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A time domain mathematical model is presented for the prediction of ship motions in 

waves. This mathematical model incorporates convolution integrals, allowing fluid mem-

ory effects to be included in the modelling of ship responses to arbitrary excitation. The 

required impulse response functions are calculated from transforms of frequency domain 

data evaluated using a three dimensional potential flow analysis. The wave excitation im-

pulse response functions include a negative time component, accounting for the influence 

of a particular wave before it reaches the reference point at midships. 

Impulse response functions are calculated with reference to both equilibrium and body 

fixed axis systems. Using reverse transforms, it is shown that certain frequency domain 

data, referenced to equilibrium axes, appears to be unsuitable for the calculation of impulse 

response functions. To test the effects of using impulse response functions referenced 

to either axis system, time domain simulations are performed using equations of motion 

referenced to both axis systems. Comparisons with frequency domain predictions show 

that the numerical implementation of the model referenced to body fixed axes is more 

accurate. 

Subsequently, non-linear incident wave and restoring force/moment contributions are in-

cluded in the mathematical model referenced to body fixed axes. These contributions are 

accounted for by considering the instantaneous underwater portion of the hull at each time 

step of the simulations. Predictions for this partly non-linear model are compared to both 

linear predictions and experimental models for a range of wave amplitudes. A number of 

vessel types are considered, including vessels with flared hull forms and multihulls. 
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Notation 

Equilibrium axis system, origin at O. 

Aij Added mass coefficient in ith direction due to unit motion in the jth 

mode, referenced to the equilibrium axis system. 

Aij Zero speed added mass coefficient in 2th direction due to unit mo-

tion in the jth mode, referenced to the 0^77^ equilibrium axis sys-

tem. 

Bij Damping coefficient in ith direction due to unit motion in the jth 

mode, referenced to the 0^r]( equilibrium axis system. 

Zero speed damping coefficient in zth direction due to unit motion 

in the jth mode, referenced to the O^tjC equilibrium axis system. 

Cxyz Body fixed axis system, origin at centre of gravity C. 

CXYZ Equilibrium axis system, origin at equilibrium position of centre of 

gravity C. 

Cij Restoring coefficient in zth direction due to unit motion in the jih 

mode, referenced to the 0^7]( equilibrium axis system. 

Fn Froude number, Fn = U/yf{Lg). 

{FX ,FY ,FZ ) External forces acting on ship, referenced to CXYZ equilibrium 

axis system (N). 

g Acceleration due to gravity, 9.81m/s. 

{GX ,GY ,GZ) External moments acting on ship, referenced to CXYZ equilib-

rium axis system (Nm). 
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hij{T) ith force/moment impulse response function due to motion in the 

Jth mode, referenced to the equilibrium axis system. 

HIA (T) ith exciting force/moment impulse response function, referenced to 

the 0^7]( equilibrium axis system. 

(HI, H2, HZ) External force acting on ship, referenced to equilibrium axis 

system (N). 

{HI ,H2,HS ) External force acting on ship, excluding wave excitation, referenced 

to 0^T]( equilibrium axis system (N). 

(H4, iJs, ile) External moment acting on ship, referenced to O^rjC equilibrium 

axis system (Nm). 

{H4, HZ, HQ) External moment acting on ship, excluding wave excitation, refer-

enced to 0 r̂}C, equilibrium axis system (Nm). 

H (%Wg) Complex transfer function = H^ (wg) + IH^ (iwg). 

(i, j, k) Unit vectors defined in the Cxyz body fixed axis system. 

(I, J , K) Unit vectors defined in the equilibrium axis system. 

(lo, Jq, KO) Unit vectors defined in the OOXQYOZO spatial axis system. 

(Ic, Jc, Kc) Unit vectors defined in the CXYZ equilibrium axis system. 

Inertia in roll, pitch and yaw, referenced to Cxyz body fixed axis 

system (kgm^). 

4̂5 J46 J54> Cross products of inertia, referenced to Cxyz body fixed axis 

^56^64,̂ 65 system (kgm^). 

IXXJYYJZZ Inertia in roll, pitch and yaw, referenced to CXYZ body fixed axis 

system (kgm^). 

IXYJXZJYX, Cross products of inertia, referenced to CXYZ body fixed axis 

hzJzxJzY system (kgm^). 

ki (r) Roll impulse response function, referenced to Cxyz body fixed axis 

system, where z is a motion variable. 

ka{T) Roll excitation force impulse response function, referenced to 

Cxyz body fixed axis system, where Hs a motion variable. 
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Ki Roll oscillatory derivative, where i is a velocity or acceleration, ref-

erenced to Cxyz body fixed axis system. 

(AT, M, N) External moment acting on ship, referenced to Cxyz body fixed 

axis system (Nm). 

{K, M, N) External moment acting on ship, excluding wave excitation, refer-

enced to Cxyz body fixed axis system (Nm). 

L Ship length (m). 

LCG ship length between perpendiculars (m). 

m Mass of the ship (kg). 

mi{T) Pitch impulse response function, referenced to Cxyz body fixed 

axis system, where i is a motion variable. 

mair) Pitch excitation force impulse response function, referenced to 

Cxyz body fixed axis system, where i is a motion variable. 

Mi Pitch oscillatory derivative, where i is a velocity or acceleration, 

referenced to Cxyz body fixed axis system. 

Ui (r) Yaw impulse response function, referenced to Cxyz body fixed axis 

system, where i is a motion variable. 

Uaij) Yaw excitation force impulse response function, referenced to 

Cxyz body fixed axis system, where i is a motion variable. 

Ni Yaw oscillatory derivative, where i is a velocity or acceleration, 

referenced to Cxyz body fixed axis system. 

OOXQYOZO Earth fixed spatial axis system 

(P, Q,R),{p,q, r) Angular velocity of ship, referenced to Cxyz body fixed axis sys-

tem, where lower case refers to small quantities. 

S Wetted surface of hull. 

S Mean wetted surface of hull. 

t Time (s). 

U Velocity of the ship (m/s). 
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{ux, uy, uz) Velocity of the ship, referenced to CXYZ equilibrium axis system 

(m/s). 

{U, V, W), {u, V, w) Velocity of ship, referenced to Cxyz body fixed axis system, where 

lower case refers to small quantities. 

Y{Xo,Yo,Zo) Fluid velocity vector, referenced to OOXQYOZO spatial axis sys-

tem. 

Vs(Xo, Yo,Zo) Local velocity of body surface, referenced to OOXOYQZO spatial 

axis system. 

W Steady flow velocity of free stream relative to equilibrium 

axis system. 

(X, y, Z) External force acting on ship, referenced to Cxyz body fixed axis 

system (N). 

(X, y , Z) External force acting on ship, excluding wave excitation, referenced 

to Cxyz body fixed axis system (N). 

(%*, y*, Z*), Position of ship centre of mass relative to the origin of the earth 

(z*, y*,z*) fixed frame, where lower case refers to small quantity. 

Xi(r) Surge impulse response function, referenced to Cxyz body fixed 

axis system, where i is a motion variable. 

Xair) Surge excitation force impulse response function, referenced to 

Cxyz body fixed axis system, where i is a motion variable. 

Xi Surge oscillatory derivative, where i is a velocity or acceleration, 

referenced to the Cyxz body fixed axis system. 

yi{T) Sway impulse response function, referenced to Cxyz body fixed 

axis system, where i is a motion variable. 

ya(r) Sway excitation force impulse response function, referenced to 

Cxyz body fixed axis system, where i is a motion variable. 

Yi Sway oscillatory derivative, where z is a velocity or acceleration, 

referenced to the Cxyz body fixed axis system. 
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Ziij) Heave impulse response function, referenced to Cxyz body fixed 

axis system, where i is a motion variable. 

ZOC{T) Heave excitation force impulse response function, referenced to 

Cxyz body fixed axis system, where i is a motion variable. 

Zi Heave oscillatory derivative, where i is a velocity or acceleration, 

referenced to the Cxyz body fixed axis system. 

a Incident wave amplitude (m). 

( Distance of origin C below origin O (m). 

7] Distance of origin C to starboard of origin O (m). 

%) Displacement of ship (small quantity), referenced to equilib-

rium axis system (m). 

(%, %,%) Angular displacement of ship (small quantity), referenced to 

equilibrium axis system (rad). 

6 ,6 Euler pitch angle, where lower case refers to small quantity (rad). 

^ Distance of origin C forward of origin O (m). 

p Water density (km/m^). 

T Time variable used for convolution integrals (s). 

#, (f) Euler roll angle, where lower case refers to small quantity (rad). 

$(^, Tj, 0 General velocity potential in equilibrium axis system. 

4>{C, r}, () Velocity potential associated with unsteady motion. 

%o Heading of ship relative to waves, where 180° is head waves case 

(deg^ 

Euler yaw angle, where lower case refers to small quantity (rad). 

w Wave frequency (rad/s). 

Wg Wave encounter frequency (rad/s). 

Wg Non-dimensional wave encounter frequency = WgyZJG. 

(wx, wy,w^) Angular velocity of the ship, referenced to CXYZ equilibrium axis 

system (rad/s). 

V Displacement volume (m®). 
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Units for Radiation Hydrodynamic Actions 

Motion Added Mass and 

Acceleration Derivatives 

Damping and 

Velocity Derivatives 

Impulse Response 

Functions 

Pure Surge 

Pure Heave 

Pure Sway 

kg kg/s kg/s^ 

Pure Roll 

Pure Pitch 

Pure Yaw 

kgm^ kgm /̂s kgm /̂ŝ  

All Cross 

Coupled Modes 
kgm kgm/s kgm/s^ 

l ^ m K s f b r ^ ^ h v e l & o a t ^ d o n l H y d r o d y n a n n c j & c d o n s 

Motion Force/Moment Impulse Response Functions 

Surge 

Heave N N/s 

Sway 

Roll 

Pitch Nm Nm/s 

Yaw 



1 Introduction 

The desire to model ship motions in waves has resulted in many studies on the nature of 

the interaction between fluids and structures. The ability to predict the loads and motions 

experienced by a vessel in waves can be of great benefit when investigating design possi-

bilities and operating potential. For instance, accurate prediction of the loads acting on a 

ship allows structures to be built in the most efficient and economical manner. Knowledge 

of the likely motions allows aspects of ship operability to be analysed, such as seasickness 

among passengers on ferries and the operational effectiveness of weapons systems on board 

warships. The development of ship motion simulation techniques offers the possibility of 

avoiding costly scale modelling or trial and error testing at full scale. Such techniques 

would provide benefits for both the designers and operators of modem ships. 

The aim of this thesis is to present methods for the implementation of a time domain 

simulation technique, applicable for ship-shaped forms in a realistic seaway. It will not 

be subject to constraints placed on conventional linear techniques which restrict analysis 

to regular waves of very low amplitude. The use of a convolution integral formulation 

will allow memory effects to be included in the modelling of ship responses to arbitrary 

excitation. By taking into account the instantaneous underwater portion of the vessel's hull 

at each time step, non-linear wave excitation and hydrostatic restoring contributions will 

be determined. In doing so, it will be possible to perform time domain simulations of rigid 

body motions in waves of realistic amplitude, enabling comparison of the results of this 

technique to experiments, thus helping to demonstrate the validity of the method. 
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Structure and Outcomes 

Chapter 2 presents a review of some of the range of theories that have been developed 

to address the need for reliable prediction of ship motions. These methods have under-

gone considerable development over time, accelerating particularly in the last 30 years. 

Originally these methods allowed the prediction of frequency domain responses in regular 

waves. They were restricted to small amplitude ship motions/waves and zero or low for-

ward speed. Developments to these frequency domain methods saw modifications made 

that allowed analysis of ships at higher speeds. Later, time domain methods were intro-

duced which offered greater flexibility in terms of the types of problems that could be 

analysed. Larger and more realistic wave conditions could be simulated with correspond-

ingly increased ship motions. Time domain methods allow for the inclusion of influences 

due to control surfaces and excitation by random waves. They also allow for the inclu-

sion of fluid memory effects, as exemplified by the generation of motion induced surface 

waves. Such memory effects introduce a dependence of the fluid forces and moments on 

past motion/excitation. Additionally, a time domain method opens the possibility for in-

corporating non-linear components in the formulation, allowing more accurate modelling 

of certain aspects of the ship motion problem. 

The time domain simulation of ship motions in waves requires a means to relate these 

motions to a known reference. Chapter 3 examines methods of axis system definition, in 

particular the equilibrium and body fixed axis systems. These axis systems have tradition-

ally been associated with seakeeping and manoeuvring motions, respectively. It is shown 

that hydrodynamic actions and ship motions defined in either axis system may be related 

to the other using a series of transformations, as proposed by Bailey et al [6]. The case is 

made that it is possible that the axis system used to reference ship motions to, be they of 

either seakeeping or manoeuvring type, need not be that traditionally favoured. Hence, for 

example, it would be reasonable to use a body fixed axis system to reference for motions 

conforming to the traditional definition of seakeeping motions. 

Chapter 4 examines the techniques used to determine the theoretical hydrodynamic data 

which forms the basis of the time domain method. Two three dimensional singularity dis-
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tribution techniques are used, based on a source distribution over the mean wetted surface 

of the hull. The first method uses a pulsating source with forward speed correction [45], 

the second using a translating, pulsating source [26]. Given that both the accuracy and the 

restrictions applied to these methods are relevant to the subsequent use of the theoretical 

data they provide, the theoretical basis of these methods is discussed. 

Chapter 5 presents methods by which the hydrodynamic data, initially calculated in the 

frequency domain, may be converted into a form suitable for use in a time domain simu-

lation technique. The use of a convolution integral formulation in the time domain allows 

for memory effects to be included in the modelling of responses to arbitrary excitation. 

Convolution integrals require impulse response functions to be determined and relation-

ships are presented for the transformation of frequency domain hydrodynamic coefficients 

to the corresponding impulse response functions. The radiation impulse response functions 

are determined using either the real or imaginary parts of the frequency domain data. The 

wave excitation impulse response functions are unusual in that they include a negative time 

component. This accounts for the influence of a particular wave prior to its reaching the 

reference point at the centre of mass of the vessel. These impulse response functions are 

determined using both the real and imaginary parts of the frequency domain data. The 

relationships presented are applicable for frequency domain data referenced to both equi-

librium and body fixed axes. 

Chapter 6 examines the process of evaluating the frequency domain theoretical hydro-

dynamic data. In particular, the source distribution techniques require the mean wetted 

surface of the hull to be represented as a series of quadrilateral panels, with a source being 

placed at the centre of each panel. Methods for achieving this discretisation are exam-

ined, with emphasis placed on the effects of changing panel distribution on the calculation 

of frequency domain hydrodynamic data. The subsequent use of the frequency domain 

hydrodynamic data for calculation of impulse response functions requires the data to be 

calculated to comparatively high frequencies. This places constraints on the type of panel 

distributions that may be used. In addition, the time taken to calculate the frequency do-

main data is directly related to the number of panels used to represent the hull, requiring a 
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compromise between accuracy and the time taken for calculation. 

Chapter 7 presents a validation of the numerical techniques used to determine the impulse 

response functions from the corresponding frequency domain hydrodynamic data. The ac-

curacy of the numerical methods is confirmed by comparing the original frequency domain 

data with that calculated by inverse transform from the corresponding impulse response 

functions. However, in certain cases it is not possible to accurately transform frequency 

domain data because of the low frequency characteristics of the data. 

Having established methods for the determination of impulse response functions from the 

corresponding frequency domain data, Chapter 8 presents techniques for the incorporation 

of this data into a time domain method employing convolution integrals. Equations of mo-

tion are developed for both equilibrium and body fixed axis representations. The solution 

of these equations of motion requires a time stepping scheme, the method chosen being the 

fourth order Runge-Kutta technique. 

Chapter 9 presents results for the linear time domain simulation of ship motions in regular 

waves. Using theoretical hydrodynamic data, the heave and pitch motions of a Series 60 

model, referenced to both equilibrium and body fixed axes, are compared with frequency 

domain predictions in order to verify the accuracy of the methods. It is found that the mo-

tions referenced to equilibrium axes do not correspond with frequency domain predictions. 

The differences in the results are shown to be the result of certain frequency domain data 

sets tending to an infinite value at low frequency, preventing the accurate determination of 

the corresponding impulse response functions. Hence, subsequent simulations are refer-

enced exclusively to body fixed axes. The symmetric motions of a Series 60 model at a 

range of headings in regular waves are simulated in the time domain and the results are 

found to compare well with frequency domain predictions. Simulations of anti-symmetric 

motions make it clear that the incorporation of viscous effects is vital for accurate, stable 

predictions of such motions. A high speed NPL5b hull form is examined in both monohull 

and catamaran configurations, the later being used to examine the effects of changing hull 

separations on symmetric motions. 
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Chapter 10 presents an extension to the linear time domain simulation technique, whereby 

non-linear incident wave and restoring forces/moment contributions are incorporated. These 

non-linear contributions are determined at each time step of the simulation using the in-

stantaneous underwater portion of the hull. By introducing these effects to an otherwise 

linear formulation, it becomes possible to account for effects due to changes in hull shape 

that occur above the waterline, i.e. flared bows, overhanging stems. This method is ap-

plied to a Series 60 model in head waves and the results compared to linear predictions 

and experimental results. Anti-symmetric motions are simulated for the Series 60 both 

with and without viscous effects. The method is also applied to a SI75 containership hull 

form,which displays more features likely to show non-linear effects than the wall sided 

Series 60. Predicted motions in head waves are again compared to linear predictions and 

experimental results. Other vessels compared using this method include a yacht type hull 

form and NPLSb catamaran models of variable separation. 



2 Literature Review 

The first successful studies on the motions of ships in waves were carried out by Froude 

and Krylov. Froude considered the case of a ship rolling [36], while Krylov investigated 

the pitching of a ship in a seaway [59]. Krylov later developed a more general theory which 

encompassed all six degrees of freedom for rigid body ship motions [58]. Both Froude and 

Krylov based their respective work on the assumption that the presence of the ship did not 

alter the pressure field of the incident waves. This allowed the incident wave forces acting 

on the ship to be found by integrating the undisturbed wave pressure over the wetted surface 

of the vessel. This assumption of an undisturbed incident wave has become known as the 

Froude-Krylov hypothesis. Whilst on their own these so-called Froude-Krylov forces are 

insufficient to accurately model to actual forces on a ship in waves, most modem ship 

motion prediction methods use this theory to determine a significant part of the total wave 

excitation forces. 

In the decades following the publication of the theories of Froude and Krylov, a broader 

understanding of the physical principles involved in the ship motion problem, as well as the 

mathematical tools needed to describe them, were developed. In particular, the strip theory 

developed by Korvin-Kroukovsky [54] and later Korvin-Kroukovsky and Jacobs [55], gave 

the first practical method for predicting heave and pitch ship motions. This strip theory was 

based on the assumption that if a ship was sufficiently slender, the fluid perturbation result-

ing from the oscillatory motions of the ship would be primarily in the transverse plane 
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to the vessel. Furthermore, it was assumed that, with the exception of surge, all possible 

oscillations of the ship were presumed to have negligible velocity components in the lon-

gitudinal direction. Hence the hull of the ship could be divided into transverse sections or 

'strips', for which the hydrodynamic damping and added mass could be calculated. The 

properties of the entire ship could then be found by integrating the results for the individual 

strips over the length of the vessel. 

2.1.1 Two-Dimensional 

The strip theory of Korvin-Kroukovsky used a two-dimensional boundary value problem 

method to determine the hydrodynamic added mass and damping. A linearised free surface 

condition was used in conjunction with a body boundary condition which required that the 

normal component of the fluid velocity on the body equal the normal velocity of the body 

itself. The first application of the two-dimensional boundary value problem method to 

a ship-like shape was by Lewis [62]. Lewis's solution employed a conformal mapping 

technique, based on a two-parameter family of curves. Using this method, the shape of 

a ship-like section could be mapped to that of a cylinder for which the hydrodynamic 

properties were more easily calculated. However, Lewis's work was also based upon the 

assumption of the ship vibrating at infinite frequency, effectively giving a rigid free surface. 

This did not allow for any study of the frequency dependence arising from the creation of 

surface waves. Some years later Ursell [94] developed a more complete solution to the 

problem of a cylinder heaving on the surface with a linearised free surface condition. He 

used a muWpole expansion method that satisfied the frequency dependent free surface 

condition, Laplace's equation and a condition at infinity. 

The so-called Lewis forms have shown enduring popularity due to their simplicity, re-

quiring only the beam/draft ratio and the sectional area coefficient to describe a particular 

section. However these Lewis forms are limited in their ability to describe more complex 

ship-like shapes such as bulb and chine sections. To this end, multi-parameter conformal 

mapping methods were introduced and these offer improved sectional representations as 
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the number of parameters in the mapping can be increased for more complex sections [60]. 

The two-dimensional boundary value problem can also be solved using a boundary inte-

gral method as first proposed by Frank [35]. In this method the underwater portion of each 

section is divided into a series of straight line segments. At the centre of each of these seg-

ments lies a fundamental singularity. Using Green's second identity, the velocity potential 

at any point in the fluid may be expressed as the summation of the contributions of these 

singularities. The singularities used in this method may be either sources or dipoles, or 

alternatively a combination of the two. Each of the singularities satisfies the zero speed 

linearised free surface condition, the Laplace equation and an appropriate condition at in-

finity. By satisfying the body boundary condition at the centre of each of the segments, the 

strength of each of the singularities can be determined. Knowing the strength of the singu-

larities allows the velocity potential to be calculated, from which the pressures in the fluid 

and hence the forces may be obtained. In common with other singularity distribution tech-

niques, the boundary-integral method suffers from a mathematical breakdown at certain 

frequencies if the vessel is surface piercing [50]. Irregular frequencies aside, the advantage 

of this method over Lewis form methods is in its ability to obtain improved resolution of 

hull sections with complex geometry, simply by decreasing the size of the line segments. 

A comparison of the results obtained using Lewis forms, multi-parameter conformal map-

ping and Franks boundary-integral method was given by Bishop, Price and Tam [19] for 

heave and by Bishop, Price and Temarel [20] for sway and roll. Bishop, Price and Tam pre-

sented results showing the differences between the mapped forms obtained using the Lewis 

form method and multiparameter mapping for five ship-like sections: a chine section, rect-

angular section, triangular section, fine section and a bulbous section. It was found that 

a much better representation of the sections could be obtained using the multiparameter 

conformal mapping as opposed to the Lewis fit method. Comparison of the calculated hy-

drodynamic added mass and damping showed that the multiparameter conformal mapping 

technique gave a considerable improvement over the Lewis form method. However, they 

also noted that the boundary-integral method suffered at high frequencies from irregular-

ities and was considerably more computational expensive. Similar results were found by 
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Bishop, Price and Temarel, using identical ship-like sections to determine sway and roll 

hydrodynamic coefficients. Again it was found that, provided suitable parameters were 

chosen for the mapping, the multi-parameter conformal mapping technique could be used 

to determine hydrodynamic coefficients to the required degree of accuracy. 

Korvin-Kroukovsky and Korvin-Kroukovsky and Jacob's so-called 'intuitive' strip theory 

was the first method by which reasonably accurate predictions could be made for ship 

motions. The success of this technique lead to efforts to develop more mathematically 

rigorous strip theory methods. One major objection voiced against the intuitive strip theory 

was that it did not properly account for forward speed effects. The strips were analysed in 

isolation and interactions between them were not accounted for. Among these 'improved' 

strip theories were those of Gerritsma and Beukelman [39] and Ogilvie and Tuck [81]. 

Ogilvie and Tuck presented a more general strip theory, which now included the solution of 

the full three-dimensional boundary value problem. This so-called "rational" strip theory 

was quite computationally intensive and was followed by other less rigorous, but more 

practical, treatments of the problem. 

Salvesen et al [86] praised the accuracy and simplicity of Korvin-Kroukovsky and Jacobs 

original strip theory, though pointing out that the forward speed terms in the coefficients 

did not satisfy the symmetry relations proven by Timman and Newman [92]. Using a less 

complex formulation than Ogilvie and Tuck, Salvesen et al. included additional forward 

speed dependent terms which satisfied the symmetry relations of Tinraian and Newman 

and were able to obtain good results for vessels advancing at constant speed in regular 

waves. 

In order to linearise the potential flow problem, the theory of Salvesen et al., in common 

with other strip theories, assumed that the wave resistance perturbation potential and all 

its derivatives were small enough to be ignored. This meant that there was no account 

taken for the diffracted wave force and its effect on the motions. To include the diffraction 

contribution, strip theories have had to rely on Haskind relations, determined by Newman 

[74]. These relations allow for the diffraction potentials, and hence forces, to be determined 

from the ship motion (radiation) potentials. 
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An alternative to the strip theory is the slender ship theory which assumes the beam and 

draft to be small in comparison to the length of the ship [73, 75]. This method has been 

found to give good agreement with experimental results provided the forward speed is very 

low [76]. The problem of how to properly include forward speed effects was addressed 

by the "unified" theory of Newman [77] which combined aspects of strip theory and thin 

ship theory. This was developed out of a concern that the existing two-dimensional meth-

ods had aspects that remained unsatisfactory from a 'rational' point of view. Among the 

aspects addressed was the mathematical validity of the solution at low frequencies (de-

spite good agreement with experimental results, e.g. Salvesen et al. [86]), the emergence 

of forward speed effects only as a higher order correction and the difficult nature of the 

diffraction problem in short incident waves. Whereas earlier strip theory methods deter-

mined the hydrodynamic added mass and damping using the Laplace equation, Newman 

replaced this with a Helmholtz equation, using the longitudinal wave number as a parame-

ter. This change in the formulation provided a correction to the two-dimensional problem 

to account for the fact that the body was not infinitely long on its longitudinal axis. This 

method has been shown by Newman and Sclavounos [78] to provide better correlation with 

experimental results than previous strip theory techniques. 

Increasing interest in the use of multi-hulled vessels, in particular catamarans, for com-

mercial purposes meant that methods were sought for estimating the responses of these 

types of vessels in waves. It was realised that if a strip theory method was to be used on 

vessels of this type some estimation would have to be made of the interaction between 

the hulls. Wang and Wahab [99] investigated the oscillation of twin cylinders in the free 

surface, noting that there were certain frequencies at which the fluid between the cylinders 

was strongly excited. The application of strip theory to catamaran configurations involving 

realistic demi-hull-forms was carried out by Lee et al [61], who investigated the effects of 

changing the separation between the hulls on the resultant motions. Lee noted the inability 

of a conventional strip theory to correctly account for the interactions between the hulls 

of a catamaran vessel with forward speed. Given that strip theory was a two-dimensional 

method, when the vessel had forward speed it would be unable to account for the fact that 

the waves produced by one section would be likely to interact with another section further 
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aft. Modifications were required to account for this and prevent over-estimation of the 

interactions between the hulls. 

Kim [51] presented in a strip theory method by which the motions and loads of a catamaran 

type ship of arbitrary shape could be determined. This method was valid for conventional 

catamarans with ship-like demi-hulls as well as semi-submersible type ships with catama-

ran configuration. Results were presented that showed generally good agreement between 

experimental and theoretical results for both a conventional catamaran type ship and a 

semi-submersible catamaran. Further work on the problem of catamarans was carried out 

by Ohkusu and Faltinsen [83]. They investigated the nature of the hydrodynamic forces 

present when forward speed was included. They noted that experiments had shown [82] 

that the hydrodynamic interaction effects between the two hulls of a catamaran were not 

as strong as those predicted by a two-dimensional strip theory method. This difference be-

came greater as the forward speed was increased. Ohkusu and Faltinsen used a theoretical 

method that included theories relating to the high speed motions of a flat surface piercing 

plate, the stationary flow around the bow of a ship and the diffraction problem at the bow. 

The added mass and damping hydrodynamic coefficients calculated compared well to ex-

periments for high Froude number. They also showed that as the forward speed increased 

the level of interaction between the hulls decreased. 

Faltinsen and Zhao [32] attempted to address some of the perceived deficiencies of strip 

theory in their study of 1991. They produced a two-dimensional method that was able to 

account for the interaction between the local steady flow and the unsteady flow. The local 

steady flow contribution was solved using a more complete formulation of the classical 

linear free surface condition with forward speed than had been used previously for strip 

theories. The three-dimensional nature of the wave system created by the ships forward 

motion was modelled starting from the bow and progressing aft along the sections into 

which the hull had been divided. In this way they were able to include in each section the 

influences of the sections upstream. This inclusion of three-dimensional effects has seen 

this method dubbed a 2|-D strip theory. Comparison of the results to experiments showed 

the non-linear calculation of the local steady flow offered improvements in the calculated 
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wave profile along the ship. Heave added mass and damping data was also compared to 

experiments and a satisfactory level of agreement was noted [32]. 

2.1.2 

Whilst strip theories had been shown to provide reasonable agreement with experimental 

results for conventional ship hull forms, there existed a need to find methods that were 

subject to less restrictions than strip theory. In particular, there was an increasing need 

to model the motions of vessels that were not of conventional shape, such as the semi-

submersible platforms used in oil exploration. Such cases would require the solution of the 

three-dimensional boundary value problem. The method employed to solve this problem 

was similar to that of Frank, with fundamental singularities distributed over the surface of 

the object. Having assumed that the fluid was invicid, homogeneous and the fluid motion 

irrotational, the velocity potential throughout the fluid domain could be determined from 

the sum of the contributions of the singularities. 

Initially this method was used only for studies of zero or very low speed cases, meaning 

that a pulsating source could be used as the singularity. The pulsating source satisfies 

the Laplace equation throughout the fluid domain, the zero speed free-surface boundary 

condition and a condition to ensure outward moving waves at infinity. The solution to the 

practical problem of a floating body in waves is found by dividing the underwater portion 

of the vessel into panels, with a singularity at the centre of each of the panels. The strength 

of each source is obtained by satisfying the body-boundary condition at the centre of the 

panel. By assuming that the source strengths are constant over each of the panels, the fluid 

pressures can be calculated and hence the forces acting on the vessel. Early examples of the 

method include Garrison [37] and Faltinsen and Mitchelsen [31]. Faltinsen and Mitchelsen 

found that when using a simple floating box there was very good agreement between the 

numerical calculations and experimental results, though subject to the normal limitations 

of linear theory. It was shown that using a two-dimensional strip theory to calculate the 

responses of the box shape did not produce acceptable results, leading to the conclusion 
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that only a three dimensional method would be suitable for problems involving objects that 

do not conform to the strip theory requirement of being 'thin'. 

The introduction of forward speed corrections, similar to those used by Salvesen et al. [86], 

meant that vessels travelling with forward speed could be considered. Inglis and Price com-

pared the results of a strip theory method using Lewis forms to a three dimensional method 

with forward speed correction for the calculation of the wave exciting forces and moments 

[48] and hydrodynamic coefficients [49]. They found that provided the forward speed was 

low the three dimensional method employing forward speed correction gave good agree-

ment in terms of the predicted motions/response. However, the individual hydrodynamic 

coefficients and wave excitation forces were not as accurate as those found using method 

that fully accounted for forward speed effects. 

The velocity potential function of a translating, pulsating source, used to solve the three-

dimensional problem with forward speed, was first given by Wehausen and Laitone [100]. 

This formulation is very complicated, involving single and double integrals dependent on 

the forward speed of the vessel and its frequency of oscillation. The first practical method 

employing this type of velocity potential was that of Chang [24]. Despite simplifying the 

formulation, the evaluation of the integrals was still extremely time-consuming. Other at-

tempt to simplify the translating, pulsating source formulation have been made. Inglis and 

Price [46] employed an exponential integral, which for low values of {3 = Uu/g con-

tained only single integrals. However for (3 > 0.25 double integrals remained. Guevel and 

Bougis [40] presented a method which also employed an exponential integral to simplify 

the double integrals, though in this case for all values of P. A similar exponential integral 

method for the simplification of the double integrals over all values of (3 was presented by 

Wu and Eatock-Taylor [102]. Bessho [12] presented an alternative simplified translating, 

pulsating source method which now contained only single integrals, whilst still satisfying 

the boundary conditions of the method of Wehausen and Laitone [100]. Although there 

were now only elementary functions in the integrand, it was still very complicated and it 

was not until Ohkusu and Iwashita [84] that a numerical scheme based on this formulation 

was presented. 
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There is not a great deal of published data regarding the effectiveness of translating, pul-

sating source methods in determining ship motions. Inglis and Price [48,49] compared the 

results obtained using two versions of a translating pulsating source method, each with a 

different body boundary condition, to a pulsating source method with forward speed cor-

rection and a strip theory method. They found that while the use of the translating, pulsat-

ing source method gave benefits in the calculation of individual hydrodynamic coefficients 

and wave actions, the differences in the response calculations were quite small. For the 

relatively low Froude numbers considered (maximum Fn=0.3) the differences between the 

methods were fairly small and the computational effort required for the translating, pulsat-

ing source far outweighed that for the strip theory and pulsating source methods. Another 

study of a translating, pulsating source method applied to a realistic ship form was that of 

Squires and Wilson [91], who used a formulation similar to that of Wu and Eatock-Taylor 

[102] to simplify the Green's function formulation. Comparisons were made with results 

from Wu and Eatock-Taylor [102] and Inglis and Price [46], showing close agreement 

between the methods. 

Attempts have been made to circumvent the need for the translating, pulsating source al-

together, whilst still including forward speed effects, including the studies of Huijsmans 

and Hermans [44] and Wu and Eatock-Taylor [103]. In particular, Wu and Eatock-Taylor 

expanded the velocity potential of the pulsating source method as a perturbation series, in-

cluding the effects of the interaction between the steady and unsteady wave patterns on the 

hydrodynamic coefficients. This gave the ability to include forward speed effects whilst 

avoiding the complication of the translating, pulsating source formulation. 

2L2 T l i n # I ) o i r w & u i rbctuaiqiH&s 

The need for increased computational efficiency lead to a great deal of effort being ex-

pended to improve translating, pulsating source techniques for use in the frequency do-

main. However, if the three-dimensional boundary value problem is reformulated in the 

time domain, the computational complexity can be reduced. Green's second identity is still 
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used, but in the time domain the Green's function is much less complicated, regardless of 

the velocity of the body. 

King et al. [52] presented results obtained using a linear time domain method which ac-

counted for forward speed effects. These were compared to results from a strip theory 

method (based on that of Salvesen et al. [86]), "unified" strip theory (Sclavounos [88]), 

three-dimensional methods of IngUs and Price [48], Chang [24], Guevel and Bougis [40] 

and experimental data. It was found that there was good agreement between all the the-

oretical methods when calculating the heave added mass and damping, the strip theory 

and unified theory producing particularly close results to the experimental measurements. 

The pitch damping results for all methods did not show agreement with the experimental 

results, strip theory proving particularly poor. King et al. [52] stated that the time do-

main method came closest to describing the correct general character of the experimental 

results. The cross-coupling coefficients found using the time domain method showed the 

best agreement with experimental results of all the theoretical methods, though the authors 

could not explain why this would be the case when the pure heave and pitch had not been 

so good. 

Another investigation into the ship motion problem in the time domain was carried out by 

Bingham et al [14], using a transient Green's function method. They presented the results 

of their time domain method for a Wigley hull, with and without steady forward speed. 

These results were compared to experiments and frequency domain methods, for which 

there was found to be a good level of agreement. Further development of this method was 

detailed by Bingham et al. [13] with results being presented again for a Wigley hull and 

also the more realistic Series 60 type hull. It was found that the time domain solution suf-

fered from the effects of irregularities in much the same way as frequency domain methods. 

Comparison was made between the time domain and frequency domain methods. First of 

all, Fourier transforms were used to evaluate frequency domain hydrodynamic added mass, 

damping and exciting forces/moments from the time domain impulse response functions. 

This frequency domain data was used to solve the equations of motion to obtain the re-

sponse amplitude operators (RAOs). Secondly a time domain simulation was carried out 
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using the impulse response functions, the RAOs being found using Fourier transforms of 

the resulting motions. Good agreement was found between the methods, with results for 

changing speed showing close agreement with experimental measurements. 

Performing ship motion predictions in the time domain gives the opportunity to extend the 

range of motion considered beyond the traditional restrictions of small amplitude. Ships in 

larger amplitude waves can now be considered, with their correspondingly large motions. 

This offers the possibility of better simulating realistic conditions in which the possibil-

ity of extreme motions/loads is most likely. Lin and Yue [64] presented a time domain 

method in which the exact body boundary condition was satisfied on the instantaneous un-

derwater surface, while the free-surface boundary conditions remained linearised and on 

the calm water free surface. This contrasted with previous time domain methods which had 

continued to use the mean wetted surface of the ship to obtain the hydrodynamic character-

istics. The linear free-surface boundary condition still applied, hence incident waves and 

the waves generated by the ships motion (both radiation and diffraction) were still assumed 

small. This lead to methods of this type being referred to as "body non-linear". Lin and 

Yue compared the results of their program LAMP (Large Amplitude Motions Program) at 

zero speed to a Hnearised time domain method, strip theory results based on the method 

of Salvesen et al. [86] and experimental measurements. It was found that there was good 

agreement between hydrodynamic coefficients obtained using the LAMP method and those 

found by experiment. The agreement between LAMP and experiments was such that the 

authors suggested that non-linear free surface terms could be of less importance than had 

been assumed for the prediction of motion coefficients. 

Lin and Yue [64] noted that the presence of large amplitude heave motions resulted in 

significant increases in the added resistance and steady sinkage and trim forces. Also of 

importance was the finding that with increasing motion amplitude there were considerable 

changes in the first harmonic (excitation frequency) motion coefficients. In particular, the 

non-linearly calculated added mass was found to decrease markedly with increasing heave 

amplitude. 

Further work by Lin et al. [63] increased the degree of non-linearity of the LAMP program. 
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Now, in addition to satisfying the body boundary condition on the instantaneous wetted 

surface of the hull, they linearised the free surface boundary condition about the incident 

wave. This was done by using the incident wave elevation to transform the body geometry 

into a computational domain with a deformed body and a flat free surface. In this way they 

were able to include the true hydrodynamic effects of the underwater portion of the hull as 

well as the correct hydrostatic and Froude-Krylov forces. Whilst the radiated and diffracted 

waves remained small, it was said that this method allowed incident waves of arbitrary 

profile to be used in the analysis. Lin and Yue presented results for a S175 containership 

found using two methods. In the first the linearised free surface condition was satisfied 

on the surface of the incident wave {LAMP4), the second method using radiation actions 

found using a linearised free surface condition combined with restoring and Froude-Krylov 

forces found using the instantaneous underwater portion of the hull {LAMP2). 

Comparing these two methods to experimental data for a range of wave amplitudes showed 

that both the LAMP2 and LAMP4 methods displayed similar non-linear effects to the ex-

perimental results. The pitch predictions using both methods were similar, though lower 

than the experimental values. The heave value predicted by LAMP2 were higher than 

the experimental results, which were more closely matched by the LAMP4 method. The 

computation effort required by these two methods was very different, the LAMP4 method 

requiring 40 times more computing time than LAMP2. Such differences in computation 

effort are of considerable relevance when considering the possible applications of a tech-

nique in commercial design. 

A J t e r n a d i v e 

Thus far the three-dimensional methods discussed have all employed Green's theorem in 

conjunction with a distribution of suitable singularities over the hull of the ship to allow 

the calculation of the velocity potential in the fluid domain. An alternative method is to 

use the so-called Rankine Panel method. In this method Green's second identity is still 

used, allowing the problem of obtaining the velocity potential to be reduced from being 
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the entire fluid domain to the surfaces of the domain. The Green's function used is now a 

simple l/R singularity. A source of this type does not satisfy either the free-surface condi-

tion or the body-boundary condition. This means that the singularities must be distributed 

over both the body-surface and the free-surface. Without the radiation condition at infinity 

that is applied to other Green's function methods, the radiation condition must be applied 

numerically. The strengths of the Rankine sources are determined by applying a dynamic 

pressure condition to the free-surface and a body-boundary condition. Having evaluated 

the strengths of the sources, the velocity potential can then be calculated and hence the 

pressures on the body and the free-surface elevation determined. The computational effort 

required to evaluate the Green's function used in the Rankine panel approach is consid-

erably less than for the Green's function methods previously described. However, a great 

deal more singularities are used in Rankine panel methods which leads to additional re-

quirements in terms of the larger matrices which must be inverted. This is due to the fact 

that in addition to requiring that the body of the vessel be discretised using panels, the free 

surface to an appropriate distance from the vessel must also be panelled. 

As was the case for the previous Green's function methods, the Rankine panel methods 

were initially applied in the frequency domain. Nakos and Sclavounos [72] compared the 

results of a frequency domain Rankine panel method to experimental results, for a Wigley 

hull and a Series 60 model, finding good agreement. Sclavounos et al [87] used a firequency 

domain Rankine panel method to model the seakeeping of SL7 and S175 ship hull and an 

lACC type yacht form. The purpose of this investigation was to assess the effects of flare 

and transom stems. The transom stem issue was addressed by including a strip of panels 

to form a 'wake' behind the ship. It was observed that if the shape of the wave profile 

along the ship was not accounted for (i.e. only examined the mean wetted surface), the 

heave and pitch responses were over estimated. However if the wave profile along the ship 

was accounted for, thus including contributions from flared and overhanging portions of 

the hull to the instantaneous underwater area, the predicted responses were in much better 

agreement with experiments. 

Formulation of the Rankine panel method in the time domain was first achieved by Maskew 
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[66]. Numerical solutions to this method have been found using the Euler-Lagrange method 

[9]. This method uses a time stepping approach which requires two major tasks to be car-

ried out at each time step. The first of these to solve the linear field equation in the Eulerian 

frame, the second being to track the individual Lagrangian points on the free surface us-

ing a fully non-linear boundary condition in order to update their position and potential 

values. This method has been used for two-dimensional cases from the late 1970's and 

more recently for three-dimensional cases. Three dimensional situations are much more 

computationally difficult due to the large number of unknowns required. This has meant 

that their successful use has been reliant on the availability of sufficient computing power. 

In their 1994 paper, Beck et al. [9] solved the mixed boundary value problem using a 

desingularised integral method. This allowed the body motions and free-surface elevation 

to be non-linear. A solution was obtained by using an integration surface outside of the 

fluid domain. By distributing the singularities on a surface slightly removed from the 

control surface, the kernel in the resulting integral equation was desingularised. This meant 

that simple numerical summation techniques could be used to evaluate the integrals over 

the panels, greatly reducing computational effort. Results were presented for a Wigley hull 

form, which were found to give better agreement with experimental results than linear strip 

theory and three-dimensional methods. 

There have also been efforts made to develop less computationally intensive methods which 

still allow accurate simulation of the motions of ships. These methods take advantage of 

the fact that performing ship motion simulations in the time domain allows for the inclusion 

of certain non-linear effects in an otherwise linear formulation. It has been most common 

to account for non-linear effects by allowing the shape of the underwater portion of the hull 

be time dependent, allowing the calculation of the instantaneous Froude-Krylov and restor-

ing forces at each time step of the simulation. Fonseca and Guedes-Soares [34] presented a 

method where the non-linear Froude-Krylov and restoring forces were calculated using the 

instantaneous underwater portion of the hull. The radiation and diffraction forces were rep-

resented using frequency dependent coefficients found using a strip theory method. Their 

time domain solution employed a convolution method to account for memory effects. They 
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represented the linear radiation forces using impulse response functions, infinite frequency 

added masses and what they referred to as a "radiation restoring coefficient". The diffrac-

tion forces were calculated at each instant using frequency domain transfer functions. The 

combination of linear and non-linear expressions in a single method requires some care. 

It was noted by Fonseca and Guedes-Soares that to use a frequency dependent expression 

to directly calculate the radiation forces associated with non-linear motions was not cor-

rect, since the non-linear system would not respond in a unique and known frequency. In 

addition, it has been shown [29] that the so-called radiation restoring coefficient is always 

equal to zero and any non-zero value is simply the result of numerical errors. 

Other methods which have used a partially non-linear formulation include the study by 

Kring et al [56] who used a Rankine panel method to determine the linear radiation and 

diffraction contributions. To these linear components non-linear Froude-Krylov and restor-

ing forces were added. It was found that there was a considerable improvement in the re-

sults found using the partially non-linear method over a linear method when compared to 

experimental measurements for a vessel with overhangs and flare. Further results using a 

combination of linear radiation and diffraction calculated using a Rankine panel method 

and non-linear Froude-Krlyov and restoring forces are presented by Kring et al [57] and 

Huang and Sclavounos [42]. Kring et al. examined the case of a high speed Lewis form 

catamaran and Huang and Sclavounos examined monohull vessels with flare above the 

waterline. In both cases it was found that inclusion of non-linear components into an oth-

erwise linear formulation gave considerable improvements over entirely linear methods. 

iZ/l ALoadhrsis 

The previous sections of this review have given coverage to a range of methods that are 

available for the numerical analysis of the seakeeping characteristics of ships. Through 

the history of their development there has been an increase in the numerical sophistication 

and the physical correctness of these methods. Yet, despite these developments, the most 

popular method used today for the analysis of seakeeping is still the strip theory method. 
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This can be attributed to the fact that strip theory has been shown to reliably produce results 

that are sufficiently accurate for most purposes, require only sectional data to describe the 

hull form (which is easily obtained) and are extremely quick to implement. 

Heam et al. [41] argued that there was little doubt that the design of ships could be im-

proved if designers were to use seakeeping analysis as a tool in preliminary design. They 

stated that, using cause and effect relationships, the benefits of changing design parameters 

could be analysed in a scientific way. Such a process would require the repeated applica-

tion of seakeeping analysis methods in order to ascertain the characteristics of each design 

iteration. It is this need for repeated application that makes speed of calculation one of the 

most important aspects in gaining acceptance of seakeeping analysis as a viable tool for 

design. Strip theory has been regarded as the only method which offers calculation speeds 

that are sufficiently fast to encourage its use. However, as has been noted previously in this 

review, strip theories do not correctly account for many increasingly common character-

istics of modem vessels. High speed craft, multi-hulls and craft with unconventional hull 

forms such as semi-submersibles and SWATHs (5mall Waterplane Area Twin Hull ships) 

are not well served by strip theories and the increasing use of these types of craft means 

that efficient alternative methods for evaluating their seakeeping responses are required. 



3 Axis Systems and Equations 

of Motion 

The development of methods for the mathematical description of ship motions requires a 

means to relate these motions to a defined reference system. In ship motion simulation, 

these reference systems take the form of spacial axis systems, which may be fixed in space 

or within the vessel. In the latter case the axes may either perform the motions of the vessel 

or translate with the vessel and remain unaffected by its perturbations. 

The context in which the simulation of ship motions occurs has traditionally been the de-

ciding factor for the type of axis system which is used. For the study of the seakeeping 

motions of vessels, where the ship in question maintains a constant speed and heading 

in a defined seaway, an equilibrium axis system has been favoured. However, if the ma-

noeuvring characteristics of a vessel are being investigated, such as assessing the dynamic 

response to prescribed actions e.g. circle and zig-zag manoeuvres, the motions have nor-

mally been referenced to a body fixed axis system. 

The traditional choice of axis system for particular circumstances does not result from the 

fundamental unsuitability of either method for the description of certain types of motions. 

Indeed, it has been shown by Bishop and Price [18] and later Bailey et al. [6] that the 

theories of seakeeping and manoeuvring may be related by a series of transformations to 

provide a "unified" theory. Hence the possibility exists that the choice of axis system might 

not necessarily be based on the nature of the motions of interest, but rather on other factors 

present in the mathematical problem, as will be shown in later chapters. 
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In the following sections of this chapter, the mathematical basis of both the equilibrium 

and body fixed axis systems are developed. They are developed along parallel Knes so 

that it becomes possible to directly compare the two systems. This leads to the formula-

tion of relations which allow transformation of data between axis systems, enabling direct 

comparisons of results obtained from a variety of theoretical and experimental methods. 

2*.]l 

Seakeeping theory has traditionally referenced the rigid body motions of a vessel to equi-

librium axes. This axis system moves with the ship but remains unaffected by the vessel's 

parasitic motions. 

Figure 3.1 shows the axis systems traditionally associated with the equilibrium axis rep-

resentation of ship motions. Two axis systems are defined within the vessel. The first of 

these is the axis system O^rj!^ which has its origin at the point O, which is at the height 

of the calm water surface. The C-axis is positive upwards and the and rj- axes lie in the 

plane of the calm water surface. This axis system translates with the same velocity 

U as the ship, but remains unaffected by its parasitic motions. 

The axis system CXYZ has its origin at C, the equilibrium position of the centre of mass. 

With the ship in its equilibrium position, the Z-axis points vertically upwards and the X-

and Y- axes lie in a plane parallel to the calm water surface. The CXYZ axis system is 

fixed within the ship and performs its parasitic motions. 

Lastly there is the space fixed axis system OQXOYOZO- The position of this axis system 

coincides with that of the equilibrium axis system O^rjC, at time t = 0. 

The process of describing the forces and moments acting on the ship and the subsequent 

motions that occur is aided by describing a series of unit vectors as follows, 

(i) I, J and K along O^, Orj and respectively and 

(ii) Ic, Jc and Kc along CX, CY and CY respectively. 
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Ut 

Figure 3.1; Equilibrium axis system. 

Hence it becomes possible to define the total force acting on the vessel as [18] 

F c = Fxl-c + -PyJc + Fz^c-

Similarly, the total moment of the external forces acting about the centre of mass is 

Gc = Gx^c + GyJc + 

In addition, one may now express the velocity and angular velocity of the vessel, both 

referenced to the CXYZ axis system, as 

U = Ux^c + C/yJc + Uz^c 

O = i l x i c + OyJc + 
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Because in a seakeeping analysis one is considering the case of a vessel performing small 

parasitic motions whilst moving forward with steady speed, it is possible to specify, 

Ux U + ux Ojc UJx 

UY = Uy Qiy = OJy 

. . 
Q,z LOz 

Fx Gx AGx 

Fy = A.FY Gy = AGy 

. . 
AFz Gz AGz 

where the lower case and A values are small quantities. 

In the case of a generic ship, without port/starboard symmetry, the small net force and net 

moment required to displace the ship from its straight line equilibrium motion are given by 

AFc = Ai^xlc + AfyJc + Ai^^Kc = niU 

— TTiiux^c + MyJc + tt^Kc), 

and 

(3.1) 

Ixx —IxY —Ixz d>x 

A G c — AGjflc 4" AGyJc -t- A( j^Kc = —IYX LYY —IzY CJY 

—Izx — IzY Izz Coz 

(3.20 

where IXXJXY etc. represent the inertias of the ship about the CXYZ axis system. 

The motions of the vessel in the equilibrium axis system are referenced to the axis 

system as follows 

(i) small translations 771 (t), %(() and %((), parallel to the axes O^, Orj and respec-

tively, 

(ii) small rotations 774(t), %(f) and about the axes O^, Or} and respectively. 

Thus one requires a method by which the velocities and accelerations calculated with re-

spect to the body fixed CXYZ axis can be referenced to the equilibrium axes. In the 
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general case the alignment between the 0^'q(^ and the CXYZ axis systems is illustrated in 

Figure 3.2 where the axes are aligned and the translations between them in the X,Y and Z 

directions are 77 and ( respectively. 

C 

Figure 3.2: Generalised relationship between equilibrium axis systems 

and CXyZ. 

Hence the position of C within the equilibrium axis system O^rjC, can be written as 

Roc = + + (—()K. 

The angular velocities and accelerations referenced to the and the CXYZ axis sys-

tems are thus related as follows [17], 

(3.3) 

The displacement of the ship's centre of gravity is referenced to the axis system by 

R-oc = (% + C)! + (% + ^)J + (% — C)K, 

UJx % ux % 

0 = (jJy = % and t l = UJy = % 

(jJZ % LOz . . 
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hence, it is possible to show that the perturbation velocities of the ship, as defined in the 

0^RI( and the CXYZ axis systems are related as follows [7], 

% - ^ 6 

Uy = 
-

and iiy = . (34) 

% + # 4 - % + # 4 

Therefore, if the net force and moment required to perturb the ship from its equilibrium 

position are referenced to the axis system as 

A f b = AHiI + + AJifsK 

and 

ACrQ — AZf^I + AiJsJ + AiJgK, 

then it can be shown that they are related to forces and moments referenced to the CXYZ 

axis system in the following way 

(3.5) 

Affi Af3, 

Aa^g = AFY 

AHZ AFz 

and 

Aa4 AC?x 4" ̂ A f y + fj/^Fz 

A ^ s = AGy — — ^A-Px (3j ) 

A^G AGz + ^ A f y — fjA.Fx 

For a ship with the equilibrium axis system on the centreline and vertically above the 

centre of mass, ^ ^ = 0, 745 = I54 = = /es = 0 and it becomes possible to split the 

equations of motion into symmetric and anti-symmetric parts. Hence, it can be shown [7] 

that the equations of motion referenced to an equilibrium axis may be written as follows 

for symmetric motions 

(3.7) 

AHi m 0 —m( 

Affg = 0 m 0 

A^s - m C 0 {I55 + mC^) % 
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and for antisymmetric motions. 

m mC 0 

A ̂ 4 = m( —he 

AĴ G 0 —-̂64 Im 

% 

% (3^0 

The net actions in equations 3.7 and 3.8 can be further expanded as follows, 

Aff i ^Hirad + Hi (t) 

Affs = ^Hsrad — CssTjs — C35V5 + Hz{t) (34) 

Affs Affgraj — (̂ 53% — (̂ 55% + H^{t) 

Ajfz Affgrad + H2{t) 

AiJ4 = + H4 (t) (3^0) 

Ag^s Affgraj + HQ (t) 

In Equations 3.9 and 3.10 the subscript "rad" refers to the radiation actions, the terms C^ 

are restoring terms and the terms Hj{t) refer to the time dependent forces and moments 

which includes wave excitation contributions. The determination of these time dependent 

oscillatory actions is examined in Chapter 4. 

The use of a body fixed axis system has normally been associated with the investigation of 

ship manoeuvring characteristics. Studies of manoeuvring have focused primarily on the 

assessment of the dynamic stability of the vessel from a prescribed motion, i.e. constant 

speed, zero rudder angle etc. Focus has been given primarily to the antisymmetric motions 

of sway and yaw, with the assumption that the coupling of these motions to all others are 

insignificant and can be ignored. 

Conventionally, the orientation of the body fixed axis has been as shown in Figure 3.3, with 

a set of axes Cxyz fixed to the body with the origin C at the centre of mass. Cxyz lies in 

the plane of port/starboard symmetry. The body fixed axis moves relative to a space fixed 

system OQXQYQZQ, having started at time ( == 0 in parallel with each other. 
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Figure 3.3: Conventional body fixed axis representation 

The standard practice in manoeuvring dynamics has been to have the Cz and OQZQ point-

ing downwards. However, Bishop and Price [18] showed that to enable comparisons with 

equilibrium axis representations, an upright right handed frame of reference is more con-

venient for the description of body fixed motions. In this frame of reference the Cz and 

OQZQ axes point positive upwards. This axis system is shown in Figure 3.4. 

In this upright body fixed axis representation, two sets of unit vectors are defined as follows 

(i) i, j, and k along the axes Cx, Cy and Cz respectively and 

(ii) l o , J o , and KQ along the axes OQXO, OQYO and OQZO respectively. 

In the theory of body axes, a vessel is brought to its actual orientation by imposing a series 

of Euler angle orientations. These are a swing (or yaw) a tilt (or pitch) 0 and a heel (or 

roll) 0 in that specific order [18]. 

If an arbitrarily chosen vector can be written as, 

A = .AIQ H" B3O + CKo = oi + &j -f" ck, 

then. 

A a 

B = T b 

C c 
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Figure 3.4: Inverted body fixed axis representation 

where T is the orthogonal (3 x 3) matrix, 

cos $ cos 0 

T = 

^ cos # sin 8 sin # ^ ^ cos sin © cos $ ^ 

^ — s in# cos 6 j 

^ sin ^ sin 8 sin $ ^ 

\ + cos $ cos © 

cos © sin $ 

^ + sin $ sin © 

^ sin ^ sin 0 cos $ ^ 

/ \ — cos ^ sin © 

cos 0 cos $ 

(3 11) 
sin $ cos 0 

— sin© 

If one defines the ship's velocity as, 

U = Uo^O + VQ^O + WoKo = Ui + Vj + PFk, 

and the angular velocity of the ship as, 

O = PQIQ + Qo^o + -RoKo = -Pi + Qj + i?k, 

then it is possible to use the transformation matrix T to relate these expressions as follows, 

(3.12) 

Uo U Po P 

Vo = T V 5 Qo = T Q 

Wo w R 
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Furthermore, Bishop and Parkinson [17] showed that it is possible to relate the angular 

velocity of the vessel to the time derivatives of the Euler angles as. 

p $ 

Q = S 0 

R $ 

where the non-orthogonal matrix S is, 

1 0 — sin © 

0 cos $ cos G sin $ S = ( 1 1 3 ) 

0 — sin $ cos © cos # 

In the body fixed axis representation the total force acting on the vessel is given by, 

F = %i + yj + Zk - mpKo. 

where the weight of the vessel has been separated to leave only external forces. The weight 

contribution has components along each of the body fixed axes as follows, 

—mgKo = [mg sin 0)1 + {—mg cos 0 sin $ ) j + {—mg cos © cos #)k. 

The total external moment acting on the ship about its centre of gravity is expressed as, 

I a ~Iih ~-̂ 46 

— 5̂4 -̂ 55 — 5̂6 

— 6̂4 ~Im lee 

If the products of motion variables are negligibly small. Bishop and Parkinson [17] showed 

that the inertias J44, J45 etc. referenced to body fixed axis are equal to the inertias Ixx, IXY 

etc. referenced to equilibrium axes. 

In the case where the ship is undergoing am equilibrium straight line motion, where it 

makes small departures from the steady course, one may specify that 

G = Ki + Afj + iV'k = 

P 

Q 

R 

U u U + u 

V = V F = V 

w w 
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p P P P 
Q = q Q = q 

R r R r 

G = e 

$ 

where the lower case variables are small quantities. Additionally, the external forces and 

moments can now be expressed as 

% = % + A% 

y = y + A y 

^ f + AZ 

= AT + A jiT 

M — M + AAf 

# = N + AAT 

(3.14) 

where the overbar refers to steady quantities and the A refers to the small forces and mo-

ments required to perturb the ship from its reference motion. In the case of the reference 

motion at constant velocity, the steady forces are all equal to zero, apart from Z, which is 

equal to the weight of the ship. This gives the buoyancy contribution Z = mg. 

Hence it is possible to show that the equations of motion for symmetric motions may be 

defined as follows, 

m 0 0 u 0 0 0 u AX -t- mg6 

0 m 0 w -f- 0 0 —mU w — AZ (3J^) 

0 0 hs q 0 0 0 q A M 

and for anti-symmetric motions as, 

m 0 0 V 0 0 mi? V AY — mg(j) 

0 I44 —he p + 0 0 0 P = AK (3J^) 

0 6̂6 r 0 0 0 r A # 

In a similar manner to Equations 3.9 and 3.10, the net actions in Equations 3.15 and 3.16 

can be expressed as 

AX + mgd 

AZ 

AM 

A.Xra4 + -^(^) fTT'9^ 

AZj-ad 4" Zz-Z* -f- ZffO + Z{t) 

A.Mj.ad 4- Mz'Z* -|- MqO -j- M(f) 

(3.17) 
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Ay - mg(j) AYrad + ^ - rngip 

AAT = + + . (s.is) 

AJf j + 

Again, in a similar manner to the equilibrium axis case, the subscript "rad" denotes a fre-

quency dependent hydrodynamic action (analogous to the radiation actions of a seakeeping 

theory), restoring coefficients are described by terms such as and and additional 

excitations (e.g. wave or rudder excitation) are given by terms such as X{t). 

Given that it has been assumed that the ship in question is performing an equilibrium 

straight line motion, with the body and spacial axes initially aligned, the relative orientation 

of the body fixed axes at any time is defined by the small Euler angles 6 and <j). 

In the body fixed equations of motion, the velocities, accelerations and external actions 

are referenced to the upright body axes. However, the displacements are more difficult to 

define, since displacements of the body relative to these axes are meaningless since the 

axes move with the body. Hence the position and orientation of the vessel is the integration 

of component velocities along each of the body axes from a known starting position. For 

example, 

dt 

dt 

dt 

X' = j l y ^ u ) 

y* = (v + Uif^^ 

z' = £iw-ue) 

where the displacements signified with a lower case letter are small values. 

The task of comparing equilibrium and body fixed axes is greatly assisted by the assump-

tion of small Euler angles. For instance, it is possible to reduce the transformation matrix 

Tto ^ 
1 —^ 6 

T = ij) 1 —(j) , (3.19) 
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by assuming small angles and ignoring the products of small quantities. Hence it becomes 

possible to relate the velocity and angular velocity of the ship to the spacial axis system 

OXOYQZO as follows 

Uo U u 

Vo = T V = V + TPTJ 

Wo w tu - az? 

and 

P P 

Qo = T q = Q 

r r 

The previous sections in this chapter have shown that it is possible to formulate the equa-

tions of motion in either an equilibrium or a body fixed axis system. Bishop and Price [18] 

showed that simphfied relationships between the two systems can be determined, provided 

that it is assumed that the body fixed axis system moves only a small amount relative to the 

equilibrium system. This corresponds with the idea of a ship performing small oscillations 

about a steady course which has been used in the development of the equilibrium and body 

fixed axis system equations of motion in Sections 3.1 and 3.2. 

In the case where the Cxyz body fixed axes and the CXYZ equilibrium axis are initially 

aligned, the subsequent perturbed position of the vessel relative to the equilibrium axes will 

be defined by the small Euler rotations tjj, 6 and (j). If the CXYZ equilibrium axis system 

is chosen to be aligned with the OXOYQZO space fixed system, the transformation matrix 

T, defined in Equation 3.19 can be used to relate the elements of the equilibrium and body 

fixed systems. 

Hence, it can be shown that the net forces and moments acting on the ship in the body fixed 
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Cxyz and equilibrium CXYZ axis system can be related by 

A f x AX + mgd 

AFy AY — mgcp 

Af^z AZ 

AGx AAT 

AGy = AM 

AGz AjV 

Given that the equilibrium axis system representation references forces and moments to the 

axis system, using Equations 3.5 and 3.6 for ( = 0 = ^, the relationships between 

body fixed and equilibrium axis systems are 

Ai^x = + mg6 = Ai?i AGx = AK — AH^ — CAH2 

AFz = AZ = AH3 AGz = AN = AHq 

Furthermore, the linear velocities and accelerations referenced to the Cxyz body fixed axis 

system can be related to those referenced to the CXYZ equilibrium axis system by 

(3.21) 

U + Ux iix ii 

UY = V + ipU and ity = T V 

Uz w — 6U w 

and for the angular velocities and accelerations 

Ux P UJX P 

Uy = Q and UJy = 4 (3.22) 

U>z r UJZ r 

Hence it is possible to determine any variable in a particular axis system using its equiva-

lents in the other axis representation. The complete listing of the relationships is given in 

Appendix A.l, where each acceleration, velocity and displacement variable in both equi-

librium and body fixed axis systems is expressed in terms of variables in the alternative 

axis system. 



4 Determination of Theoretical 

Hydrodynamic Data 

This chapter provides an introduction to the theoretical methods that are used to determine 

the hydrodynamic data that will form the basis for methods enabling the modelling of ship 

motions in the time domain. As noted in the literature review in Chapter 2, there are a num-

ber of methods that have been developed for the determination of theoretical hydrodynamic 

data. It is frequency domain three dimensional singularity distribution techniques that form 

the theoretical building blocks for the time domain methods that are to be presented in this 

thesis (see Section 2.1.2). 

The theoretical methods that are to be used employ an appropriate singularity and assume 

that the fluid motion can be represented by a velocity potential function satisfying the 

Laplace equation throughout the fluid domain. A solution to the Laplace equation is found 

by sub-dividing the velocity potential into a linear summation of contributions [11]. These 

contributions are a potential due to the steady translation, an unsteady potential due to the 

incident waves, an unsteady potential due to the diffracted waves and a radiation potential 

due to motions in each of the six degrees of freedom. 

The first method uses a pulsating source distribution and uses numerical methods originally 

developed by Inglis [45]. As noted in Section 2.1.2, in a method of this type, forward speed 

effects are included by way of a correction to the zero speed solution. The second method 

uses a translating, pulsating source distribution and has been developed by Du [26]. In 

contrast to the pulsating source method, the translating, pulsating source method implicitly 

accounts for forward speed effects, making it more appropriate for use in the analysis of 
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high speed vessels. 

Fully accounting for forward speed effects makes the translating, pulsating source method 

considerably more computationally expensive than the pulsating source method. To give an 

example, calculating data at 50 frequencies for a vessel idealised using 1000 panels takes 

approximately 40 minutes running the pulsating source method on a PC with Pentium III 

650 MHz processor. Using the same model with the translating, pulsating source method 

would result in a computational time of around 6-7 days. 

Whenever using theoretical methods, a certain level of confidence must exist in the accu-

racy of the methods. In a scientific context the usual way to achieve such satisfaction in 

a particular method is to undertake a process of validation. Such a process will involve 

the comparison of results from a number of acknowledged sources. In will then become 

apparent how the results of the particular technique compare to similar methods. 

The two theoretical methods used to calculate frequency domain hydrodynamic data for 

use in this study have recently been subjected to rigourous validation processes, the results 

of which may be found in the literature [1,3,6, 27, 28]. These results give confidence that 

the methods satisfactorily solve the posed problem, subject to the constraints imposed by 

the mathematical model used. Given that the mathematical constraints that these methods 

are subject to are of considerable relevance to the subsequent phases of this work, they will 

be elaborated upon in the following sections. 

4L1 (jk&Dwgral cdFtlie Sliip 

The theoretical methods determine hydrodynamic data referenced to an equilibrium axis 

system, as discussed in Section 3.1. The equilibrium axes are identical to those described 

in Section 3.1, being made up of a space fixed axis system OQXOYOZO, a translating equi-

librium axis system O^rjC and an axis system CXYZ, where O lies in the calm waterplane 

and on the same vertical line as the centre of mass C. 

The vessel travels at a constant forward speed U with an arbitrary angle XQ between the di-
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rection of the vessel and the wave, such that xo = 180° is head seas. The vessel encounters 

regular deep water sinusoidal waves with amplitude a and frequency u. The frequency of 

encounter between vessel and waves, in water of infinite depth, is defined by 

(jg ==(j-- (%)s:%o- (41) 

It has been shown [77] that the problem of a rigid ship oscillating in waves can be de-

scribed as a boundary value problem incorporating velocity potential functions. Ideal fluid 

assumptions must be made, whereby it is assumed that the fluid is invicid, incompressible 

and irrotational. Given these assumptions the total fluid potential may be represented by 

the function ^{Xo,Yo, Zo,t), which satisfies Laplace's equation = 0, throughout 

the fluid domain. 

To obtain a solution for the unknown velocity potential, appropriate boundary conditions 

must be applied to the system domain. These boundary conditions are as follows 

# Radiation Condition at Infinity : Ensures that the wave energy produced by the 

disturbance of the vessel is travelling away from the vessel. 

# Sea Floor Condition : Enforces the condition that the sea floor is a rigid boundary 

through which there is assumed to be no flow. 

9 Body Surface Condition : Ensures that the velocity component of the fluid normal 

to the body surface is the same as the velocity of the body. This condition is imposed 

on the mean wetted surface of the vessel and means that there can be no flow through 

the surface of the body. 

# Free Surface Condition: A kinematic and dynamic boundary condition is imposed 

such that the particles on the free surface remain on the surface and move with it. 

Also, because the position of the free surface is unknown, it is assumed that the 

pressure on the free surface is atmospheric. 
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41.21 IPiTiairdcal Sltii]) ]PhroI)l4Si:i 

The complete formulations of the body boundary and free surface conditions are complex 

non-linear functions. To aid calculation, these conditions are linearised and simplified. For 

example, the body boundary condition in its complete form is given by, 

(T/, -- \r ) . II == 0 on (4.2) 

Here Vg is the velocity of the body surface, which may be expressed as 

VJ = U + Q! 

where U = ([/, 0,0), a = (^ - XQ, V — YQ, C - ZQ), the fluid velocity V is defined by 

V(Xo, lo, Zo,t) = V#(Xo, YQ, ZO, t) and 5 is the instantaneous underwater portion of the 

hull and n is the normal to the hull surface. 

The steady flow relative to the moving reference frame O '̂qQ may be defined as [45] 

w = c r v ( % , , , c ) - « ) 

which satisfies the relationship 

W • n = 0 on 5 

and where the velocity potential <p describes the steady forward motion of the ship in the 

space fixed inertial frame of reference. Timman and Newman [92] showed that it is possible 

to simplify the body boundary condition and express it as 

== X (a X iRf)]. II on iSf (4.3) 
on 

where S is the mean wetted surface of the vessel. This formulation of the body boundary 

condition is suitable for conditions where the displacement of the body is assumed small 

and is used for both pulsating and translating, pulsating source methods. 

The complete form of the free surface condition, neglecting second order terms, is given 

by 
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Ignoring the second order terms means that the free surface condition is applied on the 

undisturbed water surface. 

If the vessel has forward speed it then becomes possible to express the velocity potential as 

a summation of contributions due to the steady forward motion and the unsteady oscillatory 

motion. Hence 

(, () = 77, C) + <̂ (6,77, C, (4.5) 

where the velocity potential is now referenced to the equilibrium axis system 0(r)(, (f) is 

the potential due to the steady forward motion and (j) is the unsteady velocity potential. 

If one assumes that the disturbance of the steady flow due to the forward speed may be 

neglected, then W = (—{7,0,0). This can be justified if the ship is thin or flat or is 

travelling at low speed. This allows one to derive the free surface condition as used in the 

translating, pulsating source method of Du [26], 

— U—^ (j) + g - ^ = 0 on C = 0-

This expression of the free surface condition may be further expanded to give 

- 2 iUeU^ - ulcj) + = 0 on ( = 0. (4.6) 

In the case of the pulsating source method, the free surface condition is further simplified 

by assuming the forward speed is very low and there is a high frequency of oscillation. 

Hence Equation 4.6 may be simplified to give the free surface condition specified by Inglis 

[45], 

—u>g4' + = 0 on ^ = 0. (4.7) 

It can be seen that, as previously noted, the pulsating source method does not account for 

forward effects. Account for these effects is made via forward speed corrections, similar 

to those used for strip theory (see Section 4.3.1). 
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If the unsteady oscillatory motions are assumed small, the velocity potential due to the 

incident waves, the diffraction of the incident waves and the rigid body motions in six 

degrees of freedom may be decomposed linearly as follows 

6 

== (4&0 4- 04-8) 
k=l 

where = incident wave potential 

= potential due to diffracted wave 

(t)k = velocity potential associated with tth mode of motion 

Tjk = displacement due to kth. mode of motion 

The incident and diffraction potentials satisfy the following condition, 

+ 4>D) = 0 on S, 

and the boundary condition on the hull surface for the radiation potentials 4>k, derived from 

Equation 4.3 by Ogilvie and Tuck [81], is given by: 

% 
dn 

= iujeXij + Unij on S (4.9) 

where (ni, n2, nz) = n [/(mi, m2, mz) = —(n • V)W 

{n4,n5,ns) = (r x n) U{m4,m5,m6) = —(n • V)(r x W ) 

From Equation 4.9 it is clear that the boundary condition for the unsteady velocity po-

tentials is dependent on the speed of the vessel via the definition of W. As noted ear-

lier, if one ignores the disturbance of the fluid due to the steady forward motion, then 

W = {—U, 0,0). Consequently, the rrij terms from Equation 4.9 reduce to 

77% 1 0 772'2 —— 7?%g — TTl̂y TTTrg — ^3 5 77%g — 
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Tyessel 

The pressure at any point in the fluid is able to be calculated using Bernoulli's equation, 

where 

p(Xo, Yo,Zo,t) = -p + iv^ + gZo\ + f . (4.10) 

where Pa is the atmospheric pressure. By substituting the equation for the velocity potential 

into Equation 4.10 and neglecting second order terms in # , it is possible to obtain the 

following equation for the fluid pressure, 

p = + w . . (4.11) 

In this new pressure equation the last two terms are time independent contributions, the 

first due to wavemaking drag and dynamic lift and the second due to the buoyancy force 

contribution. Due to their time independence, these components may be ignored for the 

calculation of the oscillatory forces. The total oscillatory force is found by integrating 

the unsteady pressure over the underwater portion of the hull. Whilst, strictly speaking, 

this integration should be taken over the instantaneous underwater portion of the hull, in 

practice this is very difficult and so the mean wetted surface is used. Hence the total 

oscillatory force is given by, 

f 0L12) 

Here Hj ( j = 1,2,3) represents the force components along the 0^,0r] and axes and 

Hj {j = 4,5,6) the moments about those axes, respectively. Equation 4.12 ignores the 

term + gZo} which gives a force proportional to the unsteady displacement of the 

ship [77]. 

Substitution of Equation 4.8 into Equation 4.12 allows the total force to be described as 

Hj = Fj + Ej 
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where Fj is the exciting force and moment due to the incident waves, 

F, = - P / / + W . V ) ( ^ O + (62)) (4 .13) 

5 

and E j is the exciting force and moment due to the bodily motions of the vessel and is 

given by, 

6 

Ej = - p / / + W - V) ^ 

6 

k=i 

where, 

l-jk — ^e-^jk ~ '''^e-Ojk 

= M/IW. + W . V)<^& (4.14) 

s 

The term Tjk represents the hydrodynamic force and moment in the jth direction due to 

a unit motion in the Ath mode. The forward speed and frequency dependent terms Ajk 

and Bjk are conventionally known as added mass and damping hydrodynamic coefficients 

respectively. 

4.3.1 Hydrodynamic Coefficients Determined Using Pulsating Source 

Method 

As was noted earlier, the pulsating source method does not implicitly account for forward 

speed in its formulation. Hence the hydrodynamic added mass and damping coefficients 

calculated using this method are not speed dependent, unlike the general case given in 

Equation 4.14. Instead, a correction is made to the zero speed solution to account for the 

forward speed effects. This correction is similar to those used for strip theories [11], where 

if the zero speed hydrodynamic coefficients are denoted with a superscript 0, the added 
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mass and damping coefficients predicted by the pulsating source method are [86], 

-̂ 11 (^e) — -̂ 11 (^e) 

-̂ 13 (^e) — -̂ 13 We) 

-^15(^e) — -^15(^e) ~ { ^ / ^ 1 ) e ) = B^^itOe) + UA\^{iOe) 

-̂ 22 (^e) = -̂ 22 (^e) ^22 (((̂ e) — ^22 (^e) 

•̂ 24 (^e) = -̂ 24 (^e) ^24 (^e) = ^24 (^e) 

-^26(^e) — -^26(^e) )-^22('̂ e) B^eiu^e) = -^15(^e) ~ ^-^22(^e) 

^31 (^e) = -̂ 31 (^e) -BsifWg) = B^i{uJe) 

jjLssfbJg) == Ef33(b;c) == j333(k;g) 

^L35(k,e) == jlgsOit) -- (I7/^j2)Z;g3(k;«) == jSgsfk,,) 

-̂ 42 (^e) — -̂ 42 (^e) ^42 (^e) — -̂ 42 (^e) 

-/LkifcUg) == JlidXcU'e) j)44(b;e) == J5lw(k;c) 

yiaafw.) == JlSeXu;,) 4- jSisOA,,) == jGfC'gfk,,) -- &r/l°4(k,,) 

,4.51 (w„) == .Agi(w,) t (l]̂ /k;2)J53]Xc;,) jBsiCw,) = (%;.) -- i7;i;3(w,) 

^53(^e) = ^53(^e) + /^DB^zi'^e) ^53(^e) = ^53(^«) "" ^^33(^e) 

Jl55(w.) == vigsft;,) 4- (i5'/k;«):;4i3&'.) jBssfw,) = jB!0;(a,.) 4- Oir/c4:):j9!&;(u;«) 

ylG2(cu,) == Jlgsfcu,) -. (iir/a,2)JS22(cu,) JSgsitw,) == iZgzOw.) -k I;L4i2((4,) 

ylaifu,,) == - (irr/cuZiJSSafcu,) J8G4(b;,) == ffgifcu,) -t I7Vl%4(w.) 

— ^66 We) + (£^/'^e)^^22 We) -̂ 66 We) = ^66 We) + (t^/^e)^-S22 We)-

4.4 Equations of Motions Referenced t o Equil ibrium Axes 

In Chapter 3 it was shown that the basic equations of motion for a rigid ship referenced to 

an equilibrium axis system could be described by Equations 3.7, 3.8, 3.9 and 3.10. These 

equations of motion included terms with the subscript "rad" which signified radiation con-

tributions due to the body motions. The hydrodynamic added mass and damping terms 

found using the theoretical methods which have been described thus far in this chapter 

may be substituted for this radiation term in the equations of motion. For example, con-

sider the case of heave motions, where the radiation actions can be expressed in terms of 
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added mass and damping coefficients as follows 

^Hzrad = — ~ -S31 (Wg)?)! — ^33(0;^)% — Bzz{i^e)'nZ 

—^35((^e)% — 

Using a similar argument for all of the remaining symmetric and anti-symmetric motions 

allows for the complete equations of motion to be expressed as follows, for symmetric 

motions 

m 0 —mC 

0 m 0 

0 (fgs + 

-̂ 11 A-IS ^15 

^31 -̂ 33 ^35 

^51 ^53 ^55 

0 0 0 

0 C33 C735 77s + H%{£) (4.15) 

0 C53 C55 

Vi 

% = 

% 

Vi Bii Biz Bis m 

% — B31 S33 B35 m 

% B51 B53 B55 % 

Vi 

% + 

. _ 

and for antisymmetric motions 

mC m 

0 hi 

A22 -̂ 24 

A42 A44 

^62 -̂ 64 

0 0 0 

0 C 4 4 0 

0 0 0 

0 % 

he V4 = A^4W 

6̂6 % A^G(t) 

-̂ 26 % B22 B 

^46 % — B42 Bi 

-̂ 66 m Be2 B{ 

'24 

? 4 4 

? 6 4 

B26 

B46 

Bee 

V4 

m _ 

% 

Vi + #4(f) (4.16) 

V6 #G(f) 
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The equations of motion referenced to body fixed axes use a slightly different represen-

tation of the hydrodynamic actions than is found when using an equilibrium axis repre-

sentation. Instead of using frequency dependent hydrodynamic coefficients, the radiation 

actions are described in terms of oscillatory derivatives. In Equations 3.17 and 3.18 it was 

shown that the equations of motion referenced to a body fixed axis system included radia-

tion terms, denoted by the subscript "rad". In a similar fashion to the equilibrium axis case 

these radiation actions may be expanded, for example for heave motions, as follows, 

^Zrad — Zu{uJe)u + "t" "h + Z^{u^q + Zq(u)e)q, (4.17) 

where the frequency dependent terms such as Z^(we) and Z^ic^e) are referred to as oscil-

latory derivatives. The terms Z^(we), and Zg(we) are acceleration derivatives and 

Zu{uJe), Zy^{ue) and Zg{uje) are velocity derivatives. 

As was the case for the equilibrium axis representation, this expansion of the radiation 

terms may be applied in a similar manner for each of the six degrees of freedom to give the 

complete equations of motion. For symmetric motions. 

m 0 0 u 

0 m 0 w 

0 0 ^yy q 

+ 

0 0 0 

0 0 —mU 

0 0 0 

u A%(f) 

w = AZ(() 

q AM(() 

Xit Xw u u 

= Zu Z^j 4 w + Zw w 

Mil Mw Q 9 

0 0 0 

+ 0 Zz* Z0 z* + 

0 e M(() 

0*18) 
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and for anti-symmetric motions, 

0 0 m 

0 

0 - L 

Ixx ^xz 

V 

P 

r 

+ 

Ny Np Nj. 

V 

P 

r 

0 0 mil 

0 0 0 

0 0 0 

Kr 

Nr 

V 

p = 

r AAr(() 

V 

P 

r 

0 0 0 y* 

0 0 0 + #(() (4.1S)) 

0 0 0 if; 

41.() ]BL(;lzi*]i€tKis]bL:])s; IBistiPVTeon ]3[Tptlbr()<i;yTDkE&:]DLic dijcljictiisiuDi 

aund jMLSBEHdl ̂ SLsdus !§,)rslbE!i:is; 

It has been shown that it is possible to represent the equations of motion for a rigid ship 

using either an equilibrium axis or body fixed axis representation. However, because the 

theoretical data available for use in this study is referenced only to an equilibrium axis 

system, one requires relations for the transformation of hydrodynamic data between the 

two systems. 

Consider, as an example, the case of heave motions. In the equilibrium axis representation 

found in Equation 4.15, the net heave force in terms of hydrodynamic coefficients is given 

by 

AHs = ~ Bz\{uJe)fji — Azzi^e^TlZ ~ Bzz{(jJe)'nZ 

~A.Z5i^e)V5 — Bzz{u3e)'n5 ~ CzzVS ~ <̂ 35% + Hz{t). 

When referenced to a body fixed axis system, as in Equation 4.18, the net heave force in 

terms of oscillatory derivatives is 

AZ = Z^ioj^u + Zy,(uj^u + Z^{uJe)w + Zyjiuj^W 

+Zq{(Je)q + Zq(u}e)q + Zz»Z* + Zffd + Z{t) 
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It is possible to express the oscillatory derivatives in terms of the hydrodynamic coefficients 

by using relations from Equation 3.20 and Appendix A.2. Hence the equilibrium axis 

system motion variables % and % may be replaced with the equivalent body fixed axis 

system motion variables to give, 

Aifs = —A3i{cje) + Cq^ ~ B3i{u!e) 

— AsslUe) — Uqj — Bz3{tOe) {w — { U — C33 {z*} 

— ̂ 35(^6) {9} — Bz^{u)e) {9} — C'ss {^} • 

Hence, 

hi.Z = Zy,{ljJe)u + ZuioJe)'^ ~t" + Z^u{(jJe')W 

+Zq{uJe)q + ^g(We)g + Z^'Z* + ZgO + Z{t) 

= AiJs 

= {—Azi{uJe)}u + { — Bzi{uJe)}u 

+ {—^33(^6)} W + { —^33(^e)} W + { —C33} Z* 

+ { —C^3l(^e) — (U/uJ^)Bz3{ljJe) — ^35(^e)} Q 

+ {—C-̂ 3l(We) + UAzz{Ue) — %5(^e)} Q-

Comparing coefficients gives the following relations between body fixed axis system heave 

oscillatory derivatives and equilibrium axis system hydrodynamic coefficients, 

Zu{uje) = — A31 (Wg) 

Zui^e) = —-831 (Wg) 

Zwi'^e) = — ̂ 33(^6) 

^ ( w , ) = -B33(w.) 

Zq{tOe) = — C-̂ 31 (^e) iP/uj1)Bzz{i^e) ~ -^35(^e) 

•^g(^e) = '^UAzzi^^e) ~ Bz^{LOe) 

Zz* = —C'33 

Zq = — C35. 

It is possible to repeat this process for each of the six degrees of freedom, giving the results 

which can be found in Appendix A.2. 

The development of these relationships between the equilibrium axis system and body 

fixed axis system means that it is now possible to compare hydrodynamic data referenced 
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to either axis system. The original source of particular data is no longer important, as the 

transformations defined in this chapter and Appendix A allow it to be expressed in either 

a body fixed or equilibrium representation, greatly aiding the process of comparison. This 

ability will be taken advantage of when time domain methods are considered. 



5 Functional Representation of 

Fluid Actions 

It has been shown experimentally by Burcher [22] that the motion dependent hydrodynamic 

actions of a ship are dependent upon the previous actions of the vessel. The cause of this 

dependence may be described as a "memory effect" and has been linked to the creation of 

motion generated waves and/or vortices by both Cummins [25] and Brard [21], the latter 

of whom examined the effects of vortices on the manoeuvring of a submerged body. Both 

surface waves and vortices are dependent upon the motions of the body and the effects 

produced by a particular motion will alter the subsequent actions on the ship for a finite 

period of time. It is clear physically that surface waves resulting from ship motions will 

move away from the body with time and any vortices will eventually shed from the hull. 

Therefore the influence of past motions on the present actions will diminish over time. 

Conventional frequency domain methods consider only motions that are steady state sinu-

soidal or slow. In the case of steady state sinusoidal motions, the vessel is considered to 

have been undergoing a steady motion for a long period of time. Hence, it may be assumed 

that physical effects, such as surface waves, have reached a fully developed state. Thus it 

is assumed that memory effects will no longer be apparent and may be ignored, allowing 

constant, frequency dependent, coefficients to be used to describe the fluid actions. Whilst 

this assumption of sinusoidal waves and responses aids the tractability of the ship motion 

problem, it is clear that this assumed model does not accurately represent the motions of 

a ship in realistic seaways. To do so requires a method which, in addition to allowing 

memory effects to be accounted for, permits the use of arbitrary excitation. 
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iauad ]b[it(;%ri'2ilk; 

The convolution integral and impulse response function have been used widely to model 

the response of a linear system to arbitrary or random inputs [68]. In its most general form, 

for an input v{t), output f{t) and impulse response function hij), the convolution integral 

takes the form 

/ OO 
- T)(fr (5.1) 

-OO 

where /i(r) = 0 for r < 0 

and v{t — r) = 0 for r > 

The impulse response function /I(T) is the response of the system to a unit impulsive input 

applied at time r = 0. In the general case a condition of realisability is imposed, whereby 

the value of /i(r) is zero for r < 0. This condition reflects the fact that there may be no 

response before the input is applied. Hence the lower limit in Equation 5.1 may be set 

to zero without any change to the value of f{t). In addition, because v{t — r) is only 

considered for positive values, the upper limit on the integral may be replaced by t, again 

without changing the value of f{t). 

The convolution integral may be considered to consist of an infinite summation of the 

responses of a system to impulsive inputs. Hence each of the past impulsive inputs will 

have a particular effect at the present moment. If one were to consider an impulsive input 

of amplitude v{t — T) which was applied for a time AT some R seconds ago, the response 

at the present time t due to that particular input would be given by 

A / ( T ) = h{T)v{t — R)AT. 

Hence the convolution integral described in Equation 5.1 may be seen to represent an 

infinite summation of responses such as this. In effect, the impulse response function may 

be seen as a term which controls the amplitude of the response which is sustained after 

a given period. As the time between the application of a particular impulsive force and 

the present time increases, the effect of that input on the response at the present time wiU 
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decrease. It is clear that this characteristic of the convolution integral formulation makes it 

ideal for the modelling of fluid memory effects in the ship motion problem. 

Price and Bishop [85] demonstrated that a convolution integral formulation employing 

impulse response functions could be used as part of a 'black box' type system, whereby 

for a given wave disturbance 'input', the resulting ship motions were the 'output'. Such a 

system would be subject to two important restrictions: 

i) Linearity ; If the input was scaled by a particular amount then the output would be 

scaled by an identical amount, i.e. doubling the input will always result in doubling 

of the output. 

ii) Time Invariance : An impulsive input applied at time t produces the same output 

at time i + r as an impulsive input applied at time t + a gives at i + <7 + r. In 

the context of ship motions calculations this means that the ship characteristics must 

remain constant. 

fL2 IJse of C^movoiutiDn to I)escr%be PTiud mic-

tions 

Cummins [25] was the first to suggest using impulse response functions to model memory 

effects in the ship motion problem. Initially the ship system was described in terms of a 

simple function which related a particular motion response x{t) to an arbitrary force f{t) 

as follows 
fOO 

x{t) = / R{T)f{t — r) dr 
Jo 

where R{t) is the motion response to a unit excitation applied at time t = 0. Hence, 

if {fj{t)}{j = 1,2, . . . ,6) were an arbitrary set of forcing functions, the corresponding 

responses could be described by 

= Z / - T) dT 
j=i 
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where the matrix {-Rjfc(t)} completely characterises the response of the ship to arbitrary 

excitation. In addition, Cummins noted that for certain modes, in particular those without 

restoring force (i.e. surge, sway and yaw), the impulse response function Rjk{t) would 

asymptotically approach a non-zero value. 

However, Cummins [25] suggested that it was generally preferable to consider the various 

components that made up the complete equations of motion, rather than simply a univer-

sal transfer function for each motion. To accomplish this, Cummins expressed the motion 

dependent velocity potential in terms of a convolution integral. Hence, the following equa-

tions of motion were developed for a ship with non-zero forward speed, 

6 

^ -I- -I- -I- CJ&ZJ -I- / - T)Z;(T) D-R 
j=i 

= AW (5.2) 

where rrij = inertia of the ship in the jth mode, 

CjkXj = hydrostatic force in the A:th mode due to displacement Xj in the 

jth mode, 

Sjk = lif j = k, otherwise 5jk = 0 if j k. 

The constants mjk and bjk are functions of the instantaneous potential and Kjk{t) is the 

kernel which introduces a dependence on the history of the potential. As noted in Chapter 

4, the use of a velocity potential function requires the assumption of irrotational flow, hence 

memory effects due to vorticity are ignored and the primary source of the memory effects 

is the generation of surface waves. 

The importance of fluid memory effects, originally acknowledged by Cummins [25], means 

that they continue to form an important part in theoretical formulations of motion depen-

dent hydrodynamic actions. Section 2.2 discussed some of the methods for the calcula-

tion of time dependent velocity potentials. Such methods will invariably use a formula-

tion which includes a convolution integral formulation as part of the equations of motion. 

King [52] uses a similar equation of motion to that suggested by Cummins [25] which 

involves memory functions to describe both radiation and wave excitation (incident wave 

and diffraction) contributions. Similar formulations may be found in the methods of Beck 
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and Liapis [10], Bingham et al. [13,14], Korsmeyer and Bingham [53] and Yi and Hsiung 

[104], to list but a few. 

As noted in Chapter 4, the theoretical methods available for this study to calculate hy-

drodynamic data are frequency domain methods. In addition, experimental hydrodynamic 

data determined using devices such as planar motion mechanisms (PMM) is also in the 

frequency domain. Neither method accounts for fluid memory effects. Given the impor-

tance of including memory effects in any realistic method of determining ship motions, 

one requires a means to express the hydrodynamic data, available in the frequency domain 

from either theoretical or experimental methods, in a form that is able to account for such 

memory effects. 

Ogilvie [80] showed that there was a relationship between the representation of fluid ac-

tions using convolution integrals and the equivalent frequency domain data. This relation-

ship may be used to allow the data from the existing, extensively validated, theoretical 

frequency domain methods, as well as experiments, to be used as part of a time domain 

method. 

Chapter 4 detailed the methods by which theoretical hydrodynamic data may be deter-

mined using frequency domain methods, referenced to either the equilibrium or body fixed 

axis systems. To successfully use this data in a time domain method employing convo-

lution integrals, one requires the means to convert the frequency domain data to a time 

domain impulse response function representation. The methods that follow allow such a 

transformation to be performed. 

The Fourier transform of an convolution integral of the form found in Equation 5.1 is the 
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product of the Fourier transforms of the convoluted variables. That is to say, 

/
oo 

/ M e — 
-oo 

where 

/ OO 
-OO 

and 

/
oo 

-oo 

The Fourier transform of an arbitrary action is the product of the Fourier transforms of the 

transfer function and the velocity signal. Hence is the transfer function and is equal 

to the Fourier transform of the impulse response function. The transfer function may be 

expressed in terms of real and imaginary parts, 

/

OO 

h{T){cos(ujer) — i sm{uJer)} dr. 

Hence, by comparison, it becomes clear the real and imaginary parts of the transfer function 

may be represented in terms of the impulse response function by 

H (Ue) = / h{T) COs{oJeT) dr (5.3) 
J —CO 

and 
roo 

H (wg) = — / h{T) sm{uJeT) dr. (5.4) 
J —OO 

Taking the inverse Fourier transform of the impulse response function gives: 

1 r°° 

27r i/—oo 

which may be expanded to give 

1 roo _ 
/^(T) = — {iJ (We) COs(WeT) - H (uJe) Sill(WeT)} dWg + 

ZTT J—OO 
i roo 

— / cos(wer) + H^{oJe) sm(we'r)} dWe 
ZTC J—OO 
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It may be argued that if the impulse response function is real the second integration is 

zero. Also, the symmetry of the integrand (from Equations 5.3 and 5.4) of the first integral 

suggests that the impulse response function may be written as 
1 f°° n 

H'^) = — J {H {we) cos{uJeT) — (uje) sin{uJer)} dco^ for all r. (5.5) 

If it is accepted that the impulse response function h{T) is equal to zero for r < 0, then 

J {H (Wg) COs(WeT) — Sm(WeT)} duJe = 0 for T < 0. 

Furthermore, if one introduces a new variable r = —r, then 

poo 

J {H (Ue) COS(WeT) + H (Wg) sin(We'r)} duJe = 0 for T > 0 

and hence it may be shown that, 
poo poo 

— H (wg) sin(weT) duJe. — / H (uoe) cos(weT) (fwg for T > 0. (5.6) 
«/ 0 V 0 

Substitution of Equation 5.6 into 5.5 allows the impulse response function for r > 0 to be 

written in terms of the either the real or imaginary parts of the transfer function alone, 

2 r. 
hij) = - H (oJe) COs(WeT) duJe, (5.7) 

TT Jo 

or, 
2 r°° T 

h{T) = / H{u!e)sin{oJeT)duJe. (5.8) 
TT Jo 

The previous two equations suggest that if the real or imaginary parts of the transfer func-

tion are known, then the means exists for the impulse response function to be determined. 

To apply this formulation to seakeeping applications requires a method by which the fre-

quency dependent coefficients may be related to the transfer function H{uje). 

5.4 Relationship Between Impulse Response Functions and 

Frequency Dependent Radiation Act ions 

For the determination of the relationship between the impulse response function and the 

frequency domain radiation coefficients, one returns again to the basic definition of the 



5 FUNCTIONAL REPRESENTATION OF FLUID ACTIONS 8 2 

convolution integral given in Equation 5.1. For the purposes of illustration, the limits are 

now between 0 and t. Considering this convolution integral subject to a steady state forced 

sinusoidal velocity of the form v{t) = Vo sin(we(), gives 

f{t) = h{T)vo sin(we( — Ust) dr 

= VoSm{uJet) f h(T) COs{uJeT) dr — Vo COs{uJet) f /^(T) sin(wgT) (fT. 
Jo JQ 

If one allows the upper limit of the integration to tend towards infinity, the transient el-

ements of the equation will tend to zero and the system will be undergoing steady state 

sinusoidal oscillation. Hence the limiting value of f{t) becomes, 

l i m / ( I ) = •yoSin(a;E )̂ / h{T) cos{uJer) dr — Vo cos{uJet) / /I(T) sin(A;ER) DR 
t-^CO JQ JQ 

= yo(We)sill(We( + e(We)). (5.9) 

Given that it has been assumed that h{T) = 0 for r < 0 the lower limits of integration in 

Equation 5.9 may be expanded to — oo without changing the value, giving, 

/

O O 

/I(T) COS(WET) dr 
-00 

/

OO 

h(T) sin(weT) dr. (5.10) 
"OO 

For the conventional frequency domain ship motion problem, the linear system is consid-

ered to be subject to an input velocity of the form v{t) = VQ siii(we^). In the case where 

the ship-fluid system has reached a steady state, i.e. the ship has been oscillating for a 

sufficiently long period of time for all time dependent effects, such as memory effects, to 

have tended to zero, the frequency domain formulation of the hydrodynamic actions may 

be written as 
fo{Ue) Sin(Wei + e(We)) = A{Ue)v(t) + B{Ue)v{t) 

= A{Ue)oOeVQCOs{u}f,t) + B{uJe)VQSi-a{uJet), (5.11) 

where A{ue) is the hydrodynamic added mass or the acceleration oscillatory derivative 

depending on which axis system the motions are referenced. Correspondingly, B(we) is 

the hydrodynamic damping or the velocity oscillatory derivative depending on axis system. 
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Hence, comparison of Equations 5.11 and 5.9 yields the following relationships 

poo 
B(Ue) = h{T) COs{UeT)dT (5.12) 

and 
fOO 

A{uJe)iOe — — h{T)sm{ljOeT)dr. (5.13) 
Jo 

Comparison of these relationships to those in Equations 5.3 and 5.4 shows clearly that 

the damping term is equivalent to the real part of the transfer function and the product 

of encounter frequency and added mass to the imaginary. Hence the frequency domain 

hydrodynamic transfer function may be written as, 

H{iuJe) = A{uJe)i^e + (5.14) 

This allows one to use Equations 5.7 and 5.8 to calculate the impulse response function for 

T > 0 from frequency domain hydrodynamic data in the following way, 

2 r°° 
h{r) = — B(we) cos(weT) ckjg, (5.15) 

TT /O 

or, 
2 r°° 

h{T) = / A{uJe)(̂ eSm{uJeT) duJe- (5.16) 
TT Jo 

These equations provide the tools that are required to successfully use hydrodynamic data 

that has been determined in the frequency domain as part of a time domain method that 

employs convolution integrals. However, there are certain aspects of frequency domain 

hydrodynamic coefficients that require special consideration when converting to a time 

domain convolution integral representation (see Chapter 7). 

Actions 

The evaluation of Equations 5.15 and 5.16 is complicated by the fact that in many cases 

the frequency domain hydrodynamic data tends to non-zero values at infinite frequency. To 
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simplify the problem a method was developed by Bishop, Burcher and Price [16], whereby 

the frequency dependent terms were expressed as follows 

A{cOe) = ^*(Wg) + v4(oo), 

B{uJe) = B*{(jOe) + B{oo), 

where A(oo) is the asymptotic value of the added mass and B{OO) is the asymptotic value 

of the damping and where, as w, tends to infinity 

lim A*(uje) = 0, 

lim B*(ue) = 0. 
fe—>00 

Hence, using the result of Equation 5.14 it may be shown that 

roo 
iuje{A*{uje) + A(oo)} + {B*{ujs) + -B(oo)} = / dr. 

Jo 

The impulse response function may be divided into two components in a fashion similar to 

the frequency dependent coefficients to give h{T) = h*{r) + h°°{T), resulting in 
fOO 

+ (5.17) 
Jo 

and 
fOO 

m;«yl(oo) + B(oo) = / (5.18) 
Jo 

Hence in a similar fashion to Equations 5.15 and 5.16, the impulse response function 

for T > 0 may be evaluated by, 

2 r°° z r°° 
h*{T) = — B*(We) COs(WeT)&Je, (5.19) 

TT Jo 
2 foo 

= / v4*(We)We Sin(WeT)dL'e. (5.20) 
TT Jo 

Bishop et al. [15] showed that to obtain the constants A(oo) and B(oo) from Equation 5.18 

the function h°°{T) must take the form 

/i°°(r) = —A{OO)5{T)-^ + B{OO)S{T). 
AT 

Hence the complete form of the impulse response function now becomes 

/ I ( T ) = —A{OO)S{T)-^ + B{oo)S{r) + h*{r). 
aT 
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Substitution of this impulse response function equation into the convolution integral equa-

tion (of the form of Equation 5.1) gives the following function 

f{t) = h{T)v{t - T) dr 

= —A(oo)v{t) + B{oo)v(t) + J h*{T)v(t — T) dr. (5.21) 

The form of the previous equation is similar to that found in for formulation of Cummins 

[25] and others, e.g. Equation 5.2. It contains instantaneous components which are depen-

dent upon the value of the acceleration and velocity and an additional convolution integral 

which imparts the "memory" effects. 

5.6 Wave Excitation Impulse Response Functions 

The methods that have been presented for the calculation of radiation impulse response 

functions are relevant for the calculation of wave excitation impulse response functions as 

well. Specific differences exist between the two types of data which change the manner in 

which the impulse response functions are calculated. 

In particular, the conditions exist in the ship wave system whereby the ship will experience 

an exciting force due to a particular wave prior to its reaching the reference point at the 

centre of gravity. If one considers a single wave approaching the ship from directly ahead, 

this wave will begin to exert an exciting force/moment on the ship from the moment it 

reaches the bow. 

Figure 5.1 shows a single oncoming wave reaching the bow of the vessel at time t = T —a. 

Prior to that time there is no excitation force/moment acting on the ship. However, between 

t = T—A and t = T and for a subsequent period of time as t > T, the wave will be exerting a 

force/moment on the ship. This presents something of a problem, as it is generally assumed 

that the "memory" effect relates to the past actions, be they motions or excitations. In 

the case of wave excitation in the ship-wave system, one requires a means of including 

"memory" of both past and future excitation, prior to reaching the reference point. This 

provokes a conflict with the condition of physical realisability, which would have it that 
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Figure 5.1: Time history of a single wave approaching the vessel. Axis 

system has the origin O on the calm water surface. 

there may be no response before the application of an input. 

The problem lies in the very nature of the description of the system. The excitation of a 

ship by waves cannot be accurately represented by a system that exists only at the centre 

of mass or other reference point within the vessel. A ship has length and breadth and is 

subject to forces that may act on it some distance from the centre of mass. Hence, to say 

that a wave may only act on the vessel when it has reached the reference point at the centre 

of mass is clearly incorrect physically. 

It would be possible to move the reference point for the impulse response functions to a 

point somewhere in front of the vessel. In this way the impulse response functions would 

include only a positive time component. However, to avoid having to define a different 

reference point for the calculation, it is convenient to instead allow there to be a negative 
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time component to the wave excitation impulse response functions. Whilst this could be 

said to violate the condition of physical realisability, it is in fact simply the result of shifting 

the reference point for an impulse response function which otherwise satisfies this condi-

tion. This concept has been used successfully in other of studies regarding the time domain 

simulation of ship motions [14, 52, 53]. 

Determination of wave excitation impulse response functions is, in most respects, similar 

to the process demonstrated for the motion dependent hydrodynamic actions. Consider for 

example a sinusoidal excitation 5(*We), where 

S(iWe) = 

/
oo 

ha{T){cos{uJeT) — i siri{ust)} dr. 
'OO 

In a similar fashion to Equations 5.3 and 5.4, it is possible to relate the real and imaginary 

parts of the transfer function to the impulse response function as follows 

/ OO 

hair) cos{ujeT) dr (5.22) 
-OO 

and 
fOO 

5 (wg) = — hair) 8in(weT) dr. (5.23) 
J — OO 

Taking the inverse Fourier transform of the impulse response function hair) gives 

ZTT JO 

which expands to give 

hair) = 7^ / COs(WeT) - E^{Ue) sin(WeT)} dUe + 
JiTT Jo 

2 fw 
— / {5 (Wg) cos(wgr) + Sill(WeT)} dUe-
ZTT Jo 

Using a similar argument to that used to obtain Equation 5.5, this may be simplified to give 

1 r°° p 
^a(T) = — / {2 (wg) cos(weT) — E (wg) sin(wgT)} dwg for all r . (5.24) 

TT Jo 

Whereas in the case of the motion dependent hydrodynamic actions it was assumed that 

h{T) = 0 for r < 0, allowing the impulse response function to be expressed in terms of 
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either the real or imaginary part of the transfer function, this is not the case for the wave 

excitation. Because ha{r) is assumed to be non-zero for r < 0, no further manipulation 

is possible and Equation 5.24 represents the final form of the relationship between the 

frequency domain excitation and the impulse response function. Whereas the motion de-

pendent hydrodynamic actions may be calculated using either the real or imaginary parts 

of the transfer function, the wave excitation impulse response function requires both the 

real and imaginary parts of the wave excitation. 



6 Numerical Evaluation of Frequency 

Domain Data 

The previous chapters, in particular Chapters 4 and 5, have concentrated on the theoretical 

methods that exist for the determination of hydrodynamic data and the representation of 

that data in either the frequency or time domains. This chapter and Chapter 7 examine 

the practical aspects of calculating that data in the frequency domain and subsequently the 

time domain. 

The process of determining the required data for a convolution integral formulation of 

the ship motion problem involves a series of steps. Firstly, one must model the ship in 

question using lines plan software. This lines representation is then used to create a pan-

elled representation of the hull surface for use in the three-dimensional source distribution 

method. Having determined the frequency domain hydrodynamic data numerical methods 

are required for the Fourier transformation of the frequency domain data into time domain 

impulse response functions. 

The theoretical frequency domain methods described in Chapter 4 involve the distribution 

of singularities over the surface of the vessel in order to solve a boundary value problem 

for the fluid potential. This distribution of the singularities is achieved by the discretisation 

of the hull surface into a finite number of quadrilateral panels, each with a singularity at its 
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centre. 

The process of creating the panel representation of the hull begins with the creation of a 

hull description using a ship lines software. For this investigation the software package 

used is ShipShape, developed by the Wolfson Unit for Marine Technology and Industrial 

Aerodynamics [89]. This software uses a network of cubic splines to represent the surface 

of the ship. The traditional lines plan of waterlines, sections and buttocks is created from 

this spline network by intersecting the surface of the hull with the appropriate planes. 

The panelled representation of the hull surface is determined using the program panshp 

[5]. This method uses the cubic patch representation of the hull output by ShipShape to 

distribute panels around the sections of the hull. The full details of this method will not 

be elaborated upon here but needless to say this method has been developed to allow con-

siderable flexibility in the manner in which the panel representation of the hull is created. 

This flexibility means that one must have a clear idea of what represents the best solution 

to the problem of representing the hull. 

It has been shown by Inglis [45] that the aspect ratio of the panels used is important for the 

calculation of the hydrodynamic added mass and damping coefficients. Inglis concluded 

that the optimum ratio was as near as practically possible to unity. In the practical appli-

cation of panelling techniques to realistic ship hulls, there exists the problem of how one 

addresses the conflicting issues of the accuracy of the representation and the total number 

of panels, given that the computational time is proportional to the number of panels. 

When creating a mesh representation of the surface of a hull, the panels should ideally 

be concentrated in the regions where the surface changes most rapidly. This allows for a 

more accurate representation of the changing fluid flow in these areas. Since the geome-

try of most ships changes more quickly around the girth than along the length, it is often 

tempting to increase the number of panels around the girth of the ship whilst maintaining 

the number along the length. In this way the total number of panels is not increased ex-

cessively. This conflicting desire for accurate representation without excessive numbers 

of panels can lead to unfavourable aspect ratios, in particular in the bow and stem where 
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the section perimeter is reduced. In such cases any advantage obtained through improved 

geometrical representation may be outweighed by the effects of poor aspect ratio. 

The problem of aspect ratio is not the only serious consideration that must be made when 

panelling the surface of the hull. The time taken for the calculation of the frequency do-

main data is proportional to the square of the total number of panels. Hence, to ensure 

reasonable computational time, it is important to ensure that in addition to obtaining an 

accurate panelled version of the hull shape, the total number of panels used to create that 

representation is reasonable. 

The result of the conflicting issues of accuracy and total number of panels is that there will 

exist an optimum solution to the problem of creating the panelled representation that will 

involve a compromise of some sort. A large number of panels will accurately model the 

hull form but will lead to very long calculation times for the frequency domain methods. 

On the other hand, being too economical with the number of panels used could result in 

an insufficiently accurate representation of the hull form and the corresponding frequency 

domain hydrodynamic data. 

The program panshp gives the user two option for the distribution of panels over the hull 

surface. The first of these defines a fixed number of panels around each section and the 

desired aspect ratio. It will be referred to as the "Fixed Method". The second method 

requires the user to select the height of the panels as a fraction of the draft as well as 

the desired aspect ratio. This method results in a variable number of panels around each 

section. This avoids the dense clustering of panels found in the first method in places where 

the section perimeter reduces, such as the bow or the stem. This second method will be 

referred to as the "Variable Method" 

( k l . l 

This method requires the user to define the number of panels per section, the aspect ratio 

and the longitudinal position of the most forward and most aft sections. At the first for-
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ward section, the section is divided into an equal number of segments by dividing by the 

selected number of panels. The distance of the next section aft of the first is then found 

by multiplying the height of the panels in the first section by the desired aspect ratio. A 

line parallel to the waterline (constant z) is then traced aft the required distance and the 

next section line is started from this place. This section line is divided into equal parts in 

the same manner as the first and the process repeated to determine the distance to the next 

section. This process continues until the midships point of the ship is reached. Since it 

is unlikely that the final section will occur at exactly the midships point, the sectioning is 

carried on beyond the midships point. The distance that the final section overshoots the 

midship point is then distributed back over the sections, using their longitudinal spacing as 

a weighting. A second pass is then made from the forward section towards the middle of 

the ship. The sections determined in the first pass are split into segments of even length, 

the panel comers being calculated along a constant coordinate line (fixed x). 

The same steps are repeated for the aft part of the hull. In this case the sectioning process 

starts from the aft most section and proceeds towards the midships point. Finally the bow 

and stem profiles are panelled. In the case of the bow, the distribution of panels between the 

forward most section and the actual bow is carried out by first of all tracing the profile of 

the bow from the base of the forward most section up to the maximum height (the constant 

z value used previously). Panels comers are distributed evenly along this profile line and 

quadrilateral panels are then formed using these points and the corresponding ones on the 

forward most section. 

6.1.2 Varwddbl^undberof l^UMdsAdbtbod 

The Variable Method provides an alternative panelling scheme to that previously described. 

This method varies the number of panels around each section, meaning it is possible to 

avoid unnecessarily dense concentrations of panels in areas where the section perimeter is 

reduced, such as the bow or stem. 

Whereas the Fixed Method requires the user to select the number of panels to be applied 
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around every section, in the Variable Method an ideal panel height must be specified (as a 

fraction of the draft), along with a restriction on the maximum and minimum number of 

panels. By applying a restriction on the maximum and minimum number of panels it is 

possible to ensure that small perimeter sections have sufficient accuracy, whilst ensuring 

that the number of panels used to describe larger sections is economical. 

The process for panelling the hull is much the same as for the Fixed Method . Starting 

from the forward end of the ship, the forward most section is divided into segments based 

on the ideal panel height that has been specified. The position of the next section is then 

found in an identical method to the previous method, using the aspect ratio multiplied by 

the height of the panels in the previous section. The Variable Method is more numerically 

intensive than the Fixed Method due to the fact that if two adjacent sections have a different 

number of panels around their section then the trace of the section line between them 

must be divided in panels twice, once for each number of panels. It should also be noted 

that this method can result in what has been described as "geometrical leaks" [30], where 

panels do not fit together exactly when adjacent columns have different numbers of panels. 

However, it has been shown that the frequency domain methods, in which the panelled hull 

representations are used, are insensitive to such effects [8]. 

6.1.3 Comparison of Panel Representations 

To compare the panelling methods, a Series 60 (CB = 0.7) type hull form was used. The 

Series 60 model was originally developed by Todd [93] to address the need to develop a 

more systematic collection of information regarding the resistance characteristics of a sin-

gle screw merchant ship. Subsequently this ship has been used for a variety of seakeeping 

experiments under the auspices of the International Towing Tank Committee (l l 'l C). The 

results of a number of studies performed around the world were brought together in the 

ITTC proceedings for 1966 by Nakamura [70]. The particulars and body plan of the Series 

60 type vessel are given in Appendix B.l. 

Figures 6.1, 6.2, 6.3 and 6.4 show a Series 60 type hull which has had its mean wetted 
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surface discretised using the Fixed Method . Figures 6.1 and 6.2 show cases where the 

number of panels around each section is 6 and the aspect ratios 2 and 1 respectively. It can 

be seen that reducing the aspect ratio from 2 to 1 doubles the total number of panels from 

372 to 744. 

Figures 6.3 and 6.4 show the same hull form but now with 10 panels per section, the former 

having and aspect ratio of 2 and the latter being 1. Again, halving the aspect ratio of the 

panels nearly doubles the total number of panels, this time from 1040 to 2060. 

Figures 6.5, 6.6, 6.7 and 6.8 show the same Series 60 hull form, this time panelled using 

the Variable Method . Figures 6.5 and 6.6 have a panel height of 0.35 times the draft of the 

vessel, which results in the maximum number of panels around any section being 6, which 

is the same number of panels per section as was used for the equivalent Fixed Method 

representation. The aspect ratios are again 2 and 1 respectively. Comparison of these two 

panelled hulls to those in Figures 6.1 and 6.2 shows that the total number of panels now 

used in the case of either aspect ratio is considerably reduced. There is a reduction in the 

total number of panels of around 30% in the case where the aspect ratio is 2 and around 

45% where the aspect ratio is 1. Visual inspection of the panelled hulls shows that the 

reduction is due to there being less panels describing the sections nearest the bow and 

stem, where the section perimeter is smallest. 

Figures 6.7 and 6.8 show the Series 60 hull panelled using the Variable Method , now 

with panel height equal to 0.2 times the draft. This results in a maximum number of 

panels per section of 10. Again comparison of these panelled hulls with those calculated 

using the Fixed Method with a similar number of panels per section, shows that there is a 

considerable reduction in the total number of panels. In the case of the models with aspect 

ratio 2, this reduction is in the region of 40%, whilst for aspect ratio 1 the reduction is again 

close to 40%. It is again obvious that much of the savings in panel numbers is obtained in 

the region of the bow and the stem where the Variable Method allows the use of less panels 

when describing sections with smaller perimeter. 

Comparison of the total number of panels in Figures 6.5 and 6.7, both with aspect ratio 
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2, shows that increasing the number of panels around each section from 6 to 10 results in 

the total number of panels being increased by a factor of nearly 3. Similar increases in the 

number of panels occur in Figures 6.6 and 6.8 where the aspect ratio is one. Whilst visual 

inspection of the models with the increased number of panels, be this the result of reducing 

aspect ratio or increased number of panels per section, suggests a more accurate represen-

tation of the hull surface, it is evident that use of these models will result in considerably 

increased computational time. 

The displaced volume, LCB and wetted surface area of each of the panelled hull repre-

sentations were compared to the results obtained from the original ShipShape model. This 

comparison can be seen in Table 6.1. There is little difference between the calculated val-

ues using either panelling method, the variable method giving a slightly worse prediction 

of the displaced volume. However, the differences are small enough in all cases to make it 

clear that either method will provide representations that adequately depict the hull form. 

Hull Representation V(m=) LCB Fwd. of 

Amidships (m) 

Wetted Surface 

Area (m^) Method N°- of Panels 

V(m=) LCB Fwd. of 

Amidships (m) 

Wetted Surface 

Area (m^) 

Fixed 372 0.1591 (-1.11) 0.0128 (-14.67) 1.8316 (-0.35) Fixed 

744 0.1593 (-0.98) 0.0128 (-14.67) 1.8336 (-0.24) 

Fixed 

1040 0.1607 (-0.14) 0.0133 (-11.33) 1.8467 (0.47) 

Fixed 

2060 0.1606 (-0.16) 0.0143 (-4.67) 1.8352 (-0.15) 

Variable 254 0.1576 (-2.06) 0.0103 (-31.33) 1.8197 (-0.99) Variable 

404 0.1584 (-1.56) 0.0115 (-23.33) 1.8265 (-0.63) 

Variable 

660 0.1604 (-0.32) 0.0127 (-15.33) 1.84396 (0.32) 

Variable 

1310 0.1605 (-0.24) 0.0127 (-15.33) 1.8455 (0.41) 

Table 6.1: Comparison of parameters predicted using different 

panelling techniques (% difference from ShipShape predictions) 

It becomes clear that each of the two methods offers its own advantages. The Fixed Method 

possibly offers a better representation of the hull surface (free of geometric leaks), while 

the Variable Method allows less panels to be used, reducing the duration of subsequent 
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frequency domain calculations. Hence the question becomes, "Which of these methods 

offers the best possible combination of accuracy of solution and speed of calculation?". 

4[]()]]oii)2ii i s cn i ()i jpTi-eqiuikiicTp ][)()m2ULii (Z^silculiited 

TLIsiua;* jSLllbeirTDuaitiiyt* ]P^aLn€!ll(;(I IHu l l 

In an attempt to clarify the effects of mean wetted surface idealisation on hydrodynamic 

data, each of the hull representations shown in Figures 6.1 to 6.8 was used to calculate a 

range of frequency domain data. Added mass and damping coefficients were calculated for 

encounter frequencies ranging from 0 to 50 rad/s and = 0.2 using the pulsating source 

distribution method. The upper limit was chosen as 50 rad/s due to the need for frequency 

domain data to be calculated to a high upper limit to enable the accurate determination of 

the corresponding impulse response functions [7]. 

6.2.1 Fixed Method 

Figures 6.9 to 6.12 show hydrodynamic added mass and damping coefficients calculated 

using the Fixed Method . The different representations used in each case are identified in 

the keys of the graphs in the following way: Fixed(a,b,c), where a is the total number of 

panels, b is the aspect ratio of the panels and c is the number of panels per section. The 

four panelled models tested for the Fixed Method consist of two with 6 panels per section 

and two with 10 panels per section. In each pair, one has an aspect ratio of 2 and the other 

an aspect ratio of 1. 

Figure 6.9 shows pure sway and yaw added mass and damping coefficients. The only dif-

ferences apparent are in the region of the irregular frequency effects which occur in the 

v422(we) data. These effects are predicted as having the largest amplitude by the hull rep-

resentations having the least total number of panels. The damping coefficients B22(we) 

and BQQ{ue) display larger differences in the predicted results at relatively high encounter 
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frequency. In particular, the irregular frequency effects in the B22(wg) data are again pre-

dicted as having the largest amplitude by the hulls having the least total number of panels. 

In addition, it becomes clear that the damping at high frequencies is not well predicted by 

the representations with the fewest panels. It can be seen that the hull with a total of 372 

panels begins to show large spikes in the predicted response from an encounter frequency 

of around 16 rad/s. Whilst there are fewer irregular frequency effects evident in the Bge 

data, it can be seen that the representations with 6 panels per section appear to not produce 

as good results as those with 10 panels per section at the highest frequencies. In particular, 

it can be seen that these results do not tend toward zero at high frequency, unlike the predic-

tions using the 10 panel per section representations. The consequences of these irregular 

frequency effects on the calculation of the corresponding impulse response functions are 

discussed in Chapter 7. 

Further evidence of the effect of insufficient total panel number can be seen in Figures 6.10 

where the cross-coupled sway-yaw damping coefficients can again be seen to suffer from 

inaccuracy in the solution at high frequencies when the number of panels around the sec-

tions in smallest. Examining Figures 6.11 and 6.12 for the heave and pitch hydrodynamic 

coefficients, shows the similar tends are observed for these symmetric motions as were 

seen for the antisymmetric motions. The added mass is predicted well by all the panelled 

representations while the damping is not well predicted at high frequencies when the total 

number of panels is low. 

6.2.2 Variable Method 

As noted in the description of the method in Section 6.1.2, using the Variable Method 

prevents the accumulation of large numbers of panels in places where the section perimeter 

is least. This means that the panel sizes are roughly even over the length of the ship and 

hence the number of panels required to model the complete hull is less than for the Fixed 

Method using similarly sized panels at the section of greatest perimeter. While achieving 

a reduced total number of panels is desirable from the point of view of the time taken to 
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calculate the frequency domain hydrodynamic data, the data found using the fixed number 

of panels method suggests that savings in the total number of panels might not necessarily 

be without detriment. In particular, given that one requires frequency domain data to a high 

frequency in order to calculate the impulse response functions, it needs to be determined 

whether the advantages gained in terms of reduced panel numbers are rendered irrelevant 

by the loss of accuracy in the computed data. 

Figures 6.13 to 6.16 show anti-symmetric and symmetric added mass and damping co-

efficients calculated using four different panelled hull representations created using the 

Variable Method. In a similar fashion to the Fixed Method results, the keys in the graphs 

describe the panelled representations as follows: Variable(a,b,c), where a is the total num-

ber of panels, b is the aspect ratio of the panels and c is the maximum number of panels 

per section. 

Examination of the sway and yaw added mass coefficients in Figure 6.13 shows that there 

are some differences between the values predicted by the various panelled representations 

as the frequency is increased. This is in contrast to Figure 6.9, where there was very httle 

difference between the added mass values, even at high frequency, other than at irregular 

frequencies. The sway and yaw damping coefficients indicate that the representations us-

ing the fewest panels suffer from insufficient resolution of the hull form at quite moderate 

frequencies. As the frequency increases further, the damping coefficients predicted using 

the smallest total number of panels become particularly poor, as can be seen in the predic-

tion of negative Bgg and Bee values at high frequency. Similar trends can be seen in Figure 

6.14 where the damping results using the smallest number of panels appear to be obviously 

inaccurate. 

Considering the symmetric motions. Figure 6.15 shows that for the pure heave and pitch 

coefficients there is reasonable agreement between the added mass results, but as the fire-

quency is increased considerable differences arise in the damping results. The cross cou-

pled coefficients in Figure 6.16 again show good agreement in the added mass predictions, 

while the damping coefficients do not agree well as the frequency is increased. 
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6.2.3 Comparison of Alternative Panelling Methods 

It is clear that reducing the total number of panels used to represent the mean wetted surface 

of the hull can have an undesirable effect on the subsequent calculation of the frequency 

domain hydrodynamic coefficients. Hence, for each of the two panelling methods, the 

two representations using the smallest number of panels (Fixed(372,2,6), Fixed(744,l,6), 

Variable(254,2,6) and Variable(404,l,6)) have been discarded from further consideration. 

This leaves four representations, two each from either panelling method, all with either 

a fixed or maximum number of panels per section of 10. As noted in Section 6.1.3, the 

difference in total number of panels required for the Variable Method is around 30-40% 

less than for the equivalent models found using the Fixed Method. 

The results found using these four representations are compared in Figures 6.17 to 6.20. It 

can be seen from the pure sway and yaw coefficients in Figure 6.17 that the added mass 

predictions are virtually identical. The damping coefficients only show a difference at very 

high frequencies where the Variable Method with larger aspect ratio (Variable(660,2,10)) 

diverges from the other sets of results for both B22 and Bee- The cross coupled added 

mass coefficients in Figure 6.18 show that the results found using the two Variable Method 

representations diverge both from each other and the Fixed Method at high frequencies. 

Damping results show a similar trend, the divergence being particularly great for the Vari-

able Method representation with the smallest number of panels. 

The symmetric motion coefficients (Figures 6.19 and 6.20) show similar trends for the 

added mass coefficients. Results for all four representations are very similar for the entire 

frequency range. However, the two different panelling methods give quite different damp-

ing coefficients at high frequencies. Those calculated using the Fixed Method tend towards 

a constant (zero) value from a reasonably low frequency, while those calculated using the 

Variable Method show large oscillations at the highest frequencies. 

It is believed that this oscillation at high frequencies when using the Variable Method is 

due to insufficient accuracy in the panelling of the ends of the ship. Inglis [45] recom-

mended that the panel length should ideally be less than one eighth of the incident wave 
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length. Bailey [7] went further to suggest that in the case where added mass and damping 

coefficients were of interest, the criterion of panel length should instead be based in the 

wavelength of the radiated waves. Bailey [7] went on to show that if such a radiated wave 

criteria was used and panels with aspect ratio 1 were used, the total number required was 

given by, 

where S is the area of the mean wetted surface. This means that the total number of panels 

required is related to the encounter frequency to the power of four. Furthermore, panels 

with aspect ratio greater than one increase this factor by the square of the aspect ratio. It 

is clear that in order to calculate frequency domain data to a sufficiently high frequency to 

satisfy the requirements of the transformations given in Equations 5.19 and 5.20, care must 

be taken in the creation of the panelled hull representation that is to be used. 

Hence it is recommended that when frequency domain data is to be calculated to high fre-

quencies, such as would be required for the calculation of impulse response functions, the 

Fixed Method should be used to create the panelled representation. If one were only inter-

ested in frequencies of moderate value it would appear that the Variable Method method 

offers the method of producing a panelled hull representation which will result in the least 

computational expense when calculating frequency domain data. 
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Figure 6.1: Discretisation of underwater surface of Series 60 model, using a 

fixed number of panels per section. 6 panels per section, aspect 

ratio=2.0, total number of panels 372 

mm 

Figure 6.2: Discretisation of underwater surface of Series 60 model, using a 

fixed number of panels per section. 6 panels per section, aspect 

ratio= 1.0, total number of panels 744 
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Figure 6.3: Discretisation of underwater surface of Series 60 model, using a 

fixed number of panels per section. 10 panels per section, aspect 

ratio=2.0, total number of panels 1040 

Figure 6.4: Discretisation of underwater surface of Series 60 model, using a 

fixed number of panels per section. 10 panels per section, aspect 

ratio=1.0, total number of panels 2060 
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Figure 6.5: Discretisation of underwater surface of Series 60 model, using a 

variable number of panels per section. Ideal panel height as a 

fraction of draft=0.35, aspect ratio=2.0, total number of panels 

254 

Figure 6.6; Discretisation of underwater surface of Series 60 model, using a 

variable number of panels per section. Ideal panel height as a 

fraction of draft=0.35, aspect ratio=1.0, total number of panels 

404 
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Figure 6.7; Discretisation of underwater surface of Series 60 model, using a 

variable number of panels per section. Ideal panel height as a 

fraction of draft=0.2, aspect ratio=2.0, total number of panels 660 

Figure 6.8: Discretisation of underwater surface of Series 60 model, using 

a variable number of panels per section. Ideal panel height as 

a fraction of draft=0.2, aspect ratio=1.0, total number of panels 

1310 
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Figure 6.9; Pure sway and pure yaw added mass and damping coefficients 

found using fixed number of panels per section method to model 

Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.10: Cross coupled sway and yaw added mass and damping coeffi-

cients found using fixed number of panels per section method to 

model Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.11: Pure heave and pure pitch added mass and damping coefficients 

found using fixed number of panels per section method to model 

Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.12: Cross coupled heave and pitch added mass and damping coeffi-

cients found using fixed number of panels per section method to 

model Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.13: Pure sway and pure yaw added mass and damping coefficients 

found using variable number of panels per section method to 

model Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.14: Cross coupled sway and yaw added mass and damping coeffi-

cients found using variable number of panels per section method 

to model Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.15: Pure heave and pure pitch added mass and damping coefficients 

found using variable number of panels per section method to 

model Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.16: Cross coupled heave and pitch added mass and damping coeffi-

cients found using variable number of panels per section method 

to model Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.17: A comparison of pure sway and pure yaw added mass and damp-

ing coefficients found using Fixed and Variable Methods to panel 

the hull. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.18; A comparison of cross coupled sway and yaw added mass and 

damping coefficients found using Fixed and Variable Methods to 

panel the hull. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.19: A comparison of pure heave and pure pitch added mass and damp-

ing coefficients found using Fixed and Variable Methods to panel 

the hull. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 6.20: A comparison of cross coupled heave and pitch added mass and 

damping coefficients found using Fixed and Variable Methods to 

panel the hull. Series 60 mono-hull, L=3.048m, Fn=0.2. 



7 Numerical Evaluation of Impulse 

Response Functions 

Having established an accurate methodology for the panelling of ship hulls for use in the 

calculation of frequency domain hydrodynamic data, methods are required to transform the 

resultant frequency domain data into the corresponding time domain representation. This 

chapter will discuss these methods and then attempt verify their accuracy. 

In particular, transformations are performed on frequency domain data in order to calculate 

time domain impulse response functions. In order to verify the numerical transformation 

methods, these time domain data sets are then inverse transformed to obtain a new set 

of the corresponding frequency domain data. By comparing the original and transformed 

frequency domain data sets, the accuracy of the numerical methods that are being used may 

be confirmed. 

If.JL jRncHii 

The calculation of the impulse response functions requires the solution of Equation 5.19 

or 5.20 and Equation 5.24. The numerical method used in this study is one developed 

by Burcher [22] as an improvement upon the trapezoidal method of Solodovnikov [90]. 

Whereas Solodovnikov's method required visual placement of a small number of trape-

zoids, Burcher's method, while requiring more trapezoidal elements, removes the need for 
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visual judgement. This facilitates the creation of computational methods for the evaluation 

of the impulse response functions. 

Consider the case of the calculation of the corresponding impulse response function from 

the real part of the frequency domain transfer function, which will be referred to as 

Equation 5.19 gave the following relationship, 

2 r°° 
h*{T) — — B*{uJe)cOs{uJeT)dLOe for T > 0 

TT Jo 
CAl) 

where, as previously noted, B* = (B(wg) — B(oo)). Burcher's method of evaluation 

involves dividing the frequency data into a finite number of trapezoids, such that a function 

Pn{oJe) may defined as follows, 

Pni^e) — 

0 

: 0 < CJ. < We 

^ ^en+l (7.2) 

: W e > W , En+l 

The frequency dependent coefficient B*{u>e) may be represented as the sum of the trape-

zoids, 
N-l 

(73) 
71=1 

Substituting Equation 7.1 into Equation 7.3 gives 

2 V / poo 
h*{r) = — X) / cos{uJeT)duJe for r > 0 

^ n=l 

(%4) 

Hence, substituting Equation 7.2 into Equation 7.4 gives 

9 / (-B* - COSWeT dWe 

^ n=l I B* — 5*^ 

./w. 
n n+1 

- COS WgT dWe 

which can be shown to equal. 

^-(T) = ! E ( B : -
^ n=l A „ t 

CA5) 
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where 

= ami A* = ^ ^ 2 2 — 
2 2 

This method offers an approximation to Equation 7.1 which is numerically easy to imple-

ment. Convergence of this method is assured, as for high frequencies J5* — 5*^^ tends to 

zero. Care must be taken in the selection of N, the number of steps and the upper frequency 

to which the approximation is made to, so as to ensure that the expected convergence does 

actually occur. 

In much the same way, impulse response functions may be calculated using the imaginary 

part of the transfer function. From Equation 5.20, 

— 2 f°° 
h*{T) = / A*{Ue)(jJeSm(uJeT)d0Je 

TT Jo 

where, as with the real part of the transfer function. A* = {A{uje) — A{oo)). 

Using similar arguments to those used previously for the real part of the transfer function, 

a function Qn{(̂ e) may be defined such that 

Qni^e) — 

— ^%+l^en+i " 0 < Wg < 

• P.6) 

0 : 

The frequency dependent coefficient A*{uje) may then be represented as the sum of a series 

of trapezoids as follows, 

== (7 7) 
7 1 = 1 

In a similar fashion to Equation 7.5, the calculation of the impulse response function h*{T) 

using A*(we), is given by 

where and A„ have the same values as previously. 

To enable validation of the accuracy of the numerical methods, inverse operations are re-

quired to allow determination of frequency domain data from the time domain impulse 
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response functions. This allows comparison of the original and transformed frequency 

domain data, which should highlight any deficiencies in the methods used. 

The equations for the inverse transformation are very similar in form to the equations for 

the calculation of the impulse response functions. To calculate the real part of the transfer 

function from the impulse response function, 

fOO 
B*{UJE) = J h*{T) COS{LJJE.r)dl 

(7.9) 
n=l ^n'^e 

and to calculate the imaginary part 

roo 
A*(wg)wg = — / h*{r)sm{uJeT)dT 

Jo 

(7.10) 

where for both Equation 7.9 and 7.10 

n 2 " 2 

BLexsjpiCMise IPliiiiictiiOHDus 

Using the relationships in equations 7.5 and 7.8, frequency domain radiation data, refer-

enced to either equilibrium or body fixed axis system may be transformed into time domain 

impulse response functions. Although it was shown in Section 5.4 that the radiation im-

pulse response functions could be calculated using either the real or imaginary parts of the 

radiation transfer function, it has been shown by Bailey [7] that using the real part results 

in faster convergence of the solution of the impulse response functions. Hence radiation 

impulse response functions are only calculated using the real part of the transfer function, 

i.e. using Equation 7.5. 
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To validate the methods used, transformations were performed from the real part of the fre-

quency domain transfer function to the time domain. These time domain impulse response 

functions were then used to attempt to recreate the original frequency domain data, both 

the real and imaginary parts, by reverse transformation. Using a panelled hull represen-

tation of a Series 60 model, denoted earlier in Chapter 6 as Fixed(1040,2,10), frequency 

domain hydrodynamic damping coefficients were calculated. This data, referenced to an 

equilibrium axis system, was also transformed to a body fixed axis representation, so that 

the corresponding body fixed axis impulse response functions could be calculated. For the 

purposes of illustration, only the coefficients relating to heave and pitch are presented. 

7.2.1 Equilibrium Axis Data 

Figures 7.1 and 7.2 show heave and pitch frequency domain added mass and damping data 

referenced to an equilibrium axis system. In each of these graphs there is the original 

frequency domain data (i.e. Ajjc{(jJe) and BjK{u)e)) as calculated by the pulsating source 

method described in Chapter 4. In addition there is frequency domain data calculated 

by inverse transform from the corresponding impulse response functions (Ajj({ue) and 

It can be seen that, in general, both the added mass and damping data calculated by reverse 

transformation show good agreement with the original data. In cases where the original 

data tends to a non-zero value at high frequency, there is a shift, equal to the infinite fre-

quency value of the original data, between the two data sets. Of interest is the fact that 

the A55 coefficient, which in the original data tends to an infinite value at low frequency, 

is not well represented in the data calculated by inverse transformation. The recalculated 

data does not correctly recreate the low frequency tendencies of the original data. This is 

an important result, the significance of which will be seen when time domain simulations 

are performed using this data in Chapter 9. 

Figure 7.3 shows the impulse response functions calculated from the frequency domain 

damping data shown in Figures 7.1 and 7.2. Of interest in these impulse response func-
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tions is they all exhibit oscillations that are slow to die out. These oscillations are due to 

the presence of irregular frequency effects in the frequency domain data. The irregular 

frequencies in the frequency domain data sets take the form of spikes in the data at discrete 

frequencies. Because these spikes in the data occur over a very small frequency range, it is 

possible to consider them to be a delta function. 

Consider the case of frequency domain added mass and damping data sets which consisted 

only of a delta function, which occurred at frequency Wg.. The added mass and 

damping functions would be given by A*{u}e) = and B*{ue) = Using 

Equations 5.19 and 5.20, the resulting impulse response functions may be shown to be 

2 
h*{T) = — / Bid{(jiJei)cos{u}er) due, 

TT Jo 
2 r°° 

or h*{T) = / We sin(we'r) (fwg. 
TT Jo 

Given that the integral of such a delta function is equal to 1, these equations further simplify 

to give the following relationships between delta functions in the frequency domain and the 

corresponding time domain response, 
2 

H*{T) = —BiCOs{LJJEJ) 
TT 

2 
or H*{T) — A; WE. sin(WE^T). 

TT 

From these last equations it becomes clear that the time domain response corresponding to 

a frequency domain impulse is sinusoidal in form, where the sharper the impulse, the larger 

the amplitude of the sinusoidal time domain response. This sinusoidal response can be seen 

in the impulse response functions in Figure 7.3, being especially prominent in the has and 

has graphs due to the large irregular frequency spikes that may be seen in the frequency 

domain data from which they were calculated. 

However, these oscillations in the impulse response functions do not appear to have any 

negative effect on the accuracy of the frequency domain data calculated from the impulse 

response functions . Indeed, it can be seen that when frequency domain data is calculated 

by inverse transformation, the irregular frequency effects are quite well recreated. This 

suggests that the numerical methods used are able to correctly account for the effects that 

arise due to the irregular frequencies. 
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Figures 7.4 and 7.5 show the frequency domain acceleration and velocity derivatives calcu-

lated by transforming the frequency domain data from an equilibrium axis to a body fixed 

axis representation. From this frequency domain data the corresponding impulse response 

functions have been calculated, again using the real part of the transfer function, in this case 

the velocity derivatives. These impulse response functions are shown in Figure 7.6. As was 

the case for the equilibrium axis data, frequency domain derivatives calculated by reverse 

transform from the impulse response functions are presented against the original data in 

order the validate the numerical methods. It can be seen that there is good agreement be-

tween the original frequency domain data and that calculated from the impulse response 

functions, the only exception being the transformed Zq data, which does not match the 

original at very low frequency. There is a shift present if the original frequency domain 

data did not tend to zero at high frequency, but otherwise agreement between the two data 

sets in each case is good. In particular, it should be noted that because all of the original 

frequency domain data sets tend to finite values at low frequency, there are not the inaccu-

racies that were seen in the case of the A55 data calculated from the A55 impulse response 

function. 

Because irregular frequency effects are still apparent in the body fixed axis frequency do-

main data, there are oscillations in the impulse response functions calculated from this 

data. Also, when frequency domain data is calculated by inverse transformation from the 

impulse response functions, the irregular frequencies are recreated well, appearing to have 

no effect on the surrounding data. 

7.3 Wave Excitation Data 

The verification of the numerical methods for the calculation of the wave excitation impulse 

response functions was carried out in the same manner as for the radiation data. Although 

both real and imaginary parts of the frequency domain transfer function are required for 
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the calculation of the impulse response function (see Equation 5.24), the inverse transform 

of either the real or imaginary part from the impulse response function is identical to that 

used for the radiation data (compare Equations 5.22 and 5.23 for the wave excitation with 

Equations 5.12 and 5.13 for the radiation actions). 

Again using only symmetric modes of motion to illustrate the verification process, Figure 

7.7 shows frequency domain wave excitation data referenced to an equilibrium axis sys-

tem. It can be seen that frequency domain data calculated by inverse transform from the 

impulse response functions is virtually indistinguishable from the original data. The wave 

excitation impulse response functions calculated from the original frequency domain data, 

which include a negative time component, are shown in Figure 7.8. 

Similarly, frequency domain data referenced to a body fixed axis system is shown in Fig-

ures 7.9 and 7.10. It can be seen that the similarity of the original frequency domain data 

to that calculated by transformation from the impulse response functions is as good was 

found for the equilibrium axis data, as would be expected, given the similarity of the two 

data sets. 

9%4 j M e t h c w i s 

Through the use of inverse transforms, it has been possible to assess the accuracy of the 

numerical methods used for the calculation of time domain impulse response functions 

from the corresponding frequency domain hydrodynamic data. Both radiation and total 

wave excitation data have been examined. In general the comparisons carried out show 

that the numerical methods used are very accurate. The exception to this is the case of the 

A55{ue) added mass coefficient, for which it was not possible in the current research to 

perform (AeeCwg) will be similar). This inaccuracy was the result of the numerical method 

not being able to adequately represent the tendency of the original frequency domain data 

to tend to very high values at low frequency. 
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Figure 7.1: Pure heave and pitch frequency domain coefficients calculated di-

rectly and by reverse transformation from impulse response func-

tions. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 7.2: Cross coupled heave and pitch frequency domain coefficients cal-

culated directly and by reverse transformation from impulse re-

sponse functions. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 7.3: Impulse response functions calculated using hydrodynamic 

damping coefficients. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 7.4: Pure heave and pitch frequency domain derivatives calculated di-

rectly and by reverse transformation from impulse response func-

tions. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 7.5: Cross coupled heave and pitch frequency domain derivatives cal-

culated directly and by reverse transformation from impulse re-

sponse functions. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 7.6: Impulse response functions calculated using frequency domain 

velocity derivatives. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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excitation forces, calculated directly and by reverse transforma-

tion from impulse response functions. Data referenced to an equi-

librium axis system. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 7.8: Heave and pitch excitation impulse response functions calculated 

using frequency domain data for a Series 60 mono-hull, refer-

enced to an equilibrium axis system. L=3.048m, Fn=0.2. 
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TT from 1500-

1 0 0 0 -

4M0̂-
500-

-1000 

0*10° 

-no" 

Ongina! M 
M' from m Onginal M 

kTkomm 
1 0 0 0 -

0̂00 

<3000 

-4000 

Figure 7.9: Real and imaginary parts of the heave and pitch frequency domain 

excitation forces, calculated directly and by reverse transforma-

tion from impulse response functions. Data referenced to a body 

fixed axis system. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 7.10: Heave and pitch excitation impulse response functions calculated 

using frequency domain data for a Series 60 mono-hull, refer-

enced to a body fixed axis system. L=3.048m, Fn=0.2. 



8 Time Domain Simulation 

Techniques 

This chapter presents methods by which the theoretical techniques described in the previ-

ous chapters may be used to perform a time domain simulation of ship motions in waves. 

These methods incorporate hydrodynamic data in the form of impulse response functions 

as part of a convolution integral formulation which allows for the inclusion of memory 

effects. These simulation techniques are applicable for arbitrary excitation, but for the 

purposes of numerical verification, sinusoidal actions only are considered, allowing com-

parison with frequency domain results. 

o f iua TfTLni*; ICfcMoaz&ija 

Chapter 4 presented the frequency domain equations of motions for the rigid body motions 

of a ship in six degrees of freedom. These equations of motion were given referenced to 

both an equilibrium and a body fixed axis system. These equations must be converted to 

a time domain representation before they may be used as part of a simulation technique. 

This conversion to a time domain representation involves the substitution of frequency 

domain coefficients and derivatives for the corresponding convolution integrals. Chapter 

5 discussed the transformation of frequency domain data into impulse response functions 

which may be used in a convolution integral formulation. It is these relationships which 

are used to develop the following equations of motion. 
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I8.3LJI IC(;iwUjlbiTiijuai ]S(;uadioiis ojF]\4[oti(m 

Equations 4.15 and 4.16 presented the equations of motion for the symmetric and anti-

symmetric motions of a rigid body, respectively. It was shown in Chapter 5 that the 

frequency domain radiation data may be expressed in a form incorporating convolution 

integral as follows, 

f(t) — -A{oo)v{t) + B{oo)v{t) + J h*{T)v{t — r) dr. 

Furthermore, the frequency domain wave excitation contribution may be represented as 

/A(I) = HAIT)a{t - T) dr. (8.1) 

which is again in the form of a convolution integral formulation. Hence the equations of 

motion referenced to an equilibrium axis system may be written as follows [4] 

yrWi, ?72, ?74,775, () 

/ r W i , 776, ?7l, ?74, %, () 

/ r W i , ?74, () 

%, m, 771, 772, 774, 776, 776, t) 

/TWl, 775, 776, 771, 772, 773, 774, 775, 776, () 

7̂ ,774,775,776,771,772,773,774,775, 776, t) 

/l(7h, 7^, 7%, 774, 7%, ?7i, 772, 773, 774, 775, 776, () 

/2(77l,%, 773,774, 775,776, 771, 772,773,774,77G,776,() 

Mvum, 773, 7 7 4 , 7 7 5 , 7 7 6 , 7 7 1 , 7 7 2 , 7 7 3 , 7 7 4 , 7 7 5 , 7 7 6 , t) 

/ 4 ( 7 7 x , 7 7 2 , 7 7 3 , 7 7 4 , 7 7 5 , 7 7 6 , 7 7 1 , 7 7 2 , 7 7 3 , 7 7 4 , 7 7 5 , 7 7 6 , t ) 

f s i V u m , 7 7 3 , 7 7 4 , 7 7 5 , 7 7 6 , 7 7 1 , 7 7 2 , 7 7 3 , 7 7 4 , 7 7 5 , 7 7 6 , t ) 

A(771, 772, 773, 774, 775, 776, 771, 772, 773, 774, 775, 776, () _ 

771 (^) 

7^(t) 

7^(() 

774(() 

775 (t) 

. 77^ )̂ . 

= M - 1 (8.2) 
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where the mass matrix M is given by 

M 

M i l 0 Mi3 0 M i s 0 

0 M22 0 M 2 4 0 - M 2 6 

M 3 1 0 Msz 0 M 3 5 0 

0 M42 0 M 4 4 0 M 4 6 

M 5 1 0 M 5 3 0 M 5 5 0 

0 MQ2 0 MQ4 0 Mee 

and includes mass and inertia terms as follows 

Mx\ — Tn ^xi(oo) 

Mi3 = j4i3(oo) 

-Mis = —TnQ + ^15(00) 

M22 = + .422(00) 

M24 = mC + ^24(00) 

M26 = ^26 (00) 

Mzi — ^31(00) 

-M33 = m + .433(00) 

M35 = ^35(00) 

7̂ 42 — 4" -^42(00) 

M44 — /44 + Tn(^^ + 4.44(00) 

M46 = —746 + ^46 (00) 

M51 = —m^+ .4.51(00) 

M 5 3 = 4 . 5 3 ( 0 0 ) 

M55 = J55 + + ^55(00) 

Me2 = 4.62(00) 

Mei = —J^64 + ^64(00) 

Mgg = Jge + Age (00)-

The functions / i ,2, . . . ,6 in Equation 8.2 are expressed fully as 

fl — —-Plr ~ -Plar —-Sll(oo)^'l — Bi3 (00)773 — .Bi5 (00)775 + i?i(t) 

/z = —-P2T ~-Faar —-̂ 22(00)772 — ^24(00)774 — .̂ 26(00)776 + H2(t) 

/s = —Fzt ~ Fzar — Bzi{oo)7ii —Bzi{oo)'q^ — Bzh{o6)'i)^ + Hz{t) 

f i — —-p4T — F^ar ~ -642(00)772 — 5 4 4 ( 0 0 ) 7 7 4 — .B46(00)776 + Hi{t) 

h = —F^t — Fsar — - 6 5 1 ( 0 0 ) ^ 1 — -653(00)773 — .B55 (00)775 + Hs{t) 

/e = —Fqt — F^ar — -662(00)77*2 — -664(00)774 — .Bge (00)776 + H e i t ) -

( 8 . 3 ) 

( 8 . 4 ) 

( 8 . 5 ) 

The terms with the subscript r in Equation 8.5 are the radiation forces and moments and 
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they may be written in terms of convolution integrals in the following way, 

Fir= f Ki{T)'ni{t-T)dT+ f hl^{r)'qz{t-r)dT+ [ %(%)%(( - T)dT 
V 0 J O t /0 

- T)(fT + / /l^(T)7/4(( - T) jT + 
«/ 0 «/ 0 */ 0 

t/0 «/0 «/ 0 

- T)dT + / 
JO Jo Jo 

-P5r= / / i ; i (T)%((-TXT+ / A;3(T)%((-TXT+ / 
V 0 JQ J Q 

f 6 r = / % ( ? - ) % ( ( - T ) ( f T + / /lM(T)774((-T)dT+/Agg('7-)?7G(^-T)d'r. 
JO Jo Jo 

The terms with subscript ar in Equation 8.5 refer to the wave excitation and restoring 

contributions. The calculation of these contributions are dependent upon the nature of the 

time domain method used and will be elaborated upon in Chapters 9 and 10. 

It can be seen that although Equation 8.2 represents a system with six degrees of freedom, 

the inertia and radiation related terms result in the uncoupling of the symmetric and anti-

symmetric motions for a vessel with port/starboard symmetry. 

8.1.2 Body Fixed Axis Equations of Motion 

Using identical arguments to those used for the equilibrium axis equations representation, 

the body fixed axis equations of motion, initially given in Equations 4.18 and 4.19, may be 

rewritten as follows for a convolution integral representation. 

w,p, q, 

t;(t) f2{u,V g, 

w ( ( ) 
= 

y3(w, f w , p , g , 

w,p, q, 

w,p, q, 

r ( t ) . A («,%;, w,p, q, 

(8.6) 
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The mass matrix M takes the same form as Equation 8.3 with the coefficients given by 

Mil =rn — Xu{oo) M42 = -Ki{oo) 

Mi3 = —Xii(oo) M44 = I44 — Kp{oo) 

Mi5 = —Xq{oo) M46 = — J46 — Kr{co) 

M22 — m — li(cx)) M51 = —Mu(oo) 

M24 = —l^(cx)) M53 = -M^{oo) (8.7) 

M26 ~ -Yr{oo) M55 = J55 - MG(OO) 

M31 — —Zu(oo) Mq2 = - A ^ ( O O ) 

M33 = m — Z^(oo) Mq4 — —1^4 — IVp(oo) 

M35 = —Zq{(X)) Mqq = Iqq — Nr{oo). 

In a similar fashion to the equilibrium case, the functions /i,2,...,6 in Equation 8.6 may be 

expressed fully as 

fl = XT + Xar + Xu(oo)u + Xw{oo)w + Xq[oo)g + X{t) 

f2 = Yr+ Yar+ Yj,{oo)v+ Yp{oo)p + Yr{cx))r — mrU+ Y{t) 

fs = Zr-¥ Zar + Zy,{oo)u + Z^{oo)w + Zq{oo)q + mqU + Z{t) 

A = Kr + Kar + Ky{oo)v + Kp{co)p-\-Kr{oo)r + K{t) 

/s = Mr + MaT + M^{<X))u + Mw{oo)w + Mq{oo)q + M{t) 

/e = Ar̂  + A ^ + A (̂(X3)i; + .A/p(oo)p + A^((X))r+]V((). (8.8) 

Once more, the terms with the subscript r in Equation 8.8 are the radiation forces and 

moments and they may be written in terms of convolution integrals in the following way, 

= [ xl{r)u{t - T)dT + f xl{r)w{t - T)dT + f x*q{T)q{t - T)dT 
JQ Jo V 0 

^ ^ - T)(fT + ^ y*(T)p(( - T)dT + ^ 2/XT)r(( - T)dT 

= / z*(T)«((-T)dT+ / z;;,(T)w((-T)dr+ / Zg(r)g((-T)dT 
Jo Jo Jo 
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Kr = [ kl{T)v{t - T)dT + f k*{T)p{t - T)dT + f k*{T)r(t - T)dT 
Jo Jo JQ 

= f rnl{T)u{t - T)dT + f ml,{T)w{t - T)dT + f m*{T)q{t - T)di 
jO JQ JQ 

T = [ nl{T)v{t — T)dr + f n*{T)p{t — T)dT + f n*{T)r{t — T)dT. 
*/o */o ,/o 

N. 

The terms in Equation 8.8 with subscript ar are the wave excitation and restoring contri-

butions. As was the case for the equilibrium axis equations of motion, the calculation of 

these contributions depends upon the time domain simulation method and will be elabo-

rated upon in Chapters 9 and 10. 

Again it can be seen that although Equation 8.6 represents a system with six degrees of 

freedom, the inertia and radiation related terms result in the uncoupling of symmetric and 

anti-symmetric motions for a vessel with port/starboard symmetry. The use of the six 

degree of freedom equation of motion will become clearer in Chapter 10, when the use of 

the instantaneous wetted surface results in the coupUng of symmetric and anti-symmetric 

motions in oblique waves. 

8.2 Reduction in Order of Differential Equations 

The equations of motion for the six degree of freedom motions of a rigid ship are second or-

der differential equations. To aid the solution of these equations it is convenient to convert 

them into a more easily calculated set of equations. It is possible to reduce a second order 

differential equation into a pair of first order equations, greatly reducing the complexity of 

obtaining a solution. 

As an example, consider the case of a simple, single degree of freedom mass-spring-

damper system, the equation of motion being given by 

Mx H- Bx + Cx = jP(t), 

where M is the mass, B is the damping coefficient and C is the restoring coefficient. 
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Making x the subject, it can be shown that 

z = — - Bzi - Cz]. 

By introducing a new variable xi, such that xi = x, two first order systems can be formed: 

xi — —[F{t)-Bxi-Cx] 

Hence the second order equation can be changed into a system of the form X=F(X,t), made 

up of two first order equations, 

X = 
i / 

and F = l 
XI 

(8.9) 

/ 

For the purposes of illustration, this method is applied to the equations of motion refer-

enced to equilibrium axes. Hence, from Equation 8.2 it is possible to obtain the following 

expressions for X and F, 

X(T) — and F = 

7?!, %, %, :74, 776, () 

frivu %, %, %,%, t) 

/ r W i , %,%, %,%, %, %, %,() 

/ r ( % , %, 776, %, ?74, %, %, () 

m 

m 

m 
% 

m 

V6 
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<8.3 

Having determined first order differential equations to describe the equations of motion 

of the rigid ship, one requires a method for the solution of these equations. A number of 

methods exist for the numerical solution of initial value type differential equations, such as 

characterised by the ship motion problem. Such methods work by calculating the solution 

at a series of steps at discrete time intervals, building up a history of the solution to the 

equation over a period of time. 

The solution to a differential equation can be considered to be of the form of a Taylor 

series, where for a given value x{t) and time t, the solution at time t + his 

, ,. , . ,dx (h'^\ 

if we consider the solution to be of the form 

— = where z(to) = 3/0. 

If /i is a small value, it is apparent that the higher powers are very small. This 

suggests that a crude approximation of the solution can be made by simply ignoring higher 

order terms. This gives the Euler method, which for the general case is given by, 

— XJI ~1~ hf(^XFI^ fo r TI — 0 , . . . 

Given that the higher order terms are ignored, there is a global error of the order of h 

(0(h)). This relatively high error factor is the reason why this simplistic method is not 

used widely. Instead methods have been developed which consider the higher order terms 

of the Taylor series and consequently give smaller errors [71]. 

Among these improved methods are those that use a predictor-corrector technique. Such 

methods consider higher order terms in the Taylor series, making an initial calculation of 

one or more auxiliary values between the current and the next step. The most basic method 

of this type is the Euler-Cauchy method which calculates a single auxiliary step and then 

uses that to provide a correction to the final estimate of the solution. The error using this 
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method is now reduced to 0{h?). Further accuracy is obtained as more intermediate values 

are included. One such higher order method is the fourth order Runge-Kutta technique. 

In this method four auxiliary solutions are obtained, all of which are used to estimate the 

value of the final solution. The error of this method is 

The fourth order Runge-Kutta method is very simple to implement and offers a high level 

of robustness. Hence it is this method that will be used for the solution of the rigid body 

equations of motion. The fourth order Runge-Kutta method takes as input initial values of 

X and t, a constant step size h and a number of steps N. 

Using the notation of Equation 8.9, for the steps n = 0 , 1 , . . . , iV — 1 the following calcu-

lations are made to determine the value of the solution at the next time step, 

= AF(X^,() 

&2 = /iF(X„-j-A:i/2, t-f-/i/2) 

= /2.F(X„-f-^12/2,14"/i/2) 

ki = hF{Xn + k3,t + h) 

X„4.i = — (A;i-f-2A:2-f-2 :̂3 + A;4). 
0 

This routine has been shown to be sufficiently robust for applications of this type [7]. 

8.4 Numerical Convolution Techniques 

The equations of motion given in Equations 8.2 and 8.6 include convolution integrals, 

which require solution at each step of the time domain simulation. The time domain tech-

niques implemented herein use a trapezoidal summation technique for the evaluation of the 

convolution integrals at each time step. 

Calculating the numerical solution of the radiation convolution integrals in a particular 

mode of motion involves the body velocity in that direction and the corresponding impulse 
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response function. These are both represented as a series of discrete points. In the general 

case, the numerical evaluation of the convolution integral is complicated by the fact that 

the time step for which the velocity trace is defined is likely to be different from the time 

step of the impulse response function. To account for this, the time step of the impulse 

response function data has been chosen for the evaluation of the convolution integral and 

the velocity trace is linearly interpolated, enabling it to be represented at identical time 

steps. 

Figure 8.1 shows an example of the implementation of the numerical method for the solu-

tion of the radiation convolution integrals. In this example the convolution integral is being 

solved at time t. The time steps at which the velocity trace is initially defined are at the 

times labelled n = 0,1,2, . . . , identified by the squares on the velocity trace. The impulse 

response function is defined at a series of time points r = 0 , l , 2 , . . . , marked by circles on 

the trace. 

To enable to calculation of the solution, the velocity trace must be redefined at a series 

of points with time step equal to that of the impulse response function data. These newly 

defined points are marked on the diagram by crosses and occur at r = 0,1,2, — 

Because the velocity data and the impulse response function data are now defined at the 

same intervals, it becomes possible to represent the convolution integral formulation 

f{t) = ^ h{T) v{t - T) dr 

in terms of a simple trapezoidal summation. Hence, for time step At, the integral above 

may be solved using the trapezium rule as follows, 

f{t) = h{T) v{t — r) dr 

% A( I^A(O) %;(()] + ^h{At) v{t — At)] 

+ ^/i(2At) v{t — 2At)j . 

+ — l)At) v{t — {n— l )At)j + ^ h{t) f(0) j . 
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Figure 8.2 shows a similar diagram for the numerical method for the solution of the wave 

excitation convolution integrals. In this example, the convolution integral now includes a 

negative time component as follows, 

/ (() = y ^ A a ( T ) a ( ( - T ) ( i r . 

In the diagram it can be seen that it is again assumed that the time steps at which the 

wave elevation trace is defined may not necessarily be the same as those at which the 

impulse response function is defined. The original points at which the wave elevation trace 

is defined are shown on the diagram by a square symbol. It should be noted that these 

are defined only up to time t, point n = 5 in the diagram. When the wave elevation 

trace is linearly interpolated to obtain values at time step At, corresponding to that of the 

impulse response function, the wave trace is defined for an additional length of time, equal 

to the negative time component of the impulse response function. This prediction of the 

future wave height employs the definition of the wave spectrum and accounts for the vessel 

heading. 

Hence, using the trapezoid summation technique, the wave excitation convolution integral 

at time t is given by 

f { t ) = [ HOCIR) a{t - T ) dr 
J-T 

~ Ai T") cx(t + T')j + (At — r ) (x{t — At + T") 

4-|^/ia(2At — T") exit — 2At + T") + . . . 

j^/ia((n — l)At — T) oc(t — (n — l )At + T)j + — < (̂0)] | • + 
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Figure 8.1: Schematic diagram of numerical integration of radiation 

convolution integral. 
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Figure 8.2; Schematic diagram of numerical integration of wave exci-

tation convolution integral. 



9 Linear Time Domain Simulation 

Previous chapters have examined the development and implementation of methods re-

quired for the successful application of a time domain simulation technique. This has 

included routines for the determination of impulse response functions from frequency do-

main data and the formulation of equations of motion in six degrees of freedom referenced 

to both equilibrium and body fixed axis systems. These equations of motion include con-

volution integrals and are solved using a fourth order Runge-Kutta time stepping scheme. 

This chapter will focus on the validation of the numerical simulation techniques, initially 

using both equilibrium and body fixed axis data. The accuracy of the solutions obtained 

using data referenced to either axis system will be examined by comparing the results of 

time domain simulations to frequency domain predictions. To allow such a comparison 

to be performed, the incident waves will be sinusoidal in form. The methods used for 

the calculation of the amplitude of steady state response will be discussed and a Series 60 

monohull will be used to compare the results of the equilibrium and body fixed axis time 

domain methods. 

Having determined the most appropriate axis system to reference hydrodynamic data to, the 

resultant linear time domain method will be further tested on two hull forms at a range of 

headings and speeds. The first hull form will be the Series 60, followed by an NPL5b type 

hull. Initially the NPLSb will be in mono-hull form, followed by two catamaran arrange-

ments with different hull separations. Comparison will be made between the simulated 

responses for these arrangements and frequency domain predictions. 
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The equations of motion for the time domain simulation technique are given in Equations 

8.2 and 8.6 for equilibrium and body fixed axis representations respectively. It was noted 

in Sections 8.1.1 and 8.1.2 that the calculation of the wave excitation and restoring con-

tributions is dependent upon the time domain method being used. The linear time domain 

method uses a convolution integral formulation to describe the combined incident wave 

and diffraction wave excitation contributions obtained from frequency domain data refer-

enced to the vessel's mean wetted surface. The restoring forces and moments are described 

using constant value coefficients, determined for the vessel in its calm water position. 

The terms in Equation 8.5 denoted by subscript ar are the wave excitation and restoring 

contributions. They can be considered to be made up of separate contributions such that 

Fiar = Fia + -Fir for i = 1 , 2 , . . . , 6 

where the a and r are the wave excitation and restoring components respectively. 

The wave excitation contributions are calculated using impulse response functions deter-

mined from frequency domain data using Equation 5.24. Hence, the excitation contribu-

tions may be expressed in a convolution integral formulation as follows. 

Floe = J ^ hia{T)a{t - r)dT f L = j ^ h^a{T)oi{t - '^)dr 

F2a = J ^ h2a{r)a{t - r)dT f&x = J ^ h^oc{T)a{t - r)dr 

Fsa = hza{r)a{t - rjdr f L = J^h6a('r)a{t - r)dT. 

The restoring force contributions, denoted by subscript r, are calculated as follows, 

Fsr = —(̂ 33% — (̂ 35% 
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PAT — (̂ 44% 

= —(̂ 53% — (/55% 

where C33, C35, C44 etc. are constant value coefficients. It should be noted that = 0 = 

-Pgr — PQT-

9.1.2 Body Fixed Axes 

Similarly, the terms in Equation 8.6 with subscript ar also denote wave excitation and 

restoring contributions which may be considered as separate components, for example, 

Xar = Xa + Xr 

Zar — Za + Zr etC. 

Hence the wave excitation contributions, also incorporating impulse response functions in 

a convolution integral formulation, are given by 

Xa = f Xa{r)a(t — T ) d T Ka= f ka{T)a{t — r ) d T 
J~T J-T 

Y a = f y a { r ) a { t - T ) d T M a = f m a { T ) a { t - T ) d T 
J-T J-T 

Za = J ^ Za{r)a{t - T ) d T Na = j ^ n a { r ) a { t - T ) d T . 

and the restoring force contributions are calculated using, 

Zj. = Zz»z* + ZQO 

Kr = K^cj) 

Mr = Mz*Z* + Mg6, 

where the restoring coefficients are again constant values, i.e. 

Zz* — C33 

ICfjj — ^44 etc. 

Once again, it should be noted that X,. = 0 = Yr = N^. 
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9.2 Comparison of Simulations Using Equilibrimn and Body 

]^bwBd ^ j d s ! S y s t e n i I ) a t a 

The development of novel numerical techniques requires a process of verification to be 

carried out. Such a process will establish the accuracy of the methods, allowing errors to 

be identified and different numerical procedures to be compared. 

The verification of the linear time domain simulation techniques was carried out using, 

initially, a Series 60 hull form. Two versions of the linear motion simulation methods were 

used. The first of these employed equations of motion and hydrodynamic data referenced 

to an equilibrium axis system. The second method was identical in all respects except that 

the equations of motion and the hydrodynamic data were referenced to body fixed axes. 

The simulation of linear heave and pitch motions for the Series 60 model was carried out 

using hydrodynamic data calculated using methods described in Chapter 7. In particular, 

the impulse response functions referenced to equilibrium axes are those shown in Figures 

7.3 and 7.8 whilst those referenced to body fixed axes may be found in Figures 7.6 and 

7.10. 

Each simulation was carried out for a total of 1000 time steps. The increment of each 

time step was 0.05 seconds, giving a total simulation time of 50 seconds. This length of 

simulation was considered to be sufficiently long to allow the motions to settle to a steady 

state sinusoidal response of constant amplitude. The simulations were performed for the 

vessel travelling at = 0.2 in regular head waves of constant frequency and amplitude. 

The amplitude of the waves was chosen as 0.01m, sufficiently small with respect to the 

model dimensions to be considered reasonable for a linear method. The starting position 

for each of the simulations was zero displacement in each of the six degrees of freedom. 
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(ZfilculsHdio:: cdFlRlesjpcmuse ̂ InifilHbuwdkis 

Each time domain simulation produces an output file containing the displacement and ve-

locity traces for each of the six degrees of freedom. It is possible to specify that only certain 

motions be calculated, in which case the displacement and velocity of the unspecified mo-

tions is zero for all time steps. In the case being used here, only heave and pitch motions 

are considered, surge being neglected. This is because for a linear theory there is consid-

ered to be no coupling between symmetric and anti-symmetric motions and in head waves 

anti-symmetric excitation contributions for a ship which is symmetric about its centreline 

are assumed to be negligible. 

The amplitude of the motion responses was calculated by fitting a Fourier series to the 

sinusoidal displacement traces once they had settled to a steady state response. Having 

determined the amplitude of the response from the motion trace, response amplitude oper-

ators (RAOs) were calculated by dividing the amplitude of the response by the amplitude 

of the exciting waves. 

Figures 9.1 and 9.2 show examples of the heave and pitch motion traces calculated by the 

time domain simulation technique using equilibrium axis data. It can be seen that the linear 

responses are sinusoidal in form, allowing the Fourier fit sinusoidal traces to exactly match 

the motions. Figures 9.3 and 9.4 show similar results for the linear time domain method 

when using body fixed axis data. It is clear that irrespective of the data type used, the 

time domain methods produce stable solutions for which the amplitude may be calculated 

accurately using a Fourier fit method. 

91J2.2 Î rtwdUwctioiis in ]3k%awd iPViivtxs 

Given that there is confidence in the stability of the solutions obtained using the two time 

domain methods, simulations may be carried out at a range of frequencies using both meth-

ods. The predicted heave and pitch responses for a Series 60 model travelling at = 0.2 

in head waves are shown in Figure 9.5. The solid line in each of the graphs is the response 
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predicted by the linear frequency domain pulsating source method. The individual points 

are frequencies at which simulations have been carried out using the linear time domain 

methods described in Chapter 8. The responses have been calculated using hydrodynamic 

data (pulsating source method) and equations of motion referenced to both equilibrium axis 

and body fixed axis systems. 

It can be seen that the heave responses calculated using the equilibrium axis referenced data 

do not match the frequency domain predictions well, especially in the region of resonance. 

On the other hand, the responses predicted by simulations using body fixed axis data show 

excellent agreement with the frequency domain predictions over the entire frequency range. 

Similar results can be seen for the predicted pitch motions, with the simulations using body 

fixed axis impulse response functions producing far better agreement with the frequency 

domain data. 

In order to establish the precise reason for the lack of agreement between the time domain 

equilibrium axis predictions and those of the frequency domain methods, a process of 

elimination was undertaken. Initially, to check whether the problem was a result of the cal-

culation of the radiation actions, these were assumed to be a constant value corresponding 

to the frequency domain value of the added mass and damping at the encounter frequency 

of the regular waves considered. The wave excitation remained represented using convo-

lution integrals. The results of these simulations may be seen in Figure 9.6, where they are 

referred to as Combination 1. 

Next, to establish the role of the wave excitation contribution in the errors, the wave exci-

tation was assumed to have a constant value corresponding to the frequency domain values 

for the respective encounter frequencies of the regular waves, whilst the hydrodynamic 

added mass and damping contributions were calculated using a convolution integral for-

mulation. These results may also be seen in Figure 9.6, where they are referred to as 

Combination 2. 

It is clear that the results denoted as Combination 1, which has constant frequency domain 

data describing the radiation actions and convolution integrals describing the wave actions. 
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show much better agreement with the frequency domain predictions than the results Com-

bination 2. This suggests that the cause of the problems lies in the convolution integral 

representation of the hydrodynamic actions. To further test this hypothesis it was decided 

to examine the effect of using a convolution integral formulation for the wave excitation 

actions and all radiation contributions except A55 and B55, for which constant frequency 

domain values at the respective encounter frequencies were used. The pitch-pitch coeffi-

cients Were chosen because of the inaccuracies that had been noted in the verification of 

the methods for the calculation of the impulse response functions, carried out in Section 

7.2. This data has been referred to as Combination 3 and is also shown in Figure 9.6. 

It can be seen that Combination 3 predictions very closely match Combination 1 as well 

as the frequency domain predictions. This suggests that the problem has been isolated to 

the pitch-pitch contributions in the radiation convolution integral formulation used in the 

equilibrium axes referenced equations of motion. 

It is thought that the differences between time domain predictions using a convolution in-

tegral representation of equilibrium axis data and frequency domain predictions can be at-

tributed to the inability to accurately determine pitch-pitch added mass contributions from 

the hgg impulse response function. This problem is not thought to be a result of the numer-

ical methods used, rather, it is thought to result from the nature of the frequency domain 

pitch-pitch data. In particular, it is thought that the characteristic of the A^^{uje) coefficient 

to tend to an infinitely high value at low frequency cannot be represented using the nu-

merical methods employed in this study (see Section 7.2.1). Consider, by way of example, 

the forward speed corrections applied to A55 and B55 (see Section 4.3.1) when using the 

pulsating source method, 

-̂ 55 (^e) = ^55 We) + 

^ ^33 (^e) 

where, as previously, the superscript 0 denotes the zero speed coefficient. Given that 

/

OO 

AssWe j-r, 
-00 
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then it may be shown that 

-̂ 55 

—iCOe ̂55 (^e) + 1 -̂ 33 (^e) 
/

oo 

-oo 

/ W « fW 
hUT)e-"-'-^dT+ / hl,'{T)e-'-^ dT 

•OO J — oo 
where 

^ Bl^{uje) + iuJe j ^33 '{r)e dr. 

However, because A33 and B33 are uniquely related by hgg as follows, 

-B33((̂ =) + *We(v4g3(Wg)) = (̂ T, 

then it would have to be the case that. 

This final relationship is non-unique. Hence, for such situations it is not possible to de-

termine the added mass contribution from an impulse response function calculated using 

damping data and vice versa. 

It should be noted that the trends observed in the A55 added mass coefficient (which will 

be similar for Agg) with forward speed, as the frequency tends to zero, are similar whether 

the influence of forward speed is accounted for using an appropriate singularity distribu-

tion (i.e. translating, pulsating source) or correction [47, 49]. The analysis above merely 

illustrates the consequences of the forward speed effects. This suggests that some speed 

dependent hydrodynamic coefficients referenced to equilibrium axes do not allow Fourier 

transformation. This will apply to all hull forms and speeds as the nature of the problem is 

the same, irrespective of the particular case that is being examined. 

To confirm that this is the case, an NPLSb monohull model with Froude Number 0.53 was 

also modelled in head waves. The particulars of this model are given in Appendix B.2. 

The mean wetted surface was modelled using a total of 500 panels, the panel distribution 
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having being created using the Fixed Method , with 6 panels per section and an aspect ratio 

of 2. 

A comparison of the steady state predictions from the time domain simulations at this 

higher speed (F„ = 0.53) using both equilibrium and body fixed axis systems with fre-

quency predictions can be seen in Figure 9.7. It is clear that once again the body fixed axis 

representation provides the most accurate prediction of the amplitude of response at each 

frequency. To confirm that the discrepancy is due not only to the forward speed correction 

used in the pulsating source method, frequency domain data was also calculated using the 

translating, pulsating source method. Impulse response functions for the hydrodynamic 

actions and wave excitation were calculated from this data referenced to both equilibrium 

and body fixed axis systems. The results of the linear time domain simulations can be seen 

in Figure 9.8. It can be clearly seen that the simulation using body fixed axis data provides 

the most accurate prediction of the response at each of the frequencies tested. It can also 

be seen that at this higher forward speed the differences arising from the equilibrium axis 

referenced time domain predictions are larger. 

The results presented in Figures 9.5, 9.6, 9.7 and 9.8 clearly show that time domain simu-

lations using body fixed axis data produce results which are in very close agreement with 

frequency domain predictions at the same wave excitation frequencies. Using equilibrium 

axis data did not provide us with sufficiently accurate results, due to the fact that certain 

frequency domain data referenced to equihbrium axis does permit accurate Fourier trans-

formation when the forward speed is not zero. Hence, all fiirther time domain simulations 

will use data referenced to a body fixed axis system. Because frequency domain hydrody-

namic coeflScients referenced to this axis system all have finite values at low frequency, the 

problem of inaccurate calculation of impulse response functions may be avoided. 
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9.3.1 Symmetric Motions 

The previous sections of this chapter have established the accuracy and stability of the 

numerical simulation method and the techniques for determining the response amplitude. 

In doing so, motions of two hulls forms in head waves were used to illustrate the processes, 

the first being a Series 60, the second a NPL5b monohull. As noted earlier, linear equations 

of motion consider symmetric and anti-symmetric motions to be uncoupled. Hence, the 

simulation of the symmetric linear motions of heave and pitch (ignoring surge) is carried 

out whilst ignoring the anti-symmetric motions of sway, roll and yaw. 

Having shown that the simulation methods work for the symmetric motions of two hull 

forms in head waves, other headings must also be examined to further confirm the accuracy 

of the methods. In particular, the cases are considered of oblique and beam waves where 

the angle between the direction of the waves and the heading of the ship is 135° and 90° 

respectively. Once again the model used is the Series 60 type ship. 

Results for heave and pitch motions of a Series 60 model in oblique waves may be seen 

in Figure 9.9. It can be seen that there is excellent agreement between the time domain 

simulations and frequency domain predictions at the same frequency. Similarly, for a beam 

waves the agreement between frequency and time domain methods is again good, as may 

be seen in Figure 9.10. 

The results presented for time domain simulations of the symmetric motions of monohull 

ships, present a strong case confirming the accuracy of the linear time domain simulation 

methods. They have been shown to accurately produce results in regular waves which are 

very close to predictions using frequency domain data, as would be expected. 



9 LINEAR TIME D O M A I N SIMULATION 158 

9.3.2 Anti-Symmetric Motions 

The modelling of anti-symmetric motions in the time domain is problematic for a number 

of reasons. Firstly, there are no restoring actions for the sway and yaw motions. This means 

that perturbations in these modes will result in the ship being deviated from its initial course 

if there is no method to correct the heading, such as the application of a rudder moment. 

Such changes in heading will have the effect of rendering the wave excitation impulse 

response functions incorrect, as they are specific to the original heading of the vessel, xo-

In addition, the anti-symmetric motions of sway and yaw are significantly affected by vis-

cous contributions, which cannot be accounted for by the potential flow methods used to 

obtain the theoretical hydrodynamic data. Without viscous effects, low frequency anti-

symmetric motions such as yaw are Hghtly damped, resulting in large amplitude perturba-

tions which do not correspond to realistic ship motions. 

Roll motions are excluded due the lack of experimental data by which viscous contributions 

could be estimated. Given that the radiation damping predicted by potential flow theory is 

only a small part of the total roll damping [65], it is important that the inclusion of roll is 

accompanied by a realistic estimation of the total damping. As such data is not available, 

it is thought sensible to neglect roll contributions, though their importance should not, in 

general, be underestimated. Needless to say, the time domain simulation is capable of 

including such motions, suggesting that future studies might wish to concentrate on this 

area. 

It has been suggested by Bailey et al [2] that viscous effects may be accounted for by 

creating hybrid frequency domain data sets, in which the high frequency data is determined 

using potential flow methods whilst the low frequency data, in which viscous effects are 

most evident, is determined experimentally. Bailey et al [6] suggest the use of a "viscous 

ramp". This ramp function has an initial value equal to the zero frequency damping found 

experimentally and decays linearly to zero at a defined upper frequency. This ramp function 

is added to the frequency domain data determined using the potential flow methods to 

obtain the hybrid data set. 
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Figure 9.11 shows pure and cross coupled sway and yaw velocity derivatives predicted 

theoretically using the pulsating source method and as measured experimentally by Van 

Leeuwen [95]. The theoretical data was calculated using the same panelled hull model 

as the symmetric data for the Series 60 presented in Chapter 7. Using the zero frequency 

value of the experimental data as the initial magnitude of the viscous contribution, a ramp 

function was added to the theoretical data, the upper frequency of the ramp function being 

35 rad/s. It can be seen that the addition of the ramp function means that all of the velocity 

derivative functions now have non-zero low frequency values. This contrasts with the un-

modified theoretical data, in which three of the four sets of velocity derivative data tended 

to zero at low frequency. It can be seen that the addition of the viscous ramp does not 

necessarily make the theoretical data match the experimental data exactly, but for the most 

part it appears to offer an improvement. The corresponding impulse response functions, 

determined using the hybrid frequency domain data, are shown in Figure 9.12. 

Time domain simulations were performed with impulse response functions determined us-

ing both the unmodified velocity derivative data and that with the addition of viscous ramps. 

The time domain simulations were performed with the vessel being free in sway and yaw, 

but unable to roll. Symmetric motions were excluded, which does not change the predicted 

results as the anti-symmetric motions are uncoupled from these motions. Simulations of 

the predicted course of the vessel from a given initial heading were performed for two wave 

amplitudes. The first wave amplitude chosen was very small, a = 0.0001m, so as to ensure 

that any departure from the initial heading due to sway and yaw perturbations was as small 

as possible. The second was 0.1m, to examine the effects of larger waves on the predicted 

deviation from the initial course. 

Figure 9.13 shows the predicted course for a Series 60 model in head waves with encounter 

frequency equal to 2 rad/s. The vessel's starting point is at the point (0,0) on the axes. When 

the smaller wave amplitude is used it can be seen that the simulation using the hybrid ve-

locity derivatives predicts the vessel maintaining a constant heading. Where the theoretical 

velocity derivative data without viscous ramp is used, it can be seen that the ships course 

begins to alter. The rate of yaw begins to increase and because the yaw velocity derivative 
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(damping equivalent) is lighdy damped, the time domain solution predicts the vessel per-

forming an extremely tight circle manoeuvre. Increasing the wave amplitude to 0.1m sees 

the simulation using the hybrid data set again predicting a straight line motion. However, 

when the hydrodynamic data without viscous contributions is used in the simulation, the 

vessel is again predicted to begin to perform a yawing manoeuvre. In this case the yaw 

velocity increases to such a high value that the solution becomes unstable, as can be seen 

when the trace of the course leaves the bounds of the graph. 

Figure 9.14 shows the vessel's simulated course in oblique waves (% = 135°). When the 

hybrid hydrodynamic data is used to simulate the motions for the smaller wave amplitude 

it can be seen that a straight line motion is predicted, with virtually no deviation from 

the original course. Increasing the wave amplitude sees a similar course predicted using 

the hybrid data, this time with slight sway about a straight line course. The simulations 

using the potential flow data predicted the ship performing ever fast circle manoeuvres 

before the solution becomes unstable. This occurred for both wave amplitudes, the yawing 

motion causing instability in the solution at an earlier time for the large wave amplitude. 

Similar results can be seen in Figure 9.15 where the vessel is now in beam waves (% = 90°). 

In this case the simulations using the hybrid data predict a straight line course for the 

smaller wave ampUtude, whilst the larger wave amplitude simulation predicts a drift into 

the waves. Once again, when the potential flow method data is used the solution becomes 

unstable at both wave amplitudes. 

It is clear from these results that in order for reasonable predictions to be made of the 

anti-symmetric motions of ships to be made, account must be taken of viscous effects. 

It has been shown that one possible method for incorporating such viscous effects is to 

introduce a viscous ramp function to the theoretical data calculated using potential flow 

methods. The use of the viscous ramp is dependent upon the availability of data, most 

likely experimental, which gives an accurate indication of the viscous effects. Without the 

incorporation of viscous effects, the accurate modelling of anti-symmetric ship motions is 

not possible in most cases. 
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91/* (Simulation of (Zailbimiirzui Adbotioiis 

Further verification of the linear time domain simulation techniques were carried using 

an NPL5b type hull form in catamaran configuration. The NPLSb is part of a family of 

symmetrical, round bilge, transom stem hull forms that have been the subject of experi-

mental studies at the University of Southampton [69, 101]. A body plan of the vessel and 

its particulars may be found in B.2. 

The two catamaran configurations used are defined by the ratio of the hull separation to the 

hull length (S/L ratio) and are made up of a pair of identical NPLSb demi-hulls. Frequency 

domain hydrodynamic data was calculated using a panel representation of the hull made up 

of two mirror image demi-hulls. A single demi-hull was panelled using the Fixed Method 

panelling technique, with 6 panels per section and an aspect ratio of 2 (see Figure B.5). 

This gave a total of 500 panels for the demi-hull. By creating a mirror image of this hull at 

a defined spacing, the catamaran panel model was created, having a total of 1000 panels. 

The two separations that are considered are S/L = 0.2 and 0.4, which for a 4.5m model 

gives distances between the centrelines of the demi-hulls of 0.9m and 1.8m respectively. 

The simulations of the catamaran motions were carried out at Froude number 0.53. Be-

cause of the comparatively high speed, theoretical hydrodynamic data was calculated using 

both pulsating source and translating, pulsating source methods. Because the translating, 

pulsating source method implicitly accounts for forward speed effects, it is considered that 

this method is likely to offer a better estimation of the hydrodynamic effects that are present 

for catamaran vessels. Of particular interest in the modelling of catamaran motions are the 

effects of interaction between the two hulls. This interaction has been the subject of a num-

ber of studies, including those of Wang and Wahab [99], Lee et al [61], Kim [51], Ohkusu 

and Faltinsen [83], Hudson et al [43], Van't Veer and Siregar [96] and Centeno et al [23]. 

Van't Veer and Siregar [96] showed that for very low speeds the wave excitation could 

be considered to be two-dimensional and was well predicted using methods such as strip 

theory. However, as the speed increased there was a change in the interaction effects. In 
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particular, if the speed was high enough it was possible that there might be no interaction 

at all. 

The two theoretical methods available for the calculation of theoretical hydrodynamic data 

are likely to give different predictions of interaction effects. The pulsating source method 

solves the zero speed solution, to which a forward speed correction is applied. This solution 

of the zero speed problem is likely to result in an over prediction of the interaction effects 

in cases where the forward speed is non-zero. The translating, pulsating source method on 

the other hand accounts for forward speed effects implicitly and is more likely to give an 

accurate prediction of the interaction effects for cases with moderate forward speed. 

Centeno et al [23] showed that it is possible to perform a simple kinematic analysis to 

calculate whether interaction is likely to occur between the two hulls of a catamaran. For 

a vessel of length L, spacing between the inner sides of the hulls of H and speed U, the 

frequency of encounter Wg above which there should be no wave interaction is given by 

(9.1) 

For the NPL5b catamarans with hull separation of 5 /L = 0.2 and 0.4, and Froude Number 

0.53, the encounter frequencies at which wave interaction should cease are 25.53 and 9.01 

rad/s respectively. 

Wang and Wahab [99] showed that for the zero speed case, the theoretical steady wave 

formation resonance frequencies between the two hulls would occur at frequencies defined 

by 

Wn3 = Y ^ for n = 1 ,2 ,3 , . . . (9.2) 

where, again, H is the inner distance between the hulls. For the NPLSb catamarans con-

sidered, the predicted heave resonance frequencies using Equation 9.2 are given in Table 

9.1. 

As was seen in Figures 9.13 to 9.15, without low frequency non-zero velocity derivatives 

time domain simulations of anti-symmetric motions are unstable. In the absence of suit-

able experimental results for low frequency anti-symmetric velocity derivatives, only the 
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Harmonic 
Interaction Frequencies (rad/s) 

Harmonic 
S/L = 0.2 S/L = 0.4 

1 1L26 6.67 

2 15.85 9.41 

3 19/U 1L53 

4 22.41 13.31 

Table 9.1: Predicted heave resonance frequencies for NPL5b catamarans. 

symmetric motions of heave and pitch, which are stable without viscous contributions, will 

be considered for linear time domain simulation. 

9.4.1 S/L=0.2 

Heave and pitch velocity derivatives for an NPLSb catamaran, S/L = 0.2, are shown in 

Figure 9.16. Data is compared from both pulsating source and translating, pulsating source 

methods. It can be seen that the pulsating source data suffers from large spikes in the 

vicinity of the frequencies associated with interactions between the two hulls. In particular, 

the predicted interactions at around 5 rad/s are very large and result in spikes in the data that 

are far in excess of the other predicted interactions. This first spike is at a lower frequency 

than interactions predicted by Equation 9.2 and can be related physically to the resonance 

of the water column trapped between the two hulls. By comparison, the data from the 

translating, pulsating source method is well behaved throughout the frequency range. Such 

a trend would be expected, given that forward speed effects are correctly accounted for. 

As noted in Section 7.2.1, when discussing irregular frequencies, the presence of large 

spikes in the frequency domain data has an unfavourable effect of the subsequent calcula-

tion of the impulse response functions. This can be seen in Figure 9.17 which shows the 

impulse response functions corresponding to the frequency domain data in Figure 9.16. It 

can be seen that the impulse response functions calculated using the pulsating source data 
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show large amplitude oscillations, with period corresponding to the frequencies where the 

spikes are observed, which are slow to die out. On the other hand, the impulse response 

functions calculated using the translating, pulsating source data do not display such oscil-

lations, the response decaying quickly to zero. 

In spite of the large oscillations in the radiation impulse response functions predicted using 

pulsating source frequency domain data, it can be seen in Figure 9.18 that the predicted 

responses for the heave and pitch motions are in very close agreement with the frequency 

domain predictions. This suggests that the numerical methods are able to cope with the 

large oscillations observed in the impulse response functions calculated from pulsating 

source data. 

9.4.2 S/L=0.4 

Frequency domain velocity derivatives for the NPL5b catamaran with S/L = 0.4 are 

shown in Figure 9.19. It can be seen that once again the pulsating source method pre-

dicts very large interaction effects between the two hulls. Whereas the frequency domain 

velocity derivatives for the narrower separation only showed a particularly large spike at 

the lowest interaction frequency, the data for the S/L = 0.4 model exhibits very large 

spikes at a number of frequencies, namely 3.5,6.7,9.4,11.5,... which, except for the first, 

correspond to the frequencies shown in Table 9.1. The translating, pulsating source method 

again shows a very smooth response by comparison, predicting only a relatively small spike 

at around 1 rad/s. The differences in the frequency domain data are very clearly reflected 

in the corresponding impulse response functions, see in Figure 9.20. In particular, the 

impulse response functions calculated using the pulsating source data show large, irregu-

lar sinusoidal responses which are very slow to die out. This is due to multiple spikes at 

predicted interaction frequencies which cause a series of sinusoidal responses which, when 

combined, give the irregularity seen in the impulse response functions. By contrast, the im-

pulse response functions calculated using translating, pulsating source frequency domain 

data show very little oscillation and decay to zero comparatively quickly. 
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The heave and pitch responses predicted using the impulse response functions in Figure 

9.20 can be seen in Figure 9.21. Both the heave and pitch responses calculated using the 

impulse response functions found using pulsating source data show a trough in the response 

at around = 4.6 rad/s which corresponds to Wg = 6.8 rad/s, which is very close to the 

value predicted for the first interaction in Table 9.1. It can be seen that the agreement with 

the frequency domain predictions is not always good and it is thought that this could be the 

result of the multiple interaction effects that are predicted and their effect on the impulse 

response functions. Responses using translating, pulsating source data on the other hand 

show excellent agreement with the frequency domain predictions. 

The comparison of catamaran hydrodynamic data calculated using the pulsating source 

and translating, pulsating source methods has shown that the pulsating source method ap-

pears to greatly over predict the interaction effects between the two hulls. These effects 

appear as spikes in the frequency domain data and have an adverse effect of the subse-

quent impulse response functions and, in principle, the predicted time domain steady state 

RAOs, depending on the severity of the spikes. On the other hand, the translating, pul-

sating source method predicts less interaction effects, giving smoother frequency domain 

data which translates into impulse response functions which show better characteristics. It 

is thought that the translating, pulsating source method offers an improved method for the 

determination of hydrodynamic data for use in a linear time domain simulation of catama-

ran motions. It should be noted that this improvement in the frequency domain data comes 

at the price of a considerable increase in the computational time required to obtain the fre-

quency domain data. However, for a catamaran vessel with forward speed, such lengthy 

calculation is necessary to account for important interaction effects between the hulls of 

the vessel. 
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(c) Wave encounter frequency, We = 7 rad/s, w,' = 3.90 rad/s 

Figure 9.1; Heave traces for simulated motions of a Series 60 model in head 

waves using equilibrium axis data, complete trace on left and trace 

in region of Fourier fit on right. L=3.048m, Fn=0.2 , Q:=0.01m, 

time step = 0.05s. 
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Figure 9.2: Pitch traces for simulated motions of a Series 60 model in head 

waves using equilibrium axis data, complete trace on left and trace 

in region of Fourier fit on right. L=3.048m, Fn=0.2 , a=0.01m, 

time step = 0.05s. 
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Figure 9.3: Heave traces for simulated motions of a Series 60 model in head 

waves using body fixed axis data, complete trace on left and trace 

in region of Fourier fit on right. L=3.048m, Fn=0.2 , a=0.01m, 

time step = 0.05s. 
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(c) Wave encounter frequency, Wg = 7 rad/s, w," = 3.90 rad/s 

Figure 9.4: Pitch traces for simulated motions of a Series 60 model in head 

waves using body fixed axis data, complete trace on left and trace 

in region of Fourier fit on right. L=3.048m, Fn=0.2 , a=0.01m, 

time step = 0.05s. 
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Figure 9.5: Heave and pitch response amplitude operators for Series 60 

mono-hull in head waves, L=3.048m, Fn=0.2, % = 180°. 
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Figure 9.6: Heave and pitch response amplitude operators for Series 60 

mono-hull in head waves, calculated using different combinations 

of data, L=3.048m, Fn=0.2, % = 180°. 
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Figure 9.7: Heave and pitch response amplitude operators for NPL5b mono-

hull in head waves, using pulsating source data, L=4.5m, 

Fn=0.53, X = 180°. 
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Figure 9.8: Heave and pitch response amplitude operators for NPLSb mono-

hull in head waves, using translating, pulsating source data, 

L=4.5m, Fn=0.53, % = 180°. 
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Figure 9.9: Heave and pitch response amplitude operators for Series 60 

mono-hull in oblique waves, L=3.048m, Fn=0.2, % = 135°. 
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Figure9.10: Heave and pitch response amplitude operators for Series 60 

mono-hull in oblique waves, L=3.048m, Fn=0.2, % = 90°. 
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Figure 9.11: Sway and yaw velocity derivatives found using experimental and 

theoretical methods. Series 60 mono-hull, L=3.048m, Fn=0.2. 
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Figure 9.12: Sway and yaw radiation impulse response functions found using 

theoretical and hybrid methods. Series 60 mono-hull, L=3.048m, 

Fn=0.2. 



9 LINEAR TIME DOMAIN SIMULATION 178 

1 0 - y ( m ) 

- 1 0 -

1 0 -

- 1 0 ~ 

— Predicted course, a=0.001m 
- Predicted course, 8=0.1 m 

I I I I t J I I I I I 1 I I 1 j I I 1 1 j 

5 1 0 1 5 2 0 2 5 

(a) With viscous contributions 
3 0 

Y{m) — Predicted course, a=0.001 m 
-\Predicted course, a=0.1m 

-1—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I— 
5 1 0 1 5 2 0 2 5 

(b) Without viscous contributions 
3 0 

Figure 9.13: Predicted course of Series 60 models, using data with (a) and 

without (b) viscous contributions, Wg = 2 rad/s, L=3.048m, 

Fn=0.2, initial % = 180°. Waves travelling in negative x-

direction. 
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Figure 9.14: Predicted course of Series 60 models, using data with (a) and 

without (b) viscous contributions, Wg = 2 rad/s, L=3.048m, 

Fn=0.2, initial % = 135°. Waves travelling in negative x-

direction. 
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Figure 9.15: Predicted course of Series 60 models, using data with (a) and 

without (b) viscous contributions, = 2 rad/s, L=3.048m, 

Fn=0.2, initial % = 90°. Waves travelling in negative x-direction. 
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Figure 9.16: Frequency domain velocity derivatives calculated using pulsat-

ing and translating, pulsating source methods. NPL5b catamaran, 

S/L=0.2, L=4.5m, Fn=0.53. 
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Figure 9.17: Radiation impulse response functions calculated from frequency 

domain velocity derivatives. NPL5b catamaran, S/L=0.2, 

L=4.5m, Fn=0.53. 
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Figure9.18: Heave and pitch response amplitude operators for NPLSb cata-

maran in head waves, using pulsating source data, L=4.5m, S/L = 

0.2, Fn = 0.53, % = 180°. 
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Figure 9.19: Frequency domain velocity derivatives calculated using pulsat-

ing and translating, pulsating source methods. NPL5b catamaran, 

S/L=0.4, L=4.5m, Fn=0.53. 
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Figure 9.20: Radiation impulse response functions calculated from frequency 

domain velocity derivatives. NPL5b catamaran, S/L=0.4, 

L=4.5m, Fn=0.53. 
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Figure 9.21; Heave and pitch response amplitude operators for NPL5b cata-

maran in head waves, using pulsating source data, L=4.5m, S/L = 
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10 Partly Non-Linear Time Domain 

Simulation 

The time domain method adopted for the simulation of ship motions provides the oppor-

tunity to incorporate non-linear effects into an otherwise linear formulation through the 

excitation terms. Experimental measurements indicate differences between transfer func-

tions obtained using varying wave amplitudes [67, 79], most likely due to non-linear ef-

fects. Given that the realistic motions of ships in waves of even modest amplitude show 

non-linear effects, it is important to assess the influence of certain non-linear contributions 

on predicted motions. 

It is believed by many researchers in the seakeeping field that the observed differences 

between theoretical motion predictions and experimental results can be attributed, to some 

extent, to the nature of the excitation [13, 34, 42, 57, 56]. This is particularly the case 

for ships where there are rapid changes in the shape of the hull above the mean waterline, 

such as bow flare and overhanging stems. It is believed that accounting for non-linearities 

associated with the incident wave and hydrostatic restoring contributions can be thought of 

as a first step towards a fully non-linear method [33]. 

The inclusion of such non-linear effects, in an otherwise linear method, gives the oppor-

tunity to assess the significance of these contributions for ships and operational conditions 

where the instantaneous underwater surface of the ship differs from the mean wetted sur-

face used in linear theories. Cases where such contributions are likely to be of importance 

include ships with large flare, large wave amplitudes, coupling between roll and heave/pitch 

in oblique waves, etc. Figure 10.1 illustrates how the mean wetted surface differs from the 
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actual wetted surface of the hull when the vessel is undergoing vertical motions in waves 

of moderate amplitude. This gives an idea of how large amplitude motions are likely to 

result in considerable changes in the underwater portion of the hull over time. Any method 

which attempts to determine motions of all but the smallest amplitude, cannot ignore such 

changes. 

Figure 10.1: Simplified example of the discrepancies between the mean wetted 

surface and the actual wetted surface for the bow of a vessel in 

moderately large waves. 

Other researchers have attempted to incorporate effects due to the changing underwater 

hull shape in otherwise linear methods. Lin et al. [63] presented results from the Large 

Amplitude Motions Program LAMP-2, which used a partly non-linear method to deter-

mine ship motions. In this method the radiation and diffraction contributions were calcu-

lated using a time domain Green's Function method whilst the incident wave and restoring 

forces/moments were calculated using the instantaneous underwater portion of the hull. 

The instantaneous underwater surface was repanelled at each time step. It was said that 

this partly non-linear method offered a far more computationally acceptable method for 

the solution of large amplitude motions than a fully non-linear method. 

Fonseca and Guedes Soares [34] developed a partly non-linear method whereby the fre-

quency domain radiation actions were calculated using a strip theory method. The Froude-

Krylov and restoring forces/moments were calculated using a strip method over the in-
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stantaneous wetted surface. Because of the use of frequency domain radiation actions this 

method was applicable for regular sinusoidal waves only. 

Bailey et al. [4] assessed the manoeuvring and seakeeping characteristics of vessels in 

waves using a partly non-Unear time domain technique. In this method, radiation con-

tributions were described using impulse response functions, while the wave excitation and 

restoring contributions were evaluated by accounting for the instantaneous underwater por-

tion of the hull. The wave excitation accounted for incident wave forces only, diffraction 

contributions being ignored. The neglecting of diffraction effects meant that the compari-

son of the predicted seakeeping motions in regular waves was limited to frequency domain 

data which also ignored diffraction contributions. 

The partly non-linear time domain simulation technique developed in this study is iden-

tical to the linear version in most respects. The difference lies in the calculation of the 

wave excitation and restoring contributions. The diffraction contributions continue to be 

calculated using convolution integrals which employ impulse response functions. These 

impulse response functions are calculated using frequency domain diffraction data. The 

Froude-Krylov and restoring forces/moments are now calculated using a method which 

accounts for the changing underwater surface of the hull with time. By accounting for 

non-linear incident wave and restoring actions, an approximation may be made of non-

linear ship motions which is far less computationally expensive than a fully non-linear 

method. It is believed that this reduction in the time taken to simulate particular scenarios 

makes this method more suitable for practical application than a fully non-linear method. 

10.1 Equations 

As noted earlier, the basis of the partly non-linear method is very similar to the linear 

time domain simulation method developed previously. Convolution integrals are used to 

describe the radiation actions, the required impulse response functions having been de-

termined from frequency domain methods in an identical manner to the linear method. 
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The difference between the two methods lies in the calculation of the wave excitation and 

restoring forces. Whereas the linear method used convolution integrals to describe the 

total wave excitation contribution and constant coefficients for the determination of the 

restoring actions, the partly non-linear method uses convolution integrals to describe only 

the diffraction component of the wave excitation. The wave excitation due to the incident 

wave (Froude-Krylov forces) and the restoring forces due to the displacement of the vessel 

are calculated using the methods described in Section 10.2. 

Hence the wave excitation and restoring contributions in Equation 8.8 may be rewritten as. 

XQIJ. — Xjar 4" Xdqi Kar — ^lar 4" ^Da 

— Ylar 4- Y£)a — ^lar + Miia 

Zar = Zjar + Zdcc = Njar + Noa-

where the subscript lar refers to the instantaneous Froude-Krylov and restoring forces/moments 

and the subscript Da refers the diffraction contributions. These diffraction contributions 

are defined in terms of convolution integrals in the following way 

Xoa - f ^ " r)dT Kdcc = y kDa{r)a{t - T)dT 

Yoa = / - T)dT Mpa = / - r)dT 
J-T J—T 

Zdoc = / y ZDa{r)OL{t - T)dT NJJA = / ^ " T)dr. 

with the diffraction impulse response functions Voa, • • • being calculated from the real 

and imaginary parts of the frequency domain diffraction data using Equation 5.24. 

10.2 Restor-

ing Contributions 

The calculation of non-linear incident wave and restoring forces requires a means by which 

the instantaneous underwater surface of the hull may be described. Such a description of 

the underwater surface will allow the forces acting on the hull due to the water pressure 
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to be determined. Practically, this involves discretising this underwater surface, so that the 

total forces/moments may be regarded as the sum of the contributions of the individual 

elements. 

The methods described in Chapter 4 for the discretisation of the mean wetted surface pro-

vide an ideal basis for the calculation of the instantaneous underwater portion of the hull. 

Instead of only panelling the mean wetted surface, it is a basic step to simply continue 

this panelling process right up to the deck line or other appropriate height. The processes 

involved in the panelling are identical and, in a similar manner to the mean wetted surface 

case, the Fixed Method of panelling will be used. This means that the required number of 

panels per section will be chosen, along with an ideal aspect ratio for the panels. 

The panels describing the entire surface of the hull are initially defined with reference to a 

body fixed axis system with its origin on the keel at midships. The process of determining 

the instantaneous underwater portion of the hull at each time step begins with the placing 

of the panelled hull in its perturbed position, based on the calculated displacements from 

the previous time step. The panels that define the hull are placed in this position by first 

rotating them about the centre of mass and then translating them by the required amount. 

Having placed the panelled representation of the entire hull surface in its perturbed posi-

tion, the next step is to determine the underwater portion of the hull at this instant. This 

is done by examining the relationship of each of the panels in turn with the instantaneous 

free surface elevation. Each of the four comers of the particular panel are examined. If 

all four panel comers are above the free surface, this indicates that the panel is clear of 

the water and is hence disregarded. Similarly, if all four panels are found to be below the 

free surface, then this panel is retained, as it is clearly part of the instantaneous underwater 

surface. 

Provided the panels were small enough, it would theoretically be possible to limit the 

process to simply defining whether panels were above or below the water and ignore those 

panels that were not completely submerged. However, this is likely to result in step changes 

in the forces calculated for successive time steps [7]. To avoid having to use a very large 
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number of panels, special measures are taken for panels which cross the instantaneous free 

surface. Panels either have certain comers moved in order to form smaller panels, or are 

replaced by two new panels using some identical comer points [7]. 

Figure 10.2 shows a visualisation of the instantaneous underwater hull determined at a 

particular instant for an NPL5b catamaran. In this figure the amplitude of the wave is 

beyond the scope of this investigation, having been used for clarity. In this figure the light 

coloured panels are the ones that are above the waterline and have been excluded from the 

calculation of the instantaneous Froude-Krylov and restoring forces. The dark panels are 

those which are under the instantaneous free surface. Figure 10.3 gives a close up view 

of the region around the free surface. The outlines of the original panels crossed by the 

waterline are still clear, but it can be seen how using at least one of the original comers the 

new underwater panels (dark colour) have been formed by shifting the comers that were 

above the instantaneous waterline so that they lie on it. 

Having created a quadrilateral panel description of the instantaneous underwater portion 

of the hull, the centre of each panel is determined by averaging the coordinates of the 

panel comers. The pressure P acting on each panel is assumed uniform and equal to the 

pressure acting on the center of the panel. The contribution of the pressure on each panel 

to the overall forces and moments is found using the normal of each panel. Consider, for 

example, a panel of area A^, unit normal n„ = (nxnj myn, rizn) and with the coordinates of 

the centre being in the earth fixed system. The total force and moment 

are found by summing the contributions for the N panels which define the underwater 

surface, as follows, 

N 
+ (-771^ Sin g) 

n—1 
N 

Y j a r = Y ^ , Z ^ J u Y n + { - m g COS 6 sln 4>) 
n=l 

N 
Zjav = Ai-PC-X'n, Yn-, Zn)nzn + {-mg COS 6 COS 4)) 

n—1 
N N 

n=l n=l 
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N N 

Miar = — ^ XnAnP{Xn, Yn, Zn)nzn + X) ^n-^PiXn, Zn)Uxn 

n=l n=l 

N N 

Niar = X/ ^n-A.nP{Xn, 1^, Z„)ny„ — ^ l^ANP(XN, 3^, Zn)nxn) 
n—1 n=l 

where the lar subscript refers to the instantaneous part of the excitation contribution which 

includes the non-linear Froude-Krylov and restoring contributions. The pressure P is cal-

culated using the sum of the hydrostatic and undisturbed incident wave pressures. The 

hydrostatic pressure is linearly related to the wave depth while the dynamic incident wave 

pressure is related to the wave amplitude, wave number and the depth. The combined 

pressure distribution may be calculated as follows [30], 

ZQ > OL 

0 < Zo < a 

Z o < 0 

P{Xo,Yo,Zo) = 0 

P{Xo, YO, Zq) = —pgZo + pga{Xo, Yq) 

f (Xo, Yb, Zo) = 

where the location (Xq, Yo,Zo) at which the pressure is defined is referenced to space 

fixed axes as described in Chapter 3 and a is the wave amplitude. 

It should be noted that using the pressure at the panel centre as the average for calculating 

the total pressure acting on each panel is not entirely correct. In reality the average pressure 

will be acting at a point somewhere between half and two-thirds of the way from the top 

to the bottom of the panel. However, provided that a sufficiently large number of panels is 

used the error due to this assumption is negligible. 

Time domain simulations using this partly non-linear method commence with the ship 

being placed in its calm water equilibrium position using an iterative method developed by 

Bailey [7]. This is designed to ensure that the subsequent motions do not setfle about a 

value too dissimilar from the starting value. 

10L3 i S e r i e s (H)]V[oiKdhul l 

The linear motions of a Series 60 monohull model were examined in Chapter 9. The Series 

60 hull form is particularly appropriate for analysis with a linear method due to the shape 
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of its hull. It is fairly wall-sided, meaning that for motions of moderate amplitude there 

are no major changes in the shape of the underwater portion of the hull. Given that one 

might reasonably expect the non-linear effects present in the motions of the Series 60 to be 

relatively small, this makes it an ideal initial test case for a partly non-linear method. 

In addition, there are a large number of experimental studies that have been carried out 

using the Series 60 hull form including those of Gerritsma and Beukelman [38, 39], Van 

Leeuwen [95], Vossers [97] and Vugts [98]. This allows the comparison of linear and 

partly non-linear methods to experiments, giving an indication of any improvements in the 

accuracy of the motion predictions which might result from the inclusion of non-linear 

effects. 

The mean wetted surface of the hull was idealised using the same panelled representation 

that was used for the linear time domain technique (see Figure B.2). The idealisation of 

the entire hull up to the deckline was created using the Fixed Method , with 15 panels per 

section and an aspect ratio of 2, giving a total of 1830 panels (see Figure B.3). 

kSjrnuDowetiTwc IVIoticMnus 

As previously noted, given the wall sided shape of the hull form of the Series 60, one 

would expect it show relatively small non-linear effects for waves of moderate amplitude. 

To confirm the accuracy of the partly non-linear method, time domain simulations were 

initially performed for a range of encounter frequencies using a very small wave amplitude, 

a=0.001m. At such small amplitudes one might reasonably expect the responses to be 

linear. 

Response amplitude operators for the frequencies at which the simulations were performed, 

for the hull travelling in regular head waves at = 0.2, may be seen in Figure 10.4. 

It can be seen that the heave responses calculated for the very low wave amplitude show 

excellent agreement with frequency domain predictions. The agreement is less good for the 

pitch responses at the low amplitude, but nevertheless is still close to the frequency domain 
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predictions. The differences between the time domain and frequency domain predictions 

is thought to be a result of differences between the constant restoring coefficients used for 

the calculation of the frequency domain RAOs and the instantaneous restoring forces that 

are used in the partly non-linear method. The fact that the ship is allowed to settle to its 

equilibrium position before the time domain simulation begins means that it is difficult to 

quantify whether the value of the constant restoring coefficients are equivalent. 

Traces of the heave and pitch motions around resonance are shown in Figures 10.5 and 

10.6 for various wave amplitudes. Figure 10.5 shows heave trace at frequency close to 

resonance as well as the corresponding Fourier fits used to calculate the amplitude of the 

responses. The wave amplitude increases from the smallest (0.001m) to the largest (0.1m) 

case. Figure 10.6 gives similar results for the pitch motions. It can be seen that for the wall 

sided Series 60 hull form the responses remain roughly sinusoidal even as the amplitude of 

the waves increases. 

The predicted heave and pitch motions were also compared to experimental results. The 

results of a number of experimental studies were compared by Nakamura [70]. The spread 

of these results was quite large and hence Figure 10.4 show the upper and lower limits of 

the range of results presented. 

It can be seen that the frequency domain results over predict the heave response compared 

with the experimental results. Increasing the wave amplitude results in little change in the 

responses predicted using the partly non-linear time domain method. Such results would 

be expected, considering the wall sided shape of the Series 60 model. 

Pitch responses predicted using the frequency domain method give somewhat better agree-

ment with the experiments than was seen for heave. Increasing the wave amplitude to 

moderate (with respect to the draft of the model) levels has little effect on the predicted 

responses using the time domain simulation. However, when it is increased to 0.1m there 

is a considerable reduction in the predicted response. This is believed to be due to the 

submergence of the overhanging stem of the vessel. 
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10.3.2 Anti-Symmetric Motions 

It was noted in Section 9.3.2 that viscous contributions play an important role in anti-

symmetric ship motions. It was found that if a linear time domain simulation was per-

formed using data that did not account for viscous effects the predicted course of the vessel 

was unrealistic. However, if viscous contributions were accounted for by the addition of a 

"viscous ramp", then time domain simulations of the vessel's course at a range of headings 

were more realistic. 

A similar comparison has been performed using hydrodynamic data with and without vis-

cous contributions using the partly non-linear time domain simulation method. Again, two 

wave amplitudes have been used and the predicted course of a Series 60 vessel is compared 

when using both hybrid and potential flow hydrodynamic data. Unlike the simulations us-

ing the linear time domain method, those made using the partly non-linear method include 

motions in sway, heave, pitch and yaw. The vessel was free to move in these four degrees 

of freedom. The method for the calculation of the incident wave and restoring contribu-

tions means that there is now coupling between the symmetric motions of heave and pitch 

and the anti-syrrmietric motions of sway and yaw. The fact that roll motions have not been 

included is only a reflection of the fact that suitable data was not available to determine 

an appropriate viscous contribution. Nevertheless, had such data been available, the simu-

lation of roll motions would have been possible. It should be noted that Bailey [7] found 

that the addition of roll motions to the simulation of a vessel's course in waves made little 

difference to the results obtained when excluding roll. 

Figure 10.7 shows four courses predicted by the partly non-linear time domain simulation 

method. Part (a) shows the simulated courses for wave amplitudes 0.001m and 0.1m using 

hybrid hydrodynamic data sets. It can be seen that for both wave amplitudes the predicted 

course does not alter from the initial heading. However, the courses predicted using hydro-

dynamic data without viscous contributions, seen in part (b) of the figure, both predict the 

vessel deviating from its initial heading. In the case of the large wave amplitude the yaw 

velocity becomes so large that it causes the solution to become unstable. 
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Figure 10.8 shows similar results for an initial heading of 135 degrees. When using hybrid 

hydrodynamic data the predicted course for the smaller wave amplitude is a straight line. 

Increasing the wave amplitude causes the vessel to depart from its initial heading and drift 

in the direction the waves are travelling in. This compares to the essentially straight line 

course predicted by the linear method (see Figure 9.14). The courses predicted using the 

hydrodynamic data without viscous contributions once again suggest an ever increasing 

yaw velocity which eventually causes the solution to become unstable. 

The courses predicted by the partly non-linear simulation for initial heading of 90 degrees 

are shown in Figure 10.9. When using the viscous data the course predicted for the small-

est wave amplitude shows a slight drift in the direction of the waves. This drift is more 

pronounced when the wave amplitude is increased. Contrasting this against the results of 

the linear time domain simulation (Figure 9.15) where the ship drifted into the direction of 

the waves, suggests that the partly non-linear method gives a more realistic prediction of 

the motions in such conditions. Again, the courses predicted using the unaltered potential 

flow hydrodynamic data do not provide good results, becoming unstable. 

It is believed that the addition of a viscous contribution to data calculated using a poten-

tial flow method provides an opportunity to more realistically simulate the anti-symmetric 

motions of ships in waves. It has been shown that the use of potential flow hydrodynamic 

data results in simulations that are unstable, this instability being attributed to the under 

damping of the yaw and sway motions. When viscous contributions are added to the hy-

drodynamic data from potential flow methods, the predicted courses appear to be more re-

alistic. It is particularly encouraging to see that when the partly non-linear method is used 

and symmetric and anti-symmetric motions become coupled that the predicted courses ap-

pear to offer more realistic predictions than the linear method (drift is now with the waves 

rather than into them). It is difficult to know how these predicted courses would compare 

to experiments, such data being unavailable. It is also important to realise that the diffrac-

tion contributions remain specific to the initial heading of the vessel, hence as the heading 

changes these will no longer necessarily be correct. 
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Having shown that the partly non-linear time domain simulation method produces accept-

able results for the Series 60 type hull form, it is an obvious step to test the method on a 

hull form which is more likely to show non-linear effects. The hull form that has been cho-

sen is the SI75 container ship, whose linesplan and particulars are given in Appendix B.3. 

This hull form has considerable bow flare as well as a moderately overhanging stem. It 

has also been the subject of experimental investigations on non-linear effects in symmetric 

motions [67, 79]. In addition, theoretical methods have been tested on this hull form, giv-

ing another source of information to compare predicted responses against. Time domain 

simulations were performed in regular head waves at two forward speeds, = 0.2 and 

0.275, corresponding to the experimental results available. 

The linear radiation and diffraction contributions were calculated using the frequency do-

main pulsating source method. The idealisation of the mean wetted surface of the hull was 

created using the Fixed Method, with 10 panels per section, aspect ratio 2, giving a total 

of 884 panels, shown in Figure B.8. The entire hull, to a depth of 20m was idealised for 

the determination of the instantaneous wave excitation and restoring forces/moments. This 

idealisation used 15 panels per section, aspect ratio 2, giving a total of 1676 panels (see 

Figure B.9). 

lO/* . ! I fn == 0.:% 

Results for the simulations of heave and pitch motions in head waves at F„ = 0.2 for a 

range of wave amplitudes (0.1, 1, 2, 3 and 4m) can be seen in Figure 10.10. The time 

domain simulations were initially performed using a very low incident wave amplitude in 

order to compare the responses to linear, frequency domain predictions. It can be seen that 

the agreement for the heave motions is very good. As the wave amplitude is increased the 

heave RAOs decrease around the region of resonance. 

Pitch motions calculated using the smallest wave amplitude also show good agreement 
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with the frequency domain predictions. Once again, increasing the wave amplitude results 

in the amplitude of the RAOs decreasing. However, the amount by which the pitch RAOs 

decrease is less than was seen for the heave RAOs. 

Experiments were carried out on an S175 model at F„ = 0.2 by O'Dea et al. [79]. They 

compared the changes in the heave and pitch responses with increasing wave amplitude 

for three different wavelengths. The wavelengths tested were 1.4 x Lpp, 1.2 x Lpp and 

1.0 X Lpp. To enable comparison of the results of the partly non-linear time domain method 

to the experiments, simulations were carried out for a range of wave amplitudes at these 

three wave lengths. The results of these simulations are shown in Figure 10.11. In each 

of the graphs there are the experimentally measured amplitudes, responses predicted using 

the partly non-linear time domain method and a line representing the amplitude predicted 

using a linear pulsating source frequency domain method. It can be seen that in each case 

the responses predicted using the time domain simulation method for the smallest wave 

amplitude are in agreement with the frequency domain predictions, as would be expected. 

These frequency domain predictions are not always that close to the experimental predic-

tions at low amplitude. As a result the time domain predictions start with an offset from the 

experimental values, yet in general they appear to show similar trends to the experimental 

results. 

In particular, the heave predictions show a decrease in amplitude with increasing wave 

slope which is very similar to that shown in experiments. The experimental pitch motions 

show less of a tendency to decrease as the wave slope is increased, a trend which is reflected 

reasonably well in the results of the time domain method. 

ICULZ Fh = (L275 

Further experimental results were presented by O'Dea et al. [79] for = 0.275. Time 

domain simulations were performed for a range of wave amplitudes (0.1,1,2,3 and 4m) at 

this speed and the predicted responses are shown in Figure 10.12. Once again it can be seen 

that as the amplitude of the incident waves increases there is a decrease in the amplitude of 
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the responses, especially in the region of resonance. 

It is interesting to compare the response traces of the heave and pitch motions with the 

Fourier fits that have been applied in order to determine the amplitude of the responses. It 

can be seen in Figure 10.13 and 10.14 that for the smaller wave amplitudes the responses 

for both heave and pitch motions remain roughly sinusoidal. However, when the wave 

amplitude is increased to 4m it can be seen that the pitch motions are no longer sinu-

soidal and this brings into question the validity of using the Fourier fit method to measure 

the responses. The fact that the responses are no longer sinusoidal also suggests that the 

amplitude of the motions must be quite large in terms of the size of the ship. Hence, it 

is interesting to attempt to visualise what the changing underwater surface of the hull is 

actually like, to see whether this is realistic. 

Visualisations of the underwater portion of the hull for wave amplitude Im are shown in 

Figure 10.16. It can be seen that the height of the waterline on the bow changes consid-

erably, while the overhanging stem can be seen to emerge and then submerge as the ship 

pitches. It appears that the underwater portion of the hull does not differ too significantly 

from the mean wetted surface, which is logical given that the predicted motions at this wave 

amplitude are quite similar to those predicted by the linear frequency domain method. 

When the wave amplitude is increased to 4m, the motions of the ship (see Figure 10.17) are 

now much more extreme. It can be seen that the bow submerges as the ship pitches forward 

before emerging again to reveal the entire forefoot of the bow. Such extreme motions are 

likely to be out of the range of what a partly non-linear method can ever hope to accurately 

simulate. However, it is encouraging to note that despite the large amplitude of the motions 

and the submergence of the bow, the predicted heave and pitch traces remain stable and a 

not too unrealistic solution is able to be obtained. 

Experimental results at = 0.275 presented by O'Dea et al. [79] were also for three 

wave lengths with a range of wave amplitudes tested for each. A comparison of these 

experimental results with time domain predictions can be seen in Figure 10.15. Once again, 

the experimental measurements are compared against time domain predictions as well as 
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the predicted linear frequency domain response. As was noted for the = 0.2 results, the 

amplitude of the responses predicted by the time domain tend towards the linear prediction 

as the wave amplitude decreases. As was noted in the lower Froude number results, there 

is generally some difference between the experimental results at low amplitude and the 

linear frequency domain predictions. However, given the fact that the basis of the partly 

non-linear time domain method (linear frequency domain data) differs from experiment, 

the time domain method still appears to show similar trends to the experimental results in 

most cases. This would appear to suggest that the use of instantaneous Froude-Krylov and 

restoring contributions offers an improved method by which non-linear ship motions may 

be approximated, compared the linear techniques. Comparison is also made between the 

results of the partly non-linear method and those of the LAMP2 and LAMP4 methods of 

Lin et al. [64, 63] (see Section 2.2), where, in general, encouraging agreement is found. 

The formulation of the LAMP2 method is the most similar to the partly non-linear method 

presented here and this is reflected in the comparison of the results. 

10L5 %SKditIIiUlR)rni 

Having achieved encouraging results for the S175 containership, it was decided to test 

the accuracy of the partly non-linear method on a more challenging hull form. An MSc 

research project undertaken at the University of Southampton [105] during 2000 sought 

to determine the effects of bow shape on the motions of a yacht. As part of this research 

project a number of seakeeping tests were performed using models in the towing tank at 

the Southampton Institute. A single hull form was examined using the partly non-linear 

time domain method, the results of the time domain simulations being compared to the 

experimental results for a = 0.24m. A comparison of these results may be seen in Figure 

10.18 for regular head waves at = 0.25. 

The mean wetted surface was idealised using the Fixed Method, with 10 panels per section 

and aspect ratio 2, giving a total of 876 panels and is shown in Figure B. l l . The complete 

hull up to the deckline was idealised using the Fixed Method, with 15 panels per section 
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and aspect ratio 2, giving a total of 1504 panels (see Figure B.12). 

It can be seen that for both heave and pitch, amplitude of the responses determined using 

the time domain simulation technique for low wave amplitudes agree well with the linear 

frequency domain predictions. With the wave amplitude increased to the same at which 

the experiments were carried out at, it can be seen that there is a change in simulated heave 

and pitch motions. In both cases it appear that the responses predicted using the partly non-

linear time domain method are in closer agreement with the experimental results, especially 

for the pitch responses. 

These results suggest that incorporating non-linear incident wave and restoring contribu-

tions in a time domain simulations technique offers improvements to the predictions of 

motions of hulls forms which have highly flared hull sections, such as yachts. 

The responses of an NPLSb catamaran in waves were simulated in the previous chapter 

using hydrodynamic data calculated using two methods. The first of these was a pulsating 

source method, the second a translating, pulsating source method. It was shown that the 

pulsating source method over predicted the interaction effects between the two hulls, which 

had a negative effect on the subsequent prediction of the response amplitudes. 

The hull form of the NPLSb has a moderately flared bow (see Appendix B.2), making use of 

the partly non-linear method appropriate for all but the smallest incident wave amplitudes. 

The linear radiation and diffraction contributions were calculated using the same method 

and mean wetted surface idealisations used previously for the linear time domain method. 

For the partly non-linear time domain method an additional panelled hull representation 

was required for the entire hull up to deck line. This was created using the Fixed Method, 

having a total of 906 panels per demi-hull, giving a total of 1812 (see Figure B.6). 
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10.6.1 S/L = 0.2 

Figure 10.19 shows heave and pitch response amplitude operators for an NPL5b catama-

ran with Separation to Length ratio 0.2. These were calculated using hydrodynamic data 

determined using the pulsating source frequency domain technique. Initially the partly 

non-linear method was used to calculate the responses of the vessel in incident waves of 

very small amplitude, allowing comparison to frequency domain predictions. Subsequently 

the wave amplitude was increased to match that of experiments by Holland et al. [69]. The 

responses for the low and high wave amplitudes are plotted along with the frequency do-

main predictions and experimental results. It can be seen that the responses predicted by 

the linear frequency domain method show little resemblance to the experimental measure-

ments other than at low frequency When the amplitude of the excitation is increased to 

match that at which the experiments were performed, the agreement between time domain 

simulations and experiment is mixed. The heave responses are somewhat higher than the 

experiments, yet the resonance peak is in quite good agreement. Pitch results are less good, 

with the simulated responses having a much higher amplitude, although it appears to be an 

improvement over the frequency domain predictions. 

Figure 10.20 present similar results for the S/L=0.2 catamaran, this time using translat-

ing, pulsating source data. Again, the low amplitude responses predicted using the partly 

non-linear time domain method closely match the frequency domain predictions. It can be 

seen that the frequency domain and low amplitude time domain predictions closely match 

the heave experimental values. Agreement of the frequency domain and low amplitude 

time domain pitch predictions with the experiments is not as good. Increasing the inci-

dent wave amplitude to match that of the experiments has little effect on the predicted 

heave responses. The predicted pitch responses tend to reduce in value for the larger wave 

amplitude. 
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10U&2 S/L = 0.4 

Results for the wider hull separation (S/L=0.4) using pulsating source data are shown in 

Figure 10.21. Partly non-linear time domain simulations at low amplitude show a simi-

lar level of agreement with frequency domain predictions as was found using the linear 

time domain method (see Figure 9.21). Comparison of pulsating source method frequency 

domain predictions to experiments shows that there is little agreement, except at low and 

high frequencies. This is due to the over-prediction of interaction effects between the hulls. 

Increasing the incident wave amplitude appears to have little effect on the predicted heave 

responses and does not improve agreement with the experiments. The pitch responses 

appear to reduce slightly in amplitude, marginally improving their agreement with the ex-

periments. 

Predicted responses for the S/L=0.4 catamaran using translating, pulsating source data 

are compared to experimental data in Figure 10.22, By comparison to the predictions 

using pulsating source data in the previous Figure, the agreement of the frequency domain 

and low incident wave amplitude time domain predictions with the experiments is much 

improved. Heave responses are slightly over-predicting the amplitude compared to the 

experiments, whilst the pitch responses are rather more over-predicted. In both heave and 

pitch the frequency of resonance is well predicted. Increasing the incident wave amplitude 

results in the heave responses predicted by the time domain method increasing and the 

predicted frequency of resonance decreasing. This reduces the level of agreement with the 

experiments. The pitch responses predicted for the larger wave amplitude also show a shift 

in the predicted resonance frequency. The amplitude of the peak reduces compared to the 

low amplitude simulations and more closely matches that of the experiments. 

Figures 10.19 and 10.21 have shown that the RAOs predicted using pulsating source data 

do not agree well with experimental measurements, except at very low and very high fre-

quencies. This is a result of the overestimation of the interactions between the hulls and 

their consequent effect on the relevant hydrodynamic data. 

At the Froude number investigated, the catamaran RAOs predicted using hydrodynamic 
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data determined by the translating, pulsating source method show reasonable agreement 

for the heave RAO and, in general, poor agreement for the pitch RAO. Increasing the wave 

amplitude results reasonable prediction of the pitch amplitude, whilst heave predictions 

become somewhat poorer, especially for S/L = 0.4. Nevertheless, this method is a superior 

method, compared to the pulsating source method, as it accounts more accurately for the 

interactions between the hulls of the catamaran. 
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Figure 10.4: Heave and pitch response amplitude operators for Series 60 

mono-hull in head waves, L=3.048m, Fn=0.2, % = 180°. 
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Figure 10.5: Heave traces for simulated motions of a Series 60 model in head 

waves using partly non-linear method, complete trace on left and 

trace in region of Fourier fit on right. L=3.048m, Fn=0.2 , Wg = 6 

rad/s, time step = 0.05s. 
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Figure 10.6: Pitch traces for simulated motions of a Series 60 model in head 

waves using partly non-linear method, complete trace on left and 

trace in region of Fourier fit on right. L=3.048m, Fn=0.2, Wg = 6 

rad/s, time step = 0.05s. 
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Figure 10.7: Predicted course of Series 60 models, using data with (a) and 

without (b) viscous contributions, calculated using partly non-

linear time domain method. Wg = 2 rad/s, L=3.048m, Fn=0.2, 

initial xo = 180°. Waves travelling in negative %-direction. 
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Figure 10.8; Predicted course of Series 60 models, using data with (a) and 

without (b) viscous contributions, calculated using partly non-

linear time domain method, w, = 2 rad/s, L=3.048m, Fn=0.2, 

initial = 135°. Waves travelling in negative %-direction. 
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Figure 10.9: Predicted course of Series 60 models, using data with (a) and 

without (b) viscous contributions, calculated using partly non-

linear time domain method. Wg = 2 rad/s, L=3.048m, Fn=0.2, 

initial xo = 90°. Waves travelling in negative X-direction. 
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Figure 10.10: Heave and pitch response amplitude operators for SI 75 contain-

ership in head waves, L=175m, Fn=0.2, xo = 180°. 
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Figure 10.11: Heave and pitch response amplitude operators for S175 contain-

ership in waves of variable amplitude. L=175m, Fn=0.2, xo = 

180°. 
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Figure 10.12: Heave and pitch response amplitude operators for S175 contain-
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Figure 10.13: Heave traces for simulated motions of a S175 containership in 

head waves using partly non-linear method, complete trace on left 

and trace in region of Fourier fit on right. L=175m, Fn=0.275 , 

We = 0.8 rad/s, time step = 0.05s. 
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Figure 10.14: Pitch traces for simulated motions of a SI 75 containership in head 

waves using partly non-linear method, complete trace on left and 

trace in region of Fourier fit on right. L=175m, Fn=0.2, w, = 0.8 

rad/s, time step = 0.05s. 
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Figure 10.15; Heave and pitch response amplitude operators for SI 75 container-

ship in head waves of variable amplitude. L = 175m, Fn = 0.275, 
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of a S175 containership in head waves, as calculated using partly 

non-linear method, wave amplitude = Im. = 0.275, A = 210m. 
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Figure 10.17; Visualisations of the instantaneous underwater portion of the hull 

of a SI 75 containership in head waves, as calculated using partly 

non-linear method, wave amplitude = 4m. = 0.275, A = 210m. 
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Figure 10.18: Heave and pitch response amplitude operators for yacht hull form 

in head waves, L=9.367m, Fn=0.25, %o = 180°. 
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Figure 10.19: Heave and pitch response amplitude operators for NPLSb catama-

ran in head waves, using pulsating source data L=4.5m, S/L = 0.2, 

Fn=0.53, %o = 180°. 
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Figure 10.20: Heave and pitch response amplitude operators for NPL5b cata-

maran in head waves, using translating, pulsating source data. 

L=4.5m, S/L = 0.2, Fn=0.53, %o = 180°. 
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Figure 10.21: Heave and pitch response amplitude operators for NPL5b cata-

maran in head waves, using pulsating source data. L=4.5m, SfL = 

0.4,]Fn:=0.5:3,;co == 1510°. 
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Figure 10.22: Heave and pitch response amplitude operators for NPL5b cata-

maran in head waves, using translating, pulsating source data. 

L=4.5m, S/L = 0.4, Fn=0.53, xo — 180°. 



11 Conclusions and 

Recommendations 

This thesis has demonstrated methods for the simulation of ship motions in waves. These 

simulation techniques incorporate convolution integrals, thus accounting for fluid mem-

ory effects. In addition, such methods are applicable for simulating the responses of ves-

sels to arbitrary excitation. Two time domain simulation techniques have been developed. 

The first uses linear impulse response functions to describe the hydrodynamic actions (in-

cluding wave excitation) and constant value restoring coefficients. The second method 

calculates the incident wave and restoring forces and moments using the instantaneous 

underwater portion of the hull at each time step. 

A number of steps are required to obtain the necessary hydrodynamic data to perform these 

time domain simulations. The processes required to produce this data have made up a large 

part of this study and are an important part of the time domain simulation technique. Fre-

quency domain data has been obtained from both theoretical and experimental sources, 

referenced to both equilibrium and body fixed axis systems. This data has been trans-

formed to obtain the corresponding time domain impulse response functions, referenced to 

equilibrium and body fixed axes. 

Equations have been presented for the rigid body motions of a vessel in waves, demon-

strating that they can be referenced to either an equilibrium or a body fixed axis system. 

Whereas traditionally the choice of axis system has depended on the nature of the ship mo-

tion problem, transformations presented in Chapter 3 relate the equilibrium and body fixed 

axis systems, making it possible to use either axis system to describe a particular motion. 
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This is an advantage if the available hydrodynamic data is not referenced to the axis system 

preferred for the equations of motion. Relationships between kinematic actions referenced 

to both axis system have also been presented, allowing for the development of complete 

relationships between motions referenced to either axis system. 

The ability to use data referenced to either axis system when performing time domain 

simulations in a particular axis system is useful. In this study the methods available for 

calculating theoretical frequency domain hydrodynamic data have referenced this data to 

equilibrium axes. Using the transformations discussed in Chapter 4 and Appendix A, it 

is possible to convert this data to a body fixed axis representation as required. Another 

benefit of being able to transform hydrodynamic data between axis systems is the ability 

to incorporate experimental data, regardless of the axis system to which it is referenced. 

Hence one may use data from such sources as planar motion experiments and seakeeping 

tests. 

The conclusions of this study may be divided up into a number of parts: 

Determination of Impulse Response Functions 

Chapter 5 discussed the development of relationships between the frequency domain and 

time domain representations of hydrodynamic data. Impulse response functions describing 

radiation actions may be determined using either the real or imaginary parts of the fre-

quency domain transfer function. In practice, the use of the real part is favoured as this 

results in faster convergence of the solution. The determination of the wave excitation im-

pulse response functions presents an additional problem. One requires a means to account 

for the effect of a particular wave before it reaches the reference point at the centre of mass 

of the ship. Given that it is considered undesirable to move the reference point, the solu-

tion developed has been to represent these contributions using impulse response functions 

which include a negative time component. In doing so the relationship between the fre-

quency domain and time domain data has had to be reconsidered. The impulse response 

functions are now calculated using both the real and imaginary parts of the frequency do-

main transfer function. 
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The effects of the hull idealisation used for the determination of the frequency domain hy-

drodynamic data were examined in Chapter 6. The determination of frequency domain data 

for the purpose of calculating impulse response functions from it introduces requirements 

not normally associated with frequency domain analysis. In particular, the need to calcu-

late frequency domain data to high frequencies requires care to be taken in the distribution 

of singularities over the mean wetted surface. Given that the computational time required 

to determine the hydrodynamic data at each frequency is proportional to the square of the 

number of singularities, it is important to establish the best compromise between speed of 

solution and accuracy. Two different techniques for the generation of a panelled represen-

tation of the mean wetted surface of the hull have been compared. It has been found that 

the preferred method is one which will create a mesh representation which consists of a 

constant number of panels around sections of the ship, all having identical aspect ratio. In 

using this method it is possible to maintain sufficient resolution in the placement of the 

singularities to ensure that high frequency effects associated with very short wavelength 

(for both incident and radiated waves) are correctly represented. 

Having established methods for the determination of frequency domain data. Chapter 7 

examined the numerical evaluation of the impulse response functions. Numerical methods 

for the transformation of frequency domain data to the corresponding time domain rep-

resentation have been presented. In addition, reverse transformations methods have been 

noted and used to determine the accuracy of the numerical transformation routines. It has 

been found that, in general, the numerical methods used are very accurate. For example, 

irregular frequency effects in the frequency domain data, typified by large spikes in the data 

at certain frequencies, are reflected in the corresponding impulse response functions as os-

cillations which are slow to die out. Inverse transformation sees these effects accurately 

recreated at the same frequencies as in the original data, giving confidence in the accuracy 

of the techniques. The exception to this statement occurs in cases where the frequency 

domain data tends to very high values at low frequency. Examples of such behaviour in-

clude pure pitch and yaw added mass coefficients referenced to equilibrium axes. For these 

particular data sets the numerical transformation methods do not produce accurate results. 

The proposed solution to this problem is to convert the frequency domain data to a body 
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fixed axis representation, for which none of the frequency domain data displays undesirable 

characteristics at low frequency. 

Linear Time Domain Simulation 

A linear time domain simulation technique has been presented in Chapter 9 in which the 

radiation and total wave excitation contributions are represented using a convolution inte-

gral formulation. Restoring force and moment contributions are determined using constant 

value restoring coefficients. Verification of the accuracy of the methods has been carried 

out by comparing the amplitude of time domain simulations in regular waves to frequency 

domain predictions. Using a Series 60 model in head waves, it has been shown that the 

use of equilibrium axis equations of motion does not result in agreement with frequency 

domain predictions. By contrast, when using a body fixed axis formulation, the agreement 

with frequency domain predictions is very good. Using a process of ehmination, it has 

been shown that the inaccuracies in the predictions using equilibrium axis data may be 

attributed to the pure pitch contributions. As noted earlier, the tendency of pure pitch and 

yaw added mass coefficients to reach very high values at low frequency prevents accurate 

calculation of the corresponding impulse response functions. It is these inaccuracies that 

cause the incorrect time domain predictions. It has been shown that these inaccuracies will 

be present regardless of the forward speed value or whether the forward speed effects are 

accounted for by mathematical correction (using the pulsating source method) or explic-

itly (using the translating, pulsating source method). This final conclusion is confirmed by 

comparing simulations using pulsating source and translating, pulsating source data for an 

NPL5b monohull at a higher speed, = 0.53, where similar results are obtained. Hence, 

it is concluded that a body fixed axis formulation is the best method to use for a time 

domain simulation technique. 

Subsequently, the body fixed axis time domain method has been used to simulate the mo-

tions of a Series 60 model at a range of headings. Predictions of symmetric motions for 

constant heading in head, oblique and beam wave have all shown good agreement with 

frequency domain predictions. 
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It has been shown that when time domain simulations are performed for the anti-symmetric 

motions of sway and yaw, viscous effects must be accounted for. These effects have been 

incorporated using a so-called "viscous ramp". Comparison of simulations using hydro-

dynamic data both with and without viscous contributions suggests that neglecting viscous 

effects results in a lightly damped condition, giving unstable solutions. Simulations of anti-

symmetric motions must be carried out in the knowledge that the wave excitation impulse 

response functions are specific to the initial heading. Large changes in heading during the 

simulation will result in the wave excitation contributions no longer being strictly correct, 

although a solution will continue to be calculated, requiring care when inteipreting the 

predictions. 

In addition to the Series 60 model, the motions of an NPLSb catamaran with varying demi-

hull separation have been modelled. Frequency domain hydrodynamic data was calculated 

using both pulsating source and translating, pulsating source methods. It was found that 

the pulsating source method over predicts the interaction effects between the catamaran 

hulls. The frequencies at which these exaggerated effects occur are characterised by large 

spikes in the frequency domain data. These spikes have an adverse effect on the subsequent 

calculation of the corresponding impulse response fiinctions, along the same lines as the 

irregular frequency effects noted earlier, but more severe. The overprediction of the inter-

action between the hulls is worst for the wider hull separation, which results in the impulse 

response functions exhibiting oscillations which are very slow to die out. These oscil-

lations result in time domain motion predictions which do not match frequency domain 

predictions well. By comparison, frequency domain data determined using the translating, 

pulsating source method did not contain these overpredicted interaction effects. Conse-

quently the corresponding impulse response functions did not show the oscillations seen 

previously and time domain simulations using these impulse response functions gave good 

agreement with frequency domain predictions. 

Partly Non-Linear Time Domain Simulation 

Having established the stability and accuracy of the linear time domain methods referenced 

to body fixed axes, the formulation has been altered in incorporate non-linear incident wave 
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and restoring force/moment contributions. Whilst radiation and diffraction contributions 

continue to be described using linear convolution integrals, the incident wave and restoring 

contributions are calculated using the instantaneous underwater portion of the hull at each 

time step. This allows for predictions of motions where non-linear body geometry effects, 

such as flare and overhangs, may be influential. In addition, simulations may be carried at 

wave amplitudes similar to experiments, enabling comparison. 

This partly non-linear method has initially been used to simulate the symmetric motions of 

a Series 60 model in head waves. Using waves with very small amplitude, commensurate 

with the assumptions of linearity, good agreement has been found with linear predictions. 

Increasing the wave amplitude to match that of experimental results has resulted in only 

small changes in the predicted amplitude, as would be expected for an essentially wall 

sided ship. 

Simulations of the coupled sway, heave, pitch and yaw motions were carried out using 

hydrodynamic data both with and without viscous contributions included. The partly non-

linear method introduces a coupling between the symmetric and anti-symmetric motions 

not present in the linear method. Simulations of the coupled sway, heave, pitch and yaw 

motions at identical headings to those tested using the linear time domain method appeared 

to have offered some improvement. In particular, the predicted direction of drift, with the 

waves, appears to be more realistic. 

The motions of an SI 75 containership, with flared bow and moderate stem overhang, have 

also been simulated. There has been found to be generally good agreement between the 

trends of the simulated motions and both experiments and similar theoretical methods as 

the amplitude of the incident waves is increased, with differences mostiy in the pitch mo-

tions. It is thought that these differences may be attributed to the fact that non-linear hy-

drodynamic effects, such as damping, are not accounted for in this method. 

In addition to the two merchant ship hull forms, the partly non-linear method has also been 

used to simulate the motions of a yacht hull form. The yacht hull form displays consid-

erable flare above the calm waterline and would be expected to show non-linear effects. 
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Time domain predictions using the partly non-linear method have shown an improvement 

in the predicted heave and pitch responses in head waves of identical amplitude to the 

experiments when compared to linear predictions. 

The motions of an NPL5b catamaran with varying hull separation have also been pre-

dicted, using both pulsating source and translating, pulsating source hydrodynamic data. 

Responses predicted using pulsating source method data do not agree with experimental 

results, except at low frequencies. This is a result of the overestimation of the interactions 

between the hulls and the consequent effects on the relevant impulse response functions. 

Increasing the wave amplitude appears to only affect the responses at relatively high fre-

quencies. Responses predicted using translating, pulsating source method data have been 

found to show reasonable agreement with experimental results for the prediction of heave 

responses, though poorer agreement for pitch responses. Increasing the wave amplitude 

results, in general, in mixed agreement with experimental results in the vicinity of reso-

nance. In certain cases the agreement is poor, while in others, such as the predicted pitch 

responses for S/L = 0.4, there is reasonably good agreement with experiments. Overall it is 

considered that the use of translating, pulsating source data represents the best method for 

predicting multi-hull motions, as it accounts more accurately for the interactions between 

the component hulls. 

Recommendations for Future Research 

It is an inevitable, and desirable, consequence of any study that a number of questions are 

posed which, due to restrictions on the time available, may not be fully answered. In men-

tioning some of these, it is hoped that they may provide the basis for further advancement 

of the work presented in this thesis. 

One aspect of incorporating a convolution integral formulation in a time domain simula-

tion technique is the possibility of using arbitrary wave excitation. This study has only 

examined regular waves, in doing so attempting the verify the accuracy of the numerical 

methods by enabling comparison with frequency domain methods. The introduction of ar-

bitrary wave excitation could provide useful insights. Time simulations over long periods 
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could be conducted and the results subjected to statistical analysis. Such analysis could, 

for example, be used to determine the operational reliability of a vessel based on a variety 

of motion related criterion, i. e. seasickness, systems operation. 

A technique using arbitrary wave excitation would most likely benefit from the introduction 

of a more accurate method of solution to the time domain equations of motion. Whilst the 

fourth order Runge-Kutta method is sufficiently robust for most seakeeping applications, 

the Runge-Kutta-Fehlberg method, which has an order of five, is worth noting. This method 

involves the solution of the problem using two different Runge-Kutta methods, of order 

four and five. The solution of the two methods requires the calculation of only six auxiliary 

solutions per step and allows the determination of an error estimate using the difference 

between the two methods. This ability to estimate the error means that this method can 

be used as an adaptive time stepping scheme. This means that, based on the calculated 

error at a particular step, the value of the step may be altered to maintain the error within 

predefined bounds. Thus, it is possible to have a method of solution which automatically 

selects the most appropriate time step, using smaller steps when needed and larger ones 

where the solution is more easily estimated. This could be of considerable importance 

should arbitrary motions be considered, given that there may be sudden large changes in 

the solution at certain points within the calculated time range. Further investigations which 

incorporate arbitrary excitation would most likely benefit from the implementation of such 

a technique. 

The use of the instantaneous underwater surface in the partly non-linear time domain 

method introduces a coupling between symmetric and anti-symmetric motions not ac-

counted for by linear methods. This makes possible the investigation of coupled heave, 

roll and pitch motions of catamarans in oblique waves. It is known that the "corkscrewing" 

motions of such vessels can be extremely uncomfortable for passengers. Investigations 

could be made on the relationship between the sea state, vessel heading/speed and the 

thresholds for passenger discomfort. 

The partly non-linear method requires a quadrilateral panel representation of the entire hull 

surface for the calculation of the instantaneous incident wave and restoring forces. It has 
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been shown in Chapter 6 that the hull representation can have a considerable effect on the 

calculation of the frequency domain hydrodynamic data. It would be worthwhile to ascer-

tain the effects of increasing the refinement of the mesh representation on the calculation 

of the instantaneous forces and moments. 

Time domain simulation of the manoeuvring of vessels in waves using the methods pre-

sented in this thesis presents a problem at present, due to the fact that the diffraction impulse 

response functions are correct for the initial heading of the vessel only. It would be inter-

esting to investigate the possibility of accounting for the changing nature of the diffraction 

contributions as the heading of the vessel changes, thus allowing for accurate simulation 

of manoeuvring in waves. 

Last, but by no means least, is the calculation of radiation and diffraction contributions 

which account for the instantaneous underwater portion of the hull at each time step, thus 

allowing fully non-linear time domain simulation. Such methods have been the subject 

of much study and represent the ultimate in ship motions prediction. It is hoped that the 

results of this thesis inspire work in this area by, firstly, suggesting that improvements over 

linear thoery are possible and, secondly, revealing the limitations of a method that only 

partly accounts for non-linear effects. 
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A Equilibrium and Body Fixed Axis Relation-

ships 

jAi.l ]Gt45l2iddL[)i]a;l]i]pHS 

From Equations 3.21, 3.22 and Equations 3.3, 3.4, the body fixed axis motion variables 

may be expressed in terms of the equilibrium axis equivalents as follows * 

U + ux = U + u = U + f]i — (f}5 ujx = p = ^ = ri4 

UY = V + Ulp = r)2 + Cv4 Wy = q = 0 = (A.l) 

uz = w — U6 = rjz ujz = r = ip = T)e 

ux - u = rii - Cm Qx = P = ^ = '>14 

Uy — V + Ur = 7)2 CV4 Oy = q = 6 = (A.2) 

iiz — w + Uq = T)Z J7z = f = '^ = ^6 

a;* = ^ udt = ^ {771 - (7%} dt = r]i- Cm 

y* - {v + rp} dt = dt — rj2 + CVi (A.3) 

z* = — U6^ dt = {%} dt = % 

Similarly, it may be shown that the equilibrium axis motion variables may be represented 

in terms of their body fixed equivalents as follows, for symmetric motions 

571 = u + Cg %=u + Cq 

fjs =W — qU % — W + q{U/UJI) (A.4) 

m=q ri5 = q 

'These relationships ignore the products of small quantities and assume that the origin of the equilibrium 

axis system is on the centre line directly above (or below) the centre of mass 



A EQUILIBRIUM AND BODY FIXED AXIS RELATIONSHIPS 237 

Vi = {w + (g) dt = X* 

= j q{U/UJI)^ dt = z* 

= j {g} dt = 9 

m 
% 

(A.5) 

and for anti-symmetric motions 

% = P 

% = r 
% = p 

V6 = r 

(A.6) 

% = ^ {t; - ^ - r(n/Wg)} 

% = V" 

A.2 Hydrodynamic Relationships 

Surge Relations 

(A.7) 

Oscillatory Derivatives 

referenced to body fixed axis 

Oscillatory Derivatives in terms of hydrodynamic 

coefficients referenced to equilibrium axes. 

Acceleration Derivatives 
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Velocity Derivatives 
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External Actions 
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Sway Relations 

Oscillatory Derivatives Oscillatory Derivatives in terms of hydrodynamic 

referenced to body fixed axis coefficients referenced to equilibrium axes. 

Acceleration Derivatives 

""-̂ 22 ('̂ e) 

C-̂ 22(We) — ^24(We) 

{ U - ^28(We)(We) 

Velocity Derivatives 

—B22{^e) 
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External Actions 

y(f ) 

elations 

Oscillatory Derivatives Oscillatory Derivatives in terms of hydrodynamic 

referenced to body fixed axis coefficients referenced to equilibrium axes. 

Acceleration Derivatives 

—A3i(a!e) 

Zfj, (wg) —-433 (We) 

—-435 (Wg) — C-^3li^e) — iJJ l^\)Bzz{u3e) 

Velocity Derivatives 

—Bzi (Wg) 

(^c) -B33 (We) 

~Bz5{'^e) — CBsii^e) ~ ([//Wg).B33(Wg) 

Restoring Coefficients 

—C33 

^8 —C35 

External Actions 

^ ( f ) 
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Roll Relations 

Oscillatory Derivatives Oscillatory Derivatives in terms of hydrodynamic 

referenced to body fixed axis coefficients referenced to equilibrium axes. 

Acceleration Derivatives 

C-̂ 22 (k'e) — -̂ 42 (^e) 

Kp{u)e) C{-̂ 42(We) + A24{iL>e)} " {C •^22('i'e) + -̂ 44 
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Velocity Derivatives 
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Restoring Coefficients 

C44 

External Actions 
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Pitch Relations 

Oscillatory Derivatives Oscillatoiy Derivatives in terms of hydrodynamic 

referenced to body fixed axis coefficients referenced to equilibrium axes. 

Acceleration Derivatives 

—^Gl(We) — (Aii(We) 
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Velocity Derivatives 
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Restoring Coefficients 
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External Actions 
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Oscillatory Derivatives Oscillatory Derivatives in terms of hydrodynamic 

referenced to body fixed axis coefficients referenced to equilibrium axes. 

Acceleration Derivatives 

—^62(We) 

.̂462 (Wg) — ^64 (^e) 
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Velocity Derivatives 
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External Actions 
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Quantity Symbol Value 

Length (between perpendiculars) Lbp 3.048 m 

Beam B 0.435 m 

Draft T 0.174 m 

Displacement V CX1616in2 

Block Coefficient Cb 0.70 

Longitudinal Centre of Buoyancy (fwd. of midships) 0.015 m 

Longitudinal Centre of Gravity (fwd. of midships) z e e 0.015 m 

Vertical Centre of Gravity (below waterline) y c G 0.028 m 

Roll Inertia (about centre of gravity) -̂ 44 3.265 kg m^ 

Pitch Inertia (about centre of gravity) -̂ 55 93.83 kg 

Yaw Inertia (about centre of gravity) -̂ 66 93.83 kg 

Coupled Roll-Yaw Inertia (about centre of gravity) I46 0.40 kg m^ 

Table B.l: Particulars of Series 60 hullform. 

Figure B.l: Lines plan for Todd Series 60 model. 
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Figure B.2: Discretisation of underwater surface of Series 60 monohull, using 

a fixed number of panels per section. 10 panels per section, aspect 

ratio=2.0, total number of panels 1040 

Figure B.3: Discretisation of entire surface of Series 60 monohull, using a 

variable number of panels per section. 15 panels per section, as-

pect ratio=2.0, total number of panels 1830 
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Quantity Monohull 
Catamaran 

Quantity Monohull 
S/L = 0.2 S/L = 0/4 

LBP 4.5 m 4.5 m 4.5 m 

B 0.409 m 0.9 m * 1.8 m * 

T 0.205 m 0.205 m 0.205 m 

V 0.14838 0.29676 0.29676 m2 

CB 0.40 0.40 0.40 

-0.288 m -0.288 m -0.288 m 

-0.288 m -0.288 m -0.288 m 

y c G -0.102 m -0.102 m -0.102 m 

K44 0.204LBP 

0,26LBP 0.26LBP 0.255LBP 

KQS 0.219 LBP 0.323LBP 

* Separation between centrelines of demihulls. 

Table B.2: Particulars of NPLSb hullform in monohull and catamaran configurations. 

Figure B .4; Lines plan for NPLSb demi-huU. 
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Figure B.5: Discretisation of underwater surface of NPLSb monohull, using a 

fixed number of panels per section. 6 panels per section, aspect 

ratio=2.0, total number of panels 500 

Figure B.6: DiscretisaiitSh of entire surface of NPLSb monohull, using a vari-

able number of panels per section. 10 panels per section, aspect 

ratio=2.0, total number of panels 906 



B ITmuuFORAM 2*5 

] B 3 

Quantity Value 

lBP 175 m 

b 25.4 m 

t 9.5 m 

V 24138 m^ 

-2.5 m 

y c G 2.844 m 

0.236lJBP I 

Table B.3; Particulars of S175 containership hullform. 

Figure B.7: Lines plan for S175 containership. 



B IBmuLFORMG 2*5 

Figure B.8: Discretisation of underwater surface of S175 containership, using 

a fixed number of panels per section. 10 panels per section, aspect 

ratio=2.0, total number of panels 884 

Figure B.9: Discretisation of entire surface of S175 monohull, using a vari-

able number of panels per section. 15 panels per section, aspect 

ratio=2.0, total number of panels 1676 
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]B.41 Iklaclilt HBnU 

Quantity Value 

LBP 9.367 m 

B 3.32 m 

T 0.423 m 

V 4.2862 

I C G -0.25 m 

y c c ; OJ^Sm 

O.ISLBP 

Table B.4: Particulars of yacht hull form. 

Figure B. 10; Lines plan for yacht hull form. 
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Figure B. 11: Discretfg^ion of underwater surface of yacht hullform, using a 

fixed number of panels per section. 10 panels per section, aspect 

ratio=2.0, total number of panels 876 

Figure B.12: Discretig&ti^h of entire surface of yacht hullform, using a vari-

able number of panels per section. 15 panels per section, aspect 

ratio=2.0, total number of panels 1504 
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ABSTRACT 

A time domain mathematical model of ship motions allows for the incorporation 
of arbitrary and/or transient excitation, such as the influence of control surfaces 
and random waves. The dynamic behaviour of rigid vessels in waves is 
investigated using a time domain analysis, fully accounting for fluid memory 
effects. To this end radiation and wave excitation contributions are described 
through a convolution integral formulation. The impulse response functions in these 
convolution integrals are obtained from the frequency domain hydrodynamic 
damping and wave excitation respectively. The impulse response functions for the 
latter include values in the negative time to account for the influence of a particular 
wave before it reaches the reference point. 

Results are presented for heave and pitch motions in regular waves. A Series 
60 mono-hull is used to demonstrate the applicability of the method. Time domain 
simulation results in sinusoidal waves are discussed with reference to frequency 
domain predictions. 



251 

1. INTRODUCTION 

Traditionally, seakeeping analyses simplify the representation of motion 
dependent hydrodynamic actions (i.e. radiation problem) by assuming that the 
motions are either sinusoidal or slow. In these limiting cases the memory effects 
are not apparent. However, for the general case it has been shown that fluid 
actions on a ship are dependent upon the previous motions of the vessel [1]. The 
cause of this memory effect can be linked to the motion of the fluid induced by the 
vessel (e.g. surface waves). 

The use of a convolution integral formulation allows for memory effects to be 
included in the modelling of ship responses to arbitrary wave excitation. This 
enables more realistic modelling of ship motions in seaways. The investigation 
herein uses a frequency domain rigid body motion prediction method to determine 
the frequency dependent hydrodynamic coefficients (radiation terms) and wave 
excitation forces of a ship travelling in a sinusoidal seaway [2,3]. Using Fourier 
transforms these frequency domain characteristics are transformed into time 
domain impulse response functions. These are then used as part of a convolution 
integral formulation of the equations of motion to allow the time domain simulation 
of the vessel's response. 

The time domain simulation is carried out using a fourth order Runge-Kutta time 
stepping technique to solve the equations of motion. These methods are validated 
by comparing the simulated heave and pitch responses with the corresponding 
frequency domain predictions. The comparisons are made for sinusoidal waves, 
and demonstrate the validity of the numerical methodologies used. 

2. AXIS SYSTEM AND EQUATIONS OF MOTION 

Seakeeping theoiy has traditionally referenced the rigid body motions of a 
vessel to equilibrium axes. This axis system moves with the ship, but remains 
unaffected by the vessel's parasitic motions. 

The equilibrium axis system used here is a right handed axis system Cxyz such 
that the origin C is at the centre of gravity. The z-axis is positive upwards and the x 
and y axes lie in a plane parallel to the undisturbed free surface. This equilibrium 
axis system translates with velocity U in the positive x-direction. 

The equations of motion for coupled heave and pitch, considered in this paper, 
are as follows: 

m 0 ^33 A33- '^33 B35 •C33 C35' '23(f) ' 

_0 . ^ 3 -^5. .^53 ^55. .Qs Q s . 2:(f)_ 
(1) 

where 7/3 (?) and represent heave and pitch motions respectively. In this 
equation Ay and S,y (i=3,5=j) represent frequency domain hydrodynamic coefficients 
of added mass and damping, Q the restoring coefficients and H / f j represents 
sinusoidal external actions such as wave excitation. 

Alternatively, these equations of motion can be written using a convolution 
integral formulation in the following way [4]: 



% 
Vs = M' 

/3(%, 
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(2) 

where (oo)% - Q,?/; - (f )o:(̂  -

y); = - 5̂3 («=);73 - 5̂5 (°°)% - ^3% - ^5% + j ^ (r)af(f - r )^ f . 

The terms with the subscript T are the radiation forces and moments expressed 
using the corresponding impulse response functions hij(t) 

3̂T = *33 (:')'73 +jjl/* *35 (̂ )'75 

^5r = *53 (̂ )'73 (f - *55 ' 

and the mass matrix is given by 

M = 
43 W 

ait) denotes the wave disturbance and and are the wave excitation 
(incident and diffracted) impulse response functions for heave and pitch 
respectively. To calculate hydrodynamic actions theoretically, the fluid motion can 
be represented by a velocity potential satisfying Laplace's equation throughout the 
fluid domain. The velocity potential is found by applying appropriate boundary 
conditions and using Green's Second Theorem, whereby the problem of modelling 
the fluid domain is reduced to the modelling of its boundaries. To further simplify 
the solution of the velocity potential problem an appropriate singularity is used. 

The method used for this investigation uses a stationary pulsating source that 
satisfies a linearised free surface condition as well as the radiation condition at 
infinity. Unlike a translating pulsating source method [5,6] which implicitly accounts 
for forward speed effects, the pulsating source method accounts for forward speed 
in a limited fashion, using corrections to the zero speed solution. These 
corrections are much the same as used for strip theory [7]. However, it has been 
shown that for moderate forward speeds, such as examined in this investigation, 
the results of the two methods are similar [3,8]. 

3. CONVOLUTION INTEGRAL FORMULATION 

Convolution integrals and impulse response functions are widely used to model 
the responses of a linear system to arbitrary or random input [9]. In its most 
general form, for an input v(/), output f(t) and impulse response function h(t), 
the convolution integral takes the form 

/ ( f ) = A(T)v(f - r)<;fT (3) 
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To calculate the impulse response functions, Fourier transforms are used to 
express them in terms of frequency domain coefficients. The Fourier transform of 
the integral in equation 3 is the product of the transforms of the convoluted 
variables. That is to say 

(f o), )y (zfu,) 

where = 

and y (lo),) = . 

Taking the inverse Fourier transform of the frequency domain transfer function 
H{io)^), the impulse response function can be obtained as 

This can be expanded to give 

A(r) = - ^ r cos{(oj)-H'{COJsinicoj)}dco^ + 
2,71^-"' 

- ^ r {H'{COcos{coj) + H'^{COJsin(6>^r)}dQ)^, 

where the superscripts I and R denote real and imaginary parts of the frequency 
domain transfer function respectively. 

It can be argued that if the impulse response function is real then the second 
integral is zero [10]. Also, the symmetry of the integrand of the. first integral 
suggests that the impulse response function may be written as 

h{T) = — r{H^{co^)cos{o)j)-H'{(o^)&ixi{co/u)}dco^ for all T. (4) 

3.1 Radiation Force and Moment Impulse Response Func t ions 

By applying the condition of realisability to equation 4, i.e. /i(r) =0 for T<0, whereby 
there can be no response prior to input and substituting T=-Z, it is possible to 
show that the impulse response function can be obtained from either the real or 
imaginary part of the frequency domain transfer function. For an input of sinusoidal 
velocity the conventional seakeeping concepts of added mass and damping can be 
related to the real and imaginary parts of the transfer function. The following 
expressions may then be obtained [11] 

h{T) = — rB{co^) cos{Q}j)dco^ (5) 
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or h{r) = -— f )co^ sm{coj)dco^. (6) 
TZ "'0 

Because in many cases the frequency dependent added mass and damping tend 
to non-zero values at high frequency, the evaluation of equations 5 and 6 can be 
difficult. To avoid this problem Bishop et al. [1] expressed the frequency 
dependent terms in the following way 

) = A * (fi)^) + A(oo) 

= g , 

where and 5(0°) are the asymptotic values of added mass and damping 
respectively. A*((ujand g tend to zero as cô  tends to infinity. Hence it can 

be shown that the convolution integral representing the radiation hydrodynamic 
component can be written in the following way 

/ ( f ) = h{r)v{t-T)dT = A(oo)v(0 + B(°o)v{t) + *(T)v(f-T)dT, (7) 

where h*(t) can be obtained as per equation 5 or 6, using B*icoj or A*(£OJ. 

3.2 Wave Excitation Impulse Response Functions 

Unlike the case of the radiation components, where it was assumed that the 
impulse response function was zero for T<0, the incident wave and diffraction 
impulse response functions are in fact non-zero for f < o . This is because the 
influence of a particular wave is apparent before it reaches the reference point (at 
t=0), and hence the impulse response functions must include a negative time 
component to account for this [12]. 

Consequently, the condition of physical realisability cannot be applied and the 
impulse response function is written in the general form of equation 4, i.e. 

Ag(T) = —[ {E'^(Q)^)cos{a)j)-E'{C0^)sm{C0j)}dCL>^ for all r, 
71 "'O 

where is the frequency domain complex wave excitation (incident wave and 

diffraction) for unit wave amplitude. Unlike the radiation components, the real or 
imaginary part of the wave excitation alone cannot be used to obtain an impulse 
response function. 

4. NUMERICAL IMPLEMENTATION 

4.1 Eva lua t ion of t h e I m p u l s e R e s p o n s e F u n c t i o n s 

The impulse response functions for both the hydrodynamic coefficients and the 
wave excitation are evaluated using a modified trapezoidal method [4], originally 
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developed by Burcher. This numerical approximation to the integral equation is 
both efficient and relatively simple to implement. 

The radiation coefficient impulse response functions were evaluated using the 
damping coefficients, since the Fourier transform is numerically simpler, as can be 
seen in equation 5. Also, at high frequencies B*(coj tends to zero at a lower 
frequency, thus ensuring convergence from a smaller frequency range. The wave 
excitation impulse response functions were calculated using both the real and 
imaginary parts, both of which tend to zero at high frequencies. 

4.2 Time Domain Simulation Techniques 

The time domain simulation of the vessel's motions is undertaken using a fourth 
order Runge-Kutta method of solution [4] in which the vessel's velocity and 
displacement are calculated for a series of time steps of fixed increment. 

At each step, the convolution integrals are calculated using a numerical 
convolution method, whereby the velocity and impulse response functions are 
represented using a series of discrete points. These convolution integrals are 
evaluated using trapezoidal summation. To account for the fact that time steps of 
the velocity and impulse response functions may be different, the time steps of the 
impulse response function are used in this evaluation and the velocity trace is 
linearly interpolated. 

5. RESULTS FOR SERIES 60 

The presented results are for a model size (L=3.048m) Series 60 hull form. This 
form was chosen because there is a large amount of validated data available to 
make comparisons against [6]. 

5.1 Validation of Fourier Transform Methods 

Impulse response functions h*ij were calculated from B*j. Using the Inverse 
Fourier Transform A*] and B*jj are recalculated from h*j and compared against the 
original traces from the frequency domain method. The graphs in Figure 1 show 
the added mass and damping coefficients A55 and B55 for Froude number 0.2, as 
well as corresponding h*55 trace. 

The values of 8 * 5 5 calculated from h*55 are virtually identical to the original 
values. It can be seen that the newly calculated values of the A*55 are offset 
vertically by a constant value from the original frequency domain method values. 
This is consistent with there being an infinite frequency value A55i°°)- However, for 
low frequencies there is some discrepancy between the values in addition to that of 
the vertical shift. This shows a weakness of the method, in that it is not able to 
create an impulse response function that reflects accurately all hydrodynamic 
properties when corrections for forward speed, based on the equations of motion 
with reference to the equilibrium axes system, are incorporated. This matter is 
further discussed in the following section. Nevertheless, it should noted that the 
frequency to time domain (and vice versa) transformation for all other radiation 
terms used in this paper is very satisfactory. 
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Figure 2 shows the real and imaginary parts of the frequency domain pitch 
excitation moment and the corresponding impulse response function. No problems 
were experienced with transformation from time domain back to frequency domain. 

5.2 Motions in Head Seas 

The time domain simulation, as outlined in equation 2, was used to calculate the 
ship motions in terms of Response Amplitude Operators (RAOs). For both heave 
and pitch these are given by the amplitude of motion per wave amplitude, a. A 
typical time record is shown in figure 2, in which a steady motion state is observed. 
The motion amplitudes were obtained using a Fourier fit of the steady state part of 
the time traces. 

Heave and pitch RAOs for a Series 60 model in regular head and beam waves 
are shown in figures 3 and 4, and figure 5 respectively. These figures compare the 
RAOs obtained from the frequency domain method to those obtained using 
different forms of the time domain simulation program. 

The data combinations tested in the time domain method were 
(a) Convolution Integrals describing both radiation and wave excitation 

components, (i.e. equations of motion of the form of equation 2). 
(b) Frequency domain hydrodynamic coefficients of added mass and 

damping at the appropriate frequency and convolution integrals for 
wave excitation. 

(c) Convolution integrals for all radiation components except for pure 
pitch, for which A55 and B55 at the required frequency are used, 
convolution integrals for wave excitation. 

These combinations of data were chosen in light of the fact that it had been 
noted that it was not possible to obtain an accurate representation of A55 from has, 
as seen in figure 1. As can be seen in figures 3,4 and 5, the time domain 
predictions calculated using convolution integrals to fully describe the 
hydrodynamic characteristics and wave forces (data combination (a)) do not show 
satisfactory agreement with the corresponding frequency domain predictions. Data 
combination (b) was used to confirm that there were no problems directly related to 
the representation of the wave excitation by convolution integral. It can be seen in 
figures 3,4 and 5 that the results for data combination (b) show good agreement 
with the corresponding frequency domain predictions. As the results using the 
data combination (c) show, when all the radiation actions except A55 and B55 are 
calculated using impulse response functions the agreement with the frequency 
domain results is very good. Calculations for other headings (e.g. 135 degrees) 
indicate the same level of agreement. 

The inability to determine accurate values of A55 from hss is not believed to be a 
result of the numerical methods used to determine the impulse response functions. 
Rather, it is thought to be a result of the formulation used in the adopted frequency 
domain method to correct for forward speed. The forward speed corrections for 
A55 and B55 are as follows 

5^(6),) = + (i/ , 
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where the superscript 0 denotes the zero speed coefficient. The Fourier transform 
of these is 

(0) J + ( i / / G) J ' 5^3 -16), (A),) + ( [ / A ° 3 3 ] = 

Given that A°33 and B°33 are uniquely defined by h°33, then it would have to be the 
case that 

CO. 
rA''33 . 
Jo Jo />! 

The integral on the right hand side is not unique. It should be noted that the trends 
observed in A55 (as well as Aee) with forward speed, as the frequency tends to 
zero, are similar whether its influence is accounted for using an appropriate 
singularity distribution or correction [2,3]. The above analysis merely illustrates the 
consequences of the forward speed effects. This suggests some speed dependent 
radiation components do not allow for Fourier transformation. A possible solution 
to this problem could be the use of a body fixed axis system. Due to the co-
ordinate transformation involved, the body fixed axis formulation produces 
frequency domain coefficients (oscillatory derivatives) that do not have the same 
trend as the frequency tends towards zero [4,12]. 

6. CONCLUSIONS 

A time domain analysis of ship motions has been carried out, employing a 
convolution integral formulation that allows for memory effects. Both radiation and 
wave excitation contributions have been described using impulse response 
functions calculated from a frequency domain analysis. 

It has been shown that it is usually possible to use Fourier transforms to convert 
frequency domain vessel characteristics into their corresponding equivalents in the 
time domain. In the case of radiation actions this involves the calculation of an 
impulse response function h*] from the real part B*ij which uniquely relates Ay and 
Bij. For the wave excitation, the impulse response function h eg Is determined from 
both the real and imaginary parts of the excitation. The wave excitation impulse 
response function contains values in the negative time domain, thus accounting for 
the influence of waves prior to their reaching the reference point. 

The time domain simulation technique developed was used, to begin with, to 
model the motions of a Series 60 model in sinusoidal waves. The accuracy of the 
impulse response functions used as part of the convolution Integrals was found to 
be very important, especially when calculating the motions around the frequencies 
of resonance. Problems were experienced with obtaining the pitch impulse 
response function, suggesting that further work is required to determine the best 
method by which to avoid this problem. It is thought that using body fixed axes 
may provide a solution, with the additional advantage of being more convenient 
when going on to tackle the coupled antisymmetric motions of sway, roll and yaw. 
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Having validated the numerical techniques used, the time domain simulation 
method, based on impulse response functions, can now be extended, for example 
to model viscous effects using the ramp function described by Bailey et al [13] and 
arbitrary excitation such as non-sinusoidal excitation and random seas. 
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Figure 1: Hydrodynamic Coefficients A55 and B55 and hss calculated from B55, Fn 
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Figure 2: Real and imaginary parts of pitch excitation moment and the pitch 
moment impulse response function and the pitch amplitude for the vessel travelling 
at Fn=0.3 in regular head waves of amplitude 0.01m. 
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ABSTRACT 

A time domain model for the prediction of ship motions in waves is presented in this paper. Fluid 
forces and moments acting on the ship are represented by convolution integral expressions thus 
accounting for fluid memory effects. The required impulse response functions are obtained from 
transforms of frequency domain data evaluated using a three-dimensional potential flow analysis based 
on a source distribution over the mean wetted surface of the vessel. Convolution integrals are used to 
describe both the radiation and diffraction contributions to the ship motion problem. Non-linear 
restoring and Froude-Krylov excitation forces are determined at each time step using the instantaneous 
underwater portion of the hull. Results are presented in head and oblique regular waves for a fast hull 
form, namely an NPL round bilge series, in both mono-hull and catamaran configurations. Initially the 
wave amplitude conforms to the concept of linearity, allowing for the validation of the numerical 
procedures. Subsequently the effects of non-linear excitation are investigated by increasing the 
amplitude of the regular waves. 

KEYWORDS 

Rigid body motions, seakeeping, non-linear, wave excitation, multi-hulled vessels. 

INTRODUCTION 

Modelling of ship motions in the time domain allows for the evaluation of responses to arbitrary and/or 
transient excitation. Such a method enables, for example, the influence of control surfaces and 
excitation by random waves to be accounted for in a way that is not possible using conventional 
frequency domain approaches. The fluid memory effect, exemplified by the generation of motion 
induced surface waves, introduces a dependence of the forces and moments on past motion/excitation. 
The use of impulse response functions and a convolution integral formulation for the fluid actions 
allows for the generation of a time domain model that is capable of incorporating the aforementioned 
influences and excitations. Bailey et al (1998a) presented a mathematical model for the manoeuvring 
of a ship in a seaway that is also capable of simulating the conventional seakeeping behaviour and 
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manoeuvring in calm water, as illustrated for a Mariner ship by Bailey et al (2001a). These 
investigations were further extended to include the influence of diffracted waves and applied to a 
Series 60 hullform, Bailey et al (2000a). The fundamental building blocks of these investigations are 
the use of frequency domain hydrodynamic data to generate the requisite impulse response functions 
and transforms between the equilibrium axes and the body fixed axes of conventional seakeeping and 
manoeuvring theories, respectively, as shown by Bailey et al (1998a, 2001a). The determination of the 
frequency domain data relies on a suitable singularity distribution over the mean wetted surface of the 
ship, Inglis and Price (1982), Bailey et al (1999, 2000b), 

Although the mathematical model developed is capable of simulating the dynamic behaviour of a ship 
travelling in waves in all six degrees of freedom, results presented in this paper are focused on the 
symmetric motions of heave and pitch. A fast hull form from the extended I ^ L round bilge series, 
namely model 5b, is used to illustrate the applicability of the methodology. The motions of this hull 
form a re predicted when travelling at various speeds and headings in mono-hull and catamaran (demi-
hull separation = 0.2L) configurations. Comparisons are made with available experimental 
measurements. Bailey et al (1999), Holland et al (2000). 

Seakeeping theory has traditionally referenced the rigid body motions of a vessel to equilibrium axes. 
However, it has been shown by Bailey et al (2000a) that the behaviour of the frequency domain added 
mass and damping calculated with respect to these axes results in problematic evaluation of the 
corresponding impulse response functions. However, Bailey (2001a) demonstrated that frequency 
domain data transformed to a body fixed set of axes is more amenable to the calculation of impulse 
response functions. 

For a ship travelling with forward speed U in regular waves encountered at arbitrary heading, the 
heave and pitch (denoted by displacements z* and 6) equations of motion referenced to a right 
handed body fixed axis Cxyz can be written as 

m 0 W 'o -mU' w "2^ Z*- w Z* z , ' w " Z . ' Z ( r ) ' 

_0 /„_ 
+ + + + 

' Z ( r ) ' 

_0 /„_ A. 0 0 .9 . Af* Af, A. Af. Af, J . Af . z Afg_ _e Af(f)_ 
, (1) 

where w and q are the heave and pitch velocities, respectively, terms such as Z^,M^ are the 
oscillatory coefficients and Z(f)and M(0represent the excitation. Alternatively, Bailey et al (2001a) 
have shown that these equations of motion can be written using a convolution integral formulation in 
the following way: 

tv(f) 
= M - 1 

where 
= z,+Zg+z^(oo)M,+z, (oo)g+ 

/s = (oo)w + Mg (o°)g. 

(2) 

(3) 

In these equations the contributions of weight, buoyancy and incident wave excitation are denoted by 
the terms with subscript a . The detail of these terms will be elaborated upon in later sections. The 
mass matrix is given by 
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^m — Z.(oo) —7,.(oo^ 
M = 

where terms such as Z^(oo)and are the infinite frequency values of the acceleration 

oscillatory coefficients. The terms with subscript T are the radiation forces and moments and are 
expressed as follows 

+ [ Zg - f )dr 

r r 
(r)w(f-T)dT +j (T)qit-T)dr. 

The impulse response functions used in the convolution integrals in the previous equations can be 
calculated using either the velocity or acceleration frequency domain data. The transformation of the 
frequency domain data from an equilibrium to a body axis representation enables the calculation of 
terms such as and the frequency dependent velocity and acceleration oscillatory 
coefficients, respectively, Bailey et al (1998a, 1998b, 2000a). For example 

Numerical experiments have shown that the impulse response function calculated using the velocity 
derivative data converges faster than its equivalent determined using the acceleration data, hence the 
velocity data is used in preference. 

The relevant frequency domain data is obtained using a three-dimensional potential flow analysis, 
based on the conventional equilibrium axis system, with a singularity distribution over the mean 
wetted surface. In this investigation two types of singularity are used, a pulsating source and 
translating pulsating source. Both of these source types satisfy a linearised free surface condition as 
well as the radiation condition at infinity. The pulsating source method accounts for forward speed in 
a limited fashion, using corrections to the zero speed solution much the same as are used for strip 
theory. Beck et al (1989). The translating, pulsating source on the other hand fully accounts for 
forward speed effects, but does so at considerable computational expense. It has been shown that for 
monohulls at moderate forward speeds the results of the two methods are quite similar, Inglis & Price 
(1982), Bailey et al (1999), hence results for the monohull use the simpler and faster method. 
However, for a catamaran model the translating pulsating source is required to fully account for 
interaction between the hulls. 

WAVE EXCITATION 

It can be argued that observed differences between theoretical linear motion predictions and 
experimental results can be attributed, to some extent, to the nature of the excitation, particularly for 
ships with large flare. To this end, it is possible to introduce a non-linear component of excitation into 
an otherwise linear system, the integration of the Froude-Krylov wave excitation pressure over the 
instantaneous wetted surface yielding such a contribution. The wave excitation and restoring terms, 
denoted with subscript a , in Eqn. 3 can be represented as 
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Z , = Z / + Z / + Z . z * + Z , 0 

MQ, =mJ^ +M^.z* +Mg6, 

where the superscripts D and F refer to the linear diffraction and the non-linear Froude-Krylov 
components respectively. The non-linear restoring forces and moments are denoted by the subscripts 
z* and 6 respectively. 

It has been shown by Bailey et al (2000a) that linear diffraction excitation actions can be represented 
using a convolution type formulation. Calculation of these wave excitation impulse response functions 
is more difficult than the calculation of the radiation impulse response functions, since the influence of 
a wave prior to its reaching the reference point must be accounted for. This means that the diffraction 
excitation impulse response functions are non-zero for T<0, Bailey et al (2000a), King et al (1988), 
and unlike the radiation impulse response functions their calculation requires both the real and 
imaginary parts. For example, 

Zg° = j2z^(r)(z(f-^)6f^ 

whe^e z ° ^ {S / (o),) cos(a;,r) - 2 / (6?J siii(a),f) for all r , 

<2(?) denotes the wave elevation and H^is the frequency domain diffraction term, transformed to the 
body fixed axis system. 

The non-linear portion of the wave excitation terms in Eqn. 5 are made up of two components. These 
are the non-linear Froude-Krylov and restoring forces and moments. They are determined up to the 
intersection of the incident wave surface and the ship in its perturbed state at each time step. 

The entire surface of the ships hull, including the portion above the waterline, is discretised using a 
mesh of quadrilateral panels. This allows a single mesh to be used to represent a range of ship loading 
conditions. At each time step the instantaneous underwater portion of the hull is extracted. Special 
consideration must be given to panels that cross the incident free surface. Panels that are entirely 
above the surface are ignored and those that cross the surface are either split or replaced with two 
smaller panels. The static and Froude-Krylov pressures are then calculated at the centre of each panel. 
The contribution of the force on each panel to the overall forces and moments is determined using the 
area of the panel and its normal. The total Froude-Kiylov and buoyancy forces are then calculated by 
summing the contributions from all the panels. Care has been taken to ensure that the splitting, adding 
or destroying panels does not introduce step changes in the resulting forces and moments. Bailey 
(2001b). 

The time domain simulation of the vessel's motions is undertaken using a fourth order Runge-Kutta 
method of solution. Bailey et al (2001a), in which the vessels velocity and displacement are calculated 
for a series of time steps of fixed increment. At each step, the convolution integrals are evaluated 
using a numerical convolution method, whereby the velocity and impulse response functions are 
represented using a series of discrete points. These convolution integrals are evaluated using 
trapezoidal summation. To account for the fact that the time steps of the velocity and impulse 
response functions may be different, the time steps of the impulse response function are used in this 
evaluation and the velocity trace is linearly interpolated. 
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The length of the vessel used in the calculations is 4.5m in both mono-hull and catamaran 
configurations. The mean wetted surface, to a draught of 0.2m, was idealised using 554 four-cornered 
panels for the NPL mono-hull. 640 panels were used to idealise the entire surface of the mono-hull, to 
a depth of 0.35m. The first idealisation is used to evaluate frequency domain 
hydrodynamic/oscillatory coefficients and diffracted wave excitation, whilst the second is employed 
when generating the instantaneous underwater surface to evaluate the non-linear incident wave 
excitation and restoring forces and moments. In the same way, the mean wetted surface of the 
catamaran is idealised using 390 panels per demi-hull for the frequency domain analysis, whilst the 
entire surface to a depth of 0.4m is idealised using 415 panels per demi-hull for the evaluation of the 
non-linear components. The idealisations used provide a reasonably good panel aspect ratio, 
approximately 2, which is particularly important in ensuring a good convergence in the frequency 
domain data calculated using the translating, pulsating source distribution. Bailey et al (2000b). 

The pitch-pitch radiation impulse response function is illustrated in Figure 1(a) for both mono-hull and 
catamaran configurations, albeit at different speeds. The trends of the impulse response function for 
the catamaran configuration requires further investigation as demi-hull separation increases. The 
variation of the predicted heave displacement with time is also shown in Figure 1(b). The simulation 
shown corresponds to the mono-hull travelling in head regular waves at Fn = 0.53, encountered at 

co/=co^^jL/g =5.42 and amplitude a= 0.05625m. The simulated heave displacement quickly 

converges to a steady state sinusoidal variation with time that has a non-zero mean value, zero 
representing the still water equilibrium position, due to the relatively large wave amplitude used 
(approximately a quarter of the draught). The motion amplitudes are obtained from a Fourier fit of the 
steady state part of the time records, e.g. as shown in Figure 1(a) starting from 42 seconds. 

The predicted heave and pitch transfer functions for the mono-hull in regular head waves are shown in 
Figures 2 and 3. These are for slow and moderate speeds corresponding to Fn = 0.2 and Fn = 0.53, 
respectively. The transfer functions (or RAOs) are defined as heave or pitch amplitude per wave 
amplitude a . The time domain predictions (two wave amplitudes a =0.001m and a =0.05625m), are 
compared with the frequency domain predictions, both using a pulsating source distribution, and 
experimental measurements carried out with a 1.6m model. Bailey et al (1999). For the lowest speed 
used, i.e. Fn = 0.2, frequency and time domain predictions are all in close agreement. Nevertheless, 
small differences are observed for the highest wave amplitude, especially for the pitch RAO around 
resonance, resulting in closer agreement between the time domain prediction (a=0.05625m) and 
experiments carried out using the same wave amplitude. For the moderate speed, Fn = 0.53, there is 
once again very close agreement between the time domain predictions with the smallest wave 
amplitude and frequency domain results. The differences using the larger wave amplitude are now 
more clearly seen, especially for the pitch RAO. The time domain predictions are closer to the 
experimental measurements using the same amplitude. It is worthwhile noting that the time domain 
method results in accurate predictions of the pitch RAO magnitude at resonance, although the 
frequency of resonance is still overestimated. 

For the NPL catamaran configuration frequency and time domain predictions for heave and pitch 
RAOs are compared for a moderately high speed, Fn = 0.65, whilst the vessel is travelling in oblique 
regular waves (heading of 150 degrees), as shown in Figure 4. Experimental measurements carried out 
with a model of 4.5m are also shown, Holland et al (2000). When the wave amplitude is low 
(a=0.001m), there is good agreement between time and frequency domain RAOs, both evaluated 
using a translating, pulsating source distribution. Increasing the wave amplitude to a =0.01m appears 
to result in small differences in the predicted RAOs, unlike the trend observed in the mono-hull for Fn 
= 0.53, albeit with a larger wave amplitude. Consequently the differences observed between 
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theoretical predictions (either frequency or time domain) persist, especially in pitch RAOs. At this 
speed it is known that the transom runs dry, which may have an effect on the pitch damping values and 
corresponding impulse response functions. Furthermore, the omission of roll when determining the 
perturbed attitude of the ship relative to the regular incident wave at any time instant may also have an 
influence on the result of the time domain simulation. 

CONCLUSIONS 

The applicability of a time domain method, formulated using body fixed axes, impulse response 
functions for radiation and diffraction influences and non-linear incident wave and restoring actions, in 
predicting motions for mono- and multi-hulled vessels travelling in regular waves has been illustrated 
for various speeds and headings. 

The validity of the numerical procedures involved, such as the evaluation of impulse response 
functions, the time stepping scheme and the generation of the instantaneous free surface, have been 
demonstrated by comparison with frequency domain predictions of heave and pitch RAOs. 

For the NPL round bilge hull form, in mono-hull configuration, it was shown that the influence of the 
non-linearities in the incident wave excitation and restoring actions is very small at low speeds. 
However, these influences become more significant at moderate speeds. The predictions provided are 
in closer agreement with experimental measurements, by comparison to frequency domain and small 
amplitude time domain predictions. 

For the same fast hull form in catamaran configuration and moderately high speeds, the requisite 
frequency domain data were obtained using a translating, pulsating source distribution over the mean 
wetted surface to better idealise the interactions between the two hulls. The applications of the partly 
non-linear time domain method in oblique regular waves has, so far, shown that the non-linearities in 
the incident wave excitation and restoring actions do not appear to have a significant influence on 
predicted heave and pitch RAOs. The effects of pitch damping, and consequent influences on relevant 
impulse response functions, are thought to be likely causes. These may arise from the transom running 
dry at this speed. 

Further work is required, especially in the catamaran configurations, to assess the influence of: 
(i) the nature of the idealisation of the mean and instantaneous wetted surfaces (i.e. panel aspect 

ratio) on the predicted impulse response functions and time domain simulations, 
(ii) inclusion of antisymmetric motions, such as roll, and 
(iii) larger wave amplitudes, similar to those used in the experimental measurements. 
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Figure 1: (a) Pitch-pitch (m^) impulse response functions for mono-hull and catamaran 
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SUMMARY 

The use of a time domain simulation technique for modelling ship motions allows for the evaluation of responses to arbitrary 
and/or transient excitation. Such a method also accounts for fluid memory effects, exemplified by the generation of motion 
induced surface waves, introducing a dependence of the forces and moments on the past motion/excitation. The method used 
in this paper uses convolution integrals to describe both the radiation and diffraction contributions. The evaluation of the 
non-linear incident wave (Froude-Krylov) excitation is carried out at each step of the simulation by integrating the 
corresponding pressure over the instantaneous wetted surface. The corresponding, instantaneous hydrostatic restoring forces 
and moments are also accounted for by considering weight contributions at the instantaneous attitude of the hull. 

The effects of forward speed on a fast hull form (NPL5b) travelling at Froude number 0.5 in regular head waves are 
investigated. Both monohull and catamaran configurations are examined, the latter with two hull separations, allowing for 
interaction effects to be studied. Hydrodynamic data is calculated using frequency domain singularity distribution methods. 
Two frequency domain methods are used, one employing a pulsating source distribution with forward speed correction, the 
other using a translating, pulsating source distribution. The data from the frequency domain methods, referenced to a body 
fixed axis system, is transformed into impulse response functions using Fourier transformations. The impulse response 
functions are used as part of a convolution integral formulation to perform time domain simulations of motions in head 
waves. Initially calculations are carried out in regular waves commensurate with the concept of linearity. Subsequently the 
effects of non-linearities are investigated by increasing the wave amplitude. 
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Froude number. 
Impulse response function. 

Pitch Inertia (kgm^). 

Length between perpendiculars (m) 
Mass of ship (kg). 

Pitch impulse response fiinction, where i is w or 

q for radiation actions and a for diffraction. 

M-(Ct)^) Pitch oscillatory derivative, where i is a 

velocity or acceleration, referenced to body 
fixed axis system. 

Infinite frequency value of pitch oscillatory 

derivative. 
M (t) External pitch moment acting on ship (Nm). 
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q, q Pitch angular velocity and acceleration of ship, 
referenced to body fixed axis system (rad/s). 

S Separation between hulls of catamaran (m). 
t Time (s). 

U Forward speed of ship (m/s). 
w, w Heave velocity and acceleration of ship, 

referenced to body fixed axis system (m/s). 

Zi Heave impulse response function, where i is w 

or q for radiation actions and a for diffraction. 

Z^(CO^) Heave oscillatory derivative, where i is a 

velocity or acceleration, referenced to body 
fixed axis system. 

Zj. (oo) Infinite frequency value of heave oscillatory 

derivative. 
Z(t) External heave force acting on ship (N). 

Z* Heave displacement (m). 
OC{t) Wave elevation (m) 

0 Pitch displacement (radians). 
Q Euler pitch angle (radians). 
T Variable used in convolution integrals (s). 
0 Euler roll angle (radians). 
CÔ  Encounter frequency (radians/second). 

1. INTRODUCTION 

High speed vessels have seen use in an increasing 
number of roles over the past few years. In particular 
they have been used extensively in passenger ferry 
applications. An important aspect in the operational 
viability of such high-speed passenger vessels is their 
seakeeping characteristics. Methods are required by 
which the seakeeping properties of vessels can be 
determined at the design stage. This allows for 
assessment of their suitability for particular tasks, with 
emphasis on the motions and their relationship to vessel 
availability and passenger safety/comfort. 

Model testing programmes have been carried out for high 
speed vessels to determine their seakeeping 
characteristics, but such programmes are inherently 
expensive and limited in terms of the realism of the sea 
conditions they are able to replicate [1]. By developing a 
method suitable for performing simulations of ship 
motions in more realistic sea states, it is conceivable that 
the need for model tests could be reduced. This could 
lead to cost reductions in the design process as well as 
allowing for a more complete picture of the performance 
characteristics of a vessel. 

Modelling of ship motions in the time domain allows for 
the evaluation of responses to arbitrary and/or transient 

excitation. Time domain methods offer many advantages 
over conventional frequency domain methods. Among 
these are the ability to account for the influence of 
control surfaces and excitation by random waves. In 
addition, the fluid memory effects, exemplified by the 
generation of motion induced surface waves, introduce a 
dependence of the fluid forces and moments on past 
motion/excitation. 

The use of impulse response functions and a convolution 
integral formulation allows for the development of a time 
domain model that is capable of incorporating the 
influences and excitations mentioned earlier. A 
mathematical model for the simulation of manoeuvring 
in waves has been presented by Bailey et al [2], which is 
capable of simulating conventional seakeeping behaviour 
as well as manoeuvring in calm water. This method has 
been demonstrated for a Mariner type ship by Bailey et 
al. [3]. This method was further extended to include the 
influence of diffracted waves and applied to a Series 60 
hull form [4]. These methods have been based on the use 
of frequency domain hydrodynamic data, determined 
using a suitable singularity distribution over the mean 
wetted surface of the ship. This hydrodynamic data is 
then used to create the required impulse response 
functions by the application of Fourier transformations 
and transforms between the equilibrium and body fixed 
axes of conventional seakeeping and manoeuvring 
theories, respectively, as shown by Bailey et al. [2,3]. 

The time domain simulation methods used in this 
investigation have used impulse response functions to 
describe the radiation and diffraction hydrodynamic 
actions. These impulse response functions have been 
calculated using two different frequency domain 
singularity methods. The first of these methods uses a 
pulsating source distribution to which a forward speed 
correction is applied. The second frequency domain 
method uses a translating, pulsating source distribution. 
Both frequency domain methods use a panelled 
idealisation of the mean underwater surface of the hull, 
with the sources being placed at the centre of the panels. 
Initially the hydrodynamic actions are calculated with 
respect to an equilibrium axis system, but this data is 
converted to a body fixed axis system afterwards to aid 
the calculation of the corresponding impulse response 
functions. The resultant equations of motion, referenced 
to a body fixed axis system, are solved in the time 
domain using a fourth order Runge-Kutta method of 
solution. At each time step the non-linear incident wave 
(Froude-Krylov) and restoring forces/moments are 
calculated using a panelled idealisation of the 
instantaneous underwater portion of the hull. 

The results presented in this paper are for investigations 
of the heave and pitch characteristics of an NPL5b model 
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in regular head waves of varying amplitude. The model 
is examined in monohull configuration and catamaran 
configurations with hull separation to length (S/L) ratios 
of 0.2 and 0.4. Comparisons are made with experimental 
measurements, [1,5]. 

2. AXIS SYSTEM AND EQUATIONS OF 
MOTION 

Traditionally, seakeeping studies have referenced the 
rigid body motions of a vessel to equilibrium axes. This 
axis system moves with the ship, but remains unaffected 
by the parasitic motions. However, it has been shown 
that the nature of the frequency domain added mass and 
damping calculated with respect to these axes makes 
accurate calculation of the corresponding impulse 
response functions difficult where forward speed is 
involved [4]. In particular, the tendency of certain 
frequency domain hydrodynamic coefficients, such as 
pitch damping, to tend to infinite values at low frequency 
results in difficulties in obtaining the impulse response 
functions using numerical transformation methods. 
Performing a transformation of the frequency domain 
data to a body fixed axis system [3] can circumvent this 
problem. The resultant oscillatory velocity derivatives 
do not tend to infinite values at low frequency, thus 
allowing accurate calculation of the impulse response 
functions. 

For a ship travelling in regular waves at an arbitrary 
heading, the heave and pitch equations of motion 
referenced to a right-handed body fixed axis system can 
be written as 

m 0 • w 'o w 
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0 ^yy_ A. 0 0 

' z . w 
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and Mg denote the restoring where Z . , M .Zg 

coefficients. Equation 1 represents another form of the 
conventional frequency domain analysis in regular 
waves, assuming excitation to be sinusoidal, but this time 
referenced to a body fixed axis system. In order for the 
motions to be determined in the time domain, this 
equation of motion is reformulated to incorporate 
convolution integrals. Accordingly Equation 1 can be 
rewritten in the following way [3] 

w(f)' w(f)' 

where 

=z^ +z^a +zg +z^(«))m' + z,(o=)g + 7m (̂/ 

f ^ = M ^ + M ° a + Mg + M„ (oo)vi; + 

The mass matrix in Equation 2 is given by 

[2] 

[3] 

M = 

The terms with the subscript a in Equation 3 are those 
relating to the weight and buoyancy (i.e. restoring terms) 
and incident and diffracted wave excitation contributions, 
the latter denoted by superscript D. These are described 
in Sections 3.2 and 4.1. The terms with subscript T in 
Equation 3 refer to the radiation forces and moments. In 
the case of the coupled heave and pitch motions 
considered in this paper, the radiation forces and 
moments are expressed folly as 

[4] 
z , = (t) w(f - t + z / (t)g(r - f 

M, = £ (r)w{t - r)dT +j^ mj {r)q{t - T)dT, 

where zj,zj,mj' and p, " are impulse response 

functions describing radiation actions (see Section 3.2). 

3. CALCULATION OF IMPULSE RESPONSE 
FUNCTIONS 

The representation of fluid actions using convolution 
integrals requires the calculation of impulse response 
fiinctions. For this investigation the required impulse 
response functions are obtained from transforms of 
frequency domain data. Two frequency domain methods 
are used, both of which are based on a source distribution 
over the mean wetted surface of the hull. 

3.1 FREQUENCY DOMAIN METHODS 

The first method uses a pulsating source distribution with 
forward speed correction. This satisfies the zero speed 
linearised free surface condition. Forward speed effects 
are introduced in a simplified manner by way of 
corrections to the zero speed solution. These corrections 
are much the same as diose used for strip theories [6]. 
While it has been shown that this method produces 
adequate results for moderately high speeds [5,7], a 
potentially more accurate solution is obtained by 
explicitiy accounting for forward speed effects using a 
translating, pulsating source method. 
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The translating, pulsating source method used to obtain 
the second set of frequency domain data incorporates a 
velocity potential formulation that exactly satisfies the 
speed and frequency dependent linearised free surface 
condition [7]. Correctiy accounting for forward speed 
effects is particularly necessary when examining 
catamaran vessels, as the interaction between the hulls is 
of considerable importance. 

Hydrodynamic data from both frequency domain 
methods is initially referenced to an equilibrium axis 
system. Transformations are performed on this data in 
order to reference it to a body fixed axis system [2]. 

3.2 FUNCTIONAL REPRESENTATION 
FLUE) ACTIONS 

OF 

The use of a linear convolution integral formulation to 
describe the fluid actions acting on the vessel allows for 
the incorporation of fluid memory effects. The inclusion 
of such effects is important, as the flow conditions at a 
particular instant cannot uniquely determine the flow 
forces and moments occurring at that instant. 

Convolution integral formulations have been widely used 
to model the response of a linear system to arbitrary or 
random input [8]. In its most general form, for an input 
v(t), output/fzj and impulse response function h(i), the 
convolution integral takes the form 

The impulse response functions used to describe the fluid 
actions in this investigation are determined using Fourier 
transformations of the frequency domain hydrodynamic 
properties (oscillatory derivatives). It has been shown 
that the relationship between the impulse response 
function and the frequency domain transfer functions is 
given by the following equation [4] 

a(r) = — j i f f ' (a;jcos(a),r) -

H'(CO J sinicoj) }dco^ for all T [5] 

where the superscript R and I refer to the real and 
imaginary parts of the transfer function H. 

3.2(a) Radiation Impulse Response Functions 

Working in the body fixed axis system, the acceleration 
and velocity derivatives can be equated to the real and 
imaginary parts of the transfer function respectively. By 
imposing the condition of realisability, i.e. /z( t) = 0 for 

T < 0 , whereby there can be no response prior to input 
and substituting T = - r , it is possible to show [2] that 
the impulse response function can be calculated from 
either the real or imaginary part of the frequency domain 
transfer function. For example, the heave-heave 
radiation impulse response function is, 

= — rz^(a),)cos(6),r)(ig), 

or (r ) = - — f (6?, )&), A), . [6] 
7t 

These equations for the calculation of the impulse 
response functions are evaluated numerically using 
methods proposed initially by Solodovnikov [9] and later 
simplified by Burcher [10]. 

To account for the high frequency values of the 
frequency domain derivatives tending towards a non-zero 
value, they can be expressed for the heave-heave case as 
follows, 

j = z* ' (g), ) + z* (oo) 

( f u , ) + ( o o ) 

where z^(M) and Z„(c«) are the asymptotic values of the 

acceleration and velocity derivatives respectively. Hence 
the convolution integral representing, say, the heave-
heave radiation contribution in Equation 4, can be 
expressed as 

/ ( r ) = + Z ^ (« , )w(f) 

+ -t)dr 

where (f) is obtained as per Equation 6, using 

3.2(b) Diffraction Impulse Response Functions 

The diffraction impulse response functions differ from 
the radiation impulse response functions in that they are 
not zero for t < 0 . This is because the influence of a 
wave is apparent before it reaches the reference point (at 
t = 0). Physically this can be explained by describing an 
oncoming wave that reaches the bow and begins to exert 
exciting forces/moments on the vessel. This occurs 
before the wave reaches the midship reference point. To 
numerically account for this the impulse response 
functions must include a negative time component [11]. 
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The fact that there must be a negative time component 
precludes the application of the condition of physical 
realisability. Hence the equation for the diffraction 
impulse response function maintains the general form of 
Equation 5. For example, the heave diffraction impulse 
response function Zg, (?) used in the calculation of 

(0 = f r 

is given by, 

z^(t) = — [ 
71 •'u 

- Z ̂  (a;J sin(G;,r) , 

where a(t) denotes the wave elevation and Z{iC0e) is the 
frequency domain complex heave diffraction excitation. 

4. TIME DOMAIN METHODS 

4.1 OF 
iq&OlIDC-FanrLX))/ AJNI) 
CONTRIBUTIONS 

NON-LINEAR 
RESTORING 

The simulation of ship motions in the time domain 
provides the opportunity to incorporate non-linear effects 
into an otherwise linear system. In this study non-linear 
Froude-Krylov wave excitation and restoring 
contributions are included. Experimental measurements 
indicate differences between transfer functions obtained 
using varying wave amplitudes [12,13]. Accounting for 
the non-linearities associated with the incident wave and 
hydrostatic restoring contributions can be thought of as a 
plausible first step towards a fully non-linear method. It 
also gives the opportunity to assess the significance of 
the non-linear contributions for ships and operational 
conditions where the instantaneous underwater surface 
significantiy differs from the mean wetted surface used 
in linear theories. Such contributions are bound to be 
significant for ships with large flare, large wave 
amplitudes, coupling between roll and heave and pitch in 
oblique waves etc. 

The non-linear Froude-Krylov and restoring forces and 
moments are determined by the integration of the 
incident wave pressure over the instantaneous 
underwater portion of the hull together with the 
corresponding weight contributions. The determination 
of these forces/moments at each instant is a two step 
process. 

The first step is the calculation of the instantaneous 
underwater portion of the hull. To achieve this, the 
entire surface of the ship's hull, including the part above 

the waterline, is discretised using quadrilateral panels. 
The panels are initially defined with reference to a body 
fixed axis system with its origin on the keel at amidships. 
At each time step the panels are placed in their perturbed 
position by first rotating them about the centre of mass 
and then translating them by the required amount. 
Having placed the hull in the perturbed position, the 
relationship between the panels and the wave elevation, 
both referenced to an eartii fixed axis system, lying say, 
at the original still waterline, at that instant is examined. 
Panels that are entirely above the surface of the water are 
ignored. If the water surface is found to transect a panel, 
then special measures must be taken. Whilst such panels 
could simply be ignored, especially if the total number of 
panels defining the hull surface is high, it has been found 
that doing so causes step changes in the calculated 
excitation and hydrostatic actions [14]. Instead new 
quadrilateral panels are formed by either splitting the 
transected panels or replacing them with two smaller 
panels. 

Having created the quadrilateral panel description of the 
instantaneous underwater portion of the hull, the centre 
of each panel is determined by averaging the co-
ordinates of the panel comers. The pressure P acting on 
each panel is assumed uniform and equal to the pressure 
acting at the centre of the panel. The contribution of the 
pressure on each panel to die overall forces and moments 
is found using the normal of the panel. For example, for 
a panel of area , unit normal = (n^,ny^,n^ ) and 

centre coordinates, r i n the earth 

fixed axis system, the heave force and pitch moment are 
given by summing up contributions over N panels 
defining the instantaneous wetted surface. 

(f) = Z A, f (:c y , Z * 

4- {-mg cos 0 COS0) 

«=1 

It should be noted that the assumption of the pressure 
acting on the centre of the panel is not entirely accurate. 
However, provided that a reasonable number of panels 
are used over the vessel, the effects of any such error are 
minimised. 

Figure 1 shows an example of how the instantaneous 
underwater portion of the hull is extracted for the 
calculation of the non-linear Froude-Krylov and restoring 
forces/moments. In this case both the wavelength and 
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wave amplitude are out of the range of values considered 
in this study, but have been chosen simply to highlight 
the capabilities of the method. 

4.2 TIME DOMAIN 
TECHNIQUES 

SIMULATION 

The time domain simulation of the vessel's motions is 
carried out using a fourth order Runge-Kutta method of 
solution [3] in which the heave and pitch velocities {w,q) 
and displacements (z* 6) are calculated for a series of 
time steps of fixed increment. At each time step, the 
convolution integrals are evaluated using a numerical 
convolution method, in which the velocity and impulse 
response functions are represented using a series of 
discrete points. The convolution integrals are evaluated 
using a trapezoidal summation method. The numerical 
evaluation of the convolution integrals is complicated by 
the fact that the time steps of the velocity and impulse 
response functions may be different. Hence the time 
steps of the impulse response function are used in this 
evaluation and the velocity trace is linearly interpolated. 

Fourier fitting a sinusoidal trace to the heave and pitch 
response data allows the response amplitude operators 
(RAOs) for the simulated motions in regular waves to be 
obtained. 

4. DISCUSSION OF RESULTS 

The model used in this investigation in both monohull 
and catamaran configuration was a 4.5m NPL5b round 
bilge type. Two quadrilateral panel representations of 
the hull surfaces were used [15]. For the calculation of 
the frequency domain radiation and diffraction actions, 
and corresponding impulse response functions, the mean 
wetted surface of the hull was discretised up to a draft of 
0.2m using a total of 334 panels. In the cases of the 
catamaran models, this discretised hull form was simply 
mirrored, giving a total number of panels of 668. In 
addition, the hull surface was panelled up to a depth of 
0.5m, essentially the entire hull up to the deck-line. The 
hull form panelled to the deck had a total of 906 panels 
on a single hull, giving double that number in the case of 
the catamaran models. The panelled idealisations of the 
hull have been made with regard to the aspect ratio of the 
panels [15]. When calculating the frequency domain 
data in particular it has been noted that the arrangement 
of the panels can affect the results, the aspect ratio being 
an important factor. All idealisations have a panel aspect 
ratio of 2, which provides a good compromise between 
economy in the total number of panels and sufficient 
accuracy [16]. The number and aspect ratio of the panels 
used in the second panel idealisation is of importance 
when generating the instantaneous wetted surface by 
comparing the wave elevation and the instantaneous 

attitude of the hull, both referenced to the earth fixed axis 
system. 

Heave and pitch related velocity oscillatory derivatives 
obtained using pulsating and translating, pulsating source 
distributions are shown in Figures 2,4 and 6 for the 
NPL5b hull travelling at Fn=0.5 in monohull and 
catamaran (S/L=0.2 and 0.4) configurations respectively. 
Figures 3,5 and 7 contain the corresponding impulse 
response functions that have been calculated from the 
velocity derivatives. For the monohull it can be seen 
from Figure 2 that both the pulsating and translating, 
pulsating source methods produce derivatives that are 
relatively free from the effects of discontinuities. 
Nevertheless, the pulsating source velocity derivatives 
show notable irregularities at 10-12 and 15-17 radians/s 
and also at about 24 radians/s. Such effects are not 
apparent in the velocity derivatives calculated using the 
translating, pulsating source method. The two methods 
predict derivatives that are fairly similar for the radiation 
actions related to heave (Z*, and M«,), but there is lesser 
agreement for the actions linked to pitch (Z, and M )̂. 
The graphs in Figure 3 show that the impulse response 
functions calculated from the translating, pulsating 
source method display a smoother behaviour than those 
calculated from the pulsating source data, settling to zero 
more quickly. The oscillatory behaviour observed in the 
impulse response functions originating from the 
pulsating source method is most probably due to the 
presence of the irregularities observed at relatively high 
frequencies in the pulsating source velocity derivatives. 
These spikes in the frequency domain value give rise to 
transients in the impulse response function which, 
depending on the size of the irregular frequency value, 
may decay rather slowly. Calculations using an 
equivalent box technique verify that the first irregular 
frequency should occur at around 10.5 radians/s. 

Examining the frequency domain derivatives for the 
S/L=0.2 catamaran model, presented in Figure 4, it is 
clear that the two frequency domain methods produce 
very different results when calculating the derivatives of 
a catamaran hull form. It can be seen that the pulsating 
source data suffers from large spikes in the vicinity of 
particular frequencies associated with interactions 
between component hulls. By comparison, the data from 
the translating, pulsating source method is well behaved 
throughout the frequency range. The contrast in the 
natures of the frequency domain data is reflected in the 
impulse response functions for the S/L=0.2 model that 
are shown in Figure 5. The impulse response functions 
calculated from the pulsating source data continue to 
exhibit large, slowly decaying oscillations long after 
those calculated from the translating, pulsating source 
frequency domain data have decayed to zero. 
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The frequency domain derivatives and corresponding 
impulse response functions for the S/L=0.4 catamaran 
model, shown in Figures 6 and 7, reinforce the trends 
observed in Figures 4 and 5. Figure 6 shows that the 
differences between the results from the two frequency 
domain methods noted for the S/L=0.2 model have 
become even greater as the separation between the hulls 
is increased. In particular, the discontinuities observed in 
the pulsating source velocity derivatives have become 
much larger. The derivatives calculated using the 
translating, pulsating source method continue to display a 
smooth behaviour over the range of frequencies 
calculated. The impulse response functions in Figure 7 
display once again the effect of any discontinuities in the 
relevant frequency domain data. Thus, the oscillations 
that are seen in the impulse response functions calculated 
from the pulsating source data are of greater amplitude 
and decay slower than for the S/L=0.2 model. On the 
other hand, the impulse response functions calculated 
from the translating, pulsating frequency domain 
derivatives show similar characteristics to those 
calculated for the S/L=0.2 catamaran and the monohull, 
settling rapidly to zero with very little oscillation. 

It should be noted that the trend of the velocity 
derivatives obtained for the catamarans using the 
translating, pulsating source method approaching the 
monohull condition as S/L is increased can be seen by 
comparing Figures 2,4 and 6. Conversely, increasing S/L 
when using the pulsating source method will result in an 
increasing number of discontinuities associated with the 
interaction between the component hulls, with 
consequent effects on the impulse response functions. 

The predicted heave and pitch transfer functions for the 
monohull and catamaran (S/L=0.2 and 0.4) models 
travelling at Fn=0.5 in head waves are presented in 
Figures 8 to 13. The transfer functions (or RAOs) are 
defined as heave or pitch amplitude per wave amplitude. 
The time domain simulations were carried out at two 
amplitudes (0.001m and 0.05625m) using impulse 
response functions calculated using both of the frequency 
domain methods. These results are compared against 
experimental results obtained using a 1.6m model of the 
same hull form [5]. The larger of the two wave 
amplitudes used in the simulations with the 4.5m model 
is scaled so that it is equivalent to the wave amplitude in 
the experimental testing with a 1.6m model. 

It has been shown [17,18], that when the wave amplitude 
used in the time domain simulation is low, i.e. 
commensurate with the concept of linearity, the time 
domain simulation method used produces results which 
match very closely those predicted by the frequency 
domain methods from which the hy&odynamic data 
originates. This was true for all of the results presented 

here, the frequency domain data not being included in the 
graphs to aid their clarity. 

It can be seen in Figures 8 and 9 that, for the monohull, 
the pulsating source method gives the closest agreement 
to the experimental results in terms of amplitude of 
response. The translating, pulsating source method gives 
a better indication of the frequency of resonance. When 
the amplitude of the exciting waves is increased the 
resonance peak occurs at a lower frequency for both 
methods. The heave response determined using the 
pulsating source impulse response functions moves 
closer to the experimental results, while the results found 
using the translating, pulsating source impulse response 
functions increase in amplitude and become less similar. 
The monohull pitch amplitudes found using the pulsating 
source impulse response functions show good agreement 
with the experimental results, except at relatively high 
frequencies and, thus, the frequency of resonance is still 
dissimilar. The pitch responses found using the 
translating, pulsating source data have again shown that 
when the wave amplitude is increased, there is an 
increase in the amplitude and a reduction in the 
frequency at which the resonance peak occurs. 

The responses predicted from the time domain 
simulations for the two catamaran models are shown in 
Figures 10 to 13. It can be seen that the responses 
predicted using the frequency domain data from the 
pulsating source method show little agreement with the 
experimental results, except at relatively low frequencies. 
The translating, pulsating source method by comparison 
shows reasonable agreement in heave, but less so in pitch 
and especially for S/L=0.2. For the S/L=0.2 model the 
simulated heave response using the translating, pulsating 
source data and the larger wave amplitude still shows 
good agreement with the experimental results in terms of 
amplitude, but the frequency at which the peak occurs is 
again incorrectly predicted. For the S/L=0.4 model the 
experimental results for heave are closely matched by the 
motions simulated using the translating, pulsating source 
data and the lower wave amplitude. Increasing the 
amplitude of the simulated waves causes the predicted 
peak in the heave response to increase in amplitude and 
become lower in frequency, moving it away from the 
experimental results. However, in pitch, increasing the 
simulated wave amplitude causes the results calculated 
using the translating, pulsating source data to better 
match the experimental results in terms of amplitude, 
though the resonance peak is still not predicted correctly. 

5. CONCLUSIONS 

A time domain simulation technique has been used to 
model the motions of a NPL5b hull form in monohull 
and catamaran configurations. This time domain 



278 

technique uses a convolution integral formulation to 
describe the radiation and diffraction actions. The 
Froude-Krylov and restoring forces/moments are 
calculated using a non-linear method whereby the 
incident wave pressure is integrated over the 
instantaneous underwater surface of the hull, also taking 
into account the corresponding weight contributions. 

The impulse response functions used for the convolution 
integrals were determined using frequency domain 
velocity derivatives calculated from a pulsating source 
method, with forward speed correction and a translating, 
pulsating source method. It was found that the impulse 
response functions determined from data found using the 
pulsating source method were generally inferior to those 
determined using data from the translating, pulsating 
source method. This was particularly true for the 
catamaran models, where the impulse response functions 
calculated from the pulsating source velocity derivatives 
displayed considerable transient oscillations that took a 
long time to decay. 

Heave and pitch RAOs obtained from the time domain 
simulations using a small wave amplitude, commensurate 
with the concept of linearity, produce results which are 
very close to the corresponding frequency domain 
analyses when using either pulsating or translating, 
pulsating source distribution methods. It is interesting to 
note that the resultant oscillations in the pulsating source 
impulse response functions do not affect this agreement, 
which is a sign of the robustness of the numerical 
methods employed in the current time domain analysis. 

For the monohull at the Froude number (Fn=0.5) 
investigated, the pulsating source method predicts heave 
and pitch RAOs which, overall, are in closer agreement 
with experimental measurements than the corresponding 
predictions obtained from the translating, pulsating 
source method, although the latter produces a more 
accurate prediction of the frequency of resonance. 
Increasing the wave amplitude results in differences in 
the RAOs predicted by the time domain simulation 
(either pulsating or translating, pulsating) which are 
notable in the medium to relatively high frequency range. 
As a consequence of increasing the wave amplitude, the 
time domain predictions obtained using the pulsating 
source method display, in general, closer agreement with 
the experimental measurements, whilst those of the 
translating, pulsating source those show less agreement 
around the resonance. The problem with the translating, 
pulsating source method can be attributed to the pitch 
related velocity derivatives [5]. 

For the catamaran configurations the RAOs predicted by 
the pulsating source method do not agree with the 
experimental measurements, except at low frequencies. 

This is a result of the overestimation of the interactions 
between the component hulls and their consequent 
effects on the relevant impulse response functions. 
Increasing the wave amplitude only affects the RAOs at 
relatively high frequencies. 

At the Froude number investigated, the catamaran RAOs 
predicted using the translating, pulsating source impulse 
response functions in the time domain simulation show 
reasonably good agreement with experimental 
measurements for the heave RAO and, in general, poor 
agreement for the pitch RAO. Increasing the wave 
amplitude results, in general, in poorer agreement with 
experimental measurements in the vicinity of resonance. 
There are exceptions, such as the pitch RAO for S/L=0.4. 
Nevertheless, this method is a superior prediction 
technique, compared to the pulsating source method, as it 
accounts more accurately for the interactions between the 
component hulls. 

The results obtained so far from the time domain 
simulation method, incorporating impulse response 
functions for radiation and diffraction actions and non-
linear contributions for incident wave and restoring force 
effects, demonstrate its potential. Future work will focus 
on investigations with higher Froude numbers, motions 
in oblique waves (six degrees of freedom) and increasing 
the amplitude of the incident waves used. 
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Figure 2: Frequency domain velocity derivatives calculated using pulsating and 
translating, pulsating source methods for NPL5b monohull, Fn=0.5. 
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Figure 3: Radiation impulse response functions, calculated from frequency domain 
velocity derivatives for NPL5b monohull, Fn=0.5. 
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