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Mainstream neoclassical economics predicts that financial markets will operate in a
frictionless manner, with transactions occurring directly between savers and borrow-
ers. However, in reality there exists a variety of informational imperfections and
incentive problems which disrupt financial markets. In this thesis, I explore how
borrowers’ and lenders’ concerns about their reputations can mitigate these incentive
problems.

In chapters one and two of the thesis, I formulate a new theory of financial in-
termediation and explain the general structure of credit markets. Borrowers without
established credit histories have incentives to repudiate their debt obligations, and
are therefore unable to issue debt directly. Banks exist in order to provide finance
for this class of borrowers. Banks can curtail borrowers’ incentives to default on debt
by building a reputation for liquidating defaulters. However, over time, borrowers’
concerns about reputation improve their incentives, such that they are able to issue
debt directly.

In chapter three of the thesis, I analyze the dynamics of firms’ credit ratings.
Borrowers with short credit histories face the poorest incentives, and (depending on
initial conditions) for these borrowers debt repayment can only be enforced by the
threat of liquidation. However, over time if borrowers repay debt on all dates, they
will establish a good credit history. This may improve their incentives, such that they
will repay debt because they are concerned about their reputations for being a good
credit risk, even if they face no threat of liquidation if they do default.
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0.1 Introduction

Mainstream neoclassical economics predicts that financial markets will operate in a fric-
tionless manner, with transactions occurring directly between savers and borrowers, and
with the Walrasian auctioneer clearing markets instantaneously. However, the empirical
evidence contradicting this view of the world is overwhelmingly. There exists a variety
of informational imperfections which plagues financial markets, causing serious impedi-
ments to the flow of funds from savers to borrowers. In particular, these informational
imperfections give rise to several moral hazard problems, in which borrowers have in-
centives to undertake certain actions which increase their own pay-offs, but only at the
expense of their creditors’ pay-offs. For example, borrowers may have incentives to choose
excessively risky investment projects. Or they may have incentives to default on their
debt repayments. However, markets have developed a plethora of methods for overcom-
ing these incentive problems. The existing literature on informational imperfections in
financial markets examines how incentive problems can affect the optimal contractual
form. It also analyzes how incentive problems can be mitigated when borrowers and
lenders transact on a repeated number of occasions in the market. Furthermore, there
is a substantial literature which explains the existence of financial intermediaries as an
endogenous mechanism to mitigate the information and incentive problems which disrupt
financial markets.

In this thesis, I explore how borrowers’ and lenders’ concerns about their reputa-

tions can mitigate these incentive problems. Chapters one and two answer the following

questions:

1) Why do banks exist?
2) Why do new borrowers (i.e. firms which have only recently begun trading) tend

to borrow using bank finance, whilst established borrowers tend to issue debt directly?
These questions have been addressed by several papers in the literature. However,
my research improves upon the existing literature, in that it proposes a new theory

of financial intermediation, which explains certain features about bank and borrower



behaviour in the credit market which the existing literature is unable to account for. In
particular, it explains why banks have a reputation for aggressive liquidation, and why
small businesses borrow almost exclusively from banks and pay an interest rate premium
on bank debt. I model a dual incentive problem with two-sided uncertainty in which
neither borrowers nor lenders can commit to first-best actions. I show how concerns
about reputation are effective in alleviating the incentive problems, and the implications
of these reputation effects on the nature of financial intermediation and the structure of
the credit market. I explore the evolution of borrower and lender reputation effects over
time, and show that the pattern of evolution is such that borrower and lender reputation
effects are mutually reinforcing.

Chapter three answers the following questions:

1) Why do firms’ credit ratings improve over time?

2) Why do aggregate shocks have less impact on the risk of default of well-established
firms, compared to recent start-up firms?

In this chapter, I analyze the dynamics of firms’ credit ratings, in the context of a
multi-period moral hazard problem, in which borrowers have incentives to default on
their debt obligétions. Borrowers with short credit histories face the poorest incentives,
and (depending on initial conditions) for these borrowers debt repayment can only be
enforced by the threat of liquidation. However, over time if borrowers repay debt on all
dates, they will establish a good credit history. This may improve their incentives, such
that they will repay debt because they are concerned about their reputations for being
a good credit risk, even if they face no threat of liquidation if they do default.

Much of the literature on informational imperfections in financial markets is based
on Akerlof’s (1970) ‘Market for Lemons’ paper, in which sellers have private information
about a product’s quality, which is unobservable to buyers. This may drive down the
market price, which reflects the average quality of the pool of products on the market,
such that high quality products are driven out of the market, a phenomenon called

adverse selection. If the degree of adverse selection is severe, the market may actually



break down altogether.

A key paper based on the ‘Market for Lemons’ model is Stiglitz and Weiss (1981).
In their model, asymmetric information arises because the risk that a borrower’s project
will fail is unobservable to lenders. Lenders issue funds on the basis of a standard debt
contract, which specifies a fixed interest rate if the project succeeds, and a low (possibly
zero) pay-off if the project fails. Risky projects are undesirable to lenders, due to the
high probability of project failure. Although risky projects yield higher returns if the
project succeeds, lenders do not benefit from this upside gain, due to the fixed interest
rate specified by the debt contract. Under certain conditions, credit will be rationed in
equilibrium, i.e. some borrowers will receive loans, whilst other observationally equivalent
borrowers will not. The reason for this is as follows. If lenders charge a high interest rate,
then it will not be worthwhile for borrowers with safe projects to invest, hence they are
driven out of the market. Thus the average riskiness of projects remaining in the market
rises. If the lender compensates for this by increasing the interest rate even further,
then this drives out more safe projects, such that lenders’ expected returns may actually
fall. Hence, lenders may actually be better off by charging a lower interest rate, even
though this means demand for funds exceeds supply, i.e. there exists a credit rationing
equilibrium.

Another important strand of the literature examines how incentive problems affect
contractual form. Townsend (1979) analyzes the case in which borrowers have incentives
to misreport project outcome, in order to avoid repaying creditors. Monitoring the project
outcofne is costly to lenders. In this case, the optimal contract is a debt contract, Which
specifies a fixed interest repayment. If the borrower defaults on the repayment, the lender
will monitor the project outcome. The debt contract is optimal because it means that
the lender need not monitor in all states of nature (which a variable ‘equity’ contract
would require), but only in the ‘default’ state in which the project fails.

The role of debt as an instrument of control has received much attention in the

recent literature, e.g. Hart and Moore (1994) and (1996), Aghion and Bolton (1992). In



Hart and Moore (1996), borrowers have incentives to repudiate their debt obligations.
Lenders are unable to enforce repayment by writing a comprehensive contingent contract,
i.e. contracts are incomplete. Hence, lenders use debt contracts to enforce repayment.
The contract specifies that if borrowers default on debt, then ownership and control of
project assets will be transferred from the borrower to the lender. Lenders can thus
threaten to liquidate project assets if borrowers repudiate. If there is still a long time
before the project is completed, i.e. the project has a high continuation value, then the
threat of liquidation will be effective in deterring borrowers from repudiation. However,
if the project is almost completed and therefore has a low continuation value, borrowers
will not be deterred from repudiation by the threat of liquidation. Although debt is useful
in enforcing repayment by borrowers, it can also lead to inefficient liquidation. Borrowers
may experience temporary cashflow problems, such that they are forced to default on
debt. Even if the project has a high continuation value, but has a low liquidation value,
lenders may prefer to liquidate, because they know that if they allow the project to
continue, then its liquidation value will fall even further, and hence they will be unable
to deter borrowers from repudiating when the project has been completed.

Another strand of the literature examines how incentive problems can be mitigated
when borrowers and lenders transact on a repeated number of occasions in the market.
Stiglitz and Weiss (1983) show how borrowers’ incentives can be improved if lenders
threaten to terminate their credit. In their model, borrowers have incentives to choose
risky projects. In the one shot problem, if lenders compensate for the higher risk of
default by increasing the interest rate, this exacerbates borrowers’ incentives to choose
risky projects. However, in the two period problem, lenders have a tool to improve
borrowers’ incentives. If borrowers default on date 1, lenders can punish them on date
2, by charging a higher interest rate, or under certain conditions, by terminating credit.
This mitigates borrowers’ incentives to choose risky projects on date 1.

Townsend (1982) shows how borrowers’ incentives can be improved by writing a multi-

period contract with lenders. In his model, borrowers are risk-averse and face a stochastic



endowment stream. Lenders are risk-neutral, hence gains from trade exist if lenders agree
to insure away the risk faced by borrowers. In the full information case, the optimal
contract is a one period contract, in which borrowers are fully insured. However, if
there exists asymmetric information, i.e. only borrowers observe the state of nature,
then borrowers have an incentive to misreport the outcome, i.e. to claim always that
the ‘default’ state has occurred, in order to receive the insurance payout. Consequently,
lenders will refuse to write a one period contract. However, incentives can be improved
by writing a two period contract, and making future exchanges contingent on present
claims. Hence, if borrowers claim that the ‘default’ state has occurred on date 1, then
the lender will pay out on datel, but will not pay out if the borrowers claims again on
date 2. Hence, the borrower has an incentive to report the state of nature truthfully on
date 1, so that he can benefit from insurance on date 2.

Gertler (1992) also shows how borrowers’ incentives can be improved by writing a
multi-period contract with lenders. In his model, borrowers have incentives to misreport
project output, which is unobservable to lenders, in order to reduce the payment to the
lender. However, capacity utilization is observable, and incentive compatibility can be
achieved, but only by the lender requiring that capacity utilization must be very low, if
the ‘bad’ productivity state of nature arises, in order to eliminate borrowers’ incentives
to misreport the state. Hence, there exists an agency cost of borrowing, which arises due
to the underemployment of capital in the ‘bad’ productivity state. But this agency cost
can be reduced if the borrower and lender write a multi-period contract. If the borrower
claims the bad state arises and defaults on date 1, the lender can simply reschedule the
repayment to date 2. Hence, the borrower’s incentive to misreport the state is mitigated,
and thus the underemployment of capital to achieve incentive compatibility on date 1 need
not be as severe. Gertler’s model also shows how the existence of multi-period contracts
" can propagate macroeconomic fluctuations. The amount of debt which can be rescheduled
to date 2 depends on the borrower’s ‘financial capacity’, i.e. his ability to repay the debt

on date 2 , which depends on his expected earnings. If a negative productivity shock



occurs on date 2, this reduces the borrower’s financial capacity, which therefore increases
the agency cost of borrowing on date 1. Through this mechanism, Gertler shows that
‘small but persistent shifts in macroeconomic fundamentals may induce large fluctuations
in financial constraints, which in turn are transmitted into potentially large fluctuations
in output’.

There are also several papers on dynamic models of incentive problems which show
how concerns about reputation can be effective in improving agents’ incentives, if they
face along horizon. In the sovereign debt literature, e.g. Grossman and van Huyck (1988),
Cole and Kehoe (1996), governments have the opportunity to repudiate repayment of
foreign debt, given that the power of sovereignty means that the creditors are unable to
enforce the debt contract. However, governments may have an incentive to repay debt
in order to build a reputation as an honest borrower and thereby avoid exclusion from
future borrowing. Similarly, in Holmstrom (1982), a manager whose ability is uncertain
has an incentive to increase his effort in order to convince the market that he is of high
ability, and thus increase future wages. These models have in common the implication
that reputation effects are strongest at the start of the agent’s life, when the amount of
information an action can reveal about his type is highest, and the horizon is longest.

Diamond (1989) formulates a model of debt markets in which borrowers’ incentives
improve over time. His model specifies distinct borrower types who are observationally
equivalent, and analyzes the ability of reputation to eliminate borrowers’ incentives to
choose risky projects. If, initially, there is a severe problem of adverse selection (a
large proportion of borrowers with undesirable characteristics), reputation will be too
weak to improve the incentives of borrowers with short track records. Over time, as
adverse selection diminishes, reputation effects strengthen such that borrowers with a
good credit rating, i.e. a record of non-default, will no longer have an incentive to select
risky projects. Alternatively, if adverse selection is initially quite mild, reputation can
begin to work immediately. The model predicts that firm credit ratings will improve over

time, since the risk of liquidity default falls as the degree of adverse selection falls and



incentives to choose risky projects diminish.

There is also a substantial literature which explains the existence of financial interme-
diaries as an endogenous mechanism to mitigate the information and incentive problems
which disrupt financial markets. Fama (1980) shows that in an environment of friction-
less competitive financial markets, banks and other financial institutions are simply veils
over real economic behaviour, and have no intrinsic role to perform.

Fama (1985) notes that borrowers who obtain bank loans tend to pay an interest rate
| premium compared to the market interest rate on directly-placed debt. He infers from
this that bank debt is ‘special’ is some sense, for certain classes of borroWers. The role of
the bank is motivated in that the bank develops a comparative advantage in gathering
information about borrowers, which helps to mitigate informational imperfections.

In Boyd and Prescott (1986), the role of the bank is to evaluate the quality of bor-
rowers’ projects, and hence mitigate the problem of adverse selection. In their model,
all agents initially have an endowment of wealth and a project, but in equilibrium, only
those with high quality projects become borrowers, whilst those with low quality projects
become savers.

In Moore (1987), banks lend to borrowers repeatedly and write multi-period contracts,
which helps to minimize informational distortions, and thus generate efficiency gains.
The special role of banks is that by taking deposits from a large number of savers, and
lending to a large number of borrowers, banks diversify away the liquidity risk faced by
individual borrowers and savers. If transactions were to occur directly between borrowers
and savers, then the risk that multi-period arrangements would be disrupted are much
higher, and thus efficiency gains from long term contracts would not be realized.

In Diamond (1984), the intermediary takes on the role of delegated monitor. Moni-
toring is required since borrowers have an incentive to misreport project outcome, and
monitoring by the intermediary is the most efficient solution because the alternatives are
either duplication of effort if each lender monitors independently, or a free-rider problem

in which case no lender monitors. The problem of monitoring the monitor does not arise,



since by holding a heavily diversified portfolio the intermediary can make non-contingent
payments to creditors.

Diamond (1991) formulates a theory of the dynamics of demand for bank lending.
It provides an explanation for why borrowers with poor credit ratings tend to borrow
from banks whilst those with established track records borrow directly by issuing publicly-
traded debt. In his model, banks provide a special service by monitoring borrower actions,
which alleviates moral hazard over project choice and therefore enables them to charge
a lower interest rate than non-bank lenders. Borrowers with short track records are
charged high interest rates if they borrow directly, hence reputation effects are too weak
to improve their incentives, which means they are better off borrowing from the bank.
However, borrowers with established track records are charged low interest rates, hence
reputation is effective in improving their incentives, hence they will prefer to borrow
directly.

Chemmanur and Fulghieri (1994) also develops a theory of bank lending by attributing
a monitoring role to banks. Specifically, banks undertake costly evaluation of financially
distressed firms, in order to determine whether to liquidate or renegotiate and thus
minimize inefficient liquidation. Unlike Diamond (1991), where the specialness of banks
arises from the assumption that banks have access to a monitoring technology, whilst
bondholders do not, in their model, all lenders have the ability to monitor. However, due
to their multi-period nature, banks have a greater incentive to evaluate distressed firms,
in order to build a reputation for eschewing inefficient liquidation. Firms with a greater
probability of facing financial distress therefore prefer bank loans over directly-placed
debt.

Petersen and Rajan (1995) looks at long term relationships between firms and banks,
and analyze whether a competitive credit market is inimical to the value of such rela-
tionships. In their model, they consider a problem of adverse selection for new firms,
as in Diamond (1989). The problem with a competitive credit market is that, due to

the adverse selection problem, banks must charge young firms a high interest rate, which
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can severely distort the firm’s incentives, and may result in the firm not receiving credit
at all. But the situation changes if we assume that banks have local monopoly power.
Banks can charge young firms a lower interest rate than the competitive rate, and hence
improve their incentives. Given their local monopoly power, banks are able to charge
a mark up on the competitive interest rate to the firm in the second period. Although
their is no longer a problem of adverse selection, the firm cannot seek a lower interest
rate elsewhere, and hence is tied to the bank for the second period. Thus the bank is
able to subsidize the first period loan, because it knows it will be able to recoup its
costs in the second period. The paper examines data on small businesses and finds it
supports the hypothesis that credit constraints are less binding if the degree of credit
market competition is lower.

Franks and Nyborg (1996) look at how the efficiency of financial restructuring is af-
fected by the distribution of control rights under the UK insolvency code. They introduce
the possibility that creditors may actually have private benefits in allowing the firm to
continue trading rather than liquidating, e.g. a trade creditor gains rents from doing
business with the firm which disappear if the firm is liquidated. The paper questions the
widespread belief that the UK insolvency code causes inefficient liquidation. It finds that
inefficiency actually depends on the debt structure and whether the controlling creditor
has private benefits.

Rajan (1992) focuses similarly on banks’ ability to make flexible financial decisions
over liquidation versus renegotiation. He argues that banks have a natural advantage over
bondholders in this role due to the inside information they gather about the firm during
the lending process, which is unavailable to arms-length bondholders. However, bank
lending also bears a cost, in that banks have bargaining power over the firm'’s profits,
once projects have begun.

James (1987) examines the empirical evidence on whether banks provide some special
service to borrowers not available through direct finance. He finds the evidence is sup-

portive in two respects. First, bank borrowers bear the cost of reserve requirements on

11



CDs, rather than the CD holders themselves, suggesting that these borrowers are willing
to pay a premium for the service provided by the bank. Second, he finds that the stock
price effect of the announcement of new bank credit agreements is larger than the stock
price effect of announcements of public debt offerings.

Boot and Thakor (1993) address the following two questions. First, why would a
firm raising external capital wish to issue multiple types of claims against its cashflows?
Second, why do firms pool individual assets into a portfolio and then partition the port-
folio cashflows? They show that, in an asymmetric information environment, the issuer’s
expected revenue is enhanced by such cashflow partitioning because it makes informed

trade more profitable.
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0.2 Introduction to Chapters One and Two

Chapters one and two formulate a new theory of financial intermediation and explain the
general structure of credit markets. In these chapters, I explain why new borrowers (i.e.
firms which have only recently begun trading) tend to borrow using bank finance, whilst
established borrowers tend to issue debt directly. I analyze in a model with two-sided
uncertainty a dual incentive problem in which neither borrowers nor lenders can commit
to first-best actions. I show how concerns about reputation are effective in alleviating
the incentive problems, and the implications of these reputation effects on the nature of
financial intermediation and the structure of the credit market. I explore the evolution of
borrower and lender reputation effects over time, and show that the pattern of evolution
is such that borrower and lender reputation effects are mutually reinforcing.

These chapters provide answers to the following questions:

1) Why do banks exist?

2) Why do new borrowers (i.e. firms which have only recently begun trading) tend
to borrow using bank finance, whilst established borrowers tend to issue debt directly?

Mainstream neoclassical models of financial markets predict that transactions will
occur directly between savers and borrowers, there being absolutely no need for a finan-
cial intermediary, or middleman, of any kind. But we know that banks do exist, and
have existed for 500-600 years, ever since the inception of capitalism itself. So the very
existence of banks poses an intriguing puzzle, and an interesting topic for research.

I model the problem as follows. Borrowers have an investment project, for which
they seek finance. They have two potential sources of finance: a bank, or direct lenders
(i.e. issuing debt directly). Suppose borrowers choose to borrow from direct lenders. We
assume that contracts are incomplete. This creates the following moral hazard problem
for borrowers. Because contracts are incomplete, they have the opportunity to repudiate
their debt obligations, in order to renegotiate with the lender and thus decrease the level
of debt repayment. Lenders are powerless to enforce the contract. Even though they

know that the borrower’s project has succeeded, and he has the funds to repay the debt,
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the project outcome is unverifiable by a third party, hence the lender cannot ask the
courts to enforce repayment.

But direct lenders do have the ability to liquidate, if borrowers repudiate the debt.
However, liquidation is very costly, as it totally destroys project output. Thus, direct
lenders would actually be better off agreeing to renegotiate, since this means they get a
partial repayment, rather than nothing at all.

Although borrowers have the opportunity to repudiate, this doesn’t necessarily mean
they have the incentive to do so. However, new borrowers with short credit records
do have strong incentives to repudiate, for the following reason. I assume two different
borrower types with different investment projects. ‘Safe’ borrowers’ projects have zero
probability of failure, but ‘risky’ borrowers’ projects have a high probability of failure,
such that lenders will prefer not to lend to them. Borrower type is unobservable to lenders.
Since new borrowers lack an established credit history, lenders are unable to distinguish
whether they are safe or risky. To compensate for the risk of default, lenders pool all
new borrowers together and charge them high interest rates. This gives new borrowers
an incentive to repudiate, in order to renegotiate down the level of debt repayment. But
direct lenders know that new borrowers have an incentive to repudiate. Given that they
are unable to enforce the debt contract, and given that liquidation is too costly, it will
be optimal for them to refuse to lend to any new borrowers.

So new borrowers are unable to issue debt directly. But what about bank finance?
The bank is willing to lend to new borrowers. But the bank faces the same problems as
the direct lenders, in that contracts are incomplete, and liquidation is very costly. But
the bank is different to direct lenders in the following way. Direct lenders lend for a single
period only, then they die off. The bank, however, is long-lived, and is a multi-period
player in the credit market. This gives the bank the ability to build a reputation for being
tough on borrowers who repudiate. Hence, if borrowers repudiate today, the bank will
liquidate. This convinces borrowers that the bank is tough, and thus if they repudiate

again tomorrow, they believe that the bank will probably liquidate again, in which case
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they would receive a project return of zero. Hence, borrowers will prefer to repay the
debt.

But it is only worthwhile for the bank to build a reputation if the cost of building
the reputation (i.e. the cost of liquidation) can be offset by a stream of rents generated
by the reputation. But where do these rents come from? We assume that the bank is
a monopolist'. Given this, and given that direct lenders will refuse to lend to any new
borrowers, the bank has market power and is therefore able to charge a premium on
interest rates. Hence, it will be optimal for thé bank to liquidate if borrowers repudiate,
in order to be able to charge interest rate premiums on future dates. Thus, the threat of
liquidation is credible, and is an effective deterrent to repudiation.

Hence, the answer to the question, why do banks exist, can be summarized as follows.
Banks exist in order to lend to new borrowers with short credit histories. These borrowers
are unable to issue debt directly, because direct lenders expect them to repudiate their
debt obligations. The bank is able to lend, because it is a multi-period player in the credit
market, which allows it to build a reputation for being tough and thus deter borrowers
from repudiation.

But what role do direct lenders play in the credit market? Over time, if borrowers
continue to repay debt on all dates, they establish a good credit history. This convinces
direct lenders that the borrower is probably a safe borrower, and thus they will charge
lower interest rates, to reflect the lower risk of default. But now that borrowers are
charged low interest rates, their incentives change. If they repudiate, lenders will think
they are risky borrowers, and will refuse to lend to them anymore. Hence, these borrowers
risk losing access to cheap credit, which they have earned by building up a spotless credit
history. Hence, they will prefer to repay the debt, because they are concerned about

maintaining their reputation as a good credit risk. Direct lenders know that established

1This assumption is not crucial to the model. We explain later how the market structure can be
derived from first principles. There will still be a concentrated market structure in equilibrium, although
not necessarily a monopoly. But the important point is that banks will be able to charge interest rate
premiums, because direct lenders will refuse to lend, and hence these premiums will not be competed

away.
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borrowers will repay for this reason, hence they are willing to lend to them. This explains
why established borrowers are able to issue debt directly, whereas new borrowers are not.

The focus of the recent literature has been to explain why certain classes of borrowers
choose bank finance rather than issuing debt directly. Most papers have approached
this issue by claiming that certain borrowers prefer bank finance because banks provide
some special service which direct lenders are either unable or unwilling to offer. For
example, in Diamond (1991), banks monitor borrowers’ project choices, which reduces
the degree of adverse selection and moral hazard, and hence allows banks to charge a
lower interest rate than direct lenders, to borrowers without established credit histories.
In Chemmanur and Fulghieri (1994), banks are willing to evaluate the prospects of firms
in financial distress, and are thus less likely to liquidate inefficiently than direct lenders.
Hence borrowers who are more prone to financial distress are actually willing to pay an
interest rate premium on bank finance, compared to the rate on directly-placed debt, in
order to benefit from the evaluation service that the bank provides.

My model, however, provides an entirely different explanation for the existence of
banks. Direct lenders refuse to lend to borrowers with short credit histories, because
these borrowers have incentives to repudiate their debt obligations. Direct lenders cannot
compensate for the risk of repudiation by charging even higher interest rates, as borrowers
will renegotiate downward the debt repayment in any case. Therein lies the function
of the banking sector: banks lend to new borrowers who are unable to obtain finance
elsewhere. There are two key differences between the bank and direct lenders. First,
the bank is a multi-period player in the credit market, and therefore has the ability to
build a reputation for toughness. Second, there exists a concentrated market structure
in the banking sector, whereas the market for directly-placed debt is competitive. This is
crucial to the model, since it allows the bank to charge interest rate premiums. Note that
in my model, there is nothing intrinsically different about bank debt and directly-placed
debt. Although borrowers with short credit histories would prefer to borrow from direct

lenders, they are unable to, and are forced instead to borrow from the bank at a premium
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rate.

Hence, these chapters provide a different explanation for the existence of banks. But
it is also an improvement on the existing theories for the following reasons. It explains the
following two important stylized facts of the credit market, which the existing literature
has been unable to account for:

1) Banks have a reputation for aggressive liquidation.

2) Small businesses borrow almost exclusively from banks and pay an interest rate
premium on bank debt?.

The first stylized fact is most relevant to the US and UK banking systems, in which
banks have a reputation for being tough on firms in financial distress, tending to liqui-
date immediately rather than arranging rescue packages and allowing time for financial
restructuring, which is more typical of the Continental and Japanese banking systems
(see Frankel and Montgomery (1991)). Note that Chemmanur and Fulghieri (1994) pre-
dicts the opposite result. In their model, banks are willing to be flexible if borrowers
default, rather than liquidating without hesitation.

The second fact concerns small businesses’ dependence on bank finance (the main UK
clearing banks provide around 90 per cent of all small firm lending (Batchelor 1989)),
and the existence of interest rate premiums on bank debt. Note that Diamond (1991)
actually predicts the opposite, that banks charge a lower interest rate to new borrowers
than direct lenders. Although Chemmanur and Fulghieri (1994) does predict that banks
charge interest rate premiums, in their model borrowers are actually willing to pay an

interest rate premium on bank finance, in order to benefit from the evaluation service

2The evidence on how high bank interest rates are is mixed. However, the headline interest rates
charged by banks is not so important. What matters is the overall cost of bank debt. There is substantial
evidence wheih suggest this is high for small businesses. For example, the Cruickshank Report concluded
that banks in the UK use their considerable market power to overcharge small businesses on interest
rates, and to impose high non-interest charges (e.g. banks insist that small business customers also
maintain their current accounts (which levy high transactions costs) with the bank if they wish to
obtain finance). The model I use generalizes easily to consider these ‘hidden charges’, and the results
are unaffected. The important point is the bank has market power, and is therefore able to impose high

non-interest charges.
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that the bank provides. However, there is a wealth of survey evidence (e.g. Binks et
al. (1992), Storey et al. (1988), Cowling et al. (1991), Bank of England (1996)), which
suggests that this does not explain what is actually going on. Small businesses in the UK
do not give the impression that banks perform a special service for which they are willing
to pay a premium. On the contrary, they complain about overcharging on interest rates
and the lack of availability of alternative sources of finance. But this is exactly what my
model predicts. New borrowers are unable to borrow directly, and must therefore rely on
bank finance, and are forced to pay whatever the bank charges.

My model also generates two important implications for financial policy. Firstly, the
small business lobby in the UK has long argued that banks sometimes act precipitately by
appointing receivers to a struggling business without giving it the opportunity to explore
alternatives such as restructuring. These concerns have been voiced loudly, especially
during the 1990-92 recession, in which period relations between small firms and banks
reached an all time low. Given the widely accepted view that the small business sector is
an important engine of growth, innovation and employment creation, the government has
taken these problems seriously and has responded by undertaking reforms to corporate
insolvency procedures which curb creditors’ powers to liquidate small businesses (Bank of
England 1996). However, although such reforms may reduce the incidence of inefficient
liquidation, my model suggests that they may be counter-productive. If banks’ powers
to liquidate are curtailed, then borrowers face less of a deterrent to repudiation, which
may affect banks’ willingness to lend to small businesses. Hence, it is important that
reforms to financial policy recognize the trade-off between deterring debt repudiation and
minimizing inefficient liquidation.

Secondly, suppose the government imposed an interest rate ceiling to prevent banks
from charging high interest rates. In my model, this would mean that if borrowers
repudiated, the bank would have no incentive to liquidate and thus build a reputation
for toughness, as there would be no future rents to offset the cost of liquidation. Hence

liquidation would no longer be a credible threat, and borrowers would not be deterred
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from repudiation. Thus, the bank would be better off not lending to new borrowers.

Hence, measures to cut interest rates charged by banks could be counter-productive.
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Chapter 1

Borrower Reputation Effects and

the Market for Directly-Placed Debt

1.1 Introduction

In this chapter, we solve for equilibrium when borrowers borrow directly on the open
market. We also analyze the dynamics of borrower reputation effects. We begin the
model with a distribution of observationally equivalent, infinitely-lived borrowers with
different project types and with no credit history, Aand a large number of direct lenders and
one bank lender with no previous history of lending. The proportion of risky borrowers
in the market is initially quite high, such that market interest rates are too high for
borrower reputation to be effective in deterring repudiation. Direct lenders will therefore
refuse to lend, given that they face debt repudiation if they do lend. However, the bank
is willing to lend, because it is able to deter repudiation by building a reputation for
toughness. But the bank faces a finite horizon for the following reason. Every period,
there exists a positive probability that risky borrowers will be forced to default due to
project failure, thus revealing their type and resulting in credit termination. This means
for any borrower who repays the debt, the probability that it is a safe borrower rises,

and thus it is charged a lower interest rate on future dates. This implies that the value
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of repaying debt and thus retaining access to credit rises, i.e. the net value of borrower
reputation increases over time. On some date, the net gain from retaining access to
credit exceeds the pay-off from repudiation, even if the borrower faces zero probability of
liquidation. Hence on this date, direct lenders can lend, given that borrowers’ concerns
about maintaining their reputation will police their incentives, and thus the competitive
market for directly placed debt becomes open. Borrowers with a good credit history will
prefer to borrow directly, given that the bank charges a premium on interest rates, and
thus on this date they will switch from bank finance to direct finance. Hence, the bank

faces a finite horizon.!

The structure of the chapter is as follows. In section 1.2 we set out the model. In
section 1.3, we solve for borrowers’ optimal repayment strategies, and show that if interest
rates are too high, borrowers will prefer to repudiate debt. We then show that as the
market interest rate falls over time, the net value of borrowers’ reputations rises and thus
incentives to repay debt improve.

We show that safe borrowers value future borrowing more highly than risky borrowers.
This implies that it could be possible that on some date, safe borrowers prefer to repay
debt, whilst risky borrowers prefer to repudiate, resulting in the separation of borrowers.
However, we prove in section 1.4 that there exists no such separating equilibrium.

We then show in section 1.5 that the threshold date on which borrowers switch from
bank finance to direct finance does actually exist, and hence borrowers are not tied to
the bank for the rest of their lives. We also prove that once borrowers switch to direct
finance, they never switch back again to bank finance on a later date. Finally, we derive
the threshold date. We show that it is the first date on which the pay-off from repaying

debt and retaining access to future credit exceeds the pay-off from repudiation, for both

borrower types.

1Tf we introduce entry of new cohorts of borrowers each period, the bank will no longer face a finite
horizon and will continue to lend in the model’s steady state. If we assume that the new cohorts face
the same initial degree of adverse selection as the original cohort of borrowers, and similarly that the
new borrowers have no prior credit history, then they will also be unable to borrow directly and must

rely on bank finance.
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1.2 The Model

Borrowers

Borrowers are risk neutral and infinitely-lived. They receive no endowment but have
access to an investment project each period. There are two types:

- type A borrowers have one riskless project each period. They can invest I units and
receive Y (I) I units with probability 1, where Y (I) = a — b1, with @ > 0, b > 0 hence
the investment technology exhibits diminishing returns,

- type B borrowers have one risky project each period, which returns Y (I) I with
probability = and zero with probability 1 — 7, where 7Y (I) < 1, hence type B projects
yield negative net present value to lenders.?

Borrowers must invest funds in their projects, they cannot invest instead in the riskless
asset or consume funds directly.

- The initial population of borrowers contains a publicly observable fraction fa of type
A’s and fg(= 1— f4) of type B’s. Borrower type is private information and all borrowers
are initially observationally equivalent. Project returns are independently distributed. I
assume that although the project outcome is observed by both borrower and lender, it
is not observable by any third party, including other lenders. Hence lenders are unable
to enforce repayment by writing a comprehensive contract, i.e. contracts are incomplete,
and the only enforceable contract is a debt contract which specifies a fixed payment of
r per unit loan, where r is the gross interest rate, and entitles the creditor to liquidate
the project in the event of default. However, I assume that lenders are unable to commit
ex ante to liquidation. This gives rise to the following incentive problem. Borrowers can

repudiate their debt contracts in order to negotiate downward the level of debt repayment.

2We assume that the type B project return in the successful state is the same as the type A project
return. This is purely for analytical convenience. The nature of the results are unaffected if we assume
type B has a different project output function Z (I) # Y (I), providing that 72 ({) < 1 holds.
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Although I do not explicitly model the bargaining process, I assume that after debt
repudiation, the lender still requires the borrower’s cooperation to deliver project returns,
hence both the borrower and lender have some bargaining power over the project output.
We set the renegotiated payment to lenders at (1 — p) Y (1) 7, where i parameterizes the

borrower’s bargaining power, and (1 — )Y (I) < 1, hence the following condition holds
Ql-pYDHI<rl VYr>1 (1.1)

i.e. lenders are worse off after contract renegotiation even when the interest rate on debt
is at its lowest level, equal to the riskless rate.

Borrowers maximize discounted expected consumption, given by 30, ' E(c;), where
¢t is period t consumption, and ( is the discount factor with 0 < 8 < 1. Consumption
of all agents must be non-negative each period, hence borrowers have limited liability.
This means that type B borrowers can earn a positive expected return on their projects,
given that 7(Y (I) — r)I + (1 — 7)0 > 0 where r < Y (I), even though type B projects
yield negative net present value to lenders. I also assume that borrowers cannot save.
This allows us to focus on the importance of reputation effects in improving borrowers
incentives, and abstracts from issues of optimal capital structure (i.e. what mix of debt
and internal equity should borrowers use). Although there exists a countable infinity of
both borrowers and direct lenders, we assume borrowers’ projects are in relatively short
supply, and hence the riskless asset is in use in any equilibrium. Hence, in the compet-
itive credit market, direct lenders will lend to any borrower who offers a debt contract

with an expected return no less than the riskless rate of return.

Lenders

Lenders are risk neutral and receive an endowment of consumption goods each period.

They have a choice over how to invest this:

1) they can invest in a riskless asset, which has a gross rate of return of R, or

2) they can lend to borrowers who have access to investment projects.
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For simplicity, we set the riskless rate of interest to zero, i.e. R =1, and assume that
lenders do not discount the future. This does not in any way affect the results, but is
used for analytical convenience.

There are two distinct categories of lenders:

1) The bank. I assume that the bank is a monopolist, and is infinitely-lived.

2) Direct lenders. These live for a single period only, hence borrowers face a new
generation of direct lenders each period. In order to model the competitive structure
of the market for directly-placed debt, I assume there are a large number (a countable
infinity) of small direct lenders, each of whom has no individual influence over the market
interest rate.

I assume that the bank is observationally distinct from direct lenders, hence direct
lenders cannot masquerade as bank lenders, and vice-versa.

Both the bank and direct lenders have a liquidation technology which gives them the
ability to liquidate borrowers’ projects if they default on debt repayment. Both the bank
and direct lenders receive a pay-off of (1 — p)Y (L;)I; if they renegotiate. Direct lenders
receive a pay-off of zero from liquidation.

I assume the following information structure. At each point in time, lenders can
observe borrowers’ entire credit histories. Specifically, it tells them whether a borrower
has ever defaulted on a loan, but does not reveal whether default was strategic (i.e.
repudiation) or forced by project failure. Also, at each point in time borrowers can
observe the bank’s history of actions, namely on which dates it has chosen to lend in the
credit market, and whether it liquidated or renegotiated when borrowers have defaulted.

We model the problem as the repeated play of an extensive form stage game with
incomplete information, using the concept of sequential equilibrium. We describe the one
period stage game for any given date ¢’ below.

We describe first the stage game in which borrowers borrow from the bank. All bank
pay-offs are given net of the return available from the riskless asset. The stage game

consists of the following sequence of steps:
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Step (1): The bank decides whether to lend to borrowers in the credit market on date
t', or to invest in the riskless asset. If it does not lend, then the date #' stage game ends,
the bank receives a net pay-off of zero, and all borrowers receive a pay-off of zero. If it
lends, the game proceeds to step (2).

Step (2): The bank sets the interest rate, and also decides whether to ration the
amount of credit it will lend to each borrower.

Step (3): Nature determines the outcome of a randomizing device, which is observable
to all borrowers but not to the bank.

Step (4): Borrowers offer debt contracts to the bank, specifying the interest rate and
the amount they wish to borrow.

Step (5): The bank chooses which debt contracts to accept. If the bank refuses to
lend to any given borrower, then the date ¢’ stage game ends for that borrower and it
and the bank receive a pay-off of zero.

Step (6): Nature determines the outcome of type B projects. If a borrower’s project
fails, then its date t’' stage game ends, it receives a pay-off of zero and the bank receives
a net pay-off of —I;. If its project succeeds, then it proceeds to step (7).

Step (7): Borrowers choose whether to repay or repudiate. If a borrower repays, then
its date ¢’ stage game ends, it receives a pay-off of (Y (Iy) — ry) Iy, and the bank receives
a net pay-off of (ry — 1)Iy. If it repudiates, then the game proceeds to step (8).

Step (8): The bank decides whether to liquidate or renegotiate with each borrower
who repudiated. If it liquidates, it receives a net pay-off of g(w) — I; (if it is class W) or
(re — 1)1y (if it is class S), and the borrower receives a pay-off of zero. If it renegotiates,
it receives a net pay-off of —(1 — (1 — p)Y ({¢)) Iy, and the borrower receives a pay-off of
wY (Ip) Iy

At steps (4) and (7), the borrower is at an information set regarding the bank’s class
and type. At steps (1), (2), (5), and (8), the bank is at an information set regarding
the borrower’s type, and at steps (5) and (8) it is at an information set regarding the

outcome of the randomizing device.
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The bank plays this stage game against every borrower. The game is structured such
that the bank plays step (5) sequentially against all borrowers before it moves on to step
(8), which it also plays sequentially against each borrower.

The stage game in which direct lenders lend is identical to the above, except that
step (2) is omitted, given that direct lenders have no control over the interest rate and
are unable to ration credit.

It is useful to set out the definitions of the strategies of players, how beliefs are formed,
and the equilibrium concept used.

A strategy for the borrower (type A or B) is the following:

a) a choice of debt contract, specifying the interest rate and the amount of funds they
wish to borrow, and the length of the contract

b) a decision on whether to repay or repudiate

A strategy for the bank is the following:

a) a decision on whether to lend to borrowers in the credit market on date t', or to
invest in the riskless asset

b) a choice of the interest rate r;, and a decision on whether to ration the amount of
credit it will lend to each borrower

¢) a decision on whether to accept any given borrower’s debt contract

d) a decision on whether to liquidate or renegotiate

A strategy for the direct lender is the following:

a) a decision on whether to lend to borrowers in the credit market on date ¢, or to
invest in the riskless asset "

b) a decision on whether to accept any given borrower’s debt contract

¢) a decision on whether to liquidate or renegotiate

The concept of sequential equilibrium must satisfy the following conditions:
1) At each information set, the player with the move must form a belief about which
node in the information set he is at, by assigning a probability to the event that he is at

any given node.
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2) Players must be sequentially rational, i.e. players’ strategies at any given informa-
tion set must be optimal, given their beliefs and given their subsequent strategies and
the other players’ subsequent strategies.

3) Beliefs must be consistent with equilibrium strategies, i.e. beliefs must be updated
using Bayes’ Rule.

4) Beliefs for information sets off the equilibrium path must be consistent with some
small perturbation of the equilibrium strategy profile, such that these informations sets

are actually reached during play.

1.3 The Dynamics of Borrower Reputation Effects

Figure 1 illustrates the borrower’s moral hazard problem. New borrowers without an
established credit history face a problem of adverse selection, i.e. there is a high propor-
tion of type B borrowers in the market, but all borrowers are observationally equivalent.
Hence, all new borrowers are pooled together and charged high interest rates, to reflect the
high risk of default. This gives these new borrowers the incentive to repudiate, in order
to renegotiate downward the level of debt repayment. If borrowers decide to repudiate,
it is optimal for the direct lender to renegotiate, because its pay-off from renegotiation
(1 — p)Y (1) exceeds the pay-off from liquidation (zero). Suppose the lender threatens
to liquidate, in order to try to deter the borrower from repudiation. But borrowers know
that direct lenders will prefer ex post to renegotiate, hence the threat is not credible and
hence they will not be deterred from repudiation. Direct lenders know that it is optimal
for borrowers to repudiate, hence they will refuse to lend, and thus borrowers are forced
to borrow from the bank. |

On every date, lenders form an assessment of each borrower’s type, on the basis of its
track record for debt repayment. On the basis of this assessment, lenders decide whether

to re-lend to a borrower, or to terminate credit. If the track record implies that the
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probability that the borrower is type B is high, then direct lenders will terminate credit.
If borrowers continue to repay debt on all dates, they establish a good credit history, and
thus the lender’s assessment of the probability that the borrower is type A rises (since only
type B projects fail). Hence, direct lenders will re-lend to these borrowers and will charge
them lower interest rates, to reflect the lower risk of default. But now that borrowers are
charged low interest rates, their incentives change. We illustrate this in Figure 2. Suppose
a borrower whose project has succeeded decides to repudiate. How will lenders revise
their belief about the borrower’s type? Note that lenders cannot distinguish between a
borrower who defaults due to project failure, and a borrower who defaults strategically
(hence we have the information set), because project outcome is not publicly observable.
Hence, if lenders form the belief that if the borrower defaults, then it must be a type
B borrower whose project failed (i.e. they are at node ng in the information set), their
optimal response will be to terminate this borrower’s credit. Hence, borrowers with good
credit histories will prefer not to repudiate, because they don’t want to jeopardize their
reputations for being a good credit risk, and thus have their credit terminated, given that
they are now able to borrow cheaply from direct lenders. This is why direct lenders are
willing to lend to borrowers with established credit histories, because these borrowers are
concerned about their reputations, and thus do not have incentives to repudiate debt.
We begin this section by deriving type A and B borrowers’ optimal repayment strate-
gies if they borrow directly, as a function of current and future market interest rates.
First, we must analyze what are direct lenders’ equilibrium re-lending strategies. We
prove below that in equilibrium, direct lenders’ beliefs about borrower type, if a bor-
rower defaults, are that he is type B, and hence it is optimal to terminate his credit.
Hence, in equilibrium, if a borrower defaults, the present discounted value of his future

pay-offs is zero.

It is an optimal strategy for type A borrowers to repay debt if and only if the following
holds:
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Vai(rep) > Va(def)
& (Y(L) ~ )1y + BVas1 > pY (L)1,

& (r— (11— Y (L) L < fVar (1.2)

where Vy;(rep) and Vg (def) are the expected present discounted value of repaying and
defaulting on debt respectively on date t, and V., is the expected future value to type A
borrowers of retaining access to credit on future dates, given future interest rates. Hence
condition (1.2) states that if interest rates are low enough, and thus the value of retaining
access to credit on future dates is high enough, the return to repaying debt exceeds the
pay-off from repudiation, and hence reputation is effective for type A borrowers.

Similarly for type B borrowers, it is an optimal strategy to repay debt if and only if
the following holds:

Vai(rep) > Vpi(def)
& (Y(L) —ro) Ly + BV 2 pY (L)

& (r— (1—pY (L)L < BrVeit (1.3)

We now derive direct lenders’ optimal lending strategies. We assume that the market for
directly-placed debt is competitive, hence no individual direct lender has any influence
over the market interest rate. Direct lenders will therefore accept any debt contract

which offers an expected return no less than the riskless interest rate. Suppose both type
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A’s and type B’s (if their projects succeed) repay debt on date t. Then
Eupy = Fyry + Fpemry 2> 1
S > _ rP (1.4)
Far+ Fpym
where Fy; and Fp; are the proportion of type A and B borrowers respectively in the
market at the start of date ¢, and Eup, is the lender’s expected return on date t.
Hence lenders will accept any debt contract which offers an interest rate r, > 2.
Given that borrowers are relatively scarce, they will offer the lowest rate necessary to
ensure that the contract is accepted. Hence in equilibrium, 7; = r”. Given the market
interest rate 7, borrowers will borrow amount I given by I(rep,rP), which is the

borrower’s demand for funds function (which is solved for in section 2.4 below).

But suppose both borrower types repudiate debt. Then
Bup; = (Fas + Fpem)(1 = p)Y (1)

Hence Eup; < 1, given that (1 — p)Y (1) < 1 by assumption, and hence it is optimal for
lenders to refuse to accept debt contracts. Thus, on dates when borrower reputation is
ineffective, direct lenders will refuse to lend.

Both the bank and direct lenders will refuse to lend to any borrower who is revealed
to be type B. Type B’s expected project return is 7Y (I) < 1. Hence, even if lenders
charge the maximum possible interest rate r = Y'([), they receive an expected return
lower than the return on the riskless asset. Hence, it is optimal to terminate credit to
any borrower who is revealed to be type B.

We assume that fp, the initial proportion of type B borrowers in the credit market is
sufficiently high as to drive up interest rates such that on date ¢ = 1, conditions (1.2) and
(1.3) fail to hold. However, over time, the proportion of type B borrowers in the market

declines, as they default and thus reveal their type, hence resulting in their exclusion from
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future borrowing. Hence, Fi; falls over time, and from (1.4), the interest rate charged
by direct lenders falls over time. As interest rates fall, the value of repaying debt and
thus retaining access to future borrowing opportunities increases, i.e. the net value of
borrower reputation increases.

On dates when interest rates are low enough such that conditions (1.2) and (1.3) hold,
borrowers will prefer to borrow directly at the market interest rate given by (1.4), rather
than from the bank, given that the bank charges an interest rate premium (as we prove
in section 2.5 below). Given that (1.2) and (1.3) hold, borrowers will prefer to repay
debt, and hence, direct lenders will be willing to lend. This means that in equilibrium,
the only borrowers who default are type B borrowers who are forced to default due to
project failure. Hence, lenders’ beliefs that default implies type B are consistent with
borrowers’ equilibrium strategies.

We now derive the dynamics of the competitive market interest rate series. On any
date t, every type B borrower faces a probability of project failure of 1 — 7. If its project
does fail, the borrower is revealed to be type B, and it is denied future credit. Hence the
evolution of Fs; and Fg;,the proportions of type A and B borrowers remaining in the

market at the beginning of date ¢, is given as follows:

Fap | Fy
_ At—1 ’ Fa, = Tl Bt-1 (1.5a)
Fap1 +7Fpiq Fai 1 +7Fpiq

Fyy

Hence, 6; = Fy4; + wFp; is monotonically increasing over time, given that Fa;1 > Fla;
and Fpy; < Fp; for all t. This implies that, from (1.4), rZ, < rf for all t. Hence,
interest rates are monotonically decreasing over time.

Let us define date 7'+ 1 as the earliest date on which reputation is effective for type
B borrowers, i.e. condition (1.3) holds. But if reputation is effective for type B’s, then
it must also be effective for type A’s. This is because for all ¢, V11 > Vi, given that
type A’s project has a higher expected return then type B’s, hence if (1.3) holds then
(1.2) must also hold. Hence direct lenders will lend on date 7"+ 1, because both borrower

types will prefer to repay the debt. But the fact that Vaz11 > Vpiqa for all t implies that
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there exists some date ¢4 < T + 1 on which (1.2) holds, but (1.3) fails to hold. Hence
on this date, if direct lenders were to lend, type A’s would repay the debt but type B’s
would prefer to repudiate. Direct lenders would have to charge a higher interest rate
than (1.4), given by r;, to compensate for the lower (renegotiated) repayments from type
B borrowers, so that they receive an expected return no lower than the return on the

riskless asset. Hence lenders will accept debt contracts from borrowers
<~ FAtT'é + FBt’ﬂ'(l - /.L)Y(It) >1

Now that suppose with interest rate 7§, (1.2) still holds. Then the equilibrium outcome
would be for direct lenders to lend, type A’s to repay the debt, and type B’s to repudiate.
Thus type A and B borrowers would separate. However, we now show that there is no

such separating equilibrium.

1.4 Analysis of the Existence of a Separating Equi-
librium

This section proves that there exists no separating equilibrium, in which on some date
t type A borrowers repay debt and type B’s repudiate. We solve for the equilibrium
on dates t > t after borrowers have separated. Borrowers who repudiate are revealed
to be type B, and are therefore excluded from future borrowing. Borrowers who repay
are revealed to be type A. We then show that direct lenders will also refuse to lend
to borrowers who are known to be type A. We do this by first solving for equilibrium
assuming that only direct lenders lend. In this case, there exists two equilibria, one
in which borrowers’ strategy is to repay debt on all dates and hence it is optimal for
direct lenders to lend on all dates (the repayment equilibrium), and the other in which

borrowers’ strategy is to repudiate on all dates, and hence it is optimal for direct lenders
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to refuse to lend on all dates (the no lending equilibrium). We then analyze what happens
when we allow the bank to lend. In the no lending equilibrium, providing its reputation
is intact, the bank can deter repudiation by credibly threatening to liquidate defaulters.
Hence the bank will lend, and will charge a monopoly premium on interest rates given
that no other lender will lend. In the repayment equilibrium, we show that the effect of
allowing the bank to lend is that direct lenders will refuse to lend, hence the bank will
again be the sole lender and will charge a monopolist premium on interest rates. This
occurs because direct lenders can only deter repudiation by threatening to terminate
credit if borrowers repudiate, given that they cannot commit to liquidation. However,
when we allow the bank to lend, the threat of credit termination by direct lenders becomes
ineffective, since the bank will re-lend to borrowers who repudiate. We show that it may
be optimal for borrowers to default on directly-placed debt, even if they are forced to pay
the bank’s monopoly premium on interest rates forever after. We then show that, if this
fails to hold, borrowers can offer a long term debt contract to the bank, which specifies
future interest rates for a fixed length of time. Providing the contracted interest rates
are low enough, borrowers will again have an incentive to repudiate on directly-placed
debt, and then borrow from the bank on future dates. Hence direct lenders will refuse
to lend.

Thus the unique equilibrium following separation is one in which direct lenders do
not lend and hence type A borrowers are forced to borrow from the bank. This reduces
significantly type A’s pay-off from separation, such that, providing a certain condition
holds, it will not be optimal on any date for type A borrowers to separate from type B
borrowers.

Suppose type A’s do separate from type B’s on some date f < T + 1. We now solve
for the post-separation equilibrium on dates ¢ > . We begin by solving for equilibrium

assuming that only direct lenders lend.
Post-separation equilibrium with no bank lending
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Given that there is no longer incomplete information about borrower type, we seek a
subgame perfect equilibrium. Lemma 1 proves that there are in fact two subgame perfect

equilibria.

Lemma 1 Assuming the bank does not lend, in the post-separation game there ezists the

following two equilibria:

1) The repayment equilibrium. Direct lenders’ strategies are to lend on date £+1, and
to re-lend on all subsequent dates to any type A borrower who has not defaulted since
date £ + 1, on any debt contract which offers an interest rate r, > 1. If a borrower has
defaulted at least once, direct lenders terminate credit on all subsequent dates. Type A
borrowers’ strategies are to repay every period, but after the first default, to default on
all subsequent dates. In the repayment equilibrium, direct lenders will lend on all dates
and borrowers will repay on all dates.

2) The no lending equilibrium. Direct lenders’ strategies are to refuse to lend on all
dates. Borrowers’ strategies are to repudiate on all dates.

Proof. We begin with the repayment equilibrium. We first prove that the equilibrium
strategies form a Nash equilibrium in the game as a whole. Given that borrowers repay
on all dates, it is optimal for direct lenders to lend on all dates to any borrower who
has not defaulted since date ¢ + 1. As noted above, direct lenders will accept any debt
contract which offers an expected return no less than the riskless interest rate. Given that
type A projects have zero probability of failure, direct lenders will accept debt contracts
from type A’s which offer the riskless interest rate. Given that default prdvokes credit

termination, it is optimal for borrowers to repay on all dates

& Va(rep) > Vai(def)

& (- (1= WY (I < Jm [ FY ()~ DI (16)

where [* = = (from (2.9) below). Assuming that (1.12) holds, from (1.11) and given
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that lim ST Y (1Y) — D)IF] > Jim [T (Br) (Y (I*) — 1)I*], (1.6) must also hold.

To prove that this is a subgame perfect equilibrium, we must prove that the equi-
librium strategies form a Nash equilibrium in every subgame. Given that on any date,
the set of possible subgames is equivalent to the set of possible histories, we can clas-
sify subgames into two types, those in which borrowers have repaid debt on every date
t > t+1, and those in which borrowers have repudiated at least once. In the first type of
subgame, given that the continuation game is identical to the game as a whole, and that
the equilibrium strategy profile specifies strategies which are a Nash equilibrium in the
game as a whole, they must also constitute an equilibrium in this subgame. In the second
type of subgame, the equilibrium strategy profile specifies that direct lenders terminate
credit on all future dates, given that borrowers have defaulted at least once. This is an
optimal strategy, given that borrowers’ strategies are to repudiate on all future dates.
Borrowers’ strategies are also optimal, given that direct lenders terminate credit anyway,
hence borrowers’ repayment strategies have no effect on their equilibrium pay-offs after
the first default. Hence these strategies constitute a Nash equilibrium in the second type
of subgame also. Hence the repayment equilibrium is subgame perfect.

We now turn to the no lending equilibrium. The strategy profile in the no lending
equilibrium is equivalent to the strategies specified in the repayment equilibrium for the
continuation game after borrowers repudiate. We proved above that these strategies
constitute a Nash equilibrium. In any subgame, given that the continuation game is
identical to the game as a whole, and that the strategy profile specifies strategies which
are a Nash equilibrium in the game as a whole, they must also constitute an equilibrium
in the subgame. Hence, the no lending equilibrium is also subgame perfect.

Q.E.D.
Post-separation equilibrium with bank lending
We now analyze what happens when we allow the bank to lend. We assume that

the bank has retained its reputation up to the separation date (we explain in section
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2.2 below how the bank loses its reputation), and thus continues to lend, charging the
monopolist interest rate. Lemma 2 shows that when we introduce bank lending, the
repayment equilibrium as described above cannot exist. Hence the unique equilibrium is

one in which only the bank lends.

Lemma 2 In the post-separation game, there is a unique equilibrium in which the bank
lends on all dates, charges a monopoly premium on interest rates, and liquidates all

defaulters, direct lenders do not lend on any date, and borrowers issue bank debt and

repay on all dates.

Proof. First, we claim that direct lenders will not lend in equilibrium, and prove that the
bank’s optimal strategy is to lend on all dates, charge a monopoly premium on interest
rates, and liquidate all defaulters, and borrowers’ optimal strategies are to issue bank debt
and repay on all dates. We give here a sketch of this part of the proof (see the appendix
for the full proof). Suppose borrowers’ strategies are to repudiate on all dates. We show
that this cannot be an equilibrium strategy. Consider some arbitrary date t < T" < co
after borrowers have separated. Suppose for the moment that borrowers do repudiate on
all dates ¢t > T". This would mean that no class W bank would have an incentive to lend on
dates t > T”, and thus date T” is effectively the class W bank’s horizon. The equilibrium
is therefore similar to the finite horizon bank lending equilibrium described in chapter
2. In this equilibrium, class W banks have an incentive to liquidate borrowers in order
to build a reputation. However, reputation effects weaken as the horizon approaches,
i.e. the bank will prefer to renegotiate with defaulters unless its liquidation costs are
low, since their are fewer lending opportunities to defend. But if 7" is sufficiently large,
there exists some date £ < T" on which the horizon is long enough such that if borrowers
default, all bank types will prefer to liquidate, no matter how high their liquidation costs.
Given that borrowers face liquidation with probability 1 if they default, they will prefer
to repay debt. Now suppose 7" — co. Given that the horizon is now infinite, all bank

types will prefer to liquidate on all dates.
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We now prove that direct lenders will prefer not to lend in equilibrium. Consider
the repayment equilibrium as described in lemma 1, in which it is optimal for direct
lenders to lend and for borrowers repay on all dates. If borrowers repudiate on any date,
direct lenders’ equilibrium strategies are to terminate credit, and borrowers’ equilibrium
strategies are to repudiate on all future dates. But given these strategies, we know from
the proof above that it is optimal for the bank to lend. Hence if borrowers repudiate,
although they will not be able to borrow directly, they have the option of borrowing from
the bank on future dates. We now prove that it is optimal for borrowers to repudiate on
directly-placed debt, and then borrow from the bank on future dates.

It is optimal for borrowers to repudiate on directly-placed debt if and only if the
following holds:

Vai(rep) < Va(def)

& (Y{IP) = 1) IP + BVara (rP) < p¥Y (IP)IP + BVara (r™)

o (Y(IP) - 1) IP < pY (IP)IP + 1—-_@——5 (Y (IM) — ) 1M (1.7)

1

where V.1 (rP) is the present discounted valug from borrowing directly at the riskless
interest rate, Vas1(rM) is the present discounted value from borrowing from the bank
at the monopolist interest rate and r™ = %l (the interest rate set by the bank, derived
in section 2.5), I? = &1 M = 221 (from the borrower’s demand for funds function).
Hence if condition (1.7) holds, i.e. if the pay-off from borrowing from the bank on all
future dates is not too much lower than the pay-off from retaining access to direct credit,
then it is optimal for borrowers to repudiate on directly-placed debt and thus direct
lenders will not lend.

Suppose condition (1.7) fails to hold. We now show that it is still optimal for borrowers
to repudiate on directly-placed debt.

Suppose borrowers borrow directly on date #, but before making the repayment de-

cision, they offer a long term debt contract to the bank, which specifies the interest rate
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for the following n periods. Then borrowers will default on date ¢ and borrow from the

bank on future dates if and only if the following condition holds:

(Y(IP) = 1) P48V (r®) < Y (IP)IP+Y B (Y(I}) — r) I A8V iiy i (P)

=1

& (1-1=pYIP)IP > B (Vagr (rP) — Vage (o or} ™) (1.8)

where V;,, (r?) is the present discounted value from borrowing directly at the riskless
interest rate, Vs, 41 (r™) is the present discounted value from borrowing from the bank
at the monopolist interest rate, and 7}, .. .rfin is the interest rate series specified in
the contract. Condition (1.8) states that borrowers will repudiate if and only if the
contracted interest rates are low enough to compensate for the reduction in future pay-
offs (compared to the pay-offs available if borrowers were to repay debt and thus retain
access to direct credit) after the contract expires, when borrowers will be forced to pay
the monopolist interest rates. It is optimal for the bank to accept the contract if and
only if Vj; 41 > 0, where Ve 41 is the bank’s present value of future pay-offs (net of the
return on the riskless asset) during and after the contracted time period on date ¢ + 1.
Suppose the contract specifies interest rates lovyer than the riskless rate, such that it
offers negative net present value to the bank. Providing that the bank is able to recoup
the cost of the subsidized contracted interest rates by charging the monopolist interest
rate after the contract expires, it will still be optimal to accept the contract. But what
~ happens if the bank accepts the contract and then borrowers repay debt? Borrowers
will then be able to enjoy the subsidized contracted interest rates without having to pay
the monopolist interest rates after the contract expires, given that by not repudiating
they retain access to direct credit. Hence the bank will not accept the contract unless
it knows that borrowers will default on date £, so that they are locked out of the direct

credit market after the contract has expired. It will be optimal for borrowers to default

on date £ if and only if the following condition holds:
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(Y( ID + Z’B t+7. t+z) t+i + /8n+1VAt+n+1( D)

=1

< EYUPYP + 306 (VUM — ) T+ 6™ ()
i=1

/BnH (VA£+n+1(7"D) - VA£+n+1(TM)) < (1 - (1 - N)Y(ID)) P (1-9)

Condition (1.9) states that, provided that n is large enough, i.e. the contract is long
enough, it will be optimal for borrowers to default on date ¢. The reason for this is
that the longer the contract, the further away the date on which borrowers must start
paying the monopolist interest rate, hence the lower is the discounted value of repaying
debt and thus retaining access to direct credit. Given that (1.9) holds, if the contract
specifies interest rates r, = 1 for £ +1 < ¢t < { +n then (1.8) will also hold and thus it
will be optimal for borrowers to offer the contract. Vj; +1 > 0 also holds in this case,
given that for the duration of the contract the bank gets a net per period pay-off of zero,
but is able to charge the monopolist interest rate when the contract expires, hence it is
optimal for the bank to accept the contract. Thus borrowers will repudiate on directly-
placed debt, which means that direct lenders will refuse to lend in equilibrium. The
unique equilibrium following separation is therefore one in which the bank lends on all
dates, charges a monopoly premium on interest rates, and liquidates all defaulters, direct
lenders do not lend on any date, and borrowers issue bank debt and repay on all dates.

Q.E.D. | |

Hence lemma 2 proves that following separation, type A borrowers are forced to
borrow from the bank at the monopolist interest rate because they cannot commit to re-
paying directly-placed debt, which reduces their future pay-offs significantly. Proposition
1 proves that, if a certain condition holds, type A borrowers will prefer not to separate

from type B’s in equilibrium.
Proposition 1 There exists no separating equilibrium in which type A borrowers repay
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and type B borrowers repudiate directly-placed debt, if the following condition holds:

(1= (1= WY (I?) 1° > 1—_—% (Y (") — p1) (1.10)

Proof. It is optimal for type A borrowers to repay debt on date

& Vai(rep) > Vyi(def)

This holds only if it holds for the lowest possible interest rate r; = 1, i.e. only if
(Y(IP) = 1) IP + BVaurpr > pY (IP) 1P

From lemma 2, if type A borrowers separate, then they must borrow from the bank at
the monopolist interest rate on all future dates, hence Vay1 = 115 (Y/(IM) — ) IM.

Hence Vy;(rep) > Vyi(def) only if

(1-1=pYI?)IP < —1——_@-—5 (Y (IMy — M)y M
Hence if condition (1.10) holds, this implies Va:(def) > Va;(rep), hence type A borrowers
will repudiate on date . Hence there exists no separating equilibrium, no matter what

interest rate type A borrowers offer on date .

Q.E.D.

Proposition 1 has proved that, providing condition (1.10) holds, there exists no sep-
arating equilibrium, in which on some date, type A borrowers have incentives to repay
debt, whilst type B borrowers will prefer to repudiate. This is because the incentive to
repay debt is that borrowers retain access to future borrowing. However, this incentive
is removed if type A’s separate from type B’s, because type A’s will be forced to borrow
from the bank after separation, which reduces significantly the value of future borrowing

opportunities. We have thus shown that the threshold date on which direct lenders enter
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the market and borrowers switch from bank debt to directly-placed debt is date 7'+ 1,
which is the earliest date that (1.3) holds and hence reputation is effective for both bor-
rower types, providing that such a date exists. We must now prove that such a date does
indeed exist, i.e. that borrower reputation will eventually be effective, and that direct
lenders will enter the market at some stage, and hence borrowers will not be forced to

borrow from the bank forever.

1.5 The Existence of the Market for Directly-Placed
Debt

Consider some date ¢ > T + 1. In order for reputation to be effective at some stage,
and thus for direct lenders to lend, we must prove that it is optimal for the bank not to
re-lend to any borrower who repudiates. We assume that the bank’s beliefs about any
borrower who defaults are that default implies that the borrower is type B. Hence the
bank’s optimal strategy is to refuse to re-lend to any borrower who defaults. This means
that if borrowers borrow directly and repudiate_, they will not be able to borrow from
the bank afterwards, hence repudiation will result in credit termination. Thus given that
for dates t > T + 1 conditions (1.2) and (1.3) hold, both borrower types will have an
incentive to repay debt, i.e. reputation is effective, and therefore direct lenders will lend.
The only borrowers who will default are those type B’s constrained to default due to
project failure. Hence the bank’s beliefs that default implies that the borrower is type B
are consistent.

Now suppose that borrowers can offer the bank multi-period debt contracts as in
the post-separation equilibrium described above. Does reputation become ineffective as
previously? Suppose the bank’s beliefs are that ‘offer of contract implies borrower is type
B’. Then it is optimal for the bank not to accept the contract. Hence repudiation will

provoke credit termination, and thus reputation is effective. Given that in equilibrium,

41



neither borrower type will find it profitable to deviate and offer the bank a multi-period
debt contract, the bank’s beliefs about borrower type if a borrower offer such a contract
are consistent. This specification of beliefs also satisfies the Cho-Kreps intuitive criterion,
given that type A borrowers can offer no contract whose pay-off exceeds the equilibrium
pay-off from repaying debt, such that the contract’s pay-off is also equilibrium dominated
by type B borrowers’ pay-offs from repaying debt. This is because, for any given contract
which satisfies (1.8),

(1—-(1=p)YUIP)IP > pr (VBg+1(rD) — Ve (rl], - .’rﬁn,rM)) must also hold, given
that

16 (VA5+1(TD) — VAt-H(rﬁl . .rﬁn,rM ) > fBr (VBE+1 (rP) — VBt~+1(T£{1 . .rﬁ{n,rM)>,
hence it will also be optimal for type B borrowers to offer the contract. If type A’s
offer a contract such that (1.8) fails to hold, then the Cho-Kreps criterion disallows the
inference that only type A’s could have offered such a contract, given that it is equilibrium
dominated by the pay-off from repaying debt.

This result illustrates the importance of borrower reputation effects in ensuring the
existence of the competitive market for directly-placed debt. As long as there is a small
degree of uncertainty over borrower type, borrowers’ concerns about maintaining their
reputation will ensure that they repay debt, as all lenders believe that only type B bor-
rowers default, and will therefore refuse to re-lend to defaulters. If type A borrowers
separate from type B’s, then this source of uncertainty is eliminated, and credit termina-
tion is no longer a credible threat because lenders know that any borrower who defaults
| cannot be type B. Hence the bank will re-lend td defaulters, and thus borrowers will
be unable to commit to repaying directly-placed debt, i.e. borrowers’ reputation has no
value and thus direct lenders will exit the market.3

We now need to prove that date T + 1 actually exists, i.e. that when borrowers have

3There does exist another equilibrium. If the bank believes that the offer of a deviant contract implies
nothing new about borrower type, i.e. implies the pool of current borrowers in the market, then it will
accept the contract. Hence, this equilibrium would be the same as the post-separation equilibrium in

which direct lenders refuse to lend.
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established a long enough track record for repaying debt, interest rates will be low enough
for reputation to be effective, i.e. for (1.3) to hold. We do this by deriving a necessary
condition for reputation to be effective for type B’s. We then prove that this condition is
also a sufficient condition for reputation to be effective for both type A and B borrowers.

Lemma 3 derives a necessary condition for reputation to be effective for type B bor-

rowers.

Lemma 3 A necessary condition for reputation to be effective for type B borrowers on

: 1-(1—p)Y (I*
some date t < oo is 3 > ——(1;;}#()}—1)—2

Proof. Reputation is effective, hence type B’s will repay debt

& (ry— (1= Y (L)) I; < BrVpy1 which holds only if

Tt
(1= =pYINI < Jim [> (Br) (Y (") = )I] (L.11)
1- (1—p)Y(I?)
& 0> Y (1) (1.12)

where I* = 21, from the borrower’s demand for funds function (which is solved for in

section 2.4 below).

Q.E.D.

Line 1 of the proof is simply condition {1.3), the condition for reputation to be
effective for type B borrowers. In order to derive a necessary condition for reputation to
be effective, line 2 derives the condition for (1.3) to hold when conditions for borrowers
to repay debt are the best they could possibly be, i.e. when interest rates are at their
lowest possible level on every date, which is equal to the riskless rate (since as explained
above, lenders will never lend at interest rates lower than this), hence r; =1 Vi.

Lemma 3 shows that if the discount factor is too low and thus condition (1.12) fails to

hold, reputation will never be effective in enforcing debt repayment for type B borrowers,
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no matter how low interest rates fall over time. Intuitively, if borrowers do not value
future pay-offs highly, then the short-term pay-off from repudiation will exceed the long-
term stream of pay-offs available if borrowers repay debt and thus retain access to future
credit.

Lemma 4 below proves that condition (1.12) is also a sufficient condition for reputation

to be effective for type B borrowers on some date t < oo.

Lemma 4 There exists some date t < oo on which reputation is effective for type B

borrowers, if and only if condition (1.12) holds.

Proof. See appendix.

Lemma 4 shows that over time, interest rates will fall sufficiently low such that rep-
utation will be effective for type B borrowers remaining in the market. As explained
above, if reputation is effective for type A’s, then it must also be effective for type B’s.

We have now proved that date T'+ 1, the threshold date on which direct lenders enter
the market and thus borrowers switch from bank debt to directly-placed debt, does exist.
Before we can actually derive this date, we must prove that it is unique, i.e. borrowers
do not switch back and forth between bank and directly-placed debt over time. We do
this by proving that the dynamics of borrower réputation effects are monotonic, i.e. the
net value of borrower reputation (the present discounted value of project returns net of
debt repayments) is strictly increasing over time, hence incentives to repay debt improve
over time. Hence, if on any given date ¢ borrower reputation is ineffective and thus
direct lenders will not lend, then given that incentives deteriorate going backwards in
time, reputation must also be ineffective on all dates ¢ < # and thus direct lenders will
also refuse to lend on all dates t < #. Hence it must be true that on all dates t < T,
borrowers use bank finance, and for all dates t > T + 1, they use direct finance.

Proposition 2 proves that the dynamics of type B borrower reputation effects are

monotonic.
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Proposition 2 If reputation is ineffective for type B borrowers on date t, then reputation

is ineffective on all dates t < t, if the following condition holds

1
(Fa + Fgr) > —J‘a—'ﬁ (1.13)

Proof. Suppose that reputation is effective on date £ + 1. Hence, from condition (1.3)
we have (r; — (1 — p)Y (I;)) I; — BnVgsy < 0. We now prove that Vg < Vgiq. Given
that reputation is ineffective on date £, we have Vg; < pY (I;)I;. As shown in section 2.8
below, I; < Iy for all ¢ < ¢'. This implies that pY ([;)I; < pY (Iz.,)I;,,. Given this, and
that Vgz,q > uY (Iz,1) ]z, holds (since reputation is effective on date £ + 1), then Vy; <
pY (I;)I; implies Vg; < Vps.;. We now examine how (r; — (1 — p)Y(I;)) I; evolves over
time. From section 2.8 below, we know that r;_, > r; and I;_; < I;. We now show that,
providing (1.13) holds, 2r=U=tYUDL ~ o holds, hence (rz_;, — (1 — w)Y (L;_y)) I, >
(rs = (1 = w)Y (I;)) I; must hold. Given that I(r) = %*, we have

a—T

(r=(1-pY)I= (%(H“)’” - ";'(1 B M“) 2

oir— (1 (;_Tﬂ)y(f))f _ (_;:(1 +op)r — %(1 —,u)a) ( 5},’) + %“2;7“(1 + p)
and & (r — (1
2 (p — (la;-Q/L)Y(I))I =~ (1+w)
Hence
a(r—(lgrﬂ)y(l))l=0@7'= 1iu

. (- . (r—(=)Y(D))
Given that ZC (lar’z‘)y([))[ <0, if r < ;% then o(r—(1 = YUDI 0. From (1.4),

14+ p

a
< — & (F F >
Tt 1+ 4 (Fa; + Fgymr)
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But if (1.13) holds, then given that (Fg4; + Fpymt) > (Fa + Fgm) forallt, r: < Tf; for all

t, hence given that r;,_; > r; for all ¢, this implies
(ree1 — (L= p)Y (Li-1)) Lm1 > (re — (1 — )Y (L)) I, for all ¢ (1.14)
Hence Vp; < Vg, and (ri_y — (1 — p)Y (Ii_y)) Iy > (r; — (1 — p)Y (L)) I; imply
(rees — (L= @)Y (Iiy)) Ly — BV > (r — (1= p)Y (8)) I; — BrViggyy > 0

Hence from condition (1.3), reputation is ineffective on date # — 1. Similarly, Vg;_;, <
pY (Ip_1)Izy and pY (I;_4)1;y < pY ()], imply that Vg ; < Vg, From (1.14),
(ries = (1= )Y (I3_9)) Ly > (rz — (1L — w)Y (I;)) I, hence

(7‘5—2 - (1- #)Y(If—z)) I o= BV > (ri— (1= p)Y (1)) I; — Vg, >0

hence reputation is also ineffective on date £ — 2. By recursion on this process, it must
be true that reputation is ineffective on any date t < .

Q.E.D.

The intuition behind this proof is as follows. There are two factors which determine
whether or not reputation is effective: the present discounted value of future borrowing
(given by BnVp:11), and the excess cost of repaying debt in full today, over and above
the renegotiated debt repayment (given by (r; — (1 — p)Y'(I;)) I;). On date £, reputation
is ineffective. The only ways that reputation can become effective on some date t < £ is
if f7Vpit1 increases or (ry — (1 — p)Y (I3)) I falls as we go backwards in time. However,
B7Vpyr1 is strictly decreasing as we go backwards in time, because borrowers face higher
interest rates on all future dates. Also, the excess cost of repaying debt is strictly in-
creasing as we go backwards in time, providing that condition (1.13) holds. Hence when
borrower incentives deteriorate sufficiently such that reputation is no longer effective,

there is no way that reputation can become effective again on some earlier date.
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We can now derive date 7"+ 1. We start with date ¢ = 1 and check whether
(rf — (1= )Y (L)) I; < BnVpe holds, where Vp, is computed under the claim that
borrowers borrow directly at the market interest rate and repay debt on all dates, hence
Vas = 30, (B72(Y (1) — rP)L,). If this fails to hold we iterate on this process until we
find date T + 1 such that (rP — (1 — u)Y (1)) Iy < BrVae4q holds. From proposition 2,
we know that this must then hold for all £ > T + 1, and thus the claim that borrowers

borrow directly at the market interest rate and repay debt on all dates is fulfilled.
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Chapter 2

The Bank Lending Equilibrium

2.1 Introduction

In this chapter, we solve for the equilibrium on dates ¢ < T, on which borrowers are
unable to borrow directly and are thus forced to borrow from the bank. On each of these
dates, the bank plays the following stage game against each borrower, consisting of the

following sequence of steps (bank pay-offs are given net of the return available from the

riskless asset):
Step (1): The bank decides whether to lend to borrowers in the credit market on date

', or to invest in the riskless asset. If it does not lend, then the date ¢’ stage game ends,

the bank receives a net pay-off of zero, and all borrowers receive a pay-off of zero. If it

lends, the game proceeds to step (2).
Step (2): The bank sets the interest rate, and also decides whether to ration the

amount of credit it will lend to each borrower.

Step (3): Nature determines the outcome of a randomizing device, which is observable

to all borrowers but not to the bank.
Step (4): Borrowers offer debt contracts to the bank, specifying the interest rate and

the amount they wish to borrow.

Step (5): The bank chooses which debt contracts to accept. If the bank refuses to

43



lend to any given borrower, then the date ¢’ stage game ends for that borrower and it
and the bank receive a pay-off of zero.

Step (6): Nature determines the outcome of type B projects. If a borrower’s project
fails, then its date ¢’ stage game ends, it receives a pay-off of zero and the bank receives
a net pay-off of —I;. If its project succeeds, then it proceeds to step (7).

Step (7): Borrowers choose whether to repay or default. If a borrower repays, then
its date ¢’ stage game ends, it receives a pay-off of (Y (Iy) — rw) Iy, and the bank receives
a net pay-off of (ry — 1)Iy. If it defaults, then the game proceeds to step (8).

Step (8): The bank decides whether to liquidate or renegotiate with each borrower
who defaulted. If it liquidates, it receives a net pay-off of g(w) — I (if it is class W) or
(re — 1)1y (if it is class S), and the borrower receives a pay-off of zero. If it renegotiates,
it receives a net pay-off of —(1 — (1 — p)Y (Iy))Iy, and the borrower receives a pay-off of
pY (Iy) Iy

This chapter solves for the equilibrium of this stage game on any given date t < T,
and solves by backward induction starting with step 8 through to step 1. This involves
solving sequentially the following set of problems:

1) The bank’s liquidation versus renegotiation problem, given that the borrower has
repudiated.

2) The borrower’s repayment versus repudiation problem.

3) The borrower’s demand for funds.

4) The bank’s decision on what interest rate to charge.

5) The bank’s decision on whether or not to lend.

Before we embark on the formal solution of the stage game equilibrium, it is instructive
to give an intuitive description of the equilibrium.

I model uncertainty over the bank’s pay-offs from liquidation as follows. I assume
that there exists two classes of banks:

a) Class S banks. This class has pay-off ¢(s) if it liquidates when borrowers repudiate,
where ¢(s) > (1 — p)Y (1)1 Vt, hence class S banks prefer liquidation to renegotiation.

49



We make the stronger assumption that g(s) = r.J; Vt, hence class S banks are indifferent
between borrowers repaying and repudiating debt. This is purely for analytical conve-
nience, and does not affect the main results in the paper, which will obtain providing
q(s) > (1 — p)Y (L)L Vt holds.

b) Class W banks. We assume a continuum of types of class W banks, where each
type has pay-off g(w) from liquidation, where w is the realization of random variable w
which is uniformly distributed on [0,1], and distributed independently across all banks.
The pay-off function is given by ¢ : [0,1] — (—c0,0) where g(w) is a strictly increasing
and continuous function of w. '

The bank’s class and type are both private information. We assume that borrowers’
assessment of the prior probability that a bank is class S is given by ﬁg, where 6 is small.

Given a one period horizon, if borrowers repudiate, a tough bank will prefer to lig-
uidate, but a weak bank will prefer to renegotiate, since for weak banks liquidation is
relatively costly. Hence if borrowers know that the bank is tough, they will prefer to
repay the debt, since if they repudiate the bank is sure to liquidate and thus borrowers
get a zero pay-off. However, if borrowers know that the bank is weak, they will repudi-
ate, since they know that the bank will agree to renegotiate anyway. But what happens
with a multi-period horizon? If borrowers repudiate, weak banks might have an incentive
to liquidate, even though liquidation is costly, in order to persuade borrowers that it is
tough. The bank’s class is private information, hence borrowers do not know whether
they face a tough or weak bank. But if the bank liquidates today, borrowers might think
that they are actually facing a tough bank (i.e. they are at node n; in the information
set in Figure 3). Hence, it is optimal for them to repay the debt tomorrow, since the
bank is likely to liquidate again if they repudiate tomorrow. And thus, a weak bank has
an incentive to liquidate today, in order to build a reputation for being tough, and thus
deter borrowers from repudiating on future dates.

But we assume that the prior probability that the bank is tough is actually very

small, and this is common knowledge. Hence, at the beginning of the game when the
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bank has not yet built its reputation, borrowers believe that they are most probably at
node ny rather than n; in the information set. However, borrowers will still be deterred
from defaulting even though they believe the bank is probably weak for the following
reason. A weak bank will have an incentive to liquidate defaulters, because if it fails to
do so, it reveals its type to borrowers and thus borrowers will always repudiate if the
bank ever lends again. And thus the bank would lose the profitable opportunities to lend
to these new borrowers at a premium interest rate on future dates. Hence even though
the prior probability that the bank is tough is small, the threat of liquidation is credible
because borrowers know that the bank has a long horizon and thus has many future
lending opportunities to defend.

As we show in the formal solution of the stage game equilibrium, on the equilibrium
path, there are two possibilities on any given date:

1) all borrowers (whose projects succeeded) repay debt, or

2) all borrowers (whose projects succeeded) randomize between repayment and repu-
diation (the mixed strategy equilibrium).

What this means is, we must solve each step of the stage game for both these cases.

In this chapter, we also explore the evolution of borrower and bank reputation effects
over time, and show that the pattern of evolution is such that borrower and bank repu-
tation effects are mutually reinforcing. At the start of its life, the bank has no previous
history of lending, and hence no track record for liquidating borrowers who repudiate.
Over time, borrowers might repudiate on a series of dates, and the bank will decide
whether to liquidate or renegotiate. If borrowers repudiate during the earlier stages of
the bank’s life, even if liquidation is very costly, the bank will prefer to liquidate in order
to build a reputation as a tough bank, and thereby deter default on later dates. However,
if repudiation occurs closer to the bank’s horizon, the bank will probably prefer to rene-
gotiate with defaulters (unless its liquidation costs are very low), since there are fewer
lending opportunities to defend. In other words, bank reputation effects weaken over

time. If on any date before the horizon the bank renegotiates with defaulters, it loses its
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reputation permanently, and is consequently unable to lend on future dates, i.e. the bank
fails. Given that borrower reputation effects will not yet be strong enough to discour-
age repudiation, direct lenders will not be able to lend, and thus the entire credit market
breaks down. However, the mutual reinforcement of borrower and bank reputation effects
acts to reduce the probability that the credit market breaks down in this way. During
the early stages of their lives when track records for credit repayment are relatively short,
borrowers’ incentives to repudiate are strong. But it is exactly at this point in the bank’s
life that incentives to liquidate are strongest. The high probability that borrowers who
repudiate will be liquidated may be sufficient to deter repudiation. But over time, as the
horizon gets closer, the bank’s incentives to liquidate weaken. However, as the horizon
approaches, the net value of borrower reputation rises, given that the lemons premium
on the interest rate falls, and given that borrowers will soon be able to borrow directly
instead of being forced to borrow from the bank at a premium interest rate, since they
have established a good credit history. Hence, at the stage when the bank’s incentives
to liquidate are weakest, it is fortunately the case that the bank’s reputation might not
be tested anyway, because borrowers’ incentives to repudiate are much weaker. It is this
‘contraflow’ in the system of reputation dynamics which tends to reduce the probability
that the bank fails.

The structure of the chapter is as follows. Sections 2.2-2.6 solve the stage game
equilibrium for the case in which borrowers repay debt. Section 2.7 solves the stage game
in the mixed strategy equilibrium. Section 2.8 solves the multi-period equilibrium, and
section 2.9 derives the properties of the multi-period equilibrium. Section 2.10 analyzes

the dynamic interaction of bank and borrower reputation effects.
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2.2 The Bank’s Liquidation versus Renegotiation Prob-
lem

Consider the event that all borrowers, both type A’s and type B’s whose projects suc-
ceeded, repudiate on some date ' < T. What is the bank’s optimal strategy? To
determine whether it is optimal for the bank to liquidate or renegotiate, we need to
consider two factors:

1) the bank’s stage game pay-off on date ¢ if it liquidates or renegotiates

2) the effects of the bank’s action on date ¢’ on its future pay-offs.

The second factor is important for the following reason. The bank’s future pay-offs
are a function of borrower repayment decisions on future dates. Borrowers’ decisions on
whether to repay or repudiate depend on their assessment of the probability that the
bank will liquidate if they repudiate. More specifically, on each date borrowers form an
assessment of the probability that the bank is class S, conditional upon the history of
the bank’s actions. We define this assessment to be the bank’s reputation z, meaning
that if the bank has reputation z, borrowers’ beliefs are that the bank is class S, or
class W with w > = (where w denotes the class W bank’s type, which specifies its pay-
off from liquidation). Borrowers map all observable information on the bank’s actions
into the reputation variable z. For example, if the bank liquidates on date ¢’, borrowers
might believe that this indicates that the bank has a lower cost of liquidation than
they previously thought (i.e. its type w is higher than previously assessed). Hence the
bank’s reputation is revised upwards. This means that the probability that the bank will
liquidate on future dates is assessed to be higher, and thus borrowers will be less likely
to repudiate, which means that the bank’s future pay-offs will be higher.

First, we solve for a class S bank’s optimal strategy. We start with date T", the bank’s
terminal date. Since there are no future pay-offs to consider, we need only consider the
bank’s stage game pay-off on date T. For a class S bank, the pay-off from liquidation
q(S) = r(Ir)Ir exceeds the pay-off from renegotiation (1 — u)Y (Ir)Ir by assumption,
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hence it is optimal to liquidate borrowers who default. What is the bank’s optimal
strategy on date 7" — 1?7 Suppose the bank’s action on date 7" — 1 affects borrowers’
beliefs such that borrowers will prefer to repay on date T. How does this affect the
bank’s pay-off on date T'? If borrowers repay on date T, the bank gets a net pay-off of
(r(Ir) — 1)Ir. But if borrowers repudiate, the bank will liquidate and hence it still gets
a pay-off of (r(Ir) — 1)Ir. Hence the bank’s action on date T — 1 has no effect on its
future pay-offs. Thus to solve for the bank’s optimal strategy on date 7'— 1, we only need
to consider the bank’s stage game pay-off, and as for date T, it is optimal to liquidate
if borrowers repudiate. By recursion, this argument applies for all dates t < T. Hence
it is an optimal strategy for a class S bank to liquidate on all dates, independent of its
reputation z.

We now solve for a class W bank’s optimal strategy. On date T', the bank’s stage game
pay-off from renegotiation (1 — p)Y (I7)Ir exceeds its pay-off from liquidation g(w) for all
types w by assumption, hence it is optimal to renegotiate if borrowers default on date 7.
What is the bank’s optimal strategy on dates t' < T'7 We need to determine the effects
of the bank’s date ¢’ action on its future pay-offs, by solving for borrowers’ equilibrium
beliefs about the bank’s type, given its decision to liquidate or renegotiate on date t'.
What are borrowers’ beliefs if the bank renegotiates on date t'? As explained above it
is never optimal for a class S bank to renegotiate, hence renegotiation must imply that
the bank is class W. How does this affect borrowers’ future actions? Borrowers know
that a class W bank will renegotiate on date T, hence they will repudiate on date T,
given that Vr(rep) < Vr(def) if the probability that borrowers face liquidation is zero.
Hence the bank will refuse to lend on date T. However, through the Chain Store Paradox,
borrowers will repudiate on all future dates and thus the bank will prefer not to lend on
all future dates, if it is revealed to be class W. This is because, if the bank refuses to
lend on date T, then date T-1 becomes its terminal date, and thus it will be optimal to
renegotiate on date T-1. Hence borrowers will prefer to repudiate on date T-1, which

implies that the bank will not lend on date T-1. By recursion, this argument holds for
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all dates after ¢’. What this means is that, if the bank ever renegotiates, it loses its
reputation forever after. Hence its optimal strategy will be to renegotiate on all future
dates, and thus it will be unable to lend to borrowers with short credit histories ever
again and must instead invest in the riskless asset, i.e. the bank fails. Hence if the bank
renegotiates on date ¢, it receives a stage game pay-off of (1 — )Y (Iy)Iy, and a present
value of future pay-offs (net of the return on the riskless asset) of zero. Suppose the
bank has never renegotiated in the past, and has therefore retained its reputation. If
it liquidates on date t/, it retains its reputation and is therefore able to lend on future
dates. The expected present value of the bank’s future pay-offs (net of the return on
the riskless asset) is given by Visyy1(w, zp11), bank’s value function on date ¢’ + 1. We
explain how this is derived in section 2.8 below. If the gain from liquidation (net of the
cost of liquidation g(w)) on date ¢’ in terms of being able to lend on future dates exceeds
the pay-off from repudiation, then it will be optimal to liquidate, i.e. liquidation is an

optimal strategy if and only if condition (2.1) below holds:
q(w) + Vary1(w, 2y 1) > (1= )Y (Ip) Iy +0 (2.1)

where zy,, is the bank’s ex post reputation after liquidating on date #. Since g(w) is
increasing in w by assumption and Vysy1(w, z441) is increasing in w and x4 (we prove

this in section 2.8), we can define a critical value of reputation #; which satisfies the

following condition:
Zr=inf{z €[0,1] | w >z = q(w) + Va1 (w,w) > (1 — p)Y (I;)1;} (2.2)

The interpretation of condition (2.2) is as follows. If the bank’s type w exceeds £;, then
its optimal strategy will be to liquidate on date ¢. However, if the bank’s type w is less

than Z;, then its optimal strategy will be to renegotiate on date .

Revision of reputation
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We now show how the bank’s reputation is updated on date ¢ + 1, given its actions
during date t. We assume that the bank begins on date t = 1 with reputation z = 0, and
if it ever renegotiates and thus reveals its class to be W, its reputation falls to z = —1.
If the bank ever reveals its class to be S, it is accorded reputation = = 1. Suppose the
bank enters date t with reputation z; = —1 or x; = 1. Then its reputation on date t + 1
is also x;,; = —1 or ;41 = 1 respectively, independent of its actions on date ¢. Suppose
the bank enters date ¢ with reputation —1 < z; < 1. Then its reputation on entering

date £ 4+ 1 is given in Table 1 below.

If -1 <z < 1:
Outcome on date ¢t Reputation entering date ¢ 4 1

borrowers repay iyl = Tt
bank liquidates Zip1 = max(Tip1, Lt)
bank renegotiates iy = —1

Table 1: Revision of reputation

We must now prove that reputation is updated in accordance with Bayes Rule, i.e.
equilibrium beliefs are consistent with the bank’s equilibrium strategies as set out above.
As explained above, given that a class S bank will never renegotiate, the belief that
renegotiation implies that the bank is class Wi is consistent with equilibrium strategies.
Also, if the bank performs an action which reveals its class (as S or W), then given that
the uncertainty over the bank’s class is eliminated, its reputation will stay at —1 or 1
on all future dates, regardless of its future actions. Hence the belief that z; = —1(1) =
zz11 = —1(1) (independent of the bank’s actions on date ¢) is consistent.

If borrowers repay on date ¢, then there is no new information about the bank, hence
Zyyp1 = Xy 1S consistent.

If borrowers repudiate and the bank liquidates, how should reputation be updated
given the bank’s equilibrium strategies? If the bank entered date ¢ with reputation z;,

then borrowers believe that its type is w > z;. There are two possible cases.
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First, if ; > ;, then
g(w) + Varssa(w, ) > q(w) + Vagraa (2o, 2) > (1 — p)Y (L)1, (2.3)

for all w > ;. The first inequality holds given that w > z,, and that g(w) and
Va1 (w, z;) are increasing in w. The second inequality follows from the definition of
#; and given that z; > &; and that Vjsy1(w, ;) is increasing in z. Hence condition
(2.3) states that it is optimal for all bank types w > z; to liquidate on date t. Thus
borrowers’ equilibrium beliefs must be that liquidation on date ¢ implies that the bank
is type w > x, i.e. reputation stays at z;11 = .

Second, if z < #; < 1, then the fact that ¢(w) and Vs 1(w, ) are increasing in w

implies that
g(w) + Vagerr (w, Z4) (2.4)

AllV

q(Zt) + Vagera (Ze, Te)

w. If0 < & < 1, then from (2.2), the left-hand side of the inequality is

AV

as Iy
equal to (1 — p)Y (I;)I;. Hence condition (2.4) states that it is optimal for the bank
to liquidate if and only if it has type w > Z;. Thus to be consistent with equilibrium
strategies, borrowers’ beliefs must be that liquidation on date ¢ implies that the bank is
type w > I, i.e. reputation is updated to z;y1 = Z;. If £; = 0, then the left-hand side is
greater than (1 — )Y (I;)1;, hence all bank types prefer to liquidate, and if Z; = 1 it will
only be optimal for a class S bank to liquidate, and thus borrowers’ beliefs are consistent.

We have thus proved that reputation is updated in accordance with Bayes’ Rule.

To simplify the analysis, we assume the existence of a public randomizing device,
such that in equilibrium, borrowers will repudiate en masse!. At the beginning of every
period, this device transmits a signal which says ‘repay’ or ‘repudiate’. The signal is
immediately observable to all borrowers, but not observable to the bank or any other

lender until the end of the period, after borrowers have made their repayment decisions.

1Tf we assume independent randomization instead, the nature of the results in this paper are
unchanged.
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Hence, in the mixed strategy equilibrium we describe in section 2.7 below, borrowers will
coordinate their actions according to the signal outcome.

One might think that £; should be a function of borrowers’ equilibrium strategies on
date £. For example, if the pure strategy equilibrium holds in which all borrowers repay
debt, if an individual borrower deviates and repudiates, then is it optimal for the bank
to liquidate regardless of its type (in which case we would set Z; = 0), given that the
cost of liquidating a single borrower is small compared to the loss of reputation if the
bank renegotiates? Hence, there would be potential multiplicity of equilibria, in that if a
given borrower believes that no other borrowers intend to repudiate, it might prefer not
to repudiate on its own, if it believes that the bank will be sure to liquidate. However, if
it believes that all other borrowers also intend to repudiate, it will be less deterred from
repudiation, given that it will be much more costly for the bank to liquidate in this case.
However, we rule out this multiplicity as follows.

We assume that each borrower cannot observe the repayment decision of other bor-
rowers before making its own decision, it can only observe the public signal. Also, the
bank must make its liquidation vs. renegotiation decision sequentially, it cannot wait
until all borrowers have made their repayment decisions, and then decide whether or not
to liquidate based on the number of borrowers who repudiate. We specify the bank’s
beliefs as follows: if any one borrower repudiates then this implies that the signal out-
come is ‘repudiate’, hence the bank’s belief is that all borrowers will repudiate. Given
these beliefs, the bank’s equilibrium liquidation strategy will not be contingent upon the
number of borrowers who repudiate. In the mixed strategy equilibrium described below,
if the signal outcome is ‘repudiate’, then all borrowers will repudiate. Hence, it will be
optimal for the bank to liquidate if and only if its type is w > Z;, as described above. In
the repayment equilibrium, if an individual borrower deviates and repudiates, then the
bank’s belief is that the signal outcome is ‘repudiate’, in which case it believes that all
borrowers will repudiate. Hence, it will be optimal for the bank to liquidate if and only if

its type is w > #;, as in the previous case. Hence, 2; is not a function of borrower equilib-
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rium strategies. The bank’s beliefs are consistent with borrower equilibrium strategies,
given that in equilibrium, borrowers will repudiate if and only if the signal outcome is
‘repudiate’.

We now turn to the borrower’s repayment versus repudiation problem.

2.3 The Borrower’s Repayment versus Repudiation
Problem

We now solve for the borrower’s optimal strategy on whether to repay or repudiate. The
borrower’s optimal strategy is a function of the bank’s reputation. The greater is the
bank’s reputation, the higher is the probability that the bank will liquidate if borrowers
repudiate, hence the stronger are borrowers’ incentives to repay the debt. We solve for
the optimal repayment strategy on date ¢ by solving for the critical level of reputation
(called z7}), such that type B borrowers are indifferent between repaying and repudiating.
We then prove that if reputation is greater than z}, then both type A and B borrowers
will prefer to repay debt, and if reputation is }ess than z}, then both type A and B
borrowers will prefer to repudiate. |

We solve for the borrower’s optimal repayment strategy, given his choice of debt con-
tract (i.e. given the interest rate r; and the amount he has borrowed I;). But first we
need to derive the bank’s equilibrium beliefs about borrower type, if a borrower defaults.
The bank knows whether default is strategic or forced by project failure, because it can
observe project output. Hence, if a borrower defaults due to project failure, the bank’s
belief must be that the borrower is type B, given that type A projects have zero proba-
bility of failure by assumption. Hence the bank’s optimal strategy is to terminate credit.
But what if default is strategic? Let us first consider the pure strategy equilibrium in
which all borrowers repay debt. Suppose an individual borrower deviates and repudiates.

Suppose that the bank’s belief in this case is that the borrower is type B, hence it is
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optimal to terminate credit. Hence, if a borrower repudiates, its pay-off is given by
Vi(def) = P(2:).0 + (1 = P(z:)) Y (L)1

where P(z;) is the probability that the bank will liquidate on date ¢ given reputation z;,
and Viy1(def) = 0 given that repudiation results in credit termination. If type A and B
(assuming their projects succeeded) borrowers repay debt, their respective pay-offs are

given by

Var(rep) = (Y (Iy) —re) Iy + BVarsa
Vai(rep) = (Y(I) — re) Ly + BV

Hence it is optimal for type A borrowers to repay, if and only if
(re = (L= (1= B(2))w)Y (L)) I: < BVarn
and it is optimal for type B’s to repay if and only if
(re— (1= (1= R(2)w)Y (1) It < BrVpri (2.5)

P(z;) is derived from the bank’s equilibrium liquidation strategy as set out in section 2.2

above. Hence,

P($t) = ].if$t>§i't
6+ (1—3y) . .
—_— < <
5 (1—z) o< <y
= Qifzg; =1 (2.6)

We need to derive the critical value of P(z;), denoted P}, such that type B borrowers
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are indifferent between repaying and repudiating. Hence P;* is determined such that
(Y(It) - ’l"t)It + IBﬂVBt'{-l = (1 — Pt*)/.LY(It)It (27)

We know that 0 < P < 1for all t < T, given that Vp,(def) is a decreasing function of
P(z;) and that if P} = 1, Vp;(def) = 0 hence Vp(rep) > Vpi(def), and if P¥ = 0 then
Vai(rep) < Vai(def) (we know this holds for all £ < T since in section 1.5 we derived
date T + 1 as the first date on which Vg;(rep) > Vp;(def) when P(z;) = 0).

We now solve for z;, the corresponding critical value of z; such that P(z;) = Py,

from (2.6), which gives
2 — (11— F)(1+96)
-Pt*

f—
CIIt—

(2.8)

Hence z; > z; = P(z;) > P} = Vpi(rep) > Vpi(def). Given that Va(rep) > Vpi(rep)
for all t, and Vas(def) = Vai(def), Vai(rep) > Vpi(def) implies Vai(rep) > Vai(def).
Hence if z; > z}, it is optimal for both borrower types to repay. Therefore the bank’s
belief that repudiation implies the borrower is type B is consistent, since in equilibrium,
neither borrower type will repudiate?. Note that z} < #;, since 0 < P} < 1. Also, note
that for a given Py, if ; is sufficiently low then z} is negative and thus borrowers will
prefer to repay debt even if the bank has reputation z; = 0.

Hence on all dates on which z; > z} holds, in equilibrium all borrowers (whose
projects succeeded) will repay debt. But what happens on dates on which z; < z}7
z; < z7 = P(z;) < P = Vpi(rep) < Vai(def). As we prove in section 3.3 below,
zy < xf = Va(rep) < Va(def) also, hence it is optimal for both borrower types to
repudiate. We show in section 2.7 below that in this case, the unique equilibrium is
a mixed strategy equilibrium in which borrowers randomize between repayment and
repudiation.

We now analyze the borrower’s demand for funds.

2There exists another equilibrium in which the bank’s belief is that repudiation implies the pool of
current borrowers in the market. In this case, it would be optimal to re-lend to borrowers who repudiate.
Hence, borrowers’ pay-off from repudiation would be higher, and thus 7 would need to be higher.
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2.4 The Borrower’s Demand for Funds

In this section, we determine how much borrowers will borrow, given the interest rate
which is set by the bank, i.e. we solve for the borrower’s demand for funds function.
Suppose that borrowers face no restrictions on their demand for funds. Then borrow-
ers will prefer to borrow different amounts depending on whether they intend to repay
or repudiate. Let I*(def) and I*(rep) be the borrowers’ demand functions when they
choose to repudiate and repay respectively. Then it is optimal to borrow I*(def) and

repudiate if
Vi(def, I*(def), z;) > Vi(rep, I*(rep), rs)

and it is optimal to borrow I*(rep) and repay debt if Vi(rep, I*(rep),r;) > Vi(def, I*(def), z;).
If type A borrowers choose to repay, they solve for I}, (rep) as follows:

I (rep) = argmax ((Y (L) — 1) I + BVar11)

Given that the choice of I; has no intertemporal effects, i.e. period ¢ project returns are

independent of past levels of investment, this becomes

I(rep) = argmax((Y(It)frt)It)

a— Tt
_ 2.9
5 (2.9)

This is type A’s demand for funds function, given type A’s decision to repay debt. If
type A’s decide to repudiate, they solve for I%,(def) as follows:

Ij(def) = argmax((1— Pe)u¥ (I)L)
%
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Type B’s demand functions are identical to type A’s, given that

Igi(rep) = argmax (m(Y () —rs)I; + (1 — )0)

= argmax (Y (L) — n)I;)
2b t

hence I}, (rep) = I, (rep) = I*(rep,r;) and similarly I'j,(def) = I%,(def) = I*(def).

But we are faced with the following problem given these strategies. If borrowers
choose amount I*(def), then the bank knows that they intend to repudiate. Hence, the
bank might have an incentive to ration credit to the amount I*(rep, r;), in order to ensure
that borrowers will prefer to repay debt. We now explain this in further detail.

We define z; as the critical z; such that
Vei(def, I*(def),zi) = Vai(rep, I*(rep), ) (2.10)
and z? as the critical z; such that
Vii(def, I* (rep,r;),z2) = VB\t(rep, I*(rep,r), ) (2.11)

where z; > z? given that the choice of I*(def) optimizes Vz;(def, z), hence it must be
true that Vpi(def, I*(def), z) > Vai(def, I*(rep, i), z).

If z, > z}, then from (2.10), Vai(def, I*(def),z) < Vge(rep, I*(rep), ;) hence type
B borrowers’ optimal strategy will be to borrow I*(rep,r;) and repay debt. Given that
Vas(rep,m) > Vpi(rep,r;) for all r;, type A borrowers’ optimal strategy will also be to
borrow I*(rep,r;) and repay debt. Hence, if z; > z}, the bank has no incentive to ration
credit, since borrowers will prefer to borrow I*(rep,r;) and repay debt anyway.

If z < z2, then from (2.11)
Vai(def, I*(def), z:) > Vpi(def, I*(rep, i), z¢) > Vpi(rep, I*(rep, i), ;) hence it is opti-
mal for type B borrowers to borrow [*(def) and repudiate. Type A borrowers’ pay-
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off from repudiation is given by Vai(def,z:) = (1 — P(z,))pY (I,)L; + P(2:)BVaty1,
given that if all borrowers repudiate, the bank’s equilibrium beliefs are that repudia-
tion implies the pool of current borrowers, hence it is optimal to re-lend to borrowers
who repudiate. However, the bank can only re-lend if it liquidates, since renegotia-
tion results in loss of reputation, hence type A borrowers’ future value is given by
Pi(z)BVar41. Type A borrowers’ pay-off from repaying debt is given by Vyu:(rep,m) =
(Y(I;) = rt) Iy + P.(2)BVasy1. If the bank fails to liquidate, then the only remaining
source of borrowing is the open market. Given that type B’s optimal strategy is to
repudiate, by repaying debt, the borrower reveals itself to be type A. However, for sim-
plicity, we assume that the ‘no lending’ equilibrium, as defined in section 1.4 above,
holds, hence direct lenders will be unwilling to lend, given their beliefs that borrowers’
strategy is to repudiate on all dates. Hence type A borrowers’ future value from repay-
ing debt is again given by P;(z)6Vai+1. It is optimal for type A borrowers to borrow
I*(def) and repudiate if and only if Va:(def,I*(def),z) > Vai(rep, I*(rep,m1),1:) <
(1 — P(z))uY (I*(def))I*(def) > (Y (I*(rep, ;) — ri)I*(rep, ;). From (2.11), we know
that (1 — Py(z))puY (I*(rep, r))I*(rep, ) > (Y (I*(rep,m)) — r¢)I*(rep, ;). Hence given
that Y (I*(def))I*(def) > Y (I*(rep,r:))I*(rep,r:), we have
Vas(def, I*(def), z) > Vas(rep, I*(rep, r;), ;). Hence if z < z2, both borrower types will
borrow I*(def) and repudiate.

If z; < z;, from (2.10), Vgi(def,I*(def),z) > Vagi(rep, I*(rep),r:), hence type B

borrowers will prefer to borrow I*(def) and default. But suppose z? < z <

and
suppose the bank rations credit to I; < I*(rep,r;). Given this restriction, type B’s
optimal strategy will now be to borrow I*(rep, r;) and repay debt, given that from (2.11),
Va:(rep, I*(rep,r;),m:) > Vpi(def, I*(rep, i), ;) for z; > zZ. With similar reasoning to
above, type A’s optimal strategy will also be to borrow I*(rep,r:) and repay debt. We
now show that it is an optimal strategy for both class S and W banks to ration credit.

Class S is indifferent about whether borrowers repay or default, since its pay-offs are the

same in any case, hence to ration credit is an optimal strategy. Class W will strictly
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prefer to ration credit, given that the stage game pay-off if borrowers repay exceeds the
pay-off if they repudiate, whether the bank liquidates or renegotiates. Borrowers’ beliefs
are unaffected if the bank fails to ration credit, hence the bank’s reputation does not
change, and thus there are no gains in future pay-offs. Hence, it is optimal for a class W
bank to ration credit to I; < I*(rep,r;) if 22 < z < z}, in order to eliminate borrowers’
incentives to repudiate.

Hence in this section, we have shown that if z; > 22, borrowers’ demand for funds
function is given by I*(rep, ;) and the equilibrium outcome is for all borrowers to repay
debt. Hence, the critical value of reputation z; defined in section 2.3 above is actually
given by z2, i.e. z} is the level of reputation such that type B borrowers are indifferent
between repaying and repudiating, given that they have borrowed amount I*(rep,r;).
Since I*(rep,r:) is a function of the interest rate r;, then so is z}, hence we define the
critical value of reputation on date ¢ as z*(r;).

If z; < 2, rationing credit to I; < I*(rep, ;) will not stop borrowers from defaulting,
since from (2.11), Vpi(rep, [*(rep, 1), :) < Vai(def, I*(rep, r:), z:), hence even if borrow-
ers are restricted to borrowing amount [; < I*(rep,r}), they will still prefer to default.
In this case, the mixed strategy equilibrium holds. We solve for borrowers’ demand for

funds in this case in section 2.7 below.

2.5 The Bank’s Determination of the Interest Rate

We now turn to the bank’s determination of r;, the equilibrium interest rate. We actually
solve instead for I}, the amount of funds the bank supplies to each borrower in equilib-
rium, but this is equivalent to solving for r}, given that the bank has monopoly control
over setting the interest rate. Thus the bank solves for I}, given the borrower’s demand
for funds function. First, we consider the equilibrium in which z; > z*(r;) and hence

borrowers will repay debt. In section 2.7 below, we solve for the equilibrium interest rate
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in the mixed strategy equilibrium when z; < z*(r;).

Consider the class S bank’s problem. The class S bank chooses I to maximize its
stage game pay-off only, because its choice of I} has no effect on future pay-offs. This
is because the only intertemporal variable is its reputation z,, and the class S bank’s
pay-offs are independent of its reputation, as explained in section 2.2 above. The class S

bank’s optimization problem is therefore

max (0er(I) — 1) I

subject to r(I;) = a — 2b1;

where 7(1;) is the borrower’s demand for funds function given that borrowers will repay
debt, and §; = F4;+ Fpym. The bank optimizes over 8;7(1;), the expected debt repayment,
given that type B borrowers’ projects will fail with probability =. The opportunity cost
of lending is given by the return on the riskless asset, which is equal to one.
F.O.C.
00 (L) — 1+ 6,7 (1), = 0

-1/6 !
@I;=E—Ti/—t, and r;"=—2—(a+ 1/6,)

To rule out corner solutions in which r; > Y(I}), in which case the bank would set

1y =Y (I¢), we assume that r} < Y(I}) for all ¢, which holds if and only if

1
-2—(a—l- 1/6;) < a—-0bI} &

e > L (2.12)
0;

Recall that the interest rate charged by direct lenders on any date ¢ is given by rP = e

66



Hence

ry > r?(:)

1 1
—2—(a+1/9t) > '9; =

a > —1-

0

Hence, given that (2.12) holds, we have proved that the bank charges an interest premium
on all dates, compared to the competitive market interest rate.

Hence we have solved for the class S bank’s optimal choice of the interest rate. But
what is the optimal choice of interest rate for a class W bank? Given that all borrowers
will repay debt in the equilibrium under consideration, the class W bank’s optimization
problem is identical to the class S problem. The stage game pay-off function is identical
for both classes. Also, the class W bank has no incentive to choose a different interest
rate, in order to affect its reputation and thus influence future pay-offs. In fact, the
unique specification of borrowers’ beliefs about such a deviation are that it reveals the
bank is class W, hence reputation would fall to —1. (This is explained in more detail in

section 2.7 below). Hence a class W bank will set the same interest rate r; as a class S

bank.

2.6 The Bank’s Lending Decision

We now turn to the bank’s decision on whether or not to lend on any given date. Under
what circumstances would the bank prefer not to lend? Suppose the bank’s reputation
is low, such that borrowers will not repay debt with certainty, but will repudiate with
positive probability. If liquidation is very costly to the bank, then it will prefer to
renegotiate if borrowers repudiate, in which event it will receive a net pay-off less than

the return on the riskless asset. Hence, if the probability of repudiation is quite high,
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then it will be optimal for the bank to refuse to lend to borrowers, and invest instead in
the riskless asset.

A class S bank will prefer to lend on all dates, irrespective of borrowers’ repayment
strategies, given that its pay-offs are independent of borrower actions, as explained above.
Hence, if the bank fails to lend on any date, the unique equilibrium beliefs are that the
bank is class W. Hence, its reputation falls to z = —1, and stays at z = —1, irrespective
of its future actions.

What is the optimal lending strategy for a class W bank? It is optimal for a class
W bank to refuse to lend on date t if Va(w,z:) < 0, i.e. if the pay-off from lending in
the credit market is lower than the pay-off from investing in the riskless asset. We must
consider two cases.

First, suppose that the bank’s reputation at the end of date ¢ — 1 (before it lends on
date t) is 2’ > z(rf). Then the following equilibrium holds. The bank will lend regardless
of its type w. Borrowers will repay debt with certainty. If the bank lends, its reputation
stays at «’. It is an optimal strategy for all bank types to lend, given that borrowers will
repay debt, hence Vs (w,z’) > 0 holds for all w (this is because the bank’s stage game
net pay-off is positive, and the present value of its future pay-offs can be no less than
zero given that the bank behaves optimally on all future dates, since if future pay-offs
were negative, the bank’s optimal strategy would be to exit the credit market and invest
in the riskless asset instead). It is an optimal strategy for all borrowers to repay debt
given that =’ > z(r}) (see section 2.3 above). The revision of reputation if the bank
lends satisfies Bayes’ Rule. In equilibrium, all bank types w will lend. Hence the action
of lending on date ¢ reveals no new information about the bank’s type, hence reputation
does not change.

Second, suppose that the bank’s reputation before it lends on date ¢ is =’ < z*(r}).
Then the following equilibrium holds. If the bank has type w > z*(rf), it will lend. If

it has type w < z*(r}), it will not lend. Borrowers will randomize, repudiating with
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probability o, which is determined such that the following holds
(1= a) [(6ery = 1) IF + Vigra (2(r), 2" ()] — e (1 = (1 = p)Y(L)) L, =0 (2.13)

If the bank lends, its reputation increases to z*(r;). If it does not lend, its reputation falls
to —1. Note that «; is determined such that type w = z*(r}) is indifferent between lending
and not lending. We can see this as follows. If the outcome of randomization is that
borrowers repay debt, then bank type w = z*(r}) receives a net pay-off of (8;7f — 1) I +
Vier1(x*(ry), z*(rf)). If, however, borrowers repudiate, then the type z*(r}) bank will
prefer to renegotiate (given that from (2.8), z*(rf) < #:), and hence receives a net pay-off
of (1 — (1 — )Y (1)) I. Hence the type z*(r}) bank’s expected pay-off if it lends is equal
to zero, which is its net pay-off if it doesn’t lend. Note also that Visii(w,z*(rf)) =
Ve (2*(ry), 2*(ry)) for all w < &, (this is proved later in section 2.8), hence all types
w < Z; are indifferent between lending and not lending. It is therefore an optimal strategy
for types z*(rf) < w < Z; to lend and for types w < z*(r}) not to lend. Types w > I
will strictly prefer to lend, given that for w > Z;, Vag(w,2*(rf)) =

(1—oy) [(Orf — 1) I} + Vaggr (w, (7)) + c (g(w) — Lt + Vg (w, £:)) > 0 from (2.13),
and given that Vi1 (w, 2*(r})) > Ve (2*(r)), 2*(r])), and that ¢(w) + Vager1 (w, £:) >
(1—p)Y (I;) I; from the definition of Z;. Hence we have proved that the bank’s equilibrium
strategy is optimal. We prove in section 2.7 below that it is an optimal strategy for
borrowers to randomize, repudiating with probability ;. Given that the bank will lend if
and only if it has type w > z*(r}), the revision of reputation as stated above is consistent
with the bank’s equilibrium strategy.

We must also prove that this is the unique equilibrium when 2’ < z*(rf). Does
there exist an equilibrium in which for some y where 2’ < y < z*(r}), types w where
y < w < z*(r}) also lend? If the bank lends, its reputation rises to y. However, given that
y < z*(r}), borrowers’ optimal strategy will be to repudiate with probability 1. Types
w < Z; will prefer to renegotiate, and thus if they lend they receive a net pay-off of

—(1— (1 - w)Y(1)) L. Hence these types will prefer not to lend, and hence this cannot
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be an equilibrium.

Does there exist an equilibrium in which for some 3y where y' > z*(r}), only types
w > 9y lend? In this case, if the bank lends, its reputation will jump to y’. However,
given that 3’ > z*(r}), borrowers’ optimal strategy will be to repay with probability 1.
But this means that if types w < 3’ were to lend, they would receive a pay-off greater
than the return on the riskless asset, hence these types would prefer to lend also. Hence,
this is not an equilibrium, and thus the equilibrium set out above is unique.

Now, suppose =’ < z*(rf) holds. Given that Vg:(rep, I*(rep),r;) is decreasing in r;
and Vp:(def, I*(rep,r:),x:), is decreasing in z;, from (2.11), z(r}) is decreasing in r;.
Hence, the bank might have an incentive to reduce the interest rate, such that borrowers
prefer to repay debt, i.e. such that ' > z*(r}) holds. However, we show in section 2.7
below that this cannot be an equilibrium. Hence, if 2’ < z*(r}), the unique equilibrium

is the mixed strategy equilibrium.

2.7 Mixed Strategy Equilibrium

In this section, we solve for the stage game equilibrium for the case 2’ < z*(r}), in which
we have a mixed strategy equilibrium. This involves solving by backward induction the
same set of problems as for the pure strategy equilibrium above.

The solution to the bank’s liquidation vs. renegotiation problem is exactly the same
as in the case when borrowers repay debt, as explained in section 2.2 above. We now

solve for borrowers’ demand for funds function, and decisions on whether to repay or

repudiate, in the mixed strategy equilibrium.
Borrowers’ demand for funds and optimal repayment strategy

Before we can derive borrowers’ pay-off functions if they repay or repudiate, we must

determine the bank’s optimal strategy on whether to re-lend or terminate credit if a
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borrower repudiates. Hence, we must derive the bank’s equilibrium beliefs about borrower
type, if a borrower repudiates.
The bank observes the public randomization signal at the end of the period, and

its beliefs about borrower type are a function of the signal outcome and the borrower’s

action, as set out in Table 2 below.

Signal outcome: repay Signal outcome: repudiate
Borrower repays Fy, Fpi

Borrower repudiates 1 Fp,

Table 2: Bank’s beliefs -

Table 2 shows the bank’s assessment of the probability that the borrower is type
B, given its action and the signal outcome on date ¢. Hence, if the signal indicates
‘repudiate’ and the borrower repudiates, the bank’s assessment is that the probability
that the borrower is type B is unchanged, given that it believes that all borrowers will
repudiate. If the signal indicates ‘repay’ and the borrower repudiates, it believes that
the borrower is type B. We prove below that in the mixed strategy equilibrium, it is
optimal for all borrowers to repay if the signal indicates ‘repay’ and to repudiate if the
signal indicates ‘repudiate’. Hence these beliefs are consistent with borrowers’ equilibrium
strategies. V ‘

The implication of these beliefs are that, if the signal indicates ‘repudiate’ and any
given borrower repudiates, it will be optimal for the bank to re-lend to him, given that
repudiation implies the pool of current borrowers. However, if the signal indicates ‘repay’
and any given borrower repudiates, it will be optimal for the bank to terminate his credit,
given that in this case repudiation implies that the borrower is type B.

We now prove that it is an optimal strategy for all borrowers to repay if the signal

indicates ‘repay’, and to repudiate if the signal indicates ‘repudiate’. We also solve for
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borrowers’ demand for funds function, given this repayment strategy.

Borrowers observe the signal outcome before they choose how much to borrow, hence
it is feasible for them to condition their demand for funds upon the signal outcome.
However, lemma 5 below proves that in equilibrium, the demand for funds function is
independent of the signal outcome. Lemma 6 then proves that the demand for funds
function in the mixed strategy equilibrium must satisfy I(r;) < I*(rep,r;) for all r;.
Subject to these constraints, proposition 3 then proves that I, = I*(rep, ;) is the unique
equilibrium demand for funds function. Hence the demand for funds function in the
mixed strategy equilibrium is identical to the equilibrium demand function in the pure
strategy equilibrium.

Lemma 5 below proves that in the mixed strategy equilibrium, the demand for funds

function is independent of the signal outcome.

Lemma 5 In the mized strategy equilibrium, the demand for funds function is indepen-
dent of the signal outcome, hence I*(rep,rt, on) = I*(def, 1, ) = I* (¢, ) where o is

the probability that the signal outcome on date t is ‘repudiate’.

Proof. Consider an equilibrium in which borrowers borrow I*(rep,r;) if the signal says
‘repay’ and I*(def,r:) if the signal says ‘repudiat;e’. But if borrowers demand I*(def, ),
this reveals to the bank that the signal outcome is ‘repudiate’. Hence the bank believes
that borrowers intend to repudiate, even though it doesn’t observe the signal outcome.
This means that bank types w < #; will refuse to lend if borrowers demand I'*(def,:),
given that they will receive a pay-off lower than the riskless interest rate if they do
lend. Hence these bank types will lend if and only if borrowers demand I*(rep,r:), from
which they infer that borrowers will repay debt. But this means that Vys(z(r}), z(rf)) =
(1 — ) [(0ery — 1) IF + Vagera (z*(7}), 2*(r7))] + 240 > 0 (from (2.13)). However, for
equilibrium to hold, type w = z(r}) must be indifferent between lending and not lending,
which is not the case here. Hence equilibrium fails to hold. Thus, for equilibrium to hold,

I*(rep, s, on) = I*(def, s, n) = I*(r4, ) must be true.
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Q.E.D.

Hence, in order not to reveal the signal outcome, borrowers’ demand for funds must be
independent of their repayment intentions. Given that in the mixed strategy equilibrium,
the signal indicates ‘repay’ with probability (1 — ¢;) and ‘repudiate’ with probability o,
the first best choice of demand function would be I*(r, o), where I*(r, ;) solves the

following problem:
ml?x(l — ag)Vi(rep, ) + o Vi(def, z(r;)) (2.14)

However, lemma 6 proves that I*(r;, e;) cannot be an equilibrium. This is because
I*(ry, ) > I*(rep,m;), and in fact, lemma 6 proves that any demand function I(r;) >

I*(rep,r;) cannot be an equilibrium.

Lemma 6 Borrowers’ demand for funds function in the mized strategy equilibrium must

satisfy I(ry) < I*(rep,r:) for all ry.

Proof. See appendix.

The intuition behind the proof is as follows. Although ex ante borrowers’ first best
demand function is given by I*(r;, o;), they are unable to commit to this choice after
observing the signal outcome. If the signal outcome is ‘repay’, borrowers will actually
prefer to borrow amount I*(rep,r;) rather than I*(r, e;), given that I*(rep,r;) is the

optimal demand function if borrowers intend to repay.

We have thus far shown that the demand for funds function must be independent
of the signal outcome, and must satisty I(r;) < I*(rep,r;) for all r,. Subject to these
constraints, proposition 3 below proves that I, = I[*(rep,r;) is the unique equilibrium
demand function. This proposition also proves that it is an optimal strategy for all
borrowers to repay if the signal indicates ‘repay’, and to repudiate if the signal indicates

‘repudiate’.

Proposition 3 Borrowers’ unique equilibrium strategies in the mized strategy equilib-

rium are given as follows. Borrowers’ demand for funds function is given by I, =
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I*(rep,r). If the signal indicates ‘repay’, borrowers will repay, and if the signal indi-

cates ‘repudiate’, borrowers will repudiate.

Proof. See appendix.

We have thus solved for the borrowers’ demand for funds function and proved that
it is an optimal strategy for all borrowers to repay if the signal indicates ‘repay’, and to

repudiate if the signal indicates ‘repudiate’, in the mixed strategy equilibrium.

The bank’s determination of the interest rate
‘We now solve for the bank’s determination of the interest rate r}, in the mixed strategy
equilibrium. As in the case when borrowers repay debt, the bank chooses I optimally,
subject to the borrowers’ demand for funds function. First, we solve the class S bank’s
optimization problem:
max (0:(1 — ay)r(L;) — 1) Lt + O:0q(s)
& max (0:(1 — o) (L) — 1) I + Oroyr (L) I

<~ mIaX (gt'r'(lt) — 1) It

subject to r(I;) = a — 2bl;

Hence given that class S’s pay-off is independent of borrowers’ repayment strategy, and
given that the borrowers’ demand function in the mixed strategy equilibrium is identical
to the demand function in the equilibrium in which borrowers repay, class S’s optimal
choice of I} is the same as in the equilibrium in which borrowers repay.

We now consider a class W bank’s optimization problem. If the bank has type w >
Z;, it will liquidate if the outcome of randomization is that borrowers repudiate, hence

receiving a stage game pay-off of g(w) — I,. Hence, the bank would choose I; to solve the
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following problem:
IIlI?aX (Ht(l - Cl!t)’l’(]t) — 1) It + Qtatq(w)

subject to r(I;) = a — 2bI;

If the bank has type w < %, it will renegotiate if the outcome of randomization is that
borrowers repudiate, hence receiving a stage game pay-off of —(1—(1—p)Y(;))I;. Hence

the bank would choose I; to solve the following problem:
max (0:(1 — o) (L) + Opou(1 — p)Y (L)L — 1) I

subject to r(I;) = a — 2bl;

Hence in both cases, the class W bank’s optimal choice of I; differs from class S’s optimal
choice of I}. However, if the bank chooses I; # I}, it reveals that it is a class W bank and
thus loses its reputation. In fact, the unique specification of equilibrium beliefs which
satisfles the Cho-Kreps intuitive criterion is the following: if the bank chooses I; = I},
its reputation stays at z; (its reputation after having chosen to lend on date ¢). But if
the bank chooses I; # I}, its reputation falls to —1. Given these beliefs, it is optimal
for a class W bank to choose I, = I}, and receive an expected pay-off Vi (w,z:) > 0,
rather than to choose I; # I, which would yield a pay-off of —(1 — (1 — p)Y (L)) L.
In equilibrium, no bank type will choose I; # I}, hence these beliefs are consistent with
equilibrium strategies. But we must also show that beliefs off the equilibrium path satisfy
Cho-Kreps. The Cho-Kreps intuitive criterion disallows inferences from actions off the
equilibrium path which imply that some type undertook an action which is dominated
by the proposed equilibrium pay-off. A class S bank would never choose I; # I, since it
gets a strictly lower stage game pay-off from setting I, # I;f, and whatever the implied
effects on its reputation, its future pay-offs are unaffected. Hence any I # I}* is strictly
dominated by I; = I} for the class S bank, and thus Cho-Kreps requires that the unique
‘off the equilibrium path’ beliefs are that choosing I; # I implies the bank is class W.
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Suppose z' < z*(r}) holds. Given that Vp(rep, [*(rep),r;) is decreasing in r; and
Vii(def, I*(rep, 1), 1), is decreasing in z;, from (2.11), z(r}) is decreasing in r;. Hence,
as mentioned in section 2.6 above, a class W bank might have an incentive to reduce the
interest rate, such that borrowers prefer to repay debt, i.e. such that z’ > z*(r}) holds.
But this requires that the bank sets I; # I}, which reveals it to be class W. Hence, there

exists no equilibrium in which the bank sets a lower interest rate in order to improve

borrowers’ incentives to repay debt.

2.8 The Multi-Period Equilibrium

In sections 2.2-2.7 above, we have solved for the stage game equilibrium on dates ¢ < T, on
which borrowers borrow from the bank. This section solves for the T-period equilibrium.
Essentially, this involves deriving the series [#]"_, and [z}]]_, .

It is useful to give a brief illustration of what happens along the equilibrium path
in the multi-period equilibrium. Consider some date T' — a. Suppose that on entering
date T' — a, the bank has reputation z < z%_,. This means that in equilibrium, bank
types w < z%._, will cease to lend, and thus their reputation falls to z = —1 (as shown
in Figure 4). Bank types w > z%__ will continue to lend, and their reputation rises to
z7._,. Borrowers’ equilibrium strategy is to randomize. If the outcome of randomization
is that borrowers repay, then the bank is not tested, and thus its reputation stays at
x7_,. If borrowers repudiate, then bank types z%_, < w < Zr_, will renegotiate, and
thus their reputation falls to —1. Bank types w > Z#r_, will liquidate, and thus their
reputation rises to £7_,. With its reputation boosted, the bank is able to deter further
repudiation by borrowers on a succession of dates. However, the bank will eventually
face mixed strategy repudiation again, on some date T — b, which is the first date after

T —a, on which 27—, < z%_,. Hence, on this date the process of borrower randomization,

and liquidation versus renegotiation recurs. The reason why the bank faces repudiation
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again, even after it has liquidated on some previous date is as follows. As the horizon
gets closer, the bank’s incentives to liquidate weaken, given that there are fewer future
pay-offs at stake. As the bank’s incentives weaken, the probability that borrowers face
liquidation if they repudiate falls. Hence, liquidation becomes less of a deterrent, and
although the bank’s reputation was sufficient to deter repudiation on previous dates, this
is no longer the case.

In the solution described in this section, we show that these episodes of mixed strategy
repudiation, followed by liquidation/renegotiation, occur at regular intervals. In fact, we
characterize the equilibrium by splitting the T-period time span into several zones. Each
zone is defined such that, if repudiation occurs on some date, and the bank liquidates,

then the bank will face no further repudiation within the same zone.

The evolution of the bank’s stage game pay-off over time

Before we can derive the series [2;]__, and [z}]__, , we need to analyze how (6} — 1) I,
the bank’s stage game pay-off on date ¢ if borrowers repay, changes over time. On any
date t every type B borrower faces a probability of project failure of 1 — 7. If its project
does fail, the borrower is revealed to be type B, and it is denied future credit. Hence the
evolution of F4; and Fp;,the proportions of typé A and B’ borrowers remaining in the

market on any given date ¢, is given as follows:

FAt ﬂ-FBt (2 15)

F = ————— F =
At Fu +7Fg’ Bett Fype +7mFp;

Hence 0; = F4 + wFp; is monotonically increasing over time, given that Fa; 1 > Fa;
and Fpiy1 < Fp for all t. (2.15) holds on all dates, whether in equilibrium borrowers
repay, or randomize between repayment and repudiation. Suppose that the outcome of
randomization is that borrower repudiate. Given that the bank can distinguish between
repudiation, and default forced by project failure, it will only re-lend to borrowers whose
projects succeeded. Hence those type B borrowers whose projects failed are unable to

‘pool’ with borrowers who repudiated, and will therefore still have their credit terminated.
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Thus the proportion of type B’s in the market still falls, as given by (2.15). Hence given

that
_ a— 1/9t

.1
TR and 0] = ~2-(9ta + 1)

I

for all ¢ < T (from section 2.5), it follows that for any ¢” > ¢, I, > I, and 07} > 0y,
hence (6 — 1) Iy > (8pr); — 1) I;. Hence the bank’s stage game pay-off (if borrowers

repay) is monotonically increasing over time.

Solving for zone 1

We derive the series [2,]", and [z}]._, by backward induction. Hence, we must start
by solving for zone 1, which begins on date T' (we number the zones in reverse order).

We start by solving for Zr, the ex post reputation accorded to the bank if it liquidates
on date T. However, as explained in section 2.2 above, given that there are no future
periods on which the bank can lend, class W will renegotiate on date T, but class S will
liquidate. Hence £r = 1. We can now solve for z%. From (2.8), we have

1— (1~ Pp(z"))(1+9)
Pr(z*)

Tp =

We now solve for £7_;. As explained in section 2.2, £7_; is determined such that the

following holds
q(@7r-1) + Vaur(Er-1,27-1) = 1 — p)Y (Ip-1)Ir-1

i.e. such that type w = Zp_; is indifferent between liquidation and renegotiation on
date T — 1. Suppose that if the bank liquidates on date 7" — 1, its reputation increases
sufficiently such that borrowers are deterred from repudiating on date T', i.e. Zr_; > =7

holds. If this holds, then Vir(Zr—1,%r-1) = (6775 — 1) I}. Hence, there must exist

r} < z < 1, such that

a(2) + Oy =) I = (1= WY () 5y (2.16)
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holds. If this holds, then the unique equilibrium on date T — 1 is Z7_; = z, where
Zr_1 > x%. Borrowers will repay on date T', hence Viyr(&7—1,37_1) = (0773 — 1) I}.

But what if 2 < 2% holds instead? In this case, £r_; = 2z cannot be an equilibrium.
If the bank liquidates on date T' — 1, then it enters date T' with reputation Zr_; <
z%. As explained in section 3.5 above, in equilibrium borrowers will randomize between
repayment and repudiation, and bank type w = Z7_; will not lend on date T, and hence
Vur(Z7-1,2r-1) = 0. But this means that ¢(Z7-1) +0 < (1 — )Y (Ip-1)I7—; (given that
g(w) < 0 for w < 1), hence type w = Zr_; is not indifferent between liquidation and
renegotiation on date T-1. Thus £7_; = z cannot be an equilibrium. In fact, following
the same reasoning, any £r_; < =7 cannot be an equilibrium.

Zr_1 > z also cannot be an equilibrium for the following reason. If the bank
liquidates on date T-1 and enters date T with reputation £7_; > z%., borrowers optimal
strategy will be to repay, which means Viyr(&7-1,Z7-1) = (0prk — 1) I}. But given that
(2.16) holds for z < z%, and given that Zr_; > z and that g(w) is strictly increasing in

w, this implies that
@(Z7-1) + Varr(@r-1, Z7-1) > (1 = )Y (I1—1)I7—1

Hence type w = Z7_; is not indifferent between liquidation and renegotiation on date
T-1. Thus £p-; > =7 cannot be an equilibrium.

If z < zZ., the unique equilibrium is in fact Zr-; = z%, and borrowers’ equilibrium
strategy on date T is the following: if the bank liquidates on date T-1 and enters date T
with reputation z%., borrowers will randomize, defaulting with probability cp, where az

is determined such that the following holds
q(z) + (L —ar) (0rry = 1) It —ar (1 — (1 = )Y (I7)) It = (1 - )Y (Ir—1)Ir-1 (2.17)

Hence ar is determined such that type w = z% is indifferent between liquidation and

renegotiation on date T-1. We know that there exists 0 < a7 < 1 such that (2.17) holds,
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given that (1 —ar) (0777 — 1) I —or (1 — (1 — p)Y (I7)) It is monotonically decreasing
in o7, that ¢(z7) + (1 —ar) (Orry — 1) I; —ar (1 — (1 — )Y (I7)) Ir < 0ifar =1 and
that

a(ar) + (1 - ar) (Brr — 1) I — az (1 — (1 = @)Y (In)) I =

q(z3) + (Brry — 1) I > (1 — p)Y (Ip—1)Ir-1 if ar = 0. The updating of reputation in

this equilibrium is consistent with the bank’s optimal strategy, given that

q(Z7-1) + Varr(Zr-1, 37-1) % q(w) + Vaer(w, 7-1)

as &y ~<3 w. Randomization is an optimal strategy for borrowers, given that the bank

enters date T with reputation z7., hence
Vai(rep, I*(rep, 1), 1) = Vai(def, I*(rep,m:), z(r:)) by definition.

In the above derivation of Z1_;, we have illustrated two different possibilities for the
equilibrium path. In the first case, liquidation on date T'— 1 boosts the bank’s reputation
sufficiently such that it will face no further repudiation from borrowers. In the second
case, however, liquidation on date T'— 1 does not increase reputation sufficiently to deter
positive probability of repudiation on date T. Recall the definition of the zones. We
define each zone, such that in equilibrium, borrowers will repudiate on no more than one
date within each zone. This means that if borrowers repudiate on any date in zone 1,
and the bank liquidates, then its reputation will be sufficiently increased such that it
will not encounter repudiation on any future date during zone 1, nor for the rest of its
lifetime (given that zone 1 is the ultimate zone). Hence, similar to the first case described
above for Zp_;, for all dates T'— a € Zone 1, $7_, is determined such that the following

condition holds:

a—1

(&r—a) + Y (Or—iris — 1) Iy = (1= p)Y (Ir_a)I7a
=0

where £7_, > max [93}_2-] ::01 , and hence if the bank liquidates on date 7' — a, then

it will face no further repudiation during zone 1. Given that borrowers will repay on
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all future dates, the bank’s future pay-offs if it liquidates on date T' — a are given by

a—1

Vur-at1(E7—a, Er-a) = Y, (Or-it5_; — 1) ;.
0

7=

Given £1_,, we derive z7._, using (2.8). This describes the equilibrium for all dates
in zone 1. We now need to solve for when zone 1 ends and zone 2 begins. (We define the
end of a zone to be the date furthest away from date T, and the beginning of a zone to
be the date closest to date T). We do this by using the following algorithm:

1) Set a = 1.

2) Derive 27._,,; (from (2.8)).

3) Derive zp_, such that the following holds

a-1
q(2r-q) + Z (Or—iryi—1) Ity = (1 — )Y (Ir—o)Ir—a
=0

If zr_, < max [:c}_v,]:ol , then z37™ = max [z%_;] ::01 and zone 2 begins on date
T —a. If z2p_, > max [z5_,] :01 , then set £7_, = zr_, and return to step (2) and repeat
fora=a+1.

We iterate on this process until we arrive at date 7" — 73, the start date of zone 2,
where j; is the smallest a such that the following condition holds:

j1—1 ' :
zr—j, < max [z}_;]]" " where zr_;, solves the following

2=0

J1—1
qlzr—s) + Y (Oroirp — 1) Iy = (1= WY (I3 ) 7y, (2.18)
=0

We define the highest critical level of reputation in zone 1 as max [mg}_i] flzgl =ZTh_p, =

z372*. The explanation for why date T'— j; is in zone 2 and not zone 1 is as follows. If the

bank liquidates on date T — j;, its reputation rises to £7—_;, . If T'— j; is in zone 1, then it
must be true that reputation rises sufficiently to deter any future repudiation, i.e. £7_; >

max [:c}_z] :01 must hold. But this cannot hold, because if it did hold, then the value

-1

of the bank’s future pay-offs would be Varr—j 11(Z7-5,, r-5,) = Z (Og—ir_; — 1) I,

==
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hence &r_; would solve the following

si—-1
q(@T_jl) + Z (GT—iT;’_i — 1) I;_z = (1 - /‘L)Y(I;‘—jl)‘[';"jl (219)
=0

But we know that zr_; < max [m},i]f:ol where 27_;, solves (2.18), which is identical to
(2.19), hence it cannot be true that Z7_; > max [:c;_i] ::; , and thus T' — j; cannot be
in zone 1.

We continue by solving for equilibrium in zone 2.

Solving for zone 2
Zone 2 is defined such that if the bank liquidates on any date during zone 2, it will
face no further repudiation before it enters zone 1. We now solve for equilibrium on dates

in zone 2. First, we need to prove the following lemma.

Lemma 7 For any Zr_,_p which solves
g+h—1
q(Zr—g-n) + Z (HT—iT;“—i - 1) It = 1= p)Y (I3 gp)1_g-n (2.20)
i=g .
and for any zr_g—p—m which solves
g+h+m—1
Q(ZT“Q*h—m) -+ Z (OT“jiT;"—i - 1) I;"—i = (1 - I"')Y(I’;—g—h—m)f;—g—h—m (221)

i=g+m

where m > 0, it must be true that zr—g—h—m > T1—g-n, if the following set of conditions

holds
(Or1riy — 1) 07 (B0 — 05) > (L — )Y ()03, (6: — 61-1)  forallt <T  (2.22)

Proof. See appendix.

We now solve for equilibrium on all dates in zone 2. First, we solve for equilibrium
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on dates T' — (j1 + k1) <t < T — j;. Proposition 4 proves that for all these dates, 2, is

Ji+k1

i=j; = ZTp_p,- We then derive an algorithm which solves

identical and is given by [Z7.;]
for the remainder of zone 2, and also derives the dates on which zone 2 ends and zone 3

begins.

Proposition 4 The unique equilibrium on dates T—(j1+k1) <t < T—j, is [a?:T_,]ff_jfl =

*
CL‘T_kl .

Proof. We give here a sketch of the proof (see the appendix for the full proof). We
know that [a“:T_i]f;J;fl > zp_, cannot be an equilibrium for the following reason. Consider
Zr_j,. Recall max [z}_i] f:ol = Zp_p, = TZ1", 1.e. p_y, is the highest critical value of
reputation in zone 1. Hence, if Z7_j; > z7._, , then if the bank liquidates on date T — js,
it will face no further repudiation before the horizon, given that . But this would mean
that date T — j; is in zone 1 (from the definition of zone 1), hence this cannot be an
equilibrium. This argument generalizes for all dates T'— (j; + k1) < t < T — j1, as shown
in the full proof.

We know that [:%T_i]g:;fl < Z7_y, cannot be an equilibrium for the following reason.
Consider Z7_; and consider the bank type w = &r—j,. If Zp_j < T7_y,, then if type
w = Zr_; liquidates on date T" — j;, the furthest it can go and keep on lending is date
T —k;—1. On date T — ki, given that the bank has reputation £7_j, < z7._, , borrowers’
equilibrium strategy will be to randomize, and in equilibrium, type w = £7_; will not
lend from date T — k; onwards (given that it receives a pay-off of zero if it continues to
lend, and thus it is indifferent between lending and not lending). Now, suppose that for
datesT—j14+1 <t < T—ki—1, zf < £7_j . Hence, with reputation Zz_;,, borrowers will
repay with probability 1 on all dates T — j; +1 < ¢ < T — k; — 1. Hence, given this, and
given that type w = £p_;, will not lend after date T'— k; — 1, its future pay-offs are given
by Varr—j1(Er—i, E1—5) = J;ill (07—ir_; — 1) I1_; (the argument we construct here

ik +

is generalized in the full proof to consider all possible equilibria, e.g. if in equilibrium

the bank were only to lend up to date 7" — k; — 2). Hence, for equilibrium to hold, Z7_j,
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must solve the following:

ji—1
4@r-g) + Y (Or-irr = 1) Iy = (L= w)Y (I ) Iy, (2.23)
i=h1+1

Note that Z7_;, is a decreasing function of the sum of future pay-offs.
If .]12—1 (67—iry_; — 1) I}_; increases, then g(Z7-;) must fall for (2.23) to hold, i.e.
:%T:flgust fall since ¢ is increasing in Zr_j;. Note also that, following liquidation on
date T'— 71, the number of dates for which type w = Zr_;, will continue to lend, without
facing repudiation on any date, is j; — k; — 1. But there also exists a date in zone 1,
T — (j1 — k1 — 1), such that if the bank liquidates on date T" — ( j; — k; — 1), the number

of dates for which it will continue to lend, without facing repudiation on any date, is

J1 — k1 — 1. In this case, £1_(j,—¢,-1) is determined such that the following holds:

j1—k1~2

9(Er—(j1—k1-1)) + 20: (QT—iT}-i - 1) It =(1 ‘“#)Y(I}—(jl—k1~1))1;’—(j1—k1~1) (2.24)
Hence, given that the sum of future pay-offs is similar on date T — ( j1 — k; — 1) to
date T' — j1, £r—;, which solves (2.23) will be close to Zr_(j, —&,—1) Which solves (2.24).
However, from above, for any ¢’ > ¢/, I}, > I, and Oprin > Opry, hence (9pr7, — nI; >
(7% — 1) I Hence, Jl_ffd (Ot~ 1) I > .]i‘l (O7—ir%_; — 1) I, must hold.
So for (2.24) to hold, (ig:(‘))ring any difference in thell?{inIJrsl) &7—;, would need to be higher
than £7_(j, _x,—1). Lemma (7) actually states that the difference between the future pay-
offs in (2.23) and (2.24) dominates any difference in the RHS. Hence, it must be the case
that £7_; > Zp_(j,_k,-1). But since date T' — (j; — k; — 1) is in zone 1, we know that
&r_(j;—k,—1) > Tp_y, holds. Hence, £1.j, > &1_(j,—k,—1) implies that Zy_j; > z7._; . But
this contradicts our original claim that Zr_; < z7_, , hence Z7_j; < z7_,, cannot be
an equilibrium. This argument generalizes for all dates T' — (j; + k1) <t < T — 71, a8
shown in the full proof.

Since #7_j > z%_;, cannot be an equilibrium, and £r_j; < zT_,, cannot be an
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syt e . f1e s A . ji1—1
equilibrium, the unique equilibrium is £7_; = z7._, . Given that max [z}_z] Zl=o =TT .

we know that r_;, >z} for T — 51 +1 <t < T — k; — 1, hence borrowers will repay
on all these dates. For equilibrium to hold, borrowers must randomize on date T' — kq,
such that type w = Zr_;, = z}_,, is indifferent between liquidation and renegotiation
on date T — 7;. If the outcome of randomization is that borrowers repudiate, type w =
Zr_j’s optimal strategy will be to renegotiate, given that £r_; = z3._, < Z7_x,. Hence,

in equilibrium borrowers will repudiate with probability cvp_g,, where az_g, solves the

following:
J1—1
q@r_p) + Y (Or—irios — 1) Iy + Vg, (87—, B7—g) =
i=k1+1
(1 =Yz ;)1
where

Vir—i (&r-4, 87-5) = (1 — ar_y,) [f: (6r—irs_i — 1) I;’—ijl
—or_p [1— (1= )Y (B ) 5y, - .;lego, if the bank liquidates on date T'— j, its reputa-
tion on entering date T'—k; will be Z7_;, = z7_,, , hence randomization will be an optimal
strategy for borrowers. This argument generalizes for all dates T — (j1 + k1) <t < T —j1,
as shown in the full proof. |

Q.E.D.

We now need to solve for equilibrium in the remainder of zone 2, and also derive the
dates on which zone 2 ends and zone 3 begins. The following algorithm does this.
: % JJitki—1
1) Derive [z3._,] i,
2)Seta=1,b=0.

. %
3) Derive ZTr_(j1+k1+atb—1)
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4) Derive 27— (j,+k1+a+5) Such that the following holds

J1+ki+at+b—-1
q(2r—(jy+hr+ats)) T Z (Or—irr_i = 1) Ip_y = (=) Y (Ip_(jy1kr 40ty IT—(ir tha bty

i=k1+b+1
(2.25)
* j1+k1+a+b—1
If BT (j1 4k +a+b) < max [Q:T“i]z;kl—lf-b-i-l y then go to step (5) If ZT—(j1+k1+ath) =
max [x;_i] z;:fi:ﬁb_l , then the equilibrium for date T'—(j1 -k +a+b) is E7_(j, 1k +ats) =

27— (j1+k, +a+b)- Return to step (3) and repeat fora =a+ 1, b = b.

o 7i1tkitatb-1 itkyta+b—1
5) If max [xT_iL=k1 bl i=k1+b+1

3 begins on date T' — (j1 + k1 + a + b). If max [z}_,] ‘Z;:fi:ii-b—l € Zome 1, then let

€ Zone 2, then z33** = max [z}._,] and Zone

max [m}_i}j Hitath-l o T _p, . Where 1 < ¢ < ji—k; —b—1. Then the equilibrium for

dates T—(j1+k1+a+b+c—1) <t < T—(ji+ki+a+b) is [Br_Jltorartet =g |

Return to step (3) and repeat for a = a and b =b +c.
We iterate on this process until we arrive at date T — (k; + j; + j2 + n1), the start

date of Zone 3, where js is the smallest a and n, is the smallest b such that the following

two conditions hold:

Jitki+jat+ni—1

*
1) 27— (g +hybatny) < max [zh ;Ji0 R T where 21— (jy gk 4jp-tny) SOLVes the follow-

ing
Jitki+ja+ni—1
Q(zT—(j1+k1+j2+n1)) + Z (QT—iT;’—z‘ - 1) I;"-—z
i=k1+n+1
= (1- /J')Y(IT~(J'1+/€1+J'2+n1))IT—(j1+k1+jz+n1)
and
2) max [m}_z} Z;:ﬁ:iz_:lmul € Zone 2 where jo >1and 0 <ny <1 —k; — 1

In step (4) we can prove that Zr_(j, 1k +a+b) = 27— (j1+k1+a+5) 1S an equilibrium, given
that (2.25) holds, and
Ht+ki4a+b—-1

~ A . Lk
VT (1 +krtat 041 (BT (G bkybatb)s BTy +harats)) = kZb (0r—irt_;
i=k1+b+1

implies that with reputation zr_(j,+4;+a+b), the

— 1) I7_,, since

. 1itkitatb-1
T (iihrrast) > Max o} i=k1+b+1
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bank will face no further repudiation before date T' — (k1 + & + 1). Also, we know that
ZP—(jr+hy+att) < TT_g _p, Siven that from step (5) there exists zr_(j, 1k +a+) < T7_g,

which solves

stk +a’+b—1
Qor_grrmrasn)t+ Y, Or—irh = 1) By = U=0)Y (Ir_y bt ate) Ir— ks a4

i=k1+b+1
, Jitki+atb—1 Jitkita’+b-1
wherea' < a,hence > (Op—rh_, — D IF,> 3 (6r—irh_; — 1) I3_; and
i=k1+b+1 i=k1+b-41

(1=p)Y (Ir- (s +hstas0) - (rtkrrars) < (L=1)Y (Ir_ (i tky 40/ +6) ) Ir— (1 41 4-ar-+) Which im-
plies that 27— (j 4k +at+b) < 2T—(jy+ky+ar+b) < Tp_g, _p, hence in equilibrium type zr_ (j +4, +a-+b)
will cease to lend on date T — &k; — b.

In step (5), the proof that [a“:T_z]f;;”ﬁZf::i‘,f_l = T _p, _p_. is the same as the proof of
proposition 4.

The above solution of equilibrium in zone 2 also proves that Vis.1(w, z) is weakly
increasing in both w and z. The higher is the bank’s type w, the lower is its cost of
liquidation, and hence the bank can survive for a longer period of time with its reputation
intact, before its incentives to liquidate deteriorate sufficiently such that it is no longer
optimal to liquidate, and hence the bank ceases to lend. Hence, higher is the bank’s type
w, the greater are its future pay-offs. The highér is the bank’s reputation z, the longer

is the period of time it can lend without facing repudiation, and hence the greater are

its future pay-offs.

Solving for zone T

We now give a general solution of the multi-period equilibrium by solving for the
generic zone 7. We solve recursively for equilibrium in zone 7, given the equilibrium for
zone 7 — 1, and derive the dates on which zone 7 ends and zone 7 + 1 begins.

-1
Proposition 5 Suppose zone T begins on date T — (kr—a + >, jy + nr—2). Let
y=1
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T—1
max [z} | 7 € Zone T — 1] = 2%._,___. Then equilibrium for dates T— (kr_1+ 5 j,—1) <
y=1

Tl
k‘r-—-1+ Z jy“l
y=1

T—1

t <T—(kr—a+ Y Jy+mnr_2) is given by [&r_;] 1 = z¥_;, .. The following
y=1 i=kr_gt ¥ Jy+ne_s ’

=

algorithm then solves for equilibrium on the remaining dates in zone .
71
k'r-—l+ Zl jy—2
1) Derive [z5_;] o
t=kr_o+ Z jy+n-r--2
y=1

2)Seta=1,b=0.

3) Derive z* - .
T—(kr—1+ 21 Jy—2-+a-+b)

y=
4) Derive z such that the following holds ¢(z

r—1 71
T—(kr—1+ Zl Jy—1+a+b) T—(kr—1+ 3 jy—1+atd)
y= y=1

T—1
kro1+ Y jy—2+a+b
y=1

Or_iri; — 1) I, = A—p)Y (I - I .
i=kp_1+b+1 (T T ) T ( ,u) (T—(kr—1+§:ijy—1+a+b) T—(kr—1+ Zijy—1+a+b)
y= y=

=1
kr—14 Y jy—2+a+b
y=1

If 2 . < max [zh_;], e T , then go to step (5).

-1
T—(kre1+ 3 jy—l+a+b)
y=1

r—1
kr—1-+ Y. jy—2+a+b

> max [z5_;] v , then the equilibrium for date T' —

If 2 =k 4041

71
T—(kr—1+ 3, jy—1+a+b)
y=1

=1
(krea+ > jy—1l4+a+b)isz =1 ‘=z =1 . Return to step
y=1 T—(kr—1+ }:1 Jy—1+a+b) T—(kr—1-+ Zl Jy—1+a+b)
y= y=
(3) and repeat fora =a+1, b=1.
br1t' S Gy=2+ath Broat S Gy—2+ath
5) If max 23], Vrosa € Zone T, then 23™* = max [zh_;];_, _Thi1
: r—1 kf_1+T§ Jy—2+atb
and Zone 7+1 begins on date T— (k,—1+ Y jy—1+a+b). f max [a%_;] ;. _rps €
y=1

=1
kr—1+ Z jy —2+a+b
* y=1 — * sy .
Zone T — 1, then let max [:cT_J ik s bl = Z%_;. _,_p—c- Lhen the equilibrium for

71 T—1
dates T~ (kr—y + >y —2+a+b+c) <t <T—(ky1+ > jy—1+a+b)is
y=1 y=1
fro14 S 5y~ 2+atbte
[Z7_i] = = z}_; _ _p_. Return to step (3) and repeat for a = a and
imkro1t T dy=lbath
y:

b=>b+c.
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bt 3 Gy
Proof. The proof that [Z7.;] ., = z7_; . is the same as the proof of
t=kr_o+ 21 jy+n‘r—2
y=

proposition 4. The proofs that Z 1 =z r—t in step (4)
T—(kr-1+ Zl Jy—14a+b) T—(kr_y+ }:1 Jy—1+a-+b)
y= y=

T—1
kr_1+ 3 jy—2+a+btc
A =1 .
and [Z7_4] A =T} 4.,y in step (5) are the same as the proofs of step
ikro1t 3 gy=l+ath

(4) and (5) in the—algorithm above which solves for zone 2.
Q.E.D.

The algorithm derives the dates on which zone 7 ends and zone 7 + 1 begins as

follows. Zone 7 ends on date T' — (k,—; + ) jy + nr—1 — 1) and zone 7 + 1 begins on
y=1

-

date T — (kr—1 + Y Jy + nr—1), where jr and n,_; are the smallest integers such that
y=1

the following two conditions hold:

k —-1+ZT_ Jy+nr.1—1
R * T y=1JY .
1) 27 (st bney) S MK [z ] TS where 2r—(k,_1+57_, ytnr-1)

solves the following

kr—l+2;=1 jy+nr—l"1

Q27— (hr 1457 Gutey)) T > (Or—iri; = 1) Iz =
i=kre+nr—1+1

(1= )Y (Ir—(er 14557, gyt )M T (o147 o)

and

kr 1430y Jytnr—1—1 .
2) max [m;_i] zzki_f—:l-?z:l_iy—ln '€ Zone T where j; > 1and 0 < n,—; < kro — k1 +

Z;;i Jy + Nr—2.

We continue to solve for the equilibrium in each zone using this algorithm until either

we reach date ¢t = 1, or we reach some date T' — ¢’ such that lemma 8 holds.

Lemma 8 If there exists j' large enough such that

-1
q(zr—v) + 2 (HT—iT’;’—i - 1) I > (1= p)Y (Ir—y ) Ir—v

gt/ — g/
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t'—1

i:tl ___jl

<0, and 2%_y_jn4q > 0 then [jgi]T‘t' =0.

where zr_y = 0, [zf_j] i=1

Proof. Given that g(w) + Vyr—y41(w,0) > (1 — p)Y (Ip—p) Iy_y for w > 0, Zp_p = 0 is
consistent with the bank’s equilibrium strategy. £7_y = 0 implies that z%_, < 0, hence

1t must be true that

t/
q(0) + Z (Or—iry_s — 1) Iy > (L= p)Y (Ip—p—1) Ip_p—

i=tl_jl

t/ t'—-1
given that > (Or—rp;—1)I3_;> ¥ (6r—ird_;—1) I#_; and
i=t/ —j' i=t/—j’
(1= p)Y(Ir—p—1)Ip—v—1 < (1 — )Y (Ir—¢)I7_y, hence Zr_y_; = 0. By recursion on this
process, we get [2]2;" = 0.

Q.E.D.

Lemma 8 shows that, as the bank’s horizon gets longer, there comes a point when
the sum of future pay-offs available to the bank if it retains its reputation grows so large
that all bank types w > 0 will prefer to liquidate, if borrowers repudiate, no matter how
high are their costs of liquidation. Hence, q(%:) + Vage+1(Ze, 3t) > (1 — p)Y (L) I; holds

even if £; = 0. If this is the case, in equilibrium we set Z; = 0.

2.9 Properties of the Multi-Period Equilibrium

In chapter one, we explained the process of how start-up firms without a credit history
gradually evolve over time into well-established ‘blue chip’ firms with good credit ratings,
who are able to borrow directly on the open market. Essentially, we are modelling the
transition of an emerging market economy into a fully-fledged market economy over time.
For the initial conditions, we have a cohort of small firms who have never invested in the

past, and a newly set up bank which has no previous experience of lending. In the steady
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state, we have a fully-fledged market economy, with a bank which has an established
track record for lending in the credit market, and a cohort of well-established ‘blue chip’
firms with good credit ratings. Hence, it is not the case that the bank develops first,
and then lends to these small firms, who can then grow over time. Instead, the evolution
of the bank and the evolution of the small firms is coincident. In section 2.2 above, we
explained that if the bank ever lost its reputation, it would never be able to lend again,
i.e. it would fail. But given this coincident evolution, if the bank ever fails, then this
puts a brake on the development of the small firms. These firms rely on bank finance,
since they are unable to borrow directly. But if the bank fails, then they are unable to
continue to borrow and invest, and hence will never be able to develop to a point at
which they are able to borrow directly. Hence, it is important to analyze whether the
bank will survive up to the point at which firms have developed sufficiently such that
they no longer need the bank, because they are able to borrow directly. We do this by
deriving the following two properties of the multi-period equilibrium:

1) The upper and lower bounds on the bank’s ex ante probability of failure, i.e. the
probability on date ¢ = 0 when the bank has no track record (and before nature has
determined its class and type) that it will lose its reputation on some date before the

horizon.

2) The maximum number of dates on which the bank might face repudiation during
its lifetime.

The first property gives us an idea of the probability that the bank will survive and
continue to lend right up to date 7. It would be much more complicated to derive the
exact probability of failure (instead of the upper and lower bounds), as this would be
a function of the actual equilibrium outcomes, i.e. the outcomes of borrower random-
izations (for each possible permutation for the sequence of outcomes, there would be a
different corresponding probability). Also, the derivation of the upper and lower bounds
is a more interesting result, because it allows us to illustrate clearly how the dynamics

of the bank’s and borrowers’ reputation effects are mutually re-inforcing, which tends to
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lower the probability that the bank fails, as we explain in section 2.10 below.

The second property is measured by the total number of zones, given that in equi-
librium, borrowers will never repudiate more than once within any given zone. It is
interesting because it gives a measure of the costs of reputation building for the bank.
The greater is the total number of zones, the higher is the maximum number of repudia-
tions that the bank might encounter during its lifetime, hence the greater are its potential
costs of liquidation. Note that the total number of zones only gives an upper bound on
the number of repudiations, given that for each zone there exists a positive probability
that no repudiation occurs at all, and in the first zone (closest to date ¢t = 1), there could
actually be zero probability of repudiation. These statements are proved in proposition
6 below.

First, we prove that the maximum number of repudiations is given by the total number
of zones. Proposition 6 below proves this. But before we can prove proposition 6, we
must prove lemma 9 below. This proves that the series [#;]._, is (weakly) increasing over

time.

Lemma 9 IfT —t € Zone 7 and T —t" € Zone 7 — 1, then Zr_y < Zp_y».

Proof. See appendix.

We now prove proposition 6.

- Proposition 6 Suppose there are { zones in total. Then for all zones T < (, the occur-
rence of more than one repudiation within each zone is a zero probability event, but the
event of exactly one repudiation occurs with positive probability. In zone (, the occurrence
of any repudiation at all is a zero probability event if and only if z;F** < 0, in which
case the mazimum number of repudiations is ¢ — 1. If £3;** > 0, the mazimum number

of repudiations s (.

Proof. We give here a sketch of the proof (see the appendix for the full proof). First, we

prove that for all zones 7 < (, the event of exactly one repudiation occurs with positive
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probability, i.e. although the bank might not encounter repudiation at all in any given
zone, it is not the case that the bank will escape repudiation with certainty. From the
construction of each zone, we know that in equilibrium, the bank cannot enter zone 7 with
a reputation z > z;"** = z7._, . Hence, if the bank has not yet encountered repudiation
and liquidated before date T' — k-, its reputation will still be z < z%._ x, on date T — k..
Hence, in equilibrium borrowers will randomize on date T'— k.., and thus repudiation will
occur with positive probability.

We now prove that the occurrence of more than one repudiation within each zone is a
zero probability event. From the construction of each zone, we know that for all dates in
zone T, &; > z;%. If £y < 23, then from the algorithm given in proposition 5, date
t' cannot belong to zone 7. Hence, after the first time that borrowers repudiate in zone
T, if the bank liquidates, its reputation rises sufficiently such that it will face no further
repudiations. Given that £; > z;* = z%._, , borrowers will repay on date T' — k., and

given that z; < ;™ for all other dates in zone 7, borrowers will repay on all other
dates.

We now prove that in zone (, the occurrence of any repudiation at all is a zero proba-
bility event if and only if z;** < 0, in which case the maximum number of repudiations is
¢—1, and that if ;7 > 0, then the maximum number of repudiations is ¢. If 277" < 0,
then this means that in zone (, the bank’s horizon is very long, hence the value of its
future pay-offs (if it retains its reputation) is very high. Hence, if borrowers repudiate,
most bank types Will prefer to liquidate, even if liquidation is very costly. In fact, the
probability that borrowers face liquidation, even if the bank has not yet built a reputa-
tion (i.e. z = 0), is very high, such that borrowers will prefer to repay. Hence, although
the bank begins its life with z = 0, it will face no repudiation during the first zone, zone
¢. Hence, in this case, given that there are ¢ zones in total, the maximum number of
repudiations is ¢ — 1. However, if z;7** > 0, then the bank will encounter repudiation

with positive probability during zone (, hence the maximum number of repudiations is

.
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Q.E.D.

We can now give a general characterization of equilibrium. The bank begins on date
t = 0 with reputation z = 0. There are two possibilities:

1) 3 >0, or

2) zpe = 0.

If z; %% > 0 then on the first date t' in zone ( that z}, > 0, if the bank’s type is w < z},
then it will cease to lend. If its type is w > «}, it will lend and its reputation is revised
upwards to x = z},, and borrowers will randomize. If the outcome of randomization is
that borrowers repay debt, then the bank is not tested and its reputation stays at z = z},.
The bank then faces potential repudiation again on the first date ¢” that z}, < z},. If,
however zj, = z;7* then the bank will face no further defaults during zone ¢.

If the outcome of randomization is that borrowers repudiate, then the bank will
liquidate if and only if its type is w > Z;, and thus its reputation is revised upwards
to z = ;. It will then face no further repudiation during zone (. If the bank’s type is
w < & it will renegotiate and thus lose its reputation, and hence it will not lend on any
subsequent date.

This process then recurs during each zone.

If z77° = 0, then there is no repudiation during zone (. For zones 7 < ¢, the
equilibrium path is as described above for the case z;/"** > 0.

We now derive the upper and lower bounds on the bank’s ex ante probability of

failure, in proposition 7 below.

Proposition 7 The upper and lower bounds on the ex ante probability that the bank will

fail before date T are given by ﬁ—fj(';—L and %T—;—'g’- respectivelsy.

Proof. We give here a sketch of the proof (see the appendix for the full proof). To derive
the lower bound on the probability that the bank fails, we need to solve for the critical

bank type w’, such that whatever the sequence of actual outcomes along the equilibrium
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path, we know that types w < w’ will always lose their reputation before date T, but
there exists some outcomes in which types w > w' will retain their reputation up to date
T'. Recall that w is the realization of random variable w which is uniformly distributed
on [0, 1]. Hence, if we take as given that the bank is class W, then w' is the lower bound
on the probability that the bank fails. But ex ante there is also a probability that the
bank is class S, given by ﬁg. Hence, the lower bound on the ex ante probability that the

bank fails is given by
1

5 1
Trs 0+ =1 5w

1+6

/

From the proof of proposition 6, we know that within any given zone 7, there exists
Tr_y, = 3%, such that if the bank evades repudiation before date T — k.., it will face
repudiation with positive probability on date T' — k.. In equilibrium, types w < z7_,_
will cease to lend on this date, and will thus lose their reputation. What about types
w > zp_; 7 These types will lend on date T' — k., and will evade repudiation if the
outcome of borrower randomization is that borrowers repay. So, is 7- Tr%h_y, the lower
bound on the probability of failure? Reputation jumps to z7_, , but this is not high
enough to prevent further repudiation. There will be a date ¢’ in zone 7 — 1, for which
zT_y, < z3, and hence on this date types w < z}, will cease to lend. Hence ; +6mT k. 18
not the lower bound on the probability of failure. So we must solve for the key date, after
which the bank will face no further repudiations. This must be the date in the T-period
timespan on which z} is highest. From lemma 9, we know that this is date 7' — k; in
zone 1, with z7._, - = z}*. If the bank evades repudiation in zone 1 before date 7' — %,
it will face repudiation with positive probability on date 7" — k;. In equilibrium, types
w < z3_, will cease to lend on this date, but types w > z7_,, will lend. If the outcome
of borrower randomization is that borrowers repay, then reputation will jump to z7_g,,
and given that z7._, > x} for all ¢, the bank will face no further repudiations. Hence,
providing that borrowers repay on date T' — k;, then if the bank has type w > z7._;,, it
will not fail before date T. Thus the lower bound on the probability of failure is ﬁgm}_ byt

‘We now prove that the upper bound on the probability that the bank fails is 1-;1;5:%;,1_;61.
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We need to solve for the critical bank type w”, such that whatever the sequence of actual
outcomes along the equilibrium path, we know that types w > w" will always retain their
reputation up to date T', but there exists some outcomes in which types w < w” will lose
their reputation before date T'. Hence, Flﬁw” is the upper bound on the probability that
the bank fails. To solve for w”, we need to find the date on which the bank’s incentives
to liquidate are weakest, i.e. the date on which along the equilibrium path, Z; is highest.
From lemma 9, we know that Z; is weakly increasing over time, hence over the entire T-
period time span, the maximum £; is Zp. However, we must only include dates on which
there exists some sequence of actual outcomes, such that borrowers might repudiate on
these dates, and hence the bank’s incentives to liquidate are relevant. But as we just
explained above, if the bank evades repudiation during zone 1 before date T — k;, then
borrowers will randomize on date T — k;. If the outcome is that borrowers repudiate,
then in equilibrium only types w > Zr_j, will liquidate, their reputation rises to Zr_g,
and they will face no further repudiation. If the outcome is that borrowers repay, then
reputation stays at z7._; , and the bank will face no further repudiation. Hence, there
exists no sequence of outcomes in which borrowers will repudiate and the bank’s incentives
to liquidate are tested beyond date T' — k;. Hence, it is irrelevant that 7 > Zp_g,, and

thus —=27_, is the upper bound on the probability of bank failure.
1+6 1

Q.E.D.

2.10 The Dynamic Interaction of Bank and Borrower
Reputation Effects

In this section, we illustrate how the dynamics of bank and borrower reputation effects
are mutually re-inforcing, which helps to reduce the probability that the bank fails. The
reason for this is as follows. During the early stages of their lives when track records for

credit repayment are relatively short, borrowers are charged high interest rates, and hence
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their incentives to repudiate are strong, i.e. borrower reputation effects are weak. But it
is exactly at this point in the bank’s life that incentives to liquidate are strongest, because
the bank has a long horizon, and thus it pays to liquidate and build a reputation, in order
to secure future lending opportunities. Hence, if borrowers repudiate, the probability that
they will be liquidated is very high, which tends to deter them from repudiation. However,
over time, as the horizon gets closer, the bank’s incentives to liquidate weaken. But by
this time, the value of borrower reputation has increased significantly, for the following
two reasons. Firstly, the proportion of type B borrowers in the market has fallen, and
hence the lemons premium on the interest rate has fallen. Secondly, borrowers will soon
be able to borrow directly instead of being forced to borrow from the bank at a premium
interest rate, since they have established a good credit history. Hence, borrowers will
have a strong incentive to repay debt, in order to retain access to future credit. Hence,
at the stage when most bank types would prefer to renegotiate, it is fortunately the case
that the bank’s reputation will not be tested anyway, because borrowers will prefer not
to repudiate. This tends to reduce the probability that the bank loses its reputation. We
can see this illustrated more clearly in Figure 5. Notice that the series [#]_, is weakly
increasing over time, reaching 1 on date 7. Hence, it becomes increasingly more difficult
for the bank to liquidate as the horizon gets closer. But notice also that Py, the critical
probability of liquidation which makes type B borrowers indifferent between repayment
and repudiation, is monotonically decreasing over time. This reflects the fact that the
value of borrower reputation increases over time. It also affects the series [x;]le in the
following way. z} tends to increase as Z; increases over time. But the rising value of
borrower reputation tends to offset any increase in z;. This may have the effect that z}
does not continue to rise right up to date T', but peaks at x} _on some date tmax < 7.
What this means is that, if the bank attains reputation z > =z} _before or on date tmax,
then it will never again face repudiation after this date, since reputation will exceed =}
on all dates after tmay, which as explained in section 2.3, means that borrowers will prefer

to repay debt. Thus the bank’s reputation will not be tested after date .y, when Z; is
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very high, and thus when most bank types will prefer not to liquidate.
First, we must prove that the series P (the critical probability of liquidation such that
type B borrowers are indifferent between repayment and repudiation) is monotonically

decreasing over time. Proposition 8 below proves this.

Proposition 8 P ; > P} for allt < T if the following holds

1+p
(1—pa

(F4 + Fgm) > (2.26)

Proof. From (2.7), P} is determined such that the following holds
(rf = (1= p(l = F))Y () I} = BrVai

From I(r;), the borrower demand for funds function, we know that (Y (I(ry)) —7:)I(r:) <
(Y(I(ry)) —re)I(ry) if ry > 1. Given that Vaipr = > oo (Bm) (Y (Tep144) — Tea14i) L1
and Vae = D20 (Bm) (Y (L) — i) Loy,

Vi1~V = 2_aeo(Bm)* (Y (Zer144) — Tewrai) Fewrei — (Y (Zews)) — Toti) Lerss ) - Given that
(Y(Lir14i) — Terrei)fevrei — (Y (L)) — 7o) fz0s > 0 for all 4 > 0 (since rpqq4s <
Teri), we have Vg — Vg > 0. We will now prove that (ry—; — (1 — p)Y (Li—1)) -1 >
(re — (1 = w)Y (L)) I if (2.26) holds. On dates t < T, the interest rate is set by the bank,
given by r; = $(a+1/6,) from above. Hence 6;_; < 8; = r}_; > r}. From proposition 2,
ifr<ﬁthen-@-@—‘—_—u—jﬁlﬁlm>O.Hence9(ﬁ1—5‘jl@)l>0if%(a+1/9) <L ed>
L40). Hence (r_q — (1 = p)Y (Iim1)) Jee1 > (re — (1 — p)Y (L)) I if (2.26) holds.

(1-p)a’
Py, is determined such that the following holds

(r:—l —(1=p(l- Pt*—l))Y(I;—l)) 1= PBrVp (2.27)

From above, Vp; < Vpsy1 and (rimy — (1 — p)Y (L;1)) Loy > (r: — (1 — p)Y (L)) I;. Hence
(s — (1= p(1 = P)Y(I1,)) Ity > BV, Given that 2r=U0=sCaFVIN — _y(1)] <
0, and Y (I} )1}, < Y(I})I}, it must be true that P ; > P} for (2.27) to hold.
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Q.E.D.

The intuition of the proof is as follows. As the proportion of type B borrowers
in the market falls over time, the interest rate charged by the bank is monotonically
decreasing over time. This means that the future value to borrowers of retaining access
to credit on future dates increases over time, and thus borrowers’ incentives to repay debt
strengthen over time, i.e. borrower reputation effects strengthen over time. Thus the
critical probability of liquidation required to make type B borrowers indifferent between
repayment and repudiation is monotonically decreasing over time.

The result shown in figure 5 depends on the fact that although #; is monotonically
increasing over time, z; may decrease over time if the effects of stronger borrower reputa-
tion exceeds the effects of weaker bank reputation. This is proved formally in proposition

9 below.

Proposition 9 For any t' < t', Zy < Ty must hold. There exists date tmax < T such
Y

that =}, < &} .y Jor all t > tmay.

Proof. First, we prove that for any ¢’ < t”, 4 < Z;» must hold. From lemma 9 above,
we know that if T — ¢ € Zone 7 and T — ¢ € Zone T — 1, then Zr_y < Tr_m. We
must now prove that £y < Z» holds for any ¢ < ¢t” within a given zone. BWTake any date

-1
T—(kr—1+3_ jy,—14a+b) in zone 7. From the solution algorithm derived in proposition 5,

y=1
we know that on this date either step (4) or step (5) of the algorithm fails to hold. Suppose

step (4) fails to hold. Then as explained in proposition 5, we set =1 =
T—(kr—1t X jy=1+a+d)
=

71
2 1 . What is the equilibrium on date T'—(k,_1+ > jy—1+a+b—1)7? This
T—(kr—1+ 21 Jy—1+a+b) y=1
y=

is given by & = where z —

T—1 =z r—1 1
T—(kr—1+ Y jy—1l+a+b-1) T—(kr—1+ Y. jy—1+at+b—1) T—(kr—1+ ljy~1+a.+b)
y=1 y=1 ¥

r—1
kr—1+ Y Jjy—2+a+b
y=1

solves the following: ¢(z (Op—iry_;— 1) I5_; =

71
T—-(k-r...l—l- 21 jy—1+a+b'—1) je=krq14+b+1
y:
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(1—wy( I 71 . Hence from lemma 7, it must
T—(kr— 1+Z Jy=1+a+b—-1) T—(k,._1+z jy—1+atb—1)

A

be true that £ <%
T—(kr- 1+Z Jy—1+a+b) T— (kr—1+Z Jy—1+atb—1).

Suppose step (5) falls to hold. Then as explamed in proposition 5, we set Z =1
T—(kr—2+ 21 Jy—1l+a+b)
"=

T—1
TT_k,_,—b—c- What is the equilibrium on date T — (kr—1 + > 4, — 1+ a+b—1)?
y=1

This is given by & =1 = z; hence % =
=1 T—ky_1—b— = =
T—(kro1t 3, Gy=1ta+b-1) T Te(kro1t ¥, Gy=1+atb)
y= y=1
Z r—1 Hence by recursion, for any ¢ < ¢” within any given zone ,

T—(kr-1+ 21 Jy—14a+b-1).
y=
.’it/ < Ii‘t// must hold.

We now prove that there exists date tmax < T such that z}, < z}__, for all ¢ > ty.x.
From the solution algorithm for zone 1 given above, we know that for any date in zone
1, £; > o} ., must hold. Hence, if there exists z} > zf . for some date ¢’ > £, then
there exists some date " in zone 1 for which #uv < max [z3._;]7 ", in which case date t”

cannot be in zone 1, which contradicts the original assertion.

Q.E.D.

We can now illustrate that the dynamics of bank and borrower reputation effects
are mutually reinforcing, with the effect that the probability of bank failure is reduced.
Consider any date T'— a € Zone 7 and any ciate T —-b € Zone 7 — 1. Given that
T —a < T —b, from proposition 8 we have Py__, > Pj_,. But suppose Pj_, = Pj_,. From
lemma 9, we know that &7_, < Z7_s, and from (2.8), Z7_, < Z7_p = 24 _, < z%_,. Hence
as we go backwards in time, although borrower reputation effects weaken, bank incentives
to liquidate grow stronger (hence Z7_, < Zr_p), and thus for a given reputation, the
probability that the bank will liquidate if borrowers repudiate increases. This tends to
offset the deterioration in borrower incentives (due to the higher interest rates they are
charged), making it less likely that borrowers will repudiate for any given bank reputation,
i.e. it tends to reduce z}. As mentioned in the proof of proposition 7, the maximum level
of z} defines the lower bound on the probability of bank failure. Hence, going backwards

in time, bank reputation effects grow stronger, which (partially) offsets any increase in
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z; due to the fact that borrower reputation effects grow weaker, which therefore tends
to reduce the lower bound on the probability of bank failure.

Consider any two dates ¢ and ¢ + ¢, where ¢ > 0. Suppose &; = #:4.. Then from
(2.8), P, < P! = z},. < z}. Hence, although over time 2, increases, and thus bank
reputation effects become less effective in mitigating borrower incentives to repudiate,
this is offset to an extent by the rising value of borrower reputation, which tends to
offset any increase in z} over time, which therefore tends to reduce the lower bound on
the probability of bank failure. Furthermore, for any date ¢ > T — k;, the increase in
the value of borrower reputation compared with date T' — k; is sufficiently large as to
offset completely the deterioration in the bank’s reputation effects, such that the lower
bound on the probability of bank failure increases no further. This explains why z}
peaks on date T — ki, instead of continuing to increase up to date 7. As explained in
the proof of proposition 7, this means that the bank will face no further repudiation
beyond this date. Hence, even though &, continues to rise, eventually reaching 1 on date
T, the upper bound on the probability of bank failure does not rise above 131;'553T—k1- The
intuition behind this result goes as follows. Towards the horizon, the bank’s incentives
to liquidate are weakest, because there are not many future pay-offs to be gained if the
bank retains its reputation and continues to lend. Hence, if borrowers repudiate at this
stage, it is very unlikely that the bank will liquidate. However, it is exactly at this stage
that borrowers’ concerns about their reputation are strong, such that they will prefer
not to repudiate. Thus, the dynamics of borrower reputation effects are such that the
bank’s reputation is not tested at the time when it is most fragile (i.e. when most bank

types will prefer to renegotiate), and hence the upper bound on the probability of failure

increases no further.
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2.11 Conclusion to Chapters One and Two

In these chapters, I have formulated a new theory of financial intermediation and have
explained the general structure of credit markets.

Essentially, these chapters have answered the question, why do banks exist? Banks
exist in order to lend to new borrowers with short credit histories. These borrowers are
unable to issue debt directly, because direct lenders regard them as too risky, and expect
them to repudiate their debt obligations. The bank is able to lend, because it is a multi-
period player in the credit market, which allows it to build a reputation for being tough
and thus deter borrowers from repudiation.

These chapters have explained several important empirical features of the credit mar-
ket. They have explained why new borrowers (i.e. firms which have only recently begun
trading) tend to borrow using bank finance, whilst established borrowers tend to issue
debt directly. Established borrowers are charged lower interest rates. Consequently, they
are concerned about maintaining their reputation for being a good credit risk, and will
thus refrain from repudiation, in order to prevent direct lenders from terminating their
credit. Hence, direct lenders are willing to lend to them.

These chapters have also explained why banks in the US and UK have a reputation for
being tough on firms in financial distress, tendihg to liquidate immediately rather than
arranging rescue packages and allowing time for financial restructuring. In my model,
banks liquidate borrowers who default in order to build a reputation for being tough and
thus deter other borrowers from repudiation on future dates.

These chapters have also explained why small businesses borrow almost exclusively
from banks and pay interest rate premiums on bank debt, even though survey evidence
suggests that banks do not perform a special service for which they are willing to pay a
premium. In my model, new borrowers (e.g. small businesses) are unable to issue debt
directly, and must therefore rely on bank finance, and are forced to pay whatever the

bank charges.

My model also generates two important implications for financial policy. Firstly, it
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suggests that measures to curb banks’ powers to liquidate may be counter-productive.
Although this may reduce the incidence of inefficient liquidation, the cost is that liqui-
dation would be less of a deterrent to borrower repudiation.

Secondly, my model predicts that measures to cut interest rates charged by banks
could be counter-productive. If borrowers repudiated, the bank would have no incentive
to liquidate and thus build a reputation for toughness, as there would be no future rents
to offset the cost of liquidation. Hence liquidation would no longer be a credible threat,
and thus borrowers would not be deterred from repudiation. Thus, the bank would be
better off not lending to new borrowers at all.

There are two main directions for future research. Firstly, it would be useful to
introduce entry of new cohorts of borrowers. In the current model, on the threshold
date when borrowers have established a long credit history and thus reputation becomes
effective in policing their incentives, they switch from bank finance to direct finance.
Hence, after this date the bank ceases to lend. But if we introduce entry of new cohorts
of borrowers each period, the bank will continue to lend in the model’s steady state. If
we assume that the new cohorts face the same initial degree of adverse selection as the
original cohort of borrowers, and similarly that the new borrowers have no prior credit
history, then they will also be unable to borrow directly and must rely on bank finance.

Secondly, it would be interesting to derive the market structure of the banking sector
from first principles, rather than assuming a monopoly bank as I have done here. In
this extension to the model, I assume that all lenders are initially identical, i.e. there is
no distinction between bank lenders and direct lenders. However, in equilibrium, only a
small number of lenders become banks, whilst the remainder become direct lenders. The
reason for this is as follows. Banks Cournot compete by choosing the amount of funds they
wish to supply in the credit market, and the market determines the interest rate. Hence
the greater the number of banks which enter the credit market, the lower the interest
rate premiums they are able to charge. During early periods, there will be some mixed

strategy defaults, and banks will liquidate in order to build a reputation for toughness,
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and thus deter borrowers from future default, and also in order to deter further entry of
banks into the credit market, and thus prevent their interest rate premiums from being
competed away. Entry will occur up to the point that further entry would sufficiently
reduce interest rates, such that the rents generated by the reputation no longer offset the
cost of entry (which is endogenously determined as the cost of liquidating defaulters),
i.e. liquidation costs serve as a barrier to entry.

This extension makes two important contributions to the literature. Firstly, it ex-
plains the existence of a highly concentrated market structure in the banking sector, and
the evidence that banks wield a considerable degree of market power in the US and UK
economies, something which no other paper in the literature has done. In the UK, the
main clearing banks provide around 90 per cent of all small firm lending (Batchelor 1989).
In the US, although market concentration is low for the economy as a whole, banks have a
considerable degree of local market power, especially in banking services which require a
local presence, such as lending to small businesses (see Frankel and Montgomery (1991)).

Secondly, it makes an important theoretical contribution to the literature on industrial
organization. The standard approach in modelling reputation games in this literature is
to model an incumbent long-lived monopolist which faces repeated entry by a sequence
of other (long-lived) monopolists (e.g. Kreps-Wilson (1982a), Fudenberg-Kreps (1987)).

However, in my approach, I make no initial assumptions about the market structure, it

is derived from first principles.
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Chapter 3

The Dynamics of Firms’ Credit
Ratings

3.1 Introduction

This chapter analyzes the dynamics of firms’ credit ratings, in the context of a multi-
period moral hazard problem, in which borrowers have incentives to repudiate their
debt obligations. Borrowers with short credit histories face the poorest incentives, and
(depending on initial conditions) for these borrowérs debt repayment can only be enforced
by the threat of liquidation. However, over time if borrowers repay debt on all dates,
they will establish a good credit history. This may improve their incentives, such that
they will repay debt because they are concerned about their reputations for being a good
credit risk, even if they face no threat of liquidation if they do default.

The chapter provides answers to the following two questions:

1) Why do firms’ credit ratings improve over time?

2) Why do aggregate shocks have less impact on the risk of default of well-established
firms, compared to recent start-up firms?

A firm’s credit rating is a measure of its overall default risk, which is composed of both

liquidity default (in which firm is unable to meet its debt obligations due to cash flow
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constraints), and strategic default (in which the firm is able to repay debt, but chooses
to divert the cash flows instead). This chapter contributes to the literature by analyzing
jointly the risks of liquidity and strategic default and their implications for the dynamics
of credit ratings. It also generates predictions which are consistent with the following
two stylized observations:

1) firm credit ratings improve over time

2) aggregate shocks have less impact on the risk of default of well-established firms,
compared to recent start-up firms.

The first observation reflects the empirical evidence that firms which have only re-
cently started trading have lower credit ratings than firms which have been trading for
a long time. As for the second observation, in the event of a negative aggregate shock,
evidence suggests that an established firm with a good track record is less likely to have
its credit rating downgraded than a recent start-up, without an established credit record.
This is particularly true of the 1990-92 UK recession, characterized by a credit crunch
which, it is suggested, impacted most severely on recent start-ups and small businesses
(e.g. see Keasey and Watson (1994)).

Standard models of reputation, as in the sovereign debt literature and Holmstrom
(1982), actually predict that agents’ incentives deteriorate over time, hence they do not
explain either of these observations. Diamond (1989) does explain the first observation,
but not the second.

The following papers in the empirical literature on firm credit ratings are of interest.
Altman and Kao (1992) examines the data on the dynamics of corporate bond ratings.
Using a sample of over 7000 bonds issued in the 1970-88 period they obtain the following
results. A-rated bonds appear to be more stable than AAA-rated bonds. BB-rated
bonds are the least stable. Furthermore, bonds initially rated A and above have a greater
tendency to be downgraded than to be upgraded. Among the investment grades, only
bonds initially rated BBB tend to be upgraded more than they are downgraded. As for

non-investment grade ‘junk’ bonds, there does not appear to be a tendency toward either
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upgrades or downgrades in the sample period.

Hand, Holthausen and Leftwich (1992) examines the effects of bond rating agency
announcements on bond and stock prices. They consider two types of announcements:
warnings of possible rating downgrades via additions to Standard and Poor’s Credit
Watch List, and actual rating changes announced by Moody’s and Standard and Poor’s.
Bond price effects are identified for both types of announcements. The stock price effects
of agency announcements are also examined and contrasted with the bond price effects.

Hite and Warga (1997) also analyze the effects of bond rating agency announcements
on bond prices. A unique feature of their study is the use of a data set containing re-
cent firm-specific information that also provides a long event window. Downgraded firms
reveal a significant announcement effect in both the announcement month and prean-
nouncement period. Upgrade effects are much Weaker in magnitude and significance.

Gale and Hellwig (1985) show in a model of borrowing and lending with asymmetric
information that the optimal incentive-compatible contract is the standard debt contract.
They obtain the following four results. First, they show that the optimal contract takes
the form of a standard debt contract with bankruptcy. This requires that the firm makes
a fixed debt repayment when it remains solvent, and that the firm is declared bankrupt
if it does not make the repayment in full, in which case the creditor is allowed to recoup
as much of the debt as possible from the firm’s liquidated assets. Second, they derive
the conditions under which credit rationing occurs. They show that the equilibrium
investment level never exceeds and typically falls short of the first best level. Third,
they compare optimal contracts with the result of interest-rate-taking behaviour, and
find that this tends to reduce the optimal loan size and interest rate. Fourth, they show
that there exists a non-monotonic relationship between liquidity and investment.

The following theoretical literature on reputation games is also of interest. Milgrom
and Roberts (1982) formulate a reputation game to explain the apparently irrational
practice of predatory pricing. They show that although predation is costly in the short

run, it is optimal for a long-lived monopolist if the short run cost of predation is out-
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weighed by the long run benefits in terms of reducing the probability that entry occurs
on future dates. The model resolves the Chain Store Paradox by introducing uncertainty
over the incumbent’s pay-offs from predation. Specifically, there exists two types of in-
cumbents, weak and tough. The tough type can only prey. The weak type can either
prey or accommodate. But providing the horizon is long enough, the weak type has an
incentive to prey, on order to build a reputation for being a tough type, and thus deter
future entry.

Fudenberg and Kreps (1987) extends the work on reputation games by considering
a game in which the incumbent competes with several entrants simultaneously, rather
than sequentially as in Milgrom and Roberts (1982), and Kreps and Wilson (1982). Their
model yields the following two results. First, there exists a trade-off between the short
run cost of maintaining a reputation, and the longer run benefits that accrue from it, as
in the model with sequential entry. However, the results differ from the sequential entry
model for the following reason. As the number of entrants increases, the reputation of
the incumbent may no longer dominate, if the short run costs rise more quickly than the
long run benefits. Second, they compare the equilibrium under information linkage (in
which case entrants observe the past play of the incumbent against all other entrants)
with the equilibrium under information isolation (in which case entrants observe only
the past play of the incumbent with themselves). They find that even if the incumbent’s
reputation dominates in the information linkage case, she may actually prefer the infor-
mation isolation case. The reason is that, in the information linkage case, although the
short run costs of defending a reputation are high, the long run losses from losing the
reputation are even higher.

Fudenberg and Levine (1989), (1992) generalize the previous literature on reputation
effects in a game in which a single long run player faces an infinite sequence of short
run players. They suppose that short-run players assign positive prior probability to
the long run player's being one of several different commitment types, each of which

plays a fixed stage game strategy each period. Each commitment type corresponds to a
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particular reputation that the long run player might build. Instead of solving explicitly
for the equilibrium strategies, they derive the upper and lower bounds on the long run
player’s pay-offs that hold in any Nash equilibrium of the game. The Stackelberg strategy
is defined as the strategy of the long run player which yields his most preferred pure
strategy profile of the stage game, given that the short run player chooses an optimal
response to his strategy. The paper finds that as the discount factor goes to 1, the upper
bound on the long run player’s Nash equilibrium pay-off converges to the Stackelberg
pay-off.

Celentani, Fudenberg, Levine and Pesendorfer analyze a reputation game between
a patient player 1 and a nonmyopic but less patient opponent, player 2. Player 2 is
uncertain of player 1’s type, in particular player 1 may be a commitment type which
plays a fixed stage game strategy every period. They show that the game with a non-
myopic player differs from the game with a myopic player for the following reason. Given
that the non-myopic player cares about future pay-offs, the Stackelberg pay-off is no
longer necessarily the highest attainable pay-off. For instance, a higher pay-off could be
gained by using a punishment strategy such as ‘tit for tat’. They find that player 1’s
equilibrium pay-off is bounded below by what he could get through commitment in the
repeated game. ‘

This chapter also has interesting implications for the recent literature on financial
structure in an incomplete contracting framework, and can be broadly interpreted as
a repeated version of the one shot situation analyzed in Hart-Moore (1997), in which
inefficient liquidation arises in equilibrium as an inevitable consequence of borrowers’
incentives to repudiate debt repayments. Although I consider a different set up, my
analysis shows that given a sufficiently long horizon, borrowers’ concerns about their
reputations improve their incentives to repay debt, such that inefficient liquidation is
mitigated.

I model the problem as follows. Borrowers have an investment project, for which

they seek finance. I assume that contracts are incomplete. This gives borrowers the
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opportunity to default strategically, i.e. to default on debt repayment even if their
projects are successful, and they are able to repay the debt. But lenders do have the
ability to liquidate, if borrowers default on debt. However, lenders are unable to commit
to liquidating borrowers if it is not optimal ex post to do so. If the borrower’s project
succeeded, then it is optimal to liquidate. But if the project failed, then the lender would
prefer not to liquidate, because liquidation is costly and there is no project output for it
to be worth liquidating. The problem is that project outcome is unobservable to lenders,
so a borrower can default strategically by claiming that his project failed, in order to
deter the lender from liquidating.

Although borrowers have the opportunity to default strategically, this doesn’t neces-
sarily mean they have the incentive to do so. However, new borrowers with short credit
track records may have strong incentives to default strategically, for the following reason.
I assume two different borrower types with different investment projects. ‘Safe’ borrow-
ers’ projects have zero probability of failure, but ‘risky’ borrowers’ projects have a high
probability of failure, such that lenders will prefer not to lend to them. Borrower type is
unobservable to lenders. Since new borrowers lack an established credit history, lenders
are unable to distinguish whether they are safe or risky. To compensate for the risk of
default, lenders pool all new borrowers together and, if there is a high proportion of risky
borrowers in the market, charge them high interest rates. This gives new borrowers an
incentive to default strategically.

Over time, if borrowers continue to repay debt on all dates, they establish a good
credit history. This convinces lenders that the borrower is probably a safe borrower,
and thus they will charge lower interest rates, to reflect the lower risk of default. If the
borrower is the safe type, now that it is charged low interest rates, its incentives change.
If it defaults strategically, lenders will think it is a risky borrower, and will refuse to lend
to it anymore. Hence, these borrowers risk losing access to cheap credit, which they have
earned by building up a spotless credit history. Hence, they will prefer to repay the debt,

because they are concerned about maintaining their reputation as a good credit risk.
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A given borrower’s risk of default decreases over time (and hence its credit rating im-
proves over time) for two reasons. Firstly, every period, there exists a positive probability
that risky borrowers will be forced to default due to project failure, thus revealing their
type and resulting in credit termination. Hence, the proportion of risky borrowers in the
market falls over time, and thus the risk of default due to project failure for borrowers
remaining in the market falls over time. Secondly, safe borrowers incentives to repay
debt improve over time, as they become concerned about reputation, and hence the risk
of strategic default falls over time as well.

We explain why aggregate shocks have less impact on firms’ risk of default, as they
develop a good credit history, as follows. If borrowers default during early periods when
they have yet to establish a track record for repaying debt, lenders will be reluctant to
liquidate, because there is a high proportion of risky borrowers remaining in the market.
Hence, if a borrower defaults, it is likely to be a risky borrower whose project has failed,
rather than a safe borrower who has defaulted strategically. Hence, the lender’s expected
pay-off from liquidation will be low. Since borrowers infer this, they have a greater
incentive to default strategically, because given that project outcome is unobservable,
they can ‘hide’ their type by pretending to be a risky borrower whose project has failed,
in which case lenders will be reluctant to liquidate. However, over time, the proportion
of risky borrowers remaining in the market falls. Suppose that a negative aggregate
shock occurs, which worsens borrowers’ incentives to repay debt. If a borrower has
established a good credit history, then if he defaults, lenders will believe that he is
defaulting strategically, rather than a risky borrower whose project has failed, since it
is unlikely that a risky borrower could have developed such a good credit history. This
means that the lender will have a greater incentive to liquidate, which deters the borrower
from defaulting strategically. Effectively, this means that borrowers with short credit
histories are more affected by a negative shock than borrowers with established credit

histories.

The structure of the chapter is as follows. Section 3.2 sets out the model. Section
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3.3 solves the one period problem. Sections 3.4 and 3.5 solve for borrowers’ optimal
repayment strategies and lenders’ optimal liquidation and lending strategies in the multi-
period equilibrium. Section 2.7 solves for equilibrium interest rates. Section 3.7 proves
the existence of reputation equilibrium. Section 3.8 analyzes the dynamics of reputation
along the equilibrium path, and provides a characterization of the general model. Section

3.9 gives a summary of comparative statics, and analyzes the effects of a temporary

interest rate shock.

3.2 The Model

Lenders are risk-neutral and receive an endowment of consumption goods each period.
They have a choice over how to invest this:

1) they can invest in a riskless asset, which has a gross rate of return of R, or

2) they can lend to borrowers who have access to investment projects.

We assume that lenders exist for one period only, hence borrowers face a new gen-
eration of lenders each period. This allows us to focus on reputation effects as the only
intertemporal enforcement mechanism. The effects of reputation building by lenders in
enforcing debt repayment are analyzed in chapters 1 and 2.

Borrowers are also risk-neutral, and live for 7" periods. They receive no endowment
but have access to an indivisible investment project each period. There are two types:

- type G borrowers have one high expected return, safe project each period. They
can invest one unit and receive G with certainty.

- type B borrowers have one low expected return, risky project each period, which
returns B with probability pp (where B > G and pgB < R) and zero with probability

1 PB.
Hence, only type G projects yield positive net present value and are attractive to
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lenders.

Borrowers must invest funds in their projects. They cannot invest instead in the
riskless asset.

The initial population of borrowers contains a publicly known fraction fg of type G’s
and fg(=1— fa) of type B’s. A borrower’s type is private information and all borrowers
are initially observationally equivalent. Project returns are independently distributed
and are also private information. The optimal contract is therefore a debt contract,
which specifies a fixed payment of r; per unit loan.

Borrowers maximize discounted expected consumption, given by Zg;_l B1E(c;), where
¢: is period ¢ consumption, 3 is the discount factor with 0 < 8 < 1, and T is finite but
large. Consumption of all agents must be non-negative each period, hence borrowers have
limited liability. We assume borrowers’ projects are in relatively short supply, and hence
the riskless asset is held in equilibrium. Hence, lenders will lend to any borrower who
offers a debt contract with an expected return no lower than the return on the rigkless
asset.

Borrowers operate a two-stage project, stage one being the production of a capital
good, and stage two being the transformation of the capital good into a consumption
good. By project failure, we mean that stage one is unsuccessful. However, whether
or not stage one has succeeded is observable only to the borrower, not to the lender.
This gives rise to the following incentive problem: borrowers can claim that a successful
project has failed, and thus divert the entire project returns rather than repaying the
debt.

Suppose the borrower defaults on debt repayment, claiming that stage one of the
project has failed. If the lender believes this is not true, why not simply wait for the
borrower to complete stage two, at which point the project output becomes observable?
The problem with this is that although at this stage the project output is observable to
the lender, it is not verifiable by a third party, i.e. contracts are incomplete. Lenders are

unable to enforce repayment by taking the borrower to court. Hence the only enforceable
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contract is a debt contract which transfers ownership and control of project assets from
the borrower to the creditor in the event of default.

There are two main formal bankruptcy procedures that creditors can follow in the US
and UK: Chapter 7 (liquidation in the UK) and Chapter 11 (administration in the UK).
In Chapter 7, the firm’s assets are sold off (piecemeal) in a cash auction. In Chapter
11, however, creditors attempt to restructure the firm, in order to allow it to continue
to trade. During the process, all creditors’ claims are frozen, and an administrator is
appointed to run the company.

In our model, we consider bankruptcy in the form of Chapter 11. After stage one of the
project, the only project asset is the capital good, which is project specific, and hence its
opportunity cost is zero. Thus a cash auction as Chapter 7 entails would be inefficient?!.
Hence, the lender can only extract value from the project by allowing it to continue.
However, the lender’s key problem is who to appoint to continue the project: should he
allow the entrepreneur to remain in place (we denote this as project continuation), or
replace him with an outside manager (we denote this as project liquidation)?

The first-best solution would be to allow the entrepreneur to continue the project,
whether stage one has succeeded or failed. If stage one has succeeded, then the lender
will be able to continue the project (i.e. complete stage two) without the entrepreneur,
by appointing an outside manager. But to do this he must incur a fixed cost C, which
represents an efficiency cost, given that the outside manager knows less about running
the project than the entrepreneur. Hence the final project return is G — C or B — C,
depending on the project type. However, if stage one of the project has actually failed,
then only the entrepreneur, who has specific human capital for producing the capital
good, can rescue it. This yields a final return of (1 — v)B where 0 < v < 1 (recall that
only type B projects can fail). If the lender tries to complete the project himself, the

! Another disadvantage of using Chapter 7 in this environment is that the entrepreneur, with private
information about the project’s true value, would be the sole bidder in a cash auction, thus readmitting
the incentive problem. Even if credit-constrained, or forbidden from participating in the auction, he
could arrange finance from a third party who could bid for him.
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gross project return is zero, but the net return (given the fixed cost C) is —C.

The borrower’s and lender’s pay-offs are summarized in Table 3 below. We give the
pay-offs for a type B project, the pay-offs for a type G project are the same as for a
successful type B project, except that B is replaced with G.

project liquidation project continuation
project failure —C,0 0,(1-~)B

project success B —C,0 0,B
Table 3: Lender and borrower pay-offs (lender pay-offs given first)

Although the first-best outcome is for the lender to allow the borrower to remain in
place and complete the project, this gives the borrower the opportunity to divert the
entire project returns, thus yielding the lender a pay-off of zero. If the project outcome
were observable, the lender’s optimal strategy would be to liquidate (take over) the
project if it had succeeded, and thus prevent the borrower from diverting the project
returns. If the project had failed, then it would not be optimal to liquidate, given that
liquidation is costly, but there would be no project output for it to be worthwhile to
liquidate. But the lender’s problem arises from the fact that the project outcome is
unobservable. This creates the following moral hazard problem for the borrower: he
can claim that the project has failed and thus default strategically. The lender will be
reluctant to liquidate, given that if the borrower’s claim is true, then liquidating would
yield a lower pay-off than not liquidating, given the fixed costs of liquidation.

We make the following parameter restrictions: pgB > C and R+ C < G. We also set
v = 1, hence the type B borrower receives a pay-off of zero if his project fails, whether the
lender liquidates, or allows the borrower to continue. This has no effects on the results,
and is assumed purely for analytical convenience.

We assume the following information structure. At each point in time, lenders can

observe borrowers’ entire credit histories. Specifically, it tells them whether a borrower
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has ever defaulted on a loan. It does not, however, tell them whether default was strategic
or forced by project failure, i.e. it does not reveal the project outcome. This information
is known to the borrower, and only to the lender if he liquidates.

We model the problem as the repeated play of an extensive form stage game with
incomplete information, using the concept of sequential equilibrium. The stage game on
every date ¢’ consists of the following sequence of steps: ’

1) Borrowers offer debt contracts to lenders, specifying the interest rate at which they
are willing to borrow.

2) Lenders decide which contracts to accept. If a lender refuses to lend to any given
borrower, then the date ¢’ stage game ends for that borrower and it receives a pay-off of -
Z€ErO.

3) Nature determines the outcome of type B projects, which is observed by the bor-
rower only. If the project succeeds, the borrower proceeds to step (4). If it fails, the
borrower proceeds to step (5).

4) Borrowers choose whether to repay or default. If a borrower repays, then its date
t' stage game ends, it receives a pay-off of G — ry (if type G) or B — ry (if type B) and
the lender receives a pay-off of ry. If a borrower defaults, then it proceeds to step (5).

5) Lenders decide whether to liquidate (i.e. take over the project), or allow the
borrower to continue. Pay-offs are as given in Table 3.

At step (5), the lender is at an information set regarding both the borrower’s type,
and the project outcome.

It is useful to set out the definitions of the strategies of players, how beliefs are formed,
and the equilibrium concept used.

A strategy for a borrower (type G or B) consists of the following:

a) a choice of debt contract, specifying the interest rate.

b) a choice of how much debt to repay (between 0 and G (B for type B borrowers))

A strategy for a lender consists of the following:

a) a decision on whether or not to accept any borrower’s offer of a debt contract
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b) a decision on whether to liquidate (i.e. take over the project), or allow the borrower

to continue

The concept of sequential equilibrium must satisfy the following conditions:

1) At each information set, the player with the move must form a belief about which
node in the information set he is at, by assigning a probability to the event that he is at
any given node.

2) Players must be sequentially rational, i.e. players’ strategies at any given informa-
tion set must be optimal, given their beliefs and given their subsequent strategies and
the other players’ subsequent strategies.

3) Beliefs must be consistent with equilibrium strategies, i.e. beliefs must be updated
using Bayes’ Rule.

4) Beliefs for information sets off the equilibrium path must be consistent with some
small perturbation of the equilibrium strategy profile, such that these informations sets
are actually reached during play.

We begin by solving the one period problem.

3.3 The One Period Problem

In the one period problem, borrowers have no incentives to repay debt in order to
maintain their reputation, because there are no future borrowing opportunities which
they are concerned about losing if lenders terminate credit. Hence, the threat of liqui-
dation is the only possible enforcement mechanism. The one period problem consists of
the extensive form stage game outlined above, which we solve by backward induction,
beginning with the last step, the lender’s decision on whether or not to liquidate, if a

borrower defaults.

The lender faces the following problem: if a borrower defaults, given that borrower
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type and project outcome are unobservable, he does not know whether it is a type G or
B borrower who are defaulting strategically, or a type B borrower whose project failed,
i.e. the lender is at information set I (see Figure 6). Hence, the lender must form an
assessment of which node in this information set he is at. If he believes he is at node X;
or X3, i.e. default is strategic, then it is optimal to liquidate, since liquidation yields a
pay-off of G — C or B — C, whereas not liquidating yields a pay-off of zero. However, if he
believes he is at node X3, i.e. default was forced by project failure, then it is optimal not
to liquidate, since liquidation yields a pay-off of —C, whereas not liquidating yields a pay-
off of zero. We now show that there can be no pure strategy equilibrium in the one period
game, in which lenders liquidate or don’t liquidate, with probability one, and borrower
repay or default with probability one. First, suppose that in equilibrium, both borrower
types default strategically, and the lender’s strategy is to liquidate with probability one.
But this means that borrowers’ pay-off from default is zero, whereas their pay-off from
repaying debt is G — ry (if type G) or B — ry (if type B), which is greater than zero.
Hence, default is not an optimal strategy and thus this is not an equilibrium..

We now consider the equilibrium in which both borrower types default strategically,
and the lender’s strategy is not to liquidate. We now show that, providing condition

(3.1) below holds, then it is optimal for the lender to liquidate, hence this is not an

equilibrium.
C - pBB
> — 3.1
fo> onB (3.1)
We need to determine what are the lender’s beliefs about borrower type and project

outcome, if the borrower defaults, i.e. what are the conditional probabilities that the
lender is at nodes z;, z3, or z3, in information set 7. In any equilibrium, this information
set is on the equilibrium path, since there is a non-zero probability that any given bor-
rower is a type B borrower who will default due to project failure. Hence, as required by
sequential equilibrium, lenders’ beliefs are determined by Bayes’ Rule and are consistent
with borrowers’ equilibrium strategies. Consider an equilibrium in which both borrower

types default strategically. The lender’s beliefs, derived using Bayes Rule, are therefore:
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p(z1) = fe

u(z2) = (1 — fe)(1 — pa)

w(zs) = (1 — fe)pp where p(zy) is the conditional probability that the lender is at
node z;, given that he is at information set I etc.

Hence, the lender’s expected pay-off if it liquidates is given by:

BEub(lig) = p(21)(G — C) + p(z3)(B ~ C) — p(z;)C
and its pay-off if it if it doesn’t liquidate is given by:

Eul(no lig) =0

Hence, it is optimal not to liquidate if and only if the following holds:

Eu*(lig) < Eu*(no lig) &
#(@1)(G = ) + u(as)(B = C) - p(@))C < 04
fo < SRS
~ppB

Hence, providing that condition (3.1) holds, it is optimal for lenders to liquidate, and
thus the pure strategy equilibrium described above does not hold .

We now consider the pure strategy equilibrivm in which both borrower types repay,
and the lender liquidates, if a borrower defaults. Given that borrower equilibrium strate-
gies are to repay, if their project succeeds, the lender’s belief if a borrower defaults must
be that default was forced by project failure. Hence, liquidation yields a pay-off of —C,
whereas not liquidating yields a pay-off of zero. Thus, lenders will prefer not to li(iuidate,
and hence this is not an equilibrium.

We now consider the pure strategy equilibrium in which both borrower types repay,
and the lender does not liquidate, if a borrower defaults. But given that they do not face
liquidation, it will be optimal for borrowers to default, hence this is not an equilibrium.

Hence, there exists no equilibrium in pure strategies. The intuition for this is as

follows. Suppose lenders liquidate with probability one if borrowers default. But then
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borrowers will never want to default strategically if they face certain liquidation, and
will only default if forced to by project failure. However, this means that lenders will
be unable to commit to liquidation, given the belief that default must imply project
failure, and hence it is not worth liquidating. Thus, for equilibrium to hold, borrowers
must default strategically with positive probability, so that liquidation will be ex post
an optimal response for lenders. Lenders, in turn, must not liquidate with probability
one, so that borrowers will not be deterred from defaulting strategically. Hence, we seek
a mixed strategy equilibrium, in which borrowers randomize between repayment and
default, and lenders randomize their liquidation response.

We now show that the unique sequential equilibrium in mixed strategies in the one
period game is as follows. Type G borrowers randomize, defaulting strategically with
probability 7#¢. Type B borrowers repay if their projects succeed. Lenders randomize,
liquidating with probability c.

In equilibrium, the probability that the lender liquidates is determined such that type
G borrowers are indifferent between repaying and defaulting. Hence, « is determined such
that

Eu®(repay) = Eu®(default)

SG-r=a0+(1-0a)G

Sa=g

where Eu®(repay) and Eu®(default) are the type G borrower’s expected pay-offs from
repaying and defaulting respectively.

In equilibrium, the probability that type G defaults strategically is determined such
that lenders are indifferent between liquidating and not liquidating. Hence m¢ is deter-
mined such that

Eul(lig) = Eul(no liq)

& p@)(G—-C) — (1 —p(z1))C =0

From p(z1) = == o (’Iifi T given that lenders’ beliefs are consistent with equilibrium
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strategies, we get mg = g'l(—_a%&cx)lf_;@

To complete the proof that this is an equilibrium, we must also show that type B’s

decision to repay, if their projects succeed, is optimal, i.e. we must show

EuB(repay) > FEu®(default) <
B-r > a0+(1-a)B <
T
a >z (3.2)

which holds, given that B > G.

We now prove that this equilibrium is unique. The only possible alternative equilibria
are the following:

1) Type B’s randomize, and type G’s repay with probability one.

2) Type B’s randomize, and type G’s default with probability one.

Consider the first equilibrium. For equilibrium to hold, the probability that lenders
liquidate must be such that type B’s are indifferent between repaying and defaulting.
From (3.2), this means that & = % must hold. But this implies that Eu®(default) =

B
al+(1—-a)G= &gﬁ. But it is optimal for type G’s to repay if and only if

EuC(repay) > Euf(default) <
(B-r)G N

G—r > 3

G > B

which is not true by assumption. Hence, it is optimal for type G’s to default and hence

this equilibrium fails to hold.

We now prove that the second equilibrium cannot hold, providing that condition (3.3)

below holds:
(1-pp)C
(@ s0) (8.3)

Type B’s must default with probability 7 g, such that lenders are indifferent between

fa>
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liquidating and not liquidating, i.e. such that the following holds

Euf(lig) = Eu®(nolig) &
p(z1)(G = C) + p(z3)(B = C) — p(22))C = 0
fe(G-=C)+ (11— fe)ppme(B—C) — (1 - fo)(1—pB)C = 0

But note that even when 75 = 0, and thus Fu”(lig) is minimized, we have Eu’(lig) =

fe(G—C)— (1 - fe)(1 — pp)C. Hence,

Eu*(lig) > Eu'(noliq) &
1—-pB)C
o > (o=t
Thus, given that condition (3.3) holds, lenders strictly prefer to liquidate, and thus
equilibrium fails to hold.
We now consider step 4, the borrower’s repayment decision, in more detail. Let
r < G — C. Considering the type G borrower, given that he has chosen to repay, it is
optimal to repay the full amount r, i.e. Bu®(r) > Eu®(r —€) and Eu®(r) > Eu®(r +¢)
where € > 0. If the borrower defaults partially by repaying r — &, this reveals that
the project was successful and it is therefore optimal for the lender to liquidate with
certainty, yielding a pay-off of zero to the borrower. Repaying more than r is never
optimal, given that it reduces the current period pay-off, and has no signalling value
for future pay-offs, given the one period horizon. However, suppose r > G — C. The
borrower has no incentive to repay more than G — C, since this is the maximum pay-off
that the lender can expéct from liquidation. This result also holds for type B borrowers.
Although liquidation would yield a higher pay-off of B — C, type B’s have no incentive
to reveal their type by repaying more than G — C.
We now turn to step 2, the lending decision. Lenders will accept any debt contract

which offers an expected return no less than the riskless interest rate R. Hence, lenders
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will accept a debt contract which offer interest rate r if and only if

Eu’ >R
& fo(l—mg)r+ (1 - fe)psr 2 R
@72 Rflfo+ 580G - O) =7

Hence, lenders will accept any debt contract which offers an interest rate r > r*.

We now turn to step 1, the borrower’s choice of debt contract. Borrowers will offer
the lowest interest rate necessary to ensure that the contract is accepted. Given that
borrowers are relatively scarce, the equilibrium interest rate is driven down to r = r*.

Note that if r* > G — C, i.e. the lowest feasible interest rate exceeds the maximum
that borrowers are willing to repay, the credit market is closed, since lenders can earn

more through investing in the riskless asset. This gives us the following open market

condition;

R+C—pBG

G (3.4)

3.4 The Multi Period Problem

We must now solve for the multi-period equilibrium. We solve the T-period problem as
the repeated play of the stage game outlined above. In this section, we solve each step

of the extensive form stage game.

Borrowers’ Repayment Strategies and Lenders’ Liquidation Strategies

This section solves for step (4), borrowers’ optimal repayment strategies, and step
(5), lenders’ optimal liquidation strategies.

In the one period problem considered above, the only discipline device which deters
borrowers from defaulting strategically is the threat of liquidation. In the multi-period

problem, however, borrowers may prefer to repay debt for the following reason. Borrowers
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who have established a track record for repaying debt are charged lower interest rates.
Hence, these borrowers will prefer not to default, because they don’t want to ruin their
reputations for repaying debt and thus risk having their credit terminated, given that
they are now able to borrow cheaply. Hence, borrower reputation effects enforce debt
repayment, rather than the threat of liquidation. If this is the case, we say that reputation
equilibrium holds.

We must begin by analyzing whether reputation equilibrium ever exists for either
borrower type. We consider type B borrowers first. Proposition 10 below proves that

reputation equilibrium never exists for type B borrowers.
Proposition 10 Reputation effects never exist for type B borrowers.

Proof. Let Vp; be the type B borrower’s value function on date t. Then reputation
equilibrium requires Vg:(hy) > Vai(h¢,p = 0) where Vg, (hY) = B — r; + BpsVais1 and
Vp:(he, o = 0) = B. Hence reputation effects exist for type B’s < r, < ﬁpBVBtH.

A necessary condition for reputation effects is that V(A7) > Vai(he,a; = 0) holds
for , = R Vtand T — oo, i.e. when the expected value of remaining in the credit

market is maximized. Under these conditions, we require

R< Jim [ij(ﬂpBr'(B - R)}

i=1

T-t-1 o _ 1
< :Flgf)lo [ ; (Bps) (R — BppB) + (ﬁPB)T_tRJ <0

However, this cannot hold, given that pg B < R by assumption.
Q.E.D.

Hence even when the value of future borrowing is maximized, i.e. borrowers face an
infinite horizon and interest rates are at their lowest possible level, equal to the riskless

interest rate, type B’s will still prefer to default strategically. The reason for this is as
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follows. It is not worth repaying debt in order to avoid credit termination tomorrow,
because the value of future borrowing is very low to type B borrowers, given that type
B projects yield a low expected return. Repayment by type B borrowers can therefore
only be enforced by the threat of liquidation.

We now analyze whether reputation effects ever exist for type G borrowers. If rep-
utation is ever to have value (i.e. be effective in deterring default), it must have value
when r, = R V¢ and T — oo. Lemma 10 derives a necessary condition for reputation

to be effective for type G’s.

Lemma 10 A necessary condition for reputation effects to exist for type G borrowers on

some date is § > &.

Proof. Type G reputation equilibrium exists
~ VGt(h;‘) Z VGt(hg, O = O)

& 1y < fVgier which holds only if

T—t

R< lm[Y F(G - R)]
i=1

B(G - R)
S R< 13
R

e[ c (3.5)

QED.

Hence, if the discount factor is too low, reputation equilibrium will never exist. In-
tuitively, if borrowers do not value the future highly, exclusion from future borrowing is
not an effective discipline in deterring strategic default.

Lemma 11 provides a sufficient condition for the existence of reputation equilibrium

for type G borrowers on some date ¢, providing that interest rates on all future dates
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satisfy a given upper bound.

Lemma 11 If, for allt € [£,T], r; < BG, then there exists T < oo such that reputation
has value for type G borrowers on date t. This bound on future interest rates specifies

feasible rates if and only if condition (8.5) holds.

Proof. Reputation has value on date t < Vi:(h]) > G. Given that it is always feasible
for type G’s to repay debt each period, and that Fug: = G — r;, i.e. type G’s expected
pay-off each period is independent of its repayment decision in equilibrium (given that
if ex ante type G’s find it optimal to default, in equilibrium lenders will set «; such that
the expected pay-off from default equals the pay-off from repaying debt), and given that

we know for ¢t > ¢ that r, < G, we can state
T T )
Var(hf) =) (G—m)B7 > > (G- BG)B™
tef =3
Taking the limit of the final expression as T' — oo:
T -~
: _ | _
Jim {Z G(1- )8 } G

Hence qlim Vei(hf) > G. Given that we can find T’ < oo such that
lim Vge(h7) — lim Vi(hi) <e
T—o0 T—T'
for all € > 0, reputation has value at date £ for T' < co. To prove that r; < BG specifies

feasible rates if and only if condition (3.5) holds,

R
ﬁG>R¢>ﬁ>5

which is condition (3.5).
Q.ED.
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Lemma 11 shows that providing that the horizon is long and that interest rates are
low enough, reputation will have value for type G borrowers.

We now consider how borrowers’ optimal repayment strategies vary with interest
rates, and what are the lenders’ corresponding optimal liquidation responses.

First, we must analyze what are lenders’ equilibrium re-lending strategies. We prove
in section 3.5 below that in any equilibrium, lenders’ beliefs about borrower type, if a
borrower defaults, are that there is a sufficiently high probability that the borrower is
type B, such that it is optimal to terminate his credit. Hence, in any equilibrium, if a
borrower defaults, the present discounted value of his future pay-offs is zero.

We now show that there exists no equilibrium in which both borrower types default
strategically, irrespective of interest rates. The reason is the same as in the one period
game. If both borrower types default, then providing condition (3.1) holds, it is optimal
for the lender to liquidate with probability one. Hence, borrowers would prefer to repay,
and hence this cannot be an equilibrium.

We now show that if r, < V41 holds, then there exists the following unique equi-
librium. Type G borrowers will repay debt. Type B borrowers will randomize between
repayment and default, defaulting strategically with probability 7%,, where 0 < 7, < 1.
If a borrower defaults, lenders will randomize their liquidation response, liquidating with
probability af,, where 0 < of, < 1.

First, we must specify lenders’ beliefs about borrower type, if a borrower defaults. In
this equilibrium, type G’s always repay debt. Hence, lenders’ beliefs must be that default
implies that the borrower is type B, and hence it is optimal to terminate credit to any
borrower who defaults. Suppose lenders do not liquidate if borrowers default. Then type
G’s pay-offs from repaying and defaulting respectively are:

Vai(hY) = G — 1t + BVges

Ve (hE) = G +0.
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Hence, it is optimal for type G’s to repay debt if and only if

Ve (hy)

v

V(;t (hg) =

A

LS ,BVGH-I

Hence, if 7, < BVg+1 holds, then type G’s will prefer to repay debt even if there is no
threat of liquidation. If this is the case, we say that reputation equilibrium holds. The
intuition is as follows. When interest rates are very low, then the net value of future
borrowing exceeds the one off payment from default, and thus type G borrowers would
prefer to repay, in order to maintain their reputations and thus retain access to future
credit.

Is it also optimal for type B’s to repay? Proposition 10 proved that no matter how
low are interest rates, type B’s will prefer to default, if there is no threat of liquidation.
Hence, there exists no equilibrium in which both borrower types repay with probability
one. But neither does there exist an equilibrium in which type B’s default with probability
one. If type B’s strategy is to default strategically with probability one, then lenders’
specification of beliefs in information set I is given by p, %%}) =0, %tdz) = (1 - pg),

A %?) = pp. Hence, it is optimal for lenders to liquidate

&  Buf(lig) > Euf(no lig)
& pp(B—-C)—(1-p)C>0
& ppB>C (3.6)

But we know that (3.6) holds by assumption, hence lenders will prefer to liquidate. But
this means it is not optimal for type B’s to default, hence this is not an equilibrium.
Hence, there exists no pure strategy equilibrium in which type B’s either repay or default
with probability one. But there does exist the following mixed strategy equilibrium.

For mixed strategy equilibrium to hold, lenders must liquidate with probability aj;,
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such that type B borrowers are indifferent between repayment and strategic default, i.e.

such that the following holds:

Vae(h7) = Ve (h{)

& B -1+ BpVeir1 = (1 — a:)B + ;0

& o = (1 — OraVais1)/B = o,

(3.7)

where 0 < aj, < 1. Type B’s must default strategically with probability 7%,, which

makes lenders indifferent between liquidation and no liquidation, i.e. such that the

following holds:

Eul(lig) = Euf (no lig)

X
< /-Lt(']‘ﬁs')(B —C) = (1= py( Y ))C =0
¢ t
X3 C
Lenders’ equilibrium beliefs are given by
X3, TBtPBt Xz 1 — pp
4 ITA¢

EI  mepp + (1 — i) h_f:i ~ mpppe + (1 — PBe)

Hence (3.8) and (3.9) imply

. (d-pg) C

Mgy = DB (B""O)

where 0 < 7, < 1.
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We now solve for equilibrium when r; > GVg;41. In this case, type G’s will no longer
prefer to repay debt if lenders do not liquidate, hence reputation equilibrium no longer

holds. Lemmas 77 and 13 below solve for equilibrium when r; > fVg;1;.

Lemma 12 If BVgi1 < 1 < giLC;‘(BVGt+1 — GVpit1), the unique equilibrium is as
follows. Type G’s will repay debt, type B’s will randomize, defaulting strategically with

probability ©p,, and lenders will randomize, liquidating with probability o,.

Proof. Suppose lenders’ strategy is not to liquidate if borrowers default. Given that
r¢ > BVeir1, reputation is not effective for either borrower type, hence both types will
default strategically. Hence, the lenders’ strategy is not optimal and hence this is not an
equilibrium. In equilibrium, lenders must randomize their liquidation response, such that
one of the borrower types is indifferent between repayment and default. For equilibrium
to hold, lenders must liquidate with probability o}, given by (3.7), such that type B’s
will be indifferent, and type B’s must default strategically with probability 7%,, given by
(3.10a), such that lenders are indifferent. Type G’s will find it optimal to repay if and
only if

Var(hy) > Va(hi) &

\%

G- T+ + 6VGt+1 2 (1 —_— a*Bt)G =

_l%}— (BVgits1 — GVpiy1)

IA

Tt

Hence, if BV <1 < —g%(BVGH_l — GVpt11) holds, although reputation equilibrium
does not hold, type G borrowers will repay in equilibrium because the probability of

liquidation is sufficiently high to deter default.
We now show that the alternative strategy profile, in which type G’s randomize,

cannot be an equilibrium. If type G’s randomize, it must be true that

Var(h}) = Var(hi)
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&G—ri+0Vo1=(1-a)G
= Q= (’I‘t - ,BVGt+1)/G - a*Gt (311)
But it will be optimal for type B’s to repay
& Vau(h]) > V(i)

& B—r+PBpeVeir1 2 (1 —ag,)B
(BVais1 — GVBig1)

g
>
T "2p_g
which does not hold. Hence, type B’s will default with probability 1 in this equilibrium.
Type G’s must randomize, defaulting with probability 7¢,,such that lenders are indiffer-
ent. But as shown above, given that (3.6) holds, lenders will strictly prefer to liquidate

even if 7%, = 0. Hence, this cannot be an equilibrium.

Q.ED.

Lemma 13 If r; > E%(BVGt+1 — GVpiy1) holds, in equilibrium type B’s will repay,
type G’s will randomize, defaulting strategically with probability 7g,, and lenders will

randomize, liquidating with probability of,

Proof. If lenders liquidate with probability af, (given by (3.11)), it is optimal for type
B’s to repay if and only if the following holds:

Ty > E‘_@_—G(BVGtH — GVpiy1)

(see proof of lemma 7?7 above). Type G’s will default with probability 7¢,, determined

such that lenders are indifferent. The specification of lender beliefs in information set

. s 11 . . . X1y — TenFat
I, given borrowers’ equilibrium strategies is as follows: g, ( x. T Fort(apa)I—Fcn)’
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1-Fg,)(1—-P, - : :
“t(%{?) = p(th,;_(ci’t_);B)(lB_)FGt), JTA %{?‘) = 0. Lenders are indifferent if and only if

Buf(lig) = Euf(no liq) &

p(@1)(G = C) — p(z2))C = 0«
o C=pp)(1-Fa)
“ 7 (G-C)Fa

We now show that the alternative strategy profile, in which type B’s randomize, cannot
be an equilibrium. For type B’s to randomize, lenders must liquidate with probability
ok, given by (3.7), such that type B’s are indifferent between repayment and default.
Type G’s will prefer to repay if and only if

Vae(hh) > Ve (h2)

' ¢>G_rt+/6VGt+l > (1—a*Bt)G

g
B-G

Hence, type G’s will prefer to default. However, from the analysis of the one period

s < (BVai+r — GVpit1)

game, providing that condition (3.3) holds, if type G’s default with probability one, then

lenders will strictly prefer to liquidate, hence this cannot be an equilibrium.

3.5 The Lending Decision

This section solves for step (2) of the stage game, the lender’s decision on whether to
re-lend or terminate credit to a borrower, given his credit history.
Lenders will never lend to any borrower who is known to be type B, because the

expected return on a type B project is less than the riskless interest rate. Every period,
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lenders observe each borrower’s entire credit history, which tells them in which periods
they defaulted on debt. They map this information into an assessment that the given
borrower is of type G. Only if this implies a sufficiently high probability that the borrower
is type G will the lender agree to lend to him this period.

Let H; = [h1,ho,... hi_1] be a borrower’s credit history at the beginning of date ¢,
where

h; = h" if he repays in period 7, and

h; = h? if he defaults in period i.

Then P,(H), the lender’s date t assessment that the borrower is type G given his credit
history, is a function P : § — [0, 1], where 6 is the set of all possible histories.

Section 3.4 showed that if 7, < SV, holds, and if lenders beliefs are that default
implies that the borrower is type B, then reputation equilibrium holds, and type G
borrowers will repay debt because they fear the threat of credit termination. But suppose
we specify lenders’ beliefs differently. For example, suppose lenders believe that even if
a borrower defaults, the probability that he is type G is still sufficiently high such that
it is optimal to re-lend to him. Given these beliefs, type G borrowers no longer have an
incentive to repay debt, because lenders will still re-lend to them if they default. Hence,
reputation equilibrium no longer exists. However, proposition 11 below proves that in
equilibrium, the unique specification of lenders’ beliefs about a borrower who defaults
is that the probability that he is type B is sufficiently high such that it is optimal to

terminate his credit.

Proposition 11 If a borrower defaults on date t', the unique equilibrium strategy is for

all lenders to terminate credit for allt >t .

Proof. There is an extremely large number of different arbitrary specifications for
lenders’ beliefs about borrower type, given that a borrower has defaulted, for the T-
period equilibrium path as a whole. For example, lenders might believe on all dates that
default implies a high probability that the borrower is type G, hence it is optimal to re-
lend if borrowers default on any date. Or they might believe that on some dates, default
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implies a high probability that the borrower is type G, hence it is optimal to re-lend,
but on other dates, default implies that the borrower is type B, hence it is optimal to
terminate credit. However, we now prove that the unique specification of beliefs is that
the probability that he is type B is sufficiently high such that it is optimal to terminate
his credit, on all dates.

It is optimal to lend on date £ 41 to a borrower who defaults on date ¢ if and only if
Pa(h]) > PIY (3.12)

PEY is the lowest probability that a borrower is type G for which the market is open.
If Py1(hY) < PfY, then lenders earn an expected return less than the riskless interest
rate, even if they charge the maximum feasible interest rate r,,; = G — C. Hence it is
optimal not to lend.

Suppose lenders’ strategy is to re-lend to all borrowers who default on date t. Then,
reputation effects will be irrelevant, and thus the multi-period game collapses to the
one period game. In section 3.3, we saw that it is optimal for type G’s to default with
probability 7, and for type B’s to repay. The probability that a borrower who defaults
is type G is given by the lender’s assessment that he is at node X; in information set I
(see Figure 6), which is given by Pi1(h$) = p(z1) = £.

We must now derive Pf¢. This depends on borrowers’ strategies on date ¢+ 1, and
hence lenders’ beliefs on date ¢t + 1 about borrowers who default. If lenders’ beliefs are
the same as for date ¢ + 1, they will re-lend on date ¢ + 2 also if borrowers default on
date t + 1. Hence, the equilibrium will be the same as for date ¢, where type G’s default
with probability 7%, and type B’s repay. Hence Pf¥ = 1_2(4;-(_?_—%@ (from 3.4 above). But
g < %}%ﬁf, hence (3.12) fails to hold. This means it is optimal for lenders not to
re-lend if borrowers default on date .

But suppose lenders’ beliefs on date t+ 1 are that default implies the borrower is type
B, and hence it is optimal to terminate credit if borrowers default. In this case, then

as we saw in section 3.4, if r, > E%(BV@H — GVpi41) holds, then the equilibrium is
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the same as before, hence (3.12) fails to hold. However, if 7, < E%(BVGt+1 — GVpiy1)
holds, then it is optimal for type G’s to repay and type B’s to default strategically with

probability 7%, ,0on date ¢ + 1. Hence
Eu{;l = Fgrr17e+1 + Fpey108(1 — Ty q ) T4

which implies

. B-C\17!
Ti = R {FGHl + Fpiy1 (%)]

A necessary, but not sufficient, condition for the market to be open on date t + 1 is
51 < G, or equivalently,

R(B = C) - (psB - C)G

— ]'jcrit
GB(l —pB) t+1

Fgii1 >

The following is therefore a necessary condition for it to be optimal for lenders to lend

to borrowers who defaulted on date ¢

€ RB=-0)-(psB-0C)G
G GB(1 - ps)
0> 2B =psBCG (3.13)

B(l-pg)+R-G
Given that C < ppB, (3.13) holds only if

RB—pBBG
B(l—p3)+R—G

peB >

S ppB >R

which cannot be true, by assumption. Hence, (3.12) fails to hold in this case also, and
thus it is optimal for lenders not to re-lend if borrowers default on date ¢.

Q.ED.
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Proposition 11 proves that even though default does not necessarily imply that the
borrower is type B, it will always result in credit termination. On some dates when rep-
utation is ineffective, type G’s will default with positive probability 7},. However, given
the threat of liquidation, this probability is sufficiently low such that the pool of borrow-
ers who default contains a high proportion of type B borrowers who were constrained to
default due to project failure. Given that lenders cannot distinguish between type G’s
who defaulted strategically, and type B’s whose projects failed, it is optimal for lenders
not to re-lend to any of these borrowers.

Proposition 11 also implies that the date ¢ lending decision depends only on the date
t —1 outcome. If the borrower repaid on date ¢ — 1, this implies that he must have repaid

on all previous dates. Hence
Pt(Ht) = -Pt(ht——l)

3.6 Solving for Equilibrium Interest Rates

This section solves for step (1) of the stage game, borrowers’ offers of debt contracts to
lenders, specifying the interest rate at which th’éy are willing to borrow. As in the one
period game, borrowers will offer the lowest possible interest rate r; each period such
that their debt contracts are accepted, i.e. such that lenders earn an expected return
equal to the riskless interest rate.

Furthermore, in equilibrium all borrowers pay the same interest rate. This simply
reflects the fact that credit is terminated to any borrower who defaults, and therefore all
borrowers who remain in the market have identical credit histories (i.e. a track record
for repaying debt on all dates). Hence only the publicly observable fraction of type G’s
remaining in the market is relevant in determining the equilibrium interest rate time

path. The date t equilibrium interest rate is derived such that lenders’ expected return
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equals the riskless interest rate, i.e. such that the following holds

Euf =R

& Feu(l —mgy)re + (1 — Fa)pp(l — nhy)rs = R

&= R[Fa(l— %)+ (1 - Fa)pp(l — )]t =} (3.14)

where Fg; is the proportion of type G’s in the market who have not defaulted by the
start of date ¢. Note from (3.14) that interest rates are a function of borrower repayment
decisions, i.e. interest rates are increasing in 7, and 7%,. Hence, we need to examine the
dynamics of borrower repayment strategies before we can explicitly derive an equilibrium
time path for interest rates. However, we do know that Fg; < Fp;—1 holds for all £. This
is true regardless of borrowers repayment strategies along the equilibrium path. For
example, suppose type G’s default strategically with probability 7§, in equilibrium, and
type B’s repay. From proposition 11, we know that 1 — pg > w§, for all ¢. If this
did not hold, then the pool of borrowers who defaulted on date ¢ would contain a higher
proportion of type G’s than the pool of borrowers’ in the market at the start of date £. This
would mean that it would be optimal for lenders to re-lend to borrowers who defaulted,
but we know from proposition 11 that this cannot be true. Hence, 1 —pg > 7{, must
hold and hence it must be true that the fraction of type B’s in the credit market falls

over time, regardless of borrowers’ equilibrium strategies.

3.7 Proving the Existence of Reputation Equilibrium

Lemma 11 provides a sufficient condition for reputation equilibrium to exist. In
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this section, we prove that providing that borrowers’ horizon is long enough, then this
sufficient condition will hold, and thus reputation equilibrium will exist on some dates.

As shown in the analysis of the one period game, on date T (the terminal date)
reputation effects do not exist for type G’s. However, we now show that, as we go
backwards in time, there exists some date £ < T on which type G borrowers’ horizon is
long enough, such that reputation equilibrium exists.

We define the endgame as the time period until date 7' that begins when reputation
loses value for type G’s (i.e. reputation equilibrium fails to hold). Hence the endgame
begins on date 7, where 7 is the smallest ¢ for which 7 > BV, that occurs after
some date f where r; < Vgir1. The endgame is bounded if there exists K < co such
that T —7 < K as T — oo. Hence, proving that there exists some date { < T on
which reputation equilibrium exists is equivalent to proving the existence of a bounded

endgame.

Proposition 12 Ifr; < G—C, then the endgame is of bounded length as T — oo if and
only if 3.5 holds.

Proof. We first show that r; — R as t — oo. Suppose type G’s default strategically

along the equilibrium path. The time path of interest rates is given by

re = R[Fa(1 — 7%,) + Fapp] ™" (3.15)
* C(l —pB)FBt
Where Tar = m
(1- 71'?;t~1>FGt~1 peFBi_1
and Fg; = Fo, =
“t (1 —7l,_1)Fei-1 +peFBi1 Bt (1 —7ty_y)Fat-1+ peFpi

We know from the argument given above that F; — 0 as ¢ — oo. This implies that

7g, — 0 and hence r, — R. This holds irrespective of borrowers’ equilibrium repayment
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strategies, i.e. whether reputation has value or not.

If T — oo, there will be an arbitrarily long horizon in which, foralle > 0, 7; < R+¢
for £ < ¢t < T, for some date {. The profile of future interest rates from date £ onwards
therefore satisfies the condition set out in lemma 11 for the existence of a bounded

endgame as T' — oo.

Q.ED.

We have therefore shown that 3.5, the necessary condition for reputation to have

value is also a sufficient condition if 7" — oo.

3.8 The Dynamics of Reputation along the Equilib-

rium Path

We know that reputation equilibrium will exist on some date ¢ < T, where T is
large, providing that (3.5) holds. We now analyze the dynamics of borrower reputation
effects. If reputation has value on date £, does t}his imply that reputation has value on
all dates t > £ before the end game? Or does repﬁtation repeatedly lose and regain value
over time? In fact, the dynamics of reputation effects are as follows. During an initial
period, if adverse selection is high, then reputation effects will not exist. But over time,
reputation will increase in value, such that at some point, reputation equilibrium will
exist. Reputation equilibrium will then hold up to the endgame, after which it will never
exist. The intuition for these dynamics is as follows. Given the condition for reputation
equilibrium to hold, r, < BVg441, the dynamics of reputation depend purely on the time
path of 7 — fVgiy1. We prove below that interest rates are strictly decreasing over
time. Hence, this tends to increase the value of reputation over time. However, over
time the horizon shortens, which tends to reduce the value of reputation. If reputation

is ineffective during initial periods, then the reason is high interest rates, rather than a
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short horizon. Over time, interest rates fall, but the horizon shortens also. However,
given that the terminal date is very far off, the effect of a shorter horizon is discounted
significantly, and thus the effects of lower interest rates dominates. Hence, reputation
becomes effective after time. However, as the horizon gets very close, the effects of a
shorter horizon dominates the effects of lower interest rates, and thus reputation loses

value. This result is proved formally in proposition 13 below.

Proposition 13 If reputation has value on date t+, but does not have value on some

date t < t*, then reputation does not have value for allt < ¢t'.

Proof. Let date £ be the largest ¢ that is less than ¢+ on which reputation has no value,
which implies V; < G and r;— 8V;,, > 0. But reputation has value at £+ 1, which implies

Vii1 = G. Hence V; < Vi ;. Given that Fg;_, > Fp;, we know r;_; > r;. This implies
Ti1— BV > —BViy >0

Hence reputation has no value at date £ — 1, and because r; > r; and V; < Vj,; for all

t < t, recursion implies that reputation has no value for all ¢ < 1.

Q.ED.

Suppose r; < BVa. Then providing (3.5) holds, reputation works immediately, and
has value on all dates before the endgame. However, suppose r; > (fV,. Reputation does
not work initially, but as interest rates fall over time, reputation gains value at some later
date, and from proposition 13, reputation equilibrium holds until the endgame.

We now consider the dynamics of borrowers’ repayment decisions on dates when
reputation equilibrium does not exist. As shown in section 3.4 above, in equilibrium, one
of the borrower types will find it strictly optimal to repay, whilst the other will randomize
between repayment and default. If type G or type B repays, we call this a type G or
type B repayment equilibrium respectively. Proposition 14 summarizes the dynamics of

repayment equilibrium.
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Proposition 14 If type G repayment equilibrium exists on date t*, but type B repayment

equilibrium exists on some datet < tt, then type B repayment equilibrium exists on all

datest <t .

Proof. Let { >t be the largest t that is less than ¢t on which type B’s repay. Hence

on date £,
o > g (3.16)

However, on date £ + 1, type G’s repay and type B’s randomize, hence

Qgir1 < Qgiy1 (3.17)

(3.16) and (3.17) imply

Qpi — Opig < Qgi — Qgig (3.18)

From lemma 13, type B repayment equilibrium exists

< T — E{%(Bvat+l - GVBt+l) > O

BVgi — GVpi < BVgi1 — GV
< G(Virr — Vo) < BV — Vi)
<G [(1 —api)B—(1— O‘Bf)B] <B [(1 ~ 01 1)G — (1~ aGi)G]
| & BG(ap; — api) < BG(og — Olyc;iﬂul) |

which holds given 3.18.

The following argument proves that r;_; > r;. Suppose that borrower repayment
strategies are unchanged from date t to t-1. Given that we know Fp;—1 > Fy, it follows
that r;_; > 1;. Now suppose instead that type G’s decide to repay on date t-1. However,
the fall in interest rates resulting from this change in repayment behaviour must be large

enough to make it optimal for type G’s to repay. But if this were true, then type G’s

141



would also find it optimal to repay in period t (given that all borrowers will offer the
lowest feasible interest rate), which is not true. Hence r;_; > r; holds.

Hence given that BV — GV < BV, — GVpiy, and that m;_; > 73, it must be
true that

LBV~ V) > e

Ti_1 — B_C BV, — GVgiyy) >0

BG(

hence type B’s will repay on date £ — 1. Furthermore, given that T;_; > Ti, and that
BVgi_j — GVpi_; < BVgi1 — GVpgyy for all j > 0, recursion implies that type B’s repay
on all dates t < .

Q.E.D.

Proposition 14 shows that if interest rates are high enough for borrowers with short
track records, incentives are actually worse for type G borrowers than for type B’s. This
is because, although type G’s always value future borrowing more highly than type B’s,
if interest rates are very high, then future borrowing is severely discounted, and current
pay-offs matter much more. Given that type B’s have a higher pay-off (if their projects
succeed) than type G’s, they fear the threat of liquidation more than type G’s, and
thus have a greater incentive to repay debt. waever, as interest rates fall over time,
incentives to repay grow differentially stronger for type G’s, given that they value the
future more highly than type B’s, and the credit market evolves from type B to type G
repayment equilibrium. As interest rates fall further, repayment equilibrium transforms
into reputation equilibrium. However, let £ be the largest ¢ such that r; — '§€5(BVG£+1 —
GV3pi.1) > 0 holds. H for t+1,7; +1 < BVgz,, then type B repayment equilibrium evolves
directly into reputation equilibrium, without the intermittent stage of type G repayment
equilibrium.

We can now characterize equilibrium for different initial populations of borrowers in
terms of exogenous parameters. To do this, we need to solve for the equilibrium time

path of interest rates [rt]t_ As shown above, interest rates are a function of borrowers’
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equilibrium repayment strategies, which are in turn a function of interest rates. However,
we know that on any date, borrowers’ equilibrium repayment strategies take one of two
forms, either type G’s repay and type B’s randomize, or vice versa. Solving for [r;"]z;l
is therefore equivalent to solving for date #, the smallest ¢ for which type G’s repay in
equilibrium. We solve for date £ by using the following algorithm.

We begin with the conjecture that type G’s repay on all dates t = 1...7. We
then derive the equilibrium interest rate time series based on this conjecture using 7} =
R|[Fg: + Fg:Pp(1 — 7%,)] ", and call this [r;(1)]—,. We then use this series to derive
Vgg and Vgo. If r(1) < 'E_%(BVGQ - GVBQ), then from propositions 13 and 14, (1) <
E%(BVGtH — GVgiy) for all t < 7, which means the initial conjecture thdt type G’s
repay on all dates before the endgame is true, hence [7';;‘(1)];‘1;1 is the equilibrium interest
rate series. However, if r(1) > Eé%(BVGQ — GVBQ), then type G’s will randomize on
date t = 1, which contradicts our initial conjecture. We then derive a revised interest
rate series [rt(Z)];I;l, assuming that type G’s randomize on date ¢ = 1, but repay on
all dates t = 2...7. If r5(2) < 525(BVas — GVags), then [ry(2)]Z, is the equilibrium
interest rate series. If not, we iterate on this process until we find [re (f)];‘;lsuch that
ri(t) < E%(BVGE-i-l — GVpi41)- Providing that (3.5) holds, we know from proposition
12 that there exists £ < 7 for T < oco. ’

The equilibrium interest rate time series is given by

() = R[Fg(1—7h,)+ Fppp] ™' fort <t (3.19)
C(1 - ps)Fa .
here s, = CG—PB)FBL g 3.20
where 75, (G —C)Fa an (3.20)
F — (1 - W*Gtﬁl)Fth Fa, = peFBi_1
“ (1 —7mgy_1)Fain +pFBi-1’ ! (1 — 7mg_1)Fat-1 + peFBi-1
and r7(f) = R[Fg + Fapp(1—73)] " fori<t<r (3.21)
(1 - PB) c
where 75 = and (3.22)
B PB (B - C)
_ 1—7%)Fg
Py = Fai1 Py p(l — 75)Fpi—1

Foi1+pe(l — %) Fpioy’ "~ Fgi1 +pa(1 — 7)) Fai
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Now that we have solved for borrowers’ equilibrium repayment strategies over time,
we can solve for the dynamics of interest rates on the equilibrium path. We do this
in proposition 15 below. Proposition 15 proves that, away from the endgame, interest
rates are monotonically decreasing over time, and that the interest rate converges to the

riskless rate as ¢ gets very large.

Proposition 15 For any datet, wheret—i <t < 7,1 < ri_; must be true. Furthermore,

r — R ast — oo.

Proof. We begin by proving the first part of the proposition. From (3.19) and (3.21), we
know that interest rates are a function of Fp;, the fraction of type B borrowers remaining
in the market, and 7, and #%,, the probabilities that type G and B borrowers default
strategically. As explained in section 3.6 above, we know that Fg; < Fp;_; holds for all
t >t — 4, hence from (3.19) and (3.21) and holding 7}, and 7%, constant, we know that
r: < r—; must be true.

For dates t < t there exists type B repayment equilibrium, hence the interest rate is
given by (3.19). From (3.20), and given that Fig; < Fp;—; holds for all t > ¢ — ¢, we know
that 7}, < mg,_,; holds for all t > ¢ — 4, hence 7, < 7;—; must hold for all £ > ¢ — 1. For
dates t > ¢ there exists type G repayment equilibrium or reputation equilibrium, hence
the interest rate is given by (3.21). From (3.22), we know that 7, = 75;_; holds for all
t >t —1, hence r; < r;_; must hold for all ¢ > ¢t + 1.

We now prove that 7, — R as t — co. We know from the argument in section 3.6
above that Fg; — 0 as t — oo. From (3.20), this implies that r, — R as ¢ — oo,

QED. B

Type G’s value function on date t is given by
T—t—1 ' )
Vald) = Y [F(C —res@)] + B Vor ()

j=0

As T' — oo, the existence of a bounded endgame implies 7 — o0, hence the final term

144



approaches zero, and we can therefore approximate Vg (£) by
Vau(f) = > (G = ruys(D))
=0

Similarly for type B’s
VBt(f) = Zﬁjp’}g(B - 7’t+j(£))
=0

Proposition 16 summarizes the characterization of equilibrium for different initial condi-

tions.

Proposition 16 For any fired T < oo, there exists T < oo such that, for all t < 7, the

following conditions hold:

1. If 1 (1) < BVge(1) and (1) < G — C (i.e. fp is sufficiently low and (3.5) holds),
then reputation equilibrium holds immediately and for all ¢ < 7, and equilibrium

interest rates are given by r;(1).

2. If BVgo(1) < (1) < E%(BVGQ(].) — GVpa(1)), and r1(1) < G — C, the initial
equilibrium is a type G repayment equilibrium, which evolves into reputation equi-

librium over time. Equilibrium interest rates are once again given by r;(1).

3. Ifr (1) > E%(BVGQ(].) — GVpga(1)), and (1) < G — C, the initial equilibrium is
a type B repayment equilibrium. This evolves into type G repayment equilibrium

over time, which in turn becomes reputation equilibrium.

3.9 Summary of Comparative Statics
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An increase in fg implies lower interest rates at all dates, hence r1(1) — fVe(1)
falls. For a large enough increase in fg, initial equilibrium switches from repayment to
reputation equilibrium.

A decrease in G has no effect on interest rates if £ = 1, but V(1) falls, hence
reputation effects are weakened. If £ > 1, given that 7§, is a decreasing function of G, a
fall in G implies higher interest rates on all dates ¢ < £ for which type G’s randomize, and
higher rates on all other dates given that Fz; is larger than otherwise, because a higher
proportion of type G’s default in early periods. A further effect is that the increase in
B — G increases type B’s return from repaying debt, relative to type G’s, which may
effect a switch from type G to type B repayment equilibrium.

A decrease in B increases my,, implying higher interest rates on all dates for which
type B’s randomize. However, given that Fp; falls at a faster rate, the net effect on
interest rates is ambiguous.

An increase in C increases mg,, which implies that Fp; falls at a faster rate. Hence the
net effect on Vio(1) is ambiguous, depending on the size of the discount rate. A decrease
in pp is also ambiguous, for the same reason.

A change in 3 has several effects. A decrease in 3 implies Vizo(1) falls, hence reputation
effects are weakened. Furthermore, if 5 is sufficiently low, (3.5) no longer holds, hence
reputation equilibrium never exists. The size of § also affects the initial equilibrium
configuration. If § is sufficiently high such that (3.5) holds comfortably, reputation
equilibrium will hold immediately, no matter how high the initial interest rate, providing
of course the market is open. However, if (3.5) only just holds, initial equilibrium will be
characterized by type G or type B repayment equilibrium for high interest rates, with
type G’s acquiring a reputation over time.

A permanent increase in R, the riskless interest rate, has a similar effect to a fall in
fa, with interest rates rising on all dates.

To model the effects of a temporary aggregate shock, we analyze the effects of a

temporary increase in R to R’ on some date t, which lasts for n periods. Suppose that the
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increase in R is sufficient to shift equilibrium on date t3 from reputation equilibrium, to
type B repayment equilibrium, in which type Gs will default strategically with probability
Tey,- Suppose also that there exists date ¢; < ¢5 on which type B repayment equilibrium

holds and the following also holds
Ty — BVan+1(R) < T, — BVGip41 (R’) (3.23)

where Vi, +1(R) is the value function given the original riskless interest rate, and Vg, 11 (R')
is the value function given the temporary shock which increases the riskless interest rate
to R’ on dates t3 to t2+n. From 7y, = g%:%‘;’b)%fi, and given that Fg;, > Fpy,, it must be
true that 73, < 7, . Hence, even though from (3.23) incentives to repay debt are worse
for type G borrowers on date ¢2 than on date t;, the equilibrium probability that type G’s
will default on date ¢, is actually lower than on date ¢;. The reason for this is as follows.
If type G borrowers default during early periods when they have yet to establish a track
record for repaying debt, lenders will be reluctant to liquidate, because there is a high
proportion of type B borrowers remaining in the market. Hence, if a borrower defaults,
it is likely to be a type B borrower whose project has failed, rather than a type G who
has defaulted strategically. Hence, the lender’s expected pay-off from liquidation will be
low. Since type G borrowers know this, they have a greater incentive to default, because
given that project outcome is unobservable, they can ‘hide’ their type by pretending to
be a type B borrower whose project has failed, in which case lenders will be reluctant to
liquidate. However, over time, the proportion of type B’s remaining in the market falls.
Hence, if a borrower defaults, it is less likely to be a type B borrower whose project has
failed. This means that the lender will have a greater incentive to liquidate, and thus in
equilibrium, the probability that type Gs default falls, even if incentives to repay debt
are weaker than on previous dates. Effectively, this means that borrowers with short
credit histories are more affected by a negative interest rate shock than borrowers with
established credit histories. Hence, this result provides an explanation for the stylized

observation noted above, that aggregate shocks have less impact on firms’ risk of default,
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as firms develop a good credit history.
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3.10 Conclusion

In chapters one and two of this thesis, I have formulated a new theory of financial
intermediation and explained the general structure of credit markets.

Essentially, I have answered the questions, why do banks exist, and why do new
borrowers (i.e. firms which have only recently begun trading) tend to borrow using bank
finance, whilst established borrowers tend to issue debt directly? Banks exist in order to
lend to new borrowers with short credit histories. These borrowers are unable to issue
debt directly, because direct lenders expect them to repudiate their debt obligations. The
bank is able to lend, because it is a multi-period player in the credit market, which allows
it to build a reputation for being tough and thus deter borrowers from repudiation.

Established borrowers are charged lower interest rates. Consequently, they are con-
cerned about maintaining their reputation for being a good credit risk, and will thus
refrain from repudiation, in order to prevent direct lenders from terminating their credit.
Hence, direct lenders are willing to lend to them.

In chapter three of this thesis, I have answered the question, why do firms’ credit rat-
ings improve over time? There are two reasons. Firstly, if firms establish a track record
for repaying debt over time, this convinces lenders that they are probably a good credit
risk (a safe borrower). Every period, there exists a positive probability that risky borrow-
ers will be forced to default due to project failure, thus revealing their type and resulting
in credit termination. Hence, the proportion of risky borrowers in the market falls over
time, and thus the risk of default due to project failure for borrowers remaining in the
market falls over time. Secondly, safe borrowers’ incentives to repay debt improve over
time, as they become concerned about their reputation, and hence the risk of strategic
default falls over time as well.

I have also answered the question, why do aggregate shocks have less impact on the
risk of default of well-established firms, compared to recent start-up firms? If borrowers
default during the early stages of their lives when they have yet to establish a track

record for repaying debt, lenders will be reluctant to liquidate, because there is a high
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proportion of risky borrowers remaining in the market. Hence, if a borrower defaults,
it is likely to be a risky borrower whose project has failed, rather than a safe borrower
who has defaulted strategically. Hence, the lender’s expected pay-off from liquidation
will be low. Since borrowers know this, they have a greater incentive to default strategi-
cally, because given that project outcome is unobservable, they can ‘hide’ their type by
pretending to be a risky borrower whose project has failed, in which case lenders will be
reluctant to liquidate. However, over time, the proportion of risky borrowers remaining
in the market falls. Suppose that a negative aggregate shock occurs, which worsens bor-
rowers’ incentives to repay debt. If a borrower has established a good credit history, then
if he defaults, lenders will believe that he is defaulting strategically, rather than a risky
borrower whose project has failed, since it is unlikely that a risky borrower could have
developed such a good credit history. This means that the lender will have a greater in-
centive to liquidate, which deters the borrower from defaulting strategically, even though
his incentives have worsened. Effectively, this means that borrowers with short credit

histories are more affected by a negative shock than borrowers with established credit

histories.
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3.11 Appendix

Proof of lemma 2

We claim that direct lenders will not lend in equilibrium, and prove that the bank’s
optimal strategy is to lend on all dates, charge a monopoly premium on interest rates,
and liquidate all defaulters, and borrowers’ optimal strategies are to issue bank debt and
repay on all dates.

Consider some date 77 < co. Suppose borrowers’ strategy is to default on all dates
t > T’. What is the bank’s optimal strategy on date T’ 7 Effectively, date 7" is the bank’s
horizon, since borrowers will default on all future dates, hence type W banks will not
liquidate defaulters on date T”. We therefore solve for equilibrium on dates £ < t < 7"
using the same procedure as given in chapter 2, in the case where there is no separation.
Consider what happens as T — co. Given that Va(rep) and Vy(def) are constant
for t > £, P(z}) is also constant, where P(z}) is the critical probability that the bank
liquidates defaulters, such that Va:(rep) = Vai(def). As T” grows larger, Vs (&, &)

grows larger, and from the equilibrium condition
q(2:) + Varea (2, 30) = (1 — p)Y (1)1

&: — 0, hence z} — 0 also. Call ¢’ the largest ¢ such that z} = 0. Given that 7" —t' is
bounded, t' — oo as T — co. This means that for any given reputation z > 0 on date %,
the bank’s strategy is to liquidate defaulters with probability 1 on all future dates, and
borrowers’ optimal strategy is therefore to repay on all future dates.

We proved that this was an equilibrium by first claiming that borrowers default on
all dates t > T”. In order to prove that this is the unique equilibrium, we must prove
that the equilibrium is unchanged if we assume some other sequence of future actions
by borrowers. Suppose we assume some arbitrary sequence of actions other than default
on all dates, e.g. borrowers repaying on some dates and defaulting on others. Given

that this sequence of actions would yield a higher pay-off to the bank than the original
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sequence in which borrowers always default, and given that we proved that it is optimal
for all bank types to liquidate under the original sequence, then it must also be optimal
to liquidate under the new sequence. Hence the equilibrium is unchanged, and is thus

unique.

Proof of lemma 4
First, we prove that if interest rates are low enough for a sufficiently long period of
time, then reputation will be effective for type B’s, if and only if condition (1.12) holds.
If, for all t € [£,#], r; < BaY (I*) + (1 — Br)(1 — p)Y (I*), then there exists ¢’ < co such
that reputation is effective for type B borrowers on date £. This bound on future interest
rates specifies feasible rates if and only if condition (1.12) holds.
Reputation is effective on date t < Vpi(rep) > pY (1) I;. Given that type B’s will
repay debt on all dates, we have
"
Vai(rep) = > (Y(L) = r)L(Br)"~ + (Br)* = Vpy 1 (rep) >
=i
"

S (I = (BrY (I*) + (1= Br)(1 — )Y (I*)I*(Br)'~

t=t
Taking the limit of the final expression as t’' — oc:
tl

Jim |3 ur (I —ﬁw)(ﬁﬂ)t‘f] = uY (1)
d

t=t

Hence t/lim Vgi(rep) > pY (I*)I*. Given that we can find ¢ < co such that
t}im Vpi(rep) — t}intln Vgi(rep) < e

for all € > 0, reputation is effective on date # for ' < co. Note that r, < =Y (I*) + (1 —
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Br)(1 — u)Y (I*) specifies feasible rates if and only if

BrY (I")+ (1 - Bm)(1 - p)Y(I*) > 1&

g > L= -py()
Y (I*)

which is condition (1.12).

We now prove that this bound on future interest rates will be satisfied in equilibrium,
if and only if condition (1.12) holds, and hence there does exist some date t < co on
which reputation is effective for type B borrowers. From (1.5a), we see that Fg; — 0 as
t — oo. This implies that r; — 1 as ¢ — oo. If / — o0, there will be an arbitrarily long
horizon in which, for all € > 0, 7, < 1+ ¢ for £ < t < t, for some date £. The profile of
future interest rates from date f onwards therefore satisfies the condition set out above
for reputation to be effective for type B’s on some date t < oc.

Q.E.D.
Proof of lemma 6

Taking the first order condition of (2.14), we have

0

OVi(rep,rs) |  OVi(def,z(re)) _

Borrowers’ static pay-off functions for date ¢ are given by

w(rep,re) = (Y (L) — )l
w(def,z(ry)) = (1— B(z(r)))pY (L)1

Hence

OVi(rep,ri) OVi(def, z(r))

<IrI* 3.24
EY; > 0Oand T, >0  for I; < I*(rep,rs) (3.24)
_________BVZ(;@]P, ), 0 and 8V2(d6£m(n)) <0 for I, > I*(def) (3.25)
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Therefore, from (3.24) and (3.25), it must be true that
I*(rep,ry) < I*(ry, ;) < I*(def, z(r)) for all r,. We now prove that any demand function
I(r:) where I(r;) > I*(rep,r;) for some r; cannot be an equilibrium.

Consider an equilibrium with the demand function I'(r;) where I'(7;) > I*(rep, ;)

for some arbitrary value #;. In equilibrium, z(#;) is determined such that
Vai(rep, I'('Ft), ) = Vai(def, I'(7), z (7))

and for equilibrium to hold, it must be optimal for borrowers to borrow I'(#;) and repay
if the signal outcome is ‘repay’, and repudiate if the signal outcome is ‘repudiate’. The
bank will refuse to lend if and only if the borrower offers a contract which implies it is
optimal for the borrower to default with certainty, i.e. it is optimal for the borrower to de-
fault even if the signal outcome is ‘repay’, i.e. < Vi(rep, I(r:),r;) < Vi(def, I(r:), z(r:))
where Vi(def, I(ry),z(r)) = (1 — P(z(r:)))pY (I;)I; given that the bank’s belief when
the signal outcome is ‘repay’ is that default implies type B, hence credit will be ter-
minated if a borrower defaults. But there exists a profitable deviation from the bor-
rowers’ strategy, which satisfies the bank’s constraints on lending. Borrowers will pre-
fer to borrow I*(rep,r:) rather than I'(r;) if the signal outcome is ‘repay’, given that
I*(rep,m;) = argmaxV(rep,r;) = Vi(rep, I*(rep,r:),r:) > Vi(rep,I'(ry),r;) and the
bank will be willing to lend given that Vi(rep, I*(rep,r:),7:) > Vi(rep,I'(rs),rs) =
Vi(rep, I*(rep,ri),m:) > Vildef,I'(r;),z(rs)), since in equilibrium Vg(rep, I'(ry), 1) =
Vai(def, I'(r), z(r:)), and Vi(def,I'(r:), z(rs)) > Vi(def,I*(rep, rs), z(rs)) must be true
given that gl/i(d—%éﬁ(ﬂn > 0 for I*(rep,r:) < I, < I*(def,z(r:)), hence

Vi(rep, I*(rep,m), 1) > Vi(def, I*(rep,r:), z(r:)) must hold.

Q.E.D.

Proof of proposition 3

Lemma, 5 rules out any demand function in which the level of borrowing is a function

of the signal outcome. Lemma 6 further rules out any demand function for which I(r;) >

154



I*(rep,r;) for some ;. Hence only demand functions which satisfy I (ry) < I*(rep,m:) V

r; are feasible in equilibrium, and borrowers’ optimization problem becomes
mIax(l — o) Vi(rep, 1) + ;. Vi(def, z(ry))
t

subject to I; < I*(rep, ;)

However, given that for any demand function I'(r;) where I’(#;) < I*(rep,#;) for some
7y, I*(rep, 1) = arg max Vi(rep, ;) = Vi(rep, I*(rep,r:), ) > Vi(rep, I'(r:), 1), and
Vildef, I*(rep, ), z(re)) > Vi(def,I'(r:),z(rs)) given that QYM—GBZI’E@ > 0 for I; <
I*(def, z(r;)), therefore the following must be true
(1 — ay)Vi(rep, I*(rep, ri), ) + o Vi(def, I*(rep, ), z(r:)) >
(1 — o) Vi(rep, I'(ry), 1) + c:Vi(def, I'(rs), z(r:)). Hence borrowers will strictly prefer
I*(rep, ;) to any I, < I*(rep,r:). Hence if I*(rep,r;) is an equilibrium demand function,
it is the unique equilibrium. We now prove that it is an equilibrium for borrowers to
borrow I*(rep, ;) and repay if the signal outcome is ‘repay’, and borrow I*(rep, ;) and
repudiate if the signal outcome is ‘repudiate’. In equilibrium, z(r;) is determined such
that

Vi (rep, I*(rep,rt), 1) = Vpi(def, I*(rep, r¢), z(r:)) (3.26)

where Vpi(def, I*(rep,rt),z(r)) = (1 — Pi(z(re)))nY (I*(rep, ;) I*(rep, ). If the sig-

nal outcome is ‘repudiate’, there are no profitable deviations through borrowing I'(r;) #
I*(rep,r;) and defaulting. If I'(r;) < I*(rep, r:), Vildef, I'(ri), z(r1)) < Vi(def, I*(rep,m¢), z(rt))
given that 24ebett) 5 ¢ for [, < I*(def,x(r,)). X I'(r,) > I*(rep, 1), Vi(def, I'(ry), z(rs)) >
Vi(def, I*(rep,r:),z(r:)) must be true given that @ﬁd—%ém > 0 for I; < I*(def, z(r)),

and Vi(rep, I*(rep,r:),7:) > Vi(rep, I'(my),m) = Vi(def, I'(rs), z(r¢)) > Vi(rep, I*(rep, i), 1),
since (3.26) holds in equilibrium, hence Vi(def, I'(r;), z(r:)) > Vi(rep, I'(r:), r;) must be

true, which means that the bank will refuse to lend. There are also no profitable de-
viations through borrowing any I'(r;) and repaying. Given that the signal outcome is

‘repudiate’, the bank’s beliefs are that default implies the pool of current borrowers.

155



Therefore

Vii(def, z(r1)) = Pe((re))BnVeesr + (1 — Bi(z(n:))) pY (1)) I

Vai(rep, i) = (Y (L) — o)l + P(2(r:)) BrVaesa

Vasldef,a(r)) = P(a(re))BVasss + (1 = Bu(a(r))uy (L)1,

Vai(rep,ry) = (Y (L) — )1y + Pi(z(r))BVass1, given that if the bank liquidates, it will
re-lend to defaulters, and if the bank renegotiates, it will lose its reputation, hence
the credit market closes and there are no future borrowing opportunities. Then from
(3.26), and given that the signal outcome is ‘repudiate’, Vi(def,I*(rep,m:),z(rs)) >
Vi(rep, I*(rep, 1), 7)) > Vi(rep,I'(r:),m:), hence there are no gains if borrowers repay
when the signal outcome is ‘repudiate’.

If the signal outcome is ‘repay’, borrowers have no incentive to borrow I'(r;) <
I*(rep, ;) and default, given that z(r;) is determined such that (3.26) holds, and Q‘Q@éﬂg}) >
0 for I < I*(def, z(r:)), hence
Vi(rep, I*(rep,1i),m:) > Vi(def,I'(r:),z(r)). Borrowers cannot deviate by borrowing
I'(r;) > I*(rep, 1), since as shown above, V;(def, I'(r:), z(rt)) > Vi(rep, I'(r4), ), hence
the bank will not lend.

Q.E.D.

Proof of lemma 7

We prove by induction, proving first for the case m = 1. We begin by proving that

(HT“‘(HJF”—UT;"—(Q%—I) - 1) Ir_(gyn1y — (HT—(9+h)T;"—(g+h) - 1) I;“—(9+h) >
(1= ) (YU_ ey i gery = Y I grniny) I —(grnin)) (3:27)

We need to derive the change in

(9t+17":+1 - 1) Ly — (L= p)Y ()T

136



for a given change in 8; and 6;,,, which is given by

. oI . 0007 175)
((9t+17"t+1 - 1) 89:1 + It+1—5‘—;;_"_—i-*__l_> (Bt41 — 6:) —
~OIF oY (I
- (v g+ 55D 0.~ 0.

i arr _ 1,1y 90iariis) ay(rs)
Given that S5 = 5 (), Lhial > 0, T < 0, then

(Berrrips — 1) 67 Besr — 6:) > (1 = p)Y (I)0241 (0: — 6:-1) =

. oY, . 86 rr)
((9t+17’t+1 - 1) 89:1 + It+1"'55;"“‘“zil_> (6441 — 6:) —

v (08 OV () |
(l —H) (Y(lt)agt + It EY) ) (at - et"'l) >0

Hence if (2.22) holds then (3.27) holds to a first order approximation. When m = 1,
(2.20) — (2.21) gives

q(Z7-g-n) — q(2r—g-n-1) + (GT—(g+h—1)7"§*—(g+h~1) - 1) I;“—(g+h—1)
- (QT“(g+h)r;‘—(g+h) - 1) I;’—(g+h) —(L—p) (Y(I’;—(g-}-h))l *-(g+h)_

g+h—2 g+h—1

Y(I;“-(g+h+1))l;"~(g+h+1))+ Z (HT—i"';*__i - 1) I;-v__i—' };1 (GT_ir}_i - 1) I}_l = (. From
=g : i=g

(3.27), and given that for any ¢” > t', (6pr}, — 1) I}, > (Bpry — 1) I, it must be true

that ¢(Er_g—n) < q(27—g—h-1) © Zr—g—n-1 > Lr—g—n-

We now prove for the case m

m' + 1, given that zr_g_ph—m > &p_g—pn holds.
2r—g—h—m a0d Zr_g_p—(my+1) are determined such that the following hold

g+h+m'~1

(I(ZT—g—h—m’) + Z (9'1‘_7;’1‘;-:__1- - 1) I;‘—z = (1 - /‘L)Y(I;"—~g-h-m’)I;“-—g—~h—m’ (328)
i=g-+m’
g+h+m’
Q(ZT~g~h~(m’+1)) + Z (GT—ﬂ";uz' - 1) Ir_; = (1 - #)Y(I';—g—h—(m'ﬂ))I;ug—-h—(m'ﬂ)
i=g+m'/+1
(3.29)
Given that
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9T—(9+h+m’—1)T;‘—(g+h+m'—1) - 1) I;‘—(g+h+m'~1)"

6?T~(9~i-h+m/)7';‘—(g+h+m') -1 If;—(g-i—h-l-m’) >
(1- 1) Y(I;”—(g+h+m’)) ’;’—(g+h+m’) - Y([;’—(g+h+m’+1))I;"-(g+h+m’+1)

t" >t (Oprin — 1) I > (Opry — 1) I;, (3.28) — (3.29) implies that g(zp—g—p—(m+1)) <

)and that for any

U2 —gh—m’) & Zr—g—h—(m'+1) > ZT—gmh-m’ > ET—gpmy-

Q.E.D.

Proof of proposition 4

We begin by proving that [:%T_i]f:;lkl > z_y, cannot be an equilibrium. We know

that £7_;, > x7_, cannot be an equilibrium, given that with reputation Zr_; the bank

proceeds to date T without facing any further defaults, hence Vigr_j 41(&r—j, E7—j1) =
Ji—1

> (HT_iri}_i — 1) I7_;. But from the definition of z%7*, zr_;, < z37** where zp_;,
1=0

solves the following

ji—-1
g(or—g) + D Oroirri — 1) Iy = (1= p)Y (I3 ) Iy,
i==0

Hence Z7_;, > z57* implies
0(Zr-5) + Vur—j1(Er—jn, Br-50) > 1= )Y (Iz_5) Iy

thus Z7_;, > z37** cannot be an equilibrium. We now prove that £r_;, _, > z37"** cannot

ey . ]1—'1+7’L : s TR .
be an equilibrium, for n = 1,2...k;. We have max [m}_i] io = TZT°* given that in
n

equilibrium [j"T—(jl—l-i-'l)}?:l = 137, hence [m}_(].l_l H)J < z3Pe*. With reputation

i=1

Er_ji—n > THP** the bank proceeds to date T without facing any further repudiation,
Jitn—1 .

hence Virr—j,—nt1(E7—j—n Br—j—n) = 3 (07—irh_; — 1) Ij_;. Given the definition of

=0
* max

zr—j;, and given that (1 — )Y (If_j, )17 j—n < (L= p)Y (I3 ) 175> E—ji—n > 271

implies

q(Er—j1—n) + Viur—ji—nt1(Er—jy—n> Er—ji—n) > (1 = )Y (I7_j, )7 j,
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thus Zr_j; _n, > 277 cannot be an equilibrium for n =1, 2., k.

Jit+k1

= < Zp_y, cannot be an equilibrium. Suppose j1 = k1+1.

We now prove that [£7_,]
Thenif £r_j; < z_y , it would be optimal for type w = Z7_;, to drop out on date T'— k&,

hence VMT~j1+1 (C%T—jl 5 53T~j1) = 0. Given that

q(&r—1) +0 < (1 — W)Y (73 )7 _;

#r_j < z7_;, cannot be an equilibrium. Now suppose j; > ki + 1 and [ﬁ:T_i]f:;fl <

zp_y,- If bank type Zr_j; liquidates on date T — ji, it could continue to lend with-
out encountering further default for no more than j; — k; — 1 periods, after which on
date T' — k,, it will drop out given that Zr_; < z7._ , hence Varr—ji1(Er—iy, Er-j1) <
.J“lil (Op—sr5_; — 1) I_;, where .hz_:l (67_irs_; — 1) If_; is the future pay-off available
;:T)k%ﬁe bank with type £7_;, and z;:;f);%ation Zp_j, if borrowers repay with probability 1
ondates T — j1 +1 <t <T —ky — 1. Similarly for n =1, 2,... k1, after liquidation on
date T' — (j; + n), bank type £7_(j,4+n) could continue for no more than j; — &k —1+n
periods before dropping out on date T' — ki, hence Virr—(j; 4n)+1(E7—(j14n)> E1—(jr4n)) <
S (QT_J}_,- - 1) I%_,. Now, suppose for some p > j; there exists zp_p < 27_, Such

i=ki1+1
that the following holds

p—1
q(zr-p) + Z (9T—-i7"}—z' - 1) Ity ==Y Iz,
i=k1+41
We now prove that it cannot be true that p < j; + k;. Suppose p < ji + k1. Then 21,
solves

a(2r-p) + Varr—p+1(2r—p, 2r—p) = (1 = )Y (I7_p) 7

p—1
where Vir—pi1(270—p, 27—p) < 3. (07—ir%_; — 1) I}_;, as explained above. From the
i=ky+1 .
definition of z3**, we know that there exists Zr_, > 237 forn = 1,2...5; — 1 which
satisfy

q(Zr—n) + Varr—nt1(E1—n, 1-n) = 1 = )Y (I7_ )7
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n—1

where Vyr—nt1(E1—n, E7-n) = D, (BT—i"';’_i — 1) I}_;. Hence for p = j;+1, j1+2...71+ k1
0

1=

there exists a corresponding n = p — j; such that

p—1

VMT-p+1(ZT~p7 ZT~p) < Z (HT—-iT;’-—i - 1) Ir; < Vaurr-ns1(Er_n, Er_n)
i=k1-+1

Hence from lemma 7, 27—, > £7_n > 237, which contradicts the original assertion that

J1+k1

= < TZ1™ cannot be an equilibrium.

2r—p < P2, Therefore [Z7-;]

We now prove that [a‘:T_,]f:;f‘ = z3,7* is an equilibrium. For equilibrium to hold for

n=0,1,2,...k;, borrowers must randomize on date T'— k; such that type w = z}7** is

indifferent between liquidation and renegotiation if borrowers default on date T — j; — n.
Hence borrowers must default on date T'—k; with probability agjfl"” which is determined

such that the following holds

ji—1+n
q(Er—ji—n) + Z (Or-ir5_i — 1) Iy + Vst (Br—jy—ny Br—jy ) =
i=k1+1
(1 - M)Y(I;‘—jl-n)]-;’—-jl—n (330)
where :
, k1
ViuT i (87—js—ny Br—jy—n) = (1 — aq_£7") [2% (Or—iry_; — 1) I;“—i:l
(=
—a P 1= (L= w)Y (Tp_g) 5y, ] and Vigr—g, (B1—ji—n» B7—j1—n) > 0. We know that
there must exist 0 < og:ﬁ'n < 1, given that a?j}l_" = ( implies that

Q(Z7—j,—n) + Vur—ji-ns1(E1—jy—ns Er—jy-n) > (L= )Y (I3 _5, ) 7y

given that from the definition of Zone 1, zr_j; < z3T** where zr_;, solves the following
ji—=1

q(zr—z) + Z (HT**ir;‘—i - 1) Ir_;=(1- “)Y(I;"—jl)I;“—jl
i=0
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and agzill'” = 1 implies that

9(&r—j1—n) + Vur—j-ni1(Er—j1—ns E7—jy—n) < (L= )Y (I3 _;, )3 jin

given that from the proof above that [af:T_i]fSJTf‘ < 2z cannot be an equilibrium, there

exists zr_j, —n > 2Z7™ which solves

Ji—1l4n
g(zr—jin)+ Y (Orirr i — 1) = (1= w)Y ;) jm
i=k1+1
hence
Ji—14n
q(z77™) + Z (QT—ir;‘—i - 1) Ipi <(1- P")Y(I’;‘—-jl—n)l-;’-—ﬁ—n (3.31)
i=k1+1

Since Vagr—ky (Z7—j,~n> L1—j,—n) is continuous and decreasing in ar_g,, therevexists 0 <
ai;’;:;;;“ < 1 such that (3.30) holds, and from (3.31) we know that
Vi, (741 ~n, Z7—j1—n) > 0 must hold.

The revision of reputation if the bank liquidates on date 7" — j; — n is consistent with

the bank’s equilibrium strategies, given that
S = * *
q(w) + VMT-—J'l—n-i—l(w’ "BT-—.’il—n) = (1 - /"L)Y(IT—jl—n)IT—ﬁ-n

as w ;\— &p—_j,—n. Hence borrowers’ belief that liquidation on date 7" — j; — n implies that
bank type must be w > £r_;, -, is consistent with the bank’s equilibrium strategy, since
only bank types w > &r_j,_, find it optimal to liquidate. Finally, borrowers’ belief that
if the bank lends on date T' — k; then this implies reputation is unchanged at Zr_j; _»
is consistent with the bank’s equilibrium strategy, since it is optimal for all bank types
w > &r_j,—n to lend on date T — k; given that Visr—k, (E1—j, —n, E1—j1-n) > 0 as shown
above. Hence zr_y, = z%_,, which means randomization is an optimal strategy for

borrowers. Note that borrowers’ equilibrium strategy on date T"— k; is a function of both
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zr_, and the liquidation outcome on dates T'— (j; + k1) < t < T — j;. If the bank’s
post-entry reputation is z7._, and if borrowers default on date T’ — j; — n and the bank
liquidates, borrowers’ strategy is to default on date T — k; with probability a;:ill“"
If the bank’s reputation after entering date T — k) is z7-_,, and there is no default on
dates T — (j1 + k1) < t < T — 71, borrowers’ strategy is to default on date T — k; with
probability a._; , as defined above.

Q.ED.

Proof of lemma 9

We begin by proving that £r_» > z7_;, _ where
Th_p | = ;% = max [z} | € ZoneT—1]. For T — t” € Zone 1, we know that
T > zi™* from the definition of z}**. For zones 7 — 1 > 1, first we consider

t" > k,_;. Suppose &r_ < x3_y, . For #1_4» to be an equilibrium, it must be true that

o

for some T — t" € Zone T — 2, there exists zp_» which solves the following

t—1
Q(ZT—-t”) + Z (HT__,"I‘;“_,& — ].) I;;‘—i = (1 — }U')Y(IT—t")IT—t”

=t 41

-1 .
where zr_w < zp_y _ and z}_, | = max [z%_;] s 41 - Bub from proposition 8, zp_ <

x%_y, _, implies that T — ¢” € Zone 7. Hence it must be true that 2r_u > z7._,, _ . Now
we consider t” < k,_;. We know from (2.8) that £r_x,_, > x%_,__ . From proposition 5,
T —k,_1 € Zone T — 1 implies that either of the following must hold:

1) &pp,, =27 4, whereb>0and T — k2 — b€ Zone 7 — 2, or

2) &p_k,_, = Z7—k,_, Where zp_y__, solves the following
kr_1—1
Qzrr)+ Y, (Or-irho = 1) Il = (L= @)Y (Irpeem ) ks (3.32)

i=kr_1+b+1

whereb>0and T — ko —b € Zone 7 — 2.
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If (1) is true, then the following must hold

Q(@7_k,_a—b) T VMT—br 141 (BT byt TT ) = (1 — )Y (Ip—py_, Ik, (3.33)

kr—1—1
where Virr—k, 1 +1(Z5_p, 50 Trpypp) = 2 (fr—ari_— 1) i+
‘i=k'r—-2+b+1
Tk
(1- aT-k:_;~b)(VMT—kT-z—b(wc*r—k,_z—ba x}-.k,_g—b))

T—ky
_O‘T—k,._;—b [1 - (1~ #)Y(I;"—kf_z—b) ;’—kT_z-.b] and VMT—kT-z—b(x}—kT_Q—ba x;-kf_z-b) >

0. Now consider £r_,_,+1. Suppose Zr_g,_,+1 < Tp_k,_,—p- Lhen
kr.1—2
VT -k, 14287 —py 141, BTk _y+1) = > (fp-irj_; — 1) I#_; since in equilibrium
i=ky_g+b+1
Tk, 141 < TT_g _, implies that type w = &r_x,._,41 must drop out on date T' —
kr_o — b. But given (3.33) and given that Y (Ir—g._)Ir—k,_, < Y (Ir—t,_ +1)I1r—ks_1+1,

this implies that

@7ty 1) + Varr—t,1+2(@ 1t 415 1k y41) < (1 — )Y (Ir—pp_y 1) IT—ke i1

A\

hence 7k, ;41 < T7_p _,_p cannot be an equilibrium, which means that Z7_k,_,+1

2 *
a:T"‘k-r-—l > xT—kt_l

A

If (2) holds, then £7_x,_, < z7_;__,_;, hence from the solution algorithm &7k, _,+1 <
x}_k7_2_b. If :%T”'k"r—l'i‘l = m;"-—k-r_z—b’ then i'T—Ic-,—_l—}-l > I)/;”T..k_r_l > m;}—kt—l' If Ty 41 <

TT_k,_,_p> then it must be true that the following holds

kr—1—2
(@res) ¥ Y, (Oreirii— 1) Iy = (1= p)Y (Ir—peoyi) Friemt

i=kr_1+b+1
Hence from (3.32) and given that Y (Ir—x._,+1)Ir—k, 141 > Y (I7—k,_, ) I7—k,_,, it must be
true that #r_g._,41 > £7-k,_, > T3y, - We have thus proved that Zr_k,_,+1 > T gy
By recursion on the process above, the proof follows that &, _,4: > z5_y, , for all
T—kr_1+i€ Zonet—1.

kr—14+3021 dy—1

*
-1 =Ty
i=k7—2+Z;___in+nr—2 T—kr—1

We must now prove that Zr_y < zf_;, _ . We have [Z7_;]
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r—1+zy_1.7y+n-r-—1 1 fr
i=ky_ 1+Zy—1 Jy
the algorithm used to solve for Zone 2, we know that either the condition in step (4)

(the proof is the same as the proof of proposition 4). For [£7_;] om

or step (5) fails to hold. If step (4) fails to hold, then we set &7_, _, 5Tl ety =

P (ke 4]} dyatt) WHET® 21y y5rol; gy SOLVES
kr—1+3 721 jy+a+b—1

q(zp_ —~(kr—1+3°021 Jy+a+b)) + . > (GT-—"lT;‘—-i - 1) I; ;=
Z=k7_1+b+1

(l - /’l’) (IT—(k-,- 1+2y~1 Jy+a+b))IT (k:,-_l-{—z'r_l Jy+a+b)
The proof that zp_, +5 TGy tath) < T, +b) is the same as the proof above that

. * 1 fraseed]
2T (ji+k+att) < Tp_gp- Given that z7. . ., < app  for b > 0, since z7_, | =

* * . - ® .

max [z%_; | z4_; € Zone T — 1], we have Br (ke 457 jyta 2+0) < xh_y, .- If step (5) fails
A k _1+ZT Jytat+b—1
— * T 14y
to hold, we set £,._ (he-1+57 gy pat) = 108X [ i , where
k 1+ZT Jyt+a+b—1

* = 1JY * max

max [z7_] T ) < 23727 by definition, hence £, sor—1 ), 1ast) < TTopey:
Q.E.D.

Proof of proposition 6
First we prove that for all zones 7 < (, the occurrence of more than one repudiation
within each zone is a zero probability event. Suppose the first repudiation in zone 7 occurs
on date t'. If the bank liquidates, its ex post reputation must be greater than or equal to
Zy. Given that from lemma 9 &y > x}m* borroWers will not default on any further date
in zone 7. Next we prove that the event of exactly one repudiation occurs with positive
probability. First we show that if the bank enters Zone 7 with reputation z < z;7**, then
it will face repudiation with positive probability during Zone 7. If the bank has not yet
experienced repudiation during zone 7, then on date T'— k., if x < ;™ types w < z,"**
will drop out, and thus if the bank lends its reputation will rise to z:™**, and as shown
above, if z = zi™** borrowers’ equilibrium strategy is randomize, hence repudiation will
occur with positive probability. We now prove by induction that the bank will enter
each Zone T with reputation z < z:™®* and hence will face repudiation with positive
xmax

probability. First we claim that the bank will enter Zone 7+ 1 with reputation z < z77%"

If repudiation occurs on some date ¢’ during Zone 7 + 1 and the bank liquidates, then
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its reputation rises to Z;». From above, there is zero probability of further repudiation,
hence the bank leaves Zone 7 4 1 and enters Zone 7 with reputation &;». If there is no
repudiation during Zone 7+ 1, then the bank leaves Zone 7 + 1 and enters Zone 7 with
reputation z7737, as explained above. Given that from lemma 9 2378 < £ < P, it
must be true that the bank enters Zone 7 with reputation z < zfmex, If 2,0 > 0, then
given that the bank begins the game with reputation z = 0, it is true for Zone ¢ that the
bank enters with reputation z < :z::énax, and thus it is true by induction that the bank
will enter every Zone 7 with reputation z < ;™. If, however, z;7** < 0 then there
is zero probability of repudiation in Zone (, hence the bank will enter Zone ¢ — 1 with
reputation z = 0, thus once more it is true by induction that the bank will enter every
Zone T with reputation z < z} 2,

We now prove that in zone (, the occurrence of any repudiation at all is a zero
probability event if and only if z;** < 0. If 27 < 0, then borrowers will prefer not
to default during zone ¢ even though the bank’s reputation is unchanged at z = 0. If

z;0%* > 0, then if the bank’s reputation is unchanged at £ = 0 on date T" — k¢, borrowers
will randomize.

We conclude by proving that zone ¢ is the only zone for which the occurrence of
repudiation can be a zero probability event. Suppose there exists some zone 7 < ( for
which 23 < 0, hence the occurrence of repudiation is a zero probability event. From
proposition 5, zone 7+1 begins on date T'— (k.1 + i Jy+nr-—1) where j7 and n,_; are the
smallest integers such that conditions (1) and (2)yé1lven in proposmon 5 hold However,
conditions (1) and (2) require that zr—(,_,+57_ jy+n.on) < Tiro, but 237 < () hence
this is impossible. Hence it must be true that T — (k,—1 + Z Jy +nr-1) € Zone 7, and
either: -

1) z* > 0, in which case the occurrence of repudiation is not a zero
T— (k7~1+z ]y+n7- 1)

probability event in Zone T, or

2) z* < 0. We then iterate on the above process until either (1)
T— (k'r-—l"'z Jy+n'r 1)

holds or we reach t = 1, in which case Zone T = Zone (.
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Q.E.D.

Proof of proposition 7

To prove that Iﬁm}_ k, 18 the lower bound on the ex ante probability of bank failure,
we must show that in any equilibrium, types w < z7._; will always lose their reputation
before date T. From lemma 9 we know that z7_, = z}*** > z}™* for all zones 7 > 1.
Suppose the bank enters date T — k; with reputation z < Zp_g, - In equilibrium, types
w < zp_y, Wwill drop out, types w > z7_, will enter and their reputation rises to
ZT_y, > and borrowers will randomize. Hence the ex ante probability of bank failure can
be no lower than ﬁgm}_kl. 'To prove that TJl;S:%T_kI is the upper bound on the ex ante
probability of bank failure, we must show that in any equilibrium, types w > Zr_g, will
always retain their reputation up to date T. From lemma 9 we know that Z7_y < Zp_g»
where T — t" € Zone 1 and T' — t' € Zone 7 for all 7 > 1. From the algorithm above

used to solve for =}, we know that for T'— " € Zone 1, Zr_ = 2z where z» solves

the following

-1
Q(ZT—t”) -+ Z (GT—iT;’_i - 1) I;’—i = (1 - /,L)Y(IT_tu)IT__,tn
=0

1

Hence for T—t" < T—k;, given that Z (Op—iry_; — 1) Iy_; > Z (Or—ir_; — 1) I,
and Y (Ip—g)Ip_w <Y (Ip—g ) 1—p,, it must be true that Zp_s» < :cT k- Similarly, for
T —t" > T — ky it must be true that Zp_y > Zr_k,. If borrowers were to default on
some date T'— t" > T — k;, then types Zr_j, < w < Zp_» would fail to liquidate and
would thus lose their reputation. However, this event never occurs. From proposition 6,
we know that the bank enters Zone 1 with reputation « < z%_,, . This means that either
borrowers repudiate on some date T'—t” < T'— k; or they do not repudiate at all during
zone 1. From proposition 6, if borrowers default on some date 7' — t” < T — k; and
the bank liquidates, it will face no further defaults, hence given that £7_ < &7y, for

T—t"<T—ky, types w > Zp_g, will retain their reputation up to date T. If borrowers
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do not default by date T" — k;, they will not default after date T — k;, given that if the
bank enters on date T' — k; its reputation is revised to z = z%,_ r, and that 7., <z7_
for T —t” > T — k;. Hence, it is irrelevant that Z¢_» > 27, for T —¢" > T — k1 and

thus 1_}_—55071_;81 is the upper bound on the probability of bank failure.
Q.E.D.
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