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FINITE ELEMENT DYNAMIC ANALYSIS OF ROTATING TAPERED
THREE DIMENSIONAL BEAMS

by A. BAZOUNE

The equations of motion are derived for the three dimensional rotating tapered Timoshenko
beam using a Lagrangian formulation in conjunction with the finite element technique. These
equations include the effects of Coriolis forces, shear deformation and rotary inertia, hub radius,
taper ratios and pre-cone and setting angle. A mixed set of generalized co-ordinates that ac-
counts for inertia coupling between reference motions and local elastic deformations is employed.
The shape functions of the three dimensional beam element are derived using Timoshenko beam
theory. Explicit expressions of the element mass, stiffness, Coriolis and inertia terms matrices
are derived in parametric form thus avoiding extensive numerical computations. The generalized
eigenvalue problem is defined and cast into state space form using explicit expressions for the
mass, stiffness and Coriolis matrices.

Modal transformations from the space of nodal co-ordinates to the space of modal co-
ordinates are invoked to alleviate the problem of large dimensionality resulting from the finite
element discretization. Both planar and complex modal transformations are presented and im-
plemented to obtain a reduced order model. The reduced order model form of equations of
motion is computer generated, integrated forward in time and the system dynamic response is
evaluated for different types of external loading conditions.

Explicit expressions for Southwell coeflicients for rotating tapered Timoshenko beams are
obtained as a function of all parameter variations.

The frequency spectrum of the forced time signal response is computed and plotted along

with the response profiles for a wide range of parameter variation using the FFT algorithm.
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Nomenclature

Unless otherwise stated, the following notation is used

rotational transformation matrix

ENES

constant setting angle transformation

[Aqs] constant pre-cone angle transformation

[Ad] = [Ag] [Ay]

[A,] partial derivative of [A] with respect to ¢

[;11 skew symmetric matrix

A cross-sectional area of the 1** beam element

A, cross-sectional area of the beam at the root

[B;] elemental strain displacement matrix

bt breadth of the cross-section of the beam at an arbitrary location z*
bo breadth of the cross-section of the beam at the root
[6"} element Coriolis matrix

{di} elastic deformation vector

{ ei} , {EL} generalized nodal displacement vectors defined with respect to

(xi y® zi) and (T 7 Z) co-ordinate axes

E modulus of elasticity
F, centrifugal force

F, Fyi, F! =z, y, and z-components of the centrifugal force

f frequency, Hz

G modulus of rigidity

ht depth of the cross-section of the beam at an arbitrary location z*
ho depth of the cross-section of the beam at the root

] identity matrix

Iéy second moment of area of the cross-section about the y-axis

Iqu product moment of area of the cross-section about the yz-axes
I, second moment of area of the cross-section about the z-axis

Iy second moment of area of the cross-section at the root of the beam
i refers to the it element

[E;v} elemental bending stiffness matrix in the (zy)-plane

FZ’WJ elemental bending stiffness matrix in the (zz)-plane

[7?} elemental axial stiffness matrix
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composite elemental elastic stiffness matrix

elemental stiffness matrix due to coupling in bending
elemental torsional stiffness matrix

elemental shear stiffness matrix in the (zy)-plane

elemental shear stiffness matrix in the (zz)-plane

elemental centrifugal stiffness matrix in the (zy)-plane
elemental centrifugal stiffness matrix in the (zz)-plane

= T*-U* — V", Lagrangian

left complex modal matrix

truncated length of the beam

outboard length of the beam from element under consideration
untruncated length of the beam in the (zy)-plane

untruncated length of the beam in the (zz)-plane

element length

composite elemental mass matrix

element mass matrix associated with reference motion

element mass matrix representing the coupling between reference motion
and elastic deformations

composite element elastic mass matrix

element axial mass matrix

element torsional mass matrix

element translational mass matrix in the (zy)-plane

element translational mass matrix in the (zz)-plane

element rotary inertia mass matrix in the (zy)-plane

element rotary inertia mass matrix in the (zz)-plane

elemental rotary inertia mass matrix due to coupling in bending
global mass matrix of the beam

bending moments

modified shape functions of the i** beam element

total number of elements

points in the undeformed state of the i beam element before and after
setting angles are made

modal planar transformation matrix

th

point in the deformed state of the " beam element
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(zyz)
(«'y'#)

(x//yllzll)

shear forces

hub radius

global position vector of point P*

= Ro/L, non-dimensional hub radius

transformation matrix from elemental co-ordinates to body co-ordinates
diagonal transformation matrix built up of [R!] matrices

right complex modal matrix

= \/T(,;;/—A;, radius of gyration of the cross-section of the beam about the y-axis
= \/m, radius of gyration of the cross-section of the beam about the z-axis
position vectors of point P! and P%, respectively

Southwell coefficient corresponding to the i** mode

element shape functions

kinetic energy of the i** beam element

strain energy of the i* beam element

axial nodal displacement

element volume

potential energy of the i*" beam element

elemental translational nodal displacement in the y-direction

bending nodal displacement in the y-direction

shear nodal displacement in the y-direction

elemental translational nodal displacement in the z-direction

bending nodal displacement in the z-direction

shear nodal displacement in the z-direction

elemental co-ordinate in the z-direction

elemental co-ordinate in the y-direction

elemental co-ordinate in the z-direction

local co-ordinate system

co-ordinate system obtained by rotating the (zyz) co-ordinate system about the
z-axis by a setting angle v

co-ordinate system obtained by rotating the (z'y’2’) co-ordinate system about the
y'-axis by a pre-cone angle ¢

element co-ordinate system

element co-ordinate system initially parallel to (:viyizi) system

global co-ordinate system



Qyiy Ozg

constants defined by equations (3.21)-(3.28), (1 =0, 1, ...,3)
constants defined by equations (3.89)-(3.93), (: = 0,1,...,4)
angle of distortion due to shear deformation

element strain

= z*/I*, non-dimensional elemental co-ordinates in the z-direction
= 7%/, non-dimensional elemental co-ordinates in the y-direction
element torsional displacement

element bending rotation about the z-axis

element bending rotation about the y-axis

shear correction factors in the y- and 2-directions, respectively
constants defined by equations (3.13)-(3.14), (i = 1,2)

Poisson’s ratio

= L /Ly, taper ratio in the y-direction

= L/L,,,taper ratio in the z-direction

= z*/I*, non-dimensional elemental coordinates in the z-direction
mass density

element normal stress

element shear stress

shear deformation parameters

pre-cone angle

=t

setting angle

rate of spin of the hub

=QL?/\/FEI,,, [pAo, spin parameter

natural frequency of the beam, (rad/s)

=wl?\/pA,] El,,,, frequency parameter
transpose of | ]

Euler-Bernoulli or Timoshenko quantities
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Chapter 1

Literature Review

1.1 Introduction

Rotating tapered beams! represent a good model for many engineering structures and find
practical applications in aircraft propellers, helicopter blading, high speed flexible mechanisms,
robot manipulators and spinning space structures. Taper is desired for optimum distribution of
weight and strength and is often motivated by special structural and functional requirements
such as changing the bending stiffnesses along the beam in order to satisfy certain constraints
that arise from other aspects of the blade design, such as power control or forced response
characteristics.

The problem of determining the dynamic modal characteristics (natural frequencies and
associated mode shapes) of rotating beams is of paramount importance to the design and per-
formance evaluation, and has been the subject of interest to many investigators. Accurate
prediction of the dynamic characteristics of such structures is necessary in the early stages of
the design process in order to avoid any possible conditions susceptible to resonance within the
range of operating speed, and to prevent any failure that may occur as a result of sustained
vibration at or near the resonant frequency range.

Rotating structural components have traditionally been modelled as beams vibrating in
flexure. While developing these models, various parameters pertinent to the functional require-
ments have been added in order to cope with aerodynamic reasons in addition to other technical

and economical issues. These parameters include variable and non-symmetrical cross-sections?,

LA beam can Le defined as a structure having one of its dimensions (the span) much larger than the other two
which define the cross-section. The axis of the beam is defined along the span, and a cross-section normal to this

axis is assumed to smoothly vary along the span of the beam.
In such irregular cross-sections the elastic axis does not necessarily coincide with the mass axis of the beam.



pre-twist, pre-cone, pre-lag, setting angle, root offset, taper, rotary inertia, shear deformation.
Attached masses, shrouds and springs were also included and various end conditions were con-
sidered. In addition, the high speed of rotation generates sizable centrifugal and Coriolis forces
that should not be overlooked. Such parameters are crucial to the design evaluation and dy-
namic performance of rotating structures that comprise basic components in many engineering
applications. As a result, these parameters contribute to additional complicated effects® that
are usually not taken into account in elementary beam theory.

With all parameters present in the model, solving the problem becomes extremely compli-
cated. An exact solution is almost impossible and many simplified mathematical models with a
variety of geometries and properties have been developed to investigate the dynamic character-
istics of such rotating beams using a variety of methods, for example, the Myklestad method [5,
39], the method of integral equations [12], the power series solution method [16, 20], the South-
well method, the Rayleigh Ritz method [17, 36], the perturbation technique, the transfer matrix
approach [35, 37], the Galerkin method [21, 24], the wave propagation method, the dynamic
stiffness matrix method [30], the finite difference method [43] and the finite element technique
[13, 19, 22, 24, 25, 27].

While the derivations of the equations of motion underlying the aforementioned methods
differ from each other in many details, they all rely on a common approach to characterize small
deformations in flexible beams.

The numerical accuracy and feasibility of solutions obtained by the different methods remain
major issues of interest to researchers in this area. With the recent development of computer
hardware and software, the powerful Finite Element Method (FEM) has proved itself capable
of formulating complicated structural systems and obtaining accurate results, and has therefore

attracted a great deal of attention over the past few decades.

1.2 Literature Survey

Most of the published work devoted to the field of rotating structural components dealing with
analytical and numerical methods employed beam models. Many references related to beam
vibration problems can be found in the ample literature and the number is increasing rapidly.

Because of the voluminous body of the existing literature, the scope of the present review has

3Such effects include coupled bending-bending, bending-torsion, extension -torsion, stretching and bending and
warping of the cross-section during torsion. Other effects related to aerodynamic forces, buckling and thermal
stresses have also been reported in the literature. In addition, inertia or dynamic coupling effects that result from
the reference motion and the elastic deformations have become major issues of concern to some researchers.



been directed to the relevant issues of primary concern, that deal only with rotating beams. The
majority of the published models deals with two-dimensional formulations?. Three dimensional
models®, however, have not yet received similar attention. Compared to rotating uniform and
tapered Euler-Bernoulli beams [6-19], the problem of rotating tapered Timoshenko beams has
received less attention inspite of its importance in many engineering systems. Moreover, solutions
reported in the current literature are less than adequate when compared to the simpler case of

the rotating uniform Euler-Bernoulli beams.

1.2.1 History of Bending Vibration

The theory of bending vibration of beams goes back to the eighteenth century when Daniel
Bernoulli and Leonhard Euler first derived the differential equation for the lateral vibration
of a slender beam. Since then, this theory has been known as the classical® Euler-Bernoulli
Beam Theory (EBT) in which it is assumed that plane cross-sections initially perpendicular
to the neutral axis of the beam remain planar and perpendicular to the neutral axis after
deformation. The equation of motion for such a beam is a fourth-order differential equation
with constant coeflicients and its solution is well established in the literature. This theory
predicts the frequencies of the flexural vibrations of the lower modes of slender beams with
adequate accuracy. For higher modes, however, it is known to give higher frequency values than
those obtained by experiment. This theory represents a simplified engineering approximation to
the bending vibration of beams.

Almost a century later, Rayleigh [1] modified the classical theory of beams to include the
effect of rotary inertia’. However, the improved version did not adequately explain the higher
modes until 1921, when Timoshenko [2] introduced an additional correction for the transverse

shear deformation which was known later as Timoshenko Beam Theory (TBT)®. In this refined

4In two-dimensional formulation, it is assumed that the flexural vibrations of beams occur in one plane only.

51f bending deformations occur in two perpendicular planes, the flexural vibration is said to be of a three
dimensional type.

81t is also referred to as the Elementary Beam Theory (EBT) or the thin beam theory by many authors.

“Rotatory inertia is also used in some references. This effect includes inertia due to the rotation of the beam
cross-section during flexural vibration. Rotary inertia is equivalent to an increase in mass and therefore will cause
a decrease in natural frequency.

8This theory is also referred to as Thick Beam Theory (TBT) by many authors. TBT is applied when the
cross-sectional dimensions of the beam are not small compared to its length and/or when higher modes are
required; i.e; the effect of shear deformation and rotary inertia is function of the wavelength of vibration. It is
more pronounced as the mode order increases.

With reference to TBT, there is a footnote in: E. B. Magrab, ” Vibration of Elastic Structural Members”,
Sijthoff & Noordhoff, 1979, p. 171, which states that: Although Rayleigh is credited with developing the rotary
inertia correction and Timoshenko with the shear correction, a footnote in: S. Timoshenko: Vibration Problems
in Engineering, (Van Nostrand, New York), 27 Bdn., 1987, p. 338, states that both these corrections are given
by M. Bresses in his cours de Mécanique Appliquée, (Mallel-Bachelier, Paris), 1859, p.126.



theory, which is less restrictive than the EBT, it is assumed that plane cross-sections, initially
perpendicular to the neutral axis of the beam, remain plane but no longer perpendicular to the
neutral axis after deformation®. Moreover, the effect of shear is insignificant in the lower modes
but increases in the higher modes and causes a significant decrease in the frequency value. The
governing equations are two coupled partial differential equations expressed.in terms of two
dependent variables: the flexural displacement and the angle of rotation due to bending. For a
uniform beam, the two coupled partial differential equations can be re-expressed as one fourth-
order partial differential equation in terms of the flexural displacement or the angle of rotation
due to bending. However, this is not the case for non-uniform beams. Solving the equation for
a non-rotating uniform rectangular section beam with simple supports, Timoshenko [2] showed
that the correction due to shear is approximately four times larger than the correction due to
rotary inertia.

Among the several values of the shear correction factor!® that have been suggested in the
literature [2, 77, 78], those proposed by Cowper [78] appear to be widely accepted and are
therefore frequently used. The shear deformation parameter!! which represents the ratio between
the bending and shear stiffnesses has also been introduced in TBT and has been taken as a
constant or averaged within the element as reported in [24]. The most widely encountered

expression for the shear deformation parameter is the one given by Przemeniecki [92].

1.2.2 Stiffening Effect of Rotation

In the 1920’s the power generation industry designed turbo-machines to operate at substantial
loads and speeds above the lowest critical speed. The stiffening effect of rotation was first
acknowledged in 1920 by Lamb and Southwell [3]. In their attempt to predict the fundamental
frequency for rotating components, Lamb and Southwell introduced the effect of stiffening caused

by the spin of a disc through a general approximate relation of a lower bound form

M = A + 0 (1.1)

®The material here exhibits great flexibility in transverse shear contradicting the usual assumption of inifinite
rigidity in transverse shear postulated by the EBT. In TBT, the slope of the deflection curve consists of two

components, one caused by bending and one by shear.
10Gince the shear is not uniformly distributed over the cross-section of the beam, a shear correction factor x

that depends on the shape of the cross-section is introduced in TBT.
UThe shear deformation parameter @ is defined by the relation ® = 12EI / kG Al? where E is the Young’s

modulus of elasticity, G is the shear modulus of rigidity, x is the shear correction factor, A is the cross-section
area, I is the second moment of area and [ is the element length. A detailed proof for the expression of & can

be found in reference [75].



where () represents the rotational speed parameter!? and Ay; and Ag; are the non-dimensional
natural frequencies'? of the i** mode of the non-rotating and rotating disc, respectively!.

In a subsequent paper, Southwell and Gough [4] extended the previous work to include many
blade shapes such as the uniform cantilever and the knife-edged wedge. They used Rayleigh’s
quotient!® in order to estimate the fundamental natural frequency and established an upper

bound relation of the form
My = Ngs + S50 (1.2)

where S; is a constant that corresponds to the i*® mode. This is referred to as the Southwell’s co-
efficient (SC)!® and depends on the form of the blade. Thus, the value of Ag; may be determined
within upper and lower limits of error. Solving the problem for the rotating uniform cantilevered
blade, the authors found S; = 1.193. For the knife-edged wedge problem, they found $; = 1.455
and S; = 1.524 using a graphical and a tabular method, respectively. From these predictions,
it can be concluded that the two methods are in close agreement for the evaluation of the SC
corresponding to the fundamental mode. Furthermore, these results show the dependence of the
SC on the different shapes of the blade. The upper bound relationship proposed by Southwell
and Gough [4] is very practical since prediction of the frequency of the rotating beam may be
found from knowledge of the corresponding spin parameter and the natural frequency of the
non-rotating beam. Moreover, it represents a very economical and concise way of displaying and
interpreting data for rotating beams.

While several attempts have been made in the literature to extend the Southwell relation
to rotating structures with different material and geometrical properties [9, 10, 23, 24, 29, 79],

focus has been made on the refinement of the expression of .S; and its dependence on the different

1291in parameter and non-dimensional speed of rotation are sometimes used instead. In this relation, and in
what follows, the rotational speed parameter is assumed to be constant, that is there is no angular acceleration.

13Frequency parameter is also used instead of non-dimensional natural frequency.

MThe above relation is the non-dimensional version of the Southwell relation. The dimensionalized form is
w%i = w?w + QQ, where (2 represents the speed of rotation and wy; and wg; are the natural frequencies of the ith
mode of the non-rotating and rotating disc, respectively. Here, the quantities 2, wy; and wg; are expressed in

(rad/sec).
15Rayleigh’s quotient known as Rayleigh’s energy method is an approximate method for estimating the lower
frequencies of vibrating bodies. It is defined as the ratio of the maxima of the potential energy to the kinetic

energy by the following relation

EQ . Vn)ax
Ri —
Tmax

where Vimax and Tinax are respectively the maximum potential and kinetic energy. For rotating beams, however,
the potential energy includes a part associated with the centrifugal- force field in addition to the strain energy.

16gouthwell’s coefficient and Southwell’s relation are often referred to as Southwell’'s method, since he first
noticed the important property that the frequency prediction is a lower bound.



parameters included in the formulation of the beam model.

Most of the investigations encountered in the literature used SC corresponding to the fun-
damental mode based on two dimensional EBT and neglected the effect of taper. One of the
objectives of this thesis is to find SC’s corresponding to the lowest four bending frequencies of
a rotating three dimensional beam including pre-cone, setting angle, rotary inertia and shear

deformations in addition to taper in two directions.

1.2.3 Planar Rotating Beams
Euler-Bernoulli Beam

The inclusion of a setting angle!” 4, in beam vibration problems was originated by the work
of Lo and Renbarger [6] in 1951. They derived a non-linear differential equation for bending
vibration of a rotating uniform Euler-Bernoulli beam clamped to a rigid hub and vibrating in
a plane making an angle (g - 1b> with the plane of rotation. For 9 = (° the motion is known
to be out-of the plane of rotation and for 1 = 90° the motion is in the plane of rotation!8. In
this formulation, the non-linear term which appears as a function of 4 arises from the Coriolis
acceleration due to the precession of the hub. For zero setting angle, the effect of Coriolis forces
vanishes while for low rotational speed it becomes small and therefore can been neglected as in
[6]. Lo and Renbarger [6] showed that the frequency parameters at any arbitrary setting angle

1 are related to the frequencies at 1 = 0°, by the non-dimensional relation
2, = Mo — 0 sin?y (1.3)

where Agio and \g; represent respectively, the frequency parameter of the ** mode at zero
. . =2 . . . .
and at an arbitrary setting angle!®. In the above, the term Q" sin? 1) is a softening effect which

opposes the stiffening effect of rotation shown in the Southwell’s equation. For ¢ = 0°, this term

"Some authors used stagger angle, pitch angle and blade angle instead. The angle by which the beam is
mounted embedded (encastré) at the root on the periphery of the hub with the plane of rotation is called the
setting angle 1. Usually this angle is positive counterclockwise. Few investigators considered 1 in the clockwise

T . . . . .
direction or the setting angle to be { — — ¥ ). The setting angle in the helicopter area is analogous to the pitch
angle of the blade, which must be adjusted in order to control the thrust and force distribution over the rotor
disk.

'BSometimes, these are called flapping and lead-lag motions, respectively. Flapping is the up-and-down (vertical)
movement of the beam with respect to the plane of rotation. Lead-lag or leading and lagging is the horizontal

movement that occurs in the plane of rotation.
In this research, it is presumed that the setting angle is taken in the counter-clockwise direction and the width

of the cross-section is larger than its depth.
19The dimensionalized form of this formula can be written as wh; = whiy — §2° sin? ¢, where €2 represents the
speed of rotation and wrio and wx: are the natural frequencies of the i** mode at zero and at an arbitrary setting

angle, respectively.



vanishes and for ¢ = 90° it is maximum and dominates in certain cases the stiffening effect. Lo
and Renbarger [6] concluded that when the Coriolis effect is neglected, the modes of vibration
become independent of the setting angle v since the term 0 sin? 1) does not vary with the mode
number. With knowledge of the spin and the out-of-plane or in-plane frequency parameters
along with this relationship in hand, the in-plane or out-of-plane frequency parameter is easily
investigated without recourse to further extensive calculations.

In connection with the above Southwell relation, it can be easily shown that if the relationship
given by Lo and Renbarger [6] is substituted into the Southwell relation, the resulting out-of-
plane and in-plane Southwell coefficients differ by unity, regardless of the mode considered.
This is true provided that the beam is slender and has constant stiffness and inertia properties.
This characteristic was shown by Naguleswaran [83] and has also been shown to be the case for
rotating tapered Timoshenko beams as reported by Bazoune et al [29]. This formula along
with the Southwell relation provides a well suited tool for frequency estimates at a preliminary
stage design.

Later, Lo [7] simplified the previous problem by assuming the blade to be rigid everywhere
except at the root where it is connected to the rotating shaft by means of a torsional spring. In an
attempt to obtain a correlation with the above formulae, Lo found that S; = cos? 1. This means
that the SC is the same for all modes which is contradictory to the Southwell relation where S;
varies from one mode to another. In addition to the setting angle, there are however, as found in
the literature, other factors that have a strong effect on SC such as the hub radius parameter®
R. In solving the problem of the rigid blade, Lo [7] neglected the Coriolis acceleration and
presented a solution in a phase plane. Compared to the case when the Coriolis acceleration was
included, the discrepancy in the frequency estimate was found to be of the order of 0.7%. Lo
[7] concluded that the percentage error in frequency is a function of the frequency ratio Ap; /Q,
the setting angle ¢, and the ratio of the amplitude of vibration to the length L of the beam.

Sutherland [5] developed a method based on a Myklestad type method by a suitable modi-
fication of the shear and moment equations at consecutive stations of the beam. The effect of
the centrifugal forces for the uncoupled bending vibrations of a rotating blade that is vibrating
in the plane of rotation was taken into account. In this method, the elastic beam is divided into
a number of sections. Each section consists of a weightless span and a concentrated mass. Cal-
culations are performed in a tabular form based on an assumed frequency estimate and proceed

through sets of relations to a final expression which determines an approximate value of the fre-

29The hub radius parameter, a non-dimensional quantity, is defined as R = R./L , where R, is the hub radius
(root offset) and L is the length of the beam.



quency. A new frequency is then assumed, and the calculations are repeated until a convergent
frequency corresponding to zero or a small error is obtained. Calculations of the frequencies were
performed through a numerical example by considering a wedge beam tapered in the thickness
direction and rotating at 400 rad/s for a 2 in. (5.080 cm) hub radius. The out-of-plane and
in-plane frequencies were found to be 941.6 rad/s and 853 rad/s, respectively. For a larger hub
of 38 in. (96.520 cm) offset and rotating at a speed of 200 rad/s, the predicted out-of-plane and
in-plane frequencies were 916.5 rad/s and 894.4 rad/s, respectively. The formula proposed by Lo
and Renbarger [6] can be easily used to check the accuracy of the in-plane frequencies manifested
in this investigation. For this particular example and for the given out-of plane frequencies, the
in-plane frequencies were found to be 852.41 rad/s and 893.89 rad/s for small and large hub
radii, respectively. It is clear that for both hub radii and speeds, the results of Sutherland [5]
are in good agreement with the previous formula. On the other hand, it was concluded that the
in-plane and out-of-plane frequencies differ by an amount depending upon the hub radius. This
is not true. It was proved by Lo and Renbarger [6] and later by many others, that in the absence
of Coriolis forces, the difference between the out-of-plane and in-plane frequencies depends on
the quantity 0% sin?¢. In terms of SC, this difference is equal to unity as stated previously.
Although the procedure presented by Sutherland [5] is straightforward, even with few degrees
of flexural freedom, it is cumbersome and impractical.

Carnegie [8] derived an expression for the potential energy increase due to centrifugal effects
of a straight uniform symmetrical cross-section blade mounted at the root on the periphery
of a rotating rigid hub and making a setting angle —¢ with the plane of rotation?'. The
derivation was based on small deformations and neglected the effect of shear distortion and
rotary inertia. The Coriolis effect, being small, was also neglected. In his investigation, Carnegie
[8] established an approach to the calculation of the frequency problem utilizing Rayleigh’s
quotient. Based on this formulation, the author established an upper bound estimate for the
non-rotating fundamental frequency parameter of a straight uniform symmetrical cross-section
blade. Numerical prediction for the non-rotating fundamental frequency parameter was found to
be 3.53 which represents an error estimate of 0.4% when compared to the exact?? value 3.51602.
In a second example, Carnegie found that when a steel blade of 9 in. length is rotating at 1000

rad/s, the fundamental flapping and lead-lag frequencies were, respectively, 11.3 and 13.1 times

2} According to the previous definition, the negative sign here indicates that the setting angle is taken in the

clockwise direction.
22Tn the context of beam theory, analytical solution is often referred to as exact solution by many authors. It

is not, of course, exact in the continuum sense since the beam theory itself is only an approximation method.



greater than the non-rotating frequency. Thus, owing to the change in setting angle from 0 to
90° the increase in frequency is 16%.

Based on the geometric properties?® provided in reference [8], the flapping and lead-lag
frequencies were reproduced and found to be 16.9 and 15.6 times greater than the non-rotating
frequency. Consequently, the flapping frequency represents an increase of 8.33% when compared
to the lead-lag one,

In order to check how the predictions presented by Carnegie stand up with the above for-
mula?® proposed by Lo and Renbarger [6], it was found that the lead-lag frequency is 12.98
greater than the non-rotating frequency which is in excellent agreement with the results pro-
vided by Carnegie [8].

Using a successive iteration procedure, Schilhansl [9] investigated the stiffening effect of the
centrifugal force caused by small rotational speed and obtained an upper bound estimate for the
fundamental bending frequency by means of an explicit expression of the Southwell coefficient
for a rotating beam with a clamped root and a setting angle. The relation derived by Schilhansl
[9] shows that the SC varies linearly with the hub radius parameter R, and depends upon the
setting angle 1. This relationship, plotted for setting angles of ¢ = 0° and 90°, shows that
SC for flapping and lead-lag modes are parallel. The former is higher than the latter, and the
difference between them is independent of R and is equal to unity as mentioned above.

Pnueli {10} extended the work of Schilhansl [9] to account for high rotational speed and
provided a lower bound estimate for the Southwell coeflicient corresponding to the fundamen-
tal bending mode. However, the work described in references [9] and [10] is limited to the
fundamental bending mode of a slender beam with constanf mass and stiffness properties.

In accordance with Lo and Renbarger [6], Rao and Carnegie [11] reported that if the flexural
vibration of a rotating cantilever beam occurs in a plane other than perpendicular to the plane
of rotation then the bending problem is a nonlinear one because of the presence of Coriolis
forces. They used the Ritz energy method in conjunction with the appropriate Lagrangian
function to solve the problem of the free and forced vibrations with a harmonic exciting force of
known frequency, acting at the free end of the cantilever beam. They assumed cubic polynomial
shape functions for the first two harmonics and obtained a solution in a parametric form for the

fundamental frequency of the non-rotating beam. The frequency value obtained was higher than

?3The material properties were not provided by Carnegie [8]. Therefore, it has been assumed that the elastic
modulus of elasticity £ = 200 GPa, the density p = 7850 kg/m? for steel.

24Tor this setting angle configuration, the above formula has been modified to read A%, = A%, — 0 sin? ¥ in
order to compare results provided by Carnegie [8]. Note that Q= 22.6, Api = 46.243 and Ario = 39. 889.



the analytical one by an amount of 0.6%. In addition, they arrived at the same formula derived
by Schilhansl [9] for the SC corresponding to the fundamental flexural mode. The authors
concluded that the non-linear term becomes more influential as the speed of rotation increases.

Jones [12] reduced the problem of determining the natural frequencies of the transverse
vibration of a rotating uniform Euler-Bernoulli beam carrying a tip mass®® to the study of an
eigenvalue problem for variable ratio of the tip mass to the beam mass. She used the method of
integral equations to calculate lower bound estimates for the eigenvalue problem. This method is
based on an asymmetric decomposition of a Green’s function which leads to a Volterra integral
equation. Lower bound predictions for the first two lowest modes were shown to increase as
the square of the ratio of the tip to the beam mass increases. However, neither the physical
interpretation of the different parameters in the formulation of the problem was given, nor were
the results explained. In addition, the solution involved such complicated mathematics that,
from an engineering point of view, it has little practical value.

Hoa [13] presented a finite element analysis for rotating prismatic?® beams. The effect of
hub radius, setting angle, and tip mass were incorporated into the finite element model. In this
analysis, the displacement field is approximated by a third order polynomial and is restricted to
the classical Euler-Bernoulli beam theory with equal-length elements. Explicit expressions for
the elemental mass and stiffness matrices were derived. The effect of tip mass was added into the

27 resulting in an increase of both the stiffness and

mass and the centrifugal stiffness matrices
mass matrix of the model. The numerical predictions show that the non-dimensional frequencies
are affected by the different parameters incorporated into the model. These include the evidence
of a stiffening effect that is produced by the increase in rotational speed and/or hub radius and
the influence of the setting angle which is significant on the fundamental mode and is negligible
on higher ones. The reason for this is attributed to the fact that the softening term Q2sin?
is constant regardless of the mode considered; therefore it has more influence on modes with
small frequency parameters. On the other hand, results show that for a fixed rotational speed,
the fundamental frequency increases as the tip mass decreases. The relationship between the

fundamental frequency and the rotational speed parameter shows a linear behavior for high tip

mass value®® and passes through the origin (starting at zero for zero rotational speed parameter)

25The addition of a tip mass is known to increase both the airflow as in a wind turbine and the flexing motion

as in flexible blade autocooling fans.
288ome authors used prismatic beam instead of uniform beam.
2"The tip mass has an effect on the mass matrix of the last element only since it is associated with the tip of

the beam.
28The author assigned a value of co to high tip mass value.
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with a slope of unity showing a lower bound estimate for infinite tip mass. For low tip mass
value, however, including zero tip mass, this relationship is no longer linear and exhibits nearly a
concave parabolic shape. Furthermore, the case of zero tip mass shows an upper bound estimate
for the predictions of the fundamental frequency. Moreover, increasing the tip mass is shown to
lower the second and third frequency parameters at low rotational speed and to increase them
at high rotational speed. The justification for this is since for low rotational speed, the effect
of tip mass on the mass matrix is dominant and tends to lower the frequencies, whilst as the
rotational speed increases the stiffness matrix of the system increases which in turn increases the
frequencies as reported by Hoa [13]. Other results show the variation of frequency parameters of
the fundamental mode for different values of setting angle?®. The case for which the motion is
neither in-plane nor out-of plane represents a three dimensional vibration since the motion has
two components: one in the flapwise direction, the second in the edgewise direction. Therefore,
it is necessary in such cases to specify which component has been taken into consideration3C.
However, the author considered only the case of the flapwise component and has neglected the
Coriolis effect.

Later, Hoa et al. [14] indicated a sign error in the middle term of the element of the centrifugal
stiffness matrix in reference [13] which led to eigenvalues that are too high. Consequently, some
results were reproduced and compared with the exact solution for the case of a rotating beam
with zero tip mass and different hub radius including 0 and 1. As a result, a good agreement
was found between the new predictions and the exact values.

Hodges and Rutkowski [15] presented Legendre polynomial shape functions in conjunction
with the FEM to study the frequencies of free vibration rotating beams. In this method, the
displacement function is expressed in terms of a complete®! set of shifted Legendre polynomials.
The degree of accuracy depends on the number of elements ¢ used and the number of terms chosen
in the series, i.e., the highest degree n of the series. As a special case for this procedure, the
authors reported that for n = 3, this will yield the standard beam finite element shape functions
given in reference [92]. The lowest three frequency parameters were présented for rotating

uniform and tapered cantilever beams at different values of 7 and n. Results corresponding

291f the setting angle differs from 0° or 90°, the vibrational motion occurs in a two perpendicular planes different
from the out-of-plane and the in-plane, respectively. The bending modes of vibration in such cases are referred
to as flapwise bending and chordwise (edgewise) bending.

301f the cross-section of the beam is set with a setting angle 1, this will cause the second moments of area
and the product moment of area of the beam to be functions of the setting angle. The presence of the product
moment of area in the strain and kinetic energy expressions, will cause the flapwise bending and edgewise bending
to couple, thus resulting in a bending-bending vibration type. For 4 = 0° or 1) = 90°, this coupling term vanishes.

311n the FEM context, this means that all the terms are present in the series.
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to< =1 and n = 15 converged to the analytical solution. Other non-dimensional frequency
predictions were shown for a non-uniform beam that is linearly tapered in the depth direction
only. The fundamental frequency for a tapered beam was shown to be higher than that of a
prismatic beam whilst the second and third frequencies are lower than those of the uniform
beam. A careful examination of these predictions for the rotating tapered beam revealed a
small discrepancy in all the frequencies when compared to the present investigation. This issue
has been raised in reference [43]. The reason for this discrepancy, as addressed in [43], may
be due to either an error in reporting the results in reference [15] or an inadequacy of the
polynomial/element chosen to represent the vibration characteristics. Though this method is
seen to give accurate results for the flapping motion of rotating uniform beams with simple
geometries, it is claimed that it can be extended to incorporate coupled bending bending torsion
type and extension with geometric nonlinearity32. However, the effect of the setting angle was
neglected in all the predictions shown. The investigation presented by Hodges and Rutkowski
[15] is limited to the flapping motion of slender beams and did not include the Coriolis effect.

Wright et al. [16] utilized Hamilton’s principle in the formulation of the problem of a
rotating beam with a finite hub radius where both flexural rigidity and mass distribution varied
in a prescribed manner. A power series solution in the form of the method of Frobenius was
employed to obtain estimates for the frequencies and mode shapes. This procedure leads to a
characteristic equation for which the characteristic determinant must vanish. The square root of
the characteristic values (eigenvalues), for which the determinant is zero, represent the natural
frequencies of the beam. These frequencies can be found using any available root-finding routine.
Numerical predictions were provided for a wide range of boundary conditions including a hinged
root which allows a rigid body flapping mode®® whose fundamental frequency is equal to the
speed of hub rotation. Although the method of solution presents results with high accuracy when
compared to the exact solution, it cannot be applied to complicated structures. It depends on
how many terms are retained in the series solution. Moreover, it involves an extensive use of
algebra in addition to computer use for finding the root of the characteristic equation.

The problem tackled by Hoa [13] was extended by Bhat [17] who included the rotary inertia
effect of the tip mass. He used orthogonal polynomials in the Rayleigh Ritz method to solve for

the natural frequencies of flexural vibrations. He obtained a standard eigenvalue problem of the

32Geometric nonlinearity is considered when large deformations and large rotations with finite strains can be
accomodated. Consequently, the structure deforms to such an extent that the original geometry and/or position

and direction of the loads significantly affect the structural behaviour.
331n rigid body mode the elastic element undergoes no elastic deformation. For non-rotating beam the funda-

mental frequency is equal to zero.
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form (A*[A] + [B]) {v} = {0}. Eigenvalues A\? and eigenvectors {v} were obtained by solving
this equation. Bhat described this method as advantageous for the deflection shapes because
the matrix [A] becomes diagonal. Despite the method of solution, there are many differences
in the formulation of this problem when compared to the work of Hoa [13]. For instance, while
Hoa incorporated the effect of stiffening due to rotation into the strain energy expression, Bhat
included it into the kinetic energy expression3?. On the other hand, while Hoa added the effect
of tip mass into both the stiffness and mass matrices, Bhat included its effect into the kinetic
energy expression only. Nevertheless, the final equations of motion and the associated eigenvalue
problem are similar in both formulations®.

Natural frequencies and mode shapes were presented for different rotational speed and pa-
rameter combinations such as tip mass, hub radius and setting angle. Predictions of the natural
frequencies versus rotational speed for different tip masses were in good agreement with those
presented by Hoa. The results are, in general, similar to those of Hoa except that these predic-
tions show that as the setting angle increases from 0° to 90° the frequency parameters increase3S.
A quick visualisation reveals that when the setting angle is 0°, the beam becomes weak in bend-
ing in the plane of rotation and hence the bending frequency is less. On the other hand, only
the second moment of area I, is used, and in the transverse direction, the second moment of
area is infinite. Hence as the setting angle is increased from 0° to 90° the beam becomes stiffer
in the plane of rotation. The effect of moment of inertia on the tip mass was seen to depress the
frequency values as the moment of inertia increases with increasing speed of rotation for both
flapping and lead-lag motion.

Later, Kim and Dickinson [18] clarified that the [A] matrix in the work of Bhat can be
diagonal only if the rotary inertia of the concentrated mass and of the beam cross-section are
negligible (treated as zero) and if both the distributed and concentrated masses are included in
the construction of the orthogonality conditions used to generate the set of admissible functions.

Khulief {19] used the FEM to extend the work of Hoa [13] and Bhat [17] to linearly tapered
beams and derived explicit expressions for the finite element mass and stiffness matrices using

consistent®” mass formulation. Unlike Hoa [13] and Bhat [17], Khulief [19] neglected the effect

34gince the stiffening effect due to rotation involves the rotational speed 2, most of the investigators include
this effect into the strain enegy expression. In addition, the stiffness matrix of the rotating beam includes the
centrifugal stiffness matrix, a part associated with the centrifugal-force field.

351n the abscence of Coriolis forces, the {) terms in the standard eigenvalue problem (EQ [A] + [B]) {v} = {0},
are in the matrix [B] which constitutes the stiffness term.

36 At first glance, this looks contradictory to the previous investigations. This is because the setting angle here
is taken as the angle between the Y- and z- axis. The description of the coordinate systems is not consistent with

the figcure shown. For more details, refer to reference [17].
37When the element mass matrix is formulated from the same shape function used for the element stiffness
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of hub radius and assumed that the tip mass has negligible rotary inertia effect. The first and
second bending frequencies were shown to exhibit a stiffening effect for different taper ratios
including beams with fixed and hinged-free end conditions. A crossover between the frequencies

of the beam was also noticed at different taper ratios.

Timoshenko Beam

Several attempts have been made by many investigators to include the effect of shear deformation
and rotary inertia on the frequencies of vibration of rotating uniform beams. The inclusion of
these parameters is necessary when accurate higher bending modes are desired.

Du et al. [20] used a Newtonian approach to the formulation of the equations for the free
vibration of a rotating uniform beam. They extended the Frobenius series solution developed
in [16] to include the effect of shear deformation, rotary inertia and a tip mass. Dimensionless
frequencies were presented in both graphical and tabular forms. Except for only one table, results
reported in tabular form were for the case of rotating Euler-Bernoulli beam for a wide range of
boundary conditions including a hinged root. Again the effect of tip mass for a cantilever Euler-
Bernoulli beam indicates that the fundamental frequency decreases as the tip mass increases
which is in agreement with Hoa [13] and Bhat [17]. For higher modes however, it was noted
that for rotational speed parameters greater than unity, the frequencies increase as the tip mass
increases, while for rotational speeds equal to 0 and 1, the frequencies exhibit a reverse trend.
Other results (graphical form) show the relationship between the reciprocal of the slenderness
ratio®® (rgy/L) versus the ratio between Timoshenko and Euler-Bernoulli frequency parameters.
In these figures it was shown that for (r4,/L) = 0, the ratio of the frequency parameters was
equal to unity showing that TBT converges to EBT. As (rgy/L) increases, this ratio was shown
to decrease which indicates that as the thickness of the beam increases, Timoshenko beam
frequencies decrease.

Wang et al. [21] extended the use of shifted Legendre polynomials as shape functions in
conjunction with the extended Galerkin’s method for the prediction of natural frequencies of a
uniform Timoshenko beam that is mounted on the periphery of a finite rigid hub and making
a setting angle with the plane of rotation. The results of simulation show evidence of the

stiffening effect to rotating Timoshenko beams. Shear deformation and rotary inertia effects on

matrix, the mass matrix is said to be consistent mass matrix.

I . .
°YY is the radius

38The slenderness ratio is defined as (L/rgy), where L is the length of the beam and rgy, =
o
of gyration with respect to the y-axis in which Iy, is the root second moment of area with respect to the y-axis

and A, is the root cross-section.
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natural frequencies increase appreciably with the mode number. It was also noticed that as the
slenderness ratio increases, the ratio between Timoshenko and Euler-Bernoulli frequency tends
to unity showing that TBT merges to EBT which is in agreement with Du et al. [20]. Moreover,
it was concluded that the effect of shear deformation is generally larger than that of rotary
inertia for the non-rotating beam but their relative effects may be reversed for higher mode
frequencies of the rotating beams owing to centrifugal stiffening effects. On the other hand, it
was shown that for Timoshenko beams, the effect of setting angle is more pronounced on lower
mode frequencies and is insignificant on higher ones as discussed earlier for Euler-Bernoulli
beams.

Yokoyama. [22] developed a finite element procedure in conjunction with the Lagrangian
function to determine free vibration modal characteristics for the beam discussed in [21]. Ex-
plicit expressions for the elemental stiffness and mass matrices were presented including shear
deformation and rotary inertia effects. Despite the method by which the problem is formulated
and solved, reference [22] did not address any extension of the work developed in [21]. Results
presented in reference [21] were reproduced by Yokoyama [22] who used 16 finite beam elements
of equal length. A perfect agreement was found between the two methods of solution. Similar
conclusions to the ones drawn by Wang et al. [21] were reported.

Lee and Kuo [23] extended the work of Wright et al. [16] and Schilhans] [9] to account
for shear deformation and rotary inertia effects using the Rayleigh quotient to derive an upper
bound estimate for the SC for the fundamental bending frequency of a rotating uniform beam
with a general elastically restrained root for which translational and rotational flexibility were
considered. The upper bound estimate was found to contain corrections depending on the shear
deformation parameter ® and the inverse of the slenderness ratio (rg,/L). When these effects
were ignored, the SC for a cantilever beam was found to be in agreement with the one provided
in [9]. The upper bound estimate for the fundamental mode was also shown to be in good
agreement with the numerical predictions obtained by Wang et al. [21] for Euler-Bernoulli
beam. However, the fundamental bending mode was seen to be sensitive to the elastic end
restraint. The authors concluded that the effect of translational flexibility at the root is greater
than that of rotational flexibility.

Putter and Manor [24] used the FEM for predictions of frequencies of a Timoshenko beam
that is clamped at the periphery of a rotating finite rigid hub at 90° setting angle. The analysis
was based on a fifth-order-polynomial displacement field in which the deflection and slope at

the ends were taken as common nodal degrees of freedom along with two integrals within the
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element as nodeless additional degrees of freedom. Results for uniform Euler-Bernoulli beam
were presented and compared to those of Dokainish and Rawtani [80] who used a plate element,
and to the formula presented by Schilhansl [9]. Comparison between these investigations shows
good agreement for low rotational speed parameters and for small values of the nondimensional
hub radius R, but for high rotational speed and large values of R, these results were not close to
each other. The reason for this discrepancy could be attributed to two facts; the first one because
the stiffening effect manifested by the upper bound estimate of SC reported in [9] is no longer
linear with R for high rotational speeds. The second one because the comparison was made
between two different structures, namely, a plate which has a low aspect ratio® and a beam
which has a large aspect ratio. In a second example, the authors considered a Timoshenko beam
for which (rgy/L) was between 0.025 and 0.05. The stiffening effect was manifested for both
cases for the first two lowest modes. However, it was seen that for low values of R, increasing
(rgy/L) reduces the frequencies while for larger values of R, its effect was negligible. The effect
of (rgy/L) was seen to be more influential on higher modes. In the last example, the authors
neglected the effect of shear deformation and rotary inertia in considering a turbine blade with
shrouded mass which was assumed to be a concentrated mass attached to the node. Again, the
predictions show a stiffening effect for the first two lowest modes, and as the shroud to beam
mass ratio increases, the frequencies increase. Based on these numerical predictions, the authors
provided two Southwell coefficients for the first and second mode for the range 0 < < 10 in
which the effect of the shroud mass was manifested. The suggested Southwell coefficients were
shown to vary linearly with R and with the shroud to beam mass ratio.

TFew attempts have been made to further extend the analysis of the vibration of rotating
Timoshenko beams to include the effect of taper on the dynamic characteristics of such struc-
tures. Recently, Bazoune and Khulief [27] first developed a new finite beam element for the free
vibration analysis of a rotating doubly tapered Timoshenko beam. The formulation permits
any combination of taper ratios as well as unequal element lengths. Explicit expressions for
the finite element mass and stiffness matrices were derived using the consistent mass approach,
while accounting for centrifugal stiffening effects. The results of simulation were generated for a
wide range of rotational speed, width and depth taper ratios including the first ten vibrational
modes for both fixed and hinged end conditions. Evidence of new knowledge, due to the effect
of tapering, was shown in the reported results of simulation. It was shown that the natural

frequencies increase as the rotational speed increases, while they decrease as the taper ratio

3% Aspect ratio is the ratio of the length of the beam to its width.
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increases. However, it was observed that a critical taper ratio exists, after which the frequencies
of a rotating tapered beam reverse their trend of change. It is apparent that the stiffening effect
due to rotation dominates the softening effect resulting from the decrease of the cross-sectional
area due to taper, thus rendering the beam stiffer. Khulief and Bazoune [28] extended the
work of [27] to account for different combinations of fixed, hinged and free end conditions. The
simulation results presented in [27] and [28] are only for the out-of-plane vibration of rotating
tapered Timoshenko beams where the effect of hub radius and setting angle were not consid-
ered. Later Bazoune et al. [29] further extended the work of [27] to include the effect of hub
radius and in-plane vibration by introducing a setting angle v into the previous formulation.
The in-plane and out-of-plane vibrations were manifested in the predicted results. It was clearly
shown that the in-plane frequencies are always lower than the out-of-plane frequencies. This
fact is in agreement with the above formula provided by Lo and Renbarger [6] and can be easily
verified. On the other hand, explicit expressions for the Southwell coefficient corresponding to
the fundamental flapping and lead-lag frequencies were reported for different taper ratios in-
cluding rotary inertia and shear deformation effects. Comparison has been made for the case of
uniform Euler-Bernoulli beam and has been found to be in excellent agreement with the work of
Schilhansl [9]. Further, it has also been shown that the relationship between SC and R is linear
for uniform and tapered Timoshenko beams and depends on the setting angle. Moreover, the
SC for both flapping and lead-lag mode are parallel and the difference between them is always
unity regardless of the hub radius parameter R as stated earlier.

Mulmule et al. [25] extended the work of Yokoyama [22] to include depth taper and claimed
that their results compared favorably with results attributed to Hodges and Rutkowski [15]. This
was disputed by Naguleswaran [26] who pointed out that the method used in reference [15] yields
more accurate frequencies than those obtained in this investigation. The results presented for the
case of uniform Timoshenko beam agree with those of Yokoyama [22], which is evident because
the methods used in references [22] and [25] are very similar as addressed by Naguleswaran (26].
In addition, the authors reported that the shear correction factor taken in their investigation was
x = 5/6 which cannot produce the same results presented by Yokoyama [22] who used a value of
% = 0.85. Numerical predictions reveal evidence of a stiffening effect as the hub radius and/or the
speed of rotation increase, which is a common behavior of rotating uniform beams. The lead-lag
frequency parameters are lower than those of the flapping motion. This trend is also common to
rotating prismatic beams. The new knowledge is manifested on some graphical predictions that

show the variation of the lowest two lead-lag and flapping frequency parameters as a function
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of the taper ratio, rotational speed and hub radius parameters?®. These results show that the
fundamental frequency parameter increases as the taper ratio increases which is in agreement
with the conclusion drawn in reference [27]. On the other hand, the authors concluded that as
the taper ratio increases, the frequency parameter of the second mode decreases. This is not
consistent with the trend shown by the results. The predictions show that, when neglecting
the hub radius, the second frequency parameter for uniform beams (zero taper) are higher than
those of tapered beams. Those corresponding to a taper ratio of 0.5 are lower than those of
uniform beams and higher than those corresponding to a taper ratio of 0.1. For a hub radius
parameter of 2, the labeling corresponding to a taper ratio of 0.1 was missing while the one
corresponding to 0.0 was duplicated. This was misleading in connection with the conclusion

drawn by Mulmule et al.

1.2.4 Spatial Rotating Beams

Euler-Bernoulli beam

In real life problems, bending deformations occur simultaneously in two different perpendicular
planes. The vibrational motion in this case is said to be of a three dimensional type. These
flexural motions are usually referred to as flapwise (flatwise) bending and chordwise (edgewise)
bending.

Three dimensional structures include helicopter blading, long flexible rotating space booms
and aircraft propellers. They are of considerable interest and technological importance in many
engineering applications. Three dimensional prismatic and tapered beams represent a more
realistic model for such structures. Therefore, an effective and accurate three dimensional beam
element formulation is needed.

References [30, 33] contain thorough reviews of several approximate methods used in the
bending vibrations of rotating beams or blades.

As reported in reference [32], if the centre of flexure coincides with the centre of mass, as
for blade cross-section having a two-fold symmetry, then three possible types?! of free vibration
modes occur independently: axial, bending in the two perpendicular principal planes and tor-
sion. Axial modes are generally at higher frequencies and therefore are not considered by most

investigators. If the cross-section has only one axis of symmetry, then bending vibrations in the

40values of taper ratio were taken to be 0.0, 0.1 and 0.5, while values for hub radius parameters were 0.0 and

2.0. The range of the rotational speed parameter was from 0 to 10.
41By types it is meant the nature or sort of vibration: axial, bending or torsion. Regardless of the bending if

it is Aapwise or chordwise, it is considered as one type. Thus, three types of vibrations exist.
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plane of symmetry are uncoupled but the transverse bending and torsional modes are coupled.
With no symmetry, as in an airfoil cross-section, all three types of modes are coupled.

Some investigations were devoted to the formulation and derivation of equations of motion
of pre-twisted blades using beam theory (34, 38]. Further, coupling is introduced into the
problem if the blade has an initial pre-twist. The most important effect of pre-twist is to couple
extension®? with torsion. The coupling of flexure with torsion and extension with torsion is a
rather complex problem that merits much further study. For instance, pre-twist of rectangular
cross-section beams causes coupling between the two bending modes while torsional modes
couple with extension. With only one axis of symmetry, pre-twist causes all three modes to
couple resulting in a coupled vibration of the bending-bending-torsion type.

The inclusion of the effect of torsion was first introduced in the pioneering formulation of
elastic rotor blade modeling developed by Houbolt and Brooks [35]. They assumed linear strains
and small deformations and derived the equations of motion for combined flapwise bending,
chordwise bending and torsion of pre-twisted beams with asymmetrical airfoil cross-section.
The equations of motion allowed for variable mass per unit length and stiffness and included
many second order terms. A possible solution by the Rayleigh-Ritz method was suggested but
no attempt at a solution was made for a practical case because the equations of motion in the
general form are too complex to be solved exactly. The authors in [35] concluded that coupling
effects due to centrifugal forces may be as important as the inertia coupling effects in the case
of asymmetrical non-rotating blades. The equations of motion of Houbolt and Brooks [35] have
been widely accepted and are frequently used as the basis for linear rotor blade analysis. Few
attempts have been made to obtain solutions for some special cases of reference [35].

Murthy [36] used a transmission matrix method which is basically a transfer matrix method
to determine the dynamic characteristics of rotor blades described by Houbolt and Brooks [35].
In order to determine the transmission matrix, the equations of motion must be reduced to a
set of first order differential equations. A state vector was chosen to include deflections, slopes,
moments and shears. For this purpose, the differential equations were first written in a non-
dimensional form and then re-expressed in state form. Once the transmission matrices have
been determined, the frequency determinants and the modal functions can be obtained in terms
of the elements of the transmission matrix for a given set of boundary conditions. The author
treated the problem of combined flapwise bending, chordwise bending, and torsion of pre-twisted

blades. Secondary effects such as shear deformation, rotary inertia and non-linear terms were

*2Extension is used instead of axial deformation Ly some researchers.
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not included. Results were presented for some particular cases of rotating and non-rotating
blades. The lowest five frequencies for the combined flapwise bending and torsion of the non-
rotating fixed-free end were presented and compared to the integrating matrix method. The
agreement between the two different methods was good. Other predictions, including the lowest
three natural frequencies of the combined flapwise and chordwise bending were also presented
for the case of a rotating fixed-free beam. Again, the stiffening effect was clearly shown for the
case of pre-twisted beams.

Swaminathan and Rao [37] modelled a turbomachinery blade as a rotating Euler-Bernoulli
beam of rectangular cross-section pre-twisted about its centroidal axis and uniformly tapered in
width based on a suitable Lagrangian approach. The solution was tackled by the Rayleigh-Ritz
method in which they assumed five term approximate shape functions to satisfy the boundary
conditions. The resulting eigenvalue problem was defined and solved for certain special cases.
Results of simulation covered a range for which the pre-twist angle was between 0° and 60°. The
predictions show that as the pre-twist increases, the fundamental and the third mode increases
while the second one decreases. When compared to experimental results, these predictions show
a close agreement. On the other hand, it was found that the pre-twist and the width taper
effects were opposing each other for the fundamental and third mode, but for the second mode,
their contributions were reversed. The speed of rotation in such a tapered and pre-twisted blade
is also seen to stiffen the frequencies of vibration. However, Swaminathan and Rao [37] ignored
the Coriolis effect.

By means of a transfer matrix technique, Isakson and Eisley [38] studied the effect of pre-
twist on the natural frequencies of uniform and tapered non-rotating blades and the effect of
pre-twist and setting angle on the natural frequencies of rotating uniform articulated blades
and offset of the root support from the axis of rotation. Only bending was considered. In this
investigation, the authors’ main purpose was to establish a simplified procedure to predict the
effect of rotational speed on the natural frequencies. Consequently, they established a relation-
ship to calculate SC by using Rayleigh’s quotient and arrived at the same formula proposed by
Southwell and Gough [4]. As a result, the authors extended the effect of stiffening introduced by
Southwell [4] to pre-twisted rotating blades where the Southwell approximation was again shown
to be of a linear relationship with the nondimensioal hub radius R. However, no attempt has
been made to derive an explicit expression for the SC and its dependence on taper and pre-twist.
In addition, they used the relation developed by Lo and Renbarger [6] for a quick prediction of

frequencies at several setting angles. Graphical representation of the numerical predictions of
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the lowest four frequencies were presented at different parameter changes and compared to the
above two relations. It was found that the simplified approach yields very poor results except
at small values of rotational speed. The authors concluded that the fundamental frequency
of a rotating pre-twisted cantilever blade depends primarily upon the setting angle and only
secondarily on the pre-twist and is less well represented by the Rayleigh-Southwell approxima-
tion when pre-twist and setting angle are introduced. On the other hand, the accuracy of the
approximation in determining the fundamental frequency of an articulated blade is relatively
insensitive to pre-twist and setting angle. Furthermore, the authors found that the relation
developed by Lo and Renbarger [6] is useful in determining the fundamental frequency of a
pre-twisted cantilever blade when the setting angle is measured at the root and the fundamental
mode is not substantially coupled with other modes.

Hodges and Dowell [39] derived nonlinear equations of motion for rotating tapered beams
where the centroidal axes offset from the elastic axis with an eccentricity?®. The equations
of motion were derived by means of two complementary methods, Hamilton’s principle and
the Newtonian approach, and included a variable pre-twist and small pre-cone angle. Many
different nonlinear terms in the resulting system of equations were identified namely, the Coriolis
contribution terms, the bending-torsion terms and the centrifugal coupling terms that produce
nonlinear flap-lag inertial terms. In order to simplify the equations of motion, they used an
ordering scheme which is based on the restriction that squares of the bending slopes, the torsion
deformation and the chord/radius and thickness/radius ratios are negligible with respect to unity.
All remaining nonlinear terms were retained. No attempt was made to produce numerical results
from the investigation.

In 1977, Rao and Banerjee [40] considered a cantilever blade with an asymmetric cross-
section mounted on a rotating disc where the blade was assumed as a discrete system. By a
suitable modification of the Myklestad method, they obtained a frequency equation by deriving
generalized polynomial expressions for the slope and deflections. Thus, the frequency equation
derived was of an order of 26 and consisted of coefficients of the polynomial varying from the
order of 1076 to the order of 107262 for n = 9, where n is the number of segments. The accuracy
of this method is doubtful since at that time, it was difficult to handle the above mentioned
order to obtain an exponent range suitable for the compiler. Numerical predictions were shown
for both bending and torsionai modes. Frequencies corresponding to bending modes were shown

to increase as the speed of rotation increases. When compared to other techniques, a good

43For more details of the co-ordinate systems used in this investigation, refer to reference [39).
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agreement was noticed between the actual results, the experimental ones and those obtained by
using the Galerkin method. However, the authors concluded that the results obtained by this
procedure were considered as lower bound estimates because of the discretization of the beam.
Better accuracy could be achieved if the beam was divided into shorter sections.

Laurenson [41] presented a very general study for the modal analysis of rotating flexible
structures that can be modelled by beams. Only uncoupled bending modes were considered. An
eight node finite element discretization was utilized. The study was illustrated by considering a
slender prismatic beam with rectangular cross-section and offsets from the axis of rotation by a
hub radius Ro. A set of Cartesian co-ordinate systems along with transformation matrices were
defined in order to introduce the orientation and angular setting of the beam. For instance,
the (XY Z) axes represent a global co-ordinate system with origin on the hub spin axis such
that the Z-axis corresponds to the spin axis which rotates with constant angular speed. The
X- and Y-axes lie along the principal axes of the cross-section of the beam and the Y-axis
being coincident with the undeformed beam centerline. Two consecutive rotations of the beam
cross-section were considered in the counterclockwise direction; the first one about the X-axis
with an angle @ called a pre-cone, while the second one about the Z-axis with an angle ¢ called
a pre-lag. Predictions in graphical forms for the first two lowest modes were manifested for both
the (XY)-plane and the (Y Z)-plane and covered a wide range of parameter changes of 6 and
¢. The author neglected the Coriolis effect for the configuration corresponding to § = ¢ = 0°.
However, the stiffening effect was clearly manifested in both planes and dominated the softening
one. For the case when 6 = 90° and ¢ = 0°, the stiffening effect was seen to have no influence on
the beam modal characteristics while the softening term tended to dominate the system in both
planes. Laurenson [41] provided a SC for the fundamental flapping mode in which a refinement
due to the inclusion of the pre-lag and pre-cone angles was included. When the effect of these
angles is ignored, the proposed SC is seen to be in a very good agreement with the one presented
by Schilhansl [9] for zero setting angle.

Yoo and Shin [42] derived equations of motions for a rotating uniform cantilever Euler-
Bernoulli beam and considered the coupling effect between stretching and bending motions.
The Rayleigh-Ritz assumed mode method was used. The lowest two frequencies were presented
using ten assumed modes for the uncoupled flapwise and chordwise bending modes. These
results were in good agreement with the results of Wright et al. [16] and the formula of Lo and
Renbarger [6]. On the other hand, the authors obtained SC for the first three lowest modes

at a wide range of R. When plotting these values together with R, it was shown that SC is
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in linear relationship with R which is in agreement with previous works. Compared to other
investigations [9, 10, 23, 24, 29, 40], it was found that predictions reported by Yoo and Shin [42]
give the lowest estimates.

Subrahmanyam and Kaza [43] used a refined version of the finite difference method based on
a second order central difference to predict the natural frequencies of rotating blades having an
unsymmetrical airfoil section where lead-lag, flapping and coupled bending-torsional vibration
cases of untwisted blades were considered. The coupling in bending-torsional vibrations is due
to the fact that the shear center does not coincide with the centroid of the blade. Lead-lag
frequencies including the first two lowest modes were tabulated for a rotating prismatic slender
beam having 30 segments (n = 30) at a wide range of R. Comparison of these results to those
presented by Putter and Manor [24] who used the FEM in their investigation, reveals good
agreement between the two methods of solution. Frequencies of the lowest three modes for
a rotating Euler-Bernoulli beam tapered in the depth direction were also presented. A large
discrepancy was noticed when comparing these predictions to those obtained by Hodges and
Rutkowski [15]. As a result, it was argued that the predictions of Hodges and Rutkowski [15]
are all in error for the rotating tapered beam case as was mentioned earlier. Moreover, the
coupled bending-torsional frequencies were also determined and compared to those of Rao and
Banerjee [40] on one hand, and to the experimental values on the other hand, showing a fair
agreement among the different methods. However, the authors in [43] indicated that their results
were more accurate than those in [40] whilst they were found to be higher than the experimental
values. The discrepancy found between the theoretical and experimental results as reported by
Subrahmanyam and Kaza [43] was mainly due to the fact that the air surrounding the experiment
may depress the frequencies by an amount of 0.5%, and further, the theoretical solution needs
to be corrected for shear and rotary inertia effects.

Subrahmanyam and Kaza [44] extended the work in [43] to include the effect of buckling,
linear pre-twist, pre-cone and Coriolis forces on bending modes for a slender beam of a rectan-
gular cross-section. Root clamping on the axis and out of the axis of rotation were considered.
Two methods of solution for studying blade vibration and stability were used, namely, a finite
difference method based upon second-order central differences that gives lower bound estimates,
and the potential energy method that produces upper bound estimates. From the equations
of motion, the pre-cone was shown to have a softening effect. It was manifested that as the
pre-cone increases the frequencies of all modes decrease. This characteristic was also confirmed

in tabulated predictions at different parameter variations. The predictions show that for small
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pre-cone and pre-twist, the frequencies increase as the rotational speed parameter increases, thus
exhibiting a stiffening effect. For large pre-cone angles however, the frequencies of pre-twisted or
untwisted blade were shown to increase in a non-linear manner up to a certain value of the rota-
tional speed parameter after which a reversed trend was observed until the fundamental bending
frequency becomes zero, indicating static instability. This phenomenon could be attributed to
the fact that for large pre-cone angles and rotational speed parameters the softening effect dom-
inates the stiffening one, thus depressing the frequencies to zero. Based on the predictions of the
simulation, it was concluded that the inclusion of the Coriolis effect is necessary for blades of
moderate-to-large thickness ratios while it is unimportant for blades with small thickness ratios.
On the other hand, it was also concluded that for a beam mounted off the axis of rotation, the
pre-twist and setting angle have a significant influence on rotation-induced buckling instability.
However, this influence depends markedly on the blade thickness ratio.

Subrahmanyam and Kaza [45] further extended the work in {44] to include the effect of
second order geometric nonlinearities. Their derivations included large pre-cone angles, Coriolis
effects, and second order geometric nonlinearities. The Galerkin method was employed in the
solution of the problem by assuming the bending and extensional deflections in terms of a series
of generalized co-ordinates and mode shape functions. However, large pre-cone angle is known
to have a destabilization effect on the rotor blade in helicopters.

Later Subrahmanyam et al. [46] extended the work in [44] to investigate further the stability
of rotating linearly pre-twisted blades including torsion. The coupled bending-bending-torsion
equations of dynamic motion of rotating linearly pre-twisted and large pre-coned blades of sym-
metric cross-section including second-degree geometric nounlinearities and Coriolis effects were
derived. These equations were solved by using the Galerkin method and a linear perturbation
procedure. The authors concluded that the effect of linear and nonlinear Coriolis forces on the

coupled frequencies of thin blades is found to be negligible. However, the Coriolis effect must

be retained in analyzing thick blades.

Timoshenko beam

None of the previous investigations on three dimensional beams treated the effect of rotary
inertia and shear deformation. Further, rotating three dimensional Timoshenko beams have
received less attention and the survey of the current literature reveals a shortage in solution

results pertinent to this type of structure.

Stafford and Giurgiutiu [47] developed equations of motion for the uncoupled in-plane (lead-
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lag) and out-of-plane (flapping) vibrations of a uniform Timoshenko beam rotating at constant
angular velocity in a fixed plane. Although the effects of the centrifugal and Coriolis forces
induced by the rotational speed were included in the formulation of the model, the latter has
been ignored in the solution. The authors assumed a power series solution in the form of
Frobenius with the transfer matrix technique in order to compute the eigenvalues of the resultant
system. Predictions of the lowest six modes versus rotational speed were plotted. Consequently,
it was found that the relation between the fundamental frequencies (flapping and lead-lag) and
the rotational speed is linear. However, the second mode and higher, exhibits a non-linear
relationship at low speeds and a linear one at high speeds. It was also shown that when the
frequency is much greater than the rotational speed, the lead-lag and flapping curves cannot be
distinguished. Moreover, the effect of rotary inertia and shear deformation was more pronounced
at higher modes and high rotational speeds. In the second example, which is an application to
helicopter blades, the authors found that resonance occurs in the lead-lag mode at an operation
speed of 40 rad/s. It was concluded that corrections due to rotary inertia and shear deformations
are quite accurate, therefore their inclusion for helicopter rotors and other relatively slow blades
where the frequencies exceed the rotational speeds is justified.

Ansari [48] extended the vibration of pre-twisted blades to include the effects of shear defor-
mations, rotary inertia and Coriolis forces. The results of simulation indicate that the effect of
nonlinear coupling due to Coriolis forces is of significance at high rotational speeds and therefore
cannot be ignored in many applications.

Krupka and Baumanis [49] presented a rotating tapered and pre-twisted Timoshenko beam
utilizing Carnegie’s formulation of the Lagrange equations of motions [8]. They solved the set of
field equations using Myklestad’s adaptation of the Holzer method based on lumped parameter
formulation. They found that the effect of shear deformation and rotary inertia decreased the
natural frequency by 4% for the first mode and by 8% for the second mode. They stated, without
proof, that the effects of these corrections may be of greater importance than the centrifugal
effects. However, reference [49] lacks necessary information concerning the shear deformation
parameter and slenderness ratio values in order to reproduce and/or validate its results.

Studies of rotating beams with other complicating effects such as warping and thermal effects

were reported by Subrahmanyam et al. [50] using both the finite difference and the Ritz method.
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1.2.5 Dynamic Time Response Analysis

All the above contributions dealt with modal analysis?® of rotating elastic structures using
beam models. Often, researchers are concerned with how their models respond with time to
prescribed loadings. Forced vibration responses of such models have been investigated much less
frequently. These loads may cause stresses and deformations that affect the model performance
or may cause stresses resulting in failures or unacceptable vibrations. Time history analysis,
which is often called Dynamic Time Response Analysis (DTRA) can be effectively simulated
to predict the dynamic behaviors of such finite element models in early design stages in order
to properly control the structure or take corrective measures to alleviate any possible failures.
Various examples of vibrational loads that may be represented are harmonic loads (e.g. rotating

imbalances), random loads (e.g. rocket engines, airborne transportation), and transient loads.

Euler Bernoulli beam

Some investigations were dedicated to study the dynamic behavior of robot manipulators with
a time-varying prescribed base motion 2 (t) using rotating uniform or tapered Euler-Bernoulli
beams [50 - 54]. Du et al. [50 - 51] presented a three dimensional general lumped mass finite
element structural dynamic model developed for the study of a robot manipulator with a time
varying prescribed base motion. Links of the robot manipulator were connected together by
revolute joints while the first one was rigidly attached to a base having six degrees of freedom
and allowing arbitrary and large motions. The equations of motion were derived using the
principle of virtual work allowing for large elastic deformations and small strains in order to
include geometric nonlinearities. Pre-twist was included in the formulation of the problem. The
developed model was utilized to solve the eigenvalue problem of a spinning beam as well as
to predict the dynamic response simulation of a robotic manipulator with a time-varying base
motion similar to that suggested by Kane*® et al [56]. The simulation results were shown for
eight uniform beam elements and included the first five frequencies of a rotating beam with fixed
and hinged-free end conditions. Although the Coriolis effect was included in the formulation
of the problem; it was ignored in the examples shown. Compared to the exact results, these
predictions show a percentage error of 0.2% for the first mode and 7% for the fifth mode for a

rotating uniform cantilevered beam at which the rotating speed parameter Q = 6. In the second

447n modal analysis, natural frequencies (eigenvalues) and associated mode shapes (eigenvectors) are examined.
These quantities describe the only possible vibrational modes with which a structure will respond to vibrational
input. Therefore, natural frequencies are useful quantities in developing an acceptable design.

45Kane’s driver is a spin up manoeuver of a long slender beam of 10 m length.
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part of the simulation, the tip deflections in the flapping, lead-lag and torsional direction of the
deployment of a robotic manipulator were shown. These deflections, being much larger than
those predicted in the work of Kane et al. [56], may cause significant failure or damage to the
beam. The authors attributed this difference to the exclusion of the warping effect on the beam
torsion stiffness in their computation. However, effects due to shear deformation and rotary
inertia that were neglected could greatly contribute to these differences.

Yoo et al. [53] presented a linear modelling method for a flexible slender beam having
homogeneous and isotropic material properties. The beam was assumed to undergo large overall
motion and concomitant with small linear elastic deformation. The only contribution of the
present modelling method was the introduction of a stretch deformation variable by which the
strain energy function may be expressed in another quadratic form. This study was illustrated
by two examples. In the first one, a cantilever beam of 30.5 m length was attached to a rigid
base that performs an abrupt prescribed planar rotational motion around the vertical axis for
a time interval of 30 seconds. The resulting axial and transverse tip deflections were shown to
be quite large when compared to the length of the beam. Moreover, a deflection of this order
may cause a drastic failure of the beam. In the second attempt, the material and geometric
properties of the beam were modified while the length of the beam was shortened to 10 m. The
base performed a different prescribed planar rotational motion of sinusoidal type for a period of
120 seconds. The maximum lateral tip deflection was 7 cm which is acceptable when compared
to length of the beam. In addition, this result is in agreement with the small linear elastic
deformation assumption that underlines the formulation of the model.

Pedersen and Pedersen [54] derived equations of motion for a general multibody system us-
ing the principle of virtual work including centrifugal and Coriolis forces. The formulation was
restricted to simple shape functions for a beam with equal-length elements, constant mass and
stiffness properties in which the rotary inertia and shear deformation effects were ignored. The
computation was verified by the well-known example "Kane’s driver’ of reference [56]. In this ex-
ample, the beam was divided into five equal finite elements. The maximum tip displacements in
the lateral and axial directions were respectively, —0.592 m and —0.019 m. For unequal element
lengths however, the maximum deflection in the lateral direction was found to be —0.5875 m.
Nevertheless, this little improvement can be attributed to the fact that the curvature is largest
close to the root of the beam.

Yigit et al. [55] tackled the problem of predicting the motion of an elastic beam that under-

goes bending in one plane only and is rigidly attached to a shaft. The rigid body was driven
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by a prescribed torque M(t). Differential equations of motion were derived using the extended
Hamilton’s principle and taking into account the coupling between the rigid body motion and
elastic deformations. The results show that the coupling may radically alter the nature of the
response. A linearized analysis of the coupled equations of motion and the numerical solution of
the fully coupled non-linear equations show that the uncoupled equations may lead to substan-
tially incorrect results, particularly with regard to frequencies. There are two significant effects
to be noted: (i) the response frequencies increase with a decreasing ratio of the flexible beam
and rigid shaft inertia, (ii) the effect of elastic motion on the rigid body motion becomes more

significant by decreasing the ratio of the flexible beam and rigid shaft inertia.

Timoshenko beam

Few investigators have tackled the problem of Dynamic Analysis for rotating beams including
rotary inertia and shear deformation effects, inspite of its importance in many engineering and
technological applications to rotating structures using beam models. Kane et al. [56] presented
a cantilever beam model that is built into a rigid base and performing a specified motion of
rotation and translation as a model for a robot manipulator. This formulation extended the
previous ones?® to account for shear deformation and rotary inertia effects as well as warping,
centrifugal stiffening and Coriolis forces. A step-by-step outline procedure algorithm for solving
the equations of motion was presented for the implementation of that formulation. The simula-
tion algorithm was illustrated by considering a space-based robotic manipulator which consists
of three links L1, Lo and L3, connected by revolute joints*?. The outboard link L3 of the manip-
ulator consisted of a base A and two distinct segments B1 and By. The behavior of Lg which is 8
m long during deployment of the manipulator from a stowed configuration to a fully operational
configuration was examined. The deployment process was presumed to last for 15 seconds. As
a result, tip torsional, lead-lag and flapping flexural deformations of L3 were shown graphically
for a time of 30 seconds which is twice the deployment time. The maximum deflections were
depicted to be 8°, 9 cm and 15 c¢m, respectively. After the end of the deployment time, the above
amplitude deflections became of no-significance. The response of the tip By was also examined
for which the angular speed increased from 0 to 6 rad/s in the time interval of 15 seconds, and

remains constant thereafter. The results show a disagreement with other investigators’ results.

46he author called the previous investigations as the conventional approach.

47The link L, makes an angle ¢; with the base, while the intermediate link Ly makes an angle ¢, with L; and
¢4 with the outboard link Ls. During the deployment time the angles v,, ¢, and p; were respectively varying
from 180° to 90°, 180° to 45° and 180° to 90°.
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Kane et al. [56] attributed this disagreement to the fact that all previous investigations did not
take into account the fact that every transverse displacement of a point on the neutral azis of
a beam (that is, a nonzero value of either v or w) gives rise to axial displacement*® u. On the
other hand, the effects of shear deformation and rotary inertia were neglected in the examples
shown.

Boutaghou and Erdman [57] derived equations of motion for rotating elastic structures using
Hamilton’s principle including the centrifugal stiffening effect arising in fast rotating structures.
As a result of large rotation and elastic deformations, they included the nonlinear geometric
stiffening effect. Equations of motion were derived for the case of uniform Euler-Bernoulli and
Timoshenko beams. The time history of the tip transverse displacement, bending rotation and
axial displacement for a two-noded beam element were shown graphically for thin and thick
beams using the spin-up maneuver suggested by Kane et al. [56]. Various beam examples with
different geometrical properties were taken for the case of a Timoshenko beam. For Timoshenko
beams, it was shown that the tip axial deflections were not influenced by the out-of-plane inertial
forces for the case of spin-up maneuver problems. An increase in the inertia proportionally affects
the amplitude of the in-plane and out-of-plane elastic deformations.

Lai [58] presented a nonlinear finite element modeling procedure that takes into account the
effect of shear deformation, gyroscopic inertia, and geometric stiffness. To build up confidence
and validate their model, the authors selected Kane’s rotating beam as a typical model for such
structures [56]. The numerical predictions show that the gyroscopic inertia affects the maximum
tip displacements by approximately 3%, 9% and 18% for a beam rotating at 300, 500 and 700
rpm, respectively. This shows the importance of these terms for high-speed machinery. On the
other hand, the geometric stiffening was shown to inhibit the maximum tip displacement for
approximately 35% for a beam rotating at 1200 rpm. In addition, it is shown that if the rotating
speed exceeds 1200 rpm the tip displacement of the steel beam becomes excessive. Moreover,
at a speed of 1250 rpm the structure goes through a large deformation. The linear elastic
model becomes inadequate and the system response becomes dynamically unstable. However,
the contribution of shear deformation was not shown in the results.

Using the rotating beam problem of Kane et al.[56], Fallahi et al. [59] conducted a compar-

ative study in formulating the elastic displacement field for Timoshenko beams with tip mass

481t is clearly understood that wu is the axial displacement in the z-direction, and v and w the transverse
displacements in the y- and z-directions, respectively
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and geometric stiffening effect. The effect of speed and tip mass on the contribution of the
Coriolis acceleration were investigated. The tip mass was reported as a percentage of the mass
of the beam. The predictions show that at 500 rpm and for 10% and 20% tip mass increase,
the tip transverse deflections were respectively 1.4 and 1.7 times greater than those where there
is no tip mass. It was also shown that the tip transverse deflection increases as the speed of
rotation increases. On the other hand, the numerical simulations show that correction terms
due to Coriolis, tangential and normal accelerations increase with both speed and tip mass.

Bakr and Shabana [60] investigated the behavior of rotating Timoshenko beams with constant
properties in multibody systems consisting of interconnected rigid and deformable bodies each
of which may undergo finite rotations. Flexible components in the system were discretized by
using the FEM. The formulation presented in this paper was exemplified by two dimensional
flexible multibody aircraft. The aircraft model consisted of seven bodies and two identical gears.
The two wings of the aircraft were considered to be flexible while all other components were
treated as rigid. Each flexible wing was discretized into ten equal Timoshenko beam elements.
The two flexible wings were rigidly attached to the fuselage while the wheels of the aircraft were
assumed to be attached to the carrier. The model was excited by a sinusoidal rotation of the
aircraft carrier about the axis of rotation with a frequency of 15 rad/s. Bending tip deflection
of one of the two wings was shown for three cases for a period of 1.5 s. In the first case, rotary
inertia and shear deformation were neglected, in the second case the rotary inertia only was
taken into consideration while in the third case, both rotary inertia and shear deformation were
accounted for. Predictions show that the effect of these factors is insignificant in lower modes of
bending frequencies and is highly pronounced in higher modes. On the other hand, it was shown
that the tip deflection®? is not greatly affected by the inclusion or removal of these effects. The
authors concluded that the inclusion of rotary inertia and shear deformation has a significant
effect on the dynamic response of flexible multibody systems with large angular rotations and
in which the reference motion and the elastic deformation are coupled.

Oguamanam and Heppler [61] derived equations of motion of a prismatic isotropic Tim-
oshenko beam with a tip mass attached to a rotating hub taking into account the effects of
centrifugal forces that appear in the equations of motion as nonlinear functions of the angular
speed. The system was ’simulated via a time response analysis with and without the effects of the

nonlinearities that arise due to centripetal acceleration being considered and these results were

49The unit of the tip deflection in the various figures was shown in mm, while in the text, the authors referred
to a dimensionless tip deflection without mentioning the normalization that has been done with respect to which

variable. This point is somehow misleading in this paper.
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compared to the corresponding results for an Euler-Bernoulli beam model. It was observed that
there is a threshold hub angular speed below which the centrifugal stiffening effects are negligible
not only in terms of the natural frequencies of the system as had previously been established
but also in terms of displacement trajectories. The authors found that the Timoshenko beam
predicts larger deflections at high angular speeds than does the Euler-Bernoulli model. However,

the authors did not include the nonlinear terms arising from the Coriolis forces.

1.3 Modal Reduction Schemes

The Finite Element Method (FEM) is one of the most powerful numerical technique and has
great potential and flexibility in modeling large complex structures. However, utilizing nodal
co-ordinates in the discretization process leads to a large number of degrees of freedom of the
model and consequently, results in a large number of dynamic equations for which a solution
becomes impracticable. Moreover, the use of nodal co-ordinates results in a dynamic model
of widely spread eigen-spectrum that includes many insignificant modes and consequently, a
numerically stiff system is often created that causes the numerical integration scheme to search
inefficiently for a solution or may even fail to find one.

Using modal co-ordinates alleviates the problem of large dimensionality incurred by using
nodal co-ordinates, and avoids the inclusion of higher insignificant modes when they do not share
an appreciable amount of the system’s kinetic energy [62]. In general, a subset of eigenvectors
that spans the frequency spectrum of the forcing function are retained as significant modes.

The distinction between significant and insignificant modal co-ordinates leads to a convenient
formulation of the reduced order model by means of a reduction technique referred to as mass
condensation [63], in which it is assumed that the mass of the structure can be lumped at only
specific degrees of freedom. The disadvantage of this technique is that the banded nature of
the original system may be destroyed and may lead to a much more expensive eigensolution.
In addition, the inertia matrix is sometimes singular because of the presence of a massless
degree of freedom that may cause the eigensolver to fail. Several investigations related to mass
condensation have been reported in the literature [62, 64].

Hurty [66], Craig and Bampton [67] and Benfield and Hruda [68] used the component modes
to analyze complex structural systems. Based on substructuring, this approach couples various
components of a structure to predict the dynamic behavior of the entire structure. Ojalvo and
Newman [69] presented a matrix-reduction method to predict the frequencies of vibration of

Jlarge structures by solving an eigenvalue problem of a size smaller than the original one.
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Laurenson [41] addressed the issue of reduction techniques and indicated the revisions that
should be considered when the FEM is used in dynamic analysis of flexible structures that
include the effect of spinning. In [70], Likins developed a general study in which he provided
the governing equations for flexible appendages and outlined the steps that should be followed
in conjunction with the FE formulation in order to reduce the size of the original structure by
means of a modal transformation. Shabana and Wehage [71] extended the co-ordinate reduction
technique to spatial substructures with large angular rotations. Kane and Torby [72] applied
the extended modal reduction method to solve the eigenvalue problem of a simple rotor problem
using state space formulation to allow for non-symmetric matrices such that damping, and
gyroscopic effects may be treated. However, the authors in [72] did not perform any dynamic
analysis.

In the previously cited investigations, there is a strong view in support of using complex
modes in modal transformations of systems with gyroscopic (Coriolis) matrices. However, the
associated numerical complexities are acknowledged. To avoid such numerical difficulties, an-
other view suggested the use of planar modes obtained after modifying the mass matrix to include
gyroscopic effects. Nevertheless, other investigators, especially those concerned with dynamic
response analysisy, have consistently employed planar modal transformations. It is noteworthy to
mention that no dynamic response analysis study that invoked complex modal transformations
was reported in the available literature except the one presented by Khulief and Mohiuddin [73].

The truncation operation aims at eliminating the insignificant modes that are, in general,
higher modes that do not contain an appreciable amount of the system’s kinetic energy. In
general, a subset of eigenvectors that spans the frequency spectrum of the forcing function are
retained as significant modes. Moreover the retained modes must include the first few lower
ones in terms of which the characteristics of the system must be preserved.

Two modal reduction schemes are established. The first scheme utilizes planar modes ob-
tained by solving the self-adjoint eigenvalue problem®’, while the second scheme invokes the

complex modes of the non-self-adjoint eigenvalue. In each case, a reduced order modal form of

the equations of motion is obtained.

50An n x n complex matrix [A] is called Hermitian (or self-adjoint) if [A]7 = [A]. Here [A]7 designates the
conjugate of the transpose of [A]. Hermitian matrices are the analogues of real symmetric matrices. As a result,
the eigenvalues of an Hermitian matrix are all real. In addition, any two eigenvectors associated with distinct
eigenvalues are orthogonal. Further, an Hermitian matrix [A] is always diagonalizable.
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1.4 Damping

In most of the above contributions damping® was neglected because its influence on the dynamic
response was minor. However, the effect of damping cannot be ignored if the response of a system
is required for a long period of time. Rao [90] reported that if the frequency of excitation (in
the case of a periodic force) is at or near one of the natural frequencies of the system, damping
is of primary importance and must be taken into account.

In addition to inertial (mass) and stiffness properties, most structural systems have damping
properties; these are material and system damping. Material damping is the damping inher-
ent in the material while system or structural damping includes the damping at the supports,
boundaries, joints, etc. in addition to material damping. Since utilizing damping materials is
the most common way to reduce resonance responses, accurate measurements of damping are
crucial to the proper design,optimization, and modeling of systems from a vibration reduction
standpoint. In general, since damping effects are not known in advance, they must be consid-
ered in the vibration analysis of any system. However, for rotating structural components these

effects are minor when compared to others such as the stiffening one that is due to rotation and

therefore can be ignored.

1.5 Objectives

A survey of the current literature reveals a shortage of solution results pertinent to rotating three
dimensional doubly tapered Timoshenko beams. Since rotating blades in real life have angular
settings in addition to being stubby and tapered, it is the purpose of this investigation to address
this important class of problems that arise in many practical engineering applications and to
generate a realistic means of obtaining a complete dynamic analysis (modal analysis and time
response analysis) of a rotating tapered three dimensional Timoshenko beam experiencing axial,
flexural and torsional vibrations by employing a discrete mathematical model in conjunction
with the FEM.

In this thesis, a three dimensional dynamic analysis is considered to include both formulation,
and solution of the generalized eigenvalue problem as well as solutions of equations of motion

that are used to predict the time histories of positions of the system. In the course of the analysis

the followings are considered:

e introducing a new 3-D doubly tapered finite beam element.

51Damping serves to control the steady-state resonant response and to attenuate traveling waves in the structure.
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e the beam element will account for shear deformation and rotary inertia.

e the beam setting angle as well as the beam pre-cone angle are also taken into consideration

in the finite element formulation.
o the stiffening effect due to a centrifugal force field will be accounted for.
o the Coriolis effect will be represented in the dynamic model.
e the torsion-coupling bending resulting from the Coriolis effect is accounted for.

e the generalized eigenvalue problem will be defined and solved to obtain, in general, a

complex set of eigenvalues and their corresponding eigenvectors.

o explicit expressions for Southwell coefficients (SC) for the first four frequencies are obtained

taking into account all the parameter changes.

e to alleviate the problem of large dimensionality, the modal transformation method will be

formulated for such systems with complex mode shapes, and a reduced order model will

be defined.

e the modal form of equations of motion will be integrated forward in time to predict the

system histories of elastic deformations due to different types of excitation such as impulse,

sinusoidal and prescribed loadings.

e the forced frequencies along with their spectral magnitudes of the time response signals

are obtained using Fast Fourier Transform (FFT) algorithm.

1.6 Overview

In the course of the analysis, the following will be covered:

Chapter 2 includes necessary assumptions that underline the derivations of equations of
motion. A set of transformation matrices is introduced to explain the orientation of the beam
(setting angle and pre-cone angle). A multibody system may be represented by a mathematical
model that consists of two collections of bodies. One collection includes the rigid hub while
the other one includes the elastic beam. In order to perform the dynamic analysis of such a
structure two sets of generalized co-ordinates are identified and employed. The first one is the

rigid body degree of freedom described by the rotational motion of the reference frame while
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the second one is the elastic degrees of freedom that characterizes the elastic deformations of
the beam.

The equations of motion are defined using a suitable Lagrangian approach thus utilizing the
kinetic and strain energy of the model. To develop the kinetic energy equation, an arbitrary
rotating vector within the beam element is considered and the velocity vector is expressed
accordingly, thus, taking into account the effect of the rigid hub rotation and the coupling that
exists between the reference motion and the elastic deformations.

Chapter 3 develops key concepts of the tapered beam element. The beam’s geometric prop-
erties are defined. The beam element model is discretized and the shape functions are developed.
Elemental inertia, stiffness, Coriolis and centrifugal inertia matrices are derived and evaluated
in a symbolic form in which the spin rate, the shear deformation parameters, the setting angle,
the pre-cone angle and taper ratios appear as parameters. The explicit expressions of these ma-
trices have the computational advantage of eliminating the loss of computer time and round-off
errors associated with extensive matrix operations required for their numerical evaluation. The
standard finite element assembly procedure is invoked to obtain the equations of motion for the
entire beam.

The general form of the generalized eigenvalue problem is derived in Chapter 4. A suitable
state space form representation of the problem is established and the generalized eigenvalue
problem is given in terms of the state matrices [A] and [B]. Two modal reduction schemes are
employed: the planar and the complex modal transformations. The former ignores the Coriolis
effect where the mode shapes are planar, while the later includes the Coriolis effect where the
mode shapes are complex, i.e., have real and imaginary parts.

In Chapter 5, results of the simulation are presented and discussed. It starts with an overview
of the computer scheme in which several parts of the computer program are illustrated in flow-
chart form including: input data, system matrices, eigenvalue solution, modal reduction schemes
and numerical integration. Many degenerate cases along with various comparisons with previous
investigators are reproduced to show and validate the accuracy and fidelity of the present model.
In the second part, the modal characteristics of the rotating beam are calculated and compared
to those available in the literature. Natural frequencies are shown in tabular and graphical forms,
consisting of two and three dimensional plots. The effects of taper ratios and pre-cone and setting
angle as well as other effects are highlighted and discussed in these plots. Explicit expressions

for Southwell coefficients for the first four frequencies are obtained taking into account all the

parameter changes.
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Both Planar Reduction Order Model (PROM) and Complex Reduction Order Model (CROM)
are invoked in the calculations of the frequencies of the rotating beam and compared to the Full
Order Model (FOM). In the last part, a dynamic analysis of the beam is performed in which

the beam is excited by different types of external loadings and the response is plotted for a wide

range of parameter variations.

The forced frequencies along with their spectral magnitudes of the time response signals are

obtained using Fast Fourier Transform (FFT) algorithm.

Chapter 6 includes conclusions and recommendations for future studies.
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Chapter 2

The Elastodynamic Formulation

The modelling and formulation of the equations of motion of a dynamic system is the most
important and difficult step of the entire analysis procedure. In this chapter, the dynamic
model of a three dimensional spinning tapered Timoshenko beam is developed using the energy
method in conjunction with the appropriate Lagrangian function to derive the equations of
motion of the beam. A new set of time invariant element inertia matrices that describe the
coupling between the reference motion and elastic deformations is developed and expressed in
terms of a set of time invariant quantities (scalars and matrices) that depend on the assumed
displacement field, rotary inertia, shear deformation, setting angle, hub radius and tapering
in the (zy)- and (zz)-planes. This formulation permits easy inclusion of the effects that are
usually not taken into account in standard beam theory such as inclusion of setting angle, pre-
cone angle, tapering in the (zy)- and (zz)-planes, inertia coupling between the reference motion

and the elastic deformations of the beam, and centrifugal and Coriolis forces resulting from the

precession of reference axes.

2.1 General Assumptions
The assumptions that underline the present formulation are as follows:

(1) The material of the beam is homogeneous, isotropic and linearly elastic, and the deforma-

tions (displacements) are small.
(2) The deflection of the beam is produced by the displacement of points of its centreline.

3) The plane cross-sections initially perpendicular to the neutral axis of the beam remain
p

plane but no longer perpendicular to the neutral axis after deformation.
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Figure 2-1: Undeformed state of the tapered beam before any angular settings.

(4) Damping, aerodynamic forces as well as the thermal stresses and the warping of the cross-

section of the beam are neglected.

(5) The hub is assumed to be rigid.

2.2 Description of the Model

The tapered beam considered in this investigation is shown by the model of Figure 2-1, mounted
on the periphery of a rotating rigid hub of radius R,. A preliminary setting such that the
setting angle and the pre-cone is first described before deformations take place. Consequently,
the orientations and rotations of the different co-ordinate axes are also described.

The (XY Z) axes represent a global Cartesian co-ordinate system with origin on the hub
spin axis such that the Z-axis corresponds to the spin axis which rotates with an angular
speed 0z = ¢. The (zyz) system is defined as a Cartesian system of local co-ordinates whose
components are parallel to the global (XY Z) co-ordinate system and rigidly attached to the
root of the beam with its origin shifted by a distance R, in the radial X-direction from the
global (XY Z) co-ordinate system. The z- and X-axes are collinear and coincident with the

undeformed beam centreline.
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Figure 2-2: Undeformed state of the tapered beam after the setting angle ¥ is made.

The Cartesian co-ordinate system (z'y’z’) is obtained by rotating the (zyz) co-ordinate
system about the z-axis by an angle 1, termed the setting angle, as shown in Figure 2-2, so

that the y/- and z’-axes align with the cross-section principal axes while the (2”y”2") Cartesian

co-ordinate system is obtained by rotating the (z'y’z’) co-ordinate system about y’-axis by an
angle ¢, termed the pre-cone, as shown in Figure 2-3.
Figure 2-4 shows the deformed state of the three dimensional spinning tapered Timoshenko

beam model.

2.3 Transformation Matrices

2.3.1 Setting Angle

The orientation of any cross-section of the beam is achieved by a sequence of two consecutive
transformations allowing for angular settings before any elastic deformation. In the first one,
the (z'y'2’) co-ordinate system is obtained by rotating the (zyz) co-ordinate system by an angle
1) called a setting angle about the z-axis as shown in Figure 2-2. Since this is a constant

transformation that corresponds to a single axis rotation about the z-axis, one may write
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Figure 2-4: Deformed state of the rotating tapered Timoshenko beam.

40



y o=yl y (2.1)

z z

where [Ay] denotes the rotational transformation with an angle 1 about the z-axis. The ex-

pression of [Ay] is given by

1 0 0
[Apl =] 0 cosyp siney (2.2)
0 —siny cosvy

2.3.2 Pre-cone Angle

In the second transformation, the (2"y"2") co-ordinate system is obtained by rotating the (z'y’2’)

co-ordinate system by an angle ¢ called the pre-cone angle or simply pre-cone about the 3/-axis

as shown in Figure 2-3. Since this is a constant transformation which corresponds to a single

axis rotation about the y’-axis, one may write

1" /

X x
y” = [.A¢] y (2.3)
o S

where [Ay4] denotes the rotational transformation with an angle ¢ about the y’-axis. The ex-

pression of [Ay] is given by

cosg 0 —sing
[Agl=1] 0 1 0 (2.4)
sing 0 cos¢

The relationship between the co-ordinate systems (z"y”2") and (zyz) can be established by

substituting equation (2.1) into (2.3)

y' =l [Au] ]y p = 1A (2.5)
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resulting in a transformation that is composed of the two rotations [Ay] and [Ay] given by

cos¢ singsiny —singcosy
[Ao] = [Ag] [Ay] = | 0 cos ) sin ) (2.6)

sing —cos@siny  cos@cosp

2.3.3 Transformation due to Rotation

The location of an arbitrary infinitesimal volume at point P! of the i** beam element can
be determined globally by specifying the position of the body-fixed (zyz) co-ordinate system
of the body and the location of point P' with respect to the (zyz) co-ordinate system. Let
R, and ¢ represent, respectively, the translational and rotational orientation of the body co-
ordinate system (zyz) with respect to the global co-ordinate system (XY Z). The rotational
transformation matrix [A] relates the body co-ordinate system (zyz) to the global co-ordinate

system (XY Z) by the following relation

X T
Y p={Ro}+ ¢ y (2.7)
A z

T
where {Ro} = [ X, 0 0 } is the location of the origin of the body co-ordinate system
relative to the global co-ordinate system. Notice that [A] is implicitly time dependent in which

¢ = Qy represents the angular velocity of the hub. The expression of [A] is given by

cosp —sing 0
[Al= | sing cosep 0 (2.8)
0 0 1

2.4 Generalized Co-ordinates

To specify the position of any point in the model, it is necessary to define a set of generalized
co-ordinates, in terms of which the global position of any infinitesimal volume on the body is
determined.

For the system under consideration, the location of an arbitrary infinitesimal volume on the
ith beam element is defined in terms of two sets of generalized co-ordinates. The first one is the

rigid body degree of freedom described by the rotational motion of the reference frame while
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Point P after the angular settings
are made and after deformation

Z — Point P after the angular settings
are made and before deformation

)

i* element

Point P’ before any
angular settings are made

v

Figure 2-5: Arbitrary point of the i beam element before and after deformation.

the second one is the elastic degrees of freedom that characterizes the elastic deformations of
the beam. The elastic degrees of freedom usually represent the relative translations and angular
displacements (rotations) of infinitesimal volumes at nodal points on the element. Using the
FEM, the location and angular orientation of any infinitesimal volume on the 7" beam element
can be approximated in terms of elastic degrees of freedom associated with this element and a

shape function employed to describe the elastic degrees of freedom.

2.5 The Displacement Field and Shape Functions

Referring to Figure 2-5, the (xiyizi) system represents a beam element co-ordinate axes with
its origin affixed to an infinitesimal volume at some point on the body, while the (Z 7 %) is a
system of co-ordinate axes parallel to the (xiyizi> but with its origin coincident with the origin

th

of the body-fixed axes (ryz). Let P! be any point in the undeformed state of the i beam

clement and before any angular setting is made. Point P! is defined by the position vector
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. T .
{r};o} = [ To 0 0 } in the body co-ordinate system (zyz). Let P} be the undeformed
state of point P! after the setting angles are made, such that the position vector {r}l } of point

P} in the local co-ordinate system (zyz) is given by
{rby} = 140 {75, (2.9)

where the superscript 7 refers to the i** beam element and [Ao] is the constant transformation
matrix defined earlier by equation (2.6). Let P* be the position of point P¢ after deformation.

The local position {7‘};} of point P* of the i beam element can be written as

{rp} = {ri } + {a) (2.10)

where {7‘};} and {7‘},1} are respectively vectors from the origin of the body co-ordinate system
to point P* and P! in the deformed and undeformed states. The vector {di} is the elastic
deformation vector which gives the difference between the deformed and undeformed vectors
{r%} and {7‘};1}, respectively. In order to represent the deformation vector {d} in a finite
dimensional space, the finite element approach can be used. A finite element discretization of
the continuum is obtained by a finite set of nodal points. If {'é“} represents the nodal elastic
co-ordinates of the i*® element with respect to (T ¥ Z) co-ordinate system, elastic deformations

of an arbitrary point P? of the i** element can be described using shape functions [81] and a

set of nodal co-ordinates {EZ} as [77]:
{d} = [s] {7} (2.11)

where [S?] is the elemental shape function matrix that must satisfy the completeness and dif-
ferentiability requirements [94]. The explicit expression of the matrix of shape functions [S']

will be given in the next chapter.

A transformation PRI] is employed to define {dl} with respect to the (zyz) system such that
{d'} = [®][s]{=} (2.12)

where [?ﬁ”} is a 3 x 3 transformation matrix from the element co-ordinate system to the body
fixed co-ordinate system, [77]. Compatibility conditions between elements on a given body

are simpler if generalized elastic co-ordinates are defined with respect to the body-fixed (zyz)
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co-ordinate system [77]. This can be accomplished by the transformation
{#} = %] {} (2.13)

in which the nodal displacement vector {ei} represents a set of generalized co-ordinates of the
it" element defined relative to the body fixed co-ordinate system and [W] is a diagonal matrix
built up of [R*] matrices and has a dimension that is equal to the number of nodal co-ordinates

of the element. Substitution of equation (2.13) into (2.12), yields
{d} = [®] [$] [F] {e'} = V] {e'} (2.14)
where
W = (%] [s] [ (2.15)

is the associated modified shape function of the i** element that accounts for transformation
from the element co-ordinate system to the body co-ordinate system. The nodal displacement
vector {ei}, has a dimension of (ng,r x 1) where ng,¢ is the total number of elastic degrees of
freedom of the i** element. Notice that {e'} is time dependent while [N?] is space dependent.
If the rotation of the element co-ordinate system with respect to the body co-ordinate system
is small, which is true for small elastic deformations, the matrices [3?1] and {W} are considered
constant. The respective expressions of [Wq and F)‘?} are given in Appendix A.

Figure 2-6 shows a typical two-node three dimensional beam element of length {*, where each

node has six degrees of freedom. The vector {ei} defined with respect to the element axes is
denoted by

i i]T

i [ i i i i i i i i i
{e'Hox1= [Ul v wy 21 O 0wy vy wy w2 Oy O (2.16)

where (uﬁ, ué) are the nodal axial displacements, and (v%, v%) and (wi, ué) are the nodal
translational displacements in the y- and z-directions, respectively; (9;1, 0.,) are the nodal
torsional displacements about the z-axis, and (9;1, ;2) and (921, 912) are the nodal rotational
displacements in the (zz)- and (zy)-planes, respectively.

th

The global position of point P of the i*" beam element is given by

{Rp} = {Re} + A {7} (2.17)
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Node 2

Node 1
i element

Figure 2-6: Generalized co-ordinates of the three dimensional 7** beam element.

Substitution of equations (2.10) and (2.14) into (2.17) yields
{Rp} = (R} + (4] ({rh, } + W{e'}) (2.18)

2.6 Velocity Expression of the Model

To evaluate the kinetic energy of the i** element, it is necessary to derive an expression of
the velocity vector of the infinitesimal volume at point P! of the i** element. Differentiate the

position vector {R%} with respect to time yields the velocity vector of point P*
{Rp}={Re}+ 14 ({rh }+ WHeN) + 14 ({70 } + WUEY) 219)
simplifying this equation to get
{Re} = {Re} + 1A {rh, } + AN} + LAV (2:20)

where the time derivative of the vector {7‘};1} has been taken to be zero provided it has a
constant magnitude. The transformation [A] takes care of the direction of that vector. Apply

the differential operator
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= t)+{Q}><( ) (2.21)

for the vector {RRo}, one can write

d{Ro} _ 9{Rs)

d S T {9} {Re} = {2) x (R} = |0)] {Ro) (2.22)

where in general, the tilde placed over a matrix [ﬁ] indicates that the components of a vector

{Q} are used to generate a skew symmetric matrix [Q} as [95]

Qa 0 -, Q
Q=4 Q, ¢ [ﬁ} =l Q 0 - (2.23)
Q. —Q, Q. 0

For the case under study, the vector {Q2} and the skew symmetric matrix [Q} are, respectively,

given by
0 0 —Qz 0
{}=¢ 0 ¢, [ﬁ}: Q; 0 0 (2.24)
0y 0 0 0

The skew symmetric matrix [Q} can be written in the form

0 -1 0
@-a|1 o0 o |-o[A] 229
0 0 0

where the subscript z is dropped from 1z and {;{}:l is a skew symmetric matrix given by

0 -1 0
[A4l=11 0 o (2.26)
0 0 O

Differentiating the matrix [A] with respect to time yields
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4] = 1A (2:27)
where the expression of [A,] is given by

—sing —cosp 0
[Ap] = | cosp —sing 0 (2.28)
0 0 0

Substitute equations (2.9), (2.22), (2.25) and (2.27) into equation (2.20) and using matrix-

vectorial notation, one can write

e‘Z

{Ri} = |[ 4] (R} + LA [Aal {rh,} + (4] (V) {e) {AMN"]J{ “b,} (2:29)

in order to isolate the velocity terms. The above expression can be written in compact form as

é’l

{RP} =[] AN { ? } (2.30)
where

(D] = [A1] 1R} + A 14 {75, } + [A] IV} (2.31)

2.7 Kinetic Energy

The kinetic energy expression of the i** element is obtained by integrating the kinetic energy of

the infinitesimal volume at point P! over the volume V?, that is

2,
Vi

7=l /p{R}}T {R}}dvi (2.32)

where p is the mass density of the i'" element. Utilizing the velocity equation (2.30), the

dvi) { SO } (2.33)

expression of 7* can be written in vector-matrix form as

Tii{ ¢ }T (/P{ P P] [P AW
le ]\ Lwrarp] W
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where the orthonormality of the matrix [A], i.e., [A]7[A] = [ I ] is utilized to simplify the lower

right submatrix of equation (2.33). The above equation can be written in more compact form

T = 5 {0) [ {47} (254

) ) ) T
where {ql} is the vector of generalized co-ordinates given by {qz} = [cpT {ez}T} in which
© represents the reference co-ordinates while {ei} is the elastic nodal displacement vector of the

ith element. The matrix [M®] is the elemental mass matrix that can be written in a symbolic

form as

(2.35)

. . T . . .
where [m;e] = [m,]". The subscripts 7 and e refer to reference and elastic co-ordinates, re-

spectively. The submatrix [mi ] is the mass matrix associated with the reference co-ordinate

system, usually referred to as the mass matrix due to rigid body rotation, while the submatrix
[mie] represents the inertia coupling between the reference motion and the elastic deformations
of the ¢** element. The submatrix [mée] associated with the elastic co-ordinates is of the kind
usually occurring in linear structural dynamics problems and comprises all the matrices associ-
ated with the elastic generalized co-ordinates. This submatrix is invariant and can be evaluated
once in advance in dynamic analysis. The elastic and reference co-ordinates can be dynamically

decoupled by neglecting these two submatrices. Using equations (2.33) and (2.35), the elements

of the mass matrix [M*] are represented as follows

mi] = [ o2 (] av (2.36)
Vi
mi] = [mi]" = [ o D] (v (2:37)
Vi
[ml] = /p[/\/i}TW}dvi (2.38)
Vi

Unlike [m'ée], the submatrices [mﬁr] and [mie} are implicitly time dependent since they are

function of the generalized co-ordinates thus resulting in an inertia variant model. Expanding

equations (2.36) and (2.37) using (2.31) results in the following:
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(Ro}” (2] {Re} +2 (R} [ A1) (4] ViHe')
2{R} WT (A [Ao] {r, } + {e VAT L] W{e'} | dV7(2:39)
+2{e Y VT (L] [A] {rh, } + {5} [Ac]" [Zo] [Ae] {7, }

El
=

Il
R

o [ R[] AW+ e (&) e
[mi.] = J ol YT LA [E]T[Ni] v (2.40)
where
1 00
Z) =4 4] = [&] [&] =] 0 1 0 (2.41)
0 00
and
] = A 2.42)

where the expressions of {:47} and [A,] are given previously by equations (2.26) and (2.28),

respectively. The expressions of [mir} , [m;e] can be written in compact form as

] = [Hoom,] +2 [mie.e] 1€} +2 Ty, | + {37 o] ()26} [mi,,, | + [T |

(243)
and
[mie] = [mk,] +{e'}" [CF] + [m2,, ] (2.44)
where
Tor) = [pRT (L] (R Qv (2.45)
[k,e] = V/I‘pmof ] 14 v (2.46)
Teorn| = V/zhp {Ro}" P}}T [Ap] [Ao] {rp, } av? (247)
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] = [l AT (&) ey
Vi

mic] = [ TNV
Vi

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

defined with respect to the body co-ordinate axes. The orthonormality of the matrix [S%IJ , lL.e.,

[?RﬂT [®] = [1]is utilized to simplify the expression of [mf,]. Expressions of [C’iJ and [m},|

can be written in more compact form as
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& - ]| "] (2:62)
mi] = [®] i) [7] (263

where [Eﬂ} and [m,] are given by

[%] _ / o) (®] [&] %] [57] av° (2.64)
il = [ols]"[s]av (265)

The submatrix [_’ee] , s the composite mass matrix that can be written as:

(i) = [ + [, ] + (] + (] + [, 0] + [, ] + [0 (2.66)

defined with respect to the element co-ordinate axes. Notice that the constituents of [‘77726] are

time invariant and defined as

elemental axial mass matrix

El
il

elemental torsional mass matrix

H

elemental translational mass matrix in the (zy)-plane

[ SS—— :G__J —
I

elemental translational mass matrix in the (zz)-plane

i

Il

elemental rotary inertia mass matrix in the (zy)-plane

elemental rotary inertia mass matrix in the (zz)-plane

prmmm——
%l.
<
g
et bmcsied
I

elemental rotary inertia mass matrix due to coupling in bending

i

The explicit expressions of the above matrices will be given in the next Chapéer. Notice that the

elemental rotary inertia mass matrices [ﬂézm} , {Tﬁéy,w} and {W’vw} being dependent on the

and I, and the product second moment of area I'_ respectively,

second moments of areas I’ i

vy
are functions of the setting angle .

The expression for 7% can be written in abbreviated form as
S IR B A 1 LT .
T = 5% [mmﬂ] @+ @ [mm} {c }+§ {e } [mce] {e } (2.67)
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The kinetic energy 7 of the entire beam is obtained by summing the kinetic energy of each
of its individual element. Denoting by n the total number of elements of the beam, the kinetic
energy 7 of the beam is given by

n
T=3T =30 M {3) (268)
j=1
where {q} is the vector of generalized co-ordinates of the beam given by {q} = {@T {e}T] ' in
which ¢ represents the reference co-ordinate while {e} is the elastic nodal displacements vector

of all elements of the beam and [M] is the mass matrix of the beam. The matrix [M] can be

written as

(M] = (2.69)
where the entries of the mass [M] are given by

(M) = > /p[D"]T[Di} v (2.70)

i=1

V‘i
M) = T =30 | [0 [P g (271)
=1 .Vi
[Me] = Z /p[/\/z‘]T[/\/i]dVi (2.72)
=1 \{

2.8 Strain Energy

The development of the strain energy expression of the spinning tapered Timoshenko beam
will not differ from the one used in linear structural analysis. This is basically due to the fact
that elastic co-ordinates are defined locally and accordingly, there will be no stiffness coupling
between the reference motion and elastic deformations. However, there is a stiffness coupling in
the elastic co-ordinates resulting from the orientation of the cross-section by a setting angle 1.

Consider a point P* in a deformed state of the i** element, located at a distance z* from
the left end and denote the components of displacements along the -, y-, and z-axes by U?, V',
and W respectively. When the i*" element deforms the displacements of its cross-section can
be described by the translations u?, v* and w® in the x-, y- and z-directions as well as the small

rotations #;, ¢, and # about z-, z-, and y-axes, respectively.
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For linear small elastic deformations of an isotropic body, the strain energy of the i** element

can be given by
Ui = = / (U;xc”;m + Oy T olel + Tiyviy -+ T;zfy:f/z 4 chz’Yiz) dv? (2.73)
Vi

where ¢*, 7* and ¢*, 7* are strain and associated stress components at point P* of the " element

of the infinitesimal volume V*. The generalized Hooke’s law for an isotropic homogeneous

material is

o, = ﬁ—mﬁ—_m [(A—v)el, +v (e, +ei,)]

04y = wrmimy (L~ V) ehy + v (€h + eks)]

o, = mTI(El:ff) [(1-v)el, +v (e, +eby)] (2.74)
Toy = GVay
’r;z = G’Yéz
wa = Gﬂ’éz

where v is Poisson’s ratio, E is the Young’s modulus of elasticity, and G is the shear modulus

of rigidity of the material. For an isotropic material, these quantities are related by
E=2G(1+v) (2.75)

Substitution of equations (2.74) and (2.75) into (2.73) yields

i1 L1 g 12 i2 i i i 4 L/ g i2 12 i
Ut = 5/ (E [am + Oy + 05, — 20 (0%20yy + 0be0%, + cryyazz)] + el (sz + 7, + ’Tyz>> dv
Vi
(2.76)
On the other hand, equation (2.76) can be written as
i _ L T i
= S Y [ e} (2.77)

where [kée] is the elemental elastic stiffness matrix defined with respect to the body co-ordinate

system and can be evaluated once prior to the dynamic analysis. By using equation (2.15), one

can write

w =3 1" (7] [ [7]) () (.78)



where [E;e} is the elemental elastic stiffness matrix defined with respect to the element co-

ordinate system. The relationship between [Re] and [k;e] is given by
i) =[][R] [®] (2.79)

The strain energy expression is independent of the reference co-ordinates, because the elastic
generalized co-ordinates are defined with respect to the body-fixed (zyz) co-ordinate system.
Equations (2.73) through (2.79) are derived in general form and are valid for any elastic structure

that undergoes small deformations in space. Equation (2.77) can be written in a more general
form as

T
¥ 0 0 ®

e[ o || e

(2.80)

DN

Since the bending planes (zy) and (zz) are assumed to coincide with the principal axes of the
cross-section of the beam while the z-axis is assumed to coincide with the centroidal axis of the
beam, all deformations caused by the different stresses can be separated into six groups. These
groups will now be considered independently and the strain energy for each of these groups will

be derived separately according to the procedure prescribed by Przemeniecki [92].

2.8.1 Strain Energy due to Axial Deformation

The kinematic displacement of the i** element that is subjected to small axial deformation can

be written in terms of its non-zero component as

Ut =t (2.81)
and the associated strain component as

The corresponding strain energy expression is then given by
| . . .
U= / {ef, )" {0t} AV (2.83)
Vi
Substitution of equation (2.74) into (2.83) yields
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I 7 _
i 1 ou’ ; [ou' ;
= (22 e (2) s
0

U
- can be expressed as
x

where A? is the cross-sectional area of the i*" element. Notice that

gﬁ - aii (Wil {)) = %] [Bi] '] {e'} , (2.85)

where [Bi] is a differential operator associated with axial deformations and given by

[Bi] = o [53) (2.56)

where [SZ] is the element axial shape function. Substitute equation (2.85) into (2.84) to get
1 T li
Ui =5 {¢}" |F] / (Bi]" BA' [Bl] da' | '] {¢'} (2.87)
0

ui=31e) (®] [5] [7]) ) (2589

where FZ} is the elemental axial stiffness matrix defined with respect to the element co-ordinate

axes and given by

li
.| = / [B1]" EA'[BY] da’ (2.89)
0

In more compact form, equation (2.88) can be written as

Ui =3 (') (K] {¢') (2.90)

where
: =il [+i] [
] =[][R] % (2.91)
is defined with respect to the body co-ordinate axes.
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2.8.2 Strain Energy due to Torsion

Neglecting the warping due to torsional deformation of the cross-section, the it* element is
assumed to undergo torsional deformation about the z-axis only. Figure 2-7 shows the partial

end view of the i'* element (and could represent any section). An arbitrary point on the cross-

2, W

A Vo= —sip

B U, U

Figure 2-7: Displacement components in the plane of the cross-section.

section, point P! located at a distance r,_from the center of twist o’, has moved to point P’ as a

result of twist deformation. Assuming the angle of twist, 9; to be small, the resulting kinematic

displacement components U?, Vi and W* are given by

U =0
Vi = —rb 0L sina = -2 6 (2.92)
Wt o= 1 6. cosa = y' b
while the associated non-zero strain components are given by
f ; o0
Yoy = —2 5; (2.93)
i i 99,
and the corresponding shear stresses can be obtained from equation (2.75) as
Tiy = Gy (2.95)
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and
Toz = G (2.96)
The strain energy expression due to torsional deformation of the i element is expressed as

Uy, =5 / (T Yoy + T227a) AV (2.97)
Vi

Substitution of equations (2.95) and (2.96) into (2.97) yields

i

; _ 1 [ (00, i (995
Ug, = 2/ (5332) GJ (8:1:1) dz (2.98)
0
where J* is the torsion constant. Notice that 83; can be expressed as
39; 9 i i i i 7m0
% 2 (a1 = (] (52 [R] () (2.99)

where {Bgz] is a differential operator associated with twist deformation given by
[By,] = 9 (S5, ] (2.100)
i Ozt L e

and [ng] is the elemental shape function due to torsional deformation. Substitution of equation
(2.99) into (2.98) yields
1 T ‘
th, =5 {<'}" [F] / [B3,]" G (B3] da' | (] ('} (2.101)

0

or
1 T i 7 [ A
i, =5 ([®] R [7]) ) (2,102
where [E;I} is the elemental torsional stiffness matrix of the i** element given by

li
7] = / (5i.]" G [By] da (2.103)
b
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In more compact form, equation (2.98) can be written as

Ui, = 3 (Y k6,1 {€) (2100
where
) = [®] [%.] [7] (2.105)

is defined with respect to the body co-ordinate axes.

2.8.3 Bending Strain Energy in Deep Beams

If the cross-sectional dimensions of the beam are not small compared to its length or higher
bending modes are required, one needs to consider the effects of rotary inertia and shear defor-
mation according to Timoshenko Beam Theory (TBT). Figure 2-8 shows bending deformation of
the i** element in the (zy)- and (zz)-plane, respectively. The corresponding kinematic relations

of the i** element are expressed as

. ; [ OV ; [ Ouw'
vto= <8wi>_z <8x">
Vi — Ui
Wi — ,w'i

(2.106)

where the two translations (v?, w®) consist of a contribution (v¢, w?!) due to bending and a
b b g

contribution (v%, w?) due to shear deformation, that is

ot = v+l (2.107)

w = wi+wl (2.108)

Taking derivatives of the previous relations with respect to the element co-ordinate z* gives

. ; ”4
ovt Ovy  Ovy

. = ) L — 9 44t 2.1
oa ot ozt T e (2.109)
ow’ owi  ouwt S

- = A 5 = ¢t t 11
oxt ozt + Oxt v T Vaz (2.110)
where
G %
g = b 2.111
=2t (2111)
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a) Planar deformation in the (xy) -plane
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Perpendicular to face

b) Planar deformation in the (zz)-plane

Figure 2-8: Bending deformations in deep beams.
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. owt
g = 9%
y 8%1

(2.112)

and the right hand corkscrew convention has been employed. The resultant shearing angle is

always measured as the angle between the tangent to the deformed axis and the normal to the

cross-section while the rotation angle is always measured relative to the undeformed axis of the

beam. The non-zero strain component corresponding to bending deformation is thus given by

_out o} s 0*w}

i2

%

£ — - = —
= ox Y oz * Oz

The strain energy due to bending deformation is then given by
i 1 i Ty i i
Z’{b = -2" {gmm} {Uzz} dv
Vi
by using equation (2.74), the previous equation can be written as
B DT .
=2 / CRSERY
Vi

substitution of equation (2.113) into (2.115) yields

I 9 . A 9
. E [ [ g2 a2vg> : (a%g) <82wg> 2 <62wg> -
U'L:__ 7 : +2 ZZ'Z : - +Z’L ; dAldxl
b7 O/ / (y (amﬂ o ) o oz
A?.

or
BT 00\ 00i\ [ 06 AN
i i? z ii z Yy 12 y i,
=73 // y (ay) ez <axz> (aw) T2 <6x2>
0 Al
Noting
I 22 = / yiQdAi = second moment of area about the z-axis
Ai
Iqu = /yizidAi = product second moment of area
Ai
I;y = / 2" dA? = second moment of area about the y-axis
A
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(2.118)
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the strain energy due to bending deformation can be expressed as

6} . [060LN (09 . (98
=2 () oo () () e () )

o6 o6, L %6 o0’
3ot Bt G

can be expressed in terms of the generalized co-ordinates {e } as

where —=

e~ D)) = ®) (53 [7] 4} 212)
gi% - aiz‘ (|78, ) = 3] [ B3, ][] {e'} (2.123)
gi%g% =[] [Béyz] {WJ {'} (2.124)

where [Béz] , [Béy} and {Béyz} are differential operators associated with bending deformations

and given by

B] = 2 (8) (2.125)
5] = g ([s]) (2.126)

B; ] {Bgy] (2.127)

55..] =

and [S; | and [Séy} are the elemental shape functions due to bending deformations in the (zy)-

—

and (zz)-planes, respectively.

The strain energy expression of equation (2.121) can be written as

(B3] E I [B}]
= {e)" [®] / v B (] || [F] ) (2.128)
P\ +B, - 55|

in compact form, the previous expression can be written as
1 AT 17 [ .

where

m [Ab } {EZW} n {Ez,w} (2.130)



in which [752,1,}, and [—léz,w] represent the elemental bending stiffness matrices due to bending
deformations in the (xy)- and (zz)-plane, respectively, while [752’%] represents the stiffness
matrix due to coupling in bending. Notice that the matrices [Eﬁ,)v} , [EZ’W} and [752’10} are
functions of the setting angle ¢ as a result of the orientation of the cross-sectional area of the

beam. The expressions of [E;v], [El,va} and [E’w] are respectively, given by

Ww] = | [B,]" B I, [B},] do* (2.131)

| [5,] "B I |55, ] aa’ (2.133)

’
/

Fos] = ] 5, B 1[5, ] aa (2.132)
g
’
l

In more compact form, equation (2.129) can be written as

Ui = 2 {ey" (k] {e'} (2.134)
where
(K] = Fﬂ ' [Z;@] [’mfi} (2.135)

is defined with respect to the body co-ordinate axes.

2.8.4 Strain Energy due to Shear Deformation

The shear strains in the (zy)- and (zz)-planes are, respectively, given by

i vt )

Yoy = Foi 0, (2.136)
i ow* i

Yoz = For Ty (2.137)

and the corresponding strain energy is given by
i V[ i i
Ut = 3 (Txy”/;ny -+ Tm’)'mz) dVv (2.138)
Vi

where the shear stress 7¢  corresponds to a given shear force over the cross section area. Since
o

pq
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the shear stress is not uniformly distributed over the cross-section, dimensionless shear correction

factors ky and k. are introduced to account for this nonuniform distribution of the shear such

that
T;y = "{y G’Y’Lzy ’ (2139)
T:izz = Kz Gr)’lwz (2140)

The shear correction factors «, and k, depend on the shape of the cross section. For compact
cross-sections, however k, = Kk, =~ k. Several values of the shear correction factor « are derived

for various cross-sectional shapes in the literature. Cowper [78] proposed the formulae

6(1+v)

= e for solid circular cross-section (2.141)
10(1
65(—;-*1-1—1/3), for solid rectangular cross-section (2.142)

while Stephen and Levinson [79] suggested the formulae

6(1 2
K = 7 +(12-: 1)41/2) , for solid circular cross-section (2.143)
5(1
< (6( _:_53 , for solid rectangular cross-section (2.144)

The strain energy U can be rewritten in the form
i 1 32 2 i
Z'{S = 5 G (Hyﬁllzy + K’Z’)/IZ:Z) dV (2145)
vi '
which can be written as

i . T 4 . T

;1L /o i[OV ow* ;[ Owt ;

Us = 5/ ((83)’ - 92) kyGA <8mi - 02> + (8:1:1' + Hy) k. GA (5—5 + 9y>) dz
0

(2.146)

Let

b= (e - ) () =R () - 1) [F] () e

oxt 7 Oxt
0ty = (e )+ [)) 1) = B (158 + [3]) [R] €) e
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where [B}], and [B;,] are differential operators associated with translational deformations in

the y- and z-directions, respectively, given by

(Bi] = o [S] (2.149)
[B.] = aii [S.] (2.150)

and [S;] and [SE] are the elemental shape functions due translational deformations in the y-

and z-directions, respectively. Substitution of equations (2.147) and (2.148) into (2.145) yields

st (1 (B - [85.])" mGA (B - (S5, A
()" [7] /(+ DD)dx 7] ()

(4[] o (1

E
2
0

(2.151)

or in compact form this can be written as

U = % {e" ({W}T %] [WD {e) (2.152)

in which
] = i)+ [ 2159

where
7] = / (B~ [s8.))" my04* ([B)] ~ [85.]) @' (2.154)
[Fou] = / (B + [s3]) e (L] + [83,]) (2.155)

In more compact form, equation (2.152) can be written as

U= ()" R e (2.156)
where
[Ki] = [W}T {ﬂ [W} (2.157)
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The elemental elastic stiffness matrix is the composite matrix that comprises the contribution

of each of the elastic previous stiffness matrices; that is

[Fee| = [Ko] + [Foa] + [Fown] + [Bo] + o) + [B2) + (R ) (2.158)
where
[E; = elemental axial stiffness matrix
[Ez’v- = eclemental bending stiffness matrix in the (zy)-plane
{Eﬁ’w— = elemental bending stiffness matrix in the (xz)-plane
F‘Z’”w‘ = elemental stiffness matrix due to coupling in bending
[—]%z] = elemental torsional stiffness matrix
[75;1}] = elemental shear stiffness matrix in the (zy)-plane
[ic—zs »] = elemental shear stiffness matrix in the (zz)-plane

with respect to body co-ordinate axes, equation (2.158) can be written as
; i1 T (i ] [
(ki) = [®] " [Fec] [®] (2.159)

2.9 Strain Energy Increase due to Rotation

The rotation of the hub induces an axial force F5 in the beam due to the centrifugal effect. If
the beam bends in the (xz)-plane as shown in Figure 2-9, the change in the horizontal projection

of the it" element of length ds‘ is given by

wi\ 2 1 (owt\?
ds® — dzt = \/(daz:i)2 + <8x’> dot — dz’ =~ 5 <8$i> dz* (2.160)

assuming small displacements so that higher order terms of the change in the axial direction

of the i'" element can be neglected.The strain energy increase due to the centrifugal force I

acting on a point P? of the infinitesimal volume V* at a distance z* from the left end of the ith

element is thus given by

i AN . [ ow' ;
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F+dF;
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L—‘ﬁ*—" I — da:i P

Figure 2-9: Deflection due to rotation in the (zz)-plane.

Similarly, for the (zy)-plane, one can write

I
i 1 [ (ovi\T v ;
Ucv—§/ <—8}7/‘ F} (8:13>d (2.162)
0

and the total strain energy of the 7** element due to rotation is thus given by

i o : .
L[ [ov . [ OV ouw" ow'
Ui — 2/ ((ay‘) F (aﬂ) + (“aﬂ) i (a )) d (2.163)
0

'i i

where 6—; and I can be expressed in terms of the elastic generalized co-ordinates {ei} as
ot
= axz (W2 {e'}) = %] [Bi) [®] {e') (2.164)
ow' ; ; i
U = (Ve = IR (8] [R] () (2.165)

Substitution of equations (2.164) and (2.165) into (2.163) gives

K
=g () [®] / Crp B+ 8 Bt | [R] (¢} 2a00)
0
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in compact form, this can be written as

ui= 54V ([F] 5] [7]) 1 (2,167

where
] =)+ ) i
in which
[ch} = elemental centrifugal stiffness matrix in the (zy)-plane
[Ew} = elemental centrifugal stiffness matrix in the (zz)-plane

The respective expressions of [Elw} and [ch} are given by

li

[75] - / [B:)" Fi [B] dat (2.169)
0
li

[?w} = / (B:]" Fj [BL] da (2.170)
0

Notice that £ }’; is a function of the pre-cone angle ¢. The explicit expression of F }; will be given

in the next chapter. In more compact form, equation (2.167) can be written as

ui =5 (e} K] {e} (2.171)
where
K] = {W]T [75} [@5’} (2.172)

The matrices [752} and [ké] can be written in the form (see reference [29] for proof)
(kL] = Q% [K] (2.173)

in order to isolate 2. The matrices [EC} and {lkz] are related by
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[i] = [’W}T [E} [‘3?] (2.174)

The elemental stiffness matrix [k’] is the composite stiffness matrix that comprises the

elemental elastic stiffness matrix [k;e] and the elemental stiffness matrix due to centrifugal

force field [kZ], that is
K] = [kee] + [ke] (2.175)
or
K] = [kee] + 7 [K{] (2.176)
The elemental strain energy U can be given by
U =U +U (2.177)

where /¢ is the elastic strain energy due to all elastic deformations and U is the strain energy

increase due to rotation. The strain energy U* can be expressed as

T
1) 00 2
U=3 ei 0 [k ei (2.178)
where
(K] = F}?]T *] [®] (2.179)

The strain energy U of the beam can be obtained by summing the strain energy of each of

its elements. Denoting the number of elements by 7, the total strain energy can be given by

U= Zuu {g}" (K] {a} (2.180)

where

(K] = [Kee] + Q% [K] (2.181)
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where [K,.] and [K] are the assembled elastic stiffness matrices and the assembled modified

centrifugal stiffness matrix.

2.10 Equations of Motion

The Lagrangian approach is used in deriving the equations of motion at the element level, which

can be written mathematically as

d [ oL oct 1.
5 (o) ~ 5107 =19 (2182

where £ is the Lagrangian function, {q’} is the generalized co-ordinate vector defined previously

and {Q'} is the associated vector of generalized forces. The Lagrangian function at the element

leve] can be written as
Li=T U~V (2.183)

where 1 is the elemental potential energy® that has been ignored so far. Substituting the
kinetic and strain energy expressions of equations (2.67), and (2.178) into Lagrangian function,

and performing the required differentiations and algebraic manipulations, one can write
;1. RTINS PRI B i s 1. P
£ = ot i o 67 [mi] {6 +3 () i) (6} — 30T )Y (oase

2.10.1 Equations of Motion Associated with Reference Motion

The equation of motion associated with the generalized co-ordinate ¢ (reference motion) may

be written as

d (oL oL,
4 (&p) - Q) (2.185)

Performing the necessary algebraic manipulations and differentiations with respect to time and

generalized co-ordinates ¢ and arranging terms, one arrives at

(2.186)

(%) - i) 2 () {6+ {637 ) {6+ (67 [ ])
+ (i) + {eY [ + [mi, ) ) + {e) T[] e}

!Potential energy is the stored energy possessed by a system as a result of the relative positions of the compo-

nents of that system.
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and

80__ T
dy -

([I%oe] {e'} + [ RPD @+ [mr.] {€'} @ (2.187)

where + within a matrix denotes differentiation with respect to ¢. The expressions of [m%_]

and [I%orpo] are given by

mite] = [ o(R) (4] ] [ [7] av (2.159)
yi

Tirn] = [pRATIANAL (s, J v (2189
Vi

Substitution of equations (2.186) and (2.187) into (2.185) gives the equation of motion of the

hub-beam associated with the generalized co-ordinate ¢. Thus one can write
[mre] @+ [miee] {€'F = {Qhar}, + {F5} (2.190)

where { Qimt} and { f;} are, respectively, the vector of the external applied forces and the vector
associated with quadratic velocity terms that accounts for Coriolis and centripetal effects. The
later is obtained by differentiating the Lagrangian function with respect to the generalized co-

ordinate  and time. The vector { f;,} is given by
(5} = = (P 1) o2 i ) 22y [ [y
+ (Imig (e} + [Benn |) 02 = {637 [C] &)
2.10.2 Equations of Motion Associated with Elastic Co-ordinates

Similarly, the equations of motion of the 7** spinning tapered Timoshenko beam associated with

the generalized co-ordinates {el} may be written as

d (oL \ oL i
at <a{@-i}> ~ oy = (e (2.192)

Performing the necessary algebraic manipulations and differentiation with respect to time and

generalized co-ordinates {e'l} and arranging terms, one arrives at

S ()~ e+ [T () + i o) (2198
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and

DL (i ) 4 [, ) 240 [F] e - ) as

Substitution of equations (2.193) and (2.194) into (2.192) gives
iqT . i i i f i i i
[mre]” @4 [mee] {€} + [F]{e'} = {Qear}, + {f2} (2.195)

where {Q%,,} and {fi} are, respectively, the vector of the external applied forces and the
elastic force vector of quadratic velocity terms that accounts for Coriolis and centripetal effects
associated with elastic co-ordinates. The later is obtained by differentiating the Lagrangian
function with respect to the elastic co-ordinate { '} and time. The expression of {f} is given

by
{72 = ()™ =+ [md] 4} + [, ] ) @2 = 20 [CF) () (2.196)

Equations (2.190) and (2.195) can be combined into a single equation using vector matrix no-

tation as
e B B e i BCR
[mlre] [mée] {ez} 0 [kz] {ez} {Qémf}e—’_f;

Equations (2.197) represent the governing system (rigid hub-elastic beam element) differen-
tial equations based on the multibody elastodynamic formulation. The system unknowns are the
generalized co-ordinates ¢ and {ei} . The former refers to the reference generalized co-ordinate
of the rigid hub while the latter refers to the elastic generalized co-ordinates of the beam ele-
ment. The quantities ¢ and {e’} refer to the acceleration of the reference and elastic motions

of the beam, respectively.

The submatrices [mﬁr] and [m;e] represent respectively the inertia of the reference motion
and the mass matrix of the elastic generalized co-ordinates while the submatrix [m,] represents
the coupling inertia between the reference motion and elastic deformations.

The submatrix [lcz} given by equation (2.175) is the modified stiffness matrix of the beam
element due to elastic deformations and incorporates the effects of rotation. In addition, it

includes a stiffness coupling term in bending known as the bending-bending term which is

caused by the orientation of the cross-section of the beam by a setting angle 1.
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2.10.3 Equations of Motion for Constant Hub Speed

For constant angular velocity of the hub, the angular acceleration { vanishes, and the previous

equations of motion will be expressed in terms of the elastic co-ordinates {ei} as
[mie] {&'} +20 [CF] {e} + ([] - 02 [m]) {'} = {@ar}, + {17} (2.198)
[mée] (&'} +20 [CF] {e) + ([ke] +9° ([d] - [mi])) {e'} = {Qhuud + {£7} (2199
where
{7} = (e + [t ]) @7 (2200

is referred to as centrifugal inertia force that result from differentiating the Lagrangian with
respect to the generalized co-ordinate {e'} and time. The expressions of [m%, ] and [m; POJ are
respectively given by equations (2.55) and (2.57). Notice that {miPDJ is invariant while [mf,_ ]
is implicit function of time since it is function of ¢. Its entries will be iteratively updated as the
integration algorithm proceeds forward in time during the solution of the system equations of
motion.

The sum of the individual element energies over the entire beam may be utilized, by using
equations (2.68) and (2.180) to establish the Lagrangian function for the beam. Substitution of
the expression of the obtained Lagrangian function into Lagrange’s equation yields the governing

differential equation of the entire beam
(Mee] {} + 2 [C) {e} + ([Ked] + 9* (K] = M) {e} = {Qear}e + {£7) (2.201)

where

{Qexitte = > _{Qiu}., (2.202)
1=1

{(rsy = > {4 (2.203)

i=1

The vector {Qest}, represents the external generalized forces applied to the beam and {f;} is

a force vector of quadratic velocity terms. The nonlinear term 2Q {5} {é} accounts for Coriolis
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effects, while the term —? [M,] {e} represents the centripetal acceleration contribution. Equa-
tion (2.201) represents the forced vibration of the lead-lag motion. The out-of-plane vibrational

motion can be obtained from equation (2.201) by dropping the term 22 [Af;] {e} resulting in
[Mee] {8} + 22 [C] {6} + ([Kee] + 9 [K)) {e} = {Qeat} + {1) (2.204)

For any general orientation of the cross-section of the beam, the beam lies in a plane that makes
a setting angle ¥ and a pre-cone angle ¢ with the plane of rotation. The equations of motion
for this case need to be modified to include the effect of these angular settings (setting angle
and pre-cone). This can be done by introducing the potential energy of the beam to account for

the pre-cone and setting angle as well as the speed of rotation.

2.11 Potential Energy

The potential energy of the transverse deformation of the ** element depends on its lateral

deflection w? only and is given by the integral
i 1 i, G
V= ———/F w'dx (2.205)

where w’ is the nodal displacement in the z-direction. The force F! is the z-component of the
force F%. The expression of F? needs to be evaluated with respect to the global reference Z-
axis. Referring to Figure 2-10, the radial component of the centrifugal force per unit volume of

the it element of the beam acting at a distance z° is given by
Fl=p A (Ro +1hcos @) (2.206)

A component of w® along the z-axis would result in two components; w* cos(y) + ¢) along the
global Z-axis, and —w'sin(1 + ¢) along the global Y-axis.

The force F can be resolved in two components

Fy ~ F'mpA Q?(Ro+rbcosg), (2.207)

Fi = F% [—wi sin(¥ + ¢) / (Ro +rpcos )] = —w' p A* O2sin (1 +¢)  (2.208)

Moreover, the force F}. can be resolved into two components along the elemental y- and z-axes.
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Y+ @) ' = pAQ? (Ro+ T COS d))
ﬁ F = pA'Q® v sin (v + )
L F' = pAQ? (Ro+ Tp COS qb)

B X

wra) )

w' cos (¢ + ¢)

Figure 2-10: Displacements and force components.



The components of F along these respective directions are then given by

F; = Fjcostp = —w' p A* Q?sin (¢ + ¢) cos ), (2.209)
F! = —Fisinycosg=w" p A* Q%sinp cos ¢ sin (1 + ¢) (2.210)

z

Substitution of equation (2.210) into (2.205) yields

It

Vi:——% {ei}T /[ } p A* Q2 sinv cos ¢ sin (1 + @) ) V'] da {e } (2.211)
0
V= ——% {ei}T {W}T ([?ﬁ;w] Q% sin 1 cos Psin (1 + ) F)?] {ei} (2.212)

where [} | is the elemental translational mass matrix in the z-direction. The expression of

[m: ] can be given by
l’l
] = / p A [s8]7 [51] da (2.213)
0

[Si,] is the shape function matrix that is used to model the elastic deformations of the beam in

the z-direction. In more compact form equation (2.212) can be written as
V= = {ei}T ([mi ] Q*sinycos dsin (v + ¢)) {e'} (2.214)
where
. __,L T . __Z
miw) =[] [l [7] (2.215)
is defined with respect to the body co-ordinate axes.

2.12 Governing Equations of Motion

Utilizing the kinetic energy and strain and potential energy expressions of equations (2.68),
(2.178) and (2.214) into Lagrange’s equation, and performing the required differentiation and

algebraic manipulations, the Lagrangian function at the element level can be written in compact
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form using equation (2.183). For constant hub speed, the equation of motion of the entire elastic
beam can be established using the standard finite element assembling procedure according to

the node numbering on the beam, and can be written as

(Mee] {8} 420 [C] {6} + ([Kee) + 02 (K] — (M) sintp cos osin (4 + ) e} = {Qeec), + (1)
(2.216)

Equation (2.216) represents the matrix form of the governing differential equations of the spin-

ning tapered three dimensional Timoshenko beam. In compact form, the above equation can be

written as
[Med] {2} + 22 |C {e} + (K] {e} = {Q} (2.217)
where
(K] = [Kee] + 9 (K] — [My] sin g cos ¢sin (¥ + ¢)) (2.218)
and
(Q) = {Qeat) + {12} (2.219)
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Chapter 3

The Finite Element Formulation

The mathematical modeling is the most critical step in any dynamic analysis, because the
validity of the simulation results depends directly on how well the model can represent the
behavior of the real physical system. The Finite Element Method (FEM) has been recognized
to have great potential and flexibility in modeling complex and large structures, and obtaining
accurate results. Therefore it is used to discretize the elastic tapered Timoshenko beam.

The development of the three-dimensional elastic beam model follows closely that of its
planar equivalent developed in [27]. The present beam model is discretized as an assemblage
of finite elements in which the translations and rotations of the interconnected nodes represent
the degrees of freedom of the model. In this formulation, beam elements are linearly tapered in
two planes while allowing for unequal breadth and depth taper ratios as well as unequal element
lengths. Each element has a length [* such that the length of the entire beam is the summation
of its individual element lengths. The root cross-section of the beam is rigidly attached to the
periphery of the hub and decreases along the span while the tip cross-section is located at the
free end of the beam. The beam element is assumed to be a straight bar of symmetric cross-
section capable of resisting axial forces, bending moments about its principal axes, and twisting
moments about its centroidal axis. Effects of shear deformation, rotary inertia, hub radius,
setting angle, pre-cone angle, tapering in the (xy)- and (zz)-planes and spinning of the hub are
considered in this model.

Since the elemental mass, stiffness, Coriolis and inertia force matrices of the rotating tapered
Timoshenko beam depend on the geometrical properties of the present model, it is first necessary
to develop explicit expressions for the variable cross-section area of the beam as well as the second
moments of area and the product moment of area of the cross-section of the beam in terms of

an arbitrary elemental co-ordinates 2*,y*, and 2* of the it" beam element and other parameters
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that define the beam geometry.

In addition, the shape functions for the three dimensional Timoshenko beam element un-
dergoing axial, torsional and bending deformations are also derived and presented explicitly in
matrix form. Using these shape functions, and the variable geometric properties of the beam
element!, exact expressions of the element mass, stiffness, Coriolis and inertia terms matrices
are derived and expressed in symbolic form where all the parameter changes are accounted for.
The explicit expressions of these matrices have the computational advantage of eliminating the

loss of computer time and round-off errors associated with extensive matrix operations required

for their numerical evaluation.

3.1 Geometric Properties of the Model

In order to define the geometric properties of the rotating tapered Timoshenko beam shown by

the model of Figure 3-1, one needs to introduce the following notation

L = ili (3.1)

Liy = Loy—1L (3.2)
Ly = Lo— L' (3.3)
vy = L/Ley (3.4)
ve = L/Le (3.5)

where the superscript i stands for the it* element, [¢ is the element length, n is the total number
of elements, L is the entire beam length and L' is the outboard length of the beam from
the element under consideration. The quantities Loy, and L,, are the untruncated lengths of
the beam in the (zy)- and (zz)-planes, respectively while v, and v, represent the depth and
breadth taper ratios in the (zy)- and (zz)-planes, respectively. Notice that this type of beam is
linearly tapered in both planes and is called a double-tapered beam. The case of uniform beam
(constant cross-section) corresponds to v, = v, = 0.0 (i.e., when Lo, — o0 and L,, — o),
while v, = v, = 1.0 define a wedge (or a cone for a circular cross-section).

At any position P* (xi,yi,zi) of the i beam element, the following geometrical relations

!By geometric properties of the beam it is the variable cross-section area of the beam as well as the second
moments of area and the product moment of area of the cross-section of the beam in terms of an arbitrary
elemental coordinates z%, 3", and z° of the 7" beam element and other parameters that define the beam geometry.
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Figure 3-1: Timoshenko beam linearly tapered in two planes.
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can be obtained

b Loy (2" 4 (i - DF)
o Tos (3.6)
W Loy — (ot + (i— 1)
s = I ) (3.7)

where b, and h, are the breadth and depth of the root cross-section of the beam while b* and A

represent the breadth and depth of the it beam element at an arbitrary location z*. If one lets
L'=(i— 1) (3.8)

substitution of equation (3.8) into (3.6) and (3.7) yields

b Loy — 2t — L

e (3.9)
B Te—2 oL 3.10
e~ L (3.10)

The cross-section area of the i'® beam element at an arbitrary location z* can be given by
At = bih (3.11)

Substitution of equations (3.9) and (3.10) into (3.11) yields the variable cross-section area

Ao

Al =
LoyLoz

(,ul —~ 2oz’ + xi2> (3.12)

where A, is the root cross-section area of the beam and p; and py are constants given by

M1 = LiyLiz (313)
1
pe = 5Ly + Liz) (3.14)

Expressions for the second moments of area of the i*" beam element about its principal axes are

i Lo
i 1, s
I, = E h* b (3.16)

Substitution of equations (3.9) and (3.10) into (3.15) and (3.16) yields
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1 i ;2 i i

Ly, = Ty (azo —anzt + e’ — aua” o 4) (3.17)
3 i 2 i i

II, = T, (ayo — 01T + 0Tt — 03T fhx 4) (3.18)

where

Pyy = ony/LOngz (3.19)
Te = L../Lo:L, (3.20)
ao = mLi, (3.21)
a1 = (L}, +3uLyy) (3.22)
ayy = Byl (3.23)
oz = 2(pp+ Liy) (3.24)
a0 = I (3.25)
o1 = (L3, +3uL;) (3.26)
Q2 = 6ugli, (3.27)
ay3 = 2(uy+ Liz) (3.28)

where I, and I,,, represent the second moments of area of the root cross-section of the beam

about its principal axes.

3.2 Co-ordinate Transformation

The rotation of the cross-section area of the beam about its centroidal axis in the (yz)-plane with

a setting angle 9, see Figure 3-1, results in a relationship defined by the following co-ordinate

transformation
Yyt costp  siny y
0= (3.29)
2" —siny cosy 2!
Consequently, substitution of equation (3.29) into equations (2.117)-(2.119) yields
I, = I, cos®s+I%, sin® ¢ — I, sin 29 (3.30)
]:Z:/Z == ([,Z//y/ -— I,i’z/) Sil’l ?j) COS ’w —+ ];/z/ COS 21,0 (331)
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I, = Iy sin® o + Ik, cos® o + Iy, sin 29 (3.32)
where for symmetrical cross-sections, the product second moment of area I;,z, vanishes.

3.3 The Beam Element Model

Figure 2.6 shows a typical three dimensional beam element which consists of two nodes and each

node has six degrees of freedom; three nodal translations !, v! and w! and three nodal rotations

6, 9;1- and 921 The nodal displacement vector {é“} defined with respect to the element axes is
denoted by
) i i i j ) i i i i j ; 1T
{ }12><1 [ 1ov wr O O 0wy vp o wh z2 Oy 922] (3.33)

where subscripts 1 and 2 denote the translation and rotation of the i** beam element at nodal
points 1 and 2. In the above (u}, u}) are the nodal axial displacements in the z-direction,
and (’zﬂl', v%) and (wi, wé) are the nodal translational displacements in the y- and z-directions,
respectively; (921, 9;2) are the nodal torsional displacements about the z-axis, and (9;1, 0;2)
and (921, 0.,) are the nodal rotational displacements in the (zy)- and (zz)-planes, respectively.

According to the standard finite element procedure, the elastic deformations of an arbitrary

point P? of the 5** beam element can be expressed as

{d1}3><1 [Sz]3><12 {gi}mxl (3'34)

where {d’} represents the elastic deformation vector of the i*" beam element and [S?] is the
matrix of shape functions that are used to describe its deformations. Note that the shape
functions are spatially dependent while the vector of nodal displacements is time dependent.
Equation (3.34) is a general equation and is valid for any type of shape functions [Si] used
to model structural elements. However, the shape functions adopted in this work are of linear
relationship for torsional and axial deformations and can be easily derived. The shape functions
used for translation and rotational bending deformations are the conventional cubic Hermitian
polynomials and incorporate a shear deformation parameter, in accordance with the Timoshenko

model. The shape functions for torsional and axial deformation are linear, and are included for

completeness.
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3.4 Kinematic Relations

The kinematic relations for the three dimensional Timoshenko beam element undergoing axial,
torsional and bending deformations in the (zy)- and (xz)-plane can be expressed by combining

equations (2.81), (2.92) and (2.106), that is

. . [ OVt . [ Ow'
U — i __ gt I NV il
“ o (5) (o)
Vi = 200 4o
Wi = 30+’

(3.35)

3.5 Derivation of Shape Functions

3.5.1 Axial and Torsional Deformation

Shape functions for axial and torsional deformations [Si] and [Sj,] can be found in any ele-

mentary text, and are given by

[Sa] =[] = {1 —%’; H =1-¢ £ (3.36)

where £ = /1" is the dimensionless axial co-ordinate.

3.5.2 Bending Deformation

Shape functions for bending deformations in the (zy)-plane are derived by considering the i** fi-
nite beam element shown in Figure 3-2. By analogy, one can obtain the shape functions for bend-

ing in the (zz)-plane. The translational deformation v*(z*) at an arbitrary point P* (mi,yi, )

is expressed as

v'(z) = ag + a2’ + asz® + azz’ (3.37)
or in matrix form
v'(2') = [x'] {a5} (3.38)
where
[Xi] = {1 z* zt xig} (3.39)
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61’

22

After deformation

61’

zl

Node 1

Figure 3-2: Planar bending deformation of the i*® beam element in the (zy)-plane.
and
{a;} =la0 a1 as as)” (3.40)

The shear strain is assumed to be independent of the element axial co-ordinate z*, in accordance

with reference [74], i.e., constant along the finite element
viy = const. = 7y, (3.41)

The bending moment M} and the shearing force Q¢ are related by

dM;
dat

~-Q: =0, (3.42)

and the bending moment-curvature relationship is

; . 08"
M, =~-F1T, z 4
2 22 gt (3.43)
The shear force is related to the transverse shear strain by the relation
L=k G A AL, (3.44)
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where k, is the shear correction factor that accounts for the nonuniform distribution of the shear

stress over the cross-section A®. The slope due to bending can be written as

o '

=— —4t =a; + 2a91" + 3a3:1:i2 — (3.45)
z ort Ty Yo

Taking the derivative of #% with respect to z* and substituting into equation (3.43) yields
M} = —2EI., (a2 + 3asz’) (3.46)

Taking the derivative of M! with respect to z* and substituting into equation (3.42) along with

(3.41) and (3.44) yields

—6EIL,a3 —ky G Ay =0 (3.47)
from which
7o = —6A% az (3.48)
where
: EIL
AZ — zZZ i
T (3.49)

Substitute equation (3.48) into the expression of 6%, to give
0 = ay + 2a1" + 3 (miQ " 2Ai> as (3.50)

To express the coefficients a; in terms of the bending deformations and slopes, the following

boundary conditions must be satisfied:

v'(0) =%  and v(l') =1}

0,(0) =05, and O (1) =0y

z

(3.51)

and applying these to equations (3.37) and (3.50), gives

v'(0) = ag =

6°(0) = a;+6Alaz = 6
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() = ag+aill + gl + a3l = ui

i) = a1+2agli+(3zi2+61\;) a = 6, (3.52)

In matrix form, this can be written as

{ . N r T 4 \
’U'i 1 0 0 0 ag
= e : (3.53)
v 16 E as
|, 01 o (3li2+6Ai> 1 e

or in more compact form
{6'} = [Al{a;} (3.54)

from which

{a;} = A7 {6} (3.55)
Solving for a; gives
ag = v} (3.56)
=i 1 i (Ei i I @i i
a; = &, (“‘ﬁ@z% + (1 + —2—> 0., + F(I)ZUQ -5 22> (3.57)
= vt 1 QLN 3§ 1 oL\
az = ®z <—— li2 Ii (2 + 9 > 21t li? - l—z ( - _2—> 22> (358)
a3 = B[ SLpEl 222 (3.59)
[ I* [ I
where
R (3.60)
2 (140 '
and
12A° 12E71; 12\ (EN ()"
Pl =% = zz [ 2= g 3.61
L Kk, G AU <5y> <G> (zz ) (361)

is the shear deformation parameter that represents the ratio between bending and shear stiff-

nesses. Since the material of the beam is assumed to be homogeneous and isotropic, the moduli
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F and @G are constant within the element.

Substitute the values of a; into the expression of v*(¢* = «*/I*) and simplify, one obtains

vi(g) = B (1-8¢" 126"+ 0L (1-¢)) of + 1T, (5’ 2" 6 ¥ = (5’ 3 )) 1

4 @(3gi2_25i3+@§§f>vg+li?§i< S S ( =g+ ¢ ))

Hence v*(¢%) can be written in compact form as
v (€") = S4101 + Siabiy + Sigvh + Siably

where
Sy = z(l £i2+2§i3+@i(1—§i))

1y = 5; 3§z —2€i3+@i§i>

i 42 2 % %
Siy = 1T, ( e+ = (<€ e ))
Similarly, substitute a; into the expression for 6 (£') and simplify to get
o 6_(—}51 ; ) R — i i , i )
E) = T ()l + T (1 a e v 2t (1)) o
6‘13
- (-4 u+ T (—ag 3" + 0le)

Hence #° (£%) can be written in the form
9,12 (fz) = Sézlvi + 8522021 + SézSUé + Sézél 22

where

S - ()

Sy = 7 (1—45 +ag” + 8 (1-£9)
Siay = —62'13 (-¢=¢7)

Si, = (25 + 3¢ +<I>’§>
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Shape functions for bending in the (zz)-plane are obtained in a similar manner; the bending

slope 0; is given by equation (2.112) while the shear deformation parameter is

. . 2
) 12ET 12 / E 7t
oy = —— 2 = — () [
y Ky G AlllQ K/z (G> ( lq_ ) (3‘68)
and
T o=t (3.69)
Y1+ ) '

The corresponding expressions of w*(¢') and 9;(3) can be written as

w'(§) = S,wi+ 5111)29 + Shawh + 33;14922 (3.70)

9;(52) = Séylwi + SéyQG;;l + Sgy?)wé + SgyllegZ;/Z (371)

Shape functions for bending in the (zz)-plane can be written as

Sw = T, (1-3¢" v2" v 0 (1-€)

o= T, (52'-—252‘%8%%(5—&2))

. — . o (3.72)

o= 3, (367 2" v o)

: o,

o= I (fwf +——(£+§))

and the corresponding bending slope shape functions are

| 6%,

Sop1 = zz’y( >

Shp = =%y (1 36" + 25 (1-€) (3.73)
i 6(1) i i '

Sigw = —— (€ +¢ )

Sia = ( ~2' 43¢ + Dig')

By virtue of equations (3.36) (3.64), (3.67), (3.72) and (3.73), the kinematic relations given by

equation (3.35) are now expressed as
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Ui

i

(1-¢) ui — 63, (—§i+§i2)niv§—6§7i (—-gi+§i2) G
+ 1T (1-45 + 367 4 8¢ (1-5))(1 _Ii$ (1—4§i+3gi2+®;(1—gi)>nmgl
+ €= 6T, (€ - ") s - 68, (€ - ¢7)
+ 1, (264367 + BE) (103, — 1T, (<26 + 37 + B el
vio= B (1-3" 126 ol (1-¢)) o - B¢ (1-€) 6y
+ U, <§i~2£i2+£2‘3+%—3—(8—82))9’1@1;(35"2—251 3 R CY )
- g, +1T, (e e+ F (- ) ) o
Wi = <1>y<1—3§ + 26" 3t (1—51)>w1+z1 (1—€) 6L
o P
_ y(g — g 4 g +—2-(§ s ))0217“1);(3&1 —2§I“+<1>;/gi>w§
- o
+ liigiet, — I ( ¢ et 2 (-g+e )>

) i

: z
where 77" = %— and ¢* = == are dimensionless co-ordinates in the y- and z-directions, respectively.

In matrix form this can be written as

‘ ; ; 2 i =i
[}y =| U V' W | = (8500 (3.75)

These results are summarized in the matrix of the shape functions, [Si}, shown in Appendix B.
If the shear deformation parameters CD; and ®¢ are neglected, then [SZ] reduces to the three
dimensional Euler- Bernoulli beam shape function derived in reference [92]. However a sign
change is required in the fourth and tenth entries of the third column of the shape function

matrix, which correspond to the twist terms.

3.6 Stiffness Matrices

3.6.1 Elastic Stiffness Matrix

The composite elemental elastic stiffness matrix of the i** non-spinning tapered Timoshenko

beam element of length [ is given by equation (2.158) as

(] = [B] + [Fae] + [Boo] + [Fo] + [FBo] + [Bo] + [Fi]
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where each of the previous matrices is given by

li

[““fl] = / [B:]" EA[B:] da’ (3.76)
0
- lz-
Fo] = [ 1837 G [Bi] aot (377
0
- ll'
Ro] = [ 1B B (B o 678
) 0
- ll'
For] = /[Béy]TEféy (B2, da’ (3.79)
4}
li
{E},,W} — [ [Bi,.]" EL, [Bi,.) &’ (3.80)

([BL) + [Si,))" m.GA ([BS] + [Sh,]) do? (3.82)

R = [ (B (8.7 wGal (8] - [s3.]) @' (3.1)

By carrying out the integration of equations (3.76)-(3.82), the explicit expressions of the

above elastic stiffness matrices are given in Tables C1 to C7 of Appendix C.

3.6.2 Stiffness Matrices due to Rotation

The elemental stiffness matrix due to the contribution of the strain energy increase induced by

the hub rotation of the i** Timoshenko beam element is given by equation (2.168) as
B = [Feo] + [

where [752”} and {%Z,w} are the elemental centrifugal stiffness matrices in the (zy)- and (zz2)-

plane respectively, and are given by

l’L

[’A’} - / (B:,]" Fi[B,] dat (3.83)
0
l.

Few| = [ [BL) Fp[BL) o (3.8
o
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where F% is the centrifugal force acting on the i element as a consequence of the hub rotation.
Here the assumption has been made that the displacements are small such that the higher order
terms of the change in the axial direction of the i** element can be neglected. The expression for
the tensile force F acting on a section of the beam and associated with a differential element

at point P? of the i** element is given by
dFp = pA*Q? (R + '’ cos ¢)drhs (3.85)

where R, is the hub radius, r% is the position vector of point P* and ¢ is the pre-cone. For

small deformations, one can write
rp=(L'+a") = (@ -1+ (3.86)

Therefore, the expression of F can be developed by integrating equation (3.85) over the span

between point P? and the free end of the beam, as shown in Figure 3-1, that is

It nlt
Fi = pQ? / (Ro+ ((i — DI+ :c’) cos @) Alda® + / (Ro + 2" cos ) Atda? (3.87)
Tt il
Carrying out the integration of equation (3.87), the resulting tensile force F can be written
in the form

pQEA,

=T

(84 = Bsz — Baz™ - 1™ — By (3.88)

where (3; are constants given by

Bo = %cosqb (3.89)

B, = % [Ro+ (L' — 2py) cos ¢] (3.90)
1 .

By = 5 [,ul cos ¢ — 2y (RO + L' cos qS)} (3.91)

Bs = (Ro + L cos ¢) ’ (3.92)

B, = 1—12- (3n* —3i* +4i — 1) " cos ¢ — % [(2n® = 2% + 3i — 1) gy cos ¢ — (0 —i® + 1) Ro] 1"

—%é— [(nQ — 249 — 1) fycosep —2 (n2 —i2+ 1) ,uQ’RO} Zi2 +(n—i+1) ;leoli (3.93)
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If R, and ¢ are neglected, the expression of F is simplified to the one obtained in [27],
while keeping R, only, the expression of F} is identical to that obtained in [29]. Carrying out

the integration of equations (3.83) and (3.84), the explicit expressioﬁ of the elemental stiffness

Eex)

matrices [EZU] and [k;c,w] are respectively given by Tables C8 and C9 of Appendix C.

3.7 Inertia Properties

The composite elemental mass matrix of the i** spinning Timoshenko beam element of length

I* is given by equation (2.66) as
[te] =[] + [Mha] + [Th0] + [ ] + [T + [Ty ] + [ 000]

where [’m‘;e] is referred to the consistent mass matrix because it is obtained from the same shape

functions used to formulate the stiffness matrix. The expressions of the constituents of the mass

matrix [Tn‘ée] are given by

(M) = l/ [Si]" pAt [S7] da (3.94)

[ms,] = l/ (Sia]” 0" [Siy] da? (3.95)
0

M. = l/ (51" pA® [SE] da (3.96)
0

[mi,] = 7[5@}%# (53] da’ (3.97)
0

[M5.0] = l/ (51" o2, [Si] da’ (3.98)
0

[mév»w} = ll‘[sfélTPféy SARES (3.99)

[58)" oI, [Si] da (3.100)

{mé,vw] =

Carrying out the integration of equations (3.94) to (3.100), the explicit expressions of the con-

stituents of the mass matrix [mﬂec} are given in Tables C10 to C16 of Appendix C.
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3.8 C(Coriolis Matrix

The Coriolis matrix due to the spinning of the #** Timoshenko beam element is given by equation

(2.64) as

[fﬂ ~ l]w‘ [ )7 [ (R[5 e

Carrying out the integration of the previous equation, the explicit expression of the Coriolis

matrix {—Cﬁ] can be given by

7~ )]

—~—

where the explicit expressions of {C’;} , {@} and [E’é} are given in Table C17 of Appendix C.

3.9 Quadratic Velocity Terms

The centrifugal inertia forces that result from differentiating the Lagrangian with respect to the
generalized co-ordinates and time are referred to as quadratic velocity terms. The expressions
of the inertia terms [mf%_ .] and {mipo e} are respectively given by equations (2.55) and (2.57)
as
li.
[mh,.] = /pAi (R.}F [Z}}T [A,] [®] [87] {W} da*

0
It

min] = [on [F] 18" 1907 ] ) 0o

0

Notice that [mipoe} is time invariant while [m%__] is implicit function of time since it is function
of . Tts entries will be iteratively updated as the integration algorithm proceeds forward in time
during the solution of the system equations of motion. Carrying out the integration of equations
(2.55) and (2.57), the explicit expressions of [m@aoe} and [miPDeJ of the i" spinning Timoshenko

beam element are given in Tables C18 and C19 of Appendix C.
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Chapter 4

Modal Reduction

The contribution of the Coriolis matrix to the system equations of motion of the present model
makes the associated eigenvalue problem deviate from the standard one and difficult to solve.
However, the state space representation provides an alternative form to the system equations of
motion and the associated eigenvalue problem. Consequently, an appropriate scheme is presented
and discussed to simplify significantly the eigenvalue problem in hand.

In this chapter the strategy for solving the assembled equations of motion of the rotating three
dimensional tapered Timoshenko beam is outlined. The equations of motion of the system when
using nodal co-ordinates result in a large dimensionality problem in terms of which a solution
becomes impracticable. Hence, reduction of the order of the equations of motion is desirable
while retaining the exact dynamic characteristics of the actual equations of motion, to study
the time response of the system. Two modal reduction schemes namely the Planar Reduction
Order Model (PROM) and the Complex Reduction Order Model (CROM) are introduced and

discussed. Implementation of these modal reductions schemes will be given in the next chapter.

4.1 The Eigenvalue Problem

The equations of the free vibration for the rotating three dimensional tapered Timoshenko beam

can be written in the assembled general standard compact form as
[Mee] {¢} + 200 |C| (€} + [K"] {e} = {0} (4.1)

where the matrix [M,.] is real symmetric positive definite mass matrix, [K*] is real symmetric
positive definite or positive semi-definite modified stiffness matrix, whereas {6’] is real skew

symmetric. These constituent matrices are highly banded in nature and are time invariant. The



modified stiffness matrix is given by
[K*] = [Kee] + 02 ([Ke) — [My ] sin b cos ¢sin (¢ + 1)) (4.2)

Equation (4.1) represents a homogeneous time-invariant system, and admits a solution of the

form
{e} = {u} exp(N) (4.3)

where )\ is a constant scalar and {u} is a constant vector of amplitudes, both in general complex.
Substitute equation (4.3) into equation (4.1) and performing the usual steps of differentiation

and algebraic manipulation, one can write
N [Me] {u} 4207 [C] {u} + [K*] {u} ={0} (4.9)

Since both [M,.] and [K*| are positive definite while [5’J is skew symmetric it follows that
all the eigenvalues are pure imaginary. Hence if one substitutes A = jw in equation (4.4), one

obtains the eigenvalue problem
(-~ Mo #7202 [ €] + [57]) {u} = {0) (45)
where w must satisfy the characteristic equation
det {—wZ [Mee] +520w [é} + [K*]} —0 (4.6)

But the determinant of a matrix is equal to the determinant of its transposed matrix. Hence
recalling that [M,.] and [K*] are symmetric and {é] is skew symmetric, the characteristic

equation can also be written in the form
~ T ~
det [-uﬁ [Mye] +520w M + {K*ﬂ — det [—J [Mee] — 520w M + (K*]} =0 (47

from which one can conclude that if jw is a root of the characteristic equation, then —jw is also

a root. It follows that the eigenvalues of a gyroscopic conservative system occur in pairs of pure

imaginary complex conjugates

Ay = jwr, Ap = —Jwy, (r=12..,n) (4.8)



where w, are recognized as the natural frequencies. The eigenvectors belonging to the eigenvalues

+jw, are complex conjugates, although they are not necessarily pure imaginary.

4.2 State Space Form Representation

The eigenvalue problem given by equation (4.5) is affected by the presence of the Coriolis and
centrifugal forces and contains both w and w?. Though it is not a standard problem to solve and
is not convenient for calculating the eigenvalues because it does not have a ready solution. This
difficulty can be overcome by recasting the problem in state space form. In this case equation
(4.1) can be expressed as a set of 2n first order differential equations. An appropriate form which
is widely encountered in structural dynamic analysis is to write the system equations given by
equation (4.1) in terms of a skew-symmetric matrix [A] and a symmetric matrix [B]. In order
to transform a system of n second order differential equations into a system of 2n first order

differential equations, define the state vector

=g @ (4.9
(e}

and the identity [Me.]{é} = [Me]{é} in conjunction with equation (4.1), one may rewrite

equation (4.1) as

[0] —[Mie] {€} N [Mee] 0] fep {_ )0 (4.10)
M. 22[C] | | fe} 0 K] | e 0
which can be written as
[A]{x} + [B] {x} = {0} (4.11)
where
[A] = o - (4.12)
M) 20[C]
and
[B] = (Mee] 10 (4.13)
o  [K7]



where [B] is a symmetric positive definite matrix (only if [K*] is symmetric positive definite
too) and [A] is skew symmetric.

The solution of equation (4.11) has the exponential form
{x} ={v} exp(\t) (4.14)

Inserting equation (4.14) into equation (4.11) and dividing through by exp (At) , one obtains the

generalized eigenvalue problem
(A[A]+[B]) {v} = {0} (4.15)

which admits 2n eigenvectors {v,} associated with the eigenvalues A, obtained by solving the

characteristic equation

det (A[A] +[B])=0 (4.16)

In order to determine the properties of the eigensolutions of equation (4.15), consider the
most general case of a complex eigenmode {v,} = y, + jz. and define the Rayleigh quotient

associated with (4.15)

@Bl
T A (417)

where {¥}is the conjugate of {v}. Owing to the skew symmetry of [A] and the symmetry of

[B], computing (4.17) for mode r successively yields

y _ Bl _ wl Blue+iy] Bla - g2 By, + 2 Bl 2
i T [A v}yl [Alye + 5yl [A] 2 — j28 [Aly, + 28 [A] 2,

vl [B] 2

= —99 .
I Ay, 1+ T [Al % (4.18)

showing that the 2n eigenvalues A, are purely imaginary. Computing also the Rayleigh quotient

for the conjugate to the eigenmode {v,}

s _ ' BIEY Bl )

v A {E) {VT.}T{AHVT}”“AT (4.19)
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shows that if A, is an eigenvalue associated with mode {v,}, —), is also an eigenvalue with
eigenmode {V:}. Therefore the 2n eigensolutions of (4.15) appear in the form of n pairs of

conjugate solutions. Subsequently, the eigenvalues A will be written as jw with w real.

4.3 MATLAB Implementation

To implement the eigenvalue problem of (4.15), it is required to prepare a suitable program to
form the [A] and [B] matrices from the [M,], {5’] and [K*] matrices. There are many available
methods for solving the eigenvalue problem in hand. One such method is the QR algorithm that
has been implemented in a package called EISPACK. The details of this method can be found in
any advanced algebraic eigenvalue problem textbook. The eigenvalue problem associated with

equation (4.15) is solved using MATLAB that uses EISPACK routines.

4.4 Modal Reduction Schemes

Utilizing nodal co-ordinates in the discretization process leads to a large number of degrees of
freedom of the model, and consequently, results in a large number of dynamic equations for
which a solution becomes impracticable. Moreover, the use of nodal co-ordinates results in a
dynamic model of widely spread eigen-spectrum that includes many insignificant modes and
consequently, a numerically stiff system! is often created which causes the numerical integration
scheme to search inefliciently for a solution or may even fail to find one.

Using modal co-ordinates alleviates the problem of large dimensionality incurred by using
nodal co-ordinates, and avoids the inclusion of higher insignificant modes when they do not share
an appreciable amount of the system’s kinetic energy [62]. In general, a subset of eigenvectors
which spans the frequency spectrum of the forcing function are retained as significant modes.

The truncation operation aims at eliminating the insignificant modes which are, in general,
higher modes that do not contain an appreciable amount of the system’s kinetic energy. In
general, a subset of eigenvectors which spans the frequency spectrum of the forcing function are
retained as significant modes. Moreover the retained modes must include the first few lower
ones in terms of which the characteristics of the system must be preserved.

Two modal reduction schemes are established. The first scheme utilizes planar modes ob-

tained by solving the self-adjoint eigenvalue, while the second scheme invokes the complex modes

1Gtiff systems have eigenvalues of very different magnitudes.
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of the non-self-adjoint eigenvalue. In each case, a reduced order modal form of the equations of

motion is obtained.

4.5 Planar Modal Transformation

In order to obtain the real eigenvalues and the associated planar modes, one must ignore the
Coriolis matrix [5’} in equation (4.1). To this end, the associated homogenous adjoint equation

can be written as
(Meel{é} + [K"]{e} = {0} (4.20)

Upon solving the self-adjoint eigenvalue problem associated with equation (4.20), one obtains
a set of real eigenvalues and eigenvectors. Let [P] denotes the modal matrix that comprises a
selected subset of the resulting real eigenvectors (planar modes). Now, a transformation from

nodal co-ordinate space to modal co-ordinate space can be defined as
{e} = [P{v} (4.21)

where {v} is the vector of modal co-ordinates. If only a truncated set of significant modes are

retained, the corresponding truncated form of equation (2.217) can be written as
[P" [Mec][B{#} + 20" [CI[P{} + [P [K~][P{v} = [B]7{Q} (4.22)

or simply

[Meer {0} +2Q0C- {0} + [K7]{v} = {Qr} (4.23)

where [Meer], [Cr], [K7] and {Q;} are the reduced modal mass, Coriolis, stiffness matrices, and

reduced modal force vector, respectively given by

(Meer) = (B [Mec]P)

Gl = PO o
K = (P

@b = P
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Equation (4.23) represents the Planar Reduced Order Model (PROM) using planar mode re-

duction.

4.6 Complex Modal Transformation

In this case, the equation of motion, equation (2.217) is first represented in the state-space form

[Al{g} + BHy} ={F} (4.25)

where [A], [B] and {y} are respectively given by

[A] = o e (4.26)
(Mee] 20 [6’} '
[B] = { Mee] 1 } (4.27)
0 [K7]
and
{y}{ {%} } (4.28)
{e}

where the matrix [A] is skew-symmetric and [B] is symmetric. Notice that if the dimensions of
[Me], [K*] and [6’] are (6n x 6n) where n is the number of nodes, the dimensions of [A] and

[B] are (12n x 12n). The force vector on the right hand side of equation (4.25) is given by
T
Fr=1{ (& (4.29)
The two homogeneous adjoint equations can be written as
(Al{g} + Bl{y} = {0} (4.30)
and
(A" {5} + B]"{y) = {0} (4.31)
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Assuming a solution in the form

{v} = {7} exp(Mt) (4.32)

where {7} is the vector of displacement amplitudes and A = jw is the frequency of harmonic

vibrations and j = 4/—1. Substituting equation (4.32) into (4.30) and (4.31), one can write
(AJA] + [B]) {Ri} =0 (4.33)
and
(M[ATT + [B]T) {Li} = {0} (4.3)

where \; = + jw denotes the i** eigenvalue associated with right hand and left hand eigenvector
{R;} and {L;}, respectively. For symmetric [A] and [B], the eigenvectors {R;} and {L;} are
equal, otherwise {R;} and {L;} are distinct.

Let [R] and [L] denote the complex modal matrices of the differential operators of equations

(4.33) and (4.34), respectively. Introducing the transformation [73]
{y} = [R{u} (4.35)

where {u} is the vector of modal co-ordinates. If only a subset of significant modes are to be

retained, the truncated modal form of the equations of motion can be written as

L] [AJR{a} + [L]" [B][R]{u} = [L]"{F} (4.36)
or, simply as
(Ar{i} + [Brl{u} = {F+} (4.37)
in which
A = [LITAIR (4.39)
B:] = [LI"[BI[R] (4.39)
(B} = L) (4.40)



where [R] and [LL] contain only those complex eigenvectors that represent a subset of selected
modes. Equation (4.36) represents the Complex Reduced Order Model (CROM) using complex
mode reduction.

Equations (4.23) and (4.36) represent truncated models using planar and complex modal
transformations, respectively. In general, a subset of eigenvectors which spans the frequency
spectrum of the forcing function are retained as significant modes. Deciding on which modes to
retain is not clear in most situations of dynamic response analysis. As a minimum requirement
the retained modes must span the low-frequency subsystem in addition to any higher modes

spanned by the frequency spectrum of the forcing function.
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Chapter 5

Results and Discussions

A computer program has been developed for the implementation of the present finite element
model. Solutions of the eigenvalue problem and modal reduction schemes discussed in chapters
4 and 5 are provided. Numerical investigation is performed through a comparative study of the
effect of all factors that are contributing into the dynamic characteristics of the present model.

The developed model is valid for any doubly symmetric cross-section and can be used for
both hollow or solid cross-sections. It is also valid for many combinations of boundary conditions
including clamped clamped, clamped-free, clamped hinged, simply supported, hinged free and
free free end beam.

The introduction of taper makes the principal flexural rigidities of the beam unequal except
at the root for square and circular cross-sections. When such a tapered beam has a setting
angle, coupling occurs between the bending motions in the two mutually perpendicular (zy)-
and (zz)- planes containing the y- and 2- axes of the cross-section. Such a beam with no setting
angle has two independent flexural frequencies about its principal axes which are dependent on
the width to depth ratio of the cross-section. Throughout this analysis, the width of the beam
is considered larger than its depth. Consequently, the beam is considered to vibrate along its
most flexible (xy)-plane and the frequencies of vibration are estimated by considering the ratio
of the radius of gyration to the beam length (rg,/L). The separate effects of width taper (or
depth taper) as well as the separate effects of pre-cone or the setting angle are considered. The
combined effects of the previous complicated factors on the modal characteristics of the rotating
tapered Timoshenko beam are also dealt with.

The rotation of the cross-section of the beam with a setting angle ¢ does couple the in-plane
and out-of-plane motion and deformations. In this case, one cannot distinguish these two modes

from each other. When in-plane and out-of-plane displacement variables are coupled, the modes
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will not have a simple interpretation. That is, one may be mostly in-plane with a bit of out-of-
plane. Depending on the size of deformation in different planes one would be only able to say
if the in-plane or the out-of-plane vibration, at this frequency is dominant. In this case, there
is no pure in-plane or out-of-plane vibration mode. However, torsion is also coupled with the
bending modes through Coriolis effects.

The approach followed in this study is to push the parameter range of values to their (phys-
ically possible) limits, so that one can understand to what extent the vibration characteristics
are affected. Solutions are given for various cases, in which each parameter is considered alone,
as well as combined effects of other factors. In addition, these effects are examined and a va-
riety of simulation results are presented both in tabular and graphical forms. Because results
for rotating three dimensional tapered Timoshenko beams including the effects of hub radius,
pre-cone and setting angle as well as Coriolis effects are not widely spread in the literature,
several special cases which represent degenerate cases of this model were examined to verify and

validate the present scheme. Comparisons with the available results in the literature are made

wherever possible.

5.1 The Computer Scheme

The present computational scheme carries out the following tasks:

Generates and assembles the system matrices of the model.

Evaluates the modal characteristics.

Implement the desired modal reduction schemes; either Planar Reduction Order Model

(PROM) or Complex Reduction Order Model (CROM) to generate the reduced order

matrices.

Integrates the reduced models forward in time to predict the system’s time response.

A flow chart of the developed scheme is presented in Figure 5-1.

5.1.1 Input Data

The input data related to the present computer scheme is generated in a separate subroutine.

The beam is discretized into a number of finite elements where the material and geometrical

properties of each element must be defined.
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Figure 5-1: The flow chart for the computer scheme.
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e Element Properties: The two types of element properties that need to be specified for

each element are

— The geometrical properties include element length, breadth and depth, taper ratios in
y and z-directions and slenderness ratios and the shear correction factors that depend
on the shape of the cross-section. If the taper ratios are zero this corresponds to a
uniform beam. When the taper ratios are unity this corresponds to the case of perfect

cone for circular cross-section and a pyramid for rectangular cross-section.

— The material properties include the mass density p, Young’s modulus of elasticity
E, and shear modulus G. The case of Rayleigh beam can be obtained by neglecting
shear factors k, and k.. This implies neglecting the shear stiffness matrices [Ezv} and
[ﬁ’w}. The case of Euler-Bernoulli beam can be obtained by neglecting the rotary

. . . .__...L _1 . oy . .
inertia mass matrices [mr’v] and [mr’w] in addition to ignoring the shear factors &,

and k. and the shear stiffness matrices [75;1,} and sz}

e Type of Analysis: There are two types of analysis modal analysis and dynamic response

analysis.

— Modal Analysis: In this case one must specify wether planar or complex modal
characteristics are required as well as the number of eigenvalues and eigenvectors to
be retained in the truncation process.

— Dynamic Response Analysis: In this analysis, the user must specify whether the
equations of motion are generated in terms of nodal or modal coordinates. If nodal
coordinates are chosen, the user must indicate the number of significant modes to be
retained and specify whether a planar or complex modal reduction scheme is required
for the dynamic response analysis. In either case of the dynamic simulation, however,

the simulation time must be specified.

5.1.2 System Matrices

The explicit expressions for the elemental mass, stiffness, Coriolis and quadratic velocity terms
matrices are derived in parametric form where all the parameter changes are accounted for. They
are presented in Tables C1 to C17 of Appendix C. The elemental mass, stiffness and Coriolis
matrices are invariant and can be evaluated once in advance in dynamic analysis while the
inertia terms matrices are implicitly time dependent since they are function of the generalized

coordinates thus resulting in an inertia variant model.
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Figure 5-2: The control flow diagram for evaluating the system matrices.

The exact expressions of these matrices have the computational advantage of eliminating the
loss of computer time and round-off errors associated with extensive matrix operations required
for their numerical evaluation. The boundary conditions are applied and the matrix entries
are stored in a master array for assigning pointers for every entry. Elemental matrices for all
elements are evaluated and stored in a master array. Pointers created are used to assemble the

system matrices. The control flow chart for creating system matrices is shown in Figure 5-2.

5.1.3 Eigenvalue Solution

The presence of the Coriolis matrix in the system equations of motion makes the associated
eigenvalue problem deviate from the standard one and conventional modal analysis is not ap-
plicable in this case. Therefore, the system matrices contributing into the equations of motion
of the rotating beams are arranged in a state space form as defined in Chapter 4 to transform
the equations of motion from second order differential equations to first order differential equa-

tions. The corresponding eigenvalue problem associated with this formulation is then defined

and solved using EISPACK routines.
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Figure 5-3: The control flow diagram for the implementation of the modal reduction scheme.

5.1.4 Modal Reduction Schemes

Planar and complex reduction schemes are implemented. Modal transformation matrices are
built up of subset of selected eigenvectors. The subset of eigenvectors are selected such that
the reduced modal matrices span the lower or significant part of the frequency spectrum of the
system. The complex reduction scheme is numerically difficult to implement. The entries of the
modal transformation matrix are complex which implies that the reduced modal equations have
complex coefficients. Considerable programming effort of the resulting complex modal equations
is required. Numerical integration of complex modal equations is also time consuming.

Using the planar modal reduction alleviates the difficulties encountered in the complex modal
transformations. In planar modal reduction, the planar modes obtained from equation (4.20)
are used to reduce the order of equations of motion. The reduced order equation of motion,
equation (4.23) has real coefficients. The control flow diagram showing the implementation of

the modal reduction scheme is shown in Figure 5-3.
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5.1.5 Numerical Integration

The reduced order modal equations are integrated forward in time to predict the time response.
The equations of motion are arranged such that the inertia terms are kept on the right hand
side along with the external forcing term. In this way, the coefficient matrices of the equations
of motion are constant whereas the forcing vector becomes a function of time. Therefore, the
forcing vector needs to be updated at every time step. The inertia terms for the whole system
is assembled from the elemental inertia matrices. Accordingly the forcing vector for the whole
system is updated at every time step. The assembly procedure has to be implemented at every
time step which makes the numerical calculation of the forcing term time consuming. At the
end of each numerical integration step, the modal co-ordinate vector is computed. The nodal
co-ordinates can be recovered using modal transformations. The computed nodal co-ordinate

vector is associated with the system matrix. The control flow diagram for the evaluation of the

forcing vector is shown in Figure 5-4.
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Figure 5-4: The control flow diagram to compute the time dependent forcing vector.
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5.2 Modal Characteristics

This section is divided into two subsections. In the first one, the natural frequencies are obtained
with no reduction in both graphical and tabular form for a wide range of parameter changes.
Wherever possible, the numerical predictions are compared with analytical and other numerical
results available in the literature in order to validate the present model.

In the second subsection, the natural frequencies are obtained by using the Planar Reduced
Order Model (PROM) and the Complex Reduced Order Model (CROM). These modal reduction
schemes will be compared to the natural frequencies of the Full Order Model (FOM).

5.2.1 Validation of the Model

Many examples that represent some special cases of the proposed model are presented. These
cover ranges from the simplest case of the non-rotating Euler-Bernoulli beam to the other compli-
cating factors such as taper ratios, pre-cone angle, setting angle, rotary inertia, shear deformation
and Coriolis forces. The contribution of these complicating factors is shown and discussed in
various examples.

The stiffening effect that is due to the hub rotation, has been introduced as early as 1920
by Lamb and Southwell [3] and refined later by Southwell and Gough [4]. The bending fre-
quency of the i** mode of a rotating beam may be also obtained from the Southwell relation,
with knowledge of the non-rotating frequency, the speed of rotation and Southwell coefficient.
Therefore, the first four SC’s are computed including a wide range of parameter variations. This
relationship is very useful not only for its simplicity and rapid estimation for the predictions
of the frequencies of rotating beams but also for its accuracy. Because of its importance and
practical use in the interpretation of results, the stiffening effect along with Southwell relation
will be discussed in a separate subsection.

Unless otherwise stated, the beams considered for this analysis have rectangular cross-
sections and are made of steel. In addition, Coriolis forces are included throughout this in-
vestigation unless otherwise stated. The material and geometrical properties for the beams used
throughout this investigation are summarized in Table 5.1.

To illustrate the relationship between the number of elements in a consistent mass finite ele-
ment formulation and the accuracy of the predicted frequencies, Tables 5.2 and 5.3 have been
provided. It can be seen that the accuracy of the present predictions is increased by increasing
the number of elements for both Euler-Bernoulli and Timoshenko beams. Convergence to the

exact solution is reached by using 12 elements for Euler-Bernoulli beam and 16 elements for
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Table 5.1: Material and geometric properties for Euler-Bernoulli and Timoshenko beam

Property Value
Density, p 7850 kg/m3
Modulus of elasticity, E 200 GPa
Shear modulus, G 77 GPa
Shear factors, Ky = Kk, = K 5/6
Ratio (rgy/L) 0.02

1.00 m for Euler-Bernoulli beam
Total length of the beam, L
0.72 m for Timoshenko beam

12 for Euler-Bernoulli beam
Number of elements

16 for Timoshenko beam

Table 5.2: Convergence of the present finite element model for the prediction of planar frequency
parameters of rotating uniform cantilever Euler-Bernoulli beam for which Q= 6,9 =0¢=0°
R =0, Coriolis effects not included

No. of elements ARl AE2 AE3 AE4 )\E5‘
2 7.3758407 | 27.044483 | 79.585624 | 220.829347 -
4 7.3616947 | 26.833695 | 67.129080 | 127.956538 | 233.024394
6 7.3606511 | 26.814435 | 66.789830 | 126.888280 | 208.175403
12 7.3603910 | 26.809436 | 66.691143 | 126.194986 | 205.497038
Ref. [16] 7.3603730 | 26.809082 | 66.683914 - -

Table 5.3: Convergence of the present finite element model for the prediction of planar frequency
parameters of rotating uniform cantilever Timoshenko beam for which & = 5/6, (r4,/L) = 0.02,
Q=6,1=¢=0° R=0, Coriolis effects not included

No. of elements AT AT AT ATy ATs
2 7.361543 | 26.704330 | 77.794234 | 208.980474 -
4 7.342985 | 26.422381 | 64.676878 | 120.054582 | 220.127038
8 7.337866 | 26.307245 | 63.629050 | 116.351130 | 183.079204
16 7.335643 | 26.251373 | 63.230271 | 114.651687 | 177.891752
Ref. [85] 7.3319 26.2488 63.2386 114.5177 -

112



Timoshenko beam. These results ! are in excellent agreement when compared to other methods
of solution, namely those presented by Wright et al. [16] and Nagaraj [85]. It is well known
that a consistent mass finite element formulation produces upper bounds to all frequencies as
depicted by Tables 5.2 and 5.3. For example, a two element model produces upper bounds to the
first and second exact frequencies. The fundamental and second frequencies of the two element

model are quite accurate while the third frequency and higher are too high to be of any use.

5.2.2 Natural frequencies
Euler-Bernoulli Beam
Example 1: Non-rotating uniform cantilever beam

Consider the simplest case of a non-rotating prismatic cantilever beam with doubly symmetrical
cross-section. The material and geometrical properties outlined in Table 5.4 are provided by
Hatch [89]. The present results were obtained by considering 10 equal finite beam elements and
are in very good agreement when compared to other numerical and theroretical ones, namely
those of reference [89]. The error, between the present estimations fg, and the theoretical values

fin Teported in reference [89], for the first sixth modes is quite small, with the maximum error

(for the sixth mode) being only 0.5%.

Table 5.4: Planar flapping frequencies fg expressed in Hertz for a non-rotating cantilever pris-
matic Euler-Bernoulli beam for which b, = 2 mm, h, = 0.2 mm, L = 20 mm, £ = 190 GPa and

p = 7830 kg/m3

Ref. [89] % Error
Mode No. Present work MATLAB ANSYS Theoretical fin—Ifr < 100
fe /s f fen Jen

1 397.874912 397.88 397.86 397.874572 —0.0000
2 2493.519911 2493.60 2493.20 | 2493.437382 —0.0330
3 6983.474461 6984.50 6982.20 | 6981.696870 —0.0255
4 13694.377072 13703.00 | 13696.00 | 13681.339375 —0.0953
5 22673.244501 22727.00 | 22705.00 | 22616.234285 —0.2520
6 33967.098741 34194.00 | 34145.00 | 33784.737868 —0.5398

'For purposes of validation and comparison only, six digits after the decimal point are retained.
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Example 2: Effect of taper on non-rotating uniform cantilever beam

The effect of taper is important to the dynamic behavior and modal characteristics of rotat-
ing beams for which a specified distribution of strength/weight ratio is required for optimum
performance and design criteria in many structures,

Results pertinent to tapered beams are not widely available in the literature, as is the case
for uniform beams. However, it has been found that Downs [81], using analytical solutions,
could only produce results for non-rotating tapered Euler-Bernoulli and Timoshenko beams.
For Euler-Bernoulli beam, he used equal taper ratios while for Timoshenko beam he used a wide
range of unequal tapers. Some of Downs’s [81] results including the lowest five flapping modes
are reproduced in Table 5.5 for the non-rotating case of the doubly tapered beam but including
equal tapering in two directions. Again, the present computed frequency estimates are in perfect
agreement with those of Downs [81]. These results indicate that as the taper ratios increase all

the frequencies decrease except for the fundamental one that exhibits a reverse trend.

Table 5.5: Effect of taper on planar flapping frequency parameters for a non-rotating cantilever
Buler-Bernoulli beam

Mode No. | vy =v, — 0.2 0.4 0.5 0.6 0.8
1 Present work | 3.85512 | 4.31878 | 4.62515 | 5.00904 | 6.19639
Ref.[81] 3.84642 | 4.31738 | 4.62554 | 5.00906 | 6.19634
2 Present work | 21.0571 | 20.0503 | 19.5479 | 19.0653 | 18.3859
Ref.[81] 21.0569 | 20.0499 | 19.5476 | 19.0649 | 18.3885
3 Present work | 56.6372 | 51.3411 | 48.5853 | 45.7448 | 39.8403
Ref.[81] 56.6303 | 51.3346 | 48.5789 | 45.7384 | 39.8336
4 Present work | 109.8135 | 98.0511 | 91.8573 | 85.3870 | 71.2834
Ref.[81] 109.7630 | 98.0050 | 91.8128 | 85.3438 | 71.2418

Table 5.6 shows also the effect of taper on non-rotating Euler-Bernoulli beam but for a com-
plete wedge (v, = 0.0, v, = 1.0) and a cone (v, = v, = 1.0). Comparison of these predictions
with those reported in reference [84] reveals a very good agreement. It is clearly shown that the
frequencies for a cone are higher than those of a wedge. The ratio of the frequency parameter

of the cones to those of the wedge is 1.60 for the first mode and decreases to 1.21 for the fourth

mode.
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Table 5.6: Planar flapping frequency parameters for non-rotating Euler-Bernoulli cantilever
wedge and cone

Mode No. Wedge (vy = 0.0, v, =1.0) Cone (vy =v, =1.0)
(rectangular cross-section) (circular cross-section)

Present work Ref. [84] Present work | Ref. [84]

1 5.315100 5.315099 8.719263 8.719259

2 15.207484 15.207168 21.146477 | 21.145662

3 30.026883 30.019809 38.466154 | 38.463771

4 49.827203 49.763345 60.771255 | 60.680139

Example 3: Effect of spin and hub radius parameters on uniform cantilever beam

Table 5.7 depicts numerical predictions for the first three lowest frequency parameters of a uni-
form cantilever beam for various values of spin and hub radius parameters while setting all
other parameters to zero. Comparison of these results with the ones obtained by Hodges and
Rutkowski [15] indicates an excellent agreement achieved by the FEM solution. From these re-

sults it can be concluded that flapping frequency parameters increase as the spin and/or thehub

Table 5.7: Planar flapping frequency parameters for rotating cantilever uniform Euler-Bernoulli
beam, ¢ = ¢ = 0°, Coriolis effects not included

AE1 AE2 AB3
Q R=00 R=1.0 R=00 R=10 R=0.0 R=1.0
0.0 | Present work | 3.516017 | 3.516017 | 22.034845 | 22.034845 | 61.704878 | 61.704878
Ref. [15) 3.516015 | 3.516015 | 22.034492 | 22.034492 | 61.697214 | 61.697214
2.0 | Present work | 4.137321 | 4.833691 | 22.615267 | 23.366382 | 62.280778 | 63.075058
Ref. [15] 4.137319 | 4.833688 | 22.614922 | 23.366042 | 62.273184 | 63.067548
4.0 | Present work | 5.585006 | 7.475069 | 24.273684 | 26.957642 | 63.974180 | 66.994039
Ref. [15] 5.585001 | 7.475048 | 24.273349 | 26.957262 | 63.966760 | 66.986772
8.0 | Present work | 9.256886 | 13.507646 | 29.995821 | 37.954996 | 70.300100 | 80.537971
Ref. [15] 9.256837 | 13.507389 | 29.995382 | 37.953793 | 70.292962 | 80.529532
12.0 | Present work | 13.170361 | 19.722659 | 37.604042 | 51.073973 | 79.622192 | 98.541126
Ref. [15] 13.170150 | 19.721542 | 37.603112 | 51.070134 | 79.614478 | 98.526797




radius parameters increase. Since the centrifugal stiffness matrix is a function of the square of
the spin and hub radius parameters, it results that the stiffness of the beam increases as these
factors increase; thus rendering the beam stiffer. This phenomenon is usually referred to as the

stiffening effect of rotation.

Example 4: Effect of spin and hub radius parameters on uniform hinged free beam

In Table 5.8 are shown the first three planar flexural frequency parameters for the previous
beam but for hinged free end conditions. These results are in excellent agreement with those
of Wright et al. [16] who used a power series solution in the form of Frobenius method. As
expected, for zero hub radius, this type of boundary conditions allows a rigid body flapping
mode whose frequency is equal to the speed of hub rotation as manifested by Table 5.8. For
non-rotating beams, there also exists a rigid body mode. For zero hub radius and non-zero
spin parameter, the fundamental frequency parameter is exactly equal to the spin parameter.
Further, for rotating beams with non-zero hub radius parameter, the fundamental frequency
does not represent a rigid body mode. Similar to the previous example, it can be seen here that

for the hinged-free end conditions, the flapping frequency parameters also exhibit a stiffening

effect.

Table 5.8: Planar flapping frequency parameters for rotating hinged-free Euler-Bernoulli beam,
1 = ¢ = 0°, Coriolis effects not included

AE1 AE2 AE3

Q R=00|R=10{R=00|R=10|R=00|R=10

0.0 | Present work 0.0 0.0 15.4183 | 15.4183 | 49.9689 | 49.9689
Exact, Ref. [16] | 0.0 0.0 15.4182 | 15.4182 | 49.9649 | —

2.0 | Present work 2.0 3.1586 16.2262 | 17.3180 | 50.6800 | 51.7108
Exact, Ref. [16] | 2.0 3.1586 16.2261 | 17.3179 | 50.6760 | —

4.0 [ Present work 4.0 6.3056 18.4314 | 21.9898 | 52.7502 | 56.5699
Exact, Ref. [16] | 4.0 6.3056 18.4313 | 21.9897 | 52.7463 | —

8.0 | Present work 8.0 12.5864 | 25.3436 | 34.5374 | 60.2547 | 72.3698
Exact, Ref. [16] | 8.0 12.5865 | 25.3436 | 34.5373 | 60.2513 | —

12.0 | Present work 12.0 18.8665 | 33.7604 | 48.3573 | 70.8405 | 92.0391
Exact, Ref. [16] | 12.0 18.8665 | 33.7603 | 48.3572 | 70.8373 | —
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Figure 5-5: Frequency parameter for rotating tapered Euler-Bernoulli beam, v, = 0.0 (uniform),
v, = 0.5, Coriolis effect not included.

Example 5: Effect of taper on rotating Euler-Bernoulli beam

Results showing the effect of tapering on the frequency parameters of rotating Euler-Bernoulli
beams using other methods of solutions could not be found in the literature except those reported
by Hodges and Rutkowsky [15]. Predictions of simulation showing tapering effect (taper in the
depth direction only v, = 05) on the frequency parameters for rotating Euler-Bernoulli beam
are shown in Figure 5-5 along with those of Hodges and Rutkowsky [15]. From this figure it
can be concluded that the present results are in a very good agreement with those reported in

reference [15].

Example 6: Effect of pre-cone angle on rotating uniform beam

Pre-cone is another design solution that satisfy aerodynamic requirements. It alleviates the large
blade flapping bending problem. In order to give insight to the effect of varying the pre-cone
on the frequency parameters of an Euler-Bernoulli beam with zero setting angle, the eigenvalue

problem was solved for a rotational speed ratio of @ /AB,) = 1.0 where Ag, denotes the flapping
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frequency parameter of a non-rotating uniform Euler-Bernoulli beam and is equal to 3.51602.
The results of simulation shown in Table 5.9 are compared to those of Subrahmanyam an Kaza
[45] who used the Galerkin method. The percentage difference between the present predictions
and those of reference [45] has been calculated and found to be negligible. Therefore, it can be
concluded that the two methods of solutions produce very similar results. Pertinent to these
numerical facts, it can be concluded that for a given spin parameter and thickness ratio, the
flapping mode frequencies decrease with increasing pre-cone. This may be attributed to the
fact that as the pre-cone increases, the arm (’R,o + 'r}; cos qb) associated to the centrifugal force
decreases. This arm reaches its maximum (Ro + 7‘}}.) for ¢ = 0° and its minimum R, for ¢ = 90°.
On the other hand, it can be seen that when the pre-cone increases from 10° to 30°, the percent
decrease in the frequency values is 3.27% for the first mode, 0.85% for the second mode, and
0.32% for the third mode. The influence of the pre-cone is clearly seen to be of significance on the
fundamental mode and is negligible on higher ones. The reason for this is attributed to the fact
that the softening term 2 sin ) cos ¢sin (¢ + ¢) is constant regardless of the mode considered
therefore; it has more influence on modes with small frequency values. This phenomenon is

called a softening effect that counteract the stiffening one for rotating beams.

Table 5.9: Effect of pre-cone on the flapping frequency parameters of rotating uniform cantilever
Euler-Bernoulli beam, R = 0, ¥ = 0°, (ho/bp) = 0.05, and @/AEO) = 1.0, Coriolis effects
included

¢ | Mode No. | Present work | Ref. [45] | % Error
1 04519157 - -
0° 2 0+£23.7835¢ - -
3 0 =+ 63.4661 - -
1 04 5.17042 5.1713 -0.01
10° 2 0£23.7573¢ | 23.7553 0.01
3 04 63.43461 | 63.4246 0.01
1 0 £ 5.00157 4.9749 0.05
20° 2 04£23.68112 | 23.6709 0.04
3 0+£63.35637 | 63.3234 0.05
1 0+ 5.00152 4.9749 0.53
30° 2 0 £ 23.5562 | 23.5282 0.12
3 | 04632282 | 63.1612 | 0.11
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Example 7: Coriolis effects on rotating uniform beam

The effect of rotation on the bending frequencies of the above rotating pre-coned uniform Euler-
Bernoulli beam has also been examined for a wide range of speed ratio (ﬁ/ /\Eo) for the case
where the Coriolis effects are accounted for. The results shown in Table 5.10 are in perfect
agreement with those of Subrahmanyam an Kaza [45]. From these results, it can be concluded
that for a given pre-cone, the frequencies increase as the spin ratio increases as expected. This
is also in agreement with the stiffening effect discussed in the previous examples. From the
predictions shown it can be concluded that the Coriolis effects depress the frequency values in
general. At low speed ratios however, as is the case in this example, the Coriolis effect is very

small and therefore can be neglected.

Table 5.10: The first three lowest bending frequency parameters of rotating uniform Euler-
Bernoulli beam, ¢ = 15°, 9 = 0°, R = 0 (h,/b,) = 0.05, (Numbers between parentheses indicate
that Coriolis effects are not included)

(Q/Xg,) | Mode No. Present work Ref. [45] % Error
1 0+£3.6937 | (3.6937) | 3.6804 | (3.7062) 0.36
0.3 2 0+ 22.1920; | (22.1920) | 22.1860 | (22.2934) | 0.03
3 0+461.85487 | (61.8549) | 61.8475 | (62.1044) 0.02
1 0£39803i | (3.9893) | 3.9652 | (3.9950) | 0.61
0.5 2 0+ 22.4692¢ | (22.4692) | 22.4572 | (22.5585) 0.05
3 | 0+62.1300i | (62.1301) | 62.1169 | (62.3354) | 0.03
1 051430 | (5.1439) | 5.1444 | (5.1781) | —0.01
1.0 2 0+ 23.7254i | (23.7255) | 23.7203 | (23.7926) | 0.02
3 0+ 62.7949 | (62.7949) | 62.7763 | (62.8837) | 0.03
1 0£8.2153 | (8.2153) | 8.3777 | (8.3385) | —1.97
2.0 2 0+ 28.1929i | (28.1929) | 28.3037 | (28.3445) | —0.39
3 | 06751917 | (67.5103) | 68.0724 | (68.0883) | —0.82

Timoshenko Beam

The effects of shear deformation and rotary inertia become of particular importance if the cross-

sectional dimensions of the beam are not small when compared to its length and if higher bending

modes are required.
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Example 1: Effect of shear deformation and rotary inertia on cantilever uniform

beam

Because the literature lacks sufficient information to adequately reproduce the same results based
on Timoshenko beam theory, the following material properties for steel are used to reproduce
the results obtained by Downs [81]. Poisson’s ratio v = 0.3, and shear correction factor x = 0.85
for rectangular cross-section. These results were obtained by using 16 finite Timoshenko beam
elements and cover a range for which (rg,/L) varies from 0.01 to 0.1. In Table 5.11, the four
lowest flapping frequencies for a non-rotating uniform cantilever Timoshenko beam are compared
with those obtained by Downs [81]. Natural frequencies in reference [81] were computed from
analytical solutions by means of Bessel functions. Again the agreement between the present
predictions and those of reference [81] is seen to be excellent. Compared to the previous results
of the non-rotating Euler-Bernoulli beam (Q = 0) depicted in Table 5.7, these frequencies show
that the shear deformation and rotary inertia tend to lower the frequencies of oscillation. It is
seen also that their effects is more pronounced for beams with higher values of (rgy/L) and has
more influence at higher modes as would be expected. Moreover, it can be concluded that as

the ratio (rgy/L) increases a decrease in natural frequencies is seen for all modes.

Table 5.11: Planar frequency parameters of non-rotating uniform cantilever Timoshenko beam
for R=0,v=¢=0°

(rgy/L) 0.01 0.02 0.05 0.08 0.1

Ari1 | Present work | 3.51279 | 3.50285 | 3.43429 | 3.31907 | 3.22381
Ref.[81] 3.51270 | 3.50284 | 3.43643 | 3.32405 | 3.23093
Ars | Present work | 21.89920 | 21.48205 | 19.08092 | 16.19539 | 14.42662
Ref.[81] 21.8910 | 21.4805 | 19.1391 | 16.2890 | 14.5309

Ars | Present work | 60.82010 | 58.27917 | 46.59630 | 36.52280 | 31.49168
Ref.[81] 60.7548 | 58.1980 | 46.7510 | 36.70780 | 31.6707

Ara | Present work | 117.84800 | 109.70562 | 79.19250 | 58.19272 | 48.06992
Ref.[81] 117.564 | 109.180 | 79.2392 | 58.2788 | 48.2281

The percentage difference between Euler-Bernoulli and Timoshenko beam frequencies is
shown in Figure 5-6 as a function of the ratio (r,,/L). This comparison includes the first

four frequency parameters and covers a wide range for which 0.01 < (r4,/L) < 0.1. From these
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Figure 5-6: Percentage difference in frequency values between EBT and TBT as a function of
(rgy/L) for non-rotating beams.

predictions, it can be seen that as the ratio (r4y/L) increases, the beam becomes thicker, result-
ing in a percentage decrease of the frequency values. For instance, the percentage difference for
the case of (rgy/L) = 0.01 is insignificant when compared to the case of (rg,/L) = 0.1. Further,
the shear deformation and rotary inertia effects can clearly be seen to be more pronounced at
higher modes as mentioned in the above discussion. For example for a very thick beam with
(rgy/L) = 0.1, the percent decrease for the first mode is 8.3% while for the second, third and

fourth mode it is 34.5%, 48.9% and 60%, respectively which is quite significant.

Example 2: Effect of slenderness ratio and rotation on cantilever uniform beam

In this example, the effect of varying the slenderness ratio along with the spin rotation on
the fundamental frequency parameter Ap of a uniform Timoshenko beam is examined. For
purpose of comparison the geometrical and material properties heading Table 5.12 are taken
from reference [23]. The hub radius, pre-cone and setting angle are set to zero. In Table 5.12 are

shown the variations of the fundamental frequency parameter with respect to the slenderness
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ratio (L/rgy) for the non-rotating and rotating beam, respectively. The frequency parameter
AE in the expression of A is taken to be 3.516016 for { = 0 and 6.449548 for §} = 5. Again,
the agreement between the present predictions and those of Lee and Kuo [23] is excellent for
both rotating and non-rotating case. The frequency parameters for Q@ = 5 are higher than
those of the non-rotating beam due to the stiffening effect that is clearly seen to increase the
frequency values for all slenderness ratios. On the other hand, it is worthwhile mentioning that
as the slenderness ratio increases, the percentage difference A between Euler-Bernoulli beam
and Timoshenko beam decreases, and it becomes zero when the slenderness ratio becomes very
large? showing that TBT converges to EBT. In other words, as (L/r,,) increases, the frequency
parameters for Timoshenko beams are shown to increase until they reach the Euler-Bernoulli

frequencies at very high slenderness ratio as shown in Table 5.12.

Table 5.12: Planar fundamental flapping frequency parameter Ap for Timoshenko cantilever
beam, p = 7850 kg/m?, E = 200 GPa, E/xG = 3.059,% = ¢ = 0°, R = 0, A\g = 3.5160 and
A = 28T % 100%

=0 Q=
< L ) Present work Ref. [23] A Present work Ref. [23] A
Tgy At AT AT AT
20 3.4331 3.4364 2.36 6.3275 6.3241 1.89
40 3.4947 3.4954 0.60 6.4171 6.4179 0.50
80 3.5108 3.5108 0.14 6.4416 6.4418 0.12
100 3.5128 3.5126 0.09 6.4446 6.4446 0.07
200 3.5153 © 3.5152 0.02 6.4484 6.4485 0.02
300 3.5157 3.5155 0.01 6.4491 6.4493 0.01
00 3.5160 3.5160 0.00 6.4495 6.4497 0.00

Example 3: Effect of taper on non-rotating cantilever beam

Results showing the effect of taper on the frequency parameters of rotating Timoshenko beams
using other methods of solutions could not be found in the literature except the few ones pre-

sented in a graphical form by Mulmule et al. [25] who used the FEM. However, it has been

?tends to oo
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found that Downs [82] using dynamic discretization technique could only produce results for
non-rotating tapered Timoshenko beam where he used a wide range of unequal tapers. To
study the effect of taper in Timoshenko beams some of Downs’s predictions are reproduced in
Table 5.13 for the three lowest flexural frequency parameters of the non-rotating Timoshenko
beam including 8 combinations of unequal tapering in breadth and depth direction. As can be
seen from these predictions, there is a very good agreement between the results obtained by the
present model and the solution provided by Downs [82]. Similar to the case of Euler-Bernoulli
beam, the numerical predictions show that as the taper ratio v, increases the thickness toward
the tip becomes smaller which results in a decrease in mass and stiffness of the beam. Conse-
quently, the frequency parameters for all modes increase as shown in Table 5.13. For the taper
in the other direction, it is seen that the first mode preserves the same behavior while the second

and the third modes exhibit a reverse trend.

Table 5.13: Planar flapping frequency parameters for non-rotating tapered Timoshenko can-
tilever beam, (rgy/L) = 0.08, kK = 0.85, R=0, and % = ¢ = 0°

AE1 AE2 AE3
vy v,=03|v,=06]1v,=03|v,=06]|v,=03|v,=06
0.0 | Present work | 3.4826 3.7601 | 15.5753 | 14.6154 | 34.6146 | 31.6762
Ref. [82] 3.4869 3.7623 | 15.6411 | 14.6449 | 34.6625 | 31.6243
0.3 | Present work | 3.8487 | 4.1318 | 16.1132 | 15.1038 | 35.0760 | 32.1259
Ref. [82] 3.8535 4.1339 | 16.1766 | 15.1297 | 35.1026 | 32.0582
0.6 | Present work | 4.4557 | 4.7477 | 16.9675 | 15.8892 | 35.8647 | 32.8618
Ref. [82] 4.4611 4.7498 | 17.0229 | 15.9107 | 35.8346 | 32.7692
0.9 | Present work | 5.7774 6.0891 | 19.09381 | 17.9053 | 38.2554 | 34.9817
Ref. [82] 5.7836 6.0927 | 19.1076 | 17.9264 | 37.9753 | 34.8498

Example 4: Effect of spin on rotating cantilever uniform beam

The case of a rotating uniform Timoshenko beam with low and high values of (r,,/L) ratio has
also been reproduced in order to see the effect of rotation along with this ratio on the frequency‘
parameters. Table 5.14 shows the variation of the first four planar flapping frequency parameters
of such beams. It is seen that the frequency parameters increase as the spin parameter increases

for all modes and for both low and high ratio (r4y/L). On the other hand, and within the
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present numerical facts, it can be concluded that as the ratio (rg,/L) increases the frequency
values decrease. This would confirm that the effect of rotary inertia tends to lower the frequency
values. The agreement with the frequencies reported by Nagaraj [85] is excellent. This validates

the accuracy of the results of the present model.

Table 5.14: Planar frequency parameters of rotating uniform cantilever Timoshenko beam for
different values of (rgy/L), R =0, and ¢ = ¢ = 0°, Coriolis effect not included

(rgy/L) =0.01 (rgy/L) = 0.1
Q | Mode No. | Present work | Ref.[85] | Present work | Ref.[85]
0 1 3.5026 3.5026 3.2273 3.2274
2 21.4691 21.4698 14.4803 14.4689
3 58.1765 58.1498 31.5992 31.5025
4 109.2609 109.0275 48.2100 47.9090
6 1 7.3359 7.3319 6.9311 6.8509
2 26.2571 26.2488 19.8483 19.6787
3 63.2656 63.2386 38.7717 38.5785
4 114.7635 114.5177 55.4906 96.2950
12 1 13.1089 13.1046 12.4657 12.1665
2 36.9947 36.9790 30.0027 29.3024
3 76.2875 76.2744 52.0115 01.2741
4 129.6420 129.3472 80.2560 79.0558

Example 5: Effect of setting angle for rotating uniform Timoshenko beam

To examine the effect of the setting angle on the bending frequencies of rotating uniform Timo-
shenko beams, the first four flapping frequency parameters have been evaluated for ¥ = 0°, 45°
and 90° as shown in Table 5.15. The material and geometric properties for this beam are similar
to those of reference [22]. The present results are in excellent agreement when compared to
other methods of solutions, namely the one presented by Wang [21] who used shifted Legendre
polynomials as shape functions in conjunction with the extended Galerkin’s method. Based on
the numerical results obtained for this case, it can be confirmed that the frequencies decrease
as the setting angle increases. However, its effect on the frequencies reduces for higher modes.

In fact, the effect of ¥ becomes negligible beyond the second mode according the present results
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and to those found in references [21] and [22]. For the case of (ry,/L) = 0.1, a decrease of 4. 64%
and 0.1% is seen for the first and third mode respectively, when the setting angle changes from
0° to 45°.

It is worth mentioning that the case of 1 = 45° represents a three dimensional vibration
with two types of bending mode; a flapping and a lagging component mode. However, for square
cross-section and in the absence of coupling due to Coriolis effects these two modes of bending

are equal.

Table 5.15: The first four pla_nar frequency parameters of rotating uniform cantilever Timoshenko
beam with ¢ = 0°, R = 3, Q = 10, p = 7860 kg/m?3, x = 0.85, and v = 0.3, Coriolis effect not
included

(rgy/L) =0.05 (rgy/L) =0.1
P 0° 45° 90° 0° 45° 90°
Present work | 23.519 | 22.441 | 21.308 | 23.047 | 21.975 | 20.863
Ar1 | Ref. [21] 23.514 | 22.436 | 21.302 | 23.037 | 21.974 | 20.850
Ref. [22] 23.524 | 22.446 | 21.313 | 23.050 | 21.987 | 20.867
Present work | 56.088 | 55.678 | 55.266 | 45.385 | 44.569 | 44.693
Ara | Ref. [21] 56.072 | 55.662 | 55.250 | 45.428 | 45.194 | 44.955
Ref. [22] 56.105 | 55.696 | 55.284 | 45.598 | 45.359 | 45.115
Present work | 97.111 | 96.891 | 96.670 | 66.889 | 66.822 | 66.686
Ars | Ref. [21] 97.011 | 96.792 | 96.570 | 66.854 | 66.763 | 66.668
Ref. [22] 97.188 | 96.968 | 96.747 | 67.716 | 67.619 | 67.520
Present work | 144.256 | 144.115 | 143.974 | 72.723 | 72.643 | 72.108
Arq | Ref. [21] 143.815 | 143.673 | 143.531 | 72.313 | 72.146 | 71.982
Ref. [22] 144.490 | 144.349 | 144.208 | 73.076 | 72.914 | 72.756

Predictions made so far as depicted in Tables 5.2 to 5.15 and Figures 5-5 to 5-6 represent
special cases of the present model. They were presented in order to build confidence with the
proposed model. As can be seen, the present scheme shows excellent agreement with other
numerical results available in the literature for these special cases.

Effects of other factors pertinent to the variation in frequency parameters of the present ro-
tating three dimensional Timoshenko beam model are investigated at a wide range of parameter

changes as shown in Tables 5.16 to 5.23 and Figures 5-7 to 5-14.
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Many other results pertinent to the frequency parameter variations are presented in three
dimensional graphical representation. In these predictions both taper ratios as well as pre-cone
and setting angle vary while keeping the other factors constant. In Figures 5-7 to 5-11 and Tables
5.16 to 5.19, the first four bending frequency parameters are estimated at 56 combinations of
taper ratios that vary simultaneously. In Figure 5-7 are shown the first four bending modes for
which the pre-cone, the setting angle and the hub radius parameter are set to zero while the
rotational speed parameter is fixed to © = 10. It can be seen that the first and third bending
mode that correspond the first and second flapping mode exhibit a decrease in frequency values
as both taper ratios increase. However, for a fixed v, the second bending mode (the first
lead-lag mode) exhibits an increase in frequency values when the taper ratio v, increases. For
0.4 < v, < 0.6, these frequencies are seen to increase as the taper ratio v, increases, while for
0.0 < v, < 0.4 they are seen to increase up to a certain value of v, and then decrease. For a
fixed v, the fourth mode (second flapping mode) is seen to decrease as the taper ratio in the
y-direction increases. When v, is fixed while varying v, these frequencies are seen to increase
when 0.0 < v, < 0.1 and it decreases for v, > 0.1.

Figure 5-8 shows the variation of the first four bending modes for the same beam above but
for R = 1. It is clear that the variation of the frequency values shows the same trend as in the
previous case but with higher magnitudes as would be expected when varying R from 0 to 1 for
all modes. For example, the percent increase when v, = v, = 0.0 is 32.51% and it is 26.69%
for (v, = 0.7, and v, = 0.6) for the first flapping mode. For the second flapping mode (third
bending mode), the percent increase is 24.33% and 17.92% for the same values of taper ratios con-
sidered therein. From these numerical facts (percent increase) and Figures 5-7 and 5-8, it can be
concluded that the hub radius parameter has more influence on frequency values of lower modes.

In Figure 5-9 the setting angle is taken to be 90° while keeping all other parameters as in
the previous case. As can be seen from this figure, the frequency parameter values are lower
than those of Figure 5-8. This is because the setting angle depresses the frequency values and
therefore it has a softening effect that counteracts the stiffening one induced by the hub rotation
Q and hub radius parameter R. The combined effect of taper ratios as well as the setting angle
is seen to decrease the values of the frequency parameters for the first and third bending mode
as both taper ratios increase. However, For the second and fourth modes, these values are seen
to increase and decrease in irregular pattern as the taper ratios increase in both directions. For
instance, for a fixed vy, the frequencies corresponding to the second mode increase as the taper

ratio v, increases from 0.0 to 0.4 and they decrease for v, > 0.4. The same behavior can be
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Figure 5-7: Variation of the first four bending modes as a function of taper ratios v, and v,,

Q=10,R=00, 9 = ¢ = 0°.
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Figure 5-8: Variation of the first four bending modes as a function of taper ratios v, and v,

2=10,R=10,9%=¢=0°.
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Figure 5-9: Variation of the first four bending modes as a function of taper ratios v, and v,,

2=10, R=1.0, ¢ =0° and ¢ = 90°.
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seen for the frequency parameters corresponding to the fourth mode.

It is of interest to estimate the percent decrease in actual frequency values with those of
the previous figure. For example, the percent decrease when v, = v, = 0.0 is 22.76% and it is
54.35% for (vy = 0.7, and v, = 0.6) for the first flapping mode. Comparison of these percentage
decreases reveals that for uniform beam v, = v, = 0.0, the first and frequency parameter of
Figure 5-8 is reduced by more than 1/5 of its value when the setting angle ¢ = 90°. For
tapered beam (vy = 0.7, and v, = 0.6) the frequency value of the fundamental mode experienced
a decrease which is more than 1/2 of its value as 9 varies from 0° to 90°. To see the influence of
varying the setting angle on higher modes, the percentage decrease of the third bending mode
is calculated for both uniform and tapered beam. In this case, the percent decrease is 3.06% for
uniform beam and 6.82% for the tapered beam (v, = 0.7, and v, = 0.6). It is clear that these
numbers are quite small when compared to those of the fundamental one. The conclusion that
can be drawn here is that the effect of setting angle is of significance at lower modes but its
influence becomes negligible at higher ones.

Combined effects of both pre-cone and setting angle are also investigated as shown in Figures
5-10 and 5-11. In Figure 5-10 the relationships among the first four frequency parameters and
taper ratios are shown. The hub radius parameter and the spin parameter are similar to the
previous cases. The setting angle ) and the pre-cone ¢ are taken to be 45° and 15°, respectively.
Predictions of the fundamental and third bending modes show that the frequency values decrease
as both taper ratios increase. For a fixed v, < 0.4, the second bending mode is seen to decrease
for all values of v,. However, for v, = 0.5 these frequencies are seen to increase until they
reach a maximum value at v, = 0.5 and then they decrease for v, > 0.5. For v, = 0.6, these
frequency values are seen to decrease for all values of v,. For all values of v, considered, the
fourth bending mode is seen to increase for 0.0 < v, < 0.4. It reaches its maximum for v, = 0.3
and then it starts decreasing for v, > 0.3. On the other hand, it is seen also that for a fixed v,
all the frequency values decrease as the taper v, increases.

Compared to the previous cases, it can be conclude that the combined effect of including
both pre-cone and setting angle tends to lower the frequency values in general because this effect
is considered as a softening one. The non-zero pre-cone value has two majors contributions in the
estimation of the frequency parameters. It tends to decrease the arm (’RO + r}; cos ¢) associated
to the centrifugal force and contributes to the softening term Q?sin1 cos ¢sin (¢ + ¢) . However,
these effects are very small at higher modes and have more influence on modes with small

frequency values. For ¢ = 45° and ¢ = 15°, the softening term is equal to 0.5902.
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Similar simulation tests have been conducted for the case where ¥ = 60° and ¢ = 30° while
keeping all other parameters as in the previous example. The results are shown in Figure 5-11.

For all modes, these frequencies are seen to vary according to the variation of taper ratios.
In general, these predictions are seen to be lower than those of Figure 5-10. This is due to the
fact that for ¢ = 60° and ¢ = 30°, the softening term % sin 1) cos ¢ sin (¥ + ¢) is equal to 0.7502
which is greater than 0.59Q2. Therefore, as the softening term becomes large the frequencies of
the rotating vibrational motion decrease.

It can be seen from Table 5.16 that for a given taper ratio v,, the fundamental frequency
parameter decreases as the taper ratio v, increases. For 0.0 < v, < 0.7 it decreases as v,
increases. However, for vy, = 0.7, it increases as v, increases. In Table 5.17 it is seen that for a
given vy, the second frequency parameter is shown to increase as v, increases. For 0.0 < v, < 0.4
it is seen to decrease as v, increases while for 0.4 < v, < 0.6 it increases as v, increases. The
third bending mode shown in Table 5.18 is seen to decrease for most values of taper ratios v,
and v, considered. However this behavior is reversed when v, = 0.7 and v, = 0.6. Table 5.19
shows the variations of the fourth frequency parameters. For a fixed v, these frequencies are
seen to increase for all taper ratios v, > 0.3. However, Ap4 decreases for 0.3 < v, < 0.6. For a

fixed v, these frequencies decrease for all values of v,,.

Table 5.16: Effect o£ taper on the fundamental bending frequency of rotating Timoshenko beam
for which R = 1.0, 2 =10, ¢ = 0° and ¢ = 30°

AT1

Vy —

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
vy |

0.0 16.0879 | 15.8358 | 15.5122 | 15.0820 | 14.4817 | 13.5797 | 12.0403 | 8.5463
0.1 15.8287 | 15.5824 | 15.2668 | 14.8484 | 14.2665 13.3970 11.9274 | 8.6755
0.2 15.4936 | 15.2555 | 14.9514 | 14.5494 | 13.9936 | 13.1697 | 11.7988 | 8.8832
0.3 15.0433 | 14.8179 | 14.5308 | 14.1536 | 13.6360 | 12.8790 | 11.6494 | 9.1855
0.4 14.4029 | 14.1982 | 13.9395 | 13.6026 | 13.1466 | 12.4933 | 11.4716 | 9.5920
0.5 13.3986 | 13.2366 | 13.0342 | 12.7747 | 12.4307 | 11.9542 | 11.2499 | 10.0949
0.6 11.4771 | 11.4454 | 11.4027 | 11.3439 | 11.2608 | 11.1393 | 10.9539 | 10.6539

The percentage difference among the frequency values pertinent to the change in taper ratios

may also be investigated. When the taper ratio v, varies from 0.0 to 0.1 for a fixed v, = 0.0, the
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Figure 5-10: Variation of the first four bending modes as a function of taper ratios v, and v,

2=10, R =1.0, ¢ = 15° and 9 = 45°.
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Figure 5-11: Variation of the first four bending modes as a function of taper ratios vy and vy,

Q=10, R=1.0, ¢ = 30° and 1 = 60°.
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percent decrease in the fundamental frequency is estimated to be 1.56% and it increases to 6.2%
and 12.78% when the taper ratio v, varies from 0.4 to 0.5 and from 0.5 to 0.6, respectively. On
the other hand, for v, = 0.0, the percentage difference in the frequency values is more sensitive
to the change in the taper ratio v,. For instance, the decrease is 1.61% when v, varies from 0.0

to 0.1 and is 7% and 14.31% when the taper ratio v, varies from 0.4 to 0.5 and from 0.5 to 0.6,

respectively.

Table 5.17: Effect of taper on the second bending frequency of rotating Timoshenko beam
R=1.0,Q=10,% =0° and ¢ = 30°

A2

vy —

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
v, |

0.0 19.85585 | 19.8030 | 19.7128 | 19.5662 | 19.3311 | 18.9477 | 18.2897 | 17.0350
0.1 19.9190 | 19.8791 | 19.8058 | 19.6825 | 19.4809 | 19.1488 | 18.5775 | 17.4978
0.2 19.9802 | 19.9560 | 19.9036 | 19.8089 | 19.6483 | 19.3783 | 18.9104 | 18.0314
0.3 20.0362 | 20.0319 | 20.0058 | 19.9471 | 19.8376 | 19.6442 | 19.3009 | 18.6545
0.4 20.0819 | 20.1034 | 20.1113 | 20.0989 | 20.0546 | 19.9575 | 19.7672 | 19.3934
0.5 20.1085 | 20.1644 | 20.2177 | 20.2667 | 20.3078 | 20.3349 | 20.3362 | 20.2859
0.6 20.0988 | 20.2028 | 20.3193 | 20.4528 | 20.6101 | 20.8027 | 21.0500 | 21.3891

Table 5.18: Effect of taper on the third bending frequency of rotating Timoshenko beam R = 1.0,
Q=10,v¢ =0° and ¢ = 30°

A3

vy —
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
vy |

0.0 42.7311 | 41.8554 | 40.8174 | 39.5642 | 38.0139 | 36.0309 | 33.3757 | 29.5996
0.1 41.3924 | 40.5635 | 39.5821 | 38.3976 | 36.9321 | 35.0575 | 32.5474 | 28.9739
0.2 39.8323 | 39.0669 | 38.1610 | 37.0685 | 35.7176 | 33.9918 | 31.6850 | 28.4049
0.3 37.9669 | 37.2875 | 36.4844 | 35.5175 | 34.3252 | 32.8073 | 30.7884 | 27.9333
0.4 35.6509 | 35.0932 | 34.4362 | 33.6484 | 32.6826 | 31.4632 | 29.8598 | 27.6250
0.5 32.6108 | 32.2383 | 31.8032 | 31.2871 | 30.6636 | 29.8923 | 28.9064 | 27.5852
0.6 28.2565 | 28.2003 | 28.1411 | 28.0804 | 28.0216 | 27.9715 | 27.9442 | 27.9688
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Table 5.19: Effect of taper on the fourth bending frequency of rotating Timoshenko beam
R=1.0,Q=10,% =0°and ¢ = 30°

ATy

Vy —

0.0 0.1 0.2 0_.3 04 0.5 0.6 0.7
vy, |

0.0 72.4518 | 71.5791 | 70.4400 | 69.0056 | 67.2189 | 64.9792 | 62.1042 | 58.2246
0.1 72.6804 | 71.7790 | 70.6350 | 69.2167 | 67.4693 | 65.2997 | 62.5428 | 58.8700
0.2 72.9035 | 71.9830 | 70.8411 | 69.4459 | 67.7466 | 65.6598 | 63.0411 | 59.6089
0.3 73.1269 | 72.1959 | 71.0633 | 69.6996 | 68.0594 | 66.0718 | 63.6172 | 60.4694
0.4 69.4323 | 68.5786 | 67.6089 | 66.4944 | 65.1932 | 63.6478 | 61.7654 | 59.3965
0.5 64.0927 | 63.4503 | 62.7271 | 61.9043 | 60.9589 | 59.8573 | 58.5521 | 56.9744
0.6 57.3667 | 57.0468 | 56.7036 | 56.3376 | 55.9525 | 55.5591 | 55.1853 | 54.9051

In another attempt, the first four frequency parameters corresponding to the bending modes
have been investigated at 70 combinations of pre-cone and setting angle as shown in Figures
5-12 and 5-14.

Figure 5-12 shows the variation of the first four bending modes for a uniform beam (v, = v, = 0).
Except for the case where 1 = 90°, it is seen that the first three bending modes exhibit a decrease
when both the pre-cone and setting angle increase. When ¢ = 90°, the first and second bend-
ing mode only decrease for increasing pre-cone. For any value of %, the fourth bending mode
decreases when the pre-cone increases. On the other hand, for a fixed value of the pre-cone it is
seen to increase for 0° <1 < 30° and it decreases for 30° < 9 < 90°.

The hub radius parameter and spin parameter in Figures 5-13 and 5-14 remain similar to
the previous case. The taper ratios are taken to be (v, = 0.1, v, = 0.2) for Figure 5-13 and
(vy = 0.5, v, = 0.35) for Figure 5-14. The trend in the variation of the frequencies of these fig-
ures, is similar to the one of Figure 5-12. The effect of tapering is seen to reduce the frequency
values for all modes when compared to the previous case of uniform beam. This is because taper
would reduce both the out-board cross-section area and the mass of the beam. Therefore, both
the stiffness and mass matrix becomes small and this would lead to smaller eigenvalues. More-
over, comparison of these predictions reveals that larger taper ratios give lower frequency values.

Many other frequency predictions versus the spin parameter are shown in terms of taper ra-

tios, pre-cone, setting angle as parameters. Figure 5-15 shows the lowest three flexural frequency
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= 0.5.

Figure 5-12: Effects of pre-cone and setting angle on the variation of the first four bending
modes for uniform Timoshenko beam, 2 =5 and R
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Figure 5-13: Effects of pre-cone and setting angle on the variation of the first four bending
modes for tapered Timoshenko beam, vy = 0.1, v, = 0.2, 2 =15 and R = 0.5.
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Figure 5-14: Effects of pre-cone and setting angle on the variation of the first four bending

modes for tapered Timoshenko beam, v,
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Figure 5-15: Frequency parameters of rotating uniform and tapered Tiomshenko beam with
(rgy/L) =0.02, ¥y = ¢ =0° and R = 0.

parameters for both uniform and tapered Timoshenko beams at which the pre-cone, setting an-
gle and hub radius parameter are set to zero. As can be seen from this figure, all modes are
affected by the spin and experience a stiffening behavior for both uniform and tapered beams.
Consequently, it is seen that for a given mode the difference between the lag and flap frequencies
decreases as the spin parameter increases. In addition to that, a cross-over between the different
modes at different tapers of the beam can also be seen.

In Figure 5-16 are shown the lowest three flexural frequency parameters for rotating tapered
Euler-Bernoulli and Timoshenko beams for which v, = 0.1, v, = 0.2, with a setting angle
¥ = 45° and zero hub radius and pre-cone. These frequencies show that all modes share the
stiffening characteristic induced by the hub rotation. On the other hand, frequencies with shear
deformation and rotary inertia effects are shown to be lower than those for Euler-Bernoulli
beam. The effect of shear is insignificant in the fundamental flapping and lead-lag modes and
becomes only important in the higher modes. This fact has been addressed previously for
the case of two dimensional beam and is seen to be true in this case. Moreover, it is of in-

terest to notice that the shear effect is more pronounced in lag modes rather than flapping
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Figure 5-16: Frequency parameters of rotating tapered Euler-Bernoulli and Timoshenko beams
with vy = 0.1, v, = 0.2, =45°, ¢ = 0° and R = 0.

modes. The reason for this could be attributed to the fact that for a setting angle 1 = 45°, the
shear effect is unimportant in flapping bending modes and is important in the lead-lag ones.

In order to see the effect of orientation of the cross-section on the lowest three flexural fre-
quencies of the previous beam, values of 15° and 90° were respectively assigned to the pre-cone
and setting angle. Figure 5-17 shows that at these specific hub radius, taper ratios, pre-cone
and setting angle, the lead-lag frequencies are higher than those of the flapping motion. Simi-
lar stiffening behavior to that shown in the previous figure is seen with the exception that the
difference between the first flap and lag frequencies increases as the spin parameter increases.
This trend can be clearly seen since the lead-lag modes experience a stiffening effect while the
flap modes shows a very small stiffening behavior as the spin increases. The reason for that may
be attributed to the fact that the softening effect starts dominating the stiffening effect for the
flapping modes when the setting angle is 90°.

Figure 5-18 shows the flexural behavior of a rotating beam at different beam cross-section

orientations. From these predictions, it is seen that as the setting angle increases the frequencies

corresponding to the flapping modes decrease.
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Figure 5-17: Variation of the first three frequency parameters of rotating uniform Timoshenko
beam with ¢ = 15° .

Except for the case where 1 = 90° and ¢ = 0°, predictions shown in this figure experience a
stiffening effect that is manifested by an increase in the frequency values as the spin parameter
increases. However, for 1 = 90° and ¢ = 0°, the slope of the curve representing the fundamental
flapping mode is seen to be negative. This indicates a decrease in frequency values as the spin
parameter increases. Thus one sees the evidence of a softening effect which is opposing and
dominating the stiffening effect in this case.

Accurate prediction of the dynamic characteristics of rotating structures is necessary in
the early stages of the design process in order to avoid any possible conditions susceptible to
resonance within the range of operating speed, and to prevent any failure that may occur as a
result of sustained vibration at or near the resonant frequency range.

An investigation has been made to check whether there is excitation at appropriate frequen-
cies that may lead to a coincidence of the rotational speed of the hub with the fundamental
mode of the beam in the range 0 < Q < 10.

In Figure 5-19, the fundamental flapping mode variations have been plotted for a tapered
beam at different values of pre-cone and setting angle along with the line A = Q. Three resonant
frequencies are seen to occur at a setting angle of 90° and different pre-cones. The first one

occurs at A = 6.133 where ¢ = 0°, the second one occurs at A = 6.368 where ¢ = 15° and the
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Figure 5-18: Fundamental flexural frequency parameter of rotating tapered Timoshenko beam
with v, = 0.25, v, = 0.0, and R = 0.

third one occurs at A = 7.129 where ¢ = 30°. At these particular values, the beam exhibits
excessive vibrations with very high amplitudes that may cause failure to the beam.

Because of its importance in vibration, the fundamental frequency parameter of flexural
vibration is always examined in early stage design in order to avoid resonance conditions that
may lead to substantial vibrations that cause failure of the beam. In view of that, it is again
examined here at a wide range of spin and hub radius parameters for two extreme setting angles
1 = 0° and ¢ = 90° where the pre-cone is fixed to 15° as shown in Figure 5-20. For higher
spin parameters, frequency dependence on R depends strongly on the setting angle 1); thus for
1 = 0°, the fundamental frequency is still near linear with hub radius parameter R, but for
1 = 90°, not only is the relationship no longer linear, but also shows much greater sensitivity to
changes in hub radius; this is due to the relative contributions of both stiffening and softening
effects, the former depending on R, the latter on . On the other hand, it is of interest to notice
again the dominance of the softening effect over the stiffening effect for the case of R = 0 and
0 = 10. Moreover, one can also observe that for a fixed §, the difference between the flapping

and lead-lag frequency decreases as the hub radius increases.
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Figure 5-19: Resonance in the fundamental flapping frequency parameter of rotating tapered
Timoshenko beam with v, = 0.1, v, = 0.2, and R = 0.5.

5.2.3 Southwell Coefficients

In order to better understand the effects of all factors considered in this model, such as taper
ratios, shear deformation, rotary inertia, hub radius, setting angle, pre-cone, rotational spin
parameter on the modal characteristics of a rotating doubly tapered Timoshenko beam, many
other cases have been presented with a variety of combinations in the form of Southwell coef-
ficients. Solutions are given for several cases, in which each effect is considered alone, as well
as combined effects. In addition, these effects are examined and a variety of simulation results
are presented graphically as shown in Figures 5-21 to 5-33. The explicit form of the Southwell
relation for the lowest four vibration modes of rotating beams with several combinations of ta-
per ratios, pre-cones, setting angles and various slenderness ratios is presented. Consequently,
the first four frequency parameters can be easily computed from knowledge of the non-rotating
frequency parameters and the Southwell relation.

The stiffening effect due to rotation was introduced by Lamb and Southwell [3] and refined

by Southwell and Gough [4] through the equation
Moo = Ni + ST (5.1)
where the subscript i refers to the i** mode, Ap; refers the " rotating frequency parameter, An;
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Figure 5-20: Variation of the fundamental flexural frequency parameter of rotating tapered
Timoshenko beam with v, = 0.1, v, = 0.2, and ¢ = 15°.

is the corresponding frequency parameter of the non-rotating beam, €); is the spin parameter
and S; the Southwell coefficient. Upon plotting /\}?ﬁ versus _572, it can be seen that this equation
represents a linear relationship between )\%ﬁ and 52, for which S; represents the slope and /\sz
represents the intercept. In this analysis, our concern is to focus on the refinement of the
expression of S; and its dependence on the different parameters included in the formulation of
the beam model.

It is of interest to investigate whether the flexural frequencies of rotating cantilever tapered
Timoshenko beams would fit into some form of Southwell linear approximation. It is worthwhile
trying to fit results of simulation into Southwell form and obtain Southwell coefficients for
several parameter changes. Results presented in this form are more economical and useful from
a practical point of view than a table of frequency parameters at various values of parameter
changes.

In this analysis an attempt has been made for the first time to obtain Southwell coefficients
for three dimensional rotating uniform and tapered Timoshenko beams. Because results per-
tinent to SC’s for rotating three dimensional tapered Timoshenko beams including the effects
of hub radius, pre-cone and setting angle as well as Coriolis effects could not be found in the

literature, several special cases which represent degenerate cases of this model were examined
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to build confidence and validate the present scheme. Comparisons with available results in the
literature are made wherever possible. Except otherwise stated, Coriolis effects are accounted
for throughout this study.

Figure 5-21 shows Southwell coefficient Sgi, which corresponds to the fundamental flapping
mode3. In this figure, Sg; is shown as a function of the hub radius parameter R = R,/L, and

the setting angle ¢. The relationship between Sg; and R is a linear one. It is worthwhile noting
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Figure 5-21: Southwell coefficient Sg; for uniform Euler-Bernoulli beam with ¢ = 0°.

88k, Sti : 1" mode Southwell coefficient for Euler-Bernoulli and Timoshenko beam, respectively.
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that Sg; corresponding to the flapping motion (1) = 0°) is parallel to the one of lead-lag motion
(1 = 90°) and the difference between them is independent of R and is equal to unity.

The explicit expression for Sg is also presented and compared with the ones proposed by
Schilhansl [9], Laurenson [41] and Yoo and Shin [86]. The expression for Sg; is in excellent
agreement with those presented by Schilhansl [9] and Laurenson [41]. It is clear that the pre-
dictions presented by Yoo and Shin [86] are in error. The intercept of the Southwell relation is
almost zero. This is not true. The intercept of the lead lag motion cannot be smaller than the
one for the flapping motion as can be verified by the present predictions and those of Schilhansl
[9] and Laurenson [41]. This could be attributed to the a wrong interpolation of the Southwell
coeflicients.

To show the effect of shear deformation and rotary inertia on Southwell coefficients, Figure
5-22 is produced. In this figure, SC’s for the first four modes for both Euler-Bernoulli and
Timoshenko beams are shown. Only the flapping motion of the rotating uniform Euler-Bernoulli
and Timoshenko beams are considered in this example. The expressions for SC’s are shown to
be in a linear relationship with R for all four modes. The lines representing SC’s for both
Euler Bernoulli and Timoshenko beams increase as the hub radius increases. In addition, they
are not parallel. This is due to the differences in the geometrical properties of Euler-Bernoulli
and Timoshenko beams. It is clearly shown that the slope and intercept for these expressions
increase as the mode number increases, as would be expected. Those corresponding to Sg; are
greater than those of S71. This explains the inclusion of rotary inertia and shear deformation in
Timoshenko beam would reduce the frequency values as reflected by the variation of SC’s. On
the other hand, it is also shown that for the first mode, Sg; and S cannot be distinguished,
while as the mode number increases, the difference between EBT and TBT is quite noticeable
as manifested by the variation of Sgq and Srq of the fourth mode. This shows that the shear
effect is not important at lower modes while it becomes more pronounced as the mode number
increases. Further, the difference between EBT and TBT increases as the hub radius parameter
increases.

Figure 5-23 depicts the first four SC of the flapping motion for rotating tapered Timoshenko
beams at a wide range of taper ratios while keeping both the pre-cone and setting angle to be
zero. Again, from this figure, it is seen that the relationship between SC and the hub radius
parameter is linear. The slope and intercept of the different lines depend strongly on taper
ratios vy and v, where it is shown that, as the taper ratios increase the slope and the intercept

of the corresponding lines decrease. Consequently, this leads to the conclusion that as the taper
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ratios increase simultaneously the frequencies decrease, owing to a softening effect. The reason
behind this could be attributed to several combining factors. The tapers lead to a decrease of
the cross-section area which renders the beam stiffer toward the tip. The shear deformation and
rotary inertia tend to lower the frequencies of vibration. The rotation due to the centrifugal
force field tends to increase the frequencies. The combining effect of these factors could result
in a net softening effect. Of particular interest is the difference among the several lines, which
is noticed to increase, as the hub radius increases. Explicit expressions for SC are derived and
presented for each case showing the parameter variations for the first four modes. A successful
attempt has been made to combine each set of the four modes of Figure 5-23 into one single
general equation as a function of the parameter variations. The resulting explicit expressions

for SC corresponding to the first four modes are given by

Sri = (2.006 — 2.434v, —0.100v;) R + (1.451 — 1.7961,, — 0.090,) (

Sra = (13.101 — 28.608v, + 8.6161;) R + (11.459 ~ 27.939,, + 9.108v,) (

Srs = (29.263 — 53.772u, + 11.5761,) R + (26.827 — 59.006v, + 16.238v,) (5.4
(

Srq = (42.676 — 50.974v, — 1.636v,) R + (46.370 ~ 89.410v,, + 18.644v,)

Each of the above equations represents an equation of a plane in the (vyv,)-plane with R as a

parameter or an equation of a straight line of the form
Sri =m; R+ p; (5.6)

where m; = m; (vy,v,) and p; = p; (vy, v,) represent respectively the slope and intercept of the
above linear relationship.

On the other hand, since the difference between the flapping and lagging modes expressed in
terms of SC is exactly unity, the expression of Sp1 to St4 corresponding to the lagging motion of
the rotating tapered Timoshenko beam can be easily obtained by subtracting 1 from the above
equations. Lead-lag expressions of St1 to Sta of rotating tapered Timoshenko beam can be
obtained from those of flapping mode by considering the results obtained from equations (5.2)
to (5.5) as explained above.

In Figure 5-24, the taper ratio in the y-direction is kept constant (v, = 0.25) while varying
v,. The first four SC’s shown in this figure correspond to the flapping and lead-lag motion for

a rotating Timoshenko beam where (rg, /L) = 0.02.

Similar conclusions to the previous case can be drawn from this figure namely, SC’s and R
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]

Figure 5-25: Frequency parameters near independent of the spin parameter.

represent, once again a linear relationship but with higher values of slope and intercept than
those of the previous figure. This explains that as (r4y/L) increases SC’s decrease which is in
perfect agreement with TBT. For the four modes considered, SC’s are seen to increase as the
hub radius increases. In addition, the difference among SC’s is seen to increase as the hub
radius increases. It is interesting to notice, from this figure and the previous one, that for a
fixed mode, all lines representing SC’s nearly intersect at some point, say («, 5;). In this case
one may translate the Southwell lines to the new axes R, St; via the translation B = R — B;

and St; = St; — a; where all lines will be perfectly linear i.e., according to following equation

where ST, = St — o — p; +mfB; is the modified Southwell coefficient for the i** mode and R is
the modified hub radius parameter.

From the previous figures, it can be seen that the smaller values of m are associated with the
larger taper ratios; this is as one would expect, since the stiffening effect of rotation is greater
when one has a larger beam mass at a large radius. Moreover this expression suggests that the
natural frequency of vibration of the beam will be largely independent of the hub speed 0, if

the beam is mounted such that R = —a; as sketched in Figure 5-25.
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Figure 5-26, shows the first four SC’s for which the taper ratio in the z-direction is kept
constant (v, = 0.30) while varying v,. Again, it can be seen from this figure that SC’s cor-
responding to the first four modes increase as the hub radius increases. Comparison of these
predictions with those of the previous figure, reveals that increasing the taper ratio in the y-
direction renders the values of SC’s of the overtone modes lower than those of Figure 5-24. In
contrast, the slopes of the Sr; lines experience a reverse trend. In addition, it is seen that St4
for the fourth bending mode (the second lagging mode) experiences great sensitivity to R and
does not vary linearly with it for R > 0.75 as shown in Figure 5-26.

In another example, the first four SC’s of the previous beam have been computed and
illustrated as shown in Figure 5-27 for the case where the taper ratios v, and v, vary simul-
taneously. The combined effect of these taper ratios is clearly seen to influence the dynamic
characteristics as compared to the previous figures. While the first, third and fourth SC exhibit
a decrease as the taper ratios increase, the second one experiences an opposite trend for highest
taper ratios. Further, it is of interest to notice that the Sro lines corresponding to taper ratios
(vy = 0.15, v, =0.25) and (v, = 0.60, v, = 0.70) intersect at R = 0.5438 which corresponds
to Sro = 1.402. Although Sr9 is the same for these two lines, it cannot be concluded that the
frequency parameters are similar because the Southwell relationship defined by equation (5.1)
depends also on the non-rotating frequency parameter value Ay;, which can be different from
one beam to another because of the taper ratios.

For the case where the taper ratios are relatively large such as (v, = 0.60, v, = 0.70), St
has a larger intercept and therefore has a larger value for I < 0.5438. For smaller taper ratios,
(vy = 0.15, v, = 0.25), SC is the largest one for the first, third and fourth mode. However, for
the second mode it is larger when R > 0.5438. For the fourth mode, it is shown that Sr4 for
(vy = 0.15, v, = 0.25) only, does not vary linearly with R as shown in Figure 5-27.

The effect of pre-cone on bending frequencies of the above rotating Timoshenko beam has
also been examined in terms of SC’s. Predictions have been provided for a wide range of pre-
cone angles and hub radius parameters R. The taper ratios in the y- and z-directions were
taken to be v, = 0.20, and v, = 0.3, respectively. Similar to the previous cases, the predictions
depicted in Figure 5-28 show that SC’s increase as the hub radius increases and they decrease
as the pre-cone increases for all modes. For the first three modes, all the lines representing the
relationship between SC’s and R are parallel, regardless of the pre-cone angle. For the fourth
mode when ¢ = 0° and ¢ = 30°, the relationship between Spr4 and R is no longer linear for

R > 0.75. In addition, the Sr4 lines become closer to each other indicating that pre-cone is not
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significant as the mode number increases.

To check the accuracy of the Southwell formula, the first four frequency parameters of the
above example were computed using the present simulation program and equation (5.1). The
results depicted in Table 5.20 show a very good agreement with those obtained using SC’. Thus
Southwell method can be regarded as an accurate and rapid estimate of the frequencies of

rotating tapered Timoshenko beam without recourse to further computations or interpolation

charts.

Table 5.20: Comparison of the frequency parametrs computed with two different methods for
rotating tapered Timoshenko beam, (74, /L) = 0.02 and Q = 10

¢ = 30°
Mode No. )\?\,i (ﬁ = 0) Eq. (5.1) | Simulation Program | % Error
1 15.210 151.315 151.392 0.051
2 253.834 367.334 367.217 —0.032
3 396.288 1047.643 1048.553 0.087
4 2644.787 | 4380.937 4386.700 0.131

In Figure 5-29, the pre-cone angle (¢ = 0°) and taper ratios (v, = 0.5, v, = 0.25) were held
constant while varying the setting angle 1 for a wide range of change. It is of interest to observe
that for a specified mode, the lines defining SC’s are all parallel. Also, the predictions show that
as the setting angle increases, the SC lines decrease leading to a decrease in frequency values.
The effect of varying the setting angle in the first two lower modes is more pronounced than
the effect of varying the pre-cone. Further, the effect of the setting angle is significant in the
first two lowest modes and is negligible on the higher ones. The reason for this is attributed to
the fact that the softening term 2 sin 1 cos ¢sin (1) + ¢) appearing in the equation of motion
(2.217) is constant regardless of the mode considered, therefore it has more influence on modes
with small frequency parameter values. Moreover, for the first two lowest modes, SC’s vanish
at R = 0.086 and 1 = 90°. For this case, equation (5.1) becomes A\%; = A3, describing a rigid
body mode.

It is worthwhile checking the accuracy of the Southwell formula for these first two modes
where S7; and Sto are negative. The first two frequency parameters were computed using

the present simulation program and checked with equation (5.1). To illustrate this, values of
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¥ =90°, R = 0, and ) = 10 are taken for that purpose. Upon computing the above values, it
was found that A3, = 14.6849 and \%,, = 225.3306. Substituting these values into the Southwell
formula gives A%; = 4.6899 and A%; = 215.3306 while the program gives values of A%, = 4.5645
and A%, = 214.8616. As can be seen, these two estimates are in very close agreement. Therefore,
Southwell formula provides a quick and well suited tool for frequency prediction. The conclusion
that can be drawn from this investigation is that for these particular configurations of parameter
changes, the softening effect dominates the stiffening one thus rendering the frequency values of
the rotating beam lower than those of the non-rotating one.

To see the combined effect of the pre-cone and setting angle on the dynamic characteristic
of a rotating tapered Timoshenko beam, another example was considered and predictions are
shown in Figure 5-30. In this attempt, the taper ratios in both y- and z-directions were fixed
vy = 0.2 and v, = 0.3 while varying the pre-cone and setting angle simultaneously. From this
figure it is seen that for a fixed mode the SC’s lines are almost parallel, the difference between
these lines is largest for the lowest mode and becomes smaller as the mode number increases. In
addition, it is seen that as the pre-cone and setting angle increase simultaneously, SC’s decrease
and hence the frequency parameters decrease for all modes. The effect of varying these angles is
highly manifested at lower modes and is insignificant at higher ones. Furthermore, for ¢ = 30°
and 7 = 90°, the Southwell coeflicients S71 and Sty pass through the origin. Comparing the
results of this figure to those of Figure 5-28, it may be concluded that the combined effect of
the pre-cone and setting angle is clearly shown to depress the frequency parameters to lower
values than those of Figure 5-28. This is due to the fact that both the pre-cone and setting
angle effects are added as a softening one that depresses the frequency values of the beam. The
fourth mode is shown to exhibit a nonlinear relationship between Sp4 and R for values that are
slightly greater than 0.75.

Of particular interest is to study the case where the beam is tapered in one direction and
uniform in the other one. This case is encountered in many structural components and find
practical applications in flexible mechanisms, robot manipulators and spinning space structures.

Figures 5-31 and 5-32 represent the Southwell coefficients for tapered beams at a wide range
of setting angles. Comparison of figures 5-31 and 5-32 reveals that the slopes and intercepts of
the Sp; lines corresponding to the first three modes are nearly identical; this suggests that for
the parameters considered (v, = 0.0, v, = 0.15) and (v, = 0.15, v, = 0.0), the plane in which
the beam is tapered is largely irrelevant when considering the effect of rotation. On the other

hand, it may be seen that while the beam is uniform in the z-direction the St, lines preserve
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Figure 5-31: Variation of the first four SC’s for tapered Timoshenko beam with (rgy/L = 0.02)
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their linearity properties, and increase as the hub radius parameter increases. In contrast, when
the beam is uniform in the y-direction, the Sp4 lines are no longer linear. The difference between
the resulting different curves pertinent to the fourth mode for different setting angles cannot be
distinguished. The Sp4 curves corresponding the fourth mode have positive slopes. Those with
1 = 0° and ¢ = 45° intersect at R = 0.39 and S74 = 20.5. Similar to the previous figures 5-28
and 5-29, it may be seen that the effect of the setting angle is significant at lower modes but
negligible at higher modes.

Figure 5-33 shows the variation of SC’s that correspond to the first four modes. In this figure,
the taper ratios, as well as the pre-cone and setting angle vary simultaneously. Except for the
fourth mode when (v, = 0.10, v, = 0.25, ¢ = 0° and 1 = 30°), the relationship between Sp;
and R is linear. The predictions show that the slopes and intercepts of the Sr; lines decrease
as the taper ratios and the pre-cone and setting angle increase. It can also be seen that as the
hub radius parameter increases the difference among the Sr; lines increases. It is interesting
to notice that for the case when (v, = 0.50, v, =0.75, ¢ = 30° and ¢ = 90°), Sy and Spo
are negative for all values of R. This can be attributed to the fact that for these particular

values of parameter changes, the softening effect dominates the stiffening one thus depressing

the frequency values.

Based on the previous discussion, a general formula for Southwell coefficients can be found.
An attempt was made to get the Sp; lines pertinent to Figure 5-33 as a general parametric

equation. The resulting explicit expressions for SC corresponding to the first four modes are

given by

Sr1 = (=17.2553v, + 11.4067v, 4 0.6147sin 1) cos ¢ sin (¢ + ¢)) R

~ (14.1074v, — 6.7666v, — 1.9011 sin ) cos ¢ sin (¢ + ¢)) (5.7)
Sro = (—15.96701, + 10.7650, + 0.4973 sin < cos ¢sin (3 + ¢)) R

— (13.9700vy — 6.9417v, — 1.6743 sin 1) cos ¢ sin (¢ + ¢)) (5.8)
Sry = (—86.1600v, + 62.6060v, — 2.5831sin ) cos ¢ sin (1) + ¢)) R

— (66.1220, — 48.8340v, + 3.8240sin %) cos ¢ sin (¢ + ¢)) (5.9)
Spa = (36.26400, — 37.38600, + 13.2110sin 1) cos sin (¢ + ¢)) R®

4+ (63.94100, — 65.9210v, + 23.2040 sin <) cos ¢ sin () + ¢)) R?

— (287.3100v,, — '199417OQVZ +4.7430sin ¢ cos ¢sin (¢ + ¢)) R

— (186.2600v, — 121.2800v, — 3.1570sin 1) cos dsin (¢ + ¢)) (5.10)
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Figure 5-33: Variation of the first four SC’s for tapered Timoshenko beam with (rg, /L = 0.02),
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A single closed form solution is thus obtained for each mode within the parameter varia-
tions. The slopes and intercepts of the respective lines are seen to be a function of both taper
ratios as well as the pre-cone and setting angle. It is interesting to notice that the expres-
sion for Spy in its general form, does not represent a linear relationship with R. Nevertheless,
it verifies the straight lines of Sp4 for which (vy = 0.30, v, = 0.50 and ¢ = 15°,% = 45°) and
(vy =0.50, v, = 0.75 and ¢ = 30°,% = 90°).

Based on the above equations, it may be concluded that Southwell coefficients depend on

the non-dimensional hub radius, taper ratios, the pre-cone and setting angle.

5.2.4 Reduction Schemes

The natural frequencies calculated so far were obtained using the actual full order matrices
obtained from the present finite element formulation.

In this section, the natural frequencies are obtained by implementing the modal reduction
schemes to illustrate the usefulness and efficiency of these techniques. Comparison will be made
with the actual natural frequencies obtained from the full-order finite element formulation.

The total number of degrees of freedom for a 16 beam elements* is 102. When the boundary
conditions are applied to a cantilever beam, the size of the system matrices given by equation
(4.1) becomes of order (96 x 96) . The planar or real eigenvalues are computed by using equation
(4.20) in which the system matrices are of the same order as that of equation (4.1), resulting
in 96 real eigenvalues. The complex eigenvalues are computed by means of equation (4.33)
where the system matrices are of order (192 x 192), thus resulting in 96 conjugate pairs of pure
imaginary ones which represent the natural frequencies of the beam.

Table 5.21 shows the lowest twenty frequencies of a cantilever uniform Timoshenko beam ro-
tating at 5000 rpm. The lowest six eigenvalues are retained in the reduced system for comparison
with the eigenvalues obtained using full order model.

The eigenvalues representing the planar modal reduction scheme that are presented in the
second column of Table 5.22 are computed using the homogeneous part of equation (4.23). In
this case the eigenvectors corresponding to the lowest six eigenvalues that are presented in the
first to the sixth rows of the second column of Table 5.21 are used to form the planar modal
transformation matrix of equation (4.21).

The eigenvalues representing complex modal reduction that are presented in the third column

of Table 5.22 are computed using the homogeneous part of equation (4.37). Here the complex

4This results in having 17 nodes and each node has 6 d.o.f | so that the total d.o.f. is 17 x 6 = 102.
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eigenvectors corresponding to the lowest six complex conjugate eigenvalues that are presented
in the first to the sixth rows of the third column of Table 5.21 are used to form the complex

modal transformation matrices of equation (4.38) and (4.39).

Table 5.21: The lowest twenty natural frequencies in (rad/s) of the finite element model Q = 5000
rpm, vy = 0.15, v, = 0.3, R = 0.5, ¢ = 15° and ¢ = 30°

Planar Modes Complex Modes
Mode

Neglecting Coriolis effect Including Coriolis effect | % Difference

o Equation (4.20) Equation (4.30)
1 781.7068 +£781.03831 0.085
2 2177.4729 +2171.7127% 0.264
3 3107.2958 +3106.76164 0.017
4 7602.1838 +7601.7101¢ 0.006
5 7919.1354 +7917.0373 0.026
6 9313.9896 +9308.72811 0.056
7 12197.9946 +12247.02371 —0.402
8 14016.5875 +14016.31307 0.002
9 20271.6294 £20255.62331 0.079
10 20646.1238 +20658.26331 —0.059
11 22151.5606 +22151.2268:¢ 0.001
12 31822.6458 +31822.2613¢ 0.001
13 32328.3908 £32323.1537¢ 0.016
14 33590.8559 £33607.88501 —0.051
15 34130.1945 +34132.53574 —0.007
16 42898.9686 +42898.67741 0.001
17 45104.8242 +45101.6968:¢ 0.007
18 48042.2541 +48043.1700z —0.019
19 55308.3906 £55307.80071 0.011
20 55630.5509 £55626.889% 0.066

From these predictions it can be seen that the planar modes (neglecting Coriolis effects) are

higher than the complex modes (including Coriolis effects). Coriolis effects are seen to depress
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the frequencies of vibration. The difference between the planar modes and complex modes is
very small. Moreover, it can be concluded that Coriolis effects can be neglected at low speeds.
The planar reduction maintains almost the same level of accuracy obtained with the complex

reduction, which in turn converges to the solution given by the full order model.

Table 5.22: Eigenvalues of the reduced modal matrices

Mode Planar Reduction Complex Reduction
No. PROM =6 CROM =6
1 +781.7065227 +781.038273:¢
2 +2177.363691% +2171.712750¢
3 £3107.293103¢ +3106.7616061
4 +7602.169490¢ +7601.710152%
5 +7917.4128851 +7917.0373274
6 +9316.513035¢ +9308.728118:

In Tables 5.23 to 5.27 are presented the natural frequencies of the rotating Timoshenko beam
at a wide range of parameter changes were results are presented to serve as a source of design
data for applications within the given range of the tabulated parameters. In these tables, only
the lowest seven frequencies were retained in order to identify the type of each mode present in
this range. The torsional and axial frequencies are seen to change their position in the spectrum
according to the parameter changes.

Table 5.23 shows the variation of the first seven natural frequencies for a uniform beam
(vy = v, = 0.0) . These frequencies increase with the rotational speed. It is interesting to notice
that for this special configuration when R = 0.5, ¢ = 15° and ¢ = 45°, torsional and axial
modes are not affected by the change of spin when Coriolis effects are neglected, see Table 5.23.
The Coriolis effects are seen to depress the natural frequencies for the bending and torsional
modes.

The ratio of the first axial frequency to the fundamental bending mode was seen to decrease
with the increase of speed. For instance, it has been found that w,/wp; = 20, 14 and 6.82 for
Q) = 2000, 5000 and 10000 rpm, respectively. Since for the given geometrical configuration of
the beam, the first axial frequency remains unchanged, the ratio w,/wy is decreasing because

of the increase in the bending modes due to the stiffening effect of the hub rotation. In contrast,
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Table 5.23: The first seven natural frequencies in (rad/s) of rotating uniform Timoshenko beam
R =05, ¢=15° and ¢ = 45°

Q Mode Modal Planar Modes Complex Modes

CROM =8{ PROM =38

(rpm) No. Type FOM = 96 FOM = 192
1 B 547.7268 +547.54261 +547.542617 +547.54431
2 B 1875.5433 +1874.8602¢ | £1874.8602¢ | +1874.8650¢
3 B 3090.7552 +3090.56552 | +£3090.5655: { £3090.6655¢
2000 4 T 6704.4023 +6703.9221¢ | +6703.92217 | +6704.0228{
5 B 8294.2716 +8294.1096¢ | +£8294.10937 | +8294.2509¢
6 B 9088.5041 +9088.07007 | +£9088.0699: | +9088.3655¢
7 A 11016.4571 +11025.17487 | £11025.17507 | +11025.17824
1 B 775.6657 +774.019677 +774.03241 +774.01971
2 B 1950.8937 +1946.4678¢ | £1946.49837 | $1946.4678:
3 B 3436.0196 i3434‘.7604'i +3435.4615¢ | -+£3434.7605:¢
5000 4 T 6704.4023 +6701.54047 | +£6702.16837 | +6701.54047
5] B 8675.0225 +08673.9501¢ | +8674.8851i | +8673.9502¢
6 B 9196.3688 +£9193.3865¢ | £9195.2531% | +9193.38657
7 A 11016.4571 +11071.1142¢ | +11071.1378¢ | £11071.1141+
1 B 1277.8082 +1266.7303¢ | +1266.7303¢ | +1266.7942¢
2 B 2196.5871 +2177.0204¢ | +£2177.0204¢ | 4-2177.1418q
3 B 4447 3844 +4441.33547 | +4441.3353¢ | +4445.0375¢
10000 4 T 6704.4023 +6694.56441 | +6694.5644i | +6697.0532i
5] B 9570.6060 +9554.89477 | +£9554.8947i | +9562.7179:
6 B 9897.4550 +9892.4507¢ | +£9892.45037 | 49896.70427
7 A 11016.4571 +11237.6546¢ | £11237.65457 | ::11237.83507

B: Bending, T: Torsion, A: Axial
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the axial modes are seen to increase with the spin when Coriolis effects are included. This is
due to the coupling induced by the second term of equation (2.218) that includes the Coriolis
forces 22 [5] {é}. Further, torsional modes are not affected by the spin as seen in Table 5.23.
Coriolis effects are not important for low speeds, but they become of significance when the speed
becomes important. For example at 2000 rpm the percentage difference between the frequencies
when the Coriolis effects are accounted for and when they are neglected, is calculated to be
0.03% for the first mode and 0.04% for the second mode. For € = 10000 rpm, this difference
is seen to increase to 0.87% and 0.89% for the first and second mode, respectively. Therefore,
Coriolis effects can be safely neglected at low speed for this type of rotating structures.

Table 5.24 shows the variations of the first seven frequencies with pre-cone. In this example
taper ratios have been taken to be (v, = 0.25, v, = 0.375) . For zero setting angle, the flexural
frequencies decrease as the pre-cone increases. Thus the pre-cone has a softening effect in this
case. From these predictions, it can be seen that the axial and torsional frequencies are not
affected by the change in pre-cone while the bending modes decrease as the pre-cone increases.
This is because their constituent matrices do not depend on the setting angle and pre-cone.

Comparison of these results with those of the previous case shows that the taper ratios
reduce the axial frequency and increases the torsional mode. Taper ratios are seen to increase
the second mode, while they decrease the remaining bending modes of the spectrum. Notice
that the torsional mode is now shifted to the fifth position, thus occupying mode number 5.

In Table 5.25 frequencies’s variation are shown as a function of the setting angle %. Torsional
modes decrease with increase in 1), whereas the axial frequencies remains unchanged. On the
other hand, the bending frequencies are seen to decrease with increasing 2. Thus, the setting
angle has a softening effect that depresses the frequency values.

In Tables 5.26 and 5.27 the taper ratios are varying while other parameters are kept constant.
When the taper ratios vary, all the frequencies change according to the change in the cross-
section area and the second moments of inertias resulting from the taper. When the taper ratio
v, increases, the torsional and the second flap mode decrease while the lowest two lag modes
along with the first and the third flap modes increase. When the taper ratio v, increases, the
axial and torsional frequencies increase along with the lowest three flap modes and the first lag
mode while the second lag decreases. This could be attributed to the decrease in cross-section

area due to taper which renders the beam stiffer toward the tip.
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Table 5.24: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam,
R=0.0, v, = 0.25, v, = 0.375, ¢ = 45° and Q = 5000 rpm

Mode

Modal

Planar Modes

Complex Modes

0] CROM =8 PROM =8
No. Type FOM = 96 FOM = 192

1 B 634.1266 +633.1436¢ +633.14361 £633.1570¢

2 B 2224.0618 +2220.3795¢ | +£2220.3795¢ | £2220.4181¢

3 B 2893.3925 +2892.4303¢ | £2892.4303¢ | £2892.9676¢

0° 4 B 7183.4714 +7182.6207: | £7182.62077 | £7183.3740¢
) T 8637.1903 +£8628.9737: | £8628.9738:7 | £8629.6171%

6 B 9224.6504 £9228.7057¢ | £9228.7057¢ | +9230.53077

7 A 12753.0888 +12797.61917 | £12797.6191: | £12797.6504:

1 B 607.9264 +606.98437 +606.98431 £606.9971%

2 B 2216.9145 +2213.2447¢ | £2213.2447; | £2213.2832%

3 B 2883.1593 +2882.2002¢ | £2882.2002: | +2882.73551

15° 4 B 7175.4961 +£7174.6459: | £7174.64647 | £7175.39881
5 T 8637.1903 +£8628.9325¢ | £8628.93257 | £8629.5759¢

6 B 9221.7204 4+9225.8199¢ | +£9225.8199¢ | £9227.64411

7 A 12753.0888 +12797.59847 | £12797.5983¢ | £12797.6296¢

1 B 589.5859 +588.6727¢ +588.67271 +588.68527

2 B 2212.1620 +2208.5006¢ | =£2208.5006: | 2208.539017

3 B 2865.7145 +2864.7599¢ | +2864.7598: | 12865.2917%

30° 4 B 7157.1169 £7156.2703¢ | +£7156.2692¢ | £7157.0195¢
5 T 8637.1903 +8628.8637¢ | +£8628.86347 | £8629.5070¢

6 B 9216.8095 +9220.98277 | +9220.9826¢ | £9222.0549¢

7 A 12753.0888 +12797.5610¢ | £12797.56147 | £12797.5929:

B: Bending, T: Torsion, A: Axial
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Table 5.25: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam
R =0.0, v, =0.5, v, =0.35, ¢ = 0° and 2 = 5000 rpm

y Mode Modal Planar Modes Complex Modes CROM — 8 PROM = 8
No. Type FOM = 96 FOM = 192
1 B 706.1584 +706.0292¢ +706.0313:¢ +706.02927
2 B 2317.3042 +2311.3439% | £2311.4326¢ | +2311.3439¢
3 B 2969.7397 +2969.61157 | +2969.6856¢ | +2969.61167
15° 4 B 7304.5836 +7304.46297 | £7304.5699; | +£7304.4633:
5 T 8744.1562 £8737.1692: | £8740.2838: | +8737.1692:
6 A 10322.5066 +10322.6872¢ | £10322.76367 | £10322.68711
7 B 13493.7995 +13493.4297: | £13493.5289: | +13493.4292:
1 B 662.8435 +662.39281 +662.39281 +662.40007
2 B 2305.3923 £2300.5929: | +£2300.5929: | 4:2300.6638¢
3 B 2962.1085 +2961.63817 | +£2961.63827 | £2961.908%
30° 4 B 7315.9398 +7315.5131% | £7315.5145¢ | +7315.8943¢
5 T 8743.74289 +8737.5683: | +8737.5684¢ | £8740.1443¢
6 A 10322.5066 +10323.1785¢ | £10323.1785¢ | £10323.4434¢
7 B 13543.3790 +13541.4177¢ | £13541.42427 | +£13541.7706¢
1 B 580.2648 +579.08541 +579.08541 +579.10441
2 B 2283.3480 +2281.6448: +£2281.6457 | +2281.66851
3 B 2944.8329 +2943.43207 | £2943.4319: | £2944.23441
60° 4 B 7309.0278 +7307.77307 | £7307.7731¢ | £7308.8961:
5 T 8738.1752 +8734.22457 | +£8734.22447 | £8735.3385¢
6 A 10322.5066 +10324.51657 | £10324.5165¢ | £10325.2953¢
7 B 13539.6901 £13533.96637 | £13533.9675¢ | £13534.9625¢

B: Bending, T: Torsion, A: Axial
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Table 5.26: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam,
R=0, v, =0.35, Q=35000 rpm, ¢ = 0° and ¢ = 0°

" Mode Modal Planar Modes Complex Modes CROM = 8 PROM < &
No. Type FOM = 96 FOM = 192
1 B 750.6896 +750.6888¢ +750.6887¢ +750.68871
2 B 2088.2869 +2081.13627 | +£2081.13627 | +2081.2138¢
3 B 3228.7876 +£3228.77457 | +£3228.7745¢ | +£3228.7745¢
0.1 4 B 8146.8907 +8146.81537 | +8146.8149: | £8146.8194¢
5 T 8626.8199 +8626.9050¢ | +8626.9050¢ | +£8626.91647
6 B 8774.7549 +8765.79897 | £8765.7989; | £8769.2889;
7 A 12234.7839 +12283.8861¢ | £12283.8862¢ | £12283.9219¢
1 B 746.3667 +746.36627 +746.36627 +746.3662¢
2 B 2186.2857 £2179.2928; | £2179.2928; | +2179.3738¢
3 B 3070.9405 +3070.93423 | +£3070.9342¢ | +£3070.9342:
0.25 4 B 7627.7055 +£7627.68967 | £7627.689657 | £7627.69271
5 B 8918.0559 +8909.50377 | £8909.5037: | £8913.0276¢
6 T 8951.2007 +8051.2178¢ | +£8951.2178; | +£8951.2252¢
7 B 12662.1332 +12709.3143¢ | £12709.31437 | £12709.3528¢
1 B 730.0808 £730.0807% +730.0807: +730.0807%
2 B 2414.2957 +2407.60547 | +2407.6054¢ | £2407.6947:
3 B 2768.2740 +2768.2587¢ | +2768.2727i | +2768.2733¢
0.5 4 B 6663.8009 +6663.83707 | +6663.7985¢ | £6663.8008:
5 B 9239.1762 +9231.3035¢ | +9231.3035¢ | +£9234.8872:
6 T 9624.8046 +9624.8033: | +9624.8033¢ | £9624.8065:
7 B 12248.5079 +12248.4683¢ | +12248.5095: i12248.5128iJ

B: Bending, T: Torsion, A: Axial
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Table 5.27: The first seven natural frequencies in (rad/s) of rotating tapered Timoshenko beam,
R=0, v, =00, =5000rpm, ¢ =0° and ¢ =0°

Mode Modal Planar Modes Complex Modes
vy : CROM =8 | PROM =38
No. Type | FOM = 96 FOM = 192

1 B 751.0988 +751.09724 +751.0979: +£751.0979¢

2 B 1963.1385 +1955.1872¢ | £+1955.15737 | +£1955.2216¢

3 B 3295.8558 +3295.84447 | +3295.83607 | +3295.8361¢

0.1 4 T 7120.5680 +7120.5787¢ | +7120.5787i | +£7120.5869¢
5 8443.9017 +8443.9147; | +8443.9169¢ | 48443.9208:

6 B 9031.4954 4+9019.3427; | +£9019.3427: | +9023.00712

7 A 11252.5521 4+11308.66507 | £11308.6650:7 | £11308.7061%

1 B 752.2307 +752.2302¢ +752.2297i +£752.22971

2 B 2002.2695 +1994.7102¢ | +£1994.7102: | +1994.78061

3 B 3313.2122 +3313.1924¢ | +£3313.1923¢ | +3313.1923:¢

0.25 4 T 7853.7392 +7853.7039: | +7853.7039 | 47853.7154¢
5 B 8459.4082 +8459.46577 | +£8459.4660¢ | 48459.4708q¢

6 B 8843.6044 +8833.35597 | +£8833.3559: | 18836.9237¢

7 A 11664.7812 +11717.3267: | £11717.3269: | £11717.3626

1 B 751.4573 +£751.4560¢ | +£0751.4560¢ +751.4560¢

2 B 2091.0733 +2084.3469: | +2084.3469; | +2084.4329:

3 B 3354.1807 +3354.1591¢ | £3354.1599: | £3354.1599%

0.5 4 B 8418.8169 +8410.8856¢ | +8410.8856¢ | 48414.14231%
) B 8509.2436 +8509.1549: | +£8509.1570¢ | +8509.16467

6 T 9474.8768 +9474.97097 | +9474.9709i | £9474.9929:

7 B 12580.8430 +12627.7209¢ | £12627.7247i | £12627.7601%

B: Bending, T: Torsion, A: Axial




5.3 Dynamic Analysis

Unless otherwise stated, the material and geometrical properties for the different beams used
throughout this section are similar to those summarized in Table 5.1. Several other parameters
such as taper ratios, hub speed, hub radius, setting angle and pre-cone will be specified for each
case under study.

The Timoshenko beam is discretized into 16 equally spaced elements. Each element has
two nodes with 6 degrees of freedom for each node. The total number of degrees of freedom of
is then 102. When the boundary conditions are applied to a cantilever beam, the size of the
system matrices becomes of order (96 x 96). When the equations of motion are transformed
into state space form, their order is doubled. By invoking either planar or complex reduction,
only the first = lowest modes are selected and retained. Therefore the reduced state space
modal equations are of order (2z x 2z). Planar Reduction Order Model (PROM) or Complex
Reduction Order Model (CROM) are used by specifying the number of mode solution to be
retained. The displacement profiles for each case are compared to the Full Order Model (FOM).

External loads of different types and magnitudes are applied in the vertical direction at
several positions of the beam. The corresponding profile responses due to these excitations are
plotted accordingly. For non-rotating beams, the profile response versus time is plotted, while
for rotating beams, it is plotted versus beam rotation scaled at 7 = ¢ x Q = t x (2rN/60)
expressed in radians. In the previous expression, ¢ is the time, the speed NV is expressed in rpm
and € in rad/s. The frequency spectrum of the forced time signal response is obtained using
Fast Fourier Transform (FFT). Unless otherwise stated, throughout this study, the sampling

time is chosen to be 1 ms while the sampling frequency is 1000 Hz.

5.3.1 Non-Rotating Beam

In this section, the system equations is solved using the PROM and compared to the FOM of

the Timoshenko beam.

Step Excitation

Figure 5-34 shows the flexural flapping deformations for the tip and the midpoint of the non-
rotating uniform Timoshenko beam with zero setting angle and pre-cone. The input excitation
is a step load of a magnitude of 100 N and is applied at the tip of the beam in the vertical
direction. The peak deflections remain similar to the first one as there is no damping in the

system. The two mode solution shows a small difference with the FOM.
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Figure 5-34: Two-mode solution for a step input load of 100 N applied at the tip of the non-
rotating uniform Timoshenko beam, 1 = ¢ = 0° and R, = 0.

Increasing the selected modes to four mode solution PROM = 4 did not show any difference
between the four-mode solution and the FOM, as shown in Figure 5-35. This shows that the
four mode solution is sufficient to predict the system behavior and no further increase in the
retained modes is required. Therefore, based on the predictions shown in Figure 5-35, it can be

concluded that the planar modal reduction agrees very well with that of the FOM and results

in a solution of equivalent accuracy.

Analytical Solution

An attempt has been made to obtain analytical expressions of the two mode solution in the

above example by means of the convolution integral. For non-rotating beam, the reduced order

model differential equation is given by

[Meer]{U} + [K7]{v} = {Q:r}
where the reduced mass and stiffness matrices as well the forcing vector were found to be:

1 0 6 0.2411 0 2.3875
[Meer] = , [Kr]=10 and {@,} =
0 1 0 3.4592 7.2456
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Figure 5-35: Four-mode solution for a step input load of 100 N applied at the tip of the non-
rotating uniform Timoshenko beam, ¢ = ¢ = 0° and R, = 0.

It is clear that the above matrices are diagonal and [Mee,] = [I] while the stiffness matrix
[K}] = diag [w?] . This results in obtaining uncoupled undamped equations of motion for which
a simple solution can be obtained. The fundamental frequency of the above non-rotating uniform
Timoshenko beam is w; = 491.0717 rad/s while the modal matrix is the identity matrix.

For zero initial conditions the solution of each equation, is the undamped convolution inte-

gral®

1 t'
{v}=— [ Qi(7)sinw (t — 7) dr
w 0/

where 7 is a dummy variable and Q;(7) is the forcing term. Therefore, the previous expression

becomes

{v}=

Q:}gt) [1 — cos (wt)]

Recalling that {e} = [P]{v}, the tip nodal point as well as the mid-point deformations of the

Salso known as Duhamel’s integral.
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beam are respectively given by

{w}ipy = 3.0046 x 10731 — cos (491.0717¢)] cm

{w}mia = 9.9004 x 107*[1 — cos (491.0717t)] cm
The plot of the above responses is identical to the one shown in Figure 5-34.

Damped Response

In the previous example the reduced mass and stiffness matrices using two mode planar reduction
to predict the step input response were given by the above matrices [Me.,| and [K7].
It is convenient to describe the damping of a structural system by a damping matrix [Deer]

that is proportional to the mass matrix and the stiffness matrix according to Rayleigh [1]
[Deer] = [Meer] + ﬁ [Keer] (5'11)

where a and 3 are given constants. This type of damping is called proportional damping.
Proportional damping has found significant applications in FEA where damping needs to be
incorporated in order to carry out meaningful response analysis and prediction.

The corresponding two mode damped flexural flapping responses for the tip and the midpoint
of the non-rotating uniform Timoshenko beam are shown in Figures 5-36 and 5-37 for the cases
where a = 0.005 and § = 0.001 and « = § = 0.05, respectively. Figure 5-36 shows an oscillatory
decaying behavior of an underdamped system with a maximum percent overshoot of 4.26 x 107°
cm for the tip nodal point and 1.45 x 10~3 cm for the mid point of the beam. It is clearly shown

that the vibration amplitude decays in time and the motion dies out.

5.3.2 Rotating Beam

This section discusses the stiffening effect induced by the hub rotation and its impact on the
response profile of the beam as well as the interaction with effects from other parameters included
in the model . It is divided into two subsections. The first one treats centrifugal inertia forces
that are built in the model. They arise from the formulation of the problem. The second one
deals with externally applied forces in addition to the centrifugal inertia forces. The response

of some of the deformations versus beam rotation are shown at a wide parameter change.
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Figure 5-36: Two-mode damped response for a step input load of 100 N applied at the tip of
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Figure 5-37: Two-mode damped response for a step input load of 100 N applied at the tip of
the non-rotating uniform Timoshenko beam, a = 0.05, = 0.01, ¥ = ¢ = 0° and R, = 0.
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Centrifugal Inertia Forces

When the beam is rotating at constant speed, centrifugal elemental inertia forces { f;*} =
([m%o e]T + [mipoe]) 02 given by equation (2.201) arise from differentiating the Lagrangian

with respect to the generalized co-ordinates and time. The expressions of [m%oe] and [mipoe]
are respectively given by equations (2.55) and (2.57). Notice that [mipoe} is invariant while
[m%_.] is implicit function of time since it is function of ¢ = Q. These forces being dependent
on the position vector 'r}',o of the undeformed state of point P¢ and the hub radius R, exhibit
a change of significance to the deformation of the structure since they are also function of Q2.
Therefore, they should not be overlooked in this type of structures when dynamic response
analysis is concerned. On the other hand, It is worthwhile to notice that the entries of the
inertia forces corresponding to nodal co-ordinates w?, 9;, 92, are zeros.

Figure 5-38 shows the tip flapping and lead-lag deformations of a rotating tapered Timo-
shenko beam for which v, = 0.35 and v, = 0.50. The 3.6 cm hub radius is rotating at a speed
of 2000 rpm while the pre-cone and setting angle were set to 15°and 60°, respectively.

In the first trial, two-mode planar and complex reductions have been selected to predict
the response of the beam. The approximate PROM and CROM solutions agree well with the
full order solution as shown in Figure 5-38. However, the corresponding curves do not match
perfectly at the maximum, minimum and sharp end points. The retained modes now include
four-modes. A magnification (not shown here) of the resulting profiles revealed some minor
mismatching with the FOM. Therefore, the truncation process is extended further to eight-
mode planar and complex reductions. The eight mode-solution planar and complex reduction
are seen to be in perfect agreement with the full order model since no noticeable difference could
be found.

The tip profile of the lagging and flapping vibrations based on eight-mode complex solution
are shown in Figure 5-39 along with those of torsional and axial deformations. Comparing the
two flexural deformations, the lead-lag profile shows a very sensitive behavior to the centrifugal
inertia forces. This is manifested by comparatively larger peaks. This is not surprising since
the lead-lag deformations are caused mainly by the centrifugal inertia forces that are directed
toward the lagging direction. In addition, the lead-lag motion is not seen to have a periodic
response in the interval shown. In contrast, the flapping motion is showing a profile that is
similar to a beating phenomenon with a period of 0.24 s and a maximum peak of approximately
0.25 cm. Notice that the flapping-deflections are caused by the coupling in bending due to the

presence of the setting angle and the Coriolis forces induced into the system as a result of the
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hub rotation.

The axial deformations are seen to have a similar shape to that of the flapping motion but
with smaller amplitudes. The torsional profile shows a fluctuating behavior and have smaller
magnitudes than those of the axial motion. The first four natural frequencies were found to be
596.45726, 622.8545, 2650.2540 and 2879.7938 rad/s.

Of particular importance in the domain of dynamic analysis of rotating beams is to investi-
gate whether the frequencies resulting from the forced signal representing the lead-lag response
can be represented in the frequency domain. An attempt has been made to predict the fre-
quency spectrum of the present signal using FFT. Figure 5-39 shows the signal representing the
response of the lead-lag motion for the previous beam along with the spectral density of that
signal using FFT. The lowest six dominant frequencies and their corresponding magnitudes are
shown along with the frequency spectrum of Figure 5-39. The first forced frequency is 27.92321
Hz which is equivalent to 175.4467 rad/s or 0.3 times the first natural frequency.

In order to better understand the effect of the setting angle on the dynamics characteristics
of the previous beam, another example is given. In this attempt, the setting angle is set to zero,
while the other factors have been kept unchanged. This eliminated the coupling due to bending.
As a result, the response representing the amplitude of the flapping deformation is reduced
to zero while the lead-lag deformations remain fluctuating with different shapes and smaller
amplitudes as shown in Figure 5-40. The natural frequencies of the beam have increased. The
first four natural frequencies were found to be 625.6186, 650.4243, 2656.9401 and 2885.5883
rad/s. This explains that the inclusion of a setting angle reduces the natural frequencies of the
beam and therefore increases the amplitudes of the vibrational lead-lag motion. It is interesting
to notice that beam rotation corresponding to 30 rad that is to say £ = 0.143 s represent an axis
of symmetry to the lead lag profile.

The torsional deformations have a similar pattern to that of the lead-lag deformations but
with a smaller amplitudes. The axial deformations are seen to decrease in magnitudes and have
a smaller period of time. Noting that the axial and torsional deformations are caused by the
coupling caused by the Coriolis forces.

The effect of neglecting the pre-cone on the dynamic characteristics of the previous beam
is examined. This is manifested by the profiles shown in Figure 5-41. As a result, the first
four natural frequencies experience a slight increase when compared to the previous case. They
were found to be 626.3586, 651.1342, 2657.6835 and 6544.4497 rad/s. This is due the fact that

the arm associated with the radial component of the centrifugal force depends on the quantity
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('Ro + 7‘}3 cos ¢), which is maximum for ¢ = 0°. This renders the beam stiffer, which in turn
would increase the frequency values. The flexural deformations were seen to be unaffected while
the torsional deformations were seen to be zero. The axial deformations are seen to be fluctuating
with a very small amplitudes when compared to the previous case. Again these deformations are
caused by the coupling in bending-axial deformations due to Coriolis forces. It can be concluded
that the neglect of the pre-cone would result in eliminating the coupling bending-torsion that
results from Coriolis forces.

To see to what extent the Coriolis forces can contribute to the dynamic characteristics of
the previous beam, the Coriolis effects have been eliminated by taking the Coriolis matrix to be
the null matrix. The resulting response is shown in Figure 5-42. From this figure it is clearly
seen that the axial deformations becomes zero as a result of neglecting the Coriolis forces. All
the other deformations remain as stated before.

To see the effect of increasing the hub speed on the dynamic characteristics of the previous
tapered beam (vy = 0.35, v, = 0.50), a value of {2 = 3000 rpm was selected. The other geo-
metrical and material properties remain similar to those depicted in the caption of Figure 5-38.
This would increase the frequencies of vibration due to the stiffening effect induced by the hub
rotation if there were no setting angle. The magnitude of the centrifugal inertia forces would
also increase. Consequently, this would produce a larger deformations of the beam.

Notice that although the rotating speed has increased the first two natural frequencies have
decreased by 1.31% and 1.18% respectively while other higher frequencies were all exhibiting
a stiffening effect. This can be explained by the fact that at high speed, the softening term
02 sin1) cos ¢sin (¢ + ¢) dominates the stiffening effect and becomes more influential at high
speed and lower modes rather than at higher ones since the term Q2 sin 1 cos ¢sin (¢ + ¢) does
not vary with the mode number.

The response pertinent to the deformations of the beam is shown in Figure 5-43. These
profiles are characterized by higher amplitudes and different shapes. The amplitudes of the
lead-lag deformations are larger than those of the flapping ones. The axial deformations have
larger peaks than those of the torsional ones. In addition, the amplitudes of axial and torsional
deformations are very small when compared to the flexural ones. The torsional and axial modes
are higher then the flexural ones and this explains why they produce smaller deformations than
the bending ones. For instance, the first axial and torsional frequencies for this example are
respectively, 12154.8692 rad/s and 7209.3847 rad/s. These frequencies are respectively 20.65

and 12.25 times greater than the fundamental flexural mode.
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CROM =8

15° and R, = 3.6 cm).
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Figure 5-44 shows respectively, the flexural, axial and torsional tip deformations of the rotat-
ing Timoshenko beam. In this example, the beam spinning at 2500 rpm, is tapered (v, = 0.25)
in the y-direction and uniform (v, = 0.0) in the 2-direction . The setting angle and pre-cone
are equal to 45° and 15°, respectively. It is clear from these figures that the eight-mode solution
based on complex reduction is equivalent to the solution provided by the full order solution.

The peaks of the present flexural deformations are lower than those of the previous example.
This is due to the combination of the different parameters and their effects, namely the decrease
in hub speed, the change in taper ratios and pre-cone and setting angle. The decrease in hub
speed reduces the centrifugal stiffness matrix, thus reducing the centrifugal forces. Further, the
taper ratio decreases both the stiffness and mass of the beam. Consequently, the total stiffness
of the beam is reduced.

On the other hand, it is seen that the flapping and lead-lag profiles are in phase. The peaks
of the lead-lag deformations are higher than those of the flapping one.

From Figure 5-44 it can be seen that the amplitudes of axial and torsional deformations
are very small when compared to the flexural ones. The torsional deformations are of negligible
magnitude when compared to the axial ones. The torsional and axial frequencies are higher than
the flexural ones and this explains why they produce smaller deformations than the bending
ones. For instance, the first axial and torsional frequencies for this example are respectively,
11677.2560 rad/s and 8353.0295 rad/s. These frequencies are respectively 20.68 and 14.79 times
greater than the fundamental flexural mode. The axial deformations have a similar pattern to
that of the flexural deformations but with smaller peaks.

Notice that the value for which the beam rotation is equal to 30 (i.e., t = 0.114 s) constitutes
an axis of symmetry for the flexural profiles as well as the axial one.

The frequencies resulting from the forced signal representing the flapping response have been
computed and represented in the frequency domain. The frequency spectrum of the signal is
represented along with the spectral density of that signal as shown in Figure 5-44. The lowest six

frequencies and their corresponding magnitudes are shown along with the frequency spectrum

of Figure 5-44.

External Forces

Impulsive and sinusoidal loads are imposed either in the vertical or lateral direction at specified
nodal points such as the tip or the midpoint of the rotating tapered cantilever Timoshenko

beam. The impulsive load is known to excite higher frequencies. A sinusoidal load is applied
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to the structure with different magnitudes and frequencies. The effects of these external forces
is added to the centrifugal inertia forces and the response of the structure is shown for several
parameter changes of the beam. Unless otherwise stated the Timoshenko beam is offset with

3.6 cm hub radius and rotating at 2000 rpm.

Impulse excitation

In this section an impulsive load of 100 N is applied in the vertical direction at the midpoint
of the beam. Impulsive loads are known to excite all the modes including the higher ones.
Consequently, this load affects the whole structure and several deflected locations of the beam
will be shown accordingly.

In the first trial, four-mode planar and complex reductions have been selected to predict the
response of the beam. The impulsive load is applied at the midpoint vertical direction of the
uniform beam where the pre-cone and setting angle are both set equal to zero. The approximate
PROM and CROM solutions agree well with the full order solution as shown in Figure 5-45.
However, the corresponding curves do not match perfectly at the maximum, minimum and
sharp end points. The process of selecting the first few modes has been extended to include
eight-mode solution. A magnification (not shown here) of the resulting profiles revealed some
minor mismatching with the FOM. Therefore, the truncation process is extended further to
include twelve-mode planar and complex reductions. The corresponding twelve-mode tip profile
response of the beam is shown in Figure 5-46. The twelve mode-solution planar and complex
reduction are seen to be in perfect agreement with the full order model since no noticeable
difference could be found.

Figure 5-46 shows that the flapping motion (in the direction of force) is very sensitive to the
applied force. This is manifested by comparatively larger peaks, very sharp ends and smaller
period of time. This difference is due to the fact that the flapping deformations are caused only
by the applied impulsive load while the lead-lag deformations are the result of the contribution of
both the built in centrifugal inertia forces and the coupling due to the Coriolis forces. In Figure
5-46 are also shown the first six dominant forced frequencies and their respective magnitudes
for the flapping motion.

Figure 5-47 depicts the tip response of a tapered beam for which vy = 0.1 and v, = 0.2
where the pre-cone and setting angle were respectively set to 0° and 45°. It is seen that the flap-
ping and lead-lag deformations have similar fluctuating profiles but with a phase shift between
them. However, unlike the previous case, the lead-lag deformations are seen to respond to the

excitation with greater sensitivity because of the change in setting angle and taper ratios. This
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is characterized by larger flexural deflections which is not surprising since the impulsive load for
this case is applied at the tip nodal point. The torsion and axial profiles have smaller peaks
and periods of time as shown in Figure 5-47. They are characterized by having higher frequency
values. On the other hand, the lowest six dominant forced frequencies are displayed along with
the frequency spectrum for the forced flapping response. The range for these frequencies vary
from 20.94241 to 94.24084 Hz with a maximum magnitude of 65.72164 Hz.

To better understand the effect of increasing the setting angle on the dynamic characteristics
of the rotating tapered Timoshenko beam, the cross-section of the previous beam is oriented by
a setting angle of 90° while the pre-cone remained equal to zero. The same impulsive load was
applied vertically to the end point of the beam. The corresponding tip deformations are shown
in Figure 5-48. It has been shown in the previous sections that the increase in the setting angle
would decrease the natural frequencies of the rotating beam. This is known as the softening effect
which opposes the stiffening one caused by the rotation of the beam. For instance, comparing
the first two frequencies with those of the previous example, the decrease in frequency values
is seen to be 3.8% for the first mode and 0.3% for the second mode. On the other hand, the
maximum peaks of the tip lagging deflections are approximately three times larger than that of
the flapping ones. Further, the period of the lagging deformations is approximately 12.082 rad
(or 0.061 s). The flapping deformations are not seen to have any periodic motion. The torsion
and axial profiles are seen to have very small amplitudes when compared to those of the bending
ones.

In Figure 5-49 are shown the tip profiles of the previous beam where the impulsive load of
100 N in magnitude is applied in the lateral y-direction. The flapping and torsional motions are
zero since there is no force applied in that direction. In contrast the lead-lag deformations have
no periodic signal. They show more sensitivity to the excitation applied load that is manifested
by sharp profile ends and higher magnitudes. This is due to the fact that these profiles are
caused by both the contribution of the built in centrifugal inertia forces and the externally
applied impulsive load. The frequency spectrum of the lead-lag response is shown along with
the different profiles. The first five forced frequencies are seen to be lower than those of the

previous example but with higher magnitudes.

Sinusoidal excitation
Sinusoidal external loads of different magnitudes and frequencies are applied at the tip nodal

point of the beam. The effect of this load on the deformed structure is shown and the corre-
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sponding different response profiles is manifested at several locations of the beam.

Figure 5-50 shows the four-mode solution tip flexural deformations of the beam pertinent to
complex and planar reductions. The beam is rotating at 2000 rpm and is tapered in the two
planes where v, = 0.15 and v, = 0.25. The pre-cone and setting angle are set to 30° and 75°,
respectively. The hub radius is set to zero. The applied load has the form F'(t) = 7500sin (610t)
N imposed at the tip nodal point of the beam in the vertical direction. The forcing frequency
Q = 610 rad/s is near the fundamental frequency of the beam w = 534.4726 rad/s. Therefore,
the flexural responses of the beam are seen to exhibit a beating phenomenon as expected. This
is shown in Figure 5-50. The four-mode planar solution for these profiles is shown to produce
some small differences when compared to the four-mode complex solution and the full order
model solution. An increase in the number of the retained modes would certainly improve the
solution given by the planar reduction and converge to the full order model solution. Although
the lead-lag deformations are seen to be higher than the flapping ones, they are seen to have a
similar beam rotation period 22 rad or 0.084 s. Besides the coupling due to Coriolis forces and
the coupling due to bending caused by the inclination of the beam with a setting angle %, the
deformations of the beam are caused by the externally applied force and the contribution of the
centrifugal inertia forces.

In another example, the same load is applied in the y-direction for the previous beam with
90° setting angle and zero pre-cone. The eight mode approximate solution matches perfectly
the FOM solution. The deflections in the direction of the applied force ére seen to be higher
than those of the previous case as shown Figure 5-51. For ¢ = 90°, the flapping deformation
(perpendicular to the applied force) are seen to be zero since there is no force applied to the
beam in that direction. The coupling in bending is eliminated at ¢ = 90° as shown before. The
torsional deformations are also seen to be zero while the axial deformations exhibit a fluctuating
profile with smaller amplitudes and higher frequencies. The frequency spectrum for the lead-lag
deformation is shown also in Figure 5-51. The first frequency corresponds to 76.76202 Hz or
482.31 rad/s, which is smaller than the first natural frequency of the beam w = 523.9362 rad/s.

In the following example, the retained modes were kept to four for both planar and complex
reductions while the previous beam has been excited by a sinusoidal input of 15 kN and a forcing
frequency of 8000 rad/s. This frequency lies between the sixth and seventh mode of the frequency
spectrum of the system. The corresponding responses are depicted in Figure 5-52. Comparison
between the two approximate solutions shows some discrepancies. But, when compared to the

FOM the four mode planar solution shows a noticeable difference. This difference means that a
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satisfactory solution is not reached yet. A suggestion of increasing the number of retained modes
would be strongly recommended in order to reach a solution of the same order of comparison
because the retained modes spectrum does not contain the forcing frequency. This renders the
reduced order model "blind” to the exciting frequency. The retained modes have been extended
to eight-mode approximate solution and the corresponding response match perfectly with the
FOM and a converged solution to the FOM has been obtained as shown in Figure 5-53.

In Figure 5-54 are shown the flexural, torsional and the axial deformations of the beam as
well as the corresponding frequency spectrum for the w-deformations. The frequency spectrum

ranges from 62.7615 to 481.1715 Hz.
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applied in the z-direction at the tip of the rotating tapered Timoshenko beam and its corre-
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at the tip of the rotating tapered Timoshenko beam and its corresponding frequency spectrum

15° and R, = 0.0 cm).

2000 rpm, vy = 0.1, v, = 0.2, = 30°, ¢

using FFT, (Q

202



Chapter 6

Conclusions and Recommendations

6.1 Conclusions

A finite element consistent mass formulation is employed to discretize the beam element. FKach
element has two nodes and each node has six degrees of freedom-three translations and three
rotations. The effect of shear deformation rotary inertia, angular settings, hub radius, unequal
breadth and depth taper ratios as well as spinning rotation and Coriolis effects are considered.
This formulation permits unequal element lengths, and may be applied to tapered and uniform
beams with solid or hollow rectangular and circular cross-sections. This model can be easily
reduced to Euler-Bernoulli beam by ignoring the rotary inertia and shear effects. The uniform
beam can be obtained by setting the taper ratios to zero.

The shape functions for the three dimensional Timoshenko beam element are derived. Exact
expressions of the element stiffness, Coriolis and inertia rﬁatrices are derived in parametric form
where all the parameter changes are accounted for. The exact expressions of these matrices
have the computational advantage of eliminating the loss of computer time and round-off errors
associated with extensive matrix operations required for their numerical evaluation.

The equations of motion for the forced vibrations of three dimensional rotating tapered
Timoshenko beam are derived using a suitable formulation of the Lagrangian form in conjunction
with the finite element technique. These equations take into account the coupling in bending
deformations and include the effect of Coriolis forces, shear deformation and rotary inertia, hub
radius, taper ratios and angular settings of the beam. A mixed set of generalized co-ordinates
that accounts for inertia coupling between reference motion and local elastic deformations is
employed. The coupling terms that represent the inertia coupling between the reference motion

and small elastic deformations are expressed in terms of a set of time invariant quantities (scalars
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and matrices) that depend on the assumed displacement field, rotary inertia, shear deformation,
angular settings, hub radius and taper ratios.

The use of the present formulation is demonstrated first by casting the system equations in
state space form in order to accommodate the Coriolis effect. The eigenvalue problem is defined
and solved for both full order model (FOM) and reduced order models (ROM).

Two reduced order models using modal reduction have been successfully applied to the
analysis and prediction of the vibrational response of a spinning tapered Timoshenko beam.
The reduction process results in retaining a set of significant modes which account for almost
the total amount of the kinetic energy content in the system. In general, the lowest modes
spanning the lower end of the frequency spectrum, in addition to other modes which span the
frequency spectrum of the forcing function are retained as significant modes. Several types of
excitation such as step, impulsive and sinusoidal loadings have been applied to the beam. Few
retained modes are shown to preserve the exact behavior of the rotating beam for different
parameter variations.

The frequency spectrum of the forced time signal response is computed and plotted along
with the response profiles for a wide range of parameter variation using the FFT algorithm.

The developed finite element model is implemented into a computational scheme for calcu-
lating natural frequencies and dynamic time response analysis. Some conclusions pertinent to
the results of simulations are summarized and stated below.

The reference rotation tends to stiffen the beam, thus increasing strain energy stored during
elastic deformation. On the other hand such stiffening effect tends to increase the modal fre-
quencies, consequently increasing the amount of kinetic energy associated with the elastic modes
of the system. This is known as a stiffening effect due to the rotation.

Southwell relationship is extended to include the effects of taper ratios, hub radius, pre-cone
and setting angle as well as Coriolis forces. The explicit expressions for the Southwell relation for
the lowest four vibrational flexural modes of rotating beams with several combinations of taper
ratios, pre-cones, setting angles and various slenderness ratios were presented. The bending
frequency of the i** mode of a rotating beam may be obtained from the Southwell relation,
with knowledge of the non-rotating frequency, the speed of rotation and SC. The Southwell
relationship is seen to be very useful not only for its simplicity and rapid estimation for the
predictions of the frequencies of rotating beams but also for its accuracy. Southwell coefficients
are seen to be in linear relationship with the hub radius. The separate effect of taper ratios is

seen to have more influence on the slope and intercept of the SC. However, while the intercepts
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of these lines are seen to vary with the pre-cone and setting angle, the slopes are seen to be not
affected.

A closed form solution was obtained for each mode within the parameter variations. The
slopes and intercepts of the respective lines are seen to be a function of both taper ratios as well
as the pre-cone and setting angle. It was observed that the expression for Sy in its general
form, does not represent a linear relationship with R. Based on these numerical observations,
it may be concluded that Southwell Coefficients depend upon the non-dimensional hub radius
R, taper ratios v, and v,, the pre-cone ¢ and setting angle ¥ and upon the rotational spin
parameter Q.

The effect of setting angle is examined on the dynamic characteristics of rotating uniform
Timoshenko beams. The first four frequency parameters have been evaluated at a wide range
of setting angles. Based on the numerical results obtained from this investigation, it can be
confirmed that the frequencies decrease as the setting angle increases. However, its effect on
the frequencies reduces for higher modes. In fact, the effect of ) becomes negligible beyond
the second mode according to the present results. The reason for this is attributed to the fact
that the softening term §?sin?+) is constant regardless of the mode considered therefore; it has
more influence on modes with small frequency parameters. There are certain cases of parameter
changes where the softening effects dominates the stiffening effects which result in a decrease of
frequencies as the spin increases.

With knowledge of the spin and the out-of-plane or in-plane frequency parameters along with
Lo and Renbarger [6] relationship in hand, the in-plane or out-of-plane frequency parameter may
be easily investigated without recourse to further extensive calculations.

It was shown that if the relationship given by Lo and Renbarger [6] is substituted into the
Southwell relation, the resulting out-of-plane and in-plane Southwell coefficients differ by unity,
regardless of the mode considered. This formula along with the Southwell relation provides a
well suited tool for frequency estimates at a preliminary stage design.

The rotation of the cross-section of the beam with a setting angle v does couple the in-plane
and out-of-plane motion and deformations. In this case, one cannot distinguish these two modes
from each other. When in-plane and out-of-plane displacement variables are coupled, the modes
will not have a simple interpretation. That is, one may be mostly in-plane with a bit of out-of-
plane. Depending on the size of deformation in different planes one would be only able to say
if the in-plane or the out-of-plane vibration, at this frequency is dominant. In this case, there

is no pure in-plane or out-of-plane vibration mode. However, torsion is also coupled with the
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bending modes through Coriolis effects.

Pre-cone is a design solution that satisfies aerodynamic requirements. Numerical predictions
were presented showing the effect of pre-cone on the dynamic characteristics of the present rotat-
ing tapered Timoshenko beam. Pertinent to these numerical observations, it can be concluded
that for a given spin parameter and thickness ratio, the flapping mode frequencies decrease
with increasing pre-cone. This may be due to the fact that as the pre-cone increases, the arm
(Ro + 1% cos ¢) associated to the centrifugal force decreases. From the equations of motion and
the present results, the pre-cone was shown to have a softening effect that is similar to the effect
of setting angle. The influence of the pre-cone is clearly seen to be of significance on the fun-
damental mode and is negligible on higher ones. The reason for this is that the softening term
Q?sin cos ¢sin (1 + ¢) is constant regardless of the mode considered, therefore it has more
influence on modes with small frequency values. This phenomenon is often called a softening
effect that counteract the stiffening behavior encountered in rotating beams. However, the effect
of the pre-cone on the dynamic characteristics of the rotating beam is seen to be less influential
than the effect of the setting angle.

One way of controlling the mass and stiffness matrices of such structures is by introducing
a taper either in width or depth direction or both. The effect of taper is important to the
dynamic behavior and modal characteristics of rotating beams for which a specified distribu-
tion of strength/weight ratio is required for optimum performance and design criteria in many
structures.

The introduction of taper makes the principal flexural rigidities of the beam unequal except
at the root for square and circular cross-sections. When such a tapered beam is set with a setting
angle 1, coupling occurs between the bending motions in the two mutually perpendicular (zy)-
and (zz)- planes containing the y- and z- axes of the cross-section. Such a beam with no setting
angle has two independent flexural frequencies about its principal axes which are dependent on
the width to depth ratio of the cross-section.

Based on the results obtained from this investigation, it may be concluded that the dynamic
characteristics of the rotating beam depend upon the taper ratios of the beam in addition to
other parameters built into the model. Depending on the taper ratios, the mass and stiffness of
the beam may increase or decrease and consequently, the dynamic characteristics are seen to be
affected accordingly.

Some numerical predictions show that as the taper ratio v, increases the thickness toward the

tip becomes smaller which results in a decrease in mass and stiffness of the beam. Consequently,

206



the frequency parameters for all modes increase. For the taper in the other direction, it is seen
that the first mode preserves the same behavior while the second and third mode exhibits a
reverse trend.

The Coriolis forces result from the precession of reference axes. From the predictions shown,
in general, the Coriolis effects depress the frequency values. At low speed ratios the Corio-
lis effect is very small and therefore can be neglected. Coriolis forces introduce coupling in
bending-torsion, bending-axial, bending-bending and axial-torsion modes when the setting an-
gle is different from 0° and 90°. However for zero setting angle the Coriolis forces have no
coupling effects that influence the dynamic characteristics of the rotating tapered beam and
therefore can be safely ignored.

Numerical solutions show that the slenderness ratio has a significant effect for short beams
and for higher modes. The predictions show that the shear is more pronounced in higher modes
and is of no significance at the lower ones.

The inertia forces result as a natural phenomena due to rotation and are of significant
importance as far as dynamic analysis is concerned. It is observed that these forces produce the
largest deflections.

Based on the results of simulation, and with data presented in this investigation, planar and
complex modal reductions maintain the same order of comparison for this type of structures.
The former is considerably easier to apply, the latter is more realistic. However, for complex

structures the complex modal reduction would be expected to produce more accurate results.

6.2 Recommendations

Further investigations are required for the extensions of the present work. The following recom-

mendations are made for future research:

e Extending the present model to include the effect of pre-twist.

e Extending the present model to include the torsional coupling.

Studying the effect of the warping of the cross-section during torsion.

Extending the present model to include an airfoil cross-section where the center of flexure

does not coincide with the center of mass of the beam.

The present model can be extended to include structural and viscous damping.
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e The spin rotation is assumed to be constant. This assumption yields a constant Coriolis
matrix. During the start-up and shut down the spin rotation is not constant. If a variable
spin is considered, it yields a time dependent Coriolis matrix. The present study can
be extended to study the time dependent Coriolis matrix on the dynamic analysis of the

rotating tapered Timoshenko beam.

e Extending the present formulation to account for aerodynamic forces.
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Appendix A

Transformation Matrices

In order to perform co-ordinate transformation from the element co-ordinate system to the
body co-ordinate system, the rotation matrix [3%1] is required. Direction cosines for the (:c’ylz’)
axes can be found directly by geometric considerations. Let (z1,11,21) and (z2,y2,22) be the
locations of the nodes of the i?* beam element. The transformation matrix from the element

axes to the body fixe co-ordinate system is given by [88]

R)=]d V@) +@’ 0 (A1)
i —cicl c
CZ

where

i i
_ 2y I
c, = T

and I¢ is the length of the 7 element, given by

P o= (ah —at)? o+ (o v) o+ (2 — )

It can be easily verified that the matrix [W} is orthogonal, a property that is utilized throughout

the development of this work.

The preceding transformation [?Ri] is valid for all positions of the element, except when the
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element z} axis coincides with the body axis x5 axis. In this case, the transformation matrix

[9%] is given by [88]

0 ¢ 0
[®]=1c 0 o0 (A.2)
0 0 1

If the rotations at the nodes with respect to body axes are infinitesimal, the same matrix [9?’]
can be used to transform rotations from the element axes to the body co-ordinate system. That

is, the matrix Ff_ﬁz} of equation is given by

~ - T

®] o o0 0
[W} I T R

0 0 [®] o
0 0 0 [®]
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61¢

Appendix B

Shape Functions Matrix

The three dimensional elemental shape functions matrix is given by

i, (1- 4"+ 36" + ) (1-€) ) ¢

o)

3

_lz@i (1 _ 4§i+3€i2 +ai (1 __€i)) o l@i <§i _ 2512 iy E ({i _¢

(1-¢) 0

63, (¢ - &) T, (1-3¢" +26° + 0l (1-¢))
6'5}5;( i £i2) ¢t 0

0 N (1 . 51‘) li¢t

2
3 0
63, (¢ +£7) o' T, (36" — 26" + Big)
63, (—¢'+¢") ¢ 0
0 _gilici
1T, (—2¢+ 3" + @i’ ¢ 0
| 1T (2t + 367+ @ig) o I3, (—8’2 +e - %— (¢- 52'2))

1-2))

o O

T, (1-36" + 26"+ 8} (1- &)

_lz‘a;; (gi _ 2§i2 L §i3 + %;i (gi _ 5#))
0

0
0

3y (35’2 _oe® @;gi)

_li'(f)"; <_€i2 e %zg (gi _ §i2>)

0




Appendix C

Element Matrices

The exact explicit expressions of the element matrices of the i** spinning tapered Timoshenko

beam element are given by

Table C.1: Elemental axial stiffness matrix

T

' EA, . -
[ GJIQXIZZW[ }7 p,qg=1,2,..,12

kp,q

where the nonzero entries of the lower triangular part of [k;’q] are given by

i L
=y~ il 5l

Table C.2: Elemental torsional stiffness matrix

—i G 1,0,
[kgz}lzxm N [kp’qJ > Pg=12..,12

where the nonzero entries of the lower triangular part of [kgfq] are given by

1 i ]- ;2 1 -3 1 4

kg,ﬁ = -“k%,zl = k%,w =Ty (azo - 50421[ + gazzlz - Zazslz + gl )
1 ; 1 7:2 1 ,L'S 1 i4

+I';. (ayo - ‘2‘ay1l + gawl - Zayal + gl )
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Table C.3: Elemental bending stiffness matrix in the (zy)-plane

5
— E@; -
[k”} 12x12 @ [Ap’q} ’

rg=12,.,12

where the nonzero entries of the lower triangular part of [k;’,q] are given by

132 . 21 2% .
ks, =-—kZy =kis Tyy 55—11“ — ol + —gaz2l12 — 6a,, It + 120, | sin¢
132 .. 21 5 24 |
I <§5—zz“ —~ —5—%#3 - 1 — By, I+ 120y, | cos® e
2 3 4
1438 — 19)1° 4+ — (38% — 4) a,, [
ke =—Fe = Tu ?5( | g )_ T sy
! ’ 2 (59% = 7) anyl” + (@ = 2) 0 ¥ 4 6y I
2 3 )
149% — 19) I° 301 — 4) ay, I
+ Fzz %5 ( . ) 3 10( )‘2 v ) COSZ’Lp
—5 (59% 7)ol + (@1 = 2) ¥ + B0 |
3 . .
143% + 47) If 301+ 10) az,
koo = —FKlag = Ty 351( , v ( ) ‘23 | sin? 9
’ +5 (501 +17) az,l” - (@1 +4) a1+ Gl
9 . .3 ,
£ (1480 + 47) 1 — = (30% + 10)
+ Tz 351( =+ 7) 10 S ) e cos? 1
+= (521 +17) 1P = (DL + 4) @y 1 + Byl
1 ’i2 i 7:6 1 1-2 i i5
= (7@ ~ 149 + 12) - (5@2 — 8% + 8> syl
kg = Dy +—1— (5@1 — 5% + 8> az,lt - ((I)f - 2) o, 1 sin® ¢
+ (c}ﬁz + 200 + 4) gl
1
glg (0% — 140t + 12) 1 - o (507" — 80% +8) el
. . 1 . .
+ T, +%5 (5@; _ 50+ 8) ol = (@f + 2) ay, I cos? 4
+ (@f‘f 4200 4 4) gt
1 'L'Q i i6 ]_ N s ,15
~ (7@ + 1400 -26)z = (5@ +100¢ ~16> s,
ke = Dy 115 (5@2 L1097 — 13) a, "+ (q’e; L opi — 2) ay 1P | sin?y
— (@2 + 20 — 2) ag,l”
1 -2 . -6 .5
1 T 2 2 7 T _ ,ll
i (708" + 149 - 26) 1° + (5@ +109% ~ 16) ay,
7 i X i 7 3 2
+ D | - (508 4 108 ~13) al + (@z +98, —2) o, 1* [ cos?y

— (@8 4+ 20% - 2) a1
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U —
]"12,12 - Fyy

S (5@5 4250 + 38> S

where

1/ | o 1/ | |
% (7@;2 + 4200 + 68) - (5@;2 128 4 44) sl

1 2 ; a Lo i I ‘12
+ (507 + 250% +38) o, 1" - > (@2 + 40t +6) oy, | sin?y
+ (87 + 201 + 4) It
1 1

(70 + 420} +68) 1 — - (507 + 28FL + 44) I

35 20
(@f + 4D + 6> a, 1* | cos?e)

! 1
2

i2 i 12
+ (@Z 200+ 4) ool

-IOZZ

1o
Fyy o and .. = 7 13
ozdigy

T Logl?,

Table C.4: Elemental bending stiffness matrix in the (zz)-plane

—y2

7 E®,
[ w} 12x12 = l13 [kpa{J] ? p’q - 132, ceey 12

where the nonzero entries of the lower triangular part of [k;‘jq] are given by

132 4 21 . 24 .
Yy = ks =k¥y = Ty -?%—zz“ - -5—%12“‘ + -5—%122 — 6, It + 120, | cos? 1
132 5 21 . 24 . ‘
+ T —?—)5—114 - —5—(3@3[13 + —5—ay2lz2 — By, I+ 120y, | sin? 4
2 ; -5 3 - 4
= (1431 —19)1F — = (38! — 4) a, !’
k¥, =—k¥. = T 35(4y ) 10( v )a3 COQ'lz[)
5,3 9,5 vy 1 ‘ " ‘ 9 ) 5
+z (5B%, —7) auzpl® = (D% — 2) 0z 1" — Bz !
2 . -5 3 . -4
= (14®1 — 19) 1" — = (38! — 4)
+ T.. 351( ! ) L 10 (. v =4 ” | sin?4
+r (59% — 7) agyl™ — (D — 2) 1" — By,
2 ‘ [ S (301 4 10)
v T ———5(14<Dy+47) +16< | 110) oy ,
ks = k19 = Ly , 3 A 5 o fcosTy
-z (5®F +17) I + (P} +4) oy I — By !
2 . s 3 . “
—— (140 +47) 1" + — (33! +10) oy, I*
+ T. (0 T AT 5 (59, +10) e, sin?¢)
—2 (5% 4 17) a7 + (B, + 4) 17 — By, I

5



= (7@1 ~ 14%% + 12) 1 - (5@ ~ 8% + 8) g, I
s = Ty | +5 (5@1 — 5@ +8) as,l* - 5 (@; +2) a, 1 cos?
+ (@'L + 20+ 4) azl”

— (798 — 140} + 12) 1 - 51* (523 ~ 8@ +8) ay, 1"
1
2

—

35
1 .
+ T | (505 — 50) +8) @yl — 5 (@4 +2) oyt sin? ¢

+ (@5 + 20 +4) 0yl

1 ,L'Q i ,L'ﬁ 1 7:2 3 'i5
5 (7@1 + 14@? —26)1 +420 g5q> + 100~ 16) s )
fe = Tw| -1 (25@; + 10@;)1 18] an,l + 5 (0F + 28 = 2) a1 | cos?y
Q@; + 281 —2) gl
1 | .
E (725 + 140} - 26) 1 + o g5<1>22 + 100}, - 16) ayel”
+ Tw —1<—5 (507 +10q>;—13> al + 5 (05 +20) —2) oy, | sin® o
— (@ + 208 — 2) oy, I

Y

3% (723 + 420}, + 68) 1 — 21 (5@ + 280, + 44) a,

1 ) ,
K = T +5 (503 + 250 + 38) anl — 2 (@; + 40 +6) o, 1 | cos”y
(@12 + 280 + 4) s, It
% 7 lz = 7 % @
351<7<z> + 4205, + 68) " (51q> + 280, +44) a1
% 4 i4 i i 73 i 2
+ Do | 4o (501 +250% 4 38) ol — 5 (@5 + 40} +6) 0,1 | sin®¢
+ (05 + 20 + 4) oyl

O

Table C.5: Elemental stiffness matrix due to coupling in bending

— E® @, sin2
[k } mi[k}o’f'é]v p,qg=1,2,...,12

208

where the nonzero entries of the lower triangular part of [k;lg] are given by

132 ;0 21 3 24

kS =—kgs = —kgs =his = Ty 35 = 5 — gt + 3 azgliz — 60, ' + 120y,
132 21 24 :
I“zz ¥l14 v Ckygll 5 Cszll 6&y1 [* + 12ayo
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vee

70 (7 =50 + 5o + j0he) +

2170 (g — "3z + (00) m — 1% (92 - 306 — 4052 + 1050071 ow =1 —
G
270 (91 = 5oy — @71 + (00) oﬂm o (0 = 0L — o1z + %0 bb
A0 (2 =50+ 59 + 0 @W,
217 (g = 0z + (0'10) m ~ 170 (97 — 3¢ — 40CT + 056001) OH Ay = SZh
G
2150 (91 = 507 — @71 + 0%50) ow (92 =50l - @17 + S05eL) = -
2170 (7 + 50 + 50 + 10%e) -
2170 (2 +305) .m+ 170 (91 + 585 — 26% — "8500T) mm. =1 -
g
210 (84 507 — L7 — 10708) @m + 1 (21 +50L — (0L — J050L) .Hm
170 (7450 + 10 + 1018) -
170 (g + 50'0) M + 21%0 (9T + 538 — (3¢ — 134001) @Hm Ahy = 89
e
50 (84 507 — oy — j0tes) @m + 1 (21 + 500 — (3L — 5350L) .
4709+ %0 (54 50) = e (1 +5eg) T )
eA z OH z m.m rH B
170 (01 + Ja¢) = ol (L7 + 071) =
[¢7-4 Iz z _ zz z m
1709 + 170 (7 + 50) — 2170 (L1 + j08) S+ il D R
2 0L gg ! aia i
A0 (01 + 508) — : o (L7 +509T) = .
209 + 170 (g — 53) + 1% (L— “00) .mn _—
170 (7 — 58¢8) mmw + 1 (61— 3071) E
z z z z mnl
.@No @@le.NwHVOAN.IN@V+mwwmdmm~|w9mvl h _ 96y _ g
oz o1 , mm ! mal e
A0 (7 = 588) ~— + L1 (61— F071
e z
1709 — 10 (3 4+ 5p) + 1% (L1 + 99) m
NNrH _
170 (0T + @€) @% + 1 (L7 + 0vT) )
0z _ Tz A oz :m,|!|
17709 — 170 (5 + 13) + 4170 (L1 + 06) A TR
¢ £ 01 (S5 d Sav\ m
170 (01 + 50€) o Ly + avT) = -
109 — 170 (g — §3) — 1% (L - m@mvm
NNrH _
17 (7~ bmv @m — (61— %0¥1) mmm
0z _ 1z _ iz . m
109 — 170 (g w L1770 (L — f2¢) mm, L es -
170 (7~ Nemv s (61 — T@¥1) =



1 i @i i i 18 1 i Bl i i 15
551(7%@2 — 7% +219% —26) 1" — T (5@1;@ — 49} + 149% — 16) as,l
fte = Tuw | +55 (109;2] - 50} + 250} — 26) gl - 5 (By2L +20% - 2) s, 1¥

i FHi i i 2
+ (DL DL 4 @ + DL — 2) @yl
1 iFHi i i 8 1 i @t i i 8
3~51(7@y<1>z — 7@; + 219 — 26) I~ 2~O (5@%@2 — 4<I>y + 149 — 16) aysl
i i i i it i Fi i i3
.. +§6 (10<I>y<1>z — 5<I>y + 259 — 26) ayQZ — 5 (<I>y<I>Z + 29 — 2) ayll

+ (P1% + B% + &L — 2) a1

5

1 i Fi 7 i 8 1 i & i i ¢
--ég (7<I>y<I>z + 21<Dy + 219} + 68) I+ — (5<I>y<I>z =+ 14<I’y + 149 + 44) Ozgl

20
1711 = Tyy “516 (109} @i + 258 + 2507 + 76) a1 + —;— (P10 + 207 + 28 + 6) o, I©
— (PLPL + DY + DL+ 4) gl
*%g (701 0% + 217 + 2107 +68) 1° + 516 (51@;@; + 1430 + 1437 + 44) 0y, I°
Taw | =5 (LB + 250, + 250, +76) cy,l™" + 5 (8L + 28} + 20 +6) o, I
— (PLDL + B + DL+ 4) oy 1

Table C.6: Elemental shear stiffness matrix due to shear in the (zy)-plane

. -2
1 AOF”?J G(bf@ 8,v
[k 1912 = T Lolo, kpel, pg=1,2,..,12

where the nonzero entries of the lower triangular part of [kp7g] are given by

v . 1.
kyy = —ksh =y =l =y + gl’
1] 1 1 i 1 ;2
Koy =—kgs = ks =kipp = P Shali + <l
b ; 7 2-2 1 33
ké:S = ki:‘zﬁ = kfgile = Z/'Lll — Z/‘LZZ + TQ‘Z

Table C.7: Elemental shear stiffness matrix due to shear in the (zz)-plane

2
Aok, GOUT,
1 T Y Y psw _
[AS,mele - LoyLoz V"P:q} ’ D4 = 1727“'712

where the nonzero entries of the lower triangular part of [kpg'] are given by

; ¥, W w 1 1 L
Ryt = ke = Ko =l = g+ 5l
w w % 1 12
kg’ = —kgs' = K3 =kiy = gt gl - gl
3,w N \Ww 1 i 32 1 53
key! = k;f’% = kil\,ll = Z,LLll — ZMQZ + 1—2-[
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Table C.8: Elemental centrifugal stiffness matrix in the (zy)-plane

—q2
PRPAD,

{ké”} 12%x12 = —m {kplq} ) p.g= 1)‘27 RS 12

where the nonzero entries of the lower triangular part of [kgq] are given by:

Ky =Ky =KE = o (7@1 + 1007 +5> Bal — (35@2 +560¢ +30) Bl
_ (1)5 (35@2 46307 + 36> Bol" - (5@1 + 1097 + 6) Byl

+ 5(5@ +10@+6) B,

RSY = kY = _14%6 (2894 + 3108 +15) 0" ~ (21@1 + 260 + 14) ﬂgzl
- % (35@2 + 4901 +3o> Bl - = (5@1 + 8¢ +6) By l° + Oﬁozi
oY, = —klyy = .—1-6(28<1>i2+55q>1'+15) Bul® + éo (2107 +4O<I>Z+10> Byli"
+ o5 (3597 +630% +12) B0 + = (507 + 80L) 1 -l-aﬁozi
v = —Z%B (118 + 905 +4) 8,1 — — (4007 + 4495 + 22) Byl
~ 7 (7@1' + 7B +4> ,6211 o (5@1 + 60 +4> 4,17

+ 610 (5@1 +109% +8> Bolt”

Kie = 410 (1105 + 2201 +5) 1" + 680 (4907 + 9803 + 22) By0”
+ 2?0 (7@ + 1401 +3> Bl + = (5@’ + 1001 +2> B,

- 816 (505 +100% +2) Byt

W, = "Zéﬁ (1107 + 3502 +30) B, - < 680 (499 + 15203 + 130) By
_ '%6 (7@1 42101 + 18) Byl — “%6 (5@2 1491 4+ 12) N
+ 216 (5@5 4103 + 8) Bol”
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Table C.9: Elemental centrifugal stiffness matrix in the (zz)-plane

—2
i 'DQZA"(I); c,w
[kC,w]Hle = m[kﬂq}’ pg=1,2,..,12

where the nonzero entries of the lower triangular part of [kpg] are given by:

Y = ksh =ky = —o (7@1 + 109! + 5) B, — -4— (35@1 + 560! +30) Bl
_ (1)5 (35@ + 630} +36> Bl — o (5¢>;, + 109}, +6) Byl

+ < (5@ + 108! + 6) Ba

R (21@ + 2607 + 14) ,6311

(5@2 + 89} +6) 51" ~ *Boll

S| -8~

_‘._.___.

Y = kgy = (28@ + 310+ 15) B0 +
420 (

1
350} + 499}, +30) Bl + =

Ky =—kig = (28@2 + 550 + 15) Bl” -

1
2187 + 400 + 10) Byl
" 20 280( TSy >ﬁ3
350" 4 6301 +12> Bol? —

! (525 +8@),61 ———ﬁcll

420 ( 60

1
~ 1680
5D 4 6B + 4) Byl

C. 1 2 Z Z
Y = oo (11@ + 90, +4) B4l
i
_ 708 4 70} 4) 1
210 ( +70y+4) 5

+ 6%(5@; + 108, + 8) Bl

(49@1 + 4407 + 22) B4l

120 (

1
K 'L 2 l’L

= (49@ +98® + 2) Bs

5% + 10 +2) gy 17

K = 4%0 (11@1 + 220! +5> B0 +
710 (

- 516 (503 + 102} +2) g1

707 4 140 + 3) Bol + = (

1 2 . 5
X2 1 ll
1680 (49®y + 1529, + 130) B

1 2 i i3
- o5 (505 + 140} +12) B,

1 T i 1
Ky = - (1104 + 850 +30) 07 -
i
_ i i 1 18) Byl
0 (7@ + 2105 )52

+ 5 (5@2 +1O®Z+8> Bl
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Table C.10: Elemental axial mass matrix

et pAoli a
[ma]12x12 = m [mp,q] p,g=1,2,...,12

where the nonzero entries of the lower triangular part of [mg’q] are given by:
mi; = 2 <1OM1 —Suplt + Zi?)
md, = 10p; — 10pyl* + 318

mg, = 2 (10,1,1 — 15,0 + 6li2>

Table C.11: Elemental torsional mass matrix

) pli 0,
[@1]12“2 =~ 420 [mp,qJ p,g=1,2,..,12

where the nonzero entries of the lower triangular part of [mgfq] are given by:

miil = I, <4li4 —_ 7ay33i3 -+ 140@2#2 — 35ay1[i 4 140ay0>
+ Ty (4#‘4 — Tag, P+ 40y, 1" — 350, 1 + 140%)
ml, = Tu (1011"‘ ~ 1day, P + 2ay, I — 350y, 1 + 70%)
+ Ty (106 — Mol + 20,1 = 3501, 17 4 T0as, )

;4 ;3 §2 . .
ml5a = T (601" — 700yl + 840yl — 1050y, 1 + 1400y,

+ Ty, (6011‘4 — 700, I + 840, 1" — 1050, 1F + 140a,0)

[N
[N
oC



Table C.12: Elemental translational mass matrix in the (zy)-plane

—2
. pAl' D, [ tv]
i 1= P ke g =1,2,..12
i: t:’”] LOyLoz mpvq p q

where the lower triangular part of the translational mass matrix {mﬁ,ﬁ}} in (zy)-plane is given

by:
tv i i i2 1 i2 i i
myy = Gy (21@ + 3900 + 19)1 ~ 5o (35@2 + 700! +36> gl
+ 55 (70@2 + 14701 +78>
tv 1 H H z‘3 1 i 12
mghy = oo (2108 48691 +17) 1 — — (1407 + 270% + 14) 1yl
+ o (35@3 47Tl +44) m
i 9
to 1 i 7 7 [ i
mgh = 1ags (6307 + 11181 +46) 17 - (35@ + 630+ 27) ]
+ 55 (3507 +63<I>’+27) 14
1 3
tv _ 1 1 4 1 i 72
mi = g (2108 + 4208 +19) 1+ (1407 + 270% +12) i
- 3 (35@1 + 6301 +26> l
A (6@2 0P+ 4) it L (7@‘2 + 1261 + 6) 1ol
6,6 T ) 20 840 z z 2
+ (7@ + 1401 +8) 17
1 -2 . -3 -9 . .0
to (490 i 1o5)1° (21c1>z 3601 14) I
mg g 5590 (4 3 +69@2+ ) 190 . = o
+ 6 (35<I>;2 + 6300 + 26) E
1 4
tv — 7 i 7 i 14@2 lz
mile = —geo (607 41201 +5) 1" + o5 (787 + 1491 +6)
- % (7@ + 1491 +6) i
mb? = L (126@'2 +2700% + 145) 1 (105@ 42240 4+ 120) Ll
8,8 6?0 z z 210
+ 5 (70@5 414707 4 78) "
1 1
v _ i i P4 (2107 1+ 508 4 30) ol
s = (4207 + 10501 +65) 1 + — (2107 + 5001 + 30) ol
- % (35@1 7T +44> il
mb = L (62 + 153 +10> it <7c1>1 +160% +10) syl
12,12 9 20 840
K3 l'L
* 55 (7@ 4 140% +8> "
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Table C.13: Elemental translational mass matrix in the (zz)-plane

pLA liﬁjﬁ
o' P, [

t,w
[Tn‘i,w] = m mpq} p,g=1,2..12

where the lower triangular part of the translational mass matrix [m;’,f;’} in (zz)-plane is given

tw 1 i2 i >i2_ ! 2 i q
mi = (2185 + 398} + 19) 17 — = (350% + 70D, +36) ol
+ 5 (70@;2 + 1478, +78) i
1
tw 7 7 lz 7 7 2
mb 12520 (2185 + 368, +17) 1" + = (140) + 279} + 14)
- (35@ 4 TT® +44) b
T (63@2 + 1118} +46> 1 (35@1 + 6301 +27> fol
9.3 1260 210
7 16330 +2
+ 210(35@ + 6301 + 7)u1
1 s 1 2
o i i I 1487 4 2701 +12) iyl
mity = o (2100 +420) +19) 1F — o (148 + 279] + ) 12
+ = (35@ + 630! +26> gl
1 2 .
t,aw i
wo_ (63 i 4)z (7@1 120¢ 6) NG
ms = g (62) + 903+ g \/®y TS T
+ o (7®5+14<1>;+8> 1
1
tw i % 7 e % 7 i2
miy = s (420] + 699} +25) 17 +420 (2105 + 368} + 14) pal
- 5 (35@; + 630, + 26) I
o _ i i 15) it — (7@2 149% 6> 1
mb 12520 <6<I> + 120 +5) +840 + 140 +6) py
- (7<1>z + 1401 +6> s
1 2 : \ 2
w1 i : i 501 + 2240 + 120) pal’
miE = (12687 + 2708} + 145) 1 - = (10505 + +120) 1y
+ oo (108 + 14791 +78)
1 .
tw _ 7 i % 7 A 2
mity = 335 (42@ + 1059} +65)z ve (21@ + 500 +3o) 1]
+ 6 (35@1 + 77D +44> ol
1 4 1 -2 : -3
taw — i i A i i i
ity = s (605 + 150 +10) 1 — oo (79 + 160+ 10) pyl
41400+ 8) gl
+ 840(7@ L1408 + >/L1
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Table C.14: Elemental rotary inertia mass matrix in the (zy)-plane

. g —32
. PLALE D,

myel, ,q=1,2,...,12
LoyLoz [ P:Q] P.q

where the lower triangular part of the rotary inertia mass matrix [myyg] in (zy)-plane is given

by
T,V U 7,0 — 1 i2 3 i 12 3 i1 6 2 .
Myo = —Mgo= Mgg = Iy T,l 14%31 35 %2 gazll + 504201 sin? 1
— 1 ’i2 3 4 12 3 i 6 i.._g
T Sz ?l 12 yal' + 35 gayll T gayol cos? 4
L (- 1) I+ (80— T) 0y,
28 140 . s
mgy = —mgs = Euy =5 (7T@L = 5) az,l' + ) (20% — 1) a, sin®
U, _
I (58% — 1) azOu '
—— (B = 1) 1° + — (8DL —T) oy, 1P
218 ((PZ ) 140 ( ) O{y3
+ E ~75 (7®% — 5) ag, 1" + 0 (20 —1) oy, | cos®9
1 . .
g (684 1) gl
1 ¥ X2 1
TV v — %(3® +1) (4® +1>a33l . 21&
Mypo = —Mygg = Syy il 3 1 - sin
! 3 (7’9’@z -+ 1) OzZZF azl@" 0 (5@1 )OzzolZ !
1
[ BRI o (4@1 1) gyl 2
+ —zz 1 3 ) 1 . . COS ¢
—5 (721 +1) %ﬁ T G 1) ay,l
4; - (4@1 — 7O+ 4) - (14@ — 208 + 11) s, 183
1 .
myh = Zyy +'2%’6 (7@1 — 7% + 4) ul? - o (5c1>z — 200+ 2) a, It | sinZy
+55 (10@ 453+ 4) sy
4; - (407 — 781 + 4) 14— éZ@ (1408 — 2001 + 11) o
1 A
+ B | 4o (708 —70. + 1) el - = (50 - 20% + 2) g, li | costy

oo (10@2 + 53+ 4) e

231



< <2<I>z —2@2—1> -
miys = Eyy 40((7@ — 70 — :;) a1
507 ~ 50 — 1)

(28@’ ~ 280% = 11) a1

840 1
° i i ra2
~ %0 (5@ 5% 1) a1t | sin“vy

72

30
814 (2@1 — 201 — 1) - (28@2 — 2801 — 11) oyl
T 1310 <7<I)Z — 7%, - 2) ampz’ - 616 (5@2 ~ 5% — 1) QI cos?®

310 (508 - 52 - 1) oy,

;3

(28@ + 3201 + 13) syl

1 X
= (5@ + 40 +2) a,lt | sin?y

281<4q:>1 + 501 +2) 1 168

Mmyy1e = Sy +§E (7@1 + 798 + 3) azZ,l’
i2 i
+55 (10@ +50% +4) az

A
437 + 501 )zz“ﬁ——
281( & + 501 + 2 =

+ B | g (107 TP+ 3) gl —

+5 (10@5 450+ 4) gy

;_...\

(2898 + 320} +13) 0yl

1, | |
= (5@; + 4P + 2) ay I | cos?y

where

_ 1 rgy>2 _ 1 /1, \2
== (2 a = = = (%)
Yy L(Z)z ( I an Lgy [

and ry, and 7y, are radii of gyration about y and z-axes, respectively.

Table C.15: Elemental rotary inertia mass matrix in the (xz)-plane

;35
__, PpALY P o
{mr,'w] = LoyLozy [mp”QJ ’ p,q= 17 27 seey 12

where the lower triangular part of the rotary inertia mass matrix [mypj] in (zy)-plane is given

by
1. 3 .12 3 . 6 .
mg,}gu = —mg’g = mg),g/ = :yy _‘ZLQ 1_4'&22[2 + "?EQZQ - gazlzz ' + "5(/\’—2:()[Z ’ COS?¢
— 1 ) 3 H 12 3 ,i——l 1'—2 .
+ o Ze ;(751 ~ 7w + 350 T 5ayll + gayol sin? 1
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T8y = 5) azll — 5 (20, — 1) @z, cos®

v —1) oy, sin? 1

+ Ea |+
=+

myp3 = —Mylg = Syy 1

35 (7®; + 1) az2lz
1 i i3 _
L= 28 (305 +1) 1 - =

70! + 1) y,l? —

1 cos? 1)
10%@1 + 15 (505 1) oz
(4@; + 1) Qyq [*2

1 % 4
75 (6% — 1) gl

sin? 1)

@ -
35 ( 190 %y

1
840

1
T 7+ 4) l? — o (5@ — 20 + 2) ay I | cos?e

1
420

miy = Ew |
(10@ +55. +4) s

1 ,

43 — 7@ 4)114—-——— 1437 — 2087 + 11)
4201( Oy — TR F 340 (1 + )O‘yB
7 q 52 q i 7 tn2

515 (rey 7@ L) ol - (525 —20 L 2) ol | sin’y

(108 + 59 +4) ayy

(4@% T+ 4) 1 - — (1405 - 200} + 11) a1

130

—
+ Dz

30

= (2@1 — 20 — 1)1 - 8~— (280} — 280} - 11) 0z,
w — 1 . 1
mirs = By +T126 (785 78, — 2) cnl” = 5 (595 — 595 — 1) eI | cos

2

+35 (593 — 59} - 1) o 1
840

(208 — 205 —1) 1" -
—= (785~ 78} - 2) oyl - 2516

814 (2807 — 289} — 11) ¥

S (5@; — 50 ~ 1) oy, i | sin®%

.1
= ( 407 + 531 + 2) - (28@ + 3201 + 13) sl
Ll 1 |
mi, = By | 4as (7@2 + 70+ 3) wl’ = (5@1 + 491 + 2) ay,l | cos2ep
5 (10@1 + 50! + 4) azo
T 1 T 2 b3 ZB
= (10) + 50} +2) 1" - it <28<I> + 320}, +13) oyl

2
- » . 1 .
+ S| g (7O T 3) al” = o (507 + 49} +2) oy, 1" | sin*y

i? i
55 (1005 + 52} + 1) o,
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where the lower triangular part of the rotary inertia mass matrix [my"] in (zz)-plane is given

by

T' VW
mg'y

T, 0W
Mg o

oW

Mg 3

T'UU)
My g

Table C.16: Elemental rotary inertia mass matrix due to coupling in bending

oW

_ T, VW
= —my)g

oW
Mg 6

H
l

. T 0W
= —Myyg

Bt .
. pAsl" @, sin 2 v
m,vw] = 2LoyLoz [m;,qw] ) p,g=12,..,

12

—2Z

—yy

—zz

=Yy

—zz

ll":2 - —?—)—a It + ~1—2a
=myyt = By | Tg M e 351__22
—-galel + gaZOl
lliQ 3 ZZ 12a
= 7 14 Yuat T gy e
= 3 i 6 i
“gayll + gayol
i 1 Q 1 i B
281(@ P11 - 140 (18<I> ~7) az312+76 (781 ~ 5) oyl
1
T (23, — )azl = (58 — 1) s,
2 4 i2 1 % i
5 (@ -1 140 (18<I> =) ayal” + =5 (7%} = 5) ayl
. .
~75 (28] — 1) ay, + 55 (52} — 1)
i i 1 i 1
55 (3@1 +1) 17 “i’é (401 + 1) az,l” + o2 (70 +1) syl
1 Oaa@ o (5@2 1) gl
1 % 1 i %
283(3@1 +1) 111 % (4c1>y +1) g " + 25 (78 + 1) oy,
5o @y + 75 (60 — 1) eyl
1 1 B i i2 o T i
“515 (@1 —1) 1" + 14 (8BL —7) 0zl = (T@L — 5) @zl
i1
o5 (201 - 1) sy = i 75 (59% — 1) syl
1 . a1 ‘
T (et — 1) 1" (8@ —7) ayyl? — =5 (781 = 5) oy, l!
. L1
+15 (20 — 1) O~ 15 (5L — 1) oy, l*
~ 130 1)1 4 L (4 4 1) P — o (780 +1) au,l
T 2 1 35
*i—il‘d(lzl@zz *1—0 (5@21— 1) CYZOZZ 1
5 (30% + 1)1 + 55 (481 + 1) oyl — o= (70 +1) ey, I
: . 1 ;
+Iaayl@; 0 (5@; — 1) Qo l*
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oW

Mg 5

T’U’LU
My 5

7"()7.1)
™16

= gy

Yy

—yy

—zz

vy

—zZZ

-3 %O (80: 9%

YO (1408 ®% — 784 — T8 + 8) a, I +

—6—Q (20@% ®L + 5B, + 5B% + 8) ay

“87%6 (801 ®% — 708 — 7DL + 8) I + @6 (1401 @i — 1007 — 10® + 11) oy, I*°
412 5 (14930, — 7%} — 79} + 8) a1 + o5 (5P, 2L — @} = B} +2) oy,

~— (209} DL + 5P, + 5P + 8) oy,

-1 ?8 (49% 9% + @} : 5®% — 23 1" *‘12’321'6 528@1 <I>zz+ 4@1: 320} —111) ayl”
— g (79,0 =79 - 2) o, 1" + o5 (09,1 — &y =40 — 1) o]

—69 (10®] ®% — 5P% — 5DL — 2) oy 1 ‘3
B o i b ret
]140 % 60 y A% v

(1001®% — 58 — 5% — 2) oy,
1?8 (498 ®% — 50, + % —2) ' + 5371'6 (2801 % — 3207 + 4D — 11) a1
1140 (79} % -—7@; ~2) %lz o5 (620L — 40 — @} — 1) o, !
-3 9 (1093 ®% — 5&% — 5L — 2) ‘3
1?8 (493 % — 507 + Bi — 2) I + % (2808 ®L — 328, + 4B% — 11) auy, !
1140 (79, @ - 7@; -2) %N &l (5®% L — 407 — BL — 1) oy, I
— 55 (100,8% — 58} — 50; — 2) ay,
5}3— (80%®L + 5®F + 58 +4) I + T6_8 (58@ L + 160 + 1697 + 13) ol
—5 (149, 2% + TP} + 7T+ 6) az,l” + 55 (B0, + 20 + 28 + 2) az, I
—10- (209 ®% + 587 + 5% + 8) o
%6- (801 % + 50 + 5P +4) I + ~—é—8- (38@’ oL + 160} + 16} + 13) ayg’zis
26 (1422 @ + TP% + 7B + 6) oy, 1 + 55 (6%, L + 28, +20% +2) ey, I
~55 (209! @ + 5P}, + 5% -+ 8) ay,

— 7% - T®L + 8) 1" + 1498 @8 — 1087, — 1097 + 11) o, I¥

840 (
og (5219% — &) — &L +2) o, '




Table C.17: Elemental Coriolis matrix

[E’i}zw[l}, p,g=1,2,..,12

1 )
LoyLoz Pa

where the lower triangular part of the matrix [c} ] is given by

4, = 4;0 (1495 +13) 1 4 L (@1 4 1) gyl '@% (2085 + 21) 1y
i = —52115 (7®% + 6) 1 + -é% (B +1) ppl®* — 75 (5L +6) '
Gy = _?4'26 (210} +22) 17 é (L +1) pylt - % (109% + 9)
clpy = 820 (70% +8) 1" ~ 36 (@ +1) ™ + 120 (5% + 4) uyl*
chy = oy (104517 — o (505 +4) ol + .6—16 (108 +9) g

chy = g (T84 4) 07 — = (301 42) ol + = (585 + 4) b
chr = —% (149% +15) 17 + 31—0- (15%% + 16) pli — 616 (20®% + 21) 1,
clyr = 4;) (7®% +10) I — o (3@@ 4l + 120 (5L +6) i I°

{@} =208, sinpeosyp [2,],  pg=1,2..,12

where the lower triangular part of the matrix [ 5. ] is given by

1 ,L'4 2 ’i3 1 1 1 i 1
CE,Z :C%A = Fyy é'é‘l —gg(lzal loaz2l 50&le ‘*‘50&20
1 2 3 1 ;2 1 ;
—= Te églz 350@3[ 10ay2l gayll + §ay0
3 1 1 7:3 1 ,1:2 3 i 1
0%0,2 = Ty Q_él *“7-&231 +~5a221 10 - +2a20
3 ’L 1 ’i3 ’iQ 3 i 1
I §§l - ‘7'C¥y3l +%ay2l ¢ pnlt+ 5%
L) - (7B = 5) gl (208 — 1) o, 1
N R L TR
| 0 (59% ~ 1) azlll =5 (401 4 1) a1
(2 'L 3 7:4 1 : ’ia
. rzz 849 (8® - 7) - 420 (17® ) aygl + '676 (2®z — 1) C(y2l
60 (Oq)l ) yl Zl 12 (4@1 -+ 1) Cszol
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1
2,, = T, | 168 (423 +1) 27 “5{6(7@’ F1) @l + o, B
12,4 Yy ; 2 ; ;
“66 (5L — 1) oy +75 (2@ 1) oz, l°
1 .
_r 16§ (422 + 1) 07 210 (725 + 1) gyl + o504, ®LL°
~ 50 (507 — 1) oy 17 + o (207 — 1) oy, I
(4% —5) 1" + (7®% — 8) a,li" — 1 (@ —1) o, ¥
dos = Twy l168 21q ¢ 20 V7 &
’ (53 — 4) a1 — (2@1 ) gyl
[ — kA ‘Z -_1- 4 _ 23
- T, 1168 (192 —5) 1" + 210l 8) ayal” — 75 (B2 — 1) gl
(5BL — 4) ay, 1" — = (20} — 1) ay,
3. 1 . .
0%0,8 = Fyy ’—‘2—8114'{“?&%[23—-5&22#2 100521lz 2aZQ

3 . ]_ .3 1 ) 3

- 1= “§8~lz4 + ?ayall - gawll 10%1[ = 5%
t — _}_ i 4 _1_ ; 8
0%2 w = Ty 561(8® i 5)1 42 (7? i 4> ol 10 (2®z + 1) Qizyl
’ 1 2 i i
'1?36 (592 +2) azlll "1 (4" +1) ot
49 + 1) O‘yolz

~5 (5@; +2) 0y, 17 + o (

[E'NLJ = QQpCID @, peg=12,.,12

where the lower triangular part of the matrix [cg’q} is given by

1 2 2 1 2 1 ;1
62,3 = 68,4 = Fyy —2—§lz 35 ZB‘Z 1Oa22l 5azll + _2—a20 COSZ w
1 4 2 33 1 ,L‘Z 1 i 1 .
+ Ty §§l 35ay3l 100@2[ - gayll + 5% sin? 1
3., 1 B 1 2 ; 1
C§0,3 = *011)’0,9 = Dy §§l ‘"?azgl +50z:421 0 oz '+ 5% cos? 1
3 1 3 1 2 1 ,
+ T2 -Q—él’4 - ;ayglz + gay:,l 100‘y112 + 5% sin? 1
1 7 l’L 7 7:4 1 7 13
s | 5 8% +Ziz—q (7% = 5) et ~ 5 (22 — 1) ezl
54 T tuyy 1 ; 2 .
60 (5®; — 1) az,l (49], + 1) ag,l*
1 7 3 4 1 7 ,L'3
T 8140 (89 —7) 1" +——— (7@ —5) ay, -5 (207 — 1) oy,
+55 (5%% — 1) oy, 17" — o (498 + 1) ay,l*
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(45 + 1) 1° 4 — (70, + 1) 0y ' — =1, B
C:ij’l,4 = Iy ]168 ) 21q 3 20 2 Coszw
5@1 ) al* 2(1)1 ) azl!
) ; 1 ; 1 i7i3
+ T.. 1168 (425 + 1)1 + 21 (7<1> 1) ol = o, By sin4)
5@2 ) y1l E (2@; - ) Olyolz
i i 1 i ——1— P @
oy = Ty 16§ (4@ - 5)1" — 210 (17(1) —8) asl” + 20 ((I)y ) ezl cos?
| - (585 - ) w + 35 (225 — 1) el
1 i i o = l '
+ T 16§ (a2;, —5) 1 210 (7@ = 8) el + 55 (2 ~ 1) el sin® ¢
zZz 1
60 (5@1 4) Qyy ll 2 (2@; — 1) ayoll
1 i [l i a : g
S .= T, | 36 (80, +5)I" + 55 (7@ +4) anl” — 5 (2% 1) ol cos® 9
11,10 vy 1 i 2 _ 1 : ‘
+_21_O (5® + 2) O(le 12 (4@y + 1) azol 1
) 5 ; 4t i i
+ .| (8 +5) " + 5 (79 + €) gl — 55 (20} + 1) sin? ¢
g (59 +2) oy I — 5 (40 + 1) agll

Table C.18: Elemental centrifugal inertia term (quadratic velocity term) {m;'zo ]

[MRge) =

PXoA D
120Loy Lo,

]:m;?:;e} ? p7q = 17 27"" 12

where the nonzero entries of the lower triangular part of [m

Roe
mya

Roe

mfse = -2 (501 +4)1°

Roe

mise = — (304 +2) 17

Ree __
77171 =

Roe

mfse = =2 (1501 +16) ” -

Ree __

mls = (301 +4)17

=10 (1+ &) (zig — Al + 6#1) cos Ot

10 (1+@%) (3" = 8yl + 6y ) cos 1

T
where [ Xo, 0, 0 } are the co-ordinates of {Ro}.
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Roe
p)

o ] are given by

— 2 (100} +9) pipl? + 30 (@ + 1) py ) sin

— 2 (5P + 4) ol +10 (@ + 1) M‘) sin Ot

2 (200 +21) pol’ + 30 (@ + 1) py ) sin Ot

— 2 (5%% +6) il + 10 (DL + 1) Mzi) sin



Table C.19: Elemental centrifugal inertia term (quadratic velocity term) [mﬁpoJ

TPoe

[mpg ] , pg=1,2..12

) px;Aoligi cos ¢
{ ”’oe] ~ 120L,y Lo,

where the nonzero entries of the lower triangular part of [m;fj;e} are given by

m(7ee =10 (1+ &1 <zi2 N 6u1)
mie =10 (1+ @%) (35 = 8yl + 61y )

(e}

T .
where [ 2t 0, 0 ] are the co-ordinates of {r})o}.
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