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1 Introduction

Unlike isotropic metallic plates, composite plates exhibit quite different nonlinear
behavior. For example, the geometric nonlinear effects could be very significant even
at small loads and deflections, depending on the lamination scheme and boundary
conditions[1][2]. So, it is necessary to investigate the geometric nonlinear effects of
composite laminates

In reference[3], authors have derived the stiffness matrix of an 8-node laminated
plate taking into account higher-order shear deformation. Based on this, we will
adopt nonlinear strain-displacement relations and nonlinear equilibrium equations to
derive the stiffness matrix of an 8-node laminated plate element taking into account
both higher-order shear deformation and geometric nonlinearity. In the end of this
paper the stiffness factors of an 8-node laminated plate element taking into account

higher-order shear deformation and geometric nonlinearity are presented.

2  Stress-Strain Relation

Consider a laminated plate element of /N layers with thickness h , length 2a , and
width 2b ,as shown in Fig.1 . Each layer is taken to be macroscopically homogeneous

and orthotropic.
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Figure 1

‘Based on the Duhamel — Neumann law, the stress-strain relation of the kth

layer is

o1 Qu Gz Q3 0 0 0 €1
g Qiz Q22 Q3 0 0 0 €2
o Qs Q2 Q33 0 0 0 €3

3 = 3 > (1)
023 0 0 0 Q4 O 0 Y23
o3 0 0 0 0 Q@s5 O T3

| o1z | - 0 0 0 0 0 Qss | | Mz |

where

Cu = E\/(1—vivy)
Qi = V12E2/(1 - V12V21) = V21E1/(1 - V12Vz1) = Qs
Q22 = Ez/(l - V12V21) (2)

Q44 - Gza
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Gz = G13 = Qse

V23E2/(1 - Vgs) = V32E3/(1 - ng)

In the derivation of Eq.(1), the stresses and strains are defined in the principal

material directions for that orthotropic lamina.

However, in angle-ply laminated

plates, the principal directions of orthotropy of each individual lamina do not coincide

with the geometrical coordinate frame. It is necessary to use the transformed reduced

stiffness
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The thirteen constants Q_ij are related to the nine Q;; through the following trans-

formation formulae

Qu
Qi

= Qum*+ 2(Q1z + 2Qes)m*n? + Qo0

(Q11 + Q22 — 4Qes)m’*n® + Qyz2(m* + n?)

Q1sm® + Qzn’®

(@11 — Q1z — 2Qee)m’n + (Q12 — Q22 + 2Qge)mn’®

Qun® + 2(Q12 + 2Qes)m*n® + Qqym?
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where

Q13n* + Qz3m?

Qa3

(Qu1 = Quz — 2Qoe)mn® + (Q1z — Q33 + 2Qes)mn
(Qis — Qz3)mn

Qsam? + Q550

(Qes — Qua)mn

Qusm? + Qqun?®

(Q1: + Q22 — 2Q12)m2n2 + Qes(m2 - "2)2

m = cosf; n = sinb, (see F1ig.2)
Y
1
/(' .X
0
Figure 2

(5)



3 The Strain-Displacement relation

The displacement field of Reddy’s higher-order shear deformation theory has been

given in reference|[3] as following

8 a
W@, ¥,2) = uo(@) + 261(2,0) — 5g161(50) + o]
423 Ow
v@2) = w(@) +2da(ey) - goldalen) + 500 (6)

w(z,y,z) = wo(x,y)

where Uoy Vo, Wo are associated midplane displacements, and ¢; and ¢, are the
rotations of the transverse normal in the zz and yz planes. The coordinate frame is
chosen in such a way that the zy plane coincides with the midplane of plate.

Note that we restrict our study to problems that involve moderate rotation (say
10° — 15° ). In this paper the following terms associated with rotations of transverse

normal are considered

Ow Sw aw OHw
(5‘—)2 (—)?
i

— 7
Oy Az By (7)

Once the displacement field of composite laminated plate is known the strains can be

computed using nonlinear strain-displacement relation

Ou 1 Aw
& = oot (5o)
Oz 2" Oz
v 1 8w
& = oot (o)
y 2 Oy



_ Sw — 0 (8)
EZ e az —_
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_ Ou + Sw 4 Ow Sw
R =z Oz 8z dx
u OHv Owdw

Yy = o

oy 0z " ba oy
The strains in Eqs.(8) are called von Karman strains.
The strains associated with the displacement field given in Egs.(6) can now be

computed by means of von Karman strain-displacement relation shown in Eqgs.(8)

423 g1
L] 1 Tz n
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F =t 2k — g, TR
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422
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(12)

(13)

Substituting Eq.(9) into Eq.(3), one has the stresses expressed in terms of midplane

strains {€°}, rotations of transverse normal {k'}, {+'} ,and {k"} .
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Ozy = 61660 + 62660 + 66672;, + @mklz + @sklz + Qeskl

o 7}
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The stress resultants and moment resultants are defined as

N, o
N 2k 41
(N} =N, } = ;;1] { o, tdz (15)
Ny ; Oy
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Q) = — / o dz (16)
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N 241
(M} ={ M, | = k;] $ o, 1 2dz (17)
Mxy Ty

where the geometrical notation is as shown below:
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Substituting Eq. (14) into Egs. (15) ,

where

Nl

Ml
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N,
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(16) , (17) , we have
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4 Interpolation Function

We adopt Serendipity 8-node element with five degrees of freedom for each node .
The total number of degrees of freedom for the element is 40. The natural coordinate
system (€, 77) as shown in Fig.3 is taken to define the element geometry . The element

has sides £ = &1 and » = %1 (see Fig.3) . For the element of side 2a by 2b

£ = (2—=2)/a

n = (y—v)/b | (25)

where (x.,y.) are the coordinates at the centre of the element . Thus we have

d 1 d 1
@€ _ 1 dg _ 1 (26)
dz a dy b
and the element area of the rectangular element is give as
dedy = abdédn (27)

To integrate any function f(x,y) over the element we transform to the natural coor-

dinate system ,so that

//m flz,y) dedy = /;11 _/_11 f(&,n) abdédn (28)
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For the 8-node Serendipity element shown in Fig.4 the interpolation function has

the following form for the corner and midside nodes

1. for the corner nodes
1 .
o= 0 HEI+m)EEHmi—1) i = 1,234 (20)
2. for the midside nodes
& n?
Y= S+ -+ -(1+am)(1-€) i = 5,6,7,8 (30)

According to the values of 8 node coordinates we have from Eqs.(29) and (30) the

interpolation function for each node as follows

b=~ - OO -n)E+n+1)
b = JO+OA-mE—n-1)
v = JA+OU+DE+n—1)
Yo = S0-QU+n)(~E+n-1)
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Py =
P =
P, =
Py =

%u~nx1—f)

51+ou—n%
%(1 +7)(1 — &%)

(-0 ~n?)

The derivatives of the interpolation functions are as follows

1. for the corner nodes

O,
og
O,
on
%Y,
og2
0%,
an?
0%,

= —1—&(1 + i) (2€&: + nm:)

0€on

2. for the midside nodes

Y,
¢
9,
an
B,
Y
%Y,
on?
8%y,
8¢dn

4
1
= Zq,-(1+§'€i)(2ﬂm+€&)
_ L. .
= S& 1 +am)
1
= Snf(1+¢6)
_ &y 1, . .
ooE " F&m(1 + 20mi + 266)

1
= 553(1 —7%) — p}(1 + 9m)é

— %n?(l — &%) — (1 + ¢¢)m
= —n*(1+nm)

= —¢3(1+¢&)

- &% _ ~&in — &n?

amdE
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Note that the polynomial terms contained in this element are 1,2, y, 2%, zy,

y?, 2%y, zy® . For this element, the interpolation functions have satisfied the condi-

tions
Silen) = 1 (34)
and
1 ifz=3
¥i(&m;) = (85)
0 25#£7

The displacement components are approximated by the product of the interpola-

tion function matrix [+;] and the nodal displacement vector {qf} = [w@o; vo: Wo: @1 b7,

ie.,
n
Yo
(@ = {wy = TWa} (36)
d1
| #2 |

the superscript e of {gf} denotes these variables are defined on the element and need

to be determined .
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5 The Stiffness Matrix of an 8-Node Laminated Plate Ele-

ment

For the geometric nonlinear case, by means of the principle of virtual displacement,

we have[3][4]

8N, ON,,
- bupdedy = 0
e~ Cag ¥ Ty Nevedndy

ON, ON,
f —{ Y+ y)évgdazdy =0
Q- oy

Oz
Q. IQ, a Ow, Bw, o Hwy Bwy
- — 4+ —(N;—— + N,,—— —(Nyy— + N,
fne [Bm+8y+8a:( 8:1:+ yay)+6y( y8:3+ *’ay)
+ql6wededy = 0 (37)
oM, OM,;
f - + 27 Q.)6ddedy = 0
e Ox Oy
8M, oM
[ —(5 2+ 5 - Q)6¢udedy = 0
e Oz Oy

Recall that Nz, Ngyy ..oy My, are functions of the derivatives of the displace-
ment wg, Yo, Wo, P1, P2. To reduce the differentiability of the interpolation functions
used in the finite element approximation of g, ve, we, Py, ¢2 the differentiation on
Ny Nyyyooy Mo, is treated to weight function dug, 6vo, bwo, 61, 62 by using

integration-by-parts

86?1.0 86’(&0
[ (g N+ 5 Ny ey — ]r Nubugds = 0

15



15])) vo o8v

M
861.00
M

Oy
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1]

0

N y)dedy — f N, ,6veds

Bbw, Sw
dz oz

B’HJ‘O
N
S Ny )

Qy + (N

5y (N
_j (Qn
86,
( sb
35(;52

Merve

Oz

M,
+ oy

J:y""

where

I‘E

the boundary edge o

QE

the element domain;

anan

— the stress resultants

Q. the transverse shear
M., M,,
Substituting dug =
(38)

, we have

9Y;
('.b

(5
5

81,b,

31,[:, 31,0,

by

a6 ¢2

’l,b,f, 6'00 —_

"b"ny)dmdy— ] N,pds = 0
8y Te

8
ot ﬁN )dedy —

8
=2 - géwo]dzdy

N,
+y3y

8‘!1)0
" 8z

M, + Q:8¢1)dedy — [ M,8¢:ds

ns

ZP2M, + Q,6¢;)dedy — ] M,,6¢2ds

f the element domain £2°;

at the boundary edge of the element;

force at the boundary edge of the element;

— the moment resultants at the boundary edge of the element.

i, dwo = ¥y, 8¢y = 1; and §¢p = 1; into Egs.

/ Nutpds = 0

6wg

81,b,

+ N,

B'w

Qy

0

L)
(NI + N, 2
:B

ry“‘é‘;")
8 wo

ox

8y(

“ S

) — qti]dzdy
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a ow
= [ (Quthi+ Nu =05+ Nog——"tpi)ds = 0 (39)
Te Ox Oy
O, i,
in, + T, + Qu)dedy — [ Mopids =
o Me + 5 My + Quip)dady — [ Mithds = 0
O, O,
oo May + 5 My + Q) dedy jr M,,4:ds = 0

Substituting Eq.(36) for uo,vo,wo,¢1, and ¢z into Eqs.(10), (11), (12), (13) we
obtain {€°}, {k*},{+'}, and {k"} represented by interpolation functions and nodal
displacements. Then substituting {€®}, {k'},{+'} and {k"} into Eqs. (18), (19),
we have stress resultants, moment resultants and transverse shear forces {IN}, {M}
and {Q} represented by interpolation functions and nodal displacements . After
substituting { N}, { M} and {Q} represented by interpolation functions and nodal
displacements into Eq.(39) we obtain the finite element model taking into account

higher-order shear deformation and geometric nonlinearity .

5
S KFA—F =0 (a=12..5) - (40)
A=1

B
=1
or

[K]{A} = {F} (41)

where the variables A? , the stiffness and force coeflicients are defined by

A} = ¢y A = ¢y (42)

o 8¢1 o —Fo o a’(,b, o w1 o
K¥ = jﬂe[ oo (V5 + N3, + NP) + a—y(Nﬁj + N3, + NO)dzdy
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K2 =

t7

8 i o
Ky = / [i(q Fa)+2 (Q +Q2,-)

8¢i o N o
Gj + Ng) + —(sz + sz + N, )]dzdy

?;; 6“’"( Na)+ %50 a‘b‘ Sy V55
+ 0 (g + gy + "”( o0 Q5+ S20)dedy ()
Kt = [a""(M B3, + M7) + o0 + o
+4:(QF; + Q7)) ]dedy
K = [81!’;( M, + M?) + ( M, + M)

+’¢=’(ng + agj)]dwd'y

ThecoeﬂimentsN NIJ,N"’ N2, Ng, M}"J,MU,MO‘ Mz, Mg, [JaQIJaQ Q3

and Qg fora =1,2,...,5 and T =1, 2,6 are given by

Nllj = An ‘?91!: + Al“%ﬁj N12j = J“Ln{i;bJ +A15‘?;'ij
Ny = Bu‘?f;ij + B”Zﬁj Ny, = B1z%ﬁj +Bm(?:
Ny = A”?j +A26%1§j N = Azz?;" +A26‘?9"i" (44)
Ny; = Blziij +st%1§j N = Bzzth st%ﬁj
Ny = A ?j + Asaiﬁj N2 = A%Z'/: A, %
N:j - Bm?‘;bj +B66?9¢J Nssj = st?;;j +B55(?;i‘1
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1 a'UJO 2 1 8‘")0 2 ng 8wg
= EAH( )+ 2 22( ) oz Oy
1 B'w 1 dw, Ow
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—_— 22 + Bz 6
dx Oz Oy Oy Oz Oy dy Ox
o Oy | o O B Bwo O, Bwo BY;
26 66 66
Oz Oz dy Oy dz Oy Oy Oz

20

(49)

(50)

(51)

(52)



F = N.d
Po= [ $dNds
F? = f Wi N, ds
I‘e
B’UJD a’lﬂn

+ N,;—)ds (53)

f — . .
F = [ adedy+ [ $(Q.+ N 5y

Ff o= [ M.ds
Te

FP = j M, ds
I‘e

All other coefficients are zero.

Equation (43) represents the stiffness factors of an 8-node laminated plate element -
taking into account higher-order shear -deformation and geometric nonlinearity. It.
is not difficult to derive from the equations of this paper the stiffness factors of an
8-node laminated plate element taking into account first-order shear deformation and
georﬁetric nonlinearity . The solution in this paper can be reduced to a linear solution

and so it has generality.
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