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Whilst nonlinear system modelling, analysis and control are fundamentally important
to a wide range of industries, they are difficult in practice due to nonlinearities and lack of
precise knowledge of the systems, and therefore lack of developed theoretical and instrumental
techniques. Among various efforts trying to overcome the difficulties, local schemes play an
important role. Local methods are promising because: 1. Naturally any complex nonlinear
system exhibits relatively simple behaviour in local areas, and 2. by obtaining simple local
models for nonlinear systems, the maturely developed classical techniques such as linear theory
can be employed to solve nonlinear problems.

However, currently the proposed local techniques using such as fuzzy system and neural
networks are still suffering from the curse of dimensionality, the huge computing load in
interpolation areas, and the problem of being unable to provide efficient control strategies
for various nonlinear systems in practice. As an attempt to overcome some of the problems,
this thesis is devoted to the development of methods for local modelling, control and stability
analysis. The work of this thesis can be summarized as: 1. Local modelling: a new fuzzy mod-
elling algorithm and an optimal piecewise locally linear modelling algorithm are developed.
The methods are able to derive local models from experimental data of nonlinear systems and
avoid the curse of dimensionality. 2. Local Lyapunov stability: new conditions of Lyapunov
stability of local systems are derived. The conditions incorporate the input membership or
interpolation function characteristics and consequently only one local Lyapunov function even
in an interpolation region needs to be searched. This both relaxes the stability conditions
and reduces the computation load in solving the stability problems. 3. Controller design:
Following the modelling and stability results obtained, this thesis has formulated and solved
the problem of robust feedback stabilization for a broad class of fuzzy systems. The results
have two advantages compared with other methods: 1. It is capable of handling modelling
error and parametric uncertainty, and 2. by using the stability results derived in this thesis, the
design solutions are minimally less conservative and the design process is easy to perform as a
problem of solving linear matrix inequalities. Also, the control problem of a class of nonlinear
systems whose parameters are unknown nonlinear functions of the measurable operating point
is solved for the most general case of an MIMO system whose operating point is completely
dependent on the system states.

Some open problems for further research are discussed at the end of this thesis.
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Chapter 1
Introduction

Dynamic system analysis and control are fundamentally important to a wide range
of industries, and as the requirements for improved performance and plant efficiency
increase they are also becoming instrumental in coping with increased complexity
and the need to guarantee quality of real time nonlinear systems. At the same time,
increased performance demands over wide operating ranges force control engineers
to move from linear to nonlinear techniques. More and more often, linear techniques
fall short in analysis of complex control systems. Unfortunately, there is not a mature
systematic theory and methodology for dealing with nonlinear systems. The main
problems of nonlinear systems that face engineers are due to nonlinearities and lack
of precise knowledge of the system dynamic, to which linear modelling and control
techniques are not applicable directly. Recently, a few researchers have made efforts
to overcome the difficluties. A significant result is the constructive nonlinear con-
troller design techonology presented by French et. al. (French, Szepesvari and Rogers,
2000a; French, Szepesvari and Rogers, 2000b; French, Szepesvari and Rogers, 2000c;
French and Rogers, 2000a) which concerns controlling uncertain nonlinear systems
via adaptive techniques by evaluating the performance of adaptive controllers, and
comparing them against eg. robust designs. This has involved developing techniques
which allow lower and upper bound estimates to be made of eg. LQ performance.
Uniquely in adaptive control theory, they are accounting for the control effort in the
cost. Also, some motheds to apply stability theory to design a class of neuro-fuzzy
feedback control schemes are introduced by (French and Rogers, 2000D).

An alternative efficient solution for this difficulty is to consider the problems
locally because, generally speaking, a multiple local modelling approach can be more
efficient in capturing the real system dynamics than a single global nonlinear mod-
el, and relatively simpler local models enable classical control design and stability
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analysis methods to be applicable if and only if there is some mechanism linking
local behaviour such as stability to global behaviour. Aiming at this objective, this
thesis addresses the modelling and control of complex, nonlinear, a priori unknown
systems by means of techniques based on a piecewise local model structure. Methods
are described in subsequent chapters for the development of local models from data,
for the design of control systems which makes use of the derived models, and for the
stability analysis of the resulting composite systems.

This chapter initially gives a general view of local modelling and control in section
1.1. Then in section 1.2 the contributions of this thesis are summarized. Finally, the

outline of the thesis is given in section 1.3

1.1 Local methods for modelling and control

Within the local model framework, we typically have three kinds of tasks to perform:

e modelling: including decomposition of the operating space and model paramet-

ric estimation,
e controller design, and
e stability determination of the resulting composite system.

In the following we briefly review the states in the three domains.

1.1.1 Modelling

In system engineering, modelling and identification are important steps in the design of
controllers, supervision systems and fault-detection systems. Modern production and
manufacturing methods in industry, combined with the growing demands concerning
product lifetime, quality, flexibility in production, and safety, have increased the perfor-
mance requirements placed on the control systems. Production is often characterized
by frequent changes in product throughout, product mix, operating point and operating
conditions. To satisfy the increasingly tight quality requirements, control systems must
guarantee high performance over a wide range of operating conditions. Under these
conditions, process modelling often becomes a major bottleneck for the application of
advanced model-based techniques. Many systems are not amenable to conventional
modelling approaches due to the lack of precise, formal knowledge about the system,

strong nonlinear behaviour, a high degree of uncertainty, time varying characteristics,
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etc. Examples of such systems can be found not only in the process industry, flexible
manufacturing, aerospace engineering, chemical engineering, but also in ecological,
social or financial domains.

A natural way to overcome the difficulties raised above is to use local modelling.
Often, in a large range of complex systems, the system behaviour varies according to
some kind of operating point. If the operating point space is split into a number of
smaller areas, it is reasonable to expect the system behaviour to be much simpler, for
example, allowing linear approximation in the local areas to a satisfactory accuracy.
The overall model then can be obtained by combining the local models by means of
interpolation.

A local modelling strategy needs to solve two problems, ie.,

1. how to minimally partition the operating point space, and

2. how to identify the consequent local models which includes determination of the

model structure and estimating the model parameters.

Because it is always supposed that the system behaviour in local areas is relatively
simple, the second problem can be solved by employing conventional mature control
theories. Therefore, the research here focuses on the partitioning strategy problem.
Currently, there are two kinds of partitioning methodologies. One is clustering which
originated from fuzzy modelling, and the other is to recursively orthogonally partition
each axis of the operating point space to a satisfactory level.

A major drawback of orthogonal partitioning is the curse of dimensionali-
ty (Brown and Harris, 1994). It is easy to see that, if the dimension of the operating
point space is high, the number of local areas grows rapidly whilst the partitioning in-
creases. Clustering avoids the curse of dimensionality, but usually the number of local
areas needs to be known a priori, which obviously is a prior knowledge requirement
of the unknown system, limiting the use in practice to modelling purely from data

observation.

1.1.2 Stability analysis

Among various stability theories, Lyapunov techniques are very useful in system anal-
ysis. Not only do they allow stability analysis and gain computation, but they are also
useful in the solution of optimal control problems. This makes Lyapunov techniques
a natural basis for the analysis of local systems. Irrespective of the precise definition
that we choose to use, stability is an intuitive property that a system response does not

explode, ie., does not go to infinity.



CHAPTER 1. INTRODUCTION 4

Stability analysis of dynamic systems was pioneered by Lyapunov more than one
hundred years ago. There is a close relation between Lyapunov stability and notions
of energy. The key idea was that if every motion of a system has the property that its
energy decreases with time, the system must eventually come to rest irrespective of its
initial state (Lyapunov, 1892; Lyapunov, 1992). An energy measure of the system is
called a Lyapunov function for the system. It is a very useful tool in system theory.
For some systems, physical insight may hint at the selection of appropriate energy
functions. But, for the great majority of systems, the choice is much less obvious. To
this day, the main obstacle in the use of Lyapunov’s method for a general system is the
nontrivial process of finding an appropriate Lyapunov function.

Nevertheless, the situation is much simpler for linear systems of the form

X =Ax. (1.1)

Lyapunov showed that for asymptotic stability of linear systems it is both necessary and
sufficient that there exists a quadratic Lyapunov function V(x) = x” Px. The conditions
that such a function be proper, and that its value decreases along all motions of the

linear systems result in the well-known Lyapunov inequalities
P>0, ATP+PA<O. (1.2)

In today’s terminology, we would say that these conditions are linear matrix inequal-
ities in P. The inequalities admit an explicit solution. In fact, by picking an arbitrary
positive definite matrix Q = Q7 > 0, the stability of (1.1) can be assessed from the

solution P to the system of linear equalities
ATP+PA=—0Q.

The system is asymptotically stable if and only if P is positive definite.

In the light of the above observation, a natural idea of solving the stability prob-
lems for nonlinear systems is to decompose the global system into a number of locally
linear subsystems and then consider the stability problem of subsystems locally. If a
nonlinear system can be decomposed into a set of locally linear subsystems, then Lya-
punov functions for the subsystems can be found easily in the local area, and a global
Lyapunov function, which is termed as a piecewise Lyapunov function in this thesis,
can be formed from the local Lyapunov functions via some interpolation procedure.
There are a number of different researches toward this general objective (Johansson,
1999; Branicky, 1995; Hassibi and Boyd, 1998). The key point is to develop appropri-
ate methods to cope with the interpolation problem, about which there are two kinds of
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techniques developed to date: One is making the local Lyapunov functions to be con-
tinuous in the interpolation areas, and another one is ensuring that the local Lyapunov
functions are non increasing in the interpolation areas while allowing discontinuity.
Both of the results can be reformulated as problems that require the solution of linear
matrix inequalities.

A common drawback of the existing methods is that they need to consider all local
models involved in a interpolation area whilst forming conditions requiring the search
for local Lyapunov functions. That is to say, any single local Lyapunov function in
one area has to fulfill certain conditions within all areas which have intersections with
that area. Consequently, it may be required to solve a large number of linear matrix
inequalities in the interpolation regions between the system submodels. In addition
to the high number of linear matrix inequalities, the computation complexity and cost
also increases dramatically as the input dimensionality increases. This means that the
number of parameters involved in the optimization process becomes prohibitively large

for large dimensional systems.

1.1.3 Controller design

The controller design techniques strongly dependent on the derived system model
structure. In the local modelling structure, since the relatively simple local models
are available, conventional controller design techniques can be employed. However,
research is needed to develop methods of integrating the local controllers to form a
global controller. There are a wide range of classes of controller design methods in this
area. As representative examples, this thesis considers two particular control problems

for local model structures:

1. Feedback stabilizing control based on state space fuzzy systems. Fuzzy log-
ic control (FCL) has recently proved to be a successful control approach for
complex nonlinear systems and has been suggested as an alternative approach
to conventional control techniques in many case. FLC techniques represent
a means of both collecting human knowledge and expertise and dealing with
impression and uncertainties in the control process. Fuzzy control usually de-
composes a complex system into several subsystems and uses a simple control
law to emulate, say, the human control strategy in each local operating region.
The global control law is then constructed by combining all the local control

actions through fuzzy membership functions.

One of the basic forms of FLC is the feedback stabilizing controller. The idea



CHAPTER 1. INTRODUCTION 6

is to design a state feedback controller for each local state space model and to
construct the global controller from those local controllers in such a way that
the global fuzzy control system is stable. Most of results to date deal with the
state feedback control that requires the states of the fuzzy dynamical systems
to be available or measured. In many cases, this requirement is too restrictive.
Recently, there have appeared a few results of output feedback control design for
fuzzy dynamical systems. However, the design methods are non-constructive,
and, many iterative trials might be needed before an acceptable controller is
found.

Using certain special simple structure for local models, eg., linear structure or
affine structure, a feedback stabilizing problem for fuzzy systems can be trans-
formed into a linear matrix inequality problem. Therefore, the control problem
finally becomes a stability analysis problem which we described above, inherit-
ing the same problem, ie., the high number of linear matrix inequalities in the

intersection areas.

Another consideration is the robustness of the controller against modelling error

and parametric uncertainty, which has been ignored in most recent research.

2. Adaptive control based on a class of quasi-linear system models with neu-
rofuzzy parameters. In the design of nonlinear control systems linearisation
about a set of fixed, known operating points is a natural and standard solution
as it leads to a locally linear model for which a controller can be synthesized
by classical linear control design methods. For many practical processes (e.g.,
aircraft gas turbines or ship dynamics), the operating point varies either as a
function of independent parameters (such as mach number and altitude for an
aero-gas turbine) or more usually, as a function of the system states. This phe-
nomenon justifies the importance of a class of special local modelling structure,
ie., the quasi-linear system model with operating point dependent parameters of
the form (Brown and Harris, 1994; Wang, Brown and Harris, 1996)

yt+1) = a1(0)y(t) +--+an(O)y(t—n+1)
b (Ot —d) + -+ bu(O)u(t —d—m+1).  (1.3)

If the system is single input single output, and the operating point is independent
of the system states, an on-line adaptive controller of the 1-step ahead predictor
kind has been constructed by solving a simplified Diophantine equation, which
ensures tracking property. Stability of the resultant closed loop system is estab-
lished (Wang, Brown and Harris, 1996).
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It is clear that in practice most systems are multivariable input multivariable out-
put (MIMO). Also, for this model structure, it is more common that the operating
point dependents on the system states. For this kind of MIMO state-dependent
operating point system, the results obtained in Wang, Brown and Harris (1996) is
not applicable. Therefore, further research is needed for the general cases which

obviously have something to do with strong nonlinearities.

1.2 The contributions of this thesis

This thesis is not intended to be a complete exposition of local modelling and control.
Its aim is to elaborate on certain specific ideas and concepts and develop them into
useful techniques, as an attempt to rise to the challenges proposed in the last section.

The thesis includes the following new results:

1. Two kinds of new local modelling techniques are developed in chapter 3 for
constructing data based model of a dynamical system by new methods of par-
titioning the data input space. The methods are able to derive a system model
from data automatically and avoid the curse of dimension problem usually asso-
ciated with orthogonally partition methods used conventionally in fuzzy logic,

neurofuzzy algorithms and in RBF networks.

2. New Lyapunov stability conditions for local model structure are derived in chap-
ter 5. This new approach includes a consideration of the input membership
functions, via this a reduction in the number of candidate Lyapunov functions
and associated linear matrix inequalities is produced. This approach significantly
reduces the computational load associated with determining closed loop stability

as the input dimension increases.

3. Based on the derived piecewise Lyapunov functions, new design techniques for
state feedback and output feedback controllers for a class of fuzzy systems are
proposed in chapter 6. The resultant controller is robust against measurement
and modelling perturbations. The design conditions are non-conservative, and
the design process is easy to construct by using commercially supported linear

matrix inequalities software packages.

4. A neurofuzzy based scheme for modelling and control of the local model struc-
ture of (1.3) is developed in chapter 7. The model is a class of nonlinear systems
with an ARMA like model (a generalized Takagi-Sugeno fuzzy model), whose
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parameters are unknown nonlinear functions of the input and output variables
or states of the plant. An associative memory network is used to identify each
nonlinear function. The controller is a feedback linearising control law which
can decouple the nonlinearity of the system. For the cases of adaptive and the
fixed model parameters, detailed closed-loop stability analysis is carried out. It
is shown that the consequent closed-loop system is globally stable. The main
assumptions placed on the system and model for stability are minimum phase
and a limit on the modeling mismatch error or uncertainty. Simulation examples
are given in chapter 7 to illustrate the efficacy of the proposed approach.

1.3 Outline of the thesis

There are eight chapters in this thesis. Beside this introduction chapter, the remaining

chapters are concerned with:
Chapter 2 Local modelling

After illustrating the concept of local modelling, this chapter presents an overview of
the existing methods of local modelling. Two kinds of local models are discussed:
Fuzzy models and quasi-linear system models of the form (1.3). Basic modelling

strategies and some convergent results are introduced.

Chapter 3 Local stability

This chapter focuses on developing new local modelling algorithms. Two types of the
model structures are considered. One is a kind of fuzzy models and another one is
the optimal piecewise locally linear model structure. New partitioning methods are
developed and local model identification is incorporated in the algorithms.

Chapter 4 Piecewise Lyapunov Stability Conditions of Fuzzy Systems

This chapter gives basic concepts and results concerning the Lyapunov stability analy-
sis of local models. Quadratic Lyapunov functions and piecewise Lyapunov functions
for both continuous time and discrete time systems are discussed. The advances of the
research in this area are formulated as a number of theorems which will be used in

subsequent chapters.
Chapter 5 Neurofuzzy Local Modelling

This chapter addresses the stability analysis of piecewise local systems. By incorpo-
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rating the input membership function characteristics, it is shown that, under certain
conditions placed on the input membership functions, we need only search for one
local Lyapunov function even in the intermodel interpolation region. This both relax-
es the stability conditions and reduces the computation load in solving the resultant

reduced number of LMIs.
Chapter 6 Feedback stabilizing control of fuzzy systems

Following the results obtained in the preceding chapters, this chapter formulates and
solves the problem of robust stabilization for a broad class of fuzzy systems. Both
state feedback controller and output controller design methods are derived by seeking
a piecewise Lyapunov function for the closed-loop system so that the design solutions

are minimally less conservative.

Chapter 7 Adaptive Neurofuzzy Control for A Class of State Dependent Nonlinear

Processes

This chapter concerns the control problems of quasi-linear systems with neurofuzzy
parameters. The operating point dependent processes considered in this chapter are
the most general form, ie., the multivariable input multivariable output system with
state vectors as the operating points. A stable decoupling controller design method
is developed. If the coefficients are a priori unknown, a modified recursive least
square algorithm combined with feedback linearising controller is employed to de-
sign an adaptive control system. For both cases, the closed loop system stability is
analysed in detail and the weight convergence is shown to be guaranteed, for practical
implementation the resultant controllers can be realized as conventional controllers or

as neurofuzzy controllers.

Chapter 8 Conclusions

This chapter gives the conclusions of the thesis, together with some suggestions for

further research.

The content from chapter 3 to chapter 7 are all original contributions, which have

been published in:

e Advances in Neurofuzzy Algorithms for Real-time Modelling and Control, J.
Engineering Application of Al, Vol. 9, 1996, p.1-16.

e Aspects of the Theory and Application of Intelligent Modelling, Control and
Estimation, Proc. 2nd Asian Control Conference, 1997, p.1-10.
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e Adaptive Neurofuzzy Control for A Class of State Dependent Nonlinear Process-
es, International Journal of System Science, Vol 29, 1998, p.759-771.

e A new partitioning approach for constructing fuzzy models, Proceedings of 3rd
World Multiconference on Systemics, Cybernetic and Informatics (SCI’99) and
Sth International Conference on Information Systems Analysis and Synthesis
(ISAS’°99), Orlando, Florida, USA, July 31 - August 4, 1999.

e Optimal Piecewise locally linear modelling, SPIE AeroSense’99,Applications
and Science of Computational Intelligence II, Orlando, USA, 1999.

e Piecewise Lyapunov stability conditions of fuzzy systems, Submitted to the IEEE
Transactions on SMC, 1999.

e Feedback stabilization of fuzzy systems via linear matrix inequalities, Accepted
for publication, International Journal of System Science, To appear 2000.



Chapter 2

Local modelling

2.1 Introduction

Developing mathematical models of real systems is a central topic in many disciplines
of engineering and science. Models can be used for simulation, diagnosis, monitoring,
analysis of the system’s behavior, better understanding of the underlying mechanisms
in the system, design of new processes, and for controlling systems.

While most real processes are complex and nonlinear, unfortunately, the major-
ity modelling methods are currently developed to a mature level for linear systems
only (Harris, Brown, Bossley, Mills and Feng, 1996; Harris, Wu and Feng, 1997;
D’Azzo and Houpi, 1995). As a result, many practical systems are not amenable to
conventional modelling approaches.

To overcome such difficulties, one solution is to model a globally nonlinear sys-
tem in terms of a series of local models. In fact, any model will only have a limited
range of validity. This may be restricted by the modelling assumptions for a mechanis-
tic model, or by the experimental conditions under which the data was logged for an
empirical model. Global modelling is complicated, or maybe impossible because of
the need to describe the interactions between a large number of phenomena that appear
globally. Alternatively, local modelling may be considerably simpler because locally
there may be a smaller number of phenomena that are relevant, and their interactions
are less complex. Consequently, within a local modelling framework, it is possible to
construct relatively simpler local models and associated controllers. For example, the
local nature of model representation has computational advantages when the model
is applied for model based control, and in particular adaptive control. One reason
is that only a few model parameters will be relevant at a given instant. Hence, drift

phenomena will be reduced in an on-line parameter estimator caused by lack of global

11
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persistence of excitation.
Alternatively if linear models are selected as local models, the well-established

linear techniques (D’Azzo and Houpi, 1995) are directly applicable to nonlinear sys-

tems, which is clearly a great advantage of local modelling.

5(1)

Region 2

\
Region 3
Region 4

Figure 2.1: The set of two-dimensional operating points is decomposed into four regions

(1)

Local modelling framework can be conceptually illustrated as in Figure 2.1, which
is adapted from Johansen (1994b). The system’s full range of operation (which we
refer to as the operating point space) is completely covered by a number of possibly
overlapping operating regions. In each operating region the system is modeled by
a local model, and the local models can be combined into a global model using an
interpolation technique between each region. Design approaches differ from each other
by their policies of operating point space partitioning, local model structure, and in-
terpolation strategies. This chapter describes a number of modelling approaches using
clustering or axis orthogonal partitioning, common neurofuzzy interpolation strategies.
The local models can be linear, affine or nonlinear; discrete time or continuous time;
input-output or state space models. In next chapter, two new modelling approaches
will be introduced which have new partitioning and interpolation strategies.

Before get into details of local modelling, let us first have a look of various types

nonlinear systems which will be the study objects in subsequent chapters.
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2.1.1 Discrete-time nonlinear systems

Suppose a multi-input multi-output (MIMO) nonlinear system can be described by a

discrete time series model
y(t+1)=g(y(t),---,yt—n+1),u(t—d), - ,u(t —d—m+1)). (2.1

where g(-) is an unknown nonlinear input/output (I/0) function, {u(z),y(z)}Y, are
measured input/output vector pairs, the integers n and m are known a priori or assumed

system orders and d is the known time delay of the system.

Define
y(t—n+1) u(t—d—m+1)
t—n+2 u(t—d—m-+2
y= | Y V= | )
y(7) u(t—d) |
and
y(t—n+1)
f(you) =
v y(r—1)

g(y(®), -, yt—n+1),u(t—d), -, u(t—d —m+1))

Then we obtain a nonlinear discrete-time multivariable dynamical system of the form

Y1 = f()’t, ‘lt)7 (2.2)

generating an output sequence {y;}. Here f() is some unknown nonlinear vector
function. We define x, = [y7 u!]7, so that (2.2) becomes

Ify(z) € R?, u(r) € RY, then x, € R"PTM.
Remark: The expression of (2.3) essentially means that all MIMO systems can be
considered as a surface mapping from a (np +mg) dimensional space into p dimen-

sional output space, hence the use of any neural network approximation algorithm for
modelling (2.3) (or (2.1)) from observation data {x;,y;} (Brown and Harris, 1994).

The state space counterpart of (2.1) is
x(t+1) = f(x(r),u(r),1),
y(6) = gx(t),u(),1). 2.4)
where the notations of f and g have nothing to do with those in (2.1), (2.2) and (2.3).
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2.1.2 Continuous-time nonlinear systems

Many modelling and control algorithms are expressed in the continuous time domain,
using measured variable which assess the state of the plant, the control signal and the
desired plant’s response, in order to predict the change in the plant’s state (model) or
to calculate the required change in control signal necessary to make the plant behave
as required. A general unknown continuous-time nonlinear dynamical system can be
described by (Brown and Harris, 1994)

X(t) = f(X(I)vu(I)’Z)a
y(t) = g(x(1),1). (2.5)

Given a set of input/output data {y(¢),u(z)}, we are able to build a global nonlinear
model for system (2.5). But if we do not further specify the structure of the functions
f and g in (2.5), the model (2.5) is not very useful in control and estimate problems.
In practice we often need models with which it is easy to determine stability, design
controllers, or estimate parameters. For example, sometimes we need to consider the

affine model,(affine with respect to input variables) which is a special case of (2.5):

x(1) = f(x(r),r)+g(x(r),H)u(r), x(t) e R, u(r) e R",
y(r) = Cx(1). (2.6)

2.1.3 Modelling and identification of nonlinear systems

Generally speaking, modelling and identification deals with the mapping of prior
knowledge and empirical data to a model. While the former concerns finding a set
of models that is likely to contain a model that describes the desired aspects of the
system adequately, the latter needs to find a model within the model set that minimizes
an objective criterion which measures the mismatch between the prediction of a given
model and the empirical data. Obviously they are two stages involved in building a
model for a plant. However, in this thesis, the term of modelling means the whole
process of the model building, ie., given empirical data of the systems (2.1) - (2.6),
find a suitable model which is able to describe the system to satisfactory accuracy to
meet the application needs. There are a wide range of model structures from traditional
mathematics models to intelligent model structures, among which fuzzy, neurofuzzy,
and artificial neural networks (Brown and Harris, 1994) models are within the local
modelling framework. As a typical representation, the fuzzy model structure is chosen
to illustrate the local model idea. Also, another representive chosen in this thesis is a

class of operating point dependent quasi-linear model described in (1.3).
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In the remainder of the chapter, a review of the two kinds of typical local mod-
elling methods is given. The first local model structure is fuzzy models which is
reviewed in section 2.2 including its general description, and the constructing methods
in section 2.3. A few useful types of Takagi-Sugeno fuzzy model are given in section
2.4. In section 2.5, the quasi-linear model structure of (1.3) is discussed. Finally,

section 2.6 concludes the chapter.

2.2 Fuzzy modelling

The concepts of fuzzy-set theory can be employed in the modelling of systems in
a number of ways. The most often used are rule-based fuzzy systems (Zadeh, 1973),
fuzzy linear regression (Tanaka, Uejima and Asai, 1982) which generalizes convention-
al linear regression models by using fuzzy numbers as the model parameters, and fuzzy
models using cell structures (Smith, Nokleby and Comer, 1994) which are a fuzzy
variant of the systems based on cell-to-cell mappings (Hsu, 1980; Hsu, 1987). This
thesis deals only with rule-based fuzzy systems, ie., systems where the relationships
between variables are represented by a means of fuzzy if-then rules and an associated

fuzzy inference mechanism. Fuzzy if-then rules take a general form:
If antecedent proposition then consequent proposition.

Depending on the particular form of the consequent proposition and on the structure
of the rule base, three types of rule-based fuzzy models are distinguished:

1. Linguistic fuzzy model (Zadeh, 1973; Driankov, Hellendoorn and Reinfrank,

1993), where both the antecedent and consequent are fuzzy propositions.

2. Fuzzy relational model (Tong, 1979; Yi and Chung, 1993), which can be regard-
ed as a generalization of the linguistic model, allowing one particular antecedent
proposition to be associated with several different consequent propositions via a

fuzzy relation.

3. lakagi-Sugeno fuzzy model (Takagi and Sugeno, 1985; Sugeno and Tanaka,
1991), where the consequent is a crisp function of the antecedent variables rather

than a fuzzy proposition.

2.2.1 Takagi-Sugeno fuzzy model

A rule-based model suitable for the approximation of a large class of nonlinear systems
was introduced by Takagi and Sugeno (1985). Concerning nonlinear model, the most
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general form of a Takagi-Sugeno fuzzy rule is
R;: If zisA; then y; =f;(x), i=1,2,...L, 2.7

where R; denotes the ith rule and L is the number of rules in the rule base. The first
part of the rule, called the antecedent, is defined as a fuzzy proposition “z is A;” where
z € R9 is a crisp vector called operating point, and A; is a fuzzy set defined by its

(multivariate) membership function
pa,(z) : R4 — [0, 1].

The degree of fulfillment (degree of truth) w;(z) of the antecedent proposition for
a given value of the vector z is evaluated as the degree of membership of this vector
into the set A; : w;(z) = ua,(z). By means of fuzzy sets, the input space is partitioned
into smaller regions, in which the modelling problem becomes more tractable.

Since the consequents in the TS model are not fuzzy sets but crisp functions, the
inference and defuzzification reduced to a simple algebraic expression, similar to the

fuzzy-mean defuzzification formula (Takagi and Sugeno, 1985):

ZiL:] Wi(Z)Yi
Siwi(z)

where w;(z) is the degree of fulfillment of the antecedent of the ith rule and y; is the

y:

output of the local consequent model of that rule.
Defining the normalized degree of fulfillment w;(z) = w;(z)/ Z?:l w;(z), for the
model (2.7) the global output can be written simply as a weighted sum

y= > wi(z)f:(x). (2.8)

This representation is appealing, since many real systems naturally change be-
havior smoothly as a function of the operating point z, and the soft transition between
the regions introduced by the fuzzy sets representations captures this feature in an
elegant fashion. This makes TS model suitable for the approximation of a large class
of nonlinear systems and therefore being considered as one of the most interesting
approaches in the local modeling literature.

If the f;(x) in (2.8) is chosen to be AT x + By, then we get the affine TS model

y =A(z)x+ B(z). (2.9
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where A(z) and B(z) are convex linear combinations of the consequent parameters A;

and B;, ie.,

wi(z)A;, B(x)= Zw, 7)B;

Mtw

Alx) =
i=1

The special structure of (2.9) facilitates the analysis of affine TS models in the frame-
work of polytopic systems (Boyd, Ghaoui, Feron and Balakrishnan, 1994). Therefore
an affine TS model can be regarded as a mapping from the antecedent (input) space to
a convex region (polytope) in the space of parameters of a quasi-linear system. This
fact makes TS model attractive in stability analysis. There are a number of researches
concerning the application of T-S models in real world systems. Readers please refer
to (Ollero and Cuesta, 1998) for detail information. Also, the quasi-linear structure of
(2.9) enable us to solve control problems by utilising linear control techniques. In this
thesis we choose TS model for fuzzy modelling and control.

2.3 Constructing fuzzy models

Generally speaking, to develop a fuzzy model requires the following decisions (Babus-
ka, 1996):

1. Choose the type of fuzzy model.

2. Choose the inference and defuzzification methods and the particular fuzzy logic

or set-theoretic operators.

3. Develop the knowledge base, ie., the rules and the membership functions.
4. Apply data to derive the model and validate it.

And also, a wide range of topics such as how to use expert knowledge and how to use
experiment data are involved. Here only discuss a few typical basic approaches to con-
struct TS models directly from experimental data. The main approaches investigated
are the operating point space (also referred to as input space hereafter in this thesis)
partitioning and the consequent local model identification.

Roughly the input space partitioning approaches can be divide into two categories:

data clustering, and lattice partitioning of the input space.
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2.3.1 C(lustering

The objective of clustering is to partition the data set into ¢ clusters. For the time being,
assume that ¢ is known, based on prior knowledge of the plant, for instance. There are
two characteristic clustering methods in fuzzy modelling, ie., hard clustering (Lewis,
1990; Jang, Sun and Mizutani, 1997) and fuzzy clustering (Jang, Sun and Mizutani,
1997, Kim, Park, Ji and Park, 1997). In the following we briefly describe these two

techniques.

2.3.1.1 Hard clustering (HCM algorithm)

The hard c-means (HCM) algorithm tries to locate clusters in the multi-dimensional
input space. The goal is to assign to each point in the input space to a particular cluster.

The basic approach is as follows (Lewis, 1990).

1. Manually seed the algorithm with ¢ clusters, one for each cluster we are seeking.
This requires prior information from the outside world of the number of different
clusters into which the points are to be divided; thus the algorithm belongs to the

class of supervised algorithms.
2. Each point is assigned to the cluster centre nearest to it.

3. A new cluster centre is computed for each class by taking the mean values of the

coordinates of the point assigned to it.

4. If not complete according to some stopping criterion, return to step 2.

Some additional rules can be added to remove the necessity of knowing precisely
how many clusters there are. The rules allow nearby clusters to merge and clusters
which have large standard deviations in coordinates to split.

The hard c-means algorithm is based on a c-partition of the data space Z into a
family of clusters {C;},i=1,2,...,c, where the following set-theoretic equations apply,

C
U ¢ = Z,
=1

G(\C; = 0, Vi#],
0cC C; CZzZ, Vi,

where 0 denotes the empty set. The set Z = {z;,25,...,zy} is a finite set with N points,

and ¢ is the number of clusters such that 2 < ¢ < N.
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Formally, the c-means algorithm finds a centre in each cluster, minimizing an
objective function based on a distance measure. The objective function depends on the
distances between vectors z; and cluster centre ¢;, and when the Euclidean distance is

chosen as the distance function, the expression for the objective function is,

J= (Y Nz—al?), (2.10)

1 kz.eC;

M-

Ji=
i=1 i

C

~

where J; is the objective function within cluster C;.

The partitioned clusters are typically defined by a ¢ x N binary characteristic
matrix M, called the membership matrix, where each element my;;, is 1 if the kth data
point z; belongs to cluster C;, and 0 otherwise. Since a data point can only belong to

one cluster, the membership matrix M has the properties:
o the sum of each column is one, and
e the sum of all elements is V.
If the cluster centers ¢; are fixed, the m;;, that minimize J; can be derived as

Uit -l < ool Vi

my = )
0 otherwise.

That is, z; belongs to cluster C; if ¢; is the closest centre among all centres. If
alternatively myy, is fixed, then the optimal centre ¢; that minimizes (2.10) is the mean

of all vectors in cluster C;,

1

C; Zi,

|Cil k2 €C;
where |C;| is the number of objects in C;, and the summation is an element-by-element
summation of vectors.

The algorithm is iterative, and there is no guarantee that it will converge to an
optimum solution. The performance depends on the initial positions of the cluster
centres, and it is advisable to employ some method to find good initial cluster centres.
A major drawback of HCM is the way in which it treats the boundary points. Because
boundary data points may represent patterns with a mixture of properties of data in
more than one clusters, they cannot be fully assigned to either of these clusters, or do
they constitute a separate class. This shortcoming can be alleviated by using fuzzy

clustering as shown in the following.
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2.3.1.2 Fuzzy clustering (FCM algorithm)

It is reasonable to assume that points in the middle region between two cluster centres
have a gradual membership of both clusters. The fuzzified c-means algorithm (Jang,
Sun and Mizutani, 1997) allows each data point to belong to a cluster to a degree
specified by a membership grade, and thus each point may belong to several clusters.
The fuzzy c-means (FCM) algorithm partitions a collection of N data points spec-
ified by m-dimensional vectors z; (k = 1,2,...,N) into ¢ fuzzy clusters, and finds a
cluster centre in each, minimizing an objective function. Fuzzy c-means is different
from hard c-means, mainly because it employs fuzzy partitioning, where a point can
belong to several clusters with degree of membership. To accommodate the fuzzy
partitioning, the membership matrix M is allowed to have elements in the range [0, 1].
A point’s total membership of all clusters, however, must always be equal to unity to
maintain the properties of the M matrix mentioned above. The objective function is a

generalisation of (2.10),

c c N
J(M,cr,....ec) =D J; ZZ da,
i=1 i=1

where m;;, 1S a membership between 0 and 1, ¢; is the centre of fuzzy cluster C;, djy =
|z — ¢;]| is the Euclidean distance between the ith cluster centre and kth data point,
and g € [1,o0) is a weighting exponent. There are two necessary conditions for J to

reach a minimum,

N q
¢ — D=1 Mk
1 - N q bl
21 M
my, = .
¢ (dwN2/(g-1
jzl(ﬁ) /(g=1)

The algorithm is simply an iteration through the preceding two conditions. The cluster
centres can alternatively be initialised before carrying out the iterative procedure. The
algorithm may not converge to an optimum solution and the performance depends on
the initial clusters centres, just as in the case of the hard c-means algorithm.

FCM is also a supervised algorithm, because it is necessary to tell it how many
clusters to look for. If ¢ is not known beforehand, it is necessary to apply an unsu-
pervised algorithm such as subtractive clustering. Subtractive clustering is based on
a measure of the density of data points in the input space (Jang, Sun and Mizutani,
1997). The idea is to find regions in the input space with high densities of data points.
The point with the highest number of neighbours is selected as centre for a cluster. The
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data points within a prespecified, fuzzy radius are then removed (subtracted), and the
algorithm looks for a new point with the highest number of neighbours. This continues
until all data points are examined. In the following we look at the algorithm in more
detail.

Consider the set of Z given above. Since each data point is a candidate for a

cluster centre, a density measure at data point z; can be defined as

HZk Nz — 2]
exp(— A2l
Z (ra/2)?
where r, is a positive constant. A data point will have a high density value if it has
many neighbouring data points. Only the fuzzy neighbourhood within the radius 7,
contributes to the density measure.

After calculating the density measure for each data point, the point with the high-
est density is selected as the first cluster centre. Let z., be the point selected and D, is
its density measure. Next, the density measure for each data point z; is revised by the
formula
”Zk —Z H )

(ro/2)*
where r}, is a positive constant. Therefore, the data points near the first cluster centre z,
will have significantly reduced density measures, thereby making the points unlikely
to be selected as the next cluster centre. The constant r;, defines a neighbourhood to

be reduced in density measure. It is normally larger than r, to prevent closely spaced

D;. = Dy — D¢, exp(—

cluster centres; typically r, = 1.5r,.
After the density measure for each point is revised, the next cluster centre z., is
selected and all the density measure are revised again. The process is repeated until a

sufficient number of cluster centres are generated.

2.3.1.3 Identification of consequent submodels

Normally clustering methods are not concerned with the problem of identification of
consequent submodels. This is one of the major weakness of clustering approaches
used for model construction, since it is natural to have a dual process of data (model)
structuring or construction (ie., clustering here) together with model determination,
since there is clearly a trade off between the number of clusters, or models, model
accuracy and model complexity.

In some cases the submodel identification problem can be incorporated in the
clustering. One of the special cases is that the structure of the submodels is a prior
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determined, and therefore the task reduces to parameter estimation. This idea can
be illustrated by a special fuzzy clustering technique called product space clustering
applied to a simple model structure.

A simple and practically useful parameterisation of (2.7) is an affine form, result-

ing in the following rules:
IF ¢isA; then y;=alo+b;. i=1,..,L, (2.11)

where a; is a parameter vector and b; is a scalar offset, & € R¢. This is the affine TS
model defined in (2.9). We will now explain how fuzzy clustering can be used for
constructing affine TS fuzzy models from data. The approach, proposed by Babuska
and Verbruggen (1995a), is based on an assumption that the identification data is a
representative sample of the regression surface (surface defined by y = f(¢)). In
practice, this may not be true as there may be data sparsity in serial regions of the
data space, and some form of regularisation may be needed in modelling. A fuzzy
clustering algorithm based on an adaptive distance measure is applied to partition this
data into several clusters. These clusters are projected onto the antecedent variables to
form the membership functions and from the fuzzy covariance matrices of the clusters
the consequent parameters are derived. Cluster validity measures and cluster merging
techniques can be applied to find an appropriate number of rules. In the following we

briefly describe this method.
1. The Gustafson-Kessel’s algorithm

Suppose a set of N data pairs (¢;,y;),j = 1,...,N is available. Denoting z; =
[0,,7;]7 we can write this data set in a matrix form

Z= [Z],...,ZN], YARS R+

The vectors z; will be partitioned into ¢ clusters with prototypes v; = [vi 1, ..., Vi 4+1]] €
R i=1,....c. The c-tuple of the cluster prototypes is denoted as V = [vy,..., v¢].
The partitioning of the data is defined by means of a fuzzy partition matrix

U = [tjlexn,

where p;; € [0, 1] represents the membership degree of the data vector z; in the ith
cluster with the prototype v;. The Gustafson-Kessel’s (GK) algorithm (Gustafson and
Kessel, 1979) finds the partition matrix and the cluster prototypes by minimizing the
following objective function:

N

c
ZVU ZZ/”z]dz(zjv )7

=1 j=1
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subject to

Yiqm; =1, j=1,..,,N and
0< zljyzluij <N i=1,..,c,
where m > 1 is a parameter that controls fuzziness of the clusters, with higher values of
m the clusters overlap more. The shape of the clusters is determined by the particular

distance measure d(z;,v;) involved. Gustafson and Kessel (1979) gives an adaptive

distance measure:
dz(Zj,Vi): (Zj—Vi)TM,'(Zj—Vi), (2.12)

where M; is a positive definite matrix adapted according to the actual shapes of the

individual clusters approximately described by the cluster covariance matrices F;:

Sz —vi) (2 —vi)"
F= I . (2.13)
21 Hij
M; is calculated as a normalized inverse of the cluster covariance matrix F;:
M; = det(F)a F'. (2.14)

Algorithm:
Given a data set Z, the number of clusters ¢ and an initial (random) partition U,
the cluster prototypes V and the final partition matrix U are found by repeating the

following steps:

S 1z
1. Compute v; = ——————z’Nl g
j=1Hij

2. Calculate F; using (2.13).
3. Compute the matrices M; using (2.14).

4. Calculate d? (zj,v;) as given in (2.12).

5 d he f o . R - d(Z/‘,V,’)_z/(m_l)
. update the fuzzy partition matrix U : y;; = %, dlzy )20

ifdz(zj,vi) = 0 for some i =k, set up; = 1 and py = 0,Vi # k.

until a specified convergence criterion is satisfied, e.g. ||U; — Uj_1|| < € where [ is the
iteration step and € is a termination tolerance.
After convergence, the partition matrix U, the cluster prototypes v; and covariance

matrices F;,i = 1,..., ¢ are obtained.
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2. Extracting rules from the clusters

Suppose ®; = [@; 1,...,P; 4+1] is the normal eigenvector corresponding to the s-
mallest eigenvalue of F;. Recalling that v, is the cluster prototypical point we can

directly write an implicit form of the TS consequents:
@7 - ([9,] - Vi) =0.

The parameters a; and b; of the explicit form (2.11) are

1 T 1
i, 19+ Wid 7b':"
Qid+1 @ Pual’s b Qi d+1

a; = — (DIT - Vj.
and thus the clusters found by the GK algorithm can be represented by a set of TS rules
(2.11).

The antecedent fuzzy sets A; are obtained by projecting the fuzzy set defined
pointwise in the product space onto the regression vector space:

UA; = max pu;;, vie{l,..,N}.
O = e { I

3. Determine the number of rules

The number of clusters must be specified before clustering. Empirical relations
among the number of clusters ¢, the dimension of the regression vector d and the
number of data points N have been suggested by Jain and Dubes (1988). If no par-
ticular knowledge about the type of the process nonlinearity is available, automated
procedures for determining the number of rules can be applied. In connection with
fuzzy clustering two main approaches are used, i.e., validity measures and compatible

cluster merging:

e Validity measures are numerical indicators that assess the qualities of the cluster-
s. The data must be clustered several times, each time with a different number of
clusters. The number of clusters that minimize (maximize) the validity measure
is selected. A dedicated validity measure for the clustering-based identification
of nonlinear systems was proposed by Babuska and Verbruggen (1995b), which
combines a measure of the cluster flatness with the mean prediction error. This
approach conceptually resembles the use of information criteria in linear system
identification (Akaike, 1974) and can also be used for selecting the structure of

the model.
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e Cluster merging approaches start with a high number of clusters and proceed by
gradually merging similar clusters (Krishnapuram and Freg, 1992; Kaymak and
Babuska, 1995). The initial number of clusters must be set sufficiently high such
that the nonlinearity of the regression hypersurface can be captured accurately
enough. The number of clusters is iteratively reduced by merging clusters that
are sufficiently close and approximately parallel. Two clusters C; and C; are
approximately parallel if the dot product of their normal vectors is close to one:

](I)i-CD]'I > ki, ki closeto 1.

The distance of the clusters is measured as the Euclidean distance of the cluster

prototypical points:

lvi— V|| <kz, ks closetoO.

2.3.2 Lattice partitioning

In this category the TS model in (2.7) is decomposed into the following form

R,’I If 21 is Au AND 22 iSAz,' AND ... AND Zd is Ad,'
then y, =f;(x), i=1,2,...L, (2.15)

where univariate fuzzy sets are formed in each input axis which independent of fuzzy
sets defined on other input axis. Multivariate fuzzy sets are formed by taking the tensor
product of the univariate fuzzy sets.

Our meaning of the term lattice partitioning here includes all of input axis or-
thogonal partitioning strategies, rather than the normal sense of lattices. Increased
resolution can always be achieved by refining the input lattice by additional basis
functions, again preserving the fuzzy linguistic interpretation of the resultant system.
Possible methods for achieving this are shown in figure 2.2.

The K-tree and quad-tree approaches produce axis orthogonal splits, which whilst
aiding the representational aspects of the fuzzy system, limits the submodel modelling
capability. In the following we demonstrate the basic idea of lattice partitioning by a

simple algorithm using the Unbiasedness Criterion (UC).

2.3.2.1 UC algorithm

The UC is provided by Sugeno and Kang (1988) for the verification of a model struc-
ture. Using the criterion, it generates an algorithm for identifying the structure and
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(a) (b) (c)

Figure 2.2: Three different lattice partitioning strategies: (a) standard lattice (b) K-tree and (c)
quad tree.

parameters of a TS model from observed data. We first divide the observed data into
sets Ny and Np, and identify the consequent parameters for each set of data separately.
Then the UC is calculated as

UC = [3 (7% 3 + O P /2
=1

where 74 1s the number of the elements in data set N4, y‘;‘A the estimated output for the
data set N4 from the model identified by using the data set N4, and y’i“B the estimated
output for the data set N4 from the model identified by using the data set Np.
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Figure 2.3: Premise structure identification
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UC Algorithm

1. An ordinary linear model is identified. Its UC is calculated and written as UCyy).

2. A fuzzy model consisting of two fuzzy implications is constructed by first di-
viding the range of x; into two fuzzy subspaces. Then the premise parameters,
the consequent structure and parameters are identified. The UC of the model
is calculated. Similarly, a fuzzy model dividing the range of x; for i = 2,....k
is identified and its UC is calculated. Among the £ models, one with the least
UC is picked up. Its premise structure and UC are written as STy and UCyy,

respectively.

3. Suppose that the input variable x; is found to be put into the premises at the stage
2. Then STy, is as shown in Figure 2.3(a). The three possible constructions of

premise structure are shown in figure 2.3(b)—(d).

4. the stages after the stage 3 are similar to the stage 3. Whether the process is

terminated or not is decided by comparing UC}; with UC[;_y,

Figure 2.4 illustrates the algorithm for identifying the structure and parameters
of a TS model. From figure 2.3 we can see that the algorithm is one kind of K-tree

methods.

— choice of premise structure
premise parameters identification
— choice of consequent structure

consequent parameters identification

calculation of UC

verification of consequent structure

verification of premise structure

Figure 2.4: The UC Algorithm
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Other similar algorithms based on lattice partitioning include the so called local
Linear Model Trees method described in Nelles, Sinsel and Isermann (1996) which
is for identification of models with local basis function networks structure, and the
semi-empirical decomposition of operating point space proposed by Johansen and Foss
(1995) which is developed within a more general local modelling framework.

2.3.2.2 Local model identification

Johansen and Foss (1995) gives a typical general technique which integrates the lo-
cal model identification problem with the partitioning of the operating point space.

Suppose we have a decomposition of operating space into L disjoint regions:
z=z
el
for some index set Iy = {i1,...,ir}. A model structure of (2.8) based on above decom-

position is defined as
Sp = {(Zi, wi,1:(x,0;)) }ier, (2.16)

where 0; is the parameter of the ith local model. Assume that the data observations
are bounded. Then the system’s operating range Z can be approximated by the d-

dimensional box

Zy = [0, < x [T 2 -

Next we consider the problem of decomposing Z; into regions.
Consider the possible decompositions Z; = Z1; U Zj3. We restrict these possibili-
ties by the constraint that the splitting boundary is a hyper-plane orthogonal to one of

the natural basis vectors of RY, i.e.
= {Z €/ lZd1 < Cl}
Zyn ={z€Zi|zg, 2 C1}
for some dimension index d; € {1,...,d} and splitting point {; € [zrlni?l 214, )- Local
model validity functions for the two regions are defined by the recursion
wi1(z) = wi1(2)b(24, — 211,43 M1)
W12(z) = w1 (2)b(za) — 212,45 M2)

where Z; 4, = O.5(z}f’§? +z5") for i € {11,12} is the center point of Z; in the di-

direction. The function b(r;A) is a scalar basis function with scaling parameter A,
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and the local model validity function (degree of fulfillment) associated with the region

Zy iswi(z) = 1. The scaling parameters are chosen by considering the overlap between

the local model validity functions. For i € {11, 12}, we choose A; = 0.5¥(z73; —zﬁ‘é‘l’)

where 7y is a design parameter that typically takes a value between 0.25 and 2.0. There
will be almost no overlap when y = 0.25, and large overlap when y= 2.0. For each
dimension index d; € {1,...,d } we represent the interval [zﬁrjia?l , 21| by afinite number
of L; points uniformly covering the interval. Now dy, {;,f;, and f, defines a new model
structure, where the region Z; is decomposed according to the dimension index d; at
the point {;, and the two local model structures are f; and T,. Formally, the set of

candidate model structures .5, with n (n = 1,2,...) regions is given by

Sto= {{(Zi,wi.£)}j€{1,2,...,NL}}
S = {{(Z w18, (Zia Wi 80 10 € {1,2,..,d- N1}, j k€ {1,2,...,NL}}
S = {{(Z1, W1, 8), (200,01, 8), (250, Wi )
ibme{1,2,...d-Ni}, jkone{1,2,...N.}}
U {VATREATE ANVAIPRTAER MNVAIRTIS S
iime {1,2,...d-Ni}, j,kyne {1,2,...,N.}}
S =

The model structure set is now
S=5U%US5U...

which is illustrated as a search tree in figure 2.5 (from Johansen and Foss (1995)). Now
the structure identification problem can be looked upon as a multi-step decomposition
process, where at each step one region from the previous step is decomposed into two
sub-regions. Such an approach will lead to a sequence of model structures 57,52, ..., 5,

where the model structure S;1 has more degree of freedom than ;.
1. Model structure identification criteria

Let a model structure S of the form (2.16) be given. Together with the admissible

parameter set Og, S induces a model set
Ms = {M = (5,8);0 € 65}
Introduce the notation

¥0) = Y (D) +e(),
S(ZIS,G) = y(ﬂ‘f)(f'ﬂ—l?S?e)a
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Z

Figure 2.5: Model structure search tree illustrating possible decompositions into regions and
choice of local model structures. Each level in the tree corresponds to the possible decompo-
sitions into one more region than at the previous level, i.e., the model structure sets S}, %, 53
etc. The subset of model structures at each “super-node” in the tree corresponds to a fixed
decomposition into regions, but different combinations of local model structures.

where 2);,_; is the observation data with r — 1 points and y*(D,_1) is the deterministic
(predictable) component of the system output, e(z) is the stochastic (unpredictable)
component and £(¢|S,0) is the residual. Let 5 be a parameter estimate that minimize

the prediction error criterion (Ljung, 1987)
1 N
Js(8) = ¥ ztrace(e(t\S,G)ET(t]S,G)). (2.17)
=1

Let an unknown future data sequence be denoted by 2, and assume 2D, and Dy are
uncorrelated. Moreover, let Eq and Eq-+ denote expectations with respect to Dy and

Dy, respectively. The prediction error is given by (Ljung, 1987)
e'(1]8,85) = " (D_1) = 9(1| D1, S,85(Dy)) +et).
The expected squared prediction error is defined by
3(S) = Ep-Epe* (2|8, 85(Dy))e* (£|S,05(Dy))T .
The mean square error (MSE) criterion is defined by

Juse(S) = trace(Z(S)).
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Because the probability distribution for the prediction error is unknown, Jysg cannot
be computed. An alternative would be to minimize the average squared prediction

error (PE) criterion (Ljung, 1987)

| N
Jpe(S) = trace(— 28 (7]S,0s5)e(t]S,03) 7).
N3

For finite N, Jpr may be a strongly biased estimate of Jyssg. In the following several
criteria that are far better estimates of Jyssr than Jpr will be present.

1. Final prediction error criterion (FPE) (Akaike, 1969):

Jrpp(S) = H—p%f £(5),

where p(S) is the effective number of parameters (degrees of freedom) in the

model structure.

2. Generalized Cross Validation (GCV) (Craven and Wahba, 1979):

Jocv (S) = Jpe(S),

1
(1—p(s)/N)?
which is easily seen to be asymptotically equivalent to FPE, and assumes linear

parameterization of the predictor.

Any one of these criteria can be applied with the structure identification algorithm

presented in the following subsection.

2. Basic search algorithm

The problem is now to search the set § for the best possible model structure. The

estimate of the parameters in model structure S is defined by
0=arg meinJS(G)

where Jg(0) is defined by (2.17), and it has been assumed that a unique minimum
exists. Now, the chosen structure identification criterion is written as J'(S). We define

for a given n

Sy = arg minJ'(S)

Ses,

where it again has been assumed that a unique minimum exists. Consider the follow-
ing extended horizon search algorithm, where the integer n* > 1 is called the search

horizon:

Search Algorithm



CHAPTER 2. LOCAL MODELLING 32

1. Start with the region Z;. Let n=1.

2. Ateach stepn > 1, find a sequence of decompositions and local model structures
SnsSntt, - Snenr that solves the optimization problem
min J'(S).
SE Sy st

3. Restrict the search tree by keeping the decomposition that leads to S+ fixed for

the future.
4. If

J'(S,) > i J (Spsk
(Sn) ke{lr,r.]z}.l.].,n*} (Sn+k)

then increment 7 and go to step 2. Otherwise, the model structure S, is chosen.

Referring to figure 2.5, this algorithm will search the tree starting at the top, and
selecting a decomposition at each level through a sequence of “locally exhaustive"
searches of depth n*. In other words, this algorithm will make an n*-step-ahead optimal
decomposition at each step, in the sense that the decomposition is optimal if there is
going to be exactly n* more decompositions. If n* = 1, this is a local search algorithm.

3. Heuristic search algorithm

To reduce the number of candidates, Johansen and Foss (1995) suggests to apply
the following heuristic search algorithm in the “locally exhaustive” search at the second

step in the previous search algorithm:

1. At each level in the search tree, proceed with only the most promising candi-

dates.

2. Discard the candidate decompositions that give an increase in the criterion from

one level in the search tree to the next.

3. Discard the candidate decompositions that lead to regions with less data points
relevant to the region than the number of degrees of freedom in the correspond-

ing local model structure and local model validity function.

4. Use a (backward or forward) stepwise regression procedure to handle local mod-

el structure sets L of combinatorial nature.
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2.3.3 Comments

In this section, two typical operating point space partitioning methods were presented,
ie., clustering and lattice partitioning. The lattice partitioning methods are able to
determine the model structure and construct models from the experimental data. But
it is easy to see that within the lattice partitioning framework, when the dimension
of the operating point variable is large, the number of the possible structures at each
stage becomes combinatorially large. That is to say, these kind of algorithms share
the common problem of the curse of dimensionality. Clustering, on the other hand,
can avoid the curse of dimensionality. But for a general local model structure present
clustering methods are unable to include the problem of identification of consequent
submodels. Also, most clustering algorithms need a priori known number of clusters.

Besides the above mentioned techniques, another popular modelling algorithm in
this field is Adaptive Spline Modelling of Observation Data (ASMOD) (Kavli, 1993;
Kavli, 1994; Brown and Harris, 1994). This is covered in other theses by ISIS research-
es, see eg., Bossley (1997). ASMOD is an important attempt to solve the problem
by reproducing the internal structure and dependencies contained in the training data
whilst retaining transparency. But It still has not thoroughly overcome the curse due to
its inherent lattice partitioning nature.

Nevertheless, using the techniques presented in this section or the new techniques
in next chapter, we are able to construct TS models for the systems (2.1) - (2.6). Next
section lists a number of typical TS models which can be derived by these techniques
from experiment data of systems (2.1) - (2.6) and will be used in subsequent chapters.

2.4 Some types of TS models

There are many alternatives of the local models in TS model (2.7) or (2.8). We can
choose either continuous time models or discrete time models, and also either input-
output models or state space models. In the following we list some types of TS models
corresponding to some of the systems (2.1)—(2.6) which can be established by the

techniques described in section 2.3.

Discrete time input-output TS model

Vir1 = Ewi(xt)fi(xt). (2.18)
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Discrete time state space TS model

x(14 1) = S (x(O)(x(0) (2.19)

Continuous time state space TS model

zw, NE(x(2)). (2.20)

Affine continuous time state space dynamic TS model
(1) = Y wi(x(6)f; )+2w, x(1))u(r). (2.21)
i

Chapter 3 will use the discrete time TS models (2.18) and (2.19) to demonstrate the
new modelling techniques. Chapter 5 will use model (2.20) for local stability analysis.
The affine continuous time state space dynamic TS model (2.21) is affine in control

signal which will be used in chapter 6 for controller design.

2.5 Quasi-linear system models with neural network
parameters

Consider a general nonlinear dynamical system given by (2.1). In the design of non-
linear control systems linearisation about a fixed, known operating point is a standard
solution as it leads to a locally linear model for which a controller can be synthesized
by classical linear control design methods. For many practical processes (e.g., aircraft
gas turbines or ship dynamics), the operating point varies either as a function of in-
dependent parameters (such as mach number and altitude for an aero-gas turbine) or
more usually, as a function of the system states. In the light of this observation, (2.1)
can be represented by quasi-linear system model of the form (Billings and Voon, 1987,
Chen and Billings, 1989; Johansen, 1994a; Johansen and Foss, 1993; Priestley, 1988;
Sastry and Isidori, 1989)

yir+1) = a(0)y(@)+---+an(0)y(t—n+1)
+b1(0)u(t—d)+-- -+ by (0;)u(t —d —m+1) (2.22)

where a;(O;) and b;(0;) (i=1,2,---,n; j=1,2,--- ,m) are a priori unknown func-
tions of the measured operating point O,. The existence of representation (2.22) de-
pends on g(-) being first order differentiable with respect to its arguments x; defined
in section 2.1.1 (Billings and Voon, 1987; Chen and Billings, 1989; Sastry and Isidori,
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1989). This is an assertion since g(-) is a priori unknown in adaptive control, but for
most practical processes it applies. When (2.22) is a single-input single-output (SISO)
system, various special cases have been studied including:

(i) The nonlinear function g(-) can be decomposed (Wang, Liu, Harris and Brown,
1995) such that

n—1 m—1
g() = ;)fi(y(f —i)+ ;)gj(u(t— d—j))

for all fi(-), g;(-) first order differentiable.

(i) The operating point O; is independent of current value of x,, and is a function
of independent measurable variables (Wang, Liu and You, 1991; Wang, Wang,
Brown and Harris, 1996). Under assumptions concerning smoothness properties
of the unknown parameters a;, b, Taylor series expansions have been utilised
to identify the unknown system, which is in turn controlled by an adaptive con-
troller under the certainty equivalence principle (Xie and Evans, 1984). The
high order smoothness properties of the Taylor series approach greatly limit this

method.

(iii) Other special cases that have been well researched via conventional statistical
based methods (Priestley, 1988) include:

(@) {a;(-)} are constants and
p . .
bi(-)=cj+ X bipylt—i); j=1,---,m
i=1
for ¢, b;j constants. Then the system (2.22) is bilinear.

(b) {ai(-)}, {bj(-)} are constants, then (2.22) is an autoregressive moving aver-
age (ARMA) process.

(¢) {ai(-)}, {b;(-)} depend only on ¢, then (2.22) is linear and non-stationary.

2.5.1 Model structure

For the general class of operating point dependent quasi-linear model (2.22), if O, is
independent of the system input and output, the multiple differentiability, local condi-
tioning, and input boundedness conditions can be relaxed, even when the parameters
{a;(-)}, {b;(-)} are a priori unknown. It is well known (Brown and Harris, 1994;
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Harris, Moore and Brown, 1993) that unknown continuous nonlinear function (such
as a;(+), b;j(-) and f(-)) defined on a bounded closed set can be approximated with
arbitrary accuracy by various neural networks, avoiding the restrictions and limitations
of the Taylor series approach.

If (2.22) 1s SISO, the nonlinear coefficients can be expressed via associative mem-
ory networks (Wang, Brown and Harris, 1996) as (from now on we assume d = 0 for

simplicity)
]
No(0)) = Y witk(0)) i=1,---.n (2.23)
k=1
Lo
No;(Or) = ijkq)k(Ot) Jj=1m (2.24)
k=1

where {w9 } and {w?k} are the unknown weights of the neural networks, and {¢x(+)}
are known basis functions (including B-spline, CMAC, and Radial basis functions with
prespecified centres (Brown and Harris, 1994)) and [ is a known integer (I > n,m).
The motivation for using this type of architecture is the assertion that the space of
measurable operating points is generally considerably smaller than a conventional
nonlinear autoregressive moving average (NARMAX) system input space; in practice
this is generally true. If the nonlinear coefficient representations (2.23) and (2.24)
are based on B-spline polynomials (Brown and Harris, 1994), then the resulting local
models (see equations (2.25) and (2.26) below) are a generalised neurofuzzy model-
ing extension (Harris, Wu and Feng, 1997) of the Takagi-Sugeno fuzzy input/output
model (Jain, 1997). These equivalence conditions are quite mild, in that the fuzzy
operations are restricted to the algebraic sum/product operations, defuzzification is by
centre of area, and the membership functions are B-splines with a partition of unity
(X1 0k (x) = 1) to provide normalisation. The number of parameters or weights {w4 }
and {W?k} used in the representations (2.23) and (2.24) can be pruned by automatic
construction algorithms such as ASMOD, that have been derived for solving the curse
of dimensionality in neurofuzzy systems (Harris, Wu and Feng, 1997). In practice this
reduces the numbers of parameters from exponential in the input dimension (n+m) to
almost linear in (n+m). The system (2.22) can be rewritten using (2.23) and (2.24) as

y(r+1) = iNak(Ot)y(t—kJr 1)+ f:ka(Ot)u(z—m— 1) +AF(0),  (2.25)
k=1 k=1
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Figure 2.6: The neurofuzzy modelling architecture for the quasi-linear system (2.25).

where Af(0O;) is a model mismatching error:

n n

= (Nao(01) = ax(0))y(t —k+ 1)+ D (N5, (0;) — br(O,))u(t —k+1).
k=1 k=1

(2.26)

Figure 2.6 illustrates the neurofuzzy modelling architecture for the quasi-linear system
(2.25).

2.5.2 Parameter estimation

If the networks can exactly model the nonlinear functions, the system is referred to
as a matching system, whereas the system which can only approximate the nonlinear
functions to a known accuracy is called a mismatching system. For a matching system
it has been shown (Wang, Brown and Harris, 1996) that the representation (2.25) can

be transformed into the form

y(t+1) = (1)8, (2.27)
where
6 = [W‘ﬁ"'chz"'szWlfl"'Wlfz"'Wszz}T> (2.28)

D(r) = [G1y(t) - oy(t) oyt —n+1) dru(t)-- ot —m+1)]". (2.29)

Equation (2.27) is in the standard form of linear regression for parametric identifi-
cation. Let © be the estimate of 6 then the normalised least mean square (LMS)
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algorithm (Brown and Harris, 1994) can be utilised:

D(r—1)e(z)

NB(1) = é(t)—é(t—l):nHCD(t—l)HZ—’rc’ (2.30)
g(r) = y(r)—9(—1), (2.31)
Pr—1) = d(r-1)6(t—1), (2.32)

where 1 € (0,2) is the learning rate, ¢ a positive arbitrarily small constant, 6(0) ini-
tial condition. The quasi-linear model identification of the system (2.25) for model

matching is summarized by:

Theorem 2.1 (Polycarpou and loannou, 1992) When the normalized LMS algorithm
(2.30)—(2.32) is applied to the data set {y(t),u(t)} generated by original process
(2.22) (single-input single-output), the equalities

hold, where 1y is a positive integer. Furthermore, if ||®(f — 1)|| < oo, then lim; o (y(¢) —
§t—1)) =0.

Later in chapter 7, we will deal with the modelling and control problems of MIMO
mismatching systems of general form (2.22) with known orders, in which a;(-) and

b;(-) are unknown functions of x;.

2.6 Conclusions

In this chapter, a general view of existing local modelling techniques is given. The con-
cepts and the typical methods of fuzzy modelling and a class of quasi linear operating
point dependent modelling are presented. In summary, to overcome the shortcomings
of clustering and lattice partitioning, it is necessary to develop new local modelling
methods which are able to get rid of the curse of dimensionality, do not need to
prespecify the number of local areas, and identify the local models with the process
of partitioning. In next chapter, we will use the background presented in this chapter
to develop such kind of methods. In chapter 7, the modelling problem of general quasi
linear operating point dependent model structure (2.22) is solved together with the

controller design and stability analysis.



Chapter 3

Two New Local Modelling Schemes

The purpose of this chapter is to present two new partitioning techniques for data
based modelling of a priori unknown nonlinear dynamical system. As we have seen
in chapter 2, there has been a considerable number of studies on fuzzy based mod-
elling (Brown and Harris, 1994; Bossley, 1997). Many of them are based on lattice
based partitioning of the input space and as such suffer from the curse of dimensionality
(COD), 1n that as the input dimension increases the parametrisation, computation cost,
training data requirements, etc. increase exponentially. The Adaptive Spline Modelling
of Observational Data (ASMOD) algorithm (Kavli, 1993) was introduced to overcome
this problem by decomposing a multivariable input-output mapping into a sum of lower
dimensional submodels. But the number of submodels still grows very quickly when
the dimension increases because of the input-space inherent lattice partitioning nature.
Another main disadvantage of lattice partitioning is the problem of model discontinu-
ities resulting in large approximation error possibly leading to instability of consequent
controllers. Another typical partitioning method is clustering including hard cluster-
ing (Lewis, 1990; Jang, Sun and Mizutani, 1997) and fuzzy clustering (Jang, Sun and
Mizutani, 1997; Kim, Park, Ji and Park, 1997) which have been described in chapter
2. One of the drawbacks of clustering methods is that normally the number of clusters
must be specified before clustering. Also, a high density of data may not be significant
because it may simply be where high numbers of samples have been taken. Perhaps
more significant is the variance of the data in clusters, since high data variance suggests
rapid changes in process variables.

Nonlinear systems can also be approximated by piecewise locally linear models
via local linearisation (Smith and Johnansen, 1997; Billings and Voon, 1987). Not only
can a multiple local modelling approach be more efficient in capturing the real system
dynamics than a single global nonlinear model (Smith and Johnansen, 1997; Hsu,

39
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1987), but also piecewise locally linear models are advantageous in that well-known
linear control and filtering methods are directly applicable to the identified model. In
a piecewise linear model, the input space is partitioned into a set of local (usually
orthogonal) regions. The local models that operate on these regions are identified
separately and the system output is based on a composition of the local models to
obtain a good global approximation to the real system.

The approximation performance of a piecewise locally model is strongly influ-
enced by how the input space is partitioned. To overcome the problems raised by lattice
partitioning and clustering, in this chapter, firstly we provide a new fuzzy modelling
technique by modifying the lattice partitioning method proposed by Tan and Yu (1996)
and a method of adding new multi-dimensional membership functions to the system
to form a new model (Feng and Harris, 1999a). This method is able to derive fuzzy
models from data automatically, avoiding the COD problem, which is illustrated by an
example.

Secondly, we introduce a new algorithm for the construction of a Delaunay input
space partitioned optimal piecewise locally linear models to overcome the COD as well
as generate locally linear models directly amenable to linear control and estimation
algorithms (Harris, Hong and Feng, 1999). The training of the model is configured as
a new mixture of experts network with a new fast decision rule derived using convex
set theory. A very fast simulated reannealing (VFSR) algorithm is utilised to search
for a global optimal solution of the Delaunay input space partitioning. A benchmark
non-linear time series is used to demonstrate the modelling approach.

This chapter is organized as follows: Section 3.1 to section 3.4 are devoted to
develop the first modelling scheme; Section 3.5 to section 3.8 are for developing the
second modelling scheme. For the first method, section 3.1 presents the model struc-
ture. Section 3.2 derives the modelling algorithm. Section 3.3 proves the convergence
results. Section 3.4 gives a simulation example. For the second method, section 3.5
gives an overview of the algorithm including its background. Section 3.6 presents the
training algorithm of Delaunay input space partitioned piecewise linear models with
the introduction of the new decision rule derived from convex set theory. Section 3.7
describes the application of VFSR algorithm to achieve a global smooth piecewise
linear model via the optimisation of input space partition. Numerical examples are
presented in Section 3.8. The conclusions of the whole chapter are given in Section

3.10.
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3.1 A new partitioning approach for fuzzy model con-

struction

In this section, we assume that an input sequence {u, } is applied to an unknown nonlin-
ear discrete-time multivariable dynamical system (2.2) generating an output sequence
{y:}. Recall that in section 2.1.1 we obtained a discrete time nonlinear model of the

form

Yer1 = f(yr, ), 3.1

where u, € RS and y: € RN at discrete-time instant 7; £(-) is some unknown nonlinear
vector function. With the definition x; = [y/ u/]T € RY,y=n+E& = np+mg, (3.1)
becomes (cf. (2.2) and (2.3))

Y1 = f(x;). (3.2)

3.1.1 Fuzzy model

Let a subset D in RY be given. With the help of membership functions, we can readily
define fuzzy quantities on D. To this end, let us suppose by some means we have a set
of appropriately distributed points p;(i = 1,2, ...) in D. Then the Gaussian membership
function centered at p; can be defined by:

pi(x) = e-HX—Pin/G?7 (3.3)

where X € D, || - || denotes the y-vector norm, and o; is a positive scalar which deter-

mines the shape of y;(x). In the following we will use the normalized membership

Jfunctions of the form

wilx) = Hi%)_ (3.4)
jH5 (%)
We regard the collection of all such membership functions {w;(x)|i=1,2,...} as

defining a fuzzy quantization on D, and each w;(x) as a fuzzy quantity. We shall use w
to identify the fuzzy quantity with the membership function w(x), and Dr = {w;|i =
1,2,...} to denote a fuzzy quantization on D.

We use notation ) = Gr(.X) to denote a set of fuzzy rules, where X and ?)" are
two fuzzy variables. Let the ith fuzzy rule from X to 9 be given as “If X = w; then
Y =v;” (i=1,2,...). If we choose the TS fuzzy model structure, the v; can be a crisp
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function of x. In this chapter, functions which are affine with respect to x are used in
local models as v;, ie., v; = A;x+ B;. Let p; be the centres of w;. Then & = Gr(X)
can be determined by Gr(p;) = A;x+ B;. This results in the affine TS fuzzy model (cf.
(2.9) and (2.11))

Yir1 =2 wi(x) (A% + By). (3.5)

In light of (3.5), our objective of fuzzy modelling is to find both the membership
functions w;(-) and model parameters A;, B;, (i = 1,2,...) such that the output of (3.5)
approaches the real system output y, asymptotically when excited by the same but
arbitrary data sequence. Suppose there are ¢ local models.

Denote
Ax) = [x"wi(x) wi (x) x w2 (%) wa (%) ... X we (%) we(x)], (3.6)

and
Q=I[A1 Bi Ay By ... A B.). (3.7)

Using the definitions of Q and A(x) in (3.6) and (3.7), equation (3.5) can be
rewritten in the matrix form

i1 = QAT (x,). (3.8)

It is essentially a weighted sum of Gaussian functions. For any continuous nonlinear
function f(-) defined on a compact set D and an arbitrary small number €, there always
exist a matrix Q and a vector of Gaussian functions A(x;), all of finite dimension, such
that (Park and Sandberg, 1990)

max [[f(x;) — OA(x/)|| <e. (3.9)

This universal approximation property enables us to ascertain that (3.8) can indeed
approximate any nonlinear function by adjusting the matrix Q and the parameters

involved in the membership functions.

3.2 The modelling scheme

Suppose that a set of 4 sample data pairs denoted by {(x;,y;),1 <t < h} is obtained
from an appropriate experiment. Our task now is to extract a fuzzy model of the form

Y11 = OAT (x,). (3.10)

from the data. The fuzzy modelling scheme is as follows:
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1. Algorithm initialization: set ¢ = 1. The membership function centre py is located
on the centre of gravity of the input data, that is, the point whose components
are the average values of corresponding components of all data. As there is only
one multi-dimensional fuzzy sub-set covering the overall domain, the associated
membership function wy (x;) is everywhere equal to 1. So A(x;) = [x! 1] for any

t, and our first model is

ol AT

Yip1 = OA" (x). (3.11)
where Q = [A1 By]. Defining ¢! = §/ —y, to be the modelling error at point 7, Q
in (3.11) can be estimated as follows:

_ oelAx)
B+A(x)AT (x;)’

Ort1 = 0O
Q = O

where o and 3 are positive constants chosen as 0 < o0 < 2 and § > 0. Qp can be

assigned arbitrarily.
2. Model expansion: At step ., define
ek =9 —y,1=1,.n (3.12)

Suppose py is the data point on which the modelling error is maximum in step
k—1. Add pg into the centre points set to form a new matrix P = [p; p2 ... Px)-

Define
AL = i —pill.
k @;réklipl p;ll
Determine o; such that
2 )
gAkgcigAk,zzl,Z,...,k. (3.13)

From (3.4), (3.5) and (3.6) we calculate A(x;). The matrix Q in (3.10) is esti-

mated as follows:

B cefA(x 1)
Ot = O T B A AT ()
t=1,..h—1 (3.14)
Q = O

Again, o and B are set same as in step 1.
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3. Set c = k. If 3, ||e¥|| is small enough then stop, otherwise k = k+ 1, go to the

above step.

Remark The o and B can be choosen by the designer within the permitted intervals.
o will affect the speed of the convergence and a accuracy of the estimation, ie., the
smaller the o, the slower of the convergence. the choice of 6; in (3.13) is obtained on

observation and experiment.

3.3 Convergence of the algorithm

The following theorem summarizes the convergence result of the proposed modelling

algorithm:

Theorem 3.1 Let ef" be defined as in (3.12). Choose 0. and beta so that0 < o. <2, B>

0. There exists an integer k such that the modelling scheme described in preceding

section guarantees that
tlgg“ez |=0.

Proof: In the following we use a standard method (cf. (Tan and Yu, 1996)) to prove
the theorem. According to (3.9), there is a large enough integer k and a matrix Q
whose number of column is & such that y, 11 = QA(x,). Subtracting Q from both sides
of (3.14), and denoting E;, = Q; — O, we have that

Ocef‘_lA(xt_z)
B+ A(x2)AT (x-2)

EI—EI——Z — (315)

Define V/ = E!(E!)T, with E! being the ith row of the error matrix £, (i = 1,2,...,1).
Then

V=V, = (El—El_,))(E}—E_,)" +(E/ — E]_;)(2E]_,)". (3.16)

Substituting (3.15) into (3.16) and noting that the ith row of e} is & = Ef_ | AT (x,_1),

we have
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Ocz(e’(‘z_l)l.)zA(x,_z)AT (%—2)
(B+A(x-2)AT (x,-2))?

< Otz(el(ct—l)i)2

= BHAX—2)AT(x,2)’
20k M) (BT

B+ A(x—2)AT (x,-2)
2a(e’(‘t_1)i)2
CBHAX_)AT(x,2)

(El—E/_))(El—E_,)T =

(Eti - zi—z)(ZELz)T =

Thus from equation (3.16) we have

N ) N
T = B A(_)AT (X—2)  PAAx—2)AT (x_2)
(e](cz—l)i)z
= —o2—a
2 O A AT (5 )
< 0,
ie,
(l((t 11)2
o2 —o <V V‘
2 ) R ) AT () = 2
Therefore,
i 2- ()" < Vi4vi-vi-V
o o) < +
= B4+ A(xj-1)AT (xj-1) o s
< Vi+vi,
which leads to
I Z 2-a) (€ <Vi+Vi
im o o -+ V7.
z—><>0. B—f—A(Xj_l)AT(Xj_])m 0 1
From the above we have that
|e

lim =0
t=e /B A(X—1)AT (%,_1)

for all i. But

0< i i :
T VB T VB A )AT (xi)

We conclude that lim; . Iefi[ =0, and so

lim [[ef | =0,

proving the theorem.
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3.4 Example

The well-known Box and Jenkins gas furnace data is used (Box and Jenkins, 1970) as
an example to illustrate the above modelling algorithm. The data consist of 296 /O
measurements of a gas furnace system. The input u(r) is the gas flow rate into the
furnace and the output y(¢) is CO, concentration in outlet gas. The sampling interval
is 9 seconds. The furnace’s input and output data are shown in Figure 3.1 and Figure

3.2, respectively. We will now construct a fuzzy model of the form

y(i+1)=f(t),y(—1),y(t—2),u(t),u(t—1),u(t —2)), (3.17)

which was also suggested in Kim et al. (1997). Within our modelling framework, let

v = Dp—=2)yt=1)y0)],
u = [u(t—2)ut—1)u@)]’,
X = [ytT utTL
then we have
Y1 :F(Xt>7

which is a 6-input 3-output fuzzy model.

3

gas flow rate
o

2

-3 s L L L
o 50 100 150 200 250 300

timet

Figure 3.1: The input measurements of the gas furnace

Using the above proposed algorithm, we get a fuzzy model consisting of 4 rules
which partition the 6-dimensional input space into 4 subspaces. The membership
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Figure 3.2: The output measurements of the gas furnace

Rule P, C;
1 [53.3901 53.4214 54.1673 -0.0173 -0.0470 0.2801] | 3.5867

2 [53.6510 53.3827 53.1590 0.1840 -0.0374 -0.0346] | 2.9874
3 [51.011152.3321 49.0901 1.5213 1.0112 1.8002] | 1.2432
4 [56.2434 55.5421 55.0121 -1.8756 -1.3452 -1.1345] | 2.0021
Table 3.1: The membership functions of Example 1
Rule Al‘ Bl‘

1 [0.4075 -1.4869 2.0160 -0.1521 -0.1636 0.0762] | 3.4112

[-0.0913 -0.2034 1.0882 -1.5711 1.3619 -0.4190] | 10.9817
[0-0.5490 1.4131 -0.7552 0.4451 -0.1210] 7.3461

[0.3820 -1.3421 1.8589 -0.5358 0.1901 0.3817] | 5.4141

Table 3.2: The local models of Example 1

EE S )
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Figure 3.3: The modelling performance
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functions are shown in table 3.1 and the local models are shown in table 3.2 (only
the last rows are shown). The modelling performance is shown in Figure 3.3. The
modelling error is shown in Figure 3.4. We can see that even with such a simple
structure the model is quite satisfactory. Note that if using the lattice partitioning
algorithms such as that proposed in Tan and Yu (1996), then the number of rules will
be substantially bigger due to the high dimension of the input space. For example,
if each axis is partitioned into only two regions, then the total number of submodels
would be 26 = 64! Generally speaking, if the dimension of input vector varable x; is 7,
if use lattice partitioning algorithms, then the number of local areas is an exponential
function of n. But if use the proposed method, the number of local areas does not have

to depend on n. Therefore it can avoid COD problem.

3.5 Optimal piecewise locally linear modelling

In the remainder of this chapter, we introduce an optimal piecewise locally linear
modelling algorithm for nonlinear systems that is amenable to controller design, but
utilise only input-output data to formulate the design (Harris, Hong and Feng, 1999).
In next section, a new mixture of expert network (MEN) (Harris, Hong and Feng,
1999) is introduced to form smooth piecewise linear models using a Delaunay partition
of the input space (Sibson, 1978; Lo, 1989; Wu and Harris, 1998), a popular domain
partition method in numerical analysis which is efficient in forming irregular regions.
One of the main advantages of the MEN algorithm in dynamical system modelling is
that the local models are formulated in a global form and consequently can be trained
adaptively and on-line. At each iteration, each local linear model is selected to be
trained using a Min/Max decision rule in the mixture of experts network. However
the application of the method is restricted due to an a priori assumption of convexity
of the output surface which determines the decision rules that are used to train the
network. For a wider class of nonlinear systems with nonconvex multimodal output
surfaces, global optimisation techniques may provide viable approaches to obtain the
most appropriate Delaunay partitioned input space which is necessary to obtain smooth
piecewise linear models with optimal approximation properties. In section 3.7. a very
Jast simulated re-annealing (VFSR) method is introduced for global optimisation of
non-convex cost functions (Ingber, 1989; Ingber, 1992), which has been effectively
applied in nonlinear signal processing applications (Chen and Luk, 1999). A new
optimal piecewise local linear modelling algorithm is established based on the MEN
and VESR. The proposed algorithm consists of two training phases, global optimi-
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sation of the input space partition using the VESR procedure and a local linear model
training using conventional gradient descent such as the normalised least mean squares
(NLMS) method (Brown and Harris, 1994) with the introduction of a new mixture of
experts network using a new decision rule derived from convex set theory. The VSFR
method is applied with a global optimisation cost function to find an optimal set of
vertices of a Delaunay triangulation that forms a collection of subsets of the input
space in order to obtain an optimal piecewise linear model. The new MEN algorithm
is formed with a new simple and fast decision rule for the gate control in training
each local model, which is derived using convex set theory and is applicable to high
dimensional Delaunay input space partitioning. In consequence the advantage of fast
on-line properties of MEN is extended to unknown output surface convexity problems.

3.6 The decision rule for the training of piecewise lin-
ear model

The mixture of expert network is a hierarchical structure as shown in Figure 3.5 (Smith
and Johnansen, 1997; Wu and Harris, 1998; Harris, Hong and Feng, 1999). The nodes

Ay
Yix)

Manager

g

o @ | Experts

Input vector x = [X,...., xn]T

Figure 3.5: The mixture of experts network

of the first layer of the network represents the individual expert who sends a report
to the manager. The manager monitors and evaluates all the reports to form a final
opinion of the system output and how the network is to be trained, by operating the
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gate g; of each expert using some decision rules.

In the piecewise linear modelling problem, the experts correspond to a set of local
linear models. Consider a system y = f(x) where y denotes system output, X is system
input vector with an appropriate dimension and f(-) is described by a piecewise linear
model. Denote the input space S: x € § C R”". A piecewise linear model consists of a
set of L local linear models with a set of L operating ranges S(U, §@) ... (@) which

satisfy
S(I)US(?-)U...US(L) =, (3.18)
and
SIMS®W =0, when j#£k, (3.19)
where 0 denotes empty set. Each local model is written as
fix)=[1 x"0% IFxest) i=1,--- L, (3.20)

where ©() € R denotes parameter estimate vector used in ith local linear model.

The output of the network is defined by
L

(x) = gidi(x) (3.21)
i=1

with

1 Fxes®
&= 0 otherwise.

For the application of mixture of experts network to dynamical system modelling
and time series that the training of the network is carried out in an adaptive and on-line
processing manner, some fast decision rules for the control of the gate g; is desirable.
Before developing such a rule, firstly we need to introduce the concept of Delaunay
triangulation (Sibson, 1978; Lo, 1989). For simplicity, we only discuss the two dimen-
sional case. For Delaunay triangulation in a n-dimensional Euclidean space (n > 2),
please refer to Brostow and Dussault (1978) or Bowyer (1981).

Let P={P,i=1,...,N} be a set of N points in %2, and define the set of poly-
gons V= {V;i=1,..,N} where V; = {x € R?| ||x— B < ||x — P;||,Vj # i}, and
|| - || denotes Euclidean distance norm. V; represents a region of :R? whose points are
nearer to node point P; than to any other points. Thus, V; is an open convex polygon,
usually called a Voronoi polygon (Brostow and Dussault, 1978), whose boundaries
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are portions of the perpendicular bisectors of the lines joining node P; to node P;
when V; and V; are contiguous. The collection of Voronoi polygons V is called the
Dirichlet tessellation (Bowyer, 1981). In general, a vertex of a Voronoi polygon is
shared by two other neighbouring polygons so that connecting the three node points
associated with such adjacent polygons forms a triangle, say, 7. The set of triangles
{T¢} is called the Delaunay triangulation. This construction can be shown to be a
triangulation of a convex hull for the set of node points P (Sibson, 1978). Figure 3.6

gives a demonstration of these concepts forn =2 and N = 5.

Figure 3.6: A Delaunay triangulation in ®?: Node points: P = {P;, P,, P;, P4, Ps}, Voronoi
polygons: {V,V,,V3,V4,Vs}, vertices of Voronoi polygons: {x,x;,x3, x4}, Delaunay triangu-
lation of P: {AP; PyPs, NP P>y Ps, AP Py Ps, AP3P4P5}

An important property of the Delaunay triangulation is that any three node points
will form a Delaunay triangle if and only if the circumcircle defined by these three
nodes contains no other node points in its interior. Note that a Delaunay triangle is a
triangle in 2D, a tetrahedron in 3D, and so on. Each Delaunay triangle connects n + 1
vertices in the n-dimensional space. Although Delaunay triangulation is a useful tool
in finite element method, its application has primarily been to convex hulls. In the
sequel, Delaunay triangulations are used to develop a fast decision rule for the control

of the gate g;.
Consider the model input space operating ranges {S(i)} which is formed using
Delaunay triangles as S = ﬂ{v(()l>,vgl),--- ,VS,I)}, where {v((;),vgl),--- ,ng)} denote

the vertices of {SV}, by allowing some points freely within or on the hull of the
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input space to form these vertices, as illustrated in Figure 3.7. The free parameters
determining the positions of these free points can be written as a vector ® € R” with
an appropriate dimension p, which can be optimally determined using the VFSR al-
gorithm described in next section. Note that with present method, the transformation
from o to {Vg),vgi), e ,vff)} must be explicitly defined by the modeller subject to the
neighbour information produced when he or she defines and labels these Delaunay
triangulations satisfying (3.18) and (3.19). These neighbour information involve a
few constraints, such as, some of the vertices use the natural vertices of the input
domain, some of the free point are constrained on the hull of input domain, and the
vertices of different Delaunay triangles use a coincident point. As a consequence of
these constraints, the dimension size of free parameter ® can be reduced to a small
number. For example, the input partition of Figure 3.7 involves only 8 free parameters.
Hence the derivation of {V(()i),vgi), e ,V,(f)} from ® would not incur much difficulty
because it is always advised to use as small number of free points as possible in order
to overcome the curse of dimensionality. For this purpose it is also recommended that
preprocessing of variable selection is used to reduce », the dimension of input vector x,
prior to modelling for very complicated systems using conventional signal processing
algorithms such as projection pursuit, principal component analysis (PCA), canonical
analysis or some special model construction algorithm (Bossley, 1997; Hong, Harris
and Wilson, 1998; Huang, Harris and Nixon, 1998).

It can be shown from convex set theory that any point x within S9 is a unique
convex combination of {véi)7v§i), e ,v,(f) } as (Stoer and Witzgall, 1970)

x=Y 20, (3.22)

where kgi) >0,35 kﬁi) = 1. Denote Al) = [kgi) o ,7&,@ T € R” and substitute Kéi) =
-3 A into (3.22), yielding
A = [79)] vy, (3.23)
where V(1) = [ gi) — v(()i), e ,vff) — V(()i)] € R Hence the IF statement in (3.20) can be
represented through L experts opinions given by (3.23). The manager chooses the gate
gi by using a new decision rule, that is, to check the solutions given by L set of AW,
i=1,---,L and to select that which satisfies the constraints kgi) €lo,)for1<j<n
and 3}, 7\.50 €[0,1), and then let g; = 1.
The training of local linear models can be carried out adaptively in a on-line man-
ner within a global framework using the mixture of experts network, and is summarized
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Figure 3.7: Delaunay triangulation partition of input space

as follows.

1. Determine the input space domain (the convex set S) constrained within the
maximum and minimum value of the data range of the input vector x by using data
preprocessing. Given an appropriate number of points which located within or on the
hull of the input space to form vertices of a set of L subranges (simplexes, Delaunay
triangles), denoted as S = # {v(()i) ,vgi) RO }. Corresponding to each S(), given a
set of initial parameters for L local linear models ©) € R+ i =1.2,... L.

2. At iteration f, the training sample is given as {y(z),x(¢) }. Each expert opinion
is formed using the solution of (3.23) (where x is replaced by x(#)) and reported to the
manager. The manager selects the ith model that satisfies the constraints Xg.i) €10,1)
for1 <j<nand}}_, kgi) €[0,1), and then sets g; = 1, gy = O for k # i.

3. The output of the network is produced and the network weights is adjusted

using the NLMS algorithm as

() = (1 x(0)1e-1),
i oAl (1 x"(t=1)]"e(r)
o0 = 6(>(t_1)+nc+[1 xI(r—D1 xT(t—1)]T

e(t) = y(t)—30), (3.24)

where 1 is a preset learning rate, ¢ is an arbitrarily small positive constant.
4. The overall performance of the network can be measured using the mean square
error (MSE) as J = Zf\’:l e%(t). The network output is a highly complex nonlinear
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function of the positions of the vertices which determines how the input space is
partitioned. The optimization of J with respect to the vertices position to generate
the optimal piecewise linear model can be realized using the VFSR algorithm given in

the following section.

3.7 VFSR for optimal Delaunay input space partition

simulated annealing (SA) belongs to a class of so called guided random search meth-
ods. It evolves a single solution in the parameter space with certain guiding principles
that imitate the random behaviour of molecules during the annealing process, ie., it
represents a global optimization technique with some striking positive and negative
features. An attractive feature of SA is that it is very easy to program and the algorithm
typically has few parameters that require tuning. An elegant discussion on how the
general SA algorithm works can be found in Rosen (1997).

However, a serious drawback of SA is that it is often very slow. The VFSR
algorithm is a global optimization method which is modified from the traditional SA
algorithm to overcome the disadvantage of the slow convergence of the SA but main-
tains the advantage of the simplicity of SA. It employ a very fast annealing schedule,
as it has self adaptation ability to re-scale temperatures. The VFSR is very suitable for
constrained optimization problems, such as a search for an optimal parameter vector of
limited dimension within a constraint space. In the present problem the free parameter
vector @ forming the free vertices of the Delaunay triangulation is the parameter vector
chosen to be optimized. One implementation of VFESR algorithm, described in Chen
and Luk (1999) or Rosen (1997) will be used in this work. The proposed algorithm is
as follows:

1. In the initialisation, an initial ® € N7 is randomly generated within a feasible
setas Q: L; < w; < H;. The values of L; and H; correspond to some min[x ;] and max [x;]
respectively. the initial temperature of the acceptance probability function, 7,.(0), is set
to J(w), and the initial temperatures of the parameter generating probability functions,
7;(0),1 <i< p,are setto 1.0. A user defined control parameter ¢ in annealing is given,
and the annealing times &; for 1 <i < p and k., are all set to 0.

2. The algorithm generates a new point in the parameter space with:

0f" = @f" + gi(H;— L;), for1 <i< pand @ €Q, (3.25)
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where g; is calculated as
1 -t
g; = sgn(v; — 0.5)T;(k;) ((1 + m)[ - 1) , (3.26)
and v; is a uniformly distributed random variable in [0,1]. If @f*" is not in € it
is discarded until a new @/ € Q is produced. The ®!*" is then transformed to
{V(()i) ,Vgi), e ,v,(f)} by the user defined labelling. The local linear models algorithm
given in the last section is used to obtain a new J(®"®) which is then evaluated and
the acceptance probability of @™*" is given by
p _ 1
P T exp[(J (@) — T(00M)) /T (ke)]
A uniform random variable Py;r is generated in [0,1]. If Puuir < Pyccepr, 0" is
accepted; otherwise it is rejected.
3. Denote 0% as the best point amongst a predetermined number Nyecepr accep-
tance points. The reannealing procedure involves first calculating the sensitivities
J(@e 4 ;8) — J(wPe)
si =| 5
where 0 is a small step size, and ¢; € R? is a unit vector with ith element as 1, other
elements as 0. Let sy, = max{s;, | <i < p}. Each parameter generating temperature
T; is scaled by a factor s,,4,/s; and the annealing time k; is reset
(Y \ P
Bk = 2200, k= (-~ Logedy)” (329)
Similarly, 7;.(0) is reset to the value of the last accepted cost cost function, T.(k.) is

reset to J(@?®") and the annealing time k. is rescaled accordingly

(3.27)

[, for 1 <i<p, (3.28)

1 T (k) \?
ke=|—-1 . 3.30
¢ ( c og| TC(O)] (3.30)
4. After every Ngenerq generated points, annealing takes places with
k; = k+1
1 1<i<p
Ti(ki) = Ti(0)exp(—ck;),
and
ke = kc+1
I 1<i<p

T.(ki) = T.(0)exp(—ck?).
Otherwise goto step 2.
5. The algorithm is terminated if the parameters has remained unchanged for a
few successive reannealings or a preset maximum number of cost function evaluations

has been reached; Otherwise, goto step (2).
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3.8 Numerical example

Consider the benchmark nonlinear autoregressive (NAR) time series (Chen and
Billings, 1992)
y(t) = (0.8—0.5exp(—y*(t—1)))y(t—1) — (0.3 +0.9exp(—y*(r —1)))y(t - 2)
+0.1sin(n x y(t — 1)) +e(2), (3.3D)

where T is the ratio of the circumference of a circle to its diameter, the noise
e(t) is a Gaussian white sequence with mean zero and variance 0.02. 1000 data
points were generated and the first 500 points were used as an estimation data set.
The remaining data were used as a validation data set. The input vector is set as
x = [y(t — 1),y(t — 2)]7. The input space partition is shown in Figure 3.8, where the
rectangle ABCD represents the bounds of a slightly enlarged input space S. 4 points
E.F,G,H are allowed to move along each side of the rectangular ABCD and point K is a
free point within the input space, forming L = 8 triangles S()’s that can be determined
using a free parameter vector ® of dimension size p = 6. The VFSR algorithm was
applied to determine the parameter vector m, or the position of points E, F, G, H and
K, as plotted in Figure 3.8. At this identification stage, the local linear models were
trained using ordinary least squares to reduce computation time. 8 local linear models
of (3.20) were obtained as

$1(x(r)) = —0.0605+0.6845y(r — 1) —0.6636y(r — 2), IF x(t) €
P2(x(1)) = —0.4503+1.1478y(r — 1) — 0.7507y(z — )IFx(I)ES(z
P3(x(r)) = —0.4463 + 1.3563y(t— 1) —0.9220y(r — 2), IFx(1) €

Pa(x(1)) = —0.1022+0.9262y(t — 1) — 1.1197y(t — 2), IF x(z) €

P5(x()) = —0.1336+40.2907y(r — 1) — 1.0535y(t — 2), IF x(t) €

P6(x(¢)) = 0.2329+0.8593y(r — 1) —0.6843y(r — 2), IF x(z) € S

$7(x()) = 0.2200+1.2104y(t — 1) — 1.0669y(r — 2), IF x(1) € S

P5(x(2)) = 0.18534+0.2381y(r—1) — 1.0057y(t—2), IFx(t) € § ), (3.32)

The results of one-step ahead prediction using these local linear models are plotted in
Figure 3.8 demonstrating the good predictive performance of the amended MEN mod-
el. The VFSR algorithm in this application is still slow, however once an appropriate
input partition is obtained, the on-line processing using the proposed algorithm can be
carried out successfully. The model validity test and the one-step ahead prediction over
the validation data set t = 800 ~ 900 are plotted in Figure 3.9 demonstrating the model
(3.32) 1s appropriate. The MSE of the validation data set t = 501 ~ 1000 is (0.023)2.
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Figure 3.8: Piecewise locally linear modelling for numerical example (Circles: System mea-
surements and Xs: one-step ahead predictions)
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Figure 3.9: Model validation for numerical example: (a) Model validity test @, (1) and (b)one-
step ahead prediction over the validation data set (Solid Line: System measurements, Dotted
Line: one-step ahead prediction and Dash-dot Line: model residual)
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In summary, the algorithm is efficient for the construction of Delaunay trian-
gulation input space partitioned optimal piecewise locally linear model. Within the
framework of a mixture of experts network, a new fast decision rule derived using
convex set theory has been developed to train the model. A very fast simulated
reannealing (VFSR) algorithm is utilised to search a global optimal solution for the
Delaunay triangulation input space partition. The new approach can partly overcome

the problem of discontinuity of lattice partitioned piecewise local linear models.

3.9 Comparision of two methods

To compare the two methods presented in this chapter, we apply the modelling scheme
presented in section 3.2 to model system (3.31. We aim at constructing a fuzzy model

of the form

y(t+1) = fy(),y(—1)). (3.33)

Lety, = [y(t) y(t — 1)]” and x, = y,, then (3.33) can be written as a 2-input 2-output

fuzzy model:

Vi1 = D wilx:)[AX; + Bil. (3.34)

Using the algorithm presented in section 3.2, the modelling procedure can stop
at i = 4, the last rows of obtained A;, B; and parameters of w; are given in table 3.3.
The system measurements, one-step ahead predictions and modelling errors are given

in figure 3.10.

Rule A; B; P; C;

1 [1.2503 -0.8506] | -0.4432 | [0.7880 0.6532] | 0.5200
2 | [0.4611-0.8340] | 0.0625 | [-0.2374 0.6846] | 0.9874
3 [1.0350 -0.8740] | 0.2280 | [-0.7681 -0.8786] | 0.4432
4 | [0.6085-1.09017 | -0.1200 | [0.2452 -0.6345] | 0.7021

Table 3.3: The T-S fuzzy model of Example 2

Comparing the preceeding results with the simulation results in last section we

can see that:

e There is no remarkable difference between the modelling capabilities of the two

methods.
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Figure 3.10: Fuzzy modelling for example 2 (Solid line: System measurements. Dotted line:
one-step ahead predictions, and Dash-dot line: model residual)

e The first scheme is able to produce less number of local models than the second
one. This is because the first method has included membership functions.

e The modelling speed of the first scheme is much faster than the second one

because the VFSR algorithm in this application is still slow.

e The form of the final model of the second method is simpler than that of the first
one because the second model only involves local linear models whereas the first

one needs to take account of membership functions.

3.10 Concluding remarks

In this chapter, two new modelling algorithms have been introduced for constructing
models of nonlinear systems from data. The new approaches can partly overcome the
problem of discontinuity of lattice partitioned piecewise local linear models and the
problem of COD since we partition the input space that is not based upon a lattice
structure.

The first approach partitions the operating point space in a fuzzy clustering man-
ner but avoids the requirement of a priori known number of clusters by a kind of

mechanism which can auto-select the new cluster centre. In this way, it is able to derive
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fuzzy models from data automatically and avoid the problems mentioned above.

Although the second method is introduced in quite a general framework, users are
advised to apply the method to relatively low dimension problems due to the irregular
shape of input space partitions, or to use input variable selection preprocessing.

Whilst the VESR algorithm is slow in finding the optimal input space partition,
this does not change the effectiveness of the on-line algorithm described in this chapter
if an appropriate input partition had already been found. The new algorithm may also
be combined with other global optimization approaches such as genetic algorithms,
but these are likely to be even slower than VFSR.

Finally, the principles of the proposed techniques can also be used in other kinds

for local modelling, which is an open research topic.



Chapter 4
Local stability

Stability is one of the most fundamental properties of dynamic systems, and many
concepts have been introduced for the mathematical study of stability. The stability
methods and results from the general nonlinear systems theory also apply to the sys-
tems considered in this thesis which are special cases of nonlinear systems. Among
various stability theories, Lyapunov techniques are very useful in system analysis. Not
only do they allow stability analysis and gain computation, but they are also useful in
the solution of optimal control problems. This makes Lyapunov techniques a natural
basis for analysis of local linear systems. The main obstacle to a direct application of
the existing techniques is the nontrivial step of finding the appropriate Lyapunov func-
tion. Hence, methods for efficient Lyapunov function construction are of fundamental
importance in a useful theory for local modelling and control.

In this section we give the basic Lyapunov stability results relevant to local mod-
elling and control topics. In section 4.1, some basic concepts of Lyapunov stability are
presented. Quadratic and piecewise Lyapunov stability functions for continuous time
systems are discussed in section 4.2 and section 4.3, respectively. The corresponding
results for discrete time systems are presented in section 4.4. Section 4.5 gives a
number of useful results concerning linear matrix inequalities which will be used in

subsequent chapters for developing new Lyapunov stability results for local systems.

4.1 Lyapunov stability
Primarily Lyapunov stability concerns autonomous systems of the form

X = f(x) (4.1)

62
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with x = 0 as an equilibrium point. The following definition (Khalil, 1992) makes
more precise what is meant by stability in the sense of Lyapunov for a equilibrium

point of an autonomous system. The state Xy = x(0).

Definition 4.1 The equilibrium point x = 0 of (4.1) is
e stable if, for each R > 0, there exists r = r(R) > O such that

[xoll <7 = [Ix(1)| <R, V2 =0,

e unstable if not stable,

o asympitotically stable if it is stable and r can be chosen such that

Ixol| <r = le)rrolox(t) =0,

o exponentially stable if, for each R > 0, there exists r = r(R) > 0 and two numbers
c1 =c1(R) > 0and c; = c2(R) > 0 such that

Ixol| <7 = [Ix(1)[| < c1e”|[xo]l, V2 > 0.

Since ||x(7)|| = O when 7 — o for an exponentially stable equilibrium point, expo-
nential stability implies asymptotic stability. However, the converse is not true, as can
be shown by constructing examples which are stable but converge slower than any
exponential function e~ (Slotine and Li, 1991).

The geometrical implication of stability, instability, asymptotic stability and ex-

ponential stability are shown in Figure 4.1.

Definition 4.1 is formulated to characterize the local behaviour of system tra-
jectories starting near the equilibrium point. Local properties say nothing about the
trajectories when starting some distance away from the equilibrium point. For this

reason, global concepts about stability are required.
Definition 4.2 The equilibrium point x = 0 of (4.1) is
o globally asymptotically stable if it is asymptotically stable for any initial states.

o globally exponentially stable if it is exponentially stable for any initial states.
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Trajectory 1 - stable

Trajectory 2 - unstable

Trajectory 3 - asymptotically stable
Trajectory 4 - exponentially stable

Figure 4.1: The concepts of stability

It is easy to see from the definition 4.2 that if the equilibrium point x = 0 of a system is
globally exponentially (asymptotically) stable, then it must be the unique equilibrium

point of the system.
Based on the definitions 4.1 and 4.2, the Lyapunov stability theorem is stated in

the following for the continuous time case (Khalil, 1992):

Theorem 4.1 (Lyapunov’s stability theorem—continuous time systems) Let x = 0 be
an equilibrium point for (4.1) and let V : D — R be a continuously differentiable
scalar function on a neighborhood D of x = 0 such that
V(0) = 0 and V(x)>0 in D—{0}, (4.2)
V(x) < 0in D. (4.3)

Then, x = 0 is stable. Moreover; if
V(x) <0 in D, 4.4)
then x = 0 is asymptotically stable in D.

The function V(x) is called a Lyapunov function. The Lyapnov function can
sometimes be interpreted as an energy function. If the energy of the system is al-
ways positive and decreases along every trajectory of the system then the trajectory
eventually will approach the origin.

If in addition to the conditions in theorem 4.1, also the condition

V(x) — oo for [|X]| —> e (4.5)
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is satisfied, then x = 0 is globally asymptotically stable. A function satisfying condition
(4.5) is said to be radially unbounded. The notation || - || in this chapter stands for
an arbitrary vector norm in R”, for instance, the Euclidean norm (/; norm) ||x|| =

/2P |xi|? or the sup norm (l. norm) ||x|| = max{|xi|,..., |x,|}. Any two norms in
a finite-dimensional vector space are equivalent in the sense that they define the same

convergence (Chillingworth, 1976).

The conditions in Lyapunov’s stability theorem are only sufficient. Failure of a
Lyapunov function candidate to fulfill the conditions does not mean that the equilibri-
um is not stable or asymptotically stable. It simply means that the current candidate

does not suffice.
A Lyapunov function can have arbitrary structure. In the local system modelling

and control area it is, however, common to mainly consider the following types of

Lyapunov functions:

e quadratic Lyapunov functions
e piecewise quadratic Lyapunov functions

e Piecewise affine Lyapunov functions

For our interest in the following we describe the first two types.

4.2 Quadratic Lyapunov functions

Quadratic forms is a class of functions for which it is easy to verify sign definiteness,
ie., the case

V(x) =x!Px, (4.6)

where P is a real symmetric matrix. In this case, V(x) is positive definite (semi positive
definite) if and only if all the eigenvalues of P are positive (nonnegative). If V(x) =
xT Px is positive definite (semi positive definite), we say that the matrix P is positive
definite (semi positive definite) and write P > 0 (P > 0).
For a linear time-invariant autonomous system
X = Ax
the derivative of V(x) along the trajectories of the system is given by
V(x) = x'Px+x'Px
= xI'(PA+ATP)x

= —xTQx.
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Hence, in the linear case the quadratic Lyapunov stability test involves finding a matrix

P that fulfills the two conditions
P > 0,
PA+ATP < 0. 4.7)
The inequality (4.7) is called Lyapunov inequality. The solution to this can be obtained
analytically by solving the Lyapunov equation PA+ATP = —Q. A solution exists and

is unique if and only if A is a stable matrix (a Hurwitz matrix), ie., if Rek; < 0 for all

eigenvalues of A.
Quadratic Lyapunov functions can also be used to investigate the stability of lin-

ear differential inclusions (LDIs), 1e., the systems of type
x=A(1)x, A(t) € Q, xe R,

where Q C R"*". This LDI can be interpreted as describing an uncertain time-varying
linear system with the set Q describing the uncertainty in the matrix A(z). A special
form of LDI is the polytopic LDI where A(r) € Co{Ay,...,Ar} where Co denotes the

convex hull, ie.,
14
CO{A17...,AL} = {Z AiXi|X; € {A],...,AL},ki € R,p>0}.
=1

Therefore A(t) lies in the convex hull spanned by the matrices Ay, ...,Az, which is

equivalent to

L
X =Y wi(x)Ax, (4.8)
i=1
where w;(x) satisfies
0<wi(x) <1 (4.9)
L
Y wi(x) = 1. (4.10)
=1

The conditions (4.9) and (4.9) are known as the convexity conditions.
For polytopic LDI a sufficient stability condition can be formulated in the follow-

ing way.
Theorem 4.2 (Quadratic stability) The equilibrium x = 0 of the polytopic LDI system
(4.8) is asymptotically stable if there exists a common matrix P such that
P > 0
ATP+PA;, < 0, i=1,..L. (4.11)



CHAPTER 4. LOCAL STABILITY 67

This is equivalent to saying that one must find a single Lyapunov function that
holds for all the linear dynamic systems A; involved.

The quadratic stability problem for polytopic LDIs has no analytic solution. How-
ever, it can be conveniently solved using a convex optimization technique (Boyd,
Ghaoui, Feron and Balakrishnan, 1994).

In some cases it is also of interest to verify that no common solution P exists.
This can be verified by solving the following dual problem (Boyd, Ghaoui, Feron and
Balakrishnan, 1994; Johansson and Rantzer, 1998):

Theorem 4.3 [f there exist semi positive definite matrices R;, not all zero, such that

L
> AlRi+RiA; >0,
i=1
then there is no such a positive definite matrix P to form a common quadratic Lyapunov

function for all local models of (4.8).

Quadratic stability can be used to decide stability for continuous time linear TS
systems, since it is easy to see that, if we choose f;(x) to be linear model A;x, the
continuous time state space TS model (2.20) is exactly a polytopic LDL.

4.3 Piecewise Lyapunov functions

When no globally quadratic Lyapunov function can be found, there are few methods for
efficient construction of Lyapunov functions. For systems with local model structure, a
natural and powerful extension of globally quadratic Lyapunov functions is to consider
functions that are piecewise quadratic, since the dynamics given by local models are
only valid within local areas. The search for a piecewise quadratic Lyapunov function
can also be formulated as a convex optimization problem. As an illustrative exam-
ple, we consider the state space TS models (2.19) and (2.20). Before starting, a few
concepts need to be defined.

By the support Q; of w;(x(¢)) we mean the set of states of (2.19) (or (2.20))

fulfilling:
Q= {xeR"w;(x) >0}, iel,={1,...L}. (4.12)

It is required that the state space of x: Q;U...UQ, = Q C R”, where 0 € Q. There
is no loss of generality in assuming that the origin is the equilibrium point of (2.19)
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(or (2.20)) since otherwise the equilibrium can be shifted to the origin by a simple
translation of the state variables.
For brevity denote w;(x(¢)) as w;(¢), and define

Zi={x € R:|wi(x(1)) = w;(x(1)),j € I}, i € I1. (4.13)

where {Z,...,Z,} is a partition of the state space Q which is determined by the domi-
nance of the local subsystems (2.19) (or (2.20)).
The switch region A;j is defined as

Ajj={x e R"x(17) € Z;,x(t) € Z;}, (4.14)

which is the set of states where the trajectory x(¢) passes from Z; to Z;. Note that A;;

are given by hyper-surfaces.
Define

In={(i, ))Aij # 0} (4.15)

The concepts of €, Z; and A;; are illustrated in Figure 4.2 for the case of x =
[x1 x2] and triangular fuzzy membership functions. Note that while Q; (i = 1,2,3,4)
are overlaped areas, Z; (i = 1,2,3,4) forms a partition of the operating point space Q.
Also, the sets Ay and A4z are empty sets, ie., both Ajp and A4z are not in I, defined

in (4.15) on this occasion.

‘XZ
Y

W, (X)=W,,(% ) Wy, (%)
WX)=W,,(X ) W,,(%,)
WLx)=w,,(X,) W, (%)
Wx)=W,, (%) wy(x,)

Q = rectangular area ABCD

1

= rectangular area AEGO

1

Co-——- R ARREREES oo A= line EO
A= line FO

Xy

W, Wiz

Figure 4.2: An example of €2;, Z; and A;;, the arrows show the vector field of the system.

We now have the following theorem about piecewise Lyapunov stability condi-

tions (Pettersson and Lennartson, 1997a):
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Theorem 4.4 Assume that the state trajectory evolves according to (2.20). If there
exist scalar functions Vi(X) : Z; — R, each Vi(x) differentiable inx, i € I;, and constants
o> 0,8 >0, andy> 0 such that

o Vx € Z;,0lx|]? <Vi(x) <Blx|% i€l
e VxeZ,Vi(x) < —'nyHz,i cl,
o Vx € A;j,Vi(x) <Vi(x),(i,]) €a,
then the equilibrium point 0 is exponentially stable in the sense of Lyapunov.

If we define a global piecewise Lyapunov function by combining the local Lya-
punov functions, the key of theorem 4.4 is to ensure that the global Lyapunov function
does not increase at points in the switch regions. Another way to form a global
Lyapunov function from local Lyapunov functions is to guarantee the continuity of
the global Lyapunov function at points in the switch regions. Readers please refer

to Johansson and Rantzer (1998) for further details.

4.4 Lyapunov stability of discrete time systems

This section states the corresponding stability results for discrete time systems.

Consider a discrete system described by
x(r+1) =1£(x(1)), (4.16)
where x(¢) € R”,£(x(¢)) is an n x 1 function vector with the property that
£(0) = 0.
We have the following corresponding stability definitions:
Definition 4.3 The equilibrium point x = 0 of (4.16) is
e stable if, for each R > 0, there exists r = r(R) > 0 such that

[xol| <r = [x(1)|| <R, ¥r >0,

e unstable if not stable,
e asymptotically stable if it is stable and r can be chosen such that

IIxoll <r = ;ILTOX(I) =0,
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e exponentially stable if, for each R > 0, there exists r = r(R) > 0 and two numbers
c1 =c1(R) > 0 and ¢y = c3(R) > 0 such that

Ixoll <r = [Ix()]| < cre™[|xol|, V2 > 0.

Definition 4.4 The equilibrium point x =0 of (4.16) is
e globally asymptotically stable if it is asymptotically stable for any initial states.

e globally exponentially stable if it is exponentially stable for any initial states.

Based on definitions 4.3 and 4.4, the following theorems can be obtained.

Theorem 4.5 (Lyapunov’s stability theorem—discrete time systems) (Kuo, 1980) Sup-
pose X evolves according to (4.16). If there exists a scalar function V (x(1)) continuous

in x(t) such that

2. V(x(1)) > 0forx(t) #0,
3. V(x(1)) approaches infinity as ||x(1)|| —> oo,
4. AV(x(t))=V(x(t+1)) - V(x(t)) < Oforx(t) #0.

Then the equilibrium state x = 0 is asymptotically stable in the large and V (x(t)) is a

Lyapunov function.

Choosing the local models in (2.19) to be linear models, we obtain the following

discrete time state space linear TS model:
L

x(t+1) =D wi(x(1))Ax(1). (4.17)
i=1

The quadratic Lyapunov stability theorem for (4.17) can be state as follows (Tanaka
and Sugeno, 1992).

Theorem 4.6 The equilibrium of a fuzzy system (4.17) is globally asymptotically sta-

ble if there exists a common positive definite matrix P for all the subsystems such that

ATPA;—P <O foric Ip={1,..,L}. (4.18)
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The conditions of a piecewise Lyapunov function for system (2.19) can be state
as (Feng and Harris, 1999b)

Theorem 4.7 Assume that the state trajectory evolves according to (2.19). If there
exist scalar functions Vi(x) : Z; — R, each Vi(x) differentiable in x, i € I}, and constants

o> 0,0 >0, andy > 0 such that
o Vx € Z;,allx||* < Vi(x) < BlIx||*,i € I,
o Vx € Z;,Vi(x(t+1)) = Vi(x(t)) < —vlIx(1)|*,i € I,
o Vx(€ Ay, Vi(x(2) S Vi(x(17)), (i, )) € In,
then the equilibrium point 0 is exponentially stable in the sense of Lyapunov.

Proof: Define a piecewise differentiable function V(x) as

(4.19)

V(x) { Vi(x) ifxe€ Z;butxnotin Ay forany (gq,r) € I,
X) =

Vy(x) ifx € A, where (q,r) € Ia.

Suppose x(0) = xo. Without lose of generality, suppose B > v, since if not, we
can choose a bigger 3; > 7y and replace the B in the first condition with ;. Define
1= (g)%, ey =—21In(1- %) then ¢p > 0. Firstly let us prove that

V(x(1)) < V(xg)e 2%, vt>0 (4.20)

is true by induction. Assume that the trajectory is in region Z, in the time interval
t € [011). Then according to the definition (4.19), V(x(t)) = V,,(x(t)), r € [0 ;). Using
the first and second condition of the theorem we have

V(X(t))—V(x(t—l))g~y[|x(t——1)”2§—%V(x(z—l)), telon). @21

Consequently
t
V(x(r)) < (1 — %) V(xo) =V(x0)e 2, t€[0n). (4.22)

If 11 is infinite, meaning that the trajectory never leaves the region Z,, then (4.20) is
true. Otherwise, assume that the trajectory passes through different regions and stays

in Z, for t € [t tx+1). Assume that

V(x(1)) < V(x0)e >, Vi€ [tx tey1)- (4.23)



CHAPTER 4. LOCAL STABILITY 72

Note that according to the definition (4.19) V(x(¢)) = V,(x(¢)) for € [t; #;.1). Suppose
the trajectory reaches Ay, at time #y; and stays in the region Z, for ¢ € [fy+1 tr12),
where #;,» maybe infinite. Using the first and second condition of the theorem,

V(x(1)) = V(x(t—1)) < —yllx(r = D|* < -%V(X(Z— 1))s 1€ [t fira)-

Therefore
V(x(1)) <V (x(tre1))e” 2200 0Vt € [trpy trga). (4.24)

Note that in (4.24) V(x(tx+1)) = Vi (x(tk11)) < V4(x(tx41)) according to the third con-
dition of the theorem. Therefore from (4.24) and (4.23),

V{x(1))

V(X(fert ))e~262(f—lk+1)
v, (X([]:+1))e”2‘32(t_tk+l)

V(XO)€—262tk+1 e~ 2c2(t=tkt1)

V(xo)e >, Vit € [tra) tryn). (4.25)

IN A IA

1

Combining (4.23) and (4.25) it follows that
V(x(1)) < V(x0)e >, Vt € [t tryn). (4.26)

It can be concluded from the principle of induction that (4.20) is true. According to

the first condition of the theorem and (4.20),

xOll < (1v<x<r>>)%

o

1
1 s 2
(aV(Xo)e 2 2[)

(5 Blmolie )

= cre”Y|xo|]] Vt>0.

VAN

faeIE

IN

According to the definitions 4.3 and 4.4 of exponentially stability, the theorem has
been established.

4.5 Linear matrix inequalities

The first linear matrix inequality (LMI) used to analyse stability of a dynamical sys-
tem was the Lyapunov inequality (4.7) which was investigated by Lyapunov himself.
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The important role of LMIs in system and control theory was already recognized in
the early 1960’s, especially by Yakubovich (Yakubovich, 1962; Yakubovich, 1964;
Yakubovich, 1967). In 1984, Karmarkar (1984) introduced a new linear programming
algorithm that solves linear programs in polynomial-time, which is very efficient in
practice. Karmarkar’s work spurred an enormous amount of work in the area of
interior-point methods for linear programming. Then in 1988, Nesterov (Nesterov and
Nemirovsky, 1988; Nesterov and Nemirovsky, 1994) developed interior-point methods
that apply directly to convex problems involving LMIs. Although there remains much
to be done in this area, several interior-point algorithms for LMI problems have been
implemented and tested on specific families of LMIs that arise in system and control
theory, and found to be extremely efficient. Nowadays efficient computerized methods
to solve such problems are available in commercially supported software such as MAT-
LAB (Gahinet, Nemirovski, Laub and Chilali, 1995). In the following we introduce
some basic concepts of LMIs concerning the topics of this thesis.
A general LMI has the form

m

F(x)=Fy+ Y xF; >0, (4.27)
i=1

where x € R is the variable and the symmetric matrices F; = F € R™",i =

0,1,...,m, are given. The inequality symbol in (4.27) means that F(x) is positive

definite. Of course, the LMI (4.27) is equivalent to a set of n polynomial inequalities

in x;, ie., the leading principal minors of F(x) must be positive.

We will also encounter nonstrict LMIs, which have the form

F(x) >0, (4.28)

The LMI (4.27) is a convex constraint on X, ie., the set {x|F(x) > 0} is convex.
Although the LMI (4.27) may seem to have a specialized form, it can represent a wide
variety of convex constraints on X. In particular, linear inequalities, (convex) quadratic
inequalities, matrix norm inequalities, and constraints that arise in control theory, such
as Lyapunov and convex quadratic matrix inequalities, can all be cast in the form of an
LML

Multiple LMIs Fi(x) > 0,...,F,(x) > O can be expressed as a single LMI
diag(Fi(x),...,F»(x)) > O where diag(-) means diagonal matrix. Therefore we will
make no distinction between a set of LMIs and a single LML, ie., “the LMIs Fj(x) >
0,...,Fy(x) > 0” will mean “the LMI diag(Fi(x),...,F,(x)) > 0”. We also note that
when the matrix F; are diagonal, the LMI F(x) > 0 is just a set of linear inequalities.
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4.5.1 The S-procedure

The S-procedure (Aizerman and Gantmacher, 1964; Aiserman and Gantmacher, 1965)
is a technique to replace a condition on a function with constraints by a condition
without constraints. When dealing with local Lyapunov stability problems, we often
encounter the constraint that some quadratic function (or quadratic form) be negative
whenever some other quadratic functions (or quadratic forms) are all negative, for
example, if some conditions must be satisfied in some special regions such as the
conditions in theorem 4.4 and theorem 4.7. In some cases, this constraint can be
expressed as an LMI in the data defining the quadratic functions or forms; in other
cases, we can form an LMI that is a conservative but often useful approximation of the
constraint. In the following we describe two common versions of the S-procedure.

4.5.1.1 The S-procedure for quadratic functions and nonstrict inequalities

Let Fy, ..., F,, be quadratic functions of a variable x € R". ie.,
E(x)=x"Mx+2ulx+v, i=0,...,p,
where M; = Ml-T. Consider the following condition on Fy, ..., F},:
Fo(x) >0 for {xeR"|F(x)>0i=1,...,p}. (4.29)

Obviously if there exist T; > 0,...,T, > 0 such that
p
Vx € R Fy(x) > D TiF(x), (4.30)
i=1

then (4.29) holds. When p = 1, the converse holds provided that there is some x¢ such

that F(xg) > 0.
If the functions F; are affine, ie.,

Fi(x) = uiTX+ Vi,

then according to Farkas lemma (Boyd, Ghaoui, Feron and Balakrishnan, 1994), (4.29)
and (4.30) are equivalent. That is to say,

wWx+v>0 for xeR'u/x+v,>0i=1,..,p}

if and only if there exist Ty > 0,...,T, > 0 such that

P
Vx € R, ul x + v > 21,~(u?x+v,-).
i=1



CHAPTER 4. LOCAL STABILITY 75

Note that (4.30) can be written as an LMI:

My ug d M; u;
li T j‘—zTi{uT > 0.

Uy Vo i=1 i Vi

4.5.1.2 The S-procedure for quadratic forms and strict inequalities

Let My, ..., M, € R**" be symmetric matrices. We consider the following condition on
To, ceey Tp:

x Myx > 0 for all x # 0 such that x! Mx > 0, i=1,....p. 4.3

It is obvious that if there exist Ty > 0,...,T, > 0 such that

P
Mo— > TuM; >0 (4.32)
i=1

then (4.31) holds. Similarly as the last section, when p = 1, the converse holds provid-
ed that there exists some x( such that Xg Mixo > 0. Note that (4.32) is an LMI in the

variables My and Ty, ...Tp.
The first version of the S-procedure deals with nonstrict inequalities and quadratic

functions that may include constant and linear terms. The second version deals with
strict inequalities and quadratic forms only, ie., quadratic functions without constant

or linear terms.

4.5.2 Schur complements

Schur complements are used to convert certain nonlinear matrix inequalities to LMIs.
We state the basic result of Schur complements as the following lemma (Boyd, Ghaoui,
Feron and Balakrishnan, 1994):

Lemma 4.1 (Schur Complements Lemma) The LMI

x) Sx
[ SZQ()(())T Rix; } > 0, (4.33)

where Q(x) = Q(x)7, R(x) = R(x)7, and S(x) depend affinely on x, is equivalent to
R(x)>0, O(x)—-SxR(x)"Sx) >o0. (4.34)

In other words, the set of nonlinear inequalities (4.34) can be represented as the LMI
(4.33).
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The preceding Schur complement lemma can be generalized to nonstrict inequal-
ities (Boyd, Ghaoui, Feron and Balakrishnan, 1994). Suppose Q and R are symmetric.

The condition

0 S
>0, 435
[ ST R } - (*:39)
is equivalent to
R>0, Q—SR'ST >0, S(I-RR") =0, (4.36)

where R' denotes the Moore-Penrose inverse of R.

4.6 Conclusions

In this chapter, the existing Lyapunov stability results of both continuous and discrete
time systems concerning our work have been presented. Quadratic Lyapunov functions
for linear systems and piecewise Lyapunov functions for local systems are discussed
in detail. A strict proof of piecewise Lyapunov stability conditions for discrete time
system has been given. Aspects of LMIs concerning Lyapunov stability, such as the §-
procedure and Schur complements are also discussed in this chapter. Next, in chapter 5,
we will use all of the results presented in this chapter to derive new efficient Lyapunov

stability conditions for local system model structure.



Chapter 5

Piecewise Lyapunov Stability
Conditions of Fuzzy Systems

Stability plays a fundamental role in system and control theory. For fuzzy and neu-
rofuzzy systems, stability analysis has been difficult because these systems are both
nonlinear and represent linguistic/symbolic knowledge in terms of rules with vari-
ables that encapsulate vague or imprecise notions. Recently, some stability results for
fuzzy systems have been reported: An investigation of input/output data signal based
stability of a given direct static multiple-input single-output neuro-fuzzy controller
operating under feedback control has been developed in French and Rogers (1998). For
Lyapunov stability, one of the more recent approaches (Takagi and Sugeno, 1985) to
determining stability of fuzzy/neurofuzzy systems is to decompose the global process
into a series of local models/subsystems represented as TS models. Theorems 4.2
and 4.6 introduce sufficient conditions for the asymptotic stability of fuzzy systems
in the sense of Lyapunov through the existence of a common Lyapunov function for
all the subsystems (Tanaka and Sugeno, 1992); Whereas a general method for the
computation of piecewise quadratic Lyapunov functions for hybrid systems which
include Takagi-Sugeno fuzzy systems as a special case has also been derived (Jo-
hansson and Rantzer, 1998). Compared with the global results of theorem 4.6, the
‘local’ results of Johansson and Rantzer (1998) is significant, in that it searches for
different quadratic Lyapunov function in different operating regions in state space and
so significantly relaxes the stability conditions for a global fuzzy system. However,
there are many situations where continuous Lyapunov functions are too restrictive; So
a construction method (Pettersson and Lennartson, 1997b) for generating stability con-
ditions of hybrid systems using discontinuous Lyapunov functions has been derived.
Both local and hybrid methods of Johansson and Rantzer (1998) and Pettersson and
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Lennartson (1997b) are attractive since the search for local Lyapunov functions can be
reformulated as a set of LMIs.

A drawback that limits the practical use of the methods presented in Johansson
and Rantzer (1998) and Pettersson and Lennartson (1997b) is that it may be required to
solve a large number of LMIs in the interpolation regions between the system submod-
els. In addition to the high number of LMIs, the computation complexity and cost also
increases dramatically as the input dimensionality increases. This means that the num-
ber of model parameters involved in the optimization process becomes prohibitively
large for large dimensional systems. Also, for fuzzy membership functions with global
support the stability conditions reduce to the case of global quadratic stability, hence
the preference for basis functions such as B-splines with compact support. The major-
ity of current methods for stability analysis of fuzzy systems ignore the membership
function characteristics, which contain important structural information about the sys-
tem contained in the rule premises. Many of the methods simply restrict membership
functions to triangular functions (with compact support) for ease of analysis, leading
to piecewise linear control surfaces—albeit with discontinuities.

In this chapter, we present a new method for the stability analysis of fuzzy systems
that incorporates the input membership function characteristics. We show that, under
certain conditions placed on the input membership functions, we need only search
for one local Lyapunov function even in the intermodel interpolation region. This
both relaxes the stability conditions and reduces the computation load in solving the

resultant reduced number of LMIs.

5.1 System description

The Takagi-Sugeno fuzzy model is considered in this chapter since it has established
modelling, stability and control conditions. Both the discrete time state space model
(2.19) and continuous time state space model (2.20) are considered. That is to say, the
model can be both continuous time:

L
(1) = D wi(r)[Ax(t) + B, (5.1

=1

or discrete time

X(l+1) = iwi(l‘)[AiX([)—l-BiL (5.2)
i=1
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where w; : R" — R¥,i € I, = {1,...,L} are normalized membership functions with
Wl'(l) >0forielr and

L

Ewi(l‘) = 1,Vr.

=1

We will use the definitions of €;, Z;, A;; and Iy which are defined in (4.12)—(4.15).
Recall that it is required that the state space of x: Q;U...UQ, = Q C R", where 0 € Q
and there is no loss of generality in assuming that the origin is the equilibrium point
of (5.1) and (5.2). Because A; is a matrix with constant entries, A;x(¢) + B; is an affine

system defined on €2;. We note that origin being the equilibrium implies that,

For brevity denote w;(x(t)) as w;(t), and introduce

- A; B;
A= o , el X= X e R+
00 1

Within each subregion Z;, the fuzzy system (5.1) can be rewritten as:

L
(1) = M:’Jrzle(f)( j—ANIX(?)
L
= A,’X(I) “+ zlle'(l‘)A/i,‘j)_((l‘)
]:
= A,’X(f)—i—hi([,x(l‘)), (5.3)

where

hi(1,x(1)) = D wi(r)Ad;x(1).
Accordingly, within Z;, the fuzzy system (5.2) can be rewritten as:
x(t+1) = Ax(1) +h(z,x(1)). (5.4)

Note that h;(7,x(7)) can be viewed as a kind of modelling error of the dominate local

model in the subregion Z;.
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5.2 Stability conditions

Applying theorem 4.4 or theorem 4.7 to perform a stability analysis of the system (5.1)
and (5.2), we are going to find a type of discontinuous Lyapunov function. This means
that we have to construct the different Lyapunov functions V;,i € I;, satisfying the
specified conditions in the subspace Z;,i € Iy and A;}, (i, j) € I5. This can be achieved
by re-stating the stability conditions as LMIs. We express V;, i € I; with quadratic local

Lyapunov functions according to

Vi(x) =x" Px+2p] x+q; =" PX, (5.5)

_ P p:
Pi - ; P 5
P; 4i

and PI = P, € ™" p; € R and ¢; € R.
From (5.3) and (5.5) we get

where

V(x) =

L
= % iT-i+PiAi+2PiZ§ij)i, (5.6)

where
&ij = ||AAj||supxezw;(x(1)), (5.7)

and || - || is the square norm of a matrix.
Analogously, for the discrete-time model (5.2), from (5.4) and (5.5) we get

L L
V(x(t+1)) =V(x(1)) =x" (1) (A] PA; = B+ 24T B Y &+ B( Y, &ip))R(1), (5.8)
j=1 j=1
where again &;; is expressed in (5.7).
The following theorem for continuous-time model (5.1) is obtained from equation

(5.6) and theorem 4.4 directly:
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Theorem 5.1 Assume that the state trajectory evolves according to (5.1). If there exist
P,(x) = PI(x),i € I, and constants o. > 0, > 0, and ¥ > O such that

() Vxe Z,o|x|]? <xTBx < B|I¥||%ic 1,

(i) Vx € Z;, X" (A] B+ PA)R+ 28T Y5 &k < —y|%|%i e 1,

(iii) Vx € A;;, X" Px <XTPx,(i,]) € In,

then the equilibrium point 0 is exponentially stable in the sense of Lyapunov.

For the discrete-time model (5.2), from (5.8) and theorem 4.7 we have:

Theorem 5.2 Assume that the state trajectory evolves according to (5.2). If there exist
Pi(x) = PT(x),i € I, and constants &. > 0,B > 0, and y> O such that

(i) vx € Z,alx])? <TBx < B||%|%ic,
(D) Vx € Z;, %" (AT PA; — P+ 2AT B35 &+ P, &) )R < —y|IX|%i € 11,
(iii) Vx € A;;, X" P <xTPx,(i,)) € In,

then the equilibrium point 0 is exponentially stable in the sense of Lyapunov.

5.3 LMI formulation

As discussed in chapter 4, the main obstacle to a direct application of the Lyapunov
techniques is the nontrivial step of finding the appropriate Lyapunov function for a
nonlinear system. Nevertheless, the conditions in theorem 5.1 and theorem 5.2 can
be reformulated in the form of LMIs described in chapter 4 to enable us search for
the solutions by optimal techniques. Before doing so, attention must be paid that the
conditions only have to be satisfied in specified regions Z;, whereas an LMI is a global
condition. If the conditions are converted globally when reformulated as LMIs, then
the results would be much more conservative. To solve the problem, we can utilize the
S-procedure described in chapter 4 to express the different conditions in theorem 5.1
and theorem 5.2 as LMIs.

The regions Z;,i € I and A;j, (i, j) € I5 are hyperplanes in the space R”. There-

fore it can be assumed that

Zi = {xeR"Qj x+dy>0kel}, (5.9)
Aij = {xeR"R]x+c;;j=0}, (5.10)
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where Oy and R;; are n X n matrices, dj, and ¢;; are scalar numbers. Define
9 0 lQz’k = 0 lR,"
Qik - [ 1 AT 2 > le - 1 pT 20 .
29 di iRy aj
Using the S-procedure, the following theorem can be derived from theorem 5.1:

Theorem 5.3 Assume that the state trajectory evolves according to (5.1). If there exist
P e REx4) i e 1; - and constants oL > 0,>0,y>0, and py > 0,vix > 0, and
M;j such that

(i) od + Sy Qix < P < PI — Xk Oixr 1 €11,

(i) ATP+PA;+2P; ZJL-:I Eij+pvOu < —vI, i€l

(i) P; < Pi—mijRij, (i,)) € In

where I is the identity matrix, then the equilibrium point 0 is exponentially stable in

the sense of Lyapunov.
Proof: Vi€ I, firstly let’s consider the inequality
¥x € Z;, oz < 27 Px. (5.11)
of theorem 5.1. According to the definitions of Q;; and R; j» (5.9) can be rewritten as
Zi={x e R xT0ux >0, ke L} (5.12)
Using (5.12), the condition (5.11) is equivalent to
T Bx—ol[%]|> >0 for {xe R xT0ux >0, ke L} (5.13)
Noting that XQ;X is affine in X, according to Farkas lemma stated in section 4.5.1.1,
(5.13) is equivalent to the following condition, ie., there exist gy > 0, k € I; such that

vxe R TP —afl%))? > Yk’ Ouk,
k

which can be rewritten as

VR e R, of|%|F+ Yk Ouk < X7 P
k
Since the above condition holds in the whole space, it can be rewritten as an LMI as

following

od + Y Qi < B,
k
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which is the left part of the first condition in the theorem. All other parts of the
conditions can be obtained similarly. The theorem established.
Similarly, from theorem 5.2 the following theorem can be established:

Theorem 5.4 Assume that the state trajectory evolves according to (5.1). If there exist
P, e R+X0H) i e I and constants o> 0,B > 0,7 > 0, and Uix > 0,vy >0, and
Mij such that

() of + X ik Ok < B < BI =X 1O, 1€ 11,
i) ATPA; —Fi+2AT PSS &+ P(Xl, 8y)° < L, i€ 1y,
(i) P; < Bi—XnijRijs (i,)) € I,

where I is the identity matrix, then the equilibrium point 0 is exponentially stable in

the sense of Lyapunov.

Theorem 5.3 and theorem 5.4 give the stability conditions of system (5.1) and
(5.2) respectively re-formulated as LMIs. Hence, it is computationally possible to find
the unknown variables P; in the theorems by efficient convex optimization algorithms,

which is illustrated by the following examples.

5.4 Simulation examples

5.4.1 Example 1

This example is adopted from Johansson and Rantzer (1998) to compare the efficien-
cies of the proposed approach and the methods given in Johansson and Rantzer (1998)
and Pettersson and Lennartson (1997b).

Assuming that some local modelling scheme (see chapter 3) has been implement-
ed for some nonlinear process and resulted in a TS model of the form (5.1) with the

following three local affine systems:

[ 10 —10 0
Al = . y B]: 3
10 5 2
[ 1 2 [0
A, = : B, = .
- | _8} : O]
[ 10 —11 [0
Ay = : Bs; = .
. 10 9J 3 —2}
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The weight functions w;() and the partitioning of the state-space are shown in Figure
5.1.

w (1) wt) w(t)

-5 0 5

Figure 5.1: The weight functions and the state space partitioned into operating regions for

example 5.1.

Therefore the global model of the system is
3
X = z Wi(l‘)[AiXU) —!—B,‘J.
i=1

We note that the traditional method to find a common quadratic Lyapunov function for
all local models is inapplicable here, because, according to theorem 4.3, the following
dual problem can be solved: There exist positive semidefinite matrices R;, not all zero,

such that

. A; B;
whered; = | ' ' |, i=1,2,3.
0 0

Stating the stability conditions in theorem 5.3 for the partitioning in Figure 5.1,
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we formulate (3+3+4) LMIs as follows:
od + Y pikQu < P < BI =Y uiOus,
k k
od + Y 1Ok < P < BI = 1ox O,
k k

o + Y wz Qs < Py < Bl — 3 3k O,
k %

3
ATP +PA, +2P Z &1 +ZV1kQ1k < =9,
= 3

3
AP+ P Ay +2P Y &y + > v O < —11,
=1 k

3
ATPs+ PyA3+2P; Y &34+ D varOs < 1,
=1 k

P, < P —m2R1z,
Py < Py =21 Ry,
Py < Py —Mp3Rys,
Py < Py —m3Ra,

85

(5.14)

Note that O and R; ; can be calculated according to (5.9) and (5.10) where Z; and
A;; are local areas and boundaries of the partitioned operating regions shown in figure
5.1. A solution of the LMI system (5.14 is obtained via the routines of Matlab LMI

library. The three obtained quadratic local Lyapunov functions are:

[ 0.6042 0.4660  0.0553
Pi = | 04660 0.6733 —0.0829 |,
| 0.0553 —0.0829 0.0553

[ 0.0143 —0.0454 0.0000 |
P, = | —0.0454 0.1447 0.0000 |,
0.0000  0.0000 0.0000 |

0.2678 0.2043 0.0779
Py = 107 | 0.2043 0.1818 0.1105
0.0779 0.1105 0.0125

With the methods presented in Johansson and Rantzer (1998) and Pettersson and
Lennartson (1997b), we need to solve (5+7) LMIs and (3+7+4) LMIs respectively.
The computational difference between the proposed approach and those of Johansson
and Rantzer (1998) and Pettersson and Lennartson (1997b) becomes large if the inter-
polation is performed in multiple dimensions for dynamical processes whose models
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require high input dimension. Assume that fuzzy interpolation is also applied in
the x,—dimension in the example using the same membership function shape and
position as in the xj—dimension. Then we obtain 9 operating regions each with
its own local dynamics, and 16 interpolation regions. In 4 of the interpolation re-
gions 4 local dynamics are involved, and in the remaining 12 two local dynamics
are involved. The total numbers of LMIs that need to be simultaneously solved are
25+((9*1)+(12*2)+(4*4))=74 and 9+((9*1)+(6*4)+(4*4))+24=82 with the methods
presented in Johansson and Rantzer (1998) and Pettersson and Lennartson (1997b)
respectively. But here we need only to solve 94+9+24=42 LMIs with our method. In
the cast of three dimensional partitioning as Figure 5.2, the number of LMIs of the
three methods are 468, 478, and 135 respectively, as illustrated in Figure 5.3.
Generally speaking, suppose the n-dimensional input space is decomposed by
partitioning each axis with the same number of local areas, if each axis is partitioned
into k areas, using both methods of Johansson and Rantzer (1998) and Pettersson and
Lennartson (1997b) will need to solve ¢;[2(k — 1)]" number of LMIs, but using the
proposed method only needs to solve cyn?k? number of LMIs, where ¢; and ¢, are

polinomial functions of n.

Figure 5.2: Three dimensional partitioning of the state space



CHAPTER 5. PIECEWISE LYAPUNOYV STABILITY CONDITIONS OF FUZZY.
SYSTEMS 87

500 T

450+ -

400+ 4

number of LMis
n n
[ w
[ o

T T

—

wm

(=]
T

H

—

<@

(=3
T

o
(=)

(=]

L L I3
3 4 5 6
input dimension

o
R
N

Figure 5.3: Comparison of the numbers of LMIs using three approaches: method I—
Johansson; method II-——Pettersson; method III—this chapter.

The numbers of LMIs using three approaches

5.4.2 Example 2

Also the approach presented in section 5.2 can be used for wider range of systems than
that of Johansson and Rantzer (1998) and Pettersson and Lennartson (1997b) because
the conditions are less conservative. The following example will illustrate the point.

Consider (5.1) with the following three local affine systems:

[ 10 —105 11
A = ; By =
105 —9 7.5
[ 5 _25 [0
A = 5 B =
2 | -5 } 2 OJ
[ 10 —105 11
A3 - ) B3: 3
105 —10 10.5

The weight functions w;(z) and the partitioning of the state-space are shown in
Figure 5.4.

Utilising the stability conditions of theorem 5.3 for the partitioning given in Figure
5.4, we formulate (3+3+4) LMIs. A solution of the LMI system is evaluated by the
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Figure 5.4: The weight functions and the state space partitioned into operating regions of

example 5.2.

LMI toolbox of Matlab. The three obtained quadratic local Lyapunov functions are:

1.3897 —0.1854 0.0359
Pl = 10°| —0.1854 1.2954 —1.2136 |,
| 0.0359 —1.2136 1.1509

[ 0.7165 —0.1585 0
P, = 10°| —0.1585 1.3928 0 |,
0 0 0

1.7358 —0.1659 0.1760
P; = 10°| —0.1659 1.6024 —1.6807
0.1760 —1.6807 1.7629

However, the LMIs formulated by methods presented in Johansson and Rantzer (1998)
or Pettersson and Lennartson (1997b) are non-feasible using Matlab routines, as there

is no common quadratic Lypunov function for the local models in the interpolation

arcas.

5.5 Concluding remarks

In this chapter, a new method for stability analysis of fuzzy systems is proposed.
Similar to Pettersson and Lennartson (1997b), we provide a constructive technique to
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seek a form of discontinuous Lyapunov functions, but, by making use of membership
functions, this method needs only to find one local Lyapunov function for every inter-
polation region. Therefore the proposed technique drastically reduces the complexity
of the associated LMI problem. Furthermore, because of the much simpler formu-
lations in theorem 5.1 and theorem 5.2, we have relaxed the stability conditions of
fuzzy systems given in Johansson and Rantzer (1998), and Pettersson and Lennartson
(1997b) (which are considered the best stability results for fuzzy system stability to
date).

Future research can be conducted along two directions. One is to integrate the
stability determination with the modelling schemes described in chapter 3. Another
one is to simplify the boundary conditions for local Lyapunov functions. We will
discuss these ideas in more detail in chapter 8.

Next chapter will use the results obtained in this chapter to study control problems

of local systems.



Chapter 6

Feedback stabilizing control of fuzzy

systems

Various methods of fuzzy-model-based control have emerged as a powerful approach
to the control design of complex non-linear systems (Takagi and Sugeno, 1985; Tanaka
and Sugeno, 1992; Wang, 1996; Tanaka, Ikeda and Wang, 1996; Wang, Tanaka and
Griffin, 1996), several of which have addressed this problem via the stabilization of
state-space fuzzy models. Often, these solutions depend on finding a common Lya-
punov function for the feedback control of nonlinear systems represented by a set of
linear local models (Wang, Tanaka and Griffin, 1996; Kiriakidis, 1999). In Wang,
Tanaka and Griffin (1996), a nonlinear system is represented by a set of TS models,
and the control design is carried out by the so called parallel distributed compensation
scheme. The idea is that for each local linear model, a linear feedback controller is
designed. The resulting overall controller, which in general is nonlinear, is like the
modelling representation, a fuzzy blending of each individual linear controller. Kiri-
akidis (1999) developed a framework that exploits the property of the fuzzy model
as a convex hull of linear system matrices. Using a quasi-linear model structure,
the robust stabilization of complex non-linear systems, against modelling error and
parametric uncertainty, based on feedback control, is transformed into an LMI prob-
lem. In Cao, Rees and Feng (1997b), the authors presented a fuzzy controller design
method which attempts to combine individual local linear based solutions to obtain a
global solution for the overall design problem. The approach is based on the so called
fuzzy dynamic model which is an extension of TS model. Instead of searching for a
common Lyapunov function for all the subsystems, this algorithm sought for piecewise
local quadratic Lyapunov functions. As such it generates a less conservative controller
solution than that obtained in Kiriakidis (1999), although some boundary conditions

90
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need to be incorporated. Another drawback of Cao, Rees and Feng (1997b) is that the
resultant controller design is formulated so as to require a set of Riccati equations to
be solved with an associated computational overhead.

In this chapter, following the results obtained in the preceding chapter, we formu-
late and solve the problem of robust stabilization for a broad class of fuzzy systems.
Initially a class of affine continuous nonlinear dynamical systems are represented by
a class of fuzzy models with sector bound modelling errors, for which the state space
is partitioned into a set of local linear fuzzy models with bounded additive parametric
and modelling errors/disturbances. In Section 6.2, state feedback controller design
is derived by seeking a piecewise Lyapunov function for the closed-loop system so
that the design solutions are minimally less conservative. Section 6.3 discusses output
feedback controller design methods. An illustrative example is given in Section 6.4.

Finally, section 6.5 concludes the chapter.

6.1 Fuzzy model of nonlinear systems

Here we consider the affine nonlinear dynamical systems described by (2.6), which is

re-written here for convenience:

x = f(x)+g(x)u, xeR" ueR”,
y = (¥, (6.1)

where the Jacobi matrix Vf(x) continuously differentiable and £(0) = 0, g(x) € R"*™.
Expanding f(x) about the origin we obtain f(x) = A;(x)x. Therefore system (6.1) can

be approximated about the origin as
X =A;(x)x+g(x)u, xeR" ueR” (6.2)

Inside an arbitrarily large compact subspace X € R”, the above class of non-linear
systems can be approximated by a class of fuzzy models to any desired accuracy (Wang
and Mendel, 1992). The fuzzy model that approximates the system matrix, A(x),
for all x € X, stems from the following expansion in terms of fuzzy basis functions
(FBFs) (Wang and Mendel, 1992; Kiriakidis, 1996)

ZW, JAi+AA(X), A, AA(X) € RV, ||AA(X)||a < fa (6.3)
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where fi4 > 0 is arbitrarily small, L is finite, and the absolute matrix norm ||D||, =
n % Maxi<k,i<n |di|, D € R™*". The normalized fuzzy basis functions are given by
wi(x)
Showi(x)
where w; : X — [0, 1] are the fuzzy membership functions. Suppose that n < m, if we
set Bs(x) = [g(x) 0, (n—m) ], then similar to the process of representing A(x) in FBFs

wi(X) = ci=1,..,L. (6.4)

we get
L
Bs(x) = > wi(X)Bsi+ ABg(x), Bsi, ABs(x) € R, [|AB(x)|la < fis (6.5)
=1

If we denote By; = [B; 0, (n—m)] and ABy(X) = [AB 0, ()], then the resulting fuzzy
system of (6.2) takes the form

X =A(x)x+B(x)u+ Af(x,u), x€X, (6.6)
where

L L
A(x) = gwi(x)Ai, B(x) = ;wi(x)Bl—. (6.7)

In the following it is assumed that the modelling error satisfies the sector bounds

T
AT (x, u)Af(x,u) < 12 { X } { X } : (6.8)
u u

where 1 is a constant. Note that the modelling error Af(x,u) has been added into (2.21)
to form (6.6) since (6.6) is considered to represent the original plant.

The fuzzy model description (6.6) is general enough to also incorporate pertur-
bations that originate from other sources such as parameter uncertainty or external
perturbations (Kiriakidis, 1999). For example, suppose that the matrix A;(x) in (6.2)
depends linearly on a parameter vector 6, which is normal for say B-spline expansions
of a general function f(-). Then we have A;(x,0) = A(x,00) + A4, (x,AB). We need
only approximate the nominal part A(x, 69) by the fuzzy model as shown above, and

obtain the following
As(x,0) = A(x,00) +AA(x,80) + A4, (x,AB)

Similarly g(x,0) = B(x,00) + AB(x,6¢) + AB,(x,A8) in (6.2). Here AA,(x,A8) and
AB,(x,A8) represent parametric uncertainty, whereas AA(x, 6g) and AB(x,0q) repre-
sent modelling error which are uniformly bounded as in (6.3) and (6.5). If the matrix
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norms [|AA,(x,A0)|4, ||AB,(x,A8)]||, are also uniformly bounded, and their upper
bounds are same as the upper bounds of ||AA(x,00)]. and ||AB(x,8y)||,, respectively,
then the parametric uncertainty can be lumped with the modelling error.

Within each subregion Z; the fuzzy system (6.6) can be denoted as

X = (Ai+AAi)X+ (Bi+ABi)u+Af(x,u)
= (A,‘X—i—Bﬂl) + (AA,'X+AB,'11) +Af(X, u) XEZ; (69)

where AA; = 35 wj(4; - A;) and AB; = 3% w;(Bj— B;) i = 1,...,L. We need the
following important upper bounds of the system (6.9):

[AA; AB)T[AA; AB)) < ETE; (6.10)

where E; = [Ej;; Ep] is a constant matrix. If u € R™, then E; € Rrx (1) The upper
bounds E; have to be selected by the designer. If unavailable, then the following search
algorithm (Cao, Rees and Feng, 1997b) can be used to obtain approximate bounds
from observable input/output data of the process (6.1):

Step 1. Denote Ad; = 335 (Aj—A;) and AB; = 3 35 (B; —Bi),i=1,...,L. Choose
the the approximate upper bounds (6.10) with the form:

EFE; = M[AA; AB]T[AA; AB]i=1,2,...L, (6.11)

or the form
E'E; =M1 i=1,2,... L. (6.12)
Step 2. Initially, set A; =0, i = 1,2,...,L, and determine whether the closed-loop

subsystems in (6.14) are stable with Af(x) = 0. If any one does not, the algorithm ends
and the upper bounds cannot be found; otherwise go to Step 3.

Step 3. Increase the values of A; = A;+6;, where 6; > 0,i= 1,2, ..., L. Then determine
whether the set of closed-loop subsystems in (6.14) are stable. If they are all stable then
repeat Step 3 until the maximum values of A;, i = 1,2,..., L have been found, which
guarantee that the set of closed-loop subsystems (6.14) are stable. Substituting These
values into (6.11) we obtained the approximate upper bounds.

Remark: It should be noted that the above searching algorithm gives the largest al-
lowable upper bounds, which represent the largest allowable interaction among the

subsystems.
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6.2 State feedback controller

Initially we assume that all states, x, are available from observation. Later in Section
6.3 we relax this assumption. In this case, a piecewise static state feedback controller

of the form
u=Kx, xXxe€Z (6.13)
can be used for system (6.9) to form a closed-loop system
X = (A; + BiK))x+ (AA; + ABK))x + AMf(x), x€Z; (6.14)

where Af(x) is a simplified notation for Af(x, K;x) and satisfies the sector bounds

1 I
AT (x)Af(x) < 1PxT X, 6.15
(9Af(x) < u [ ol Tk } (6.15)
where [ is an identity matrix with suitable dimension.
From the upper bound of (6.10), we also have

! 1
(AAi+ AB;K;)" (AA;+ AB,K;) < E[E; { y } (6.16)

i i

Applying theorem 4.4 we can prove the following lemma (Feng and Harris,
1999b):

Lemma 6.1 Assume that the state trajectory evolves according to (6.6). If there exist

quadratic functions V;(x) = xP;x, i € Iy, such that
(i) Vx#0€Z,Vi(x) >0,i=1,...L,
(i) Vx€Z,Vi(x) <0,i=1,...L,
(ii) Vx € A;;,Vi(x) <Vi(x),(i, ) €In,
then the system is (uniformly) exponentially stable in the sense of Lyapunov.
Proof Let
o= minkyin(P), B =maxhue(P),
then for any i =€ I, within the region x € Z,,

o x| < Vi(x) < Bix|I*.
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Also, Solutions to the strict inequalities in (ii) implies the existence of positive real

numbers y; > 0 such that

Vi(x) < —yilIx||.
Denote y = min;7y;, then

Vi(x) < —yix||*.

Now it is direct from theorem 4.4 that the lemma can be established.
Using lemma 6.1, we obtain the following stability result for the closed-loop

system (6.14) (Feng and Harris, 2000):

Theorem 6.1 Suppose there exist positive definite matrices {Qy,...,Qr}, matrices
{N,...YL}, Rij, and constants 1;; such that the following conditions hold for i =
l,...,L

o)
0l + A Qi+ BY+¥[Bl +21 [ 0; ¥] |
‘ < 0; (6.17)
% } (P —ETE)
14
(i)

0; < Q;—ijRij, (i,)) € I. (6.18)

Then the closed-loop (6.14), subject to (6.10) and (6.15), with feedback gain K; =

Y; lf'l, i=1,...,Lis stable in the sense of Lyapunov.

Proof According to Lemma 6.1, we need only to find a piecewise Lyapunov function
for the system to ensure the stability. Consider the Lyapunov function candidate given
by V; = xTP,-x, where P; = Ql._l. V; is positive for i = 1, ..., L. In the following we will
prove that V; < O forallx #0and i = 1,..., L, or equivalently

Vi = xT(Ai+BiK))" Px+x" Pi(A;+ BiK;)x
+xT (AA; + AB:K)T Px+ xT Pi(AA; + AB:K;)x + Af(x)T Pix + x? PAf(x)
= %/Ax; <0, (6.19)
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where we denote

X (Ai+BiK)" P+ P(A; + BK;) P; P,
X, = | (A4;+ABK)x |, A= P 0 0
Af(x) P, 00
By (6.15) and (6.16), AA;, AB; and Af(x) satisfy the following condition
—1P(I+KK;) — (En +EnK;) T (En+EpK;) 0 0
x! 0 I 0|x%<0 (6.20)

0 0 1
Applying the S-procedure, inequalities (6.19) and (6.20) hold if there exists T > 0 such
that
~12(I+ K] K;) = (En + E2K)" (En + EpK;) 0 0
Ai—1 0 I 0]<0. (621
0 0 17

From the Schur complement lemma 4.1, inequality (6.21) hold if and only if there
exists T > O such that

(Ai+BiK)T P4 Pi(A; + BiK;) +1(1P (I + K] K) + (Ei1 + EnK)T (Ei + Enk;))

_ =1 )
-[P,-P,}[ v [PL}«). (6.22)

o -1t l||P
Substituting Q; = ’cPi“1 and Y; = K;Q;, after manipulation, inequality (6.22) becomes

Qi
Y.

11

T
QA] +AQi+BY;+Y Bl +2I+ [ IQ/" } (W1 +E] E;) [ J <0.  (6.23)

1

Using the Schur complement lemma on (6.17), (6.23) follows, and so the first and
second conditions of Lemma 6.1 hold. Since P; > P; if and only if O; < Q;, the
third condition of Lemma 6.1 is a direct consequence of (6.18) after applying the -
procedure, establishing the theorem.

Remark: The conditions of theorem 6.1 is a set of LMIs and so it is easy to
use standard software packages to find their solution. Therefore it provides an easy

construction method for controller design.

6.3 Output feedback controller design

The above state feedback control requires that the system states are available. In

practice this requirement may be too restrictive since frequently only an input/output
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model is available from online observations. In this section we consider the control
law based on output feedback. Recall in (6.1) the output equation for the fuzzy system

is
y =Cx, (6.24)
based on which we construct a state observer and output feedback controller via
Z = Acz+ By, (6.25)

u = Kz, z€7Z, (6.26)

where A, B, and K; are controller matrices to be determined. Applying the output
feedback controller (6.26) to system (6.9), the closed loop fuzzy control system can be

obtained as

X = (AiX+ BiKiz) + (AAx + ABKiz) + Af(x,2) (6.27)

Define the augment state vector X { J R?”, then (6.25) and (6.27) becomes on

using (6.24)

X = AR+ A4 (X)X 4 AL(R), (6.28)
where
- A;  BiK; - AA; ABK; ~ Af
Ai _ i (24N : AA,(i) _ i i : Af(f() _ (X;Z) .
B.C A, 0 0 0

From (6.8) and (6.10) the following inequalities hold, respectively

T AAT (%) AA; (%)% ' KTETER %, (6.29)

<
AP (%)AF(R) < TR KRX, (6.30)

0

- 1
where K; = !i 0 } . We have the following lemma:

i
Lemma 6.2 Assume that the state trajectory evolves according to (6.6). If there exist
matrices P; > 0, and K; such that

ATP 4+ BA; +1PKTK; + R ETE,K; +2P? < 0,

and we apply the observer (6.25) and controllers (6.26) to (6.6), then the closed loop
system, subject to (6.8) and (6.10), is exponentially stable in the sense of Lyapunov.
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Proof: Initially consider the Lyapunov function candidate V = %’ P,%, where P;

is a positive matrix. We have

T O ~ ~ ~
% ATP,+PA; B P %
V=1 AZ p; 0 0 AAX |- (6.31)
Af p, 0 O Af

From (6.29) and (6.30) we also have

T PO ~ ~
% —1?K'K;~KI'ETEK: 0 0 %
AA X 0 I 0 Az | <O. (6.32)
Af 0 0 I Af

Applying the S-procedure, we know that V < 0 and (6.32) hold if there exists T > 0
such that

AT}’S, + ISLAL ﬁ, pt —/lezlrki - Kl-TEiTEiKvi 00
P -1 0 I 0| <0

0 0 1
From the Schur complement lemma 4.1, the above inequality is equivalent to

AT+ PA; + PRI Ko+ 1R ETEiR:+ 207 B2 < 0

After multiplying by 7!, and re-denote 115, as B; we get

1

AP+ BA; + PRI K + KT E] EXR: + 2P? < 0. (6.33)

This proves the lemma.
If we use the following observers:

7z =A;z+ By YASY AR (6.34)
then we obtain the following theorem from Lemma 6.2:

Theorem 6.2 Assume that the state trajectory evolves according to (6.6). We apply
the observers (6.34) and controllers (6.26) to (6.6). If there exist

(i) matrices Q; >0, Y;, i =1,...L such that

OAT +A,0i+21 ¥l YTE]
uY; -1 0 <0, (6.35)
EnY; 0 —1
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(ii) matrices P; > 0, i =1, ...L such that

M P+ PM;+ 11 + EL E; — N; P
P, (BiK:QiG;' Qi(BiK;)T —21)! ’
(6.36)
where
K = Y07,
Gi = QAT +AQi+1°Y Y, +Y ELEpY;+2I,
M; = A;—BK:Q,G ' (B.C+Y ELEy),
N = BC+YTELEN)T G (B.C+YTELED). (6.37)
(iii) marrices R;j, and constants ;j, i, j = 1,...,L such that
P P; .
< | iR () € I (638)
[ Qil} { QJIJ Y

Then the closed loop system, subject to (6.8) and (6.10), with K; = YiQi_l, is stable in

the sense of Lyapunov.

~ P;
Proof: Let’s consider the positive matrix P; = [ ! 1 } where P; and Q; are
i
- P!
n X n positive matrices. Set ¥; = K;Q;. Then KiPi“1 = ! v | Pre- and post-

i

multiply (6.33) by }31-_1, and after manipulation, we get
en e |
€1 e

e = PUAL AP i P PUERER P 2,
ern = P71(B.C) +BiK Qi+ P ELELY;,

enn = Qi(BiK)" +B.CPT +YTELE, P,

e = QAL +AQi+1?Y Y+ Y ELELY; +21.

where

Applying Schur complement lemma, and using the definition in (6.34) and (6.37), the

above condition holds if

QAT + A Qi+ 1YY+ YT ELERY 421 <0, (6.39)
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and

POM{ +MiP + PP + P EJEn P
+2I - PTINPT - BiKQiGT 0i(BiK) T < 0. (6.40)

Pre- and post-multiplying (6.40) by P;, and applying Schur complement lemma again,
(6.39) equivalent to (6.35), and (6.40) equivalent to (6.36). Therefore, (6.35) and (6.36)
enable us to ensure V < 0. Also, similar to the proof of theorem 6.1, the inequality
(6.38) guarantees the third condition of Lemma 6.1 to be satisfied, establishing the

theorem.

6.3.1 Observer design

To obtain an improved performance of the closed loop system, we can further use the
LMIs technique to design the observers in (6.25). We summarize the method in the

following theorem:

Theorem 6.3 Assume that the state trajectory evolves according to (6.6). We apply the
observers (6.25) and controllers (6.26) to (6.6). If for i = 1,...,L, there exist matrices
X, Y, Ui, o, T3 and Tia such that

[ To+A; pY uln YEL+TaEL Y 1
Il +AT iy ul 0 ET I X;
uy; ul -1 0 0 0 0
urh 0 0 I 0 0 0 | <0,
EvY'+E I, E;y 0 0 —1 0 0
Y 1 0 0 0 —2Ty —2Y
I I X 0 0 0 —2Y; -2 |
(6.41)
where
myp = Y}AZ+Ain+rilB?+BiF£,
iy = ATXi+XTAi+CTTLE+T5C,
and

[Y" ! } > 0, (6.42)
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and for (i, j) € Iy, there exist matrices R;j, H;, Hj and constants ; ; such that

X, D Xj D]'
—MiiRij, 6.43
where D; and F; are obtained from
DiF = 1-XY;,

then the closed loop system, subject to (6.8) and (6.10), is exponentially stable in the

sense of Lyapunov. Furthermore, the observer and controller can be calculated as

follows
K. = Th(F,
B, = D;'Ta, (6.44)
A, = DN ThL—XAY:—XBTH —TnCy)(FHT,

forz e Z,.

Proof: According to lemma 6.2, if we have matrices P; > 0 and K; such that
AITPI + 15,14‘, +/12KiTK',’ -+ KiTEiTEiki + 215!2 <0

then the closed-loop system is stable. Apply the Schur complement lemma to above

inequality we have

< 0. (6.45)

Now we consider non-diagonal positive matrix of the form

- Xi D
B=| 0T

We denote
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X;

Note that X;Y; + D;F;f =1, and PW; = T J . suppose F; is invertible, then (6.45)

1

is equivalent to

W; ATP+PA; uK' K'E] P W
I K -1 0 0
HE 4 <0,
I EiK,; 0 -1 0 I
W p, 0 0 =2 w;
which in turn is equivalent to
[ mi omi wY pEKT mys Y; [ ]
mly myp @ 0 EL ] X;
ng ul =1 0 0 0 0
pKFEE 0 0 -1 0 0 0 <0, (6.46)
mlsy Ey; O 0 I 0 0
Y I 0 0 0 —2mg —2Y;
7 X 0 0 0 -21;, -2 |
where
my = YA +AY,+FK!IBl +B.KF],
miy = YA]X;+FK! Bl X;+Y.C"BID] + FAIDI + A4,
mis = KE1€+EI(1TE127
my = AIX;+XTA;+CTBID!I +D;B.C,
mes = Y. +FF .
Define
Iy = FK/,
T = YA/X,+FK/ B Xi+Y.C"BID] + FAD],
I's = DB, (6.47)
Ty = Y +FF .

Substituting (6.47) into (6.46) we obtain (6.41). Furthermore,

Y, I
' }>o.

W] P =
I X;

Therefore £; > 0. Similarly to theorem 6.2, the inequality (6.43) guarantees that the
third condition of lemma 6.1 is satisfied. (6.44) is a direct consequence of (6.47). The

proof is complete.
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6.4 Illustrative design example

Consider as an illustrative problem, the stabilization of a simple spacecraft. The dy-
namic behaviour of the spacecraft can be modelled by (Kiriakidis, 1999; Wang, Tanaka
and Griffin, 1996)

X1 X2
. = | gsin(x;)—amix3sin(2x;)/2—acos(x1)u | - (6.48)
*2 A1 /3—amlcos?(x1)

where x) is the angular displacement of the axis of symmetry from the upward vertical

equilibrium, x; the angular velocity, u the force from the thrusters, and g the accelera-

tion of gravity. For a planet the size of Earth, g is given by
6370 x 10° )2

6370 x 103+ H "’

where go = 9.8m/s? and H the altitude of the spacecraft in kilometers from the surface

g =80+ Ag = go

of the planet. Taking for a typical micro spacecraft, m = 2kg, M = 8kg, [ = 1m and

a= m The altitude variation of the acceleration of gravity induces parametric

uncertainty in (6.48). We treat this uncertainty as a perturbation term. Denote X =

1| The nominal drift dynamics can be obtained from Wang, Tanaka and Griffin
X2

(1996). Combining the nominal drift dynamics and the uncertainty part produced by

H the altitude, we obtain the following fuzzy model for system (6.48) in the subspace
X = [—(m/2), /2] x (o0, 00):

2
X = wi(x)(Aix + Biu) + Af(x), (6.49)
=1

where w; are calculated according to (6.4), and

Zﬂ’ —I<x <0,
WI (X) = { 1 121:)(] 02<_ <—1[
T XS5,
ﬁ, —I<x <0
T SXS;
The local models are
T o 1 [ 0 1
A = 0 ol 2T __2 o
L 41/3—ami | w(4l/3—amlB?)
0 [0
Bl — —l Y B2 - —Ba ?
| 41/3—aml | 4/3—amiB?
[ 0
Af(x) = Agsin(x;) ;
L 4l/3—amlcos?(x;)
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where f = cos(88?). Note that the model (6.49) is different from the model of Wang,
Tanaka and Griffin (1996) since we include the modelling error term Af(x). For x; €
[—(n/2),m/2) and H € [0, 100] km, we have ||Af(x)|| < 6x 1074||x]|[,i.c. u=6x 1074,

6.4.1 State feedback control

Solving the LMIs (6.17) and (6.18) formulated in theorem 6.1 results in the following

matrices:
s | 00202 —0.0571 54.4335  —144.6490
Or = 10°x , 2 = ;
~0.0571 1.8079 —144.6490  393.9323
[ 12161 2.2208
Y, = 10*x , Y, = 10* x 2208
3.6264 —5.8098

The response of the resultant state feedback control system with initial conditions
(x1,x2) = (15°,0) is plotted in Figure 6.1. The control input is plotted in Figure 6.2.

0.6 T i T T T T T T

2(rad/sec)

state vector: x1(rad), x;

|
|
1
-0.6 \ ! solid ling——-———-x1
! ,I dot ling—————— x2
§
—08F, !
i i
\ 1
/
1F Y
~1.2 1 L t 1 1 1 I t !
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

time{sec}

Figure 6.1: State feedback — the angular displacement, x;, and angular velocity, x;.

6.4.2 Output feedback control

The techniques derived in section 6.3.1 are used now to design the observers and

controllers simultaneously. Suppose that the output matrix in (6.24) is C = [1 0].
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controller u

L t 1 i I3 1 1
0.5 1 15 2 2.5 3 3.5 4 4.5 5
time(sec)

Figure 6.2: State feedback — the controller, thrust, u.

Solving the requisite LMIs (6.41), (6.42) and (6.43) in theorem 6.3, we obtain the

following matrices:

. [ 9402012 238.8003 | —9.6723 6.9901

‘U7 | Z1354.7145 316.3020 | 271 _509111 8.7924 |’
[ 225.3332 4.9325

B,y = , By = ;
322.8026 5.6217

Ky = [1900.2008 2483.1123], K, =[3.3313 7.1212].

The corresponding output and input results are depicted in Figure 6.3 and Figure 6.4,
respectively.

The figures demonstrate that the performance is satisfactory even though there
exists system uncertainty.

This simulation example is well know in the literature and many designs have
been done. A typical work is the PDC (Parallel Distributed Compensation) controller
presented by Wang, Tanaka and Griffin (1996). But their model does not include mod-
elling mismatch term Af(x). Kiriakidis (1999) considered Af(x) in their stabilizing
controller design. Both papers only solved the problem of state feedback controller de-
sign. Here following our scheme, both state feedback and output feedback controllers

can be derived.
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Figure 6.3: Output feedback — the angular displacement, x;, and angular velocity, x;.
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Figure 6.4: Output feedback — the controller, thrust, u.
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6.5 Conclusions

In this chapter we have developed a fuzzy model based feedback stabilizing control
method that utilize LMIs. The sufficient conditions for stabilization of the feedback
systems are given in terms of LMIs. The fuzzy feedback controller can be obtained
by solving the LMIs. The technique is robust in the sense that we can handle mod-
elling errors or system perturbations. By applying the piecewise Lyapunov stability
conditions which were derived in last chapter, the LMIs involved in the design are less
conservative and the usage of commercial LMI solvers provides easy design evalua-
tion.

According to Lemma 6.1, we only need the inequality (6.17) to hold in alocal area
Z;. Therefore a further research can be made to further relax the conditions by applying
the S-procedure. Anther possible development is to derive a non-linear stabilizing con-
troller by generalizing the above results to parallel distributed compensation (Wang,
Tanaka and Griffin, 1996).



Chapter 7

Adaptive Neurofuzzy Control for A
Class of State Dependent Nonlinear

Processes

In chapter 2, a general MIMO discrete time nonlinear system described by (2.1) was
modelled by (2.22), which is rewritten here for easy reference:

Ye+1) = ai(0)y(r)+- +an(0)y(t—n+1)
+b1(0)u(t—d)+--+ by (O)u(t —d —m+1) (7.1)

where {u(7),y(¢)}~£_, are measured input/output vector pairs, the integers n and m are
known a priori or assumed system orders and d is the known time delay of the system,
a;(O;) and b;(O;) (i=1,2,---,n; j=1,2,---,m) are a priori unknown functions of
the measured operating point O;.

The topic of this chapter concerns the control problems of the system (7.1) (Feng
and Harris, 1998). It was remarked in chapter 2 that, if O, is independent of the system
input and output, and (7.1) is SISO, the nonlinear coefficients can be expressed via

associative memory networks and therefore the system (7.1) can be expressed as

yr41) = zn:Nak(O[)y(t—k—l— 1)+ ika(O,)u(t—k+ D +AF(0),  (12)
k=1 k=1

where Af(O;) is a model mismatching error:

n

f(0) = Z e (01) = ar(00)y(t =k + 1) + 3, (Np, (Or) = bi(0) Ju(t —k + 1),
k=1 k=1
(7.3)

108
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which have already been formulated in (2.25) and (2.26).

If the operating point variations of (7.1) are known then various forms of con-
troller gain scheduling may be deployed. Often these parametric relationships are
complex, unknown, and nonlinear but the operating points may be measurable or at
least inferred from other sensor outputs. While the general control problem of system
(7.1) is considered difficult, researchers have made some progress for a few special
cases. For a matching system, by using the parametric (neural net) estimation from
equations (2.30) — (2.32), an on-line adaptive controller of the 1-step ahead predictor
kind (it has been generalized to d-step ahead for time delay systems) can be easily
constructed (Wang, Brown and Harris, 1996) by solving the simplified (for d = 0)

Diophantine equation

1=A(t,g ") +q7'G(t,q7 )

1

for a polynomial G(t,4~!) in the backward shift operator ¢!, where

Alt,g™") =1~ 3 Na(0)g™
i=1

The 1-step ahead control signal u(r) that ensures $(r + 1) = y* (¢ + 1) satisfies
Y+ 1) = Gle,g () +Blt,g u(2), (74)

where y* () is the desired output reference signal and B(t,q~!) = "1 Np, (0)g~ 1.
Stability of the resultant closed loop system is established by the following:

Theorem 7.1 (Wang, Brown and Harris, 1996) If the system (7.1) is invertibly stable
(ie, the bounded desired output y* (t) can be realised by the bounded control signal),
and the basis functions 0;(O,) are uniformly bounded, the resultant matching system

is closed-loop stable under the controller derived from (7.4), i.e.
y(2)] < oo, u(1)] < oo.
For mismatching systems with known common parametric bound 6(> 0)

INai(01) ~ai(0)] <5,
Ny, (0) ~b;(0)| <3,

for all (i, j) and O, such that the total known mismatch model error is

| A £(0;)] < & Z z—k+1)1+§;4u(z—k+1)1), (7.5)
k=1 k=1
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the above adaptive controller applies, but with an amended parameter estimator, that
incorporates the a priori determined modeling accuracy (7.5).

The above neural network modeling procedure requires that the input vector Oy is
both measurable and bounded. In the more general case when O; = x,, the dynamical
system (2.1) must be open-loop stable and bounded, somewhat restricting the above
methodology. If however a one-to-one mapping can be generated (Wang, Wang, Brown
and Harris, 1996) that transforms an unbounded input definition domain into an open
set, which is covered by a closed bounded set, then the above modeling and controller
design is applicable.

This chapter extends operating point dependent processes form of local modelling
and control to the multivariable input multivariable output system of general form (7.1)
with known orders, in which 4;(-) and b;(-) are unknown functions of x,, the vector of
system input and output defined in section 2.1.1. Because the discrete time state space
model is going to be used in this chapter, we alter the notations in a slightly different

way as:
x(t) = [xi(2),x] (0)]" € R,
x1(1) = Y @—n+1),,y ()] e R,
x2(0) = [ (E—m+1),--- 0" (1)]" € R™,
y(t) = D), yp(0)]" € R,
u(t) = [w(t), - uy(t)]” € RI.

In the following it is shown that when the nonlinearities a;(x(¢)) and b;(x(z)) can
be modelled off-line by artificial neural networks (ANNs) then a stable decoupling
controller can be synthesized. If the coefficients of ANNs are a priori unknown, a
modified recursive least square(NRLS) algorithm combined with feedback linearising
controller is employed to design an adaptive control system. For both cases, the closed
loop system stability is analysed in detail and the weight convergence is shown to be
guaranteed, for practical implementation the resultant controllers can be realized as

conventional controllers or as neurofuzzy controllers (Brown and Harris, 1994).

7.1 Minimum Phase Property

It is well known that certain classes of ANNs can approximate any continuous non-
linear function defined on a compact set to an arbitrary accuracy (Brown and Harris,
1994). Therefore, if ANNs are used to approximate the unknown nonlinear functions
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in (7.1), estimates for the unknown parameters a;(x(¢)) and b;(x(¢)) can be obtained.
In this chapter we use B-spline networks, since they have a direct fuzzy interpretation,
and have strong mathematical properties that determine weight stability, convergence
and network conditioning (Brown and Harris, 1994).

With O; being replaced by x(¢) in (7.1) and modifying (2.23) and (2.24) for MIMO

systems as
Ny (x(1)) = Z Wbk (x i=1,---,n, (7.6)
Nb}(X(t)) = ZW]bl\q)/x(X(z)) ]: 17 s 11, (77)
k=1

where W is a p x p matrix, Wﬁ( is a p X ¢ matrix, and ¢x(x(7)) is a scalar neurofuzzy
basis function, the model representation (7.1) can be rewritten as the following form:

n m

y(e+1) = 3 Ny (x())y(t—k+ 1)+ 3 Ny (x(0)u(t — k+ 1)+ Af(x(r))  (7.8)
k=1 k=1

where

MGED) = 3 (Vo (x(0) — ax(x(6)))y(t —k+ 1)

=1

i (Np, (x be(x(r))u(r—k+1).

>~.

is a vector € RP? and can be represented as Af(x(7)) = (A f1(x(2)), -+, A fp(x(1)))T.

The control objective is to track a given bounded reference sequence {y*(z)}
while rejecting the impact of model mismatch error Af(x(z)). To do this we introduce
a feedback linearising control law (Sastry and Bodson, 1989) given by

n m
Y No (x(2)y(t—k+1)+ D Ny, (x(1))u(t —k+1) = r(z). (7.9)
k=1 k=1
where r(¢) = (r1(t), -, rp(t))T € R” is an external signal vector to be determined or

selected by the demgner.
Remark Strictly speaking, the existence of the feedback linearising controller

requires the system to be linearizable (Sastry and Isidori, 1989) which involves a
special matrix of the system being bounded away from singularity. Here we suppose
the condition is met, ie., suppose that (7.9) has at least one solution for u(z) at any time
¢ > 0. (which is true in particular if the ANNs do not explicitly depend on u(z) or if

they are invertible as a function of u(z)). <
o
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Denote the u(z) implicitly determined by (7.9) as g(x1(¢),x2(t — 1),x(¢)). If the
basis functions in (7.6) and (7.7) are uniformly bounded, g(x;(z),x2(r — 1),r(¢)) has
bounded partial derivatives and so satisfies Lipschitz condition with Lipschitz constant

Cq-
Together with (7.9) we can easily obtain the state model for (7.8) as
X](l‘—f—l) = A]X](Z‘)-}-B](I’(l‘)—|—Af(X(l‘))), (7.10)
Xz(l‘+1) = A2X2(Z‘)+Bzu(l‘+1), 7.1
y() = Hxi(1), (7.12)
where
[0 5, 0 0 ] [0 ]
o n - 0 0
A = 7 Bi=1| - |, H=[0---01],
0 0 O 0 hL 0
|0 0 O 0 0 | i
[0 L 0 0 0] [0 ]
0 0 &b 0 0 0
AZ — ) B2:
o o0 --- 0 &L 0
i o 0 - 0 0] | L]

where I1 and I, are p X p and g X ¢ identity matrices, respectively.

Model (7.10) — (7.12) is in the normal form. If it starts from x;(0) =0, r(t) =0
and AMf(x(r)) = 0, then x; () = 0 and the plant output, y, stays at zero. The motion of
the resultant system is determined by the dynamics of x,(z). We then define the zero
dynamics of (7.10) — (7.12) as

X2(l‘+1):AQXZ(I)+BQﬁ(Z+1), (7.13)
where @(7 + 1) is a function of x(¢) implicitly defined by
Noy (04 1))8(1 4 1) + Ny (x(0 4 1)8(1) + -+ Ny, (x{2 + 1))t = m+2) = 0.

The nonlinear system (7.10) — (7.12) is said to be globally exponentially minimum
phase if its zero dynamics (7.13) are globally exponentially stable independent of

Xl(t).
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It can be shown (Chen and Khalil, 1994; Sastry and Bodson, 1989)) that if (7.13)

is exponentially stable there exists a Lyapunov function V,(x2 (7)) such that

c1llx2(1)]]> < Va(xa(r)) < eallx2 (1)1, (7.14)
VQ(XQ(I+ 1)) “VQ(Xz(t)) < —O(”XQ(Z)HZ, (7.15)
H@%ﬁﬁ <L|x| (7.16)

hold in some ball B,, C R, where ¢y, ¢, o and L are constants.
For the purpose of this chapter the norm of a transfer function H(g~') is defined

as

1H (g™l = supocio amH(e™)].

7.2 Decoupling control

Let the tracking error be

¥1) = ¥y =y(0) (=510),,5p(1)7],

() = [e—n+1),-30)

Selecting the external signal

" R
r(f) =y (t+1)- T(q_l)Y(f), (7.17)
where f,((‘;::; ¥(¢) is defined as
Sa) o [Sia D Sea) T
T(q—l)Y(Z)— Tl(q“l)yl(t)’ ’Tp(q‘])yp(t) 5
we obtain from (7.10) that
£(t+1) =A% (1) + B1G(g ) A E(x(1)), (7.18)

where G(g™1) Af(x(t)) is defined as
Glg™") D(x(1) = (Gi(g™) B fi(x(1)), . Gplg ™) B f(x(1)))T,

~1
where Gy,(¢7!) = T/,(q“)Tﬁr(;]‘lgh(q“) for h = 1,..., p are transfer functions in the delay

operator ¢~ !, which can be chosen to be exponentially stable.
Aj is a stable matrix since all of its eigenvalues are at the origin. Therefore, given

any symmetric Q > 0, there is a symmetric P > 0 such that

ATpA,—P=-0. (7.19)
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Theorem 7.2 If
(@) y*(2) is bounded, with bound ¢* = sup;>o|ly*(1)|l;

(i) The transfer functions Gy,(q~') are proper and exponentially stable, hence there
are p € (0,1) and cp > 0 such that the impulse response coefficients of G,(g™")
are all bounded by cpp' for all t > 0;

(iii) (7.10) — (7.12) is globally exponentially minimum phase;
(iv) All basis functions in (7.6) and (7.7) are uniformly bounded;

(V) There exists a constants & € (0, 1) such that

5 < 12l , (7.20)
2(ATPBI| (125 + |B7PBI| (1)
IAfx@) < 8K, (7.21)

then the control law (7.9) and (7.17) results in bounded tracking, that is, x(t) € R"P+m4
is bounded and lim; .. y(t) = y*(¢).

Proof Choose Lyapunov function candidate for X;(z) as
Vi(%1(1) = &] (1) P (1),
where P is determined by (7.19). Then, using (7.20) and (7.21),

Vit +1)) = Vi(ki(r)) = —K{(1)Q%i () +2%] (AT PB1(G(q™") A(x(1)))
+B{PB1(G(q™") AM(x(1)))?

< s 0)0x0)+2TPBi| (125 ) S0P
+ET P (12 ) &% (1))
< s 0on(0)+ (TP

—Pp
FleT P (12) )sumnz

< X[ (0% (1) +|Qf[%1 (1)]1?

IA
-
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Therefore V) (X;1(¢)) is a lower bounded and decreasing series. Hence

lim%,(z) =0,

{—poo

which means that x; (¢) is bounded and lim, .. y(¢) = y*(¢).
Next, consider the Lyapunov function V5 (x,(z)) in (7.14)—(7.16). Denoting the
solution of (7.13) as X, (), we have that

Vixa(t+1)) —Va(x2(t)) = Va(xa(t+1)) — Va(x2(7))
+V2<X2(Z‘+ 1)) — Vz()_(z(t -+ 1))

< e+ | P50 e ) —sao D

< a0+ L)+ 1) =%+ D)

= —alalt) P+ Lixa (0] l2Ga(0), %ot 1).¢(0)
—e(0x2(t = 1),0)]

< —alfxa(n)|P+ Lixa o) g (I3 ()] + (0]

< —alpa(o)]P+ el

where ¢3 = Legsup>o(||x1(¢)|| + |[r(2)|]), which exists since x; (¢) is bounded. So
Vz(Xz(l‘+ 1)) - Vz(Xz(Z)) <0,

if |2 (0)]| > -
Using this along with the bounds in (7.14), it is easy to establish that x,(¢) is

bounded, establishing the theorem.
In section 7.4, examples will be given to illustrate the technique developed in this

section.

7.3 Adaptive Control

7.3.1 Parameter Estimation

For MIMO systems, we need to extend the definitions of 6 and @(z) in (2.28) and
(2.29). Redefine ® (1) as

@(r) = [or1x” (1), -, oix" (1)),
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and define 6, as

T
Wi
On1 .
h _
0 o _ | W =1p
h — et 3 hi — hb 3 . )
Wml I = 1’ et ,l
O
hb
| Wy
where vector w is the transpose of the h-th row of the matrix W4, k= 1,--- ,n, and
ki p ki ’ y It

w is the transpose of the h-th row of the matrix Wb Jj=1,--- m. Then

Ji jr
yu(t+1) = T (£)8),+ A fi(x(1)). (7.22)

according to (7.8). If O is unknown, the following NRLS algorithm can be used to

estimate these parameters.
As suggested in Johansen (1994a), define the normalized signal n(z) as

n(t) = Pnt = 1)+ [Ix(1)]] (7.23)
where B € (0, 1) is a constant and n(0) > 0. Denote
yat) = y()/n(1),
@, (1—1) = ®(r—1)/n(1),
Df(x()) = Af(x(1))/n(t).
Then the normalized equation
Yn(t+ 1) = @y (1)8),+ Dy fu(x(t)) (7.24)
can be obtained from (7.22). Assume that Af(x(¢)) satisfies
I AEx(@)]] < 8ilx()]] (7.25)

for some constant 8;. Then from (7.23) it follows that

| Anf(x(2))]] < 81 (7.26)
Consider the following NRLS algorithm:
A A NPt —2)®,(r — 1)e,(2)
Onlt) = 9”(’_1)+1+©,{(t—1)P(z—2)<1>n(z—1)’ (7.27)
enlz(t) - ynh(t)_yAnh(t)a (728)
Pan(t) = ®T(—=1)8,(t-1), (7.29)
NPt —2)@, (1 — 1)@y (1 - 1) B
Ple=1) (1”1+cp,{(z—1)P(z—z)cpn(z—1))P(Z 2), (030
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where
1 if g2 vt
ﬂ(l) — 1 ] nh( )1 > ( )7 (1.31)
0 if [ey (1) < (1),

and

(7.32)

YO e = PG 28,0 )12
Theorem 7.3 If

(i) The algorithm (7.27)—(7.32) is applied to the input and output data {u(t),y(t)} of
(2.1);

(i) The modeling error is bounded such that || A E(x(1))]| < 81 |x(¢)

>

Then, forh=1,..., p,
Ezh(z) — 62
1+®T(r—1)P(t—2)®,(r—1) !

limy oo [|8(f) — Bt —kn)|| =0,

where kj, are positive integers.

Proof See Wang, Brown and Harris (1996).

7.3.2 The Controller
Replace the unknown parameters in (7.9) by éh’ which gives the certainty equivalence
feedback controller

Nyy(®)+-+ Ny yt—n+1)+Npu(t) +- -+ Ny u(t —m+1) =r(t),

where r(¢) determined by (7.17). With this control algorithm, the closed loop is de-
scribed by

ye+1) =r(1)+ i (N = Na )y(r =k +1) + i (Npy ~ Ny Ju(r —k+ 1) + Af(x(1)),
k=1 k=1

and so
Fu(t) = Grlg ) (=®T (1 = 1)8,(t — 1) + Af(x(2))). (7.33)

The stability of the closed loop adaptive system is given by the following theorem.
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Theorem 7.4 If the assumptions (i)—(iv) of theorem 7.2 hold, and in addition,
(i) The modeling error is bounded such that || A £(x(1))|| < &1 ||x(2)]|,

9 e (s (15 ] <1

where ca, cs, cs, and G are constants (defined in the proof), then for arbitrary initial

conditions, all variables in the closed loop are bounded and the tracking error satisfies

N I
lim 7k§)Hy<k)H < oo

Proof  Since (7.13) is globally exponentially stable independent of x;(7), there ex-
ist constants ¢, > 0 and ¢ € (0,1) such that the transition matrix of (7.13), E(z,1),

satisfies
|E(2,10)]] < cuc’ 0.

On the other hand, the solution of (7.11) takes the form

x2(t) = E(1,0)x2(0) + i E(t,k)Bu(k+1)—ua(k+1)).
k=0
Therefore
x| < IIE(nO)HHXz(O)H+I§HE(U<)HIIU(1<+1)-ﬁ(k+1)l|

< IlE(t»O)HHXz(O)HJriHE(f,k)HCg(HXl(k)ll+I|l'(k)|l)

k=0
< cu0'[x2(0 n+zapk (i (R + [Ir () 1)
< wdhxmﬂ+yﬂ§%ﬂﬂl IELGID
< cwﬂkd)H+~f%j—ﬂw0—n+1W+~~+HﬂﬁH+Hd0m

= sy = nt Dl @+ @) +o(e),

where o(c") denotes the exponentially decay term. It follows that

[1x2(1) || = ollxa(r = | < cucg(ly(t —n+ D[+ + Iy ()l + I ()] +o(0").
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From the inequality above we obtain that

X2 (2)]] < cuchG (ly(k=n+ DI+ +ly® |l + [Ir(R) ) +o(c")

< cuty (Z(,)kz o' Hly(k l)|l+§,<¥[‘kﬂr(k)ll) +o(0')
= Cucg(zﬁ ( > oy l)|l>+2 >, 0 ly(k-D)
k=141 k=1
+k2{ G’—kllr(k)H) +o(c')
< c,,cgzc ZZO‘I Hly (k)| + ' —I—CuCgZGZ Klle (k)] 4 o(c")

n—1
< ey ( S oo v +#nr<z>u) +o(0)

=0

S e WO+ il +o(o),

where ¢ = ¢,e, ST} S o Hly(k — D] and ¢ = cucg(1 + 671 -+ 67 ) are

constants. Similarly,

MOl S g (BT @) +ofB)
< g0l +o®),

where ¢s = 1 + B~ 4--- +B 1 is a constant.
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It can be seen that

1 1
o0) = gt IO < g (@ + Ixa))
< gt (SO =2 (Ol + 1)+ o() ) +o(8)
< #(CSHY(INH%HY(I)H
= (e 0l + | S0 ) +o(0h) + o)
1 e . . ceC”
T (cS+—1_Gq_1) (5Ol +€)+ g —areT
¢ Sn(q :
T B (=07 g ’ \yh )| +0(0") +o(B)
_ Sh(q—l) - "y oot o(B
- 2 (e s (1+Th(q_l)))|yh<z>v+c +o(o)+o(F),
where ¢’ = l_éq_l (cs + 1_2(?2_] c* is a constant.

Alternatively, as the basis functions ¢z(x(¢)) in (7.6) and (7.7) are uniformly
bounded, there exists a constant ¢4 such that the €,,;,(¢) in (7.28) satisfies (Wang, Brown

and Harris, 1996)
l&nn(1)] < ca-
From (7.24), (7.28), (7.29) and (7.33),
(1) = Gulg (=P (1= 1)By(r— 1)+ A f(x(1)))

= Gulg em(t)n(t). (7.34)
Hence
1 D 6 w(g™!) 1Y eun
) < o 2 (et g (143 ) ) Gula ety
+c"+0(c") +o(B')
Denote

- Si(g™") 1
Fg") ( (1 + Ga(g™")-
@)=1= Bcfl Z i —Gq‘] T(g~")
According to assumption (ii) of the theorem, [|F(¢ )|l < 1. Also, according to

assumption (ii) of theorem 3, n(¢) is a bounded sequence and

) < g o) B,
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So ||x(2)|| = (1 — Bg~1)n(¢) is also bounded. Furthermore, from (7.34),

IFOI* = X 1Gala™em(n)n(n)?

= A= [ O o) o)

'
cpc’cy

2 T=a-Te o ) o)

It is trivial to derive from the preceding results that

[—yoo

tim L3 5(0) 2 < o
k=0

The theorem has been proved.

7.4 Simulation Examples

Rather than introduce our own examples we demonstrate the efficacy of our approach

with the bench-mark example:

yit+1) = ] —i—lySZ)(}t()t)i()Isztlz 0 +0.75in(0.5(y(t) +
y(t—1)))cos(0.5(y(t) +y(r—1))) + 1.2u(z). (7.35)

A simplified version of this process was considered for control design by Sastry and
Isidori (1989) with complete plant knowledge, Chen and Khalil (1994) extended this
to the case when the gains (1.5, 0.7 and 1.2) were a priori unknown via a neural net-
work. In the following examples we consider the same example, but the only a priori
knowledge utilised is the process model orders, the model structure and nonlinearities

being assumed unknown throughout.

7.4.1 Example 1: System with time varying parameters

Suppose that the unknown system (7.35) has in addition some unknown time varying

parameters:

pi(@)y()y(—1) :
1 +1y2(t) ey TP Dsin(0-50:()

+y(t = 1)))cos(0.5(y(¢) +y(t—1))) + p3(t)u(?), (7.36)

y(t+1)
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0 <rem(r/100) < 30 | 30 <rem(r/100) < 60 | 60 < rem(z/100) < 100
D1 (t) 1.5 5 10
p2(?) 0.7 0.9 04
pP3 (l‘) 1.2 2 4

Table 7.1: The time varying parameters

where p; (1), p2(t) and p3(r) are time varying functions listed in Table 7.1 to evaluate
the robustness capability of the proposed methodology to parametric changes, where
rem(z /100) denotes the remainer of ¢ divided by 100.

We model the system (7.36) via associative memory networks as

F(t41) = Nayy(t) + Nayy(t — 1) + Ny, u(t). (7.37)

where N, ,N,, and N, are networks each with 49 two-dimensional multivariate B-
spline basis functions whose input vector is (y(¢),y(r — 1)). The 7 univariate basis

functions for both y(¢) and y(r — 1) are shown in Figure 7.1.

1

0.9r

0.8¢

0.7

0.6

0.5r

0.4F

0.3F

0.2r

0.1r

]
-1.5 -1 -0.5 0 0.5 1 1.5

Figure 7.1: Univariate B-spline basis functions for input y(¢) or y(r — 1)

Suppose that we take y*(¢) = 0 and 5(3:11)) =1 and so r(t) = —y(¢). To perform

adaptive control, set y(0) = 0.4, y(1) = 0.2 and u(1) = —0.2. The initial values of
weights are chosen randomly in the interval [—0.1,0.1]. The B3 in (7.23) and the initial
matrix P(0) are selected to be 0.2 and 5007, respectively. The results of the closed loop
response are shown in Figure 7.2. The resultant controller is insensitive to temporal

parametric change.
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0.5

1 i 1 i L
15 20 25 30 35 40
Time steps

Figure 7.2: The input and output of the adaptive control for Example 7.1

7.4.2 Example 2: Tracking varying reference signal

Suppose that the unknown system is

1.5y(t)y(r—1) )
0020 + p2(1)sin(0.5(y(z)

+y(t—1)))cos(0.5y(t) +y(t—1))) + 1.2u(z),

y(t+1)

where p(2) is same as in Example 1. We now select y*(¢) to be:
y(r+1)=0.8y"(t) — 0.02y"(r — 1) +0.82z(z),

where

(0) 0 if 0 <rem(r/80) < 40,
Z =
4 if 40 <rem(z/80) < 80.

123

(7.38)

The rest are taken same as in Section 7.4.1. The results of the closed loop response are

shown in Figure 7.3.

7.4.3 Example 3: System with stronger nonlinearity

We now consider a system with a stronger nonlinearity:

1.5y(8)y(t — 1) (1 +u(t))
L+y2() +y2(t = 1) +u?(2)

y(it+1)

+0.7sin(0.5(y(t) + y(t — 1)))cos(0.5(y(t) +y(t — 1))).

(7.39)
(7.40)
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Figure 7.3: The output of the adaptive control for tracking reference signal.

In the previous example, process (7.36) was additive in u(z). In this example, it is
not only nonlinear in u«(¢) but involves an inverse function for which the quasi-linear
model may will be inadequate. Despite this the example demonstrates the modeling
robustness of this method. Again we use (7.37) to model (7.40). y*(¢) and ;%Zj)) are

chosen same as in Section 7.4.1.

7.4.3.1 Decoupled Control

The neural networks in (7.37) are trained using the data {u(z),y(r)} of (7.40) for 100
steps. The training algorithm is the NRLS described in Section 7.3.1. During training
the u(¢) are chosen randomly in (—1.5,1.5). After the learning process, the control
law (7.9) and (7.17) is used to drive the system output from —0.5 to zero. The results

are depicted in Figure 7.4.

7.4.3.2 Adaptive Control

For adaptive control design of (7.40), y(0), y(1) and u(1) are set same as in Section
7.4.1, and so as are the initial values of weights, 8 and the matrix P(0). The results
of the closed loop response are shown in Figure 7.5. It can be readily seen that good
transient response is achieved.

For completeness the convergence of modeling error during the adaptive control
phase is shown in Figure 7.6. The above examples have been subjected to additive
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Figure 7.4: The input and output of the decoupling control for (7.40).
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Figure 7.5: The input and output of the adaptive control for (7.40).
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noise, the resultant behaviour does not indicate serious deterioration in performance.
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Figure 7.6: The modeling error y—§ .

7.5 Conclusion

In this chapter, a novel neurofuzzy based scheme has been proposed to solve the
problem of modeling and control of a class of nonlinear systems in which the obser-
vational process parameters are unknown nonlinear functions of the system input and
output. Examining the conditions of theorem 7.2 and theorem 7.4 it can be seen that
the fundamental assumptions which guarantee the parameter convergence and closed
loop stability are minimum phase (assumption (iii) of theorem 7.2) and a limit on
the unstructured uncertainty (assumption (v) of theorem 7.2 and assumption (i) of
theorem 7.4), which are reasonable from a practical viewpoint. It is interesting to
observe from the examples that excellent results can be obtained despite the presence
of a priori unknown strong nonlinearity in the system and temporal change in process
gains. This illustrates the efficacy of combining the neurofuzzy local operating point
modeling approach with the classical feedback linearising controller for certain classes

of nonlinear system.



Chapter 8
Conclusions

This thesis has dealt with modelling, stability, and control problems of nonlinear sys-
tems within local model framework. Both the theoretical aspects and the methodology
considerations are emphasized. The results are made easily available through software
which implements many of the recent results of LMIs. Several new results were de-
rived while many interesting and important problems remain open research issues. This
final chapter gives general conclusions on the research reported in this thesis. More
detailed and specific conclusions can be found at the end of the individual chapters.

Some open problems and suggestions for further research are also presented.

8.1 Local modelling

Local modelling approaches provide an efficient way for the modelling of complex
nonlinear systems. Not only can a multiple local modelling approach be more effi-
cient in capturing the real system dynamics than a single global nonlinear model, but
also piecewise locally simpler models (in contrast with the complex global model) are
advantageous in that many control and filtering methods are directly applicable to the
identified model. For example, piecewise locally linear models enable well-known
linear system theory to be directly applicable. In a local model structure, the input
space is partitioned into a set of local regions. The local models that operate in these
regions are identified separately and the system output is based on a composition of
the local models to obtain a good global approximation to the real system.

If a system’s behaviour is dependent on some kind of operating point, then a
model based on local modelling for the nonlinear system can be obtained in two ways:
linearising the system about a set of fixed, known operating points; or partitioning the
operating point space into smaller regions and then modelling the system behaviours

127
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locally in the smaller regions. In the latter case, the global model of the system is
obtained by combining the local models with some interpolation methods. A typical
example of such model structure is fuzzy modelling. Currently there are two categories
of methods to partitioning the operating point space, ie., clustering which normally
needs to know the number of clusters a priori, and operating point space axis orthog-
onal partitioning which suffers the curse of dimensionality.

In this thesis we attempted to solve the problems discussed above by having

developed three kinds of modelling techniques:

1. A new fuzzy modelling approach has been developed in chapter 3. This is a
technique for constructing data based fuzzy model of a dynamical system by a
new method of partitioning the data input space. The method is able to derive a
fuzzy model from data automatically and avoids the curse of dimension problem

usually associated with fuzzy system.

2. An optimal piecewise locally linear modelling approach has been derived in
chapter 3. A new algorithm is introduced for the construction of a Delaunay
input space partitioned optimal piecewise locally linear models to overcome the
COD as well as generate locally linear models directly amenable to linear control
and estimation algorithms. The training of the model is configured as a new
mixture of experts network with a new fast decision rule derived using convex
set theory. A very fast simulated reannealing algorithm is utilised to search a

global optimal solution of the Delaunay input space partition.

3. A class of state dependent NARMAX model structure has been developed in
chapter 7. This is a neurofuzzy based scheme for modeling of a class of nonlinear
systems with an ARMA like model (a generalised Takagi-Sugeno fuzzy model),
whose parameters are unknown nonlinear functions of the input and output vari-
ables or states of the plant. An associative memory network is used to identify
each nonlinear function. The main assumptions placed on the system and model
for stability are minimum phase and a limit on the modeling mismatch error or

uncertainty.

8.2 Local Lyapunov stability

Construction of Lyapunov functions is one of the most fundamental problems of sys-
tems theory. The most direct application is of course stability analysis, but analogi-

cal problems appear more or less implicitly also in performance analysis, controller
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synthesis and system identification. The early results of the Lyapunov stability for
neurofuzzy based systems are expressed globally, which is conservative and too strict
in practice. The main obstacle to a direct application of the existing techniques is the
nontrivial step of finding the appropriate Lyapunov function, which is more like an
art than a traceable instrument. On the other hand, the characteristic local property of
neurofuzzy modelling prompts the investigation of local Lyapunov stabilities, that is,
to develop methods which can search for Lyapunov functions locally and combine the
local Lyapunov functions to form a global Lyapunov function.

There have been already a couple of methods to deal with this topic. The methods
successfully reformulate the problem of searching for Lyapunov functions as a problem
of solving a set of LMIs. In this way, the difficulty of finding an appropriate Lyapunov
function is overcome by converting the problem to a standard mathematical convex
optimizing problem which can be easily implemented by software.

The main drawback that limits the practical use of the above methods is that it
may be required to solve a large number of LMIs in the interpolation regions between
the system submodels. In addition to the high number of LMIs, the computation com-
plexity and cost also increases dramatically as the input dimensionality increases. This
means that the number of parameters involved in the optimization process becomes
prohibitively large for large dimensional systems. In this thesis, a new method for
the stability analysis of neurofuzzy systems that incorporates the input membership
function characteristics is developed in chapter 5. It is shown that, under certain con-
ditions placed on the input membership functions, we need only search for one local
Lyapunov function even in the intermodel interpolation region. This both relaxes the
stability conditions and reduces the computation load in solving the resultant reduced
number of LMIs.

8.3 Controller design for piecewise locally models

Local model based control has emerged as a powerful approach to the controller design
of complex non-linear systems. Using the local model structure obtained in this thesis,
two important control tasks are addressed in this thesis. One is to stabilize the feedback
closed-loop systems via the controller, another one is to design an adaptive controller
to achieve tracking performance while guarantees the closed-loop system to be stable.

Often, the first solution depends on finding a common Lyapunov function for
the feedback control of nonlinear systems represented by a set of local models. If
a nonlinear system is represented by a set of linear TS model, for each local linear
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model, a linear feedback controller is designed. The resulting overall controller, which
in general is nonlinear, is like the modelling representation, a fuzzy blending of each
individual linear controller. The design procedure can finally be expressed as a prob-
lem of solving a set of LMIs by using a quasi-linear model structure. More recently,
a fuzzy controller design method which attempts to combine individual local linear
based solutions to obtain a global solution for the overall design problem has been
developed (Cao, Rees and Feng, 1997a; Cao, Rees and Feng, 1997b). The approach
is based on the so called fuzzy dynamic model which is an extension of TS model.
Instead of searching for a common Lyapunov function for all the subsystems, this al-
gorithm sought for piecewise local quadratic Lyapunov functions. As such it generates
a less conservative controller solution than the approaches before. But the resultant
controller design is formulated so as to require a set of Riccati equations to be solved
with an associated computational overhead.

Following the modelling and stability results obtained, this thesis has formulated
and solved the problem of robust stabilization for a broad class of fuzzy systems, in
which a class of affine continuous nonlinear dynamical systems are represented by a
class of fuzzy models with sector bound modelling errors, for which the state space
is partitioned into a set of local linear fuzzy models with bounded additive parametric
and modelling errors/disturbances. Both state feedback controller and output feedback
controller design methods are derived by seeking a piecewise Lyapunov function for
the closed-loop system. The results have two advantages compared with other meth-

ods:
1. It is capable of handling modelling error and parametric uncertainty, and

2. by using the stability results derived in this thesis, the design solutions are min-
imally less conservative and the design process is easy to perform as a problem
of solving LMIs.

Concerning the second aspect, a class of nonlinear systems whose parameters are
unknown nonlinear functions of the measurable operating point is considered. Before
this thesis, a novel approach to the modelling and control for a special case of the
system was published (Brown and Harris, 1994; Wang, Brown and Harris, 1996), ie.,
the SISO case in which the operating point is independent of the system states. But, in
practice, this is rarely the case, hence limiting the use of the approach.

This thesis considers the most general case of an MIMO system whose operating
point is completely dependent on the system states. It is shown that when the nonlinear
coefficients can be modelled off-line by neurofuzzy models then a stable decoupling
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controller can be synthesized. If otherwise the coefficients are a priori unknown, a
modified recursive least square algorithm combined with feedback linearising con-
troller is employed to design an adaptive control system. For both cases, the closed
loop system stability is analysed in detail and the weight convergence is shown to be
guaranteed, for practical implementation the resultant controllers can be realized as

conventional controllers or as neurofuzzy controllers.

8.4 Open problems and ideas for future research

The set of tools and methods for local modelling, control and stability analysis devel-
oped in this thesis is not complete nor definitive. Virtually, each presented issue can be
investigated in more depth, to yield new insights and extensions. This section discusses
some issues based on the results obtained and may be considered as extensions of the

material presented in this thesis.
Adaptively partition the operating point space for local modelling

In chapter 3, we have developed a new partitioning approach for fuzzy model
construction. The algorithm is able to partition the operating point space recursively in
an non-orthogonal manner so that avoids the curse of dimensionality. The framework
of the problem formulation was intentionally established in a way that allows the es-
sential aspects of the problem to be examined with ease, ie., in an application-oriented
fashion, by the notion of fuzzy quantization. This leads to a natural consideration of
extending the approach to on-line fuzzy modelling.

In view of this topic, we have noticed that the universal approximation proper-
ty of fuzzy models has been established in some recent work (Wang, 1994; Wang,
1996), which provides the basis for the on-line fuzzy modelling. The existing schemes
normally break the construction problem into two parts. One is the determination of
the structure of the fuzzy model, the other is the parameteric estimation. The scheme
proposed in Wang (1994), for example, divides the construction into that of initial
fuzzy system construction and on-line adaptation. The initialization part determines
the structure of the fuzzy system, including the number of fuzzy rules and the locations
and shapes of membership functions, while the adaptation part adjusts the parameters
of the fuzzy system within a fixed structure. On the other hand, obviously an on-line
adaptively fuzzy modelling scheme is more useful in real time control problems.

Examining the fuzzy construction algorithm proposed in chapter 3, we can see
that the parameter adaptation is not hard. The key is how to re-partition the operating
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point space, ie., choose the new centre point, in each adaptive step. Further research of

this problem is both valuable and viable.
Other control schemes for local modelling structure

The locality of control means that the scheme first partitions the operating space
of the system into a set of local bounded regions, then the designers select an operating
point in each local region and represent the nonlinear system as a simple local system
in each region. Finally, they specify or design a local control law in each local region.
Because of the complexities of nonlinear systems, to find a set of local control actions
1s much easier than to find a global control action for the whole systems. Perhaps this
1s the most important advantage of the local model design methods. In this thesis, only
two typical control problems are considered. No doubt there are further classes of con-
trol problems concerning local control structure worth further study. The research can
progress 1n at least two ways: one is to apply another kind of control technique to local
control structure, ie., adaptive control, predictive control, pole-zero configuration, H™
control, etc. Another is to develop new interpolation schemes such as generalization
of the parallel distributed compensation (Wang, Tanaka and Griffin, 1996).

Also, according to Lemma 6.1, most inequalities in chapter 6 only need to hold
in a local area Z;. Therefore a further research can be made to relax the conditions by

applying the S-procedure.
Integrating stability conditions with modelling schemes

A prospective subject of research is to combine the stability determination with
the modelling schemes described in chapter 3, Or develop new local modelling meth-

ods with consideration of stability issues.
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