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Program specialisation is a source-to-source program transformation technique
which can be used to improve the efficiency of programs. It includes traditional
compiler optimisations and also incorporates more aggressive transformations which
offer greater potential for improvements in performance.

Termination is a key issue in the construction of fully automatic tools, such as
compilers and program specialisers, which are used in program development. For
any such tool to be effectively usable by a non-specialist user, a minimal requirement
is that it should terminate for all input.

This thesis studies termination of logic programs and termination of program
specialisation in particular. Two approaches to the latter are traditionally recognised.
The offline approach divides the specialisation process into two phases; the first is
an analysis phase which gathers termination information which is used to guide the
specialisation proper in the second phase. This separation of components provides
an identifiable termination component within a tool and is good software engineering
practice. It also offers a number of other advantages over the online approach where
the two phases are intertwined. In logic programming, however, the focus of attention
has been on online techniques since they have generally offered better potential for
optimisation.

This thesis proposes the first solution to automatic, offline specialisation of logic
programs which compares favourably with current online techniques with regard
to its optimisation capability. Specifically, it is the first offline technique in logic
programming to pass the, so called, KMP test which has become the acid test for
program specialisation techniques; the automatic generation of a fast pattern matcher
from a naive one.

To this end, a number of techniques for termination analysis are developed culmi-
nating in the identification of a useful termination criterion for coroutining logic pro-
grams. Such programs are notoriously difficult to prove terminating, yet they provide
an extremely useful model for an essential part of the program specialisation process.
Tackling this problem in turn leads to the establishment of a solid link between the
fields of program specialisation and termination analysis, laying the foundation for
the proposed offline approach.
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1 Introduction

Imperative languages, such as C, C++ and Java, are founded on the idea of giving
commands which express which actions must be taken to perform a computational
task. They force a programmer to think algorithmically, focusing on the details of the
individual steps necessary to solve the problem.

Consider the problem of string searching; trying to find a sequence of characters,
or pattern, in a piece of text. For example, the problem might be to find the pattern
“gorith” in the text of this chapter. An imperative approach would be to form a
sequence of instructions which might begin as follows:

1. Compare the first letter of the pattern to the first letter of the text;

2. If they are the same, then compare the next letter of the pattern with the next
letter of the text; otherwise compare the first letter of the pattern with the next

letter of the text...

The imperative programmer quickly becomes engrossed in the details of specific com-
parisons between characters, keeping track of which characters have already been
compared and which characters should be compared next.

An alternative is to describe the problem declaratively. That is, to state what the
problem is rather than how it should be solved. A simple declarative specification of
the string searching problem is the following:

pattern is a substring of text if there exist strings a and b such that a + pattern + b = text

where “+” represents string concatenation. From this specification it can be deter-
mined, for example, that “gorith” is a substring of “algorithm” because “al” and “m”
are strings such that “al” + “gorith” + “m” = “algorithm”. This specification is simple
and readily understood, but it does not in itself constitute an algorithm and cannot be
executed directly on a machine.

The role of declarative programming languages is to bridge this gap between
specification and algorithm. Fundamentally, a declarative language must provide
support for synthesising from the specification, a correct and efficient algorithm which
can be executed. Ideally, the synthesis would be completely automatic direct from the
specification, though in practice this ideal has yet to be achieved. The benefits of
declarative programming are numerous: smaller, cleaner programs which are easier
to understand, to write and to maintain.

1.1 Logic programming

Logic programming is an approach to declarative programming based on first order
logic, where specifications are logical formulae. For example, the above string search
specification can be translated directly into the following first order logical formula:



v pattern V text (Substring(pattern, text) — d a 3 b (Concat(a, pattern, prefix) A
Concat(prefix, b, text)))

Substring and Concat are called relation symbols or predicate symbols. Substring(z, v) is
read as “z is a substring of y” and Concat(z, y, 2) is read as “z is the concatenation
of z and y”, or "z = z + y”. The symbols «, A, ¥V and 3 have their usual meaning
in first order logic, namely “if”, “and”, “for all” and “there exists” respectively. The
close correspondence between this formula and the original specification should now
be apparent.

The equation “Algorithm = Logic + Control” due to Kowalski 1979, captures the
main idea behind logic programming. The “Logic” part of the equation represents
the purely declarative component; the logical specification provided by a number of
logical formulae such as the one above. The “Control” part represents the procedural
interpretation of the logic and determines how the problem should be solved. The
procedural interpretation of the above logic for the string searching problem might be
something like:

Choose a string a and calculate a + pattern = prefix. If prefix + b = text for
some string b then stop, otherwise repeat with a different string a.

An alternative strategy is the following:

Divide text into two substrings, prefix and b. Divide prefix into two sub-
strings a and c. If ¢ = pattern then stop, otherwise repeat with a different
division of text and/or prefix.

Different algorithms for the same problem can be obtained by varying the control
component, as in the example, or alternatively by replacing the logic component with
another one that is (logically) equivalent. Hence, the automatic synthesis of programs
from specifications focuses on these two techniques. The control generation problem
deals with the automatic derivation of a suitable control component for a given logical
specification. The aim of program transformation is to improve the efficiency of an
algorithm through transformation of the logic component. In this case, the control
component is usually kept the same.

Modern logic programming systems provide a default control component so that
logical specifications can be written directly as programs. A system will usually
provide a number of mechanisms for the programmer to refine the control in order to
tune the efficiency of the program. It is often the case, however, that simple, high-level
specifications lead to inefficient algorithms regardless of the control. For example,
expressing the logical formula above directly in a logic programming system would
result in a program which is very inefficient. Most likely, it would implement a (rather
poor) brute force search algorithm, attempting to match the pattern with the text at
all possible positions until finding a match. Modifying the control component will do
little, if anything, to improve the underlying complexity of this program (though it
could make it worse!). Any fundamental improvement can only be achieved through
modification of the logic.

1.2 Specialisation of logic programs

Most of the efficient string searching algorithms that have been devised rely on some
form of preprocessing on the pattern to be searched for. They exploit knowledge about
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the given pattern in order to search for it more quickly. This knowledge can also be
exploited to improve the performance of the brute force search program encountered
above. In fact, for any given pattern, the program can be transformed into another
which mimics the efficient Knuth-Morris-Pratt string matching algorithm (Pettorossi
et al. 1996, Knuth et al. 1977). This kind of transformation, which is directed by part of
a program’s input, is called program specialisation.

The example provides a useful illustration of the basic principles of program
specialisation. The search program takes two inputs, a pattern p and some text .
When the pattern is known the program may be specialised with respect to this input,
resulting in a program which takes t as its only argument. The pattern p which was an
input to the original program is incorporated into the specialised version. This new
version may be used to efficiently search for p in any number of different texts, but
cannot of course be used to search for other patterns distinct from p in those texts.
To search for a new pattern ¢, the original program must be used or alternatively it
can be specialised as before with respect to the pattern ¢. In program specialisation
parlance, any input known at compile time such as p is static, while an input like ¢,
which only becomes available at runtime is dynamic. In general, a program may have
more than two inputs, but each of these can be classified as static or dynamic. The
program would then be specialised with respect to its static inputs.

Observe that the specialisation process in the example corresponds to the pre-
processing that would ordinarily occur in a hand-coded version of the Knuth-Morris-
Pratt algorithm. But as Sedgewick 1990 points out, “the Knuth-Morris-Pratt algorithm
requires some complicated preprocessing on the pattern that is difficult to understand
and has limited the extent to which it is used.”. One advantage of the naive specifi-
cation/transformation approach is that, with problems of this kind, the programmer
neither needs to devise any complicated preprocessing, understand it, program it nor
even be aware of it. Program specialisation offers the possibility of automatically deriv-
ing correct, efficient algorithms from simple specifications for a variety of application
areas.

1.3 Termination and correctness

Reconsider the two example control strategies in Section 1.1. Both involve some
repetition, essentially of the form “If pattern not found then repeat”. Arising out of
this repetition is the question as to whether or not this process of searching for the
pattern will ever end. In the second strategy, the process is repeated “with a different
division of text and/or prefix”. Since there is only a finite number of distinct ways to
divide a string into two, the search process must end as either the pattern will be found
or the possible divisions of the string will be exhausted without finding a match. With
the first strategy, however, a similar reasoning cannot be applied. The search process
is repeated each time “with a different string a” without any constraint on the form or
length of a. An infinite number of strings could be tried and the pattern might never

be found (even if it occurs in text).

Formally, a process or computation which ends is said to terminate or be ter-
minating and one which never ends is said not to terminate or be non-terminating.
In contrast to imperative languages which contain several looping constructs, e.g.
while, for, goto, repeat the only possible cause of non-termination in logic programs
is recursion (i.e. predicates defined in terms of themselves). For example, consider the



following
Brother(x, y) «— Brother(y, X).

This rule for the Brother relation is recursively defined and its intended inter-
pretation is that “z is the brother of y if y is the brother of 2”. Thus given the fact
Brother(Alan, Deryk), one may deduce Brother(Deryk, Alan) from the above rule. But
applying the rule to this last fact one may further deduce the original fact Brother(Alan,
Deryk). There is no limit to the number of times that this rule may be applied

An issue closely related to termination, which has already been mentioned in
passing is program correctness. Loosely speaking, a program is said to be partially correct
if for any input, whenever it terminates, it produces the right output. A program is
totally correct if it is partially correct and terminates for all inputs. Partial correctness
is relatively easy to achieve in logic programming given the close correlation between
logical specifications and logic programs. Thus the primary concern of control gener-
ation, with regard to correctness, is termination.

1.4 Partial evaluation

One form of program specialisation which has attracted a considerable amount of
interest is partial evaluation. In its simplest form, partial evaluation consists of the
evaluation or reduction of expressions combined with unfolding.

The evaluation of an expression during the specialisation process is performed
exactly as it would be at runtime. Reduction of expressions occurs when full evalua-
tion is not possible. As an example, consider the expression (z + y) * z occurring in
a program P. During the specialisation of P, this expression can be evaluated only if
the values of z, y and z are known (static). Now suppose that z = 3 and y = 4, but z is
dynamic. Then the expression cannot be evaluated but it may be reduced to 7 z. This
residual expression must form part of the specialised program and may be evaluated
at runtime when the value of z becomes known.

An unfolding step conceptually replaces a procedure, function or predicate call
with the body of the called procedure, function or predicate. Unfolding then, is similar
in spirit to the idea of inlining used in imperative languages. Since predicates, etc.,
may be defined recursively it is immediately apparent that unfolding steps may be
followed one after another ad infinitum. Infinite unfolding will, of course, lead to
non-termination of the specialisation process and must be avoided. Unfolding, itself,
cannot be avoided altogether, since very little specialisation can be achieved without
it. Thus, means are required to curb its occasional tendency to get carried away.

1.5 Aims and outline of the thesis

This thesis is divided into two parts. The second part comprises the original contri-
bution while the first provides the necessary technical background. The main thread
follows the development of an approach to the control of unfolding of logic programs.
The key idea is to use static termination analysis to derive sufficient conditions for
finite unfolding. Since unfolding effectively models the computation process, this
problem is closely related to the control generation problem which is also examined.
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Chapters 2, 3 and 4 respectively introduce the basics of logic programming, ter-
mination of logic programs and partial evaluation of logic programs.

Norms, which measure the size of data structures, play an important role in
modern termination analyses for logic programs. Chapter 5 examines how norms
can be automatically derived from the types of a logic program. An earlier version of
this chapter appeared in Martin ef al. 1996.

Much of the practical static termination analysis work that has been developed
builds on a few theoretical characterisations of termination. These characterisations,
however, are not cast in terms of the recursive structure of programs which in itself
forms an intuitive and practical basis for reasoning about termination. Alternative
characterisations based on the recursive structure of programs are proposed in Chap-
ter 6, which potentially provide a more useful foundation for practical termination
analyses.

Chapter 7 studies the control generation problem and shows how it can be tackled
using a transformation approach. The emphasis is on termination but the framework
developed is sufficiently flexible to allow a range of search strategies to be incorporat-
ed within it. This offers the opportunity to tune the efficiency of a program once its
total correctness has been established. This chapter is a revised and extended version
of Martin & King 1997.

Chapter 8 extends the results of the previous chapter to obtain a refined strategy
for unfolding. As before, finiteness of the unfolding process is ensured without un-
duly restricting the search strategy which is applied. Within this framework there is
not only scope for improving the efficiency of the unfolding, but also for introducing
determinacy control in an independent way. Determinacy control amounts to deciding
whether certain choices in the search space should be explored at specialisation time
or at runtime. Making the wrong decision can lead to a specialised program which is
less efficient than the original program. Clearly, the ability to incorporate determinacy
control in a specialiser is essential, and this is catered for within the framework. The
main results of this chapter can also be found in Martin & Leuschel 1999.

Pre-requisites Though not essential, it would certainly be helpful if the reader had
some understanding of the basic results of computability theory (see, e.g, Harel 1989),
including Turing machines, the halting problem and undecidability. Some experience
with a logic programming language such as Prolog would also be useful. A basic
grounding in computer science and a rudimentary knowledge of set theory is assumed
throughout.
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2 Logic Programming

Logic programming is based on the fundamental idea, mainly due to Kowalski 1974
and Colmerauer et al. 1973, that a subset of first order logic may be given a procedural
interpretation and hence used as a programming language. In this chapter, the basic
concepts of typed logic programming are reviewed beginning with the syntax and
semantics of typed first order logic. This is then used as a basis for the development
of the syntax and semantics of typed logic programs. The presentation closely follows
Lloyd 1987 and Hill & Lloyd 1994 and the reader is encouraged to consult these texts
for further details.

2.1

Syntax of polymorphic many-sorted languages

Definition 2.1 (alphabet) An alphabet of a first order, many-sorted, polymorphic lan-
guage is composed of the following classes of symbols

1.
2.

a countably infinite set U of parameters (type variables);
a finite set ¥ = Ypue U Eeonstructor Of type constructor symbols where

(@) Xpase is @a non-empty set of symbols of arity zero called bases and
(b) Zconstructor is a set of symbols of arity n > 0 called constructors;

a countably infinite set V' of variables;
a finite set g, = Zeonstant U Lpunctor Of function symbols where

(@) Yconstant is @ non-empty set of symbols of arity zero called constants and

(b) Xgunctor is a set of symbols of arity n > 0 called functors;
a non-empty finite set .5 = Zproposition U Lpredicate O predicate symbols where

(a) Ziproposition 1 a set of symbols of arity zero called propositions and

(b) Zpredicate 15 a set of symbols of arity n > 0 called predicates;

the connectives — (negation), A (conjunction), Vv (disjunction), « (implication)
and <« (equivalence);

the universal quantifier V¥ and the existential quantifier J;

the p]_mctuation Symbols //(//, II)II, //(//, II) II/ I/./I and II,II‘

Classes 1-5 distinguish different alphabets whilst classes 6-8 are the same for all

alphabets. The syntactic objects of a language are the strings that can be built from
the symbols of its alphabet. In order to define the semantics of a language, that is to
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associate meanings with its syntactic objects, attention is usually restricted to a subset
of objects which are well-formed in some sense. Objects which are not well-formed have
no meaning. Furthermore, in a typed language, the property of being well-formed also
includes that of being well-typed.

In the following sections these notions are made more precise, and the well-
formed objects of a first order, many-sorted, polymorphic language are defined.

2.1.1 Types
Definition 2.2 (type) A type is defined inductively as follows

1. A parameter is a type.
2. Abase is a type.
3. If cis a constructor of arity » and 71, ..., 7, are types then c(71, ..., 7,) is a type.

A ground type or monotype is a type not containing parameters. O

The set of parameters occuring in a syntactic object o is denoted by pars(o). A
syntactic object which contains no parameters is said to be type-ground.

Example 2.1 Let U = {u, u1, ug, ...}, Zpgee = {int} and Eonstructor = {list/1} (i.e. listis a
constructor of arity one). Then int, list(int), v, and list(list(u)) are examples of types,
the first two of which are type-ground since they contain no parameters. Furthermore,
pars(u) = pars(list(list(u))) = {u}. 0

Given a type 7 containing parameters, a new type may be obtained from 7 by
replacing certain parameters of T with other types. For example, the type [list(int) may
be obtained from the type list(u) by substituting the type int for the parameter u. In
this case, the type list(int) is said to be a type instance of list(u) by the type substitution
which binds u to int. These concepts are formally defined below.

Definition 2.3 (type substitution) A type substitution +) is a finite set {u1 /71, ... un/Tn}
of type bindings where uy, . .., u, are distinct parameters and 71, ..., 7, are types such
that u; # 7, forall i € [1,n]. O

Definition 2.4 (parameter renaming) A type substitution ¢ = {u,/71,...u,/7,} is a
parameter renaming iff 7, is a parameter for all ¢ € [1,n]. O

Definition 2.5 (type instance) Letty = {u1/71,...,u,/7,} be a type substitution and o
a syntactic object. Then the type instance of o by v, denoted (o), is the syntactic object
obtained from o by simultaneously replacing each occurence of the parameter u; in o
by the type 7; for all ¢ € [1,n]. If (o) is type ground then (o) is a type-ground instance
of 0, and ¢ is called a type-grounding substitution for o. O

Any two type substitutions 3 and ¥ can be composed to produce a third type sub-
stitution & such that for any type 7 the type instances J(+¢(7)) and () are equivalent.

Definition 2.6 (composition of type substitutions) Let ¢ = {a1/71,...,am/7m} and
¥ = {bi/o1,...,bn/0,} be type substitutions. Then the composition of 1) and ¥, denoted
W, is the set {ai/nﬁ I a; # INLE [1,7’)’1,]} U {bi/O'i | b; g {CL], e ,am} Ni € [1,71]} (|

14



The above definition is based on Definition 2.3.1 in Leuschel 1997 which defines
how term substitutions are composed. It is easy to see that the composition of any two
type substitutions according to Definition 2.6 is also a type substitution. Moreover, it
can be shown that, given type substitutions ¢ and 9, for any type 7, the type instances
9(¢(7)) and (p9)(7) are equivalent.

If, following the application of a type substitution 1 to two types 7 and o, the two
resulting type instances 1 (7) and (o) are equal to each other, then v is called a type
unifier of T and o. If 7 and o are unifiable in this way, then there may be many type
unifiers for the two types. A most general type unifier of T and ¢ is intuitively one of the
simplest of these unifiers.

Definition 2.7 (mgtu) Let S be a finite set of type equations {o; = 71,...,0, = Tn}. A
type substitution 1 is a type unifier of S iff 1(0;) = (r;) for all¢ € [1,n]. A type unifier
¢ of S is a most general type unifier, or mgtu, of S iff for each type unifier ¢’ of S there
exists a type substitution 9 such that ¢’ = 9. O

The notion of a most general type unifier will play an important role in the con-
struction of terms, atoms and formulae (see Section 2.1.2) and also in the application
of term substitutions (see Section 2.4.2).

In a many-sorted, polymorphic language each function symbol is assigned a
function type and each predicate symbol is assigned a predicate type. The assignment is
such that the types of function and predicate symbols are unique modulo parameter
renaming?.

Definition 2.8 (function and predicate type) A function type (resp. predicate type) takes
the form (7 ... 7,, 7) (resp. 71 ... 7,) where 71 .. . 7, is a (possibly empty) string of types
and 7 is a type which is not a parameter. O

In function and predicate types, the empty string will be denoted by e. Note that
all constants have a function type of the form (¢, 7) and all propositions have predicate

type e.

Definition 2.9 (transparency) A function type o = (1 ...7,, T) is transparent iff every
parameter occuring in ¢ also occurs in 7. That is, pars(o) C pars(T). O

Definition 2.10 (type assignment) Let ¥, %, 2,0 be respectively the sets of type
constructor symbols, function symbols and predicate symbols of a first order, many-
sorted, polymorphic language. A type assignment is a mapping from function symbols
to transparent function types and from predicate symbols to predicate types, such
that each function symbol of arity n maps to a type of the form (7, ...7,,7) and each
predicate symbol of arity » maps to a type of the form 7y ... 7,,. O

It will usually be more convenient to work with sets of typed function and pred-
icate symbols rather than the untyped ones defined by an alphabet. These shall be
denoted by ¥ and ¥, respectively and are defined as follows

o Xr={f, | f € Zpn Ao is the type assigned to f}

!For overloaded symbols, for example +, it is assumed that the symbol is uniquely renamed for each
of its types.
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o Xy = {po | p € Zpry A 0 is the type assigned to p}

In addition, use will often be made of the set of all type-ground instances of %, and
the set of all type-ground instances of ¥, defined by

o Xf={fs]/s € XfAdisatype-ground instance of o'}
o X7 = {ps | pr € Xy Adis a type-ground instance of o}

Finally, whenever fi. . ) € ¥fand n > 0, the type 7 is called the range type of
f(Tl...’rn,T>'

2.1.2 Terms, Atoms and Formulae

Typed terms, atoms and formulae can be defined in much the same way as in an
untyped language, though there is of course the additional complication of ensuring
that each construct is well-typed. In particular, it is necessary to ensure that every
subterm in a term, atom or formula has a type and that multiple occurences of a
variable all have the same type. In each case, the well-typing is guaranteed by finding
a most general unifier of a set of type equations. If such a unifier does not exist then the
construct cannot be well-typed and the construction fails. The following definitions
formalise these notions.

Definition 2.11 (typed variable) If v € V is a variable and T is a type, then v, denotes

a typed variable. If o is a syntactic object, then vars(o) is the set of typed variables which

occur in o. O

Definition 2.12 (term, subterm) Terms and subterms are defined inductively as follows
1. If v € Vand u € U then v, is a term of type u. The only subterm of v, is v, itself.
2. Ifcie ry € Tpthen ¢ 7y is a term of type 7. The only subterm of ¢ 1y 18 ¢(¢ ry itself.
3. Let fi5, ... 0,,0) € Yrand for alli € [1,n] let ¢; be a term of type 7; such that
o (pars(c1) U...Upars(oy,) Upars(o)) Npars(t;) = 0, and
o pars(t;) Npars(t;) = 0 forall j € [1,n], 7 # j.
If, and only if, there exists a most general unifier 1/ of the set of type equations
{os=m|ie[L,n]}U{p = pj|v, €vars(t;) Av,, € vars(t;) Ai,j € [1,n]}

then t = ¥(fis, .. 0,00 (t1,---,tn)) is a term of type (o). Furthermore, ¢ is a
subterm of ¢ and for all ¢ € [1,n], if s is a subterm of ¢; then v(s) is a (strict)
subterm of t. O

Recall that every function symbol f € ¥z, has a function type, (11 ...7,,7) say,
such that fi;, . € X Each occurence of f in a term ¢, however, has a relative type
in t which is an instance of its function type (71 ...7,, 7). It is this relative type which
appears in the term as a subscript to the function symbol. It should be noted that a
relative type is unique up to parameter renaming.

Although variables are not assigned types in the same way as function symbols,
each occurence of a variable in a term ¢ also has a unique relative type in ¢. Again it
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is this relative type which appears in the term as a subscript to the variable. Where
a variable is defined to be a term, its relative type is defined to be a parameter. This
ensures that the relative type is most general in the sense that the variable could stand
for any term regardless of its type. The relative type of a variable when it appears as
a subterm of a term ¢ depends upon the context, i.e. on the function types in ¢. Here
again the relative type is most general but now in the sense that the variable could
stand for any term of an appropriate type determined by the context.

Observe that multiple occurences of a variable in a term ¢ all have the same
relative type in ¢. This is guaranteed by the construction of the term. Whenever a
variable v occurs in terms ¢; and ¢;, and v has relative types p; and p; in t; and ;
respectively, p; and p; must be unifiable if a new term is to be constructed which has
(type instances of) ¢; and ¢; as strict subterms.

A consequence of explicitly tagging all occurences of function symbols and vari-
ables in a term with their relative types is that a subterm s of a term may not necessar-
ily be a term itself. Instead, for every subterm s of a term there exists a term s’ and a

type substitution ¢ such that s = (s’).

Terms may alternatively be written such that each function symbol and variable
appears without its relative type. This will usually be done when the types are clear
from the context or irrelevant. Note that, when all terms are written in this form, every
subterm of a term is also a term. Furthermore, for a term ¢ in this form, vars(t) denotes
the set of variables in ¢ rather than the set of typed variables.

Definition 2.13 (atom) An atom is defined as follows
1. A proposition p. € X, is an atom.
2. Letps, ..o, € ¥pand foralli € [1,n] let t; be a term of type 7; such that
e (pars(o1) U ... Upars(oy,)) Npars(t;) = 0, and
o pars(t;) Npars(t;) =P forallj € [1,n], i # j.
If, and only if, there exists a most general unifier v of the set of type equations
{oi=mi i€ [L,n]}U{p = pjlv, € vars(ts) Avp, € vars(t;) Ai,j € [1,n]}

then A = ¥(po, .. 5, (t1,.--,tn)) is an atom. For all ¢ € [1,n], if s is a subterm of
t; then ¥ (s) is a subterm of A. O

The predicate symbol of an atom A is denoted by rel(A). Formulae are formed by
combining atoms using the connectives and quantifiers of the underlying language. If
F is a formula, then every subterm of an atom in F'is also a subterm of F'.

Definition 2.14 (formula and free variables) The set of free variables of a (polymorphic,
many-sorted) formula F is denoted by freevars(F) where a formula and its free variables
are defined inductively as follows

1. An atom A is a formula and freevars(A) = vars(A).
2. If F is a formula then so is —F and freevars(—F) = freevars(F).
3. Let F be a formula with v € freevars(F'). Then VvF and FvF' are formulae whose

free variables are given by freevars(F) \ {v}.
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4. Let F' and G be formulae whose common variables are free in both F' and G.
Suppose further that

e pars(F) Npars(G) = 0, and
e there exists a most general unifier ¢ of the set of type equations

{oF = pc | v,y € freevars(E') A v, € freevars(G)}

Then (F AG), Y(FV G), ¢(F — G)and ¢(F < G) are all formulae whose free
variables are given by {¢(v) | v € freevars(F) U freevars(G)}. O

Definition 2.15 (type of a subterm) Given a syntactic object o, and a subterm ¢ of o,
the type of ¢ in o is defined by

type(t, o) = 7 ift=v,andveV
ypest o) = T ift= f(’rl ’Tn,T>(t17 coostn)

Observe that multiple occurences of a variable in a formula are all of the same
type in the formula. Also the types of subterms of a formula are unique up to param-
eter renaming. A term, atom or formula is said to be ground if it does not contain any

variables.

Definition 2.16 (literal) If A is an atom, then the formulae A and —A are called literals.

Definition 2.17 (conjunction, disjunction) Let Aj,..., A, be atoms (resp. literals).
Then A1 A ... A A, (Which may also be written as Ay, ..., 4,) is a conjunction of atoms
(resp. literals) and A; Vv ...V A, is a disjunction of atoms (resp. literals). 0

Definition 2.18 (closed formula) A formula is closed iff it has no free variables. O

Definition 2.19 (universal and existential closure) Let F be a formula whose free
variables are vy, ..., v,. Then

e V(F) =Vuy,...,v, F denotes the universal closure of .

e I(F) = Fuvy,...,v,F denotes the existential closure of F'. O

Definition 2.20 (language) The polymorphic many-sorted language given by an alphabet
consists of the set of polymorphic many-sorted formulae that can be constructed from

the symbols of the alphabet. O

Since certain symbols of an alphabet appear in all alphabets, and the types of
interest are closely associated with the function and predicate symbols, a polymorphic,
many-sorted, first-order language can be defined by a triple £ = (%,, %, V).

Definition 2.21 (theory) A polymorphic many-sorted theory consists of a polymorphic
many-sorted language and a set of axioms which is a designated subset of closed

formulae in the language of the theory. O
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2.2 Semantics of polymorphic many-sorted languages

The sentences of a language may be thought of as statements about a “world” of
objects and the relations among those objects. The objects in the world are repre-
sented in the language by terms, formed from the constant and function symbols of
the language. The precise association between terms and objects is given by a pre-
interpretation. A pre-interpretation for a language defines a world and uniquely iden-
tifies each term in the language with an object in the world. This “world” is formally
called a domain, though in a typed language it is split into a family of domains, one
domain for each ground type in the language.

Definition 2.22 (pre-interpretation) A pre-interpretation of a first order polymorphic
many-sorted language is a pair J = (D, Aj) where

1. Dy ={Djs|dis a ground type}, is a family of domains where each D is a non-
empty set called the domain of type § in the pre-interpretation J;

2. Ajis an assignment defined such that
(a) Each fi.5 € ZJ}" is assigned an element in D s;
(b) Each fis5,.5,4) € Z}‘ is assigned a mapping from D5, x ... x Djs, to Djs.

O

The ground, monomorphic, atomic formulae (ground, monomorphic atoms) of a
language, express simple statements about the objects of the world (the elements of
the domains of the pre-interpretation). An interpretation directly determines the truth
or falsity of each of these statements.

Definition 2.23 (interpretation) An interpretation I; for a polymorphic many-sorted
language consists of a pre-interpretation J = (D;, A;) and an assignment of truth
functions to elements of X such that

1. Each p. € Z; is assigned a value true or false;

2. Eachps, s, € ¥ is assigned a mapping from Dy, X ... x Dy, to { true, false }.

O

To determine truth values for non-ground (monomorphic) atoms, the notions of
variable assignment and term assignment are used.

Definition 2.24 (variable assignment) Let J = (D, A;) be a pre-interpretation. A
variable assignment V; maps each variable of type ¢ to an element of D ;s, where  is a

ground type. o

Definition 2.25 (term assignment) Given a pre-interpretation J = (D, A) and a vari-
able assignment Vj, the term assignment wrt J and V;, denoted ¢y, is defined as
follows:

1. ¢v(vs) = Vj(us) forall v € V and for every ground type 4.
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2. ¢5v(fies) = Ailfies)
3. dav(fis1. 600ty - tn)) = Ag(Fisr.6,.0)(Qav (1), .o, duv (tn))
for all f<£,5> S Z; and f(gl.“(gn’g) S 2; O

Definition 2.26 (truth value of a monomorphic atom) Let /; be an interpretation, V;
a variable assignment and a = p;, s, (t1,- .., t,) @ monomorphic atom. The fruth value
of a (wrt I; and Vj) is true iff ps, 5. (¢sv(t1),..., ¢ v(tn)) maps to true in I;, where
¢y is the term assignment wrt J and V, and false otherwise. O

Clearly, the truth value of a ground monomorphic atom depends solely on the
intepretation 7;. The convention is followed here of overloading /; to additionally
represent the set of ground atoms whose truth values are frue wrt I;. Thatis a € 1 iff
a maps to true in I ;. The truth values of monomorphic formulae can easily be defined
in an analogous manner to the untyped case.

Definition 2.27 (truth value of a monomorphic formula) Let /; be an interpretation,
V; a variable assignment and w a monomorphic formula. The truth value of w (wrt I;
and V) is determined as follows.

1. If w is an atom, then its truth value is determined by Definition 2.26.

2. If whas the form - F, FAG, FVv G, F — G or F « G, then the truth value of w
is given by the following table

T(F) | T(G) | T(-F) | T(FAG) | T(FVG) | T(F < G) | T(F < G)

true | true | false true true true true
true | false | false false true true false
false | true true false true false false
false | false true false false true true

where 7 (F') is the truth value of F.

3. If w has the form JusF, then the truth value of w is frue iff there exists d € Dj;
such that F has truth value true wrt I; and Vj(vs/d) where V;(vs/d) is V except
that vs is assigned d; otherwise, its truth value is false.

4. If w has the form Vus F, then the truth value of w is true iff F' has truth value frue
wrt Iy and V;(vs/d), for all d € D ;s; otherwise, its truth value is false.

O

Note that the truth value of a closed formula depends only on the interpretation
and not on the variable assignment. Thus a closed formula F' is said to be true (resp.
false) wrt an interpretation [ iff the truth value of F is true (resp. false) wrt /. Truth
values of polymorphic formulae can now be defined in terms of truth values for
monomorphic formulae.

Definition 2.28 (truth value of a polymorphic formula) Let / be an interpretation of
a polymorphic many-sorted language L and let w be a closed polymorphic formula of
L. Then w is true wrt I iff for every grounding type substitution « for w, ¥ (w) is true
wrt [. On the other hand, w is false wrt I iff there exists a grounding type substitution
1 for w such that ¢ (w) is false wrt 1. 0
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From the above, it can be seen that the truth or falsity of any formula in a language
is determined by an interpretation for the language. In general, only the formulae
of a given theory are of interest at any one time. Furthermore, the interpretations
of interest will be those for which all the formulae of the theory are true. Such
interpretations are called models.

Definition 2.29 (model) Let / be an interpretation of a polymorphic many-sorted lan-
guage L and let w be a closed formula of L. Then I is a model for w, denoted I |= w, iff
w is true wrt I. If S is a set of closed polymorphic formulae in L then I = Siff I = w
forallw e S. O

Definition 2.30 (logical consequence) Given a closed polymorphic formula w and a
set S of closed polymorphic formulae, w is a logical consequence of S, denoted S = w,
iff for every interpretation I, the premise I |= S implies the conclusion I = w. 0

2.3 Syntax of polymorphic many-sorted programs

Definition 2.31 (statement) A statement s is of the form
H+— B

where H is an atom, called the head, and B is either absent or a polymorphic many-
sorted formula, called the body. The free variables of s are assumed to be universally
quantified at the front of s. The set of atoms appearing in B is denoted by body(s). O

Definition 2.32 (program) A polymorphic many-sorted logic program is a pair (A, S)
where A is a triple (A;, Ay, Ap) of type declarations and S is a finite set of statements.
The type declarations A, Ay and A, define respectively ¥, ¥rand ¥, in the following

way
1. Each constant declaration ¢ : 7 € Ay implies ¢ 5 € Y.
2. Each function declaration f : 71 x ... X 7, — 7 € Ay implies fi;, 5, r) € Zr.
3. Each proposition declaration p € A, implies p. € %,.
4. Each predicate declarationp : 71 X ... x 7, € A, implies p,, .-, € Xy
Furthermore, the following four conditions must be satisfied

1. Each statement is a polymorphic many-sorted formula in the language defined
by the type declarations.

2. Each function declaration is transparent (see below).
3. Each statement satisfies the head condition (see below).

4. Ay and A, are universal. That is each symbol has exactly one declaration in Af
(resp. A,) so that ¥ (resp. %) is well-defined.

Definition 2.33 (transparency) A declaration for a function f : 7y x ... X 7, — T8
transparent iff every parameter appearing in the declaration also appears in the range

type 7. o
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Definition 2.34 (head condition) Let po,. ., be the typed predicate symbol occuring
in the head of a statement s and let p : 71 X ... x 7,, be the type declaration for p. Then
s satisfies the head condition iff o1 . ..o, is a variant of 71 . .. 7. O

Definition 2.35 (proposition and predicate definition) The definition of a proposition
or predicate p in a program P is the set of all statements in P which have p in their
head. O

Definition 2.36 (goal) A goal is of the form
— F

where F, called the body, is a polymorphic many-sorted formula. The free variables of
F are assumed to be universally quantified at the front of the goal. 0

Definition 2.37 (definite program and goal) A definite clause (resp. definite goal) is a
statement (resp. goal) whose body is a (possibly empty) conjunction of atoms. A
definite program is a program whose statements are all definite clauses. O

In the sequel, attention will be restricted to definite programs and goals. More-
over, it will often be convenient to ignore the type declarations and consider a program
P = (A, S) as being equivalent to the set of clauses S.

2.4 Semantics of polymorphic many-sorted programs

2.4.1 Declarative semantics

Definition 2.38 (Herbrand pre-interpretation) Let P be a definite program and let
Lp = (¥p, X V) be the first order polymorphic many-sorted language underlying
P. The Herbrand pre-interpretation of Lp is the pair Herb = (Dyjerp, Apiery) Where

1. Dyery = {Dpervs | 0 is a ground type}, and for every ground type 6, Dyep s 1S
the least set such that if fi5, 5,45 € Z; and t; € Dy s, for all i € [1,n], then
fio1 60,6y (t15 - tn) € Dierps-

2. Apepp is defined such thatif fi5, 5,5 € X5 and t; € Dy 5, foralli € [1,7], then
Apters(F51 ... 60,)) (E1s -+ tn) = fi51 60,5y (B1s ooy En)- O

Observe that the domain equal to the union of the domains in Dy, contains
precisely all of the ground terms that can be constructed in the language £p. This
domain is usually referred to as the Herbrand universe and is denoted by Up. Another
important domain, consisting of all the ground atoms in the language £ p is known as
the Herbrand base and is denoted by Bp.

Definition 2.39 (Herbrand base) Let Lp = (%,,%, V) be a first order polymorphic
many-sorted language defined by a program P. The Herbrand base of Lp is the least

set Bp such that
1. Ifp. € X5 then p. € Bp.

2. Ifps, s, € 55 then psy..6,(d1,...,dn) € Bp where d; € Dy, 5, forall i € [1,n].
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An Herbrand interpretation for a language Lp is any interpretation based on the
Herbrand pre-interpretation for £Lp. By abuse of terminology, an Herbrand interpre-
tation for a program P is any Herbrand interpretation for the language underlying P.
Note then that any Herbrand interpretation can be defined as a subset of the Herbrand

base.

Definition 2.40 (Herbrand model) Let Lp be a first order polymorphic many-sorted
language defined by a program P = (A,S). An Herbrand model I C Bp for S is an
Herbrand interpretation for £p which is a model for S. An Herbrand model 7 for S is
minimal iff there exists no other Herbrand model I’ for S such that I’ C 1. ]

For every definite program P = (A, S), there exists a unique minimal Herbrand
model for S. This minimal model is equivalent to the set {a | « € Bp A S = a}
of ground atoms which are logical consequences of S. This set is also known as the
success set of P and it defines the declarative semantics of P.

2.4.2 Procedural semantics

Definition 2.41 An expression is either a term, an atom, a conjunction of atoms, or a
definite clause. A simple expression is either a term or an atom. O

Definition 2.42 (term substitution) A substitution 6 is a finite set {v1/t1,...vn/tn} Of

bindings where v1, . .., v, are distinct variables and t1, . . . , ¢,, are terms such that v; # ¢
for all i € [1,n]. The set {v1,...,v,} is called the domain of the substitution and is
denoted by dom(6). O

Definition 2.43 (term instance) Let 6 = {v1/t1,...,v,/tn} be a term substitution and
o a syntactic object such that pars(o) N pars(vi /t1) N ... N pars(v,/t,) = 0. If there exists
a most general unifier 1 of the set of type equations

{type(vi, 0) = type(t;, t;) | i € [1,n]}

then the instance of o by 6, denoted 0, is the syntactic object obtained from o by
simultaneously replacing each occurence of the variable v; in o by the term #; for all
i € [1,n] and applying the type substitution . If o is ground then 6 is called a
grounding substitution for o. o

An expression d is an instance of another expression e if d = ef for some substi-
tution 6. If e is also an instance of d then d and e are said to be variants of each other
and 6 is known as a renaming substitution for e. If S = {E1,..., E,} is a finite set of
expressions and 6 is a substitution, then S denotes the set {£16, ..., E,0}.

Definition 2.44 (composition of term substitutions) Let 6 = {u1/s1,...,um/sm} and
¢ = {v1/t1,...,v,/tn} be substitutions. Then the composition of § and ¢, denoted 64,

is the set {u;/si¢ | wi # sipANi e [L,m]}U{v;/t;i | vi & {u1,...,um} At €L n]} ]

Definition 2.45 (mgu) Let S be a finite set of simple expressions. A substitution § is a
unifier for S iff S0 is a singleton. A unifier 6 for S is a most general unifier, or mgu, for S
iff for each unifier ¢’ of S there exists a substitution ¥ such that §’ = 4. O
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The set of most general unifiers of {e{, es} where e; and ey are arbitrary simple
expressions is denoted mgu(ey, ez). :

Definition 2.46 (substitution restriction) Let 8 be a substitution and V a set of vari-
ables. The restriction of 8 to V, denoted 8|y, is the substitution obtained from 6 by
deleting any binding v/t for which v ¢ V. O

Definition 2.47 (computation rule) A computation rule is a function from a set of goals
to a set of atoms such that the value of the function for a goal G is an atom, called the
selected atom, in G. ]

Definition 2.48 (SLD-resolution) Let G =— A;1,..., A, ..., Ay, bea goal withm > 1
and1 <s<m,andletc: H « By,..., B, be a clause. Then G’ is derived from G and
c using 6 iff the following conditions hold:

e A, is the selected atom in G;
o 0 cmgu(As, H);
o G'isthegoal — (A1,...,As_1,B1,...,Bn, Acy1,..., An)0.
The goal G is called a resolvent of G and c. 0

Definition 2.49 (SLD-derivation) Let P be a program and G a goal. An SLD-derivation
of PU{G} consists of a (possibly infinite) sequence Go, G1, Go, . .. of goals, a sequence
c1, ca, . . . of variants of program clauses of P and a sequence 1, 65, . .. of substitutions
such that Gy = G and each G4 is derived from G; and c; 1 using 0,41 forall< > 0. O

SLD-derivations may be charaterised as follows. An SLD-derivation is
e finite iff it consists of a finite sequence of goals; otherwise it is infinite.
e successful iff it is finite and the last goal is the empty goal.

e failed iff it is finite and it ends in a non-empty goal such that the selected atom in
this goal does not unify with the head of any program clause.

e complete iff it is either successful, failed or infinite.

e incomplete iff it is finite and neither successful nor failed; in other words, not
complete.

Definition 2.50 (SLD-refutation) An SLD-refutation is a successful SLD-derivation. O

Definition 2.51 (SLD-tree) Let P be a program and G a goal. An SLD-tree for PU{G}
is a tree satisfying the following:

1. Each node of the tree is a (possibly empty) goal.
2. The rootnode is G.

3. Let ' = — Ay,..., As,..., Ay be a node in the tree. Then exactly one of the
following hold:
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(a) no atom is selected in G’, and the node has no children;

(b) As is the selected atom in G/, and for each input clause H «— By,..., B,
such that a substitution 6§ € mgu(H, A,,) exists, the goal

— (Al, i .,AS_,l,Bl, o ',BnaAs—}—l: .. ,Am)(g
is a child of the node.

4. Nodes which are the empty goal have no children.
O

Each branch of an SLD-tree is an SLD-derivation. Hence branches may be called
infinite or finite, successful or failed, complete or incomplete, according to the charac-
terisation of the corresponding derivation. Observe that the leaf node of an incomplete
branch is a non-empty goal where no atom has been selected. An SLD-tree is complete
iff all its branches are complete, and incomplete otherwise. Note then, that both com-
plete and incomplete trees may contain infinite branches.

An incomplete SLD-tree may be further expanded by unfolding the goal at a leaf
node. This involves selecting an atom in the goal and adding as children to the node
the goals described in 3(b) Definition 2.51. Thus a complete SLD-tree may be obtained
from one that is incomplete by performing a (possibly infinite) number of unfolding
steps.

An SLD-tree is said to be trivial if the root node is the only node of the tree, and
non-trivial otherwise. SLD-trees can be depicted graphically. In figures, selected atoms
are underlined and the empty goal is denoted by “0”. Failed derivations end in “m”.

Definition 2.52 (search rule) A search rule is a strategy for searching SLD-trees to find
success branches. o

Search rules are often defined as clause selection rules which given a set of clauses
forming a predicate definition define a fixed order in which the clauses should be used
to form resolvents. For example, the clause selection rule of Prolog selects clauses in
the order in which they appear in the program. An SLD-refutation procedure is specified

by a computation rule together with a search rule.
The following notions tie together the declarative and procedural semantics.

Definition 2.53 (answer) Let P be a program and G a goal. An answer for P U {G} is
a substitution ¢ such that dom(0) C vars(G). O

Definition 2.54 (correct answer) Let P be a program and « @ a goal. An answer 0
for P U {« Q} is a correct answer for P U {«— Q} iff P = V(Q0). 0

Definition 2.55 (computed answer) Let P be a program, G a goal, and Gy, ..., Gy an
SLD-refutation of PU{Gy}, where the sequence of substitutions is 61, .. ., ;. Then the
substitution (01 . .. 0,)|vars(cy) is a computed answer for P U {Go}. O

Theorem 2.56 (soundness of SLD-resolution) Let P be a program and G a goal. Ev-
ery computed answer for P U {G} is a correct answer for P U {G}. O

Theorem 2.57 (completeness of SLD-resolution) Let P be a program and G a goal.
For every correct answer o for P U {G} there exists a computed answer 6 for P U {G}
and a substitution -y such that Go = Go~. 0
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3 Introduction to Termination

This chapter introduces the fundamental notions of termination that will be used
in the remainder of the thesis. Section 3.1 introduces the halting problem for logic
programs, outlining the different areas of research which have evolved, and places
the current work in context. It turns out that the logic programming paradigm admits
a number of notions of termination and some of the more important ones will be
reviewed here.

There are several concepts which are common to a large number of works on
termination and which will play a prominent role in this thesis. These include level
mappings, the notion of boundedness and interargument relationships. They are
defined in Sections 3.2.1 and 3.2.4. Norms and rigidity, two other important notions
are only touched on here; these are the subject of Chapter 5.

Also to be found in this chapter are the definitions of the classes of recurrent and
acceptable programs. They are, arguably, the two most significant classes of program
to have been defined in the literature on termination of definite logic programs. An
understanding of them and the surrounding concepts is crucial to the assimilation of
Chapter 6, which builds extensively on them.

Much of the material of this chapter, and a great deal more besides, can be found
in the survey by De Schreye & Decorte 1994.

3.1 The Halting Problem in Logic Programming

For an arbitrary logic program P and arbitrary goal G, the halting problem is to de-
termine whether or not G terminates wrt P. Exactly what it means for G to terminate
wrt P is examined in Section 3.1.1. If G is simply regarded as a particular input to the
program P, however, then the problem essentially is to determine whether or not the
execution of P with this input requires a finite amount of time. The problem inherits
the undecidability of the halting problem for Turing machines, meaning that no algo-
rithm can be encoded which will determine the correct answer in a finite amount of
time. This is a direct consequence of the fact that every computable function can be
encoded as an appropriate logic program (see, e.g., Lloyd 1987).

The undecidable nature of termination has led to three main directions of research
as identified in De Schreye & Decorte 1994. Firstly, on the subject of decidability itself a
number of works have sought to establish the boundary between minimal subclasses
of programs which are computationally complete, and maximal classes for which
the halting problem is decidable. The current work makes no contribution in this
direction. The interested reader is referred to the references contained in De Schreye
& Decorte 1994.

A second line of work has been to investigate necessary and sufficient conditions
for termination. Such conditions are, of course, undecidable, but, nonetheless, can be
used as a theoretical basis for constructing practical termination analyses. Some works
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in this area have led to a classification of programs according to their termination
behaviour. For example, acceptable programs are precisely those which, for ground
input, terminate under the left-to-right computation rule of Prolog (Apt & Pedreschi
1990). Programs which, for ground input, terminate under any selection rule are clas-
sified as recurrent (Bezem 1993). The original definitions of these classes, introduced in
Sections 3.2.2 and 3.2.3, do not, in fact, form an ideal basis for automatic termination
analyses. Some difficulties arise in formulating termination proofs in terms of the defi-
nitions. Chapter 6 examines the technicalities involved and concludes with alternative
characterisations of the two classes which help to alleviate the problems.

The third category encompasses the development and use of sufficient conditions
for proving termination. These techniques may be used, for example, to provide
support for program development or program transformation tools such as partial
evaluators. Chapter 7 introduces a class of programs which are terminating under a
dynamic selection rule. A sufficient condition for termination, which can be checked
at compile-time, is that a given program lies within the class. Chapter 8 develops
sufficient conditions for ensuring unfolding during partial deduction. The work of
Chapter 5, which is designed to facilitate the construction of termination proofs, may
also be considered to fall in this category.

3.1.1 Some Definitions of Termination

Whether or not a goal G terminates wrt a program P is obviously dependent on the
operational behaviour which in a logic program is defined by the control component.
Thus termination is in fact sensitive to the following four components.

1. The program

2. The goal

3. The computation rule
4. The search rule

To complicate the issue a little further, different notions of termination have been
defined in the literature. Firstly, due to the inherent non-determinism present in the
logic programming paradigm the following distinction, put forward by Vasak & Potter
1986, can be made.

Definition 3.1 (existential termination Vasak & Potter 1986) Let P be a program, G
a goal and s a search rule. Then G existentially terminates wrt P (under s) iff either
all derivations for P U {G} are finitely failed or the search rule s finds a successful
derivation for P U {G} in a finite number of steps. O

Definition 3.2 (universal termination Vasak & Potter 1986) Let P be a program and
G a goal. Then G universally terminates wrt P iff all derivations for PU{G} are finite. O

Intuitively, existential termination and universal termination correspond respec-
tively to the notions of finding one and all solutions for a given goal and program.
Observe that existential termination is sensitive to the search rule whereas universal
termination is not. Thus, where the computation rule is fixed, universal termination
implies existential termination.
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Example 3.1 Let P be the program

P(A).
P(x) — P(x).

and G the goal + P(x). Then G existentially terminates wrt P under the Prolog search
rule, but not under a search rule which selects clauses in the reverse order. G does not
universally terminate wrt P in any case. O

Vasak and Potter also characterised goals as strongly or weakly terminating. The
definitions are provided here for completeness, though, the terms are seldom encoun-
tered in the literature.

Definition 3.3 (strong termination Vasak & Potter 1986) Let P be a program and G a
goal. Then G is strongly terminating wrt P iff G terminates wrt P for all computation

rules. 0O

Definition 3.4 (weak termination Vasak & Potter 1986) Let P be a program and G a

goal. Then G is weakly terminating wrt P iff G terminates wrt P for some computation

rule. O

In the above definitions, “G terminates” may be taken to mean either “G existen-
tially terminates” or “G universally terminates”. In the remainder of the thesis, as in
the majority of works, attention will be restricted to universal termination. Thus the
expression “G terminates” will mean “G universally terminates”. Moreover, with ref-
erence to Definition 3.2, three types of finite derivation will be permitted: successful,
finitely failed and incomplete.

The next two definitions introduce the two most frequently used notions of ter-
mination.

Definition 3.5 (termination Bezem 1989) Let P be a program and G a goal. Then G
is terminating wrt P iff every SLD-derivation for P U {G} is finite. P is terminating iff
every variable-free goal is terminating wrt P. O

Definition 3.6 (left termination Apt & Pedreschi 1990) Let P be a program and G a
goal. Then G is left terminating wrt P iff every LD-derivation for P U {G} is finite. P is
left terminating iff every variable-free goal is left terminating wrt P. 0

Observe that “termination” as defined by Bezem is equivalent to “strong, univer-
sal termination” as defined by Vasak and Potter. On the other hand, “left termination”
is an example of “weak, universal termination”. Since strong termination implies
weak termination, any goal which is terminating is also left terminating.

Example 3.2 Consider the Permute program below

perm, Perm([], []).

perm, Perm([h|t], [a|p]) —
Delete(a, [h]i], ) A
Perm(l, p).

del;  Delete(x, [X|y], ¥).

dels  Delete(x, [y|z], [y|w]) —
Delete(x, z, w).
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— Perm([1], [1]) « Perm([1], [1])

perm,, perim,
— Delete(1, [1], I) A Perm(, []) — Delete(1, [1], 1) A Perm(l, [])
del; dels perny
— Perm([], 1) « Delete(1, [], w) A Perm([1|w], []) « Delete(1, [1], [])
1P€Tm1 dely
a [ ] O

Figure 3.1: SLD-derivations for Permute U{« Perm([1], [1])}. Note that the left SLD-tree
actually represents two derivations; the goal « Delete(1, [], w) A Perm([1|w], []) fails
immediately regardless of which atom is selected.

— Perm([1,2], [1,2])

perm.,

«— Delete(1, [1,2], ) A Perm(l, [2])

perm,

« Delete(1, [1,2], ) A Delete(2, |, I) A Perm(l’, 1)

dels

— Delete(1, [1,2], [y|z]) A Delete(2, z, w) A Perm(lyw], [])

dels

— Delete(1, [1,2], [v,y'|2']) A Delete(2, z’, w') A Perm(ly,y’'|w'}, [I)
+:delg

Figure 3.2: Infinite SLD-derivation for Permute U{— Perm([1,2], [1,2])}. Here, variants
of the atom Delete(2, z, w) recur infinitely in subsequent goals if the second atom is
always selected and the clause dely is always used.

The goal < Perm([1], [1]) is terminating wrt Permute (see Figure 3.1) and as a conse-
quence is left terminating also. The goal « Perm([1, 2], [1, 2]) is left terminating but not
terminating, since there exists a computation rule which selects non-ground Delete/3
goals resulting in an infinite derivation (see Figure 3.2). It follows that the program is
not terminating though it can be proven to be left terminating (see Section 3.2.3). O

3.2 The Nuts and Bolts of Termination Proofs

The fundamental idea underlying all termination proofs is to define an order on the
set of all goals that can occur in a derivation.
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Definition 3.7 (order) A partial order on a set S is a binary relation C that is
1. reflexive (Vz € S:z C ),
2. antisymmetric (Vz,y € S : (e CyAyCz) = 2z =y) and
3. transitive (Vz,y,z € S: (2 CyAyC z) = 2 C z).

A linear or total order on a set S is a partial order such that any two elements of S are
comparable (Vz,y e S: 2 CyVyLC z). O

An ordered set S(C) is a set S together with an order C on S. A partial order T on a
set .S induces a strict order Con S (Va,y € S: (z Cy & (¢ T yAz # y)). Astrict order
C on a set S is well founded if there exists no infinite descending chaine; J e 1 ... of
elements of S. The set S(C) is well-founded if " is well founded on S.

In this thesis, attention will be mostly restricted to the use of well-founded orders.
Under this restriction, the basis of a termination proof then reduces to the following.
Given a program P and goal Gy, assume that > is a well-founded order on the set of
goals that can occur in any derivation of P U {Go}, and let Gy, G1,Ga, ... be such a
derivation. Quite simply, if G; > G;44 for all 7 > 0, one deduces that the sequence
Go, G1,Ga, . .. is finite by the well-foundedness of >.

Two issues become apparent at this point. The most obvious is the problem of
defining a suitable order on goals which can be used to prove termination. To simplify
the problem, it is sometimes convenient to define the order on abstractions of goals
rather than on the goals themselves. Thus the order > is defined such that G > &'
holds iff A(G) > A(G') holds where A is an abstraction function. For example, A
might be defined to map each goal G to a multiset of natural numbers, where each
atom in G’ maps to a single number in the multiset. This particular abstraction will be
formalised in the next section. The idea of mapping atoms to natural numbers occurs
frequently and forms the basis of many goal abstractions used in the literature.

The other issue which arises is how to verify for each derivation Go, Gy, Gy, .. .,
that G; > G4 for all i > 0. The derivations cannot of course be explicitly constructed
in a finite amount of time and so it is necessary to use a finite approximation to the
set of all derivations. This can be achieved by considering individual SLD-resolution
steps together with the abstraction function mentioned above. More precisely, the
aim is to prove that if G is a goal, A is the selected atom in G and A unifies with
the head of a clause ¢, then the resolvent G’ of G is such that G > G’. Since G and
A may be arbitrary, the decrease from G to G’ is usually obtained by requiring the
clause c to satisfy certain conditions. By verifying these conditions for all clauses in
the program, it can be asserted that all derivations are finite. The abstraction function
simplifies the proof by allowing irrelevant details to be ignored such as the individual
syntactic structure of goals and the details of unifications. In reality, it is unlikely that
the decrease from G to G’ will hold for all goals, though it may hold for a specific
subset of them. In this case, it is also necessary to show that any resolvent G’ of G is
also a member of the subset. Sections 3.2.2 and 3.2.3 present two conditions on clauses
which can be used to ensure finiteness of derivations in the above manner.

Four well-founded orders will occur frequently throughout: the usual order on
the natural numbers, the lexicographical ordering, the multiset ordering, and the
ordering between the predicates of a program. These last three orders are defined
below.
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The lexicographical ordering allows tuples to be compared.

Definition 3.8 (lexicographical ordering) Let C; and [y be strict orders on the sets
S1 and S5 respectively. The lexicographical ordering < on S1(C1) x S3(C2) is defined by

(s1,82) < (51, 52)
iff sy 01 8’1 0ors; =81 and s9 Ca s'a. ]

If S1(c1) and Sy(2) are well-founded sets then the set (S1(C1) % S2(C9))(K) is
well-founded also (Van Leeuwen 1990). Clearly then, well-founded lexicographical
orderings can be defined over tuples of any fixed length.

Another mechanism for comparing collections of elements is the multiset order-
ing. A multiset is a collection of elements where the number of occurrences of each
element is significant. Formally, a multiset is a function from a set S to the natural
numbers which returns the multiplicity of each element in S. It will be convenient
to consider multisets as being sets with duplicate elements. Thus if s; = {3} and
sg = {3} are multisets then the multiset s; U sy = {3, 3} # {3}.

Informally, the multiset ordering is defined as follows. Given two multisets s;
and sy, sp is smaller than s; in the multiset ordering if s9 can be obtained from s;
by replacing an element e of s; with zero or more elements each of which is strictly
smaller than e (wrt the ordering over the elements of the multisets).

Definition 3.9 (multiset ordering) Let C be a strict order on the set S. The multiset
ordering T,y on multisets of elements of S(C) is defined by

82 Lot 81

iff there exists ¢ € sy and ey, ..., e, € sosuch that sy = s1/{e}U{e1,...,e,}ande; Ce
foralli € [1,n). 0

This ordering is particularly useful for defining an ordering on goals in a deriva-
tion. For example, a goal G and its resolvent G’ could be abstracted by multisets s; and
s9 of natural numbers, where each natural number represents the abstraction of one
atom in G or G'. The resolvent G, by definition, is obtained from G by replacement
of one atom in G with zero or more atoms from the body of a clause (combined with
a substitution application). Hence the abstraction sy would also be obtainable from
s1 by replacement of one element e of s; with zero or more natural numbers (i.e. the
abstractions of the body atoms of the resolving clause). In the case that each of these
numbers is smaller than e then sg is smaller than s; in the multiset ordering and G’
may be seen to be smaller than G in the goal ordering.

Finally, an ordering exists among the predicates of a program based on its recur-
sive structure.

Definition 3.10 (predicate dependency) Let Lp = (¥,,Xf, V) be a language defined
by a program P and let p, g € ¥,. Then p directly depends on q iff

p(t1,-- s ta,) < B1,..., By € Pand B; = q(s1, ..., sp,), for some i € [1,n].

The depends on relation is defined as the reflexive, transitive closure of the directly
depends on relation. If p depends on ¢ and ¢ depends on p then p and ¢ are mutually
dependent and this is denoted by p ~ g. O
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The well-founded ordering among the predicates of a program is induced by the
depends on relation: p J ¢ whenever p depends on g but ¢ does not depend on p, i.e. p
calls g as a subprogram. By abuse of terminology, two atoms are mutually dependent
(with each other) if they have mutually dependent predicate symbols. Furthermore, a
body atom in a clause is said to be recursive if it is mutually dependent with the head
of the clause.

3.2.1 Level Mappings, Norms and Boundedness
The idea of mapping atoms to natural numbers to construct termination proofs was
originally proposed in Cavedon 1989 and Bezem 1989.

Definition 3.11 (Ievel mapping Cavedon 1989) Let P be a program. A level mapping
for P is a function |.| : Bp — N from the Herbrand base to the natural numbers. For

an atom A € Bp, |A| denotes the level of A. O

Example 3.3 Let P be the program
P(A, x) « P(B, x).

P(B, A).
P(B, B).

The function |.| : {P(A, A), P(A, B), P(B, A), P(B, B)} — N defined by |P(A, A)| = 34,
|P(A, B)| = 12, |P(B, A)| = 0 and |P(B, B)| = 27 is a level mapping for P. O

A level mapping is only defined for ground atoms. The lifting of the mapping to
non-ground atoms was proposed in Bezem 1989.

Definition 3.12 (bounded atom Bezem 1989) An atom A is bounded wrt a level map-
ping |.| if |.| is bounded on the set [A] of variable free instances of A. If A is bounded
then |[A]| denotes the maximum that |.| takes on [A]. m]

The importance of the notion of boundedness cannot be over stressed. Since goals
which are ground cannot be used to compute values, they are the exception rather
than the norm in logic programming. Thus practical termination proofs must be able
to deal with non-ground goals and boundedness provides the basis for this. It has
shaped much of the work on termination and plays a prominent role in this thesis.

Example 3.4 Let P be the program and |.| the level mapping of Example 3.3. The
atom P(A, x) is bounded since |.| is bounded on the set [P(A, x)] = {P(A, A), P(A, B)}.
Moreover, |[P(A, x)]| = max({|P(A, A)|, |P(A, B)|}) = max({34,12}) = 34. o

Level mappings are usually defined in terms of norms. Basically, a norm is a
mapping from terms to natural numbers which provides some measure of the size
of a term. Norms will be examined in some detail in Chapter 5. For now, it will be
sufficient to consider a single norm which can be used to construct some interesting

level mappings.

Example 3.5 The list-length norm |.[jistjengsn : Up — N from the Herbrand universe to
the natural numbers can be defined by

It’ , _ 14 ItZQZist—length whenever ¢ = [tl‘tQ]
Iist-length 0 otherwise

Then, for example, |[X, Y, 2] |jist-tength = 3

32



Example 3.6 Let P be the program

OneList{([]).
OneList([1|y]) «
Onelist(y).

Let || be the level mapping defined by |OnelList(z)| = |[jist-tengtn- Then the atom
OneList([1, 1, z]) is bounded and |[OnelList([1, 1, z])]] = 3. The atom OnelList([1|x]) is
unbounded and |[OnelList([1/x])]| is not defined since |.| is not bounded on the set
[OneList([1]x])] = {OneList([1]), ..., OneList((1, 1]),..., OneList([1, 1, 1]),...}. O

The next two lemmas, which promote reasoning directly with bounded atoms
(rather than sets of ground instances of bounded atoms), follow easily from Defini-
tion 3.12.

Lemma 3.13 Let || be a level mapping and A a bounded atom. Then for every substi-
tution 6, the atom A6 is also bounded and moreover [[4]| > [[4d]]. O

Proof 1 Recall that [A] = {A¢ | ¢ is a grounding substitution for A}. Then [A] D [Af)], so
|[A]] > [[A8]]. s

Lemma 3.14 Let H be a bounded atom, B an atom and |.| a level mapping. If for
every grounding substitution 6 for H and B, |H6| > |B6)|, then B is also bounded and

moreover |[H]| > |[B]|- O

Proof 2 Recall that [B] = {B0 | 0 is a grounding substitution for B}. But |H6| > |BY)| for
every grounding substitution 0 for H and B, so |.| is bounded on [B], since |.| is bounded
on [H]. Let 0 be any grounding substitution for H and B such that |B6| = |[B]|. Then, by
Lemma 3.13, |[H]| > |[H8]| = |[HO| > |BO| = |[B]|. O

3.2.2 Recurrency

In Bezem 1989, level mappings were used to define a class of terminating programs.

Definition 3.15 (recurrency Bezem 1993) Let P be a definite logic program and |.| a

level mapping for P. A clause ¢ : H « Bi,..., B, is recurrent (wrt |.|) if for every
grounding substitution 6 for ¢, |H8| > |B;6| for all i € [1,n]. P is recurrent (wrt |.|) if
every clause in P is recurrent (wrt |.|). O

Example 3.7 Consider the Append program below

app,  Append((], X, X).
app,  Append([u|x], y, [ujz]) «
Append(x, v, Z).

and the level mappings |.|1, |.|2, |.|3s and |.|4 defined by

|Append(t1, t2, t3)l1 = |¢1]iist-tengtn

|Append(t1,ta, t3)]2 = 3 X [t1]list-tengtn + 1
|Append(t1,t2, t3)13 = |t3|list—length

|Append(t17t27 t3)|4 = min('tl |list—length> lt3!lz‘st-length)
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The clause app, is trivially recurrent wrt any level mapping. Now for every grounding
substitution ¢ for app,,

|Append([u}x], Y, [uiz])@h = |[U|X]Hilist-length
=1+ !X9|list—length
> lxgllist—length
= |Append(x, y, z)8|1
Hence the program is recurrent wrt |.|;. Similarly, it can be shown that the program is
recurrent wrt |.|; for all < € [1,4]. O

Bezem proved the following result.
Theorem 3.16 (recurrency Bezem 1989) Every recurrent program is terminating.

The same result was also obtained independently by Cavedon 1989 in the more
general context of recurrent programs with negation (called locally w-hierarchical pro-
grams in Cavedon 1989 and later renamed acyclic programs in Apt & Bezem 1990). The
proof in Bezem 1989 relies on the following definition.

Definition 3.17 (bounded goal Bezem 1989) A goal G =« Ay, ..., A, is bounded wrt
a level mapping |.| if every A; is bounded wrt |.|. If G is bounded then |[G]| denotes
the finite multiset consisting of the natural numbers [[41]|,. .., [[4.]]- O

The proof follows the basic outline of Section 3.2. In particular the abstraction
function A = |[]| and as a result a well-founded order > is defined over the set
of bounded goals by taking G > G’ iff |[G]| >, |[G’]|, where >, is the multiset
ordering over the natural numbers. The proof is completed by showing for every
SLD-resolvent G’ of a bounded goal G, that G’ is bounded and G > G’. In fact, this

proof suggests a stronger corollary.
Corollary 3.18 (recurrency Bezem 1989) Let P be a program, G a goal and |.| a level
mapping. If P is recurrent wrt |.| and G is bounded wrt |.| then G is terminating wrt
p.

The strength of this corollary lies in the fact that Theorem 3.16 applies only to
ground goals (by virtue of Definition 3.5) whereas Corollary 3.18 applies also to non-
ground goals.

Example 3.8 Reconsider the Append program and the level mappings of Example 3.7.

Then
— Append([u, v, w, y, z) is bounded wrt |.|1,|.]2 and |.|4,

«— Append(x, y, [u, v, w]) is bounded wrt |.|3 and |.|4
Hence these goals are terminating wrt Append. Also, for a goal G observe that

G is bounded wrt |.|; < G is bounded wrt |.|o
(G is bounded wrt |.|; V G is bounded wrt |.|3) — G is bounded wrt |.|4

Thus by proving recurrency of Append wrt |.|4 a larger class of goals can be proven
terminating than by proving recurrency wrt |.|1, |.|2 or |.{3. O

The above example demonstrates that the choice of the level mapping for proving
recurrency is important with regard to the set of goals which can be proven terminat-
ing. As a final remark, Bezem also proved the converse of Theorem 3.16.

Theorem 3.19 (recurrency Bezem 1989) A program is recurrent iff it is terminating.
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3.2.3 Acceptability

The notion of recurrency is a theoretical one and is not of much use in proving termi-
nation of Prolog programs. Most Prolog programs are intended to terminate under a
left-to-right selection rule, and are not recurrent.

Example 3.9 Reconsider the Permute program of Example 3.2. By Theorem 3.19, the
program is not recurrent since it does not terminate for all ground goals (Figure 3.2).
The program is left terminating. 0

The class of recurrent programs was extended in Apt & Pedreschi 1990 to the class
of acceptable programs in order to provide a theoretical basis for proving termination
of left terminating programs.

Definition 3.20 (acceptability Apt & Pedreschi 1990) Let |.| be a level mapping and I
an interpretation for a program P. A clause ¢ : H «— By, ..., By is acceptable wrt |.| and
1 iff

1. Iis a model for c and

2. for all i € [1,n] and for every grounding substitution ¢ for ¢ such that I |=
{Bj1,...,B;_1}6, we have that |H6| > |B,6|.

P is acceptable wrt |.| and [ if every clause in P is acceptable wrt |.| and 1. ]

Note the role that the model I plays in this definition. In condition 2, |H#é/| is
only required to be greater than |B;0| when I |= {Bi,..., B;—1}0. This captures the
fact that during a computation which uses a left-to-right computation rule instances
of the body atoms to the left of B; (where they appear in a goal) must be successfully
resolved before the corresponding instance of B; (as it appears in the derived goal)
can be selected. Any ground instance of the conjunction of the successfully resolved
atoms (with answer substitution applied) is modelled by I and it is only in such cases
where (an instance of) B; is selected as part of a successful derivation that the level
decrease is required to ensure termination.

Analogous results to those for recurrent programs (Theorem 3.16, Corollary 3.18
and Theorem 3.19) have been proven for acceptable programs. The proofs again
follow the same basic outline of Section 3.2. The abstraction function used is rather
more complicated than that used in the proof of recurrency. First, observe that, if a
goal G =— A;,..., A, terminates under a left-to-right computation rule then each
atom A, is not necessarily bounded, but should be once the atoms to its left have been
resolved. This idea forms the basis of the following definitions.

Definition 3.21 (maximum function Apt & Pedreschi 1994) The maximum function
max : p(N) — N U {oco}, where p(IN) denotes the powerset of N, is defined as

0 ifS=90
max S = n  if §is finite and non-empty, and n is the maximum of S

oo if S is infinite

Then max S < oo iff the set S is finite. O
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Definition 3.22 (left bounded goal Apt & Pedreschi 1994)! Let |.| be a level mapping,
I an interpretation and G =« A1, ..., A, a goal. Then G is left bounded wrt |.| and [ iff

for all i € [1, n], the set

¢ is a grounding substitution for G
I'={AL,...,Ai1}0

is finite. If G is left bounded wrt |.| and I then [[G];| denotes the finite multiset
{max|[G]}], ..., max|[G]}|}. O

[GTr| = {iAiel

Using the abstraction function A = |[.]7| allows one to prove that for a goal G
which is left bounded wrt [.|, any SLD-resolvent G’ of G is left bounded and further-
more |[G]r| > |[G']1]- The result is the analogue of Corollary 3.18.

Corollary 3.23 (acceptability Apt & Pedreschi 1990) Let P be a program, G a goal, |.|
a level mapping and I an interpretation for P. If P is acceptable wrt |.| and ] and G is
left bounded wrt |.| and I then G is left terminating wrt P. 0

Sufficient and necessary conditions for left termination are characterised by the
tfollowing theorem.

Theorem 3.24 (acceptability) A program is acceptable iff it is left terminating.

Example 3.10 Considering the Permute program from Example 3.2 again, let |.| be the
level mapping defined by

|Permute(t1, t2)| = |41 tist-tengtn + 1
|Delete(t1,t2,t3)| = It2{lz‘st~length

and I be the interpretation

{De|ete(t1,t2,t3) ' thIlisHength = |t3[list—length + 1}U
{Permute(t1,ta) | |t1liisttength = |t2iist-tengtn }

Now [ is a model for the program and, in particular, for the clause perm,, and for every
grounding substitution 6 for perm,,

'(], [a!p])@i = ![hlt]0|list—length +1
> 1[htt]9|list—length
= |Delete(a, [h|t], )0

|Permute([h

tl, o,

and for every grounding substitution 6 for perm,, such that I = Delete(a, [h

|Permute([hit], [alp])0| = [[N[t16risttengtn + 1
= ([10]sisttengtn + 1) + 1
> ||9|lz'st—length +1
= |Permute(l, p)d|

Hence perm, is acceptable wrt |.| and I. The clauses perm; and del; are trivially
acceptable wrt |.| and I since [ is a model for them, while the clause dely can easily
be shown to be acceptable wrt |.| and I in the same way as for perm,. This proves the
program Permute is left terminating. 0

IThe term left bounded is introduced here to avoid confusion with Definition 3.17.
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3.2.4 Interargument Relationships

The intuition behind the proof of left termination in Example 3.10 is rather simple. One
key step is to show that the size of the first argument in the head of the clause perm,,
is strictly greater than the size of the first argument in the recursive body atom, that
is [[h[t]{tist-tengtn > [iist-tengtn, Wwhenever this body atom is selected. Since the computation
proceeds under a left-to-right computation rule, this body atom will only be selected
following the refutation of the Delete(a, [h|t], I) call. The model I of the program is then
used to infer that the equation |[h|t]0]jist-rengtn = |10 |1istiengsn + 1 holds proving that the
required inequality holds also. The equation |ta|jst.iength = [t3]list-tengn + 1 appearing
in the definition of the interpretation I constitutes an interargument relationship. It
expresses the relation between the sizes of arguments of any Delete/3 atom occurring
in the success set of the program. This notion is formalised in the following definition.

Definition 3.25 (interargument relationship) Let p/n be a predicate defined in a pro-
gram P whose minimal model is M, and let |.| be a norm. An interargument rela-
tionship for p/n (wrt |.|) is a relation I C N", such that if M |= p(¢1,...,t,) then
(It1], .. [ta]) € 1. ]

It will usually be convenient to write interargument relationships in the form
p(t1,...,tn) : Expr where Expr is an expression over the terms t1, ..., t,. For example,
P(t1,t2) : |t1] = |t2] + 1 defines an interargument relationship for the predicate P/2 in
a program P such that if M | P(t1,t2) then |t1] = |t2| + 1 where M is the minimal
model for P.

Interargument relationships play an essential role in proving termination of a
large class of programs. They were first identified by Ullman & Van Gelder 1988 who
used interargument inequalities of the form p; + ¢ > p; where p; denotes the list length
of the kth argument of the predicate p, for k = 4, j, and c is an integer constant. These
were generalised in Pliimer 1990a, Plitmer 1990b, Plitmer 1991 and Groger & Pliimer
1992 to linear predicate inequalities of the form 3 ,c;pi + ¢ > 3 ;c;p; where I and J
are sets of input and output positions for p. Verschaetse & De Schreye 1991 considers
linear equations of the form ¢y + Y_1; ¢;p; = 0 where ¢; for all ¢ € [0, n] are integers.
In Verschaetse et al. 1992 this is extended to conjunctions of linear equations. Finally,
Debray et al. 1990 describe the derivation of non-linear interargument relationships
using difference equations.
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4 Introduction to Partial Deduction

This chapter introduces partial evaluation in the context of logic programming. To
recapitulate, partial evaluation is an example of a program specialisation technique.
Classic partial evaluation techniques divide a program’s input into a static part and a
dynamic part, and specialise the program with respect to the static input. The effect is
that a computation becomes staged; the first stage being the specialisation process, and
the second, the execution of the specialised program, also called the residual program.
Hence, instead of consuming all of the input at once, the static part is consumed in the
first stage, and the dynamic part in the second (Figure 4.1).

By staging the computation in this way, those parts of it which rely exclusively on
the static data, can be performed once and for all at specialisation time. The remaining
parts of the computation, which depend, either in whole or in part, on the dynamic
input, are performed during the second stage. Given then, that the residual program
has less work to do than the original, theoretically, at least, it should be more efficient.

In the context of logic programming, the objective of program specialisation can
be stated as follows. Given a program P and a goal G, specialise P wrt G to obtain the
residual program P’, such that for any substitution 6, the following properties hold:

e computations of P U {G8} and P’ U {G0} give identical results;
e computations of P’ U {G@} are more efficient than P U {G#}.

Here, the static data is input to the specialisation process through the partially
instantiated goal G; the dynamic data is supplied through the substitution §. The
second property above captures the real motivation for performing specialisation,
while the first expresses a necessary correctness criterion.

input

s/\d P s d

l | | 1

P — output PE P;  +—— output

Figure 4.1: Staging a computation by partial evaluation: Stage 1: The partial evaluator
PE, specialises the program P, wrt the static data s, resulting in the program P;. Stage 2:
P, takes the dynamic data d as input, producing the same output obtained by supplying
both s and 4 simultaneously as input to P.
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4.1 Partial deduction

Partial evaluation was first introduced into logic programming by Komorowksi 1981.
It is a mixture of execution and code generation and for this reason was called mixed
computation by Ershov 1982. The term partial deduction was coined in Komorowski
1992, meaning partial evaluation of pure logic programs. Since only pure logic pro-
grams are considered in this thesis, this term will be used throughout.

Partial deduction was placed on a firm theoretical foundation in Lloyd & Shep-
herdson 1991. This section reviews the key notions and the correctness results of that
paper and presents some simple examples. The results of Lloyd & Shepherdson 1991
are cast in the context of normal logic programs, i.e. programs containing negative
literals in the bodies of clauses. Since only definite logic programs are considered in
this thesis the following definitions and results have been simplified accordingly.

Definition 4.1 (resultant Lloyd & Shepherdson 1991) A resultant is a first order for-
mula of the form Y(Q; < Q2), where for alli € [1, 2], Q; is either absent or a conjunc-
tion of atoms. ]

Definition 4.2 (resultant of a derivation) Let P be a program, < Qg a goal, and d =
(«— Qo,...,<— Qn) a finite SLD-derivation of P U {«+ Qo}, where the sequence of
substitutions is 61, ...,0,. Let @ = 01 ...60x|vars(q,)- Then the derivation has length n
with computed answer 6 and the resultant of d, denoted resultant(d), is Qo «— Q. In
the case when n = 0, the resultant is Qg «— Q. O

Definition 4.3 Let P be a program, G a goal and let 7 be a finite SLD-tree for P U {G}.
Let D be the set of non-failing SLD-derivations associated with the branches of 7. Then
resultants(t) = {resultant(d) | d € D} is the set of resultants of 7. O

Example 4.1 Consider the Append program below.

app,  Append([], X, X).
app,  Append([u(x], v, [u|z]) «
Append(x, v, z).

Let 71 be the finite, incomplete SLD-tree for Append U{— Append([1,2|], y, z)} de-
picted in Figure 4.2. Then resultants(71) contains the following two resultants:

Append([1,2], ¥, [1,2]y]) —
Append([1,2,ulx], y, [1.2,u]z”]) — Append(X’, y, Z")

Let 73 be the subtree of 7; rooted at the goal + Append(x, y, z"). Observe that 7
is a finite SLD-tree for Append U{« Append(x, y, z")}. Then resultants(r;) contains the
following two resultants:

Append([], y, y) «
Append([u[x], y, [ulz”]) «— Append(X’, y, ") O

Definition 4.4 (partial deduction) Let P be a program and A an atom. Let 7 be a
finite non-trivial SLD-tree for P U {« A}. Then the set of clauses resultants(t) is called
a partial deduction of A in P. 0
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— Append([1,2|x], v, 2)
lﬂm {z/1z1}
« Append([2|x], ¥, Z)
lﬂm {z/12]27}
— Append(x, y, Z)

(02l gy, () 20z

0 «— Append(x’, y, Z”)

Figure 4.2: Finite, incomplete SLD-tree for Append U{« Append([1,2|x], y, z)}

If A={A,...,A,} is a finite set of atoms, then a partial deduction of A in P is
the union of partial deductions of A;, ..., A, in P. A partial deduction of P wrt A is
a program obtained from P by replacing the set of clauses in P, whose head contains
one of the predicate symbols appearing in A (called the partially deduced predicates),
with a partial deduction of A in P.

Example 4.2 Let A = {Append([1,2|x], y, z), Append(x, ¥, z)}. Then the following pro-
gram Append; is both a partial deduction of A in Append and also a partial deduction
of Append wrt A:

Append([1,2], y, [1,2]y]).
Append([1,2,u[x], v, [1,2,u]z]) <
Append(x, v, z).

Append([], v, y)-
Append([u[x], y, [u]z]) «

Append(x, v, Z). O

Observe that the program Append; above admits two (equivalent) solutions to
the goal «— Append([1,2], [], z) whereas the Append program only admits one. Hence
this program is not strictly a specialised version of the original. The problem arises
because Append([1,2], [I, ) is an instance of both atoms in the set A. The solution is to
impose a condition on the set A.

Definition 4.5 (common instance) Let A and B be atoms. Then A and B have a
common instance iff there exists an atom C such that C is an instance of both A and
B, i.e. there exist substitutions 6 and ¢ such that A = C = B¢. O

Observe that if two atoms A and B have a common instance, then A and B are
unifiable after renaming apart. Hence, it is possible for two non-unifiable atoms to have
a common instance.

Definition 4.6 (independence) Let A be a finite set of atoms. Then A is independent iff
no pair of atoms in A have a common instance. O

The set A = {Append([1,2|x], y, z), Append(x, y, z)} of Example 4.2 is not indepen-
dent. The two atoms in A are not unifiable, but can be unified after renaming apart.
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Example 4.3 Let A = {Append([1,2[x],, z)} be a set of atoms. Then the following
program is a partial deduction of Append wrt A:

Append([1,2], y, [1,2]y]).
Append([1,2,ulx], v, [1,2,u]z]) «
Append(x, v, 2).

Note that A is an independent set. O

The problem with the above program is that a goal such as < Append([1,2,3], y, z)
will fail whereas it succeeds in the original program. The cause here is that the goal
gives rise to a call Append([], y, z’) which is not an instance of any of the atoms in A.
Hence a further condition needs to be imposed on the program to ensure equivalence
with the original.

Definition 4.7 (closedness) Let S be a set of first order formulae and A a finite set of
atoms. Then S is A-closed iff each atom in S containing a predicate symbol in an atom
in A is an instance of an atom in A. O

Definition 4.8 (coveredness) Let P be a program, G a goal, A a finite set of atoms,
P’ a partial evaluation of P wrt A, and P* the subprogram of P’ consisting of the
definitions of predicates in P’ upon which G depends. Then P’ U {G} is A-covered if
P*U{G} is A-closed. O

The independence and coveredness conditions are together sufficient to ensure
correctness of partial deduction.

Theorem 4.9 (Lloyd & Shepherdson 1991) Let P be a program, G a goal, A a finite,
independent set of atoms, and P’ a partial deduction of P wrt A such that P’ U {G} is
A-covered. Then the following hold:

1. P’ U {G} has an SLD-refutation with computed answer 6 iff P U {G} does.
2. P’ U {G} has a finitely failed SLD-tree iff P U {G'} does.

Example 4.4 Let G = «— Append([1,2|x], y, z) and A = {Append(x, y, z")}. Then the fol-
lowing program Append’ is a partial deduction of Append wrt A:

Append([], y, y).
Append([ulx], v, [u[z"]) «
Append(x, y, ).

Observe that A is independent and Append’ U{G} is A-covered. Hence the premises of
Theorem 4.9 hold and correctness is ensured. This is not surprising! O

In fact, if P’ is a partial deduction of Append wrt some set of atoms A such that P'U
{« Append([1,2|x], ¥, )} is A-covered then the atom Append(x, y, z) (modulo renaming)
must be contained in A. It follows, that if A is independent, Append(x, y, z) is the only
Append/3 atom in A, and as a consequence Append’ is the only partial deduction of
Append that can be used to refute the goal < Append([1,2]x], y, z). Of course, given that
Append’ is equivalent to Append, this is not a very useful specialisation. To achieve, a
better specialised program a little bit of cheating is required.
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Example 4.5 Reconsider the program Append; of Example 4.2, the partial deduction
of Append wrt the set A = {Append([1,2[x], y, z), Append(x, y, z)}. As noted earlier, the
set A is not independent, but observe that Append; U {« Append([1,2|x], y, 2)} is A-
covered. Independence of A can be achieved by renaming the atom Append(x, y, z) as

Append_1(x, y, z) and defining the two atoms to be equivalent.

Let B = {Append([1,2|x], y, z), Append_1(x, y, z) }. Then the program Appends below
can be obtained as a partial deduction of Append U{Append_1(x, y, z) «— Append(x, y, z)}
wrt B, followed by replacing each body atom Append(x, y, z) occurring in the body of a
clause by Append_1(x, y, z). This last step is known as folding since it is a reverse of the
unfolding process (Burstall & Darlington 1977, Tamaki & Sato 1984).

Append([1,2], y, [1,2]y]).
Append([1,2,ulx], y, [1,2,ulz]) «
Append_1(x, v, 2).

Append_1([], X, x).
Append_1([ux], y, [u|z]) «
Append_1(x, v, z).

Note that the set B is independent and that Appendy U {«< Append([1,2|x], ¥, z)} is
B-covered. Although, Append; is not strictly a partial deduction of Append wrt B, it
follows by the correctness of the folding process (Kawamura & Kanamori 1988, Seki
1989) that the conclusions of Theorem 4.9 still hold. O

One interesting property of this last specialisation it that the original Append/3
predicate has given rise to two versions of the predicate in the residual program, i.e.
Append/3 and Append_1/3. This is known as polyvariant specialisation.

4.2 Control of partial deduction

The above examples illustrate several key features of the partial deduction process.
Firstly, a partial deduction of a program is derived from a number of SLD-trees. For
example, the Appendy of Example 4.5 is derived from two SLD-trees 71 and 73 of
Example 4.1. Note that the predicate Append/3 of the specialised program corresponds
to the tree 7; and the predicate Append.1/3is derived from 7. In general, each SLD-tree
generated during partial deduction gives rise to a specialised predicate in the residual
program. The definition of a predicate is determined precisely by its corresponding
SLD-tree.

Two levels of control in the partial deduction process can now be distinguished.
The global control decides which trees should be generated. More precisely, since
each tree is rooted at a single atom, the global control determines the set of atoms
which should be used to construct SLD-trees from. This set is, in fact, the independent
set A of Theorem 4.9 (or, rather, a set such as B in Example 4.5). Hence, the global
control also determines the amount of polyvariance, i.e. the number of specialised
versions generated for each predicate. The local control, on the other hand, determines
the structure of each individual SLD-tree. Since construction of a tree proceeds by
unfolding, the local control is often described by an unfolding rule.

Each level of control has associated with it, its own termination problem. For the
global control, the problem is to ensure finiteness of the set A, whereas the local control
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must ensure that every SLD-tree generated is finite. This thesis focuses exclusively on
local termination.

Of course, finiteness, in itself, is not hard to achieve. A simple depth bound
approach, for example, will suffice. But the quality of the residual code depends very
much on the construction of the SLD-trees and it is often the case, though not always,
that more unfolding leads to better specialisation. Thus the problem restated, is to
“unfold finitely as much as possible”.

4.3 Online and offline control

There are two basic approaches to the control of partial evaluation. In the online
approach, all control decisions, including both local and global, are made at speciali-
sation time. In the opposing offline approach, control decisions are taken prior to the
actual specialisation itself. This can be achieved by (statically) analysing the program
to be specialised and producing an annotated version containing control information.
This annotated program is submitted to the partial evaluator which picks up the con-
trol information and uses it to guide the subsequent specialisation process.

An offline analysis usually works with descriptions of values and can thus some-
times be too conservative in its control decisions. At specialisation time when the
concrete data is available more refined decisions can be made. It is for this reason, that
online methods usually offer better specialisation potential than offline ones.

The offline approach offers its own advantages, however. The separation of the
specialisation process into components is good software engineering practice and
permits the development of these components to occur independently. Of more use to
the user, is that offline partial evaluation can be significantly faster than online partial
evaluation, since, at specialisation time, no control decisions need to be made. The
time taken to perform the offline analysis, does not necessarily need to be taken into
account. The reason for this, is that when several different specialisations of a single
program are required, only one analysis is ever necessary. Hence, the analysis time
can often become insignificant overall.

The offline approach also has an advantage when it comes to self-application. A
self-applicable partial evaluator, is one which is able to specialise itself. The experience
of many researchers has been that it is much easier to build an offline partial evaluator,
that is amenable to self-application, than it is to build an online one. The interest in
self-application stems from the Futamura projections described in the next section.

4.3.1 The Futamura projections

One application of partial evaluation which has attracted considerable attention is its
use in the automatic derivation of compilers from interpreters. The main ideas in this
area were formally captured in the Futamura projections (Futamura 1971).

Let Int be a meta-interpreter which takes two inputs; a program P (known as the
object program) and an input G for P. The interpreter effectively executes P with
input G and produces the same output that would be obtained from a “genuine”
execution of the program with the same input:
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L] T

Int — output P | output

It is often the case that one would like to run the program P on a variety of
different inputs. The situation then is exactly that depicted in Figure 4.1 where the
program P corresponds to the static input data s and G represents the dynamic part
of the input. Hence, program specialisation techniques can be applied to good effect.

4.3.11 The first Futamura projection

The interpreter Int can be partially evaluated with respect to the object program P
to produce a specialised version Intp of Int dedicated to the “interpretation” of P.
This new “interpreter” is dedicated in the sense that P is the only program that it
can “interpret”. As such Intp, with input G, should execute more quickly than Int,
with inputs P and G, and produce the same output. This, after all, is the whole
point of the partial evaluation process. The quotes here are used with reference
to interpretation, since very often the interpretation layer can be entirely removed
through specialisation.

Int P G
| | |
PE! Intp |— output

Observe the similarity between the program Intp and the program P. Both take an
input G and produce the same output. For this reason, Intp is often referred to as
a “compiled” version of the object program P. A consideration of the underlying
languages involved adds weight to this idea of partial evaluation as a compilation
process.

Suppose that the interpreter is written in a language Ly, and the language of the
object program is Lp. The program Intp is just a specialised version of Int and hence
is also in the language Lp,;. Thus the partial evaluation process is effectively a form
of compilation from the language Lp to L. An interesting case arises when Lp and
Ly are equivalent. Then, ideally, the program Intp should be the same as the original
program P (or possibly an optimised version of it). This case clearly demonstrates
the potential for completely removing the interpretation overhead through partial
evaluation.

4.3.1.2 The second Futamura projection

Note that the partial evaluator PE! used in the first Futamura projection is not in itself
a compiler as such, since it must take both an object program P and an interpreter
Int as input, whereas a compiler would only require the object program P. The sec-
ond Futamura projection details how such a compiler can be obtained from a partial
evaluator and an interpreter.

It usual for an interpreter such as Int to be used to interpret a number of different
programs. This gives rise to another static/dynamic classification and an opportunity
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for specialisation. Specifically, the program PE! can be partially evaluated regarding
the input Int as static and the input P as dynamic. This, of course, requires a partial
evaluator PE? which is capable of specialising the partial evaluator PE?.

PE! Int p G
|| l |
PE? ~ PEL, Intp |— output

The result of specialising PE! with respect to Int is the partial evaluator PE},
which is dedicated to the partial evaluation of the interpreter Int, in the same sense
as before. This program can now take an object program P and produce a compiled
version Intp of P. Consequently, a program such as PE} , is called a compiler.

4.3.1.3 The third Futamura projection

It may well be desirable to generate compilers for a range of different interpreters.
Specialisation of the compiler generation process of the second Futamura projection,
permits more rapid generation of a compiler from an interpreter. This time, the partial
evaluator PE? is the program to be specialised, the static input is the partial evaluator
PE! and the unknown input is the interpreter Int. Again a partial evaluator PE® is
required which is capable of specialising the partial evaluator PE2.

PE? PE! Int P G
| | | l l
PE3 o PEZ. PEL, Intp |— output

The result of specialising PE? with respect to PE* is the partial evaluator PE3.; which
is dedicated to the partial evaluation of the partial evaluator PE!. This program is
referred to as a compiler generator since it takes an interpreter Int as its only input
and produces a compiler PEL , as output.

4.3.1.4 Self application

The interrelationship of the three Futamura projections is shown in Figure 4.3. Con-
sider the case when the partial evaluator PE! above is self-applicable. Then, since
PE! is capable of specialising itself, the partial evaluator PE*> may be replaced by PE*.
Similarly, PE* may also be replaced by PE! and a compiler generator may be obtained
through self-application of a single partial evaluator.

4.3.2 Perspective

This thesis focuses on developing offline, local control for partial deduction. In partic-
ular, it addresses the termination issue: how to ensure the construction of finite SLD-
trees during partial deduction. Instead of developing an offline termination analysis
for partial deduction from scratch, it explores the work which has been done on static
termination analysis of logic programs (Chapters 5, 6 and 7), and examines how the
existing analysis techniques can be adapted for partial deduction (Chapter 8).
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46



Part I1

Terminating Logic Programs
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5 Typed Norms for Typed Logic Programs

5.1 Introduction

The usefulness of considering the sizes of arguments as a suitable abstraction for
proving termination of logic programs was first illustrated by Ullman & Van Gelder
1988. This work was the starting point for the development of functions called norms
which map terms to natural numbers.

Choosing the right set of norms is crucial for deducing termination and also for
deriving useful interargument relationships. Early work on termination relied on the
user to provide the necessary norms. As this had limited usefulness a method to
automatically generate norms from a program was proposed in Decorte ef al. 1993.
The approach focuses on deriving norms from type graphs that have previously been
inferred by an analysis of the program. The technique is effective in generating norms
for proving termination of many of the programs found in the termination literature.
However, a more direct approach can be adopted in the context of a typed language
such as Godel (Hill & Lloyd 1994), when the types are already known.

As typed logic programming becomes more mainstream, development tools like
partial deduction systems will need to be mapped from untyped languages to typed
ones. SAGE (Gurr 1994) is one example of a partial deduction system developed for
the typed language Godel. Although SAGE does well to demonstrate the effective-
ness of self-application and how the overheads of the ground representation in meta-
programs can be removed, there is much potential for improvement (Gurr 1995). One
of its weaknesses is that it relies on a rather rudimentary termination analysis which
could benefit considerably from the well developed techniques found in the termi-
nation literature. Revamping the analysis would require incorporating a number of
techniques, including norm derivation, developed for untyped logic programs. It is
important, however, when mapping techniques across from the untyped setting that
the new techniques should exploit the underlying type system as much as possible.
In the case of automatic norm derivation the approach in Decorte ef al. 1993 clearly
would not take advantage of the prescribed types. As a result of this and since “any
state-of-the-art approach to termination analysis needs to take type information into
account” (Decorte et al. 1994), new techniques are needed to derive norms directly
from these types and avoid the overhead of type graph generation. This chapter lays
a foundation for such techniques.

This chapter shows how norms can be generated from the prescribed types of a
program written in a language, such as Godel, which supports parametric polymor-
phism. Interestingly, the types highlight restrictions of earlier norms and suggest how
these norms can be extended to obtain some very general and powerful notions of
norm which can be used to measure any term in an almost arbitrary way.

The next section introduces typed norms and defines the classes of linear, semi-
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linear and type-linear typed norms’. Some technical issues in the definition of typed
norms are also addressed and the important notion of rigidity is defined. Section 5.3
describes how to infer the norms of Section 5.2 from the prescribed types of a program
and relates the approach to that of Decorte ef al. 1993. Related work is addressed in
the penultimate section and the conclusion outlines some directions for future work.

5.2 Typed norms

Before proceeding with the main development, a short remark is in order regarding
the range of norms. Originally, norms were defined as mappings from terms to
natural numbers. Thus both ground and non-ground terms were mapped to natural
numbers which was achieved by mapping variables to zero. The norm || ength
defined in Example 3.5 is an example of such a norm. It is often more useful, however,
particularly when it comes to deriving norms, to map a non-ground term ¢ to an
arithmetic expression over the variables in ¢. This approach will be followed here.
It has also been adopted by others, e.g. Benoy & King 1996, Lindenstrauss & Sagiv
1997, Codish & Talboch 1997, and is fast becoming the norm for practical analyses.
Let ED, denote the set of all (ground and non-ground) terms of type 7.

Definition 5.1 Let ¥, = {Lin} and X = {+ (in.Lin,Lin)s Ot Lin)s L(e1iny} be alphabets of
type and function symbols respectively and let Vi;, be a countably infinite set of
variables. Then EDy;, represents the class of linear expressions on Vz;, where a term
such as Ty +YLin +YLin + Lie,Liny + 1 (e Lin) + (e Liny 18 @abbreviated by =+ 2y +3 (Note that
associativity and commutativity are assumed because of the intended interpretation).
d

Having established the range of a norm, the next step is to define the domain.
The domain of untyped norms is simply the Herbrand universe. In a typed language,
there is a natural division of this universe determined by the types in the language.
This motivates the introduction, for each type 7 in the language, of a typed norm |.|,
which only measures terms of type 7.

Definition 5.2 (typed norm I) A typed norm for a polymorphic type 7 is a mappmg
|.lr : ED; — EDpjp.

Example 5.1 The typed norm || s(nt) : EDList(nty — EDLin defined below measures
the length of both open and closed lists of integers.

|U|List(|m) =v
INil|List(inty =0
|Cons(t1, t2)|Listny = 1 + [t2]List(iny

Then |Cons(1, Cons(2, Nil))| = 2 and |Cons(1, Cons(x, Cons(y, z)))| = 3 + z. |

It is appropriate at this point to review the important concept of rigidity which
was originally introduced by Bossi et al. 1994 in order to prove termination for a
class of goals with possibly non-ground terms. A rigid term is one whose size, as
determined by a norm, is not affected by substitutions applied to the term. In the
following, ¢ denotes the variable assignment which binds all variables in a term to the
term Op;,.

Originally called hierarchical typed norms in Martin et al. 1996.
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Definition 5.3 (rigid term) Let |.|; be a typed norm for 7 and ¢ be a term of type 7.
Then t is rigid with respect to |.|, iff for every substitution 0, |t|,¢ = |t0],¢. O

Example 5.2 The term Cons(x, Cons(y, Nil)) is rigid wrt the norm |-1List(lnt) of Exam-
ple 5.1 since for every substitution {x — t1,y — t3} where t; and ¢, are terms |Cons(t;,
Cons(tq, Nil))| = 2. a

By defining level mappings in terms of norms, it is possible to define a class of
bounded goals in terms of rigidity. More precisely, an atom is bounded with respect
to a level mapping if each argument of the atom whose size is measured in the level
mapping is rigid. A problem arises, however, with the typed norms used in level
mappings. In measuring the level of an atom, a norm |.|, which can only measure
terms of type 7 may be applied to a term of type o, where ¢ = 1(7) for some type
substitution .

Example 5.3 Let P define the language (%,, Xf, V), where

X = {Int, List}
Xp = {Nilie Listqu)» CONS u List(u), Listw)) }»
¥, = {Traverseyjsiy) }

and S = {Traverse(Nil)., Traverse(Cons(x, y)) « Traverse(y).} then the norm |.|jisy)
defined by
|[v]List) = v
Nil|istuy = 0
|Cons(t1, ta)|Listwy = 1 + [£2|Listu)

can be used to define a level mapping |.| for the Traverse/1 predicate as follows
|Traverse(t)] = [¢[List(u)

The problem is that in trying to prove recurrency with respect to the level mapping |.|
for Traverse/1, the level mapping can be applied to atoms such as Traverse(Cons(1, Nil)),
yet the type of the argument of Traverse/1 in this instance, List(Int), is not the type List(u)
for which the mapping is defined. O

This problem arises due to the polymorphism in the typed language and is not d-
ifficult to remedy. The domain of the norm must be changed and a constraint imposed
to ensure that the rigidity property still holds. To see why the constraint is required,
suppose that the term ¢ is rigid wrt the typed norm |[.|;. Then, by the definition of
rigidity, for every substitution 6,

tl:¢ = [t0]-¢ (5.1)

Now applying a variable substitution to a term often has the effect of further instan-
tiating the type of the term. For example the type of the term Cons(x, Nil) is List(u),
but the type of Cons(x, Nil){ x — 1 } = Cons(1, Nil) is List(Int). Hence the definition of
|.|- needs to be constrained so that equation (5.1) holds. This leads to the following
definition.
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Definition 5.4 (typed norm II) A typed norm for a polymorphic type 7 is a mapping
|.l7 : Upea EDy(ry — EDLin where @ denotes the set of all type substitutions, and for
every term ¢ of type 7 and for every type substitution 1, [t|- = [¢(t)]+. O

The definition of a type I norm naturally induces a norm of type II. Thus any type
II norm may be unambiguously defined by means of a type I norm. This approach,
which avoids unnecessary notation and does not cloud the intuitions involved, will
be adopted in the sequel.

To prove rigidity of a term with respect to a norm it is infeasible to apply all
possible substitutions to it to verify that its size with respect to the norm is invari-
ant. Instead, a syntactic characterisation of rigid terms is needed. By imposing the
following condition on the way norms are defined, a simple, syntactic check can be
obtained to determine the rigidity of terms with respect to norms defined under these

conditions.

Definition 5.5 (linearity property) A typed norm |.|; satisfies the linearity property
iff for every variable v, [v|; € Vi, and for all ¢ € ED;, the following properties hold

1. |t|; is of the form ¢o + ¢i1|vi|r + - - - + cnlUn|r,, Where co,n > 0, ¢1,...,¢, > 0and
foralli € [1,n], v; € vars(t);

2. if [t|r = co + c1|vi|r + ... + cnlunls, then 8], = co + c1|vif]r + ... + cnlvnbls,,
for every substitution . 0

Proposition 5.6 (rigid term) Let |.|- be a typed norm satisfying the linearity property
and t be a term of type 7. Then ¢ is rigid with respect to |.|, if vars(|t|;) = 0. O

Proof 3 If vars(|t|,) = O then it follows by the linearity property that |t|, = |t0|, for every
substitution 6. O

Although each norm is annotated with its type, the following example illustrates
that several norms may exist for the same type.

Example 5.4 The typed norm | .]f_ﬁ’;t(ust Inty Mneasures the length of a list whose elements
are lists of integers. The typed norm j.|f_li‘s”;(ust(mt)) sums the lengths of the elements of
such a list.
‘U’ﬁgt(ustum)) =v
iN”H_eigt(List(lnt)) =0
|Cons(t1, t2)|lfi’§t(ust(|nt)) =1+ 1t2!lfi'ét(ust(|nt))

|v’ls_lilsnt1(ust(lnt)) =v
INIll i wistangy =0
|Cons(t1, t2) [dListanty = 11 |Tietny T 122l TitListn)

where |.|f_‘i‘s”f<lm) is equal to the norm || sny of Example 5.1. Note that the norm
].]f_ﬁgt(,_ist(,m» is characterised by a weight of 1 in its recursive equation and the selection
of the second argument position only, whereas the norm |. /iy ist(ng) 1S characterised
by a weight of 0 in its recursive equation and the selection of both argument positions.

a
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Let E}r ={fu(0) | fo € LAt is a type substitution} denote the set of all instances of

Y¢. Then a norm can be uniquely characterised by a partial mapping w : EfT X N— N
which assigns weights to typed function symbols and argument positions. More
specifically, given a function symbol fi, 7, - € 2}, let w(fr,. 7, +),0) denote the
weight assigned to f,. ., -y and for alli € [1,n], let w(f(;,. -, -,?) denote the weight
assigned to the ith argument position of f;, ., - The definition of a norm for a type
7 depends on w and therefore the norm is denoted by |.|¥.

Example 5.5 Let len and sum be partial mappings defined by
len(f1,0) =0 len(f2,0) =1  len(fo,1)=0  len(fy,2) =1

sum(f1,0) =0 sum(f2,0) =0 sum(fo,1) =1 sum(fy,2)=1
sum(f3,0) =0  sum(fs,0) =1 sum(fs,1) =0 sum(fs,2)=1

where f1 = NilLsyListiny), J2 = CONSListnt).List(List(int),List(List(nt))), 3 = NilListgny and
f4 = CONS 1t List(iny) List(int))- Lhen the norms |.|ﬁ’;t(ust(|m)) and |.|i’{$(List(|nt)) of Example 5.4
may be defined as

I _
|“‘|l_eigt(ust(|m)) =v
|f131Leigt(List(|nt)) = len(f1,0) 1 |
281, 22) | erquistnyy = Ten(F2, 0) + len(f2, D) ft1 [Fgyistanyy + fen(f2, 2) P2l feuuistny)

|U15L?s”?(|.ist(|nt)) =v
| /1l e Listonyy = sum(f1,0)
2t t2) ligiistanyy = swm(f2, 0) + sum(fa, DIt1[Yiginy + sum(f2, 2) L2 Listan)

Ivfilfsntq(mt) =v
|3l litny = sum(/3,0)
| fa(t1, tQ)ISLIilgg(mt) = sum( f4,0) + sum(fs, 1)|t1 |f:]lfm + sum(fa, 2)|t2|ibilsi?(lnt)

a

A notion of linear and semi-linear norms can now be defined for typed programs.
These two classes of norms were originally introduced in the context of non-typed
programs by Pliimer 1990a and Bossi et al. 1992 respectively.

Definition 5.7 (linear typed norm) A typed norm |.[} is linear iff for all v € V and for
all f('rl...’rn,’r) € E}

[v|¥ = v

|f(7'1...7‘n,7‘) (tly s tn)’? = w(f<T1,..Tn,T>7O) + Z?:l w(f('rl...Tn,'r):Z.)lti‘;L—u

| w
T

where w(f(;, ., 7),4) = 1foralli€ [1,n]. 0

Note that the types highlight an inherent restriction of linear norms, that is, these
norms are only defined when 7; = 7 for all i € [1,n]. Such norms have limited

applicability.
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Example 5.6 Given ¥, = {Tree} and ¥ = {Leaf(. Trec), NOd€(Tee Tree,Tree) }, the linear
typed norm for Tree that counts the number of function symbols in a term is defined

by

size

v Tree =V
ILeaf]?r’rZ;e =1 | |
Node(rs, 1)l =1+ 135, + o -

Semi-linear norms are a generalisation of linear norms where for all ¢ € [1,n],
w(f(n..ATn,T)vi) € {07 1}

Definition 5.8 (semi-linear typed norm) A typed norm |.|¥ is semi-linear iff for all
ve Vandforall fi;, ., - € E}

ol =
|f(7'1...1'n,7'>(t17‘ ~>tn)|§” = w(f(ﬁ T, T 0)+ > 1w( (TL..Tn,T)ai)Itit}ru
where w(fir, .. 7,4) € {0,1} foralli € [1,n]. 0

Example 5.7 If X2; = {Int, List} and X¢ = {Nil(¢ Listu)), CONS y Lisi(u),Listw)) }, then the norm
|. ]Llst List(int)) defined in Example 5.4 is semi-linear. O

Semi-linear norms are not expressive enough to measure the sizes of terms that
can be defined in a typed language such as Godel. To quote Bossi ef al. 1992, p. 72,
paragraph 2 “The recursive structure of a semi-linear norm gets into the term structure
by only one level. Moreover so far it is not defined how different semi-linear norms
can be linked to work together. The definition of a semi-linear norm is recursively
based only onto itself and it is easy to understand that this is a severe restriction.”
Again the types highlight where the essential problem lies: the norm applied to t; is
|.|» whereas the type of ¢; is 7;. The following definition overcomes this limitation of
semi-linear norms. It also lifts the restriction of the definition of the weight function.

Definition 5.9 (type-linear typed norm) A typed norm |.|¥ is type-linear iff for all v €
Vand forall i, ;. - € Z}

o=y

'f(Tl...Tn,T> (tlv cee 7tn)|$ = w(f(Tl Tn,T)) ) + Zz 1 w(f(Tl...Tn,T>7i)|t7:“rli

where |t;] are type-linear typed norms. O

[vl?

Example 5.8 With ¥; and % as defined in Example 5.7, the norm |. |3  ist(int)) defined
in Example 5.4 is type-linear and, in fact, cannot be expressed as a semi-linear norm.
d

Note that Definition 5.9 is closely related to definition 4.5 of Decorte et al. 1993.
Both generalise the definition of a type norm proposed in Pliimer 1990a. In Decorte
et al. 1993 the relationship between typed norms and semi-linear norms is not made
explicit, but the presentation here makes the relationships between the various norms
clear. In particular, it can be seen that every linear typed norm is semi-linear and every
semi-linear typed norm is type-linear. The following proposition is needed to establish
a syntactic characterisation of rigidity with respect to type-linear typed norms.
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Proposition 5.10 Let |.|. be a type-linear typed norm. Then |.|; satisfies the linearity
property. O

It follows from Proposition 5.10 that linear typed norms and semi-linear typed
norms also satisfy the linearity property. The power of typed norms is illustrated in
the following example.

Example 5.9 Consider the predicate Flatten/2 defined below which flattens a list of
lists.

Flatten{Nil, Nil).

Flatten(Cons(e, x), r) «—
Append(e, y, 1) A
Flatten(x, y).

Observe that for any atom Flatten(?,, ;) in the minimal model for this program,
where ¢; and {9 are ground terms, the sum of the lengths of the sublists of ¢; is equal
to the length of the list ¢5. This interargument relationship can be expressed as follows

. I
Flatten(t:, t2) : 11 {isyuistany) = 122/Ustany

where |.[f_€;’;t(,_ist(|m)) and|.|[{iny are the norms defined in Example 5.4. Note that this
precise relationship can be expressed only using type-linear typed norms, or the typed
norms of Decorte et al. 1993 and Bossi et al. 1992. 0

5.3 Automatic generation of norms

To perform termination analysis or interargument relationship analysis on a program
P, a finite set of norms is usually required which will enable the size of any term
occurring in P to be measured. This section outlines how a set of type-linear typed
norms suitable for this purpose can be derived directly from the prescribed types of a
program. The actual norms needed will be determined by the types of the terms that
can occur in P. In the following, two types are considered to be equivalent if one is a
renaming of the other.

Definition 5.11 (argument types) Let (3, X, V) denote the underlying language of
P. Then Py = {7 | pry..r, € Xp A1 <4 < n} is the set of argument types for P. O

The set P, represents the types of all terms occurring as arguments of atoms in
P, in that if the type of an argument of some atom is 7, then either 7 € Fyy, or there
exists a type o € Fj, and a type substitution ¢ such that 7 = (c). The following
definition captures the types of subterms of arguments.

Definition 5.12 (argument subtypes) For each 7 € F,, the set of argument subtypes of
7 is the least set P, such that 7 € P, and if f, ,. » € ¥ 0 € P, and o = ¢(p),
then for all i € [1,n], ¥(p;) € Py, 0

Example 5.10 Let P define the language (¥,, Xr, V), where

S = {Nil(e List(u))» CONSu List(u),List(u)) |
¥y = {PList(List(u))> Qist(u) }
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Then
ar = {List(List(u)), List(u) }

List(List(u )
P :S = {List(List(u)), List(u), u}
P — (L ist(u), u}

sub
0

By defining a norm |.[; for each 7 € F,, the size of any argument occurring
in the program can be measured. The sets P, are used to facilitate the definitions
of these norms. It will often be the case that some of the arguments in a program
have the same type and different norms may be required to measure the sizes of such
arguments. Thus for each 7 € Fj;, a norm is defined which is parameterised by a
weight function w as in the preceding section. Later, different w can be defined for
individual arguments.

Before defining the induction process it is worth making an important observa-
tion which has an effect on the definition of the norms. First note that the type of a
constant or the range type of a function must be either a base type or a type with a
constructor in it (i.e. it cannot be a parameter). A consequence of this is that any term
whose type is a parameter is a variable. The term structure of any term assigned to
this variable cannot be accessed or altered in any way within the local computation,
since if it could, the type of the term would be known and thus the variable would
be of a more specific type. Thus the term (and its size measured wrt to any norm)
never changes and hence has no effect on termination at the local level. This means
that when defining the norm |.|,, where u € U, the value of |, for any term ¢ should
be constant. To simplify the definition it may be assumed that this constant value is
zero. Furthermore, the norm |.|, can be removed from any definition which depends

on it.

Definition 5.13 (induced typed norm) For each 7 € Iy, the type-linear typed norm
|.|¥ : ED; — EDyjy is defined as the least set of equations EY as follows. If 7 € U then

= {[.|¥ = 0}, else
EY = {]v]”;,"zv|v€ V/\UEPSZb}U
|f(0'1...crn,o) (th R tn)lé” = w(f(al...an,cr)a O)+ ‘
Z?:l w(f(al...on,a)yz)ltiﬁui

where w is a weight function partially defined for each 7 € F,, such that for each
o € P, and fi5, 0.0 € Zp and for all i € [1,n], w(fi,. 6,,0),%) € N and for all
i € [1,n] such that ¢; is a parameter then w(f(5,. 4,.0),%) = 0. m]

o€ PN
<01...an,o) S Z}

Note that due to the definition of P, each |.|; is defined in £’. Thus each E is
well defined pending a complete definition of the weight function w.

Example 5.11 Given F,;; as defined in Example 5.10, let p be a weight function for
the type List(List(u)) and g be a weight function for the type List(u) partially defined as
follows:

PNl Listuistuyy» 0) = w1 P(Nil¢c Listuy, 0) = ws
p(ConS(Llst(u) List(i-ist{u)), List(List(u))}» O) = ws P(Cons(u.ust( u), List(u))s O) = wWg
p(ConS(Llst(u) List(List(u)), List(List(u)))> 1) =ws P(Cons(u.LiSt(u), List{u))> 1)=0
P(COoNs List(u) List(Listw)), List(Listw))> 2) = w4 P(CONSy Listw), Listw))» 2) = Ws
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g(Nile Listuy)» 0) =
7(Consy List(u), List(u))» 0) = wio
E](COHS(U List(u), List(u)) ) 0
Q(Consw List(u), List(u))» ) = w12

where for all ¢ € [1,12], w; € N. Choosing, for example, w; = wy = ws = wg = 0 and
w3 = wy = wg = wg = wig = wi2 = 1, the following equation sets may be derived

,0
,0
1
2

?

Must (List(u)) =,
]N”]Lxst (List(u)) =0,
A _ |C°”S(t17t2)|ust List(u Vllust w T |t21€ist(ust(u))a
List(List(u)) lv]ﬁist(u) =,
INillfist(u) =0,
lcons(tlv tQ)Iﬁist(u) =1+ |t2t€ist(u) J
IU!Llst(u =Y,
Eilst(u) = IN!”LIS’( (u) =0,

|Cons(t1, tQ)I?_ist =1+ 1t2|L|st 0l

Note that the sets of terms for which the norms are defined are not disjoint. For
example, the domain of the norm |.|fist(|_ist(u)) of Example 5.11 is a subset of the domain
for the norm |.|Eist(u). There is no confusion, however, when deciding which norm to
use on a particular argument of an atom since the choice is determined by the atom’s
predicate symbol.

Example 5.12 Consider the atom QyjsyList(int)) (Cons(Cons(1, Nil), Nil)) which may appear
as part of a goal for the predicate Quigy) Although the type of the atom’s argument
is List(List(Int)), the correct norm to use would be |. lLlst and not |. lLlst (List(u) Since the
type of the predicate is List(u). a

All that remains now to complete the definitions of the derived norms is to fully
define a suitable weight function. This in itself is a non-trivial problem.

5.3.1 Defining the weight function

Most of the approaches to termination analysis based on norms essentially use a
simple generate-and-test method for deducing termination. Norms are generated
(either automatically or otherwise) and used to form level mappings which are then
applied to the program for which a termination proof is sought. Inequalities are then
derived whose solubility indicates the success or failure of the termination proof.

The main difficulty with this approach is the potentially infinite number of norms
that can be generated. To reduce the complexity of this problem a number of heuristics
can be used. Decorte et al. Decorte et al. 1993, for example, propose the following
(adapted) heuristics for deriving typed norms.

1. A weight of one is assigned to all functors of arity n > 0.

2. A weight of zero is assigned to all constants.
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3. Any argument position whose type is not a parameter is assigned a weight of
one.

Applying these heuristics to the partially derived norms results in the same norms
that would be derived by Decorte et al. 1993 given the same type information in
the form of a type graph. Although this approach works well on a large number
of examples, there are occasions when it will fail to generate norms that can be used
in a termination proof. The naive reverse program with an accumulating parameter
Decorte et al. 1993 is one example where an argument position needs to be assigned
a weight of zero, effectively meaning that the size of the subterms occuring in that
argument position are not counted by the norm. In that paper a solution to this
problem is sketched using symbolic norms which effectively define an argument index
function through an exhaustive search. The example below shows that the second
heuristic is also not always effective.

Example 5.13 If each constant occurring in the program below is assigned a weight
of zero then the interargument relation derived for Path(z, y) would be |z| = |y| = 0.
With this relationship, termination cannot be proved since |z| > |z| is required to hold
in the recursive TransitiveClosure/2 clause. To prove termination each constant must

take on a different value.

TransitiveClosure(x, y) < Path(x, y).
TransitiveClosure(x, y) < Path(x, z) A TransitiveClosure(z, y).

Path(A, B).
Path(B, C). -

This example seems to suggest that the determination of weights must take place
as an integral part of a termination analysis — the variety of the weights occurring
indicates the futility of a generate and test approach in this instance. Recently, such
a demand-driven approach has been described in Decorte & De Schreye 1997, where
the weights are determined so as to satisfy the various inequalities needed to prove
termination. This approach relies on first generating norms which are parameterised
in exactly the same way as the induced typed norms of Definition 5.13. Thus the tech-
nique described here could be integrated with the analysis of Decorte & De Schreye
1997 in a typed context.

In summary, there are several approaches to the problem of deriving the weight
function. No particular method is advocated here since it is necessary to further
investigate and compare suitable methods. The open-ended definitions of the derived
norms should facilitate such a study.

5.4 Related work

One weakness of Decorte et al. 1993 is that its norms are derived from type graphs.
Type graph analyses, however, have not always been renowned for their tractability.
Even for small programs, the prototype analyser of Janssens & Bruynooghe 1992,
used in Decorte et al. 1993, is typically 15 times slower than the optimising PLM
compiler (Van Roy 1984). Recently, type graph analysis has been shown to be practical
for medium-sized Prolog programs (Van Hentenryck et al. 1994) when augmented
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with an improved widening and compacting procedure. In addition, Gallagher & de
Waal 1994 have shown how type graphs can be efficiently represented as unary logic
programs. Clearly, however, any approach which avoids the costs of inferring type
graphs is preferable.

Bossi et al. 1992 define a very general concept of norm in terms of type schemata
which describe structural properties of terms. Their typed norms for termination
analysis are very similar to the ones presented in this chapter, though they are able
to define some norms which cannot be inferred using the present framework.

Example 5.14 Consider the following program from Bossi et al. 1992

Check(Cons(x, xs)) «— Check(xs).
Check(Cons(x, Nil)) «+ Nat(x).
Nat(Succ(x)) « Nat(x).

Nat(0).

We would like to define a norm || jsy(naty SO that we can prove termination for
goals «— Check(x) where X is rigid wrt || ist(Nat). The following norm adapted from
Bossi et al. 1992 satisfies this criterion.

[v|List(Nat) = ¥ [vNat = v [0|Empty =
|Cons(t1, t2) |List(Nat) = L + [t2]List(Nat) |0[nat =0 INil|gmpty =0
|Cons(t1, t2)|List(Nat) = |t1|Nat + |t2!Empty |SUCC(t)|Nat =1+ lthat

This norm cannot be inferred automatically using the proposed method (nor that of
Decorte et al. 1993) since it is necessary for the functor Cons to have two distinct types,
namely (Nat.List(Nat), List(Nat)) and (Nat.Empty, List(Nat)), but this is forbidden in
languages like Godel where the declarations are universal. Note that this is not a
limitation of the framework but rather a limitation of the type system on which it is
based. Given a more flexible system it would be possible to infer such norms as the
above directly from the prescribed types. O

Finally, note that the typed norms of Bossi et al. 1992 are not derived automati-
cally. By contrast, typed-linear typed norms, are simple enough to be easily derived
using only the type declarations of a program.

5.5 Conclusions and future work

This chapter has presented a flexible method for inferring a number of norms from
the type declarations of a program which are sufficient to measure the size of any
Herbrand term occurring in the program in an almost arbitrary way. The norms are
intended for use in termination analysis and the derivation of inter-argument rela-
tionships, though their applicability is not restricted to these areas. The definition of
each derived norm is parameterised by a weight function. This open-ended definition
allows the norms to be incorporated into a wide range of analyses which define these
functions in different ways. Defining the weight function in an efficient and intelligent
way is a non-trivial problem in itself. The definitions of norms proposed here provides
a useful framework in which to study this problem.
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6 Termination and Left Termination

Norms, such as those discussed in the last chapter, are often used in termination analy-
sis as a basis for constructing level mappings. Recall that a level mapping is a function
which provides some measure of the size of an atom and it is natural to express such a
function in terms of norms which measure the sizes of the subterms in the atom. The
interest in level mappings, of course, lies in their use in the construction of termination
proofs based on notions such as recurrency or acceptability as introduced in Chapter 3.

However, while the notions of recurrency and acceptability provide a sound
theoretical basis for reasoning about termination, they do not provide much insight
into the practicalities of actually deriving the level mappings which are needed to
prove a program terminating or left terminating. Instead, intuition has served as
the guide in the development of automatic techniques. In particular, there has been
a desire to derive “natural” level mappings based on the recursive structure of the
program at hand. For example, given the program
P([h|t]) < P(1).
it is natural to define a level mapping |.| to prove termination by [P(z)| = |2ljist-tengt
since the predicate is inductively defined over the structure of its argument, which is
a list. Other definitions, such as [P(2)| = [2jjst.ieng + 1 and |P(z)| = 2 X [jjssengsn do not
possess the same “natural” correspondence with the intution behind the program’s
terminating behaviour. The desire for natural level mappings is not just an aesthetic
predilection. Such level mappings are also easier to derive.

This chapter examines the reasons why termination proofs based on recurrency
and acceptability are often difficult to obtain. The observations are not new and have
been made, among others, by Apt & Pedreschi 1994. Their solution was to define
alternative characterisations of terminating and left terminating programs which they
called semi recurrency and semi acceptability respectively. This solution is investigated
in Sections 6.2 and 6.3 where it is demonstrated that it is not entirely satisfactory.

This leads to the main contribution of this chapter in Sections 6.4 and 6.5 where
the notions of bounded recurrency and bounded acceptability are introduced. The classes
of bounded recurrent and bounded acceptable programs are shown to be equivalent
to the recurrent and acceptable classes respectively. Moreover, since these new no-
tions are more aligned with the intuitions underlying termination proofs, they lend
themselves more naturally to the automatic construction of such proofs.

6.1 The Recurrent Problem

The main problem with recurrency, as noted by De Schreye et al. 1992 and Apt &
Pedreschi 1994, is that it does not intuitively relate to recursion, the principal cause
of non-termination in a logic program. The definition requires that, for every ground
instance of a clause, the level of its head atom is greater than the level of every body
atom irrespective of the recursive relation between the two.
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Definition 6.1 (recurrency Bezem 1989) Let P be a definite logic program and |.| a

level mapping for P. A clause H « Bjy,..., B, is recurrent (wrt |.|) if for every
grounding substitution 6, |H0| > |B,f| for all i € [1,n]. P is recurrent (wrt |.|) if
every clause in P is recurrent (wrt |.|). O

There is a temptation to “fix” this by using a modified definition of recurrency
which only requires a decrease for mutually recursive body atoms. The following
example, from De Schreye et al. 1992, shows that this requirement alone is too weak to
prove termination.

Example 6.1 Using the weaker form of recurrency suggested above, the following
program would be classed as recurrent.

P([h|t]) < Append(x, y, z) A P(t).

Append([ulx], y, [u[z]) < Append(x, y, z).
Append([], X, x).

Using the left-to-right computation rule and the top-down search rule, however,
the goal «— P([1,2]) admits an infinite computation. Of course, the clause defining the
predicate P/1 should not be classified as recurrent. The reason is that, while Append/3
is recurrent (even by Bezem'’s definition), only bounded goals should be guaranteed
to terminate and the predicate P/1 contains an unbounded call to Append/3. O

This example shows that the level mapping decrease between the head and the
non-recursive atoms of a clause implied by Definition 6.1, is required to ensure that all
subcomputations are initiated from a bounded goal. Enforcing boundedness in this
way, however, complicates the derivation of level mappings. The following example,
illustrating this, also comes from De Schreye et al. 1992.

Example 6.2 Consider the following program

. P(D.
p2 P(h[t) < Q(h[t]) A PQ).

a1 Q).
g2 Q(h[t) < Q).

It is clear that this program is terminating for any goal «+— P(x) where x is a rigid list. To
construct an automatic proof of this one would like to use the “natural” level mapping
|.| defined by
'P<$)' = Jz}lisf—Zengfh }O(:E)' = }xflist—lengfh

The problem is that the clause ps is not recurrent wrt this level mapping since it is not
the case that |P([h|f])é] > |Q([h|t])@| for all grounding substitutions #. For the inequality
to hold, an “unnatural” offset must be included in the level mapping definition by
taking for example |P(z)| = |Z|isttengtn + 1. 0

The above examples show that the strict decrease in the level mapping between
head and body atoms of a recurrent clause is required for two distinct purposes.

1. To ensure that the levels of mutually recursive calls are strictly decreasing.

2. To ensure that subcomputations are initiated from a bounded goal.
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6.2 Semi Recurrency

Apt and Pedreschi observed that, for termination, while it is necessary for the level
mapping to decrease between the head of a clause and each mutually recursive body
atom, a strict decrease is not required for the non-recursive body atoms. They intro-
duced the notion of semi recurrency which exploited this observation and showed the
classes of recurrent and semi recurrent programs to be equivalent.

Definition 6.2 (semi recurrency Apt & Pedreschi 1994) Let P be a definite logic pro-
gram and |.| a level mapping for P. A clause H « By, ..., B, is semi recurrent (wrt
|.]) if for every grounding substitution 6, for all < € [1,n]

1. |[H6| > |B;0] ifrel(H) ~ rel(B;),
2. |[HO|+ 1> |B;f|if rel(H) # rel(B;).
P is semi recurrent (wrt |.|) if every clause in P is semi recurrent (wrt |.|). O

Whilst this definition now admits a simple termination proof of Example 6.2
using the original “natural” level mapping of that example, it is not hard to construct
examples where it is inadequate.

Example 6.3 Consider the following program

cr P([]).
¢z P([h]t]) — Q([h, hit]) A P(t).

es Q).
e QU — Q).

To prove that the above program is semi recurrent requires the following unnat-
ural level mapping.

}P(m)! = |$|Zist—length + 1 IQ(I)' = lmllist—length -

It seems that very little has actually been gained from this revised definition of
recurrency which still insists that there is a non-increasing relationship between the
level of the head and the level of all body atoms. In fact, it does not matter if the level
of a non-recursive atom is greater than the level of the head provided that such an
atom is bounded whenever it is selected.

To be fair, the notion of semi recurrency was introduced to facilitate modular
termination proofs and does indeed, in some cases, allow proofs to be based on
simpler level mappings than those used in proofs of recurrency. In the above example,
however, this is not the case.

Example 6.4 Reconsider the program of Example 6.3. According to the methodology
of Apt & Pedreschi 1994 a modular termination proof can be contructed in a kind
of bottom up fashion on the recursive cliques of the predicate dependency graph.
The details of the methodology will not be explained here; only the steps involved
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in proving termination of the above program will be worked through. First Q/1 is
proven to be (semi) recurrent wrt |.|g defined by

Q(z)]q = |mllist—length
Second, P/1 is proven to be (semi) recurrent wrt |.|p defined by
IP(@)|p = |listtengn 1Q(z)|p =0
The final step in the proof requires the derivation of a level mapping |.|" such that
IP(lt2l)l’ 2 1Q([tr, talt2])lg and  [P([t1[t2])]" = [P(22)]f

for all ground terms ¢; and ¢p. Providing the level mapping |.|" exists, theorem 4.9
of Apt & Pedreschi 1994 can be used to draw the conclusion that the program is
semi recurrent and hence terminating. In terms of automation, this existence proof
is achieved through defining |.|" so that the above inequalities are satisfied. However,
the most likely choice of a definition for |.|" is

“D(:B)I/ = fﬂlist—length +1
Of course, this is no easier to derive than the original mapping |.| of Example 6.3. O

What is most conspicuous about the definition of semi recurrency, is that the
difference in levels between a non-recursive body atom and the head atom of a clause
is limited to be at most zero, whereas it could be arbitrarily large, though still finite.
Indeed, a simple termination proof for the program of Example 6.3 can be obtained
using a “natural” level mapping if condition 2 of Definition 6.2 is replaced by |H6| +
k > |B;6|if rel(H) ¢ rel(B;), where k is some large constant. It is easy to prove that the
class of programs captured by this revised definition of semi recurrency is equivalent
to the class of recurrent programs. In addition, theorems 4.6, 4.8 and 4.9 of Apt &
Pedreschi 1994, which are used for constructing modular termination proofs, all still
hold with this alternative definition. Moreover, the premises of those theorems may be
weakened in an obvious manner to permit such proofs to be constructed more easily.

Note that the problem with the termination proofs above arises because the atoms
in the body of a clause contain extra function symbols which raise the levels of those
atoms to the level of the head. Since it is fairly unlikely that such a body atom will
contain, say, a million function symbols or more, by taking & = 1000000 the vast ma-
jority of recurrent programs which occur in practice could be proven terminating by
focusing solely on their recursive structure and employing the appropriate weakened
forms of the theorems of Apt and Pedreschi.

6.3 Semi Acceptability

Similar remarks to those of Section 6.1 can be made about the definition of acceptabil-
ity. The notion of semi acceptability was introduced as an analogous concept to semi
recurrency for left terminating programs.

Definition 6.3 (semi acceptability Apt & Pedreschi 1994) Let |.| be a level mapping
and [ an interpretation for a program P. A clause ¢ : H « By, ..., B, is semi acceptable
wrt |.| and [ iff
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1. I is a model for c and

2. forall i € [1,n] and for every grounding substitution é for ¢ such that
I'={By,...,Bi_1}0

(a) |HO| > |B.6| if rel(H) =~ rel(B;),
(b) |HO| + 1> |Bi6)] if rel(H) £ rel(B;).

P is semi acceptable (wrt |.| and I) iff every clause in P is semi acceptable (wrt |.| and
I). O

Not surprisingly, termination proofs based on semi acceptability suffer from sim-
ilar problems to those encountered in Examples 6.3 and 6.4. The definition could be
adjusted in the manner prescribed above for semi recurrency, but the result is not as
satisfactory as the following example shows.

Example 6.5 Consider the following program
% DoubleSquare(z, 1) : I = [2(z — 1)%,2(z — 2)2,...,0]

DoubleSquare(0, []).

DoubleSquare(S(x), [d|ds]) «
Square(x, 0, y)A
DoublePlus(y, 0,d)A
DoubleSquare(x, ds).

% Square(z, 0,y) : y = z* % DoublePlus(z,y,2): 2z =2z +y

Square(0,y,y). DoublePlus(0, x, x).

Square(S(x), acc,y) « DoublePlus(S(x),y,S(5(z))) «
DoublePlus(x, S(acc), acc1)A DoublePlus(x, y, z).

Square(x, accl,y).
Let the level mapping |.| be defined by
|DoubleSquare(z, y)| = |z|s |Square(z, y, 2)| = |z|s |DoublePlus(z, y, z)| = |z|s

where |0]s; = 0 and [S(z)|s = 1 + |z|s. The predicates Square/3 and DoublePlus/3 are
both recurrent (and hence acceptable) wrt |.|, but there is no value of k for which
the inequality |DoubleSquare(S(x), [d|ds])#] + k& > |DoublePlus(y,0,d)#| holds for all
grounding substitutions ¢ such that I = Square(x, 0,y)¢ where I is a model of the
program. Hence the predicate DoubleSquare/2 is not semi acceptable wrt |.| even under
the revised definition suggested above. It is easy to prove (semi) acceptability of the
program, however, wrt the level mapping |.|" where |.|" is defined exactly as for ||
except that |DoubleSquare(z, y)|’ = |z|,*. Note that a goal is bounded wrt |.| if and only
if itis bounded wrt |.|" and all such goals are left terminating. It seems reasonable then
to base a proof of termination on the former level mapping since it more closely relates
to the recursion and as a result is easier to derive automatically. Indeed, no automatic
termination analysis has yet been devised which can derive level mappings defined
in terms of polynomial expressions such as |.|". ]
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Observe that the k above acts as an upper bound on the difference between the
level of any body atom and the level of the head atom. Of course, this ad hoc approach
falls down when there is no upper bound as in Example 6.5.

In summary, although semi recurrency and semi acceptability are more flexible
notions than their predecessors, they still enforce a dependence between the level of
a head atom and the levels of non-recursive body atoms. This dependence is counter
intuitive and forces one to use artificial level mappings to obtain termination proofs.

6.4 Bounded Recurrency

Recall from Section 6.1 that there are two conditions which must be fulfilled to ensure
that a program is terminating.

1. The levels of mutually recursive calls are strictly decreasing.

2. All subcomputations are initiated from a bounded goal.

This section examines how the notions of recurrency and semi recurrency can
be developed such that the above two conditions are cleanly separated. This leads
to the definition of bounded recurrency, a characterisation of terminating programs
that more closely matches the intuition underlying termination proofs and as a result
facilitates the automatic construction of such proofs.

To fully motivate the definition of bounded recurrency in Definition 6.5 it is useful
to consider an evolutionary step in the form of Definition 6.4. This may be viewed as
an initial attempt at defining the notion of bounded recurrency. It will be seen that
this definition does not fully achieve the desired separation in terms of the conditions
above and as such it is further refined to obtain Definition 6.5.

Definition 6.4 (single bounded recurrency) Let |.| be a level mapping for a program
P.Aclausec: H «— By,..., By is single bounded recurrent wrt |.| iff for all ¢ € [1,n] and
for every substitution ¢ for ¢ such that H0 is bounded wrt |.|

1. B, is bounded wrt |.|, and
2. |[H8]] > |[B:b)| whenever rel(H) =~ rel(B;).

P is single bounded recurrent wrt |.| iff every clause in P is single bounded recurrent
O

wrt |.|.

Observe that, in this definition, no decrease, or indeed any fixed difference, is
enforced between the level of the head of a clause and the levels of the non-recursive
body atoms. All that is required is that each atom is bounded whenever the head is
bounded. While this is more intuitively appealing, observe that boundedness of non-
recursive atoms still influences the definition of the level mapping in a non-modular
way.

Example 6.6 Consider the following program for Curry’s type assignment taken from
Apt & Pedreschi 1994.
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typ, Type(e, Var(x), t) —
In(e, x, t).
typ, Type(e, Apply(m, n), t) «
Type(e, m, Arrow(s, t)) A
Type(e, n, s).
typ, Type(e, Lambda(x, m), Arrow(s, t)) «
Type([(x, s) | e], m, 1).

ing In({(x, t) | €], x, t).
ing In([(y, 1) | €], x, t) —
X#EYA
In(e, x, t).

One may observe that the predicate In/3 is inductively defined over the length of
its first argument which is a list. The predicate Type/3 is inductively defined on the
size of its second argument which is a A-term. As a result, one would hope to base a
termination proof on the level mapping |.| defined by

|ln(a;, Y, z)| = |$llist~length ]Type(a:, Y, z)| = |ylterm-size

where |y|ierm-size denotes the number of function symbols in the term y. The problem,
of course, is that any call Type(e, Var(x), t) which is bounded wrt |.| can give rise to a
call In(e, x, t) which is not bounded wrt |.|. Clearly this can lead to non-termination.
Definition 6.4, therefore, insists that for the clause typ, the body atom In(e, x, t) is
bounded whenever the head is. Unfortunately this entails that the level mapping must
now be modified to take the first argument of Type/3 into account. This in turn leads
to problems with the clause typ, since the first argument is increasing in the recursive
call. Eventually, one arrives at a level mapping definition such as

IIn(z,y, 2)l1 = }fE'list—length IType(z,y, 2)l1 = |5r|list—length + 2 X |Ylterm-size

which bears no immediate relation to the program structure. As a result such a
mapping can be hard to derive automatically. O

Clearly there is an interdependence between ensuring non-recursive atoms are
bounded wrt |.| and ensuring that the levels of recursive calls are decreasing wrt |.|.
This plainly arises out of the use of the one level mapping. It seems therefore that
the obvious way to break the dependence is to use two level mappings. One holds the
responsibility for ensuring the recursive decrease in levels, while the other assures that
non-recursive atoms are bounded. This idea is captured in the following definition.

Definition 6.5 (bounded recurrency) Let|.|; and |.|2 be level mappings for a program
P.Aclausec: H « By, ..., B, is bounded recurrent (wrt |.|1 and |.|2) iff for all ¢ € [1,n]
and for every substitution 6 for ¢ such that H is bounded wrt |.|; and ||,

1. B, is bounded wrt |.]; and |.|3, and
2. |[H6]]; > |[Bif]|y whenever rel( H) ~ rel(B;).

P is bounded recurrent (wrt |.|; and |.|2) iff every clause in P is bounded recurrent
(wrt |.|; and |.|2). O
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It is informally understood that a goal G is bounded wrt [.|; and |.|2 iff G is
bounded wrt |.|; and G is bounded wrt |.|2. Note that, when the two level mappings
coincide, that is when |.|; = |.|2, then Definition 6.5 is equivalent to Definition 6.4.

Example 6.7 Returning to the program of Example 6.6, recall that the stumbling block
in the derivation of a natural level mapping arose because any call Type(e, Var(x), t)
which is bounded wrt |.| can give rise to a call In(e, x, t) which is not bounded wrt |.|.
At this point, one intuitively reasons that if the first argument of a call to Type/3 is a
rigid list then the first argument of all subsequent calls to Type/3 will also be a rigid
list. So define a second level mapping |.|’ by

lin(z, v, 2)]1 = |37|Zist—length [Type(z, y, Z)|/ = |~T!list~length

The program is bounded recurrent wrt |.| and |.|'. Indeed, any call to Type/3 or In/3
which is bounded wrt |.| and |.|" only gives rise to calls which are bounded wrt |.|
and [.|. Combine this with the fact that recursive calls are decreasing wrt |.| and
termination can be proven in a very intuitive manner. Furthermore the level mappings
|| and |.|" follow directly from the structure of the program, facilitating their automatic
derivation. 0

Lemma 6.6 and Corollary 6.7 below establish that bounded recurrent programs
are indeed terminating. Proof of this relies on orderings which not only take into
account the levels of atoms but also their relation to each other in the predicate depen-

dency graph.
For a level mapping |.| and goal G =« Ay, ..., Ay, if G is bounded wrt |.| then let

|[G]| denote the finite multiset of pairs {(rel(A1),|[A1]]), ..., (rel(A,), [[An]])}- Let < be
the lexicographical ordering on X,(C) x IN(<) and let <,,,; be the multiset ordering
based on <. Observe that <,,,; is well founded.

Lemma 6.6 Let |.|; and |.|3 be level mappings for a program P. Let P be bounded
recurrent wrt |.|; and |.|; and let G be a goal which is bounded wrt |.|; and |.|o. Let G’
be an SLD-resolvent of G from P. Then

1. G’ isbounded wrt |.|; and |.|o,
2. [y < |1G]]1, and
3. every SLD-derivation of P U {« G} is finite.

Proof 4 Assume A; is the selected literal in G =« Ay,...,Ajpand ¢ : H < By,..., B,
(n > 0) the program clause used. Then G’ = (A1,...,A;_1,B1,...,Bn, Aji1, ..., An)0
where 8 € mgu(A;, H).

1. Since G is bounded wrt |.|y and |.|, it follows that A and A0 are bounded wrt |.|y and
|.|2 for all k € [1,m)]. In particular, A;60 = HO is bounded wrt |.|1 and |.|o. It follows,
by Definition 6.5, that B;6 is bounded wrt |.|1 and |.|2 for all i € [1,n] and hence G’ is
bounded wrt |.|1 and |.|a.

2. Moreover, |[Ag]|1 > |[Ar8]|1 for all k € [1, m] by Lemma 3.13. Finally, for all i € [1,n]
(a) |[A;0]|1 > |[Bi0]|1 if rel(A;) = rel(H) =~ rel(B;), by Definition 6.5, and
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(b) rel(A;) 1 rel(B;0) otherwise.
Hence

(rel(B;0),|[B:f]l1) =< (vel(A;),|[As]l1) foralli € [1,n]
(rel(Ag6),|[Ar0]|1) = (rel(Ag), |[Akl1) forall k € [1,m]

proving |[G'l|1 <mu |[G]]1-

3. Since <y is well-founded the result follows immediately.
Corollary 6.7 Every bounded recurrent program is terminating.

Theorem 6.8 Let |.|; and |.|2 be level mappings for a program P. The following hold.
1. If P is recurrent wrt |.|; then P is bounded recurrent wrt |.|; and |.|;.

2. If P is bounded recurrent wrt |.|; and |.|2, then there exists a level mapping |.|3
such that P is recurrent wrt |.|3. Moreover, for any atom A, A is bounded wrt |.|3
if Ais bounded wrt |.|; and |.|s.

Proof 5 Let c: H «— By, ..., B, beaclause in P. Suppose P is recurrent wrt |.|1. Let 0 be
a substitution such that HE is bounded wrt |.|;. Then B;8 is bounded and |[HO]|1 > |[Bif])1
for all i € [1,n] by recurrency. The second part-follows by Lemma 6.6 and theorem 2.2 and
corollary 2.2 of Bezem 1993.

6.5 Bounded Acceptability

The definition of bounded recurrency is easily adapted to obtain a characterisation of
left terminating programs.

Definition 6.9 (bounded acceptability) Let |.|; and |.|2 be level mappings and I an
interpretation for a program P. A clause ¢ : H «— By, ..., By. is bounded acceptable (wrt
.|, |.]2 and I) iff I is a model for c and forall ¢ € [1, n], for every substitution 6 such that
H# isbounded wrt |.|; and |.|o, {B1,...,Bi—1}0is ground and [ = {By,...,Bi_1}0

1. B;f is bounded wrt |.|; and |.]2, and
2. |[HO]|1 > |[B:b]|1 whenever rel(H) ~ rel(B;).

P isbounded acceptable (wrt |.|1, |.|2 and I) iff every clause in P is bounded acceptable
(wrt |1, |.|2 and I). 0

Lemma 6.10 asserts that every bounded acceptable program is left terminating.
The proof of this follows along the same lines as that for acceptable programs.

Lemma 6.10 Let |.|; and |.|2 be level mappings and I an interpretation for a program
P. Let P be bounded acceptable wrt |.|1, |.]2 and I, and let G be a goal which is left
bounded wrt |.|; and I, and wrt |.]2 and I. Let G’ be an LD-resolvent of G from P.

Then

1. G’ is left bounded wrt |.|; and I, and wrt |.|2 and 7,
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2. |[Gl1lr <t |[Glr]1, and

3. every LD-derivation of P U {« G} is finite.

Proof 6 Let G =— Ay,

Ay, ..

A, (m > 0)and assumec : H «— Bi,...,B, (n > 0)is

the program clause used. Then G' =« (B, ..., Bp, A1, ..., Ap)0 where 0 € mgu(Ao, H).

1. Need to show for all j € [1,2], 5 € [1,n + m] that |[G']}|; is finite. Firstly, for all
j€[1,2], i€ [1,n]

Gl = |l (Bu,---, By Av - ., A6l
_ I |B;64); ¢ is a grounding substitution for G’
- ' ! Ii:{Blw"aBiﬁl}gd)

fl

& is a grounding substitution for {By, ..., Bi_1}0

|B19¢U|j I r: {Bl,...,Bi_l}qu

o is a grounding substitution for B;0¢

Now by Definition 6.9, for all i € [1,n], for every substitution ¢ such that HO¢ is
bounded wrt |.|y and |.|2, {B1, ..., Bi—1}0¢ is ground and I = {By, ..., Bi—1}0¢

(a) B;0¢ is bounded wrt |.|; and |.|, and
(b) |[HO¢]|1 > |[Bif¢]|1 whenever rel(H) ~ rel(B;).

Hence, |[G']Y|; is finite for all i € [1,n], j € [1,2]. Now forall j € [1,2], k € [1,m]

G = = (Biy- .., Bay A1y, A0

N

¢ is a grounding substitution for G’ }

1460913 | 1= (B1,... Bu, As,..., Ar_1}66

¢ is a grounding substitution for {H, Ay, ..., A }0 }

| Ar0e|; I={H A, ...,A_1}00
= [ (Ao, A1, ., Am)EIFT;
C e (Ao, Av, - A

Since G is left bounded wrt |.|1 and I, and wrt |.|o and I, then \[G'TFT*; is finite for all
kell,m]je(l,2]

2. It follows directly that for all k € [1,m], j € [1,2], max|[G']7+*|; < max|[G1¥™|; and
for all i € [1,n], whenever rel(Ag) = rel(H) =~ rel(B;)

max|[G']z 11

Hence

(rel(BiH), YI’ZQXI [GI Z|1)
|

A

(VAN

maz{|HOP|1 | ¢ is a grounding substitution for HG}
max{|AoB¢|1 | ¢ is a grounding substitution for Aof}
max|{<— Aoe]}h

max|[— Ao]}1

max|[Gl; ]

(rel(Ao), max|[G]})1)  foralli€ [1,n]

<
(rel(Apb), max|[C'TF*)) < (rel(Ag), max|[G]¥ ™)) forall k € [1,m)]

proving |[G'1]1 <mu |[Gl1]1-
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3. Since <y is well-founded the result follows immediately.
Corollary 6.11 Every bounded acceptable program is left terminating.

Theorem 6.12 Let |.|; and |.|3 be level mappings and I an interpretation for a program
P. The following hold.

1. If Pis acceptable wrt |.|; then P is bounded acceptable wrt |.|; and |.|;.

2. If P is bounded acceptable wrt |.|; and |.|o, then there exists a level mapping |.|3
such that P is acceptable wrt |.|3. Moreover, for any atom A, A is bounded wrt
|.Js if A is bounded wrt |.|; and |.]2. O

Proof 7 Let c: H «— By,..., By beaclause in P. Suppose P is acceptable wrt |.|;. Then I
is a model for c. Let 0 be a substitution such that H0 is bounded wrt |.|1, {B1, ..., Bi-1}0is
ground and I = {Bu,...,Bi—1}0. Then B,;0 is bounded wrt |.|y and |[H6]|1 > |[Bi0]]|1 by
acceptability and Lemma 3.14. The second part follows by Lemma 6.10 and theorem 2.2 and
corollary 2.2 of Bezem 1993. 0

Example 6.8 Observe that the program of Example 6.5 is bounded acceptable wrt |.],
|.| and I where || is the original level mapping defined in that example and [ is a
model of the program. Hence a proof of left termination is obtained which is based
solely on the recursive structure of the program. 0

6.6 Discussion

The concept of bounded acceptability proposed here is quite similar to that of rigid
acceptability defined by Decorte & De Schreye 1997. This latter notion forms the basis
of a practical, demand-driven termination analysis. The analysis is essentially top-
down, attempting to prove termination for a set of queries S. An important step in
the analysis is the calculation of the call set Call(P, S), the set of all calls which may
occur during the derivation of an atom in S. The analysis focuses on the recursive
components to derive a level mapping |.|, enforcing boundedness of sub-computations
by imposing a rigidity constraint on the call set. That is, during the derivation of |.|,
every atom in Call( P, S) is required to be rigid wrt |.|.

For program specialisation, and partial deduction in particular, it is more useful to
derive sufficient termination conditions for individual predicates rather than proving
that a given top-level goal will terminate (Bruynooghe ef al. 1998). The reason is that
the overall computation is unlikely to be left-terminating but some sub-computations
probably will be. The required conditions can be derived in a bottom-up manner on
the strongly connected components of the predicate dependency graph. The notion of
bounded acceptability lends itself naturally to this process.

In Decorte & De Schreye 1998, the analysis of Decorte & De Schreye 1997 is adapt-
ed to obtain the above mentioned conditions. It attempts to derive for each predicate a
maximal set S of left-terminating queries. Essentially, this amounts to deriving a level
mapping |.| which defines S, in that an atom A is in S if and only if A is bounded wrt
|.|. However, an important step is omitted from the paper De Schreye 1998, and the set
S may contain queries which are not left-terminating. The level mapping |.| is derived
by only considering the recursive components of the program and thus corresponds
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to the level mapping |.|; in the definition of bounded acceptability. Sub-computations
are no longer guaranteed to start from bounded goals since no rigidity constraint is
placed on the level mapping during its derivation as in Decorte & De Schreye 1997:
specifically, this is because the set Call( P, S) is unknown since S is unknown (the idea
after all being to derive S), and as a result no rigidity constraint can be imposed on
Call(P, S). Hence, in relation to the current work, the missing step is the derivation
of the second level mapping |.|2. The maximal set S’ C S of left-terminating queries
then, contains only those atoms which are bounded wrt |.|; and |.]2. Note that |.|
can be derived entirely independently of |.|1, in the sense that there is never any need
to alter the definition of |.|; in order to obtain a definition of |.|; which can be used
to prove bounded acceptability. Thus the notion of bounded acceptability allows the
set S’ to be easily constructed from S without requiring any change to the method of
Decorte & De Schreye 1998.

In summary, the notions of bounded recurrency and bounded acceptability pro-
vide practical criteria for constructing modular termination proofs based purely on
the recursive structure of a program.
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7 Generating Efficient, Terminating Logic
Programs

A logic program can be considered as consisting of a logic component and a control
component (Kowalski 1979). Although the meaning of the program is largely defined
by its logical specification, choosing the right control mechanism is crucial in obtaining
a correct and efficient program. In recent years, one of the most popular ways of
defining control is via suspension mechanisms which delay the selection of an atom
in a goal until some condition is satisfied. Such mechanisms include the block declara-
tions of SICStus Prolog (SICS 1995) and the DELAY declarations of Godel (Hill & Lloyd
1994). These mechanisms are used to define dynamic selection rules with the two
main aims of enhancing performance through coroutining and ensuring termination.
In practice, however, these two aims are not complementary and it is often the case
that termination, and hence program correctness, is sacrificed for efficiency.

The objective of control generation in logic programming then, is to automatically
derive a computation rule for a program that is efficient and yet does not compromise
program correctness. Progress in solving this important problem has been slow and,
to date, only partial solutions have been proposed where the generated programs are
either incorrect or inefficient. This chapter shows how the control generation problem
can be tackled with a simple automatic transformation that relies on information about
the depths of SLD-trees.

To prove termination of the transformed programs some theoretical development
will be necessary. The main result of this will be the introduction of the new class of
semi delay recurrent programs (Section 7.2). The intention is that any program lying
within this class is terminating with respect to a dynamic selection rule. Furthermore,
the notion of a semi delay recurrent program simplifies previous ideas in the termina-
tion literature for reasoning about logic programs with delay.

Precedent to this is a discussion in Section 7.1 of the problems that can arise
in termination for logic programs with delay. Some of the solutions that have been
proposed to resolve these problems, and their short-comings, will be explored.

Section 7.3 presents a formal development of the proposed transformation, in-
cluding correctness results. In particular, transformed programs are (by construction)
semi delay recurrent and hence termination is guaranteed.

7.1 The Problems of Dynamism

The presence of delayed goals in a computation significantly complicates a program’s
termination behaviour. This section reviews the kind of problems which can arise, the
solutions which have been proposed in the past and suggests why there is still room
for improvement.
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7.1.1 Local Boundedness

Consider the Append program below with its typical DELAY declaration which delays
the selection of an Append/3 atom until either the first or third argument is instantiated
to a non-variable term.

app,  Append([], x, X).
app,  Append([ulx], y, [u|z]) « Append(x, Y, z).

DELAY Append(x, -, z) UNTIL Nonvar(x) v Nonvar(z).

Interestingly, although it is intended to assist termination the delay declaration is not
sufficient to ensure that all Append/3 goals terminate. The goal < Append([x|xs], ys, Xs),
for example, satisfies the condition in the declaration and yet its derivation is an
infinite one, where each resolvent is a variant of the previous goal (Naish 1993).

Termination can only be guaranteed for all goals by strengthening the condition in
the delay declaration. This is where the trade off between efficiency, termination and
deadlock freedom takes place. The stronger the condition, the more goals suspend.
Although termination may eventually be assured, it may be at the expense of failing
to resolve goals which have finite derivations. Also, the stronger the delay condition,
the more time consuming it usually is to check. Thus one of the main problems in
generating control of this form is finding suitable conditions which are inexpensive
to check and guarantee termination and deadlock freedom. This will be referred to
here as the local boundedness issue, since a delay declaration is used to ensure that
an atom is bounded in some sense, and this property is dependent solely on the atom
itself. This is in contrast to global boundedness where the search tree as a whole is
considered.

There have been several attempts at solving the local boundedness problem. Each
of these will be examined in the context of the Append program above, though each
technique has wider applicability.

7.1.1.1 Linearity

Liittringhaus-Kappel 1993 observed that, in the case of single literal goals, one addi-
tional condition sufficient for termination is that the goal is linear, that is, no variable
occurs more than once in the goal. Although this restriction would prevent the looping
Append/3 call above from proceeding, it would also unfortunately delay many other
goals with finite derivations such as « Append([x, x], ys, zs).

7.1.1.2 Rigidity and Boundedness

An alternative approach proposed by both Marchiori & Teusink 1995 and Mesnard
1995 delays Append/3 goals until the first or third argument is a list of determinate
length (i.e. rigid wrt the list length norm?). Termination is obtained for a large class of
goals, but at a price. Checking such a condition requires the complete traversal of the

!This is equivalent to delaying an Append/3 atom until it is bounded wrt the level mapping |.| defined
by [Append(ty, ta,t3)] = mm([tlllz’st—length: |t3|list—length)' Then, for example, the atom Append([1,2,3], v,
z) is bounded since its first argument is rigid. The atom would not be described as rigid, however, since
its level could decrease if, for example, z were instantiated to the term [1].
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list and the condition must be checked on every call to the predicate®. Naish argues
that this approach can be “... expensive to implement and ... can delay the detection of
failure in a sequential system and restrict parallelism in a stream and-parallel system”
(Naish 1993).

7.1.1.3 Modes

Naish goes on to solve the problem with the use of modes. Termination can be
guaranteed with the above DELAY declaration if the modes of the Append/3 calls are
acyclic, or more generally cycle bounded (Naish 1993). This restriction essentially stops
the output feeding back into the input. Although modes form a good basis for solving
this problem, they have not been shown to be satisfactory for reasoning about another
termination problem, that of speculative output bindings.

7.1.2 Global Boundedness

Even when finite derivations exist, delay conditions alone are not, in general, suffi-
cient to ensure termination. Infinite computations may arise as a result of speculative
output bindings (Naish 1993), which can occur due to the dynamic selection of atoms.
There are several problems associated with speculative output bindings (see Naish
1993 for a discussion of these). The effect that they have on termination is the focus
of interest here and will be referred to as the global boundedness issue. To illustrate
the problem caused by speculative output bindings consider the Quicksort program
shown below. This is a well known program whose termination behaviour can be
unsatisfactory. With the given delay declarations, the program can be shown to ter-
minate in forward mode, that is for queries of the form « Quicksort(x, y) where x is
bound and y is uninstantiated. In reverse mode, however, where y is bound and x is
uninstantiated, the program does not always terminate. More precisely, a goal such as
«— Quicksort(x, [1,2,3]) will terminate existentially, i.e. produce a solution, but not univer-
sally, i.e. produce all solutions. In fact, experimentation with the Godel and SICStus
implementations indicates that when the elements of the list are not strictly increasing,
for example in the goals — Quicksort(x, [1,1]) and « Quicksort(x, [2,1]), the program
does not even existentially terminate! This is illustrative of the subtle problems that
dynamic selection rules pose in reasoning about termination, and which suggest that
control should ideally be automated to avoid them.

gs,  Quicksort([], [}).

g5, Quicksort([x|xs], ys) «—
Partition(xs, x, |, b) A
Quicksort(l, Is) A
Quicksort(b, bs) A
Append(ls, [x|bs], ys).

DELAY Quicksort(x, y) UNTIL Nonvar(x) v Nonvar(y).

pt, Partition([], -, [], [)-

pt, Partition([x|xs], y, [x]ls], bs)
X<YA
Partition(xs, v, Is, bs).

pt, Partition([x|xs], y, Is, [x]bs]) «

2In Mesnard 1995 the check is, in fact, only performed on the initial call, but there is no justification
for this optimisation given in the paper. For non-structurally recursive predicates, e.g. Quicksort/2 of
Section 7.1.2, such an optimisation would not usually be possible.
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X>YA
Partition(xs, v, Is, bs).

DELAY Partition(x, ., y, z) UNTIL Nonvar(x) v (Nonvar(y) A Nonvar(z)).

To improve matters, the delay conditions can be strengthened in the manner
prescribed by Marchiori and Teusink or by Naish (see Sections 7.1.1.2 and 7.1.1.3). In
general, however, no matter how strong the delay conditions are, they are not always
sufficient to ensure termination, even though a terminating computation exists. To see
why, consider augmenting the Quicksort program with the clause

app, Append(x, [_|X], ) « False.

In what follows, it is assumed that the control strategy tries to execute goals left-to-
right by default. The declarative semantics of the program are completely unchanged
by the addition of the app, clause and one would hope that the new program would
produce exactly the same set of answers as the original. This will not be the case,
however, if this clause is selected before all other Append/3 clauses. Consider the goal
«— Quicksort(x, [1,2,3]). Following resolution with the second clause of Quicksort/2, the
only atom which can be selected is Append(ls, [x|bs], [1,2,3]). When this unifies with the
above clause, both Is and bs are immediately bound to the term [1,2,3]. As a result of
these speculative output bindings the previously suspended calls Quicksort(l, Is) and
Quicksort(b, bs) will be woken before the computation reaches the call to False. The
net result is an infinite computation due to recurring goals of the form « Quicksort(x,
[1,2,3).

The problem here is that the output bindings are made before it is known that the
goal will fail and no matter how stringent the conditions are on the Quicksort/2 goals,
loops of this kind cannot generally be avoided. The reason for this is that a delay
condition only measures a local property of a goal without regard for the computation
as a whole. The conditions can ensure that goals are bounded, but are unable to ensure
that the bounds are decreasing.

7.1.2.1 Local Selection Rule

To remedy this, Marchiori & Teusink 1995 propose the use of a local selection rule. Such
a rule only selects atoms from those that are most recently introduced in a derivation.
This ensures that any atom selected from a goal, is completely resolved before any
other atom in the goal is selected. The effect in the above example is that the call
to False would be selected and the Append/3 goal fully resolved before the calls to
Quicksort/2 are woken. This prevents an infinite loop. The main disadvantage of local
selection rules is that they do not allow any form of coroutining. This is clearly a very
severe restriction.

7.1.2.2 Delayed Output Unification

A similar solution proposed by Naish 1993 is that of delaying output unification. In
the example above, assuming a left-to-right computation rule, the clause app, would
be rewritten as

app, Append(x, y, z) «— False Ay =[x Az =x.

The intended effect of such a transformation is that no output bindings should
be made until the computation is known to succeed. This has parallels with the local
selection rule and also restricts coroutining.

74



7.1.2.3 Constraints

Mesnard uses interargument relationships compiled as constraints to guarantee that
the bounds on goals decrease (Mesnard 1995). For example, solving the constraint
|YSiist-tength = [18tist-tength + 1 + [bS|listtengtn before selecting the atom Append(ls, [x|bs], ys)
ensures that bs and Is are only bound to lists with lengths less than that of ys. This is
enough to guarantee termination, but is expensive to check as it requires calculating
the lengths of all three arguments of Append/3.

7.1.3 Summary and Contribution

The most promising approaches to control generation, while guaranteeing termination
and completeness, produce programs which are inefficient, either directly due to
expensive checks which must be performed at run-time or indirectly by restricting
coroutining.

This thesis presents an elegant solution to the above problems. To solve the local
boundedness problem, delay declarations in the spirit of Marchiori & Teusink 1995
will be used to ensure boundedness of selected atoms. This will require rigidity checks
to be performed on arguments, but a novel program transformation will be introduced
to overcome the inefficiencies of the Marchiori and Teusink approach which were
discussed in Section 7.1.1.2. Simultaneously, the transformation inexpensively solves
the global boundedness problem without grossly restricting coroutining. The transfor-
mation is simple and is easy to automate. Transformed programs are guaranteed to
terminate and are also efficient.

The technique is based on the following idea. If the maximum depth of the SLD-
tree needed to solve a given goal can be determined, then by only searching to that
depth, the goal will be completely solved, i.e. all answers (if any) will be obtained, in
a finite number of steps.

Section 7.2 develops the necessary theoretical foundations on which the trans-
fomation will be based, while the transformation itself is described in Section 7.3.
The following subsection illustrates the essential ideas behind the approach through a
concrete example.

7.1.4 Example

The Quicksort program of Section 7.1.2 can be transformed into a version where termi-
nation is guaranteed for all goals. Furthermore for a goal of the form «— Quicksort(z, y)
where z or y is a ground list of integers, the computation does not flounder and if it
succeeds then the set of answers produced is complete with respect to the declarative
semantics. The transformed program is shown below.

Quicksort(x, y) «—
SetDepth_Q(x, y, d) A
Quicksort_1(x, y, d).

DELAY Quicksort_1(_, -, d) UNTIL Ground(d).

Quicksort_1([], [], d) — d > 0.

Quicksort_1([x|xs], ys, d) < d > 0 A
Partition(xs, x, I, b) A
Quicksort_1(l, Is,d — 1) A
Quicksort.1(b, bs,d — 1) A
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Append(ls, [x|bs], ys).

Partition(xs, x, I, b) «
SetDepth_P(xs, |, b, d) A
Partition_1(xs, x, |, b, d).

DELAY Partition_1(_, _, _, -, d) UNTIL Ground(d).

Partition_1([], _, [1.[], d) — d > 0.
Partition_1([x|xs], v, [x|ls], bs,d) —~ d >0 A
Xx<YyA
Partition_1(xs, y, Is, bs, d — 1).
Partition_1([x|xs], y, Is, [x|bs], d) « d > 0 A
X>VYA
Partition_1(xs, y, Is, bs, d — 1).

Append(x, y, z) «
SetDepth_A(x, z, d) A
Append_1(x, y, z, d).

DELAY Append_1(_, _, _, d) UNTIL Ground(d).

Append_1([], X, X, d) « d > 0.
Append_1({ulx], v, [u]z], d) «— d >0 A
Append_1(x,y, z,d — 1).

The predicate SetDepth_Q(x, y, d) calculates the lengths of the lists x and y, delaying
until one of the lists is found to be of determinate length, at which point the variable
d is instantiated to this length. Only then can the call to Quicksort_1/3 proceed. The
purpose of this last argument is to ensure finiteness of the subsequent computation.
More precisely, d is an upper bound on the number of calls to the recursive clause of
Quicksort_1/3 in any successful derivation. Thus by failing any derivation where the num-
ber of such calls has exceeded this bound (using the test d > 0), termination is guaran-
teed without losing completeness. The predicates SetDepth_P/4 and SetDepth_A/3 are
defined in a similar way.

7.1.4.1 Local and Global Boundedness

The local boundedness problem is solved in the first instance with a rigidity check in
the style of Marchiori & Teusink 1995. This ensures that the initial goal is bounded.
Boundedness of subsequent goals, however, is enforced by the depth parameter and
further rigidity checks on these depth bounded goals are redundant. This allows,
for example, the call Quicksort.1(l, Is, d — 1) to proceed, without fear of an infinite
computation, even if both I and Is are uninstantiated, providing d is ground. A huge
improvement in performance is possible by eliminating these checks. The global
boundedness problem is also neatly solved. By restricting the search space to be finite,
even though speculative output bindings may still occur, they cannot lead to infinite
derivations.
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7.1.42 A Simple Optimisation

Even though many of the rigidity checks have now been removed, the efficiency
of the program is still unsatisfactory. This is due to the rigidity checks which are
performed on each call to Append/3 and Partition/4. It is easy to show that the depths
of these subcomputations are bounded by the same depth parameter occurring in
Quicksort_1/3. Hence, the atoms Partition(xs, x, I, b) and Append(ls, [x|bs], ys) in the
body of Quicksort_1/3 can be replaced respectively by Partition_1(xs, x, I, b, d — 1) and
Append_1(ls, [x|bs], ys, d — 1).

Another, more minor, optimisation can be performed to reduce the effect of the
delays on the program. Observe that according to the delay declaration for the predi-
cate Quicksort_1/3, the third argument is tested for groundness every time the predicate
is called. However, this test is unnecessary for every call except the first, since once
instantiated, the depth parameter will always be ground on each recursive call. The
delay can be factored out of the loop by introducing an auxilliary predicate with the
following definition.

DELAY Quicksort_2(_, _, d) UNTIL Ground(d).

Quicksort_2(x, y, d) «
Quicksort_1(x, y, d).

With the introduction of this predicate, the call to Quicksort_1/3 in the body of
Quicksort/3 is then replaced by a call (with the same arguments) to Quicksort2/3. The
delay declaration for Quicksort_1/3 can then be removed avoiding redundant ground-
ness checks. This same optimisation can also be applied to the Partition/4 and Append/3
predicates (although if the first optimisation described above is performed, this last
step is unnecessary since the Partition/4 and Append/3 predicates will never be called).

The version of the program incorporating these optimisations is quite efficient.
The only rigidity checks that are performed are those on the initial input, exactly
at the point where they are needed to guarantee termination. Following the initial
call to Quicksort_2/3 the program runs completely without delays and the only other
overhead is the decrementation of the depth parameters and some trivial boundedness
checks on them. The net result is that, with the Bristol Godel implementation, the
program actually runs faster on average than the original program with the Nonvar
delay declarations!

7.1.4.3 Coroutining

Notice in particular how the global boundedness problem is overcome without re-
ducing the potential for coroutining. Simply knowing the maximum depth of any
potentially successful branch of the SLD-tree allows one to force any derivations along
this branch which extend beyond this depth to fail without losing completeness. These
forced failures keep the computation tree finite but do not restrict the way in which
the tree is searched. The addition of the failing Append/3 clause app, from Section 7.1.2
(which would appear here as an Append_1/4 clause) cannot affect the termination of
the algorithm, even if the same coroutining behaviour of the original program is used.
Of course, the computation rule needs to be restrained such that

1. the test d > 0 is always selected before any other atom in the body of the clause
with a subterm d, and
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2. the depth parameter is ground for each recursive call (or for any call with a
subterm d in the optimised version)

but this is not nearly as restrictive as using the local computation rule. Indeed, using
the default left-to-right selection rule (with delay) these conditions will clearly be
satisfied in the above program.

7.1.4.4 Termination and Efficiency

With termination guaranteed, the programmer is now free to concentrate on the pro-
gram’s performance. Notice for the program above that the order of the goals in the
body of Quicksort_1 is critical to the efficiency of the algorithm. For the best perfor-
mance, they must be arranged so that the computation is data driven. In fact, by
defining SetDepth_Q/3 by

SetDepth_Q(x, y, d) «
Length(x, d) A
Length(y, d).

the computation will be data driven in both forward and reverse modes with the
ordering of the goals as above. This dependence on the ordering can be reduced by
introducing the typical delay declarations used for this program. These declarations
do not effect the terminating nature of the algorithm, in that they will not cause the
algorithm to loop, though they may possibly reduce previously successful or failing
derivations to floundering ones. They are inserted solely to improve the performance
through coroutining. Alternatively, one may seek to optimise the performance for
different modes through multiple specialisation, for example. The important point is
that with the general approach described here the trade-off between termination and
performance is significantly reduced. In seeking an efficient algorithm, correctness
does not have to be compromised.

7.2 Theoretical Foundations

To provide a sound theoretical basis for termination of delay logic programs it is
natural to build on the preceding theoretical foundations established for conventional
logic programs. This was initiated with the work of Marchiori & Teusink 1995 on
which this section further builds.

The intention is to introduce a new program class which subsumes that of delay
recurrent programs introduced in Marchiori & Teusink 1995. Its introduction is moti-
vated by an overly restrictive condition imposed in the definition of delay recurrency.
By removing this unnecessary condition the new class of semi delay recurrent programs
will be obtained.

7.2.1 Atom Selection

In all of the level mapping based approaches to termination examined so far a fun-
damental requirement is that only bounded atoms are selected. The reason is that, in
general, when unbounded atoms are selected for resolution, it is extremely difficult to
reason about the termination of the subsequent computation. The principle can still be
applied when considering flexible computation rules. Moreover, delay declarations
provide a mechanism to control this directly by delaying atoms until they become
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bounded. This idea was encountered in Sections 7.1.1.2 and 7.1.2, and is formally
captured in the following definition.

Definition 7.1 (safe delay declaration Marchiori & Teusink 1995) A delay declara-
tion for a predicate p is safe wrt a level mapping |.| if for every atom A with predicate
symbol p, if A satisfies its delay declaration, then A is bounded wrt |.|. O

7.2.2 Covers

To determine whether or not an atom is bounded when it is selected requires a con-
sideration of the atoms that have been (partially) resolved before the selection of the
atom. The following definitions proposed by Marchiori & Teusink 1995 try to capture
this notion.

Definition 7.2 (direct cover Marchiori & Teusink 1995) Letc¢: H + By,...,B, bea
clause and |.| a level mapping. Let A € body(c) and D C body(c) such that A ¢ D.
Then D is a direct cover for A wrt |.| in ¢, if there exists a substitution 4 such that

1. A6 is bounded wrt |.|, and
2. dom(0) C vars(H) Uwars(D).

A direct cover D for A is minimal if no proper subset of D is a direct cover for A. The
set of minimal direct covers of A wrt |.| in c is denoted by mdcovers, | .(A). O

Intuitively, a direct cover of an atom A in a clause c is a subset D of the body
atoms of ¢ such that for some instantiation 6 of the variables in the head of c and in D,
A0 is bounded. Note that a body atom may have zero, one or more (mininal) direct
covers. In particular, an atom A will have no direct cover when, in order for A to
become bounded, it is necessary to instantiate a variable of A which does not occur
elsewhere in the clause. On the other hand, the atom A will have the empty set as its
only minimal direct cover if A is bounded whenever the head of the clause is bounded.

Example 7.1 Consider the program Quicksort and the level mapping |.| defined by
|Qsort(z,y)| =¢ +1 |Partition(w,z,y,2)| =% +2  |Append(z,y,2)| = 2’

where y' = ,y,list—length and 2’ = lelist—length- Then

mdcovers| | gs, (Partition(xs, x, |, b)) = {{Qsort(l,ls), Qsort(b, bs)}}
mdcovers) | gs_(Qsort(l, Is)) = {{Append(ls, [x|bs],ys)}}
mdcovers[.i,qSZ(Qsort(b, bs)) = {{Append(ls, [x|bs],ys)}}
mdcovers|A|,qs2 (Append(ls, [x|bs],ys)) = {0}
Note in this example that each atom has exactly one minimal direct cover. O

Definition 7.3 (cover Marchiori & Teusink 1995) Letc: H «— By,..., B, be a clause
and |.| a level mapping. Let A € body(c) and C' C body(c) such that A ¢ C. Then C'is
a cover for A wrt |.|in ¢, if (A, C) is an element of the least set S such that

1. (4, 0) € S whenever the empty set is the minimal direct cover for A wrt |.[in ¢
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2. (A,C) € Swhenever A ¢ C, and C is of the form
{41, ., A} UCLU...UC}

such that {4;,..., A} is a minimal direct cover for A wrt |.| in ¢ and for all
i € [1,k], wehave (4;,C;) € S.

The set of covers of A wrt |.| in ¢ is denoted by covers| | .(4). O

Intuitively, a cover of an atom A in a clause c is a subset of the body atoms
which must be (partially) resolved in order for A to become bounded wrt some level
mapping in c¢. The cover relation is a kind of closure of the direct cover relation but
not a transitive one; a direct cover of an atom is not necessarily a cover of that atom.
Observe that, if an atom has no minimal direct cover, then neither does it have a cover.

Example 7.2 Consider the program Quicksort and the level mapping |.| of Example 7.1.
Then

covers| | 45, (Partition(xs, x, |, b)) {{Qsort(l, Is), Qsort(b, bs), Append(ls, [x|bs], ys)} }
covers | 45, (Qsort(l,1s)) = {{Append(ls, [x|bs],ys)} }
Covers| | 4s, (Qsort(b, bs)) {{Append(ls, [x|bs],ys)}}

) = {0}

Observe then, that each body atom in gs, has exactly one cover wrt |.|. O

covers) | s, (Append(ls, [x|bs], ys

7.2.3 Delay Recurrency

Using the notion of cover, Marchiori & Teusink 1995 introduced the class of delay
recurrent programs. It was intended that programs lying within this class would be
terminating under a dynamic selection rule.

Definition 7.4 (delay recurrency Marchiori & Teusink 1995)® Let P be a program, |.|
a level mapping and [ an interpretation for P. A clause ¢ : H < By,..., B, is delay
recurrent wrt |.| and I iff

1. I is amodel for c and

2. forall: € [1,n], for every cover C for B; and for every grounding substitution ¢
for ¢ such that I = C, we have that |[H0| > | B;6)|.

A program P is delay recurrent wrt |.| and I iff every clause of P is delay recurrent
wrt|.]and I. 0

Example 7.3 Let |.| be the level mapping of Example 7.1 and I the interpretation

{Qsort(z,y) | |®listtengtn = 1Y liist-tengtn} Y
{Partition(z, w,y,z) | |m|list~length = |yllist~length + |Z|Iist~length} U
{Append(z,y,2) | 1Z|list—length = ICE’list—Iength + |y|list—length}

*The definition of delay recurrency in Marchiori & Teusink 1995 contains some slight redundan-
cy/ambiguity and as such its correct interpretation is unclear. This definition accurately reflects the
intentions of the authors (Marchiori 1996).
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Note that / is a model for the clause gs,, of the Quicksort program. Consider the body
atom Partition(xs, x, |, b). Recall that

covers) | 4s, (Partition(xs, x, I, b)) = {{Qsort(, Is), Qsort(b, bs), Append(ls, [x|bs], ys)} }

Let 6 = {x/t1,xs/t2,ys/t3,1/ts,0/ts5,ls/t6,bs/t7} be a grounding substitution for gs, such
that I |= {Qsort(t4, ts), Qsori(ts, t7), Append(ts, [t1]t7], t3) }. Then

VQSO”([tlth], t3)] = |t3}list—length +1

= (|t611ist-length + |t7|lz'st-length + 1) +1
(ftllllist—length + ftSIIist—length + 1) +1
|taltist-tength + |t5tist-tength
|Partition(tg, t1, t4, t5)|

[IRAVANT!

It is easy to check that condition 2 of Definition 7.4 holds for every other body atom of
gs,. Hence gs, is delay recurrent wrt |.| and 1. a

The intention behind the definition of delay recurrency is that a delay recurrent
program P, when augmented with a set of safe delay declarations for the predicates
of P, only admits finite derivations. The delay declarations handle the local bounded-
ness issue, but there is still the global boundedness problem to consider.

Suppose C'is a cover for an atom B in a delay recurrent clause, and 0 is an answer
substitution for C' such that B is bounded (note that # may not necessarily be a correct
answer substitution since the atoms in C' have not yet been fully resolved). At this
point § speculatively binds the variables of B since it is not yet know whether or not
there exists some substitution ¢ such that I = Cfo. If B0 is selected at this point an
infinite computation may arise since there is no guarantee that the level of the head
is greater than the level of Bf. Instead, by fully resolving each atom in C such that
a correct answer substitution 6 is obtained, B can be safely selected since I = Clo
for all o, whence by condition 2 of delay recurrency, the level of Bf is less than the
level of the head. Full resolution of C can be achieved by using a local selection
rule as mentioned in Section 7.1.2.1. To reiterate, a local selection rule only selects
the most recently introduced atoms in a derivation and thus completely resolves sub-
computations before proceeding with the main computation. The notion is formally
defined below.

Definition 7.5 (age of an atom) For a goal G =« Ay, ..., A,, the ith atom in G is 4;.
Let Go,...,G, be a derivation. The age of the ith atom in Gj, denoted ageq, (7) is
defined as follows.

1. If Go =« Ai,..., An, thenage, (i) = 0, forall i € [1,m].
2. If Gk = Al,...,Am and Gk—H = (Al,...,As_l,Bl,...,Bn,AS,H,...,Am)@,
then

ageq, (i) + 1, forallie [1,s —1]
agBGkH(i) =< 0, » for allz: €ls,s+n—1]
ageq (i—n+1)+1, forallie [s+n,n+m~1]

For a goal G =« Aj,..., Ay, the atom A; is introduced in G if age (i) = 0. The atom
A, is youngest (or most recently introduced) in G if age (i) < age,(j) forall j € [1,m]. O
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Definition 7.6 (local selection rule Vieille 1989) Let G = «— A;,..., A,, be a goal. An
atom A; is selectable in G under a local selection rule iff A; is most recently introduced
in G. O

The main result regarding delay recurrent programs can now be stated.

Theorem 7.7 (delay recurrency Marchiori & Teusink 1995) Let P be a program with
a delay declaration for each predicate in P. Let |.| be a level mapping and I an
interpretation. Suppose that

1. P is delay recurrent wrt |.| and I, and
2. the delay declarations for P are safe wrt |.|

Then every delay SLD-derivation for a goal, using a local selection rule is finite. =~ O

724 Semi Delay Recurrency

Marchiori & Teusink 1995 noticed that boundedness of atoms could be enforced by
using safe delay declarations but did not fully exploit this fact combined with the
observations of Chapter 6 in defining delay recurrency. Their definition requires a
decrease in the level mapping from the head to the non-recursive body atoms when
in fact boundedness of selected atoms is already guaranteed by the safe delay dec-
larations. Their definition is generalised here by removing this restriction. The new
definition will prove useful for defining a large class of terminating programs which
permit coroutining.

Definition 7.8 (semi delay recurrency) Let |.| be a level mapping and I an interpreta-
tion for a program P. A clause ¢ : H «— By, ..., B, is semi delay recurrent wrt |.| and
iff

1. I is amodel for c and

2. for alli € [1, n] such that rel(H) ~ rel(B;), for every cover C for B; and for every
grounding substitution ¢ for c such that / = C0, we have that |[H6] > |B;0].

A program P is semi delay recurrent wrt |.| and I iff every clause of P is semi delay
recurrent wrt |.| and 1. O

Observe in this definition that there are no restrictions placed on the relation
between the level of the head of the clause and the level of the non-recursive body

atoms.

Example 7.4 Let I be the interpretation of Example 7.3, and |.| the level mapping
defined by

|Qsort(z,y)| =y  |Partition(w, z,y,2)| =y + 2 |Append(z,y,z)| = 2’

where ' = |yliistiongth and 2’ = |2]jist1engm- As before, I is a model for the clause gs, of
the Quicksort program. Consider the body atom Qsort(b, bs). Then

covers| | 45, (Qsort(lIs)) = {{Append(ls, [x|bs],ys)} }
covers| | 45, (Qsort(b,bs)) = {{Append(ls, [x|bs],ys)}}
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Let 0 = {x/t1,xs/ta,ys/t3,1/ts,b/ts5,ls/ts,bs/t7} be a grounding substitution for gs, such
that I = {Append(ts, [t1]t7], t3)}. Then

|Qsort([t1[ta], t3)] = ’t?)’list—length
= (lt6llist—length + ltﬂlist—length +1)
> 1 ty 1 list-length
= |Qsort(ts, t7)]

|Qsort([talta], t3)| > |t6|rist-tength
|Qsort(ta, t6)]

fl

Hence gs, is semi delay recurrent wrt |.| and 1. 0

The relationship between delay recurrency and semi delay recurrency is unclear.
Obviously every delay recurrent program is semi delay recurrent, but the converse
may or may not be true. In Martin & King 1997 the following program was said to be
semi delay recurrent but not delay recurrent.

P(xy]) — Append(, , ) A P(y).

The reasoning was based upon interpreting the definition of delay recurrency in
Marchiori & Teusink 1995 such that, for a body atom which has no cover, the decrease
in level from the head of the clause to the atom must hold for all ground instances.
Since the Append(_, _, _) atom has no cover and the decrease does not hold, the clause
cannot be delay recurrent (Marchiori 1996). However, with the interpretation of delay
recurrency given by Definition 7.4 the second condition of the definition is vacuously
satisfied for an atom with no cover. As such with this definition, the above program
is considered to be delay recurrent. This does not endanger termination. Observe that
if an atom has no cover then it can never become bounded. If all delay declarations
are safe then such atoms will never be selected. Indeed one necessary condition for
deadlock freedom of a program is that every atom has at least one cover (Marchiori &
Teusink 1996). It would be an interesting result, theoretically, if delay recurrency and
semi delay recurrency were shown to be equivalent, but this is not considered any
further here.

It would be straightforward to prove that Theorem 7.7 still holds if the program
is replaced by one which is semi delay recurrent, but a much more significant result
may be obtained. Observe that a local selection rule is used to ensure that a cover of
an atom is completely resolved before the atom itself is selected. Notice, however, that
for semi delay recurrency, it is only necessary for the covers of the mutually recursive
atoms to be resolved completely. This means that following the resolution of these
covers, an arbitrary amount of coroutining may take place amongst the remaining
atoms of the clause.

To formalise a selection rule based on this idea the notion of a covering is intro-
duced. Intuitively, this is a lifting of the notion of cover from the clause level to the
goal level. A covering of a recursive atom A in a goal G is the set of atoms in G which
have yet to be resolved before A can be safely selected. An atom A may have more
than one covering, though it is only necessary to fully resolve the atoms of one of
them before the selection of A. Coverings of atoms will change during the course of a
derivation as new atoms are introduced and others are fully resolved via resolution.

83



Definition 7.9 (covering) Let G, G1,Go, ... be a derivation and |.| a level mapping.
A covering for an atom A in a goal G, wrt |.| is defined as follows.

1. Suppose Go = «— Ay,..., Ap. Then for all ¢ € [1,m], the empty set is a covering
for A; in Go wrt |.|.
2. Suppose Gy = «— (A1,...,As—1,B1,...,Bn, Asi1, ..., An)0 is the resolvent

derived from G; = +— A1,...,As,...,Apand ¢ : H « Bi,...,B,, where A;
is the selected atom in G; and 6 € mgu(H, A). Then

(a) foralli e [1,n],
e if rel(H) ~ rel(B;) and C is a cover for B; in ¢ wrt |.|, then C is a
covering for B;6 in G wrt |.|;
o if rel(H) # rel(B;), then the empty set is a covering for B;0 in G4 wrt
|-1;
(b) forallie [1,m], ¢ #s,if C C {A1,...,Ai_1,Ai11,..., An} is a covering for
A; in G wrt |.| then
e CO\{A;0}U{B1,...,B,}0isacovering for A;0in G,y wrt|.|,if A, € C;
e (0 is a covering for A,0in G4 wrt ||, if A, & C.

An occurence of an atom A is uncovered in a goal G wrt |.| iff the empty set is a covering
for Ain G wrt [.|. O

Definition 7.10 (semi local selection rule) Let § = Gy, G1, Gy, ... be a derivation and
|.| a level mapping. Let Gy =« A;,..., Ay beagoalind. An atom A, (1 < s < m)
is selectable in G under a semi local selection rule (parameterised by [.|) iff A; is
uncovered wrt [.| in G. O

It can be shown that if a bounded atom is selectable under a local selection rule,
then it is selectable under a semi local selection rule.
The main result can now be stated.

Theorem 7.11 Let P be a program with a delay declaration for each predicate in P.
Let |.| be a level mapping and I an interpretation. Suppose that

1. P is semi delay recurrent wrt |.| and [
2. The delay declarations for P are safe wrt |.|

Then every delay SLD-derivation for a goal, using a semi-local selection rule (param-
eterised by |.]) is finite. O

Proof 8 Follows as a corollary of Lemma 7.13.

Definition 7.12 Let |.| be a level mapping, I an interpretationand G = < Ay,..., A, a
goal. Define for all i € [1,n],

‘ 6 is a grounding substitution for G
I[G]7] = < |A:0] + 1| C is a covering for A; in G wrt ||
[E=Co

Then the finite multiset of pairs {(rel( A1), max|[Gl}]), ..., (rel(Ay), max|[G]}])} is de-
noted by |[G];]. O
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Observe that if the atom A; has no covering in the goal G = « Ay,..., A, then
[[G]5] = 0. Also, if for every covering C for A; and for every grounding substitution ¢
for G, I }£ C4, then |[G]}| = 0. Note that the expression |A4;0] + 1 in the definition of
|[G]}] ensures that max|[G]| > 0 when |[G]?] is non-empty. That is, max|[G]¢| can only
be zero if |[G];| = 0. This device is used purely to facilitate the proof of Lemma 7.13.

Let < be the lexicographical ordering on ¥,(C) x N(<) and let <,,,,; be the multiset
ordering based on <. Observe that <,,,; is well founded.

Lemma 7.13 Let |.| be a level mapping and I an interpretation for a program P. Let P
be semi delay recurrent wrt |.| and I, and let G be a goal. Let G’ be an SLD-resolvent
of G from P. Then |[G'];| <mu [[Gl1]-

Proof 9 Suppose G' = «— (A1,...,As_1,B1,...,Bn, Asi1, ..., Ap)0 is the SLD-resolvent
derived from G = — Ay,...,As,...,Apand ¢ : H «— By, ..., By, where A is the selected
atom in G and 0 € mgu(H, Ay). First show that for all i € [1,n]

(rel(B:6), max|[G777")) < (rel(A,), max|[G]3])

Clearly this holds for all i € [1,n] such that rel(B;) # rel(H) ~ rel(As). It remains to show
that the inequality holds for all i € [1,n] such that rel(B;) ~ rel(H). By Definition 7.10, the
empty set is a covering for Ay in G wrt |.|. Then

max|[G)7| = max{|As¢| + 1 | ¢ is a grounding substitution for G}

Since As is bounded (only bounded atoms may be selected), it follows that max|[G]7| =
[[As]] + 1. By Lemma 3.13, |[As]] > |[As6]] = |[HO]|. Thus max|[G]3| > |[H0]|. Now,
foralli € [1,n],

G577 = ([~ (A1, As1, B, oo, Boy Asgr, - A0
¢ is a grounding substitution for G’
|Bi0¢| + 1| D is a covering for B;0 in G’
I'=D¢

Let i € [1,n] such that rel(B;) ~ rel(H) and |[G')777!| # (. Then there exists
1. a grounding substitution ¢ for G', and
2. a covering D for B;0 in G' wrt |.|,
such that
3. I = D¢, and
4. |B;6¢| + 1 = max|[G')5T71).

From (2) above it follows that there exists a cover C for B; in ¢ such that D = C8, and hence by
(3), I = CO¢. By (1), 0¢ is a grounding substitution for «— By, ..., B,. Let o be a grounding
substitution for HO¢. Then 8¢o is a grounding substitution for c, such that I = Clpo
(since COpo = CO¢). Hence, by semi delay recurrency of ¢, |HO0¢o| > |Bif¢o| = |B;0¢).
Thus max|[G')57 7} < |HO¢o| = |[HO¢0)| < |[HE]|, by Lemma 3.13. It follows that for all
i € [1,n] such that rel(B;) ~ rel(H) and |[G')57 71| # 0, max|[G)3| > max|[G')5 1.
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Let i € [1,n) such that rel(B;) ~ rel(H) and |[G']57"}| = 0. Then max|[G'];"~1| = 0.
But max|[G]3| > 0 so max|[G]3| > max|[G')5T|. It follows that for all i € [1,n] such that
rel(B;) ~ rel(H), max|[G]$| > max|[G')3T*L|. This completes the first part of the proof.
Next show that for all i € [1,m], i # s,

(rel( A0), max|[G')7]) < (rel(A:), max|[Gl;)
Leti € [1,m], i # s, such that |[G']}| # 0. Then there exists
1. a grounding substitution ¢ for G’, and
2. acovering D for A;0 in G’ wrt |.|,
such that
3. I = D¢, and
4. |A;0¢] + 1 = max|[G"Y).

From (2) above it follows that there exists a covering C C {A1,..., Ai—1, Aix1,. .., Am} for
A; in G wrt |.| such that

e A, c Cand D = CO\ {As0} U{B1,...,B,}0,0r
o As g Cand D = C0.

In the first case, by (3), I |= (CO\ {A0} U {Ba, ..., B,}8)¢ and consequently, since I is a
model for ¢, I |= (CO\ {As0} U HO)¢p. But then I |= CO¢ because HO = A,0. In the second
case, by (3), I |= CH¢.

By (1), 6¢ is a grounding substitution for «— Ay,..., As—1,Aet1,...,Am. Let o be
a grounding substitution for As0¢. Then O¢o is a grounding substitution for G, such
that I = Clg¢o (since COpo = CO@). Hence |Ai0¢o| + 1 € |[G]] and as a result
max|[GTY] > max|[ ']

Leti € [1,m],i # s, such that |[G'];| = 0. Then max|[G']}] = 0 < max|[G]}|. It follows
that max|[G)Y| > max|[G')y| for all i € [1,m], i # s, completing the proof. 0

7.3 The Transformation

The above result can be used to develop a program transformation which is able to
derive correct and efficient programs from logical specifications. Basically, the idea
is to transform a given program into one which is semi delay recurrent, but with
equivalent declarative semantics. Then by adding safe delay declarations a program
is obtained which terminates for all goals using a semi-local selection rule.

Section 7.3.1 formally introduces the transformation and proves the main results
relating to termination of the transformed programs, and their semantic equivalence
to the original programs. Some efficiency issues are considered in Section 7.3.2.
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7.3.1 Termination

The following definition formalises the transformation exemplified in Section 7.1.4%.

Definition 7.14 (semi delay recurrent transform sdr) For a predicate symbol p and a
clause identifier ¢ defined in a program P, let p*¥, p™" and ¢#* denote predicate
symbols not defined in P. Let p/k be a predicate. Then

sdr(p/k) = p(v1,...,v) < pde’”h(vl, e Uk, d),der(vl, ey Uk, d)

where the d and v; are variables for alli € [1,k]. Letc: p(t1,...,t,) < B1,...,B, bea
clause with Rec = {41, ...,in} C {1,...,n} representing the recursive body atoms of ¢
in that j € Rec iff rel(B;) ~ p. Then

g Pt .t ) ifn=0
5 T(C> = sdr dec ) ) 4 / i
P (t, ..ty d) — (d, d;y, .., ds,), B, .-, B, otherwise

where vars(d, d;, .. .d;,,) Nvars(c) = 0 and
o if rel(B;) # p then B = B;,
e otherwise B! = ¢ (s1,...,s;,d;) given that B; = q(s1, ..., s;)-
Then sdr(P) = {sdr(c) | cis a clause in P} U {sdr(p) | p is a predicate in P}. O

Example 7.5 Applying the sdr transform to the predicate Quicksort/2 of Section 7.1.2
results in the following clauses.

sdr(Quicksort/2) : Quicksort(x, y) «
Quicksort®P™ (x, y, d) A

Quicksort™¥ (x, y, d).
sdr(gs,) : Quicksort™ (1, ], ) —
sdr(gs,) : Quicksort™ ([x|xs], ys, d) «—

Qsi(d, dy, dy),
Partition(xs, x, I, b),
QuicksortSdr(l, Is, da),
QuicksortSdr(b, bs, ds),
Append(ls, [x|bs], ys)

O

Each predicate ¢ introduced by the sdr transform is essentially a function map-
ping the depth bound in the head of a clause ¢ to the depth bounds for the recursive
calls in the body of c. To ensure termination and completeness, the definitions of these
decrementation predicates need to be contrained. The following property is required
for termination.

4The transformation and the results of this section assume that the declarative semantics of the
transformed program will be given by a Herbrand interpretation. It is trivial to see how these can be
adapted to apply in the case of the non-Herbrand interpretation considered in Section 7.1.4.
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Definition 7.15 (termination property of ¢?) Let ¢** be a decrementation predicate
introduced by the sdr transform. Let |.|, be a norm and let / be a model for c*<.
The predicate ¢** is decreasing wrt |.|,, and I if, for all ¢*¢(d, dy,...,d,) € I, |d|, >
|d;|., for alli € [1,n]. O

Lemma 7.16 (termination) Consider the program sdr(P) U Depth U Dec where sdr(P)
is obtained from a program P via the above transform, and Depth and Dec contain
respectively definitions for each predicate p? and ¢** introduced by the transform
such that

e no predicate in Depth depends on a predicate in sdr(P) U Dec
¢ no predicate in Dec depends on a predicate in sdr(P) U Depth

Let I be a model for sdr(P) U Depth U Dec and suppose there exist level mappings |.|;
and |.|2 such that Depth is semi delay recurrent wrt |.|; and I, and Dec is semi delay
recurrent wrt |.|y and /. Furthermore, suppose there exists a norm |.|,, such that, for
all ¢#¢ € Dec, ¢** is decreasing wrt |.|,, and I.

Then there exists a level mapping [.| such that sdr(P) U Depth U Dec is semi delay

recurrent wrt |.| and . O
Proof 10 Let |.|,, be the norm satisfying the above condition. Define the level mapping |.| by
PrE D =ldl  p@®I=0  PP@ = PR OL @) = @)

It is easy to show that for any predicate p in P and for any clause c in P, both sdr(p) and
sdr(c) are semi delay recurrent wrt |.| and 1. 0

The main consequence of Lemma 7.16 is that any program can be transformed
into one which is semi delay recurrent and whose semantics are equivalent in a sense
which will be examined shortly.

Observe that for a clause c¢ the atom ¢#*‘(d, d;,, . ..,d;, ) is the only atom in the
body of sdr(c) which is a cover for any other atom wrt the level mapping |.| defined in
Lemma 7.16. This means that after its resolution, an arbitrary amount of coroutining
may take place between the body atoms of sdr(c).

Example 7.6 Let P be the program consisting of the clauses gs; and gs,. Then sdr(P)
comprises the three clauses of Example 7.5. Let Depth consist of the single clause

Quicksort?P(_ _ )
and Dec consist of the single clause
Qsi(S(d), d, d)

The program sdr(P) U Depth U Dec is semi delay recurrent and moreover, if I is the
minimal model for this program and J is the minimal model for P then for any ground
terms t1 and ty, I = Quicksort(ty, to) iff J = Quicksort(ty, t2). O
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By Theorem 7.11, the program sdr(P)UDepthUDec will be terminating for all goals
under a semi local selection rule if, for each predicate, a delay declaration is added
which is safe wrt the level mapping |.| defined in the proof of Lemma 7.16. In the
above example, this amounts to delaying goals of the form « Quicksort™” (x, y, d) until
d is bounded wrt |.|,. However, with the definition of Quicksort*?" in Example 7.6, all
such goals will suspend, since d is never instantiated. Of course, the d parameter acts
as a depth bound on the subsequent computation and it is the role of the introduced
Quicksort®”" predicate to establish a bound which is large enough to allow that part
of the search space containing correct answers to be searched. For example, the goal
«— Quicksort([1,2,3], y) will fail if the subgoal « Quicksort™™([1,2,3], vy, d) binds d to
S(S(0)) since more than two recursive calls to the predicate Quicksort? are required
to obtain the correct answer substitution y/[1,2,3]. To ensure that completeness is not
lost, the definition of Quicksort?e"" needs to be constrained to ensure that sufficiently
large depth bounds are determined.

Observe, however, that such depth predicates are only responsible for determining
the initial depth bound. The depth bounds at subsequent steps in the computation are
dependent on the decrementation predicates. Hence the definitions of these predicates
must also be constrained. In this respect, it turns out that the following properties can
be used to ensure completeness, and yet are sufficiently general enough to permit
considerable flexibility in defining decrementation predicates.

Definition 7.17 (completeness properties of ¢*) Let ¢* be a decrementation predi-
cate of arity n introduced by the sdr transform. Let |.|,, be a norm and let I be a model
for ¢?. The predicate ¢#* is

o well defined wrt |.|,, and [ if for all £ € N, there exists c#(d,dy, . ..,d,) € I such
that |d|, = k.

e monotonic wrt |.|, and [ if for any two ground atoms ¢*°(d, dy, ...,d,) € I and
ce(d, dy, ..., d,) e I,such that |d|, > |d|, holds, |d;|., > |d}|., foralli € [1,n].

e unbounded above wrt |.|,, and I if for every ground atom cdec(d, di,...,dn) € 1,
there exists ¢*’(d', d}, ..., d,) € I such that |d.|,, > |d;|, for alli € [1,n]. 0

The following lemma states that it is not necessary to determine precise depth
bounds for the search space, but it is instead possible to estimate them by over ap-
proximation. They may not, of course, be under approximated without losing com-
pleteness. This is a useful result from a practical point of view, since it considerably
simplifies the analysis required to determine the bounds.

Lemma 7.18 (over approximation) Let sdr(FP)U DepthU Dec be the program satisfying
the conditions of Lemma 7.16. Let I be the minimal model for sdr(P) U Depth U Dec.
Suppose there exists a norm |.|, such that for each decrementation predicate ¢*¢ in
Dec, ¢ is well defined wrt |.Jw and I, decreasing wrt |.|,, and I and monotonic wrt
|| and I. Then the following hold

1. If I = p*(ty, ..., tx, d) then there exists @ such that I |= p*¥(t1,...,t,d") and
for all " such that I = P (ty, .. e, d"), |d e > | d e

2. If I = p*(ty, ..., ty,d) then for all h > 0, there exists d’ such that |d'|,, = ||, +h
and [ i:der(tl,...,tk,d/). (]
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Proof 11 For brevity, let R = sdr(P) U Depth and let S = R U Dec. Let Ip, denote the
subset of the minimal model I for S comprising those atoms with predicate symbols belonging
to predicates defined in Dec. Note that, since no predicate in Dec depends on any predicate in
R, Ipe. is the minimal model for Dec. Then I = U2 1% where

I = {p(®) | p(F) — is a ground instance of a base clause in R} U Ipy

p(t) « Bu, ..., By, is a ground instance of a clause in R(m > 0) W,
and B; € UP_y Ik forall i € [1,m] Dec

I3t = {p(f)

It follows immediately from Definition 7.14 that if p™¥ (t1, ..., ty, d) € I then for every
term t in the Herbrand universe of S, p°™ (t1, . .. tx, t) € I3. Since c¥° is well defined wrt |.|,,
and I, and c%c is decreasing wrt |.|,, and I, there exists a Herbrand term t such that |t|, = n
forall m > 0. It follows that for all n. > 0 there exists d' such that P (t1, ..., t,d') € IS and
|d'|w = n.

Fisrt show that if p¥ (t1,. .. ty, d) € IZ, then |d|., > n. The case for n = 0 follows from
above. For the induction step, suppose that p™ (t1,...,tx,d) € I2* (n > 0). Then there
exists a ground instance p™¥ (t1, ..., ty, d) «— #(d, di;,...,d;)), B, ..., Bm of a clause in
R, (where forall j € [1,m], B; = qjd"(sjl-, e, S;Lj, d;)and j € {i1,..., 4} iffrel(B;) ~ p¥),
such that ¢*¢(d, d;,, . .., d;,) € Ul_,I% and B; € UR_oI% for all j € [1,m]. By the induction
hypothesis, |d; |, > n forall j € [1,1]. Hence |d|, > n + 1, since ¥ is decreasing wrt |.|,,
and 1.

Next show that if p (t1, ... ty,d) € IR, then for all h > O there exists d' such that
PV (t,. .ty d) € 12 and |d'|,, = |d|o, + h. Again the case for n. = 0 follows from above.
For the induction step, suppose that p¥ (t1, ... t,d) € IZT1 (n > 0). Then there exists a
ground instance c* : p* (41, ..., ty,d) «— *(d, d;,,...,d;), B1,- .., Bm of aclause cin R,
(where for all j € [L,m], B; = ¢ (s},..., 5,7, d;) and j € {ir,..., 0} iff rel(B;) ~ p*),
such that ¢(d, d;,,...,d;,) € Up_oI& and B; € UR_yI% for all j € [1,m]. Since c%
is well defined wrt |.|, and I, for all h > 0 there exists ¢*(d',d} ,...,d}) € Up_oI%
such that |d'|, = |d|. + h. Then, by the monotonicity of ¢ wrt |.|,, and I, it must be
the case that |di |, 2 |di;|w for all j € [1,1]. Hence by the induction hypothesis, for all

j € [1,m] such that rel(B;) ~ p*¥, B} = ¢¥(s},...,s;",dj) € Up_ol§. It follows
that p™ (ty, ... ty,d') — c™(d, diyye ooy di), Bl ..., By, 18 a ground instance of ¢, where

Bl = B ifrel(B;) % p™, such that °(d, d; ..., d})) € Up_oI§ and B} € Up_,I§ for all
7 € [L,m]. Therefore, p (t1, ..., ty,d') € IgH proving the result. O

The main equivalence result may now be stated. This includes both a complete-
ness result which asserts that every logical consequence of the original program is
also a logical consequence of the transformed program, and a soundness result which
asserts the converse (restricted to the predicates defined in the original program).

Lemma 7.19 (equivalence) Let sdr(P) U Depth U Dec be the program satisfying the
conditions of Lemma 7.16. Let I be the minimal model for sdr(P) U Depth U Dec and
let J be the minimal model for P. For a predicate p defined in P, define

depth(p(?)) = min{|d|., | I = p (F,d)}

Suppose the following conditions hold
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1. there exists a norm |.|,, such that for each decrementation predicate ¢** in Dec,
dec 5
s

o well defined wrt |.|,, and I,
o decreasing wrt |.|, and I,
e monotonic wrt |.|, and I, and

e unbounded above wrt ||, and I.

2. whenever I |= p*(f,d) then there exists d’, such that |d'|,, > depth(p(f)) and
I }: pdepth (f, d/).

Then I = p(%) iff J = p(2). O

Proof 12 The proof proceeds bottom up on the predicate dependency graph of P. First parti-
tion the predicates in P as follows

1. p € Ep, iff for each clause p(t1,...,t;) «— Bi,..., By, defining p, either m = 0 or
rel(B;) ~ p forall j € [1,m]

2. p€Xp,,, ffp & Up_oXp, and for each clause p(t1,...,tx) <« Bu1,..., By, defining
p, either m = 0, or for all j € [1,m] either rel(B;) =~ p or rel(B;) € Up_,Xp,.

Example 7.7 Consider the program

S(x) +— P(x), Q.

P(x) — R(x), P(x).

Q.

R(A).

R(B) — R(A), T(B).
T(B) +— T(B), R(A), UL
U~V

V—u.

Then ZPo = {Qa U, V}/ ZPl = {R, T}/ ZPQ = {P} and ZPS = {S}

Suppose the predicates of P divide into max + 1 partitions Xp,, ..., Xpya.. Let Py
denote the subset of P consisting of the definitions of the predicates in X p,. Observe then
that P = U P,. The minimal model J for P may also be partitioned according to the
predicate dependency graph such that J = Ul Jp, where

Jp, = {p(t) | p(t) € Jandp € Xp }

forall k € [0, max].

Given the way that sdr(P) is derived from P according to Definition 7.14, the partitions
of P may be used to derive a partitioning of sdr(P). Let Sq, = {p™ | p € Tp,} and
Yr, = Xp,. Let Qp and Ry, denote the subsets of sdr(P) consisting of the definitions of the
predicates in g, and Lp, respectively. Observe that Q. = {sdr(c) | cisa clause in P}
and Ry, = {sdr(p) | pisapredicate in P,}. Hence sdr(P;) = Qi U Ry and sdr(P) =
Uit sdr(Py).

Finally, the minimal model I for sdr(P) U Depth U Dec may be partitioned as follows.
Let Ipec and Ipy, denote the subsets of I comprising respectively those atoms with predicate
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symbols belonging to predicates defined in Dec and Depth respectively. Note that, since no
predicate in Dec depends on any predicate in sdr(P) U Depth, Ip, is the minimal model for
Dec. (A similar observation may be made regarding Ipep, but this is not required for the

proof).
The remainder of the minimal model Iz, py = I\ (Ipec U Ipeps), may also be partitioned
according to the partitioning of the predicates in sdr(P) described above such that Iz, py =

mm (IQk UIRk) where
Ig, ={p®) |p(t) e ITandp e Xg, } and Ir, = {p(t) | p(t) € [andp € ¥R, }

forall k € [0, max].
To prove the result, it suffices to show that for all k € [0,max] if p(t) € Jp, then
p(t) € Ip,. This is proved by induction over k. Observe that for all k € [0, max]

p(f) — pdepth (%, d), deT(f, d)
I, = {p(t)| isaground instance of a clause in Ry,
pP(E, d) € Ipgym and p™ (T, d) € Io,

Each Jp, and Ig, can in turn also be defined inductively, such that Jp, = Ujl’o:OJ]@k and
I, = U1}, where

Jgo = {p(t) | p(t) — is a ground instance of a base clause in By}

p(t) « By, ..., By, is a ground instance of a clause in Py(m > 0), and
B; € Up_oJp forall j € [1,m]

It = {p(f)
ka = {p(%) | p(t) «— is a ground instance of a base clause in P}
p(t) « Bi,..., By, isa ground instance of a clause in Py(m > 0),

JEt={p) | Bje< U}}:OJI’%}C forall j € [1, m] such that rel(B;) ~ p, and
Bj € Ui} Jp, forall j € [1,m] such that rel(B;) # p

1%, = P (¥) | p°¥(F) « is a ground instance of a base clause in Qo}
P (%) « C, By, ..., By, is a ground instance of a clause in Qq,

It = P@) | C € Ipe, and
Bj € Up_oIB forall j € [1,m]

I%k = {ps”l’( )| de’( t) « isa ground instance of a base clause in Qy}

p¥ () — C, By, ..., By, is a ground instance of a clause in Q,

Ce IDEL?
Bj € Up_oIp, forall j € [1,m] such that rel(B;) =~ p, and
B; € USZ{ IR, forall j € [1,m] such that rel(B;) % p

In:—l — psdr (f)

Inductive hypothesis A: If p(T) € Jp, then p(t) € Ig, .

1. Base case: (k = 0) Inductive hypothesis B: If p(t) € Jp, then there exists d such that
P (%,d) € 15,

(1) Base case: (r = 0) It follows immediately from Definition 7.14 that if p(T) € J3,
then for every d in the Herbrand universe of sdr(P)UDepthUDec, p™' (I, d) € If), .
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(b) Inductive case: (r > 0) Now suppose p(t) € J}%:’l, (n > 0). Then there exists
a ground instance p(t) « B, ..., By, of a clause c in Py (m > 0) such that for
all j € [1,m], B; = q;(35) € Up_oJP . By hypothesis B, it follows that for all
j € [1,m], there exists d; such that ¢ (57, d;) € Up_ I3 . Consider the predicate
¥ in the clause sdr(c). Since ¢# is well defined wrt |.|, and I, and unbounded
above wrt |.|., and I, there exists ¢*°(d, d}, ..., d.,) € Ipe such that |l > |d;le
forall j € [1,m]. By Lemma 7.18, B} = q;d’(gj, d;) € Uﬁzofgofor all j € [1,m].
It follows that p™¥ (t,d) « c¥*°(d,d},...,d,), B}, ..., B’ is a ground instance
of sdr(c) € Qo such that ¢*°(d,d}, ... d,,) € Ipe and B} € Up_oIf for all
j € [L,m]. Hence p*(t,d) € I3}

Now supposing p(t) € Jp,, it follows from the above that there exists d such that
P (t,d) € Ig,. Then, by assumption, there exists d', such that |d'|,, > depth(p(%))
and I |= p*P™ (2, d') (ie. P (T, d') € Ipgy). By Lemma 7.18, p*¥ (T,d") € Ig, and
as a logical consequence p(t) € Ig,.

2. Inductive case: (k > 0) Inductive hypothesis C: If p(t) € Jp,_then there exists d such
that p*(%,d) € 15,

(a) Base case: (r = 0) It follows immediately from Definition 7.14 that if p(%) € Jp,
then for every d in the Herbrand universe of sdr(P)UDepthUDec, p¥ (Z,d) € If) .
(b) Inductive case: (r > 0) Now suppose p(t) € J;:l, (n > 0). Then there exists a
ground instance p(t) «— Bi, ..., By, of a clause ¢ in Py (m > 0), where
i. forall j € [1,m] such that rel(B;) ~ p, Bj = q;(35) € Up_oJp , and
ii. forall j € [1,m] such that rel(B;) # p, B; € U _LJp,.
By hypotheses C and A respectively, it follows that
i. forall j € [1,m]such that rel(B;) ~ p, there exists d; such that qjd"(s_j, d;) €
un_o 1. gk, and
ii. forall j € [1,m] such that rel(B;) % p, B; = B; € Uﬁ;})IRh.
Consider the predicate ¢ in the clause sdr(c). Since % is well defined wrt |.|,,
and I, and unbounded above wrt |.|., and I, there exists ¢%°(d, diyseeeydi) € Ipec
(where for all j € [L,m], j € {i1,..., 4} iff rel(B;) ~ p) such that |d}|,, > |d;l.,
forall j € [1,m]. By Lemma 7.18, B’; = q;d7'(?j, d;) € UZ:oIc,%k forall j € [1,m)]
such that rel(B;) ~ p. It follows that p*” (Z,d) «— c*(d,d} ,...,d} ), B{,..., B},
is a ground instance of sdr(c) € Qy, such that ¢**(d, d} , ..., di,) € Ipec, B} €
Up_oIl for all j € [1,m] such that rel(B;) ~ p, and B} € U}_jIg, for all
4 € [1,m] such that rel(B;) % p. Hence p™ (%, d) € Igjl.

Now supposing p(t) € Jp,, it follows from the above that there exists d such that
p(%,d) € Ip,. Then, by assumption, there exists d', such that |d'|,, > depth(p(%))
and I \= p*P(E d') (ie. p"P™(T,d’) € Ipeyy). By Lemma 7.18, (¢, d') € Iy, and
as a logical consequence p(t) € Ig, .

This proves the completeness result. The soundness result given by the converse can easily be
proved in a similar manner to the above without relying on any properties of the decrementation
predicates. O
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This lemma states that the declarative semantics of the original and transformed
programs (restricted to the predicates defined in the original program) coincide. Then,
under the assumption that the transformed program is deadlock free (Marchiori &
Teusink 1996), it can be guaranteed that all computed answers of this program are
complete wrt the declarative semantics of the original program.

The problem now then is to define p“" for each predicate p such that the con-
dition of Lemma 7.19 holds. Observe the intuition behind the construction of the
transformed program. Suppose it can be deduced that for a given goal G, all computed
answers for G can be found in an SLD-tree of a certain depth, then the SLD-tree can
be computed to that depth and no more, and all answers for G will surely have been
found. In reality, the granularity is finer, relying not on the depth of the SLD-tree as
a whole but rather on the lengths of individual branches. More precisely, for each
predicate p/k the depth parameter d’' in Lemma 7.19 is an upper bound on the number
of calls to p/k along one particular branch of the tree. It will often be the case that this
bound relates to the “input arguments” of the predicate, i.e. those arguments which
are instantiated at the time the predicate is called. One natural approach therefore, is
to use interargument relationships to capture this relation.

Example 7.8 Consider the following abstract version of the Append program where
the list length norm has been applied to the arguments and the predicate has been
augmented with a depth parameter.

Append™*(0, X, x, 0).
Append®(x +1,y,z+1,d + 1)
Append™(x, y, z, d).

The success set of this program is characterised by the set
{Append™® (z,y,2,d) |z = 2 —y = d}

from which it may be observed that d is bounded whenever z or z is. Appenderth may
then be defined as follows.

Append®Pi(x, _ z, d) «
Length(x, Ix) A
Length(z, 1z) A
OneOf{lx, Iz, d).

The definition of OneOf/3 is non-recursive and hence terminating. It is defined to
succeed once and instantiate d to either Ix or Iz in an obvious way.

The above characteristion of the success set may be derived automatically. The
analysis of Benoy & King 1996 is one such example of a size relationship analysis
based on abstract interpretation capable of deriving the above result. In addition,
given suitable abstract programs it can also derive meaningful relationships for the
Quicksort program which can then be used to form the definitions of the predicates
SetDepth_Q/3, SetDepth_A/3 and SetDepth_P/4 in the program of Section 7.1.4. 0

Example 7.9 Given the predicate Split from the program Mergesort

Split([]. [1, -
Split([x|xs], [x|o], e) « Split(xs, e, 0).
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the following abstract program may be obtained

Split™®(0, 0, 0, 0).
Split™®(xs + 1,0+ 1, e, d + 1) «— Split™®(xs, e, o, d).

whose success set is characterised by the set
S = {Split™(z,y,2,d) | d = 2,2y — 1 < d < 2y,22 < d < 2z + 1}

Observe that d is bounded whenever z, y or z is. This information (automatically
inferred by the analysis of Benoy & King 1996) may be used to derive a program, ac-
cording to the proposed transform, which terminates for any goal < Split(x, y, z) and, in
addition, returns a set of complete answers wrt the declarative semantics whenever x,
y or z is a list of determinate length and the remaining two arguments are (optionally)
uninstantiated. Existing level mapping based approaches fail to prove termination
for these three separate modes. These approaches only reason about the decrease
in the level mapping of successive goals in a derivation. For the level mappings
ISplit(t1, t2, t3)|2 = |t2| and |Split(t1,t2,t3)|s = |t3| the decrease only occurs on every
second goal. A suitable level mapping which can be used to prove termination would
be [Split(t1, to, t3)| = min(|t1], 2|t2|, 2|t3| + 1) which is difficult to derive automatically
with existing techniques. Although there is some similarity between the definition of
|.| and the description of the set S, it is important to remember that the information
relating to the depths of derivatons captured by § only applies to successful deriva-
tions. Thus it cannot generally be relied upon as a proof of termination in itself (it is
in this example, but only because there is a single body atom in the recursive clause).
Termination is, instead, ensured through the described transformation procedure.
Another problematic predicate, similar in nature to the Split predicate, where
arguments are exchanged in the recursive call, is examined in Mesnard 1995. Ter-
mination of that predicate in its various modes can also be ensured via the technique
described here. O

7.3.2 Efficiency

The essential idea behind the described approach is to ensure termination by delaying
possibly non-terminating goals until certain arguments of those goals become rigid.
In theory, the rigidity checks necessary should not incur much more overhead than
the delay declarations that are often used to assist termination. For example, checking
rigidity of the first argument of the goal «— Append([1,2,3], y, z) requires three Nonvar
tests - exactly the same number that would be required if the goal were executed using
the conventional delay declarations. There are additional costs due to unification and
the calculation of the depth bound, but these costs could be minimised through careful
implementation. Some sample programs have been naively implemented and tested,
and some preliminary results are given below. The experiments have been carried out
in SICStus Prolog (SICS 1995) on a Sparc 4.
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Program | Goal | Length P U{G} sdr(P) U{G}
P G of listL | one all | one all
8-queens | qn(.) - 04s | 68s | 0.3s | 53s
permsort | ps(L, ) 10 6.8s oo | 078 | 0.7s
permsort | ps(., L) 8 1.7s | 10.5s | 2.6s | 10.8s
quicksort | gs(L,.) | 4000 37s | 45s | 485 | 6.0s
quicksort | gs(., L) 8 12ms | oo | 6ms | 83.0s

The main overhead is due to the rigidity checks and the implementation in this
respect is rather naive and could be improved. Even with the experimental implemen-
tation this overhead only reaches a maximum factor of about three for the simplest
programs, e.g. Append. The power of the approach, however, lies in its scalability
and it is here where potentially the most impressive performance gains are to be
made. Preliminary tests indicate that the most benefit is obtained from larger pro-
grams where only one rigidity test is performed at the beginning of the program and
the rest of the computation is bounded by the depth bounds. Then the transformed
programs can outperform the original ones with the delay declarations, particularly
as the amount of backtracking or coroutining increases.

7.4 Summary and Discussion

The aim of control generation is to automatically derive a computation rule for a pro-
gram that is efficient but does not compromise program correciness. The problem has
been effectively tackled here by transforming a program into a semantically equiva-
lent one, introducing safe delay declarations and defining a flexible computation rule
which ensures that all goals for the transformed program terminate. Furthermore, it
has been shown that the answers computed by the transformed program are complete
with respect to the declarative semantics. This is significant.

Beyond the theoretical aspects of the work, its practicality has been demonstrat-
ed. In particular, it has been shown how transformed programs can be easily im-
plemented in a standard logic programming language and how such a program can
be optimised to reduce the number of costly rigidity checks needed to ensure ter-
mination, dramatically improving its performance. Furthermore, with the proposed
transformation, the termination problems caused by speculative output bindings are
eliminated without the use of a local computation rule or other costly overhead. The
coroutining behaviour which is then possible contributes significantly to the efficiency
of the generated code.

In terms of correctness, only termination and completeness have been considered
in this work, though other correctness issues also need investigating. The connection
between acyclic modes, rigid terms and the occur check problem needs to be exam-
ined, since the check is never needed for acyclic moded goals (Naish 1993). Also, the
example of Section 7.1.4.2 illustrates how the problem of deadlock freedom might be
handled.

The efficiency issues also require further investigation. To some extent the issues
of termination and performance have been separated but it is not now clear what role
extra delay declarations might play in improving the performance of the transformed
programs, or even whether other techniques such as multiple specialisation would be
more appropriate.
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8 Sonic Partial Deduction

8.1 Introduction

Control of partial deduction is divided into two levels. The local level guides the
construction of individual SLDNF-trees while the global level manages the forest,
determining which, and how many trees should be constructed. Each tree gives
rise to a specialised predicate definition in the final program so the global control
ensures a finite number of definitions are generated and also controls the amount of
polyvariance, i.e. the number of specialised versions produced for each individual
source predicate. The local control on the other hand determines what each specialised
definition will look like.

Recent work on global control of partial deduction has reached a level of maturity
where fully automatic algorithms can be described which offer a near optimal control
of polyvariance and guarantee termination of the overall partial deduction process
Leuschel et al. 1998. Such algorithms are parameterised by the local control com-
ponent: an unfolding rule which describes how an incomplete SLDNF-tree should
be constructed for a given goal and program. It is a requirement of any terminating
partial deduction system that such trees are necessarily finite. Techniques developed
to ensure finite unfolding of logic programs Bruynooghe et al. 1992, Martens et al. 1994,
Martens & De Schreye 1996 have been inspired by the various methods used to prove
termination of rewrite systems Dershowitz & Manna 1979, Dershowitz 1987. Whilst,
by no means ad hoc, there is little direct relation between these techniques and those
used for proving termination of logic programs (or even those of rewrite systems).
This means that advances in the static termination analysis technology do not directly
contribute to improving the control of partial deduction and the quality of specialised
code produced by partial deduction systems. The work of this chapter aims to bridge
this gap.

8.1.1 Offline versus Online Partial Deduction

Introduction of a static termination analysis phase into a partial deduction algorithm
has the added benefit that unfolding decisions can be based on a global analysis of the
program’s behaviour, and can sometimes even be made before the actual specialisa-
tion phase itself. Such an offline approach has a number of advantages over its online
counterpart where unfolding decisions are made at specialisation time.

The advantage which has been the focus of interest of many researchers is its
usefulness in the automatic construction of compilers and compiler generators. Par-
tial evaluation of a meta-interpreter with respect to an object program produces a
“compiled” version of the object program where the interpretation overhead has been
removed. Given a meta-interpreter, a compiler in this context is a specialised program
dedicated to the “compilation” of object programs in the above sense. A compiler
generator, or cogen, is a program which generates a compiler from a meta-interpreter.
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Compiler generators can be automatically generated through self-application, i.e.
through partial evaluation of a partial evaluator Futamura 1971. Self applicable partial
evaluators for full languages are particularly difficult to contruct, however, and as a
result this approach has recently been neglected in favour of a more promising one,
known as the cogen approach, where the compiler generator is hand-written instead.
This seemingly daunting task turns out to be not too difficult and offers a number of
advantages over the indirect approach Birkedal & Welinder 1994.

In order to write a compiler generator by hand, one must first focus on the struc-
ture of the compilers that one would like to generate. Remember that a compiler is in
effect a “partially evaluating meta-interpreter” where the “interpretation” overhead
of the partial evaluator has been removed. In other words, the control which would
be imposed on the meta-interpreter by the partial evaluator has been compiled into it
effectively allowing direct (partial) execution of the meta-interpreter under this control
regime. Any control decisions which can be made offline, i.e. independently of the
object programs to be executed by the interpreter, can be hard-wired into the compiler
and indeed should be in order to make the compiler as fast as possible. Thus, much can
be contributed to the efficiency of compilers through the use of the offline approach
with its separate static analysis phase.

Clearly these arguments still apply when the meta-interpreter, object program
and object goal are replaced by an arbitrary program accepting static and dynamic
inputs. For historical reasons, in the cogen approach a compiler is in fact called a
generating extension and this terminology is adhered to here, not only for consistency
with the literature but also for its wider applicability to arbitrary programs.

8.1.2 The Cogen Approach in Logic Programming

The construction of a cogen for a logic programming language (a subset of Prolog)
was first described in Jorgensen & Leuschel 1996. A generating extension is obtained
via a simple transformation of the source program which will briefly be described here
without covering all of the details. Specifically, each atom in the body of a clause in the
source program is marked as either reducible or non-reducible. Each clause in the source
program appears in the generating extension, though slightly transformed. Atoms in
the body of a clause marked as reducible in the source program also appear in the
body of the corresponding clause in the generating extension. As a result these atoms
will always be unfolded at partial evaluation time. Non-reducible atoms on the other
hand are removed from the body during the transformation process; they will never be
unfolded at partial evaluation time and together will form the leaves of the final SLD-
tree (the final part of the transformation augments each head and body atom in the
program with an additional argument to capture these leaf atoms at partial evaluation
time). One problem with this approach, however, is that whilst it permits goals to be
unfolded at normal execution speed, it can unduly restrict the amount of unfolding
which takes place with a detrimental effect on the resulting specialised program.

Example 8.1 Consider the Append program below.

app, Append([], X, X).
app, Append([ulx], y, [u]z]) +
Append(x, Y, 2).
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In the approach described in Jorgensen & Leuschel 1996 two generating exten-
sions of this program are possible (see below). The first is obtained as a result of
marking the body atom Append(x, y, z) in clause app, as reducible and the second is
obtained by marking this atom as non-reducible.

Append(f], x, X, [])- Append([], X, X, [])-
Append([u|x], y, [uz], [leaves]) — Append([ulx], v, [u|z], [Append(X, Y, 2)]).
Append(x, v, z, leaves).

The fourth argument in each program is included to capture the leaves of the
SLD-tree in the form of an unflattened nested list of atoms. Now consider the goal
— Append([1,2,3]x], ¥, z, leaves). Unfolding this goal wrt the first generating extension
above leads to the construction of an SLD-tree of infinite depth. When the goal is
unfolded wrt the second generating extension, the resulting SLD-tree is finite, but only
a single unfolding step is performed and the opportunity for specialisation is missed.

The main problem with the above approach is that it is based on the concept
of binding times which effectively classify arguments as static (known at specialisation
time) or dynamic (unknown at specialisation time). This division is too coarse, how-
ever, to allow refined unfolding of goals containing partially instantiated data where
some parts of the structure are known and others unknown. Instead, the key issue
which needs to be considered is termination.

8.1.3 A Sonic Approach

This chapter proposes a flexible solution to the local termination problem for offline
partial deduction of logic programs. Based on the cogen approach, the construction of
a generating extension will be described which “compiles in” the local unfolding rule
for a program and is capable of constructing maximally expanded SLD-trees of finite
depth.

The technique builds directly on the work of Chapter 7. The link here is that the
residual goals of a deadlocked computation are the leaves of an incomplete SLD-tree.
The basic idea is to use static analysis to derive relationships between the sizes of goals
and the depths of derivations. This depth information is incorporated in a generating
extension and is used to accurately control the unfolding process. At specialisation
time the sizes of certain goals are computed and the maximum depth of subsequent
derivations is fixed according to the relationships derived by the analysis. In this way,
termination is ensured whilst allowing a flexible and generous amount of unfolding.
Section 8.2 shows how the transformation of Chapter 7 can be used directly to provide
the basis of a generating extension which allows finite unfolding of bounded goals. A
simple extension to the technique is described in Section 8.3 which also permits the
safe unfolding of unbounded goals.

This is the first offline approach to partial deduction which is able to successfully
unfold arbitrarily partially instantiated (including unbounded) goals such as the one
encountered in Example 8.1 (Section 8.3). In fact, it is demonstrated that the method
can, surprisingly, yield even better specialisation than (pure) online techniques. In
particular, some problematic issues in unfolding, notably unfolding under a corou-
tining computation rule and the back propogation of instantiations Martens & De
Schreye 1996, can be easily handled within the approach (Section 8.5). Furthermore,
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it is the first offline approach which passes the KMP test (i.e., obtaining an efficient
Knuth-Morris-Pratt pattern matcher by specialising a naive one), as demonstrated in
Section 8.7.

An analysis which measures the depths of derivations may be termed a sounding
analysis. Section 8.4 describes how such an analysis can be based on existing static
termination analyses which compute level mappings and describes how the necessary
depths may be obtained from these level mappings. Unfolding based on a sounding
analysis then, is the basis of sonic partial deduction.

8.2 Unfolding Bounded Atoms

A fundamental problem in adapting techniques from the termination literature for use
in controlling partial deduction is that the various analyses that have been proposed
(see De Schreye & Decorte 1994 for a survey) are designed to prove full termination
for a given goal and program, in other words guaranteeing finiteness of the complete
SLD-tree constructed for the goal. For example, consider the goal — Flatten([x, y, z], w)
and the program Flatten consisting of the clauses app1, apps, flat; and flats.

flat, Flatten((], {1).

flat,  Flatten([e|x], r) —
Append(e, y, 1) A
Flatten(x, y).

app,  Append(l], X, ).
app,  Append([ulx], y, [u]z])
Append(x, v, 2).

A typical static termination analysis would (correctly) fail to deduce termination
for this program and goal. Most analyses can infer that a goal of the form «— Flatten(x,
y) will terminate if x is a rigid list of rigid lists, or if x is a rigid list and y is a rigid
list. In the context of partial deduction however, such a condition for termination will
usually be too strong. The problem is that the information relating to the goal, by
the very nature of partial deduction, is often incomplete. For example, the goal
Flatten([x, y, z], w), will not terminate but the program can be partially evaluated to
produce the following specialised definition of Flatten/2.

Flatten([x, v, 2], ) «

Append(x, r1,r) A

Append(y, r2, r1) A

Append(z, [], r2).

The scheme described in Chapter 7 transforms the program Flatten into the fol-
lowing.
flat® Flatten(x, y) «
SetDepth_F(x, d) A
Flatten(x, y, d).
DELAY Flatten(_, -, d) UNTIL Ground(d).

flatt  Flatten([], [I, d) — d > 0.
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flat;  Flatten(fe|x],r,d) <~ d >0 A
Append(e, y, 1) A
Flatten{x, y, d — 1).

app*  Append(x, y, z) «
SetDepth_A(x, z, d) A
Append(x, Yy, z, d).

DELAY Append(_, _, ., d) UNTIL Ground(d).

app;  Append([], x, X, d) —d > 0.
app;  Append([ulx], y, [u]z],d) —d >0 A
Append(x, y,z, d — 1).

For now, assume that the (meta-level) predicate SetDepth_F(x, d) is defined such
that it always succeeds instantiating the variable d to the length of the list x if this is
found to be of determinate length and leaving d unbound otherwise. Note that a call
to Flatten/3 will proceed only if its third argument has been instantiated as a result of
the call to SetDepth_F(x, d). The purpose of this last argument is to ensure finiteness
of the subsequent computation. More precisely, d is an upper bound on the number
of calls to the recursive clause flat5 in any successful derivation. Thus by failing any
derivation where the number of such calls has exceeded this bound (using the testd >
0), termination is guaranteed without losing completeness. The predicate SetDepth_A/3
is defined in a similar way, but instantiates d to the minimum of the lengths of the lists
x and z, delaying if both x and z are unbounded.

The result of Chapter 7 guarantees that the above program will terminate for
every goal (in some cases the program will deadlock). Moreover, given a goal of the
form — Flatten(x, y) where x is a rigid list of rigid lists or where x is a rigid list and y is
a rigid list, the program does not deadlock and produces all solutions to such a goal.
In other words, both termination and completeness of the program are guaranteed.

Since the program is terminating for all goals, it can be viewed as a means of
constructing a finite (possibly incomplete) SLD-tree for any goal. As mentioned above,
it is indeed capable of complete evaluation but a partial evaluation for bounded goals
may also be obtained. Quite simply, the deadlocking goals of the computation are
seen to be the leaf nodes of an incomplete SLD-tree.

For example, the goal «— Flatten([x, y, z], r) leads to deadlock with the residual goal
«— Append(x, r1, r, d1) A Append(y, r2, r1, d2) A Append(z, [}, r2, d3). Removing the depth
bounds, this residue can be used to construct a partial evaluation of the original goal
resulting in the specialised definition of Flatten/2 above. Observe that the unfolding is
achieved very efficiently through the direct execution of the transformed program. As
discussed in Chapter 7 the main limiting factor in this respect is the calculation of the
depth bounds. This will be examined in more detail in Section 8.6.

The approach, thus far, is limited in that it can only handle bounded goals. For
unbounded goals the unfolding will deadlock immediately and it is not possible, for
example, to specialise — Flatten([[], [a] | z], ) in a non-trivial way. This strong limitation
will be overcome in the following sections.
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8.2.1 Relation to Previous Approaches

The method proposed in Bruynooghe et al. 1991 (and further developed in Martens
& De Schreye 1996) ensures the construction of a finite SLD-tree through the use of a
measure function which associates with each node (goal) in the tree a weight from a
well-founded set (see also Section 8.5.1). For example, the original measure function
proposed by Bruynooghe et al. 1991 maps individual atoms to natural numbers and
then defines the weight of a goal to be the weight of its selected atom.

Finiteness is ensured by imposing the condition that the weight of any goal is
strictly less than the weight of its direct covering ancestor!. This last notion is introduced
to prevent the comparison of unrelated goals which could precipitate the end of the
unfolding process. Clearly, one should only compare the weights of goals whose
selected atoms share the same predicate symbol. But this is not enough. Consider
the atoms Append([1], y, r, 1) and Append([2], y1, y, 1) in the tree of Figure 8.1. Any
sensible measure function would assign exactly the same weight to each atom. But,
if these weights were compared, unfolding would be prematurely halted after four
steps. Hence, this comparison must be avoided and this is justified by the fact that the
atoms occur in separate “sub-derivations” of the main derivation. The direct covering
ancestor of a goal G then is, loosely speaking, the “closest” ancestor G’ occuring in the
same sub-derivation where the selected atoms in G and G’ share the same predicate
symbol?.

In the sonic approach, the above notions are dealt with implicitly. Figure 8.1
depicts the SLD-tree for the goal — Flatten([[1], [2]], 1, 2) and the transformed version of
Flatten. The depth argument of each atom may be seen as a weight as described above.
Note that the weight of any atom in a sub-derivation (except the first) is implicitly de-
rived from the weight of its direct covering ancestor by the process of resolution. This
conceptual simplicity eliminates the need to explicitly trace direct covering ancestors,
improving performance of the specialisation process and removing a potential source
of programming errors.

8.3 Unfolding Unbounded Atoms

The main problem with the above transformation is that it only allows the unfolding
of bounded goals. Often, as mentioned in the introduction, to achieve good special-
isation it is necessary to unfold unbounded atoms also. This is especially true in a
logic programming setting, where partially instantiated goals occur very naturally
even at runtime. This capability may be incorporated into the above scheme as fol-
lows. Although an atom may be unbounded, it may well have a minimum size. For
example the length of the list [1,2,3|x] must be at least three regardless of how x may be
instantiated. In fact, this minimum size is an accurate measure of the size of the part of
the term which is partially instantiated and this may be used to determine an estimate
of the number of unfolding steps necessary for this part of the term to be consumed in
the specialisation process. For example, consider the Append/3 predicate and the goal
«— Append([1,2,3|x], ¥, z). Given that the minimum size of the first argument is three it
may be estimated that at least three unfolding steps must be performed. Now suppose

!Note that this concept has nothing to do with the direct cover relation (Definition 7.2).
*In fact, Bruynooghe et al. 1991 states a slightly more general condition which is useful for unfolding
meta-interpreters, but the details are not important here.
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— Flatten([[1], [2]], 1, 2)

«— Append([1], y, r, 1) A Flatten([[2]], v, 1)

«— Append([], v, r1, 0) A Flatten([[2]], v, 1)

«— Flatten([[2]], y, 1)

— Append({2], y1, v, 1) A Flatten([], y1, 0)

« Append((], y1, r2, 0) A Flatten([], y1, 0)

 Flatten(], y1, 0

|

a

Figure 8.1: Unfolding of « Flatten([[1], [2]], 1, 2)
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that the number of unfolding steps is fixed at one plus the minimum (this will usually
give exactly the required amount of specialisation). The transformed Flatten program
may now be used to control the unfolding by simply calling — Append([1,2,3|x], y, z, 3).
The problem here, of course, is that completeness is lost, since the goal fails if x does
not become instantiated to []. To remedy this, an extra clause is introduced to capture
the leaf nodes of the SLD-tree. The Append/3 predicate would therefore be transformed
into the following.
app;  Append([], x, x, d) « d > 0.
app;  Append([ulx], y, [u|z],d) —d >0 A

Append(x, y, z,d — 1).
app; Append(x,y,z,d) «—d<0A

Append(x, ¥, z, ).

The call to Append/4 in the clause app; immediately suspends since the depth
argument is uninstantiated. The clause is only selected when the derivation length
has exceeded the approximated length and the effect is that a leaf node (residual goal)
is generated precisely at that point. For this reason, such a clause is termed a leaf
generator in the sequel. Now for the goal «— Append([1,2,3/x], y, z, 3) the following
resultants are obtained.

Append([1,2,3], ¥, [1,2,3)y], 3) —
Append([1,2,3,u|x], v, [1.2,3,u]|2’], 3) — Append(X’, y, Z’, )

Observe that the partial input data has been completely consumed in the unfold-
ing process. In fact, in this example, one more unfolding step has been performed
than is actually required to obtain an optimal specialisation, but this is due to the
fact that the goal has been unfolded non-deterministically. In some cases, this non-
deterministic unfolding may actually be desirable, but this is an orthogonal issue to
termination (this issue will be re-examined in Section 8.7).

Furthermore, note that the SetDepth predicates must now be redefined to assign
depths to unbounded atoms. In the case that the depths are derived from level
mappings (see Section 8.4), which in turn are defined in terms of norms, this will most
likely involve modifying the norm definitions such that variables map to zero instead
of variables. Then, for example, [[1,2,3|X]|sist-tengsn = 3 and not 3 + .

Finally, a predicate such as SetDepth_A(x, z, d) must be defined such that d gets
instantiated to the maximum of the minimum lengths of the lists x and z to ensure
a maximal amount of unfolding. Recall the level mapping |.|4 of Example 3.7 de-
fined by |Append(t1,to,t3)|s = min(|t1listlength, |t3list-tengtn) and consider the goal
Append([1,2,3|x], y, z) from above. With a redefined list length norm mapping variables
to zero, it becomes feasible to apply this level mapping to non-ground atoms. Then
|Append([1,2,3]x], ¥, 2)|a = min(3,0) = 0. It is clearly inappropriate, however, to base
the value of the depth bound on this level mapping, since it does not provide a mea-
sure of the structure present in the atom. This can easily be rectified by redefining |.|4
such that [Append(t1,ta, t3)|a = max(|t1 |tisstength: |3 llist-tengin)- Note that the maximum
value returned by this mapping will always be finite.

8.4 Deriving Accurate Depth Bounds from Level Mappings

The above transformations rely on a sounding analysis to determine the depths of
derivations or unfoldings. Such an analysis may be based on exisiting termination
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analyses which derive level mappings. To establish the link with the termination
literature the depth argument in an atom during unfolding may simply be chosen to
be the level of the atom with respect to some level mapping used in a termination
proof. Whilst, in principle a depth bound for unfolding may be derived from any
level mapping, in practice this can lead to excessive unfolding. The following example
illustrates this.

Example 8.2 Consider again the Append program and the level mapping |.| defined
by |Append(z,y, z)| = 3 * |Z|list-length- The program can be proven to be recurrent wrt
|.| and thus goals of the form Append(x, y, z) where x is a rigid list are guaranteed to
terminate. If the upper bound on the number of derivation steps in a computation
is defined to be equal to the level-mapping, a gross over-approximation is obtained.
Given the goal «— Append([1]x], y, z), the number of derivation steps will be estimated as
three. Non-determinate unfolding wrt the clauses app}, app; and app} then produces
the following resultants (with the depth bounds removed)

Append([1], y, [1]y]) «
Append([1,u], v, [1,uly]) —
Append([1,u,v], y, [1,u,V[|y]) «—
Append([1,u,v,w[x], ¥, [1,u,v,w

z]) « Append(x, Y, z)

This specialisation is clearly undesirable. The problem can be fixed here by using
a determinate unfolding rule, but this may not always be the case. A more general
solution is to consider the difference in the level mappings between the head and the
(mutually recursive) body atoms. By subtracting the difference on each recursive call
the number of unfolding steps may be accurately controlled.

Example 8.3 Consider clause app,, of the Append program and the level mapping |.|
defined in Example 8.2. Since

|Append([ufx]7 Y, [U[Z])| - |Append(X, Y: Z)l = (3 X |X|1ist~length + 3) - (3 X 1X|1ist-length) =3

the clause app,, may be transformed into the clause appz below. Then an Append/3 atom

whose size is measured wrt |.| can be unfolded wrt app}, appz and appj resulting in the
desired specialisation.

x], v, [ulz], d) — d > 0 A Append(x, . z, d — 3).

app, Append([u
O

It is often the case that the head and recursive body atoms in a predicate contain
distinct variables and thus the difference in their levels is an expression over these
variables. Such expressions can often be reduced to a constant using interargument
relationships.

Example 8.4 Consider the well known naive reverse predicate below.
revy  Reverse([], []).
rev,  Reverse([x|xs], [y|ys]) «

Delete(y, [x|xs], zs) A
Reverse(zs, ys).
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Given the interargument relationship Delete(z,y, z) : [ylust-tength = |2ltist-tengn + 1
together with the level mapping |.| defined by |Reverse(z,y)| = |%|jstiengn + 1 and
|Delete(x,y, 2)| = |Yliist-tengtn the difference in the levels between the head and the
recursive call of the clause revs is (1 + [XS|istiengtn + 1) — (1ZSisttengtn + 1) = (1 +
|28 iist-tength + 1) — (|28llist-tengtn + 1) = 1. Note that this may be automatically derived
using constraint technology. 0

One problem remains in this example. For any goal «— Reverse(x, y), the level
mapping |.| over-approximates the number of unfolding steps by 1 each time which
may lead to sub-optimal specialisation. Careful examination of the termination litera-
ture reveals that level mappings involving additive constants such as |.| are needed in
termination proofs where the recursive structure of the program is not fully exploited,
such as in a proof of recurrency (De Schreye & Decorte 1994). For example, to prove
that the Reverse predicate is recurrent wrt |.| the inequality

|Reverse([x|xs], [y|ys])| > |Delete(y, [x|xs], zs)|

must hold and hence |.| must be defined by |Reverse(z,y)| = |=|isttengsn + 1 rather
than |Reverse(z,y)| = |Z|istiength- The classes of bounded recurrent and semi delay
recurrent programs, introduced in Chapters 6 and 7 respectively, allow termination
proofs to be based on the recursive structure of a program. Additive constants are
seldom needed in such proofs. Indeed, for directly recursive programs, they are
completely unnecessary and for mutually recursive programs they can be minimised.
The Reverse predicate, for example, is semi delay recurrent wrt the level mapping
defined as in Example 8.4 but with |Reverse(z, y)| = |z| list-length- 1t 18 straightforward to
adapt existing termination analyses to derive these simpler level mappings which can
then be used to give an accurate measure of the number of unfolding steps required
for a given goal.

It may happen that the difference in levels between head and body atoms is not
a constant, but is bounded by a constant n. In this case, it is safe to take the bound n
as the difference as this will alow a large (though not necessarily maximal) amount of
unfolding.

Finally the most problematic case arises when the difference is (bounded by) a
variable expression which cannot be reduced to a constant. Here it may be possible
to track the sizes of the relevant variables. This involves only a few extra arithmetic
operations and not the calculation of a large number of term sizes and so incurs only
a small performance penalty.

Example 8.5 Consider the Match program

my Mateh([), _, -, ).

me Match([a|ps], [a|ts], p, 1) <
Match(ps, ts, p, 1).

mg Match([a]v], [b|w], p, [x]t]) <
azba
Match(p, t, p, t).

and the level mapping |.| defined by |Match(w, z,y, z)| = |Zliisttengtn + (|2lrist-tengtn)>-
The difference between the head of the clause m3 and its recursive body atom is not a

constant:
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= (14+w+1+2t+t3)—(t+1%)
(14+w)+ (1+1¢)

I

[Match([a|v], [bjw], p, [x[t))] — [Match(p, t, p, 1)

where w = |W|jstiengmn and t = [tlsist-tengtn- Tight control of the unfolding process
can still be achieved however by transforming Match into the following, where extra
arguments are added to track the sizes of the second and fourth arguments which in
turn can be used to calculate a more accurate depth bound for each recursive call.

mi Match([], -, -, -, (sizeq, size,, d)) «—
d > 0 A size; >0 A sizeg > 0.
m3 Match([a|ps], [alis], p, t, (sizeq, sizey, d)) —
d>0Asizes >0 Asizeys >0A
Match(ps, s, p, 1, (size; — 1, sizey, d — 1)).
mj Match([a|], [b|-], p, [-]t], (sizes,size4,d)) «
d>0 Asize; >0 Asizes >0A
a£ba
Match(p, t, p, 1, (size; — 1, sizey — 1, d — size; — sizey)).

In this program, the argument d keeps track of the level of each Match atom.
The level of the recursive call of clause mj is calculated from the level of the head
by subtracting the sizes of the second and fourth head arguments. The necessary
expression (i.e. d — size; — size,) can be obtained automatically, using, for example,
constraint technology, from the difference in the levels of the head and the recursive
call as calculated above (note that the size of the second argument in the head is 1 +w
and the size of the fourth argument is 1 + t). 0

It is not clear when such a transformation would be generally applicable. It is
important to note, however, that finiteness can always be guaranteed; the problems
raised above relate only to the quality of the specialisation and, as mentioned earlier,
this is also dependent to some extent on the control of determinacy. Although this has
been touched upon in Gallagher 1993 this is still a relatively unexplored area in the
context of partial deduction. Many of the problems above may disappear altogether
with the right balance of bounded and determinate unfolding. Finally, note that the
problem of deriving a tight upper bound on the number of derivation steps in a
computation is also useful in the context of cost analysis (Debray & Lin 1991).

8.5 Offline versus Online Unfolding

This section compares the power of sonic partial deduction with existing online tech-
niques. The most interesting conclusion of this study is that the choice of an offline
approach does not necessarily entail the sacrifice of unfolding potential. On the con-
trary, in some cases the unfolding behaviour is better with the proposed method than
with the most recent online ones. This is demonstrated through some simple examples
which illustrate known problematic unfolding issues (Martens & De Schreye 1996).
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8.5.1 Measure Functions and Level Mappings

Online unfolding methods, e.g. Martens & De Schreye 1996, Bruynooghe et al. 1991,
Martens et al. 1994 use measure functions to assign weights to atoms and goals. Unfold-
ing is controlled by ensuring that weights are strictly decreasing at each unfolding
step. In the seminal online work Bruynooghe et al. 1991, weights were assigned to
individual atoms using set based measure functions of the form

p(t1, - tn)lps = [ar [+ o+ [tan|

where S = {a1,...,am} C {1,...,n} and |¢| counts the number of (non 0-ary) functors
in the term ¢. The subset S of argument positions for each predicate is determined
dynamically during the unfolding process. Clearly, such a function corresponds to a
restricted form of level mapping and in principle, the level mapping could be derived
a priori using static analysis. Much depends of course on the power of the analysis
and also to what extent the decreasing weights of goals is dependent on the program
input rather than the structure of the program itself. In many cases, however, current
termination analysis techniques are able to derive exactly the same level mappings
that are obtained through online unfolding.

8.5.2 Lexicographical Priorities

Set based measure functions can lead to overly restrictive unfolding as the following
example from Martens & De Schreye 1996 illustrates.

Example 8.6 Consider the ProduceConsume program

pe; ProdCons([x|xs], [1) «
ProdCons(xs, [x]).

pea ProdCons(x, [y|ys]) «
ProdCons(x, ys).

and the goal « ProdCons([1,2|xs], []). Figure 8.2 depicts a finite incomplete SLD-tree
illustrating the desired unfolding for this goal (the additional third argument in each
atom should be ignored at this point). As Martens & De Schreye 1996 points out, there
is no subset S for which the set based measure function |.|progcons s i decreasing for
each successive atom in this tree (excluding the last node).

In order to obtain the desired unfolding, Martens and De Schreye refine their
measure functions by introducing the notion of a partition based measure function.
Such a function maps an atom to an ordered n-tuple where each element in the tuple
is obtained by applying a set based measure function to the atom. By using the lexico-
graphical ordering to compare n-tuples, this refinement effectively allows priorities to
be assigned amongst the arguments of an atom. Figure 8.2 shows the 2-tuples assigned
to the atoms in the SLD-tree by the function |.|prodcons,({1},{2}) defined by

|ProdCons(z, y)|ProdCons,({1},{2}) = (15U|ProdCons,{1}7 |y|ProdCons,{2})

The problem is easily handled within the framework proposed here by the choice of
a level mapping which ensures termination. The above program is recurrent wrt the
level mapping |.| defined by |ProdCons(z, y)| = 2 * ]illist—length + |y|list—length~ Then

|ProdCons([x|xs], [I)] — |ProdCons(xs, [x])| = 1
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« ProdCons([1,2{xs], [], 4) (2,0)

«— ProdCons([2/xs], 1], 3) (1,1)
— ProdCons(2)xs], [], 2) (1,0)
«— ProdCons(xs, [2], 1) 0,1)
«~ ProdCons(xs, [], 0) (0,0)
«~ ProdCons(xs’, [x], -1) 0,1)

Figure 8.2: Unfolding of « ProdCons([1,2|xs], [], 4)

|ProdCons(x, [y|ys])| — |ProdCons(x, ys)| = 1

and the clauses pc, and pc, can be transformed into

pc; ProdCons([x|xs], [], d) —
ProdCons(xs, [x], d — 1).

pc; ProdCons(x, [y|ys], d) «
ProdCons(x, ys, d — 1).

Now |ProdCons([1,2|xs], [I)] = 4 and the goal < ProdCons([1,2|xs], [], 4) can be
unfolded wrt the clauses pcj, pc; and a leaf generator to produce the SLD-tree depicted
in Figure 8.2. Notice how the priority assigned to the first argument of ProdCons/2 by
the lexicographical ordering is captured by the co-efficient 2 in the level mapping |.|.
In fact, exactly the same result may be obtained using any other level mapping |.|
defined by [ProdCons(z,y)|" = a * ||isttength + b * [Yltist-tengsn Where a > b > 0 are
arbitrary integers. Of course, the generating extension and goal are different in each
case. Also note that such a level mapping can be automatically derived using current
termination analysis technology, e.g. Decorte & De Schreye 1997.

8.5.3 Well-quasi Orders and Homeomorphic Embedding

It turns out that, for the online approach, well-founded orders as used in Sections 8.5.1
and 8.5.2 are sometimes too rigid or (conceptually) too complex. Recently, well-quasi
orders have therefore gained popularity to ensure online termination of program ma-
nipulation techniques (Bol 1991, Sahlin 1993, Serensen & Gliick 1995, Gliick et al. 1996,
Jorgensen et al. 1996, Leuschel & Martens 1996, Vanhoof & Martens 1997, Leuschel
et al. 1998).

The additional power of well-quasi orders stems from the fact that incomparable
elements are allowed within sequences of goals during unfolding (while approaches
based upon well-founded orders have to impose strict decreases). For example, con-
sider a sequence of goals Gy, ..., G, obtained during unfolding. Unfolding based on
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a well founded order would require Gy > ... > G,. Thus, unfolding will be halted at
this point if the next goal in the sequence G, is such that G,, < G, 41. On the other
hand, when using a well-quasi order, it is permissible for elements in the sequence,
such as G, and G, 1, to be incomparable. The goal G,,11 will be the final goal in the
sequence only if for some i < n + 1, G; < G,41. The following definition formalises

this idea.

Definition 8.1 (well-quasi order) An ordered set S(<) is called well-quasi ordered iff
for any infinite sequence e, e, . . . of elements of .S, there exist elements e; and e; with

i < g such thate; < e;. |

A simple example of a well-quasi order is the homeomorphic embedding relation <
defined below. The intuition behind this relation is that s <t if s can be obtained from ¢
by “striking out” parts of ¢. For example, P(A) can be obtained from P(F(A)) by striking
out the function symbol F and thus P(A) < P(F(A)). Note that this is a generalisation of
the subterm relation.

Definition 8.2 (homeomorphic embedding) The homeomorphic embedding relation
< on expressions is defined inductively as follows

1. z <y for all variables z, y
2. s f(t1,...,t,) if s < t; for some ¢
3. f(s1,--.,80) I f(t1, ..., ty) ifforalli € [1,n], s; <t;.

The power of well-quasi orders can be seen in the homeomorphic embedding
relation which will, for example, allow an unfolding step from the goal « P([], [A]) to
the goal — P([A], []) and vice versa, since the goal atoms are incomparable. No well
founded order will allow both of these unfoldings. On the formal side, Leuschel 1998
shows that the homeomorphic embedding relation is strictly more powerful than any
online approach using monotonic well-founded orders or simplification orders. These terms
are defined below.

Definition 8.3 (monotonic well-founded order) A well-founded order < on expres-
sions is monotonic iff the following hold:

1. & # y for all variables z, y;
2. s # f(t1,...,tn) whenever f is a function symbol and s ¥ ¢; for some i;

3. f(s1,.-.,8n) # f(t1,...,tn) whenever s; # t; foralli € [1,n]. O

Definition 8.4 (simplification ordering) A simplification ordering is a well-founded or-
der < on expressions which satisfies the following:

Lof(t1,.. 8. tn) < f(t1,...,t, ..., ty) if s < t (replacement property);
2. t< f(t1,...,t,...,t,) (subterm property);

3. s8 < t¢if s < t for all variable renaming substitutions 6 and ¢ (invariance under
variable replacement). O
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The results of Leuschel 1998 covers the approaches of Bruynooghe et al. 1992,
Martens et al. 1994 and Martens & De Schreye 1996 as described in Sections 8.5.1 and
8.5.2. Furthermore, there is no well-founded order, monotonic or not, which is strictly
more powerful than <. In practice this means that there will be cases where < is more
powerful than the sonic approach based upon well-founded orders.

Nonetheless, well-quasi orders are more costly to implement (at every unfolding
step, a comparison is required with every ancestor while well-founded orders only
require a comparison with the covering ancestor due to transitivity). Moreover, the
well-founded orders used by the sonic approach are not restricted to be monotonic and
do not have to be simplification orders. They are thus incomparable in power to <. For
example, the list length norm |.|iss-fengs, is neither monotonic nor a simplification order,
and indeed, given t; = [1,2,3] and t2 = [[1,2,3],4] then [t1[siss-tengtn = 3 > [t2liisttengtn = 2
although t; <ty (because ¢; can be obtained from t, by striking out parts of the term).
In other words |.|jistfengsn Will admit the sequence ¢1,{; while < does not. As will be
shown below, there are other cases where the sonic approach is more powerful than
the simple approach of using homeomorphic embedding on covering ancestors.

8.5.4 Coroutining

The increased power offered by partition based measure functions can still be insuffi-
cient when unfolding under a coroutining computation rule. The following example,
again from Martens & De Schreye 1996, illustrates the problem.

Example 8.7 Consider the program Co-ProduceConsume below

cpe; ProduceConsume(x, y) «—
Produce(x, y) A
Consume(y).

cpea - Produce([], [).
cpez  Produce([x|xs], [x]ys]) —
Produce(xs, ys).

cpes  Consume([]).
cpes  Consume([x|xs]) —
Consume(xs).

and the goal « ProduceConsume([1,2|x], y). Figure 8.3 illustrates the desired unfolding
for this goal and program (again the additional third argument in each atom should
be momentarily ignored). Observe that any (sensible) measure function which only
considers the selected atom when assigning a weight to a goal will map the two
goals containing the selected atoms Consume([1]y’]) and Consume([2]y”]) to the same
weight and consequently unfolding would stop on reaching the second of these goals.
Observe that an unfolding rule based upon < would allow the Consume([2]y”]) to be
unfolded (Consume([1]y"]) & Consume([2ly”]) as 1 and 2 are uncomparable). However,
if the initial goal is slightly changed to ProduceConsume([1,1|x], y) then the same prob-
lem also arises for < (now Consume([1]y”]) < Consume([1]y”]) and further unfolding is
prevented). O

The solution proposed in Martens & De Schreye 1996 is to further refine partition
based measure functions to take into account other atoms in a goal besides the selected
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« ProduceConsume([1,2/x], v, 2)

)
« Produce([1,2]x], ¥, 2) A Consume(y, 2)  (2,0)

« Produce([2|x], y’, 1) A Consume([1}y’], 2) (1,1)

« Produce([2|x], y’, 1) A Consume(y’, 1) (1,0)

« Produce(x, y”, 0) A Consume([2)y’], 1)  (0,1)

— Produce(x, y*, 0} A Consume(y”, 0) (0,0)

(L,0) « Consume([], 0) « Produce(x”, z, -1) A Consume([X’|z], 0) (0,1)
|
| |
O « Produce(x”, z, -1) A Consume(z, -1)

Figure 8.3: Unfolding of «— ProduceConsume([1,2/x], y, 2)

one. The details are somewhat complicated and consequently a full description is not
given here. Figure 8.3 shows one possible assignment of weights to the goals in the
SLD-tree under the scheme of Martens & De Schreye 1996. The weight associated
to each goal is a 2-tuple where the first argument of the tuple is the size of the first
argument of the Produce atom in the goal and the second argument is the size of the
(first) argument of the Consume atom in the goal. The symbol L is used to register
the disappearance of the Produce atom, and in addition the ordering on the natural
numbers is extended by defining L < 0.

An offline approach may exploit information from a static analysis to accurately
control the unfolding in this example. In particular, interargument relationships allow
depth information to be shared between the coroutining atoms in the computation.
The interargument relationships

ProduceConsume(x, y) : ¢’ = v’ and Produce(x,y) : ' = 1/

may be derived for the program where =’ = [X|jist-tengn and y' = |Yljistrengsn- Let || be the
level mappmg defined by jProduce(:z:, y)j = Jajllist-length and ]Consume(y)J = ‘yllist-length
Then for any successful refutation of the goal < Produce(x, y) A Consume(y) the equation
|Produce(x, y)| = |X|ist-tength = |Yltist-tengtn = |Consume(y)| must hold. Hence the program
can be transformed into the following (leaf generators for Produce/3 and Consume/2
omitted).

cpc*  ProduceConsume(x, y) «—
SetDepth PC(x, y, d) A ProduceConsume(x, v, d).
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cpc;  ProduceConsume(x, y, d) «
Produce(x, y, d) A Consume(y, d).

prod] Produce([], ], d) < d > 0.
prod, Produce([x|xs], [x|ys], d} < d > 0 A Produce(xs, ys, d — 1).

consy Consume([], d) — d > 0.
conssy Consume([x|xs], d — 1) — d > 0 A Consume(xs, d).

In this program, the predicate SetDepth_ PC(x, y, d) is effectively defined by the
equation d = max(|Produce(x, y)|, [Consume(y)|). By choosing the maximum of the
levels of the two atoms (which is always finite - see Section 8.3) the greatest potential
for unfolding is obtained. Thus the initial goal « ProduceConsume([1,2]x], y) gives
max(|Produce([1,2|x], y)|, |Consume(y)|) = max(2,0) = 2 and consequently the goal
— Produce([1,2x], y, 2) A Consume(y, 2) is obtained. Unfolding this goal wrt the above
program leads to the construction of the whole SLD-tree depicted in Figure 8.3. Using
the context considering partition based measure functions of Martens & De Schreye
1996 the final unfolding step on the right hand branch of the tree (indicated by the
dashed arrow) is not permitted since the weight of this goal is the same as the weight
of its direct covering ancestor « Produce(x, y”, 0) A Consume([2]y], 1).

The key issue here is not that a single extra unfolding step is obtained in this
example but the fact that this demonstrates that the unfolding capability of an offline
technique may surpass that of an online one and the reason for this. The “sharing”
of depth information between atoms is possible through the use of interargument
relationships which describe the success set of the program. Information relating to
the success set is not available to a (pure) online technique. Thus in sonic partial
deduction a strictly broader context is considered than in the online case when making
unfolding decisions. Finally it is worth remarking that the derivation of interargument
relationships forms a core part of many of the termination analyses found in the
literature.

8.5.5 Back Propagation
A generating extension for the naive reverse program using Append is shown below.

rev*  Rev(x,y) «—
SetDepth_R(x, y, d} A

Rev(x, y, d).
rev;  Rev(]], [], d) «
d>0.
revs  Rev(x|xs],y, d) —
d>0A

Rev(xs, z,d — 1) A
App(Z, [X]7 Y, d- 1)
revs Rev(x,y, d) «

d<0A
Rev(x, y, ).
Unfolding the goal Rev([1,2]x], y) wrt this program results in an SLD-tree with
associated resultants ry, ..., r4 below. To give some idea of how these are obtained,

the SLD-derivation associated to ry is roughly depicted in Figure 8.4.
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«— Rev([1,2|xs], ¥, 2)

revs

— Rev([2|xs], z, 1) A App(z, [1] v, 1)

revs

«— Rev(xs, z/, 0) A App(z’, [2], z, 0) A App(z, [1], v, 1)

revs { xs/[x|xs’] }

«— Rev(xs’, 27, -1) A App(2”, [x], Z, -1) A App(Z’, [2], z, 0) A App(z, [11, v, 1)
app; { 2/[1, 2/12] }

— Rev(xs’, 2%, -1) A App(2”, [X], ], -1) A App([2], [1], v, 1)
iamﬂ;, app1 {y/12.1]}
«— Rev{xs’, 2%, -1) A App(Z”, [x], [], -1)

Figure 8.4: Unfolding of «+ Rev([1,2|xs], y, 2)

r1 Rev([1,2x],y) — x=[Ay=[2,1].
ra  Rev([1,2[x], y) — x=[a|b] Ay =[2,1] A Rev(b,c) A App(c,[al,]]).
rs  Rev([1,2|x], y) «— x =[a]b] A y =[c,1] A App(d,[2],[]) A Rev(b,e) A

r4  Rev([1,2[x],y) « x = [a]b] Ay = [c,d|e] A App(f,[1],e) A App(g,[2],[d]f]) A
Rev(b,h) A App(h,[a],[c|g])-

Observe that 72 and r3 both contain atoms of the form App(x, [y], []) in their right
hand sides. These atoms clearly lead to failure but this is not identified during the un-
folding process. The decision to leave them as residual atoms takes place before they
become instantiated enough to be unfolded. More precisely, when one of these atoms
is first encountered it is of the form App(x, [v], z) and should not be unfolded further
since there is danger of non-termination. Later in the computation z becomes bound
to [] but the atom App(x, [y], []) is no longer a candidate for selection. This problem
also arises in the online approach when using the measure functions described in the
previous sections to control unfolding 3. It is termed the back propagation problem in
Martens & De Schreye 1996 since it is caused by a reverse flow of data.

To solve the problem Martens & De Schreye 1996 suggests yet another, even
more complicated measure function refinement. The details of this refinement are
not presented and it is not clear to what extent it satisfactorily deals with the problem.
The solution in the present context is much simpler and consists of always unfolding
any atoms that are bounded. Such atoms will lead to a (possibly empty) resultant
whose atoms have predicate symbols lower down in the predicate dependency graph
than the predicate symbol of the initial atom. It might also be possible to unfold these
atoms further or as a result other atoms in the original resultant may have become

3The unfolding and the resultants obtained are slightly different, but the resultants still contain atoms
of the form App(x, [y], []) in their right-hand sides.
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bounded and can also be selected for unfolding. Note that this process is guaranteed
to terminate.

Here again a greater unfolding potential is realised through the availability of
global information, i.e. the knowledge that a bounded atom can be safely unfolded
a finite number of steps. A pure online technique does not have this “look ahead”
capability; it can only compare the present goal with the ones it has encountered in
the past with no clue as to what may occur in the future computation.

8.5.6 Other related work
8.5.6.1 Loop checking

Early work on termination in logic programming focused on detecting loops at run-
time (Brough & Walker 1984, Covington 1985a, Covington 1985b, Nute 1985, Poole &
Goebel 1985, van Gelder 1987). Simple adaptations of these techniques were proposed
(Apt et al. 1989, Benkerimi & Lloyd 1990) for controlling unfolding during partial
deduction. Benkerimi & Lloyd 1990, for example, give four criteria for controling
the unfolding. At each unfolding step the selected literal is compared with the one
previously selected on the same branch of the SLDNF-tree and unfolding is halted
if the descendent literal is a variant of, an instance of, more general than or unifies
with the ancestor literal. As illustrated in Bruynooghe ef al. 1991 these criteria are
not comprehensive enough to prevent infinite unfolding. Bol 1993 describes some so
called complete loop checks which ensure termination of unfolding. It is shown in Bol
1991, however, that it is not enough to look only at the selected literal; the context of
the goal is needed, which makes the check more expensive.

As it is, the majority of loop checks rely on comparing the current goal with every
preceding goal in the derivation, resulting in a number of checks which is quadratic
in the length of the derivation. Some notable exceptions include the Tortoise and Hare
technique of van Gelder 1987, which is not actually complete, and those proposed
by Bol 1991. Of these, it is suggested that the “triangular” loop check is perhaps, in
general, the most efficient though this requires something on the order of 5n checks
for a derivation of length n. Since each check can involve the comparison of goals,
atom for atom, term for term, the cost of these loop checking techniques is still quite
high.

Another major disadvantage of the linear time loop checks proposed in Bol 1991
is their random nature. Since they do not compare all goals, and are not tailored
specifically to suit a given program and goal, when a loop occurs, it is largely a matter
of luck as to when it is detected. In terms of partial deduction, this can lead to an
unneccessary explosion of the search space during unfolding.

Finally, it may be remarked that these techniques are all designed to detect loops
at run-time which in the partial deduction context translates as an online approach to
unfolding. They cannot be used, for example, to ensure in advance, that a given goal,
or class of goals can be completely unfolded.

8.5.6.2 Finiteness Analysis

Offline partial evaluation has been studied extensively in functional programming
though for some time consideration of termination was largely neglected. The partial
evaluation stage is preceded by a binding time analysis which annotates each argu-
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ment in the program as either static or dynamic. Functions with static arguments can
be evaluated whilst residual code is produced for those with dynamic ones. The ter-
mination issue is addressed by generalising variables, that is by changing their binding
time annotation from static to dynamic (Holst 1991, Anderson & Holst 1996). This
occurs whenever execution of a piece of static code may lead to non-termination.
Whilst this works well for functional programs, the static/dynamic divisions do not
translate well for logic programs (see Section 8.1) and thus this approach to ensuring
termination is not generally suitable for logic programming.

8.5.7 Offline vs. Online Conclusion

This section has compared sonic partial deduction with the state of the art online
unfolding techniques as described in Martens & De Schreye 1996. It has been shown
that the approach is able to handle a variety of examples which are known to present
difficulties in unfolding. The method is able to handle these examples in a uniform
manner, whereas the work of Martens & De Schreye 1996 requires the use of increas-
ingly complex measure functions to handle them. This increasing complexity intro-
duces with it increasing overhead as well as the growing risk of programmer error in
the actual coding. This is an important issue when considering the construction of a
tool which one would like to prove terminating.

Not only is the approach much simpler, it also offers potential for unfolding
unfulfilled by online methods. The reason why offline techniques can permit more
unfolding than online ones is the fact that they consider the global context. A global
analysis can infer information which may not be available locally when deciding on a
particular atom to unfold. A number of fairly complex examples have been examined
in the previous sections. The following is a simpler example:

UpToN(n, n, [n]).
UpToN(x, n, [x|xs]) —
X<nA
UpToN(x + 1, n, xs).

Unfolding the goal « UpToN(1, 3, x) leads to two other goals: « UpToN(2, 3, x)
and «— UpToN(3, 3, x). The only difference between the atoms in these goals is in the
first argument which is increasing in value. To determine that the sequence of goals is
finite (under a left-to-right computation rule) requires the global information that the
first argument is bounded by the second argument.

Of course, an online technique may still be able to make refined unfolding deci-
sions based on the availability of concrete data, not available to an offline one. Clearly,
then, a more powerful technique may be obtained by a combination of these approach-

es.

8.6 Implementation

In the sonic approach the main limiting factor in the efficiency of the specialisation
process is the calculation of the required depth bounds. The “greater than zero” tests
on the depth bounds and the decrementation of them in the subsequent computation
incur minimal overhead. Thus, by paying attention to the calculation of these bounds
the generating extensions can be tuned for maximum efficiency.
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This hand-crafting of generating extensions, is an important step in the develop-
ment of fast specialisers. Experience with the self-application approach shows that fast
compilers (or generating extensions) do not come about by accident. Some care needs
to be taken to ensure that both the partial evaluator and the interpreter are amenable
to specialisation. This amenability has been particularly difficult to achieve in the case
of the partial evaluator which must be self-applied.

With regard to the Futamura projections, great emphasis has been placed on how
to obtain an efficient compiled version of a program, but not how to obtain efficient
compilers or compiler generators. The hope was that by focusing on the result of
compilation, i.e. the quality of specialised code, such compilers and cogens would
be obtained “for free” through self-application. Given that this approach has not
delivered the expected goods, however, it is now necessary to consider how to write
efficient generating extensions and cogens. Arguably, this is the right approach even if
one were aiming towards self-application anyway; if it were not known how to write
an efficient generating extension by hand, it would be extremely fortuitous to generate
one automatically.

In this section, concrete issues relating to implementation are examined based on
the findings of a simple empirical study. The aim of the study was to investigate ways
in which to code a generating extension, based on the sonic approach, in Prolog. The
main issues discussed are: atom selection; efficient calculation of the depth bounds;
avoiding speculative output bindings and achieving argument indexing; and how to
incorporate the global control. A prototype has been built based on the results of this
section.

8.6.1 Atom selection

To understand the problem of atom selection consider the goal G = — Append(x, V, 2)
A Append([1,2,3], w, x) for the Append program. Suppose the first atom in this goal is
selected for unfolding. An estimate of zero for the size of this atom would be obtained
by taking the maximum of the minimum estimates for the list lengths of x and z.
Nondeterminate unfolding with a depth of zero then leads to the following two goals:

«— Append(x’, y, ) A Append([1,2,3], w, [u|x'])
«— Append([1,2,3], w, [])

The second goal leads to failure. In the first goal, the second atom can be selected,
and unfolding with a depth of three results in the following goal:

«— Append([2,3|w], y, Z')

It appears that two more unfolding steps whould be possible at this point (con-
suming the terms 2 and 3), but observe that the atom in this goal is simply a more
instantiated version of an atom which has already been unfolded. As such it should
not be reselected for unfolding, since doing so repeatedly can endanger termination.
If, however, the second atom in the original goal G had been selected first followed by
the first atom, then these unfolding steps could have been performed.

The problem here is similar to the coroutining and back propagation problems
previously discussed. Clearly, there is a dependency between the size of the argu-
ments x and [1,2,3] in the goal G, which could be exploited to obtain the desired
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unfolding even when selecting the atom Append(x, y, z) first. If dependencies such as
this are not identified during analysis, however, then the order of selection of atoms
in a goal may significantly affect the result of the unfolding process.

Controlling the selection of atoms is non-trivial, however, and can greatly increase
the time spent unfolding. In the prototype, the simplest option was adopted: un-
folding atoms under the normal, left-to-right Prolog computation rule, calculating an
atom’s depth when it is first encoutered without regard to whether or not a better
estimate might be obtained by delaying the atom. The results of Section 8.7 suggest
that this approach works well in practice and it is unlikely that a more sophisticated
approach is required.

8.6.2 Depth bound calculations

Two means of calculating depth bounds are required: one for (possibly) unbounded
atoms and one for bounded atoms. The first of these is the simplest. All that is
required is a predicate for each norm used and one for each level mapping. In the
calculation of the norms, variables should always map to zero to obtain a minimum
estimate of the size of a term. The level mappings may be defined as a “disjunction”
representing various alternative modes for which a given predicate is terminating. All
that is required is the maximum of the possible levels for an atom as discussed in
Section 8.3.

Let |.| be a level mapping defined for all atoms A with predicate symbol p/n as
follows:

(Al = min(JAl1, .-, |Alm)

where each |.|; is a level mapping defined as follows:

p(ts, - ta)li = fillltally, - it ln)

where each ||.||; is a type-linear norm and f; : N" — N is a (monotonic) function.

The above scheme can be used to define a large number of level mappings, includ-
ing all those commonly found in the termination literature. The min function in the
level mapping definition allows termination to be proven for a predicate when used
in different modes (see Example 3.7). For the level mapping to be used to estimate the
size of unbounded atoms, this min function must be changed to a max function and, in
addition, variables must be mapped to zero by the norms (see Section 8.3). Translation
into Prolog then results in the following program schema:

set.depth pn.ul(Xy,..., Xy, L):-
"l (X1, 8%1)
’”Hn’ (ansxn) ’
’fll (SXl,...,SXn,Ll) ,
’fm’ (lel"'ISXﬂle) ]
max{[Lq,..., Lyl L).

Obviously, this general schema can be specialised for each level mapping. For
example, the following is a specialised instance of the above schema for the level
mapping |.| defined by |Append(z,y, z)| = min(|Append(z,y, z)|1, |Append(z, y, z)|2)
where |Append(z, y, 2)|1 = l$|list—length and |Append(z, y, z)|2 = |leist-length:
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set_depth_append 3 u(X,Z,L):-
list_length (X, LX),
list_length(z,LZ),
max (LX,LZ,L).

Turning to the calculation of the norms, since only a minimum estimate of the
size of a term is needed, this is a case where variables should be mapped to zero. The
definition of a type-linear norm can be translated directly into Prolog. For example,
the list length norm can be defined by the following predicate:

list_length(Vv,D,D).
var{v),!.
list_length([],D,D).
list_length([.[Y],D.in,Dout):-
D.inl is D_in + 1,
list_length(Y,D_inl,D.out) .

The norm which sums the lengths of the sublists of a list can then be defined as
follows:

sum.sublist_length(V,D,D) .
var(v),!.
sum_sublist_length([],D,D).
sum_sublist_length([X|Y],D.in,D_out) : -
list_length(X,D.in,Dmid),
sum.sublist_length(Y,Danid, D_out) .

It is possible that, it may be useful to know if an atom is actually bounded, and it
is straightforward to modify these predicate definitions to determine this, with trivial
overhead. Future experimentation will determine whether or not this information can
be used to improve the unfolding. For example, with the level mapping definition
above, if x and z were found to be rigid it might be more useful to bind L to their
minimum. In fact, in the case of the Append predicate this will not make any difference,
but it gives an idea of how such information might be useful.

Recall that, in the proposed scheme, atoms which have been unfolded are delayed
and will be awoken only if they become bounded. Where the level mapping |.| is
defined as the minimum of level mappings |.|1 to |.|,» as above, an atom will be
bounded wrt |.| if it is bounded wrt |.|; for some ¢ € [1, m]. This in turn will depend
on the rigidity of the arguments which the level mapping is defined in terms of. For
example, an Append/3 atom will be bounded wrt the level mapping |.| defined earlier
if either its first argument or its third argument is rigid.

It is straightforward to define a predicate which measures the size of a term wrt
a norm, but delays until the term is rigid. Because the term may become rigid incre-
mentally, i.e. various parts of the term may become instantiated over time, constraints
are a convenient mechanism to handle the calculation. For example, the following is
an implementation of a norm which measures the size of a binary tree (the expressions
in braces are constraints):

:- block tree_size(-, ?).

/* delay tree_size(A, B) until A is instantiated */
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tree_size(leaf, D) :-
{D = 0}.
tree_size(node(X, _, Z), D):-
tree.size (X, Dx),
tree_size(Z, Dz),
{D = bx + Dz + 1}.

Constraints are a particularly expensive mechanism to use, however, for such
time-critical calculations. The above norm can alternatively be implemented as fol-
lows:

:~ block tree_size(-, ?, ?), tree.size(?, -, ?).
/* delay tree_size(A, B, C) until A and B are instantiated */

tree_size(leaf, D, D).
tree_size(node(X, _, %), D.in, D.out):-
D.inl is D.in + 1,
tree_size (X, D.inl, Dmid),
tree_size(Z, D.mid, D.out).

The difference between these two implementations is significant as the following
table shows. Timings are also included for implementations of the list length norm.
All timings performed on a Sparc 4 using SICStus Prolog 3 # 3, and rigid terms as
input.

Norm Term Size | '{}’ Time(ms) | ‘is” Time(ms)
list_length 10000 1550 10
list_length 100000 16920 40
tree size 32767 6670 50
tree_size 65535 13750 100

8.6.3 Speculative output bindings and argument indexing

The following program is a simple (incomplete) implementation of a generating exten-
sion for the naive reverse program of Section 8.5.5. The predicate set_depth_rev_u/3
is used to estimate the level of a possibly unbounded rev/2 atom. This predicate
always succeeds and never suspends. Its counterpart set_depth_rev.b/3 found in
the leaf generator clause for rev is defined similarly but will suspend if the atom is
not bounded, i.e. it will only compute a level for bounded atoms. The predicates
set_depth_appendu/3 and set_depth_append.b/3 are defined similarly.

rev(X, Y):-
set_depth_rev.u(X, Y, Level),
rev(X, Y, Level, unbounded).

, Y, D, Mode):-
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Dl is D — 1,
rev(Xs, Z, D1, Mode),
append(z, [X], Y, D1, Mode).
rev(X, Y, D, unbounded):-
D < 0,
set.depthrevb(X, Y, Level),
freeze (Level, rev(X, Y, Level, bounded)).

append (X, Y, Z):-
set_depth_append.u(X, 2z, Level),
append (X, Y, Z, Level, unbounded).

append(l[], X, X, D, _):-

D >= 0.
append([X|Xs], Y, [X]|Zs], D, Mode):-
D >= 0,

D1 is D — 1,
append(Xs, Y, Zs, D1, Mode).
append (X, Y, Z, D, unbounded):-
D < 0,
set_depth_append b (X, Z, Level),
freeze (Level, append(X, Y, Z, Level, bounded)).

Observe that this simple program implements the solution to the back propaga-
tion problem described in Section 8.5.5. In fact, for any goal of the form rev(x, y)
where x or y is a non-rigid list of arbitrary length, the program will prune all failing
branches.

Unfortunately, the problem of speculative output bindings rears its ugly head
once again, with the effect this time, not being non-termination, but poor performance.
Consider, for example, the computation which results from the call rev (x, Y). After
finding the first solution the following segment of the computation is reached:

rev(X,Y,0,unbounded)

{x/[ulxs] }

0>=0,D1is 0—1,rev{Xs, Z,Dl,unbounded), append(z, [U],Y,D1l,unbounded)

!

|

1
rev(Xs,Z,~-1,unbounded), append (%, [U],Y, -1, unbounded)

|

!

1

..., freeze(L,rev(Xs, Z,L,bounded) ), append(Z, [U],Y, -1, unbounded)

j{zm}

rev(Xs,[],0,bounded), -1 >= 0

This last goal arises because the call append (z, [U], Y, -1, unbounded) matches
the first clause of append and speculatively binds z to []. This binding causes the
rev atom in the goal to become bounded and as a result it is selected. The call -1
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>= 0, which will cause the whole goal to fail, is not reached until this redundant sub-
computation is completed. Furthermore, the call to -1 >= 0 is repeatedly selected
due to backtracking over the call rev(Xs, [1,0,bounded) (observe that it matches
two clauses of reverse).

As will be seen shortly, these speculative output bindings are a source of great
inefficieny. In order to avoid them, the obvious solution is to ensure that the depth
bounds are range checked before any output bindings are made. Delaying unification
4 la Naish 1993, until after the range check has been made is one possibility. In
this case, the second clause of append, for example, would be transformed into the
following:

append(Al, Y, A3, D, Mode):-

D >= 0,
Al = [X|Xs],
A3 = [X|zs],

D1 is D — 1,
append(Xs, Y, Zs, D1, Mode).

The adequacy of this approach depends very much on the sophistication of the
available indexing mechanism. Many implementations of Prolog will not be able to
perform the deep indexing that would be required here. Hence, in order to take ad-
vantage of the performance benefits of indexing, an alternative approach is called for.
The one suggested here is to introduce an auxilliary clause which simply handles the
range checks for depth bounds. The append predicate, for example, would become:

append(X, Y, Z):-
set_depth_appendu(X, Z, Level),
append (X, Y, Z, Level, unbounded).

append_aux(X, Y, Z, D, Mode) :-
(D >= 0 ->
append(X, Y, Z, D, Mode)

Mode = unbounded,
set_depth.append b (X, Z, Level),
freeze (Level, append(X, Y, Z, Level, bounded))

append([], X, X, _, _).
append([X|Xs], Y, [X|2Zs], D, Mode):-
Dl is D — 1,
append_aux(Xs, Y, Zs, D1, Mode).

A comparison of these three versions reveals the potential impact that speculative
output bindings and argument indexing can have on the efficiency of the generating
extension. The programs were all executed with a goal of the form rev(z, Y) where
z was an open list of elements (i.e. the tail of the list was a variable). Running on
interpreted code under SICStus Prolog 2.1 #9 on a Sparc 4, the results, for the 1, 2, 5,
10, 20, 200 and 500 element list respectively, were as follows: Original version (with
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speculative output bindings) — 4ms, 7ms, 17ms, 45ms, 143ms, 10792ms, 65527ms; de-
layed unification version — 4ms, 5ms, 11ms, 27ms, 76ms, 4813ms, 29755ms; auxilliary
clause version — 3ms, 4ms, 9ms, 22ms, 56ms, 2918ms, 17516ms.

8.6.4 Global control

When an atom is unfolded it gives rise to an SLD-tree which describes the unfolding.
The majority of approaches to global control rely on an abstract representation of the
SLD-trees for atoms to control polyvariance. In order, for the local control to plug in to
the global component it must return some such representation. Trace-terms (Gallagher
& Lafave 1996) and characteristic trees (e.g. Leuschel ef al. 1998) have emerged as the
main contenders for abstracting SLD-trees. Characteristic trees are hard to generate
directly in the cogen approach, since they require meta-level information regarding
which atom in a goal has been selected. Hence, trace-terms, which do not require
such information, appear to be the perfect choice in this situation. As an example,
trace-terms can be incorporated into the reverse predicate as follows:

rev([], [1, -, -, revl).

rev([X|Xs], Y, D, Mode, rev2(Rev, App)):-
Dl is D — 1,
rev_,aux({Xs, Z, D1, Mode, Rev),
append_aux(Z, [X], Y, D1, Mode, App).

Trace-terms only abstract single derivations, however, and must be combined in
some way to form trace-term trees. In order to construct the trace-term tree, each
individual trace-term must be saved to avoid its loss on backtracking for alterna-
tive solutions. This introduces, what is probably, the greatest expense of the whole
approach. In a Prolog based implementation this overhead seems difficult to avoid
and no solution is suggested here. It is an area which requires further investigation,
however, in order to improve the efficiency of the overall specialisation process.

8.7 Experiments and Benchmarks

To gauge the efficiency and power of the sonic approach, a prototype implementation
has been devised and integrated into the ECCE partial deduction system (Leuschel
1996, Leuschel 1997, Leuschel et al. 1998). The latter is responsible for the global
control and code generation and calls the sonic prototype for the local control. A
comparison has been made with ECCE under the default settings, i.e. with ECCE also
providing the local control using its default unfolding rule. For the global control,
both specialisers used conjunctive partial deduction (Leuschel et al. 1996, Gliick et al.
1996) and characteristic trees (Leuschel et al. 1998).

In the cogen approach, it is very covenient to build trace terms (Gallagher &
Lafave 1996) for use in the global control and this was incorporated into the sonic
prototype. As ECCE employs characteristic trees in a certain format, however, a con-
version from trace terms into characteristic trees had to be added. Such a conversion
will be unnecessary in an improved version of ECCE which is also able to handle trace

terms.
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All the benchmarks are taken from the DPPD library (Leuschel 1996) and were
run on a Power Macintosh G3 266 Mhz with Mac OS 8.1 using SICStus Prolog 3
#6 (Macintosh version 1.3). Tables 8.1 shows the total specialisation time for each
benchmark without post-processing. This total specialisation time includes not only
the time spent in unfolding during specialisation but also the additional time needed
by the global control (provided by ECCE) to guide the overall specialisation process.
Table 8.2 shows only the time spent in unfolding during specialisation. In Table 8.1 the
times to produce the generating extensions for the sonic approach are not included, as
this is still done by hand. It is possible to automate this process and one purpose of
hand-coding the generating extensions was to gain some insight into how this could
be best achieved. In any case, in situations where the same program is repeatedly
respecialised, this time will become insignificant anyway. The precision of the timings,
which were performed using the statistics/2 predicate, seems to be approximate-
ly 1/60th of a second, i.e., about 16.7 ms. Hence “0 ms” in Table 8.2 should most likely
be interpreted as “less than 16 ms”. The runtimes for the residual programs appear
in Table 8.3, which, for a more comprehensive comparison, also includes the results
obtained by MIXTUS.

Benchmark | sonic + ECCE | ECCE
advisor 17 ms 150 ms
applast 83 ms 33 ms
doubleapp 50 ms 34 ms
map.reduce 33 ms 50 ms
map.rev 50 ms 67 ms
match. kmp 300 ms 166 ms
matchapp 66 ms 83 ms
maxlength 184 ms 200 ms
regexp.rl 34 ms 400 ms
relative 50 ms 166 ms
remove 367 ms 400 ms
remove?2 1049 ms 216 ms
reverse 50 ms 50 ms
rev_acc_type 316 ms 83 ms
rotateprune 67 ms 183 ms
ssupply 34 ms 100 ms
transpose 50 ms 467 ms
upto.suml 33 ms 284 ms
upto.sum?2 50 ms 83 ms

Table 8.1: Specialisation times (total w/o post-processing)

The sonic prototype implements a more agressive unfolding rule than the default
determinate unfolding rule of ECCE. This is at the expense of total transformation
time (see Table 8.1), as it often leads to increased polyvariance, but consequently the
speed of the residual code is often improved, as can be seen in Table 8.3.4 Default
ECCE settings more or less guarantee no slowdown, and this is reflected in Table 8.3,

* A more agressive unfolding rule, in conjunctive partial deduction, did not lead to improved speed
under compiled code of Prolog by BIM; see Leuschel 1997. So, this also depends on the quality of the
indexing generated by the compiler.
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Benchmark | sonic + ECCE | ECCE
advisor 0ms 33 ms
applast 0O ms 16 ms
doubleapp 0 ms 0 ms
map.reduce 0 ms 17 ms
map.rev 0 ms 34 ms
match.kmp 0 ms 99 ms
matchapp 0 ms 33 ms
maxlength 0 ms 67 ms
regexp.rl 0 ms 383 ms
relative 0 ms 166 ms
remove 34 ms 201 ms
remove2 33 ms 50 ms
reverse 16 ms 33 ms
rev_acc_type 0 ms 32 ms
rotateprune 0 ms 99 ms
ssupply 0 ms 67 ms
transpose 16 ms 400 ms
upto.suml 0 ms 168 ms
upto.sum?2 0 ms 66 ms

Table 8.2: Specialisation times (unfolding)

whereas the general lack of determincay control in the prototype sonic unfolding rule
leads to two small slowdowns.

There is plenty of room for improvement, however, on these preliminary results.
The sonic approach is flexible enough to allow determinacy control to be incorporated
within it, and this extra layer of control could help to guarantee no slowdown. Also,
the sonic prototype has been built on the philosophy of “unfold finitely as much
as possible”. This bull-in-a-china-shop approach actually pays off much better than
expected, but the results also indicate that some refinements might also lead to better
specialisation times and more efficient residual code. There is plenty of scope for
variation within the prototype, which would allow these refinements to be made. The
only potential problem is in identifying when it would be appropriate to use them.

All in all, the sonic approach provides extremely fast unfolding combined with
very good specialisation capabilities. It is surprising that the sonic approach out-
performed the (albeit conservative) default unfolding of ECCE. Also observe that the
sonic approach even improves upon the match . kmp benchmark and passes the KMP
test (even better than the online system does). The sonic approach is thus the first
offline approach to our knowledge which passes the KMP test.> If it were possible to
extend the sonic approach to the global control as well, one would hopefully obtain
an extremely efficient specialiser producing highly optimised residual code.

®One might argue that the global control is still online. Note, however, that for KMP no generalisation
and thus no global control is actually needed.
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Benchmark | Original | sonic + ECCE ECCE MIXTUS

advisor 1541 ms 483 ms 426 ms 471 ms
1 3.19 3.62

applast 1563 ms 491 ms 471 ms 1250 ms
1 318 3.32

doubleapp 1138 ms 700 ms 600 ms 854 ms
1 1.63 1.90

map.reduce 541 ms 100 ms 117 ms 383 ms
1 541 4.62

map.rev 221 ms 71ms 83 ms 138 ms
1 3.11 2.66

match.kmp | 4162 ms 1812 ms 3166 ms | 2521 ms
1 2.30 1.31

matchapp 1804 ms 771ms 1525 ms | 1375 ms
1 2.34 1.18

maxlength 217 ms 283 ms 208 ms 213 ms
1 0.77 1.04

regexp.rl 3067 ms 396 ms 604 ms
1 7.74 5.08

relative 9067 ms 17 ms 1487 ms 17 ms
1 533.35 6.10

remove 3650 ms 4466 ms 2783 ms | 2916 ms
1 0.82 1.31

remove2 5792 ms 4225 ms 3771ms | 3017 ms
1 1.37 1.54

reverse 8534 ms 6317 ms 6900 ms
1 1.35 1.24

rev.acc_type | 37391 ms 26302 ms 26815 ms | 25671 ms
1 1.42 1.39

rotateprune | 7350 ms 5167 ms 5967 ms | 5967 ms
1 1.42 1.23

ssupply 1150 ms 79 ms 92 ms 92ms
1 14.56 12.50

transpose 1567 ms 67 ms 67 ms 67 ms
1 - -

upto.suml 6517 ms 4284 ms 4350 ms | 4716 ms
1 152 1.50

upto.sum2 1479 ms 1008 ms 1008 ms | 1008 ms
1 147 147

Table 8.3: Speed of the residual programs (in ms, for a large number of queries,
interpreted code) and Speedups
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9 Conclusion

The staging of a program’s input, or alternatively its division into static and dynamic
parts, is the fundamental basis of program specialisation. In specialisation of function-
al programs, this division is explicitly captured by classifying arguments as static or
dynamic. Classification of arguments in the logic programming setting is less satisfac-
tory, however, due to the ubiquity of partially instantiated data structures, particularly
during partial deduction. An alternative approach is required to the problem of en-
suring finite unfolding during partial deduction, specifically tailored to deal with the
peculiarities of logic programming.

The viewpoint adopted here has been that a theory for termination of unfolding
should arise naturally out of a theory for full termination of programs. In fact, the
former should really be a generalisation of the latter given that full evaluation is
simply a special case of partial evaluation. While this thesis has not sought to develop
a theory of termination for partial deduction as such, it has developed the existing
theory for full termination in order to provide a basis for a practical technique for
ensuring finite unfolding.

To begin with, this has required focusing on the recursive structure of termina-
tion proofs. A first notion of “partial termination” can be obtained by considering
the strongly connected components (SCCs) of the predicate dependency graph of a
program. Loops can occur in any of the SCCs. If execution of a program leads to loops
in some SCCs but not in others, the program may be said to partially terminate, and
in terms of partial deduction, the non-looping SCCs can be unfolded.

The notions of bounded recurrency and bounded acceptability introduced in this
thesis provide a foundation for the construction of termination proofs based on the
recursive structure of programs. While facilitating proofs of full termination in gener-
al, the focus on recursion leads the way to considering termination of the individual
SCCs when only partial input is supplied. Proofs based on recurrency or acceptability
provide no support for this.

Since coroutining logic programs accurately model the unfolding process, devel-
oping a theory of termination for them is key to providing a theoretical underpinning
for finite unfolding. The class of semi delay recurrent programs captures a useful sub-
set of coroutining programs, where, as before, the emphasis is on the recursive struc-
ture to facilitate termination proofs and to allow individual SCCs to be considered.
Moreover, programs which have been proven to be bounded acceptable can easily be
transformed into semi delay recurrent versions. The advantage of doing so is that the
strict left-to-right computation rule can be relaxed, and a more flexible one adopted
without danger of non-termination. This gives the opportunity to use the transformed
program as an “unfolding machine”, which simply handles the unfolding of bounded
goals, as part of a generating extension. This idea was taken a step further in the last
chapter by extending the machine to also handle unbounded goals.

The most significant contribution of this thesis then, is in establishing a link be-
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tween the fields of partial deduction and static termination analysis. A direct conse-
quence of drawing on the static termination literature, rather than loop checking, say,
is that the result lends itself naturally to offline partial deduction. The proof of concept
is provided in the results of the previous chapter. The sonic approach represents a
significant step forward in the offline partial deduction technology for logic programs,
being the first offline approach to successfully unfold arbitrarily instantiated goals
and, as a result, the first to pass the KMP test.

A full implementation of the proposed cogen together with comprehensive exper-
imentation and benchmarking are now needed to drive the work forward. Even at this
stage, however, there are a number of issues which remain unresolved some of which
have arisen through the limited experimentation which has already been carried out.

e Without any determinacy control there is a possibility that the specialised pro-
gram may be slower than the original. Clearly, then this is an important issue
which must be addressed in the development of a practical specialiser. It is or-
thogonal to the termination issue, however, and as such there should not be any
problem in incorporating determinacy control within the proposed framework.

¢ Having seen that the same specialised programs can be produced using different
unfolding strategies (e.g. sonic vs. ECCE) raises the question of how the global
and local control really interrelate. Obtaining the right balance could significant-
ly affect the efficiency of the specialisation process.

o The techniques presented have been designed only for definite logic programs.
There are a number of non-trivial issues relating to both termination and spe-
cialisation which would need to be addressed when extending the techniques to
deal with normal logic programs.

e There is much potential for combining offline and online unfolding strategies to
obtain more efficient and more powerful specialisers. How to combine the two
and obtaining the right balance are non-trivial problems.

¢ This thesis has really only considered how to make the local control offline. No
work has been done on effective offline global control for logic programs, and it
remains to be seen whether or not there is much to be gained from this.

e The philosophy adopted in the design of the unfolding algorithms here has
been “finitely unfold as much as possible”. Determinacy issues aside, this may
not always be desirable. Prolific unfolding may well lead to huge residual
programs with no significant improvement in performance. Only extensive
experimentation will reveal whether this philosophy is well founded or if there
is a need to manage the code explosion/performance improvement tradeoff.
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