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Statistical Energy Analysis (SEA) is widely used for the high frequency analysis of
vibro-acoustics problems whereas conventional deterministic methods, e.g. Finite Element
Method and Boundary Element Method, are applied to lower frequency problems.
Between low and high frequencies, however, there exists a mid frequency range where
neither deterministic methods nor SEA can be used reliably. In this frequency range, the
wavelengths are short so that deterministic methods require excessive computation, while

the SEA predictions are unreliable due to large uncertainty in the results.

With in SEA, the Coupling Loss Factor (CLF) is a statistical quantity defined in terms of
the average behaviour of an ensemble of similar systems. The ‘effective’ CLF for a given
realisation differs from the ensemble average. Significant fluctuations with frequency are
observed in the low frequency region. Accordingly, the CLF is the main parameter

expected to determine the confidence intervals in the SEA prediction.

In this research, the sources of variability in SEA coupling are systematically investigated
and appropriate parameters are established to determine the variability of the effective
CLF in the mid to high frequency range. Finally the effect of the variability in the CLF on
the resulting response is investigated and the confidence intervals of the SEA predictions

are discussed.



A system consisting of two rectangular plates is considered and the exact dynamic
response of the system is investigated by using the dynamic stiffness method (DSM). The
effective CLF for a particular realisation of the system is evaluated by a ‘numerical
experiment’ using the SEA power balance equations and compared with the CLFs

obtained from various methods.

The influence of the modal behaviour of the source or the receiver subsystem or both on
the energy transmission between the two subsystems is investigated by considering
various analytical models, which include an infinite source plate coupled to a finite
receiver plate or vice versa. For these models, the transmission efficiency or the effective

CLF are evaluated using the wave approach and/or the DSM.

The variability of the effective CLF is investigated by a series of systematic parameter
variations in the DSM model. An empirical model is derived for the confidence interval of
the effective CLF, in terms of the modal overlap factor and the number of modes in a
frequency band. The model for the variability of the CLF has then been validated using an
experimental study. The reliability and accuracy of this empirical model is discussed in
comparison with previously published models. The sensitivity of the resulting SEA
prediction due to the variation of the CLF is subsequently investigated by Monte Carlo

simulation.
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Chapter 1. Introduction

CHAPTER 1

INTRODUCTION

1.1 General introduction

Noise and vibration present major challenges that must be overcome in order to promote
the welfare of human beings in most industries, such as transportation, construction and
home appliances. As modern science and technology are developing, mechanisms are
getting more and more complex and manufacturers are endeavouring to meet customers’
various demands. Recent trends in the automotive industry, for example, are towards
making vehicles more comfortable and also lighter, due to environmental and economic
considerations. By minimising the weight of a car, the fuel economy can be improved and
the production cost can be reduced. Simultaneously, a good design should produce a quiet
and comfortable environment as well as satisfying the various performance requirements.
Unfortunately, these two objectives, economy and low noise and vibration, are often

conflicting.

Reducing the noise and vibration levels on existing designs is often very difficult, if not
impossible, and will often involve high expenditure and an increase in weight. It is
therefore necessary, during the design process, to be able to predict the dynamic response
of a structure due to several broadband sources of noise and vibration so that potential
problems, such as excessive vibration levels, resonances, failure due to acoustic and

dynamic fatigue and noise, can be avoided.

There are a number of methods available for determining the dynamic response of
structures. These range from analytical and numerical methods to experimental methods.
Different methods are more suited to the low frequency or the high frequency region. The
characteristic of the dynamic response depends upon the frequency of the excitation which
can be categorized generally as (i) low frequency, (ii) mid frequency and (iii) high
frequency. The actual frequency range associated with each of these categories is

dependent on the structure itself.



Chapter 1. Introduction

At low frequencies the dynamic behaviour of the structure is mainly dominated by its
lower order modes of vibration. The resonance frequencies and mode shapes of these low
order modes are generally less sensitive to small changes in the geometric and physical

properties than those of higher order modes.

For a specific set for values of the structural properties, the Finite Element Method (FEM)
and Boundary Element Method (BEM) can give a deterministic solution in this frequency
range. The former is specifically applicable to both structural and acoustical analyses
whist the latter is primarily used for acoustic analysis. These are very useful methods to
predict the dynamic response of the structure if a real structure is not available, especially
in the early design stage. These methods have been applied, for example, to the prediction
of the low frequency booming noise (below 200Hz) of a passenger car through coupled

structure-fluid analysis of the vehicle structure and compartment cavity [1-3].

In addition, the experimental modal analysis technique is usually used at low frequencies
to investigate the dynamic characteristics of existing structures, e.g. natural frequency,

damping and mode shape, and to validate or update a numerical model.

At high frequencies the higher modes of vibration of the structure are excited and the
characteristic wavelength of the structural deformation is much smaller than the overall
dimensions of the structure. Under the assumption of a constant loss factor, for example,
the vibrational modes of the structure have a wider bandwidth as frequency increases.
Consequently the resonant peaks overlap each other and the resulting dynamic response is
much smoother than that at low frequencies. The dynamic response at any frequency is no
longer dominated by a single mode. Using conventional methods, e.g. FEM and BEM,
large computational effort may be required to obtain good accuracy. Moreover, there are
difficulties in using such a model to represent real structures, because the results are
sensitive to small changes in parameters. The model represents merely one member of an
ensemble and the results are valid for that model only. These methods are inefficient at
high frequencies due to the excessive number of degrees of freedom of the model. They
are also unreliable due to statistical uncertainties in structural properties or in defining
boundary conditions at the coupling between different parts of the structure. Thus simple

methods giving qualitative characteristics are required.
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Such an alternative approach is to use Statistical Energy Analysis (SEA) (or the Power
Flow method) which has been developed over the past 40 years. SEA is based on simple
power balance equations for the system. Using SEA it is possible to predict the spatially
and frequency-averaged energy or power of the system. Since the SEA equations are
relatively simple and energy and power outputs can provide great insight to the dynamic
system, SEA can provide useful guidance for noise and vibration control at high
frequencies. Currently SEA is widely used for the high frequency analysis of vibro-
acoustics problems where FEM and BEM cannot be applied, e.g. ships [4], building
acoustics [5] and automotive vehicles [6, 7]. Analytical SEA has been applied to the
prediction of structure-borne sound transmission in large welded ship structures [4] and

for vibration transmission in a small passenger car [6].

Between low and high frequencies, however, there exists a mid frequency range where
neither deterministic methods, e.g. FEM and BEM, nor SEA can be used reliably. In this
frequency range, short wavelength vibration occurs so that deterministic methods require
excessive computation, while the SEA predictions are unreliable due to large uncertainty

in the results.

During last two decades, other energy-based methods have been developed to overcome
some of the difficulties and limitations of the SEA method in the mid and high frequency
regions. These include Energy Flow Analysis (EFA) [8-13], Power Flow Finite Element
Analysis (PFFEA) [14] or Energy Finite Element Analysis (EFEA) [15] and a hybrid
Finite Element Analysis (FEA) method [16, 17]. However, these methods are not yet
widely used for practical applications because the exact energy equations for real

structures are quite complex.

More recently Wave Intensity Analysis (WIA) [18, 19], Advanced SEA (ASEA) [20] and
Statistical Modal Energy Distribution Analysis (SMEDA) [21, 22] have been developed to
overcome some of the drawbacks of SEA. Other theoretical and experimental techniques
and applications have been introduced [23, 24] and more recent research and applications
of SEA have been reported by the SEANET thematic network [25, 26]. These developments

will be discussed further in Section 1.2.2.

One method that can be used to predict the dynamic response of a particular structure

irrespective of frequency is the so-called ‘Dynamic Stiffness Method’ (DSM) [27-30]. It



Chapter 1. Introduction

can be used for high frequency analysis, to which the conventional FEM cannot be
applied, as well as low frequency analysis. However, this method also has some limitations

on the geometry and boundary conditions of the structure.

Since each method has its specific advantages, disadvantages and limitations, an
appropriate analysis technique should be chosen for the frequency range to be considered.
An ESDU report [31] provides a good set of guidelines on how to choose an appropriate
method for prediction of the dynamic response of a structure subjected to particular kinds
of excitation. Some methods for the mid to high frequency analysis are discussed in more
detail in the following section which includes a description of the assumptions,

developments and limitations.

The motivation of this project is to assist in providing a particular methodology to predict
the interior noise and vibration of a passenger car in the mid to high frequency range
where conventional FEM and BEM cannot be applied. Although they are widely used in
the automotive industry, these methods have especially been applied to the prediction of
low frequency noise and vibration problems. In practice, they are not applicable to high
frequency where the wavelengths are short. Instead SEA is increasingly used for the high
frequency analysis of cars. A number of commercial computer programmes, e.g. AutoSEA
(www.vasci.com), SEAM (www.seam.com), SEADS (www.Ims.be), have been developed
for the SEA application and are widely used in the industry. There are, however, many
uncertainties and potential errors in the low to mid frequency range that unwary users have
to contemplate. The objective of this project is therefore to quantify these uncertainties in
particular cases and to develop a model that can be used to estimate confidence intervals

for SEA predictions.

1.2 Literature review on mid to high frequency analysis techniques

1.2.1 Statistical Energy Analysis

SEA was initiated in the early 1960s for predicting the high frequency response of
aerospace vehicles. Lyon and Maidanik [32] published the earliest paper in this field on
power flow between linearly coupled oscillators. The basic theory of SEA and procedures

for engineering applications are presented in the textbook by Lyon and DeJong [33].


http://www.vasci.com
http://www.seam.com
http://www.lms.be
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Before discussing further references, some description of SEA terminology is useful.
‘Statistical’ in SEA denotes that a system to be analysed is assumed to be drawn from a
population of an ensemble”’ of similar systems distributed randomly. ‘Energy’ refers to
the quantity that is used to describe the dynamic response of the system. The energy of the
system can be transformed into other physical quantities, e.g. displacement, pressure, etc.

‘Analysis’ accentuates that SEA is a framework rather than a rigidly-defined method.

The SEA procedure is performed by three steps [33]; (i) define the system model, (ii)
evaluate the model parameters and (iii) evaluate the response variables. The system model
contains a group of subsystemssz. Subsystems are coupled by physical connections
between the components. The SEA solution consists of a single value of the average
energy for each subsystem and each frequency band, because lumped parameters are used
to represent a continuous system. The parameters needed for each subsystem are the
modal density or the number of modes in a frequency band, the damping loss factor (DLF),
and the input power. The modal overlap factor is also an important parameter. This is a
measure of the degree to which resonant behaviour dominates the response. It can be
obtained from the modal density and the DLF. The coupling between connected
subsystems is specified by the coupling loss factor (CLF), which relates the power flow
between connected subsystems to the stored energy in the transmitting subsystem. A
general introduction to SEA is given in numerous references [33-39] which include

discussion on the background theories, assumptions and applications of SEA.

! an ‘ensemble’ is defined as a collection of notionally similar structures or systems, the
properties of which have a certain probability distribution; e.g. the dynamic properties
of cars produced in the same production line are not same due to manufacturing

tolerances and fabrication imperfections.

2 a ‘subsystem’ in SEA is different from an element in an FEM model which represents
a small physical part of the system. A subsystem can be defined as a collection of
similar modes within a physical component of the system; e.g. only the bending modes
or only the in-plane modes in a plate. The physical size of the subsystems may be
different for different mode (or wave) types; e.g. for in-plane modes several plates may

be combined into a single subsystem.
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Woodhouse [34] argued that SEA, as a statistical approach, can be identified with a
thermal analogy; modal density corresponds to thermal capacity of the element, damping
of the vibration modes corresponds to radiative loss and a measure of the strength of the
mechanical coupling of the subsystems corresponds to conductivity or loss by coupling. It
was demonstrated [34] that three assumptions are made in standard SEA modelling; (i) the
rate of energy dissipation by a subsystem is proportional to the energy of that subsystem,
(i1) the rate of power flow from one subsystem to another is proportional to the difference
in their average modal energies and (iii) the driving forces on the different subsystems are
statistically independent so that one can add the energy responses of a given subsystem

produced by these different driving forces to obtain the total mean modal energy of that

subsystem.

Burroughs er al. [35] reviewed the basic principles behind SEA and the development of
SEA, presented examples of the application of SEA and discussed input parameters. It was
summarised that in order to obtain accurate predictions using SEA the models must (i) be
capable of predicting the input power, (ii) represent all important mode types which occur
within the subsystems in the frequency range of interest, (iii) have valid CLFs for all mode
types which interact at junctions of subsystems and (iv) provide the output energies or

derived vibration levels for those modes of interest.

Fahy [36] gave a brief account of the origins, rationale, principles and some applications
of SEA and presented a brief survey of recent research objectives. In another paper [37],
he reviewed the origins of SEA and limitations of deterministic methods and accounted
for the validity of the use of probabilistic energetic models for high frequency vibration
prediction. He also discussed the general advantages and weaknesses of SEA, investigated

the current state of development of SEA and pointed out areas for future research.

A more general introduction covering the basic concepts and the application of SEA,
rather than a specific discussion of its theoretical background, was provided by ESDU [38].

A guide for potential SEA users has been produced by SEANET [40].

1.2.1.1 Assumptions in SEA

According to references [33, 35, 38], the underlying assumptions to be considered in the

development of SEA models are usually outlined as follows.

6
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» The subsystems are weakly coupled. The modal energy of the source subsystem is

therefore significantly greater than that of any other subsystem .

o Each mode of a given subsystem within a particular frequency band contributes
equally to the energy of the subsystem, i.e. equipartition of vibrational energy

between the modes of a subsystem.

e For a particular frequency band each subsystem generally contains a minimum

number of modes between three and seven.

o The DLF is equal for each mode within a subsystem and frequency band. This
assumption is not necessary but it simplifies the formalism and tends to be nearly

true for reasonably complex subsystems.

e The input forces are independent of frequency within a frequency band, i.e.
broadband excitation.
o Energy i8 not generated or dissipated in the couplings between subsystems, i.e.

conservative coupling.

e The coupling power is proportional to the difference in average modal energy.

The first three assumptions were presented in terms of a modal approach. These are
equivalent to the following descriptions in terms of a wave approach. These two approaches

describing the structural motion are equivalent to each other, which is referred to as
‘wave-mode duality’.

» The transmission efficiency is small at the boundary between subsystems or the
damping is sufficiently high so that most of energy input is dissipated within the
source subsystem.

e The wavefield in a subsystem is diffuse so that waves propagate equally in all
directions.

» The structural and acoustic wavelengths are significantly less than the dimensions of

the subsystem.

" Although stated in [33, 35, 38] as a usual condition, this is not a necessary condition for

the application of SEA [41].
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1.2.1.2 Advantages and disadvantages of SEA

Some advantages and disadvantages of SEA, that have been found by the previous

investigators [31, 33, 42], are summarised as follows.

The advantages of SEA:

It can allow a response prediction to be made at high frequencies for which FEM

and BEM, etc., cannot be used.

Complex systems are represented in terms of a small number of gross parameters.

This allows estimates to be made at an early stage of the design.

The method involves relatively few degrees of freedom in the model compared with
deterministic models so it is possible to perform parameter studies with little

computational effort.

The resulting expressions for stored energy are explicit and easily interpreted in

physical terms.

The disadvantages of SEA:

The accuracy of the predicted result for the average energy is not guaranteed. Also
there can be considerable scatter around the average value in both a frequency and

an ensemble sense.

It 1s not possible to predict the degree to which variations in physical features are
likely to cause the behaviour of individual physical systems to deviate significantly

from that of the idealized model.
It does not account for the variation in the energy density within subsystems.
SEA is not capable of modelling local behaviour.

The difficult part of an SEA procedure lies in the specification of the CLF that

determines how much energy is transmitted from one subsystem to another.

1.2.1.3 Uncertainties in SEA predictions

Since statistical approaches give statistical answers, they are always subject to some

uncertainty. The degree of uncertainty in the SEA prediction will depend on many
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parameters such as the geometry and material properties, the fabrication tolerances, the
number of modes of the subsystem, the DLF and CLF, and the modal densities. As
discussed by Fahy [37] there is no generally applicable procedure for making estimates of
confidence intervals in the SEA prediction. Many uncertainties and potential errors in

using SEA have been reviewed previously [33, 41-47].

A useful discussion on the uncertainty of SEA predictions is given by Lyon and DeJong
[33]. They developed estimates of variance in the mean square response and presented
methods for calculating the variance and confidence levels of the response variables. As
an example, a modal analysis for a beam-plate system was used to calculate variance and
confidence intervals. The variations due to the input power, the calculated energy
distribution in the SEA model and the modal response in each subsystem were presented
and these factors were assumed statistically independent. However, these results are rather
delicate to apply to a complex system because they contain a certain amount of speculation

and implicitness.

The uncertainty of the predictions due to subsystem geometry was studied by Fahy and
Mohammed [42, 43]. They presented the results of an attempt to evaluate the effects of
random geometric perturbation for coupled beams and plates. The results showed that the
modal overlap factors of the uncoupled subsystems and the number of coupled modes of
the total system are the two main parameters which control the variability of power flow

and the associated CLF.

The potential errors in the SEA prediction at low frequencies were also investigated by
Craik et al. [44]. It was shown that the vibration level difference between two coupled
building structures, such as walls and floor, fluctuates considerably since building
structures have few modes at low frequencies. They observed that the fluctuations in the
point mobility of the receiving subsystem, relative to that for an infinite structure, are
reflected in fluctuations in the CLF. Upper and lower bounds for the CLF were derived in
terms of maxima and minima of the point mobility. They also asserted that for the power
flow between plates the confidence interval is affected only by the properties of the
receiving subsystem. The confidence limits for SEA predictions derived by Lyon [33]

were shown to overestimate the actual error considerably, at least for building structures.
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Mace investigated the ensemble average power flow and the statistics of the power flows
between two continuous one-dimensional subsystems [45, 46], the power flow between
two coupled beams [47], and the SEA of two continuous one-dimensional subsystems [41]
by using a wave approach. Uncertainties due to the subsystems, the coupling, and the
excitations, were considered by assuming that these parameters are drawn from ensembles.
The properties of the ensemble were specified by a joint probability density function
which defines the probability of occurrence of a combination of parameters. The ensemble
power flow statistics were discussed in a number of cases and applications [45-47]. The
variation of the ensemble mean, maximum and minimum power flows, normalized by unit
incident power, was investigated at various coupling strengths. It was shown that in the
general case the ensemble mean power flow may be less than or greater than that expected
from a normal SEA approach, due to the strength of coupling. These results were extended
to the SEA of two continuous one-dimensional subsystems in reference [41]. The strength
of coupling and the features of the ensemble average coupling power and the ensemble

average CLF were investigated.

1.2.1.4 Coupling Loss Factor (CLF)

The use of SEA to predict the response of vibro-acoustic systems relies on good estimates
of the DLFs of subsystems and the CLFs between them. Damping is usually estimated
from measurement data. The CLFs are normally the main parameters that are difficult to

evaluate either experimentally or numerically.

There are many methods, numerical, analytical or experimental, to evaluate the CLF.
Conventionally, the CLF between two structures, such as two plates, is obtained by
analysing the wave transmission between semi-infinite structures [33,48,49] or by a
modal approach [33]. For two infinite subsystems coupled along a line or at a surface, the
wave transmission efficiency, 7, is defined as the ratio of the transmitted power to the
incident power. By integrating over all possible angles of incidence, the diffuse incidence
transmission efficiency can be determined. The CLF estimates determined from these
transmission efficiencies, for infinite subsystems, are taken as representative of ensemble

averages of finite subsystems.

10
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An ensemble average CLF for two edge-coupled rectangular plates was investigated using
a wave approach by Wester and Mace [50]. This ensemble average CLF, which is exact
for all strengths of coupling, was compared with the traditional estimate of CLF from
semi-infinite plates. It was shown that the ensemble average CLF and the semi-infinite
results are identical if the plates are weakly coupled whilst the former is generally very
much less than the latter if the coupling is strong. This is quantified by Wester and Mace
using a parameter referred to as the reflectance which describes the attenuation of waves

within a subsystem.

FEM has also been used to study the CLF or ‘effective’ CLF for specific finite systems at
low modal overlap by several authors [51-53]. The term ‘effective’ CLF is used in this
thesis when a deterministic approach is used and to distinguish it from the ensemble CLF

used in SEA. Thus the effective CLF refers to a single member of the ensemble.

Simmons [51] presented the numerical calculation of the spatially averaged vibrational
energies of plates forming L and H shaped structures at discrete frequencies between 10
and 2000 Hz. The energy ratio between two plates was obtained from an FEM model and
was compared with experimental results. It was suggested that the CLF can be calculated
from the FEM results using the energy ratio between two plates and an estimate of the
ratio of their modal densities. However, it was concluded that an ensemble average
estimate of the CLF with respect to the different boundary conditions was not satisfactory

and required further study.

Steel and Craik [52] investigated the vibration transmission between walls in a building by
using FEM. The effective CLF was obtained from the energy ratio of two walls, averaged
over 20 excitation points. The effective CLF was compared with the CLF obtained from
semi-infinite plates and with the effective CLF predicted using an empirical relationship.
At low frequencies the results from the FE model showed large fluctuations compared

with the other estimates.

Similarly Fredo [53] applied FEM to the evaluation of the effective CLF, which he
referred to as the Energy Flow Coefficient (EFC), between two rectangular plates coupled
in an L shape. The effective CLF was influenced by the subsystems’ shapes and boundary
conditions. ‘Rain-on-the-roof” excitation was approximated in the finite element model by

uncorrelated forces acting at every node in the respective subsystems.

11
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Using FEM to calculate the CLF is time consuming and Maxit and Guyader [54]
developed a new approach, which allows a rapid CLF calculation without solving the
equations of motion. A general expression for the CLF was derived using the basic SEA
power flow and generalizing a dual modal formulation suggested by Karnopp [55]. The
dual modal formulation is a similar approach to that used to study the coupling between
structures and acoustic cavities. The structure is subdivided into an uncoupled-blocked
subsystem of displacement field and an uncoupled-free subsystem of stress field. The
eigenvalue problems for the two independent fields are solved by using the equations of
motion, constitutive law and boundary conditions. The CLF is obtained from the FEM
results for each uncoupled subsystem, i.e. the natural frequencies, the generalized mass
and the mode shapes. In a companion paper [56], this approach was applied to estimate the
CLF for two numerical examples of coupled beams and coupled plates. The CLF results
for two beams showed a good agreement with other FEM results and some differences less
than 5 dB were identified for an extreme case with two identical beams. The CLF
estimates were investigated for two coupled plates in an L shape where the thinner plate
was regarded as the uncoupled-blocked subsystem and the thicker plate as the uncoupled-
free subsystem. The results for two coupled plates of different dimensions also showed a
good agreement with other results. However it was stated that this approach could not be
used for two plates of the same thickness; the method proposed by Wester and Mace [50]

is therefore more appropriate.

The above method [54] can reduce the computing time required to obtain the CLF.
Although the approach could be used to consider the uncertainty in the coupling by using
an ensemble average of the coupling factors, it is subject to the common limitation of
FEM. FEM is amenable to model any arbitrary geometry and boundary conditions but the
CLF results evaluated strictly apply only to the single case considered unless an ensemble
average estimate is considered. In these studies, although differences between the effective

CLF and the ensemble average are observed, these have not been quantified consistently.

For the experimental evaluation of the CLF, Bies and Hamid [57] considered the
vibrational energy distribution between two coupled plates. Inversion of the power balance
equations was used to determine the DLF of each plate and the CLFs in situ. The input
power was measured sequentially at five randomly chosen points to ensure effective
statistical independence of modes. The response of both plates was measured at ten points
chosen at random and mean values obtained. This method, which is usually referred to as

12
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Power Injection Method (PIM), is widely used in experimental SEA but a considerable
amount of time is required to obtain the necessary measurements. Bhaij ef al. [7], in a
recent paper, proposed a new method for calculating CLFs directly from vibration or
sound pressure measurements. Although the CLF calculated from a single point
measurement in each subsystem showed up to 10 dB difference with that based on an
average of 10 points, the errors in the interior sound pressure level of an automotive cabin

were less than 3 dB.

At low modal overlap, which usually corresponds to low frequency, the actual energy
transfer between subsystems can differ considerably from that predicted using the CLF
estimates determined from the power transmission efficiencies for semi-infinite structures.
These fluctuations are in part due to the particular realisation of the subsystems within the
notional ensemble. Underlying the fluctuations are the modal properties of the subsystemns.

Their damping also plays a role in determining the extent of the fluctuations.

Yap and Woodhouse [58] investigated the effects of damping on energy sharing in
coupled structures. They used FEM and a matrix inversion approach [33] to investigate the
CLFs. It was shown that damping is an important factor, affecting the statistical variations
of the SEA parameters such as mean power flows, mean energies, CLFs, etc. In particular
the values of the CLFs are strongly dependent on damping and the wave method tends to
overestimate the CLFs, except when it is sufficiently high, as shown by Fahy and
Mohammed [42] and Steel and Craik [52]. It was inferred by Yap and Woodhouse [58]
that the SEA predictions of the CLFs for an ensemble of lightly damped systems will be

subject to a high variance about the mean value at low modal overlap.

A useful estimate of the degree of variability of the CLF, in terms of upper and lower
bounds for the CLF, is proposed by Craik et al. [44]. These were based on an empirical
expression (that the fluctuations in the CLF are very similar to the fluctuations in the real
part of the spatially averaged point mobility) and the bounds for the mobility given by
Skudrzyk [59]. These upper and lower bounds will be discussed in more detail in

Chapter 3.

13
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1.2.2 Alternative methods including SEA variants

A number of approaches have been investigated to develop an alternative method or a
combined method (normally referred to as a hybrid method) in order to overcome the

limitations of the existing energy based methods in the mid and high frequency ranges.

1.2.2.1 Wave Intensity Analysis (WIA)

One alternative method to improve the applicability of SEA, which is referred to as Wave
Intensity Analysis (WIA), has been developed by Langley [18]. This yields good estimates
in situations where the SEA assumption that the vibrational wavefield is diffuse does not
hold. The wave energies are expressed in the form of a Fourier series over angle of
incidence. If each wave field is diffuse and a single Fourier component is used, the method
reduces to the standard SEA formulation. In addition, this method considers the non-direct
coupling terms, i.e. where two subsystems can be coupled even though they are not
physically connected, by partitioning the energy expression. In reference [19] this method
was applied to two example structures, a chain of fifteen plates and a flat row of six plates.
By comparison with the exact results obtained using the DSM [28], the WIA approach
showed a better estimate of the response than conventional SEA. The SEA predictions
tended to underestimate the response and this was explained by the wave filtering effect at
junctions [19]; waves that are nearly normal to the junctions tend to have a high
transmission coefficient in comparison with other wave headings and thus the wavefield
becomes less and less diffuse as the vibration travels down the structure. In both the WIA
and SEA predictions in [19] the junction transmission coefficients calculated for semi-

infinite plates by Langley and Heron [60] were adopted.

An attempt to improve the WIA prediction has been investigated by Nishino and
Ohlrich [61]. The original WIA approach [19] was applied for simplified plate models of
ship-type structures, which consist of stiffened plates and line junctions between plates.
The results of WIA predictions showed good agreement with the exact results determined
from the DSM in most frequency bands, especially in the high frequency range where the
modal overlap factor exceeds a value of one. The standard SEA results, however, tended
to overestimate the results. Moreover the WIA predictions were slightly larger than the

DSM results at mid frequencies. A modified transmission coefficient was introduced in
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order to improve the WIA results in the low modal overlap region. The influence of the
DLF and the reflection of waves for a finite receiving plate were considered using a DSM
model of a semi-infinite source plate coupled to a finite receiver plate. For a model of two
coupled rectangular plates, the modified transmission coefficient was incorporated in the
WIA approach and, from the results of the energy ratio, it was observed that the
predictions had been improved in the low modal overlap region, especially for a low value

of damping.

1.2.2.2 Advanced Statistical Energy Analysis (ASEA)

In some SEA applications consisting of complex systems, the subsystems are indirectly
coupled and the SEA predictions may exhibit errors if this is ignored. Heron [20]
discussed this and referred to it as ‘tunnelling’. A high-frequency theory to account for
these effects, referred to as Advanced Statistical Energy Analysis (ASEA), was developed
by Heron [20]. The new theory is based on the fundamental assumption that the total
energy of an SEA subsystem can be separated into two parts, ‘free energy’ that is available
for transport to other subsystems and ‘fixed energy’ that is not available for transport to
other subsystems. The standard SEA power balance equations were extended to two
matrix equations by including the above two energies. A procedure was demonstrated to
calculate the elements of the matrices for a beam network and a plate network. The theory
was interpreted as a series of mathematical models, the first model is identical to
conventional SEA and subsequent higher order models converge to an exact result. The
convergence of the higher order models was shown for an example model of an in-line rod

assembly consisting of six rods.

1.2.2.3 Statistical Modal Energy Distribution Analysis (SMEDA)

The equipartition of modal energy is a key assumption of SEA. However, it is unrealistic
in some cases, for example the assumption does not hold for low damping where SEA
overestimates the power flow exchange. In order to overcome this assumption in SEA,
Maxit and Guyader [21] investigated a modified SEA method, referred to as Statistical
Modal Energy Distribution Analysis (SMEDA). This method was expressed by the

classical power flow equations incorporating a less restrictive assumption in which the
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modal energy distribution of each subsystem is decomposed in terms of a set of shape
factors. If the degree of freedom (d.o.f.) thus attributed to each subsystem mode is set to a
single value, this reverts to the assumption of modal energy equipartition. A numerical
study was performed for a system consisting of two beams coupled by a rotational spring
[21]. Two different types of excitation, a ‘rain-on-the-roof” excitation (which is necessary
for classical SEA to respect the equipartition assumption) and a localised excitation, were
investigated. The energy ratio predicted from SEA was overestimated for the lower value
of the DLF, whilst that from SMEDA showed a good agreement with the exact result. In a
companion paper [22], another numerical example was studied consisting of four coupled
plates with the two end plates having high modal density and the two intermediate plates
having low modal density. The results obtained from the SMEDA approach, for which the
modal energy equipartition was not assumed, tended to coincide with exact results. In fact,
this method can be used as an extension of SEA, as it is capable of being used for

localised excitation and at low frequency as well as for low modal density.

1.2.2.4 Energy Flow Analysis (EFA) / Energy Finite Element Analysis (EFEA)

SEA does not account for the local behaviour within subsystems, which is one of its
disadvantages. EFA, based on a wave approach, allows the spatial variation of the
frequency-averaged energy density and energy flow to be predicted. Thus it may give

improved predictions of the dynamic behaviour of a system in the high frequencies.

Wohlever and Bernhard [8] and Bouthier and Bernhard [9, 10] derived the governing
equations for beams, membranes and plates by an energy balance, a damping model and a
simplified energy transmission relationship. The energy balance equation was derived
from continuum mechanics, the damping relationship from the loss factor model of energy
dissipation and the energy transmission equation from energy density and intensity
simplified by a smoothing operation. The energy transmission relationship, where the flux
of energy is assumed to be proportional to the spatial derivative of the energy density, is
analogous to the heat conduction equation in thermal problems. The application of EFA
was presented for simple structures, e.g. rods and beams [8], membranes [9] and
plates [10]. The broadband response was obtained using a plane wave model for a
membrane [9] and the approximate energy distributions, although smoothed, compared

well with the exact modal analysis results. For a plate [10], the governing equation for
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energy was derived using a plane wave approximation in the far field region only
(neglecting the near-field region) and the predictions were performed for a distributed
pressure excitation at a single frequency. The approach was applied to the EFA of beams
and plates for discrete random excitations and random distributed loading by Han
et al. [12, 13]. The EFA results were shown to be a good approximation of the exact

solutions except near boundaries, because EFA does not consider the near-field wave.

Carcaterra and Sestieri [11] have also considered the ‘thermal’ energy flow approach to
represent the possibility of modelling the spatial distribution of energy density at high
frequencies. However, they assert that the thermal analogy is questionable for a general
structure. They derived the exact power balance in a general elastic medium using
Navier’s equation and showed that the thermal analogy does not hold and the exact power
balance equation differs from the expression considered in reference [8]. The energy
density and power flow equations in beams and plates were determined and these

equations did not represent any thermal behaviour.

A further investigation on the energy transmission in vibrating structures was presented by
Carcaterra and Adamo in two companion papers [62, 63]. The constitutive relationships
for the energy transmission in beams and plates were derived theoretically [62] and a
particular non-dimensional parameter, ‘the ratio of the characteristic finite size to the
characteristic wavelength’, was introduced to explain the energy transmission. Two types
of wave energy, ‘the coincident wave energy’ (generated by waves proceeding in the same
direction) and ‘the incident wave energy’ (produced by the intersection of travelling waves
propagating along different directions), was used to indicate whether the mechanical
energy transmission has a thermal form. The vibrational conductivity was found to be
valid for one-dimensional systems (beams) but not for two-dimensional systems (plates).
The experimental validation for a beam and a plate was performed using a scanning laser
vibrometer and was presented in reference [63]. The experimental results showed that the
energy behaviour of the beam and the plate are significantly different from each other. For
the beam an error that is related to the power flow transmitted by the non-thermal
component of the transmission potential, rapidly reached an asymptotic limit, whilst the
error for the plate did not reach such a limit even when the non-dimensional parameter is

considerably high.
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A similar investigation into the ‘vibrational conductivity approach’, was performed by
Langley [64] for two-dimensional structures such as plates, where the approach is more
difficult to justify. The vibrational conductivity equation, which is a generalization of the
SEA techniques, was derived. A further assumption that the intensity is the same at each
wave heading was introduced and the boundary conditions are expressed by the CLF. A
critical assessment was given of the underlying assumptions and it was pointed out that the
usefulness of the vibrational conductivity equation is open to doubt. The results for a
single plate and two coupled plates were presented to assess the performance of the
method. The vibrational conductivity method yielded a good estimate of the averaged
energy density of the plate, although for heavily damped, point loaded structures it
overpredicted the energy density near the plate boundary. The energy ratios obtained from
the vibrational conductivity method were compared with the previous WIA results [18] for
two coupled plates. The vibrational conductivity approach produced identical results to
SEA, whereas the WIA results, allowing for the wave directionality and junction filtering
effects, gave results that were closer to the exact result. It was also noted that the scatter in
the results over the different load positions was not predicted by the vibrational
conductivity method as it effectively averages over the phase of the response, like most

energy flow-based methods.

Since EFA can only be applied to simple structures, EFA itself is difficult to apply to a
complex system. EFA can be implemented using a finite element (FE) model and the
resulting EFEA allows high frequency predictions using FE models developed for low
frequency structural predictions. As an example, Vlahopoulos and Zhao [15] investigated
the application of EFEA to power transfer coefficients (reflection and transmission
coefficients) for spot-welded joints. They discussed the mathematical formulation of the
EFEA equations based on the EFA energy equations, the finite element formulation, and
the derivation of the energy transferred and EFEA power transfer coefficients. The EFEA
power transfer coefficients for three pairs of plates were predicted and compared with test

results.

Although EFA and EFEA are alternative approaches to SEA, these methods are not yet

widely used and implementation appears difficult.
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1.2.2.5 Hybrid method

In the mid-frequency range, since EFEA or SEA cannot capture the resonance effects of a
system, a hybrid FEA method was demonstrated by Zhao and Vlahopoulos [16] for three
co-linear beams (long-short-long beams). They formulated three sets of equations: FEA
model to consider energy information for a short member, a relationship between power
input from short to long members and the corresponding energy density at the joint, and
compatibility equations at the interfaces. The results obtained by this hybrid FEA method
showed good agreement with analytical results and captured the energy and resonant
effects of the short members as well as the overall response of the system. In addition, the
hybrid FEA results showed a significant improvement compared with the EFEA results at

high frequencies.

A hybrid method based on SEA, the theory of structural fuzzy [65] and the Belyaev
smooth function, has been presented for the dynamic analysis of complex systems by
Langley and Bremner [66]. They found it to yield good results for two coupled rods

although the application to more complex systems is still required.

1.2.2.6 DSM and Spectral FEM

For certain continuous elements it is possible to derive the dynamic properties of a
structural component exactly in the form of a dynamic stiffness matrix. The dynamic
stiffness matrix is a function of frequency and contains not only stiffness information but
also mass and damping information. The equations of motion, relating nodal
displacements to the forces, can be solved to yield the dynamic response of the structure in
any selected frequency range. For example, Langley [28-30] examined the free and forced
vibration of a row of rectangular panels, the power flow in beams and frameworks and the
vibration analysis of stiffened shell structures. The DSM can be viewed as providing an
exact solution for the response of an idealised structure, whereas the main restriction for
this method is that, for plate structures, each system must be simply supported on two
parallel opposite edges. This restriction is necessary to be able to formulate the response

of the plate analytically by separation of variables.
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The Spectral FEM (SFEM) presented by Finnveden et al. [67-69] is a combination of the
direct DSM and the FEM. The SFEM uses an exponential function as a basis function
along the length of the structure as in the DSM, and the spectral elements of the cross-
section are formulated and assembled as in the standard FEM. The spectral element size is
limited by geometrical boundaries and the number of d.o.f. can be reduced while accuracy
is increased. Thus the applicability of the DSM may be increased using the SFEM
incorporated with the standard FEM. Another investigation for the SFEM was studied by
Ahmida and Arruda [70]. They reviewed a Timoshenko beam spectral element and
predicted the structural intensity in beams. The SFEM was shown to be a more suitable

method than the FEM to model higher frequency propagation problems.

1.3 Aims and scope of thesis

Although there are many alternatives and variants, SEA remains the most commonly used
method for high frequency analysis. SEA is based upon the power balance equation for a
system which is made up of subsystems. Once the subsystems have been defined and the
respective CLFs are correctly obtained, then SEA is very straightforward. Typically these
subsystems are drawn from populations of similar members for which the ensemble
average is predicted by the SEA model. Variations from the ensemble are expected for any
particular realisation taken from the whole population. However SEA does not provide a
standard means of estimating confidence intervals. Rather, an estimate is made of the

mean value of the response.

It should be realised that the CLF is a statistical quantity and is defined in terms of the
average behaviour of an ensemble of similar systems. The ‘actual’ CLF is defined in terms
of an ensemble average and as such it is not uncertain once this ensemble of systems is
defined. However the power balance equations also hold for individual realisations, in
which case the CLFs are replaced by ‘effective’ CLFs (to distinguish them from the
ensemble average CLFs). The effective CLF for a given realisation differs from the
statistical average. Usually theoretical estimates of the CLF, based on the wave
transmission between infinite subsystems, are used. The CLLF obtained from the wave
approach generally overestimates the actual value at low frequencies (low modal overlap)

[42-44, 50, 58]. Significant fluctuations with frequency are also observed in this low
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frequency region. Accordingly, the CLF is the main parameter expected to determine the

confidence intervals in the SEA prediction.

The main aims of the thesis are therefore

e To investigate systematically the sources of variability in the coupling between two

subsystems.
» To establish appropriate parameters to determine the variability of the effective CLF.

e To investigate the effect of the variability in the effective CLF on the resulting response

for two subsystems and to quantify the confidence intervals of the SEA predictions.

These are achieved by considering extensive parameter variations using a DSM model of
two rectangular plates as an example, for which exact dynamic characteristics of the

system can be investigated using the DSM.

The effects of varying damping, thicknesses and areas of two plates coupled in an L shape,
as well as the effects of the type and position of the excitation, were considered by
Boisson et al. [71]. However they did not evaluate the CLF but the energy ratio between
the two plates. Their theoretical results, based on modal analysis, showed only the minima
and maxima of the energy ratio as a quantitative description of the frequency dependence
and compared these with experimental results. A number of other studies of a two plate
system have previously been performed, although most of them have been limited to
plates of the same thickness [42, 43, 53]. The present study considers a wide range of

parameter variations including the ratio of the plate thicknesses.
The chapters of this thesis are arranged as follows.

Chapter 2 presents the equations of motion governing the flexural and in-plane vibrations
for a plate, the theory of the DSM and the dynamic stiffness matrices for a uniform plate
and two coupled plates. The dynamic response to a point force is obtained and calculation
methods for the strain energy and power are described. Numerical simulations for a single
plate and two coupled plates are performed and the analytical models are validated with
particular emphasis on the power balance between the input power and the dissipated
power. The analysis procedure is subsequently used in the parametric study to evaluate the

SEA parameters in Chapters 5 and 6.
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Chapter 3 introduces the power flow between two subsystems and the SEA framework.
Various methods to evaluate the effective CLF, the ensemble average CLF and the CLF
derived from semi-infinite plates, are discussed. Theoretical upper and lower bounds for
the CLF from [44] are presented, which are compared in Chapter 5 with the variability of
the effective CLF.

Chapter 4 deals with analytical models for the coupled behaviour of two plates. The
various analytical models considered are: (i) two finite plates coupled along a line, (ii) two
semi-infinite plates of finite width, (ii1) an infinite source plate coupled to a finite receiver,
and (iv) a finite source plate coupled to an infinite receiver. These models are considered
in order to investigate the influence of the modal behaviour of the source or the receiver
plate or both. For the first model the sensitivity is studied to the number and location of
forcing points, when a rain-on-the-roof excitation is applied, and the effective CLFs
obtained from a ‘numerical experiment’ are evaluated using different methods. The energy
transmission between two subsystems and the effect of the modal characteristics are
examined. For the other three analytical models, the transmission efficiency or the
effective CLF is investigated using the wave approach and/or the DSM. The influence of
the modal behaviour and the effect of the damping of the finite source or the finite receiver

plate are discussed.

Chapter 5 presents an initial parametric study for the effective CLF obtained by varying
the following parameters: the plate thickness ratio, the length ratio, the length-to-width
ratio of the two plates and the DLFs. The effective CLFs for finite plates are investigated
for these parameter variations and compared with the semi-infinite plate results. The ratio
between these two results is compared with the upper and lower bounds introduced in
Chapter 3 and the variability of the effective CLF in terms of the appropriate value of the

modal overlap factor is discussed.

Chapter 6 discusses the variability of the effective CLF, quantified by means of a
systematic parameter study in which the modal overlap factor and the frequency
bandwidth are varied independently. These results are used to derive an empirical formula
for the confidence interval of the effective CLF in terms of the modal overlap factor and
the number of modes in a frequency band. This empirical model is compared with the
previously published models of Mohammed [43] and Lyon and DeJong [33], and the

previous parameter variations obtained in Chapter 5. In order to test the form of the
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statistical distribution of the effective CLF, some statistical investigations (a Chi-square
test, skewness and kurtosis) are carried out. The inter-dependence of the CLF from
subsystem 1 to subsystem 2 and that from subsystem 2 to subsystem 1 is discussed and the

correlation coefficients examined to determine whether they are independent each other.

Chapter 7 describes an experimental validation of the empirical model obtained in
Chapter 6. The experimental investigations were carried out on two coplanar plates joined
by bolts with all outer edges having free boundary conditions. This arrangement was used
for simplicity in the experiments instead of the two rectangular plates coupled at right
angles with opposite edges simply supported, as used in the development of the empirical
model. Consequently, although the experiments do not provide a validation of the DSM
modelling (this is considered unnecessary), they provide validation of the effectiveness of
the empirical model in a different situation. An analytical study of the coplanar bolted
joint is also presented, in which the DSM is again used to predict the effective CLF. In the
experimental study, the vibration of the source and receiver plates is measured when a
point force is applied, first to one plate and then to the other. The measured vibrations are
averaged over ten forcing points and ten response points on each plate. The DLF for the
two uncoupled plates is obtained using the decay rate method. The experimental and
analytical CLFs are investigated and are discussed in relation to the empirical model for

CLF variability developed in Chapter 6.

Chapter 8 discusses the consequences for SEA predictions of the variation in the effective
CLF. In order to investigate the sensitivity of the resulting SEA prediction, a Monte Carlo
simulation is applied. The energy ratio between the receiver plate and the source plate

obtained by the SEA prediction is compared with the exact analytical DSM results.

The most important results and conclusions drawn from the work are summarised in

Chapter 9. Some areas for future research are also identified and discussed.
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CHAPTER 2

DYNAMIC STIFFNESS METHOD

2.1 Introduction

This chapter describes theoretical predictions of the dynamic response of a uniform plate
and two coupled plates to an applied harmonic point force, using the dynamic stiffness
method (DSM). Computer simulations, using MATLAB [72, 73], are included to illustrate
the method and to validate the analytical models. The power balance between the input
power and the dissipated power for these models is also investigated as a check on the

consistency of the model.

2.2 Single plate investigations using DSM

2.2.1 Equations of motion

2.2.1.1 Flexure

For a uniform plate lying in the x-y plane, the equations of motion consist of partial
differential equations in two space dimensions and time. The differential equation

governing the flexural vibrations may be written as [28, 74]

DV*w+ phio = p(xnt) 2.1)

where w is the out-of-plane deflection, D is the flexural rigidity (D = Eh*/12(1—u*), E is
the Young’s modulus, 4 is the thickness of the panel and y is the Poisson’s ratio), ph is
the mass per unit area [kg/mZ], and p(x,v,r) represents a distributed pressure load. In

equation (2.1), V*is the bi-harmonic operator of fourth order,

4 4 4
V4:V2V2:a4+2 J +a4, (2.2)
ox ox’dy*  dy
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where V7 is the two-dimensional Laplace operator,

2 2
V2=—(—9—2—+ az. (2.3)
ox* dy
Consider a rectangular plate of length L and width b. The plate is considered to be simply
supported along two opposite longitudinal edges (y =0 and y = b), as shown in Figure 2.1.

This means that the displacements and bending moment are zero along these edges; i.e.

2
u=w=0and M, =-D J 1;/ =0. The deflection of the plate may therefore be expressed in
x
the form
w(x,y,0) = 3 W, (x,1) sin {ﬁ?] 2.4)
n=1

where W, is the n™ component of the out-of-plane displacement and » is the number of

half-sine waves along the transverse edge.

Figure 2.1. Single plate

From equation (2.4),
W - //// . = Y
RO i d
) 82 (2.5)
ax ayz 2; ( j . ( : } w ZIW m[ }

where 7 and " denote the second and fourth derivatives with respect to x.
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Substituting equations (2.5) into equation (2.1), then

oo

2 4
3 {Dm’”’—w&’fj W,”w(%’f] W+ phWn} sm(ﬂ;_y_): p(oyl). (26

=l

Writing k, = nz/b, multiplying by sin(mzy/b), and integrating over y gives
DW1”” _2Dkn2Wz”+Dkn4Wz +pth :%J-Ob p(x7 y’ t)Sin (kny)dy > (27)

since, on the left-hand side, the integral of sin (mzy/b)sin(nzy/b) is zero for m #n and
b/2 for m = n. Assuming harmonic time dependence e’“, equation (2.7) may be rewritten

as follows, if there is no excitation,
DW," =2Dk,*W,"+{Dk," - pha’ }W, =0, (2.8)
where W, (x) represents a complex amplitude. Solutions are sought of the form
W, (x)=W, e (2.9)

for some wavenumber k,.. Substituting this into equation (2.8), there are four possible

solutions for k,,. Hence the general solution to equation (2.8) is of the form

W, (x)= i/g“e’w : (2.10)

where A,, are four unknown constants of integration, which can be found by ensuring that
the solution satisfies the boundary conditions at the transverse edges, x = 0 and x = L, and

ky, are the four complex roots of the following equation;

Dk, —2Dk,’k,, +(Dk,* - pha* ) =0, 2.11)

ko = B2+ E, Ky 0 =Hfk2 —K and k* = pha® 1 D. (2.12)

Here k is the plate flexural wavenumber. The first two terms of equation (2.10) have real
values of k, and represent non-propagating waves which decay exponentially in space.
These waves do not usually transmit energy and they may be called ‘near field waves’. On
the other hand, if k > k,, the last two terms represent true flexural waves which have a
sinusoidal distribution in space and propagate from left to right or from right to left. These

waves transmit energy and they may be called ‘far-field waves’ [75].
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The solution to equation (2.1) thus includes all four different k,, terms in the following
form

4

w= ZZAW e sin (k, y)e’™ . (2.13)

1=1

2.2.1.2 In-plane motion

The differential equations for free in-plane vibrations of a plate are given by [74, 76]

o%u d’u ERY
B(l+ +B +B —pii=0, 2.14
( 7/) aXZ ayz 7axay IOM ( )
R oy o%u _
B(l+y)—+B—+By - pii=0, 2.15
T e T ey PV @15)

where B=FE/2(1+y), y=+w)/ (1-x), p is the material density [kg/m3], u is the
longitudinal deflection, and v is the transverse deflection, as shown in Figure 2.1. These

equations are uncoupled from the flexural deflection.

If the boundary conditions are simple supports along the longitudinal edges, the in-plane

deflections, u and v, may be expressed as [77]

u(x,y,t)———iUn (x,1) sin(k,y), (2.16)
v(x,y,t):iVn (x,1) cos(k,y), (2.17)

n=l

where k, = nz/b as before. Assuming a harmonic response, solutions are sought for U, and

V, of the form

U, (x,1)=U,q e, (2.18)

V. (x,0)=V, g e, (2.19)

Using equations (2.16) and (2.17), the differential equations (2.14) and (2.15) can be

rewritten as
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B(1+y)U.~Byk,V/ - Bk:U, - pU, =0, (2.20)

BV/+Byk,U. —B(1+y)k}V,-pV =0. (2.21)

Substituting equations (2.18) and (2.19) into the differential equations (2.20) and (2.21)

B (1 + 7/) nr nO ykn/lm‘/n() BkQUnO + pa)zU O (222)
BA,V,o+Byk, AU o —B(1+y)kV, + pa’V,, =0, (2.23)

which can be solved for 4,,. The four roots of 4,, for a given n, are

Ao =EJk, —k; and A5, =%k} — k7, (2.24)

where k; = pw’(1-*)/ E and &k} = 2pw’(1+ 1)/ E . k;, and kr are the in-plane longitudinal

and transverse shear wavenumbers of the plate.

The general solutions for the in-plane displacements may be written as

u(x,y,t):{[/ln1 lnz]l:g i" }r[k k”][C Ml}}sm(kny)em (2.25)

At ﬂn
V(xa y’t):{[kn kn ][gﬂlz@ }_l—[ n3 n4]{c Ana /\J} cos (kny)e’wl (226)

where C,,, are four unknown constants of integration which can be found by ensuring that

the solution satisfies the boundary conditions at the ends of the plate.

2.2.2 Dynamic stiffness matrix

2.2.2.1 Flexure

Equation (2.10) may be used to derive a relationship between the displacements and forces
at the ends of the plate, x = 0 and x = L, and thus to obtain the dynamic stiffness matrix of

the plate for flexural vibrations with transverse modeshape sin(k,y) for each n.

Upon introducing the flexural displacement vector for order n
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=W, (0 W0 W) WL}, (2.27)
then from equation (2.10)

W,0)=A,+A,+A +A,
W/ (0)=k, A A +kpA,+k AL +k A

nd

R 2.28
Wl (L) = Anle ol + A 26 faal +A qe ks L + A 4€k"4L ( )
W:(L) k An]e ful +kn2An fak + k Al’ie mh +kn4A 4€ ksl
or in matrix form
u, =P,A,, (2.29)
where AT :{Am Azz A, 14} and
f— 1 1 1 1]
k k k k
p,= " " " "o (2.30)
ek,uL ek"zL ek,ﬁL ek'”L
knle ol kn2ekn2L kn3ekML kn4ek”4L

The components of vertical shear force Sp(x) and bending moment M,(x) along the free

edges for order n may be written as [28, 74]

S, =-D[W/-(2~ wW!], (2.31)
M, =-D[W,- uk W, ]. (2.32)

n n n

The restoring force vector F »f 18 now introduced

F;={-5,(0) M,(0) 5,(L) -M,(L)}, (2.33)
where =S, (o)=1)[ik . —(2— 1)k} {Z " H (2.34)

[ 4 4
M,(0)=-D [2 kA — IakanAmJ, (2.35)

r=1 r=j

SAL):-DHikI? } (2-p)k? {ka e H (2.36)

r=]
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4 4
—-Mn (L) - D[E knrlAm ekan _/’lknzz Am ekan:l . (237)
r=t 1=1

Equations (2.34 - 37) can be written in matrix form

an =p,,A, (2.38)
where
| kni ’ _(2*/1) knz km kn; _(2_4“) kf kn2 kpﬁ3 "'(2 —/l) kf kn3 kn43 “(Z“ﬂ) k,fk,m
D _kn]2 +ll'lklf ——knzz +/Ukj %n32 +/,lk§ _kn42 +ILIk§
p2n =
—knl3el +(2—ﬂ ) k:knlel —qkn23el +(2—/'l ) knzknzeZ —kn;e} +(2~ﬂ ) ]qfkrﬁei ~]C)14364 +(2 ——ﬂ) kj kn4€4
knlzel "ﬂkj 4 knzlez _ll’lkr? 23 kn3253 _ﬂkj & kn4ze4 _ﬂkj € i
(2.39)

kL
and e =e™".

Combining (2.38) with (2.29) it is possible to eliminate A,
Fnj - pZnAn = p2np1_r:unj - Kn)‘unj ’ (240)
where K, is the dynamic stiffness matrix for flexural vibrations of order n:

K, =p,.p;, . (2.41)

2.2.2.2 In-plane motion

Equations (2.16) and (2.17) may similarly be used to derive a relationship between the in-
plane displacements and forces at the ends of the plate, and thus the dynamic stiffness

matrix of the plate for in-plane vibrations of order 7.

Upon introducing the in-plane displacement vector
u, ={U,(0) V,(0) U,(L) V,(L)} (2.42)

then from equations (2.25) and (2.26),

30



Chapter 2. Dynamic Stiffness Method

U,0)=4,C,+1,C,+kC,+k,C,

n="n3
V.(0)=k,C,+k,C,+A.C +A,C., s
U" (L) = /lnleﬂ)ﬂLC’nl + )’n2€2n2LC122 + kneZMLCn‘% + kﬂe;{ﬂLQM .
V(L) =k,e""C, +k,e™"C,+4,e""C,+ A e C,
or 1in matrix form
um = r!ncn 3 (2.44)
where ¢ ={C, C, G, C .} and
A A k, k,
k k A Y
I ; ; " n (2.45)

n = L L
n y) elnl lnzeflnz kneﬂmal’ kne/lna,lf

nl

AL Aol A5l AusL
k,e™" k™ A" A ,e™

n

The in-plane longitudinal force N(x) and transverse force 7(x) which correspond to the

deflections, U,(x) and V,(x), may be written as [74, 76]

ou  dv
N=hB(l+y) —+u—|, 2.46
( 7)[ ot ayJ (2.46)
)
T =hB Qﬁ+—a-z : (2.47)
dy Ox
Then, introducing the restoring force vector
F, ={-N(0) -T(0) N(L) T(L)}, (2.48)
i.e. then F,=r,C,, (2.49)
where
(NE ) () Apk) (DAL)AL (1)
—2knﬂhl _anzh?_ ~(kr? +2§?3) _(kr? + 124)
r n = hB o) 9
T E ) () (B k) (L) (1= )k A (17) (1= g0k A
2/{’1/’{;‘1627:1[‘ 2]{11’27126472[‘ (kj + 123)627'311 (kz + ?4)6}52411
(2.50)
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Combining equation (2.44) with equation (2.49), the coefficients C, can be eliminated,
giving

F =r,C =r,r,'u =K u (2.51)

2nn nin Tm mae

where K, is the dynamic stiffness matrix for in-plane vibrations of order n:

Km = r2nrl:11 ’ (252)

2.2.2.3 Dynamic stiffness matrix for a single thin plate

Along each edge x=0, x = L it is assumed that the plate has four degrees of freedom,
three translational degrees of freedom (, v, w) and one rotational degree of freedom (@),
for each value of n. As the plate is thin, then the in-plane rotation is not significant. The

dynamic stiffness matrices for flexure and in-plane motion may be combined in an 8x8

matrix

0 K

nt

K, =[K"f 0 J (2.53)

where K, is the dynamic stiffness matrix for flexure and K,; is the dynamic stiffness
matrix for in-plane motion as given by equations (2.41) and (2.52). This represents the
dynamic properties of a single plate. The components of K,, can also be reordered so that

all deflections at x = 0 appear first, followed by all deflections at x = L.

2.2.2.4 The removal of a near-singularity from the matrix

If the length of the plate L is large compared with the wavelength, the matrices p,,., P,,»
I, or r,, may be nearly singular due to numerical rounding errors. This is caused by large

differences in the relative values of the elements of the matrix. It can be overcome by

multiplying by a diagonal scaling matrix H.

For flexural vibration, write

p]nH)‘ :p;n’ pZnHj :p,zns (254)
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K, =p,, pr, = (050, ) (o}, H;') " = (03, H; )(H, p],”). (2.55)

K, =p,p, (2.56)

where H, is a diagonal scaling matrix. This is chosen to be

e 0 0 0
0O 1 0 O
H = , 2.57)
1o 0 et o (
0 0 o0 1
where Re(k,;) 20 and Re(k,;)=0.
Similarly for in-plane vibration,
nH =r, r,H=x, (2.58)
Km = r?.n ri;] = (r2’nHt_] )(rl,nI.Il_1 )ﬁl = (rZInHl_1 )(Hl r]’nwl ) ’ (259)
Km = r2,n rl,n—1 : (260)
e 0 0 0
0 1 0 O
where H, = . is a different scaling matrix.
0 0 e™ 0
0O 0 0 1

This effectively changes the coefficients to scaled coefficients in the description of the

wave amplitudes in the plate.

2.2.3 Inclusion of damping

For an elastic structure the stress ¢, and the strain & in the longitudinal direction are

related by Hooke’s law, i.e. when o, = 0, =0,

o, =Ee¢,. (2.61)

A
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For hysteretic damping, the stress-strain relationship of a viscoelastic material excited

harmonically is given by [27]

o, = E{el + -Z; aail ) (2.62)

in which 7 is the loss factor, or hysteretic damping constant, and @ is the excitation
frequency. For the steady-state response to harmonic excitation, all physical quantities can

be represented in complex notation with a time dependence e¢’*. Thus

de [ot= jwe, and o, = E(1+ jn)e, . (2.63), (2.64)

Similar expressions can be used for other types of motion. The loss factor 7 may be
introduced to represent the material damping. In the dynamic stiffness matrices, the
Young’s modulus £ and the flexural rigidity D are replaced by E(1+jn) and D (1+n).
Table 2.1 summarises the application to material properties and wavenumbers for a

hysteretically damped system, from [27].

Table 2.1. Assumed relationships applying for hysteretic damping models.

Property Undamped Damped IX iﬁyﬁ;ﬁfﬁ
Young’s modulus E E(l+jm) E(147m)
Shear modulus G G+ G(1+n)
Flexural wavenumber ks k(+m™" | k(-4
Longitudinal wavenumber kr Fr (14 77)~1/2 ke (1=77/2)
Transverse wavenumber kr k(1 +j77)_1/2 kr(1-11/2)

2.2.4 Point force

Previously the equation of motion of the plate has been solved by expanding the response
into a series of half-sine orders across the plate width. If the excitation is a point force at

position y,, this needs to be expressed as a Fourier representation in the various orders. If
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a force is defined by F(y)=F,6(y—~y,) and assumed odd and periodic in (-b, b), then

F(y) can be expressed by a half-range Fourier series expansion [78], that is

F(y)=204 dia, cosm—kbn sin 222 (2.65)
2 n=l b b
where a,=0, a, =0, b, :%J-:F(y)sin nzzuly: 250 sin nﬂbyo forn=1,2,3,...

Hence, the force can be represented spatially by the series

F(y)= 250 ¥ sin ””b Y gin "”b[ Y (2.66)
n=l

If the point force is applied at the mid-point of the edge, yo = b/2, then

F(y) _-::?‘_Zi 3 (1) sinﬁ%l (2.67)
o
or
F(y ):-—2( 1) si -@—D—”l . (2.68)

Figure 2.2 shows a reconstruction of a point force at yy = b/2 using Fourier components up
ton =35, 11 and 21. As more Fourier components are included, the force representation is

closer to a point force of increasing amplitude as it converges to a Dirac delta function.

2.2.5 Energies and power
2.2.5.1 Strain energy for flexure and in-plane motion

The strain energy for flexural vibration is given by [27]

By = f ) M W) [az ) +24 3“’3; +2(1-p )(aa:;;ﬂécdy. (2.69)
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12

0 0.2 04 0.6 0.8 1

Figure 2.2. A point force at the middle of an edge of a plate represented by the Fourier

components, n = 1-5, 1-11 and 1-21 (nodd). ;n=1-5;-—-—-,n=1-11;—,n=1-21.

The strain energy for in-plane vibration is given by [27]

2 2 2
Emum:-——@——ﬁﬂ 92 + @ +2U auav (—ﬂ) —a-b—l+@ dxdy. (2.70)
’ 2(1—#2) 0J0 | ox dy axay 2 |dy ox

2.2.5.2 Kinetic energy for flexure and in-plane motion

The kinetic energy for flexural and in-plane vibrations is also given by [27]

km_/?hj”; Maz] [g:] (%V:J ]dxdy 2.71)

In practice, the integration of equations (2.69 - 71) may be performed numerically by
summing over the step lengths Ax and Ay along the length and width of the plate. The
discrete summation is an approximation to the continuous integral. It can also be integrated
analytically to give an accurate measure of its energy (see Appendix A for the analytical

integration of strain energy). Throughout this study the latter approach has been adopted.
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2.2.5.3 Power

The time-averaged power input 7, produced by a harmonic force Fe/” is given by [39]

P, =%Re )|F[ =%Re (2)pf =%Re (F'v) [Watt (W)orNm/s]  (2.72)

where Y is the input mobility, Z is the input impedance, v is the velocity amplitude at the

excitation point and F" is the complex conjugate of the applied force amplitude F.

The power balance equation for an isolated subsystem is given by [33, 79],

P, =P, =2rfnk (2.73)

stratn

where, P, is the input power, Py, 1s the dissipated power, and Ey,u, 1S the maximum
strain energy in a cycle of the dynamic response in the subsystem at frequency f (Hz). If
the kinetic energy is used in this calculation, the ‘dissipated power’ does not agree well
with the input power. This point will be discussed further in the simulation results section
below. Thus the dissipated power P, can be calculated using the total strain energy of the

system obtained from equations (2.69) and (2.70).

2.2.6 Simulations for a single plate

2.2.6.1 Model

A model was selected to compare the results with previously published data [80]. It is
shown in Figure 2.3 and comprises of a square aluminium plate, simply supported along

two edges, free along the other edges. For this model, only the flexural vibration is

considered.

2.2.6.2 Natural frequencies

For free vibration problems F, is zero and the natural frequencies for flexural vibration are

determined from the equation

det (K, )=0 (2.74)
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where K,y is the dynamic stiffness matrix for flexure, reduced as appropriate according to

the boundary conditions at x =0 and x = L. Equivalently the resonances correspond to

peaks in (det (K o ))_I .

S | Simply Supported

F | Free

Figure 2.3. A single plate: width b =254 mm, length L = 254 mm, thickness /2 = 3.18 mm,

material: aluminium (Young’s modulus E = 7.24x10'° N/m®, Poisson’s ratio i = 0.333,

material density p = 2.794x10° kg/m?).

The natural frequencies of a single plate were obtained by a formula [80], as listed in
-1
Table 2.2. Figure 2.4 shows the flexural ‘frequency functions’, that is (det (an )) ,fora

single plate according to the number of half-sine waves along the y-direction, n. The
natural frequencies for the first mode of each n, extracted from the frequency functions in
Figure 2.4, agree well with previously published data [80], as listed in Table 2.3. The
results obtained from the dynamic stiffness method are exact but the natural frequencies in

Table 2.3 are subject to digitisation errors in reading values from the frequency functions.
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Table 2.2. The natural frequencies in Hz for a single plate obtained from published data

[80].

2
f= A - D (b=254mm, L=254mm, & =3.18mm)
2L\ ph
m 1 2 3 4
" A | fMH) | X | fHy) | X | fHz) | A | f(Hy
1 9.568 1159 15.88 192.4 3642 | 441.2 | 133.5 908.8
2 38.79 469.9 46.33 561.2 70.16 8499 | 168.9 1337
3 87.74 1063 95.48 1157 121.3 1469 | 223.8 1984
4 156.4 1895 164.1 1988 191.0 2314 | 296.9 2849
? 20077 . gﬁ 200 .
i anian m saasd B s A nIs N R
£ 200 : £ 200 ;
107" . 107"
107 20
10
g10™ g
3 2107
§10‘224 Eo
107 ] 0 !
‘10‘26 L J 10‘26 .
10° 10° 10° 10° 10° 10*
Frequency (Hz) Frequency {Hz)
@n=1 (b)yn=2

B 200 3 200

s o e L

o 07 [

g L - SASAVASE'A'R'E

Frequency (Hz) Frequency (Hz)

(cyn=3 (dn=4
-1
Figure 2.4. The flexural ‘frequency functions’ (i.e. (det (an )) ) for a single plate for 4

different half-sine wave orders. 7= 0.01.
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Table 2.3. Comparison of the natural frequencies in Hz for the first mode (m = 1) of each n.

n Gorman [80] Dynamic Stiffness Method Difference
1 115.9 115.9 0.0
2 469.9 470.1 0.2
3 1063 1063 0.0
4 1895 1895 0.0

2.2.6.3 Dispersion relationships for flexural vibration in a rectangular plate,

simply supported on two parallel sides

Figure 2.5 shows the dispersion curves, the relationship between wavenumber and
frequency, and also the wavespeed, for a single plate for the first half-sine order across the

plate (n = 1). These show the wavenumbers and wavespeeds in the x direction.

There are four complex roots from equation (2.11) for each n. For two roots, k,1 and k2,
the real parts of the wavenumbers, that is the evanescent components, are greater than the
imaginary parts and these waves are not propagating but decaying along the plate. For the
other two roots, k,3 and k4, on the other hand, the imaginary parts are greater than the real
parts when k > k,. The frequency at which k =k, is referred to as the ‘cut-on’ frequency
and is given by

2 1/2
fcm.oﬁz(ZJ (-D—\ - (2.75)
2{b )\ ph)

For n = 1 this is 120.5 Hz in the present example, 0 Wcy-on = 756.7 rad/s.

These two waves are propagating in the negative and positive directions, respectively, and
each of them transmits energy along the plate. The wavespeed of a propagating wave k3
changes rapidly around the cut-on frequency, which corresponds to the first mode of an
infinitely long plate and converges to the free flexural wavespeed as frequency increases.

In the absence of damping the wavespeed would tend to infinity at the cut-on frequency.
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Figure 2.5. The dispersion curves and wavespeeds for the rectangular plate of Figure 2.3
(n=1, 7=0.01); (a) real wavenumber components of k against w, (b) imaginary
wavenumber components of k against @; 7, kuy; 7, kuz; -, kuz; —, kna, and (C)
wavespeed @/Im(k) against @; ---, free flexural wavespeed; —, propagating wavespeed of

kll3 .

2.2.6.4 Validation of the input power calculation for a finite plate

The input power, when a point force is applied at the mid-point of the left-hand edge, i.e.
x=0, y=>b/2, was calculated by equation (2.72) and compared with that for a semi-
infinite plate excited on its edge. For a harmonic force of amplitude F, the time-averaged

input power for the semi-infinite plate is given by

41



Chapter 2. Dynamic Stiffness Method

L. 1

oo

where Re denotes the real part and Z_ is the impedance of the semi-infinite plate [48, 81],

corrected by [82]
Z.=2.165\phD . (2.77)

Note that Z_, and hence P, . is independent of frequency. The calculated input power for

the single plate converges, as expected [59], to that for the semi-infinite plate at high

frequencies, as shown in Figure 2.6.

10~

i
N

—_
(o]

P

ines

=0.005

Power/Force® (Watt/Nz)

10 1 I
10° 10° 10* 10°
Frequency [Hz]

Figure 2.6. Comparison between the input power for the single plate of Figure 2.3 (DLF
1= 0.1, ny = 29) and that for the semi-infinite plate when a point force is applied at the

mid-point of the left-hand edge. —, finite plate; ---, semi-infinite plate.

2.2.6.5 The number of Fourier components

Since the point force excites components of vibration with different values of n, a study
has been performed to establish how many components should be included to achieve
convergence of the solution. The force acts at the mid-point of the edge so only odd values

of n need to be included. The total input power has been calculated using n =1 to 11 and
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these powers were evaluated at frequencies spaced equally on a logarithmic scale such that
the frequency spacing Af is smaller than a half of the half-power bandwidth, 7f/2. The
results are then converted to one-third octave bands. The same calculation has been
performed for a truncated series using n =1 to n,,, for different values of ;. These
results have then been normalised by the result for n,,, = 11 in each band. Figure 2.7
shows these normalised input powers. As frequency increases the number of components
that must be included, n,,.,, increases. Thus below 800 Hz n,,,, = 1 is sufficient whereas at

10 kHz n,,,x = 9 1s required. These results are also listed in Table 2.4.

1.2
e <=

OBH‘.W;XI—I—'—FT—.‘.T—T e
N \ \ %Ni{\r \ | anes
A =
yAVAYa
v v v —8—n<=1l

125 250 500 1000 2000 4000 8000
1/3 Octave Band Cenire Frequency[HZ]

Normailzed Power [P/P may

0.0

Figure 2.7. The convergence of the input power according to the number of Fourier

components for the plate of Figure 2.3.

The choice of n,,,, should ideally be made beforehand, for example from a knowledge of
the cut-on frequency, equation (2.75), for each n. Below the appropriate cut-on frequency
the contribution of a given n is likely to be small. In the table, the shaded values
correspond to 7,4, based on including only components with cut-on frequencies below the
upper frequency of the current one-third octave band. This results in some inaccuracy
especially in the 630 Hz band which corresponds to an anti-resonance, see Figure 2.6.
However, for all higher orders of n, selecting 7,,,, to include only those orders which have

cut on in the frequency band of interest gives good results.
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Table 2.4. The input power normalised with respect to the maximum input power of each

1/3 octave frequency band for each 7y, for the plate of Figure 2.3.

Pinax 1 3 5 7 9 11

P Jeut-on 120.5 1084 3012 5903 9758 14580
125 1.000 1.000 1.000 1.000 1.000 1.000
160 0.992 0.998 0.999 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000
250 0.963 0.991 0.997 0.999 0.999 1.000
315 0.923 0.981 0.993 0.997 0.999 1.000
400 0.999 1.000 1.000 1.000 1.000 1.000
500 0.995 0.999 1.000 1.000 1.000 1.000
630 0.739 0.955 0.983 0.993 0.997 1.000
800 0.901 0.989 0.996 0.998 0.999 1.000
1000 0.692 0.999 1.000 1.000 1.000 1.000
1250 0.015 0.998 0.999 1.000 1.000 1.000
1600 0.557 0.998 0.999 1.000 1.000 1.000
2000 0.025 0.992 0.998 0.999 1.000 1.000
2500 0.515 0.984 0.999 0.999 1.000 1.000
3150 0.017 0.056 0.998 0.999 1.000 1.000
4000 0.354 0.697 0.996 0.999 1.000 1.000
5000 0.335 0.672 0.981 0.998 0.999 1.000
6300 0.148 0.303 0.566 0.998 1.000 1.000
8000 0.194 0.415 0.639 0.991 0.999 1.000
10000 0.155 0.298 0.441 0.583 0.998 1.000

Note. n,, = the maximum number of Fourier component
Je = one-third octave band centre frequency

feut-on = cut-on frequency

2.2.6.6 Estimates of dissipated power based on strain and kinetic energy

If losses are from material damping, the maximum strain energy in a cycle should be used

in evaluating the dissipated power described in equation (2.73), from the definition of the

loss factor given by [48]

7= energy lost per cycle P, (2.78)
27 (reversible mechanical energy) @E,, ., ' .
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Often, especially in experimental SEA, the maximum kinetic energy in a cycle is used to

estimate the dissipated power,
szss = 77(0 Ekm (279)
as it is a quantity more amenable to measurement. This relies on the equality [39]

Ekm = Evtram = E (280)

where E is the time-averaged total energy. This is satisfied in a broad-band sense, but not

necessarily at single frequencies except at the natural frequencies.

In a steady state, the power balance between the predicted input power and the predicted
dissipated power should be satisfied. To investigate whether this is the case, the single
plate (Figure 2.3) was considered with a point force applied at the mid-point of the left-
hand edge. Figure 2.8 compares the input power with the dissipated power. The right-hand
figures show the error in each case, and are plotted against frequency. The dissipated
power was calculated from either the strain or kinetic energy, integrated analytically. This
shows that if the kinetic energy is used to calculate the dissipated power, the error in
regions of low frequency is very large, whilst the error decreases as the frequency
increases. On the other hand, the error produced when using the strain energy is extremely
small and these powers coincide very well. The integration of energy was performed
numerically in reference [86] by summing over the step lengths along the length and width
of the plate. A step size was chosen between sampled points equal to 1/6 of the bending
wavelength at the maximum frequency. It is noted that the result of the numerical

integration [86] is subject to greater errors than the analytical result used here.

Thus, it is clear that the strain energy and the analytical integration should be used when
the dissipated power is evaluated in the low and mid frequency range, whereas the kinetic

energy is widely used in practice because of simplicity, both experimentally and analytically.

It should be noted that the current simulations use a damping model in which losses are
introduced by making the Young’s modulus complex. In practical structures other
damping mechanisms may be present, such as friction at joints, which may be more

related to kinetic energy rather than strain energy.
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(b) Power obtained from strain energy and its error

Figure 2.8. Comparison of the predicted input power with the dissipated power and the
corresponding error calculated from (a) kinetic energy and (b) strain energy for a single

plate model (DLF 77 = 0.01, n,4x = 29). —, the input power; ---, the dissipated power.
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2.3 Coupled plate investigations using DSM

2.3.1 Dynamic stiffness matrix

Assuming a harmonic point force is applied at a transverse edge, a coupled plate system
may be analysed by the assembled dynamic stiffness matrix for the system, as shown in
Figure 2.9. The plates are assumed to have a common width, to be simply supported along
opposite edges and connected along the other edges. The dynamic stiffness matrix of a
coupled plate system is derived by assembling the dynamic stiffness matrix of each plate
and applying the compatibility and equilibrium conditions at the joint. As for the single

plate, the system is analysed for each half-sine order and each frequency separately.

The dynamic stiffness matrix of a coupled plate system, joined at an arbitrary angle, is
given by (Appendix B.1),
T
K,=T, K., Tr. (2.81)
where K, is a 12 x 12 matrix for the coupled plate system, K, , is a 16 X 16

assembled matrix for the two plates, pl and p2, and T, is a transformation matrix for

plates defined in Appendix B.2, which allows for any angle between the plates and relates

the displacements at edge 3 to those at edge 2 (see Figure 2.9).

The forced response is determined by premultiplying K ])-1 to the equation F, =K ju,,
giving
u,=K,'F,, (2.82)
where the force vector: F, =TPT Fo,im
F'={-S,M, -N, -T,S,, -M,,N,, T, S,, —-M,, N,, T}, (2.83)
and the displacement vector: u, = TPT U,
uPT :{wl, G, Uy, Vy, Wy, @y, Uy, Vo, Wy, @y, Uy, v4}. (2.84)

The subscript, 1, 2, 3, or 4, corresponds to the transverse edges of the system, as shown in

Figure 2.9.
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2.3.2 Simulations for two coplanar plates with flexural vibration only

2.3.2.1 Model

The system studied in this section consists of two plates joined at 0 degrees as shown in
Figure 2.9. The model is selected to compare the natural frequencies and forced response
between a single plate system and a coupled plate system, which have the same width and

overall length. For this model, only the flexural vibration is considered.

JAN JAN
A Plate 1 + Plate 2
1 2 3 4
G R N P N
AN L N\ N/ 2L N\
o x

Figure 2.9. Two coplanar plates: width b = 1.0 m, length L = 0.5 m, thickness /# =2 mm,

material: aluminium (Young’s modulus E =7.24x10' N/m?, Poisson’s ratio x = 0.333,

material density p = 2.794x10° kg/m®), DLF 1= 0.01.

2.3.2.2 Natural frequencies

-
The flexural ‘frequency functions’ (that is (det (an )) ) for a coupled plate system of

total length 3L = 1.5 m and a single plate which has the same dimension, are shown in
Figure 2.10. These have been compared to check the accuracy of the analysis and the
numerical implementation. In the plot, n presents the number of half-sine waves, from

y=0toy=b, in the direction across the plate.

In Figure 2.10 the natural frequencies of a coupled plate system of total length 3L show
good agreement with those of a single plate of the same overall length, although the
magnitudes and shapes of the frequency functions are quite different. The resonances are

easier to identify for the single plate system.
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Figure 2.10 (a)-(d). The frequency functions (i.e. (det (an ))_I) of a coupled plate system

and a single plate of identical overall dimensions.
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Figure 2.10 (e)-(h). The frequency functions (i.e. (det (Knj ))_1) of a coupled plate system

and a single plate of identical overall dimensions.

2.3.2.3 Forced response

Figure 2.11 shows the forced response at the left-hand end, x = 0, when a unit amplitude

distributed force with a half-sine wave spatial variation is applied at the right-hand edge,

x =3L. As expected, the result shows exact agreement between a single plate and a

coupled plate system.
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Figure 2.11. Forced response at the left-hand free edge due to a unit amplitude distributed
force (n = 1) applied at the right-hand free edge: comparison of two coupled plates and a

single plate of the same overall length.

The forced response for a coupled plate system has also been calculated when a unit
amplitude force in each half-sine order is applied at the intermediate edge, i.e. x =L,
where plate 1 is connected with plate 2. The vertical displacement is presented in Figure
2.12 and the rotational displacement in Figure 2.13. In this case it is not possible to predict

the result using the single plate model.
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Figure 2.12. The vertical displacement for a coupled plate system at the left-hand edge due

to a unit amplitude distributed force applied at the intermediate edge.
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Figure 2.13. The rotational displacement for a coupled plate system at the left-hand edge

due to a unit amplitude distributed force applied at the intermediate edge.

2.3.3 Simulations for two perpendicular plates considering in-plane
vibrations

2.3.3.1 Model

The system studied in this section consists of two perpendicular plates, as shown in Figure
2.14, which allow both flexural and in-plane vibrations. It is assumed that the two opposite

edges along the longitudinal direction, y = 0 and y = b, are simply supported and the other
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edges are free. The model is used to compare the input power due to the excitation with
the total dissipated power for the two plates. A point force of amplitude F was applied first
at the mid-point of the free edge of plate 1, x; =0 and y = b/2, and then at the mid-point of

the free edge of plate 2, x, = L, and y = b/2, in each case perpendicular to the plate surface.

F L L,
v \V4 \
Plate 1 <
71
y
v T4961 L.
i - T - <
hy D>
Plate 2
Y
y P
| &
hy *2
—>» &
™ b

Figure 2.14. Two perpendicular plates: width 5 =200 mm, length L;= 100 mm,
L, =200 mm, thickness h; = hy = 3.0 mm, DLF 77=0.01, material: aluminium (Young’s
modulus E = 7.24x10'° N/m?, Poisson’s ratio x4 = 0.333, material density p = 2.794x10’
kg/m?).

2.3.3.2 The dissipated power for the receiver plate and the coupling power

The power transmitted from the source plate to the receiver plate, Py, is obtained using

modal orthogonality directly from,

b
P, =—§-Re Y. Jio{F; 0w, (3)+ M, ()8, + N; (), () +T,:<y>vn<y>}dy} (2.85)

n Qg
where F, M., N, and T, are the complex conjugates of the internal force or moment
amplitudes at the interface extracted from the elements of the dynamic stiffness matrix and

wn, @,, U, and v, are the displacement amplitudes at the interface, calculated for each

54



Chapter 2. Dynamic Stiffness Method

Fourier component n which includes sin(k,y) or cos(k,y). The products are integrated along
the interface length, and then summed. This coupling power should be equal to the power
dissipated in the receiver plate, as the coupling is conservative. The predicted power
dissipated by the receiver plate and the coupling power are presented in Figure 2.15. The
coupling power for each location of the applied force, on plate 1 or on plate 2, coincides
well with the power dissipated by the respective receiver plate. As in Section 2.2.6.6, the

error is very small in the range considered.
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(a) The dissipated power for plate 2 for excitation on plate 1; —, Pg, and the coupling

power; -0-, Py, and the error between them.
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(b) The dissipated power for plate 1 for excitation on plate 2; —, Pqg;, and the coupling

power; -0-, Py, and the error between them.

Figure 2.15. The dissipated power for the receiver plate and the coupling power between

two plates.
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2.3.3.3 The effect of in-plane vibration

This section describes the results obtained when in-plane motion is included in the full
formulation of the dynamic stiffness matrix. For the two perpendicular plates (Figure
2.14), a harmonic force was again applied at the mid-point of the left-hand edge of plate 1
or the right-hand edge of plate 2, in each case in a direction perpendicular to the plate
surface. Figure 2.16 shows the ratio of the time-averaged strain energies in the two plates,
with and without in-plane motion. From this it can be seen that the inclusion of in-plane
motion has only a small effect for the present case. In fact, it is negligible up to the cut-on
frequencies of the shear wave propagation for both plates, which are found to be 1970 Hz
for plate | and 3410 Hz for plate 2 (see equation (2.24); when kr>k,, Ay and Au
correspond to propagating waves). Above these frequencies, a small amount of flexural
energy from the source plate is transmitted into in-plane energy in the receiver plate,
through their common edge. Although the effect of in-plane vibrations on the two coupled
plates considered here is small, it may be important for large structures or multi-plate

structures, as investigated by Lyon [83] and Bercin [84].

20 ; 20

10

10 Iog(E1/E2) [dB re 1]

10 Iog(Ez/E1) [dB re 1]

10° 10° 10* 10° 10° 10
Frequency [Hz] Frequency [Hz]
(a) Eplatez / Eplatel (b) Eplatel / Eplatez

Figure 2.16. The effect of in-plane motion on the time-averaged strain energy ratio for the
perpendicular plates when a harmonic force is applied (a) at the mid-point of the left-hand
edge, x; = 0, of plate 1 and (b) at the mid-point of the right-hand edge, x, = L, of plate 2;

——, flexure only; ---; with in-plane.
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2.4 Discussion

The dynamic stiffness method provides a means of determining exactly the high frequency
behaviour of idealised plate structures. In this chapter, the dynamic stiffness matrices of
plates have been derived including flexural and in-plane motion and examples have been
presented of single and coupled plates. Natural frequencies have been predicted and
compared with analytical results to provide validation of the results of the simulation.
Comparisons have been made in terms of natural frequencies and the forced responses
between a system comprising a single element and the same system divided into two

elements, as validation of the analysis and numerical implementation for the coupled case.

The objective in using the method in this research is to study the power flow in a system
of plates. The input power due to excitation by a force has been obtained and the
dissipated power has been determined using the strain energy. This provides the tools for a
study of coupling between plates in terms of their coupling loss factors which is the next
stage of the research. It has been found that significant errors occur in the dissipated power

calculation if kinetic energy is used instead of strain energy, particularly at low

frequencies.
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CHAPTER 3
STATISTICAL ENERGY ANALYSIS FRAMEWORK

3.1 Introduction

This chapter describes the SEA framework and some of the methods used to obtain the
CLF. The power flow between two subsystems is discussed and the concept of an
‘effective’ CLF for a particular realisation of the system is introduced. The effective CLF
for a two-plate system is compared with the CLF derived from two semi-infinite plates
and the ensemble average result [50]. The influence of damping on the ensemble average
CLF is discussed. A theoretical upper and lower bound is presented for the effective CLF

from [44], that can be used to evaluate the variability of the CLF.

3.2 Power flow between subsystems

In the SEA approach, a system is modelled in terms of the power which is input,
dissipated and transmitted between subsystems. The power balance equations for two
conservatively coupled subsystems 1 and 2, excited one at a time, as illustrated in

Figure 3.1, can be expressed by [33]

B, =B +P=0o(nE +n,E -m,E,), (3.1)
0= B + By = 0(n,E +m,E, ~n,E/ ), (3.2)
P, =B+ B =0(nE +mE -nyE), (3.3)
0=PR +B)=w(nE +n,E -mE; ), (3.4)

where Py, and Pgig are the time-averaged input and dissipated powers, Pip (=—Pa1) is the
net power transmitted from subsystem 1 to 2, 7, and 77, are the DLFs, E; and E; are the
total time-averaged energies, and 771, and 771 are the coupling loss factors. The superscript,
1 or 2, means the excitation is applied to subsystem 1 or 2 and ‘* ~ ’ denotes an ensemble-

averaged quantity. The ‘actual’ CLFs are defined in terms of this ensemble average. The
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equations (3.1)-(3.4) also hold for individual realisations, however, in which case the

CLFs are replaced by ﬁU , the ‘effective’ CLF.

l Plfm l P?.z.m

1 _ 1
1 Ez - _PZI\ 1 5 Pzz} - _'R; 2
El, tot EZ. tot El, tot € ‘ Ez, tot
l 1 1 l 2 l 2
R, diss l Pz diss Pl diss PZ diss
(a) Power input to subsystem 1 (b) Power input to subsystem 2

Figure 3.1. Two subsystem model.

Equations (3.1)-(3.2) and (3.3)-(3.4) can be rearranged to give,

E.lm = Isl,ldxss + ]321, diss ? (35)
}_DQ?m = 131,2dlss + }_DZ?dISS . (36)

Whereas equations (3.1)-(3.4) assume that power flow between subsystems is proportional
to the difference in average modal energy, equations (3.5) and (3.6) are always correct and
do not assume any relationships between the transmitted power and the average subsystem
energies. Accordingly, the input power for each subsystem is equal to the sum of the
dissipated powers for the two subsystems. As power is input to only one subsystem at a
time, the net coupling powers are equal to the dissipated powers of the receiver

subsystems.

EIZ = 1_521. diss ? (37)
F; = E,Zdlss ° (38)

Equations (3.1)-(3.4) can be used to obtain the CLFs if the input powers and subsystem

energies are known. In general nf, % 775 . It might be expected that the four equations would

allow solution for these four unknowns (if 77; and 77, are known). However equations (3.1)-
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(3.4) are not linearly independent in 7, . It has therefore been necessary to make the usual
SEA assumption that 77, = 772 . Moreover it is usually assumed that the CLFs are related to
one another by the consistency relation

T, = 1,10y 3.9

where n) and n; are the asymptotic modal densities of the subsystems. This is derived from
a fundamental assumption in SEA, that the coupling power is proportional to the difference

in average modal energy, i.e. P, <w(E,/n —E,/n,), the constant of proportionality being
n 1, [85]. However, in the present work equation (3.9) will not usually be assumed to

hold.

3.3 The effective CLF

If the time-averaged input power, the time-averaged energy and the DLF for both

subsystems are known for a particular realisation, the ‘effective’ CLF 7}, may be evaluated

by using the power balance equations (3.1) and (3.3) (assuming 7, =7, )
ﬁlz 1 Ell "Eol " {Film —60771E11
L (T 5 5 [ (3.10)
Th w|-E E B, —on,E,
From equations (3.5)-(3.8), the right-hand terms of equation (3.10) are equivalent to
RTIH __.an?]Ell = Pl - Plfdlss = 312 = P2],d155 (311)

1,1

and

P2 —CO772E§ = PZ?m - PZ%dlSS = PZZI = Pl.zdlss : (312)

2,1m

Therefore the ‘effective’ CLF for a particular realisation of the system is given by

4 1 17 1
{7212} :l E12 lzz {anbEi} . (313)
M, @|-E E; wn,k,
This is the same concept as performing ‘experimental’ SEA based on the power injection

method [57]. Alternatively, exciting only one subsystem and using the consistency relation

(3.9), the CLF can be obtained from
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£ B, A B,
My = N or 7, = (@)
w{ E,——LE, w E]——n‘——E7
N, m(w) -

where Ny and N, are the actual numbers of modes in a given frequency band and n(@)

(3.14), (3.15)

and ny(w) are the asymptotic modal densities. For example, the modal density of a simply

supported uniform isotropic plate can be approximated as [48]

B _S_ ﬁ /2
;1(5())_(47r ]( - ] (3.16)

where § is the area of plate, p is the material density, / is the thickness of plate and

D(: Eh3/ 12(1— ,u2)) is the flexural rigidity. It can be expected that equations (3.13)-

(3.15) will give different estimates of 7}, . Equation (3.13) is the more general but involves

a greater amount of calculation. This is considered in Chapter 4, where numerical

simulations are presented.

3.4 Analytical CLF estimates from semi-infinite structures

The CLF in SEA is traditionally obtained by the travelling wave approach from semi-
infinite structures. It is assumed that the source subsystem is reverberant, the transmission
efficiency is much smaller than unity, and the incident fields are diffuse. For two-
dimensional subsystems coupled along a line, the CLF can be estimated from analytical

results for the transmission efficiency, or power transmission coefficient, 7, 4, which is the

ratio of transmitted power to incident power at the boundary [48]

_ bl

. = (3.17)

nwS

{

where c,, is the group velocity of the source subsystem i,  is the junction length, and S, is
the surface area of the source subsystem. If the incident wave is a bending wave on a
homogeneous thin plate then the group velocity ¢, = 2c, where ¢;, is the phase velocity of
the bending wave. Equation (3.17) can be derived from the definition of the transmitted
power and the power flow between two semi-infinite plates [86]. This CLF may be
corrected by multiplying it by a factor of 2/(2-7), as investigated in [86, 87]. This is to

allow for the difference between the incident and reflected amplitudes on a semi-infinite
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plate when 7 is large. An example is presented in Section 4.2.4. It was discussed in [87]
that there are a number of different expressions for the relationship between the

transmission efficiency and the CLF, and the relation remains uncertain.

The transmission efficiency 7, 4 in equation (3.17) is the angular averaged value. In SEA
it is usually assumed that a diffuse field is present in each subsystem, so the energy is
equally likely to be incident on the boundary at any angle. Then the incident power is
given by

72 wi2
P, 4= [ cos6P, (6)d6 =P, (0) [ cos6dd =P, ) (3.18)
0

]

where P, () is the power incident from angle €, which is a constant independent of 6.
Similarly the transmitted power is given by

72 w2

P, =] 7,0)cos0P, (0)d6 =P, ) | 7,6)cos0 do (3.19)

iy,d e
0

where 7, (8) is the transmission efficiency for angle 6. Hence
72
7,,= [ 7,(0)cos0d6 (3.20)
0
where 8 is the angle of incidence. The transmission efficiency 7, (6) for two plates joined
at right angles, neglecting in-plane motion, is given by [48]

a7 — P N1=s (321)

l//2+gu(\/;(2+52\/1+32 +\/}(2—s2\/1—32>+;(2

7,(0)=

where s=sin @ and, if the plates have identical material properties, y =+/A/h, and
w = (h,/h)*. Numerical integration of this expression yields 7, 4. Reference [49] gives an

approximate formula for the angular averaged transmission efficiency 7, s expressed in

terms of the transmission loss, R, =—10log(7, ,):

R, =20log,, \/Z-i—\/—ﬂ' +C +&+ Cslog,, 1+——1—4~ for y 21 (3.22a)
v \Z X 4
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R, :2010g10[\g+\/%}€1 +C,x +C, log,, (1+;(4) for y <1 (3.22b)

where C}=-2.0053, C,=0.2535 and C3;=1.56. For y <1, the angular averaged
transmission efficiency 72,4 is obtained from equation (3.22b) and 7, , = ¥7,, , [86].

According to [49], the approximate transmission efficiency agrees with the integral (3.20)

of equation (3.21) to within 0.03 dB for 0.01< y <100.

3.5 Ensemble average CLF

The CLF estimates 7,.. determined from the transmission efficiency for semi-infinite
subsystems, are usually taken as representative of ensemble averages of the CLF for finite
subsystems. However, this is only valid where the subsystems are weakly coupled and
exhibit a diffuse field. It has been shown that, when the average modal overlap is smaller
than unity, the predicted CLFs fall below the semi-infinite results [42]. The modal overlap

factor, a parameter generally used in SEA, is given by
M =non (a)) (3.23)

where n(w) is the modal density of the subsystem. The modal overlap factor is sometimes
used as a measure of whether the response may be considered diffuse. The ‘coupling
strength’, on the other hand, is normally defined by the ratio of the CLF to the DLF of the

source subsystem [88].

The ensemble average CLF can be obtained from the traditional SEA formulations in
equation (3.15), as the coupling power and energies are defined in terms of the ensemble
average quantities. The ensemble average coupling and input powers for a system
comprising two simply supported, rectangular, edge-coupled plates, was expressed by
Wester and Mace by using the wave approach [50]. The analysis results of energy flow
using the wave approach can be exact, except for the neglect of the nearfield effects. The
total response of the plates was expressed as the sum of wave components, for which the
system may be regarded as a dynamically ‘one-dimensional” system [45]. The following
assumptions were made concerning the ensemble [50]; (i) variations over the ensemble in
the properties of the plates, the coupling and the excitation are taken to be statistically

independent, (ii) the energies and powers of interest are taken to be constant over the
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ensemble, and (iii) the lengths of the plates are large compared with the bending

wavelengths.

By this analysis Wester and Mace [50] derived a more general expression for the ensemble
average CLF of two connected rectangular plates,

-1

mun(k, .k, 7, k)HYlt T
Myoen = Ty —l-fo o )7 4 ko —i"—(ukt—”&-) (3.24)

k, JI+ 7)1+ 82 (k) Mo | kb

where k, and & are the free wavenumbers of plates i and j, i, =k Ln /2 and p,=k L7, /2

are the limiting subsystem ‘reflectances’ for small trace wavenumber k. 7 (k) corresponds
to 7,(0) in equation (3.21) for siné =k /k,. Two coupling parameters, ¥ and &, are

defined in [50]

oo Tk oo () oo Tk )sinh? (i)
sinh(y,)sinh(y,) sinh(g,)sinh(x )

where g1, = 1, /\[1=(k, 157, p1, = 11,/ 1= (k, k) and p, = (u,—p1,)/2.

The ensemble average CLF was obtained from equation (3.24), irrespective of the

(3.25)

coupling strength. The qualitative features of the strength of coupling were examined by
evaluating equation (3.24) for the weak and strong coupling limits of the CLF. For weakly

coupled plates (¥ <1 and 6 < 1), equation (3.24) approximates to

77!],812\ = n,,w 1"’[!/—(/ 1-—}—% . (326)
7[11’[10 k;/’l/o

In the weak coupling limit, 7, ,/ i, approach zero, so that 77, ¢ns = 7ye. It was shown using
a numerical example, comprising plates of nominally identical material and thickness, that
Ty, ens = Mye» for large reflectances for which the plates are weakly coupled. For smaller
reflectances it was shown that, 7, ey < 7. The subsystem base reflectance (4, was

suggested [50] as a more relevant parameter for describing coupling strength and

indicating the accuracy of the CLF estimate 7),.., rather than the modal overlap factor, for

plate systems assumed to be wide.
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As an example, a two-plate system is considered here with thicknesses #; = 3 mm and
hy =2 mm, lengths £; =0.5m and L,=1m, width b =1 m, damping 7 =7.=0.1 and
material properties of aluminium. The ensemble average CLF 77; ., the CLF for two
semi-infinite plates 77, and the effective CLF 7}, calculated using DSM for this two-plate
system, which is presented in Chapter 4, are compared in Figure 3.2. Two arrows in
Figure 3.2 indicate frequencies at which the modal overlap factors of the two individual

plates equal 1.
At low frequencies, the ensemble average CLFs are lower than the semi-infinite results
7,.. since the coupling is strong [41]. The effective CLFs fluctuate considerably relative to

the ensemble average CLF 7, ... These CLFs all coincide closely at high frequencies,

where the modal overlap is high.

| (@) | | (b)

Nz
Moy

10° 10' 10° 10° 10° 10" 10° 10°
1/3 Octave Band Centre Frequency [Hz] 1/3 Octave Band Centre Frequency [Mz]

Figure 3.2. Various estimates of CLF, (a) 7, and (b) 77, for a two-plate system
(hy=3mm,L; =05m,hh=2mm,L,=1m,b=1m, 77 = 7, = 0.1, material: aluminium).

---, from equation (3.17) for semi-infinite plates 77, ; ~~, ensemble average 7j; ens; ~ >
‘effective’ CLF 7j,. Two arrows indicate frequencies at which the modal overlap factors

of the two plates equal 1.
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Figure 3.3 shows the influence of damping on the ensemble average CLF. Here the
damping of the source plate, the receiver or both plates is varied. The values considered
for the DLFs are 0.001, 0.01 and 0.1. As the damping of the source plate or the receiver

increases, the ensemble average CLF increases in the low frequency region. The spread of

results at low frequency indicates that approximately 77, .. oM, e » a0d 77, ,, o<

N weenes - A change by a factor of 100 in the individual loss factors leads to a factor of

about 10 in 7, .. Comparing the upper and middle graphs of Figure 3.3 it can be seen that

7..... has slightly more effect than 77, . When both DLFs are changed simultaneously, this

st e

causes a proportional change in 7),, ., at low frequency, as shown in the lower figures.

3.6 Previously published upper and lower limits for CLF

As seen above, for a finite structure, 7, will differ from 1o and, for a particular realisation

of a structure, 7, will differ from n, » particularly at low modal overlap. Craik er al. [44]

y
observed that the fluctuations with frequency at low modal overlap in the energy level
difference, which is related to the CLF, closely match the fluctuations in the spatially-
averaged point mobility relative to the predicted mobility for an infinite subsystem. An
empirical expression for the fluctuations in the CLF at any frequency is given in [44]

without derivation as

hy _ Relly) (327)
M. Re(¥,.)

where 77,,.. is the CLF derived from semi-infinite structures, Y, is the spatially-averaged
point mobility of the receiver subsystem and Y,_ is the point mobility of the equivalent

infinite system.

The modal density can be expressed by [33]
n(w)=2mRe(Y_) /7 (3.28)
where m is the total mass. The consistency relationship (3.9) can thus be written as

M, Re (X )m =11, Re (Y, )m,. (3.29)
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for the two-

plate system described in Figure 3.2: (@) 7source 18 fixed as 0.01 and 7eceiver 1s varied (-,

0.001; -, 0.01; ", 0.1), (b) Treceiver 1S Tixed as 0.01 and 7ource 18 varied (---,0.001; —=, 0.01;

""" , 0.1) and (¢) Msource = Mreceiver are varied (---, 0.001; ==, 0.01; ~, 0.1); —, semi-infinite

plate result 7
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The real part of the spatially-averaged point mobility can be found by summing the

contribution from all modes given as [33, 48]

N -l

Re(Y(@))=Y a),nm{l-t—(ﬂ—ﬂj i} (3.30)

0 o)

where @, is the resonance frequency of the ith mode and use is made of the fact that the

modal masses for a plate are all equal. If the response is dominated by a single mode, the

peak mobility Y, where @ equals w,, is given by

po_1 (3.31)

®,1m

which is a real quantity.

Thus the ratio of the peak mobility for a finite system Y to the real part of the mobility for
the equivalent infinite system Y_ is obtained from equations (3.28) and (3.31)

Yy 2 2
Re(Y.) rnwonn(w) M

(3.32)

the height of the resonance maxima above the characteristic mobility (defined as the

geometric mean between the resonance peaks and the anti-resonance minima) as given

by [59, 89].

For a frequency band, the maximum value of the frequency averaged mobility <¥> can

be approximated by [48]

(7)= ! tan-l(‘w] (3.33)
mA@ no,
where Aw is the width of the frequency band. When Aw/nw, is very small (high

damping, low frequency, or a narrow frequency band for the analysis), then <¥>/Re(Y.)
is the same as equation (3.32). However, if Aw/nw, is large (such as for a one-third

octave band containing many modes), tan (Aw/ nw, ) is approximately 7z/2, and then
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#) 1

= = (3.34)
Re(Y)) nAw

€
N
where N is the number of modes in a specific frequency band.

The minimum value for the mobility has been given by [39, 59], considering the

contributions of all mode pairs,

r _1 (3.35)
Re(Y.) p
where
_ 2 do_ 2 (3.36)
mnw dN M
If we consider a two-mode approximation, this anti-resonance mobility becomes
7= Re(Y.) 8 aM (3.37)

=Re(Y ) —.
p e(“’)ﬂ'

From equations (3.27), (3.34) and (3.37), therefore, Craik et al. [44] estimate the upper

and lower limits for the ratio of the actual CLF to the semi-infinite result as

O _ 1 (3.38)
771[00 N

and Oy _ AM (3.39)
n. 7«

These estimates for the upper and lower limits are compared in Chapter 5 with the
effective CLFs for simulations on a two-plate system. In Chapter 6 two previously
published models by Mohammed [43] and Lyon and DeJong [33], as described in
Section 1.2.1.3, are also compared with the variability of the effective CLFs obtained from

simulations for the two rectangular plates.
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CHAPTER 4

ANALYTICAL MODELS FOR COUPLING BETWEEN
TWO PLATES

4.1 Introduction

In the previous chapters, the dynamic response of a single plate and two coupled plates
were theoretically predicted using the DSM, and various methods to evaluate the CLF,
which is used in SEA to define the transmission of energy from one subsystem to another,

were described.

The use of SEA to predict the response of vibro-acoustic systems relies on good estimates
of the DLFs of subsystems and the CLFs between them. Damping is usually estimated
from measurement data, whilst the CLFs are normally the parameters that are difficult to
evaluate either analytically, numerically or experimentally. The ‘actual’ CLF is defined in
terms of an ensemble average and as such it is not uncertain once this ensemble of systems
is defined. Usually theoretical estimates of the CLF, based on the wave transmission
between infinite subsystems, are used (see Section 3.4). The CLF estimates determined
from the wave transmission are taken as representative of ensemble averages of finite
subsystems. However, the CLF obtained from the wave approach generally overestimates
the actual transmission of energy at low frequencies or low modal overlap (see Figure
3.2). Significant fluctuations with frequency are aiso observed in this low frequency
region. These fluctuations are in part due to the particular realisation of the subsystems
within the notional ensemble. Underlying the fluctuations are the modal properties of the

subsystems, which can be described in terms of both modal density and modal overlap.

This chapter describes the use of various analytical models to evaluate the CLFs and to
investigate the influence of the modal behaviour of the source or receiver plate or both.
The models considered are (i) two finite rectangular plates coupled along a line, (ii) a
semi-infinite source plate coupled to a finite receiver, and (iii) a finite source plate coupled
to a semi-infinite receiver. The effect of damping on the fluctuations of the effective CLFs

is also examined. A model of two semi-infinite plates of finite width is also introduced to

70



Chapter 4. Analytical Models for Coupling between Two Plates

investigate the effect of the finite width compared with the results for coupled semi-

infinite plates of infinite width.

4.2 Coupling between two finite plates of the same width

Two finite rectangular plates of the same width coupled along a common edge can be
modelled using the DSM as discussed in Chapter 2. To model a harmonic point force
applied inside one plate, the source plate is separated into two parts at the longitudinal
position of the applied force, as shown in Figure 4.1. Actually one considers this system as

consisting of three plates, two directly excited plates and one receiver plate.

Figure 4.1. Two perpendicular plates with a point force F applied inside one plate: width
b=1.0m, length L;=0.5m, L,=1.0m, thickness h;=3.0mm, h,=2.0mm, DLF
m = 1, = 0.1, material: aluminium (Young’s modulus £ = 7.24%10" N/m?, Poisson’s ratio

4= 0.333, material density p = 2794 kg/m”).

The global dynamic stiffness matrix of this system can be assembled as described in
Chapter 2. This model has been used to evaluate the effective CLF and the confidence
intervals and to perform various parameter studies. In these calculations the point force is

located at a range of different positions to simulate ‘rain-on-the-roof” excitation. For each
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forcing point the source plate has to be subdivided at the corresponding lengthwise x

coordinate.

4.2.1 The sensitivity to number and location of forcing points

In SEA it is usually assumed that the forcing of each subsystem is of the ‘rain-on-the-roof’
or ‘delta-correlated’ form. To simulate this, a total of 400 point forces have been used,
applied individually first on plate 1, then on plate 2. For numerical convenience, these
were chosen at 20 random y co-ordinates, the same for each of 20 random x co-ordinate
positions. All points are chosen to exclude an area at the edge of the plate within 1/4 of the
smallest bending wavelength, in order to avoid nearfield effects, although these are
inevitable at low frequencies. These forces are all uncorrelated, and are assumed to have

an identical broad-band spectrum.

An investigation has been performed into the variability in the results obtained for
different numbers of forcing points. As the number increases, the solution should
converge. This investigation was performed for the two plate system of Figure 4.1. Results

were obtained, for 400 forcing points as shown in Figure 4.2.

kA T R S S +
R e T A T N S +
0.8+ R T e T T T e S +
e I T e T T S S T +
=
k<] L o T R T S R R T +
§ + o+ + F ettt o+ 4+ + 4+ o+ A+ + +
—_ L T T T S I S S S +
T 0.6r
st E R S S T S S S T S +
o I Eh I S S T 2 S S S N +
g B R e T T S S S S +
@ e e e T T +
& 0.4 e e +
-? T e e S S T +
fd L e i S +
I} + o+ FAtE 4+ FE o+ A+ o+ +
> E SRR S S O Sk S S S S S e S I S +
L A A I T S +
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O L 1

Non-dimensional length

Figure 4.2. Forcing points applied in plate 1.

These were then grouped into sets of different sizes and the CLFs were determined from
equation (3.13) using the energies and the dissipated powers due to each set of forcing

points. For example, using 50 sets of 8 forcing points gave 50 estimates of CLF which
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were each calculated from the results for 8 forcing points, randomly selected from the 400
available. These CLF estimates were then used to determine confidence intervals. In order
to avoid bias in the results, no overlapping sets were taken. Results were calculated for
400 sets of 1 forcing point, 100 sets of 4 forcing points, 50 sets of 8 forcing points, 20 sets

of 20 forcing points, 10 sets of 40 forcing points and 8 sets of 50 forcing points.

The confidence intervals were examined for these 6 different sized sets of forcing points.
Figure 4.3 shows the mean values and 90% confidence intervals for these different sets.
The 90% confidence intervals are determined by taking the values of each set between 5%
and 95%, i.e. 90% of data is between the limits. Since the numbers of results for 10 sets of
40 forcing points and 8 sets of 50 forcing points are not enough to get the numbers for the
5% and 95% limits, the confidence interval is approximated by interpolation. It can be
seen that the confidence intervals are large for small numbers of forcing points and reduce
as more points are taken. They are not strongly dependent on frequency. It should be noted
that the first natural frequencies of the two uncoupled plates are 6 and 12 Hz. For
frequencies below about 12 Hz, therefore, it is inappropriate to apply SEA due to the lack

of modes.

Figure 4.4 shows the logarithmic ratio of the 95% and 67% confidence limits to the 5%

and 33% confidence limits, 10log, (4, ), /(4,),, ) and 101og, ((4, ), /(4,),, ) for

three particular frequency bands (100, 500 Hz and 1 kHz). This shows, for example, that
using a single excitation point (set size of 1) can be expected to introduce an uncertainty of
up to 10 dB (i.e. £5 dB) in the CLF. As the number of forcing points increases, the CLF
estimates become more reliable, so that for a 90% confidence interval of 3 dB (£ 1.5 dB) at

least 10 points should be taken. For 400 forcing points by extrapolation it can be expected

that the 90% confidence interval will be reduced to £0.25 dB. The approximate 90%
confidence intervals are listed for the number of forcing points (1, 3, 10, 100 and 400) in

Table 4.1.

Figure 4.5 shows the variation of the mean values of the effective CLFs for these 6
different set sizes. The mean value of the effective CLF for 400 sets of 1 is systematically
higher at low frequencies, but the differences become small as the set size increases and as

frequency increases.
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Figure 4.3. The mean values and 90% confidence intervals for the effective CLFs; (a) 400
sets of 1, (b) 100 sets of 4, (¢) 50 sets of 8, (d) 20 sets of 20, (e) 10 sets of 40 and (f) 8 sets

of 50. —, mean CLF; +, 90% confidence interval.
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Figure 4.4. The logarithmic ratio of the 95% and 67% confidence limits to the 5% and

33% confidence limits, () 10log, ((%,),., /(4,),, ) and (b) 10log,, ((),,../ (@ ) )

for different numbers of forcing points, 400 sets of 1, 100 sets of 4, 50 sets of 8, 20 sets

20, 10 sets of 40 and 8 sets of 50 at three different frequencies. —, 7j,, at 100 Hz; ---, 7,

at 500 Hz; -, 7, at 1 kHz; -o-, 7j,, at 100 Hz; -x-, 7},, at 500 Hz; -a-, 7j,, at | kHz.

Table 4.1. The approximate 90% confidence intervals for the number of forcing points.

3 10 100 400

Forcing points 1
+1.5dB | 20.45dB | £0.25dB

90% Confidence Interval +5dB +3.0dB

(b)

n12. mean
n21 . mean

4

-3
10 - : . 10 R
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Figure 4.5. The mean values of the CLF estimates, (a) 7, e and (b) 7y e » OT

different numbers of forcing points. 7, 400 sets of 1; ---, 100 sets of 4; ——, 50 sets of 8;

—, 20 sets 20; -a-, 10 sets of 40; -o-, 8 sets of 50.
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4.2.2 The evaluation of CLFs using different methods

As described in Section 3.3, there are a number of methods that can be used to evaluate
the CLF; these are compared here. By exciting one plate and taking into account the actual
number of modes in each frequency band, or using the asymptotic modal densities of the

plates, the CLF can be calculated by using equation (3.14) or (3.15) respectively.

The actual number of modes in each frequency band has been obtained by plotting the
determinant of the inverse of the dynamic stiffness matrix of each individual uncoupled
plate for the various Fourier components n. A simply supported boundary condition is
imposed at the edge usually joined to the other plate. The number of modes in each 1/3
octave band for the two uncoupled plates is presented in Figure 4.6. These are also listed
in Tables 4.2 and 4.3. It can be seen that the number of modes corresponds to that
evaluated from the asymptotic modal density at high frequencies but that at low

frequencies there are large differences with some bands containing no modes at all.

(a) (b)

A

10+

—
o

Number of modes per band
Number of modes per band

s
<
©

3 1 1 1

10
1/3 Octave Band Centre Frequency [Hz] 1/3 Octave Band Centre Frequency [Hz]

Figure 4.6. The number of modes in each 1/3 octave band for two uncoupled plates; (a)

plate 1 and (b) plate 2. —, the number of modes counted from the ‘frequency function’
(i.e. det (K)=0); ---, asymptotic value obtained from modal density given by equation
(3.16).
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Table 4.2. The number of modes in each 1/3 octave frequency band for plate 1
(L1=0.5m, hy =3 mm, b = 1.0 m) with 3 simply supported edges and one free edge from
n=1 to 12, where n is the widthwise mode order, fi = lower frequency, f. = centre

frequency, f, = upper frequency of band.

S
P S S : simply supported edge
F: free edge
S

N Je Ju 11213145678 9]|10]|11]12] sum
5.62 6.3 7.08
7.08 8 8.91
8.91 10 11.2
112 | 125 | 141 | 1 1
14.1 16 17.8
17.8 20 22.4
22.4 25 28.2
282 | 31.5 | 355 I 1
355 40 447
44.7 50 56.2 | 1 1
56.2 63 70.8
70.8 80 89.1 1|1 2
89.1 100 112

112 125 141 1|1 2
141 160 178 | 1 1 2
178 200 | 224 1)1 1 3
224 | 250 282 1] 1]1 3
282 315 355 11 |1 1|1 4
355 | 400 | 447 11 1|2 5
447 500 562 |1 |1 1 2 6
562 630 708 1] 1 11,12 7
708 800 891 | 1|11 11 1 2 |1 10
891 | 1000 | 1120 1111y 2) 22 12
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Table 4.3. The number of modes in each 1/3 octave frequency band for plate 2
(L2=1.0m, hy =2 mm, b = 1.0 m) with 3 simply supported edges and one free edge from
n=1 to 15, where n is the widthwise mode order, fi=lower frequency, f; = centre

frequency, fu = upper frequency of band.

S
S B S : simply supported edge
F: free edge
S

h fe Jo (112131456789 1011 |12 13|14 |15 |sum
447 5 5.62
562 | 63 | 7.08 |1 1
7.08 | 8 8.91
891 | 10 | 11.2

112 125 ) 141 | 1 1
141 16 | 178

17.8 | 20 | 224 1 1
2241 25 | 28.2
282 | 31535511 2
3551 40 | 447 1 1
447 | 50 | 56.2 111 2
562 | 63 | 70.8 | 1 1
70.8 | 80 | 89.1 1]1]2 4
89.1 | 100 | 112 j 1|11 1 4
112 | 125 | 141 | 1 11112 5
141 | 160 | 178 1 1121 5
178 | 200 | 224 |1 (1|11 |1]2 7
224 | 250 | 282 |1 (1 /1{1]1|2]3 10
282 | 315 1355 (11|11 ]111]2]3 11
355 1400 | 447 {11111 1212123 14
447 1500 ) 562 (1121211111213 4 18
562 | 630 | 708 |11 |1 12|1(2(2(|2|2| 3 | 4 22
708 | 800 | 891 (212 (112122223 4 29
891 | 100 /11201 1|2 (2|2(2|2|2]|2|2]| 3 4162 36
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Alternatively, the CLF can be directly evaluated by using equation (3.13), in which case
each plate has to be excited in turn. The strain energies have been calculated for each of
400 randomly selected forcing points on each plate, which was explained in Section 4.2.1.
The power input by the force, the power transmitted to the receiver plate, and the power
dissipated in each plate were also calculated. Results were calculated at discrete
frequencies (three per 1/3 octave band) and averaged into 1/3 octave bands before
applying equations (3.13) - (3.15). The results of these three methods are compared in
Figure 4.7 with the conventional CLF estimate obtained from the wave transmission

approach based on semi-infinite plates, 77, given by equation (3.17).

(b)

1 10 10
1/3 Octave Band Centre Frequency [Hz] 1/3 Octave Band Centre Frequency {Hz]

Figure 4.7. Comparison of CLFs (a) #},, (b) 7,, obtained from several methods. x, from

equation (3.14) using mode count: ---, from equation (3.15) using modal density; —,

‘numerical experiment’ (equation (3.13)); -, semi-infinite plates (equation (3.17)).

The calculated CLFs agree well with the semi-infinite result 7. in the high frequency
region. At low frequencies, the predicted CLFs fluctuate considerably relative to 7)jj. The
results based on the mode count and the modal density coincide closely, although there are
some negative or non-available values omitted from the graph. These occur due to
numerical problems in some frequency bands where no resonant modes of either plate
exist (see Figure 4.6). Negative CLFs, mentioned and investigated by Fredo [53], and Bies
and Hamid [57], may be attributed to the non-resonant response. This means that the
energy of the receiver plate, at a particular frequency, can be greater than that of the

source plate so that E,/ E; rises above 0 dB. Accordingly, the ‘numerical experiment’
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result, from equation (3.13), turns out to be a more reliable method than the others and
does not usually produce negative values. The remaining results in this thesis are based on

this latter method.

4.2.3 The CLF and its relationship to the energy ratio and the modal
characteristics of plates

This section illustrates the relationships between the effective CLF and the energy ratio of
two subsystems and the effect of the modal characteristics of the receiver plate, which,
according to Craik et al. [44], is the reason for the occurrence of fluctuations in the
coupling of two subsystems. The energy in each plate and the ratio between the energy of
the receiver plate and that of the source plate are shown in Figure 4.8. The left-hand
figures show results when plate 1 is excited while the right-hand figures correspond to
excitation of plate 2. In each case the average from 400 forcing points is used. Over nearly
all 1/3 octave bands, the receiver plate has a lower energy level than the source plate, see

Figures 4.8 (a) and (b).

The energy results are related to the modal characteristics of the receiver plate, especially
the peaks in the energy ratio occurring at low frequencies (see Figure 4.8 (¢) and (d)).
When the source plate is excited by a harmonic force with a particular frequency, which
corresponds to a resonant mode of the receiver plate but not that of the source plate, the
propagating wave produced by that force is partly transmitted to the receiver plate at the
joint and the remainder is dissipated in the source plate by its damping. The transmitted
wave excites a resonant mode of the receiver plate at that frequency and the energy of the
receiver plate becomes large. If the energy of the receiver plate is greater than that of the
source, or not much less, then a peak is found in the respective energy ratio. In particular
the first and second peaks in Figure 4.8 (c) and the first peak in Figure 4.8 (d) can be seen

to correspond to peaks in the corresponding effective CLF in Figure 4.7.

Conversely, when a harmonic force excites a resonant mode of the source plate at a
particular frequency, the energy of the source plate is larger than that of the receiver plate
(see for example the first peak in Figure 4.8 (b)). Since there is no resonant mode in the
receiver plate, the energy of the receiver plate remains relatively small although the

propagating wave produced by that force is partly transmitted to the receiver plate at the
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joint. Most of the energy is dissipated in the source plate by its damping. In this case, the
ratio between the energy of the receiver plate and that of the source is small and there are
no peaks in the energy ratio, although peaks occur in the energy results of both plates (see

the peaks at 12 Hz in Figure 4.8 (a) and at 6 Hz in Figure 4.8 (b)).

s : : 2
1 2 3 0 1 2

10 10 10 10°
1/3 Octave Band Centre Frequency [Hz] 1/3 Octave Band Cenire Frequency [Hz]

(©) (d
10t ] 10°

u /\ /\

w ' /)

o — /\/\/\ o \ \/w/\\k\

10 10° ¥
1/3 Octave Band Centre Frequency [Hz]

E/E,

-2 -2
10 : : 10
0 1 2 103 1OO

10 10 10
1/3 Qctave Band Centre Frequency [Hz}

Figure 4.8. The energy of each plate, (a) and (b): —, the energy of the source plate; ---, the
energy of the receiver plate, and the ratio between the energy of the receiver plate and that
of the source plate, (c) and (d). (a) and (c); plate 1 is the source plate and plate 2 is the

receiver plate, (b) and (d); plate 2 is the source plate and plate 1 is the receiver plate.

: . |
Figure 4.9 shows the flexural frequency functions (that is (det (K ; )) ) plotted against

frequency, (a) for the two-plate system and (b and c) the uncoupled plates with each plate
simply supported at the joint. In each case results are shown for motion with n=1. In

Figure 4.9 (a), the first and third peaks at approximately 6 Hz and 14 Hz correspond to
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peaks in the energy ratio when plate 1 is excited (see Figure 4.8 (c)) and also to peaks in
7, (see Figure 4.7 (a)). These peaks correspond to the first two resonances of the
uncoupled plate 2 (see Figure 4.9 (c)). The second peak in Figure 4.9 (a), at approximately
12 Hz, corresponds to a peak in the energy ratio when plate 2 is excited (see
Figure 4.8 (d)) and to a peak in 7},, (see Figure 4.7 (b)). This 12 Hz peak corresponds to
the first resonance of plate 1 (see Figure 4.9 (b)). Thus the peaks in the effective CLF
estimates at low frequencies, which correspond to the first few modes, can be attributed to
the uncoupled modes of the receiver plate. It is also possible that resonances of the source

plate may affect the effective CLF. This is investigated further in Sections 4.4.3 and 4.5.4.
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Figure 4.9. Frequency functions (that is (i.e. (det (an )) ) plotted against frequency, for

the two plate system (a) and the uncoupled plate with 3 simply supported edges and one

free edge ((b) plate 1 and (c) plate 2), for the Fourier component n = 1. Peaks correspond

to modes.
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4.2.4 Effect of plate thickness on high frequency asymptotic behaviour

In Section 4.2.2 the results obtained for two finite plates were compared with equivalent
results obtained for two semi-infinite plates, and it was shown that the results converged at
high frequencies (see Figure 4.7). Nevertheless some discrepancies remained. In this
section the results are compared at high frequencies for a range of plate thicknesses.
Plate 1 is fixed at h; = 3 mm and plate 2 is varied between ki, = 0.949 and h; = 9.49 mm.
The DLFs of the two plates are equal and 0.1, 77, = 77, = 0.1.

In order to compare these results for finite and infinite plates more readily it is more
convenient to express them in terms of a transmission efficiency 7, rather than a coupling
loss factor 77,. The reason for this choice is that 7, is independent of frequency and also of
plate dimensions (other than thickness). The equivalence between the two parameters is
given by equation (3.17) for the infinite plate case. Here equation (3.17) is used in reverse
to infer an equivalent transmission efficiency 7 for the finite plates. The finite plate results
are expressed as the average over the frequency range 400 -4000 Hz, to give an
approximation to the high frequency asymptotic behaviour. The finite plate simulations
are based on two square plates with width »=1m and length L =1 m, joined at right
angles. In-plane motion is not included in this section in order to facilitate comparison
with the semi-infinite results. The infinite plate results are the angular averaged
transmission efficiency for a right angle joint from equations (3.20) and (3.21) (see [48,
86]). Figure 4.10 compares the results. Although good agreement is found for dissimilar

thicknesses, there is a discrepancy when &, = h;.

If the angular averaged transmission efficiency for the infinite plate, 7, is corrected by a
factor of 2/(2-7) (see [86, 871), it coincides well with that obtained for the finite plates, as
presented in Figure 4.11. This correction is one which needs to be applied to the
transmission efficiency for infinite plates in determining coupling loss factors. It allows
for the fact that, when 7 is large, the average energy of the source plate depends on 7 as a
large proportion of the power incident on the boundary is transmitted, whereas if 7 is

small the reflected and incident energies are approximately equal.
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The remaining discrepancy seen previously in Figure 4.7 (and later for parametric
variations in Chapter 5) can be attributed to the influence of in-plane motion in the finite

plate results and its neglect in 7. This is discussed further in Chapter 5.

10° ; 10°
. o+ P .
+
& ¢
- 107 o107
infinite plates infinite plates
s frommn,, , from My,
-2 -2
10 . 10 .
-1 0 1 ~1 O 1
10 1 10 10 1 10
h19h2 /719112

Figure 4.10. Comparison of the transmission efficiencies for finite plates with the angular
averaged transmission efficiency defined by equation (3.20). —, angular averaged
transmission efficiency; +, transmission efficiency obtained for finite plates averaged over

400 — 4000 Hz.

10° 5 10°
A
- 107 : S0
3
infinite plates —— infinite plates
, from Ty , frommn,,
-2 ~2
10 10 .
1 0 1 ~1 0 1
10 1 10 10 1 10
hﬂh2 h19h2

Figure 4.11. Comparison of the transmission efficiencies for finite plates with the
corrected angular averaged transmission efficiency [86, 87]. —, corrected angular
averaged transmission efficiency 27/(2-7); +, transmission efficiency obtained for finite

plates averaged over 400 — 4000 Hz.
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4.2.5 Consistency relationship

The consistency relationship, described in equation (3.9), is not assumed in the ‘numerical
experiment’ method of equation (3.13). The difference between n7),, and n,7,, has been
examined for the two plates of Figure 4.1 and the result is presented in Figure 4.12. The
ratio n,f,, /nfy, for the two coupled finite plates fluctuates at low frequencies and

converges approximately to 1, as expected, as frequency increases.

0 i 10°
1/3 Octave Band Centre Frequency [Hz]
10 ¢ ; T .

MMy /MM 4y
o

-1 L ) 1
1 2

10 10 10°
1/3 Octave Band Centre Frequency [Hz]

Figure 4.12. (a) Comparison of the nf),, and n,f,, for two coupled plates obtained from
numerical experiment with those for semi-infinite plates. —, n7,,; -, 7,5 ", M2
and 12721 1 and ny are the asymptotic modal densities of plate 1 and plate 2 obtained

from equation (3.16). (b) Ratio n,7},,/n7f,,.

4.3 Two semi-infinite plates of finite width

In this section, the restriction imposed by a finite width is studied. Consider two semi-
infinite plates, which are simply supported along the longitudinal edges, y=0 and y = b,

and joined at the interface x = 0, as shown in Figure 4.13. At x=0 a simple support is
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assumed, which could also represent a right-angled joint in the absence of in-plane

motion. In this model, it is assumed that there is no damping in the two semi-infinite

plates.
A
Anr Ant
< —_—
y 1 2 b
Am Al‘ Al
— < —
X A 4
X = -00 X = 0 X = oo

Figure 4.13. Two semi-infinite aluminium plates of finite width b joined at a line.

Allowable wave solutions have a trace wavenumber in the y direction k, = nzt/b for integer

values of n. Considering only flexural waves, the motion of plate 1 of order n has the form
w (x,y) = (A" + A+ A ) sin(k,y) (4.1

where A, A, and A, are the complex amplitudes of the propagating incident and reflected
and non-propagating nearfield waves at the interface, and k;; and k,; are the respective
propagating and nearfield wavenumbers of plate 1. These wavenumbers are the roots

obtained from the wave equation for plate 1, i.e.

kyy = (k; —k; )" (4.2)
ky = (k2 + k7)™ (4.3)
where kn (=(p1h a)2/D1)1/4) is the free bending wavenumber of plate 1.

The effective angle of incidence & at the interface x = 0 can be obtained from

(4.4)

_n

@ =tan™

11

where €= 0 corresponds to normal incidence.
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Similarly for plate 2,

w,(x,y) = (A e + A e sin(k,y) (4.5)
where A, and A, are the complex amplitudes of the propagating transmitted and
non-propagating nearfield waves at the interface, and k;» and ky, are the respective

wavenumbers of plate 2. These wavenumbers are the roots obtained from the wave

equation for plate 2,
by, = (k= k)" (4.6)
k,, = (k> + k;2)”2 4.7)
where kp (=(p2h2a)2 /Dz)l/ 4) is the free bending wavenumber of plate 2.

Constraining the displacement along the joint, only rotational motion is allowed. Applying

the equilibrium and continuity conditions at the joint, one can determine the amplitude of

each wave: i.e.

(1) displacements at the joint

w(0,y)=0 (4.8)
w,(0,y)=0 4.9)
(2) rotations at the joint
aWI(OaY):aWz(O,)’) (410)
ox ox
(3) bending moments at the joint
2 2
M, ,0,y)=D, a—v"i}'l' =M, ,0,y)=D, a—‘izjA (4.11)
’ ox” ’ ox” |

Substituting equations (4.1) and (4.5) into these boundary conditions (4.8) - (4.11), the

four unknown amplitudes can be determined in terms of the amplitude of the incident

wave A, as follows;

A+A +A =0, (4.12)

n

A+A, =0, (4.13)
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kllAr + k21Anr - kllAm = —kIZAr _kZZAm‘ 2 (4 14)
and
Dl (k112Ar + kZIZAnr + kllem ) = D2 (klzzA + k222Am ) (4 15)
Equations (4.12) - (4.15) can be written in matrix form,
B A, =C, (4.16)
where
1 1 0 0
0 0 1 1
B = , “.17
k]l k21 k12 k22
D1k121 le:)zx “D2k322 _D2k222
A A !
A== = A _A_wr_ ’ (4.18)
Am Alll 14771 Arl
and C=[-1 0 k, -DK]. (4.19)

Above the cut-on frequency for order n, power is transmitted by the propagating waves.
The near-field waves do not transmit energy at any frequency. In general, the transmitted
powers are proportional to the propagating wave amplitude squared, but aiso depend on
the plate properties. The incident and reflected waves exist in the same plate so the

transmission efficiency 7 can be obtained most easily from

2

A

A,

T=]- (4.20)

Figure 4.14 shows example results for a source plate of thickness 3 mm and a receiver
plate of thickness 2 mm, both of aluminium with no damping. The transmission efficiency
only exists above the cut-on frequency for any particular value of n of plate 1. Below the
cut-on frequency of plate 1, no propagating incident wave will occur and it is meaningless
to calculate the transmission efficiency. When the cut-on frequency in the source plate is

lower than that in the receiver plate, no energy will be transmitted into pure propagating
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waves in the receiver plate below its cut-on frequency and the transmission efficiency is
zero. Thus the transmission efficiencies are zero up to the higher of the two cut-on
frequencies, which in this case is for plate 1. Then they rise gradually and at high
frequencies they tend to the result for normal incidence for semi-infinite plates. This can
be explained by consideration of the angle of incidence, equation (4.4). At cut-on, k, = k¢
and wave propagation occurs in a direction parallel to the joint, ie. k;; =0, whereas at
high frequencies k./k;; — 0 and 8 — 0. Note that the cut-on frequency for transverse
order n is n’ Jeut-on, 13 L. feuron, 2 =4 feutcon, 15 Seuton, 3 =9 feuron, 1, €tC., as expressed in

equation (2.75).

frf

cut-on,1

Figure 4.14. Transmission efficiencies and the angle of incidence predicted for two semi-
infinite aluminium plates of width b = 1m, thickness of the source plate #; = 3mm, and the
thickness of the receiver plate h, = 2mm. Four curves represent the results for different
transverse orders, n: —, n=1; -—-, n=2; =, n=3; ", n=4. The x-axis is a non-
dimensional frequency, f/ feuton, 1, Where feuron, 1 18 the cut-on frequency of the source plate

forn =1 (feut-on, 1 = 7.34 Hz).

For two semi-infinite plates, the transmission efficiency for oblique incidence is also

obtained from equation (3.21). For the case of grazing incidence 8= *7/2, Ty, is zero [86].
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As the frequency increases, the direction of propagation gradually approaches normal,
68— 0 and 7y, for a given n, tends to 712(0) = 0.39. As more orders across the plate width,
n, cut on and are included in the incident field, this approximates more closely to a diffuse
field, with the incident energy not primarily being at a single angle of incidence. Thus the

sum over all such n will tend to the diffuse field value of 7,, , found for infinite plates.

The CLF is only defined for finite plates. The transmission efficiency, 7, for two semi-
infinite plates can be used to estimate the CLF of an equivalent finite plate by using
equation (3.17). The CLF results, using these semi-infinite plate transmission efficiencies
for particular transverse orders, are shown in Figure 4.15 for a source plate of area 0.5 m>.
Individual CLFs for particular orders converge to the normal incidence result, which are

individually greater than the infinite plate diffuse result 77,,__ .

10 " T T T

-3
10 H i " PR |
10° 10’ 10° 10° 10*
Frequency [Hz]

Figure 4.15. Coupling loss factors derived from models of two infinite plates and of two

semi-infinite plates of finite width: —, m,,_; -, n=1;"",n=2; ", n=3;+,n=4.
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4.4 Semi-infinite source plate of finite width coupled to a finite
receiver plate

4.4.1 Model

In this section, a model is considered in which a semi-infinite source plate is connected to
a finite receiver plate of length L,, as shown in Figure 4.16. The right-hand edge of plate 2
x =L, is assumed to be free and at the interface x =0 a simple support is assumed. This
model is used to investigate the influence of the modal behaviour of the receiver plate on
the energy transmission. An incident wave A;, is introduced in the semi-infinite source
plate, as in the previous section. The transmission efficiencies are evaluated for different
thickness ratios of the source plate to the receiver plate and the results are then considered

in terms of the modal behaviour of the finite receiver plate.

Anr Ant Aan

- e -
b

Y 1 2
Ain Ar At Ar2
— B St — e
X

X = -oo x=0 x=1Lp

Figure 4.16. Semi-infinite (source) plate of finite width » connected to a finite (receiver)

plate.

The out-of-plane displacement of plate 2, given in equation (4.5), must be extended to

include a second reflected wave and a second nearfield wave.
wy(x,y) =(Ae ™ + A e + A e + A ") sink,y) 4.21)

where A2 and A, are the complex amplitudes of the propagating reflected and non-
propagating nearfield waves at the right-hand edge of plate 2. Applying the equilibrium
and continuity conditions at the joint and boundary conditions at the right-hand free edge
of plate 2 to this equation and equation (4.1), the six unknown amplitudes can be solved in

terms of A;,. Equations (4.13)-(4.15) can be modified to
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AT +Ant +A12+A1112 :O

k“Ar +k21Anr "‘k 12141 kZZA +k ArZ + kZZAm2

m T

D(k A +k, A +k, A)

m

D, (kA + ko)A, 4K, AL +hy, A, ).

(4.22)

(4.23)

(4.24)

In addition to equations (4.8)-(4.10), two further boundary conditions at the right-hand

free edge of plate 2 are included.

(1) bending moment at the right-hand edge of plate 2:

0° 0’
)\ Z(LZ y) D MZ) ‘L[ MZ)Z =0.
ox ady -,

(2) shear force at the right-hand edge of plate 2:

kY
=L,

F -
(Lly) D{a% nax

Substituting equation (4.21) into equations (4.25) and (4.26), then

(k122 - lu’,lkf )e_kIZLZ 14! + (kiz?. - /’l?_kl;z )e_kﬂLz A}I +
(ki = pLk)e™ " A, + (ks — pok, e A, =

iy ks + 2= i)k fe 2 A, 4 ke {=kgy + (2= gy k] Fe R A, +
ki {kn -2 —ﬂz)k;}eknlﬁA, 2 Thy {kn —(2 —ﬂz)kn }ekzzla A,,=0.

Equations (4.12), (4.22)-(4.24) and (4.27)-(4.28) can be written in matrix form,

B,A,=C,,
where
[ 1 1 0 0 0 0 ]
0 0 1 1 1 1

B. = k ks, ki ks, —k; ~ky,
> |DkX Dk: -Dk. -Dk., -Dik’: —Dk2|

LT 1721 2512 22 2112 2

0 0 ben, by, by,ef, bye3,

L 0 0 12615 €€ _Clzerz Cn€rn
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b=k —uk’ ¢, =k -k +(2-pu )k} e = o= @3
T
A A A

A2 P el B n i nt A)Z AmZ , (432)

Al n A! n All’t Al n Al 13 Al T

and

5 T

C,=[-1 0 -k, -Dki 0 0] . (4.33)

The reflection efficiency r and the transmission efficiency 7 of the joint between the two

plates can be obtained from

(4.34)

and

T=1~-r. (4.35)

Figure 4.17 (a) shows results for an example case, a semi-infinite source plate (thickness
3 mm, finite width I m) coupled to a finite receiver plate (thickness 2 mm, length 1 m) for
n= 1. At low frequencies, the transmission efficiency oscillates considerably around that
for two semi-infinite plates, whereas it converges to that for two semi-infinite plates
(112 =0.42) as frequency increases. It is noted that the transmission efficiency for two
semi-infinite plates differs slightly from that shown in Figure 4.14, 7,2(0) = 0.39. In this
model, it is assumed that there is no damping in the semi-infinite source plate (77 = 0), as
before, whereas the receiver plate is damped with a loss factor (77, = 0.1). This loss factor
makes the bending wavenumber complex and affects the transmission efficiency. Since
the finite receiver plate is damped with a loss factor 7, the transmitted wave at the joint is
propagated to the far edge of the receiver plate and then reflected back towards the joint.
The influence of damping of the receiver plate is investigated in the following section. The
peaks and troughs in the transmission efficiency for the finite receiver plate are related to

the modal behaviour of the receiver plate. This issue is discussed further in Section 4.4.3.

Figure 4.17 (b) shows the CLF results for a transverse order n = 1 estimated by equations

(4.35) and (3.17), and the infinite plate diffuse result 7,,_, when the length of the source

plate is taken as 0.5 m. The CLF for the finite receiver plate for n =1 converges to the
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normal incidence result as frequency increases and these CLFs are greater than the infinite

plate diffuse result 77, . When the transmission efficiencies are averaged for all possible

transverse orders n, the CLF for the finite receiver plate converges to 77,,_ ., as shown in

Figure 4.17 (c).

112

n12
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.61

0.4F

0.2r

(a)

W/{MWW

Frequency [Hz]

(©

10° 10
Frequency [Hz}

10° 10* 10*

Mo

(b)

10’ 10° 10
Frequency [Hz]

Figure 4.17. Transmission efficiency and CLFs for a semi-infinite plate (A4, =3 mm,

m = 0) of finite width (b = 1 m) coupled to a finite plate (b, =2 mm, Ly = 1m, 77, = 0.1);

(a) transmission efficiency 7j; for n=1: —, semi-infinite to finite plates; ---, two semi-

infinite plates of finite width, (b) CLFs obtained from 7;, for source plate of length 0.5 m

for n =1, and (c) CLF obtained from 7, averaged for all possible transverse orders n: —,

semi-infinite to finite plates; ---, two semi-infinite plates of finite width; —-, two semi-

infinite plates (diffuse incidence).
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4.4.2 The influence of damping of the receiver plate

The influence of damping of the receiver plate was investigated by performing calculations
for three damping values, 77, = 0.03, 0.1 and 0.3. The transmission efficiencies are shown
in Figure 4.18. As the damping of the receiver plate increases, more energy is absorbed by
the receiver plate and less energy is reflected back towards the joint. As a result of this, the
transmission efficiency 7, oscillates less and converges more quickly to that for two semi-
infinite plates with the receiver damping. At high frequencies the transmission efficiency
for the damped semi-infinite receiver plate is greater than that for the undamped semi-
infinite receiver plate, 7,2 = 0.39, as described in the previous section. The transmission
efficiencies converge to that for the undamped semi-infinite receiver plate, as the damping

of the receiver plate decreases, i.e. 71, =0.48, 0.42 and 0.40 for 7, =10.3, 0.1 and 0.03

respectively.
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Figure 4.18. The influence of receiver damping on the transmission efficiency for a semi-
infinite plate (thickness A; =3 mm) of finite width (b =1m) coupled to a finite plate
(thickness A, =2 mm, length Ly =1 m) forn=1: —, 1, =0.3; -, 2. =0.1; =, 17, = 0.03.

Thick lines present the results for the two-semi infinite plates with the receiver damping.
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4.4.3 The influence of the modal behaviour of the finite receiver plate

The transmission efficiencies vary with the ratio of the thicknesses of the source and
receiver plates. First, the thickness of the source plate is varied between 3 and 1/3 times
the thickness of the finite receiver plate, which is fixed as 2 mm. Next, the thickness of the
receiver plate is varied in the same range relative to the thickness of the semi-infinite
source plate, which is fixed as 3 mm. There is no damping in the source plate and the

receiver plate is damped with 17, = 0.1.

Figure 4.19 shows the transmission efficiencies for these thickness ratios. The high
frequency asymptote of the transmission efficiency has a maximum value when the
thicknesses of the two plates are equal and this asymptote reduces when the ratio is large
or small. At high frequencies, the transmission efficiency for this model (the semi-infinite
plate coupled to the finite plate) converges to that for two semi-infinite plates with
damping in the receiver plate 17, = 0.1, as seen in Figure 4.17 (a). The finite receiver plates
are damped and hence the transmission efficiencies are greater than the normal incidence

results, as discussed in Section 4.4.2.

The frequencies of the peaks in Figure 4.19 (a) (varying the thicknesses of the infinite
source plate) remain essentially invariant as the thickness ratio varies, whereas the peaks
in Figure 4.19 (b) (varying the thicknesses of the finite receiver plate) are shifted according
to the modal behaviour of the receiver plate. In order to compare these results with the
modal behaviour, the natural frequencies of the uncoupled receiver plate are summarised
in Table 4.4. Results are given for two sets of boundary conditions on the edge that is

usually coupled to the infinite plate (simply supported or clamped).

The peaks in the transmission efficiency are found to occur between the natural
frequencies of the uncoupled receiver finite plate with either simply supported or clamped
boundary condition at the interface, i.e. F-S-S-S or F-S-C-S, as shown in Figure 4.20. At
resonances of the finite plate, the wave impedance of the receiver plate is low, producing a
maximum in the transmitted energy, and hence in the power dissipated in the receiver

plate. At anti-resonances of the receiver plate, the transmission efficiency has a minimum.
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Figure 4.19. Transmission efficiencies for a semi-infinite source plate connected to a finite
plate (width & =1 m, length L, =1 m, DLF 73, = 0.1) for different values of hi/h; (a) hy
fixed as 2 mm and (b) A; is fixed as 3 mm: -, hi/hy =3; ——, il =2; —, hi/hpa=1;
hilhy = 1/2; -+-, hi/hy = 1/3. Also shown are the corresponding results for two semi-infinite

plates of finite width, which are the asymptotes for the former results.
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Table 4.4. The natural frequencies of the uncoupled receiver plate (width b =1 m, length

L, =1m, n=1) with 3 simply supported edges and one free edge [F-S-S-S] and with 2

simply supported edges, one clamped edge and one free edge [F-S-C-S].

Thickness /; (mm) F-S-S-S (Hz) F-S-C-S (Hz)
2 5.74,13.7,30.4, 57.0,93.5 6.20, 16.3, 35.6, 65.3, 104
1 2.87,6.83,15.2,28.6,47.0 3.11,8.17,17.8, 32.5, 51.8
1.5 4.28,10.3, 22.8, 42.8, 69.8 4.66, 12.2,26.7,48.7, 78.1

8.64,20.4, 45.8, 85.4, 140

9.32,24.4,53.3,97.8, 155

6 17.2,41.2,91.4, 171, 281
25.8,61.3, 137, 257,421

18.7,48.7, 107, 195, 311
28.1,73.0, 160, 291, 469

T12

10° 10
Frequency [Hz]
Figure 4.20. The transmission efficiency for an infinite source plate (width b=1m,
hy = 3 mm) coupled to a finite receiver plate (width b = 1 m, L, = 1 m, h, = 2 mm) and two
semi-infinite plates for n = 1; —, semi-infinite to finite; ---, semi-infinite to semi-infinite:

natural frequencies of finite plate; =, F-S-S-S; A, F-S-C-S.
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Figure 4.21 shows the results for various thicknesses of infinite source with the thickness
of the finite receiver plate fixed as /4, =2 mm. These are again compared with the plate
natural frequencies. When the thickness ratio /i/h; is large, the infinite plate constrains the
finite plate and the peaks tend towards the natural frequencies for a clamped edge [F-S-C-
S]; when the ratio h1/h; is small, the peaks tend towards those for a simply supported edge

[F-S-S-S].

Frequency [Hz]

Figure 4.21. The transmission efficiencies for an infinite source plate coupled to a finite
receiver plate with b=1m, I, =1m, n=1, hy =2 mm, for different values of h,/hy; -,
hihy =3, hilhh=2;—, hilha = 1; | /hy = 1/2; -+, hy/h, = 1/3: natural frequencies of
finite plate; =, F-S-S-S; A, F-S-C-S. The vertical dotted lines correspond to the natural

frequency of each mode.

4.5 Finite source plate coupled to a semi-infinite receiver plate of
finite width

4.5.1 Model

In order to evaluate the influence of the modal behaviour of the source plate on the

coupling loss factor, one can consider a finite source plate connected to a semi-infinite
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receiver plate, as shown in Figure 4.22. At the interface x =1,, a simple support is

assumed.

x=0 x =1L X = +oo

Figure 4.22. Finite (source) plate connected to a semi-infinite (receiver) plate of finite

width b.

For this system, it is more appropriate to simulate a ‘rain-on-the-roof’ type excitation
rather than a propagating source wave as in the previous sections. In the investigation of
two finite plates in Section 4.2, it has been shown that if 400 excitation points are used in
the finite source plate, reliable results are obtained, independent of the forcing points.
Single point excitation is therefore applied here at 400 randomly chosen points, avoiding
edges. For each point force, this excites vibration in many different transverse orders, 7,
across the plate width. For a given frequency, all such components have been included

whose cut-on frequency is below the frequency under consideration.

The equations of motion are solved using a dynamic stiffness approach, as described in
Chapter 2. A harmonic point force is applied inside one plate. Thus the source plate is
separated into two dynamic stiffness elements at the longitudinal position of the applied
force. The dynamic stiffness matrices for the source plate, K; and K,, are as given in
Chapter 2. For the semi-infinite receiver plate, a dynamic stiffness matrix K, (see
Appendix C) can be defined in terms of the positive-going propagating and nearfield
waves at the interface. The global dynamic stiffness matrix of the total system can be
derived by assembling the dynamic stiffness matrices of the two finite plates and the semi-

infinite plate and applying the continuity and equilibrium conditions at the interface
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including the simple support. This global dynamic stiffness matrix K can be reduced
using a transformation matrix as before. The reduced dynamic stiffness matrix K, for
flexural motion only, is a 5 x 5 frequency-dependent matrix (the 5 dof are the displacement
and rotation at x = 0, the displacement and rotation at the forcing point and the rotation at
x=L;). The response can be obtained from K'F for each frequency, where F is the

applied force vector.

452 CLF

The CLF can be determined from the power balance equation (3.1) in this case for a
particular plate. As in the previous sections, no damping is included in the semi-infinite

plate. Due to the infinite nature of plate 2, energy is only transmitted away from the joint

and the term cm]zlEz1 representing power transmitted from plate 2 back to plate 1, is zero.
Since £ dm‘l :0)771E11 , the effective CLF for a particular finite source plate is obtained

from

N A
hy=—"/"=1m—— (4.36)
w

where the superscript 1 is omitted for clarity.

To evaluate the effective CLF, one needs to calculate the strain energy of the source plate
E) and the power transmitted at the joint Py,. The response of the source plate is integrated
analytically to give an accurate measure of its strain energy (see Appendix A). The power
transmitted at the interface P, is obtained directly from equation (2.86). In the present
case, since the in-plane motion is not considered (1, =0 and v, =0) and the interface is
assumed to be a simple support (w, = 0), so only the moment at the interface transmits
power. These are calculated for each transverse order n, integrated along the interface

length b analytically, and then summed.

The power dissipated and power transmitted for this system fluctuate as functions of
frequency due to the modal behaviour of the finite source plate, as shown in Figure 4.23.
However the peaks in the two curves tend to coincide. The power transmitted becomes

significantly lower than the power dissipated as frequency increases.
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Power/Force [Watt/NZ]
>

10° 10 10° 10 10
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Figure 4.23. The power dissipated P, 4 and power transmitted P, for a finite source

plate (Ai=3mm, L;=05m, 77,=0.1) coupled to a semi-infinite receiver plate

(hy =2 mm, 77, = 0) of finite width (b =1 m): —, P|_giss; - Pi2.

The effective CLF for a finite plate coupled to a semi-infinite plate of finite width
(b =1 m), obtained from equation (4.36), is plotted in Figure 4.24 (a) for transverse orders
n=1 up to 4. In each case these are based on the averages over 400 forcing points. Also
shown is the result for n=1 t0 nuy, which includes all 46 transverse orders for all
frequencies. This result is shown again in Figure 4.24(b) in one-third octave bands. At low
frequencies, the effective CLF fluctuates relative to that obtained from two semi-infinite
plates. As the number of transverse orders n increases and the sum over npy,y is taken, the
effective CLF converges to the CLF for two semi-infinite plates. However, it may be
observed that the effective CLF for a given n is relatively smooth compared to the

fluctuations in the CLF for a semi-infinite source plate coupled to a finite receiver plate

(see Figure 4.17 (b)).
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Figure 4.24. Effective CLF for finite source plate (hy =3 mm, L;=0.5m, 7 =0.1)

coupled to a semi-infinite receiver plate (h, = 2 mm, 73, = 0) of finite width (b =1 m); (a)

112 versus frequency and (b) 771, versus 1/3 octave frequency band: ---, n=1; ", n = 1+2;

-, = 142435 -0-, n=14243+4; —,n=1up to 46; =, 7,.. .
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4.5.3 The influence of damping of the finite source plate

As the damping of the source plate increases, the level of the peaks in the energy E; and
the power transmitted P, decreases, as shown in Figure 4.25. However damping has only
a small effect on the effective CLF, as shown in Figure 4.26, as similar proportional

reductions occur in both the energy in the source plate and the transmitted power.

-2

1OE T —— T

10 10' 10° 10° 10
1/3 Octave Band Centre Frequency [Hz]

(b)

P'l 2
—
(]

T

10° 10’ 10° 10° 10
1/3 Octave Band Centre Frequency [Hz]

Figure 4.25. The influence of damping of the source plate on: (a) the strain energy of the

source plate E; for different DLFs and (b) the transmitted power Pi: —, 11 =0.1; -,
7 = 0.03; -, 171 = 0.01. The dimensions of the source and receiver plates are the same as
in Figure 4.24.
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-3 t { L
10 10’ 10° 10° 10
1/3 Octave Band Centre Frequency [Hz]

10

Figure 4.26. The influence of damping on the effective CLF for a finite source plate
(hy =3 mm, L; =0.5m, 7 =0.1) coupled to a semi-infinite receiver plate (h, =2 mm,

172 = 0) of finite width (b =1 m): —, 1 =0.1; ---, 771 = 0.03; =, 17; = 0.01.

4.5.4 The influence of the modal behaviour of the finite source plate

This section investigates the influence of the modal behaviour of the finite source plate on
the energy transmission in terms of the effective CLF. A parameter study is performed in
which the ratio of the thicknesses of the two plates is varied and the modal behaviour of

the finite source plate is examined.

First, the thickness of the finite source plate is varied between 3 and 1/3 times the
thickness of the semi-infinite receiver plate, which is fixed as 2 mm. The influence of the
thickness of the source plate is shown in Figure 4.27 (a). The peaks and troughs can be
related to the modal behaviour of the source plate. The natural frequencies for the
uncoupled source plate are summarised in Table 4.5. This will be considered in more
detail below. Energy transmission starts at the cut-on frequency of the receiver plate the
thickness of which is kept the same, as indicated above, even if the cut-on frequency for
the source plate is greater. The maximum energy transmission occurs when the two plates

have the same thicknesses (see also Figure 4.11 and Figure 4.19).
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Figure 4.27. The effective CLFs for transmission from a finite source plate (width b =1 m,
length L; = 0.5 m) to an infinite receiver plate for different values of h;/hy; (a) hy is fixed
as 2mm and (b) Ay is fixed as 3mm: —, h/hy=3; —, hi/hy,=2; —, hi/hy=1; ",
h/hy = 17125 -+-, hy/hy = 1/3.

To investigate the influence of the modal behaviour of the semi-infinite receiver plate,
next the thickness of the receiver plate is varied in the same range relative to the thickness

of the finite source plate, which is fixed as 3 mm: the thickness of the semi-infinite
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receiver plate is varied between 1/3 and 3 times the thickness of the finite source plate.

The effective CLFs are shown in Figure 4.27 (b).

As before the energy transmission starts at the cut-on frequency of the semi-infinite
receiver plate. The energy transmission varies, as the thickness of the receiver plate is
changed. The effective CLF fluctuates at low frequencies and converges to the result of
the corresponding infinite plate as shown in Figure 4.24. The peaks and troughs occur at
similar frequencies as the thickness of the semi-infinite receiver plate varies. These peaks
can therefore be seen to depend on the modal behaviour of the finite source plate, as the
thickness of that plate is fixed. Table 4.6 presents the natural frequencies of an uncoupled
source plate for different transverse orders, n and two different boundary conditions along

the edge usually joined to plate 2.

Table 4.5. The natural frequencies of the uncoupled source plate (width b =1 m, length
L =0.5m, n=1) with 3 simply supported edges and one free edge [F-S-S-S] and with 2
simply supported edges, one clamped edge and one free edge [F-S-C-S].

Thickness A (mm) F-S-S-S (Hz) F-S-C-S (Hz)
6 23.6, 111, 314, 636, 1070 33.4, 148, 381, 728, 1200
4 15.8,74.3, 210, 423,714 22.3, 98.3, 254, 490, 799
2 7.88,37.1, 105, 211, 358 11.1,49.0, 127, 243, 399
1 3.95, 18.6,39.5, 186, 524 5.58, 24.6, 63.6, 122, 200
0.7 2.61,12.3,35.0,70.4, 119 3.72,16.4,42.5,81.2,134
3 11.8,55.8, 157,318, 536 16.8,73.8, 191, 367, 602

Table 4.6. The natural frequencies of the uncoupled source plate (thickness A; = 3.0 mm,
length L; = 0.5 m, width b = 1 m) with 3 simply supported edges and one free edge [F-S-
S-S] and with 2 simply supported edges, one clamped edge and one free edge [F-S-C-S].

F-S-S-S (Hz) F-S-C-S (Hz)

11.8,55.8, 157, 318, 536, 812

16.8,73.8, 191, 367, 602, 894

34.6, 82.2, 182, 342, 561, 840

37.3,97.5, 215, 390, 624, 917

71.2, 122, 224, 384, 600, 876

72.8, 135, 253, 428, 662, 953

122, 175, 279, 439, 658, 930

123, 187, 306, 482,716

188, 242, 348, 510, 730

189, 252, 372, 548, 783

267,323,431, 597, 812

269, 332, 453, 631, 864
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Figure 4.28 compares these natural frequencies for the two different boundary conditions
with the ratio between the effective CLFs for a finite source plate (f; =3 mm, length
Ly =0.5 m) coupled to a semi-infinite plate of finite width (4 = 1 m) and the semi-infinite

results, 7;,/M,.. - These natural frequencies are shown for each value of n. When hy > hy,

the semi-infinite receiver plate constrains the finite source plate and the peaks tend
towards the natural frequencies for a clamped edge [F-S-C-S]; when h; < A, the peaks
tend towards those for a simply supported edge [F-S-S-S] as described in Section 4.4.3.
However, it is also found that the first resonance corresponds to a peak in the effective

CLF, the second to a dip, the third to a peak and so on.

In Figure 4.29, the effective CLF for a finite source plate and semi-infinite receiver plate
is compared with the CLF for two semi-infinite plates, for a diffuse field and for 4
transverse orders. Two sets of results are given corresponding to 4; =3 mm, L; = 0.5 m,
b=10m, ih=2mm and A =2mm, L;=1.0m, b=1.0m, A =3 mm. Corresponding
modes of the uncoupled source plate are shown, in the first case for F-S-S-S and in the
second case for F-S-C-S. The troughs in the effective CLF correspond to the first
resonance for a given n (>1) which in turn correspond approximately to the cut-on

frequency of the source plate for n > 1.

These results can be understood as follows. At a resonance of the finite plate, the effective
angle of incidence is dominated by that corresponding to the mode. Consequently the
effective CLF follows closely that for the semi-infinite plates with the corresponding order
n. The fluctuations in the effective CLF in this case are therefore due to the predominance
of particular angles of incidence, not due to the direct influence of the modal behaviour of
the source plate. This explains, also, the relatively small influence of the source plate DLF

(Figure 4.25).
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Figure 4.28. The ratio between the effective CLFs for a finite plate (L; =0.5m, h; =3
mm) coupled to a semi-infinite plate of finite width (b = 1 m) and the semi-infinite results,
Ny /Mot —> ha=1mm; -, h,=1.5mm; —, iy =3 mm; ', hp =6 mm; -+-, hy =9 mm.
The symbols denote natural frequencies of finite source plate for different boundary
conditions along the edge, (a) F-S-S-S and (b) F-S-C-S, and different transverse orders 7:
= n=1;0, n=2, 4 n=3;0 n=4; x, n=5. The vertical dotted lines show the natural

frequency of each mode.
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Figure 4.29. Comparison of the CLFs for a finite plate coupled to a semi-infinite plate of
finite width, (a) Ay =3 mm, A =2mm, L;=0.5m, and (b) A; =2 mm, h; =3 mm,
Ly = 1.0 m: ——, the CLF for two semi-infinite plates; —, the effective CLF for a finite plate
coupled to a semi-infinite plate of finite width (b = 1 m); ---, the effective CLFs obtained
from equation (3.17) for two semi-infinite plates of finite width (n =1, 2, 3 and 4). The
symbols denote natural frequencies of finite source plate for different boundary conditions
along the edge, (a) F-S-S-S and (b) F-S-C-S, and different transverse orders n: #, n=1; o,

n=2Aan=3;0n=4.
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4.6 Discussion

From the results of a two-plate system, some of the uncertainties in CLF estimates have
been examined and quantified. The variability due to modal behaviour in the effective
CLF or transmission efficiency has been examined using a systematic investigation

involving finite width semi-infinite plates and finite plates.

The effective CLF for a finite two-plate system has been directly evaluated using the
DSM. The effective CLF for finite plates fluctuates at low frequencies (low modal overlap)
and converges to that for semi-infinite plates at high frequencies, as expected. It has been
shown that the consistency relationship is satisfied by the predicted CLF at high

frequencies, although at low frequencies considerable variation is found.

The spatial location and the number of forcing points used also affect the confidence
intervals of the effective CLF. As the number of forcing points increases, the effective
CLF estimates become more reliable. For 400 forcing points it can be expected that the

uncertainty will be reduced to £0.25 dB. In order to obtain a 90% confidence interval of

+1.5 dB at least 10 forcing points should be taken.

Examination of the effective CLF has shown that its fluctuations can be related to the ratio
between the energy of the source plate and that of the receiver plate, and the modal
behaviour of the source or receiver plate or both. At low frequencies, in the region of the
first few modes, the effective CLF estimates and the energy ratio contain peaks which
correspond to the uncoupled modes of the receiver plate. If the energy of the source plate
is much larger than that of the receiver plate, the energy ratio is small and there are no

peaks in the energy ratio, although peaks occur in the energy results.

The variability in the effective coupling loss factor, or the transmission efficiency, due to
the modal behaviour of the finite coupled subsystems, has been examined using a systematic

investigation involving both finite width semi-infinite and finite plates.

It was shown that the modal behaviour of both the source and receiver plates affects the
energy transmission between two subsystems. Large variability in the energy transmission
was found to be due to the modal behaviour of the receiver plate, with peaks occurring in
the transmission efficiency at resonances of the receiver. The damping of the receiver

plate controls the magnitude of these variations. However, variations in the energy

111




Chapter 4. Analytical Models for Coupling between Two Plates

transmission can also be attributed to the source subsystem characteristics, as seen for the
finite source plate coupled to a semi-infinite receiver plate. This variation is due to the
predominance of particular angles of incidence at a given frequency. Both peaks and
troughs in the effective CLF correspond to natural frequencies of the uncoupled source
plate. The damping of the source plate has only a small influence. Figure 4.30 summarises
these trends by comparing the CLFs found for a finite receiver or a finite source plate,

taken from Figures 4.17 (b) and 4.24 (a).

The next two chapters aim to quantify the limits of the variability in the effective CLF
using a wide range of parameter investigations which will incorporate both variations in

modal density and modal overlap, either together or separately, in finite plate simulations.
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Figure 4.30. Comparison of the CLFs predicted using two different models (#; = 3 mm,
hy=2mm, L;=05m, L;=1.0m, b=1m); (a) semi-infinite source plate (7 =0)
coupled to a finite receiver plate (n =1, 7, =0.1), and (b) finite source plate (77 =0.1)
coupled to a semi-infinite receiver plate (n= 1 up to 46, 1, = 0): —, the effective CLF for
model (a) or (b); -, the CLF for two semi-infinite plates; ---, the effective CLF obtained

from equation (3.17) for two semi-infinite plates of finite width (n = 1).
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CHAPTER 5

INITTIAL PARAMETRIC INVESTIGATION

5.1 Introduction

This chapter describes an initial parametric investigation into the variability of the
effective CLF. One objective is to identify the most appropriate parameter, e.g. modal
overlap, against which to plot the results and the other is to evaluate Craik’s bounds [44]

described in Section 3.6.

A sensitivity analysis has been performed using the DSM model for two finite plates
described in Chapter 4 to evaluate the influence of the following parameters: (i) the plate
thickness ratio, h;/hs, (ii) the length ratio, L;/L,, (iii) the length-to-width ratio of the two
plates L;/b and (iv) the DLFs which are assumed equal, 77, = 7,. The two plates are both

simply supported along two opposite edges, connected at right angles and free at their
outer edges. In-plane vibration is included in the model as well as flexure. The widths of
the two plates are the same, b; = b, for all cases, as required by the DSM. As in previous

chapters the material properties of aluminium are used.

In the calculations for the parameter variations of (i) and (ii), the dimensions of plate 1
(Li=0.5m, b=1.0m, h; =3 mm) are kept fixed and the relevant dimensions of plate 2
are given by 11 Jlogarithmically spaced values between 0.316 and 3.16 times that for
plate 1. For (iii), the widths of the two plates are given by 11 logarithmically spaced
values between 0.316 L; and 3.16 L,. The DLFs considered for (iv) are 77; = 17, = 0.03, 0.1

and 0.3. In all the other cases, the same values of the DLF are used, 77; = 1, = 0.1.

The effective CLFs 7}, for the finite plates and the corresponding semi-infinite plate
results 77,.. are determined for these parameter variations. The results are plotted in terms
of the CLF ratio in dB between the effective CLFs for the finite plates and the semi-
infinite results, 10log,, (77” / 77,,00), in each case as a function of frequency. The results are
also plotted against the modal overlap factor given by equation (3.23), which depends on

the modal density, damping and frequency.
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Craik et al. [44] proposed that the fluctuations in the coupling are related to the fluctuations
in the point mobility of the receiving subsystems. However, it was found in Chapter 4 that
the modal behaviour of both the source and receiver subsystems affects the energy
transmission for two subsystems. In order to investigate which parameter is most
appropriate to represent the variability of the CLFs, the results are plotted against the
modal overlap factor for the source plate M|, that for the receiver plate M, and the
geometric mean modal overlap factor M, as used by Mohammed [43], My, = (M IMQ)I/Z.
Also shown, at low modal overlap, are estimates of the upper and lower bounds, equations
(3.38) and (3.39), as given by [44]. These are based on the appropriate value of modal

overlap factor, My, M, or Mi,.

5.2 Thickness ratio

The thickness of plate 1 (h; =3 mm) was kept fixed and the thicknesses of plate 2 were
given by 11 logarithmically spaced values between 3.16 and 0.316 times that for plate 1.
The parameters used in this set of calculations are summarised in Table 5.1. The damping
values of the two plates were constant at all frequencies, 77; = 77, = 0.1 so that, as a result,
modal overlap factors obtained from equation (3.23) increase with frequency (the modal
density of each plate n(w) is constant from equation (3.16), 77 is constant so M o= @). The
cut-on frequency, where wave propagation begins, was calculated by using equation (2.76)

and is listed in Table 5.1.

The effective CLFs were evaluated using the DSM and the semi-infinite plate results were

obtained from equation (3.17). The ratio (in dB) between the effective CLF and the semi-

infinite result, 10log,, (ﬁ,j/ 77;9@): obtained for different values of the thickness ratio is

plotted against frequency in Figure 5.1. The results below the lower of the first cut-on
frequencies have been excluded, as SEA assumptions would not be valid and it is
inappropriate to use an SEA approach. At low frequencies, the variability of the effective
CLFs is particularly large, while it generally reduces as frequency increases. The case of
hy = 9.49 mm, however, shows large variation at high frequencies due to the influence of

in-plane motion (see Figure 5.2).
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Table 5.1. Variants studied to show the effect of varying the plate thickness ratio fi/h;.

h hy L L, b
(mm) | (mm) | (m) | (m) | (m)
0316 | 3.00 | 949 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.0054 | 7.34 23.2
0.398 | 3.00 | 7.54 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.0068 | 7.34 18.5
0.501 | 3.00 | 599 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.0085 | 7.34 14.7
0.631 | 3.00 | 475 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.011 | 7.34 11.6
0.793 | 3.00 | 3.78 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.014 | 7.34 9.25

1.00 3.00 | 3.00 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.017 | 7.34 7.34
1.26 3.00 | 2.38 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.022 | 7.34 5.83
1.58 3.00 | 1.89 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.027 | 7.34 4.63
2.00 3.00 | 1.50 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.034 | 7.34 3.67
2.51 3.00 | 1.19 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.043 | 7.34 2.91
3.16 3.00 | 0.949 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.054 | 7.34 2.32

hy/. hy ni (CU) 712( 60) fcut—on, 1 fcut-on, 2

The first resonances for the two uncoupled plates, with either simply supported (F-S-S-S)
or clamped boundary condition (F-S-C-S) at the interface for the 11 variants (for
transverse order n = 1) were obtained from the frequency functions (i.e. (det (K))_I) of

the DSM models. The first resonance frequencies for the two uncoupled plates and the

first peak frequencies in 7, /1,,.. and 7,,/n,,. are listed in Table 5.2.

The first peaks in the CLF ratio correspond to the resonances of either the uncoupled
receiver or source plate, as discussed in Chapter 4. The first peaks of 10log,, (7, / Mo )
correspond to the first resonances of the uncoupled receiver plate (plate 2) with either
simply supported (F-S-S-S) or clamped boundary condition (F-S-C-S) at the interface,
listed in Table 5.2. Thus the first peaks apparently move to the left as the thickness of
plate 2 decreases, as seen in Figure 5.1 (a). The first peaks of 10log,, (7,,/7,,..) are found
to occur between the first cut-on frequency of the receiver plate (plate 1), 7.34 Hz, and the
first resonance frequencies of the receiver plate with either F-S-S-S or F-S-C-S, listed in

Table 5.2.
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Figure 5.1. CLF ratio, (a) 10log, (f,,/7,.) and (b) 10log,, (7}, /7,,..), for different

values of the thickness ratio (h,/hy) plotted against frequency; the thickness of plate 1 is
fixed (3 mm) and the thickness of plate 2 (in millimetres) varies from 9.49 to 0.949: ---,
9.49; -, 7.54; ", 5.99; -o-, 4.75; -a-, 3.78; -o-, 3.00; —, 2.38; -x-, 1.89; -0-, 1.50; -v-,1.19;
-+-, 0.949.
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Figure 5.2. The effective CLF, (a) 7, and (b) 7},,, for hi/h, =0.316 (the thickness of

plate 1 is 3 mm and the thickness of plate 2 is 9.49mm) plotted against frequency: —,

flexural motion only; ---, inclusion of in-plane motion.

Table 5.2. The first resonance frequencies obtained from the frequency functions (i.e.

(det (K ))ﬂl ), for the two uncoupled plates of the 11 variants of h)/h, (for transverse order

n = 1) and the first peak frequencies in 7}, /7,,.. and 7,,/7,,.. -

s Plate 1 Plate 2 By e | By 170
F-S-S-S | F-S-C-S | F-S-S-S | F-S-C-S
0.316 11.8 16.8 27.2 29.6 25 16
0.398 11.8 16.8 21.7 23.6 20 16
0.501 11.8 16.8 17.2 18.6 16 16
0.631 11.8 16.8 13.7 14.9 12.5 16
0.793 11.8 16.8 10.9 11.7 10 16
1.00 11.8 16.8 8.62 9.35 8.8 14
1.26 11.8 16.8 6.85 7.42 8.0 12.5
1.58 11.8 16.8 5.44 5.89 6.3 12.5
2.00 11.8 16.8 4.32 4.68 5.0 12.5
2.51 11.8 16.8 3.42 3.71 4.0 10
3.16 11.8 16.8 2.73 2.96 3.15 8.0
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Figure 5.3 shows the same results as Figure 5.1, but plotted now against three different
modal overlap factors. Also shown are estimates of the upper and lower bounds as given
by Craik ef al. [44]. These bounds are only shown for low modal overlap (M < 0.4), where

the upper bound is positive and the lower is negative.

The upper plots show the results plotted against the modal overlap factor of the source
plate. As the thickness of plate 2 decreases, the first resonance frequencies of the

uncoupled receiver plate decrease, and the first peak moves to the left when plotted
against M, (see Table 5.2 and Figure 5.3 (a) 10log,, (7, /,,..)). For 10log,, (71, /1,,..),

the first peak moves to the right, since the modal density of the source plate (ny(®)) is

inversely proportional to the thickness of this plate whereas the first resonance of plate 1 is
kept fixed (see Table 5.2 and Figure 5.3 (a) 10log,, (7721 / 772100)). Conversely, when plotted

against the modal overlap factor for the receiver plate, the peaks stay roughly fixed even
though the thickness of plate 2 varies (see Figure 5.3 (b)). This can also be identified from
the cut-on frequency (feuron) Of the receiver plate and its modal density, i.e. fouton o< /2 and
n(@) = 1/h; thus the cut-on frequency corresponds to a value of M that is independent of

h. The lower plots show the results plotted against the geometric average M.

At low modal overlap the CLF ratio, 10log,, (ﬁu / num), fluctuates considerably and most

results are seen to fall between estimates of the upper and lower bounds. The percentage

of values of 10log,, (7?” / 771100) falling between estimates of the upper and lower bounds

are discussed in the last section of this chapter.

Figure 5.4 shows the results in the form of the ratio (in dB) between the effective CLF and
the ensemble average result 77, ,,,, 10log,, (77,, / nwm). These results are shifted up at low

frequencies compared to the previous results since the ensemble average CLFs are smaller

than the semi-infinite results, as shown in Figure 3.2.
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Figure 5.3. CLF ratio 10log,, (ﬁ,.j / 77,~,~m) for different values of the thickness ratio (hi/h2)

plotted against the source, receiver and mean modal overlap factor; the thickness of plate 1
is fixed (3 mm) and the thickness of plate 2 (in millimetres) varies from 9.49 to 0.949: ---,
9.49; -, 7.54; ", 5.99; -0-, 4.75; -a~, 3.78; -0-, 3.00; —, 2.38; -x-, 1.89; -0-, 1.50; -v-,1.19;
-+-, 0.949; —, estimates of the upper and lower bounds from equations (3.38) and (3.39).

120



Chapter 5. Initial Parameter Investigation for the CLF

20

10 Iog10(n12/n12,ens) [dB re 1]
10 log,  (n,, /nm‘ens) [dB re 1]

; -20 :
107 107" 10° 10' 107 10” y 10 10

20

10109, 5y, /My, 4oe) [dB re 1]
10 [0910(1121 /nm‘ens) [dB re 1]

: . -0 . ,
2 -1 0 1 -2 —1 0 1
10 10 M 10 10 10 10 M 10 10

10log1o(n12/n12’ens) [dB re 1]
10log, o(n,, /ny, ) (0B re ]

20 = 0 1

! 10

-2 '—1 IO -2
10 10 M 10 10 10 10 " 10

(c) CLF ratio plotted against the geometric mean modal overlap factor [M2].

Figure 5.4. CLF ratio 10log,, (ﬁﬁ / ni,_em) for different values of the thickness ratio (h1/h2)

plotted against the source, receiver and mean modal overlap factor; the thickness of plate 1
1s fixed (3 mm) and the thickness of plate 2 (in millimetres) varies from 9.49 to 0.949: ---,
9.49; —-,7.54; -, 5.99; -0-, 4.75; -a-, 3.78; -o-, 3.00; —, 2.38; -x-, 1.89; -0-, 1.50; -v-,1.19;
-+-, 0.949; —, estimates of the upper and lower bounds from equations (3.38) and (3.39).
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5.3 Length ratio

The influence of the plate length ratio L;/L, on the effective CLF was investigated by
keeping the length of plate 1 fixed and giving the length of plate 2 each of 11
logarithmically spaced values between 3.16 and 0.316 times that for plate 1, as listed in
Table 5.3. The damping values of the two plates were constant at all frequencies
m =1, =0.1. As the thicknesses of the plates do not vary, the cut-on frequency for each

case is the same, since it is independent of the length of the plate.

Table 5.3. Variants studied to show the effect of varying the plate length ratio L/L,.

hi hy L, L, b
(mm) | (mm) | (m) | (m) | (m)
0.316 3.00 | 2.00 | 0.50 | 1.58 | 1.00 | 0.0085 | 0.040 7.34 4.90
0.398 3.00 { 2.00 | 0.50 { 1.26 | 1.00 { 0.0085 | 0.032 7.34 4.90
0.501 3.00 | 2.00 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.026 7.34 4.90
0.631 3.00 | 2.00 | 0.50 | 0.79 | 1.00 | 0.0085 | 0.020 7.34 4.90
0.793 3.00 | 2.00 | 0.50 | 0.63 | 1.00 | 0.0085 | 0.016 7.34 4.90

1.00 3.00 | 2.00 | 0.50 | 0.50 | 1.00 | 0.0085 | 0.013 7.34 4.90
1.26 3.00 | 2.00 | 0.50 | 0.40 | 1.00 | 0.0085 | 0.010 7.34 4.90
1.58 3.00 | 2.00 | 0.50 | 0.32 | 1.00 | 0.0085 | 0.0081 7.34 4.90
2.00 3.00 | 2.00 | 0.50 | 0.25 | 1.00 | 0.0085 | 0.0064 | 7.34 4.90
2.51 3.00 | 2.00 | 0.50 | 0.20 | 1.00 | 0.0085 | 0.0051 7.34 4.90
3.16 3.00 | 2.00 | 0.50 | 0.158 | 1.00 | 0.0085 | 0.0040 | 7.34 4.90

L/L, n(w) () fcut»on, 1 fcut-on, 2

The ratio (in dB) between the effective CLF and the semi-infinite result, 10log,, (ﬁlj /My ),

is plotted against frequency in Figure 5.5 for these variants. The results are only shown for
frequencies above the lower of the first cut-on frequencies, as described in Section 5.2. At
low frequencies, the variability of the effective CLFs is again large and then it gradually
reduces as frequency increases.

The first resonance frequencies for the two uncoupled plates of the 11 variants (for

transverse order n = 1) were obtained from the frequency functions (i.e. (det (K))_l) of
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the DSM models, as in the previous section. These resonance frequencies and the first

peak frequencies in 7}, /7,,.. and f,,/1,,. are also listed in Table 5.4.
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Figure 5.5. CLF ratio, (a) 10log,, (7, /7. ) and (b) 10log,, (A, /1, ), for different

values of the length ratio (L;/L,) plotted against frequency; the length of plate 1 is fixed
(0.5 m) and the length of plate 2 (in metres) varies from 1.58 to 0.158: ---, 1.58; —-, 1.26;
—, 1.0; ", 0.79; -0-, 0.63; -a-, 0.50; -o-, 0.40; -x-, 0.32; -0-, 0.25; -v-,0.20; -+-, 0.158.

123



Chapter 5. Initial Parameter Investigation for the CLF

The first peaks in the CLF ratio correspond to the first resonances of the two uncoupled
plates with either simply supported (F-S-S-S) or clamped boundary condition (F-S-C-S) at
the interface, as listed in Table 5.4. The first resonance of the uncoupled receiver plate
(plate 2) increases as the length of plate 2 decreases, whereas that of the source plate does

not vary since the dimensions of platel are kept fixed. The first peak in

10log,, (7712 / 7712m) (Figure 5.5 (a)) moves to the right as the length of plate 2 decreases

while the resonance frequency of the receiver plate is less than that of the source plate.
However, for the last three cases in Table 5.4, the resonance frequency of the receiver

plate is greater than that of the source plate, and it is the latter which determines the peak.
For the result of 101og,, (7}, /7,,.. ) in Figure 5.5 (b) the first peaks are roughly fixed at
12.5 Hz even though the length of plate 2 varies. When the length of plate 2 is much

smaller than that of plate 1, the first peak frequencies in 10log, (7},/7,.) and

10log,, (7, /1,,.. ) are the same (see the italic values in Table 5.4).

Table 5.4. The first resonance frequencies obtained from the frequency functions (i.e.
(det (K ))—l ), for the two uncoupled plates of the 11 variants of Li/L, (for transverse order

n = 1) and the first peak frequencies in 7, /7,,.. and 7, /1,,.. -

LiL Plate 1 Plate 2 o T | By 100
F-S-S-S | F-S-C-S | F-S-S-S | F-S-C-S
0.316 11.8 16.8 5.25 5.36 5.0 12.5
0.398 11.8 16.8 542 5.67 5.6 12.5
0.501 11.8 16.8 5.75 6.23 6.3 12.5
0.631 11.8 16.8 6.23 7.18 7.1 12.5
0.793 11.8 16.8 6.92 8.68 8.0 12.5
1.00 11.8 16.8 7.88 11.2 10 10
1.26 11.8 16.8 9.18 15.0 16 16
1.58 11.8 16.8 10.9 21.1 12.5 12.5
2.00 11.8 16.8 13.4 31.9 12.5 12.5
2.51 11.8 16.8 16.3 47.6 12.5 12.5
3.16 11.8 16.8 20.3 73.9 12.5 12.5
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The CLF ratio in dB is plotted in Figure 5.6 against the three different modal overlap

factors, My, M> and M),. Estimates of the upper and lower bounds are again shown for low

modal overlap (M <0.4). The CLF ratios plotted against M;, 10log,, (7, /7,.) in

Figure 5.6 (a) and 10log,, (7, /1,,..) in Figure 5.6 (b), are similar to the results plotted

against frequency in Figure 5.5 since the modal density of plate 1 is kept constant and the
frequency axis in Figure 5.5 is only replaced by M. The first peaks of the results plotted
against M, 10log,,(7,,/1,..) plotted in Figure 5.6 (a) and 10log,, (7, /7m,.) in
Figure 5.6 (b), move to the left as the length of plate 2 is decreased since the modal
density of plate 2 is proportional to the length of plate 2. The lower plots show the results

plotted against the geometric average M.

Note that the results of three of the 11 cases are outside bounds at the first or the second
peak by up to 10 dB. These are two cases where the lengths of plate 2 (L, = 0.63 m and
L, =0.50 m) are similar to that of plate I (L; =0.50 m) and the other case where the
lengths are dissimilar (L, = 1.26 m and L; = 0.50 m). It was found that the first resonance
frequencies of the two uncoupled plates are close to each other when the lengths of two

plates are similar (see the shaded values in Table 5.4) and the peaks in both

10log,y (73, /... ) and 10log,, (1, /1,,.. ) are large at the same frequency (see a and o in

Figure 5.5).

5.4 Length-to-width ratio

The influence of the plate length-to-width ratio L,/b on the effective CLF was investigated
by keeping the length of both plates fixed and giving the widths of both plates each of 11
logarithmically spaced values between 3.16 and 0.316 times the length of plate 1. The
damping values of the two plates were again constant at all frequencies 77, = 77, =0.1.
Table 5.5 below summarises the configurations investigated. The cut-on frequencies for

the two plates varied, as futon 1S proportional to 1/b°.
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Figure 5.6. CLF ratio for different values of the length ratio (Li/L,) plotted against the
modal overlap factor; the length of plate 1 is fixed (0.5 m) and the length of plate 2 (in
metres) varies from 1.58 to 0.158: -—-, 1.58; ——, 1.26; —, 1.0; ", 0.79; -o-, 0.63; -a-, 0.50;
-o-, 0.40; -x-, 0.32; -0-, 0.25; -v-,0.20; -+, 0.158; —, estimates of the upper and lower
bounds from equations (3.38) and (3.39).
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Table 5.5. Variants studied to show the effect of the plate length-to-width ratio L;/b.

Li/b ( nﬁ’;n) ( H}l’rzn) (g) (fnz) ( r’; y | m@ | () feuton, 1 fcut.oni
0316 | 3.00 | 2.00 | 050 | 1.00 | 1.58 | 0.013 | 0.040 | 2.94 | 1.96
0.398 | 3.00 | 200 | 050 | 1.00 | 1.26 | 0.011 | 0.032 | 463 | 3.08
0.501 | 3.00 | 2.00 | 0.50 | 1.00 | 1.00 | 0.0085 | 0.026 | 7.34 | 4.90
0.631 | 3.00 | 200 | 0.50 | 1.00 | 0.79 | 0.0067 | 0.020 | 11.7 | 7.81
0.793 | 3.00 | 200 | 0.50 | 1.00 | 0.63 | 0.0054 | 0.016 | 185 | 12.3

1.00 3.00 | 2.00 | 050 | 1.00 | 0.50 | 0.0043 | 0.013 | 294 | 19.6

1.26 3.00 | 200 | 050 | 1.00 | 0.40 | 0.0034 | 0.010 | 46.6 | 31.1

1.58 3.00 | 200 | 050 | 1.00 | 0.32 | 0.0027 | 0.0081 | 73.6 | 49.0

2.00 3.00 | 2.00 | 050 | 1.00 | 0.25 | 0.0021 | 0.0064 | 117 | 77.7
251 3.00 | 200 | 050 | 1.00 | 020 | 0.0017 | 0.0051 | 185 | 124

3.16 3.00 | 2.00 | 0.50 | 1.00 | 0.158 | 0.0013 | 0.0040 | 294 | 196

Figures 5.7 and 5.8 show, respectively, the results plotted against frequency and against

the various modal overlap factors, as in the previous sections. Estimates of the upper and

lower bounds determined from equations (3.38) and (3.39) are shown for low modal

overlap (M < 0.4).

As the width of the plate is varied, it affects the modal density, n < S (= L b), as well as

the cut-on frequency, feuron o< l/bz, of the source and receiver plate. Thus the peaks move

to the right for every case in Figures 5.7 and 5.8 as the width of the plate b is reduced.

The first resonance frequencies for the two uncoupled plates of the 11 variants of Li/b (for

transverse order n = 1) were obtained from the frequency functions (i.e. (det (K))ﬂl) of

the DSM models. The first resonance frequencies for the two uncoupled plates and the

first peak frequencies in 7, /7,,.. and 7},,/1,,. are listed in Table 5.6.

127



Chapter 5. Initial Parameter Investigation for the CLF

20 T T T

10!0g10(n12/n12w) [dB re 1]

-15r

_20 i i
10° 10’ 10° 10° 10
1/3 Octave Band Centre Frequency [Hz]

20 ¥ T T T

T

~
=)

R
I3

15

101 .

10Iog10(n21 /nmw) [dB re 1]
(=)

10 10’ 10° 10° 10
1/3 Octave Band Centre Frequency [Hz]

Figure 5.7. CLF ratio, (a) 10log,, (7}, /7,,..) and (b) 10log,, (7, /1,,.. ). for different values

of the length-to-width ratio (L/b) plotted against frequency; the length of plate 1 is fixed
(0.5 m) also plate 2 (1.0 m) and the width of the two plates (in metres) varies from 1.58 to
0.158: ---, 1.58; —-, 1.26; —, 1.0; =, 0.79; -o-, 0.63; -a-, 0.50; -o-, 0.40; -x-, 0.32; ~0-, 0.25;
-v-,0.20; -+-, 0.158.
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Figure 5.8. CLF ratio for different values of the length-to-width ratio (L/b) plotted against
the modal overlap factor; the length of plate 1 is fixed (0.5 m) also plate 2 (1.0 m) and the
width of the two plates (in metres) varies from 1.58 to 0.158: ---, 1.58; -, 1.26; —, 1.0;
""" , 0.79; -0-, 0.63; -a-, 0.50; -o-, 0.40; -x-, 0.32; -0-, 0.25; -v-,0.20; -+-, 0.16; —, estimates
of the upper and lower bounds from equations (3.38) and (3.39).
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Table 5.6. The first resonance frequencies obtained from the frequency functions (i.e.
(det (K ))_1 ), for the two uncoupled plates of the 11 variants of L,/b (for transverse order

n = 1) and the first peak frequencies in 7, /7,,.. and 7,,/7,,.. .

Lib Plate 1 Plate 2 AT | By T
F-S-S-S | F-S-C-S | F-S-S-S | F-S-C-S
0.316 6.59 12.9 2.76 3.46 3.15 3.15
0.398 8.69 14.3 3.92 4.51 4.0 4.0
0.501 11.8 16.8 5.75 6.23 6.3 12.5
0.631 16.5 20.7 8.69 9.06 8.0 16
0.793 235 27.1 13.1 13.5 12.5 25
1.00 34.5 37.3 204 20.6 20 31.5
1.26 51.0 53.3 31.3 31.5 40 50
1.58 76.7 78.6 48.4 48.5 50 80
2.00 123 123 78.8 79.0 100 160
2.51 188 189 122 123 125 250
3.16 298 299 196 196 200 315

5.5 Damping Loss Factor (DLF)

In the previous configurations only geometric factors were varied and so, to conclude, the
effect of damping is considered. The dimensions of the two plates (h; =3 mm, L; = 0.5 m,

hy=2mm, L, =1.0m, b= 1.0 m) are kept fixed and three different levels of the DLFs,
m = 12 =0.03, 0.1 and 0.3 are considered here.

The ratio (in dB) between the effective CLF and the semi-infinite result, 10log,, (ﬁi, / . ),

is plotted against frequency in Figure 5.9 for these three different levels of the DLFs. As

the DLFs of both plates increase, the variation in the effective CLF becomes small.
Figure 5.10 shows the CLF ratios, (a) 101og,, (9, /7,,..) and (b) 10log,, (7, /7,,.. ). plotted

against the geometric mean modal overlap factor, for the different DLFs. Estimates of the
upper and lower bounds are obtained from equations (3.38) and (3.39) and are shown by
thick solid lines. Since the modal overlap factor is proportional to the DLF, the lower
bounds increase and the upper bounds are moved to the right as the DLFs increase.
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Figure 5.9. CLF ratio, (a) 10log,, (%, /7,,. ) and (b) 10log,, (7, /7,,..), plotted against
frequency for three different levels of the DLFs: ---, 7=0.03; —, n=0.1; =, 7= 0.3. The

damping is the same in both plates.
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Figure 5.10. CLF ratio, (a) 10log,, (f,/7,,..) and (b) 10log,, (fl,,/1,,..) . for different

DLFs plotted against the geometric mean modal overlap factor My,: ---, 71=0.03; —,

n=0.1; ==, 7=0.3; —, estimates of the upper and lower bounds from equations (3.38)

and (3.39). The damping is the same in both plates.
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5.6 Discussion

In general, for modal overlap greater than 1, the variation in the effective CLF is small,
although the effective CLF does not always converge to that for the semi-infinite plate, as
the latter does not take into account the in-plane vibrations. At low modal overlap
(M < 0.4) the results fluctuate considerably and most are found to fall within the bounds
described in Section 3.6. Results at high modal overlap M > 0.4 are not covered by the
bounds proposed by Craik et al. The results show that some fluctuations remain in this

region also.

The percentage of the values falling within these bounds in Figures 5.3, 5.6, and 5.8 has
been investigated for M < 0.4. The results below the first cut-on frequency of either plate
have been discounted, as SEA assumptions would not be valid. The results are given in
Table 5.7. When the CLF ratio is plotted against the geometric mean modal overlap factor
M, this shows more consistent results (lower standard deviation) than when it is plotted

against the modal overlap factor for the source or receiver plate. Virtually all of the results

fall within the slightly wider range 7 / 3 < 7}, < 37max (estimates of the upper and lower

bounds * 5 dB), as listed in Table 5.8.

Table 5.7. The percentage of values of 10log,, (77,] / n,m) falling between estimates of the

upper and lower bounds of equations (3.38) and (3.39) when plotted against the modal

overlap factor for the source plate M;, that for the receiver plate M; and the geometric

mean value (MsMr)Uz.

Parameter M, M, (M Mr)”2

Thickness ratio 78 57 70
10log,q (7 /1;5..) Length ratio 76 81 77
Length-to-width ratio 75 38 52
Thickness ratio 49 70 60
101og,q (7, /1) Length ratio 65 78 74
Length-to-width ratio 32 68 52

Average 62.5 65.3 64.2

Standard deviation 18.4 15.8 11.0

(Unit: %)
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Table 5.8. The percentage of values of 10log,, (ﬁu / 77”00) falling between estimates of the

upper and lower bounds of equations (3.38) and (3.39) £5 dB when plotted against the
modal overlap factor for the source plate M, that for the receiver plate M, and the

. 1
geometric mean value (M;M;) 2

Parameter M M, (M Mr)” 2

Thickness ratio 98 98 98
1010gy, (1, / hs...) Length ratio 97 97 97
Length-to-width ratio 93 71 74
Thickness ratio 88 97 95
1010g;q (72,1 /7121..) Length ratio 92 97 9
Length-to-width ratio 62 95 84

Average 88.3 92.5 90.7

Standard deviation 13.4 10.6 9.63

(Unit: %)

There are two things under investigation here; one is the validity of Craik’s upper and
lower bounds and the other is to determine whether the variability in the CLF depends on
the modal properties of the source subsystem, the receiver subsystem, or both the source
and receiver subsystems. It appears from the results presented that Craik’s upper and lower
bounds are a useful indication of the variability in the CLF, although the most consistent
agreement occurs when the modal overlap of both subsystems is taken into account rather

than that of the receiver as proposed by Craik.

Since the ensemble average CLFs are lower than the semi-infinite results at low
frequencies, as shown in Figure 3.2, using the former instead of the latter may be more
appropriate for investigating the variability of the CLF. In the next chapter, the ratio
between the effective CLFs and the ensemble average results is examined in a further
study of the variability of the CLF, from which a new empirical model will be obtained to

quantify this variability.
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5.7 Conclusions

The results of extensive DSM simulations allow confidence intervals, as well as the mean
CLF, to be investigated. For modal overlap greater than 1, the variation in the effective

CLF is small, whereas at low modal overlap most of the results fluctuate considerably.

Craik’s upper and lower bounds are shown to be useful indications of the degree of
variability, although better agreement occurs when the combined modal overlap of the two
subsystems is taken into account, rather than that of the receiver as originally proposed by
Craik. However these bounds did not account for remaining variability when the modal

overlap is greater than about 0.4.

The variability in the effective CLF was found to depend not only on the modal properties

of the receiver subsystems but also on those of the source subsystem, as discussed in

Chapter 4.

The results of this chapter are dominated by variability caused by a very few low
frequency modes. Moreover, the parameter variations introduced also affect the modal
densities and modal overlap factors. In the next chapter therefore a modified strategy for

parameter variations is introduced the aim of which is to separate the various effects as

much as possible.
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CHAPTER 6

DEVELOPMENT OF AN EMPIRICAL MODEL FOR THE
VARIABILITY OF THE CLF

6.1 Introduction

The variability of the effective CLF was investigated in Chapter 5 by a preliminary set of
parameter variations for a two-plate system. The properties of both the source and receiver
plates were varied, but in each case, although the modal density was constant with
frequency, the modal overlap factor increased with increasing frequency. Moreover, the
use of one-third octave bands meant that the number of modes in a band also increased as

frequency increased.

The effective CLF was found to depend not only on the geometric and material properties
of the subsystems, such as thickness, length, width and damping, but also on frequency as
the modal overlap factor increased with frequency. However, the frequency, the
bandwidth, and the modal overlap factor were not varied independently. The results of
Chapter 5 showed the degree of the variability in the CLF but were not sufficient to

quantify this variability due to the complexities of those parameters.

In this chapter, the variability of the effective CLF is quantified by means of an in-depth
systematic parameter study. Two parameters which affect the variability of the CLF, the
average number of modes in a frequency band N and modal overlap factor M, are
considered as independent control parameters. In this, the effects of frequency and modal
overlap are separated by using frequency averages for a series of constant bandwidths

rather than 1/3 octave band averages.

In order to provide a more consistent basis for comparisons, independent of frequency, the

true ensemble average CLF 77, discussed in Section 3.5, is introduced [50]. The effective

1, ens?

CLF results are presented relative to this rather than the CLF derived from semi-infinite

plates, 77., which is biased for strongly coupled subsystems.

ijee
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These results are used to derive an empirical formula for the confidence interval of the
effective CLF in terms of the modal overlap factor and the number of modes in a
frequency band. This should subsequently allow confidence intervals in the SEA
predictions to be determined in an improved manner compared to the previously published

estimates (Mohammed [43] and Lyon and DeJong [33]).

Finally, statistical investigations are performed in order to review the statistical distribution

of the logarithmic ratio of the effective CLF to the ensemble average CLF and the

interdependence of 771, and 77,;.

6.2 Results for a baseline model
6.2.1 Constant loss factor

A model of two coupled aluminium plates (thickness 4, =3 mm and A =2 mm, length
Ly =0.5m and L, = 1.0 m, and width » = 1.0 m) was considered in the previous chapters

as a baseline model. This model has a modal density that is constant with frequency but

the modal overlap factor depended on frequency as the DLLFs were kept constant (77; =

17, =0.1).

The effective CLF ﬁ!j derived using DSM, the ensemble average CLF 7}, ens [50] and the

CLF obtained using semi-infinite plates 77,.. for this baseline model, have been shown in

Figure 3.2. These results were based on 1/3 octave frequency bands. The effective CLFs

fluctuated considerably relative to 77y .5 OF 77,., at low frequencies and the various results

all coincided more closely as frequency, consequently modal overlap, increased.

6.2.2 Constant modal overlap factor and frequency average CLF

In order to simulate a system with a constant modal density n(@) and constant modal
overlap factor M = nwn(w), for all frequencies, the DLF was chosen to be inversely

proportional to frequency, 7y = 7, o< 1/w. In the baseline model, the DLF is characterised
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by 77=1/f with f the frequency. This gives 7=0.01 at 100 Hz and 0.001 at 1 kHz. Below
3 Hz the DLF was limited to 0.3 to avoid it becoming too large. Above 3 Hz the
corresponding modal overlap factors have the constant values, M, = 0.053 and M, =0.16,

for the baseline model. Other values of damping will be considered later.

The response of a dynamic system becomes much smoother when a frequency band
average is taken. A one-third octave band average is typically used in acoustic analyses. In
this section, the frequency averaging effects for different frequency bandwidths have been
investigated. Firstly, narrow-band energies and powers were calculated for the two-plate
system discussed above using a DSM model with 1 Hz spacing up to 1 kHz. In this model
at least one frequency point lies within the half-power bandwidth 77f of each mode. The
plate energies were then averaged in overlapping bands with constant frequency

bandwidths (20, 40, 60, 100, 200 and 400 Hz) to provide a continuously varying curve.

The effective CLFs relating to these frequency bands <77U> were obtained from these

energies by a numerical experiment as defined in equation (3.13). < > denotes a frequency

averaged quantity. Rather than the semi-infinite plate results 77 _, used as a reference in

an’
Chapter 5, the ensemble average CLF [50] is used as a basis for comparison of the

effective CLFs obtained.

Figure 6.1 shows the effective CLFs calculated at 1 Hz spacing up to 1kHz and the
ensemble average CLF. Also shown, are estimates of the upper and lower bounds’,
2/zM and mM /2. These are obtained from the maxima and minima of the mobility
(equations (3.32) and (3.35)) given by Skudrzyk [59], as used in the formulae (equations
(3.38) and (3.39)) for CLF bounds given by Craik er al. [44, 52]. The bounds in Figure 6.1

were based on using the modal overlap factor for the source plate M, the receiver plate
M,, or the geometric mean values /M M, . It can be seen that the variation in the CLF is

considerably greater than that estimated from the bounds shown in this case. The

consistency relationship, nf),, = n,f,, , is not satisfied as also found in Section 4.2.5.

* [NB] These bounds are wider than Craik’s
(a) at the peaks because they are based on single modes
(b) at the troughs because the full expression is used rather than the two-mode

approximation.

137



Chapter 6. Development of an Empirical Model for the Variability of the CLF

0 200 400 600 800 1000
Frequency [Hz]

0 200 400 600 800 1000
Frequency [Hz]

0 200 400 600 800 1000
Frequency [Hz]

n21

10
1 O.6 A I
4 200 400 600 800
Frequency [Hz]
(a)
10'

1000

6 L
0 200 400 600
Frequency [Hz]

800

1000

0 200 400 600
Frequency [Hz]

(©)

800

1000

Figure 6.1. The effective CLFs 7, , the ensemble average CLF 7, ,,, , and estimates of the

upper and lower bounds, for the baseline model (77 = min(0.3, 1/f), M, = 0.053, M, =0.16).

—, the effective CLF; --, the ensemble average CLF; ---, upper and lower bounds

estimated from Skudrzyk’s bounds for mobility [59]: (a) Ms, (b) M, and (c) M M, .
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Next, the ratio of the frequency averaged effective CLF to the ensemble average CLF,

<ﬁi,. > / My, ens » Was determined. This is shown in decibel (dB) form in Figures 6.2 and 6.3 for

M2 and 7721 respectively. The mean over all centre frequencies, along with a range of 2
standard deviations (o) calculated in terms of the dB values, is also shown in each case.
Clearly, as the bandwidth increases the range £2 ¢ reduces, whereas the mean is close to
0 dB throughout. As the bandwidth increases, the average number of modes in a frequency
band, N, or N, also increases. This can be obtained from the modal density n{®) (equation
(3.16)) multiplied by the bandwidth Aw®. Figure 6.4 shows the values of 2¢ from
Figures 6.2 and 6.3 plotted against N;, N, and N, (as used by Mohammed [43]), where
N, = \[]VlZ—V'—; , i.e. the geometric mean value of N; and N,. The results of 2¢ for 77;, and

for 1,; show similar levels for a given frequency bandwidth and are shifted horizontally
by plotting against N, N, or Nj;. The combined measure N, therefore seems more

appropriate as it accounts for both plates. This is further discussed in Section 6.5.1.

In the remainder of the results in this chapter, constant bandwidth frequency averaging is

used and the frequency dependent DLF is used to make the modal overlap factor
independent of frequency. The subsequent results of 20 for 77y, and for 7, are plotted

against by the geometric mean value N,.

6.3 Parameter variation using DSM model

In this chapter a wide range of parameter variations is considered. This section summarises
the reasons for the cases considered. The parameters used in this chapter are summarised
in Table 6.1. Some of the values of plate thickness or length are listed below the table. The
values of the various parameters will be given in more detail in the following sections
along with the results. The revised baseline considered in Section 6.2.2 corresponds to the

case identified as ‘light damping’ in Table 6.1.
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Figure 6.2. Bandwidth effect on the mean and *+ two standard deviations (20) of the
logarithmic ratio of the frequency averaged effective CLF (ﬁu) to the ensemble average
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and (f) 400 Hz bandwidth.
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Figure 6.4. Two standard deviations (20) of 10log,, (<ﬁq > / '/7,,,%) for different frequency
bandwidths plotted against (a) Ny, (b) Ny, and (¢) Ny, the geometric mean of N, and N,
(hi =3mm, hy =2mm, 77 < 1/@ (17=min(0.3, 1/f), M, =0.053, M, =0.16): —, 20 for

Thas -——, 20 for 1.
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Table 6.1. Summary of parameter variations for L-shaped coupled plates.

Parameter Fixed Varied M; M, 12/,
(lijfzsggi LuLahihsb ol | . wf | =f | 10
hy=2mm) m(@), o @)

High damping Li,Lyhyhsb - n=n«<l/w 0.53 1.6 1.0
Medium damping | Li,Ly,h,h0,b - n=n<l/w 0.16 0.48 1.0
Light damping Ly,Lo,hsho,b - n=n,<l/®w | 0053 | 0.16 1.0
n>n, Lyi,Ly,hy,ho,b - n#En<lw | 0.53 0.48 0.30
7>, Ly, Lok hyb . n#En <o | 0.16 0.16 0.33
Ik, Lihy,b Lok, | n=n«<l/@w | 053 1.6 1.0
L/L,™? Ly, ,hab L, m=ne<l/w | 053 |25~032| 10
Li/b™ hyhy L,Lyb | n=n,«<l/w | 053 1.6 1.0

(*1) hi/hy: the thickness of plate 1 (3 mm) is fixed and the thickness of plate 2 is varied
from 9.49 mm to 0.949 mm (9.49, 7.54, 5.99, 4.75, 3.78, 3.00, 2.38, 1.89, 1.50,

1.19, 0.949 mm). The length L, is varied simultaneously to ensure constant N-.

(*2) Li/Ls: the length of plate 1 (0.5 m) is fixed and the length of plate 2 is varied from
1.58 mto 0.20 m (1.58, 1.26, 1.00, 0.79, 0.63, 0.50, 0.40, 0.32, 0.25, 0.20 m).

(*3) Li/b: the widths of the two plates are varied from 1.58 m to 0.20 m (1.58, 1.26, 1.00,
0.79, 0.63, 0.50, 0.40, 0.32, 0.25, 0.20 m). The lengths of the plates are varied
simultaneously to maintain the same areas and hence constant values of N; and
N,.

The variation of 77; and 77, subsequently produces constant values of M; and M>.

The modal density and modal overlap factor are related to the geometric and material
properties. The modal density of a simply supported uniform isotropic plate is approximated

as in equation (3.16). If the material properties are assumed to be constant, the modal

density is proportional to the area (length X width) [ thickness of the plate and it is
independent of frequency. Thus the modal overlap factor 77 @n(®) is in general dependent

on frequency as well as the geometric and material properties.

In the present chapter, in order to keep the modal overlap factors M; and M> constant for

all frequencies, the DLF is chosen to vary with frequency i.e. 77 o< 1/w. In most cases
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considered the DLFs of the two plates are assumed to be equal, and three different levels
of DLF (high damping 77 = 10/f, medium damping 7 = 3/f and light damping 77 = 1/f) are
considered to investigate the effect of damping. In this case, as 7, = 7, 772 /17: = 1.0. From
the definition of M, the modal overlap factor, and N, the number of modes in a frequency
band, 77,/77: is the same as M, N, / M, N,. These results are intended to show the effective

CLF and its variability due to frequency bandwidth and different levels of damping.

To investigate the effect of different damping levels for the two plates, whilst keeping the

modal overlap factors constant, calculations are also performed with the two plates chosen

to have different levels of damping whilst retaining 77 < 1/@. These were from high to
medium damping (772/77; = 0.3) and from medium to low (77,/77; = 0.33). The CLF 7y

corresponds to the opposite cases, so these are not considered separately.

Next, a series of systematic numerical simulations are performed covering extensive
parameter variations similar to those described in Chapter 5. The influence of these
parameters on the variability of the CLF is investigated by keeping the dimensions of
plate 1 fixed and giving the appropriate dimensions of plate 2 logarithmically spaced
values. However, when the thickness h, is varied, the length L, is also varied in order to
retain the same value of modal density. Similarly when the width is varied, the length is
adjusted to retain a constant area and hence constant modal density. The damping values
of the two plates are frequency dependent 77 o< 1/, in order to keep the modal overlap

factors constant, as before. The other parameters are the same as the baseline model.

6.4 Variability of the effective CLF

6.4.1 Two plates with same loss factors

Three levels of damping (characterised by 77 = 10/f, 3/f and 1/f with f the frequency) were
considered to investigate the influence of the modal overlap factor on the CLF. Since
M = 7, the ratio M, N1/ M, N,, was fixed as 1 for the three levels of damping. The
maximum damping was again limited to 0.3 at low frequencies as described in Section

6.2.2.
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Energies were calculated using the DSM model at 1Hz spacing. The effective CLFs were
determined using these energies averaged over frequency bands with bandwidths of 2, 4,

6, 10, 20, 40, 60, 100, 200 and 400 Hz in overlapping bands, as described in Section 6.2,

Then the logarithmic ratio of the effective CLF to the ensemble average, 10log,, (<77,] > / T ens ) .

was determined as already shown in Figures 6.2 and 6.3.

The range of two standard deviations (2¢0) was obtained over the whole frequency region
to express the variability of the effective CLF compared to the ensemble average, as
shown in Figures 6.2 and 6.3 for one level of damping. Figure 6.5 shows the values of 2¢
for the three levels of damping, plotted against Ny,. The uncertainty (20) increases as the
average number of modes in a frequency band reduces to about 1. Below this it reaches a
value that is independent of any further change in the frequency bandwidth or the number
of modes in a band. The value of 20 at low values of Ni, increases as the damping
reduces (i.e. as M; and M, reduce). Interestingly, the results for 7, and 77, are similar,
despite the values of M differing by a factor of 3. This justifies the use of the average

modal overlap M, considered below.

h1=3mm, /72=2mm, L1=O.5m, L2=1m, b=1m

10
10’ 1
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Figure 6.5. Variability of the CLF (20) for three levels of damping (771 = 772) as a function
of Ny as bandwidth is altered. —, high damping (M; =0.53, M, = 1.6); ---, medium
damping (M, = 0.16, M, = 0.48); —-, light damping (M, = 0.05, M, = 0.16). Circles denote
results for 7721, other results are for 7.
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6.4.2 Two plates with different loss factors

Using different damping values for the two plates whilst keeping the modal overlap
factors constant with frequency, the ratio M, Ny / My N, takes values other than 1. Three
damping values (high damping 7= 10/f, medium damping 7 =3/f and low damping
n = 1/f), were used in combination to give different damping values for the two plates:

high to medium and medium to low. Figure 6.6 shows the variability (20) of
10log,, (<771;; > / un L,m,) as a function of Ny, for these cases. Similar trends are found to those

in Figure 6.5. Again the results for 7712 and 7,; are similar in each case despite differences

in the damping of the two plates.

h1=3mm, h2=2mm, L1=O.5m, L2=1m, b=1m

10° —
10'
o
o,
©
[aY)
10°
107" : :
107 107~ 10° 10’ 102
N

Figure 6.6. Variability of the CLF (20) as a function of N, as bandwidth is altered. Modal
overlap factor constant for all frequencies, m#m,. —, m = 10/f, 1.=3/f; ---, =3/},

17, = 1/f. Circles denote results for 775, other results are for 7;,.

6.4.3 Variation of thickness ratio (h/h,) without varying modal density

To investigate the influence of the plate thickness ratio h1/h, on the variability of the CLF,

the thickness of plate I was kept fixed and the thickness of plate 2 was given 11
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logarithmically spaced values 3.16 between and 0.316 times that for plate 1, as listed in
Table 6.2. In order to maintain the same value for the modal density of plate 2, its length
was varied to compensate for the thickness, see equation (3.16). The damping values of
the two plates were varied with frequency in order to give constant values of the modal
overlap factor, as before. The highest of the three levels of damping was used here. The

other parameters were the same as for the baseline model.

The effective CLF and the ensemble average CLF for the 11 cases were calculated and
their logarithmic ratio, 10log,, (77 : /77,/’%>, in dB is shown in Figure 6.7 derived from

results at 1 Hz spacing up to 1 kHz. The results below 1.25 times the lower of the cut-on

frequencies of the two plates were excluded, as SEA assumptions would not be valid and

it is inappropriate to use an SEA approach. All of the results fall within £10 dB.

Table 6.2. Parameter values used for 11 variants with different values of the plate

thickness ratio A1/hs.

hl hz Ll LZ b
(mm) | (mm) | (m) | (m) | (m) n(w) | m(@ | M M,

0.316 3.00 9.49 0.50 | 474 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
0.398 3.00 7.54 0.50 | 3.77 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
0.501 3.00 5.99 0.50 | 2.99 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
0.631 3.00 4.75 0.50 | 2.37 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
0.793 3.00 3.78 0.50 | 1.89 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
1.00 3.00 3.00 0.50 | 1.50 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
1.26 3.00 2.38 050 | 1.19 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
1.58 3.00 1.89 0.50 | 0.944 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
2.00 3.00 1.50 0.50 | 0.749 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
2.51 3.00 1.19 0.50 | 0.594 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
3.16 3.00 0949 | 0.50 | 0474 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60

hi/hy
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Figure 6.7 (a)-(f). The logarithmic CLF ratio 10log, (7, /77; .. ) for different values of

hi/hy with constant modal overlap factors, My = 0.53 and M» = 1.6 (h, and L, are varied,

1 depends on frequency). —, 10log,, (7712/7712, em‘); ---, 10log,,, (ﬁ21/n21, ens ) .
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Figure 6.7 (g)-(k). The logarithmic CLF ratio 10log,, (ﬁlj /nij,ens) for different values of

hi/hy with constant modal overlap factors, My = 0.53 and M, = 1.6 (h and L, are varied,

n depends on frequency). —, 10log,, (ﬁ12/7712, eny ); ---, 10log,, (7721/7721, ens ) .
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The results were also determined using energies averaged over frequency bands (2, 4, 6,

10, 20, 40, 60, 100, 200, and 400 Hz) in overlapping bands. The two standard deviation

range (20) of 10log,, ((ﬁﬁ > /771.,.’ em,) was calculated in each case and a graph of 20 against

N,, is shown in Figure 6.8. The variability of the effective CLF is affected slightly by the
plate thickness ratio h;/h, but much more by the frequency bandwidth. The dependence on
the average number of modes in the band N,, has a similar form to those shown in
Figures 6.5 and 6.6. The results seem to be highest for either large or small values of the

thickness ratio h1/h; the results are lowest for h/hy = 1.

10 — 10 ‘ ;
(a) (b)
10" F 10"
g g |
o] ©
o (2]
10° 10°
1 1
10 . 10 .
1072 107 10° 10’ 10° 107 10" 10° 10’ 10°

Figure 6.8. Variability of the CLF (20), (a) for 17, and (b) for 77, for different values of
hi/h, with constant modal overlap factors, M = 0.53 and M, = 1.6 (h; and L, are varied, 77
depends on frequency). —, 9.49; ---, 7.54; ——, 5.99; ~, 4.75; -o-, 3.78; -, 3.00; -+-, 2.38;
-x-, 1.89; -o-, 1.50; -0-,1.19; -a-, 0.95 (A, in millimetres).

6.4.4 Variation of length ratio (L,/L,) with varying modal overlap factor

ratio

The influence of the plate length ratio L;/L, on the variability of the CLF was investigated
by keeping the length of plate 1 fixed and giving the length of plate 2 each of 10
logarithmically spaced values between 3.16 and 0.4 times that for plate 1, as listed in
Table 6.3. The damping was again chosen to be inversely proportional to frequency so that

the modal overlap factor for each plate was constant. Again the highest damping value
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was used. The modal overlap factor for plate 2 was constant for each calculation, but was

proportional to its length. The other parameters were the same as the baseline model.

Table 6.3. Parameter values used for 10 variants with different values of the plate length

ratio L/L,.

hl hz Ll Lz b
(mm) | (mm) | (m) | (m) | (m)

0.316 3.00 2.00 0.50 | 1.58 | 1.00 | 0.0085 | 0.040 | 0.53 | 2.53
0.398 3.00 2.00 0.50 | 1.26 | 1.00 | 0.0085 | 0.032 | 0.53 | 2.02
0.501 3.00 2.00 0.50 | 1.00 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
0.631 3.00 2.00 0.50 | 0.79 | 1.00 | 0.0085 | 0.020 | 0.53 | 1.26
0.793 3.00 2.00 050 | 0.63 | 1.00 | 0.0085 | 0.016 | 0.53 | 1.01
1.00 3.00 2.00 0.50 | 0.50 | 1.00 | 0.0085 | 0.013 | 0.53 | 0.80
1.26 3.00 2.00 0.50 | 040 | 1.00 | 0.0085 | 0.010 | 0.53 | 0.64
1.58 3.00 2.00 0.50 | 032 | 1.00 | 0.0085 | 0.0081 | 0.53 | 0.51
2.00 3.00 2.00 0.50 | 0.25 | 1.00 | 0.0085 | 0.0064 | 0.53 | 0.40
2.51 3.00 2.00 0.50 | 0.20 | 1.00 | 0.0085 | 0.0051 | 0.53 | 0.32

L/, nl(a)) nz(a)) M, M,

The effective CLF and the ensemble average CLF for the 10 cases were calculated and
their logarithmic ratio 10log, (7, /7, .., ) in dB is shown in Figure 6.9, for results
calculated at 1Hz spacing up to 1kHz. The results below 1.25 times the lower of the first

cut-on frequencies of the two plates were excluded, as in the previous section. All of the

results fall within £10 dB except for L, = 0.4 m where a single peak of 30 dB is seen.

The results were next determined using energies averaged over frequency bands (2, 4, 6,

10, 20, 40, 60, 100, 200, and 400 Hz) in overlapping bands. The two standard deviation
range (20) of 10log,, ((77,] > /nwm) was calculated and is shown plotted against Ny in

Figure 6.10. These results show that the variability of the effective CLFs depends
somewhat on the ratio of M| to M, introduced here by varying the plate length ratio L/L,.
The constant value of 2¢ for low Ny, is greatest when M;/M, =1 (~ in Figure 6.10) and
lowest when My and M, are most dissimilar. The resuit for L; = 0.4 m does not show up as

unusual when averaged over the whole frequency range.
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Figure 6.9 (a)-(f). The logarithmic CLF ratio 10log,, (ﬁu /nii,m) for different values of
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Figure 6.10. Variability of CLF (20), (a) for 11, and (b) for 775, for various values of L,.
—, 1.58; ---, 1.26; —-, 1.00; ", 0.79; -0-, 0.63; -x-, 0.50; -+-, 0.40; -+-, 0.32; -o-, 0.25; -0-,
0.20 (L, in metres).

6.4.5 Variation of length-to-width ratio (L,/b) without varying modal
density

The influence of the plate length-to-width ratio L;/b on the variability of the CLF was
investigated by setting the widths of the two plates to 10 logarithmically spaced values
between 3.16 and 0.4 times the baseline length of plate 1 (L; = 0.5 m), see Table 5.5. The
lengths of the plates are varied simultaneously to maintain the same areas, S; = 0.5 m” and
S, =1.0 m2, and hence constant values of N, and N,. The parameter values used for 10

variants are listed in Table 6.4.

The modal densities for the two plates were kept constant, by varying their lengths in
order to keep the area and hence the modal density fixed. The damping values of the two
plates were also made frequency dependent as before, in order to give constant modal
overlap factors. Again the highest damping value was used. The other parameters were the

same as the baseline model.

The effective CLF and the ensemble average CLF for these 10 cases were calculated and
their logarithmic ratio, 10log,, (ﬁl] /nij.en.s')’ in dB is shown in Figure 6.11, for results

calculated at 1 Hz spacing up to 1 kHz. The results below 1.25 times the lower of the first
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cut-on frequencies of the two plates were also excluded, as before. Most of the CLF ratios

fluctuated within £10 dB.

Table 6.4. Parameter values for 10 variants with different values of the plate length-to-

width ratio L,/b.

hy hy L L, b
(mm) (mm) (m) (m) | (m) | ™ (@ | m(w) | M M,

0.203 3.00 2.00 032 | 0.63 | 1.58 | 0.0085 | 0.026 | 0.53 | 1.60
0.318 3.00 2.00 040 | 079 | 1.26 | 0.0085 50.026 0.53 | 1.60
0.500 3.00 2.00 0.50 | 1.00 | 1.00 | 0.0085 | 0.026 | 0.53 | 1.60
0.798 3.00 2.00 0.63 | 1.27 | 0.79 | 0.0085 | 0.026 | 0.53 | 1.60
1.25 3.00 2.00 0.79 | 1.59 | 0.63 | 0.0085 | 0.026 | 0.53 | 1.60
2.00 3.00 2.00 1.00 | 2.00 | 0.50 | 0.0085 | 0.026 | 0.53 | 1.60
3.13 3.00 2.00 1.25 | 2.50 | 0.40 | 0.0085 | 0.026 | 0.53 | 1.60
4.88 3.00 2.00 1.56 | 3.13 | 0.32 | 0.0085 | 0.026 | 0.53 | 1.60
8.00 3.00 2.00 2.00 | 4.00 | 0.25 | 0.0085 | 0.026 | 0.53 | 1.60
12.5 3.00 2.00 2.50 | 5.00 | 0.20 | 0.0085 | 0.026 | 0.53 | 1.60

Li/b

The results were again determined using energies averaged over frequency bands (2, 4, 6,

10, 20, 40, 60, 100, 200, and 400 Hz) in overlapping bands. The two standard deviation

range (20) of 10log,, (<ﬁ” > /ﬂzz,en\) was calculated in each case and 20 is shown plotted

against N, in Figure 6.12. These results show that while the results are largely independent
of width b at low values of Nj;, as the bandwidth is increased considerable variations
occur. Especially, if the plates are narrow and long (o, ¢ in Figure 6.12), the variability of
the CLF is significant even for large values of Nj,. This can be seen in Figure 6.11 (i) and
(j) as systematic variations in the CLF ratio, especially below the second cut-on frequency

of plate 1 (470 Hz and 734 Hz).
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Figure 6.12. Variability of the effective CLF (20), (a) for 712 and (b) for 7,1, for different

values of b keeping plate areas and modal overlap factor constant. —, 1.58; ---, 1.26; —-,

1.00; ", 0.79; -o-, 0.63; -x-, 0.50; -+-, 0.40; -«-, 0.32; -o-, 0.25; -0-,0.20 (b in metres).

6.5 An empirical model for the variability of the effective CLF

6.5.1 The variability of the effective CLF for finite plates

All of the previous results covering the extensive parameter variations are next considered
together to establish appropriate parameters to describe the variability of the CLF and to
quantify its confidence interval. Although the results up to now have been given in terms
of 20 it is helpful at this point to work in terms of the variance, o”. Firstly the results for
o” of the logarithmic ratio of the frequency averaged effective CLF to the ensemble

average CLF are plotted against the number of modes per band for the source plate Nsource
or the receiver plate Nyeceiver, @8 shown in Figure 6.13 (a). The results with no frequency
averaging are plotted against the modal overlap factor for the source plate Myource OF the

receiver plate Mieceiver, a8 Shown in Figure 6.13 (b). No clear trend can be seen from these

results, although o tends to fall with increasing N or M.

Next the results for 6> are plotted against Ny, = \/W (the geometric mean number of
modes per band), as shown in Figure 6.14 (a). These results are slightly less scattered than
in the previous plot, Figure 6.13 (a). This result shows that the variability of the CLF o
has a nonlinear relationship with N, on log-log axes. The results for o~ are shown for the
cases with no frequency averaging in Figure 6.14 (b). These are plotted against
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Mz = (MM, (the geometric mean modal overlap factor). These non-frequency averaged

results show a linear relationship with Mj, on log-log axes; from the slope of this

relationship it is found that o™ is inversely proportional to M.

The values of ¢” for low N, are independent of N, (see also Figures 6.5, 6.6, 6.8, 6.10

and 6.12) and are thus similar to those for no frequency averaging. By multiplying all data

points in Figure 6.14 (a) by Mj,, the results collapse to a similar level at low values of Nj,.
However it is found necessary also to shift the curves horizontally by a factor of 1//M,,

to collapse them to a single data set.
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Figure 6.13. ¢~ of 10log,, (<771, > /nem) for all sets of data plotted against (a) Nource and
Nrecever When the effective CLFs are averaged over frequency bands (2, 4, 6, 10, 20, 40,
60, 100, 200, and 400 Hz) and (b) Miource and Mrecever When no frequency averaging is

performed. Crosses denote results for 77;, and circles denote those for 77,;.
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400 Hz) and (b) M1, when no frequency averaging is performed. Crosses denote results for

112 and circles denote those for 77;.
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The result is shown in Figure 6.15 in which 6’M,, is plotted against N, /M 12 - A formula

has been established to fit three curves to the data in Figure 6.15: ¢°M,, =———Z—-
1+bN,,/M,,
where a and b are constants for the three curves. Dividing through by M,, these can be

expressed in the form

2 a
0" = (6.1)
M, +bN;,
The first and third curves are fitted approximately as the minima and maxima of the
ordinate value 2M, as a function of N7, /M,, while the second curve corresponds to a

line roughly through the centre of the data. The values of a and b are listed in Table 6.5.

10 T T T T
|
T _ Curve 3
10 e
Curve 2
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~ 10k 5 Curve 1
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AN =
©
10_1 3 k!
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10
107 10°

Figure 6.15. 6°M,, plotted against N, /M]2 and three curves produced to quantify the

variability of the CLF.

Using each of these curves rather than the original data points, a predicted confidence

interval (£20) for 10log,, ((ﬁ)/ nm) is determined for each pair of plates represented. In
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each case by comparing the DSM predictions with this predicted confidence interval, the
percentage of frequency points falling inside this interval has been determined. Taking the
average over all plates considered, it was found what confidence level each of the
formulae represented. These are listed in Table 6.5. Of these, the second curve represents a

97.2% confidence interval for all sets of data and appears a suitable model.

Table 6.5. Percentage of points falling within +2¢ limits defined by ¢ = ———— for
M, +bN},

all sets of data.

Curve a b Confidence interval (%)
1 4 1/6 82.3
2 9 1/16 97.2
3 16 1/36 99.7

6.5.2 New parameters to include cases of coupled finite and infinite

plates

In order to apply the above concepts to the results for an infinite plate coupled to a finite
plate (see Section 4.4) or a finite plate coupled to an infinite plate (see Section 4.5), the
two parameters, My, and Ny, cannot be used since the number of modes and modal
densities for an infinite plate tend to infinity. The CLF ratio for a model with an infinite
receiver plate and upper and lower bounds (+20) obtained from equation (6.1) (with
constants, ¢ = 9 and b = 1/16) but using 2M; and 2N, instead of M;, and Ny, are shown in
Figure 6.16 (a). Figure 6.16 (b) shows the results of an infinite source plate coupled to a
finite receiver plate for n =1 along with bounds obtained from 2N, and 2M,. The CLF
results for the two semi-infinite plates with finite width 7,,_ is used as a reference. In both
cases these give reasonable upper and lower bounds for the CLF for those models.
Therefore, instead of M), and Ni,, new parameters are sought which tend to 2M,; when

M, — oo, 2M, when M, — o but are close to My, for M, =M, .
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Figure 6.16. The effective CLFs and upper and lower bounds (¥20) for (a) a finite plate
coupled to an infinite plate and (b) an infinite plate coupled to a finite plate for n=1. —,

10log,, (5 /M;5.. )s -, upper and lower bounds obtained from equation (6.1) with a=9

and b = 1/16 using 2M; and 2N; or 2M; and 2N, instead of M|, and Ni».

A new ‘combined’ modal overlap factor is therefore proposed, given by

2M M
comb = . 2 . (62)
M +M,

It may be noted that this satisfies M, =M,, for M, =M,, Mcomp = 2M; for M, — oo,

and Mcomp = 2M, for M, —> oo

Similarly a new ‘combined’ number of modes in a band is proposed, given by

comb = 2N1N2 (63)
N +N,
which satisfies N, =N,, for N, =N,, Nemp =2N; for N, — oo, and Neomp = 2N, for

comb

N, = . Equations (6.2) and (6.3) are equivalent to the following relationships:

- %(_1“ + 'L) and L. l(—l- + --1—] and thus reflect the fact that the smaller

M., 2\M M, N, 2| N, N,

comb comb

of the two values of N or M dominates the variability of the CLF.

Figure 6.17 shows Neomp /N1 and Neomp /N, plotted against Np /Ny. These are compared with

Ni2/Ny and Ny/N,. This plot shows that two values Neomp and N are close when

163



Chapter 6. Development of an Empirical Model for the Variability of the CLF

N, ~N, . The same plots also apply to Mcomp, etc. The values of N,/N; and M,/M,

considered in the parameter variations in Section 6.4 are limited to the range 0.6 to 4.74.

10’ 10

:
0 1 2 -2 -1

N WA,
Figure 6.17. Neomp/N and Ni, /N plotted against N, /Ny. (a) =, Neomn/Ni; ---, Ni2/N; and
(b) =, Neomp/N2; -, N12/N>.

6.5.3 Derivation of empirical model

Using the same method as Section 6.5.1, a similar result is shown in Figure 6.18 in which
o’M,,, is plotted against N2, /M_. . Similarly, a formula has been established to fit

c
where ¢ and d are

three curves to the data in Figure 6.18: oM comb = 5
1+ dN

comb

/M

comb
constants for the three curves. Dividing through by M, these can be expressed in the

form

C
O = AN (©4)

comb

comb

As above, the confidence intervals represented by each of these curves have been
determined from the whole set of DSM results and from the results excluded the last two
cases (the long narrow cases) in Table 6.4. These are listed in Table 6.6. If the long narrow
cases are removed from the calculation, the percentage goes up slightly. Of these, the
second curve is adopted as the ‘empirical model’ for the variability of the CLF:

o = 6 6.5)
Mcomb +N mb/l6

(&)
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This represents a 95.7% confidence interval for all sets of data which are considered. It
should be noted that this set covers the range of aspect ratios of 0.2 ~ 12.5 for one plate
and 0.2 ~ 25 for the other plate. This model can be generally used to evaluate the
uncertainty of the CLF of a two-coupled plate system at least within these limits. It is a
refinement of the model in the previous section, that can now also be used to cover

situations where one plate is infinite in length. However, it may be expected to fail if the

plates become infinitely wide.

10
]
10’
Curve 3
g Curve 2
2 0
£ 10
g Curve 1
=
o =
©
107"k
-2
10 : ' :
107 1072 10° 10° 10* 10°

comb/Mcomb

Figure 6.18. 0°M,, plotted against Nfomb / M, . and three curves produced to quantify

the variability of the CLF.

Table 6.6. Percentage of points falling within +o and +2¢ limits defined by

= ¢ for all sets of DSM results and for the results excluded the last two

M. +dN?

comb comb

cases (the long narrow cases) in Table 6.4.

All sets of data Excluding the long narrow cases
Curve c d
to 20 o 20
1 3 1/6 50.9 80.1 51.4 80.6
2 6 1/16 73.4 95.7 74.0 96.1
12 1/36 90.1 99.6 90.6 99.7

165



Chapter 6. Development of an Empirical Model for the Variability of the CLF

6.5.4 Comparison with previously published models

A similar investigation for two coupled plates, in which only the plate length ratio Li/L,
was varied, was performed by Mohammed [43]. He suggested a semi-empirical formula,
2

(m.)

where ¢ is the variance of the CLF, <77U> is the mean value of the CLF and ¢ is a

=log,,c+1.3log,, M, +1.25log,, N,, (6.6)

constant which was determined by plotting the different sets of data and performing best

straight line fits on log-log axes.

The current results, displayed in Figure 6.18, have been converted into the form used in
Mohammed’s model and are plotted in Figure 6.19. This graph shows that the current
results cannot be represented by a straight line as suggested by Mohammed. Also the
present data set far exceeds the number of configurations previously used [43]. The

present model therefore seems more appropriate.

3 X T T T T T
x %
%
%
S 1
A
e % x
(& x x Xx
° B X x X%
g S A ]
x x x
g TR T K x
= o "f“ &%%w x X%
© x X x% X x X %
> E §)§ ¥ By X
- OF x < BXE ’% i S -
(]
% ¥ 0% 2 ’%gigg
%
g 1% x X ;: g )232? x*iXxx
S 1L X X ~Xx! |
Z A L
2 % 3;: %
I %
- x
-2 ; -
_3 1 L 1 i i
-3 -2 -1 0 1 2 3

1.3 5125
LC)910(/\/,12 N12 )

2
Figure 6.19. The normalised variance 7 plotted against (M,,)'*(N,,)'” based on the

()

Mohammed’s formula [43].
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A general formula for the normalised variance in the CLFs is given by Lyon and DeJong

[33],

o |_ 1 (v') (v) (6.7)
<7711 >2 71'60{771”1 (Cl))+ Thit, (a))}+ Aw{nl (a))+n2 (a))} <W12>2 <l//22>2

where Aw is the frequency spacing and ¥, and ¥, are the mode shapes of subsystem 1
and subsystem 2. If the data is taken in 1/3 octave bands and each plate is assumed to be

simply supported, equation (6.7) is approximated by

o | 81
]| e @ @ @@l

The logarithmic CLF ratio 10log,, (ﬁlZ/ Ths, m) obtained from the DSM for the baseline

model used in Chapter 4 was compared with the upper and lower bounds obtained from
120 estimates based on the empirical model of equation (6.5) and based on equation (6.8)

and these results are plotted in Figure 6.20.

20

15 t

101

1010910 (1112/n12,ens) [dB]
o

=10y

—15f

-20 ‘ ' :
0 ! 10° 10 10*

0
1/3 Octave Band Centre Frequency [Hz]
Figure 6.20. Comparisons of the logarithmic CLF ratio 10log,, (7712 /7712,6,”) for the
baseline model obtained from the DSM with the upper and lower bounds based on the
empirical model and equation (6.8). —, DSM result; ---, £2¢ estimate obtained from

equation (6.5); =, 10log,, (1 + 20‘/ <7712>) estimate obtained from equation (6.8).
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This shows that the DSM result calculated in 1/3 octave bands falls within the upper and
lower bounds obtained from the empirical model proposed in this chapter over the whole
frequency range. The result from equation (6.8) represents a good upper bound, whereas

the lower bound is very low and it is not applicable at low frequencies because values

inside the logarithm, 1— 2(7/ <7712>, become negative below 200Hz. Strictly the distribution

considered by Lyon and DelJong is not normal so that the 95% confidence interval is not

simply +20. However this has not been pursued further here.

6.5.5 Comparison with previous calculations

The results of the effective CLF found in the previous parameter variations, as described
in Chapter 5, have been compared to the estimates of the confidence intervals based on
equation (6.5). These results were in 1/3 octave bands and covered variations in thickness

ratio, length ratio, and length-to-width ratio. The logarithmic ratio of the effective CLF to

the ensemble average 10log,, (ﬁU /774 m) was determined and these results are shown in

Figure 6.21.

These +20 estimates give better upper and lower bounds for the effective CLF than
Craik’s model considered in Chapter 5. The deviations at high frequencies in
Figure 6.21 (a) are due to in-plane motion included in the DSM model but not in the
ensemble average, as discussed in Section 5.2 (see Figure 5.2). The results for three cases
(L, =1.26, 0.5, 0.4m) exceed the upper bound at low modal overlap as shown in
Figure 6.21 (b). These peaks correspond to the first resonance of the receiver plate
investigated in Table 5.4. However, they exceed the present bounds by less than they
exceeded Craik’s bounds in Figure 5.6, even though the present figure is based on the

ensemble average which will tend to increase the CLF ratio at low frequencies.
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Figure 6.21. Logarithmic CLF ratio 10log,, (ﬁu /771,,6,”) obtained from Chapter5 and

plotted against M, results in 1/3 octave bands. (a) varying thickness ratio, (b) varying

length ratio, and (c) varying length-to-width ratio. ---, 10log,, (ﬁu/nn,em.) ;T
10log,, (7721/7721, ens ) v

+20 estimate based on equation (6.5).
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6.6 Statistical investigation of CLF

6.6.1 Tests for normal distribution

If a population of data is normally distributed, the probability distribution function is a
bell-shaped curve which is symmetric with respect to the mean and the cumulative
frequency function is an S-shaped curve. The Chi-square test, often called * goodness of
fit test, can also be used to check whether data is normally distributed. An alternative test
often used as a supplement to the ¥ test is to study the skewness, which is a relative
measure of the symmetry of the distribution function. The kurtosis, a higher order
statistical moment, is another measure of the shape of a distribution. This is a measure of
flatness or peakedness of the distribution. For a normal distribution one expects the

skewness to be 0 and the kurtosis to be equal to 3.

In this section these various tests are applied to the logarithmic ratio of the frequency
averaged effective CLF to the ensemble average CLF. If this is normally distributed, the
distribution of the CLF is said to be log-normal. The probability distribution function is
investigated for two cases. These correspond to averaging over 20 Hz and 200 Hz
bandwidths for the baseline model, as shown in Figure 6.1. Figure 6.22 shows the

probability distribution function and cumulative frequency function for the former case.
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Figure 6.22. The probability distribution of the logarithmic CLF ratio 10log, ({7, ) /71, u )

averaged over 20 Hz frequency bands: (a) relative frequency and (b) cumulative relative

frequency.
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These functions resemble those for a normal distribution, but this needs to be determined

by a test of normality. Similarly Figure 6.23 shows the results for the 200 Hz averaging.
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Figure 6.23. The probability distribution of the logarithmic CLF ratio 10l0g, (7, ) /7w )

averaged over 200 Hz frequency band: (a) relative frequency and (b) cumulative relative

frequency.

A Chi-square test for the hypothesis that the population for the 20 Hz bandwidth results is
normal is shown in Table 6.7. In the table, x; is the dB interval of the sample, @ are the

values of the distribution function obtained from a statistical table [90], p; is the probability
of a sample occurring in the interval, b; is the number of sample values in the interval, ¢; is

the theoretically expected number in the interval if the distribution was normal, and
X

(%o )i2 = (bj —e, )z/ei . The overall value ¥, is given by > (% )j2 . ¢ is the value of the
‘ : ~ ~

Chi-square distribution obtained from a table [90] with the given values of the distribution

function and number of degrees of freedom K-1, where K is the number of intervals. As

on > ¢, the hypothesis is rejected.

A Chi-square test for the 200 Hz frequency band results is shown in Table 6.8 and the

result also rejects the hypothesis that the population is normal.
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Table 6.7. A Chi-square test for the logarithmic CLF ratio 10log,, (<ﬁ A > /77,,,%) averaged

over 20 Hz frequency bands. Mean g =0.82, standard deviation o= 3.84, number of

samples n = 973, and degrees of freedom = 8.

X, ~H (I)(X’ _'u\ e, =np, b, (Xo)z

o L) |

0. -6 | o ..-1.77 | 0.0000 ... 0.0384 37.36 50 | 427

6.4 | -1.77...-1.25 | 0.0384 ... 0.1056 65.39 52 | 274

4.2 | -1.25...-0.73 | 0.1056 ... 0.2327 123.67 145 | 3.68

2 ... 0 | -073..-021 | 02327 ... 04168 179.13 168 | 0.69

0.2 [-021..031 04168 ...0.6217 199.37 183 [ 1.34

2 ... 4 | 031..083[0.6217...0.7967 170.28 155 | 1.37

4.6 | 083..135]0.7967...09115 111.70 117 | 025

6.8 | 135.. 187 [09115...0.9693 56.24 77 | 7.66

§ ..o | 1.87... o |0.9693...1.0000 29.87 26 | 0.50
2

o = i o) 22.5, ¢ =15.51 as the solution of P(x’ <c)=95%.

Table 6.8. A Chi-square test for the logarithmic CLF ratio 10log,, (<77,/ > /77%%) averaged

over 200 Hz frequency bands. Mean g =-0.21, standard deviation o= 0.62, number of

samples n =793, and degrees of freedom = 6.

. X, —u @(XI—/U] e, =np, b, (Xo)i
o (o}

-0 ... -1.5 -0 ...-2.08 | 0.0000...0.0188 14.91 13 0.24
-1.5...-1.0 | -2.08...-1.27 | 0.0188 ... 0.1020 65.98 85 5.48
-1.0...-0.5 | -1.27...-0.47 |0.1020... 0.3192 172.24 159 1.02
-05... 0] -047... 0.34 |0.3192...0.6331 248.92 238 0.48

0... 05 0.34 ... 1.15 |0.6331...0.8749 191.75 190 0.02

05... 1.0 1.15... 1.95 |0.8749 ... 0.9744 78.90 99 5.12

1.0... oo 1.95... oo 0.9744 ... 1.0000 20.30 9 6.29

on = 18.65, ¢ = 12.59 as the solution of P(x2 < c): 95% .
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As a result of the Chi-square test for the logarithmic CLF ratio 10log,, ((ﬁ,,)/ ;. ens)

averaged over the 20 Hz or 200 Hz frequency bands, the probability distributions for the

two cases appear not to be a normal distribution.

As a supplement to the Chi-square test, the skewness and kurtosis are considered. A

measure of the amount of the skewness in a population is given by Snedecor and Cochran

[91]

N
Z(xj "ﬂ)s/N
y, =22 p (6.9)

where x; is the sample value, / is the sample mean, N is the number of samples, and o'is
the standard deviation. The term (xj - ,u)3 in the numerator of equation (6.9) is called the

third moment about the mean. For a normal distribution, the skewness ¥ is zero. If y; is
positive, the distribution has extreme values in the upper half of the frequency distribution

curve and the distribution is positively skewed or skewed to the right [92].

The kurtosis is given by [91]

E(X_i-ﬂ)4/N
¥, =L : (6.10)
o}

N
j=

The term (xj - y)4 in the numerator of equation (6.10) is called the fourth moment about

the mean. For a normal distribution, the kurtosis ¥, is 3, i.e. 2 —3 =0. If ¥, is greater than

3, the distribution is peaked. If 9 is less than 3, the distribution function has a flatter top

than the normal.

Figure 6.24 shows the skewness and kurtosis for the logarithmic CLF ratio,
10log,, (<ﬁ12> /7712, em,) or 10log,, ((7721}/ 7721,””). This is plotted against the bandwidth used

in frequency averaging (from 10 Hz to 400 Hz) for all datasets of parameter variations as

described in Section 6.4. All results of the skewness lie between -2 and +2. The mean

value of the skewness for the logarithmic CLF ratio is —0.11 for both 10log,, ((7712)/ Tha. em‘)

and 10log,, (<ﬁ21>/ 7721,6,,‘\,). This means that the distribution of the data is slightly negatively
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skewed from their mean value. The standard deviations of the skewness are greater than

the expected value for a normal distribution as given by [91], \/6/N =0.15 where N

(= 252) is the number of samples.

101G, (<1, 211y, ) 10i0g, o(<n, >, o)
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Figure 6.24. Skewness and kurtosis for the logarithmic CLF ratio, 10log,, (<ﬁ12 >/ o, en.\') or
10log,, (<ﬁ21> /7721, m), plotted against frequency bandwidth from 10 Hz to 400 Hz for all

datasets of parameter variations: (a) skewness and (b) kurtosis.
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The mean values of y,-3 for the logarithmic CLF ratio, 10log,, ((7712)/7712, m\,) and

1010g,, ({71 )/, ens ) are =0.32 and —0.38. This means that the distribution of the data
has a slightly flatter top compared to the normal. The standard deviations of >3 are

greater than the expected value for a normal distribution as given by [91], /24/N =0.31.

As a result of the Chi-square test, skewness and kurtosis, the CLF ratios in dB, either
10log,, (<ﬁ12>/ Mo, e,,s) or 10log,, ((7721 >/772Lm,), are unlikely to be normally distributed.

Nevertheless, they are not greatly different from normal and for simplicity normal

distributions will continue to be assumed.

6.6.2 Test for interdependence of CLFs

In the empirical model above, the variability of 77;2 and 77,; has been considered without
regard to their interdependence. In this section the degree to which the two variables, 7712

and 77,1, are linearly related is investigated. For this purpose, a normalised variance ratio is

defined by Gj‘/ (6,,0,) , where o, is the variance of the difference between

10log,, ({7, )/, ) and 10log,, ((1,)/M,.... ) and 012 and 2y are the standard deviations

of the two logarithmic CLF ratios respectively.

Figure 6.25 shows the variance ratio, o / (0,,0,,), for the four groups of results obtained
from the parameter variations described in Section 6.4: (a) results for three different levels
of damping (7, = 7,) and for two sets of unequal damping (731 # 772), (b) results for 11
different thickness ratios (hi/hy), (c) results for 10 different length ratios (Li/L,) and (d)
results for 10 different length-to-width ratios (Li/b). In each case o, /(0,,0,,) is plotted
against the ‘combined’ number of modes in a band Neomp, as defined in equation (6.3). If

they are dependent on each other the variance ratios should lie well below 1 but in some

cases in Figure 6.25 (d) they are greater than 1. The variance ratio for all datasets is shown

again in Figure 6.26 (a).
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Figure 6.25. Variance ratio o, /(0,,0,,) for four groups of results from the parameter

variations: (a) results for three different levels of damping (77; = 772) and for two sets of
unequal damping (77; # 172), (b) results for 11 different thickness ratios (hi/h,), (c) results
for 10 different length ratios (Li/L;) and (d) results for 10 different length-to-width ratios

(Li/b), plotted against the combined number of modes Neomp.

Another parameter that can be used is the correlation coefficient given by [91]

p= COov. . (6.9)
01,0

The numerator of the correlation coefficient is the population covariance of the two

variables, given by [91]

cov, = 2K -M;_v)(Xm ) (6.10)
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where X, and X are the two variables, i.e. 10log,, ((7712)/7712, M) and 10log,, ((7?21 >/ 7721.em)a

and f, and g, are their sample means. The covariance of the two variables is zero when
they are independent of each other. The correlation coefficient is a non-dimensional

number that lies between —1 and +1. It is shown in Figure 6.26 (b).
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Figure 6.26. (a) The variance ratio o /(0,,0, ) for all cases of parameter variations

plotted against Neomp and (b) correlation coefficient, covariance/(0i20;), plotted against
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If the absolute value of the correlation coefficient is close to unity, the two variables will
show a straight line or an ellipse in a scatter diagram in which one variable is plotted
against the other. Conversely there will be no clear relationship between them if the

absolute value of p is less than about 0.5 [91].

Most of the correlation coefficients in Figure 6.26 (b) are positive and close to unity
indicating that in these situations 771, and 77,; are well correlated. Cases 1-4, marked as
circles in Figure 6.26, were identified as being extreme values in the correlation coefficient
as well as in the normalised variance given in Figure 6.26 (a). Cases 1 and 3 correspond to
low variance in the difference, while the corresponding correlation coefficients show a
high level of correlation, fairly close to unity. Conversely cases 2 and 4 correspond to high
variance in the difference, with case 2 showing apparently poor positive correlation whilst
case 4 shows slight negative correlation; large values of one variable are associated with
small values of the other variable. These are better understood by inspection of the
corresponding values of the coupling loss factor, plotted against each other and separately

against frequency, as shown in Figures 6.27-6.30.

Figure 6.27 shows the CLF ratios in dB, 10log,, ((7712)/7712, em.) and 10log,, ((7721 >/772Lm)

for case 1 (hy=3mm, Ap=2mm, L;=032m, L, =0.63 m, b=1.58m, no frequency
averaging). These are plotted against each other (a) and against frequency, (b) and (c). The
results appear reasonably correlated when 771, is plotted against 77, i.e. the results lie
mostly on a diagonal line. When plotted against frequency they appear to have some

similar fluctuations, although with detail differences.

Figure 6.28 shows the results for case 2 (4; =3 mm, iy =2 mm, L;=2.5m, L, =5.0m,
b=0.2m, no frequency averaging). These are also plotted against each other (a) and
against frequency, (b) and (c). These appear uncorrelated when 77, is plotted against 772;.
The CLF ratio versus frequency appears correlated above approximately 734 Hz. This is
the cut-on frequency of plate 1 for transverse order n = 2. Below that frequency there are
systematic differences. It may be noted that these plates are very narrow and are

effectively one-dimensional at low frequencies. Here the results 77,,, are not reliable.
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Figure 6.27. Logarithmic CLF ratio for case | (& =3 mm, hy=2mm, L; =0.32m,
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Figure 6.29 shows the results for case 3 (A =3 mm, A, =2 mm, L; =0.5m, L, =0.79 m,
b =1.0m, 100 Hz bands averaging), plotted against each other (a) and against frequency,
(b) and (c). The result of 7;5 versus 7,; shows very good correlation with most points on a
diagonal within a narrow band. 771> and 77,; plotted against frequency are very similar

curves.

Figure 6.30 shows the results for case 4 (hy =3 mm, Ay =2 mm, L;=2.5m, L, =5.0m,
b =0.2 m, 100 Hz bands averaging), plotted against each other (a) and against frequency,
(b) and (c). The result of 775, versus 77;; shows ‘intermediate’ (not poor or good)
correlation. 77;, and 77, plotted against frequency show some similarity with case 2 but the
frequency averaging has removed much of the fluctuation. Again this system has very

narrow plates, leading to a breakdown in the approximations used in determining Jeys.

In summary, in 89.1% of all cases considered the absolute value of the correlation

coefficient is greater than and equal to 0.5, i.e. [ p[ >0.5. The cases with poor correlation
(|p|<0.5) are mostly long narrow plates for which this indicates a problem with the

ensemble average CLF 7,,, rather than the independence of 7712 and 7;.

6.7 Conclusions

In this chapter, the variability of the coupling loss factor (CLF) for a system of two
coupled rectangular plates has been examined and quantified using a systematic parameter
variation. The ensemble average CLF given by Wester and Mace [50] was used to
improve the estimate of the average CLF for all cases, providing a good basis for studying
the variability. An empirical model for the variability of the CLF has been developed

using these results.

Firstly, narrow band energies and powers were calculated for a large number of
configurations using the dynamic stiffness method. The modal overlap factor was kept

constant versus frequency by using a loss factor inversely proportional to frequency. The
effective CLFs <ﬁﬁ> were obtained from these energies averaged over frequency bands.
The effects of frequency and modal overlap were separated by using frequency averages at

a series of constant bandwidths rather than 1/3 octave averages.
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Secondly, the logarithmic ratio of the effective CLF to the ensemble average,
10log, (<ﬁ" > /nzj,em)’ was determined and the variance ¢” was obtained over the whole
frequency region for each case to express the variability of the effective CLF compared to

the ensemble average. An empirical model was developed to express the dependence of

the variance ¢ on the modal overlap factors and numbers of modes in a frequency band.

This is given by

' 6
Mcomb + chomb /16
2
where M, = 2MM; and N L
LN, N,+N,

It has been established that this represents a 95.7% confidence interval for all sets of data
which are considered. These covered a range of aspect ratios of 0.2 ~ 12.5 for one plate
and of 0.2 ~ 25 for the other plate. This model has been developed for a system of two
coupled rectangular plates and can be used to evaluate the uncertainty of the CLF of that
system. However, it is not known whether other types of system can be represented by the

same model. This should be the subject of further research.

Thirdly, these results have been compared with the previously published models suggested
by Mohammed [43] and Lyon and DeJong [33]. The present data set far exceeds the
number of configurations previously used by Mohammed and shows that the variability
depends on the modal overlap factor M at low values of the number of modes in a
frequency band N and on N at high values. Moreover, the two parameters, Mcomp and
Ncomb, are more appropriate than the geometric mean values, M, and N, used by
Mohammed, as the former are applicable in the limit of a semi-infinite source or receiver

plate as well as for two finite plates. From the comparison of the logarithmic CLF ratio
obtained from the DSM results in dB, 10log,, ((7712}/7712_ em), with the upper and lower

bounds based on the current model and Lyon and DeJong’s formula [33], the bounds from
the empirical model performed better than those from the latter formula. The present

model therefore seems more reliable.
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Finally, a statistical investigation has been carried out into the distribution of
10108, (2 )/ Mo, ens ) OF 1010815 ({1) /1131, ) i Order to test whether they are normaly
distributed and are independent each other. As a result of the study, it is found that they
are unlikely to be normally distributed. Nevertheless a normal distribution remains a
reasonable approximation (this means that the CLF is log-normally distributed). The
logarithmic CLF ratio from subsystem 1 to subsystem 2 and that from subsystem 2 to
subsystem 1 are found not generally to be independent of each other, although the degree

of correlation varies from one case to another.
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CHAPTER 7

EXPERIMENTAL VALIDATION USING TWO PLATES
JOINED BY BOLTS

7.1 Introduction

Experiments have been performed in order to validate the empirical model of variability of
the CLF for a two-plate system obtained in Chapter 6, in a different practical situation. It
is not the intention to validate the DSM calculations as such, as this is a generally accepted

technique.

This chapter describes these experimental studies. The system studied consists of two
coplanar plates joined by bolts. All outer edges of the plates have free boundary conditions
for simplicity. Although this differs from the two rectangular plates coupled at right angles
with opposite edges simply supported that were considered in the development of the
empirical model, the experimental study provides a validation of the effectiveness of the
empirical model. Indeed its use in a slightly different situation gives additional benefit to
this validation. Although experimental studies on simply supported plates are possible [93]

they involve greater practical difficulties than the use of free edges.

Initially an investigation was performed on an existing two-plate system [94] with equal
thicknesses (h; = h, =2.93 mm) joined at right angles by a thicker bracket (8§ mm). The
experimental CLFs for this system were not in good agreement with the analytical results.
It was identified that this was due to the thicker bracket constraining the joint, particularly
in the corresponding analytical model with simple supports at its ends. Moreover, the two
plates with equal thicknesses have similar modal energy. These results are not presented
here. Instead, another two-plate system was considered in which two plates are directly
joined by bolts in the same plane. These two plates have different thicknesses (4, = 2.93 mm,
hy =0.90 mm) and damping patches were attached in an attempt to avoid a situation of

strong coupling.

A point force was applied to positions on one plate and then on the other plate. The

vibration of the source plate and the receiver plate was measured to give an estimate of the
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mean Kinetic energy for each plate. Ten forcing points and ten response points on each
plate were used in the experiment. From the confidence interval for the effective CLF
investigated in Chapter 4, it is known that this will introduce a moderate uncertainty,
which is quantified in Section 7.3.2.2 below. The DLF for the two uncoupled plates was
obtained using the decay rate method. The CLFs were subsequently evaluated from the

experiments using the SEA power balance equations and the total kinetic energy measured.

An analytical model of this system is also developed for comparison, as it differs from
those considered earlier. The effective CLF of this system was investigated by using the
DSM, in the same way as described in Section 4.2 and these analytical results were
compared with experimental results. Finally, the variability of the experimental CLF as a
function of frequency has been investigated and compared to results from the empirical

model described in Chapter 6.

7.2 Description of the plates

7.2.1 Experimental model

The system on which measurements were performed consisted of two large aluminium
plates, joined by eight bolts, as shown in Figure 7.1. The experimental configuration of the
measurement is shown in the photograph in Figure 7.2 (a). Figure 7.2 (b) shows the
connection area of the plates. The other holes are present to allow a different experimental

configuration in which two plates are connected at right angles by a thicker bracket.

A

750 ——>» 20

¢
|

Plate 1
hy =2.93

Plate 2
hy = 0.90

T a=¢60

€«<— 700 —>

500

© 90 -0 -0-0-0-0

Figure 7.1. Two coplanar aluminium plates coupled by eight bolts (bolt spacing

d = 60 mm). All dimensions are in millimetres.
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(a) Test structure of two plates joined by bolts

(b) Bolts connection area

Figure 7.2. Experimental structure of two-plate system joined by single line of bolts.
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This structure was suspended using three elastic ropes to approximate free-free boundary

conditions. The dimensions and properties of the plates are listed in Table 7.1.

Table 7.1. Dimensions and properties of the plates.

Parameter Plate 1 Plate 2
Length L (mm) 750 700
Width b (mm) 500 500
Thickness 4 (mm) 2.93 0.90
Modal density n(@) 0.0064 0.019
Average modal spacing A (Hz) 25.0 8.25
Young’s modulus E (N/m?) 7.24x10" 7.24x10"
Poisson’s ratio i 0.333 0.333
Material density p (kg/m?) 2.794%10° 2.794x10°

If the DLF is very low, equipartition of modal energy [33] may occur between two
subsystems. This may also result in an inaccurate result for the CLF due to strong coupling.
Since the bare aluminium plate has low damping, unconstrained layer damping patches
were attached on both sides of the plates as shown in Figure 7.2 (a) and (b) in order to

increase the DLF.

7.2.2 Analytical model

This system was modelled using the DSM, as shown in Figure 7.3. The bolts, including
nuts and washers, were considered at the joint in the model as a distributed mass (total
0.173 kg) and a moment of inertia (1.296x107 kg-mz). In the model two opposite
longitudinal edges are simply supported, as required for application of the DSM. This
model is used to obtain a calculated effective CLF for comparison with the experimental

results.
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Figure 7.3. Analytical model of the two plates. This system is divided into two subsystems

ignoring the overlapping parts from the joint. All dimensions are in millimetres. Circles

denote the distributed mass (M}, = 0.346 kg/m) of the bolts.

7.3 Experimental determination of the CLF

The DLF and the vibrational kinetic energy were measured for the coupled plate
configuration. These are all the values necessary in order to obtain the experimental CLFs
using equation (3.13). The DLFs for the two uncoupled plates were obtained by using the
decay rate method. The DLF results for four different response points were arithmetically
averaged. The accelerations of the source plate and the receiver plate were measured,
when a point force was applied to one plate and then the other plate in turn. These were
used to give the spatially averaged mean kinetic energy for each plate. Ten forcing points
and ten response points for each plate were randomly selected and used in the experiment.
The uncertainty introduced by using ten forcing and response points is further discussed in

Section 7.3.2.2.

7.3.1 Damping Loss Factor (DLF)

The measurement of the DLF was conducted on the two uncoupled plates. In this
measurement the decay rate method, which is based on the transient response of a resonant
mode with linear damping, was used. This method can be applied to the measurement of

the average damping of a group of resonant modes in a frequency band [33].
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7.3.1.1 Instrumentation

The instrumentation used in the measurement of the DLF consisted of an impact hammer,
an accelerometer, a charge amplifier, a band pass filter, and a signal analyser as listed in
Table 7.2. Figure 7.4 shows the schematic diagram of the test instrumentation and the
numbers in the figure represent the equipment listed in Table 7.2. The experimental
configuration of the measurement is shown in the photograph in Figure 7.5. After the
excitation due to the impact hammer was applied, the response signals of the
accelerometers were conditioned by the charge amplifiers, band pass filtered and then
acquired by the signal analyser. The band pass filter was set to a selection of 1/3 octave

bands, centred on the frequencies 63, 125, 250, 500, 1000, 2000, 4000 and 8000 Hz.

Table 7.2. Equipment used for the measurement of DLFs.

Equipment Maker/Model Serial Number
1 Impact Hammer B & K Type 8202 1271063
2 | Accelerometer B & K Type 4375 1239001
3 | Charge Amplifier | B & K Type 2635 1827830
4 | Band Pass Filter Kemo Type VBF8 2209541
5 | Signal Analyser HP 3566A 2911A00263

7.3.1.2 DLF measurements

The transient acceleration response due to the impact was recorded in the time domain and
stored in the personal computer for further processing. For the purpose of obtaining better
estimates of the decay slope, the original acceleration signals were Hilbert transformed

[95] in MATLAB. A plot of a typical example of the transformed data is shown in
Figure 7.6.
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PL:

Figure 7.4. Instrumentation used for the measurement of the DLF. (Numbers refer to items
in Table 7.2).

Figure 7.5. Experimental configuration for the measurement of DLF.
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Figure 7.6. Example of the decay slope in a 1/3 octave band centred on 500 Hz processed

from time history data.

The DLF is given by [33]

22

n= (7.1)
[Ty

where f; is the centre frequency of a frequency band and Ty is defined as the time taken
for the response amplitude to decay by 60 dB after initial excitation. The value of Tg is
extrapolated from the initial decay slope when the response signal is plotted as log-rms
amplitude vs. linear time. The DLFs for four response points were examined in the selected
1/3 octave frequency bands and then the results for the four points were arithmetically
averaged. The decay time of the bandpass filter Tgo was checked ((T60)i2sm, = 0.08 and
(T60)1vnz = 0.01) and found to be much shorter than the higher damped plate ((Z¢0)125Hz =
0.54 and (To)1xn. = 0.05), so that the decay of the response signal was not due to the filter.

Table 7.3 shows the centre frequencies used in the experiment and the averaged DLFs for

the two uncoupled plates. Figure 7.7 shows a graphical plot of the DLFs.
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Table 7.3. The average DLFs obtained for the two uncoupled plates.

1/3 Octave Band
Centre Frequency (Hz) n T
63 0.014 0.036
125 0.013 0.033
250 0.012 0.030
500 0.010 0.038
1000 0.011 0.041
2000 0.012 0.030
4000 0.018 0.032
8000 0.018 0.026
Mean 0.014 0.033
10" —— - 10° - ‘
t
[ (a) (b)
10_1% 10‘1 L
- )ﬁ o W
S S : :
| .
10'2F ; et 107
|
10 2 = 4 107 “ 3 10"
10 Centre Frequ;gcy [Hz] 10 10 Centre Frequép\cy [Hz]

Figure 7.7. The DLFs measured (a) for the thicker plate (h; = 2.93 mm) and (b) for the
thinner plate (4, = 0.9 mm). +, the DLF at each response point; —, the averaged DLF.

7.3.2 Vibrational energy

7.3.2.1 Instrumentation

The instrumentation used in the measurement of the vibration energy consisted of an
instrumented force impact hammer with steel tip which should give usable results in the
0 —7 kHz range, accelerometers, charge amplifiers and a signal analyser as listed in

Table 7.4. Figure 7.8 shows a schematic diagram of the test instrumentation; the numbers
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represent the equipment listed in Table 7.4. The experimental configuration of the

measurement is shown in the photograph in Figure 7.9.

Table 7.4. Equipment used for measurement of energy.

Equipment Make/Model Serial Number
1 Impact Hammer B & K Type 8202 1271063
2 | Accelerometer 1 B & K Type 4375 1239001
3 | Accelerometer 2 B & K Type 4375 0987160
4 | Accelerometer 3 B & K Type 4374 2209540
5 | Accelerometer 4 B & K Type 4374 2209541
6 | Charge Amplifier 1 | B & K Type 2635 1827830
7 | Charge Amplifier2 | B & K Type 2635 777627
8 | Charge Amplifier 3 | B & K Type 2635 1318160
9 | Charge Amplifier4 | B & K Type 2635 814962
10 | Charge Amplifier 5 | B & K Type 2635 777629
11 (Sfligelﬁeﬁgzli: 0 HP 3566A 2911A00263

3 o4
| o
5
0* T
]
6171181191110 PC

11

Figure 7.8. Instrumentation used for the measurement of vibrational energy and input

force. (Numbers refer to items in Table 7.4).
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Figure 7.9. Experimental configuration for the measurement of vibrational energy and

input force.

The applied force was measured by the force transducer in the impact hammer. This was
passed to the signal analyser through a charge amplifier, which can amplify the signal. The
response signals of the accelerometers were also passed to the analyser via charge
amplifiers. The built-in lower and upper frequency limits of the charge amplifiers were set
to 2 Hz and 10 kHz. Additionally, anti-aliasing filters are incorporated in the acquisition

hardware of the Hewlett Packard signal analyser.

It is noted that the measurement error due to the transducer mass must be checked

beforehand. The measurement error is given by

Z,+Z,

error = 20log,, (7.2)

P

where Z, (=8 phD from [48]) is the impedance of the plate, Z, (=joM,) is the
impedance of the accelerometer and M, is the mass of the accelerometer. In order to

estimate the measurement error, the impedances of the two plates (approximated as
infinite plates) and two accelerometers were compared and are shown in Figure 7.10. This

figure shows that the thicker plate is not significantly affected by transducer mass below
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10 kHz, but that an error of around 3 dB on the thinner plate can be expected at 7 kHz,
where the impedances of the thinner plate and the lighter accelerometer are equal. If the
heavier accelerometer were used on the lighter plate this frequency would be lowered to
1.7 kHz. Therefore two accelerometers of B & K Type 4375 (2.6 g) were used for
vibration measurement of the thicker plate (h; =2.93 mm) and two accelerometers of

B & K Type 4374 (0.65 g) were used for the thinner plate (5, = 0.9 mm).

10° [ : ;

impedance (Z) [Ns/m)

10 : ' ‘
10° 10’ 10° 10° 10*
Frequency [Hz]
Figure 7.10. Impedance of infinite plates and transducers. ——, plate 1 (h; =2.93mm); ,

plate 2 (h; =0.9mm); —, B & K Type 4375 accelerometer (2.6g); ---, B & K Type 4374

accelerometer (0.65g).

Based on this information, the experimental data were measured up to 6.4 kHz. However,
the input power spectral density was found to drop by around 20 dB from its maximum
value by 2 kHz and consequently the coherence of the signals also falls at high frequencies,
as shown in Figure 7.11. Therefore, the data analyses were limited to the range up to
2 kHz. At this frequency the measurement error introduced by the mass loading from the

accelerometers is limited to about 0.4 dB.

The frequency resolution was chosen to ensure that several points lay within the half-

power bandwidth (77/) of the plate modes. A typical value of the DLF is 77, = 0.01 for the
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thicker plate and 77, = 0.03 for the thinner plate. Therefore, two sets of experiments were
performed, one in the low frequency range (0 to 400 Hz), with 0.125 Hz resolution, and
another in the high frequency range (0 to 6.4 kHz), with 2 Hz resolution. The experimental
data were analysed separately in the two frequency ranges, 25-400 Hz and 400-2000 Hz.
The lower limit was chosen based on the theoretical first cut-on frequency of the thicker
plate (29 Hz). The final results were combined to cover the frequency range from 25 to

2000 Hz.

@ | | (b)
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| |
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Input Power Spectal Density [dB re 1N2/Hz]
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2 4 0 '2
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Frequency (Hz) Frequency (Hz)

Figure 7.11. Examples of data; (a) input power spectral density for plate 1 and (b) the

coherence of the signals.

7.3.2.2 Measurements

An impact point force, perpendicular to the surface of the plate, was applied to the source
plate. The frequency response functions of acceleration due to the point force were
measured at 2 response points for the source plate and at 2 points for the receiver plate
simultaneously. A total of ten forcing points, randomly chosen for each plate, were
sequentially excited and the vibration was measured using the four accelerometers. Then
the accelerometers were moved and measurements were repeated until ten response points
on each plate had been measured. For each forcing point on the thicker plate (plate 1) the
response at each position on both plates was measured using a single impact. For
excitation on the thinner plate (plate 2) an average of 3 impacts was used as the results

were found to be less stable.
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The uncertainty in the CLF estimate introduced by the number of forcing points and
response points used was discussed in Chapter 4. For 10 forcing points the 90%

confidence interval was found to be about £1.5 dB. This corresponds to £1.645 g, for a

normal distribution [90] where o, is the standard deviation due to the number of forcing

points. Hence the variance due to the forcing points, Gf ,1s 0.83. The uncertainty of the

experimental CLF introduced by using ten forcing points and ten response points is

estimated by o’ :o'fzﬁ—c)',2 where 0',2 is the variance due to the number of response
points. It is assumed that sz :0',2 by reciprocity. This gives o= 1.3 dB, i.e. the 95%

confidence interval due to the number of forcing and response points is +2.6 dB.

7.3.2.3 Spatially averaged kinetic energy

The temporally and spatially averaged mean square velocity for a unit force was obtained

from the frequency response functions of acceleration for a unit force,

10 10

=\ XX

2 = = F

VvV m=1 n=1 nl,

=) = (7.3)
72 100w

i

where i is the plate number which is excited, j is that for which vibration is measured, m 18
the number of response point on plate j and » is the number of excitation point on plate i.

In order to compare the experimental data with the analytical results, the normalised data

were used in the calculation of vibrational energy.

For a uniform plate the maximum spatially averaged kinetic energy in a cycle normalised

by the mean square force is given by [39]

E 2
e (L (7.4)

i)
k)

where m;, is the mass of plate j and <v2/F2> is the spatially averaged mean square

)

velocity of plate j normalised by the mean square force. It is assumed that the mean total
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energy is equal to the maximum Kinetic energy over a cycle, which will be the case where
sufficient modes are present in a frequency band. Figure 7.12 shows the spatially averaged
kinetic energy normalised by the mean square force for excitation on plate 1 and plate 2
respectively. Finally, these results were averaged over 1/3 octave frequency bands to yield

the 1/3 octave band energies and these were used in equation (3.13) to give the

experimental CLFs.
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Figure 7.12. Spatially averaged maximum kinetic energy normalised by mean square force
E, / F? when excitation was applied to (a) plate 1 and (b) plate 2 respectively: —,
normalised kinetic energy for the source plate; ---, normalised kinetic energy for the

receiver plate.
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7.3.3 Experimental results for CLF

The experimental CLF was obtained by substituting the spatially averaged kinetic energies
and the measured DLFs into equation (3.13). In order to get the effective CLF using all ten
forcing points, all sets of kinetic energies were averaged over the number of forcing points
and then were averaged over the number of response points as in equation (7.3) before the

calculation of the CLF. Results are shown in Figure 7.13.

-4

10 L. L
10 10° 10° 10
1/3 Octave Band Centre Frequency [Hz]

Figure 7.13. The experimental CLFs 7], for the two-plate system. The damping values
obtained from the experimental data as shown in Table 7.3 are used in calculating the CLF.

T, M2; -, T2

The sensitivity of the results to the DLF values used was investigated, as also shown in
Figure 7.14. For this comparison, nominal damping values (77; = 0.01 and 7, = 0.03) were
used in calculating the CLF from the experimental data and these were adjusted by
doubling the values for plate 1, by doubling the values for plate 2 and by doubling both
values. It is observed that the damping value of the receiver plate has more effect than that
of the source plate. These results show the same trend as the damping effect on the

ensemble average CLF results described in Chapter 3 (see Figure 3.3).
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Figure 7.14. The effect of the DLF on the experimental CLFs 77, for the two-plate system.

The damping values used in calculating the CLF from the experimental data were adjusted
by doubling the values for plate 1, by doubling the values for plate 2 and by doubling both
values. —, 1, =0.01, 7, =0.03; -, 7,=0.02, 7,=0.03; —, 17, =0.01, 7. =0.06; ",
n =0.02, 17, =0.06.
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7.4 Analytical CLF determination

7.4.1 Empirical model

The analytical CLF obtained from two semi-infinite plates, 77,.. described in Section 3.4,
cannot be used for the two coplanar plates, since the transmission efficiency in equation
(3.21) is based on a right-angled or simply supported joint. Similarly 77, ., in equation

(3.24) is based on a simply supported joint.

The CLFs for bolt connected plate structures of similar material are given by [96],

2 i/4 b hC 1/2 h3/2 3/2
n, :(5] E_[ ’ij 2/'7 ! — for A, >d (Line connection) (7.5)
, (h, +h )
_4N he, hlzhl2

n - for A4, <d (Point connection) (7.6)
/ \/?—, oS, (]112_*_}112)

where ¢, (= E/p(1—u*)) is the longitudinal wavespeed, A, is the smaller bending
wavelength of two plates, b is the length of the connection, NV is the number of bolts, and d

is the bolt spacing, assumed constant.

An approximate result for the CLF of two plates joined in the same plane can be obtained
by using equation (3.17) and the transmission efficiency at normal incidence given by

Cremer and Heckl [48]

- (0)= 2\/17(21+z)(1+w2 2 )
x(+y) +2p(1+ )

where ¥ =4I,/h and w=(h/h, )2 for joints where the two plates have the same material

properties but different thicknesses. The result for the normal incidence was regarded by

Craik [49] as a good approximation to within 1 dB of the angular averaged values for

x> 1.

Figure 7.15 shows a comparison of the CLFs for the two coplanar plates obtained from
equations (3.17) and (7.7), the results obtained from equations (7.5) and (7.6), and the

semi-infinite results for a right-angled connection. The CLFs for the semi-infinite plates
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Joined at right angles are much smaller than other two results: the CLFs results for the two

coplanar plates obtained from equation (7.7) by 10 dB for 77;, and 775, and those results

obtained from equations (7.5) and (7.6) by 7 dB for 771, and 9 dB for 77,3, respectively. It
will be noted that equation (7.5) does not satisfy the consistency relation (equation (3.9)).
For the simply supported joint, since only the bending moment at the joint is able to
transmit energy, the energy transmission for the right-angled plates can be smaller than
that for the coplanar plates for which both the bending moment and the internal force at

the joint can transmit energy.

(b)

10° 16’ 152 10° 10* 10” 15‘ o 0 10
1/3 Octave Band Centre Frequency [Hz] 1/3 Octave Band Centre Frequency [Hz]
Figure 7.15. The CLFs (a) 77, and (b) 77,,: —, the CLFs for the two coplanar plates obtained
from equations (3.17) and (7.7); ---, the CLFs for the two coplanar plates obtained from

equations (7.5) and (7.6); —-, the CLFs for the semi-infinite plates joined at right angles.

According to equations (7.5) and (7.6), the connection between the two plates may change
from a line connection to a point connection when the smaller bending wavelength of two
plates equals the bolt spacing, A, = d. These frequencies for the two plates are 7970 Hz for
plate 1 (thick plate) and 2450 Hz for plate 2 (thin plate) respectively. In both figures the
curves obtained from equations (7.5) and (7.6) drop at about 2500 Hz which the bending
wavelength of the thinner plate is equal to the bolt spacing. Note that the mass of bolts is

not included in equations (7.5) and (7.6).

The transmission efficiencies for the above three cases shown in Figure 7.15 were calculated
as a function of thickness ratio where all the plates have the same material properties. These
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are shown in Figure 7.16. The corresponding transmission efficiency for the CLFs obtained
from equations (7.5) and (7.6) is extracted from equation (3.17). This result is symmetrical
as shown in that figure, whereas other two results are non-symmetrical. Also note that the
transmission efficiency for the two plates joined in the same plane has a maximum value of

1 when the thicknesses of the two plates are equal.

10
107" 10 10’
h1//72
Figure 7.16. The angular averaged transmission efficiency: —, the approximate result
obtained from equation (7.7); ---, 715 extracted from the CLF equation (7.5); ==, Tia.4 for

the two semi-infinite plates joined at right angles.

7.4.2 DSM model

The dynamic response of this system can be obtained by the DSM. In Chapters 2 and 4,
models for a two-plate system have been developed and used to estimate the ‘effective’
CLF. Using the same method, the equations of motion of this system can be solved to

yield the dynamic response of the structure, from which the effective CLF can be found.

In a previous investigation on two finite plates in Chapter 4, it has been shown that if 400
excitation points are used in the source plate to simulate a ‘rain-on-the-roof” type excitation

the effect of the number of forcing points is limited to £0.1 dB. A harmonic point
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excitation is therefore applied at 400 randomly chosen points, avoiding edges. For each
forcing point, the source plate is separated into two parts at the longitudinal position of the
applied force. Each point force excites vibration in many different transverse orders, n,
across the plate width. For a given frequency, all such components whose cut-on

frequency is below the frequency under consideration have been included.

First, to make an analytical model, the dynamic stiffness matrix for each plate was
produced, and then assembled for the whole system. The two-plate system is shown in
Figure 7.17. Plate 1 is separated into two sub-plates, 1, and 1,, when a point force F is

applied to plate 1 at an intermediate position.

Subsystem 1 Subsystem 2

[ VS LS

Figure 7.17. Two-subsystem model. Plate 1 is separated into two sub-plates, 1, and Iy, at

the position of the point force F.

The dynamic stiffness matrix for a single plate was given in Chapter 2. The global
dynamic stiffness matrix, K, of the total system can be derived by assembling the
dynamic stiffness matrices of the three plates. An equally distributed mass (0.346 kg/m)
and moment of inertia (2.59x107 kg-m*/m) due to the bolts are included in the global
matrix in the appropriate elements of the matrix at the common edge. The reduced
dynamic stiffness matrix, K, for flexural motion of transverse order n, is an 8x8
frequency-dependent matrix. The response can be obtained from K. 'F, where F is an
applied force vector, for every frequency. The response of the subsystems was integrated
analytically over the length and width of the plate for each transverse order n to give an
accurate measure of its strain energy and summed over n at each frequency. In the
calculation of the CLF, the bending strain energy was calculated for each sub-plate and
then summed for each subsystem. This process was repeated for each excitation point on

plate 1 and then for excitation points on plate 2.
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7.4.3 Results from DSM model

As in the previous chapters the term ‘effective’ CLF 7), is used for the individual
realisation to distinguish it from the ensemble average CLF 77, . The effective CLF can be

evaluated using equation (3.13). In equation (3.13) the consistency relation of the CLFs,
n 1, = n,1,,,1s not assumed. If 77; and 77, are known then the only unknowns are #,, and
7,,. In principle, one only needs excitation applied to one subsystem, but for numerical
accuracy excitation is applied separately to both subsystems. The DLFs obtained from the
experiment, which were described in Section 7.3.1, were used in the calculation of the

dissipated power.

The effective CLFs obtained from equation (3.13) for the DSM model are shown in
Figure 7.18 and these results are compared with the analytical results based on equation
(7.7) and the results obtained from equations (7.5) and (7.6). The influence of the mass of

the bolts at the joint was investigated and is also shown in Figure 7.18.

(b)

[
f
\*
-4
10 t 10 L .
10° 10' 10° 10° 10° 10° 10' 10° 10° 10
1/3 Octave Band Centre Frequency [Hz] 1/3 Octave Band Centre Frequency [Hz]

Figure 7.18. The influence of the bolts on the effective CLFs, (a) 7, (from thick to thin)

and (b) 7,, (from thin to thick) for the two-plate system. —, the effective CLFs when the

bolts are considered in the model; ---, the effective CLFs when the bolts are not
considered; —-, the results based on equation (7.7); ", the results from equations (7.5) and
(7.6).
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When the influence of the bolts are considered in the DSM model, the effective CLF 7,,
(from thick to thin plate) tends toward the result obtained from equations (7.5) and (7.6)
above the first cut-on frequency of the thicker plate, f, =29 Hz. However the result for

7y, (from thin to thick plate) shows that the effective CLF is generally somewhat lower

than the result from the formulae below 2 kHz.

If the bolts are not considered in the model, the effective CLFs fluctuate against the result
obtained from equations (7.5) and (7.6) below 300 Hz, whereas the predicted results are

greater than the result based on equation (7.7) above 300 Hz.

Since the two plates are coupled in-line by bolts, no in-plane motion is introduced by the
out-of-plane excitation. The results for the effective CLFs are identical whether or not in-

plane terms are included in the DSM model.

7.4.4 Comparison between measured and predicted CLFs

The experimental CLFs obtained in Section 7.3.3 were compared with the analytical results
predicted using strain and kinetic energies and are shown in Figure 7.19. Discrepancies
between the experimental CLFs and the analytical results are quite likely to have been
caused by the different boundary conditions between experiment and analysis. Also the
use of kinetic energy in the experiment will cause errors at low frequencies, as discussed
in Chapter 2. However, when the estimated uncertainty of 2.6 dB in the experimental
CLFs due to the limited number of force and response positions is considered (see
Section 7.3.2.2), the experimental CLFs coincide reasonably well with the analytical
results apart from around 50 Hz and above 800 Hz. There are no modes in the analytical
model in the 50 Hz band. The remaining error may be occurred by the energy dissipation

in the joint as the two plates are joined by bolts.

Since ensuring agreement between analysis and experiment was not the main aim of this
study, the level of agreement found in Figure 7.19 is considered acceptable. The main aim
is, rather, to study the variability of the CLF, quantitatively as well as qualitatively, using

the empirical model (equation (6.5)) developed in Chapter 6.
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(a)

1 2 3

10 1 10°
1/3 Octave Band Centre Frequency [Hz]

(b)

1 0
1/3 Octave Band Centre Frequency [Hz]

Figure 7.19. Comparison of the experimental CLFs with the analytical results: (a) 7}, and
(b) 77,,. —, analytical CLF predicted using strain energy; ——, analytical CLF predicted

using kinetic energy; ---, experimental CLF.

7.5 The variability of the experimental CLF

In order to investigate the variability in the experimental CLF, the original experimental
data were averaged over various different frequency bandwidths: i.e. 20, 40, 60, 100, 200
and 400 Hz, rather than 1/3 octave bands. The expected variability 2¢ (in dB) for these

209



Chapter 7. Experimental Validation Using Two Plates Joined by Bolts

frequency bandwidths was obtained from equation (6.5) and is shown in Figure 7.20 using
analytical estimates of Mcomp and Neomp. The values of 20 are frequency dependent as
Momp dominates the variability for low frequency bandwidth and varies with frequency.
The variability decreases as the frequency bandwidth increases and that of the 400 Hz
frequency average result is shown to be less than 1 dB. Since there was no reliable
theoretical curve to use as a reference point, the 400 Hz frequency average result was used

as a reference to obtain a normalised CLF from the experimental data.

10 |

20 [dB]

10 ¢

-1 L
10’ 10° 10
Frequency [Hz]

10 3

Figure 7.20. The expected variability 20 (in dB) of the effective CLF for various different
frequency bandwidths. —, 20 Hz; ---, 40 Hz; ——, 60 Hz; ~, 100 Hz; —, 200 Hz; "™,

400 Hz using the empirical model.

The measured CLF ratio, based on Af = 20, 40, 60, 100 and 200 Hz frequency bandwidths,

10log,,, (< M ar > <T; soom >) was obtained. This is compared in Figure 7.21 with the =20

estimates obtained from equation (6.5). Note that the frequency range is limited by the use

of the 400 Hz average as a reference. The percentage of the frequency points falling within

these bounds was determined and is listed in Table 7.5. In each case the £=2¢ bands are

shown to be good upper and lower limits for the experimental CLF ratio.
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Figure 7.21 (a) - (¢). The measured CLF ratio averaged for frequency bandwidth of
(a) 20 Hz, (b)40Hz, and (c¢) 60 Hz, and the predicted 420 bands obtained from

equation (6.5). —, 10log,,, (< My sy > <75 a0 >); -, +20.
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Figure 7.21 (d) - (¢). The measured CLF ratio averaged for frequency bandwidth of
(d) 100 Hz and (e) 200 Hz, and the predicted +2 ¢ bands obtained from equation (6.5). —,

1Ologlo (< ﬁg,’, Af >/ < ﬁgj,4ooyz >); -, +20.

Table 7.5. Percentage of points falling within +¢ and 20 bands for the experimental

CLF ratio.
Band 10log,, (< Tho >/ <My, so0m, >> 10log,, (< Thy >/ <Thy soom, >)
+o 85.2 % 73.2 %
+20 98.9 % 96.0 %

* Values falling within +¢ and 420 for a normal distribution are 68.3 % and

95.4 % respectively.
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7.6 Conclusions

From the results of experimental and analytical work for two coplanar plates joined by

bolts, described in this chapter, the following conclusions can be drawn:

(a)

(b)

(©)

Considering the estimated uncertainty of the experimental CLFs, the experimental
CLF estimates agreed reasonably well with the analytical results above 30 Hz,
although the results around 50 Hz and above 800 Hz were not so good. Some
discrepancies may be caused by the different boundary conditions between

experiment and analysis and the use of kinetic energy in the experiment.

Since the main aim is to study the variability of the CLF, quantitatively as well as
qualitatively, using the empirical model developed in Chapter 6, the level of
agreement found is considered acceptable. This conclusion supports the argument that

the analytical results obtained in the previous chapters are also acceptable.

Over 95% of the experimental CLF values fell within the +2¢ bounds predicted by
the empirical model developed in Chapter 6. This conclusion suggests that the
empirical model obtained from two plates joined at right angles may be applicable to

other geometries.
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CHAPTER 8

CONSEQUENCES FOR SEA MODELS

8.1 Introduction

In Chapter 3 the SEA framework was introduced and some of the methods to evaluate the
CLF were discussed. In the remaining chapters the behaviour of two coupled rectangular
plates has been investigated using the DSM. The effective CLF for a particular realisation
of two coupled rectangular plates has been evaluated and shown to fluctuate significantly
at low modal overlap, relative to the ensemble average CLF or the semi-infinite result. An
empirical model for the confidence interval of the effective CLF, in terms of the modal
overlap factor and the number of modes in a frequency band, has been derived and finally

shown to agree with results from an experimental study.

However, SEA predictions give results in terms of average response energies in the
subsystems. These results will depend on the input power values, the modal densities, and
the DLFs as well as the CLFs. This chapter discusses briefly the consequences of the
variation in the CLF for the subsequent SEA predictions. The variation of the CLF is
obtained from the empirical model developed in Chapter 6. In order to investigate the
sensitivity of the resulting SEA prediction, a Monte Carlo simulation is used. The ratio
between the energy of the receiver plate and that of the source plate, obtained from the

SEA equations, is compared with results directly obtained from the DSM model of the

system.

As the variability of the CLF has only been considered for two directly coupled
rectangular plates, the present work is also limited to a two-plate system. Other systems

could be considered in a similar manner.
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8.2 Monte Carlo simulation

8.2.1 Method

In order to investigate the effect of variations in the CLF on the results of an SEA
prediction, consider an SEA model of the baseline two-plate structure used in Chapter 4
(hi=3mm, Li=05m, hp=2mm, L,=1.0m, b=1.0m and 7, =n,=0.1: see Figure
4.1). Calculations are performed initially in 1/3 octave bands. The results will be
considered in terms of the ratio of the energy of the receiver Ecceyer to that of the source

plate Eoyrce-

When power is injected to plate 1 in a frequency band centred at @, the energies of the two

plates determined by the power balance equations, (3.1) and (3.2), are given by

{Ef}:l{ﬂﬁﬁfz _772,1 ]I (Ple} 8.1)
E] | -m, n,+m, io

where 77, and 77;, are the CLFs. In the present case these are considered to be perturbed

relative to the ensemble average result of Section 3.5. These CLFs are determined by
using the estimated standard deviation ¢ of the logarithmic CLF ratio, 10log,, (ﬁy / . o ),

in dB. The estimated o is obtained from the empirical model given by equation (6.5) and

is shown in Figure 8.1 for this baseline situation. The CLFs 77; are given by

771,2 = IOAmz“Oan, ens (82)

and 772:1 = IOAn21/lOn2L ens * (83)

where the perturbation of the CLF with respect to the relevant ensemble value, A7, , is

obtained according to a Monte Carlo simulation. This is an empirical method that uses
computer-generated random numbers to obtain large numbers of samples from any
specified distribution. In the present work, the normally distributed random numbers for
1000 samples were obtained using a MATLAB built-in function, ‘randn’ with zero mean
and standard deviation 0. Two extreme cases were considered for the perturbation of the

CLF: one is where the variations Ar,, and A7,, are totally dependent and the other where

they are considered to be independent. The former requires the same relative variation,
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Any, =An, , whilst in the latter case A7, #Amn, in which each one is normally

distributed and randomly chosen independently.

Finally the energies for the two plates are calculated by solving equation (8.1) for each of

the 1000 sets of 77/, and the distribution of Eccerver / Esource 1S Obtained.

724

10

o [dB]

10 10’ 10° 10° 10
1/3 Octave Band Centre Frequency [Hz]

Figure 8.1. The estimated standard deviation o of 10log,, (ﬁu /nu’m) obtained from the

empirical model for the variability of the effective CLF in equation (6.5) for the parameters

of the baseline model of two plates.

8.2.2 Results in 1/3 octave bands

For the case where A7, and A7, are dependent, the result is shown in Figure 8.2. This
shows the mean value of the perturbed SEA simulations, the prediction obtained using the
ensemble average CLF 7}, .,s and the energy ratio calculated by the DSM. Also shown is a
range of £s, where s is the standard deviation of the energy ratio in dB obtained from the
perturbed SEA simulations. The DSM result is approximately bounded by the range *s of
the mean SEA simulations across the whole frequency range. The mean value of the
simulations and the result obtained using the ensemble average CLF 1, ., differ slightly

at the lower frequencies. This may be caused by non-linear components which occur in the
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inversion of the loss factor matrix in the process of solving equation (8.1); consequently
the results of the energy ratio are not normally distributed although A7, are normally
distributed. The difference between the mean SEA simulations and the prediction using
the ensemble average CLF reduces as frequency increases. In practice this difference is
only significant when £s is greater than about =5dB. Where +s is greater than this it is
probably inappropriate to use SEA as the results are too unreliable for practical

application.
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Figure 8.2. The energy ratio in dB, 10log,, (E,/E,), for two plates when A7, and A7,

are dependent. —, DSM; —, prediction using 7; .,;; =, mean value of perturbed SEA

simulations; ---, s from perturbed SEA simulations.

The skewness and kurtosis of the Monte Carlo results for 10log,, (E,/E, ) were investigated

and are shown in Figure 8.3. The distribution of the logarithmic energy ratio is negatively
skewed below 250Hz, with respect to a normal distribution. The value of (kurtosis-3) is
close to zero for most of the frequency range but below 12.5Hz the distribution is peaked.
As frequency increases, the skewness and (kurtosis-3) are small and close to their

expected standard deviation for a normal distribution, as given by Snedecor and Cochran

[91].
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Figure 8.3. (a) skewness and (b) (kurtosis-3) for 10logio(E2/E1) from Monte Carlo

simulations when A7, and A7, are dependent. The expected standard deviation (S.D.)

of each quantity for a normal distribution is given by Snedecor and Cochran [91].

When An,, and An,, are assumed to be independent, the mean values and the standard

deviation of the energy ratio in dB are as shown in Figure 8.4. Again the result obtained

from the DSM is shown for comparison.
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Figure 8.4. The energy ratio in dB, 10log,, (E,/E, ), for two plates when A7, and A7,

are independent. —, DSM; —-, prediction using 77, ens; =

simulations; ---, s from perturbed SEA simulations.
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The DSM energy ratio again falls approximately within +s of the simulation over the
whole frequency range, but the bounds at low frequency are wider than the previous result
in Figure 8.2. At the lower frequencies the skewness and (kurtosis-3) are smaller than the

previous results, as shown in Figure 8.5.
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Figure 8.5. (a) skewness and (b) (kurtosis-3) for 10log;o(E>/E;) from Monte Carlo
simulations when A7, and A7,, are independent. The expected standard deviation (S.D.)

of each quantity for a normal distribution is given by Snedecor and Cochran [91].

It is found in the present case that the estimated standard deviation ¢ obtained from the
empirical model for the variability of the effective CLF is similar to the standard deviation
s of the energy ratio in dB when An, and A7, are independent. This is shown in
Figure 8.6. When A7, and A7, are treated as dependent the resulting standard deviation
s of the energy ratio is somewhat lower than . The standard deviations all decrease as

frequency (or modal overlap) increases.

8.2.3 Results for constant modal overlap factor

Since the damping values of the two plates in the above calculations were kept constant as

m = 1, = 0.1, the modal overlap factors for the two plates varied with frequency.
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Figure 8.6. Standard deviations in dB obtained from the empirical model (Figures 8.1) and

Monte Carlo simulations (Figures 8.2 and 8.4). —, o obtained from empirical model; -, s

when A7, and A7, are dependent ; ---, s when A7, and A7,, are independent.

Three different levels of frequency-dependent DLF (low damping = 1/f, medium
damping = 3/f, and high damping = 10/f), as used in Section 6.4.1.2, were next considered
in order to give a constant modal overlap factor. The bounds *s of the SEA simulation

were obtained by Monte Carlo simulation with A7, and A7,, dependent or independent,

as before. The energies for the two plates were evaluated by the DSM and were averaged

over overlapping frequency bands. In this section 20 Hz and 200 Hz bands are considered

as examples.

The results of the energy ratio averaged over 20 Hz and 200 Hz bands are shown in

Figures 8.7 - 8.10. Figures 8.7 and 8.8 show the results obtained when it is assumed that

Am,, and An,, are dependent. Results are plotted of the energy ratio in dB, 10log,, (E,/E,).

for the two plates. Results are given for the three different levels of DLF: (a) low damping
(M omp = 0.08), (b) medium damping (Mcomp = 0.24) and (¢) high damping (Mcomp = 0.80),

where Mcomb 18 the combined modal overlap factor given by equation (6.2).
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As the modal overlap factor increases, the bounds +s of the SEA simulation decrease.

When Ar,, and An,, are assumed independent, the bounds +s of the SEA simulation are

larger than those obtained when A7, and A7, are assumed dependent, as shown in

Figures 8.9 and 8.10. It is noted that for a 20 Hz bandwidth M is important in determining
the bounds, whilst for a 200 Hz bandwidth N is important, rather than M.

The percentage of the values of the energy ratio obtained from the DSM falling within the
range *s dB of the SEA simulation was investigated and is listed in Table 8.1. In most
cases the number of points is similar to the expected 68 % for a normal distribution for the

dependent case, slightly more points falling in the range for the independent assumption.

Table 8.1. The percentage of the values of the exact energy ratio obtained from the DSM

falling between the upper and lower bounds +s dB of the perturbed SEA simulations.

Baseline Low damping Medium damping High damping
Model model model model model
Az, AN | 209V | 20Hz | 200Hz | 20Hz | 200Hz | 20Hz | 200Hz
Dependent 64 73.1 61.2 73.3 63.3 72.5 81.2
Independent 68 81.4 72.8 82.6 75.0 79.2 86.1

Table 8.2 compares the various standard deviations. ¢ is the expected standard deviation
of the CLF ratio from the model of Chapter 6, s is the standard deviation of the perturbed
SEA results. By subtracting the mean of the perturbed SEA results from the DSM results,
these may be averaged over frequency, yielding the standard deviation s”. These results
are given for the three levels of damping and two frequency bandwidths considered. The
values of s for the perturbed SEA simulations are similar to those for o, the estimated
standard deviation for the CLF. The difference (s —s”) for the 20 Hz bandwidth decreases
as the DLF increases, whereas for the 200 Hz bandwidth it increases with increasing the

DLF; nevertheless, the standard deviation of the perturbed SEA results s is very small.
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Figure 8.9. The energy ratio averaged over 20 Hz bands in dB, 10log, (E,/ E), when
An,, and An,, are considered independent: (a) low damping (Meomp = 0.08), (b) medium
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Table 8.2. The standard deviations (o of the CLF obtained from the empirical model for
the variability of the effective CLF, s of the perturbed SEA simulations and s of DSM

results) for three different damping models.

Frequenc . ,
b;;% y A2, Anpay damping o) s s’ §—S
low 4.99 4.02 3.52 0.50
Dependent medium 3.87 3.29 2.84 0.45
high 2.50 2.19 1.96 0.23
20 Hz
low 4.99 5.23 3.52 1.71
Independent | medium 3.87 3.92 2.84 1.08
high 2.50 2.60 1.96 0.64
low 0.61 0.51 0.52 -0.01
Dependent medium 0.61 0.51 0.50 0.01
high 0.60 0.52 0.36 0.16
200 Hz
low 0.61 0.62 0.52 0.10
Independent | medium 0.61 0.64 0.50 0.14
high 0.60 0.61 0.36 0.25

8.2.4 Investigation of coupling strength

The ratio of the effective CLF 7j, to the DLF for the source plate 7; is an indication of the

coupling strength [88]; i.e. if the ratio is greater than 1, then the subsystems may be
considered ‘strongly coupled’. These ratios were investigated and are shown in Figures
8.11 and 8.12. The models considered are the baseline model in 1/3 octave bands as well
as results averaged over 20 Hz and 200 Hz frequency bands for the three levels of
damping. For the 1/3 octave model (Figure 8.11), which has a constant loss factor 77, the
two plates are only strongly coupled at low frequencies. For the three cases of the different
damping values averaged over 20 Hz frequency bands (Figure 8.12 (a), (c) and (e)), the
two plates are strongly coupled at some frequencies. The results for 200 Hz bands (for
which 77 is frequency dependent) seem relatively insensitive to the damping values
(Figure 8.12 (b), (d) and (f)) and lie below 1; the two plates may be considered weakly

coupled.
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Another indication of the coupling strength is the coupling parameter p(k) defined by
Wester and Mace [50]: when the gamma value is positive and much less than unity, the
subsystems can be considered weakly coupled, otherwise they can be considered not
weakly coupled. Determining the coupling parameter )(k,) for normal incidence, using
equation (3.25), it was found to be below unity for f> 175 Hz for the baseline model. For
the three cases for which the damping is frequency dependent, the gamma values were
above unity for the low and medium damping cases and below unity only when the
frequency is between 20 and 60 Hz for the high damping case. Since these gamma values
are based on the ensemble average [50], the corresponding gamma values in the realisations
and the frequency averaged investigations; e.g. 1/3 octave, 20 Hz and 200 Hz bands, in

Figures 8.11 and 8.12, cannot be directly compared.

From these two measures of coupling strength it is seen that the cases considered include

both weak and strong coupling. It may therefore be concluded that the bounds *s obtained
from the perturbed SEA simulations give a good approximation to the actual variations

+s7, irrespective of the coupling strength (see Figures 8.7 and 8.9).
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Figure 8.11. The ratio of the effective CLF 7, to the DLF for the source plate 77, for the

baseline model in 1/3 octave bands. —, 7,,/11; ---, 7,,/72.
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8.3 Concluding remarks

SEA predictions for a two-plate system were obtained by perturbing the CLF according to
the previously developed empirical model. The following conclusions can be drawn from

these results.

The standard deviation (+0) of the CLF results corresponds approximately to the standard
deviation (ts) of the consequent energy ratios. Both standard deviations depend on the

modal overlap factor and frequency average bandwidth. If the frequency average is carried

out over a large bandwidth, the effect of the modal overlap factor on the standard

deviation becomes small.

The bounds =*s obtained from the perturbed SEA simulations give a good approximation to

the actual variations in the DSM results even in the case of strong coupling.

The mean value of the SEA simulations deviates from the result obtained using the
ensemble average CLF below a frequency where the standard deviation (+s) of the energy
ratio is greater than about £5 dB. This frequency could in any case be seen as a lower limit

for application of SEA, below which the results are unreliable.

It is noted that the empirical model developed in this research was obtained from the
limited cases of two coupled rectangular plates. The empirical model can be used to find
the variability of the effective CLFs for a system of two coupled subsystems or to estimate
the resulting variability of the SEA prediction for that system. However, it is not known
how to apply the empirical model to a multi-subsystem model. In particular, the CLFs for

the multi-subsystem model will not be independent, as some modal behaviour affects 77,

for a given receiver subsystem j for all other subsystems i.

229



Chapter 9. Conclusions

CHAPTER 9

CONCLUSIONS

9.1 Introduction

This research was undertaken to investigate variability in the CLF using two coupled
rectangular plates as an example and to develop an empirical model to quantify the
uncertainties in the CLF. The DSM was used in order to obtain the exact dynamic
response for the particular structures across a wide frequency range. Extensive parameter
studies have been performed to determine the variability of the CLF. An empirical model
describing the variability of the CLF was developed and validated. The subsequent
confidence intervals for SEA predictions using this variability were investigated using
Monte Carlo simulation. Results and conclusions drawn from this research are

summarised here, followed by recommendations for future work.

9.2 Summary of results and conclusions

9.2.1 Background research and theory

A number of relevant research studies and complementary approaches applicable to the
solution of dynamic problems in the mid to high frequency range have been reviewed and
were presented in Chapter 1. This highlighted the difficulties and, in particular, the

uncertainties which are present in SEA due to variability in the coupling loss factors.

In Chapter 2 the theoretical predictions of the dynamic response of a uniform plate to an
applied harmonic point force were described and the DSM models were developed. This

was extended to two coupled plates, with a line connection at the joint.

It was demonstrated that for reliable results, all half-sine orders with a cut-on frequency

below the frequency of analysis should be included.
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The input power for a point force has been compared with the dissipated power. It was
clarified that the strain energy should be used, at least in the low and medium frequency
range, since significant errors occur in the dissipated power calculation if kinetic energy is

used when hysteretic losses are introduced.

In-plane motion has also been considered for two coupled plates in an L shape configuration.
Although the in-plane motion has only a small effect in the examples considered, it may

be important for large structures or multi-plate structures.

The theoretical background of the SEA framework was presented in Chapter 3. Various
methods to evaluate the effective CLF, the ensemble average CLF and the CLF based on
semi-infinite plates, were discussed. Previously published theoretical upper and lower

bounds were reviewed for comparison with the variability of the CLF to be evaluated in

the following chapters.

9.2.2 Analytical CLF determination and the modal behaviour of the two
plates

Various analytical models were presented in Chapter 4 in order to evaluate the effective
CLFs and to investigate the influence of the modal behaviour of the source or receiver
plate or both. In order to isolate the effects on the variability of the way in which the
systems are excited, a sensitivity investigation was performed. Confidence intervals were
obtained for six different sized sets of forcing points. It was seen that the confidence
intervals are large for small numbers of forcing points and reduce as more points are
taken. They are not strongly dependent on frequency. As the number of forcing points
increases, the effective CLF estimates become more reliable, so that for a 90% confidence
interval of 1.5 dB at least ten points should be taken. For 400 forcing points it can be

expected that the uncertainty will be reduced to +0.25 dB. By reciprocity the same is

expected to apply to the number of response positions used.

The effective CLFs, for finite plate realisations, were calculated using three different
methods, i.e. based on the actual mode count, the asymptotic modal density and matrix-
inversion from a ‘numerical experiment’. Of these, the latter was found to be more

reliable. These results were compared with the CLF obtained from semi-infinite plates.
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The effective CLF for finite plates fluctuated considerably relative to the CLF based on
semi-infinite plates at low frequencies and agreed well with the semi-infinite plate results
at high frequencies. It was also shown that the consistency relationship (11712 = n2721) is
satisfied by the predicted CLF at high frequencies, although at low frequencies

considerable variation is found.

Although the effective CLF results converged to those of an infinite plate at high
frequencies, some discrepancies remained. The effect of the plate thickness on the high
frequency asymptotic behaviour was investigated in terms of the transmission efficiency 7.
Good agreement was found for dissimilar thicknesses, but for similar thicknesses it was
found necessary to introduce a correction to the infinite plate by a factor of 2/(2-7). The
remaining discrepancy between the effective CLF and the semi-infinite result was attributed
to the influence of in-plane motion in the finite plate results and its neglect in the semi-

infinite plate results.

The relationship was investigated between peaks and troughs in the effective CLF and in
the ratio between the energy of the receiver plate and that of the source plate, and these
were related to the modal behaviour of the plates. The effective CLF estimates and the
energy ratio at low frequencies, in the region of the first few modes, contain peaks which
correspond to the uncoupled modes of the receiver plate. Such peaks do not appear at

resonances of the source plate.

The variability in the effective CLF, or the transmission efficiency, due to the modal
behaviour of both the source and receiver plates has been examined using a systematic

investigation involving both finite-width semi-infinite and finite plates.

The transmission efficiencies were evaluated between a semi-infinite source plate and a
finite receiver plate with different thickness ratios. At low frequencies, the transmission
efficiency oscillates considerably around that for two semi-infinite plates, converging as
frequency increases. The peaks and troughs in the transmission efficiency correspond to
the modal behaviour of the receiver plate. The uncoupled finite plate could be approximated
using either simply supported or clamped boundary condition at the interface, which

represent two extremes between which the coupled plate may be considered to lie.

A finite source plate coupled to a semi-infinite receiver plate was considered to investigate

the influence of the modal behaviour of the source plate. At low frequencies, the effective
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CLF fluctuates around the CLF for two semi-infinite plates, but it is relatively smooth
compared to the fluctuations for a semi-infinite source plate coupled to a finite receiver
plate. These fluctuations in the effective CLF are found to be due to the predominance of
particular angles of incidence corresponding to the source plate modes, rather than due to

the direct influence of the modal behaviour of the source plate.

Therefore it was found that the modal behaviour of both the source and receiver plates
affects the energy transmission between two subsystems, rather than only that of the
receiver plate as asserted by Craik ef al. [44]. Nevertheless, the results were found to be

more sensitive to the DLF of the receiver plate than that of the source plate.

9.2.3 Variability of the CLF

In order to quantify the variability of the effective CLF, a wide range of parameter
investigations was performed using finite plate simulations which incorporate variations in

both modal density and modal overlap, either together or separately.

Chapter 5 presented an initial parametric investigation on the variability of the effective
CLF, performed using DSM. The parameters varied were: (i) the plate thickness ratio,
(ii) the length ratio, (iii) the length-to-width ratio of the two plates and (iv) the damping
loss factors. In each case, the modal density and the DLF were constant with frequency,
whilst the modal overlap factor increased with increasing frequency. Results were presented
in one-third octave bands. The ratio of the effective CLFs for finite plates to the CLF
based on semi-infinite plates was determined and compared with Craik’s upper and lower

bounds.

At low modal overlap the effective CLFs fluctuated considerably, whereas the variability
generally reduced as frequency increased. The results fall within a slightly wider range
than Craik's upper and lower bounds, although these bounds are shown to be useful
indications of the variability in the CLF. However, they do not account for remaining
variability when the modal overlap is greater than about 0.4. Better agreement occurs
when the modal overlap of both subsystems is taken into account, rather than that of the

receiver alone, as originally proposed by Craik.
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A further parametric investigation was performed in Chapter 6. Two parameters, the
average number of modes in a frequency band N and the modal overlap factor M, were
considered as independent control parameters. The ensemble average CLF discussed in
Section 3.5, instead of the CLF based on semi-infinite plates, was used to provide a more
consistent basis for comparisons. Results were determined in overlapping frequency bands
of constant bandwidth. The ratio of the frequency averaged effective CLF to the ensemble
average CLF expressed in dB was obtained and the mean over all centre frequencies and

the standard deviation o were determined. The mean was found to be close to 0 dB, whilst

the range of 20 reduces as the bandwidth increases.

The variance o~ of each case was investigated to find the variability of the effective CLF

in terms of two new parameters, the ‘combined’ modal overlap factor M, =2/(M,~+M,")

comb

and the ‘combined’ number of modes N, , =2/(N,"+N,”). The two parameters as proposed

comb
are also applicable for the limiting cases of an infinite plate coupled to a finite plate. An
empirical formula for the variance of the effective CLF in dB was derived in terms of
Mcomb and Ncomb:

, 6
o = 5 .
M, +N2 . /16

comb

It was shown that the empirical model provides improved confidence intervals of the CLF
compared to the previously published estimates [33, 43]. The estimates of confidence
intervals based on the empirical model were also compared with the results of the effective
CLF for various parameter variations obtained from Chapter 5. These estimates gave

better upper and lower bounds for the effective CLF than Craik’s model discussed in

Chapter 5.

Statistical investigations were carried out to review the distribution of the effective CLF
and the interdependence of 7712 and 71. As a result of the Chi-square test and a study of
the skewness and kurtosis, the probability distributions for the logarithmic CLF ratio are
unlikely to be strictly normally distributed. Nevertheless, for simplicity a normal
distribution remains a reasonable approximation. It was found that 77;, and 77, are not
independent of each other, although the degree of correlation varies from one case to

another.
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9.2.4 Validation of the CLF variability and SEA consequences

Experimental validation of the empirical model on two coplanar plates joined by bolts was
presented in Chapter 7. In the experimental study, the measured vibrations were averaged
over ten forcing points and ten response points. The experimental and analytical CLFs
were investigated and were discussed in relation to the empirical model for the variability

of the effective CLF developed in Chapter 6.

The experimental CLF estimates agreed reasonably well with the analytical results above
30 Hz, although the results around 50 Hz and above 800 Hz were not so good. Some
discrepancies may be caused by the different boundary conditions between experiment
and analysis and the use of kinetic energy in the experiment. Since the main aim is to
study the variability of the CLF, quantitatively as well as qualitatively, the level of

agreement found was considered acceptable.

It was shown that over 95% of the experimental CLF values fell within the =20 bounds
based on the empirical model developed in Chapter 6. This suggests that the empirical
model obtained from two plates joined at right angles may be applicable to other

geometries.

The consequences for SEA predictions of the variation in the CLF were presented in
Chapter 8. The variation in the CLF was obtained from the estimated standard deviation &
based on the empirical model for the variability of the effective CLF developed in
Chapter 6. A Monte Carlo simulation was used to investigate the effect of perturbing of
the CLF with respect to the relevant ensemble value. The energy ratio between the
receiver plate and the source plate obtained from the SEA equations was compared with

the exact analytical DSM results.

From the results in 1/3 octave bands, it was found that about 65% of the exact energy ratio
results falls within & one standard deviation (s) of the perturbed SEA simulations. The
mean value of the SEA simulations diverges from the result obtained using the ensemble
average CLFs at low frequencies. This occurs at frequencies where the standard deviation
of the energy ratio is greater than about £5dB. This frequency could be seen, in any case,

as a lower limit for application of SEA, below which the results are too unreliable.
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From the results for 20 Hz and 200 Hz bandwidths and constant modal overlap factors, are
greater percentage of the values of the exact energy ratio fall within the range ts from the
perturbed SEA simulations, particularly when the modal overlap factor and frequency
bandwidth are large. As the modal overlap factor increases, the bounds of the SEA
simulation decrease slightly. It was shown that the SEA predictions are more reliable
when the modal overlap factor (or the DLF) and frequency bandwidth are large. This
corresponds to a fundamental hypothesis of the application of SEA. For a small bandwidth
the effect of the modal overlap factor on the bounds is large, whereas for a large bandwidth

the number of modes in a frequency band is important, not the modal overlap factor.

The variability (xo) of the effective CLF is similar to the variability (+s) of the
subsequent energy ratios (both expressed in dB). When the CLFs are assumed to be
independent of each other, the bounds *s obtained from the SEA simulation are slightly
larger than those obtained when they are assumed to be dependent. The bounds obtained
from the perturbed SEA simulations give a good approximation to the actual variations

even in the case of strong coupling.

9.3 Recommendations for future research

This project has investigated the variability of the effective CLF for two rectangular
plates. An empirical formula for the variability of the CLF, to assist in quantifying the
uncertainty of the SEA predictions, has been derived. It is not possible without further
investigation to generalise this result to structures consisting of different geometry or
made up of multiple subsystems. Generally, real built-up structures such as an automotive
vehicle have arbitrary geometry and complicated connections between subsystems. SEA is
a useful method to predict the structural vibration and sound in those complex structures at
mid to high frequencies, although other variant methods can also be used to obtain the
dynamic response of complex structures. It would be possible to evaluate the variability of
the CLF and to quantify the uncertainty of the SEA predictions using the same methodology
as in this research. Some suggestions of particular relevance to an automotive vehicle are

as follows.

An automotive vehicle consists of hundreds of panels, beam-like structures and pre-

assembled substructures. Especially body panels are pressed into the required geometry
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from thin and flat rolled plates. Corrugations and stiffeners are usually added into panels
to improve the rigidity of thin plates and these panels are assembled by spot welding or
bolted connections. Most of the panels form a curved and complex geometry rather than a
flat and rectangular shape. There are a number of junction areas, i.e. roof to windshield
joint, centre pillar to floor panel joint and floor to bulkhead joint, etc., with various
connection types from point coupling to line coupling. Most of these connections are
formed by more than three subsystems of beams and plates. Accordingly, it is necessary to

consider the confidence interval for curved and multi-subsystem structures of these

various types.

SEA can be used to evaluate not only structural vibration but also interior noise inside
vehicles at mid to high frequencies. In order to quantify the reliability of results from the
SEA predictions, an investigation of the confidence interval of the coupling between the
structure and the acoustic cavity is also required. Since an SEA model for automotive
vehicles is typically constructed using hundreds of subsystems, it should be considered to
what extent the confidence interval for each substructure affects that for the total system.
An enclosed box structure with an acoustic cavity would be a good example case
extending the work to consider the influence of individual CLF variability as well as
multiple CLF variabilities on the sensitivity in the response in the final SEA prediction.
Moreover, since the CLFs for multiple subsystem models will not be independent, effect

on the SEA prediction requires attention.
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APPENDIX A.

ANALYTICAL INTEGRATION OF STRAIN ENERGY

In calculating the energy of each plate, an analytical integration has been performed to

give good accuracy. The displacements and their derivatives are obtained from the dynamic

stiffness approach.

A.1. The strain energy for flexural vibration

The strain energy for flexural vibration is given by [27]

b o*w 0w ’ o*w *w o*w ’
mam,f J. J. !:( J [ yzj +2,U ax2 ay +2(1~ l)( y} :#dxdy (Al)

where D is the flexural rigidity (=Eh/12(1-1), E is the Young’s modulus, % is the

thickness of the plate, i is the Poisson’s ratio, respectively), b is the width of the plate, L is
the length of the plate and w is the out-of-plane deflection amplitude which is a real value

dependent on time 7. Equation (A.1) represents the instantaneous strain energy in a cycle.

The time averaged strain energy is given by

E\nam f _[ Emum g (Z)dt (AZ)

Each term in the strain energy oscillates at frequency 2@ from O to maximum at each

location. Different locations may have their maximum value at different times, but the

time integral |dt can be taken inside the ||dxdy. Then the four terms can be evaluated
g

separately, e.g. for the first term

__,f {fm[ dedy}d j'w J.(g;vjzdz:}dxdy
ow [
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where W, is the out-of-plane displacement amplitude. For a rectangular plate which is
simply supported along two opposite edges (see Figure 2.1), W, may be taken to be of the
form

W (x,y)= ZZAme * sin(k, y) (A4)

n=1 m=1
where the complex A,,, terms are four unknown constants of integration, which can be
found by ensuring that the solution satisfies the boundary conditions at the ends. The k,
terms are the four complex trace wavenumbers in the x direction, k, (=nzy/b) is the trace
wavenumber in the y direction and # is the number of half-sine waves along the transverse

edge.

The first term of the integral in equation (A.1) can be rewritten in the form

S5

= nizAnmkmne * sin(k,y) (A.6)

n=l m=l1

] dxdy (A.5)

where

and * denotes the complex conjugate.

Substituting equation (A.6) into equation (A.5),

%J.: foL {[2 z An,nkfm o )(Z Z ke K Jsin(kn y) sin(kn,y)} dxdy

n m

2 22 A‘nn];Anr:- ]zm it { Gyt Vo _1}

noomom nn nm’

(A7)

b
where jo sin(k, y)sin(k,,y) dy :g ifn=n",andQifn=n".

The second term of the integral in equation (A.1) can be rewritten as

__j”f [ ]( }d dy (A.8)
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Substituting equation (A.9) into equation (A.8),
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(A.10)
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The third term of the integral in equation (A.1) can be rewritten as

g

Substituting equations (A.6) and (A.9) into equation (A.11),

uf’ ijeHZ D Ake" ]( 2.2 ki, """jsin(kmsin(k,,fy)}dxdy
(A.12)
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The last term of the integral in equation (A.1) can be rewritten as

dxdy (1~ y)j j (axay J(m]dxdy (A.13)
(A.14)
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where - kA k. e cosk,
Sy B »)

Substituting equation (A.14) into equation (A.13),
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The time averaged strain energy for flexural vibration can be obtained analytically from

equations (A.7), (A.10), (A.12) and (A.15). Therefore, the maximum strain energy

(E\ram,)max Which is twice the time averaged strain energy, is given by
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A.2. The strain energy for in-plane vibration

The instantaneous strain energy for in-plane vibration is given by [27]

( ou Y ou dv (1 M) u Iy
- __En ) dxdy (A.17
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where u and v are the longitudinal and transverse deflection, respectively, which are real

valued functions of ¢.

If the boundary conditions are simply-supported along the longitudinal edges, the in-plane

deflections, the longitudinal deflection U and the transverse deflection V, may be written

as [76]

U, (x,y)= 2{[ A, [gm; }r[k kn][ 4; }}sm(kny) (A.18)

n=l n2

V,(x,y)= Z{ [k, & ][ w® :|+[2’n3 &14]{5”322:i}}C05(kny) (A.19)
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where the complex C,, terms are four unknown constants of integration. The Aqr terms are

determined by

A =k, =k, and 4, = tk, —k; (A.20)

where k; = pa’*(1-u*)/ E and k} = 2pw’(1+ 1)/ E .
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The four terms in equation (A.17) can be evaluated separately by taking the time average,

as described in Section A.1.

The first term of the integral in equation (A.17) can be rewritten as

1 ¢b L ]oU, | | b eLf U, \( U,
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and * denotes the complex conjugate.

Substituting equation (A.22) into equation (A.21),
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The second term of the integral in equation (A.17) can be rewritten as
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The third term of the integral in equation (A.17) can be rewritten as
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Substituting equations (A.22) and (A.25) into equation (A.27),

A6



n"n4

bh pL
ﬂJ-O J.() {{ nlﬂ’nzl )‘m‘ + C‘)ﬂ/fi’r,lzlejnzx +kncvlﬂﬂ’ o +k C /171462714)L )}

{2(_1{”,)(]{ C eﬁv;f +k Cvnzeﬂnﬂ +an'3ﬂ’n Arar +C;142* eﬁnﬂ)}Sil’l(kny)Sil'l(knry)}dXdy

) 2Re(ﬂn1)L 2Re(45)L
= —_@an Re I nlI nzlkn 1 ’ 137 n e—1+
2 n 2R ( n]) ) 2Re (2512)
2Re(4,3)L 2Re( 4,4 )L
Cn3 ’ ]lln’% ’ k e—- ICM[ ﬂ’nél- ’ kn ° 1
) 2Re (ﬂm) 2Re ( ,14)
e(ﬂmm) 1 (A )L 1
C'nICnZ/lnlk ——t C'n] C 2’}121/1)1'% AL 4 +
ﬂ“nl +2’/12 //Lr:l +/1n3
(Al (haram)t
C C /13 /1)14 E_“—l + CnZCZI/?%szn e—*l +
/lnl + /’Lnél Z’nQ + /1/11
e(%z*%z )L—l e(ﬂ,zz“‘A;za )L_ 1
ancf;s/ﬁzﬂ';% —— 7 Qzlcr’:42’fzz2ﬂ’r:4 T
) 2’112 +/ln3 ﬂ712 +2’n4
(ﬂ-n%‘*'ﬂsl) ()m'*'ﬁz )L
C Cnl/ln'%kn _e—_‘—l + Cn?QlZ/llﬂkj E-——l +
13 +2’ nl /111’5 2’/12
(27,%‘*'7‘7.4) -1 (2.,‘4-%11) -1
C.C ANk S tC,CA, k,;--—-—+
2’/13 +A‘ 4 ﬂ’114 ﬂ‘hl
e(ﬂm*l:z) -1 (37 4+Zm) -1
c.C.Ak~———+C,C. A Ak —
n4d~"n2" 4 n /1]14 +i - nd~n3 a3 n &14 /1

(A.28)

The last term of the integral in equation (A.17) can be rewritten as

(1- ﬂ)ﬁ |aU idd (- ﬂ)m (aU ](aU aavnjdxdy (A.29)

dy X

Minax Zayr ﬂ-nzx
where _a_éU_:z { . Anl]{c'“e }L[kn kn][c o :}}cos(k y) (A.30)
y 1

C.e™

H

and

AV, ‘s C e C e
A — kA, & kA " AL AL cos(k,y). (A.31)
ax et {[ n’*nl n’ 2 ][C /1:12“‘} [: 13 n4:] C’melﬂ
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Substituting equations (A.30) and (A.31) into equation (A.29),
1—1L ¢b oL
—fl.,.o J; H zknqﬂ;t e +2knc;12ﬂhze%2x +Ca (kf + 123)6%'gl +C4<k2 +/124) 44‘)}

{Z (an'q}/’zfz leﬂ” " +2kn C:I /27Y Zeﬂr ” +C:z '3 k~ 113)61;@* +C:;4(kj' +ﬂf;’i)e@4/\ ) }COS(kny)COS(kn'y):ldXdy

1

()b Z{ Rlia)l_g
= n n ﬁh l +
: AP Sy e S
2Re(An)L Re(4,4)L
20,9 2e -1 2 2¢’ -1
n3 k); +2fl\ At AN + C;l klf +ﬂfl TN +
/ 2Re(4;) ' / 2Re(4,)
, C e(ﬂnx“fﬂnz) -1 , , (411‘*'3;@)[1_1
ZRC k C 2 -—_+2knqz C; ﬁ’ (kn +)‘f: )‘.—-——_:—__!_
//{111 +/1/12 o ? Ahl +2h3
. (AM WL 1 . e(}”‘Z*”’T*)L——I
2% C.C Ak +A4,) ————+2&k C C. A (k+A)————+
nnl 4/7711( 2&14 Aﬂ +ﬂ.h4 nn2 - n3 ( 7 3) /InZ +2;:?
e S
2% ,C,C A +A) " +C,C I+ 1)K+
non2 4%2( /,lhz +ﬂh4 n3 n4( 213)( /7714) ﬂm /’1714

(A.32)

The maximum strain energy for in-plane vibration can be obtained analytically from

equations (A.23), (A.26), (A.28) and (A.32).
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APPENDIX B.
COUPLING TWO PLATES USING DSM

B.1 Dynamic Stiffness Matrix for a coupled plate system

1 2 3 4
Sy
T2 ‘]\42
Ni Plate 1 N, Plate 2 b
M, T +
5 N N
b L 4 - 2L B

w,Z
v,y
¢m ux

For the flexural vibration for plate 1 and plate 2, F,, =K, u,, and ¥,, =K, u,,

where
F,"={-S, M, S, -M}, B.1)
F, ={-S, M, S, M}, (B.2)
u, ={w ¢ w &} (B.3)
u, ={w, ¢ w, &} (B4)

and the dynamic stiffness matrix for flexure, K 1 and K ,,, is defined in equation (2.41).

12>

For the in-plane vibration for plate 1 and plate 2, F, =K ,u, and ¥, =K ,u,

where
E/={-N, T N, T} (B.5)
F,={-N, -T, N, T}, (B.6)
u' ={u v u, vk (B.7)
w, ={u, v, u, v} (B.8)

B.1



and the dynamic stiffness matrix for in-plane motion, K, and K ,, is defined in equation

(2.52).

Assembling the dynamic stiffness matrices for flexure and in-plane motion and multiplying
the transformation matrix given in Appendix B.2, the force-displacement relationship for a

coupled plate system can be obtained from

F =K, u,, (B.9)
where
F, u, K, 0 0 0
F u o K, 0 0
F =T/ "7 u=T"| 7| and K, =T/ 2 T,.
Fz] ! utl ! ! 0 0 Kzl 0 !
F, u, o 0 0 K,

B.2 Transformation Matrix T, for a coupled plate system

1 2 3
/\ /\
v W A A
¢§§} A\‘< L NSA\ < 2L A;

The continuity conditions at the joint x = L,

W, =W, oS0 — U, Sin & (B.10)
U, = W, Sin & + 1, cos & (B.11)
V=V, (B.12)
6, =0,. (B.13)

Take as the independent displacements,

I, 8, wou Go Wy Gy Wy, Yy, Uy, Vg, Uy, V4t (B.14)
B.2



Then the transformation matrix T, is given by,

W @ W, 9, Wy &, U Vi U, vy N Vy

1 . . . . . . . . . . . w,

cosd . : . : . sind . . : W,

—sind . . ) . . cosd . . . 78

(B.15)

which gives

T
u, :Tp U, (B.16)
where u b= {w2 6w, O W, O U v, U, V, U Vv, }T and
T
U :{Wl G Wy, B, wy @ ow, @ U VU, v, U ViU V4} .
Similarly, the forces at the interface x = L are related by
S,=S,-S,cosd+N,sind (B.17)
N,=N,-S,sind—N,cosd (B.18)
M,=M,-M, (B.19)

where S,, N, and M, are the externally applied forces. The external forces F, thus

satisfy ¥, = TpT F,

(pl+p2)
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APPENDIX C.

DYNAMIC STIFFNESS MATRIX FOR A SEMI-INFINITE

PLATE

An undamped semi-infinite plate, as shown in Figure C.1, is assumed to be simply

supported along two opposite edges (y = 0 and y = b).

—> An

—> Ap

Ny

l

x=0

X = +o0

Figure C.1. A semi-infinite plate of finite width, b.

The deflection for flexural vibration may be taken to be of the form

(C.1)

where the A,, terms are two unknown constants of integration which can be found by

ensuring that the solution satisfies the boundary conditions at the left-hand edge of the

plate and the k,, terms are the positive-going nearfield and propagating waves

(knl,nZ :_\/kfikz s k:(pha)z/D)l/4 and kn :l’lﬂ'/b)

Upon introducing the flexural displacement vector for longitudinal direction

w, ={W,(0) W/(0)},

C.1

(C.2)



then

Wz (O) = Anl + AnQ (C 3)
Wn,<0) = knlAnl + kuZAnZ ’ '
or in matrix form
u, =[ b HA’“}, (C.4)
knl kn2 An2
un/ = plnAn’ (CS)
WhereA::{All AIZ} and
1 1
p, = . (C.6)
knl an

Equation (C.1) may be used to derive a relationship between the displacements and forces

at the left-hand end of the plate, and thus the dynamic stiffness matrix of the plate for

flexural vibrations with transverse modeshape sin(k,y) for each n. The longitudinal

shear force S,(x) and bending moment M, (x) along the free edges may be written as [74]

S, ==D[W,/=(2-p)k;W,], (1)

n

M, =-D[W/- uk;W,], (C.8)
where D is the flexural rigidity (= EA’/12(1— *) )and u is the Poisson’s ratio.

Upon introducing the restoring force vector

B, ={-5,(0) ,(0)} ©9)

2

where -S,(0)=D {2 (k, ) A, —(2- )k’ {i k, A, H (C.10)

=1

2 2 7
and M, (O):—D[Z(km Y A, - ,lejzAmJ, (C.11)
r=1 r=1

this allows F , to be written in terms of A,

nf

C.2



an :p2nAn (Clz)

where

knl )z _(2—ﬂ)ki;lknl (knz )3 _(z_ﬂ)kr?kn'z

(C.13)
— (k) + k! —(k,, )’ + ptk?

p2n=D (

and K, is the dynamic stiffness matrix of the semi-infinite plate for flexural vibrations.

From equation (C.5), A, = pl"nlunf , equation (C.9) can be rewritten in matrix form,

Ezf :pZnAn :panl-nlunf :Kmfunf * (C14)

Hence

Km}‘ = p2npl_ri . (ClS)
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