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ABSTRACT 

SCHOOL OF ENGINEERING SCIENCES 

AAISCIMLAIVKIAuL IGNX îrflDElRJISX] 

Doctor of Philosophy 

FINITE E L E M E N T D Y N A M I C ANALYSIS OF ROTATING T A P E R E D 

T H R E E DIMENSIONAL B E A M S 

by A. BAZOUNE 

The equations of motion are derived for the three dimensional rotating tapered Timoshenko 

beam using a Lagrangian formulation in conjunction with the finite element technique. These 

equations include the e&cts of Coriolis forces, shear deformation and rotary inertia, hub radius, 

taper ratios and pre-cone and setting angle. A mixed set of generalized co-ordinates that ac-

counts for inertia coupling between reference motions and local elastic deformations is employed. 

The shape functions of the three dimensional beam element are derived using Timoshenko beam 

theory. Explicit expressions of the element mass, stiAiess, Coriolis and inertia terms matrices 

are derived in parametric form thus avoiding extensive numerical computations. The generalized 

eigenvalue problem is deGned and cast into state space form using explicit expressions for the 

mass, stiffness and Coriolis matrices. 

Modal transformations from the space of nodal co-ordinates to the space of modal co-

ordinates are invoked to alleviate the problem of large dimensionality resulting from the finite 

element discretization. Both planar and complex modal transformations are presented and im-

plemented to obtain a reduced order model. The reduced order model form of equations of 

motion is computer generated, integrated forward in time and the system dynamic response is 

evaluated for different types of external loading conditions. 

Explicit expressions for Southwell coefficients for rotating tapered Timoshenko beams are 

obtained as a function of all parameter variations. 

The frequency spectrum of the forced time signal response is computed and plotted along 

with the response profiles for a wide range of parameter variation using the FFT EJgorithm. 
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Nomenclature 

Unless otherwise stated, the following notation is used 

[^] rotational transformation matrix 

[A,p\ constant setting angle transformation 

[Aij,] constant pre-cone angle transformation 

[A)] = 

partial derivative of [X] with respect to y 

Ai skew symmetric matrix 

cross-sectional area of the beam element 

Ao cross-sectional area of the beam at the root 

[Bj] elemental strain displacement matrix 

y breadth of the cross-section of the beam at an arbitrary location z* 

bo breadth of the cross-section of the beam at the root 

C® element Coriolis matrix 

{cP j elastic deformation vector 

{e'j , { ^ } generalized nodal displacement vectors defined with respect to 

(a;' 1/* z') and z) co-ordinate axes 

^ modulus of elasticity 

centrifugal force 

a;, 2/, and z-components of the centrifugal force 

/ frequency, Hz 

G modulus of rigidity 

/i' depth of the cross-section of the beam at an arbitrary location 

ho depth of the cross-section of the beam at the root 

[/] identity matrix 

7^ second moment of area of the cross-section about the ^-axis 

product moment of area of the cross-section about the ^z-axes 

ZL second moment of area of the cross-section about the z-axis 

k 

second moment of area of the cross-section at the root of the beam 

refers to the 2̂ ^ element 

elementaJ bending stiffness matrix in the (3;2/)-plane 

elemental bending stiEness matrix in the (3;z)-plane 

elemental axial stiffness matrix 

iii 
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V 
V 
^c,v 
p 

composite elemental elastic stiffness matrix 

elemental stiffness matrix due to coupling in bending 

[kgJ elemental torsional stiffness matrix 

elemental shear stiffness matrix in the -plane 

elemental shear stiffness matrix in the (a;z)-plane 

elemental centrifugal stiffness matrix in the (a;y)-plane 

elemental centrifugal stiffness matrix in the (a;z)-plane 

D = T'̂ —W — Lagrangian 

[L] left complex modal matrix 

L truncated length of the beam 

Z,* outboard length of the beam from element under consideration 

Loy untruncated length of the beam in the (a:y)-plane 

Loz untruncated length of the beam in the (zz)-plane 

r element length 

[M'] composite elemental mass matrix 

[ml^] element mass matrix associated with reference motion 

element mass matrix representing the coupling between reference motion 

and elastic deformations 

[mgg] composite element elastic mass matrix 

element axial mass matrix 

[ml ] element torsional mass matrix 

element translational mass matrix in the (2;2/)-plane 

u)] element translational mass matrix in the (xz)-plane 

[rrig element rotary inertia mass matrix in the (a;y)-plane 

[ttIq element rotary inertia mass matrix in the (x^)-plane 

[ml ] elemental rotary inertia mass matrix due to coupling in bending 

[M] global mass matrix of the beam 

bending moments 

[jV'j modified shape functions of the beam element 

total number of elements 

points in the undeformed state of the beam element before and after 

setting angles are made 

[P] modal planar transformation matrix 

point in the deformed state of the beam element 
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Qy, Qg shear forces 

%o hub radius 

TVp global position vector of point P ' 

R = TZo/L, non-dimensional hub radius 

transformation matrix from elemental co-ordinates to body co-ordinates 

diagonal transformation matrix built up of [3%*] matrices 

right complex modal matrix 

radius of gyration of the cross-section of the beam about the 2/-axis 

rgz = ra<lius of gyration of the cross-section of the beam about the z-axis 

position vectors of point and respectively 

Si Southwell coefficient corresponding to the mode 

S"̂  element shape functions 

T' kinetic energy of the beam element 

W strain energy of the beam element 

axial nodal displacement 

y element volume 

V potential energy of the beam element 

D* elemental translational nodal displacement in the ^/-direction 

bending nodal displacement in the ^/-direction 

v\ shear nodal displacement in the ^-direction 

w* elemental translational nodal displacement in the z-direction 

wl bending nodal displacement in the z-direction 

w\ shear nodal displacement in the z-direction 

z' elemental co-ordinate in the a:-direction 

y' elemental co-ordinate in the ^-direction 

z* elemental co-ordinate in the z-direction 

(2;2/z) local co-ordinate system 

(z'l/'z') co-ordinate system obtained by rotating the (zyz) co-ordinate system about the 

z-axis by a setting angle 

co-ordinate system obtained by rotating the (z'T/V) co-ordinate system about the 

{/'-axis by a pre-cone angle 

element co-ordinate system 

^ z) element co-ordinate system initially parallel to system 

(%yZ) global co-ordinate system 



CKyi, ckzi Constants defined by equations (3.21)-(3.28), (i = 0 , 1 , 3 ) 

Pi constants defined by equations (3.89)-(3.93), (i = 0,1, ...,4) 

7 ' angle of distortion due to shear deformation 

E* element strain 

C = non-dimensional elemental co-ordinates in the z-direction 

rf = 2/'//', non-dimensional elemental co-ordinates in the ^-direction 

0^ element torsional displacement 

9y element bending rotation about the z-axis 

element bending rotation about the i/-axis 

Ky, Kz shear correction factors in the y- and z-directions, respectively 

fx- constants defined by equations (3.13)-(3.14), {i — 1,2) 

v Poisson's ratio 

Vy = I//Loy, taper ratio in the ^-direction 

Vz = Zz/Z/oz, taper ratio in the z-direction 

^ = z'/Z', non-dimensional elemental coordinates in the z-direction 

p mass density 

element normal stress 

r ' element shear stress 

shear deformation parameters 

^ pre-cone angle 

if = 

setting angle 

Q, rate of spin of the hub 

iT 

\E ' 

O = Q.I?IsjEloyy!pAo^ spin parameter 

w natural frequency of the beam, (rad/s) 

A = pAo , frequency parameter 

transpose of [ ] 

. Euler-Bernoulli or Timoshenko quantities 
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Chapter 1 

Literature Review 

1.1 In t roduc t ion 

Rotating tapered beams^ represent a good model for many engineering structures and find 

practical applications in aircraft propellers, helicopter blading, high speed flexible mechanisms, 

robot manipulators and spinning space structures. Taper is desired for optimum distribution of 

weight and strength and is often motivated by special structural and functional requirements 

such as changing the bending stiAiesses along the beam in order to satis^ certain constraints 

that arise from other aspects of the blade design, such as power control or forced response 

characteristics. 

The problem of determining the dynamic modal characteristics (natural frequencies and 

associated mode shapes) of rotating beams is of paramount importance to the design and per-

formance evaluation, ajid haa been the subject of interest to many investigators. Accurate 

prediction of the dynamic characteristics of such structures is necessary in the early stages of 

the design process in order to avoid any possible conditions susceptible to resonance within the 

range of operating speed, and to prevent any failure that may occur as a result of sustained 

vibration at or near the resonant frequency range. 

Rotating structural components have traditionally been modelled as beams vibrating in 

flexure. While developing these models, various parameters pertinent to the functional require-

ments have been added in order to cope with aerodynamic reasons in addition to other technical 

and economical issues. These parameters include variable and non-symmetrical cross-sections^, 

^ A beam can be defined as a structure having one of its dimensions (the span) much larger than the other two 
which define the cross-section. The axis of the beam is defined along the span, and a cross-section normal to this 
axis is assumed to smoothly vary along the span of the beam. 

^In such irregular cross-sections the elastic axis does not necessarily coincide with the mass axis of the beam. 



pre-twist, pre-cone, pre-lag, setting angle, root oGiset, taper, rotary inertia, shear deformation. 

Attached masses, shrouds and springs were also included and various end conditions were con-

sidered. In addition, the high speed of rotation generates sizable centrifugal and Coriolis forces 

that should not be overlooked. Such parameters are crucial to the design evaluation and dy-

namic performance of rotating structures that comprise basic components in many engineering 

applications. As a result, these parameters contribute to additional complicated effects^ that 

are usually not taken into account in elementary beam theory. 

With all parameters present in the model, solving the problem becomes extremely compli-

cated. An exact solution is almost impossible and many simpliEed mathematical models with a 

variety of geometries and properties have been developed to investigate the dynamic character-

istics of such rotating beams using a variety of methods, for example, the Myklestad method [5, 

39], the method of integral equations [12], the power series solution method [16, 20], the South-

well method, the Rayleigh Ritz method [17, 36], the perturbation technique, the transfer matrix 

approach [35, 37], the Galerkin method [21, 24], the wave propagation method, the dynamic 

stiffness matrix method [30], the finite difference method [43] and the finite element technique 

[13, 19, 22, 24, 25, 27]. 

While the derivations of the equations of motion underlying the aforementioned methods 

differ from each other in many details, they all rely on a common approach to characterize small 

deformations in flexible beams. 

The numerical accuracy and feasibility of solutions obtained by the different methods remain 

major issues of interest to researchers in this area. With the recent development of computer 

hardware and software, the powerful Finite Element Method (FEM) has proved itself capable 

of formulating complicated structural systems and obtaining accurate results, and has therefore 

attracted a great deal of attention over the past few decades. 

1.2 L i t e ra tu re Survey 

Most of the published work devoted to the field of rotating structural components dealing with 

analytical and numerical methods employed beam models. Many references related to beam 

vibration problems can be found in the ample literature and the number is increasing rapidly. 

Because of the voluminous body of the existing literature, the scope of the present review has 

^Such effects include coupled bending-bending, bending-torsion, extension -torsion, stretching and bending and 
warping of the cross-section during torsion. Other effects related to aerodynamic forces, buckling and thermal 
stresses have also been reported in the literature. In addition, inertia or dynamic coupling effects that result from 
the reference motion and the elastic deformations have become major issues of concei-n to some researchers. 



been directed to the relevant issues of primary concern, that deal only with rotating beams. The 

majority of the published models deals with two-dimensional formulations^. Three dimensional 

models^, however, have not yet received similar attention. Compared to rotating uniform and 

tapered Euler-Bernoulli beams [6-19], the problem of rotating tapered Timoshenko beams has 

received less attention inspite of its importance in many engineering systems. Moreover, solutions 

reported in the current literature are less than adequate when compared to the simpler case of 

the rotating uniform Euler-Bernoulli beams. 

1.2.1 H i s t o r y of B e n d i n g V i b r a t i o n 

The theory of bending vibration of beams goes back to the eighteenth century when Daniel 

Bernoulli and Leonhard Euler hrst derived the differential equation for the lateral vibration 

of a slender beam. Since then, this theory has been known as the classical^ Euler-BemouUi 

Beam Theory (EBT) in which it is assumed that plane cross-sections initially perpendicular 

to the neutral axis of the beam remain planar and perpendicular to the neutral axis after 

deformation. The equation of motion for such a beam is a fourth-order differential equation 

with constant coefficients and its solution is well estabhshed in the literature. This theory 

predicts the frequencies of the Eexural vibrations of the lower modes of slender beams with 

adequate accuracy. For higher modes, however, it is known to give higher frequency values than 

those obtained by experiment. This theory represents a simplified engineering approximation to 

the bending vibration of beams. 

Almost a century later, Rayleigh [1] modified the classical theory of beams to include the 

eEect of rotary inertia^. However, the improved version did not adequately explain the higher 

modes until 1921, when Timoshenko [2] introduced an additional correction for the transverse 

shear deformation which was known later as Timoshenko Beam Theory (TBT)®. In this refined 

two-dimensional formulation, it is assumed that the flexural vibrations of beams occur in one plane only. 
®If bending deformations occur in two perpendicular planes, the flexural vibration is said to be of a three 

dimensional type. 
®It is also referred to as the Elementary Beam Theory (EBT) or the thin beam theory by many authors. 
'"Rotatory inertia is also used in some references. This effect includes inertia due to the rotation of the beam 

cross-section during flexural vibration. Rotary inertia is equivalent to an increase in mass and therefore will cause 
a decrease in natural frequency. 

®This theory is also referred to as Thick Beam Theory (TBT) by many authors. TBT is applied when the 
cross-sectional dimensions of the beam are not small compared to its length and/or when higher modes are 
required; i.e; the effect of shear deformation and rotary inertia is function of the wavelength of vibration. It is 
more pronounced as the mode order increases. 

With reference to TBT, there is a footnote in: E. B. Magrab, "yiAmfion o/ MeWiera", 
SijthofF & Noordhoff, 1979, p. 171, which states that: Although Rayleigh is credited with developing the rotary 
inertia correction and Timoshenko with the shear correction, a footnote in: S. Timoshenko: Vibration Problems 
in Engin.eerin,g, Nogtmnii, Neiu ybrtj, S"'' Edn,., p. states tkat botk these coT-rections are ptren 
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theory, which is less restrictive than the EBT, it is assumed that plane cross-sections, initially 

perpendicular to the neutral axis of the beam, remain plane but no longer perpendicular to the 

neutral axis after deformation^. Moreover, the effect of shear is insignificant in the lower modes 

but increases in the higher modes and causes a significant decrease in the frequency value. The 

governing equations are two coupled partial differential equations expressed in terms of two 

dependent variables: the flexural displacement and the angle of rotation due to bending. For a 

uniform beam, the two coupled partial diEerential equations can be re-expressed aa one fourth-

order partial differential equation in terms of the flexural displacement or the angle of rotation 

due to bending. However, this is not the case for non-uniform beams. Solving the equation for 

a non-rotating uniform rectangular section beam with simple supports, Timoshenko [2] showed 

that the correction due to shear is approximately four times larger than the correction due to 

rotary inertia. 

Among the several values of the shear correction factor^° that have been suggested in the 

literature [2, 77, 78], those proposed by Cowper [78] appear to be widely accepted and are 

therefore frequently used. The shear deformation parameter^^ which represents the ratio between 

the bending and shear stiffnesses has also been introduced in TBT and has been taken as a 

constant or averaged within the element ag reported in [24]. The most widely encountered 

expression for the shear deformation parameter is the one given by Przemeniecki [92]. 

1 .2 .2 S t i f f en ing Ef fec t of R o t a t i o n 

In the 1920's the power generation industry designed turbo-machines to operate at substantial 

loads and speeds above the lowest critical speed. The stiffening effect of rotation was first 

acknowledged in 1920 by Lamb and Southwell [3]. In their attempt to predict the fundamental 

frequency for rotating components, Lamb and Southwell introduced the effect of stiffening caused 

by the spin of a disc through a general approximate relation of a lower bound form 

®The material here exhibits great flexibility in transverse shear contradicting the usual assumption of inifinite 
rigidity in transverse shear postulated by the EBT. In TBT, the slope of the deflection curve consists of two 
components, one caused by bending and one by shear. 

^°Since the shear is not uniformly distributed over the cross-section of the beam, a shear correction factor k 
that depends on the shape of the cross-section is introduced in TBT. 

" T h e shear deformation parameter $ is defined by the relation $ = 12EI / kGAI"^ where E is the Young's 
modulus of elasticity, C is the shear modulus of rigidity, K is the shear correction factor, X is the cross-section 
area, I is the second moment of area and I is the element length. A detailed proof for the expression of 0 can 
be found in reference [75]. 



where O represents the rotational speed parameterand and are the non-dimensional 

natural frequencies^^ of the mode of the non-rotating and rotating disc, respectively^^. 

In a subsequent paper, Southwell and Gough [4] extended the previous work to include many 

blade shapes such as the uniform cantilever and the knife-edged wedge. They used Rayleigh's 

quotient^^ in order to estimate the fundamental natural frequency and established an upper 

bound relation of the form 

= A^̂  -I- (1.2) 

where Si is a constemt that corresponds to the mode. This is referred to as the Southwell's co-

efHcient (SC)^^ and depends on the form of the blade. Thus, the value of A î may be determined 

within upper and lower limits of error. Solving the problem for the rotating uniform cantilevered 

blade, the authors found = 1.193. For the knife-edged wedge problem, they found Si = 1.455 

and Si = 1.524 using a graphical and a tabular method, respectively. From these predictions, 

it can be concluded that the two methods are in close agreement for the evaluation of the SC 

corresponding to the fundamental mode. Furthermore, these results show the dependence of the 

SC on the different shapes of the blade. The upper bound relationship proposed by Southwell 

and Gough [4] is very practical since prediction of the frequency of the rotating beam may be 

found from knowledge of the corresponding spin parameter and the natural frequency of the 

non-rotating beam. Moreover, it represents a very economical and concise way of displaying and 

interpreting data for rotating beams. 

While several attempts have been made in the literature to extend the Southwell relation 

to rotating structures with different material and geometrical properties [9, 10, 23, 24, 29, 79], 

focus has been made on the refinement of the expression of Si and its dependence on the different 

^^Spin parameter and non-dimensional speed of rotation are sometimes used instead. In this relation, and in 
what follows, the rotational speed parameter is assumed to be constant, that is there is no angular acceleration. 

Frequency parameter is also used instead of non-dimensional natural frequency, 
^^The above relation is the non-dimensional version of the Southwell relation. The dimensionalized form is 

where Q, represents the speed of rotation and wyvi and u m are the natural frequencies of the i"* 
mode of the non-rotating and rotating disc, respectively. Here, the quantities O, w/̂ ,- and uim are expressed in 
(rzid/sec). 

^®Rayleigh's quotient known as Rayleigh's energy method is an approximate method for estimating the lower 
frequencies of vibrating bodies. It is defined as the ratio of the maxima of the potential energy to the kinetic 
energy by the following relation 

—2 Vniax 

where Vmax and Tmax are respectively the maximum potential and kinetic energy. For rotating beams, however, 
the potential energy includes a part associated with the centrifugal- force field in addition to the strain energy. 

^^Southwell's coefficient and Southwell's relation are often referred to as Southwell's method, since he first 
noticed the important property that the frequency prediction is a lower bound. 



parameters included in the formulation of the beam model. 

Most of the investigations encountered in the literature used SC corresponding to the fun-

damental mode based on two dimensional EBT and neglected the effect of taper. One of the 

objectives of this thesis is to End SC's corresponding to the lowest four bending frequencies of 

a rotating three dimensional beam including pre-cone, setting angle, rotary inertia and shear 

deformations in addition to taper in two directions. 

1.2,3 P l a n a r R o t a t i n g B e a m s 

Euler-Bernoulli B e a m 

The inclusion of a setting a n g l e i n beam vibration problems was originated by the work 

of Lo and Renbarger [6] in 1951. They derived a non-linear differential equation for bending 

vibration of a rotating uniform Euler-Bernoulli beam clamped to a rigid hub and vibrating in 

a plane making an angle with the plane of rotation. For = 0° the motion is known 

to be out-of the plane of rotation and for = 90° the motion is in the plane of rotation^®. In 

this formulation, the non-linear term which appears as a function of ij) arises from the Coriolis 

acceleration due to the precession of the hub. For zero setting angle, the effect of Coriolis forces 

vanishes while for low rotational speed it becomes small and therefore can been neglected as in 

[6]. Lo and Renbarger [6] showed that the frequency parameters at any arbitrary setting angle 

^ are related to the frequencies at i/; = 0°, by the non-dimensional relation 

= (1.3) 

where represent respectively, the frequency parameter of the mode at zero 

and at an arbitrary setting angle^®. In the above, the term ip is a softening effect which 

opposes the stiffening effect of rotation shown in the Southwell's equation. For ip = 0°, this term 

^^Some authors used stagger angle, pitch angle and blade angle instead. The angle by which the beam is 

mounted embedded [encastre) at the root on the periphery of the hub with the plane of rotation is called the 

setting angle ip- Usually this angle is positive counterclockwise. Few investigators considered tp in the clockwise 

direction or the setting angle to be ^ • The setting angle in the helicopter area is analogous to the pitch 

angle of the blade, which must be adjusted in order to control the thrust and force distribution over the rotor 

disk. 
^®Sometimes, these are called flapping and lead-lag motions, respectively. Flapping is the up-and-down (vertical) 

movement of the beam with respect to the plane of rotation. Lead-lag or leading and lagging is the horizontal 
movement that occurs in the plane of rotation. 

In this research, it is presumed that the setting angle is taken in the counter-clockwise direction and the width 
of the cross-section is larger than its depth. 

^®The dimensionahzed form of this formula can be written as sin^ i>, where fi represents the 
speed of rotation and umo and u m are the natural frequencies of the i"* mode at zero and at an arbitrary setting 
angle, respectively. 



vanishes and for ^ = 90° it is maximum and dominates in certain cases the stiffening effect. Lo 

and Renb&rger [6] concluded that when the Coriolis effect is neglected, the modes of vibration 

become independent of the setting angle ip since the term sin^ ifj does not vary with the mode 

number. With knowledge of the spin and the out-of-plane or in-plane frequency parameters 

along with this relationship in hand, the in-plane or out-of-plane frequency parameter is easily 

investigated without recourse to further extensive calculations. 

In connection with the above Southwell relation, it can be easily shown that if the relationship 

given by Lo and Renbarger [6] is substituted into the Southwell relation, the resulting out-of-

plane and in-plane Southwell coefficients differ by unity, regardless of the mode considered. 

This is true provided that the beam is slender and has constant stiffness and inertia properties. 

This characteristic was shown by Naguleswaran [83] and has also been shown to be the case for 

rotating tapered Timoshenko beams as reported by Bazoune et al. [29]. This formula along 

with the Southwell relation provides a well suited tool for &equency estimates at a preliminary 

stage design. 

Later, Lo [7] simplified the previous problem by assuming the blade to be rigid everywhere 

except at the root where it is connected to the rotating shaft by means of a torsional spring. In an 

attempt to obtain a correlation with the above formulae, Lo found that 5'̂  = cos^ This means 

that the SC is the same for all modes which is contradictory to the Southwell relation where 5'i 

varies from one mode to another. In addition to the setting angle, there are however, as found in 

the literature, other factors that have a strong effect on SC such as the hub radius parameter^° 

A. In solving the problem of the rigid blade, Lo [7] neglected the Coriolis acceleration and 

presented a solution in a phase plane. Compared to the case when the Coriolis acceleration was 

included, the discrepancy in the frequency estimate was found to be of the order of 0.7%. Lo 

[7] concluded that the percentage error in frequency is a function of the frequency ratio Ayvj/fi, 

the setting angle and the ratio of the amplitude of vibration to the length L of the beam. 

Sutherland [5] developed a method based on a Myklestad type method by a suitable modi-

fication of the shear and moment equations at consecutive stations of the beam. The eSect of 

the centrifugal forces for the uncoupled bending vibrations of a rotating blade that is vibrating 

in the plane of rotation was taken into account. In this method, the elastic beam is divided into 

a number of sections. Eadi section consists of a weightless span and a concentrated mass. Cal-

culations are performed in a tabular form based on an assumed frequency estimate and proceed 

through sets of relations to a Anal expression which determines an approximate value of the fre-

^°The hub radius parameter, a non-dimensional quantity, is defined as ^ = %o/Z/ , where 7 ^ is the hub radius 
(root offset) and Z, is the length of the beam. 
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quency. A new frequency is then assumed, and the calculations are repeated until a convergent 

frequency corresponding to zero or a small error is obtained. Calculations of the frequencies were 

performed through a numerical example by considering a wedge beam tapered in the thickness 

direction and rotating at 400 rad/s for a 2 in. (5.080 cm) hub radius. The out-of-plane and 

in-plane frequencies were found to be 941.6 rad/s and 853 rad/s, respectively. For a larger hub 

of 38 in. (96.520 cm) offset and rotating at a speed of 200 rad/s, the predicted out-of-plane and 

in-plane frequencies were 916.5 rad/s and 894.4 rad/s, respectively. The formula proposed by Lo 

and Renbarger [6] can be easily used to check the accuracy of the in-plane frequencies manifested 

in this investigation. For this particular example and for the given out-of plane frequencies, the 

in-plane frequencies were found to be 852.41 rad/s and 893.89 rad/s for small and large hub 

radii, respectively. It is clear that for both hub radii and speeds, the results of Sutherland [5] 

are in good agreement with the previous formula. On the other hand, it was concluded that the 

in-plane and out-of-plane frequencies diEer by an amount depending upon the hub radius. This 

is not true. It was proved by Lo and Renbarger [6] and later by many others, that in the absence 

of Coriolis forces, the difference between the out-of-plane and in-plane frequencies depends on 

the quantity f^^sin^^. In terms of SC, this diSerence is equal to unity as stated previously. 

Although the procedure presented by Sutherleind [5] is straightforward, even with few degrees 

of flexural freedom, it is cumbersome and impractical. 

Carnegie [8] derived an expression for the potential energy increase due to centrifugal effects 

of a straight uniform symmetrical cross-section blade mounted at the root on the periphery 

of a rotating rigid hub and making a setting angle —ip with the plane of rotation^^. The 

derivation was baged on small deformations and neglected the effect of shear distortion and 

rotary inertia. The Coriolis effect, being small, was also neglected. In his investigation, Carnegie 

[8] established an approach to the calculation of the frequency problem utilizing Rayleigh's 

quotient. Based on this formulation, the author established an upper bound estimate for the 

non-rotating fundamental frequency parameter of a straight uniform symmetrical cross-section 

blade. Numerical prediction for the non-rotating fundamental frequency parameter was found to 

be 3.53 which represents an error estimate of 0.4% when compared to the exact^^ value 3.51602. 

In a second example, Carnegie found that when a steel blade of 9 in. length is rotating at 1000 

rad/s, the fundamental flapping and lead-lag frequencies were, respectively, 11.3 and 13.1 times 

According to the previous definition, the negative sign here indicates that the setting angle is taken in the 
clockwise direction. 

^^In the context of beam theory, analytical solution is often referred to as exact solution by many authors. It 
is not, of course, exact in the continuum sense since the beam theory itself is only an approximation method. 



greater than the non-rotating &equency. Thus, owing to the change in setting angle from 0 to 

90° the increase in frequency is 16%. 

Based on the geometric properties^ provided in reference [8], the Happing and lead-lag 

frequencies were reproduced and found to be 16.9 and 15.6 times greater than the non-rotating 

frequency. Consequently, the Sapping &equency represents an increase of 8.33% when compared 

to the lead-lag one. 

In order to check how the predictions presented by Carnegie stand up with the above for-

mula^^ proposed by Lo and Renbarger [6], it was found that the lead-lag frequency is 12.98 

greater than the non-rotating frequency which is in excellent agreement with the results pro-

vided by Carnegie [8]. 

Using a successive iteration procedure, Schilhansl [9] investigated the stiffening eSect of the 

centrifugal force caused by small rotational speed and obtained an upper bound estimate for the 

fundamental bending frequency by means of an exphcit expression of the Southwell coeEcient 

for a rotating beam with a clamped root and a setting angle. The relation derived by Schilhansl 

[9] shows that the SC varies linearly with the hub radius parameter R, and depends upon the 

setting angle This relationship, plotted for setting angles of ^ = 0° and 90°, shows that 

SC for flapping and lead-lag modes are parallel. The former is higher than the latter, and the 

diEerence between them is independent of jZ and is equal to unity as mentioned above. 

Pnueli [10] extended the work of Schilhansl [9] to account for high rotational speed and 

provided a lower bound estimate for the Southwell coefhcient corresponding to the fundamen-

tal bending mode. However, the work described in references [9] and [10] is hmited to the 

fundamental bending mode of a slender beam with constant mass and stiffness properties. 

In accordance with Lo and Renbarger [6], Rao and Carnegie [11] reported that if the flexural 

vibration of a rotating cantilever beam occurs in a plane other than perpendicular to the plane 

of rotation then the bending problem is a nonlinear one because of the presence of Coriolis 

forces. They used the Ritz energy method in conjunction with the appropriate Lagrangian 

function to solve the problem of the free and forced vibrations with a harmonic exciting force of 

known frequency, acting at the free end of the cantilever beam. They assumed cubic polynomial 

shape functions for the hrst two harmonics and obtained a solution in a parametric form for the 

fundamental frequency of the non-rotating beam. The frequency value obtained was higher than 

^^The material pmpeities were not provided by Camegie [8]. Therefore, it has been assumed that the elastic 
modulus of elasticity ^ = 200 GPa, the density p = 7850 kg/m^ for steel. 

^"^For this setting angle configuration, the above formula hM been modified to read ^ sin^ ip in 
order to compare results provided by Carnegie [8]. Note that Q = 22.6, Ar; = 46. 243 and Xmo = 39. 889. 



the analytical one by an amount of 0.6%. In addition, they arrived at the same formula derived 

by Schilhansl [9] for the SC corresponding to the fundamental flexural mode. The authors 

concluded that the non-linear term becomes more influential as the speed of rotation increases. 

Jones [12] reduced the problem of determining the natural frequencies of the transverse 

vibration of a rotating uniform Euler-BernoulU beam carrying a tip mass^® to the study of an 

eigenvalue problem for variable ratio of the tip mass to the beam mass. She used the method of 

integral equations to calculate lower bound estimates for the eigenvalue problem. This method is 

based on an asymmetric decomposition of a Green's function which leads to a Volterra integral 

equation. Lower bound predictions for the first two lowest modes were shown to increase as 

the square of the ratio of the tip to the beam mass increases. However, neither the physical 

interpretation of the different parameters in the formulation of the problem was given, nor were 

the results explained. In addition, the solution involved such complicated mathematics that, 

from an engineering point of view, it has little practical value. 

Hoa [13] presented a finite element analysis for rotating prismatic^^ beams. The eEect of 

hub radius, setting angle, and tip mass were incorporated into the finite element model. In this 

analysis, the displacement field is approximated by a third order polynomial and is restricted to 

the classical Buler-Bernonlli beam theory with equal-length elements. Explicit expressions for 

the elemental mass and stiffness matrices were derived. The effect of tip mass was added into the 

mass and the centrifugal stiAiess matrices^^, resulting in an increase of both the stiffness and 

mass matrix of the model. The numerical predictions show that the non-dimensional frequencies 

are affected by the diEerent parameters incorporated into the model. These include the evidence 

of a stiffening eEect that is produced by the increase in rotational speed and/or hub radius and 

the influence of the setting angle which is significant on the fundamental mode and is negligible 

on higher ones. The reason for this is attributed to the fact that the softening term sin^ ip 

is constant regardless of the mode considered; therefore it has more influence on modes with 

small frequency parameters. On the other hand, results show that for a fixed rotational speed, 

the fundamental frequency increases as the tip mass decreases. The relationship between the 

fundamental frequency and the rotational speed parameter shows a linear behavior for high tip 

mass value^^ and passes through the origin (starting at zero for zero rotational speed parameter) 

^®The addition of a tip mass is known to increase both the airflow as in a wind turbine and the flexing motion 
as in flexible blade autocoohng fans. 

^^Some authors used prismatic beam instead of uniform beam. 
^^The tip mass has an effect on the mass matrix of the last element only since it is associated with the tip of 

the beam. 
^^The author assigned a value of oo to high tip mass value. 

10 



with a slope of unity showing a lower bound estimate for infinite tip mass. For low tip mass 

value, however, including zero tip mass, this relationship is no longer linear and exhibits nearly a 

concave parabolic shape. Furthermore, the case of zero tip mass shows an upper bound estimate 

for the predictions of the fundamental frequency. Moreover, increasing the tip mass is shown to 

lower the second and third frequency parameters at low rotational speed and to increase them 

at high rotational speed. The justification for this is since for low rotational speed, the effect 

of tip mass on the mass matrix is dominant and tends to lower the frequencies, whilst as the 

rotational speed increases the stiffness matrix of the system increases which in turn increases the 

frequencies as reported by Hoa [13]. Other results show the variation of frequency parameters of 

the fundamental mode for diEerent values of setting angle^^. The case for which the motion is 

neither in-plane nor out-of plane represents a three dimensional vibration since the motion has 

two components: one in the Hapwise direction, the second in the edgewise direction. Therefore, 

it is necessary in such cases to specify which component has been taken into consideration^^. 

However, the author considered only the case of the Hapwise component and has neglected the 

Coriolis effect. 

Later, Hoa o/. [14] indicated a sign error in the middle term of the element of the centrifugal 

stiffness matrix in reference [13] which led to eigenvalues that are too high. Consequently, some 

results were reproduced and compared with the exact solution for the case of a rotating beam 

with zero tip mass and diEerent hub radius including 0 and 1. As a result, a good agreement 

was found between the new predictions and the exact values. 

Hodges and Rutkowski [15] presented Legendre polynomial shape functions in conjunction 

with the FBM to study the frequencies of free vibration rotating beams. In this method, the 

displacement function is expressed in terms of a complete^^ set of shifted Legendre polynomials. 

The degree of accuracy depends on the number of elements i used and the number of terms chosen 

in the series, i.e., the highest degree n of the series. As a special case for this procedure, the 

authors reported that for n, = 3, this will yield the standard beam Gnite element shape functions 

given in reference [92]. The lowest three frequency parameters were presented for rotating 

uniform and tapered cantilever beams at different values of % and Results corresponding 

the setting angle differs from 0° or 90°, the vibrational motion occurs in a two perpendicular planes different 
from the out-of-plane and the in-plane, respectively. The bending modes of vibration in such cases are referred 
to as flapwise bending and chordwise (edgewise) bending. 

the cross-section of the beam is set with a setting angle this will cause the second moments of area 
and the product moment of area of the beam to be functions of the setting angle. The presence of the product 
moment of area in the strain and kinetic energy expressions, will cause the Hapwise bending and edgewise bending 
to couple, thus resulting in a bending-bending vibration type. For ijj = 0° or ip = 90°, this coupling term vanishes, 

^'in the PEM context, this means that all the terms are present in the series. 
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to i = 1 and n = 15 converged to the analytical solution. Other non-dimensional frequency 

predictions were shown for a non-uniform beam that is linearly tapered in the depth direction 

only. The fundamental frequency for a tapered beam was shown to be higher than that of a 

prismatic beam whilst the second and third frequencies are lower than those of the uniform 

beam. A careful examination of these predictions for the rotating tapered beam revealed a 

small discrepancy in all the frequencies when compared to the present investigation. This issue 

has been raised in reference [43]. The reason for this discrepancy, as addressed in [43], may 

be due to either an error in reporting the results in reference [15] or an inadequacy of the 

polynomial/element chosen to represent the vibration characteristics. Though this method is 

seen to give accurate results for the flapping motion of rotating uniform beams with simple 

geometries, it is claimed that it can be extended to incorporate coupled bending bending torsion 

type and extension with geometric nonlinearity^^. However, the eEect of the setting angle was 

neglected in all the predictions shown. The investigation presented by Hodges and Rutkowski 

[15] is limited to the flapping motion of slender beams and did not include the Coriolis effect. 

Wright et al [16] utilized Hamilton's principle in the formulation of the problem of a 

rotating beam with a finite hub radius where both flexural rigidity and mass distribution varied 

in a prescribed manner. A power series solution in the form of the method of Probenius was 

employed to obtain estimates for the frequencies and mode shapes. This procedure leads to a 

characteristic equation for which the characteristic determinant must vanish. The square root of 

the characteristic values (eigenvalues), for which the determinant is zero, represent the natural 

&equencies of the beam. These frequencies can be found using any available root-finding routine. 

Numerical predictions were provided for a wide range of boundary conditions including a hinged 

root which allows a rigid body flapping mode^^ whose fundamental frequency is equal to the 

speed of hub rotation. Although the method of solution presents results with high accuracy when 

compared to the exact solution, it cannot be applied to complicated structures. It depends on 

how many terms are retained in the series solution. Moreover, it involves an extensive use of 

algebra in addition to computer use for finding the root of the characteristic equation. 

The problem tackled by Hoa [13] was extended by Bhat [17] who included the rotary inertia 

effect of the tip mass. He used orthogonal polynomials in the Rayleigh Ritz method to solve for 

the natural frequencies of fiexural vibrations. He obtained a standard eigenvalue problem of the 

^^Geometric nonlinearity is considered when large deformations and large rotations with finite strains can be 
accomodated. Consequently, the structure deforms to such an extent that the original geometry and/or position 
and direction of the loads significantly affect the structural behaviour. 

^ În rigid body mode the elastic element undergoes no elastic deformation. For non-rotating beam the funda-
mental frequency is equal to zero. 
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form (A^ [A] + [B]) {v} = {0}. Eigenvalues and eigenvectors {v} were obtained by solving 

this equation. Bhat described this method as advEintageous for the deflection shapes because 

the matrix [A] becomes diagonal. Despite the method of solution, there are many differences 

in the formulation of this problem when compared to the work of Hoa [13]. For instance, while 

Hoa incorporated the eEect of stiffening due to rotation into the streiin energy expression, Bhat 

included it into the kinetic energy expression^^. On the other hand, while Hoa added the effect 

of tip mass into both the stiffness and mass matrices, Bhat included its egect into the kinetic 

energy expression only. Nevertheless, the final equations of motion and the associated eigenvalue 

problem are similar in both formulations^®. 

Natural frequencies and mode shapes were presented for different rotational speed and par 

rameter combinations such as tip mass, hub radius and setting angle. Predictions of the natural 

frequencies versus rotational speed for different tip masses were in good agreement with those 

presented by Hoa. The results are, in general, similar to those of Hoa except that these predic-

tions show that as the setting angle increases &om 0° to 90° the frequency parameters increase^^. 

A quick visualisation reveals that when the setting angle is 0°, the beam becomes weak in bend-

ing in the plane of rotation and hence the bending frequency is less. On the other hand, only 

the second moment of area is used, and in the transverse direction, the second moment of 

area is inGnite. Hence as the setting angle is increased from 0° to 90° the beam becomes stiEer 

in the plane of rotation. The effect of moment of inertia on the tip mass was seen to depress the 

frequency values as the moment of inertia increases with increasing speed of rotation for both 

Gapping and lead-lag motion. 

Later, Kim and Dickinson [18] clariHed that the [A] matrix in the work of Bhat can be 

diagonal only if the rotary inertia of the concentrated mass and of the beam cross-section Eire 

negligible (treated as zero) and if both the distributed and concentrated masses are included in 

the construction of the orthogonality conditions used to generate the set of admissible functions. 

Khulief [19] used the FEM to extend the work of Hoa [13] and Bhat [17] to linearly tapered 

beams and derived explicit expressions for the Gnite element mass and stiEness matrices using 

consistent^^ mass formulation. Unhke Hoa [13] and Bhat [17], Khulief [19] neglected the eEect 

^''Since the stiffening effect due to rotation involves the rotat ional speed most of the investigators include 
this effect into the strain enegy expression. In addition, the stiffness matr ix of the rotat ing beam includes the 
centrifugal stiffness matr ix, a part associated with the centrifugal-force field. 

®®In the abscence of Coriolis forces, the terms in the s tandard eigenvalue problem [A] + [B]) {v} = {0} , 
are in the mat r ix [B] which consti tutes the stiffness term. 

first glance, this looks contradictory to the previous investigations. This is because the setting angle here 
is taken as the angle between the Y- and x- axis. The description of the coordinate systems is not consistent with 
the figure shown. For more details, refer to reference [17]. 

^^When the element mziss matrix is formulated from the same shape function used for the element stiffness 
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of hub radius and aasumed that the tip mass has negligible rotary inertia effect. The first and 

second bending frequencies were shown to exhibit a stiffening effect for different taper ratios 

including beams with Gxed and hinged-free end conditions. A crossover between the frequencies 

of the beam was also noticed at different taper ratios. 

Timeshenko Beam 

Several attempts have been made by many investigators to include the effect of shear deformation 

and rotary inertia on the frequencies of vibration of rotating uniform beams. The inclusion of 

these parameters is necessary when eiccurate higher bending modes are desired. 

Du et al. [20] used a Newtonian approach to the formulation of the equations for the free 

vibration of a rotating uniform beam. They extended the Probenius series solution developed 

in [16] to include the effect of shear deformation, rotary inertia and a tip mass. Dimensionless 

frequencies were presented in both graphical and tabular forms. Except for only one table, results 

reported in tabular form were for the case of rotating Euler-BernouUi beam for a wide range of 

boundary conditions including a hinged root. Again the effect of tip mass for a cantilever Euler-

Bemoulli beam indicates that the fundamental frequency decreases as the tip mass increases 

which is in agreement with Hoa [13] and Bhat [17]. For higher modes however, it was noted 

that for rotational speed parameters greater than unity, the frequencies increase as the tip mass 

increases, while for rotational speeds equal to 0 and 1, the frequencies exhibit a reverse trend. 

Other results (graphical form) show the relationship between the reciprocal of the slenderness 

ratio^^ versus the ratio between Timoshenko and Euler-Bernoulli frequency parameters. 

In these figures it was shown that for (rgy/L) = 0, the ratio of the frequency parameters was 

equal to unity showing that TBT converges to EBT. As (rgy/L) increases, this ratio was shown 

to decrease which indicates that as the thickness of the beam increases, Timoshenko beam 

frequencies decrease. 

Wang aZ. [21] extended the use of shifted Legendre polynomials as shape functions in 

conjunction with the extended Galerkin's method for the prediction of natural frequencies of a 

uniform Timoshenko beam that is mounted on the periphery of a Enite rigid hub and making 

a setting angle with the plane of rotation. The results of simulation show evidence of the 

stiffening effect to rotating Timoshenko beams. Shear deformation and rotary inertia effects on 

matrix, the mass matrix is said to be consistent mass matrix. 

^®The slenderness ratio is defined as {L/rgy), where L is the length of the beam and r^y = y is the radius 

of gyration with respect to the T/-axis in which is the root second moment of area with respect to the y-axis 
and Ao is the root cross-section. 
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natural frequencies increase appreciably with the mode number. It wag also noticed that as the 

slenderness ratio increases, the ratio between Timoshenko and Euler-Bernoulli frequency tends 

to unity showing that TBT merges to EBT which is in agreement with Du et al. [20]. Moreover, 

it was concluded that the eSect of shear deformation is generally larger than that of rotary 

inertia for the non-rotating beam but their relative effects may be reversed for higher mode 

frequencies of the rotating beams owing to centrifugal stiffening effects. On the other hand, it 

was shown that for Timoshenko beams, the effect of setting angle is more pronounced on lower 

mode frequencies and is insigniRcant on higher ones as discussed earlier for Euler-Bemoulli 

beams. 

Yokoyama [22] developed a finite element procedure in conjunction with the Lagrangian 

function to determine free vibration modal characteristics for the beam discussed in [21]. Ex-

plicit expressions for the elemental stiffness and mass matrices were presented including shear 

deformation and rotary inertia eEects. Despite the method by which the problem is formulated 

and solved, reference [22] did not address any extension of the work developed in [21]. Results 

presented in reference [21] were reproduced by Ybkoyama [22] who used 16 Rnite beam elements 

of equal length. A perfect agreement waa found between the two methods of solution. Similar 

conclusions to the ones drawn by Wang aZ. [21] were reported. 

Lee and Kuo [23] extended the work of Wright ef of. [16] and Schilhansl [9] to account 

for shear deformation and rotary inertia effects using the Rayleigh quotient to derive an upper 

bound estimate for the SC for the fundamental bending frequency of a rotating uniform beam 

with a general elastically restrained root for which translational and rotational flexibility were 

considered. The upper bound estimate was found to contain corrections depending on the shear 

deformation parameter $ and the inverse of the slendemess ratio (rgy/i,). When these eSects 

were ignored, the SC for a cantilever beam was found to be in agreement with the one provided 

in [9]. The upper bound estimate for the fundamental mode was also shown to be in good 

agreement with the numerical predictions obtained by Wang et al. [21] for Euler-Bernoulli 

beam. However, the fundamental bending mode was seen to be sensitive to the elastic end 

restraint. The authors concluded that the effect of translational flexibility at the root is greater 

than that of rotational Hexibility. 

Putter and Manor [24] used the FEM for predictions of frequencies of a Timoshenko beam 

that is clamped at the periphery of a rotating Gnite rigid hub at 90° setting angle. The analysis 

was based on a fifth-order-polynomial displacement field in which the deflection and slope at 

the ends were taken as common nodal degrees of freedom along with two integrals within the 
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element as nodeless additional degrees of freedom. Results for uniform Buler-Bemoulli beam 

were presented and compared to those of Dokainish and Rawtani [80] who used a plate element, 

and to the formula presented by Schilhansl [9]. Comparison between these investigations shows 

good agreement for low rotational speed parameters and for small values of the nondimensional 

hub radius R, but for high rotational speed and large values of R, these results were not close to 

each other. The reason for this discrepancy could be attributed to two facts; the first one because 

the stiffening effect manifested by the upper bound estimate of SC reported in [9] is no longer 

linear with R for high rotational speeds. The second one because the comparison was made 

between two different structures, namely, a plate which has a low aspect ratio^® and a beam 

which has a large aspect ratio. In a second example, the authors considered a Timoshenko beam 

for which (rgy/L) was between 0.025 and 0.05. The stiffening effect was manifested for both 

cases for the Erst two lowest modes. However, it was seen that for low values of jZ, increasing 

{vgy/L) reduces the frequencies while for larger values of i?, its effect was negligible. The effect 

of (rgy/Z,) was seen to be more influential on higher modes. In the last example, the authors 

neglected the effect of shear deformation and rotary inertia in considering a turbine blade with 

shrouded mass which was assumed to be a concentrated mass attached to the node. Again, the 

predictions show a stiffening effect for the first two lowest modes, and as the shroud to beam 

mass ratio increases, the frequencies increase. Based on these numerical predictions, the authors 

provided two Southwell coefficients for the first and second mode for the range 0 < < 10 in 

which the effect of the shroud mass was manifested. The suggested Southwell coeSicients were 

shown to vary linearly with R and with the shroud to beam mass ratio. 

Few attempts have been made to further extend the analysis of the vibration of rotating 

Timoshenko beams to include the effect of taper on the dynamic characteristics of such struc-

tures. Recently, Bazoune and Khulief [27] first developed a new finite beam element for the free 

vibration analysis of a rotating doubly tapered Timoshenko beam. The formulation permits 

any combination of taper ratios as well as unequal element lengths. Explicit expressions for 

the finite element mass and stiffness matrices were derived using the consistent mass approach, 

while accounting for centrifugal stiffening eEects. The results of simulation were generated for a 

wide range of rotational speed, width and depth taper ratios including the Erst ten vibrational 

modes for both fixed and hinged end conditions. Evidence of new knowledge, due to the effect 

of tapering, was shown in the reported results of simulation. It was shown that the natural 

frequencies increase as the rotational speed increases, while they decrease as the taper ratio 

^Aspect ratio i.s the ratio of the length of the beam to its width. 
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increases. However, it waa observed that a critical taper ratio exists, after which the frequencies 

of a rotating tapered beam reverse their trend of change. It is apparent that the stiffening effect 

due to rotation dominates the softening eEect resulting from the decrease of the cross-sectional 

area due to taper, thus rendering the beam stiffer. Khulief and Bazoune [28] extended the 

work of [27] to account for different combinations of fixed, hinged and free end conditions. The 

simulation results presented in [27] and [28] are only for the out-of-plane vibration of rotating 

tapered Timoshenko beams where the effect of hub radius and setting angle were not consid-

ered. Later Bazoune et al. [29] further extended the work of [27] to include the effect of hub 

radius and in-plane vibration by introducing a setting angle ip into the previous formulation. 

The in-plane and out-of-plane vibrations were manifested in the predicted results. It was clearly 

shown that the in-plane frequencies are always lower than the out-of-plane frequencies. This 

fact is in agreement with the above formula provided by Lo and Renbarger [6] and can be easily 

veriGed. On the other hand, explicit expressions for the Southwell coefEcient corresponding to 

the fundamental flapping and lead-lag frequencies were reported for different taper ratios in-

cluding rotary inertia and shear deformation effects. Comparison has been made for the case of 

uniform Euler-Bernoulli beam and has been found to be in excellent agreement with the work of 

Schilhansl [9]. Further, it has also been shown that the relationship between SC and R is linear 

for uniform and tapered Timoshenko beams and depends on the setting angle. Moreover, the 

SC for both flapping and lead-lag mode are parallel and the difference between them is always 

unity regardless of the hub radius parameter ^ as stated earlier. 

Mulmule et al. [25] extended the work of Yokoyama [22] to include depth taper and claimed 

that their results compared favorably with results attributed to Hodges and Rutkowski [15]. This 

was disputed by Naguleswaran [26] who pointed out that the method used in reference [15] yields 

more accurate frequencies than those obtained in this investigation. The results presented for the 

case of uniform Timoshenko beam agree with those of Ybkoyama [22], which is evident because 

the methods used in references [22] and [25] are very similar as addressed by Naguleswaran [26]. 

In addition, the authors reported that the shear correction factor taken in their investigation was 

K = 5/6 which cannot produce the same results presented by Yokoyama [22] who used a value of 

K = 0.85. Numerical predictions reveal evidence of a stiffening egect as the hub radius and/or the 

speed of rotation increase, which is a common behavior of rotating uniform beams. The lead-lag 

frequency parameters are lower than those of the flapping motion. This trend is also common to 

rotating prismatic beams. The new knowledge is manifested on some graphical predictions that 

show the variation of the lowest two lead-lag and flapping frequency parameters as a function 
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of the taper ratio, rotational speed and hub radius parameters'^ .̂ These results show that the 

fundamental frequency parameter increases as the taper ratio increases which is in agreement 

with the conclusion drawn in reference [27]. On the other hand, the authors concluded that as 

the taper ratio increases, the frequency parameter of the second mode decreases. This is not 

consistent with the trend shown by the results. The predictions show that, when neglecting 

the hub radius, the second frequency parameter for uniform beams (zero taper) are higher than 

those of tapered beams. Those corresponding to a taper ratio of 0.5 are lower than those of 

uniform beams and higher than those corresponding to a taper ratio of 0.1. For a hub radius 

parameter of 2, the labeling corresponding to a taper ratio of 0.1 was missing while the one 

corresponding to 0.0 was duplicated. This was misleading in connection with the conclusion 

drawn by Mulmule et aL 

1.2.4 Spatial R o t a t i n g B e a m s 

Euler-Bernoul l i b e a m 

In real life problems, bending deformations occur simultaneously in two diEerent perpendicular 

planes. The vibrational motion in this case is said to be of a three dimensional type. These 

Hexural motions are usually referred to as Eapwise (Hatwise) bending and chordwise (edgewise) 

bending. 

Three dimensional structures include helicopter blading, long Hexible rotating space booms 

and aircraft propellers. They are of considerable interest and technological importance in many 

engineering applications. Three dimensional prismatic and tapered beams represent a more 

realistic model for such structures. Therefore, an effective and accurate three dimensional beam 

element formulation is needed. 

References [30, 33] contain thorough reviews of several approximate methods used in the 

bending vibrations of rotating beams or blades. 

As reported in reference [32], if the centre of flexure coincides with the centre of mass, as 

for blade cross-section having a two-fold symmetry, then three possible types'̂ ^ of free vibration 

modes occur independently: axial, bending in the two perpendicular principal planes and tor-

sion. Axial modes are generally at higher frequencies and therefore are not considered by most 

investigators. If the cross-section has only one axis of symmetry, then bending vibrations in the 

''"Values of taper ratio were taken to be 0.0, 0.1 and 0.5, while values for hub radius parameters were 0.0 and 
2.0. The range of the rotational speed parameter was from 0 to 10. 

types it is meant the nature or sort of vibration: axial, bending or torsion. Regardless of the bending if 
it i.s Hapwise or chordwise, it is considered as one type. Thus, three types of vibrations exist. 
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plane of symmetry are uncoupled but the transverse bending and torsional modes are coupled. 

With no symmetry, as in an airfoil cross-section, all three types of modes are coupled. 

Some investigations were devoted to the formulation and derivation of equations of motion 

of pre-twisted blades using beam theory [34, 38]. Further, coupling is introduced into the 

problem if the blade has an initial pre-twist. The most important effect of pre-twist is to couple 

extension^^ with torsion. The coupling of flexure with torsion and extension with torsion is a 

rather complex problem that merits much further study. For instance, pre-twist of rectangular 

cross-section beams causes coupling between the two bending modes while torsional modes 

couple with extension. With only one axis of symmetry, pre-twist causes all three modes to 

couple resulting in a coupled vibration of the bending-bending-torsion type. 

The inclusion of the effect of torsion was first introduced in the pioneering formulation of 

elastic rotor blade modeling developed by Houbolt and Brooks [35]. They assumed linear strains 

and small deformations and derived the equations of motion for combined Hapwise bending, 

chordwise bending and torsion of pre-twisted beams with asymmetrical airfoil cross-section. 

The equations of motion allowed for variable mass per unit length and stiffness and included 

many second order terms. A possible solution by the Rayleigh-Ritz method wag suggested but 

no attempt at a solution was made for a practical case because the equations of motion in the 

general form are too complex to be solved exactly. The authors in [35] concluded that coupling 

eEects due to centrifugal forces may be as important as the inertia coupling effects in the case 

of asymmetrical non-rotating blades. The equations of motion of Houbolt and Brooks [35] have 

been widely accepted and are frequently used as the basis for linear rotor blade analysis. Few 

attempts have been made to obtain solutions for some special cases of reference [35]. 

Murthy [36] used a transmission matrix method which is basically a transfer matrix method 

to determine the dynamic characteristics of rotor blades described by Houbolt and Brooks [35]. 

In order to determine the transmission matrix, the equations of motion must be reduced to a 

set of Erst order differential equations. A state vector was chosen to include deHections, slopes, 

moments and shears. For this purpose, the diEerential equations were Grst written in a non-

dimensional form and then re-expressed in state form. Once the transmission matrices have 

been determined, the frequency determinants and the modal functions can be obtained in terms 

of the elements of the transmission matrix for a given set of boundary conditions. The author 

treated the problem of combined flapwise bending, chordwise bending, and torsion of pre-twisted 

blades. Secondary effects such as shear deformation, rotary inertia and non-linear terms were 

''^Extension is used instead of axial deformation by some researchers. 
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not included. Results were presented for some particular cases of rotating and non-rotating 

blades. The lowest five frequencies for the combined flapwise bending and torsion of the non-

rotating fixed-free end were presented and compared to the integrating matrix method. The 

agreement between the two different methods was good. Other predictions, including the lowest 

three natural frequencies of the combined flapwise and chordwise bending were also presented 

for the case of a rotating fixed-free beam. Again, the stiffening effect was clearly shown for the 

case of pre-twisted beams. 

Swaminathan and Rao [37] modelled a turbomachinery blade as a rotating Euler-Bernoulli 

beam of rectangular cross-section pre-twisted about its centroidal axis and uniformly tapered in 

width baaed on a suitable Lagrangian approach. The solution waa tackled by the Rayleigh-Ritz 

method in which they assumed five term approximate shape functions to satisfy the boundary 

conditions. The resulting eigenvalue problem was defined and solved for certain special cases. 

Results of simulation covered a range for which the pre-twist angle was between 0° and 60°. The 

predictions show that as the pre-twist increases, the fundamental and the third mode increases 

while the second one decreases. When compared to experimental results, these predictions show 

a close agreement. On the other hand, it was found that the pre-twist and the width taper 

effects were opposing each other for the fundamental and third mode, but for the second mode, 

their contributions were reversed. The speed of rotation in such a tapered and pre-twisted blade 

is also seen to stiEen the frequencies of vibration. However, Swaminathan and Rao [37] ignored 

the Coriolis effect. 

By means of a transfer matrix technique, Isakson and Bisley [38] studied the eSect of pre-

twist on the natural frequencies of uniform and tapered non-rotating blades and the effect of 

pre-twist and setting angle on the natural frequencies of rotating uniform articulated blades 

and offset of the root support from the axis of rotation. Only bending was considered. In this 

investigation, the authors' main purpose waa to establish a simplified procedure to predict the 

eEect of rotational speed on the natural frequencies. Consequently, they established a relation-

ship to calculate SC by using Rayleigh's quotient and arrived at the same formula proposed by 

Southwell and Gough [4]. As a result, the authors extended the eEect of stiffening introduced by 

Southwell [4] to pre-twisted rotating blades where the Southwell approximation was again shown 

to be of a linear relationship with the nondimensioal hub radius .R. However, no attempt has 

been made to derive an explicit expression for the SC and its dependence on taper and pre-twist. 

In addition, they used the relation developed by Lo and Renbarger [6] for a quick prediction of 

frequencies at several setting angles. Graphical representation of the numerical predictions of 
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the lowest four frequencies were presented at different parameter changes and compared to the 

above two relations. It was found that the simplified approach yields very poor results except 

at small values of rotational speed. The authors concluded that the fundamental frequency 

of a rotating pre-twisted cantilever blade depends primarily upon the setting angle and only 

secondarily on the pre-twist and is less well represented by the Rayleigh-Southwell approxima-

tion when pre-twist and setting angle are introduced. On the other hand, the accuracy of the 

approximation in determining the fundamental frequency of an articulated blade is relatively 

insensitive to pre-twist and setting angle. Furthermore, the authors found that the relation 

developed by Lo and Renbarger [6] is useful in determining the fundamental frequency of a 

pre-twisted cantilever blade when the setting angle is measured at the root and the fundamental 

mode is not substantially coupled with other modes. 

Hodges and Dowell [39] derived nonlinear equations of motion for rotating tapered beams 

where the centroidal axes offset from the elastic axis with an eccentricity^^. The equations 

of motion were derived by means of two corriplementary methods, Hamilton's principle and 

the Newtonian approach, and included a variable pre-twist and small pre-cone angle. Many 

different nonlinear terms in the resulting system of equations were identified namely, the Coriolis 

contribution terms, the bending-torsion terms and the centrifugal coupling terms that produce 

nonlinear flap-lag inertia! terms. In order to simplify the equations of motion, they used an 

ordering scheme which is based on the restriction that squares of the bending slopes, the torsion 

deformation and the chord/radius and thickness/radius ratios are negligible with respect to unity. 

All remaining nonlinear terms were retained. No attempt was made to produce numerical results 

from the investigation. 

In 1977, Rao and Banerjee [40] considered a cantilever blade with an asymmetric cross-

section mounted on a rotating disc where the blade was assumed as a discrete system. By a 

suitable modification of the Myklestad method, they obtained a frequency equation by deriving 

generalized polynomial expressions for the slope and deflections. Thus, the frequency equation 

derived was of an order of 26 and consisted of coefficients of the polynomial varying from the 

order of 10^® to the order of for n = 9, where n is the number of segments. The accuracy 

of this method is doubtful since at that time, it was difficult to handle the above mentioned 

order to obtain an exponent range suitable for the compiler. Numerical predictions were shown 

for both bending and torsional modes. Frequencies corresponding to bending modes were shown 

to increase as the speed of rotation increases. When compared to other techniques, a good 

'For more details of the co-ordinate systems used in this investigation, refer to reference 
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agreement was noticed between the actual results, the experimental ones and those obtained by 

using the Galerkin method. However, the authors concluded that the results obtained by this 

procedure were considered as lower bound estimates because of the discretization of the beam. 

Better accuracy could be achieved if the beam was divided into shorter sections. 

Laurenson [41] presented a very general study for the modal analysis of rotating Sexible 

structures that can be modelled by beams. Only uncoupled bending modes were considered. An 

eight node finite element discretization was utilized. The study was illustrated by considering a 

slender prismatic beam with rectangular cross-section and offsets from the axis of rotation by a 

hub radius TZo- A set of Cartesian co-ordinate systems along with transformation matrices were 

de&ned in order to introduce the orientation and angular setting of the beeim. For instance, 

the [XYZ) axes represent a global co-ordinate system with origin on the hub spin axis such 

that the Z-axis corresponds to the spin axis which rotates with constant angular speed. The 

X- and Y-axes lie along the principal axes of the cross-section of the beam and the Y-axis 

being coincident with the undeformed beam centerHne. Two consecutive rotations of the beam 

cross-section were considered in the counterclockwise direction; the first one about the X-axis 

with an angle 9 called a pre-cone, while the second one about the .Z-axis with an angle (f) called 

a pre-lag. Predictions in graphical forms for the first two lowest modes were manifested for both 

the (A'y)-plane emd the (y.Z)-plane and covered a wide range of parameter changes of 0 and 

The author neglected the Coriohs eSect for the configuration corresponding to ^ ^ = 0°. 

However, the stiEening effect was clearly manifested in both planes and dominated the softening 

one. For the case when ^ = 90° and <̂  = 0°, the stiffening eEect was seen to have no influence on 

the beam modal characteristics while the softening term tended to dominate the system in both 

planes. Laurenson [41] provided a SC for the fundamental Happing mode in which a refinement 

due to the inclusion of the pre-lag and pre-cone angles was included. When the effect of these 

angles is ignored, the proposed SC is seen to be in a very good agreement with the one presented 

by Schilhansl [9] for zero setting angle. 

Yoo and Shin [42] derived equations of motions for a rotating uniform cantilever Euler-

Bernoulli beam and considered the coupling effect between stretching and bending motions. 

The Rayleigh-Ritz assumed mode method was used. The lowest two frequencies were presented 

using ten assumed modes for the uncoupled fiapwise and chordwise bending modes. These 

results were in good agreement with the results of Wright a/. [16] and the formula of Lo and 

Renbarger [6]. On the other hand, the authors obtained SC for the first three lowest modes 

at a wide range of When plotting these values together with it was shown that SC is 

22 



in linear relationship with R which is in agreement with previous works. Compared to other 

investigations [9, 10, 23, 24, 29, 40], it was found that predictions reported by Yoo and Shin [42] 

give the lowest estimates. 

Subrahmanyam and Kaza [43] used a reGned version of the Hnite diEerence method based on 

a second order central difference to predict the natural frequencies of rotating blades having an 

unsymmetrical airfoil section where lead-lag, flapping and coupled bending-torsional vibration 

cases of untwisted blades were considered. The coupling in bending-torsional vibrations is due 

to the fact that the shear center does not coincide with the centroid of the blade. Lead-lag 

frequencies including the Hrst two lowest modes were tabulated for a rotating prismatic slender 

beam having 30 segments (n = 30) at a wide range of A. Comparison of these results to those 

presented by Putter and Manor [24] who used the FEM in their investigation, reveals good 

agreement between the two methods of solution. Frequencies of the lowest three modes for 

a rotating Euler-Bernoulli beam tapered in the depth direction were also presented. A large 

discrepancy wag noticed when comparing these predictions to those obtained by Hodges and 

Rutkowski [15]. As a result, it was argued that the predictions of Hodges and Rutkowski [15] 

are all in error for the rotating tapered beam case as wag mentioned earlier. Moreover, the 

coupled bending-torsional frequencies were also determined and compared to those of Rao and 

Banerjee [40] on one hand, and to the experimental values on the other hand, showing a fair 

agreement among the diEerent methods. However, the authors in [43] indicated that their results 

were more accurate than those in [40] whilst they were found to be higher than the experimental 

values. The discrepancy found between the theoretical and experimental results as reported by 

Subrahmanyam and Kaza [43] was mainly due to the fact that the air surrounding the experiment 

may depress the frequencies by an amount of 0.5%, and further, the theoretical solution needs 

to be corrected for shear and rotary inertia effects. 

Subrahmanyam and Kaza [44] extended the work in [43] to include the effect of buckling, 

linear pre-twist, pre-cone and Coriolis forces on bending modes for a slender beam of a rectan-

gular cross-section. Root clamping on the axis and out of the axis of rotation were considered. 

Two methods of solution for studying blade vibration and stability were used, namely, a Hnite 

difference method based upon second-order central differences that gives lower bound estimates, 

and the potential energy method that produces upper bound estimates. From the equations 

of motion, the pre-cone wag shown to have a softening effect. It was manifested that as the 

pre-cone increases the frequencies of all modes decrease. This characteristic wag also confirmed 

in tabulated predictions at diEerent parameter variations. The predictions show that for small 
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pre-cone and pre-twist, the frequencies increase as the rotational speed parameter increases, thus 

exhibiting a stiffening effect. For large pre-cone angles however, the frequencies of pre-twisted or 

untwisted blade were shown to increase in a non-linear manner up to a certain value of the rota-

tional speed parameter after which a reversed trend was observed until the fundamental bending 

frequency becomes zero, indicating static instability. This phenomenon could be attributed to 

the fact that for large pre-cone angles and rotational speed parameters the softening effect dom-

inates the stiffening one, thus depressing the frequencies to zero. Based on the predictions of the 

simulation, it was concluded that the inclusion of the Coriohs effect is necessary for blades of 

moderate-to-large thickness ratios while it is unimportant for blades with small thickness ratios. 

On the other hand, it was also concluded that for a beam mounted off the axis of rotation, the 

pre-twist and setting angle have a significant inGuence on rotation-induced buckling instability. 

However, this influence depends markedly on the blade thickness ratio. 

Subrahmanyam and Kaza [45] further extended the work in [44] to include the effect of 

second order geometric nonlinearities. Their derivations included large pre-cone angles, Coriolis 

eSects, and second order geometric nonlinearities. The Galerkin method was employed in the 

solution of the problem by assuming the bending and extensional deflections in terms of a series 

of generalized co-ordinates and mode shape functions. However, large pre-cone angle is known 

to have a destabilization effect on the rotor blade in helicopters. 

Later Subrahmanyam <%/. [46] extended the work in [44] to investigate further the stability 

of rotating linearly pre-twisted blades including torsion. The coupled bending-bending-torsion 

equations of dynamic motion of rotating linearly pre-twisted and large pre-coned blades of sym-

metric cross-section including second-degree geometric nonlinearities and Coriolis effects were 

derived. These equations were solved by using the Galerkin method and a linear perturbation 

procedure. The authors concluded that the effect of linear and nonlinear Coriolis forces on the 

coupled frequencies of thin blades is found to be negligible. However, the Coriolis effect must 

be retained in analyzing thick blades. 

Timoshenko b e a m 

None of the previous investigations on three dimensional beams treated the effect of rotary 

inertia and shear deformation. Further, rotating three dimensional Timoshenko beams have 

received less attention and the survey of the current literature reveals a shortage in solution 

results pertinent to this type of structure. 

Stafford and Giurgiutiu [47] developed equations of motion for the uncoupled in-plane (lead-

24 



lag) and out-of-plane (flapping) vibrations of a uniform Timoshenko beam rotating at constant 

angular velocity in a Hxed plane. Although the ejects of the centrifugal and Coriolis forces 

induced by the rotational speed were included in the formulation of the model, the latter has 

been ignored in the solution. The authors assumed a power series solution in the form of 

Frobenius with the transfer matrix technique in order to compute the eigenvalues of the resultant 

system. Predictions of the lowest six modes versus rotational speed were plotted. Consequently, 

it was found that the relation between the fundamental frequencies (flapping and lead-lag) and 

the rotational speed is linear. However, the second mode and higher, exhibits a non-hnear 

relationship at low speeds and a linear one at high speeds. It was also shown that when the 

frequency is much greater than the rotational speed, the lead-lag and flapping curves cannot be 

distinguished. Moreover, the effect of rotary inertia and shear deformation was more pronounced 

at higher modes and high rotational speeds. In the second example, which is an application to 

helicopter blades, the authors found that resonance occurs in the lead-lag mode at an operation 

speed of 40 rad/s. It was concluded that corrections due to rotary inertia and shear deformations 

are quite accurate, therefore their inclusion for helicopter rotors and other relatively slow blades 

where the frequencies exceed the rotational speeds is justified. 

Ansari [48] extended the vibration of pre-twisted blades to include the eSects of shear defor-

mations, rotary inertia and Coriolis forces. The results of simulation indicate that the effect of 

nonlinear coupling due to Coriolis forces is of signiflcance at high rotational speeds and therefore 

cannot be ignored in many applications. 

Krupka and Baumanis [49] presented a rotating tapered and pre-twisted Timoshenko beam 

utilizing Carnegie's formulation of the Lagrange equations of motions [8]. They solved the set of 

Held equations using Myklestad's adaptation of the Holzer method based on lumped parameter 

formulation. They found that the effect of shear deformation and rotary inertia decreased the 

natural frequency by 4% for the first mode and by 8% for the second mode. They stated, without 

proof, that the effects of these corrections may be of greater importance than the centrifugal 

effects. However, reference [49] lacks necessary information concerning the shear deformation 

parameter and slenderness ratio values in order to reproduce and/or validate its results. 

Studies of rotating beams with other complicating ejects such as warping and thermal effects 

were reported by Subrahmanyam ef aZ. [50] using both the finite difference and the Ritz method. 
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1.2.5 D y n a m i c T i m e R e s p o n s e Analys i s 

AU the above contributions dealt with modal analysis '̂̂  of rotating elastic stnictnres using 

beam models. Often, researchers are concerned with how their models respond with time to 

prescribed loadings. Forced vibration responses of such models have been investigated much less 

frequently. These loads may cause stresses and deformations that affect the model performance 

or may cause stresses resulting in failures or unacceptable vibrations. Time history analysis, 

which is often called Dynamic Time Response Analysis (DTRA) can be effectively simulated 

to predict the dynamic behaviors of such finite element models in early design stages in order 

to properly control the structure or take corrective measures to alleviate any possible failures. 

Various examples of vibrational loads that may be represented are harmonic loads (e.g. rotating 

imbalances), random loads (e.g. rocket engines, airborne transportation), and transient loads. 

Euler Bernoull i b e a m 

Some investigations were dedicated to study the dynamic behavior of robot manipulators with 

a time-varying prescribed base motion 2̂ (t) using rotating uniform or tapered Euler-BernouUi 

beams [50 - 54]. Du et al. [50 - 51] presented a three dimensional general lumped mass finite 

element structural dynamic model developed for the study of a robot manipulator with a time 

varying prescribed base motion. Links of the robot manipulator were connected together by 

revolute joints while the first one was rigidly attached to a base having six degrees of freedom 

and allowing arbitrary and large motions. The equations of motion were derived using the 

principle of virtual work allowing for large elastic deformations and small strains in order to 

include geometric nonlinearities. Pre-twist was included in the formulation of the problem. The 

developed model was utilized to solve the eigenvalue problem of a spinning beam as well as 

to predict the dynamic response simulation of a robotic manipulator with a time-varying base 

motion similar to that suggested by Kane^^ af. [56]. The simulation results were shown for 

eight uniform beam elements and included the Erst five frequencies of a rotating beam with Hxed 

and hinged-free end conditions. Although the Coriolis effect was included in the formulation 

of the problem; it was ignored in the examples shown. Compared to the exact results, these 

predictions show a percentage error of 0.2% for the first mode and 7% for the fifth mode for a 

rotating uniform cantilevered beam at which the rotating speed parameter (1 = 6. In the second 

modal amalysis, natural frequencies (eigenvalues) and associated mode shapes (eigenvectors) are examined. 
These quantities describe the only possible vibrational modes with which a structure will respond to vibrational 
input. Therefore, natural frequencies are useful quantities in developing an acceptable design. 

"•^Kane's driver is a spin up manoeuver of a long slender beam of 10 m length. 

26 



part of the simulation, the tip deflections in the flapping, lead-lag and torsional direction of the 

deployment of a robotic manipulator were shown. These deflections, being much larger than 

those predicted in the work of Kane oA [56], may cause signiHcant failure or damage to the 

beam. The authors attributed this diEerence to the exclusion of the warping eEect on the beam 

torsion stiffness in their computation. However, effects due to shear deformation and rotary 

inertia that were neglected could greatly contribute to these differences. 

Yoo et al. [53] presented a linear modelling method for a flexible slender beam having 

homogeneous and isotropic material properties. The beam was assumed to undergo large overall 

motion and concomitant with small linear elastic deformation. The only contribution of the 

present modelling method was the introduction of a stretch deformation variable by which the 

strain energy function may be expressed in another quadratic form. This study was illustrated 

by two examples. In the first one, a cantilever beam of 30.5 m length was attached to a rigid 

base that performs an abrupt prescribed planar rotational motion around the vertical axis for 

a time interval of 30 seconds. The resulting axial and transverse tip deflections were shown to 

be quite large when compared to the length of the beam. Moreover, a deflection of this order 

may cause a drastic failure of the beam. In the second attempt, the material and geometric 

properties of the beam were modifled while the length of the beam was shortened to 10 m. The 

base performed a different prescribed planar rotational motion of sinusoidal type for a period of 

120 seconds. The maximum lateral tip deflection was 7 cm which is acceptable when compared 

to length of the beam. In addition, this result is in agreement with the small linear elastic 

deformation assumption that underlines the formulation of the model. 

Pedersen and Pedersen [54] derived equations of motion for a general multibody system us-

ing the principle of virtual work including centrifugal and Coriolis forces. The formulation was 

restricted to simple shape functions for a beam with equal-length elements, constant mass and 

stiEness properties in which the rotary inertia and shear deformation effects were ignored. The 

computation was verifled by the well-known example 'Kane's driver' of reference [56]. In this ex-

ample, the beam was divided into flve equal flnite elements. The maximum tip displacements in 

the lateral and axial directions were respectively, —0.592 m and —0.019 m. For unequal element 

lengths however, the maximum deflection in the lateral direction was found to be —0.5875 m. 

Nevertheless, this httle improvement can be attributed to the fact that the curvature is largest 

close to the root of the beam. 

Yigit a/. [55] tackled the problem of predicting the motion of an elastic beam that under-

goes bending in one plane only and is rigidly attached to a shaft. The rigid body was driven 
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by a prescribed torque M{t). Differential equations of motion were derived using the extended 

Hamilton's principle and taking into account the coupling between the rigid body motion and 

elastic deformations. The results show that the coupling may radically alter the nature of the 

response. A linearized analysis of the coupled equations of motion and the numerical solution of 

the fully coupled non-linear equations show that the uncoupled equations may lead to substan-

tially incorrect results, particularly with regard to frequencies. There are two significant effects 

to be noted: (i) the response frequencies increase with a decreasing ratio of the Bexible beam 

and rigid shaft inertia, (ii) the effect of elastic motion on the rigid body motion becomes more 

significant by decreasing the ratio of the flexible beam and rigid shaft inertia. 

T imoshenko b e a m 

Few investigators have tackled the problem of Dynamic Analysis for rotating beams including 

rotary inertia and shear deformation effects, inspite of its importance in many engineering and 

technological applications to rotating structures using beam models. Kane oZ. [56] presented 

a cantilever beam model that is built into a rigid base and performing a speciSed motion of 

rotation and translation as a model for a robot manipulator. This formulation extended the 

previous ones^^ to account for shear deformation and rotary inertia effects as well as warping, 

centrifugal stiffening and Coriolis forces. A step-by-step outline procedure algorithm for solving 

the equations of motion was presented for the implementation of that formulation. The simula-

tion algorithm was illustrated by considering a space-based robotic manipulator which consists 

of three links Z/i, and 1,3, connected by revolute joints'̂ .̂ The outboard link 2,3 of the manip-

ulator consisted of a base A and two distinct segments Bi and i?2- The behavior of L3 which is 8 

m long during deployment of the manipulator from a stowed configuration to a fully operational 

configuration was examined. The deployment process was presumed to last for 15 seconds. As 

a result, tip torsional, lead-lag and flapping Hexural deformations of 2,3 were shown graphically 

for a time of 30 seconds which is twice the deployment time. The maximum deffections were 

depicted to be 8°, 9 cm and 15 cm, respectively. After the end of the deployment time, the above 

amplitude deffections became of no-significance. The response of the tip B2 was also examined 

for which the angular speed increased from 0 to 6 rad/s in the time interval of 15 seconds, and 

remains constant thereafter. The results show a disagreement with other investigators' results. 

''^The author called the previous investigations as the conventional approach. 
"̂ T̂he link Z,: malces an angle with the base, while the intermediate link 2,% makes an angle ipg with and 

yig with the outboard link L3. During the deployment time the angles ipj, yg and (p.j were respectively varying 
from 180° to 90°, 180° to 45° and 180° to 90°. 
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Kane oA [56] attributed this disagreement to the fact that ail previous investigations did not 

take into account the fact that e?;en/ (mTwverge (fwpZacemenf o/ a on (Ae neû mZ oarw 0/ 

a team ia, a nonzero Wi/e 0/ ei(/ier u or rwe (o oriaZ (fwpZacemen^^^ On the 

other hand, the eEects of shear deformation and rotary inertia were neglected in the examples 

shown. 

Boutaghou and Erdman [57] derived equations of motion for rotating elastic structures using 

Hamilton's principle including the centrifugal stiffening effect arising in fast rotating structures. 

As a result of large rotation and elastic deformations, they included the nonlinear geometric 

stiffening effect. Equations of motion were derived for the case of uniform Euler-Bernoulli and 

Timoshenko beams. The time history of the tip transverse displacement, bending rotation and 

axial displacement for a two-noded beam element were shown graphically for thin and thick 

beams using the spin-up maneuver suggested by Kane aZ. [56]. Various beam examples with 

different geometrical properties were taken for the case of a Timoshenko beam. For Timoshenko 

beams, it was shown that the tip axial deflections were not influenced by the out-of-plane inertial 

forces for the case of spin-up maneuver problems. An increase in the inertia proportionally affects 

the amplitude of the in-plane and out-of-plane elastic deformations. 

Lai [58] presented a nonlinear flnite element modeling procedure that takes into account the 

effect of shear deformation, gyroscopic inertia, and geometric stiffness. To build up confidence 

and validate their model, the authors selected Kane's rotating beam as a typical model for such 

structures [56]. The numerical predictions show that the gyroscopic inertia affects the maximum 

tip displacements by approximately 3%, 9% and 18% for a beam rotating at 300, 500 and 700 

rpm, respectively. This shows the importance of these terms for high-speed machinery. On the 

other hand, the geometric stiffening was shown to inhibit the maximum tip displacement for 

approximately 35% for a beam rotating at 1200 rpm. In addition, it is shown that if the rotating 

speed exceeds 1200 rpm the tip displacement of the steel beam becomes excessive. Moreover, 

at a speed of 1250 rpm the structure goes through a large deformation. The linear elastic 

model becomes inadequate and the system response becomes dynamically unstable. However, 

the contribution of shear deformation was not shown in the results. 

Using the rotating beam problem of Kane a/. [56], Fallahi ef aZ. [59] conducted a compar-

ative study in formulating the elastic displacement held for Timoshenko beams with tip mass 

i.s clearly understood that is the axial displacement in the z-diiection, and i; and w the transverse 
displacements in the and z-directions, respectively 
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and geometric stiEening eEect. The eEect of speed eind tip mass on the contribution of the 

Coriolis acceleration were investigated. The tip mass was reported as a percentage of the mass 

of the beam. The predictions show that at 500 rpm and for 10% and 20% tip mass increase, 

the tip treinsverse deflections were respectively 1.4 and 1.7 times greater than those where there 

is no tip mass. It was also shown that the tip transverse deflection increases as the speed of 

rotation increases. On the other hand, the numerical simulations show that correction terms 

due to Coriolis, tangential and normal accelerations increase with both speed and tip mass. 

Bakr and Shabana [60] investigated the behavior of rotating Timoshenko beams with constant 

properties in multibody systems consisting of interconnected rigid and deformable bodies each 

of which may undergo finite rotations. Flexible components in the system were discretized by 

using the FEM. The formulation presented in this paper was exemplified by two dimensional 

flexible multibody aircraft. The aircraft model consisted of seven bodies and two identical gears. 

The two wings of the aircraft were considered to be Bexible while aU other components were 

treated as rigid. Each Eexible wing was discretized into ten equal Timoshenko beam elements. 

The two Sexible wings were rigidly attached to the fuselage while the wheels of the aircraft were 

assumed to be attached to the carrier. The model was excited by a sinusoidal rotation of the 

aircraft carrier about the axis of rotation with a frequency of 15 rad/s. Bending tip deflection 

of one of the two wings was shown for three cases for a period of 1.5 s. In the hrst case, rotary 

inertia and shear deformation were neglected, in the second case the rotary inertia only was 

taken into consideration while in the third case, both rotary inertia and shear deformation were 

accounted for. Predictions show that the eSect of these factors is insignificant in lower modes of 

bending frequencies and is highly pronounced in higher modes. On the other hand, it was shown 

that the tip deHection'̂ ^ is not greatly aEected by the inclusion or removal of these effects. The 

authors concluded that the inclusion of rotary inertia and shear deformation has a signihcant 

eSect on the dynamic response of Hexible multibody systems with large angular rotations and 

in which the reference motion and the elastic deformation are coupled. 

Oguamanam and Heppler [61] derived equations of motion of a prismatic isotropic Tim-

oshenko beam with a tip mass attached to a rotating hub taking into account the effects of 

centrifugal forces that appear in the equations of motion as nonhnear functions of the angular 

speed. The system was simulated via a time response analysis with and without the effects of the 

nonlinearities that arise due to centripetal acceleration being considered and these results were 

^^The unit of the tip deflection in the various figures was shown in mm, while in the text, the authors referred 
to a dimensionless tip deflection without mentioning the normalization that heis been done with respect to which 
variable. This point is somehow misleading In this paper. 
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compared to the corresponding results for an Euler-Bernoulli beam model. It was observed that 

there is a threshold hub angular speed below which the centrifugal stiffening effects are negligible 

not only in terms of the natural frequencies of the system as had previously been established 

but also in terms of displacement trajectories. The authors found that the Timoshenko beam 

predicts larger deflections at high angular speeds than does the Euler-Bernoulli model. However, 

the authors did not include the nonlinear terms arising from the Coriohs forces. 

1.3 Moda l Reduc t ion Schemes 

The Finite Element Method (FEM) is one of the most powerful numerical technique and has 

great potential and flexibility in modeling large complex structures. However, utilizing nodal 

co-ordinates in the discretization process leads to a large number of degrees of freedom of the 

model and consequently, results in a large number of dynamic equations for which a solution 

becomes impracticable. Moreover, the use of nodal co-ordinates results in a dynamic model 

of widely spread eigen-spectrum that includes many insignificant modes and consequently, a 

numerically stiE system is often created that causes the numerical integration scheme to search 

ineSiciently for a solution or may even fail to 6nd one. 

Using modal co-ordinates alleviates the problem of large dimensionahty incurred by using 

nodal co-ordinates, and avoids the inclusion of higher insignificant modes when they do fibt share 

an appreciable amount of the system's kinetic energy [62]. In general, a subset of eigenvectors 

that spans the frequency spectrum of the forcing function are retained as signiGcant modes. 

The distinction between signiGcant and insignificant modal co-ordinates leads to a convenient 

formulation of the reduced order model by means of a reduction technique referred to as mass 

condensation [63], in which it is assumed that the mass of the structure can be lumped at only 

specific degrees of freedom. The disadvantage of this technique is that the banded nature of 

the original system may be destroyed and may lead to a much more expensive eigensolution. 

In addition, the inertia matrix is sometimes singular because of the presence of a massless 

degree of freedom that may cause the eigensolver to fail. Several investigations related to mass 

condensation have been reported in the literature [62, 64]. 

Hurty [66], Craig and Bampton [67] and BenGeld and Hruda [68] used the component modes 

to analyze complex structural systems. Based on substructuring, this approach couples various 

components of a structure to predict the dynamic behavior of the entire structure. Ojalvo and 

Newman [69] presented a matrix-reduction method to predict the frequencies of vibration of 

large structures by solving an eigenvalue problem of a size smaller than the original one. 
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Laurenson [41] addressed the issue of reduction techniques and indicated the revisions that 

should be considered when the FEM is used in dynamic analysis of flexible structures that 

include the effect of spinning. In [70], Likins developed a general study in which he provided 

the governing equations for flexible appendages and outlined the steps that should be followed 

in conjunction with the FE formulation in order to reduce the size of the original structure by 

means of a modal transformation. Shabana and Wehage [71] extended the co-ordinate reduction 

technique to spatial substructures with large angular rotations. Kane and Torby [72] applied 

the extended modal reduction method to solve the eigenvalue problem of a simple rotor problem 

using state space formulation to allow for non-symmetric matrices such that damping, and 

gyroscopic effects may be treated. However, the authors in [72] did not perform any dynamic 

analysis. 

In the previously cited investigations, there is a strong view in support of using complex 

modes in modal transformations of systems with gyroscopic (Coriolis) matrices. However, the 

associated numerical complexities are acknowledged. To avoid such numerical diHculties, an-

other view suggested the use of planar modes obtained after modifying the mass matrix to include 

gyroscopic eSects. Nevertheless, other investigators, especially those concerned with dynamic 

response analysis, have consistently employed planar modal transformations. It is noteworthy to 

mention that no dynamic response analysis study that invoked complex modal transformations 

was reported in the available literature except the one presented by Khulief and Mohiuddin [73]. 

The truncation operation aims at eliminating the insigniGcant modes that are, in general, 

higher modes that do not contain an appreciable amount of the system's kinetic energy. In 

general, a subset of eigenvectors that spans the frequency spectrum of the forcing function are 

retained as significant modes. Moreover the retained modes must include the Grst few lower 

ones in terms of which the characteristics of the system must be preserved. 

Two modal reduction schemes are estabhshed. The first scheme utihzes planar modes ob-

tained by solving the self-adjoint eigenvalue problem^°, while the second scheme invokes the 

complex modes of the non-self-adjoint eigenvalue. In each case, a reduced order modal form of 

the equations of motion is obtained. 

®°An n X n complex matrix [A] is called Hermitian (or self-adjoint) if [Aj"^ = [Aj. Here [A]"^ designates the 
conjugate of the transpose of [A]. Hermitian matrices are the analogues of real symmetric matrices. As a result, 
the eigenvalues of an Hermitian matrix are all real. In addition, any two eigenvectors associated with distinct 
eigenvalues are orthogonal. Further, an Hermitian matrix [A] is always diagonalizable. 
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1.4 Damping 

In most of the above contributions damping^^ was neglected because its influence on the dynamic 

response was minor. However, the effect of damping cannot be ignored if the response of a system 

is required for a long period of time. Rao [90] reported that if the frequency of excitation (in 

the case of a periodic force) is at or near one of the natural frequencies of the system, damping 

is of primary importance and must be taken into account. 

In addition to inertial (mass) and stiffness properties, most structural systems have damping 

properties; these are material and system damping. Material damping is the damping inher-

ent in the material while system or structural damping includes the damping at the supports, 

boundaries, joints, etc. in addition to material damping. Since utilizing damping materials is 

the most common way to reduce resonance responses, accurate measurements of damping are 

crucial to the proper design,optimization, and modeling of systems from a vibration reduction 

standpoint. In general, since damping effects are not known in advance, they must be consid-

ered in the vibration analysis of any system. However, for rotating structural components these 

effects are minor when compared to others such as the stiffening one that is due to rotation and 

therefore can be ignored. 

1.5 Object ives 

A survey of the current literature reveals a shortage of solution results pertinent to rotating three 

dimensional doubly tapered Timoshenko beams. Since rotating blades in real life have angular 

settings in addition to being stubby and tapered, it is the purpose of this investigation to address 

this important class of problems that arise in many practical engineering applications and to 

generate a realistic means of obtaining a complete dynamic analysis (modal analysis and time 

response analysis) of a rotating tapered three dimensional Timoshenko beam experiencing axial, 

flexural and torsional vibrations by employing a discrete mathematical model in conjunction 

with the FEM. 

In this thesis, a three dimensional dynamic analysis is considered to include both formulation, 

and solution of the generalized eigenvalue problem as well as solutions of equations of motion 

that are used to predict the time histories of positions of the system. In the course of the analysis 

the followings are considered; 

• introducing a new 3-D doubly tapered finite beam element. 

'Damping serves to control the steady-state resonant response and to at tenuate traveling waves in the structure. 
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® the beam element will account for shear deformation and rotary inertia. 

• the beam setting angle as well as the beam pre-cone angle are also taken into consideration 

in the finite element formulation. 

• the stiffening effect due to a centrifugal force field will be accounted for. 

• the Coriolis effect will be represented in the dynamic model. 

• the torsion-coupling bending resulting from the Coriolis effect is accounted for. 

• the generalized eigenvalue problem will be defined and solved to obtain, in general, a 

complex set of eigenvalues and their corresponding eigenvectors. 

• explicit expressions for Southwell coefficients (SC) for the first four frequencies are obtained 

taking into account all the parameter changes. 

• to alleviate the problem of large dimensionality, the modal transformation method will be 

formulated for such systems with complex mode shapes, and a reduced order model will 

be defined. 

• the modal form of equations of motion will be integrated forward in time to predict the 

system histories of elastic deformations due to different types of excitation such as impulse, 

sinusoidal and prescribed loadings. 

• the forced frequencies along with their spectral magnitudes of the time response signals 

are obtained using Fast Fourier Transform (FFT) algorithm. 

1.6 Overview 

In the course of the analysis, the following will be covered: 

Chapter 2 includes necessary assumptions that underline the derivations of equations of 

motion. A set of transformation matrices is introduced to explain the orientation of the beam 

(setting angle and pre-cone angle). A multibody system may be represented by a mathematical 

model that consists of two collections of bodies. One collection includes the rigid hub while 

the other one includes the elastic beam. In order to perform the dynamic analysis of such a 

structure two sets of generalized co-ordinates are identified and employed. The first one is the 

rigid body degree of freedom described by the rotational motion of the reference frame while 
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the second one is the elastic degrees of freedom that characterizes the elastic deformations of 

the beam. 

The equations of motion are defined using a suitable Lagrangian approach thus utilizing the 

kinetic and strain energy of the model. To develop the kinetic energy equation, an arbitrary 

rotating vector within the beam element is considered and the velocity vector is expressed 

accordingly, thus, taking into account the effect of the rigid hub rotation and the coupling that 

exists between the reference motion and the elastic deformations. 

Chapter 3 develops key concepts of the tapered beam element. The beam's geometric prop-

erties are deSned. The beam element model is discretized and the shape functions are developed. 

Elemental inertia, stiffness, Coriolis and centrifugal inertia matrices are derived and evaluated 

in a symbolic form in which the spin rate, the shear deformation parameters, the setting angle, 

the pre-cone angle and taper ratios appear as parameters. The explicit expressions of these ma-

trices have the computational advantage of eliminating the loss of computer time and round-off 

errors associated with extensive matrix operations required for their numerical evaluation. The 

standard finite element assembly procedure is invoked to obtain the equations of motion for the 

entire beam. 

The general form of the generalized eigenvalue problem is derived in Chapter 4. A suitable 

state space form representation of the problem is established and the generalized eigenvalue 

problem is given in terms of the state matrices [A] and [B]. Two modal reduction schemes are 

employed; the planar and the complex modal transformations. The former ignores the Coriolis 

effect where the mode shapes are planar, while the later includes the Coriolis effect where the 

mode shapes are complex, i.e., have real and imaginary parts. 

In Chapter 5, results of the simulation are presented and discussed. It starts with an overview 

of the computer scheme in which several parts of the computer program are illustrated in flow-

chart form including; input data, system matrices, eigenvalue solution, modal reduction schemes 

and numerical integration. Many degenerate cases along with various comparisons with previous 

investigators are reproduced to show and validate the accuracy and fidelity of the present model. 

In the second part, the modal characteristics of the rotating beam are calculated and compared 

to those available in the literature. Natural frequencies are shown in tabular and graphical forms, 

consisting of two and three dimensional plots. The effects of taper ratios and pre-cone and setting 

angle as well as other effects are highlighted and discussed in these plots. Explicit expressions 

for Southwell coefficients for the first four frequencies are obtained taking into account all the 

parameter changes. 
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Both Planar Reduction Order Model (PROM) and Complex Reduction Order Model (CROM) 

are invoked in the calculations of the frequencies of the rotating beam and compared to the Pull 

Order Model (FOM). In the last part, a dynamic analysis of the beam is performed in which 

the beam is excited by different types of external loadings and the response is plotted for a wide 

range of parameter variations. 

The forced frequencies along with their spectral magnitudes of the time response signals are 

obtained using Fast Fourier Transform (FFT) algorithm. 

Chapter 6 includes conclusions and recommendations for future studies. 
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Chapter 2 

The Elastodynamic Formulation 

The modelling and formulation of the equations of motion of a dynamic system is the most 

important and difficult step of the entire analysis procedure. In this chapter, the dynamic 

model of a three dimensional spinning tapered Timoshenko beam is developed using the energy 

method in conjunction with the appropriate Lagrangian function to derive the equations of 

motion of the beam. A new set of time invariant element inertia matrices that describe the 

coupling between the reference motion and elastic deformations is developed and expressed in 

terms of a set of time invariant quantities (scalars and matrices) that depend on the assumed 

displacement field, rotary inertia, shear deformation, setting angle, hub radius and tapering 

in the {xy)- and (a;z)-planes. This formulation permits easy inclusion of the effects that are 

usually not taken into account in standard beam theory such as inclusion of setting angle, pre-

cone angle, tapering in the (zi/)- and (a;z)-planes, inertia coupling between the reference motion 

and the elastic deformations of the beam, and centrifugal and Coriolis forces resulting from the 

precession of reference axes. 

2.1 General Assumpt ions 

The assumptions that underline the present formulation are as follows: 

(1) The material of the beam is homogeneous, isotropic and linearly elastic, and the deforma-

tions (displacements) are small. 

(2) The deflection of the beam is produced by the displacement of points of its centreline. 

(3) The plane cross-sections initially perpendicular to the neutral axis of the beam remain 

plane but no longer perpendicular to the neutral axis after deformation. 

37 



Figure 2-1: Undeformed state of the tapered beam before any angular settings. 

(4) Damping, aerodynamic forces as well as the thermal stresses and the warping of the cross-

section of the beam are neglected. 

(5) The hub is assumed to be rigid. 

2.2 Descr ipt ion of t he Model 

The tapered beam considered in this investigation is shown by the model of Figure 2-1, mounted 

on the periphery of a rotating rigid hub of radius T̂ o. A prehminary setting such that the 

setting angle and the pre-cone is first described before deformations take place. Consequently, 

the orientations and rotations of the different co-ordinate axes are also described. 

The ( X y Z ) axes represent a global Cartesian co-ordinate system with origin on the hub 

spin axis such that the Z-axis corresponds to the spin axis which rotates with an angular 

speed = (̂ . The system is deRned as a Cartesian system of local co-ordinates whose 

components are parallel to the global (XYZ) co-ordinate system and rigidly attached to the 

root of the beam with its origin shifted by a distance %o in the radial %-direction from the 

global co-ordinate system. The a;- and %-axes are colhnear and coincident with the 

undeformed beam centreline. 
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Figure 2-2: Undeformed state of the tapered beam after the setting angle i/' is made. 

The Cartesian co-ordinate system is obtained by rotating the co-ordinate 

system about the 2;-ajds by an angle termed the setting angle, aa shown in Figure 2-2, so 

that the %/'- and zZ-axes align with the cross-section principal axes while the Cartesian 

co-ordinate system is obtained by rotating the co-ordinate system about ^/'-axis by an 

angle termed the pre-cone, as shown in Figure 2-3. 

Figure 2-4 shows the deformed state of the three dimensional spiiming tapered Timoshenko 

beam model. 

2.3 Transformat ion Matr ices 

2.3 .1 Se t t ing A n g l e 

The orientation of any cross-section of the beam is achieved by a sequence of two consecutive 

transformations allowing for angular settings before any elastic deformation. In the first one, 

the (z 'yy) co-ordinate system is obtained by rotating the co-ordinate system by an angle 

i/i called a setting angle about the T-axis as shown in Figure 2-2. Since this is a constant 

transformation that corresponds to a single axis rotation about the z-axis, one may write 
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Figure 2-3: Undeformed state of the tapered beam after the pre-cone angle ^ is made. 

Figure 2-4: Deformed state of the rotating tapered Timoshenko beam. 
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X X 

y (2.1) 

where [A^] denotes the rotational transformation with an angle ip about the a;-axis. The ex-

pression of [A.̂ ] is given by 

[A/,] = 

1 0 0 

0 cos ̂  sin ̂  

0 — sin ip cos 'ip 

(2.2) 

2.3.2 P r e - c o n e A n g l e 

In the second transformation, the (a^^i/'V) co-ordinate system ig obtained by rotating the (z'^/V) 

co-ordinate system by an angle cj) called the pre-cone angle or simply pre-cone about the j/'-axis 

as shown in Figure 2-3. Since this is a constant transformation which corresponds to a single 

axis rotation about the i/'-eixis, one may write 

x' 

y" > = < y' (2.3) 

z" z' 

where denotes the rotational transformation with an angle about the y'-axis. The ex-

pression of is given by 

cos (f) 0 — sin 

0 1 0 

sin 0 cos 

(2.4) 

The relationship between the co-ordinate systems (z''^"z") and (z^z) can be established by 

substituting equation (2.1) into (2.3) 

a;" X X 

y" y > = [A,] < y (2.5) 

z" z z 
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resulting in a transformation that is composed of the two rotations [ ^ ] and [A^] given by 

cos sin sin ^ — sin ^ cos 

0 cos ̂  sin ijj 

sin — cos sin cos cos ̂  

(2.6) 

2.3.3 Trans format ion due t o R o t a t i o n 

The location of an arbitrary infinitesimal volume at point f " of the beam element can 

be determined globally by specifying the position of the body-Gxed (3:3/2) co-ordinate system 

of the body and the location of point f" with respect to the (zi/z) co-ordinate system. Let 

7^ and Y? represent, respectively, the translational and rotational orientation of the body co-

ordinate system (a î/z) with respect to the global co-ordinate system (%yZ). The rotational 

transformation matrix [./I] relates the body co-ordinate system (a î/z) to the global co-ordinate 

system (A'YZ) by the following relation 

% 

Y 

Z 

{7^0} + [^] 

X 

y 

z 

(2.7) 

T 
where {%o} = A'o 0 0 is the location of the origin of the body co-ordinate system 

relative to the global co-ordinate system. Notice that [./I] is implicitly time dependent in which 

represents the angular velocity of the hub. The expression of [^] is given by 

cos y? — sin y 0 

sin Y? cos y? 0 

0 0 1 

(2.8) 

2.4 General ized Co-ordinates 

To specify the position of any point in the model, it is necessary to define a set of generahzed 

co-ordinates, in terms of which the global position of any infinitesimal volume on the body is 

determined. 

For the system under consideration, the location of an arbitrary infinitesimal volume on the 

beam element is defined in terms of two sets of generalized co-ordinates. The first one is the 

rigid body degree of freedom described by the rotational motion of the reference frame while 
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Point P' after the angular settings 
are made and after deformation 

Point PI after the angular settings 
are made and before deformation 

i ' element 

Point f ' before any 
angular settings are made 

Figure 2-5: Arbitrary point of the beam element before and after deformation. 

the second one is the elastic degrees of freedom that characterizes the elastic deformations of 

the beam. The elastic degrees of hreedom usually represent the relative translations and angular 

displacements (rotations) of infinitesimal volumes at nodal points on the element. Using the 

FEM, the location and angular orientation of any infinitesimal volume on the beam element 

can be approximated in terms of elastic degrees of Aeedom associated with this element and a 

shape function employed to describe the elastic degrees of freedom. 

2.5 T h e Displacement Field and Shape Functions 

Referring to Figure 2-5, the system represents a beam element co-ordinate axes with 

its origin afhxed to an infinitesimal volume at some point on the body, while the ^ z) is a 

system of co-ordinate axes parallel to the but with its origin coincident with the origin 

of the body-fixed axes . Let be any point in the undeformed state of the beam 

element and before any angular setting is made. Point is defined by the position vector 
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iT 
0 0 in the body co-ordinate system (zi/z). Let be the undeformed 

state of point after the setting angles are made, such that the position vector j of point 

PI in the local co-ordinate system (xyz) is given by 

} (2.9) 

where the superscript i refers to the beam element and is the constant transformation 

matrix defined earlier by equation (2.6). Let f be the position of point f ' after deformation. 

The local position { r ^ } of point P^ of the beam element can be written as 

{ r f } = { 4 j + K } (2.10) 

where and j are respectively vectors from the origin of the body co-ordinate system 

to point f and f ? in the deformed and undeformed states. The vector {cPj is the elastic 

deformation vector which gives the difference between the deformed and undeformed vectors 

{r})} and ' respectively. In order to represent the deformation vector { ( f j in a finite 

dimensional space, the finite element approach can be used. A finite element discretization of 

the continuum is obtained by a finite set of nodal points. If represents the nodal elastic 

co-ordinates of the f ^ element with respect to ^ z) co-ordinate system, elastic deformations 

of an arbitrary point f of the element can be described using shape functions and a 

set of nodal co-ordinates } as [77]: 

{rf} = M (2.11) 

where [5®] is the elemental shape function matrix that must satisfy the completeness and dif-

ferentiability requirements [94]. The explicit expression of the matrix of shape functions [.S*] 

will be given in the next chapter. 

A transformation [3%'] is employed to define { ( f } with respect to the (a î/z) system such that 

{ ^ } = (2 12) 

where [9%̂ ] is a 3 x 3 transformation matrix from the element co-ordinate system to the body 

fixed co-ordinate system, [77]. Compatibihty conditions between elements on a given body 

are simpler if generalized elastic co-ordinates are defined with respect to the body-fixed (zi/z) 
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co-ordinate system [77]. This can be accomplished by the transformation 

{e'} (2.13) 

in which the nodal displeicement vector {e ' j represents a set of generalized co-ordinates of the 

is a diagonal matrix element defined relative to the body fixed co-ordinate system and ^ 

built up of matrices and has a dimension that is equal to the number of nodal co-ordinates 

of the element. Substitution of equation (2.13) into (2.12), yields 

{ ( f ) = M (2.14) 

where 

[AT'] = (2.15) 

is the associated modified shape function of the element that accounts for transformation 

from the element co-ordinate system to the body co-ordinate system. The nodal displeicement 

vector {e*}, haa a dimension of (71̂ 0/ x 1) where is the total number of elastic degrees of 

freedom of the element. Notice that {e'} is time dependent while is space dependent. 

If the rotation of the element co-ordinate system with respect to the body co-ordinate system 

is small, which is true for small elastic deformations, the matrices [3%̂ ] and are considered 

3% are given in Appendix A. constant. The respective expressions of and 

Figure 2-6 shows a typical two-node three dimensional beam element of length where each 

node has six degrees of freedom. The vector {e'j defined with respect to the element axes is 

denoted by 

12x1" \U^ W. :1 1̂ 2 2̂ ^2 z2 '2/2 /z2 (2.16) 

where (w ,̂ 112) the nodal axial displacements, and ( f j , (w^, lUg) are the nodal 

translational displacements in the y- and z-directions, respectively; (0^ ,̂ 0^2) the nodal 

torsional displacements about the T-axis, and (0^2, ^^2) ^22) ^̂ e the nodal rotational 

displacements in the (2:2)- and (z2/)-planes, respectively. 

The global position of point f ^ of the i*'' beam element is given by 

(2.17) 
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N o d e l 
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2/ , ^ 

X . u 

Node 2 

i element 

Figure 2-6: Generalized co-ordinates of the three dimensional beam element. 

Substitution of equations (2.10) and (2.14) into (2.17) yields 

— {%o} + [yt] ^ j + (2.18) 

2.6 Velocity Expression of t he Model 

To evaluate the kinetic energy of the element, it is necessary to derive an expression of 

the velocity vector of the inEnitesimal volume at point f" of the f e l e m e n t . Differentiate the 

position vector {Tip} with respect to time yields the velocity vector of point 

i 7^ ? + W f 1 f ) + M] I y r + (2.19) 

simplifying this equation to get 

+ W] rX + N [ ^ 1 { e l + [^][Ari{e:} (2.20) 

where the time derivative of the vector j has been taken to be zero provided it has a 

constant magnitude. The transformation [Vl] takes care of the direction of that vector. Apply 

the diEerential operator 
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d( ) _ a ( ) 
dt dt 

+ X ( ) (2.21) 

for the vector {T^o} , one can write 

d{7^c} _ a{7^o} 
dt at 

+ M x { 7 ^ . } = { n } x { 7 ^ . } = n (2.22) 

where in general, the tilde placed over a matrix ^ indicates that the components of a vector 

{fl} are used to generate a skew symmetric matrix as [95] 

0 — ̂ z Vly 

{fi} = < fly = 0 —Q,x (2.23) 

— fiy 0 

For the case under study, the vector {f)} and the skew symmetric matrix 

given by 

are, respectively. 

0 0 —ilz 0 

0 > , = 0 0 (2.24) 

0 0 0 

The skew symmetric matrix can be written in the form 

0 

0 - 1 0 

1 0 0 

0 0 0 

A] (2.25) 

where the subscript z is dropped from (1^ and ^4/ is a skew symmetric matrix given by 

Aj 

0 - 1 0 

1 0 0 

0 0 0 

(2.26) 

Differentiating the matrix [./4] with respect to time yields 
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[-4] — [Aif, (2.27) 

where the expression of is given by 

[A^ 

— sin Y? — cos ip 0 

cos yp — sin 0 

0 0 0 

(2.28) 

Substitute equations (2.9), (2.22), (2.25) and (2.27) into equation (2.20) and using matrix-

vectorial notation, one can write 

TZp A: {T^o} + [>io] 
<p 

(2.29) 

in order to isolate the velocity terms. The above expression can be written in compact form as 

Kp. } = [[»•] M1[W]] (2.30) 

where 

[2)'] = [VL] (2.31) 

2.7 Kinet ic Energy 

The kinetic energy expression of the element is obtained by integrating the kinetic energy of 

the infinitesimal volume at point f over the volume that is 

yi 

(2.32) 

where p is the mass density of the element. Utihzing the velocity equation (2.30), the 

expression of T* can be written in vector-matrix form as 

T 

T = 
1 

[ . V f 
dy* (2.33) 



where the orthonormality of the matrix [^], i.e., = [ I ] is utilized to simpHfy the lower 

right submatrix of equation (2.33). The above equation can be written in more compact form 

as 

(2.34) 

J in which where j g ' } is the vector of generalized co-ordinates given by {g'} = y 

represents the reference co-ordinates while {e'j is the elastic nodal displEicement vector of the 

element. The matrix [M®] is the elemental mass matrix that can be written in a symbolic 

form as 

[M-] 
ml 

(2.35) 

where = [^er] - The subscripts r and e refer to reference and elastic co-ordinates, re-

spectively. The submatrix is the mass matrix associated with the reference co-ordinate 

system, usually referred to as the mass matrix due to rigid body rotation, while the submatrix 

represents the inertia coupling between the reference motion and the elastic deformations 

of the element. The submatrix associated with the elastic co-ordinates is of the kind 

usually occurring in linear structural dynamics problems and comprises all the matrices associ-

ated with the elastic generalized co-ordinates. This submatrix is invariant and can be evaluated 

once in advance in dynamic analysis. The elastic and reference co-ordinates can be dynamically 

decoupled by neglecting these two submatrices. Using equations (2.33) and (2.35), the elements 

of the mass matrix [M'] are represented as follows 

K J = jp[Df[D']dV' 

v 

yi 

(2.36) 

(2.37) 

(2.38) 

Unhke the submatrices and are implicitly time dependent since they are 

function of the generahzed co-ordinates thus resulting in an inertia variant model. Expanding 

equations (2.36) and (2.37) using (2.31) results in the following: 
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/ 
T 

Ai \ 

+ 2 [ ^ ] [ ^ ] } + {e:}^[Arf [Zo] [AT'] {e'} 

+2{e'}^[Arf [%o] K ] {rX } + [%.] [A,] { r ^ } 

T / 
p 

Vi \ 

{7^} T A [A][Ar:] + { e ' r [ A r f 
T , , ^T r— 

r r . jT 

T 
Ai [ATI 

Ai W] 

where 

and 

[Xo] — [Aip] [A^p] — Ai 
T 

A/ 

dy* 

1 0 0 

0 1 0 

0 0 0 

dr (2 .39) 

(2.40) 

(2.41) 

Ai 
T 

— [A^] [A] (2.42) 

where the expressions of and are given previously by equations (2.26) and (2.28), 

respectively. The expressions of can be written in compact form as 

and 

- [1%%,] + 2 {e'} + 2 4- {e'}^ {e'}+2{e^}^ + 

(2.43) 

HL] - C: + m, 
^Po 

(2.44) 

where 

p{%o}^[Za] {^ojdy" 

\/t 

%oeJ 

T^orp. 
T 

T 
[ATjdy' 

(2.45) 

(2.46) 

(2.47) 
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V' 

m. [%o]K] { r k } d r 

V' 

/ ) { 4 . r K r [ % o ] K ] { 4 J d r 
v 

T 

[v\r]dy 

Vi 

m, 
rfo [ATjdy 

T 

Ke] = 
V 

By using equation (2.15), one can write 

m: %oeJ ^ ' [ ^ ] M 
T 

3% d y 

V' 

[^1] = P [%o] d y ' 3% 

v 

= / p { % o r W M M M % d y ' 

V' 

% 
T 

[%'] [ g ' j d y 

m. 
rfo % dy* 

V' 

% 
T 

,0 [.T] d r 9t 

(2.48) 

(2.49) 

(2.50) 

(2.51) 

(2.52) 

(2.53) 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

(2.58) 

(2.59) 

(2.60) 

(2.61) 

deRned with respect to the body co-ordinate axes. The orthonormahty of the matrix |^'| , i.e., 
T = [ I ] is utilized to simplify the expression of [m^g]. Expressions of 

can be written in more compact form as 

and mL 
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r T 

-

where and [m^e] given by 

[3%'] dy ' 

yi 

He] = Pis']' [S-]dV' 

v 

The submatrix [ ^ e l , is the composite mass matrix that can be written as: 

K e ] = K ] + N J + N , . ] + H , . ] + + ma + m . 

(2.62) 

(2.63) 

(2.64) 

(2.65) 

(2.66) 

defined with respect to the element co-ordinate axes. Notice that the constituents of 

time invariant and deGned as 

[mig] = elemental axial mass matrix 

= elemental torsional mass matrix 

= elemental translational mass matrix in the (2;i/)-plane 

= elemental translational mass matrix in the (zz)-plane 

= elemental rotary inertia mass matrix in the (x2/)-plane 

= elemental rotary inertia mass matrix in the (a:z)-plane 

= elemental rotary inertia mass matrix due to coupling in bending 

m t,wl 

N . , 

The explicit expressions of the above matrices will be given in the next chapter. Notice that the 

elemental rotary inertia mass matrices and frPn being dependent on the 

second moments of areas 7^ and 7%̂  and the product second moment of area 7̂ ,̂ respectively, 

are functions of the setting angle i/i. 

The expression for can be written in abbreviated form as 

(2.67) 
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The kinetic energy T of the entire beam is obtained by summing the kinetic energy of each 

of its individual element. Denoting by n the total number of elements of the beam, the kinetic 

energy T of the beam is given by 

r = J ^ T ' = i{<i}^|Ml{5) (2.68) 
j=l 

r ~\T 

where {q} is the vector of generalized co-ordinates of the beam given by {g} = {e}^ in 

which y represents the reference co-ordinate while {e} is the elastic nodal displacements vector 

of all elements of the beam and [M] is the mass matrix of the beam. The matrix [M] can be 

written as 

[Mrr] [Mr, 

[Mer] [Mg, 
(2.69) [M]--

where the entries of the mass [M] are given by 

(2.70) 

[M,,] = ^ R ^ j (2.71) 

W = (2.72) 

2.8 St ra in Energy 

The development of the strain energy expression of the spiiming tapered Timoshenko beam 

will not diSer &om the one used in linear structural analysis. This is basically due to the fact 

that elastic co-ordinates are deGned locally and accordingly, there will be no stiAiess coupling 

between the reference motion and elastic deformations. However, there is a stiffness coupling in 

the elastic co-ordinates resulting from the orientation of the cross-section by a setting angle i/;. 

Consider a point jF" in a deformed state of the element, located at a distance z' from 

the left end and denote the components of displacements along the a;-, ^-, and z-axes by V , 

and respectively. When the element deforms the displacements of its cross-section can 

be described by the translations and in the a;-, i/- and z-directions as well as the small 

rotations and 0%. about a:-, z-, and ly-axes, respectively. 
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For linear small elastic deformations of an isotropic body, the strain energy of the element 

can be given by 

z/' = 2 y + T-L-yL) (2.73) 

where y and cr\ r ' are strain and associated stress components at point f " of the element 

of the infinitesimal volume y \ The generalized Hooke's law for an isotropic homogeneous 

material is 

4% + ^ + 4 z ) ] 

Ti;, = 
( 2 J ^ 

/yz 
T; 

where u is Poisson's ratio, E is the Young's modulus of elasticity, and G is the shear modulus 

of rigidity of the material. For an isotropic material, these quantities are related by 

.B = 2G(1 + !/) (2.75) 

Substitution of equations (2.74) and (2.75) into (2.73) yields 

y + crL:/ ^ ( 
2 y VE 

yi 

+ ^ ('T'L;/ + + '''yz j ) 

(2.76) 

On the other hand, equation (2.76) can be written as 

(2.77) 

where is the elemental elastic stiffness matrix defined with respect to the body co-ordinate 

system and can be evaluated once prior to the dynamic analysis. By using equation (2.15), one 

can write 

"'=\ (M'" ['̂ 1) {"'} (2.78) 
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where is the elemental elastic stiffness matrix defined with respect to the element co-

ordinate system. The relationship between kl and [Agg] is given by 

[ 4 k: (2.79) 

The strain energy expression is independent of the reference co-ordinates, because the elastic 

generalized co-ordinates are defined with respect to the body-fixed (xyz) co-ordinate system. 

Equations (2.73) through (2.79) are derived in general form and are valid for any elastic structure 

that undergoes small deformations in space. Equation (2.77) can be written in a more general 

form as 

0 0 

0 [ki. 
(2.80) 

Since the bending planes (xy) and (xz) are assumed to coincide with the principal axes of the 

cross-section of the beam while the a;-axis is assumed to coincide with the centroidal axis of the 

beam, all deformations caused by the different stresses can be separated into six groups. These 

groups will now be considered independently and the strain energy for each of these groups will 

be derived separately according to the procedure prescribed by Przemeniecki 

2.8.1 Strain E n e r g y d u e t o Axia l D e f o r m a t i o n 

The kinematic displacement of the element that is subjected to small axial deformation can 

be written in terms of its non-zero component as 

[T = %' (2.81) 

and the associated strain component as 

The corresponding strain energy expression is then given by 

K = R . } 

Substitution of equation (2.74) into (2.83) yields 

(2.82) 

(2.83) 
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(2.84) 

where yl' is the cross-sectional area of the element. Notice that ^ can be expressed as 

%-ifm {<=•}) = [«•] [Bi][s"] {«'} (2.85) 

where is a diSerential operator associated with axial deformations and given by 

d 
(2.86) 

where [5®] is the element axial shape function. Substitute equation (2.85) into (2.84) to get 

T 
/ r 

\o 

9; (2.87) 

/ 

or 

(2.88) 

where /cl is the elemental axial sti&iess matrix dehned with respect to the element co-ordinate 

axes and given by 

(2.89) 

In more compact form, equation (2.88) can be written as 

Ul N] (2.90) 

where 

= 3% 3% (2.91) 

is defined with respect to the body co-ordinate axes. 
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2.8.2 Stra in E n e r g y due t o Torsion 

Neglecting the warping due to torsional deformation of the cross-section, the element is 

assumed to undergo torsional deformation about the a:-axis only. Figure 2-7 shows the partial 

end view of the element (and could represent any section). An arbitrary point on the cross-

w = y 

V) ^ 

Figure 2-7: Displacement components in the plane of the cross-section. 

section, point located at a distance from the center of twist has moved to point as a 

result of twist deformation. Assuming the angle of twist, to be small, the resulting kinematic 

displacement components and IV* are given by 

U' 

V' 

= 0 

= —r Pn "x sm a = 

cosoi 

(2.92) 

while the associated non-zero strain components are given by 

7a:!/ 

= y 

(2.93) 

(2.94) 

and the corresponding shear stresses can be obtained from equation (2.75) as 

(2.95) 
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and 

(2.96) 

The strain energy expression due to torsional deformation of the element is expressed as 

1 

v 

Substitution of equations (2.95) and (2.96) into (2.97) yields 

(2.9^ 

(2.98) 

where J* is the torsion constant. Notice that ^ can be expressed as 

^ ( M J {<=•}) = [«•] K] % 

where [Bg ] is a diEerential operator associated with twist deformation given by 

M J = ^ [%] 

(2.99) 

(2.100) 

and [(Sg ] is the elemental shape function due to torsional deformation. Substitution of equation 

(2.99) into (2.98) yields 

^ T 
/ r \ 

T 
(2.101) 

/ 

or 

= I - T - r --1 

K l 

where is the elemental torsional stiEness matrix of the element given by 

(2.102) 

b 

(2.103) 
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In more compact form, equation (2.98) can be written as 

% = ~ { " ' f [4.1 {='} (2.104) 

where 

is deSned with respect to the body co-ordinate axes. 

2.8.3 B e n d i n g Strain E n e r g y in D e e p B e a m s 

If the cross-sectional dimensions of the beam are not small compared to its length or higher 

bending modes are required, one needs to consider the effects of rotary inertia and shear defor-

mation according to Timoshenko Beam Theory (TBT). Figure 2-8 shows bending deformation of 

the element in the {xy)- and (a;z)-plane, respectively. The corresponding kinematic relations 

of the element are expressed as 

U' = 

8a;' / \ 8a:' 
(2.106) 

where the two translations ( f \ w') consist of a contribution (t;̂ , w )̂ due to bending and a 

contribution (f^, Wg) due to shear deformation, that is 

^ (2.107) 

w' = 4- Wg (2.108) 

Taking derivatives of the previous relations with respect to the element co-ordinate a;' gives 

= + (2.109) 

= — + (2.110) 

8%;' = ^ + 8a;' 
8a:' 

= ^ + 8a;' 
8a;' 

8'w' _ 87/;! 8w^ 
8a:' 8a;' 8z' 

where 

8a:' 
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z, tu 

Perpendicular to face 

Tangent to center line 

After deformation 

Before deformation 

^ X, u 

a) Planar deformation in the (a;y) -plane 

I, u 

Before deformation 

After deformation 

Tangent to centerline 

Perpendicular to face 

b) Planar deformation in the (2;z)-plane 

Figure 2-8: Bending deformations in deep beams. 
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^ 6 (2.112) 

and the right hand corkscrew convention has been employed. The resultant shearing angle is 

always measured as the angle between the tangent to the deformed axis and the normal to the 

cross-section while the rotation angle is always measured relative to the undeformed axis of the 

beam. The non-zero strain component corresponding to bending deformation is thus given by 

= -2/ — ^ - z' ^ 
9a:' 

(2.113) 

The strain energy due to bending deformation is then given by 

^i = \ l 

v 

by using equation (2.74), the previous equation can be written aa 

= f / { 4 . r { 4 . ) < i V " 

V 

substitution of equation (2.113) into (2.115) yields 

(2.114) 

(2.115) 

E 

0 /I' 

4- 23/'z' + z 
2,.„i \ ^ 

8a:' 
dA'da:' (2.116) 

or 

E 

0 vt* 
8a:U ^a:' 

dA'da;' (2.117) 

Noting 

!/!/ 

= second moment of area about the z-axis 

A' 

r = = product second moment of area 

dyl"̂  = second moment of area about the y-axis 

(2.118) 

(2.119) 

(2.120) 
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the strain energy due to bending deformation can be expressed as 

E 

2 
(2.121) 

09^ 09^ 89^ 99^ 
where -;r-7 and can be expressed in terms of the generalized co-ordinates {e'} as 

3% 

A/3. 

Bo t/yz 

(2.122) 

(2.123) 

(2.124) 

where , 

and given by 

and Eire diEerential operators associated with bending deformations 

d 

([4J) 

4 

B. 

(2.125) 

(2.126) 

(2.127) 

and [Jg ] and are the elemental shape functions due to bending deformations in the (a:2/)-

and (a;z)-planes, respectively. 

The strain energy expression of equation (2.121) can be written as 

/ ( r Di 1 ̂  I? n r 1 \ \ 

+ 
+ 

T 

M/ 

dx 

) J 

% {e'j (2.128) 

in compact form, the previous expression can be written as 

(2.129) 

where 

= + h\ + V. 6,111 (2.130) 
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in which b,v , and b,w represent the elemental bending stiffness matrices due to bending 

deformations in the {xy)- and (a;z)-plane, respectively, while 

matrix due to coupling in bending. Notice that the matrices 

b,vw represents the stiffness 

b,v b,vw and b,w are 

functions of the setting angle aa a result of the orientation of the cross-sectional eirea of the 

beam. The expressions of b,v b,vw and b,w are respectively, given by 

6̂ "uiu 

[ B i f E I l , [S | . ] dx' 

Bl 
T 

Bl da;' 

r • f r T -

kb,w 
= / 

^ 4 . da;' 

(2.131) 

(2.132) 

(2.133) 

In more compact form, equation (2.129) can be written as 

K = I K] {<='} 

where 

is deGned with respect to the body co-ordinate axes. 

2 .8 .4 Stra in E n e r g y d u e t o Shear D e f o r m a t i o n 

The shear strains in the (a;?/)- and (a;z)-planes are, respectively, given by 

and the corresponding strain energy is given by 

(2.134) 

(2.135) 

(2.136) 

(2.137) 

(2.138) 

where the shear stress corresponds to a given shear force over the cross section area. Since 
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the shear stress is not uniformly distributed over the cross-section, dimensionless shear correction 

factors Ky and are introduced to account for this nonuniform distribution of the shear such 

that 

xy 

Kg G-y: L 

(2.139) 

(2.140) 

The shear correction factors Ky and Kz depend on the shape of the cross section. For compact 

cross-sections, however « k. Several values of the shear correction factor k are derived 

for various cross-sectional shapes in the literature. Cowper [78] proposed the formulae 

6(1 + u) 
7 + 6y 
10(1 -I-;/) 

(12 4 - l l y ) 

, for solid circular cross-section 

, for solid rectangular cross-section 

while Stephen and Levinson [79] suggested the formulae 

6(1 -I-1/)^ 
K = 

(7 + 12%/ + 4!/2) 

5(1 4-;/) 

for solid circular cross-section 

(6 4- Sz/) 
for solid rectangular cross-section 

The strain energ);̂  Z/j can be rewritten in the form 

K = \ I a + 
V' 

d r 

which can be written as 

(2.141) 

(2.142) 

(2.143) 

(2J4^ 

(2.145) 

dv^ 
+ 

dw^ 
r + 1 dz;' 

(2.146) 

Let 

0a: 

i -- [.AG,] {c'} = -- [6%,]) {ei} (2.147) 

- 4- A/3. M + % {e'} (2.148) 
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where [5®] , and are differential operators associated with translational deformations in 

the y- and z-directions, respectively, given by 

[ < ] 
[K] 

(2.149) 

(2.150) 

and [5^] and [5^] are the elemental shape functions due translational deformations in the y-

and z-directions, respectively. Substitution of equations (2.147) and (2.148) into (2.145) yields 

r •" T 
/ p \ 

/ 

3% 

(2.151) 

or in compact form this can be written as 

1 
2 

ZY: = ; K } ' 3% 
T 

3% (2.152) 

in which 

+ (2.153) 

where 

( M - [ ' S S . ] ) ' " s G ^ ' ( [ - B ; ] - [ 5 5 . ] ) • ! : = • 

T 
[ % ] + f + SI 

(2.154) 

(2.155) 

In more compact form, equation (2.152) can be written as 

(2.156) 

where 

% 3% (2.157) 
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The elemental elastic stiffness matrix is the composite matrix that comprises the contribution 

of each of the elastic previous stiffness matrices; that is 

fcl + kl + b,vw + b,w + (2.158) 

where 

6 , I f 

^b,vw 

= elemental axial stiffness matrix 

= elemental bending stiSness matrix in the (z?/) -plane 

= elemental bending stiffness matrix in the (zz) -plane 

= elemental stiffness matrix due to coupling in bending 

= elemental torsional stiffness matrix 

= elemental shear stiffness matrix in the -plane 

= elemental shear stiEness matrix in the (a;z) -plane 

with respect to body co-ordinate axes, equation (2.158) can be written as 

— 

T 
3% (2.159) 

2.9 Strain Energy Increase due to Rota t ion 

The rotation of the hub induces an axial force f p in the beam due to the centrifugal effect. If 

the beam bends in the (a;z)-plane as shown in Figure 2-9, the change in the horizontal projection 

of the element of length ds® is given by 

dz* — dz* 
1 / 
2 \ 

da;' (2.160) 

assuming small displacements so that higher order terms of the change in the axial direction 

of the 2̂ ^ element can be neglected.The strain energy increase due to the centrifugal force f p 

acting on a point f ^ of the infinitesimal volume y at a distance z' from the left end of the 

element is thus given by 

— 2 
(2.161) 
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n 

^ X , X 

Figure 2-9: DeHection due to rotation in the (2;z)-plane. 

Similarly, for the (a;2/)-plaJie, one can write 

I' 

% / ( i n r I f p I I 

T 
1 /" / \ ^ 

'c,u 2 y ^ ^ ^ 
0 

and the total strain energy of the i*'" element due to rotation is thus given by 

p 

U, 
^ 2 y \ V 8a; 

0 

wliere ^ and can be expressed in terms of the elastic generalized co-ordinates {e^j as 
8a;' 

dw'^ 

(2.162) 

(2.163) 

8a;' 

8a;' 

8 
8a;' 
8 

8a:' 
( K ] 

% (2.164) 

(2.165) 

Substitution of equations (2.164) and (2.165) into (2.163) gives 

(/ 
\ 

+ da; 

J 

-

{e ' j (2.166) 
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in compact form, this can be written as 

where 

{ e l (2.167) 

+ V c,u; (2.168) 

in which 

= elemental centrifugal stiEness matrix in the (a:̂ ) -plane 

= elemental centrifugal stiEness matrix in the (a;z) -plane 

The respective expressions of c,v and k: are given by 

da;' (2.169) 

(2.170) 

Notice that f p is a function of the pre-cone angle i;). The explicit expression of .Pp wiU be given 

in the next chapter. In more compact form, equation (2.167) can be written as 

K = {e'} (2.171) 

where 

3% 3% (2.172) 

The matrices and can be written in the form (see reference [29] for proof) 

[/Cc] = [kc] (2.173) 

in order to isolate The matrices and [kg] are related by 
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% (2.174) 

The elemental stiffness matrix is the composite stiffness matrix that comprises the 

elemental elastic stiffness matrix [fcgg] and the elemental stiffness matrix due to centrifugal 

force field \k]}, that is 

(2.175) 

or 

(2.176) 

The elemental strain energy can be given by 

Z//' = Z/C+z/; (2.177) 

where Z/g is the elastic strain energy due to all elastic deformations and is the strain energy 

increase due to rotation. The strain energy ZV' can be expressed as 

T 

1 y) 0 0 

0 

where 

(2.178) 

3% 
T 

k (2.179) 

The strain energy ZY of the beam can be obtained by summing the strain energy of each of 

its elements. Denoting the number of elements by m, the total strain energy can be given by 

Z/ = [jC] {g} (2.180) 

where 

M = [jfgg] + (2.181) 
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where [Kee\ and [K] are the assembled elastic stiffness matrices and the assembled modified 

centrifugal stiffness matrix. 

2.10 Equat ions of Mot ion 

The Lagrangian approach is used in deriving the equations of motion at the element level, which 

can be written mathematically as 

d / a r 
{<?•} (2.182) 

where is the Lagrangian function, {g*} is the generalized co-ordinate vector defined previously 

and {Q*} is the associated vector of generalized forces. The Lagrangian function at the element 

level can be written as 

r = - V (2.183) 

where V is the elemental potential energy^ that has been ignored so far. Substituting the 

kinetic and strain energy expressions of equations (2.67), and (2.178) into Lagrangian function, 

and performing the required differentiations and algebraic manipulations, one can write 

(2.184) 

2 .10.1 Equat ions of M o t i o n A s s o c i a t e d w i t h Reference M o t i o n 

The equation of motion associated with the generalized co-ordinate y; (reference motion) may 

be written as 

d a r 
dt \ y — 

(2.185) 

Performing the necessary algebraic manipulations and differentiations with respect to time and 

generalized co-ordinates and arranging terms, one arrives at 

A 
d< Y 

y, + 2 ( ( e ' } + (e'} + {e'} \T m 

T 
a + m, + {e'j 

(2.186) 

Potential energy is the stored energy possessed by a system as a result of the relative positions of the compo-

nents of that system. 
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and 

K } + T%* 
^orp„ 

(2.187) 

where * within a matrix denotes differentiation with respect to (p. The expressions of 

and Tt* 
T^orpo 

are given by 

n* 
T^orp^ 

Roe] = 
yi 

(2.188) 

(2.189) 

V' 

Substitution of equations (2.186) and (2.187) into (2.185) gives the equation of motion of the 

hub-beam associated with the generalized co-ordinate (p. Thus one can write 

(2.190) 

where and are, respectively, the vector of the external applied forces and the vector 

associated with quadratic velocity terms that accounts for Coriolis and centripetal eEects. The 

later is obtained by diEerentiating the Lagrangian function with respect to the generalized co-

ordinate Y? and time. The vector is given by 

{4} = + n 

Tt* C' {e'} 
(2.191) 

2 .10 .2 E q u a t i o n s of M o t i o n Assoc ia ted w i t h Elast ic Co-ordinates 

Similarly, the equations of motion of the spinning tapered Timoshenko beam associated with 

the generalized co-ordinates {e'} may be written as 

d / ar ' a/I' 
dt \ y 

{«} (2.192) 

Performing the necessary algebraic manipulations and diEerentiation with respect to time and 

generahzed co-ordinates {e'j and arranging terms, one arrives at 

d / 8/:' 
dt 

— 4- f] 1(7̂ 1 j -!- [mgg] j (2.193) 
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and 

+ ["T'f] {e'} + m. C' {e ' j - M {e'} (2.194) 

Substitution of equations (2.193) and (2.194) into (2.192) gives 

H L ] { ^ } + M = { Q L } g + { / : } (2.195) 

where {Qe^fjg respectively, the vector of the externeil applied forces and the 

elastic force vector of quadratic velocity terms that accounts for Coriolis and centripetal effects 

associated with elastic co-ordinates. The later is obtained by diEerentiating the Lagrangian 

function with respect to the elastic co-ordinate {e ' j and time. The expression of { / j } is given 

by 

m. 
•^Po - 2 0 C' (2.196) 

Equations (2.190) and (2.195) can be combined into a single equation using vector matrix no-

tation as 

M e ] 
T 

0 0 

0 

{ Q L j y , + 

{ Q L j e + 
(2.197) 

Equations (2.197) represent the governing system (rigid hub-elastic beam element) diEeren-

tial equations based on the multibody elastodynamic formulation. The system unknowns are the 

generahzed co-ordinates y and {e ' j . The former refers to the reference generalized co-ordinate 

of the rigid hub while the latter refers to the elastic generalized co-ordinates of the beam ele-

ment. The quantities ^ and {e ' j refer to the acceleration of the reference and elastic motions 

of the beam, respectively. 

The submatrices and represent respectively the inertia of the reference motion 

and the mass matrix of the elastic generalized co-ordinates while the submatrix represents 

the coupling inertia between the reference motion and elastic deformations. 

The submatrix given by equation (2.175) is the modified stiAiess matrix of the beam 

element due to elastic deformations and incorporates the eSects of rotation. In addition, it 

includes a stiffness coupling term in bending known as the bending-bending term which is 

caused by the orientation of the cross-section of the beam by a setting angle 
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2.10.3 E q u a t i o n s of M o t i o n for Cons tant H u b S p e e d 

For constant angular velocity of the hub, the angular acceleration ip vanishes, and the previous 

equations of motion will be expressed in terms of the elastic co-ordinates {e'} as 

[ml] { ? } + 2f! [C-I {<••} + ( [ f ] - n ' [m']) {e'} = + { f f ] (2.198) 

or 

[mi,] { ? } + 2a \cA {«'} + ([ty + n ' ([ty - N])) {<=•} = {«»•}. + ifl'} (2.199) 

where 

{ / r } - ) (2.200) 

is referred to as centrifugal inertia force that result Arom differentiating the Lagrangian with 

respect to the generalized co-ordinate {e*} and time. The expressions of ] and are 

m. is invariant while [m^g] respectively given by equations (2.55) and (2.57). Notice that 

is implicit function of time since it is function of y?. Its entries will be iteratively updated as the 

integration algorithm proceeds forward in time during the solution of the system equations of 

motion. 

The sum of the individual element energies over the entire beam may be utilized, by using 

equations (2.68) and (2.180) to establish the Lagrangian function for the beam. Substitution of 

the expression of the obtained Lagrangian function into Lagrange's equation yields the governing 

differential equation of the entire beam 

[M,,] {e} + 2f̂  [cl {e} + ([AT,,] + ([K] - [%])) {e} = + { /J} (2.201) 

where 

{Qeif }g 
i = l 

{ / ; ) = Elf") 
i = l 

(2.202) 

(2.203) 

The vector {Qeztjg represents the external generalized forces applied to the beam and is 

a force vector of quadratic velocity terms. The nonlinear term 2̂ 2 C {e} accounts for Coriolis 
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effects, while the term — [ M t ] {e} represents the centripetal acceleration contribution. Equa-

tion (2.201) represents the forced vibration of the lead-lag motion. The out-of-plane vibrational 

motion can be obtained from equation (2.201) by dropping the term [Mt] {e} resulting in 

[M,,] {e} + 2n [ c ] {e} + [K]) {e} = + { / : } (2.204) 

For any general orientation of the cross-section of the beam, the beam lies in a plane that makes 

a setting angle ip and a pre-cone angle (f) with the plane of rotation. The equations of motion 

for this case need to be modified to include the effect of these angular settings (setting angle 

and pre-cone). This can be done by introducing the potential energy of the beam to account for 

the pre-cone and setting angle as well as the speed of rotation. 

2.11 Poten t ia l Energy 

The potential energy of the transverse deformation of the element depends on its lateral 

deGection only and is given by the integral 

I* 

r = y lu'drr' (2.205) 

0 

where is the nodal displacement in the z-direction. The force is the z-component of the 

force f p . The expression of needs to be evaluated with respect to the global reference Z-

axis. Referring to Figure 2-10, the radial component of the centrifugal force per unit volume of 

the element of the beam acting at a distance a:' is given by 

f ; = p -t- cos (2.206) 

A component of w* along the z-axis would result in two components; w' co8(i/'-H(^) along the 

global Z-axis, and sin(i/' + (̂ ) along the global K-axis. 

The force can be resolved in two components 

f j . % j^%pv4'^:^(7^, + r^cos,^), (2.207) 

w'sin(^-t-i^)/ (7^-t-r)pCos(;6)] = —iu^/0v4^r2^sin('^-ki;6) (2.208) 

Moreover, the force can be resolved into two components along the elemental and z-axes. 
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Ml COS 

X. X 

-w sin + (6) w sm (V' + (6) 

X 

Q 

Y 

Fy = pA'Q w' sin 

f;' = (%o+ r; cos 

% 0 + ) ) , C O S 

w'sin(^ + <;6) 

w cos (V' + <̂ ) 

Figure 2-10: Displacements and force components. 
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The components of Fy along these respective directions are then given by 

Fy = Fy cos = —w'^ p A' (1̂  sin (•0 + (j)) cos ip, 

Fl - f y sini/'cos<^ = lu* p A* fl^sin^cos^sin(i/' + 

(2.209) 

(2.210) 

Substitution of equation (2.210) into (2.205) yields 

/' 

= - I 

\ 
,!)A*(1^sin^cos(^sin(^ + i^)[Ar]da;* 

/ 

or 

V = - j {«'} 
T 

% 
T 

(2.211) 

Q^sini/'cos<^sin(i/' + (̂ )) ^ {e^} (2.212) 

where is the elemental translational mass matrix in the z-direction. The expression of 

can be given by 

/ p A' [%] dz' (2.213) 

[%] is the shape function matrix that is used to model the elastic deformations of the beam in 

the z-direction. In more compact form equation (2.212) can be written as 

V' = {e'}^ ^^sim/,cos<^sin(^ + (̂ )) {e"} (2.214) 

where 

H,",] = ^ Hi",] 
T 

3% (2.215) 

is defined with respect to the body co-ordinate axes. 

2.12 Governing Equat ions of Mot ion 

Utilizing the kinetic energy and strain and potential energy expressions of equations (2.68), 

(2.178) and (2.214) into Lagrange's equation, and performing the required differentiation and 

algebraic manipulations, the Lagrangian function at the element level can be written in compact 
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form using equation (2.183). For constant hub speed, the equation of motion of the entire elastic 

beam can be established using the standard finite element assembling procedure according to 

the node numbering on the beam, and can be written as 

[ M e e ] { e } + C { e } + ( [ K ] - s i n ^ COS s i n (i/; + { e } = + { / * } 

(2.216) 

Equation (2.216) represents the matrix form of the governing differential equations of the spin-

ning tapered three dimensional Timoshenko beam. In compact form, the above equation can be 

written as 

where 

and 

Mee] {e} + 20. C {e} + [K*] {e} — {Q} (2.217) 

[jiT*] = [j^ee] + ([K] - sin i/) COS sin (^ + (̂ )) (2.218) 

(2.219) 
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Chapter 3 

The Fini te Element Formulat ion 

The mathematical modeling is the most critical step in any dynamic analysis, because the 

validity of the simulation results depends directly on how well the model can represent the 

behavior of the real physical system. The Finite Element Method (FEM) has been recognized 

to have great potential and flexibility in modeling complex and large structures, and obtaining 

accurate results. Therefore it is used to discretize the elastic tapered Timoshenko beam. 

The development of the three-dimensional elastic beam model follows closely that of its 

planar equivalent developed in [27]. The present beam model is discretized as an assemblage 

of Gnite elements in which the translations and rotations of the interconnected nodes represent 

the degrees of freedom of the model. In this formulation, beam elements are linearly tapered in 

two planes while allowing for unequal breadth and depth taper ratios as well as unequal element 

lengths. Each element has a length Z' such that the length of the entire beam is the summation 

of its individual element lengths. The root cross-section of the beam is rigidly attached to the 

periphery of the hub and decreases along the span while the tip cross-section is located at the 

free end of the beam. The beam element is assumed to be a straight bar of symmetric cross-

section capable of resisting axial forces, bending moments about its principal axes, and twisting 

moments about its centroidal axis. EEects of shear deformation, rotary inertia, hub radius, 

setting angle, pre-cone angle, tapering in the and (a;z)-planes and spinning of the hub are 

considered in this model. 

Since the elemental mass, stiffness, Coriolis and inertia force matrices of the rotating tapered 

Timoshenko beam depend on the geometrical properties of the present model, it is Erst necessary 

to develop explicit expressions for the variable cross-section area of the beam as well as the second 

moments of area and the product moment of area of the cross-section of the beam in terms of 

an arbitrary elemental co-ordinatcs and of the beam element and other parameters 
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that define the beam geometry. 

In addition, the shape functions for the three dimensional Timoshenko beam element un-

dergoing axial, torsional and bending deformations are also derived and presented explicitly in 

matrix form. Using these shape functions, and the variable geometric properties of the beam 

element\ exact expressions of the element mass, stiffness, Coriolis and inertia terms matrices 

are derived and expressed in symbolic form where all the parameter changes are accounted for. 

The explicit expressions of these matrices have the computational advantage of eliminating the 

loss of computer time and round-oE errors associated with extensive matrix operations required 

for their numerical evaluation. 

3.1 Geometr ic P rope r t i e s of t he Model 

In order to define the geometric properties of the rotating tapered Timoshenko beam shown by 

the model of Figure 3-1, one needs to introduce the following notation 

L 

n 

i=l 
(3.1) 

Liy = Loy — (3.2) 

Liz (3.3) 

— L j Loy (3.4) 

~ L j Lqz (3.5) 

where the superscript z stands for the element, T is the element length, n is the total number 

of elements, Z, is the entire beam length and Z,' is the outboard length of the beam from 

the element under consideration. The quantities Loy and Loz are the untruncated lengths of 

the beam in the and (a:z)-planes, respectively while and represent the depth and 

breadth taper ratios in the (3:%/)- and (3;z)-planes, respectively. Notice that this type of beam is 

linearly tapered in both planes and is called a double-tapered beam. The case of uniform beam 

(constant cross-section) corresponds to 2/̂  = 1/% = 0.0 (i.e., when —» 00 and ^ 00), 

while i/y = z/g = 1.0 define a wedge (or a cone for a circular cross-section). 

At any position (a;\^\z^) of the beam element, the following geometrical relations 

^By geometric properties of the beam it is the variable cross-section area of the beam Eis well as the second 

moments of area and the produc t moment of area of the cross-section of the beam in terms of an arbi t rary 
elemental coordinates and z ' of the beam element and other paramete rs t h a t define the beam geometry. 
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i element 

Tip cross section 

Root cross section 

rA cos 

%, 2, ^ 

Figure 3-1: Timoshenko beam linearly tapered in two planes. 
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can be obtained 

6' Loy — [x^ + (z — 1)/^) 

bo ^oy 

h} Loz — (x^ + (% — i )r ) 

b L (3G) 

h,Q Ln 
(3.7) 

where bo and ho are the breadth and depth of the root cross-section of the beam while 6' and 

represent the breadth and depth of the 2*̂  beam element at an arbitrary location If one lets 

r = (% - i ) r (3.8) 

substitution of equation (3.8) into (3.6) and (3.7) yields 

y = (3,9) 
oy 

L „ - x ' - £ p . io) 
hn L oz 

The cross-section area of the beam element at an arbitrary location a;* can be given by 

= 6'A' (3.11) 

Substitution of equations (3.9) and (3.10) into (3.11) yields the variable cross-section area 

A' = L i - 2/233;' + 1 ' ' ) (3.12) 

where A,, is the root cross-section area of the beam and and constants given by 

— LiyLiz (3.13) 

— 2(^ii/ + .Z,iz) (3 14) 

Expressions for the second moments of area of the beam element about its principal axes are 

1 ,•3 4 . = (3.15) 

IL = ^ h - l f (3J6) 

Substitution of equations (3.9) and (3.10) into (3.15) and (3.16) yields 
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r = 
yy Tyy (AzO - Azia:* + 

r^z I CKyo - CKyiz' + 0:̂ 23;' — %3a:' + a:' 

(3.17) 

(3.18) 

where 

^ ^Oyy/ LoyL^OZ (3.19) 

Tzz ^ LozL^y (3.20) 

%0 (3.21) 

— + 3/̂ 11/jy) (3.22) 

%2 6/̂ 2-t'lT/ (3.23) 

oy/s = 2 (/̂ 2 + L/iy) (3.24) 

CKzO (3.25) 

CKzl (3.26) 

a:z2 (3.27) 

= 2 (//g + Liz) (3.28) 

where and represent the second moments of area of the root cross-section of the beam 

about its principal axes. 

3.2 Co-ordinate Transformat ion 

The rotation of the cross-section area of the beam about its centroidal axis in the (?/z)-plane with 

a setting angle see Figure 3-1, results in a relationship deGned by the following co-ordinate 

transformation 

cos sin i/) 

— sin cos i/i 

y 
(3.29) 

Consequently, substitution of equation (3.29) into equations (2.117)-(2.119) yields 

V" + -C'z' - 72,̂ , sin 21/; 

-̂ 2̂ = " -C'z') sin cos T/) + cos 2i/' 

(3.30) 

(3.31) 
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7%̂  = sin^ ̂  cos^ ^ + 7^ ,̂ sin 2^ (3.32) 

where for symmetrical cross-sections, the product second moment of area vanishes. 

3.3 T h e B e a m Element Model 

Figure 2.6 shows a typical three dimensional beam element which consists of two nodes and each 

node has six degrees of freedom; three nodal translations and w? and three nodal rotations 

and 0%̂ . The nodal displacement vector dehned with respect to the element axes is 

denoted by 

{^}l2xl ^ ^2 '(̂ 2 ^2 ^i2 1̂,2 ^22] (3.33) 

where subscripts 1 and 2 denote the translation and rotation of the beam element at nodal 

points 1 and 2. In the above {u\, itg) are the nodal axial displacements in the x-direction, 

and ("û , fg) and are the nodal translational displacements in the %/- and z-directions, 

respectively; (0^1, 0^2) are the nodal torsional displacements about the a;-axis, and (0^1, ^ 2̂) 

and (̂ %i, ^^2) the nodal rotational displacements in the (a:?/)- and (a;z)-planes, respectively. 

According to the standard finite element procedure, the elastic deformations of an arbitrary 

point f of the beam element can be expressed as 

(3-34) 

where {cf*} represents the elastic deformation vector of the beam element and [.9 ]̂ is the 

matrix of shape functions that are used to describe its deformations. Note that the shape 

functions are spatially dependent while the vector of nodal displacements is time dependent. 

Equation (3.34) is a general equation and is valid for any type of shape functions used 

to model structural elements. However, the shape fimctions adopted in this work are of linear 

relationship for torsional and axial deformations and can be easily derived. The shape functions 

used for translation and rotational bending deformations are the conventional cubic Hermitian 

polynomials and incorporate a shear deformation parameter, in accordance with the Timoshenko 

model. The shape functions for torsional and axial deformation are linear, and are included for 

completeness. 



3.4 Kinemat i c Rela t ions 

The kinematic relations for the three dimensional Timoshenko beam element undergoing axial, 

torsional and bending deformations in the (a;;/)- and (zz)-plane can be expressed by combining 

equations (2.81), (2.92) and (2.106), that is 

== (3 35) 

+ w' 

3.5 Der ivat ion of Shape Functions 

3.5.1 Ax ia l a n d Torsional D e f o r m a t i o n 

Shape functions for axial and torsional deformations and can be found in any ele-

mentary text, and are given by 

a; a; 
" 7 7 

= [1 - e e ] (3.36) [<̂ 2] — -

where ^ is the dimensionless axial co-ordinate. 

3 .5 .2 B e n d i n g D e f o r m a t i o n 

Shape functions for bending deformations in the (a;2/)-plane are derived by considering the z*'' fi-

nite beam element shown in Figure 3-2. By analogy, one can obtain the shape functions for bend-

ing in the (zz)-plane. The translational deformation t;'(a;') at an arbitrary point 

is expressed as 

f*(a;') = Qo + oia;' -t- 023;*̂  + 033;'̂  (3.37) 

or in matrix form 

^'(3:') - {(!,} (3.38) 

where 

= [1 z' i ' ' z''] (3.39) 
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After deformation 

Node 1 

Before deformation 

Node 2 

Figure 3-2: Planar bending deformation of the beam element in the (xy)-plane. 

and 

— [̂ 0 (i2 O's] (3.40) 

The shear strain is assumed to be independent of the element axial co-ordinate a:*, in accordance 

with reference [74], i.e., constant along the finite element 

7 !̂/ = const. = To (3.41) 

The bending moment M] and the shearing force Q' are related by 

(3.42) 

and the bending moment-curvature relationship is 

Ml = -E n. § (3.43) 

The shear force is related to the transverse shear strain by the relation 

21/ 
(3.44) 

85 



where Ky is the shear correction factor that accounts for the nonuniform distribution of the shear 

stress over the cross-section A''. The slope due to bending can be written as 

— oi + 202a:' + 303a;' — 'Yo (3.45) 

Taking the derivative of 01 with respect to x ' and substituting into equation (3.43) yields 

(02 + 3033;') (3.46) 

Taking the derivative of with respect to z ' and substituting into equation (3.42) along with 

(3.41) and (3.44) yields 

K? C;.4'To = 0 (3.47) 

from which 

7o — 03 (3.48) 

where 

Substitute equation (3.48) into the expression of 0 ,̂ to give 

- 01 + 202a:' + 3 + 2A%) 03 (3.50) 

To express the coe&cients Oj in terms of the bending deformations and slopes, the following 

boundary conditions must be satisGed: 

'u'(0)='u^ and 

g:(o) = 0ii and 0 i ( r ) - g : 2 

and applying these to equations (3.37) and (3.50), gives 

f^O) = Go = '̂ 1 

^l(O) - ai + 6A%03 = 
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— Go 4" CLll^ + + dgZ' 

or in more compact form 

= o i + 2 o 2 Z ' + ( 3 r + 6A^)o3 = ^̂ 2 

In matrix form, this can be written as 

v\ 1 0 0 0 ao 

> = 
0 1 0 6Ai 

< 
ai 

2̂ 1 r f f 02 

0 1 2r ( 3 r ' + 6 A i ) 03 

(3.52) 

(3.53) 

(3.54) 

from which 

{%} = [A]-: {<r} (3.55) 

Solving for gives 

oo = 

ai = 

az = 

03 

where 

and 

$ + ( 1 + ^ z 

2 
9:1 

= $ 
2"! 
-pr + - ^ 

2̂l + 

- f ' 

3 4 1 , ^ z 

Z'" \ 2 

C = 1 
( i + $ i ) 

$ i = 
12Ai i2Ef: 12 

/z2 

(3.56) 

(3.57) 

(3.58) 

(3.59) 

(3.60) 

(3.61) 

is the shear deformation parameter that represents the ratio between bending and shear stiE-

nesses. Since the material of the beam is assumed to be homogeneous and isotropic, the moduli 
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E and G are constant within the element. 

Substitute the values of aj into the expression of = x' jV") and simplify, one obtains 

+ ( s r ' - 2 e ' + + e ' + ( - r + r ' ) ) 

(3.62) 

Hence can be written in compact form as 

+ ^24^2 (3.63) 

where 

= ^ ( i - 3 e ' + 2 e ' + $ i ( i -

Similarly, substitute Oj into the expression for %̂(̂ )̂ and simpli^ to get 

^ i ( f ) = ^ ( - r + r ' ) ^ i + $ i ( i - 4 r + 3 r ' + $ x i - r ) ) ^ i i 

- ^ ( - f + c ' ) 4 + K ( - 2 e + s f ' + # i e ) giz 

where 

qi 
60 
J . ( - « • + «•") 

% 2 = $ : ( i - 4 r + 3 r ' + $ x i - r ) ) 

6 ^ 
% 3 = + r 

% 4 = ^ ( - 2 r + 3 r ' + $ i ^ g 

(3.64) 

(3.65) 

Hence 61{C) can be written in the form 

^ i ( n = % i ^ i + % 2 ^ : i + . ^ W + % 4 ^ i 2 (3.66) 

(3.67) 



Shape functions for bending in the (a;z)-plane are obtained in a similar manner; the bending 

slope is given by equation (2.112) while the shear deformation parameter is 

= = Z G f I 

and 

^ = JTTW) 

The corresponding expressions of written aa 

+ + + (3.70) 

+ '̂ 83/3'"̂ 2 + "̂ 83/4̂ 2̂ (371) 

Shape functions for bending in the (a;z)-plane can be written as 

= : ^ ( i - 3 e ' + 2 e ' + $ x i - ^ ) ) 

5 
2 

%3 = + 

%4 = + 

(3.72) 

and the corresponding bending slope shape functions are 

si,2 = - 5 ; ( i - 4 e ' + 3c^+«- (1 - r ) 

S w = -«• ; ( - 2 ? + 3?-'+ IJie) 

By virtue of equations (3.36) (3.64), (3.67), (3.72) and (3.73), the kinematic relations given by 

equation (3.35) are now expressed as 

(3.73) 



= ( i - e ) 4 - 6 K ( - e + e ) ? 7 X - 6 $ ; , ( - e + f ) M 

+ ( i - 4 r + s r ' + - r ) ) - z % ( i - 4 r + s r ' + (i - r ) ) ^ 

+ e 4 - 6 ^ ( r - e ' ) 7 7 ' 4 - 6 ^ ( e - f ' ) c 4 

+ ( - 2 e + s r ' + - z % ( - 2 f + s r ' + f 

r = ^ ( i - 3 r ' + 2 e ' + $ X i - r ) ) ^ i - ^ V ( i - r ) 4 i 

+ - 2 e ' + e ' + ^ ( e - r ' ) ) + % ( s e ' - 2 f ' + $ i e ) (3.74) 

z%T^L2+z'$: ( - e ' + r ' + Y ( - r + e ' 7z2 

^ (1 - s r ' + 2 e ' + $ x i - 4 + ( 1 - e ) ^ azl 
,•2 _ 3 $ ! 

- r $ ; I _ 2 ^ - + r + f r - r i j ^ 1 + $ ; ( s r - z r + ) 7 ^ 1 

+ z v % - z ' < - r + r + f - e + e 9̂ 2 

2/̂  2̂^ 
where Y = jT ^ dimensionless co-ordinates in the i/- and z-directions, respectively. 

In matrix form this can be written as 

{ ^ I s x l - U' IV' 
T 

- M3XI2 12x1 
(3.75) 

These results are summajrized in the matrix of the shape functions, [,$*], shown in Appendix B. 

If the shear deformation parameters $* and are neglected, then reduces to the three 

dimensional Euler- Bernoulli beam shape function derived in reference [92]. However a sign 

change is required in the fourth and tenth entries of the third column of the shape function 

matrix, which correspond to the twist terms. 

3.6 Stiffness Matr ices 

3.6.1 Elast ic St i f fness M a t r i x 

The composite elemental elastic stiEness matrix of the non-spinning tapered Timoshenko 

beam element of length T is given by equation (2.158) as 

K K + k. kl + kl + k b,vw + k: K 
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where each of the previous matrices is given by 

81 

^b,v 

^b,vj 

^b,vvj 

"s,v 

a,tu 

[BifEA' [Bl] di-

« ] dz-

[ B k f E I l , [B 'Jdx' 

[B'„] 

[Bi,.] Ell, [Bi,,]dx' 

( M l - lS i , ] f '^ ,GA' ([i?;] - [SJ,]) dx' 

([%] + [5jJ)''«.G-4' ([sy + [SS„])dx' 

(3.76) 

(3.77) 

(3.78) 

(3.79) 

(3.80) 

(3.81) 

(3.82) 

By carrying out the integration of equations (3.76)-(3.82), the explicit expressions of the 

above elastic stiSness matrices are given in Tables CI to C7 of Appendix C. 

3 .6 .2 St i f fness M a t r i c e s due t o R o t a t i o n 

The elemental stiHhess matrix due to the contribution of the strain energy increase induced by 

the hub rotation of the Timoshenko beam element is given by equation (2.168) as 

+ k' 

where k: and 
c,ii; 

are the elemental centrifugal stiffness matrices in the (i^)- and (a;z) 

plane respectively, and are given by 

(3.83) 

(3.84) 
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where Fp is the centrifugal force acting on the element as a consequence of the hub rotation. 

Here the assumption has been made that the displacements are small such that the higher order 

terms of the change in the axial direction of the element can be neglected. The expression for 

the tensile force Fp acting on a section of the beam and associated with a differential element 

at point of the element is given by 

d f p = + rp cos (^)drp (3.85) 

where IZo is the hub radius, r p is the position vector of point and ^ is the pre-cone. For 

small deformations, one can write 

= ( r + a:') = (% - + X (3.86) 

Therefore, the expression of f p can be developed by integrating equation (3.85) over the span 

between point and the free end of the beam, as shown in Figure 3-1, that is 

/ r nV 

Fp = 

V 

+ ((^ — 1)Ẑ  + a:') cos ^) A*da;* + (T̂ o + a:' cos î ) A'da:' (3.87) 

Carrying out the integration of equation (3.87), the resulting tensile force f p can be written 

in the form 

Fh = 
LoyLoz 

(3.88) 

where are constants given by 

Po 

Pi 

P2 

, / ? 4 

cos 

— 2 ~ 2^2) cos 

— - cos — 2/^ (%o + cos (^)] 

= : ( % o + I / ' COS (^) 

(3.89) 

(3.90) 

(3.91) 

(3.92) 

(371̂  — 32̂  +42 — 1) COS 9!! — ^ + 32 — 1) //2 COS — (fl'̂  - 2̂  + l) TZ-o] r 
12 

+— — 2̂  + 2% — 1) /Xj COS (p — 2 (n^ — 2^ + l ) + (72 — 2 + 1) (3.93) 
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If TZo and (f) are neglected, the expression of Fp is simplified to the one obtained in [27], 

while keeping TZo only, the expression of Fp is identical to that obtained in [29]. Carrying out 

the integration of equations (3.83) and (3.84), the explicit expression of the elemental stiffness 

matrices "0,1; and K are respectively given by Tables C8 and C9 of Appendix C. 

3.7 Iner t i a P rope r t i e s 

The composite elemental mass matrix of the spinning Timoshenko beam element of length 

Z' is given by equation (2.66) eis 

K e ] - [ < ] + + N z , . ] + 

where [rn|g] is referred to the consistent mass matrix because it is obtained from the same shape 

functions used to formulate the stiffness matrix. The expressions of the constituents of the mass 

matrix &re given by 

m . t,v\ 

H z , . 

m 

771. 

[SlfpA'[Sl]dx' 

N J = I [Sifl>J'[Si^]dx 

[SiypA- [Sj] dx< 

N , J = J [ S l f p A ' [ S l ] d x -

[SlfplL [s;l d.T-

[Si] dx-

(3.94) 

(3.95) 

(3.96) 

(3.97) 

(3.98) 

(3.99) 

(3.100) 

Carrying out the integration of equations (3.94) to (3.100), the exphcit expressions of the con-

stituents of the mass matrix [m^g] are given in Tables ClO to C16 of Appendix C. 
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3.8 Coriolis M a t r i x 

The Coriolis matrix due to the spinning of the Timoshenko beam element is given by equation 

(2.64) 85 

C ^ da; 
T 

Carrying out the integration of the previous equation, the explicit expression of the Coriolis 

matrix C can be given by 

where the explicit expressions of c 

c + c + (3.101) 

and C are given in Table C17 of Appendix C. 

3.9 Quadra t ic Velocity Terms 

The centrifugal inertia forces that result from diSerentiating the Lagrangian with respect to the 

generalized co-ordinates and time are referred to as quadratic velocity terms. The expressions 

of the inertia terms gj and 

85 

m: are respectively given by equations (2.55) and (2.57) 

T 
^7 

T 

m, 

[•A^] 

T 

5^ da:' 

^ [%o] [A,] } da:' 

Notice that is time invariant while is implicit function of time since it is function 

of Y?. Its entries will be iteratively updated as the integration algorithm proceeds forward in time 

during the solution of the system equations of motion. Carrying out the integration of equations 

(2.55) and (2.57), the explicit expressions of and of the f spinning Timoshenko 

beam element are given in Tables C18 and C19 of Appendix C. 
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Chapter 4 

Modal Reduc t ion 

The contribution of the Coriolis matrix to the system equations of motion of the present model 

makes the associated eigenvalue problem deviate from the standard one and difficult to solve. 

However, the state space representation provides an alternative form to the system equations of 

motion and the associated eigenvalue problem. Consequently, an appropriate scheme is presented 

and discussed to simplify significantly the eigenvalue problem in hand. 

In this chapter the strategy for solving the assembled equations of motion of the rotating three 

dimensional tapered Timoshenko beam is outlined. The equations of motion of the system when 

using nodal co-ordinates result in a large dimensionality problem in terms of which a solution 

becomes impracticable. Hence, reduction of the order of the equations of motion is desirable 

while retaining the exact dynamic characteristics of the actual equations of motion, to study 

the time response of the system. Two modal reduction schemes namely the Planar Reduction 

Order Model (PROM) and the Complex Reduction Order Model (CROM) are introduced and 

discussed. Implementation of these modal reductions schemes will be given in the next chapter. 

4.1 T h e Eigenvalue P r o b l e m 

The equations of the free vibration for the rotating three dimensional tapered Timoshenko beam 

can be written in the assembled general standard compact form as 

[M,,] {e} + 2n p ] {e} + {e} = {0} (4.1) 

where the matrix [Mee] is real symmetric positive definite mass matrix, [fT*] is real symmetric 

positive definite or positive semi-definite modified stiffness matrix, whereas C is real skew 

symmetric. These constituent matrices are highly banded in nature and are time invariant. The 
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modified stiffness matrix is given by 

[A'*] = [jiTeej 4- ([Kc] - sin ^ cos < 8̂ia (<̂  + (4.2) 

Equation (4.1) represents a homogeneous time-invariant system, and admits a solution of the 

form 

{e} = {u} exp (Xt) (4.3) 

where A is a constant scalar and {u} is a constant vector of amplitudes, both in general complex. 

Substitute equation (4.3) into equation (4.1) and performing the usual steps of differentiation 

and algebraic manipulation, one can write 

A^[M«a]{u}+2nA C { u } + [;r*]{u} = {0} (4.4) 

C is skew symmetric it follows that Since both [Meg] and [K*] are positive definite while 

all the eigenvalues are pure imaginary. Hence if one substitutes A = jw in equation (4.4), one 

obtains the eigenvalue problem 

[Mgg] c + ) {u} = {0} (4.5) 

where w must satisfy the characteristic equation 

det -w^[Meg)+;2nw C + = 0 (4.6) 

But the determinant of a matrix is equal to the determinant of its transposed matrix. Hence 

recalling that [Mge] and [AT*] are symmetric and C is skew symmetric, the characteristic 

equation can also be written in the form 

det C + [AT* 
T 

= det C + [A-*] = 0 (4.7) 

from which one can conclude that if jw is a root of the characteristic equation, then — jw is also 

a root. It follows that the eigenvalues of a gyroscopic conservative system occur in pairs of pure 

imaginary complex conjugates 

Ar — A,- — — 1,2 .̂..̂ ??,) (4.8) 
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where Wr are recognized as the natural frequencies. The eigenvectors belonging to the eigenvalues 

±juj r are complex conjugates, although they are not necessarily pure imaginary. 

4.2 S ta te Space Form Representa t ion 

The eigenvalue problem given by equation (4.5) is affected by the presence of the Coriohs and 

centrifugal forces and contains both w and Though it is not a standard problem to solve and 

is not convenient for calculating the eigenvalues because it does not have a ready solution. This 

difficulty can be overcome by recasting the problem in state space form. In this case equation 

(4.1) can be expressed as a set of 2n first order differential equations. An appropriate form which 

is widely encountered in structural dynamic analysis is to write the system equations given by 

equation (4.1) in terms of a skew-symmetric matrix [A] and a symmetric matrix [B]. In order 

to transform a system of n second order differential equations into a system of 2n first order 

differential equations, define the state vector 

{x} (4.9) 

and the identity [Mee] {e} = [Mgg] {e} in conjunction with equation (4.1), one may rewrite 

equation (4.1) as 

[Mes] 2 0 C [0] 

[0] 

[jf*] 
(4.10) 

which can be written as 

[A] {x} + [B] {x} = {0} (4.11) 

where 

[A] 
[0] — [Mee] 

(4.12) 

and 

[B] 
[M,,] [0] 

[0] [jf'] 
(4.13) 
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where [B] is a symmetric positive definite matrix (only if [K*] is symmetric positive definite 

too) and [A] is skew symmetric. 

The solution of equation (4.11) has the exponential form 

{x} = {v} exp (At) (4.14) 

Inserting equation (4.14) into equation (4.11) and dividing through by exp (At), one obtains the 

generalized eigenvalue problem 

(A [A] + [B]) {v} = {0} (4.15) 

which admits 2m eigenvectors {vr} associated with the eigenvalues Ar obtained by solving the 

characteristic equation 

det (A [A] + [B]) = 0 (4.16) 

In order to determine the properties of the eigensolutions of equation (4.15), consider the 

most general case of a complex eigenmode {v^} = yr + jzr and define the Rayleigh quotient 

associated with (4.15) 

[B] {v} 

M"" [A] {v} 
^ = - U r J r ! (4.17) 

where {v}is the conjugate of {v} . Owing to the skew symmetry of [A] and the symmetry of 

[B], computing (4.17) for mode r successively yields 

Ar — 
{Vr}^ [A] {Vr} Z/T' [A] [A] [A] l/r + [A] 

showing that the 2?% eigenvalues Ar are purely imaginary. Computing also the Rayleigh quotient 

for the conjugate to the eigenmode {v^} 

{Vr}^ [B] { v j {Vr}^ [B] {vr} 

{Vr [A] {Vr } {Vr } ̂  [A] {Vr } 
= r - . T r . l r X = (^^S) 
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shows tha t if is an eigenvalue associated with mode {v^} , is also an eigenvalue with 

eigenmode {vr} . Therefore the 2n eigensolutions of (4.15) appear in the form of m pairs of 

conjugate solutions. Subsequently, the eigenvalues A will be written as jcj with co real. 

4.3 M A T L A B Implementa t ion 

To implement the eigenvalue problem of (4.15), it is required to prepare a suitable program to 

form the [A] and [B] matrices from the [Mgg] , C and [K*] matrices. There are many available 

methods for solving the eigenvalue problem in hand. One such method is the QR algorithm that 

has been implemented in a package called ElSPACK. The details of this method can be found in 

any advanced algebraic eigenvalue problem textbook. The eigenvalue problem associated with 

equation (4.15) is solved using M A T L A B that uses ElSPACK routines. 

4.4 Moda l Reduc t ion Schemes 

Utilizing nodal co-ordinates in the discretization process leads to a large number of degrees of 

Aeedom of the model, and consequently, results in a large number of dynamic equations for 

which a solution becomes impracticable. Moreover, the use of nodal co-ordinates results in a 

dynamic model of widely spread eigen-spectrum that includes many insigniEcant modes and 

consequently, a numerically stiE system^ is often created which causes the numerical integration 

scheme to search inefficiently for a solution or may even fail to find one. 

Using modal co-ordinates alleviates the problem of large dimensionality incurred by using 

nodal co-ordinates, and avoids the inclusion of higher insigniGcant modes when they do not share 

an appreciable amount of the system's kinetic energy [62]. In general, a subset of eigenvectors 

which spans the frequency spectrum of the forcing function are retained as significant modes. 

The truncation operation aims at eliminating the insignificant modes which are, in general, 

higher modes that do not contain an appreciable amount of the system's kinetic energy. In 

general, a subset of eigenvectors which spans the frequency spectrum of the forcing function are 

retained as significant modes. Moreover the retained modes must include the first few lower 

ones in terms of which the characteristics of the system must be preserved. 

Two modal reduction schemes are established. The first scheme utihzes planar modes ob-

tained by solving the self-adjoint eigenvalue, while the second scheme invokes the complex modes 

^Stiff sys tems have eigenvalues of very different magnitudes. 
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of the non-self-adjoint eigenvalue. In each case, a reduced order modal form of the equations of 

motion is obtained. 

4.5 P l ana r Moda l Transformat ion 

In order to obtain the real eigenvalues and the associated planar modes, one must ignore the 

Coriolis matrix [C] in equation (4.1). To this end, the associated homogenous adjoint equation 

can be written as 

= (4.20) 

Upon solving the self-adjoint eigenvalue problem associated with equation (4.20), one obtains 

a set of real eigenvalues and eigenvectors. Let [P] denotes the modal matrix that comprises a 

selected subset of the resulting real eigenvectors (planar modes). Now, a transformation from 

nodal co-ordinate space to modal co-ordinate space can be deSned as 

{e} - M l , / } (4.21) 

where {%/} is the vector of modal co-ordinates. If only a truncated set of significant modes are 

retained, the corresponding truncated form of equation (2.217) can be written as 

M:^[Mag][lP]{i/} -k 2n[P]^M[IP]{^} -k (4.22) 

or simply 

+ 2n[c , ]{^} + = {Q,} (4.23) 

where [Meer], [C'r], [^r] &nd { 0 r } &re the reduced modal mass, Coriolis, stiShess matrices, and 

reduced modal force vector, respectively given by 

(4.24) 
[K;] -

{ Q r } = 
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Equation (4.23) represents the Planar Reduced Order Model (PROM) using planar mode re-

duction. 

4.6 Complex Moda l Transformat ion 

In this case, the equation of motion, equation (2.217) is Grst represented in the state-space form 

as 

[A]{2/} + = {JT} (4.25) 

where [A], [B] and are respectively given by 

[A] 
[0] 

[M,,] 2 0 C 
(4.26) 

fBl -
[Ma, 

[0] 

(4.27) 

and 

= 
{ 4 

( 4 
(4.28) 

where the matrix [A] is skew-symmetric and [B] is symmetric. Notice that if the dimensions of 

[Mge], [fT*] and C are (6n x 6n) where n is the number of nodes, the dimensions of [A] and 

[B] are (12?% x 12?%). The force vector on the right hand side of equation (4.25) is given by 

M = {0} {0} (4.29) 

The two homogeneous adjoint equations can be written as 

[A]{!/} + [ B ] M = {0} (4.30) 

and 

A] {!/} + [ B ] = { 0 } (4.31) 
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Assuming a solution in the form 

{Z/} = {F} exp(A() (4.32) 

where {y} is the vector of displacement amplitudes and A = jiv is the frequency of harmonic 

vibrations and j = \ / ^ . Substituting equation (4.32) into (4.30) and (4.31), one can write 

(A,[A] + [ B ] ) { R , } ^ 0 (4.33) 

and 

+ [B]^) {L,} = {0} (4.34) 

where Ai = d: jw denotes the eigenvalue associated with right hand and left hand eigenvector 

{%} and {Li} , respectively. For symmetric [A] and [B], the eigenvectors {%} and {L^} are 

equal, otherwise { % } and {Lj} are distinct. 

Let [R] and [L] denote the complex modal matrices of the diEerential operators of equations 

(4.33) and (4.34), respectively. Introducing the transformation [73] 

{?/} = (4.35) 

where {iz} is the vector of modal co-ordinates. If only a subset of significant modes are to be 

retained, the truncated modal form of the equations of motion can be written aa 

[L]3^[A][R]{^} + [L]:^[B][R]{^^} ^ (4.36) 

or, simply aa 

[Ar]{i}} + [B,]{^} = {.FJ (4.37) 

in which 

[Ar] = [L]^[A][R] (4.38) 

[Br] = [L]^[B][R] (4.39) 

= [L]^{J^} (4.40) 
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where [R] emd [L] contain only those complex eigenvectors that represent a subset of selected 

modes. Equation (4.36) represents the Complex Reduced Order Model (CROM) using complex 

mode reduction. 

Equations (4.23) and (4.36) represent truncated models using planar and complex modal 

transformations, respectively. In general, a subset of eigenvectors which spans the frequency 

spectrum of the forcing function are retained as significant modes. Deciding on which modes to 

retain is not clear in most situations of dynamic response analysis. As a minimum requirement 

the retained modes must span the low-frequency subsystem in addition to any higher modes 

spanned by the frequency spectrum of the forcing function. 
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Chapter 5 

Results and Discussions 

A computer program heis been developed for the implementation of the present finite element 

model. Solutions of the eigenvalue problem and modal reduction schemes discussed in chapters 

4 and 5 are provided. Numerical investigation is performed through a comparative study of the 

eEect of all factors that are contributing into the dynamic cheiracteristics of the present model. 

The developed model is valid for any doubly symmetric cross-section and can be used for 

both hollow or solid cross-sections. It is also valid for many combinations of boundary conditions 

including clamped clamped, clamped-free, clamped hinged, simply supported, hinged free and 

free free end beam. 

The introduction of taper makes the principal Hexural rigidities of the beam unequal except 

at the root for square and circular cross-sections. When such a tapered beam has a setting 

angle, coupling occurs between the bending motions in the two mutually perpendicular (z?/)-

and planes containing the and z- axes of the cross-section. Such a beam with no setting 

angle has two independent flexural frequencies about its principal axes which are dependent on 

the width to depth ratio of the cross-section. Throughout this analysis, the width of the beam 

is considered larger than its depth. Consequently, the beam is considered to vibrate along its 

most Hexible (z2/)-plane and the frequencies of vibration are estimated by considering the ratio 

of the radius of gyration to the beam length The separate effects of width taper (or 

depth taper) as well ag the separate eEects of pre-cone or the setting angle are considered. The 

combined effects of the previous comphcated factors on the modal characteristics of the rotating 

tapered Timoshenko beam are also dealt with. 

The rotation of the cross-section of the beam with a setting angle i/; does couple the in-plane 

and out-of-plane motion and deformations. In this case, one cannot distinguish these two modes 

from each other. When in-plane and out-of-plane displacement variables are coupled, the modes 
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will not have a simple interpretation. That is, one may be mostly in-plane with a bit of out-of-

plane. Depending on the size of deformation in different planes one would be only able to say 

if the in-plane or the out-of-plane vibration, at this frequency is dominant. In this case, there 

is no pure in-plane or out-of-plane vibration mode. However, torsion is also coupled with the 

bending modes through Coriolis effects. 

The approach followed in this study is to push the parameter range of values to their (phys-

ically possible) limits, so that one can understand to what extent the vibration characteristics 

are affected. Solutions are given for various cases, in which each parameter is considered alone, 

as well as combined effects of other factors. In addition, these eEects are examined and a va-

riety of simulation results are presented both in tabular and graphical forms. Because results 

for rotating three dimensional tapered Timoshenko beams including the effects of hub radius, 

pre-cone and setting angle as well as Coriolis effects are not widely spread in the literature, 

several special cases which represent degenerate cases of this model were examined to verify and 

validate the present scheme. Comparisons with the available results in the literature are made 

wherever possible. 

5.1 The Compu te r Scheme 

The present computational scheme carries out the following tasks: 

# Generates and assembles the system matrices of the model. 

# Evaluates the modal characteristics. 

# Implement the desired modal reduction schemes; either Planar Reduction Order Model 

(PROM) or Complex Reduction Order Model (CROM) to generate the reduced order 

matrices. 

# Integrates the reduced models forward in time to predict the system's time response. 

A flow chart of the developed scheme is presented in Figure 5-1. 

5 .1 .1 I n p u t D a t a 

The input data related to the present computer scheme is generated in a separate subroutine. 

The beam is discretized into a number of finite elements where the material and geometrical 

properties of each element must be defined. 
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Figure 5-1: The How chart for the computer scheme. 
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« Element Propert ies: The two types of element properties that need to be specified for 

each element are 

— The geometrical properties include element length, breadth and depth, taper ratios in 

y and ^-directions and slenderness ratios and the shear correction factors that depend 

on the shape of the cross-section. If the taper ratios are zero this corresponds to a 

uniform beam. When the taper ratios are unity this corresponds to the case of perfect 

cone for circular cross-section and a pyramid for rectangular cross-section. 

- The material properties include the mass density p, Young's modulus of elasticity 

E', and shear modulus G. The case of Rayleigh beam can be obtained by neglecting 

and shear factors Ky and . This implies neglecting the shear stiffness matrices 

Vg ̂  . The case of Euler-Bernoulli beam can be obtained by neglecting the rotary 

inertia mass matrices ] and [mj, in addition to ignoring the shear factors Ky 

and K, and the shear stiffness matrices k and 

9 T y p e of Analysis: There are two types of analysis modal analysis and dynamic response 

analysis. 

- Modal Analysis: In this case one must specify wether planar or complex modal 

characteristics are required as well as the number of eigenvalues and eigenvectors to 

be retained in the truncation process. 

— D y n a m i c R e s p o n s e Analysis: In this analysis, the user must specify whether the 

equations of motion are generated in terms of nodal or modal coordinates. If nodal 

coordinates are chosen, the user must indicate the number of signiGcant modes to be 

retained and specify whether a planar or complex modal reduction scheme is required 

for the dynamic response analysis. In either case of the dynamic simulation, however, 

the simulation time must be speciGed. 

5 . 1 . 2 S y s t e m M a t r i c e s 

The explicit expressions for the elemental mass, stiffness, Coriolis and quadratic velocity terms 

matrices are derived in parametric form where all the parameter changes are accounted for. They 

are presented in Tables CI to C17 of Appendix C. The elemental mass, stiffness and Coriohs 

matrices are invariant and can be evaluated once in advance in dynamic analysis while the 

inertia terms matrices are implicitly time dependent since they are function of the generahzed 

coordinates thus resulting in an inertia variant model. 
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Figure 5-2: The control How diagram for evaluating the system matrices. 

The exact expressions of these matrices have the computational advantage of eliminating the 

loss of computer time and round-oS errors associated with extensive matrix operations required 

for their numerical evaluation. The boundary conditions are applied and the matrix entries 

are stored in a master array for assigning pointers for every entry. Elemental matrices for all 

elements are evaluated and stored in a master array. Pointers created are used to assemble the 

system matrices. The control flow chart for creating system matrices is shown in Figure 5-2. 

5 .1 .3 E i g e n v a l u e S o l u t i o n 

The presence of the Coriolis matrix in the system equations of motion makes the associated 

eigenvalue problem deviate from the standard one and conventional modal analysis is not ap-

plicable in this case. Therefore, the system matrices contributing into the equations of motion 

of the rotating beams are arranged in a state space form as defined in Chapter 4 to transform 

the equations of motion from second order diEerential equations to first order differential equa-

tions. The corresponding eigenvalue problem associated with this formulation is then defined 

and solved using EiSPACK routines. 

108 



Evaluated Modal 
Matrices 

Not Evaluated 

Planar Type of 
Reduction 

Complex 

Solve Eigenvalue 
Problem of Eq. (4.20) 

1 
Solve Eigenvalue 

Problem of Eq. (4.30) 

Modal Transformation 
Matrix 

' 

Evaluate Reduced 
Modal Matrices 

Itt, 

Evaluate 
Modal Forces 

Figure 5-3: The control How diagram for the implementation of the modal reduction scheme. 

5 .1 .4 M o d a l R e d u c t i o n S c h e m e s 

Planar and complex reduction schemes are implemented. Modal transformation matrices are 

built up of subset of selected eigenvectors. The subset of eigenvectors are selected such that 

the reduced modal matrices span the lower or significarit part of the frequency spectrum of the 

system. The complex reduction scheme is numerically difBcult to implement. The entries of the 

modal transformation matrix are complex which implies that the reduced modal equations have 

complex coefRcients. Considerable programming effort of the resulting complex modal equations 

is required. Numerical integration of complex modal equations is also time consuming. 

Using the planar modal reduction alleviates the diGculties encountered in the complex modal 

transformations. In planar modal reduction, the planar modes obtained from equation (4.20) 

are used to reduce the order of equations of motion. The reduced order equation of motion, 

equation (4.23) has real coefficients. The control flow diagram showing the implementation of 

the modal reduction scheme is shown in Figure 5-3. 
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5 .1 .5 N u m e r i c a l I n t e g r a t i o n 

The reduced order modal equations are integrated forward in time to predict the time response. 

The equations of motion are arranged such that the inertia terms are kept on the right hand 

side along with the external forcing term. In this way, the coefficient matrices of the equations 

of motion are constant whereas the forcing vector becomes a function of time. Therefore, the 

forcing vector needs to be updated at every time step. The inertia terms for the whole system 

is assembled from the elemental inertia matrices. Accordingly the forcing vector for the whole 

system is updated at every time step. The assembly procedure has to be implemented at every 

time step which makes the numerical calculation of the forcing term time consuming. At the 

end of each numerical integration step, the modal co-ordinate vector is computed. The nodal 

co-ordinates can be recovered using modal transformations. The computed nodal co-ordinate 

vector is associated with the system matrix. The control flow diagram for the evaluation of the 

forcing vector is shown in Figure 5-4. 

Inertial 
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Total 
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Type of 
^ force , 

Assemble System 
Force Vector 

Evaluate Element 
External Forces 

Add External and 
Inertia Forces 

Evaluate Element 
Inertia Forces 

Create Pointers and 
Store in Master Array 

Apply Constraints and/or 
Boundary Conditions 

Figure 5-4: The control flow diagram to compute the time dependent forcing vector. 

110 



5.2 Moda l Character is t ics 

This section is divided into two subsections. In the first one, the natural frequencies are obtained 

with no reduction in both graphical and tabular form for a wide range of parameter changes. 

Wherever possible, the numerical predictions are compared with analytical and other numerical 

results available in the literature in order to validate the present model. 

In the second subsection, the natural frequencies are obtained by using the Planar Reduced 

Order Model (PROM) and the Complex Reduced Order Model (CROM). These modal reduction 

schemes will be compared to the natural frequencies of the Full Order Model (FOM). 

5 .2 .1 V a l i d a t i o n of t h e M o d e l 

Many examples that represent some special cases of the proposed model are presented. These 

cover ranges from the simplest case of the non-rotating Euler-Bernoulli beam to the other compli-

cating factors such as taper ratios, pre-cone angle, setting angle, rotary inertia, shear deformation 

and Coriolis forces. The contribution of these complicating factors is shown and discussed in 

various examples. 

The stiffening effect that is due to the hub rotation, has been introduced aa early as 1920 

by Lamb and Southwell [3] and refined later by Southwell and Gough [4]. The bending fre-

quency of the mode of a rotating beam may be also obtained from the Southwell relation, 

with knowledge of the non-rotating frequency, the speed of rotation and Southwell coefficient. 

Therefore, the Arst four SC's are computed including a wide range of parameter variations. This 

relationship is very useful not only for its simplicity and rapid estimation for the predictions 

of the frequencies of rotating beams but also for its accuracy. Because of its importance and 

practical use in the interpretation of results, the stiffening effect along with Southwell relation 

will be discussed in a separate subsection. 

Unless otherwise stated, the beams considered for this analysis have rectangular cross-

sections and are made of steel. In addition, Coriolis forces are included throughout this in-

vestigation unless otherwise stated. The material and geometrical properties for the beams used 

throughout this investigation are summarized in Table 5.1. 

To illustrate the relationship between the number of elements in a consistent mass finite ele-

ment formulation and the accuracy of the predicted frequencies. Tables 5.2 and 5.3 have been 

provided. It can be seen that the accuracy of the present predictions is increased by increasing 

the number of elements for both Euler-Bernoulli and Timoshenko beams. Convergence to the 

exact solution is reached by using 12 elements for Euler-Bernoulli beam and 16 elements for 

111 

I n - ' 



Table 5.1: Material and geometric properties for Euler-Bernoulli and Timoshenko beam 

Property Value 

Density, p 7850 kg/m^ 

Modulus of elasticity, E 200 GPa 

Shear modulus, G 77 GPa 

Shear factors, = K 5/6 

Ratio (rgy/L) 0.02 

Total length of the beam, Z, 
1.00 m for Euler-Bernoulli beam 

0.72 m for Timoshenko beam 

Number of elements 
12 for Euler-Bernoulli beam 

16 for Timoshenko beam 

Table 5.2: Convergence of the present Gnite element model for the prediction of plajiar frequency 
parameters of rotating uniform cantilever Euler-Bernoulli beam for which 0 = 6,'^ = </i = 0°, 
R = 0, Coriolis effects not included 

No. of elements Agi Ag2 

2 7.3758407 27.044483 79.585624 220.829347 — 

4 7.3616947 26.833695 67.129080 127.956538 233.024394 

6 7.3606511 26.814435 66.789830 126.888280 208.175403 

12 7.3603910 26.809436 66.691143 126.194986 205.497038 

Ref. [16] 7.3603730 26.809082 66.683914 - — 

Table 5.3; Convergence of the present finite element model for the prediction of planar frequency 
parameters of rotating uniform cantilever Timoshenko beam for which K = 5/6, = 0.02, 
D = 6 , ^ = <̂  = 0 ° , ^ = 0, Coriolis effects not included 

No. of elements A n Ars '̂ 74 

2 7.361543 26.704330 77.794234 208.980474 -

4 7.342985 26.422381 64.676878 120.054582 220.127038 

8 7.337866 26.307245 63.629050 116.351130 183.079204 

16 7.335643 26.251373 63.230271 114.651687 177.891752 

Ref. [85] 7.3319 26.2488 63.2386 114.5177 — 
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Timoshenko beam. These results ^ are in excellent agreement when compared to other methods 

of solution, namely those presented by Wright et al. [16] and Nagaraj [85]. It is well known 

that a consistent mass finite element formulation produces upper bounds to all frequencies as 

depicted by Tables 5.2 and 5.3. For example, a two element model produces upper bounds to the 

first and second exact frequencies. The fundamental and second frequencies of the two element 

model are quite accurate while the third frequency and higher are too high to be of any use. 

5 .2 .2 N a t u r a l f r e q u e n c i e s 

Euler-Bernoull i B e a m 

Example 1: Non-ro ta t ing uniform cantilever b e a m 

Consider the simplest case of a non-rotating prismatic cantilever beam with doubly symmetrical 

cross-section. The material and geometrical properties outlined in Table 5.4 are provided by 

Hatch [89]. The present results were obtained by considering 10 equal finite beam elements and 

are in very good agreement when compared to other numerical and theroretical ones, namely 

those of reference [89]. The error, between the present estimations / s , and the theoretical values 

/t/i reported in reference [89], for the first sixth modes is quite small, with the maximum error 

(for the sixth mode) being only 0.5%. 

Table 5.4: Planar fiapping firequencies / g expressed in Hertz for a non-rotating cantilever pris-
matic Euler-Bernoulh beam for which = 2 mm, /lo = 0.2 mm, Z, = 20 mm, jB = 190 GPa and 
p = 7830 kg/m^ 

Mode No. 
Present work 

/ s 

Ref. [89] % Error 

Mode No. 
Present work 

/ s 

MATLAB ANSYS 

fE 

Theoretical 

fth 

xlOO 
fth 

1 397.874912 397.88 397.86 397.874572 -0.0000 

2 2493.519911 2493.60 2493.20 2493.437382 -0.0330 

3 6983.474461 6984.50 6982.20 6981.696870 -0.0255 

4 13694.377072 13703.00 13696.00 13681.339375 -0.0953 

5 22673.244501 22727.00 22705.00 22616.234285 -0.2520 

6 33967.098741 34194.00 34145.00 33784.737868 -0.5398 

'For purposes of validation and comparison only, six digits af ter the decimal point are retained. 
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Example 2: Effect of taper on non-rotat ing uniform cantilever b e a m 

The effect of taper is important to the dynamic behavior and modal characteristics of rotat-

ing beams for which a speciEed distribution of strength/weight ratio is required for optimum 

performance and design criteria in many structures. 

Results pertinent to tapered beams are not widely available in the literature, as is the case 

for uniform beams. However, it has been found that Downs [81], using analytical solutions, 

could only produce results for non-rotating tapered Euler-Bernoulli and Timoshenko beams. 

For Euler-Bernoulli beam, he used equal taper ratios while for Timoshenko beam he used a wide 

range of unequal tapers. Some of Downs's [81] results including the lowest five flapping modes 

are reproduced in Table 5.5 for the non-rotating case of the doubly tapered beeim but including 

equal tapering in two directions. Again, the present computed frequency estimates are in perfect 

agreement with those of Downs [81]. These results indicate that as the taper ratios increase all 

the frequencies decrease except for the fundamental one that exhibits a reverse trend. 

Table 5.5: EEect of taper on planar flapping frequency parameters for a non-rotating cantilever 
Euler-Bernoulli beam 

Mode No. ^ 0.2 0.4 0.5 0.6 0.8 

1 Present work 3.85512 4.31878 4.62515 5.00904 6.19639 1 

Ref.[81] 3.84642 4.31738 4.62554 5.00906 6.19634 

2 Present work 21.0571 20.0503 19.5479 19.0653 18.3859 2 

Ref[8l] 21.0569 20.0499 19.5476 19.0649 18.3885 

3 Present work 56.6372 51.3411 48.5853 45.7448 39.8403 3 

Ref.[81] 56.6303 51.3346 48.5789 45.7384 39.8336 

4 Present work 109.8135 98.0511 91.8573 85.3870 71.2834 4 

Ref[81] 109.7630 98.0050 91.8128 85.3438 71.2418 

Table 5.6 shows also the effect of taper on non-rotating Euler-Bernoulli beam but for a com-

plete wedge (z/;, = 0.0, = 1.0) and a cone = 1.0). Comparison of these predictions 

with those reported in reference [84] reveals a very good agreement. It is clearly shown that the 

frequencies for a cone are higher than those of a wedge. The ratio of the frequency parameter 

of the cones to those of the wedge is 1.60 for the first mode and decreases to 1.21 for the fourth 

mode. 
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Table 5.6; Planar flapping frequency parameters for non-rotating Euler-Bernoulli cantilever 
wedge and cone 

Mode No. 
Wedge {uy = 0.0, = 1.0) 

(rectangular cross-section) 

Cone = f/z = 1.0) 

(circular cross-section) 
Mode No. 

Present work Ref. [84] Present work Ref. [84] 

1 5.315100 5.315099 8.719263 8.719259 

2 15.207484 15.207168 21.146477 21.145662 

3 30.026883 30.019809 38.466154 38.463771 

4 49.827203 49.763345 60.771255 60.680139 

Example 3: Effect of spin and hub radius parameters on uniform cantilever beam 

Table 5.7 depicts numerical predictions for the first three lowest frequency parameters of a uni-

form cantilever beam for various values of spin and hub radius parameters while setting all 

other parameters to zero. Comparison of these results with the ones obtained by Hodges and 

Rutkowski [15] indicates an excellent agreement achieved by the FEM solution. Prom these re-

sults it can be concluded that flapping frequency parameters increase as the spin and/or thehub 

Table 5.7: Planar flapping frequency parameters for rotating cantilever uniform Euler-Bernoulli 
beam, i/; = ^ = 0°, CorioHs effects not included 

n 

Ag2 

n A = 0.0 R = 1.0 A = 0.0 .R = 1.0 A = 0.0 A = 1.0 

0.0 Present work 3.516017 3.516017 22.034845 22.034845 61.704878 61.704878 0.0 

Ref. [15] 3.516015 3.516015 22.034492 22.034492 61.697214 61.697214 

2.0 Present work 4.137321 4.833691 22.615267 23.366382 62.280778 63.075058 2.0 

Ref. [15] 4.137319 4.833688 22.614922 23.366042 62.273184 63.067548 

4.0 Present work 5.585006 7.475069 24.273684 26.957642 63.974180 66.994039 4.0 

Ref. [15] 5.585001 7.475048 24.273349 26.957262 63.966760 66.986772 

8.0 Present work 9.256886 13.507646 29.995821 37.954996 70.300100 80.537971 8.0 

Ref. [15] 9.256837 13.507389 29.995382 37.953793 70.292962 80.529532 

12.0 Present work 13.170361 19.722659 37.604042 51.073973 79.622192 98.541126 12.0 

Ref. [15] 13.170150 19.721542 37.603112 51.070134 79.614478 98.526797 
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radius parameters increase. Since the centrifugal stiffness matrix is a function of the square of 

the spin and hub radius parameters, it results that the stiffness of the beam increases as these 

factors increase; thus rendering the beam stiffer. This phenomenon is usually referred to as the 

stiffening effect of rotation. 

Example 4; Effect of spin and hub radius parameters on uniform hinged free beam 

In Table 5.8 are shown the first three planar flexural frequency parameters for the previous 

beam but for hinged free end conditions. These results are in excellent agreement with those 

of Wright et al. [16] who used a power series solution in the form of Frobenius method. As 

expected, for zero hub reidius, this type of boundary conditions allows a rigid body Sapping 

mode whose frequency is equal to the speed of hub rotation as manifested by Table 5.8. For 

non-rotating beams, there also exists a rigid body mode. For zero hub radius and non-zero 

spin parameter, the fundamental frequency parameter is exactly equal to the spin parameter. 

Further, for rotating beams with non-zero hub radius parameter, the fundamental frequency 

does not represent a rigid body mode. Similar to the previous example, it can be seen here that 

for the hinged-free end conditions, the flapping frequency parameters also exhibit a stiffening 

effect. 

Table 5.8: Planar flapping frequency parameters for rotating hinged-free Euler-Bernoulli beam, 
•̂  = ^ = 0°, Coriolis effects not included 

0 

^El Ab3 

0 # = &0 R = 1.0 A = 0.0 A = 1.0 .R = 0.0 R = 1.0 

0.0 Present work 0.0 0.0 15.4183 15.4183 49.9689 49.9689 0.0 

Exact, Ref. [16] 0.0 0.0 15.4182 15.4182 49.9649 -

2.0 Present work 2.0 3.1586 16.2262 17.3180 50.6800 51.7108 2.0 

Exact, Ref. [16] 2.0 3.1586 16.2261 17.3179 50.6760 -

4.0 Present work 4.0 6.3056 18.4314 21.9898 52.7502 56.5699 4.0 

Exact, Ref. [16] 4.0 6.3056 18.4313 21.9897 52.7463 — 

8.0 Present work 8.0 12.5864 25.3436 34.5374 60.2547 72.3698 8.0 

Exact, Ref. [16] 8.0 12.5865 25.3436 34.5373 60.2513 — 

12.0 Present work l&O 18.8665 33.7604 48.3573 70.8405 92.0391 12.0 

Exact, Ref. [16] l&O 18.8665 33.7603 48.3572 70.8373 -
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Figure 5-5: Frequency parameter for rotating tapered Euler-Bernoulh beam, Vy = 0.0 (uniform), 
Vz = 0.5, Coriolis effect not included. 

Example 5: Effect of taper on rotating Euler-Bernoull i b e a m 

Results showing the effect of tapering on the frequency parameters of rotating Euler-Bernoulli 

beams using other methods of solutions could not be found in the literature except those reported 

by Hodges and Rutkowsky [15]. Predictions of simulation showing tapering effect (taper in the 

depth direction only Uz = 0.5) on the frequency parameters for rotating Euler-Bernoulli beam 

are shown in Figure 5-5 along with those of Hodges and Rutkowsky [15]. From this figure it 

can be concluded tha t the present results are in a very good agreement with those reported in 

reference [15]. 

Example 6: Effect of pre-cone angle on rotat ing uniform b e a m 

Pre-cone is another design solution that satisfy aerodynamic requirements. It alleviates the large 

blade flapping bending problem. In order to give insight to the effect of varying the pre-cone 

on the frequency parameters of an Euler-Bernoulli beam with zero setting angle, the eigenvalue 

problem was solved for a rotational speed ratio of (fi/Ag^) = 1.0 where denotes the flapping 
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frequency parameter of a non-rotating uniform Euler-Bernoulli beam and is equal to 3.51602. 

The results of simulation shown in Table 5.9 are compared to those of Subrahmanyam an Kaza 

[45] who used the Galerkin method. The percentage difference between the present predictions 

and those of reference [45] has been calculated and found to be negligible. Therefore, it can be 

concluded that the two methods of solutions produce very similar results. Pertinent to these 

numerical facts, it can be concluded that for a given spin parameter and thickness ratio, the 

flapping mode frequencies decrease with increasing pre-cone. This may be attributed to the 

fact that 88 the pre-cone increases, the arm (9^ -t-rpcos^) associated to the centrifugal force 

decreases. This arm reaches its maximum {iZo + rp ) for (/> = 0° and its minimum IZo for ^ = 90°. 

On the other hand, it can be seen that when the pre-cone increases from 10° to 30°, the percent 

decrease in the frequency values is 3.27% for the first mode, 0.85% for the second mode, and 

0.32% for the third mode. The inSuence of the pre-cone is cleeirly seen to be of signiGcance on the 

fundamental mode and is negligible on higher ones. The reason for this is attributed to the fact 

that the softening term sin i/; cos sin ('^ 4- is constant regardless of the mode considered 

therefore; it has more influence on modes with small frequency values. This phenomenon is 

called a softening effect tha t counteract the stiffening one for rotating beams. 

Table 5.9: EEect of pre-cone on the flapping frequency parameters of rotating uniform cantilever 
Euler-Bernoulh beam, A = 0, '̂  = 0° , = 0 05, and = 1.0, Coriolis ejects 
included 

0 Mode No. Present work Ref. [45] % Error 

1 0 ± 5.1915% - -

0° 2 0 ± 23.7835% - -

3 0 ± 63.4661% -

1 0 ± 5.1704% 5.1713 -0.01 

10° 2 0 d: 23.7573% 23.7553 0.01 

3 0 ± 63.4346% 63.4246 0.01 

1 0 d: 5.0015% 4.9749 0.05 

20° 2 0^23.6811% 23.6709 0.04 

3 0 ± 63.3563% 63.3234 0.05 

1 0 ± 5.0015% 4.9749 0.53 

30° 2 0 ± 23.5562% 23.5282 0.12 

3 0 ± 63.2282% 63.1612 0.11 
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Example 7: Coriolis effects on rotat ing uniform b e a m 

The effect of rotation on the bending frequencies of the above rotating pre-coned uniform Euler-

Bernoulh beam has also been examined for a wide range of speed ratio (Q /Xe^) for the case 

where the Coriolis effects are accounted for. The results shown in Table 5.10 are in perfect 

agreement with those of Subrahmanyam an Kaza [45]. From these results, it can be concluded 

that for a given pre-cone, the frequencies increase as the spin ratio increases as expected. This 

is also in agreement with the stiffening effect discussed in the previous examples. From the 

predictions shown it can be concluded that the Coriolis effects depress the frequency values in 

general. At low speed ratios however, as is the case in this example, the Coriolis effect is very 

small and therefore can be neglected. 

Table 5.10: The first three lowest bending frequency parameters of rotating uniform Euler-
Bernoulli beam, (j) = 15°, •0 = 0°, J? = 0 (ho/bg) — 0.05, (Numbers between parentheses indicate 
that Coriolis effects are not included) 

Mode No. Present work Ref. [45] % Error 

1 0 d: 3.6937Z (3.6937) 3.6804 (3.7062) 0.36 

0.3 2 Od: 22.1920% (22.1920) 22.1860 (22.2934) 0.03 

3 0 ± 61.8548i (61.8549) 61.8475 (62.1044) 0.02 

1 0 d: 3.9893i (3.9893) 3.9652 (3.9950) 0.61 

0.5 2 0 d: 22.4692% (22.4692) 22.4572 (22.5585) 0.05 

3 0 d: 62.1300% (62.1301) 62.1169 (62.3354) 0.03 

1 0 d: 5.1439% (5.1439) 5.1444 (5.17131) - & 0 1 

1.0 2 0 d: 23.7254% (23.7255) 23.7203 (23.7926) 0.02 

3 0 d: 62.7949% (62.7949) 62.7763 (62.8837) 0.03 

1 0 d: 8.2153% (8.2153) 8.3777 (8.3385) - L 9 7 

2.0 2 0 ± 28.1929% (28.1929) 28.3037 (28.3445) - & 3 9 

3 0d:67^n^l% (67.5193) 68.0724 (68.0883) -&82 

Timoshenko B e a m 

The effects of shear deformation and rotary inertia become of particular importance if the cross-

sectional dimensions of the beam are not small when compared to its length and if higher bending 

modes are required. 
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Example 1: Effect of shear deformat ion and rotary inertia on cantilever uniform 

b e a m 

Because the literature lacks sufficient information to adequately reproduce the same results based 

on Timoshenko beam theory, the following materiEil properties for steel are used to reproduce 

the results obtained by Downs [81]. Poisson's ratio v = 0.3, and shear correction factor k = 0.85 

for rectangular cross-section. These results were obtained by using 16 finite Timoshenko beam 

elements and cover a range for which (vgy/L) varies from 0.01 to 0.1. In Table 5.11, the four 

lowest flapping frequencies for a non-rotating uniform cantilever Timoshenko beam are compared 

with those obtained by Downs [81]. Natural frequencies in reference [81] were computed from 

analytical solutions by means of Bessel functions. Again the agreement between the present 

predictions and those of reference [81] is seen to be excellent. Compared to the previous results 

of the non-rotating Euler-Bernoulli beam (H = O) depicted in Table 5.7, these frequencies show 

that the shear deformation and rotary inertia tend to lower the frequencies of oscillation. It is 

seen also that their effects is more pronounced for beams with higher values of {rgy/L) and has 

more inSuence at higher modes as would be expected. Moreover, it can be concluded that as 

the ratio (rgy/f,) increases a decrease in natural frequencies is seen for all modes. 

Table 5.11: Planar frequency parameters of non-rotating uniform cantilever Timoshenko beam 
ioT R = 0, i/j = (f) = 0° 

0.01 0.02 0.05 0.08 0.1 

Xti Present work 3.51279 3.50285 3.43429 3.31907 3.22381 Xti 

Ref.[81] 3.51270 3.50284 3.43643 3.32405 3.23093 

Ars Present work 21.89920 21.48205 19.08092 16.19539 14.42662 Ars 

Ref.[81] 21.8910 21.4805 19.1391 16.2890 14.5309 

Present work 60.82010 58.27917 46.59630 36.52280 31.49168 

Ref.[81] 60.7548 58.1980 46.7510 36.70780 31.6707 

Ar4 Present work 117.84800 109.70562 79.19250 58.19272 48.06992 Ar4 

Ref.[81] 117.564 109.180 79.2392 58.2788 48.2281 

The percentage difference between Euler-Bernoulli and Timoshenko beam frequencies is 

shown in Figure 5-6 as a function of the ratio (rgy/Z,). This comparison includes the first 

four frequency parameters and covers a wide range for which 0.01 < <0 .1 . Prom these 
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Figure 5-6: Percentage difference in frequency values between EBT and TBT as a function of 
irgy/L) for non-rotating beams. 

predictions, it can be seen that as the ratio {vgy/L) increases, the beam becomes thicker, result-

ing in a percentage decrease of the frequency values. For instance, the percentage diEerence for 

the case of = 0.01 is insignificant when compared to the case of = 0.1. Further, 

the shear deformation and rotary inertia eSects can clearly be seen to be more pronounced at 

higher modes as mentioned in the above discussion. For example for a very thick beam with 

{rgy/L) = 0.1, the percent decrease for the first mode is 8.3% while for the second, third and 

fourth mode it is 34.5%, 48.9% and 60%, respectively which is quite signiScant. 

Example 2: Effect of s lenderness ratio and rotation on cantilever uniform beam 

In this example, the eEect of varying the slendemess ratio along with the spin rotation on 

the fundamental frequency parameter Xt of a uniform Timoshenko beam is examined. For 

purpose of comparison the geometrical and material properties heading Table 5.12 are taken 

from reference [23]. The hub radius, pre-cone and setting angle are set to zero. In Table 5.12 are 

shown the variations of the fundamental frequency parameter with respect to the slenderness 
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ratio {L/rgy) for the non-rotating and rotating beam, respectively. The frequency parameter 

\ e in the expression of A is taken to be 3.516016 for = 0 and 6.449548 for 0 = 5. Again, 

the agreement between the present predictions and those of Lee and Kuo [23] is excellent for 

both rotating and non-rotating case. The frequency parameters for = 5 are higher than 

those of the non-rotating beam due to the stiffening effect that is clearly seen to increase the 

frequency values for all slenderness ratios. On the other hand, it is worthwhile mentioning that 

as the slenderness ratio increases, the percentage difference A between Euler-BernoulU beam 

and Timoshenko beam decreases, and it becomes zero when the slenderness ratio becomes very 

large^ showing that TBT converges to EBT. In other words, as {L/rgy) increases, the frequency 

parameters for Timoshenko beams are shown to increase until they reach the Euler-Bernoulh 

frequencies at very high slenderness ratio as shown in Table 5.12. 

Table 5.12: Planar fundamental flapping frequency parameter Xt for Timoshenko cantilever 
beam, p = 7850 kg/m^, E = 200 GPa, E/kG = 3.059,^ = — 0°, A = 0, Ag = 3.5160 and 
A = X 100% 

n = 0 0 = 5 

Present work 

Xx 

Ref. [23] 

Xx 
A 

Present work 

Xt 

Ref. [23] 

Xx 
A 

20 &4331 3.4364 2.36 6.3275 6.3241 1.89 

40 3.4947 &4954 0.60 6.4171 6.4179 0.50 

80 3.5108 3.5108 0 J 4 6.4416 &4418 0J2 

100 3.5128 3.5126 0.09 &4446 6.4446 0.07 

200 3.5153 3.5152 0.02 6.4484 &4485 OIW 

300 115157 3.5155 01^ 6.4491 &4493 01^ 

oo 3.5160 3.5160 0.00 &4495 &4497 OIW 

Example 3: Effect of taper on non-rotat ing cantilever b e a m 

Results showing the effect of taper on the frequency parameters of rotating Timoshenko beams 

using other methods of solutions could not be found in the literature except the few ones pre-

sented in a graphical form by Mulmule et al. [25] who used the FEM. However, it has been 

^ tends to oo 
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found that Downs [82] using dynamic discretization technique could only produce results for 

non-rotating tapered Timoshenko beam where he used a wide range of unequal tapers. To 

study the effect of taper in Timoshenko beams some of Downs's predictions are reproduced in 

Table 5.13 for the three lowest flexural frequency parameters of the non-rotating Timoshenko 

beam including 8 combinations of unequal tapering in breadth and depth direction. As can be 

seen from these predictions, there is a very good agreement between the results obtained by the 

present model and the solution provided by Downs [82]. Similar to the case of Euler-Bernoulli 

beam, the numerical predictions show that as the taper ratio Vy increases the thickness toward 

the tip becomes smaller which results in a decreaae in mass and stiShess of the beam. Conse-

quently, the frequency parameters for all modes increase as shown in Table 5.13. For the taper 

in the other direction, it is seen that the first mode preserves the same behavior while the second 

and the third modes exhibit a reverse trend. 

Table 5.13: Planar flapping frequency parameters for non-rotating tapered Timoshenko can-
tilever beam, {vgy/L) = 0.08, k = 0.85, i? = 0, and tp = ^ = Q° 

lyy lyy f z = 0.3 Uz = 0.6 Vz = 0.3 z/z = 0.6 f/z = 0.3 = 0.6 

0.0 Present work 3.4826 3.7601 15.5753 14.6154 34.6146 31.6762 0.0 

Ref. [82] 3.4869 3.7623 15.6411 14.6449 34.6625 31.6243 

0.3 Present work 3.8487 4.1318 16.1132 15.1038 35.0760 32.1259 0.3 

Ref. [82] 3.8535 4.1339 16.1766 15.1297 35.1026 32.0582 

0.6 Present work 4.4557 4.7477 16.9675 15.8892 35.8647 32.8618 0.6 

Ref. [82] 4.4611 4.7498 17.0229 15.9107 35.8346 32.7692 

0.9 Present work 5.7774 6.0891 19.09381 17.9053 38.2554 34.9817 0.9 

Ref. [82] 5.7836 6.0927 19.1076 17.9264 37.9753 34.8498 

Example 4: Effect of spin on rotat ing cantilever uniform b e a m 

The cage of a rotating uniform Timoshenko beam with low and high values of ratio has 

also been reproduced in order to see the effect of rotation along with this ratio on the frequency 

parameters. Table 5.14 shows the variation of the first four planar Happing frequency parameters 

of such beams. It is seen that the frequency parameters increase as the spin parameter increases 

for all modes and for both low and high ratio (rg,,/!,). On the other hand, and within the 
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present numerical facts, it can be concluded that as the ratio {vgy/L) increases the frequency 

values decrease. This would confirm that the effect of rotary inertia tends to lower the frequency 

values. The agreement with the frequencies reported by Nagaraj [85] is excellent. This validates 

the accuracy of the results of the present model. 

Table 5.14; Planar frequency parameters of rotating uniform cantilever Timoshenko beam for 
different values of {vgy/L), i? = 0, and ip = 4> = 0°, Coriolis effect not included 

{'''gy/^) - = 0.01 (^92//-^) -= 0.1 

n Mode No. Present work Ref.[85] Present work Ref.[85] 

0 1 3.5026 3.5026 3.2273 3.2274 

2 21.4691 21.4698 14.4803 14.4689 

3 58.1765 58.1498 31.5992 31.5025 

4 109.2609 109.0275 48.2100 47.9090 

6 1 7.3359 7.3319 6.9311 6.8509 

2 26.2571 26.2488 19.8483 19.6787 

3 63.2656 63.2386 38.7717 38.5785 

4 114.7635 114.5177 55.4906 56.2950 

12 1 13.1089 13.1046 12.4657 12.1665 

2 36.9947 36.9790 30.0027 29.3024 

3 76.2875 76.2744 52.0115 51.2741 

4 129.6420 129.3472 80.2560 79.0558 

Example 5: Effect of se t t ing angle for rotat ing uniform Timoshenko beam 

To examine the eEect of the setting angle on the bending frequencies of rotating uniform Timo-

shenko beams, the Erst four Happing frequency parameters have been evaluated for ^ = 0°, 45° 

and 90° as shown in Table 5.15. The material and geometric properties for this beam are similar 

to those of reference [22]. The present results are in excellent agreement when compared to 

other methods of solutions, namely the one presented by Wang [21] who used shifted Legendre 

polynomials as shape functions in conjunction with the extended Galerkin's method. Based on 

the numerical results obtained for this case, it can be conSrmed that the frequencies decrease 

as the setting angle increases. However, its effect on the frequencies reduces for higher modes. 

In fact, the effect of i/) becomes negligible beyond the second mode according the present results 
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and to those found in references [21] and [22]. For the case of (rgy/L) = 0.1, a decrease of 4.64% 

and 0.1% is seen for the first and third mode respectively, when the setting angle changes from 

0° to 45°. 

It is worth mentioning that the case of •0 = 45° represents a three dimensional vibration 

with two types of bending mode; a flapping and a lagging component mode. However, for square 

cross-section and in the absence of couphng due to Coriolis effects these two modes of bending 

are equal. 

Table 5.15: The first four planar frequency parameters of rotating uniform cantilever Timoshenko 
beam with (/> = 0°, i? = 3, Q = 10, p = 7860 kg/m^, k = 0.85, and v = 0.3, Coriolis effect not 
included 

{fgy/L) — 0.05 — 0-1 

if) 0° 45° 90° 0° 45° 90° 

A n 

Present work 23.519 22.441 21.308 23.047 21.975 20.863 

A n Ref. [21] 23.514 22.436 21.302 23.037 21.974 20.850 A n 

Ref. [22] 23.524 22.446 21.313 23.050 21.987 20.867 

AT2 

Present work 56.088 55.678 55.266 45.385 44.569 44.693 

AT2 Ref. [21] 56.072 55.662 55.250 45.428 45.194 44.955 AT2 

Ref. [22] 56.105 55.696 55.284 45.598 45.359 45.115 

Present work 97.111 96.891 96.670 66.889 66.822 66.686 

Ref. [21] 97.011 96.792 96.570 66.854 66.763 66.668 

Ref. [22] 97.188 96.968 96.747 67.716 67.619 67.520 

Ar4 

Present work 144.256 144.115 143.974 72.723 72.643 72.108 

Ar4 Ref. [21] 143.815 143.673 143.531 72.313 72.146 71.982 Ar4 

Ref. [22] 144.490 144.349 144.208 73.076 72.914 72.756 

Predictions made so far as depicted in Tables 5.2 to 5.15 and Figures 5-5 to 5-6 represent 

special cases of the present model. They were presented in order to build confidence with the 

proposed model. As can be seen, the present scheme shows excellent agreement with other 

numerical results available in the literature for these special cases. 

Effects of other factors pertinent to the variation in frequency parameters of the present ro-

tating three dimensional Timoshenko beam model are investigated at a wide range of parameter 

changes as shown in Tables 5.16 to 5.23 and Figures 5-7 to 5-14. 
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Many other results pertinent to the frequency parameter variations are presented in three 

dimensional graphical representation. In these predictions both taper ratios as well as pre-cone 

and setting angle vary while keeping the other factors constant. In Figures 5-7 to 5-11 and Tables 

5.16 to 5.19, the first four bending frequency parameters are estimated at 56 combinations of 

taper ratios that vary simultaneously. In Figure 5-7 are shown the first four bending modes for 

which the pre-cone, the setting angle and the hub radius parameter are set to zero while the 

rotational speed parameter is fixed to = 10. It can be seen that the first and third bending 

mode that correspond the first and second flapping mode exhibit a decrease in frequency values 

as both taper ratios increase. However, for a fixed the second bending mode (the Grst 

lead-lag mode) exhibits an increase in frequency values when the taper ratio increases. For 

0.4 < Vz < 0.6, these frequencies are seen to increase as the taper ratio Uy increases, while for 

0.0 < Vz < 0.4 they are seen to increase up to a certain value of Uy and then decrease. For a 

fixed Vz the fourth mode (second flapping mode) is seen to decrease as the taper ratio in the 

^/-direction increases. When Uy is fixed while varying these frequencies are seen to increase 

when 0.0 < < 0.1 and it decreases for Vz > 0.1. 

Figure 5-8 shows the variation of the first four bending modes for the same beam above but 

for A = 1. It is clear that the variation of the frequency values shows the same trend as in the 

previous case but with higher magnitudes as would be expected when varying _R from 0 to 1 for 

all modes. For example, the percent increase when = 0.0 is 32.51% and it is 26.69% 

for (:/;, = 0.7, ajid = 0.6) for the first flapping mode. For the second flapping mode (third 

bending mode), the percent increase is 24.33% and 17.92% for the same values of taper ratios con-

sidered therein. Prom these numerical facts (percent increase) and Figures 5-7 and 5-8, it can be 

concluded that the hub radius parameter has more influence on frequency values of lower modes. 

In Figure 5-9 the setting angle is taken to be 90° while keeping all other parameters as in 

the previous case. As can be seen &om this flgure, the frequency parameter values are lower 

than those of Figure 5-8. This is because the setting angle depresses the frequency values and 

therefore it has a softening eSect that counteracts the stiflFening one induced by the hub rotation 

n and hub radius parameter A. The combined effect of taper ratios as well as the setting angle 

is seen to decrease the values of the frequency parameters for the flrst and third bending mode 

as both taper ratios increase. However, For the second and fourth modes, these values are seen 

to increase and decrease in irregular pattern as the taper ratios increase in both directions. For 

instance, for a fixed the frequencies corresponding to the second mode increase as the taper 

ratio i/z increases from 0.0 to 0.4 and they decrease for > 0.4. The same behavior can be 
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Figure 5-7: Variation of the first four bending modes as a function of taper ratios Uy and 
= 10, R = 0.0, ip = (j) = 0°. 
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Figure 5-8: Variation of the first four bending modes as a function of taper ratios Vy and 
Vl — 10, R = 1.0, ip — (j) = 0°. 
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Figure 5-9: Variation of the first four bending modes as a function of taper ratios Uy and Uz, 
Q, — 10, R = 1.0, 0 = 0° and ip = 90°. 
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seen for the frequency parameters corresponding to the fourth mode. 

It is of interest to estimate the percent decrease in actual frequency values with those of 

the previous figure. For example, the percent decrease when Vy = = 0.0 is 22.76% and it is 

54.35% for {uy = 0.7, and = 0.6) for the first flapping mode. Comparison of these percentage 

decreases reveals that for uniform beam Vy = Vz = 0.0, the first and frequency parameter of 

Figure 5-8 is reduced by more than 1/5 of its value when the setting angle ip — 90°. For 

tapered beam {uy = 0.7, and Uz = 0.6) the frequency value of the fundamental mode experienced 

a decrease which is more than 1/2 of its value as ip varies from 0° to 90°. To see the influence of 

varying the setting angle on higher modes, the percentage decrease of the third bending mode 

is calculated for both uniform and tapered beam. In this case, the percent decrease is 3.06% for 

uniform beam and 6.82% for the tapered beam = 0.7, and = 0.6). It is clear that these 

numbers are quite small when compared to those of the fundamental one. The conclusion that 

can be drawn here is that the effect of setting angle is of significance at lower modes but its 

infiuence becomes negligible at higher ones. 

Combined eEects of both pre-cone and setting angle are also investigated as shown in Figures 

5-10 and 5-11. In Figure 5-10 the relationships among the first four frequency parameters and 

taper ratios are shown. The hub radius parameter and the spin parameter are similar to the 

previous cases. The setting angle ^ and the pre-cone are taken to be 45° and 15°, respectively. 

Predictions of the fundamental and third bending modes show that the frequency values decrease 

as both taper ratios increase. For a fixed < 0.4, the second bending mode is seen to decrease 

for all values of However, for = 0.5 these frequencies are seen to increase until they 

reach a maximum value at = 0.5 and then they decrease for > 0.5. For = 0.6, these 

frequency values are seen to decrease for all values of For all values of z/̂  considered, the 

fourth bending mode is seen to increase for 0.0 < z/̂  < 0.4. It reaches its maximum for z/̂  = 0.3 

and then it starts decreasing for z/̂  > 0.3. On the other hand, it is seen also that for a fixed z/̂  

all the frequency values decrease as the taper z/g, increases. 

Compared to the previous cases, it can be conclude that the combined eEect of including 

both pre-cone and setting angle tends to lower the frequency values in general because this eEect 

is considered as a softening one. The non-zero pre-cone value has two majors contributions in the 

estimation of the frequency parameters. It tends to decrease the arm (%o 4- cos associated 

to the centrifugal force and contributes to the softening term sin cos sin (i/; -t-1^). However, 

these effects are very small at higher modes and have more infiuence on modes with small 

frequency values. For i/) = 45° and = 15°, the softening term is equal to 0.59^^. 
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Similar simulation tests have been conducted for the case where ip = 60° and 4> = 30° while 

keeping all other parameters as in the previous example. The results are shown in Figure 5-11. 

For all modes, these frequencies are seen to vary according to the variation of taper ratios. 

In general, these predictions are seen to be lower than those of Figure 5-10. This is due to the 

fact that for ^ = 60° and 0 = 30°, the softening term Q? sin ijj cos ^ sin (•0 -f- (f)) is equal to 0.75Q^ 

which is greater than 0.590^. Therefore, as the softening term becomes large the frequencies of 

the rotating vibrational motion decrease. 

It can be seen from Table 5.16 that for a given taper ratio the fundamental frequency 

parameter decreases as the taper ratio Vy increases. For 0.0 < Vy < 0.7 it decreases as 

increases. However, for = 0.7, it increases as increases. In Table 5.17 it is seen that for a 

given the second frequency parameter is shown to increase as increases. For 0.0 < < 0.4 

it is seen to decrease as Uz increases while for 0.4 < < 0.6 it increases as Uy increases. The 

third bending mode shown in Table 5.18 is seen to decrease for most values of taper ratios 

and Uz considered. However this behavior is reversed when Vy = 0.7 and = 0.6. Table 5.19 

shows the variations of the fourth frequency parameters. For a 6xed these frequencies are 

seen to increase for all taper ratios > 0.3. However, decreases for 0.3 < %/% < 0.6. For a 

6xed z/z these frequencies decrease for all values of z/̂ . 

Table 5.16: Effect of taper on the fundamental bending frequency of rotating Timoshenko beam 
for which = 1.0, = 10, -0 = 0° and (f) = 30° 

I^y 

Z/z 1 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0.0 16.0879 15.8358 15.5122 15.0820 14.4817 13.5797 12.0403 8.5463 

0.1 15.8287 15.5824 15.2668 14.8484 14.2665 13.3970 11.9274 8.6755 

0.2 15.4936 15.2555 14.9514 14.5494 13.9936 13.1697 11.7988 8.8832 

0.3 15.0433 14.8179 14.5308 14.1536 13.6360 12.8790 11.6494 9.1855 

0.4 14.4029 14.1982 13.9395 13.6026 13.1466 12.4933 11.4716 9.5920 

0.5 13.3986 13.2366 13.0342 12.7747 12.4307 11.9542 11.2499 10.0949 

0.6 11.4771 11.4454 11.4027 11.3439 11.2608 11.1393 10.9539 10.6539 

The percentage difference among the frequency values pertinent to the change in taper ratios 

may also be investigated. When the taper ratio z/̂  varies from 0.0 to 0.1 for a fixed z/̂  = 0.0, the 
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Figure 5-10: Variation of the first four bending modes as a function of taper ratios Uy and 
n = 10, = 1.0, (j) = 15° and ip = 45°. 
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Figure 5-11: Variation of the first four bending modes as a function of taper ratios Vy and 
O = 10, R = 1.0, (j) = 30° and i f j = 60°. 
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percent decrease in the fundamental fi^equency is estimated to be 1.56% and it increases to 6.2% 

and 12.78% when the taper ratio varies from 0.4 to 0.5 and from 0.5 to 0.6, respectively. On 

the other hand, for = 0.0 , the percentage difference in the frequency values is more sensitive 

to the change in the taper ratio For instance, the decrease is 1.61% when varies from 0.0 

to 0.1 and is 7% and 14.31% when the taper ratio varies from 0.4 to 0.5 and from 0.5 to 0.6, 

respectively. 

Table 5.17: Effect of taper on the second bending frequency of rotating Timoshenko beam 
R = 1.0, = 10, -0 = 0° and 0 = 30° 

\T2 

lyy ^ 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0.0 19.8555 19.8030 19.7128 19.5662 19.3311 18.9477 18.2897 17.0350 

0.1 19.9190 19.8791 19.8058 19.6825 19.4809 19.1488 18.5775 17.4978 

0.2 19.9802 19.9560 19.9036 19.8089 19.6483 19.3783 18.9104 18.0314 

0.3 20.0362 20.0319 20.0058 19.9471 19.8376 19.6442 19.3009 18.6545 

0.4 20.0819 20.1034 20.1113 20.0989 20.0546 19.9575 19.7672 19.3934 

0.5 20.1085 20.1644 20.2177 20.2667 20.3078 20.3349 20.3362 20.2859 

0.6 20.0988 20.2028 20.3193 20.4528 20.6101 20.8027 21.0500 21.3891 

Table 5.18: Effect of taper on the third bending frequency of rotating Timoshenko beam R = 1.0, 
fl = 10, ip = 0° and cj) = 30° 

Uy —> 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0.0 42.7311 41.8554 40.8174 39.5642 38.0139 36.0309 33.3757 29.5996 

0.1 41.3924 40.5635 39.5821 38.3976 36.9321 35.0575 32.5474 28.9739 

0.2 39.8323 39.0669 38.1610 37.0685 35.7176 33.9918 31.6850 28.4049 

0.3 37.9669 37.2875 36.4844 35.5175 34.3252 32.8073 30.7884 27.9333 

0.4 35.6509 35.0932 34.4362 33.6484 32.6826 31.4632 29.8598 27.6250 

0.5 32.6108 32.2383 31.8032 31.2871 30.6636 29.8923 28.9064 27.5852 

0.6 28.2565 28.2003 28.1411 28.0804 28.0216 27.9715 27.9442 27.9688 
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Table 5.19: Effect of taper on the fourth bending frequency of rotating Timoshenko beam 
R = 1.0, Q = 10, -0 = 0° and (j) = 30° 

Uy -—>• 

Z/z 1 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0.0 72.4518 71.5791 70.4400 69.0056 67.2189 64.9792 62.1042 58.2246 

0.1 72.6804 71.7790 70.6350 69.2167 67.4693 65.2997 62.5428 58.8700 

0.2 72.9035 71.9830 70.8411 69.4459 67.7466 65.6598 63.0411 59.6089 

0.3 73.1269 72.1959 71.0633 69.6996 68.0594 66.0718 63.6172 60.4694 

0.4 69.4323 68.5786 67.6089 66.4944 65.1932 63.6478 61.7654 59.3965 

0.5 64.0927 63.4503 62.7271 61.9043 60.9589 59.8573 58.5521 56.9744 

0.6 57.3667 57.0468 56.7036 56.3376 55.9525 55.5591 55.1853 54.9051 

In another attempt, the first four frequency parameters corresponding to the bending modes 

have been investigated at 70 combinations of pre-cone and setting angle as shown in Figures 

5-12 and 5-14. 

Figure 5-12 shows the variation of the Grst four bending modes for a uniform beam — 1/̂  = 0). 

Except for the case where ^ = 90°, it is seen that the first three bending modes exhibit a decrease 

when both the pre-cone and setting angle increase. When ^ = 90°, the Erst and second bend-

ing mode only decrease for increasing pre-cone. For any value of i/', the fourth bending mode 

decreases when the pre-cone increases. On the other hand, for a 6xed value of the pre-cone it is 

seen to increase for 0° < i/; < 30° and it decreases for 30° < ^ < 90°. 

The hub radius parameter and spin parameter in Figures 5-13 and 5-14 remain similar to 

the previous case. The taper ratios are taken to be (i/^ = 0.1, = 0.2) for Figure 5-13 and 

(i/y = 0.5, i/z = 0.35) for Figure 5-14. The trend in the variation of the frequencies of these Eg-

ures, is similar to the one of Figure 5-12. The eEect of tapering is seen to reduce the frequency 

values for all modes when compared to the previous case of uniform beam. This is because taper 

would reduce both the out-board cross-section area and the mass of the beam. Therefore, both 

the stiffness and mass matrix becomes small and this would lead to smaller eigenvalues. More-

over, comparison of these predictions reveals that larger taper ratios give lower frequency values. 

Many other frequency predictions versus the spin parameter are shown in terms of taper ra-

tios, pre-cone, setting angle as parameters. Figure 5-15 shows the lowest three flexural frequency 
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Figure 5-12: Effects of pre-cone and setting angle on the variation of the first four bending 
modes for uniform Timoshenko beam, 0 = 5 and R = 0.5. 
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Figure 5-13: Effects of pre-cone and setting angle on the variation of the first four bending 
modes for tapered Timoshenko beam, Uy — 0.1, = 0.2, 0 = 5 and R = 0.5. 
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Figure 5-14: Effects of pre-cone and setting angle on the variation of the first four bending 
modes for tapered Timoshenko beam, Uy = 0.5, = 0.35, = 5 and R = 0.5. 
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Figure 5-15: Frequency parameters of rotating uniform and tapered Tiomshenko beam with 
{vgy/L) = 0.02, ill = (j) = 0° and R = Q. 

parameters for both uniform and tapered Timoshenko beams at which the pre-cone, setting an-

gle and hub radius parameter are set to zero. As can be seen from this figure, all modes are 

agected by the spin and experience a stiEening behavior for both uniform and tapered beams. 

Consequently, it is seen that for a given mode the difference between the lag and flap frequencies 

decreases aa the spin parameter increases. In addition to that, a cross-over between the diSerent 

modes at different tapers of the beam can also be seen. 

In Figure 5-16 are shown the lowest three Hexural frequency parameters for rotating tapered 

Euler-Bemoulli and Timoshenko beams for which = 0.1, = 0.2, with a setting angle 

^ ^ 45° and zero hub radius and pre-cone. These frequencies show that all modes share the 

stiffening characteristic induced by the hub rotation. On the other hand, frequencies with shear 

deformation and rotary inertia effects are shown to be lower than those for Euler-Bernoulli 

beam. The eSect of shear is insigniEcant in the fundamental Happing and lead-lag modes and 

becomes only important in the higher modes. This fact has been addressed previously for 

the case of two dimensional beam and is seen to be true in this case. Moreover, it is of in-

terest to notice that the shear effect is more pronounced in lag modes rather than flapping 
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Figure 5-16: Frequency parameters of rotating tapered Euler-Bemoulli and Timoshenko beams 
with f/y = 0.1, f/z = 0.2, ^ = 45°, (̂  = 0° and ^ = 0. 

modes. The reason for this could be attributed to the fact that for a setting angle ^ = 45°, the 

shear effect is unimportant in flapping bending modes and is important in the lead-lag ones. 

In order to see the eSect of orientation of the cross-section on the lowest three flexural fre-

quencies of the previous beam, values of 15° and 90° were respectively assigned to the pre-cone 

and setting angle. Figure 5-17 shows that at these specific hub radius, taper ratios, pre-cone 

and setting angle, the lead-lag frequencies are higher than those of the Happing motion. Simi-

lar stiffening behavior to that shown in the previous figure is seen with the exception that the 

difference between the first flap and lag frequencies increases as the spin parameter increases. 

This trend can be clearly seen since the lead-lag modes experience a stiEening effect while the 

flap modes shows a very small stiffening behavior as the spin increases. The reason for that may 

be attributed to the fact that the softening effect starts dominating the stiffening effect for the 

flapping modes when the setting angle is 90°. 

Figure 5-18 shows the Hexural behavior of a rotating beam at diEerent beam cross-section 

orientations. From these predictions, it is seen that as the setting angle increases the frequencies 

corresponding to the flapping modes decrease. 
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Figure 5-17: Variation of the Erst three frequency parameters of rotating uniform Timoshenko 
beam with — 15° . 

Except for the case where ^ = 90° and = 0°, predictions shown in this Ggure experience a 

stiffening effect that is manifested by an increase in the frequency values aa the spin parameter 

increases. However, for i/; = 90° and = 0°, the slope of the curve representing the fundamental 

flapping mode is seen to be negative. This indicates a decrease in frequency values as the spin 

parameter increases. Thus one sees the evidence of a softening eEect which is opposing and 

dominating the stiffening effect in this case. 

Accurate prediction of the dynamic characteristics of rotating structures is necessary in 

the early stages of the design process in order to avoid any possible conditions susceptible to 

resonance within the range of operating speed, and to prevent any failure that may occur as a 

result of sustained vibration at or near the resonant frequency range. 

An investigation has been made to check whether there is excitation at appropriate frequen-

cies that may lead to a coincidence of the rotational speed of the hub with the fundamental 

mode of the beam in the range 0 < Q < 10. 

In Figure 5-19, the fundamental flapping mode variations have been plotted for a tapered 

beam at different values of pre-cone and setting angle along with the line A = Q. Three resonant 

frequencies are seen to occur at a setting angle of 90° and different pre-cones. The first one 

occurs at A = 6.133 where ^ = 0°, the second one occurs at A = 6.368 where <6 = 15° and the 
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Figure 5-18: Fundamental fiexural frequency parameter of rotating tapered Timoshenko beam 
with Uy = 0.25, Pz = 0.0, and i? = 0. 

third one occurs at A = 7.129 where cj) = 30°. At these particular values, the beam exhibits 

excessive vibrations with very high amplitudes that may cause failure to the beam. 

Because of its importance in vibration, the fundamental frequency parameter of flexural 

vibration is always examined in early stage design in order to avoid resonance conditions that 

may lead to substantial vibrations that cause failure of the beam. In view of that, it is again 

examined here at a wide range of spin and hub radius parameters for two extreme setting angles 

-0 = 0° and tp = 90° where the pre-cone is fixed to 15° as shown in Figure 5-20. For higher 

spin parameters, frequency dependence on R depends strongly on the setting angle thus for 

•0 = 0°, the fundamental frequency is still near linear with hub radius parameter i?, but for 

ifj = 90°, not only is the relationship no longer linear, but also shows much greater sensitivity to 

changes in hub radius; this is due to the relative contributions of both stiffening and softening 

effects, the former depending on R, the latter on ip- On the other hand, it is of interest to notice 

again the dominance of the softening effect over the stiffening effect for the case of i? = 0 and 

fi = 10. Moreover, one can also observe that for a fixed fl, the difference between the flapping 

and lead-lag frequency decreases as the hub radius increases. 
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Figure 5-19: Resonance in the fundamental Sapping frequency parameter of rotating tapered 
Timoshenko beam with Uy = 0.1, Uz = 0.2, and R = 0.5. 

5.2 .3 S o u t h w e l l CoefHc ients 

In order to better understand the egects of all factors considered in this model, such as taper 

ratios, shear deformation, rotary inertia, hub radius, setting angle, pre-cone, rotational spin 

parameter on the modal characteristics of a rotating doubly tapered Timoshenko beam, many 

other cases have been presented with a variety of combinations in the form of Southwell coef-

ficients. Solutions are given for several cases, in which each effect is considered alone, as well 

as combined effects. In addition, these effects are examined and a variety of simulation results 

are presented graphically as shown in Figures 5-21 to 5-33. The explicit form of the Southwell 

relation for the lowest four vibration modes of rotating beams with several combinations of ta-

per ratios, pre-cones, setting angles and various slenderness ratios is presented. Consequently, 

the first four frequency parameters can be easily computed from knowledge of the non-rotating 

frequency parameters and the Southwell relation. 

The stiffening eEect due to rotation was introduced by Lamb and Southwell [3] and refined 

by Southwell and Gough [4] through the equation 

(5.1) 

where the subscript i refers to the mode, refers the rotating frequency parameter, Ayvi 
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Figure 5-20: Variation of the fundamental flexural frequency parameter of rotating tapered 
Timoshenko beam with Uy = 0.1, Pz = 0.2, and ^ = 15°. 

is the corresponding frequency parameter of the non-rotating beam, is the spin parameter 

and Si the Southwell coefficient. Upon plotting versus it can be seen that this equation 

represents a linear relationship between and for which Si represents the slope and 

represents the intercept. In this analysis, our concern is to focus on the refinement of the 

expression of Si and its dependence on the different parameters included in the formulation of 

the beam model. 

It is of interest to investigate whether the flexural frequencies of rotating cantilever tapered 

Timoshenko beams would fit into some form of Southwell linear approximation. It is worthwhile 

trying to fit results of simulation into Southwell form and obtain Southwell coefficients for 

several parameter changes. Results presented in this form are more economical and useful from 

a practical point of view than a table of frequency parameters at various values of parameter 

changes. 

In this analysis an attempt has been made for the first time to obtain Southwell coefficients 

for three dimensional rotating uniform and tapered Timoshenko beams. Because results per-

tinent to SC's for rotating three dimensional tapered Timoshenko beams including the effects 

of hub radius, pre-cone and setting angle as well as Coriohs effects could not be found in the 

literature, several special cases which represent degenerate cases of this model were examined 
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to build confidence and validate the present scheme. Comparisons with available results in the 

literature are made wherever possible. Except otherwise stated, Coriolis eEects are accounted 

for throughout this study. 

Figure 5-21 shows Southwell coeEcient which corresponds to the fundamental Sapping 

mode^. In this figure, 5^1 is shown as a function of the hub radius parameter R = and 

the setting angle i/i. The relationship between and A is a linear one. It is worthwhile noting 
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Figure 5-21: Southwell coefficient Sei for uniform Euler-Bernoulli beam with (̂  = 0° 

S s i , S r i •• i mode Southwell coefficient for Euler-Bernoulli and Timoshenko beam, respectively. 
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that corresponding to the flapping motion = 0°) is parallel to the one of lead-lag motion 

{tp = 90°) and the difference between them is independent of R and is equal to unity. 

The explicit expression for Sei is also presented and compared with the ones proposed by 

Schilhansl [9], Laurenson [41] and Yoo and Shin [86]. The expression for Sei is in excellent 

agreement with those presented by Schilhansl [9] and Laurenson [41]. It is clear that the pre-

dictions presented by Yoo and Shin [86] are in error. The intercept of the Southwell relation is 

almost zero. This is not true. The intercept of the lead lag motion cannot be smaller than the 

one for the flapping motion as can be verified by the present predictions and those of Schilhansl 

[9] and Laurenson [41]. This could be attributed to the a wrong interpolation of the Southwell 

coefficients. 

To show the effect of shear deformation and rotary inertia on Southwell coefficients, Figure 

5-22 is produced. In this figure, SC's for the first four modes for both Euler-Bernoulli and 

Timoshenko beams are shown. Only the flapping motion of the rotating uniform Euler-Bernoulli 

and Timoshenko beams are considered in this example. The expressions for SC's are shown to 

be in a linear relationship with R for all four modes. The lines representing SC's for both 

Euler Bernoulli and Timoshenko beams increase as the hub radius increases. In addition, they 

are not parallel. This is due to the differences in the geometrical properties of Euler-Bemoulli 

and Timoshenko beams. It is clearly shown that the slope and intercept for these expressions 

increase as the mode number increases, as would be expected. Those corresponding to are 

greater than those of 6" !̂. This explains the inclusion of rotary inertia and shear deformation in 

Timoshenko beam would reduce the frequency values as reflected by the variation of SC's. On 

the other hand, it is also shown that for the first mode, and cannot be distinguished, 

while as the mode number increases, the difference between EBT and TBT is quite noticeable 

as manifested by the variation of Se4 and St4 of the fourth mode. This shows that the shear 

effect is not important at lower modes while it becomes more pronounced as the mode number 

increases. Further, the difference between EST and TBT increases as the hub radius parameter 

increases. 

Figure 5-23 depicts the first four SC of the flapping motion for rotating tapered Timoshenko 

beams at a wide range of taper ratios while keeping both the pre-cone and setting angle to be 

zero. Again, from this figure, it is seen that the relationship between SC and the hub radius 

parameter is linear. The slope and intercept of the different lines depend strongly on taper 

ratios and where it is shown that, as the taper ratios increase the slope and the intercept 

of the corresponding lines decrease. Consequently, this leads to the conclusion that as the taper 
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ratios increase simultaneously the frequencies decrease, owing to a softening effect. The reason 

behind this could be attributed to several combining factors. The tapers lead to a decrease of 

the cross-section area which renders the beam stiffer toward the tip. The shear deformation and 

rotary inertia tend to lower the frequencies of vibration. The rotation due to the centrifugal 

force field tends to increase the frequencies. The combining effect of these factors could result 

in a net softening effect. Of particular interest is the difference among the several lines, which 

is noticed to increase, as the hub radius increases. Explicit expressions for SC are derived and 

presented for each case showing the parameter variations for the first four modes. A successful 

attempt has been made to combine each set of the four modes of Figure 5-23 into one single 

general equation as a function of the parameter variations. The resulting explicit expressions 

for SC corresponding to the Erst four modes are given by 

= (2 .006-2.434i /y-0.100z/z)E+(1.451 - 1.7962/;,-0.090:/^) (5.2) 

vSrs = (13.101 - 28.608z/y + 8.616z/z) A+(11.459-27.939%/^-^9.108i/z) (5.3) 

= (29.263 -53.772i/y-t-11.576i/z)7i! 4-(26.827-59.006;/^-t-16.238z/z) (5.4) 

5'r4 = (42.676 - 50.974z/y - 1.6361/^) A + (46.370 - 89.410;/^ -I-18.644%/^ (5.5) 

Each of the above equations represents an equation of a plane in the (i/i,i/^)-plane with as a 

parameter or an equation of a straight line of the form 

= (5.6) 

where = Tn, (i/^, 1/%) and pi = p, (i/^, z/̂ ) represent respectively the slope and intercept of the 

above linear relationship. 

On the other hand, since the difference between the flapping and lagging modes expressed in 

terms of SC is exactly unity, the expression of to 5^4 corresponding to the lagging motion of 

the rotating tapered Timoshenko beam can be easily obtained by subtracting 1 from the above 

equations. Lead-lag expressions of to 5'T4 of rotating tapered Timoshenko beam can be 

obtained from those of flapping mode by considering the results obtained from equations (5.2) 

to (5.5) as explained above. 

In Figure 5-24, the taper ratio in the ^/-direction is kept constant (z/̂  = 0.25) while varying 

z/z. The first four SC's shown in this figure correspond to the Happing and lead-lag motion for 

a rotating Timoshenko beam where (r^y/Z') = 0.02. 

Similar conclusions to the previous case can be drawn from this figure namely, SC's and 72 
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Figure 5-24: Variation of the first four SC's for tapered Timoshenko beam with {vgy/L = 0.02), 
Uy = 0.25 and ip 
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Flapping motion 

A Lead-lag motion 

n 

Figure 5-25: Frequency parameters near independent of the spin parameter. 

represent, once again a linear relationship but with higher values of slope and intercept than 

those of the previous figure. This explains that as (rgy/L) increases SC's decrease which is in 

perfect agreement with TBT. For the four modes considered, SC's are seen to increase as the 

hub radius increases. In addition, the difference among SC's is seen to increase as the hub 

radius increases. It is interesting to notice, from this figure and the previous one, that for a 

fixed mode, all lines representing SC's nearly intersect at some point, say In this case 

one may translate the Southwell lines to the new axes R, Sn via the translation R = R — (3^ 

and S t i = S n — Qf, where all lines will be perfectly linear i.e., according to following equation 

mR 

where S^- = Stz — % — Pi + is the modified Southwell coefficient for the mode and R is 

the modified hub radius parameter. 

From the previous figures, it can be seen that the smaller values of m are associated with the 

larger taper ratios; this is as one would expect, since the stiffening effect of rotation is greater 

when one hag a larger beam mass at a large radius. Moreover this expression suggests that the 

natural frequency of vibration of the beam will be largely independent of the hub speed 0 , if 

the beam is mounted such that R = — a s sketched in Figure 5-25. 
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Figure 5-26, shows the first four SC's for which the taper ratio in the ^-direction is kept 

constant {y^ = 0.30) while varying Uy. Again, it can be seen from this figure that SC's cor-

responding to the first four modes increase as the hub radius increases. Comparison of these 

predictions with those of the previous figure, reveals that increasing the taper ratio in the y-

direction renders the values of SC's of the overtone modes lower than those of Figure 5-24. In 

contrast, the slopes of the Sti lines experience a reverse trend. In addition, it is seen that Sta 

for the fourth bending mode (the second lagging mode) experiences great sensitivity to R and 

does not vary linearly with it for i? > 0.75 as shown in Figure 5-26. 

In another example, the first four SC's of the previous beam have been computed and 

illustrated as shown in Figure 5-27 for the case where the taper ratios i/y and vary simul-

taneously. The combined effect of these taper ratios is clearly seen to influence the dynamic 

characteristics as compared to the previous figures. While the first, third and fourth SC exhibit 

a decrease as the taper ratios increase, the second one experiences an opposite trend for highest 

taper ratios. Further, it is of interest to notice that the 5^2 lines corresponding to taper ratios 

[uy = 0.15, Pz = 0.25) and {uy = 0.60, Vz = 0.70) intersect at R = 0.5438 which corresponds 

to St2 = 1-402. Although St2 is the same for these two lines, it cannot be concluded that the 

frequency parameters are similar because the Southwell relationship defined by equation (5.1) 

depends also on the non-rotating frequency parameter value Aat,, which can be different from 

one beam to another because of the taper ratios. 

For the case where the taper ratios are relatively large such as (i/^ = 0.60, = 0.70), Sr2 

has a larger intercept and therefore has a larger value for E < 0.5438. For smaller taper ratios, 

(z/̂  = 0.15, :/z = 0.25), SC is the largest one for the first, third and fourth mode. However, for 

the second mode it is larger when E > 0.5438. For the fourth mode, it is shown that for 

(i^y = 0.15, i^z — 0.25) only, does not vary linearly with R as shown in Figure 5-27. 

The eEect of pre-cone on bending frequencies of the above rotating Timoshenko beam has 

also been examined in terms of SC's. Predictions have been provided for a wide range of pre-

cone angles and hub radius parameters A. The taper ratios in the and z-directions were 

taken to be = 0.20, and = 0.3, respectively. Similar to the previous cases, the predictions 

depicted in Figure 5-28 show that SC's increase as the hub radius increases and they decrease 

as the pre-cone increases for all modes. For the first three modes, all the lines representing the 

relationship between SC's and A are parallel, regardless of the pre-cone angle. For the fourth 

mode when = 0° and = 30°, the relationship between 6'r4 and A is no longer linear for 

72 > 0.75. In addition, the lines become closer to each other indicating that pre-cone is not 
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Figure 5-26: Variation of the Grst four SC's for tapered Timoshenko beam with (rgy/Z, = 0.02), 
i/z = 0.3 and ^ ^ = 0°, where (72) = -23.399572^ + 37.600572^ - 18.994772^ + 19.523872 + 
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significant as the mode number increases. 

To check the accuracy of the Southwell formula, the first four frequency parameters of the 

above example were computed using the present simulation program and equation (5.1). The 

results depicted in Table 5.20 show a very good agreement with those obtained using SC. Thus 

Southwell method can be regarded as an accurate and rapid estimate of the frequencies of 

rotating tapered Timoshenko beam without recourse to further computations or interpolation 

charts. 

Table 5.20: Comparison of the frequency parametrs computed with two different methods for 
rotating tapered Timoshenko beam, (rgy/L) = 0.02 and = 10 

^ = 30° 

Mode No. ( ^ — O) ISq. (5.1) Simulation Program % Error 

1 15.210 15L315 151.392 0.051 

2 253.834 367.334 367.217 -0.032 

3 396.288 1047.643 1048.553 0I#7 

4 2644.787 4380.937 4386.700 OJ^l 

In Figure 5-29, the pre-cone angle {(j) — 0°) and taper ratios {vy = 0.5, = 0.25) were held 

constant while varying the setting angle ip for a wide range of change. It is of interest to observe 

that for a specified mode, the lines defining SC's are all parallel. Also, the predictions show that 

as the setting angle increases, the SC lines decrease leading to a decrease in frequency values. 

The effect of varying the setting angle in the first two lower modes is more pronounced than 

the effect of varying the pre-cone. Further, the effect of the setting angle is significant in the 

first two lowest modes and is negligible on the higher ones. The reason for this is attributed to 

the fact that the softening term sin ip cos (j) sin {ip -h cp) appearing in the equation of motion 

(2.217) is constant regardless of the mode considered, therefore it has more influence on modes 

with small frequency parameter values. Moreover, for the first two lowest modes, SC's vanish 

at i? = 0.086 and Tp = 90°. For this case, equation (5.1) becomes describing a rigid 

body mode. 

It is worthwhile checking the accuracy of the Southwell formula for these first two modes 

where Sti and St2 are negative. The first two frequency parameters were computed using 

the present simulation program and checked with equation (5.1). To illustrate this, values of 
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Figure 5-29: Variation of the first four SC's for tapered Timoshenko beam with {vgy/L = 0.02), 
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^ = 90°, r = q, and = 10 are taken for that purpose. Upon computing the above values, it 

was found that = 14.6849 and = 225.3306. Substituting these values into the Southwell 

formula gives A^^ = 4.6899 and A^j = 215.3306 while the program gives values of A^j = 4.5645 

and A 2̂ = 214.8616. As can be seen, these two estimates are in very close agreement. Therefore, 

Southwell formula provides a quick and well suited tool for frequency prediction. The conclusion 

that can be drawn from this investigation is that for these particular configurations of parameter 

changes, the softening effect dominates the stiffening one thus rendering the frequency values of 

the rotating beam lower than those of the non-rotating one. 

To see the combined effect of the pre-cone and setting angle on the dynamic characteristic 

of a rotating tapered Timoshenko beam, another example was considered and predictions are 

shown in Figure 5-30. In this attempt, the taper ratios in both i/- and z-directions were fixed 

Vy = 0.2 and uz = 0.3 while varying the pre-cone and setting angle simultaneously. From this 

figure it is seen that for a fixed mode the SC's lines are almost parallel, the difference between 

these lines is largest for the lowest mode and becomes smaller as the mode number increases. In 

addition, it is seen that as the pre-cone and setting angle increase simultaneously, SC's decrease 

and hence the frequency parameters decrease for all modes. The effect of varying these angles is 

highly manifested at lower modes and is insigniHcant at higher ones. Furthermore, for = 30° 

and = 90°, the Southwell coeSicients and '̂̂ 2 pass through the origin. Comparing the 

results of this figure to those of Figure 5-28, it may be concluded that the combined effect of 

the pre-cone and setting angle is clearly shown to depress the frequency parameters to lower 

values than those of Figure 5-28. This is due to the fact that both the pre-cone and setting 

angle effects are added as a softening one that depresses the frequency values of the beam. The 

fourth mode is shown to exhibit a nonlinear relationship between 5'{r4 and .R for values that are 

slightly greater than 0.75. 

Of particular interest is to study the case where the beam is tapered in one direction and 

uniform in the other one. This case is encountered in many structural components and find 

practical applications in ffexible mechanisms, robot manipulators and spinning space structures. 

Figures 5-31 and 5-32 represent the Southwell coefficients for tapered beams at a wide range 

of setting angles. Comparison of figures 5-31 and 5-32 reveals that the slopes and intercepts of 

the 5'Ti lines corresponding to the Grst three modes are nearly identical; this suggests that for 

the parameters considered = 0.0, = 0 15) and = 0.15, = 0.0), the plane in which 

the beam is tapered is largely irrelevant when considering the effect of rotation. On the other 

hand, it may be seen that while the beam is uniform in the z-direction the Hnes preserve 
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Figure 5-30: Variation of the Grst four SC's for tapered Timoshenko beam with (fgy/Z, = 0.02), 
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their linearity properties, and increase as the hub radius parameter increases. In contrast, when 

the beam is uniform in the ^-direction, the Sta lines are no longer linear. The difference between 

the resulting different curves pertinent to the fourth mode for different setting angles cannot be 

distinguished. The Sta curves corresponding the fourth mode have positive slopes. Those with 

ip = 0° and ^ = 45° intersect at R = 0.39 and 5^4 = 20.5. Similar to the previous figures 5-28 

and 5-29, it may be seen that the effect of the setting angle is significant at lower modes but 

negligible at higher modes. 

Figure 5-33 shows the variation of SC's that correspond to the first four modes. In this figure, 

the taper ratios, as well as the pre-cone and setting angle vary simultaneously. Except for the 

fourth mode when (z/y = 0.10, 1/% — 0.25, = 0° and = 30°), the relationship between 5'?̂ ^ 

and r is hnear. The predictions show that the slopes and intercepts of the sri lines decrease 

as the taper ratios and the pre-cone and setting angle increase. It can also be seen that as the 

hub radius parameter increases the diSerence among the 6^1 lines increases. It is interesting 

to notice that for the case when = 0.50, = 0.75, = 30° and i/; = 90°), 5"̂ ! and S'rg 

are negative for all values of A. This can be attributed to the fact that for these particular 

values of parameter changes, the softening eSect dominates the stiffening one thus depressing 

the frequency values. 

Based on the previous discussion, a general formula for Southwell coefficients can be found. 

An attempt was made to get the lines pertinent to Figure 5-33 as a general parametric 

equation. The resulting explicit expressions for SC corresponding to the 6rst four modes are 

given by 

= (-17.2553%/^ 4- 11.4067z/z +0.6147 sin ̂  cos sin (i/' + î )) A 

— (14.1074i/y — 6.7666%/̂  — 1.9011 sin ̂  cos ^ sin (?/' -h (̂ )) (5.7) 

gjig = (—15.96701/;, -I- 10.7650z/z -I- 0.4973 sin ̂  cos sin (i/; 4-1^)) .R 

— (13.9700i/y — 6.9417i/z - 1.6743 s i n c o s sin (i/; -t- (̂ )) (5.8) 

gjig = (-86.1600%/^ 4- 62.6060%/̂  - 2.5831 sin ^ cos ^ sin (i/; -I-1 )̂) A 

— (66.1220z/^ — 48.8340i/z -t- 3.8240 sin i/) cos sin (i/; -t- (̂ )) (5.9) 

= (36.2640:/^-37.3860z/g + 13.2110sin'^cos<;6sin(^4-(6)).R^ 

-t- (63.9410z/y - 65.9210z/z + 23.2940 sin cos sin (i/; 4- ^)) 

— (287.31001/^ - 199.1700;/^ + 4.7430 sin ^ cos sin (^ + (̂ )) 

— (186.2600%/̂  — 121.2800z/z - 3.1570sin'!/'cos(^sin (i/i 4-1^)) (5.10) 
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A single closed form solution is thus obtained for each mode within the parameter varia-

tions. The slopes and intercepts of the respective lines are seen to be a function of both taper 

ratios as well as the pre-cone and setting angle. It is interesting to notice that the expres-

sion for 5'r4 in its general form, does not represent a linear relationship with r. Nevertheless, 

it verifies the straight lines of sta for which {uy = 0.30, uz = 0.50 and (j) = 15°,^ = 45°) and 

{uy = 0.50, Uz = 0.75 and 4> = 30°, V' = 90°). 

Based on the above equations, it may be concluded that Southwell coefficients depend on 

the non-dimensional hub radius, taper ratios, the pre-cone and setting angle. 

5.2 .4 R e d u c t i o n S c h e m e s 

The natural frequencies calculated so far were obtained using the actual full order matrices 

obtained from the present finite element formulation. 

In this section, the natural frequencies are obtained by implementing the modal reduction 

schemes to illustrate the usefulness and efBciency of these techniques. Comparison will be made 

with the actual natural frequencies obtained from the full-order finite element formulation. 

The total number of degrees of freedom for a 16 beam elements^ is 102. When the boundary 

conditions are applied to a cantilever beam, the size of the system matrices given by equation 

(4.1) becomes of order (96 x 96). The planar or real eigenvalues are computed by using equation 

(4.20) in which the system matrices are of the same order as that of equation (4.1), resulting 

in 96 real eigenvalues. The complex eigenvalues are computed by means of equation (4.33) 

where the system matrices are of order (192 x 192), thus resulting in 96 conjugate pairs of pure 

imaginary ones which represent the natural frequencies of the beam. 

Table 5.21 shows the lowest twenty frequencies of a cantilever uniform Timoshenko beam ro-

tating at 5000 rpm. The lowest six eigenvalues are retained in the reduced system for comparison 

with the eigenvalues obtained using full order model. 

The eigenvalues representing the planar modal reduction scheme that are presented in the 

second column of Table 5.22 are computed using the homogeneous part of equation (4.23). In 

this case the eigenvectors corresponding to the lowest six eigenvalues that are presented in the 

first to the sixth rows of the second column of Table 5.21 are used to form the planar modal 

transformation matrix of equation (4.21). 

The eigenvalues representing complex modal reduction that are presented in the third column 

of Table 5.22 are computed using the homogeneous part of equation (4.37). Here the complex 

''This re.sults in having 17 nodes and each node has 6 d.o.f , so that the total d.o.f. is 17 x 6 = 102. 
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eigenvectors corresponding to the lowest six complex conjugate eigenvalues that are presented 

in the first to the sixth rows of the third column of Table 5.21 are used to form the complex 

modal trEuisformation matrices of equation (4.38) and (4.39). 

Table 5.21: The lowest twenty natural frequencies in (rad/s) of the finite element model fi = 5000 
rpm, Uy = 0.15, Vz = 0 3, R = 0.5, (p = 15° and ip = 30° 

Mode 

No. 

Planar Modes 

Neglecting Coriolis effect 

Equation (4.20) 

Complex Modes 

Including Coriolis eEect 

Equation (4.30) 

% Difference 

1 781.7068 ±781.0383% 0.085 

2 2177.4729 ±2171.7127% 0.264 

3 3107.2958 ±3106.7616% 0.017 

4 7602.1838 ±7601.7101% 0.006 

5 7919.1354 ±7917.0373% 0.026 

6 9313.9896 ±9308.7281% 0.056 

7 12197.9946 ±12247.0237% -0.402 

8 14016.5875 ±14016.3130% 0.002 

9 20271.6294 ±20255.6233% 0.079 

10 20646.1238 ±20658.2633% -0.059 

11 22151.5606 ±22151.2268% 0.001 

12 31822.6458 ±31822.2613% 0.001 

13 32328.3908 ±32323.1537% 0.016 

14 33590.8559 ±33607.8850% -0.051 

15 34130.1945 ±34132.5357% -0.007 

16 42898.9686 ±42898.6774% 0.001 

17 45104.8242 ±45101.6968% 0.007 

18 48042.2541 ±48043.1700% -0.019 

19 55308.3906 ±55307.8007% 0.011 

20 55630.5509 ±55626.8899% 0.066 

From these predictions it can be seen that the planar modes (neglecting Coriolis effects) are 

higher than the complex modes (including Coriolis effects). Coriolis effects are seen to depress 
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the frequencies of vibration. The difference between the planar modes and complex modes is 

very small. Moreover, it can be concluded that Coriolis effects can be neglected at low speeds. 

The planar reduction maintains almost the same level of accuracy obtained with the complex 

reduction, which in turn converges to the solution given by the full order model. 

Table 5.22: Eigenvalues of the reduced modal matrices 

Mode Planar Reduction Complex Reduction 

No. PROM = 6 CROM = 6 

1 ±781.706522% ±781.038273% 

2 ±2177.363691% ±2171.712750% 

3 ±3107.293103% ±3106.761606% 

4 ±7602.169490% ±7601.710152% 

5 ±7917.412885% ±7917.037327% 

6 ±9316.513035% ±9308.728118% 

In Tables 5.23 to 5.27 are presented the natural frequencies of the rotating Timoshenko beam 

at a wide range of parameter changes were results are presented to serve as a source of design 

data for applications within the given range of the tabulated parameters. In these tables, only 

the lowest seven kequencies were retained in order to identi^ the type of each mode present in 

this range. The torsional and axial frequencies are seen to change their position in the spectrum 

according to the parameter changes. 

Table 5.23 shows the variation of the first seven natural frequencies for a uniform beam 

î Uy — Uz = 0.0). These frequencies increase with the rotational speed. It is interesting to notice 

that for this special configuration when r = 0.5, (f) = 15° and if) = 45°, torsional and axial 

modes are not affected by the change of spin when Coriolis effects are neglected, see Table 5.23. 

The Coriolis effects are seen to depress the natural frequencies for the bending and torsional 

modes. 

The ratio of the first axial frequency to the fundamental bending mode was seen to decrease 

with the increase of speed. For instance, it has been found that wa/w^i 20, 14 and 6.82 for 

= 2000, 5000 and 10000 rpm, respectively. Since for the given geometrical configuration of 

the beam, the first axial frequency remains unchanged, the ratio is decreasing because 

of the increase in the bending modes due to the stiHening effect of the hub rotation. In contrast. 
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Table 5.23; The first seven natural frequencies in (rad/s) of rotating uniform Timoshenko beam 
R = 0.5, (f) = 15° and ^ = 45° 

n 

(rpm) 

Mode 

No. 

Modal 

Type 

Planar Modes 

FOM = 96 

Complex Modes 

FOM = 192 
CROM = 8 PROM = 8 

1 B 547.7268 ±547.5426i ±547.5426% ±547.5443% 

2 B 1875.5433 ±1874.86022 ±1874.8602% ±1874.8650% 

3 B 3090.7552 ±3090.5655% ±3090.5655% ±3090.6655% 

2000 4 T 6704.4023 ±6703.9221% ±6703.9221% ±6704.0228% 

5 B 8294.2716 ±8294.1096% ±8294.1093% ±8294.2509% 

6 B 9088.5041 ±9088.0700% ±9088.0699% ±9088.3655% 

7 A 11016.4571 ±11025.1748% ±11025.1750% ±11025.1782% 

1 B 775.6657 ±774.01967% ±774.0324% ±774.0197% 

2 B 1950.8937 ±1946.4678% ±1946.4983% ±1946.4678% 

3 B 3436.0196 ±3434.7604% ±3435.4615% ±3434.7605% 

5000 4 T 6704.4023 ±6701.5404% ±6702.1683% ±6701.5404% 

5 B 8675.0225 ±08673.9501% ±8674.8851% ±8673.9502% 

6 B 9196.3688 ±9193.3865% ±9195.2531% ±9193.3865% 

7 A 11016.4571 ±11071.1142% ±11071.1378% ±11071.1141% 

1 B 1277.8082 ±1266.7303% ±1266.7303% ±1266.7942% 

2 B 2196.5871 ±2177.0204% ±2177.0204% ±2177.1418% 

3 B 4447.3844 ±4441.3354% ±4441.3353% ±4445.0375% 

10000 4 T 6704.4023 ±6694.5644i ±6694.5644i ±6697.0532i 

5 B 9570.6060 ±9554.8947% ±9554.8947% ±9562.7179% 

6 B 9897.4550 ±9892.4507% ±9892.4503% ±9896.7042% 

7 A 11016.4571 ±11237.6546% ±11237.6545% ±11237.8350% 

B: Bending, T: Torsion, A: Axial 
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the axial modes are seen to increase with the spin when Coriolis effects are included. This is 

due to the coupling induced by the second term of equation (2.218) that includes the Coriolis 

forces 20 c {e}. Further, torsional modes are not affected by the spin as seen in Table 5.23. 

Coriolis effects are not important for low speeds, but they become of significance when the speed 

becomes important. For example at 2000 rpm the percentage difference between the frequencies 

when the Coriolis effects are accounted for and when they are neglected, is calculated to be 

0.03% for the first mode and 0.04% for the second mode. For O = 10000 rpm, this difference 

is seen to increase to 0.87% and 0.89% for the first and second mode, respectively. Therefore, 

Coriolis effects can be safely neglected at low speed for this type of rotating structures. 

Table 5.24 shows the variations of the first seven frequencies with pre-cone. In this example 

taper ratios have been taken to be {uy = 0.25, Vz = 0.375). For zero setting angle, the flexural 

frequencies decrease as the pre-cone increases. Thus the pre-cone has a softening eEect in this 

case. From these predictions, it can be seen that the axial and torsional frequencies are not 

affected by the change in pre-cone while the bending modes decrease as the pre-cone increases. 

This is because their constituent matrices do not depend on the setting angle and pre-cone. 

Comparison of these results with those of the previous case shows that the taper ratios 

reduce the axial frequency and increases the torsional mode. Taper ratios are seen to increase 

the second mode, while they decrease the remaining bending modes of the spectrum. Notice 

that the torsional mode is now shifted to the fifth position, thus occupying mode number 5. 

In Table 5.25 frequencies's variation are shown as a function of the setting angle Torsional 

modes decrease with increase in i/;, whereas the axial frequencies remains unchanged. On the 

other hand, the bending frequencies are seen to decrease with increasing Thus, the setting 

angle has a softening effect that depresses the frequency values. 

In Tables 5.26 and 5.27 the taper ratios are varying while other parameters are kept constant. 

When the taper ratios vary, all the frequencies change according to the change in the cross-

section area and the second moments of inertias resulting from the taper. When the taper ratio 

z/g increases, the torsional and the second Hap mode decrease while the lowest two lag modes 

along with the first and the third Hap modes increase. When the taper ratio increases, the 

axial and torsional frequencies increase along with the lowest three fiap modes and the first lag 

mode while the second lag decreases. This could be attributed to the decrease in cross-section 

area due to taper which renders the beam stiffer toward the tip. 
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Table 5.24: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam, 
R = 0.0, Vy = 0.25, Uz = 0.375, ip = 45° and Q, = 5000 rpm 

Mode 

No. 

Modal 

Type 

Planar Modes 

FOM - 96 

Complex Modes 

FOM = 192 
CROM = 8 PROM = 8 

1 B 634.1266 ±633.14362 ±633.1436% ±633.1570% 

2 B 2224.0618 ±2220.3795% ±2220.3795% ±2220.4181% 

3 B 2893.3925 ±2892.4303% ±2892.4303% ±2892.9676% 

0° 4 B 7183.4714 ±7182.6207% ±7182.6207% ±7183.3740% 

5 T 8637.1903 ±8628.9737% ±8628.9738% ±8629.6171% 

6 B 9224.6504 ±9228.7057% ±9228.7057% ±9230.5307% 

7 A 12753.0888 ±12797.6191% ±12797.6191% ±12797.6504% 

1 B 607.9264 ±606.9843% ±606.9843% ±606.9971% 

2 B 2216.9145 ±2213.2447% ±2213.2447% ±2213.2832% 

3 B 2883.1593 ±2882.2002% ±2882.2002% ±2882.7355% 

15° 4 B 7175.4961 ±7174.6459% ±7174.6464% ±7175.3988% 

5 T 8637.1903 ±8628.9325% ±8628.9325% ±8629.5759% 

6 B 9221.7204 ±9225.8199% ±9225.8199% ±9227.6441% 

7 A 12753.0888 ±12797.5984% ±12797.5983% ±12797.6296% 

1 B 589.5859 ±588.6727% ±588.6727% ±588.6852% 

2 B 2212.1620 ±2208.5006% ±2208.5006% ±2208.5390% 

3 B 2865.7145 ±2864.7599% ±2864.7598% ±2865.2917% 

30° 4 B 7157.1169 ±7156.2703% ±7156.2692% ±7157.0195% 

5 T 8637.1903 ±8628.8637% ±8628.8634% ±8629.5070% 

6 B 9216.8095 ±9220.9827% ±9220.9826% ±9222.0549% 

7 A 12753.0888 ±12797.5610% ±12797.5614% ±12797.5929% 

B: Bending, T: Torsion, A: Axial 
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Table 5.25: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam 
r = 0.0, Uy = 0.5, vz = 0.35, (/> — 0° and q = 5000 rpm 

V' 
Mode 

No. 

Modal 

Type 

Planar Modes 

FOM = 96 

Complex Modes 

FOM = 192 
CROM = 8 PROM = 8 

1 B 706.1584 ±706.0292% ±706.0313% ±706.0292% 

2 B 2317.3042 ±2311.3439% ±2311.4326% ±2311.3439% 

3 B 2969.7397 ±2969.6115% ±2969.6856% ±2969.6116% 

15° 4 B 7304.5836 ±7304.4629% ±7304.5699% ±7304.4633% 

5 T 8744.1562 ±8737.1692% ±8740.2838% ±8737.1692% 

6 A 10322.5066 ±10322.6872% ±10322.7636% ±10322.6871% 

7 B 13493.7995 ±13493.4297% ±13493.5289% ±13493.4292% 

1 B 662.8435 ±662.3928% ±662.3928% ±662.4000% 

2 B 2305.3923 ±2300.5929% ±2300.5929% ±2300.6638% 

3 B 2962.1085 ±2961.6381% ±2961.6382% ±2961.9089% 

30° 4 B 7315.9398 ±7315.5131% ±7315.5145% ±7315.8943% 

5 T 8743.74289 ±8737.5683% ±8737.5684% ±8740.1443% 

6 A 10322.5066 ±10323.1785% ±10323.1785% ±10323.4434% 

7 B 13543.3790 ±13541.4177% ±13541.4242% ±13541.7706% 

1 B 580.2648 ±579.0854% ±579.0854% ±579.1044% 

2 B 2283.3480 ±2281.6448% ±2281.645% ±2281.6685% 

3 B 2944.8329 ±2943.4320% ±2943.4319% ±2944.2344% 

60° 4 B 7309.0278 ±7307.7730% ±7307.7731% ±7308.8961% 

5 T 8738.1752 ±8734.2245% ±8734.2244% ±8735.3385% 

6 A 10322.5066 ±10324.5165% ±10324.5165% ±10325.2953% 

7 B 13539.6901 ±13533.9663% ±13533.9675% ±13534.9625% 

B: Bending, T: Torsion, A: Axial 
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Table 5.26: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam, 
r = q, uy = 0.35, q. = 5000 rpm, cf) = 0° and 1^ = 0° 

Mode 

No. 

Modal 

Type 

Planar Modes 

FOM = 96 

Complex Modes 

FOM = 192 
CROM = 8 PROM = 8 

1 B 750.6896 ±750.6888% ±750.6887% ±750.6887% 

2 B 2088.2869 ±2081.13622 ±2081.1362% ±2081.2138% 

3 B 3228.7876 ±3228.7745% ±3228.7745% ±3228.7745% 

0.1 4 B 8146.8907 ±8146.8153% ±8146.8149% ±8146.8194% 

5 T 8626.8199 ±8626.9050% ±8626.9050% ±8626.9164% 

6 B 8774.7549 ±8765.7989% ±8765.7989% ±8769.2889% 

7 A 12234.7839 ±12283.8861% ±12283.8862% ±12283.9219% 

1 B 746.3667 ±746.3662% ±746.3662% ±746.3662% 

2 B 2186.2857 ±2179.2928% ±2179.2928% ±2179.3738% 

3 B 3070.9405 ±3070.9342% ±3070.9342% ±3070.9342% 

0.25 4 B 7627.7055 ±7627.6896% ±7627.68965% ±7627.6927% 

5 B 8918.0559 ±8909.5037% ±8909.5037% ±8913.0276% 

6 T 8951.2007 ±8951.2178% ±8951.2178% ±8951.2252% 

7 B 12662.1332 ±12709.3143% ±12709.3143% ±12709.3528% 

1 B 730.0808 ±730.0807% ±730.0807% ±730.0807% 

2 B 2414.2957 ±2407.6054% ±2407.6054% ±2407.6947% 

3 B 2768.2740 ±2768.2587% ±2768.2727% ±2768.2733% 

0.5 4 B 6663.8009 ±6663.8370% ±6663.7985% ±6663.8008% 

5 B 9239.1762 ±9231.3035% ±9231.3035% ±9234.8872% 

6 T 9624.8046 ±9624.8033% ±9624.8033% ±9624.8065% 

7 B 12248.5079 ±12248.4683% ±12248.5095% ±12248.5128% 

B: Bending, T: Torsion, A: Axial 
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Table 5.27: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam, 
= 0, 1/2 = 0.0, Q. = 5000 rpm, 4> = 0° and ip = 0° 

Uy 
Mode 

No. 

Modal 

Type 

Planar Modes 

FOM = 96 

Complex Modes 

FOM = 192 
CROM = 8 PROM - 8 

1 B 751.0988 ±751.09722 ±751.0979% ±751.0979% 

2 B 1963.1385 ±1955.1572% ±1955.1573% ±1955.2216% 

3 B 3295.8558 ±3295.8444% ±3295.8360% ±3295.8361% 

0.1 4 T 7120.5680 ±7120.5787% ±7120.5787% ±7120.5869% 

5 8443.9017 ±8443.9147% ±8443.9169% ±8443.9208% 

6 B 9031.4954 ±9019.3427% ±9019.3427% ±9023.0071% 

7 A 11252.5521 ±11308.6650% ±11308.6650% ±11308.7061% 

1 B 752.2307 ±752.2302% ±752.2297% ±752.2297% 

2 B 2002.2695 ±1994.7102% ±1994.7102% ±1994.7806% 

3 B 3313.2122 ±3313.1924% ±3313.1923% ±3313.1923% 

0.25 4 T 7853.7392 ±7853.7039% ±7853.7039% ±7853.7154% 

5 B 8459.4082 ±8459.4657% ±8459.4660% ±8459.4708% 

6 B 8843.6044 ±8833.3559% ±8833.3559% ±8836.9237% 

7 A 11664.7812 ±11717.3267% ±11717.3269% ±11717.3626% 

1 B 751.4573 ±751.4560% ±0751.4560% ±751.4560% 

2 B 2091.0733 ±2084.3469% ±2084.3469% ±2084.4329% 

3 B 3354.1807 ±3354.1591% ±3354.1599% ±3354.1599% 

0.5 4 B 8418.8169 ±8410.8856% ±8410.8856% ±8414.1423% 

5 B 8509.2436 ±8509.1549% ±8509.1570% ±8509.1646% 

6 T 9474.8768 ±9474.9709% ±9474.9709% ±9474.9929% 

7 B 12580.8430 ±12627.7209% ±12627.7247% ±12627.7601% 

B: Bending, T: Torsion, A: Axial 
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5.3 Dynamic Analysis 

Unless otherwise stated, the material and geometrical properties for the different beams used 

throughout this section are similar to those summarized in Table 5.1. Several other parameters 

such as taper ratios, hub speed, hub radius, setting angle and pre-cone will be specified for each 

case under study. 

The Timoshenko beam is discretized into 16 equally spaced elements. Each element has 

two nodes with 6 degrees of freedom for each node. The total number of degrees of freedom of 

is then 102. When the boundary conditions are applied to a cantilever beam, the size of the 

system matrices becomes of order (96 x 96). When the equations of motion are transformed 

into state space form, their order is doubled. By invoking either planar or complex reduction, 

only the first x lowest modes are selected and retained. Therefore the reduced state space 

modal equations are of order {2x x 2x). Planar Reduction Order Model (PROM) or Complex 

Reduction Order Model (CROM) are used by specifying the number of mode solution to be 

retained. The displacement profiles for each case are compared to the Pull Order Model (POM). 

External loads of different types and magnitudes are applied in the vertical direction at 

several positions of the beam. The corresponding profile responses due to these excitations are 

plotted accordingly. For non-rotating beams, the profile response versus time is plotted, while 

for rotating beams, it is plotted versus beam rotation scaled a,tT = txQ, = tx (2ttN/60) 

expressed in radians. In the previous expression, t is the time, the speed N is expressed in rpm 

and fi in rad/s. The frequency spectrum of the forced time signal response is obtained using 

Fast Fourier Transform (PPT). Unless otherwise stated, throughout this study, the sampling 

time is chosen to be 1 ms while the sampling frequency is 1000 Hz. 

5.3 .1 N o n - R o t a t i n g B e a m 

In this section, the system equations is solved using the PROM and compared to the FOM of 

the Timoshenko beam. 

Step Excitation 

Figure 5-34 shows the flexural flapping deformations for the tip and the midpoint of the non-

rotating uniform Timoshenko beam with zero setting angle and pre-cone. The input excitation 

is a step load of a magnitude of 100 N and is applied at the tip of the beam in the vertical 

direction. The peak deflections remain similar to the first one as there is no damping in the 

system. The two mode solution shows a small difference with the FOM. 
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Tip nodal point 
- Midpoint of the beam 

PROM = 2 

Time (s) 

Figure 5-34: Two-mode solution for a step input load of 100 N applied at the tip of the non-
rotating uniform Timoshenko beam, i/j = (p = 0° and tzo = 0. 

Increasing the selected modes to four mode solution PROM = 4 did not show any difference 

between the four-mode solution and the POM, as shown in Figure 5-35. This shows that the 

four mode solution is sufficient to predict the system behavior and no further increase in the 

retained modes is required. Therefore, based on the predictions shown in Figure 5-35, it can be 

concluded that the planar modal reduction agrees very well with that of the FOM and results 

in a solution of equivalent accuracy. 

Analytical Solution 

An attempt has been made to obtain analytical expressions of the two mode solution in the 

above example by means of the convolution integral. For non-rotating beam, the reduced order 

model differential equation is given by 

where the reduced mass and stiffness matrices as well the forcing vector were found to be: 

[Me, 
1 0 

0 1 
= 10^ 

0.2411 0 

0 &4592 
and {Qr] 

2.3875 

7.2456 
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Figure 5-35: Four-mode solution for a step input load of 100 N applied at the tip of the non-
rotating uniform Timoshenko beam, ip = cj) = 0° and tzo = 0. 

It is clear that the above matrices are diagonal and [Mger] = [/] while the stiffness matrix 

[K*] = diag . This results in obtaining uncoupled undamped equations of motion for which 

a simple solution can be obtained. The fundamental frequency of the above non-rotating uniform 

Timoshenko beam is uji = 491.0717 rad/s while the modal matrix is the identity matrix. 

For zero initial conditions the solution of each equation, is the undamped convolution inte-

gral^ 

{u} — ~ j sinw (t — r) dr 

0 

where r is a dummy variable and Qi{T) is the forcing term. Therefore, the previous expression 

becomes 

{(/} = [1 - cos (wt)] 

Recalling that {e} = the tip nodal point as well as the mid-point deformations of the 

®also known as Duhamel's integral. 
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beam are respectively given by 

{w}tip = 3.0046 X [1 — cos (491.0717i)] cm 

{w}mid = 9.9004 X 10"^ [1 — cos (491.0717^)] cm 

The plot of the above responses is identical to the one shown in Figure 5-34. 

Damped Response 

In the previous example the reduced mass and stiffness matrices using two mode planar reduction 

to predict the step input response were given by the above matrices [Meer] and [K*]-

It is convenient to describe the damping of a structural system by a damping matrix [Deer] 

that is proportional to the mass matrix and the stiffness matrix according to Rayleigh [1] 

[Deer] = « [Mggr] + [fTger] (5.11) 

where a and P are given constants. This type of damping is called proportional damping. 

Proportional damping has found significant applications in FEA where damping needs to be 

incorporated in order to carry out meaningful response analysis and prediction. 

The corresponding two mode damped flexural flapping responses for the tip and the midpoint 

of the non-rotating uniform Timoshenko beam are shown in Figures 5-36 and 5-37 for the cases 

where a = 0.005 and /? = 0.001 and a = (3 = 0.05, respectively. Figure 5-36 shows an oscillatory 

decaying behavior of an underdamped system with a maximum percent overshoot of 4.26 x 10"^ 

cm for the tip nodal point and 1.45 x 10"^ cm for the mid point of the beam. It is clearly shown 

that the vibration amplitude decays in time and the motion dies out. 

5 .3 .2 R o t a t i n g B e a m 

This section discusses the stiffening effect induced by the hub rotation and its impact on the 

response profile of the beam as well as the interaction with effects from other parameters included 

in the model . It is divided into two subsections. The first one treats centrifugal inertia forces 

that are built in the model. They arise from the formulation of the problem. The second one 

deals with externally applied forces in addition to the centrifugal inertia forces. The response 

of some of the deformations versus beam rotation are shown at a wide parameter change. 
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Centrifugal Inertia Forces 

When the beam is rotating at constant speed, centrifugal elemental inertia forces {/J*} = 

j given by equation (2.201) arise from differentiating the Lagrangian 

with respect to the generalized co-ordinates and time. The expressions of g] and 

is invariant while are respectively given by equations (2.55) and (2.57). Notice that 

["^koe] implicit function of time since it is function of y = fit. These forces being dependent 

on the position vector of the undeformed state of point and the hub radius TZo exhibit 

a change of significance to the deformation of the structure since they are also function of 

Therefore, they should not be overlooked in this type of structures when dynamic response 

analysis is concerned. On the other hand. It is worthwhile to notice that the entries of the 

inertia forces corresponding to nodal co-ordinates 0^, 9y are zeros. 

Figure 5-38 shows the tip flapping and lead-lag deformations of a rotating tapered Timo-

shenko beam for which Uy = 0.35 and = 0.50. The 3.6 cm hub radius is rotating at a speed 

of 2000 rpm while the pre-cone and setting angle were set to 15° and 60°, respectively. 

In the first trial, two-mode planar and complex reductions have been selected to predict 

the response of the beam. The approximate PROM and CROM solutions agree well with the 

full order solution as shown in Figure 5-38. However, the corresponding curves do not match 

perfectly at the maximum, minimum and sharp end points. The retained modes now include 

four-modes. A magnification (not shown here) of the resulting profiles revealed some minor 

mismatching with the FOM. Therefore, the truncation process is extended further to eight-

mode planar and complex reductions. The eight mode-solution planar and complex reduction 

are seen to be in perfect agreement with the full order model since no noticeable difference could 

be found. 

The tip profile of the lagging and flapping vibrations based on eight-mode complex solution 

are shown in Figure 5-39 along with those of torsional and axial deformations. Comparing the 

two flexural deformations, the lead-lag profile shows a very sensitive behavior to the centrifugal 

inertia forces. This is manifested by comparatively larger peaks. This is not surprising since 

the lead-lag deformations are caused mainly by the centrifugal inertia forces that are directed 

toward the lagging direction. In addition, the lead-lag motion is not seen to have a periodic 

response in the interval shown. In contrast, the flapping motion is showing a profile that is 

similar to a beating phenomenon with a period of 0.24 s and a maximum peak of approximately 

0.25 cm. Notice that the flapping-deflections are caused by the coupling in bending due to the 

presence of the setting angle and the Coriolis forces induced into the system as a result of the 
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hub rotation. 

The axial deformations are seen to have a similar shape to that of the flapping motion but 

with smaller amplitudes. The torsional profile shows a fluctuating behavior and have smaller 

magnitudes than those of the axial motion. The first four natural frequencies were found to be 

596.45726, 622.8545, 2650.2540 and 2879.7938 rad/s. 

Of particular importance in the domain of dynamic analysis of rotating beams is to investi-

gate whether the frequencies resulting from the forced signal representing the lead-lag response 

can be represented in the frequency domain. An attempt has been made to predict the fre-

quency spectrum of the present signal using FFT. Figure 5-39 shows the signal representing the 

response of the lead-lag motion for the previous beam along with the spectral density of that 

signal using FFT. The lowest six dominant frequencies and their corresponding magnitudes are 

shown along with the frequency spectrum of Figure 5-39. The first forced frequency is 27.92321 

Hz which is equivalent to 175.4467 rad/s or 0.3 times the first natural frequency. 

In order to better understand the effect of the setting angle on the dynamics characteristics 

of the previous beam, another example is given. In this attempt, the setting angle is set to zero, 

while the other factors have been kept unchanged. This eliminated the coupling due to bending. 

As a result, the response representing the amplitude of the flapping deformation is reduced 

to zero while the lead-lag deformations remain fluctuating with different shapes and smaller 

amplitudes as shown in Figure 5-40. The natural frequencies of the beam have increased. The 

first four natural frequencies were found to be 625.6186, 650.4243, 2656.9401 and 2885.5883 

rad/s. This explains that the inclusion of a setting angle reduces the natural frequencies of the 

beam and therefore increases the amplitudes of the vibrational lead-lag motion. It is interesting 

to notice that beam rotation corresponding to 30 rad that is to say t = 0.143 s represent an axis 

of symmetry to the lead lag profile. 

The torsional deformations have a similar pattern to that of the lead-lag deformations but 

with a smaller amplitudes. The axial deformations are seen to decrease in magnitudes and have 

a smaller period of time. Noting that the axial and torsional deformations are caused by the 

coupling caused by the Coriolis forces. 

The effect of neglecting the pre-cone on the dynamic characteristics of the previous beam 

is examined. This is manifested by the profiles shown in Figure 5-41. As a result, the first 

four natural frequencies experience a shght increase when compared to the previous case. They 

were found to be 626.3586, 651.1342, 2657.6835 and 6544.4497 rad/s. This is due the fact that 

the arm associated with the radial component of the centrifugal force depends on the quantity 
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{TZo + rp cos (?!)), which is maximum for 0 = 0°. This renders the beam stiffer, which in turn 

would increase the frequency values. The flexural deformations were seen to be unaffected while 

the torsional deformations were seen to be zero. The axial deformations are seen to be fluctuating 

with a very small amplitudes when compared to the previous case. Again these deformations are 

caused by the coupling in bending-axial deformations due to Coriolis forces. It can be concluded 

that the neglect of the pre-cone would result in eliminating the coupling bending-torsion that 

results from Coriolis forces. 

To see to what extent the Coriolis forces can contribute to the dynamic characteristics of 

the previous beam, the Coriolis effects have been eliminated by taking the Coriolis matrix to be 

the null matrix. The resulting response is shown in Figure 5-42. From this figure it is clearly 

seen that the axial deformations becomes zero as a result of neglecting the Coriolis forces. All 

the other deformations remain as stated before. 

To see the effect of increasing the hub speed on the dynamic characteristics of the previous 

tapered beam {uy = 0.35, Vz — 0.50), a value of O — 3000 rpm was selected. The other geo-

metrical and material properties remain similar to those depicted in the caption of Figure 5-38. 

This would increase the frequencies of vibration due to the stiffening effect induced by the hub 

rotation if there were no setting angle. The magnitude of the centrifugal inertia forces would 

also increase. Consequently, this would produce a larger deformations of the beam. 

Notice that although the rotating speed has increased the first two natural frequencies have 

decreased by 1.31% and 1.18% respectively while other higher frequencies were all exhibiting 

a stiffening effect. This can be explained by the fact that at high speed, the softening term 

Vt?' sin ip cos (j) sin {ij) -{- 4>) dominates the stiffening effect and becomes more influential at high 

speed and lower modes rather than at higher ones since the term sin ̂  cos sin -f- does 

not vary with the mode number. 

The response pertinent to the deformations of the beam is shown in Figure 5-43. These 

profiles are characterized by higher amplitudes and different shapes. The amplitudes of the 

lead-lag deformations are larger than those of the flapping ones. The axial deformations have 

larger peaks than those of the torsional ones. In addition, the amplitudes of axial and torsional 

deformations are very small when compared to the flexural ones. The torsional and axial modes 

are higher then the flexural ones and this explains why they produce smaller deformations than 

the bending ones. For instance, the first axial and torsional frequencies for this example are 

respectively, 12154.8692 rad/s and 7209.3847 rad/s. These frequencies are respectively 20.65 

and 12.25 times greater than the fundamental flexural mode. 
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Figure 5-44 shows respectively, the flexural, axial and torsional tip deformations of the rotat-

ing Timoshenko beam. In this example, the beam spinning at 2500 rpm, is tapered {vy = 0.25) 

in the ^/-direction and uniform {uz = 0.0) in the ^-direction . The setting angle and pre-cone 

are equal to 45° and 15°, respectively. It is clear from these figures that the eight-mode solution 

based on complex reduction is equivalent to the solution provided by the full order solution. 

The peaks of the present flexural deformations are lower than those of the previous example. 

This is due to the combination of the different parameters and their effects, namely the decrease 

in hub speed, the change in taper ratios and pre-cone and setting angle. The decrease in hub 

speed reduces the centrifugal stifihess matrix, thus reducing the centrifugal forces. Further, the 

taper ratio decreases both the stiffness and mass of the beam. Consequently, the total stiffness 

of the beam is reduced. 

On the other hand, it is seen that the flapping and lead-lag profiles are in phase. The peaks 

of the lead-lag deformations are higher than those of the flapping one. 

From Figure 5-44 it can be seen that the amplitudes of axial and torsional deformations 

are very small when compared to the flexural ones. The torsional deformations are of negligible 

magnitude when compared to the axial ones. The torsional and axial frequencies are higher than 

the flexural ones and this explains why they produce smaller deformations than the bending 

ones. For instance, the first axial and torsional frequencies for this example are respectively, 

11677.2560 rad/s and 8353.0295 rad/s. These frequencies are respectively 20.68 and 14.79 times 

greater than the fundamental flexural mode. The axial deformations have a similar pattern to 

that of the flexural deformations but with smaller peaks. 

Notice that the value for which the beam rotation is equal to 30 (i.e., t = 0.114 s) constitutes 

an axis of symmetry for the flexural profiles as well as the axial one. 

The frequencies resulting from the forced signal representing the flapping response have been 

computed and represented in the frequency domain. The frequency spectrum of the signal is 

represented along with the spectral density of that signal as shown in Figure 5-44. The lowest six 

frequencies and their corresponding magnitudes are shown along with the frequency spectrum 

of Figure 5-44. 

External Forces 

Impulsive and sinusoidal loads are imposed either in the vertical or lateral direction at specified 

nodal points such as the tip or the midpoint of the rotating tapered cantilever Timoshenko 

beam. The impulsive load is known to excite higher frequencies. A sinusoidal load is applied 
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to the structure with different magnitudes and frequencies. The effects of these external forces 

is added to the centrifugal inertia forces and the response of the structure is shown for several 

parameter changes of the beam. Unless otherwise stated the Timoshenko beam is offset with 

3.6 cm hub radius and rotating at 2000 rpm. 

Impulse excitation 

In this section an impulsive load of 100 N is applied in the vertical direction at the midpoint 

of the beam. Impulsive loads are known to excite all the modes including the higher ones. 

Consequently, this load affects the whole structure and several deflected locations of the beam 

will be shown accordingly. 

In the first trial, four-mode planar and complex reductions have been selected to predict the 

response of the beam. The impulsive load is applied at the midpoint vertical direction of the 

uniform beam where the pre-cone and setting angle are both set equal to zero. The approximate 

PROM and CROM solutions agree well with the full order solution as shown in Figure 5-45. 

However, the corresponding curves do not match perfectly at the maximum, minimum and 

sharp end points. The process of selecting the first few modes has been extended to include 

eight-mode solution. A magnification (not shown here) of the resulting profiles revealed some 

minor mismatching with the FOM. Therefore, the truncation process is extended further to 

include twelve-mode planar and complex reductions. The corresponding twelve-mode tip profile 

response of the beam is shown in Figure 5-46. The twelve mode-solution planar and complex 

reduction are seen to be in perfect agreement with the full order model since no noticeable 

difference could be found. 

Figure 5-46 shows that the flapping motion (in the direction of force) is very sensitive to the 

applied force. This is manifested by comparatively larger peaks, very sharp ends and smaller 

period of time. This difference is due to the fact that the flapping deformations are caused only 

by the applied impulsive load while the lead-lag deformations are the result of the contribution of 

both the built in centrifugal inertia forces and the coupling due to the Coriolis forces. In Figure 

5-46 are also shown the first six dominant forced frequencies and their respective magnitudes 

for the flapping motion. 

Figure 5-47 depicts the tip response of a tapered beam for which Uy = 0.1 and Vz = 0.2 

where the pre-cone and setting angle were respectively set to 0° and 45°. It is seen that the flap-

ping and lead-lag deformations have similar fluctuating profiles but with a phase shift between 

them. However, unlike the previous case, the lead-lag deformations are seen to respond to the 

excitation with greater sensitivity because of the change in setting angle and taper ratios. This 
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is characterized by larger flexural deflections which is not surprising since the impulsive load for 

this case is applied at the tip nodal point. The torsion and axial profiles have smaller peaks 

and periods of time as shown in Figure 5-47. They are characterized by having higher frequency 

values. On the other hand, the lowest six dominant forced frequencies are displayed along with 

the frequency spectrum for the forced flapping response. The range for these frequencies vary 

from 20.94241 to 94.24084 Hz with a maximum magnitude of 65.72164 Hz. 

To better understand the effect of increasing the setting angle on the dynamic characteristics 

of the rotating tapered Timoshenko beam, the cross-section of the previous beam is oriented by 

a setting angle of 90° while the pre-cone remained equal to zero. The same impulsive load was 

applied vertically to the end point of the beam. The corresponding tip deformations are shown 

in Figure 5-48. It has been shown in the previous sections that the increase in the setting angle 

would decrease the natural frequencies of the rotating beam. This is known as the softening effect 

which opposes the stiEening one caused by the rotation of the beam. For instance, comparing 

the first two frequencies with those of the previous example, the decrease in frequency values 

is seen to be 3.8% for the first mode and 0.3% for the second mode. On the other hand, the 

maximum peaks of the tip lagging deflections are approximately three times larger than that of 

the flapping ones. Further, the period of the lagging deformations is approximately 12.082 rad 

(or 0.061 s). The flapping deformations are not seen to have any periodic motion. The torsion 

and axial profiles are seen to have very small amplitudes when compared to those of the bending 

ones. 

In Figure 5-49 are shown the tip profiles of the previous beam where the impulsive load of 

100 N in magnitude is applied in the lateral ^/-direction. The flapping and torsional motions are 

zero since there is no force applied in that direction. In contrast the lead-lag deformations have 

no periodic signal. They show more sensitivity to the excitation applied load that is manifested 

by sharp profile ends and higher magnitudes. This is due to the fact that these profiles are 

caused by both the contribution of the built in centrifugal inertia forces and the externally 

applied impulsive load. The frequency spectrum of the lead-lag response is shown along with 

the different profiles. The first five forced frequencies are seen to be lower than those of the 

previous example but with higher magnitudes. 

Sinusoidal excitation 

Sinusoidal external loads of different magnitudes and frequencies are applied at the tip nodal 

point of the beam. The effect of this load on the deformed structure is shown and the corre-
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Figure 5-49; Twelve-mode response to an impulsive load of 100 N applied in the ^-direction 
at the tip of the rotating uniform Timoshenko beam and its corresponding frequency spectrum 
using FFT, (O = 2000 rpm, i/y = 0.1, i/z = 0.2, = 90°, (p = 0° and 7zo = 3.6 cm). 
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spending different response profiles is manifested at several locations of the beam. 

Figure 5-50 shows the four-mode solution tip flexural deformations of the beam pertinent to 

complex and planar reductions. The beam is rotating at 2000 rpm and is tapered in the two 

planes where Uy = 0.15 and Uz = 0.25. The pre-cone and setting angle are set to 30° and 75°, 

respectively. The hub radius is set to zero. The apphed load has the form F(t) = 7500 sin (610t) 

N imposed at the tip nodal point of the beam in the vertical direction. The forcing frequency 

D, = 610 rad/s is near the fundamental frequency of the beam lo = 534.4726 rad/s. Therefore, 

the flexural responses of the beam are seen to exhibit a beating phenomenon as expected. This 

is shown in Figure 5-50. The four-mode planar solution for these profiles is shown to produce 

some small differences when compared to the four-mode complex solution and the full order 

model solution. An increase in the number of the retained modes would certainly improve the 

solution given by the planar reduction and converge to the full order model solution. Although 

the lead-lag deformations are seen to be higher than the flapping ones, they are seen to have a 

similar beam rotation period 22 rad or 0.084 s. Besides the coupling due to Coriolis forces and 

the couphng due to bending caused by the inclination of the beam with a setting angle the 

deformations of the beam are caused by the externally applied force and the contribution of the 

centrifugal inertia forces. 

In another example, the same load is applied in the ^-direction for the previous beam with 

90° setting angle and zero pre-cone. The eight mode approximate solution matches perfectly 

the FOM solution. The deflections in the direction of the applied force are seen to be higher 

than those of the previous case as shown Figure 5-51. For ^ = 90°, the flapping deformation 

(perpendicular to the applied force) are seen to be zero since there is no force applied to the 

beam in that direction. The coupling in bending is eliminated &t ip = 90° as shown before. The 

torsional deformations are also seen to be zero while the axial deformations exhibit a fluctuating 

profile with smaller amplitudes and higher frequencies. The frequency spectrum for the lead-lag 

deformation is shown also in Figure 5-51. The first frequency corresponds to 76.76202 Hz or 

482.31 rad/s, which is smaller than the first natural frequency of the beam to = 523.9362 rad/s. 

In the following example, the retained modes were kept to four for both planar and complex 

reductions while the previous beam has been excited by a sinusoidal input of 15 kN and a forcing 

frequency of 8000 rad/s. This frequency lies between the sixth and seventh mode of the frequency 

spectrum of the system. The corresponding responses are depicted in Figure 5-52. Comparison 

between the two approximate solutions shows some discrepancies. But, when compared to the 

FOM the four mode planar solution shows a noticeable diEerence. This difference means that a 
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satisfactory solution is not reached yet. A suggestion of increasing the number of retained modes 

would be strongly recommended in order to reach a solution of the same order of comparison 

because the retained modes spectrum does not contain the forcing frequency. This renders the 

reduced order model " blind" to the exciting frequency. The retained modes have been extended 

to eight-mode approximate solution and the corresponding response match perfectly with the 

FOM and a converged solution to the FOM has been obtained as shown in Figure 5-53. 

In Figure 5-54 are shown the flexural, torsional and the axial deformations of the beam as 

well as the corresponding frequency spectrum for the w-deformations. The frequency spectrum 

ranges from 62.7615 to 481.1715 Hz. 
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Chapter 6 

Conclusions and Recommendat ions 

6,1 Conclusions 

A finite element consistent mass formulation is employed to discretize the beam element. Each 

element has two nodes and each node has six degrees of freedom-three translations and three 

rotations. The effect of shear deformation rotary inertia, angular settings, hub radius, unequal 

breadth and depth taper ratios as well as spinning rotation and Coriolis effects are considered. 

This formulation permits unequal element lengths, and may be applied to tapered and uniform 

beams with solid or hollow rectangular and circular cross-sections. This model can be easily 

reduced to Euler-Bernoulli beam by ignoring the rotary inertia and shear effects. The uniform 

beam can be obtained by setting the taper ratios to zero. 

The shape functions for the three dimensional Timoshenko beam element are derived. Exact 

expressions of the element stiffness, Coriolis and inertia matrices are derived in parametric form 

where all the parameter changes are accounted for. The exact expressions of these matrices 

have the computational advantage of eliminating the loss of computer time and round-off errors 

associated with extensive matrix operations required for their numerical evaluation. 

The equations of motion for the forced vibrations of three dimensional rotating tapered 

Timoshenko beam are derived using a suitable formulation of the Lagrangian form in conjunction 

with the finite element technique. These equations take into account the coupling in bending 

deformations and include the effect of Coriolis forces, shear deformation and rotary inertia, hub 

radius, taper ratios and angular settings of the beam. A mixed set of generalized co-ordinates 

that Eiccounts for inertia coupling between reference motion and local elastic deformations is 

employed. The coupling terms that represent the inertia coupling between the reference motion 

and small elastic deformations are expressed in terms of a set of time invariant quantities (scalars 
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and matrices) that depend on the assumed displacement field, rotary inertia, shear deformation, 

angular settings, hub radius and taper ratios. 

The use of the present formulation is demonstrated first by casting the system equations in 

state space form in order to accommodate the Coriolis effect. The eigenvalue problem is defined 

and solved for both full order model (FOM) and reduced order models (ROM). 

Two reduced order models using modal reduction have been successfully applied to the 

analysis and prediction of the vibrational response of a spinning tapered Timoshenko beam. 

The reduction process results in retaining a set of significant modes which account for almost 

the total amount of the kinetic energy content in the system. In general, the lowest modes 

spanning the lower end of the frequency spectrum, in addition to other modes which span the 

frequency spectrum of the forcing function are retained as significant modes. Several types of 

excitation such as step, impulsive and sinusoidal loadings have been applied to the beam. Few 

retained modes are shown to preserve the exact behavior of the rotating beam for different 

parameter variations. 

The frequency spectrum of the forced time signal response is computed and plotted along 

with the response profiles for a wide range of parameter variation using the FFT algorithm. 

The developed finite element model is implemented into a computational scheme for calcu-

lating natural frequencies and dynamic time response analysis. Some conclusions pertinent to 

the results of simulations are summarized and stated below. 

The reference rotation tends to stiffen the beam, thus increasing strain energy stored during 

elastic deformation. On the other hand such stiffening effect tends to increase the modal fre-

quencies, consequently increasing the amount of kinetic energy associated with the elastic modes 

of the system. This is known as a stiffening effect due to the rotation. 

Southwell relationship is extended to include the effects of taper ratios, hub radius, pre-cone 

and setting angle as well as Coriolis forces. The explicit expressions for the Southwell relation for 

the lowest four vibrational flexural modes of rotating beams with several combinations of taper 

ratios, pre-cones, setting angles and various slenderness ratios were presented. The bending 

frequency of the mode of a rotating beam may be obtained from the Southwell relation, 

with knowledge of the non-rotating frequency, the speed of rotation and SC. The Southwell 

relationship is seen to be very useful not only for its simplicity and rapid estimation for the 

predictions of the frequencies of rotating beams but also for its accuracy. Southwell coefficients 

are seen to be in linear relationship with the hub radius. The separate effect of taper ratios is 

seen to have more influence on the slope and intercept of the SC. However, while the intercepts 
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of these lines are seen to vary with the pre-cone and setting angle, the slopes are seen to be not 

affected. 

A closed form solution was obtained for each mode within the parameter variations. The 

slopes and intercepts of the respective lines are seen to be a function of both taper ratios as well 

as the pre-cone and setting angle. It was observed that the expression for Sta in its general 

form, does not represent a linear relationship with R. Based on these numerical observations, 

it may be concluded that Southwell Coefficients depend upon the non-dimensional hub radius 

R, taper ratios Vy and the pre-cone (f) and setting angle ip and upon the rotational spin 

parameter fi. 

The effect of setting angle is examined on the dynamic characteristics of rotating uniform 

Timoshenko beams. The first four frequency parameters have been evaluated at a wide range 

of setting angles. Based on the numerical results obtained from this investigation, it can be 

confirmed that the frequencies decrease as the setting angle increases. However, its effect on 

the frequencies reduces for higher modes. In fact, the effect of becomes negligible beyond 

the second mode according to the present results. The reason for this is attributed to the fact 

that the softening term sin^ ifj is constant regardless of the mode considered therefore; it has 

more influence on modes with small frequency parameters. There are certain cases of parameter 

changes where the softening effects dominates the stiffening effects which result in a decrease of 

frequencies as the spin increases. 

With knowledge of the spin and the out-of-plane or in-plane frequency parameters along with 

Lo and Renbarger [6] relationship in hand, the in-plane or out-of-plane frequency parameter may 

be easily investigated without recourse to further extensive calculations. 

It was shown that if the relationship given by Lo and Renbarger [6] is substituted into the 

Southwell relation, the resulting out-of-plane and in-plane Southwell coefficients differ by unity, 

regardless of the mode considered. This formula along with the Southwell relation provides a 

well suited tool for frequency estimates at a preliminary stage design. 

The rotation of the cross-section of the beam with a setting angle ifj does couple the in-plane 

and out-of-plane motion and deformations. In this case, one cannot distinguish these two modes 

from each other. When in-plane and out-of-plane displacement variables are coupled, the modes 

will not have a simple interpretation. That is, one may be mostly in-plane with a bit of out-of-

plane. Depending on the size of deformation in diEerent planes one would be only able to say 

if the in-plane or the out-of-plane vibration, at this frequency is dominant. In this case, there 

is no pure in-plane or out-of-plane vibration mode. However, torsion is also coupled with the 
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bending modes through Coriohs effects. 

Pre-cone is a design solution that satisfies aerodynamic requirements. Numerical predictions 

were presented showing the effect of pre-cone on the dynamic characteristics of the present rotat-

ing tapered Timoshenko beam. Pertinent to these numerical observations, it can be concluded 

that for a given spin parameter and thickness ratio, the flapping mode frequencies decrease 

with increasing pre-cone. This may be due to the fact that as the pre-cone increases, the arm 

(7^0 + rp cos (f) associated to the centrifugal force decreases. From the equations of motion and 

the present results, the pre-cone was shown to have a softening effect that is similar to the effect 

of setting angle. The influence of the pre-cone is clearly seen to be of significance on the fun-

damental mode and is negligible on higher ones. The reason for this is that the softening term 

sin 1^008(1) sin + (f)) is constant regardless of the mode considered, therefore it has more 

influence on modes with small frequency values. This phenomenon is often called a softening 

effect that counteract the stiffening behavior encountered in rotating beams. However, the effect 

of the pre-cone on the dynamic characteristics of the rotating beam is seen to be less influential 

than the effect of the setting angle. 

One way of controlling the maas and stiffness matrices of such structures is by introducing 

a taper either in width or depth direction or both. The effect of taper is important to the 

dynamic behavior and modal characteristics of rotating beams for which a specified distribu-

tion of strength/weight ratio is required for optimum performance and design criteria in many 

structures. 

The introduction of taper makes the principal flexural rigidities of the beam unequal except 

at the root for square and circular cross-sections. When such a tapered beam is set with a setting 

angle ip, coupling occurs between the bending motions in the two mutually perpendicular (xy)-

and (xz)- planes containing the y- and z- axes of the cross-section. Such a beam with no setting 

angle has two independent flexural frequencies about its principal axes which are dependent on 

the width to depth ratio of the cross-section. 

Based on the results obtained from this investigation, it may be concluded that the dynamic 

characteristics of the rotating beam depend upon the taper ratios of the beam in addition to 

other parameters built into the model. Depending on the taper ratios, the mass and stiffness of 

the beam may increase or decrease and consequently, the dynamic characteristics are seen to be 

affected accordingly. 

Some numerical predictions show that as the taper ratio Uy increases the thickness toward the 

tip becomes smaller which results in a decrease in mass and stiSness of the beam. Consequently, 
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the frequency parameters for all modes increase. For the taper in the other direction, it is seen 

that the first mode preserves the same behavior while the second and third mode exhibits a 

reverse trend. 

The Coriolis forces result from the precession of reference axes. From the predictions shown, 

in general, the Coriolis effects depress the frequency values. At low speed ratios the Corio-

lis effect is very small and therefore can be neglected. Coriolis forces introduce coupling in 

bending-torsion, bending-axial, bending-bending and axial-torsion modes when the setting an-

gle is different from 0° and 90°. However for zero setting angle the Coriolis forces have no 

couphng effects that influence the dynamic characteristics of the rotating tapered beam and 

therefore can be safely ignored. 

Numerical solutions show that the slenderness ratio has a significant effect for short beams 

and for higher modes. The predictions show that the shear is more pronounced in higher modes 

and is of no significance at the lower ones. 

The inertia forces result as a natural phenomena due to rotation and are of significant 

importance as far as dynamic analysis is concerned. It is observed that these forces produce the 

largest deflections. 

Based on the results of simulation, and with data presented in this investigation, planar and 

complex modal reductions maintain the same order of comparison for this type of structures. 

The former is considerably easier to apply, the latter is more realistic. However, for complex 

structures the complex modal reduction would be expected to produce more accurate results. 

6.2 Recommenda t ions 

Further investigations are required for the extensions of the present work. The following recom-

mendations are made for future research: 

• Extending the present model to include the effect of pre-twist. 

• Extending the present model to include the torsional coupling. 

« Studying the effect of the warping of the cross-section during torsion. 

• Extending the present model to include an airfoil cross-section where the center of flexure 

does not coincide with the center of mass of the beam. 

• The present model can be extended to include structural and viscous damping. 
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» The spin rotation is assumed to be constant. This assumption yields a constant Coriolis 

matrix. During the start-up and shut down the spin rotation is not constant. If a variable 

spin is considered, it yields a time dependent Coriolis matrix. The present study can 

be extended to study the time dependent Coriolis matrix on the dynamic analysis of the 

rotating tapered Timoshenko beam. 

# Extending the present formulation to account for aerodynamic forces. 
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Appendix A 

Transformation Matrices 

In order to perform co-ordinate transformation from the element co-ordinate system to the 

body co-ordinate system, the rotation matrix [K'] is required. Direction cosines for the 

axes can be found directly by geometric considerations. Let and (2:2,2/2,%) be the 

locations of the nodes of the beam element. The transformation matrix from the element 

axes to the body 5xe co-ordinate system is given by [88] 

- 4 4 

- c t 

y ( 4 ) ^ + ( 4 ) ^ y ( 4 ) ^ + ( 4 ) ' 

\ / ( 4 ) ' + ( 4 ) ' 0 

\ / ( 4 ) ' + ( 4 ) ' \ / ( 4 ) ' + (c: 

(A.l) 

where 

Zo - a:; c; = S = 
3/2-3/1 

I' 
zA - z; 

CI = 

and Z' is the length of the element, given by 

= y ( 4 - 4 ) ^ + (2/2 + ( 4 - 4 ) ' 

It can be easily verified that the matrix [9%̂ ] is orthogonal, a property that is utiHzed throughout 

the development of this work. 

The preceding transformation is valid for all positions of the element, except when the 
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element ajcis coincides with the body axis 3=2 axis. In this case, the transformation matrix 

is given by [88] 

0 0 

4 0 0 (A.2) 

0 0 1 

If the rotations at the nodes with respect to body axes are infinitesimal, the same matrix [3?'] 

can be used to transform rotations from the element axes to the body co-ordinate system. That 

is, the matrix of equation is given by 

0 

0 

0 

0 

0 

0 0 

0 0 

[3%'] 0 

0 

T 
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Appendix B 

Shape Functions Matrix 

The three dimensional elemental shape functions matrix is given by 

N) 

[ 5 f 

0 

0 

0 - (1 --fT) z'C 

z % ( i - 4 e + 3 f ' + 0 i , ( i - e ) ) c 0 

( i - 4 r + s e ' + $ 1 ( 1 - f ) ) ( r - 2 f ' + r ' + ^ ( e -

r 0 
6<&z ( - - f r + ( T ' ) t s i r 

645; ( - - f i + 0 

0 

( - 2 r + s r ' + c 

--#5% (.-2%r 4-3;r ' » I 

- r z ' c 

^ 3 4̂ ^ 
+ r (fT - - f r ' 

0 

0 

( i - .-wr' 4-!%r* 4- s ; ( i --(T)) 

( i - e ) z v 

--zigT _ 2(r" + -f (;r - 4r' 

0 

0 

<5% (cwr' - sur* 



Appendix C 

Element Matrices 

The exact exphcit expressions of the element matrices of the spinning tapered Timoshenko 

beam element are given by 

Table C.l: Elemental axial stiSness matrix 

12x12 LQyljQ l̂̂  
[/CpJ, P, 9 = 1 ,2 , . . . ,12 

where the nonzero entries of the lower triangular part of [/Cp g] are given by 

ki i = — 2 ^ ^7,7 ~ Ml ~ 

Table C.2: Elemental torsional stiffness matrix 

_ G 

12x12 f' 
p,q — 1 , 2 , 1 2 

where the nonzero entries of the lower triangular part of are given by 

in — Ti/?/ ( °!zo — + 7^' "10,4 — "̂10,10 — 2 
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Table C.3: Elemental bending stiffness matrix in the (a;?/)-plane 

E 0 

12x12 
[^p,q] 1 P, 9 — 1, 2, 12 

where the nonzero entries of the lower triangular part of g] are given by 

2̂,2 -Kg 2 — /Cg_8 
/132 -4 21 j3 24 ^2 „ ;i I 1 o \ • 2 I 
\ "ss' —^^^3^ + Z + 120:̂ 0 ) sm ^ 

+ r 132 ^4 21 -3 24 -2 n I 10 \ 2 / 
2z I — QttyJ + IZa^o I cos ^ 

/̂ G,2 — 
- & ( 1 4 $ : - 19) 1-' + ^ m - 4) . 

60 iu sm ip 

^ - (5$2 7) + ($2 — 2) 

I I 2 / 
+ I \ z l Y j cMT^ 

- - (50i - 7) a^Z'' + ($ i - 2) a,,Z^' + 6a,,Z' 

^12,2 — r 

+ r . 

^ (I40i + 47) Z:' - ^ (3$i + 10) a,,Z:' \ 
35. 

y +— (5$2 + 17) ^zgZ' — + 4) + Gâ gZ* 

^ ^ ( l 4 $ i + 4 7 ) Z : ' - ^ ( 3 $ i + 10)(,^,Z'' 
35. 

^ + - (5$g + 17) â gZ* - + 4) %^Z^ 4- Gâ gZ* y 

sin^^ 

y,6 r M/ 

+ r . 

y + ( $ f + 20 i + 4 ) a ^ Z ' ' 

1 ( 7 $ f - 14$1 + 12) Z'' - ^ ( 5$ f - 8 $ : + g) a^Z: ' 

+Yg (5$^ - 5$2 + s j a /̂gZ' - - 0̂% + 2^ a^^Z' 

+ ( $ f + 2 $ l + 4 )a , .Z ' ' 

sin^i^ 

cos^^ 

Uv _ "p 
^̂ 12,6 — ^ W 

7$%' + 14$1 - 26) z:" + (5$!' + 10$t - 16) â ^̂Z 

1 (50f + 10$i - 13) a,,Z'' + - ( $ f + 2$: - 2) a,,Z'' 

_ ( $ 2 + 2 $ i - 2 ) a , , Z ' ' 

/_i 
+ r . 

^7$f + 14$: - 26) Z'' + 1 ( 5 $ f + 10$1 - 16^ a^,Z'' 

1 / ^ , . 2 ..."X „4 , 1 / ^ , 2 

15 

sin^ i/) 

50' + 10$% — 13 I ck̂ Ẑ  + - ( $ : + 2$: — 2 j %iZ' 

+ 2$t - 2 ) aygZ '̂ 

cos^ i/; 
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'̂ 12,12 r. yy 

+ r . 

where 

(5$ i ' 4- 25$i + 38) ^ + 4$: + 6^ a , J ' ' 

+ ( $ i ' 4 - 2 0 i + 4 ) a , , r ' 

^ A ^ ^ ' A ''' ̂ 4 
+ A ^ + 40 i + 6) c^,Z'' 

sin^ i f j 

\ + ( $z + 2$}. 4- 4) a^o^* 

cos^ 

r. 'OW 
yy - r 7-3 

-'-'oyJ-'oz 
and Tzz = 

Table C.4: Elemental bending stiffness matrix in the (zz)-plane 

K 
12x12 

[ % ] , p,g = l ,2 , . . . ,12 

where the nonzero entries of the lower triangular part of are given by 

:.iu — jU 

+ r 

A:̂ 3 = — ^^9 — ^yy [ + — CK̂gẐ  — + 12azr, 1 cos^ tp 

132^4 21 j3 24 -2 n I -in \ • 2 I 
zz I +12o:;,Q )sm ^ 

5̂,3 
UW 

' % 5 yy 
- ( 3 $ - - 4 ) « , i ' \ 

+ r. 

^ ^ "" "" GcKzoZ' 

^ (14$' - 19) I' ' - i (3$; - 4) 

COŜ  l/) 

35 

^ 4 - - (5$y - 7) AygZ' - ($y - 2) - G^o^' 
sin^T/i 

/ 

"11,3 "11,9 ^yy 

+ r . 

^ (I4$i, + 47) ^ (3$^ + 10) ^ 

- - (5$^ + 17) + ($: + 4) - 6 a ^ / 

_ A ( l 4 $ : + 4 7 ) r ' + l ( 3 0 ^ + lO)a^Z: ' 

+ ( ^ y + 4)a^^r — 6(1^0^^ 

COŜ  

sin^'^ 



% - yy 

+ r . 

i ( 5 $ f - 8 4 . i + 8 ) a „ c ' ^ h (?*» ^ 14*:+12) 
( 5 $ f - 50 ' + 8) a „ i ' ' - i ( $ f + 2I 

+ (iS>t + 2¥„ + i ) a . / ' 
J_ 
35 [70^ - 14$i, + 12) 

1 

+ 
15 

20 + 
5$; ' - 5$;, + g) 1 + 2) 

-y 

+ ( $ i ; + 2 $ i , + 4 ) 

COŜ  l/) 

/ 

sin^^ 

1̂1,5 r w 

+ r . 

^ 4 $ ' " + 140^ - 26) Z'" + ^ (5$^' + 10$^ - 16) 

^5$^' + 10$i, - 13) ^ + 2$^ - 2) 

+ 2$: - 2) 

(7$i ; + 14$^ - 26) Z'" + ^ (5$^' + 10$' - 16) 

2 
— (5$ l ' + 10$ 
16 

- f $ | ; + 2 $ ^ - 2 ) 

008^1/) 

sin^i/' 

/ 

^n, i i r yy 

+ r . 

+ + 2$j, + 4I 

v 

^ (7$^' + 42$: + 68) Z'' - ^ (5$^' + 28$^ + 44) 

+ ^ (5$ | ; + 25$^ + 38) ^ + 4$ t + 6^ a,,Z'" 

+ ($j, ' + 2$^ + 4 ) a , ,Z ' ' 

y 

cos^^ 

sin^i/' 

Table C.5: Elemental stiffness matrix due to coupling in bending 

sin 2^ 

2Z' 
[%g] ' P) 9 — 1,2,..., 12 

where the nonzero entries of the lower triangular part of are given by 

h.vw 
-/^9,2 -/Cg 3 — Aug g Tyy ( - ^azgZ'^ + - 60=21 Z' + 120:, 

- r . 

ZQ 
132 

"3^ 

21 24 
O y g Z ' H —ay^P — ^Oiy^V' + \20iyf^ 
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/ ± 
35 

^11,6 
= r 

7$!, + 21$^ - 26) 

5$ ' + 25$^ 
20 

26) cKẑZ* 

^ - 40i, + 14$1 - 16) azsf"' 

r . 

+ + $z — 2) Azof 
_1 
35 

(7$!,$^ - 7$^ + 21$1 - 26) Z'" 
1 

~ ( 5 $ ' $ ; - 4# ' + 14$: - 16) a , , f * 

+ W 5$^ + 250^ 

+ ($^$1 + $^ + $1 - 2) 

/ 1 

26) ^ + 2$ i - 2) 

1 

/ 

I.VW 

g (7$^$1 + 21$^ + 21$1 + 68) Z* + ^ (5$i,$l + 14$i, + 14$^ + 44) 

+ 25$^ + 25$: + 76) ^ + 2$^ + 20^ + 6) 

- 4- $1, + $ i + 4) 

(7$i,$l + 21$^ + 21$: + 68) Z'' + (5$i,$i + 14$^ + 14$: + 44) 
d.0 ^U 

— (I0$i ,$i + 25$^ + 25$: + 76) a^z^' + - ($^,$1 + 2$^ + 2 $ : + 6) «,,Z' ' 

- ( $ ^ $ : + $ ^ + $ : + 4 ) a y , z : 

Table C.6: Elemental shear stiffness matrix due to shear in the (%2/)-plane 

2""%̂  
^ P , g - 1 , 2 , . . . , 12 [kl S,̂ J 12x12 LoyLo^ 

where the nonzero entries of the lower triangular part of are given by 

^s,v 
'2,2 — '''8,8 

,s,v 
'6,2 

= - ^ : : 6 — ''=12,8 

s,v 
'6,6 — "=12,6 — '^12,12 

= 

n2,2 
= + - ' ' ' 

= y . ' - -

Table C.7; Elemental shear stiffness matrix due to shear in the (zz)-plane 

Hi::}, P , , = 1.2. J 2 [/= a,«'Jl2xl2 LoyLpz 

where the nonzero entries of the lower triangular part of are given by 

^̂ 33 — 

La,Til _ 
^53 — 

La.-u; 

3̂,1̂  — 
^̂ 11,5 — 

, a,iu 
^11,11 

= /î Ẑ  - /̂ 2 + 

^iG ^ ^ 6^' 

^ ^ 12^' 

225 



Table C.8; Elemental centrifugal stiffness matrix in the (a:y)-plane 

P , 9 - 1 , 2 , . . . , 1 2 

where the nonzero entries of the lower triangular part of are given by: 

= - ^ ( 7 $ f + 10$i + 5 ) ^ / ' - ^ ( 3 5 $ f + 56$i + 30)/33Z' 

- ^ (35$f + 63$1 + 36) + 10$1 + 6) 

, ^ ( 5 $ f + 10$i + 6)/)o 

^6,2 = - k : : 6 = - ^ ( 2 8 $ f + 31$i + 1 5 ) / ) / ' - ^ ( 2 1 $ f + 26$i + 14)/;3Z'' 

- ^ (35$f + 49$i + 30) A f ' ' - ^ ( 5 $ f + 801 + 6) 

% = - % = ^ ( 2 8 $ f + 55$i + 1 5 ) / ? / ' + ^ ( 2 1 $ f + 40$i + 10 

420 
(35« f + 63$; + 12) h f + — ( 5 $ f + 8 » i ) H.f + i / 3 „ i 

= - i ( l l $ f + » i + 4 ) f t i - ' - ^ ( 4 9 4 . f + 4 4 # l + 22 

- ^ ( 7 $ f + 7 $ ; + 4) fti-' - ^ (55.f + m i + 4) /),(•' 

+ ^ ( 5 0 f + 1 0 0 1 + 8 ) 

&%« = j ^ ( l l < 5 f + 2 2 4 . 1 + 5 ) f t l - ' + ^ ( 4 » f + 98<|.; + 22 

+ ^ ( 7 $ f + 14$i + 3) 0,1'' + — ( 5 $ f + 10$; + 2) 13,1'' 

- ^ ( 5 $ f + 10«; + 2) 

*S i2 = ( i i € + 35»; + 3 0 ) (494 .?+ 152.1.;+ 130) ftr' 

L ( j a f + 21$; + 1 8 ) 0,1'' - — ( 5 » f + 1 4 $ ; + 1 2 ) /?,i 

+ g j ( 5 » f + 10$; + 8 
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Table C.9: Elemental centrifugal stiffness matrix in the {xz)-plane 

T/k: 1 - rĵ c,u,j D g - 1 2 12 
['''c.'ujJ 10x12 ~ lir r i J ' P) y — J-) 

where the nonzero entries of the lower triangular part of [kp^] are given by: 

4'!^ = - t 5 ; 3 + 1 0 n + 5 ) / ? 4 ' ' ' - J ^ ( 3 5 < + 5 6 » - + 3 0 ) f t ; ' ' 

- p ( 3 5 < + 63$' + 36) - - ( 5 $ f + 10*' + e) P J ' 

+ - ^5$^ + 10$* + 6 j Pq 

k g = 3 ^ ( 2 K + 3 i n + i s ) W - ' + ^ ( 2 1 < + 26»' + " ) ft'-' 

+ ^ (36$f + 49$^ + 30) I3J-' + i (59>j' + 8${, + s ) /3 ,f ' - i /3„! -

1 ^ , ; 5 1 = - % = (28$-'+ 55<l.-+ 15) /? / ' - — (21<I.-'+ MS-+ lo) ftp' 

- A (3»*C + + 12) ^ ( s t ? + 8 « 0 - ^/3oi-

= - i ^ ( l l < + 9 « i + 4 ) / 9 / ' ^ ^ ( « < + « < S ; + 22)/33f ' 

- ^ + 4) fe'"* - + ̂ ) 
+ i ( 5 < + 10®i, + 8) W' 

^ ( i i $ f + 22$' + 5) A f + - L + 9S*' + 22) g , r " 

+ ^ ( j ' ^ f + + 3) 0 r j ' + — + io#^ + 2) 

- i ( 5 < + lOfj , + 2) 

% - i , = ( i » f + a s ® - + 30) fti-'- ( 4 » f + 152.1.;, + 130) ftf 

- ^ ( 7 < + 21% + 18) p,l<' - ^ (54.f + 14$' + 12) 0,1'' 

+ ( 5 < + 10$; + 8 

5 
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Table C.IO: Elemental axial mass matrix 

12x12 601/^1, , H p J P, 9 ""1,2, ...,12 

where the nonzero entries of the lower triangular part of are given by; 

?7i" = 2 ^lO/i^ — 

1 = 10/^1 - + 3(' 

7 = 2 (lOAfi - 15/^2^' 4-

Table C.l l : Elemental torsional mass matrix 

NJ 
pi' 

.J 12x12 420 
m- p,(j — 1 , 2 , . . . , 12 

where the nonzero entries of the lower triangnlar part of are given by: 

4,4 
TPzz (4/' 7(Xy^U + lACXy^l^ SbCXy-^P + 140Ĉ yq 

+ Fyu (4^ — 7ctzr,l̂  + lAcXznl̂  — S S d z . + 140o! ZQ 

m^Q 4 = Tzz (101^ — 14o;̂ aZ* + 210:^,^ — Sbcuŷ l̂  + 70a 3̂/3" 

+ (lOZ'"" - - SSaz^r + 70a 2̂2̂  

rrijQ jQ = r^z 160Ẑ  —70cXŷ l̂  -{-SAay l̂̂  — lOSa^,, T + 140Q;. 

+ Tyy (60r' ' - 70a^3Z'' + 84a^2('' - 105a^,r + 140a^ ^Zl I 
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Table C.12: Elemental translational mass matrix in the (a;y)-plane 

M . . ] = 
LoyLoz 

m. t,v 
p,Q — 1 , 2 , 1 2 

where the lower triangular part of the translational mass matrix 

by: 

in (a;2/)-plane is given 

"4',2 ^ (21$i' + 390i + 19) Z'" - ^ (35$f + 70$i + 36) 

+ 

_ 

210 

1 

+ 147$^ + 78) //I 

(21$! ' + 36$: + 17) ^ + 27$: + n ) 
2520 V 

+ — + 77$: + 44) 
840 

+ ^ ( 3 5 $ f + 6 3 $ : + 2 7 ) m 

+ 6 3 $ i + 2 7 ) / i 2 r 

^12,2 

"l6,6 

^21$f + 42$: + 19) f'' + ^ ( l 4 $ f + 27$: + 12) /igZ' 

r jf.-iP' I I n/?̂  77 
2520 

— ( 3 5 $ : ' + 6 3 $ : + 26) 

1 
2520 + " ) - s S + «) 

.,;2 
+ — ( 7 0 f + 1 4 0 | + 8 ) m r 

m t,v 
8̂,6 2520 

42$:' + 69$: + 25) Z'' - ^ (21$f + 36$: + 14) 

+ ^ ( 3 5 € + 6 3 $ : + 2 6 ) / / i r 

m t,v 
12,6 

840 

L ^6$^' + 12$: + 5) r ' + ^ ( 7 $ f + 14$: + 6) //gf: 

^7$f + 14$: + 6) 

^ ^126$f + 270$: + 145) r ' - ^ ( l 0 5 $ f + 224$: + 12o) ""8,8 = — ( l 2 6 $ f + 270$: + 145) 

+ — ( 7 0 $ : ' + 1 4 7 $ : + 78) m 

1 
^12,8 

"^12,12 

840 

1 

^42$f + 105$: + 65) Z'' + ^ (21$: ' + 50$: + 30) 
2520 

^35$:'' + 77$: + 44) //i/ 

- 2520 
^7$f + 16$: + 10) A/2̂ ' 
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Table C.13: Elemental translational mass matrix in the (a;z)-plane 

m 't,wj LoyLoz 
m. t,w P,9 = 1 , 2 ^ - , 1 2 

where the lower triangular part of the translational mass matrix 

by: 

m t,w 
'P,q in (xz)-plane is given 

t,w 
'3,3 

i (210 ' ' + 39$; + w ) f - + TOfi + 36) 

+ ^ (70# ' +1473>; + 7 8 j f t 

t,w 
'5,3 

t,w 
'9,3 

771. 
t,w _ 
11.3 ~ 

+ 

= ( 2 1 < + 36#; + 1 7 ) ~ + 27$; + u ) 

- ^ ( 3 5 $ f + 7 7 $ i + 4 4 ) f t ; ' 

= + 46) P ' - — (35$' + 63$; + 2?) fti' 

+ ^ (35$;; + 63$; + 27) Ml 

^ ( 2 1 $ r + 42$ ; + 19) f - ^ ( l 4 $ f + 27*; + u ) 

35$!; 4-63$^ 4-26 

m t,w 
5,5 

^ ( 6 < + + l ) I'' - ^ (7$ f + 12$; + 6) m'" ' 

840 
70?" + 14$t + 8) 

_ 
'^5 — ' i k + 4 + a + sG*:+1") 

i ( 3 5 $ f + 6 3 $ ; + 2 6 ) f t ; ' 

m J,w 
11^ - a ( < + ' 2 $ ; + 5 ) (•' + i ( 7 $ f + 1 4 $ ; + 6 ) M,!'" 

1 /_ _ .2 . , . '2 

m '9,9 

840 

1 

7 $ { ; + 1 4 $ ' + 6 W i Z 

1 

+ 

m, t,w 
11,9 

(l26$^' + 270$^ + 145j r - ^ (105$^' + 224$j, + 120j 

— (70$^ '+ 147$! + 7 8 ) //I 

^ (42$; ' + 1 0 5 $ ; + 65) f - ^ (21$;' + 50$; + 3o) 

+ — 35$ir + 77$^ + 44 /iir 

771 t,1il 
' i i .n 

^ (6$ f + 1 5 $ ; + lo) !•' - ^ (7$ f + 1 6 $ ; + lo) m r ' 

840 
7$!' + 14$; + 8) 
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Table C.14: Elemental rotary inertia mass matrix in the (zy)-plane 

LoyLoz 

where the lower triangular part of the rotary inertia mass matrix in (a:i/)-plane is given 

by 

mg 2 = ^ ''8,2 
Inf 3 , 12 3 6 , . 2 

+ 
1 12 3 --i 6 --2 \ 2 / 

AiyJ + % % o " |C0S'^^ 7^' + 5 - - - ' 5 

m6',2= -'^"8,6 = "W 

+ 

f" - 1 ) ^ 

- 1 ( 7 $ i - 5 ) a , / + l ( 2 0 i - l ) a 

- l ) (8$z - 7) 

sin^ i/; 

\ 10 

( 7 0 : - 5 ) a ^ r + - ( 2 $ i - l ) « : ̂3/1 cos^ ^ 

m, 12,2 — 
Tn'"'" 

/ ^ 1 

-T/y 
28 

( 3 $ : + l ) r ' + ^ ( 4 # i + l ) « , , Z : ' 

(7$^ 4-1) azgZ' + in ^ 10 

sin^ i/) 

35 

- i (3$ ; + 1 ) I" + ^ (4$: + 1 ) « w i " 
COŜ  l/) 

( J _ 
420. 

7Tl, 
r,v _ 
6,6 — "M/ 

4$.^ - 7$ i + 41 

+ 

i ( l « f - 2 0 $ i + 1 1 ) 0 , 3 ! " ^ 

( 7 $ f - 7$ : + 4 ) « , . ! « - i ( s s f - 2$i + 2) %.r 

+ i ( lO$f + 5$t + 4) « „ 

i ( 4 $ f - m + 4 ) ! " - ^ (14$? - 20$; + 1 1 ) 

+ ~ (74.f - TS>\ + 4) a,,f ^ i (54f - 2$; + 2) o„f 
( l O $ f + 5 ' » l + 4 ) a „ 

sin^T/) 

cos^ l/i 

/ 
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m 12,6 •^yy 

2 $ i - 1 z 

+ 

m 

70* — 2 I oizg 

•"Z 1 ) ^20 

840 
,,•2 

280t - 28$: 

+ — ^ - 5 $ 

+ : ^ ^5$i' - 5$ i - a. 

sin^i/' 

2 8 $ t - l l ) a ^ 3 Z x 
5$t - 11 

\ 30 

/ 1 

*yo 

cos^^ 

r,v _ 
12,12 — "yy 

+ 2) Z'" - Y& + 32$: + 13) «Z3Z'' ^ 

+ 

28 . 

( 7 0 f + 7$ i + 3) - - f 5 0 f + 4$ ' + 2 ) a , , Z' 

( l O $ f + 5 $ i + 4 ) a , . 

1 ( 4 $ f + 5 # i + 2) Z'' - ^ [280f + 32$: + 13) ^ ,3^ ' 

+A M ' ' + 7̂ z + 3) «^Z' ' 

\ ( l O 0 f + 5 $ l + 4 l « . 

sin^i/' 

20 
5$t + 4 $ t + 2 | a ^ J cos^ i/; 

where 

1 

1 ,1 V Ẑ  
and 

1 / r g , \ 2 

L%, V ;• 

and Tg and rĝ  are radii of gyration about ^ and z-axes, respectively. 

Table C.15: Elemental rotary inertia mass matrix in the (zz)-plane 

= P , 9 = l , 2 , . . . , 1 2 
LoyLoz 

where the lower triangular part of the rotary inertia mass matrix in (a;^)-plane is given 

by 

m r^w 
3,3 

- < 3 = ^P,9 

+ 

H~ %% A 
3 1 6 ,,—2 \ 2 1 

ctziZ Icos^'i/' 
14"""' ' 35 5 
3 ,, , 12 3 ,._i , 6 . -2 . . , 
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m, 5,3 -771 9,5 •^yy 

+ "22 

^ 1) M - 7) 

+ i ( 7 ^ - 5) a „ f - i (2$ ' ^ 1) » 

+ro -1) 

^ (% - 1) '•" - I& (8*̂  - 7) 
{' '% - 5) «» ' " ~ - 1) " 

+ia - 1 ) 

Zi 

yi 

cos^ ^ 

sin^ ip 

( 1 

C s = -m r,w 
11,9 ^yy 

(34-5, + 1) f - ~ ( 4 % + 1) a , J ' 

ji 

+ 

/ 1 

5,5 — ^yy 

420. 
1 

4$i 

+ ^ + l) °!Z2̂  

i ( 3 < l ! ' + l ) i « - i ( 4 $ i + l ) a . , i « 

lb 

1 

— -r ^ -, v.̂ 3-

7 $ | , + 4 | r 2O0;, + 11 

+ 

v 

840 

210 + 4 

+A (lO<+5$i, + 4 "2° 

\ 

420 + 

+ 4 K 

+ ^ ( l 0 < + 5 $ ' + 4 ) a „ 

5$! 

20$!, + 1 1 j %3r 

' - 2$;, + 2) sin^i/' 

m, 11,5 -1/!/ 

+ k-'ZZ 

1 ( 2 $ f - 2$• -

> K " ^ * 

+ 30 (SG, - 5 $ ; 

A ('< 
+ m (?*» ~ 

1 r 
1 

l l j a ^ r 

2)az,Z' 

84, 0 % * ? - * % 

' 

/ 

3 \ 

2 $ ; 

l j o % 

Hr'-a (^-28$: 
2 ) a ^ r 

60 y 

y 

50 

l l j a ^ r 

1] a;,iZ' y 

l a w / 

cos^^ 

sin^qf' 

COS '̂̂  

sin^i/' 

m T,W 
1 1 , 1 1 - -W 

/ 2 /40^' + 5$^ + 2) (28$; ' + 320^ + 13) a , , / ' " ^ 

+ — (^7$' + 7$ ' + 3] Oiz^l 
28 

20 
(5$^' + 4$: + 2) 

V 

3̂ 5 
( l O < + 5 $ ; + 4) a . . 

1 (40^' + 5$^ + 2) r - y L ^28$^' + 320^ + 13) 

+ A ( 7 < + + 3) ^ (5$;' + 4$^ + 2] a , , r 

100 ;̂" + 5$^ + 4) 

' 2 / sin i,̂ ' 

/ 
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Table C.16: Elemental rotary inertia mass matrix due to coupling in bending 

K ™ ] = . P.<7=1.2,.. . ,12 

where the lower triangular part of the rotary inertia mass matrix in (zz)-plane is given 

by 

m 3,2 -m, 9,2 -m 8,3 

r,vw 
5,2 

-m. 8,5 

771 1 1 , 2 
= —m 11,8 

m, r,vw 
6,3 

= —m, 9,6 

771 12,3 —m 12,9 

: " ^ 9 7 ^yy 3 6 %_2 

I r f 3 f i , 12 
7 , ^ T 4 " » " ' + 3 5 ° " 

•^yy 
— (2$;, - l ) dz, + — (5$^ - l) azgZ* 

1 . . . 1 . . . n 1 . . 

' ~ ' ) ' ' ' ' 15 
\ 

^ -1)''' - a 
" 1 5 P n - 1 ) 

•^yy 

1 

- (8$^ - 7) aygZ* + — (7$^ - 5) 

— (5$!, - l) 
/ 

- T O 

& ( 3 ^ + 1 ) - 4 (4$; + 1 ) 

A a , . < f - + i ( 5 < I , ; - l ) -

i (34.^+ ! ) ; • ' - " ( 4 $ ; + 1) 

+ 1 ^ ( 6 ^ - 1 ) ' 

-4 ($: -1)'' 
+ J0 (23^ - 1) 

1 

+ 

a. 

k +1) 

^ + 1) 
I 

I Cky^ I 

Zl 

4 (*: -1)'' 
-15 P « - 1 ) 

i4U 
- 1 5 (5$: - 1 ) 

r L ( 8 G : - 7 ) o 

7 
0:^2/' \ 

"M/ 

f 1 

+ • 

OzaZ'' 

a * / ' ' 

+ Yin ( w ; - 7) a „ i - ' - i (7$; - 5) a„l-

- Yo - 1 ) 

1 

-yi / 

(3$^ + l)Z' + — ( 4 0 ^ + 1) azgZ' - —(70% + l) 

— (3$% + 1) r + — (4$^ + l) aygZ' - — (70^ + l) 

O _ 1 / _ . N .--1 

/ 
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m, 6,5 -?/y 

-•yy 

- a + 8) ^ - 1 0 $ ' 

- a ( 1 4 $ ; $ : - - 7 $ i + 8 ) ^ (5$;4 

/l X/RI 

10$; 4 + 

y 

. 7 $ ' 

1 

7 * i 

+ 5 $ i + 

- 7 $ l + 8 )^ 

- 7 0 * + 8 ) 

+ 5$1 + 8) 

+ + OziZ' 

1 1 ) * ; ^ ^ \ 

A 
" + 60 (s*: 

^W" 10*9 10$| 4-11) Oiy^l 

a, ) 

<g "yy 

(434' ,$1 + $1, - 5$ i - 2) Z'" + ^ (28$i $ i 

. 7 $ i - 2 ) a ^ r : * 

('7^i 

- 2 ) a ; 

5 g ^ - 2 ) r * + 

- 7 $ i - 2 ) 

\ 

/ 

- a 
y z 

,j-̂  1 
Ĵ/2 ' 

+ 4$^ 32$i 11) 

J 

m, 11,6 

" 1 ^ ( "$1* : - 5 $ ; + - 2) ;•• + i (28$-$ ; - 32«- + 44.; - 1 1 ) ^ 

" m o (''*»•*' - - 4 ^ ( 5 $ ; * ; - 4 $ ' - $ ; - 1) a„l' 

' M ( ' "*•»* ' - - 5 $ : - 2) » , 

/ A x.i r :r.i _ 2^ ^ 

-7*L 

- 5 $ y 

. ^ 1 - 5$i, - 32$^ + 40^ 

( 7 4 ^ : - 7 $ : - 2) + 1 (5$: 0] 

- 11) 

r"i2,il 

X " 
(lO$^y^; - - ost̂ ; — 

\ 

4 0 ^ - 0 i - l ) 

+ 5$i, + 5$! 4- 4) Z'" ^ ^ ( 2 8 $ i , 0 i + 16$i, + 16$i 

I I 

g g y - ' F ' z ' ' / • 2gg \ y ^ • - y 2 + 13) 

(14$^$: 4- 7$i, 4- 7$1 4- 6) 4- ^ + 2$ ,̂ 4- 2$ i + 2) 

(2O0^$i + 5$^ 4- 5$ i + 8) a 

J 
' \ 

5.6 J . ̂  2 

- - (I4$^$i + 7$: + 7$i + 6) 4- - + 2$' + 2$! 

(8$i,0i + 5$i, + 5$^ 4- 4) r" 4- (28$|,0i + 16$!, 4- 16$i 4-13) 

4- 2) 

- l ( 2 O $ ^ 0 t + 5$^ + 5# i + 8)a^ , ; 
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Table C.17: Elemental Coriolis matrix 

C 
LoyLoz 

= 1̂ 1 1 
"T.gJ ' p,(l — 1 , 2 , 1 2 

where the lower triangular part of the matrix ] is given by 

(:6.i 

A 

(̂ 12,1 

r-1 

^,6 

A 
(^,7 

1̂2,7 

"840 

1 
'420 

<W0 

' (7$: + 6) 1-' + i («l + 1) ft!'" - Y& 

(21$; + 22) f + ^ ($ : + 1 ) ft!" - i (10$:+s>) n 

~ (7#: + 8) (•" - - ( » : + 1) ft!'' + ~ (5$; + 4) m!' 

^ (7$i + 5) f - i (54>i + 4) + 1 (10*1 + 9) 

^ (7$; + 4) (•' - i (3$: + 2) %!'' + ^ (5$; + 4) 
5U UU 

— (14$^ + 15) ^ + 16) - gQ (20$z + 21) 
70 

2̂ 2/)$% sin ̂  c o s [ c ^ q] , p, 9 = 1,2, ...,12 

where the lower triangular part of the matrix [ĉ  g] is given by 

„2 _ -p Go /I — 1 ' -4,2 

-10,2 

- r 

1 »4 2 ,j3 1 ,j2 1 ,i 1 

2 1 » , 1 

,j3 1 j2 3 » 1 
CKzqt + %CKz,( — — Ckzi' + "< 2̂0 

^,4 r. m ^ + A ^ 
(5$: - 1 ) ^ (4$i + 1 ) 

- l) 0:3/1̂ ' + (4^1 + 1) ():T/zô  
12 / 
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-12,4 

-10,6 

-10,8 

M/ 
- - (5#i - 1) a,,Z'" + 1 (2$i - 1) a , . r 

^ (4$i + 1 ) z:' - ^ (7$: + 1 ) 

r yy 

I 

r . 

12 

+ - ( 5 $ i - 4 ) a , / ' - - ( 2 0 i - l ) a ^ Z 

1 , . _ . _x.;5 1 

20 

+ - (5$i - 4) a, ,Z' ' - - (2$i - 1) 

^ (^1 - 1) 

28 

/ 1 

1 »2 3 » 

r + —CYy^l^ — —Q-yyP + —0^-1^ 

" " " 

-a ZQ 
1 

-12,10 r. yy 

( 8 $ : + 5) Z 

g-M 

;5 1 

10 
-a. IfO 

1 
56^\--z - / - 42 

- r . 

(7$2 + 4) + YQ (2^1 + l ) â gZ 

E 

j3 \ 

(5$i + 2) ^ (4$i + 1) a^Z' 

^ (8$i + 5) Z:' - 1 (7$1 + 4) a,,Z:' + 1 (2$i + 1) a^Z: ' 
56. 

= 2 n p ^ [ < ^ J , p, 9 = 1,2, ...,12 

where the lower triangular part of the matrix g] is given by 

-4,3 < ,̂4 

+ r , 

-10,3 

^ cos^-^ 

r. t &'" ' 

-5,4 

1 ,i3 , 1 7,2 3 
-a , ,Z + - a , , Z - -

^ ,,3 1 2 3 ,, 1 1 2 / 
-a^gZ + -ai/gZ - YQ%i^ + 2*^ °̂ j ^ 

r. zz 

g ^ (8$ i - 7) r + ^ (70^ - 5) az^Z'" - ^ (2$: - l ) 

t + ^ M - i ) « z z r ' - Y ^ ( 4 $ ; + i )«zor 

\ 

- (40^ + 1 ) %or 
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COŜ  

sin^i/' 

y 



1̂1,4 

"10,5 

r yy 

(4$^ + 1) r ' + (70i, + 1) \ 

+ 

^ ^ - M i r + 

= r. M/ 

+ r . 

„3 _ -p 
1̂1,10 - ^; 

- 6 0 ( 5 « > » - " ) " « ' • ' + J ^ { 2 ® i - ! ) « „ ; • 

( i n - 5)'•• - ^ {7®i " ; - » . • . 20 

\ ^ 6 0 ^ 12 

COS '̂̂  

sin^^ 

3 \ 
20 

0!",^ + — ( ^ y - l j a y g T 

/ 

( 1 

yy 

» + 5) '•' + :^; (7®1 + 1 ) ^ (H + 1 ) 

+ r . 

5̂ 6 ' 4 2 

+ ^ + 2) o^zif' - Yg ('̂ ^1/ + l ) 

" ^' + 5) r + — (7$^ 4- 4) - — (2$|, + l) a^Z' 
5,6 ' '"' ' 42 ^ 
1 ,.\ ,;2 i 

+ ^ (^^1/ + " Y2 ^ 

C08̂  ^ 

sin T/i 

cos^^ 

sin i/; 

Table C.18: Elemental centrifugal inertia term (quadratic velocity term) 

m,. 
_ /)XoAoZ'^ 

120^o^i,oz 
m. TJ-ofi 

T,? , p,q — 1 , 2 , . . . , 12 

where the nonzero entries of the lower triangular part of are given by 

= 10 (1 + $1) (z:' - 4/̂ 2Z' + 6/^i) cosf^t 

= - 2 ^(5$1 + 4) Z'' - 2 (lO$i + 9) /igZ' + 30 ($1 + l ) sinOt 

= - ( ( 3 $ i + 2) Z'" - 2 (5$1 + 4) + 10 ($1 + l ) /tiZ^) sinf^t 

= 10 (l + $^) ^3/^ — 8/^2 '̂ + 6/.tj^ cosQt 

m TZoC 
8 , 1 

"^%1 = 

+ 16) Z' - 2 (20$^ + 21) //g/' + 30 ($ i + 1) //I) sin 

+ 4) Z'' - 2 (5$1 + 6) ^Z'" + 10 + 1) /ziZ') sin Ht 

where Xo, 0, 0 are the co-ordinates of {%o}-
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Table C.19: Elemental centrifugal inertia term (quadratic velocity term) 

cos^ 

1 20-f/oy Z/Q2 
p , 9 = 1 , 2 , . . . , 1 2 

where the nonzero entries of the lower triangular part of are given by 

rfoc 
1,1 = 10(1 + $1) fZ'' - 4/^2^ + 6^1 

= 10 (1 + $1) ( s r ' - 8/^2^ + 

where â o, 0, 0 
T 

are the co-ordinates of } . 

239 


