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Superconductivity has found in magnetic separation one of its major industrial applica-

tions, second only to magnetic resonance imaging. Low-Tc superconducting coils have 

been employed in High Gradient magnetic Separators (HGMS) since the late 80s, the 

saving in power consumption overcoming the high costs of the liquid helium refrigera-

tion system. The discovery in 1986 of the high-T^ materials has opened the possibility 

of cooling with liquid nitrogen or cryocoolers, which represents a considerable simplifi-

cation of the cryogenics involved and a reduction of capital and running costs. But the 

present high-Tc materials are not sufficiently developed to simply replace low-Tc coils 

in the opened solenoid configuration of the HGMS, due to their low critical currents 

around 77 K. 

This thesis investigates the employment of a high-Tc superconducting coil in a mag-

netic separator with an iron yoke. In this application the low-Tc coil supplies Ampere-

turns to a magnetic circuit, which provides a low reluctance path for the magnetic flux 

and delivers a magnetic field in the air-gap much higher than the field seen by the coil. 

A small prototype of such a separator has been built. The superconducting coil, a 

Bi2S2Ca2Cu308 solenoid, has been provided by Intermagnetics General Corporation. 

The use of high-Tc coil as opposed to resistive ones, however, results in different design 

requirements, ultimately dictated by the sensitivity of the h i g h - T c material to magnetic 

fields. Finite elements modelling of the system has provided the framework for the 

quantitative analysis of the magnetic field distributions on the coil windings and the 

optimisation of the system configuration. 

The performance of the separator has been tested at 77 K with liquid nitrogen at 

atmospheric pressure, and at a temperature ~ 67 K, by pumping liquid nitrogen at a 

pressure around 100 Torr. The highest field obtained in the air gap at 67 K was of 

340 mT. 

Magnetic separators with an iron circuit have been in operation for many years in 

mineral industry, and there appear to be an opportunity of building machines with 

high-Tc coils or retrofitting existing machines with h i g h - T c coils to run them closer to 

saturation in a cheap and effective way. 
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Introduction 

Superconducting magnets have successfully superseded normally conducting ones in 

two major industrial applications, Magnetic Resonance Imaging (MRI) in medicine 

and High Gradient Magnetic Separation (HGMS) in mineral processing. The super-

conducting materials employed are the niobium alloys NbTi and NbaSn. Their high 

critical current densities and critical magnetic field allow the construction of high-field 

magnets (~ 5 - 8 Tesla) of smaller size and weight compared to the conventional resis-

tive ones. 

The critical temperatures (Tc) of NbTi and NbgSn are approximately 10 K and 

18 K respectively. These materials are referred to as low-Tc superconductors (LTSs), 

as they are required to operate in liquid helium (boiling point 4.2 K), an expensive and 

rare element; therefore when considering replacing resistive wires with low-Tc super-

conducting ones, the savings related to power consumption have to be balanced against 

the complexity and expenses of the liquid helium refrigeration system. This is the main 

reason that has prevented in the past the widespread use of low-Tc superconductors in 

magnetic separation, where resistive or permanent magnets still remain economically 

advantageous for the many separators of modest dimensions, like those with an iron 

circuit. However the recent rapid development in cryocoolers may alter the economics. 

The advent in 1997-98 of ceramic oxides - based on yttrium, bismuth and thallium 

(fig. 1-1) - with critical temperatures above 77 K, has opened the possibility of cooling 

with liquid nitrogen. Such materials are referred to as high-Tc superconductors, or 

HTSs. Operating at liquid nitrogen temperatures would allow a considerable reduc-

tion of the cryostat and refrigeration costs, estimated to be as much as a factor of 

10 compared to helium. At present, however, high-Tc wires have not been sufficiently 

developed to make solenoids generating magnetic fields at 77 K adequate for technical 

applications, the limitation arising from the sensitivity of these materials to magnetic 

fields. 

This thesis investigates the employment of a high-Tc superconducting solenoid in 

a magnetic separator with an iron yoke, a type of separator widely used in mineral 

processing. In this application the superconductor has the function of providing cheap 

Ampere-turns to the magnetic circuit. The iron circuit with its high magnetic per-

meability constitutes a preferential path for the magnetic flux lines, so that the field 



delivered in the operating volume is much higher than the field experienced by the 

superconducting windings. 

The use of a high-Tc coil instead of a resistive one, however, will result in new 

requirements in the design of the apparatus when compared with the conventional one. 

They are essentially dictated by the strong dependence of the HTSs critical current 

on both magnetic field intensity and direction. The study of the distribution and 

magnitude of the magnetic stray fields on the coil windings, which need to be maintained 

below the critical values, is a central topic of this work. The numerical analysis of the 

magnetic stray field has been aided by the finite element method. 

A small prototype of an HTS magnetic separator with an iron circuit has been 

designed and built to operate at liquid nitrogen (LIN) temperatures. The separator 

employs a Bi2S2Ca2Cu30g solenoid provided by Intermagnetics General Corporation 

(fig.0-1); its performance has been tested at 77 K (LIN at atmospheric pressure) and 

67 K (LIN pumped at a pressure of ~100 Torr). 

Thesis outline 

The outline of the thesis is as follows. 

Chapter 1 gives an account of phenomenology of the low-Tc or "classical" supercon-

ductors. The Ginzburg and Landau theory is followed, which leads to the classification 

of superconducting materials into two groups, type-I and type-II, with fundamentally 

different electromagnetic behaviour. It will be seen that superconductors of technolog-

ical interest belong to the type-II group. 

The emphasis will be put on the concept of a superconductor as a large-scale quan-

tum state, described by a macroscopic wavefunction. It will be seen that the fun-

damental property of zero ohmic resistance is associated with a long-range coherence 

of the phase of the superconducting wavefunction. Practical type-II superconductors, 

in particular, realise this macroscopic correlation by allowing penetration of magnetic 

fields in the form of a discrete lattice of quantised flux lines. The concept of mixed 

state will be a central topic; it will be seen that in a pure material this state is not 

truly superconducting because any driving current can set the flux lines in motion with 

consequent disruption of the long-range phase coherence. The practical importance of 

optimised crystal defects and impurities in immobilizing the flux line lattice will be 

addressed, and flux pinning will be seen to be the prerequisite for resistanceless current 

transport in type-II materials. 

Finally, thermal disorder will be considered, which activates the motion of the flux 

lines causing the dissipative phenomena of flux creep and thermally activated flux flow. 

Chapter 2 presents the main aspects of the new and rich phenomenology of the high-

Tc superconductors. They are ceramic oxides which are classified as extreme type-II 
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Figure 0-1: The h i g h - T c superconducting Bi2S2Ca2Cu30g coil (Intermagnetics General Cor-
poration) and the iron yoke used to build the magnetic separator. 



superconductors. It will be discussed how their different electromagnetic behaviour is 

due to a combination of their physical properties which enhances the effects of thermal 

disorder. Thermal disorder, in particular, is responsible for the melting of the flux line 

lattice over a considerable portion of the mixed phase, with associated destruction of 

any long-range order. The concept of melting line Hm{T), is fundamental in describing 

the phase diagram of the high-Tc materials, as below this curve a "solid" flux line lattice 

is formed. Again in a clean material this state is not truly superconducting. Weak col-

lective pinning - associated with oxygen vacancies characteristic of the ceramic oxides 

- will be shown to transform the solid phase into a glass phase which is truly supercon-

ducting, as the phase of the wavefunction regains coherence over a long order (though 

reflecting the randomized pattern of the pinning centres in the particular sample). 

It will also be discussed why the present high-T^ ceramic oxides are not sufficiently 

developed to deliver high magnetic fields at liquid nitrogen temperatures; in particu-

lar how their strongly layered crystal structure - in which superconductivity is mainly 

confined to Cu02 planes - results in highly anisotropic critical current characteristics. 

At present, the applicability HTSs is restricted below T ~ 20 K, but this chapter will 

conclude by presenting the significant improvements reported from the early days of 

their discovery, which lead to hope that superconductivity at 77 K will be technologi-

cally viable in the future. 

In chapter 3 the penetration of superconductivity in magnetic separation is re-

viewed. The present scenario is first examined, in which low-T^ superconductors are 

employed in the large HGMS systems. 

Three main designs are described; the Marston type by Eriez Magnetics (USA), where 

the superconductor has simply replaced the resistive coil in the original design; the re-

ciprocating canister superconducting separator by CARPCO SMS Ltd (UK), designed 

from the onset with low-2^ coils in mind and proven the most successful; and the 

superconducting rotating drum separator by KHD Humbolt Wedag AC (Germany), a 

superbly engineered system but too expensive to be of wide acceptance. 

Secondly, the likely impact of high-Tc superconductors on mineral processing is 

discussed. As, at present, the modest critical current densities of HTS wires prevent 

their utilisation in the open-solenoid configuration at 77 K, three alternative options 

are discussed: (1) the use of cryocoolers to operate HTS solenoids at lower tempera-

tures (below 20 K); or, when considering cooling with liquid nitrogen, (2) the use of 

a magnetic circuit in which the HTS coil provides cheap Ampere-turns and (3) the 

construction of HTS flux tubes of similar behaviour to solenoidal permanent magnets. 

In chapter 4, the 3D finite element (FE) model of the system is presented. 

The fundamentals of the FE method are first described, followed by its implementation 

in the analysis of electromagnetic fields. Particular reference is made to the Opera — 



TOSCA package from Vector Fields Ltd, the software used in this work. FE modelling 

has proven a very useful tool in the optimisation of the system design, as it allows the 

analysis of magnetic fields in regions experimentally inaccessible, such as the space 

occupied by the coil. 

The knowledge of the magnitude and field distributions on the coil windings is essen-

tial when dealing with HTS coils at 77 K, because of their poor and strongly anisotropic 

critical current characteristics. In investigating the magnetic field components parallel 

and perpendicular to the winding of the HTS solenoid, analytical formulas are only 

available for solenoids in air; when ferromagnetic materials are present FE modelling 

which takes into account their hysteretic properties becomes essential. 

In chapter 5, the experimental work and results are presented. The construction of 

the HTS magnetic separator with an iron circuit is described with particular attention 

to its three main components, the yoke, the cryostat and the coil. 

The critical current characteristics of the Bi-Sr-Ca-Cu-0 tape - from which the 

solenoid has been wound - are examined in the light of the field distributions on the 

coil windings obtained from the FE model. 

Two coil positions in the magnetic circuit are considered, in proximity of the poles 

and at some distance from them. The first is the optimal configuration whenever 

a resistive coil is used, as it maximizes the field intensity obtainable in the air gap. 

However, when superconducting coils are employed, the design of the system must take 

into account the additional condition of maintaining the magnetic fields on the windings 

below the critical values. This requirement may make it necessary to move the coils 

away from the air gap at a "safe" distance where the stray fields are acceptable, at the 

expense of the operating field intensity. 

The Bi-Sr-Ca-Cu-0 has been cooled with liquid nitrogen and the system perfor-

mance has been compared at the two temperatures of 77 K (liquid nitrogen at atmo-

spheric pressure) and ~ 67 K by pumping the liquid nitrogen at a pressure around 100 

Torr. 

Finally, in chapter 6, the conclusions of this work will be discussed and suggestions 

for future work presented. 

Four appendices are also included: 

Appendix A reviews magnetic units systems, the Systeme International d'Unites 

(SI) and the Gaussian and electromagnetic unit (emu). 

In Appendix B, the governing equation for magnetic separation is derived. 

Appendix C contains a program in Q-basic for the IEEE interfacing of the gauss-

meter with the computer. 

Appendix D contains the source file of the FE model of the magnetic separator. 



SI units are used in this work, as they are recommended by all international stan-

dards organisations. 



C h a p t e r 1 

Low-Tc superconductivity 

1.1 Introduction 

The "classical" superconducting materials were mainly explored from 1911 to 1986; 

they become superconducting below critical temperatures Tc of 23 K (fig.1-1). More 

recently, magnesium diboride, MgBg, has been discovered to become superconducting 

at Tc = 39 K [Nagamatsu et al. (2001)]; this compound shows a strong isotope effect 

indicating that it may be a classical superconductor [Bub'ko et al. (2001)]. These 

materials are referred to as low-T^ superconductors (or LTSs), as they usually require 

operation in liquid helium to reach their maximum performance. 

The phenomenological behaviour of superconductors in the presence of a magnetic 

field leads to their fundamental classification into two groups, "type-I" and "type-II". 

The different phenomenology is ascribable to the sign of the surface energy between 

normal and superconducting regions possibly occurring within the specimen, which is 

positive in type-I superconductors, negative in type-II. As a result, type-I superconduc-

tors realise their minimum energy state via the expulsion of the magnetic flux density 

5 , the Meissner-Ochsenfeld effect. This capability is however limited to very low field 

~ 0.1 T. Conversely type-II superconductors, while realising the Meissner state at low 

fields, find it energetically favourable to allow magnetic flux penetration in a wide range 

of higher fields, the so-called mixed state. Flux penetration occurs in a quantised way, 

in the form of isolated flux lines each carrying a quantum of magnetic flux; the mixed 

state is realised up to high magnetic fields, ~ 100 T for Nb alloys. 

The concept of a superconductor as a large scale quantum state will be stressed as 

the central principle. The existence of a macroscopic wavefunction describing a super-

conducting specimen demands a quantum-mechanical approach to superconductivity. 

The microscopic theory of Bardeen, Cooper, and Schrieffer (1957) is the fundamental 

theory of superconductivity, but is not mandatory for describing the phenomenology of 

superconductors and only its main concepts will be described in section (1.3). This the-

sis rather follows a thermodynamical approach which culminates with the phenomeno-



logical theory of Ginzburg and Landau (1950) (section 1.6). This quantum-mechanical 

theory naturally contains the two fundamental lengths in superconductivity, the pene-

tration depth (introduced in section 1.4) and the coherence length (introduced in section 

1.5). The former determines the scale length of the electromagnetic response of the su-

perconducting wavefunction, the latter its spatial variation; their ratio - the so called 

GL parameter k - is the crucial parameter in determining the sign of the surface energy 

(section 1.8). 

Only type-II materials are superconducting at high magnetic fields and hence can 

carry high currents; practical wires are made from type-II materials. Flux quantisation 

(section 1.7) and the Abrikosov notion of flux lines (section 1.11) are essential to un-

derstand the magnetic behaviour and current capacity of type-II superconductors. The 

prevention of the motion of the flux line lattice, known as flux pinning, is a key issue 

in the fabrication of wires and will be considered in section (1.13). In section (1.14) 

the Bean model will be presented and the concept of critical state introduced, which 

describes current flow in superconductors. 

Finally the dissipative phenomena of flux creep and thermal activated flux flow 

will be analysed in sections (1.16) and (1.17). These phenomena are described by 

the Anderson-Kim theory (1964) as two limit-regimes of thermal activation of the flux 

line lattice; the first manifests itself as a slow change of the trapped flux in high-field 

superconducting coils operating in persistent mode at liquid helium temperature, the 

second in the appearance of a thermally activated ohmic resistance particularly relevant 

in the high-Tc superconductors operating in liquid nitrogen. 

1.2 Thermodynamic properties of superconductors 

The most fundamental property of a superconductor is its ability to expel magnetic 

flux from its interior, as displayed in the Meissner effect. It is the Meissner effect which 

establishes the applicability of equilibrium thermodynamics to the superconducting 

phase transition. 

Gorter and Casimir (1934a) first developed a thermodynamic treatment of supercon-

ductivity, and an associated two-fluid model, by treating the normal to superconducting 

transition in a manner analogous to any other phase transition. 

The Gibbs free energy of a specimen when magnetised to a magnetic moment M 

by an applied magnetic field of strength Ha, at constant temperature T and pressure 

P, is given by [see for example Pippard (1974)]: 
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Figure 1-1: Trend of the Critical temperature for different classes of superconductors. 
[Reprinted from Concise Encyclopedia of Magnetic and Superconducting materials, J. Evetts, 
"An Introduction to Magnetic and Superconducting Materials", pages xvii-xxii, Pergamon Press 
(1992), with permission from Elsevier Science.] 



with g{T^ H) free energy per unit volume: 

9 ( r , g . ) = 9 ( r , 0 ) - ; i o (1.1) 
Jo 

where g{T,Q) is the free energy density of the body in the absence of magnetic field, 

and the second term corresponds to the work done on the specimen by the magnetic 

field. 

The perfect diamagnetism of the superconducting state is expressed by: 

JkfaCff) = - j ? . (1.2) 

the applied magnetic field induces a negative magnetisation which, if penetration of the 

field is neglected, exactly cancels the flux density inside the body (fig.1-2). For a type-I 

superconductor, with a geometry where diamagnetisation effects can be ignored, this 

equation holds up to the critical field above which the normal state is restored. 

The fact that Mg is negative, means that the free energy density of the supercon-

ductor is increased by the presence of the magnetic field: 

, , , ( r , ^L) = ,%(T,0) + (L3) 

When Ha, is increased above the critical value He, the free energy of the supercon-

ducting state exceeds that of the normal state and the specimen becomes normal. The 

critical field is then defined by the equilibrium condition: 

9S{T, He) = gn{T, He) (1.4) 

which gives: 

jy^^Cr) == Ln(T', ffc) - 9,(:r, o)l (1.5) 

fj-o J 

This equation relates He{T) to thermodynamic quantities, such as heat capacity, that 

can be derived from the free energy. The temperature dependence of He{T) follows in 

good approximation the empirical relation (fig. 1-3): 

ffc(T') == ffo ( l - t " ) (1.6) 

with t the reduced temperature: 

' 4 
where Hq is the critical field at absolute zero. Both Hq and Tc are material properties. 

Table (1.1) gives Te and Hq of elements which become superconducting above 0.8 K. 

In the normal state the magnetic susceptibility is vanishingly small; therefore, in 

first approximation (small He), the free energy for the normal state can be assumed to 
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Element Tc 
(K) 

He 
(xlO~^ teslas) 

A1 (Aluminium) 1.2 99 
Ga (Gadolinium) 1.1 51 
Hgf(a) (Mercury) 4.2 413 
In (Indium) 3.4 276 
Laf(/)) (Lanthanum) 6.0 1600 
Mo (Molybdenum) 0.9 96 
Nb* (Niobium) 9.3 1950 
Pb (Lead) 7.2 803 
Re (Rhenium) 1.7 201 
Sn (Tin) 3.7 306 
Ta (Tantalum) 4.5 830 
Th (Thorium) 1.4 162 
T1 (Thallium) 2.4 171 
V (Vanadium) 5.4 1100 
Zn (Zinc) 0.9 53 

Table 1.1: Values of Tc and He for superconducting elements with Tc > 0.8 K [from Rose-Innes 
and Rhoderick (1978) and Tilley and Tilley (1986)]. 
fMore than one phase superconducting, only one shown. 
| N b is a type-II superconductor, Hc2 for a pure specimen is shown. 

be independent from the presence of the magnetic field, i.e. 

gn(T', = gn(T,0) 

The difference between the free energy densities in zero magnetic field of the normal 

and superconducting phases can be obtained by re-writing the equilibrium condition 

(1.4) using eqn.(1.3) [Gorter and Casimir (1934a)]: 

9 , (r ,0 ) = 9 » ( r , 0 ) - - / i o # : ( n (1.7) 

The quantity corresponds to the condensation energy associated with the 

production of superconductivity: in the absence of magnetic field, when the specimen 

is cooled down below the electrons condense into a highly ordered state of lower 

energy. 

In the presence of a magnetic field Ha < the condensation energy is obtained 

by substituting gs{T,0) given by eqn.(1.7) into eqn.(1.3): 

g x r , 0) - (1.8) 

The presence of a magnetic field (Ha) reduces the condensation energy by the amount 

i/io-ffa- The superconductor has, in fact, acquired a magnetisation (1.2) due to large 
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surface screening currents - i.e. large kinetic energy - generated at the expense of the 

condensation energy 

The expression (1.8) for the condensation energy does not take into account two 

fundamental properties of a superconductor, the penetration of the magnetic field on 

a surface layer of the specimen and the range of coherence of the superelectrons. The 

two parameters involved, the penetration depth and the coherence length, classify the 

superconductors into the two groups, type-I and type-II, and will be examined in the 

following sections (1.4), (1.5) and (1.6). 

1.2 .1 Order of t h e s u p e r c o n d u c t i n g phase - 2 fluid m o d e l 

The superconducting transition in zero field is a phase change of the second order. A 

second-order phase transition is defined by the condition that not only is the free energy 

continuous but also its first derivative, the entropy s = ~{dg/dT)p^}ji while the second 

derivative, the specific heat c = T{ds/dT), has a finite discontinuity [see for example 

Pippard (1974)]. 

From eqn.(1.8), the entropy difference of the two phases is proportional to He'. 

a,(ST) - SnCT) = (1.9) 

and the specific heat is 

Cs(T) - c„(r) = T/Ĵ o (1.10) 

At T = 0 it follows from Nernst's principle (s„ = Ss) that the slope of the curve 

Hc{T) must vanish; this is in accordance with experimental observation. At T = Tc, as 

Hc{Tc) = 0 the entropy is continuous 8, == s*; the transition at zero field is therefore 

accomplished without any latent heat. The specific heat shows a discontinuity: 

dT 
(1.11) 

Tc 

which is finite, as the derivative of He is a well defined finite quantity at Tc- This 

characterises the transition as one of the second order. 

For 0 < T < Tc the transition in the presence of an external field is of the first 

order^. As dHc/dT < 0, the entropy of the superconducting phase is lower than that 

of the normal one, that is an order —>• disorder transition. 

'Maxwell equation states V x H = Ja , where J a represents the applied current. For an isolated 
specimen J a = 0, and in the case of a superconductor Maxwell's equation re-writes as V x B = /ioJs, 
with J s = V X M the supercurrent associated with magnetisation. 

^ When superconductivity is destroyed by the application of a field Ha > He, a latent heat Q = 
T{Sn — Ss) is absorbed. Thus when the transition is accomplished adiabatically, the specimen will cool 
down (as the heat will be supplied by the thermal energy of the crystal lattice). 
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Superconductor 

M 

M = 0 

He Ha 

Figure 1-2: Magnetisation of a type-I superconductor. For Ha < He the superconductor 
is perfectly diamagnetic (neglecting the penetration depth). When Ha reaches the critical 
field the superconductor is driven in the normal state, and the magnetic flux density B inside 
the specimen is 5 = HoHa (normal metals - excluding the ferromagnetic ones - are virtu-
ally non-magnetic). The integral of the magnetisation curve, j f " M{Ha) dHa, represents the 
condensation energy in zero field (eqn.1.7). 
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t = T/T^ 

Figure 1-3: Phase diagram of a type-I superconductor. Ho = Hc{T = 0) and Tc are material 
properties. 
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Figure 1-4: Specific heat of normal and superconducting tin, showing the finite discontinuity 
at Tc-
[Reprinted from "Introduction to Superconductivity", 2ed by Rose-Innes & Roderick, Perg-
amon Press 1978, by permission of Buttherworth Heinemann Publishers, a division of Reed 
Educational & Professional Publishing Ltd.] 

The fact that the entropy changes continuously at Tc indicates that it is a gradual 

transition which starts at Tc and is eventually completed only at absolute zero. Gorter 

and Casimir based on this observation their two-fluid model. The superconductor is 

thought of as consisting of two inter-penetrating electronic fluids, the superelectrons 

condensed into an ordered state with no associated entropy, and the normal electrons 

excited out of the condensate and subject to the usual scattering processes. Accordingly, 

the current density is written &s 3 — rig eVg + Hn evn where n „ ( r ) and Mg (T) represent 

the densities of the normal-electrons and super-electrons respectively. In the absence 

of an electric field, v„ = 0 and J , = n, e Vg. As there is no entropy associated with 

a supercurrent carries no entropy. 

At absolute zero all electrons are condensed; at any temperature T < Tc only a 

fraction of the electrons is condensed. The degree of order of the superconducting 

phase can then be identified with the density of super-electrons: 

= ^.(0) 

where the concentration W{T) can be identified as an order parameter-. 

1 1 for T = 0 K 

(1.12) 

(1.13) 
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Assuming a phase diagram accurately parabolic (eqn.1.6) Gorter and Casimir model 

gives: 

34;:= (1 - f4) (1.14) 

where t is the reduced temperature. 

This model provides a simple explanation of why over a wide range of temperatures 

the specific heat of a superconductor is smaller than the normal state (fig. 1-4): as the 

sample is warmed, heat is required to convert a certain number of super-electrons to 

n-electrons, so that the correct value of W is maintained. 

1.3 Phonon-mediated electron pairing 

The two fluid model is in agreement with the microscopic theory of superconductivity 

developed by Bardeen, Cooper and Schrieffer (1957), called the BCS theory. According 

to the BCS theory the electrons in a superconductor condense in the momentum space 

into a highly correlated system of electron pairs, the Cooper pairs. 

The BCS theory identifies the interaction responsible for the transition to super-

conductivity in the coupling between electrons via the thermal vibrations of the lattice 

(or their quanta, phonons). The mechanism was first proposed by Frohlich (1950), who 

pointed out that the electron-phonon interaction leads to a weak attractive interaction 

between electrons, possibly stronger than the Coulombian repulsion^ (fig. 1-5). 

Figure 1-5: Electron-electron interaction transmitted by a phonon. 

This coupling mechanism received strong experimental evidence from the Isotope 

^Depending on the relative strength of the repulsive Coulomb force and the attractive phonon-
induced interaction, the sum of these two forces can be attractive or repulsive. Superconductivity arises 
when the net balance is attractive. Consequently, materials with strong coupling between electrons and 
phonons, i.e. with high room temperature resistivity, are favourable to superconductivity. Conversely, 
noble metals, which are good conductors at room temperature, are not superconductors. 
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Ejfect (1950), i.e. the dependence of the critical temperature on the isotopic mass M; 

TcVm = const. 

which indicates that the atomic lattice plays an important role in establishing supercon-

ductivity (though the crystal lattice properties do not change in the superconducting 

state, as revealed by X-ray crystallography or by studies of the lattice contribution to 

the specific heat). 

Cooper proposed that, if such an attractive interaction exists, the electrons must 

rearrange themselves in a state of lower energy, characterised by pairs of electrons with 

opposite wave vectors, —k and -fk, so that the net momentum is zero Furthermore 

Cooper's calculations showed that the wavefunction of an electron pair in this bound 

state, ^ (k ) , depends only on |k|. This means that ip is symmetric for an exchange of 

the positions of the two electrons and, therefore, must be antisymmetric in the spin of 

the electrons. It follows that the spins are in opposite directions. 

At T = 0 K the wavefunction of the ground state of the superconductor is con-

structed by Cooper pairs (—k,4) and (-|-k,t). Pauli exclusion principle does not apply 

to Cooper pairs; therefore the electrons condense into a state of lower energy than the 

Fermi level. As the number of states is conserved, the density of states of energy Ck, 

N{ek), is "squashed" below the Fermi level (fig. 1-6) and is given by: 

Af(£l.)=Af(0) "• 
( 4 -

where A/'(0) is the normal density of states at the Fermi surface^. 2Ao is the energy gap 

at r = 0 K separating superconducting states from excited states. It is the minimum 

energy required for the thermal excitation of two quasi-particles, i.e. unpaired electrons, 

which act as normal carriers. 

The binding energy per electron A is a decreasing function of the temperature and 

goes to zero at the critical temperature Tc (fig.1-7). At T = 0 it is proportional to Tc-

Ao = IJ^ksTc 

where kg is the Boltzmann's constant. 

The temperature dependence of the parameter A dominates the thermodynamics of the 

superconductor. Up to ~ A is almost independent of T and the number of quasi-

particles is approximately oc exp{—Ao/kBT), and so is the superconducting specific 

^The electrons involved in the interaction are only those near the surface of the Fermi sphere, within 
an energy of the order of the average Debye phonon energy huio- Those inside the Fermi sphere are 
prevented by the Pauli principle from scattering into any other levels, huio is always much less than 
the Fermi energy ep, typically ftuJo/tp ~ 10""® [Tilley and Tilley (1986)]. 

^Since only the electrons of a narrow shell at the Fermi surface are involved, the normal density of 
states is the constant A/'(0), the density of states in energy at the Fermi surface. That is Af{0)SE is 
the number of electrons levels - neglecting spin - with energy between ep and ep + SE. 
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Fermi level 

Figure 1-6: The density of states as a function of for the superconducting state. At T = OK 
all of the shaded states are occupied. 2A is the energy required to break up a Cooper pair. 

heat Cg of the quasi-particles. As T ^ A begins to decrease and then drops rapidly 

to zero. This rapid drop causes the number of quasi-particles to increase so quickly 

that, even though the minimum energy of the quasi-particles is decreasing, their total 

energy rises just below Tc- This rise in energy is associated with the peak of c, at 

Tc- As the temperature raises above Tc, Cg falls to the normal state value c„, which is 

proportional to T. 
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Figure 1-7: Temperature dependence of the energy gap A (normalised to Aq), as predicted by 
the BCS theory. 

Furthermore, the energy gap falls smoothly to zero as T ^ Tc, so there is no dis-

continuity in the total energy of the electrons. This means that there is no change in 

entropy - and no latent heat - associated with the g # M transition. The BCS micro-

scopic theory gives the combination of absence of latent heat and finite discontinuity 

of the specific heat, characteristic of a second order transition. 

Direct evidence of the energy gap comes from tunnelling experiments [Giaver (1960)]. 
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1.4 The penetration depth 

The perfect diamagnetism expressed by eqn.(1.2) is a volume property. In a supercon-

ductor in the Meissner state the expulsion of the magnetic flux density is not complete. 

The flux density penetrates a surface layer of small but finite thickness, where it induces 

the screening supercurrents that keep the bulk of the specimen free from flux density. 

Within this layer, B rapidly decays from the value Ba at the surface to zero, while the 

magnetisation increases from zero to Ms — —Ha-

The parameter used to characterise this surface layer is the penetration depth A: 

mathematically the penetration of the flux density of the external field Ba into the 

surface of the superconductor can be approximated by assuming that the flux density 

remains constant (= Ba) over the depth A and then abruptly falls to zero. 

Consequently, over a surface layer of thickness A the magnetisation is Mg = 0. In 

terms of condensation energy this means that the assumption of Mg = - H a everywhere, 

has led to overestimate the condensation energy given up to generate the screening 

currents (eqn.1.8) by an amount: 

per unit area (1.15) 

The penetration depth is a function of the temperature and depends also on the 

purity of the specimen, increasing if the electron free path is decreased by impurities or 

strains. The temperature dependence has been experimentally found to fit the relation 

[Schawlow and Devlin (1959)]: 

= ( T ^ ( " Q 

Below t = 0.8, A is nearly independent of T: it has a value A(0) of the order of m 

characteristic of the particular metal (tab. 1.2). Above t = 0.8, A increases rapidly and 

diverges as T approaches 

1.4 .1 T h e L o n d o n p e n e t r a t i o n d e p t h 

F. London and H. London (1935) first derived an expression for the penetration depth, 

known as the London penetration depth (A^): 

This quantity appears in the phenomenological London equation describing the elec-

tromagnetic behaviour of a superconductor: 

V X Jg = X A (1.18) 
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where A is the magnetic vector potential (B = V X A). 

Using Maxwell's equations V X B — /IQJS and V • B = 0, eqn.(1.18) gives the field 

penetration inside the superconductor: 

172 j3 = (1.19) 

In eqn.(1.17) the temperature dependence of the penetration depth is given by the 

superelectrons density ns{T). As the Gorter and Casimir two-fluid model gives n , oc 

the London equation successfully predicts the experimental relation (1.16), giving 

a penetration depth which diverges as T ^ Tc- However the measured values of A(0) 

in pure bulk superconductors exceeds A^fO) by a factor of four to five. Furthermore, 

eqn.(1.17) does not explain the dependence of the penetration depth on the mean free 

path. 

These deviations have been explained by Pippard by introducing the fundamen-

tal concept of superconducting coherence length and by extending the London theory 

accordingly. 

1.4 .2 L o n g - r a n g e order in L o n d o n ' s t h e o r y : 

t h e c o n c e p t of m a c r o s c o p i c w a v e f u n c t i o n 

The basic London equation eqn.(1.18) implies a highly ordered superconducting state 

with regard to the momentum of the superconducting electrons. For a simply connected 

superconductor it becomes: 

Js = r y A (1.20) 

By re-writing eqn.(1.20) in terms of the local mean momentum of the super electrons, 

Pg = mvs + e A, it gives 

p . = 0 (i.&q 

which expresses that there is one current distribution only, w, = — u n i q u e l y de-

termined by the applied field. While the current is very inhomogeneously distributed 

- the electron flow existing only near the surface where B ^ 0 - the momentum Ps is 

constant over the entire specimen. In F. London's own words, "the local mean mo-

mentum Ps tends to establish a long range order, as widespread as possible, within the 

superconductor", "a kind of solidification or condensation" of a number of electrons 

into a lowest momentum state p, = 0. 

Long-range order in momentum space, i.e. phase coherence, demands a wavefunc-

tion tp of the superelectrons widely extended in space, a "quantum structure on a 

macroscopic scale". The Meissner eifect implies that the density of superelectrons 

Mg = is constant, i.e. completely rigid^ under the application of a magnetic field, 

as it represents the same momentum distribution over the whole metal in the presence 

as well as in the absence of a magnetic field. 
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1.5 Pippard coherence length (^p) 

Pippard (1953) proposed a fundamental modification of the London equation, based 

on the concept of coherence length. 

The idea of coherence as "a fundamental property of a superconductor" originated 

from empirical arguments, the strongest of which is the experimental observation of a 

positive surface energy at the boundary between normal and superconducting phases, 

occurring in pure type-I superconductors when a magnetic field is present. 

Pippard (1951) argued that the order parameter >V (= density of superelectrons) 

cannot change abruptly at the interface, otherwise the surface energy would be negative 

and of the order of (eqn.1.15). He suggested that "influences between the 

electronic assembly" must prevent W from changing rapidly with position, making 

substantial changes only possible over a characteristic distance, the coherence length 

^ ~ 10"4 cm. ^ then indicates the spatial rigidity of the superconducting wavefunction 

and can be regarded as a measure of the spatial extent of a transition layer n-s. 

The gradual change of W over the distance ^ at an interface n-s corresponds to a 

reduction of superconducting volume of ^ per unit area, and a loss of condensation 

energy of Therefore the surface energy per unit area at Ha ~ He becomes 

^ H l { ^ - A), positive for ^ > A. 

The surface energy of a boundary n-s will be re-considered is section (1.8), after 

introducing the Ginzburg-Landau theory, which allows its quantitative determination 

in terms of the material parameters A and f . 

Pippard took the view that the same length should come into the electromagnetic 

response of the superconductor. In Pippard's own words "If the long-range order of 

the superconductor is disturbed at some point, for instance by a magnetic field, the 

disturbance will spread over a distance of the order of the coherence length". Pippard 

proposed that Js(r) is determined by the value of A within the coherence range 

from the point r: 

where R = r - r ' [Pippard (1953)]. 

^p, the Pippard coherence length is given by: 

where is called the intrinsic coherence lengthy a constant of the pure metal and 

~ 10~® m (see tab.1.2), and I is the electronic mean free path. 

It is important to distinguish between the coherence length for the surface energy 

and the coherence length for the electromagnetic response ^p. As will be evident 
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from the Ginzburg-Landau theory, ^ = ^(T) has the same temperature dependence of 

A(r), while is independent of the temperature. The two coincide only at T=0 K. 

An estimate of the magnitude of can be obtained from the uncertainty principle 

[Faber and Pippard (1955)]. is essentially the spatial definition of the wavefunction 

of the superelectrons at T=0 K, and must be related to their range of momentum by 

^0 ~ h/Ap. As the electrons involved in the superconducting condensation are those 

within a distance ksTc of the Fermi surface, Ap ~ and 

where u ^ i s the Fermi velocity. 

Eqn.(1.23) shows an important property of ^p, that is its dependence on the purity 

of the metal via I. The electron mean free path can be very short in very impure 

specimens, and ^p considerably reduced from ^o- In particular 

f fo for the pure material (clean limit) 

( ^ 4 ' f o r , limit) 

The penetration depth A can be valued from Eqn.(1.22) in two limiting cases [Lynton 

(ISH&Z)]: 

(i) <C A (London limit): 

Eqn.(1.22) reduces to the local London equation (1.20) with 

= > Mirtv Umiti A = ( — j = > (dirty limit) XL ( ^ y j (1.26) 

which correctly gives the increase of A as / decreases, 

(ii) f p > A (Pippard limit): 

A (1.27) 

Pure metals usually satisfy Pippard's limit and eqn.(1.27) gives the correct screening 

length, which is greater than A^. For a pure superconductor, ^p ~ 10~® m. Experi-

mental values of and A for type-I superconductors are given in table (1.2), together 

with the London's value XL and its modification as from eqn.(1.27). 

Two final considerations about pure metals. The first follows from the independence 

of ^p from T. As T —̂  Tc, A —oo, while ^p stays the same; so near Tc even a pure 

superconductor falls in the London limit. Secondly the addition of impurities (/ —> 0) 

can drive a metal in the London limit, as first observed by Shubnikov et al. (1937). 
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Element ^0 
(nm) 

AL 
(nm) 

^theory 
(nm) 

^exp 
(nm) 4o 

Al 1200 - 1600 16 48 50 0.03 
Cd 760 110 136 130 0.17 
In 330 64 
Nb 350 - 380 39 (24) 44 1.1 
Pb 80 - 83 37 32 39 0.45 
Sn 230 - 260 35 48 51 0.22 

Table 1.2: Intrinsic Pippard coherence length (o, London penetration depth Xi, theoretical 
penetration depth Xtheory given by eqn.(1.27) and its experimental value Xexp, and their ratio 
for superconducting elements [From Kittel (1986), McClintock et al. (1984), Deutscher (1992) 
and Rose-Innes and Rhoderick (1978)]. 

1.6 Coherence in the Ginzburg-Landau theory 

Ginzburg and Landau (1950) introduced the coherence length in the context of their 

phenomenological treatment of the superconducting phase transition at Tc as a second-

order phase transition. 

The GL theory is an extension of the general Landau-Lifshitz theory of second-order 

phase transitions [see for example Landau and Lifshitz (1980)], based on the idea that 

a phase transition can be regarded as going from an ordered to a disordered phase. The 

transition can be characterised by an order parameter and by a simple postulated form 

for the dependence of the free energy on the order parameter. The crucial assumption in 

the GL theory is that for a superconductor the order parameter must be identified with 

the macroscopic wavefunction ijj of the superconducting electrons. This assumption 

makes the order parameter complex and a function of the position. 

1.6 .1 GL a s s u m p t i o n s 

The first assumption of the GL theory is that the superconducting electrons condensate 

can be described by a single macroscopic wavefunction ^ = |^ | In quantum 

mechanics the wavefunction describes both the density and the momentum ps of the 

superelectrons condensate: 

< = IV'Î  

Ps = m*Vs = - e*A{r) 
(1.28) 

where the * indicates effective quantities; the BCS theory gives m* = 2m, e* = 2e and 

n* = ns/2 because of pairing. 

For the superconducting phase, the natural choice of the order parameter is |^ | , 

finite in the ordered low-temperature phase and vanishing as T —>• Tc. is normalised 

by the condition = n* = ns/2. 

The second assumption, in accordance with the original Landau-Lifshitz theory, is 
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that the Gibbs free energy density of the superconductor can be expanded in power 

series of the order parameter for temperatures near Tc-

The original theory assumes a homogeneous and isotropic superconductor with no 

external field; the order parameter is constant over the material and the free energy G 

is written as: 

G X r , 0) = G X r , 0) + a|V|" + + . . . (1.29) 

The Landau theory is concerned with the temperature region near Tc in which the 

order parameter is small, so that it is sufficient to retain only the first two terms of 

the expansion. Odd powers of ip are excluded because of the invariance of physical 

quantities under a transformation of the complex order parameter ip —> The 

two coefficients OL and {3 are T-dependent, since the equilibrium values of and G are 

functions of T. The Landau theory assumes they can be expanded in powers of T -

in such a way to fit the experimental temperature dependence of the condensation 

energy 

The equilibrium state in zero magnetic field, |^o|^, corresponds to a minimum in 

G, = 0 and > 0: 

a + /3|^P = 0 and (3(T) > 0 

with solution 

= (1.30) 

In the immediate vicinity of Tc the simple form for the coefficients a and /? can be 

assumed: 

^Cr) = f'(TL) = ^ ' 

where a and /? are positive constants so that —a/[5 is negative for T > Tc and positive 

for T < Tc- This ensures |^oP = 0 to be the only solution for T > Tc (IV'P being 

positive by definition), whereas |^o|^ is finite for T < Tc 

The value of G at the minimum, Gmin, is obtained by substituting |^o|^ in eqn.(L29): 

r = , f o r r > r , 

* G „ ( r . o ) - f i ( r . - r ) 2 f o r r < r , * ' ' 

On the other hand, the condensation energy is also equal to ^fj,oH^{T) (eqn.1.7); 
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the critical field is then expressed as: 

== - :rc)2 
Ak) P 

Near Tc, He is observed to vary linearly with {Tc — T), so that the correctness of (1.34) 

justifies the postulated temperature dependences for a and (eqn.1.31). 

In its original form (1.29) Landau's theory applies only to uniform materials, with 

an order parameter constant over the sample (rigid n^). For a superconductor this is a 

valid approximation only at zero or low magnetic field, in the Meissner state. In general 

^ is a function of position, which means that the order parameter of a superconductor 

varies in space. 

1 .6 .2 GL e q u a t i o n s 

To account for the spatial variation of the order parameter, the GL theory proposes 

(i) to regard equation (1.29) as an expression for the free energy density g at the point 

r which, integrated over the volume of the specimen F , gives the total free energy; 

and (ii) to add an extra kinetic energy term to g proportional to | V ^ p . This gradient 

explicitly makes ip not completely rigid in the presence of a magnetic field Ha-

The Gibbs free energy of a non-uniform superconductor is then: 

(1.35) 

with the free energy density re-written as: 

gX?", 0) = 0) + alV;!" + (1.36) 

The temperature dependence of the parameters a and (3 remains that of the Landau 

theory (1.31). 

In order to treat the superconductor in a magnetic field Ha ~ He, the free energy 

density must be increased by the usual volume term ^ H ^ , and the kinetic energy term 

modified with the usual replacement —iliV —ihV — e*A: 

gs{T, Ha) = gniT,0) + a\i/:\'^ + + -—- ( — iUV — e * + ^ H ^ (1.37) 
2 2m 2 

The free energy G is now a function of t/'* (or | ^ | and y) and A. The two GL 

equations are obtained by applying to G the Euler-Lagrange variational procedure for 

minimisation® [see for example Kittel (1986) or Tilley (1986)]. 

In the original GL theory the Helmholtz free energy F is minimised. However the same equations 
for V' and for the supercurrent are obtained when either F or G is used. The Helmholtz free energy 
density / ( r ) differs from the Gibbs density g{r) by Hq • B = Ho • V x A; when minimising with respect 
to A, this contributes to the second GL equation with a term V x Ha, zero inside the superconductor 
[Tilley (1986)]. 
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Since ^ is complex, G can be minimised with respect to either ^ or (the resulting 

equations are simply the complex conjugate of one another). The minimisation of Gg 

with respect to the variation of if)*, 6Gs{Ha) = Sip* = 0, gives: 

/ (fy + ( - z 7 i V - e * A ) ^ . ( z W - e * A ) 
Jv 2m* 

= 0 (1.38) 

After integration per parts, and using the gauge V • A = 0, eqn.(1.38) becomes 

1 
aijj + I3\il)\ ip + -—-{—ihV — e*A) ip 

with the boundary condition at the surface of the specimen^ 

(1.39) 

n • {—ihV — = 0 (1.40) 

Numerical methods are needed to find the minimum for 5G (eqn.1.39) with respect 

to any Sip*. For a local treatment, the GL theory assumes that SG = 0 if the integrand 

Sg = 0: 

(1.4^ a + + ^ ( - * W - e*A)^l lA = 0 

This is the first GL equation governing the spatial variation of the order parameter; it 

resembles a Schrodinger equation for ip. 

The minimisation of the variation of Gs{Ha) with respect to J A, combined with 

Maxwell's equation V x V x A = V x B — /ioJs and the gauge V • A = 0, gives: 

V^A = (1.42) 

with 

2m* 

„*2 

m 
|'0|^A (1.43) 

This is the second GL equation which represents the standard quantum mechanical 

description of the superconducting current. It is a local expression of the London type, 

in which the supercurrent Js(r) is given by the values of Wip and A at the point r. 

Using the identity ^{ipVip* — ip*Vip) = |^ |^Vy, Eqn.(1.43) can also be written as: 

Jg = — A V ( f - e * A 
m* 

(1.4^ 

^Eqn.(1.39) comprises also a surface integral 

1 
2m' 

/ dg<;^'n .(-,AV-e'A),/, 
J s 

In the standard calculus of variations procedure, boundary conditions make this integral zero; the 
variation is carried out with the additional condition that at the surface ip = 0 (and therefore Sip* = 0 ) . 
However, Ginzburg and Landau note that this condition would be incorrect at the boundary of a thin 
slab. Given the arbitrariness of Stp*, GL theory takes (1.40) as the "natural boundary condition" at 
the boundaries with vacuum, with no additional constraints imposed on tp-
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The two GL equations govern the spatial variation of tjj and A at equilibrium, 

given a, /3 and particular boundary conditions. The condition (1.40) is correct at 

the boundary with an insulating surface. At a superconductor-normal metal interface, 

the wavefunction penetrates some distance into the normal metal, and because of this 

proximity effect eqn.(1.40) must be modified 

1.6 .3 P h a s e c o h e r e n c e 

In general both amplitude and phase of ij) will vary in space, but it is primarily the 

spatial variation of the phase y that underlies the essential feature of superconductivity. 

In cooling the specimen in zero field (A = 0 and Jg = 0 in eqn.1.44): 

V y = 0 

As the superconducting state is reached, the phase of the wavefunction becomes macro-

scopically correlated, taking the same value at any position inside the specimen. 

In terms of the microscopic BCS theory, as electron pairing occurs at T — Tc a, 

long range phase coherence between pairs is established at the same time. 

Such macroscopic correlation, first referred to as long range order by F. London 

(sec. 1.4.2), plays an essential role in superconductivity. In the next sections the dif-

ferent ways the two classes of superconductor, type-I and type-II, show this phase 

coherence will be discussed. Type-I materials show this long-range order via the com-

plete expulsion of the magnetic flux density B from their interior, that is the Meissner 

state; this rigidity against external magnetic fields is however limited to very low fields, 

~ 0.1 T, above which penetration of B takes place destroying phase coherence and 

superconductivity. Type-II materials, on the other hand, while realising the Meissner 

state up to a lower critical field, are able to maintain the long-range phase coherence 

at higher fields by allowing the penetration of the magnetic flux B in a discrete way, as 

an ordered lattice of quantised flux lines. As long as this lattice is ordered and rigid, 

phase coherence is preserved; conversely, motion of the flux lines is associated with the 

disruption of the long range coherence and the appearance of resistance. 

1.6 .4 L o n d o n p e n e t r a t i o n d e p t h 

The second GL equation reduces to the London equation 1.18 in weak fields, where ^ 

remains practically constant (i.e. completely rigid) and — n* constant. Taking the 

operation V x of both sides of eqn.(1.44) and noting that V X (Vy) — 0: 

V x J B = M ^ V x A (1.45) 

®In fact {—ihV — e*A)rp is no longer zero in the direction perpendicular to the surface, but can be 
expressed as ( i /6)^ with b real constant [Ginsberg (1992)]. 

26 



that is, the London's equation. This gives for the penetration depth: 

( Tn* \ 

where the density of the superelectrons given by eqns.(1.30) or (1.32) 

< = - r ) 

gives for the T-dependence of A: 

A(T) oc (1 - t)-^/^ 

Near Tc, where the GL theory holds, this temperature dependence is in agreement with 

the empirical relation (1.16). In fact, (1 - = (1 + i^)~^/^(l + 

and for f % 1 the dependence on t is dominated by the singularity given by the last 

term. 

1.6.5 T - d e p e n d e n t c o h e r e n c e l e n g t h 

The concept of coherence length, as the quantity governing the spatial variation of the 

order parameter, is inherent in the first GL equation (1.41). In the absence of magnetic 

field (A = 0), the expansion (1.41) around Tc - where ip is small so that the terms in 

can be ignored - gives . : 

aV + = 0 (1.47) 

or: 

^7^4^== (1-48) 

with: 

= y z m ' . K ^ r ) (''491 

This is the T-dependent coherence length. A general property of all second-order phase 

transitions is a coherence length that diverges at the transition. 

In 1 dimension eqn.(1.48) gives a wave-like solution in the form 

1.6 .6 T h e GL p a r a m e t e r k 

The Independent coherence length ^{T) has the same T-dependence as the penetration 

depth \{T). Ginzburg and Landau introduced the dimensionless parameter n defined 

by 
A(r) 
( (T) 

(1.50) 
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which can be expressed in terms of observable quantities 

K = A2(r) (1.51) 

K is T-independent and characteristic of the material. It is a very important parameter 

which introduces the difference between the two type of superconductors. 

1.6 .7 C lean and d ir ty l i m i t s 

The GL theory relates ^{t) to the intrinsic coherence length (1.23) and X{t) to the 

London penetration depth Al(0) (1.17) in the two limits [Lynton (1962) and Tilley and 

Tilley (1986)]: 

clean limit (^o < 0 {(() = 0 . 7 4 & ( j i j ) ' " 

. K = 0.96AL(0)/^O 

(1.52) 

dirty limit (^o I) < 

m = ^ 

0.85 ^(t) — u . u u 

K = 0.715Ay,(0)/Z 

io 

1/2 

1/2 

(1.53) 

For a pure specimen, ^(T = 0) = ^o- As impurity increases ^ decreases. In the dirty 

limit ^(T = 0) ~ (^oO^- V" becomes more "flexible" as impurity is added. 

A useful approximation for n in the dirty limit is given by Goodman (1962): 

K = Ko + 2.4 X l O ^ p ^ (1.54) 

where kq is the value for the pure metal, p is the resistivity of the normal state in Om 

and 7 is the Sommerfeld coefficient of the electronic specific heat per unit volume in 

Jm~^deg~^. 

1.6 .8 Val id i ty of t h e GL t h e o r y 

The GL theory provides a system of equations which describe the superconductor in a 

magnetic field in the temperature range near the transition point. 

The two GL equations are valid in both weak and strong fields and, although derived 

for temperature T close to Tc, most of the results remain qualitatively correct at all T < 

Tc (for example the flux line lattice concept, section 1.11). The range of applicability 

of the GL theory at low temperatures is limited by the condition Tc — T where 

the order parameter can be regarded as small. 

^/2'n 
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The GL theory has been rigorously confirmed and derived from the microscopic 

theory by Gor'kov (1950) in the Ginzburg-Landau-Abrikosov-Gorkov {GLAG) theory. 

1.7 Quantisation of the magnetic flux 

Quantisation of the flux penetrating a superconductor follows directly from the exis-

tence of a macroscopic wavefunction. 

The wavefunction ip = must be single-valued at any point inside the super-

conductor. Therefore the phase y can only change by integer multiples of 27r along any 

closed path C inside the superconductor: 

V y • dl = n27r (1.55) 
c 

where dl is the element of integration. 

If an insulated superconductor is threaded by a normal region with flux B, the 

supercurrent is only present at the surface. So, on an integration path away from 

surfaces - in the superconducting regions where = 0 (fig. 1-8) - the second GL 

equation (1.44) gives V y = ^ A . Eqn.(1.55) then becomes: 

^ ® A • dl = n27r 

Figure 1-8: Superconductor with a hole in it (for example a normal region). The path around 
the hole C lays in the superconducting region. 

Applying Stokes's theorem A • dl = f^V X AdS and B = V x A: 

j ^ B . d S = $ (B) = » ^ (1.56) 

which indicates that the magnetic flux # (B) in normal regions is multiples of the flux 

quantum 
A 
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As a direct consequence of the BCS theory (e* = 2e): 

$0 = A = 2.07 X (1.57) 

1.8 Surface energy 

The GL theory leads explicitly to the existence of a surface energy of the boundary 

between superconducting and normal domains, which arises from the gradual variation 

of the order parameter over the distance ({T), from zero in the normal domain to its 

full equilibrium value in the superconducting domain. 

The loss in condensation energy, in the region where i/j is changing, is approximately 

given by 

^H^{T)^{T) per unit area (1.58) 

essentially due to a reduction of superconducting volume by an amount ${T)x unit 

area. On the other hand, the flux penetration in the layer A gives a gain in condensation 

energy as already described in section (1.4): 

per unit area (1.59) 

From this argument the boundary energy per unit surface in a field Ha < H^ is 

approximately given by: 

(tnaCz:, T f . ) - A(:r)j?2] (i.eo) 

At Ha = He it is customary to write the boundary energy per unit surface as [Pippard 

(1953)]: 

o,n,(r, ffc) 

with 

A = ((T) - A(r) (1.61) 

The characteristic length A is called the wall parameter. 

As an important consequence of eqn.(1.61) it can be seen that the surface energy 

can be positive or negative, depending on which of the two lengths ^(T) or \{T) is 

larger and, hence, on the magnitude of the GL parameter K (fig. 1-9). 

The exact results obtained from the GL theory are as follow: 

ans = 0 for K = 1/^/2 

0 for K <C l / \ / 5 (1.62) 

On, < 0 for K > 1 /V^ 
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normal type-I superconductor 

2 , » X 

normal type-II superconductor 

Figure 1-9: Interface of superconducting and normal regions for type-I and type-II supercon-
ductors. The ratio \{T)/^{T) determines whether the surface energy is positive (type-I) or 
negative (type-II). 
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1.9 Type-I and type-II superconductors 

The sign of ans has considerable influence on the properties of superconductors, as first 

proposed by Abrikosov (1957). 

Superconductors with k < l / \ / 2 have a positive otns- They are stable against 

normal domain formation and remain in the Meissner state up to the thermodynamic 

critical field He defined by eqn.(1.5). Such superconductors are classified as type-I. 

For superconductors with n > l / \ / 2 , the surface energy becomes negative above a 

lower critical field Hd, so that it becomes energetically favourable to form boundaries. 

Superconductivity persists up to an upper critical field Hc2- Such superconductors 

are classified as type-II. For Hd < Ha < i?c2 a type-II superconductor is said to be 

in a mixed or Shubnikov state, in which the magnetic field gradually penetrates into 

the specimen in the form of magnetic flux lines, each carrying one flux quantum $o 

(eqn.1.57). 

As will later be discussed (section 1.11.3), the transition at Hc2 is a second order 

transition. It is a new kind of reversible magnetic behaviour, as first suggested by 

measurements by Shubnikov et al. (1937). The reversible type-II magnetisation curve 

and phase diagram as predicted by Abrikosov theory are shown in figures (1-10) and 

(1-15) respectively. 

B M 

#cl HC2 

H cl H c2 

Figure 1-10: Reversible type-II magnetisation curve. For small Ha < H d , the Meissner effect 
is observed. As Ha is increased above Hd the magnetic flux gradually penetrates the sample 
in the form of flux lines, each containing a flux quanta $o- As Ha approaches Hc2 flux lines 
crowd close together and start to overlap appreciably. At Hc2 the sample makes a second-order 
transition into the normal state, except for a thin region near the surface, the so-called surface 
sheath, which becomes normal at a higher field Hcz [Saint-James and de Gennes (1963)]. 
The thermodynamic critical fleld He is identifled by the condition that the area enclosed by the 
type-II magnetisation curve equals the area enclosed by a type-I curve (dashed line), as both 
give the condensation energy of the superconductor. 

In general, pure metals - lead, indium and tin - are type-I superconductors. Nio-
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bium and alloys and impure materials are type-II superconductors. The high-Tc oxide 

superconductors are of extreme type-II, with large values of n (up to several hundred). 

Magnetic field structures inside type-I and type-II superconductors differ substan-

tially. In type-I, flux penetration takes place only in geometries with demagnetization 

factor D > 0, and the flux structure is macroscopic (section 1.10). 

In type-II superconductors flux penetration takes place in a very different way, inde-

pendently from demagnetization effects, whose only effect is to lower the upper critical 

field Hc2- The magnetic structure is that of a regular lattice, on microscopic scale 

(section 1.11). 

1.10 Magnetic flux structure in the type-I: 

the intermediate state 

Complete Meissner effect in type-I superconductors only takes place in the absence of 

demagnetization effects, when the superconductor's dimensions perpendicular to Ha are 

small. For a general shape with a demagnetization factor D > 0, flux expulsion leads 

to a magnetic field enhancement at the edges of the superconductor. As a consequence 

the field at the edge. He, is given by 

"• = ( T ^ « < " < 1 

For a sphere, D ~ 1/3. For a plate, D = 0 when the field is parallel to its surface and 

Z? ~ 1 when the field is perpendicular to it. For a wire, D = 0 in a field parallel to its 

axis and ~ 1/2 in a perpendicular field. 

The complete Meissner effect is then restricted to fields Ha < Hc{l — D). For 

fields Hc{l — D) < Ha < He flux penetration becomes energetically favourable, and 

the type-I superconductor is said to be in the intermediate state. This can be thought 

of as consisting of alternating superconducting and normal layers in which 5 = 0 and 

B — jioHc respectively. As the surface energy is positive, the normal layers tend 

to be as short as possible. 

Experimental observations of the intermediate state in plates with D ~ 1, have 

shown that the structure of the normal domains is both laminar and tubular (fig.l-

11). The normal and superconducting regions are of macroscopic size. Both kind of 

superconducting domains, lamellae and flux tubes, contain numerous flux quanta. 

The problem of the plate in a perpendicular field has been treated by Landau under 

the assumption of laminar domains. He has found that the ratio of the thickness of the 
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superconducting regions, Xg, to the thickness of the plate, (f, is: 

where A is the wall parameter of eqn.(1.61). This relation shows that the size of 

the normal domains depends both on d and Ha- As an example, for lead and tin 

A = 5 X 10"^ cm [Rose-Innes and Rhoderick (1978)]. So for a plate with d=l cm in a 

field Ha — He, the thickness of the superconducting regions is Xg ~ 10"^ cm, while in 

a field ~ ^ H c Xg ~ 10"^ cm. 

With d 0, Zg decreases. Eventually below a crucial thickness of the specimen 

film, the normal domains are reduced to single flux quanta and the material behaves 

like type-II. 

1.11 Magnetic flux structure in homogeneous type-II: 

the mixed or Shuhnikov state 

In the mixed or Shubnikov state, H d < Ha < Hc2, magnetic flux penetrates the 

superconductor in the form of flux lines, each carrying one quantum of magnetic flux 

$0 (eqn.1.57). Flux lines are microscopic current vortices that arrange to a regular 

lattice, the flux line lattice {FLL). The existence of a FLL was first predicted by 

Abrikosov (1957). 

Abrikosov considered an homogeneous, isotropic and defect-free superconductor, 

with an essentially 2D geometry (demagnetization factorD = 0) described by Cartesian 

coordinates (x,y,z) with z along the applied field. He found that the GL equations had 

periodic solutions y) and B{x,y). Abrikosov interpreted this solution as a FLL, 

with the zeros of ^ and the maxima of B defining the flux line centres (fig.1-13), where 

each flux line carries one quantum #o-

Abrikosov initially postulated a square lattice; later Kleiner et al. (1964) and Ma-

tricon (1964) showed that a triangular lattice has a lower free energy. The spacing of 

the triangular FLL, ao, is therefore defined by the average magnetic induction: 

For example, in niobium at T=A.2 K, B < /^o^c2=0.39 T, which gives ao > 0.08 /xm. 

A lattice of single flux quanta, is a solution with lower energy than a lattice of 

flux lines that carry more flux, # = n$o with n integer > 1 (n = 1 in fact gives the 

maximum number of boundaries). Furthermore, any distorted FLL in an homogeneous 

medium has a higher energy than the perfect lattice. In an inhomogeneous media with 

spatially varying material parameters A and spontaneous distortions of the FFL 

will occur. 
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Figure 1-11: Intermediate state in an A1 plate 0.47cm thick in a magnetic field H = 0.65ifc 
perpendicular to its surface and at T = 0.927^. The plate was dusted with superconducting tin 
powder, which tends to accumulate in the regions of low H, i.e. adjacent to the superconducting 
regions of aluminium (the dark lines). 
[After Faber (1958). Reprinted from "Introduction to Superconductivity", 2nd ed. by Rose-
Innes & Roderick, Pergamon Press 1978, by permission of Buttherworth Heinemann Publishers, 
a division of Reed Educational & Professional Publishing Ltd.] 
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^ • ' . • i t 4 f 

t " V n # * # V % 
f ^ 4 * # *% # # # " • : 

. ^ • V s -
J ' t • 

Figure 1-12: Triangular lattice of flux lines on the surface of a type-II superconductor (Pb96ln4) 
in the mixed state at T = 1.1 K. The pattern is the result of the deposition of small ferromag-
netic particles of cobalt (black dots) on the surface of the specimen, observed in an electron 
microscope. 
[Reprinted from Physics Letters, 24A, U. Essmann and H. Traiible, "The direct observation of 
Individual Flux Lines in Type-II Superconductors", pages 526-7, 1967, with permission from 
Elsevier Science.! 
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The triangular FLL has been demonstrated by Essmann and Tra-uble (1967) using 

the Bitter decoration technique [Tratible and Essmann (1966)] and it is shown in fig.(l-

12). In high fields close to Hc2, however, the square lattice becomes more stable, as 

suggested by Kramer (1966) and experimentally confirmed by Obst (1969). 

All flux quantisation experiments measure flux quantisation in terms of the pair-

charge e* = 2e, revealing that superconductivity is due to electron pairing. 

v'i-. 

Figure 1-13: Abrikosov flux line lattice: profile of the superconducting order parameter 
and of the flux density B along a line connecting neighbouring vortices in a pure specimen 
subject to an applied field just greater than Hd- The superconducting wave function ip = 
has a vortex line for each quantised flux line: the amplitude |^| vanishes at the centre of each 
vortex line while the phase y changes by 27r in encircling it. 
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1.11 .1 S t r u c t u r e of a flux l ine 

The structure of an isolated flux line carrying a single flux quantum is shown in fig.(l-

14). In the centre of the flux line the order parameter (= n,) is zero, the depression 

of the order parameter extending for a distance The local magnetic flux density 

h [B = y JybdV) reaches a maximum value (~ Hd) at the centre and vanishes 

exponentially over a radius ~ A. 

A flux line can be visualised as a tube of normal phase with radius embedded 

in the superconducting phase. The density of the circular supercurrent generating the 

field h(z), reaches its maximum near the radius A and vanishes in the normal core. 

Since flux lines are generated by circular supercurrents they are also called vortex lines 

or Ahrikosov vortices. 

(a) 

X 

(C) 

Figure 1-14: Structure of an isolated flux line: (a) \ip\'̂  or density of the superelectrons; (b) 
magnetic flux density; (c) supercurrent density. 
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1 .11 .2 He, Hci and Hc2; t h e FLL at low and h igh induc t ions . 

For a type-1 superconductor the critical field He is given by (eqn.1.3) 

Hr —{dn — gs) 

where — 9s) is the condensation energy density in the absence of an applied field, 

given by the area of the magnetisation curve f M dHa- This equation can equally apply 

to type-II superconductors as, in the absence of field, there must be a characteristic 

energy difference between the normal and superconducting state. is a measure 

of the condensation energy and is called the thermodynamic critical field-, it can be 

numerically determined as shown in fig. (1-10). 

The local magnetic flux density b inside a type-II superconductor can be regarded 

as a vector superimposition of individual tube-like magnetic flux contributions carried 

by the vortices. Using this mean-field, Abrikosov has obtained the solution of the GL 

equation in the two limits of low and high field. 

In the low field limit the FLL consists of individual vortex lines with well separated 

cores and negligible interaction with each other. The vortex fields superimpose linearly. 

The average magnetic induction is then related to the local vortex density n (number 

of vortices per unit area) via B — This limit is only realised at fields slightly 

larger than Hd, where the flux density is sufficiently small {B < 0.25/j,oHc2, and for 

not too small values of k > 1.4 [Brandt (1992)]). Abrikosov finds for XL{T) > ^{T): 

He Ai 
I y ) - 0.27 (1.64) 

An estimate of the value of H d can be derived from reconsidering the contribution of 

a flux line to the "bulk" free energy density of the superconductor. The appearance of 

the normal core with radius ^ results in a local increase of the free energy of x 

per unit length, while the presence of magnetic flux over A results in a local decrease of 

ttA^ x per unit length. As A > ^, the mixed state is energetically favoured when 

Ha exceeds ~ jHc, i.e:. 

Hci ~ —He (1.65) 

At low flux densities, the flux lines interact with each other by a repulsive pair 

potential. The repulsive force between two parallel lines decreases exponentially with 

the distance [Goodman (1964)]. This sharp decay leads to an initially rapid penetration 

of the flux for Ha just larger than H d • 

As the field increases, penetration increases and the superconducting region be-

comes comparatively smaller while the normal core stays the same. For most type-II 

superconductors of interest, such as NbTi, NbsSn and the high-Tc superconductors, 

there is a wide range of magnetic induction for which the spacing between vortices is 
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•C A. The resulting flux density b is then nearly uniform, except for local maxima on 

the vortex axes and shallow minima between vortices. 

At HC2 the flux lines coalesce and the whole specimen becomes normal. The value of 

Hc2 can be derived by noting that at this field there is still a flux quantum #o associated 

with each flux line (of cross-section Expressing the uniform b as fJ,oHc2 

jJLoHc2TT^'^ = #0 

At absolute zero 

^ c 2 ( r = 0) (1.66) 
= 0) 

This relation enables estimation of the coherence length ^ from the measurement of the 

upper critical field. As an example, for NbsSn HoHc2 = 20 T; and eqn.(1.66) gives ^ ~ 6 

10~® m = 6 nm. In the dirty limit ^ ~ (^oO^i so by making I small via introduction of 

impurities, the upper critical field can be made high. 

Abrikosov's derivation of Hc2 within the GL theory (without needing to specify the 

structure of the mixed state) gives: 

c2 V2kHC (1.67) 

which has the property that Hc2 = He when K = 1/^/2. 

Eqn.(1.67) indicates that materials with a high K require strong fields to be driven 

normal. The values of HQHC in type-I superconductors are very low, < 0.1 T, while 

in type-II superconductors they can be very high, ranging from ~10 T for the ductile 

alloys with short mean free paths, and up to ~100 T for the high-Tc cuprates [Ginsberg 

(1992)]. The materials used in large-scale technology are therefore type-II. Examples 

are shown in tables (1.3) and (2.2), for low-Tc and h i g h - T c materials respectively. 

material r X K ) K 
IIqHc or iiqHc2 (T) 

(at 4.2 K) 

type-I Pb 7.2 0.4 0.055 

type-II 
Mos-Re 10 4 0.8 

type-II Tig-Nb 9 20 10 type-II 
N b a S n 18 34 20 

Table 1.3: Values of 7^, K and Hc2 for some type-II superconductors compared to lead 
(type-I). For type-I, Hc2 reduces to He [Rose-Innes and Rhoderick (1978)]. 

The phase diagram constructed from the mean-field theory of Abrikosov is shown 

in fig.(1-15). The dependence of the critical fields H d and Hc2 on the temperature is 

approximately proportional to (1—f^). Over the decades, this mean-field phase diagram 

has proven to accurately describe the phenomenological behaviour of all the classical 

l o w - T c superconductors. Fig. (1-16) shows the experimental temperature dependence of 

Hc2 for various type-II alloys. 
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Figure 1-15: Phase diagram of type-II superconductors. Type-II behaviour changes gradually 
from purely superconducting at Hd to purely normal at Hc2- The lower critical-field line, 
Hci{T), separates the Meissner-Ochsenfeld phase (complete flux exclusion) from the mixed or 
Shubnikov phase (magnetic field penetration in the form of quantised flux lines). This phase, 
in turn, is separated by the upper critical field line, Hc^iT), from the normal metallic phase. 

e 10 12 14 16 18 20 

Nb79(Al73 6627)21 

Figure 1-16: Hc2 as a function of temperature for various type-II high-critical field alloys. 
[Reprinted from Physics Letters, 31A, S. Foner, E.J. McNiff Jr., B.T. Matthias, T.H. Geballe, 
R.H. Willens and E. Corenzwit, "Upper Critical Fields of High-Temperature Superconducting 
Nbi_j^(Ali_j,Gej;) and NbsAl: Measurements of Hc2 > 400 KG at 4.2 K", pages 349-50, 1970, 
with permission from Elsevier Science.] 
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1 .11 .3 S e c o n d order phase t rans i t i ons in t y p e - I I 

According to the Abrikosov model of reversible type-II superconductors, the magneti-

sation curve at Hc\ has an infinite slope, as shown in fig. (1-10). The entropy is contin-

uous, but has an infinite T-derivative in the mixed state [see for example Rose-Innes 

and Rhoderick (1978)]. The continuity of the entropy means that the transition at 

Ha = Hci is accomplished without any latent heat, i.e. a second order phase transi-

tion. It is a "A-type" transition [see Pippard (1974)], as there is an infinite discontinuity 

in the specific heat. 

Abrikosov theory predicts a second order transition to the normal state at Ha = Hc2, 

which reflects the continuous reduction of the order parameter to zero determined by 

the magnetic field (fig. 1-17). Whereas the magnetisation of a type-I bulk superconduc-

tor drops discontinuously to zero at He, the magnetisation of a type-II superconductor 

approaches zero continuously as Ha -> i^c2- This means that the supercurrent as-

sociated with magnetisation Jg = V x M approaches zero continuously, and with it 

the superconducting wave function ^ (second GL equation 1.44, as shown in fig. 1-17). 

Hence the transition at Ha = - as the specimen is heated - is of the second order, 

with a finite drop of the specific heat. 

Experimental measurements of the specific heat for niobium are shown in fig. (1-18), 

where the specimen is heated in a constant magnetic field. The temperature Ti marks 

the transition from superconducting to mixed state, at which point the specific heat 

manifests a sharp peak consistent with a "A-type" specific heat anomaly. At T2, the 

metal passes from the mixed to normal state, with a sudden drop in the specific heat, 

similar to that observed in type-I superconductors in zero magnetic field. 

1.12 Reversibility in type-II 

In a homogeneous superconductor, not subject to an applied current, Abrikosov theory 

calculates states of thermodynamic equilibrium. At each point of the magnetisation 

curve (fig.1-10) the flux lines have rearranged themselves as to be in equilibrium with 

the applied field. The equilibrium distribution is determined by a balance between the 

applied magnetic field, which acts to drive vortices into the material, and the repulsive 

interaction between vortices, which acts to keep them apart. The combination of these 

two effects lead to a lattice of uniform density. 

The reversibility of the magnetisation curve of homogeneous alloys has been exper-

imentally confirmed [Livingston (1963)]. 

A reversible magnetisation demands free movement of the flow lines through the 

specimen. If the movement of the flux lines is impeded, they will not reach equilibrium; 

the lattice will not be uniform and the magnetisation curve will be irreversible. 
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Figure 1-17: Variation of \ip\ with Ha in a type-I superconductor (broken line) and in a 
type-II superconductor (full line) [see for example Tilley and Tilley (1986)]. 
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Figure 1-18: Specific heat of Nb, measured in the presence of a constant magnetic field. 
[Reprinted from "Introduction to Superconductivity", 2nd ed. by Rose-Innes & Roderick, 
Pergamon Press 1978, by permission of Buttherworth Heinemann Publishers, a division of 
Reed Educational & Professional Publishing Ltd.] 
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1.13 Irreversibility in type-II: the critical state 

Irreversibility in inhomogeneous type-II superconductors is attributed to the pinning 

of the flux lines by metallurgical defects, such as impurities or dislocations. 

These defects determine a local depression of the Gibbs free energy of the vortex line. 

The flux line will then find it energetically favourable to sit in a region of diminished 

superconductivity, as the normal core is ready-made and no condensation energy has to 

be given up to create it. The pinning force, associated with this potential well, prevents 

the normal cores from moving freely inside the specimen. It only takes a few lines to 

be pinned in this way. The magnetic interactions between the vortices confers to the 

FLL a certain rigidity so that the whole lattice is immobilised. 

As a consequence of pinning, H d is not clearly defined by a sudden flux penetration: 

on increasing the magnetic field from zero the cores formed at the surface are hindered 

from moving into the interior. Similarly, on reducing the magnetic field from values 

> HC2, there is hysteresis because some of the cores are pinned and cannot escape, 

leading to a magnetic flux permanently trapped inside the specimen (fig.1-19). 

B 

0 H. 

Figure 1-19: Irreversible type-II magnetisation curve, showing hysteresis i.e. permanently 
trapped flux. The specimen can then be left paramagnetic, B > rather than diamagnetic. 

Evidence that pinning is due to metallurgical imperfections is provided by exper-

imental magnetisation curves [Livingston (1963)], which show that the degree of irre-

versibility decreases upon annealing (fig. 1-20). 

The mechanism for pinning is not yet fully understood, but it appears that almost 

any kind of imperfections whose dimensions are of the scale of ^ produce elective pin-

ning. Examples of pinning structures are long chains of lattice faults (dislocations) 

' °The FLL in an isotropic superconductor can be treated as an uniaxial elastic continuum, with 
elastic energy expressed in terms of the three elastic moduli, compression (cn) , tilt ( cn ) and shear 
(cgg) [see for example Brandt (1986)]. The finite sheer modulus of the lattice allows a relatively small 
number of pinning centres to immobilise the whole lattice. 
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Figu re 1-20: Magnetization curves of a (Pb-8.23 wt.% In) alloy after various periods of room-
temperature annealing: A cold swaged; B annealed 30 min; C, D, E annealed 1 day, 18 days 
and 46 days respectively [Reprinted from Physical Review, 129, J.D. Livingston, "Magnetic 
Properties of Superconducting Lead-Based Alloys", pages 1943-9, 1963, with permission from 
the author.! 

i n t r o d u c e d by cold working, p rec ip i t a t ion of a second phase [Livingston (1963)], irra-

d i a t i on [Cullen a n d Novak (1964)], chemical impur i t ies . 

P i n n i n g of no rma l cores by imper fec t ions plays a very i m p o r t a n t role in d e t e r m i n i n g 

t h e cu r ren t capaci ty of t ype - I I superconduc to rs . In fact in a clean s u p e r c o n d u c t o r 

the mixed phase is not a truly superconducting phase: Snite resistivity appears as a 

resu l t of f lux mot ion , as will b e descr ibed in sec.(1.15). P i n n i n g is t he pre- requis i te for 

d i ss ipa t ion- f ree t r a n s p o r t cu r ren t . 

1.14 Bean model 

I r revers ib le magne t i s a t i on curves a n d m a n y of t he p roper t i e s of type- I I supe rconduc to r s 

can be described in terms of the cn^zcaZ TnodeZ. Proposed independently by Bean 

(1962) a n d H. London (1963), it is widely referred to as t he Bean model. 

T h e mode l is based on t h e premise t h a t the re is an u p p e r l imit for the macroscopic 

s u p e r c u r r e n t densi ty t h a t a type - I I spec imen can carry, as shown by the V-I charac-

teristics. This lossless macroscopic limit is called the cnYzcaf current For 

J > Jc the superconductor enters a resistive state (the described in the 

next section) characterised by a Enite resistivity. 

B e a n mode l assumes t h a t any local change of magne t i c held, however small , will 

i nduce a local supe rcu r r en t w i t h dens i ty J^. t he cur ren t dens i ty in t he s u p e r c o n d u c t o r 

is t he re fo re e i ther zero (in those regions t h a t have never felt t he magne t i c flux) or 

ful l m a x i m u m (in t h e regions p e n e t r a t e d by t he flux). T h i s cri t ical cu r ren t flows 
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perpendicular to the field, the direction, +Jc or -Jc, depending on the direction of the 

electromotive force generated by the last local change of the flux. 

The distributions of magnetic flux and associated currents generated by changes 

of the applied field or current are described in terms of J^. A change of the applied 

field induces screening currents below the surface of the sample. As soon as the cur-

rent density rises just above this surface layer enters a resistive state which allows 

penetration of magnetic flux. Consequently the adjacent inner layer sees the field per-

turbance, and the induced currents continue to spread inwards to a sufficient depth to 

screen the interior from surface changes. 

The model does not refer to the microscopic structure of the superconductor, but 

now is commonly viewed as a consequence of the vortex state. As the applied field 

pushes flux into the surface of the sample, pinning centres will hold back the flux lines 

near to the surface, building up a gradient in the FLL. Associated with this gradient is 

a net surface current - as current vortices from neighbouring layers do not cancel out -

which flows perpendicular to the applied field. When the magnetic pressure overcomes 

the pinning forces, the flux moves further into the interior, and correspondingly the 

induced currents continue to spread innerly, keeping their density equal to Jc-

(a) (b) 

B 

Figure 1-21: Current flow and flux profile for a slab: (a) in magnetisation experiments; the 
current induced by the applied fleld Ha is determined by a gradient in the distribution of 
mutually interacting flux lines; (b) in transport experiments: the sample is carrying a total 
current / sufficient to generate a field HQ at the specimen surface. 
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Each value of Ha of the magnetisation curve corresponds to a metastable state, 

characterised by a critical current of density Jc flowing into a layer of sufficient depth 

to screen the interior of the specimen from external changes (fig.l-21-a). This state 

progresses until the entire cross-section of the sample supports Jc, and the material is 

said to be in the critical state. The state is critical because any further increase of the 

field causes the material to become resistive: the screening current distribution does 

not vary and the flux density increases. can be identified with the ability of the 

system to sustain a critical flux gradient by flux pinning. 

The Bean model treats electric currents applied to the superconductor in the same 

way as the induced ones, by considering the magnetic field associated with the current 

as an extra applied field (fig.l-21-b). The superconductor arranges itself in a metastable 

state, the supercurrent density at any point of the sample being either zero or the max-

imum possible [Jc) without flux motion. 

The critical state is in fact a static balance of two opposing forces, the Lorentz 

force between the current and the magnetic flux, which tends to drive the FLL to 

the homogeneous distribution of the equilibrium state, and the pinning forces in the 

material, which tend to prevent flux motion and maintain a FLL gradient. The Lorentz 

force per unit volume is 

== J X 13, (1.68) 

with the current density J defined from the thermodynamic field H (not B) via Am-

pere's law J = V x H 

The pinning force per unit volume, Fp, is related to Jc by the force balance condition 

f), = ^ ( J c ) : 

f-p = i Jc x B| = BJc{B) (1.69) 

with Jc a function of B as in general the critical current density in a certain region is 

determined by the local magnetic flux density. This equation deflnes the critical state 

as: 

| ( V x H ) x B | = BJ,(B) (1.70) 

^^Friedel et al. (1963) have shown that the accurate expression for the driving force is a Lorentz-like 
relation: — 
with /UoJ = V X B. 

The term takes into account for any correlation between neighbouring lines, where H(B) is 
the "thermodynamic field", that is the external field required to produce an induction B at thermal 
equilibrium. 

The driving force can equivalently be expressed by a Lorentz-hke relation (1.68) with J given by 

J = V X B • = V X H ( B ) 
dB 

where H and B are the result of external fields and transport currents. 
At all but low fields the internal and external fields are nearly the same, so in the presence of an 

applied field H{B) = Ha can be assumed. 
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This equation is called the critical state equation. Its solution determines the distribu-

tion of flux, current and magnetisation in a type-II specimen, depending on shape and 

size of the specimen and on the previous magnetic history [Bean (1964)]. 

Bean model assumes Fp ex B, so that 

Jc{B) = Jc = constant (1.71) 

within the range of the magnetic fields of practical interest. As V x B = J , eqn.(1.71) 

leads to a constant field gradient. 

An alternative expression for Jc, derived under the assumption of Fp = const, is 

due to Kim et al. (1963) [also Kim et al. (1962)]: 

UB) -
(B + Bo) 

with Jc(0) and BQ adjustable parameters. This model gives a decrease of Jc with 

increasing B. This accounts for the observed return of the magnetisation to zero at Hc2 

independently of the degree of irreversibility, which suggests that the pinning strength, 

and with it J^, tends to zero as > Hc2-

The critical state equation is a powerful and general equation, for which the de-

pendence Jc = Jc{B) is irrelevant. It may be applied to all inhomogeneous materials, 

including the granular ones, in samples where there is a spatial dependence of Jc{B) 

associated with the pinning microstructure as well as in anisotropic materials for which 

Jc will depend on the orientation of the current flow with respect to the applied field 

[Campbell and Evetts (1972)]. 

1.15 Critical currents and flux-flow 

In any superconductor, type-I and type-II, when the transport current density exceeds 

a critical value, Jc, the material becomes resistive. Jc marks the current at which 

the superconductor loses its zero resistance, not the current at which the full normal 

resistance is restored. In general, Jc{H,T) is a function of H and T, as shown in 

fig. (1-22) for type-II superconductors. 

In a type-I the resistance first appears when, at any point on the surface, the 

total magnetic field - due to transport current and applied magnetic field - exceeds the 

thermodynamical field He (Silsbee rule). The transport critical current density depends 

on the magnetic field intensity and on the demagnetization factor. In particular for a 

wire of radius a in a field perpendicular to its axis [Rose-Innes and Rhoderick (1978)] 

J , = - 2 ^ . ) , 

which shows a linear decrease with Ha reaching zero at Ha = ^Hc-
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supercoBauiCtmg 

Figure 1-22: Relationship between critical current density Jc{H,T), temperature T and mag-
netic field H in a. type-II superconductor. Anywhere inside the surface the material is super-
conducting. [see for example Goodrich and Bray (1990)]. 

In a low-Tc type-II superconductor in the mixed phase, the current will flow unim-

peded as long as it does not disrupt the FLL] dissipation occurs with the onset of vortex 

motion. In the absence of pinning, therefore, this phase is not truly superconducting; 

conversely the presence of pinning can impede vortex motion. The critical current den-

sity Jc is the critical depinning current density: i.e. the current density that creates 

just enough Lorentz force (1.68) to overcome locally the pinning force (1.69) and set 

the flux lines in a steady motion across the sample [Kim et al. (1964)]. This collective 

motion of the FLL in the direction of FL, known as flux flow, dissipates energy by 

generating a macroscopic electric field given by the Faraday's law: 

E = — W = —(v$ X B) (1.72) 

where v $ is the local flux velocity. This electric field is perpendicular to B. The 

flux velocity v $ can be regarded as the vector sum of two components, parallel and 

perpendicular to the current flow. The parallel component generates a Hall voltage and 

has no associated dissipation, while the perpendicular component is responsible for the 

resistive voltage measured across the sample. 

In general, the transport current J can have any direction with respect to the 

magnetic fiux B, but only the component of J perpendicular to B contributes to the 

Lorentz force. Conventionally J c ( - B ) is measured in experiments with J X B. 
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1.15 .1 Transpor t currents in p e r p e n d i c u l a r a p p l i e d fields 

Fig.(l-23-a) shows the V-I characteristics for a type-II wire in an applied field per-

pendicular to its axis, sufficient to drive the material into the mixed state; the critical 

current increases with the grade of impurity. The value of the slope dV/dl well above 

Jc is known as flow resistance R/iow of the specimen, f rom which the flux flow resistivity 

Pflow can be derived. This slope is independent from the degree of imperfection, which 

indicates that pfiow is a material characteristic. Furthermore pjiow increases with the 

magnetic field intensity, approaching the normal resistivity as HA -4- HC2 (fig. 1-23-b). 

V 1 
1 

(b) 
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Figure 1-23: V-I characteristics of a type-II wire: dependence on impurities (a) and on 
magnetic field intensity (b). The magnetic field is transverse to the wire and sufficient to 
establish the mixed state, (a): the curves 1, 2 and 3 refer to increasing degrees of impurity; 
(b): the curves refer to increasing magnetic field intensities {Hi < < Hc2)-

For a given current, the measured voltage is independent of time, which indicates 

that the vortex motion is not accelerated. The metal behaves, as far as the FLL motion 

is concerned, as a viscous medium, characterised by a viscosity constant r] (per unit 

length of the core). The velocity of one flux line, v$Q is then determined from a balance 

between the driving Lorentz force f^, the viscous drag and the pinning force fp: 

J X $ 0 - 7 7 v $ g - J c x # 0 = 0 

In the considered configuration J 1. B, and assuming v$Q _L J, the force balance 

equation gives 
I I _ ^0 / T T \ 
|V0Q I — TJ 

In a perfectly homogeneous system, in the total absence of any pinning (Jc = 0), 

flux will flow at a velocity determined by the viscous drag, due to dissipation in the 
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flux line cores. The dissipative electric field (eqn.1.72) is then 

E 
V 

( J - Jc) 

and, as in general E = pJ , an equivalent flux flow resistivity can be defined [Kim et al. 

(1965)] 

Pfiow — B^o/ri (1.73) 

The flux flow resistivity is experimentally found to be proportional to the normal 

resistivity of the metal, the proportionality constant being the ratio between the 

actual induction B and the zero temperature upper critical induction Beg (0) [Bardeen 

and Stephen (1965)]: 

Pn - I ' ^ 
which shows that the dissipation is reduced by a factor Ha/Hc2 compared with a normal 

metal. 

Figure 1-24: Typical variation of Jc with the strength of the applied field: (a) for a pure 
specimen, (b) in the presence of impurities. Bean assumption of Jc = const is correct on the 
plateau. 

A homogeneous defect-free material, has a very low J^. Increasing the pinning 
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strength is of primary importance in the fabrication of wires for electromagnets: the 

higher the degree of imperfection, the harder is the material and the greater is 

There is however an absolute maximum for the critical current density, which the 

GL equations predict to be determined by the thermodynamic critical field He-

Jo = (1.75) 

This limit would be obtained when the kinetic energy of the electrons carrying the 

current exceeds the energy available from the superconducting transition. From the 

microscopic theory this limit is identified with the current which de-pairs the electrons; 

it is therefore known as the depairing current [see for example Evetts and Kes (1992)]. 

Fig. (1-24) shows the Jc vs H characteristic of a conventional type-II wire. From its 

largest value at B = 0, Jc falls rapidly as HA -4- HD- Above HD Jc varies comparatively 

little (and its B-dependence can be neglected) until a 'knee' is reached, above which 

it decreases rapidly to reach zero at Hc2- It is the flat region of this curve, up to the 

'knee', which is of practical interest. 

1.16 Flux creep 

The critical model gives a trapped flux distribution which should remain constant 

whenever J < J^. However this is true only at T = 0 K. At any temperature above 

the absolute zero, the total flux of a specimen decays logarithmically in time , i.e. 

A # cc Int [Beasley et al. (1969)]. The phenomenon is called flux creep, and was first 

predicted by Anderson (1962). 

As a consequence of the flux creep, the critical current concept loses its uniqueness: 

whatever the value of J there is always some movement of flux lines. The critical 

state may be defined as that at which the rate of flux decay falls below a practically 

observable limit. The critical current becomes thus dependent on the minimum voltage 

which the apparatus can detect. However experiments show that the value measured 

is very insensitive to the voltage criterion [Campbell and Evetts (1972)]. 

Flux creep is a consequence of the fact that any sub-critical state is a metastable 

state. At T > 0 K, even if FL < Fp, thermal activation can provide enough energy to 

bundles of flux lines to "hop out" the pinning potential well and move from one pinned 

configuration to another somehow nearer to the equilibrium state. As movement of 

flux lines equals dissipation, the result is a slow decrease in time of the flux density. 

Thermal processes give a logarithmic time dependence, which implies that the same 

amount of flux creep occurs between 1 s and 1000 s as between 1 y and 1000 y. 

The concept of flux bundles as the moving entity was first introduced by Anderson 

(1962) and refined by Anderson and Kim (1964). As the magnetic flux density of a 

vortex extends over a distance of the order of the London penetration depth \ L 
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5 x 10~® cm, flux lines within \ L are bound together into bundles by the interaction 

of their magnetic field and wave functions. Anderson hypothesises that the dimensions 

of the bundle may he d 10"^ — 10~® cm, its length I the distance between pinning 

centres. The internal structure of the bundle is similar to the Abrikosov structure, i.e. 

a local uniform density; any irregularity of the FLL can only be on a scale greater than 

XL- While it is the individual flux line (of size ~ which is caught by a pinning centre, 

it is the force of the total bundle which acts against the pinning barrier (the jump of 

an individual vortex out of the pinning well is energetically unfavourable because the 

vortex would get badly out of equilibrium with the local FLL density). Bundles are 

assumed elastically independent from each other, so that they can slide past each other 

reasonably easily. 

1 .16 .1 A n d e r s o n - K i m t h e o r y of s tress a s s i s t ed t h e r m a l ac t iva t ion 

Anderson proposed thermal activation to explain flux creep in type-II. Flux bundles, 

pinned in potential wells of depth [/, can hop out of the well because of thermal 

activation, with a rate 

R = V Q e " ^ (1.76) 

where UQ is the attempt frequency with which the bundle tries to escape from the well. 

It can be regarded as some characteristic frequency of the FLL vibration, unknown in 

detail, but assumed to be in the range UQ ~ 10® - 10^^ s~^ [Dew-Hughes (1988)]. 

U, the depth of the potential well, is the difference between the Gibbs energy when a 

bundle intersects a pinning centre and when it is out of it. It is a function of both B 

and T. As the hopping rate is the same in any direction, no net motion of bundles is 

observed. 

When a stress is imposed, such as the Lorentz force associated with a transport 

current, it identifies a preferential direction. Hopping is favoured in this "forward" 

direction at the expense of the "backward" direction. The rates of forward Rj and 

backward Rh hopping are: 

Ay = z/Qezp 
U-AW\ 

AaT / 

RH — I^QEXP 

where AW is the work done by the imposed stress in moving the bundle from one 

equilibrium position to the next. The net forward rate is 

( - ^ ) sinh ( ^ ) (1.78) 

U and AW are defined as follows. At sufficiently large B, so that each pinning 

centre is intersected by a bundle, the pinning energy per unit volume is given by NpU, 
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with Np being the density of pinning centres. The pinning force per unit volume is given 

by Fp = JCQB (eqn.1.69), where J^o is the critical current in the absence of thermal 

activation. The pinning energy per unit volume is then 

NpU = JcoB ao (1.79) 

where ao is the distance moved by the bundle during the unpinning process, that is the 

inter flux-line spacing of eqn.1.63, ao = l.O7(0o/B)^/^. 1/Np can be regarded as the 

volume of lattice equivalent to an Anderson bundle. 

AW is determined by the Lorentz force associated with the actual current, J x B 

per unit volume. The work done on the volume V = 1/Np of the bundle is 

= ( J g ao) (1.80) 
* p 'J cO 

It is important to note that when J = JcO) AW = U; so for J > JcO flux flow is 

observed rather than flux creep. 

As the bundle move with velocity v (the average velocity of the FLL) it generates 

an electric field 

E = vB 

In the absence of any correlation between the bundles, each of them experiences the 

same hopping rate. On average the entire FLL is able to move at the same net hopping 

rate Rnet- The average velocity is therefore 

V — ao-Rnei 

The electric field is then 

E — R^iet^oB 

E = sinh (1.81) 

Anderson theory contains three unknown microscopic quantities, U, VQ and V (or 1/Np). 

Two main limit regimes can be distinguished: 

1. Flux creep, for AW which implies U ksT. 

This limit is realised either at very low temperatures or at very high levels of 

imposed stress[Beasley et al. (1969)]. 

When X is large sinh(z) cf so 

Rnet — VQCXP ^ — — J (1 .82) 

2. Thermally assisted flux flow {TAFF), for AW < which implies U > ksT. 
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This limit is realised either at high temperatures or at low levels of imposed stress 

[Kes et al. (1989) and Dew-Hughes (1988)]. 

When X is small sinh(a;) ~ a;, so 

- 2%/o ezp (1.83) 

1.16 .2 Large dr iv ing force: flux c r e e p 

The limit U KST. i.e. thermal activation much smaller than pinning barriers, has 

been investigated by Beasley et al. (1969). To observe creep in this limit it is necessary 

to apply a large Lorentz force: 

—— < 1 i.e. J ~ Jco 
cO 

i.e. the driving force must be almost equal to the pinning force, just below the onset 

of the usual flux flow regime. 

In this limit the electrical field is 

(1.84) 

which gives 

1 -f- ———In-
'"ooBz/oJ 

This expression gives the actual value of the critical current density in the presence of 

flux creep. JC depends on E via the logarithmic term which, in low-Tc superconductors, 

is a negative negligible correction (~ %) Therefore Jc ~ JcO, that is thermal acti-

vation has negligible effect on the critical current. As this result depends only weakly 

upon the chosen criterion used to define criticality for E, it can be concluded that in 

the case of flux creep the uncertainty in the definition of J .̂ is only an uncertainty in 

principle. 

Appropriate thermal and mechanical treatment of the conventional type-II materials 

during wire production (high pinning barriers) has resulted in high-field superconduct-

ing coils with slow changes of the trapped flux in persistent mode. 

'^For conventional low-Tc, fcs7c/[/ ~ 10~® and the logarithm is about 20-30. This can be seen by 
using the usual superconducting magnet builder's criterion of a maximum acceptable electric field of 
E ~ 10~^ V/m, and by assuming vo in the range 10^ — 10*' s~ ' , and considering for example an 
induction B ~ 10 T for which ao ~ 15 nm. 
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1.17 Thermally activated flux flow ( T A F F ) 

TAFF is observed in the limit U > ksT, and only occurs in superconductors with 

an intrinsically low pinning barrier and at temperatures high enough to overcome this 

barrier; therefore it can be observed in the limit of small driving forces J 0. 

The electric field is obtained by substituting eqn.(1.83) in eqn.(1.81) 

In this regime of thermally activated flux flow there are corresponding "flux flow 

resistivity" losses in the superconductor. The electrical resistivity is given by p = E/J. 

Substituting eqn.(1.79) for U and then eqn.(1.63) for Oq, p is given by 

which expresses p in terms of the three microscopic unknowns f/ , UQ and Np. 

[/ is a function of B and T, falling to zero as T Tc and/or B —> Bc2- In the limit 

U ^ 0, p must approach the flux flow resistivity pjiow, as in total absence of pinning 

the motion of flux lines is governed by the lattice viscous drag. 

The current density is 

•'=•'= = ( & ) (I'Ss) 

This expression gives the critical current density in the TAFF regime. Jc is directly 

proportional to E, which means that Jc depends directly upon the field criterion chosen 

to define criticality. However, at low temperatures the resistivity (1.87) is too small 

to be measured. The importance of TAFF for the h i g h - T c superconductors was first 

pointed out by Dew-Hughes (1988). 

1.18 Are superconductors really superconducting? 

This question is the title of an article by D.A. Huse, M.P.A. Fisher and D.S. Fisher 

(1992), where the property of zero resistance in a superconductor cooled in the presence 

of a magnetic field is reviewed. 

According to Anderson-Kim theory the answer appears to be a "no, except at T = 0 

K". Thermal fluctuations destroy the fundamental property of zero resistance, giving 

a thermally activated resistivity (1.87) which may be very small but remains non-zero 

for all temperatures. 

This view has been accepted for many years, although the question has never defini-

tively been answered for the low-Tc superconductors (for which the practical conse-

quences are irrelevant). The question becomes technologically relevant for the h i g h - T c 
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superconductors. 

The authors of the above mentioned article have put in discussion the fundamental 

assumption of Anderson-Kim theory, that is the absence of any interaction between the 

bundles of flux lines. It is this complete independence of the bundles - which ignores 

the elastic properties of the lattice - that gives pinning barriers U of finite height. The 

authors argued that in high-Tc superconductors weak collective pinning turns the vortex 

lattice into a "frozen" arrangement (determined by the particular random distribution 

of the pinning defects), so that below the so-called melting line Hm{T) the pinning 

barrier becomes infinite U -4- oo. In this frozen state the flux lines (or the bundles 

of flux lines) are not mobile; therefore the property of zero ohmic resistivity in the 

limit of Jc -> 0 is regained. In low-Tc superconductors Hm{T) practically coincides 

with HC2{T). The next chapter gives an account of these theoretical ideas and related 

experiments supporting them, which lead to answer the question posed in the title with 

"yes, they are really superconducting, below the phase transition identified by i Jm(r)" . 
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C h a p t e r 2 

High-Tc superconductivity 

2.1 Introduction 

High-Tc has been conventionally indicated by superconductivity above = 23 K, the 

long-standing ceiling established by intermetallic alloys (fig. 1-1), only recently increased 

to 39 K with the discovery of the superconducting compound MgBg. High-Tc super-

conductors (HTSs) are oxide ceramics, the most successful of which are copper oxides 

based on lanthanum, yttrium, thallium and bismuth. 

The family of La-Ba-Cu-0, where h i g h - T c superconductivity was discovered by Bed-

norz and Mwller (1986), display critical temperatures up to ~ 40 K. The family of Y-

Ba-Cu-0 represents the first superconductors with transition temperature above liquid 

nitrogen temperatures; discovered by Wu et al. (1987), they display a Tc ~ 90 K. The 

thallium-based compounds Tl-Ba-Ca-Cu-0 discovered by Sheng and Hermann (1988) 

exhibit the highest (so far) critical temperature, TC ~ 125 K. Finally Bi-Sr-Ca-Cu-0 

compounds have a Tc up to 110 K. 

A high value of Tc implies a high energy gap, that is a high binding energy Aq (oc Tc) 

per electron that gives the Cooper pair stability. The electron-phonon interaction 

appears, by itself, to be too weak to account for the high value of Aq and it must 

be increased by some other electron-electron interaction. A satisfactory theory of the 

microscopic mechanism responsible for the h i g h - T c superconductivity has not been 

developed as yet, but it may reasonably be hoped that an extended BCS theory will 

apply to the h i g h - T c superconductors. 

Many of the classic properties - persistent currents of long duration, Meissner effect, 

flux quantisation and electron pairing - are observed in the HTSs materials in analogous 

way to the conventional low-Tc superconductors (LTSs); again, the clarity of these 

features depends on sample quality. Novel phenomena, however, must be accounted 

for: 

broadening of the resistive transition in a finite magnetic field [Tinkham (1988) and 

Palstra et al. (1988)]; 
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existence of an irreversibility line [Miiller et al. (1987)] associated with the a melt-

ing transition, well below the superconducting transition temperature [Gammel et al. 

(1988), Forgan et al. (1990), Farrell et al. (1991), Fisher et al. (1991), Huse et al. (1992), 

Cubitt et al. (1993)]; 

presence of a giant flux creep [Yeshurun and MalozemoflF (1988) and Yeshurun et al. 

(1989)]; 

rapid decrease of the critical current density Jc with temperature as well as with 

applied field [see for example Senoussi et al. (1988)]; 

appearance of quantum effects as T —)• 0 [Frutcher et al. (1991)]. 

This chapter gives an account of this rich and complex phenomenology. The un-

conventional combination of high operating temperatures, very small coherence length, 

large penetration depth and layered structure, enormously enhances the importance 

of thermal fluctuations of the flux line lattice in the HTSs. These thermal fluctua-

tions, approximately 6 orders of magnitude stronger than in the LTSs, are responsible 

for the considerable modifications of the nature of H-T phase diagram and transport 

properties of the high-Tc superconductors. 

Sections 2.2 and 2.3 discuss the crystal structure and physical properties of the 

ceramic oxides. As a consequence of their layered structure and high anisotropy, the flux 

line displays a nearly-2D structure, with the appearance of pancake vortices (sec.2.4). 

Section 2.5 gives an overview of the different types of disorder and their importance 

in the LTSs and HTSs. Section 2.6 describes the phase diagram of the HTSs, where 

strong thermal fluctuations lead to the appearance of the new thermodynamic vortex-

glass phase separa ted f rom the vortex liquid by a melting transition. The glassiness of 

the solid phase is ascribed to the weak random crystal pinning, which lead to a truly 

superconducting state (strictly zero linear resistivity), with a randomised long range 

phase coherence of the superconducting wavefunction ^ 

In section 2.7 the irreversibility line and the transport properties of the HTSs will 

be discussed. 

2.2 Oxide superconductors: 

chemical and crystal structure 

H i g h - T c superconductors are ceramic oxides. Ordinary ceramics are usually insulators; 

for a ceramic to be a superconductor it must flrst have low resistance at room tem-

perature. Whether a ceramic is an insulator or a conductor depends on whether the 

valence electrons are localised on the oxygen atom or free to move. 

Oxygen, with its valence 2—, is the "glue" that holds the ceramic compounds to-

gether. The first superconducting ceramic explored by Bednorz and Mwller is a com-
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bination of lanthanum, barium copper and oxygen. These metallic atoms react indi-

vidually with oxygen forming lanthanum oxide, barium oxide and copper-oxide, all of 

which are insulators. The barium oxide (BaO), for example, realises its lowest energy 

electronic configuration by the donation of two electrons from barium (valence 2+) to 

oxygen, so that both atoms complete their outer shell. The chemical bond formed is 

a ionic bond, that is an electric attraction between the positively charged Ba++ and 

the negatively charged O . As the addition or subtraction of electrons from a filled 

orbital requires a considerable amount of energy, the electrons are strongly localised on 

the oxygen and therefore do not carry electrical current. 

The situation can be different for copper oxides ceramics. Copper (11 external 

electrons, 3dio4si) has three valence states, 1-|-, 2+ and 3+. Valence 2+ is the most 

stable state; therefore valence 1-F is the reduced state and valence 3-f is the oxidised 

state. 

Valence 1-|- is found in CugO, where each copper readily donates its outer 4s electron 

to the oxygen. An ionic bond is formed and the ceramic is an insulator. 

Valence 2-\- is found in CuO. The loss of the second copper electron creates a vacancy 

in its 3d shell and therefore it is not so easily achieved. Pictorially, the oxygen has to 

"fight" to complete its 2p-orbital; again the oxygen "wins" as the completion of its 2p 

orbital gives a slightly more stable electronic configuration than a filled outer copper 

orbital. Of the nine electrons retained by the copper in its 3d-shell, eight are paired 

with spins in opposite directions to minimise their magnetic energy while the ninth is 

unpaired. Adjacent coppers in the ceramic prefer to align their unpaired electrons with 

spins in opposite directions: this anti-ferromagnetic interaction pins the electrons to 

the crystal lattice, precluding normal conductivity and superconductivity. It is believed 

that for superconductivity to appear anti-ferromagnetism must be fully destroyed. 

Valence 34-, the oxidised state, is found when copper and oxygen are mixed with 

other elements in a crystal lattice (for instance in sodium copper oxide NaCuO^). In 

this case the delicate energetic balance can be shifted so that copper and oxygen share 

electrons and both complete their outer shells. The electrons are involved in a covalent 

bond and are free to move between copper and oxygen. Ceramics containing copper, 

oxygen and other elements therefore are potentially good conductors and superconduc-

tors. 

In ceramic superconductors, copper behaves as if it possesses a fractional valence. 

Its valence state depends in fact on both the influence of the oxygen and of the other 

elements. The addition of a reducing element, for example, can drive the copper valence 

towards l - f , while the addition of an oxidising element can drive the valence toward 34-

(more than two electrons are pulled away from some copper atoms). In both cases elec-

trons are not localised and can participate in electronic conduction. Fractional valence 

must be interpreted in the light of the concept of conduction band, as electrons are 

actually added to or removed from the conduction band. Reduction to valence < 2+ 
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means that the copper donate less than 2 electrons on average, and only a few electrons 

are in the conduction band. Oxidisation to valence > 2+ means that the copper atoms 

donate more than two electrons on average; the conduction band contains a large num-

ber of electrons, leaving regions of positive charge, that is holes. 

In describing the structure of ceramic superconductors, the concept of coordination 

polyhedron is an essential tool. The coordination polyhedron of a metal to oxygen is 

the geometric figure that encloses the ion metal and all the nearest oxygens to which 

the metal is directly bonded. It gives the number of oxygens involved in the bond. 

This number depends on both the metal atom size and the electronic requirements of 

the other metal atoms in the compound. In the HTS cuprates, the copper ions can be 

fourfold, fivefold or sixfold coordinated to oxygen (fig.2-1). 

(a) (b) 

• Cu 
• O 

Figure 2-1: Coordination of copper to oxygen in the HTS cuprates: the coordination polyhe-
dron can be a stick (a), a planar diamond (b), a pyramid (c) or an octahedron (d). 

In the lanthanum copper oxide, copper is coordinated to 6 oxygens, placed at the 

corners of an elongated octahedron shown in fig.(2-l-d). The distortion of the octa-

hedron - that is the shorter distance from the copper atom of the oxygens at the four 

corners of the base compared to the two oxygens at the vertices - is a consequence of the 

energetics of copper's outer shell in its valence 2-|-, known as Jahn-Teller effect [see for 

example Kittel (1986)]. This effect indicates that the electrons strongly interact with 

the positions of the copper and oxygen atoms in the crystal lattice [see for example 

Cava (1990)]. It is this electron-phonon interaction that first led Bednorz and Mtiller 

to focus on copper oxides as possible superconductors. The copper-oxygen octahedra 

are joined to one another at the four oxygens of the base corners, so that the copper 

atoms and their closest oxygens all lie in a plane, fig. (2-2). These Cu02 planes are the 

electronic heart of all the h i g h - T c copper oxides, the microscopic region of the crystal 

where both electrical conductivity and superconductivity are believed to originate^. 

' Tha t electrical conductivity and superconductivity are largely confined to the C u 0 2 planes is made 
evident by the very much greater ( ~ 10®) in-plane values for the normal conductivity together with 
the effects of chemical doping, which indicate tha t superconducting electron density is only large in the 
Cu02 planes [Xiao et al. (1987) and Xiao at al. (1988)]. 
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The crystal structure of the high-Tc ceramic oxides with 2^ > 40 K is built up 

from oxygen-defect modifications of the perovskite structure, with ~ 1/3 of the oxygen 

sites vacant. However complex this structure is, the parallel layers of Cu02 are the 

common structural feature, which make these compounds known as the cuprates HTSs. 

These electronically active planes are in turn separated by intergrow planes which act 

as doping agents, that is they can oxidise or reduce the CuOg planes by arbitrary 

concentrations of electrons or holes. These intergrow planes can be La(Sr or Ba)0 as 

in the original (LaBa)2Cu04; or BaO and CuO chain planes as in YBagCugO? (fig.2-

3); or double layers of thallium or bismuth oxides as in the thallium and bismuth 

compounds (figures 2-4 and 2-5 respectively). 

The electronic state of the intergrow planes determine the amount of charge on the 

copper oxide planes and the transition temperature of the compound. In the La-, Y-, Tl-

and Bi- based compounds the copper atoms are oxidised to valences > 2+ (positively 

charged holes are introduced into the conduction band), and these materials are hole 

or p-type superconductors. Conversely, reduction to valence < 2+ leads to electron or 

n-type superconductors, whose only representative is Nd2_rCez;Cu04 [see for example 

Cava (1990)]. 
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La 

Cu 
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Figure 2-2: Crystal structure of La2Cu04 (left), from which lanthanum-based HTSs are de-
rived. Of the eight electrons needed by the 4 oxygens, six are provided by the 2 lanthanum and 
two are provided by copper. Lanthanum is coordinated to 9 oxygen atoms (on the right). The 
coordination polyhedra of lanthanum and copper combine in such a way that fills the 3-D space 
in a highly 2-D manner. As a result, the CuOg planes are sandwiched between inert double 
layers of lanthanum and oxygen. 
LagCuO^ itself is an insulator because of the anti-ferromagnetic interaction between the un-
paired outer electrons of neighbouring copper atoms. Bednorz and Miiller doped this structure 
by replacing some of the trivalent lanthanum atoms with bivalent barium (or calcium or stron-
tium), and so originating the compound La2_a:Baa;Cu04. For every atomic La—>-Ba substitution, 
one copper atom is oxidised to valence 3-|-. The extra electron donated by copper is not lo-
calised but belongs to the conduction band. At a critical valence ~ 2.2-I-, anti-ferromagnetism 
disappears and superconductivity appears. 
The barium atoms have similar size to the lanthanum atoms, they coordinate to oxygen in the 
same way and therefore occupy the same positions in the crystal lattice. Their random distri-
bution of atoms in sites of a regular crystal lattice is known as a solid solution (in contrast to 
a liquid solution where randomly distributed particles occupy random positions) [Cava (1990)]. 
These compounds display a Tc up to ~ 40 T. 
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Figure 2-3: Unit cell of YBa2Cu307, known as 123-type structure. 
Of the fourteen electrons needed by the 7 oxygens, seven are provided by 1 yttrium and 2 
barium atoms, the remaining seven by 3 coppers. The copper has a fractional valence of 2.33+. 
Unlike the lanthanum-based solid solution, YBa2Cu307 has a fully ordered crystal structure 
consisting of layers of yttrium, barium and copper ions. The primitive cell is built from the 
perovskite cell tripled along the c-axis [see for example Kittel (1986) and Sheng (1993)]. Yt-
trium is coordinated to 8 oxygens, barium to 10 oxygens, copper either to 5 oxygens (pyramids 
between the Y and Ba planes) or to 4 oxygens (flat diamonds between Ba planes). 
The bases of the pyramids faces each other across the Y planes, forming the conduction Cu02 
planes for the superconducting current. The 3D space is then filled by 2D pyramidal planes 
of Cu02 and ID diamond chains of CuO along the 6-axis. Any copper, either belonging to 
the pyramidal planes and to the chains, has a valence 2.33-t-. The CuO chains contribute to 
electrical conduction and cause the lattice constant a to be slightly shorter than b, producing a 
orthorhombic distortion. This is particularly relevant for pinning, as twin boundaries provide 
strong pinning sites. 
The oxygen content in YBa2Cu307 is crucial to its superconductivity. If one oxygen is removed, 
the resulting ceramic YBa2Cu306 is an insulator. The oxygen is in fact removed from one crys-
tal site only, resulting in the diamond coordination polyhedron being transformed into a stick 
in which the copper has valence 1-|-. The geometry of the pyramid coordination polyhedron 
is unaffected, but the coppers go to a valence state 2-I-, in which electrons are localised by 
anti-ferromagnetism. 
As the oxygen content is increased, the oxygen attaches to the sticks bond environment trans-
forming them into diamonds. At the crucial level of 6.5 oxygens per 3 coppers, the supercon-
ductor YBa2Cu306.5 is formed, with a Tc ~ 60 K. In this compound, sticks and diamonds 
form an ordered array where oxygen pulls enough electrons from the coppers of the pyramids 
to originate superconductivity. When the level of 7 oxygen per 3 coppers is reached, all the 
sticks are transformed into diamonds and Tc jumps to 90 K. 
HTSs are generally mixed phase systems, that is a number of different stechiometric are avail-
able to the compound. In the case of yttrium, the 123 is the most commonly fabricated phase 
with Tc ~ 93 K; also available are YBa2Cu40g or 124-phase with Tc ~ 80 K [Marsh et al. 
(1988), Karpinski et al. (1988)] and Y2Ba4Cu70i5 or 247-phase with Tc ~ 90 K [Bordet et al. 
(1988)]. 
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Figure 2-4: Unit cell of TlBazCaCugOy, known as 1212-type structure consisting of 6 metal 
atoms and 7 oxygens. Tl is coordinated by six oxygens, Ba by nine, Ca by eight and Cu by 5. 
There are two series of Tl-based superconducting compounds, whose general formulae are 
TlBa2Ca„_iCu„02n+3 and Tl2Ba2Ca„_iCu„02n+4 respectively (with n=l,2,3...). In both 
series, each number is formed by adding a Ca-Iayer and a Cu02-layer to the previous one. For 
both series, Tc increases with the number of Cu02 layers stacked continuously in a crystal cell, 
and reaches a maximum of 121 K for the single-Tl 1234 phase (n=4: TlBa2Ca3Cu40ii) and a 
maximum of 125 K for the double-Tl 2223 phase (n=3: Tl2Ba2Ca2Cu30iO) [Sheng (1993)]. 
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Figure 2-5: Unit cell of BigSrgCaCugOg+i;, known as 2212-type structure. 
This complex layered structure consists of four formula units: (BiO) 2, SrO, CUO2 and Ca. These 
units form two types of layers. The first, S r 0 / C u 0 2 / C a / C u 0 2 / S r 0 , has a perovskite structure 
and contains the conduction copper oxide planes. The second layer, SrO/(BiO)2 /SrO, has a 
NaCl structure and is believed to act as a charge reservoir, donating holes to the superconducting 
Cu02 planes. 
Three phases are available to the Bi-compounds:Bi2Sr2CuOio-a; or 2201-phase, which is a low-
Tc material, Bi2Sr2CaCu208+» or 2212-phase with Tc ~ 85 K and Bi2Sr2Ca2Cu30io-a; or 2223 
phase with Te ~ 115 K [Tarascon et al. (1988), Subramanian et al. (1988)]. 
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2.3 Oxide superconductors: physical properties 

The new and rich phenomenology of the HTSs coper oxides is due to a combination of 

properties never encountered in the conventional LTSs: high critical temperature, very 

short coherence length, long magnetic penetration depth and layered structure. 

The values of Tc for representative copper oxides are given in table (2.1), coherence 

length and magnetic properties in table (2.2). 

The coherence length ^ is particularly small in the HTSs. An estimate of ^ can be 

obtained from eqn.(1.24): 

5CC 
ksTc 

Due to the small density of conducting electrons, the Fermi velocity vp is small. The 

combination of the small vp and large Tc gives a small coherence length: ^ ~ Inm 

compared to ^ ~ lyum in the LTSs [Datta (1992)]. 

The penetration depth A is very large, exceeding 100 nm [Huse et al. (1992)], a 

reflection of weak supercurrents due to the low density of superconducting electrons^ 

Us (A oc 1 / y ^ ) . Therefore HTSs are extreme type-H superconductors, with values of 

the Ginzburg-Landau parameter K ~ 100. 

Upper and lower critical fields are determined by ^ and A respectively, being Hc2 oc 

1/^2 (eqn.1.66) and H d oc 1/A^ (eqn.1.65). The small values of ^ in the ceramic oxides 

gives high upper critical fields, Hc2 ~ 50 - 150 T [Blatter et al. (1994)], while the high 

values for A give a very low lower critical field. Hence the HTSs will be in the mixed 

state over a wide range of applied fields. 

The short coherence length causes the material to be more susceptible to defects 

and impurities. Even small defects, such as oxygen deficiencies, can act as pinning 

sites [Chudnovsky (1990)]. Therefore very careful preparation of the superconducting 

crystal is required in order to observe a well formed flux line lattice (FLL). 

The first observation of the HTSs FLL is due to Gammel et al. (1987) who used 

a high resolution Bitter decoration technique at low temperature and magnetic field 

( < ~ 100 G). The experiment demonstrated that each vortex contains a single unit of 

the flux quantum = h/2e. This value of flux quantisation, with an effective elec-

tronic charge e* = 2e, indicates that charge pairing in the HTSs oxides is the same as 

in the conventional LTSs. 

The new oxide superconductors are layered compounds. As described in the pre-

vious section, their crystals consists of metallic CuOg layers which are also supercon-

ducting planes, separated by "buffer" layers which serve as a charge reservoir and can 

^The density of superconducting electrons ris is small mainly because of the layered structure of the 
HTSs, where the density of conducting electrons is large only in the CuOg layers, but also because of 
the relatively high value of the reduced temperature at 77 K. 
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Nominal formula 
Tc (approximate) 

(K) 

Hole con< 

Lai.85Sro.i5Cu04+r 
YBa2Cu307_a; 
Bi2Sr2CaCu20s 
Bi2Sr2Ca2Cu30io 
Tl2Ba2Ca2Cu30io 

iuctors 

37 
90 
90 
110 
125 

Electron conductors 

NdissCeo.isCuO^ | 24 

Table 2.1: Values of 7^ in high-Tc superconducting cuprates [from Geballe and Hulm (1992)]. 

material 
^ (nm) 
(0 K) 

A (nm) 
(OK) 

Ar 
âb 

fJ'oHc2 (T) 
(0 K) 

Lai.9Sro.iCu04_y 2 100 50 
YBa2Cu30r_a; 2 (II) 0.4 (1) 150 (II) 6 670 (II) 120 (J_) 
Bi2Sr2CaCu208-y -3 (11) 0.4 (-L) 300 (II) 50 280 (II) 32 (J.) 
Tl2Ba2Ca2Cu30io_y 200 3 120 

Table 2.2: Coherence length, penetration depth, anisotropy and critical field in high-2^ super-
conductors [from Datta (1992) and Fisher et al. (1991)]. 

be viewed as regions of depleted superconductivity. The layered structure introduces 

a large uniaxial anisotropy in the system, between the c-axis and the CuOg ab planes 

(within which the behaviour is essentially isotropic). As a result, HTSs are strongly 

anisotropic in their conducting and superconducting properties. 

The traditional way to incorporate anisotropy in the phenomenological London or 

Ginzburg-Landau equations is to introduce the effective-mass tensor [see for example 

Kogan et al. (1990)]. In the case of the HTS, the effective mass tensor can be written 

as: 

m* = M 

where m and M denote the (small and large) effective electronic mass in the ab plane 

and along the c-axis respectively. 

The HTSs uniaxial anisotropy can then be characterised by the anisotropy param-

eter e: ^ 
m \ 2 
m ) 

The magnetic penetration depth A and the coherence length ^ also become tensors; 
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along the anisotropy axis they are both reduced by e: 

Ac = Af 

Bi-Sr-Ca-Cu-0 is highly anisotropic, with e ^ 1/50, while Y-Ba-Cu-0 is much less 

anisotropic, with e ~ 1/5 [Fisher et al. (1991)]. 

Furthermore, in Y-Ba-Cu-0 the small difference between the a and b dimensions 

of the crystal lattice results in a small anisotropy of A and ^ within the ab plane 

(ma > mh). The anisotropy in A, in particular, causes distortions in both the indi-

vidual vortex shape and in the triangular unit cell of the FLL, the latter due to the 

fact that the inter-vortex interaction becomes anisotropic. Oval vortex shapes have 

been observed, as well as a compression of the FLL along the crystal axis for which 

the effective mass is larger. For example, in an applied field parallel to c-axis of the 

Y-Ba-Cu-0 crystal, the lattice is compressed along the a-axis by a factor 

[Dolan et al. (1989)]. 

The transport properties are roughly uniaxial, with a large anisotropy between the 

c-axis and the ab planes. The inter-plane conductivity can be as much as 5 orders of 

magnitude greater than in the perpendicular direction. The critical current density Jc 

measured along the ab planes is usually ~ 100 times higher than Jc measured along the 

c-axis. Furthermore its field dependence is sensitive to the orientation of the magnetic 

field, considerably better for fields applied in the ab plane. In fact, if the field is 

parallel to the Cu02 planes, it is energetically favourable for the flux lines to be pinned 

between the Cu02 planes. If the field is applied parallel to the c-axis, there are no such 

depletions in the superconducting order parameter to introduce potential wells and so 

pinning is considerably weaker, being solely due to lattice defects. 

HTSs exhibit a granular character. They have been described as anisotropic grains 

of stoichiometric material embedded in a non-stoichiometric (and non-superconducting) 

host [Clem (1988)]. Within a single grain the layers are parallel: a superconductor 

whose grains are aligned is said to have texture. The junctions between the grains 

act as weak links., which behave as Josephson junctions^. T h e intra-granular critical 

current density is extremely high: Campbell (1990) gives for the depairing currenf® of 

Y-Ba-Cu-0 in zero field a value of 10^ Ampere/cm^ at 77 K. The inter-granular critical 

current density (which gives the Jc of the bulk superconductor) is reduced consider-

ably by the weak links. The Y-Ba-Cu-0 family is plagued by weak links at the grain 

® Josephson (1962) predicted that Cooper pairs could tunnel quantum-mechanically between two 
superconducting regions separated by an insulating medium. 

^The depairing current density (eqn.1.75) is the maximum theoretical supercurrent that a super-
conductor may carry. It roughly corresponds to the current density Hc/\, for which the kinetic energy 
of the Cooper pair approaches the superconducting energy gap 2A. 
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boundaries, which lead to a precipitous decrease in Jc even at low fields [Maley (1991)]. 

Bi-Sr-Cu-Ca-0 does not suffer from weak links but flux pinning is weak, leading to 

a poor field dependence of the critical current especially around 77 K [Flukiger and 

Grasso (1998)]. 

HTS wires are manufactured in the form of tapes with the grains aligned with the 

tape surface. The mechanical properties of the HTSs are dominated by their brit-

tleness, which makes it very difficult to draw a wire or wind a coil from the reacted 

superconductor [Su et al. (1991)]. This problem is common to some low-Tc alloys - such 

as NbsSn - for which it has been overcome by following a wind and react route, where 

the wire is first extruded and coil wound and then the material is reacted. For HTSs 

coils, however, the react and wind route is followed in order to enhance the critical 

current characteristics, requiring various processes steps, such as sintering, texturing 

and finally wire fabrication [Tenbrink (1998), Flukiger and Grasso (1998) and Martini 

(1998)]. 

2.4 Lattice and vortex structure in the H T S 

In the strongly layered HTSs where supercurrents flow in the CuOg planes, the third 

dimension is provided by a weak Josephson coupling between the planes [see for example 

Lawrence and Doniach (1971), Bulaevskii et al. (1992) and Blatter et al. (1994)]. The 

strength of this coupling is determined by the relative magnitude of the inter-layer 

spacing (d) to the coherence length in the direction perpendicular to the layers (€c); 

and it may lead to either a three-dimensional (3D) or a two-dimensional (2D) behaviour 

of the superconductor: 

> "strong" coupling, 3D behaviour (Y-Ba-Cu-0) 

< "weak" coupling, 2D behaviour (Bi-Sr-Ca-Cu-0) 

For small anisotropy - as in the case of Y-Ba-Cu-0 for which ~ C/5 - the layered 

structure is irrelevant; the superconductor is considered anisotropic but uniform, with 

a 3D behaviour. In particular, the vortices are continuous lines oriented along the local 

magnetic induction B. 

For extreme anisotropy - as in the case of Tl-Bi-Ca-Cu-0 and Bi-Sr-Ca-Cu-0 for 

which Cc ~ ^/50 - the Josephson coupling is very weak and the superconductor behaves 

as quasi-2D. In first approximation the Josephson coupling (interlayer currents) can be 

neglected altogether [Clem (1991)]. In an applied field perpendicular to the ab planes 

(i.e. B II c) the vortices can be represented by stacks of 2D vortices residing in the 

Cu02 layers, the so-called pancakes (figure 2-6). 

Within this approximation that disregards interlayer currents, vortices interact ex-

clusively via their magnetic field: their in-plane interaction is repulsive while their 
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pancake vortex 

Josephson coupling 

Figure 2-6: Structure of an isolated vortex line in an anisotropic type-II superconductor in 
a magnetic field || c-axis: the vortex line can be represented as a stack of 2D pancake vor-
tices threading the superconducting planes along the c-axis. The magnetic interlayer coupling 
between vortices keeps the stiffness of the individual vortex line, even in the absence of the 
Josephson coupling. 

inter-plane interaction is attractive [Blatter et al. (1994)]. The latter tends to line up 

the pancakes in stacks; at low fields and temperatures (near Hci{T)) it confers a large 

enough stiffness to the individual vortex line to determine a 3D line lattice behaviour. 

On increasing the flux density, the in-plane repulsion eventually overcome the inter-

plane attraction; in the presence of defects which pin individual pancakes, any order 

along the field direction is broken and the 3-D FLL decompose, leading to 2D behaviour. 

In disregarding interlayer currents, the pancake model fails to describe vortices in 

a tilted applied field. Within this model in fact, tilted vortices cannot be formed: the 

field component perpendicular to the layers is responsible for generating the pancake 

vortices, while the component parallel to the layers penetrates undisturbed. Bulaevskii 

et al. (1992) have developed a more accurate approach based on the Josephson coupled 

pancakes. Their analysis shows that the vortex structure is strongly dependent on the 

magnitude and orientation of the magnetic field. For the extreme case of a magnetic 

field parallel to the layers, i.e. B ± c, the Abrikosov vortex is converted into a Josephson 

vortex, in which the normal core is replaced by a phase core [see Blatter et al. (1994)]. 

In addition, the cross section of the magnetic region of an individual vortex becomes 

distorted (oval shaped) as a result of the anisotropic A. 

2.5 Disorder and FLL 

HTSs are strongly type-II, and therefore their phenomenology is characterised by the 

presence of vortices. However the flux line lattice {FLL) in high-Tc superconductors 
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has very different characteristics from the FLL in low-Tc superconductors. The reason 

for the differences is to be found in the role that disorder plays in modifying the static 

(phase diagram) and dynamic (critical current density) properties of the FLL. 

Three sources of disorder are identifiable: pinning, thermal and quantum fluctua-

tions. In the following, the appropriate parameters to characterise the disorder strength 

are introduced. 

1. Pinning or quenched disorder - static; 

A distinction must be made between (i) weak pinning, i.e. a large number of 

point-like defects, such as oxygen vacancies in the HTSs and (ii) strong pinning, 

i.e. extended crystal defects such as impurities, dislocations, grain boundaries, 

twinning planes (in Y-Ba-Cu-0), and columnar defects artificially introduced by 

irradiating the material with high-energy protons or neutrons. 

Both weak and strong pinning affect the long range order of the ideal Abrikosov 

FLL. Small defects are uncorrelated and introduce disorder via the mechanism 

of collective pinning [see for example Blatter et al. (1994)]; as a result, a large 

number of randomly distributed small defects can cause complete disorder in the 

FLL. Conversely, extended defects are correlated and disturb the long range 

order of the lattice by pinning vortex lines at the defect sites. 

Dynamically, as discussed in sec.1.15, quenched disorder is the prerequisite for 

obtaining the fundamental property of dissipation-free current flow, the "harder" 

the pinning force density Fp the higher the critical current density = Fp/B. 

is always bounded by the depairing current density Jo oc Hc/\ (eqn.1.75), where 

He is the thermodynamical critical field. This suggests the ratio 

Y (2.2) 

as the most simply accessible phenomenological parameter to quantify the strength 

of quenched disorder [Blatter et al. (1994)]. 

2. Thermal fluctuations - dynamic; 

They must be distinguished in (i) fluctuations of small amplitude restricted to 

the individual pinning valleys, called intra-valley fluctuations-, (ii) fluctuations of 

big amplitude - of the order of the lattice constant ao % (eqn.1.63) -, 

called inter-valley fluctuations. 

The high temperature region of the phase diagram is affected by large ther-

mal fluctuations of the FLL in two ways. They determine fluctuations in the 

phase y)(r) of the Ginshurg — Landau superconducting order parameter IJJ = 

which are associated with a melting transition of the FLL, transform-

ing the vortex solid into a vortex liquid phase. Furthermore, near the normal-

superconducting transition, not only the phase but also the amplitude of the 

order parameter is subject to large fluctuations, with the effect of establishing 
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the so-called critical region of the resistive transition. 

With regard to the dynamic behaviour of the FLL, large inter-valley fluctuations 

originate the creep phenomena, discussed in sections (1.16) and (1.17), in which 

they provide the vortices with enough thermal energy to jump out of the pinning 

wells. Creep of the vortices results into a slow but steady motion of the flux lines, 

thus reintroducing dissipation in the system even at current densities J < Jc-

Small intra-valley thermal fluctuations oppose quenched disorder via the mecha-

nism of thermal depinning. Individual flux lines fluctuations lead to a dynamical 

sampling, and hence averaging, of the pinning potential over the spatial extent of 

the thermal displacement. This results in a smoothing of the pinning potential, 

which reduces the pinning strength and the critical current density Jc-

The fundamental parameter governing the strength of the thermal fluctuation is 

the Ginzburg number [see for example Blatter et al. (1994)] 

Gi = \ 
Tc 

#2(0)6(3(0) 
(2.3) 

which measures the relative size of the minimal condensation energy (T = 0) 

within a coherence volume and the critical temperature Tc-

3. Quantum fluctuations - dynamic; 

They affect the FLL at very low temperatures T — 0 K. 

This third kind of disorder is introduced to explain the decay of the metastable 

state of the FLL density gradient as T —> 0. According to the Anderson-Kim 

picture of thermal activation, this decay is expected to vanish at T = 0 K; on 

the contrary, a number of experiments have shown that the relaxation rate at low 

temperatures is T-independent and does not extrapolate to zero. This suggests 

vortex motion by quantum tunnelling. Again these (macroscopic) quantum fluc-

tuations of the vortices affect both phase and modulus of the order parameter. 

The fundamental parameter describing their strength is the quantum resistance 

Qu given by [Blatter et al. (1994)]: 

(2.4) 

2 . 5 . 1 D i s o r d e r s t r e n g t h : H T S s vs LTSs 

Disorder is present in both low-Tc and high-Tc superconductors; what distinguishes 

high-Tc from low-Tc superconductors is the relative strength of the three types of dis-

order (table 2.3). 

In conventional superconductors pinning (Jc/Jo) is strong, whereas both thermal 

(Gi) and quantum {Qu) fluctuations are weak. The opposite applies to high-T^ su-

perconductors, where the combination of their extreme material parameters and their 
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elevated range of operating temperatures conspire to enhance the importance of thermal 

fluctuations. 

The weakness of the pinning (small Jo) in HTSs is a consequence of both small 

coherence length and absence of extended pinning sites. This is related to their elec-

tronic structure of doped insulator rather than metallic, in which pinning defects are 

essentially point defects (e.g. oxygen vacancies) [Tinkham (1988)]. An important ex-

ception is the twinning boundaries in Y-Ba-Cu-0, which provide extended pinning sites 

when the magnetic field is properly aligned and enhance pinning [Gyorgy et al. (1990), 

Forgan et al. (1990) 

The anisotropy further promotes both thermal and quantum fluctuations, as Gi oc 1/e^ 

and Qu oc 1/e. From table (2.3), Gi is approximately 6 orders of magnitude higher in 

the HTS, this implies that the FLL is melted over a large portion of the phase diagram 

[Nelson (1988)]. 

type of disorder strength LTSs HTSs^ 
quenched ^ 10-2-10-1 10-3-10-2 

thermal Gi IQ-s 10-2 
quantum Qu 10-3 IQ-i 

Table 2.3: Static and dynamic disorder in LTSs and HTSs [from Blatter et al. (1994)]. 
fValues are given for Y-Ba-Cu-0; similar trend is observed in Tl- and Bi- based compounds 

From these considerations it is evident that Abrikosov mean-fleld treatment of the 

GL theory becomes inadequate for the HTSs and - as Nelson (1988) first pointed 

out - thermal fluctuations must be theoretically accounted for. In the following, the 

effect of thermal fluctuations will be flrst considered on an ideal defect-free lattice 

(sec.2.6.1). Then the quenched disorder will be introduced (sec.2.6.2), and the interplay 

between quenched and thermal disorder analysed (sec.2.6.3). The role played by quasi-

2D dimensionality will also be discussed and 2D and 3D regimes distinguished. 

Quantum fluctuations will be left aside, as their effects on the FLL only manifest at 

very low temperatures. 

2.6 H T S s plienomenological phase diagram 

In conventional low-Te superconductors, the FLL is an ordered lattice, well described 

by the mean-field Abrikosov theory in which thermal and quenched disorder are ne-

glected. In this case, the Abrikosov vortex array shows two kinds of long range order 

{LRO). The most obvious is the translational and orientational LRO of the vortices 

themselves, which gives a regular lattice analogous to a crystalline lattice. Also present, 

is the more subtle LRO of the phase y(r) of the superconducting wavefunction, with 

a spatial ordered pattern which reflects the underlying vortex lattice. This long range 

phase coherence is the basis of the phenomenon of superconductivity (sections 1.4.2 and 
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1.6.3). Both thermal fluctuations and quenched disorder disrupt this LRO, leading to 

remarkable modifications of the Abrikosov phase diagram of the HTSs. 

As discussed in sec. 1.15, quenched disorder plays a fundamental role in determin-

ing the fundamental property of zero resistance in type-II superconductors. In the 

Abrikosov phase diagram, in fact, only the Meissner phase - where vortices are absent -

is a truly superconducting phase with zero linear resistivity p{J —)• 0) ^ 0. The mixed 

phase is not truly superconducting, as in a clean material the entire FLL is free to 

move in response to a current, leading to the flux creep phenomena. Pinning by crystal 

defects is the pre-requisite for vanishing resistivity in the mixed phase. The crucial 

question arises whether flux creep persists down to the limit of zero driving force, that 

is whether a type-II superconductor has strictly zero resistivity when cooled in a mag-

netic field or whether the resistivity becomes too small to measure and eventually the 

mixed phase will end up in a resistive state. 

As pointed out at the end of chapter 1, this question has never been answered 

definitively in the LTSs. The standard Anderson-Kim theory of flux creep (sections 

1.16.1 and 1.17) indicates that thermal fluctuations will destroy the zero resistance 

property, so that type-II superconductors are truly superconducting only at T=0 K. 

This conclusion is however irrelevant in the LTSs, as at their low operating temperatures 

the thermally activated resistance becomes too small to be measured. The question 

becomes of practical importance in the HTSs, where thermal fluctuations are significant 

and will be addressed in sec.2.6.3. 

2 .6 .1 T h e r m a l d i sorder in de fec t - f ree H T S s 

The LTSs lattice is stable against the negligible thermal fluctuations {Gi ~ 10"^) over 

the entire phase diagram (flg.2-7-a). In particular, the superconducting-normal tran-

sition is well defined: as H or T approaches the Hc2{T) line, the flux lattice melts 

because the coherence length ^(T) diverges and the vortices cease to be well defined 

objects; resistance abruptly appears. 

In contrast, the HTSs lattice shows unconventional instability due to the strong 

thermal fluctuations {Gi ^ 10"^), and Hc2{T) is not well defined (fig.2-7-b and c). On 

cooling in a magnetic field, electrons gradually start to pair and vortices to appear in 

the superconducting wavefunction but they do not "freeze" until substantially lower 

temperatures. As a consequence of the vortex motion and associated fluctuations of 

the amplitude |^ | , the Hc2{T) line is smeared into a critical region. The width of the 

critical regime is determined by Gi: 

IT'S - s r i <: (2.5) 

For Y-Ba-Cu-0, Gi ~ 10"^ gives a rather narrow width ~ 1 K in zero field, only weakly 
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increasing with field. For Bi- and Tl- compounds, strong quasi — 2D fluctuations have 

an associated ~ 10"^, which gives a wider width ~ 10 K. 

Below the critical region, vortex fluctuations are still large and determine fluctua-

tions of the phase of the superconducting wavefunction, which result in the disruption 

of the long range phase coherence. Gammel et al. (1988) first suggested the existence 

of a vortex liquid phase of the FLL in the high temperature regime, separated from 

the low-temperature Abrikosov vortex solid by a melting transition. The extension of 

the melted part of the phase diagram is again determined by Gi. The melting line can 

in fact be described as [Blatter et al. (1994)]: 

^ m ( n - ^ ^ c 2 ( 0 ) ( l - t " ) (2.6) 

with t = T/Tc the reduced temperature and ~0.1-0.4 the Lindemann parameter®. 

Theoretical work by Houghton et al. (1989) predicts that in clean materials (zero 

or weak pinning) the melting transition is first order. Quenched disorder make this 

transition a second order one, a "glass like" melting (as will be discussed in the next 

section). 

A first order thermodynamic transition is accompanied by latent heat and a discon-

tinuous jump in other physical properties, like the FLL density. High-spatial-resolution 

and high-field-sensitivity measurement of the vortex array in a high-quality Bi-Sr-Cu-

Ca-0 crystal by Zeldov et al. (1995) have confirmed a discontinuous step in the local 

field density B at the melting transition. More recently. Schilling et al. (1996) have mea-

sured the latent heat in highly-sensitive calorimetric measurements on an untwinned 

single crystal of Y-Ba-Cu-0. These results provide compelling experimental evidence 

of a first order phase transition at the phase boundary Hm (T). 

Another feature of the HTSs is the re-entrant shape of the melting line Hm{T), 

which extends to particularly low temperatures in extremely anisotropic materials. 

Abrikosov FLL can melt not only with increasing temperature, but also with decreas-

ing field near H d • As the applied field decreases, the distance between vortices increases 

and, correspondingly, their mutual interaction decreases. When the vortex-vortex dis-

tance overcomes the London penetration depth A (large in the HTSs), their interaction 

becomes exponentially small; consequently the lattice shear modulus cee (x de-

cays rapidly, leading to a melting of the FLL in the presence of much smaller thermal 

®In the absence of a consistent theory of a 3D bulk melting, the position and shape of the melting 
line are determined by the Lindemann criterion for the mean thermal displacement at the melting 
temperature Tm [Blatter et al. (1994)]: 

2,RR \ \ ^ , 2 2 (u (Tm))th = CLUO 
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fluctuations (with strength ^Inn <C Gi by several order of magnitude). 

From eqns. 2.5 and 2.6, both the width of the critical region and the extent of the 

melted portion of the phase diagram increase with Gi. For Bi-Sr-Ca-Cu-0, the region 

of the phase diagram occupied by the vortex liquid phase is larger than for Y-Ba-Cu-0. 

Furthermore, its strongly layered structure determines the appearance of two regimes in 

the vortex liquid phase, separated by a characteristic field . In the low field regime 

Hci <€. H < the vortices are line objects and the melting process is described by a 

3D continuous anisotropic model, while in the high field region < if <C Hc2, the 

melting is quasi - 2D and approaches the field-independent value ~ 25A'. The 

two parts of the melting line join up at . 

2 .6 .2 Q u e n c h e d d i sorder 

A perfect triangular FLL can only exist in a perfect solid. As first pointed out by 

Larkin (1970) and further elaborated by Larkin and Ovchinikov-Yu (1979), a perfect 

lattice cannot exist in any real material, as any (however weak) pinning destroys the 

translational long range order. 

Two effects are in competition: on one side, the magnetic interaction between vortex 

lines, which establishes the elastic properties of the FLL with its finite shear modulus; 

on the other side, the random pinning of the vortex lines, which tends to disrupt the 

lattice structure. In the presence of any quenched disorder, therefore, only translational 

short rang order (SRO) may survive inside a characteristic radius Tc, determined by 

the elastic properties of the FLL. If Vc is macroscopically large, the disorder can be 

regarded as "weak" and the global crystallographic axes can still be used for the FLL', 

conversely, if is of microscopic dimensions the disorder is "strong" and local axes 

must be introduced. 

Following Larkin's perturbative method to describe disorder in the low tempera-

ture region of the phase diagram, Chudnovsky (1989) showed that even when disorder is 

strong the local axes maintain an extended correlation in their orientation. The survival 

of orientational-Li20 concomitant to the destruction of the positional-Li?0 is indica-

tive of a hexatic (sixfold) vortex-glass state. Fisher (1989) suggested the vortex-glass 

state as the low temperature phase for the mixed state disordered type-II superconduc-

tors and argued that this phase is truly superconducting. 

Experimental evidence for the existence of an hexagonal vortex-glass in the oxide 

superconductors at low magnetic fields and temperatures, has been obtained by using 

In a superconductor the term microscopic refers to length scales > ~ The coherence length, in 
establishing the spatial response of the macroscopic wavefunction sets the spatial resolution of the 
system. 
The coherence length is to be taken as the physical length scale of the pinning potential: even if point-
like defects, like oxygen vacancies, have dimensions much smaller than the vortex line cannot resolve 
lengths smaller than 
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Figure 2-7: Effect of strong thermal fluctuations on the H-T phase diagram of a "pure' type-II 
superconductor. 
(a) Abrikosov phase diagram, where thermal fluctuations are neglected: the upper critical field 
line HC2{T) is well defined. 
(b) and (c): phase diagrams appropriate to Y-Ba-Cu-0 and Bi-Sr-Ca-Cu-0 respectively. Ther-
mal fluctuations broaden the transition at i7c2 (shaded region) which no longer is a true phase 
transition but rather a smooth and continuous crossover from a normal metal to a vortex fluid, 
which are really the same phase. Nevertheless, in the normal phase pairing is absent and so 
are the vortices, while below Hc2 there is a local tendency towards pairing and the system can 
be described in terms of fluctuating vortices; the rapid increase of the modulus |^ | near Hc2 
determines a jump in the specific heat. 
The vortex liquid is separated from the solid vortex lattice by a true phase transition defined by 
the melting line Hm{T). In a clean material, this phase transition is first order, accompanied 
by latent heat. The vortex liquid intrudes at Hci between the Meissner and the vortex lattice 
phases. 
The difl'erences between (b) and (c) are due to the effects of high anisotropy, which in Bi-Sr-Ca-
Cu-0 considerably reduces the extent of the vortex lattice region and leads to a 2D behaviour 
above . 
Drawing not to scale. 
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the high-resolution Bitter decoration technique [Gammel et al. (1987), Murray et al. 

(1990), Grier et al. (1991) and the review article by Grigorieva (1994)]. 

At higher fields the FLL structure has been observed with neutron-diffraction, in a 

twinned Y-Ba-Cu-0 crystal by Forgan et al. (1990) and in a clean Bi-Sr-Ca-Cu-0 single 

crystal by Cubitt et al. (1993). Both superconductors displayed an hexagonal lattice 

in applied field below ~ 0.1 T. The importance of the neutron diffraction technique is 

that it allows the direct observation of the melting of the FLL as the temperature is 

raised, marked by a rapid disappearance of the diffraction signal. The melting transition 

observed by Cubitt et al in the "pure" Bi-Sr-Ca-Cu-O crystal - where pinning is weak 

and relies only on oxygen deficiencies - is very close to theoretical predictions. 

Furthermore, this experiment showed the lack of a diffraction signal above 0.1 T even 

at the lowest temperatures, indicative of the decomposition of the 3D flux lines into 2D 

"pancake" vortices. Thus it appears that in Bi-Sr-Ca-Cu-O a simple 3D FLL occurs 

only in a small corner of the H-T phase diagram. 

The practical implications of the FLL melting as the mechanism limiting the per-

formance of strongly anisotropic HTSs will be discussed in section 2.7 and will have 

importance for the performance of the HTS coil in the experimental investigation (chap-

ter 5). 

2 . 6 . 3 I n t e r p l a y of q u e n c h e d a n d t h e r m a l d i s o r d e r 

Thermal fluctuations interfere with quenched disorder in two ways: (i) by affecting the 

pinning potential (small intra-valley fluctuations); (ii) by changing the dynamics in the 

FLL system (large inter-valley fluctuations). 

Small intra-valley fluctuations: smoothing of the pinning potential 

Due to thermal motion, the vortex core will sample the pinning potential over an 

extended spatial region. When the amplitude of the thermal displacement increases 

beyond the extent of the vortex core ^ (= scale of the quenched disorder potential), 

the vortex will experience an averaged potential and therefore pinning will be reduced. 

The result is a rapid decrease of the critical current density with increasing temperature 

[loffe and Vinokur (1987)]. 

The so-called depinning line Bdp, determined by the condition {v?{Tdp))th — has 

the form [Blatter et al. (1994)]: 

g j p ( T ) - G « ^ c 2 ( 0 ) t " (2.7) 

Bdp is not a transition line, but rather a continuous cross-over to a region of the H-T 

phase diagram where thermal disorder strongly interferes with pinning, that is from a 

pinned to an unpinned situation. 

Gi is again the crucial parameter intervening in Bdp'- the higher is Gi, the larger is 
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the portion of the phase space where the pinning properties of the FLL are affected by 

thermal smoothing. For weak pinning, always realised in the HTSs {J/JQ < Gi), the 

melting transition Hm{T) (characteristic length ao) is only weakly perturbed by the 

pinning disorder (characteristic length > cq) : only a narrow band of the vortex-liquid 

phase near Hm{T) will be pinned. 

The reentrant part of the melting line near Hci{T), on the other hand, is strongly 

affected by the presence of the pinning potential. In this region, in fact, the thermal 

fluctuations strength is <C Gi, which means that even weak pinning is able to suppress 

thermal fluctuations: the vortex liquid is therefore pinned. 

Large inter-valley fluctuations - Dynamics 

Apart from changing the pinning potential, thermal fluctuations play a major role in 

the dynamics of the FLL system. They produce a flow motion of the FLL even for 

current densities J < Jc-

According to the classical theory of flux-creep (sec.1.16.1), thermal fluctuations in-

duce bundles of vortex line segments to hop from one pinning potential well to another. 

This approach ignores the interaction between the vortex bundles and, as a result of 

the finite length of the bundle segments, the height of the pinning barrier U is finite. In 

the presence of a driving current density J , the independent motion of vortex bundles 

destroys the phase coherence, leading to a finite dissipative electric field: 

E = 2AOBUOEXP (sri) 
At small current densities (J —̂  0), sinh{x) ~ x and the superconductor shows Ohmic 

resistivity, with a thermally activated form: 

oc 

Therefore, according to this theory, a type-II superconductor in a magnetic field has 

strictly zero resistivity only at T = 0 K. 

Several limit regimes are realised in the HTSs, as shown in fig. (2-8). In the high 

temperature regions occupied by the vortex liquid phase, both the flux flow (U <C ksT) 

and the thermally assisted flux flow U > ksT regimes can take place. 

In the low-temperature regions the vortex system responds as a vortex-glass phase, 

which turns out to be a true superconductor with p{J -4- 0) —> 0, in contrast with the 

conventional flux-creep theory. Probing the vortex system with a J -> 0 is equivalent 

to investigating the thermodynamic phases of the FLL system, as a vanishing small 

current density does not alter the thermodynamic phase by its own presence. 

The flux flow (FF) behaviour is the dynamic response of the unpinned vortex liquid 
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near the resistive transition line Hc2{T). The barriers against flux motion are small, 

that is [/ <C ksT , and flux motion is essentially unaffected by quenched disorder. Under 

the action of a driving force, the vortex motion is a free flow. The resistivity p is then 

given by the flux-flow resistivity (eqn.1.74): 

B 
P ~ Pflow — Pn 

tlc2 

The thermally activated flux flow {TAFF) regime is realised close to the melting line 

Hm{T). The (finite) pinning barriers are large against flux motion, that is oo > C/ > 

ksT , the vortex liquid is pinned and the superconductor shows a thermally activated 

resistivity: 

with A -C 1- With increasing temperature T —)• Tc, the TAFF regime crosses over to 

the FF regime. 

Below Hm.{T) the elastic properties of the FLL are established. The vortex line is a 

topologically stable identity, which cannot terminate in the interior of a superconductor 

(a consequence of flux quantisation, i.e. the phase of a single valued wavefunction can 

only change by 2ir). It can be shown that, as a direct consequence of the elasticity, the 

pinning barriers diverge when the probing current density becomes vanishing small: 

U[J —y 0) —̂  oo 

In the presence of such a divergence of U, the small current expansion used in the 

Anderson-Kim model, eqn.(2.8), cannot be used any more. In fact the current-voltage 

characteristics develop an essential singularity in the limit J —>• 0 with the electric field 

E vanishing accordingly [Fisher (1989), Fisher et al. (1991), Blatter et al. (1994)]: 

E oc exp 

leading to: 

( tar ) IJ 

E f Jc\'^ 
p = — exp 1--J j 0 for J 0 

This investigation of the thermodynamics of the FLL with a vanishing J —>• 0 defines 

the vortex-glass phase in a dynamic way, as a consequence of the divergence of the 

pinning barrier U{J -4- 0). This phase is characterised by the glassy exponent fi, an 

universal parameter in the range 0 < // < 1. Since p{J —> 0) 0, this phase is truly 

superconducting. 

The appearance of an infinite barrier immobilises the vortices, "freezing" them in 

a sample-specific configuration determined by the details of the defect microstructure. 

The phase of the wavefunction regains a true long range coherence, although in a 

random way which reflects the frozen vortex pattern specific to the particular sample. 
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This kind of order is analogous to the magnetic order present in some random magnetic 

alloys called spin-glasses, from which this phase gains its name of vortex-glass. 

In conclusion, the interplay of quenched and thermal disorder can be summarised 

as follows: 

1. Disorder is perturbatively irrelevant for the vortex liquid phase, which remains a 

liquid. 

2. Disorder is perturbatively relevant for the vortex lattice, which is transformed 

into a vortex-glass. 

3. In the vortex-glass phase, any non-zero current density experiences a non-zero 

resistivity because of the thermally activated collective vortex motion; but this 

resistivity vanishes exponentially with J as J —>• 0. therefore the vortex-glass is 

a truly superconducting phase. 

4. At very low temperatures this thermally activated dissipation becomes too small 

to be measured, and the current-voltage characteristics show an abrupt onset of 

dissipation at J = analogous to the LTSs, 

unpinned liquid (FF) 

# 1 
vortex glass phase % * 

^ c i m 
Meissner phase 

Figure 2-8: H-T phase diagram of a "dirty" type-II superconductor: combined effect of 
thermal and quenched disorder (pinning). Below the melting line Hm{T) the pinning barrier 
diverge [/(J —> 0) —>• oo: quenched disorder transforms the vortex solid, with its finite shear 
modulus, into a vortex-glass which is a true superconducting phase. Quenched disorder is 
perturbatively irrelevant for the vortex liquid, which remains a liquid. Near Hm(T), large 
finite barriers (shaded region) pin the vortex liquid (TAFF regime); while close to Hc2{T) the 
barriers are small and the vortex liquid is unpinned {FF regime). 
Drawing not to scale. 
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2.7 Critical current and irreversibility line 

Technological applications of the new HTSs demand the ability to carry sufficiently 

large currents at 77 K, that is Jc > 10® A/cm^ defined at a particular voltage criterion. 

Although the weak link problem has been solved through grain alignment, the Jc in a 

bulk superconductor is below this limit: the high values ~ 10® A/cm^ are maintained 

up to temperatures ~ 20 K; above ~ 30 K a severe deterioration of Jc is observed for 

applied fields > ~ 1 T, particularly pronounced if the field is parallel to the c-axis. 

The values of the applied field at which the transport /c ~ 0 define the irreversibility 

line Hirr{T) in the HTSs phase diagram. Above this line the flux lines move freely 

in response to external forces, the HTSs behave reversibly and the transport critical 

current is zero. Below the irreversibility line flux lines are pinned, the HTSs exhibit 

irreversibility and can sustain a critical current. Furthermore, resistance in Bi-Sr-Ca-

Cu-0 is observed at much lower temperatures than Y-Ba-Cu-0 [Palstra et al. (1988)]. 

It is found experimentally [see for example Evetts and Kes (1992)]: 

(2.9) 

for YBagCusO? 
with n . . 

for Bi-Sr-Ca-Cu-0 

There has been much controversy about the origin of the irreversibility line; whether 

it is merely due to thermally activated flux creep or rather to an intrinsic modification 

of the flux line lattice, induced by thermal activation and enhanced by anisotropy. 

The first line of thoughts ascribes the reduction of Jc (of an amount depending on the 

chosen critical current criterion) entirely to flux line depinning by thermal activation, 

which at high temperature and fields manifests itself as giant flux creep [Yeshurun and 

MalozemofF (1988)]. The net flux creep rate is in fact 

OC exp ( - ^ ) 

and 

for U=50 mV ^ ^ ^ (2.10) 
AeT 1 8 a t 7 7 K ^ ' 

Because of the exponential dependence, the flux rate at 77 K is 10®° times faster than 

at 4 K. 

An alternative proposal, first advanced by Gammel, Bishop et al. (1988) [see also 

Fisher et al. (1991) and Huse et al. (1992)], identifies the irreversibility line with the 

melting transition of the FLL. Dissipation would arise because of the rapid thermally 

induced motion of the melted lattice. 

As mentioned in sec.(2.6.2), Cubitt et al. (1993) have obtained direct observation of 
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FLL melting using small angle neutron diffraction in a clean single crystal of Bi-Sr-Ca-

Cu-0 ^ in the high-temperatures and high-field region of the H-T phase diagram. The 

melting line - directly measured by the sharp disappearance of the diffraction signal 

as the temperature is increased - lies close to the irreversibility line obtained indepen-

dently from magnetic measurements on a small piece of the same sample, providing 

experimental evidence that melting is the mechanism responsible for the appearance of 

electrical resistivity. 

Forgan et al. (1990) have studied with neutron diffraction a twinned Y-Ba-Cu-0 

crystals. The presence of strong pinning from twin planes prevented the melting of the 

FLL, shifting the irreversibility curve towards Hc2{T). 

These experiments show the importance of strong pinning and of low anisotropy: 

the higher the anisotropy of the material, the lower the Hirr (T) in the H-T plane. 

Since HTSs cannot be used above the irreversibility line, a major issue is whether 

or not Hirr{T) can be shifted towards Hc2{T) by optimising the defects structure and 

increasing the density of pinning centres (particularly low in Bi-Sr-Ca-Cu-0 and Tl-Ba-

Ca-Cu-0). Effective flux pinning requires pinning centres with at least one dimension 

smaller than It has been demonstrated that this can be achieved via irradiation 

with fast neutrons and protons. Civale et al. (1991) report pinning enhancement along 

linear damage tracks produced by heavy ions irradiation in Y-Ba-Cu-0, leading to a 

significant shift of the irreversibility line towards higher fields. In Bi-based materials, 

Hirr{T) appears to be less dependent on pinning [Evetts and Kes (1992)]. 

The use of high energy neutrons or ions to improve pinning, however, is not open to 

large scale production, because of the radiation protection issues involved. A promising 

alternative appears to be chemical doping, where the substitution may be performed 

on the yttrium, barium, copper or oxygen site [Jin (1992)]. The development of a 

pinning enhancement method which is commercially viable is still an open challenge in 

materials science. 

To conclude, despite the difficulties and challenges presented by the new copper 

oxides superconductors, there have been considerable improvements from the initially 

disappointing values of and significant improvements continue to be reported; fig.(2-

9) illustrates this point. 

^The irreversibility line divides unpinned from pinned FLL, where only SRO is present: if the short 
range order extends over a large enough distance, the FLL can be probed by neutron-diffraction. 
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B (T) 

Figure 2-9: Critical current densities vs B (logarithmic scale): comparison of HTSs at T = 
77 K and LTSs at T = 4 K. 
Curves (1) and (2) refer to LTSs at T = 4 K, Nb-Ti and (Nb,X)3Sn respectively. 
All other curves refer to HTSs at T = 77 K: 
(3) sputtered Y-Ba-Cu-0 thin film; 
(4) and (5) CVD deposited Y-Ba-Cu-0 film with B || ab-planes and B || c-axis respectively; 
(6) and (7) Y-Ba-Cu-0 rod, powder melt processed (PMP) and melt textured growth (MTG) 
respectively; 
(8) and (9) Bi-tape, mechanically melt processed (BiPb)2Sr2Ca2Cu30^ and melt processed 
Bi2Sr2CaiCu20r respectively; 
(10) Y-Ba-Cu-0 wire; 
(11) polycrystalline granular samples. 
[Reprinted from Concise Encyclopedia of Magnetic and Superconducting materials, J.E Evetts 
and P.H. Kes, "Critical Current Density", pages 88-94, Pergamon Press (1992), with permission 
form Elsevier Science.] 
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C h a p t e r 3 

Superconducting Magnetic 

Separation 

3.1 Introduction 

Magnetic separation is a method widely used in mineral processing. It exploits the 

differences in the magnetic properties of the minerals present in the ore to separate 

the paramagnetic component from the less magnetic ones. Sometimes the magnetic 

component is the required product, other times it is an impurity; the beneficiation of 

kaolin clay is an example where the removal of iron and titanium minerals from the 

crude ore increases the product brightness. 

The increasing market demand for higher quality products in conjunction with 

the decreasing grade of the ore, has put mounting pressure on the industrial mineral 

suppliers for higher performance from the separators. 

Low-Tc superconducting magnets of large dimensions have successfully operated 

in high gradient magnetic separators (HGMSs) in the past decade. Their ability to 

deliver high-fields ~ 5 T while keeping the consumption of power very low (10-15 kW 

for a unit capacity of up to 100 t /h) , results in a much more efficient separation than any 

conventional system, with a brighter final product at a lower cost. The industry involved 

with separators of smaller dimensions, however, has continued to employ resistive coils 

or permanent magnets, because of the expensive and technically complicated helium 

refrigeration system required by the LTSs. 

High-Tc magnets, cooled either in liquid nitrogen or with cryocoolers, offer the 

promise of cheaper and simplified operation compared to the low-T^ ones. Advances in 

the HTS material science are therefore looked at with considerable interest. 

This chapter, after reviewing the principles of magnetic separation (sec.3.2) and 

the existing low-T^ superconducting HGMSs (sections 3.3, 3.4 and 3.5), discusses the 

potential application of high-Tc superconductors in magnetic separation (sec.3.6). Re-

cent pilot studies which have employed small scale HTS solenoids will be presented in 
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sec.(3.7). The opportunity of using HTS flux tubes in conjunction with flux pumps to 

provide cheap and reliable permanent magnets will also be explored (sec.3.8). 

3.2 The governing equation for magnetic separation 

To achieve magnetic separation a magnetic field is applied in combination with a 

magnetic field gradient. 

The magnetic force experienced by a magnetic particle is (see appendix B): 

Fm = 2 Ak) V(Ha - (3.1) 

where /iq is the permeability of the vacuum equal to 47rx 10"^ H m~^, Xp k the magnetic 

susceptibility and Vp the volume of the particle. Fm is directed along the gradient 

under this force ferromagnetic and paramagnetic particles move towards the 

high-field regions of the separator, while diamagnetic particles migrate toward the low-

field regions. 

The proportionality of Fm to Vp and Xp means that large particles or strongly 

magnetic ones can be easily separated by low-field systems. Permanent magnets and 

resistive electromagnets, often used combined with an iron circuit, have been success-

fully used for decades to separate ferromagnetic particles; an extensive description of 

the various machines can be found in the classic works by Taggart (1944) and Svoboda 

(1987). The field gradient is produced by either shaping the poles of the iron yoke or 

by magnetizing pieces of ferromagnetic material, referred to as secondary poles. 

However, paramagnetic materials are much more common in nature than ferro-

magnetic ones (with 55 elements being paramagnetic) and they require much higher 

magnetic field gradients to be separated. High gradients can be achieved by inserting a 

fine ferromagnetic matrix in the bore of high-field solenoids^. The matrix, magnetised 

by the applied field, creates a multiplicity of finely subdivided secondary poles, as each 

wire element locally distorts the magnetic field and originates a magnetic gradient in 

its proximity. Stainless steel (400 series) is a frequently used matrix material, the di-

ameter of the wire is chosen to suit the need of the process, commonly 70-80 /im for 

micron-sized particles. Gradients as high as 0.1 T /im~^ can be achieved, from which 

this technique has gained its name of High Gradient Magnetic Separation (HGMS). 

The ability of processing weakly magnetic particles of colloidal sizes on a large 

scale and at high processing rates, has opened a number of potential applications to 

this technique, in fields as diverse as the cleaning of human bone marrow, processing of 

nuclear fuel, treatment of water or industrial effluents, industrial and mineral processing 

and extractive metallurgy. 

' The use of a wire matrix was first suggested by Frantz (1937), although at magnetic fields not 
higher than the value needed to saturate the matrix. 
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Because of the need for high-field magnets of large dimensions, HGMS has greatly 

benefited from the superconducting technology and has in fact become the second 

major industrial application of superconductivity. Since 1986 low-Tc superconducting 

solenoids have been employed in large-sized HGMS separators to deliver magnetic fields 

as high as ~ 5 - 8 T. 

High-2^ superconductors are likely to have a big impact not only on HGMS but on 

magnetic separation in general. The costs and complexity of the cryogenics with liquid 

helium have been the main reason in confining the use of low-2^ superconductors to 

the large HGMS systems, while the more modest low-field separators have continued 

to employ resistive coils. The employment of high-2^ coils, on the other hand, appears 

very attractive, as the cryogenics with liquid nitrogen are greatly simplified and the 

capital and running costs of the refrigeration system greatly reduced. 

Before discussing the prospect for the present high-Tc superconductors in the min-

eral processing industry, the design of currently operational low-Tc HGMSs will be 

reviewed. Three main designs will be discussed, namely the Marston type, the recip-

rocating canister and the drum separator. 

3.3 The Marston separator 

Developed by Kolm (1971) and Marston et al. (1971), this HGMS was manufactured 

in the early 1970s for the kaolin industry in the USA by Eriez Magnetics (Erie, PA, 

USA) employing a resistive solenoid. In 1986 Eriez Magnetics built the first low-Tc 

superconducting HGMS adopting the conventional design and simply replacing the 

copper coil with NbTi windings; a second superconducting system of larger dimensions 

went into production in 1989. Both machines have been successfully operating since 

their installation. However, the Marston design presents a number of drawbacks in 

both installation and operation, and the kaolin processing industry has turned to the 

much more advantageous reciprocator system. 

The design of the Marston separator is shown in fig. (3-1). The solenoid generating 

the field is surrounded by an iron circuit which enhances the intensity of the magnetic 

field as well as its uniformity in the air gap; typically the system operates at a field 

strength of 2 T. The wire matrix is contained in a cylindrical canister at the centre of 

the solenoid and occupies ~5-10% of the canister volume. The slurry of kaolin is fed 

to the matrix vertically, against gravity, through a number of holes in the bottom pole 

cup; after being filtered it leaves the system through a similar set of holes on the top 

pole cap. 

The contaminant is separated via capture by the ferromagnetic wire matrix, which 

acts as secondary poles. As the particles accumulate, the trapping efficiency decreases 

and eventually the matrix needs to be cleaned: the process is a cyclic one, with the 

actual separation phase followed by a cleaning phase. 
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magnetic circuit 

solenoid top pole cup 

bottom pole cup 

Figure 3-1: Vertical cross-section of a Marston high gradient magnetic separator: the magnetic 
field is generated by an iron-bound solenoid. Typical dimensions of the canister containing the 
matrix are ~ 50 cm hight and ~ 2 m diameter (~ 3 m for the larger superconducting separator)); 
the weight of the iron circuit ~200-250 t. 

The major drawback of the Marston system is that the magnetic field needs to be 

switched off in order to clean the matrix. The switching off/on of the field is in fact 

the factor limiting the performance of these machines, which makes it impractical for 

them to operate at fields higher than 2 T. This is for two main reasons: 

1. The dead time D between stopping and restarting the separation process - which 

includes the time necessary for switching off and on the magnetic field and the 

time required for flushing the matrix - is considerably long, D ~ 200 s. 

This long dead time imposes comparatively long feeding times r , in order to 

achieve a duty factor ~ 75% The possibility of operating at higher fields - with 

the inherent advantage of decreasing the feeding time r (inversely proportional 

to the field strength) - is jeopardised by the dead time D becoming r and so 

giving an unsatisfactory duty factor. 

Typically, with machines operating at 2 T, four cycles are performed per hour, 

giving a processing rate of ~ 1890 1 min~^ over an area of 2.85 m^. 

2. The switching of the field, for the superconducting case, is accompanied by a 

considerable boil off of liquid helium, 2 litres per cycle at 2 T. This doubles the 

helium requirements of the system and makes a helium liquefier necessary in situ. 

Increasing the operating field strength would substantially increase the helium 

^From the theory of high gradient magnetic sepciration [see for example Watson (1978a)] it follows 
that for the separation process to be efficient the duty factor must be higher than 0.75: 

No 
N0 + I + DjT 

> 0 . 7 5 

where No is the number of times the canister is filled, D is the dead time and T is the feed time. This 
relation implies that high efficiency is achieved when the feed time is appreciably larger them the dead 
time, i.e. D/T <C 1. 



boil off: if the same system was to operate at 4 T, the boil off would be of 

16 litres [Watson (1998)]. 

Figure 3-2: The Marston superconducting HGMS built by Eriez Magnetics, Erie, PA, USA 
and installed at the plant of J M Huber, where it has been operative since May 1986. The 
separator weighs 250 t. The 1000 1 liquid storage vessel is visible on the platform to the right of 
the separator. The enormous weight and dimension of the apparatus add to the capital costs, 
as the transportation and installation are particularly expensive, the latter requiring adequate 
foundation. 

A study of the cost per tonne of clay processing by Watson (1992) identifies a 

60% component in the magnet power consumption; this implies that (i) there is a 

great potential for cost reduction in using superconducting coils and (ii) any dead time 

imposes a high penalty in the processing cost. 

The problem of the dead time - and associated power and liquefier costs - is the rea-

son why the first superconducting Marston gave a processing cost per tonne (including 

both capital and running costs) higher than the resistive ones. The saving in power 

did not compensate for the price difference of the more expensive NbTi solenoid, the 

cryostat and of the helium liquefier. 

In order to improve the processing cost per tonne, as there is no benefit from 

increasing the operating field strength, Eriez Magnetics built the second superconduct-

ing Marston with double the capacity (the diameter of the canister is ~ 3 m instead of 

~ 2 m). 

Nevertheless, the switch on/off systems are not economically viable for kaolin pro-

cessing at high fields. An alternative solution is offered by the reciprocating canister 
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system, which has demonstrated to be highly competitive even if operated at 2 T. 

3.4 The Reciprocating Canister sys tem 

The concept of the Reciprocating Canister Separator (RCS) is due to Windle (1977). 

Originally pioneered by English China Clay (ECC), it was produced by Carpco SMS 

Ltd (Slough, Berkshire, UK) until recently, and now moved to Carpco Inc (Jacksonville, 

Florida, USA). Unlike the Marston separator originally developed for resistive coils, the 

RCS has been designed from start to take full advantage of low-Tc superconducting coils. 

One of the important advantages of superconducting separation is the production 

of magnetic fields higher than 2 T. Watson (1973) predicted that the particles velocity 

to the matrix increases proportionally to the applied field, while maintaining the same 

product quality; this was later demonstrated experimentally by Watson (1975). This 

allows the machine to be reduced in size, while maintaining the same production rate. 

The fundamental advantage of the RCS is that operates in the persistent mode. The 

superconducting magnet, in fact, utilises two canisters: while one canister is separating 

in the magnetic field of the superconducting solenoid, the other is out for cleaning. 

As the matrix processing the slurry becomes full, a hydraulic ram returns the clean 

canister to the field and shifts the dirty one out, ready for cleaning. The canister train 

is magnetically balanced and minimal force is required to alternate the two canisters 

(fig.3-3). The cycle continues with no need to switch off the magnetic field. 

The dead time is reduced to the order of 10 seconds, so that feeding times as small 

as ~ < 1 min still lead to a high duty factor. Fields of 5 T are the standard, some 

laboratory machines operate at 8 T. The processing rate of the RCS per unit area is 

8-10 times higher than the switch on/off system. 

The performance is further enhanced by the radial feed canister system [Watson 

(1978b)]. The slurry enters the canister radially, to take advantage of the large surface 

area of the matrix. The matrix has a solenoidal geometry co-axial with the coil, with 

thick "walls" and a central bore; the slurry is filtered as it penetrates the thickness of 

the matrix, and leaves the system through the bore at the centre of the matrix. 

Furthermore the helium consumption is greatly reduced, as there is no helium dissi-

pation associated with switching of the magnetic field. Smaller and less powerful helium 

liquefiers were used for the early pioneering models, while the later developments, like 

the machine pictured in fig. (3-4), do not need a liquefier at all: 1000 1 of helium are 

transferred annually. Liquid nitrogen is avoided altogether, the intermediate tempera-

ture being provided by a small refrigerator running at 10 kW. 

The persistent mode operation gives - once the magnet has been initially energised -

independence from the supply of electric power; this represents a big bonus also from a 
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Figure 3-3: Reciprocating Canister Separator: (a) schematic of the 5T-500 model; (b) vertical 
cross-section of the canister train: while canister-1 is separating in the field canister-2 is out for 
cleaning, and vice-versa. The train canister is magnetically balanced with dummy canisters to 
keep constant the amount of iron in the field space: in this way a minimal force is required to 
alternate the two canisters, and the transfer only takes ~ 2 s. 

reliability point of view, as events of power cuts will not affect the field and production 

can be restarted as soon as power is restored. 

The magnet is surrounded by a light iron shield intended to contain the magnetic 

stray fields within the coil, so that the canister can be cleaned in the vicinity of the 

coil and the length of the canister train minimised accordingly. These details lead to 

a much more compact and lighter system than the Marston one, and to considerably 

reduced transportation and installation costs. 

The first two reciprocators were commercially produced in 1989 and 1991 as 5 T 

portable machines, with an active separation volume of ~ 27 cm in diameter and 

~ 50 cm in length (model number HGMS 5T/280/5/S). They were followed by the 5 T 

model HGMS 5T/500 produced since 1993 with a reciprocating tube 50 cm in diame-

ter (fig.3-4). The largest 5T reciprocator HGMS 5T/1000 entered the market in 1994 

[Watson (1994)]; its reciprocating tube measures 1 m in diameter. Currently there are 

25 reciprocators of various sizes operating mainly on kaolin in Australia, Brazil, India, 

Czech Republic, Germany, United Kingdom and United States. 
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Figure 3-4: The superconducting RCS, model Cryofilter HGMS 5T/500, built by Carpco SMS 
Ltd. The system operates at 5 T, with a clear bore of 50 cm. This modular design leads to a 
weight of ~ 50 t, therefore simplifying transportation and installation as no special foundations 
are required. The power consumption of this machine under normal operation is 10 kW; the 
processing rate of kaolin in the range of 20-50 t/h (dry weight). 
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3.5 The superconducting rotating drum separator 

The superconducting drum separator, known by its acronym DESCOS (Drum Equipped 

Superconductive Ore Separator), was manufactured by KHD Humbolt Deutz AG (Cologne, 

Germany). Only one of these machines, shown in fig.(3-5), has been installed at a mine 

in Turkey in 1988, where it has been operating successfully. 

Figure 3-5: The superconducting drum separator DESCOS built by KHD Humbolt Deutz AG, 
and installed in a mine in Turkey in 1988. The system operates at a peak field of 3.8 T at the 
drum surface. The drum has a diameter of 1.2 m and a length 0.8 m; the magnetic field equals 
2.8 to 3.2 T over an axial length of 1 m. It is suitable for both wet and dry processing; the 
processing rate can be as high as 180 t/h. 

Conventional drum separators utilise rare-earth magnets positioned inside the drum 

in such a way to produce a magnetic field and a field gradient only on one side of the 

drum surface. Typical fields are ~ 2 T. DESCOS adopts the conventional design, 

but employs four NbTi D-shaped superconducting coils instead of permanent magnets 

(fig.3-6). Their curved section is close to the drum surface and can generate a magnetic 

field up to ~ 3.2 T and a field gradient ~ 100 Tm~^. The magnetic field on the drum 

covers one third of the complete circumference, so that the drum surface outside of the 

separation zone experiences a very low field, ~0.1 T. 
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Figure 3-6: Cross section of the DESCOS drum: 1-NbTi coils; 2-radiation shield; 3-vacuum 
tank; 4-drum; 5-plain bearing; 6-helium supply; 7-vacuum line; 8-current supply. The drum 
itself measures 1.2 m diameter and can be up to 1.5 m long. 

The operation principle is very simple. As the ore reaches the drum, paramagnetic 

particles are deflected by the force Fm (eqn.3.1) and held onto the drum surface located 

in the magnetic field. As the drum rotates, the paramagnetic particles are carried into 

the low-field region where they can be released from the the surface of the drum. The 

non-magnetic component of the ore, on the other hand, is not held on the drum surface; 

subject only to gravity and centrifugal force (dry mode) or fluid-drag (wet mode), it 

follows a different trajectory and reaches a separate discharge drive. The DESCOS 

drum, is constructed from fibre-carbon reinforced plastic; the tube, 1.2 m in diameter 

and 0.8 m long, can rotate at continuously variable speed between 2-30 revolutions per 

minute. 

Furthermore, while conventional drum separators can only perform one type of 

processing, either on dry or on wet slurry^, DESCOS can operate on both wet and dry 

ores. The change from wet to dry processing is accomplished by simply rotating the 

superconducting coils through an angle of 100°, without the need to switch off the field 

(Ag.3-7). 

Combined with the open magnetic field configuration which gives a large effective 

range of the magnetic force, the DESCOS high field and gradients are able to separate 

weakly magnetic compounds, either coarse or fine-grained, at very high rates, up to 

180 t / h for particles in the range of 20-200 mm. 

A DESCOS follow-up machine has been planned with a peak-field of 5 T generated 

by five saddle-shaped superconducting coils (fig.3-6), but the high price of the DESCOS 

has prevented its wide acceptance in the mineral processing industry. 

®The two processing modes, in fact, lead to two very different configurations [Svoboda (1987) and 
Taggart (1944)] 
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Figure 3-7: DESCOS processing modes: the conversion from wet to dry processing is simply 
accomplished by a rotation of 100° of the D shaped coils inside the drum. 
(a): for dry processing, the magnet is positioned at the side of the drum. The feed is admitted 
onto the rotating drum from above, slightly off centre and routed downwards along the drum. 
The magnetic particles (red and green) are attracted towards the drum and are released at 
the end of the magnetic field, following various trajectories depending on their susceptibility. 
The non-magnetic particles (black) are dropped almost tangentially, being subject only to 
gravity and centrifugal forces. With the aid of adjustable splitters, magnetic, non-magnetic 
and middlings products are directed into separate discharge drives. 
(b): for wet processing the magnet is positioned at the bottom of the drum. The feed (green) is 
directed in the magnetic field region through a sump arranged underneath the rotating drum. 
The magnetic particles (orange) are attracted by the drum and then released to the side, at the 
end of the magnetic field. The non-magnetic slurry (cyan) is discharged downwards through 
sump outlets. 

95 



3.6 Prospects of high-Tc superconductors in magnetic se-

paration 

High-Tc superconducting magnets offer the promise of a simplified operation in liquid 

nitrogen or in cryogen free (dry) mode, with a reduction in capital and running costs 

of the refrigeration system possibly as high as a factor of 10 [Watson and Bolt (2000)]. 

At the present time HTS materials are not sufficiently developed to allow the con-

struction of solenoids able to give high-fields at 77 K. As discussed in sections 2.3 and 

2.7, the two main problems encountered by the HTS material science are weak links 

and weak flux pinning. 

In Bi-Sr-Ca-Cu-0 tapes, the problem of weak links has been overcome thanks to 

advances in mechanical processing. But unfortunately these materials show weak pin-

ning at moderate temperatures, especially in fields applied in the c-axis direction. As 

a result, Bi-2223/Ag tapes while displaying very promising high current densities in 

the a-b plane at low temperatures - Jc ~10® A cm"^ up to fields of 25 T - are very 

disappointing at moderate temperatures. Above 30 K their current density decreases 

precipitously with field, particularly for fields perpendicular to the tape surface (i.e. 

aligned along the c-axis). An example is offered by the Jc characteristics in figure 5-12 

relative to a sample of the Bi-2223/Ag tape employed in the construction of the solenoid 

used in this work. Consequently, in the solenoidal geometry of any coil magnet, it is 

the radial component of the self-field which will limit the field strength obtainable from 

the coil. Examples in literature of small scale Bi-2223/Ag magnets report fields in the 

range of 1-1.5 T at T < ~ 20 K, and 0.1-0.3 T at 77 K [Kitamura et al. (1993), Lue et al. 

(1994), Haldar et al. (1995)]. 

Y-Ba-Cu-0 materials, on the other hand, exhibit much stronger pinning at high 

temperatures and smaller sensitivity to the magnetic field orientation, but are plagued 

by the weak link problem. Reductions of Jc by a factor of 10-10^ are observed in 

untextured Y-Ba-Cu-0 for magnetic fields of only few tenths of a Tesla [Maley (1991)]. 

However, particularly in the case of Y-Ba-Cu-0, the process of melt-texturing is 

much more easily accomplished on fair size objects - like discs and tubes - rather than 

on extremely long lengths of wire [Jin et al. (1988) and Murakami (1992)]. Recently 

there has been much progress in the production of melt-textured Y-Bag-Cua-Oy-r 

discs. Weinstein et al. (1994) have reported the production in large quantities of Y-

Ba-Cu-0 discs with diameter of 2 cm, which exhibit critical currents ranging from 

10'̂  Amp cm~^ (melt-textured) to 4 10^ Amp (following light ion irradiation) and 

up to 8.5 10^ Amp cm~^ (following heavy ion irradiation). Using the light-ion irradi-

ated discs, the authors fabricated a mini-magnet which trapped 2.25 T at 77 K, 5.3 T 

at 65 K, 7 T at 55 K, and 10.1 T at 44 K. 

Within the present scenario, three possibilities are identifiable for the application 
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of HTSs to magnetic separation: 

1. Bi-Sr-Cu-Ca-0 open solenoids cooled by cryocoolers at low temperatures ~20 K. 

Though the cryogenics are technically and economically advantageous, the capital 

cost of HTSs large solenoids must be expected to be similar to the LTSs ones. 

In the case of large wire-wound devices, in fact, it is the actual winding that 

dominates the total cost, with a factor ~ 70 — 80% [Watson (1998)]. 

A number of studies have investigated or are investigating this route; some of the 

results will be considered in sec.(3.7). 

2. Superconducting flux tubes and discs at 77K. 

HTS hollow tubes or solid discs can be used to trap and store magnetic flux, 

effectively behaving as superconducting permanent magnets. 

According to an estimate made by Pilkington Bros.Ltd in 1989 (private commu-

nication to Professor J.H.P. Watson), the cost of manufacturing flux tubes, if 

standard ceramic processing is followed, may be down by a factor of 20 compared 

with the equivalent solenoidal wire-wound magnet. 

As yet, no flux tubes have been constructed from HTS superconductors; their 

great potential will be discussed in detail in sec.3.8. 

3. Use of HTSs coils at 77 K with an iron circuit. 

Iron electromagnets are widely used in the mineral industry. HTS coils poten-

tially offer the possibility of either a retrofit replacement to an existing system 

or additional low-costs Ampere-turns to increase their performance. This route 

is investigated in this thesis, and the results of modelling and experimental work 

will be presented in chapters 4 and 5 respectively. 

3.7 Prototypes which employ cryogen-free 

Bi-Sr-Cu-Ca-O solenoids 

Several studies have concentrated on evaluating the feasibility of cooling HTS coils 

using cryocoolers. 

3 .7 .1 Los A l a m o s / A m e r i c a n S u p e r c o n d u c t o r H T S h igh gradient m a g -

n e t i c s eparator 

In 1996, a collaboration between a Los Alamos National Laboratories team and Ame-

rican Superconductor Corporation led to the construction of a laboratory scale high 

gradient magnetic separator which employs a Bi2223/Ag coil [Daugherty et al. (1997)]. 

The separator is a switch on/off system, fig.(3-8). The solenoid is made of 17 double 

pancake coils, wound from 624 m of superconductor; its overall dimensions are of 18 cm 
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external diameter, 5 cm internal diameter and 15.5 cm height. The magnet operates in 

vacuum and is conductively cooled by a two stage Gifford-McMahon cryocooler. The 

magnet is powered by HTS current leads designed to operate with a warm end at 75 K 

and a cold end at 27 K. 
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Figure 3-8: Schematic of the Los Alamos / American Superconductor HTS high gradient 
magnetic separator. The cryocooler is mounted on the cryostat lid, and connected (with flexible 
links) to both top and bottom plates of the thermal shield. The upper stage of the cryocooler 
cools the thermal shield and upper end of the HTS leads (via heat pipe thermal intercepts). The 
lower stage cools the HTS magnet and the lower end of the HTS leads. The thermal contact 
of magnet and leads with the cooling plate is realised via copper elements: the magnet has a 
copper bottom plate and bore and is bolted to the cooling plate; the bottom of the leads is 
connected to it by copper braid. [Reprinted from M.A. Daugherty, J.Y. Coulter, W.L. Hults, 
D.E. Daney, D.D. Hill and D.E. McMurry "HTS High Gradient Magnetic Separation System", 
IEEE Transactions on Applied Superconductivity, 7, pages 650-3, 1997.] 

At the specified operating temperature of 27 K, the magnet provides a field of 1 T 

in a 2.5 cm room-temperature bore, with a power dissipation ~ 100 mW (half of that 

expected from design specifications). It was also found that at 40 K the magnet could 

deliver a 2 T field with a voltage drop 8 times smaller than the figure obtained from a 

1 fxY cm~^ criteria. 

This investigation concluded that a workable Bi-2223/Ag coil could be fabricated 
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and operated in dry mode to produce a separator with comparable performance to that 

of a copper or LTS system, but at considerably reduced energy costs. 

3 .7 .2 A q u a f i n e / S u m i t o m o / D u P o n t 

In 1997, a team consisting of Aquafine, Sumitomo Electric and DuPont built a prototype 

HTS separator and tested it for kaolin beneficiation [lannicelli et al. (1997)]. 

The separator is a switch on/off system, shown if fig. (3-9). The HTS magnet, 

fabricated by Sumitomo Electric Industries, consists of 19 double pancake coils, wound 

from 3900 m of multi-filamentary "powder in tube" tapes using the "react and wind" 

technique. Its dimensions are: 18 cm outer diameter, 6 cm inner diameter, 15 cm 

height. The magnet is powered with HTS current leads, and is conductively cooled 

via a two stage G-M type cryocooler. The first stage operates at 40 K and cools the 

radiation shield and power leads, the second stage cools the solenoid. 

At 20 K and with a current of 150 A, the magnet delivered a peak field of ~ 3 T; 

its power consumption at steady state is less than 16 W. 

product bottle 

6 mm tube 
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delivering tube 

geristatic pump 
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Figure 3-9: Schematic of the Aquafine/Sumitomo/DuPont HTS high gradient magnetic sepa-
rator. From lannicelli et al. (1997). 

Among the objectives of this work were: 
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(i) to test the system at 2 T under conditions appropriate to the kaolin industry, and 

compare its performance against similarly taken results from a resistive Marston-type 

separator (with an iron bound copper solenoid, 12.5 cm in diameter and 50 cm in 

height). 

(ii) to determine if raising the field from 2 to 2.5 T would lead to an increased system 

performance, in particular whether it would allow a proportional increase in both flow 

rate and volume of slurry processed between flush cycles, while maintaining product 

quality. 

It was found that both magnets gave an equivalent performance, despite the ab-

sence of the iron circuit (which gives a very homogeneous field) around the HTS coil. 

It was also found that the operation at 2.5 T - which would prove expensive with the 

resistive magnet - lead to a (25%) proportionally higher throughput and volume of 

slurry that could be processed, at the same quality level. Furthermore, the coil demon-

strated excellent performance during 56 on/off cycles, with no observed overheating or 

quenching. 

This work concluded that a commercial-scale HTS separator could provide practical 

and economical improvements over conventional resistive systems. 

3 .7 .3 C a r p c o / D u P o n t / N M F L H T S r e c i p r o c a t o r 

Carpco SMS Division, DuPont Superconductivity and National Magnetic Field Labo-

ratory (Tallahassee, Florida) are collaborating in a three year project sponsored by 

the US Department of the Environment, devoted to the design and development of a 

prototype HTS reciprocator [Van Sciver (1999)]. The prototype is one quarter size RCS 

and employs a pancake coil wound from over 9000 m of Bi-2223/Ag tape. The coil will 

be conduction cooled using a closed cycle Gifford-McMahon refrigerator, and powered 

through HTS current leads in order to minimise the thermal load on the refrigeration 

system. The magnet should work with a Jc ~ 5000 A cm~^ and provide a magnetic 

field of rv 1.25 T. 

3.8 H T S discs and flux tubes 

High-Tc superconducting discs, when magnetised by an external field, retain some mag-

netisation after the field is switched off and flux creep has reduced to a low value, effec-

tively behaving as permanent magnets. Similarly, flux tubes are effectively solenoidal 

permanent magnets, the field trapped inside the tube being sustained by supercurrent 

flowing in the walls of the tube. HTSs flux tubes have a real potential to replace 

solenoids in technological applications which require a steady field. 

There are a number of reasons why the approach of flux tubes rather than wire-

wound magnets may be successful and one of the earliest large-scale applications of 

HTSs. Firstly, the likelihood of earlier production of high critical current densities, 
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Jc ~ 10® A cm~^ at high fields, is much higher for discs and tubes than for wires, as 

the melt-texturing process is easier and more successful in devices of reasonable size. 

A second reason relates to the stability of superconductors against flux jumping. 

This process rapidly dissipates the magnetic energy stored in the superconductor in 

the form of heat, and can lead to considerable damage to the material. 

Flux jumping has been the major limitation to the practical use of LTS flux tubes, 

as it limits the amount of flux which can be trapped in the tube [Watson (1988)]. 

Swartz and Bean (1968) adiabatic theory of flux jumping shows that the minimum 

field required for flux jumping is proportional to \/Cp, where Cp is the specific heat at 

constant pressure. The value of Cp for the ceramic oxides at 77 K is ~ 100 times higher 

than for NbgSn at 4.2 K [Thompson et al. (1987)]. For Y-Ba-Cu-0 the calculated value 

of this limiting field is of 14 T [Watson (1998)], against a value of the order of 1 T for 

NbgSn at 16 K [Wipf and Laquer (1989)]. 

Flux jumping in Bi-2212 has been investigated by Burgoyne and Watson (1994) 

and Miiller and Andrikidis (1994); while suffering from it at 4.2 K, this ceramic oxide 

proves to be very stable against flux jumping at 77 K. 

The rapid progress in the fabrication of Y-Ba-Cu-0 discs discussed above in section 

3.6, suggests that large scale devices using them may soon be available [Watson and 

Younas (1998)]. For example, Y-Ba-Cu-0 discs could advantageously replace rare-earth 

permanent magnets in drum separators, due to their considerably stronger composition. 

There is, however, a very important drawback in the industrial application of supercon-

ducting magnetised discs, as pointed out by Watson (1999). If superconductivity is lost 

in any single disc of an array of elements, the whole system needs to be de-assembled, 

the disc re-magnetised (this requiring a large and expensive low-Tc magnet or, for more 

modest field, an electromagnet), and finally the system reassembled. 

Conversely, flux tubes can easily be magnetised in situ. For this reason they can 

offer better prospects for near term applications; a reciprocating canister separator, for 

example, operating in permanent mode with a flux tube is an appealing possibility. 

Flux pumping methods have been reviewed by van Beelen et al. (1965). The simplest 

method of charging a flux tube is by cooling it below its Tc in the presence of a magnetic 

field. When the external field is removed, magnetic flux is permanently trapped in its 

hole in a quantity determined by the superconductor critical current. The disadvantage 

of this method is that a constant field - of intensity equal to the value of the desired flux 

to be trapped - must be applied during the time required to cool the superconductor. 

Alternatively, the tube already in its superconducting state can be inserted (co-

axially) inside an unpowered solenoid, which is then switched on. On increasing the 

solenoid current, the flux eventually becomes large enough to penetrate the wall thick-

ness, and remains trapped inside the hole of the tube when the power is turned off. 
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The process is fast, but a solenoidal field approximately double the final trapped flux 

is required [Watson (1998)]. 

Flux trapping can be followed by flux compression. If a superconducting mandrel is 

inserted inside the hole of the tube, considerable compression can be achieved [Swartz 

and Rosner (1962)]: neglecting flux penetration into the mandrel (of the same super-

conducting material of the tube), the ratio of the final to the initial field is inversely 

proportional to the ratio of the final to the initial area of the hole. The disadvantage of 

flux compression is that the presence of the mandrel reduces the final working volume. 

3 .8 .1 T h e f lux t u b e - f lux p u m p c o m b i n a t i o n 

A more advantageous way of charging a large flux tube is via a flux pump. Figure 3-10 

shows a cyclical device described by Hildebrant et al. (1962), which allows in principle 

the storing of high fields in large volumes from a small volume of superconductor 

configured as a flux pump. 

Flux can be introduced into a the pump tube through a flux gate, then compressed 

with a mandrel and finally passed through a second gate into the working volume. 

The gate, shown in fig.(3-ll), is a region of the superconductor that can be thermally 

switched either to the normal or to the superconducting state, so it can either allow or 

prevent the passage of flux. 

GATE 2 GATEl 

C 

Working Volume Pump 
Volume 

Superconducting 
Mandrel 

Figure 3-10: Schematic of a flux tube with a flux pump and superconducting mandrel. The 
cross section of the mandrel is the same of that of the pump volume. 

The pumping cycle is as follows: 

1. with gate-1 open and gate-2 closed, a magnetised ferromagnetic mandrel is in-

serted into the pumping volume; 
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2. gate-1 is then closed and the ferromagnetic mandrel extracted: flux is trapped in 

the pumping volume; 

3. a superconducting mandrel is inserted into the pumping volume. The flux com-

pression, neglecting penetration into the mandrel, is 

& 
Bi 

Si 

Sf 

where Bj and Bi are the final and initial fluxes, Sf and Si the final and initial 

hole sections. The gate-2 is opened and flux is squeezed into the working volume; 

4. gate-2 is closed and gate-1 re-opened: flux has been transferred and the cycle can 

be repeated. 

At each cycle, the field in the working volume is increased. The space inside the 

tube can support a considerable magnetic field, depending on the critical current of the 

material and the wall thickness. For Jc ~ 5 10'' A cm~^ and a wall thickness ~ 1 cm, 

a field as high as 6 T can be retained [Watson and Bolt (2000)]. 
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Figure 3-11: Schematic of a flux gate: A, B, C and D are tubes where liquid nitrogen (LIN) 
flows; E and F are electric heaters. The gate is fully superconducting at 65 K (pumped LIN); 
heat can be supplied through E and F to raise the temperature enough for flux creep to occur 
and allow passage of flux. 
Given a wall thickness of ~ 1 cm and a distance B-F ~ 1 cm, with A, B, C and D at 65 K a 
power of 25 W is required to raise E-F to 80 K. 

This pumping method is the most advantageous, as the working volume is indepen-

dent of flux compression and can be made relatively large compared with the pumping 

volume. 

Furthermore, any decrease in time of the fleld due to flux creep can be easily compen-

sated by "topping-up" the field via the flux pump. Similarly, in the event of accidental 
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loss, the magnetic field can be easily re-established, without needing to dismantle the 

system. 

To conclude, flux tubes in conjunction with flux pumps have the potential for a very 

economical and reliable use of HTS superconductors, with the ability to provide a stable 

and uniform high-field. This approach, if developed, could provide the cheapest option 

for magnetic separation on a large scale, as well as for magnetic resonance imaging 

systems which are by far the largest commercial application of low-Tc superconductors. 
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C h a p t e r 4 

Finite elements model of the 

magnetic separator 

4.1 Introduction 

In this chapter the 3D finite element (FE) model of the magnetic separator is presented. 

The fundamental concepts of the FE method will be introduced first through sec-

tions (4.2)-(4.8), with particular reference to its implementation in the OPERA package 

from Vector Fields Ltd (section 4.9). The details of the FE model of the magnetic sep-

arator will then be discussed in section (4.10), and finally the results of the numerical 

calculations of magnetic field on the high-Z^ coil windings presented in section (4.11). 

Two field components on the HTS solenoid are of practical interest, the axial compo-

nent and the radial component. This is because Bi-Sr-Ca-Cu-O wires are manufactured 

in the form of tapes in which the CuOg (or a-b) planes are aligned along the tape surface 

(sec. 2.3); therefore, when they are wound in a solenoidal configuration, the a-b planes 

lie parallel to the solenoid axis while the c-axis lie in the radial direction. Therefore in 

the calculation of the transport currents the HTS coil can sustain within the separator, 

the critical current characteristics of the tape - Jc{B || a-b) and JdB (( c) (sec. 5.4) -

will need to be considered in conjunction with the axial and radial components of the 

magnetic field respectively. 

The distributions of the magnetic field modulus, axial and radial components on the 

coil are analysed for two configurations of the separator; the first with the coil near 

the pole gap, where it experiences strong stray fields from the air-gap; the second with 

the coil at a distance from the pole gap such that the symmetries of the magnetic field 

on the coil in the free-space are regained. The FE analysis shows that it is the radial 

component of the field which imposes the upper limit for the operating current density 

of the system. 
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4.2 Fundamentals of the finite element method. 

The finite element method {FE) is used to obtain solutions to partial differential or 

integral equations that cannot be solved analytically. These equations describe the 

spatial and temporal variation of a. field variable defined across a domain Q enclosed by a 

surface F, where boundary conditions are applied. The field variable can be the physical 

quantity of interest, for example the flux density B, or more often, a potential function 

(f) related to it by a gradient (V-) or by a curl (Vx) . The FE method substitutes the 

partial differential or integral equations with an equivalent (but approximated) problem 

of matrix algebra, numerically solvable using various techniques with straightforward 

implementation on computers. 

The field equation governing electromagnetic problems is Poisson's equation: 

V • nVcj) + yO = 0 (4.1) 

where p represents field sources and k the constitutive parameter of the materials. In 

genera! p and K are not simple constants; in the case of non-linear materials, k is a 

function of and in the case of anisotropic materials, n has to be written as a tensor. 

Explicitly Poisson's equation is: 

s j + & v ' t o I + 1 ^ ( " . ^ l + / ' = » (4.2) 

In regions where /) = 0 and K = const, eqn.(4.1) reduces to Laplace's equation: 

( 4 j ) 

The boundary conditions associated with Poisson equation may be an assigned value 

of 4> or its derivative. In their most general form they are: 

4> = 4>o Dirichlet (or potential) boundary condition (4.4) 

on the surface Fj, and 

^ = q Neumann (or normal) boundary condition (4.5) 

where n is the outward normal to the boundary surface Fg, where Fi and F2 form the 

complete boundary F. If Neumann boundary conditions are used everywhere on F, the 

value of (f) must be specified on at least one point in the domain U, to ensure uniqueness 

of the overall solution. 

The essence of the FE method is the modelling of the field variable in a discrete way. 

The domain Q is first subdivided into a mesh of discrete elements, within which the 

field variable ^ is approximated in a standardised form. The distributions of 4> of the 
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various elements are then interrelated with constraints aimed to ensure the continuity 

of the resulting field variable across inter-elements boundaries. 

The procedures involved in a typical FE analysis can be outlined as follows: 

1. Pre-processing of the model, with creation of the FE mesh. The problem do-

main is discretised into an assembly of subdivisions or elements^ which are in-

terconnected at joints called nodes. Within each element, the field variable is 

approximated with an interpolation function. 

2. Definition of the sources and boundary conditions of the problem. 

3. Construction of the FE governing equation of the problem, which can be derived 

from the governing differential equation (4.1) in a number of ways, the most widely 

used being the variational formulation and the method of weighted residuals. 

Once this general format of an element type has been established, for conve-

nience in matrix representation, calculation of the equation for any occurrence of 

that type of element is merely a substitution of the nodal coordinates, material 

properties and "loading" conditions in the matrix. 

4. Assembly of the individual element matrices and vectors to give the global or 

system equations. 

5. Incorporation of the boundary conditions into the system equations. 

6. Solution of the resulting simultaneous algebraic equations, to find the nodal values 

of the field variable. Various numerical techniques are available, either direct 

methods like Gauss elimination or iterative algorithms like Gauss-Seidel. 

7. Post-processing of the results, to obtain the distribution of the physical fields (B, 

or related quantities such as the magnetic permeability /j,). 

The potential (j) is continuous over the domain fi, although its derivatives may be 

discontinuous if the constitutive parameter K changes discontinuously. The FE method 

guarantees the continuity of the potential across the elements by imposing continuity 

of the potential at the nodes. 

4.3 Interpolation functions: simplex, complex and multi-

plex elements 

The interpolation functions can take any mathematical form; in practise they are poly-

nomials as their integration and differentiation is easy to implement on a computer. 

Elements are classified according to the interpolation function adopted into three 

groups, simplex, complex and multiplex (fig.4-1). 
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A simplex in TP-dimension space is defiited as the minimal possible non-trivial geo-

metric figure in that space, that is a figure defined hy V -\-l vertices. Simplex elements 

use polynomials P of first order only, with nodes located at their corners. In ID 

P = AI+ A2X 

defines a "linear segment" with two corner nodes. In 2D 

P — AI + A2X + A3Y 

defines a "linear triangle" with three corner nodes. Similarly in 3D linear elements are 

tetrahedrons with four corner nodes. 

Element type 1 D 2 D 3 D 

Simplex 

Complex 

Multiplex l O 

Figure 4-1: Examples of simplex, complex and multiplex elements in ID, 2D and 3D. 

Complex elements use polynomials of higher order. They have the same shape of 

simplex elements but additional nodes, usually on the mid-sides of the element. As 

an example, quadratic elements have an additional node placed between the two end 

nodes; so in ID 

P = « ! + Ofgz -t- a^x^ 

defines a "quadratic line" with 3 nodes; and in 2D 

f — « ! + 012a: + 0:3!/ + 

defines a "quadratic triangle" with 6 nodes. Similarly in 3Z) a quadratic tetrahedrons 

has 10 nodes. 
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Multiplex elements also use higher order polynomials, but not complete. As an 

example, a very popular 2D interpolation used also in the OPERA package, is the 

polynomial 

f = a i + 0(23: + as!/ + 

which defines a rectangular element with four nodes. 

In order to ensure continuity between adjacent elements, multiplex elements are 

required to have sides parallel to the coordinate axes. This restriction can be lifted 

by using the natural coordinate system (section 4.4.4), which also allows the sides of 

complex and multiplex elements to be curved. 

Usually linear or quadratic polynomials are used; the higher the order the higher 

the accuracy of the analysis but also the greater the number of calculations involved. 

Typically in ID problems, a quadratic element will require 2-3 times the computer 

time needed by a linear one, the difference being even more significant in 2D or SD 

problems. Sometimes it is then more economical to use a finer mesh of linear elements. 

In general, quadratic elements are used in regions of the domain where higher accuracy 

is needed, linear element being used in the remaining of the domain. 

4.4 Linear interpolation of <̂ : the shape functions 

In this section the basic concept of the FE method will be illustrated using simplex 

elements in ID and 2D. 

4 .4 .1 T h e I D s i m p l e x e l e m e n t 

A line domain is divided into E first-order line elements with N the total number of 

nodes. The general element (e) of length Ig is identified by the two nodes i and j, 

located at distances r , and Xj from the origin. Within each first-order element the 

potential is approximated by a linear polynomial (fig.4-2-a): 

= «! + a2Z (4.6) 

By substituting the value of (p at each node, (j){xi) — 4>i and (l>{xj) = the coefficients 

of eqn.(4.6) can be expressed as 

"1 
t>{X j <pjX-l 

^—-
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and substituting these back into eqn.(4.6): 

(j) — H" Wj (4.7) 

with 

Mi and M j are called shape functions. 

(4.8) 

Figure 4-2: One-dimensional simplex element (a) and variation of the shape functions in the 
element (b). The shape function for a particular node is only defined in the elements which use 
that node and is zero outside these elements. At any point within the element, A/i + = 1. 

From their definition (4.8), shape functions are interpolatory on the nodes of the 

element, that is each shape function is associated with one particular node identified 

by its subscript: 
1 for x=x,' 

Mix) = 
0 for x=x, j ^ i 

(4.9) 

Also the sum of all the shape functions at any point in an element equals one (fig.4-2-b). 

4.4 .2 T h e 2 D s i m p l e x e l e m e n t 

The generic linear triangular element is identified by three vertices i, j, k; within the 

element the potential ^ is approximated by: 

4>{x, y) = ai + a2X + asy (4.10) 

no 



the coefficients a i , 02 and cts being found by substitution of the potential values at the 

three vertices i,j, k: 
r , 1 / . \ r 

«i 
/ 1 Xi 

= 1 Xj % 

_ V 1 

0:2 

Ot3 

(4.11) 

The determinant of the coefficient matrix is twice the triangle area A: 

A — i^iVj 4" 3:jyk + Xjyi (4.12) 

and the coefficients a i , 02 and 013 are readily determined. Their substitution back into 

eqn.(4.11) gives: 

= { l z y } 

( 1 . \ 

1 3/j ^3 

which can be reformatted as: 

OLis) 

(p — Afi4>i + •N'j4'j •^k4'k (4.14) 

where vVj-, Mj and Afk are the shape functions defined by: 

A/;-
1 

[(zjz/t - ztl/j) + (yj - !/t)z + (zt - Z;)3/] 

2A 
+ c,!/) (4.15) 

and N j and Mk obtained by cyclical permutation of subscripts. The geometrical defi-

nition of the coefficients a,b,c is illustrated in fig. (4-3) [see for example Silvester and 

Ferrari (1983)]. 

As in the ID case, the shape functions defined by eqn.(4.15) are interpolatory on 

the three vertices, i.e. each shape function vanishes at all vertices but one, where it 

assumes the value of unity. 

From their definition - eqn.4.8 in ID and eqn.4.15 in 2D - the shape functions are 

linear as the chosen (j) interpolation. This is valid in general: the shape functions have 

the same polynomial order as the interpolation function. 

4 .4 .3 E l e m e n t connect iv i ty : global and local n u m b e r i n g 

The ID line domain is formed from a set of elements, labelled numerically and con-

secutively 1,2,...,e,..., E. The generic element is bound by two nodes i and j, indexed 

locally 1 (left) and 2 (right). Locally the potential at these two nodes has the value 

and As the elements are continuous, the relationship between global and local 
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Figure 4-3: Geometry of an arbitrary triangular element. The nodes are locally labelled as 
i = 1, j = 2, k = 3. 

nodal values of (f) are (see table 4.1): 

<pe [global) = 02*^ [local) = [local) 

and the linear interpolation of <p within each element (e) is 

(j) - + A/2 <62̂^ (4.16) 

Element 
i node 

(locally i = 1) 
j node 

(locally j = 2) 
(1) 1 2 
(2) 2 3 

•. • 

(e) e e + 1 

Table 4.1: Element connectivity in ID. 

The information in table(4.1) is called the element connectivity, and it is important 

when elemental matrices are assembled together into the system matrix. 

Similarly in 2D the nodes i, j, k are locally labelled 1 , 2 , 3 (fig.4-3) and within each 

simplex 2D element (e): 

(4.17) 
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Global node numbering in 2D requires some attention, as it influences directly the band-

width of the system matrix; this concept will be illustrated with an example in sec. (4.7). 

In general, for a no-order interpolation (f) will be approximated within each element 

by: 
no 

^ = (4.18) 
m = l 

where only no — 1 shape functions are independent, as at any point of the element: 

no 
E A j ' = 1 (4.19) 

m=l 

For convenience the shape functions are stored in a shape function row matrix 

= (A/"/®' M2^\..N'no) and the nodal variables are stored in a column vector 

so that equations (4.16), (4.17) and (4.18) can be written in matrix form as: 

^ = {Ar(=)}[^(=)] (4.20) 

The approximation of cj) with simplex elements possesses two fundamental proper-

ties. Firstly, the continuity of the potential across inter-elements boundaries is guar-

anteed by simply imposing continuity at the nodes: the polynomials of eqn.(4.20) are 

characterised by the value of (p at the nodes of the element, and the same nodal values 

are used to characterise the polynomials in other elements that meet at that node. Sec-

ondly, the approximation is independent of the placement of the elements with respect 

to the global coordinate system. Both of these properties are retained in high-order 

approximations. 

4 .4 .4 Local natural coord inates 

Any point P, within a D-dimensions simplex element, uniquely subdivides the element 

into 1? 4-1 sub-simplexes, each of which has the point P as one vertex. For example a 

line element is partitioned into two segments (fig.4-4), a triangle is partitioned into three 

sub-triangles (fig.4-5). The splitting of the element into sub-simplexes is completely 

defined by the choice of the point P . Conversely, the sizes Sm of the V+1 sub-simplexes 

relative to the size S of the element, may be regarded as defining the location of P 

within the element, i.e. the V + 1 numbers: 

0 < < 1 (4.21) 

specify the point P uniquely within the element. These numbers define a natural 

coordinates system^, which is local i.e. individual of each element, also dimensionless 

'Also known as simplex, or homogeneous, or harycentric coordinates [Silvester and Ferrari (1983)] 
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and normalised to unity. Only V of the {V + 1) coordinates are linearly independent, 

as 
D+l 

(4.22) 
D+l 

= 1 
m=l 

In ID, the natural coordinates are "line" coordinates: 

/ 6 = ^ = 1 - ^ 
6 = ^ = C o < ( < i 

(4.23) 

where li and I2 are simply the distances from the point P to the nodes, and L the 

element length, as shown in fig.(4-4). 

h 
P 

h 

i i 

• 
= 

^2 = 
L 

h 

L 

Figure 4-4: Natural coordinates in a ID element: a point P defines two segments in the line of 
lengths I2 and /i; the natural coordinates are defined as ^ and 2̂ = ^ • The two natural 
coordinates are linearly dependent; 2̂ = ^ is chosen as the independent one. 

In 2D, the natural coordinates are "area" coordinates, defined as ratios 

6 

& 

Ai. 
s 

s 

e 

V 
1 

0 < ( < 1 

0 < 77 < 1 (4.24) 

where Ai, A2 and A3 are the three triangular areas from the point to the nodes, as 

shown if fig. (4-5). Similarly, in SD there will be four natural coordinates, which are 

"volume" coordinates. 

4.4.5 Shape func t ions in t h e natural coord inates s y s t e m 

The algebraical definition of the shape functions, eqn.(4.8) in ID and eqn.(4.15) in 2D, 

coincides with the geometrical definition of the natural coordinates (4.21). Therefore 

in 2D, adopting the local numbering: 

A/2 = 6 

A/3 = $3 

(4.25) 
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I3 
^3 = 

Figure 4-5: Natural coordinates in a 2D triangular element: a point P defines three sub-
triangles Ai, A2 and A3; the natural coordinates are defined as <̂1 = ^ and 2̂ — and 
^3 = ^ (a). Geometrically, the natural coordinates measure relative distance towards each 
vertex from the opposite side. This is evident by observing that the ratios of the areas of the 
triangles (1-2-3) and (P-2-3) are identical to the ratios of the triangle's heights, since both 
triangles have the line 2-3 as base (b). 

Again, the shape functions defined in this local system equal to unity at their associated 

nodes and zero at the others, and their sum is unity at any point of the element. 

This is valid also in SD, that is the shape functions of any simplex element coincide 

with its natural coordinates. In general, for higher order elements, the shape functions 

are functions of the natural coordinates, specifically polynomials of the same order as 

the interpolation of (j). 

The equations defining the shape functions, (4.8) in ID and (4.15) in 2D, can be 

regarded as the transformation from the general Cartesian coordinate system to the 

natural system of coordinates. Considering for example the 2D simplex element, if a 

point inside the element is expressed in terms of the natural coordinates P = (^1, ^2) Cs), 

the global coordinates {x,y) are given by: 

X — AfiXi + Af2Xj + AfsXk 

y = + ^2yj + MzVk (4.26) 

where {xi,yi), {xj,yj) and {xk,yk) are the global coordinates of the element nodes. 

Eqns.(4.26) are comparable to eqn.(4.14) for the potential, showing that the shape 

functions are interpolatory of the coordinates as well as of the potential. Equations like 

(4.26) can be written also for complex elements. The concept of using the shape func-

tions to describe the geometry of the element, rather than the variation of ^ through 

the element, is of little value in ID, but it is advantageous for 2D and 3D elements 

and essential for treating higher order ones. This is because the governing equation 
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involves integrations of functions of the shape functions. Section (4.6) clarifies these 

concepts with an example. 

The discrete approximation of (j) provides the basis for the derivation of the govern-

ing equation for the field variable. Several procedures can be used, the most common 

are the variational approach and the method of weighted residuals [see for example 

Fagan (1992) or Silvester and Ferrari (1983)]. The variational formulation is simpler, 

but relies on the minimisation of afunctional (the potential energy of the system). The 

weighted residual method, on the other hand, does not need a functional and can be 

used in any field problem where a functional cannot be derived. This method invokes 

the governing equation directly and the boundary constraints of the problem and it is 

therefore a more general approach^. It is the procedure applied in the TOSCA package 

and it will be considered in the next section. 

4.5 Construction of the governing equation: the weighted 

residual method with the Galerkin option 

This method starts directly from the differential equation of the problem 4.1, and relies 

on the minimisation of the error, or residual, incurred by approximating the "true" 

unknown (j) with the interpolation (4.20). 

In general, the approximation of a function (j) with 

no 
^ 

i= l 

where (f>i are unknown coefficients and Afi are independent functions of x, would give a 

residual error TZ when substituted into the Poisson's equation (4.1): 

no 
% = V . xV ^ + /) 7̂  0 (4.27) 

i=l 

The weighted residual method consists of requesting that the average residual error 

over the whole problem domain, i.e. the weighted residual, is zero: 

fPiTZ. dn== 0 z== 1,710 (4.28) 
Jn 

where {W} — {Wi W2 ...Wno} is an arbitrary set of functions of position called 

weighting functions, from which the method gains its name. The number of weighting 

functions must equal the number of unknown coefficients in the approximation of 4>, 

^In instances where a functional does exists, the Galerkin option of the general method of the 
weighted residual gives exactly the same result as the variational method [see for example Fagan 
(1992) or Silvester and Ferrari (1983)]. 
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so that there are enough equations in the system (4.28) to determine the set {<̂ } = 

Working with the Poisson equation, eqn.(4.28) becomes: 

/ (V . + /)) dn = 0 (4.29) 

where [W] is, as usual, the vector column. 

The expression (4.29) is often referred to as the "strong form" because of the con-

straints it imposes on the approximating function cj), the first derivative having to be 

continuous over the whole domain fi. In general, the "weak form" is used, obtained by 

applying the identity 

V . ([ty] KV<̂ ) = [M ]̂V . (KV<̂ ) + (V[PK]) . (KV.;̂ ) 

and by using the Green's theorem 

in JT 

where n is the normal to the surface F. 

Indicating with [R] the matrix of the weighted residuals, eqn.(4.29) writes; 

[A]= / = 

- / ( v [ ^ ] ) - ( t v ^ ) (fn + / (zn + / [Kl 
Jn Jn Jr 

K ^ (fr = 0 

In this way the continuity requirements on (p are reduced at the expense of increased 

continuity requirement on the weighting functions \W]. The weak form has not only the 

advantage that the functions representing 4> and [VF] do not need derivative continuity, 

but also it lets the natural boundary condition on the surface of the domain emerge. 

In the contest of the F E method, the number of weighting coefficients must equate 

to the number of nodes in the model, and therefore eqn.(4.29) is composed by N 

equations for a model with N nodes. As the essence of the FE method is the modelling 

of the field variable ^ in a discrete elemental way, eqn.(4.29) needs to be converted into 

an elemental form. For a general domain fi divided in E elements: 

r /. 
= I ] (fn = 0 (4.30) 

and the residuals from each element are calculated and then assembled together. 

Different weighting functions may be chosen, but the most widely used is the 

Galerkin option. This procedure identifies the weighting functions with the shape 

117 



functions Mi used in the interpolation of (j): 

E 

[A] = Z ) [JV(=)]7Z(=) (fn = 0 (4.31) 

where is the column vector containing the element shape functions. 

The contribution from an element (e) is therefore: 

+ / V,^. n (fr + (4.32) 
JtM 

+ / 

Expressing the variation of (p across the element in the usual way 

^ {Ar(=)} (4.33) 

the vector of gradients of the potential is: 

V4I, = v{j\r(=)}[<^(=)] 

and the first term of eqn.(4.32) can be rewritten as: 

where is the coefficients matrix 

K(=) = y ^ ^ dn (4.34) 

known as the Dirichlet matrix or the stiffness matrix because of the FE background 

in mechanics. 

The surface integral, second term in eqn.(4.32), can be ignored for all elements 

except for those at the interface of magnetic materials. In the case of elements com-

pletely "buried" in either non-magnetic regions (air or conductors) or magnetic materi-

als (iron), the material property k is allowed to be discontinuous between elements, but 

the "normal flux density" KV(j)-n must be continuous. When the residuals for adjacent 

elements belonging to the same region are combined, the surface integrals cancel out 

as the normals vectors n are equal and opposite. Neglecting the surface term for these 

elements is then equivalent to enforcing the continuity of the normal flux. For elements 

located at an external Dirichlet boundary, where 4> is constrained to be equal to <^, 

there is no need to evaluate residuals of such boundary points. For elements at the 
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Neumann boundary g = 0 may be taken in most cases {homogeneous Neumann)^ and 

again the surface integral is zero. 

The last term of eqn.(4.32) contains the prescribed source densities and can be 

rewritten as a column vector: 

[F(=)] = ^ ^ (fn (4.35) 

In the case of elements at the interface with magnetic materials [F'®)] will contain also 

surface integrals with assigned boundary conditions at those interfaces. 

Then the contribution to the weighted residuals from a general element (e) consists 

of two parts: 

[A(=)] = - [F(=)] (4.36) 

where both the elemental stiffness matrix and the column vector are known. 

The weighted residuals (4.31) are then written as: 

[A] = g = 0 (4.37) 
e=l 

or 

|VZ]==: K[4;] - = 0 (4.38) 

where K, [F] and [cj)] are the system matrices, assembled from the corresponding ele-

mental matrices. 

(4.38) are the global or system equations. They represent a set of linear equations 

in the unknown nodal potentials {<̂ i The choice of N linearly independent 

weightings in eqn.(4.30) guarantees there will be enough equations to determine the set 

{(j)} by putting each weighted residual at the corresponding node to zero. The poten-

tial of eqn.(4.33) may be regarded as the "best fit" for the particular class of weighting 

function chosen. 

Once the unknowns have been solved, subsequent processing is carried out to determine 

fields, forces and so forth. The procedure outlined here is the essence of the TOSCA 

program by Simkin and Trowbridge (1980) 

4 .5 .1 Integrat ions in t h e natural coord inates s y s t e m 

There are several advantages in expressing the governing equation in the natural coor-

dinate system. In fact, only for simplex elements it is easy to define the shape functions 

in the Cartesian coordinate system; for higher order elements the shape functions are 

®The homogeneous Neumann boundary condition arises naturally if the potentials to be calculated 
at the Neumann boundary points are left unconstrained, just as if they were interior nodes [Silvester 
and Ferrari (1983)]. 
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defined in the local system of natural coordinate, not in the Cartesian one. This means 

that the stiffness matrix must be calculated in the natural system, as are 

immediately available. 

Furthermore, only for few complex elements can the integrations defining be 

analytically performed. For the majority of higher order elements, integration must 

be performed numerically. The most suitable numerical method is Gauss quadrature, 

which requires the limits of integration to be 0,1 or -1,+1, that is those of the natural 

coordinates. 

Integration formulae for the natural coordinates have been developed [see for ex-

ample Silvester and Ferrari (1983)]. 

In ID: 

In 2D: 

In 3D: 

These formulas allow easy integrations of functions of the natural coordinates and 

similarly of functions of the shape functions. 

Finally, the natural basis allows multiplex elements to have sides not parallel to the 

global coordinate system since, once transformed, their sides become parallel to the 

natural axis. In this way inter-elementary continuity is ensured. 

In the following example, where triangular simplex elements will be used, the cal-

culations involved in the natural system will be compared with those in the Cartesian 

one. 

4.6 2D example: the governing equation for simplex ele-

ments 

The weighted residuals of the generic triangular element (e) are: 

with 

k w - / J . i 
~ J m - > [ ' clx dx ^ » dy ay 
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Considering an isotropic material, with = Ky = k constant, the generic element is: 

+ 

and 

dx dx dy dy 

f;(") = /)(=) / 
/AW 

(4.40) 

(4.41) 

4 .6 .1 Calculat ion of 

The calculation of [F'®)] is easily performed with the use of local integration formulae 

for the natural coordinates given by eqn.(4.39): 

[F(=)] = /)(') / dA 
)(=)yl(=) 

(4.42) 

showing that the "source" jg equally allocated to the three nodes. 

4.6 .2 Calculat ion of in t h e Cartes ian s y s t e m 

In the case of simplex elements, the calculation of the stiffness matrix in the Cartesian 

system is trivial, because the shape functions are simple functions of {x,y) 

2A^) 

and their gradient is straightforward: 

^ ai bi ci ^ 

£62 62 C2 

\ 0-3 63 C3 J 

1 

X 

y 

(4.43) 

v{Ar(=)} 
^3/ 

9% 9y 

{ } : 

1 / 61 62 63 
2A(=) Cl C2 C3 

(4.44) 

where 6, and c, are constants calculated from the element Cartesian coordinates (fig. 4-

5) and is the area of the element. The stiffness matrix is simply: 

K(') = / 
J 

dA 

/ 6 1 Cl ^ 

62 C2 

\ 6 3 C3 ) 

bi 62 63 

Cl C2 (% 
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«(=) 
4A(4 

( bj + cj 6162 + C1C2 6163 + C1C3 \ 

62 + < 5263 + C2C3 

y symm bl 4 - / 

In the next section K'®) will be calculated in the natural coordinates system, with 

the purpose of highlighting the complexity of the calculations involved with higher 

order elements. 

4 .6 .3 Calculat ion of in t h e natural coord inates s y s t e m 

The natural coordinates for the triangular element are defined in fig.(4-5) and eqn.(4.24). 

The shape functions of the simplex element coincide with the natural coordinates; 

M = ^ 

W2 = 7/ 

W3 = 1 — ^ — V? 

The stiffness matrix (4.40) can be written as: 

(4.45) 

" " " ' ' A N " ' ' ' 
(4.46) 

where 

V 
a 

dx 
d 

and A A 
dx dy 

The formal transformation to an integral in the natural coordinate space requires dA 

dxdy to be replaced by 

dxdy = \ J\d^drj 

where | J | is the determinant of the Jacobian for the coordinate transformation: 

dx dy 

dx dy 
dr] dr} 

This change of variables holds provided the determinant of the Jacobian is greater than 

zero. 

The calculation of J involves the concept, stressed in section (4.4.4), of using the 

shape functions to describe the element geometry. This means that x and y can be 

expressed in terms of (^, rj) via the shape functions. Eqn.(4.26) writes in matrix form: 
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X 

y Ml' 

0 '2 

0 

Ad") "3 
0 

Xi 

yi 

3=2 

y2 

X3 

3/4 

(4.47) 

and: 

/ 9Ar(") 
a( 

\ Si) 

9( 

dr] 

9( 

dr) 

= ( i 1 : 

%i-a% 

Z2-a% %2-&G 

/ % ! y i \ 

%2 ^2 

\ %3 &G / 

/ % ! 

%2 &2 

\ %3 %& / 

C2 —62 

-Ci 61 

(4.48) 

where bi and c, are defined in fig.(4-3). 

The determinant is: 

\J\ = 6jC2 — C162 = 

Furthermore, the evaluation of in the natural system requires the transforma-

tion of the gradient operator. Indicating with: 

G = 
9 9 

= J dx 
_a_ d_ 

. 9 % . dy 

J V 

Thus, multiplying by J 

V = J - ^ G 

G ^ ( J - ^ ) ^ 

and eqn.(4.46), becomes: 

= K 
Jo Jo 

= K r r IJ| G % (J-:^)^J-:^ GW;, 
Jo Jo 

(4.49) 

For the simplex triangular element, J ^ is found by taking the transpose of the 
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matrix of cofactors and dividing by the determinant of J [Craik (1995)]: 

(J22 -~J2\ \ 

-J12 Jn J (4.50) 

So, 

( j - i y r j - i = 

and the matrix (4.49) rewrites: 

1 / 61 ci \ / 61 62 
4A(®)2 i 62 C2 / I Ci C2 

2A(=) Jo Jo 

+ 6162 + C1C2 

dij } \ symm 
di 

9?) 
BL51) 

Expanding and collecting terms, the integrand can be written as: 

(bi + + (6162 + C1C2) - + (63 + c^)-
^7; 7̂? 

So, the expression of the stiffness matrix in the natural coordinates system is: 

2 2 

l&> = n - £ j : 
2 = 1 jz=:i 

(6,6j + c,cj) 

2A(=) Jo Jo 

I dMxdMx M l M z M l Ma. \ 
% 9(, 

M 2 M 1 SAA a#', 

\ 

(4.52) 

9(; / 

In this example of a simplex triangle, the calculation of the three matrices of 

eqn.(4.52) is trivial; the equations for the elemental residual are obtained (sec:4.6.4): 

(6i6j + C,C;) [1] *,; = 1,2,3 ( g ) 

The advantage of using the natural coordinates is evident from eqn.(4.52). All 

differentiations and integrations can be carried out in a universal manner, valid for 

any triangle. The integrals on the right hand side form three dimensionless matrices 

which are purely numeric and have the same value for any triangular element, whatever 

the size or shape. These three matrices are calculated and tabulated for permanent 

reference. The triangle area ultimately enters the matrix as a multiplicative factor, 

while its shape contributes with three weighting factors forming the elements of the 

matrix (J~^)^J~^. 

Finally, for this example of a simplex element the Jacobian is a constant, its inverse 

(4.50) is easily calculated and integration (4.49) can be performed exactly. In general, 

for complex elements, the Jacobian determinant is a function of the coordinates (^, rj) 
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and an explicit inverse is not obtainable; inversion is achieved by numerical integration 

[see Pagan (1992)]. Numerical integration is also required for evaluating the stiffness 

matrix from eqn.(4.49)). Compared with simplex elements, the number of calculations 

required is significantly increased, but the accuracy improves considerably. 

4.6 .4 T h e e l e m e n t a l residual 

To conclude, the explicit form of the residuals at the three nodes of element (e) are: 

(=) 
K 

(=) / + c? 6162 + C1C2 6163 + C1C3 \ 

4A(=) 
y symm 

62 + 6263 + C2C3 

^3 + ^3 j 

4 = ) 

4 " 

4 " 

1 

1 

1 

(4.53) 

The symmetry of this matrix system is a consequence of the symmetric form of the 

Poisson equation and of the choice of the Galerkin weighting functions. 

4.7 Assembly of the element equations 

Assembly of the individual element equations into the system equation is simply a 

question of adding the coefficients of each element of the stiffness matrix into the 

corresponding places of the global stiffness matrix A'; and summing the coefficients 

into the global F. 

The easiest way to assemble the elements is to use element connectivity information, 

giving the topology of the mesh. Each row and each column of the global matrix is 

labelled with the mesh nodes number; similarly the element matrices are labelled with 

the associated nodes number. Then each coefficient of the element matrix is added into 

the corresponding place of the global matrix. The following example of a section of a 

triangular mesh demonstrates the principle. 

For a model with N nodes, the global stiffness matrix will be {N X N), in this 

example only its first 6 x 6 coefficients will be considered, i.e. the first 3 elements (6 

nodes) in fig. (4-6). Assuming the elements are labelled in a anti-clockwise manner, the 

rows and columns of the matrix of the first element are identified as follows: 

K ( i ) 
A'il' 

\ symm A-g) / 
(4.5^ 

in the order 1-4-5 as 1 is the i node, and 4 and 5 follow in the anti-clockwise direction. 
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* = i node 

Figure 4-6: 2D element connectivity: relation between local and global indexing. Nodes are 
numbered in anti-clockwise direction starting from node * (= i node). Continuity of potential 
between adjacent elements is guaranteed by continuity of potential at the shared-edge nodes. 

The element matrix is added into the (empty) system matrix: 

K = 

/ f W 0 0 0 ^ 1 

0 0 0 0 0 0 2 

0 0 0 0 0 0 3 

/ 4 i ' 0 0 k S k S 0 4 

0 0 K m 0 5 

0 0 0 0 0 0 6 

^4.55) 

The matrix of the second and third elements are labelled as follows: 

= 

\ symm 

K\f 

i<S 

kS / 

5 

2 

1 

and = 

K 
(3) 
11 A-P' 

(3) K 22 

\ symm 

K g ' \ 

I<S / 

6 

2 

5 
(4.56) 
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They are added, one at the time, into the system matrix to give: 

K = 

+ 0 0 + - f g ) 

0 0 0 0 0 0 

0 0 0 

+ 0 j f g + 74|) 

0 0 0 

1 

2 

3 

4 

5 

6 

V • / 

(4.57) 

and so on. 

The assembling and merging process preserves the symmetry of the system matrix. 

Also, the sparse nature of the system matrix appears, that is a large number of zero 

elements; this property becomes increasingly more evident as more mesh elements are 

added. The slots of the system matrix left equal to zero correspond to pairs of nodes 

which are not connected. For example, the coefficient in position (4,2) is zero. Reference 

to fig. (4-6) shows that node 4 is common to elements (1), (5) and (6), whereas node 2 

only occurs in elements (2), (3) and (4); hence the potentials of nodes 2 and 4 are not 

coupled. 

Sparsity is associated with the differential nature of the Poisson equation, and gives 

origin to a banded matrix, where the only non-zero elements lie in a band around 

the diagonal. The width of this band is directly influenced by the order followed in 

numbering the elements [see Fagan (1992) or Silvester and Ferrari (1983)]; progressive 

numbering along the larger dimension of the mesh is the most advantageous scheme as 

it produces a narrower band. 

Both symmetry and sparsity are exploited by commercial FE packages in order to 

reduce computing times and memory requirements [see for example Binns et al. (1992)]. 

4.8 Incorporation of boundary conditions 

The system equations cannot be solved unless applying boundary conditions. This is 

because the stiffness matrix would be singular and hence its inverse would not exist. In 

the TOSCA package, at least one point in the domain Q is required to have a specified 

potential value, to ensure uniqueness of the overall solution. There are several ways to 

incorporate the Dirichlet boundary condition. One method is first to number all nodes 

whose potentials are free to vary and last the nodes with prescribed potentials. The 
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system matrix becomes partitioned as: 

/ K j i Ki2 

I K21 K22 . [f̂ 2] . 
tL58) 

where is the vector of unknown potentials, [^2] the vector of prescribed potentials. 

Eqn.(4.58) can be written as two equations: 

K2I[^I] + K23 [<̂ 2] = [fg] 

and the first one can be rearranged as 

K n [ ^ i ] = [Fi] - K 1 2 M = [F^] 

(4.59) 

(4.60) 

(4.61) 

' [<̂ 1] ' ' [Fi] - K12 [$2 

. [<̂ 2] . 

Solution of this equation determines the unknown [^1]. 

This method is straightforward, but it does require the reorganisation of the original 

matrix, as it is unlikely the assigned potentials happen to be at the end of the vector 

[4>]. This can be avoided using the following scheme. Indicating with [$2] the assigned 

Dirichlet values, the original size of the matrix and vectors can be preserved by writing: 

(4.62) 

In this way, the solution of the first line equation will give the unknown while the 

second line preserves the assigned values of [^2] = [$2]- This scheme can be imple-

mented without the reordering of the original matrix [see Binns et al. (1992)]. 

In essence, in the first stage of the FE method the problem is described as a 

disjointed set of elements; all subsequent stages serve to reassemble the pieces in a 

systematic way in order to produce the desired solution. The matrix representation of 

each element only requires the knowledge of the locations of the element nodes, and 

is independent of the nature and size of the entire mesh. Conversely, assembly and 

imposition of boundary conditions only require information of the mesh topology, i.e. 

the way elements are interconnected. 

Numerical methods for solving the system matrix can be classified into two groups, 

direct methods, like the classical Gaussian elimination algorithm, and iterative meth-

ods. Binns et al. (1992) illustrate some of them and provides an extensive bibliography 

on the topic. 

128 



4.9 The T O S C A algorithm 

The TOSCA algorithm was initially developed at the Rutherford Appleton Labora-

tory in England. After many years of research and refinements, it is now one of the 

analysis programs of OPERA-Sd Vector Fields Electromagnetics Analysis Environ-

ment. TOSCA allows the determination in 3D of magnetic fields due to coils close to 

non-linear magnetic material (saturable iron). 

3D stationary electric and magnetic fields can be represented as the sum of a 

solenoidal and a rotational field. Electrostatic fields do not have a rotational com-

ponent and therefore can always be defined using the electrostatic potential The 

electric field intensity E is given by 

E = -V<^ (4.63) 

The divergence of the electrical flux density is related to the charge density by 

V • D = yO (4.64) 

and the constitutive equation, introducing the permittivity tensor e, is 

D = eE (4.65) 

Combining these three equations, the Poisson's equation for the electrostatic field is 

obtained 

(4.66) 

Stationary magnetic fields, in general, consist of both solenoidal and rotational com-

ponents. The field produced by magnetised materials is solenoidal, while the field pro-

duced by electric conductors has a rotational component inside the volumes where the 

currents flow. In the space exterior to the conductors, the magnetic field is solenoidal, 

but the scalar potential is multi-valued. 

The basic equations: 

X II ==.1 (4.67) 

-13 == 0 (<1.68) 

]3 == pja (4.69) 

describe the field due to a current distribution J producing magnetic fields in neigh-

bouring non-linear magnetic materials of field-dependent permeability fi. 

The problem could be formulated in terms of the vector potential A. However in 3D 

the necessity for working with 3 components of A and the difficulties associated with 
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the gauge specification of V A make it desirable to look for an alternative formulation 

which uses the scalar magnetic potential [Bronzan (1971)]. 

The TOSCA algorithm makes use of the fact that electric and magnetic circuits 

occupy different regions of space. The domain Q, is subdivided into two regions, Q,j 

occupied by conductors and air and within the magnetic material [Simkin and 

Trowbridge (1980)]. The magnetic field is described by a reduced scalar potential (j) in 

Q,j and by a total scalar potential tp in [fig. (4-7)]. 

iron region ( ) 

conductor ( p ^ ) 

air (10.0 ) 

Figure 4-7: TOSCA philosophy: two potentials formulation 

In the regions fij, the magnetic field intensity can be separated into two compo-

nents: 

H = H« -f (4.70) 

Hg resulting from the current sources and due to induced magnetisation. The 

source field is obtainable directly from the Biot-Savart law by integration over the 

region Q j containing currents: 

H ( r ) = i 
J(r') X (r - r') 

This field satisfies 

so that 

nj |r - r 

V X H , = J 

y|3 
(4.71) 

V X Hm = 0 

allowing to be written as the gradient of the reduced scalar potential: 

H . -Vcj) (4.72) 
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In principle eqn.(4.72) allows (p to be determined from the equation: 

- V . + V . = 0 (4.73) 

which is obtained through eqns.(4.69) and (4.70) by invoking the solenoidal property 

of B. In uniform linear media eqn.(4.73) becomes the Laplace equation: 

17246== 0 (4.74) 

since V • = 0 always. 

Eqn.(4.73) is a Poisson's type equation for cj), solvable using the FE method. How-

ever Simkin and Trowbridge (1979) have pointed out a practical difficulty arising when 

non-linear magnetic materials with high fi are involved. Within such materials: 

B — (-Hg V0) 

In this expression the gradient of the computed quantity (f> can be of the same order of 

magnitude as Hg (in fact, in the limit // —>• 00 H —>• 0). The possibility that Hm and Hg 

may be of nearly equal magnitude and opposite sign, so that they tend to cancel out 

in permeable regions, leads to magnification of the errors in the approximate solution 

of Hm. 

Ultimately, these large errors arise because of the different space variation of 

and Hs, the first being represented using the FE shape functions, the second exactly 

evaluated from integration of eqn.(4.71). 

4 .9 .1 Total scalar potent ia l 

The TOSCA algorithm overcomes the numerical difficulties associated with the near-

cancellation of conductors and iron fields, by using the fact that within the simply 

connected region there are no electric currents (so V X H = 0) and the magnetic 

field can be accurately represented by the total scalar potential tjj\ 

II == Oi/ZS) 

Application of eqns.(4.69) and (4.68) gives: 

\7. QuA/iA) := 0 (4.76) 

Within the region Q,j the reduced potential representation must be retained 

H = H, - V(̂  (4.77) 

although 12 = fiQ may be usually assumed so that (j) is determined by Laplace's eqn.(4.74). 
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Eqn.(4.74) for ( j ) and eqn.(4.76) for ^ must be solved subject to the interface con-

ditions at the boundary between Q,j and At the interface, the two potentials can 

be exactly linked by applying the continuity of the normal components of B and of the 

tangential component of H: 

and 

//o(Ha - V^) • n = - ^ ( V ^ ) • n 

(H, - = 

(4.78) 

(4.79) 

where n and t are the unit vectors respectively normal and tangential to the interface. 

The potentials at two point P and Q of the interface surface Vj^ can be related by 

integrating eqn.(4.79) along an arc-length s: 

— J • t = •̂  (4.80) 

where P is a point at which (p = is assumed. 

4.9 .2 So lut ion of t h e two-potent ia l formulat ion 

The set of equations for the total and reduced potential representation used in TOSCA 

is summarised in tab. (4.2). 

Region Qj 
(conductors and air) 

Region 
(iron) 

H = H , - V,^ H = — 

V2,^ = 0 V • (/iV^) = 0 

Interface conditions 

/xo(Hs - V< )̂ • n = —/i(V^) • n 

(j) - jp Us • t ds = tjj 

Table 4.2: TOSCA algorithm: summary of the equations for the reduced potential cj) and the 
total potential tp in 3-D magnetostatic problems. The source field H, is known, calculated by 
integrating eqn.(4.71) for the prescribed current distribution J. 
The use of total potential, in volumes where the fields of conductor and iron may cancel out, is 
the basis of the TOSCA algorithm. 

By combining the two potentials, cancellation difficulties in the determination of H 

can be completed avoided. The FE problem is solved when the potential of each node, 

either 4> or tp, is determined. 
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4.10 FE model of the magnetic separator using O P E R A -

3 d software 

The OPERA-M/TOSCA software (version 7.1) consists of three main modules, the 

pre-processor, t he TOSCA a lgori thm, and the post-processor. The 3-D FE model is 

defined in the pre-processor, the TOSCA program is then applied to calculate the po-

tentials at the nodes, and finally the magnetic field distributions are computed and vi-

sualised in the post-processor. The file containing the instructions for the pre-processor 

necessary to build the FE model of the magnetic separator is listed in appendix D. 

4.10 .1 T h e pre-processor 

When designing the FE model, it is important to have a good understanding of the 

physical distribution of the magnetic field in order to generate the mesh accordingly. 

The domain of the problem il, containing the sources of the field, must extend to 

a reasonable distance from them. In fact, the 'true' electromagnetic fields extend to 

infinity (except in cases when they are modified by the local environment, for example 

by shielding), while the FE method can only model to a finite extent. The application 

of boundary conditions to the outer surface F will perturb the true infinite-domain 

solution. Consequently it is recommended to define the problem on a domain ~ 10 

times the dimensions of the devices producing the field, so that the truncation has no 

significant effect on the regions where the field has to be determined accurately. 

A uniform mesh through the whole domain problem would be extremely wasteful 

of computing resources; the mesh should rather follow the changes of the field variable. 

The sensitivity of the mesh can be controlled in two ways, by varying the mesh density 

and/or the interpolation order of the elements. A high density mesh must be used in 

regions where the field varies rapidly, or in regions of accurate determination of the field 

distribution. As the distance from the device increases and the field gradient decreases, 

the mesh density can be gradually reduced. At the boundaries of the model only a 

small number of nodes is required, to impose the boundary conditions. Correct ways of 

changing mesh density are shown in fig.(4-8), they all ensure continuity of the facets. 

Conversely, an incorrect way is shown in fig. (4-9). 

0PERA-3d uses both triangular and rectangular elements, whose sides can either 

be linear (2 points straight line) or quadratic (3 points curve). So facets can vary from 

3-noded triangles, to 8-noded curved sides quadrilaterals. 

The OPERA-3d pre-processor supports only one type of 3D mesh construction. 

The user is required to identify a specific plane for the model, referred to as the base-

plane, possibly coinciding with a symmetry plane of the problem. On this base-plane 

a 2D mesh is defined by a set of facets or super-elements which are then subdivided 

into elements. These facets are then extruded, that is swept through the space, at 

their respective heights. Similarly to the sides on the base-plane, extrusions can be 
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linear or quadratic. In this way, a series of subsequent layers is defined. In each of 

the newly defined planes the initial base-plane topology is preserved, though the nodes 

coordinates may be changed. Once the volume discretisation of the entire domain Q 

is completed, material properties can be assigned to the volumes of the layers, and 

boundary conditions to the facets of the volumes. 

Figure 4-8: Methods for changing the FE mesh density across the model: it the essential to 
ensure continuity of the facets. 

Figure 4-9: Incorrect change of mesh density which does not provide continuity of the potential 
at the nodes of adjacent elements. 

Base-plane for the separator model 

In modelling the magnetic separator with the iron yoke of figure (5-1), it is natural to 

choose as base-plane the vertical middle-section of the iron circuit. In this way, the 

system is modelled only on half of the space for the TOSCA analysis program. At 

post-processor level, the full geometry is recovered by imposing symmetry of the nodal 

potential values with respect to the base-plane. 

The base-plane model of the magnetic separator is illustrated in figs. (4-10), (4-11) 

and (4-12). High magnetic field gradients are expected in the volume occupied by the 

iron yoke and adjacent air. Furthermore, the operating field in the air gap and the stray 

fields needs to be known accurately. Therefore a dense mesh is required on the yoke and 
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surrounding volumes, where rectangular "quadratic" facets are used, as illustrated in 

fig. (4-11). Triangular facets (for example the two triangles used at both sides of the air 

gap) are introduced to limit the fine subdivision from extending to the far boundaries, 

as shown in fig. (4-12). 

Elements distortion must also be controlled. Again, special care must be taken to 

avoid facet distortion in region of high field gradients: the shape of the facets should 

be as "regular" as possible, i.e. triangular and rectangular facets with sides of similar 

lengths. Guidelines for allowable element distortion can be found in the OPERA 

manual and also in textbooks [see for example Pagan (1992)]. 

4 .10 .2 Mater ia l def ini t ion 

Once the discretisation of space has been completed, material and mesh properties 

must be set within each volume. The preprocessor presents the user with each layer 

in turn, requesting the definition of two compulsory quantities in each volume of the 

layer: material type and potential type. 

Materials are defined in terms of their permeability. For the model of the magnetic 

separator, two materials are considered, AIR and IRON. The permeability of iron is 

defined by the BH curve of fig. (4-13). 

The second compulsory parameter is the potential type. "REDUCED" potential 

must be used in the space where source currents are flowing. "TOTAL" potential 

should be used in non-air volumes, provided it is possible to specify a simply connected 

region where the total potential is single valued. 

The coil is not included in the FE mesh, but is defined separately and the magnetic 

source exactly calculated by integration of eqn.(4.71). To achieve a good answer from 

the model, it is important that the coil fields are well represented at the interface 

between reduced and total potentials. Therefore the best choice of the reduced potential 

region is one of simple shape, which contains the coil and which has a surface as far as 

possible from the coil surface. In modelling the separator this is straightforward: all 

AIR volumes use reduced potential, all IRON volumes use total potential. 

Finally, an optional parameter is the "element type". TOSCA allows two types of 

element, linear (8-nodes, the default) and quadratic (20-nodes); both can be used in 

the same problem. Quadratic elements have been used in the iron volumes, as well as 

in the air volumes adjacent to the iron circuit and containing the coil. Linear elements 

have been used in the remaining air. 

4 .10 .3 B o u n d a r y condi t ions 

Boundary conditions in TOSCA can be imposed on any surface of any volume of the 

mesh in two ways: 

(i) by restricting the magnetic field to be either normal or tangential. In terms of the 
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Figure 4-10: 
domain 

FE modelling of the magnetic separator: base-plane topology of the whole 
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Figure 4-11: FE model: details of base-plane topology in the space occupied by the magnetic 
separator: rectangular quadratic facets are used on the iron and adjacent air, and a fine elemen-
tal subdivision is applied to them. Triangular facets are introduced to stop the fine subdivision 
of the elements to propagate to the far boundaries, as shown in fig.(4-12). 
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Figure 4-12: FE modelling of the magnetic separator: elemental subdivision of the 

base-plane. 
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3 0 4 0 

H (mT) 

Figure 4-13: FE modelling of the magnetic separator: {B, H) curve defining the permeability 
of the iron. 

total or reduced potentials: 

(p (or tp) = Q NORMAL magnetic field 

^ (or = 0 TANGENTIAL magnetic Geld 
on am 

(ii) by setting non-zero values of the potential (POTENTIAL = ) of its normal deriva-

tive (DERIVATIVE = ). 

In the model, the boundary condition TANGENTIAL MAGNETIC has been im-

posed to all the facets of the base-plane and to the facets of the external boundary 

r. 
The final model is pictured in fig.(4-14). 

4 .10 .4 T h e TOSCA analys is program 

The Weighted Residuals non-linear equation (4.38) for both sub-domains Q j and 

is solved by using the Newton-Raphson method [see for example Silvester and Fer-

rari (1983) or Binns et al. (1992)]. This is an iterative method which converges very 

rapidly, provided the initial guess is sufficiently close to the solution. As the solution 

is approached, the convergence becomes quadratic, that is the number of significant 

binary digits in each iterative trial solution is ~ double the number of significant digits 

in the preceding one. 
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Figure 4-14: FE model of the magnetic separator. The coil is defined separately from the FE 
mesh and its position can be easily shifted along the pole of the magnetic circuit. 
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Given an initial solution y>]\ the method calculates the residual 

[A]' = K ' M ' - [ f ] ' , 

and the Jacobean matrix 

W = - M ' ) (4.81) 

The new solution is found by solving the linearised Jacobian system: 

= Bf]' -- B/j'DR!]'' (4.831) 

The scheme may not converge if the initial approximation used to start the iterative 

process is too far from the real solution. Furthermore, in the context of non-linear 

electromagnetic field equations, the convergence is strongly related to the smoothness 

of the BH curve. For these reasons a relaxing factor a is used in the system (4.82), 

which becomes: 

M'+i = (4.83) 

A = 1 is initially chosen; then a is multiplied by 2 if the change in the residual of 

the next iteration is too small, or divided by 2 if the norm of the residual of the next 

iteration would be greater than |[i2]p. 

This iteration scheme terminates when the difference in solution between two suc-

cessive iterations is less than some prescribed tolerance, typically 0.1 percent. 

4.11 The post-processor - results of the FE model of the 

separator 

In figures 4-15, 4-16 and 4-17 the results of the FE analysis are presented using a value 

of Jeng = 600 A cm~^ for the current density of the coil. This value is high enough 

to drive the iron section inside the coil near saturation ( 5 ~ 2 T in the iron). Three 

configurations for the coil are compared: the coil in free space, the coil inserted in the 

magnetic circuit and located either at the pole or 10 cm away from it. The field profiles 

of the modulus of the magnetic flux density B, of the axial component Ba and of the 

radial component Br have been mapped on the coil windings. 

For the coil in free space (fig.4-15), all the three field distributions are symmetrical 

with respect to the central windings. The axial component Ba reaches its maximum 

at the inner windings at the centre of the coil, where it coincides with the modulus B. 

The radial component B^ is zero at this plane as well as along the solenoid axis, and 

reaches its maximum at the middle winding at the coil ends. 

When the coil is introduced into the iron circuit, the symmetry of these distributions 

is broken by the influence of the stray field from the air gap. Figure 4-16(top) shows the 

outcome of the field calculation when the coil is positioned right at the pole. Both radial 
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Component BMOD Component #SA 
OaM04887 OjWatTI 

Component: #BR 
0.0190439 0 0380878 

Figure 4-15: Coil in free space: magnetic field distributions on the windings of the modulus 
of B, the axial component Ba and the radial component Br- The transport current density in 
the coil is J, eng 600 A cm Units: Tesla. 

and axial components have maximum values at the coil-end facing the air gap, and their 

profiles reflect the square shape of the iron pole. The maximum Br value is higher 

than the maximum Ba value (approximately 1.5 times), as a direct consequence of the 

considerable radial component of the stray field. Therefore it is the radial component 

which sets the upper limit for the operating current of the HTS coil within the separator; 

this point will be discussed again in the next chapter in the light of the critical current 

characteristics of the HTS solenoid employed in this work. 

As the coil is moved away from the gap, the influence of the stray field is diminished 

and the symmetry of the field distributions on the coil gradually regained. Fig.4-

16(bottom) illustrates this symmetry recovery for the coil located 10 cm away from the 

air gap. Ba reaching its maximum value in the middle section of the solenoid, where 

it practically coincides with the value B, as in the case of free space. Br returns to be 

slightly smaller than Ba-

Shifting the coil away from the pole decreases the operating field of the separator. 

The field intensity at the centre of the air gap is reduced from 476 mT, when the coil 

is at the pole, to 204 mT when the distance is 10 cm, as shown in fig.(4-17). 

The FE modelling of the system is a very useful tool in aiding the design of the 

magnetic separator when an HTS coil is employed. The knowledge of the field distri-

butions on the coil windings, in particular, is very important because of the sensitivity 

of the present HTS materials to magnetic fields. 
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Component. BMOD Component #BA 
P 00484795 0.0670401 

Component; #BR 
p 0166353 01 OS 

Component: BMOD P 0211687 0̂4̂9653 Component #BA 
0 .00863335 Q 0367605 0.0 

Component. flBR P.002771B2 0.02̂ 01 ÔBeGZe" 

Figure 4-16: FE analysis of the magnetic field distribution on the coil windings; comparison 
of the influence of the stray fields for two positions of the coil in the magnetic separator, at 
the pole (top) and 10 cm from the pole (bottom). The transport current density in the coil 
is Jeng = 600 A cm"^. From left to right: modulus of B, axial component Ba and radial 
component Br- Units: Tesla. 
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Component: BMOD 
0.0ce03583 0.85E703 1.8C837 

Component; BMOD 
369997 0 

Component: BMOD 

.0 00810034 0 998947 1.B90794 

• 
Component: BMOD 

Figure 4-17: FE model of the magnetic separator: magnetic field distribution on the iron 
yoke and in the air gap (on the central vertical plane) for a current density Je„g = 600 A cm~^ 
and two positions of the coil, at the pole (top) and 10 cm away from the pole (bottom). The 
field at the centre of the air gap (marked with a cross-air) is 476 mT and 204 mT respectively. 
Units: Tesla. 
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C h a p t e r 5 

The h i g h - T c superconducting 

magnetic separator: 

calculations and experiments 

5.1 Introduction 

In this chapter the employment of a high-Tc superconducting coil in a magnetic separa-

tor with an iron circuit is investigated. The design requirements of such an apparatus 

will be discussed and the results of experimental investigations presented. 

A prototype of small dimensions of such a magnetic separator with an iron yoke has 

been built in the Department of Physics and Astronomy; the design and the system 

are shown in figures (5-1) and (5-2). The high-Tc coil, a Bi2Sr2Ca2Cu30g(Ag) solenoid 

of 6.6 cm diameter and 5 cm height, has been provided by Intermagnetics General 

Corporation. The three components of the separator, iron circuit, cryostat and coil are 

described in sections 5.2, 5.3 and 5.4 respectively. 

In section 5.4.1 the critical characteristics of a short sample of the Bi-Sr-Ca-Cu-0 

tape are examined, and the value for the engineering transport current at 77 K for the 

coil in free space derived. 

Instrumentation and measurement errors are described in section 5.5. Test mea-

surements of the HTS solenoid in free space at 77 K are presented in section 5.6 and 

related to manufacturing specifications. 

The measurements conducted on the magnetic separator are presented in section 

5.7; they include measurements of the voltage across the HTS coil and measurements 

of the magnetic field obtainable from the system. Two positions of the coil within the 

iron circuit have been investigated, near and far from the pole; results are compared 

with similar measurements on the coil in air. 

The coil was cooled by liquid nitrogen {LIN). To investigate the temperature depen-

dence of the system performance, experiments have been carried out at two tempera-
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tures, 77 K by using LIN at atmospheric pressure and ~ 67 K by pumping LIN at a 

pressure around 100 Torr. Operating at 10 K below LIN leads to an increase of the 

critical current by a factor of 2-3, a considerable advantage for the performance of the 

magnetic separator. 

Experimental results are compared with the calculated ones from the FE model in 

sections (5.8) and (5.9), showing agreement within 10%. 

Finally, evidence of a progressive degradation of the coil over a period of two years 

is discussed in section (5.10), where measurements of the voltage drop across the coil 

at three points in time (separated by one year interval) are presented. 

The experimental findings are summarised and discussed in section (5.11). 

cryostat 

L ^ J J 
Ti 

f m m m 

HTS coil 

1 

cryocooler h e ^ 

mm 

J 

3sm 

magnetic circuit 
1 

270mm 

Figure 5-1: Design of the high-Tc magnetic separator. The drawing is to scale. 

1 4 6 



Figure 5-2: The HTS magnetic separator built at the Department of Physics: 
On the left, the separator with iron circuit and the cryostat; on the right the instrumentation 
comprehensive of gaussmeter with connected 3D Hall probe (inserted in the air-gap), current 
supply and ammeter (in series), voltmeter (in parallel), temperature controls. 
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5.2 The magnetic circuit 

The design of the high-T^ separator is shown in figure (5-1). The iron yoke and the 

cryostat have been designed 'around' the coil, and ultimately their dimensions are 

determined by the inner diameter of the coil of 3.8 cm. The magnetic circuit has been 

built from an iron rod of 3.5 cm diameter circular section, and the poles have been 

machined with 2 cm x 2 cm square section to fit inside the bore of the cryostat. The 

overall dimensions of the circuit (48 cm x 27 cm) are planned to accommodate the 

cryostat and to leave enough headroom for shifting the cryostat along the pole in the 

optimisation of the system configuration. 

The iron bars were purchased from Armco Magnetic who supplies them with spec-

ifications regarding iron purity, i.e a very low carbon concentration. Having been 

machined, the iron circuit was annealed in a furnace following a 10 hours cycle of figure 

(5-3), recommended for optimal magnetic properties at low and medium flux density 

B < 1 T (figure 5-4). 

In a separator with an iron circuit, the ferromagnetic matrix would be enclosed in 

a canister placed in the air-gap. For this small prototype, the maximum dimensions of 

the canister are of 2 cm X 2 cm section and 1 cm length. These dimensions are close 

to those used in magnetic separation of bone marrow, where the canister is typically 

3 cm in diameter and 3 cm long [Watson (1992) and Richards et al. (1996)]. 

5.2.1 T h e equat ions of a m a g n e t i c circuit; leakages and saturat ion 

A magnetic circuit is defined as a region of space where most of the length of the B 

lines are within ferromagnetic materials. A typical magnetic circuit is an iron toroid 

wound homogeneously with N turns carrying a current I (fig.5-5). The equations of the 

magnetic circuit are derived under the assumption of a negligible magnetic flux leakage, 

which is rigorously correct only for a ferromagnetic material with infinite permeability 

M-
The integral of the magnetic field intensity for a close curve inside the torus is 

= AT/ (5.1) 

§ H • dl is called the magnetomotive force {m.m.f.) and NI the number of Ampere-

turns. 

Inside the toroidal solenoid B = /j,H is uniform over the cross-section A (in the as-

sumption of zero fiux leakage); indicating with 0 (B) = BA the total flux and with I 

the middle circumference of the toroid, the m.m.f. can be expressed as 

m.m.f. = NI — %$(B) 
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Figure 5-3: Annealing cycle followed for the iron circuit (as recommended by Armco Magnetic). 
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Figure 5-4: Typical magnetisation curves for annealed ARMCO MAGNETIC ingot iron: range 
of typical flux density values after annealing following the cycle of figure 5-3. 
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fa) Cb) 

Figure 5-5: (a) Toroid wound homogeneously and (b) generalised magnetic circuit. 

with 

(5.2) 

the reluctance of the circuit. 

Eqn.(5.2) expresses the Hopkinson law, which may be considered as the magnetic 

equivalent of Ohm's law: $ (B) is the analogue of the current intensity, which is the 

flux of the current density J . The generalised Hopkinson law expresses the reluctance 

of a magnetic circuit as 

where the sum is extended to various tracts of the magnetic circuit of length li, section 

Ai and permeability (fig.5-5, b). $ (B) has the same value in each material because 

of the continuity of B at each interface. 

In particular, for a circuit of permeability /x = middle length I and section A 

with an air-gap of length g <C I {jiair — ̂ o), the reluctance is 

liA fioA 
(5.4) 

In the air-gap B = HqH, so that 

and Hopkinson's law gives 

from which 

NI — Hair \ ~—H 5 

Ha 
NI Hr 

g fir + l/g 
(6.5) 
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Taking for example l/g ^ 100, the relation between H^ir and NI is represented by 

the full line of figure (5-6). With increasing Ampere-turns, n decreases from ~ 10^ to 

1 (when saturation is reached); so the relation between Hair and N I starts and ends 

linearly: 

J Nl/g for weak fields, i.e. 3> l/g 

( NI/l for strong fields, i.e. /ir <C l/g 
H„ (5.6) 

^air' i 

Figure 5-6: Calculated field intensity in the air-gap as a function of the Ampere-turns for a 
ring magnet: the difference between the solid curve (eqn.5.5) and the dashed curve (eqn.5.7) is 
due to the leakage factor. 

In practice, the measured fields are smaller than eqn.(5.5) because of two effects: 

the leakage of magnetic flux and the saturation of the iron facing the air-gap. 

Leakage f ac to r 

The lines of B do not cross the air-gap perpendicularly, but they spread out (fig.5-7). 

Mathematically, the effect of this spreading of the field can be described by attributing 

a larger cross-section to the air-gap: 

^irnn — ^ and ^gap — 

where p is the leakage factor. Assuming p independent of the m.m.f.: 

I^r NI 

g / j r + p f / g 
(5.7) 

This curve has the same initial slope of eqn.(5.5) but deviates earlier, and has a final 

slope which is smaller by a factor p (dashed curve in fig.5-6). 

In a magnetic separator, the presence of a matrix in the air-gap is advantageous in 

reducing the magnetic reluctance of the air-gap and, consequently, the leakage factor 
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Figure 5-7: Leakage of B lines in the air-gap. 

of the magnetic circuit. This is particularly true when a "ball" matrix is used [Watson 

(1992)], obtained by filling the canister with small ferromagnetic spheres of the same 

magnetic properties of the iron circuit. The packing factor of 66% would give an 

effective permeability for the gap of ^igap = 0.66//iron-

Iron saturation 

The spreading of the B lines causes the iron of the bulk of the circuit to saturate sooner 

than the iron near the air-gap, as the flux-density in the bulk is larger than at the ends. 

The bulk permeability is therefore lower and the reluctance higher. Mathematically, 

this effect can be described by dividing the iron in two parts, an unsaturated one of 

length and permeability ni and a saturated one of length I2 and permeability H2, 

with ^ /X2 > 1- Hopkinson law writes as 

and 

NI — HairpA , -^) //lA pAy 
U (2 

+ 

(yf2///2) + g m + + 

When saturation starts, a further increase of the m.m.f. NI causes the length I2 

to increase at the expense of h : the term P/2/M2 in the denominator of the first factor 

increases, possibly leading to an appreciable decrease of Hair-

Another way of describing the effect of saturation is as follows. In unsaturated iron, 

even at high values of B, the field intensity Hiron = B/jj. is very low, ~ fraction of mT. 

If in part of the iron fi decreases, Hiron increases strongly at almost constant B. In 

§ Hdl, Hiron begins to play a noticeable role at the expense oi Hair-
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It is important to have a material with initial jj, as high as possible, i.e. an iron with 

low concentration of carbon. Once the magnet has a saturated middle part, increasing 

N I is not advantageous for the operating field Hair, but causes only an increase of the 

length of the saturated part of the iron. A magnet is most effective if saturation starts 

at the poles and gradually penetrates inside. Using thicker iron in the middle than at 

the poles is a way of achieving this requirement. But, most importantly, the winding 

should not be distributed over the whole circuit but concentrated at the pole-faces. 

Furthermore the shape of the poles has an important role to play [see for example 

De Klerk (1965)]. Already in 1898 Weiss proposed to use slightly conical shapes to limit 

the spreading out of the B lines in the air-gap; but the point where saturation starts is 

still located inside the coil and not at the pole-faces (fig.5-8, a). In 1931 Dreyfus studied 

the problem theoretically and found that the correct solution is given by strongly coned 

poles (slope of 45°): with this shape the flux lines continue to converge to the pole-faces 

(fig.5-8, b). 

(a) fb) 

Figure 5-8: Poles shapes: (a) Weiss slightly coned poles; (b) Dreyfus strongly coned poles. 

In conclusion, the shape of the poles and the position of the coil are well established 

in conventional magnets with an iron circuit, where usually two resistive coils are sym-

metrically placed at the poles. The employment of a high-Tc superconductor dictates 

new requirements on the position of the coil which will be discussed in the following 

sections. 
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5.3 The cryostat 

The cryostat has an off-centred annular geometry and has been designed to satisfy the 

following requirements: 

(i) a room temperature inner bore. The air-gap, in particular, has to be at room 

temperature for the correct functioning of the Hall probe, used for measuring magnetic 

fields. 

(ii) the flexibility of operating either with liquid nitrogen or with a cryocooler in 

cryogen-free mode. The critical current characteristics of high-Tc superconductors im-

prove considerably with decreasing temperature, so it is interesting to have the possi-

bility of using a cryocooler to reduce the temperature of the coil. 

(iii) to allow access to the coil. It may be desirable to vary the position of the coil 

along the bore, or it may become necessary to check electrical contacts. 

5 . 3 . 1 I n s u l a t i o n 

The main function of the cryostat is obviously to provide a LIN bath for the experiment 

thermally insulated from the outside environment. As in any cryostat, the inner vessel 

containing the cryogen is suspended and completely enclosed in an outer chamber. Both 

vessels must be vacuum-tight as thermal insulation is achieved by production of vacuum 

between them, the higher the vacuum the lower the heat transfer by conduction. 

The kinetic of gases enclosed in a container depends on two lengths, the collisional 

mean free path of the gas particles I and the characteristic size of the container L. The 

thermal conductivity of gases is constant over a wide range of pressures for which L ^ I, 

so that inter-particle collisions are much more frequent than particle-wall collisions. As 

an example, the thermal conductivity of air at ambient temperature is 2.6 10"^ W/m-K 

[Kaye and Laby (1995)]. As pressure decreases, I increases; when I 3> L collisions with 

the container walls become more frequent than inter-particle collisions. Under these 

conditions, the thermal conductivity of the gas vary linearly with particle number and 

hence with pressure P. Since the transition from constant conductivity to f-dependent 

conductivity depends on the container size L, the effective thermal conductivity can 

be decreased by decreasing the container size. This is one of the important principles 

behind most forms of insulation [Bigelow et al. (1988)]. 

A vacuum of % 3 X 10"^ Torr, i.e. % 4 X 10"^ Pa, has been obtained by using a 

rotary pump (with displacement capability of ~ 4 m^h~^). 

In addition, the vacuum space has been filled with multi-layer radiation shields to 

reduce thermal irradiation From Wein's displacement law, infrared is the dominant 

'Highly polished metals - such as copper, aluminium, silver or gold - exhibit high reflectivity (and 
low emissivity) in the infrared; but, once they are exposed to the atmosphere for long times and become 
tarnished or covered with fingerprints, their emissivity increases. In fact most metals which have been 
exposed to the atmosphere for extended periods, show similar IR emittivities. As a result, it is not 
considered to be worth the expense of using highly polished materials in order to suppress thermal 
radiation [Bigelow et al. (1988)]. 
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wavelength (% 10 fj.m) radiated at T < 300. The heat transfer by thermal irradiation 

from a surface at "high" temperature Th to a surface at "low" temperature Ti is pro-

portional to the difference — Ti . This irradiation is usually suppressed with the use 

of the so-called superinsulation which consists of layers of thin metallized insulator -

usually aluminized mylar % 0.25 — 1 mm thick - separated by a nylon mesh. Given n 

layers of superinsulation, the heat transfer by irradiation is reduced by R + 1 [Barron 

(1985)]. 

About 10 layers of superinsulation have been used in the vacuum space^. This 

insulation also acts to reduce the effective cell size for any residual gas in the vacuum 

space. In fact the first few layers are the most important for the suppression of IR 

radiation; the subsequent layers are important for the suppression of residual thermal 

conductivity in any residual gas. An effective thermal conductivity can be defined for 

this superinsulation, which results to be % 10"* W/m-K between 300 K and 4 K [White 

(1979)]. 

Finally, heat leaks into the LIN bath by thermal conduction down the bellows and 

the inner vessel, but most of this heat is absorbed by the enthalpy of the cold gas 

boiling off the bath and flowing past the walls. 

5.3 .2 G e o m e t r y and d imens ions 

The steps of the assembly of the cryostat are illustrated in figure (5-9). 

The outer chamber, at ambient temperature, is composed of two sections: the upper 

section is designed to enclose the LIN vessel and the lower section to contain the head 

of the cryocooler. The vacuum-tight sealing between the two sections is realised through 

flanges welded at their ends, where grooves have been engraved corresponding to the 

outer and inner bore diameters. As the structure is at room temperature, rubber 

0-rings are suitable for use in the grooves; the flanges are then tightened via bolts 

which, in the case of the inner bore, are screwed into blind holes. A similar sealing is 

achieved between the lower section and the cryocooler head, so that the whole structure 

is vacuum-tight. 

As the flanges are subject to considerable vacuum pressure they must be thick 

enough to sustain deformation; calculations show that ~ 10 mm is a suitable thickness 

(section 5.3.3). Conversely the walls of the chamber do not experience vacuum pressure 

and they can be made much thinner. 

The inner vessel must be high enough to give sufficient headroom for the boil-off 

of LIN. Three bellows, welded at its top lid, provide an escape route for the nitrogen 

vapours during filling and during operation. Electric leads to the coil are also fed 

through one of these bellows. The bottom plate of the vessel is welded to the walls 

and incorporates a copper-contact for the cryocooler head (fig.5-10). The top plate, 

^In commercial dewars for liquid helium there are about 50 layers of superinsulation, corresponding 
to a thickness of ~1.5 cm. 
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on the other hand, is designed to be removable to allow access to the coil: a flange 

welded around the perimeter of the can provides a support for this lid. The vacuum-

tight sealing between the flange and the lid must hold at low temperatures; an indium 

ring it is therefore used, carefully positioned in a lightly engraved groove, which gets 

'squashed out' when the lid is tightened to the flange via bolts screwed into blind holes. 

The sealing of the inner bore is realised with soft soldering. Again, flange and top and 

bottom plates are ~ 10 mm thick, to sustain the vacuum pressure. 

Wall-thickness and diameters of the bores of outer and inner chambers are chosen 

to minimise the space inside the coil taken up by the cryostat. The coil inner diameter 

is of 38 mm. The cryostat walls are as thin as reasonably possible ~ 1 mm, and the 

diameters of the outer and inner chamber bores are ~ 28 mm and ~ 32 mm respectively. 

These dimensions give ~ 3 mm of vacuum insulation between the two chambers, leaving 

a bore of 28 mm available to the iron yoke. 

All parts of the cryostat and bolts are in stainless-steel, a non-magnetic material, 

whose relevant properties are listed in table (5.1). In particular the coefficient of ex-

pansion (contraction) a{T) describes the material behaviour when cooled: 

A/ = lo J a dT 

with the temperature expressed in degree Celsius. In cooling from ambient temperature 

to liquid nitrogen temperature, -196 °C, the metals commonly employed in cryogenic 

typically contract by up to 0.3% (3 mm per metre) [British Cryogenics Council (1991)]. 

Stresses due to thermal contraction can be significant; the use of bellows - joining inner 

and outer vessel - allows for such a contraction, preventing leakage due to movement 

of joints. 

Finally, the thermal contact between the head of the cryocooler and the coil is 

realised by means of various copper elements. A copper plate (figure 5-10), hard-

soldered at the end of the cryocooler head, is in vacuum-tight contact with a copper 

cap brazed at the bottom lid of the inner chamber. Connected to this cap, a copper 

braid provides the thermal contact with the copper support which encloses the coil 

(figure 5-11). 

5.3 .3 P l a t e s th ickness 

The deformation sustained by the plates at the base and top of the cryostat vessels un-

der high-vacuum conditions, is governed by two material characteristics, the modulus of 

elasticity E and the Poisson ratio u [see Roark and Young (1981)]. They characterise 

the response of the material to strains, i.e. to any forced change in the dimensions 

of the body. Three types of strains - used as unit strains - can be distinguished: 

the unit tensile strain defined as the elongation per unit length, t he unit compressive 

strain defined as the shortening per unit length, and the unit shear strain defined as the 
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Figure 5-9: Cryostat assembling: (a) Top and bottom sections of the outer vessel are joined 
together via 10 mm thick flanges welded at the ends of each section. Each flange has grooves 
prepared to receive two rubber 0-rings, which ensure the sealing at room temperature, one 
0-ring around the periphery and one 0-ring around the inner bore. Bolts tighten the two 
sections together; for the inner bore they are screwed into blind holes (as in all cases where 
bolts point towards inner regions of the cryostat). (b) The cryocooler head is inserted inside the 
bottom section of the outer vessel, the sealing at the lower end is achieved using rubber 0-rings 
and bolts screwed into blind holes. The LIN reservoir is inserted from the top; the copper 
cup on the floor of the reservoir is bolted into blind holes in the cryocooler head, an indium 
ring ensures vacuum-tight sealing at L/A'^-temperature. (c) The coil assembly is inserted into 
the LIN chamber and positioned on a plastic support. When operating in cryogen-free mode 
the coil assembly must be put in thermal contact with the copper cup of the reservoir via a 
copper braid, (d) The lid of the LIN reservoir is mounted. The sealing with the flange of 
the outer diameter is provided by an In-ring, carefully positioned on the groove engraved into 
the flange. The sealing with the inner bore is achieved with soft soldering. The lid has three 
bellows welded to it, for LIN filling and escape of nitrogen vapour; each bellow is soldered to 
an external tube long enough to present a nearly room-temperature surface to the seals of the 
outer vessel lid. (e) The lid of the outer vessel is mounted. First an inner flange is soldered to 
the bore of the cryostat; then two rubber 0-rings are positioned on the grooves prepared on 
the inner and outer flanges. The lid is then tightened with bolts to the flanges. Finally, the 
three openings for the bellows - which are carefully machined to house thick 0-rings of 3-4 mm 
diameter - are sealed and closed with caps. 
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Cu-end of 1 stage cryocooler 

Figure 5-10: Copper cap braised at the bottom of the LIN vessel, to provide thermal contact 
with the cryocooler head. 

Cu sleeve 

Cu bases 

Figure 5-11: Coil support. 
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change in unit angle (radians) between two lines originally at right angles to each other. 

T (°C) Coefficient of expansion (xlO ®) 

-250 0 
200 13 
150 62 

-100 120 
-50 190 
0 265 

+15 306 

modulus of elasticity E 30 10^ Ib/in^ 
21x10^ kg/m^ 

Poisson's ratio v 0.27 

Table 5.1: Elastic coefficients of steel. 

The Poisson ratio v is defined as the ratio between the lateral unit strain to lon-

gitudinal unit strain under the condition of uniform and uni-axial longitudinal stress, 

within the proportional limit (see table (5.1) for values in stainless steel). 

The atmospheric pressure is a uniformly distributed load on the steel plates of the 

cryostat. The units for pressure are: 

1 atm = 1 bar = 1.015 10® Pa 

Pascal is the SI unit, defined as the pressure exerted by the unit force of 1 Newton 

(1kg -9.84 [g]) on the unit surface: 

IPa = 1 
N 

with dimensions 

where g =9.81 ms ^ is the gravity constant. 

A load q is defined as 

load = with dimensions ^ 

The load at atmospheric pressure, approximating ~ 10 [g] and 1 atm ~ 10® Pa, is: 

1.4 10" 

this is the load to which the plate is subject under high vacuum (~ 10"^ Pa). 

The vertical deflection d of a solid plate of radius r and thickness t at the centre of 

the plate is given by the relation [Roark and Young (1981)] 

d 
gr 5 + !/ 

64D 1 + u 
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where D is the plate constant defined as 

D = 
1 

For steel, using SI units: 

and 

d' 

1 2 ( 1 - y 2 ) 

D - 1.63 X 10^ 

- - 3 . 1 X 10"^^ 
#3 

(5.10) 

So, for a given radius r of the plate, the deflection at its centre decreases with 

the third power of its thickness t. For the largest plate of the cryostat, with a radius 

r = 15 cm, the amount of deflection under a load of 10^ kg/m^, eqn.(5.10) gives : 

1.610 - 1 0 

t^ 

2.5 mm 

0.16 mm 

for t 

for t 

5 mm 

10 mm 
(5.11) 

These calculations give only an estimate of the deflections experienced by the plates of 

the cryostat, which have holes for the bore and for the cryocooler head. Nevertheless 

the results (5.11) guarantee that the chosen thickness of 10 mm gives a minimal plate 

deflection, ~ tens of mm, that will not disturb the vacuum. 

5.4 The h i g h - T c coil 

The high-Tc coil has been provided by Intermagnetics General Corporation. It is a 

B i 2 S g C a g C u 3 O g ( A g ) layer-wound solenoid, constructed using the "react and wind" 

method [Martini (1998)], from 87 m length of tape on a 3.8 cm tube with 14 layers 

and 36 turns per layer. Details of the coil are listed in table (5.2). The manufacturer 

specifies that the coil is able to carry a current of 3.1 Ampere at 77 K and to generates 

a field of 27 mT at its centre. 

Winding inner diameter 3.8 cm 
Winding outer diameter 6.6 cm 
Coil height 5.1 cm 
Length of tape 87 m 
Current at 77 K 3.1 A 
Number of Ampere-turns 1592 
Field at centre 27 mT 
Type R&W solenoid 
Insulation Kapton 
Packing factor 88.4% 

Table 5.2: Physical characteristics of the Bi-Sr-Co-Cu-0 coil from Intermagnetics General 
Corporation. 
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The critical current characteristics of a short sample of the same Bi-Sr-Ca-Cu-0 

tape from which the coil has been wound are presented in figure (5-12). As discussed in 

section (2.3), the HTS superconductors are characterised by a layered structure and a 

granular behaviour, which manifest themselves in a strong electromagnetic anisotropy. 

The electrical conductivity and superconductivity are largely confined to the Cu02 

atomic layers (identifying the a-b plane of the crystal) with only a weak contribution 

from the c-axis; in the fabrication of Bi-Sr-Ca-Cu-0 tapes the grains are aligned with 

the a-b conducting plane parallel to the tape surface. 

As a result, the current capacity of a Bi-Sr-Ca-Cu-0 tape not only depends on 

temperature and magnetic field intensity, but also on the field orientation relative to 

the tape surface. Assuming the external field to be always perpendicular to the current 

flow, the highest critical currents are obtained when the field is applied parallel to the 

tape surface i.e. parallel to the a-b plane {H || ab). Lower values of Jc are obtained 

when the field is perpendicular to the tape, as it lies along the c-axis {H || c). 

Furthermore this anisotropy is temperature dependent, being very pronounced at 

77 K, with values of Jc{H || ab) 2-3 times higher than JdH || c), and decreasing at 

lower temperatures. 

5.4.1 Crit ical current of t h e coil in air 

When the tape is wound in a solenoid, the axial component of the self-field, Ba lies 

parallel to the tape, while the radial component Br lies parallel to the c-axis. These 

components can be calculated analytically [see for example Wilson (1989) and Pitel 

and Kovdc (1996)] or numerically. The OPERA-TOSCA package from Vector Fields 

Ltd (sec.4.9) has an option in the post-processor which allows calculations of magnetic 

fields on the coil in air based on the equation (4.71). 

Both analytical and numerical methods are based on the assumption of a current 

uniformly distributed on the coil section, that is a uniform continuous distribution of 

turns. However the actual coil consists of several layers of tape each containing a certain 

number of turns separated by insulation, and the separation between layers and turns 

should not be neglected. 

The results of the computation of Ba and Br for the coil in free-space shown in fig.(4-

15) are well known analytically: the axial component Ba - as well as the modulus of the 

magnetic field - reach their maximum value at the middle turn of the central layer; the 

radial component Br reaches a maximum close to the middle turn at the coil's ends. 

The critical current of the solenoid wound from an isotropic superconductor, would 

then be determined by the modulus of the field B on the turn located in the middle of 

the innermost layer. 

Conversely, for a solenoid wound from an anisotropic superconductor two load lines 

have to be considered in conjunction with the corresponding Jc{B) curves [Zerobin and 

Seeber (1998)]: the load line for the maximum axial field, in association with the curve 
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• T = 4.2 K 
- e - T = 20 K 
- A - T = 40 K 
- V - T = 60 K 
—1— T = 77 K 

T = 90K 
H ab-plane 

3 4 5 6 7 
applied magnetic field (T) 
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T = 20K 
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H c-axis 
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applied magnetic field (T) 

Figure 5-12: Temperature dependence of the critical current density as a function of the mag-
netic field intensity, for fields applied in the a-b plane (top) and parallel to the c-axis (bottom). 
The values are obtained from V — I measurements using an ordinary criterion of 1 /iVcm"^. 
The data refer to a short sample, % 1 cm long, of Bi-Sr-Ca-Cu-0 tape; for the length of tape 
used for the coil these values are approximately five times smaller (Intermagnetics General Cor-
poration, private communication to L. Bolt, August 1995). Courtesy of Intermagnetics General 
Corporation. 
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Jc{B II ab), and the load line for the maximum radial field, in association with the 

curve Jc{B || c). 

This is illustrated in figure (5-13), where the critical current density characteristics 

for the engineering critical current density Jeng have been plotted together with their 

associated load lines The values of Jeng are obtained by scaling the Jc values of the 

short sample of figure (5-12) by a factor of five (which accounts for the tape length) 

and by the "filling factor" 11.6% of the coil (which accounts for the inter-turn insula-

tion). The critical current of the coil is determined by the load line first intersecting 

its associated Jg^g curve at the lowest value. It can be seen that the load line 

intersect the Jeng{B || c) curve at the lower current. This value establishes therefore 

the maximum operating current for the solenoid in free space, and consequently the 

maximum magnetic field it can deliver. This is indeed a typical result for solenoids 

wound from Bi-Sr-Ca-Cu-0 tapes, that is the radial component of the self-field on the 

windings imposes the upper limit for the operating current [Jenkins and Jones (1995) 

and Daumling and Flukiger (1995)]. 

I 
3 0 0 

200 

100 

0.2 0.1 0 . 3 

5 0 0 

600 

Br 

Ba 
77 K 

0.1 0.2 
magnetic field (T) 

Figure 5-13: Load lines for the maximum axial field Ba and the maximum radial field Br 
plotted with the anisotropic Jeng characteristics of the Bi-Sr-Ca-Cu-O solenoid. The Br load 
line determines the upper limit for the operating current. 

From the intersection of the Br load line with the Jeng{B || c) characteristic, a 

load line is simply defined by two points, (1) the origin of the plane (Jeng, B) - where B can be 
either the modulus of the flux density as in the isotropic case, or the axial/radial component as in the 
anisotropic case - and (2) a generic point (Jang, Bmax), where Bmax is the maximum value on the coil 
windings of B (or Br or Ba) for the given value of Jeng-
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value of Jeng —250 Ampere cm~^ is obtained. This value is in agreement with the 

manufacturer's specifications of table (5.2); in fact, assuming in first approximation 

that the current NI = 1592 Ampere is uniformly distributed across the overall coil 

section 5 = 1.4 x 5.1 ~ 7.2 cm^, the engineering critical current density is ^ ~ 

220 Ampere cm~^. 

5.5 Equipment and measurements errors 

A fixed current is delivered to the coil by the power supply d.e.b. electronics Ltd] 

the value of the current is read through an ammeter in series, with a precision of 

0.05 Ampere. 

Measurements of the magnetic field are performed with a 3-axis Hall probe con-

nected to a high-resolution multichannel gaussmeter (F W Bell, series 9900). The 

signal is read directly into a computer via an IEEE interface (appendix C). The pre-

cision of the gaussmeter, after a warming-up time ~ 1 h, is ~ 0.1%. The gaussmeter 

is calibrated every time it is turned on (with the Hall probe connected), following an 

internal cycle during which calibration data from the probe interface modules are re-

trieved. The Hall probe is then required to be inserted in a "zero-field" chamber built 

on the front panel, which screens the probe from external electromagnetic fields includ-

ing the earth's one. Here the the x-, y- and z- crystals are individually zeroed using 

the "probe zero" menu. The gaussmeter calibration has been checked twice (at a time 

interval of 6 months) in a reference electromagnet of known (/, B) relationship; the 

Hall probe readings of the magnetic field have been found ~ 3% systematically higher 

than the reference value. 

The position of the Hall probe is determined using a x-y-z positioning bench with 

a precision of 0.1 mm. 

Although the instrumentation reading errors are very small, the repeatability errors 

are much higher. Two main operator-dependent sources of errors are identifiable. The 

first is related to the positioning of the cryostat (and coil) with respect to the magnetic 

circuit, which is accomplished with an error ~mm. The second source of error comes 

from the residual magnetisation of the iron circuit. At the end of a series of measure-

ments, during which thousands of Ampere-turns have been delivered to the magnetic 

circuit, a magnetic field of the order of 10 mT is still present in the air gap. The 

residual magnetisation of the iron yoke must be cycled back to zero. This is achieved 

by applying a current with inverted polarity and intensity half of the value lastly used, 

and by repeating this process a few times, until the measured field at the centre of the 

air-gap is of the order of fractions of mT. 

Repeated series of measurements have been performed in order to assess the error 

to assign to a magnetic field value. Five series of reading of the magnetic field at the 

centre of the air-gap, for two positions of the coil in the magnetic circuit and as a 
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function of the current supplied to the coil (in the range 0 - 8 Ampere, at steps of 

0.5 Ampere) have been acquired, after re-positioning the cryostat and de-magnetising 

the iron. The standard deviation was ~ 2.5% of the mean. 

The voltages across the HTS coil are read with a digital voltmeter. Fluctuations of 

the order of 10% have been observed. 

The temperature has been monitored with both a thermocouple (down to ~ —200 °C) 

and with a platinum-resistance thermometer (calibrated down to ~ 40 K). 

5.6 Performance of the coil in air 

The profiles of the magnetic field along the axis of the coil, obtained from numerical 

computation and experimental measurements at 77 K with a transport current I = 

3.1 Ampere, are shown in figure (5-14). The experimental values are systematically 

~ 10% higher than the numerical analysis results, the pattern however is similar. About 

3% of the discrepancy can be ascribed to the calibration of the Hall probe, the remaining 

~ 7% may be due to the crude approximation used to simulate the HTS solenoid 

windings. The measured value of the magnetic field at the centre of the coil is 30.4 ± 

0.6 mT (the assigned error corresponds to two standard deviations). 

16 

77 K, 1=3.1 A 

experimental 
OPERA analysis 

- 2 . 5 - 2 - 1 . 5 - 1 - 0 . 5 0 0 . 5 

z coil axis (cm) 
1 . 5 2 . 5 

Figure 5-14: Magnetic field intensity along the coil axis at 77 K for a current intensity I = 
3.1 Ampere: measured values with an error bar of two standard deviations (curve a) and 
TOSCA 3D-simulation (curve b). The coil centre corresponds to z = 0 and the coil ends to 
z = ±2.5 cm. 
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Finally, the 10"* V criterion for an acceptable level of dissipation gives, for the 

length of tape used in the coil, a voltage drop of 8.7 mV. The voltage drop measured 

across the coil under the manufacture-specified operating conditions of table (5.2) -

i.e. a current 3.1 Ampere at 77 K - is approximately double, ~ 16 mV. This value is 

assumed to be the upper limit for negligible dissipation. 

5.7 Characterisation of the superconducting magnetic 

separator at 77 K and 67 K 

The weak magnetic field generated by the high-T^ solenoid at 77 K is far from be-

ing adequate for magnetic separation. Higher fields are obtainable making use of the 

favourable properties of the iron circuit. The current passing through the coil magne-

tises the mass of the iron yoke, which in its turn offers a low reluctance path for the 

magnetic flux lines, delivering a magnetic field in the operating space much higher than 

the field experienced by the coil. 

In a conventional separator the resistive coils are placed as close as possible to 

the air-gap, to maximise the field in this region. The main difference in the design 

of a high-Tc superconducting separator comes from the requirements of keeping the 

magnetic field on the coil windings below the critical values, as determined by the Jc{B) 

characteristics. As a result of this requirement, the HTS coil needs to be positioned 

further away from the air-gap than in a conventional separator, at the expense of 

the field intensity obtainable in the air-gap. The optimal coil position is ultimately 

determined from a compromise between two competing processes. The nearer the coil 

to the air-gap, the higher are the stray fields experienced by the coil and consequently 

the lower is Jeng- Conversely, as the coil is moved away from the air-gap, higher J^ng can 

be used but lower fields are delivered in the air-gap because of the finite permeability 

of iron and magnetic flux leakages. 

The performance of the system has been experimentally investigated at two temper-

atures, 77 K by using LIN at atmospheric pressure, and 67 K obtained by sub-cooling 

LIN by pumping the LIN vessel at a pressure around ~ 100 Torr. At each tempera-

ture, two positions of the coil have been considered: at a distance of % 2 cm from the 

pole (the nearest position allowed by the cryostat), and at % 7 cm from the air-gap 

(figure 5-15). 

Both voltage across the solenoid and magnetic field intensity at the centre of the 

air-gap have been measured as a function of the transport current, which has been 

varied from 0.5 Ampere up to 7.5 Ampere and 8.5 Ampere respectively. The results 

are presented in sections (5.7.1) and (5.7.2). 
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Figure 5-15: Investigated configurations of the system: coil at 2 cm and 7 cm from the pole, 
in the following referred to as "near" and "far" (from the pole). 
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5,7 .1 P e r f o r m a n c e of the coil in the separator at 77 K and 67 K 

The performance of the high-Tc coil benefits from reducing the temperature below 77 K 

in many ways. As can be seen from the characteristics of the short sample in figure 

(5-12), not only the value at zero field, Jc(0) increases, but also the field dependence 

improves. The strong reduction of Jc with applied field observed at 90 K and 77 K is, in 

fact, progressively less pronounced at temperatures below 60-40 K. This improvement 

is observed for both directions of the applied field, || a-h and || c-axis; furthermore, 

the anisotropy decreases and tends to disappear a,s T ^ 0. Lowering the temperature 

about 10 K below LIN temperature is expected to produce a 2-3 fold increase in the 

operating current. 

In addition, the thermally assisted flux flow decreases with decreasing T. As de-

scribed in section 1.17, the T-dependence of the flux flow resistivity is governed by the 

ratio 
U 

where U is the phenomenological energy barrier for flux creep. For [/ = 50 meV, the 

flux creep rate at 4 K {U/ksT = 150) is some 10^° times slower than that at 77 K 

{U/kBT = 8) [(Evetts and Kes (1992))]. Because of the exponential dependence of 

-U/kgT even a small decrease in T can enormously reduce the creep rate. 

The measurement of the voltage across the coil is a direct indication of the regime 

in which the coil is operating. The results at the two temperatures of 77 K and 67 K are 

presented in figure (5-16) for the considered configurations of the coil in the magnetic 

circuit and for the coil in free space. The results can be summarised as follows: 

1. The lowest voltages are observed for the coil in air. 

2. The expected reduction in the voltage, as the coil is shifted by 5 cm from the 

"near" to the "far" position, is only marginal, although more marked at 67 K. 

3. The reduction of the temperature to 67 K is accompanied by an increase of the 

critical current by a factor 2.5-3, as expected from the Jc{B) characteristics 

of the short sample. Assuming 1/ = 16 mV as the upper limit for acceptable 

dissipation, the operating current at 77 K is limited to / = 2.5 Ampere , while at 

67 K the limit is increased to / = 6.5 Ampere. 

4. The resistance observed in these conditions is the "flux flow resistance" associated 

with the motion or "flow" of the magnetic flux lines threading the superconduct-

ing material. Despite this dissipation, the coil is still in the "mixed state" with 

continuous superconducting paths threading the whole specimen, and this resis-

tance is considerably less that that which would be observed in the normal state 

(eqn.1.74). 
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The observations (1) and (2) are a clear indication of strong flux leakage from the 

air-gap on the coil windings. The finite elements analysis presented in section (4.11) 

indicates that the stray fields on the coil become low only at further distances from the 

air gap. A more detailed FE investigation of the configurations of the system experi-

mentally examined is carried out in section (5.8). 

T = 6 7 K T = 7 7 K 

upper limit 
coil "near" 
coil "far" 
coil in air 

Figure 5-16: Voltage across the coil at 77 K and 67 K. The dashed line represents the limit 
of 16 mV for acceptable dissipation, as measured according to manufacture specifications with 
a current of 3 Ampere at T = 77 K. The solid curves refer to the coil in air (circles), and to 
the coil in the iron circuit, positioned near the air-gap at a distance ~ 2 cm (squares) and far 
from the air-gap at a distance ~ 7 cm (triangles). 
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5.7 .2 P e r f o r m a n c e of the separator: m a g n e t i c field obta inable at 77 K 

and 67 K 

The results of the magnetic fields measurements performed on the separator are sum-

marised in figure (5-17). The top and bottom graphs refer to the operating tempera-

tures of 77 K and 67 K respectively. At 77 K the system can operate up to a current 

of ^ 2.5-3 Ampere, as suggested by the voltage measurements in fig.(5-16). Above this 

value the system must operate at 67 K if dissipation is to be kept below the set limit 

given by a voltage of ~ 16 mV. Despite the upper limit for the current at 67 K being 

of 6.5 Ampere, the investigation has been carried out up to 8.5 Ampere. 

For both ranges of operating currents, the magnetic field intensities obtainable at 

the centre of the air-gap of the iron circuit (with the coil "near" and "far" from the 

air-gap) are compared with the magnetic field intensity measured at the centre of the 

coil in free space. 

The results are as follows: 

1. The presence of the iron yoke results in a considerable enhancement of the mag-

netic field obtainable from the high-Tc solenoid in free space, under the same 

operating conditions of current and temperature. 

At r — 77 K and for a current of 3 Ampere, the field intensity in the operating 

region is increased by ~ 6.5 times; at T = 67 K and for a current of 6.5 Ampere 

the field is increased by ~ 5.5 times. 

2. The higher magnetic fields at the centre of the air-gap are obtained with the coil 

at 2 cm from the air-gap. While the voltage curves of figure (5-16) for T = 67 K 

indicates the possibility of running the coil at higher current when placed further 

away from the gap, the gain in current is only of ~ 0.5 Ampere, not large enough 

to give a substantial improvement in the magnetic field in the air-gap. 

3. Saturation is also approached faster when the coil is positioned away from the 

gap. As discussed in section 5.2.1, the iron section inside the coil saturates sooner 

than the iron facing the air-gap, and the system becomes less efficient because 

Hiron increases at the expenses of Hair-

4. Lowering the temperature % 10 K below 77 K allows an increase of the operating 

current of 2.5 times - from I = 2.5 Ampere to 7 = 6.5 Ampere - which nearly 

doubles the magnetic field the system can deliver (from 180 mT to 340 mT). 
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Figure 5-17: Experimental comparison of the magnetic fields obtainable from the solenoid 
in air and from the magnetic circuit with the coil positioned either "near" (~ 2 cm) or "far" 
(~ 7 cm) from the pole. Field measurements have been taken at the centre of the coil (in free 
space) and at the centre of the air-gap, as a function of the current intensity supplied to the coil. 
The two graphs refer to the two different operating temperatures: 77 K with I < ~ 3.5 Ampere 
(top) and 67 K with / < 8.5 Ampere (bottom). The error bars correspond to two standard 
deviations. 
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5.8 FE analysis of the magnetic fields 

Mirroring the experimental investigation, results from the FE analysis are displayed in 

figure (5-18), where the operating field intensities of the system are plotted as a function 

of the transport current of the coil. The simulation shows a good agreement, within 

10%, with the experiments. In particular, increasing the current from 2.5 Ampere to 

6.5 Ampere nearly doubles the field intensity at the air-gap centre, in agreement with 

the experimental results. 
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0 
0 0 . 5 3 . 5 4 4 . 5 5 5 . 5 

current I (A) 
8 8 . 5 

Figure 5-18: FE calculation of the magnetic fields obtainable at the centre of the solenoid 
in air and at the centre of the air-gap of the magnetic circuit, with the coil positioned either 
"near" (~ 2 cm) or "far" (~ 7 cm) from the pole, as a function of the transport current of the 
coil. 

The FE method has also been used to analyse the magnetic field distribution on 

the coil windings, otherwise experimentally inaccessible. The maximum values of the 

modulus of the magnetic flux B on the coil, as well as of its axial Ba and radial By 

components, are presented in fig.(5-19) as a function of the current in the coil. 

It is interesting to note that, when the coil is near to the pole, Br is always the 

dominant component, while when the coil is further away from the pole, Ba becomes 

dominant at high transport currents (above ~ 8 Ampere). Furthermore, Br always 

reaches its maximum value at the inner windings located on the coil-end facing the air-

gap, its distribution reflecting the square geometry of the pole, as shown in fig. (5-21) 

(for the coil position of 2 cm and the current of 6.5 A). Conversely, the maximum of 

Ba falls on the inner windings of the central layer of the coil. 
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Figure 5-19: FE calculation of the magnetic fields on the coil windings: maximum values of 
module, axial and radial components of B for the two coil positions "near" and "far". Note 
that the two components Ba and Br reach their maximum at different positions (see text). 
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The load line concept - first introduced in sec.(5.4.1) for the coil in free space - can 

be extended to the coil in the magnetic circuit. Due to the non-linear permeability of 

iron, the two load lines J{Ba) and J{Br) become curved lines, as shown in fig.(5-20) 

for r = 77 K. Similarly to the case of the coil in free space, it is the radial component 

Br which imposes the upper limit to the number of Ampere-turns the coil can deliver 

to the system for both coil positions, "near" and "far". The limits found with this 

method are of ~ 180-190 A cm~^ , which are in agreement with the limits for the 

current obtained from voltage measurements. 

S 4 0 0 

0.1 0.2 
magnetic field (T) 

Figure 5-20: Load lines for the maximum axial field Ba and the maximum radial field Br 
experienced on the coil winding when the coil operates in the separator, plotted with the Je„g 
characteristics of the Bi-Sr-Ca-Cu-0 solenoid at T = 77 K. The dashed lines refer to the "near" 
position, the dotted lines to the "far" position of the coil in the magnetic circuit. As in free 
space, the Br load line determines the upper limit for the operating current. 

A similar analysis cannot be carried out at T = 67 K, due to the unavailability of 

critical current characteristics at this temperature. However the results of fig.(5-19) 

show that , for both coil positions, Br is the dominant component for currents below 

~ 7.5 A (the limit for the operating current at 67 K, obtained from voltage measure-

ments). It is therefore possible to infer that the limiting field at 67 K is again Br-
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Figure 5-21: F E calculation of the radial magnetic field Br on the coil layer facing the air 
gap: the coil is at 2 cm from the pole and carries a current of 6.5 Amperes. Br reaches its 
maximum on the inner turns, in correspondence of the four corners of the square section of the 
poles, and is considerably lower on the outer turns. 
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5.9 Magnetic field profile at the central plane of the air-

gap 

Figure (5-22) shows the distribution of the magnetic field B on the horizontal central 

plane of the air-gap, across an area of 2 cm x 2 cm (equivalent to the section of the 

yoke), obtained from the FE simulation when the coil is at the "near" position and 

transports a current of 6.5 Ampere. The value of B at the centre is ~ 360 mT. 

Component: BMOD 
0.227029 0.294608 0.3621 

Figure 5-22: Magnetic field profile on the middle plane of the air-gap obtained from the F E 
analysis: the coil is at a distance ~ 2 cm from the air-gap and carries a current I = 6.5 Ampere. 
The value of B at the centre of the air-gap is ~ 360 mT, approximately 10% higher than the 
experimental value of 340 mT (fig.5-23). 

The experimental profile of the magnetic field measured in the same plane and with 

the coil at ~ 2 cm from the pole is shown in figure (5-23), for two values of transport 

current. When running the system at 77 K, the field has been mapped with a transport 

current of 2.5 Ampere, at 67 K with a transport current of 6.5 Ampere. The magnetic 

field at the centre of the air-gap has a value of 180 mT and 340 mT respectively, in 

good agreement with the numerical simulation. 
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Figure 5-23: Magnetic field profile in the middle plane of the air-gap; 67 K vs 77 K. 
The coil is at its nearest position, at a distance ~ 2 cm from the air-gap. The top profile refers 
to an operating temperature of T" = 67 K and current I = 6.5 Ampere, the bottom profile to 
T — 77 K and I = 2.5 Ampere. The central field is ~ 340 mT and ~ 180 mT respectively. 
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5.10 Degradation of the coil performance over a period of 

3 years 

An increase of the voltage drop across the coil terminals has been observed over a period 

of two years. Figure (5-24) summarises the results of the measurements performed 

at 77 K one year and two years after the first ones shown in fig. (5-16). The sole 

measurements in free space at the three points in time are compared in fig. (5-25). 

This progressive degradation of the voltage characteristics is likely to be due to 

changes in the oxygen concentration, as the HTS tape is in direct contact with the 

atmosphere; as discussed in section (2.2), oxygen concentration is critical for the su-

perconducting properties of the high-Tc copper-oxides. 
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Figure 5-24: Voltage drops across the Bi-Sr-Ca-Cu-0 coil after 1 year (dashed lines) and 2 
years (dotted lines) from the initial investigation. 
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Figure 5-25: Bi-Sr-Ca-Cu-0 coil in free space, comparison of the voltage characteristics at 
three points in time separated by yearly intervals: (a) initial investigation, (b) after one year 
and (c) after two years. 

5.11 Discussion 

At LIN temperatures, the employment of a magnetic circuit, in which the hlgh-Z^ coil 

simply generates Ampere-turns, results in a system able to deliver magnetic fields ~ 6 

times higher than the ones obtainable from the coil in free space. 

The performance of the separator is ultimately determined by the stray field on the 

HTS coil windings. With the present square section of the poles there is a considerable 

magnetic flux leakage from their corners, even at several centimetres from the air-gap. 

As a result, the stray field on the coil-end facing the gap shows localised maxima in 

correspondence of the four corners of the square; clearly the system would benefit from 

machining the return yoke with a circular section. 

When comparing positions of the coil in the circuit with respect to the air-gap in 

the present system, the higher operating fields have been obtained with the coil at 2 cm 

from the pole. 

With respect to the operating temperature, the maximum number of Ampere-turns 

the coil can provide at 77 K is N I ~ 1280 while at 67 K is N I ~ 3340. The corre-

sponding fields obtainable from the system at the centre of the air-gap are ~ 180 mT 

and ~ 340 mT respectively: lowering the temperature ~ 10 K below liquid nitrogen 

nearly doubles the magnetic field in the separating region. 
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It was originally planned to investigate the system performance at lower tempera-

tures, by cooling the HTS coil with a cryocooler down to 40-50 K. For this, potting of 

the coil in a soft-resin is required, in order to ensure a good thermal contact between 

the HTS windings and the cryocooler head. Over 80% of the volume of the Bi-Sr-Co-

Cu-0 coil is in fact inter-turns insulation (table 5.2); the resin is a necessary medium to 

conduct the heat from the HTS windings to the copper support which tightly encloses 

the coil. Due to the delicacy of the potting operation, the investigation in cryogen 

free mode was planned as the last stage of the study, after the characterisation of the 

system at 77 K. Unfortunately, when the cryocooler was tested it was found not to 

work as per specifications and unable to reach the desired temperatures. Due to the 

age of the model, parts were not readily available and it was decided to carry out the 

investigation with pumped L / N instead. 

A further reason supporting this decision is the fact that the mineral industry indi-

cates a strong preference for cooling with a liquid cryogen rather then with a cryocooler 

in dry-mode. Operation in a liquid cryogen allows the HTS superconductor to remain 

at the operating temperature in the event of a power cut, a practical advantage not to 

be underestimated in remotely located mines. The presence of the cryogen allows the 

solenoid to be re-energised immediately after the power has been restored and protects 

the superconducting windings from mechanical strains and stresses related to sudden 

changes of temperature. 

Finally, the progressive degradation of the electric characteristics of the high-Tc coil 

observed over a two years period, raises the practical issue of the need of preserving 

HTS tapes from contact with air. Once a coil has been wound from the tape, it seems a 

good practice to pot it in soft resins of suitable elastic properties at low temperatures, 

which allow contraction or expansion of the resin with no damage to the HTS windings. 

Methods of vacuum-impregnation with parafRn or epoxy resin are describer by Zerobin 

and Seeber (1998). With regard to tapes, often bought in bulk by industries and stored 

for any future use, it may be a good practice to store them in a L / N bath. 
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C h a p t e r 6 

Conclusions 

This work has examined the design requirements of a magnetic separator using an HTS 

coil to provide Ampere-turns to a soft-iron magnetic circuit. The design is based on 

the iron-circuit type of separators widely used by the mineral industry. 

As the grade of an ore deposit decreases, mineral processing engineers continually 

require higher performance from magnetic separators. In response to this requirement, 

the separator manufacturers often simply increase the number of Ampere-turns supplied 

to the iron circuit, in order to operate nearer and nearer to saturation of the iron, which 

provides an increased magnetic field in the gap. This approach becomes progressively 

more ineffective and expensive as saturation is approached, firstly because the power 

dissipation and associated cooling of the coil become a very significant operating cost, 

and secondly because the increased dimensions and weight of the coil result in a large 

cost multiplier on the transportation, site preparation and installation. 

These problems can potentially be overcome by using currently available high-Tc 

superconducting coils, and this work was intended to investigate the use of such a coil 

as either a retrofitted replacement to an existing system or as an "add-on" coil which 

provides a low-cost increase of the system performance. 

Two particular problems arise with h i g h - T c superconductors, namely the anisotropy 

of the critical current density with magnetic field direction and the rapid decrease of 

the critical current density with magnetic field intensity. As a consequence particular 

attention must be paid to the stray field from the air-gap where the separation takes 

place. The investigation has been aided by the 3D finite-element modelling of the 

system, which allowed the computation of the magnetic field distributions on the coil 

windings. FE analysis has revealed that, in designing the system, special attention 

must be given to the radial component of the stray field (which is perpendicular to the 

HTS tape), it being the principal factor in determining an upper limit to the operational 

current, and therefore to the operating field of such a system. 
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Furthermore, the FE model has shown that the radial field component reaches 

its maximum value on the inner turns of the layer facing the air gap. Here its spatial 

distribution reflects the square geometry of the poles, with maxima located on the inner 

windings in correspondence to the four corners of the square, and with much reduced 

values - ~ 60% of the maximum - on the outer turns. 

These results suggest two very useful conclusions for practical applications. Firstly, 

if new separators of this type were to be built with HTS coils, poles with a circular 

section, rather than square, would help considerably in reducing the maxima of the 

stray field and therefore increasing the performance of the separator. 

Secondly, whatever the pole geometry, the stray field should be less problematic if 

the HTS coil is intended as an addition to an existing resistive system. The HTS coil, in 

fact, would preferably be wound around the copper coil or, alternatively, placed behind 

it along the yoke. In either case, it is the resistive windings, closely wound around the 

yoke and near to the pole, which are exposed to high stray field intensities, while the 

HTS windings would occupy regions of much lower stray field. 

The experimental investigation has concentrated on cooling the HTS coil in liquid 

nitrogen; the performance of the system, in terms of the magnetic field obtainable in 

the separation region, has been compared at the two temperatures 77 K and ~ 67 K 

(by pumping LIN). 

The study has demonstrated that the use of the HTS coil in conjunction with an 

iron circuit, rather than in air, results in a considerable gain in the operating magnetic 

field, ~ 6 fold for the particular geometry used in this work. 

Lowering the temperature by 10 K has demonstrated an increase in the number of 

Ampere-turns the coil can supply of ~ 2.5 times, which almost doubles the operating 

field. The field values at the centre of the air gap at 77 K and 67 K were ~ 180 mT to 

^ 340 mT respectively. 

An important observation made during this work was a progressive degradation of 

the electric characteristics of the Bi-Sr-Cu-Ca-0 coil over a period of 2 years. This 

finding is likely to be due to changes in the oxygen content in the HTS tape in contact 

with the atmosphere and raises the practical issue of the preservation of HTS tapes, 

often bought in bulk lengths to be used at later times. 

In conclusion, the construction of a high-T^ superconducting magnetic separator 

based on an iron circuit, operating with LIN on a large scale appears to be feasible; 

further it appears to be possible to supply extra Ampere-turns to existing magnetic 

separators by adding high-Tc coils to the circuit. 
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6.1 Suggestions for future work 

Although the mineral industry is strongly interested in operating superconducting coils 

in liquid nitrogen, it would be very interesting to investigate the system performance 

at lower temperatures, by cooling the HTS coil with a cryocooler. The critical current 

characteristics of the HTS coil around 50-40 K are considerably better, not only ap-

proximately 5-8 times higher than at 77 K but also there is less anisotropy. 

From the finite element modelling, there are three aspects which deserve further 

investigation towards limiting the stray field from the air-gap on the HTS solenoid. The 

first is the modelling of the system with circular poles, which can be further optimised 

to conical shapes, to establish the order of magnitude of the expected reduction of the 

stray field. 

The second is the employment of a ferromagnetic matrix in the air gap, whose 

filling factor can be kept as a variable. The volume occupied by the matrix can be 

modelled by attributing to it an equivalent permeability, obtained by scaling the iron 

permeability by the chosen filling factor. 

Finally, partial magnetic shielding to limit the stray field at the superconductor 

without loosing a considerable amount of flux from the magnetic circuit may be a 

fruitful area of study in order to optimise the effectiveness of the additional Ampere-

turns provided by the superconducting coil. 
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A p p e n d i x A 

Magnetic units 

The magnetic field is defined by two quantities, the magnetic field strength H and 

the magnetic flux density B. H has its source only on conduction currents, while 

B is generated by both conduction and Amperian (atomic) currents. B is therefore 

the fundamental quantity to describe the magnetic field, in the same way that the 

electrostatic field E is the fundamental quantity in electrostatics. 

The expression for the relations between B, H and the magnetization M (the 

magnetic moment for the unit volume) is sufficient to establish the system of units 

in use. In the rationalised meter-kilogram-second (MKS) systems, there are at least 

two recognised relations, depending on whether the magnetisation M or the magnetic 

polarisation J (sometimes referred to as the intensity of magnetisation I) is used [see 

for example M^Caig and Clegg (1987)]: 

B = /io(H -h M) Sommerfeld system (A.l) 

B = /ioH + J Kennelly system (A.2) 

where /xq is the permeability of the vacuum equal to 47r X 10"^ Hm,~^. The structure of 

eqn.( A.l) is such that B is analogous to the electric field E. The magnetic polarisation 

J can be regarded as a magnetic flux density which the sample adds onto the flux density 

of the applied field. The word rationalised refers to the absence of the irrational number 

47r in eqns.(A.l) and (A.2) and in Maxwell's equations. 

In the Systeme International d'Unites (SI), which evolves from the rationalised 

meter-kilogram-second-ampere (MKSA) system, the defining relation is eqn.(A.l). How-

ever, the magnetic polarisation J is also a recognised quantity. The units of B and J 

are webers per square meter (Wb m~^) or teslas (T). The units of H and M are Ampere 

per meter (Am~^). 

In the Gaussian and electromagnetic unit (emu) systems - which are unrationalised 

centimetre-gram-sec (cgs) systems - the defining relation is: 

B = H + ATVM ( A . 3 ) 
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The units of B are gausses (G), those of H are oesteds (Oe) numerically equivalent 

to gausses. The magnetisation, when expressed simply as M, is in erg G~^cm~^, 

dimensionally but not numerically equivalent to G. Conventionally M is expressed as 

emu cm"^, though the designation "emu" is not a unit but merely an indicator that 

electromagnetic units are in use. When expressed as 47rM, magnetisation is in G and 

may be thought of as the field arising from the magnetic moment. The use of different 

units for M and 47rM is a potential source of confusion. 

Magnetic susceptibility (per unit volume) is in both SI and cgs systems: 

dimensionless in both systems. However, in cgs, the ambiguity in the units of M extends 

to %: often % is expressed as emu, emu cm"^ or emu cm"^Oe"^; when written as 47r% 

it is equal to the SI susceptibility. 

Differential permeability is in both SI and cgs: 

In cgs the permeability is dimensionless and 

/i = l + 47rx (cgs) 

In SI the permeability has the dimensions of ^Q: 

H = noHr with — 1 + % (SI) 

where fXr is the relative permeability, dimensionless and numerically equal to the cgs 

permeability. 

SI units, rather than cgs, are recommended by all international standards organi-

sations and are used in this work. 
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A p p e n d i x B 

Magnetic separation equation 

The equation of the magnetic force exerted by an applied field H on a magnetic particle 

of volume Vp is derived under the following assumptions: 

(i) the particle is an isotropic and homogeneous body with linear magnetic character-

istics, that is permeability jip=const and susceptibility Xp =const; 

(ii) the particle travels in free space, where B = /ioH. 

The expression for this force is derived from the potential energy of such a particle 

obtained in sec.(B.2) following a treatment given by Stratton (1941). 

B . l Magnetostat ic energy density 

The work done by an electromotive force (derived from batteries or generators) in 

building up a magnetic field from an initial value Bq to a final value B is: 

yy== / d y QBJ) 
Jv JBO 

In this formula, B is the field of fixed sources - which may be in part currents, in part 

permanent magnets or residually magnetised matter - located within a finite radius, 

so that B vanish at infinity as >V represents the energy associated with the 

establishment of a fixed current distribution, whether or not permanent materials are 

present (and does not include the internal energy of permanent magnets). 

In free space, B = /ioH and eqn.(B.l) becomes 

W ^ 
iv 

In an isotropic magnetic medium characterised by a permeability fi constant within 

a wide range of field intensities, the relation B = //H is linear and eqn.(B.l) (with 

BQ = 0) can be written as: 

2 Jv 

this energy can be thought as distributed through the field with a density which can 
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be expressed as: 

joules/m^ (B.2) 

B.2 Energy of a magnetic particle in a magnetostat ic field 

If a magnetic particle of volume Vj, and permeability is introduced in a homogeneous 

isotropic medium where a magnetic field created by a fixed current distribution is 

present, extra work is necessary to maintain the same current intensity. This work 

equals the magnetic energy acquired by the particle. 

The derivation of this magnetic energy is therefore based on the assumption that 

the current density distribution is kept identical prior and after introduction of the 

particle. 

The work done by the source to establish such a current intensity in the absence of the 

particle is: 

= ^ i i -1) Qa.3) 

while in the presence of the particle is: 

rB' 
W = l dV I H dB = 

Jv Jo 

d y I I ' . El' 4- ^ d y I I . oOB (]3.4) 
Jv-v„ / Jv„ Jo 

The ultimate fields B and B ' in eqns.(B.3) and (B.4) differ by an amount AB = 

B' — B arising from the magnetic polarisation of the matter contained in Vp. 

The increase in work necessary to build up the given current strength when the 

particle is present is then given by the difference of eqns. (B.4) and (B.3): 

A W = ^ / d y ( H ' . B ' - H . B) + f dV ( r H - d B - l u - B ] 
2 2 / 

In the following, the expression for AW is re-written by noting that: 

1. In the medium the relation between B and H is linear: 

B = mH 

B' = n W 

therefore 

H ' • B = H • B ' in the volume {V — Vp) (B.5) 
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2. In the whole space V: 

V • B = 0 

V • B ' = 0 

V x H = V x H ' (identity of initial and final current distributions) 

(solenoidal field) 

therefore 

V • ( B ' + B) = 0 (solenoidal vector) • , . , i 
in the whole volume V 

V x (H' - H) — 0 (irrotational vector) 
(B.6) 

Eqn.(B.5) allows to write the first integrand of A>V as: 

(H' • B ' - H • B) = (H' - H) • (B' + B) 

that is as the product of a solenoidal and irrotational vectors (eqn.B.6). 

It can be demonstrated that the integral of the product of a solenoidal vector with 

an irrotational vector over the whole space is zero^; this general result allows to re-write 

the first integral of AW : 

f dV (H' - H) • (B' + B) = - /" dV (H' - H) • (B' + B) 
Vy-Vp Vvp 

The additional work required to build up the currents in the presence of a magnetic 

particle can then be expressed in terms of integrals over the volume Vp occupied by the 

particle: 

1 r f /-B' 
J ^ d V I^H • B ' - H ' • B - H ' • B ' + 2 jT H • dBj (B.7) 

This formula is valid for any dependence of the permeability on the field. 

For a diamagnetic or paramagnetic particle, or for a ferromagnetic particle in low 

field, the relations between B, H and the induced magnetic polarisation M are linear: 

B ' = /XpH' = /Uo(H' + Mp) with Hp — const 

Mp = XpH' with %p=const 
( B j 

'Over the surface bounding Vp-. 

n - [ ( B ' + B)+ - ( B ' + B ) - ] = 0 

n x [ ( H ' - H ) + - ( H ' - H ) _ ] = 0 

where n is the normal to the surface. 
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and the last two terms in the integrand of eqn.(B.8) cancel out: 

A)/y = W d y ( H . B' - H ' . B) (B.9) 

In practical situations in which the space occupied by the particle was originally 

ir, B = /ioH, and eqn.(B.9) reduces to: air 

Ayy = W B . Mp 
^ JVp 

Therefore the potential energy of a such a magnetic body in free space and in the 

presence of an external field B is 

- A W 

with the energy density given by: 

% == iVlp (B.IO) 

B.3 Force on a particle in a non-uniform magnetic field 

The force exerted by the field on the body within Vp is obtained from: 

Fm = -VZY 

Assuming an homogeneous and isotropic body, with linear permeability fip and 

susceptibility Xp, the force per unit volume is derived from eqn.(B.lO): 

fm = ^ V ( B . M p ) 

with Mp = %pH'; assuming that the particle does not alter considerably the field 

(certainly the case of diamagnetic and paramagnetic particles), H' ~ H. 

As the particle travels in air B = /ioH: 

The magnetic force acting on the entire particle is then obtained by multiplying fm 

by the volume of the particle: 

Aiol/pXp \7(H - BO (l i . l l ) 

This is the force governing the magnetic separation process. The direction of the force 

is the direction of the greatest change in H^. Depending on the sign of the magnetic 

susceptibility, % > 0 (paramagnetic and ferromagnetic) or x < 0 (diamagnetic), the 
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particle will be drawn towards the strongest part or weakest part of the field respec-

tively. 
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A p p e n d i x C 

IEEE interface: source file 

C . l Procedure to put in communication the gaussmeter 

with the P C 

1. Go in MSDOS 

If entering MSDOS from windows, the prompt "C>" must be changed into the 

correct prompt "C:>". This is achieved by typing: 

prompt=$p$g 

2. Run the Microsoft program 

BASIC488.EXE 

3. Enter (type in) 

QBASIC 

4. Load and run the file for acquiring the data (source file in sec.C.2): 

GAUSSMTR.BAS 

This program acquires 14 measurements for each chosen position of the Hall 

probe, and writes the data in a text file (.TXT), using the IEEE format. The 

data then need to be converted to the standard units of gauss or Tesla. To achieve 

this: 

5. Load and run the conversion file (source file in sec.C.3): 

CONVERS.BAS 

The data are written in a .DAT file, which can be read by Origin or any other 

spreadsheet package. 
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C.2 D a t a acquisition: G A U S S M T R . B A S 

DECLARE SUB SPOLL (Addr AS INTEGER, Poll AS INTEGER, STATUS AS IN-

TEGER) 

DECLARE SUB TRANSMIT (CMD AS STRING, STATUS AS INTEGER) 

DECLARE SUB ENTER (r AS STRING, L AS INTEGER, Addr AS INTEGER, STA-

TUS AS INTEGER) 

DECLARE SUB INITIALIZE (Addr AS INTEGER, Level AS INTEGER) 

DECLARE SUB SEND (Addr AS INTEGER, S AS STRING, STATUS AS INTEGER) 

DECLARE FUNCTION IEEEINIT% () 

DECLARE FUNCTION SRQ% () 

DECLARE FUNCTION LISTENER.PRESENT% (Addr AS INTEGER) 

DECLARE FUNCTION BOARD.PRESENT% () 

' QBASIC to CEC IEEE-488 interface code 

' (QBASIC is a subset of Microsoft QuickBASIC, which does not support 

' linking external procedures) 

' To use these subroutines, merge them into your program. 

' Before running QBASIC, load the BASIC488.EXE program into memory, 

' just as you would for interpreted BASICA or GWBASIC. 
? 

' NOTE: v3.14 software. Deleted rarray and tarray, which don't work 

' with QBASIC 1.1. 

CLS 

PRINT "press any key to start...." 

10 IF INKEY$ = THEN 10 ELSE CLS 

' = = = = = Initialize the GPIB system 

CALL INITLYLIZE(21, 0) 

' = = = = = Open a file to write the measurements ====— 

INPUT "Do you want to write the measurements in a file? (Y/N)", YNfileS 

IF YNAle$ = "y" OR YNfileS = "Y^ THEN 

INPUT "input path and filename for export, i.e. D:/LIVIA/GAUSSMTR/name.TXT 

=>", FILE$ 

OPEN FILES FOR OUTPUT AS # 1 

END IF 

PRINT "" 
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' = = = = = Command strings definition = = = = = 

M0DE1$ = " M 0 l l l M 0 2 1 1 M 0 3 i r 

M0DE2$ = "M0121M0221M0321'' 

M0DE3$ = "M0131M0231M0331" 

M0DE4$ = "M0141M0241M0341" 

ZERO$ = "ZE10ZE20ZE30" 

ME$ = "ME100000000ME200000000ME300000000" 

Clear Gaussmeter and Lockout front pannel 

CMD$ = "UNL LISTEN? SDC": GOSUB 200 'Select Device Clear 

PRINT "PLACING THE GAUSSMETER IN REMOTE MODE..." 

CMD$ = "REN": GOSUB 200 'Remote Enable 

PRINT "... AFTER the first command sent to the gaussmeter, any attempt" 

PRINT " to use the front panel pushbuttons will result in the message" 

PRINT " GAUSSMETER BEING CONTROLLED REMOTELY" 

PRINT "" 

PRINT "" 

' = = = = = Program the Gaussmeter (via Command String C M S $ ) = = = = = 

n% = 0 

INPUT "Do you want to program the gaussmeter via IEEE? Y/N?", ANSWERS 

IF ANSWERS = "N" OR ANSWERS = "n" GOTO 50 

IF ANSWERS = "Y" OR ANSWERS = "y" THEN 

PRINT " PRINT "PROGRAMMING THE GAUSSMETER:" 

END IF 

INPUT "Mode Selection?:0= NONE, 1=GAUSS AC, 2=GAUSS DC, 3=TESLA AC, 

4=TESLA DC = > ", MODES 

IF MODES = "1" THEN CMSS = MODElS: GOSUB 100 

IF MODES = "2" THEN CMSS = M0DE2S: GOSUB 100 

IF MODES = "3" THEN CMSS = M0DE3S: GOSUB 100 

IF MODES = "4" THEN CMSS = M0DE4S: GOSUB 100 

PRINT " " 

INPUT "Probe Zero? Y/N? = > 
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IP a$ = " y OR a$ = "y" THEN 

PRINT "insert the probe in the zero chamber and press any key to start" 

20 IP INKEY$ = '''' THEN 20 ELSE : 

CMS$ = ZERO$: GOSUB 100 

END IF 

50 ' = = = = = Take field measurements = = = = = 

PRINT PRINT "READY POR MEASUREMENTS..." 

n% = 1 'first position for the probe 

30 PRINT "position the probe and give..." 

INPUT "current (A) and coordinates (cm): Amp,X,Y,Z ? = > " ; Amp$, X$, Y$, Z$ 

PRINT "TAKING 14 PIELD MEASUREMENTS ...press any key to quit." 

i% = 1 

DO WHILE i% < 15 

IP INKEYS < > "" THEN 60 

CMS$ = ME$: GOSUB 100 

i% = i% + 1 

LOOP 

PRINT "" 

INPUT "New position for the probe? Y/N?", ANSWERS 

IP ANSWERS = "n" OR ANSWERS = "N" THEN 60 

IP ANSWERS = "y" OR ANSWERS = "Y^ THEN n% = n% + 1 'new position 

GOTO 30 

60 ' = = = = = Data aquisition is finished: = = = = = = 

PRINT "": PRINT "PLACING THE GAUSSMETER IN LOCAL MODE." 

CMDS = "GTL": GOSUB 200 

CLOSE # 1 

END 
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100 ' = = = = = I /O SUBROUTINES = = = = = 

'Send the command string to the gaussmeter 

CALL SEND(7, CHR$(27) + CMS$ + CHR$(13), STATUS%) 

IF STATUS% < > 0 THEN PRINT "Error in SEND, statu8% is:"; STATUS%: STOP 

'Wait for the gaussmeter bus to be idle: 

'all the 8 bits of the gaussmeter's Serial Pool Register must be = 0 

' (see manual par.V-E) 

WaitStatus: 

CALL SP0LL(7, D%, STATUS%) 

IF (D%) < > 0 THEN GOTO WaitStatus 

'Introduce 1 second delay between measurements 

TIMEl = TIMER 

TIME2 = TIMER 

DO UNTIL (TIME2 - TIMEl) > 1 

TIME2 = TIMER 

LOOP 

' Trigger the gaussmeter to execute the command 

CMD$ = "UNL LISTEN7 MTA GET" 

CALL TRANSMIT(CMD$, STATUS%) 

IF STATUS% < > 0 THEN PRINT "Error in TRANSMIT, 8tatu8% is"; STATUS%: STOP 

'Wait for Gaussmeter to finish command execution and assert a SRQ 

WaitSRQ: IF SRQ% = 0 THEN GOTO WaitSRQ 

'Address the gaussmeter as a talker, input the ECHOed command and display it 

r$ = SPACE$(1000) 

CALL ENTER(r$, length%, 7, STATUS%) 

IF STATUS% < > 0 THEN PRINT "Error in ENTER, 8tatu8% is:"; STATUS%: STOP 

r$ = LEFT$(r$, ]ength%) 

IF n% = 0 THEN PRINT "Echoed command = "; r$ 

IF n% = 1 AND 1% = 1 THEN 

PRINT PRINT "MAGNETIC FIELD at POSITION:": PRINT Amp$, X$, Y$, 
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Z$: PRINT r$ 

IF YNAle$ = "Y" OR YNAleS = "y" THEN 

PRINT # 1 , MODE$ 

PRINT # 1 , Amp$, X$, Y$, Z$: PRINT # 1 , r$ 

END IF 

END IF 

IF n% > 1 AND i% = 1 THEN 

PRINT PRINT "MAGNETIC FIELD at POSITION:": PRINT Amp$, X$, Y$, 

Z$: PRINT r$ 

IF YNAleS = "Y^ OR YNAleS = "y" THEN 

PRINT # 1 , Amp$, X$, Y$, Z$: PRINT #1 , r$ 

END IF 

END IF 

IF n% > 0 AND i% > 1 THEN 

PRINT r$ 

IF YNAleS = "Y" OR YNAleS = "y" THEN 

PRINT # 1 , r$ 

END IF 

END IF 

RETURN 

200 ' = = = = = TRANSMIT SUBROUTINE = = = = = 

CALL TRANSMIT(CMD$, STATUS%) 

IF STATUS% < > 0 THEN PRINT "Error in TRANSMIT, status is:"; STATUS%: STOP 

RETURN 

FUNCTION BOARD.PRESENT% STATIC 

SHAREDlEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT FUNCTION 

DEF SEG = lEEESEG 

CALL ABSOLUTE(BP%, 87) 

BOARD.PRESENT% = BP% 

END FUNCTION 

SUB BOARDSELECT (Bd AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 
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IP lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(Bd, 60) 

END SUB 

SUB DMACHANNEL (C AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(C, 45) 

END SUB 

SUB ENABLE.488EX (E AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(E, 90) 

END SUB 

SUB ENABLE.488SD (E AS INTEGER, T AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(E, T, 93) 

END SUB 

SUB ENTER (r AS STRING, L AS INTEGER, Addr AS INTEGER, STATUS AS 

INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(r, L, Addr, STATUS, 39) 

END SUB 

FUNCTION IEEEINIT% STATIC 

SHARED lEEESEG AS INTEGER 

DEF SEG = 0 

lEEESEG = PEEK(&H182) + 256 * PEEK(&:H183) 

DEF SEG = lEEESEG 

lEEEINIT = lEEESEG 

197 



END FUNCTION 

SUB INITIALIZE (Addr AS INTEGER, Level AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

lEEESBG = IEEEINIT% 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(Addr, Level, 0) 

END SUB 

FUNCTION LISTENER.PRESENT% (Addr AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT FUNCTION 

DEF SEG = lEEESEG 

CALL ABSOLUTE(Addr, Present%, 84) 

LISTENER.PRESENT% = Present% 

END FUNCTION 

SUB PPOLL (Poll AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(Poll, 15) 

END SUB 

SUB RECEIVE (r AS STRING, L AS INTEGER, STATUS AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(r, L, STATUS, 33) 

END SUB 

SUB SEND (Addr AS INTEGER, S AS STRING, STATUS AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(Addr, S, STATUS, 36) 

END SUB 

SUB SETINPUTEOS (E AS INTEGER) STATIC 
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SHAREDlEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DBF SEG = lEEESEG 

CALL ABSOLUTE(E, 51) 

END SUB 

SUB SETOUTPUTEOS (El AS INTEGER, E2 AS INTEGER) STATIC 

SHAREDlEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABS0LUTE(E1, E2, 54) 

END SUB 

SUB SETPORT (Bd AS INTEGER, Port AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

lEEESEG = IEEEINIT% 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(Bd, Port, 57) 

END SUB 

SUB SETTIMEOUT (T AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(T, 48) 

END SUB 

SUB SPOLL (Addr AS INTEGER, Poll AS INTEGER, STATUS AS INTEGER) 

STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(Addr, Poll, STATUS, 12) 

END SUB 

FUNCTION SRQ% STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT FUNCTION 

DEF SEG = lEEESEG 
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CALL ABSOLUTE(S%, 63) 

SRQ% = S% 

END FUNCTION 

SUB TRANSMIT (CMD AS STRING, STATUS AS INTEGER) STATIC 

SHARED lEEESEG AS INTEGER 

IF lEEESEG = 0 THEN EXIT SUB 

DEF SEG = lEEESEG 

CALL ABSOLUTE(CMD, STATUS, 30) 

END SUB 

C.3 D a t a conversion 

' This program converts the IEEE-filename.TXT (file # 1 ) to 

' ORIGIN-fiIename.DAT: Amp, X, Y, Z, Hx, Hy, Hz, H (Ale # 2 ) 

DECLARE SUB FactorF (MODES, RANGES, SELRANGE%, F) 

'gives the multiplying factor, f%, to convert the IEEE data according to 

'MODE and RANGE selected 

'note: 

'MODE is either at the beginning of file # 1 or is asked as INPUT 

'RANGE is contained in each IEEE data 

CLS 

INPUT "Path and filename of import-file (IEEE) i.e. D:/LIVIA/GAUSSMTR/name.TXT 

? = > "; FILEIS 

INPUT "Path and filename for export-file (SIGMAPLOT) i.e. A:/name.DAT = > " ; FILE2$ 

'FILEIS = "D:/LIVIA/GAUSSMTR/PROVA.TXT" 

TILE2S = "D:/LIVIA/GAUSSMTR/PROVA.DAT" 

OPEN FILEIS FOR INPUT AS # 1 

OPEN FILE2S FOR OUTPUT AS # 2 

CLS PRINT "converting the IEEE-data in Hx, Hy, Hz, H values": PRINT 

'ReadMode: 

LINE INPUT # 1 , MODES 

IF MODES = "" THEN 

PRINT "Specific the MODE you have selected, i.e." 
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INPUT " 1=GAUSS AC, 2=GAUSS DC, 3=TESLA AC, 4=TESLA DC = > ", MODE$: 

PRINT "" 

END IF 

'Decide in which units you want to express your data: 

PRINT "Specifie the unit's range you want to use, i.e." 

IF MODES = "1" OR MODES = "2" GOTO GaussRange 

IF MODES = "3" OR MODES = "4" GOTO TeslaRange 

GaussRange: 

INPUT " l=Gauss , 4=KiloGauss, 7=MegaGauss = > " , SELRANGE%: PRINT "" 

GOTO Ready 

TeslaRange: 

INPUT "l=microTesla, 4=milliTesla, 7=Tesla = > SELRANGE%: PRINT "" 

Ready: 
DO WHILE NOT EOF(l) 

NewPosition: 

LINE INPUT # 1 , AmpS, POSS 

i% = 0 

SumHx = 0 

SumHy = 0 

SumHz — 0 

MediaHx = 0 

MediaHy = 0 

MediaHz = 0 

MediaH = 0 

DO WHILE i% < 14 

IF EOF(l) < > 0 THEN GOTO FileEnd 'in case less than 14 readings were acquired 

LINE INPUT # 1 , REC$ 

'Hx 

RANGES = MID$(REC$, 5, 1) 

DATAS = MID$(REC$, 6, 6) 

CALL FactorF(MODES, RANGES, SELRANGE%, F) 

Hx = VAL(DATA$) / F 
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SumHx = SumHx + Hx 

'Hy 

RANGED = MID$(REC$, 16, 1) 

DATA$ = MID$(REC$, 17, 6) 

CALL FactorF(MODE$, RANGE$, SELRANGE%, F) 

Hy = VAL(DATA$) / F 

SumHy = SumHy + Hy 

'Hz 

RANGES = MID$(REC$, 27, 1) 

DATA$ = MID$(REC$, 28, 6) 

CALL FactorF(MODE$, RANGES, SELRANGE%, F) 

Hz = YAL(DATA$) / F 

SumHz = SumHz + Hz 

'PRINT REC$: PRINT Hx, Hy, Hz 

i% = i% + 1 

LOOP 

MediaHx = SumHx / i% 

MediaHy = SumHy / i% 

MediaHz = SumHz / i% 

MediaH = SQR(MediaHx * MediaHx + MediaHy * MediaHy + MediaHz * MediaHz) 

PRINT "POSITION (cm): Amp$, POS$ 

PRINT "MEDIA= MediaHx, MediaHy, MediaHz, MediaH 

PRINT # 2 , Amp$, POS$, MediaHx, MediaHy, MediaHz, MediaH 

LOOP 

GOTO Finally 

FileEnd: 'if the gaussmeter program has been interrupted, the number of 

'readings at the last position will be less than 14 

PRINT ''POSITION: Amp$, POS$ 

PRINT # 2 , Amp$, POS$; "less than 14 readings" 

Finally: 

CLOSE # 1 
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CLOSE # 2 

'KILL "A:/DATA" 

SUB FactorF (MODES, RANGES, SELRANGE%, F) 

DIFF% = VAL (RANGES) - SELRANGE% 

IF MODES = T ' OR MODES = "2" GOTO Gauss 

IF MODES = "3'' OR MODES = "4" GOTO Tesla 

Gauss: ' = = = = = = = = = = = Conversions in Gauss —== 

'To obtain the number appearing on the Gaussmeter front panel: 

'IF RANGES = "I'' OR RANGES = "4" OR RANGES = "7'' THEN F = 10000 

'IF RANGES = "2" OR RANGES = "5" THEN F = 1000 

'IF RANGES = "3" OR RANGES = "6" THEN F = 100 

'To obtain the data in the wanted units: 

IF RANGES = " r OR RANGES = "4" OR RANGES = "7" THEN 

F = 10 " 4 

zeri% = DIFF% + 0 

END IF 

IF RANGES = "2'' OR RANGES = "5" THEN 

F = 10 " 3 

zeri% = DIFF% - 1 

END IF 

IF RANGES = "3" OR RANGES = "G'' THEN 

F = 10 ' 2 

zeri% = DIFF% - 2 

END IF 

GOTO Finish 

Tesla: ' = = = = = = = = = = Conversions in Tesla = = = = = = = = = = = = = = 

'To obtain the number appearing on the Gaussmeter front panel: 

'IF RANGES = "1" OR RANGES = "4" OR RANGES = "7" THEN f = 100 

'IF RANGES = "3" OR RANGES = "6" THEN f = 1000 
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'IP RANGES = "2" OR RANGES = "5" THEN f = 10000 

'To obtain the data in the wanted units: 

IF RANGES = "1" OR RANGES = "4" OR RANGES = "7" THEN 

F = 100 

zeri% — DIFF% + 0 

END IF 

IF RANGES = "3" OR RANGES = "6" THEN 

F = 1000 

zeri% = DIFF% + 1 

END IF 

IF RANGES = "2" OR RANGES = "5" THEN 

F = 10000 

zeri% = DIFF% + 2 

END IF 

Finish: 

F = F / (10 ' zeri%) 

'F = F * 10 ' (-zen%) 

END SUB 
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A p p e n d i x D 

Finite-element model: 

preprocessor source file for 

O P E R A 7.1-TOSCA package 

defi 

xy 

0.0 

-400 800 -100 500 

*** 2 

Start of point definition 

CURS C 2 0.2440000E-I-03 0.2850000E-I-03 0.1127959E-I-04 0.2279382E-I-04 

$for # i -40 0 20 58 130 

# i O 

Send for 

$for # i -110 -40 0 20 58 130 197 

# i -10 

$end for 

$for # i -40 0 20 58 130 197 235 270 310 

# i 150 

Send for 

$for #1 -110 380 -200 470 

# i 150 

Send for 

$for #1 -110 -40 0 20 58 130 197 

#1 320 

Send for 

$for # i -40 0 20 58 130 235 

# i 358 
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#1 -48 

$end for 

$for # i 0 20 58 130 270 

#1 393 

# i -83 

Send for 

$for # i -40 20 58 130 310 

# i 433 

# i -123 

Send for 

$for # i -110 58 130 380 

# i 503 

# i -193 

Send for 

$for # i -200 130 470 

# i 593 

# i -283 

Send for 

c 

CURS Q 6 0.4250000E-I-03 0.2890000E+03 0.5225758E-t-03 0.4257265E-t-03 

*** 2 

Start of face definition 

CURS 1 0.2550000E-I-03 0.1150000E-I-03 0.2206336E-I-02 0.2592498E-t-01 

CURS 1 0.2450000E-t-03 0.1150000E+03-0.1496199E-I-01 0.2592498E-I-01 

CURS 1 0.2450000E-I-03 0.1760000E-I-03-0.1496199E-I-01 0.1546523E+03 

CURS 1 0.2540000E-I-03 0.1750000E4-03 0.1970741E-I-02 0.1521596E-I-03 

*** 2 

End of face 

CURS 1 0.2450000E-I-03 0.1750000E-I-03-0.1496199E-I-01 0.1521596E-I-03 

CURS 1 0.2440000E-I-03 0.2430000E-t-03-0.3852155E-|-01 0.3216689E-I-03 

CURS 1 0.2530000E+03 0.2440000E-I-03 0.1735145E+02 0.3241617E+03 

CURS 1 0.2550000E-I-03 0.1740000E-I-03 0.2206336E-t-02 0.1496668E-I-03 

**+ 2 

End of face 

CURS 1 0.2440000E+03 0.2430000E4-03-0.3852155E4-01 0.3216689E+03 

CURS 1 0.2450000E-I-03 0.2590000E-I-03-0.1496199E-I-01 0.3615535E-I-03 

CURS 1 0.2560000E-K03 0.2580000E+03 0.2441932E+02 0.3590607E-t-03 

CURS 1 0.2540000E-I-03 0.2420000E-I-03 0.1970741E-I-02 0.3191761E-I-03 
*** 1 
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End of face 

CURS 1 0.2460000E+03 0.2590000E+03 0.8597572E+00 0.3615535E+03 

CURS 1 0.2450000E+03 0.2720000E+03-0.1496199E+01 0.3939597E+03 

CURS 1 0.2560000E+03 0.2740000E+03 0.2441932E+02 0.3989453E+03 

CURS 1 0.2550000E+03 0.2590000E+03 0.2206336E+02 0.3615535E+03 

*** 2 

End of face 

CURS 1 0.2550000E+03 0.2600000E+03 0.2206336E+02 0.3640463E+03 

CURS 1 0.2560000E+03 0.2730000E+03 0.2441932E+02 0.3964525E+03 

CURS 1 0.2700000E+03 0.2740000E+03 0.5740270E+02 0.3989453E+03 

CURS 1 0.2690000E+03 0.2570000E+03 0.5504675E+02 0.3565679E+03 
*** 

End of face 

CURS 1 0.2690000E+03 0.2570000E+03 0.5504675E+02 0.3565679E+03 

CURS 1 0.2710000E+03 0.2730000E+03 0.5976866E+02 0.3964525E+03 

CURS 1 0.2990000E+03 0.2720000E+03 0.1257254E+03 0.3939597E+03 

CURS 1 0.3010000E+03 0.2570000E+03 0.1304373E+03 0.3565679E+03 

*** 2 

End of face 

CURS 1 0.3010000E+03 0.2570000E+03 0.1304373E+03 0.3565679E+03 

CURS 1 0.3010000E+03 0.2730000E+03 0.1304373E+03 0.3964525E+03 

CURS 1 0.3590000E+03 0.2720000E+03 0.2670828E+03 0.3939597E+03 

CURS 1 0.3450000E+03 0.2570000E+03 0.2340994E+03 0.3565679E+03 
*** 

End of face 

CURS 1 0.3450000E+03 0.2570000E+03 0.2340994E+03 0.3565679E+03 

CURS 1 0.3590000E+03 0.2720000E+03 0.2670828E+03 0.3939597E+03 

CURS 1 0.3610000E+03 0.1750000E+03 0.2717947E+03 0.1521596E+03 

CURS 1 0.3460000E+03 0.1750000E+03 0.2364554E+03 0.1521596E+03 

*** 2 

End of face 

CURS 1 0.3460000E+03 0.1750000E+03 0.2364554E+03 0.1521596E+03 

CURS 1 0.3610000E+03 0.1730000E+03 0.2717947E+03 0.1471740E+03 

CURS 1 0.3590000E+03 0.8100000E+02 0.2670828E+03-0.8216217E+02 

CURS 1 0.3450000E+03 0.9600000E+02 0.2340994E+03-0.4477040E+02 

*** 2 

End of face 

CURS 1 0.3450000E+03 0.9600000E+02 0.2340994E+03-0.4477040E+02 

CURS 1 0.3600000E+03 0.7800000E+02 0.2694388E+03-0.8964053E+02 

CURS 1 0.3000000E+03 0.8100000E+02 0.1280814E+03-0.8216217E+02 
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CURS 1 0.3000000E+03 0.9400000E+02 0.1280814E+03-0.4975598E+02 

*** 2 

End of face 

CURS 1 0.3000000E+03 0.9400000E+02 0.1280814E+03-0.4975598E+02 

CURS 1 0.3000000E+03 0.8000000E+02 0.1280814E+03-0.8465496E+02 

CURS 1 0.2700000E+03 0.8000000E+02 0.5740270E+02-0.8465496E+02 

CURS 1 0.2700000E+03 0.9600000E+02 0.5740270E+02-0.4477040E+02 

*** 2 

End of face 

CURS 1 0.2700000E+03 0.9600000E+02 0.5740270E+02-0.4477040E+02 

CUR5 1 0.2700000E+03 0.8000000E+02 0.5740270E+02-0.8465496E+02 

CURS 1 0.2520000E+03 0.8000000E+02 0.1499549E+02-0.8465496E+02 

CURS 1 0.2540000E+03 0.9600000E+02 0.1970741E+02-0.4477040E+02 

*** 2 

End of face 

CURS 1 0.2540000E+03 0.9600000E+02 0.1970741E+02-0.4477040E+02 

CURS 1 0.2540000E+03 0.8100000E+02 0.1970741E+02-0.8216217E+02 

CURS 1 0.2440000E+03 0.8100000E+02-0.3852155E+01-0.8216217E+02 

CURS 1 0.2460000E+03 0.9600000E+02 0.8597572E+00-0.4477040E+02 

*** 2 

End of face 

CURS 1 0.2460000E+03 0.9600000E+02 0.8597572E+00-0.4477040E+02 

CURS 1 0.2460000E+03 0.1090000E+03 0.8597572E+00-0.1236421E+02 

CURS 1 0.2540000E+03 O.llOOOOOE+03 0.1970741E+02-0.9871424E+01 

CURS 1 0.2540000E+03 0.9600000E+02 0.1970741E+02-0.4477040E+02 

*** I 

End of face 

CURS 1 0.2450000E+03 0.1090000E+03-0.1496199E+01-0.1236421E+02 

CURS 1 0.2450000E+03 0.1150000E+03-0.1496199E+01 0.2592498E+01 

CURS 1 0.2550000E+03 0.1150000E+03 0.2206336E+02 0.2592498E+01 

CURS 1 0.2550000E+03 O.llOOOOOE+03 0.2206336E+02-0.9871424E+01 

*** 2 

End of face 

CURS 1 0.2540000E+03 0.2440000E+03 0.1970741E+02 0.3241617E+03 

CURS 1 0.2540000E+03 0.2570000E+03 0.1970741E+02 0.3565679E+03 

CURS 1 0.2720000E+03 0.2580000E+03 0.6211462E+02 0.3590607E+03 

CURS 1 0.2700000E+03 0.2410000E+03 0.5740270E+02 0.3166833E+03 

*** 2 

End of face 

CURS 1 0.2700000E+03 0.2410000E+03 0.5740270E+02 0.3166833E+03 
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CURS 1 0.2710000E+03 0.2580000E+03 0.5975866E+02 0.3590607E+03 

CURS 1 0.3030000E+03 0.2570000E+03 0.1351493E+03 0.3565679E+03 

CURS 1 0.2990000E+03 0.2410000E+03 0.1257254E+03 0.3166833E+03 

*** 2 

End of face 

CURS 1 0.2990000E+03 0.2410000E+03 0.1257254E+03 0.3166833E+03 

CURS 1 0.3010000E+03 0.2580000E+03 0.1304373E+03 0.3590607E+03 

CURS 1 0.3430000E+03 0.2560000E+03 0.2293875E+03 0.3540751E+03 

CURS 1 0.3290000E+03 0.2430000E+03 0.1964041E+03 0.3216689E+03 

*** 2 

End of face 

CURS 1 0.2550000E+03 0.1740000E+03 0.2206336E+02 0.1496668E+03 

CURS 1 0.2540000E+03 0.2420000E+03 0.1970741E+02 0.3191761E+03 

CURS 1 0.2710000E+03 0.2420000E+03 0.5975866E+02 0.3191761E+03 

CURS 1 0.2700000E+03 0.1740000E+03 0.5740270E+02 0.1496668E+03 

*** 2 

End of face 

CURS 1 0.2710000E+03 0.1760000E+03 0.5975866E+02 0.1546523E+03 

CURS 1 0.2710000E+03 0.2420000E+03 0.5975866E+02 0.3191761E+03 

CURS 1 0.3000000E+03 0.2430000E+03 0.1280814E+03 0.3216689E+03 

CURS 1 0.3010000E+03 0.1740000E+03 0.1304373E+03 0.1496668E+03 

*** 1 

End of face 

CURS 1 0.3020000E+03 0.1770000E+03 0.1327933E+03 0.1571451E+03 

CURS 1 0.3010000E+03 0.2430000E+03 0.1304373E+03 0.3216689E+03 

CURS 1 0.3310000E+03 0.2420000E+03 0.2011160E+03 0.3191761E+03 

CURS 1 0.3300000E+03 0.1750000E+03 0.1987601E+03 0.1521596E+03 

*** 2 

End of face 

CURS 1 0.3300000E+03 0.1750000E+03 0.1987601E+03 0.1521596E+03 

CURS 1 0.3290000E+03 0.2420000E+03 0.1964041E+03 0.3191761E+03 

CURS 1 0.3440000E+03 0.2570000E+03 0.2317435E+03 0.3565679E+03 

CURS 1 0.3440000E+03 0.1740000E+03 0.2317435E+03 0.1496668E+03 

*** 2 

End of face 

CURS 1 0.2550000E+03 0.1170000E+03 0.2206336E+02 0.7578067E+01 

CURS 1 0.2540000E+03 0.1760000E+03 0.1970741E+02 0.1546523E+03 

CURS 1 0.2700000E+03 0.1750000E+03 0.5740270E+02 0.1521596E+03 

CURS 1 0.2700000E+03 0.1160000E+03 0.5740270E+02 0.5085282E+01 

*** 2 
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End of face 

CURS 1 0.2700000E+03 0.1150000E+03 0.5740270E+02 0.2592498E+01 

CURS 1 0.2710000E+03 0.1750000E+03 0.5975866E+02 0.1521596E+03 

CURS 1 0.3010000E+03 0.1750000E+03 0.1304373E+03 0.1521596E+03 

CURS 1 0.3010000E+03 0.1150000E+03 0.1304373E+03 0.2592498E+01 

*** 2 

End of face 

CURS 1 0.3010000E+03 0.1150000E+03 0.1304373E+03 0.2592498E+01 

CURS 1 0.3010000E+03 0.1740000E+03 0.1304373E+03 0.1496668E+03 

CURS 1 0.3300000E+03 0.1730000E+03 0.1987601E+03 0.1471740E+03 

CURS 1 0.3280000E+03 0.1090000E+03 0.1940482E+03-0.1236421E+02 

*** 2 

End of face 

CURS 1 0.3300000E+03 0.1090000E+03 0.1987601E+03-0.1236421E+02 

CURS 1 0.3310000E+03 0.1740000E+03 0.2011160E+03 0.1496668E+03 

CURS 1 0.3470000E+03 0.1740000E+03 0.2388113E+03 0.1496668E+03 

CURS 1 0.3470000E+03 0.9600000E+02 0.2388113E+03-0.4477040E+02 
*** 

End of face 

CURS 1 0.2560000E+03 0.1090000E+03 0.2441932E+02-0.1236421E+02 

CURS 1 0.2550000E+03 0.1140000E+03 0.2206336E+02 0.9971365E-01 

CURB 1 0.2710000E+03 0.1140000E+03 0.5975866E+02 0.9971365E-01 

CURS 1 0.2710000E+03 O.llOOOOOE+03 0.5975866E+02-0.9871424E+01 

*** 2 

End of face 

CURS 1 0.2710000E+03 O.llOOOOOE+03 0.5975866E+02-0.9871424E+01 

CURS 1 0.2710000E+03 0.1140000E+03 0.5975866E+02 0.9971365E-01 

CURS 1 0.3010000E+03 0.1140000E+03 0.1304373E+03 0.9971365E-01 

CURS 1 0.3000000E+03 0.1080000E+03 0.1280814E+03-0.1485699E+02 

+** 2 

End of face 

CURS 1 0.3010000E+03 O.llOOOOOE+03 0.1304373E+03-0.9871424E+01 

CURS 1 0.3000000E+03 0.1140000E+03 0.1280814E+03 0.9971365E-01 

CURS 1 0.3280000E+03 O.lllOOOOE+03 0.1940482E+03-0.7378640E+01 

CURS F 11 0.3280000E+03 O.lllOOOOE+03 0.1940482E+03-0.7378640E+01 

*** 2 

End of face 

CURS 1 0.2550000E+03 0.9500000E+02 0.2206336E+02-0.4726319E+02 

CURS 1 0.2560000E+03 O.lllOOOOE+03 0.2441932E+02-0.7378640E+01 

CURS 1 0.2700000E+03 0.1090000E+03 0.5740270E+02-0.1236421E+02 
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CURS 1 0.2700000E+03 0.9400000E+02 0.5740270E+02-0.4975598E+02 
*** 

End of face 

CURS 1 0.2700000E+03 0.9400000E+02 0.5740270E+02-0.4975598E+02 

CURS 1 0.2720000E+03 O.lllOOOOE+03 0.6211462E+02-0.7378640E+01 

CURS 1 0.3010000E+03 0.1090000E+03 0.1304373E+03-0.1236421E+02 

CURS 1 0.3010000E+03 0.9600000E+02 0.1304373E+03-0.4477040E+02 

*** 2 

End of face 

CURS 1 0.3020000E+03 0.9700000E+02 0.1327933E+03-0.4227762E+02 

CURS 1 0.3010000E+03 O.llOOOOOE+03 0.1304373E+03-0.9871424E+01 

CURS 1 0.3300000E+03 0.1100000E+03 0.1987601E+03-0.9871424E+01 

CURS 1 0.3450000E+03 0.9500000E+02 0.2340994E+03-0.4726319E+02 

*** 2 

End of face 

CURS 1 0.2450000E+03 0.1150000E+03-0.1496199E+01 0.2592498E+01 

CURS 1 0.2290000E+03 0.1140000E+03-0.3919150E+02 0.9971365E-01 

CURS 1 0.2280000E+03 0.1730000E+03-0.4154745E+02 0.1471740E+03 

CURS 1 0.2460000E+03 0.1740000E+03 0.8597572E+00 0.1496668E+03 
*** 

End of face 

CURS 1 0.2460000E+03 0.1740000E+03 0.8597572E+00 0.1496668E+03 

CURS 1 0.2290000E+03 0.1750000E+03-0.3919150E+02 0.1521596E+03 

CURS 1 0.2280000E+03 0.2420000E+03-0.4154745E+02 0.3191761E+03 

CURS 1 0.2460000E+03 0.2430000E+03 0.8597572E+00 0.3216689E+03 

*** 2 

End of face 

CURS 1 0.2450000E+03 0.2430000E+03-0.1496199E+01 0.3216689E+03 

CURS 1 0.2270000E+03 0.2430000E+03-0.4390341E+02 0.3216689E+03 

CURS 1 0.2280000E+03 0.2600000E+03-0.4154745E+02 0.3640463E+03 

CURS 1 0.2460000E+03 0.2590000E+03 0.8597572E+00 0.3615535E+03 

*** 2 

End of face 

CURS 1 0.2450000E+03 0.2580000E+03-0.1496199E+01 0.3590607E+03 

CURS 1 0.2260000E+03 0.2590000E4-03-0.4625937E+02 0.3615535E+03 

CURS 1 0.2270000E+03 0.2880000E+03-0.4390341E+02 0.4338442E+03 

CURS 1 0.2440000E+03 0.2730000E+03-0.3852155E+01 0.3964525E+03 

*** 2 

End of face 

211 



CURS 1 0.2440000E+03 0.2730000E+03-0.3852155E+01 0.3964525E+03 

CURS 1 0.2280000E+03 0.2880000E+03-0.4154745E+02 0.4338442E+03 

CURS 1 0.2530000E+03 0.2880000E+03 0.1735145E+02 0.4338442E+03 

CURS 1 0.2540000E+03 0.2720000E+03 0.1970741E+02 0.3939597E+03 

*** 2 

End of face 

CURS 1 0.2540000E+03 0.2720000E+03 0.1970741E+02 0.3939597E+03 

CURS 1 0.2540000E+03 0.2890000E+03 0.1970741E+02 0.4363370E+03 

CURB 1 0.2700000E+03 0.2880000E+03 0.5740270E+02 0.4338442E+03 

CURS 1 0.2700000E+03 0.2720000E+03 0.5740270E+02 0.3939597E+03 

*** 2 

End of face 

CURS 1 0.2700000E+03 0.2720000E+03 0.5740270E+02 0.3939597E+03 

CURS 1 0.2710000E+03 0.2890000E+03 0.5975866E+02 0.4363370E+03 

CURS 1 0.3000000E+03 0.2870000E+03 0.1280814E+03 0.4313514E+03 

CURB 1 0.3000000E+03 0.2730000E+03 0.1280814E+03 0.3964525E+03 

*** 2 

End of face 

CURS 1 0.3000000E+03 0.2730000E+03 0.1280814E+03 0.3964525E+03 

CURS 1 0.3010000E+03 0.2890000E+03 0.1304373E+03 0.4363370E+03 

CURS 1 0.3770000E+03 0.2890000E+03 0.3094900E+03 0.4363370E+03 

CURS 1 0.3610000E+03 0.2720000E+03 0.2717947E+03 0.3939597E+03 

*** 2 

End of face 

CURS 1 0.3610000E+03 0.2720000E+03 0.2717947E+03 0.3939597E+03 

CURS 1 0.3760000E+03 0.2880000E+03 0.3071341E+03 0.4338442E+03 

CURS 1 0.3770000E+03 0.1740000E+03 0.3094900E+03 0.1496668E+03 

CURS 1 0.3600000E+03 0.1750000E+03 0.2694388E+03 0.1521596E+03 

*** 2 

End of face 

CURS 1 0.3610000E+03 0.1750000E+03 0.2717947E+03 0.1521596E+03 

CURS 1 0.3780000E+03 0.1740000E+03 0.3118460E+03 0.1496668E+03 

CURS 1 0.3760000E+03 0.6500000E+02 0.3071341E+03-0.1220467E+03 

CURS 1 0.3590000E+03 0.8200000E+02 0.2670828E+03-0.7966939E+02 

*** 2 

End of face 

CURS 1 0.3590000E+03 0.8100000E+02 0.2670828E+03-0.8216217E+02 

CURS 1 0.3760000E+03 0.6400000E+02 0.3071341E+03-0.1245395E+03 

CURS 1 0.3010000E+03 0.6500000E+02 0.1304373E+03-0.1220467E+03 
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CURS 1 0.3010000E+03 0.8000000E+02 0.1304373E+03-0.8465496E+02 

*** 2 

End of face 

CURS 1 0.3010000E+03 0.8000000E+02 0.1304373E+03-0.8465496E+02 

CURS 1 0.3010000E+03 0.6400000E+02 0.1304373E+03-0.1245395E+03 

CURS 1 0.2700000E+03 0.6300000E+02 0.5740270E+02-0.1270323E+03 

CURS 1 0.2700000E+03 0.8200000E+02 0.5740270E+02-0.7966939E+02 

*** 2 

End of face 

CURS 1 0.2700000E+03 0.8200000E+02 0.5740270E+02-0.7966939E+02 

CURS 1 0.2720000E+03 0.6400000E+02 0.6211462E+02-0.1245395E+03 

CURS 1 0.2530000E+03 0.6300000E+02 0.1735145E+02-0.1270323E+03 

CURS 1 0.2540000E+03 0.8000000E+02 0.1970741E+02-0.8465496E+02 

*** 2 

End of face 

CURS 1 0.2540000E+03 0.8000000E+02 0.1970741E+02-0.8465496E+02 

CURS 1 0.2550000E+03 0.6400000E+02 0.2206336E+02-0.1246395E+03 

CURS 1 0.2280000E+03 0.6500000E+02-0.4154745E+02-0.1220467E+03 

CURS 1 0.2460000E+03 0.8100000E+02 0.8597572E+00-0.8216217E+02 

*** 2 

End of face 

CURS 1 0.2420000E+03 0.7800000E+02-0.8564068E+01-0.8964053E+02 

CURS 1 0.2280000E+03 0.6400000E+02-0.4154745E+02-0.1245395E+03 

CURS 1 0.2280000E+03 0.9500000E+02-0.4154745E+02-0.4726319E+02 

CURS 1 0.2450000E+03 0.9400000E+02-0.1496199E+01-0.4975598E+02 

*** 2 

End of face 

CURS 1 0.2450000E+03 0.9400000E+02-0.1496199E+01-0.4975598E+02 

CURS 1 0.2280000E+03 0.9200000E+02-0.4154745E+02-0.5474155E+02 

CURS 1 0.2280000E+03 0.1090000E+03-0.4154745E+02-0.1236421E+02 

CURS 1 0.2450000E+03 0.1090000E+03-0.1496199E+01-0.1236421E+02 

*** 2 

End of face 

CURS 1 0.2450000E+03 0.1090000E+03-0.1496199E+01-0.1236421E+02 

CURS 1 0.2290000E+03 0.1090000E+03-0.3919150E+02-0.1236421E+02 

CURS 1 0.2290000E+03 0.1150000E+03-0.3919150E+02 0.2592498E+01 

CURS 1 0.2450000E+03 0.1150000E+03-0.1496199E+01 0.2592498E+01 

*** 2 

End of face 

CURS R 8 0.4650000E+03 0.1970000E+03 0.5168141E+03 0.2070008E+03 
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CURB 1 0.2270000E+03 0.1150000E+03-0.4390341E+02 0.2592498E+01 

CURS 1 0.1990000E+03 0.1100000E+03-0.1098702E+03-0.9871424E+01 

CURS 1 0.1980000E+03 0.1750000E+03-0.1122261E+03 0.1521596E+03 

CURS 1 0.2280000E+03 0.1750000E+03-0.4154745E+02 0.1521596E+03 

*** 2 

End of face 

CURS 1 0.2280000E+03 0.1750000E+03-0.4154745E+02 0.1521596E+03 

CURS 1 0.1980000E+03 0.1750000E+03-0.1122261E+03 0.1521596E+03 

CURS 1 0.1970000E+03 0.2430000E+03-0.1145821E+03 0.3216689E+03 

CURS 1 0.2290000E+03 0.2420000E+03-0.3919150E+02 0.3191761E+03 

*** 2 

End of face 

CURS 1 0.2290000E+03 0.2430000E+03-0.3919150E+02 0.3216689E+03 

CURS 1 0.1990000E+03 0.2420000E+03-0.1098702E+03 0.3191761E+03 

CURS 1 0.2290000E+03 0.2580000E+03-0.3919150E+02 0.3590607E+03 

CURS F 11 0.2290000E+03 0.2580000E+03-0.3919150E+02 0.3590607E+03 

*** 2 

End of face 

CURS 1 0.2290000E+03 0.2580000E+03-0.3919150E+02 0.3590607E+03 

CURS 1 0.1990000E+03 0.2440000E+03-0.1098702E+03 0.3241617E+03 

CURS 1 0.1990000E+03 0.3160000E+03-0.1098702E+03 0.5036422E+03 

CURS 1 0.2290000E+03 0.2880000E+03-0.3919150E+02 0.4338442E+03 

*** 2 

End of face 

CURS 1 0.2290000E+03 0.2880000E+03-0.3919150E+02 0.4338442E+03 

CURS 1 0.1970000E+03 0.3160000E+03-0.1145821E+03 0.5036422E+03 

CURS 1 0.2700000E+03 0.3160000E+03 0.5740270E+02 0.5036422E+03 

CURS 1 0.2570000E+03 0.2880000E-t-03 0.2677528E+02 0.4338442E+03 

*** 2 

End of face 

CURS 1 0.2550000E+03 0.2890000E+03 0.2206336E+02 0.4363370E+03 

CURS 1 0.2700000E+03 0.3160000E+03 0.5740270E+02 0.5036422E+03 

CURS 1 0.2690000E+03 0.2890000E+03 0.5504675E+02 0.4363370E+03 

CURS P 11 0.2690000E4-03 0.2890000E+03 0.5504675E+02 0.4363370E+03 

*** 2 

End of face 

CURS 1 0.2730000E+03 0.2880000E+03 0.6447057E+02 0.4338442E+03 

CURS 1 0.2710000E+03 0.3170000E+03 0.5975866E+02 0.5061349E+03 

CURS 1 0.3010000E+03 0.3160000E+03 0.1304373E+03 0.5036422E+03 
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CURS 1 0.3000000E+03 0.2880000E+03 0.1280814E+03 0.4338442E+03 

*** 2 

End of face 

CURS 1 0.3000000E+03 0.2880000E+03 0.1280814E+03 0.4338442E+03 

CURS 1 0.3010000E+03 0.3170000E+03 0.1304373E+03 0.5061349E+03 

CURS 1 0.4080000E+03 0.3170000E+03 0.3825247E+03 0.5061349E+03 

CURS 1 0.3790000E+03 0.2880000E+03 0.3142019E+03 0.4338442E+03 

*** 2 

End of face 

CURS 1 0.3780000E+03 0.2890000E+03 0.3118460E+03 0.4363370E+03 

CURS 1 0.4070000E+03 0.3150000E+03 0.3801687E+03 0.5011494E+03 

CURS 1 0.4070000E+03 0.1740000E+03 0.3801687E+03 0.1496668E+03 

CURS 1 0.3770000E+03 0.1750000E+03 0.3094900E+03 0.1521596E+03 

*** 2 

End of face 

CURS 1 0.3770000E+03 0.1750000E+03 0.3094900E+03 0.1521596E+03 

CURS 1 0.4070000E+03 0.1750000E+03 0.3801687E+03 0.1521596E+03 

CURS 1 0.4070000E+03 0.3499999E+02 0.3801687E+03-0.1968303E+03 

CURS 1 0.3780000E+03 0.6500000E+02 0.3118460E+03-0.1220467E+03 

*** 2 

End of face 

CURS 1 0.3780000E+03 0.6500000E+02 0.3118460E+03-0.1220467E+03 

CURS 1 0.4060000E+03 0.3700000E+02 0.3778127E+03-0.1918447E+03 

CURS 1 0.3010000E+03 0.3700000E+02 0.1304373E+03-0.1918447E+03 

CURS 1 0.3010000E+03 0.6500000E+02 0.1304373E+03-0.1220467E+03 

*** 2 

End of face 

CURS 1 0.3010000E+03 0.6500000E+02 0.1304373E+03-0.1220467E+03 

CURS 1 0.3010000E+03 0.3600000E+02 0.1304373E+03-0.1943375E+03 

CURS 1 0.2710000E+03 0.3700000E+02 0.5975866E+02-0.1918447E+03 

CURS 1 0.2710000E+03 0.6400000E+02 0.5975866E+02-0.1245395E+03 

*** 2 

End of face 

CURS 1 0.2710000E+03 0.6400000E+02 0.5975866E+02-0.1246395E+03 

CURS 1 0.2720000E+03 0.3799999E+02 0.6211462E+02-0.1893519E+03 

CURS 1 0.2540000E+03 0.6400000E+02 0.1970741E+02-0.1245395E+03 

CURS P 11 0.2540000E+03 0.6400000E+02 0.1970741E+02-0.1245395E+03 

*** 2 

End of face 

CURS 1 0.2540000E+03 0.6500000E+02 0.1970741E+02-0.1220467E+03 
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CURS 1 0.2710000E+03 0.3600000E+02 0.5975866E+02-0.1943375E+03 

CURS 1 0.1990000E+03 0.3600000E+02-0.1098702E+03-0.1943375E+03 

CURS 1 0.2280000E+03 0.6600000E+02-0.4154745E+02-0.1195539E+03 

*** 2 

End of face 

CURS 1 0.2280000E+03 0.6600000E+02-0.4154745E+02-0.1195539E+03 

CURS 1 0.1970000E+03 0.3600000E+02-0.1145821E+03-0.1943375E+03 

CURS 1 0.1980000E+03 0.1090000E+03-0.1122261E+03-0.1236421E+02 

CURS 1 0.2290000E+03 0.9500000E+02-0.3919150E+02-0.4726319E+02 
*** 

End of face 

CURS 1 0.2290000E+03 0.9500000E+02-0.3919150E+02-0.4726319E+02 

CURS 1 0.2000000E+03 0.1110000E+03-0.1075142E+03-0.7378640E+01 

CURS 1 0.2270000E+03 0.1090000E+03-0.4390341E+02-0.1236421E+02 

CURS F 11 0.2270000E+03 0.1090000E+03-0.4390341E+02-0.1236421E+02 

^ ̂  % 2 

End of face 

CURS 1 0.2270000E+03 0.1090000E+03-0.4390341E+02-0.1236421E+02 

CURS 1 0.1990000E+03 0.1100000E+03-0.1098702E+03-0.9871424E+01 

CURS 1 0.2270000E+03 0.1150000E+03-0.4390341E+02 0.2592498E+01 

CURS F 11 0.2270000E+03 0.1150000E+03-0.4390341E+02 0.2592498E+01 

*** 1 

End of face 

CURS 1 0.1990000E+03 0.1740000E+03-0.1098702E+03 0.1496668E+03 

CURS 1 0.1610000E+03 0.1750000E4-03-0.1993965E+03 0.1521596E+03 

CURS 1 0.1980000E+03 0.2420000E+03-0.1122261E+03 0.3191761E+03 

CURS F 11 0.1980000E+03 0.2410000E+03-0.1122261E+03 0.3166833E+03 
*** 

End of face 

CURS 1 0.1950000E+03 0.2400000E+03-0.1192940E+03 0.3141906E+03 

CURS 1 0.1580000E+03 0.1750000E+03-0.2064644E+03 0.1521596E+03 

CURS 1 0.1580000E+03 0.3530000E+03-0.2064644E+03 0.5958752E+03 

CURS 1 0.1980000E+03 0.3150000E+03-0.1122261E+03 0.5011494E+03 

*** 1 

End of face 

CURS 1 0.1980000E+03 0.3150000E+03-0.1122261E+03 0.5011494E+03 

CURS 1 0.1600000E+03 0.3540000E+03-0.2017525E+03 0.5983680E+03 

CURS 1 0.2990000E+03 0.3520000E+03 0.1257254E+03 0.5933824E+03 
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CURS 1 0.2690000E+03 0.3160000E+03 0.5504675E+02 0.5036422E+03 

*** 2 

End of face 

CURB 1 0.2690000E+03 0.3160000E+03 0.5504675E+02 0.5036422E+03 

CURS 1 0.2990000E+03 0.3500000E+03 0.1257254E+03 0.5883969E+03 

CURB 1 0.3000000E+03 0.3160000E+03 0.1280814E+03 0.5036422E+03 

CURS F 11 0.3010000E+03 0.3170000E+03 0.1304373E+03 0.5061349E+03 

*** 2 

End of face 

CURS 1 0.3010000E+03 0.3180000E+03 0.1304373E+03 0.5086278E+03 

CURS 1 0.3010000E+03 0.3530000E+03 0.1304373E+03 0.5958752E+03 

CURS 1 0.4060000E+03 0.3170000E+03 0.3778127E+03 0.5061349E+03 

CURS F 11 0.4060000E+03 0.3170000E+03 0.3778127E+03 0.5061349E+03 

*** 2 

End of face 

CURS 1 0.4060000E+03 0.3170000E+03 0.3778127E+03 0.5061349E+03 

CURS 1 0.3010000E+03 0.3530000E+03 0.1304373E+03 0.5958752E+03 

CURS 1 0.4460000E+03 0.3530000E+03 0.4720510E+03 0.5958752E+03 

CURS F 11 0.4450000E+03 0.3530000E+03 0.4696950E+03 0.5958752E+03 

*** 2 

End of face 

CURS 1 0.4460000E+03 0.3530000E+03 0.4720510E+03 0.5958752E+03 

CURS 1 0.4440000E+03 0.1720000E+03 0.4673391E+03 0.1446812E+03 

CURS 1 0.4070000E+03 0.3150000E+03 0.3801687E+03 0.5011494E+03 

CURS F 11 0.4070000E+03 0.3150000E+03 0.3801687E+03 0.5011494E+03 

*** 2 

End of face 

CURS 1 0.4070000E+03 0.3150000E+03 0.3801687E+03 0.5011494E+03 

CURS 1 0.4450000E+03 0.1730000E+03 0.4696950E+03 0.1471740E+03 

CURS 1 0.4090000E+03 0.1740000E+03 0.3848806E+03 0.1496668E+03 

CURS F 11 0.4090000E+03 0.1750000E+03 0.3848806E+03 0.1521596E+03 

*+* 2 

End of face 

CURS 1 0.4070000E+03 0.1740000E+03 0.3801687E+03 0.1496668E+03 

CURS 1 0.4460000E+03 0.1740000E+03 0.4720510E+03 0.1496668E+03 

CURS 1 0.4070000E+03 0.3600000E+02 0.3801687E+03-0.1943375E+03 

CURS F 11 0.4050000E+03 0.3600000E+02 0.3754568E+03-0.1943375E+03 

*** 2 

End of face 

CURS 1 0.4050000E+03 0.3600000E+02 0.3754568E+03-0.1943375E+03 
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CURS 1 0.4460000E+03 0.1740000E+03 0.4720510E+03 0.1496668E+03 

CURS 1 0.4460000E+03 0.9999924E+00 0.4720510E+03-0.2815849E+03 

CURS F 11 0.4450000E+03 0.9999924E+00 0.4696950E+03-0.2815849E+03 

*** 2 

End of face 

CURS 1 0.4450000E+03 0.9999924E+00 0.4696950E+03-0.2815849E+03 

CURS 1 0.4060000E+03 0.3900000E+02 0.3778127E+03-0.1868591E+03 

CURS 1 0.3010000E+03 0.9999924E+00 0.1304373E+03-0.2815849E+03 

CURS F 11 0.3020000E+03 0.2000000E+01 0.1327933E+03-0.2790921E+03 

*** 2 

End of face 

CURS 1 0.3030000E+03 0.2000000E+01 0.1351493E+03-0.2790921E+03 

CURS 1 0.4040000E+03 0.3700000E+02 0.3731008E+03-0.1918447E+03 

CURS 1 0.2990000E+03 0.3700000E+02 0.1257254E+03-0.1918447E+03 

CURS F 11 0.2990000E+03 0.3700000E+02 0.1257254E+03-0.1918447E+03 

*** 2 

End of face 

CURS 1 0.3000000E+03 0.3700000E+02 0.1280814E+03-0.1918447E+03 

CURS 1 0.3010000E+03 0.9999924E+00 0.1304373E+03-0.2815849E+03 

CURS 1 0.2710000E+03 0.3499999E+02 0.5975866E+02-0.1968303E+03 

CURS F 11 0.2740000E+03 0.3499999E+02 0.6682653E+02-0.1968303E+03 

*** 2 

End of face 

CURS 1 0.2690000E+03 0.3799999E+02 0.5504675E+02-0.1893519E+03 

CURS 1 0.3030000E+03 0.2999992E+01 0.1351493E+03-0.2765994E+03 

CURS 1 0.1600000E+03 0.2000000E+01-0.2017525E+03-0.2790921E+03 

CURS 1 0.1990000E+03 0.3900000E+02-0.1098702E+03-0.1868591E+03 

*** 2 

End of face 

CURS 1 0.1990000E+03 0.3900000E+02-0.1098702E+03-0.1868591E+03 

CURS 1 0.1600000E+03 0.2999992E+01-0.2017525E+03-0.2765994E+03 

CURS 1 0.1590000E+03 0.1760000E+03-0.2041084E+03 0.1546523E+03 

CURS 1 0.1980000E+03 0.1100000E+03-0.1122261E+03-0.9871424E+01 

*** 2 

End of face 

CURS 1 0.1980000E+03 0.1100000E+03-0.1122261E+03-0.9871424E+01 

CURS 1 0.1590000E4-03 0.1750000E+03-0.2041084E+03 0.1521596E+03 

CURS 1 0.1990000E+03 0.1740000E+03-0.1098702E+03 0.1496668E+03 

CURS F 11 0.1970000E+03 0.1730000E+03-0.1145821E+03 0.1471740E+03 

*** 2 
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End of face 

CURS N 4 0.4140000E+03 0.2070000E+03 0.4659403E+04 0.6590721E+03 

*** 2 

Start of point definition 

CURS C 2 0.4140000E+03 0.2070000E+03 0.4659403E+04 0.6590721E+03 

$for # i -1000 130 1270 

# i 1393 

#1-1083 

Send for 

$for # i -1000 1270 

# i 150 

Send for 

c 

CURS Q 6 0.2920000E-I-03 0.3280000E-I-03 0.2125073E-I-04 0.3172630E-I-04 

CURS 1 0.3520000E+03 0.1900000E-t-03-0.2048854E+03 0.1542205E-I-03 

CURS 1 0.2950000E4-03 0.1890000E4-03-0.9882408E-I-03 0.1313699E-I-03 

CURS 1 0.2920000E-I-03 0.2450000E-|-03-0.1029470E-|-04 0.1410999E-I-04 

CURS 1 0.3510000E+03 0.2090000E-I-03-0.2186285E-I-03 0.5883804E-I-03 

*** 2 

End of face 

CURS 1 0.3510000E-t-03 0.2090000E-|-03-0.2186285E-|-03 0.5883804E-I-03 

CURS 1 0.2940000E-I-03 0.2450000E-I-03-0.1001984E-I-04 0.1410999E-I-04 

CURS 1 0.3750000E+03 0.2450000E-I-03 0.1112054E-t-03 0.1410999E-t-04 

CURS 1 0.3750000E4-03 0.2100000E-I-03 0.1112054E-t-03 0.6112309E-I-03 
*** 

End of face 

CURS 1 0.3750000E-t-03 0.2110000E4-03 0.1112054E-t-03 0.6340814E-I-03 

CURB 1 0.3770000E-I-03 0.2460000E-I-03 0.1386915E-t-03 0.1433850E-I-04 

CURS 1 0.4590000E+03 0.2430000E-I-03 0.1265624E-I-04 0.1365298E+04 

CURS 1 0.4010000E-I-03 0.2100000E-I-03 0.4685254E-t-03 0.6112309E-I-03 
*** 

End of face 

CURB 1 0.4010000E-t-03 0.2100000E-t-03 0.4685254E-I-03 0.6112309E-I-03 

CURS 1 0.4560000E-I-03 0.2430000E+03 0.1224395E-t-04 0.1365298E-I-04 

CURS 1 0.4590000E-I-03 0.1910000E+03 0.1265624E-I-04 0.1770710E-t-03 

CURS 1 0.4010000E+03 0.1890000E-I-03 0.4685254E-I-03 0.1313699E+03 
*** ̂  

End of face 

CURS 1 0.4010000E4-03 0.1890000E-I-03 0.4685254E-I-03 0.1313699E-I-03 
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CURS 1 0.4580000E+03 0.1900000E+03 0.1251881E+04 0.1542205E+03 

CURS 1 0.4580000E+03 0.1360000E+03 0.1251881E+04-0.1079708E+04 

CURS 1 0.4010000E+03 0.1700000E+03 0.4685254E+03-0.3027900E+03 

*** 2 

End of face 

CURB 1 0.4020000E+03 0.1700000E+03 0.4822685E+03-0.3027900E+03 

CURS 1 0.4590000E+03 0.1360000E+03 0.1265624E+04-0.1079708E+04 

CURS 1 0.3740000E+03 0.1360000E+03 0.9746227E+02-0.1079708E+04 

CURS 1 0.3750000E+03 0.1690000E+03 0.1112054E+03-0.3256405E+03 

*** 2 

End of face 

CURS 1 0.3750000E+03 0.1690000E+03 0.1112054E+03-0.3256405E+03 

CURS 1 0.3740000E+03 0.1350000E+03 0.9746227E+02-0.1102558E+04 

CURS 1 0.2930000E+03 0.1360000E+03-0.1015727E+04-0.1079708E+04 

CURS 1 0.3510000E+03 0.1690000E+03-0.2186285E+03-0.3256405E+03 

*** 1 

End of face 

CURS 1 0.3510000E+03 0.1690000E+03-0.2186285E+03-0.3256405E+03 

CURS 1 0.2950000E+03 0.1350000E+03-0.9882408E+03-0.1102558E+04 

CURS 1 0.2950000E+03 0.1900000E+03-0.9882408E+03 0.1542205E+03 

CURS 1 0.3510000E+03 0.1880000E+03-0.2186285E+03 0.1085194E+03 

*** 2 

End of face 

CURS N 4 0.4140000E+03 0.2070000E+03 0.4659403E+04 0.6590721E+03 

*** 2 

Start of point definition 

CURS C 2 0.4140000E+03 0.2070000E+03 0.4659403E+04 0.6590721E+03 

$for # i -2400 130 2670 

# i 2793 

# i -2483 

Send for 

$for # i -2400 2670 

# i 150 

Send for 

c 

CURS Q 6 0.2920000E-t-03 0.3280000E-I-03 0.2125073E-I-04 0.3172630E+04 

CURS 1 0.2930000E4-03 0.1900000E+03-0.1015727E-I-04 0.1542205E-I-03 

CURS 1 0.1920000E-I-03 0.1910000E-I-03-0.2403778E4-04 0.1770710E-I-03 

CURS 1 0.1920000E-t-03 0.3060000E-I-03-0.2403778E-I-04 0.2804881E+04 
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CURS 1 0.2930000E+03 0.2450000E+03-0.1015727E+04 0.1410999E+04 

*** I 

End of face 

CURS 1 0.2930000E+03 0.2450000E+03-0.1015727E+04 0.1410999E+04 

CURS 1 0.1930000E+03 0.3060000E+03-0.2390035E+04 0.2804881E+04 

CURS 1 0.3750000E+03 0.3060000E+03 0.1112054E+03 0.2804881E+04 

CURS 1 0.3770000E+03 0.2440000E+03 0.1386915E+03 0.1388149E+04 

*** 2 

End of face 

CURS 1 0.3770000E+03 0.2440000E+03 0.1386915E+03 0.1388149E+04 

CURS 1 0.3770000E+03 0.3060000E+03 0.1386915E+03 0.2804881E+04 

CURS 1 0.5590000E+03 0.3070000E+03 0.2639932E+04 0.2827732E+04 

CURS 1 0.4600000E+03 0.2440000E+03 0.1279367E+04 0.1388149E+04 

*** 2 

End of face 

CURS 1 0.4600000E+03 0.2440000E+03 0.1279367E+04 0.1388149E+04 

CURS 1 0.5600000E+03 0.3040000E+03 0.2653675E+04 0.2759180E+04 

CURS 1 0.5600000E+03 0.1900000E+03 0.2663675E+04 0.1542205E+03 

CURS 1 0.4580000E+03 0.1910000E+03 0.1251881E+04 0.1770710E+03 

*** 2 

End of face 

CURS 1 0.4580000E+03 0.1900000E+03 0.1251881E+04 0.1542205E+03 

CURS 1 0.5600000E+03 0.1890000E+03 0.2653675E+04 0.1313699E+03 

CURS 1 0.5620000E+03 0.7299999E+02 0.2681161E+04-0.2519291E+04 

CURS 1 0.4590000E+03 0.1360000E+03 0.1265624E+04-0.1079708E+04 

*** 2 

End of face 

CURS 1 0.4590000E+03 0.1360000E+03 0.1265624E+04-0.1079708E+04 

CURS 1 0.5600000E+03 0.7400000E+02 0.2653675E+04-0.2496440E+04 

CURS 1 0.3780000E+03 0.7299999E+02 0.1524346E+03-0.2519291E+04 

CURS 1 0.3760000E+03 0.1350000E+03 0.1249484E+03-0.1102558E+04 
*** 

End of face 

CURS 1 0.3760000E+03 0.1350000E+03 0.1249484E+03-0.1102558E+04 

CURS 1 0.3760000E+03 0.7400000E+02 0.1249484E+03-0.2496440E+04 

CURS 1 0.1920000E+03 0.7299999E+02-0.2403778E+04-0.2519291E+04 

CURS 1 0.2960000E+03 0.1360000E+03-0.9744977E+03-0.1079708E+04 

*** 2 

End of face 

CURS 1 0.2960000E+03 0.1360000E+03-0.9744977E+03-0.1079708E+04 
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CURS 1 0.1910000E+03 0.7299999E+02-0.2417521E+04-0.2519291E+04 

CURS 1 0.1930000E+03 0.1890000E+03-0.2390035E+04 0.1313699E4-03 

CURS 1 0.2940000E+03 0.1920000E+03-0.1001984E+04 0.1999215E+03 

**+ 1 

End of face 

CURS Q 2 0.4710000E+03 0.2110000E+03 0.1634116E+04 0.5212318E+03 

*** 2 

Start of subdivision definition 

CURS G 7 0.4710000E+03 0.2090000E+03 0.1634116E+04 0.4830091E+03 

3 

CURS 1 0.2690000E+03 0.2080000E+03 0.5504675E+02 0.2344214E+03 

15 

CURS 1 0.2700000E+03 0.1410000E+03 0.5740270E+02 0.6740489E+02 

15 

CURS 1 0.2490000E+03 0.1740000E+03 0.7927626E+01 0.1496668E+03 

5 

CURS 1 0.3360000E+03 0.2480000E+03 0.2128958E+03 0.3341328E+03 

5 

CURS 1 0.2370000E+03 0.1740000E+03-0.2034385E+02 0.1496668E+03 

10 

CURS 1 0.2640000E+03 0.1750000E+03 0.4326697E+02 0.1521596E+03 

10 

CURS 1 0.2870000E+03 0.2420000E+03 0.9745396E+02 0.3191761E+03 

7 

CURS 1 0.3150000E+03 0.1750000E+03 0.1634207E+03 0.1521596E+03 

13 

CURS 1 0.3210000E+03 0.9400000E+02 0.1775565E+03-0.4975598E+02 

13 

CURS Q 2 0.5120000E+03 0.1960000E+03 0.6275441E+03 0.2045080E+03 

102 quad 

*** 2 

Start of point movements in plane 1.5 

CURS K 7 0.2460000E+03 0.2720000E+03 0.8597572E+00 0.3939597E+03 

CURS K 7 0.2530000E+03 0.2720000E+03 0.1735145E+02 0.3939597E+03 

CURS K 7 0.2710000E+03 0.2710000E+03 0.5975866E+02 0.3914669E+03 

CURS K 7 0.3010000E+03 0.2720000E+03 0.1304373E+03 0.3939597E+03 

CURS T 5 0.3010000E+03 0.2730000E+03 0.1304373E+03 0.3964525E+03 

disp 0 -0.75 0 
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quit 

CURS K 7 0.2450000E+03 0.2580000E+03-0.1496199E+01 0.3590607E+03 

CURS K 7 0.2550000E+03 0.2570000E+03 0.2206336E+02 0.3665679E+03 

CURS K 7 0.2700000E+03 0.2570000E+03 0.5740270E+02 0.3565679E+03 

CURS K 7 0.3000000E+03 0.2570000E+03 0.1280814E+03 0.3565679E+03 

CURS T 5 0.3000000E+03 0.2570000E+03 0.1280814E+03 0.3565679E+03 

disp 0 +0.75 0 

quit 

CURS K 7 0.1500000E+03 0.9600000E+02-0.6003206E+00-0.4689860E+02 

CURS K 7 0.1810000E+03 0.9500000E+02 0.1947409E+02-0.4905278E+02 

CURS K 7 0.2400000E+03 0.9700000E+02 0.5768023E+02-0.4474443E+02 

CURS K 7 0.3510000E+03 0.9600000E+02 0.1295596E+03-0.4689860E+02 

CURS T 5 0.3520000E+03 0.9500000E+02 0.1302072E+03-0.4905278E+02 

disp 0 -0.75 0 

quit 

CURS K 7 0.1500000E+03 0.8000000E+02-0.6003206E+00-0.8136544E+02 

CURS K 7 0.1820000E+03 0.8000000E+02 0.2012165E+02-0.8136544E+02 

CURS K 7 0.2410000E+03 0.8100000E+02 0.5832780E+02-0.7921127E+02 

CURS K 7 0.3510000E+03 0.8000000E+02 0.1295596E+03-0.8136544E-I-02 

CURS T 5 0.3510000E+03 0.8000000E+02 0.1295596E+03-0.8136544E+02 

disp 0 +0.75 0 

quit 

CURS 1 0.5689999E+03 0.3010000E+03 0.2707280E+03 0.3947078E+03 

CURS C 2 0.5680000E+03 0.3010000E+03 0.2700805E+03 0.3947078E+03 

#1-0.75 #2-0.75 

CURS 1 0.5139999E+03 0.2840000E+03 0.2351121E+03 0.3580868E+03 

CURS C 2 0.5139999E+03 0.2840000E+03 0.2351121E+03 0.3580868E+03 

#1+0.75 #2+0.75 

CURS 1 0.5130000E+03 0.9700000E+02 0.2344646E+03-0.4474443E+02 

CURS C 2 0.5120000E+03 0.9600000E+02 0.2338170E+03-0.4689860E+02 

#1+0.75 #2-0.75 

CURS 1 0.5659999E+03 0.8000000E+02 0.2687853E+03-0.8136544E+02 

CURS C 2 0.5669999E+03 0.8000000E+02 0.2694329E+03-0.8136544E+02 

#1-0.75 #2+0.75 

CURS 1 0.3820000E+03 0.1930000E+03 0.2342714E+03 0.1496174E+03 

CURS C 2 0.3840000E+03 0.1950000E+03 0.2366581E+03 0.1538843E+03 

#1+0.75 

CURS 1 0.4110000E+03 0.1940000E+03 0.2688790E+03 0.1517509E+03 

CURS C 2 0.4110000E+03 0.1940000E+03 0.2688790E+03 0.1517509E+03 

#1-0.75 
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CURS Q 2 0.3760000E+03 0.1420000E+03 0.1457486E+03 0.5219356E+02 

*** 2 

Start of point movements in plane 2 

CURS K 7 0.1850000E+03 0.3080000E+03-0.8212752E+00 0.3949658E+03 

CURS K 7 0.2020000E+03 0.3070000E+03 0.1946591E+02 0.3928323E+03 

CURS K 7 0.2360000E+03 0.3080000E+03 0.6004028E+02 0.3949658E+03 

CURS K 7 0.2950000E+03 0.3070000E+03 0.1304487E+03 0.3928323E+03 

CURS T 5 0.2950000E+03 0.3070000E+03 0.1304487E+03 0.3928323E+03 

disp 0 -3.15 0 

quit 

CURS K 7 0.1850000E+03 0.2920000E+03-0.8212752E+00 0.3608304E+03 

CURS K 7 0.2010000E+03 0.2900000E+03 0.1827255E+02 0.3565634E+03 

CURS K 7 0.2350000E+03 0.2900000E+03 0.5884692E+02 0.3565634E+03 

CURS K 7 0.2960000E+03 0.2900000E+03 0.1316421E+03 0.3565634E+03 

CURS T 5 0.2940000E+03 0.2910000E+03 0.1292554E+03 0.3586969E+03 

disp 0 +3.15 0 

quit 

CURS K 7 0.1850000E+03 0.1010000E+03-0.8212752E+0D-0.4666133E+02 

CURS K 7 0.2030000E+03 O.lOlOOOOE+03 0.2065927E+02-0.4666133E+02 

CURS K 7 0.2340000E+03 O.lOOOOOOE+03 0.5765355E+02-0.4879479E+02 

CURS K 7 0.2950000E+03 O.lOlOOOOE+03 0.1304487E+03-0.4666133E+02 

CURS T 5 0.2950000E+03 0.1020000E+03 0.1304487E+03-0.4452787E+02 

disp 0 -3.15 0 

quit 

CURS K 7 0.1860000E+03 0.8300000E+02 0.3720886E+00-0.8506369E+02 

CURS K 7 0.2020000E+03 0.8300000E+02 0.1946591E+02-0.8506369E+02 

CURS K 7 0.2330000E+03 0.8400000E+02 0.5646019E+02-0.8293023E+02 

CURS K 7 0.2940000E+03 0.8300000E+02 0.1292554E+03-0.8506369E+02 

CURS T 5 0.2940000E+03 0.8300000E+02 0.1292554E+03-0.8506369E+02 

disp 0 +3.15 0 

quit 

CURS 1 0.4100000E+03 0.3080000E+03 0.2676856E+03 0.3949658E+03 

CURS C 2 0.4100000E+03 0.3080000E+03 0.2676856E+03 0.3949658E+03 

#1-3.15 #2-3.15 

CURS 1 0.3820000E+03 0.2910000E+03 0.2342714E+03 0.3586969E+03 

CURS C 2 0.3800000E+03 0.2910000E+03 0.2318847E+03 0.3586969E+03 

#1+3.15 #2+3.15 

CURS 1 0.3830000E+03 O.lOlOOOOE+03 0.2354648E+03-0.4666133E+02 

CURS C 2 0.3830000E+03 0.1020000E+03 0.2354648E+03-0.4452787E+02 

#1+3.15 #2-3.15 
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CURS 1 0.4120000E4-03 0.8400000E+02 0.2700723E+03-0.8293023E+02 

CURS C 2 0.4110000E+03 0.8400000E+02 0.2688790E+03-0.8293023E+02 

#1-3.15 #2+3.15 

CURS 1 0.3820000E+03 0.1930000E+03 0.2342714E+03 0.1496174E+03 

CURS C 2 0.3840000E+03 0.1950000E+03 0.2366581E+03 0.1538843E+03 

#1+3.15 

CURS 1 0.4110000E+03 0.1940000E+03 0.2688790E+03 0.1517509E+03 

CURB C 2 0.4110000E+03 0.1940000E+03 0.2688790E+03 0.1517509E+03 

#1-3.15 

CURS Q 2 0.4570000E+03 0.1790000E+03 0.3237737E+03 0.1197489E+03 

y 

17.5 2 quad 

*** 2 

Start of point movements in plane 2.5 

CURS K 7 0.2460000E+03 0.2710000E+03 0.8597572E+00 0.3914669E+03 

CURS K 7 0.2540000E+03 0.2720000E+03 0.1970741E+02 0.3939597E+03 

CURS K 7 0.2700000E+03 0.2710000E+03 0.5740270E+02 0.3914669E+03 

CURS K 7 0.3000000E+03 0.2710000E+03 0.1280814E+03 0.3914669E+03 

CURS T 5 0.3000000E+03 0.2710000E+03 0.1280814E+03 0.3914669E+03 

disp 0 -3.53 0 

quit 

CURS K 7 0.2440000E+03 0.2600000E+03-0.3852155E+01 0.3640463E+03 

CURS K 7 0.2550000E+03 0.2580000E+03 0.2206336E+02 0.3590607E+03 

CURS K 7 0.2700000E+03 0.2580000E+03 0.5740270E+02 0.3590607E+03 

CURS K 7 0.3000000E+03 0.2580000E+03 0.1280814E+03 0.3590607E+03 

CURB T 5 0.3000000E+03 0.2580000E+03 0.1280814E+03 0.3590607E+03 

disp 0 +3.53 0 

quit 

CURS K 7 0.2440000E+03 0.9500000E+02-0.3852155E+01-0.4726319E+02 

CURS K 7 0.2540000E+03 0.9400000E+02 0.1970741E+02-0.4975598E+02 

CURS K 7 0.2710000E+03 0.9400000E+02 0.5975866E+02-0.4975598E+02 

CURS K 7 0.3000000E+03 0.9200000E+02 0.1280814E+03-0.5474155E+02 

CURS T 5 0.3000000E+03 0.9300000E+02 0.1280814E+03-0.5224876E+02 

disp 0 -3.53 0 

quit 

CURS K 7 0.2450000E+03 0.8300000E+02-0.1496199E+01-0.7717661E+02 

CURS K 7 0.2550000E+03 0.8200000E+02 0.2206336E+02-0.7966939E+02 

CURS K 7 0.2700000E+03 0.8200000E+02 0.5740270E+02-0.7966939E+02 

CURS K 7 0.3000000E+03 0.8100000E+02 0.1280814E+03-0.8216217E+02 
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CURS T 5 0.3000000E+03 0.8100000E+02 0.1280814E+03-0.8216217E+02 

disp 0 +3.53 0 

quit 

CURB 1 0.3590000E+03 0.2710000E+03 0.2670828E+03 0.3914669E+03 

CURS C 2 0.3590000E+03 0.2710000E+03 0.2670828E+03 0.3914669E+03 

#1-3.53 #2-3.53 

CURS 1 0.3470000E+03 0.2610000E-I-03 0.2388113E-t-03 0.3665390E-I-03 

CURS C 2 0.3480000E-I-03 0.2610000E-t-03 0.2411673E-t-03 0.3665390E-k03 

#14-3.53 #2+3.53 

CURS 1 0.3460000E+03 0.9300000E+02 0.2364554E+03-0.5224876E+02 

CURS C 2 0.3450000E+03 0.9400000E+02 0.2340994E+03-0.4975598E+02 

#1+3.53 #2-3.53 

CURS 1 0.3590000E+03 0.8200000E+02 0.2G70828E+03-0.7966939E+02 

CURS C 2 0.3590000E+03 0.8200000E+02 0.2670828E+03-0.7966939E+02 

#1-3.53 #2+3.53 

CURS 1 0.3450000E+03 0.1750000E+03 0.2340994E+03 0.1521596E+03 

CURS C 2 0.3450000E+03 0.1750000E+03 0.2340994E+03 0.1521596E+03 

#1+3.53 

CURS 1 0.3580000E+03 0.1740000E+03 0.2647268E+03 0.1496668E+03 

CURS C 2 0.3580000E+03 0.1740000E+03 0.2647268E+03 0.1496668E+03 

#1-3.53 

CURS Q 2 0.4700000E+03 0.3120000E+03 0.5285939E+03 0.4936711E+03 

*** I 

Start of point movements in plane 3 

CURS K 7 0.2460000E+03 0.2710000E+03 0.8597572E+00 0.3914669E+03 

CURS K 7 0.2540000E+03 0.2720000E+03 0.1970741E+02 0.3939597E+03 

CURS K 7 0.2700000E+03 0.2710000E+03 0.5740270E+02 0.3914669E+03 

CURS K 7 0.3000000E+03 0.2710000E+03 0.1280814E+03 0.3914669E+03 

CURS T 5 0.3000000E+03 0.2710000E+03 0.1280814E+03 0.3914669E+03 

disp 0 -3.53 0 

quit 

CURS K 7 0.2440000E+03 0.2600000E+03-0.3852155E+01 0.3640463E+03 

CURS K 7 0.2550000E+03 0.2580000E+03 0.2206336E+02 0.3590607E+03 

CURS K 7 0.2700000E+03 0.2580000E+03 0.5740270E+02 0.3590607E+03 

CURS K 7 0.3000000E+03 0.2580000E+03 0.1280814E+03 0.3590607E+03 

CURS T 5 0.3000000E+03 0.2580000E+03 0.1280814E+03 0.3590607E+03 

disp 0 +3.53 0 

quit 

CURS K 7 0.2440000E+03 0.9500000E+02-0.3852155E+01-0.4726319E+02 

CURS K 7 0.2540000E+03 0.9400000E+02 0.1970741E+02-0.4975598E+02 
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CURS K 7 0.2710000E+03 0.9400000E+02 0.5975866E+02-0.4975598E+02 

CURS K 7 0.3000000E+03 0.9200000E+02 0.1280814E+03-0.5474155E+02 

CURS T 5 0.3000000E+03 0.9300000E+02 0.1280814E+03-0.5224876E+02 

disp 0 -3.53 0 

quit 

CURS K 7 0.2450000E+03 0.8300000E+02-0.1496199E+01-0.7717661E+02 

CURS K 7 0.2550000E+03 0.8200000E+02 0.2206336E+02-0.7966939E+02 

CURS K 7 0.2700000E+03 0.8200000E+02 0.5740270E+02-0.7966939E+02 

CURS K 7 0.3000000E+03 0.8100000E+02 0.1280814E+03-0.8216217E+02 

CURS T 5 0.3000000E+03 0.8100000E+02 0.1280814E+03-0.8216217E+02 

disp 0 +3.53 0 

quit 

CURS 1 0.3590000E+03 0.2710000E+03 0.2670828E+03 0.3914669E+03 

CURS C 2 0.3590000E+03 0.2710000E+03 0.2670828E+03 0.3914669E+03 

#1-3.53 #2-3.53 

CURS 1 0.3470000E+03 0.2610000E-I-03 0.2388113E+03 0.3665390E-I-03 

CURS C 2 0.3480000E-I-03 0.2610000E+03 0.2411673E-I-03 0.3665390E+03 

#1+3.53 #2+3 .53 

CURS 1 0.3460000E+03 0.9300000E-I-02 0.2364554E+03-0.5224876E-I-02 

CURS C 2 0.3450000E-t-03 0.9400000E+02 0.2340994E+03-0.4975598E-I-02 

#1+3.53 #2-3.53 

CURB 1 0.3590000E+03 0.8200000E-I-02 0.2670828E+03-0.7966939E+02 

CURS C 2 0.3590000E-I-03 0.8200000E-I-02 0.2670828E-I-03-0.7966939E+02 

#1-3.53 #2+3 .53 

CURS 1 0.3450000E+03 0.1750000E+03 0.2340994E+03 0.1521596E+03 

CURS C 2 0.3450000E+03 0.1750000E+03 0.2340994E+03 0.1521596E+03 

#1+3 .53 

CURS 1 0.3580000E+03 0.1740000E+03 0.2647268E+03 0.1496668E+03 

CURS C 2 0.3580000E+03 0.1740000E+03 0.2647268E+03 0.1496668E+03 

#1-3.53 

CURS Q 2 0.4920000E+03 0.2860000E+03 0.5804250E+03 0.4288587E+03 

y 

35 4 noed 

y 

500 2 noed 
y 

1000 1 noed 

y 

2400 1 noed 
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y 

*** 2 

Start of material definitions in layer 1 

CURS 1 0.5030000E+03 0.2440000E+03 0.6063405E+03 0.3241617E+03 

air redu all from 1 to * 

CURS K 6 0.2490000E+03 0.1480000E+03 0.7927626E+01 0.8485438E+02 

CURS 1 0.2500000E+03 0.2100000E+03 0.1028358E+02 0.2394070E+03 

iron tota lin 

CURS K 6 0.2490000E+03 0.2490000E+03 0.7927626E+01 0.3366256E+03 

CURS 1 0.2500000E+03 0.1030000E+03 0.1028358E+02-0.2732091E+02 

iron tota quad 

CURS K 6 0.2510000E+03 0.2660000E+03 0.1263954E+02 0.3765102E+03 

CURS K 6 0.2630000E+03 0.2650000E+03 0.4091101E+02 0.3765102E+03 

CURS K 6 0.2890000E+03 0.2660000E+03 0.1021659E+03 0.3765102E+03 

CURS K 6 0.3300000E+03 0.2640000E+03 0.1987601E+03 0.3740174E+03 

CURS K 6 0.3520000E+03 0.2180000E+03 0.2505911E+03 0.2593493E+03 

CURS K 6 0.3530000E+03 0.1560000E+03 0.2529471E+03 0.1047967E+03 

CURS K 6 0.3190000E+03 0.9000000E+02 0.1728446E+03-0.5972712E+02 

CURS K 6 0.2880000E+03 0.8800000E+02 0.9980991E+02-0.6471268E+02 

CURS K 6 0.2620000E+03 0.8500000E+02 0.3855506E+02-0.7219103E+02 

CURS 1 0.2500000E+03 0.8700000E+02 0.1028358E+02-0.6720547E+02 

iron tota quad from 1 to 2 

CURS 1 0.2490000E+03 0.1120000E+03 0.7927626E+01-0.4885855E+01 

air redu lin 

CURB K 6 0.2620000E+03 0.2490000E+03 0.3855506E+02 0.3366256E+03 

CURS K 6 0.2810000E+03 0.2490000E+03 0.8331822E+02 0.3366256E+03 

CURS K 6 0.3180000E+03 0.2500000E+03 0.1704886E+03 0.3391184E+03 

CURS K 6 0.3380000E+03 0.2190000E+03 0.2176077E+03 0.2618421E+03 

CURS K 6 0.3380000E+03 0.1450000E+03 0.2176077E+03 0.7737603E+02 

CURS K 6 0.3170000E+03 O.lOlOOOOE+03 0.1681326E+03-0.3230648E+02 

CURS K 6 0.2890000E+03 O.lOlOOOOE+03 0.1021659E+03-0.3230648E+02 

CURS K 6 0.2620000E+03 0.1030000E+03 0.3855506E+02-0.2732091E+02 

CURS K 6 0.2340000E+03 0.2490000E+03-0.2741172E+02 0.3366256E+03 

CURS K 6 0.2340000E+03 0.2660000E+03-0.2741172E+02 0.3790029E+03 

CURS K 6 0.2480000E+03 0.2810000E+03 0.5571670E+01 0.4163947E+03 

CURS K 6 0.2600000E+03 0.2820000E+03 0.3384314E+02 0.4188875E+03 

CURS K 6 0.2870000E+03 0.2800000E+03 0.9745396E+02 0.4139019E+03 

CURS K 6 0.3270000E+03 0.2790000E+03 0.1916922E+03 0.4114091E+03 

CURS K 6 0.3730000E+03 0.2370000E+03 0.3000662E+03 0.3067122E+03 

CURS K 6 0.3690000E+03 0.1400000E+03 0.2906424E+03 0.6491210E+02 

228 



CURS K 6 0.3290000E+03 0.6900000E+02 0.1964041E+03-0.1120756E+03 

CURS K 6 0.2910000E+03 0.6800000E+02 0.1068778E+03-0.1145684E+03 

CURS K 6 0.2630000E+03 0.7200000E+02 0.4091101E+02-0.1045972E+03 

CURB K 6 0.2420000E+03 0.7100000E+02-0.8564068E+01-0.1070900E+03 

CURS K 6 0.2330000E+03 0.8100000E+02-0.2976767E+02-0.8216217E+02 

CURS 1 0.2360000E+03 0.1020000E+03-0.2269980E+02-0.2981370E+02 

air redu quad from 1 to 3 

CURS Q 2 0.4850000E+03 0.2200000E+03 0.5639333E+03 0.2643349E+03 

*** 2 

Start of material definitions in layer 2 

CURS K 6 0.2480000E+03 0.2510000E+03 0.5571670E+01 0.3416112E+03 

CURS 1 0.2490000E+03 0.9900000E+02 0.7927626E+01-0.3729205E+02 

air redu quad 

CURS S 7 0.5080000E+03 0.2960000E+03 0.6181203E+03 0.4537865E+03 

CURS Q 2 0.5040000E+03 0.2870000E+03 0.6086965E+03 0.4313514E+03 

*** 2 

Start of material definitions in layer 3 

CURS K 6 0.2500000E+03 0.2540000E+03 0.1028358E+02 0.3490895E+03 

CURS K 6 0.2490000E+03 0.2660000E+03 0.7927626E+01 0.3790029E+03 

CURS K 6 0.2640000E+03 0.2660000E+03 0.4326697E4-02 0.3790029E+03 

CURS K 6 0.2880000E+03 0.2660000E+03 0.9980991E+02 0.3790029E+03 

CURB K 6 0.3240000E4-03 0.2650000E+03 0.1846243E+03 0.3765102E+03 

CURS K 6 0.3540000E+03 0.2390000E+03 0.2553030E+03 0.3116978E+03 

CURS K 6 0.3550000E+03 0.1260000E+03 0.2576590E+03 0.3001313E+02 

CURB K 6 0.3300000E+03 0.8800000E+02 0.1987601E+03-0.6471268E+02 

CURS K 6 0.2830000E+03 0.9000000E+02 0.8803014E+02-0.5972712E+02 

CURB K 6 0.2640000E+03 0.8900000E+02 0.4326697E+02-0.6221989E+02 

CURS K 6 0.2500000E+03 0.8800000E+02 0.1028358E+02-0.6471268E+02 

CURS 1 0.2490000E+03 0.1020000E+03 0.7927626E+01-0.2981370E+02 

air redu quad 

CURB Q 2 0.3370000E+03 0.2900000E+03 0.2152518E+03 0.4388298E+03 

*** 2 

Start of material definitions in layer 4 

CURB P 4 0.3520000E+03 0.3130000E+03 0.2505911E+03 0.4961638E+03 

y 

*** 2 

Start of boundary condition definition in plane 1 

CURB 1 0.4330000E+03 0.2620000E+03 0.4414236E+03 0.3690318E+03 

tangential magnetic all 
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CURS Q 3 0.4920000E+03 0.2870000E+03 0.5804250E+03 0.4313514E+03 

n 

n 

n 

MODI 

point 

*** 2 

Start of point movements in plane 1 

CURS Q 2 0.2100000E+03 0.3030000E+03-0.8395467E+02 0.4712360E+03 

*** 2 

Start of point movements in plane 1.5 

CURS Q 2 0.2090000E+03 0.3070000E+03-0.8631062E+02 0.4812071E+03 

*** 2 

Start of point movements in plane 2 

CURS Q 2 0.4830000E+03 0.3090000E+03 0.5592214E4-03 0.4861927E+03 

*** 2 

Start of point movements in plane 2.5 

CURS Q 2 0.3900000E+03 0.2440000E+03 0.3401174E+03 0.3241617E+03 

*** 2 

Start of point movements in plane 3 

CURS 1 0.2450000E+03 0.2690000E+03-0.1496199E+01 0.3864813E+03 

CURS C 2 0.2450000E+03 0.2690000E+03-0.1496199E+01 0.3864813E+03 

,375.5 

CURS 1 0.2550000E+03 0.2690000E+03 0.2206336E+02 0.3864813E+03 

CURS C 2 0.2550000E+03 0.2690000E+03 0.2206336E+02 0.3864813E+03 

,375.5 

CURS 1 0.2710000E+03 0.2690000E+03 0.5975866E+02 0.3864813E+03 

CURS C 2 0.2710000E+03 0.2690000E+03 0.5975866E+02 0.3864813E+03 

,375.5 

CURS 1 0.3000000E+03 0.2700000E+03 0.1280814E+03 0.3889741E+03 

CURS C 2 0.3000000E+03 0.2700000E+03 0.1280814E+03 0.3889741E+03 

,375.5 

CURS 1 0.2450000E+03 0.2600000E+03-0.1496199E+01 0.3640463E+03 

CURS C 2 0.2450000E4-03 0.2600000E+03-0.1496199E+01 0.3640463E+03 

,375.5 

CURS 1 0.2540000E+03 0.2610000E+03 0.1970741E+02 0.3665390E+03 

CURS C 2 0.2540000E+03 0.2610000E+03 0.1970741E+02 0.3665390E+03 

,375.5 

CURS 1 0.2710000E+03 0.2610000E+03 0.5975866E+02 0.3665390E+03 

CURS C 2 0.2710000E+03 0.2610000E+03 0.5975866E+02 0.3665390E+03 
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,375.5 

CURS 1 0.3020000E+03 0.2600000E+03 0.1327933E+03 0.3640463E+03 

CURS C 2 0.3020000E+03 0.2600000E+03 0.1327933E+03 0.3640463E+03 

,375.5 

CURS 1 0.3570000E+03 0.2680000E+03 0.2623709E+03 0.3839885E+03 

CURS C 2 0.3560000E+03 0.2680000E+03 0.2600150E+03 0.3839885E+03 

252.5,375.5 

CURS 1 0.3480000E+03 0.2600000E+03 0.2411673E+03 0.3640463E+03 

CURS C 2 0.3480000E+03 0.2600000E+03 0.2411673E+03 0.3640463E+03 

252.5,375.5 

CURS 1 0.2450000E+03 0.9400000E+02-0.1496199E+01-0.4975598E+02 

CURS C 2 0.2450000E+03 0.9400000E+02-0.1496199E+01-0.4975598E+02 

,-65.5 

CURS 1 0.2540000E+03 0.9500000E+02 0.1970741E+02-0.4726319E+02 

CURS C 2 0.2540000E+03 0.9500000E+02 0.1970741E+02-0.4726319E+02 

,-65.5 

CURS 1 0.2700000E+03 0.9200000E+02 0.5740270E+02-0.5474155E+02 

CURS C 2 0.2700000E+03 0.9200000E+02 0.5740270E+02-0.5474155E+02 

,-65.5 CURS 1 0.3000000E-I-03 0.9200000E-I-02 0.1280814E+03-0.5474155E4-02 

CURS C 2 0.3000000E-I-03 0.9200000E-t-02 0.1280814E+03-0.5474155E-I-02 

,-65.5 

CURS 1 0.2450000E-I-03 0.8300000E-|-02-0.1496199E-t-01-0.7717661E-|-02 

CURS C 2 0.2450000E-t-03 0.8300000E-|-02-0.1496199E+01-0.7717661E-t-02 

,-65.5 

CURS 1 0.2530000E-I-03 0.8300000E-I-02 0.1735145E-I-02-0.7717661E-I-02 

CURS C 2 0.2530000E-I-03 0.8300000E-I-02 0.1735145E-I-02-0.7717661E-I-02 

,-65.5 

CURS 1 0.2720000E-I-03 0.8400000E-I-02 0.6211462E-t-02-0.7468382E+02 

CURS C 2 0.2720000E-I-03 0.8400000E-I-02 0.6211462E+02-0.7468382E-I-02 

,-65.5 

CURS 1 0.3010000E-I-03 0.8300000E+02 0.1304373E-t-03-0.7717661E-|-02 

CURS C 2 0.3010000E-t-03 0.8400000E-t-02 0.1304373E-f-03-0.7468382E-|-02 

,-65.5 

CURS 1 0.3480000E-t-03 0.9300000E-I-02 0.2411673E+03-0.5224876E-I-02 

CURS C 2 0.3480000E-t-03 0.9300000E4-02 0.2411673E-t-03-0.5224876E-|-02 

252.5,-65.5 

CURS 1 0.3570000E4-03 0.8500000E-I-02 0.2623709E-t-03-0.7219103E-|-02 

CURS C 2 0.3570000E-I-03 0.8500000E-I-02 0.2623709E-|-03-0.7219103E-|-02 

252.5,-65.5 

CURS 1 0.3480000E-I-03 0.1750000E-I-03 0.2411673E-I-03 0.1521596E-I-03 
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CURS C 2 0.3480000E+03 0.1750000E+03 0.2411673E+03 0.1521596E+03 

252.5 

CURS 1 0.3570000E+03 0.1750000E+03 0.2623709E+03 0.1521596E+03 

CURS C 2 0.3570000E+03 0.1750000E+03 0.2623709E+03 0.1521596E+03 

252.5 

CURS Q 2 0.5060000E+03 0.2550000E+03 0.6134084E+03 0.3515823E+03 

*** 2 

Start of point movements in plane 4 

CURS Q 2 0.4250000E+03 0.2610000E+03 0.4225759E+03 0.3665390E+03 

*** 2 

Start of point movements in plane 5 

CURS Q 2 0.3950000E+03 0.2630000E+03 0.3518972E+03 0.3715246E+03 

*** 2 

Start of point movements in plane 6 

CURS Q 2 0.3840000E+03 0.2670000E+03 0.3259817E+03 0.3814958E+03 
*** 

Start of point movements in plane 7 

CURS Q 2 0.2600000E+03 0.2890000E+03 0.3384314E+02 0.4363370E4-03 

quit 

$COMIinput HTSmag.cond mode=cont 

T h e conduc tor file: HTSmag .cond 

This file defines the coil; the position of its centre in the base-plane (line 3, in mm), its 

section (lines 6 and 7, in mm) and the current density (first entry of line 9, in A/mm^). 

COND 

DEFI GSOL 

10.0 25.0 0.0 0.0 

0.0 0.0 0.0 

0.0 0.0 0.0 

19.0 -25.0 19.0 25.0 

33.0 25.0 33.0 -25.0 

0.0 0.0 0.0 0.0 

2.22 1 0.0 

0 0 0 

0.0 

QUIT 
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