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The effective application of various optimisation techniques including classic gradient-based and
modern evolutionary computation methods in engineering design practice can not only deliver
better quality, but also shorten design cycle time. However, the success of using these techniques
relies on a number of factors, such as efficient design parameterisation, complete automation,
and expertise in deploying various search tools and managing the high computational cost
associated with the use of high-fidelity simulation code. A CAD-based shape optimisation
method is investigated in this work using knowledge-based ICAD® system with focus on the
optimum shape design of turbine blade firtrees. The design of such a structure component
involves a large number of constraints derived from industrial experience. The overall aim of this
work is to employ some effective and efficient search techniques to explore various new shapes
based on an automated design-to-analysis integration, which is achieved by incorporating a
knowledge-based intelligent computer-aided design system (ICAD) into the process using
sequential rule-based modelling methods. Analysis-related information as well as geometric data
is integrated together to produce a general template for the firtree. A high-fidelity finite element
analysis code is used as the assessment tool of structural strength and different types of stress
criteria are used in the formulation of the optimisation problem. Both the existing shape features
inherent to CAD systems and new features offered by the use of free-from shape modelling using
Non-Uniform Rational B-Splines (NURBS) are investigated. This leads to a combined feature-
based and free-form shape parameterisation method. A two-stage (Genetic Algorithms + Local
Search) procedure is used in order to make use of the advantages offered by these two methods
while overcoming some of their weaknesses. The problem of high computational cost problem is
also tackled by the efficient use of a Gaussian Process based surrogate model coupled with
Genetic Algorithms. Both the combined shape parameterisation methods and framework for

incorporating surrogates with GA can be applied to general engineering design problems.
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Chapter 1

Introduction

1.1. Overview of design, analysis and optimisation

Over the last several decades, the engineering design world has been transformed by
the introduction of massive computational power. Computers are now a principal tool
throughout the whole product lifetime including conceptual design, analysis, mock-up,
manufacture, operation, and maintenance, etc. Design, analysis and mock-up are now
completely carried out in a virtual environment and this process is being continuously
updated not only in the complexity of the models within a particular domain but also in a
multi-disciplinary sense. In the engineering design community, the most notable changes
lie in two aspects: computer aided design (CAD) and computational analysis. Most
companies use CAD and analysis software to deliver more reliable products in
increasingly reduced time scales, but the pursuit of lower cost, better design and shorter
development time never stops because of the competitive world market.! It is believed

that design decisions made at earlier stages have much greater effects than those made at
later detailed design stages, therefore it is desirable to include as much detail as possible

into the earlier models.

The design process, in general, is a recursive one in which changes are often required
during the later stages due to various factors arising as the design progresses, and design
requirements often not only involve structure and functionality, but also cost,
manufacture and environmental aspects. The increasing complexity of engineering
systems, not only in single disciplines, but also in the interactions between different
disciplines tends to make this process even longer. The solutions for these increasing

complexities and interactions could not be achieved without the effective and efficient



use of today's various rapidly updated computing techniques, noticeably, design
optimisation methods. In addition, the use of artificial intelligence methods in
engineering design has attracted a lot focus in recent years. Various techniques have been
applied in the field of product design from earlier expert systems to most recently
knowledge-based systems. Many traditionally designed analysis system such as ANSYS?
are also introducing these new techniques to enhance the capability to offer integrated

design tools, for example, the Design Space module introduced in ANSYS version 6.

The use of CAD tools and computational simulation techniques such as finite
element analysis and computational fluid dynamics has become common practice in the
engineering design community. It 1s also known that utilization of various numerical
optimisation techniques can bring benefits in terms of improvement in product quality
and reduction in design cycle times. The use of detailed high-fidelity analysis in
optimisation will bring more confidence in the design. In general, there are two scenarios
in which optimisation techniques can be used: 1) during the preliminary design phase,
where many design configurations need to be considered to identify a design which
meets the requirements as well as to accommodate innovation, 2) once the configuration
has been determined, at which point the detailed dimensions of the component can be
optimised against a set of detailed constraints like stresses, and cost. Optimisation
techniques have typically been used in structural 0ptimisatioﬁ where weight reduction is

chosen as the objective, subject to a number of stress constraints at points within the

structure.

The optimisation process typically starts with the parameterisation of the model and
is then followed by a search process using different algorithms and strategies based on
the evaluation of a measure of merit. A typical structural optimisation problem
commonly involves sizing, topology and shape optimisation. Sizing optimisation is used
to find the size related variables, such as cross-sectional area for bars and trusses.
Topology optimisation mainly involves the determination of optimum configuration
usually starting with a block of material and shape optimisation considers the optimum
shape of the component boundaries. Various parameterisation approaches have been
reported in the literature. Sarameh’ provided a comprehensive survey on the shape

parameterisation approaches and related sensitivity analysis and mesh generation,



deformation issues in the multidisciplinary domain. Some preliminary guidelines

regarding the choice of parameterisation methods were also provided in the paper.

Eight different types of parameterisation methods were reported by Sarameh,
including basis vector, domain element, partial differential equation (PDE), discrete,
polynomial and spline, CAD-based, analytical, and free-form deformation (FFD). These
methods can be generally classified into three different types. The first is based on using
the coordinates of the boundary nodes in a discretized domain as design variables, which
is relatively easy to implement but difficult to maintain a smooth geometry and the
resulting optimised designs may be impractical for manufacture. The second is based on
using a CAD system. Primitives, such as circular arcs, rectangles, provided in CAD
systems are used as building blocks in geometry modelling. These primitives are also
known as features. Parameters describing these features are usually chosen as design
variables in optimisation. Although the advantages of using a CAD system is obvious:
consistent with engineering practice, relatively small number of design variables
compared to node-based shape parameterisation, it is difficult for some CAD systems to
handle the variations of topology due to large perturbations in some dimensions. In
addition, the underlying parameters describing the geometry are not normally available
to calculate the sensitivities analytically. The third approach is similar to the morphing
techniques used in computer sciences, and is termed free-form deformation (FFD),? in
which, the deformation instead of the base geometry is modelled. In general, shape
optimisation problems can be further classified into two types. The first type involves the
determination of dimensions of pre-defined shapes (geometric features) such as the
radius of circular hole, etc. This type of design method can be referred to as feature-
based design. The second type involves the determination of the shape of an arbitrary

open or closed boundary. In this case, shape can be represented as a combination of

prescribed shapes via the use of a basis vector to reduce the number of design variables
used in defining the shape.’ In the domain of computational fluid dynamics (CFD),
perturbations instead of the original shapes can also be used in modelling the geometry

because of the large effect of small variations on the aerodynamic performance, as

reported by Lépine ef al.’



Among various parameterisation methods, the CAD-based approach provides a
natural way for geometry modelling, especially for multidisciplinary applications, where
dissimilar grids often used in different domains can be extracted from the same CAD
geometry. It is, however, very difficult, for many CAD systems to capture design intents
and to describe the functional relationships between thousands of entities in a complex
product model. What is produced by this kind of CAD system is the final results of
design, not the modelling process, which 1s often documented separately, if at all.
Whenever the designer would like to review the design or rebuild the modelling process
with even minor modifications it usually takes a long time. This kind of knowledge is
rarely documented or most often is identified as part of the experience of designers and is
difficult to utilize during subsequent iterations by other designers. Modern CAD systems
can provide template-like parametric models, which will produce different geometries
based on different input parameters. However, a parametric model itself does not solve
all the problems identified above. Knowledge-based engineering and expert systems
have made some progress in this regard. The basic idea behind "knowledge-based
engineering (KBE)" is to find ways to record different kinds of knowledge about how to
design, configure and analyse a product. A primarily declarative KBE language is
usually used to capture knowledge in the form of "rules". The programmed rules specify
how various parameters and attributes of objects in a model are related to each other.

These rules can be expressed in many forms including math and logical formulas. The

intelligent CAD system (ICAD®) from Knowledge Technologies International (KTI)’ is

a combination of knowledge-based engineering and CAD technology and its generative

template modelling capability can be used to provide flexible and robust geometries for

subsequent analysis.

1.1.1. Design automation using knowledge-based engineering

The difference between using conventional CAD and using a KBE-based approach
lies in the following aspects: KBE 1s knowledge oriented, while CAD is geometry

oriented; CAD works from the bottom up with detailed dimensions while KBE works on
conceptual level and can harness all the design specifications including physical laws,
material criteria, manufacturing constraints, and even non-technical aspects. KBE uses

rule-based model generation methods in conjunction with a CAD modelling engine

supporting solid modelling techniques. The rules used to describe the geometric



relationships can be expressed in various forms, such as equalities or inequalities using
mathematical and logical relationships. It can further make some decisions about the
design on the basis of the rules supplied to it. This gives the model some kind of
intelligence. Features offered by the object-oriented methods make it possible to provide
rapid modification, backward compatibility, etc. By using ICAD, the savings in time,
cost and man-hours can be dramatic. Another benefit is the ability to maximize quality,

accelerate innovation, and optimise performance.

In this work, CAD-based approach i1s adopted but the parametric modelling is
performed using ICAD from KTI® Although geometry is the main object of
manipulation, the most interesting feature is that ICAD can be used to capture various
knowledge such as the best practice, performance data, manufacturing process and cost
criteria into a complete product model, known as a “generative model”. For example,
non-geometric information such as loading conditions, material properties, etc. can be
integrated into the model and used in the following analysis stage. Geometric entities in
an ICAD model are programmable objects, which, once completely defined, can be
repeatedly used in higher-level models. It is this feature that enables ICAD to provide
greater flexibility than other CAD systems. The geometric modelling engine and
geometry exchange standards supported by ICAD makes it possible for smooth

transferring of geometry to analysis code. The subsequent incorporation of ICAD and
finite element codes into a search procedure gives us the ability to carry out search based
on high fidelity analysis results and to explore different geometric features using a

relatively small set of parameters.

Here, the basic procedure for the design of the firtree geometry using ICAD falls into
two steps: first to identify the features and rules used to define the geometry and second
to break down the whole model into several modules each of which becomes a building
block in the hierarchical structure of the model. In ICAD, each of these basic blocks is
described using the ICAD design language (IDL) as a generic definition, which can be
implemented in the ICAD browser using a specific set of parameter values. Thus the
model is defined parametrically: different sets of parameter values will result in different
designs from the same template. In addition, multi-modality and backward compatibility

can be achieved by incorporating different behaviour into one model and maintain the



interface unchanged while the internal implementation is modified due to various reasons

such as software upgrading or improved algorithms.

1.1.2. Optimisation techniques and strategies

Many techniques in design optimisation originated in the field of structural
optimisation. Structural optimisation has been a topic of interest for over 100 years. A
comprehensive overview was provided by Vanderplaats’ on the use of optimisation
techniques for structural design. A systematic treatment on the concept and applications
of optimal design can be found in Ref. 10. The study and development of computer
programs on mathematical optimisation algorithms have been a long-term effort since
the early 1960’s and a large number of numerical algorithms are now available both in
the form of standard function library APIs and some design exploration systems. An
integrated general data management and optimisation package called OPTIONS'
developed by Keane is still being regularly updated. A concise description on the
available methods in the OPTIONS can be found in its manual . OPTIONS is a system
which provides a flexible framework for incorporating user codes ranging from very
simple ones to complicated external software packages as well as more than 40 search
algorithms and can be used either interactively or in batch mode. Commercial packages
such as iSIGHT' also exist which in general provide good Graphical User Interface
(GUI) and technical support but with a relatively small number of optimisation methods
implemented. And some methods have also been implemented in commercial finite
element tools such ANSYS. However, the use of numerical optimisation techniques in
the current engineering design practice is by no means comparable to the maturity of
various search techniques developed over the past several decades and optimisation
capabilities are often strongly coupled with the analysis package, which itself 1s quite a
challenge for designers to use. Recent developments and trends in giobal optimisation

can be found in Pardalos ef al.'>

Different types of search techniques are available, these include classic gradient-
based search methods such as Newton, quasi-Newton method, Sequential Quadratic

Programming (SQP), etc. and gradient-free methods which include the class of direct

" http://www.soton.ac.uk/~ajk/options.ps



search, in which, pattern search has attracted large amount of attention. The other
important class of gradient-free methods are the evolutionary computation methods. A
good review on various search techniques can be found in Neumaier.'* Lewis et al.
provided an overview on direct search methods.”” These methods are referred to as
classic optimisation methods. Different types of modern stochastic methods have been
developed and applied in wide range of domains over recent years. These include
Genetic Algorithms (GAs),'® Simulated Annealing (SA)," Evolutionary Programming
(EP),,18 and Evolutionary Strategy (ES)..19 An online methods guide and available
software codes covering most classic linear and non-linear algorithms can be found on

the NEOS server for optimisation.20

The automated design-to-analysis is then further integrated into an optimisation
procedure to try to improve the design. The use of high-fidelity analysis code in
optimisation is always desirable as 1t can provide a more accurate estimate to the
quantities that decide the quality of the design. However, the high computational cost
associated with the use of high-fidelity code motivated the research on the use of
approximation or cheap models in optimisation. This lead to different approaches based
on whether the surrogate models are used or not in the procedure. Conventional methods
make direct calls to the expensive simulation code repeatedly. Although these
approaches are always more desirable, they can only be used for less expensive
simulation codes. Using surrogate or cheap models 1s sometimes the only choice when
the computational cost 1s high, especially if evolutionary computation methods are also
involved. The first step of a typical procedure for this approach is to construct a
surrogate model, often a polynomial response surface model, using dataset collected on a
number of points in the design space.”’ The choice of design points is often carried out
using design of experiment methods (DoE), which basically define these points
according to various criteria.?' One example of DoE methods is the commonly used
Latin hypercube sampling. The surrogate models can then be used in a number of
different ways, this leads to different strategies. In this work, a strategy coupling a

Genetic Algorithm with surrogate models will be investigated.



1.2. Overview of the firtree design problem

The firtree joint is a component often seen in turbine structures to attach a blade to
the rotating disc. A typical turbine blade/disc configuration is shown in Figure 1.1. An
example of turbine blade 1s given in Figure 1.2. High mechanical loads generated by the
blade are transferred through the joint to the turbine disc. This centrifugal load of a blade
is very large and imposes severe requirements on the design of firtrees. Due to size,
weight, and stress constraints, the geometric design of a firtree must be fully analysed to
obtain the optimum configuration. A systematic treatment on various aspects of the

design of such a component can be found in Ref. 22.

The design of such a structure involves a large number of geometric parameters,
which have complex relations among them. It is believed that the choice of geometry
definition could have great impact on the final design. The most commonly used
geometries in the design of firtrees are straight lines and circular arcs.** Previous effort
was mainly focused on the analysis and experiments of the contact problem involved.?*
However, little work has been reported on the shape optimisation of such critical
components in the literature. And there 1s currently a strong need in the industry to
automate the design-to-analysis process and bring in optimisation techniques in design.
In addition, although different tooth notch profiles have been tried before, for example,
an elliptical fillet was tested by Lee et al.*> in order to reduce the peak stresses in notch
region, using different sizes for each tooth has not been reported in the literature. This i1s
partly because all the teeth are defined using a single set of parameters, and therefore are
not independent.”” The use of different profile for each teeth could provide potential
benefit in terms of more even stress distribution across the teeth because of non-uniform
distribution of load on the teeth, which has been known from both finite element analysis
and photoelastic experiments.”** In order to achieve a sufficiently flexible geometry
definition for optimisation purpose, a modular parametric geometry representation is

critical. This model must be able to represent as many as possible different geometries,

and thus provide a large design space for optimisers to search.
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A number of stress constraints need to be considered in the design of firtrees. These
include section stresses on both the firtree root and disc head; crushing stresses which
describe the direct tensile stress on the teeth; and peak stresses which occur in the inner
fillet radii of both the blade and disc, etc. The average section stress can be estimated
assuming an even distribution of total load on each tooth. However, the peak stresses in
notch region are difficult to predict without a finite element analysis. A full 3D analysis
of the firtree will reveal the stress contours, especially the effect of skew angle on the

peak notch stresses. However, the complexity of the model construction and

computational burden associated with a full 3D analysis make it unrealistic to include a
3D analysis before any attempt has been made on 2D models. In addition, well-

established 2D criteria modified from 3D analysis will probably be adequate.

A systematic parameter study and optimisation cannot be carried out without a fully
automated design-analysis capability. The manual approach of attempting different
firtree geometries is time-consuming and labour-intensive. It involves several steps such
as shape modelling, geometry transfer, stress analysis, and result retrieval, etc. The high
cost and slow progress of the manual process have prevented exploration of more

complex profiles and different size and shapes for the teeth.



Figure 1.2: A typical Turbine Blade™

Therefore, it is critical to establish a direct link between geometry modelling and
analysis code. This will enable the designer to explore different candidate geometries at
the preliminary stage, ranging from relatively simple designs to rather complex ones, at a
reduced timescale. Here, this process involves the use of feature-based parametric
ccometry construction tools such as ICAD and large-scale structure finite analysis
packages, along with an optimisation program implementing various search strategies.
Although this problem 1s a structural optimisation problem, the strategy employed here is
rather different. The use of the ICAD system and finite element analysis software
together gives 1t the capability to model the variations parametrically both in the
dimension and in the topology and to analyse the effect of geometric features on the
stress distribution based on the finite element analysis results. Furthermore, the above
process may be incorporated into a search loop to automatically find the best solution
against pre-defined goals and constraints. As considered here, this is a 2D problem

nested in the overall 3D blade/disc optimisation procedure and uses well-established 2D

criteria modified from 3D analysis.

1.3. Research scope and objectives

[n order to make use of the vast range of numerical optimisation techniques available
today in engineering design practice, parameterisation is the essential first step for

optimisation. Among various parameterisation techniques, CAD-based methods proved
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to be able to provide consistent geometry definitions across the different domains.
However, it is difficult for traditional CAD systems to capture knowledge other than
geometry itself. A knowledge-based system with geometry modelling capabilities is
adopted 1n this work. Rule-based sequential geometry modelling method is proposed and
applied in the shape modelling of turbine blade firtrees. Various features of this method
also ease the integration of design, analysis and optimisers, which itself is a challenge in

a multidisciplinary design optimisation environment.

Different search algorithms exist for optimisation. Gradient-based search methods
provide an efficient procedure for non-linear optimisation problems, but it is usually
difficult for these methods to escape the local optima present in many engineering
problems. A multi-start method from a set of randomly chosen points is usually adopted
to tackle this problem. On the other hand, evolutionary computation methods,
particularly Genetic Algorithms, provide a robust and reliable method for finding the
global optima at a cost of more function evaluations. In this work, a two-stage search
procedure is applied to the formulated complex optimisation problem, in which, a
Genetic Algorithm (GA) 1s first used to identify near optima solutions followed by a

gradient-based search to locate the optimum solution at a higher accuracy.

There is a limitation in shape optimisation using existing geometric features provided
by the CAD system. It is not possible to come up with new features. Therefore free-form
shape modelling using Non-Uniform Rational B-Splines (NURBS) is explored in this
work. NURBS promises to be the standard for the geometry modelling community. The
introduction of NURBS in shape optimisation essentially overcomes the limitations
imposed by feature-based modelling methods, in which the choice of topology and/or
features eventually decides the final optimum shape. The difficulties associated with the
high number of design variables (céordinates of the control points) when NURBS are
used are overcome via the use of non-dimensional coordinates. The combined use of
features and local free-form shapes proves to be a general approach and can be used for

other shape optimisation problems.

The computational cost associated with evolutionary search procedure is usually high

as it typically requires thousands of function evaluations and a typical function

11



evaluation is computationally expensive when it involves high-fidelity analysis models
such as finite element models or CFD models. A framework for incorporating surrogate

models in genetic algorithms is proposed here and applied to local free-form shape

optimisation problem with some success.
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1.4. Layout of the thesis

The thesis is organised as follows:

Chapter 2 presents the rule-based geometry modelling method and its application to

the firtree shape design following a survey on shape parameter methods in the

multidisciplinary domain.

Chapter 3 details the various aspects of the finite element modelling of the firtree

root structures.

Chapter 4 describes the optimisation of the traditional firtree shape using a direct link

between modelling and analsis codes. A stmple yet effective two-stage optimisation
procedure is adopted. A Genetic Algorithm is first applied followed by a local gradient

search on the promising solutions found so far.

Chapter 5 presents free-form shape representations using NURBS with applications

to the local shape modelling in the notch region in an attempt to further reduce the peak

stresses. Results using NURBS for notch fillet optimisation are presented.

Chapter 6 describes a GA-based framework using surrogates to improve the
efficiency of the original search procedure used in chapter 4. Results on two test

functions are presented to 1llustrate the effectiveness of the proposed framework.

Chapter 7 summarizes the major contributions of the research work and main

conclusions; areas for future work are also identified in this chapter.
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Chapter 2

Rule-based geometry modelling of turbine

blade firtrees

Computer Aided Design (CAD) tools have been widely used in the engineering

community. Often it is common that one or more major CAD tools are in use in any
engineering company. The capability of CAD tools has evolved from simple 2-D
sketching to feature-based parametric 3D solid modelling over the last several decades.*®
It is worth mentioning that it 1s this parametric modelling capability that makes it
possible to incorporate a feature-based parametric modelling system into optimisation
process to provide accurate geometry definitions. Moreover, it becomes almost
imperative to include a CAD system in emerging multi-disciplinary environments, as
more complex geometries will be required when moving from simple test problems to
real-world applications. One example of these would be the Framework for
Interdisciplinary Design Optimisation (FIDO) developed by NASA.?’ Some challenges
and solutions regarding integration of a CAD system into a MDO framework were

1%

discussed by Townsend, ef al.,”” which mainly include deformation modelling associated

with aeroelastic problems, ease of replacement of CAD packages, and sensitivity

computations.

A NURBS (Non-Uniform Rational B-Splines)* database was introduced in FIDO to

tackle deformation modelling by first obtaining the NURBS representation of the CAD
geometry, and then deforming the NURBS representation instead of the original CAD
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1.%% also suggested that the use of a NURBS database would ease

model. Townsend et a
the difficulties associated with the replacement of CAD systems. However, this is not the
case as the original geometry is still modelled by the CAD system, and there is no easy
way to transform the NURBS representation back to a particular geometry feature as
most CAD systems such as Pro/Engineer’’ make extensive use of features. Therefore the
choice of CAD system have enormous impact on every aspect of product design and
design decisions cannot be made from pure technical point of view. However, it may be

argued that a good balance between capabilities and ease of use should be maintained.

An example of direct use of NURBS in coupling between geometry modelling and
finite element analysis can also be found in Ref. 31. A geometry-based parameterisation
method using the general geometry modeller PATRAN for shape design of elastic solids

] 32

was presented by Chang, et al.”® Geometry modelling capabilities within the analysis

packages such as MSC/NASTRAN and ANSYS can also be used to define the

3 and this is current practice for many structural

geometries in optimisation problems;
component optimisation problems. In this case, the computation of sensitivities may be
easier than using a CAD system as most current CAD packages do not provide
sensitivities with shape parameters. But there are also a number of drawbacks in this
approach. First, because it 1s more targeted to analysis capabilities, geometry modelling
may be not as good as CAD systems. Second, the transfer of geometry between analysis

codes in different disciplines may present quite a challenge. Third some post-processing
will normally be required to export the final optimum shape for the purpose of
manufacturing. Finally, the search algorithms available in analysis codes such as ANSYS
are usually limited compared to the large number of search methods usually provided by

general-purpose optimisation packages.

The problem with the adoption of a general-purpose optimisation package in the day-
to-day design activity is that designers usually lack the knowledge and experience to use.
Therefore, it is usually desirable to provide an automatic link between CAD, analysis and
optimisation tools. The first step 1s to provide a parametric model in optimisation study:.
The optimisation routines then call upon this parametric model to use it in the traditional

form of optimisation problem. Here, an overview of shape parameterisation methods is
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first given, followed by a description of the rule-based sequential geometry modelling

method adopted. Last, the geometry modelling of firtrees is described.

2.1. Overview of shape parameterisation methods for optimisation

Various shape parameterisation approaches exist in the domain of multidisciplinary
shape optimisation. Samareh provided a comprehensive survey on these techniques for
high-fidelity multidisciplinary shape optimisation.” Shape optimisation of open
boundaries has been studied for some time using various shape representation methods.
For example, in a study carried out by Braibant and Fleury,’* three shape optimisation
problems were examined. These were the determination of the optimal shape of a beam
in bending, the optimal shape of a hole and the optimal shape of a fillet and were solved
using the concept of design elements which were defined using B-splines composed of a

number of elements. In another work, the shape was parameterised using a parametric
cubic representation of primitives supported in PATRAN.” Equidistant mapping in
parametric space of the curve was used to create the finite element discretization. This is
also referred to as an iso-parametric mapping in which the curve or surface is discretized
evenly in the parametric space. Using these methods, attention must be paid to the
creation of internal nodes during FE analysis to avoid the generation of distorted

elements. A geometry based approach for coupling CAD with finite element methods

was presented where NURBS were used to model the shape of a cross section in a

torsion problem.”’ Some more recent work is reported by Waldman, et al.
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