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1 Introduction

In reference [1] [2], authors have derived the stiffness matrix of an 8-node laminated
plate taking into accoﬁnt higher-order shear deformation, linear strain-displacement
relations and nonlinear strain-displacement relations . In order to derive the stiffness
matrix, authors adopted the equilibrium equations derived by using an element equi-
librium conditions. However, the equilibrium equations, which authors used to derive
the stiffness matrix, are variationally inconmsistent, for the displacement field used,
with those derived from the principle of virtual displacements [3] [4]. In general shell
theory content, it is known that different methods to derive equilibrium equations re-
sult in marginally different results. Although most of the terms in those equilibrium
equations are the same, some are different. Generally speaking, the differences are
small and relate to higher order terms. These can be neglected in most cases.

In order to check the above conclusion, in this paper, the equilibrium equations,
which are derived from the principle of virtual displacements, will be used to ob-
tain the stiffness matrix of an 8-node laminated plate element taking into account
higher-order shear deformation, linear strain-displacement relations and nonlinear
displacement relations.

At the end of the paper, a unified stiffness matrix is presented used not only for

linear solution but also for geometric nonlinear problems.



2 Stress-Strain Relation

Consider a laminated plate element of N layers with thickness h, length 2a, and
width 2b, as shown in Fig.1 . Each layer is taken to be macroscopically homogeneous

and orthotropic.
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Figure 1
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Based on the Duhamel — Neumann law, the stress-strain relation of the kth

layer is

oy Qu Q12 Qs 0 0 0 €1
o2 Q12 Q22 Q2 O 0 0 €2
o3 Qis Q2 Q33 0O o 0 €3

3 = . ( (1)
T23 0 0 0 Q4 O 0 “Yo3
o3 0 0 0 0 Qss O Y13

\ 012 ) i 0 0 0 0 0 Qes 11 T2 j

where

Qu = E1/(1 - U12V21)



le =

Q2 =

Q44 =

st =

Qza =

vi2E> /(1 — viava1) = var By /(1 — vigva)) = Qs

E:/(1 — vi2v2) (2)
Gas

Gi12 = G13 = Qs

U23E2/(1 - Ugs) = V32E3/(1 —_ Uiz)

In the derivation of Eq. (1), the stresses and strains are defined in the principal

material directions for that orthotropic lamina. However, in angle-ply laminated

plates the principal directions of orthotropy of each individual lamina do not coincide

with the geometrical coordinate frame. It is necessary to use the transformed reduced

stiffness

-

/
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The thirteen constants Q;; are related to the nine Q;; through the following trans-

formation formulae

Qu = Qum* 4 2(Q12 + 2Qes)m?n® + Qyont

612 =

(Qu1 + Q22 — 4Qsc)m?*n® + Q12(m* + n*)
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where

Qi1am® + Qz3n’

(Qu1 — Q12 — 2Qes)mM’n + (Q1z — Q22 + 2Qgs)mn’®

Qun* + 2(Q1z + 2Qes)m*n® + Qyym?

Q1sn® + Qzam?

Qss (4)
(Qu1 — Q12 — 2Qss)mn® + (Q12 — Q22 + 2Q¢s)mn

(Qi3 — Qz3)mn

Qaam?® + Qssn?

(Qss — Qua)mn

Qssm? + Qun’®

Q11 + Q22 — 2Q12)m2n2 + st(m2 - n2)2

m = cosf, n = sind, (see Fig.2) (5)

0 -
Figure 2



3 Reddy’s Higher-Order Shear Deformation Theory

The displacement field of Reddy’s higher-order shear deformation theory has been

given in reference [1] [2] [5] as following

W@ U ) = uo(msy) +20i(E:9) — gl (wsy) + o]

31’12

ow
v(Z,Y,2) = wvol(e,y) + zds(z,y) — 3_’1";[(?52( z,y) + a] (6)

w(x,y,z) = wo(z,Yy)

where w9,v0,wy are associated midplane displacements, and ¢; and ¢, are the
rotations of the transverse normal in the zz and yz planes. The coordinate frame is
chosen in such a way that the ry plane coincides with the midplane of plate.

Based on the linear strain-displacement equations and nonlinear strain-displacement

equations, we have

€z = €5+ z(kl+ 2%k2) + L,e"

€, = eg + z(k; + zzki) + LnE;

€. = 0
You = Yoy +2(ky, + 2%k2) + L), (7
Ver = Yoo+ 2,
Y = Y, + 25,
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where

{€} = e } = m > (8)
Y 8y .
0 Bu, Ay,
. ‘ny o . ?yo- + ﬁ- 7
f b 4 ~
" (3w0)2
x 2
{en} = E: y = (3WO)2 > (9)
n Dwg &
| Yy | B 8y |
s A 4 A
k! g1
{£'} = < 2 [ = 332 (10)
Yy 3y
1 9 ¢
. kzy / -‘% + a—yl. 7
k2 P45y
4
2 = - —_— 34) 82w,
{k*} 1 k2 ¢ shz| B4+ o > (11)
9 de¢
| k2 | | B+ 5+ 25
1 3w0
Yoz + ¢
{+'} = (12)
’Y;z 8w° + @2
2 Swg
Yz 4 | 52+
{+’} = = -5 (13)
"}’2 3w° + @2
yz

Where, L, in equation (7} is solution character coefficient. L, = 0 means linear

solution, and L, = 1 means nonlinear solution.



Substituting Eq.(7) into Eq.(3) one has the stresses expressed in terms of midplane

strains {€°}, and rotations of transverse normal {k'} ,and {k?} , {+*}, {72} and

{e"} .

Que; + Quz€) + Que7l, + (Quikl + Quokl + Qekl )z

H(Qukl + Quokl + Quekl )2 + Lo(Quu € + @ra€” + Qo
Quaex + Quae) + Qo) + (Quokl + Qppkl + Qpekl )z

+(Quzk] + Quak] + Qz6kl,) 2" + Lo(Qua€l + @€l + Qe
Qu(v), +2°2) + Qus (12, + 2242) (14)
Qus(V, + 2292) + Qs (7L, + 2272

Que€; + Quoey + Qoas, + (Quokl + Quok? + Quok?)2

+(616k2 + 626k3 + stk:y)za + Ln((_jlefz + azsf: + -Q-es")’;y)

The stress resultants and moment resultants are defined as

N, [ '
N Zk41
NF=3nN = Z/ } oy (9% (15)
k=1 "%k
Ny | Tzv |
M, o
J N Zko1
{M} = M, ¢ = Z/ J o, (2dz (16)
k=1"%k
[ Mo | o |



( 3 s 3
T L
N z
k41
— — 3
Py =:3p { = > { o, (2dz
v k=1"%
zy o.-”«"y
. J L J

Q:z: N k41 Oy
{Q} = =y [ dz

Qy k=175 Ty
R:L' N ZE41 Oy
R = = / szz
{R} :;1 A
R, - Ty

where the geometrical notation is as shown below:

A
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Figure 3
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Substituting Eq. (14) into Eqs.

., ~

2 2

2

= XK
]

N

<0

i

All

Ajz Asg

A22 A26

Ass Ass Dy Dy, "Y:z
Dy Dys Fyqy Fyy ‘rf,z

Dss Dys Fus Fiy | ‘Yﬁz

(15), (16), (17), (18) and (19), we have

Byy Biz Bys Enn Eiz Ese
Biz Biz Bz Eiz Ez; Eg
Bi¢ Bis Bss Eis Ez Fes
Dy Dy Dy Fiu Fiz Fye
Di; Dy D2 Fiz Fe Fis |
Di¢ D2 Dss Fis Fis Figs
Fy, F» F¢ Hy;;, Hy» Hy

F12 F22 F26 H12 H22 HZG

Fig Fie Fge Hie Hze Hgg

N,
Z Qij(zk+1 — 23)
k=1

1N _,
> S @ty — D)

k=1
1N,
3 3
3 Z Qij(zk+1 — 2;)
k=1
1N,
1 Qij(z:+1 - z:)
k=1

w

(21)

(22)

+(20)




where 1,j =1,2,6.

where 1,) =4.5.

2
|

i
‘0?}"'

;‘j(zk+1 — zk)

1 XN —k 3

3 Z Qij(z2+1 —z)
k=1

1M _,

5 kZ Q:’j(‘zf+1 - 22)
=1

4 Interpolation Function

(23)

We adopt Serendipity 8-node element with five degrees of freedom for each node.

The total number of degrees of freedom for the element is 40. The natural coordinate

system (&, 77) as shown in Fig.4 is taken to define the element geometry. The element

has sides £ = 3:1 and 1 = %1 (see Fig.4). For the element of side 2a by 2b

§

n

where (., y.) are the coordinates at the centre of the element . Thus we have

dE_
de

= (z—=z.)/a

= (y _yc)/b

1 dnp 1

a dy b
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and the element area of the rectangular element is given as
dedy = abdédy (26)

To integrate any function f(x,y) over the element we transform to the natural coor-

dinate system, so that

f jﬂ f(z,y) dedy = j_ 11 f_ 11 f(&,n) abdtdn (27)

Figure 4

For the 8-node Serendipity element shown in Fig.4 the interpolation function has

the following forms for the corner and midside nodes:

1. for the corner nodes
1 .
P = Z(l +&&) A+ ) &€+ —1) i = 1,2,3,4 (28)
2. for the midside nodes

b= S e )+ Eaem)(1-¢) i = 5,6,7,8 (29)
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According to the values of 8 node coordinates we have from Eqs.(28) and (29) the

interpolation functions for each node as follows :

o= — (1= OO —mE+n+1)
¥ = J0+O0-mE-n-1)
Y = LA+OU+ME+n—1)

o = Z0-OA+n)(~E+n—1)

b = ZA—m-&) (30)
Yo = A+ - )

b= S +m)A-¢)

b = (1=

The derivatives of the interpolation functions are as follows :

1. for the corner nodes

gy, 1 . , , )
5 = 251+ M) (266 + mmy)
oy 1 1 9
oy = Zm( + &&) (20 + £6:)
8%, 1
aer — et 1)
&P 1
o = En,-z(l + &&)
O%; 8%,

1
EYE = EYe-r: = Zfﬁﬂi(1+2finf+2€&)

12



2. for the midside nodes

‘2_'? = %gf(l ~n?) - n*(1 + )¢

.‘Z_‘f; - %nf(l — £2) — gf(i + &&n

iﬁb: —n?(1 + m:) (32)
‘:’;”2" = —&2(1 + &)

P _ O —&n — &n}

8¢om . Omoe
Note that the polynomial terms contained in this element are 1, z, y, 2, zy, 2, 2%y,

xy? . For this element, the interpolation functions have satisfied the conditions

2 %ilgm) =1 (33)
and
1 ifi=j
Pi(€im;) = (34)
0 i#j

The displacement components are approximated by the product of the interpola-

tion function matrix [¢;] and the nodal displacement vector {gf} = [ua; vo; Wo; P1; P2:]7,

1e.,
Vo
{0} = {wo [ = Llda3 (35)
1
\ ¢2 ry

13



the superscript e of {g{} denotes these variables are defined on the element and need

to be determined .

5 The Stiffness Matrix of an 8-Node Laminated Plate Ele-

ment

Finite element models developed for plate theory can be grouped into three major

categories:
1. displacement models based on the principle of virtual displacements;

2. mixed and hybrid models based on the modified or mixed variational statements

of the plate theories;

3. equilibrium models based on the principle of virtual forces.

Among the three types of models, the displacement finite element models are most
natural and commonly used in commercial finite element programs.

In this paper we will use the displacement models to derive the stiffness matrix of
an 8-node rectangular layered plate element.

By means of the principle of virtual displacement, we have

(8Nz + any)é dodu = 0
e Oz 8y hod@Cy =
ON,, ON,
dvpdedy = 0
n=(8m+8y)vuwy
aQ, 8qQ, 4 OR, OR, 4 O°P,
n={ Oz + Oy ta h?" 9z + Oy )+ 3h2( ox?

i4



8?P,, azp 8 Bw, Bw,

2 Y + L. [—(N, Npy—

+ Oz 8y y2 )+ [61:( Oz + Ny Oy )
8 dw dw

o NVev g + Ny )}swodzdy = 0 (36)
9y Oz Jy

8M, OM,, 4 4 8P, 8P,

0, +—R, — S¢ dzdy = 0
5z "oy @t galG, T, Nodidady
8M,, &M, 4 4 8P, 8P,

- —_ b¢dedy = 0

/e oz oy T 3hil oz T By 0%dedy

Recall that Nz, Ny, ooy My, Rey ..oy Py, are functions of the derivatives of the
displacement o, vo, Wo, 1, P2. To reduce the differentiability of the interpolation
functions used in the finite element approximation of wug, vo, wo, 1, P2 the differenti-

ation on Ngy Nyyyeeey Myyy Ry oouy Py is treated to weight functions §u, dvg, bwy,

6¢1, 6¢2 by using integration-by-parts

861&0 + 66‘”0

( ny)dmd'yw/ N, buyds = 0
36 aé
( N, oy + vON)da:dy / N, 6veds = 0
9y
8610{) (96’&79 4 (96'11)0 86100 4 826100
{ Oy @ h?' Bz R + Ry) 3h2( 7 fx2
8261!}0 62611)0 Oéw wWo 8w0 Bwo
2P, ———— + L, N, Nyy——
8wy Jwy B'w
t oy N + N, 0)]}d:cdy j q6wodzdy (37)
- nOWo — n - ns =
re T 3R " 8x | 3R y
0b¢d, 86q51 4 86¢1 36@51
M, M, 0P — P, x
/e[ oz =T vt Q00— g o Bt Fey)

*Rs
- R qbl]da:dy— ]r M.b6¢yds = 0
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where

I‘e

Qe

08¢, 86¢, 4 B8 88¢,

M,+——M 6, — —(—P, P
oe "1 5y v H Qb — s (g T T By )
4

——R,5¢:]dzdy - ]r M,.5¢ds = O

the boundary edge of the element domain £2¢;

the element domain;

Nen; + N:r:yny

Nyyn, + Nyn,

4 4 8P, 08P, or,,

Q1 + Qyny — ﬁ(anw + Ryny) + 3h2[( Oz + oy s+ ( O
opP, Jw, Hwy dw, Jwg
—_ Lo[(Ng—— + Ney—)n; + (Ngyy— + Ny——

+8'y Jng] + L [( 5z + Nay dy )ng + (N, 5z + IV By )n,]

P:t:n.r + szny
Pyn; 4+ P,

4
Mxnx -+ szny - @(Pxn,, -+ szny)

dy de
n, = —-—
ds ds

Substituting Sue = i, dvo = i, Swoe = ¢y, 61 = ¥; and 8¢, = ¥; into

Egs. (37) , we have

16



(8¢’ c';":iny)da:dy— ]r Nutpids = 0
(81/)‘ N, Zﬁ‘Ny)dmdy—Le Notids = 0
e+ 00— (R + 2R - RO
+2sz:2g‘ +P32¢‘)+L,,,[ (N, 3"’;"-+Nzy%)
‘:’;’ (ny o °+ N, awo)]}dwdy / —qi.dedy (38)
~ [ (Quti — o 3'i‘ —3:2 8¢’)ds ~ 0

/m[i'i'M +?;:‘ My + Qo — 3h2( Rubal sz‘?g—";")
—%R@t‘b;]dmdy— jr Mpds = 0

fne[?f:‘ .+ '/"M + Q¥ — 3h2( e ’/"' Pyz—‘fj)

-ERyi,b,-]da:dy— [ Masthids = 0

Substituting Eq.(35) for ue, v, we, ¢y, and ¢, into Egs. (8), (9), (10), (11), (12),
(13) we obtain {€°}, {e"}, {k'}, {k%}, {+'} and {¥?} represented by interpolation
functions and nodal displacements. Then substituting {€°}, {e"}, {k'}, {k%}, {4}
and {+?} into Egs. (20), (21) we have stress resultants, moment resultants and
transverse shear forces {IN}, {M},{Q},{P} and {R} represented by interpola-
tion functions and node displacements . After substituting { N}, {M}, {Q}, {P}

and {R} represented by interpolation functions and node displacements into Eq.(38)

17



we obtain the finite element model of the higher-order shear deformation theory
8 5
Y KFA—~Ff =0 (B=1,2,..,5i=1,2,..,8)) (39)
i=1la=1

or

[K{A} = {F} (40)

where the variables A%, the stiffness and force coefficients are defined by

A: = Uy; AJZ = vyj A? = two;
A? = ¢1.J A? - d’ZJ (41)
K} = Ny, + L.Ni?) + ( Ng. + L.N;*) dedy
K2 = No 4L Ngf) + ( o + Ny, + L.NJ%)|dedy
2
- i o ¢1
Ky = n,{—'(Q ; )+ (ng + Q4J) + (Q5J + LG5
2 2
v Q3+ L5 + ¢’(Q7, +L.Q
81,b1 dw a¢, dw
+Lal 5 (N + Nl,) + 5 "( N,) (42)
Bi,b, Bw
3 Oz 0( 63) + ( + NZJ)
;. BY; B, 3#’ 9Y; ¢ o
+§m_( 5e %1 T 8y J JQG ~Q3)]}dedy
Kl = /e{ Mg, + MZ + L(MIS + Q3)] + [M;j,,- + Mg,
+Ln (M, + Q)] + v:(QF; + Q:,—)}dmdy
o 81/)’ nee no 61/)' o o
Kf_’? { [ 5t Ln(sz + Qg; )N+ W[Msj + Mg;

+L.(MZ} + Q7)) + :(Q3, + QF) }dedy
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The coefficients ij,mj, M7, and Qjfor @ = 1,2, ...,5 and I = 1, 2,6 are given

by
Ny = Au% +Am?:j NZ = Aua;;ij +A16‘Z'i"
ij = Bn E;ij +Blﬁ%tj N15j = Blz?;j;j +B16‘?ij
N = Au%JrA%‘?:f NZ = An%":”' +A26‘?9'i’ (43)
Ny = Buitj + Bag ‘Z";"' N; = Bzz%JrBze ‘Z‘if
Nej = B”iﬁj + Beo Zﬁj o = st% + B Z‘i"
¥ = T 5T s 2
Niﬁ = _;?(EH% +Elﬁiij) Wij = _:?(Elz%+Emiij)
N, = —3; (Exz ‘?; ;/:i + Ex ‘i’; ;/;,» + 2E25§:g;) (44)
R WP T A N D
Ng; = _?Z_Z(Els?slij +E63¢?;i") N, = _;F(EZSZ—II;"'E“Zf)
-:j = Asst; — %D55¢j QR = Aust; — %D45¢j
ng = A448¢j +A456¢j — i 446¢£ 4 45&%

8y 8z hr 8y R Y 8e
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Agstp; — —D
iIT he 45 ?; ng = Ay
s — b
" ] —Dast;
(D45 + Ds; ¢J 2 —BT#- !
y 8z h2 ¥ P
3 ~Fys—)
. ) vy h 8
( 55y — F :
) QL = — 4
2 Sty =g (Dao¥s ~ gz Fad;
hz(D44 ¥ | Dy % 4 Y 4 2 Fas¥i)
) D~ prFupt = e
By hz S )
(D45¢: F
4 45%) Qi- = (D !b
] 8 7 449 F
__3h2 (En TPJ + F5 8¢j) z —4 44¢J)
2 8y 5 = —ogE a% 9%
2,2 ¢J 2y anzBrzg =+ Breg D)
oht + H;;—> + 2H 6%¢; ”
) a¢ 8y? * oz8 )
™ Yy
3h2 (F11 8x : +F166¢J - 4 5%, 4 (45)
4 8y 3hz Y o o
6¢ 623 16 )
i ] 2y 3h2? F)
“apz\fz g " + Fe—% — 2 O%; 4 7
52 3pzlin B o
4 6 ° o
———(E % O, vy . )
3pz 18 - + Egs— 3 ! 2 4 81,b
1 Yy 6 = “arz : o%;
9—64 (He 2 i 32¢: I o 2 ghe Frog, + Fee a%)
h4 B2 26321+2H668¢j) m
i . dzxdy
3h2 (FIGB_J + Fge 8¢j - 4 alb. 4
4 z 8 ghz  1® - - H o
o 2 2y dxr 3k °a )
aha Py + Foa g = et — o y
4 Y 8z  3hz ° ! e Heo
] 6 a 66 )
o ¢J o, y 3h2 Oz
3h2 12 + Eg 3 J) Q2 31,[)
y Co o
164 12321/;3- 824p; . ?'hz(Ez2 ayj B B¢J)
ot (Hu s + Ha L + 2Hy I ‘“
) Do, y Ozd )
PYEALEE + Fog—2 — 0%, 4
dy 27 - e
h o a¢, i 3h os  3hl*g,)
TRz g + Foe I _ 4 %%, 4 ;
8x 3hz - e
8y 3k °° oz’
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i

B“‘Zj + Big %‘ﬁ"’ M2 = By, ?3 . Bmé;ij
—3;(1“112? + Fuizj;"' + 2Flﬁ§;§;)
2y L L
R
Bie {Zi" + Bes ‘2‘;" M} Bze?;:j + By, Z@ij
—312(F16‘?92ij + Fis ‘Z/;j + ZF.;S::g;)
O
AR B B
—5%;(1511% +E16(?91’:j) M;, = —3%(15’12?:
e
_3;:’2'(F11 Z‘i" + Fi ‘1";" - 3:2 H“?faﬁj _ 3;1;2 Hm(l:‘;j
%(Hm%i + Hzg ?;;ZJ + 2H66§;:’;;)

4 8v; oy; 4 oy, 4 Ap;

=+ F ~—H —
3h2 By + Fee Y gh2 126 oy 3h2H66 Do
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n3
M 1

My

57

M3 =

23

22

9, 8, 0Y; 0Y;
B B MZ = Byy— + Byg——
125 + Bag— oy 55 22 By + DBa2e Da
4 a%, 82; 8,
F. 2F. ’
3h2( 12 + F32 By? + 2662:3‘9.)
&Y, 8y, 4 _ &Y, 4 _ 8,
Dy;—2+D — L — P
12757 + D2 By  3hr 2oy  3pzl By
91, oy; 4 oy, 4 Y;
D D — -
2 a t D T dy  3hz °° 6:!:)
81/) avp; Y, oY,
_Eﬁ( —2 + Esq ayj) 2 = —w(Ezz " Ey )
16 (92 8%1; 8%y;
@'(Hm alij + Ho: 8;2] + 2H26823;‘;)
B, 8y, 4 __ BY; 4 _ O,
- (F F - —
3h2( 2 o2 + P2 Oy 3hz % 8g 3hz ° Oy )
4 aw, Op; 4 B 4 __ Oy
——(F F. - H. — !
sz g T Fepn = oo Ha gy  3hz °° oz
_ l(Alla'ID[) 81/13 811)0 8'!,L'J 68’"]0 8’¢J aawg 31,[1_,)
2 Ooxr Oz By Oy Oz Oy 8y Ox
E(Au 611)0 81,b_,, ) awo 61/)_? 8?1.70 6’!/)_, 8’")0 81,1)3) (47)
2 8z Oz 8y Oy * 8z By * 8y Oz
l(Am Owg 8 66w0 oY, Owy 8Y; Jwp 31,1)3-)
2 dz Oz 8y Oy "8z oy “ 8y Oz
1 Ow 1 Sw Ow, Ow
QR = EAH( l]) +2A12( 0) + Aze 83:0 Byﬂ
1 B'w 1 Owy Bw
Q; = EAlz( 8:::0) + EAzz( oy )2+A26 8; ayu (48)
1 Ow ow Bwy 8w
Q = EAIG( 0)2+— ze( 0) + Ags 83:0 8;
1, Owo 8y, Hwy B, Bwy O, By Y
( 11 2 6 T 6 )
2 Oz Ox dy Oy Oz Oy Oy Ox
1(312 B'wo BTIL‘J , 8'!1}0 % ng 8’(/);, B'LU() 8"1)_? )
2 9z Oz dy Oy > 8z 9y * 8y Oz
—l—(B Owy a¢, Bw, O, Owy OY; Ow, O
2 8z O= “ oy 8 “ 8z 8 o )
y Oy z Oy Oy Oz



ng — —."—2__( 3100 61‘{)_, E 8?1)0 61/)_7 E a’tﬂo BT,L’J 811)0 8’(!?3

3h2" 9z Oz 12 8y Oy + fo 8z Oy 1 ay B:c)
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All other coeflicients are zero in Eqs. (43), (44), (45), (46), (47), (48), (49), (50).
Equation (42) represents the stiffness factors of an 8-node laminated plate element
based on the equilibrium equations derived from the principle of virtual displacements.

1t is applicable not only to linear solution but also to nonlinear solution.
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