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Nomenclature

Fa Froude number = —U;L-

g Gravity acceleration = (0,0, —g)

L Characteristic length, for example length of body
N Brunt-Vaisala frequency = ,/— e %‘3

N Non-dimensional Brunt-Viisala frequency = %
Ozyz Moving reference coordinate system located at the body’s centroid
T =z-§

T2 =y—-7

3 =z~

U Translational velocity of body = —{U, V, W}

u(z,y,z)  Parametric disturbance velocity vector = (u(z,y, 2), v(z, y, z),w(z, y, 2))

V(z,y,z) Disturbance velocity vector

x - Position vector of the field point {z,y, z)
gt = D)
VrlHcER?
Ta =y 1-5 f;g_,-f)
7* =My = )? + (¢ £2)%] - N2 £ 2)?
3 a small parameter introduced as an artificial damping mechanism,

a radiation condition is obeyed when ¢ — 0,

p(z) Density stratification of fluid medium

£ Position vector of source point (£,75,¢)

by Boundary surface enclosing the fluid domain, 2
£ Fluid domain, z < 0

v = (b%: %? 'a%

Vi = (a% , —%, 0)
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Abstract

Solutions are obtained for the velocity components generated by a singularity moving horizontally
in a fluid of constant Brunt-Viisild frequency. A radiation condition is enforced using an artificial
damping mechanism. Two solutions are combined to produce a Rankine ovoid and a continuous line
distribution is used to model a prolate spheroid. The disturbance velocity field generated by the
body displays the characteristics associated with the propagation of internal waves. The distnrbance
velocities calculated on the fluid's surface are compared with those obtained from a three layer model.
The patterns produced display significant differences.

1 Introduction

This report describes an investigation of the disturbance created by a slender body moving in an inviscid
fluid of constant Brunt-Vaisila frequency. A complementary report detailing a panel method which
models an arbitrarily shaped body has preceded this investigation, see Price and Westlake (1994). The
mathematical model described in this previous report is adopted in this study.

2 Basis of the analysis

The non-dimensional coupled zero order equations describing the disturbance in a fluid of constant Brunt-
Viisila frequency are of the form ( see equations 71 and 72 in Price and Westlake, 1994 )

v§¢+%5:-=0 (1)
U-V(U-v+e)(w—%§)+ﬂr2w=0 (2)
where
P=u 2=y

The introduction of a body force takes the form of a dirac delta function, this is introduced on the
right hand side of equation 1. This equation is derived from the incompressibility condition, i.e. fluid is
neither created or destroyed. The delta function singularity introduces fluid into the domain and therefore
equation 1 must be modified.

Without any loss of generality we can set U -V = £ and together with the introduction of a variable
¥, related to the vertical velocity component w in the form

-
Y= %5,
equations 1 and 2 become
52
Vg4 a—z‘f = b(r) (3)
2.0, (0 98\, padb _
az(6x+€)(5;_62)+N 32_—0' )
Integrating equation 4 with respect to z we obtain
a.,8 Sa .,
92l TOW @)+ Np=0 (5)
and the adjoint of this equation is given by
a.d ~ o
(5= (b= )+ N7y =0 ©)

. Equations 3 and 6 form the basis equations describing the fluid disturbance caused by the moving slender
body.
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3 Derivation of disturbance parameters

Initially the disturbance parameters are derived for a single source of unit strength. At this stage it is
appropriate to ensure the radiation condition is satisfied. Any error in the expressions for the velocities
or strains will violate this condition which can be observed graphically. The magnitudes of the velocities
can be calculated manually for a potential field, these results can then be compared with the velocities
obtained when N — 0.

Secondly, two singularities can be employed to produce a body shape. The separation and magnitude
of the singularities can be obtained from the potential flow theory which describes a Rankine ovoid.

Lastly, singularities are distributed continuously along the axis of revolution of the body, The magni-
tudes of the distribution obtained from slender body theory.

3.1 Derivation of the functions ¢ and

‘The velocity components u, v and w are directly related to the functions ¢ and 4. The derivation of
these functions will then allow the velocity components to be obtained.
Eliminating ¢ using (& — ¢) [ 3] and V7 [ 6 ] gives a partial differential equation in ¥ only,

9.9 _gviyiirvig= 20
oo = OV + B9y = (L g ™)
and eliminating ¢ using aa_; [6] gives
8.9 294 2wig 99 72
8:::(6:: - €)V$+ NV, = 32(81 —€)é(r) + N*6(r) (8)

Equations 7 and 8 may be written in the matrix form
¢ (& -+ N?
c ( =| 7 8(r) (9)
4 a2z —€)

£O={ (g =9V + #7911

where

By the application of Fourier transforms we can rewrite equation 9 into the form

& 1— 2 &
_ A [Ai—ie €
L( y ) —( 1‘ ])6(z—c) — (10)

where

? N? 2
L():{-a—ﬁ-l'lim—l])‘ }()

Let us now examine the equation

g2 Kr2 .
6?+ )1_1[:\1—_‘!:61-"1 A G(Al,Ag,z;§)=6(z—C) (11)
subject to the boundary conditions

w(z,y,0) =0 and ¥(A;, Az, —c0;¢) bounded (12)

This equation has the following solution when considering ¥
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1
Gg(A,Az,2;8) = —

Alz+ 1- 2—u A(C- 1- KI‘z-—u

. (24+()4/ m'ﬁ——y_i_e -2/ -5 0>z2>¢
2x I—Aliﬁiifj 53 2 0>(> =z

ST T | MOy iy

(13)
and Gg{A1, Ag, 2;€) can be obtained through an examination of equation 10, that is
Ge=1Ce 13=/1- 5= (14)

The functions Gg(A1, Az, 7;€) and Gw (A1, Az, 2;€) can now be used to determine the functions ¢ and
1 by the application of inverse Fourier transforms,

( P ) - (2—11r)3/ / ( ’\llh—“ ) G(M, Az, 2;€)e € AdAr dA, (15)

The function 4 is now given by

. _;‘ ) ® (A28 + erME=2)rs e—!'[(r—f)-\rf'(y"’?)-\a]dA &
(27!')2 ~-0 o —00 2}‘73 e

1 joo e~i(z=E /00 (eA(z+C)1a + eMé=2)rs
0

— Agdhad)

1 oo e"i(f‘f))‘l
= T2 /: s [KU (I)\ll ri+(z+ C)27§) + Ko (l)\lj ri+(z —4)2-@)] di,  (16)

Now let us examine the behaviour of the constituent parts of the integrand as a function of A, as € — 0.

A1 ~oo—=—N|-No-pgt| —gt-=o0 0— g* gt -+ N N = o0

A1lrs YR8 | ifReox iR x| iR x —ifR2-x2 | \x- A

MVETGEOR | VE | VE | WEE | v=E | E | JE

Table 1: Integrand properties of 4

The introduction of [A;| into the numerator and denominator allows the application of the integrand
properties expressed in table 1 and using the property

Ko(:l:iz‘) = —% [}’o(.’ﬂ) + 'i]o(:v)] z>0

(see Abramowitz and Stegun(1970), 9.6.4, v = 0) ¥ becomes

wnrem [ o () 5o (V) o
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+./A:° |1)l1f —etE-EM [Ko (\/‘T—"') + Kp (\/‘}’_")] dA;

Rearrangement of the terms gives

=272y = /‘: M [Ko (\/'?I) + Kg (\/7_*)] cosridi;

N2 -2

N A
+f Ky (\/7"’) sinry A dA;
ot

N Ay .
+/ = Ky (\/'r‘)sm r1A1dA
T N?2- A2
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{3+
__/ ( —7+) sin r A1 dAr
/ )‘2

Jo (m) cosriAdAy

1]’” M
2 Jo ‘/ﬁrz_)‘%

...._/ \/__/\2 ( )sm rA1dAy
g./:_ —]{:—1;_):?10 (ﬁ) cosriArdA; {17)

The form of this equation can be compared with the asymmetric form of k; derived in Price and West-
lake(1994), page 39. The relationship between the two solutions can be determined through an examina-
tion of the integrands before the inverse Fourier transforms are carried out. In fact,

A 5
5 =™

differentiating ¢ with respect to £ and comparing with k; confirms the correct form of 1 has been
obtained.

Similarly ¢ can be derived in the form

—omi¢ = / Xy - Az N2 [Kg ( ) + Ky (\/_)] cosri A dAy
/N N - /\2
B+

( 7+) sin rlz\ldx\l

/‘F_ %

) sinr AydA;

/ﬁ+ "Ng J\2 ( ——7"‘)81111'1,\1(1/\1
'[ﬂ"\/N? A2

( —’r+) cosriA1dM

[

sin Py A1dAy
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(18)

b= \J N2~ A2
+ 1/ —1 Jo (\.o‘ —‘y") cos er\ldAl
2 0 Al
When N = 0, ¥ and ¢ reduce to

_w{ 'i }:/000 [Ko( Aﬂ[rg+(<+z)2])+Ko (\/M)]cosn,\ld/\i

Using the result

J5° Ko(az) cosbzde = S7gr Re(@)>0 5>0

(see Abramowitz and Stegun(1980), v = 1), we find that ¥ and ¢ become

1 1 1
dw L/rf+r§+(z—<)2+ \/rf+r§+(z+o'~’}’

which is the correct result.

3.2 Disturbance velocities, u, v and w
Expressions for the disturbance velocities can now be obtained from the functions ¢ and . That is,

¢

“:aa:

such that it follows from equation 18 after differentiation,

ontu = _/: V¥ = W2 [ (VA7) + Ko (V77) ] sinrydnddy
_ fﬁ f VR = 22K (V77 ) cosridudhy
[
-z /0 o NI (V=) sinridadx,

[
+%‘/0 N2 — )%y, (\/—'y‘) cosriArdi;

Y
- %/u N2~ X2 (V=) sinrydy (19)

Again,



Ship Science Report No. 84

10

_ 9%
= 3y
and by using the results
6 1‘2/\%
gy [Jo(/=7)] = ZELn(/=)
> [1otv/=7)] = T2y (/)
% 0 b = _‘7:& 1
r 2
gy [/ = - Bk /7%)
LR L (T2,
o ) = v o

v becomes

% (V)

—27%u = —/ﬁwm)\l\/)i% — N2 lKl\(/\"/_f) +

NraC+2) N2 (B+)

cosriArd)

\/,F

[r + (¢ + 2)7]3 pr

fN Tg)tl\/Nz )\2
gt

Nra(¢—2) v N2 - ()

[r§ +(¢ —2)%3 A

TNr(C +2) /N? (ﬁ“‘)2

2Ar+ (¢ +2)2)3

B¥ ryd \”&2_)@
_|_.1.r.j _21—__1_Y
20 1/_—),+

Ko (\/ 1+ |n=p+ ) sinr 8
K (

7"’) sinriddAg

Ky ('\/7_l,\,=ﬁ— ) sinry 5~
/N Pg)\l'\/Nz /\2 (

)smry\yb\l

(\/ —7*|r,=p+ ) sinr g7

1 (\/——7:) sinry A dA;
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rlry((+2) YN —(8Y)
grc o T (V=7*nss) cosras*

Bt radiy /N2 — A2
T 241 1
+§ A —--—-——-—_T+ J1 (\/—_7'{_:) COs T‘1)t1d)\1

aNra(( — 2) \/~—()2 (\/:Tl—_—ﬁ-) sinrif”

2Ard + (¢ — 23

]ﬁ rak ' N - /\2 ( )smn/\ d\;

TN ra(¢ — 2) V (ﬂ )2 (\/m cosr B~

A3+ (¢ —2)%)3
[

The terms Ko (\/v%[y,—p+) and Yy (\/—751;\,_,51) are undefined as y*|y,_5+ = 0. However com-

bining these two terms produces the finite result

T
Ko (\/ r* b\,:ﬁi , + EYU (\/—‘Til,h:ﬁ:t ' =0

Jo (\/_'YiITﬂ*) =Jo(0)=1
VB -G

g (tz

the velocity component v is given by the expression

27ty = -—[: raA1y/ A% — N2 [KI\(/\?/__;F) + Kl\(/\:_j__) cos rid diy

v = ) cosry AidA; (20)

Also, using the results

+'/;:' rzhs \/_“N2 /\2 ( 7+)smr1/\1d/\1

/: Ty N oA ")‘QK1 (\/-,_—) sinrArd)y
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+

B* oA\ /N2 = A2
0 i—l\/:r_—+lyl (V) sinrhdry

)

___TNralrs| —cosr At
23 + (¢ +2))3

TzAl A2
/ J (\/—-‘y"‘) cosrididi;

m]:l

/ % \/_7" Y (VT ) sinridsd,

1r
2

_ 7r]\~}'r2|r2|
2[r3 + (¢ - 2)%)%

[ r;;)tl\/ er - Ag
E A ——__7_ J1 (\/T) Ccos T]Aldz\l

In a similar manner the velocity component w can be obtained. This is defined by the expression

27ty = / )q\//\z l(c + 2K ( ) - (=K (\/‘F) cos riArdA

cosr 8-

(21)

\/:T—:

F ¢+ )/ N2 - a2 .
+‘[ﬂ+ _7+ Kl (\/’F) s1n TlAld)u

N A (¢ —2)y /N2 =22
_/— 1(( z\)/F lKl (\/F)sinrlzhd)q

wfﬁ+*1(<+z) N2 -2
0

z o Y (\/—7+) sinriddy

2

N |r)(¢ + 2)
20 + (¢ + 2)2%

sr gt

B M (¢ + z)y /N2 — A2
/0 2 1J'l (\/—7"’) cosry A dA;

v—rt

[T
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B~ M(¢C— 2/ N2 = X2
_.g.f 1( ) 1Y1 (\/ —')f—) sinrl)\ldz\l
0

Y f—’r—
iV |ral(¢ — 2) -
A4 (C = z)z]% cosT1f3

ﬂ./ﬂ‘ M{C — 2)y/ N2~ 22
]

> \/_v__ J1 (\/—7) cos ri A dA

13

(22)
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3.3 Introduction of J(z), ¥;*(z) and K;(z)

The functions derived in the previous section contain poles at Ay = #%. These must be removed before
the velocities can be evaluated. A method which will facilitate this is to introduce new functions based
on the behaviour of the Bessel functions near the singularity point. For instance, the Bessel function
Y1(z) is undefined at z = 0 and has behaviour

Yifz)~—Z z—0

By defining the function Y7 (z) as
) 2\ 1
Y= (e =) 1

we can remove the singularity with the introduction of additional terms into each expression. Also
defining

1

Ki(e) = (Ka(e) - 1) 1

Jl(:b)

x

Ji(z) =
For large arguments these functions can be evaluated directly, however for small arguments polynomials

approximations are employed. Using Yy*(z) as an example, Y;(z) is defined in Abramowitz and Stegun
(1970) page 370 as

zYi(z) = (2) log (%) J1(2) — 2 + 02212091 (2)° + 2.1682709 (£)" — 1.3164827 (£)° + .. z<3
where
271 Ji(®) = J}(x) = 0.5 — 056249985 (£)* + 0.21003573 ()" — 0.03954289 (£)° + ... z <3
Substituting these two expressions into the definition of Y;* ()} we have
Yi(z) = 2log (£) J}(z) + & [+0.2212091 +2.1682709 (2)* — 1.3164827 (2)* + } z <3

which is integratable.
The formulation of u does not require such modifications and u can be evaluated directly. The velocity
components v and w however must be modified. The component v becomes,

—27y = —jl: rady/A2 — N2 !KI%_:?) + f (\/F) cos riArdA;

=
&
+/;+ rad /N2 — XK} (\/7+) sinriAydA
8
+/ rahy/ 82 = MK (V7™ ) sin radndy
T pt f=
+Ej; TQAI NZ— A%Yl* (\/ -—‘)f'l') sin 7'1)11d)1
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N
- 27r ralrs| = cosry BF
2rs + (¢ +2)%3

gt —
] rod1\f N2 = A3J; (\/——y"') cosr A dhy
0
8 =
+%j0 radiy/ N2 — A2y (\/-7—) sinr A dAy

Wﬁrzll‘gl

2fr3+ (-2

+%f: 7‘2A1\/_ ( )cosrlA d);

+

IR

cosri 3~

TQAI A‘Z
+f —F——sin rl)\ld)\l
0

N TzAl )\2
+j —_— s A dA
0

and the velocity component w takes the form

T (c+z)K1( V7') -9k (Vi)
27w = — / A1/ Ag l - \/“r_‘

+/+ M(C+ 2V W2 — XK (VoF) sinrihidhy
q/ﬁ M= )y N2 = A2K; (\/-F) dAysinridy

gt _
+%-/o M{C+ 2/ N2 = A%y (\/—74‘) sin m Ard)\y

- m N jral(C + 2) cosr %
2 + (¢ +2)%3

o -
+%[J )«1(( + Z)‘\/ N2 — A?Ji‘ (\/ -‘/+) COST‘l)lld)\l

cosTi A d)

15

(23)
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5 -
—-"'25/0 (¢ - /A7 - 0¥y (V) sinmdudhy

wRiral(C =)
2[r2 + (¢ - 2)?)3

——f A€ — 2) ).2J1 (\/—-—y—) cosry Ad\y

sinriA;dA;

N A(C 4 2)y /N2 - A2
+/ v
0 Y

N (¢~ 2)y/N2 =22
_/ i ) ! sinri A dh; (24)
0

v

The additional terms underlined still possess singularities at A; = 8%. The previous process removes
these singularities from the integrands involving Bessel functions. The integration and removal of the
singularities can now be achieved through the application of the integral equality derived in appendix A.

Let
a= \N’%-I-(C:I:ZP,
b=N[(£z|=-N((+2),
c=m
and
b
,zﬁi.
a

So that an integral of the form

/—""‘,,2 — )‘%
smry AydAy

A Tz+((i2)] N2(¢ £ 2)

A1 sinrq Ay

1
mr§+(c;|:z)2/; ,\/]\}z__,\%_{_\/ﬁz_(ﬁt)z

di

Nirs|
2rd + (¢ £ 2)2]5

{Si {ri(ﬁ +ﬁi)l + 5t [Tl(N -ﬁi)}}cosr1,8*

_ er?'gl
Ar +(C £ 2)%)3

{Ci [l + %) - i [ImI(F - g% )] } sin it
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Substituting this result into equation 23 we find that the velocity component v becomes

—27%y = */: rad1y/ A} — N2 [K \(/?) + o \(/\_r/__F) cos 11 A1d Ay

+

B

+f rody/ N2 = X2K (\/7-)dAlsinr1A1
-

-

raA1y/ N2 — 2K} (\/-F) sin T A dA;

+

Z

+

./ﬁ+ rah \/J‘T’z——A%Yf‘ (\/?) smrihidhy

0

N

N
___mlrslra] 5 cosr B
2[rf + (¢ +2)7]3

[ i (/) s

0

-+

0o

+ /ﬂ_ rad1y/ N2 - A2y (\/—?) sinryAdh

0

LTI

_ #ﬁr2{r2|
2[r3 + (¢ - 2)%]

+g-/0 radiy/ N2 — A2J; (\/—-7‘) cosri A dA;

3 cosr 37

)\1 sin 1‘1/\1

o f"
r3+({+2)? Jo \/ﬁz_,\%+\/ﬁr2_(ﬁ+)z

dl

ﬁf‘z|”'2|
2[rd + (¢ + 2)%3

{Si [rl(ﬂ’ +ﬁ+)] + 51 [rl(l‘cr - ﬁ"')]}cos mgt

_ Nr2|r2|
Ari+(C+=

BE {ci [ImI@ + %)) - Ci [Iral(F - g%)] } sin et

/\1 sin Tl)q

T f‘"
ri+(C—2)? /s \/Nz__,\%_*_\/ﬁrz_(ﬂ—)z

dhy

17
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ﬁf‘zl’rgl
23+ (C - 2713

{Si [rl(ﬂf + 8 )] + Si [m(!\7 - B )] } cos 1B

_ Nl‘z I?"gl
2fry + (¢ -
whereas its substitution into equation 24 allows the velocity component w to take the form

e / o Nz[cﬂ)m( Vi) (c—z)\f;r__(\/F) oA,

oy {01 Il 4 67)] = G [irl(¥ = 7)) Jsinrag™ (25)

/ (¢ + 2y F? - a2y (V7¥) sinridaday

N
_f )‘I(C_Z) ﬁz_)i%K; (\f‘ 7“)sinr1J\1dA1
ﬂ_—

+

8 -
%/0 M+ 2)y/ N2 - N2y (\/h7+) sin r A d)y

_ TN |ra| (¢ + 2) 1
2[,.2 + (C + z)zlg cos T ﬁ

gt -
+g/ﬂ A+ 2) N2 = ATy (\/ —7+) cos Ty AydA;

__/ M(C - 2) )ﬁyl (\/-7) sinr Ard)

aN|ral(¢ — 2)
2[5 + (¢ — 2)%)2

8 -
—-;T-/D M(¢—2)? /N2 - A2 J; (\/—7‘) cos ri A dA

5 cosr -

s / Arsinr Ay
r3+(C+2)2 Jo \/ﬁz_).§+\/j\72_(ﬁ+)2

dhy

Nira|(¢ + 2)
203+ (C+2)%3

{Sz [ N—-i-ﬂ"' ] + S [r;(N ——B"')]}cos rat
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Bl +2)
20F + (¢ + 2718

{ci Il + %) - Ci [In(F - g%)] }sinrus*

C-— /\1 sin T‘1A1

N
+"22+(C—z)2/0 \/ﬁz_)‘f_,_\/ﬂrz_(ﬂ—)z

dX;

Nlra|(¢ = 2)
Ari +((—2)?

IV|r2|(C —Z

2Ar3 + ({~2)

To avoid excessively large expressions only the source term will now be shown and the superscripts =+
will be dropped. Thus §~ becomes 8. To compute any of the disturbance parameters BOTH the source

term and the image term must be included in the calculation and the total disturbance can be obtained
from

}% {Si [rl(ﬁ +ﬁh)] + Si [rl(ﬁ —ﬁ_)]}cosrlﬂ_

25 {01 [V + )] = i il - 57)] Jsinrss (26)

U = Usource + Uimage
¥V = Vsource + Vimage

W = Wyource — Wimage

The expressions for the strains obey the same rules.

3.4 Disturbance strains,u., vy and v,

The components of strain can be obtained through further differentiation. That is, the strain component
%5 involves the simple differentiation of the terms sin r1A1 or cosriAy. v, involves the differentiation of
the sine and cosine integrals, but the remaining strain vy however is problematic as the term ry appears
in the argument of the Bessel functions and the limits of the integral. The following list of formulae
allows simplification of the differentiation process.

2 1] = 2 0oy - 275 /=)

-

7'2)\%

&

52 =] = 22 (%(v7) — 2% (V)

r 2
6% KX (/7] = _QT)“ [Kolv/7) + 2K3 ()]

213
(V73 +r3Fra)(ri 4 r3)

3 ;.. ; v
% {Sifm(NE£B)} ==+ sinr {N % f)

rar3

cosr 1\7:!:,8
arRFraE g o)

a .
Eg{Cz[rl(N +9)}=«
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By differentiating equation 19, we find that the strain component u, is given by the expression

o0
—2rlu, = — ./ﬁ A/ A2 — N2K, (v/7) cosrididA
N
ﬁ -
+/ )«1\/N2—z\‘1?Ko (\/;f)sinrl)\ld/\l
g

B =~
—g./o /\1 N2 el )\%Yb (\/—’}’) Sil’l?‘p\ﬂj)l
B
T ~
= 5,/0 Ay N2 =220, (m cosrA1dAy

By differentiating equation 25, the strain component vy is found to take the form

4 - .
—2n%y, = f rg)\f\/)if - Nz——}L@sin riA1d)
N V7
N -
+/ﬂ ro A2y N2 — A2KT (/) cosridid)y
8 ”
+g/0 rad /N2 — A2V} (vV=7) cos riArdry

B
T - . .
—E/n raAfy /N2 —A2); (V=7) sinriAd),

A cosri Ay

__m /1"’
r%-!-?’g 0 \/ﬁz_)‘:l!+\/ﬁ2_ﬁ2

dA;

WN2T2]T2|T3 S. ﬁ
-5 g ST
g +ri

NT:}IT‘QI

bt T [ +8) +sinry (7 )] cosr

NT2T2|T2’T3

+w {Si [ﬁ(x’\"f + ﬁ)] + §i [rl(f\'f —~ B)] } sinr; 3

Nry|ra|

f\??‘zli’zlra

+ 3+l {Ci [11‘1|(N+,3)] - Ci [IrI[(N" - ﬂ)]}cosrlﬁ

20

(27)

(28)
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By differentiating equation 25, the strain component v, is given by the expression

[e.2]
K
—21%y, = —/1; A/ A2 — NQ—i-—(ﬁ\/ﬂcosrlhldAl
[ -
N
+[3 )(”/Nz — )\%Kf (\/'r_)sin TlAldAl
N_ -
+/ﬂ radiy/ N2 — MK p (V) sinrididy
P =
+%f raAiy/ N2 — A%YT (\/—7)sinr1).1d)\1
0
x [? = ,
+§/ A N2 = MYy (V=) sinrdyday
o
8 =
+g/0 My N2 22271 (V=) cosrhndy
A =
+%f rixdy/ N2 - X208, (V=) cosriArd)
0

[Ko (7)) + #—)-] cos ri A dh

dA;

A ( — A2 4 Nsgn(re) /72 + rg) sin 71
(7'2 +r) / (\/N?' )l2+\/N2 ﬂz)

T".>182(""2 + r'3 + 27'3 Arsinrg Ay

2(r3 +rd)° ./ ‘/Ng ,\%_1_\/&2_,62

dhy

352 |py |2
- Tﬂ;l-f- cosmfF
4(r3 +r3)3

% {Si [rl(ﬁ + ﬂ)] +8i [rl(N - ,6')] } cosr fi

- A (o8 5+ ] i - ] s
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N N i
~ Tl (12 1) cos g — TR | g
23+ )8 it
MEE.LES_ sin1"1(}gr + ) M cosrmf3
A+ [Vid+ri-rs Vii¥ri4n

Nririrs

sy (8~ Do - S sions] {55 i )] 51 - )]

_mﬂ[cosrl(ﬁ-kﬁ) M sinr 3

2ri+r3)7 [Vri+ri-rs  ritritrs

N[f‘zl

_ N?‘]_ 2 T3
2(r} +r3)3

|:(r§ —ri)sinr g4 —22

where

Kim(z) = —-—2 {Az [Ko(z) + 2K ()] + ﬁz}
Yim(z) = —:—i {Af [Yo(z) + 2Y7 (2)] — %_}

Tiu(@) = =5 Uo(@) — 203 (2)]

These functions can be defined for small arguments using the technique previously applied to K7 (z),

Yy (2) and Ji(z).

22

g cos rlﬁ] {Cz [1r1|(N+,3)] Ci [|’"1](N ﬁ)]} (29)
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3.5 Application of slender body theory

Slender body theory assumes that the summation of solutions distributed along the longitudinal axis of
the body is equivalent to a solution when the body is taken as a whole. The source strength associated
with each solution being a function of its location on that axis. The summation can be expressed as

$(z,8) = ]L Q()é(z, €)de

where the source strength is given by

__8A¢)
Q) = _Ud_f

This integral over the length of the body can be applied to the expressions for the velocities and
strains directly as they are merely derivatives of ¢. A fully submerged prolate spheroid requires the
source distribution

a@ =2 (4)'s

Thus to complete the £ integration on the velocity u the following integrals are required :

]ifcos Az~ E)dE

2

L]
Esin )y (z — E)dE

-1
7

If these results are defined as Ci(z, A1) and S (x, A1) respectively then u becomes

—27!'2'!1 = - /ﬁ \/ )\? - J{MKO (\/-ﬂ Sl(l‘,/\l)dAl
N
A.’ -
-_.[5 VNZ—-/\%KQ (\/‘?) Cl(.'ﬂ,/\l)d)ll
6
o ~
+EA N2 -— A%YD (-\/ —"f) Cl(.’ﬂ, z\]_)d/\l

x P
-z /0 V2 = 3200 (V=7) S1(z, Ar)dM (30)

where

2sinzA ) A
Ci(z, A1) = ——S-}l—;éf-—l (8111)'2—1 - ?lcos %1—)

_2coszh N A A
Sl(I, /\1) = T (-—2— cos ? — 8ln —2-

To complete the £ integration on the velocities v and w the following integrals are required :



Ship Science Report No. 84 24

* €Cillz — €|(F + B)] sin A (= — £)de

-
3

? €8il(z — E)(F £ B)] cos Mz — £)de

1
2

Defining the results as C'iS(z, ) and SiC;(x, 3) respectively v and w become

00 K, ¥
—25’1’2?) = — ‘[A‘,— 1'2)\1'\/ )\% - Nz-—'%cl(:ﬁ, z\l)d)\
N
+/ 7’2A1‘\fN2—3\fK; (\/‘?)d.l151(:ﬂ,)\1)
B
B
T AT *
+§L rod1y/ N2 — )\%Yl (\/—‘T) 51(:!;',/\1)074\1
B
w nT *
+§-/; 1’2)\1\}'N2 - )\%Jl (\/—*7) C]_(:C, a\l)dA]_

M Si(z, M)
N+y/R— g

dh

Tz'f""aj \/Nz

7r]\7r2|r2|

a3+ i )

Nr
+ 2fra|

R [SiCi(=, B) + SiCr(z, —B)]

_ NT2|7‘2'
2r3 + ]

—2r w—f 1'3A1\f/\2 N2 23 A )d)ll
N
_/ rahy/ N2 — XK (v/7) dds S1(z, M)
B
8
ki ~
_Ejn _1‘3)|1\/N2 —A%Yf (V—‘;(’S](.’E,Al)d/\l

5 [CiSi(z, B) — CiSi(z,—B)] (31)
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4 | a—
"%L 1‘3)\1 N2 - /\%J; (\/—T)Cl(z,Al)dAl

;\131 IB )«1

r2+1'3/ \/Nz ,\2+\/N2 g

dry

ﬁﬁlf‘g’rg

2(r2 + rg]% Ci(z,8)

__Nralrs 1o SiCi(s, -
2[r} + r3)3 [ (. 8) + (= =F)
_Niralrs _ (CiS1(2, B) - CiSi(z, -F)] )
23 + r3]3 | 1,

where

B CiSi(z £ P) = (z+ %) cos Bz + %)C:’[|x + %|(1'\“r +8)] - (= — %)cos Bz — %)Cz’[h’: - %|(1\7 + 8)]

~5{Cille + U £30)) - Cille - ¥ %28+ Gille+ 18 - il - S}

sin (x4 3)

—Ci[|m+-;—|(1f’:|:ﬁ)] [(:c + %) cos B(z + %) - 7

]+Ci[(:r:—%)(ﬁ:}:ﬂ)] [(.1: ~ §)eos e — 1) - W]
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N +28 . N
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. 1, . 1, .. 1., - 1, . 1. .. i,, -~
B SiCi{(z£B)=(z+ E)smﬂ(:c + 5)31[(: + 5)(N +8)] -(z— E)smﬁ(z: - E)Sz[(z: - 5)(1\’ + )

*3 {Cillia ~ A £ 291~ GilGz + T £ 20)) + Gl + 11 - il - 21}

cos Bz + -._15)

_Si[(z+%)(ﬁ:{:ﬁ)] [(m + %)sinﬁ(z + %)-{- _.__ﬁ_.,._..] +Si[(m—%)(1§f;l:ﬁ)] [(I _ -;—)Sin B(z - %) + cos Bz — 1)

s

cos &(N & 2Fsin ("—;‘r— iﬁ) N cos 2.V sin %’
¥ N 28 N
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+35 {S1-+ DO £29) = Sil(z = T £26)] 4 Sille+ PV - ilGz — D}

A similar process can be applied o the strains. The functions created from the ¢ integration are listed
in appendix B. By this means, the strain component u, given in equation 27 becomes

—21r2ux = -—[ )q\/ /\% - N:!Kg (ﬁ) Cl(t, z\l)d)q
N
N -
+/ M/ N2 = A2Ko (F) Su(z, A)dA

A

s

—gf MR = 22, (V7) Si(z, M)dA
0

ﬂ -
- %/ﬂ /\1\/]\1'2——,\%10 (vV=7) Cr(z, A1)d)y (33)

From equation 28, the strain component v, is given by the expression

—27%y, =/ raAT /A3 — ﬁzMSI(x,Al)dAl
i) V7

N

+f T‘z)‘g\sz — MEY (V7)) Ci(z, \)dh
B
B

T -

+E./D 1'2)\%\/ N2 - )I%Y; (\/—7| Cl(x,h)d/\l

8
T NT ®
--5/0. Tz}\g\sz—/\le (\/—7)51(3,A1)dA1

o ff"’ A2Cy(z, Ar)
r3+r3Jo \/f(rz_,\zlf_‘_\/ﬁz_ﬂz

dX)

rﬁ2r2|r2{r3
- 2[r? + r3)2 512, 8)
N’r2|r2|

o [T‘% n T'%]g [SNCSQ(I, ﬂ) “+ SNCSQ(:B, —,B)]

}\721‘2‘?2!?3

S

[SiS:i(z, 8) + SiSi(z,-P)]
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ﬁ"zl"ﬂ
- [CSSNy (2, 8) — CSSN3(z, —
orid + oaE (CSSMa(20) 2(2,~B)

Nr2|r2]r3
2[ré +

From equation 29, the strain component vy is given by

—271' Vy = f Aﬂ'//\z N2 Cl(a: )\1 d)tl

* TaT3A3 2K, (/)
+ a2~ 2221 | g + 2L e A )dA
e 2L Ko (v + U G

+ 5 {CiCi(z, B) ~ CiCy(z, —B)]

+/j My N2 = A K] (V) Si(=, M)dh
+ ,[j rahy/ N2 — MEip (v7) S1(2, M )d)
+g /0” radiy N2 = MYy (vV=7) Si(z, A )d
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27

(34)
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AL T (2,8) + SiCy(z, —B)]
("2 + 3)
Z"(ﬁ"“?k’#‘ﬁ) [CiSi(z, B) - CiSi(z,—B)]
7N |ry] ______j\"frlrf’ra '
ST [(,-3 ~r3)cosri B — = j r§] sinry 3

NrZ|ra|rs sinri (N + 8) _ sinr (N - 8) cos 11
2(r3 +r3)3 VrE4ri—rs \/r2§—|—r3+r3
ﬁlrzl 2 ﬁflf‘gf’a . . o . -
W {(1" - 1’2) cosr 3 — —";;“:l-—r;SlnTlﬂ {S! [Tl(N +ﬁ)] + 5i [Tl(N ﬁ)]}

Nrijrs|rs [COS ri(N+p8)  cosri(N —f)

_ sinr 3
2Ar3+rD)E | Vridri-rs  Jritri4rs '

N|rq)

rirars
2(r3 +r3)%

[( — 2)sinr, B + \/rszcosrlﬂl {c: [|r1[(N+,6)] Ci [|r1|(N ﬂ)]} (35)

Equations 33 - 35 are free from singularities and their evaluations are more readily obtained.
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4 Implementation of results

The combination of a source and sink can be used to create a Rankine ovoid. The strength and sep-
aration of the singularities can be obtained from potential flow theory, eg Newman (1978). Tor the
non-dimensional analysis used here these equations become

i ?€Q
(i-¢) =%

2 b2
Q=ab%14 ?‘;
where & is the non-dimensional half beam, @ is the non-dimensional strength and £ is half the non-
dimensional separation of the source and sink.

@ and £ can be determined numerically for a specified b. The expressions describing the disturbance
velocities, equations 19, 25 and 26 are evaluated twice, once with ry = £ — ¢ ( the source )} then vy = z+£
( the sink ). The resultant velocities are the difference between the two results. Finally the velocities
are dimensionalised by multiplying by the free streamn I/. A prolate spheroid can be modelled using the
slender body method described previously.

Figures 1 and 2 illustrate the velocities u and v generated on the fluid surface by a prolate spheroid
moving at 2 m/s in a fluid possessing a constant Brunt-Vaisali frequency of 0.02 rads/sec. The spheroid
i5 100 m long and 10 m diameter with its centre line at a depth of 45 m. The area shown in these figures
lies between 450 — 1950 m behind the body and extends 400 m from the track. The body is moving
towards the bottom of the page. The associated strains are shown in figures 3, 4 and 5. Figures 6 to 10
show similar results for a fluid possessing a constant Brunt-Vaisila frequency of 0.04 rads/sec. It can
be observed that the angle of the “v” has increased, this is in agreement with results from layer models.
Figures 11 to 15 illustrate results for a body speed of 5 m/s and a constant Brunt-Viisal frequency of
0.02 rads/sec. In this case the angle of the “v” decreases, again as expected. Figure 16 and 17 show the
velocities u and v generated on the fluid’s surface by a prolate spheroid moving in a three layer fluid, the
densities and thicknesses of each layer selected to represent as closely as possible a stratification with a
maximum Brunt-Viisali frequency of N = 0.04. The difference between the patterns is readily apparent.

"The following figures are generated by a prolate spheroid moving at 2 m/s in a fluid possessing a
constant Brunt-Vaisala frequency of 0.02 rads/sec. The spheroid is 100 m long and 10 m diameter with
its centre line at a depth of 45 m. Figures 18 and 19 demonstrate the variation in the disturbance at
various distances downstream of the body. The examples display the vertical velocity w from the fluid’s
surface to a depth of 400 m and extend to 400 m off track. These figures are readily identifiable with the
images of internal waves generated by moving bodies obtained using the schlieren photography technique,
see Lighthill(1979}, page 314. Figures 20 and 21 illustrate how w appears at several distances away from
the body’s track. The velocity is shown from the fluid’s surface to a depth of 400 m and a range of
450 — 1950 m behind the body. The body is moving towards the right hand side of the page. Figures 22
and 23 show w calculated at a range of depths. The distances off track and behind the body are identical
to those stated above. The body is moving towards the bottom of the page. Note how the disturbance
moves off track as the disturbance rises through the fluid. These figures confirm the body is generating
internal waves.

It can be seen from the figures 18 - 23 that the disturbance propagates deep into the fluid. For
realistic stratification the Brunt-Viisili frequency reduces with increasing depth i.e. the frequency of
internal waves which can be supported in the fluid reduces with increasing depth. If the fluid possesses
a maximum Brunt-Vaisila of N an internal wave of frequency w (w < N ) created in that region can
propagate upward or downward until the local value of N reduces to w. At this depth the wave may
behave in one of three ways :

1.- It may experience total reflection upward into the fluid retaining its internal wave characteristics ;
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2. It may be absorbed, degenerating into an interfacial wave of frequency w at that depth, the kinetic
energy associated with that frequency dispersing up and down in the fluid with an exponential
decay ;

3. A combination of the above.

The surface disturbances generated by a body moving in a realistic stratification will almost certainly
deviate from the constant Brunt-Viisila frequency model due to the effects listed above.

5 Conclusions

The constant Brunt-Viisila frequency model is the simpliest form of continuous stratification and a
- first model not to rely on constant density layers. "Although this model does not represent a realistic
stratification a descrepancy between the three layer model and this model has been demonstrated. This
descrepancy is due to the generation of true internal waves and the interfacial waves generated by layered
models. The successful development of this model indicates that a layered N = Ny, N = Ny, N = Nj
model is feasible and will produce results which approach the disturbances generated by a body moving
in a realistic stratification.
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Figure 1: Contour plot of u (mm/s). U = 2m/s, N = 0.02 rads/s.
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ABOVE  0.0006
0.0005 - 0.0006 _

[Z2] 00003 - 0.0004
¥ 0.0002 - 00003
: 0.0001 - 0.0002
B 0.0000 - 0.0001
B -0.0001 - 00000
B -0.0002 --0.0001
I -0.0003 —0.0002
Il -0.0004 —0.0003

B stow -0.0004

Figure 13: Contour plot of 10 u, (1/s). U = 5mfs, N = 0.02 rads/s.
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ABOVE  0.045
0039 - 0045 X
700327003 [H.
0026 - 0032 -
0020 - 0026 |
0013 - 0020 [
B 0007- 00 [
B 0000 - 0007 [
Il -0.006 - 0.000
Bl 0013 —0006
Bl 0019 --003
B soow 001

Figure 14: Contour plot of 10% vy (1/s). U = 5 m/s, N = 0.02 rads/s.
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ABOVE  0.200
0.160 - 0.200

020 =060
0080 - 0.120
0040 - 0.080
0.000 — 0.040
B -0.040 - 0.000
Bl -0080 —0.040
B -0.20 —0.080
Bl 0150 --0.120
B -0.200 --0.60
B Beow -0.200

Figure 16: Contour plot of u (mm/s) using a three layer model. U
pz = 1026.5 Kg/m®, ps = 1028 Kg/m3, & = 30m, iz = 30m,
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ABOVE  0.800
0.750 — 0.900

b T v R .. e b o AT

06000750
1 0450 - 0600
0.300 - 0450
0.50 - 0300
o8  0.000 - 0.150
B -0.550 - 0.000
Bl 0300 --0.50
~0.450 —0.300
Bl 0600 —0.450
I scLow  -0600

Figure 17: Contour plot of v (mm/s) using a three layer model. I/ = 2 m/s, py = 1025 Kg/m?,
o = 10265 Kg/m®, ps = 1028 Kg/m3,t; = 30 m, t; = 30 m. .
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Figure 18: Vertical velocity w (mm/s) calculated on the vertical planes x = —100, —200 and —500 m
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Figure 19: Vertical velocity w (mm/s) calculated on the vertical planes z = —1000, —1500 and —2000 m
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— 0500
_ n'_;m
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Figure 20: Vertical velocity w (mm/s) calculated on the vertical planes y = 0, 50 and 100 m
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[T] AaBOVE  0.390
[ 1 ‘0260 — 0.390
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—0.130 - 0.000
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Il ceLow -0.260
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[ ] ©0120- 0180
‘ nnen - nrn
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0.
—0.060 — 0.000
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I cseow 0420

Figure 21: Vertical velocity w (mm/s) calculated on the vertical planes y = 200, 300 and 400 m
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Figure 22: Vertical velocity
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[ 1 ABOVE 3500 [ 1 ABOVE 7500
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Figure 23: Vertical velocity w (mm/s) calculated on the horizontal planes = = =30 and —40 m
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A : Solution of the singular integral

In order to evaluate the functions efficiently an integral of the form

NoV/N2 g2
—————5sinczdz (36)
o {az)2—b
appea.nng in the equations describing the fluid disturbance can be modified to remove the singularity at
z = £, The singularity may be removed using the following method. Firstly let us rewrite the integral 36
as

/N\/Nz—xz—a . zasincx

N
m—.’ﬂ sin czdz + .[0 mdn’:

The selection of an appropriate form of o will cause the integrand in the first integral to possess a

finite limit at =z = a the integration can then be completed numerically using a NAG routine. The
second integral has an analytic result. Expressed explicitly & must satisfy

[z:(v NZ - g2 —a)]zz% =0

Therefore a = 1/N? — ()2, The integrand now has a finite limit at & = L

|i,/N2,,,‘.2 N2 _

iim
b

z—2

(az)? —

1

= —W fOl‘ J‘\H‘TZ_(%)Z#.O

Integral 36 may now be written as

N \fl'crz""’z—\/Nm—(l2 :csmca:
a zsinczde 4+ /N2 — 2/ dz
fn - VI-@r | oo

(az)? —

The first integrand can be rearranged to produce an analytic expression at z = ﬂ-

VN — g2 1\”;2_(%)2

(az)? — b2

1
e (m+ M)

The second integral can be completed using the equalities

fy Egde=1{si [ 4| F5i] [£] } cos (2) 5 £ {Ci [lel( 2 2)] - Ci[12) Ysin (2) 66> 0

d

where Ci(z) and Si(z) are the cosine and sine integrals. Thus

fﬁ rsiner d 1 '/‘N sin ¢z dm-}-/ﬁr sincz de
S dr = —
o (az)? — b2 2a | Jo az+b g ar—b
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- ] 8] o (&) e+ 5] -2 o (2

Combining previous equalities, integral 36 becomes
N Na_g? 34 in ez
I Z‘FI 7= sinczdz = -2 5 \/m_;:::‘/Wd:v
VR (E) ~ -
+ & {Si [c(N + %)] +Si [c(N — %)]}cos (2)

TP LGl + 3] + i [ll(F = )] Ysin (2)

a

which is free of singularities and can be evaluated easily.

(37)
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B : Functions arising from the ¢ integration

In section 3.5, for ease of representation it was convenient to denote integrals which remained undefined.
This omission is corrected here and such terms are expressed as follows

E 2sinzd . A1 A Ay
Ci(z, M) = /:% Ecos Az — €)dE = T (sm 5 ~ 5 s ?)

B CiCy(z, +8) = ] " €Cillz - €/(V £ B)] cos (= — )de
-7

1, . 1 . 1, =~ 1, . 1 . 1, -
=@+ 3)sin Bz + 3)Cillz + S |(V £ )] - (z — 3)sin (= ~ 2)Cille — 2|(F )]

cos Bz + 1 . -1
~Cille3I(¥40) | (e + sinde + 3) + ZXEE Do D49 [(a - Dysinple - 1)+ 2LE D)
+% + Ig—xlg

=6 CiCi(z,28) = [ &(a ~ )Cille — E1(V £ B)) cos Bz - £)d¢

= —2Cil|lz + - |N:tﬁ)] [(x l)smﬁ(z+ =)+ w]

g
+2Cilla— P [(e - Prome — 1)+ <222 =)

+Cill+ 5107 £ ) (e P ein e+ )+ X0 B conpla 4 1y Zsmpte + 1)

-Cif|z - %|(1§;r + 5] [(a: - %)2 sin 3{z ~ -;-) + 2(3; 7) cos Bz — —) smﬂ(:c )]

x
+EI4_ ﬁfs +:L'Jlrs+162 — I

—B CiSi(z,+8) = ECI[IE — E(N % 8)]sin B(= — £)d¢

ul»—

= (2+ 305 Bz + )Cille + 1V £ )] — (2 - 5 cos Bz ~ 2)Cillz - 21 £ )]
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~GCilla+3(7£8) (& + J)cos e+ 3) - LLET D] cigie g (2 - Dy eosse- 1) - ol - 3)
—zly+ Is — 'I—;-
OSSNy (s, £6) = _%ECOS[(x E)(V £ f)]sin Bz — €)d€ = 215 — Lo
cosve 0= [ ¥ (e €)col(e — )V 2 B)sin Bz — €)de = 2Ja— I
Si(z, M) = _i{sinz\l(z —g)de = 3%“1 (%l—cos S %)
§ Sx(z,+6) = %s(z — €)sin A(z - £)de
= _(”;‘ D) sinﬂ(z+%)+(i—;—1)sinﬁ(z-——%)+(l +5- F) cosﬂ(H%)— (4l - g ﬁz) Cosﬁ(m—%)

8 5iCi(z,26) = [ €Sil(e - ) + B)] cos iz - )¢

2

=(z+ )sm Bz + )Sz[ z + )(N +8)] - (z— —-)smﬁ(a: - —)Sz[(z - ~—)(N + 3]

cosflz+ 1 . cos Bz — L
_Sz[(z+ )(N:E,B)] (= + )smﬁ(a: + -21-) + _%t}_)] +Si[(z-—%)(Niﬁ)] [(z _ %)sinﬁ(:c _ %) n _ﬂ(ﬁ__gl]

I
—zh+ I -l--ﬁE

=B 5iS1(z,+p) = 631[(39 E)(N £ g)]sin Bz — £)dé

-1
]

= (o + 5)cos B+ Sille + DN A — (2 - 3)cosBla - 1)Sil(a - 1) )

- sinB{z + 1 - sin e — L
~Sil(z+5)(V£5)) [(x +3)cos Bl + ) - -%] +5il(—2)(T£5) [@; Dot - 1) - __*“ﬁ__)]
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T
—El —xly+ 17

—B SiSy(z,£B) = | &(z - £)Si[(z — E)(N + B))sin Bz — £)de

e W=

= zSi[(x + %)(1\7 * )] [(3 + %) cos Az + %) - .S.}M]

B8
—zSi[(z — %)(1\? + B)] [(z — %)cosﬁ(m — ;) S‘“’B(; — )]

2z +3)

—Si[(x + %)(1{’ =+ 4] [(:r: N %)2 cos Bz + %) - 3

——="sinf(x + ) —cosﬁ(z+2)]

+5il(z ~ 5)(F £ 6)] [(:r: ~ 5V eos iz = 1) - ggf’—;—f)sinﬁ(z - 5) = 708 Bla - %)]

+- I1— I2

5 5l e el I

PR
SNCS;(z,48) = .[__ Esinf(z — €)(N & B)] cos Blx — &)dE = zI7 — I

z4i
SNCSy(z,£8) = _/_; E(z — &)sinf(z — E)(N £ 8)] cos Bz — £)dE = 2l3 — Ir

where

s+ i . . o
L ___f 2 smtﬂsmt(N:ﬁ:ﬁ)dt
e-1 t

23 {-Cille+ P £ 2901+ Cile - 7 2201+ Gl + 215 - cila— 314}

l\)ll—l

o+ -
L = [ sint@sint(N £ §)dt

=-3

- cos (N i~2,8) sin(%‘r: +8) cos zﬂisin %'
N +25 N
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I -/'x"“% cost@sint(N + 5)
3 =

dt
z-4 t

=3 {Sz’[(z + )V £26)) - Sil(z - 3)(F 28)] + Sil(= + SN - 5il(e - %)m}

o4i Y
I :/ I costﬂcost(N:I:ﬁ)dt

-1 i

P -

{Cilie+ U £ 290 - €l - A £28)) + Cille + 3151 - Ol - 1)

z+4 .
Is = / ’ costfcost(N + B)dt
s L

K

_ cos z(N :I:~2ﬁ) sin(—"g- + ) 4 58 mﬂisin %
N2 N

z+§ .
Is = f sintf cost({N & B)dt
z-4

_— sin (N :t~2ﬁ) sin(%~ +5) _sin :t:ﬁ’.sin %
Nx2g N

z+3 -
Iz = f costFsint{N 4 F)di
i

Fi

_ sin z(N :t_?ﬂ) sin(% + ) + sin a‘:ﬂisin _1;[
Nx23 N

e+t i Y
I =/ sin ﬁcostt(N:i:ﬁ) &t

1
-3

=4

B =

{Si[(z + -;-)(Nf +20)] - Sil(z - %)(Kr +26)] — Sif(z + %)Nr] + Sil(z - %)N]}

z+4 .
Iy = / tcostBsini(N + B)dt
z-1

Fl
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<37 :lh - [2cosz(N ;iﬁlgn( L) PR 26) sin(% + ) — cosz(IV + 20) cos(% + )

1 [2coszNsin & _ . N
+— m + 2z sin z N sin E —coszN cos —
2N N 2 2

e+ N
Lo =f tsintfcost(N £ [)dt
a1

. e ) )
7 :lt = [2 cos :B(szigiﬁ;:;n(‘f + 3) +2zsinz(N + 26) sin(% x ) ~ cos z(N + 28) cos(—j;- + )

2coszNsin & . - N - N
F— [——-——ﬁ———?— + 2zsin stin-—j;-r- — cosz N cos >
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[ ] ABOVE 0455
0.390 - 0455
0.325 - 0.390
B 0260 - 0.325
Bl 0195 - 0260
BB 0130- 015
L

g

0.065 - 0.130

0.000 - 0.065
Bl -0.065 - 0.000
B -0.130 —0.065
Bl -0.195 --0.130
B Btow 0195

Figure 1: Contour plot of u (mm/s). U = 2m/s, N = 0.02 rads/s.
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ABOVE 2100

[ ] 1750 - 2100
1400 - 1750

B 1050 - 1400
Bl 0700 - 1050
B 035 - 0700
B 0000 - 0350
Bl -0.350 - 0.000
B -0.700 —0.350
B 1050 —0.700
B -1400 --1050
B sclow  -1400

Figure 2: Contour plot of v (mm/s). U = 2m/s, N = 0.02 rads/s.
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ABOVE  0.0030

0.0024 - 0.0030
] 0,001 - 00024
B 00012 - 00018
B 00006 - 0.0012
B 0.0000 - 0.0006
B -0.0006 - 0.0000
B -00012 —0.0006
B -0008 --00012
B -00024 --0.0018
B -0.0030 —0.0024
B BtLow 00030

Figure 3: Contour plot of 10® u, (1/s). U = 2m/s, N = 0.02 rads/s.
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ABOVE 1250
| 1000 - 1250
1 0750 - 1000
0500 - 0.750
0.250 - 0500
0.000 — 0.250
B -0.250 - 0.000
B -0500 —0.250
B -0.750 —0500
B -1000 —0.750
B -1250 --1000
B Boow 1250

Figure 6: Contour plot of u (mm/s). U = 2m/s, N = 0.04 rads/s.
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[] ABOVE 00
] 000- 00R

B -0010 —0007
B -0012 --000
B soow -0012

Figure 5: Contour plot of 10° v, (1/s). U = 2m/s, N = 0.02 rads/s.
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[ ] ABOVE 0270
0.225 - 0270
0180 - 0225
0135 - 0.180
0090 - 0.35
0.045 - 0.090
0.000 - 0.045
B -0.045 - 0000
Bl -00%0 —0045
B -0135 —00%
Bl -0180 --0135
B stow  -0.480

Figure 4: Contour plot of 10° v, (1/8). U = 2m/s, N = 0.02 rads/s.
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Bl -1050 —0.700
Bl 1400 --1050
B 1750 --1400
B Boow 1750

Figure 9: Contour plot of 10 v, (1/s). U = 2m/s, N = 0.04 rads/s.
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ABOVE 0120
000 - 0.120
0.080 - 0.100
0.060 - 0.080
0.040 - 0.060
0.020 - 0.040
0.000 - 0,020
B -0020 - 0.000
B 0040 —0.020
B -0.060 —0040
Bl -0.080 —0.060
B BtLow -0.080

Figure 10: Contour plot of 10% v, (1/s). U = 2m/s, N = 0.04 rads/s.
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ABOVE  0.100

0075 - 0.00
0.050 - 0.075
B 0025 - 0.050
B 0000 - 0.025
B -0025 - 0000
B -0.050 —0.025
B -0075 —0050
B -0.100 —0075
B 025 --0.100
=

Figure 11: Contour plot of u (mm/s). U = 5m/s, N = 0.02 rads/s.
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ABOVE  0.020
0.0% - 0.020
0.012 - 0.0%6

B 006 --0012
B -0020 --00%
B Btow -0020

Figure 8: Contour plot of 10% u, (1/s). U = 2m/s, N = 0.04 rads/s.
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ABOVE  9.000
7.500 - 9.000
6.000 - 7.500
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L&
E
B 1500 - 3.000
B
[
i

0,000 — 1500
-1500 - 0,000
-3,000 —-1500

B -4500 —3000

B -6.000 —4500

B BELow -6.000

Figure 7: Contour plot of v (mm/s). U = 2m/s, N = 0.04 rads/s.
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ABOVE 0600
0.500 - 0.600
0400 - 0500
0.300 - 0.400

Bl 0200 - 0.300

B 0100 - 0200

B -0000 - 0100

B -0.00 —0.000

B -0.200 --0.100

B -0.300 —0.200

B -0400 —0.300

B Bolow -0.400

Figure 12: Contour plot of v (mm/s). U = 5m/s, N = 0.02 rads/s.
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| ABOVE  0.0006
0.0005 - 0.0006
0.0004 - 0.0005
0.0003 - 0.0004
0.0002 - 0.0003
0.0001 - 0.0002
0.0000 - 0.0001

B Boow -0.0004

Figure 13: Contour plot of 10® u, (1/s). U = 5m/s, N = 0.02 rads/s.
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ABOVE  0.045
0039 - 0.045
0032 - 0.039
0026 - 0032
0020 - 0026
0013 - 0,020
0007 - 008
0000 - 0.007

B -0.006 - 0.000

B -0013 —0006

B 0019 --0013

B Btow  -0019

Figure 14: Contour plot of 10® v, (1/s). U = 5 m/s, N = 0.02 rads/s.
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ABOVE  0.00%5
0.0012 - 0.001%5
0.0009 - 0.0012
0.0006 - 0.0009
0.0003 - 0.0006

B -00012 —0.0009
B -00055 ——0.0012
B BELow -0.005

Figure 15: Contour plot of 10® v (1/s). U = 5m/s, N = 0.02 rads/s.
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ABOVE 0200

0160 - 0.200

0120 - 0360
B 0080 - 0120
B 0.040 - 0080
B 0.000 - 0040
B -0.040 - 0,000
B -0080 —0.040
B -0.20 —0.080
B -0.160 --0.120
B -0.200 --0.160
B BELow -0200

Figure 16: Contour plot of u (mm/s) using a three layer model. U = 2m/s, p; = 1025 Kg/m?,
pz = 10265 Kg/m®, ps = 1028 Kg/m3, ¢, = 30 m, t, = 30 m.




Ship Science Report No. 84 49

ABOVE  0.900

0.750 - 0.900

0,600 - 0.750
B 0450 - 0600
B 0300 - 0450
B 0150 - 0.300
B 0000 - 0150
B -0.50 - 0.000
B -0.300 --0.550
B -0450 —0.300
B 0600 —0.450
B BELow 0600

Figure 17: Contour plot of v (mm/s) using a three layer model. U = 2 m/s, p; = 1025 Kg/m®,
p2 = 10265 Kg/m® ps = 1028 Kg/m®,t; = 30 m,t; = 30 m.
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Figure 18: Vertical velocity w (mm/s) calculated on the vertical planes —100, —200 and —500 m
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thbstasesed
bEssgaaEcs

BELOW Q400

Figure 19: Vertical velocity w (mm/s) calculated on the vertical planes z = —1000, —1500 and —2000 m
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Bl -0.100 - 0100
B -0.300 ——0.100
B -0.500 —0.300
B BELOW 0500

Figure 20: Vertical velocity w (mm/s) calculated on the vertical planes y = 0, 50 and 100 m
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Figure 21: Vertical velocity w (mm/s) calculated on the vertical planes y = 200, 300 and 400 m
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[ ABOVE 1750
[ 1400 - 1750

1050 - 1400
B 0700 - 1050
B 035 - 0700
Bl 0000 - 0350
B -0.350 - 0,000
Bl -0.700 —0.350
Bl -1050 —0.700
Bl -1400 --1050
B -1750 --1400
B soow -1750

Figure 22: Vertical velocity w (mm/s) calculated on the horizontal planes z = —10 and —20 m
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[ ABOVE 3500
] 2800 - 3500
2100 - 2.800
B 1400 - 2100
Bl 0700 - 1400
B 0000 - 0700
B -0.700 - 0.000
B 1400 —0.700
B 2100 --1400
B -2800 --2100
Bl -3500 —2800
B BeLow -3500

Figure 23: Vertical velocity w (mm/s) calculated on the horizontal planes z = —30 and —40 m




