematic convolutional code, with 

octal generator polynomials of Go = 35 and Gi = 23, was invoked in the turbo-equalised 

M-QAM systems considered. In the first iteration, the D F E of Figure 6.5 was employed, 

as mentioned in Subsection 6.3.1. The number of forward and backward taps in the DFE 

was fifteen and four, respectively. In the subsequent iterations, two SISO I/Q EQs were 

employed, which utihsed the Log-MAP algorithm of Section 2.5. The convolutional decoder 

used in these turbo-equalised M-QAM systems also employed the Log-MAP algorithm of 

Section 2.5 — rather than the less complex and more conventional Viterbi MLSE decoder 

— in order to supply the turbo equaliser with bit conEdence values. 

The transmission burst structure used in this system was the so-called FMAl non-spread 

speech burst as specified in the Pan-European FRAMES proposal [92] and shown in Fig-

ure 5.1. In order to decide on the tolerance delay and the depth of the channel interleaver, we 

considered the maximum affordable delay of a speech system. This system delay is mainly 

determined by the latency introduced by the channel inter leavers, where an entire block of 

bits must be received in the interleaver's buffer, before their transmission can commence. 

Here the processing delay attributed to the channel encoding, modulation and turbo equal-

isation operations has been ignored although practical systems typically have a processing 

delay, which allows them to complete their operations 'just' before they have to commence 

processing the incoming information block. Typically, speech systems can tolerate system 

delays, which are less than 40ms. Here, the acceptable delay is conservatively set to « 30ms. 

For example, for a Time Division Multiple Access/Time Division Duplex (TDMA/TDD) 

system, which employs eight uplink and eight downlink slots, one transmission slot will be 

available after every sixteen TDMA slots. Furthermore, since each 72/is burst of Figure 5.1 
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consists of 144 data symbols, the total number of symbols transmitted within 

Maximum system delay 

SOms is: 

Number of symbols 
Burst duration x Number of slots between transmission 

X Data symbols per burst 

X 144 (6.24) 
_72/is X 16 

= 26 X 144 

= 3456, 

corresponding to 3466 symbols, when employing BPSK transmission. The notation [ J 

represents the integer Boor. Upon assuming an identical signalling rate, the corresponding 

number of transmitted encoded bits for 4-QAM, 16-QAM and 64-QAM is 6912, 13824 and 

20736, respectively. Hence, random channel interleavers of these depths were invoked in 

our investigations. 

0.577 0.577 

0 T 2T 
Delay [bit period] 

Figure 6.9: Illustration of the equally-weighted, symbol spaced three-path fading channel. 

A three-path, symbol-spaced fading channel of equal weights was utilised, where the 

Rayleigh fading statistics obeyed a normalised Doppler frequency of 3.3 x 10"^. This cor-

responded to a transmission frequency of 1900 MHz, signalling rate of 2600 KBaud and 

a vehicular speed of 30 mph. As before, in our investigations the CIR was assumed to 

be known and the fading magnitude and phase was kept constant for the duration of a 

trajismission burst, a condition which we refer to as employing burst-invariant fading. 



6.5 Sys tem Per fo rmance 

Figures 6.10(a) and 6.10(b) characterise the performance of our turbo equaliser using the 

reduced complexity I /Q EQs (TEQ-IQ) and that utilising the conventional trellis-based 

equaliser (TEQ-EQ) for a 4-QAM system, respectively, after four turbo equalisation 

iterations. The signals were transmitted over the equally-weighted three-path Rayleigh 

fading channel of Figure 6.9 using burst-invariant fading. For a transmission delay of 

% 30ms, the depth of the channel interleaver implemented was 6912 bits. In Fig-

ure 6.10(a), it was observed that after two turbo equalisation iterations the performance 

of the TEQ-EQ did not improve significantly despite invoking further iterations. We used 

the term critical number of iterations It, in order to denote this iteration number, 

namely two in this case. When employing the TBQ-IQ receiver, the performance obtained 

after two and three turbo equalisation iterations was similar, as shown in Figure 6.10(b). 

Hence, the critical number of iterations performed by the TEQ-IQ receiver was three. The 

performance achieved by the TBQ-IQ receiver after three iterations was also observed 

to be similar to that obtained by the TEQ-EQ receiver after two iterations in Figure 6.10(b). 

Let us study the complexity of the TEQ-IQ and TEQ-EQ receivers by using Equa-

tions 6.21 and 6.22, with the modification that the critical number of iterations required by 

TEQ-EQ and TEQ-IQ was also considered. The corresponding expressions for the receiver 

complexity can therefore be formulated as: 

TBQ-BQ complexity = 7t(TBQ.EQ) x (6.25) 

TBQ-IQ complexity == /^(TEQ-IQ) x 2 x \ /M (6.26) 

Note that a factor '2' has been introduced in Equation 6.26, since two I /Q EQs are required 

in each iteration. Also observe that the channel decoder's complexity is not explicitly 

considered here, since the TEQ-IQ and TEQ-EQ receivers employ the same channel 

decoder. With the aim of simplifying the TEQ-IQ complexity expression, we have assumed 

the complexity of the DFE and I/Q EQ to be identical. In reality, the DFE's complexity 

is signlGcantly lower than that of the I/Q BQ. In terms of ajrithmetic operations, the 

DFE's complexity is approximately proportional to [97], where Nj is the number of 

feed-forward filter taps. As mentioned previously, we have employed Nf = 15 feed-forward 

filter taps in our investigations, consequently setting the complexity to approximately 3375 

arithmetic operations per equalised symbol. In contrast, the I /Q EQ has to evaluate the 

trellis transition metric as well as the forward and backward recursions of Equations 2.38, 

2.30 and 2.34, respectively, for every transition, resulting in a higher number of operations. 

Hence, — although only an approximation — Equation 6.26 can be viewed as the maximum 
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(a) Turbo equaliser using the conventional trellis-based equaliser 
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(b) Turbo equaliser using two I /Q E Q s 

Figure 6.10; Performance of the turbo equaliser employing two I /Q EQs and that utilising 
the conventional treUis-based equaliser for a convolutional-coded 4-QAM system, possessing 
a channel interleaving depth of 6912 bits, transmitted over the equally-weighted, three-path 
Rayleigh fading channel of Figure 6.9 using a normalised Doppler frequency of 3.3 x 10"^ 
and burst-invariant fading. 
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(a) Received signal constellation 
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(e) Iteration 4 

Figure 6.11: Phasor constellation of the received signal and that of the 4-QAM signal, which 
was generated from the decoder's LLR after one to four iterations at = 6 dB over 
the three-path Rayleigh fading channel of Figure 6.9 using a normalised Doppler frequency 
of 3.3 X 10"^ and burst-invariant fading. 
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TEQ-IQ complexity. Substituting M = 4 and = 2 symbol periods in Equation 6.25, 

the TEQ-IQ and TEQ-EQ complexity becomes 3 x 2 x \/4 = 48 transitions per trellis 

interval and 2 x = 128 transitions per trellis interval, respectively, since the critical 

number of iterations for the TEQ-IQ was three, whereas for TEQ-EQ it was two. Hence, a 

complexity reduction by a factor of ^ = 2.67 was achieved by the TEQ-IQ receiver, while 

obtaining the same performance as the TEQ-EQ receiver. 

The ability of the TEQ-IQ receiver to mitigate the channel's ISI was studied as a 

function of the loss evaluated for the turbo equalisation scheme after the critical 

number of iterations with respect to the decoding performance obtained over the AWGN 

channel, i.e. over the ISI-free channel at BER = 10"^. In this respect, a loss of 2.8 dB 

was observed, as evidenced by Figure 6.10(b). In order to justify the agsociated .Bt/ATo 

loss, the constellation of the received signal and that of the signal converted from the 

decoder's a posteriori LLR seen in Figure 6.5 was plotted for EIJ/NQ = 6 dB after one to 

four iterations in Figure 6.11 over the three-path Rayleigh fading channel of Figure 6.9. 

After one iteration, the converted signals began to cluster azound the 4-QAM consteUation 

points. It was observed that additional iterations did not refine the constellation of the 

converted signals significantly, which still exhibited substantial residual ISI. Therefore, 

the turbo equaliser cannot completely overcome the severe frequency selectivity of the 

three-path fading channel, yielding an Eh/No degradation of approximately 2.8 dB, when 

compared to the decoding performance over the non-dispersive Gaussian channel i.e. to the 

ISI-free channel. It was also observed that the iteration gain after three turbo equalisation 

iterations — i.e. the gain in SNR performance terms with respect to the first iteration — 

for the 4-QAM system implementing TEQ-EQ was about 1 dB, whereas for the TEQ-IQ, 

it was 2.9 dB. We note that the lower iteration gain achieved by the TEQ-EQ is due to the 

fact that the performance of the TEQ-EQ — which employs the conventional trellis-based 

equaliser — is better than that of the DFE in the TEQ-IQ receiver after the first turbo 

equalisation iteration and identical after three iterations. 

In summary, our findings showed that for 4-QAM transmission over an equally-weighted 

three-path Rayleigh fading channel, the TEQ-IQ can achieve the same performance as the 

TEQ-EQ after three turbo equalisation iterations. Using Equations 6.25 and 6.26, the 

complexity of the TEQ-IQ and TEQ-EQ receivers was found to be 48 and 128 transitions 

per trellis interval, respectively. The TEQ-IQ receiver achieved a complexity reduction 

factor of 2.67 compared to the TEQ-EQ receiver, whilst achieving an identical BER 

performance. It was also observed that the TEQ-IQ receiver was unable to further mitigate 

the channel ISI after the critical number of iterations, i.e. after three turbo equalisation 



iterations. This was because the signal mapped from the channel decoder's a posteriori 

information to the 4-QAM symbols still retained residual ISI at this stage, as shown in 

Figure 6.11. It was also observed that the TEQ-IQ receiver yielded an iteration gain of 

approximately 2.9 dB, while the TEQ-EQ receiver achieved a gain of about 1 dB after 

performing their respective critical number of iterations. The TEQ-EQ exhibited a lower 

iteration gain since the performance of the conventional trellis-based equaliser was better, 

than that of the DFE invoked in the TEQ-IQ receiver in the first iteration. 

As a further set of results, Figure 6.12(a) displays the performance of the TEQ-EQ 

receiver for 16-QAM transmitted over the equally-weighted three-path Rayleigh fading 

channel of Figure 6.9 using burst-invariant fading and employing a channel interleaving 

depth of 13824 bits in order to maintain a total system delay of approximately 30 ms. The 

critical number of iterations was three when employing the 16-QAM TEQ-EQ receiver, 

since no further significant gain was achieved by performing additional turbo equalisation 

iterations. In contrast, the critical number of iterations was six when employing the 

16-QAM TBQ-IQ receiver over the same channel, as shown in Figure 6.12(b). Comparing 

the performance obtained by the 16-QAM TEQ-IQ and the TEQ-EQ after their critical 

number of iterations, it was observed in Figure 6.12(b) that both receivers yielded a 

similar BER performance. The complexity of the 16-QAM TEQ-EQ and TEQ-IQ receivers 

was estimated as before, by using Equations 6.25 and 6.26, giving 3 x 16^ = 12288 and 

6 X 2 X -s/l6 ^ = 768 transitions per trellis interval, respectively. Here, the 16-QAM TEQ-IQ 

receiver achieved a complexity reduction by a factor of 16, relative to the TEQ-EQ receiver, 

while still obtaining the same performance. 

It was also observed in Figure 6.12(b) that the performance of the 16-QAM TEQ-IQ 

receiver after six iterations at BER = 10"^ was 2 dB from the decoding performance 

obtained over the ISI-free AWGN channel. Recall that the Eh/No loss of the 4-QAM 

system was 2.8 dB, hence indicating an improved performance by the TEQ-IQ receiver 

for 16-QAM. The constellation of the received 16-QAM signal and the signal obtained 

by converting the decoder's a posteriori LLRs to symbols was plotted in Figure 6.13 for 

Eh/No = 12 dB after one to six iterations. After the first iteration a crude approximation of 

the 16-QAM signal constellation was beginning to emerge. Subsequent iterations improved 

the reliability of the channel decoder's a posteriori LLRs, hence yielding a more accurate 

mapping of the 16-QAM signal. Therefore, at the sixth turbo equalisation iteration in 

Figure 6.13(g) a close approximation of the transmitted 16-QAM signal constellation 

was achieved and no severe residual ISI persisted. Hence, an improved performance was 

obtained, compared to the 4-QAM system, which still exhibited residual ISI after four 
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Figure 6.12: Performance of the turbo equaliser employing two I /Q EQs and that utilising 
the conventional trellis-based equaliser for a convolutional-coded 16-QAM system, pos-
sessing a channel interleaving depth of 13824 bits, transmitted over the equaUy-weighted 
three-path Rayleigh fading channel of Figure 6.9 using a normalised Doppler frequency of 
3.3 X 10"^ and burst-invariant fading. 
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Figure 6.13: Phasor constellation of the received signals and that of the 16-QAM signals, 
which were converted from the channel decoder's LLRs to 16-QAM symbols after one to 
six iterations at Ê /ATo = 12 dB over the three-path Rayleigh fading channel of Figure 6.9 
using a normalised Doppler frequency of 3.3 x 10"^ and burst-invariant fading. 
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turbo equalisation iterations. Also worth noting is the diEerence in the channel interleaver 

depths implemented, i.e. which was 6912 bits for 4-QAM and 13824 for 16-QAM. The 

larger interleaving depths reduced the correlation between the bits, hence yielding a better 

performance. 

The iteration gain achieved by the 16-QAM TEQ-IQ receiver after performing the crit-

ical number of iterations, i.e. six turbo equalisation iterations, was approximately 5 dB. 

When compared to the 4-QAM system, which encountered the same dispersive Rayleigh 

fading channel, the iteration gain obtained by the 16-QAM system was 2.9 dB higher. The 

16-QAM system experienced more severe ISI-induced impairments, since the Euclidean dis-

tance within the constellation was lower compared to the 4-QAM constellation. Hence, the 

16-QAM performance after one iteration was much poorer than that of 4-QAM. However, 

when turbo equalisation was implemented, the effects of the ISI inflicted by the channel 

were mitigated and the receiver was capable of approximating the performance obtained 

over the non-dispersive Gaussian channel. This justiEed the higher iteration gain achieved 

by the 16-QAM system in comparison to the 4-QAM scheme. 

Examining the performance of our 64-QAM system over the same dispersive Rayleigh 

fading channel in Figure 6.14, it was observed that the critical number of iterations was 

six, i.e. identical to that of the 16-QAM system. Simulations could not be conducted for 

the 64-QAM TEQ-EQ system, since the trellis-based equaliser required 64^ = 4096 states 

and 64 transitions per state. However, in order to compute the complexity of the TEQ-EQ 

receiver, we assume — based on the 16-QAM performance — that its critical number of 

iteration was three, giving a complexity of 3 x 64^ = 786432 number of transitions per trellis 

interval. By contrast, the TEQ-IQ receiver incurred a complexity of 6 x 2 x \ /M = 6144 

number of transitions per treUis interval, yielding a signiGcant complexity reduction factor 

of After six turbo equalisation iterations the performance of the TBQ-IQ 

receiver at BBR = 10^^ was only 1.5 dB from the decoding performance curve over the 

non-dispersive Gaussian channel, as shown in Figure 6.14. This was an improvement, when 

compared to the Eh/Ng loss of 2.8 dB and 2 dB suffered by the 4-QAM and 16-QAM 

systems, respectively and can be attributed to the higher interleaving depths employed. 

As before, the constellation of the received 64-QAM signal and the signal obtained by 

converting the channel decoder's a posteriori LLRs to 64-QAM symbols was plotted in 

Figure 6.15 for Et/ATo = 18 dB after one to six iterations. After the Erst iteration the 

64-QAM signal constellation was beginning to emerge. Subsequent iterations improved 

the reliability of the channel decoder's a posteriori LLR values, hence yielding a more 

accurate mapping of the 64-QAM symbols. Therefore, by the sixth turbo equalisation 
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Figure 6.14: Performance of the turbo equaliser employing two I /Q EQs for a convolutional-
coded 64-QAM system, possessing a channel interleaving depth of 20736 bits, transmitted 
over the equally-weighted three-path Rayleigh fading channel of Figure 6.9 using a nor-
malised Doppler frequency of 3.3 x 10"^ and burst-invariant fading. 

iteration in Figure 6.15(g), a close approximation of the 64-QAM signal constellation was 

achieved and no severe residual ISI persisted, hence justi^ing the lower loss obtained. 

In Figure 6.14, the iteration gain observed was 7 dB. The 64-QAM constellation had a 

lower Euclidean distance between each point hence increasing the likelihood of making an 

error, when the channel ISI and noise were dominant. Therefore, the performance of the 

TEQ-IQ after the first iteration was poor. However, by implementing joint equalisation and 

decoding — namely turbo equalisation — the channel ISI was mitigated, hence ultimately 

approximating the ISI-free performance. This explains the larger iteration gain obtained in 

conjunction with higher-order modulation modes. 

6.6 S u m m a r y 

In this chapter, a novel reduced complexity trellis-based equaliser referred to as the 1/Q EQ 

was proposed, in order to equalise M-QAM signals and to provide soft decisions, which were 
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six iterations at = 18 dB over the three-path Rayleigh fading chaimel of Figure 6.9 
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employed in the context of turbo equalisation. When the M-QAM signal &((), consisting 

of quadrature signals s/(t) and SQ{t), was transmitted over a complex channel h{t), the 

complex channel output contained contributions from both and 3Q(() in each receiver 

quadrature arm, as expressed in Equation 6.1. Therefore, when a channel with memory 

Tj was encountered, the conventional trellis-based equaliser must consider M-QAM 

signal sequence combinations at each trellis stage in order to equalise the received signal. 

Hence, the complexity of the conventional trellis-based equaliser increased exponentially 

with Tj. However, by removing the associated cross-coupling of and and ren-

dering the channel output to be only dependent on either or the number of 

signal-sequence combinations considered was reduced to \/M This was the motiva-

tion for design of the I/Q EQ. The decoupling operation was performed by using the CIR 

estimates and the channel decoder's a pogteriori LLRs from the previous iteration, which 

have been converted into M-QAM symbols. Subsequently, the cross-coupling of the com-

plex received signals was cancelled and the signals were combined accordingly to give the 

resultant output signals r'f (t) and of Equation 6.3 and Figure 6.4. For perfect cancel-

lation, the signals and were no longer aEected by the cross-coupling of aj (t) and 

SQ{t). The signals and r'Q{t) were then passed to the I / Q EQs, which employed SISO 

algorithms — such as the Log-MAP algorithm of Section 2.5 — in order to provide soft 

decisions for turbo equalisation. The performance of the turbo equaliser using 1/Q EQs — 

namely that of the TEQ-IQ scheme — was compared with the conventional turbo equaliser 

TEQ-EQ for M-QAM transmissions over the equally-weighted three-path Rayleigh fading 

channel of Figure 6.9 using a normalised Doppler frequency of 3.3 x 10"^ and burst-invariant 

fading. It was observed in Figures 6.10(b) and 6.12(b) that the TEQ-IQ receiver was capa-

ble of achieving the same performance as the more complex TEQ-EQ receiver for 4-QAM 

and 16-QAM, while achieving a corresponding complexity reduction factor of 2.67 and 16, 

respectively. For 64-QAM, the performance of the TEQ-IQ receiver at BER = 10""̂  is only 

1.5 dB from the decoding performance curve over the non-dispersive Gaussian channel, as it 

was shown in Figure 6.14, while reducing its complexity by a factor of 128 times, relative to 

the TEQ-BQ receiver. Note that although we were unable to simulate the performance of 

the TEQ-EQ receiver for 64-QAM transmissions over the same dispersive Rayleigh fading 

channel due to complexity reasons, we have computed its complexity based on the assump-

tion that its critical number of iterations was three, as in the observed performance of the 

TEQ-EQ receiver for the 16-QAM system. It was also concluded from the TEQ-IQ perfor-

mance that despite the poor symbol mapping from low-reliability decoder LLR values in 

the initial turbo equalisation iterations, the employment of subsequent turbo equalisation 

iterations improved the symbol mapping, hence yielding a better BER performance. The 

iteration gain achieved after the critical number of iterations increased for the higher-order 
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modulation modes, exhibiting gains of 2 dB, 5 dB and 7 dB for 4-QAM, 16-QAM and 64-

QAM, respectively. This was expected, since the Euclidean distance between signal points 

in the constellation was reduced for higher-order modulation modes, hence increasing the 

likelihood of making an error when the channel ISI and noise were dominant. Therefore, 

the performance of the TEQ-IQ after the first iteration was poor. Furthermore, longer 

interleaving depths could be implemented for higher-order modulation modes, while main-

taining the target system delay of % 30ms. The higher-interleaving depths reduced the 

correlation between the bits hence improving the turbo equaliser's performance in mitigat-

ing the effects of ISI. Consequently, near ISI-free performance was achieved, as evidenced 

by Figures 6.10(b), 6.12(b) and 6.14. 



Chapter 7 

Summary and Conclusions 

In this chapter, the main Endings of our investigations are summarised and suggestions for 

further research are presented. 

Chapter 2 presented a study of turbo coding in the context of systems sensitive to 

delays, such as speech systems. Turbo codes are known to perform well, when large 

turbo interleavers can be implemented, i.e. in systems not constrained by low delay 

requirements. However, for speech systems the delay of the system must be minimised and 

hence the turbo inter leaver depth that can be implemented is also low. The objective of 

the research in Chapter 2 was to study the feasibility of employing turbo codes possessing 

short turbo interleavers in the context of low-rate speech systems, namely the 1.9 kbps 

speech system [1]. The results were compared with the performance of convolutional-coded 

systems using the same speech codec, modulation and channel conditions. Specihcally, 

the speech codec operated on 20 ms frames and output 38 bits for each of these 20 ms 

frames. Subsequently, the encoded speech bits from the speech encoder were channel 

encoded using a ^-rate turbo encoder in conjunction with a 9x9 turbo interleaver, and 

the GSM convolutional encoder, in order to compare the associated BER performance. 

Assuming negligible processing delay, 162 bits were released every 40ms, entailing two 

20ms speech frames, since the 9x9 turbo interleaver matrix employed required two 20ms, 

38-bit speech frames before channel interleaving could commence. It was observed in 

Figures 2.10 and 2.11, that turbo coding obtained a modest improvement of approximately 

0.25 dB in comparison to the standard convolutional coding for transmissions over the 

narrowband Rayleigh fading channel and COST207 typical urban channel of Figure 2.8. 

This marginal improvement was attributed to the short interleaver depth used in the 

turbo encoder. Therefore, it was concluded that it was not justified to invest in the higher 

complexity and longer delay turbo codec, due to the hmitation of short-latency turbo-coded 
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systems. For longer coding frames, simulations were carried out for the full-rate GSM 

speech codec and for the GSM data channel. The full-rate GSM speech codec utilised 

a coding frame length of 378 bits and a 11x17-bit turbo inter leaver. In the GSM data 

channel, a turbo encoder with a random turbo interleaver of depth 1083 bits was used. We 

employed a random turbo interleaver, since it was shown in reference [61] that for long 

turbo coding frames the random interleaver yielded superior performance in comparison 

to block inter leavers. In Figures 2.13(a) and 2.13(b), we observed that the performance 

of the 11x17-bit turbo-interleaved turbo code was 0.5 dB better, than that of the K = 5 

convolutional code for the narrowband Rayleigh fading channel and approximately 0.7 

dB better over the COST207 typical urban channel at a BER of 10"^. For the GSM 

data channel, the coded BER of turbo codes waa approximately 1.5 dB better, than 

that of the standard convolutional code at BBR=10'"^ for both of these channels. By 

increasing the coding frame length further to the order of 50000 bits, we obtained a gain 

of approximately 3.7 dB as compared to the standard convolutional code over the so-caUed 

perfectly interleaved narrowband Rayleigh fading channel, aa illustrated in Figure 2.15. 

This confirmed the superiority of turbo codes over convolutional codes when the coding 

frame length was sufficiently long. 

In Chapter 3 the advantage gained by performing the equalisation and decoding jointly 

was examined in the context of GMSK-modulated systems, as compared to implementing 

the equalisation independently from the decoding, as in Chapter 2. This joint equalisation 

and decoding technique is known as turbo equalisation [10] and is performed iteratively. 

We then quantified the advantage gained by turbo equalisation over independent equal-

isation and decoding. Gains of 3.7 dB and 4.2 dB were achieved for the rate R = \ 

convolutional-coded GMSK system transmitting over the non-dispersive Gaussian channel 

and the five-path Rayleigh fading channel, respectively. Similarly, for the rate i? = | 

convolutional-coding based turbo-coded scheme, the corresponding gains achieved through 

turbo equalisation over independent equalisation and turbo decoding were 0.5 dB and 

0.8 dB, over the non-dispersive Gaussian channel azid the dispersive Rayleigh fading 

channel considered. Finally, the BCH-coding based turbo-coded systems employing turbo 

equalisation and transmitting over the non-dispersive Gaussian and the five-path fading 

channel also demonstrated gains of 2.8 dB and 3 dB, respectively. Secondly, it was observed 

that the rate JZ = 0.5 convolutional-coded GMSK system employing turbo equalisation 

obtained a better performance, than that of the A = 0.5 convolutional-coding based 

turbo-coded GMSK scheme. For transmission over the non-dispersive Gaussian channel the 

convolutional-coded GMSK system outperformed the convolutional-coding based turbo-

coded GMSK scheme by 0.8 dB at BER = 10"^, while in the Sve-path Rayleigh fading 
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scenario the convolutional-coded system attained a gain of approximately 1.0 dB over the 

convolutional-coding based turbo-coded scheme, as it was illustrated in Figures 3.19(a) 

and 3.19(b), respectively. These results were surprising, since the turbo-coded system — 

which consists of two convolutional encoders — was expected to perform better, as it was 

a more powerful coding compared to convolutional codes. However, from Figures 3.19(a) 

and 3.19(b), which compared the turbo equalisation performance of the rate R = 0.5, K = 5 

conventional convolutional-coded GMSK system and R = 0.5 convolutional-coding based 

turbo-coded GMSK scheme over both the non-dispersive Gaussian channel and five-path 

Rayleigh fading channel, it was observed that at Eb/No values less than 4.5 dB and 6 

dB, respectively, the BER of the convolutional-coded system was lower, than that of the 

turbo-coded scheme after one turbo equalisation iteration. This indicated that the decoder 

in the A = 0.5, AT = 5 convolutional-coded GMSK system was providing more rehable LLR 

values for the equaliser. Consequently, the equaliser in the convolutional-coded scheme 

— upon receiving the higher confidence LLR values from the decoder — was capable 

of producing more rehable LLR values, which were subsequently passed to the decoder 

in the following turbo equalisation iteration. Beyond the Eh/Ng values of 4.5 dB and 6 

dB, the turbo-coded scheme exhibited a better performance after one turbo equalisation 

iteration. Therefore, the turbo-coded system was expected to obtain a lower BBR. 

However, since speech and data systems have a target BER of 10"^ and 10"^, respectively, 

convolutional codes constitute a better choice for coded-GMSK systems employing turbo 

equalisation. A similar phenomenon was also observed in Figure 3.20 in conjunction with 

the weaker BCH-coding based turbo codes, which also yielded a better performance than 

the convolutional-coding based turbo codes, when turbo equalisation was performed. Here, 

the same trend was observed as before, where the performance of the BCH-coding based 

turbo-coded system was better than that of the convolutional-coding based turbo-coded 

scheme after one turbo equalisation iteration. This occurred at Eb/No values less than 4.0 

dB and 5.5 dB for transmissions over the non-dispersive Gaussian channel and over the 

five-path Rayleigh fading channel, respectively. Therefore, the equaliser in the BCH-coding 

based turbo-coded system received more reliable LLR information compared to the 

convolutional-coding based turbo-coded scheme, hence enabling it to achieve a better BER 

performance after implementing successive turbo equalisation iterations. 

Chapter 4 described the fundamental principles required for deriving the ML union 

bound performance for non-punctured convolutional-coded and convolutional-coding 

based turbo-coded DPSK systems. The aim was to characterise the relative performance 

bounds of coded GMSK systems and to justi^ our observation in Chapter 3 that the 

convolutional-coded GMSK scheme achieved better turbo equalisation performance, than 
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the convolutional-coding based turbo-coded GMSK system. The ML performance analysis 

was based on modelling the modulator as an inner encoder and viewing the entire system 

as a serial concatenated coded scheme. Subsequently, the union bound principles of 

SCCCs [19] was employed for the convolutional-coded system, whereas the analysis for 

PCCCs [20] was used in conjunction with the above SCCC principles for turbo-coded 

schemes. However, since GMSK modulation could not be readily modelled as a binary inner 

encoder, it was substituted by DPSK, which is also inherently recursive. Our simulation 

results in Figure 4.11(a) demonstrated that the rate R = ^ convolutional-coded scheme 

outperformed the rate i? = | turbo-coded system by a margin of 0.5 dB at BER = 10"" .̂ 

The trends of our simulation results were also corroborated by the theoretical performance 

bound in Figure 4.11(b). As the .Ba/No value increased beyond 3 dB, the theoretical 

bound for the convolutional-coded system began to Eatten at approximately BBR = 10"^ 

to BER = 10"^ ,̂ whereas the error-Eoor for the turbo-coded system was approximately 

at BER = 10"^^ to BER = 10"^^. It was concluded that the turbo-coded DPSK system 

exhibited a lower error-Boor, than the convolutional-coded system, but at low 

values, the turbo-coded system yielded poorer performance than the convolutional-coded 

DPSK system. These observations were also consistent with the results obtained for 

convolutional-coded GMSK schemes and turbo-coded GMSK systems in Chapter 3. 

Therefore, for speech and data systems — requiring BBR — 10"^ and BBR = 10" ,̂ 

respectively — employing recursive modulation techniques, such as DPSK or GMSK and 

utilising turbo equalisation, convolutional coding is the more robust choice, compared to 

the more complex turbo coding schemes. 

Having studied the turbo equalisation performance of various coded systems employing 

recursive modulators. Chapter 5 investigated the different receiver conhgurations of BPSK 

modulated systems using BCH-coding based turbo codes, convolutional-coding based turbo 

codes, and convolutional codes, denoted as BT, CT and CC, respectively. Non-iterative 

and iterative equahser/decoders operating at code rates of A % ^ and R %= § were 

studied. In the iterative schemes, loops containing decoders only, as in turbo decoding, and 

loops containing joint equalisation and decoding stages — i.e. employing turbo equalisation 

— were investigated. The comparative study of the turbo equalisers for the above BT, 

CT and CC systems demonstrated that at high code rates of R % ^ and % § the 

B T system was marginally better or comparable to the CT system at BER = 10"^, at the 

expense of higher complexity compared to the CT system. At these high code rates and 

over the equally-weighted symbol-spaced five-path Rayleigh fading channel of Figure 5.2(b), 

the CC system performed poorly since its turbo equalisation iteration gain was low. This 

was because after the hrst iteration the system's performance was already close to the 



decoding results over the non-dispersive Gaussian channel. At code rate 7% = ^ we observed 

a loss of Eh/Nfj = 1.0 dB over the five-path Gaussian channel and a loss of Eb/No = 3.8 dB, 

over the five-path Rayleigh fading channel at BER = 10"^ after eight turbo equalisation 

iteration when compared to the BT system. On the whole, the turbo-equalised CT system 

was the most robust scheme, giving comparable performance — within a few tenths 

of a dB — for all code rate investigated, when compared to the best system in each 

scenario. Furthermore, the turbo-equalised CT system had a lower receiver complex-

ity, when compared to the B T system, hence making it the best choice in most applications. 

Finally, in Chapter 6 a novel reduced complexity trellis-based equaliser referred to as the 

I/Q EQ, was proposed for the turbo equalisation of M-QAM signals. When the M-QAM 

signals consisting of quadrature components were transmitted over a complex channel, the 

complex channel output contained contributions from each quadrature arm, as expressed 

in Equation 6.1. Therefore, when a channel with memory was encountered, the trellis-

based equaliser must consider M-QAM signal sequence combinations, in order to 

equalise the received signal. Hence, the complexity of the complex-valued trellis-based 

equaliser increases rapidly with r^. However, by removing the associated cross-coupling 

of the in-phase and quadrature-phase signal components and hence rendering the channel 

output to be only dependent on either quadrature component, the number of signal-sequence 

combinations considered was reduced to y/M This was our motivation for the design 

of the I /Q EQ. The performance of the turbo equaliser using two I /Q EQs — denoted 

as TEQ-IQ — was compared with that of complex-valued turbo equaliser TEQ-EQ for 

M-QAM transmissions over the equally-weighted three-path Rayleigh fading channel using 

a normalised Doppler frequency of 3.3 x 10"^, where fading was assumed to be invariant 

throughout the transmission burst. It was observed in Figures 6.10(b) and 6.12(b) that the 

TEQ-IQ receiver was capable of achieving the same performance as the TEQ-EQ receiver 

for 4-QAM and 16-QAM, while maintaining a complexity reduction factor of 2.67 and 16, 

respectively. For 64-QAM, the performance of the TEQ-IQ receiver at BER = 10"^ was 

only 1.5 dB from the decoding performance curve over the non-dispersive Gaussian channel, 

as shown in Figure 6.14, while reducing its complexity by a factor of 128, relative to the 

TEQ-EQ receiver. Note that although we were unable to simulate the performance of 

the TEQ-EQ receiver for 64-QAM transmissions over the same dispersive Rayleigh fading 

channel, we have computed its complexity based on the assumption that its critical number 

of iterations was three, as for the 16-QAM TEQ-EQ system. It was also noticed from the 

TEQ-IQ performance that despite the poor symbol mapping from low-reliability channel 

decoder LLR values to M-QAM symbols in the initial stages, the employment of subsequent 

turbo equalisation iterations improved the symbol mapping, hence yielding a better BER 
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performance. The iteration gain achieved after the critical number of iterations increased 

with M, achieving 2 dB, 5 dB and 7 dB for 4-QAM, 16-QAM and 64-QAM, respectively. 

This was expected, since the Euclidean distance between signal points in the constellation 

was reduced for higher-order modulation modes, hence increasing the likelihood of making 

an error when the channel ISI and noise were dominant. Therefore, the performance of the 

TEQ-IQ after the first iteration was poor. Furthermore, longer interleaving depths could be 

employed for higher modulation modes, while maintaining the target channel transmission 

delay of % 30ms. The higher interleaver depths reduced the correlation between the bits, 

hence improving the turbo equaliser's performance in mitigating the effects of ISI and 

approximating the ISI-&ee performance. Overall, it has been demonstrated that the turbo 

equaliser employing the reduced complexity I /Q EQs — namely, the TEQ-IQ receiver — 

is capable of achieving the same performance, as the complex-valued turbo equaliser, while 

incurring lower computational complexity. Furthermore, the TEQ-IQ can also perform 

equalisation and decoding for high-order modulation modes such as 64-QAM, which is not 

feasible by using the complex-valued trellis-based equaliser due to its complexity constraints. 

7.1 Suggestions for Fur the r Research 

Apart from mitigating the effects of ISI induced by the channel and modulator, turbo 

equalisation techniques are also powerful in terms of improving channel estimation tech-

niques [27]. Recent work in this area include the utilisation of the so-called Per Survivor 

Processing (PSP) technique [98, 99, 100, 101] in the SISO algorithm of the equaliser [102] 

for the purpose of joint channel estimation and data equalisation. Reference [103] 

also performed channel estimation by modifying the Maximum A Posteriori algorithm 

and employing a channel estimator, in order to evaluate the channel information recursively. 

The ML bound derived for the coded DPSK systems, based on the union bound 

technique, produces a steep divergence from the true performance at low E},/No values. 

Recently, several new bounds have been proposed in order for turbo codes to estimate the 

BER performance more accurately in this divergence region [104, 105, 106]. This can be 

adapted to improve the accuracy of the ML bound evaluated for the coded DPSK systems. 

The ML bound for coded GMSK systems constitutes a further topic for research. This 

involves augmenting the treUis of the encoder and modulator into a hypertrellis [107]. By 

using this hypertrellis, the weight spectrum of the concatenated system can be evaluated 

and subsequently utihsed, in order to approximate the BER performance. 



Iterative multi-user interference detection employing the turbo equalisation strategy 

is also an attractive research topic. Recent work utilising turbo equalisation has been 

successful in mitigating the interference inflicted by other users, such that the near 

single-user performance is achieved [108, 109, 110]. Low complexity iterative interference 

cancellation solutions were also proposed by Wang and Poor [111]. Their simulation results 

demonstrated that the proposed low-complexity iterative receiver structure invoked for in-

terference suppression and decoding offers significant performance gains over the traditional 

non-iterative receiver structure. Moreover, at high signal-to-noise ratios the detrimental 

effects of Multiple Access Interference (MAI) and ISI in the channel can almost be com-

pletely overcome by iterative processing and the single-user performance can be approached. 

Equaliser designs in the context of joint cancellation of Cochaimel Interference (CCI), 

Adjacent Channel Interference (ACI) and Inter Symbol Interference (ISI) [112] are also 

promising in terms of their added performance potential. In mobile radio systems frequency 

reuse is employed, in order to provide contiguous radio coverage over a geographical area. 

As a consequence, the receivers suSer from CCI. By implementing demodulators which 

compensate for CCI, the tra@c capacity of the system can be increased. In a recent 

contribution by Berangi et al [113], a blind cochannel interference canceller for constant 

envelope modulation systems was presented. In this technique, the channels of the cochan-

nel interferers do not have to be identiEed. By exploiting the constant envelope property 

of the modulation schemes, an appropriate metric was devised and CCI equalisation was 

then performed with the aid of the Viterbi algorithm coupled with the devised metric. 

Another approach suggested by Wales [114] removes CCI through the joint detection of the 

desired and interfering signals. Here, the maximum likelihood receiver compensates for the 

CCI by subtracting the estimate of the interfering signals from the received signal prior to 

comparison with the most likely transmitted symbol sequences. This technique requires 

the knowledge of the desired signal's channel and the interfering signals' channels. Hence 

it was computationally expensive. A sub-optimum receiver with reduced complexity was 

then presented in the same paper [114], using a superstate trellis structure. 

Turbo equalisation for Trellis-Coded Modulation (TCM) [115, 116] is a further topic 

investigated in the recent literature in order to improve the spectral eSciency of the system 

— which is one of the key objectives of mobile radio research. 



Glossary 

3G 

ACI 

ACTS 

AMPS 

BCH 

CCI 

CISI 

CSV 

DFE 

DPSK 

EFR 

ETSI 

FFT 

FPLMTS 

GPRS 

GSM 

HSCSD 

Third generation mobile communications systems 

Adjacent Channel Interference 

Advanced Communication Technologies and Services 

Advanced Mobile Phone Service 

Bose-Chaudhuri-Hocquenghem. A class of forward error correcting 

codes (PEC) 

Cochannel Interference 

Controlled Inter Symbol Interference 

Correlative State Vector. It is a sequence of previously transmit-

ted bits, which is dependent on the channel delay spread and the 

spreading in the modulator. 

Decision Feedback Equaliser 

Differential Phase Shift Keying 

Enhanced Full-Rate speech codex 

European Telecommunications Standards Institute 

Fast Fourier Transform 

Future Public Land Mobile Telephone System 

General Packet Radio Service 

Global System of Mobile Communications. A Pan-European digital 

mobile radio standard, operating at 900MHz 

High-Speed Circuit Switched Data 

207 



GJogsary 208 

I/Q EQ 

lOWEF 

ISI 

ITU 

L-RC 

LLR 

Log-MAP 

M-QAM 

ML 

A4LSB 

MS 

NTT 

ODMA 

OFDM 

OQPSK 

PCCC 

PSD 

QPSK 

RBF 

In-phase/Quadrature-phase Equaliser 

Input Output Weight Enumerating Function. A relationship, which 

describes the encoder as a function of the input word and codeword 

Hamming weights. 

Inter Symbol interference 

International Telecommunications Union, formerly the CCITT, 

standardisation group 

L-Raised Cosine modulation. It is a class of Digital Phase Modu-

lation, where L denotes the length of spreading in the modulator 

filter. 

Log Likelihood Ratio 

An algorithm based on the Maximum A Posteriori algorithm. It 

gives identical performance but at lower complexity sine eit is im-

plemented in the logarithm domain. 

Multi-level Quadrature Amplitude Modulation Scheme, where M 

represents the modulation level. 

Maximum likelihood. 

Maximum Likelihood Sequence Estimation 

A common abbreviation for Mobile Station 

Nippon Telephone and Telegraph 

Opportunity Driven Multiplex Access 

Orthogonal Frequency Division Multiplex 

OSset Quadrature Phase Shift Keying 

Parallel Concatenated Convolutional Code. Parallel constituent en-

coder are separated by an interleaver between encoders. 

Power Spectral Density 

Quadrature Phaae Shift Keying 

Radial Basis Function 
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RSC 

SCCC 

SISO 

SOVA 

TAGS 

TCM 

TDD 

T D M A 

CSVEQ 

TU 

UMTS 

VE 

WCDMA 

Recursive Systematic Convolutional 

Serial Concatenated Convolutional Code. Constituent encoders are 

serially cascaded with an interleaver between encoders. 

Soft-In/Soft-Out. An algorithm, which accepts soft values and re-

turns a value reflecting the reliability of the transmitted informa-

tion. 

Soft Output Viterbi Algorithm. This is based on the Viterbi Al-

gorithm and returns the reliability of the transmitted information 

after determining the most likely sequence. 

Total Access Communication System 

Trellis-Coded Modulation 

Time Division Duplex 

Time Division Multiple Access 

Correlative state vector used in the VE states 

Typical urban channel impulse response 

Universal Mobile Telecommunication System 

Viterbi Equaliser 

Wideband Code Division Multiple Access 
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Proceedmgg o/^Ae Fe/iicuZar Tec/inoJoĝ / Con/erence ZPPP, (Amsterdam, Nether-

lands), pp. 1570-1574, 19-22 September 1999. 

[82] J. Yuan, B. Vucetic, and W. Peng, "Combined turbo codes and interleaver design," 

jyangoc^zong on Commumcafzong, vol. 47, no. 4, pp. 484-487, 1999. 

[83] B. H. M. Z. Wang, "Interleaver design for turbo codes," in Proceedings of the Inter-

Con/erence on 7n/ormof%on, Commun«cof«ong oncf 6'%gna( Proceggmg, 

vol. 1, (Singapore, Singapore), pp. 453-455, 9-12 September 1997. 

[84] M. Breiling and L. Hanzo, "Optimum non-iterative turbo decoder," in Proceedings of 

the IEEE International Symposium on Personal, Indoor and Mobile Radio Commu-

nico^iong, vol. 2, (Helsinki, Finland), pp. 714-718, 1-4 September 1997. 

[85] M. Breiling and L. Hanzo, "Non-iterative optimum super-trellis decoding of turbo 
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