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By Nicholas Misouhs 

This thesis comprises of three major chapters concerning the effects of 
demographic factors on aggregate human capital and through it on economic 
growth. 

Although human capital can exist only embodied in individuals, this 
embodiment property has been relatively neglected in the literature. Chapter 3 
aims in showing that exactly because of this property, the demographic features of 
an economy are very important for this economy's aggregate human capital and 
through it economic growth. In particular, instead of assuming an aggregate 
accumulation function of human capital, as in the literature, in chapter 3 I rather 
aggregate the education decisions of the individual economic agents. The result is 
that the demographic features of an economy affect its human capital 
accumulation in various ways, missed when one aggregates the accumulation 
function instead of the education decisions of the economic agents. 

Although the endogenous technology literature recognises human capital as the 
power that drives technology and through it economic growth, it usually treats it 
as exogenous and fixed. As a result, it finds a linear relationship between the 
population size or growth rate and technological improvement. In chapter 4 I 
introduce human capital investment in an endogenous technology framework. It is 
shown that even without the effects of the previous chapter, population affects 
technological improvement both directly and through the stream of human capital, 
with technology also having a feedback effect on the latter. Multiple are therefore 
the effects of demographic factors on innovation and economic growth, which can 
explain certain facts, the most important of which is the growth patterns of the last 
two centuries. 

Borrowing constraints on households have been found to have positive effects 
on physical and negative on human capital accumulation and economic growth. 
However, fertility is too expected to be affected by borrowing constraints, while it 
also interacts with the accumulation of both types of capital. The effects of 
borrowing constraints under assumptions of endogenous population is exactly 
what chapter 5 studies. The main results are that when fertility is endogenous a 
borrowing constraint has a negative effect on it, while by reducing fertility it may 
affect economic growth positively rather than negatively. 

Overall, the thesis contributes in the understanding of the effects of demographic 
factors on the economy, although it is impossible to answer all questions on such 
a large subject. 



Contents 

Acknowledgements 9 

1. Introduction 10 

2. Review of the literature on human capital and population economics 14 

2.1. Empirical evidence of the relation between population and economic growth 14 

2.1.1. Growth effects of the population age structure 17 

2.2. The theory of human capital formation 19 

2.2.1. Empirical evidence on human capital and growth 19 

2.2.2. Human capital accumulation by Leaming-by-Doing 22 

2.2.3. Life cycle choice of education 24 

2.2.4. Human capital and education in a macroeconomic framework 26 

2.3. The theory of endogenous population 31 

2.3.1. The demand for children 31 

—The Easterlin hypothesis 34 

—The old age support hypothesis 35 

—Summary 36 

2.3.2. The timing of fertility 37 

2.3.3. Fertility in a general equilibrium context 38 

2.4. Population age structure and the economy 42 

2.4.1. The question of the active population 43 

2.4.2. Public finance issues and generational accounting 44 

2.4.3. Age structure effects on aggregate savings and investment 45 



2.4.4. Population age structure and human capital 48 

2.4.5. Age dependent productivity 50 

2.4.6. Imperfect substitution between age groups 51 

2.4.7. The question of optimal population 52 

3. Effects of the population age structure on aggregate human capital 54 

3.1. Introduction 54 

3.2. Description of the model 57 

3.2.1. Households 57 

3.2.2. Population 58 

3.2.3. Human capital and labour supply 59 

3.2.4. Utility maximisation 60 

3.2.5. Optimal human capital investment 62 

3.2.6. The aggregate human capital 63 

3.2.7. Physical output and capital markets 63 

3.3. General equilibrium 64 

3.3.1. Steady state growth 67 

3.4. Comparative steady state 69 

3.4.1. Effects of the birth rate 72 

3.5. Conclusions 75 

4. Effects of demographic factors on technological change 77 

4.1. Introduction 77 

4.2. Economic environment 79 

4.2.1. Families and population 80 

—Utility maximisation 81 

—Human capital and labour supply 82 

4.2.2. The final output sector 84 

4.2.3. The intermediate products' firms 85 

4.2.4. Variety expansion 86 



4.3. General equilibrium 87 

4.3.1. Steady state growth 91 

4.4. Steady state effects of demographic changes 92 

4.5. Conclusions 99 

5. Effects of borrowing constraints when the population is endogenous 101 

5.1. Introduction 101 

5.2. Description of the model 104 

5.2.1. Individuals 104 

5.2.2. Production of children and human capital 105 

5.2.3. Utility maximisation 106 

5.2.4. The physical output sector 109 

5.3. Competitive equilibrium I l l 

5.3.1. The equilibrium system I l l 

—The "unrestricted" scenario 112 

—The "constrained" scenario 114 

—The constrained with exogenous fertility scenario 115 

5.3.2. Steady State Growth 116 

5.4. The effects of the borrowing constraint 119 

5.4.1. Simulation method 119 

5.4.2. Simulation results 121 

5.4.3. Effects of a 125 

5.4.4. Effects of e, b and b+s 127 

—Effects on fertility 127 

—Effects on the time devoted to education (u) 128 

—Effects on the physical/human capital ratio 130 

—Effects on economic growth 131 

5.5. Conclusions 134 

6. Conclusion 136 



Appendices 

A. Derive the steady state effects of parameter changes of chapter 3 141 

B. Appendices of chapter 4 144 

B1. Derive the reduced general equilibrium 144 

B2. Proof of the propositions 146 

B.2.1. Proof of proposition 1 146 

B.2.2. Proof of proposition 2 148 

Bibliography 150 



List of Tables 

4.1. Population and growth since early industrialisation 97 

5.1. Parameter values 120 

5.2. Simulation results 122 



List of Figures 

3.1. Comparative Steady State 70 



Acknowledgements 

I am grateful to the Greek Foundation of State Scholarships (IKY) for their grant, which 

enabled me to carry this research out. This would have been impossible without their 

financial support, which is gratefully acknowledged. 

I am also grateful to my supervisor. Dr. Akos Valentinyi, for his support and guidance 

throughout this period. 

Thanks are also due to the staff at University of Southampton, whose friendliness and 

approachability is one of the Department's greatest assets. To them I include my officemate, 

S.K. Lee, for his patience and understanding during the period where I was using 

simultaneously both computers of our office. Special mention must also be given to 

professor A.Hinde of the Department of Social Statistics, for helping me with the difficult 

task of finding population data of the 18th and 19th centuries. 

I also wish to thank professor George Alogoskoufis for inspiring me his love for 

macroeconomics, when I was studying for my Masters' in the Athens University of 

Economics. Despite the many years that passed since, his lessons are always vivid in my 

memory. Apparently "no one forgets a good teacher". 

I finally with to thank Ian Henderson for his continues interest and Jo Weir for taking me 

on a regular basis to the bottom of the sea. Without the moral support of the first and the 

diving breaks provided by the second I would have quitted very early. 



Chapter 1 

Introduction 

The twentieth century is the one that brought the most unprecedented demographic 

changes at least in the developed world. In particular, the fertihty and growth rate of 

population dropped drastically while both the life expectancy and average age increased. 

Given such changes the interest of economists for the interactions between population 

and the economy is not surprising. 

This thesis comprises of three essays on the interaction between demographic factors 

and human capital, and through it economic growth. My approach is an aggregate supply 

one, in the sense that I assume efhcient use of the economy's resources and study how 

their stock is aS^ected by demographic factors. 

In chapter 21 review the hterature on which I build my research. The empirical studies 

on the relation between demographic and economic variables weU prove the existence of 

a relation between the two. This relation has been explained in the hterature through 

two— very roughly divided— streams of causality: The hrst such stream studies the 

ejects of the economy on demographic variables, especially child bearing. The second 

studies the eEects of demographic variables on the economy. Finally, chapter 2 also 

reviews the theories of human capital formation, as human capital is the special link 

between population and the economy that I study in this thesis. 

In the first essay of the thesis— chapter 3— I concentrate on the embodiment nature 
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of human capital. In particular, I stress the fact that as embodied to people, human cap-

ital is indispensable from the demographic features of the economy and contrary to the 

physical capital, no altruism or other assumption can make it inheritable. Consequently 

both its average level and accumulation decisions are aEected by the demographic factors 

of the economy. I next develop a growth model where human capital is the only pro-

duction factor. The assumption of perfect altruism ensures that human capital is built 

on the members of the society on which it has the highest returns, while the absence of 

physical capital rules out the capital dilution eSFect of population. 

As was shown by the authors of the 1970s that studied the problem of human capital 

investment, the returns to the human capital of an individual economic agent as well as 

their humaji capital investment depend on their hfe expectancy. I therefore argue that the 

popular approach, that assumes an aggregate human capital accumulation function, is 

incorrect because it ignores this factor. Instead, I disaggregate human capital investment 

to the level of the individuals and I aggregate only the optimal solutions. In this way 

the demographic features of an economy are found to aSect its aggregate human capital 

in three diGFerent ways, at least two of which have been missed by the hterature: First, 

a fastly growing population drains the resources of an economy, with the result of less 

investment in human capital. Second, as long as the new generations start at a human 

capital level that is lower than the average of the economy, they imply a human capital 

dilution eSect, which is higher the larger the size of the new generation. The third and 

most neglected e&ct of population consists on the hfe cycle theory of human capital 

investment. In particular, since the young generations invest in human capital more 

than the old the higher the portion of the young in the economy the higher the average 

investment. 

In chapter 4 I introduce human capital investment in a framework of endogenous 

technology without scale effects. One common feature among endogenous technology 

studies is that they treat human capital as exogenous, although they recognise it as the 

driving force of iimovation and technical progress. This way they End a linear relationship 
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between the population size or growth rate and technological improvement. However, the 

absence of human capital investment conceals the fact that the relationship is not from 

population, but from aggregate human capital to innovation and economic growth. This 

aggregate human capital depends indeed on the population size, but on the per capita 

human capital as weU. By allowing therefore the second to be increased with human 

capital investment, multiple eGects from population to technological progress emerge, 

even if one assume away the effects of population on human capital investment that were 

described in chapter 3. 

In particular, it is found that the growth rate of population ceteris paribus boosts the 

proEts of the R&D firms and consequently the aggregate R&D eSFort, a result consistent 

with the findings of the endogenous technology studies. However, the faster productivity 

growth generated this way encourages investment in human capital, which reinforces the 

initial effect of population on R&D investment. On the negative side though, population 

growth congests the economy's resources which reduces human capital investment, which 

in turn lessens or even inverts the original growth eEect of population growth. 

Equally important with population growth are other, more specihc demographic vari-

ables. Lower mortality for instance increases human capital investment, by increasing the 

returns to education. The age structure of population is also very important for human 

capital investment and through it technological progress, through the streams analysed 

in chapter 3. It is argued that all these eSects combined can explain certain empirical 

findings, like the positive eSect of a generation's size on its education attainment found 

by various authors, or the growth rates of the last two centuries. 

Chapter 5 studies an endogenous fertility model with borrowing constraints. Borrow-

ing constraints on households have been found to have positive eSects on physical and 

negative on human capital accumulation and economic growth. It was also found that 

as far as economic growth is concerned it is the second effect that dominates, or in other 

words the efFect of the borrowing constraint is negative. Population however has been 

weU established in the hterature to aEect accumulation in both types of capital, while 

12 



in an endogenous population framework one would expect fertility choice to be aEected 

too by borrowing constraints. A model with both borrowing constraints and endogenous 

fertihty is therefore developed, and the effects of the constraint with both exogenous and 

endogenous population are derived and compared. It is found that when facing a borrow-

ing constraint the economic agents reduce both the number of their children and then-

education expenditure. Yet the reduction of the latter is smaller than when the fertihty 

is exogenous. Further, the lower fertihty implies lower rental cost of physical capital and, 

depending on how intensively the latter is used in the human capital industry, education 

attainment may in fact increase, despite the reduction of the total expenditure on it. 

With the engine of growth in the model being exactly human capital, the above result 

means that if fertihty is endogenous the borrowing constraints may have a positive rather 

than negative effect on economic growth. Even when this is not the case, the endogene-

ity of population still mitigates the negative growth effect of the constraint. In addition, 

this effect is an "enlargement" of the mitigating eGect of the endogeneity of population 

on education. Noteworthy finally is that these results are generated without any of the 

assumptions of the previous two chapters. 

Finally chapter 6 summarises the main results of the thesis. 
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Chapter 2 

Review of the literature on human 

capital and population economics 

2.1 Empir ica l evidence of t h e re la t ion be tween pop-

u la t ion a n d economic g rowth 

To imderstand the relationship between demographic and economic variables several 

authors went as back to the past as the dawn of the human kind. Kremer (1993) for 

instance studied the relation between population and technological change from 1,000,000 

BC. He argued that for most of the human history the Malthusian theory of population 

had been the case, as per capita output had essentially remained to the subsistence 

level. Therefore the author concluded that population growth rejected the growth of 

productivity, thus of technology. He then tested the hypothesis that population growth 

depends on the population size, and found that this was indeed the case for most of the 

human history. This was considered by the author as convincing evidence in support of 

the scaling effect of population in the production of new technology. The author didn't 

fail to spot the demographic transition of the last decades, but didn't make any attempt 

to explain it. 
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An explanation for this demographic transition waa offered by Galor and Weil (1999), 

who distinguished between three periods in human history: Grst wag the Malthusian era, 

where per capita income was constant and technological progress was reflected entirely to 

the size of the population. Next came the post-Malthusian regime, where per capita in-

come was growing and population growth and income were positively correlated. Finally, 

there is the modern era, where population growth and income are negatively correlated. 

The authors explained the transition from the one period to the other by means of the 

industrial revolution, which increased both income and the cost of children. According 

to the authors in the post-Malthusian period dominated the first efi'ect while in modern 

times dominates the second, that's why the demographic trends were those described. 

Enhrich and Lui (1997) stressed a very interesting fact, that is, that the demographic 

transition occurred not only in Europe, but recently in the just developed far east coun-

tries as well. Demographic transition therefore has to be brought about when a certain 

level of development is reached. 

In the remaining of this section I concentrate on the empirical relationship between 

population and economic growth within the "modern era", that of the demographic 

transition. For this relationship there is no general agreement, although Simon (1989) 

was rather assertive that there is no significant relationship between the growth rates of 

population and per capita mcome. 

Barlow (1994) attributed this finding to autocorrelation of fertility. In particular, he 

argued that current fertility should have negative effects on growth, for reasons such as 

increase in population and reduction of the saving rate. Yet lagged fertihty has positive 

effects since it increases labour supply. His regressions most of the times confirmed 

this intuition, especially with respect to the positive growth efî 'ects of lagged fertility. 

These results were robust even when additional explanatory variables of growth were 

included. Since fertility is highly autocorrelated, a single regression of population growth 

on economic growth gives no relation between the two. As additional evidence the author 

fmally mentioned the far east countries, which growth rate is very high, and have high 
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lagged and low current fertility. 

Similar is the approach of KeHey and Schmidt (1995), who used both contempora-

neous and lagged birth and death rates in the growth equation. They found that both 

fertility and mortality have negative effects on growth, yet the effect of lagged fertility 

is positive. Interesting also is their Ending that the growth eSects of the demographic 

variables depend on the level of economic development. This imphes that not only the 

growth rate but also the level of income interacts with fertility. With this result also 

agreed Galor and Weil (2000), who argued that poorer countries have higher fertihty and 

population growth rate. 

Different however was the finding of Brander and Dowrick (1994), who found that 

population growth is insignihcant for economic growth. The authors explained their 

finding with the argument that population growth aSects output growth through various 

streams, including scale economies, and that's why its overall result is insigniGcant. With 

this argument disagreed Yip and Zhang (1997) though, who argued instead that ceteris 

paribus higher fertihty is associated with lower per capita growth. The reason this 

negative relationship did not emerge in empirical studies is according to the authors the 

exclusion of important exogenous variables that aSect both fertility and growth in the 

same way. 

Poverty and fertihty in the developing countries was the object of Eastwood and 

Lipton (1999). Since however poverty is also affected by growth, they considered the 

relation between fertility and growth as weU. Their result is that fertility has a strong 

negative effect on growth: 4 less births in 1000 people would have increased growth by 

1.1% ia the median developing country. They concluded with the statement that growth 

and equality in the long run would both reduce fertility, leading to a virtuous circle of 

low fertihty, high growth, and low inequality. 

Interesting finally is the work of Barro and Sala-i-Martin (1995), who regressed growth 

on many variables, fertility and population growth among them. They found that the 

hrst has a negative eEect while the eSect of the latter is insigniBcant. 
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2.1.1 G r o w t h effects of t h e popula t ion age s t ruc tu r e 

The study of the above literature reveals an interesting fact: Population growth does not 

appear to affect economic growth, but its elements— that is, current and lagged fertility 

and mortality— do aEect growth. Since these elements aSect not only population growth 

but also its age structure, it may weU be the latter rather than the former that aEects 

economic growth. 

Relatively few however are the authors that measured directly the effects of the pop-

ulation age structure on growth. Perhaps Denison (1962) is the hrst such author. In 

particular, he argued that the quality of the labour force depends among other factors 

on its age and sex composition, and constructed an index of elective labour supply, in 

which the age and sex composition of the labour force was also taken into account. At his 

growth accounting exercise he found that the age-sex composition of the US labour force 

resulted to an additional 0.1% of annual growth between 1929-1957, yet predicted that 

the growth eSect of this factor between 1960-1980 would be —0.01%. Later on (1979) 

he repeated this exercise and found that the age-sex composition of the labour force 

had a negative eSect on US growth from as early as 1953, which was topped between 

1969-76 where it reached —0.4%. Yet he also predicted that this factor would become 

favourable in the 1980s. There's no need to stress the consistency of this finding with 

the productivity slowdown of the 1970s and the recovery of the 1980s. 

In the same spirit with Denison, Krueger (1968) used a human capital index to explain 

the income differences between developed and developing countries. Important is that 

population age structure was also included in that index. She found that the index 

accounted for more than half of income differences between developed and developing 

countries. Next, she estimated the eSects of each particular factor included in the index. 

The population age structure was found very important, yet mostly because it aSects 

educational attainment. Finally, it should be mentioned that this result was, as the 

author herself stressed, due to population age structure and not to population growth. 

More directly estimated the growth effects of the population age structure Sarel 
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(1995). The author used as dependent variable the per capita growth of 121 countries 

over hve years' periods between 1960 and 1990. Regarding the independent variables, he 

followed the "traditional" decomposition of growth to factor inputs, but argued that the 

labour input depends on its age structure. A second order Almon polynomial was used 

to capture this eEect of the population age structure; the result was that the productivity 

of the individuals follows an inverted-U age profile, with its peak at the age of 55. An 

important finding also is that productivity is very low during youth while it declines very 

slowly in old age. Next he estimated the growth rates of the sample countries when "pu-

rified" from demographic eSects. He found that in some extreme cases the demographic 

eEect on growth is as high as 0.6 percentage points in absolute value. Further, the growth 

difference between US and Japan was found to be partly due to the Japanese advantage 

in demographic terms. 

Malmberg (1994) used time series of the Swedish economy and regressed the age 

structure on growth and savings. He found that the 50% of the country's growth can 

be explained by the population age structure. This study extended later on Lindh and 

Malmberg (1999) to all OECD economies. In particular, they used pooled cross-section 

and time series data of economic growth for these economies. Dummy variables for four 

age groups where included in the list of the independent variables, with the missing 

group being the youngest one (0-14 years old). They found that the percentages of the 

two young adult groups have a small positive eSect on growth while the middle-aged 

have a strong positive eSect and the eSect of the old on economic growth is negative 

and strong^. Important also is that the non-demographic variables had the expected 

eEects on growth, while the eHects of the age structure were robust under alternative 

specifications. The authors next argued that according to their results the population 

age structure had adverse eEects to productivity growth from as early as 1965, and this 

steadily deteriorated tiU the 1980s. Interesting is the similarity of this result with that 

of Denison, although the latter studied the US while Lindh and Malmberg studied all 

'Of course all these effects are net of tha t of the missing 0-14 age group. 
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OECD economies. Lindh and Malmberg Gnally conducted an out of sample projection 

and found that the age structure alone reduced productivity growth in 1990-1995 by 

0.2%. 

To conclude this brief review of the empirical evidence, there is a disagreement on 

whether the population growth rate hag a negative or zero effect on per capita growth. 

Relatively few are the studies of the growth eSects of the population age structure. Yet 

these studies appear to unanimously support that the latter is indeed important for the 

former. They also agree on the inverted-U shape of the effects of the population age 

on economic growth, although there is disagreement on the peak and the slope of this 

function. 

2.2 T h e t h e o r y of h u m a n capi ta l fo rma t ion 

Two are the dominant theories of human capital accumulation: Leaming-by-doing, and 

accumulation through a separate production procedure (education). Although both the-

ories are equally important the second will be reviewed more thoroughly, as this is the 

theory I adopt throughout the thesis. Before however proceeding with the theory a brief 

review of the empirical evidence on human capital and growth is deemed necessary. 

2.2.1 Empir ical evidence on h u m a n capital and growth 

It's impossible to review the entire hterature on the issue. Therefore only a sample 

was chosen, which however is sufficient to establish empirically the relationship between 

human capital and economic growth. 

Azariades and Drazen (1990) measured human capital as the literacy ratio of a coun-

try. With the use of a simple 2-dimensional scatter graph they found that there is no 

country with high growth and high illiteracy. In addition, their graphs showed that the 

countries with the highest growth rates had very high hteracy, comparing to their ini-

tial GDP per capita. Given this evidence, the authors argued that there is a "growth 
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possibility frontier", that is, a country's GDP to literacy ratio defines an upper bound 

for the growth rate this country can achieve in the near future. Regarding hnally the 

countries that performed mnch below their growth possibihty frontier (mostly LDC), the 

authors claimed that this might have been due to emigration of skilled individuals or to 

high fertihty rate. Next the authors regressed the growth rates of the periods 1960-80 on 

initial hteracy and per capita GDR They found that the Grst haa a strong positive elfect 

on economic growth while the eSect of the second is negative. 

The growth rate estimated Barro (1991) as well, only he included additional indepen-

dent variables in his regression, to rule out the possibihty of spurious regression between 

growth and human capital. Further, instead of hteracy he used school enrolment rates 

in primary and secondary education ag proxies for human capital. His results are very 

similar with those of Azariades and Drazen: he too found that the initial per capita GDP 

has a negative eSect on growth, while both human capital variables were found to have 

a strong positive eSect. The author also found a strong correlation between the initial 

per capita GDP and human capital, which he pointed out aa the culprit for the observed 

lack of relation between initial GDP and growth. 

In later work with Sala-i-Martin, Barro (1995) developed the model further and in-

cluded more independent variables, many of which were related to education and human 

capital. In particular, he used both school emohnent and education attainment, which he 

further separated to male and female. Further, he also included higher education, along 

with primary and secondary. His results with respect to human capital were very similar 

to those of his previous study: The eSect of primary education wag found insignificant, 

but the male secondary and higher education were found to have a strong positive growth 

eSect. In addition, the eSect of higher education is much stronger, implying according 

to the author that human capital is a convex function of education. Life expectancy 

waa also included as a human capital variable, because aa the author argued it is related 

with the intertemporal supply of skills— for any given educational attainment. Negative 

as before was found the eGect of the initial per capita GDP, only now this eSect was 
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also found to be reinforced by the hnman capital variables. However, puzzling waa the 

Ending that female education was found to aEect growth negatively. The explanation the 

author oSered is that low female education shows backwardness, therefore high growth 

potential, through the stream of the initial per capita GDP just described. 

Positive found the eSects of human capital Mankiw, Ramer and Weil (1992) as well, 

who tested the convergence property of the Solow exogenous growth model, which they 

amended to include human capital. In particular, they assumed a production function 

in labour and physical and human capital, that is 

This production function exhibits diminishing returns with respect to the two capital 

goods. They then estimated the cumulative growth rate between 1960-85 for most market 

economy countries. As independent variables they took investment ratios in both types 

of capital, as weU as population and technology growth rates. They found a signihcant 

positive effect of human capital, although it was smaller than that of physical capital. 

Further, the results did not reject the hypothesis of Solow convergence. 

Total factor productivity rather than per capita growth is the focus of Engelbrecht 

(1997). In particular, the author did not deny that human capital is an important 

production input, but also stressed the argument of Romer (1990), that the level of 

human capital affects productivity growth. His empirical results showed that although 

human capital is not signihcant for TFP growth it is nevertheless for domestic innovation 

and productivity catch-up. 

Finally the work of Bils and Klenow (2000) must be mentioned, who stressed that 

growth is more correlated to initial school enrolment rather than attainment, and argued 

that this imphes a causality from growth to schooling. Their empirical results show 

that the "expected growth causes schooling" channel yields higher relationship between 

schoohng and growth than the "schooling causes growth" one. 

To sum up the above discussion, the empirical evidence suggests a strong effect of hu-
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man capital to economic growth. The factors that affect the formation of this important 

production factor is the objective of the rest of this section. 

2.2.2 H u m a n capital accumulat ion by Learning-by-Doing 

Two are the dominant theories of human capital accumulation: the Erst is that it is 

the result of a separate production procedure, with time invested in education being the 

most important input. The second is that human capital is built on work, by acquiring 

experience (learning-by-doing). Although it is the Grst theory that is adopted throughout 

this thesis, a brief mention to the theory of LED is deemed necessary. 

The first that introduced the concept of LED was Arrow (1962). In particular he took 

cumulative investment as an index of experience. Next he assumed that the usefulness 

of this experience consists in reducing the labour input required to match a unit of 

physical capital in the production of the final output. Yet he also argued that this is the 

case only for physical capital built after the experience has been acquired. Despite the 

rather complicated and indirect way LED is introduced in Arrow's model, it was very 

useful by motivating subsequent researchers. For instance Sheshinski (1967) followed in 

essence Arrow's footsteps, by assuming a labour augmenting technology which depends 

on cumulative investment— only contrary to Arrow he assumed that the implementation 

of this technology does not require investment in modern physical capital. 

Directly addressed the issue Echaus (1963) and Rapping (1965). The Erst argued 

that by providing LED Erms are in the same time private schools. He also argued 

that quite often the training is firm-specific and lost if the worker change employer— 

a theory that was developed later by other authors. Rapping on the other hand tested 

the LED assumption empirically on the ship construction during WWII, that is, the 

very example Arrow used. He assumed a Cobb Douglas production function with the 

technology coefiScient growing exogenously. When he made this coe@cient dependent on 

cumulative output the fit of the model was considerably improved and the cumulative 

output was found statistically significant even when a trend variable was included. The 
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author considered this finding as supportive for the learning-by-doing hypothesis. 

The LED agsumption also adopts Rosen (1972), who assumes a production function 

with respect to knowledge and "other inputs". Regarding knowledge, the author assumes 

too that it depends on cumulative output. The contribution of Rosen however consists 

in stressing that although a by-product of production, knowledge is not a free good. In 

particular he argued that employees are paid below their marginal productivities, exactly 

because they also enjoy the additional benefit of learning. For this same reason jobs with 

higher learning opportunities are paid less. He concluded that when workers choose jobs 

they also take into account their learning opportunities, which they can later on cash 

by moving to a more skills-requiriiig and therefore better paid job. Finally, the author 

argued that LED is not a costless procedure for the Brm either, since the time of an 

experienced worker is often needed as an input. 

Later authors studied the interactions between technology and the learning-by-doiug 

formation of human capital. Chari and Hopenhayn (1991) for instance assumed technol-

ogy speciGc LED. That is, they assumed that workers acquire experience in one technol-

ogy by working on it for one period (as unskilled). They can then decide either to stay 

in the same technology as skiUed or to work in a more advanced as unskilled. Imperfect 

substitution between skilled and unskilled labour is also assumed. The most important 

result is that because of the technology-speciBc nature of learning there is a lag between 

the time a new technology is invented and its peak usage. This lag is higher if unskilled 

and skilled workers are complements in the production function. 

Increasing variety of goods rather than more advanced technologies assumed Lucas 

(1993). In his model LED is industry specific, but exerts an externality on the production 

of newly introduced goods. In particular, the level of knowledge of a new good is assumed 

to be a weighted average of experience in all existing goods. The author argued that free 

trade and the implied specialisation condemn a poor country to the production of low 

quality goods, yet in the long run they have positive growth eEects. 

Bounded LED assumed on the other hand Young (1993). In particular, he assumed 
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that learning is accumulated at a decreaaing rate, till it eventually reaches its maximum. 

Growth in this model is achieved by the introduction of new goods with low experience on 

them, but also with their production requiring less labour once the maximum learning 

has been reached. The development of new goods is also assumed to have a positive 

feedback on the learning of the older ones. The main result of the paper is that the 

maximum productivity is not achieved for the most modem good, and this learning gap 

can hold an economy back. 

Finally, the work of Jovanovic and Nyarko (1996) must be mentioned, who assumed 

that learning is technology speciGc and takes the form of updating in a Bayesian manner 

the distribution of a random term in the production function. This formulation implies 

both bounded and technology specific LED. The authors found that if the knowledge is 

very technology-speciEc and the eventual returns to the new technology are low, then 

individuals (or countries) with high knowledge in one technology will stick to it while the 

others will be frequently switching to newer technologies. In this case knowledge impedes 

long run progress. If however the knowledge is rather general or the eventual returns to 

the new technology are high then all agents will be switching. 

2.2.3 Life cycle choice of educat ion 

The rival to the learning-by-doing theory is that human capital accumulation is the 

result of a separate production procedure. According to this approach, time invested 

in education is the most important input for human capital. The cost of this input 

consists in the current income that would have been generated if this time was devoted 

to labour instead. This approach waa hrst studied in a microeconomic context, in which 

the economic agents maximize their objective function, taking into account the costs and 

benehts of investing in own education. Because of its importance this background theory 

is briefly reviewed in this subsection. 

Ben-Porath (1967) assumed that individuals maximize their lifetime earnings, which 

consist on labour income minus expenditure for human capital formation. The labour in-
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come was assumed proportional to human capital, which was agsumed to be accumulated 

according to the function (own notation) 

= ^0 (st Df' - (/?! + A < 1) 

The cost of human capital accumulation is 

It = aoStKf + PdDt 

where is human capital, D^ stands for material inputs, St is the fraction of human 

capital allocated to human capital production^, while is depreciation rate and og and 

stand for the rent for human capital and the cost of the material inputs respectively. 

The result is that the demand for education is positive for the entire hfepath of the 

individual. This is due to the fact that the marginal productivity of education in the 

human capital industry is infinite at St = 0. However, the finite lifetime ensures that 

the demand for education is also decreasing and at the time of death (or retirement) it 

smoothly falls to zero. The author also found that the interest rate affects the education 

choice negatively, while positive is the eSect of the relative price of human capital. 

Subsequent authors, i.e., Ryder, StaEord and Stephan (1976), Blinder and Weiss 

(1976) and Heckman (1976), studied the issue of optimal hfetime education in a utility 

rather than earnings' maximisation context, in which they also included leisure. These 

authors generally assumed an intertemporal utUity function with respect to consumption 

and leisure. They didn't alter considerably the human capital production function of 

Ben-Porath, yet they also allowed for accumulation in real assets. Despite their (minor) 

differences these authors agree in their conclusion that when leisure is included the hfe-

time education choice is not necessarily as smooth as Ben-Porath found. Ryder, Stafford 

and Stephan for instance found that for certain initial conditions it may be optimal to 

^This definition allows for joint production of human capital and earnings. If the possibility of joint 
production is assumed away then St is the t ime devoted to human capital production. 
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end one's life with a period of high labour, although education still dies out. In addition, 

Blinder and Weiss found that four different phases may occur during an individual's life-

time: a period with zero work (thus with only schooling and leisure), a period with all 

three, a period with no education, and a period of retirement (that is, neither education 

nor work). Further, it waa shown that the sequence of these periods is not standard; 

for instance impatient agents start from retirement while cycling may also occur. DriSill 

(1980) however showed that if individuals hnish with retirement then they do not cycle, 

while the result of Ben-Porath, that the lifetime education choice is dechning, is restored. 

The author also showed that the time aUocation is the same for aU agents regardless of 

their initial wealth, only the poorer do everything later than the wealthier. 

Interesting finally is the work of Killingsworth (1982), who assumed a human capital 

accumulation function that ecompasses both education and LED assumptions. His results 

are not very diEerent from that of Blinder and Weiss. In particular, he too found the 

same four possible phases in one's lifetime. As a new result though, it can be mentioned 

that in KUUngsworth's model cychng occur only between the "no work" and "all three" 

cases. 

Finally, as a common point among all the above authors, it must be mentioned 

that they all assume that the level of human capital has a positive eSect on its further 

accumulation. 

2.2.4 H u m a n capital and educa t ion in a macroeconomic frame-

work 

The recent trend in macroeconomics has been the construction of macro models from 

micro foundations. Following this trend, macro models assume that human capital is 

accumulated according to an aggregate human capital production, the core of which 

resembles the human capital production function of the life cycle models just reviewed. 

The first author that followed this approach was Uzawa (1965). In his model three 

are the production factors: physical capital, human capital, and labour. Human capital 
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accumulation depends on the time invested in education, that is 

= 9^(1 ~ ut)At 

where ti* is the time allocated to work, A* is the level of human capital and is a 

concave function. The author derives a balanced growth path where the ratio is 

constant. Essentially same is the work of Razin (1972), who however presented it in a 

more articulate manner. 

This approach followed much later Lucas (1988), who aasumed a physical output 

production function of the type 

while an individual's human capital is accumulated according to 

ht = — Ut) 

where tit is the time spend in labour activities, is population size, and and are 

the human capital of an individual and the average human capital of the economy re-

spectively. The latter implies an externality of human capital. The optimahty conditions 

of the model imply first that consumption and investment in physical capital have the 

same value, and second that time has the same value in both physical output and human 

capital industries. He Snally derived a balanced growth path, in which all variables grow 

at constant rates, which however is smaller for human capital if 'y > 0. 

The model waa further developed by Mulhgan and Sala-i-Martin (1993) who assumed 

general forms for the production functions of both physical output and human capital. 

In particular, they assumed that both physical and human capital are required in both 

industries, albeit their factor intensities are diEerent. In addition, the average stocks of 

both types of capital exert positive externalities in both industries. Thus the economic 
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agents decide on the portions of their physical and human capital that they invest in 

each industry. Of course in equilibrium the rent for each capital type is the same across 

industries. The authors then derived a necessary condition for endogenous growth, which 

can be summarised as "decreasing returns in one sector must be offset by increasing 

returns in the other". Next they derived the balanced growth path (BGP) for the case 

of endogenous growth, as well as the transitional dynamics towards it. They identlGed 

three forces that drive these dynamics: 

l .Solow or imbalance effect: If the physical/human capital ratio is not at its BGP 

value then the returns to the capital good in shortage are high, and so is the growth rate. 

2.Consumption smoothing effect: The stock of the capital good in shortage can 

be increased to its optimal value through savings (which for human capital take the 

form of less labour and more education). How fast this process will be depends on the 

intertemporal elastility of substitution^. 

3. Wages effect: If the production of human capital is human capital intensive then 

the low wages imphed by a relatively low stock of physical capital motivate agents to 

move from the physical output to the education sector. 

Very similar is the model of Caballe and Santos (1993), who however assumed that 

physical capital is not required for the production of human. The authors studied the 

transitional dynamics in more detail. They found that by discouraging human capital 

accumulation (that's the wage eEect) a high stock of physical capital can result to a 

transition period with physical and human capital Quite the contrary, 

abundance of human capital stimulates accumulation in both capital types. They hnaUy 

studied the case of inverse factor intensities, that is, the case where human capital is phys-

ical capital intensive. In this case the wages effect disappears, thus a relative abundance 

of the one capital type imphes a transition period with high growth rate, as dictated by 

the Solow effect alone. 

^The authors mentioned this effect only for the case of low physical capital. However the argument 
applies equally well for a human capital shortage. 
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Leisure in the utihty function introduced Lucas (1990). In his model the economic 

agents allocate their time between education, work and leisure. A BGP was found, where 

consumption, government spending, and physical and human capital grow at the same 

constant rate. In this BGP the time allocation between the three activities is constant. 

He then studied the question of the optimal distortionary taxation. The result was that 

optimality requires zero taxes on the income of physical capital, since taxes on wages do 

no distort the time allocation decisions. 

All the above studies assumed that the scale eSects of humein capital in the human 

capital industry do not change quahtatively (that is, they can be either constant, increas-

ing, or diminishing, but their nature is the same all the time). With this assumption 

disagreed Azariades and Drazen (1990), who argued that human capital is exactly the 

sector where alternating diminishing and increasing returns are likely to occur. If this is 

Indeed the case then multiphcity of equihbria may occur. This is according to the author 

an important cause of underdevelopment. Noteworthy is the similarity of this result with 

that of CabeUe and Santos, who studied as said the transitional dynamics in economies 

with two capital goods. These authors showed that low human capital discourages in-

vestment in both types of capital, with the consequence of low growth. However this 

effect is transitory and dies out as the physical/human capital ratio approaches its long 

run value. With alternating scale economies though underdevelopment is permanent, 

and only external forces can drive an economy out of it. 

Externalities of humaa capital to the human capital industry obviously depend on the 

relations between people. With that in mind Rosenzweig and Wblpin (1994) assumed that 

the mother's human capital has a positive eEect on that of the children. In their model 

an altruistic mother takes that into account when deciding on her own education. The 

authors concluded that there are intergenerational increasing eGects in the production of 

human capital. Given that the human capital stock has a positive effect on its further 

accumulation, education has higher returns for individuals with educated parents, who 

because of that take more education. This according to the authors exaggerates the eEect 
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of own schooling on own human capital in empirical studies. 

Both family and economy-wide externalities assumed Galor and Tsiddon (1997). They 

further aasumed that the Erst externality yields alternating increasing-decreaaing returns, 

as in Azariades and Drazen. Consequently, with the average human capital of the econ-

omy fixed, the human capital of a dynasty may have one or two stable equilibria. In the 

second case it is the initial conditions that determine which of the two equilibria will be 

reached. However the average human capital of the economy is not Gxed and depends on 

the human capital of all famihes. Thus as the latter converge towards their long run equi-

libria the equihbria themselves change as a result of the changing average human capital. 

The authors concluded that this effect may eventually eliminate the lower equilibrium, 

leaving only the higher one. They also argued that in the caae of a developing economy 

this is more likely to happen if the initial human capital is very unequally distributed 

among families. 

All the above studies emphasise on the role of human capital while their attitude 

towards the physical is rather dismissive. The role of physical capital restored Graca, 

Jafarey and Phihppopoulos (1995) who developed a model were both capital types have 

a positive externality in human capital accumulation. If human capital is very low then 

its production is very costly and because of that abandoned. Yet the more the economy 

accumulates in physical capital the more productive the human capital industry becomes, 

due to the externality of the former to the latter. Thus the economy may at some time 

reach a point where investment in human capital becomes positive. This is the "take off 

case" of the authors, where physical capital accumulation eventually drives accumulation 

in both types of capital. 
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2.3 T h e t h e o r y of endogenous popu la t ion 

2.3.1 T h e d e m a n d for children 

The origina of the theory of endogenous population go back to Malthus, but in the years 

that followed this theory was neglected till it waa revived by Becker (1960). Becker 

emphasised the failure of the malthusian theory to account for the demographic changes 

of the twentieth century, and replaced it with a new theory of fertility choice. He stressed 

that children are in fact consumer durables. But the main contribution of Becker was 

the concept of the quality of children, the money spent on children imphed by this term. 

According to Becker parents derive utility not only from the number of children they 

have (quantity) but also from the quality of these children. Although he mentioned this 

property in 1960, he developed it formally only in 1981. In particular, he assumed a 

utility function in quantity and quahty of children, and other goods. Innovative also was 

his budget constraint, which was given by 

where Tr̂  and Z stand for price and quantity of "other goods", g and M are children 

quality and quantity while Pc is the cost for one unit of quality for one child. Important 

in this specification is that the budget constraint is not hnear; in fact increasing one of 

g and n increases the price of the other. 

The author then emphasised that the children quality has higher income elasticity and 

this is the main reason that fertihty (children quantity) did not increase in the twentieth 

century, despite the increase of income. This result was also intensified by the fact that 

the increased demand for quality had an increasing eSect on the price of quantity, aa 

described above. 

Becker's theory has been generally accepted. In fact the subsequent authors didn't 

revise it, but rather analysed certain aspects of it. In particular, they usually tried either 
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to make Becker's utility function more speciSc, or to explain what hes behind his unit 

cost Pc-

Schultz (1969) for instance argued that parents have a family goal, which depends 

on the utihty and cost of children. He identihed several economic factors that aEect 

fertihty. As such, the value of women's time was considered an important part of the 

cost. Permanent income aSects according to the author the family plan, while temporary 

Suctuations of income aSect the timing of fertihty. Children mortality increases fertihty, 

while uncertainty towards births is important as weU. Important hnaUy are institutions 

hke pensions, child labour, and education. The latter increases the cost of children even 

if provided pubhcly. Regarding hnally the preferences, although the author identiEed 

them aa an individual matter he also argued that the education of parents affects their 

preferences towards both quantity and quality of children. This last argument developed 

Kremer and Chen (1999), who argued that it is towards quality rather than quantity that 

educated parents are more inclined to. As a result their children are also educated, have 

too preferences towards the quality rather than quantity of their own children, which 

leads according to the authors to a multipher eGect of education. 

Rosenzweig (1990) studied the problem of quality versus quantity of children both 

theoretically and empirically. In particular he assumed a utihty function in consump-

tion, children's income, and children's human capital. He also assumed that the cost of 

children is material, while that of education consists in both time and schoohng inputs. 

Among his results is that if quality and quantity of children are Hicksian substitutes 

then anything that increases the cost of the one lowers the demand for it and increases 

the demand for the other. The author also studied the problem empirically for a small 

number of developing countries. His empirical results prove the trade-oE between quan-

tity and quality of children. In particular, children wages—^which consist a negative part 

of the cost of children— were found to have positive eSects on fertihty and negative on 

education attainment. Growth was also found to aSect fertihty negatively and schoohng 

positively, the latter because it increases the returns to education, as argued by the au-
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thor. Interesting also was his finding that the parents' income affects schooling positively, 

while male income has positive and female negative eEect on fertihty. 

The fertihty choice was studied empirically by various other authors. Butz and Ward 

(1979) for instance used time series data of the US economy and found that the US 

fertility was pro-cyclical before the 2nd world war, but counter-cychcal afterwards. The 

authors' explanation is that before WWII very few women worked, with the opposite 

being the case after the war. Therefore, before the war the business cycle had only an 

income effect on fertility— through the husband's income. When women entered the 

labour force though a substitution effect emerged through the mechanism of women's 

time: in a recession less women work and therefore can afford to spend time in child 

rearing. 

Shields and Tracy (1986) used US time series too and regressed fertihty on kicome, 

lagged infant mortality, female labour force participation, and age structure of population. 

The latter to account for the fact that fertility is different by age, while lagged infant 

mortality was included to capture the time adjustment mechanism in family planning. 

They found positive eSects of income, infant mortahty and population in the age group 

of 18-24, while the eSect of female labour force participation was found negative. 

The British fertility from as early as 1860 studied instead Tzannatos and Symons 

(1989). The specification of the authors is that children are a consumption good, which 

price is proportional to the wife's wage, since child rearing has mainly been a female 

business. Thus they found that the husband's earnings have a positive eEect on fertil-

ity, capturing the income eSect on the demand for children. The wife's earnings on the 

other hand have a negative eEect on fertility as they aSect both income and the price 

of children. Negative was also found the eSect of female education, similarly to Wilhs 

(1973). Negatively Anally were the effects of the unemployment rate and the sex discrim-

ination act on fertility, while employment in agriculture had a positive effect, although 

the authors could not say whether it was due to diEerent preferences or lower cost of 

children. 
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DiSerent to the above studies ig that of Panopoulou and Tsakloglou (1999) m the 

sense that they used cross-country rather than time series data. They found that income 

and infant mortality have positive effects on fertihty while the ejects of female education 

and of urbanisation are negative. Puzzling however wag the fact that female labour force 

participation was found insignificant. The authors attribute this finding to simultaneity, 

that is, that fertility also feedbacks to labour force participation. CoUinearity between 

female education and labour force participation is also probable. 

Innovative also is the work of Wblpia (1984), who modelled fertihty behaviour ag a 

life-cycle decision and estimated it from Malaysian census data. Among his results is that 

children are gross substitutes to consumption, that the mother's education has a strong 

negative effect on fertihty and that income hag a small positive effect on fertility, although 

this effect grows stronger the higher the income is. Unlike the previous literature, he also 

studied the timing of income and found that an increase in income hag a higher eEect if 

it come early in life, while rising income profile delays births slightly. Finally he found 

that the survival probability of children hag a positive effect on fertility. 

The Easterlin hypothesis 

DiSerent to the above authors is the approach of Eagterhn (1966 and 1978), who focused 

on preferenceg towards fertihty and argued that they are in fact affected by the demo-

graphic cycle. In particular, Eagterhn introduced the concept of "desired consumption 

level" and argued that expenditure on children, and therefore fertihty, is the difference 

between income and the desired consumption level. Regarding this "desired congump-

tion level" he adopted the "relative income hypothesig" and argued that people want to 

maintain the standard of living they used to enjoy in their parents' household, while they 

also want to achieve for their children the "quahty" they themgelveg enjoyed. Because 

of this, the author argued that there are fertihty cycles, which follow the business cycle. 

He further argued that the income of young adults had been declining since 1955, which 

wag the main reagon for the declining fertility. 
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The "Easterhn hypothesis" haa been studied empirically with two diEerent approaches: 

cohort size and relative income eEects on fertility. By the second the individuals' income 

comparing to that of their parents is meant. The idea behind the Erst approach is that 

a large generation wiU be worse off and to make up for it wiH bear less children. Ma-

cunovich (1998) surveyed these empirical studies. She reached the conclusion that the 

results generally support the Easterhn hypothesis, regardless of which of the two ap-

proaches haa been used. Of all this hterature though I wish to make special mention to 

Abeysinghe (1991), who found that parental income is much more important for fertility 

decisions than own income! 

The old age support hypothesis 

Regardless of their diEerences, all the above studies have in common the assumption that 

children are consumer durables. To this approach opposed the authors that follow the 

"old age security hypothesis". According to this hypothesis children are capital goods 

instead. This is the argument of Cain (1983), who stressed that in developing countries 

the absence of capital markets or welfare institutions leave children as the only means 

of saving for the old age. The author also compared the two alternative theories (utility 

and old age security) and argued that they yield very diEerent fertility behaviour. In 

particular, he argued that reduction in the cost of children will increase the demand for 

them under the utility hypothesis, but probably not under the old age security hypothesis. 

Nugent (1985) supported the hypothesis too, and gave a list of economic conditions 

that are likely to malce old age support an important motive for having children. These 

conditions can be summarised to uncertainty about the future and undeveloped assets' 

markets. The author also discussed the empirical studies on fertility choice and argued 

that although they don't support the old age security hypothesis this is mainly because 

they usually didn't concentrate on populations where the old age support motive would 

be strong. 

The old age support hypothesis adopts Eswaran (1998) as well, who concentrates on 
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children mortality, which imphes risk for the parent-investor. As a means of portfolio 

diversihcation the parent prefers to have many uneducated children rather than few 

educated. The author also argues that as children mortality falls the diversification 

incentive faints while the return to education increases. As a result, fertility falls as well 

(may be more than mortality), and education increases. Finally Enhrich and Lui (1997) 

must be mentioned, for their argument that the development of social security reduced 

the role of children as capital goods. 

Summary 

To sum up the above discussion, there is a trade-off between quality and quantity of 

children. The demand for each has the same properties with the demeind for any other 

good, that is, it depends on preferences, income and prices. The preferences are also 

aSected by one's education and "relative income". The prices depend on infant and child 

mortahty, the value of parents' time and the expected return from children. Unique in 

the demand for children however is that the prices for both quality and queintity depend 

on the demand itself, in the sense that higher demand for quality increases the price 

of quantity, and vice versa. Important finally is the time adjustment mechanism to the 

family plan. 

Regarding the empirical evidence, there appears to be a general agreement that the 

male income has a positive eSect on fertihty while the female labour force participation 

and income aSect fertility negatively. Negative also is the eSect of urbanisation, as 

well as that of female education. Although the latter is usually attributed to its eSect 

on female income, important also is that education has an additional negative eSect 

through higher preferences for quality rather than quemtity of children. This was also 

stressed by Becker (1991), who argued that because of that, empirical studies tend to 

exaggerate the significance of the mother's time. The evidence also appears to support 

that infant mortality aEects fertihty positively, although there is no general agreement on 

that. Finally, important also is the income of the previous generation because it affects 
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the current generation's preferences towards fertihty. 

2.3.2 T h e t iming of fert i l i ty 

The timing and spacing of births is for the population growth rate and age structure as 

important aa total fertihty is. This question wag addressed by several authors: 

Heckman and Walker (1990) for instance studied the issue of the timing of births 

from Swedish longitudinal data. They found that higher male income or lower female 

wages^ accelerate family formation, hasten all conceptions, and increase fertihty. Also 

the eEects of these economic variables are strongest for the timing of the first birth. 

Regarding finally the hnal fertihty, the authors found that it is the decision to have a 

third child that is mostly affected by the male income and female wages^. 

The relationship between the timing of childbearing and investment in human capital 

studied Blackburn, Bloom and Neumark (1993). By using longitudinal data of US women 

the authors found that women that delayed their hrst birth generally enjoy higher wages. 

They argued that this is due to more human capital investment by these women, and 

tested their claim empirically. Their empirical results showed that late childbearers 

indeed tend to invest more heavily in human capital. 

Arroyo and Zhang (1997) found that both female income and education delay aU 

births and reduce their number. Opposite is the eSect of male wages. This result is 

consistent with that of Heckman and Walker previously mentioned. 

Finally, lyigun (2000) studied the relation between education and the timing of chil-

drearing theoretically. In his model, the economic agents hve for three periods, of which 

they acquire education in the first two and work and have children in the last two. Their 

utility is a function of period three consumption and total number of children, which as 

^Noteworthy is that the authors used male "income" but female "wages". This is quite reasonable; 
given that child rearing mainly requires women's time, the alternative cost of children consists on the 
wages of women. 

®This is, as the authors explained, equivalent to the decision to have or not the "final" child, since 
having more than three children is extremely unusual in Sweden. 
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already said they can allocate between the last two periods of their lives in any way they 

like. The result is that since both children and education require time, the economic 

agents tend to invest in human capital in the second period and postpone their child-

bearing for the last. Because of his assimiption that parental human capital also haa 

a positive eSect on the productivity of time in the human capital industry, the author 

also found that the higher the human capital of one's parents the more she will postpone 

her fertihty and the more education she wiU acquire. Multiplicity of steady state can 

therefore occur, that is, one with low human capital and high and early fertihty, and one 

with late and low fertility and high human capital. 

2.3.3 Fert i l i ty in a general equi l ibr ium context 

A growing approach in the hterature is to include fertihty decisions in models of in-

tertemporal maximisation. According to this approach individuals derive utility from 

consumption and fertility, while they're also altruistic towards their offsprings, that is, in 

deciding on the number of their children they take into account the fact that the higher 

their numbers the lower their welfare. This approach has the advantage that studies 

fertihty in a macroeconomic framework and derives a general equilibrium for both demo-

graphic and economic variables. 

Perhaps the hrst such study was that of Becker and Barro (1988), who postulated a 

utility function of the type 

C/o = 'u(Co, Mo) + o(Mo)MoC/l 

that is, the utility of the individuals depends on their consumption, number of children, 

and these children's welfare. It is however assumed that a%)io) < 0, that is, the more 

the number of their children, the less the individuals care about them. The authors 

then developed a general equilibrium and found that in it the patriarch of the dynasty is 

indiEerent in which generation to spend a current pound, while the marginal cost of an 
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additional cWld equals its marginal bene6t. They also developed a steady state where 

per capita consumption, capital stock, and fertihty are all constant. They analysed it 

further to find the following results: 

1. Fertihty is lower when technological progress is faster, a result consistent with post 

war evidence in developed countries. 

2. With endogenous population the Ricardian equivalence does not hold any more. 

This result is consistent with that of Batina (1987), who found that with endogenous 

fertility a consumption tax is not neutral anymore. The reason why is that the prices of 

quality and quantity of children are interlinked, as mentioned earher, which makes the 

design of a neutral consumption tax impossible. Similar is the result of Lapan and Enders 

(1990), who argued that public debt increases the cost of children with the result of lower 

fertility. Finally Enhrich and Lui (1997) stressed a difi'erent stream through which the 

public sector aEects fertihty, that is, through social security. What these authors argued 

is that social security creates externalities of children, which distort fertility decisions. 

Wang, Yip and Scotese (1994) used continuous rather then discrete time while they 

also included leisure along with consumption and fertihty in the utility function: 

fOO 
^ [^(ct) + "̂ (3;*, df 

where Xf and /î  stand for leisure and fertility respectively. Having in the utility function 

the average consumption of the dynasty rather than the personal of the parents imphes 

that the latter are altruistic, which imphcitly takes children quahty into account^. Then 

additional assumptions about the utility function were made, and the effects of produc-

tivity and utihty shocks were studied. It was found that a utility shock (that is, higher 

preference for fertihty rather than leisure) reduces steady state consumption and capital 

while it increases fertility. A productivity shock on the other hand increases consumption 

and capital and has an ambiguous effect on fertility. 

®Athough the authors assumed away human capital, therefore children quality. 
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Continuous time used Palivos (1995) as weU, who solved an intertemporal maximi-

sation problem with consumption and fertility in the utility function. His also assumed 

that the cost of children (in units of parental time) is increasing with respect to their 

number. He argued that the net return to physical capital is a sum of three: Erst, the 

direct return through the marginal productivity of capital. Since however in the author's 

framework physical capital is also the cost of fertihty, higher physical capital reduces 

fertility. Finally, physical capital increases wages and hence labour shifts from the child 

to the goods-producing sector. As a result, with endogenous fertihty the total marginal 

return to capital is not always decreasing which may yield multiple equilibria: one with 

high capital and low fertility and one with high fertility and low capital. 

Yip and Zhang (1997) amended the framework of Palivos with endogenous growth, 

through physical capital externalities. Children stiU cost parental time. They found that 

depending on the parameter values the long run equilibria can be one, two, or none, 

yet in any case no more than one equihbrium wiU be stable. In this stable equihbrium, 

there is a negative relationship between long run fertihty and per capita growth. Yet the 

authors stressed that although the relationship between fertility and growth is negative 

if all exogenous parameters are the same, the latter are never the same when comparing 

different economies. Next they studied an exogenous technological change. They found 

that its effects are positive on fertihty and ambiguous on per capita growth, therefore 

in case of a technological change the relation between fertihty and per capita growth is 

indeterminate. The authors concluded that when aU the exogenous variables are con-

trolled for the relationship between fertility and growth is negative, and the reason why 

this is not what the empirical studies had found is exactly that the exogenous variables 

had not been controlled for. 

Becker, Murphy and Tamura (1990) added the dimension of human capital to the 

framework of Becker and Barro (1988). They also assumed that human capital is human 

capital intensive. In this specification the quahty of children does not enter the utihty 

function directly, but it does matter for the altruistic parents, because it aEects the 
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future income of the children. The authors argued that the production of human capital 

may exhibit increasing returns to scale for some interval. This leads to multiphcity of 

equilibrium: one with low human capital and high fertility, and one with high human 

capital and low fertility. 

The trade o5 between fertihty and human capital was also the interest of Zhang 

(1997), who assumed a utility function of the type 

Vt = hict + p h i n t + 

where is the utility of one's children. The children's human capital was assumed to 

depend positively on the amount of goods invested in their education, while an externahty 

from the parental human capital was also assumed. Again, since the parents are interested 

for their children's utility, they're indirectly interested for their human capital as well. 

Within this rather common framework the author studied the effects of subsidies to 

children and to education. It was found that a subsidy on education increases human 

capital and reduces fertility, which both promote economic growth. Opposite are the 

eEects of a subsidy on children, since it makes the quahty more expensive relatively to 

quantity. 

Finally the study of Galor and Weil (2000) must be mentioned, who studied the inter-

action between population and the economy from the beginning of human history. Two 

are the basic elements of their model: hrst a utility function with respect to consumption 

and quantity and quality of children. To this they added the constraint that consumption 

cannot fall below a subsistence level. Second, the size of population was assumed to have 

a positive effect on the production of new technology. Assuming that in the beginning 

both population and technology were low, the subsistence consumption constraint was 

binding while low was technological progress as well, feedbacking to population growth. 

Yet as population grows technological progress becomes faster and faster, and so does 

population growth. At some point though the subsistence consumption constraint ceases 

to be binding. As a result, the parents start investing in their children's education. How-
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ever, because their resources increase aa well they at Erst increase both the quantity and 

quality of their children. This is the "post-Malthusian regime" where both income and 

fertility increase. Eventually though, further improvements of technology do not aGFect 

the time devoted to children whereas they aSect the returns to education. As a result, 

population growth falls while education and technical progress rise. This is the "modern 

regime". 

To sum up the above discussion, when fertility choice is studied in a macroeconomic 

framework interesting hnks between growth, fertility, and human capital are revealed: 

multiphcity of long run equilibria may occur in models that otherwise exhibit uniqueness 

of equilibrium. When multiplicity occurs, there is a "low" equilibrium with high fertility 

and low human capital and growth, and a "high" equilibrium with the opposite features. 

Fertihty and through it population size may also aEect the growth rate through scale 

effects. The growth rate then feedbacks to population and fertility. Interesting finally 

is that with endogenous population, weU estabhshed pohcy results like the Ricardian 

equivalence, do not hold any more. 

To complete hnally the picture of fertihty choice in a macroeconomic framework refer-

ence need to be made to the less popular approach, that children are capital goods rather 

than consumer durables. A representative of this approach is Chakrabarti (1999), who 

studied fertility in the context of the old age security hypothesis. Under this assumption 

he found a general equilibrium in which the returns to children and physical capital are 

equal. 

2.4 P o p u l a t i o n age s t r u c t u r e a n d t h e economy 

The twentieth century was the one that brought unprecedented demographic changes. 

With respect to the population age structure these changes refer to an increased portion 

of the old. Indeed as RusseU (1982) stressed, the age distribution of the US at the 

beginning of the century corresponded more or less to a stable population. However 
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births dechned during the Great Recession and the 2nd world war, to boom after the 

war and fall at the late 1960s to levels lower than even the negative records of the 1930s. 

The author also stressed that this was roughly the caae in all developed countries. To 

this one should add the statement of authors like Samuelson (1975a) that the increaaed 

percentage of the old in developed countries is almost entirely due to reduced fertility 

rather than increased life expectancy. 

Given this unprecedented evolution it is not surprising that the economic consequences 

of the changing age structure of population have been studied by many authors and from 

various points of view. 

2.4,1 T h e quest ion of t h e act ive popula t ion 

The problem of an ageing population wag first studied in relation to the issue of the 

active population and the dependency ratio. These depend not only on the population 

age structure, but also on employment by age group, as argued by Johnson (1996). 

The evidence shows that the evolution of both factors has pushed the dependency ratio 

upwards. 

Nam (1968) for instance claimed that the working hfe has been reduced, due to 

increased education, increaged expected hfe and the tendency for premature retirement. 

He also stressed that the propensity to work has been reduced for both the young and 

the old. Recent hterature emphasise on the role of social security and retirement beneEts 

for the reduced working hfe. This is shown theoretically by authors hke Lazear (1986) 

and Weil (1999), while Karteyn and de Vos (1998), Supan and Schnabel (1998) and Lee 

(1998) describe the negative eEects of social security on labour force participation in 

various developed countries. 

An insight of the dynamics of the dependency ratio give Brander and Dowrick (1994), 

by stressing that a fertihty dechne results in the short run to a decline in the dependency 

ratio, due to the smaller portion of dependent youngs. In the long run however there is 

an one to one relationship between fertility dechne and dependency ratio while in the 
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middle run the dependency ratio over-responds to demographic variables because the 

latter also aSect the ratio of the population that cares for the dependent. 

However the employment per age is unlikely to remain constant if demographic 

changes occur. The reason why is that these demographic changes aEect the factors that 

determine education, labour supply and retirement decisions. This fact increases the role 

of the population age structure in determining the dependency ratio on an economy. 

2.4.2 Publ ic f inance issues and generat ional account ing 

The dependency ratio is strongly relevant to the question of survival and solvency of 

social security systems, as well as the intergenerational redistribution imphed by these 

systems. As said, the labour force participation of both the old and the young has 

declined. However what matters for public economics is the old since it is mainly the 

family the maintains the young and the state that maintains the old (Johnson [1996]). In 

addition, as Fuchs (1998) argued, it has mainly been because of the increase in spending 

per old person rather than because of the increase in the number of the old that medicare 

expenditure had soared. The author predicted hard times for pubhc economics when the 

increased number of the old will couple the increased spending per old person. 

Similar is the prediction of Russell (1982) who argued that the Pay-As-Ybu-Go system 

was very convenient during the baby boom but will be a real problem when the baby 

boomers retire. This is also shown by Lee and Tuljapurkar (1998) who used projections 

of fertility and mortality to simulate the US economy. What they found is that the US 

retirement funds are expected to reach zero at 2026 unless the system is reformed. They 

also found that even when economic growth and interest rates are taken into account it 

is the demographic factors- mainly fertility- that are most important in the long run. In 

short, the Pay-As-Ybu-Go (PAYG) system is said to generate an imphcit pubhc debt, 

consisting on pensions and other provisions promised to future pensioners. This debt is 

due to the rapidly increasing portion of the old in developed countries. 

Similarly to the formal, the imphcit pubhc debt imphes transfer of income from cur-
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rent to future generations. Given the PAYG system, the higher the portion of the old 

in the population the higher the imphcit debt and consequently the higher the redistri-

bution from the young to the old. Supan and Schnabel (1998) for instance claim that 

in Germany the returns to pension contributions are dechning and will be negative for 

those born in 1980. RafFelhuschen (1999) on the other hand calculated the distribution 

consequences of the pension systems and the welfare programmes in Europe. He then 

simulated under alternative hypotheses the tax increases required to restore intergen-

erational balance. Probably the most signihcant of his results is that the required tajc 

increase is four times what would be required if the age structure of population was 

constant at the levels of 1995— a result that clearly shows the signiBcance of the age 

structure of population. 

The transfer wealth and its welfare implications are also studied by Lee and Lapkoff 

(1988). In their model they include net transfers into the individuals' budget constraint. 

The result is that due to the transfers average consumption and production ages are 

diSerent. Important however is that these ages depend not only on life-cycle consumption 

and income but also on the population age structure, since the latter aEects the path of 

net transfers— thus the budget constraint of the economic agents. It is because of this 

gap between average consumption and production ages that changes in fertihty aEect the 

indirect utihty. This eGect on the individuals' utility is of the same sign of the diEerence 

between production and consumption average ages. In other words, when transfers are 

from the younger to the older the average consumption age is higher and a higher fertility 

will increase the average welfare, by exactly reducing the gap. 

2.4.3 Age s t ruc tu r e effects on aggregate savings and investment 

The negative consequences to savings and investment from a high proportion of the young 

stressed Pahvos and Scotese (1996). According to the authors, provisions to children 

inevitably divert resources away from physical capital accumulation. Obviously these 

provisions are higher the higher the fertility rate is. Yet the life cycle theory implies 
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that not only the proportion of the young but rather the entire population age structure 

matters for aggregate savings. According to this theory the young save while the old 

dissave. Consequently aggregate savings and through them investment and economic 

growth are aSected by age structure and hfe cycle income. Two factors are therefore 

important: marginal propensity to save by age, and income by age. 

Since the old dissave, the higher their proportion and their income the less the ag-

gregate saving. The income is also aEected by the imphcit pubhc debt, as described 

above. That is, similarly to the former the imphcit pubhc debt constitutes wealth for its 

"holders", or as it is often termed, additional to their real wealth the individuals have a 

transfer wealth which consists of expected provisions at their old age (Lee and Miller 

[1994]). Both types of debt are habihties from the unborn to the already bom and need 

not add to zero for the currently alive. Of course the individuals do not care about the 

form of their wealth. However this does matter for the economy: Similarly to public 

debt transfer wealth cannot produce output, but in an overlapping generations context 

it crowds out private saving and investment with detrimental consequences to economic 

growth^. 

The eEects of the population age structure on aggregate saving and investment have 

also been studied empirically and the evidence appears to show that the population age 

structure indeed aGects the saving rate of an economy. As Maddison (1992) for instance 

says, the universal decline of savings after 1973 may be among other reasons due to the 

higher population age, which- coupled by the fact that the individuals have less children 

to care about- reduces the incentives to save. This e&ct is according to the author 

reinforced by increased social security. 

More directly studied the issue other authors. Horioka (1991) for instance studied 

empirically the saving rate of Japan in a model where the ratios of young and old to total 

population were taken as independent variables, along with economic variables which are 

^The idea goes back to Samuelson (1975b) who argued that a PAYG pension system may improve 
steady state welfare if the economy is dynamically inefficient. Although he did not detail the mechanism, 
he implied t ha t the PAYG has on saving and investment exactly the same effects with formal debt. 
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usually included in modelg that estimate aggregate savings. In all alternative models he 

used, both demographic variables were found negative and significant, with the negative 

effect of the portion of the old much stronger than that of the portion of the young. 

Moreover, the author found that the population age structure was the factor that aSected 

mostly the path of the Japanese savings. Noteworthy also is that the results with respect 

both to demographic and pure economic variables (income, wealth, unemployment, etc) 

were very similar to those acquired from cross-country data, while the fit of the model 

was also satisfactory. Finally the model predicts sharp decline of Japan's saving rate in 

the future due to adverse changes in the age structure. 

Lahiri (1989) studied empirically the saving ratio of eight Asian countries. The in-

dependent variables of the model include the dependency ratio as well as pure economic 

variables. The most important result is that in the long run changes in the ratio of the 

active population affect the Average Propensity to Save by a factor of 1.6. 

Finally, the work of Malmberg (1994) must be mentioned. The author used as many 

as 8 rather than two age group variables, and tested empirically the effects of the groups' 

size on various variables of the Swedish economy. Regarding the saving rate^, he found 

that the age group coe@cients follow an inverted-U shape, as dictated by the hfe cycle 

hypothesis. 

Although these studies are sufficient to establish the causality of the population age 

structure on aggregate savings, they say nothing on whether most important is the 

marginal propensity to save by age (life cycle hypothesis) or the income by age (transfer 

wealth). Undoubtfully this depends on the country's pohcies towards retirement and old 

age. Kothkoff and Summers (1981) provide and answer to this question for the US econ-

omy. In particular, the authors found that its aging population is indeed very relevant 

to the country's declining savings, but mostly through the stream of intergenerational 

transfers rather than that of life cycle behaviour. Gokhale et. al. (1996) also examined 

the post war decline in the US saving rate and found that the marginal propensity to 

^Of the other findings of the paper reference is made on the relevant sections of the present review. 
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consume of the elderly had increased even if medical care is assumed away; it is also 

claimed that their resources have been increased as weU, due mainly to income redistri-

bution. These two factors coupled with the increased portion of the old are considered 

as the culprits for the dechne of the saving rate. The paper concludes that the saving 

rate of the US will continue to decline. 

2.4.4 Popula t ion age s t ruc tu re and h u m a n capital 

Similarly to physical, human capital can be increased by saving and investment. Since 

however the human capital has to be built on the members of the population, its formation 

is very dependent on demographic factors. With that in mind Tu (1969) argued that 

"the more children born, the greater pressure they'll exert on educational facilities and 

the budget". Further, individual choice on the formation of human capital depends 

as reviewed earlier on life cycle behaviour, which makes the aggregate human capital 

dependent on the population age structure. 

With that in mind van Tmhoff (1988) and (1989) studied an economic model where 

a central planner faces two investment decisions: investment in physical and in human 

capital. This well-known framework was enhanced by disaggregating labour supply to age 

group vintages. By doing this he allowed for diGFerent human capital among age groups 

while he also took into account life cycle considerations of investing in human capital. As 

the hfe cycle theory emphasised, the older the individuals the less their life expectancy, 

the less the return to their human capital and therefore the less they invest in it. By 

aggregating this individual behaviour, the author found that the optimal education and 

consequently the optimal human capital level at any given age is decreasing with respect 

to the birth rate. Consequently the human capital of the economy is dependent on the 

age structure of the population. 

Park (1997) also argued that human capital accumulation depends on the age struc-

ture but used an alternative approach. In particular he assumed that the young workers 

learn by working with experienced ones. Yet the more the experienced workers per 
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yoimg the more the young learn, and consequently a larger cohort or a rapidly growing 

population is less educated. 

The eEects of the population age structure on education and human capital have also 

been studied empirically. Malmberg (1994) for instance found that the population age 

structure has a high impact on the Swedish growth rate. He also found that this impact 

was not solely due to age dependent saving behaviour and argued that the residual effect 

was due to hfe cycle human capital accumulation. 

More directly studied the issue Jeon and Berger (1996), who used Korean data and 

found that a larger generation will tend to take more education. The authors explain 

their Ending with the argument that young and old workers are imperfect substitutes 

and therefore a large generation enjoys lower wages. Aa a consequence, this generation 

acquires more education to oQset the negative eSect of its size on their earnings. Opposite 

is the Ending of Connelly and Gottschalk (1995) who found that the size of an individ-

ual's generation has a negative eSect on this individual's probabihty of attending higher 

education. The difference between the two studies may be due on the one hand to the 

different economies studied^ and on the other to the fact that Connelly and Gottschalk 

also included important social factors in their regression, while Jeon and Berger con-

sidered only the relative cohort size. In particular, Connelly and Gottschalk included 

the father's education. Since this was found to have a positive eEect on one's education 

decision while within the sample it had an increasing trend, omitting it may well distort 

the results. 

Connelly and Gottschalk explain their Ending with the argument that the larger a 

generation the lower the return to human capital thus the lower education they take. 

Their finding appear to adopt Kosai et.al. (1998), who claim that declining population 

won't necessarily slow economic growth in the far east, because it wiU encourage human 

capital accumulation. 

'Connelly and Gottschalk studied the US economy. 

49 



2.4.5 Age dependen t p roduc t iv i ty 

Another stream through which the age structure of population aGects the economy is 

productivity, which depends among other factors on a worker's age. Denison (1962) was 

probably the first that took this factor into account. According to his own words "the 

average quality of the labour force as a whole is aSected by its composition in terms of 

age and sex". He then expressed the aggregate labour input in terms of "adult male 

equivalents", an adjustment taking into account exactly the age and sex composition of 

the labour force. As weights for productivity by age or sex he used their wages. He then 

used his index to End that the age and sex composition of the labour force had significant 

eEects on the US growth performance. With his views appears to agree Spengler (1968) 

who found that most employees in the US had their salaries topped at the age of 30. 

Further, judging from the hfe time path of wages, the author reached the conclusion that 

productivity is at its maximum at the ages of 35-54 to dechne at an annual rate of 1% 

afterwards. With this agrees Puchs (1998), who argues that the decline of earning power 

during old age is on the one hand attributable to obsolescence of skills, on the other to 

physiological changes like dexterity, stamina and cognitive functions. 

Finally KothkoE and Gokhale (1992) addressed directly the age productivity issue by 

estimating the productivity of the employees of a large corporation. Using again wages 

as a proxy of productivity they found that productivity foUows an inverted-U pattern, 

although its peak and slope diEer between professions. Interesting also is that the peak 

comes sooner and the dechne is more rapid for managers, that is, the professionals that 

do the hardest mental work. 

Although the above studies are suSicient to estabhsh the dependence of labour pro-

ductivity from the age structure of the labour force, they remain purely empirical. In 

fact very few theoretical work has been done on the issue. Perhaps the only exception 

is van Imhoff and Ritzen (1988). The authors considered a labour productivity function 

that is inverted-U shaped with respect to age, in consistency with the previous empirical 

studies. With this amendment they solved a "traditional" intertemporal optimisation 
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problem. The most interesting of their findings is the important role of the average ages 

of population and of labour, the latter defined 85 the mean age of all workers, weighted by 

their productivity. In particular, they found that if the average population age is higher 

than the average labour age then the population is very improductive and a higher fer-

tihty may be beneficial. The authors finally studied the economic consequences of a 

demographic transition, which aEects the economy exactly through the average ages of 

labour and population. 

2.4,6 Imper fec t subs t i tu t ion be tween age groups 

Another stream of authors argue that workers of diEerent age groups are not perfect 

substitutes in the production of physical output. Consequently there is an optimal age 

structure of the labour force and by corollary of population, and any deviation from 

that— such ag a high ratio of either the young or the old— is detrimental. 

The idea goes back to Welch (1979) and Freeman (1979) who argued that the baby 

boom generation had lower income and higher unemployment exactly because of their 

size. With that in mind Ferguson (1986) studied the question of substitutabihty or 

complementarity of age groups with both each others and physical capital. His argument 

is that if young workers learn the job from the elder or if the young have academic 

knowledge while the knowledge of the old is learning-by-doing then they are likely to 

be complements. He also studied the issue empirically to find both substitutability and 

complementarity among various age groups, while all groups are complements to physical 

capital. Of course regardless of whether substitutes or complements, aa long as there is 

no perfect substitutabihty between age groups a generation's size afiects negatively their 

marginal product and consequently their relative wages, as stressed by Lam (1989). 

Finally Denton, Mountain and Spencer (1996) concentrate on the aggregate produc-

tion function where the labour input consists of different tasks. Each task uses different 

age-sex groups which are non-perfect substitutes for each others. Given the non-perfect 

substitutabihty between tasks, there is no perfect substitution between age-sex groups 
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in the "production" of effective labour. Simulations show that both a high and a low 

proportion of the yoimg have negative eEects to both eH êctive labour and per capita 

output since they consist deviations of the age structure of the labour force from its 

optimal composition. Important also ig that this eEect of the age structure to output 

waa established by imperfect substitution alone, since age-specihc capital accumulation, 

saving and innovation, were ruled out by the assumed non-existence of physical capital. 

One step ahead goes ConneUy and Gottschalk (1995), by including human capital 

accumulation in this context. In particular, they assume a production function with 

imperfect substitutabihty between not only age groups but also workers with different 

levels of education. The most important result is that a larger generation will not only 

enjoy lower wages, but also acquire less education. This is so because the wages for 

educated workers have too been suppressed by the cohort's size. 

2.4.7 T h e ques t ion of opt imal popula t ion 

Given all the above theories about the economic consequences of the population age 

structure the question of whether there is an optimal age structure and by coroUary an 

optimal population growth rate emerges. 

The earlier growth literature implied that unless the population size enters the utility 

function, minus infinity is the optimal growth rate of population; the reason why is that 

the faster a population grows the more resources have to be invested to maintain a given 

capital/labour ratio. Probably Samuelson (1975a) was the Grst to argue that the optimal 

population growth is Gnite. The author added to the capital dilution eSect of population 

the need to support the retired. As this need becomes more intense when the population 

growth falls, the optimal rate was found to be Snite. The same steps foUowed Blanchet 

(1988) who amended the traditional Ramsey growth model with an exogenous retirement 

age. Thus population growth has two eSects on the steady state: the weU known capital 

dilution effect on the one hand which is negative, and a positive effect through a reduced 

dependency ratio. The two effects are opposite, so there does exist a Enite optimal 
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fertility rate. 

Van Tmhoff and Ritzen (1988) argued aa reviewed in section 2.4.5 that the individuals' 

productivity is an inverted-U function of their age. Under this assumption the per capita 

effective labour is an inverted-U function of the birth rate, due to the high ratio of 

unproductive olds or youngs implied by a low or a high birth rate respectively. This in 

turn imphes that the optimal population growth is hnite. Rodriguez (1988) maintaina 

the assumption of productivity which follows and inverted-U age pattern, but enriches 

this framework from many aspects. These include general form of the survival ratios 

and Bentham utility function^®. The result is that for realistic demographic features 

the optimal population growth is positive. FinaJly, Van Imhoff (1989) mentions the less 

education opportunities implied by a faat growing population, aa an additional reason 

for which the optimal population growth is finite. 

^"That is, the size of the population appears as an argument in the utility function. 
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Chapter 3 

Effects of the population age 

structure on aggregate human 

capital 

3.1 I n t r o d u c t i o n 

Recent empirical evidence (i.e., Sarel [1995], Llndh and Malmberg [1999], etc), has shown 

that the population age structure is very important for economic growth. Several streams 

have been proposed in the hterature through which the age structure of population aEects 

the economy. The most obvious among them is probably that of the active population 

(i.e., Blanchet [1988]). Authors hke Lee and LapkoE (1988) on the other hand emphasised 

on the intergenerational transfers generated by social security, since the size of these 

transfers depends on the age structure of population. One step ahead went Lee and Miller 

(1994), by arguing that the transfers promised to the old consist an "imphcit public debt", 

which similarly to the conventional has a negative eSect on saving and investment. The 

eEects of the population age structure on saving is also the aim of authors like Horioka 

(1991), who stressed the role of life cycle saving behaviour: According to these authors, 

since the young save and the old dissave a younger population saves and invests more. 
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Finally, another stream of authors (Ferguson [1986], Denton, Mountain and Spencer 

[1996], etc) argued that diSerent age groups are not perfect substitutes for each other in 

the aggregate production function, and consequently there is an optimal age structure of 

the labour force, and deviations from it have negative eSects to the aggregate output. 

Despite their certain validity, all these approaches will be assumed away and I will 

concentrate to the probably most neglected among them, that is, the dependence of 

human capital investment on the age structure of population. Indeed, as embodied 

to individuals, human capital is indispensable from the demographic features of the 

economy. Although one can for instance assume perfect altruism and rule out the life cycle 

saving behaviour or the transfer eSects of social security, human capital wih always die 

with the individual and contrary to the physical capital, no altruism or other aasumption 

can make it inheritable. 

This embodiment property of human capital was also neglected in the literature that 

studied economic growth with both physical and human capital (i.e., Caballe and Santos 

[1993], Mulhgan and Sala-i-Martin [1993], etc); these authors made the assumption that 

human capital behaves in a way similar to the physical. Lucaa (1988) in fact identiGed 

some of the demographic aspects of human capital investment, but argued that they 

can be dealt with by simply assuming that the new generations start with a human 

capital level proportional to the average of the economy. However, this assumption— 

sufhcient to yield a positive growth rate of the average human capital— does not puri^ 

it from demographic influences; human capital investment still depends on hfe cycle 

considerations, while it is still not inheritable: although the new generations start from a 

human capital level that is proportional to the average, this is so because of externality 

rather than strictly "inheriting" the old generations. Contrary again to the inheritable 

nature of physical capital, there is no rivalty in the above human capital externality; the 

initial human capital of a new generation is independent of that generation's size. The 

objective of this chapter therefore is to study these demographic inBuences on human 

capital and through it, on economic growth. 
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A representative extended family is assumed, which consists of members of all gen-

erations. The family allocates the time of its members between labour and education in 

order to maximise an intertemporal utility function with respect to the members' average 

consumption. The fact that the family is interested only on the average consumption hn-

phes perfect altruism among its members. This is su&cient to rule out all other streams 

proposed in the literature through which the population age structure affects the econ-

omy. It is in other words the eGects of the population age structure on the stock of the 

economy's resources rather than the distortions it causes to their eScient use, that are 

studied. 

The assumption of Lucas (1988) is also adopted, that is, the newly born are assumed 

to start from a human capital level that is proportional to the average. Yet it is shown 

that this cannot purify human capital formation from demographic inBuences: in deciding 

on the education of its members the family has to take into account their expected life, 

and the assumption of altruism has nothing to do with that. Three eSects of population 

on human capital investment and on economic growth are thus identihed: The hrst has to 

do with the growth rate of population; a fastly growing population increases the current 

needs of the family and inevitably reduces its human capital investment. Second, as long 

as the new generations start at a human capital level that is proportional to the average 

but lower than that, they imply a human capital dilution effect, which is higher the 

larger the new generation. The third effect of population consists on the life cycle human 

capital investment. In particular, since young generations invest in human capital more 

than the old, the higher the portion of the young in the economy the higher the average 

investment. This final result is the one mostly neglected in the literature (van Imhoff 

[1988] and [1989] is one of the few exceptions), and contrary to the other two depends 

on the birth rate positively rather than negatively. The total growth eEect of the birth 

rate is thus shown to be either positive or negative. 

The structure of the chapter is as foUows: The model is presented in the next section 

and in section 3 the general equihbrium and steady state are derived. The comparative 
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statics are studied in section 4 and emphaais is given to the steady state eEects of the 

birth rate, which are realised through the population growth rate and age structure. 

Finally section 5 summarises the main results. 

3.2 Descr ip t ion of t h e mode l 

A closed economy is assumed, consisting of "many" identical extended families. By "ex-

tended family" all agents with a common ancestor, whether this ancestor stiU lives or 

not, is meant. The term identical means that all famihes have the same age structure 

and population dynamics on the one hand and the same preferences on the other. The 

economy produces a single good, on labour alone. Yet although physical capital is as-

sumed away, there also exists a capital market where loans are traded under conditions 

of perfect competition. Next the elements of the model economy are presented in more 

detail: 

3.2.1 Households 

The assumption that the economy consists of many identical extended famihes allows 

one to speak about a "representative family". This representative family is assumed to 

maximise an intertemporal utihty function with respect to the average consumption of 

its members, which is given by 

cQo — 1 
[ / = / df (3.1) 

Jo 1 — a 

where c* is per capita consumption. Noteworthy in this utihty function is the equal weight 

of all members since it is only the per capita consumption that matters. This equal weight 

can be justiBed by assuming either the existence of a family planner or perfect altruism 

among the members of the extended family, in the sense that they regard consumption by 

the others as important as consumption by themselves. Under such altruism assumptions 

the individual members of the family would take by themselves exactly the same decisions 
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with a family planner. 

The intertemporal budget congtraint of the family is given as 

% = (f"* — % + Q — (3 2) 

where r* and are the interest and population growth rates at time t, and gt, Q and 
stand for the per capita real assets, consumption, and labour income of the family. 

3.2.2 Popu la t ion 

Regarding the population of the representative family, it is assumed that at any point ^ of 

time, new members are born— where stands for the family's total population. 

Each member of the family is assumed to live for T periods. Under these assumptions 

the size of a generation born at time g is equal to if t — a <T, and zero otherwise. 

With the growth rate of the population given by it is TVg = which yields 

for the size of the generation a 

for t - 5 < T 

In the above expression, TVgt stands for the size of generation s at time The relative 

size, Mat, of this generation is then given by 

= (3.3) 

By dehnition the relative sizes of ail generations have to add to unity, that is, 

1 = ^ (3.4) 

^In what follows a variable x^t will denote the value of variable x at time t for the generation born 
at time a. 
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Equation (3.4) gives the population dynamics of the representative family, and therefore 

of the economy. In what foUows it is aasumed that the birth rate is constant. Under 

this assumption constant as well is the population growth rate and is given imphcitly 

by 

1 = (3.5) 
J -T 

while its imphcit derivative with respect to the birth rate is 

J -T 

3.2.3 H u m a n capital and labour supply 

The labour income of the family, mentioned previously, depends on the wage rate and 

the amount of labour the family supphes to the market— measured in elective units. 

This "elective labour" depends on the human capital of the family. Human capital 

can be built by investing time in education. Since this time has to be taken out of 

current labour supply, there is a trade-o@F between current and future income. This is 

the approach followed by many authors, i.e., Uzawa (1965), Mulhgan and Sala-i-Martin 

(1993), CabaUe and Santos (1993), etc. In particular, these authors assumed a human 

capital production function of the type (in its simplest form) 

At = (3.7) 

where is the aggregate human capital, is the portion of time devoted to education, 

and ^ is the constant depreciation rate. This functional form is in fact the same used— 

with variations— by the authors of the 1970s (i.e., Ben-Porath [1967], Ryder, Stafford 

and Stephan [1976], etc). The difference though is that these authors studied the problem 

of human capital formation at the micro-economic level, that is, the optimal education 

and human capital formation of a single individual. It is questionable whether or not this 
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production function can be imported to the aggregate level ag, contrary to the physical, 

human capital is not inheritable. Perhaps Lucaa (1988) waa the first that noticed this 

problem, but argued that the human capital production function of a single individual can 

be aggregated, if one only assume that the newly born start with a human capital level 

that ig proportional to the average of the economy. Since however the aim of this chapter 

is the effects of demographic factors on the aggregate human capital, I disaggregate 

human capital to the individual level. That is, I assume an human capital 

production function of the type of (3.7), similarly to the authors of the 1970s. 

The human capital therefore of the individuals born at time g is at time t equal to 

(3.8) 

where hgg is the initial human capital of the individuals and is the portion of their 

time that they invested in education, at time f . Finally, ^ is the depreciation rate of 

their human capital, and it may be due to various reasons, i.e., obsolescence of skUls 

or deterioration of the abihty to work productively— due perhaps to aging. It is also 

assumed that o < 1.1 next adopt the assumption of Lucas, that the initial human capital 

is a portion of the average human capital in the economy. If therefore the later is denoted 

by it is /iga = (ffg, where is exactly the portion of the average human capital that 

the newly born start from. If finally tUht stands for the growth rate of the average human 

capital it is .% = Substituting all the above into (3.8) we get the final 

expression for an individual's human capital: 

(3.9) 

3.2.4 Uti l i ty maximisa t ion 

The extended family maximises (3.1) under the budget constraint (3.2). In the budget 

constraint also appears the term which stands as said for the per capita labour income 
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of the family. This is given by 

Wf J" iLgi^ds (3.10) yt 

where and ita* stand respectively for the relative size, human capital, and time 

devoted to education, for the generation born at time s, while is the wage rate. 

In other words, yt is not exogenous to the family; in fact it is an instrument the 

family uses for its maximisation problem, and the optimal solution also requires optimal 

allocation of the members' time between work and education. The two decisions can 

however be separated; the family can maximise the present value of the path of the labour 

income (i/t) and then import the optimal solution in its utihty maximisation problem. 

This second problem is written as 

foo r} — 1 
max U= dt 
{ct} Vo 1 — (T 

s.t. % = (n - % + Q - = 0 

This problem is weU known and its optimal solution is given by 

Cf = — (r* — n, — p) Q (3 11) 

% = (n - fi) % + Q - 2/f (3.12) 

lime-/o("-")'^"g, = 0 (3.13) 
t—»oo 

E^quation (3.13) is the transversahty condition, and states that eventually the family 

consumes all its real wealth. 
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3.2.5 Op t ima l h u m a n capi ta l investment 

As said, the family can separate the two decisions, that is, the decision on the optimal 

paths of its consmnption and wealth, and the decision on its hmnan capital investment 

and the resulting labour income. This subsection deals with the second decision. 

Investment in human capital involves as said an externality from the average human 

capital to the initial human capital of the new generations. Yet one family alone has 

negligible influence on the average human capital of the economy, therefore the externality 

is not internalised^. Since there are no other externalities in the production of human 

capital, the optimal allocation of the time of the family members between work and 

education is disaggregated to the level of each individual family member. That is, the 

family maximizes the present value of its labour income by maximising the present value 

of the labour income of each one member. This is a problem of hfe-cycle choice, and haa 

been weU analysed in the hterature (i.e., Ben-Porath [1967]). It is therefore only brieSy 

presented here: 

As argued by Ben-Porath, the individuals at any time t equate the marginal returns 

to education and work. The latter are equal to where tu* is the market wage rate 

and /lat is as said earher the human capital at time ^ of an individual born at time a. The 

marginal returns to education are equal to ^ The term 

corresponds to the human capital generated by the marginal unit of time that 

is invested in education, while the integral gives the present value of a unit of human 

capital. This is equal to the discounted stream of future wages. The discount rate is 

equal to the interest rate, plus the depreciation rate 6 of human capital. 

Assuming therefore that there are no corner solutions where the optimal education 

time exceeds unity— the individuals' time endowment— the optimal education choice is 

^Alternatively it can be assumed that the externality is from the average human capital of the family 
rather than the economy. Yet although this assumption internalises the externality, it also makes human 
capital a partly non-rival good, as the amount transfered to the young generations is not affected by the 
size of these generations. In other words, even if the externality of human capital is internalised, the 
later still does not resemble physical capital, which per capita value is always affected by the size of the 
population. 
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given by 

= oB (3.14) 

where by pt the growth rate of the wage is denoted. 

3.2.6 T h e aggregate h u m a n capital 

The average human capital is given as 

Hi — f TLgihgids 

that is, the human capital of each generation, weighted by the relative size of this 

generation. Substituting (3.3) and (3.9) in the above expression one has the following 

law of motion for the average human capital of the economy: 

In (3.15) and are the population and average human capital growth rates at time 

as previously explained, while the time ttar invested in education is given by (3.14). 

3.2.7 Physical o u t p u t and capital marke t s 

As the interest of this chapter is human capital, the physical capital is assumed away. 

The physical output is therefore produced by labour (in effective units) alone, with a 

linear production technology. This also imphes a constant wage rate per unit of elective 

labour^. Further, the absence of physical capital means that all of the physical output is 

consumed. 

The extended family has two means for saving and investment: The hrst is by taking 

time out of labour and investing it in education, as previously described. The second 

^With a linear production technology the marginal productivity of effective labour is constant. 
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is by lending to or borrowing from other families, at the market interest rate The 

stock of net lending of the family consists its real assets, which are given— in per capita 

units— by The supply of new loans for the family is equal to the change in its real 

assets, which in per capita terms is given by %+)%%, which from the intertemporal budget 

constraint (3.2) is equal to — Q, that is, the income from labour and assets, net 

of consumption. 

Since there are no other real aasets in the economy and lending has to add to zero 

among families, we have for the representative family that % = % = 0'̂ . The capi-

tal markets are assumed perfect, and the interest rate continuously adjusts to achieve 

equilibrium between the supply and demand of loans. 

3.3 Genera l equi l ib r ium 

Having described the model economy, the next task it's to derive its general equihbrium: 

DeHnition 1 .4 ia o o/ fanobZea Q, auc/i 

aa." 

.Z. Q OTid % are per o/id reaZ 

miter^emporo/ pzi/eM /or Âe rafeg oncf 

Zoboi/r mcome. 

r̂  ig (/le ra ê ocMei;eg egm/î rẑ ^m m (/̂ e ZoGMg' marA;e;(, %̂feM 

demand OTid o/ foo?ig 6?/ /̂le /am%Z%eg. 

,9. ttsf /̂le m e(f%/c0̂ 207i 6;/ eac/i member o/ êMerô ôM 5, wMc/i 

(/le pregefi^ foZt̂ e o/ (/le^r m êr̂ emporoZ Zô otfr mcome, ^Aezr eipec^a îoTw /or /̂le 

/(̂ ^wre m(erea^ ra^ea. 

^Yet the main results of the chapter are equally robust for non zero real wealth, consisting i.e., on 
physical capital or government bonds. For this reason this property will be ignored in what follows, and 
all results will be proved under general assumptions for the real wealth. 
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^ /iMTTZon o/eoc/i member o/^eMem^m/i 5, oncf za oŷ Mĉ zoTi o/^/ie 

premo%g edt/câ tOM decigwna 0/ (/lese members, oa weZZ aa 0/ (Ae%r W^mZ /ii/maM cop̂ â/, 

w/i2c/i depeMck 071 /̂le ai;ero^e copẑ aZ 0/ (Ae ecoMomi/ o( (/le ẑme /̂lâ  /̂lê / 

tfere 60m. 

5. M /̂le ODemg'e capẑ a/ 0/ (/le ?iep7iegen(o(%i;e a7i(f Âe eco/iom^, aM(f 

M G wezgMeff afemge 0/ /̂le capz^a/ 0/ membera. 

w/i( M ̂ /le grow /̂i m^e o/ /iwrnoM copz^o/. 

Thus the general equihbrium is given by the first order condition (3.11), the intertem-

poral budget constraint (3.2), the transversahty condition (3.13), the expression (3.9) for 

the human capital of an individual, the optimal education choice (3.14), the law of mo-

tion of the average human capital (3.15), and the equihbrium value of the real wealth. 

These equations are repeated below (slightly modified), for convenience: 

% = (n -M)gf + Ct-i/t (3.16) 

?/, = / ) / " (1 - (3.17) 
J t-T 

/kt = (3.18) 

ct = - ( n - n - p ) c t (3.19) 
(7 

= a g (3.20) 

t nt. 

^st 

l = ( y (3 21) 

jy, = (3.22) 

% = 0 (3.23) 

Equations (3.16) and (3.19) are repetitions of (3.2) and (3.11) respectively. (3.17) emerges 

from substitution of (3.8) into (3.10), and use of the property that the wage rate is 

constant— which is further normalised to unity. In other words, (3.17) gives the per 
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capita labour income, which is equal to the per capita efficient labour. The later is given 

by the integral of the efficient labour of all family members, which in turn depends on 

the portion of time they allocate to work, their initial human capital, and the cumulative 

time they invested in their education. (3.18) states formally the assumption that the 

newly born start from a level of human capital that is proportional to the average in the 

economy, while (3.20) is a repetition of (3.14), with substitution again of the property 

of constant wage rate. Finally, (3.21) is repetition of (3.15), (3.22) is a dehnition of 

while equation (3.23) gives the property discussed above, that the aggregate real wealth 

is equal to zero. It must be stressed once again though that this is not necessary for the 

results that follow; it would equally well do if the real wealth wag i.e., equal to physical 

capital or to pubhc debt; what is needed is to deSne what the real wealth consists of 

Before defining the steady state of the model economy, the following propositions wiU 

be proved: 

Proposition 1 In the long run the growth rates of average consumption and human 

Proof: It will be shown first that the growth rates of consumption and effective 

labour are equal, and then that the second is equal to the growth rate of human capital: 

With the wage rate normalised to unity, the per capita elective labour is equal to the 

labour income Since this is equal to the per capita consumption Q, the two grow at 

the same rate^. 

The elective labour supply— or the labour Income i/t— is given by (3.17). 

Since itat is bounded between 0 and 1, it is only through the initial human capital Agg 

that can grow in the long run. Yet is proportional to the average humein capital 

of the economy, which ties the growth rate of to 

Q.E.D. 

^One however does not need the two to be equal; even if there were real assets in the economy, that 
is, if it was % > 0, then it can be easily shown tha t the transversality condition (3.13) would eventually 
tie ct and yt together. 
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Proposition 2 0/ t oWer a /a, (/le Zeaa ecf̂ câ ioM Âe?/ 

GcgM r̂e. 

Proof: Derivation of (3.20) by s gives 

(1 - a) 
^ ^ (fa 

Since all terms in the above expression are positive, positive has to be as weU, that 
Qg 

is, the optimal education is higher for the younger generations (higher 5). 

Q.E.D. 

This result is due to the hnite horizon of the individuals, and it is a generalisation of 

the result of Ben-Porath, who found that an individual's education is declining with the 

process of aging. Ben-Porath however proved this result under the assumption of constant 

prices and interest rate. Without this assumption his result does not necessarily hold; 

although the shorter horizon still discourages education, heavy enough swings of the 

interest rate may weU oSset or even reverse this "horizon eEect", at least for some period 

of the individual's life. What however proposition 2 states is that whatever the education 

swings in the lifetime of an individual, at any given point of time, the economic agents take 

more education than their contemporaneous older and less than their contemporaneous 

younger. 

3.3.1 S teady s t a t e g rowth 

I prefer to de&ne the steady state with as less properties as possible, and derive the 

remaining: 

Definition 2 on w/iere ond (Ae com-

mon ^row /̂i wt 0/ per capita cona^ani 

Next the following is established for the steady state: 
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Proposit ion 3 7% (/le (%me GHocâ mM Wgt oMd capẑ oZ 0/ GM 

con 6e pwen og 0/ Âe ape t — a o/oMe, w%(/i (/le Tiea/ t aTid 

(fo ê 0/ s 6emp zTTeZefoni 

Proof: The time devoted to education, Ust, is given from (3.20) as 

In the steady state the interest rate is constant, which simphhes the above expression to 

fT+a 

which in turn gives 

= aB / ° 
J t-s-T 

The r.h.8. of the above expression depends on the diSerence ( — a but not on t and g 

individually. 

Q.E.D. 

The steady state can therefore be summarised by the following system of equations: 

r — n — p — (7LO = 0 (3.24) 

1 = (3.25) 
J 0 

(3.26) 

where r and w stand for the constant interest and growth rates, is the portion of the 

average human capital of the economy that is paased on to the new generations, ^ and n 

are the fertility and population growth rates, ^ is the depreciation rate of human capital, 

which has been assumed independent of age, and itz is the time devoted to education by 
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the agents of age a;. Next (3.26) is substituted into (3.25) to yield^ 

! = exp 
J 0 

rO , \ l-a 
— n — u — di; > da; (3.27) 

This equation states a relationship between the interest and growth rates alone, and it 

can be seen that this relationship is negative and concave. The steady state system is 

therefore block recursive, with equations (3.24) and (3.27) consisting the Erst block, and 

(3.26) consisting the second. The Srst block is presented graphically on graph 3.1, on 

the next page. In this graph, the locus HH gives the growth rate of the average human 

capital given the interest rate, while the locus CC gives the growth rate of consumption, 

given again the interest rate. The steady state is given by point A, where the two loci 

intercept. 

Next the steady state effects of parameter changes are studied: 

3.4 C o m p a r a t i v e s t eady s t a t e 

The eSects on the optimal education Kz will be studied hrst: 

Proposition 4 T/ie (o r 

Proof: Differentiation of (3.26) yields 

(1 - o)-^ (aB) ^ ^ j ^ 

This expression is negative because i; is always negative in the integral 

Q.E.D. 

Next the eSects of the human capital depreciation ^ and birth rate on the per capita 

growth w and the inter^t rate r are studied. This is done with the aid of graph 3.1: 

^Although the integral in (3.26) can be evaluated, it is more concise algebrically to leave it as an 
integral. 
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Graph 3.1. Comparative Steady State 
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Proposition 5 mcreose m ^ Zoĉ /5 (o Âe /e/% (foeg a^ec( 

(Ae C C /oc^/6. mc?ie&se m cr OM (/le o(/ ier Zea'ueg ^/le .K77 Zocua l iMo^ecW, z/̂ AzZe 

rô Ĝ eg (/le CC Zoĉ /a c/oc/rw^e ^rom /̂le pom^ m êrcep^g wẑ /i /̂le r-oa%g. mcreoae 

yzMoZZi/ m /3 /̂le CC Zociw (o (/le w/itZe Aoa OM G?7i6%̂ 'uo%̂a OM /̂le 

Z0C2̂ 6. 

The proposition is proved with imphcit differentiation of (3.24) and (3.27), as shown 

in appendix A. Its general equilibrium implications are studied next: 

As can be seen from graph 3.1, an increase in the hnmaji capital depreciation rate ^ 

haa a negative eSect on both economic growth and the interest rate, by shifting the HH 

locus to HHi: ^ has a direct negative eEect on the growth rate of the average human 

capital, but also an indirect one, again negative, which consists on reducing the returns 

to human capital, and consequently education eSort, as stated by proposition 4. As all 

famihes now prefer to invest in real assets, the supply of loans increases, with negative 

eEects on the interest rate. Although this mitigates the original eEect of ^ on education, 

this eSect cannot be reversed, and eventually both w and r are lower. 

cr on the other hand is the inverse of the intertemporal elasticity of substitution. A 

higher value of cr— lower intertemporal elasticity of substitution— malces the households 

smooth their consumption further. To achieve that, they increase their borrowing, at the 

expense of their future consumption^. Since everyone wants to borrow the interest rate 

goes up, which reduces education, with negative effects on economic growth. 

These results are also shown algebraically in appendix A. Less straightforward are 

the eSects of the birth rate though, which are next analysed: 

^This is so for the case the growth rate is positive. A negative growth rate implies otherwise, as 
consumption smoothing now means increasing the future rather than the current consumption. In what 
follows it is assumed tha t the growth rate is positive, keeping in mind that if the growth rate is negative 
everything is the exact opposite. 
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3.4.1 Effects of t h e b i r th r a t e 

The birth rate aEects the steady state equihbrium through two streams, that is, the 

population growth rate and age structure. The Grst stream is captured by the CC locus, 

while the second by the HH one. 

Starting from the 6rst effect, an increase in has from (3.6) a positive effect on the 

growth rate of population, which is realised, as stated in proposition 5, with a shift of the 

CC locus to the right (CCi): In order to maintain the growth of its average consumption, 

the family wants to increase its borrowing; its faster growing population wiU more easily 

repay the debt. As aU famihes want to borrow the interest rate goes up, which exactly 

means that the CC locus shifts to the right. 

This is an important result by itself, as it states that other things equal a higher 

birth rate leads to less education for aU, by increasing the interest rate, which in turn 

reduces education. In other words, a high birth rate increases the amount of resources 

required for education, which ceteris paribus reduces the education effort. This is the 

eSect mentioned by authors like Tu (1969). 

The age structure effect of on the other hand, captured by the curve HH, is the sum 

of two sub-e5ects: The hrst, consists on the entry of new generations, which start with 

a human capital level that is proportional to the average of the economy. Yet as long as 

this initial human capital level is lower than the average, the entry of the new generation 

has a human capital dilution effect which, similarly to the physical capital dilution effect 

of the literature, is increasing with the size of the new generation. 

The second eSect of the population age structure is also the one mostly neglected by 

the aggregate human capital hterature, and depends on the human capital investment 

by age. In particular, as was shown by proposition 2, younger generations invest more in 

education. Consequently, the younger an economy's population, the more the investment 

in human capital and the faster the growth rate of the average human capital of that 

economy. 

As the first eSect of the population age structure on human capital growth is negative 
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and the second ig positive, the total cannot be signed without knowledge of the exact 

values of the parameters. In other words, the effect of the birth rate on the HH locus 

is ambiguous, as stated in proposition 5. 

For a better understanding of the properties of these two eSects, the second will be 

assumed away for the time being. In particular, it is assumed that all generations invest 

the same amount of time to their education, which exactly ehminates the life cycle effect 

of the age structure of the population on the average human capital. To achieve constant 

education, infinite horizon is aasumed that is, T= oo. In that case, the optimal education 

equation (3.14) is modi6ed aa 

which yields for the steady state 

ttz = y = 'u— constant. 

This simplifies the human capital equation (3.27) to^ 

J 0 

1 = + W + 

w = + 

Differentiation of w with respect to /? yields 

r<-' 

That is, even under the most simplistic assumptions, the growth rate of human capital 

is still dependent on the demographic variables of the economy, even if one adopt the 

®With infinite horizon the population growth rate n is equal to (3. 
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argument of Lucas that the new generations inherit a portion of the average human capital 

of the economy; even if one both concentrate to the steady state and assume away the hfe-

cycle theory of human capital investment, the birth rate still dilutes the human capital 

of the economy, in per capita terms. This is often accounted for in the hterature with 

a depreciation rate of the aggregate human capital. Yet this approach neglects the fact 

that this depreciation rate is not constant, but depends on the demographic variables of 

the economy. 

The above finding also stresses the signihcance of the second effect, that of the age 

dependent education: With the capital dilution eEect negative, it is the more human 

capital investment of the young that makes the total effect of the population age structure 

on human capital investment ambiguous. 

A general equihbrium analysis must of course take into account both the population 

growth and population age structure effects of the birth rate, or to put it in a more 

technical way, the effects of on both CC and HH loci. These e&cts are studied 

algebraically in appendix A. Perhaps the most important result is that the total eEect of 

P on per capita growth remains uncertain and dependent on the values of all parameters 

of the model. Surprising however is that the eEect of on the interest rate is uncertain 

as well. In particular, if the intertemporal elasticity of substitution is higher or equal 

to unity, that is, if cr is lower or equal to 1, then the effect of on the interest rate 

is always positive. With inelastic intertemporal elasticity of substitution though, that 

is, for (7 > 1, this is not certain anymore; all one can say is that whenever increases 

economic growth, it also increases the interest rate. If however the growth effect of is 

negative, then its effect on the interest rate can go either way. 

The above results with respect to r can be explained as follows: An increase of the 

birth rate (3 shifts as said the CC locus to the right. Yet when a is low this locus is 

more vertical, therefore shifts of the HH locus aGect more the growth rather than the 

interest rate. Consequently, for low values of cr the shift of the HH locus cannot offset 

the increase of the interest rate, generated by the shift of the CC locus. Yet when the 
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CC locus is more horizontal (c > 1) and the birth rate shifts the HH locus to the left, 

the total effect to the interest rate may well be negative. This is more probable to occur 

if the intertemporal elasticity of substitution is very low— if o" is very high— as shown 

in appendix A. 

The eGect of the birth to the interest rate is reflected to the education decisions of the 

economic agents, as these decisions depend on r. In particular, if r goes up, the education 

of ail agents goes down, as shown by proposition 4. If on the other hand the interest 

rate falls despite the upward pressure of the CC shift to the right, the human capital 

investment of all agents goes up. This result may also explain some counter-intuitive 

findings of some studies (i.e., Jeon and Berger [1996]), which found that the size of a 

generation has a positive eSect on its education eSort. 

This later result implies that whenever the birth rate aEects r negatively, it increases 

u;. Yet it was just shown that the birth rate can reduce the interest rate only if it also 

reduces economic growth. The answer to this puzzle is the human capital dilution effect 

of population: Although education does go up, this is outweighted by the lower initial 

human capital of the new generations. 

3.5 Conclusions 

In this chapter the e&cts of demographic factors on the aggregate human capital for-

mation and through it on economic growth were studied. Using a simple model of in-

tertemporal maximisation where perfect altruism ensures the efficient contemporaneous 

and intertemporal allocation of resources, I hrst derived the optimal humaji capital ia-

vestment of an altruistic individual. The result of Ben-Porath, that education attainment 

is dechning at the process of aging, was generalised for the case where the interest rate 

is not constant. 

Three eSects of the birth rate on the aggregate human capital were then identiBed: 

The first, has to do with the effect of the birth rate on the population growth, which in 

75 



turn pushes the interest rate upwards, with negative effects on education. The second 

eSect consists on dilution of the average human capital by the newly born generations, 

which start from a lower than average level. The last and most neglected in the literature 

effect is related to the life cycle nature of human capital investment. In particular, as 

the young agents invest in education more than the old, the higher the birth rate, the 

higher the portion of the young and the more human capital investment on the average. 

As this last effect is opposite to the other two, the overall eSect of the birth rate is 

ambiguous. Ambiguous also is the overall effect of the birth to the interest rate. Since 

the latter aSects education attainment, the size of a generation may affect its education 

either positively or negatively. This can possibly explain the positive such eEect found 

in some empirical studies. 
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Chapter 4 

Effects of demographic factors on 

technological change 

4.1 I n t r o d u c t i o n 

The endogenous technological change hterature implies a scale eEect of the population 

size on the per capita growth rate of the economy. Yet this is not supported by the 

evidence: As Young (1998) argues, after the second world war not only the scale of 

the economy but also other growth promoting variables (such as trade liberalisation 

and increased education) were very favourable, yet without the growth rate increasing. 

Increasing indeed was the growth rate during the industrial and pre-industrial ages, yet 

this increase was much more modest than what the scale ejSects argument would imply. 

Subsequent authors tried to Gx the scale effects problem, while maintaining the en-

dogeneity of technological progress. Two are the alternative approaches they followed. 

The first (i.e., Kortum [1997] and Segerstrom [1998]) argues that the more advanced a 

technology is the more difficult it is to improve it further, which exactly imphes that more 

and more resources are required for same amounts of improvement. This assumption is 

sufficient to ehminate the scale eEects of population, albeit it yields the undesirable result 

that without population growth there is no output growth either. 
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The second approach (i.e., Young [1998], Dinopoulos and Tompson [1998] and Peretto 

[1998]) stresses the argument of 2-dimengional R&D, that is, both quality improving and 

variety expanding. According to these authors, aa population increases the variety of 

products expands, which has a on the amount of resources that are 

allocated to quality-improving R&D. That is, although the total resources allocated to 

R&D increase, they are also divided to an increasing number of products. The result is 

that it is the population growth rate rather than size that affects the output growth. 

Both approaches however maintained the "tradition" of the original papers on endoge-

nous technological change, of ignoring the question of human capital formation: Although 

aU authors^ recognise human capital as the engine of innovation and technological im-

provement, they take it as exogenous and proportional to the size of the population^. The 

objective of this chapter is to restore the role of human capital investment for innovation 

and long run growth and, to the extend that education decisions are affected by demo-

graphic factors, to study the role of these factors for R&D and growth. In particular, it 

is shown that although population aEects economic growth in the way described by the 

2-dimensional R&D approach, it also affects human capital investment, which feedbacks 

to economic growth. In this way, demographic changes may provide a better than scale 

effects explanation for the increasing growth rates of the last two centuries, as weU as for 

the more recent growth stationarity. 

FoUowing the 2-dimension approach, I assume that the physical output is produced on 

a continuum of intermediate products which are not perfect substitutes for each other. 

The engine of growth is technological progress, which similarly to the 2-dimensional 

R&D models can be either variety expanding or quality improving. Input for both R&D 

activities is labour, yet measured in effective units, which exactly takes human capital 

into account. 

In this framework three types of economic agents are assumed: First, the firms that 

^Including the "founders" of the endogenous technology theory, i.e., Romer (1990), Aghion and Hewitt 
(1992), etc. 

^Zeng (1997) is among the few exceptions. 
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produce the intermediate products, which enjoy perpetual patent rights of their inventions 

and consequently maximise their prohts under conditions of monopolistic competition. 

Competitive however is the market in the final output sector. The third type of agents 

are extended families, which consist of members of aU generations. An extended family— 

which can be seen as all the descendants of an individual bom far in the past— seeks 

to maximise an intertemporal utihty function with respect to the members' average 

consumption. Decision variables of the family are on the one hand the allocation of its 

members' time between labour and education and on the other the allocation of its total 

income between consumption and saving. 

The main result is that population has a direct and an indirect— through human 

capital— e%ct on economic growth. Further, it is shown that it is not only the growth 

rate of population but its age structure as weU that matter, even if the effects analysed in 

the previous chapter are assumed away. A theoretical explanation is also offered for the 

finding of Bils and Klenow (2000) that "growth causes schooling rather than the other 

way round", as weU as the Ending of Jeon and Berger (1996) and other authors, that the 

size of a generation affects their schoohng positively rather than negatively. 

The structure of this chapter is as foUows: The model is presented in the next section 

and in section 3 the general equihbrium and steady state are derived. The comparative 

statics of demographic changes are studied in section 4, while section 5 summarises the 

main results. 

4.2 Economic env i ronment 

A closed economy is assumed, consisting of three different types of economic agents: 

families, final output Grms, and Grms that produce the intermediate products that are 

used as inputs in the Bnal output sector. 
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4.2.1 Families and popula t ion 

It is assumed that the economy consists of many extended famihes, identical in terms of 

preferences, real wealth, age structure and population dynamics. This assumption allows 

one to speak about a "representative family". This representative family is assumed to 

maximise an intertemporal utility function with respect to the average consumption of 

its members, which is given by 

fOO 
[/ = y (4.1) 

where c* is per capita consumption. The fact that it is only the per capita consumption 

that matters imphes perfect altruism among the family members, which in turn imphes 

that the individual members of the family would take by themselves exactly the same 

decisions with a family planner. 

The intertemporal budget constraint of the family is given as 

Qt — [xt — M') % + PtCt ~ (-t (4.2) 

where is the interest rate at time n is the constant growth rate of population, %, Q 

and stand for the per capita real assets, consumption, and effective labour supply, and 

is the price of the single consumption good, with the wage rate set as numeraire^. 

The real wealth consists on shares of the hrms that produce the intermediate products. 

By "effective labour supply" the hours supplied to the labour market is meant, weighted 

by the human capital of the workers. The family therefore has two means of investment: 

shares of the "intermediate" hrms, and human capital. 

Regarding the population of the representative family, constant birth (e) and death 

(A) rates are assumed for simphcity. That is, at any point of time sA/* new members 

are born to the family and XNt members die. It is also assumed that the probability of 

^It will become apparent later on tha t it 's more convenient to set the wage rate rather than the 
output price as numeraire. 

80 



death (A) is the same for all age groups. Thus the population growth rate (71) is given 

as n = 6 — A, while by following the same steps as in the previous chapter we get that 

the relative size of & generation born at time a is at time ^ given by 

n,, = (4.3) 

Util ity maximisation 

The extended family maximises its utihty (4.1) subject to the intertemporal budget 

constraint (4.2). Of course the per capita e&cient labour is not exogenous to the 

family, but depends on its human capital investment. Yet ag argued in the previous 

chapter, the family can separate the two decisions of optimal human capital investment 

and consumption paths. This subsection therefore studies the second decision while the 

first is studied in the next. 

The current value Hamiltonian of the second problem is given as 

a. = \i\.Ct + [{rt — n) qi-\- PfCt — £t] 

and the first order conditions are 

(4.4) 

& = fi (n - n - p) (4.5) 

which yield the following optimal paths for the per capita consumption (ct) and real 

assets (%) of the family: 

^ - n - p - A ) Q (4.6) 

% ^ (n - n,) % + - .gf (4.7) 

= 0 (4.8) 
t—»oo 
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where ^ is the growth rate of Equation (4.7) is a repetition of the budget constraint 

(4.2), while (4.8) is the trangversaJity condition, and states that the family eventually 

consumes all its real wealth. 

Human capital and labour supply 

The elective labour supply of the family, mentioned previously, depends on the working 

hours supplied and on the human capital of the individuals that supply them. Human 

capital can be built by investing time in education, which has to be taken out of current 

labour supply. In particular, it is assumed that each individual is endowed with one unit 

of non-leisure time, which they allocate between work and education. The latter adds to 

the individuals' human capital, according to an accumulation function that is similar to 

that of the previous chapter, that is®, 

Aat = (4.9) 

where and tfa* are the human capital and portion of time devoted to education, for 

an individual born at time s. is a constant human capital depreciation rate, and can 

also be attributable to deterioration of skills, due to ageing. Finally, it is assumed that 

the returns to education are diminishing, that is, 6 < 1. 

As said, the family can separate the two decisions, that is, the decision on the optimal 

paths of its consumption and wealth, and the decision on its human capital investment 

and the resulting labour income. The first decision has already been studied; regarding 

the second, the family maximises the present value of its labour income by maximising 

the present value of the labour income of each one member, as explained in the previous 

chapter. As was also said, the condition for optimal education is that the marginal 

returns to education and work are equal. These returns are given by "what can labour 

buy", which depends on the price of the Snal output, since the wage rate has been 

^In what follows the growth rate of a variable yt will be denoted by yt-
®Providing of course tha t the individual will be alive in the next moment. 
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talceii as numeraire. Thug the marginal returns to work are equal to while the 

marginal returns to education are equal to ^ ^ term 

corresponds to the human capital generated by the marginal unit of time that 

is invested in education, while the integral gives the present value of a unit of human 

capital. This is equal to the discounted stream of future wages in terms of the hnal good, 

which with the wage rate taken as numeraire are equal to the reciprocal of the price 

of the final good. The discount rate is equal to the interest rate, plus the depreciation 

rate Lp of human capital, plus the probability A that the individual will die in the next 

moment. The horizon is infinite, aa a constant probabihty of death was assumed. 

Assuming therefore that there are no corner solutions where the optimal education 

time exceeds unity— the individuals' time endowment— the optimal education choice is 

given by 

(4.10) 

Noteworthy is that the optimal education is the same for all age groups. This is due 

to the assumption of constant probability of death, and eliminates the hfe-cycle eSect of 

the population age structure on human capital accumulation— discussed in the previous 

chapter. The other eSect of the age structure, that of human capital dilution, has already 

been ehminated by the assumption that the new generations start at a human capital 

level that is equal to the average of the economy rather than a portion of this average. 

These two assumptiong together imply that all agents have the same stock of human 

capital and consequently the law of motion of the average human capital is the same as 

that of the human capital of the individual, that is, 

gt ^ - y? (4.11) 

where gt is the growth rate of the average human capital and is the equal among 

generations time invested in education, as given by (4.10). 
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4.2.2 T h e final o u t p u t sector 

A single good is produced in the economy, which is used entirely for consumption pur-

poses. This good is assumed to be produced under conditions of perfect competition 

and with a C.E.S. production technology that demonstrates constant returns to scale. 

The inputs used are a variety of intermediate products which completely depreciate in 

the procedure. What is important for these intermediate products is that they are not 

perfect substitutes for each other. 

The production function of the representative hnal output firm is therefore given by 

Y = ( ^ l \ - ; d i y (4.12) 

where are the intermediate products used and A is the number of the available diEerent 

types of intermediate products. It is also assumed that a < 1. The Erms of the physical 

output sector decide on the quantities of the inputs they use in order to maximise their 

prohts, which because of the assumption of perfect competition are given by 

U = PY — J piXidi (4.13) 

where and f are the prices of the intermediate and Enal products respectively. In 

their maximisation problem the hrms take the variety of the intermediate products (A) 

as given, and because of the assumption of perfect competition so they do for the prices 

Pi and f . Solving this maximisation problem yields the demand function for the inter-

mediate products: 

X, = ( £ j Y (4.14) 

The next task is to derive an expression for the price of the final output. For that, 

equations (4.14) and (4.12) are substituted into (4.13) to yield 

n = p L W Vo 
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which by arrangiag terms and using the property that under perfect competition the 

prohts are zero, yields the following expression for price of the hnal output: 

/ j-A _g^ \ a 

-P = U (4.15) 

4.2.3 T h e in te rmedia te p roduc t s ' f irms 

The production of the intermediate products is assumed to be restricted by perpetual 

patent rights of the Grms that hrst introduced them^. This imphes monopohstic compe-

tition in the intermediate products' market. It is also assumed that no one but the initial 

patent holder can improve the quality of an intermediate product: Although it would be 

more realistic to aUow for R&D races and business stealing, this would only complicate 

the analysis without adding anything to it. 

The production of the intermediate products requires (elective) labour alone, and 

their "quality" is defined as the reciprocal of the labour input required for the production 

of one unit. In particular, it is assumed that the production function of the intermediates 

is given by 

where ^ is a constant, is labour input, and the labour productivity z, evolves according 

to^ 

% = (4.17) 

The intermediate hrms maximise at any time f the present value of their expected proGts, 

which is given by^ 

®Tliis subsection, as well as the next, draws from Peret to (1998). 
^This quality improvement function is different from the one used in the literature, in the sense that 

in the li terature it is the average rather than individual quality tha t matters . 
® Recall t ha t the wage rate is set as numeraire. 
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which by substitution of Xi from its demand function (4.14) yields 

/ oo rt . . , 1 1 
^ (4.18) 

The intermediate Erms therefore maximise (4.18) under the constraint (4.17). The 

current value Hamiltonian is given as 

(Pit — 'Z;/) 

and the hrst order conditions are 

Pit = — ( 4 - 1 9 ) 

& " (4.20) 

& - & (n - / )4 t ) - (4.21) 

Taking next the time derivative of (4.20) and substituting into (4.21) we get after ar-

ranging terms the following expression: 

1 Jie_ 
n = (4.22) 

Equations (4.17), (4.19) and (4.22) give the paths of quality (z t̂), quahty improving 

R&D eEort (̂ z^J, and output price (pit), for the intermediate product industry i. 

4.2.4 Variety expansion 

Although the intermediate products are protected with patent rights, there are no re-

strictions in inventing a new product. This imphes perfect competition in the variety 

expanding R&D sector. The variety expanding technology is assumed of the type 

A = (4.23) 



where stands for (elective) labour input in the expansion R&D sector and "y is a 

constant. For simphcity it is also aasumed that the quality level of all new products is 

equal to the average quality of the existing ones. This is su&cient to achieve same quality 

for all intermediate products. 

In order to introduce a new variety, an R&D hrm compares the cost of invention 

with the present value of the expected profits of this invention. Prom (4.23) the cost of 

invention is equal to —. The present value of the expected promts on the other hand is 
7 

given by (4.18). In other words, positive R&D in the expansion sector imphes that 

7 

4.3 Genera l equi l ib r ium 

Having described the model, the next task is to derive its general equilibrium. First 

though, the symmetry among the Brms of the intermediate products' sector must be 

stressed: The assumption that the quality of new products is equal to the average quality 

makes all Erms identical and therefore make the same decisions. This allows one to talk 

about a "representative intermediate hrm", which simphfies the notation and derivation 

of the general equilibrium. 

DeGnition 3 ^ a o/ tiGTioWea Q, r*, gt, 

Pt ^ ^zt CL'^d Lat SUCh 0.5. 

.Z. Q GTid % ore t/ie per reaZ oagê g maa;%m%ae 

2(5 mkr^emporoZ ẑ'ueM ea;pec(G(%0Hg /or (/le îî ifre m^ereg^ ro^eg, pnce ZeueZ, 

oMcf own, e_̂ ec(%%;e Za6o%r at/ppZi/. 

,9. -Ut M (/le m e(f̂ /co(%07i 6?/ eac/i wMc/i m(n%m%seg (/le preaen( 

f a/'ue 0/ (/le^r m(er(em,poraf /abo'z/r mcome, ^we^ (/zeir erpeĉ â zoTza /or (/le /z/̂ 'ure pnceg 

GTid m^ereg^ ra(e5. 
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,9. fft ^ (Ae Gferoge 0/ (Ae ecoMom?/, wMcA %g ako egi/aZ ô Airman, 

capita/ 0/ eocA mdWd^aZ oTid ia o /iiMc^ion 0/ (Ae%r premoiia edî ca^wn dec%a%o%5. 

w Âe ai;eroge e^c%e?i( Zo6o%r at/ppZy 0/ Âe repreaeM â̂ %i;e /om^Zi/, ond deĵ enda 

OM Âe oi;ero^e A%/maM copẑ oZ and (Ae (%me Ââ  M (Ze'uoW (o Za6oi/r oĉ W(%ea. 

5. It OM(Z a:̂  ore (Ae prodi/ced and (Ae mpi/̂ a t^ed 61/ Âe /z/ioZ ^nria, 

wÂ cA 77iGi%m%ae ^Aezr pro/ẑ a pifem (Ae przcea f* amd pt 0/ Âe yznoZ omcZ m^ermedm^e 

prodizc^ Tieapeĉ zfeZi/. 

y* za Âe preaem^ 'uaZue 0/ Âe ezpecW pro^^a 0/ am m êrmiedm ê /znTi, amd (ZepemcZa 

om ̂ Ae demamd/or (Ae%rpro(Z«c(, Âê r ci/rrem^ (ecAmoZô ^ Zeî eZ Zt, amd ̂ Ae ea;pecW m êreâ  

râ ea oa weZZ oa (Ae /z/̂ z/re decwmma 0/ Âe /zfTm. 

7- ẑf oMcZ pt are reapeĉ weZi/ Âe Za6owr mpî â m prodi/c^wm and gi/aZt̂ ^ iniproMmp 

_R6fD 0/ Âe m^ermedm^e /zrTma amd Âe pnce 0/ (Aezr (Aa( maa%7m%ae (Ae%r 'uaZ'ae 

V( jita^ (Zeacrzked. 

Âe amottm^ 0/ Zaboizr empZo?/e(Z m i;ane(2/ 7Z6fD, %̂fem (Ae i;aZ'ue 

o/ (Ae m^ermedm^e /znTia. 

P. Zt amd At are (Ae g?/aZî ^ Zei/eZ amd f ane(^ 0/ Âe m^ermedm^e prodi/c^a Tieapeĉ zi'eZ?/, 

amd (fepemcZ om (Ae cumwZâ zfe Zabow mfea^mem^ m gi/aZẑ g/ %mproi%m̂  (̂ t̂) o)̂ (Z 'uanê ^ 

eipamdmp (Z'ot) 

^0. f t 5̂ Âe pyice ZeueZ 0/ Âe /imaZ prod%c(, wAicA cZeara %̂a marAei 

rt za Âe m ê7iea( ra ê Ââ  acAzet/ea egmZ%6r%2zm 6e(weem aitppZi/ amd (Zemamd /or 

aamm â, Âe /zra^ p2?;em 6^ Âe dea r̂ed aaaê a (gt) 0/ Âe /amzZzea amd Âe aecomd 6^ Âe 

m%;eâ mem( pZoTia 0/ Âe _̂ rma. 

,̂2. pt %a Âe proWA ra(e 0/ Âe ofera^e Aitmam capî aZ. 

The general equilibrium is given by the following system of equations: 

ct = ( r t - n - p - f f j c t (4.24) 



% — (^t — + PfCt — £t 

Pt = - y; 

y = 4 ^ 2 j 

~ 

~ P^t^zt 

A = 7-Zvo( 

f* = 

1 - 0 

(P,. 

Vt — ~ 
7 

•^t {^xt + -^Zt) + Lat = N f i t 

= (1 - 1 )̂-% 

^tQt = AtVt 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

(4.37) 

(4.38) 

(4.39) 

Equations (4.24) and (4.25) are repetition of (4.6) and (4.7) respectively, and express the 

optimal consumption and saving decisions of the family. Equation (4.26) is repetition 

of the optimal education expression (4.10), while (4.27) repeats the expression for the 

growth rate of the average (and individual) human capital. (4.28), (4.29), (4.30) and 

(4.31) restate the production technologies of the hnal output, intermediate products, 

quality improvement of the intermediates, and variety expanding respectively. Equation 

(4.32) emerges by using in (4.15) the symmetry property of the intermediate hrms, and 

gives the price of the Anal output in terms of the price of the intermediate products. As 

can be seen, the price f t is decreasing with respect to the variety A* of the intermediates 

because higher variety allows higher production without reducing the marginal product 



of the intermediates used. (4.33) gives the value of intermediate firms, while (4.34) and 

(4.35) are the optimality conditions (4.19) and (4.22) of the intermediate firms. Finally, 

(4.36) gives the condition for positive (and hnite) variety expeinsion R&D, (4.37) is the 

equilibrium condition in the labour market^, (4.38) gives the aggregate labour supply 

in per capita terms, and (4.39) states the equilibrium between supply and demand for 

aasets, that is, the value of all stocks of all intermediate firms must equal the real wealth 

of the extended family. 

The next task is to reduce the number of equations and variables to those of our 

interest, that is, ft, i/*, and By the growth rate of the per capita 

final output is meant, while 5* stands for the aggregate labour supply per intermediate 

firm and is defined by St = — T h e simplified general equilibrium system is as follows^®; 
At 

Wt = ?- t -6 + A - p + (4.40) 

^ ('̂ -41) 

2/1-'̂  = gg (4.42) 

(4 43) 

4 — ( 4 . 4 5 ) 
7 

plus equations (4.27), (4.31) and (4.37). I prefer to keep the growth rate of varieties (v4() 

as it is, for reasons that wiU become obvious. The steady state growth path is de&ned 

next: 

®iVi is the population size. 
derivation of the system is described in appendix B l . 
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4.3.1 S teady s t a t e g rowth 

Definition 4 w on %g c/iomc^enged 61/ /̂le 

propeyiies.' 

T/ie m êreg^ m^e /zrm g%ze (/le po/frnTi o/ oZZocâ ed 

are aZZ coMâ oMi 

,8. T/ie Zo6oMr m (/le prod'Ziĉ zoM 0/ m^ermedm^e prodi/c^g, %mpro?;-

jZ6fD, OTid %;a7iê ?/ arpovidmp ^6fD ore propor̂ mMaZ ô /̂le A* 0/ /̂le m^erme-

(fm ê profftfc^g. 

,9. r/ie per cGp%̂ a yzMoZ /it/moM cap#af ^row /̂le coMg(oM( roka 0/ w ancf 

^ regpeĉ ii/eZ .̂ 

PEiragraph 2 is another way of saying that in the steady state growth path, 

and are constant. This can only be the case if labour supply and product variety 

grow at the same rate. The first is given as = 7Vt.Ht (1 — w )̂, which by the steady 

state property of constant imphes that the growth rate of total labour supply is the 

sum of the growth rates of total population (g — A) and average human capital (^). This 

in turn imphes that the steady state growth rate of product variety is given as 

At = e — A + g (4.46) 

The steady state system is next given by 

r — p = 6 + p — A (4.47) 

Bu^ — g = ip (4.48) 

(1 — a) g + — 2a — j ^ — ay; + (a — 1) 6 + A (4.49) 

(4.50) 

91 



cu = — ^ (e - A) + - ^ + ,0% (4.52) 

5 = 4- 4- — (s — A + g) (4.53) 

To make things ag simple aa possible, the steady state system (4.47)-(4.53) waa made 

block recmrsive, with the Grst three equations forming the hrst block and the remaining 

equations being one block each. Equation (4.47) is the steady state expression of (4.40), 

after subtraction of (4.41) and substitution of from (4.46). (4.48) emerges from (4.27) 

while (4.49) emerges by substitution of (4.44) and (4.46) in (4.42), and solving the in-

tegral. (4.52) is the steady state expression of (4.41), after substitution of Finally, 

(4.50), (4.51) and (4.53) are repetitions of (4.43), (4.44) and (4.45) without the time 

index, while (4.46) waa also used in (4.53). 

4.4 S t eady s t a t e effects of demograph ic changes 

This section studies the steady state effects of the two demographic parameters, fertility 

(s) and mortality (A), on the growth rates of per capita human capital (g) and output 

(w), the interest rate (r), the time allocated to education (it), the labour allocation 

variables and 2̂, and the firm size g. Before proceeding, it is useful to recall that the 

demographic parameters give the population growth rate and age structure; in particular, 

it is M = 6 — A and Mi = where M is the population growth rate azid is the relative 

size of the generation of age a;. Changes in A reflect therefore opposite changes in the 

population growth rate while changes in 6 reflect changes in both population growth rate 

and age structure. With this in mind I next establish the following proposition: 

Proposit ion 6 C.&6'. o ia mcTieoge 

A ceteris rediiceg oZ/ o /r , p, w, w, ^2, a oMd At, wMZe 

mcreage m (Ae bW/i 6 r, 2̂, a oMcf At, iz oTid g, 
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GTid /tog OM e^ec( 07i per cop%̂ G gn)WA ni(e w. 

The proposition is proved in appendix B.2. It is also shown that a value for o higher 
2 

or equal to - is suKcient for proposition 6 to hold, but not necessary; smaller values for 

a may still produce the same results. Noteworthy also is that the assumption of high a 

implies elastic substitution between intermediate inputs in the final output production 

function. Whether we interpret the intermediates as consumption goods^^ or as pro-

duction inputs (i.e.. Young [1998]), this assumption of elastic substitution is realistic; in 

modem economies there is a huge variety of both hnal products and skiDs, with often 

very minor differences between them. 

Some of the results stressed in proposition 6 were anticipated: Starting from the 

interest rate, although it was shown in the previous chapter that the population growth 

rate may affect it negatively, it was also shown that this can only occur if the elasticity 

of intertemporal substitution is strictly lower than unity. In the model of the present 

chapter though, this elasticity is exactly unity which means that the positive eSect of 6 

and the negative eSect of A on r are in hne with the hndings of the previous chapter. 

As Peretto argued, higher population growth increases both the Grm size s and the 

growth rate of product variety. The reason why is that higher population growth 

implies higher expected demand— and therefore profits— for the intermediate firms. As 

a consequence they increase both their production and quality improving R&D, or in 

other words, they increase their size. Yet this increases the firm value, which results in 

more resources allocated to variety expanding R&D. It is exactly for this reason that the 

birth rate 6 is found to aEect s and A* positively, while the eSects of the death rate A 

are negative. 

As the demographic variables affect and r in the same way, a positive correlation 

between the two is imphed. This does not come as a surprise; A higher interest rate re-

duces the returns to future quality improvements, and the intermediate firms concentrate 

" T h i s is the assumption of i.e., Peretto (1998), who studied the growth of utility rather than output, 
with an expanding variety of goods. Both approaches give the same results, providing that 
one always remembers which of the two it is about. 
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to production rather than R&D. However, the labour (̂ z) devoted to quality improving 

R&D is too positively related with the interest rate! The answer must be sought at the 

6rm size: by aEecting as said g, the birth and death rates aEect (positively the hrst, 

negatively the second), the returns to R&D as well. This eSect proves stronger than the 

one through the interest rate, with the result of positive relation between r and 

Negative is the effect of the birth rate on the amount of time spent in education. 

This is due to the positive eSect of s on r, which as can be seen from (4.42) aSects 

negatively. This is due to the fact that a high interest rate reduces the expected returns 

to education. Yet equation (4.42) also reveals a second stream through which the birth 

rate aSects education, that is, through variety expanding (^t) and quality improving 

(̂ zt) R&D. Both these factors are positively affected by g while positive also is their own 

eEect on education eSort: As it is shown in appendix B.l, the growth rate of the price 

of the Enal product is inversely aSected by the amount of resources that are devoted to 

R&D, of either type. This is the same as saying that the growth rate of the purchasing 

power of effective labour is positively aSected by R&D. Consequently, the higher the 

R&D eHbrt, of either type, the higher the future returns to elective labour and the more 

it pays to invest in education. 

The above eSect is reminiscent of the argument that not only schooling causes growth, 

but there also is an opposite causahty between the two^ .̂ Under the assumption of 

unit elasticity of intertemporal substitution though this effect of population growth is 

dominated by that of the interest rate, with the result of lower education. Yet education 

does not fall now as much as it would in the absence of R&D. Further, with elastic 

intertemporal substitution in the utihty function the birth rate may in fact have a positive 

effect on education; as is well known, with high elasticity of intertemporal substitution 

changes in exogenous variables (such as population growth) tend to inSuence more the 

consumption growth rather than the interest rate. With su&ciently elastic intertemporal 

Noteworthy is the finding of Bils and Klenow (2000), that the "growth causes schooling" stream 
yields higher relationship between education and growth than the opposite stream. 
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substitution therefore the total eSect of the birth rate on education can be positive, with 

its eSect through the R&D stream dominating over the eSect of the moderate increase of 

the interest rate. This result provides a theoretical explanation for the f i n d i n g o f authors 

hke Jeon and Berger (1996) — t̂hat a size of a generation affects its education positively— 

without any need of the interest rate to be affected negatively. 

However, education is negatively aSected by the death rate A as well. This may 

come as a surprise, as A affects the interest rate and both types of R&D eSort in a way 

opposite to that of 6. The answer is that A also has a direct negative eEect on education, 

as the probability of death raises the discount factor of future labour income. This eSect 

dominates, resulting to a negative total eSect of the death rate on education. Finally, 

from (4.48) it is straightforward that the way e and A aSect education, the same way 

they affect the growth of the per capita human capital. That is, under the assumptions 

of the present model they both reduce g. 

According to the 2-dimensionai R&D hterature, population growth boosts the per 

capita output growth as well, through the above mentioned stream of higher R&D effort 

in both quality and variety dimensions. The result of proposition 6 therefore, that A 

reduces growth, is consistent with the hterature. Puzzhng however is the ambiguity of the 

sign of the eSect of 6, which according to the hterature should have been unambiguously 

positive. As can be seen from equation (4.52) the per capita output growth (cj) is a 

weighted sum of three factors: population growth, quality improvement, and per capita 

human capital growth. The Grst aEects w both directly— by increasing the number of 

shares the final output will be divided to— and indirectly, by increasing the growth rate 

of product variety. On the aggregate though the indirect eEect dominates. Positive also is 

the eSect of population growth on the quality improvement of the intermediate products, 

as shown previously. Yet the last factor, the per capita human capital, was found to 

be affected negatively by both fertility 6 and mortality A. Although this leads to an 

unambiguously negative eEect of A on w, it makes the total eEect of 6 ambiguous. This 

ambiguity is entirely attributable to human capital investment, which is exactly the factor 
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the hterature assumed away: Although what matters for per capita growth is the growth 

rate of the total human capital, by assuming its formation away, the hterature regarded 

the growth rates of human capital and population 85 one and the same thing. This 

is wrong, because human capital investment is anything but unaffected by population 

growth. 

Interesting also is to study the effects of an equal increase of the birth and death 

rates. This wHl increase the portion of the young without altering the growth rate of the 

population. The results are summarised in the following proposition: 

Proposition 7 mcvieoaea 0/ Zeat/ea 

(/le Aog a OM oH o/r, it, a; oMtZ a. 

The proposition is proved in appendix: B.2. The explanation of these results must be 

sought again in the area the 2-dimensional R&D hterature assumed away, that is, human 

capital investment; by agsuming it away, aa long aa the population growth rate does not 

change nothing elae does. However, the population age structure is very important for 

human capital investment: A higher death rate A increases the discount factor of future 

labour income, which reduces em individual's education and through it the growth rate 

of the average human capital. This eEect is additional to the eSect of A throught the 

stream of the population growth and because of that it is not oSset by the equal increase 

of the birth rate 6. In short, an equal increase of 6 and A, or in other words a younger 

but not faster growing population, imphes less human capital investment, lower growth 

rate of the average human capital, and consequently lower growth of the total human 

capital. 

In fact the effects of the population age structure on human capital investment and 

through it technological progress are much richer; in the present model very simplifying 

assumptions were made with respect to the death rate and the human capital of the 

newly born. In particular, the assumption of age independent death rate results in same 

education eSort for all age groups which is not the case under the more realistic assump-

tion of finite horizons, as was seen in the previous chapter. It's also more reasonable 
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to assume that the new generations start at a human capital level that is proportional 

to the average of the economy, but less than that. The Erst result implies a positive 

effect of the portion of the young on human capital growth, while the second implies the 

opposite. What was however shown by proposition 7 is that even under very simplify-

ing assumptions the population age structure stiU aSects innovation and technological 

progress. 

The next task is to see how the above described effects of the demographic variables 

on economic growth explain the data. Similarly to Romer (1986), I study the annual per 

capita growth rate of the technology leader^ ,̂ which I compare to various demographic 

variables. This is done on table 4.1. 

Table 4.1. Population and growth since early industrialisation 

Period and Per capita Initial Median Median Population 

leader growth popul. age age growth (%) 

(%) (000) (initial) (20 yr. lag) 

UK 1785-20 0.50 8,664 25.8 26.5 0.99 

UK 1820-90 1.40 16,736 25.6 24.9 1.39 

US 1840-80 1.44 17,120 23.1 22.0 2.90 

US 1880-20 1.78 50,262 26.1 24.5 2.23 

US 1920-60 1.68 106,461 30.4 27.7 1.39 

US 1960-90 1.97 179,979 33.0 31.6 1.46 

US 1960-70 2.54 179,979 31.8 31.6 1.37 

US 1970-80 1.61 203,810 32.7 32.0 1.76 

US 1980-90 1.76 226,546 34.2 33.5 1.25 

Note: UK population data refers to England & Wales only. 

Sources of the raw data: (1) Romer (1986), Tables 1 and 2. 

Although it would be more accurate to take the OECD rather than the US as "technology leader" 
for the recent years, this simplification should not have a considerable effect on the results. 
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(2) Wrigley emd SchoSeld (1981). 

(3) Censuges of England &: Wales. 

(4) US Bureau of census. 

(5) OECD- National accounts. 

Perhaps the very Erst thing one can see from the table is that the scale eSects never 

were the case, at leaat since the industrial revolution; although the per capita growth 

rate hag been increaging, this increase wag much more moderate than the one imphed by 

the scale eSects argument. Further, plenty ig the evidence of non increaging growth in 

the recent yearg. Neither however the growth rate of population appears to keep pace 

with per capita growth^^ as the 2-dimengional R&D hterature imphes, although authors 

like Dinopoulos and Tompson (1998) argued that the observed growth patterng may 

be due to a long adjugtment period towardg the gteady state growth. Yet by stressing 

the multiphcity of the eSects of the demographic factors on technological progress and 

economic growth, this chapter offers an alternative explanation for the growth patterns 

of the lagt two centuries: As can be seen from table 4.1, the population growth rate hag 

been steadily declining (with the exception of the decade of 1950-60), at least during the 

period of US leadership. Steadily on the other hand had increaged the median age of 

the population, which reflects its age structure. In addition, although it is not shown 

on the table, both fertility and mortality dechned in the last two centuries. The fall 

in mortahty had an unambiguougly pogitive eSect on growth, while the fall of fertihty 

although imphed glower population growth it algo resulted in more education and growth 

of the per capita human capital. On the overall, the combination of slower population 

growth and higher population age and hfe expectancy resulted in faster output growth, 

in spite of the recent hterature that would expect the output growth rate to follow that of 

the population. However, it is doubtful that these growth pattern will not be reversed if 

20 years lag was used for the population growth, because it was assumed tha t it takes approx-
imately tha t t ime for population to affect technological change and through it economic growth. The 
result however is exactly the same if contemporaneous population growth is used instead. 



the demographic trends that generated it continue; as said, the population age structure 

affects human capital investment in various ways and consequently if the birth rates in 

developed countries fall further we may weU end up with an older population, less human 

capital investment, and slower economic growth. 

4.5 Conclusions 

In this chapter the effects of population on technological progress and through it eco-

nomic growth were studied. This wag done by introducing human capital investment 

in the framework of a model with both quality improving and variety expanding R&D. 

According to this rather recent approach, it ig the population growth rate, not size, that 

matters for per capita economic growth. It was found in this chapter that when ed-

ucation decisions are also taken into account many results of this 2-dimensional R&D 

hterature are reduced in size or even reversed. This is so because what actually matters 

is the growth rate of human capital rather than population, which depends not only on 

population as has been assumed in the hterature, but on education and per capita human 

capital as weh. 

In particular, it was found that R&D is positively aSected by the population growth 

rate, a finding which is in line with the 2-dimensional R&D literature. Yet population 

growth also exercises an upward pressure to the interest rate, which reduces education 

and human capital growth. This eEect is mitigated by the expected productivity growth 

which increases the returns to education. Further, with high elasticity of intertemporal 

substitution it may well be the case that a high birth rate leads to higher rather than 

lower education, as found by some empirical studies. Always negative however is the 

eSect of the death rate, as it also has a direct negative eEect to the returns to education. 

For all the above reasons, negative is the eSect of the death rate to per capita output 

growth. What comes as a surprise though is the ambiguous effect of the birth rate; as the 

later increases population growth, it would be expected by the 2-dimensional R&D theory 
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to have an indisputably positive effect on growth. The ambiguity comes from the eSects 

of the birth rate to investment in human capital. Although very simple assumptions 

were made with respect to human capital formation, the population age structure still 

was found to affect it and through it economic growth, albeit only through the death 

rate. Interesting would be to include the more realistic assumptions of chapter 3, which 

yielded on the one hand declining with age education eEort, and on the other hand human 

capital dilution from the entry of new generations. 

Yet even under very simplifying aasumptions, the present chapter shed more light into 

the forces that drove economic growth in the laat two centuries: although the decline of 

population growth should according to the 2-dimen8ional R&D theory have reduced eco-

nomic growth as well, the lower mortality and more balanced population age structure 

resulted in more education and through it increasing rather than decreasing growth rates. 

This however may be reversed if the current demographic trends in the developed coun-

tries continue, as education may not increase any more to make up for further reductions 

in the population growth rate. 
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Chapter 5 

Effects of borrowing constraints 

when the population is endogenous 

5.1 I n t r o d u c t i o n 

Earlier literature on Gnancial development^ showed that it has a positive eEect on ag-

gregate investment, by facilitating the firms in their investment plans. Yet it has also 

been well established in the hterature (Zeldes [1989] is just one of the many studies), that 

households too face borrowing constraints. It is on these constraints that the recent hter-

ature on borrowing constraints (i.e., JappeUi and Pagano [1994] and [1999]) concentrates 

at. The conclusion of this hterature is that borrowing constraints on households have in 

fact a positive effect on capital accumulation and growth, as they force the households 

to borrow less, that is to save more. 

To this framework authors like De Gregorio (1996), Buiter and Kletzer (1995), and 

Barro et. al. (1995) added the dimension of human capital. These authors argued the one 

way or the other that borrowing on human wealth is much more di&cult than borrowing 

to build physical capital. Therefore human capital formation has to be financed out of 

current income. The conclusion of these authors is similar to that of the early literature 

^ Pagano (1993) gives a survey of this literature. 
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on fmaricial development; more borrowing opportimities for households increase their 

opportunities for human capital formation, exactly the way more borrowing opportunities 

for the hrms increase investment in physical capital. Interesting also is that although 

borrowing constraints still promote physical capital accumulation, their negative effect 

on the accumulation of human capital dominates, and the growth rate is lower for a 

constrained economy. 

Perhaps the only thing common to all the above authors— apart from the borrowing 

constraints— is that they take population aa not only exogenous, but most times even 

constant. However population is very important for both physical and human capital 

formation; life cycle saving and the capital dilution eEect of population growth link 

physical capital to population, while the hterature on endogenous fertility choice has 

stressed the trade-oE between population and human capital. Borrowing constraints 

on the other hand are very hkely to affect fertility choice as well. There is therefore a 

good reason to introduce endogenous fertility in a hquidity— or borrowing— constraints' 

framework. This is the object of this chapter. 

In particular, it is assumed that the economic agents maximise a utility function 

with respect to their old age consumption and the number of their children, which they 

have in their youth. It is also assumed that the parents are selhsh. This assumption 

is necessary, as the opposite would nullify the borrowing constraint through borrowing 

from the altruistic parents. Old age consumption depends on life time income, which 

can be increased by acquiring education earher in hfe. Since both education and children 

are costly as will be explained, there is a trade off between children and investment in 

education— which in turn imphes a trade oE between children and old age consumption. 

Following the mainstream assumption, child rearing requires time. Yet "adult" rather 

than "parental" time is required in the model of the present chapter. This amendment 

has no eSect other than allowing the economic agents to effectively relocate their lifetime 

time endowment among periods, by hiring someone to look after their children. Time 

is also important for education, both directly and indirectly— working to buy material 
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mputs implied by the latter. Yet it is again assumed that own and educators' time are 

perfect substitutes in the production of human capital. The reason is again to permit 

the relocation of one's hfetime time endowment. 

These two amendments have no effect other than replacing the time endowment con-

straints of each separate period with one lifetime constraint. This leaves the borrowing 

constraint as the only period-related one, which allows to concentrate on it. The bor-

rowing constraint is usually introduced in the literature with the assumption that the 

economic agents can borrow up to a certain fraction of their future or current income. 

Then marginal changes of this fraction are studied, which correspond to marginal tight-

ening or relaxing of the constraint. However this approach is inapphcable in the present 

framework, because the endogeneity of population makes the derivation of an analytical 

solution impossible. Thus an alternative approach is followed. In particular, the two 

extreme scenarios of zero and unlimited borrowing are simulated for an ample range of 

parameter values, and their results are compared. For a better understanding of how 

the endogeneity of population interacts with borrowing constraints, the scenario of zero 

borrowing but with exogenous population is also simulated. 

The results are striking: Comparison between the scenarios of unlimited and zero 

borrowing with exogenous population gives exactly the same results with the previous 

literature: the borrowing constraint increases physical and reduces human capital and 

economic growth. Yet when comparing the scenarios of unlimited borrowing and of zero 

borrowing but endogenous population, the results are different. In particular, in the 

constrained scenario the investment in physical capital is still higher while that of human 

capital is still lower. Yet the endogeneity of population mitigates the second result while 

it also affects the magnitude of the first. But the most important result is that when the 

population is endogenous the borrowing constraint may now have a positive rather than 

negative effect on per capita growth, exactly because it reduces fertihty. 

The structure of this chapter is as follows: The next section presents the economic 

environment. Section 3 derives the competitive equihbrium of the model and the steady 
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state. Section 4 presents the simulations' results and compares the three scenarios of 

unlimited borrowing and no borrowing with either endogenous or exogenous population. 

Finally section 5 summarises the main results. 

5.2 Descr ip t ion of t h e mode l 

5.2.1 Individuals 

The economy is assumed to consist on four overlapping generations, each of them hving 

for four periods: Childhood, young adulthood, mature adulthood, and old age. In the 

hrst period of their hves (childhood) the individuals make no decisions. In the second and 

third periods the individuals are endowed with a unit of non-leisure time. This time they 

allocate between education, work and childrearing. In the fourth period they retire and 

consume their savings. To keep things as simple as possible no consumption is assumed 

in periods 1,2 and 3. It is further assumed that child-bearing takes place only in the 

second period. 

The intertemporal utility function the individuals maximise is given by 

U = lnc + a- (5.1) 
1 — e 

where c is old age consumption and n is number of children. This utihty function is a 

generalisation of that of lyigun (2000) or Zhang (1997)^. Similarly to them, the arguments 

of the utility function are consumption in period 4 (old age), and number of children (n). 

The parameter e can take any value between zero and infinity and corresponds to the 

relative elasticity of demand for consumption and children. In particular, the higher e is 

the higher the elasticity of consumption comparing to that of children^. The diSerence of 

^ Zhang also included children's utility, but in the present framework it would only complicate matters 
even further without adding anything. 

^One can think of the two extreme values, zero and infinity. As e goes to infinity, the marginal 
utility of children becomes more sensitive to the number of children itself, which exactly implies inelastic 
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this utility function comparing to those of the above authors consists in its more general 

form. In particular, both lyigun and Zhang assumed that the second term of the utihty 

function is logarithmic, that is, e = 1 in the framework of the present model. Yet the 

elasticity of preferences is very important for the problem studied in this chapter, as will 

be seen, therefore a CRRA utihty with respect to children is deemed necessary'^. The 

parameter a on the other hand is a scaling parameter and shows the desirability of 

comparing to consumption— which coefficient has been normalised to unity. 

Important also is that the children's utility does not appear as argument in the utility 

function, either directly or indirectly. The reason why is that perfect altruism is not 

compatible with the assumption of borrowing constraints: the constrained young would 

borrow from the altruistic parents, nullifying the constraint. Although some form of 

imperfect altruism may escape this problem, it only comphcates the analysis without 

adding anything to it. 

5.2.2 P r o d u c t i o n of chi ldren and h u m a n capi ta l 

Children require a Gxed amount of time. This assumption is more general than the 

mainstream one that children require time, and allows parents to hire someone 

to look after their children. 

Human capital is assumed to be accumulated according to the accumulation function 

/it+i = (5.2) 

where is the individual's human capital at time is time spent in education, and % is 

physical capital input in the production of human capital. Following standard assumption 

of the hterature, the new entrants in the labour market (period 2 agents) have the same 

demand. Wi th e = 0 on the other hand, the marginal utihty of children is constant which implies 
constant marginal utility of consumption. This in turn implies constant consumption, that is, inelastic 
demand for consumption. 

^Yet a logarithmic form is necessary for consumption, otherwise there is no steady state growth path. 
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level of human capital with the previous generation. Since only two generations are in 

labour force at a time, this is equivalent to saying that all workers have the same amount 

of human capital. It is further assumed that 6 + s < 1, while own and educators' time are 

perfect substitutes in education. Since this assumption is rather strong, one can think 

that there ia an optimal mix of own and educators' time. The reason for this assumption 

and the previous one, that children don't necessarily need their parents to look after 

them, is to allow the individuals to effectively "borrow time" by exactly hiring someone 

to educate them or look after their children. 

Since at time t an individual's human capital is fixed, the above human capital pro-

duction function exhibits diminishing retumg. For the society though the production of 

human capital exhibits constant returns with respect to the two capital inputs, due to 

the assumption that human capital is effectively inheritable®. 

5.2.3 Uti l i ty maximisa t ion 

The individuals therefore maximise at time t their utility (5.1) under the constraint (5.2). 

To this we should add the intertemporal budget constraint 

- 14) - + %+l Wf+i - %+2Q+2 = 0 (5.3) 

where w, is the wage per unit of human capital on period z, the discount factor of 

future income, ht is the human capital of the individuals when they enter the labour 

force (period 2) ,̂ is the time invested in education on period 2, and % is the physical 

capital used by the individual for education purposes in that period^. Both wages and 

"The above human capital production function may at a first glance look rather unusual. Yet it can 
be rewritten as hf+i = {u th t f q^. Now the human capital of the next period is a function of the 
human [utht) and physical (%) capital inputs, while there is also an externality from the average human 
capital of the economy— which is as said equal to the initial human capital of the individual. This is 
similar to the formulation of i.e. Mulligan and Sala-i-Martin (1993), if we only adjust the notation. 

®The human capital of the third period of an individual's life has been substi tuted in the budget 
constraint from the human capital accumulation function (5.2). 

^As in the four th period the individuals retire there is no point in taking education on the third, since 
it'll never yield any returns. 
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discount factors are taken by the maximising agents aa given. 

The budget constraint needs to be explained further: In period 2 (t) the economic 

agents have an earning potential of Their expenditure in this period consists on 

time spent on child rearing and education, aa well aa the rent paid for the physical capital 

used for education purposes. The rent for this physical capital is equal to that is 

the reciprocal of the discount factor^, or in other words the "gross" interest rate, i.e., 

where is the interest rate. The rearing of each child costs that is, the 

adult time f required, times the compensation for this time. Since aU economic agents 

have the same amount of human capital it doesn't matter whether it's the parent's or 

a "carer's" time. The same argument apphes for the education time as well; due 

to same level of htmian capital among generations own and educators' time have the 

same cost. In period 3 the economic agents work and receive an amount equal to their 

human capital, times the current wage. Finally in period 4 they retire and consume their 

previous savings. Period 3 is discounted by and period 4 by 

The economic agents are also assumed to face a borrowing constraint in period 2. This 

constraint has been specified in the literature as a maximum fraction of their current (De 

Gregorio) or future (JappeUi and Pagano) income the individuals can borrow. Then the 

effects of marginal changes of this fraction were studied. This approach is inapplicable 

though in the present framework, because the endogeneity of population makes an an-

alytical solution impossible to derive. Instead, a strict constraint of zero borrowing is 

introduced, and its results are compared to those when there is no borrowing constraint 

at all. This strict constraint is formally given as 

- 14) - ^ 0 (5.4) 

The economic agents therefore maximise (5.1) under the constraints (5.3) and (5.4). 

®Standard economic theory says that the rent (user cost) of physical capital equals the sum of the 
interest (r*) and depreciation (5) rates. Yet, as will be said, it is assumed tha t the physical capital 
depreciates fully in one period, or in other words 6=1. 
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The Lagrangian of the problem is 

^1 — E 

C =lnQ+2 + - + A ^Wthtil — vrit — Ut) — j + 

^uJtht{l — vrit — Ut) — Rf + Rt+i ^h] '^u'lq^wt^i — Rt+2Ct+2 j 

^1—6 

C = InC(_|_2 + <3- - + (/i + A) ^Wthi{l — vrit — Ui) — R^ j + 

- 7i!t+2Ct+2 

This speciEcation is general and allows one to study the problem under the alternative 

assumption of no borrowing constraint, by just setting A = 0. The first order conditions 

are 

= (5.5) 
Ct+2 

= (A + (5.6) 

wt+i^+i = (A + (5.7) 

= (A + //) (58) 

The first order conditions along with the budget (5.3) and borrowing (5.4) constraints 

give the optimal solution to the individuals' maximisation problem. Of course in the 

unrestricted borrowing scenario the later constraint drops out. Instead, we have the 

condition A = 0. Next the optimal solution is expressed in terms of the four variables 

alone: 

Division of (5.7) by (5.8) yields 

% = (5.9) 

whUe solving (5.5) with respect to // and (5.6) w.r.t. A + /̂  and substituting the solution 

in (5.7) gives 
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which with substitution of % yields 

Ct+2 = ^ Wt+1^2 (5.10) 

The optimal solution to the individuals' problem is given by equations (5.9) and 

(5.10) alone with the budget (5.3) and borrowing (5.4) constraints. For the unrestricted 

borrowing scenario though, the later is replaced as said with the condition that A, the 

Lagrange multipher of the borrowing constraint, is zero. Using this property into the 

first order condition (5.7) we have 

(5.11) 

This equation states a famihar property, that is, that in the optimal solution the marginal 

return to education time equals its marginal cost 

Next the physical output sector of the model economy is introduced: 

5.2.4 T h e physical o u t p u t sector 

The economy produces a single good which can be either consimied or added to the 

physical capital of the next period. This good is produced under conditions of perfect 

competition and according to the Cobb-Douglas production function 

(5.12) 

where K and H stand for physical and human capital respectively. The demand for the 

production factors is given by 

w, = ( i - ^ ) x 7 ^ r (5.13) 

(5.14) 
-Ki 
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where ^ is the reciprocal of the discount factor, that is, the gross interest rate. 
Rt 

Regarding the inputs employed in the physical output sector, it is assumed for sim-

phcity that the physical capital is totally depreciated in one period. As for the human 

capital employed in the sector it is given by 

Ht = Nitht(l — vrit — U f ) + N2tht 

where and are the numbers of individuals of age 1 and 2 (that is in periods 2 and 

3 of their hves) respectively, and is their (common) human capital stock. That is, the 

human capital employed in the hnal output sector equals the total human capital stock 

of the economy minus the part of it that is used for the education of period 2 agents, or 

the rearing of their children. Recalling now that Nu = that is, the individuals 

of age 1 are in fact the oSsprings of those of age 2, the above expression simphhes to 

Ht = N2tht [1 + — vrii — Ut)] (5.15) 

The demand next for the physical output sector is given by 

Yt = Kt+i + + N^tCt 

that is, the consumption of old (age 3) individuals, plus the physical capital of the next 

period, which is given as the sum of its amounts used in the two sectors. The physical 

capital used in the human capital sector in particular, is equal to the size of the generation 

that takes education (Wi), times the physical capital (g) used for the education of one 

member of this generation. 

Finally, we have the market clearing condition of the physical output sector: 

(5.16) 
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Having concluded the model the next task is to derive its general equilibrium: 

5.3 Compe t i t i ve equi l ib r ium 

Definition 5 a set o/t;onGbZes sucA 

as; 

tit an<f gt are t/ie Member 0/ cMZcfreM, effifcatzoM t%me a/icf p/ii/sicaf capztaZ i/secf 

/or t/ie e(fMcat207i 0/ mdWd /̂aZs 0/ age ^ (^erzod t/iat maa%m%se t/ieir /^etzme 

g2̂ ;e7i t/ie patAs 0/ wages a?id mterest rates (fMrzMg t/iezr /^et^me. 

,0. Q is t/ie coMŝ mptzoTi o/md%m(f?/aZs o/penocf ^ t/iat maa;z?7%2se t/ie%r (%/etime 

gii/eTT, t/ie pat/is 0/wages (w) avid mterest rates dtiri/ig t/iis Z^etime, as weZZ as t/ieir 

earZzer cfec^OTis OM t/ie a6o%;e meMtioMê f fariak/es n, tt and g. 

,9. 7%e ̂ A?/s%caZ capzW empZoi/ed m t/ie p/î /̂ ica/ ow^^t sector egi/aZs t/ie samngs 

0/ t/ie actzfe pop^ZattoM ('aged ^ afid 0/ t/ie pTiemoi/s period, t/ie totaZ amoi/Mt 0/ 

p/î sicaZ capital t/iat is itsed m t/ie /iitmaM capitaZ sector. 

T/ie /ii/maM capitaZ JT( a%;aiZa6Ze /or t/ie p%sicaZ o%tpî t sector is gifCM 61/ egitatioM 

and eĝ âZs t/ie totaZ /î maM capita/ 0/ t/ie two active ge/ieratioMs— w/iic/i is /or 

aM̂  time t gif eH— miM%/s tAe pa?i 0/ it t/iat is dei;oted to tAe c/iiZd-rearing and edwcatioM 

sectors. 

J. TAe wage ZefeZ a/id capita/ rent ac/iiê ê egm/i6?iMm 5etweeM sttpp/i/ and 

demand 0/ /iiiman, and p/;,i/sica/ capita/ respecti'ue/i/. T/ie demand /or t/ie two capita/ 

f aria6/es is gifen tAe pro/zt maa:imising beAa'ẑ io'ar 0/ tAe p%sica/ o%tpi/t ̂ rms, wAi/e 

t/ieir SMpp/̂  /las /)een defined in paragrap/w ,9 and ^ a6o%;e. 

5.3.1 T h e equi l ibr ium sys tem 

The task of this subsection is to derive the general equilibrium of the model economy 

under the alternative assumptions of unrestricted borrowing, constrained borrowing, and 

constrained borrowing with exogenous fertility (n). 
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The "unrestricted" scenario 

From the physical output sector we have 

~ = j K r ' H } - - ' 

K f H l = -ftTt+i + Â it+1%+1 + iVsfCt 

Setting now Xt = ^ that is, the physical/human capital ratio in the physical output 
"t 

sector, we have 

+ Nit+iqt+i + N̂ tCt (5.17) 

wt = (l-'-y)a;2 (5.18) 

Substituting next (5.18) and (5.19) into the agents' optimal equations (5.3) and (5.9)-

(5.11) we get after some algebraic manipulations 

% = (5.20) 

C, = " V (1^- t ) B-xUxUxr\\*i~''K-2fH-2 (5.21) 

1 - vnt ~ ^ "I' ^Ui + — (ut - —n{] = 0 (6.22) 

= ^r'^r+i (5.23) 

5 (1 - ?) 
where B 

To complete the system the population dynamics must be included as well. These 
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are given by the law of motion 

jVo( = TitATif (5.24) 

and the deGnition 

(5.25) 

Thus the general eqmhbrimn under the aasumption of unrestricted borrowing is given 

by the system of the equations (5.20)-(5.23) that describe the individuals' optimisation, 

the equations (5.15) and (5.17)-(5.19) that give the equihbrium in the physical output 

sector, and equations (5.24) and (5.25) that give the population dynamics. 

We now want to reduce this system to one in the four variables of interest, that is, 

fertility education time physical capital employed in the education of one individual 

(%) and physical/human capital ratio in the physical output sector (a;*). 

Substituting the variables x,q,c and H into the market clearing condition (5.17) 

and with some algebraic manipulations of the population variables we get the following 

expression: 

lUtTLt-l [BUt+iUt + 1 + Tit (1 — fTit+l — Ut+l)] + 

- b [1 + Mt-l (1 - 'UTlt - -Ut)] = 0 (5.26) 

Substitution of (5.23) into (5.22) yields 

1 — vut + -—^—-Ut — - n l = 0 (5.27) 

Equations (5.26) and (5.27) alone with (5.20) and (5.23) fully give the "unrestricted" 

system in terms of the variables n, w, g, a;. 
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The "constrained" scenario 

The constrained general equilibrium system is but one equation same as the unrestricted. 

In particular, it is described by equations (5.17)-(5.22) and (5.15), while equation (5.23) 

is replaced with the borrowing constraint (5.4), which after substitution of At and % 

simplifies to^ 

1 — VTit — —-—Uf = 0 (5.28) 

Substituting now the borrowing constraint (5.28) into (5.22) one gets a much simpliEed 

expression of the budget constrained: 

vb 
14 - —71̂  = 0 (5.29) 

These two equations alone determine the fertihty (n,*) and the education time (itt). Yet 

important also is that they are both atemporal! Therefore under the constrained scenario 

the two variables are constant (providing of course that the constraint is binding). This 

is not surprising, as both variables are determined by the borrowing constrained young 

adults (period 2 individuals), and a borrowing (or "hquidity") constraint operates exactly 

by breaking the link between time periods. 

The third equation of the constrained system is (5.20), as before. The system is 

completed with the market clearing condition in the physical output sector. This is 

derived in the same way as it was derived under the unrestricted scenario, with the only 

exception that the capital ratio z cannot be substituted now. Instead, the atemporal 

property of and 'a is used. In addition, we substitute into (5.17) the borrowing constraint 

(5.28), and after aJl these manipulations we get 

^The implicit assumption is tha t the constraint is binding, since the opposite is of no interest. 
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= 0 (5.30) 
ay) ^ ^ 

Yet the object of this chapter is how the eEects of borrowing constraints vary with 

the endogeneity of population. This will be studied more eSectively if a third scenario 

is introduced, in which the economic agents wiU again face a borrowing constraint but 

now their fertility is exogenous (Gxed for comparability purposes at the level of the 

unrestricted scenario): 

The constrained with exogenous fertility scenario 

With exogenous fertility we don't have for the individuals' maximisation problem the 6rst 

order condition (5.6) with respect to M. Consequently, any general equihbrium equation in 

which (5.6) hag been used is not valid anymore. This leaves only equations (5.17)-(5.20), 

(5.15) and (5.28). The exogeneity of fertility raises the number of equations to 7, which is 

just one short of the required 8 for a hnite number of solutions of the general equihbrium 

system. This eighth equation is the budget constraint, which after substitution of the 

borrowing constraint is simplified to 

-CLt+2 

By substituting 7^+2 aJid % taking two periods' lag we have the hnal expression 

Q = (5.31) 

The next task is to reduce this system to one in the three variables Wf, % and a:*, as 

before. For this purpose we substitute (5.18)-(5.19), (5.28), (5.31) and (5.24)-(5.25) into 

(5.17), and after some algebraic manipulations we get the expression 
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-̂ t — 0 (5.32) 

Thiis the general eqnihbrium system in itt, g* and a;t, is given for the constrained with 

exogenous M scenario by the three equations (5.32), (5.20) and (5.28). The two later are 

repeated for convenience^'^: 

1 — vn M = 0 (5.33) 

gt = (5.34) 

Having derived the general equihbrium the next task is to deAne a steady state growth 

and derive it for eâ ch of the alternative 3 scenarios. It wiU however simph^ matters if 

we can drop one variable. This variable is the physical capital input (%) in the human 

capital sector: in all scenarios it is given by the same expression, 

% = (5.35) 

which can be rewritten as 
% = (5.36) 

That is, the physical/human capital ratio in the human capital sector is a constant 

fraction of the respective capital ratio in the physical output sector. This is a well-known 

result^^, and enables us to concentrate on a; and ignore g: 

5.3.2 S teady S ta te G r o w t h 

I prefer to de6ne the steady state with aa less properties as possible, and prove the 

remaining: 

Definit ion 6 a w/iere (Ae a;*, (/le /er-

^''From (5.28) it is made obvious tha t the exogeneity of n implies tha t u is constant. 
" I . e . , Barro and Sala-i-Martin (1995). 
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(/le (o OM mdzmrf^arg ore aZZ coMĝ oMi 

Next the following is established for the steady state: 

Proposition 8 In the steady state the following are also the case: 

a. The population grows at rate M — 1, where M is the steady state fertihty rate. 

b. The wages Wt and interest rate are constant. 

c. The human capital of the individuals grows at a constant rate w = 1. 

d. The aggregate human and physical capital employed in the physical output sector 

as well as this sector's output grow an a constant rate of M (1 + w) — 1. 

Proof: (a): From (5.24) we have that in the steady state the size of each generation 

is equal to the size of the previous one, times n. Aggregating this property for all 

generations and using (5.25) we have that the population grows at a rate M — 1. 

(b): Proved immediately by applying the dehnition of the steady state in (5.18)-(5.19). 

(c): Simple substitution of (5.36) into (5.2) proves the proposition. 

(d): In the steady state (5.15) is written as [1 + n(l — f n — it)]. The term 

inside the brackets is constant, while 7V2f = Emd = (1 + w)/zt_i. This yields 

M (1 + cj) that is, grows at a rate n (1 + w) — 1. The constant cc then implies 

that A'f grows at the same rate as well, and because of constant returns to scale so does 

the physical output. 

Q.E.D. 

The next task is to derive the steady state and per capita growth (w) for each of 

the three alternative scenarios. All of them share a conunon expression for per capita 

growth, which is given by 

w - - 1 (5.37) 

Yet this does not imply that the growth rate is equal among scenarios, because the 

variables and a; are not: 
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A. The unrestricted steady state: 

By ehminating the time dimension in equations (5.23), (5.26) and (5.27) we have 

— = 0 (5.38) 
7 

"yun + 1 + M — M'uj — 6 M + 

= 0 (5,39) 

1 — -I ; 16 = 0 (5.40) 
0 O 

B. The constrained steady state: 

Time elimination from (5.28)-(5.30) yields 

1 — vn = 0 (5.41) 

i)h 
= 0 (5.42) 

ay; 

C. The constrained with exogenous n steady state: 

By the same means of time ehmination we take from (5.33) and (5.32) 

1 — vn — ̂  = 0 (5.44) 

In the next section the three alternative steady states are compared: 
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5.4 T h e effects of t h e bor rowing cons t ra in t 

In this section the eEects of the constraint on the steady state are studied. This is done 

by simulating and compajring for a wide range of parameter values the steady states of the 

three alternative scenarios of unrestricted borrowing, borrowing constrained agents, and 

borrowing constrained with exogenous fertility. The third scenario is useful in revealing 

how the eSects of the borrowing constraint vary with the assumptions about population. 

For comparability purposes, the exogenous fertility in this third scenario is assumed equal 

to its level in the unrestricted scenario. 

The variables of concern are the physical/human capital ratio (a;), the time allocation 

(if) of agents on age 1 between work and education, the fertility M, and the per capita 

growth rate w. 

5.4.1 Simulat ion m e t h o d 

The model contains seven parameters: The two utility parameters e and a, the three 

parameters of the production function of human capital y;, 6 and s, the time cost f of one 

child, and EnaUy -y, the Cobb-Douglas coe&cient in the production of physical output. 

Obviously, the more the parameters the less their alternative values that can be studied. 

Some amount of sacrifices was therefore essential in order to concentrate to the eSects of 

the most important parameters. 

In particular, the Cobb-Douglas coeScient 'y was set equal to 0.3, a value weU es-

tabhshed empirically. Sample simulations also found that the scaling coefEcient y? in the 

human capital industry as weU as the time cost f of children are both very important for 

the steady state values of aU variables, yet they have rather limited eEects in the relations 

of these variables among the three alternative scenarios. It was therefore decided to keep 

them hxed, at the (arbitrary) values of 5 for y? and 0.5 for f . Although the chosen value 

for f may by too high^ ,̂ it has the advantage that it makes the borrowing constraint 

^^Even if basic education is included, which in the present model is implicitly assumed exogenous. 
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binding in most cages, a requirement necessary if one wants to study the eSects of that 

constraint. 

Of the remaining 4 parameters, the scaling coefficient (a) of fertility in the utility 

function is less important and because of that its eEects are only brie6y studied. Next 

a is fixed to the value of unity, that is, equal to the corresponding scaling coefficient of 

consumption. Having thus hxed the 4 of the 7 parameters I concentrate on the three 

most important, that is, the inverse utility elasticity of children (e), and the Cobb-Douglas 

coefficients b and s in the human capital industry. Starting from e, it corresponds as said 

earlier to the relative demand elasticity of fertihty and consumption. Relevant for this 

"relative demand elasticity" also is the CRRA coefficient of consumption, which is equal 

to unity. Four values of e were therefore studied, that is, two at each side of unity with 

the one being very near to it and the other being rather extreme. In particular, the 

values studied were 0.1,0.8,1.5 and 6. 

Regarding the Cobb-Douglas coefficients b and a of the human capital production 

function, instead of studying alternative values for each of them, alternative values for 

the one (6) and for their sum (6 + s) were studied. This allows one to study the effects 

of the returns to scale for the individual (6 + a) as weU as the eSects of changes in the 

signfficance of the two production factors, for given returns to scale. The values studied 

for the returns to scale were 0.5,0.7,0.8 and 0.9, a range that covers all reasonable 

values. Regarding 6, the values studied were 0.1,0.4,0.6, and 0.8. Table 5.1 summarises 

the values studied for the three variables e, 6 ajid 6 + a: 

Table 5.1. Parameter values 

e 0.1 0.8 1.5 6 

b 0.1 0.4 0.5 0.6 

b + s 0.5 0.7 0.8 0.9 

All possible combinations of the above values were studied, with the only restriction 

that the value of b is smaller than that of 6 + s. This enables one to study the effects 

of each parameter under various conditions with respect to the others. Of the resulting 
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48 parameters' combinations one is dropped out, because in the constrained scenario 

the borrowing constraint is not binding. For the remaining 47 combinations the steady 

states among the three alternative scenarios were compared. An additional restriction 

is that these steady states are stable, as an unstable steady state will never be reached 

and it is therefore pointless to compare it with anything else. From the simulations 

it emerged that all three scenarios have one stable and one unstable steady state, at 

least for the parameter values studied. In what follows it is the stable steady states 

that are compared. These are presented in Table 5.2. The number of the available 

combinations implies that each value of each of the parameters e, 6 and 6 + a is combined 

with approximately 12 diEerent combinations of the other parameters. This number is 

suGicient for the eSects of parameter changes to be studied. In this respect, it waa deemed 

better to study aU possible combinations of values of the important parameters, instead 

of studying deviations from a benchmark case: The results will be more robust if derived 

under a variety of conditions with respect to the other parameters. 

5.4.2 Simulat ion resul ts 

Before studying each variable in detail a few general points are deemed necessary. To 

start with, comparison between the unrestricted and the constrained-exogenous-fertility 

scenarios re-establishes the results of the existing literature; less time (it) is invested in 

education in the constrained scenario, while in this scenario the physical/human capital 

ratio (a;) is higher and the growth rate smaller. This is an important result, as it imphes 

that the results that follow are indeed due to the endogeneity of population and not to 

some other assumption of the model. 

Comparing next the unrestricted scenario with the constrained-endogenous-fertility 

one reveals that the above results with respect to u and a; remain. Yet two new results 

emerge: first, in the constrained scenario the fertihty is lower. Second, with endogenous 

fertility the unrestricted growth is not necessarily higher than the constrained. These 

two results wiH be analysed ia more detail later. Meanwhile a comparison between the 
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Table 5.2. Simulation results 

Parameters Unrestricted scenario Constrained scenario Constrained-fixed n scenari 

no. e b b+s n u X growth n u X growth u X growth 

1 0.1 0.1 0.5 L5842 (10631 0.0795 0.1147 1.4800 0.0520 0^050 0J309 110416 0.1170 0.0562 
2 0.1 0.1 0.7 1.3959 (10716 0J^#7 0.0161 1.2824 0.0513 0J398 410651 0IW31 0J492 -0.1384 
3 0.1 0.1 0.8 1.2857 0.0778 0JA93 0.0337 1J862 0.0509 OJ^ilO -0.0920 0.0446 0J^38 -0.1721 
4 0.1 0.1 0.9 1.1579 0.0864 0J^68 0.0993 1.0920 0.0504 0J^21 -0.0950 0XM68 0J^32 -0.1502 
5 0.1 0.4 0.5 1.6269 0.2707 0.0441 0.8042 L4800 0.2080 0J125 0.7367 0J492 0J300 0.4924 
6 0.1 0.4 0.7 L3959 0.2866 0.0872 0.1858 L2824 0JW50 0A689 0J^40 01726 OJ^IO 0XB54 
7 0.1 0.4 0.8 1.2857 03111 0.1059 0J^33 1J^62 0.2034 0J961 0X%30 OJl'&G 0.2044 -0.0628 
8 

9 

0.1 0.4 0.9 1.1579 03454 0J^#6 0J391 1XM20 0.2018 0.2231 -0.0449 0J^71 0J263 -0.1011 8 

9 0.1 0.6 0.7 1.3959 0J298 0XW61 0.8520 1.2824 0J076 0J^47 0.6536 0.2589 0.1648 O/n'52 

10 0.1 0.6 0.8 1.2857 0.4667 0X#91 0.5145 1.1862 030%^ 6 . 1 9 ^ 03256 6 . 2 ^ ^ 0.2025 0.2044 
11 0.1 0.6 0.9 1.1579 0.5182 0.0894 0.4044 1.0920 03027 0.2314 0J^14 0.2807 0.2349 0.0808 
12 0.1 0.8 0.9 1.1579 0.6909 0IW37 1.3173 1.0920 0.4035 0.2012 0.6639 0.3742 0.2042 &5571 
13 0.8 0.1 0.5 1.4024 o x n i 3 0.0840 0.2113 L3604 0.0640 0.0973 0.2168 0.0598 0.0994 0.1863 
14 0.8 0.1 0.7 1.2661 0X^90 0J^12 0J^28 1.1936 0.0576 0J379 0.0061 0.0524 0J389 -0.0540 
15 0.8 0.1 0.8 1.1885 0.0841 0J^:06 0J^#5 1.1225 0.0548 0J^#5 -0.0380 0.0507 0.1611 -0.0938 
16 0.8 0.1 0.9 1.1013 0IW08 0.1273 [^1532 1.0583 0.0523 CX1819 -0.0655 0.0499 0J^22 -0.1030 
17 0.8 0.4 0.5 1.4650 0.3289 0XM98 1.0130 1.3604 0.2558 0J^i63 0.9152 0.2140 0.1115 0.7599 
18 0.8 0.4 0.7 1.2661 0.3159 0.0898 0.2809 1.1936 &2304 (X1642 0.2310 0.2097 0J^77 0J^97 
19 0.8 0.4 0.8 1.1885 0.3366 (X1074 0.2031 1.1225 0.2194 (X1936 0.0811 0.2029 (11962 (X0210 
20 0.8 0.4 0.9 1.1013 0.3632 (X1211 0.1942 1.0583 0.2093 0.2224 -0.0146 0.1997 0.2234 410531 
21 0.8 0.6 0.7 1.2745 0.4886 0.0484 1.0357 1.1936 0.3456 (X1512 0.7903 (13109 0.1542 0.6658 
22 0.8 0.6 0.8 1.1885 0.5049 0.0703 (16185 1.1225 0.3291 (X1918 0.4046 0.3043 ().1943 0.3228 
23 0.8 0.6 0.9 1.1013 0.5448 0.0899 0.4714 1.0583 (X3139 0.2307 (11887 0.2996 0.2317 (11413 
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Table 5.2. Simulation results (continued) 

Para meters Unrestricted scenario Constrained scenario Constrained-fixed n scenar 
no. e b b+s n u X growth n u X growth u X growth 

24 0.8 0.8 0.9 lJ^il3 &7264 0.0440 1^258 1.0583 0.4185] 02006 0.7190 03994 0.2015 0 / # 8 8 
25 1.5 0.1 0.5 1.2961 0.0772 0.0871 0.2782 1.2778 0.0722 0.0947 0.2789 0.0704 0.0951 0.2649 
26 1.5 0.1 0.7 1J^53 0.0837 0JA26 0.1573 1J^38 01^,12 0J379 0.0495 0.0575 0J379 0.0047 
27 1.5 0.1 0.8 1JJ78 0.0879 0JJ:14 0J^39 1.0898 0.0569 0J^05 -0.0093 0.0539 0J^05 -0.0512 
28 1.5 0.1 0.9 1.0737 0.0931 0J^75 0J^il4 1.0423 0.0532 &1820 -0.0512 0.0515 &1820 -0.0791 
29 1.5 0.4 0.5 1.3529 03706 0.0537 1J^29 1.2778 0.2889 0J^48 1.0321 0.2588 0J^61 0^859 
30 1.5 0.4 0.7 1^^)53 03347 0X#13 0J405 1J.438 0.2446 0J^31 0.2812 0.2299 0J^43 0.2293 
31 1.5 0.4 0.8 1JJ78 0J515 0J.083 0.2497 1.0898 0J275 0J^31 0J^20 0.2155 0J^40 0X#68 
32 1.5 0.4 0.9 ixn37 03725 0J^13 0J231 1.0423 0.2128 0.2223 0.0001 0.2058 02226 -0.0286 
33 1.5 0.6 0.7 1.2043 &5259 0XM97 1J^91 1J^38 03670 0J^07 0.8664 0.3410 0J^15 6.7739 
34 1.5 0.6 0.8 1J378 d j 2 7 3 OXMIO 0.6791 1.0898 03413 &1914 0JW57 0.3233 0J^22 0.3854 
35 1.5 0.6 0.9 1.0737 &5588 OIWOl 0.5066 1.0423 03192 0.2305 0.2066 03088 0.2309 0J^15 
36 1.5 0.8 0.9 1.0737 0.7451 0.0441 1.4827 1.0423 0^256 0.2006 0J451 0.4117 0.2008 0.6937 
37 6.0 0.1 0.7 1.0690 0X#35 0.1156 0.2709 1.0519 0.0677 0J393 0J336 0X#65 0J389 0J175 
38 6.0 0.1 0.8 1.0490 0.0953 0J^28 0.2415 1.0322 0.0605 0.1611 0.0433 0.0594 0J^08 6.0277 
39 6.0 0.1 0.9 1.0263 0.0974 0JJ:79 0.2334 1.0151 0.0547 0A821 -0.0264 0.0541 6.1820 -0.0367 
40 6.0 0.4 0.5 1.1258 0/K48 0^^,19 1.4452 1.1024 03590 0J.077 1.2717 03497 0J^i69 1.2401 
41 6.0 0.4 0.7 1.0690 0.3742 0.0944 0.4641 1.0519 0.2709 0J^39 03780 021660 0J^35 03595 
42 6.0 0.4 0.8 1.0490 0.3813 0J^#9 0J416 1.0322 0J419 0J^34 0J688 0.2378 0J^32 0J^19 
43 
44 

"Is 

6.0 0.4 0.9 1.0263 0.3897 0J^18 0.2762 1.0151 0.2189 02223 01858 02164 0.2223 0.0151 43 
44 

"Is 
6.0 0.6 0.7 1.0732 0.6007 0.0523 1.3706 1.0519 0.4063 0J^24 1.0067 0.3972 0J^17 0.9741 

43 
44 

"Is 6.0 0.6 0.8 1.0490 0.5720 0.0723 0.7984 1.0322 0.3629 0J^21 0.5195 0.3566 0.1917 0.4978 
46 6.0 0.6 0.9 1.0263 0.5846 0XW05 0.5712 1.0151 0.3283 0.2307 0.2376 0.3246 0.2306 0.2248 
47 6.0 0.8 0.9 1.0263 0.7795 0.0444 1.5871 1.0151 0.4377 0.2008 0.7899 0U328 0.2007 0.7714 
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two congtrained scenarios reveals that both education time and per capita growth are 

always higher when the population is endogenous, while there is no general result for the 

capital ratio a;. 

After these general points a detailed look to the simulation results comes next. Of 

interest is not only under which scenario the four variables a; and w are higher or 

lower, but also how their variations among scenarios are affected by the parameters of 

the model. In particular, of interest is how the model parameters aSect the following 

quantities: 

N = 

U = 

X = 

= 

Go = 

M(unrestricted) — n,(constrained) 
M (unrestricted) 

^(constrained) — '^(constrained-hxed-n) 
If (unrestricted) — {/(constrained-Gxed-n) 
z (constrained) — z(constrained-fix:ed-n) 
a; (unrestricted) — a;(constrained-hxed-n) 
w (unrestricted) — w (constrained) 

1 + w (unrestricted) 
w (constrained) — w(constrained-hxed-n) 
w (unrestricted) — w(con8trained-hxed-n) 

TV gives the difference between the unconstrained and the constrained fertility as a portion 

of the former, or in other words, it gives the eEect of the borrowing constraint on fertihty. 

Regarding [/, its denominator gives the education diEerence between the unrestricted and 

constrained-exog-n scenarios, that is, the education eSFect of the borrowing constraint 

when the fertUity is aasumed exogenous. The numerator of U on the other hand gives 

the education that is generated when— under conditions of borrowing constraints— the 

fertility is endogenised. The ratio U therefore gives the portion of the education gap, 

generated by the borrowing constraint, that the endogeneity of population 611s. In what 

follows this ratio will be referred to by just "U" while the term "u-gap"— or "education 

gap"— will refer to the denominator of that is, to the education difference under 

exogenous fertility aasumptions. Obviously a high value of U means that the endogeneity 
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of population closes a high pait of the "u-gap". 

Similar to are the new variables % and Gg. The denominators of these variables 

give the difference in z and w generated by the borrowing constraint nnder exogenous 

population assumptions, while the numerators give the part of this difference that the 

endogeneity of population closes. Finally, gives the growth diEerence between the 

unrestricted and constrained-endog-n scenarios, as a portion of the "gross" growth—the 

growth generated if depreciation is assumed away— in the unrestricted scenario. The 

reason for using the gross rather than the net growth is that the later can be either 

positive, negative, or (near to) zero, therefore dividing by it may distort the results. 

Next the effects of parameter changes are studied, starting as said from the scaling 

parameter a, and then follows the more detailed analysis of the effects of e, 6 and 6 + a. 

5.4.3 Effects of a 

The effects of a were studied by means of numerical simulations. In particular, three 

alternative values of a were tried; 0.2, 1 and 5. These three values were combined with a 

range of combinations of values of e, b and b + s, and in each caae I studied how a change 

in a would affect the variables of the model, in the three alternative scenarios. 

The Erst result is that the higher the value of a, the smaller the gap between con-

strained and unrestricted fertility, aa captured by the variable TV de&ned above. The 

reason why is that the higher a is the higher the fertility, at the expense of education. 

When the borrowing constraint is lifted, the economic agents increase their fertility fur-

ther, by borrowing out of their future income. Yet this income is low, due to the low 

education effort. Thus the fertility cannot increase much. 

Puzzling however is the positive eEect of o on [/; aa it reduces the fertility gap # 

it should lead to convergence of the education between the two constrained scenarios. 

The reason this is not the case is that although a reduces the fertility gap it also leads 

to high fertility, in all alternative scenarios. This keeps the residual low, thus easy to 

Ell the u-gap— the denominator of — even with a low fertility gap. 
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The above result imphes that with a higher value for a the constrained-eudog-n human 

capital is relatively higher. Yet a higher a was also seen to imply lower fertihty gap, which 

in turn implies a higher dilution of the per capita physical capital, for the constrained 

scenario. As the physical capital is the numerator of the capital ratio a; while the human 

capital is its denominator, the obvious consequence is that o suppresses the constrained-

endog-n value of a;, comparing to the same value in the constrained-exog-n scenario. This 

is exactly what the simulations found. 

From equation (5.37) the per capita growth rate is given as a function of 1/ and 2;. 

Consequently, the effects of all parameters on w as well as on the growth indices Gi 

and Gg reSect their effects on tt and a;. Starting from Gg— which compares the two 

constrained scenarios— the simulations show a small and with ambiguous sign effect of 

a on it. This is due to the positive eEect of a on both and the hrst implies that 

G increases the endogenous-n education time while the later implies that it increases the 

exogenous-n capital ratio^ .̂ The simulations results show that the two eSects more or less 

o&et each other, which means that o does not aSect the portion of the "growth gap" that 

the endogeneity of fertihty closes. Negative hnally was found the eSect of o on Gi, that 

is, the higher a is the higher the constrained growth comparing to the unrestricted. The 

reason why, is that a affects the fertility gap negatively in relative terms (the index N), 

but also affects positively the total fertility and the fertility gap in absolute terms. That 

is, when the preference for children is high the education can be only low. Imposing 

the borrowing constraint under these circumstances reduces education considerably in 

relative terms, but only marginally in absolute terms, because there is no further room 

to reduce it. In addition, when fertility is high, both physical and human capital are low; 

the second because of low education as just described, the hrst because of low income 

and the capital dilution eSect of population. Imposing the borrowing constraint under 

these circumstances reduces drastically the denominator of the physical/human capital 

said earlier, the unrestricted value of x is lower than tha t in the two constrained scenarios. The 
denominator of X is therefore negative, which exactly means tha t the positive effect of a on X reflects 
its negative effect on the numerator. 
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ratio z, but not aa much the numerator; physical capital investment is not as much liable 

to the borrowing constraint, because it is undertaken by both active generations. The 

result is that the z-ratio is increased. In short, the higher a is the nearer— in absolute 

terms— the constrained u is to the unrestricted, while the constrained x increases its 

distance from the unrestricted. Both e@ects boost the constrained growth. 

5.4.4 Effects of e, b and 6 + s 

As said, the eGects of these parameters were studied by simulating the steady states of the 

three scenarios— unrestricted borrowing, no borrowing with endogenous fertihty and no 

borrowing with exogenous fertility— with alternative values of the three parameters. It 

was also said that 4 values were considered for each of them, and all possible combinations 

between these values were simulated and compared, to achieve more robust results. The 

simulations results were presented in Table 5.2. In this section, these results are studied: 

Effects on fertility 

As said, the fertility is lower in the constrained scenario. This result was anticipated. 

What one may like to study though is which parameters are more important for the 

diEerence between the constrained and the umestricted fertihty, or in other words, how 

the effects of the borrowing constraint on fertility vary with the values of the model 

parameters. 

The simulations show that the higher the values of e, b and returns (6 + s) in the 

human capital sector, the smaller the gap between constrained and unrestricted fertility. 

Starting from e, its negative relation with the gap index N implies that the higher e is, 

the more the constrained fertility converges to the unrestricted. The reason why is that e 

is negatively related to the utility— therefore demand— elasticity for children. In other 

words, a high value of e implies inelastic demand for children, which in turn implies that 

small is the eGect of the borrowing (or any other!) constraint on this demand. 

The sum b + s refers to the returns to education. The higher this sum is the more it 
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pays to invest in education and consequently the economic agents take more education 

at the expense of their fertility. Due to the concavity of the utility function with respect 

to fertility, when the agents face a borrowing constraint they are more reluctant to 

reduce their already low fertility. In addition, the higher value of 6 + s implies that the 

production function of human capital is less concave, that is, the economic agents can 

more easily reduce their human capital investment. Both eSects lead to a smaller fertihty 

gap between the unrestricted and constrained scenarios when the returns 6 + a are high. 

This is exactly the Ending of the simulations. 

Regarding 6, for given returns 6 + g it gives the relative significance of human capital 

in the human capital industry; a high value of b implies that more human rather than 

physical capital is used, and vise verca. The prices of these iuputs depend on their 

relative abundance, which is given by the capital ratio a;. This ratio is as said lowest 

in the unrestricted scenario, that is, human capital is relatively more expensive in the 

unrestricted scenario. When therefore a borrowing constraint is imposed, the physical 

capital and consequently education become cheaper. This has a substitution e&ct from 

children to education. The higher b is the less the cost of education is reduced, that 

is, the lower the substitution from children to education. This is exactly why 6 has a 

negative effect on the fertihty gap N. 

Effects on the t ime devoted to education (u) 

As said earher, the education time (%/) is highest in the unrestricted scenario and lowest in 

the constrained-exogenous-n, with the constrained-endogenous-n lying hi between. This 

subsection studies where exactly this "between" hes, and how it is affected by the values 

of the model parameters. 

Of relevance to this question is the quantity 

tt(constrahied) — 'u(constrained-fixed-n) 
'u(unrestricted) — 'u(constrained-fixed-n) 
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above defmed, which exactly gives the portion of the education difference between the 

two extreme scenarios that the endogeneity of population fills. The simulation results 

show that is aSected negatively by e and 6 + 5, with the eEect of the latter being 

stronger. The effect of b on the other hand is negligible. In both constrained scenarios, 

education is the residual of the second period income after the cost of fertility haa been 

subtracted. This helps explaining the effects of the model's parameters on the education 

portion U : 

High scale returns to education b + s imply as said low fertility and high education. 

It waa also said that the fertility gap is low when 6 + g is high. A low value of 6 + a on 

the other hand implies low education thus low dlGFerence between the unrestricted and 

the constrained-exog-n education, which can be eaaily Glled by the high fertility gap. In 

other words, the higher the returns 6 + 5 the smaller the portion of the education gap 

that is filled by reducing fertility and the higher the portion that is accounted for by the 

borrowing constraint. 

Similar arguments apply aa well for the negative eSects of e; this parameter reduces 

as said the fertility gap and consequently reduces the portion of the education difference 

(between the two extreme scenarios) that the endogeneity of population closes. 

The insigniScance on the other hand of 6, the Cobb-Douglas coeScient in the human 

capital production function, can be explained ag follows: for given returns 6 + g, what 6 

gives is ag said the relative weight of human and physical capital in the human capital 

industry. As wag also explained, the higher 6 is, the more the constrained cost of education 

converges to the unrestricted, or equivalently the more the constrained education diverges 

from the unrestricted. Yet this is the cage for both constrained-exog-n and congtrained-

endog-n scenarios, that is, 6 increages both the numerator and the denominator of U. It 

appears from the simulations that neither of the two effects dominates over the other, 

which exactly renders b insignificant for U. 
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Effects on the physical /human capital ratio 

The physical/human capital ratios between the two sectors are different as shown by 

equation (5.36) in only the scaling coefhcient B, which depends only on the parameters 

of the model. Thus the physical/human capital ratio can be studied from the physical 

output sector (a;) alone. 

In this subsection I study how the model parameters aEect the quantity 

_ a; (constrained) — z(constrained-fixed-n) 
z (unrestricted) — 2;(constrained-fixed-n) 

as well as the difference of x between the unrestricted and the two constrained scenarios. 

Starting from its denominator gives the capital ratio diSerence generated by the 

borrowing constraint under exogenous population assumptions, while the numerator gives 

the part of this difference that the endogeneity of population closes. As said in the 

beginning of this section, both the constrained and constrained-exog-n capital ratios are 

higher than the unrestricted, but when compared to each other either of them can be 

higher. This may be surprising, because the lower fertility is the higher the per capita 

physical capital, due to the capital dilution eSFect. However z is not an index of physical 

capital, but rather the physical/human capital ratio. Since the endogeneity of population 

increases as said the investment in human capital, its total eEect on the capital ratio is 

ambiguous. 

Obviously, the fertility gap is very important for %. Yet now its eSect is not as 

straightforward as it was for ; fertihty does suppress education and through it human 

capital, but it also suppresses physical capital, through the capital dilution effect of 

population. However, it is reasonable to expect that % is positively related with 

while opposite is its relation with N, once the relation of the latter with education choice 

has been accounted for. With this in mind, it is easy to interpret the parameters' effects 

on X by means of their effects on N and U: 

Recall tha t the denominator of X is negative. 
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By cLEecting both and [/ in the same (negative) way, only moderate are the e%cts 

of e and 6 + 5 on despite their strong eSects on TV and Yet the simulation results 

show that it is the eSects through [/ that dominate, implying that the higher e and 

6 + g are the more the constrained-endog-n value of a; is increased, comparing to the 

congtrained-exog-n value. In order next to explain the U-shaped eSect of 6 on its 

effects on the capital ratio z of all three scenarios are studied. 

Starting by comparing the unrestricted with the two constrained scenarios, the sim-

ulations show that 6 increases the constrained a;'8 more than the unrestricted. The 

reason why, is that 6 increases as said before the constrained cost of human capital tn-

vestment, which has a negative effect on the denominator of x. The difference finally 

^^(constrained)—a;(constrained-Bxed-n), that is, the numerator of %, is dechning with 6, 

at an increasing rate. The cost of human capital investment is the reason for this eSect of 

6: Although the cost of human capital investment increases with 6, it is easier to meet it if 

the fertihty in endogenous. At high values of 6 this cost is relatively high, which without 

endogeneity of fertihty has a stronger negative eSect on human capital investment. This 

is exactly why the eEect of 6 on the diEerence 2;(constrained)—z(constrained-fixed-n) is 

more and more negative as 6 goes up. 

In the light of the above results, it is easy to explain the U-shaped eSect of 6 on 

For low values of 6 the numerator of %— the di&rence a;(constrained)—a;(constrained-

fixed-n)— declines less rapidly than the denominator. For higher 6 though it is the other 

way round. 

Effects on economic growth 

Perhaps the most important finding of this chapter though is that when endogenous 

population is assumed the estabhshed in the hterature negative growth eSect of the bor-

rowing constraint is not necessarily the case. These opposite cases are relatively few (only 

3 out of the 47 parameter combinations give higher growth for the constrained scenario), 

but enough to manifest themselves. What one would like to know though is which pa-

131 



rameter values are more likely to generate this "inverse growth eSect" of the borrowing 

constraint. Although the number of such cases is very small, it is interesting that they 

all occur for the lowest values of both b and 6 + s. For a better understanding though 

of how the model parameters a;Sect the growth diSerences among the three alternative 

scenarios, all 47 simulated parameter combinations are studied. 

This is done by the use of the quantities Gi and G2, previously defined. The first 

of them gives the growth difference between the unrestricted and constrained-endog-

n scenarios, while the second gives the portion of the "exogenous population growth 

gap"— the growth diEerence between the two extreme scenarios— that the endogeneity 

of population fills. 

Starting from the returns to education 6 + 5, the simulations show that they have 

a strong positive effect on the diEerence between the unrestricted and the constrained-

endog-n growth. In other words, as the returns 6 + s increase the constrained-endog.-n 

growth converges to that when the fertility is exogenous. This finding is also backed by 

the negative efiFect of 6 + g on (̂ 2. This result was anticipated; as previously argued, 

the lower 6 + s is the more concave the production function of human capital becomes, 

which implies that when facing the borrowing constraint the economic agents prefer to 

reduce the number of their children rather than their education. This has obviously a 

positive eSect on human capital accumulation, but another positive efikct on physical 

capital as well, through the capital dilution eGect of population and the higher income— 

therefore savings— of the period 3 agents. Consequently lower returns in the human 

capital industry increase the constrained growth. 

Human capital investment is also the explanation for the eEects of 6. As said earher, 

for given returns b + s, what b stands for is the relative weight of human capital in the 

human capital industry. The cost of one unit of investment in human capital depends on 

the one hand on this weight of the two capital inputs and on the other on the relative cost 

of these inputs. The latter is a function of their ratio x, which is higher for the constrained 

scenario, that is, the user cost of physical capital is in the constrained scenario lower than 
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in the unrestricted. As waa shown in the previous subsection, a low value of 6 implies 

lower diEerence between the unrestricted and the constrained a;'s, thus lower diEerence 

in the rental cost of physical capital. On the other hand though, the lower 6 is, the higher 

the weight of the physical capital is in the human capital industry. If the human capital 

industry uses physical capital very intensively the "unit cost eSect" of 6 is very strong 

and dominates its total effect on human capital investment. If on the other hand b is 

relatively high the physical capital is not used very intensively in the production of the 

human and it is the "weight effect" that prevails. It is exactly for this reason that the 

simulations found a positive effect of 6 on in all cases except for when 6 is as low 

as 0.1. Interesting also is the fact that the eSect of 6 on G2 is the exact opposite of its 

effect on Gi. The reason why is that the constrained-endog-n growth rate enters the two 

quantities with opposite signs. 

Very important for the growth effects of the constraint also is the inverse utility 

elasticity of children (e). In particular, the simulations show that the higher e is the 

higher and the lower G2 are. As said, a high e imphes inelastic demand for children, 

therefore limited effects of the borrowing constraint on fertility. In other words the higher 

e is, the more the model behaves as an exogenous population one— that is, the more the 

constrained-endog-n growth converges to the constrained-exog-n. This is exactly what 

the simulation results show. 

To conclude this discussion of the growth eSects of the endogeneity of population in 

an environment with borrowing constraints, one last word must be said for the index 

G2: The mean of G2 in the simulations' sample is 0.315, while the respective means of 

N,U and X are 0.044, 0.137 and 0.037. In addition, the average values of the fractions 
G2 G2 

—, — and — are 3.08, 7.89 and 2.36 respectively. This clearly shows how the eEect 

of the borrowing constraint on fertility is magnified when transmitted to human capital 

investment, and then magnified again when transmitted to per capita growth. Even if 

all the previous results are assumed away, this alone is quite eloquent for the importance 

of the assumptions regarding population in studies of the growth eSects of borrowing 
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constraints. 

5.5 Conclusions 

It has been well estabhshed in the hterature that borrowing constraints on households 

amph^ physical and suppress human capital accumulation, while the total effect on per 

capita growth is negative. Yet with endogenous population borrowing constraints are 

also expected to affect fertility choice as well. Given that the latter interacts with the 

accumulation of both types of capital, introducing endogenous population is the obvious 

step forward in the theory of borrowing constraints. 

The purpose of the present chapter was exactly to take this step. This was done by 

studying a more general model, which pools together elements of models with endogenous 

population and elements of models with borrowing constraints. Since it was impossible 

to derive analytical solutions even for the steady state, simulations were used instead. 

The results showed that the fertility is indeed aEected by the borrowing constraint, 

this effect depending positively on the elasticity of the demand for children - , and neg-
e 

atively on the intensity o of the utihty of children, the human capital intensity 6 in the 

human capital sector, and the scale returns 6 + a to the production of human capital. 

Regarding the other variables of interest, the time it devoted to education is negatively 

aEected by the borrowing constraint, yet this eEect is mitigated when the population is 

endogenised. How much it is mitigated depends on the parameter values. In particular, 

a high value of 6 + s clearly reduces the portion of the education gap that the endogeneity 

of population closes. Opposite however are the effects of the elasticity of demand and 

the intensity of the utility of children. 

The positive eSect of the borrowing constraint on the physical/human capital ratio a; 

is maintained when the population is endogenised, although it can be higher for either of 

the two constrained scenarios. This is not invariant to the parameters of the model; the 

intensity a of the utility of children boosts the x ratio for both constrained scenarios, but 
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this effect is stronger for the exogenous population one. On the other hand, the coeGcient 

6 tends to increase the difference of both constrained z -values from the unrestricted. 

Perhaps the most important of the results of this chapter though is that when the 

population is endogenised the borrowing constraint may have a positive rather than 

negative effect on economic growth. Even when this is not the cage, the endogeneity of 

population still mitigates the negative growth effect of the constraint. In addition, this 

effect is an "enlargement" of the mitigating eEect of the endogeneity of population on 

education. 

How exactly the endogeneity of population afFects the constrained growth depends on 

the parameters of the model. From the reduced form equation (5.37), growth is given as 

a weighted product of u and a;, the hrst roughly standing for the total resources allocated 

to human capital investment and the second, again roughly, standing for the opposite 

of the unit cost of this investment. The parameters' effects on growth obviously reflect 

their eSects on these two variables. Indeed, strong and negative are the eGects of e and 

6 + s on the constrained-endog-n growth while the effect of a is positive. Finally, b boosts 

the unrestricted growth, comparing to the constrained-endog-n, unless it is very low. 
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Chapter 6 

Conclusion 

This thesis is composed of three essays on the eSects of demographic variables on human 

capital investment emd through it on economic growth. Each essay discusses a diSerent 

aspect of this relation. Chapter 3 studies how the age structure of population affects the 

aggregate human capital of an economy. The human capital is different to the physical, in 

the sense that it can only exist embodied in people and consequently it is not transferable, 

at least in the sense the physical capital is. Further, since the human capital investment 

of the economic agents depends on their age, the aggregate human capital of an economy 

depends in turn on the demographic features of the economy. 

Lucas (1988) partly identified this special nature of human capital, but argued that 

one only has to assume the existence of iater-generational externalities in the production 

of human capital, to have it behaving on the aggregate level in the same manner with the 

physical. In chapter 3 I show that this is not the caae. In particular, I develop a simple 

model were human capital investment is disaggregated to the level of the individuals. As 

the life-cycle theory argues, when they make their investment decisions they also take 

into account their expected hfe. Due to its embodiment nature, the investment in human 

capital always follows the pattern imphed by the hfe-cycle theory, regardless of altruism 

assumptions. The assumption of Lucas is also included, that is, the new generations 

are assumed to start from a human capital level that is proportional to the average. 
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It is shown that there are three eSects of the birth rate to the average human capital 

investment and its growth rate: The Grst, has to do with the effect of the birth rate on 

population growth and the consequent pressure on the education facilities of an economy. 

Second, as long as the new generations start at a human capital level that is proportional 

to the average but lower than that, they imply a human capital dilution effect, which 

is higher the larger the new generation. The third effect of population consists on the 

life cycle property of human capital investment: Since the young generations invest in 

human capital more than the old, the higher the portion of the yoimg in the economy 

the higher the average investment. This final eSect depends on the birth rate positively 

rather than negatively, contrary to the other two. As a consequence, the total growth 

effect of the birth rate is ambiguous. 

In short, chapter 3 shows that because of its embodiment nature, the aggregate human 

capital depends on the demographic factors of an economy and cannot be assumed to 

behave in the same way as the physical, as is usually assumed in the literature. In 

addition, this was shown by assuming away aJl other streams through which the economy 

can be aEected by demographic factors. 

This Ending of chapter 3 is assumed away in the next chapter, which studies the effects 

of demographic factors on technological change, and through it economic growth. In par-

ticular, I include human capital investment in the framework of a model with endogenous 

technological change. Although the endogenous technology hterature recognises human 

capital as the engine of irmovation and technological improvement, it usually takes it as 

exogenous and proportional to the size of the population, implying probably that human 

capital investment and technological improvement do not interfere with each other. In 

chapter 4 I show that this is not the case, even under very simple assumptions with 

respect to human capital formation. 

In particular, I include human capital investment in a framework of endogenous tech-

nology without scale effects. The engine of growth is technological progress, which can 

be either variety expanding or quality improving. This 2-dimensional nature of R&D is 
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shown in the literature to eliminate the scale effect of population. Input for both R&D 

activities is labour, yet measured in elective units, which exactly takes human capital 

into account. Regarding human capital investment, although it is still disaggregated to 

the level of the individuals, certain simplifying assumptions eliminate the dependence of 

its aggregate level on the demographic features of the economy. 

The main result of the literature of 2-dimensional R&D is that the population growth 

rate— not size— has a positive effect on economic growth. In chapter 4 I show that when 

human capital investment is also taken into account the relations between population, 

innovation, and human capital become less straightforward: Population growth has a 

direct positive effect on innovation, as shown in the literature. This increases the returns 

to human capital, which in turn boosts education. On the other hand though, a high 

population growth rate pushes the interest rate upwards, with an opposite to the above 

effect on education. On the overall, the birth rate can affect education either way, a 

result that offers theoretical grounding to some empirical studies that found that the 

size of a generation affects their education positively. Finally, human capital investment 

affects innovation in the same manner the latter is affected by population growth. The 

reason why is that what in fact matters is the growth rate of human capital rather than 

population, which depends on both population and per capita human capital. The eEects 

of the death rate on the other hand are negative, because the latter is also associated 

with the depreciation rate of human capital. 

The chapter 6nally argues that these multiple eSects of population on R&D and 

technological progress provide a better explanation for the growth patterns of the last 

two centuries, than those attempted in the literature: The increasing education eEort— 

partly fuelled by the lower mortality rates— outweighted the negative growth effect of 

the declining population growth. Further, education and human capital growth may have 

also been promoted by the lower birth rate and more balanced population age structure, 

through the mechanisms analysed in chapter 3. 

Chapter 5 studies the effects of borrowing constraints when the population is endoge-
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noug. Under the opposite assumption— exogenous population— borrowing constraints 

have been found to affect negatively the accumulation of human capital and positively 

the accumulation of the physical, with the total eSect on economic growth being negative. 

However, population is very important for both physical and human capital formation; 

life cycle saving and the capital dilution eSect of population growth link physical capital 

to population, while the hterature on endogenous fertility choice haa stressed the trade-

off between population and human capital. Borrowing constraints on the other hand are 

very hkely to aSect fertihty choice aa well. Introducing endogenous fertility in a borrow-

ing constraints framework ia therefore the obvious way to carry forward the theory of 

borrowing constraints. 

An overlapping generationa model was developed, where the economic agents work 

for two periods of their Uvea, in the Hrst of which they are borrowing constrained. In 

that period they also bear their children and take education, which pays its returns in 

the next period. The trade-oE between theae two decisions ia atudied, by comparing the 

three alternative acenarios of unlimited borrowing, no borrowing, and no borrowing with 

exogenous population. The third scenario was included for a better understanding of 

how the endogeneity of population interacts with borrowing constraints. 

Simulations showed that under borrowing constraints, the expenditure for education 

(meaaured in time units) is lower, albeit this eSect is mitigated when the economic agents 

can also reduce their fertility. The physical/human capital ratio on the other hand was 

found to be higher when the economic agents face borrowing constraints. Thia ia due to 

the fact that inability to borrow imphes more saving and consequently higher investment, 

as emphasised in the literature. In addition, when fertility is endogenous the per capita 

physical capital is increased further due to the lower fertihty, although this result is not 

as much rejected to the capital ratio because with endogenous fertihty the human capital 

ia higher as weU. 

But the most important result of chapter 5 is that with endogenous population the 

borrowing constraint may have a positive rather than negative effect on economic growth. 
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Even when this is not the caae, the endogeneity of population still mitigates the negative 

growth effect of the constraint. This is due to the reduced fertility, which as said hag a 

positive eEect on the per capita levels of both capital inputs. The size and sign of the 

growth effect of the borrowing constraint depend on whether the economic agents reduce 

their fertility or their human capital investment, as well as how the borrowing constraint 

affects the cost of this investment. 

Overally, the thesis addresses some of the questions on the interaction between human 

capital and population, and their eSects on economic growth. Its contribution is related 

to diEerent aspects of the problem. Of course it is impossible to answer all questions 

in such a vast subject. In this respect, I'm glad to have had the opportunity to look at 

three related but separate questions, instead of having concentrated on just one. 
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Appendix A 

Derive the steady state effects of 

parameter changes of chapter 3 

The steady state variables r and w are given from equations (3.24) and (3.27), which are 

graphically shown in graph 3.1 by the CC and HH loci respectively. These equations are 

repeated below for convenience: 

r — n — p — auj = Q (A.l) 

0 , \ 1-a 
— n — u — > (fz (A. 2) 

where (A.l) is same as (3.24) and stands for the CC locus, while (A.2) is same as (3.27) 

and stands for the HH locus. In order to study how the two loci shift when the parameters 

change, I take the implicit derivatives of r: 

It is easy to show that 
f)r 

= (A, 0,w) 
CC 

1 ^ 
where = — > 0. 

op 

Thus, an increase in shifts the CC locus to the right, while an increase in cr rotates 

it at the point it crosses the horizontal axis (w — 0), and ^ has no eSect on it. 
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Regarding the HH locus, it is 

"u—T" 
— n — u> (ff j F(a;)da; 

where f ' W = 
2a=l n 
1-a /"U 

i;-T 

^(a;) is always negative, therefore < 0. 

Further, it is 

a(A.2) 
- C / 3 1 

T r 
a;exp < / 

0 V 0 

B ( oB / ° 
r-T 

n — io — df > da; < 0 

and 

a C « % ) - { j + LA,K + L,Oj 

. ^ ^(^.2) ^ g(A.2) ^ ^ dn 
where iL = —r , = — - — and A — — 

ow or op 

Using the principles of implicit differentiation one has that 

d(P,e,a) 

1+LA K + L \ 

HH 

-,o 
/ 

Substituting the signs of K, L and A from above one has that <7 does not aSect the HH 

locus, ^ shifts it to the left, and the effect of /3 is ambiguous. 

Next the general equihbrium results of the parameter chaages are studied: It is 

d 
' iO 

d 
, A..21 

-1 
d 

.A.2, 
^ (w,r) a (/), g, o") 
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d 
UJ 

d 
' u 

-(7 1 
-1 

—A 0 — w 

AL ~l~ ̂  K -t L 0 

a (A ̂ ,(7) 
1 
D 

A (yK + i j ) -j- K + L (jjK 

AL (cr — 1) + ^ (7 i^K + Ij) —ioL 

where D = —(77(7 — Z, > 0 and K, L and A are ag above. 

The above results therefore show that ^ reduces both growth and interest rates, cr on 

the other hand reduces w and increases r if the former is positive, with the opposite being 

the caae if w < 0. Regarding GnaUy its total eSect on economic growth is ambiguous. 

As for its eSect on the interest rate, it can be seen that it is always positive if <7 is lower 

or equal to unity. For cr > 1 though, this eGect is rewritten as 
(7 

( 7 ^ n With the second part of this expression negative, a non-negative effect 

of on w guarantees that it affects the interest rate positively. If however ^ < 0, the 

dv 
sign of — can be negative as well, especially if cr is very high. 
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Appendix B 

Appendices of chapter 4 

B . l Der ive t h e r educed general equi l ibr ium 

Substituting Erst (4.29) into (4.28) and using the symmetry property one hag 

= ( B . l ) 

while substitution of (4.34) into (4.32) gives for the price of the final output 

(B.2) 

The value of the intermediate Srms is next given as 

where by Hf the net cash inEux of the intermediate Erms is meant. This is 

given by 11̂  — a;* — which by substitution of (4.29) and (4.34) 

yields 

Ht = ^ (B.3) 
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The time derivative of is given by — n .̂ By equation (4.36) it is 

= — which yields r* = 'yllt that is, 
7 

n = 7 ^ ^ j (B.4) 

Substitution next of (B.2) and (B.l) in (4.35) yields 

n = (B.5) 

while log differentiation of (B.2) and use of equation (4.30) gives the growth 

rate of the price Pt of the final product: 

A = (B.6) 

where by A* the growth rate of the variety of intermediate products is meant. 

What equation (B.6) states is that the more the resources that are devoted 

to R&D (of either type), the more rapidly the price of the Enal product 

declines. Substituting next (B.6) into (4.26) and (4.24) one has 

(B.7) 

ojt = Tf — £ -\- X — p Ai + (39lzt ( B . 8 ) 

Equation (B.7) gives the optimal education decision while (B.8) gives the growth rate 

of per capita consumption, which in equihbrium equals that of per capita Enal product. 

The supply-side expression for per capita output growth is given by log-diSerentiation of 

(B.l) and— taking into account that is the total rather than per capita output— it is 

= — At + — 6 + A (B.9) 

145 



Dividing next (4.37) by and using (4.31) we get for the 6rni size gf 

1 . 
4 -/If 
7 

(B.IO) 

Finally, by solving the system of (B.4) and (B.5) we get the labour inputs in the produc-

tion (^zt) and quality improving R&D (̂ t̂) of the intermediate sector aa functions of the 

interest rate alone: 

(B.ll) 

(B.12) 

B.2 P r o o f of t h e propos i t ions 

B.2.1 Proof of proposi t ion 1 

By total differentiation of equations (4.47) to (4.49) one gets 

1 - 1 0 1 - 1 

0 - 1 = 0 0 

K 1 — a L (ft/ a - 1 1 

where = 1 — 2a 
7 

dA 

and Z, = (^ — 1) The solution of the above system is 

dr 
1 

dp 
~ ID 

(j<: - a + 1 ) (;<: + 1) 

K - a + 1 - ( j < : + l ) 
(ZA 

(B.13) 

where 

D = - i : - - (1 - a) = - i , - (;<: + 1 - a) 
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2 
It is assumed that i ^ + 1 — a < 0 . A sufficient condition for this to hold is that a > - . 

Under this assumption it is D > 0, since Z, is negative. It also is ZT+l = 2 (1 — a) > 
7 

(1 — a) > 0. The last inequality stems from equations (B.l l) and (B.12) and the 

assumption that and are both strictly positive. 

Thus, ^ and w are negatively affected by both 6 and A, which eEects on r are positive 

and negative respectively. 

Next we have that 

It is from (4.46) Af = g — A + p. From the above the negative effect of A on is obvious, 

as G6 
Regarding next the hrm size a, equation (4.53) is first written as 

Since 6 affects both r and A* positively and A affects them negatively, it is obvious that 

positive is the eSect of a on s while the eSect of A is negative. 

From equations (4.51) and (4.52) we have for the per capita growth rate 

1̂  = — ( £ - A ) + i j + f — ( B . 1 6 ) 
o o y a "y y 

Since A aSects both ^ and r negatively and ^ — — is positive as was shown above, 

the negative total eSect of A on w is straightforward. Regarding the e&ct of s, we have 

(iw 1 — <3 l^g / l — a 

as o \ 7 / 
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dg dr 
Substituting — and — from (B.13) we have next 

^ = 1 H . + 1 ) _ i I 

where D, jiT and were de6ned above. After a considerable amount of calculations we 

get the final expression 

— = {{K + 1) (1 — 5) + ti {K + 1 — a)} 

which sign can go either way and depends on the values of all parameters of the model. 

Finally, it is obvious from (4.50) and (4.51) that the labour allocation variables 

and are affected by changes in the exogenous variables in the same way the interest 

rate is affected. 

Q.E.D. 

B.2.2 Proof of proposi t ion 2 

The eEects on r, g and it of an equal change of s and A are given by adding the two 

columns of the matrix in (B.13), that is 

dr = — < 0 

dp = ^ < 0 

du = < 0 

The changes in g and w are given by 

7 1 , / l G 7 
ds = —dg + \ dr 

7 \ a 'Y 
J 1 , / 1 d 1 
duj — —do -|- — — dv 

a \ a -y ' 
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ajid they are negative because both and dr are. 
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Theory and evidence". JoMrnâ  o/foZ% 2̂CoZ EcoMom?/, 98(3), 538-569. 

159 



[104] Rosenzweig M.R. and Wolpin K., (1994). "Are there increasing returns to the in-

tergenerationai production of human capital? Maternal schooling and child intel-

lectual achievement". 29(2), 670-693. 

[105] Russell L.B., (1982). "T/ie baby boom generation and the economy"'. ed. The Brook-

ings Institution, Washington. 

[106] Ryder H.E., StaSord F.P. and Stephan P.E., (1976). "Labour, leisure, and training 

over the life cycle". EcoMomzc .Reifzew, 17(3), 651-674. 

[107] Samuelson P., (1975). "The optimal growth rate for population". 

.BcoMomzc ^^(3), 531-538. 

[108] Samuelson P., (1975). "Optimal social security in a life-cycle growth model". Ai-

^^(3), 539-544. 

[109] Sarel M., (1995). "Demographic dynamics and the empirics of economic growth". 

opera, 42(2), 398-410. 

[110] Schultz P.T., (1969). "An economic model of family planning and fertility". 

77(2), 153-180. 

[111] Segerstrom P.S., (1998). "Endogenous growth without scale eEects". jBco-

Momic TZeMew, 88(5), 1290-1310. 

[112] Sheshingki E., (1967). "Optimal accumulation with learning by doing", in Karl 

Shell 071 (/leon/ o/ optima/ eco7iom%c ed. MIT press. 

[113] Shields M.P. and Tracy P.L., (1986). "Four themes in fertility research". Southern 

JotzrMo/, 53(1), 201-216. 

[114] Simon J.L., (1989). "On aggregate empirical studies relating population variable 

to economic development". 15(2), 323-332. 

160 



[115] Spengler J.J., (1968). "The economic effects of chajiges in age composition", in 

(ZMd goc%e%'% Houghton MHBin Co. Boston (ed.) 

[116] Supan A. and Schnabel R., (1998). "Social security and declining labour force 

participation in Germany". American Economic Review, 88(2), 173-178. 

[117] Tu P.N.v., (1969). "Optimal educational investment program in an economic plan-

ning model". CoMadzoM JoT/mo/ oZ-BcoMomica, 2(1), 52-64. 

[118] Tzannatos Z. and Symons J., (1989). "An economic approch to fertility in Britain 

since 1860". JoT/maZ EcoMomzca, 2(2), 121-138. 

[119] Uzawa H., (1965). "Optimal technical change in an aggregative model of economic 

growth". .Remew, 6(1), 18-31. 

[120] vanlmhofFE., (1988). "Age structure, education, and the transmission of technical 

change". JoMmoZ 1(3), 167-181. 

[121] van Imhoff E., (1989). "Optimal Invertment in human capital under conditions of 

nonstable population" , TZesowceg, 24(3), 414^431. 

[122] van Imhoff E. and Ritzen J., (1988) "Optimal economic growth and non-stable 

population". De Economist, 136(3), 339-357. 

[123] Wang R, Yip O.K. and Scotese C.A., (1994). "Fertility choice and economic growth: 

Theory and evidence". o/EcoMomica OTid 76(2), 255-266. 

[124] Well D.N., (1999). "Population growth, dependency, and consumption". vlmencoM 

EcoMomtc .Remew faperg 89(2), 251-255. 

[125] Welch F., (1979). "Effects of the cohort size on earnings: the baby boom babies' 

Anaucial bust". EcoMomi/, 87(5), S65-S98. 

[126] Willis R.J., (1973). "A new approach to the economic theory of fertility behaviour". 

EcoMomi/, 81(5), 814^864. 

161 



[127] Wolpin K.L, (1984). "An estimable dynamic stochastic model of fertility and child 

mortality". Journal of Political Economy, 92(5), 852-871. 

[128] ^^^igley E.A. and SchoEeld R.8., (1981). "The population history of England 1541-

1871. A reconstruction", ed. Edward Arnold, London. 

[129] Yip C.K. and Zhang J., (1997). "A simple endogenous growth model with endoge-

nous fertihty: Indeterminacy and uniqueness". o/ f .BcoMomzcg, 

10(1), 97-110. 

[130] Young A., (1993). "Invention and bounded learning by doing". JoMmo/ 

101(3), 443-472. 

[131] Young A., (1998). "Growth without scale eSects". EcoMomi/, 

106(1), 41-63. 

[132] Zeldes S.R, (1989). "Consumption and liquidity constraints; An empirical investi-

gation". Joi/maZ 97(2), 305-346. 

[133] Zeng J., (1997). "Physical and human capital accumulation, R&D, and economic 

growth". EcoRomzc JowTTiaZ, 63(4), 1023-1038. 

[134] Zhang J., (1997). "Fertihty, growth, and pubhc investments in children". Ca/iodmM 

JowTTio/ 30(4a), 835-843. 

162 


