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Multi-Carrier Code Division Multiple Access 

by Byoung-Jo CHOI 

Multi-Carrier Code Division Multiple Access (MC-CDMA) exploits the joint benefits of Direct-Sequence 

(DS) CDMA and Orthogonal Frequency Division Multiplexing (OFDM). Hence, MC-CDMA exhibits 

high spectral efficiency and substantial benefits from the frequency diversity provided by frequency se-

lective fading channels. This dissertation investigates several aspects of MC-CDMA. Firstly, the Peak-

to-Average Power Ratio (PAPR) of the MC-CDMA signal is analysed. It was shown that the PAPR 

is characterised by the aperiodic correlation properties of the spreading sequences employed. Several 

orthogonal spreading codes were investigated in terms of their PAPR and it was found that the PAPR 

can be upper bounded by 3dB when employing orthogonal complementary codes in the context of low 

number of sub-carriers. Secondly, the application of adaptive modulation to MC-CDMA was studied. 

The optimum mode switching levels for generic adaptive modulation schemes were derived first and 

then, the performance of adaptive-modulation assisted MC-CDMA was analysed for transmission over 

various propagation scenarios. When space-time block codes were combined with adaptive-modulation 

assisted MC-CDMA, as expected the SNR gains of adaptive modulation over fixed-mode modems were 

found to decrease. Lastly, three types of reduced-complexity despreading schemes were proposed with 

an application to MC-CDMA in mind and the BER performance as well as the achievable complexity 

reduction were investigated. 
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Chapter 1 

Introduction 

In 1993, a number of hybrid transmission techniques employing Code Division Multiple Access (CDMA) 

and Orthogonal Frequency Division Multiplexing (OFDM) were proposed [1,2]. These combined tech-

niques are expected to outperform the pure CDMA and OFDM techniques. The aim of this treatise is to 

examine various aspects of these techniques. 

Since multi-carrier CDMA techniques rely on both CDMA and OFDM, the two conventional tech-

niques will be reviewed briefly. The concept of multi-carrier CDMA will be presented next. The outline 

of the thesis will be given at the end of this chapter. 

1.1 Overview of DS-CDMA 

Direct-Sequence (DS) CDMA is a spread-spectrum communication technique. Spread-spectrum tech-

niques were developed originally for military guidance and communications systems [3]. During the sec-

ond World War, radar engineers used spread-spectrum techniques for mitigating intentional jamming and 

for achieving high resolution ranging. During the late 1970s, the employment of spread-spectrum tech-

niques was proposed for efficient cellular communication [4]. It is interesting to note that [4] addressed 

most essential issues involved in DS-CDMA cellular communications at such an early stage, although 

the proposed scheme was based on frequency hopping spread-spectrum communication. For a detailed 

historical review of spread-spectrum based communications, the reader is referred to the overview papers 

by Scholtz [3], by Yue [5] or to Chapter 2 of [6] by Simon, Omura, Scholtz and Levitt. 

In CDMA systems, users share the same broad bandwidth all the time, using different spreading 

codes. This unique feature of CDMA results in a soft capacity limit [4], while conventional Frequency 

Division Multiple Access (FDMA) and Time Division Multiple Access (TDMA) have hard capacity 

limits, since they use a finite number of orthogonal resources. The limiting factor of the capacity of 

CDMA systems is self interference and Multi User Interferences (MUI). The effects of these interfer-

ence sources depend on the channel's characteristics and on the properties of the spreading codes used. 

Since any method which reduces the interference is capable of increasing the overall user capacity in 

CDMA, significant research efforts have been invested in reducing the interference [7]. Several simple 
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techniques, such as spatial isolation of users by cell sectorisation and discontinuous transmission rely-

ing on voice activity detection or on the burstiness of the information source, were shown to increase 

the user capacity [8]. Other sophisticated techniques employing interference cancellation [9], joint de-

tection [10, 11] and adaptive antenna arrays [12] are realistic at the time of writing and offer further 

capacity gains. 

One of the important merits of CDMA in a cellular environment is its potentially unity frequency 

reuse factor [8]. In TDMA and FDMA systems, the same frequency could be reused in different cells 

only beyond a sufficiently hight reuse distance, where the effects of interference between users of the 

same channel became negligible [13-15]. By contrast, in CDMA systems, the adjacent cells can use the 

same frequency in conjunction with unique cell-specific spreading sequences assigned for each cell site. 

Frequency planning is not required any more, while cell planning still remains an important issue, for 

example, for reasons of transmit power reduction [16]. An obvious advantage of the universal frequency 

reuse is the substantial potential increase in user capacity per unit bandwidth in comparison to 7-cell 

clusters. Another important advantage is the ability to use soft hand-off [8]. When a mobile roams across 

a cell boundary, its communication channel has to be handed over to a more suitable base station [13,14]. 

In conventional multiple access systems often this means an abrupt RF channel change. Hence the 

communication link typically experiences a short discontinuity, while this RF channel change takes place. 

This is referred to as hard hand-off or hard hand-over [14]. In CDMA systems all base stations may use 

the same frequency. So-called Rake receivers [17, 18] used in the mobile stations for combining the 

signals from the two base stations involved in the hand-over [16]. This soft hand-off makes seamless 

communications possible [19]. The soft hand-off also mitigates the multi-path fading effects during the 

hand over period with the aid of cell site diversity [16]. 

In mobile communication the transmitted signal passes through multiple paths generally exhibiting 

different path lengths. The arrival time of the signals at a receiver spans from several tens of ns to sev-

eral tens of jis, depending on the environment. The channel impulse response characterises the scattering 

of the transmitted energy in the time domain. The associated time-domain description results in Inter-

Symbol Interference (ISI), where each impulse response component is exposed to fast Rayleigh fading. 

In conventional FDMA and TDMA systems complex channel equalizers are required for combating 

dispersion. As the transmission rate is increased, the number of ISI-contaminated adjacent symbols is 

proportionately increased [13]. Ironically, CDMA communication systems intentionally use significantly 

higher transmission rates, or chip rates, in order to take advantage of these scattered multi-path signals. 

Rake receivers [17, 18] are capable of resolving each delayed signal component with an accuracy of a 

chip period. Each demodulated component is combined by the Rake receivers in order to make effective 

use of the channel-induced multi-path diversity. A system having a shorter chip period or wider band-

width is capable of resolving lower delay differences and hence may benefit from higher-order diversity. 

This characteristic together with the demands of higher data transfer rates render wide-band CDMA more 

attractive than the existing Pan-American narrow-band CDMA system known as IS-95 [20]. 

DS-CDMA systems typically suffer from so-called near/far problem [21, 22]. This problem is often 

more acute in the up link due to its asynchronous nature, than in the synchronous down link [16]. The 
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base station's receiver will experience excessive multi-user interferences resulting from the undesirable 

non-zero asynchronous cross correlation between the spreading sequences. This is so, even when the 

asynchronous cross correlations of the sequences employed are low, due to the effects of the multi-path 

channel. Thus, a mobile station near the base station should lower its transmit power so that all the 

reverse link signals at the base station's receiver can be received at equal power, independent of their 

geographical locations. In open-loop power control schemes [22] a mobile measures the power of the 

signal received from the base station for determining its required transmit power, assuming that the 

transmit path and the receiving path have approximately equal attenuations. Sometimes this is not the 

case, especially in frequency division duplex (FDD) CDMA systems. Thus closed-loop power control 

is required. In closed-loop power control schemes [23, 24] the base station sends power adjustment 

commands to each mobile station based on several measures, such as the received signal strength, the 

ratio of signal energy per bit to noise density (Eb/No) and the Bit Error Ratio (BER). Stability problems 

may arise in closed-loop power control and hence the global stability of the system has to be ensured [23]. 

Control latency and power adjustment levels are two key parameters in designing a closed-loop power 

control system [22]. 

Although power control is typically capable of tracking the power variation due to slow fading, it is 

almost impossible to compensate for the effects of fast Rayleigh fading, simply because the actual power 

variation speed exceeds the power control speed. In this case, interleaving combined with channel coding 

can support the operation of the power control in attaining the target performance. It is desirable to design 

the interleaver such that the originally consecutive symbols become separated in time by more than the 

channel's coherence time at the output of interleaver [22]. This implies that a higher interleaver depth is 

desirable for mobile stations traveling at lower speed for example. However, a higher interleaver depth 

implies a longer processing delay, which is undesirable for example in interactive voice communications. 

CDMA systems use a significantly higher bandwidth than the modulating signal's bandwidth by 

spreading the original signal with the aid of high rate spreading sequences. The noise-like spreading 

sequences play an important role in characterising a CDMA communication system. In frequency selec-

tive multi-path fading environments ensuring low off-peak auto-correlation of the spreading sequences 

is necessary for reducing the Inter-Symbol Interference (ISI) and for combining the energy scattered in 

the time domain using Rake receivers. In multi-user environments additionally a low cross-correlation 

of the different user's sequences is required for distinguishing the desired users' signals. The family of 

various spreading sequences will be reviewed in Chapter 2. 

1.2 Overview of OFDM 

Orthogonal Frequency Division Multiplexing (OFDM) constitutes a specific form of multi carrier mod-

ulation technique [25]. The basic approach of OFDM [26-28] is to group serial message symbols and 

transmit each message symbol on a different frequency domain carrier at a reduced signalling rate. The 

conventional Frequency Division Multiplexing (FDM) technique requires guard bands between adjacent 

channels, since the receivers make use of band-pass filters for isolating each channel's signal. However, 
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OFDM exploits the orthogonality of the subcarrier signals, although the actual frequency spectra of the 

different subchannels partially overlap with each other. The receiver in OFDM systems makes use of the 

orthogonality between the subcarriers for recovering the symbols mapped on to a given subcarrier. 

The complex baseband equivalent of the OFDM signal s{t) in a symbol duration can be represented 

as [29] : 
i V - l 

aW = ^ , (1.1) 

k=Q 

where N is the number of carriers and T is the subchannel signaling interval, while Ck is the symbol 

modulating the subcarrier k. In the next signaling interval a new set of symbols Ck is transmitted. At the 

receiver, the received signal is multiplied by and integrated over a symbol duration in order to 

recover c„. The resultant signal becomes, assuming perfect carrier frequency and symbol time recovery 

over an ideal channel: 

1 rT 1 rT 
- / ^ . (1.2) 
^ /o J Jo 

In order to implement directly the transmitter and the receiver of an OFDM system, N oscillators are 

required. 

Weinstein and Ebert [30] presented a method involving the Discrete Fourier Transform (DFT) for 

performing baseband modulation and demodulation, which spurred the development of OFDM systems 

with the advent of efficient of real-time Digital Signal Processing (DSP) technology. By sampling N 

times during an OFDM symbol at instants of t = ^ T , (1.1) becomes : N-

N-1 

g ( ^ T ) = ^ , (for "I = 0, 1, - - , AT - 1) . (1.3) 
/u = 0 

Since s ( ^ T ) depends only on m, it can be represented as Sm in discrete form, and (1.3) can also be 

written as : 

= .ZV . IDFr({ct}) , = 0, 1, . - - , .AT - 1), (1.4) 

where IDFT represents the Inverse Discrete Fourier Transform operator. The efficient implementation of 

the IDFT is the Inverse Fast Fourier Transform (IFFT). The overall structure of the OFDM transmitter is 

shown in Figure 1.1. The message sequences, cq, ci, , Civ_ i, form a frame, which is converted 

into a parallel form, where ct is modulating the Atb carrier. The IFFT module takes the parallel data and 

calculates N sampled time domain complex signals, sq, si , • • • , sn-i, which are low-pass filtered 

for generating the continuous time domain I and Q signal components. These I and Q components 

are modulated by sine and cosine waveforms and then they are combined for forming an Intermediate 

Frequency (IF) signal. The block labled 'LPF' in Figure 1.1 carries out this low-pass filtering, I/Q 

modulation and I/Q combining. Then this IF signal is upconverted to a carrier frequency and then 

transmitted with the aid of an antenna. The IFFT eliminates the requirement of employing N oscillators 

and renders the OFDM transmitter implementationally attractive [29]. 
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CpCi - - -

Co ^ ° Br 

S/P IFFT P/S S/P 
c w - 1 ^ 

IFFT P/S LPF 
s(Z) 

cos(27r /cO 

Figure 1.1: OFDM transmitter schematic 

At the OFDM receiver, the reverse action takes place. The down-converted received signal is sampled 

at a rate of N/T and converted into a parallel stream of N values. Then, the FFT is applied in order to 

recover the desired frequency components, i.e. the information symbols, c*. 

In mobile channel environments the transmitted signals experience reflection and refraction [13]. 

This results in different path delays ranging from several ns to tens of ^is, depending on the environments 

encountered. The receiver has to have a channel equalizer in order to cope with the time dispersion of 

the received signals. OFDM reduces this requirement by increasing the signaling interval duration. 

However, it needs a guard time between the OFDM signaling intervals in order to reduce the ISI. Instead 

of a passive guard space, insertion of a quasi-periodically repeated cyclic prefix is used for removing 

inter-symbol interference [25]. Let us assume that the channel impulse response, h{t), spans [u + 1) 

where w N and the corresponding discrete channel impulse response, hn, 0 < n < u,is h{^T). 

Let Si^n be the nth transmitted symbol in the ith frame as defined in (L4). The cyclic prefix consists of 

Si^N-v+i, ••• , Sj,AT-1, which is inserted before 5i,i, ••• , Then, the sampled 

baseband received signal, , fo rn = —v, - z/ + 1, —1, 0, 1, 2, - - - , TV — 1, becomes 

fi-y = hoSi^N-i, + hiSi-i^M-i + /l2Si-l,Ar-2 4 + h^Si-i^N-u 

fi-u+l = + h'lSi^N-u + + ' ' ' + 

ri-i = hoSi^N-i + hiSi^N-2 + h2Si^N--i + 

n.O = hoSifi + hiSi^N-1 + h2Si^N-2 + • • • + huSi^N-iy 

n, l = hoSi^i + hiSifi + h2Si^M-i 4 + 

= hQSi^p + hiSi^n^i + h2Si^p-2 hpSifi 

The first u samples are discarded and the remaining N samples are processed by FFT in the receiver. 
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The remaining N samples can be represented in a more compact form; 

f/ 
fi,n — ^ ^ ^j^i,{n-jmodN) 77. = 0 , • • • , N 1 

;=0 

The recovered data symbol, becomes, 

n=0 

7 V - 1 

n=0 

(15) 

(16) 

(17) 

(18) ^ Ci,kHk , 

where Hk is the frequency domain channel transfer function and was used 

to arrive at Equation 1.7. Equation 1.8 states that the original symbol, can be recovered without 

inter-frame interference or inter-subcarrier interference given the knowledge of {Hk}, which can be 

estimated. 

The frequency spectrum of an OFDM signal using no pulse shaping is presented in Figure 1.2. The 

5 -

0 -

S ^ 0 -
a 
h 
y -15 — 
Qj 

-15 — 
u-

-20 -
(J a 

-25 -
rr 

Pk -30 -

-35 -

-40 -

j_ 
tL = 32 

- 2 0 
n ' I ' I 
^ 0 0 10 
Frequency (normalized by 1/T) 

20 

Figure 1.2: Power spectrum of OFDM signal using 32 carriers, without any pulse shaping 

required bandwidth is approximately N x which is the minimum bandwidth imposed by Nyquist's 

sampling theorem. Since the first spectral sidelobes are only about — 17.3dB below the passband level, 

various pulse shaping and wavelet based transform methods were proposed for suppressing the side-

lobes [25], which potentially result in adjacent channel interference. 
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One of the main drawbacks of the above OFDM system is the "peaky" time domain signal, which 

requires amplifiers having a high dynamic range [31, 32]. This issue will be discussed in more depth in 

Chapter 4. Another impediment is that OFDM systems are more sensitive to carrier frequency drift, than 

single carrier [33, 34] systems. 

1.3 Multi-Carrier CDMA 

A range of novel techniques combining DS-CDMA and OFDM have been presented in the literature [1, 

2, 35-37]. 

A DS-CDMA system applies spreading sequences in the time domain and uses Rake receivers for 

optimally combining the time-dispersed energy in order to combat the effects of multi-path fading. How-

ever, in indoor wireless environments the time dispersion is low, on the order of nano seconds, and 

hence a high chip rate, on the order of tens of MHz, is required for resolving the multi-path compo-

nents. This implies a high clock-rates, high power consumption as well as implementation difficulties. 

In order to overcome these difficulties, several techniques have been proposed, which combine DS-

CDMA and multi-carrier modulation, such as MC-CDMA [1, 2, 35], MC-DS-CDMA [36] and Multi-

Tone CDMA (MT-CDMA) [37]. This overview is mainly based on references [38, 39] by Prasad and 

Hara, [40] by Scott, Grant, McLaughlin, Povey and Cruickshank. 

1.3.1 MC-CDMA 

In MC-CDMA, instead of applying spreading sequences in the time domain, we can apply them in the 

frequency domain, mapping a different chip of a spreading sequence to an individual OFDM subcarrier. 

Hence each OFDM subcarrier has a data rate identical to the original input data rate and the multicarrier 

system 'absorbs' the increased rate due to spreading in a wider frequency band. The transmitted signal 

of the ?th data symbol of the jth user is written as [1, 41] : 

^ ^ ^ 4 cos{27r(/o 4- , (1-9) 
k=Q 

where 

• K is the number of subcarriers, 

« is the %th message symbol of the jth user, 

8 represents the fcth chip. A: = 0, • • • , iiT — 1, of the spreading sequence of the jth user, 

« /o is the lowest subcarrier frequency, 

• fd is the subcarrier separation and 
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p{t) is a rectangular signalling pulse shifted in time given by : 

1 for 0 < f < r 

0 otherwise . 
(110) 

If l / T is used for the transmitted signal can be generated using the IFFT, as in the case of an OFDM 

system. The overall transmitter structure can be implemented by concatenating a DS-CDMA spreader 

and an OFDM transmitter, as shown in Figure 1.3. At the spreader, the information bit, is spread in 

^ bps ^ cps ^ sps 

M X LPF P/S S/P IFFT 

4 

Spreader 

cos(27r/c() 

OFDM Modulator 

Figure 1.3: Transmitter schematic of MC-CDMA 

the time domain by the jth user's spreading sequence, c^, A = 0, • • • , i f — 1. In this implementation, 

high speed operations are required at the output of the spreader in order to carry out the chip-related 

operations. The spread chips are fed into the serial-to-parallel (S/P) block and IFFT is applied to these 

K parallel chips. The output values of the IFFT in Figure 1.3 are time domain samples in parallel form. 

After parallel to serial (P/S) conversion these time domain samples are low-pass-filtered, in order to 

obtain the continuous time domain signal. The signal modulates the carrier and is transmitted to the 

receiver. 

Figure 1.4 shows another implementation, which removes the time domain spreader. In this imple-

mentation, the spreading sequence is applied directly to the identical parallel input bits. Hence, the high 

speed spreading operation is not required. 

The spreading sequences in MC-CDMA separate other users' signals from the desired signal, pro-

vided that their spreading sequences are orthogonal to each other. Orthogonal codes have zero cross 

correlation and hence they are particularly suitable for MC-CDMA. Walsh codes and orthogonal Gold 

codes are well known such codes, which will be examined in Chapter 2. 

At the MC-CDMA receiver shown in Figure 1.5 each carrier's symbol, i.e. the corresponding chip 

of user j, is recovered using FFT after sampling at a rate of K/T samples/sec and the recovered chip 

sequence is correlated with the desired user's spreading code in order to recover the original information. 
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J L 

4 
J L 

1 T 

ci 
J L 

'-K-1 

B, 

IFFT 
; 

P/S 

gm. 

LPF 

cos(27r/c^) 

Figure 1.4: Alternative transmitter schematic of MC-CDMA 

Co 90 

imB C 

: c? : c? 
FFT S/P 

) < 

FFT S/P 
91 

FFT 
: 

S/P 

) 

FFT S/P A/D LPF - 0 -

cos(27r/ct) 

Figure 1.5: Receiver schematic of MC-CDMA 

. Let us define the ith received symbol at the Ath carrier in the downlink as : 

j-i 

1"k,i — ^ ] Hk ! 

j=0 

(1.11) 

where J is the number of users, Hk is the frequency response of the kih subcarrier and is the 

corresponding noise sample. The MC-CDMA receiver of the 0-th user multiplies of (1.11) by its 

spreading sequence chip, c°, as well as by the gain, g^, which is given by the reciprocal of the estimated 

channel transfer factor of subcarrier k, for each received subcarrier symbol for A = 0, • • • ,K — I. li 

sums all these products, in order to arrive at the decision variable, d^, which is given by : 

N-l 

6 = 0 

(L12) 

Without the frequency domain equalization of the received subcarrier symbols, the orthogonality 

between the different users cannot be maintained. Several methods have been proposed for choosing 

gk [1, 38, 41]. The associated BER analysis was performed using various equalization methods over 

both the Rayleigh channels and Rician channels by Yee and Linnartz [1], The comparative summary of 

numerical results for various equalization strategies was given, for example, by Prasad and Hara [38, 39]. 
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1.3.2 MC-DS-CDMA 

In order to be able to transmit high-rate data, while maintaining a sufficiently high processing gain, the 

chip rate of the corresponding DS-CDMA system may have to become significantly higher, than the 

processing speed of state-of-the-art electronics. In this case, parallel transmission of DS-CDMA signals 

using the OFDM structure [36, 38] can be a solution. Figure 1.6 shows the transmitter structure of a 

MC-DS-CDMA system. The K consecutive input bits of the jth user, , i = 0 • • • if — 1, are serial-

Rh bps ^ bps 
Cn, 

CpS 

S/P 

J L 

S/P S/P 
: c 

S/P 
: c 

S/P IFFT 
: 

P/S 

10. 

LPF 

% 

Rb : Information bit rate 
K : Number of subcarriers 
G : Processing Gain 

cos(27r/ct) 

Figure 1.6; Transmitter schematic of MC-DS-CDMA 

to-parallel converted first. Then, each bit is spread by the jth user's spreading sequence in the time 

domain. The other operations are identical to those of MC-CDMA. In other words, in the MC-CDMA 

scheme of Figure 1.3 the data bits arriving at a rate of l / T are first spread and hence have a rate of K/T, 

before reducing the rate again to l/T. By contrast, in the MC-DS-CDMA scheme of Figure 1.6 the bit 

rate of Rb is first reduced to R^/K and then we produce the rate RijG/K using spreading. 

Figure 1.7(a) shows the typical spectrum of the MC-DS-CDMA signal operated using the schematic 

of Figure 1.6. The subcarrier separation, fd, meets the orthogonality condition [38] of; 

A A A A A 

f c f c + fd fc + {K — l)fd 

Spectrum of multi-carrier DS-CDMA 
fa) 

fc fc + 2/d fc + {K — l)fd 

Spectrum of multi-tone CDMA 
fb) 

Figure 1.7; Typical power spectra of MC-DS-CDMA and MT-CDMA 
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(113) 

where i?6 is the source bit rate, K is the number of subcarriers and G is the processing gain. When K is 

equal to G, the MC-DS-CDMA spectrum [36] has the same shape, as that of an MC-CDMA system [1], 

While the spectra of MC-CDMA signals [1] and MC-DS-CDMA signals [36] exhibit orthogonality be-

tween the subcarriers, that of the MT-CDMA scheme of Figure 1.7(b) does not maintain orthogonality 

between the subcarriers. 

The transmitted signal sj (t) of the j th user during the ith signalling interval is written as : 

K-lG-l 

^ E E cos{27r(/o + , 
A=0 g=0 

(114) 

where bj. • is the ?th bit of the jth user modulating the A;th subcarrier after serial-to-parallel conversion, 

c^g, g — 0 ••• G — 1 represents the jth user's spreading sequence, Tg = -^ is the signalling interval, 

Tc = '^ is the chip duration m6.p{t) is defined in Equation 1.10. 

1.3.3 MT-CDMA 

MT-CDMA is a combined technique employing time domain spreading and a similar multicarrier trans-

mission scheme to that of the MC-DS-CDMA scheme of Figure 1.6. However, the time domain spreading 

is applied after the IFFT stage. Figure 1.8 represents a simple block diagram of the transmitter structure. 

Rb bps ^ bps 

Rb: Information bit rate 
K : Number of subcarriers 
G : Processing Gain 

J L 

-T-L 
S/P IFFT P/S > S/P 

I 
IFFT 

; 
P/S LPF LPF 

cos(27r/ĉ ) 

Figure 1.8: Transmitter schematic of MT-CDMA 

The required operations are the same as in OFDM, but spreading takes place after the IFFT stage. In this 

way, the system has a multiple access capability. The corresponding power spectrum is shown in Fig-

ure 1.7(b). Each subcarrier's spectrum overlaps with other subcarriers' spectra. The subcarrier frequency 

spacing is given by [38] : 

A = § , (115) 

which does not retain the subcarriers' orthogonality. The main intention of this operation is to increase 

the processing gain within a given bandwidth. 
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1.3.4 Summary 

We have briefly investigated three types of multi-carrier spread-spectrum schemes combining DS-CDMA 

and OFDM techniques, namely MC-CDMA [1, 2, 35], MC-DS-CDMA [36] and MT-CDMA [37]. While 

MC-CDMA employs frequency domain spreading, the other two schemes, i.e. the MC-DS-CDMA and 

MT-CDMA schemes, employ time domain spreading. Hence, MC-CDMA is capable of exploiting fre-

quency diversity in an explicit manner, since the energy of a symbol is spread over several subcarriers. On 

the other hand, since all the energy of a symbol is confined to one subcarrier in the MC-DS-CDMA and 

MT-CDMA schemes, the frequency diversity provided by the different subcarriers cannot be exploited, 

unless a channel coding scheme is employed in conjunction with cross-subcarrier interleaving [38]. 

Compared to MC-DS-CDMA requiring the same frequency spectrum band, MT-CDMA is capa-

ble of providing a significantly higher spreading factor than that of MC-DS-CDMA, resulting in lower 

self-interference and in a better suppression of the Multiple Access Interference (MAI) [37]. However, 

MT-CDMA suffers from inter-subcarrier interference due to the fact that the subcarriers are not orthogo-

nal to each other. Since MC-DS-CDMA is capable of providing backward compatibility with the existing 

IS-95 DS-CDMA system, a specific form of MC-DS-CDMA has been chosen as one of the Third Gen-

eration (3G) mobile communication standards [42]. 

Prasad and Hara reported that MC-CDMA employing Minimum Mean Square Error Combining (MM-

SEC) shows the lowest BER amongst the three above-mentioned multi-carrier spread-spectrum schemes 

in a downlink scenario [39]. The performance of MC-CDMA in a downlink scenario will be investigated 

in more depth in Chapter 3. 

1.4 Outline of the Thesis 

Since the properties of spreading sequences are as important in multicarrier CDMA as in DS-CDMA, 

the properties of various spreading sequences are reviewed in the next chapter. Chapter 3 reviews some 

of the detection schemes available for MC-CDMA operating in a synchronous environment. Single user 

detectors as well as multi-user detectors are investigated. One of the main problems associated with 

the implementation of multi-carrier communication systems is their high Peak-to-Mean Envelope-Power 

Ratio (PMEPR), requiring highly linear power amplifiers. The envelope power of the MC-CDMA signal 

is analysed in Chapter 4. Several orthogonal spreading sequences are examined, in order to assess their 

ability to maintain low PMEPR of the transmitted signal. The effects of reduced PMEPR are investigated 

in terms of the BER performance and the out-of-band frequency spectrum. In Chapter 5 an adaptive 

modulation assisted MC-CDMA technique is investigated using both analyses as well as simulation-

based studies. Several mode switching schemes are compared and the optimum switching levels are 

derived for a generic adaptive modulation scheme. Chapter 6 deals with three different types of reduced 

complexity despreading methods that can be used at the receiver. Their BER performance as well as then-

computational complexity reductions are presented. Chapter 7 concludes this thesis with a summaiy of 

results and lists a number of areas which require further investigations. 
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The novel contributions of the thesis are as follows. 

Chapter 4 

• The envelope power of the multi-code MC-CDMA signal was analysed and it was shown that the 

correlation properties of the spreading codes employed predetermines the envelope power [43]. 

» A multi-code MC-CDMA scheme employing a certain family of subcomplementary sequences as 

its spreading sequences was shown to exhibit a Peak-to-Mean Envelope Power Ratio (PMEPR) 

bounded by 3dB. 

Chapter 5 

• The mode-switching levels of an adaptive modulation assisted MC-CDMA scheme were optimised 

on a per-SNR basis, in order for achieving a constant target average BER, while providing the 

highest possible average Bits Per Symbol (BPS) throughput [44]. 

• A closed form expression for the average BER and BPS throughput was derived for a so-called 

two dimensional Rake assisted adaptive QAM scheme and its performance employing the per-SNR 

optimised mode-switching levels was investigated numerically [45]. 

» A concatenated turbo coded and space-time coded scheme was amalgamated with the per-SNR 

optmised adaptive modulation assisted MC-CDMA arrangement and its performance was investi-

gated with the aid of simulations [46, 47] 

• A set of globally optimum mode-switching levels was obtained for a generic adaptive modula-

tion scheme operating over a Nakagami fading channel employing the Lagrangian optimisation 

method [48]. 

• The performance of a globally optimum mode-switching level assisted adaptive MC-CDMA scheme 

was analysed, when communicating over frequency selective slow Rayleigh fading channels [49] 

Chapter 6 

• The performance of a novel reduced complexity despreading detector employed in a fully loaded 

MC-CDMA scheme was analysed for transmission over both an AWGN channel and an impulse-

noise contaminated AWGN channel. 



Chapter 2 

Basic Spreading Sequences 

A spread spectrum communication system spreads the original information signal using user-specific 

signature sequences. The receiver then correlates the synchronized replica of the signature sequences 

with the received signal, in order to recover the original information. Due to the noise-like properties of 

the spreading sequences, 'eavesdropping' is not straightforward. DS-CDMA exploits the code's auto-

correlation properties in order to combine the multi-path signals of a particular user. By contrast, the 

different users' codes exhibit a low cross-correlation, which can be exploited for separating each user's 

signal. MC-CDMA also relies on this cross-correlation property in supporting multi-user communica-

tions. The characteristics of the spreading sequences play an important role in terms of the achievable 

system performance and hence the properties of several sequences will be examined in this chapter. 

2.1 PN Sequences 

Pseudo-Noise (PN) sequences are binary sequences, which exhibit noise-like properties. Maximal length 

sequences (m-sequences), Gold sequences and Kasami sequences are well-known PN sequences. Other 

important PN sequences are considered in reference [6]. 

2.1.1 Maximal Length Sequences 

Various pseudo-random codes can be generated using Linear Feedback Shift Registers (LFSR). The 

so-called generator polynomial or LFSR connection polynomial governs all the characteristics of the 

generator. For a given generator polynomial, there are two ways of implementing LFSRs [6, 50]. The 

sequence generator shown in Figure 2.1 uses only the LFSR's output bits for feeding information back 

into several intermediate stages of the shift register, which is attractive for high speed hardware as well as 

software implementations. The other implementation known as the Fibonacci feedback generator [50], 

which is shown in Figure 2.2, is capable of generating several delayed versions of the same sequence 

without any additional logic, at the output of each shift register. Note that the connection position is 

reversed in Figure 2.2, in order to generate the same sequences as the Galois implementation of [50] 

as shown in Figure 2.1. Shift-register sequences having the maximum possible repetition period of 
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Output 

Figure 2.1: Galois feedback implementation of the m-sequence generator. The generator polynomial of 

g{x) = 1 + determines the positions of the non-zero feedback taps. 

e -

0 0 0 0 1 0 0 0 0 1 

Output 

Figure 2.2: Fibonacci feedback implementation of the m-sequence generator. The same generator poly-

nomial was employed as in Figure 2.1. 

2"" — 1 for an r-stage shift register are referred to as maximal-length sequences or m-sequences. A so-

called primitive generator polynomial [50] always yields an wi-sequence. The m-sequences have three 

important properties, namely the so-called balance property, the run-length property as well as the shift-

and-add property [51]. The periodic auto-correlation function Ra{k) of the sequence {a„} is defined as : 

N E 
n=0 

^nO-n+k (2.1) 

where N is the period of the sequence. The periodic auto-correlation function of an m-sequence is given 

by : 
1.0 k = IN 

a!a(A) (2.2) 

where I is an integer and N is the period of the m-sequence. The excellent auto-correlation property 

manifested by the high ratio of these two Ra{k) values is a consequence of the above-mentioned first 

and third properties, as justified in references [6, 50, 51]. The above-mentioned good auto-correlation 

features justify the employment of m-sequences for example in the Pan-American IS-95 standard CDMA 

system [20]. Moreover, as the cross-correlation property of these sequences is relatively poor compared 

to that of the family of Gold codes, usually the same sequences with different offsets are employed for 

different users or for different base stations in IS-95 based networks. 



2.1 PN Sequences 16 

2.1.2 Gold Codes 

Certain pairs of m-sequences having the same degree can be used for generating the so-called Gold 

codes by linearly combining two m-sequences associated with different offsets, where the operations are 

defined over the so-called finite Galois field [6, 50, 52]. Not all pairs of m-sequences yield Gold codes 

and those which do are referred to as preferred pairs. The auto-correlations and cross-correlations of 

Gold codes may exhibit the legitimate values of {—1, - 2}, where 

2(m+2)/2 _|_ 2 
for odd m 

for even m . 
(2.3) 

It is worth mentioning that Gold codes do not exist for some value of m [52]. Gold codes exhibit lower 

peak cross-correlations, than m-sequences, as shown in Table 13-2-1 of [25] and hence they differentiate 

amongst different users more confidently or distinctively. Furthermore, the cross-correlation function 

of Gold codes exhibits numerous '-1' values, which is the lowest value among the three possible cross-

correlation values. By contrast, Kasami sequences exhibit a lower proportion of '-I 's in their cross-

correlation functions, while exhibiting a peak cross-correlation, which is half of that of the Gold codes. 

Initial values 

Output 

Clock 

r-stage LFSR 

r-stage LFSR 

Initial values 

Figure 2.3: Schematic of a Gold code generator 

The generation of Gold codes is straightforward. The simple block diagram of a Gold code generator 

is shown in Figure 2.3. Using two preferred m-sequence generators of degree r, in conjunction with a 

set of r initial values in the upper LFSR where at least one value is non-zero, 2^ number of different 

Gold codes can be obtained by changing the set of r initial values of the bottom LFSR according to the 

range of 0 to 2^ — 1. Another Gold sequence can be obtained by setting the contents of the upper LFSR 

to all zeros, which results in a Gold sequence that is identical to the second m-sequence itself, which is 

generated from the bottom LFSR of Figure 2.3. Hence in total, 2̂  + 1 Gold codes can be obtained from 

a Gold code generator, which is characterised by a pair of preferred m-sequences. 
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2.1.3 Kasami Sequences 

Kasami sequences have optimal cross-correlation values, reaching the so called Welch lower bound [6, 

25]. The lower bound on the cross-correlation between any pair of binary sequences of period n in a set 

of M sequences is [25] : 

(AnuKC Mm - 1 ' 

Kasami sequences can be generated by the following procedure [6], For the wz-sequence a, the so-

called decimated sequence of a is obtained by taking every gth bit of a , which is denoted by a[q]. By 

choosing q = 2^/^ + i, where r is the degree of sequence a, having retained every gth bit of a, a[q] 

is periodic with the period of 2'"/^ — 1. By repeating a[q] q times, a new sequence b of length 2̂  - 1 

is obtained. With the aid of a and b, we form a new set of sequences by module-two adding a and the 

2^/2 _ 2 number of cyclically shifted versions of the sequence b. Including a and b, we get a total 

of 2^/2 number of sequences. These sequences are the so-called Kasami sequences [6]. The hardware 

implementation of Kasami sequences is daunting, because the decimation process requires a high clock 

frequency. Fortunately, the decimated sequence itself is an m-sequence [6] of order r / 2 and this fact can 

be exploited for implementing Kasami sequence generators, as shown in Figure 2.4. The m-sequence 

Initial values 

Output 

Clock 

r/2-stage LFSR 

r-stage LFSR 

Initial values 

Figure 2.4; Schematic of a Kasami sequence generator 

generated by the r-stage LFSR and the other m-sequence output by the r/2-stage LFSR are added in the 

binary Galois field in order to form a Kasami sequence. 

2.2 Orthogonal Codes 

Orthogonal codes have zero cross-correlation. They may appear attractive in terms of replacing PN 

codes, which have non-zero cross-correlations. However, the cross-correlation value is zero only when 

there is no offset between the codes. In fact, they exhibit higher cross-correlations at non-zero offsets, 

than PN codes. Their auto-correlation properties are usually not attractive either. Nonetheless, orthog-
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onal codes have found application for example in perfectly synchronized environments, such as in the 

down-link of mobile communications. 

There are several so-called code expansion techniques that can be used in order to generate orthog-

onal codes. Probably the Hadamard transform [50] is the best known technique. A modified Hadamard 

transform also appeared in the literature [53], which is essentially constituted by the Hadamard trans-

form using a different transform coefficient indexing. Orthogonal Gold codes, which will be detailed in 

Section 2.2.2, show reasonable cross-correlation and off-peak auto-correlation values, while providing 

perfect orthogonality in the zero-offset case. Lastly, the multi-rate orthogonal codes of Section 2.2.3 

are attractive, since they can provide variable spreading factors depending on the information rate to be 

supported. 

2.2.1 Walsh Codes 

Walsh codes are generated by applying the Hadamard transform [50] to an one by one zero matrix 

repeatedly. The Hadamard transform is defined as [50] : 

Hi = [0] 

H2n = 
(2.5) 

This transform gives us a Hadamard matrix, H„, only for n = 2\ where i is an integer. The Hadamard 

matrix is a symmetric square-shaped matrix. Each column or row corresponds to a Walsh code of length 

n. Every row of H„ is orthogonal to all other rows. 

As an example, let us consider the case of n = 8. We can generate 8-bit Walsh codes, Hg, applying 

the transform continuously from Hi three times repeatedly. The resultant matrix is as follows : 

0 0 0 0 0 0 0 0 

= 

0 1 

0 0 

0 1 

0 

1 

1 

0 1 

0 0 

0 1 

1 1 

0 0 1 1 0 
0 0 0 0 1 1 1 1 

0 1 0 

0 0 1 

0 1 1 0 

0 1 0 

1 0 0 

0 0 1 

(2.6) 

The first column is the all-zero sequence and the second one is an alternating sequence of '0' and '1'. 

This is true for all Hadamard matrices. Let H8[z] and Hg[j], j = 0 • • • 7, be two sequences formed 

from the ?th and the jth rows of Hg. Then, we can verify that H8[i] and Hg[j] are orthogonal to each 

other. Let us refer to i and j as the indexes of Hg. 

A possible hardware implementation of Hg Walsh code is shown in Figure 2.5. It comprises two 

T-flipfiops, a clock generator, three AND gates denoted as ® and one XOR gate denoted as ©. The 

clock source generates the 010101 • • • sequence, which corresponds to Hg[l]. After the first T-flipflop, 
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the sequence becomes 00110011 • • •, which is Hg[2], since the T-flipflop simply halves the clock rate. 

The output sequence of the second T-fiipflop becomes 00001111 • • •, %/hich represents Hg[4]. In fact, 

these three sequences, namely Hg^l], Hgp] and Hg[4], form bases so that the remaining rows of Hg 

can be generated by the linear combination of these three sequences. The desired Walsh code index is 

described by uo< which is a binary bit-based representation of the index. For example, we can 

set%2 = 0, ui = 1, uq = 1, in order to obtain the Hg[3] sequence. This can be verified by showing 

Clock 
01010101 

> T 
00110011 

T Clock > T T 
00001111 

^̂2 ui 

e 

0̂ 

Output 

Figure 2.5: Implementation of a Walsh code generator of length=2^ [50, Figure 9-8, page 542] 

that Hg[l] © Hg[2] actually yields Hg[3]. A specific disadvantage of this implementation, however, is 

that the total delay of generating a specific code is proportional to the length of the Walsh code to be 

generated. 

2.2.2 Orthogonal Gold Codes 

Experiments show that the cross-correlation values of the Gold codes of Section 2.1.2 are '-1' for many 

code offsets. This suggests that it may be possible to render the cross-correlation values associated with 

these offsets '0' by attaching an additional '0' to the original Gold codes. In fact, 2'' orthogonal codes 

can be obtained by this simple zero-padding from a preferred pair of two r-stage LFSR. These codes are 

referred to as orthogonal Gold codes. 

As an example, let us consider a Gold code characterized by a preferred pair of m-sequences, which 

are denoted by go (a;) = 1 4- a: -|- and gi{x) = 1 + 4- of order three. We can obtain eight Gold 

codes of length 7 with the aid of the schematic of Figure 2.3 by changing the initial values of the upper 

LFSR from '000' to '111', while maintaining the bottom LFSR's initial values as '001'. We arrive at 
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eight orthogonal Gold codes by attaching a '0' at the tails, which are given below 

G. 

1 0 1 1 1 0 0 0 

0 1 0 1 0 0 0 0 

1 1 0 0 1 1 0 0 

0 0 1 0 0 1 0 0 

1 0 0 0 0 0 1 0 

0 1 1 0 1 0 1 0 

1 1 1 1 0 1 1 0 

0 0 0 1 1 1 1 0 

(2/7) 

The 2th row of Gg, namely Gg[%], is the zth orthogonal Gold code of length 8. Let us define an n by n 

dimensional cross-correlation matrix C (G) of an n by n dimensional code matrix G, where each row is 

a code of length n, defined as G G ^ , and the operations take place after replacing '0' and ' 1' with' 1' and 

'-1', respectively. Then, the element in the 2th row of the j th column, namely Cij , is the cross-correlation 

between the two codes, G[%] and G[j]. Let us also define an ra by n dimensional auto-correlation matrix 

A(G) , which comprises Ai j , the element in the iih row of the j th column, defined as the auto-correlation 

value of G[2] with offset j. Now we get the cross-correlation matrices of Hg in (2.6) and Gg in (2.7) as ; 

C(H8) 
C(G8) 

SIg 
81* 

(2.8) 

(2.9) 

where Ig is the 8 by 8 dimensional identity matrix. Equations (2.8) and (2.9) show that there is no 

difference between the Walsh codes and the orthogonal Gold codes in terms of their cross-correlations. 

However, their auto-correlation properties are different. The auto-correlation matrix, which was defined 

above, of the Walsh codes of length 8 is shown below: 

A(H8) 

0 

0 

4 

-4 

4 

-4 

0 

0 

0 

0 

0 

0 

-4 

4 

-4 

4 

0 

0 

-4 

4 

-4 

4 

0 

0 

0 

0 

0 

0 

4 

-4 

4 

-4 

(2.10) 

Let us compare (2.10) with the auto-correlation matrix of the orthogonal Gold codes of length 8 formu-
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lated as ; 

AfGg) 

0 0 - 4 0 - 4 0 0 

0 4 0 0 0 4 0 

0 - 8 0 8 0 - 8 0 

0 0 4 0 4 0 0 

0 4 0 0 0 4 0 

- 4 0 0 0 0 0 - 4 

0 0 4 0 4 0 0 

4 0 - 4 - 8 - 4 0 4 

(2.11) 

Observe in (2.11) that A(Hg) has 24 number of '±8's and 16 number of 'O's at the various offsets, while 

A(G8) has 4 number of '±8's and 36 number of 'O's. Both have sixteen '±4's. Hence, the orthogonal 

Gold codes exhibit better characteristics, than the Walsh codes in terms of their auto-correlations. We 

can conclude that orthogonal Gold codes are desirable in some applications, where the codes' auto-

correlations have to be low, which is desirable, in order to be able to avoid falsely registering the main 

peak of the autocorrelation function. 

2.2.3 Multi-rate Orthogonal Gold Codes 

State-of-the-art wireless communication systems are expected to support multi-rate transmissions. CDMA 

systems can use multi-rate orthogonal codes for supporting this feature. Despite the terminology 'multi-

rate', typically a constant physical chip rate is maintained during variable bit rate transmissions and it 

is the number of chips per information bit, i.e. the spreading factor, which is varied, as it will be de-

scribed during our further discourse. Generating multi-rate orthogonal codes is fairly straightforward. 

Commencing from any orthogonal code set, multi-rate codes can be obtained by applying one of the or-

thogonal transformation techniques described in [50]. Using the Walsh code generator of Figure 2.5 and 

the orthogonal Gold code generator of Section 2.2.2, one can readily implement multi-rate orthogonal 

code generators, as shown in Figure 2.6. The clock rate of the Walsh code generator is Rc/L, where i?c 

is the chip rate and L is the length of the orthogonal Gold code. In other words, the Walsh code generator 

is clocked once per orthogonal Gold code word. The maximum Walsh code length, n, is given by : 

SFmax 
n = 

L 
(2.12) 

where SFmax is the maximum spreading factor and the orthogonal Gold code generator is clocked at the 

chip-rate of Rc, where SF^ax is given by SF^ax = Rc/Rb, and R^ is the lowest transmission symbol 

rate of the multi-rate system. The Walsh code index, [un-i, • • • ui , uo)2 of Figure 2.6, has to be 

assigned carefully, in order to preserve the orthogonality between the spread multi-rate data symbols [54]. 

For the lowest-rate bit stream any free Walsh code index can be assigned from the range of 0 to n — 

1. However, for a 2* • i?6-rate data stream, a total of 2^ free Walsh code indices has to be assigned 

corresponding to the codes {Wj}, j = u + ^v, where u is selected from the set of {0, • • • , ^ — 1} 

and V from the set of 0, • • • ,2^ — 1. From the above set of indices only the first assigned index associated 

with V = 0 should be actually used. 
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Figure 2.6: A multi-rate orthogonal Gold code generator. L is the length of the orthogonal Gold code, 

Rc is the chip rate and n is the length of Walsh code. 

In order to augment the concept of index assignment, let us now consider a simple example. Let us 

assume that we have to design a multi-rate CDMA system, which supports two rates, namely 8 kbps and 

16 kbps, and that the chip rate, R^, is 256 kcps. The maximum spreading factor is given by : 

SFmax = Rc/Rb = 256 kcps/8 kbps = 32 , (2.13) 

where we used Rh = 8kbps as the lowest transmission symbol rate. Let us select L = 8, so that we can 

use Gg of (2.7). According to (2.12), the maximum Walsh code length n, is SFmax/L = 32/8 = 4. 

Thus, we use the 4 by 4 dimensional matrix H4, given as : 

H4 

0 0 0 0 

0 1 0 1 

0 0 1 1 

0 1 1 0 

(2.14) 

according to the schematic of Figure 2.6 for expanding Gg, in order to generate the multi-rate orthogonal 

Gold code of dimension 32, M32, by using Gg of (2.7) in its original form in those positions of H4 in 

(2.14), where there is a '0' and its complementary form in the positions, where there is '1', yielding : 

M32 

Gg Gg Gg Gg 

Gg Gg Gg 

Gg Gg Gg Gg 

Gg Gg 

(2.15) 

Let us now consider the properties of M32. Each row of M32 is orthogonal to other rows. The codes 

M32M, M32[8], M32[16] and M32P4] are expanded from Gg[0]. In general, M32H, M32[8 4-

i], M32[16 + %] and M32P4 + i], where i spans the range of 0, • • • , 7, are generated from Gg[%] 

and hence they are not orthogonal, when they are used for multi-rate spreading. This lack of orthogonal-

ity is a consequence of the fact that when supporting a high transmission rate, while fixing the chip-rate. 
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the number of chips per data bit has to be reduced. For example, when doubling the bit-rate, the number 

of chips per bit is halved, which inevitably halves the number of orthogonal sequences available. Hence 

a double bit-rate user has to be assigned two orthogonal codes, which otherwise could be assigned to two 

basic-rate users. Figure 2.7 shows this concept more explicitly. Since H4 [0] and H4 [2] are not orthogonal 
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Jo 0 o ° L 
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1 
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•J L 
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fo 0 0 0 I 
4̂[0] 
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0 0 0 0 

2 + 0 = 2 > 0 

0 + 0 + 0 + 0 = 0 ? 

0 0 0 0 

0 + 0 = 0 ? 

0 0 0 0 

0 + 0 = 0 ? 

Figure 2.7: A conceptual diagram for multi-rate spreading: 'A' transmits at half the rate of the transmis-

sion rate of 'B'. 'A' uses H^^O] and 'B' H4[l] in the upper graph, which results in perfect information 

recovery at the receiver. In the lower graph, 'B' uses H^p], which breaks the orthogonality and makes 

information recovery impossible. 

in a multi-rate environment, the receiver may not be able to recover the original symbols from the re-

ceived signal, as shown in the graph at the bottom of Figure 2.7. In order to prevent this, two free Walsh 

codes have to be assigned to user 'B', transmitting at twice the transmission rate of user 'A although 

effectively only one of these codes is transmitted. More explicitly, this potential non-orthogonality prob-

lem only arises in conjunction with the codes, which have the same generating orthogonal Gold code. 
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2.3 Summary and Conclusions 

This chapter examined the correlation properties of a set of PN sequences, specifically those of the m-

sequences. Gold codes and Kasami codes, as well as the correlation properties of a set of orthogonal 

sequences, namely those of Walsh codes, orthogonal Gold codes and multi-rate orthogonal Gold codes. 

The schematic diagram of each sequence generator was presented in Figure 2.1 through Figure 2.6. Based 

on these schematics, a sequence generator library^ was written in C in order to aid future numerical and 

simulation studies. 

It was observed in Section 2.2.2 that orthogonal Gold codes result in lower auto-correlation values, 

than those of the Walsh codes studied in Section 2.2.1. The effects of the different autocorrelation values 

of the spreading sequences on the envelope power of the corresponding MC-CDMA signal employing 

those sequences will be examined in Section 4.5.2. 

Specifically, when studying the structure of multi-rate orthogonal Gold codes in Section 2.2.3, we 

observed that 2^ times higher bit-rate users have to be assigned 2^ number of code indices, even though 

only one is actually used, in order to preserve the code's orthogonality with respect to the lower bit-rate 

user's spread signal. 

'h t tp: / /www-mobile .ecs .soton.ac.uk/bjc97r/pnseq/ index.html 

http://www-mobile.ecs.soton.ac.uk/bjc97r/pnseq/index.html


Chapter 3 

MC-CDMA in Synchronous Environments 

In wireless environments the transmitted signals may travel through different propagation paths having 

different lengths and hence these multi-paths components arrive at the receiver with different delays. 

This time-dispersive nature of the channel causes Inter-Symbol Interference (ISI) and frequency selective 

fading [14]. The RMS delay spread or multi-path spread, of the channel determines the amount of 

ISI inflicted and the gravity of the channel-induced linear distortions. The reciprocal of the delay spread, 

namely 1/Trms = is referred to as the coherence bandwidth of the channel [13]. If the total 

signal bandwidth is wider than (A/)c , the signal experiences/reijMency selective fading [25]. Typically, 

this is the case, when high rate data is transmitted in a wide signal bandwidth. 

In highly frequency selective channels the ISI becomes a major problem in serial modems and hence 

usually complex channel equalisers are required. In OFDM systems the ISI becomes negligible, as long 

as a sufficiently high number of guard symbols is introduced [55]. However, due to the frequency selec-

tive nature of the channel, each subcarrier has a different bit error ratio (BER). In order to combat this 

phenomenon several techniques have been used in OFDM, such as error correction coding in conjunction 

with frequency domain interleaving [34] and adaptive frequency domain loading [55]. 

Another traditional method of combating the effect of fading is to involve diversity techniques [25]. 

The main benefit of MC-CDMA in comparison to other OFDM based multiple access methods [56] is the 

inherent provision of frequency diversity. By contrast, a disadvantage of MC-CDMA is the Multi-User 

Interference (MUI) encountered. These key factors predetermine the performance of MC-CDMA. 

When the MC-CDMA signal experiences severe channel fades, the receiver is likely to make a wrong 

decision concerning the bit carried by the signal. Diversity techniques arrange for generating several 

replicas of the signal arriving at the receiver over independent fading paths. From the family of various 

diversity techniques, frequency diversity, time diversity and antenna diversity are most widely used [25]. 

Although both MC-CDMA and DS-CDMA use frequency diversity, their receiver structures differ in 

many aspects. DS-CDMA systems use so called Rake receivers [17] and the number of fingers in the 

Rake receiver determines the number of diversity paths exploited. In most cases, the number of fingers in 

DS-CDMA Rake receivers is limited due to their affordable complexity and size. MC-CDMA systems, 

on the other hand, use a simpler approach, since they transmit the same information on several subcarriers 



3.1 The Frequency Selective Channel Model 26 

in order to achieve diversity. The number of subcarriers transmitting the same information determines 

the order of diversity. 

However, the maximum achievable order of frequency diversity, L, in a specific channel is approxi-

mately given by [25, 57] 
W 

where W is the total bandwidth of the channel and (A/)c is its coherence bandwidth. Hence, spreading 

a symbol over more than this number of subcarriers is expected to have no more benefits in terms of 

diversity gain. 

In this chapter, the performance of the various diversity techniques and the multi-user interference 

reduction techniques applicable to MC-CDMA are investigated over a frequency selective indoor fading 

channel, assuming that all users' signals are synchronous, which is typically the case in the down link. 

3.1 The Frequency Selective Channel Model 

A narrow-band fading channel can be modeled as a Rayleigh process associated with a specific Doppler 

spectrum [13]. This channel model is based on the worst case scenario, assuming that no line-of-sight 

path is available between the transmitter and the receiver. On the other hand, a wideband fading channel 

can be modeled as a sum of several differently delayed, independent Rayleigh fading processes. The 

corresponding channel impulse response is described as 

p 

h{t, t ) Up- Rp{t) • 5 ( t - t p ) , (3.2) 

where Up is the normalised amplitude such that = 1.0, Rp{t) is the Rayleigh fading process 

with E[Rp] = 1.0 and Tp is the delay of the p-th path. For computer simulation purposes, Tp is given in 

units of the sampling interval duration. 

An indoor channel model is considered for investigating the performance of MC-CDMA in syn-

chronous environments. It is a shortened Wireless Asynchronous Transfer Mode (W-ATM) channel 

model used for example in [13]. The impulse response and frequency domain response of the channel 

are shown in Figure 3.1. The impulse response was derived by simple ray-tracing in a warehouse-type 

room of 100 x 100 x 3m^ [13] . The main system parameters and channel parameters of the system 

investigated are summarised in Table 3.1. 

3.2 The System Model 

The MC-CDMA system considered here employs N subcarriers and each user transmits M bits during 

a signaling interval, leading to the spreading factor or, synonymously, to the processing gain, G, of 

N/M [38, 57]. Figure 3.2 shows the transmitter structure of the system model. The data stream of user 

u is converted into M parallel streams and each stream is spread with the aid of orthogonal spreading 
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Figure 3.1: The shortened W-ATM channel model, where r^ax is the longest delay, r^ms is the RMS 

delay spread and (A/)c is the coherence bandwidth of the channel 

parameters Shortened W-ATM 

Carrier frequency, /c 60 GHz 

Sampling rate, l/Tg 225 MHz 

BPSK data rate, 155 Mbps 

Max. speed of mobile, Vmax 50Km/h^ 

Max. Doppler frequency, fd,max 2277.8 Hz 

Normalised Doppler freq., fn,max L23 10-5 

Max. delay spread, Tmax 11 samples 

RMS delay spread, Trms 15.3 ns 

Coherence bandwidth, (A/)c 65.4 MHz 

No. of subcarriers, N 512 

No. of guard symbols, Ng 64 

Table 3.1: Main system parameters of the considered W-ATM system and the channel parameters 
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Figure 3.2: MC-CDMA transmitter model and its spectrum for a single user 

sequences of Section 2.2, which maps the same bit to G number of subcarriers. The subcarrier spacing 

between the subcarriers conveying the same bit is set to M, in order to minimise the correlation of the 

fading of these subcarriers. For simplicity, only a single user is depicted in the figure, but a number of 

users up to G can be incorporated. The uth user's spreading sequence, Cg, g = 0, 1, • • • , G — 1, 

is orthogonal to other users' spreading sequences. The Walsh codes and the orthogonal Gold codes 

described in Section 2.2 can be used as the spreading sequences. In this model, each user transmits its 

data at the rate of M/T bps, where T is the frame duration. If the transmission rate can be lowered, 

the maximum number of users, [/, can be increased such that the data streams generated by the M users 

replace the 1 : M serial-to-parallel converter in Figure 3.2 [57]. In this case, the total number of users 

supported can reach the total number of subcarriers, yielding U = N. Bearing this in mind, in our 

discourse, only the configuration shown in Figure 3.2 will be considered. 

The complex baseband representation of the transmitted signal, s[t), in a certain signalling interval 

can be written as : 

U-l M-l G - 1 

u~0 m=0 g=0 
where 

kU pj'2ir^igM+m)t (3.3) 

U is the number of users, which has a maximum of G, 

M is the number of bits transmitted per user, 

G is the spreading factor or the processing gain given as N/M, where N is the number of 
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subcarriers, 

Ec is the energy per subcarrier, or chip, and Ec = E^ /N, where E^ is the energy per bit 

before spreading, 

T is the signalling interval, during which M number of bits per user are transmitted and 1/T 

is equal to the spacing between adjacent subcarriers, 

% 6 {±1} is the mth bit of user u and 

Cg E {±1} is the gth chip of the uih user's spreading sequence. 

3.3 Single User Detection 

In the receiver the mth bit of user u is detected independently from the m' th bits, where m' ^ m, for all 

users. Furthermore assume that there is no inter-subcarrier interference. Thus, without loss of generality, 

the subscript m can be omitted and the G subcarriers conveying the same bit can be considered for the 

detection of a bit. In view of (1.8), the demodulated received symbol rg of the gth subcarrier can be 

expressed as : 
u-i 

rg == 4- n* , (3.4) 

u=0 

where Hg is the [gM + m)th subcarrier's frequency domain channel transfer factor, and Ug is a discrete 

AWGN process having zero mean and a one-sided power spectral density of No- The decision variable 

of the u'th user's bit, d"', is given for a single user detector as : 

G - l 

(f*' = 9, r , , (3-5) 
9=0 

where qg is a frequency domain equalisation gain factor, which is dependent upon the diversity combining 

scheme employed. The decision variable d^' can be expanded with the aid of (3.4) and (3.5) as : 

3=0 \u=0 J 

9=0 u=Q,u^u' 5=0 g=0 

== CK-k ( 4-%, (3.6) 

where a is the desired signal component given by 

G - l 

jfgg, , (3.7) a 
g=o 

( is the MUI given by 
U-l G-l 

c = , (3 8) 
u=0,uj^u' 9=0 
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and rj is the noise component given by 

G-i 

9 = 0 

(3.9) 

These three signal components predetermine the performance of the single user detector considered. 

3.3.1 Maximal Ratio Combining 

In Maximal Ratio Combining (MRC) [1, 25] a stronger signal is assigned a higher weight by the diversity 

combiners, than a weaker signal, since its contribution is more 'reliable'. The corresponding equalisation 

gain, qg, introduced in (3.5) is given as : 

qg — Hg . (3.10) 

This equalisation gain attempts to accentuate and de-rotate the fading-induced attenuation and phase 

rotation. The corresponding user's received signal component, a, is given by : 

a 

9=0 

(3T1) 

On the other hand, the MUI associated with MRC is given by : 

( = v% E E 4 \Hs 
u=0,u^u' 9=0 

Finally, the noise term, 77, of (3.9) can be calculated as ; 

G - l 

^ ^9 ^ 9 -
9=0 

(3.12) 

(3.13) 

The effect of MRC is equivalent to that of matched filtering, where the filtering is matched to the 

channel's transfer function. Matched filtering constitutes the optimal receiver, which maximises the 

SNR at the output of the decision device [25]. The single user performance of MRC has been widely 

studied for transmission over Rayleigh fading channel having Z/-independent propagation paths and the 

achievable bit error rate, Pg, is given by [25] : 

P. = (1 - /^) 
^ ^ (L-l+k El != 

k=0 
(1 + fJ.) 

where is defined as 

7b 
^ + 76 ' 

(3.14) 

(3.15) 

and 75 is the average energy per bit, Eb, divided by the noise power spectral density. No- The associated 

BER curves for L = 1, • • • ,4 are shown in Figure 3.3 . More specifically, the simulation results for a 
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Figure 3.3: BER of synchronous MC-CDMA for the downlink in conjunction with MRC for transmission 

over W-ATM channel. The theoretical curves were evaluated from (3.14). 

single-user scenario are shown in Figure 3.3(a). The available diversity order, L, is given in (3.1). For the 

shortened W-ATM channel, we have 22bMHz/Q^AMHz — 3.44. Hence, a system having a spreading 

factor of 4 is expected to reach the diversity-assisted performance enhancement limit. When a spreading 

factor of 1 is employed corresponding to no spreading, the BER performance of MC-CDMA was identi-

cal to the BER of single carrier scheme operating over Rayleigh fading channel. As the spreading factor 

was increased, the BER performance was improved. However, as it can be seen in Figure 3.3(a), the sys-

tems having a Spreading Factor (SF) in excess of 4 did not improve the achievable bit error rate. As the 

SNR increased, the simulation-based BER approached the theoretical BER associated with L = 3 which 

was evaluated from (3.14) under the assumption of independent fadings over L paths . The discrepancy 

between the simulation-based and theoretical results was due to the presence of correlated fading over G 

number of subcarriers [25]. 

It is interesting to observe the effects of the number of users on the bit error rate, when MRC is used. 

Figure 3.3(b) shows our simulation results for the spreading factor of four. As the number of users was 

increased, the bit error rate increased significantly due to the increased amount of MUI. We can view 

the frequency domain spreading as a form of repetition coding. Thus, the two-user scenario employing 

SF=4 in MC-CDMA corresponds to a half rate encoder, since 2 information bits are transmitted using a 

total of 4 symbols. If we compare the BER curves of this two-user system with that of the single-user 

scenario in MC-CDMA in conjunction with SF=2, where the code rate can also be regarded as 1/2, we 

can conclude that the latter scheme performs significantly better. However, in general, more complex 

channel coding techniques will perform better, than this simple repetition code [25]. 

In so-called fully loaded conditions when the number of users is equal to the SF, the multi-user 
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Figure 3.4: BER of the synchronous MC-CDMA downlink using MRC for full user load over W-ATM 

channel described in Figure 3.1. SF is the spreading factor and L represents the diversity order. 

interference as opposed to the noise component dominates the system's performance, which becomes 

poor. The corresponding simulation results are given in Figure 3.4. The BER performance of fully loaded 

MC-CDMA is worse, than that of OFDM, which corresponds to having SF=1. In Figure 3.4(b) it can 

be observed that the BER increased to a certain limit and then decreased across the SNR range spanning 

from 20dB to 50dB, as the spreading factor was increased. In order to investigate this phenomenon, we 

have to consider the statistical properties of a and ( given in (3.11) and (3.12), respectively. 

As the total power of the Channel's Impulse Response (CIR) is normalised such that Y n̂=Q = 

1.0, the frequency domain channel response satisfies Yln=o = N according to the discrete form 

of Parseval's theorem [58]. Hence we can assume that E J2g=o becomes G. Thus, the average 

signal power, E becomes [25, pp.43]: 

^ ' (G + 

= Eb • (G + 1) , 

where E^ is the signal energy per bit during the bit interval. If we assume that subcarrier channel transfer 

factor Hg obey an independent identically distributed (iid) Rayleigh process with E = 2a^ = 1 

and CgCg' has an equal probability of +1 or —1, then Equation 3.12 can be regarded as a zero mean 

Gaussian process, provided that U and G are sufficiently high. The variance, E [C ]̂ becomes [25, 

pp.43]: 

3 
= 

= # & ( [ / 

l ) G x 

1)̂  
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In high SNR scenarios supporting a full user load of U = G, the bit error probability, Pe, can be approxi-

mated as 

This approximate analysis is supported by Figure 3.4. Specifically, we can observe that the BER when 

G = 4 is around 0.07. Figure 3.4(b) is a plot of the BER versus the spreading factor. As the spreading 

factor was increased beyond 64, the associated bit error ratios were reduced. This can be interpreted as 

follows. The MUI defined in (3.12) is reduced, when the channel transfer factors {Hg} are correlated, 

which is the case for high SFs, when the subcarriers conveying the same bit are close to each other. 

In conclusion, we observed that the channel exhibits a limited amount of diversity and the MUI plays 

a major role in terms of determining the BER, when MRC is used as the diversity combining method. 

3.3.2 Equal Gain Combining 

Although the spreading codes are orthogonal, due to the differently delayed multi-path components re-

ceived their orthogonality is destroyed. The MRC scheme, which is characterised by the equalisation 

gain given by (3.10), optimally combines these multi-path components in an effort to maximise the 

SNR, but at the same time it may further impair the orthogonality of the codes. In order to avoid this 

problem. Equal Gain Combining (EGC) attempts to correct the channel-induced phase rotations [14], 

leaving the faded magnitudes uncorrected [1]. In this case, the equalisation gain, qg, is given by: 

H* 

% = TT71 • (3.16) 

The corresponding three signal components defined in (3.7) to (3.9) are given as : 

a 
9=0 

u=0,u^u' g=0 
G-l 

V P,19) 
9=0 

Our simulation results are shown in Figure 3.5. In the single user case shown in Figure 3.5(a), the 

BER curves approached the theoretical ones, but overall EGC performed slightly worse than MRC. No 
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Figure 3.5: BER performance of the synchronous MC-CDMA downlink using EGC over W-ATM chan-

nel. SF is a spreading factor and L is the diversity order. 

further improvement was observed for the systems having a SF higher than four, as in the case of MRC. 

When the number of users was increased for the system employing SF=4, the performance was degraded 

but remained better, than that of MRC. This results corroborates the BER comparison reported in [1]. 

When all users are transmitting, the multi-user interference increases significantly, eroding the ben-

efits of the frequency diversity and the performance becomes worse than that of OFDM, corresponding 

to SF=1. The corresponding simulation results are given in Figure 3.6. As in the case of MRC, the bit 

error ratio curve converged to a BER floor, when the SNR was high. The BER floor was dependent on 

the spreading factor. The worst BER floor was observed for SF=16. As the spreading factor increases 

beyond SF=16, the BER floor is reduced. This can be interpreted using the similar arguments to those in 

Section 3.3.1 . 

3.3.3 Orthogonality Restoring Combining 

As argued before, frequency selective fading destroys the orthogonality of the different users' spread-

ing codes. The drawback of the MRC and the EGC scheme is that they inflict MUI due to the above 

mentioned lack of orthogonality, which is not desirable. If we cancel the effect of the channel transfer 

function by estimating it and reversing its effects, the orthogonality of the different users can be main-

tained. This is the aim of Orthogonality Restoring Combining (ORC) or Zero Forcing (ZF) equalisation, 

which uses the equalisation gain, qg, given by ; 

% (3.20) 
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Figure 3.6: BER performance of the synchronous MC-CDMA downlink using EGC for a full user load. 

SF is a spreading factor and L is the diversity order. 

We have only two components in the decision variable of (3.6) as ( = 0, which are given by : 

a 

V 

G 6"' = 

G-l 

E 
3=0 

' '#,12 

(3.21) 

Figure 3.7 shows our simulation results for the various spreading factors, when ORC is applied in 

our MC-CDMA scheme. The MC-CDMA system using various spreading factors, Le. different-order 

diversity schemes, performed worse than the single-user OFDM scheme associated with SF=1, when 

the average per user SNR, 7;,, was less than 25dB. In fact, as the the spreading factors was increased, 

the performance degraded, since the ORC scheme using perfect channel estimation already removed the 

frequency selectivity of the channel transfer function, leaving no room for improvement with the aid of 

frequency domain diversity. The source of performance degradation in comparison to OFDM was the 

noise enhancement, particularly at lower SNR values. More specifically, when the fading was severe 

for a specific subcarrier, the value of rig/Hg became high, inevitably amplifying both the signal and the 

noise. As the spreading factor increased, it became more likely that {Hg} encountered deep frequency-

domain fades, leading to an excessive noise enhancement. This effect is less significant at high SNRs. In 

order to combat to the noise enhancement problem, the technique of Controlled Equalisation (CE) was 

proposed by Yee and Linnartz [41], which uses a subset of subcarriers for the ORC scheme, associated 

with the channel transfer factors that are above a certain threshold. 

No noticeable differences were observed between the BERs for the various number of users, as shown 

in Figure 3.7(b). This result is consistent with the fact that no MUI exists, when ORC is employed. 
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Figure 3.7: BER of the synchronous MC-CDMA downlink using ORC for a single user over W-ATM 

channel 

3.3.4 Minimum Mean Square Error Combining 

In the previous section we observed that the ORC scheme effectively reduces the MUI, but introduces 

noise enhancement at the frequencies where the frequency domain channel transfer funcion response 

has a low value. Minimum Mean Square Error Combining (MMSEC) reduces this undesirable noise 

enhancement, while endeavouring to reduce MUI at the same time. The equalisation gain qg of the 

MMSEC scheme is given by [38]: 

(3.23) % 

The corresponding three signal components defined in (3.7) to (3.9), upon applying (3.23), can be repre-

sented as: 

G - l 

a 
9=0 

U-1 G-l 

( = M E f " E 
u=0,uj^u' g=0 

G - l 

9=0 

n 

(3.24) 

(3.25) 

(3.26) 

When the received signal strength is considerably higher than the noise variance a^, ie we have Ec\Hg\'^ 3> 

a^, then the term {Ec\Hg\'^ -|- cr^) in (3.24) and (3.25) can be approximated as Ec\Hg\^. In this case 

the above components become equivalent to those of the ORC scheme characterised by (3.21) through 
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(3.22) and hence the MUI component is effectively reduced. On the other hand, when the received signal 

41 strength is relatively weak compared to the noise variance, ie we have EAHA'^ < cr̂ , the noise term 

becomes; 

9 = 0 

and the noise enhancement is prevented, unlike in case of employing ORG. Refer to [38] for the corre-

sponding performance results of MMSEC scheme. 

3.4 Multi User Detection 

The detection methods of Section 3.3 exploited single user information only, thus the performance was 

interference limited except in the case of ORG. Moreover, using all the available information at the 

receiver, such as the spreading codes of all users and their CIRs, the performance can be improved 

with the aid of Multi-User Detection (MUD). The Maximum Likelihood Detection (MLD) is briefly 

investigated in the next section followed by MMSE Joint Detection schemes. 

3.4.1 Maximum Likelihood Detection 

In this scheme the receiver constructs all possible combinations of the transmitted signals of all users and 

applies their estimated channel transfer functions in order to generate the expected received signals [57]. 

Explicitly, the receiver chooses the legitimate transmitted signal, which has the smallest Euclidean dis-

tance from the received signal. 

Let C be a G x [/-dimensional matrix containing the uth user's spreading code in column u, u = 

1,2, • • • , C/, b be a column vector, (6° comprised of the possible source bits combination. 

If we define the channel's transfer factor matrix, H, as a G x G-dimensional diagonal matrix having Hg 

at Hgg, then the expected received column vector r is given by r = V ^ H C b + n. The Euclidean 

distance, V, between the actually received signal vector r containing ^ = 1,2, • • • , G of (3.4), and 

the received vector candidate f , is given by: 

2) =: II r -- f . (3.:28) 

Our simulation results characterising this MUD are given in Figure 3.8. As it can be seen from 

Figure 3.8(a), the BER curve approached the theoretical BER curve of the single-user scenario for L = 3. 

As the number of users was increased, the performance degraded, but nonetheless remained better than 

the OFDM BER associated with SF=1. The effect of MUI was considerably reduced compared to the 

MRG and EGG assisted scenario. Figure 3.8(b) shows the simulation results for the 'fully loaded' MG-

GDMA system using the MLD. Even in this condition, the BER was lower than that of OFDM. This 

implies that MG-GDMA systems employing the MLD are superior to the conventional OFDM scheme in 

terms of their bit error ratio, while providing the same spectral efficiency. In Section 3.3.1 we observed 
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Figure 3.8: BER of MC-CDMA downlink with MLD 

that spreading a bit to more subcarriers than the available diversity order of the channel does not improve 

the performance of single user detection schemes. However, Figure 3.8(b) suggests that in a multi-user 

scenario spreading the same bit to more subcarriers than the available diversity order of the channel 

can improve the bit error ratio due to both the reduced MUI and the better exploitation of the available 

diversity. 

3.4.2 Minimum Mean Square Error Joint Detection 

Since Minimum Mean Square Error Joint Detection (MMSE-JD) receivers will be used in Chapter 4 

and 5, they are described here briefly. The detailed operation of these schemes and their performance 

was characterised in [59, 60]. 

In the previous section the received MC-CDMA signal was represented by a vector notation as; 

r == \/J5c\HCb4-]n , (3 :29) 

where again, Ec is the energy per chip, H is the G x G dimensional diagonal frequency domain channel 

transfer matrix, C is the G x ?7 dimensional spreading matrix, b is the [ 7 x 1 dimensional message 

vector and n is the G x 1 dimensional noise vector. The system parameter G is the spreading gain 

and U is the number of simultaneous users. An MMSE Block Linear Equalised (BLE) JD receiver 

performs the following matrix calculations for generating the estimate of the U number of message 

vectors [59, 60]: 

I) H^r (3.30) 

= V % ( F + (7^/^cl)"^Fb+ + (3.31) 
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where represents the Hermitian or the conjugate transpose of the matrix A, F = C ^ H ^ H C is a 

U X U dimensional real symmetric matrix and I is a 7̂ x U dimensional identity matrix. The desired 

signal component a , the MUI component ( and the noise component 77 of this MMSE-BLE JD receiver 

can be represented by: 

a = diag (F + l ) F^ b (3.32) 

( = d i ^ { (F + I) F } b (3.33) 

7̂  = (F + I) C ^ H ^ n , (3.34) 

where diag{ A} represents a diagonal matrix having the diagonal elements of A and diag{ A} represents 

a matrix having only off-diagonal elements of A, ie diag{A} = A — diag{A}. 

The MMSE Block Decision Feedback Equalised (BDFE) JD receiver [59] is another MMSE based 

JD receiver, which operates in a similar fashion to a Successive Interference Canceller (SIC) [7]. The 

message symbols already detected are fed back to the receiver for reducing the effects of MUI and 

hence for obtaining more reliable decision statistics for the remaining message symbols. Assuming the 

absence of error propagation due to incorrect decisions concerning the previous message symbols, the 

vector of estimated message symbols AMMSE-EDFE produced by the MMSE-BDFE JD receiver can 

be represented as [59, 60]: 

dMMag-BDfg = V % (I - D-iL-i ( (72/^c)) b + , (3.35) 

where a [/ x [/-dimensional lower triangular matrix L is given by the Cholesky decomposition [58] of 

C ^ H ^ H C + (a^/EJI = LL^ (3.36) 

and D is the U x [/-dimensional diagonal matrix having the diagonal elements of L. Again, for a detailed 

portrayal of the MMSE-BDFE JD receiver, we refer to [59, 60]: 

3.5 Summary and Conclusions 

The BER performance of synchronous MC-CDMA in the downlink was investigated in Section 3.3 

using simulation studies. In Section 3.3 we employed single-user detectors, namely MRC, EGC and 

ORC, while in Section 3.4 an MLD multi-user detector operating over the W-ATM channel was used. 

It was observed in Section 3.3.1 that while MRC is the optimum detector in a single-user scenario, 

its BER performance was the worst among the three single-user detector investigated in a fully loaded 

scenario. Neither the EGC nor the ORC assisted MC-CDMA performed better than OFDM in a fully 

loaded scenario over the specific propagation scenario considered. However, in the same scenario the 

MLD multi-user detector assisted MC-CDMA scheme of Section 3.4.1 exhibited SNR gains of 5dB, 

lOdB and 15dB for SF=2, 4 and 8, respectively, in comparison to OFDM, when viewed at the BER of 

10~®. We can conclude that the employment of multi-user detectors is essential for MC-CDMA in order 

to successfully support numerous users at the same time. 



Chapter 4 

Peak Factor Reduction Techniques 

4.1 Introduction 

Many practically important absolutely integrable signals can be decomposed into the sum of trigono-

metric series. These signals have various applications in radars, communications, measurements and so 

on. They exhibit perfect band-pass nature in the frequency domain. However, they often exhibit a large 

dynamic range in terms of their amplitude variations in the time domain. 

The transmitted signals of multi-carrier modulation systems comprise sums of trigonometric series. 

These techniques are amenable to transmission over highly time-dispersive channels and they are capable 

of approaching 2 Baud (Bd)/Hz bandwidth efficiency limit stipulated by Shannon. The main drawback 

of these techniques is their high peak-to-mean envelope power fluctuation or, synonymously, high crest-

factor, which is common to the sums of trigonometric series. In simple terms, this statement implies that 

the higher the number of OFDM/MC-CDMA subcarriers, the higher the dynamic range of their sum. 

Hence expensive linear high power amplifiers [13] having a large dynamic range are required in order 

to reduce the nonlinear distortion of the signals. Multi-carrier CDMA systems inevitably inherit this 

drawback. 

Historically, there have been numerous efforts dedicated to reducing these amplitude variations, in 

order to mitigate the associated amplifier linearity requirements, the spurious out-of-band (OOB) emis-

sions or the required signal level reduction, termed also as amplifier 'back-off', necessary for preventing 

amplifier's saturation at high peaks [13]. In this chapter, an overview of past research in this field is 

given, with an emphasis on several crest-factor reduction techniques applicable to OFDM signals. For 

MC-CDMA systems, the relationship between the crest-factor and the spreading sequences employed 

will be analysed and the effects of the crest-factor on the system performance will be investigated. 

As mentioned above, OFDM signals are based on the sum of trigonometric series. OFDM is a parallel 

transmission technique [13], which uses orthogonal subcarriers modulated by the information symbols. 

The complex time domain baseband representation, s{t), of the OFDM signal is given by 

N 

, (4.1) 

k=l 
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Figure 4.1; Examples of normalized envelope power waveforms plotted in a logarithmic scale for 16-

carrier BPSK modulated OFDM signals, transmitting (a) the all zero sequence, (b) the Shapiro-Rudin 

sequence, which will be introduced in Section 4.3.1. The differences in dynamic ranges are quite notice-

able. 

where N is the number of subcarriers, T is the OFDM signaling interval and Ck is the information symbol 

modulating the frequency domain subcarriers. For a specific application of multicarrier transmission the 

following modulated signal representation is proposed by Schroeder [61]: 

N 
2 k 

^ c o s ( 2 7 r - t - | - g t ) , (4.2) 

fc=i 

where % is the initial phase of the kth subcarrier. We can observe that s'{t) of (4.2) corresponds to the 

real part of s{t) in (4.1), while having the same average power. Both s{t) and s'{t) are normalized sig-

nals, having average powers of unity. Depending on the specific values of Ck or %, s{t) or s (t) may have 

a high dynamic range. Figure 4.1 shows |s(i)P versus time for two representative information sequences 

{ck} in the context of 16-carrier BPSK modulated OFDM systems. Fig. 4.1(a) corresponds to the all 

zero sequence, whereas Fig. 4.1(b) to the so called Shapiro-Rudin sequences, which will be introduced 

in Section 4.3.1. The unmodulated signal associated with the all zero information sequence can be read-

ily visualised, since the associated 16 unity-valued OFDM/BPSK subcarriers represent a 16-subcarrier 

rectangular frequency-domain window function. Hence, the corresponding time-domain modulated sig-

nal generated by the IFFT [13] is a sinc-shaped function, which exhibits the logarithmic power-envelope 

versus time function seen in Figure 4.1(a). These figures illustrate that the power envelope versus time 

function changes dramatically, depending also on the specific codes used for mapping the modulating 

information sequence on to the subcarriers, while having the same total power. 
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4.2 Measures of Peakiness 

A measure of the amplitude variation of s{t) or s'{t) versus time is required for the sake of a quanti-

tative analysis. Various authors [61-63] defined the measure as "peak factor", "crest factor" and so on, 

sometimes using the same terminology associated with different meanings. "Peak-factor (PFi)", intro-

duced by Schroeder [61], appeared to be the first terminology in various publications. It was defined 

as the difference between the maximum and minimum amplitudes of a signal divided by its Root-Mean-

Square (RMS) value. In reference [61], the "relative peak-factor", defined as PFi/(2\/2), was also 

proposed as a normalized measure, which becomes 1.0 for sine waves. PFi/2 was referred to as the 

"crest factor (CFg)" later in reference [62] . In 1981, Greenstein and Fitzgerald [63] used the same 

term, namely "peak factor ( P F 2 ) " , for the peak-to-average power (PAP [64-67]) ratio (PAPR [68-70]), 

which is also referred to as the peak-to-mean envelope-power ratio (PMEPR [31, 71]). Boyd [72] de-

fined "crest factor (CFi)" as the ratio of the peak to the RMS amplitude, ||s||oo/||s||2» which also enjoyed 

wide-spread use [64, 69]. 

In this treatise the terminology "crest factor (CFi)" and "peak factor (PFg)" will be used, in order to 

avoid unnecessary confusion, which are defined as the ratio of the peak to the RMS amplitude: 

(IFi , (4.3) 
l|a||2 

where ||s||oo = max(|a(f)| and ||s||2 = \s{t)\'^dt, while; 

Peak Power llsIlL A ^ ^ uMGi _ iiaiioo 
Average Power 11 s 112 

PF2 - = (4 4) 

which is equivalent to the ratio of the peak power to the average power given by (CFi)^. 

One should note that the crest factors of s{t) and s'{t) are not the same in terms of their values. In 

fact, the nature of the associated two crest factors is different as well. Let the subscript „ represent the 

index of the sequence applied, as in Sm{t) and Then, in general, the statement 

ClfiLsmKi] )> C]Fi[an(f)] -+ (3Fi[3L,(Z)] > (4 5) 

is not true. Below we illustrate this with the aid of a counter-example. Figure 4.2 compares \s{t)\ and 

\s'{t) \ for the data sequences {00010} and {01001}. The former is the so-called Barker sequence, which 

will be introduced in Section 4.3.5, of length 5 and the latter is the fragment of an m-sequence derived 

using the octally represented generator polynomial of g = (013)o [50, Table3-5], with the aid of the 

initial seed of (06)o). In terms of |a'(t)|, the partial m-sequence shows the lower CFi of 1.79, while the 

Barker sequence exhibits CFi = 1.90. However, as shown in Fig. 4.2(b), this crest factor relationship is 

reversed in terms of |s(i)|, where CFi = 1.342 for the Barker sequence and CFi = 1.637 for the partial 

m-sequence, when they are applied to s{t). Thus, in general, a rank ordering according to CFi changes, 

depending on the application and/or on the specific formulation of the time-domain modulated signal, as 

seen for s{t) and s'{t) in (4.1) and (4.2). 
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Figure 4.2: A counter example of (4.5) comparing \s'{t)\ and \s{t)\ for {00010}, a Barker sequence, and 

{01001}, a sub-sequence of a 7-bit m-sequence 

4.3 Special Sequences for Reducing Amplitude Variations 

There have been numerous efforts dedicated to reducing the envelope variations of s{t) or s'{t), which 

were reported for example in [61, 65, 68, 71, 73-75]. A specific approach is to encode the information 

sequences, {c&}, of Equation (4.1) or to adjust in Equation (4.2) so that the resultant signal can 

exhibit low peak factors. In this section, these efforts will be highlighted. 

4.3.1 Shapiro-Rudin Sequences 

Shapiro [76] and Rudin [73] were interested in trigonometric polynomials having coefficients of ±1, 

which correspond to s{t) given in (4.1), as early as in the 1950s. Specifically, Rudin [73] mentioned the 

existence of the apparent lower bound for ||a||oo using Parseval's theorem, which is formulated as: 

1 „ oo 
/ |ck|2, 

JT „ 
(4.6) 

k=—oo 

where {c&} are the complex frequency domain Fourier series coefficients of the periodic signal f{t). 

Using (4.6), the average power of s{t) becomes 

1 
T j t 

N 

= Z k l ' 

= N. (4.7) 
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Using the inequality of ^ ^ T IT we may conclude that^: 

HaHoo . (4.8) 

Then Rudin [73] introduced the problem of finding an upper bound for ||s||oo, an absolute constant A 

having the property that for each N one can find {c&; % G (±1)}, satisfying 

Halloo ^ A-^/N. (4.9) 

He also invoked Shapiro's result [76] that A = \/2 for N — 2'^, otherwise A = 2 + \f2. Their pro-

posed sequences, which satisfy the equality in (4.9) were later referred to as Shapiro-Rudin sequences or 

phases [72]. This remarkable early work in mathematics has not been widely recognized in the commu-

nications community until 1981 [63] and it was after 1986 [72], when the work was explained compre-

hensively. Shapiro-Rudin sequences, later were shown to constitute a specific case of Golay's comple-

mentary sequences [75, 77]. 

In their original formulation [73], Shapiro-Rudin sequences can be constructed using a pair of recur-

sive polynomial relationships, which is given by: 

-FbW = Q o W = a : , 

Qk+l{x) — Pk{x) " X Qk{x) , 

and the sign of each term z" forms the individual components of the sequences. Following several 

recursive steps commencing from k = 0 reveals that the sequence is of length 2̂^ and that the above 

relation can be stated more directly [72]: 

Starting with the string p = 11 and repeatedly concatenating topa copy of p with its second 

half negated, we arrive at the set of Shapiro-Rudin sequences. 

The first 32-bit sequence is given by 

11101101 1110 0010 11101101 0001 1101, 

where 1 represents a 1 and 0 stands for —1. As mentioned before. Figure 4.1(b) represents the associated 

power envelope waveform for 16-carrier BPSK OFDM, when Shapiro-Rudin sequences are applied. The 

peak-factor PFg of (4.4) for this case is 1.9 (2.8dB), while the worst case PF2 associated with using 

no CF-reduction coding, seen in Figure 4.1(a), is 16 (12.0dB). Shepherd et al. [78] proposed half-rate 

precoding for QPSK OFDM using the Shapiro-Rudin sequences of length 8 for 4 message bits, in order 

to reduce the peak factor. However, the associated halving of the effective throughput is unacceptable in 

most practical applications. 

'This sets the minimum CFi to unity. 
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4.3.2 Golay Codes 

Golay found in 1961 a set of complementary series [77], while he was working on the optical problem of 

spectrometry. Let {%} and {6i} be two Golay complementary series of length N, and let their aperiodic 

autocorrelations and be defined by 

Ak = ^ aitti+k , A = 0, 1, • • • , iV — 1 (4.10) 
1=1 

and 
N-k 

= 1, (4.11) 
2=1 

where the terminology "aperiodic" implies that the sequences are not used cyclically in the auto-correlation 

calculation process. Then, the following property holds: 

Ak + Bk = OVA, & 7^0, (4.12) 

= 2^ / . (4J3) 

The aperiodic autocorrelations of the transmitted sequence s{t) given in Equation 4.1 play a major 

role [61, 70, 79] in deciding the peak factor of the signal. However, Equations (4.12) and (4.13) do 

not say anything about the aperiodic autocorrelations of individual series. Golay found several trans-

forms of the sequences, which do not alter their properties, and hence were shown to be invariant in 

terms of the peak factors. 

It was Popovic, who showed in 1991 that PF2 of s{t) employing any Golay complementary series 

for {cfc} is bounded by two (or 3dB) [75]. This is also true when representing {c&} with the aid of 

complex complementary sequences [80-82]. Popovic also noted that Shapiw-Rudin sequences belong 

to a large family of Golay sequences of length 2*. Davis and Jedwab [71] reported that Golay sequences 

can be used as a precoder for OFDM in order to bound the PF2 within a ratio of two (or 3dB) as well as 

additionally to provide some error correction capability. The code rate, R, is given [71] by 

L l o g 2 ( m ! / 2 ^ + m + l ^ (414) 

where 2™ is the length of the Golay codes used. Figure 4.3 shows the code rate versus the number of 

carriers. As the number of carriers increases, the code rate becomes too low to be applicable to OFDM. 

For jV > 16, the coding rates are below 1/2, which is unacceptable in most applications and hence it is 

better to use amplifier-back-off or other error correction codes [83] . 

4.3.3 M-Sequences 

Maximal-length sequences were already discussed in Section 2.1.1, which exhibit randomness proper-

ties, also known as the "balance property", "run-length property" and "shift-and-add property" [51]. 

Their periodic autocorrelations Ra{k), defined as Ra{k) = QQ+Zc, are given as: 
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Figure 4.3; The coding rate of Golay sequences and m-sequences used in OFDM 

where I is an integer and N is the period of the m-sequence. The excellent auto-correlation property 

manifested by the high ratio of these two Ra{k) values accrues from the "balance property" and "shift-

and-add property", an issue detailed in references [6, 50, 51]. Since the definition of aperiodic auto-

correlation given in (4.10) is similar to that of the periodic auto-correlation provided in (4.15), s{t) of 

(4.1) employing an m-sequence for Ck may result in a low crest factor. Li and Ritcey [65] proposed a 

precoding scheme using m-sequences for OFDM, in order to reduce the peak factors, claiming to have 

achieved very low PF2 values, which were later shown to be optimistic [66, 67]. The CFi values of s'{t) 

and s{t), when encoded by m-sequences, appear in Figures 4.4 and 4.5, respectively, in conjunction with 

a range of other schemes, which will be described at a later stage in the forthcoming sections. The 

coding rate R is given by: 

R 
[logg ^ + log2 

N 

where Np is the number of primitive polynomials of degree r , given by [51]: 

Nr, 

(4.16) 

(4.17) 

where pj, j = 1, 2, • • • , J are prime factors of the period jV = 2'' — 1 and J is the number of the 

prime factors. Figure 4.3 also shows the corresponding code rate R of (4.16). Compared with the code 
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rate of the Golay codes given in (4.14) of Section 4.3.2, m-sequences require a lower code rate, while 

the peak factors of the Golay codes lie between the those of the worst case and the best case of the m-

sequences. This implies that m-sequences are impractical for peak factor reduction motivated coding in 

most applications. 

4.3.4 Newman Phases and Schroeder Phases 

In 1965 Newman [74] suggested, a formula for adjusting the phases, while he was aiming for maximising 

the so-called norm representing the absolute value of trigonometric polynomials. The Newman phases 

are given by [74]; 
Jewman) 

J Newman)^ where the denominator N is the number of subcarriers. An application of {9\. } given in (4.18) 

for the choice of {#&} of s'{t) defined in (4.2) was reported by Boyd [72] together with the achievable 

CFi results. 

While Newman constructed the set of low crest factor phases ^ p ĵ-g^y mathematically, 

Schroeder [61] used engineering arguments for deriving similarly advantageous, low-CF phases. Based 

on the observation that Frequency Modulation (FM) signals have constant envelopes and that there is 

a relationship between the instantaneous frequencies of FM signals and their power spectra, Schroeder 

derived the phase sequences, given by [61, Eq.ll] 

^{Schroeder) ^ Tlk^k 1) 

which are similar to the Newman phases of (4.18). Specifically, assuming 9i — — a n d a time shift 

of Tj(2W) together with time reversal yields an s'(t) function identical to that upon using the Newman 

phases of (4.18). Figure 4.6 shows the s'{t) functions using both Newman phases and Schroeder phases 

for iV = 16 number of harmonics. A time translation of T / {2N) = r / 3 2 and time reversal of s'{t) with 

respect to the original Schroeder phases results the same s'{t) function generated using Newman phases. 

The CFi value in this case is 1.813 (5.17dB), while the worst case is \/2N = 4\/2 (15.05dB). 

Greenstein and Fitzgerald [63] proposed a similar phasing scheme in 1981. Narahashi and No-

jima [68] also reported a similar phasing scheme, given by: 

These phases were derived by setting pi = 0, where pi is the aperiodic autocorrelation coefficient at 

a displacement of one, which is given by pi = The achievable crest factor reduction is 

similar to that attained with the aid of Newman phases. 
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Figure 4.6: The function s'{t) of (4.2) when Newman phases [74] and Schroeder phases [61] are used 

4.3.5 Barker Codes 

According to Schroeder [61, Eq.l8]^ the envelope power of s{t) can be written as; as: 

jV-l 
= 1 + — ^ pt cos(A;wt) , (4.21) 

k=l 

where pk are the aperiodic autocorrelations defined by pk = cicI+a: ^^d w is the fundamental 

angular frequency. It is apparent that a low {pk} value is desirable for attaining low peak factors. In this 

sense, Barker codes [84, 85] are optimal. More specifically. Barker codes are defined as arbitrary binary 

sequences (or complex sequences for generalized Barker codes) of length N, for which the aperiodic 

autocorrelations, pk, satisfy [84, 85]: 

Unfortunately, only few binary Barker sequences [86] are known, which are summarised in Table 4.1. 

In Table 4.1, 1 represents +1 and 0 corresponds to -1. In the case of iV = 4, the two codes are also 

Golay complementary sequences. Other than those listed above, no binary Barker sequences seem to 

exist [86, 87]. However, the generalized Barker sequences [87], which allow % to have unit magnitude 

complex values, exist for an arbitrary value of N. 

= N for A; = 0 , 

< 1 for & = 1,2,. .. , A r - i , (4.22) 

= 0 for k > N . 

This relation appeared again in the recent literature [70, 79]. 
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N Codes CFi for a(f) 

2 11 2.00 
3 110 1.66 
4 1110,1101 L48 
5 11101 1.90 
7 1110010 L60 

11 11100010010 1.61 

13 1111100110101 196 

Table 4.1: All the known binary Barker sequences [86] 

4.3.6 Comparison of Various Schemes 

Having introduced a range of CF reduction techniques, it is interesting to compare their crest-factors 

(CFi). Figure 4.4 and Table 4.2 show the crest factors (CFi) of the various schemes, when they are 

applied to s'{t) of (4.2). 

Sequences N=2 4 8 16 32 64 128 

Binary Barker 2.00 L48 - - - - -

Newman phases L76 2.00 1.85 LSI L76 L69 L69 
The best partial m-sequences 2.00 L48 1.73 L92 1.97 L98 2.00 
Shapiro-Rudin sequences 2.00 I ja 2.00 169 2.00 1.97 2.00 
The worst partial m-sequences 2.00 2^3 2^2 2.86 3.06 3J5 3J4 

Table 4.2: CFi values of s'{t) defined in (4.2) for certain sequence length N using various CF-reduction 

schemes 

For the range of sequence lengths N that we studied, Newman phases show the lowest crest factors 

(CFi). For N values up to 15 shown in Figure 4.4(b), the best case of partial m-sequences or the binary 

Barker sequences show the lowest CFi values. The partial m-sequences show a large range of CFi 

values, depending on the polynomial used and the initial seed applied. Broadly speaking, Shapiro-Rudin 

sequences and thus Golay complementary codes exhibit crest factors between those of the worst-case 

and best-case m-sequences. The crest factors of all the investigated sequences fall well below four (or 

6dB), regardless of the sequence length N. Beside the schemes investigated, there is a numerically near-

optimal solution [62], which appears to be the best known solution at the time of writing, since its crest 

factor approaches ^/2 . 

Figure 4.5 and Table 4.3 show the crest factors (CFi) of the various CF reduction schemes, when 

they are applied to s{t) of (4.1). In Section 4.2, we showed that the rank ordering based on CFi was not 

the same for s{t) and s'{t). For s{t) the Barker sequences of Table 4.1 show the best results amongst the 

binary sequences considered. However, it is interesting to note that the Newman phases of (4.18) exhibit 
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Sequences 4 8 16 32 M 128 

Binary Barker 

Newman phases 

The best m-sequences 

Shapiro-Rudin sequences 

The worst m-sequences 

L41 1J3 
1.41 1.41 1.34 1.35 1.35 1.35 1.35 
1.41 1.33 1.29 1.50 1.50 1.60 1.55 
1.41 1.33 1.41 1.38 1.41 1.41 1.41 
1.41 2.00 1.92 2.12 2.18 2.38 2.24 

Table 4.3: CFi values of s{t) defined in (4.1) for certain sequence lengths N using various CF-reduction 

schemes 

lower CFi values than Barker sequences, when considering N = 5 and 13. This suggests that some 

complex sequences, such as generalized Barker sequences [87], may be exhibit lower crest factors, than 

those of binary Barker sequences. 

4.4 Crest Factor Reduction Mapping Schemes for OFDM 

4.4.1 Some Properties of the Peak Factors in OFDM 

The normalized complex envelope s{t) of the transmitted waveform of BPSK-modulated OFDM signal 

can be written as [66]; 

1 
a(t) E Cn e (4.23) 

k=0 

where N is the number of carriers, % 6 {—1, +1} is the information bearing frequency domain modulat-

ing symbol transmitting by the Ath subcarrier and T is the OFDM symbol duration. Applying Parseval's 

theorem to (4.23), we find that the average power of s{t) is unity. Hence the peak-to-mean envelope 

power ratio {PMEPR = PF2) is simply given by the maximum value of the envelope power, |a(()|^, over 

the OFDM symbol period. 

As an example, let us examine the 4-carrier BPSK modulated OFDM scenario. There are 2^ possi-

ble message sequences. The sequences can be represented by their decimal values, from 0, 1, • • •, 15, 

corresponding to the messages of '0000', '0001', • • •, '1111'. Figure 4.7 shows the normalized enve-

lope power waveforms, |s(t)p, of all possible message sequences of 4-carrier BPSK modulated OFDM, 

where each graph has two waveforms, which have the same PMEPR. All the waveforms in Figure 4.7 

have the same average power, namely unity. Furthermore all the waveforms are symmetric to 0.5t/T, 

since the power envelopes can be represented with the sums of cosine harmonics, as shown in Equations 

(A.3), (A.4) and (A.5) in the Appendix. The dotted lines represent the waveforms that can be generated 

with the aid of shifting the solid lines by 0.5t/T and have the same PMEPR as their counterparts shown 

using solid lines. The waveforms in the top graph are more desirable in CF terms than the others, since 

they show the lowest power variations and the lowest PMEPR. Eight message symbols corresponding to 

the decimal notations of 1,7, 8, 14 and 2,4, 11, 13, belong to this category. By contrast, the sub-figure 
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Figure 4.7; Normalized envelope power waveforms, |s(t)p, for 4-carrier BPSK modulated OFDM sig-

nals for the message symbols (top: PMEPR = 1.77, middle: PMEPR = 2.37 and bottom: PMEPR = 

4.00), where each frequency domain sample is represented by its corresponding decimal value, hence 

Codeio, for example Codeio = 1 denotes a message sequence of '0001' and Codeio = 7 '0111'. 
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at the bottom shows the worst case amongst the three possible PMEPR values, which is associated with 

PMEPR = 4. 

The power envelope waveforms are dependent on the characteristics of the corresponding message 

sequences, but some sequences yield exactly the same power envelopes and some others show shifted 

envelopes. This observation led us to investigate the underlying nature of the sequences employed. 

Appendix A.2 provides a detailed analysis of the PMEPR for BPSK modulated OFDM signals. The 

PMEPR of a message symbol is shown to be dependent on its aperiodic autocorrelation values defined 

in (4.10). Based on this observation, the message symbols can be grouped in terms of their PMEPR. It 

is shown in Appendix A.2 that irrespective of the number of subcarriers, in BPSK modulated OFDM 

there are at least four message symbols, which yield an identical PMEPR. These four messages can be 

obtained by three distinctive transformations of one message. It is also shown that in certain conditions 

another four messages also yield the same PMEPR and hence form an equivalent class. In general, four 

or eight message groups belong to a PMEPR group. 

For QPSK-modulated OFDM signals, the normalized complex envelope waveform, s{t), can be 

written as [32] 

< 4 = ^ (C2k + 
^ /fc=0 

where N is the number of carriers, cgt and C2k+i are the in-phase symbol and the quadrature phase 

symbol, respectively, mapped to the A:th subcarrier, while c, E {—1, + 1 } and T is the OFDM symbol 

duration. Van Eetvelt, Shepherd and Barton [32] presented an excellent analysis of QPSK modulated 

multi-carrier systems and showed that 16 messages form a so-called coset, in which messages yield the 

same PMEPR. They also presented an algorithm, which can be used for finding equivalent classes from 

a given coset leader and tabulated the equivalence classes up to = 5 carriers. Although their results 

are useful. Algorithm 2 of [32, page 91] does not give the results claimed [32, Table 4, page 94] for the 

5-carrier case. Table A.4 shows the correct equivalent groupings for 5-carrier QPSK OFDM. 

. iv-i 
= --;=== "S"" (C2k + , (4L24) 

4.4.2 CF-Reduction Block Coding Scheme 

An important observation concerning the peak factor distributions of multi-carrier systems is that there 

are not many message symbols which yield high peak factors. Figure 4.8 presents the Cumulative Prob-

ability Distributions (CDF) for 4-, 6- and §-carrier OFDM signals. The graph at the left of Figure 4.8 

represents BPSK modulated OFDM and the right one is for QPSK modulated OFDM signals. The cu-

mulative distributions presented in Figure 4.8 for QPSK exhibit twice as many steps, as those related to 

BPSK, since there are twice as many legitimate symbols for the same number of carriers. The distribu-

tions of the real and imaginary amplitudes of s (t) for a high number of subcarriers N were shown to be 

approximated by the Gaussian distribution [88, 89]. 

Jones, Wilkinson and Barton [31] proposed a simple block coding scheme for eliminating those 

message symbols from the coded message symbol set, which yield high peak factors. For example, in 

the case of 8-carrier BPSK modulated OFDM, the cumulative distribution reaches 50% at a PMEPR of 

2.8, which is shown in Table 4.4. This means that the worst case PMEPR can be reduced from 8.0 to 2.8 
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Figure 4.8: Cumulative distributions of the peak factor PFg of (4.4) for BPSK modulated OFDM (left) 

and QPSK modulated OFDM (right) using 4, 6 and 8 carriers. 

by employing an (8,7) block code at the cost of a throughput loss of 1/8. This scheme achieves a low 

worst case peak factor in a simple manner with the aid of high-rate block codes. By employing lower-

rate block codes, even lower peak factors can be obtained [31] at the cost of further effective throughput 

loss. For example, a (4,3) block code is capable of reducing the PF2 of (4.4) further, down to 2.0 for an 

8-carrier BPSK OFDM system. The same method can be used for QPSK modulated OFDM [32, 90]. 

The main drawback of this scheme is that the encoding and decoding processes rely on look-up tables, 

since no structured or algorithmic description of the block coding method concerned is known [65]. 

A half rate coding method was proposed by Friese [69], which can be regarded as a non-structured 

block coding method. According to this scheme, the phase difference of a pair of subcarriers is de-

pendent on the message symbol they carry. Thus, there is a degree of freedom in choosing the phase 

differences between the consecutive pairs of carriers. Friese proposed to optimize the phase differences 

of adjacent subcarriers using the algorithm given in [62]. He reported a considerable reduction in terms 

of the achievable crest factors. However, the computational complexity inherent in the algorithm hin-

ders its real-time application for a high number of subcarriers N and in the context of high speed data 

transmission. 

Some structured block coding methods appeared in the literature as well. Shepherd, Eetvelt, Milling-

ton and Barton [78] proposed the employment of Shapiro-Rudin codes for block coding. Davis and 

Jedwab [71] proposed a block coding scheme based on Golay codes. However, the code rates of these 

structured block coding methods were typically low , as seen in Figure 4.3. 
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P F 2 1.7 1.9 2.0 2.4 2.5 2.6 2.7 

PDF 
CDF 

0181 
0.031 

OIKl 
&063 

&188 
0.250 

0.109 

0.359 
0.031 
0J91 

0.031 

0.422 
&031 
0U153 

PF2 2.8 2.9 3.0 3.3 3.4 3.5 3.7 

PDF 
CDF 

0.047 
0.500 

0^K3 
0.563 

0.031 
0J#4 

&016 
0.609 

0IM8 
0.688 

OXMl 
0.719 

0.031 
0.750 

PFz 3.8 3.9 4.0 4.2 4.3 4.5 8.0 
PDF 

CDF 

0.016 
0J66 

0.031 

0.797 
0.031 
0^28 

0.016 
0.844 

&016 
0.859 

0J^5 
11984 

0.016 

1.000 

Table 4.4: Probability Density Functions (PDF) and Cumulative Distribution Functions (CDF) of the 

peak factors in BPSK-OFDM using 8 subcarriers; The PFg value of (4.4) at CDF=0.5 is 2.8, which is the 

worst-case peak factor, when an (8,7) nonlinear block code is used for eliminating half of the message 

codes, yielding higher values of PF2 than 2.8 or 4.47dB. 

4.4.3 Selected Mapping Based CF-Reduction 

In 1996, Bauml, Fischer and Huber [64] proposed a new mapping algorithm for reducing peak factors 

in OFDM. One of the advantages of the scheme advocated in [64, 91] is that it has a low transmission 

overhead. In their scheme, the best mapping resulting in the lowest CF is selected from a set of n random 

mapping attempts, which map {c^} to {c^^}, i = 1, - • • ,n. As n increases, there is a reduced chance 

that the selected mapping exhibits a high worst-case crest factor. The problem is in the context as to 

select the best mapping efficiently in real time. A crude approach is to calculate all the crest factors 

associated with the n different tentative mapping attempts, which requires a considerable computational 

effort. 

Eetvelt, Wade and Tomlinson [70] proposed a heuristic measure for identifying possible message 

codes yielding high crest factors. The corresponding measure was defined as; 

= 
2Ar2 

(4.25) 

where WH is the Hamming weight of the message codes and Ri = ci - i /c j , which has high 

values for structured sequences exhibiting high crest factors. The smaller SF, the more likely that the 

message code has low peak factors. Eetvelt, Wade and Tomlinson [70] also proposed a scrambling 

scheme based on m-sequences for deriving the suggested random mapping method. 

Mestdagh and Spruyt [88] analyzed a specific version of the 'selected mapping' method of [64] in 

conjunction with fixed peak-clipping in the amplifier. It was shown that there exists an optimal clipping 

level in terms of the achievable SNR gain for the given D/A or A/D precision and for the given number 

of random mapping trials used for finding the best mapping. 



4.5 Peak Factors in Multi-Carrier CDMA 57 

4.4.4 Partial Transmit Sequences 

A different approach within the frame work of the mapping concept is to use partial transmit sequences [92]. 

The problem associated with using the selected mapping based techniques of the previous section is that 

the selection functions may require n implementationally demanding IFFT operations for arriving at n 

different mapping choices. Miiller and Huber [92] reduced the number of IFFT operations required to 

log2 ^/n, where n is the number of mapping choices available. In their scheme the legitimate information 

symbol set {c&} is partitioned into V number of sets. The V number of partitioned sets are subjected to 

IFFT, in order to generate V number of time-domain 'Partial Transmit Sequences (PTS)' and the trans-

mitted signal is represented as a linear combination of these PTS. The optimization of the peak factor 

is performed using V number of independent multiplication factors for each PTS. Allowing {±1, i t j } 

for each multiplication factor, 4^ legitimate choices are presented and the best one is selected for trans-

mission. Miiller and Huber also compared the amplitude distributions associated with their scheme to 

those of the selected mapping schemes of Section 4.4.3. The authors claimed that their scheme was more 

efficient in terms of reducing the peak factors, than the selected mapping based method of Section 4.4.3 

for the same number of IFFT operations, namely when assuming V = n, where again V indicates the 

number of PTS and n is the number of tentative CF-reducing mapping attempts in the context of the 

selected mapping scheme. However, since their calculation of the peak factors was not based on the 

continuous time domain signal, but on the discrete values generated by the IFFT, the corresponding peak 

factors were lower, than the actual peak factors. Furthermore, their assumption of V = n resulted in 4^ 

number of PTS based choices, requiring 4^ number of CF calculating operations, while the number of 

mapping choices for the selected mapping method remained V. In general, comparisons have to be car-

ried out under the assumption of constant computational efforts. In this sense, using effective selection 

functions [70, 93] for identifying low crest-factor messages is of salient importance. 

4.5 Peak Factors in Multi-Carrier CDMA 

In order to capitalise on the joint benefits of direct-sequence code division multiple access (DS-CDMA) 

and orthogonal frequency division multiplexing (OFDM), multi-carrier CDMA (MC-CDMA) was pro-

posed [1,2] and has drawn significant research interests in recent years. DS-CDMA spreads the original 

spectrum of the information signal over wide bandwidth and hence even if certain frequencies are faded, 

it is capable of exploiting frequency diversity using Rake receivers, where the number of fingers in the 

Rake receiver determines the maximum achievable diversity gain. OFDM, on the other hand, is resihent 

to frequency selective fading since it effectively converts a high-rate single carrier scheme to numer-

ous parallel low-rate schemes. Furthermore, OFDM asymptotically approaches the theoretically highest 

2Bd/Hz Shannonian bandwidth efficiency. One of the main drawbacks of OFDM is that the envelope 

power of the transmitted signal fluctuates widely, requiring a highly linear RF power amplifier. Since 

our advocated MC-CDMA system spreads a message symbol across the frequency domain and uses an 

OFDM transmitter for conveying each spread bit with the aid of each subcarrier, its transmitted signal 

also exhibits a high CF. 
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In this section, we analyse the characteristics of the envelope power of the MC-CDMA signal and 

establish the relationship between the envelope power and certain properties of the spreading sequences 

employed. The associated crest factors of several spreading sequences are examined and the results 

are discussed. In order to investigate the effects of the different crest factors on the performance of 

MC-CDMA systems, the bit error rate and the power spectrum are also studied, employing a specific 

solid-state transistor amplifier (SSTA) model. Finally, a range of practical solutions are presented for 

mitigating the crest factor problem in the context of MC-CDMA communication systems. 

4.5.1 System Model and Envelope Power 

The simplified transmitter structure of a multi-code MC-CDMA system is portrayed in Figure 4.9, where 

L symbols {bi \ 0 < I < L} are transmitted simultaneously using L orthogonal spreading sequences 

{C( I 0 < Z < L}, each constituted by N chips according to C; = {ci[n]\Q < n < N}. Since the L 

number of ]V-chip parallel spreading codes seen in Figure 4.9 are orthogonal, their superposition can be 

decomposed into L parallel message symbols at the receiver. Observe in Figure 4.9 that the superposition 

of the L parallel messages is modulated with the aid of the IFFT block in a single step, as in OFDM. 

Throughout this section, we use a subscript for the spreading code index, a square bracket [•] for a discrete 

index to time, frequency or sequence, and a round bracket for a continuous index to time. The number of 

parallel symbols L mapped to L iV-chip orthogonal codes can be adjusted on a frame-by-frame basis, in 

order to accommodate the channel quality variations and for supporting variable-rate sources. In other 

words, this structure is suitable for the transmission of variable bit rate (VBR) data as well as constant 

bit rate (CBR) data. Both base-stations and mobile terminals can employ this structure. Various multiple 

access schemes such as FDMA, TDMA and CDMA can be incorporated for supporting multiple users. 

Blind transmission-rate detection can be readily employed in the corresponding receivers. When L = N, 

the JV-point IFFT of Figure 4.9 conveys N message symbols and hence the spectral efficiency of the 

multi-code MC-CDMA system is the same as that of OFDM, with the additional advantage of attaining 

frequency diversity gain, since the information symbols are spread using the TV-chip spreading codes. 

Although the more attractive family of Quadrature Amplitude Modulation (QAM) schemes [13] can 

be readily used for generating the information symbols {bi} from the source data bits, here we limit the 

symbol mapping scheme to M-ary phase shift keying (MPSK) for the rest of this section. Furthermore, 

we limit our choice of the spreading sequences to those having elements satisfying \ci[n]\ = 1 . The 

normalised complex envelope of an MPSK modulated multi-code MC-CDMA signal may be represented 

for the duration of a symbol period T as: 

where F is the subcarrier separation parameter [1] invoked for mapping the spread information symbol to 

N subcarriers that are sufficiently far apart in the frequency domain, in order to experience independent 

fading over different subcarriers. We assume the idealistic condition that the system is operated in a 

synchronous environment, which is always the case in the downlink scenario. 
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Figure 4.9; MC-CDMA transmitter model: b; and C; are the i-th message symbol and spreading se-

quence, respectively. 

The spreading sequences are orthogonal to each other and satisfy : 

jV-l 
(427) 

n=0 

where c* is the complex conjugate of c and 5ij is the Kronecker delta function. 

Having established the system model, let us now analyse the envelope power of the signal. Let us 

define the combined complex symbol mapped to n-th subcarrier d[n] as ; 

L-l 

z=o 
(4.28) 

Then, following the approach used by Schroeder [61] and Tellambura [79], the envelope power, 

may be expressed as: 

|3(f)|2== 3(f)a*(() 

iV-l 

71=0 

iV-1 f N - l 

N 
,j2-KFn^ 

n = 0 

(4.29) 
L n = l 

where D[n] is: 
N—n—l 

D[n] = d[i]d*[i + n] (4.30) 
1 = 0 

and Re[-] represents the real part of a signal. 

The first term in (4.29) is the DC component, which is constant over time, and the second term is 

the AC components, which has an average of zero over the signaling interval duration of T. Thus, the 
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average power of s{t) is given by the first term in (4.29), which turns out to be L, regardless of the 

spreading sequences employed, as it is shown below. 

The term |d[n]p in (4.29) can be expanded as: 

1=0 1=0 l'=0,l'j^l 

L-1 2 - 1 

= ^ + ^2 (^3^1 
Z=0 

Thus, the first term in (4.29), which is the average power during the signaling interval T, becomes; 

N-l N-1 N-1 (L-I L-l \ 

n=0 n=0 n=0 yZ=0 J 

-j h—\ L—\ / N-—1 \ 

= ^+NT, E - (4 32) 

1=0 l'=0,l'^l \ n=0 J 

Considering the orthogonality condition of (4.27) defined for the different spreading codes, the last term 

in (4.32) becomes zero. Thus, the average transmitted power becomes: 
N-1 

- - = .L , (4.33) 

where again, L is the number of simultaneously used spreading codes. 

Let us now concentrate our attention on the second term of (4.29). The n-th harmonic component 

D[n], of the instantaneous power |s(t) p, which is defined in (4.30), is constituted by the terms, d[i]d* [i + 

n], which can be expanded as; 

+ Ti] = 
\l=0 J \ 1=0 J 

L-l L-l L-l 

^ ^ ^ ^ CfH cj:[% + M] . (4.34) 
1=0 1=0 V=0,l'i^l 

upon substituting (4.34) into (4.30), we arrive at; 

N-n-l /L-l L-l L-l 

^ ^ ^ 
2=0 y/=0 /=0 l'=0,V:̂ l 

L—1 N~n—1 L~1 L—l N—n—1 

1=0 1=0 1=0 l'=0,V^l 1=0 

L-l L-l L-l 

= + ^ ^ (4.35) 
(=0 1=0 
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where Ai[n] represents the aperiodic autocorrelations of the /-th spreading code, defined by; 

N—n—l 

C, % + (4.36) 
i=0 

and X ; [ n ] represents the aperiodic cross-correlations between the Z-th and Z'-th spreading codes, 

defined by: 
N—n—l 

W - ^ A [%] cp [% + m] , (4J7) 
i=0 

where the term 'aperiodic' indicates that the correlation is calculated as if the sequences are one-shot 

sequence followed by all-zero sequences. We introduce A[n] and X[n], which are the collective forms 

of the correlations, defined as: 

L-l 

A[n] = ^ Ai[n] for n ^ 0, A[0] = NL/2 
1=0 

1=0 V=0,l'^l 

(4J8) 

(4.39) 

The collective aperiodic autocorrelation A[n] is message independent, i.e. independent of bi, while 

the collective aperiodic crosscorrelation X[n] is message dependent. Upon applying Equations (4.33), 

(4.35), (4.38) and (4.39), we can represent the envelope power |s(i)P as: 

= 1,4-—Re 
N 

'N-l 
j2-KFnTp 

n=l 

2 
N-l 

(AW 4-
.n=0 

(4.40) 

(4.41) 

since A[Q] = N L I 2 and X[0] = 0. 

Ideally |s(t) p should be constant. A trivial case exists for BPSK MC-CDMA with N — 2 and L = 2, 

where {co[ra]} = {1,1} and {ci[n]} = {1, -1} . In this case, both A[n] and X[n] become zero, leaving 

|s(t)|^ = 2. For other values of N and L, there does not seem to be any ideal choices of the spreading 

sequences in terms of producing a constant envelope. However, some spreading sequences produce lower 

envelope fluctuation, than others and this issue will be addressed in the next two subsections. 

The envelope may also be expressed as: 

L-l 

= Z |5((t)|^ + R e 
( = 0 

(4.42) 
1=0 l'=0,l'^l n=l 

where |s;(i)p is the envelope power of the Zth information bearing signal, which is given by [79]: 

= 1 + ^ R e ^ (4.43) 
n=l 
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which is a rephrased version of the well-known autocorrelation theorem [94]. Equation (4.42) suggests 

that the total envelope power is the sum of the power of L single-code MC-CDMA transmit signal 

envelopes, plus a term that depends on the aperiodic crosscorrelations of the /th and /'th spreading codes 

defined in (4.37) multiplied by the transmitted bits 6;6;/. It can be observed in (4.43) that for the single-

code case corresponding to L = 1 the above crosscorrelation terms do not contribute to the envelope 

power. However, as L increases, the crosscorrelation terms given in (4.37) play an increasingly dominant 

role. 

4.5.2 Spreading Sequences and Crest Factors 

In the previous section, we observed that the envelope power of a multi-code MC-CDMA signal is char-

acterised by the aperiodic autocorrelations and crosscorrelations of the spreading sequences employed. 

Hence, low values of A[n] and X[n] are desirable in (4.42) and (4.43) in order for a set of spreading codes 

to exhibit a low crest factor. In this section, we introduce several well-known sequences and investigate 

their crest factor properties based on their correlation characteristics. 

4.5.2.1 Single-code Signal 

For a single-code MC-CDMA signal the envelope power is entirely characterised by the aperiodic au-

tocorrelations of the employed spreading sequence, as shown in (4.43) [61, 79]. The Walsh codes of 

Section 2.2.1 and orthogonal Gold codes (OGold) of Section 2.2.2 are well-known binary orthogonal 

codes. There exist complex orthogonal sequences as well, such as the family of Frank codes [95-97] and 

Zadoff-Chu codes [98, 99], which have been applied for multi-carrier CDMA systems [100, 101]. 

A. Frank codes 

A Frank code [95-97] is defined as; 

i/W] == eJSnpti/Af ^ 

where = iV is the length of the codes, 0 < k, i < M, and p is relatively prime with respect to M, 

i.e. they do not have a common divisor. Here, we set p to 1 for simplicity. A Frank code has perfect 

periodic autocorrelation, implying that 

£ ' s [ n K [ n + tl = | (4.45) 
I 0 otherwise. 

n=0 L 

Hence, a Frank code and its A'" — 1 circularly shifted versions form a set of N complex orthogonal 

sequences [95, 96]. 

Popovic [102] as well as Antweiler and Bomer [103] recognised that there exist [M/2] distinct 

magnitude sets {|^i[n]|} of aperiodic autocorrelations for the set of N Frank sequences, hence [M/2] 

number of corresponding crest factors. In general, from Equation (4.43) we can observe that the envelope 
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Figure 4.10: The magnitude \A[n] \ of the aperiodic autocorrelation functions defined in (4.36) for various 

spreading sequences having a length of TV = 16 and for a single code of L = l.It can be shown and 

it is also demonstrated by the sub-figures that there are 2, 1, 16 and 8 sets of magnitudes for the Frank, 

Zadoff-Chu, orthogonal Gold and Walsh codes, respectively. 

power waveform |s;(t)P having {Ai[n]e^°''^} instead of {Ai[n]} becomes: 

AT-l 

AT'*'' |a'(OI 1 -f- -^Re ^ 
71 = 1 

s I t + 

n—1 

(4.46) 

which is a time-shifted version of the original envelope power waveform. Figure 4.10 depicts the mag-

nitudes m [ n ] | } of the autocorrelations of four different classes of spreading sequences having a length 

of iV = 16. In case of Frank codes, only two sets of autocorrelation magnitudes {|A[M]|} appear in 

Figure 4.10(a). This was expected, since = N, yielding M = A for # = 16 and according to 
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(a) Frank codes 
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(b) Zadoff-Chu codes 
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(c) Orthogonal Gold codes 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
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(d) Walsh codes 

Figure 4.11; The envelope power |s(i) p of single-code MC-CDMA signals employing various spreading 

sequences with the length jV of 16 : Only unique waveforms over time-shifting were displayed. There 

are 2, 1, 16 and 8 sets of unique waveforms for Frank, Zadoff-Chu, orthogonal Gold and Walsh codes 

respectively. 

[102, 103] there exist [4/2] = 2 magnitude sets. Furthermore, we can observe in Figure 4.10(a) that 

the off-peak autocorrelation magnitude \A[n]\ of Frank codes shows symmetry around n = 8. This is 

because A[n\ = — — ra] for any code satisfying (4.45) [104]. Frank codes exhibit low off-peak 

autocorrelations, which is typically quantified in terms of their so-called merit factor (MF) [102-104], 

defined as: 

.AT-l 
M F A A " [ 0 ] / ( 2 ^ | A W n . (4.47) 

n = l 

A high value of MF is beneficial in terms of low PF as well as of reliable code-acquisition at the beginning 

of establishing synchronisation between the transmitter and receiver. Half of Frank codes exhibit a MF 

of 8, while we have MF=4 for the other half of the set of codes. By contrast, all of the Zadoff-Chu codes 

exhibit MF=6.7. The merit factors of orthogonal Gold codes lie between 0.6 and 1.8, except for one of 



4.5 Peak Factors in Multi-Carrier CDMA 65 

1.0 

0.9 

0.8 

0,7 

0.6 

0.4 

0.3 

0.2 

0.1 

0.0 

N=1&L = ] 

Frank codes 
Zadoff-Chu codes 
OGold codes 
Walsh codes 
BPSKOFDM 

6 8 10 12 14 
Peak Factor 

15 

A 
/ Walsh N = 16, L = 1 

Best Case 
Worst Case 

Frank codes 
Zadoff-Chu codes 
OGold codes 
Walsh codes 
BPSKOFDM 

/ • OGold 

/ 4 Frank 

(ajCDFofPFfCFS) 

as LO I j 24 2j 34 3j 44 
Magnitude 

(b)CDFof|a(f)| 

Figure 4.12: The crest factor and magnitude cumulative distribution function (CDF) of BPSK MC-

CDMA and BPSK OFDM for the spreading factor of iV = 16 and for the number of simultaneously 

used codes L = 1 

them, which is 4.0, and those for Walsh codes are below 0.52. 

The time domain power envelope waveforms of the four codes characterised in terms of |j4[n]| in 

Figure 4.10 are shown in Figure 4.11. Only the power envelope waveforms are depicted in the Figure 

which cannot be mapped to each other by time-shifting. Similarly to the observation made in terms 

of the autocorrelation magnitudes {|j4[n]|}, there are two unique power envelope waveforms for Frank 

codes. Both waveforms fluctuate less dramatically, than those of the binary OGold and Walsh codes 

shown in Figure 4.11(c) and 4.11(d). The CDF of the crest factors shows a two-step distribution function 

for the Frank codes in Figure 4.12(a), since there are two different power envelope waveforms for the 

MC-CDMA signals employing ^-different Frank codes. 

B. Zadoff-Chu Codes 
The family of Zadoff-Chu code [98, 99] is defined as: 

( gj-Kk'^p/N 

I pjirk{k+l)plN 

for even N 

for odd N, 
(448) 

where N is the length of the code, 0 < k < N and p is relatively prime with respect to N, and we set 

p t o l again. Similarly to Frank codes, Zadoff-Chu codes have perfect periodic autocorrelations. Hence, 

we can generate N — 1 further Zadoff-Chu sequences s;[A;] = s[A: + Z], 1 < Z < AT — 1, by circularly 

shifting a Zadoff-Chu code. It can be shown that the family of Zadoff-Chu codes defined in (4.48) is 

similar to the set of Newman phases [74], Schroeder phases [61], Greenstein phases [63] and Narahashi 

phases [68], which were introduced in (4.18), (4.19) and (4.20) of Section 4.3.1 . It is interesting to note 

that various researchers have found closely related codes independently, using different methods over a 

time-span of 30 years. 

All the Zadoff-Chu codes of length # = 16 showed the same aperiodic correlation magnitude sets, 

as seen in Figure 4.10(b), hence a single unique power envelope waveform is shown in Figure 4.11(b), 
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which becomes also explicit in terms of the crest factor CDF of Figure 4.12(a). This is because the 

aperiodic autocorrelations of Zadoff-Chu codes are given as: 

N—n—l 

i=0 

N-n-

= E 

i=0 

N—n—l 

i=Q 

N—n—l 

Q J" jv \ e N 

1 = 0 

= . (4.49) 

Substituting (4.49) into (4.43), we have 

2 

(4 50) 

which states that the /th user's power envelope waveform is a time-shifted version of the first user's 

power envelope, retaining all the magnitude statistics. 

The magnitudes of the aperiodic autocorrelation of Zadoff-Chu codes also exhibit a symmetry around 

n = 8 due to their perfectly periodic autocorrelation function. The crest factor of Zadoff-Chu codes was 

the lowest among the investigated four spreading sequences. Furthermore, the high peak-to-sidelobe ratio 

of the autocorrelation function of Figure 4.10(b) is advantageous in terms of reliable code acquisition. 

C. Orthogonal Gold codes 
As it was mentioned in Section 2.2.2, orthogonal Gold (OGold) code [52] are derived from binary 

pseudo-random codes. It was observed in Figure 4.10(c) that each of the 16 OGold code has differ-

ent autocorrelation magnitude sets {|j4[n]|}. Accordingly, the 16 envelope power waveforms seen in 

Figure 4.11(c) are all different. However, four codes of the 16 codes happen to have the same crest factor 

and some further codes exhibit similar crest factors. This explains the various steps in the crest factor 

distribution of OGold codes in Figure 4.12(a). The crest factor distribution is similar to that of BPSK 

OFDM using no spreading codes, which corresponds to random codes, since all 2̂ ® message sequences 

were encountered. It is interesting to see that some of the orthogonal Gold codes have low crest factors, 

approaching those of Frank codes and Zadoff-Chu codes. This implies that we can employ a specific 

code assignment scheme for reducing the crest factor of each uplink signal in synchronous MC-CDMA 

systems employing orthogonal Gold codes, when the number of simultaneously transmitting mobiles 

is low and hence low-CF sequences can be invoked. This is however not the case, when a large user 

population has to be supported using short codes of a limited-sized set. 

D, Walsh codes 
The family of Walsh codes was introduced in Section 2.2.1. Members of this code family exhibit some 

structure and this contributes to the high values of their aperiodic autocorrelations seen in Figure 4.10(d). 

In fact, the all-zero sequence, {Wo[A]}, which is the first sequence in any Walsh code set, gives us the 
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highest possible autocorrelation magnitude set for {|v4[n]|} = N — n and hence yields the highest 

possible crest factor of VN or a peak factor of N. In Figure 4.10(d), 4.11(d) and 4.12(a), we can observe 

that there are N/2 different autocorrelation magnitude values {|^[n]|} for the N Walsh codes of length 

N and hence N/2 different unique power envelope waveforms |s(t)P and crest factors are observed. 

This can be explained as follows. Observing (2.6) in Section 2.2.1, we find: 

= trsknlA] , (4.51) 

where m = 0, • • • ,N/2 — 1. In other words, the odd-indexed Walsh sequence can be obtained by 

changing the sign of every other element. The corresponding aperiodic autocorrelations of (4.36) results 

in: 

^2m+l W = , (4.52) 

where m = 0, - • • ,N/2 — 1, and hence the envelope power waveform of the (2m + l)-th Walsh code 

is a time-shifted version of that of the (2m)-th Walsh code, retaining all the same magnitude statistics. 

Figure 4.12(a) shows the 8-step distribution function of the crest factors for the Walsh-spread MC-CDMA 

signals using iV = 16. Even the lowest crest factor of the Walsh codes is higher than the highest crest 

factor of OGold codes. 

Figure 4.12(b) depicts the magnitude distributions of single-code MC-CDMA signals employing 

four different spreading codes, where the "best case" and the "worst case" represent the specific codes 

of having the lowest crest factor and the highest crest factor, respectively, for the particular class of 

spreading sequences. Desired magnitude distributions are expected to exhibit a steep CDF curve around 

the average magnitude, indicating the predominance of the average magnitudes. The Frank, Zadoff-Chu 

and the best-case OGold sequences exhibited this desirable tendency. 

We conclude that the Zadoff-Chu sequences are the most attractive ones from the set of four spreading 

sequences investigated in the context of synchronous single-code MC-CDMA systems in terms of their 

low crest factors. 

So far, we implicitly considered a synchronous uplink scenario, where different mobiles use different 

orthogonal spreading codes transmitting using the same set of subcarriers. In a downlink scenario or 

in a uplink scenario, where different mobiles are assigned non-overlapping sets of subcarriers, we do 

not need N orthogonal sequences for spreading a message symbol over N subcarriers. We only need 

one spreading sequence. If this is the case, we are free to choose any sequence producing a low crest 

factor, such as a poly-phase code based on the Newman phases of Section 4.3.4 [74] or a Golay code of 

Section 4.3.2 [77], also known as a complementary code. Popovic [75] showed that in this context the 

crest factor of the single-code MC-CDMA signal employing any Golay codes is bounded by 3dB. 

4.5.2.2 Shapiro-Rudin-based Spreading Sequences 

Multi-code MC-CDMA signals are transmitted by the base-station transmitter in the downlink or by mo-

bile terminals in the uplink, when more than one symbols have to be transmitted simultaneously. As we 
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have shown in Section 4.5.1, the power envelope of the transmitted signal depends on the sum of the 

aperiodic autocorrelations A[n] given in (4.38) and on the modulated sum of the aperiodic crosscorrela-

tions X[n\ given in (4.39). In this section, we will consider a range of specific special sequences, which 

exhibit zero or small values of A[n] and X[n]. 

While studying an absolute bound for a sum of trigonometric polynomials having binary coeffi-

cients, Shapiro, then an MSc student, found [73] a pair of binary sequences having a low bound. These 

sequences are referred to as Shapiro-Rudin sequences, which are defined recursively as: 

So = Co = 1 , (4.53) 

Sn+l — j (4.54) 

Cji+i — ) (4.55) 

where the sequence a b = (0102 • • • OAr-16162 • • • 6//-1) represents a concatenation of sequences a = 

(oiog • • • o-N-i) and b = (6162 • • • and a = ( - a i — ag - — a ^ - i ) a negation of the original 

sequence a. Later it was recognised [75] that Shapiro-Rudin sequences constitute a special case of 

Golay's complementary sequences [77]. A pair of equally long sequences is said to be a complementary 

pair, if their combined aperiodic autocorrelation defined in (4.38) for L = 2 is zero except at zero shift. 

As we mentioned before, this is the property we want to retain in order to maintain low crest factors. 

In our forthcoming discourse, we use (g as the aperiodic correlation operator, (f)a,b as the aperiodic 

cross-correlation sequence (pafiln] = (a(8)b)[n], n = 0,1, • • • , TV — 1 and T(a) as a specific version of a 

that was shifted to the left by one, z.e. T(a)[n] = a[n-|-l], n = 0,1,2, • • • We also use a to denote 

the sequence a that was shifted by the length of a, i.e. a[n] = a[n — # ] , n, = TV, TV 4-1, - - - , 2N — 1 . 

Furthermore, a represents a version of the sequence a which is reverse-ordered, i. e. a[n] = a[iV - 1 - n], 

n = 0 , l , - - - , TV — 1. Finally, we denote the concatenated sequence of the sequences a and b as ab. 

The following relationship regarding the cross-correlation sequence is useful in deriving the crest-

factor properties of multi-code MC-CDMA signals: 

{n—1 1 f N—n—l 1 

api-n+ihi I 0 < H < TV > < ^ aj&i+n | 0 < % < TV > 
i-0 J I 2=0 J 

= (4.56) 
In other words, the aperiodic crosscorrelation sequence created from the sequence a and the sequence 

b, which is the TV times right-shifted version of b, is given by the concatenated sequence of = 

T ( b (8) a and = a (g) b. This can be readily verified by the direct calculation of the aperiodic 

crosscorrelation function of a and b. 

The next theorem is required for characterising the crest-factor property of MC-CDMA signals em-

ploying a pair of Shapiro-Rudin sequences. 

Theorem 4.1 Let s„ and be a pair of Shapiro-Rudin sequences [73] of length TV = 2". With the aid 

of these sequence, we derive four half-length sequences defined as = Sn[2A;]}, = 

Sn[2k -I- 1]}, { x n - l M = Cn[2k]} and = c„[2A; + 1]}, where 0 < k < TV/2. Then, u andv 

form a complementary pair, and so do x and y. 



4.5 Peak Factors in Multi-Carrier CDMA 69 

For example, we can derive two complementary pairs of length 8, hence in total of four sequences, from 

a pair of complementary sequence pair of length 16. 

Proof: From the definition of the Shapiro-Rudin sequences [73], we can derive the recursive relationships 

between the new decimated sequences: 

Uq = SQ U)j — Xln—i Xji—l (4.57) 

^0 — Cg Vfj — Yn—l (4.58) 

XQ = sq Xjj = Xjj_i (4.59) 

:yO ==(=0 == Tfn.-liyrL-l - (4 60) 

It will be shown that: 

4 '̂*[*:] = d'snpk] 4- . (4.61) 

For n = 0, this is trivial. For n = 1, u i = [sqso] , v i = [cqcq], x i = [so^o] and yi = [cqcq] . The sums 

of the autocorrelations associated with n = 1 are given as: 

u i (gi u i + vi 0 vi = 1+2 +1] + [+2 - 1 ] = [+4 0] (4.62) 

xi (g) x i + yi (g) y i = [ + 2 - 1 ] + [+2+1] = [+4 0]. (4.63) 

Therefore Equation 4.61 is true forn = 0 and n = 1. Let us now assume that (4.61) holds for n = m — 2 

and n = m - 1. Then, (pu^ [A] + (ĵ v̂  [^] is given as: 

4'um [^] + 'Pvm [^] ~ ® Um + ® 

~ (UrTi—lXj7i_i) ® ( U y n — + (Vm—lYm—l) ® (^m—lYm—l) 

— Um—1 ® Um—1 + ^m—1 ® ^m—1 + Um—1 ® ^m—1 + ^m—1 ® ^m—1 

+ "^m—l ® 1 + ym—1 ® ym—1 + ^m—1 ® y?Ti—1 + Ym—1 ® 1 

- + 2"'<5[A;] + Um-i ® + v ^ - i ig Ym-i 

= 2"'+ig[A:] + S ^ _ i , 

where S ^ - i = Um-i ® x ^ - i + v ^ - i 0 ym-i- Applying (4.56), S ^ - i in the last term of (4.64) can 

be further expanded as: 

Srre—1 — ^m—1 ® ^m—1 + "̂ m—l ® ym—1 

— ^ ,«m-1 ) 4'Vm~l,ym-l 

— TT (g) Ujji_x) UjTj—i (g> + X (ym—1 ® Vm—l) '̂ m—1 ® ym—1 

= T ([UjTj—2 2] 0 [Um—2 ^m—2]) ([Um—2 Xm—2] ® [Um—2 ^m—2]) (4.65) 

+ T ( [vm-2 ym-2] ® [Vm-2 ym-2]) ([Vm-2 ym-2] ® [vm-2 ym-2] ) 

= T (Um-2 ® Xm-2 + Vm-2 ® ym-2) ( -Um-2 ^ Xm-2 - Vm-2 ® ym-2) 

= T (S^_2) (S^_2) . 
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Upon exploiting that So = uq (8) xq + vq ® yo = [0 0], we get: 

Sm-I = 0 (4.66) 

When substituting (4.66) into (4.64), we arrive at: 

Hence, we can conclude that Equation (4.61) holds for any integer n > 0 . f 

Corollary 4.2 The autocorrelation (j)s of any Shapiro-Rudin sequence s satisfies that: 

[2A] = 0 for any k>l (4.68) 

Proof: Let u„_i and be the even indexed sequence and the odd indexed sequence of s„, as defined 

in Theorem 4.1. Then, 

4'SN[^^] — ^UN-LW\ + ^VN-L[^] 
(4^9) 

= , 

as given in (4.61). f 

We are now ready for introducing a crest factor property of the family of Shapiro-Rudin sequences 

in the context of MC-CDMA systems. 

Theorem 4.3 If we apply a pair of Shapiro-Rudin sequences [73, 75, 77, 105] as the spreading se-

quences for a two-code BPSK modulated MC-CDMA transmitter having N = 2^ (m = 1,2,3, - ) 

subcarriers, then the crest factor is bounded by 3dB. 

For example, a pair of Shapiro-Rudin sequences of length iV = 8 = 2^,a = (-1-1-1-1-1-1 — 1 + 1 + 1 - 1 + 1 ) 

and b = (+1 + 1 + 1 — 1 — 1 — 1 + 1 — 1), are orthogonal to each other and hence can be used as 

spreading sequences of a two-code MC-CDMA scheme. 

Proof: Let and Cm = Sm-iCm-i be a pair of Shapiro-Rudin sequences of length 

N = 2^, where the pair and Cm-i is constituted by a pair of Shaprro-Rudin sequence of length 

N/2. It is well-known that Shapiro-Rudin sequences are complementary and hence: 

W = Sm ® Sm + Cm ® Cm = 0 for 71 > 1, (4.70) 

where the superscript (2) represents the number of codes used for supporting multiple users or multiple 

bits per symbol. On the other hand, the aperiodic crosscorrelations are given as: 

Sm ® CjTj = (Sm—iCjTi—i) ® (Sm—lC?n—l) 

Cfn ® SjTj = (Syn—lCj7j_i) <8) (Sm_lCm—l) 
(4. / 2) 

— Sm—1 ® 1 + Sm—1 ® m̂—1 ^m—1 ® Sm—1 ^m—1 ® ^m—1 
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The combined aperiodic crosscorrelation Xm^ [n] becomes: 

^ — ^0^1 (Sm ® Cjn) 4" ̂ 1^0(^m 'S' Syyj) 

= 26o^l (Sjn—1 ® Sm—l) ~ 26i6o(Cm—1 ® CfTj—i) 

= 46o^l(Sm—1 ® ^m—l) 

(4.73) 

where bo and bi are the information bits. Applying (4.70) and (4.73) to (4.40), we can establish the 

relationships between the two envelope powers |sm^(i)P and |Sm-i(^)P' one for L = 2 and N number 

of subcarriers, and another one for L = 1 and N/2 number of subcarriers. Firstly, let us consider the 

case for bobi = 1. 

.(2) (i) - 2 + - R e 
'jV/2-l 

E Me-
,j2TTFn^ 

71=1 

"7//2-1 
= 2 + 2 

A^/2 
Re In e-

n=0 

= 2 (4.74) 

When bobi = —1, Xm\n ] becomes - 4 ^ ^ i j n ] , which is equivalent to AA\^Li[n]e^'^'^ due to Corol-

lary 4.2 . Then the envelope power becomes; 

iW (1) 

= 2 + - R e E 4 ^ " 
jixn j2TvFn^ 

\n\& e 
n=l 

N/2-1 

n=0 

= 2 ;(1) 
'm-1 (4.75) 

Since the average power of {t) is 2, and the peak factor is defined as the ratio of the maximum value 

of Sm \ t ) to the average value, the peak factor remains the same for Sm{t) as in Considering 

that the peak factor of is at most 2 [75], we can conclude that a pair of Shapiro-Rudin sequences 

produces a crest factor of less than or equal to 3dB for a two-code BPSK modulated MC-CDMA system, 

f 

It is interesting to note that the combined crosscorrelation of the two constituent codes of a pair 

of Shapiro-Rudin sequences exhibits the property of so-called sub-complementarity [105]. Sivaswamy 

introduced sub-complementary sequences in [105]. A pair of sequences of length N = 2^No, k > 1, 

is called a sub-complementary pair, if the combined aperiodic autocorrelation A[n] of (4.38) is zero for 

n > No- A method of constructing sub-complementary pairs was also given in [105] as follows. Let 

(2) , ,(1) 



4.5 Peak Factors in Multi-Carrier CDMA 72 

Sjn-i be any sequence of length N/2. Then, a pair of sequences and s ^ , constructed as [105]: 

Sm — Sn^_xSy7j_i (4.76) 

Sm — Sjti—iSTTJ—I , (4.77) 

is known to form a sub-complementary pair [105]. Sivaswamy's sub-complementary pairs exhibit sim-

ilar crest factor characteristics to those of Shapiro-Rudin sequences in the context of two-code BPSK 

modulated MC-CDMA systems. 

Theorem 4.4 If we apply a Shapiro-Rudin sequence [73] of length N/2 as the base sequence Sm-i, 

then the sub-complementary pair [105] Sm and Sm of (4.76) and (4.77) produces a crest factor less than 

or equal to 3dB, provided that they are applied in two-code BPSK modulated MC-CDMA systems. 

For example, the sequence a = (+14-1 + 1 — 1 + H - l — 1 - H ) in the previous example for Theorem 4.3 

can be used as the base sequence of a pair of sub-complementary sequences. According to the generation 

methods defined in (4.76) and (4.77), a pair of sub-complementary sequences s and s, given as: 

s = (+14-1-1-1-14-1-1-1-1 + 1 + 1 4 - 1 4 - 1 - 1 + 1 + 1-1-1-1) (4.78) 

§ ^ ( + 1 + 1 + 1 - 1 + 1 + 1 - 1 + 1 - 1 - 1 - 1 + 1 - 1 - 1 + 1 - 1 ) (4.79) 

can be used for a two-code MC-CDMA system, since they are inherently orthogonal to each other owing 

to the Walsh code like definition of (4.76) and (4.77). 

Proof: the aperiodic autocorrelations can be formulated as: 

Sm ® — ( S m — l ) ® (Sm—l®m—l) 

— ® Sm—1 4- S^—1 ® Sm—1 + ® S772—1 + S771—1 (4.80) 

S f j i ® — ( S j n — 1 ) ® (Syn—iSjtj—l) 

— Sm—1 ® Sm—1 ® Sm—l ® Sm—1 Ŝ i—1 ® m̂—1 • (4.81) 

Thus the combined aperiodic autocorrelation A ^ [ n ] defined in (4.38) becomes: 

•^\n ~ Sm ® SjTi + Srn ® Sm 

— 4(Sm-l ® Sm-l) = W , (4.82) 

where W the aperiodic autocorrelation of the Shapiro-Rudin sequence s ^ - i . On the other hand, 

the aperiodic crosscorrelations defined in (4.37) are given as: 

s m ® — ( s m — i s m — l ) ® ( s m — i s m — l ) 

— Stt̂ —I ® Syy2—1 Sy72 —1 ® Syy2—1 + Syŷ—1 ^ Syŷ—% ® (4.83) 

Sm ® S77J = (Sm—lSj7i_i) ® (Sm—iSm—1) 

— Sm—1 ® Sj72_X + SyTi—1 ® S772—1 Syy2__% Sjji—1 Syy%_% ® Syŷ—1 ' (4.84) 
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The combined aperiodic crosscorrelation [n] becomes: 

W = 6061 (Sm ® Sm) + &l6o(Sm ® 8 ^ ) 

= 0. (4.8^1 

Upon substituting (4.82) and (4.85) in (4.40), we can conclude that: 

= 2 a ^ L i ( f ) 0186) 

which is identical to (4.74) . Therefore, we reached the same conclusion, as stated in Theorem 4.3, 

namely that the corresponding crest factor is bounded by 3dB. f 

It is interesting to see in (4.85) that the combined aperiodic crosscorrelation of Sivaswamy's sub-

complementary pair vanishes, and hence we conclude that the envelope power waveform does not de-

pend on the message sequences. Considering that a pair of Shapiro-Rudin sequences has zero off-peak 

combined aperiodic autocorrelation since it is a specific case of complementary pair, the Shapiro-Rudin 

and the Sivaswamy's sub-complementary families of pairs are dual. 

So far we have concentrated our attention on the cases, when two symbols had to be transmitted 

simultaneously. We found that the crest factors of MC-CDMA signals employing the Shapiro-Rudin 

sequence pairs of (4.54) and (4.55) or the Sivaswamy sub-complementary pairs of (4.76) and (4.76) are 

bounded by 3dB. Let us now extend our discussions to the scenario where more than two spreading 

sequences are used for supporting multiple symbols generated by a single user or for supporting multiple 

users. 

Tseng and Liu [80] introduced a wider range of complementary sets of sequences. A set of sequences 

of equal length is said to be a complementary set, if the sum of autocorrelations of all the sequences in 

that set is zero, except for the peak term in zero-shift position [80]. Sivaswamy [105] proposed a method 

for constructing a complementary set of 2"+^ number of sequences of length 2"iV, where n > 1 and N 

is the length of the base complementary pair. When n = 1, we can obtain a complementary set of four 

sequences of length N from a base complementary pair sq and cq of length N/2 using the following 

method [105]: 

51 = SqSO (4.87) 

52 = sqSO (4.88) 

53 = Co Co (4.89) 

54 = Co Co . (4.90) 

Theorem 4.5 If we apply a pair of Shapiro-Rudin sequence [73] of length N/2 as the base sequences 

So and Cq, the set of four complementary sequences, given by (4.87) - (4.90), produces a crest factor less 

than or equal to 3dB, provided that the sequences Si, S2, S3 and S4 are applied to four-code BPSK 

modulated MC-CDMA systems. 

For example, a pair of Shapiro-Rudin sequences of length N/2 = 4, a = (+1 + 1 + 1 - 1 ) and 

b = (+1 + 1 - 1 + 1), can be used to generate Si = (+1 + 1 + 1 — 1 + 1 + 1 + 1 — 1), S2 = 
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( + 1 + 1 + 1 - 1 - 1 - 1 - 1 4 - 1 ) , S 3 = ( + l + l - l + l + l + l - l + l ) a n d S 4 = ( + 1 + 1 - 1 + 1 - 1 - 1 + 1 - 1 ) . 

We can readily verify that they form an orthogonal set and hence these four sequences can be used as the 

spreading sequences of four-code BPSK modulated MC-CDMA systems. 

Proof-. Sivaswamy [105] showed that the set of four sequences form a complementary set and hence we 

have: 

= . (4.91) 

The crosscorrelations between all possible combinations of pairs are given as follows: 

81 c g)82 = So C g So — So $So So (< $ So + So DSo = —SQ (gl So (4.92) 

82 c g ) 8 i = So C $So ~ So 5 $So + So g $ So — So $ )So = So (g» So (4.93) 

81 c B ) 8 3 = So C 3 Co + So C $ Co + So <3 5 Co + So C g Co = 2so ( g» Co + So c gCo (4.94) 

S 3 ( § 1 8 1 = Co C 0SO + co C gSo + Co C § So + Co ( 9 So — 2co ( gl So + Co C gso (4.95) 

81 ( $ 8 4 = So { $Co — So $Co — So << $ Co + si) q $ Co = - S o (gl Co (4.96) 

8 4 c $ 8 1 — Co ( $So -Co q $So + co C g So - Co C S s o = Co (gl ISO (4.97) 

82 ^ S3 = So ^Co - So $ ) Co + So $ Co - So ^Co = So <81 Co (4.98) 

S 3 $ 5 S2 = Co $So - Co $So ^ Co $ So + Co g $So = —Co (giSo (4.99) 

S 2 $ 8 4 = So $ )Co + So 6 ) Co - So $ ̂  Co - So @ :)co = 2so C §) Co — S q (5 gCo (4.100) 

8 4 $ 5 S2 = Co $So + Co ^So - Co ^ So - Co $ $So = 2co C g So - Co (̂  $So (4.101) 

8 3 6 ^ 8 4 = Co $ Dco - Co $Co — Co C ^ Co + Co C g*Co = - C o (gico (4.102) 

8 4 $ ) S 3 = Co $ )Co - C o $ ̂ Co + Co C $ Co - Co C giCo = Co Ig )Co (4.103) 

The combined crosscorrelation defined in (4.39), assuming BPSK modulation, is given by: 

% [ % ] = 6 1 6 2 ( S i ( 8 1 8 2 + 8 2 ® 8 1 ) + 6 1 6 3 ( 8 1 0 8 3 + S 3 (g) 8 1 ) 

+ 6164 (Si (8> S4 + S4 (8) Si) + 6263 (S2 ® S3 + S3 0 S2) (4.104) 

+ 6 2 6 4 ( 8 2 ® 8 4 + 8 4 ig i 8 2 ) + 6 3 6 4 ( 8 3 ® 8 4 + 8 3 ( g 8 4 ) , 

where again bi, 62, 63 and 64 are the four information bits to be transmitted. Considering that 8% (g 82 + 

S2 ® Si = 0 and 83 (gi 84 + 84 O 83 = 0, X[n] can be reduced to: 

A ' M = 6 1 6 3 ( 8 1 (g) 8 3 + 8 3 0 8 1 ) + 6 1 6 4 ( 8 1 ® 8 4 + 8 4 i g ) 8 1 ) 

+ 6263 (S2 (gi 83 + 83 ® S2) + 62̂ 4 (S2 (g 84 + 84 (g) S2). 

Firstly, let us assume that 6164 = 6263, which implies that 6163 = 6264 holds as well. It can be shown 

that eight messages out of the = 2^ = 16 possible 4-bit messages satisfy this condition. In this case, 

X[n\ becomes: 

A'[72] = + 4 (so (g) Co + Co (g) So) . (4.106) 
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Since {sq, cq} constitutes a Shapiro-Rudin pair, the sequences can be written as sq = ab and cq = ab, 

where a and b are also Shapiro-Rudin sequences of length iV/4. Then, as we observed in (4.71), (4.72) 

and (4.73), X[n] becomes: 

X[n] = ±16 a (g) a . 

According to (4.42) the normalised power envelope is given by: 

(4.107) 

'jV/4-l 

±16 
Z J 
n = l 

a ® a 

1 -I-
o ^ „ J2'irFn^ EiV/1 

n=l 
< a e-' 

for 6164 = 1 

for 6164 = —1 

< 2 

(4.108) 

(4.109) 

(4.110) 

Let us now assume that 6164 = - 6 2 6 3 , which also implies that 6163 = —6264. Depending on the signs 

of 6164 and bibs, we get: 

z w = ±4 So g) Co for 6164 = -6363 
OLlll) 

±4 Co ® So for 6164 = 6263 . 

Considering that: 

soco (gi soco = So ® So + Co ® Co 4- So (g) Co 4- Co (gi So = -f- so (gi co , (4.112) 

we can express s q ® cq of (4.111) as s q c o ® soCq . In a similar manner, c q (g) sq can be replaced by 

cqSo ® c q S q . We note that s i = sqCq and sqCq form a complementary pair of length N and so do 

s i = c o so and c q S q . Therefore, when 6164 = —6263, the normalised power envelope can be formulated 

as: 

1 + jyRe 

1 + j^Re 

w - i 
±4 Si (g) Si 

n = l 

for 6164 = 1 

for 6164 = —1 

< 2 . 

(4.113) 

(4.114) 

(4.115) 

In a similar manner, the normalised power envelope associated with 6164 = 6263 can be shown to be less 

than or equal to 2. Hence, the corresponding crest factors are always bounded by 3dB. f 

Figure 4.13 depicts the peak-factors of some of Sivaswamy's complementary sets constituted by 

L = 4 sequences. As shown in Theorem 4.5, there can be three different magnitude distributions for 

the specific sequence length of iV = 2", depending on the message bits. The marker o in Figure 4.13 

represents the peak factor of the signal, when X[k] = i t l 6 a ® a , which is the case for half the number of 
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message bits from the set of 16 possible message bits. The marker • represents the peak factors, when 

X[k] = ± 4 s o Co, and the marker * when X[k] = ±4co ® sq, both of which occur for 4 message 

bits from the set of 2^ = = 16 possible message bits. We can observe in Figure 4.13 that the peak 

factors associated with marker o are the lowest among the three values when the sequence length N 

is 2^ = 4, 2^ = 16 or 2® = 64. An ideal peak factor of 1 was achieved for the sequence length of 

iV = 1^ = 4, representing a constant power envelope. The fact that all the peak factors in Figure 4.13 

are bounded by 2 corroborates Theorem 4.5 . 

2 ^ -

2 1.6 o 

a 

211 .2 

- a B a B B E3 

0.8 -

O X[A:] = ±16 a (gi a 

• X[k] = ±4so (g) Co 

* X[k] = ± 4 co ® so 

4 16 64 256 1024 4096 
sequence length, N=2" 

Figure 4.13: The peak-factors of Sivaswamy's complementary set of sequences. The number of si-

multaneously used sequences is L = 4 and the sequence length of N = is between 2^ = 4 and 

= 2̂ 3 = 8192. 

4.5.2.3 Peak Factor Distribution of Multi-Code MC-CDMA 

In this section, we investigate the peak factor distribution of multi-code BPSK MC-CDMA. Two binary 

sequences, namely Walsh codes and orthogonal Gold codes, along with two so-called root-unity poly-

phase sequences, namely the so-called Frank codes [96] and Zadoff-Chu codes[98, 99] - are considered 

as the orthogonal spreading codes for our BPSK modulated MC-CDMA scheme. We assumed that the 

number of subcarriers, N, is 16. However, the results shown in this section apply also to MC-CDMA 

schemes with 16 x F subcarriers, where the originally adjacent chips are F-subcarriers apart, in order to 

achieve independent fading on each subcarrier, which improves the achievable diversity gain. 

When L number of codes are used simultaneously from the set of N available spreading codes, there 

are (^) possible choices of selecting a specific spreading codes. If there are no other constraints to be 

satisfied, when selecting the codes, maintaining a low worst case peak factor can be a selection criterion. 

We can observe the effects of the code selection with the aid of the Cumulative Distribution Functions 
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(CDF) of the worst case peak factors encountered, when choosing the spreading codes. The CDF of a 

single-code MC-CDMA signal was shown Figure 4.12(a). Figure 4.14 depicts the corresponding CDFs 

for L — 2,4,8,15 number of codes in conjunction with the spreading factor of = 16. When 
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Figure 4.14: Cumulative Distribution Function (CDF) of the maximum PF (CF^) for multi-code BPSK 

modulated MC-CDMA signals. The spreading factor was # = 16 and the number of simultaneously 

used codes was L = 2,4,8,15. There exists (^) number of possible code selections for the given 

value of L. Walsh codes exhibit desirable peak factor distributions for large L values, i.e. when either 

supporting a high number of users or transmitting a high number of bits per symbol, because their 

combined crosscorrelation term becomes small. 

L = 2, there are = 120 possible pairs of spreading codes, which we can choose. We can observe in 

Figure 4.14(a) that the peak factors of the Zadoff-Chu code pairs are in the rage of 2.3 to 3.5, depending 

on the specific pairs selected. The lowest peak factors of the Zadoff-Chu, Frank and OGold codes 

are similar. A quarter of the Walsh pairs exhibited the highest peak factor of 8, which was extremely 

undesirable. 
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However, as the number of codes L increases, the Walsh code sets begin to show more desirable peak 

factor distributions. This is already evident for L = 4, as shown in Figure 4.14(b). The lowest and the 

highest peak factors were 2.2821 and 6.8595, respectively, for Walsh codes of length JV = 16 and for 

L = A simultaneously employed codes. This implies that the code selection is important in multi-code 

MC-CDMA, in order to reduce the corresponding peak factor. 

For higher number of simultaneously used codes L, the CF advantage of Walsh codes over the other 

spreading codes considered becomes more pronounced. When L = lb, any combination of Walsh codes 

exhibited lower peak factors, than the best combinations of the other spreading codes investigated, as we 

can observe in Figure 4.14(d) 

Class L = 2 Z, = 4 Z, = 8 ]: = 15 

Walsh 

OGold 

Frank 

Zadoff 

0x0480; 3.512 

0x0202; 2.489 

0x0900; 2.307 

0x4040; 2.262 

0x03c0; 2.282 

0x9208; 3.161 

0x04a4; 4.000 

0x2174; 4.000 

Ox23cd; 2.786 

0xf20e; 4.480 

Ox4d74; 8.000 

0x44de; 8.000 

Oxbfff; 5.602 

Oxfbff; 8.067 

0xfF7f; 15.000 

OxfF74; 15.001 

Table 4.5: The best code combinations and the corresponding peak factors for L = 2,4,8 and 15 number 

of simultaneous codes. The code combinations are represented in hexadecimal form, where the index of 

each contributing code is indicated by a ' 1' at the corresponding bit position of the equivalent binary bit 

pattern. 

The best code combinations are summarised in Table 4.5 together with the corresponding peak factors 

for Z, = 2,4,8,15 number of simultaneous codes and for the spreading factor of iV = 16. In Table 4.5 

the code combinations are represented by hexadecimal numbers, where the index of each contributing 

code is indicated by a '1' at the corresponding bit position of the equivalent binary bit pattern. For 

example, the best Walsh code combination for L = 2 is given by the pair of 8th and 11th Walsh codes, 

exhibiting the lowest peak factor, which is indicated by a 'T at positions 8 and 11 in the binary pattern of 

"0x0480 = (0000 01001000 0000)2", where "Ox" is the hexadecimal notation prefix. The least significant 

bit represents the first code in the set. 

Figure 4.15(a) depicts the maximum peak factors evaluated for the set of all 2^ messages using the 

best code-combinations, taking into account all possible (^) choices. For our BPSK modulated OFDM 

modem, {N, L) non-linear PF reduction codes [31] associated with the code rate of L/N were used in 

order to arrive at the maximum peak factors plotted. The PFs plotted were multiplied by N/L in order to 

normalise them for the sake of maintaining the same average power as the original uncoded MC-CDMA. 

Walsh-spread MC-CDMA shows the lowest maximum peak factors for L > 3 amongst the four MC-

CDMA systems studied. In fact, the peak factors of the Walsh-spread MC-CDMA signals approached 

the practically achievable minimum peak factor for various numbers of simultaneous codes L. 

As mentioned before, Jones, Wilkinson and Barton [31] introduced a non-linear block coding scheme 

for reducing the overall peak factor of OFDM signals, hence we apply the same coding scheme for 
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Figure 4.15: The maximum and median PF (CF^) when using various spreading codes for BPSK modu-

lated MC-CDMA. A set of nonlinear peak-factor reduction codes [31] of rate L/N were used for BPSK 

modulated OFDM and the PFs plotted were normalised hy L/N for the sake of maintaining the same 

average power as the MC-CDMA scheme. The spreading factor was TV = 16. The reduced PFs seen in 

this figure in comparison to Figure 4.14 are the consequence of employing the rate L/N nonlinear PF 

reduction codes. 

reducing the peak factors of MC-CDMA signals. Let us eliminate half of the messages which yield high 

values of peak factors. Then the worst case peak factor corresponds to the median peak factor of the 

original uncoded MC-CDMA signals. The median peak factor also depends on the spreading sequence 

combination employed. The best code combination which has the lowest median peak factor may be 

different from the code combination yielding the lowest maximum peak factor, which was displayed in 

Table 4.5. Figure 4.15(b) depicts the median peak factors for the best combination of L simultaneous 

codes for the spreading factor of = 16. We can observe in Figure 4.15(b) that the 15/16 nonlinear 

block code used for Walsh spread MC-CDMA reduces the peak factor from 6.18 to 2.50, which is only 

IdB higher than the practically achievable minimum peak factor of 3dB. This implies that Walsh-spread 

MC-CDMA can be viewed as a peak-factor reducing scheme in the context of conventional OFDM, in 

addition to the inherent diversity gain provided by frequency domain spreading. Figure 4.15(b) suggests 

that adaptively applying spreading the specific spreading code family, which exhibits the lowest peak 

factor for the given number of simultaneous codes L in conjunction with a rate of (L — 1)/L crest factor 

reduction coding, we can reduce the overall peak factor below 2.5 for any L, provided that the other 

system requirements are not violated by the PF reduction motivated spreading code adaptation. 

4.5.3 Clipping Amplifier and BER Comparison 

Having investigated the peak factor distributions numerically, let us now study the effects of the peak 

factor on the achievable BER performance, when the MC-CDMA signal is subjected to nonlinear ampli-
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fication. 

4.5.3.1 Nonlinear Power Amplifier Model 

During our forthcoming investigations, we need a tractable model for the power amplifiers to be used 

in order to study the effects of nonlinear amplification. Most portable wireless devices use Solid-State-

Power-Amplifiers (SSPA). The amplitude transfer characteristics or the AM-AM curve g{x) of an SSPA 

can be modeled as [106-108]: 

g(a:) = 
X 

(4.116) 
(l+a.2p)l/2p ' 

where x is the input magnitude and p is the smoothness factor during its transition from the linear region 

to the saturation region. Furthermore, it is assumed that the original phase characteristics of MC-CDMA 

signal are retained by the linear-phase amplifier, implying the absence of phase distortion. Figure 4.16 

illustrates the amplitude transger curves for a few different smoothness factors, p, together with the IdB 

compression line. Specifically, the IdB compression point is defined, as the point on the output versus 

1—'—t—'—I—'—r 
linearly amplified output / 

sa tura ted 
power 

0 .7dB 

rated 
power 

r ' ' p=1 O 0.6 

1 d B / 1 dB c o m p r e s s i o n 
line 

p=3.5 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1 .8 
Input, X 

Figure 4.16: AM-AM curves of the SSPA model of (4.116) [106-108] 

input curve, where the output level falls IdB below its expected linearly amplified value. Using simple 

arithmetic, we can find the IdB compression point in the form of: 

X 

(l+a;2p)l/2p 
= kx, (4.117) 

where k is the IdB compression line's steepness coefficient given as A: = The solution of 

(4.117) for the input level x, where the IdB output power compression is encountered, is given by 

xidB = {k^^^ - l)i/(%p). For typical SSPAs, the output power at the IdB compression point is about 0.7 
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dB below the saturation power Therefore the smoothness factorp in (4.116) should satisfy g{xidB) = 

k{k^'^P — l)i/(2p) = where a is 10"°'^/^°. The value of the smoothness factor p which satisfies 

this relation is p = 3.58. The corresponding value of the input level, where the IdB compression is 

encountered, is denoted by xids, which becomes xi^b = 1.035117539 . 

More explicitly, the average output power is typically backed-off from the saturation power, in order 

to reduce the nonlinear distortion of the amplified signal. The IdB compression point is the typically 

used reference point specified in terms of the input power. Thus, we get a 0.7 dB lower output power, 

than the saturation power, when the power amplifier is operating at OdB back-off. Sometimes, we want 

to investigate the effects of the nonlinear amplification on the bit error ratio, as well as on the out-of-band 

frequency response, which determines the amount of out-of-band spurious emissions inflicted on other 

communication systems operating in the adjacent frequency band. 

4.5.3.2 Effects of Clipping on Output Power 

We have seen in Section 4.5.2.3 that MC-CDMA signals exhibit a fluctuating envelope power and hence 

when they are subject to nonlinear amplification, they produce out-of-band spurious emissions. The 

extreme peaks of the signal inevitably suffer from so-called "clipping effects", when they enter the sat-

uration region of the amplifier, resulting in the loss of effective transmission power as well as the signal 

distortion, unless the gain of the amplifier is reduced to a level, where the amplifier's maximum output 

level is sufficiently high for the signal peaks not to be clipped. We have shown in Section 4.5.2.3 that 

the degree of power envelope variations of a MC-CDMA signal depends on the spreading sequences em-

ployed. Therefore, the loss of effective transmission power is also expected to depend on the spreading 

sequences used. Figure 4.17 depicts the relationship between the input-backoff of the power ampli-

fier and the effective relative output power of the MC-CDMA signals spread by the various spreading 

sequences employed. 

When only one simultaneous spreading code was used, we found that the effective transmission 

power loss was about 0.7dB for the Frank and Zadoff-Chu spread MC-CDMA signals, while the corre-

sponding losses were 1.3dB, 2.3dB and 4.4dB for a complementary code, a single OGold code and a 

single Walsh code. A Shapiro-Rudin sequence was used as the complementary code, which was found 

to exhibit the lowest loss of effective transmission power amongst the three binary spreading sequences 

compared. Apart from the effects of signal distortion and the associated spurious out-of-band emissions, 

a high power loss may be encountered, which is a serious impediment in practical systems. 

When two simultaneous spreading codes were used as seen in Figure 4.17(b), the MC-CDMA signal 

employing a complementary pair of Shapiro-Rudin codes showed the lowest power loss of 1.6dB for 

the set of five spreading codes investigated. A pair of OGold codes and a pair of Frank codes were next, 

showing an associated power loss of 1.7dB and 1.8dB, respectively. Finally, the Walsh codes and Zadoff-

Chu codes exhibited a high power loss of around 3dB at OdB input back-off. The spreading code pairs 

were selected on the basis of maintaining the lowest crest-factors for each family of spreading codes. It 

^ http ://www. vertexepi. com/brochure/broch3. htm 
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Figure 4.17: The relative output power versus input back-off in MC-CDMA for various spreading codes. 

The spreading factor was N — 16, while the number of simultaneous codes was L = 1,2,4 and 16. 

The corresponding curve for OFDM - although not shown in the figures - was almost identical to that 

of the Frank and the Zadoff-Chu spreading code based MC-CDMA using L = 16 simultaneous codes. 

Shapiro-Rudin codes were used as the complementary codes. 
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is interesting to observe that the Frank and Zadoff codes showed nearly identical maximum peak factors, 

although they exhibited quite a different power loss, as it can be observed in Figure 4.17(b). This is 

because the power loss depends on the magnitude distribution, rather than on the maximum peak factor 

of the signal. 

When four spreading codes were used simultaneously, as seen in Figure 4.17(c), the effective trans-

mission power losses at OdB input back-off were 1.3dB for Sivaswamy's complementary set, 1.8dB for 

OGold codes, 2.OdB for Zadoff-Chu codes, 2.1dB for Frank codes and 2.5dB for Walsh codes. Consid-

ering that Walsh codes exhibited the lowest maximum crest factor of 2.28 in Figure 4.15(a) amongst the 

spreading codes investigated, except for Sivaswamy's complementary set, the Walsh code related high 

power loss is surprising. This implies that the Walsh-spread quad-code MC-CDMA signal still exhibits 

a relatively poor magnitude distribution. 

The Walsh-spread MC-CDMA signals using the maximum possible number of simultaneous multi-

codes of 1/ = 16 showed the lowest power loss of 1.3dB amongst the four different spreading codes 

investigated in the context of MC-CDMA, as seen in Figure 4.17(d). The desirable characteristic of 

attaining a low effective power loss was observed for Walsh codes, when the number of simultaneous 

codes L was higher than 8. The power loss curve for OFDM - although not shown explicitly in the figure 

- was almost identical to those observed for Zadoff-Chu and Frank code spread MC-CDMA signals, as 

seen in Figure 4.17(d). 

We may conclude that the effective transmission power loss is also an important system performance 

factor, when choosing spreading sequences for multi-code MC-CDMA transmitters, and hence in addi-

tion to the crest factor studies further power-loss related investigations are required. In the fully loaded 

case, when the number of simultaneous codes is, L = 16, the Walsh-spread MC-CDMA signal showed 

a lower power loss than OFDM, underlining another advantage of using spreading in comparison to 

conventional OFDM employing no spreading. 

4.5.3.3 Effects of Clipping on the Bit Error Ratio 

Simulations were carried out, in order to investigate the effects of nonlinear amplification in the context 

of BPSK modulated MC-CDMA and BPSK modulated OFDM systems over AWGN channels. When 

a single spreading code was employed for BPSK MC-CDMA, the effects of nonlinear amplification 

were moderate, resulting in an almost unimpaired BPSK bit error probability, as it can be observed in 

Figure 4.18. Since there is little margin for any BER improvement in comparison to a perfectly linearly 

amplified scenario, neither CF-reduction coding nor input back-off affects the corresponding BER. Only 

OFDM could achieve some BER improvement with the advent of crest-factor reduction coding, when 

using an input back-off of 3dB. 

When the number of simultaneous codes L was increased to two, as seen in Figure 4.19, Walsh-

spread BPSK MC-CDMA showed approximately IdB SNR loss, as it can be observed in Figure 4.19, due 

to the associated nonlinear amplification and the high crest factor encountered. The BER of Walsh-spread 

MC-CDMA could not be improved by crest-factor reduction coding, since all the 2^ = 2^ = 4 number 

of bit combinations result in the same crest-factor distribution. However, involving 3dB input back-off 
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Figure 4.18: The BER of BPSK modulated MC-CDMA and BPSK modulated OFDM over AWGN 

channels for a SF of iV" = 16 and for L = 1 user. 

slightly reduced the BER. The SNR values used in Figure 4.18 to 4.21 are based on the measured received 

signal powers, hence they do not show the effective output power loss encountered at the transmitter side, 

which was studied in the previous subsection. 

When the number of simultaneous codes L was four as portrayed in Figure 4.20, all the MC-CDMA 

systems exhibited similar bit error rates. The Frank and Zadoff-Chu based systems exhibited a slightly 

higher BER, than the other MC-CDMA systems, however the differences became negligible as crest-

factor reduction coding or the input back-off of 3dB was applied. 

Figure 4.21 depicts the BER curves of the investigated MC-CDMA systems, when the number of 

simultaneous codes L is 16. For a fully loaded MC-CDMA system, only Walsh spreading showed a better 

BER, than OFDM at an input back-off of OdB and without crest-factor reduction coding. Considering 
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Figure 4.19: The BER of BPSK modulated MC-CDMA and BPSK modulated OFDM over AWGN 

channels for a SF of A'' = 16 and for i = 2 users. 

that Walsh-spread MC-CDMA has an approximately IdB lower loss of effective transmission power, than 

that of OFDM, the SNR difference of about 2dB observed at a given BER is deemed to be a significant 

benefit of Walsh-spread MC-CDMA from a practical point of view. Both crest-factor reduction coding 

and 3dB input back-off had the potential of reducing the BER of Walsh-spread MC-CDMA to a value 

near the ideal BER associated with using perfectly linear, infinite dynamic range amplification. When 

these two techniques were combined, the bit error rates of all the investigated systems approached the 

ideal BER, as we can observe in Figure 4.21(d). 

The BER performance of MMSE Joint-Detection (JD) assisted MC-CDMA [59] and that of single-

user OFDM is shown in Figure 4.22 for transmission over Rayleigh channels, where independent sub-

carrier fading and perfect channel channel transfer function estimation were assumed. The independent 
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subcarrier fading can be achieved in a system, where many subcarriers are employed in conjunction with 

frequency domain interleaving, provided that the number of resolvable multi-path components in the 

channel is higher than or equal to the spreading gain. Figure 4.22(a) shows the performance advantage 

of MC-CDMA systems over OFDM. MC-CDMA exhibited a significantly better BER performance than 

OFDM, while maintaining the same bandwidth efficiency. This was achieved despite supporting L = 16 

users, while the OFDM scheme supported a single user, which was a benefit of using the Minimum Mean 

Square Error (MMSE) Block Linear Equalised (BLE) Joint Detector (JD) of Section 3.4.2. This perfor-

mance trend is only true, however, when there is sufficient diversity gain in order to compensate for the 

multiple user interference (MUI) or multi-code interference. It was observed in other simulations not 

included here that a diversity order of two or three is sufficient for MMSE JD-MC-CDMA to overcome 
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Figure 4.21: The BER of BPSK modulated MC-CDMA and BPSK modulated OFDM over AWGN 

channels for a SF of iV = 16 and for L = 16 users. 

the MUI. We can also observe however that JD MC-CDMA is more sensitive to amplitude clipping 

than OFDM. However, Walsh-spread MC-CDMA was not the best performing scheme over Rayleigh 

channels. Two of the poly-phase codes, namely the Frank and Zadoff-Chu spreading codes, were more 

effective, than the binary spreading codes, namely the Walsh and OGold codes, in this environment. 

Considering that the poly-phase-spread signals suffer from higher distortion due to clipping, this result 

is surprising. It implies that the MUI imposed by the poly-phase-spread systems is lower than that of 

the binary spreading based systems and this MUI difference plays a more dominant role in determining 

their BER performance than the clipping-induced distortion. The BER performance of the MMSE JD 

MC-CDMA and OFDM systems using CF-reduction coding is shown in Figure 4.22(b). The BER im-

provement was around IdB for the MC-CDMA systems at a BER of 10~^ and at a back-off of 3dB, in 
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comparison to the uncoded system. This BER improvement was more noticeable at OdB back-off, where 

the effects of amplitude clipping are more dramatic. 
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Figure 4.23: The BER of Walsh-spread BPSK modulated MC-CDMA, when a MMSE single-user de-

tector was employed. The crest-factor reduction coding increased the bit error ratio at 3dB back-off. The 

number of users L and the spreading factor N were both 16. 

When MMSE single user detection was employed for our MC-CDMA systems, we found that the 

CF-reduction coding slightly degraded the BER performance at a 3dB back-off for the Walsh-spread 

system, as it can be observed in Figure 4.5.3.3. This implies that the CF-reduction coding is not optimal 

in reducing the overall BER, since it may select the specific message codes, which incur a high MUI, 

resulting in a degraded BER performance. This is especially true for the case, when there is little margin 

for crest-factor improvement, such as for example in conjunction with the amplifier having a 3dB back-
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N = 16 conveying 16 information symbols. 

Since frequency spectrum is a valuable commodity, it has to be effectively shared. The clipping-

induced out-of-band emissions result in an increased adjacent channel interference. Multicarrier systems 

typically exhibit attractive spectral characteristics. In Section 4.5.2.3, we have observed that the crest 

factors of MC-CDMA signals are dependent on the spreading sequences employed and also found that 

MC-CDMA signals generated with the aid of the appropriate spreading sequences exhibit lower crest 

factors, than those of OFDM. Therefore, it is expected that MC-CDMA signals show better spectral 

characteristics than OFDM signals. The corresponding spectrum is dependent on the time-domain trans-

mission frame structure employed. We used a modified version of the frame structure employed in the 

IEEE 802.11 high-speed Wireless LAN [109] operated in the 5 GHz band. Figure 4.24 depicts the 

time-domain frame structure employed in our reference system. The time domain frame consists of 16 

information symbols, which are obtained by applying IFFT to 16 frequency domain symbols plus six 

cyclic prefix and two cyclic postfix symbols. The first and the last two symbols are subjected to time 

domain raised cosine shaping, in order to prevent abrupt time-domain signal changes. 

The spectra shown in Figure 4.25 were obtained by averaging the individual spectra associated with 

all the possible messages using the best combinations of spreading sequences in terms of attaining the 

lowest possible crest factors. Specifically, Figure 4.25(a) displays the spectra of BPSK modulated MC-

CDMA signals employing a Walsh code and a Zadoff-Chu code. We can observe that the spectrum of 

MC-CDMA signal employing the Zadoff-Chu spreading code exhibits a lower out-of-band power than 

that of Walsh code. The spectra corresponding to MC-CDMA signals employing the OGold code, Frank 

code and complementary code were between those associated with the Walsh and Zadoff-Chu spreading 

codes. This observation about the spectra is consistent with the comparison of their corresponding crest 

factors as we have seen in Section 4.5.2.3. When the number of simultaneous codes L was four, the 

spectrum recorded for a set of four Sivaswamy's complementary sequences showed the lowest out-of-
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Figure 4.25: The frequency spectrum of BPSK modulated MC-CDMA signals. The number of subcar-

riers N was 16 and the nonlinear amplifier model of Section 4.5.3.1 was used. The frequency axis was 

scaled in terms of the normalised frequency f T , where T denotes the bit duration. 

band spurious spillage, which is depicted in Figure 4.25(b) . With the aid of the previously introduced 

15/16-rate peak-factor reduction coding and using a 3dB input back-off, the out-of-band spectral spillage 

was considerably reduced. When the number of simultaneous codes L was higher than eight, the Walsh-

spread BPSK modulated MC-CDMA showed scheme exhibited the lowest out-of-band power spillage 

for the set of investigated systems, as it can be seen in Figure 4.25(c) and Figure 4.25(d). Therefore, we 

conclude that the Walsh spreading codes are effective in reducing out-of-band spurious emissions and 

concomitantly in reducing the worst case peak factors. 
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4.6 Summary and Conclusions 

In addition to the more widely recognised benefits of MC-CDMA - such as its substantial frequency 

diversity gain - we showed in this chapter that MC-CDMA is also capable of mitigating the CF problem. 

Specifically, in Section 4.5.1 we investigated the relationship between the envelope power and the prop-

erties of range of spreading sequences. It was shown in the context of (4.40) that the envelope power is 

determined by the sums of the aperiodic autocorrelations defined in (4.36) and by the aperiodic cross-

correlations of the spreading sequences defined in (4.37). We showed furthermore in Section 4.5.2.1 and 

4.5.2.3 that the former property is more important when supporting a low number of users, L, while the 

latter plays a more dominant role under highly loaded conditions, i.e. for a high values of L. 

When we consider that the weighted sums of the aperiodic autocorrelations and the aperiodic cross-

correlations defined in (4.38) and (4.39) are bounded by a constant [110], it is apparent that there are 

no 'magic' sequences, which exhibit "good" CF distributions for an arbitrary number of simultaneous 

codes, namely for all values of L. For example, the family of orthogonal Gold codes is more attractive 

for low values of L, while Walsh codes are preferred for high L values. The two poly-phase codes con-

sidered, namely the Frank and Zadoff-Chu spreading codes, were also found attractive for Z, = 1, while 

their CF distributions were the least attractive amongst the codes studied for L = 1, as we have seen in 

Section 4.5.2.3. 

In Section 4.5.2.2, we found that the crest-factors of a two-code BPSK modulated MC-CDMA signal, 

employing a pair of Shapiro-Rudin sequences or a pair of sub-complementary sequences based on a 

Shapiro-Rudin pair, are bounded by 3dB. We also showed in Section 4.5.2.2 that the crest-factor of the 

four-code BPSK modulated MC-CDMA signal employing Sivaswamy's set of complementary sequences 

is also bounded by 3dB. Therefore these sequences are preferred spreading sequences for MC-CDMA in 

terms of low crest-factors, low BERs and attractive spectral characteristics. However, we were unable to 

find larger set of such sequences which had more than four codes. 

When we set L=N, in order to maintain the same spectral efficiency as OFDM, Walsh-spread BPSK 

modulated MC-CDMA showed a significant peak factor reduction over OFDM in conjunction with the 

same rate CF-reduction block encoder, when investigating under 'fully loaded' conditions. When a 3dB 

back-off was applied to the transmitter's power amplifier, the Walsh-spread MC-CDMA system showed 

an approximately 2dB SNR gain at a BER of 10"^ in Figure 4.21 in an AWGN environment, when 

compared to OFDM. When transmitting over a channel exhibiting independent Rayleigh fading over 

each subcarrier, MMSE JD MC-CDMA employing Zadoff-Chu spreading codes was found to be the 

best scheme, as seen in Figure 4.22. 

4.6.1 Diversity Considerations 

As a possible future research topic, we investigate breifly the frequency domain symbol magnitude of 

multi-code MC-CDMA system employing the Walsh codes and it's impact on the achievable diversity 
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gain. The scaled frequency domain symbol magnitude \/]V |sn| of the n-th subchannel can be given as: 

L-l 

1=0 

(4118) 

where bi is the /th user's information bit, q is the Ith user's spreading sequence, L is the number of 

simultaneous users and N is the spreading factor. Since the scaled frequency domain symbol magni-

tude ^/N |S„| is a sum of even number of binary values ±1, the legitimate values are {{L - 2i)\i = 

0 , \ _ L / 2 \ } . Let us define Qi as the the number of subchannels, which have the magnitude of a L - 2i. 

By definition, the Qi values are non-negative integers. Additionally, the following two constraints are 

imposed on {Qi}: 

L L / 2 J 

, (4.119) 
i=Q 

LL/2J 
= JV, (4.120) 

1 = 0 

where (4.119) simply states that the total power in the frequency domain is equal to the average time 

domain power given in Equation 4.33 and (4.120) implies that the total number of subcarriers is N. 

Let us consider an example, where the number of subcarriers is A'" = 16 and the number of simulta-

neous codes is L = 2. Applying (4.119), we get Qg x 2^ = 16 x 2 and hence Qq = 8. From (4.120), we 

have Qo + Qi = 16, and hence Qi = 8. In this example, we have only one solution for the set of {Qi} 

values, namely {Qi} = {8, 8} for the corresponding magnitude set of \ / iV|s„ | E {2, 0}. 

Below we provide another example for JV == 16 and L = 6. In this scenario, the possible magnitude 

set is given by {6,4,2,0}. For this magnitude set, there exist 10 solutions for {Qi}, namely {0,3,12,1}, 

{0,4,8,4}, {0,5,4,7}, {0,6,0,10}, {1,0,15,0}, {1,1,11,3}, {1,2, 7,6}, {1,3,3,9}. {2,0,6,8} and 

{2,1, 2,11} depending on the L = 6 number of bits bi in (4.118). 

Now a question arises as to "Which set of Qi will maximise the achievable diversity gain over N 

independent fading channels?" or "Which set of Qi is the worst in this respect?". A seemingly good can-

didate can be found in the second example for L = 6. Specifically, the fifth solution, namely {1,0,15,0}, 

does not 'waste' any diversity potential, since there is no zero magnitude subcarriers in the frequency 

domain. By contrast, the other Qi sets have at least one zero magnitude. For example, the first solu-

tion for Qi given by {0, 3,12,1} contains a single zero magnitude, while the second solution given by 

{0,4,8,4} has four zero-magnitude subcarriers in the frequency domain. 

Having observed that some bit combinations yield a better set of Qi values, while some do not, we 

can devise a coding scheme, which eliminates the source bit code words associated with a high number 

of zero magnitudes in the corresponding Qi set, in order to more efficiently utilise the frequency diversity 

potential achievable. However, further investigations are required regarding the statistical distributions 

associated with the set of Qi values and the feasiblity of joint code construction methods has to be 

explored with the aim of reducing the worst case peak factor as well as for the sake of increasing the 

average diversity order. 



Chapter 5 

Adaptive Modulation 

5.1 Introduction 

Mobile communications channels typically exhibit time-variant channel quality fluctuations [14] and 

hence conventional fixed-mode modems suffer from bursts of transmission errors, even if the system was 

designed to provide a high link margin. An efficient approach to mitigating these detrimental effects is 

to adaptively adjust the transmission format based on the near-instantaneous channel quality information 

perceived by the receiver, which is fed back to the transmitter with the aid of a feedback channel [111]. 

This scheme requires a reliable feedback link from the receiver to the transmitter and the channel quality 

variation should be sufficiently slow for the transmitter to be able to adapt. Hayes [111] proposed trans-

mission power adaptation, while Cavers [112] suggested invoking a variable symbol duration scheme 

in response to the perceived channel quality at the expense of a variable bandwidth requirement. Since 

a variable-power scheme increases both the average transmitted power requirements and the level of co-

channel interference [113] imposed on other users of the system, instead variable-rate Adaptive Quadra-

ture Amplitude Modulation (AQAM) was proposed by Steele and Webb as an alternative, employing 

various star-QAM constellations [113, 114]. With the advent of Pilot Symbol Assisted Modulation 

(PSAM) [115-117], Otsuki et al. [118] employed square constellations instead of star constellations in 

the context of AQAM, as a practical fading counter measure. Analysing the channel capacity of Rayleigh 

fading channels [119-121], Goldsmith et al. showed that variable-power, variable-rate adaptive schemes 

are optimum, approaching the capacity of the channel and characterised the throughput performance of 

variable-power AQAM [120] . However, they also found that the extra throughput achieved by the addi-

tional variable-power assisted adaptation over the constant-power, variable-rate scheme is marginal for 

most types of fading channels [120, 122]. 

5.2 Increasing the Average Transmit Power as a Fading Counter-Measure 

The radio frequency (RF) signal radiated from the transmitter's antenna takes different routes, experi-

encing refraction, scattering and reflections, before it arrives at the receiver. Each multi-path component 
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Figure 5.1: Instantaneous SNR per transmitted symbol, 7, in a fiat Rayleigh fading scenario and the 

associated instantaneous bit error probability, Pmil), of various fixed-mode QAM. The average SNR is 

7 = lOdB. The fading magnitude plot is based on a normalised Doppler frequency of /jv = 10"^ and 

for the duration of 100ms, corresponding to a mobile terminal traveling at the speed of 54km/h and 

operating at fc = 2GHz frequency band at the sampling rate of IMHz. 

arriving at the receiver simultaneously adds constructively or destructively, resulting in fading of the 

combined signal. When there is no line-of-sight component amongst these signals, the combined sig-

nal is characterised by Rayleigh fading. The instantaneous SNR (iSNR), 7, per transmitted symbol^ 

is depicted in Figure 5.1 for a typical Rayleigh fading using the thick line. The Probability Density 

Function (PDF) of 7 is given as [25]; 

A ( 7 ) = 1 eT/? 
7 

(5JJ 

where 7 is the average SNR and 7 = lOdB was used in Figure 5.1. 

The instantaneous Bit Error Probability (iBEP), of BPSK, QPSK, 16-QAM and 64-QAM is 

also shown in Figure 5.1 with the aid of four different thin lines. These probabilities are obtained from 

the corresponding bit error probability over AWGN channel conditioned on the iSNR, 7, which are given 

'When no diversity is employed at the receiver, the SNR per symbol, 7, is the same as the channel SNR, 70. In this case, 

we will use the term "SNR" without any adjective. 
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as[13t 

jDniC?) = , (5.2) 
i 

where Q{x) is the Gaussian Q-function defined as Q{x) = and {Ai, o j is a set of 

modulation mode dependent constants. For the Gray-mapped square QAM modulation modes associ-

ated with m = 2,4,16,64 and 256, the sets {Ai, a,} are given as [13, 123]: 

{(1,2)} 

{(1,1)} 

15, j (5.3) 

3 2 ' 8 5 ^ ' 

L f-A. i9i 
3 2 ) 8 5 ^ ^ :&2' 8 5 

m = 2, BPSK 

m = 4, QPSK 

m = 16, 16-QAM 

= 64, 64-QAM 

m - 256, 256-QAM 

12' 21 121 21 12' 21 12' 21 

^ 1% 
3 2 ' 8 5 3 2 ' 8 5 3 2 ' 8 5 

152 
3 2 ' 8 5 

3 2 ' 8 5 3 2 ' 8 5 3 2 ' 8 5 / 

3 25% 
3 2 ' 8 5 3 2 ' 8 5 

212\ f 1. 232^ [ A 2^^ /__2_ 272\ / _1_ 2^ 
3 2 ' 8 5 y ' ^ 3 2 ' 8 5 ' ^ 3 2 ' 8 5 y ' ^ ZK! ' ^ 3 2 ' 8 5 

As we can observe in Figure 5.1, Pm{l) exhibits high values during the deep channel envelope fades, 

where even the most robust modulation mode, namely BPSK, exhibits a bit error probability p2 (7) > 

10"^ By contrast even the error probability of the high-throughput 16-QAM mode, namely ^16(7), is 

below 10"^, when the iSNR 7 exhibits a high peak. This wide variation of the communication link's 

quality is a fundamental problem in wireless radio communication systems. Hence, numerous techniques 

have been developed for combating this problem, such as increasing the average transmit power, invoking 

diversity, channel inversion, channel coding and/or adaptive modulation techniques. In this section we 

will investigate the efficiency of employing an increased average transmit power. 

As we observed in Figure 5.1, the instantaneous Bit Error Probability (BEP) becomes excessive for 

sustaining an adequate service quality during instances, when the signal experiences a deep channel 

envelope fade. Let us define the cut-off BEP pc, below which the Quality Of Service (QOS) becomes 

unacceptable. Then the outage probability Pout can be defined as: 

- F L ( ( ' 7 , P c ) - P r [ p m ( 7 ) > P c ] , (5 .4 ) 

where 7 is the average channel SNR dependent on the transmit power, pc is the cut-off BEP and pm (7) 

is the instantaneous BEP, conditioned on 7, for an m-ary modulation mode, given for example by (5.2). 

We can reduce the outage probability of (5.4) by increasing the transmit power, and hence increasing the 

average channel SNR 7. Let us briefly investigate the efficiency of this scheme. 

Figure 5.2(a) depicts the instantaneous BEP as a function of the instantaneous channel SNR. Once 

the cut-off BEPpc is determined as a QOS-related design parameter, the corresponding cut-off SNR jo 

can be determined, as shown for example in Figure 5.2(a) forp^ = 0.05. Then, the outage probability of 

(5.4) can be calculated as: 

jFtmd = PrrTf 'To] , (5.5) 
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Figure 5.2: The effects of an increased average transmit power, (a) The the cut-off SNR 70 versus the 

cut-off BEP Pc for BPSK, QPSK, 16-QAM and 64-QAM. (b) PDF of the iSNR 7 over Rayleigh channel, 

where the outage probability is given by the area under the PDF curve surrounded by the two lines given 

by 7 = 0 and 7 = 70 • An increased transmit power increases the average SNR 7 and hence reduces the 

area under the PDF proportionately to 7. (c) The exact outage probability versus the average SNR 7 for 

BPSK, QPSK, 16-QAM and 64-QAM evaluated from (5.7) confirms this observation, (d) The average 

BER is also inversely proportional to the transmit power for BPSK, QPSK, 16-QAM and 64-QAM. 
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and in physically interpreted terms its value is equal to the area under the PDF curve of Figure 5.2(b) sur-

rounded by the left y-axis and 7 = 7o vertical line. Upon taking into account that for high SNRs the PDFs 

of Figure 5.2(b) are near-linear, this area can be approximated by 70/7, considering that /^(O) = I / 7 . 

Hence, the outage probability is inversely proportional to the transmit power, requiring an approximately 

10-fold increased transmit power for reducing the outage probability by an order of magnitude, as seen 

in Figure 5.2(c). The exact value of the outage probability is given by: 

(5 6) 
Jo 

== 1 -er-Tk/T , (5.7) 

where we used the PDF given in (5.1). Again, Figure 5.2(c) shows the exact outage probabilities 

together with their linearly approximated values for several QAM modems recorded for the cut-off BER 

of pc = 0.05, where we can confirm the validity of the linearly approximated outage probability^, when 

we have Pout <0 .1 . 

The average BER Pm{l) of an m-ary Gray-mapped QAM modem is given by [13, 25, 124]: 
00 

FtnO?) == / fYnXir) /nrl/yjohr (5-8) 
Jo 

== ^ , (5 9) 

where a set of constants {A,, a,} is given in (5.3) and ai) is defined as: 

In physical terms (5.8) implies weighting the BEP pm (7) experienced at an iSNR 7 by the probability 

of occurrence of this particular value of 7 - which is quantified by its PDF (7) - and then averaging, 

i.e. integrating, this weighted BEP over the entire range of 7. Figure 5.2(d) displays the average BER 

evaluated from (5.9) for the average SNR rage of — lOdB > 7 > 50dB. We can observe that the average 

BER is also inversely proportional to the transmit power. 

In conclusion, we studied the efficiency of increasing the average transmit power as a fading counter-

measure and found that the outage probability as well as the average bit error probability are inversely 

proportional to the average transmit power. Since the maximum radiated powers of modems are regu-

lated in order to reduce the co-channel interference and transmit power, the acceptable transmit power 

increase may be limited and hence employing this technique may not be sufficiently effective for achiev-

ing the desired link performance. We will show that the AQAM philosophy of the next section is a more 

attractive solution to the problem of channel quality fluctuation experienced in wireless systems. 

5.3 System Description 

A stylised model of our adaptive modulation scheme is illustrated in Figure 5.3, which can be invoked in 

conjunction with any power control scheme. In our adaptive modulation scheme, the modulation mode 

^The same approximate outage probability can be derived by taking the first term of the Taylor series of of (5.7). 
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Figure 5.3: Stylised model of near-instantaneous adaptive modulation scheme 

used is adapted on a near-instantaneous basis for the sake of counteracting the effects of fading. Let us 

describe the detailed operation of the adaptive modem scheme of Figure 5.3. Firstly, the channel quality 

{ is estimated by the remote receiver B. This channel quality measure ^ can be the instantaneous channel 

SNR, the Radio Signal Strength Indicator (RSSI) output of the receiver [113], the decoded BER [113], 

the Signal to Interference-and-Noise Ratio (SINR) estimated at the output of the channel equaliser [125], 

or the SINR at the output of a CDMA joint detector [126]. The estimated channel quality perceived by 

receiver B is fed back to transmitter A with the aid of a feedback channel, as seen in Figure 5.3. Then, the 

transmit mode control block of transmitter A selects the highest-throughput modulation mode k capable 

of maintaining the target BER based on the channel quality measure ^ and the specific set of adaptive 

mode switching levels s. Once k is selected, mt-aiy modulation is performed at transmitter A in order 

to generate the transmitted signal s{t), and the signal s{t) is transmitted through the channel. 

The general model and the set of important parameters specifying our constant-power adaptive mod-

ulation scheme are described in the next subsection in order to develop the underlying general theory. 

Then, in Section 5.3.2 several application examples are introduced. 

5.3.1 General Model 

A i^-mode adaptive modulation scheme adjust its transmit mode k, where A: G {0, 1 • • • iiC — 1}, by em-

ploying mfc-ary modulation according to the near-instantaneous channel quality ^ perceived by receiver 

B of Figure 5.3. The mode selection rule is given by: 

Choose mode k when Sk < i < Sk+i , (5.11) 

where a switching level Sk belongs to the set s = | A; = 0, 1, • • • , K}. The Bits Per Symbol (BPS) 

throughput bk of a specific modulation mode k is given by = log2(mfc) if Q otherwise hk = 0. 

It is convenient to define the incremental BPS Ck as Ck = bk — bk-i, when A; > 0 and co = bo, which 

quantifies the achievable BPS increase, when switching from the lower-throughput mode k—1 to mode k. 
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5.3.2 Examples 

5.3.2.1 Five-Mode AQAM 

A five-mode AQAM system has been studied extensively by many researchers, which was motivated 

by the high performance of the Gray-mapped constituent modulation modes used. The parameters of 

this five-mode AQAM system are summarised in Table 5.1. In our investigation, the near-instantaneous 

k 0 1 2 3 4 

0 2 4 16 64 

bk 0 1 2 4 6 

Ck 0 1 1 2 2 

modem NoTx BPSK QPSK 16-QAM 64-QAM 

Table 5.1: The parameters of five-mode AQAM system 

channel quality ^ is defined as instantaneous channel SNR 7. The boundary switching levels are given 

as So = 0 and 55 = 00. Figure 5.4 illustrates operation of the five-mode AQAM scheme over a typical 

narrow-band Rayleigh fading channel scenario. Transmitter A of Figure 5.3 keeps track of the channel 

SNR 7 perceived by receiver B with the aid of a low-BER, low-delay feedback channel - which can be 

created for example by superimposing the values of ( on the reverse direction transmitted messages of 

transmitter B - and determines the highest-BPS modulation mode maintaining the target BER depending 

on which region 7 falls into. The channel-quality related SNR regions are divided by the modulation 

mode switching levels Sk- More explicitly, the set of AQAM switching levels {5%} is determined such 

that the average BPS throughput is maximised, while satisfying the average target BEP requirement, 

Ptarget- We assumed a target BEP of Ptarget = 10"^ in Figure 5.4. The associated instantaneous BPS 

throughput b is also depicted using the thick stepped line at the bottom of Figure 5.4. We can observe that 

the throughput varied from 0 BPS, when the no transmission (No-Tx) QAM mode was chosen, to 4 BPS, 

when the 16-QAM mode was activated. During the depicted observation window the 64-QAM mode 

was not activated. The instantaneous BEP, depicted as a thin line using the middle trace of Figure 5.4, is 

concentrated around the target BER of Ptarget = 10"^. 

5.3.2.2 Seven-Mode Adaptive Star-QAM 

Webb and Steele revived the research community's interest on adaptive modulation, although a similai" 

concept was initially suggested by Hayes [111] in the 1960s. Webb and Steele reported the performance 

of adaptive star-QAM systems [113]. The parameters of their system are summarised in Table 5.2. 

5.3.2.3 Five-Mode APSK 

Our five-mode Adaptive Phase-Shift-Keying (APSK) system employs m-ary PSK constituent modu-

lation modes. The magnitude of all the constituent constellations remained constant, where adaptive 
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Figure 5.4: The operation of the five-mode AQAM scheme over a Rayleigh fading channel. The in-

stantaneous channel SNR 7 is represented as a thick line at the top part of the graph, the associated 

instantaneous BEP Pe{l) as a thin line at the middle, and the instantaneous BPS throughput 6(7) as a 

thick line at the bottom. The average SNR is 7 — lOdB, while the target BER is Ptarget = 10"^. 

k 0 1 2 3 4 5 6 

0 2 4 8 16 32 64 

bk 0 1 2 3 4 5 6 

Ck 0 1 1 1 1 1 1 

modem No Tx BPSK QPSK 8-QAM 16-QAM 32-QAM 64-QAM 

Table 5.2: The parameters of a seven-mode adaptive star-QAM system [113], where 8-QAM and 16-

QAM employed four and eight constellation points allocated to two concentric rings, respectively, while 

32-QAM and 64-QAM employed eight and 16 constellation points over four concentric rings, respec-

tively. 
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modem parameters are summarised in Table 5.3. 

k 0 1 2 3 4 

0 2 4 8 16 

h 0 1 2 3 4 

Ck 0 1 1 1 1 

modem No Tx BPSK QPSK 8-PSK 16-PSK 

Table 5.3; The parameters of the five-mode APSK system 

5.3.2.4 Ten-Mode AQAM 

Hole, Holm and 0ien [127] studied a trellis coded adaptive modulation scheme based on eight-mode 

square- and cross-QAM schemes. Upon adding the No-Tx and BPSK modes, we arrive at a ten-mode 

AQAM scheme. The associated parameters are summarised in Table 5.4. 

k 0 1 2 3 4 5 6 7 8 9 

0 2 4 8 16 32 64 128 256 512 

h 0 1 2 3 4 5 6 7 8 9 

Ck 0 1 1 1 1 1 1 1 1 1 

modem No Tx BPSK QPSK 8-Q 16-Q 32-C 64-Q 128-C 256-Q 512-C 

Table 5.4: The parameters of the ten-mode adaptive QAM scheme based on [127], where m-Q stands 

for m-ary square QAM and m-C for m-ary cross QAM. 

5.3.3 Characteristic Parameters 

In this section, we introduce several parameters in order to characterise our adaptive modulation scheme. 

The constituent mode selection probability (MSP) M-k is defined as the probability of selecting the A:-th 

mode from the set of K possible modulation modes, which can be calculated as a function of the channel 

quality metric regardless of the specific metric used, as: 

= Pr[gt < ^ < 

'at 

(5.12) 

(5J.3) 
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where a* denotes the mode switching levels and / (^) is the probability density function (PDF) of 

Then, the average throughput B expressed in terms of BPS can be described as: 

/-Sfc + l 
/ .f(f) df (5.14) 

k=0 
K-l 

= Y ] bkMk , (5.15) 
k=0 

which in simple verbal terms can be formulated as the weighted sum of the throughput of the individual 

constituent modes, where the weighting takes into account the probability Mk of activating the various 

constituent modes. When sjc = oo, the average throughput B can also be formulated as: 

/••Sfc + l 
/ / ( f ) df (5 16) 

k=0 

TiT-l 

E 
00 roo 

''^k + l k=0 

foo K-l 

(5.17) 

= 6 0 / + E - k _ i ) / / ( ( ) (5.18) 

K-~l yoo 
= (5J:9) 

t=o ^ 
K-l 

= E Cfc Fc{sk) , (5.20) 
k=0 

where Ck = bk — and -Pc(0 is the complementary Cumulative Distribution Function (CDF) defined 

as: 

fOO 
A .f(%) ckc. (5.21) 

Let us now assume that we use the instantaneous SNR 7 as the channel quality measure which im-

plies that no co-channel interference is present. By contrast, when operating in a co-channel interference 

limited environment, we can use the instantaneous SINR as the channel quality measure provided that 

the co-channel interference has a near-Gaussian distribution. In such scenario, the mode-specific average 

BER Pk can be written as: 

fSk+i 
(5-^2) 

JSk 

where pm^ (7) is the BER of the mt-ary constituent modulation mode over the AWGN channel and we 

used 7 instead of ^ in order to explicitly indicate the employment of 7 as the channel quality measure. 

Then, the average BEP Pavg of our adaptive modulation scheme can be represented as the sum of the 
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BEPs of the specific constituent modes divided by the average adaptive modem throughput B, formulated 

as [128]: 

1 
Pavg — ^ ^ ] bk Pk 1 (5.23) 

k=0 

where 6* is the BPS throughput of the A:-th modulation mode, Pk is the mode-specific average BER 

given in (5.22) and B is the average adaptive modem throughput given in (5.15) or in (5.20). 

The aim of our adaptive system is to transmit as high number of bits per symbol as possible, while 

providing the required QoS. More specifically, we are aiming for maximising the average BPS throughput 

B of (5.14), while satisfying the average BEP requirement of Pavg < Ptarget- Hence, we have to 

satisfy the constraint of meeting Ptarget, while optimising the design parameter of s, which is the set of 

modulation-mode switching levels. The determination of optimum switching levels will be investigated 

in Section 5.4. Since the calculation of the optimum switching levels typically requires the numerical 

computation of the parameters introduced in this section, it is advantageous to express the parameters in 

a closed form, which is the objective of next section. 

5.3.3.1 Closed Form Expressions for IVansmission over Nakagami Fading Channels 

Fading channels often are modeled as Nakagami fading channels [129]. The PDF of the instantaneous 

channel SNR 7 over a Nakagami fading channel is given as [129]: 

where the parameter m governs the severity of fading and T{m) is the Gamma function [130]. When 

m = 1, the PDF of (5.24) is reduced to the PDF of 7 over Rayleigh fading channel, which is given 

in (5.1). As m increases, the fading behaves like Rician fading, and it becomes the AWGN channel, when 

m tends to 00. Here we restrict the value of m to be a positive integer. In this case, the Nakagami fading 

model of (5.24), having a mean of 7^ = 7717, will be used to describe the PDF of the SNR per symbol 

7s in an m-antenna based diversity assisted system employing Maximal Ratio Combining (MRC). 

When the instantaneous channel SNR 7 is used as the channel quality measure ^ in our adaptive 

modulation scheme transmitting over a Nakagami channel, the parameters defined in Section 5.3.3 can 

be expressed in a closed form. Specifically, the mode selection probability M.k can be expressed as: 

r^k+i 
^^6== / (5 25) 

Jsk 

= - F,(sk+i) , (5.26) 
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where the complementary CDF is given by: 

/
OO 

/(a;) (fa; (5.27) 7 

I (528) 
/ r ( m ) /? \ 7 / r W 

i = 0 

In deriving (5.29) we used the result of the indefinite integral of [94] 

x'^e dx =-{e nl/(n — i)\). (5.30) 
1=0 

In a Rayleigh fading scenario, i.e. when m = 1, the mode selection probability Mk of (5.26) can be 

expressed as: 

. (5.31) 

The average throughput B of our adaptive modulation scheme transmitting over a Nakagami channel is 

given by substituting (5.29) into (5.20), yielding: 

k=a l«=o ^ ) 

Let us now derive the closed form expressions for the mode specific average BEP defined in 

(5.22) for the various modulation modes when communicating over a Nakagami channel. The BER of a 

Gray-coded square QAM constellation for transmission over AWGN channels was given in (5.2) and it 

is repeated here for convenience: 

Pmk,QAM{'y) — ^ ] -At Q{\/0'i'y) , (5.33) 

where the values of the constants Ai and ai were given in (5.3). Then, the mode specific average BER 

Pk,QAM of "^fc-ary QAM over a Nakagami channel can be expressed in Appendix C as: 

r^k+i 
fk.QAM = / Pmt.QAMN / ( ? ) (̂ 7 (5 34) 

Jsk 
r—^ r^k-j-l / 777 \ ^ ^771—1 

== I IT d-y (5.35) 
"IT' ys* X.'Y / I 

**+! rn--l 

Sk 
3=0 

Sk+l • 

Sk 

(5.36) 
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where = g(gt+i) - and is given by: 

/ / m V r ( ; + i ) ^ y - ' : -yk-l 

VZoiTT \ -y y r(; + 1) \ Oi y r(A; + 

where, again, ^ and r(a;) is the Gamma function. 

On the other hand, the high-accuracy approximated BER formula of a Gray-coded m^-ary PSK 

scheme {k > 3) transmitting over an AWGN channel is given as [131]: 

^ {<9 ( V ^ sin(7r/2*)) -k Q 8in(37r/2*)) } (5.38) 

= (5.39) 
i 

where the set of constants {{Ai,ai)} is given by {{2/k, 2sin^(7r/mt)), {2/k, 2sin^(37r/mt))}. Hence, 

the mode-specific average BEP Pk,psK can be represented using the same equation, namely (5.36), as 

for fjk.QAM-

5.4 Optimum Switching Levels 

In this section we restrict our interest to adaptive modulation schemes employing the SNR per symbol 

7 as the channel quality measure We then derive the optimum switching levels as a function of the 

target BEP and illustrate the operation of the adaptive modulation scheme. The corresponding perfor-

mance results of the adaptive modulation schemes communicating over a flat-fading Rayleigh channel 

are presented in order to demonstrate the effectiveness of the schemes. 

5.4.1 Limiting the Peak Instantaneous BEP 

The first attempt of finding the optimum switching levels that are capable of satisfying various transmis-

sion integrity requirements was made by Webb and Steele [113]. They used the BEP curves of each con-

stituent modulation mode, obtained from simulations over an AWGN channel, in order to find the Signal-

to-Noise Ratio (SNR) values, where each modulation mode satisfies the target BEP requirement [13]. 

This intuitive concept of determining the switching levels has been widely used by researchers [118,122] 

since then. The regime proposed by Webb and Steele can be used for ensuring that the instantaneous BEP 

always remains below a certain threshold BEP Pth- In order to satisfy this constraint, the first modulation 

mode should be "no transmission". In this case, the set of switching levels s is given by; 

S = { So — 0) I PrrH: (sfc) — Pth ^ ^ 1} • (5.40) 

Figure 5.5 illustrates how this scheme operates over a Rayleigh channel, using the example of the five-

mode AQAM scheme described in Section 5.3.2.1. The average SNR was 7 = lOdB and the instanta-
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Figure 5.5: Various characteristics of the five-mode AQAM scheme communicating over a Rayleigh 

fading channel employing the specific set of switching levels designed for limiting the peak instantaneous 

BEP to Pth = 3 x 10~^. (a) The evolution of the instantaneous channel SNR 7 is represented by the thick 

line at the top of the graph, the associated instantaneous BER pe (7) by the thin line in the middle and the 

instantaneous BPS throughput 6(7) by the thick line at the bottom. The average SNR is 7 = lOdB. (b) 

As the average SNR increases, the higher-order AQAM modes are selected more often. 

neous target BEP was Pth = 3 x 10"^. Using the expression given in (5.2) for the set of switching 

levels can be calculated for the instantaneous target BEP, which is given by = 1.769, 83 = 3.537, 

S3 = 15.325 and 84 = 55.874. We can observe that the instantaneous BEP represented as a thin line by 

the middle of trace of Figure 5.5(a) was limited to values below Pth = 3 x 10"^. 

At this particular average SNR predominantly the QPSK modulation mode was invoked. However, 

when the instantaneous channel quality is high, 16-QAM was invoked in order to increase the BPS 

throughput. The mode selection probability Mk of (5.26) is shown in Figure 5.5(b). Again, when the 

average SNR is 7 = lOdB, the QPSK mode is selected most often, namely with the probability of about 

0.5. The 16-QAM, No-Tx and BPSK modes have had the mode selection probabilities of 0.15 to 0.2, 

while 64-QAM is not likely to be selected in this situation. When the average SNR increases, the next 

higher order modulation mode becomes the dominant modulation scheme one by one and eventually the 

highest order of 64-QAM mode of the five-mode AQAM scheme prevails. 

The effects of the number of modulation modes used in our AQAM scheme on the performance are 

depicted in Figure 5.6. The average BER performance portrayed in Figure 5.6(a) shows that the AQAM 

schemes maintain an average BEP lower than the peak instantaneous BEP of Pth = 3 x 10^^ even in the 

low SNR region, at the cost of a reduced average throughput, which can be observed in Figure 5.6(b). As 

the number of the constituent modulation modes employed of the AQAM increases, the SNR regions. 
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Figure 5.6: The performance of AQAM employing the specific switching levels defined for limiting the 

peak instantaneous BEP to Pth = 0.03. (a) As the number of constituent modulation modes increases, 

the SNR region where the average BEP remains around Pavg = widens, (b) The SNR gains of 

AQAM over the fixed-mode QAM scheme required for achieving the same BPS throughput at the same 

average BEP of Pavg are in the range of 5dB to 8dB. 

where the average BEP is near constant around Pavg = 10"^ expands to higher average SNR values. We 

can observe that the AQAM scheme maintains a constant SNR gain over the highest-order constituent 

fixed QAM mode, as the average SNR increases, at the cost of a negligible BPS throughput degrada-

tion. This is because the AQAM activates the low-order modulation modes or disables transmissions 

completely, when the channel envelope is in a deep fade, in order to avoid inflicting bursts of bit errors. 

Figure 5.6(b) compares the average BPS throughput of the AQAM scheme employing various num-

bers of AQAM modes and those of the fixed QAM constituent modes achieving the same average BER. 

When we want to achieve the target throughput of Bavg = 1 BPS using the AQAM scheme. Figure 5.6(b) 

suggest that 3-mode AQAM employing No-Tx, BPSK and QPSK is as good as four-mode AQAM, or 

in fact any other AQAM schemes employing more than four modes. In this case, the SNR gain achiev-

able by AQAM is 7.7dB at the average BEP of Pavg = 1.154 x 10"^. For the average throughputs of 

Bavg = 2 , 4 and 6, the SNR gains of the 6-mode AQAM schemes over the fixed QAM schemes are 

6.65dB, 5.82dB and 5.12dB, respectively. 

Figure 5.7 shows the performance of the six-mode AQAM scheme, which is an extended version 

of the five-mode AQAM of Section 5.3.2.1, for the peak instantaneous BEP values of Pth = 10~^ 

10"2, 10"3, 10"^ and 10~®. We can observe in Figure 5.7(a) that the corresponding average BER 

Pavg decreases as Pth decreases. The average throughput curves seen in Figure 5.7(b) indicate that 

as anticipated the increased average SNR facilitates attaining an increased throughput by the AQAM 
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Figure 5.7; The performance of the six-mode AQAM employing the switching levels of (5.40) designed 

for limiting the peak instantaneous BEP. 

scheme and there is a clear design trade-off between the achievable average throughput and the peak 

instantaneous BEP. This is because predominantly lower-throughput, but more error-resilient AQAM 

modes have to activated, when the target BER is low. By contrast, higher-throughput but more error-

sensitive AQAM modes are favoured, when the tolerable BER is increased. 

In conclusion, we introduced an adaptive modulation scheme, where the objective is to limit the peak 

instantaneous BEP. A set of switching levels designed for meeting this objective was given in (5.40), 

which is independent of the underlying fading channel and the average SNR. The corresponding average 

BER and throughput formulas were derived in Section 5.3.3.1 and some performance characteristics 

of a range of AQAM schemes for transmitting over a flat Rayleigh channel were presented in order to 

demonstrate the effectiveness of the adaptive modulation scheme using the analysis technique developed 

in Section 5.3.3.1. The main advantage of this adaptive modulation scheme is in its simplicity regarding 

the design of the AQAM switching levels, while its drawback is that there is no dnect relationship 

between the peak instantaneous BEP and the average BEP, which was used as our performance measure. 

In the next section a different switching-level optimisation philosophy is introduced and contrasted with 

the approach of designing the switching levels for maintaining a given peak instantaneous BEP. 
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5.4.2 Torrance's Switching Levels 

Torrance and Hanzo [132] proposed the employment of the following cost function and applied Powell's 

optimisation method [58] for generating the optimum switching levels: 

40dB 
[10 logio(max{f^^g('Y; 1}) + - -80^9(7; s)] , (5.41) 

7=0dB 

where the average BER PAVG is given in (5.23), 7 is the average SNR per symbol, s is the set of switching 

levels, Pth is the target average BER, Bmax is the BPS throughput of the highest order constituent 

modulation mode and the average throughput Bavg is given in (5.14). The idea behind employing the 

cost function €It is that of maximising the average throughput Bavg, while endeavoring to maintain 

the target average BEP Pth. Following the philosophy of Section 5.4.1, the minimisation of the cost 

function of (5.41) produces a set of constant switching levels across the entire SNR range. However, 

since the calculation of Pavg and Bavg requires the knowledge of the PDF of the instantaneous SNR 7 

per symbol, in reality the set of switching levels s required for maintaining a constant Pavg is dependent 

on the channel encountered and the receiver structure used. 

Figure 5.8 illustrates the operation of a five-mode AQAM scheme employing Torrance's, SNR-

independent switching levels designed for maintaining the target average BER of Pth = 10"^ over a 

flat Rayleigh channel. The average SNR was 7 = lOdB and the target average BEP was Pth = 10"^. 

PowelVs minimisation [58] involved in the context of (5.41) provides the set of optimised switching lev-

els, given by si = 2.367, S2 = 4.055, S3 = 15.050 and S4 = 56.522. Upon comparing Figure 5.8(a) to 

Figure 5.5(a) we find that the two schemes are nearly identical in terms of activating the various AQAM 

modes according to the channel envelope trace, while the peak instantaneous BEP associated with Tor-

rance's switching scheme is not constant. This is in contrast to the constant peak instantaneous BEP 

values seen in Figure 5.5(a). The mode selection probabilities depicted in Figure 5.8(b) are similar to 

those seen in Figure 5.5(b). 

The average BER curves, depicted in Figure 5.9(a) show that Torrance's switching levels support the 

AQAM scheme in successfully maintaining the target average BEP of Pth = 10^^ over the average SNR 

range of OdB to 20dB, when five or six modem modes are employed by the AQAM scheme. Most of 

the AQAM studies found in the literature have applied Torrance's, switching levels owing to the above 

mentioned good agreement between the design target Pth and the actual BEP performance Pavg [133]. 

Figure 5.9(b) compares the average throughputs of a range of AQAM schemes employing various 

numbers of AQAM modes to the average BPS throughput of fixed-mode QAM arrangements achieving 

the same average BEP, i.e. Pg = Pavg, which is not necessarily identical to the target BEP of Pe = Pth-

Specifically, the SNR values required by the fixed mode scheme in order to achieve Pe = Pavg are rep-

resented by the markers '(8>', while the SNRs, where the target average BEP of Pe = Pth is achieved, is 

denoted by the markers '©'. Compared to the fixed QAM schemes achieving Pe = Pavg, the SNR gains 

of the AQAM scheme were 9.06dB, 7.02dB, 5.81dB and 8.74dB for the BPS throughput values of 1, 2, 

4 and 6, respectively. By contrast, the corresponding SNR gains compared to the fixed QAM schemes 

achieving Pe — Pth were 7.55dB, 6.26dB, 5.83dB and 1.45dB. We can observe that the SNR gain of 
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Figure 5.8: Performance of the five-mode AQAM scheme over a flat Rayleigh fading channel employing 

the set of switching levels derived by Torrance and Hanzo [132] for achieving the target average BEP of 

Pth = 10"^. (a) The instantaneous channel SNR 7 is represented as a thick line at the top part of the 

graph, the associated instantaneous BEPj>e(7) as a thin line at the middle, and the instantaneous BPS 

throughput 6(7) as a thick line at the bottom. The average SNR is 7 = lOdB. (b) As the SNR increases, 

the higher-order AQAM modes are selected more often. 

the AQAM arrangement over the 64-QAM scheme achieving a BEP of Pg = Pth is small compared to 

the SNR gains attained comparison to the lower-throughput fixed-mode modems. This is due to the fact 

that the AQAM scheme employing Torrance's, switching levels allows the target BER to drop at a high 

average SNR due to its sub-optimum thresholds, which prevents the scheme from increasing the average 

throughput steadily to the maximum achievable BPS throughput. This phenomenon is more visible for 

low target average BERs, as it can be observed in Figure 5.10. 

In conclusion, we reviewed an adaptive modulation scheme employing Torrance's switching lev-

els [132], where the objective was to maximise the average BPS throughput, while maintaining the target 

average BEP. Torrance's switching levels are constant across the entire SNR range and the average BEP 

Pavg of the AQAM scheme employing these switching levels shows good agreement with the target 

average BEP Pfh- However, the range of average SNR values, where Pavg 

25dB. 

Pth was limited up to 

5.4.3 Cost Function Optimisation as a Function of the Average SNR 

In the previous section, we investigated Torrance's, switching levels [132] designed for achieving a certain 

target average BEP. However, the actual average BEP of the AQAM system was not constant across the 

SNR range, implying that the average throughput could potentially be further increased. Hence here we 
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Figure 5.9: The performance of various AQAM systems employing Torrance's switching levels [132] 

designed for the target average BEP of Pth = 10"^. (a) The actual average BEP Pavg is close to 

the target BEP of Pth = 10"^ over an average SNR range which becomes wider, as the number of 

modulation modes increases. However, the five-mode and six-mode AQAM schemes have a similar 

performance across much of the SNR range, (b) The SNR gains of the AQAM scheme over the fixed-

mode QAM arrangements, while achieving the same throughput at the same average BEP, i.e. Pe = Pavg, 

range from 6dB to 9dB, which corresponds to a IdB improvement compared the SNR gains observed in 

Figure 5.6(b). However, the SNR gains over the fixed mode QAM arrangement achieving the target BEP 

of Pe = Pavg are reduced, especially at high average SNR values, namely for 7 > 25dB. 

propose a modified cost function n(s; 7), putting more emphasis on achieving a higher throughput and 

optimise the switching levels for a given SNR, rather than for the whole SNR range [44]: 

(l(s; 7) = 10 logio(max{j^^g(7; 1}) + p logio(Bmaj:/Ba„g(7; s)) , (5.42) 

where s is a set of switching levels, 7 is the average SNR per symbol, Pavg is the average BEP of the 

adaptive modulation scheme given in (5.23), Pth is the target average BEP of the adaptive modulation 

scheme, Bmax is the BPS throughput of the highest order constituent modulation mode. Furthermore, the 

average throughput Bavg is given in (5.14) and p is a weighting factor, facilitating the above-mentioned 

BPS throughput enhancement. The first term at the right hand side of (5.42) corresponds to a cost func-

tion, which account for the difference, in the logarithmic domain, between the average BEP Pavg of the 

AQAM scheme and the target BEP Pth- This term becomes zero, when Pavg < Pth, contributing no cost 

to the overall cost function Q. On the other hand, the second term of (5.42) accounts for the logarith-

mic distance between the maximum achievable BPS throughput Bmax and the average BPS throughput 

Bavg of the AQAM scheme, which decreases, as Bavg approaches Bmax- Applying Powell's minimi-
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Figure 5.10; The performance of the six-mode AQAM scheme employing Torrance's switching lev-

els [132] for various target average BERs. When the average SNR is over 25dB and the target average 

BER is low, the average BEP of the AQAM scheme begins to decrease, preventing the scheme from 

increasing the average BPS throughput steadily. 

sation [58] to this cost function under the constraint of < at, the optimum set of switching levels 

can be obtained, resulting in the highest average BPS throughput, while maintaining the target 

average BEP. 

Figure 5.11 depicts the switching levels versus the average SNR per symbol optimised in this manner 

for five-mode AQAM scheme achieving the target average BEP of Pfh = 10^^ and 10"^. Since the 

switching levels are optimised for each specific average SNR value, they are not constant across the 

entire SNR range. As the average SNR 7 increases, the switching levels decrease in order to activate the 

higher-order mode modulation modes more often in an effort to increase the BPS throughput. The low-

order modulation modes are abandoned one by one, as 7 increases, activating always the highest-order 

modulation mode, namely 64-QAM, when the average BEP of the fixed-mode 64-QAM scheme becomes 

lower, than the target average BEP Pth- Let us define the avalanche SNR 7a of a K-mode adaptive 

modulation scheme as the lowest SNR, where the target BEP is achieved, which can be formulated as; 

{la) — Pth 1 (5.43) 

where TUK is the highest order modulation mode, Pe,mK the average BEP of the fixed-mode m^-ary 

modem activated at the average SNR of 7 and Pth is the target average BEP of the adaptive modulation 

scheme. We can observe in Figure 5.11 that when the average channel SNR is higher than the avalanche 

SNR, i.e. 7 > 7q,, the switching levels are reduced to zero. Some of the optimised switching level 

versus SNR curves exhibit glitches, indicating that the multi-dimensional optimisation might result in 



5.4 Optimum Switching Levels 113 

30 

25 

m 20 
"O 
c 

15 
(A 

I 10 
O) 

a 0 

-5 

- 1 0 

—'—1 ' 1 ' 1 ' 1 ' — r ' 1 ' 1 — 

Rayleigh channel 
r i { 5-mode AQAM, Pjft=10'^ 

a, , 

- ' t ^ 

\ 
\ 
\ 
1 

QPSK region \ 

\ 
BPSK region\ \ 

\ 
\ 
\ 
1 

-

\ 
-

\ ' 
No-Tx \ 1 
region \ , 

1 , 1 , 

5 10 15 20 25 30 35 40 
Average SNA per symbol 7 in dB 

(a) = 1 0 - ^ 

30 

25 

20 

Rayleigh channel 
5-mode AQAM, ^^=10 " 

"4 I 64-QAM region -1-
16-QAM region \ 

, 15 — 

QPSK region 

BPSK region~"-^ 

No-Tx region 

5 10 15 20 25 30 35 
Average SNR per symbol 7 in dB 

(b) ft,, = 10-= 

40 

Figure 5.11: The switching levels optimised at each average SNR value in order to achieve the target 

average BER of (a) Pth = 10"^ and (b) Pfh = 10^^. As the average SNR 7 increases, the switching 

levels decrease in order to activate the higher-order mode modulation modes more often in an effort to 

increase the BPS throughput. The low-order modulation modes are abandoned one by one as 7 increases, 

activating the highest-order modulation mode, namely 64-QAM, all the time when the average BEP of 

the fixed-mode 64-QAM scheme becomes lower than the target average BEP Pth-

local optima in some cases. 

The corresponding average BEP Pavg and the average throughput Bavg of the two to six-mode 

A Q A M schemes designed for the target average BEP of Pth = 10"^ are depicted in Figure 5.12. We 

can observe in Figure 5.12(a) that now the actual average BEP Pavg of the A Q A M scheme is exactly the 

same as the target BEP of Pth = 10~^, when the average SNR 7 is less than or equal to the avalanche 

SNR 7q . A S the number of A Q A M modulation modes K increases, the range of average SNRs where 

the design target of Pavg = Pth is met extends to a higher SNR, namely to the avalanche SNR. In Fig-

ure 5.12(b), the average BPS throughputs of the A Q A M modems employing the 'per-SNR optimised' 

switching levels introduced in this section are represented in thick lines, while the BPS throughput of 

the six-mode A Q A M arrangement employing Torrance's switching levels [132] is represented using a 

solid thin line. The average SNR values required by the fixed-mode QAM scheme for achieving the 

target average BEP of Pe,mK = Pth are represented by the markers '©' . As we can observe in Fig-

ure 5.12(b) the new per-SNR optimised scheme produces a higher BPS throughput, than the scheme 

using Torrance's switching regime, when the average SNR 7 > 20dB. However, for the range of 8dB 

< 7 < 20dB, the BPS throughput of the new scheme is lower than that of Torrance's, scheme, indicating 

that the multi-dimensional optimisation technique might reach local minima for some SNR values. 

Figure 5.13(a) shows that the six-mode AQAM scheme employing 'per-SNR optimised' switching 
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Figure 5.12: The performance of K-mode AQAM schemes for K = 2 ,3 ,4 ,5 and 6, employing the 

switching levels optimised for each SNR value designed for the target average BEP of Pth = 10"^. (a) 

The actual average BEP Pavg is exactly the same as the target BER of Pth = 10"^, when the average 

SNR 7 is less than or equal to the so-called avalanche SNR where the average BEP of the highest-

order fixed-modulation mode is equal to the target average BEP. (b) The average throughputs of the 

AQAM modems employing the 'per-SNR optimised' switching levels are represented in the thick lines, 

while that of the six-mode AQAM scheme employing Torrance's switching levels [132] is represented 

by a solid thin line. 

levels satisfies the target average BEP values of Pth = 10"^ to 10"^. However, the corresponding 

average throughput performance shown in Figure 5.13(b) also indicates that the thresholds generated 

by the multi-dimensional optimisation were not satisfactory. The BPS throughput achieved was heavily 

dependent on the value of the weighting factor p in (5.42). The glitches seen in the BPS throughput 

curves in Figure 5.13(b) also suggest that the optimisation process might result in some local minima. 

We conclude that due to these problems it is hard to achieve a satisfactory BPS throughput for adap-

tive modulation schemes employing the switching levels optimised for each SNR value based on the 

heuristic cost function of (5.42), while the corresponding average BEP exhibits a perfect agreement with 

the target average BEP. 

5.4.4 Lagrangian Method 

As argues in the previous section, Powell's minimisation [58] of the cost function often leads to a local 

minimum, rather than to the global minimum. Hence, here we adopt an analytical approach to finding 

the globally optimised switching levels. Our aim is to optimise the set of switching levels, s, so that 
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Figure 5.13: The performance of six-mode AQAM employing 'per-SNR optimised' switching levels for 

various values of the target average BEP. (a) The average BEP Pavg remains constant until the average 

SNR 7 reaches the avalanche SNR, then follows the average BEP curve of the highest-order fixed-mode 

QAM scheme, i.e. that of 256-QAM. (b) For some SNR values the BPS throughput performance of 

the six-mode AQAM scheme is not satisfactory due to the fact that the multi-dimensional optimisation 

algorithm becomes trapped in local minima and hence fails to reach the global minimum. 

the average BPS throughput s) can be maximised under the constraint of Pavgil', s) = Pth- Let 

us define PR for a i^-mode adaptive modulation scheme as the sum of the mode-specific average BEP 

weighted by the BPS throughput of the individual constituent mode: 

K-l 

k=0 

(5.44) 

where 7 is the average SNR per symbol, s is the set of switching levels, K is the number of constituent 

modulation modes, bk is the BPS throughput of the A;-th constituent mode and the mode-specific average 

BEP Pk is given in (5.22) as: 

"Sfc-j-l 
Pk = Pm* (?) / ( ? ) (f? , (5.45) 

Sk 

where again, ( t ) is the BEP of the m^-ary modulation scheme over the AWGN channel and 7(7) is 

the PDF of the SNR per symbol 7. Explicitly, (5.45) implies weighting the BEPpm* (?) by its probability 

of occurrence quantified in terms of its PDF and then averaging, i.e. integrating it over the range spanning 

from Sk to Sk+i. Then, with the aid of (5.23), the average BEP constraint can also be written as; 

th (5.46) 
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Another rational constraint regarding the switching levels can be expressed as: 

St < a&4-i - (S-'l?) 

As we discussed before, our optimisation goal is to maximise the objective function 5 (7 ; s) under 

the constraint of (5.46). The set of switching levels s has K + 1 levels in it. However, considering that we 

have So = 0 and = 00 in many adaptive modulation schemes, we have K — 1 independent variables 

in s. Hence, the optimisation task is a - 1 dimensional optimisation under a constraint [134]. It is a 

standard practice to introduce a modified object function using a Lagrangian multiplier and convert the 

problem into a set of one-dimensional optimisation problems. The modified object function A can be 

formulated employing a Lagrangian multiplier A [134] as: 

A(s; 7) = 5(7; s) 4- A {^5(7; s) - s)} (5.48) 

= (1 - Af̂ ,.) 5(7; s) + A^(;y; s) . (5.49) 

The optimum set of switching levels should satisfy; 

^ ^ (5(9; s) + A s) - B(7; s)}) - Q and (5.50) 

f A ( 7 ; s ) - f t A B ( 7 ; s ) = 0 . (5.51) 

The following results are helpful in evaluating the partial differentiations in (5.50): 

y (7) /(?) (a*) /(a*) (5.52) 

d 3 
~ 'd^ J Prrikil) f i l ) d j = —Pmki^k) f{sk) (5.53) 

fOO 
^ / ( 7 ) < i 7 - - / M . <5-54) 

Using (5.52) and (5.53), the partial differentiation of PR defined in (5.44) with respect to Sk can be 

written as: 

— bk—l Prrik-i i^k) fi^k) ~ Pm* (•Sfc) f i^k) j (5.55) 

where bk is the BPS throughput of an mj^-ary modem. Since the average throughput is given hy B = 

Ylk=o % Pc{sk) in (5.20), the partial differentiation of B with respect to Sk can be written as, using 

(5.54): 

-Q^ =—Ck f{sk) 1 (5.56) 

where Ck was defined as Ck = — bk-i in Section 5.3.1. Hence (5.50) can be evaluated as: 

[ -%(! - 4- A{6t-iPm*_i(8A:) " / (a t ) = 0 for A = 1,2, - - - , jiT - 1 . (5.57) 
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A trivial solution of (5.57) is f{sk) = 0. Certainly, {sh = oo, k = 1,2, • • • , if - 1} satisfies this 

condition. Again, the lowest throughput modulation mode is 'No-Tx' in our model, which corresponds 

to no transmission. When the PDF of 7 satisfies /(O) = 0, {sk = 0, k = 1,2, - • • ,K - 1} can also be 

a solution, which corresponds to the fixed-mode i-ary modem. The corresponding avalanche SNR 

ja can obtained by substituting {sk = 0, A; = 1,2, • • • ,K — 1} into (5.51), which satisfies; 

PmK_i (%) - f fh = 0 . (5.58) 

When /(sfe) ^ 0, Equation (5.57) can be simplified upon dividing both sides by /(sfc), yielding: 

-ct ( l - = 0 for t = 1,2, -- , - 1 . (5.59) 

Rearranging (5.59) for /: = 1 and assuming ci ^ 0, we have: 

1 — ^Pth = — {boPmoisi) — biPmiisi)} . (5.60) 

Substituting (5.60) into (5.59) and assuming Ck ^ 0 for & ^ 0, we have: 

('Sfe) ~ (•Sfe)} = {boPmoisi) ~ &lPmi (•Si)} • (5.61) 
Ck Ci 

In this context we note that the Lagrangian multiplier A is not zero because substitution of A = 0 in 

(5.59) leads to — % = 0, which is not true. Hence, we can eliminate the Lagrangian multiplier dividing 

both sides of (5.61) by A. Then we have: 

== m(3i) for A ^ 2,3, - - K - 1 , (5.62) 

where the function ykisk) is defined as: 

Vki^k) ~ {bkPmi- (•Sfc) bk—i Pm^-i i^k)} ; k — 2f, 3, •• • K 1 , (5.63) 

which does not contain the Lagrangian multiplier A and hence it will be referred to as the 'Lagrangian-

free function'. This function can be physically interpreted as the normalised BEP difference between 

the adjacent AQAM modes. For example, yi (si) = P2(si) quantifies the BEP increase, when switching 

from the No-Tx mode to the BPSK mode, while 2/2(52) = 2^4(^2) —P2{s2) indicates the BEP difference 

between the QPSK and BPSK modes. These curve will be more explicitly discussed in the context of 

Figure 5.14. The significance of (5.62) is that the relationship between the optimum switching levels s^, 

where k = 2,3, • • • K — I, and the lowest optimum switching level si is independent of the underlying 

propagation scenario. Only the constituent modulation mode related parameters, such as bk, Ck and 

Pnik (7), govern this relationship. 

Let us now investigate some properties of the Lagrangian-free function yk{sk given in (5.63). Con-

sidering that bk > bk-i and (sfc) > (sfc)> it is readily seen that the value of yk{sk) is always 

positive. When = 0, yk{sk) becomes: 

%(0) — ~ {bkPmki^) - bk-iPnik-ii^)] ^ ' ^ { ' 2 ^ 2 ' (5.64) 
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Figure 5.14: The Lagrangian-free functions yk{sk) of (5.66) through (5.69) for Gray-mapped square-

shaped QAM constellations. As Sk becomes lower yk{sk) asymptotically approaches 0.5. Observe that 

while yi(si) and 3/2(52) are monotonic functions, ^3(33) and ^4(54) cross the y = 0.5 line. 

The solution of %(gA:) = 1/2 can be either - 0 or When g* = 0, 
yk[sk) becomes yk{oo) = 0. We also conjecture that 

(fat 
> 0 when%(gk) = (5.65) 

which states that the &-th optimum switching level always increases, whenever the lowest optimum 

switching level 5i increases. Our numerical evaluations suggest that this conjecture appears to be true. 

As an example, let us consider the five-mode AQAM scheme introduced in Section 5.3.2.1. The 

parameters of the five-mode AQAM scheme are summarised in Table 5.1. Substituting these parameters 

into (5.62) and (5.63), we have the following set of equations. 

m(ai) =P2(ai ) 

3/2(52) ^ 2^4(^2) -^2(^2) 

2/3(^3) = 2^16(53) -^4(^3) 

3/4(54) = 3^64(54) - 2^16(54) 

(5.66) 

(5.67) 

(5.68) 

(5.69) 

The Lagrangian-free functions of (5.66) through (5.69) are depicted in Figure 5.14 for Gray-mapped 

square-shaped QAM. As these functions are basically linear combinations of BEP curves associated with 

AWGN channels, they exhibit waterfall-like shapes and asymptotically approach 0.5, as the switching 

levels Sk approach zero (or —00 expressed in dB). While yi{si) and 3/2(^2) are monotonic functions, 

3 / 3 ( 5 3 ) and 3 / 4 ( 5 4 ) cross the y = 0.5 line at 5 3 = —7.34 dB and 5 4 = 1.82 dB respectively, as it can be 
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Figure 5.15; Optimum switching levels as a function of si. Observe that while the optimum value of 82 

shows a linear relationship with respect to si, those of 83 and 54 asymptotically approach constant values 

as Si is reduced. A low value of si corresponds to a high value of average SNR. 

observed in Figure 5.14(b). One should also notice that the trivial solutions of (5.62) are yk = 0.5 at 

Sk = Q, k = 1, 2, 3, 4, as we have discussed before. 

For a given value of si , the other switching levels can be determined as 82 = y2^{yi{si)), 53 = 

y^^(yi(si)) and 54 = y^^(yi(si)). Since deriving the analytical inverse function ofyk is an arduous 

task, we can rely on a graphical or a numerical method. Figure 5.14(b) illustrates an example of the 

graphical method. Specifically, when si = a i , we first find the point on the curve yi directly above the 

abscissa value of ax and then draw a horizontal line across the corresponding point. From the crossover 

points found on the curves of 1/3 and y^ with the aid of the horizontal line, we can find the corre-

sponding values of the other switching levels, namely those of ag, 0:3 and 0:4. In a numerical sense, 

this solution corresponds to a one-dimensional (1-D) root finding problem [58, Ch 9]. Furthermore, the 

yk{sk) values are monotonic, provided that we have yk{sk) < 0.5 and this implies that the roots found 

are unique. The numerical results shown in Figure 5.15 represent the direct relationship between the 

optimum switching level si and the other optimum switching levels, namely S2, 53 and S4. While the 

optimum value of S2 shows a near-linear relationship with respect to Si, those of 83 and S4 asymptot-

ically approach two different constants, as si becomes smaller. This corroborates the trends observed 

in Figure 5.14(b), where 2/3(83) and 1/4(84) cross the y = 0.5 line at sa = —7.34 dB and 84 = 1.82 

dB, respectively. Since the low-order modulation modes are abandoned at high average channel SNRs 

in order to increase the average throughput, the high values of si on the horizontal axis of Figure 5.15 

indicate encountering a low channel SNR, while low values of si suggest that high channel SNRs are 

experienced, as it transpires for example from Figure 5.11. 

Since we can relate the other switching levels to si, we have to determine the optimum value of 

Si for the given target BEP, Pth, and the PDF of the instantaneous channel SNR, / (7 ) , by solving the 
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constraint equation given in (5.51). This problem also constitutes a 1-D root finding problem, rather than 

a multi-dimensional optimisation problem, which was the case in Sections 5.4.2 and 5.4.3 . Let us define 

the constraint function Y{^\ s(ai)) using (5.51) as: 

^ ( 7 ; s(gi)) - s (a i ) ) , (5.70) 

where we represented the set of switching levels as a vector, which is the function of si, in order to 

emphasise that Sk satisfies the relationships given by (5.62) and (5.63). More explicitly, y (7 ; s ( s i ) ) 

of (5.70) can be physically interpreted as the difference between PR{j; s(si)), namely the sum of the 

mode-specific average BEPs weighted by the BPS throughput of the individual AQAM modes, as de-

fined in (5.44) and the average BPS throughput B i j ; s(si)) weighted by the target BEP Pth- Considering 

the equivalence relationship given in (5.46), (5.70) reflects just another way of expressing the dilference 

between the average BEP Pavg of the adaptive scheme and the target BEP Pfh. Even though the rela-

tionships implied in s(si) are independent of the propagation conditions and the signaling power, the 

constraint function ^ (7 ; s(si)) of (5.70) and hence the actual values of the optimum switching levels are 

dependent on propagation conditions through the PDF 7(7) of the SNR per symbol and on the average 

SNR per symbol 7. 

Let us find the initial value of Y{j-, s(si)) defined in (5.70), when s i = 0. An obvious solution for 

Sk when si = 0 is = 0 for A: = 1,2, • • • , i f - 1. In this case, Y{^; s ( s i ) ) becomes; 

y(7; 0) - (7) - (5.71) 

where b x - i is the BPS throughput of the highest-order constituent modulation mode, (?) is the 

average BEP of the highest-order constituent modulation mode for transmission over the underlying 

channel scenario and Pth is the target average BEP. The value of ^(7; 0) could be positive or negative, 

depending on the average SNR 7 and on the target average BEP Pt^. Another solution exists for when 

Si = 0, if bkPruk (•Sfc) = hk-iPruk-i (•Sfc)- The value of Y(7; 0+) using this alternative solution turns out 

to be close to ^(7; 0). However, in the actual numerical evaluation of the initial value of Y, we should 

use y (7; 0"*") for ensuring the continuity of the function y at si = 0. 

In order to find the minima and the maxima of Y, we have to evaluate the derivative of ^ (7 ; s(si)) 

with respect to si, which can be expressed as: 

(5.72) 
A;=i 
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Upon applying (5.52) through (5.56) into (5.73) we have: 

dY 
^ = X / {^k-lPmk-ii^k) - bkPmki^k) + Pth Cfc} /(«*) 

K - l r 1 , 

{boPmo ^ ^lPmi(si)} + Pth C-k f{Sk) 
Ci dSi 

= E 

A;=l 
1 1 1 

= — {^OPmo(si) — biPmi{si) + Pth] ^ Ck f i s k ) • (5 .74) 

Considering f{sk) > 0 and using our conjecture that ^ > 0 given in (5.65), we can conclude from 

(5.74) that ^ = 0 has roots, when f{sk) = 0 for all k or when 6iPmi(&i) - boVmoisi) = Pth-

The former condition corresponds to either Sj = 0 for some PDF /(-y) or to = oo for all PDFs. By 

contrast, when the condition of 6i (<51) - Pmo (ai) = Pth is met, dY/dsi = 0 has a unique solution. 

Investigating the sign of the first derivative between these zeros and using the mini-max analysis, which 

will be described with the aid of (5.75) and (5.82), we can conclude that Y{^\ si) has a global minimum 

of < 0 at &! = ( such that 6i (C) - 6o Pmo (C) = and a maximum of at ai = 0, as 
well as another maximum value Ymax2 = 0" atsi = oo. This implies that there exist a unique set of 

optimum switching levels when Ymaxi > 0 at si = 0. 
Since ^ ( 7 ; si) has a maximum value at si = 00, let us find the corresponding maximum value. Let 

us first consider lima^_»oo Pavgil] s(ai)), where upon exploiting (5.23) and (5.44) we have; 

0 
0 

When applying FHopital's rule and using Equations (5.52) through (5.56), we have: 

(5.76) 

(5.77) 

= lim —bipmi(ai)-bop^o(ai) (5.78) 
ai->̂ oo Ci 

= 0+ , (5.79) 

implying that Pavgil'i Sk) approaches zero from positive values, when s i tends to 00. Since according to 

(5.23), (5.44) and (5.70) the function Y{^] s(si)) can be written as B{Pavg — Pth)< we have: 

lim y(7;ai)= lim (5.80) 
Sl—>00 31—»00 

= lim B(0+-f^/,) (5.81) 
ai-^00 

= 0- , (5.82) 

Hence y (7 ; s ( s i ) ) asymptotically approaches zero from negative values, as si tends to 00. From the 
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Figure 5.16; The constraint function y ( 7 ; s ( s i ) ) defined in (5.70) for our five-mode AQAM scheme 

employing Gray-mapped square-constellation QAM operating over a flat Rayleigh fading channel. The 

average SNR was 7 = 30 dB and it is seen that Y has a single minimum value, while approaching 0" , 

as Si increases. The solution of Y'(7; s(si)) = 0 exists, when y ( 7 ; 0 ) = 6{p64(7) - Pth} > 0 and is 

unique. 

analysis of the minimum and the maxima, we can conclude that the constraint function y (7 ; s ( s i ) ) 

defined in (5.70) has a unique zero only if Y{j; 0+) > Oat a switching value of 0 < ai < (, where 

( satisfies 61 Pmi(C) - boPmoiC) = Pth- By contrast, when y ( 7 ; 0 + ) < 0, the optimum switching 

levels are all zero and the adaptive modulation scheme always employs the highest-order constituent 

modulation mode. 

As an example, let us evaluate the constraint function for our five-mode AQAM scheme 

operating over a flat Rayleigh fading channel. Figure 5.16 depicts the values of F ( s i ) for several values 

of the target average BEP Pth, when the average channel SNR is 30dB. We can observe that y ( s i ) = 0 

may have a root, depending on the target BEP Pth- When Sfc = 0 for fc < 5, according to (5.23), (5.44) 

and (5.70) ^ ( s i ) is reduced to 

y (7 ;0 ) = 6(^64(7) (5.83) 

where ^64 (7) is the average BEP of 64-QAM over a flat Rayleigh channel. The value of Y{^] 0) in 

(5.83) can be negative or positive, depending on the target BEP Pth-

We can observe in Figure 5.16 that the solution of 1^(7; s(si)) = 0 is unique, when it exists. The 

locus of the minimum F ( s i ) , i-e. the trace curve of points {Ymin{si,min),si,min), where Y has the 

minimum value, is also depicted in Figure 5.16. The locus is always below the horizontal line of y (si) = 

0 and asymptotically approaches this line, as the target BEP Pth becomes smaller. 
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Figure 5.17: The switching levels for our five-mode AQAM scheme optimised at each average SNR 

value in order to achieve the target average BEP of (a) Pth = 10"^ and (b) Pth = 10"^ using the La-

grangian multiplier based method of Section 5.4.4. The switching levels based on Powell's optimisation 

are represented in thin grey lines for comparison. 

Figure 5.17 depicts the switching levels optimised in this manner for our five-mode AQAM scheme 

maintaining the target average BEPs of Pth = 10"^ and 10"^. The switching levels obtained using 

Powell's optimisation method in Section 5.4.3 are represented as the thin grey lines in Figure 5.17 for 

comparison. In this case all the modulation modes may be activated with a certain probability, until the 

average SNR reaches the avalanche SNR value, while the scheme derived using Powell's optimisation 

technique abandons the lower throughput modulation modes one by one, as the average SNR increases. 

Figure 5.18 depicts the average throughput B expressed in BPS of the AQAM scheme employing 

the switching levels optimised using the Lagrangian method. In Figure 5.18(a), the average throughput 

of our six-mode AQAM arrangement using Torrance's scheme discussed in Section 5.4.2 is represented 

as a thin grey line. The Lagrangian multiplier based scheme showed SNR gains of 0.6dB, 0.5dB, 0.2dB 

and 3.9dB for a BPS throughput of 1, 2, 4 and 6, respectively, compared to Torrance's scheme. The 

average throughput of our six-mode AQAM scheme is depicted in Figure 5.18(b) for the several values 

of Pth, where the corresponding BPS throughput of the AQAM scheme employing per-SNR optimised 

thresholds determined using Powell's method are also represented as thin lines for Pth = 10"^, 10^^ 

and 10^^. Comparing the BPS throughput curves, we can conclude that the per-SNR optimised Powell 

method of Section 5.4.3 resulted in imperfect optimisation for some values of the average SNR. 

In conclusion, we derived an optimum mode-switching regime for a general AQAM scheme using 

the Lagrangian multiplier method and presented our numerical results for various AQAM arrangement. 

Since the results showed that the Lagrangian optimisation based scheme is superior in comparison to 
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Figure 5.18: The average BPS throughput of various AQAM schemes employing the switching levels 

optimised using the Lagrangian multiplier method (a) for Pfh = employing two to six-modes 

and (b) for Pfh = 10""̂  to Pth = 10"^ using six-modes. The average throughput of the six-mode 

AQAM scheme using Torrance's switching levels [132] is represented for comparison as the thin grey 

line in figure (a). The average throughput of the six-mode AQAM scheme employing per-SNR optimised 

thresholds using Powell's optimisation method are represented by the thin lines in figure (b) for the target 

average BEP of Pth = 10"^, 10"^ and 10~^. 

the other methods investigated, we will employ these switching levels in order to further investigate the 

performance of various adaptive modulation schemes. 

5.5 Results and Discussions 

The average throughput performance of adaptive modulation schemes employing the globally optimised 

mode-switching levels of Section 5.4.4 is presented in this section. The mobile channel is modelled as a 

Nakagami-m fading channel. The performance results and discussions include the effects of the fading 

parameter m, that of the number of modulation modes, the influence of the various diversity schemes 

used and the range of Square QAM, Star QAM and MPSK signalling constellations. 

5.5.1 Narrow-band Nakagami-m Fading Channel 

The PDF of the instantaneous channel SNR 7 of a system transmitting over the Nakagami fading channel 

is given in (5.24). The parameters characterising the operation of the adaptive modulation scheme were 

summarised in Section 5.3.3.1. 
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Figure 5.19: The average BER of various MPSK modulation schemes 

5.5.1.1 Adaptive PSK Modulation Schemes 

Phase Shift Keying (PSK) has the advantage of exhibiting a constant envelope power, since all the con-

stellation points are located on a circle. Let us first consider the BER of fixed-mode PSK schemes as a 

reference, so that we can compare the performance of adaptive PSK and fixed-mode PSK schemes. The 

BER of Gray-coded coherent M-ary PSK (MPSK), where M = 2^, for transmission over the AWGN 

channel can be closely approximated by [131]: 

(5.84) 
i=l 

where M > 8 and the associated constants are given by [131]: 

Ai = A2 = 2/k 

a i = 2 s i n ^ ( 7 r / M ) 

0 2 = 2 s i n ^ ( 3 7 r / M ) . 

(5.85) 

(5.86) 

(5.87) 

Figure 5.19(a) shows the BER of BPSK, QPSK, 8PSK, 16PSK, 32PSK and 64PSK for transmission over 

the AWGN channel. The differences of the required SNR per symbol, in order to achieve the BER of 

PMPSK{I) = for the modulation modes having a throughput difference of 1 BPS are around 6dB, 

except between BPSK and QPSK, where a 3dB difference is observed. 

The average BER of MPSK schemes over a flat Nakagami-m fading channel is given as: 

Jo 
(5.88) 
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where the BEP PMPSK{I) for a transmission over the AWGN channel is given by (5.84) and the PDF 

/ (7 ) is given by (5.24). A closed form solution of (5.88) can be readily obtained for an integer m using 

the results given in [25, (14-4-15)], which can be expressed as: 

f A f P g x M = ^ A i [^(1 
i=l 

where is defined as: 

t^i 

m-l / 

rE("' 
j=0 \ 

1 + J 
(1 + (5.89) 

(5.90) 
2m 4- Oi'y 

Figure 5.19(b) shows the average BER of the various MPSK schemes for transmission over a flat 

Rayleigh channel, where m = 1. The BER of MPSK over the AWGN channel given in (5.84) and 

that over a Nakagami channel given in (5.89) will be used in comparing the performance of adaptive 

PSK schemes. 

The parameters of our nine-mode adaptive PSK scheme are summarised in Table 5.5 following the 

definitions of our generic model used for the adaptive modulation schemes developed in Section 5.3.1. 

The models of other adaptive PSK schemes employing a different number of modes can be readily 

obtained by increasing or reducing the number of columns in Table 5.5. Since the number of modes is 

k 0 1 2 3 4 5 6 7 8 

0 2 4 8 16 32 64 128 256 

h 0 1 2 3 4 5 6 7 8 

Ck 0 1 1 1 1 1 1 1 1 

mode NoTx BPSK QPSK 8PSK 16PSK 32PSK 64PSK 128PSK 256PSK 

Table 5.5: Parameters of a nine-mode adaptive PSK scheme following the definitions of the generic 

adaptive modulation model developed in Section 5.3.1. 

K = 9, we have -f- 1 = 10 mode-switching levels, which are hosted by the vector s = {sk \ k = 

0,1,2, • • • ,9}. Let us assume sq = 0 and sg = oo. In order to evaluate the performance of the 

nine-mode adaptive PSK scheme, we have to obtain the optimum switching levels first. Let us evaluate 

the 'Lagrangian-free' functions defined in (5.63), using the parameters given in Table 5.5 and the BER 

expressions given in (5.84). The 'Lagrangian-free' functions of our nine-mode adaptive PSK scheme are 

depicted in Figure 5.20. We can observe that there exist two solutions for Sk satisfying yk{sk) = yi{si) 

for a given value of 5i, which are given by the crossover points over the horizontal lines at the various 

coordinate values scaled on the vertical axis. However, only the higher value of satisfies the constraint 

of < Sfc, V A. The enlarged view near ykisk) = 0.5 seen in Figure 5.20(b) reveals that 3/4(54) 

may have no solution of 2/4(54) = 2/i(si), when 2/i(si) > 0.45. One option is to use a constant value 

of S4 = 2.37dB, where 1/4(54) reaches its peak value. The other option is to set 54 = 53, effectively 
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Figure 5.20: 'Lagrangian-free' functions of (5.63) for a nine-mode adaptive PSK scheme. For a given 

value of si, there exist two solutions for Sk satisfying yk{sk) = yi(si)- However, only the higher value 

of Sk satisfies the constraint of Sk-i < at, V k. 

eliminating 16PSK from the set of possible modulation modes. It was found that both the policies result 

in the same performance up to four effective decimal digits in terms of the average BPS throughput. 

Upon solving yk{sk) — yi{si), we arrive at the relationships sought between the first optimum 

switching level si and the remaining optimum switching levels a*. Figure 5.21(a) depicts these relation-

ships. All the optimum switching levels, except for si and S2, approach their asymptotic limit monoton-

ically, as Si decreases. A decreased value of si corresponds to an increased value of the average SNR. 

Figure 5.21(b) illustrates the optimum switching levels of a seven-mode adaptive PSK scheme operating 

over a Rayleigh channel associated with m = 1 at the target BER of Pt^ = 10"^. These switching levels 

were obtained by solving (5.70). The optimum switching levels show a steady decrease in their values as 

the average SNR increases, until it reaches the avalanche SNR value of 7 = 35dB, beyond which always 

the highest-order PSK modulation mode, namely 64PSK, is activated. 

Having highlighted the evaluation of the optimum switching levels for an adaptive PSK scheme, 

let us now consider the associated performance results. We are reminded that the average BEP of our 

optimised adaptive scheme remains constant at Pavg = Pth^ provided that the average SNR is less than 

the avalanche SNR. Hence, the average BPS throughput and the relative SNR gain of our APSK scheme 

in comparison to the corresponding fixed-mode modem are our concern. 

Let us now consider Figure 5.22, where the average BPS throughput of the various adaptive PSK 

schemes operating over a Rayleigh channel associated with m = 1 are plotted, which were designed for 

the target BEP of Pth = 10"^ and Pth = 10"^. The markers '®' and ' 0 ' represent the required SNR of 

the various fixed-mode PSK schemes, while achieving the same target BER as the adaptive schemes, op-
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resent the required SNR of the corresponding fixed-mode PSK scheme, while achieving the same target 

BER as the adaptive schemes, operating over an AWGN channel and a Rayleigh channel, respectively. 
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Figure 5.23: The average BPS throughput of a nine-mode adaptive PSK scheme operating over a Nak-

agami fading channel (a) m = 1 and (b) m = 2. The markers represent the SNR required for achieving 

the same BPS throughput and the same average BER as the adaptive schemes. 

erating over an AWGN channel and a Rayleigh channel, respectively. It can be observed that introducing 

an additional constituent mode into an adaptive PSK scheme does not make any impact on the average 

BPS throughput, when the average SNR is relatively low. For example, when the average SNR 7 is less 

than lOdB in Figure 5.22(a), employing more than four APSK modes for the adaptive scheme does not 

improve the average BPS throughput. In comparison to the various fixed-mode PSK modems, the adap-

tive modem achieved the SNR gains between 4dB and 8dB for the target BEP of Pth = 10"^ and lOdB 

to 16dB for the target BER of Pth = 10^^ over a Rayleigh channel. Since no adaptive scheme operat-

ing over a fading channel can outperform the corresponding fixed-mode counterpart operating over an 

AWGN channel, it is interesting to investigate the performance differences between these two schemes. 

Figure 5.22 suggests that the required SNR of our adaptive PSK modem achieving IBPS for transmis-

sion over a Rayleigh channel is approximately IdB higher, than that of fixed-mode BPSK operating over 

an AWGN channel. Furthermore, this impressive performance can be achieved by employing only three 

modes, namely No-Tx, BPSK and QPSK for the adaptive PSK modem. For other BPS throughput val-

ues, the corresponding SNR differences are in the range of 2dB to 3dB, while maintaining the BEP of 

Pth = 10"^ and 4dB for the BEP of Pth = 10^^. 

We observed in Figure 5.22 that the average BPS throughput of the various adaptive PSK schemes is 

dependent on the target BEP. Hence, let us investigate the BPS performances of the adaptive modems for 

the various values of target BEPs using the results depicted in Figure 5.23. The average BPS throughputs 

of a nine-mode adaptive PSK scheme are represented as various types of lines without markers depending 

on the target average BERs, while those of the corresponding fixed PSK schemes are represented as 
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mode adaptive PSK scheme designed for the target BER of (a) Pth = 10"^ and (b) Pth = 10"^. As 

m increases, the average throughput of the adaptive modem approaches the throughput of fixed PSK 

modems operating over an AWGN channel. 

various types of lines with markers according to the key legend shown in Figure 5.23. We can observe 

that the difference between the required SNRs of the adaptive schemes and fixed schemes increases, 

as the target BER decreases. It is interesting to note that the average BPS curves of the adaptive PSK 

schemes seem to converge to a set of densely packed curves, as the target BEP decreases to values 

around 10"^ ~ 10~®. In other words, the incremental SNR required for achieving the next target BEP, 

which is an order of magnitude lower, decreases as the target BER decreases. On the other hand, the 

incremental SNR for the same scenario of fixed modems seems to remain nearly constant at lOdB. 

Comparing Figure 5.23(a) and Figure 5.23(b), we find that this seemingly constant incremental SNR of 

the fixed-mode modems is reduced to about 5dB, as the fading becomes less severe, i.e. when the fading 

parameter becomes m = 2. 

Let us now investigate the effects of the Nakagami fading parameter m on the average BPS through-

put performance of various adaptive PSK schemes by observing Figure 5.24. The BPS throughput of the 

various fixed PSK schemes for transmission over an AWGN channel is depicted in Figure 5.24 as the 

ultimate performance limit achievable by the adaptive schemes operating over Nakagami fading chan-

nels. For example, when the channel exhibits Rayleigh fading, i.e. when the fading parameter becomes 

m = 1, the adaptive PSK schemes show 3dB to 4dB SNR penalty compared to their fixed-mode counter-

parts operating over the AWGN channel. Compared to fixed-mode BPSK, the adaptive scheme required 

only a IdB higher SNR. As the fading becomes less severe, the average BPS throughput of the adaptive 

PSK schemes approaches that of fixed-mode PSK operating over the AWGN channel. For the target BEP 
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Figure 5.25: The SNR gain of adaptive PSK schemes in comparison to the corresponding fixed-mode 

PSK schemes yielding the same BPS throughput for the target BER of (a) Pth = 10"^ and (b) Pth — 

IQ-^. The performance advantage of employing adaptive PSK schemes decreases, as the fading becomes 

less severe. 

of Pth = IQ-^, the SNR gap between the BPS throughput curves becomes higher. The adaptive PSK 

scheme operating over the Rayleigh channel required 4dB to 5dB higher SNR for achieving the same 

throughput compared to the fixed PSK schemes operating over the AWGN channel. 

Figure 5.25 summarises the relative SNR gains of our adaptive PSK schemes over the corresponding 

fixed PSK schemes. For the target BEP of Pth = IQ-^ the relative SNR gain of the nine-mode adaptive 

scheme compared to BPSK changes from 15.5dB to 1.3dB, as the Nakagami fading parameter changes 

from 1 to 6. Observing Figure 5.25(a) and Figure 5.25(b) we conclude that the advantages of employing 

adaptive PSK schemes are more pronounced when 

1. the fading is more severe, 

2. the target BER is lower, and 

3. the average BPS throughput is lower. 

Having studied the range of APSK schemes, let us in the next section consider the family of adaptive 

coherently detected Star-QAM schemes. 

5.5.1.2 Adaptive Coherent Star QAM Scliemes 

In this section, we study the performance of adaptive coherent QAM schemes employing Type-I Star 

constellations [13]. Even though non-coherent Star QAM (SQAM) schemes are more popular owing 
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Figure 5.26: The average BER of various SQAM modulation schemes 

to their robustness to fading without requiring pilot symbol assisted channel estimation and Automatic 

Gain Control (AGC) at the receiver, the results provided in this section can serve as benchmark results 

for non-coherent Star QAM schemes and the coherent Square QAM schemes. 

The BER of coherent Star QAM over an AWGN channel is derived in Appendix D. It is shown that 

their BER can be expressed as; 

(5.91) 

where Ai and o, are given in Appendix D for 8-Star, 16-Star, 32-Star and 64-Star QAM. The SNR-

dependent optimum ring ratios were also derived in Appendix D for these Star QAM modems. Fig-

ure 5.26(a) shows the BER of BPSK, QPSK, 8-Star QAM, 16-Star QAM, 32-Star QAM and 64-Star 
QAM employing the optimum ring ratios over the AWGN channel. Comparing Figure 5.19(a) and Fig-

ure 5.26(a), we can observe that 16-Star QAM, 32-Star QAM and 64-Star QAM are more power-efficient 

than 16 PSK, 32 PSK and 64 PSK, respectively. However, the envelope power of the Star QAM signals 

is not constant, unlike that of the PSK signals. Following an approach similar to that used in (5.88) and 

(5.89), the average BEP of the various SQAM schemes over a flat Nakagami-m fading channel can be 

expressed as: 

i 

where m is defined as: 

m—1 

E 
i=o 

m - I + j 
j + A*:)]" (5.92) 

fJ'i 2m + a j7 
(5.93) 
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Figure 5.26(b) shows the average BEP of various SQAM schemes for transmission over a flat Rayleigh 

channel, where m = 1. It can be observed that the 16-Star, 32-Star and 64-Star QAM schemes exhibit 

SNR advantages of around 3.5dB, 4dB, and 7dB compared to 16-PSK, 32-PSK and 64-PSK schemes at a 

BEP of 10~^. The BEP of SQAM for transmission over the AWGN channel given in (5.91) and that over 

a Nakagami channel given in (5.92) will be used in comparing the performance of the various adaptive 

SQAM schemes. 

k 0 1 2 3 4 5 6 

0 2 4 8 16 32 64 

bk 0 1 2 3 4 5 6 

Ck 0 1 1 1 1 1 1 

mode No Tx BPSK QPSK 8-Star 16-Star 32-Star 64-Star 

Table 5.6: Parameters of a seven-mode adaptive Star QAM scheme following the definitions developed 

in Section 5.3.1 for the generic adaptive modulation model 

The parameters of a seven-mode adaptive Star QAM scheme are summarised in Table 5.6 follow-

ing the definitions of the generic model developed in Section 5.3.1 for adaptive modulation schemes. 

Since the number of modes is, K = 7, we have K + 1 = mode-switching levels hosted by the vector 

s = {sfc I A; = 0,1,2, • • • ,7. Let us assume that sq = 0 and s j = oo. Then, we have to determine the 

optimum values for the remaining six switching levels using the technique developed in Section 5.4.4. 

The 'Lagrangian-free' functions corresponding to a seven-mode Star QAM scheme are depicted in Fig-

ure 5.27 and the relationships obtained for the switching levels are displayed in Figure 5.28(a). We can 

observe that as seen for APSK in Figure 5.20 there exist two solutions for gg satisfying yeC^e) = yi('Si) 

for a given value of si, when yi < 0.382. However, only the higher value of Sk satisfies the constraint 

of S6 > <55- When si < 7.9dB, the optimum value of ag should be set to S5, in order to guarantee 

gg > S5. Figure 5.28(b) illustrates the optimum switching levels of a seven-mode adaptive Star QAM 

scheme operating over a Rayleigh channel at the target BER of Pth = 10"^. These switching levels were 

obtained by solving (5.70). The optimum switching levels show a steady decrease in their values, as the 

average SNR increases, until they reach the avalanche SNR value of 7 = 28.5dB, beyond which always 

the highest-order modulation mode, namely 64-Star QAM, is activated. 

Let us now investigate the associated performance results. We are reminded that the average BEP of 

our optimised adaptive scheme remains constant at Pavg — Pth^ provided that the average SNR is less 

than the avalanche SNR. Hence, the average BPS throughput and the SNR gain of our adaptive modem 

in comparison to the corresponding fixed-mode modems are our concern. 

Let us first consider Figure 5.29, where the average BPS throughput of the various adaptive Star 

QAM schemes operating over a Rayleigh channel associated with m = 1 is shown at the target BEP 

of Pth = 10"^ and Pth = 10"^. The markers ' 0 ' and '©' represent the required SNR of the corre-

sponding fixed-mode Star QAM schemes, while achieving the same target BEP as the adaptive schemes. 
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Figure 5.29: The average BPS throughput of the various adaptive Star QAM schemes operating over 

a Rayleigh fading channel associated with m = 1 at the target BEP of (a) Pth = 10"^ and (b) 

Pth — 10^^. The markers '®' and ' 0 ' represent the required SNR of the corresponding fixed-mode 

Star QAM schemes, while achieving the same target BER as the adaptive schemes, operating over an 

AWGN channel and a Rayleigh channel, respectively. 

operating over an AWGN channel and a Rayleigh channel, respectively. Comparing Figure 5.22(a) and 

Figure 5.29(a), we find that the gradient of the average BPS curves of the adaptive Star QAM schemes is 

higher than that of adaptive PSK schemes. Explicitly, the gradient of the Star QAM schemes is around 

0.3BPS/dB, whereas that of the APSK schemes was 0.18BPS/dB. This is due to the more power-efficient 

constellation arrangement of Star QAM in comparison to the single-ring constellations of the PSK mod-

ulations schemes. In comparison to the corresponding fixed-mode Star QAM modems, the adaptive 

modem achieved an SNR gain of 6dB to 8dB for the target BEP of Pth = 10"^ and 12dB to l6dB 

for the target BEP of Pth = over a Rayleigh channel. Compared to the fixed-mode Star QAM 

schemes operating over an AWGN channel, our adaptive schemes approached their performance within 

about 3dB in terms of the required SNR value, while achieving the same target BER of Pth = 10"^ and 

f t , . = 10-3. 

Since Figure 5.29 suggests that the relative SNR gain of the adaptive schemes is dependent on the 

target BER, let us investigate the effects of the target BEP in more detail. Figure 5.30 shows the BPS 

throughput of the various adaptive schemes at the target BEP of Pth = 10"^ to Pth = 10^®. The average 

BPS throughputs of a seven-mode adaptive Star QAM scheme is represented with the aid of the various 

line types without markers, depending on the target average BERs, while those of the corresponding 

fixed-mode Star QAM schemes are represented as various types of lines having markers according to the 

legends shown in Figure 5.30. We can observe that the difference between the SNRs required for the 
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adaptive schemes and fixed schemes increases, as the target BER decreases. The fixed-mode Star QAM 

schemes require additional SNRs of lOdB and 6dB in order to achieve an order of magnitude lower BER 

for the Nakagami fading parameters of m = 1 and m = 2, respectively. However, our adaptive schemes 

require additional SNRs of only IdB to 3dB for achieving the same goal. 

Let us now investigate the effects of the Nakagami fading parameter m on the average BPS through-

put performance of the various adaptive Star QAM schemes by observing Figure 5.31. The BPS through-

put of the fixed-mode Star QAM schemes for the transmission over an AWGN channel is depicted in Fig-

ure 5.31 as the ultimate performance limit achievable by the adaptive schemes operating over Nakagami 

fading channels. As the Nakagami fading parameter m increases from 1 to 2 and to 6, the SNR gap 

between the adaptive schemes operating over a Nakagami fading channel and the fixed-mode schemes 

decreases. When the average SNR is less than 7 < 6dB, the average BPS throughput of our adaptive 

schemes decreases, when the fading parameter m increases. The rationale of this phenomenon is that 

as the channel becomes more and more like an AWGN channel, the probability of activating the BPSK 

mode is reduced, resulting in more frequent activation of the No-Tx mode and hence the corresponding 

average BPS throughput inevitably decreases. 

The effects of the Nakagami fading factor m on the SNR gain of our adaptive Star QAM scheme can 

be observed in Figure 5.32. As expected, the relative SNR gain of the adaptive schemes at a throughput 

of 1 BPS is the highest among the BPS throughputs considered. However, the order observed in terms of 

the SNR gain of the adaptive schemes does not strictly follow the increasing BPS order at the target BEP 
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Figure 5.31: The effects of the Nakagami fading parameter m on the average BPS throughput of a seven-

mode adaptive Star QAM scheme at the target BER of (a) Pth = 10"^ and (b) Pth = 10"^. As m 

increases, the average throughput of the adaptive modem approaches the throughput of the fixed-mode 

Star QAM modems operating over an AWGN channel. 
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of Pth = lO'S and Pth = 10""®, as did for the adaptive PSK schemes of Section 5.5.1.1. Even though 

the adaptive Star QAM schemes exhibit a higher throughput, than the adaptive PSK schemes, the SNR 

gains compared to their fixed-mode counterparts are more or less the same, showing typically less than 

IdB difference, except for the 5 BPS throughput scenario, where the adaptive QAM scheme gained up 

to 1.3dB more in terms of the required SNR than the adaptive PSK scheme. 

Having studied the performance of a range of adaptive Star QAM schemes, in the next section we 

consider adaptive modulation schemes employing the family of square-shaped QAM constellations. 

5.5.1.3 Adaptive Coherent Square QAM Modulation Schemes 

Since coherent Square M-ary QAM (MQAM) is the most power-efficient M-ary modulation scheme [13] 

and the accurate channel estimation becomes possible with the advent of Pilot Symbol Assisted Modula-

tion (PSAM) techniques [115-117], Otsuki, Sampei and Morinaga proposed to employ coherent square 

QAM as the constituent modulation modes for an adaptive modulation scheme [118] instead of non-

coherent Star QAM modulation [113]. In this section, we study the various aspects of this adaptive 

square QAM scheme employing the optimum switching levels of Section 5.4.4. The closed form BER 

expressions of square QAM over an AWGN channel can be found in (5.2) and that over a Nakagami 

channel can be expressed using a similar form given in (5.92). The optimum switching levels of adaptive 

Square QAM were studied in Section 5.4.4 as an example. 

The average BER of our six-mode adaptive Square QAM scheme operating over a flat Rayleigh 

fading channel is depicted in Figure 5.33(a), which shows that the modem maintains the required constant 

target BER, until it reaches the BER curve of the specific fixed-mode modulation scheme employing the 

highest-order modulation mode, namely 256-QAM, and then it follows the BER curve of the 256-QAM 

mode. The various grey lines in the figure represent the BER of the fixed constituent modulation modes 

for transmission over a flat Rayleigh fading channel. An arbitrarily low target BER could be maintained 

at the expense of a reduced throughput. 

The average throughput is shown in Figure 5.33(b) together with the estimated channel capacity 

of the narrow-band Rayleigh channel [119, 120] and with the throughput of several variable-power, 

variable-rate modems reported in [122]. Specifically, Goldsmith and Chua [122] studied the performance 

of their variable-power variable-rate adaptive modems based on a BER bound of m-ary Square QAM, 

rather than using an exact BER expression. Since our adaptive Square QAM schemes do not vary the 

transmission power, our scheme can be regarded as a sub-optimal policy [122]. However, the throughput 

performance of Figure 5.33(b) shows that the SNR degradation is within 2dB in the low-SNR region and 

within half a dB in the high-SNR region, in comparison to the ideal continuously variable-power adap-

tive QAM scheme employing a range of hypothetical continuously variable-BPS QAM modes [122], 

represented as the 'Goldsmith 1' scheme in the figure. Goldsmith and Chua [122] also reported the 

performance of a variable-power discrete-rate and a constant-power discrete-rate scheme, which we rep-

resented as the 'Goldsmith 2' and 'Goldsmith 3' in Figure 5.33(b), respectively. Since their results are 

based on approximate BER formulas, the average BPS throughput performance of the 'Goldsmith 3' 

scheme is optimistic, when the average SNR 7 is less than 17dB. Considering that our scheme achieves 
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Figure 5.33: The average BER and average throughput performance of a six-mode adaptive Square 

QAM scheme operating over a flat Rayleigh channel (m = 1). (a) The constant target average BER 

is maintained over the entire range of the average SNR values up the avalanche SNR. (b) The aver-

age BPS throughput of the equivalent constant-power adaptive scheme is compared to to Goldsmith's 

schemes [122]. The 'Goldsmith 1' and 'Goldsmith 2' schemes represent a variable-power adaptive 

scheme employing a hypothetical continuously variable-BPS QAM modulation modes and Square QAM 

modes, respectively. The 'Goldsmith 3' scheme represents the simulation results associated with a 

constant-power adaptive Square QAM reported in [122]. 

the maximum possible throughput the given average SNR value with the aid of the globally optimised 

switching levels, the average throughput of the 'Goldsmith 3' scheme is expected to be lower, than that 

of our scheme, as is the case when the average SNR 7 is higher than 17dB. 

Figure 5.34(a) depicts the average BPS throughput of our various adaptive Square QAM schemes op-

erating over a Rayleigh channel associated with m = 1 at the target BEP of Pth = 10"^. Figure 5.34(a) 

shows that even though the constituent modulation modes of our adaptive schemes do not include 3, 5 and 

7-BPS constellations, the average BPS throughput steadily increases without undulations. Comparing to 

the fixed-mode Square QAM schemes operating over an AWGN channel, our adaptive schemes require 

additional SNRs of less than 3.5dB, when the throughput is below 6.5 BPS. The comparison of the aver-

age BPS throughputs of the adaptive schemes employing PSK, Star QAM and Square QAM modems, as 

depicted in Figure 5.34(b), confirms the superiority of Square QAM over the other two schemes in terms 

of the required average SNR for achieving the same throughput and the same target average BEP. Since 

all these three schemes employ BPSK, QPSK as the second and the third constituent modulation modes, 

their throughput performance shows virtually no difference, when the average throughput is less than or 

equal to Bavg = 2 BPS. 
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Figure 5.34: The average BPS throughput of various adaptive Square QAM schemes operating over a 

Rayleigh channel (m = 1) at the target BEP of Pth = 10^^. (a) The markers and 'O' represent the 

required SNR of the corresponding fixed-mode Square QAM schemes achieving the same target BER 

as the adaptive schemes, operating over an AWGN channel and a Rayleigh channel, respectively, (b) 

The comparison of the various adaptive schemes employing PSK, Star QAM and Square QAM as the 

constituent modulation modes. 

Let us now investigate the effects of the Nakagami fading parameter m on the average BPS through-

put performance of the adaptive Square QAM schemes observing Figure 5.35. The BPS throughput of 

the fixed-mode Square QAM schemes over an AWGN channel is depicted in Figure 5.35 as the ultimate 

performance limit achievable by the adaptive schemes operating over Nakagami fading channels. Similar 

observations can be made for the adaptive Square QAM scheme, like for the adaptive Star QAM arrange-

ment characterised in Figure 5.31. A specific difference is, however, that the average BPS throughput 

recorded for the fading parameter of m = 6 exhibits an undulating curve. For example, an increased m 

value results in a limited improvement of the corresponding average BPS throughput near the through-

put values of 2.5, 4.5 and 6.5 BPS. This is because our adaptive Square QAM schemes do not use 3-, 

5- and 7-BPS constituent modems, unlike the adaptive PSK and adaptive Star QAM schemes. Fig-

ure 5.36 depicts the corresponding optimum mode-switching levels for the six-mode adaptive Square 

QAM scheme. The black lines represent the switching levels, when the Nakagami fading parameter 

is m = 6 and the grey lines when m = 1. In general, the lower the switching levels, the higher the 

average BPS throughput of the adaptive modems. When the Nakagami fading parameter is m = 1, 

the switching levels decrease monotonically, as the average SNR increases. However, when the fading 

severity parameter is m = 6, the switching levels fluctuate, exhibiting several local minima around 8dB, 

15dB and 21dB. In general, the optimum switching levels become higher, as the average SNR becomes 
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Figure 5.35: The effects of the Nakagami fading parameter m on the average BPS throughput of a seven-

mode adaptive Square QAM scheme at the target BEP of (a) Pth = and (b) Pth = 10"^. As m 

increases, the average throughput of the adaptive modem approaches the throughput of the corresponding 

fixed Square QAM modems operating over an AWGN channel. 

Nakagami, m=6, Pt;,=10' 

6-mode Adaptive MQAM, 

256-QAM 

64-QAM .5 20 

« 15 16-QAM 

QPSK 

No-Tx 

5 10 15 20 25 30 35 
Average SNR per symbol 7 in dB 

40 

40 

35 

30 

CD 

25 

f 20 
^15 

f l O 

I ' 
0 

-5 

- 1 0 

Nakagami, m=6, 
' 1 ' 1 ' 1 ' 

6-mode Adaptive MQAM 

= = = = . _ ^ ^ _ 2562QAM 

64-QAM 

1 \ ; 
^ 1 6 0 A M { \ 

^ QPSK 

BPSK " 

^ No-Tx 
b -

' 

\ : j / 
m=1 -

0 5 10 15 20 25 30 35 40 45 50 
Average SNR per symbol 7 in dB 

(a) = 10- (b) ftA = 10-

Figure 5.36: The switching levels of the six-mode adaptive Square QAM scheme operating over Nak-
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Figure 5.37: The mode selection probability of a six-mode adaptive Square QAM scheme operating over 

Nakagami fading channels at the target BEP of Pfh = 10~^. When the fading becomes less severe, the 

mode selection scheme becomes more 'selective' in comparison to that for m = 1. 

higher. However the switching level curves undulate, because as the average SNR becomes higher, the 

next higher-throughput modulation mode becomes predominantly selected and the average target BER 

cannot be maintained, unless the swithcing levels are increased. In the extreme case of m —>• 00, i.e. 

when operating over an AWGN-like channel, the switching levels would be 5i = S2 = 0 and Sk = 00 

for other k values in the SNR range of 7.3dB < 7 < 14dB, si = s2 = ss = 0 and s4 = s5 = cxd 

when we have 14dB < 7 < 20dB, Sk = 0 except for sg == 00 when the SNR is in the range of 20dB 

< 7 < 25dB. Finally, we have Sfc = 0 for VA, when 7 > 25dB, when considering the fixed-mode Square 

QAM performance achieved for transmission over an AWGN channel represented by the makers 'O' in 

Figure 5.35. Observing Figure 5.37, we find that our adaptive schemes become highly 'selective', when 

the Nakagami fading parameter becomes m = 6, exhibiting narrow triangular shapes. As m increases, 

the shapes will eventually converge to Kronecker delta functions. 

A possible approach to reducing the undulating behaviour of the average BPS throughput curve is 

the introduction of a 3-BPS and a 5-BPS mode as additional constituent modem modes. The power-

efficiency of 8-Star QAM and 32-Star QAM is insufficient for maintaining a linear growth of the aver-

age BPS throughput, as we can observe in Figure 5.35. Instead, the most power-efficient 8-ary QAM 

scheme [25, pp 279] and 32-ary Cross QAM scheme [13, pp 236] have a potential of reducing these 

undulation effects. However, since we observed in Section 5.5.1.1 and Section 5.5.1.2 that the relative 

SNR advantage of employing adaptive Square QAM rapidly reduces, when the Nakagami fading param-

eter increases, even though the additional 3-BPS and 5-BPS modes are also used, there seems to be no 

significant benefit in employing non-square shaped additional constellations. 
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Figure 5.38: The SNR gain of the six-mode adaptive Square QAM scheme in comparison to the various 

fixed-mode Square QAM schemes yielding the same BPS throughput at the target BEP of (a) Pfh = 10"^ 

and (b) Pth = 10"®. The performance advantage of the adaptive Square QAM schemes decreases, as the 

fading becomes less severe. 

Again, we can observe in Figure 5.35 that when the average SNR is less than 7 < 6dB, the average 

BPS throughput of our adaptive Square QAM scheme decreases, as the Nakagami fading parameter m 

increases. As we discussed in Section 5.5.1.2, this is due to the less frequent activation of the BPSK 

mode in comparison to the 'No-Tx' mode, as the channel variation is reduced. 

The effects of the Nakagami fading factor m on the relative SNR gain of our adaptive Square QAM 

scheme can be observed in Figure 5.38. The less severe the fading, the smaller the relative SNR advantage 

of employing adaptive Square QAM in comparison to its fixed-mode counterparts. Except for the 1-BPS 

mode, the SNR gains become less than 0.5dB, when m is increased to 6 at the target BEP of Pth = 10"^. 

The trend observed is the same at the target BEP of Pfh = 10~®, showing relatively higher gains in 

comparison to the Pth = 10"^ scenario. 

5.5.2 Performance over Narrow-band Rayleigh Channels Us ing Antenna Diversity 

In the last section, we observed that the adaptive modulation schemes employing Square QAM modes 

exhibit the highest BPS throughput among the schemes investigated, when operating over Nakagami 

fading channels. As we discussed in Section 5.3.3.1, a flat Nakagami fading channel having a fading 

parameter of m is equivalent to D = m number of independent flat Rayleigh channels, when MRC as-

sisted diversity is employed. Therefore, the results of Section 5.5.1.3 can be invoked for characterising an 

MRC antenna diversity assisted adaptive Sqaure QAM scheme operating over D independent Rayleigh 

channels. However, the combined average SNR of the MRC assisted adaptive Square QAM scheme is 
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Figure 5.39: The average BPS throughput of the MRC-aided antenna-diversity assisted adaptive Square 

QAM scheme operating over independent Rayleigh fading channels at the target average BEP of (a) 

Fth = 10"^ and (b) Fth = 10"®. The markers represent the corresponding fixed-mode Square QAM 

performances. 

D times higher, than that of the adaptive Square QAM scheme communicating over a fiat Nakagami 

fading channel. Hence, in order to gain an insight into the performance of the MRC antenna diversity 

assisted adaptive Square QAM scheme communicating over D number of independent Rayleigh fading 

channels, the related performance is presented in this section without repeating the results similar to 

those presented in Section 5.5.1.3. 

The BEP expression of the fixed-mode coherent BPSK scheme can be found in [25, pp 781] and those 

of coherent Square QAM can be readily extended using the equations in (5.2) and (5.3). Furthermore, 

the antenna diversity scheme operating over independent narrow-band Rayleigh fading channels can be 

viewed as a special case of the two-dimensional (2D) Rake receiver analysed in Appendices B and C. 

The performance of antenna-diversity assisted adaptive Square QAM schemes can be readily analysed 

using the technique developed in Section 5.4.4. 

Figure 5.39 depicts the average BPS throughput performance of our adaptive schemes employing 

Maximal Ratio Combining (MRC) aided antenna diversity [135, Ch 5, 6] operating over independent 

Rayleigh fading channels at the target average BEP of Ptn = 10"^ and Pth = 10"®. The markers 

represent the performance of the corresponding fixed-mode Square QAM modems in the same scenario. 

The average SNRs required achieving the target BEP of the fixed-mode schemes and that of the adaptive 

schemes decrease, as the antenna diversity order increases. However, the differences between the re-

quired SNRs of the adaptive schemes and their fixed-mode counterparts also decrease, as the antenna di-

versity order increases. The SNRs of both schemes required for achieving the target BEPs of Pth = 10"^ 
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Figure 5.42; Multi-path Intensity Profiles (MIPs) of the Wireless Asynchronous Transfer Mode (W-

ATM) indoor channel [13, Ch 20] and that of the Bad-Urban Reduced-model A (BU-RA) channel [136] 

and Pth = are displayed in Figure 5.40, where we can observe that dual antenna diversity is suffi-

cient for the fixed-mode schemes in order to obtain half of the achievable SNR gain of the six-antenna 

aided diversity scheme, whereas triple-antenna diversity is required for the adaptive schemes operating 

in the same scenario. The corresponding first switching levels si are depicted in Figure 5.41 for different 

order of antenna diversity up an order of six. As the antenna diversity order increases, the avalanche SNR 

becomes lower and the switching-threshold undulation effects begins to appear. The required values of 

the first switching level si are within a range of about IdB and 0.5dB for the target BEPs of Pth = 10^^ 

and Pth = 10""®, respectively, before the avalanche SNR is reached. This suggests that the optimum 

mode-switching levels are more dependent on the target BEP, than on the number of diversity antennas. 

5.5.3 Performance over Wideband Rayleigh Channels using Antenna Diversity 

Wideband fading channels are characterised by their multi-path intensity profiles (MIP). In order to study 

the performance of the various adaptive modulation schemes, we employ two different MIP models in 

this section, namely a shortened Wireless Asynchronous Transfer Mode (W-ATM) channel [13, Ch 20] 

for an indoor scenario and a Bad-Urban Reduced-model A (BU-RA) channel [136] for a hilly urban 

outdoor scenario. Their MIPs are depicted in Figure 5.42. The W-ATM channel exhibits short-range, 

low-delay multi-path components, while the BU-RA channel exhibits six higher-delay multi-path com-

ponents. Again, let us assume that our receivers are equipped with MRC Rake receivers [17], employing 

a sufficiently higher number of Rake fingers, in order to capture all the multi-path components generated 
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Figure 5.43: The effects of the number of diversity antennas on the average BPS throughput of the 

2D-Rake assisted six-mode adaptive Square QAM scheme operating over the wideband independent 

Rayleigh fading channels characterised in Figure 5.42 at the target BEP of Pth = 10"^. The the number 

of diversity antennas is D. 

by our channel models. Furthermore, we employ antenna diversity [135, Ch 5] at the receivers. This 

combined diversity scheme is often referred to as a two-dimensional (2D) Rake receiver [137, pp 263]. 

The BER of the 2D Rake receiver transmission over wide-band independent Rayleigh fading channels 

is analysed in Appendix B. A closed-form expression for the mode-specific average BEP of a 2D-Rake 

assisted adaptive Square QAM scheme is also given in Appendix C. Hence, the performance of our 

2D-Rake assisted adaptive modulation scheme employing the optimum switching levels can be readily 

obtained. 

The average BPS throughputs of our 2D-Rake assisted adaptive schemes operating over the two dif-

ferent types of wideband channel scenarios is presented in Figure 5.43 at the target BEP of Pth — 10"^. 

The throughput performance depicted corresponds to the upper-bound performance of Direct-Sequence 

Code Division Multiple Access (DS-CDMA) or Multi-Carrier CDMA employing Rake receivers and the 

MRC-aided diversity assisted scheme in the absence of Multiple Access Interference (MAI). We can 

observe that the BPS throughput curves undulate, when the number of antennas D increases. This ef-

fect is more pronounced for transmission over the BU-RA channel, since the BU-RA channel exhibits 

six multi-path components, increasing the available diversity potential of the system approximately by a 

factor of two in comparison to that of the W-ATM channel. The performance of our adaptive scheme em-

ploying more than three antennas for transmission over the BU-RA channel could not be obtained owing 

to numerical instability, since the associated curves become similar to a series of step-functions, which 

is not analytic in mathematical terms. A similar observation can be made in the context of Figure 5.44, 
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Figure 5.44: The effects of the number of diversity antennas on the average BPS throughput of the 

2D-Rake assisted six-mode adaptive Square QAM scheme operating over the wideband independently 

Rayleigh fading channels characterised in Figure 5.42 at the target BEP of Pth = 10~^. The the number 

of diversity antennas is D . 

where the target BEP is Pth = 10"^. Comparing Figure 5.43 and Figure 5.44, we observe that the BPS 

throughput curves corresponding to Pth = 10"^ are similar to shifted version of those corresponding to 

Pth = 10"^, which are shifted in the direction of increasing SNRs. On the other hand, the BPS through-

put curves corresponding to Pth = 10"^ undulate more dramatically. When the number of antennas is 

D = 3, the BPS throughput curves of the BU-RA channel exhibits a stair-case like shape. The corre-

sponding mode switching levels and mode selection probabilities are shown in Figure 5.45. Again, the 

switching levels heavily undulate. The mode-selection probability curve of BPSK has a triangular shape, 

increasing linearly, as the average SNR 7 increases to 2.5dB and decreasing linearly again as 7 increases 

from 2.5dB. On the other hand, the mode-selection probability curve of QPSK increases linearly and 

decreases exponentially, since no 3-BPS mode is used. This explains, why the BPS throughput curves 

increase in a near-linear fashion in the SNR range of 0 to 5dB and in a stair-case fashion beyond that 

point. We can conclude that the stair-case like shape in the upper SNR range of SNR is a consequence 

of the absence of the 3-BPS, 5-BPS and 7-BPS modulation modes in the set of constituent modulation 

modes employed. As we discussed in Section 5.5.1.3, this problem may be mitigated by introducing 

power-efficient 8 QAM, 32 QAM and 128 QAM modes. 

The average SNRs required achieving the target BEP of Pth = 10"^ by the 2D-Rake assisted adap-

tive scheme and the fixed-mode schemes operating over wide-band fading channels are depicted in Fig-

ure 5.46. Since the fixed-mode schemes employing Rake receivers are already enjoying the diversity 

benefit of multi-path fading channels, the SNR advantages of our adaptive schemes are less than 8dB 
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adaptive Square QAM scheme using D = 3 antennas operating over the BU-RA channel characterised 

in Figure 5.42(b) at the target BEP of Pth = 10"^. 
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Figure 5.47: The average BPS throughput of the adaptive schemes and fixed-mod schemes transmission 

over a narrow-band Rayleigh channel, the W-ATM channel and BU-RA channel of Figure 5.42 at the 

target BEP of (a) Pth = 10"^ and (b) Pth = 10"^. 

and 2.6dB over the W-ATM channel and over BU-RA channel, respectively, even when a single antenna 

is employed. This relative small SNR gain in comparison to those observed over narrow-band fading 

channels in Figure 5.40 erode as the number of antennas increases. For example, when the number of 

antennas is D = 6, the SNR gains of the adaptive schemes operating over the W-ATM channel of Fig-

ure 5.42(a) become virtually zero, where the combined channel becomes an AWGN-like channel. On 

the other hand, D = 3 number of antennas is sufficient for the BU-RA channel for exhibiting such a 

behavior, since the underlying multi-path diversity provided by the six-path BU-RA channel is higher 

than that of the tree-path W-ATM channel. 

5.5.4 Uncoded Adaptive Multi-Carrier Schemes 

The performance of the various adaptive Square QAM schemes has been studied also in the context of 

multi-carrier systems [13, 138, 139]. The family of Orthogonal Frequency Division Multiplex (OFDM) 

[55] systems converts frequency selective Rayleigh channels into frequency non-selective or flat Rayleigh 

channels for each sub-carrier, provided that the number of sub-carriers is sufficiently high. The power 

and bit allocation strategy of adaptive OFDM has attracted substantial research interests [13]. OFDM 

is particularly suitable for combined time-frequency domain processing [139]. Since each sub-carrier 

of an OFDM system experiences a flat Rayleigh channel, we can apply adaptive modulation for each 

sub-carrier independently from other sub-carriers. Although a practical scheme would group the sub-

carriers into similar-quality sub-bands for the sake of reducing the associated modem mode signaling 

requirements. The performance of this AQAM assisted OFDM (A-OFDM) scheme is identical to that of 
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the adaptive scheme operating over flat Rayleigh fading channels, characterised in Section 5.5.2. 

MC-CDMA [1,2] receiver can be regarded as a frequency domain Rake-receiver, where the multiple 

carriers play a similar role to that of the time-domain Rake fingers. Our simulation results showed that 

the single-user BER performance of MC-CDMA employing multiple antennae is essentially identical 

to that of the time-domain Rake receiver using antenna diversity, provided that the spreading factor is 

higher than the number of resolvable multi-path components in the channel. Hence, the throughput 

of the Rake-receiver over the three-path W-ATM channel [13] and the six-path BU-RA channel [136] 

studied in Section 5.5.3 can be used for investigating the upper-bound performance of adaptive MC-

CDMA schemes over these channels. Figure 5.47 compares the average BPS throughput performances 

of these schemes, where the throughput curves of the various adaptive schemes are represented as three 

different types of lines, depending on the underlying channel scenarios, while the fixed-mode schemes 

are represented as three different types of markers. The solid line corresponds to the performance of A-

OFDM and the marker corresponds to that of the fixed-mode OFDM. On the other hand, the dotted 

lines correspond to the BPS throughput performance of adaptive MC-CDMA operating over wide-band 

channels and the markers 'O' and '(g)' to those of the fixed-mode MC-CDMA schemes. 

It can be observed that fixed-mode MC-CDMA has a potential to outperform A-OFDM, when the 

underlying channel provides sufficient diversity due to the high number of resolvable multi-path com-

ponents. For example, the performance of fixed-mode MC-CDMA operating over the W-ATM channel 

of Figure 5.42(a) is slightly lower than that of A-OFDM for the BPS range of less than or equal to 6 

BPS, owing to the insufficient diversity potential of the wide-band channel. On the other hand, fixed-

mode MC-CDMA outperforms A-OFDM, when the channel is characterised by the BU-RA model of 

Figure 5.42(b). We have to consider several factors, in order to answer, whether fixed-mode MC-CDMA 

is better than A-OFDM. Firstly, fully loaded MC-CDMA, which can transmit the same number of sym-

bols as OFDM, suffers from multi-code interference and our simulation results showed that the SNR 

degradation is about 2-4dB at the BER of 10"^, when the Minimum Mean Square Error Block Deci-

sion Feedback Equaliser (MMSE-BDFE) [140] based joint detector is used at the receiver. Considering 

these SNR degradations, the throughput of fixed-mode MC-CDMA using the MMSE-BDFE joint de-

tection receiver falls just below that of the A-OFDM scheme, when the channel is characterised by the 

BU-RA model. On the other hand, the adaptive schemes may suffer from inaccurate channel estima-

tion/prediction and modem mode signalling feedback delay [122]. Hence, the preference order of the 

various schemes may depend on the channel scenario encountered, on the interference effects and other 

practical issues, such as the aforementioned channel estimation accuracy, feedback delays, etc. 

5.5.5 Concatenated Space-Time Block Coded and Turbo Coded Symbol-by-Symbol Adap-

tive OFDM and IMulti-Carrier CDMA^ 

In the previous sections we studied the performance of uncoded adaptive schemes. Since a Forward Enor 

Correction (FEC) code reduces the SNR required for achieving a given target BER at the expense of a 

^This section was based on collaborative research with the contents of [46]. 
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reduced BPS throughput, it is interesting to investigate the performance of adaptive schemes employing 

FEC techniques. A variety of FEC techniques has been used in the context of adaptive modulation 

schemes. In their pioneering work on adaptive modulation, Webb and Steele [113] used a set of bi-

nary BCH codes. Vucetic [141] employed various punctured convolutional codes in response to the 

time-variant channel status. On the other hand, various Trellis Coded Modulation (TCM) [142, 143] 

schemes were used in the context of adaptive modulation by Alamouti and Kallel [144], Goldsmith and 

Chua [145], as well as Hole, Holm and 0ien [127]. Keller, Liew and Hanzo studied the performance 

of Redundant Residue Number System (RRNS) codes in the context of adaptive multi-carrier modula-

tion [146, 147]. Various turbo coded adaptive modulation schemes have been investigated also by Liew, 

Wong, Yee and Hanzo [148-150]. With the advent of space-time (ST) coding techniques [151-153], 

various concatenated coding schemes combining ST coding and FEC coding can be applied in adaptive 

modulation schemes. In this section, we investigate the performance of various concatenated space-time 

block-coded and turbo-coded adaptive OFDM and MC-CDMA schemes. 
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Figure 5.48; Transmitter structure and space-time block encoding scheme 

Figure 5.48 portrays the stylised transmitter structure of our system. The source bits are channel 

coded by a half-rate turbo convolutional encoder [154] using a constraint length of TT = 3 as well as 

an interleaver having a memory of L = 3072 bits and interleaved by a random block interleaver. Then, 

the AQAM block selects a modulation mode from the set of no transmission, BPSK, QPSK, 16-QAM 

and 64-QAM depending on the instantaneous channel quality perceived by the receiver, according to 

the SNR-dependent optimum switching levels derived in Section 5.4.4. It is assumed that the perfectly 

estimated channel quality experienced by receiver A is fed back to transmitter B superimposed on the next 

burst transmitted to receiver B. The modulation mode switching levels of our AQAM scheme determine 

the average BER as well as the average throughput. 

The modulated symbol is now space-time encoded. As seen at the bottom of Figure 5.48, Alamouti's 

space-time block code [152] is applied across the frequency domain. A pair of the adjacent sub-carriers 

belonging to the same space-time encoding block is assumed to have the same channel quality. We em-

ployed a Wireless Asynchronous Transfer Mode (W-ATM) channel model [13, pp.474] transmitting at 

a carrier frequency of 60GHz, at a sampling rate of 225MHz and employing 512 sub-carriers. Specif-



5.5 Results and Discussions 153 

^64-QAM 
MC-CDMA 

U=16 
OFDM 

MC-CDMA , 
U=1 A 

W-ATM channel 

B, =10 

Analysis 

10 

3 0-

Slmulations 
O AOFDM 
• AMC-CDMA, G=16, 
® AMC-CDMA, G=16, 

5 10 15 20 25 30 35 40 
Average Channel SNR 7 (dB) 

(a) BER and Throughput, No ST coding 

Adaptive QAM 

B, = 10 

W-ATM channel 
16-QAM «3 
AQAM ST code 

1-Tx 1-Rx 
- : 2^Tx i »Rx 

1-Tx2-Rx 
2-Tx 2-Rx 

•a - *a 
BPSK AOFDM -

AMC-CDMA,U=1 

5 10 15 # 25 
Average Channel SNR ^ (dB) 

(b) Th roughpu t with ST coding 

Figure 5.49; Performance of uncoded five-mode AOFDM and AMC-CDMA. The target BER is 

Bt = 10"^ when transmitting over the W-ATM channel [13, pp.474], (a) The constant average BER is 

maintained for AOFDM and single user AMC-CDMA, while 'full-user' AMC-CDMA exhibits a slightly 

higher average BER due to the residual MUI. (b) The SNR gain of the adaptive modems decreases, as 

ST coding increases the diversity order. The BPS curves appear in pairs, corresponding to AOFDM 

and AMC-CDMA - indicated by the thin and thick lines, respectively - for each of the four different 

ST code configurations. The markers represent the SNRs required by the fixed-mode OFDM and MC-

CDMA schemes for maintaining the target BER of 10"^ in conjunction with the four ST-coded schemes 

considered. 

ically, we used a three-path fading channel model, where the average SNR of each path is given by 

7i = 0.791927, 72 = 0.124247 and 73 = 0.083847. The Multi-path Intensity Profile (MIP) of the W-

ATM channel is illustrated in Figure 5.42(a) in Section 5.5.3. Each channel associated with a different 

antenna is assumed to exhibit independent fading. 

The simulation results related to our uncoded adaptive modems are presented in Figure 5.49. In Fig-

ure 5.49(a) both the continuous black lines and the related markers drawin in continuous lines represent 

the BERs, while their grey or 'half-tone' counterparts the BPS throughputs. Viewing Figure 5.49(a) from 

a different perspective, all the lines indicate analytical results, while all the markers correspond to sim-

ulation results. The set of three BER curves represented by black lines decreasing as the average SNR 

becomes higher corresponds to those of fixed-mode OFDM and MC-CDMA schemes. Since we em-

ployed the optimum switching levels derived in Section 5.4.4, both our adaptive OFDM (AOFDM) and 

the adaptive single-user MC-CDMA (AMC-CDMA) modems maintain the constant target BER of 10"^ 

up to the 'avalanche' SNR value, and then follow the BER curve of the fixed-mode 64-QAM mode. How-

ever, 'full-user' AMC-CDMA, which is defined as an AMC-CDMA system supporting ?7 = 16 users 
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with the aid of a spreading factor of G = 16 and employing the MMSE-BDFE Joint Detection (JD) 

receiver described in Section 3.4.2, exhibits a slightly higher average BER, than the target of Bt = 

due to the fact that residual Multi-User Interference (MUI) of the imperfect joint detector does not strictly 

follow a Gaussian distribution. Since in Section 5.4.4 we derived the optimum switching levels based 

on a single-user system, the levels are no longer optimum, when residual MUI does not follow Gaus-

sian distribution. The average throughputs of the various schemes expressed in terms of BPS steadily 

increase and at high SNRs reach the throughput of 64-QAM, namely 6 BPS. The throughput degrada-

tion of 'full-user' MC-CDMA imposed by the imperfect JD was within a fraction of a dB. Observe in 

Figure 5.49(a) that the analytical and simulation results are in good agreement, which we denoted by the 

lines and distinct symbols, respectively. 

The effects of ST coding on the average BPS throughput are displayed in Figure 5.49(b). Specifically, 

the thick lines represent the average BPS throughput of our AMC-CDMA scheme, while the thin lines 

represent those of our AOFDM modem. The four pairs of hollow and filled markers associated with the 

four different ST-coded AOFDM and AMC-CDMA scenarios considered represent the BPS throughput 

versus SNR values associated with fixed-mode OFDM and fixed-mode MMSE-BDFE JD assisted MC-

CDMA schemes. Specifically, observe for each of the 1, 2 and 4 BPS fixed-mode schemes that the right 

most markers, namely the circles, correspond to the 1-Tx / 1-Rx scenario, the squares to the 2-Tx / 1-Rx 

scheme, the triangles to the 1-Tx / 2-Rx arrangement and the diamonds to the 2-Tx / 2-Rx scenarios. First 

of all, we can observe that the BPS throughput curves of OFDM and single-user MC-CDMA are close to 

each other, namely within 1 dB for most of the SNR range. This is surprising, considering that the fixed-

mode MMSE-BDFE JD assisted MC-CDMA scheme was reported to exhibit around lOdB SNR gain at 

a BER of and 30dB gain at a BER of over OFDM [43]. This is confirmed in Figure 5.49(b) 

by observing that the SNR difference between the o and • markers is around lOdB, regardless whether 

the 4, 2 or 1 BPS scenario is concerned. 

Let us now compare the SNR gains of the adaptive modems over the fixed modems. The SNR 

difference between the BPS curve of AOFDM and the fixed-mode OFDM represented by the symbol o 

at the same throughput is around 15dB. The corresponding SNR difference between the adaptive and 

fixed-mode 4, 2 or 1 BPS MC-CDMA modem is around 5dB. More explicitly, since in the context of the 

W-ATM channel model [13, pp.474] fixed-mode MC-CDMA appears to exhibit a lOdB SNR gain over 

fixed-mode OFDM, the additional 5dB SNR gain of AMC-CDMA over its fixed-mode counterpart results 

in a total SNR gain of 15dB over fixed-mode OFDM. Hence ultimately the performance of AOFDM and 

AMC-CDMA becomes similar. 

Let us now examine the effect of ST block coding. The SNR gain of the fixed-mode schemes due to 

the introduction of a 2-Tx / 1-Rx ST block code is represented as the SNR difference between the two 

right most markers, namely circles and squares. These gains are nearly lOdB for fixed-mode OFDM, 

while they are only 3dB for fixed-mode MC-CDMA modems. However, the corresponding gains are 

less than IdB for both adaptive modems, namely for AOFDM and AMC-CDMA. Since the transmitter 

power is halved due to using two Tx antennas in the ST codec, a 3dB channel SNR penalty was already 

applied to the curves in Figure 5.49(b). The introduction of a second receive antenna instead of a second 
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Figure 5.50; Performance of turbo convolutional coded fixed-mode OFDM and MC-CDMA for transmis-

sion over the W-ATM channel of [13, pp.474], indicating that JD MC-CDMA still outperforms OFDM. 

However, the SNR gain of JD MC-CDMA over OFDM is reduced to l-2dB at a BER of 10"^. 

transmit antenna eliminates this 3dB penalty, which results in a better performance for the l-Tx/2-Rx 

scheme than for the 2-Tx/l-Rx arrangement. Finally, the 2-Tx / 2-Rx system gives around 3-4dB SNR 

gain in the context of fixed-mode OFDM and a 2-3dB SNR gain for fixed-mode MC-CDMA, in both 

cases over the 1-Tx / 2-Rx system. By contrast, the SNR gain of the 2-Tx / 2-Rx scheme over the 1-Tx 

/ 2-Rx based adaptive modems was, again, less than IdB in Figure 5.49(b). More importantly, for the 

2-Tx / 2-Rx scenario the advantage of employing adaptive modulation erodes, since the fixed-mode MC-

CDMA modem performs as well as the AMC-CDMA modem in this scenario. Moreover, the fixed-mode 

MC-CDMA modem still outperforms the fixed-mode OFDM modem by about 2dB. We conclude that 

since the diversity-order increases with the introduction of ST block codes, the channel quality variation 

becomes sufficiently small for the performance advantage of adaptive modems to erode. This is achieved 

at the price of a higher complexity due to employing two transmitters and two receivers in the ST coded 

system. 

When channel coding is employed in the fixed-mode multi-carrier systems, it is expected that OFDM 

benefits more substantially from the frequency domain diversity than MC-CDMA, which benefitted more 

than OFDM without channel coding. The simulation results depicted in Figure 5.50 show that the var-

ious turbo-coded fixed-mode MC-CDMA systems consistently outperform OFDM. However, the SNR 

differences between the turbo-coded BER curves of OFDM and MC-CDMA are reduced considerably. 

The performance of the concatenated ST block coded and turbo convolutional coded adaptive modems 

is depicted in Figure 5.51. We applied the optimum set of switching levels designed in Section 5.4.4 for 

achieving an uncoded BER of 3 x 10"^. This uncoded target BER was stipulated after observing that it 

is reduced by half-rate, K = 3 turbo convolutional coding to a BER below 10"^, when transmitting over 
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AWGN channels. However, our simulation results yielded zero bit errors, when transmitting 10® bits, 

except for some SNRs, when employing only a single antenna. 

Figure 5.51(a) shows the BER of our turbo coded adaptive modems, when a single antenna is used. 

We observe in the figure that the BER reaches its highest value around the 'avalanche' SNR point, where 

the adaptive modulation scheme consistently activates 64-QAM. The system is most vulnerable around 

this point. In order to interpret this phenomenon, let us briefly consider the associated interleaving 

aspects. For practical reasons we have used a fixed interleaver length of L = 3072 bits. When the 

instantaneous channel quality was high, the L = 3072 bits were spanning a shorter time-duration during 

their passage over the fading channel, since the effective BPS throughput was high. Hence the channel 

errors appeared more bursty, than in the lower-throughput AQAM modes, which conveyed the L = 3072 

bits over a longer time duration, hence dispersing the error bursts over a longer duration of time. The 

uniform dispersion of erroneous bits versus time enhances the error correction power of the turbo code. 

On the other hand, in the SNR region beyond the 'avalanche' SNR point seen in Figure 5.51(a) the 

system exhibited a lower uncoded BER, reducing the coded BER even further. This observation suggests 

that further research ought to determine the set of switching thresholds directly for a coded adaptive 

system, rather than by simply estimating the uncoded BER, which is expected to result in near-error-free 

transmission. 

We can also observe that the turbo coded BER of AOFDM is higher than that of AMC-CDMA in 

the SNR rage of 10-20dB, even though the uncoded BER is the same. This appears to be the effect of 

the limited exploitation of frequency domain diversity of coded OFDM, compared to MC-CDMA, which 

leads to a more bursty uncoded error distribution, hence degrading the turbo coded performance. The fact 

that ST block coding aided multiple antenna systems show virtually error free performance corroborates 

our argument. 

Figure 5.51(b) compares the throughputs of the coded adaptive modems and the uncoded adaptive 

modems exhibiting a comparable average BER. The SNR gains due to channel coding were in the range 

of OdB to 8dB, depending on the SNR region and on the scenarios employed. Each bundle of throughput 

curves corresponds to the scenarios of 1-Tx/l-Rx OFDM, 1-Tx/l-Rx MC-CDMA, 2-Tx/l-Rx OFDM, 

Z-TTx/l-Itx AdC-CICXMVl, l-Tx/2-Rx C)FI)AdL l-TTx/Z-Rx AdNZ-ClClM/L, St-T'x/Z-Rx ()?%)%[ aid 2-Tx/2-RK 

MC-CDMA starting from the far right curve, when viewed for throughput values higher than 0.5 BPS. 

The SNR difference between the throughput curves of the ST and turbo coded AOFDM and those of 

the corresponding AMC-CDMA schemes was reduced compared to the uncoded performance curves of 

Figure 5.49(b). The SNR gain owing to ST block coding assisted transmit diversity in the context of 

AOFDM and AMC-CDMA was within IdB due to the halved transmitter power. Therefore, again, ST 

block coding appears to be less effective in conjunction with adaptive modems. 

In conclusion, the performance of ST block coded constant-power adaptive multi-carrier modems 

employing optimum SNR-dependent modem mode switching levels were investigated in this section. 

The adaptive modems maintained the constant target BER stipulated, whilst maximising the average 

throughput. As expected, it was found that ST block coding reduces the relative performance advantage 

of adaptive modulation, since it increases the diversity order and eventually reduces the channel quality 
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Figure 5.51; Performance of the concatenated ST block coded and turbo convolutional coded adaptive 

OFDM and MC-CDMA systems over W-ATM channel of [13, pp.474]. The uncoded target BER is 

3 X 10~^. The coded BER was less than 10~® for most of the SNR range, resulting in virtually error 

free transmission, (a) The coded BER becomes higher near the 'avalanche' SNR point, when a single 

antenna was used, (b) The coded adaptive modems have SNR gains up to 7dB compared to their uncoded 

counterparts achieving a comparable average BER. 

variations. When turbo convolutional coding was concatenated to the ST block codes, near-error-free 

transmission was achieved at the expense of halving the average throughput. Compared to the uncoded 

system, the turbo coded system was capable of achieving a higher throughput in the low SNR region 

at the cost of a higher complexity. The study of the relationship between the uncoded BER and the 

corresponding coded BER showed that adaptive modems obtain higher coding gains, than that of fixed 

modems. This was due to the fact that the adaptive modem avoids burst errors even in deep channel fades 

by reducing the number of bits per modulated symbol eventually to zero. 

5.6 Summary and Conclusions 

Following a brief introduction to several fading counter-measures, a general model was developed in or-

der to describe several adaptive modulation schemes employing various constituent modulation modes, 

such as PSK, Star QAM and Square QAM, as one of the attractive fading counter-measures. In Sec-

tion 5.3.3.1, the closed form expressions were derived for the average BER, the average BPS throughput 

and the mode selection probability of the adaptive modulation schemes, which were shown to be depen-

dent on the mode-switching levels as well as on the average SNR. After reviewing in Section 5.4.1, 5.4.2 

and 5.4.3 the existing techniques devised for determining the mode-switching levels, in Section 5.4.4 the 
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optimum switching levels achieving the highest possible BPS throughput while maintaining the average 

target BER were developed based on the Lagrangian optimisation method. 

Then, in Section 5.5.1 the performance of uncoded adaptive PSK, Star QAM and Square QAM 

was characterised, when the underlying channel was a Nakagami fading channel. It was found that 

an adaptive scheme employing a A-BPS fixed-mode as the highest throughput constituent modulation 

mode was sufficient for attaining all the benefits of adaptive modulation, while achieving an average 

throughput of up to fc — 1 BPS. For example, a three-mode adaptive PSK scheme employing No-Tx, 

1-BPS BPSK and 2-BPS QPSK modes attained the maximum possible average BPS throughput of 1 

BPS and hence adding higher-throughput modes, such as 3-BPS 8-PSK to the three-mode adaptive PSK 

scheme resulting in a four-mode adaptive PSK scheme did not achieved a better performance across the 

1 BPS throughput range. Instead, this four-mode adaptive PSK scheme extended the maximal achievable 

BPS throughput by any adaptive PSK scheme to 2 BPS, while asymptotically achieving a throughput of 3 

BPS as the average SNR increases. On the other hand, the relative SNR advantage of adaptive schemes in 

comparison to fixed-mode schemes increased as the target average BER became lower and decreased as 

the fading became less severe. More explicitly, less severe fading corresponds to an increased Nakagami 

fading parameter m, to an increased number of diversity antennas, or to an increased number of multi-

path components encountered in wide-band fading channels. As the fading becomes less severe, the 

average BPS throughput curves of our adaptive Square QAM schemes exhibit undulations owing to the 

absence of 3-BPS, 5-BPS and 7-BPS square QAM modes. 

The comparisons between fixed-mode MC-CDMA and adaptive OFDM (AOFDM) were made based 

on different channel models. In Section 5.5.4 it was found that fixed-mode MC-CDMA might outper-

form adaptive OFDM, when the underlying channel provides sufficient diversity. However, a definite 

conclusion could not be drawn since in practice MC-CDMA might suffer from MUI and AOFDM might 

suffer from imperfect channel quality estimation and feedback delays. 

Concatenated space-time block coded and turbo convolutional-coded adaptive multi-carrier systems 

were investigated in Section 5.5.5. The coded schemes reduced the required average SNR by about 6dB-

7dB at throughput of 1 BPS achieving near error-free transmission. It was also observed in Section 5.5.5 

that increasing the number of transmit antennas in adaptive schemes was not very effective, achieving 

less than IdB SNR gain, due the fact that the transmit power per antenna had to be reduced in order to 

limit the total transmit power for the sake of fair comparison. 



Chapter 6 

Successive Partial Bespreading Based 
Multi-Code MC-CDMA 

6.1 Introduction 

In the downlink scenario of spread spectrum systems several spreading codes may be simultaneously 

assigned to one user in order to support a high data throughput [42]. A specific example of this concept, 

namely a multi-code MC-CDMA scheme, was introduced in Section 4.5.1. When the number of simul-

taneously transmitted spreading codes L is equal to the spreading factor N, the system is said to be 'fully 

loaded'. A fully loaded MC-CDMA scheme was referred to as Walsh Hadamard Transform (WHT) 

based OFDM in references [155, 156]. More explicitly, the bandwidth requirement of the system is in-

creased by a factor of N, when a spreading factor of N is used. However, under fully loaded conditions 

this system is capable of transmitting N bits of a single user with the aid of employing N parallel codes. 

Hence a total of N bits are transmitted in an N times higher bandwidth and therefore we may refer to 

this scheme as a 'unity-rate coding arrangement'. However, when non-orthogonal spreading codes are 

used or when the orthogonality of the codes is destroyed by the fading channels, a fully loaded CDMA 

system suffers from an excessive Multiple Code Interference (MCI). This phenomenon is also referred to 

as Multiple User Interference (MUI), when the simultaneously transmitted codes are used for supporting 

different users, as we observed in Section 3.3. In order to effectively cancel the above mentioned MCI 

or MUI, a multi user detector [157] or a joint detector [59] has to be employed in the receiver. In Sec-

tion 4.5.3.3 we observed that the BER performance of the Minimum Mean Square Error (MMSE) Joint 

Detector (JD) assisted fully loaded multi-code MC-CDMA system is better, than that of OFDM, when 

the channel is independently Rayleigh fading over each subcarrier. However, one of the major obstacles 

of implementing joint-detection receivers has been their high implementational complexity. 

In this chapter, we investigate a reduced-complexity despreading technique involved in the context 

of fully loaded Walsh-spread multi-code systems employing BPSK modulation, based on a Walsh matrix 

assisted partitioning. Let us assume that our system model is a BPSK modulated fully loaded multi-code 

MC-CDMA scheme, which was referred to in [155] as a WHT/OFDM arrangement. 
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Figure 6.1: A transmitter and a receiver schematic of fully loaded multi-code BPSK modulated MC-

CDMA 

The transmitter schematic of the investigated fully loaded multi-code BPSK modulated MC-CDMA 

scheme is depicted in Figure 6.1. The serial-to-parallel converter gathers N number of different con-

secutive information bits in order to generate a # x 1 dimensional information bit vector b. Then, an 

N X N dimensional Walsh spreading matrix, namely 1 /-\/]V C is for transforming this bit vector b, in 

order to generate the x 1 dimensional frequency domain symbol vector s, which is transmitted using 

a conventional OFDM transmitter [13]. The TV x 1 dimensional frequency domain symbol vector s can 

be expressed as: 

^ C b , KLO s = 

where N is the spreading factor. The scaling factor of 1/^/N was introduced in (6.1) for rendering the 

average power of the transformed message the same as that of the unspread symbol. 

The OFDM receiver recovers the iV x 1 dimensional frequency domain symbol vector r, which was 

corrupted by fading and contaminated by noise. Various despreading/detection techniques have been 

developed for recovering the original symbol b from the spread symbol s [50]. However, all techniques 

are based on applying the despreading matrix, D. This despreading process can be represented as: 

b = D r ' , (6.2) 

where b is the estimated AT x 1 dimensional binary antipodal message vector, the despreading matrix 

D is given as with the superscript ^ indicating the Hermitian [94] of the matrix C and r ' is the 

fading-compensated received vector. Since the Ath estimated bit b^ is obtained by b t = J2n=i ^kn 

N number of multiplications and N — 1 number of additions are required for calculating b^, where 

K = 1, • • • ,N, yielding a total number of multiplications given by and iV^ — N number of additions 

for detecting all the bits. 
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The advantage of this Walsh-spreading based scheme is highlighted here in comparison to a conven-

tional OFDM scheme as follows. When a conventional OFDM scheme experiences frequency-selective 

fading, the specific bits of the jV-bit OFDM symbol conveyed by the highly attenuated subcarriers are 

virtually obliterated by the fading. By contrast, when invoking the above-mentioned Walsh-spreading 

scheme, each component of the transformed vector s is dependent on each of the N bits of the vector 

b. When a specific component of the iV-component vector s is obliterated by a badly faded OFDM 

subcarrier, the effects of this are spread to all the N bits of the estimated transmitted vector b, but they 

only fractionally contaminate each of the N bits. Hence there is still a high probability that all N bits 

can be recovered without an error, despite having a corrupted subcarrier. The same approach can be 

extended to a scenario, where one or several of the components of the vector s are simply ignored during 

the detection process, in an effort to reduce the associated detection complexity. 

In Section 2.2.1 we observed that Walsh codes is recursively defined using Walsh-Hadamard trans-

form. Exploiting this recursive structure inherent in Walsh codes, we may be able to reduce the num-

ber of operations required for despreading in (6.2). Hence, we propose an alternative approach to the 

conventional "full despreading", termed as "successive partial despreading" (SPD), for employment in 

Walsh-spread systems, where only half of the vector components of the fading compensated received 

signal are used during the first stage detection, while the other half of the vector components are 

involved for the final detection only if it is deemed necessary. We will see that the proposed technique re-

quires less than half the number of operations, compared to the conventional despreading method. Three 

types of SPD detection schemes are introduced in Section 6.3. The proposed schemes are analysed, when 

communicating over the AWGN channel in terms of their achievable BER performance and their imple-

mentational complexity in Section 6.4. In a certain scenario, a time domain impulse noise [158,159] or a 

narrow-band jamming/interference [160] in the frequency domain can be a dominant channel impairment 

source. In this situation some chips of the simultaneous codes have to be discarded, since the magnitude 

of the impulse noise in the time domain is higher than that of the chip concerned. The same action has 

to be taken as regards to a particular subcarrier, when the magnitude of the narrow-band jamming signal 

in the frequency domain is higher than that of the subcarrier. Section 6.5 investigates the performance of 

the proposed SPD scheme, when one of the symbols modulating a specific subcarrier is unavailable due 

to the above-mentioned impairments. Section 6.6 concludes with a number of observations and future 

research directions. Following the above conceptual introduction, let us now elaborate on the associated 

detection philosophy in more depth. 

6.3 The Sequential Partial Despreading Concept 

The W-dimensional Walsh-Hadamard matrix, Wat, can be represented in its recursive form as [50]: 

W A . = . (6.3) 
Wjv/2 Wjv/2 
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Figure 6.2; Transmitter and receiver schematic of the SPD scheme for fully loaded multi-code BPSK 

modulated MC-CDMA, where ^ N / 2 is the JV/2-dimensional Walsh spreading matrix. 

Then the spread symbol of (6.1) can be re-written with the aid of the #/2-dimensional sub-matrices and 

sub-vectors as; 
0.1 1 f w \KT 1 FK. 

(6.4) Si 1 ' W ^ / 2 ^N/2 'HI 

S2 W;\r/2 ^N/2_ b2. 

where si and S2 are the N/2 x 1 dimensional sub-vectors of s, and b i and bg are the N(2 x 1 dimensional 

antipodal sub-vectors of b having components of ±1. 

The expression in (6.4) can be decomposed into two equations, one for si and the other for sg as 

follows; 

51 

52 

1 

1 

Wjv/gbi -I-

Wjv/gbi + 
1 

w N/2 D2 

w Ar/2D2 

(6.5) 

(6.6) 

The corresponding transmitter and receiver schematics are depicted in Figure 6.2, explicitly showing 

the decomposed matrix operations. In the proposed SPD scheme, the despreading is performed at the 

receiver upon multiplying by the recovered frequency domain symbol si and sg output by the 

OFDM receiver, which is expressed as: 

d i — Wjv/2 Si 

dg = W]v/2 S2 . 

(6.7) 

(6.8) 

For simplicity, let us assume that si and sg have been received without any channel impairments and 

without any noise for the moment. Then, exploiting that = 7V/2Ijv/2, the two N/2 
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dimensional despread symbol vectors of (6.7) and (6.8) can be expressed as: 

VN 

d i = ^ - ( b i + b2) (6.9) 

Y/N 

dg = - ^ ( b i - bz) . (6.10) 

The last operation of the receiver is that of recovering b i and bg with the aid of: 

b . = 

in order to recover b. Explicitly, according to (6.9) and (6.10) in the absence of channel impairments the 

detection variables d i and dg are given by the sum and the difference of the two independent iV/2 x 1 

dimensional message symbols b i and b2. When the k\h bits of the subvectors b i and bg, namely bi[A:] 

and b2[A;], have the same value, di[A;] in the numerator of (6.11) is sufficient for the detection of both 

b i and bg, since d2[A;] = y / N / 2 (bi — bg) = 0 conveys no information. By contrast, in the presence 

of channel-impairments bi[A:] = b z M is indicated on a probablistic basis by dg M % 0 according to 

(6.10). On the other hand, when we have bi[A:] = -b2[A:], di[A] = -S/N/2 (bi + b2) becomes zero and 

d2[A;] = \ / N / 2 (bi - b2) is required for the correct detection of both bits. 

Let us now consider three types of SPD detection schemes, which we referred to as the Type I, Type 

II, and Type III SPD schemes. They differ in their philosophy of using the despread symbol vectors d i 

of (6.9) and d2 of (6.10), when generating the decision variables b i and 62 for the original message 

vectors of b i and b2. The noise-contaminated PDFs of d i and dg are plotted in Figure 6.3, which will 

be consulted throughout our further discourse. 

Type I : The decision variables bi[A:] and 62[A] are identical to those of the conventional despreading 

detectors, but due to processing two A^/2-dimensional vectors instead of an iV-dimensional vector 

the detector requires a reduced number of multiplications and additions, as it will be shown in 

Section 6.4.1. Upon neglecting the scaling factor of L/Y/N in (6.11) and (6.12) the associated 

decision variables are expressed as: 

bi[A] = di[A;] -f d g ^ (6.13) 

b2[fc] = di[fc] - d2[A:], (6.14) 

where di[A;] and d2[A;] are now contaminated by the channel effects and hence they obey the noisy 

PDFs seen in Figure 6.3. 

Type I I : If the detector's confidence in bi[A;] = 62[A] is high, since we have |di[A:]| > Vr in Fig-

ure 6.3(a), then according to (6.9) we can confidently assume that bi[A:] = 62[A]. By contrast, 

if the probability of bi[A:] = 62[fc] is low, since a low |di[A:]| value is encountered, which is 

indicative of bi[A:] = —62[6], then we make the apposite decision for bi[A;] and 62[A], namely 
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Figure 6.3; PDF of the detection variables di[^] and in the AWGN channel and the first as well as 

second stage decision region, when the SPD based detection is employed, (a) PDF of the noise contam-

inated component di[A:] during the first detection stage, (b) PDF of the noise contaminted component 

d2[A:] during the second detection stage when bi[A;] = — bgM-

bi[A] = —62[A]. This detector has the lowest complexity among the three SPD schemes, as it will 

be shown in Section 6.4.4. The decision variables can be summarised as: 

61 [A] = 62[A;] = di[A], when |di[A;]| > VT , 

bi[A] = -62[A] = d2[k], otherwise. 

(6.15) 

(6.16) 

Type III : When d i [k] % 0, i.e. |di [/c] | < Vt in Figure 6.3(a), the Type III detector uses Type I decision 

variables of (6.13) and (6.14). Otherwise, it invokes the Type II detector and hence detects bi[/c] 

and 62M based on only di[A:], requiring no further operations. Accordingly, the decision rule can 

be summarised as: 

bi[A;] = 62[A] = di[A:], when |di[Aj 

b i M = di[A:] + d2[k], 62M = di [ 

> VT , 

:] - d2 [A], otherwise. 

(6.17) 

(6.18) 

These three types of detectors will be compared in the following sections in terms of their BER perfor-

mances and their complexities. Although we proposed the above three types of SPD detectors based 

on the first order decomposition of the Walsh-Hadamard matrix, a recursive application of these SPD 

schemes using a higher order decomposition is feasible. In fact, the recursive implementation of Type I 

despreading detector is known as Fast Walsh-Hadamard Transform [155]. We will observe in Section 6.4 

and 6.5 that Type II and Type III detectors require a lower number of operations than Type I detector. 



6.4 AWGN Channel 165 

6.4 AWGN Channel 

When communicating over the AWGN channel we can not expect any diversity gain and there is not 

much benefit in employing spreading system. However, the BER analysis of the proposed successive 

partial despreading schemes in the AWGN channel is a good starting point for comparing them with the 

conventional scheme. 

In the AWGN channel, the decomposed received vectors, si and §2 of Figure 6.2, can be expressed 

as: 

51 = \ / S Si + n i (6.19) 

52 = \ / l ' s 2 + n2, (6.20) 

where E is the energy per received bit, Si and sg are given in (6.5) and (6.6), and ni[k], 2 = 1 , 2 and k = 

1, • • • , N/2 represents the independently and identically distributed (iid) zero-mean Gaussian distribu-

tion having a variance of = No/2. As for the single-carrier DS-CDMA systems, we assume that the 

PN-based scrambling was removed already, leaving Walsh spreading imposed on the original message 

bits. As for MC-CDMA, some receiver preprocessing was assumed, such as employing an N compo-

nent FFT for recovering the frequency domain symbols from the received time domain symbols. Upon 

applying the N/2 x iV/2-dimensional despreading matrix, Wyv/2, to §1 and §2 as expressed in (6.7) and 

(6.8), we get the the detection variables d i and 62 formulated as: 

(ii = (6.21) 

d2 == - ^T/{Arj31)2 4- %2 , (6 :22) 

where each noise component r]i[k], i = 1, 2 and k = 1, • • • , N/2 is also iid (owing to the orthogonality 

between the rows of the Walsh-Hadamard matrix) and has a zero mean Gaussian distribution with a'̂  = 

{N/2) {No/2), since r]i[k] is a sum of N/2 number of Gaussian random variables ni[j], j = 1, • • • ,N/2 

having a variance of No/2. Having obtained the detection variables d i and d2 in the AWGN channel, let 

us now investigate the BER performance of the three types of SPD detectors described in Section 6.3. 

6.4.1 Type I Detector 

As seen in (6.13) and (6.14), in the context of the Type I detector the decision variables become: 

b i = d i -I- d2 = VNE b i -f- 771 -f 772 (6.23) 

62 = d i - d2 = V N E h2 + rji — r)2 • (6.24) 

The energy per bit becomes N times E after the despreading process, however the noise variance also 

becomes N times No/2. Hence, the bit energy per noise power ratio, 7 , does not change. The BER is 

the same as for the conventional despreading detector or the ideal BPSK detector, which is given by: 

f ) , ! = . (6.25) 
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The number of multiplications required by the Type I detector is given by: 

(6.26) _ 
~ ~Y 

while the number of additions required is given by: 

NI(+) - ( y -1 ) f + ( f - 1 ) y + ^ 

(6.27) 

6.4.2 Type II Detector 

Type II detector has the lowest complexity among the three SPD detectors. It uses di[A;] to make the 

first stage decision. If the decision is of low confidence, the detector assumes that bi[A:] = - b g M 

and uses 62[A] to decide the specific value of the original bits. The PDF of di[A:] defined in (6.21) is 

illustrated in Figure 6.3(a), when communicating over AWGN channels. The figure shows three decision 

regions for the first stage, namely region '-1', the low-confidence region denoted by '0' and region '+1 ' . 

The conditional PDF of defined in (6.22) when bi[fe] = — is also depicted in Figure 6.3(b), 

where only two decision regions are present, namely those associated with d2[k] = —VNE and d2[A;] = 

\ / N E . The decision threshold level Vr associated with the first stage detection should lie between 0 and 

V N E , where V W E is the mean of the distribution of di[A:] conditioned on bi[A:] = b g ^ . If it is too 

close to zero, the low-confidence region denoted by '0' becomes small and the detector has a problem in 

confidently detecting the case of b i [A] = —h2[k]. By contrast, if the detection threshold Vt approaches 

VNE, the detection region associated with di[A;] = ±1, i.e. with bi[A;] = h2[k] is reduced to a half, 

which will lead to a poor bit error rate performance. Hence, it is expected that there exists an optimum 

threshold level VT for a given signal power. 

Firstly, we assume that bi[A:] was different from h2[k], namely that we had bi[A;] = —h2[k]. In this 

case, the random variable di[A;] defined in (6.21) results in di[A:] = rii[k], having a zero mean Gaussian 

PDF, as shown in the middle of Figure 6.3(a). In this scenario, provided that di[A:] falls in region '-1' or 

'4-1' of Figure 6.3(a) and hence it is outside the region '0', the Type II detector will make a decision of 

either bi[A:] = 62[A] = —1 or +1, respectively, resulting in a decision error concerning the transmission 

of one of the two bits. Let us define PE{A\B) as the conditional BEP associated with this scenario, 

where the detection variable di[A:] falls in the region 'A', although it was expected to fall in the region 

'B' of Figure 6.3(a), where 'A' and 'B' belong to one of '+1 ' , '0' and Let us also define (B) as the 

conditional BEP, when d i [A:] is expected to fall in the region 'B' of Figure 6.3(a). For example, f ^ ( + l | 0 ) 

denotes the conditional BEP of the Type II detector associated with the scenario, where di[A;] falls in the 

region '4-1' owing to a high positive value of the noise, namely when di[A:] = 'qi[k] > VT, and when 

we had bi[A:] = —h2[k], corresponding to di[A:] = 0 in a noiseless environment. More explicitly, the 

probability of error in the specific scenario of encountering a di[A;] value in the '+! ' region conditioned 
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on encountering di[A] = 0 in the noiseless scenario is denoted by P e ( + l | 0 ) , which can be formulated 

as: 

f ^ ( + l | 0 ) = P r ( d i M > = - b z M ) . 1 (6.28) 

== Q ^ . (6.29) 

Similarly, the conditional BEP of f ^ ( - l | 0 ) in the same scenario, except for the difference that di[A] falls 

in the region '-1' instead of '+1', namely when we have di[fc] = r]I[k] < —VT, assumes the same value 

as Pe(+l |0) given in (6.29). Hence, the combined BEP corresponding to the scenario that di[A;] falls 

outside of the region '0', namely when |di[A]| > VT, which is denoted by Pe(±l |0) can be formulated 

as: 

f e ( ± l | 0 ) - f e ( + l | 0 ) + P e ( - l | 0 ) (6.30) 

(6.32) 

where the variance of di[fe], and hence also that of the noise component % [A] is cr̂  = {N/2){NO/2), 

as we argued in Section 6.4 on page 165 . On the other hand, when d i [k] = rji[k] falls in region '0' as 

expected, namely when we have — V T < d i [ k ] = rii[k] < + V t owing to a moderate value of the noise, 

the Type II detector involves the second stage detection variable dg [A] in order to arrive at the estimated 

bits b i and bg. Since we are considering the scenario of bi[A:] = —h2[k], the detection variable dg /̂c] 

defined in (6.22) becomes: 

d s M = (6.33) 

and its PDF is depicted in Figure 6.3(b). When d2[A] falls in the region namely when dĝ A:] < 0, 

assuming furthermore that b i = 1 and hence bg = —1 are transmitted, then the Type II detector will 

result in an erroneous decision concerning both transmitted bits. In the opposite scenario, namely when 

d z M falls in the region the Type II detector will incur no bit errors, provided that b i = 1 and 

hence bg = — 1 were transmitted. The associated BEP denoted as Pe(0|0), in the scenario when di[A;] 

of (6.21) falls in the region '0', conditioned on the fact that indeed it was expected to fall in the region 

'0', since bi[A:] = —h2[k] was transmitted, can be formulated as: 

P,(0|0) = P r ( | d i M | < ^ I b i M = - b z M ) . 

Pr({d2[A:] < 0 | bi[A] = - b g M = +1} or {dgfA;] > 0 | bi[A:] = - b g M = - 1 } ) (6.34) 

(6.36) 
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where the variance cr̂  of di[A;] and d2[k], and hence that of the noise components r}i[k] and is 

A 2 _ {N/2){No/2), as we argued in Section 6.4 on page 165 . Hence, the bit error probability Pe(0) 

associated with the case of bi[A;] = — bg[A], namely when di[fc] = 0 is expected, can be formulated, 

with the aid of (6.32) and (6.36), as: 

fe (0) = f^(:Ll |0) + fe(0 |0) (6.37) 

= Q(2^7; ) + {1 - 2Q(2^^;)}Q(2y3F) , (6.38) 

where 7 is the bit energy to noise power ratio, defined as 7 = E/Ng and v is the threshold level 

normalised to ^/NE, defined HY v = VT/VNE . 

Let us now assume that the original transmitted bits satisfy bi[A:] = bg [A;]. In this scenario the 

detection variable di[A;] defined in (6.21) can be expressed as: 

d i M = \ / ] ^ b i + , 7 i . (6.39) 

Specifically, when the bits we have are bi[A:] = b2[A;] = — 1 and di[A;] of (6.39) falls in region '+1' of 

Figure 6.3(a), provided that d i [k] is expected to fall in region it will lead to bit errors for both b i [k] 

and bgM with a certainty. The associated BEP P e ( + l | — 1) can be expressed as: 

P e ( + l | - 1) = Pr(bi[A;] = - 1 | bi[A;] = H2[K]) • Pr(di[A] > VR | bif/s] = bgM = - 1 ) (6.40) 

Q 1 (641) 
A 

Likewise, when the bits encountered are bi[A;] = bgM = + 1 and di[A;] of (6.39) falls in region '-1' of 

Figure 6.3(a), provided that di[A:] is expected to fall in region '+1', again both bits will be in error. The 

conditional BEP associated with this scenario, which is denoted by —1| + 1) has the same value as 

P e ( + l | — 1), as given in (6.41). Hence, the combined BEP denoted by P e ( T l | ± 1), associated with 

the scenario where d i [k] falls in the opposite region with respect to the expected region, when we have 

bi[A:] = bg^A], can be expressed as: 

Pe (T l | 1) = P e ( + l | — 1) + Pe( —1| + 1) (6.42) 

= Q . ,6.43) 

By contrast, when di[A:] of (6.39) falls in region '0' of Figure 6.3(a), namely when we have |di[fc]| < Vr, 

the Type II detector will incorrectly assume that bi[A;] = —b2[A;] was transmitted and will use the second 

stage detection variable d2[k] defined in (6.22) in order to carry out a decision. However, regardless of 

the decision made in the second stage, the incorrect assumption of bi[A;] = —bgM made by the Type 

II SPD detector will remit in a single bit error for the two transmitted bits, yielding a conditional BEP 

of 1/2, since we assumed that the same bits are transmitted. The BEP associated with the scenario that 
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bi[A:] = b2[A;] = + 1 are transmitted and that the first stage detection variable di[A;] of (6.39) falls in the 

region '0', which is denoted by f^ (0 | + 1), can be expressed as: 

Pe(0| + 1) = Pr(bi[A:] = +l|bi[A:] = b2[A:]) • Pr(|di[A:]| < Vr | bi[A] = bgM) • ^ (6.44) 

Likewise, the BEP associated with the scenario that bi[A;] = b g ^ = —1 are transmitted and that the 

first stage detection variable di[&] of (6.39) falls in the region '0', which is denoted by Pe(0| - 1), has 

the same value as f^ (0 | + 1) given in (6.46). Hence, the combined BEP associated with the scenario that 

the first stage detection variable di[A;] of (6.39) falls in the region '0', when bi[A;] = H2[K] = ± 1 , which 

is denoted by Pe(0| ± 1), can be formulated as: 

fe (0 | ± 1) - fe(0 | + 1) + fg(0| - 1) (6.47) 

= (6.48, 

Therefore, with the aid of (6.43) and (6.48) the conditional BEP P e ( ± l ) for the case of bi[A;] = h2[k] = 

± 1 can be summarised as: 

JF̂ (=L1) ==.Pe(=Fl| ± 1) 4-JPe(0| 1) (6.451) 

_ Q ( " ^ + 4 + i { Q _ Q J (6.50) 

= i {Q ( 2 v ^ ( l - ")) + Q (2V7(1 + " ) ) } . (6.51) 

From (6.38) and (6.51), the total BEP Pg,// of the Type II detector may be expressed as: 

jPe/f == 4-jPe(j=l)} (6.52) 

= - Q(2V7U)1 Q ( 2 v ^ + ^ { Q ( 2 ^ ( l - ;;)) + Q(2V7(1 + ^))} 

^ [Q ( 2 ^ ( 1 - u)) + Q ( 2 ^ ( 1 + %;))] + Q (2V7 ^ - Q ( 2 V T 0 + ^ Q ( 2 / y ) 

(6.53) 

The bit error probability P g j i of (6.53) is illustrated in Figure 6.4(a) as a function of both the normalised 

threshold v and the SNR 7. It can be observed that the threshold levels play an important role in deter-

mining the bit error rate. When v is zero, the region '0' in Figure 6.3(a) vanishes. In this case, we see in 

(6.53) that P e j i becomes 1/4 + l / 2 Q ( 2 y 7 ) % 1/4 for 7 OdB. When v approaches 00, the region 

' + r and '-1' in Figure 6.3(a) vanishes and P ^ j i becomes 1/4 + l / 2 Q ( 2 y 7 ) , which is the same as for 

the case of w = 0. 
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Figure 6.4: BER characteristics of the Type II detector: (a) BER Pg,// of the Type II detector versus the 

normalised threshold level v, for several values of SNR 7 = E/No in terms of dB. It can be observed 

that there exist optimum threshold levels for given E/No values, (b) the optimum normalised threshold 

levels, Vopt, versus E/No- ^opt asymptotically approaches 1/2 as E/No becomes large. 

The optimal threshold can be obtained by finding Vopt such that (dPe/dv) 1 ,̂=^^^*= 0. Using the 

following relation regarding a derivative of the Q-function [94]: 

we can derive dP f , j i / dv , which can be expressed as: 

(6.54) 

e j l V 7 ,-2'Y(l-ii)^ ,-2'Y(l+t;)^ _ { 2 - 4 Q ( 2 V i O } e - : ^ ' ' ' (6.55) 

Upon equating this expression to zero, the optimum threshold Vopt can be expressed as: 

"̂ opt ~ "t" v^l + , (6.56) 

where yu = {1 — 2Q(2y^)}e^'^. The optimum normalised threshold level, VOPT, as a function of 7 = 

Eh/No is illustrated in Figure 6.4(b), which asymptotically approaches 1/2, as 7 grows. When Vgpt — 

1/2, P g j i of (6.53) can be simplified to: 

f e , ; ; (V?) + ( 2 v ^ + ( 3 ^ ? ) - Q ( V ? ) Q (2^10 - (6.57) 

Having analysed the achievable BEP, let us now examine the complexity of the Type IISPD detector. 

The probability Pii{0) that d i falls in the region '0' of Figure 6.3(a), is useful for calculating the number 
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of operations required by the Type II detector, since this quantifies the probability that the Type II detector 

has to calculate the second stage detection variable additionally. The probability Pji(O) can be 

formulated as: 

f r X O ) = P r ( | d i | < l / ^ ) (6.58) 

= Pr (b i = b2 = +1) • P r ( | d i | < Vy | b i = b2 = +1) 

+ P r (b i = bg = —1) • P r ( | d i | < Vy | b i = bg = - 1 ) 

+ P r (b i = - b g ) • P r ( | d i | < F t | b i = —bg) (6.59) 

i f / V NE — Vt\ / V NE + VT 

+ 4 ^ 

4- j l - 2(3 j (6.60) 

^{1 - 2 Q ( 2 / y u ) + Q(2 ; /y ( l - u)) - Q ( 2 v 9 ( l + ^))} - (6 61) 

Then, the required number of multiplications, A^//(x), can be expressed as: 

- ^ / / (x ) = + f i r l • -P//(0), (6.62) 

where the first term indicates the number of multiplications involved in calculating d i expressed in (6.7), 

while the second term quantifies the number of multiplications involved in determining dg, weighted by 

the probability that dg is required. Upon substituting (6.61) in (6.62), we have: 

AT/Xx) = {3 - 2 Q ( 2 ^ u ) + Q ( 2 ^ ( l - ?;)) - Q ( 2 ^ ( l + ?;))} . (6.63) 
O 

On the other hand, the number of operations required for deriving d i according to (6.7), {N/2) {N/2-1) 

number of additions are necessitated. Hence, following the approach adopted for calculating iV//(x) 

above, the number of additions A^//(+) required by the Type II detector can be expressed as: 

= {3 - 2Q(2^^;) + Q ( 2 / y ( l - ^)) - Q ( 2 / y ( l + ; ; ) ) } . (6.64) 

6.4.3 Type III Detector 

In the context of the Type III SPD detector we have to calculate the probability of d i falling in the region 

'0' in Figure 6.3(a), during the first detection stage. Figure 6.3(a) shows the PDF of di[A;], where again, 

the first stage detector has three decision regions denoted by '0' and '+1 ' . Firstly, let us assume 

that bi[A;] = — bg[A] are transmitted. Then, according to (6.21) di[A;] becomes di[A] = rii[k], which 
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falls in the region '0', provided that the noise contribution obeys |7?i[A;]| < VT- This probability can be 

expressed as; 

Pr(|%M| < = 1 - 2Q . (6.65) 

As described in Section 6.3, when di[A:] falls in the region '0' of Figure 6.3(a), the Type III detector uses 

the Type I detection variables of (6.23) and (6.24), which are repeated here for convenience: 

b i = d i + d2 = V N E b i + % + % (6.66) 

b2 = d i - d2 = vNE b2 + ??i - 772 • (6.67) 

When bi[A;] = - 1 , bi[A:] of (6.66) becomes bi[A;] = —y/NE + rji + which results in a bit error, 

if rji + r}2 > VNE, indicating that the total noise contribution is higher than the signal contribution. 

The probability of this bit error denoted by Pe(0|0), following the definition given in Section 6.4.2 on 

page 166, corresponds to the scenario, where d i [fc] falls in the region '0 ' , when it was expected to fall in 

the region '0', can be expressed as; 

f^(0|0) = P r ( | % M | < I b i M = - b z M = - 1 ) . 

P r ( b i M > 0 I b i M = - b z M = - 1 , < l ^ ) (6.68) 

= Pr(|77i[A;]| < VT | hi[k] = = - 1 ) • 

Pr(77i[A;] + > VNE | bi[A:] = —b2[A;] = —1, |?7i[A;]| < VT) (6.69) 

= Pr(77i[A;] + > VNE, \r)i[k]\ < Vr I bi[A;] = - b g M = - 1 ) (6.70) 

In order to calculate Pe(010) in (6.70), we need the joint PDF of 771 and-(72, denoted a s , ^ 2 - Considering 

that rji and % are independent and identical Gaussian random variables, frii,n2 can be expressed as; 

where cr̂  = {N/2){No/2) . The integration region associated with the bit error probability of (6.70) is 

depicted in Figure 6.5(a). Referring to (6.71) and to Figure 6.5(a), we can express the bit error probability 

as: 

f g ( o | o ) == P r ( 7 7 i M + I b i M = - b z M = - i ) (6 .72) 

(6.73) 

(6.74) 
-Vr T̂Tcr̂  

^ (6.75) 
- \/2ff(T ^ 

1 

e - ' ' / 2 Q ( 2 ^ - , y X , 7 , (6.76) 
V^TT 
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Figure 6.5: Integration regions for the conditional bit error probabilities associated with the Type III 

detector; (a) region 1 is for P(% + % > VNE, |tji| < Vr) and (b) region 2 is for P(% + % > 

Y/NE, \/NE — VT < < VNE + VJ<)-

where, again, 'y = E/NG, and v = VT/VNE . On the other hand, the conditional BEP, when di [k] falls 

in the region '0' of Figure 6.3(a) and bi[A:] < 0, although bi[A;] = — b2 [A] = +1, has the same value as 

Pe(0|0) given in (6.76). 

Considering the probability that di[A;] falls in the regions of ' ±1 ' in Figure 6.3(a) despite bi[/c] = 

—h2[k], which was given in (6.32), the bit error probability for the case of bi[A;] = —b2[/s], namely 

when di[A:] is expected to fall in the region '0', can be expressed as: 

fe (o) — Q(2v9^ ) + / 2 Q ( 2 / 7 - ? 7 ) d % , (6.77) 

where the first term is the conditional BEP, when di[A:] falls in the region of '+1' or while the second 

term is the conditional BEP, when di[fc] falls in the region '0'. 

By contrast, when bi[A:] = h^lk] = —1 or +1, bit errors occur (a) when the first stage detection 

variable di[A:] falls in the region '+1' or '-1' of Figure 6.3(a), or (b) when it falls in the region '0' and the 

second stage detection variable falls in the region of '+1' or The probability of case (a), denoted by 

P e ( f 1| ± 1), was already given in (6.43) as; 

= Q ( 2 \ / 7 ( l + u ) ) , 

(6.78) 

(6.79) 
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where again 7 is the SNR per bit and v is the normalised threshold defined as w = VT/VNE. 

Let us now consider case (b). The associated conditional BEP is denoted by Pe(0| ± 1), since this 

corresponds to the scenario, where di[^] falls in the region '0' of Figure 6.3(a), whendi[fc] is expected to 

fall in the region '+1' or depending on the value of bi[A:]. Specifically, when bi[A:] = = - 1 , 

according to (6.21) the first stage detection variable becomes di[A:] = —\/NE + r]i[k], which falls in 

the region '0' associated with |di[A;]| < Vr, if {VNE - Vt) < rii[k] < {-s/NE + ^ ) . In this case a bit 

error occurs, when hi[k] = —VNE + rji[k] is positive. Hence, this probability can be expressed as: 

Pe(0| — 1) = Pr(|di[A;]| < VT | bi[A:] = h2[K] = —1) • 

Pr(bi[fc] > 0 I bi[A;] = 62[A] = —1, |di[A:]| < VT) (6.80) 

= Pr(|di[A;]| < VT, 6%[A] > 0 | bi[A;] = h2[k] = —1) (6.81) 

= Pr( | — VNE + r]i[k]\ < VT, - VNE + r]i[k] + > 0) (6.82) 

= + % [ & ] > (6.83) 

On the other hand, the conditional BEP Pe(0| + 1) of the Type III detector associated with the scenario, 

where the first stage detection variable di[A;] = +VNE + rji[k] falls in the region '0' of Figure 6.3(a), 

provided that di[A;] is expected to fall in the region '+1', since bi[A;] = b2[A] = + 1 was transmitted, can 

be formulated following the same approach as for Pe(0| - 1) in (6.80), which results in the same value, 

as Pe(0| + 1) of (6.83). Hence, the combined BEP Pg(0| ± 1) can be expressed as; 

Pe(0| ± 1) = Pr(bi[A;] = bgM = - 1 | bi[A;] = 62[A]) • Pe(0| - 1) 

+ P r ( b i M - b z M = + 1 I b i M = b2[A:]) - fe(Ot + 1) (6.84) 

= ^ Pg(0| - 1) + 1 Pg(0| + 1) (6.85) 

= P r ( V ] ^ - < v ^ + m W + 772M > . (6.86) 

In order to calculate Pe(0| ± 1) of (6.86), we need the joint PDF of rji and which is given in (6.71). 

The integration region, where the bracketed conditions of (6.86) are satisfied, is depicted in Figure 6.5(b). 

Referring to (6.71) and to Figure 6.5(b), Pe(0| ± 1) can be expressed as: 

Pe(0| i t 1) = P r ( — V N E + rii[k] + % W > 0, VNE — VT < r)i[k] < V N E + VT} 

= ^ / e - ' ' Q(2Y^ - f?) (̂ 77. (6.87) 
V27r J2Y/J{I-V) 

With the aid of (6.79) and (6.87), the BEP associated with bi[A:] = bg[A;] can be expressed as: 

P , ( ± l ) = Q ( 2 ^ ( l + u)) + ^ / e - " / " Q ( 2 ^ - 77)d77. (6.88) 
VZTT V2\/:y(l-u) 

Finally, from (6.77) and (6.88), we can derive the total BEP Pg,/// of the Type III detector, which 
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Figure 6.6: The bit error probability P e j i i of the Type III detector. As the normalised threshold level 

V becomes higher, P e j n approaches the BER of the ideal BPSK, which is indistinguishable from the 

conventional BPSK scheme. However, this is achieved at the expense of an increasing computational 

costs. 

can be expressed as: 

^ {Q(2i/y'u) + Q(2\/:y(l +1,))} 

+ / e - ' ' / " Q ( 2 ^ - ,7)̂ 77 + / e - ' ' / " Q ( 2 / 7 - , (6.89) 
2Y27rV_2\/7i, 2v27ry2.y/^(i-i;) 

which depends on the normalised threshold level, v, as well as on the SNR 7. 

The bit error probability P e j i i of the Type III detector is depicted against the normalised threshold 

level V and the bit energy to noise power ratio 7 in Figure 6.6. In Figure 6.6(b) we can observe that the 

BER approaches the ideal BPSK BER curve, as v approaches unity. In fact, the BER curve associated 

with V = 1 was indistinguishable from the ideal BPSK BER curve. This implies that the Type III detec-

tor has the potential of reducing the required number of calculations without a noticeable performance 

degradation. 

Having analysed the BEP of the Type III detector communicating over an AWGN channel, let us 

now consider the complexity of the Type III detector. The first stage detection variable d i always has 

to be evaluated according to (6.7) in the Type III detector, requiring (7V/2)^ number of multiplications 

and {N/2){N/2 - 1) additions. Additionally, when di falls in the region '0' of Figure 6.3(a) with the 

probability of P///(0), 62 has to be evaluated according to (6.8), and then bi and 62 have to be evaluated 

according to (6.66) and (6.67), respectively. The former evaluation for dg requires the same number of 



6.4 AWGN Channel 176 

10" 

10" 

ggio" 
pq 

10" 

1 0 " " 

10 

Type II, t̂ opt 

r % V = 0.6 1 

V = 0.8 \ ; 
\ V = 0.5 

: 1/ V Y : 
\ \ : 

r 

: Type I % \ \ : - H - Type II 
- ©••• Type III / \ 

Type I and 
Type HI, ^\\ \ : 

, 1 , 1 , 
V = 1.0 

1 , 1 , ,V\, \ , \ • 
2 4 6 8 10 ^ 14 W 

Figure 6.7; The bit error ratio versus 7 performance of SPD detectors. The BER performance of the 

Type I detector is the same as that of a conventional despreading detector or as that of an ideal BPSK 

detector. The Type II detector exhibits an approximately 3dB disadvantage in terms of the required 

SNR compared to the Type I detector. The BER curves of the Type III detector shows a wide range of 

variations, depending on the normalised threshold value, v. The markers represent the corresponding 

simulation results. 

computations as for d i . On the other hand, the latter evaluation for b i and 62 requires N number of 

additions. It is worth noting that the probability, PniiO), of having a di[A:] value in the region '0' of 

Figure 6.3(a) at the first stage detector is the same as Pii{0) given in (6.61). Hence, the expression of 

the required number of multiplications, N m i x ) , is the same as N i i { x ) given in (6.63) for the Type II 

detector. The required number of additions, iV/j /(+) , becomes slightly different, which can be expressed 

as: 

TV /JV 

2 ' (^2 ' 

- 2) 
+ 

i j + Pin{0) 

Ar(Ar + 2) 

N 

Y 

N 

J 
1 > + Piii{0) • N (6.90) 

{1 - 2 Q ( 2 ^ u ) + Q ( 2 \ / 7 ( l - i;)) - Q(2./Y(l + u))} , 

(6.91) 

where the first and the second terms of (6.90) corresponds to the number of additions required for eval-

uating d i and 6.2, respectively, and the last term of (6.90) is that for evaluating b i and 62, as mentioned 

before. 
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Figure 6.8; Relative complexity of SPD detectors to the conventional despreading detector: (a) com-

plexity versus E/Nq for a spreading factor of iV = 16 (b) complexity versus spreading factor for 

E/Nq = IQdB. 

6.4.4 Summary and Discussions 

In this section, we analysed the bit error rate of the three different types of SPD detectors in the AWGN 

channel. The corresponding bit error rate curves are depicted in Figure 6.7. The BER of the Type I 

detector, as given in (6.25), is identical to that of ideal BPSK. Figure 6.7 shows that the Type II detector 

has an approximately 3dB SNR disadvantage compared to ideal BPSK and to conventional despreading 

based detection, while attaining the same bit error rate performance. The optimum threshold level of 

(6.56) was assumed for the Type II detector. The BER of the Type III detector varies depending on 

the threshold levels employed. We can observe that the Type III BER was close to that of the Type II 

detector, when the normalised threshold level v was set to 0.6 for the Type III detector. Alv = 0.8 the 

BER of the Type III detector approached the ideal BER within about 0.2 dB E'/A^o difference. The BER 

of the Type III scheme was indistinguishable from the ideal BER when v = 1.0 was used. 

Figure 6.8 illustrates the implementational complexity of the three types of SPD detectors in terms 

of the achievable complexity normalised to the conventional full-despreading based detector. The re-

quired number of multiplications and additions is N'^ and — N, respectively, for the conventional full 

despreading based detector, where N is the spreading factor. The implementational complexity of the 

Type I, Type II and Type III detectors was given in (6.26), (6.27), (6.63), (6.64) and (6.91). Figure 6.8(a) 

shows the achievable complexity relative to that of the conventional full despreading detector, which are 

and A''m(+)/(A^(A'" - 1)), where M = I, II and III for the spreading factor of N = 16. 
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We can observe in Figure 6.8(a) that the Type I detectors reduce the number of operations required by 

about a factor two, compared to the conventional detectors. The Type II SPD detectors require 35% of 

the additions and 37.5% of the multiplications necessary for the conventional full despreading detector. 

The complexity of the Type III detector falls between those of the Type I and the Type II detectors. As 

the threshold becomes higher, the complexity of the Type III detector increases. As 7 becomes higher, 

Nni{^)approaches 3/8 for v < 1, 7/16 for u = 1 and 1/2 fo r w > 1. Figure 6.8(b) shows 

the reduction of the required number additions for the three types of S P D detectors as a function of the 

spreading factor N at E/Nq = lOdB . As the spreading factor N increases, the reduction of the required 

number of additions for the Type I and the Type II detectors approach 1/2 and 3/8, respectively. The 

multiplication reduction factors of the three detectors do not vary, as N changes. 

6.5 Effects of Impulse Noise or Narrow Band Jamming 

As mentioned in Section 6.2, when the received signal is impaired by impulse noise [158, 159] in the 

time domain or by a narrow-band interferer / tone-jamming [160] in the frequency domain, some of the 

time-domain chips or some of the subcarriers in the frequency domain may be corrupted completely and 

hence the obliteration of the corrupted symbols may result in a better performance. In this section, we 

assume that /th time domain chip or frequency domain subcarrier is completely lost and the index I is 

known to the receiver. We refer to this lost chip or subcarrier signal as the lost Walsh transform-domain 

symbol. 

6.5.1 Conventional BPSK System without Spreading 

Since there is no spreading involved, for example as in conventional OFDM, the obliteration of the Zth 

symbol results in a bit error with the probability of 1/2 in conjunction with conventional BPSK schemes. 

Hence, the average BEP Pe,BPSK of conventional BPSK schemes can be expressed as: 

1 1 AT — 1 ,— 

where the corresponding BER floor is given by l/(2iV), since one of the N bits has a 50% BER. The 

associated bit error rates for the spreading factors of TV = 8, 16, 32 are depicted in Figure 6.9 . 

6.5.2 Conventional Despreading Scheme 

When strong single-tone jamming is present in a multi-carrier system, the received subcarrier having 

the same frequency as the tone jammer or the frequency near the jamming tone exhibits a high power 

owing to the jamming signal, which results in unreliable detection of the symbol conveyed by the sub-

carrier [161]. In a WHT/OFDM system, this corrupted high magnitude symbol reduces the reliability of 

detecting the original bit, since the Signal to Interference 4- Noise Ratio (SINR) is given as: 
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Figure 6.9: The bit error rates of the conventional detectors for transmission over the AWGN channel, 

when one of N transform-domain symbols is obliterated. The non-spread BPSK scheme has a high 

irreducible BER of 0.5/A^, while the spread systems have far lower error floor at 1 /2^ . 

where N is the spreading factor, E is the signal power, J is the jamming power and a is the noise vari-

ance. While a high value of N reduces the adverse effect of jamming, the SINR may be unacceptably 

low, when the jamming power J is sufficiently high. In this case, we can improve the SINR by discard-

ing the jamming-contaminated symbol during the despreading process. Please note that this approach 

is equivalent to the frequency domain notch filtering technique proposed for example in [162] for sup-

pressing the tone-jamming signal. Then the frequency domain received vector, s = ^ J E / N Wjv b + n, 

should be modified to s' such that s'[l] = 0 indicating the loss of the Zth transform domain symbol. 

Alternatively, we can model the loss of the /th transform domain symbol by replacing Wjv with Wjy, 

such that its /th column is replaced by an iV x 1-dimensional zero vector. Then, the despread symbol 

vector d can be expressed as: 

d = W ^ s 

¥ 
Wjv Wivb- I -WAf i i N • 

This equation can be expressed for each vector component d[A;] as: 

¥ 

where the normalised noiseless signal component, a[k], may be expressed using (6.95) as: 

(6.94) 

(6.95) 

(6.96) 

N 

a M = ^ Wjv[A,z ]w^[z , t ]bH (6.97) 
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and the noise component, 7;[A], is given with the aid of (6.95) as: 

N 

V[k]= X ) n H , (6.98) 

where r][k] has a zero mean Gaussian distribution with a variance of (N - l)No/2, since it is a linear 

sum of iV — 1 Gaussian random variables having the variance of A^/2 . It is worth mentioning that the 

second term at the right hand side of (6.97) is the Multiple Code Interference (MCI) or Multiple User 

Interference (MUI), which is a consequence of the destroyed orthogonality between the codes owing to 

the loss of the /th transform-domain symbol. 

Let us determine the probability density function (PDF) of a[k], which was defined in (6.97). Assum-

ing that the information bits b[?] are independent binary random variables, a[k] becomes a binomially 

distributed random variable, since a[k] is the linear sum of b[«] [25, 163]. Given a fixed b[A:] value, there 

are TV — 1 independent b[i] values in the ]V-dimensional vector b. If w e choose n number of bits b[i] 

out of jV — 1 such that b[%] = Wjv[A;, /]WAr[/, i] yielding n number of '-i-l's and iV — 1 - n number of 

' -I 's in the summation of the second term in (6.97), then with the aid of (6.97) we have: 

a[k] = (N — l)b[A:] — {n — {N — 1 — n)} 

= ( A r - l ) ( b M 4 - l ) - 2 M , (6.99) 

which becomes either 2(A^ — 1 — n) or — 2n depending on the bit b[&] being + 1 or—1. The probability 

of choosing n b[i]'s out of AF — 1 is given as (1/2^"^) [163] and the probability of b[A;] being 

' + r or '-1' is 1 /2 . Considering that (•^~^) = [163], we can represent the PDF fc{ot) of a[k] 

for the conventional despreading scheme as: 

/ f a _ 1 \ 1 
/c(a) = Pr(b[i] = + 1 ) . J ] I „ 

n=0 ^ ' 

'N - l \ 1 
+ Pr(b[ i ] = - 1 ) . 5 2 ( „ j ^ilvny i ( « + 2n) (6.100) 

= gjy n / ^ ~ 2%) + 5{a + 2n) ] . (6.101) 

Figure 6.10 illustrates the PDF of the normalised noiseless signal component a for the spreading factor 

of TV = 8. We can observe that two binomial distributions are superimposed, meeting at zero. Since the 

expected value of a[k] in (6.97) is E[a[k]] = {N - 1) h[k], the two binomial PDFs in (6.10) are centred 

at ±(Ar - 1) = ±7. 

Having obtained the statistics of the signal component a[k] as well as those of the noise component 

ri[k], let us now consider the BEP of the conventional despreading scheme transmitting over AWGN 

channels, assuming that one transform domain symbol is lost due to a strong tone-jamming signal. When 

a[k] = —2n and b[A;] = — 1, the decision variable d[fc] given in (6.96) has the Gaussian distribution 
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Figure 6.10; The PDF j c (a) given in (6.101), of the normalised signal component a for the conventional 

despreading detector when transmitting over AWGN channels under the assumption that one transform-

domain is lost due to a strong tone-jamming signal. The spreading factor was N = 8, while the PDF is 

constituted by the superposition of two binomial distributions, as implied by (6.101). 

having the mean value of —-x/W/N2n and the variance of a'^ = {N — l){No/2). Hence, the bit error 

probability Pe,c[o = - 2 n ] can be formulated as: 

Pe,c[oi = - 2 n ] = P r ( a = -2n) • Pr(d[A:] > Q \ a — - 2 n ) 

1 

1 N 

Q 

Q 

A 

(6.102) 

(6.103) 

(6.104) 

The BEP corresponding to the scenario of b[A;] = + 1 can be evaluated in a similar way, yielding the 

same expression as in (6.104). The probability of b[A:] being + 1 and —1 is 1/2 and the BEP given in 

(6.104) can be used for representing the combined BEP for both scenarios. Referring to (6.101) and 

(6.104), we can obtain the average BEP Pefi of the conventional despreading detector, which can be 

expressed as 

1 

2^-

AT-l 

lE N - I 

n 
Q 2 m v ^ (6.105) 

, ^0 \ 

where 7 is the bit energy to noise power ratio, defined as 7 = E/NQ and N is the spreading factor. The 

BER floor imposed by the corruption of the /th transform domain symbol is given as lini/y_^oo Pe,c = 

1 / 2 ^ . Figure 6.9 compares the BEP Pe,c with that of the non-spreading detectors. 

In addition to characterising the detector's performance, we are interested in the required number 

of operations in the detection process as well. Assuming that the position of the lost transform-domain 
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symbol is known, the number of operations required is given by: 

.ATcfx) = CAT - l)jV (6.1061) 

AAc(-h) = (Tf - 2)J\\ (6.1010 

where Nc{x) is the number of multiplications required and Nc{+) is the number of additions required 

for the conventional despreading detector, since the N — 1 transform-domain symbols except for the Ith 

symbol, are involved in evaluating N number of decision variables d[A;] according to (6.94). 

6.5.3 SPD Detectors 

Let us now consider the performance of the various SPD detectors. The received transform-domain 

symbol vector, s, may be expressed in its decomposed form, given by; 

51 = -f- + n i (6.108) 

52 = N/2^2 + 112 • (6.109) 

Since the position of the corrupted transform-domain symbol, I, is assumed to be known, we can always 

identify the received sub-vector, which has not been affected by the corrupted transform-domain symbol, 

which will be used for the first stage detection. Without loss of generality, let us assume that I = 

N/2 + I', 0 < I' < N/2, i.e. the lower-half received sub-vector r2 contains the lost symbol at the I'th 

position. Then, after despreading the detection variables d i and dg become: 

(il =TvV;vy2Si (6.110) 

fW N 

(bi + bg) + % , (6.111) 

d2 =="#1^/282 (6.112) 
--1)2) + %2 , (6.113) 

where is the modified version of Wj\r/2, such that its I'th column was replaced by a N/2 x 1-

dimensional zero vector. Furthermore, rji in (6.111) is a zero mean Gaussian random variable vector. Its 

covariance matrix, Gov (771) , can be calculated as: 

Cov(%) = E{%77^} 

= E{Wjv/2 m n f 

= Wjv/2 E { n i n f } Wjv/2 

Wj\r/2 I T IiV/2 Wjv/2 

2 2 
° I / f / s . (6.114) 
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Hence, the noise samples rii[k] are iid and the associated noise variance is af = {N/2) {No/2), where 

No is the noise power associated with each n[«]. The noise contribution of the second detection variable 

% in (6.113) is also a zero mean Gaussian random variable vector. The associated covariance matrix 

Gov(7)2), can be evaluated as: 

Cov(%) = 

= E{WJYY2 N/2 } 

= E { n i n f } w ; , / / 

= (6-115) 

where the diagonal elements of ^ ' N / 2 ^ have the value of N/2 — 1 and the off diagonal elements 

are + 1 or —1 due to the all zero values in the I th column of Hence, the noise contributions 

are not independent. However, considering that (jf = {N/2 - 1) A^o/2 in the diagonal elements 

of Gov (772) grows linearly with N, we can conclude that the noise contributions become nearly 

independent for high spreading factors N. 

Having investigated the noise statistics, let us now concentrate on the desired signal component. The 

A;th element of the first stage detection variable, bi[A], may be rewritten as: 

d i W = [k] + 7)1 M , (6.116) 

where the normalised noiseless signal component ai[k] is defined as: 

N 
= y ( b l M + b2M) . (6.117) 

Since the first stage detection variable is assumed to be unaffected by the symbol loss, ax [k] becomes 

either ±iV or zero with an equal probability of 1 /2 . 

The modified despreading matrix of (6.113) can be written as = W^yg - L jv/2, where 

Ljv/2 is a # / 2 X jV/2-dimensional matrix having all zero elements except the /'th column, where the 

value is the same as that of the despreading matrix Wjvy2, namely Ljvy2[«, /'] = ^ N / 2 { h Hence, the 

second stage detection variable dg of (6.113) can be written as: 

d2 = (W7V/2 - '^N/2) • W;v/2(bi - b2) + R]2 (6.118) 

IE N [E 

^ (bi - b2) - Y ^ Ljv/2 Wjv/2 (bi — b2) + % (6.119) 

The Ath element of dg in (6.119) can be written as: 

d2[A;] = , (6.120) 
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where the normalised signal component 0:2[A] is defined as: 

% 
oi2[k] — — (bi[A] - bzM) - [k, /] Wjv/2[/, i](bi[i] — (6.121) 

i=i 

# \ 
— 1) ( b i M - b2[A]) - ^ Wjy/2 [A, f] W/^/2 [Z, %] (bi [z] — b2H) • (6.122) 

/ 1=1,i?;* 

Following a similar approach to that described in the previous section, we can derive the PDF of ag [A;] 

of (6.122), which is our next objective. For fixed bi[A:] and bg M values, we have TV - 2 independent 

random binary variables bi[i] and h2[i], where i ^ k. The probability of choosing n number of specific 

bi[?] values and/or h2[i] values out of N - 2, such that hi[i] = W;\r/2[A:, /] Wj\r/2and bg^z] = 

-Wjv/2[^) /] Wjv/2[/, i], is Then we have n number of ' + r s and TV - 2 - n number of 

' -I 's in the summation of the second term in the right hand side of (6.122), yielding: 

^ ( b i M - b2M) - {n - - 2 - 7i)} 

= — 1^ (bi [A:] — bg^^]) N — 2 — In . (6.123) 

Depending on the information bits transmitted, we have either Case 1; bi[fc] = b2[fc] or Case 2: bi[fc] = 

-h2[k] . For Case 1, a2[k] of (6.123) becomes {N — 2)(bi[/c] + 1) - 2n , which is either 2{N - 2- n) 

or -2n depending on bi[A;] being + 1 or - 1 , respectively. Considering that ('^~^) = (jv-2-n) ' can 

represent the PDF of a2[k], fsPD,i{a2), as: 

N-2 ^ J /AT 9 \ 1 
/ a fD , i ( a2 ) = Pr(bi[A] = +1) - ^ (^(0:2 - 2(Ar - 2 - n ) ) 

^N - 2 \ 1 
+ P r ( b i M = - l ) . g ( ^ ^ 

("•>«) 
n=0 ^ ^ 

1 ^ — 2 y -pr oN 
= ^ Z ( ^ - 271) + g(a2 + 271) } . (6.126) 

n=0 ^ ' 

Figure 6.11(a) shows an example of fsPD,1(012) for the spreading factor of N = 8, which is again 

constituted by the superposition of two binomial distributions centered at ±6 , because the expected 

value of a2[k] is given by the first term of (6.122), which is - l ) ( b i [fc] - b2[fc]) = 6 bi[fc]. 

For Case 2, namely when bi[A] = — b2[A;], a2[k] of (6.123) becomes N — 2 — 2n with the probability 
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Figure 6.11: The PDF of normalised signal component a i and a2 defined in (6.117) and (6.121), re-

spectively, of the SPD detector for transmission over the AWGN channel, when one transform-domain 

symbol is obliterated. The spreading factor was N = 8. Case 1 is for — bi[A;] = H2[K] and Case 2 is for 

hi[k] = bzM . 
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of (1 /2^ ^). Hence, we may express the PDF /aff),2(a2) of a2[A;] as: 

1 ^ - 2 

n=0 

Ar-2 

I im / / Y I \ 

fsPD,2{oi2) = 2#_2 ^ \ 5{a2 - {N — 2 - 2n)) (6.127) 

1 ^ /JV - 2 \ 
I j S { a 2 — 2n) (6.128) 2 ^ - 2 

n=0 

An example of fsPD,2(^2) is depicted in Figure 6.11(b) for the spreading factor of TV = 8. Since we now 

have all the necessary statistics of SPD detection variables, we can analyse the bit error rate performance 

of the three different types of SPD detectors. 

6.5.4 Type I Detector 

In the Type I SPD detector, according to (6.13) and (6.13) b i and b i are given the sum and the difference 

of d i and dg. Since d i and d2 are given in (6.116) and Eg. (6.120), the estimates of the original bits 

become: 

b i M = + 772M (6.129) 

b2M == - «2M) + . (6.130) 

Since 771 [k] and %[k] are independent zero-mean Gaussian random variables, the noise term rji [k] ± % [k] 

is also a zero-mean Gaussian random variable with a variance of {N/2){No/2) + (TV/2 — l)(iVo/2) = 

{N — l)(iVo/2). We can conclude that the noise statistics of the Type I decision variables are identical 

to those of the conventional full despreader characterised in (6.98). 

For the case of bi[A;] = —b2[A:], according to (6.117) ai[k] becomes zero, and hence according to 

(6.129) and (6.130) ^JE/Na2[k] becomes the mean of the Gaussian random variables b i and bg. The 

PDF of a2[k] for the case of bi[A] = — bgM was given in (6.126). 

On the other hand, when bi[A;] = h2[k], according to (6.117) ai[k] becomes A/"bi[A;] = ±N de-

pending on the value of bi[fe] and ai[k] becomes: 

Ar/2 

«2M = - g W^/2[A,Z]W;V/2[Z,2](biH-b2H), (6.131) 

while its PDF was given in (6.128). Then, the mean of b i [A] given in (6.129) becomes ^JE/N{a2 [A] ± 

N) depending on the actual value of bi[A:]. In this case, the PDF of the effective normalised signal 

component a defined by a = oti + 0=2[k], which becomes a = a2[k] ± N according to the above 

argument, can be derived by introducing the variable a2[k] = a — N with a probability of 1/2 and 

a2[k] = a + N with a probability of 1/2 in the expression of the PDF of a g M given in (6.127), 
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yielding: 

1 /N-2\ 1 1 
ysPD,2W = ^ z ( y, j { - ( ^ ( a + A ^ - ( N - 2 - 2 7 i ) ) + -

^ f N - 2 \ 
Z ^ j {g(a + 2(n 4-1)) + 6(a - 2(Ar - 1 - /t))} (6.132) 2 ^ - 1 
n=0 

1 /]V — 2\ 
— r,N-i X / ( ) + 2(n, + 1)) + 5{a — 2{n + 1))} , (6.133) 

n=0 \ / 

where we used the relationship of (^~^) = {jJ^2-n) replacing 5{a ~ 2{N - 1 — n)) of (6.132) with 

5{a — 2{n + 1)) of (6.133). An example of f s P D ^ i ^ ) is given in Figure 6.11(c) for the spreading factor 

o f N = 8. 

Since and h2[k] are independent, the overall PDF of the effective signal component of the Type 

ISPD detector can be expressed as the sum of the PDFs given in (6.126 and (6.133), yielding: 

+ g/sPD.Z' (6.134) 

^ j M a - 2 7 i ) + , ^ ( a + 2n)} 

1 //u" _ 2\ 
+ ^ j { ( ^ (a -2 (T^ + l ) ) + (^(a + 2 ( ^ + 1))} (6.135) 

1 / / V — 9 \ 
j { ( ^ ( a - 2 n ) + ( ^ ( o ; + 2n,)} 

;\r-i 1 /AT _ 9\ 

n=l ^ ' 

1 ^ /AT - 1 \ 
Z ^ „ J {5(q; — 2n) + J(ci! + 2n)} , (6.137) 
n=0 

where we used the relationship of [164]: 

We can observe that the PDF / j ( a ) given in (6.137) is identical to the PDF of a[k] of the conventional 

full despreader, which was given in (6.101). Hence we can conclude that the bit error rate performance 

of the Type I detector for transmission over the AWGN channel with one obliterated transform-domain 

symbol is identical to that of the conventional despreader, given in (6.105). Figure 6.12(a) shows the 

BER as a function of E/No-

Let us now consider the complexity of the Type I SPD detector. Since d i is calculated according to 
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(6.110), the number of operations required is given as: 

# TV 
^ d i ( x ) = y Y ^ j (6.139) 

f N \ N 
A^i (+ ) = f y - 1 j y . (6.140) 

On the other hand, 6.2 is calculated according to (6.112), exploiting the fact that the I'th transform-

domain symbol was obliterated and hence eliminating the unnecessary operations. Hece the number of 

operations required is given by: 

/N \ N 
(6.141) 

/N \ N 
-^d2(+) = y 2 ^ J y (6.142) 

Since the Type I SPD detector only requires additional additions, when evaluating b i and bg according 

to (6.13) and (6.14), respectively, the required number of multiplications Nj{x) is given as: 

^ f ( x ) = ^ d X x ) + Nd, (x ) 

= ^ ( 2 # 2 - 2 # ) 

== ((xl4k3) 

where Ncix) is the number of multiplications required for a conventional full-despreading detector 

given in (6.106). By contrast, the required number of additions iVj(+) involved in the evaluation of 

(6.13) and (6.14) is given as: 

==.Ardi(-^) H- ATdsf-H) 4- AT 

= _ 2Ar + 7/2 - 4Ar + 2 # ) + 

= 2 ' ^ c ( + ) + 2 ^ ' (6.144) 

where Nc{+) is the number of additions required for a conventional full-despreading detector given in 

(6.106). The achievable complexity reduction is shown in Figure 6.12(b) and will be discussed in more 

depth in Section 6.5.7 

6.5.5 Type II Detector 

In the type II SPD detector, only di[A;] is used at the first stage detection. Recall from Section 6.3 that 

when d i [k] falls in the region '0' of Figure 6.3, 62 [A] is used for the second stage detection assuming that 

bi[A:] = —h2[k], as described in Section 6.3 on page 163. Since we assumed that di[A;] is not affected by 

the obliterated transform-domain symbol, the BER analysis regarding di[k] given in Section 6.4.2 may 

be used here without any modifications. The analysis regarding d2[fc] may be modified considering the 
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Figure 6.12: The performance of various detection for transmission over the AWGN channel, when one 

of N transform-domain symbol is obliterated, (a) The non-spread BPSK scheme has a high irreducible 

BER of 0.5/N, while the spread systems have far lower error floor at 1/2^. The Type II SPD Detector 

shows a superior performance in the high SNR region compared to the conventional despreading method, 

(b) The complexity of various SPD detectors normalised to that of conventional despreading detector for 

the spreading factor of 7V = 16. The Type II SPD detector requires less than 40% of the computations of 

that for the conventional despreading 

PDF given in (6.126). Specifically, Pe(0|0) of (6.36) has to be modified, which is the bit error probability, 

when di[A;] falls in the region '0' of Figure 6.3(a), provided that bi[&] = —h2[k] and, hence has 

to be used for the final detection. The BEP _Pg(0|0) can be formulated as: 

f«(0|0) = Pr( |d iM| < ^ I b i M = - b z M ) 

= ( ^ ) } ' 
e,2 (6.145) 

(6.146) 

where PE,2 is the average BEP at the second stage detection based on D2[K] of (6.120) when bi[A:] = 

- b z M - The PDF of the normalised signal component ag of dgfA;] was given in (6.126) and a specific 

PDF example for the spreading factor of jV = 8 was illustrated in Figure 6.11(a). Since dgM is a 

Gaussian random variable having the mean of ^ / E ] N a2[k] and the variance of cr̂  = (]V/2 — 1) No/2, 
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as argued in Section 6.5.3, the BEP Pe,2 can be expressed using (6.126) as: 

P,.2 = V Pr (a = 2u).q( (6.147) 
n=0 I ""2 j 

2^-2 
n=0 

Since we now have the modified BEP term fg(0|0), which is given in (6.146) and (6.149), let us express 

the average BEP P g j i of the Type II detector, when one transform-domain symbol is obliterated. The 

BEP of the Type II detector was expressed in (6.52) as; 

^ {jPe(O) (6.15()) 

^ { f^ (± l | 0 ) + f^(0|0) + f e ( ± l ) } , (6.151) 

where Pe(±l |0) and Pe (± l ) were given in (6.32) and (6.51), respectively, in Section 6.4.2, while Pg(0|0) 

was calculated above and was given in (6.146), yielding: 

^ [Q (2^7(1 - ^)) + Q ( 2 / ^ ( 1 + ,;))] + Q ( 2 ^ -k 1 f),2 , (6.152) 

where Pe,2 was given in (6.149). The expression for the optimum normalised threshold Vopt given in 

(6.56) is still valid, when using the modified parameter JN = {1 - 2Pe,2}e^'^. The bit error probability 

P e j j of the Type IISPD detector exhibits the same BER floor at 1 /2^ , as the conventional full despread-

ing detector or the Type I SPD detector. Figure 6.13(a) depicts the bit error probability as functions of the 

normalised threshold levels employed for SNR values of 7 = OdB ^ 25dB and for the spreading factor 

of iV" = 16. By comparing Figure 6.4(a) and Figure 6.13(a), we can observe that as the lowest BERs 

approach the BER floor, the regions of the normalised threshold levels where their BERs are maintained 

become wide. Figure 6.13(b) shows the optimum threshold levels as a function of E/NQ for several 

values of the spreading factor N. For low spreading factors, the optimum normalised threshold levels 

turn out to be lower, than those for higher spreading factors. As the spreading factor is increased, the 

optimum normalised threshold curve approached that valid for the AWGN channel determined without 

any transform-domain symbol losses. 

Let us briefly characterise the computational cost of the Type II SPD detector. Considering that the 

detector requires dg for detection only when d i falls in the region '0' of Figure 6.3(a)), the number of 

multiplications and additions involved in the evaluation of (6.110) and (6.110) can be expressed with the 

aid of (6.139) to (6.142) as: 

7V;f(x) = 7Vdi()<) + jVd,(x)jFyr(O) = 4- , (6.153) 

jV;f(4.) = AT,, (4-) + == , (6.154-) 
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Figure 6.13: Characteristics of the Type II detector: (a) the BEP of the Type II detector, Pe,ii, against the 

normalised threshold level, v, for several E/No values. The spreading factor N is 16. (b) the optimum 

normalised threshold levels, Vopt, versus E/No for several values of N. Vopt asymptotically approaches 

1/2 AS E/NO becomes large. 

where Pn{0) is the probability that d i falls in the region '0', given in (6.61). Again, Figure 6.12(b) 

compares the computational costs involved with those of other detection schemes. 

6.5.6 T^pe III Detector 

Finally, let us analyse the bit error ratio performance of the Type III SPD detector for transmission over 

the AWGN channel, when one transform-domain symbol is totally corrupted. The detection method was 

introduced in Section 6.3 on page 164. When di[A:] of (6.116) falls in the region '0' of Figure 6.3(a), 

61 [A] and 62[A] of (6.129) and (6.130) are used for the detection of bi[A;] and bg M . Otherwise, the 

detection process is concluded at the first stage, determining both bits solely based on d i [&]. The per-

formance analysis given in Section 6.4.3 can be repeated here with some modifications considering the 

different PDF of 6.2 [A] due to the loss of one transform-domain symbol. 

Firstly, let us consider the case of bi[A:] = - b g M and hence di[^] of (6.116) is expected to fall 

in the region '0' of Figure 6.3(a) when the noise contribution is not excessive. However, when di[fe] 

of (6.116) falls in the region of '+1' or '-1' of Figure 6.3(a), the Type III SPD detector will assume 

bi[A:] — h2[k] and will detect one of the bits incorrectly. This error probability, denoted by Pe(±l |0) 

according to our convention introduced on page 166 of Section 6.4.2, was given in (6.32) and is repeated 
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Figure 6.14: Integration regions for conditional bit error probabilities for the Type III detector in the 

AWGN channel when one transform-domain symbol was obliterated, (a) Region I represents the area 

satisfying P(% + % > |^i| < VT) and (b) Region 2 represents that satisfying P(% + % > 

\JNE — VT < 7)I < VNE + VX). 

here for convenience; 

fg (± l | 0 ) = Q ( 2 ^ u ) . (6.155) 

It can be inferred from the PDFs seen in Figure 6.3 that a bit error also occurs when di[A:] falls in the 

region '0' and 

agn(bi[A]) ^ bi[A;] 

M 7̂  b i [ 

(6.156) 

(6.157) 

where sgn{x) = l i f z > 0, otherwise sgn{x) = —1 and a[k] is the normalised noiseless signal 

component defined as a[k] = ai[k] + a2[k], which becomes a2[k] when bi[A] = —h2[k], according 

to (6.117) and (6.122). For a given positive a[k], the BEP 0|0) can be formulated, following the 

argument given in Section 6.4.3, as: 

fg(a ,0 |0) = P r ( b i M > 0, IdiMI < I b i M = - b 2 M = - l ) . (6.158) 

Substituting bi[A:] of (6.129) into (6.158) and noting that di[A;] of (6.139) becomes di[A:] = r]i[k], we 

have: 

f^ (a ,0 |0 ) = Pr(-- \ /E/#a[A;] +771 [A] > 0, |77i[A;]| < 1/?.), (6.159) 
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which can be calculated with the aid of the joint PDF of (6.71) having the combined variance of 

cr̂  = (iV - 1) No 12 and with the aid of the integration region depicted in Figure 6.14(a), yielding: 

-Vr 27rcricr2 

VT 2 

-VT V^CTL 

1 ._,V2 „ ^ a r w 

Q DR,I 

Since the random variables a and rj in (6.160) have symmetric PDFs, the expression of Pe(0|0) given 

in (6.160) can be used for a negative a[k]. Using the PDF of a[k] given in (6.126), Pe{a, 0|0) can be 

averaged over «[&], yielding: 

j \ r - 2 

Pe(0|0) = ^ P r ( a = 2n) • Pe{a = 2n,0|0) (6.161) 
n=0 

1 /N-2\ 
= 2^ -9 Pejo;, 0|0) ^ ^ j5{a-2n) 

1 1 A _ M , , 
r] I ar]. 

y 7 V ( A r - 2 ) V A r - 2 

(6.162) 

From (6.155) and (6.162, we can obtain the total average BEP Pe(0) for the case of bi[A:] = -b2[A:], 

given as Fe(0) = Pe(±l |0) + f^ (0 |0 ) . 

When bi[A;] = h2[k], there can be two scenarios remiting incorrect detection, one at the first stage 

detector and another at the second stage combined detector. The bit error probability of the fist stage 

detector was given in (6.43) and remains the same, since the loss of one transform-domain symbol does 

not affect the first stage detection variable. For a further reference, we repeat the expression of (6.43) 

here; 

( f 1| ± 1) = Q (2^7(1 + u)) . (6.163) 

We obtain the BEP Pe(0| ± 1) at the second detection stage using similar approaches to those involved 

in Section 6.4.3. Assuming that bi[A;] = b2[A;] = - 1 is transmitted, according to the Type III detection 

strategy given in Section 6.3 a bit error occurs, when di[A:] = -y/NE + r]i[k] falls in the region '0' 

of Figure 6.3(a) and 6% [A] = S/E/NALK] + 771 [A:] + is positive. This error probability can be 

formulated as: 

Pe(0| ± 1) = Pr(| - + + %[A:] + > 0). (6.164) 

With the aid of the joint PDF of r]i[k] and 772 [A:] given in (6.71) and the corresponding integration region 
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depicted in Figure 6.14(b), the conditional BEP Peia, 0| ± 1) for a fixed value of a can be expressed as: 

P\/ NE-\-VT poo 1 

f ^ ( a , 0 | ± l ) = / / (6.165) 

1 

V ^ O " ! JVWE-VT 

where according to (6.114) and (6.115) AF = {N/2){NO/2) and cr̂  = ( # / 2 - l)(iVo/2). A change of 

variable according to rji = rjai in (6.166) yields: 

1 r2\/7(l+u) / |q,| I \ 
= e - ' , j d , . (6.167) 

Then we can arrive at the average BEP Pe(0| ± 1) by averaging Pe ia , 0| ± 1) of (6.167) using the PDF 

of a given in (6.133): 

N-2 

:t: 1) == ==;&%) . = 27i,0| j: 1) (6.1(58) 
n=0 

\/2;F2''-2 I n ' Q ( ^ V i V ( i V - 2) ViV-2''j 
(6.169) 

From (6.163) and (6.169), the total average BEP f ^ ( ± l ) for the case of bi[fe] = b2[fc] can be expressed 

as Pe(±l) = -Pe(Tl| ± 1) + -Pe(0| ± 1) • 

Using the above analysis, the BEP of the Type III detector for transmission over the AWGN channel, 

provided that one transform-domain symbol was obliterated can be summarised as: 

==i^jPe(0) t ^ J'eCj:!) (6.17()) 

= ^ { fe (± l |0 ) + fe(0|0) + 1| ± 1) + fe(0 | ± 1)} . (6.171) 

Substituting Pe(±l |0) , Pe(0|0), Pe(Tl | ± 1) and f^(0 | ± 1) given in (6.155), (6.162), (6.163) and 

(6.169), respectively, into (6.171), we have: 

f e , ; ; / =^Q(2V7i; ) + ^Q(2V7(1 + ^)) V / , 2 

1 1 
+ ^ /y-2y;y,; \ ^ y . [ V ( ^ - 2) V ; v - 2 

(6.172) 

Figure 6.15 shows the bit error rate of the Type 111 detector for transmission over the AWGN channel. 
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Figure 6.15; The bit error probability P e j i i of the Type III SPD detector for transmission over the 

AWGN channel, when one transform-domain symbol was obliterated, for the spreading factor of # = 

16. (a) Bit error rate versus the normalised threshold level v. (b) Bit error rate versus the bit energy to 

noise power ratio 7 = E/Ng. The BER floor is 1 /2^ = 1.53 x 10"^ . 

when one transform-domain symbol was obliterated, for the spreading factor of jV = 16 . Comparing 

Figure 6.15 and Figure 6.6, we can observe that the BER curves in Figure 6.15 become flat at relatively 

low values of v and at high bit error rates due to the loss of one transform-domain symbol. The irreducible 

BER can also be observed in Figure 6.15(a) and Figure 6.15(b). The value of this BER floor is not 

obvious in (6.172). The first two terms certainly vanish, as 7 becomes high. We have to consider the 

integration region depicted in Figure 6.14 in order to identify which terms approach zero. As the signal 

energy is increased, the integration region becomes smaller, moving away from the origin, except for the 

third term when n = 0, in which case the integration region covers half of the entire rji -% plane, as v 

is increased. Hence, the BER floor becomes 1 /2^ again. This analysis is corroborated by Figure 6.15 

for the spreading factor of N = 16, where the BER approached 1/2^® = 1.523 x 10~® . In the SNR 

range of about 10-15dB, the bit error rate is slightly increased as the normalised threshold levels becomes 

higher, widening the region '0'. This could not be observed in Figure 6.6 of Section 6.4.3 . When no 

symbol was lost in the AWGN channel, the system always resulted in an improved BER when activating 

the second stage, because the second stage detector was the ideal detector. However, in the scenario we 

are considering the second stage detector processes the impaired detection variable, since the obliterated 

symbol is assumed to be in the second subblock. Thus, it is not always better to increase the normalised 

threshold level in this case. However, as seen in Figure 6.15(b), the BER differences are insignificant. 

The Type III SPD detector uses 6.2, only when di falls in the region '0 ' of Figure 6.3(a). Hence, the 
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expression of the number of multiplications required for the Type III SPD detector is identical to that of 

the Type II detector, which was given in (6.153). However, N number of extra additions are required for 

computing the sum and the difference of di[^] and according to (6.18). The probability P// /(0) 

of requiring the computation of 62 is identical to P//(0) given in (6.61). From the above argument, the 

number of additions required by the Type III detector can be expressed as: 

= ^di (+) + (+)^fXO) + AT (6.173) 

+ (6 .74 , 

where TVdi (+) is the number of additions required for computing di given in (6.140) and iVdj (+) is that 

for 6.2, which has to be evaluated with the probability of Pin{0) given in (6.142). 

6.5.7 Summary and Discussions 

In Section 6.5 we have investigated a non-spreading BPSK detector, a full despreading based detector 

and three different types of SPD detectors in the AWGN channel, when one transform-domain symbol 

was obliterated. The bit error rate curves of the detectors were depicted in Figure 6.12(a). An uncoded 

OFDM system can be regarded as a non-spread BPSK system in our context. Non-spread systems have 

a high irreducible bit error rate of 0.5/iV in the investigated channel scenario. We can conclude that non-

spread systems cannot be used in this channel without powerful error correction mechanisms. All the 

investigated spreading assisted systems have the same BER floor of 1 / 2 ^ , which is considerably lower, 

than that of the non-spread systems for spreading factor of iV > 4. Amongst the three different types of 

SPD detectors the Type II detector exhibited a lower bit error rate, than that of the full-despreading aided 

detectors for bit energy to noise power ratios of 7 > 6.5dB in conjunction with iV" = 8 , for 7 > 9.0dB 

along with TV = 16 and for 7 > 12.0dB in conjunction with N = 32. In Figure 6.12(a) we can observe 

that the maximum SNR advantage of the Type II SPD detector over a conventional full-despreading 

based detector is around 3dB, depending on the spreading factor N . 

Figure 6.12(b) compares the implementational complexity of the investigated detectors in terms of 

the required number of operations normalised to that of the conventional full-despreading based detector 

for the spreading factor of iV = 16. The Type I SPD detectors have about half the complexity of the 

conventional detector. The Type II and III SPD detectors require lower number of multiplications and 

additions, than the Type I detector. It is interesting to see that the Type II detectors exhibits a lower BER 

as well as a lower complexity in the SNR region spanning from 12dB to 30dB in comparison to those of 

the conventional full-despreading based detector. 

Although we discussed the performance of our SPD detectors in the context of a AWGN channel 

contaminated by a narrow-band jamming, one of the transform domain symbol may be deliberately 

obliterated at the receiver. For example the transmitter may choose one transform domain symbol in order 

to reduce the crest factor studied in Chapter 4 rather than conveying message dependent information and 

then the transform domain symbol can be discarded at the receiver. 
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6.6 Summary and Conclusions 

The family of novel SPD detectors was introduced utilising a Walsh spreading matrix in the context 

of fully loaded multi-code CDMA systems, where the number of simultaneous codes L is equal to the 

spreading factor N, in an effort to reduce the required number of computations. The associated bit error 

ratio and the complexity of the detectors was analysed when communicating over an AWGN channel in 

Section 6.4. Our simulation based BER results were also presented, in order to corroborate the results 

of the analyses. It was found in Section 6.4 that some of these detectors show a near ideal bit error 

rate performance in an AWGN channel, while requiring less than half the number of multiplications and 

additions, as it can be seen in Figure 6.7 and Figure 6.8. When the channel impairments are dominated 

by time-domain impulse noise [165, 166] or frequency-domain narrow band interference [167, 168], the 

Type II SPD detection scheme was found to perform better, than the conventional full-despreading based 

detector for the SNR range of 12dB to 30dB for the spreading factor of N — 32 in Section 6.5, while 

requiring less than 40% of the computational efforts of the conventional scheme, as it was evidenced by 

Figure 6.12(b). 

Although we observed the potential of the proposed SPD schemes, when communicating over AWGN 

channels in terms of reducing the computational efforts in comparison to the conventional full-despreading 

based scheme, the performance of the SPD schemes over fading channels has to be investigated in the 

context of joint detection receivers, in order to confirm the feasibility of this technique in practical sys-

tems. 



Chapter 7 

Conclusions and Future Work 

Since their initial introduction in 1993 [1, 2, 36, 37], multi-carrier spread-spectrum systems have at-

tracted significant research interest. Existing advanced techniques originally developed for DS-CDMA 

and OFDM have also been applied to MC-CDMA, while a range of new unique techniques have been 

proposed for solving various problems specific to multi-carrier CDMA systems. The first three chapters 

of this thesis reviewed the basic concept of MC-CDMA, the various spreading sequences applicable to 

MC-CDMA and characterised the performance of MC-CDMA schemes employing various detectors. 

Then, three specific topics closely related to MC-CDMA were investigated in depth. 

Specifically, the peak factor reduction techniques were presented in Chapter 4. While analysing 

the signal envelope of MC-CDMA in Section 4.5.1, it was found that the aperiodic correlations of the 

spreading sequences play an important role in determining the associated peak factor. By investigating 

several orthogonal sequences, in Section 4.5.2.2 it was shown that a set of orthogonal complementary 

sequences applied to MC-CDMA has the advantageous property of limiting the peak factor of the MC-

CDMA signal to 2 or 3dB, when the number of simultaneously transmitting users is less than or equal to 

four, regardless of the spreading factor. When the MC-CDMA system was 'fully-loaded', i.e. supported 

the highest possible number of users, Walsh codes exhibited the lowest worst-case peak-factor as well 

as the lowest median peak-factor. The latter property was exploited in terms of limiting the peak factor 

of 'fully-loaded' MC-CDMA systems having a spreading factor of 15 to a maximum peak factor of 2.5, 

which is comparable to the peak factor of filtered single carrier signals. This was achieved by employing 

a peak-factor limiting block code, as was detailed in Section 4.5.2.3. However, our simulation study of 

MC-CDMA systems employing realistic power amplifier models revealed in Section 4.5.3 that Zadoff-

Chu spreading based MC-CDMA outperforms Walsh spreading based MC-CDMA, when transmitting 

over a Rayleigh fading channel. Investigating this unexpected result further, it was found that ZadofT-Chu 

spreading based MC-CDMA better exploits the frequency diversity in comparison to Walsh spreading 

assisted MC-CDMA, since the combined symbol after Zadoff-Chu spreading over each sub-carrier is 

less likely to have a low value compared to Walsh spread and combined symbols. This suggests that the 

effects of the frequency-domain peak-factor, in other words the dynamic range of the frequency domain 

symbols on the achievable diversity gain has to be further investigated. A preliminary idea related to this 
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idea was presented in Section 4.6.1. 

Chapter 5 was devoted to adaptive modulation techniques. After the introduction of a general model 

of various adaptive modulation schemes in Section 5.3.1, the existing techniques proposed for deter-

mining the transceiver mode-switching levels were reviewed in Section 5.4.1, 5.4.2 and 5.4.3, since the 

performance of adaptive schemes is predetermined by the switching levels employed as well as by the av-

erage SNR per symbol. In search of the globally optimum switching levels, the Lagrangian optimisation 

technique was invoked in Section 5.4.4 and the relationship amongst the different mode-switching levels 

was found to be independent of the underlying channel scenarios such the Multi Path Intensity (MIP) pro-

file or the fading magnitude distribution. Having established the technique of determining the optimum 

switching levels, a comprehensive set of performance results was presented for adaptive PSK schemes, 

adaptive Star QAM schemes as well as for adaptive Square QAM schemes, when they were communi-

cating over a flat Nakagami m fading channel. Since adaptive Square QAM exhibited the highest BPS 

throughput among the three adaptive schemes investigated, the performance of adaptive Square QAM 

schemes was further studied, employing two-dimensional Rake receivers in Section 5.5.2 and applying 

concatenated space-time coding in conjunction with turbo convolutional coding in Section 5.5.5. As 

expected, in Section 5.5.1, 5.5.2 and 5.5.5, it was found that the SNR gain of the adaptive schemes over 

fixed-mode schemes decreased, as the fading became less severe. Hence, the adaptive schemes exhibited 

only a modest performance gain, when (a) the Nakagami fading parameter m was higher than four, (b) 

the number of diversity antennas was higher than four when MRC diversity combining was used over 

independent Rayleigh fading channels, or (c) the total number of transmit antennas plus receive antennas 

was higher than four when space-time coding was used. Specifically, in Section 5.5.5 it was found that 

ST block coding reduces the relative performance advantage of adaptive modulation as summarised in 

Figure 5.49(b), since it increases the diversity order and eventually reduces the channel quality variations. 

When the adaptive modulation schemes were operating over wide-band channels, their SNR gain eroded 

even in conjunction with a low number of antennas, since the fading depth of wideband channels is typ-

ically less deep, than that of narrow-band channels. For transmission over correlated fading channels 

it is expected that the SNR gain of adaptive schemes over their fixed-mode counterparts erodes less, as 

the number of antenna increased. However, further investigations are required for quantifying the effects 

of correlated fading. Even though some channel-coding based results were presented in Section 5.5.5, 

the investigation of coded adaptive modulation schemes is far from complete. Since our AQAM mode 

switching levels were optimised for uncoded systems, the performance results presented for the coded 

adaptive schemes are not optimum. The technique similar to that developed in Section 5.4.4 may be ap-

plied, provided that a closed-form mode-specific average BER expression becomes available for channel 

coded fixed modulation schemes. In addition, the 'spread of BER' has to be quantified by some mea-

sure, such as its PDF. This concept arises, since the quality of service experienced by a user may differ 

for fixed-mode schemes and for adaptive modulation schemes, even if their average BERs are identical. 

The variance or in other words fluctuation of the instantaneous BER distribution may serve as a useful 

quality measure. The PDF of this instantaneous BER may be obtained by applying the Jacobian trans-

formation [163] to the PDF of the instantaneous SNR per symbol. It is expected that there may be a 
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direct relationship between this measure of 'spread of BER' and the required interleaver length of the 

channel codec associated. More explicitly, it is expected that the distribution of the bit errors becomes 

less bursty in conjunction with AQAM schemes, since they are capable of near-instantaneously involving 

a more robust but reduced-throughput AQAM mode, when the channel quality degrades. Hence AQAM 

schemes may require shorter channel interleavers for randomising the position of channel errors. 

In Chapter 6, a Successive Partial Detection (SPD) scheme was introduced. We analysed the BEP 

performance and the implementational complexity of three proposed SPD detectors, when communicat-

ing over the AWGN contaminated by an impulse noise in the time domain or a narrow band interference 

/ a tone jamming signal in the frequency domain, assuming that one transform-domain symbol was oblit-

erated due to a severe corruption. We found that the Type II SPD detector exhibits a lower BEP and 

requires a lower complexity than those of the conventional full-despreading based detector. This work 

has to be expanded for transmission over wideband channels. The application of the SPD scheme in the 

context of a joint-detector is also an interesting future research issue, since it will reduce the complexity 

of the joint detector. 

The thesis concentrated on investigating the MC-CDMA [1, 2, 35] scheme, which is one of the 

family of three different multi-carrier CDMA techniques [42]. This technique was advocated, because 

MC-CDMA results in the lowest BER among the three schemes investigated in a similar scenario [42]. 

Our investigations concentrated on the downlink, because in the uplink stringent synchronisation of the 

mobile terminals has to be met. Future research should extend the results of Chapter 4 and 5 to both 

multi-carrier DS-CDMA [36] and to multi-tone (MT) CDMA [37], as well as to the family of more 

sophisticated adaptive MC-CDMA schemes [169]. 



Summary and Contributions 

The main contributions of this thesis are in three specific topics closely related to Multi-Carrier Code 

Division Multiple Access (MC-CDMA), which are summarised in this section. 

Crest Factor of Multi-Code MC-CDMA Signal 

One of the main drawbacks of Orthogonal Frequency Division Multiplexing (OFDM) [13] is that the 

envelope power of the transmitted signal fluctuates widely, requiring a highly linear RF power amplifier. 

Finding a solution to this problem has stimulated intensive research. The accrueing advances were 

critically reviewed in Sections 4.3 and 4.4. Since MC-CDMA [1, 2] schemes spread a message symbol 

across the frequency domain and employ an OFDM transmitter for conveying each spread bit, their 

transmitted signal also exhibits a high crest factor (CF), which is defined as the ratio of the peak amplitude 

of the modulated time-domain signal to its root mean square (RMS) value. Hence, the characteristics of 

the crest factor of the MC-CDMA signal were studied in Section 4.5, with a view to reduce the associated 

power envelope variations. 
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Figure 1: MC-CDMA transmitter model: bi and Ci are the /-th message symbol and spreading sequence, 

respectively. 

The simplified transmitter structure of a multi-code MC-CDMA system is portrayed in Figure 1, 

where L M-ary Phase Shift Keying (MPSK) modulated symbols {6; | 0 < / < I/} are transmitted 

simultaneously using L orthogonal spreading sequences {C; ( 0 < / < L}. Each of the spreading 
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sequences is constituted by N chips according to C; = {ci[n] \ 0 < n < N}, where the complex 

spreading sequence Q has a unit magnitude of |q[ra]| = 1. Then, the normalised complex envelope s{t) 

of an MPSK modulated multi-code MC-CDMA signal is represented for the duration of a symbol period 

T as: 

1=0 n=0 

The power envelope |s(i)p of this MPSK modulated multi-code MC-CDMA signal was analysed in 

Section 4.5.1 and it was expressed as [43]: 

|a(Z)| 
N 

Re 
w - i 
g (AW + Z W ) 
n=0 

where A[n] is the collective aperiodic autocorrelation of the spreading sequences {C;} defined in the 

context of Equation (4.38), while X[n] is the collective aperiodic crosscorrelation defined in (4.39). 

Having observed that the power envelope of the MPSK modulated multi-code MC-CDMA signal 

is completely characterised by the collective autocorrelations and crosscorrelations of the spreading se-

quence employed, a set of various spreading sequences was investigated in quest of the sequences yield-

ing low CF or Peak Factor (PF), where the PF was defined as the square of the CF, namely PF = CF^. 

It was shown by Theorem 4,5 in Section 4.5.2.2 that a specific version of Sivaswamy's complemen-

tary set [105] results in a low CF, bounded by 3dB, in the context of BPSK modulated four-code 

MC-CDMA systems, regardless of the spreading factor employed, as seen in Figure 2. 
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Figure 2: The peak-factors of Sivaswamy's complementary set of sequences. The number of simultane-

ously used sequences is L = 4 and the sequence length of iV = 2" is between 2^ = 4 and 2^^ = 8192. 

Since a similar family of spreading sequences yielding such a low CF could not be found for code 

sets having more than four codes, i.e. for L > A, m Section 4.5.2.3 a crest factor reduction coding 

scheme [31] was applied instead. We found in Section 4.5.2.3 that the peak factors of BPSK modulated 
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Figure 3; Effects of the (L - l ) / i - ra te crest factor reduction coding for the spreading factor of # = 16. 

(a) The worst-case peak factor when using various spreading codes for BPSK modulated MC-CDMA. 

(b) BER versus Efy/No performance of BPSK modulated MMSE-JD MC-CDMA and that of BPSK 

modulated OFDM, when transmitting over independent Rayleigh channels for each subcarriers. 

MC-CDMA employing an appropriate family of spreading codes could be reduced below 2.5, when 

using the crest factor reduction code proposed in [43], as seen in Figure 3(a). In order to investigate 

the effects of the modulated signal peak clipping by the non-linear power amplifier, the Bit Error Ra-

tio (BER) performance was studied in Section 4.5.3.3. It was expected that the Walsh spreading based 

scheme would result in the lowest BER, since it resulted in the lowest worst-case peak factor for 'fully-

loaded {L = N)' BPSK modulated MC-CDMA employing a Minimum Mean Square Error (MMSE) 

Block-Decision Feedback Equaliser (BDFE) based Joint Detector (JD) [59], when experiencing inde-

pendent Rayleigh fading for each subcarriers. However, the Zadoff-Chu based scheme performed better 

than Walsh based scheme [43]. We found that the Zadoff-Chu spreading based MC-CDMA scheme in-

flicted less Multiple User Interference (MUI), than the Walsh-spreading based scheme and it utilised the 

available diversity more efficiently, than the Walsh-spreading based scheme. 

Adaptive Modulation 

The second field, where novel contributions were made, was in realms of adaptive modulation schemes. 

Adaptive modulation [13, 111, 113, 114] attempts to provide the highest possible throughput given the 

current near-instantaneous channel quality, while maintaining the required data transmission integrity. 

We analysed in Section 5.3.3.1 the performance of adaptive modulation schemes and derived a closed 

form expression for the average BER and for the average Bits Per Symbol (BPS) throughput [45]. Since 

the modulation mode switching levels predetermine the average BER as well as the average BPS, it 

is important to optimise these switching levels for achieving the maximum possible average through-



Summary and Contributions 204 

10' 

10 

5 10-: 

I : 
210^ 

10 

10 

BPSK 
QPSK 
16QAM 

• • ,, 64QAM 
' , 256QAM 

0 

7 

p^=io-" 

j^=10-" O) 
3 

7^=10-" # 2 

< 

5 10 15 20 25 30 35 40 
Avrage SNA per symbol 7 in dB 

(a) Average BER 

• Rayleigh Ch, m=1 

- f k = 1 0 = ' 7 / " " : 

/ / / / 64<IAMg 2-mode 

' 7 / " " : 

/ / / / 64<IAMg 
3-mode 

' 7 / " " : 

/ / / / 64<IAMg 

4-mode / / - / -5-mode / / - / -
6-mode 

/ y 

/ / 
/ / 16-QAM/ 

/ : 
. A W G N C h / / QPSK/. 

BPSK V 

0 5 10 15 20 25 30 35 40 
Avrage SNR per symbol 7 in dB 

(b) Throughput at the BER of Pth = 10"^ 

Figure 4: The average BER and average throughput performance of a six-mode adaptive Square QAM 

scheme for communicating over a flat Rayleigh channel (m = 1). (a) The constant target average BER is 

maintained over the entire range of the average SNR values up the avalanche SNR. (b) The markers '®' 

and 'O' represent the required SNR of the corresponding fixed-mode Square QAM schemes achieving 

the same target BER as the adaptive schemes, operating over an AWGN channel and a Rayleigh channel, 

respectively. 

put. Having reviewed the existing techniques of determining the switching levels [113, 132], a per-SNR 

optimisation technique was proposed in [44], which was based on Powell's multi-dimensional optimi-

sation [58], yielding a constant target BER and the maximum BPS throughput. Since this optimisation 

procedure was often trapped in local optima, rather than reaching the global optimum, the Lagrangian-

based optimisation technique was developed [48] and was subsequently used in Section 5.5 in order 

to investigate the performance of adaptive modulation schemes employing various modulation modes, 

namely PSK, Star QAM and Square QAM phasor constellations. 

Since our modulation mode switching levels were optimised in order to achieve the highest through-

put, while maintaining the target BER, the average BER of our six-mode AQAM scheme remained 

constant over the entire range of the average SNR values up the avalanche SNR, beyond which it fol-

lowed the BER of the highest throughput mode, namely that of 256-QAM, as seen in Figure 4(a). On the 

other hand, the BPS throughput increased steadily, as the average SNR increased, as seen in Figure 4(b). 

Our optimised AQAM operating over a Rayleigh fading channel required 4dB more SNR, in comparison 

to fixed-mode QAM operating over an AWGN channel. 

Since in Section 5.5.2 receiver antenna diversity has been used for combating the effects of fading, 

we investigated the performance of Maximal Ratio Combining (MRC) antenna diversity assisted AQAM 

schemes [45]. As it is seen in Figure 5, the average SNRs required for achieving the target BEP of 
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Figure 5: The performance of the MRC-aided antenna-diversity assisted AQAM scheme operating over 

independent Rayleigh fading channels at the target average BEP of Pfh = 10~®. (a) The markers rep-

resent the corresponding fixed-mode QAM performance, (b) The required SNR achieving the various 

throughput for the AQAM and fixed-mode QAM schemes. 

Pth = 10~® for the fixed-mode schemes and that for the adaptive schemes decrease, as the antenna 

diversity order increases. However, the differences between the required SNRs of the adaptive schemes 

and their fixed-mode counterparts also decrease, as the antenna diversity order increases. 

In Section 5.5.5, the performance of Space-Time (ST) block coded constant-power adaptive multi-

carrier modems employing optimum SNR-dependent modem mode switching levels were investigated [46, 

47]. As expected, it was found that ST block coding reduces the relative performance advantage of 

adaptive modulation, since it increases the diversity order and eventually reduces the channel quality 

variations, as it can be observed in Figure 6(a). Having observed that 1-Tx aided AOFDM and 2-Tx 

ST coding aided fixed-mode MC-CDMA resulted in a similar BPS throughput performance, we 

concluded that fixed-mode MC-CDMA in conjunction with 2-Tx ST coding could be employed, 

provided that we could afford the associated complexity. By contrast, AOFDM could be a low 

complexity alternative of counteracting the near-instantaneous channel quality variations. When 

turbo convolutional coding was concatenated to the ST block codes, near-error-free transmission was 

achieved at the expense of halving the average throughput, as seen in Figure 6(b) . Compared to the 

uncoded system, the turbo coded system was capable of achieving a higher throughput in the low SNR 

region at the cost of a higher complexity. Our study of the relationship between the uncoded BER and 

the corresponding coded BER showed that adaptive modems obtain higher coding gains, than that of 

fixed modems. This was due to the fact that the adaptive modem avoids burst errors even in deep channel 

fades by reducing the number of bits per modulated symbol eventually to zero. 
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Figure 6: The BPS tiiroughput performance of five-mode AOFDM and AMC-CDMA for communicating 

over the W-ATM channel [13, pp.474], (a) The SNR gain of the adaptive modems decreases, as the 

diversity of the ST coding increases. The BPS curves appear in pairs, corresponding to AOFDM and 

AMC-CDMA - indicated by the thin and thick lines, respectively - for each of the four different ST 

code configurations. The markers represent the SNRs required by the fixed-mode OFDM and MC-

CDMA schemes for maintaining the target BER of 10"^ in conjunction with the four ST-coded schemes 

considered, (b) The turbo convolutional coding assisted adaptive modems have SNR gains up to 7dB 

compared to their uncoded counterparts achieving a comparable average BER. 

Successive Partial Bespreading 

In Chapter 6, a Successive Partial Detection (SPD) scheme was introduced in an effort to reduce the com-

putational efforts involved in despreading in the context of a 'fully loaded' CDMA downlink scenario. 

We analysed the bit error rate performance and the implementational complexity of three different types 

of SPD detectors, when communicating over the AWGN channel, contaminated by time-domain impulse 

noise or frequency-domain tone-jamming. It was found that the Type II SPD scheme resulted in a lower 

BER, than the conventional despreading scheme in the SNR range of 7 > ISdB, while requiring signif-

icantly reduced computational efforts, namely less than 40% in comparison to the conventional scheme, 

when quantified in terms of the required number of multiplications and additions, as it can be observed 

in Figure 7. 
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Figure 7: The bit error rates and complexities of the various SPD detectors and the conventional de-

spreading scheme, where N is the spreading factor, (a) The non-spread BPSK scheme has a high i n -

ducible BER of 0.5/N, while the spread systems have a significantly lower error floor of 1/2^. The 

Type II SPD Detector shows a superior performance in the high SNR region in comparison to the other 

schemes, (b) The complexity of three types of SPD detectors quantified in terms of the required number 

of multiplications and additions, normalised to those of the conventional full-despreading based detector 

associated with the spreading factor of N = 16. The Type II SPD detector requires less than 40% of the 

operations necessitated by the conventional scheme. 



Appendix A 

Peak-to-mean Envelope Power Ratio of 
OFDM Systems 

A.l PMEPR Analysis of BPSK Modulated OFDM 

The normalized complex envelope of the BPSK modulated OFDM signal, s{t), is given by 

1 
s{t) = -y= ^ Ck T , (A.l) 

k=0 

where N is the number of carriers, E { - 1 , +1} is the frequency domain information symbol mapped 

to the feth subcarrier of the OFDM symbol and T is the OFDM symbol duration. The peak-to-mean 

envelope power ratio {PMEPR) of the given frequency domain samples, c = {co,ci, • • • , c#_i} is 

defined as 

(A^2) 

where E [ • ] denotes a time averaging operator. 

Using the same technique as described in [68] and assuming T = 1.0, 7V|s(^)|^ can be represented 
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as: 

\k=0 J 

= % 

'N-l 'N-l 

J +(9 
_ /c=0 / v - k=0 

' # - 1 / # - ! 

= I ^ CkCOs{2-Kkt) I + I ^ CkSm{27rk t ) j 

\ t = 0 / \&=0 / 

= CfcCoŝ (27rA;t) + 2 ^ CkCiCOs{2TTkt)cos{2Trit) 
k=0 k=0 i=k-\~l 

7V-1 ^ - 2 AT- l 

+ ^ c^sin^(27rfct) + 2 ^ ^ CfcCiSin(27rfef)siii(27r'it) 
/u=0 /u=0 i=A:+l 

Ar-2 AT-l 
= N + 2 ^ ^ CA:CjC0s(27r(i — fe)t) 

A:=0 i=A:+l 

= N -\- 2PQ (t) , (A.3) 

where 3? [a;] and 9 [a:] are the real part and the imaginary part of x respectively, and the AC component of 

the power envelope of the OFDM signal Po{t) is defined as; 

N-2 N-1 

Po{t) = ^ ^ CkCiC0S,{2-K{i - k ) t ) . 

k=0 i=k+l 

(A.4) 

The double summations in Equation A.4 can be replaced with a single summation by combining each 

term according to its harmonic and Po{t) becomes 

JV -̂l 
Po{t) = ^ CkCos{2iTkt), 

A:=l 

(A.5) 

which can be physically interpreted as the sum of cosine harmonics weighted by the aperiodic autocor-

relation Ck of the frequency domain information bits, where the aperiodic autocorrelation Ck is defined 

as 

jV-A-l 
CK — ^ ] QQ+A- (A. 6) 

*=o 

Upon using (A.3) and (A.5) the average power of s{t) becomes: 

E[|a(()|"] - E [ l + 
N 

= 1 + - E [ 2 f , ( t ) ] 

= 1 . (A.7) 
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As the average power of s{t) is unity, the PMEPR in (A.2), when considering its symmetry with respect 

to the half symbol time, becomes; 

PMEPR = max (1 + , (A.8) 

where Po{t) is given in (A.5). 

A.2 PMEPR Properties of BPSK Modulated OFDM 

It is readily seen from (A.5), (A.6) and (A.8) that the PMEPR is completely characterized by the aperiodic 

autocorrelations, Ck • For the case of TV = 4 the aperiodic autocorrelation Ck are given by; 

C i = CQCi + CiC2 4- C2C3 

C2 = C0C2 + C1C3 

C3 = C0C3. 

Table A. 1 presents the values of and the PMEPR values for BPSK modulated OFDM in conjunction 

with iV = 4. There are six different sets of aperiodic autocorrelation {Ck) and three different PMEPR 

(Co(fe)2 (Code) 10 Ci C2 C3 PMEPR 

0 0 0 0 0 3 .0 2 .0 1.0 4 . 0 0 

0001 1 1.0 0.0 -1.0 1 . 7 7 

0 0 1 0 2 -1.0 0 .0 1.0 1.77 

0011 3 1.0 - 2 0 -LO 2 3 7 

0 1 0 0 4 -1.0 0 .0 1.0 1.77 

0101 5 -3 .0 2 .0 -1.0 4 . 0 0 

0 1 1 0 6 -1.0 - 2 0 1.0 2 3 7 

0 1 1 1 7 1.0 0 .0 -LO 1 . 7 7 

1000 8 1.0 0 .0 -1.0 1 . 7 7 

1001 9 -1.0 - 2 0 1.0 2 . 3 7 

1010 10 - 3 4 2 .0 -1.0 4.00 

1011 11 -1.0 0 .0 1.0 1 . 7 7 

1100 12 1.0 - 2 0 -1.0 2 3 7 

1101 13 -1.0 0 .0 1.0 1.77 

1110 14 1.0 0 .0 -1.0 1.77 

1111 15 3 .0 2 0 1.0 4 . 0 0 

Table A.l: PMEPR values and aperiodic autocorrelations, Ck, of all the 16 different symbols in a 4-

carrier BPSK modulated OFDM system 

values, namely 1.77,2.37 and 4.00 in Table A.l. The message symbols can be grouped according to their 
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PMEPR values. Figure A.l shows the waveforms of these three groups. Half of the message symbols^ 

yield the lowest PMEPR of 1.77 . The corresponding sets of Ck values in Table A.l are (1,0, —1) and 

( - 1 , 0 , 1 ) . The power envelope waveforms are shown in the top sub-figure of Figure A.l. One the 

waveforms is a 0.5T-shifted version of the other one corresponding to the same PMEPR. This is also 

true for all other envelope power waveforms of different PMEPR values, as seen in Figure A.l. This 

observation can be stated more generally for BPSK modulated OFDM signals, where PQ {t) defined in 

(A.4) can be represented as; 

fo ( t ) = 3% 
w - i 

E 
t = l 

(A.9) 

Then, the half symbol-duration time shifted version of Po{t) by half a symbol time, namely Po{t), 

becomes; 

'N-l 

_ k=l 

"N-l 

_ k=l 

-N-l 

_ A;=l 
'N-l 

_ A;=l 

where Cj(. represents to the aperiodic autocorrelation values obtained f rom Ck by changing the sign of 

every Ck for odd k indices. This can be verified for the 4-carrier case using the Ck values and PMEPR 

values in Table A.l together with Figure A.l . 

It is clear that the PMEPR is invariant to the message symbol changes, as long as either {Ck} does 

not change or {Cfc} becomes {(—l)^Ct}. This leads to several transformations^ that can be applied to 

{ck}, which result in the same PMEPR, i.e. are invariant in terms of the PMEPR. We note that a message 

symbol set, {c&}, can be represented in a polynomial form, defined as; 

N-l 

= E CjkZ 0 \ 1 1 ) 
k=Q 

Theorem A.l The following three transforms ofc{z) result in the same PMEPRs.' 

'These sequences are known as Barker sequences [85]. 

^Having completed these derivations, the author found retrospectively that in 1961 Marcel J. E. Golay mentioned these 

transforms, while he was investigating the properties of complementaity codes in [77] 
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Figure A.l: Normalized envelope power waveforms, |s(t)|^, of 4-carrier BPSK modulated OFDM sig-

nals for various frequency domain bits symbol {c^}. The frequency domain symbols {c^} are repre-

sented using a decimal notation of the bits, for example Symbol = 7 in the top sub-figure represents 

{0111} and Symbol = 14 {1110}. 
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# Ti [c(z)] = - c ( z ) 

# ^2 [cW] = 

" ^ [c(z)] = c ( - z ) 

Proof: It will be shown that Ti [•] and Tg [•] do not change the corresponding aperiodic autocorrelation 

Ck, while T3 [•] changes the corresponding Ck values to {-!) ' 'Ck- These are sufficient conditions for 

attaining the same PMEPR. The transform Ti [•] replaces each Cj by = —a, which corresponds to 

an exclusive-or operation in terms of their binary representation. Let represent the new aperiodic 

autocorrelations after the transform. Using the definition in Equation A.6, becomes: 

i=0 

= ^ ( -C i ) ( -Q+t ) 
1=0 

N-k-l 
— ^ 

:=0 
= CK • 

This shows that the application of Ti does not change Ck. 

Applying Tg [•] to c(z) yields 

c'(z) = 72 [c(z)] 

N-1 

k=0 

iV-1 
= E 

k=0 

By substituting N — k — 1 with i, c'{z) becomes 

0 

C (z) = ^ ] Cpf—i—iZ 
i=N-l 

N-1 
= ^ , 

i=0 

which corresponds to the reverse ordering of the bits in the OFDM symbol or to a substitution of Ck with 

c'f, = Cff-i-k • Then, using (A.6), C^ becomes: 

N-k- l 

t=0 
N-k-1 

— ^ ^ CjV—1—jCiV—1—i—A: • 
2 = 0 
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By substituting N — 1 — i — k diS, j, C'^. becomes: 

0 

Cfc = ^ Cj+fcCj 

N—k—1 

= ^ ^3^J+K 

= CK . 

Hence the transform T2 preserves the original Ck-

The result of [c(z)], namely c'{z), becomes: 

A;=0 

7V-1 

t=0 

This is equivalent to substituting % with = (-l)^Cfc . The corresponding aperiodic autocorrelation 

becomes: 

N-k-l 

2 = 0 

AT-A-l 

1 = 0 

1 = 0 

— ^ ] ( ~ 1 ) ^I^I+K 
1 = 0 

This shows that the application of T3 results in a circular time shift of the envelope power waveform 

without changing the maximum value of the waveform. This concludes the proof of Theorem A.l. f 

By applying the combinations of Ti,T2 and Tg, we can get eight OFDM message symbols which 

give the same PMEPR. An example of 4-carrier BPSK modulated OFDM is shown in Table A.2. The 

eight codes in the table are equivalent in terms of their PMEPR. A closer look at the combinations of 

Ti, T2 and T3 reveals that there are at least four different codes having the same PMEPR. The following 

theorem states this fact in a formal manner. 

Theorem A.2 In BPSK modulated OFDM systems at least four message symbols are equivalent in terms 

of their PMEPR. 
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T I Ti T2 r i?2 

(Co(fe)2 0001 1110 1000 0111 0100 1011 0010 1101 

Table A.2: The eight message symbols, which yield the same PMEPR value of 1.77 in a 4-carrier BPSK 

modulated OFDM system (Tn is defined in Theorem A.l and I represents the identical transformation.) 

Proof-. The sufficient and necessary condition for two message symbols, mi and m2, to be identical is 

that the corresponding polynomial representations, m\{z) and m2{z), satisfy 

mi(z) - m2(z) = 0 . (A. 12) 

Using this property, c{z), Ti [c{z)], T3[c{z)] and T3T1 [c{z)] will be shown to be different from each other. 

Let us examine c(z) and Ti[c{z)] first, which give; 

c(z ) -7 i [c (z ) ] = c(2)+c(z) 

= 2c(z) 

^ 0 Vc(z) . (YL13) 

Thus, c{z) and Ti[c{z)] are always different. In the same way, c{z) and Tg[c(z)] can be shown to be 

different as follows: 

c(z) - 23[c(z)] = c(z) - c ( - z ) 
w-i 

A=0 

K=Q 

A;=0 

^ 0 Vc(z) . 
0^14) 

This shows that c{z) and 23[c(z)] are always different. Furthermore c{z) and TgTi [c(z)] are also differ-

ent, since: 

[(#+l)/2j-l 
J2ki 

k=0 

^ 0 V(^2) 0A15) 

We note that 23[c(z)] - 2i[c(^)] = c(z) - 737i[c(z)] and that c(z) and 732i[c(z)] always differ. From 

the argument so far, we conclude that c{z), 3i[c(z)], T3[c(z)] and T2Ti[c{z)] are different from each 

other. Therefore, there are at least four different message sequences, which have the same PMEPR. f 
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Theorem A.l suggests that there may exist eight equivalent message sequences in terms of their 

PMEPR, but theorem A.2 states that the existence of only four different equivalent message sequences is 

guaranteed. The following theorem resolves this dilemma. 

Theorem A.3 IfT2 satisfies any of the following three conditions for any member in the equivalent code 

set, then the number of the members in the set becomes four 

. 32 = 7 

• T2=TI for even N 

• T2=T3 for odd N 

Proof: If the number of PMEf7^-equivalent symbols is less than eight, there exists a number of combined 

transforms of Ti,T2 and T3 defined in Theorem A.l, which are equivalent in terms of producing the 

same symbol. It has been argued that I , Ti, T3 and T^Ti are different in the proof of Theorem A.2. The 

remaining possibility is that T2 becomes equivalent to one of I, Ti, T3 and T3T1. Let us consider these 

cases individually. 

Assume that Tg = I. In this case, c{z) — T2[c{z)] should be 0, which is confirmed below; 

c(z) -32[c(z) ] = 
/ / - I 

A;=0 

k=0 

N-1 

k=Q 

= 0 {when Ch = k G { 0 , 1 , . . . , iV - 1}). 

All codes, which are symmetric with respect to the centre of code meet this condition. These elaborations 

are valid for arbitrary code lengths, however in practical OFDM implementations we tend to favour a 

code length, which is an integer power of two. 

Let us now assume that T2 = Ti. In this case, T2[c{z)] — Ti[c{z)] should be 0, which is confirmed 
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below; 

22[c(z)]-2i[c(z)] = ^) + c(z) 
N-l 

k=0 

k\ 

k=0 

;\r-i 

A;=0 
= 0 (when Cyfc = - c t v - i - a ; VA;, /c € { 0 , 1 , . . . , AT - 1}). 

In order for the transforms Tg and Ti become identical, Ck should satisfy the above condition, which 

can be interpreted as requiring odd symmetry of the message sequences in the frequency domain. This 

condition cannot be met for odd values of N, because there exist a center symbol, which cannot meet the 

condition imposed. 

Assume that T2 = T3. Then T2[c(z)] - 73[c(z)] becomes: 

^[c(z)] - 73[c(z)] = - c ( - z ) 

k=0 

N-l 

= y^(cjv-i-fc — ( — . 

In order that the transforms Tg and T3 become identical, % should be equal to Note that 

this condition cannot be met for even values of N, because it requires cq = CN-I and Cjv-i = —1% for 

k = 0 and k = N — 1, respectively. 

Finally, let us assume that T2 = T1T3. Then T2[c{z)] - TiT'i[c{z)] becomes: 

32[c(z)] - Ti23[c(z)] = + c ( - z ) 

/u = 0 

N-l 

A:=0 

AF-l 
= (CjV-l-A; + ( — 

/c=0 

In order for the transforms T2 and T1T3 to become equivalent % should be equal to — ( — F o r 

even values of N, this requires cq = —CN-I and c ^ - i = co for A = 0 and k = N - 1, respectively. 
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Thus the condition for the equivalence of T2 and T1T3 cannot be met for the even values of N. In case 

of odd N, C(]v-i)/2 should be equal to in order to meet the above condition and it is readily 

seen that this is impossible. Thus, the assumed case never occurs. 

Therefore, the first three cases considered above are the only cases, in which eight possible equiva-

lent message sequences yield only four different ones, f 

Theorem A.4 The worst case PMEPR of BPSK modulated OFDM over all the message symbols is N, 

where N is the number of carriers. 

Proof-. From (A.8) and (A.4), the worst case PMEPR is encountered when Po{t) is the maximum over 

range of t G [0,0.5] and over all message symbols. The maximum value of Ck, Ck,max^ is N — k 

according to (A.6). The time dependent term, cos{2iTkt) in Po{t) of (A.5) should be positive and at its 

maximum of 1, in order to yield the maximum of Po{t) by constructively combining all positive C^s. 

Considering this argument, the worst case PMEPR, PMEPRmax, becomes; 

PMEPRjjiax — 1 + J^Po,max 

2 

- . 4 ^ 
= N. 

Thus, the worst case PMEPR is N. f 

Corollary A.5 In BPSK modulated OFDM systems the number of message symbols, which yield the 

worst case PMEPR is four for all N over 1 . 

Proof-. The message symbol, which comprises the all zero sequence results in the maximum values of 

Ck for all k. By applying Ti [•], Ig [•] and T4 [•], we can obtain the other three message symbols yield-

ing the maximum value of CK- Note that T2 = I holds for the all zero sequence and corresponds to a 

degenerated case, yielding only four different OFDM message symbols, f 

In BPSK modulated OFDM systems having a high number of carriers, it is observed that sometimes 

more than eight message sequences yield the same PMEPR, which cannot be identified by Theorem A. 1. 

For example, the message sequences represented by 4 and 5 in a 6-carrier BPSK OFDM system exhibit 

exactly the same PMEPR value, while they have totally different envelope power waveforms and, thus. 
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Theorem A.l does not detect their equivalence in terms of their PMEPR. The modified power envelope 

waveforms corresponding to the message sequences 4 and 5 in the previously mentioned 6-subcarrier 

scheme are shown in Figure A.2. Table A.3 presents the aperiodic autocorrelations and the PMEPRs for 

Codem = 5 

& 2.0 

1.0 

-r 
ao 02 

COS (27rt / T) 

Figure A.2: Modified power envelope waveforms for the message sequences 4 and 5 in 6-carrier BPSK 

modulated OFDM systems 

the message sequences 4 and 5. According to (A.3) the power envelope of OFDM signal corresponding 

(Code) 10 (Co(fe)2 Q C2 C3 C4 C5 PMEPR 

4 000100 1 0 1 2 1 2.67 
5 000101 -1 2 -1 0 -1 2.67 

Table A.3: Aperiodic autocorrelations evaluated from (A.6) for the message sequences 4 and 5 in 6-

carrier BPSK modulated OFDM system 

to the OFDM message symbol {Code)io = 4 and {Code)io = 5 is given as = 1 + 2/N Po^m{i)^ 

where Po,m{t) are given by: 

Po,A{t) = cos(27rt) + cos(67rt) + 2cos(87rt) + cos(107rt) 

Po,5{t) = —cos(27rt) + 2cos(27ri) — cos(67rt) — cos(107rt). 

(A. 16) 

The harmonics of cos(27r^) in (A. 16) and (A. 17) can be represented using cos(27rt) only and the para-

metric polynomial representation is obtained by substituting cos(27rt) by a , which varies between —1 

and -1-1 as i changes. In this way, the power envelope of OFDM signal corresponding to the message se-

quences of 4 and 5 were plotted in Figure A.2 and their maximum values o f l+3Po,4 (a) and 1+3Po,5 («) 

were obtained, which turned out to be exactly the same analytically. Considering that the set of aperiodic 

autocorrelations {Ck}^ for the message sequence 5 shown in Table A.3 can be obtained by applying T2 
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and T3 defined in Theorem A.l to {Ck}^ for the message sequence 4, there may be a rale, which governs 

this phenomenon, although these considerations are beyond the scope of this treatise. 

A.3 PMEPR Calculation of BPSK Modulated OFDM 

In order to determine the value of the PMEPR, we evaluate (A.8) for t G {0, A, 2A, • • • , -ftTA}, where 

A is much less than 0.5 and K is the smallest integer which satisfies [lOi^AJ > 5. The value of A 

required for attaining a specified accuracy of the PMEPR can be derived using Equation (A.8). Let us 

consider the worst case scenario, when all the coefficients k = 1, • • • , iV" — 1 in (A.5) have the 

maximum possible values and also assume that the derivatives of the cosine functions are all unity. Note 

that these two worst-case assumptions never occur simultaneously and hence these are very conservative 

assumptions. With these assumptions, APq, the worst case error associated with determining Po{t) and 

according to (A.8) also the PMEPR, is given by; 

P„ t 
/ I , n / 

+ Y 1 ~ Poitn :) 

< 
A 

N-l 

2 
/c=l 

A 
= - # ( # - 1 ) (A. 19) 

where t̂ AX is the exact time instant, when Po{t) has its maximum value, while T^AX 4- y is the worst 

case evaluation time. Using (A.8) and (A. 18), the worst case error in associated with determining the 

PMEPR, namely A PMEPR is given by: 

N - l 
(A.20) 

As an example, A should satisfy the following condition in order to arrive at PMEPR values that are 

accurate up to two decimal places: 

.AT- 1 
A < 

A < 
0.01 

1 

(A.21) 

(A.22) 

The choice of A is important in order to arrive at the correct PMEPR values, especially in the context of 

OFDM having a high number of carriers. In [31, Table 1], several Peak-Envelope-Power (PEP) values 

are tabulated up to two decimal places, where according to the above analytical results small amendments 

are necessary. For example, 7.07 should be 7.08 and 9.45 should be 9.48, when using 20 decimal places 

in the calculations. In conclusion, since the condition imposed by (A. 18) and (A.22) is very conservative, 

the PMEPR values can be determined according to the required accuracy. 
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A.4 PMEPR Properties of QPSK Modulated OFDM 

In QPSK modulated OFDM systems, two message bits are used for modulating each carrier. The nor-

malized complex envelope waveform, s{t), becomes [32]; 

- # - i 

a W - ^ (C2t + ;c2t+i) , (A.23) 

where N is the number of carriers, C2k and C2&+1 are the in-phase symbol and the quadrature phase 

symbol respectively, modulating the A;th carrier of the OFDM symbol, where we have c, 6 

and finally, T is the OFDM symbol duration. Equation A.2 can also be used for defining the PMEPR of 

QPSK modulated OFDM signals. Van Fetvelt, Wade and Tomlinson presented an excellent analysis of 

QPSK modulated multi-carrier systems and showed that 16 messages form a coset, where the messages 

belonging to the same coset yield the same PMEPR. For a detailed description we refer to [32]. 

According to the findings of [32], very large number of message sequences yield exactly the same 

PMEPR. Algorithm 2 [32, page 91] was used for generating Table 4 [32, page 94] for QPSK modulated 

5-carrier OFDM, suggesting that 192 message sequences yield a PMEPR value of 2.859, although we 

found that the application of Algorithm 2 [32, page 91] resulted in a lower number of such message 

sequences. In fact, the message symbols represented as 31 and 47 in the associated cosets list in the 

context of the PMEPR value of 4.095 in Table 4 [32, page 94] have slightly different PMEPR values, as 

shown in Figure A.3, which is likely to be a consequence of the more accurate number representation 

using 20 effective decimal digits in our calculations. The peak values of the power waveforms found 

for the message symbols represented by 1, 2, 30, 31, 45 and 47 appear identical in the upper graph of 

Figure A.3. In reality, the power envelope waveforms for the messages corresponding to the decimal 

notations 1, 2, 30, 45 are truly identical except for a time shift and hence have exactly the same PMEPR 

value. By contrast, the waveforms of the messages represented by 31 and 47 have a different shape and 

have a slightly different PMEPR value, as shown in the lower graph of Figure A.3, which is the enlarged 

version of the marked rectangle seen in the upper graph. The correct characterisation of the 5-carrier 

QPSK modulated OFDM messages is presented in Table A.4. 
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Figure A.3: Power envelope waveforms of three message sequences corresponding to their decimal 

notations of 1, 31 and 45 in 5-carrier QPSK modulated OFDM systems (waveforms are appropriately 

shifted in time, in order to compare their shapes and the peak values) 
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Number of Number of Orders of the Associated Associated 

carriers equivalence classes equivalence classes cosets peak factors 

5 23 16 0 5.000 
64 5,10,21,42 4304 
32 23,43 4.297 
32 3L47 4.087 
64 1,2,30,45 4.086 
64 4,8,52,56 3^39 

32 7, 11 3.497 

32 16,32 3.400 

64 17,34,61,62 3J27 
64 22,41,54,57 2.801 
64 26,37,53,58 2J89 
64 20,24,36,40 2J78 
64 29,46,49,50 2.680 

32 15,63 2j%9 

48 28,44,60 2.600 

32 55,59 2366 
64 13,14,18,33 2.242 

32 19,35 2233 
16 48 2112 

32 3,51 2.101 

64 6,9,25,38 L976 

32 2A39 L967 

16 12 L800 

Table A.4: Re-calculated equivalent cosets of 5-carrier QPSK modulated OFDM signals 



Appendix B 

Two-Dimensional Rake Receiver 

B.l System Model 

The schematic of our Rake-receiver and D-antenna diversity assisted adaptive Square QAM (AQAM) 

system is illustrated in Figure B.l. A band-limited equivalent low-pass m-ary QAM signal s{t), having 

a spectrum of £'(/) = 0 for | / | > 1/2 is transmitted over time variant frequency selective fading 

channels and received by a set of D RAKE-receivers. Each Rake-receiver [17, 25] combines all the 

resolvable multi-path components using Maximal Ratio Combining (MRC). The combined signals of 

the D-antenna assisted Rake-receivers are summed and demodulated using the estimated channel quality 

information. The estimated signal-to-noise ratio is fed back to the transmitter and it is used for deciding 

upon the most appropriate m-ary square QAM modulation mode to be used during the next transmission 

burst. We assume that the channel quality is estimated perfectly and it is available at the transmitter 

immediately. The effects of channel estimation error and feedback delay on the performance of AQAM 

were studied for example by Goldsmith and Chua [122]. 

The low-pass equivalent impulse response of the channel between the transmitter and the rf-th antenna 

may be represented as [25] : 
N 

T) = ^ ^ j , (B.l) 

11=1 

where is a set of independent complex valued stationary random Gaussian processes. The 

maximum number of resolvable multi-path components N is given by \TmW\ -h 1, where is the 

multi-path delay spread of the channel [25]. Hence, the low-pass equivalent received signal at the 

d-th antenna can be formulated as : 

N 

n=l 

where Zd{t) is a zero mean Gaussian random process having a two-sided power spectral density of A^/2 . 

Let us assume that the fading is sufficiently slow or (At)c -C T, where (At)c is the channel's coherence 

time [14] and T is the signaling period. Then, hci,n{t) can be simplified to ha,nit) = for the 
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Figure B.l: Equivalent low-pass model of a D-\H order antenna diversity based RAKE-receiver assisted 

AQAM system 

duration of signalling period T, where the fading magnitude is assumed to be Rayleigh distributed 

and the phase 4>d,n is assumed to be uniformly distributed. 

B.2 BER Analysis of Fixed-mode Square QAM 

An ideal RAKE receiver [17] combines all the signal powers scattered over N paths in an optimal man-

ner, so that the instantaneous Signal-to-Noise Ratio (SNR) per symbol at the RAKE receiver's output can 

be maximised [25]. The noise at the RAKE receiver's output is known to be Gaussian [25]. The SNR, 

7rf, at the d-th ideal RAKE receiver's output is given as [25] : 

N 

Id — ^ ^ ld,n 1 

TV 

03 3) 

becomes unity. where = E/NQ and {AD,N} is assumed to be normalised, such that 

Since we assumed that each multi-path component has an independent Rayleigh distribution, the charac-

teristic function of % can be represented as [25, pp 802] : 

N 

(B.4) 
n = l 

where ^D,n = ^ . Let us assume furthermore that each of the D diversity channels has the 

same multi-path intensity profile (MIP), although in practical systems each antenna may experience a 

different MIR Under this assumption, in (B.4) can be written as 7„ . The total SNR per symbol, 7, 
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at the output of the demodulator depicted in Figure B.l is given as : 

D 

03.5) 

while the characteristic function of the SNR per symbol 7, under the assumption of independent identical 

diversity channels, can be formulated as : 

N 

= n 7 7 3 7 
n=l 

(1 - D • 03.6) 

Applying the technique of Partial Fraction Expansion (PFE) [94], i p j i j v ) can be expressed as 

1 
—D-\-L,7I 

(1 -
03^) 

d=l n=l 

Let us now determine the constant coefficients Equating (B.6) with (B.7) and substituting jv = —p, 

we have 
N 

n j ; ! (1 
d=l 1=1 

Multiplying by (1 + p jn ) at both sides, (B.8) becomes : 

. D AT 
TT i — 

(1 H-jpyi) 
= E E a - -

1 
D 

d+l;i 
d=l i=l 

(1 H-jTYi) 
^ ^ ^d,n (1 + Pin) d-l 03 9) 

(f=l 

Setting the {d — l)th derivatives with respect to p and substituting p = —1/7^, we have ; 

N 

Hence, is given as : 

where ^Pd,n{x) is defined as : 

] [ ] [ (&-%1) -D 

i=l 
J^N 

== (d - - 1 ) ! 

^D.'I 

--l/zy, 

1 

( o f - -
(d-l) ( l / 7 n ) 

O&io) 

03 11) 

'PD,N{^) — 
G '̂ d-l 

N 
-D 

* = 1 

03.12) 

p = X 

Upon setting the derivatives directly, ^Pd,n{^^/ Jn) of (B.12) can be represented recursively as : 

7n) — T̂n r f 

d-l 

(fd,, -1/In) = Y1 
1 = 1 

N 
7"-?; C&13) 
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Figure B.2: PDF of 7^ given in (B.16) for an average SNR per symbol of £[7^] = lOdB 

where TTn is defined as : 

"TTrj — 
AT 

A TT Tn 
^ - 7: 

and the doubly indexed coefficient Cd,i of (B.13) can also be expressed recursively as 

Cd î = - 1 for all d 

= 0 k r d > l 

Cd,i = — (* — 1) C'd-i.i-i + Cd-i,i ford>i. 

C&14) 

C&15) 

The PDF of 7, can be found by applying the inverse Fourier transform to ipj{jv) in (B.7), 

which is given by [25, pp 781, (14-4-13)] : 

D N 

A W - ^ ^ AD-d4-l,» 
d=l 

( d - 1)17^ 
Q—LHN (B.16) 

Figure B.2 shows the PDF of the SNR per symbol over both a narrow-band Rayleigh channel and the 

dispersive Wireless Asynchronous Transfer Mode (W-ATM) channel of [13]. Specifically, the W-ATM 

channel is a 3-path indoor channel, where the average SNR for each path is given as 71 = 0.791927, 

72 = 0.124247 and 73 = 0.083847. 

Since we now have the PDF 77(7) of the channel SNR, let us calculate the average BEP of m-ary 

square QAM employing Gray mapping. The average BEP Pg can be expressed as [13, 25] ; 

PA = C&17) 
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where Pm[l) is the BER of m-ary square QAM employing Gray mapping over Gaussian channels [13] : 

Prniy) — ! (B. 18) 

where Q{x) is the Gaussian Q-function defined as Q{x) = and {Ai,ai} is a set of 

modulation mode dependent constants. For the modulation modes associated with m = 2,4,16 and 64, 

the sets {Ai^ai) are given as [13, 123] : 

m = 2, BPSK {(1,2)} 
m = 4, QPSK {(1,1)} 
™ = 1 6 . 16-QAM 

m = 64, 64-QAM | ( H ' ^ ) ' ( H ' i l ) ' ( " H ' l l ) ' ( l ^ ' l i ) ' ^ ) } • 

The average BEP of m-ary QAM in our scenario can be calculated by substituting Pmil) of (B.18) and 

/^(7) of (B.16) into (B.17) : 

CB.20) 
Vo ^ 

= (B.21) 

i 

where each constituent BEP Pe(7; o«) is defined as : 

roo 
Oi) = / Q ( \ / ^ ) A M (^7. 

Jo 
(B.22) 

' 0 

Using the similarity of f j i j ) in (B.16) and the PDF of the SNR of a D-antenna diversity-assisted Max-

imal Ratio Combining (MRC) system transmitting over flat Rayleigh channels [25, pp 781], the closed 

form solution for the component BEP Pe(7;«%) can be expressed as : 
D N , yoo roo 1 

= (B.23, 

D N 

= EE 
d=l n=l 

AD-d+l.n (1 - f ; 
1=0 ^ / 

(B.24) 

where — •sj2+i^^n the average SNR per symbol is 7 = D Yjn=i % • Substituting Pe{l\ o-i) of 

(B.24) into (B.21), the average BEP of an m-ary QAM Rake receiver using antenna diversity can be 

expressed in a closed form. 

Let us consider the performance of BPSK by setting D=1 or A^=l . When the number of antennae 

is one, i.e. D=l, Pe,2{l) is reduced to 

N 

Pe,BPSK = - IJ-n)] (B.25) 
n=l 

N 

n = l 
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which is identical to the result given in [25, (14-5-28), pp 802] . On the other hand, when the channels 

exhibit flat fading, i.e. L=l, our system is reduced to a D-antenna diversity-based MRC system trans-

mitting over D number of flat Rayleigh channels. In this case, KD^d+i,n of (B.ll) becomes zero for all 

values of d, except for A i j = l when d=D, and the average BPSK BEP in this scenario becomes: 

D 

Pe,BPSK = ^ 03.27) 

0328) 

which is also given in [25, (14-4-15), pp781] 



Appendix C 

Mode Specific Average BEP of an 
Adaptive Modulation System 

A closed form solution for the 'mode-specific average BER' of a Maximal Ratio Combining (MRC) 

receiver using Dth order antenna diversity over independent Rayleigh channels is derived, where the 

'mode-specific average BER' refers to the BER of the adaptive modulation scheme, while activating 

one of its specific constituent modem modes. The PDF f j{^ ) of the channel SNR 7 is given as [25, 

(14-4-13)] 

= (D -.^1)! 0 ' (C\l) 

where 7 is the average channel SNR. Since the PDF of the instantaneous channel SNR 7 over a Nakagami 

fading channel is given as : 

AM = ^ 

the following results can also be applied to a Nakagami fading channel with a simple change of variable 

given as -D = TO and 7 = 7 / m. 

The mode-specific average BEP is defined as 

(C.3) 
J a 
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where Q{x) = J^e dt. Applying integration-by-part or fudv = uv - fvdu and noting that 

dv = 
1 

D-l 

f 

V = —e 
(f=0 

(C.3) becomes 

-Pj- (ct, /3; 'y, 15, o) — 
D-L 

d=0 

Z)-l 

0 d=0 

where 

and jJ- = \ / . Let us consider I4 for the case of d — 0 : 

^ a7/(2/i^ d j . 

Upon introducing the variable t^ = a'y/ij? and exploiting that d'y = 2jj,^y^/a ds, we have 

7o(a,^) = -

Applying integration-by-part once to (C.6) yields 

2 r'y/;Y)(' - L g-av/(2A^) 

/3 

Id — 1 2 T 
4 ^D-L J 

(CJO 

(C.6) 

(C.7) 

0 : 8 ) 

(C.9) 

which is a recursive form with the initial value given in (C.8). For this recursive form of (C.9), a non-

recursive form of Id can be expressed as : 

/3) 
r ( d + i ) /%p2\ 

"x/ZoTT 7^ r ( d + 1) \ a J 

2 \ d - i 
7 

rou-&) 

-H 
1 r ( d + i^ 

«7 J R(D +1) 
jU Q(.yo7///) (C.IO) 

By substituting Idia,/3) of (C.IO) into (C.5), the regional BER a, 13) can be represented in a 

closed form. 



Appendix D 

BER Analysis of Type-I Star-QAM 

The Star Quadrature Amplitude Modulation (SQAM) technique [13], also known as Amplitude-modulated 

Phase Shift Keying (APSK), employs circular constellations, rather than rectangular constellation as in 

Square QAM [170]. Although Square QAM has the maximum possible minimum Euclidean distance 

amongst its phasors given a constant average symbol power, in some situations Star QAM may be pre-

ferred due to its relatively simple detector and for its low Peak-to-Average Power Ratio (PAPR) compared 

to Square QAM [170]. Since differentially detected non-coherent Star QAM signals are robust against 

fading effects, many researchers analysed its Bit Error Ratio (BER) performance for transmission over 

AWGN channels [171], Rayleigh fading channels [171, 172] as well as Rician fading channels [173]. 

The effects diversity reception on its BER were also studied when communicating over Rayleigh fading 

channels [174, 175]. The BER of coherent 16 Star QAM was also analysed for transmission over AWGN 

channels [171] as well as when communicating over Nakagami-m fading channels [176]. However, the 

BER of Star-QAM schemes other than 16-level Star QAM, such as 8, 32 and 64-level Star QAM, has 

not been studied. 

D.l Coherent Detection 

The BER of coherent star QAM schemes employing Type-I constellations [170] when communicating 

over AWGN channels can be analysed using the signal-space method [131, 171, 176, 177]. The phasor 

constellations of the various Type-I Star QAM schemes are illustrated in Figure D.l and D.6. Let us first 

consider 8-level Star QAM, which is also referred to as 2-level QPSK [170]. In Figure D.l(a), a is the 

radius of the inner ring, while a/S is the radius of the outer ring. The ring ratio is given by a/3/a = /3. 

The three bits, namely bi, bg and 63, are assigned as shown in Figure D.l(a), representing Gray coding 

for each ring using the bits 6162- The third bit, namely 63 indicates, which ring of the constellation is 

encountered. The average symbol power is given as: 

(D.l) 
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(a) 8-level Star QAM (b) 16-level Star QAM 

Figure D.l: Type-I constellations of Star QAM using two constellation rings 

In order to nomalise the constellations so that the average symbol power becomes unity, a should be 

given as; 

a = 
1+, 

(D.2) 

In terms of the signal space, the modulation scheme with respect to 63 is an Amplitude Shift Key-

ing (ASK) scheme. The decision rule related to bit 63 is specified in Figure D.2(a). The BER of bit 63 

can be expressed as: 

= Q 

1 
+ 2 Q 

o(/3-- 1) 

' 05 - 1 ) = , 

1 + / ^ 

0 ) 3 ) 

(D.4) 

0 ) 5 ) 

where the Gaussian Q-function is defined as Q{x) = e and 7 is the SNR per symbol. 

Since bits 61 and 62 corresponds to Gray coded QPSK signals, their BER can be expressed as: 
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Figure D.2: Magnitude-bit decision regions for various Type-I Star QAM constellations 

la I'M, 

= ( / t ^ ) + ^ 

Hence, the average BER of an 8-level Star QAM scheme communicating over an AWGN channel can be 

expressed as: 

1 
PS — oPbi + ^Pb2 + 

Q 7 + Q 
' 2^2 

l + /f 
7 + Q 

1 + / ^ 
-7 

(D.8) 

(D.9) 

The BER of (D.9) is plotted in Figure D.3(a) as a function of the ring ratio (3 for various values of the 

SNR per symbol 7. We can observe that the BER of 8-level Star QAM reaches its minimum, when the 

ring ratio is ^ ~ 2.4. This is not surprising, considering that the ring ratio should be ^ = 1 -f- \ /2 in 

order to make the Euclidean distances between an inner ring constellation point and its three adjacent 

constellation points the same. However, the optimum ring ratio {3opt, where the BER reaches its minimum 

is SNR dependent. The optimum ring ratio versus the SNR per symbol is plotted in Figure D.3(b). It 

can be observed that when the SNR is lower than 8dB, the optimum ring ratio increases sharply. Since 

the corresponding BER improvement was however less than O.ldB even at SNRs near OdB, the fixed 

ring ratio of /? = 1 -f- \ /2 can be used for all SNR values. Figure D.4(a) compares the BER of 8-level 

Star QAM and 8-PSK. Observe that 8-level Star QAM exhibits an approximately IdB SNR performance 

gain, when the SNR is below 2dB, but above this SNR the SNR gain becomes marginal.. 

Let us now consider 16-level Star QAM. The corresponding phasor constellation is given in Fig-

ure D.l(b). Since the average symbol power is the same as that of 8-level Star QAM, Equation D.2 can 

be used for determining a. The BER analysis for the fourth bit, namely for 64 is exactly the same as 

that of 8-level Star QAM and the corresponding value of is given in (D.5). Since the first three bits, 

namely hi, 62 and 63, are 8-PSK modulated, their BER can be expressed as: 

0DJ.O) 
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Figure D.3: BER of Gray-mapped §-level Star QAM for transmission over AWGN channels 
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Figure D.4; BER comparison of 8-ary and 16-ary modulation schemes for transmission over AWGN 

channels 
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Lu, Letaief, Chuang and Liou found an accurate approximation of the BER of Gray-coded MPSK, which 

is given by [131]: 

PMPSK sin 
2 % - l 

TT -y loggM ^ M 

where 7 is the SNR per symbol. Hence, the BER of (D.IO) can be expressed as: 

PBI = PB2 ~ PBS 

0)11) 

(D.12) 

1 + , l + f f 

+ Q I i + Q i 
l + f p 1 + /32 

0)13) 

Now, the average BER of a 16-level Star QAM scheme for transmission over AWGN channel can be 

expressed as: 

1 1 
P16 - -RPBI + -PB2 + -RPBS + -JPB 0)14) 

/4sin^ (Stt/S) 

1 + / 7 , 
4^^ sin'̂  (^r/S) 

r + ^ -7 

1 + / ^ l + f f 
0115) 

The BER of (D.15) is plotted in Figure D.5(a) as a function of the ring ratio /3 for the various values of 

the SNR per symbol 7. We can observe that the ring ratio of ^ ~ 1.8 minimises the BER of 16-level 

Star QAM, when communicating over AWGN channels [171]. This is also expected, since the ring ratio 

should be /? = 1 + 2cos(37r/8) = 1.7654 in order to render the Euclidean distances between an inner-

ring constellation point and its three adjacent constellation points the same. The actual optimum ring 

ratio popu where the BER reaches its minimum is plotted in Figure D.5(b). As for 8-level Star QAM, 

even though the optimum ratio is SNR dependent, the difference between the BER corresponding to the 

optimum ring ratio and that corresponding to the constant ring ratio of /3 = 1 + 2cos(37r/8) is negligible. 

Figure D.4(b) compares the BER of 16-level Star QAM, 16-PSK and 16-level Square QAM. We found 

that the BER performance of 16-level Star QAM is inferior to that of 16-level Square QAM. Viewing the 

corresponding performance from the perspective of the required SNR per symbol, the former requires an 

approxmately 1.3dB high SNR for maintaining the BER of 10~®. By contrast, it requires a 2.7dB lower 

symbol-SNR, than 16-PSK. 

Having considered the family of twin-ring constellations, let us focus our attention on two four-ring 

constellations. The Type-I constellations of 32-level and 64-level Star QAM scheme are depicted in 

Figure D.6. The last two bits of a symbol are Gray coded in the 'radial direction' and they are four-level 
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Figure D.6: Type-I constellations of Star QAM constellaions having four rings 
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ASK modulated. Let us assume that the Gray coding scheme for the bits "6465" of 32-level Star QAM in 

the 'radial direction' is given as "00", "01", "11" and "10", when viewing it from the inner most ring to 

the outer rings. The decision regions of these bits were illustrated in Figure D.2(b). The remaining bits 

are also Gray coded along each of the four rings and PSK modulated. Let us denote the radius of each 

ring as di,d2 = di ^1, (is = di ^2 and di = di (5 ,̂ where /3i, /32 and ^3 are the corresponding ring ratios 

of each ring. Since the average power per symbol Eg is given as; 

E. = 4 + 4 + 4 + 4 . , 

the value of di required for normalising the average power to unity can be expressed as: 

Inspecting Figure D.2(b), the BER of the fourth bit of 32-level Star QAM can be formulated as: 

(D.16) 
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The decision regions depicted in the lower part of Figure D.2(b) are valid for the fifth bit, namely 65. The 
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BER of 65 can be expressed as; 
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The expression of the BER P^g can be accurately approximated as ; 

(D.20) 
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Let us now find the BER of the PSK modulated bits bi, 62 and 63. Since they are 8-PSK modulated, the 

BER can be expressed using the results of [131] as: 

1 1 
-Fki =fk2 = -F),3 = + TfkfaA'((^27) + 7-Fkf5'A^(c(37) + 7-FkfaK((^47) (D.22) 
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Hence, the BER of 32-level Star QAM can be expressed as: 

Ps2 = g + Pb4 + Pbs) , 

(D.23) 

(D.24) 
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Figure D.7: BER of 32 Star QAM over AWGN channel 

where Pi,̂  and P^^ are given in Equations (D.23), (D.l9) and (D.21), respectively. The optimum 

ring ratios of 32-level Star QAM are depicted in Figure D.7(a). The optimum ring ratios converge to 

Pi = 1.77, ^2 = 2.541 and ^3 = 3.318. Note that the first optimum ring ratio is the same as the 

optimum ring ratio of 16-level Star QAM and the corresponding distances between the second, the third 

and the fourth rings are approximately equal, as one would expect in an effort to maintain an identical 

distance amongst the constellations points. Figure D.7(b) compares the BER of 32-level Star QAM and 

32-PSK. We found that the SNR gain of 32-level Star QAM over 32-PSK is 4.6dB at a BER of 10~®. 

The BER of 64-level Star QAM can be obtained using the same procedure employed for determing 

the BER of 32-level Star QAM, considering that now the bits bi, 62, 63 and 64 are 16-PSK modulated on 

each ring. The BER of the last two bits, P^g and are the same as those given in (D.19) and (D.21), 

respectively. On the other hand, the BER of the 16-PSK modulated bits of 64-level Star QAM can be 
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Hence, the average BER of 64-level Star QAM can be expressed as: 
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(D.25) 

(D.26) 

(D.27) 

where is given in (D.26), where P ĝ and P^g are given in (D.l9) and (D.21), respectively. The 

optimum ring ratios of 64-level Star QAM are depicted in Figure D.8(a). The optimum ring ratios 

converge to f3i = 1.4, P2 = 1.81 and (5̂  = 2.23. It was observed that the SNR difference between the 
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optimised BER and that employing the asymptotic ring ratio is at most IdB in the SNR range of 5dB 

to 15dB. Figure D.8(b) compares the BER of 64-level Star QAM, 64-level Square QAM and 64-PSK. 

We found that the SNR gain of 64-level Star QAM over 64-PSK is 7.7dB at the BER of 10"®. The 

64-level Square QAM arrangement is the most power-efficient scheme, which exhibits 2dB SNR gain 

over 64-level Star QAM at the BER of 10"® 
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Glossary 

Adaptive Modulation 

AMQAM 

AOFDM 

APSK 

ASQAM 

AWGN 

BCH 

BER 

BPS 

CDMA 

complementary 
sequences 

A modulation scheme, where the actual modulation mode of transmitter 'A' 

is adjusted according to the near-instantaneous channel quality perceived by 

receiver 'B' 

Adatpive M-ary Quadrature Amplitude Modulation, an adaptive modulation 

scheme which employs an M-ary QAM employing square-shaped constella-

tions as the constitent modulation modes 

Adaptive Orthogonal Frequency Division Mulplexing, an OFDM scheme em-

ploying adaptive modulation in the frequency domain as well as in the time do-

main, resulting in so-called two-dimensional adaptive modulation or frequency-

time processing 

Adaptive Phase Shift Keying, a PSK modulation scheme where the number 

of legitimate phases is adaptive chosen according to the near-instantaneous 

channel condition 

Adaptive Star-constellation Quadrature Amplitude Modulation, an adaptive 

modulation scheme which employs a version of QAM employing Star-constellations 

as the constituent modulation modes 

Additive White Gaussian Noise 

Bose-Chaudhuri-Hocquenghem, a class of forward error correcting codes (FEC) 

Bit Error Ratio, the ratio of the number of bits received incorrectly to the total 

number of received bits 

Bits Per Symbol, the number of bits used to generate a modulation symbol 

Code Division Multiple Access 

A pair of sequences, which satisfies that the sum of of their autocorrelation 

values result in all zero sequence except at zero offset, also know as complem-

ntary pair or Golay codes 
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DFT 

EGC 

FDM 

FDMA 

FEC 

FFT 

Gray Mapping 

IBEP 

IDFT 

IFFT 

IS-95 

ISI 

iSNR 

LFSR 

MAI 

MC-CDMA 

MC-DS-CDMA 

MIP 

Discrete Fourier Transform, a discrte time version of Fourtier Transform, which 

converts a time domain signal into the corresponding frequency domain signal 

Equal Gain Combining scheme 

Frequency Division Multiplexing, a multiplexing technique, where a set of 

different information is multiplexed using different frequency band 

Frequency Division Multiple Access, a multiple access technique where each 

user is assigned different frequency band in order to communicate with the 

base station 

Forward Error Correction 

Fast Fourier Transform, a computationally efficient version of DFT 

A bit assignment scheme which maps a set of bits to a constellation such that 

the the number of different bits assigned to any adjacent constellations is one 

Instantaneous Bit Error Probability 

Inverse Discrete Fourier Transform, the inverse transform of DFT, which which 

converts a frequency domain signal into the corresponding time domain signal 

Inverse Fast Fourier Transform, a computationally efficient version of IDFT, 

see also IDFT 

Pan-American DS-CDMA cellular communication system developed by Quall-

comm, see also Narrowd Band CDMA 

Inter Symbol Interference 

Instantaneous Signal-to-Noise Ratio 

Linear Feedback Shift Register 

Multiple Access Interference 

A version of Multi-Carrier CDMA, which spreads an information symbol over 

several subcarriers and uses the OFDM structure to transmit the signal, also 

known as OFDM-CDMA 

A version of Multi-Carrier CDMA, which uses a set of orthogonal subcarriers 

conveying a time domain spread information signal 

Multi-path Intensity Profile, a characteristic of a wide-band fading channel, 

also known as Channel Impulse Response 
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MLD 

MMSE-BDFE JD 

MMSEC 

MRC 

MSP 

MT-CDMA 

M M 

Multi-Carrier CDMA 

OFDM 

OFDM-CDMA 

OGold 

OOB 

ORC 

PDF 

PSAM 

QAM 

QOS 

RF 

RMS 

Maximum Likelihood Detection 

Minimum Mean Square Error Block Decision Feedback Equalised Joint De-

tector 

Minimum Mean Square Error Combining scheme 

Maximal Ratio Combining scheme, which maximises the SNR at the output 

of the combiner 

Mode Selection Probability, the probability of selecting a specific constituent 

modulation mode in a adaptive modulation scheme, see also Adaptive Modu-

lation 

Multi-Tone CDMA, a version of Multi-Carrier CDMA technique, which em-

ploys OFDM transmitter to generate a time domain signal and then apply a 

time domain spreading to the signal 

Multiple User Interference, an interference inflicted by the other users' signal 

A family of CDMA technique employing several number of carriers, see also 

MC-CDMA, MC-DS-CDMA and MT-CDMA 

Orthogonal Frequency Division Multiplex 

see MC-CDMA 

Orthogonal Gold codes 

Out-Of-Band 

Orthogonality Restoring Combining scheme, also known as Zero-Forcing com-

bining scheme 

Probability Density Function 

Pilot Symbol Assisted Modulation, a technique where known symbols (pilots) 

are transmitted regularly and the effect of channel fading on all symbols can 

then be estimated by interpolating between the pilots 

Quadrature Amplitude Modulation 

Quality of Service 

Radio Frequency 

Root Mean Square 
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RRNS 

RSSI 

SINR 

SPD 

TCM 

TDMA 

W-ATM 

WHT 

ZF 

Redundant Residue Number System 

Received Signal Strength Indicator, commonly used as an indicator of channel 

quality in a mobile radio network 

Signal to Interference plus Noise ratio, same as signal to noise ratio (SNR) 

when there is no interference 

Successive Partial Bespreading 

Trellis-Coded Modulation 

Time Division Multiple Access, a multiple access technique where each user 

is assigned different time slot in order to communicate with the base station 

Wireless Asynchronous Transfer Mode 

Walsh Hadamard Transform 

Zero-Forcing, see also ORG 
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