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The simulation and control of vortex shedding patterns are discussed using a viscous
cell boundary element method, a proper orthogonal decomposition method, reduced
order model techniques and trust-region framework modelling.
Vortex shedding characteristics are investigated numerically for steady Sow past
two stationary cylinders of equal diameter at a critical gap spacing of 0.9 to 1.10, in
increments of 0.05 and the analysis is extended to the study of Hows around rotating
cylinders.
The Viscous Cell Boundary Element Method (VCBEM) developed by Tan et al.
(1999) is modihed to incorporate the study of rotating cylinder problems and this
has proved successful in reproducing the detailed flow characteristics of experimental
observations, correlation with theoretical predictions produced by other methods and
experimental measurements of drag and lift coefficients over a range of Reynolds number. This has been achieved through a primitive variable formulation of the hybrid
approach involving boundary element and hnite element methods. The Huid domain
is idealised by an unstructured mesh and the relevant boundary conditions for the
rotating cylinder incorporated into the VCBEM code through development of suitable
numerical schemes of study. Numerical predictions are presented for flow patterns
involving different arrangements of twin rotating cylinders and the simulation results
are discussed.
A brief overview is presented describing reduced order modelling techniques applicable to Navier-Stokes equations with particular focus on the proper orthogonal
decomposition technique and its application to rotating cylinders. A control function
approach is formulated for this class of problems and validation studies are conducted.
Trust-region augmented reduced order modelling techniques are adopted for optimal control of vortex shedding in the wake of a cylinder by imposing a time dependent
angular velocity on the cylinder. The application of these techniques to design feedforward and feedback controllers is examined to achieve vortex suppression.
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Introduction
1.1

A Brief Overview of C o m p u t a t i o n a l Fluid Dynamics (CFD)

Computational Fluid Dynamics (CFD) provides a good example of the many areas
that a scientific computing project can touch on. Fluid Rows are modelled by a set of
partial diS'erential equations, the Navier-Stokes equations and no closed-form solutions
exist except for special cases. This fact was one of the motivations for the development
of computational techniques.
Solving a particular problem using CFD model generally involves Arst discretizing
the physical domain in which the How occurs, such as the interior of a turbine engine
or the radiator system of a car. This discretization is straightforward for very simple
geometries such as rectangles or circles but it is a diGcult problem for more complicated
objects. Currently automatic 'mesh generators' are simply not adequate for arbitrary
shapes, requiring extensive investment of time on the part of the scientist or engineer.
This leads to problems in human-computer interfaces (HCI), as well as fundamental
problems in graph theory, since the resulting discretization produces a mesh that is
best dealt with as a graph as discussed by Kesselmann (1999), Bramley et al. (2000)
On the discretized mesh the Navier-Stokes equations take the form of a large system
of nonlinear equations. Transferring from the continuum to the discrete set of equations is a problem that combines both understanding the mechanisms of the physical
flow and numerical analysis. For example, it is important to maintain conservation
of mass in the discrete equations. To each node in the mesh are associated very
many variables such as pressure, three velocity components, density, temperature, etc.
Gresho et al. (1980), Zienkiewicz et al. (1990), John (1995), Versteeg & Malalasekera
(1998), Kesselmann (1999) to name but a few, have discussed in detail the implementa-
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tion and incorporation of the degrees of freedom and the involved mesh discretization
techniques and procedures. Furthermore, capturing physically important phenomena
such as turbulence requires extremely hne meshes in regions of the physical domain.
Currently meshes with 20 000 to 2 000 000 nodes are common, leading to systems with
up to 40 000 000 unknowns (Kesselmann, 1999, Dutto et al., 1997).
The system of nonlinear equations is typically solved by an iterative method, which
in turn requires solving a large, sparse system of equations at each step. Sparsity here
means that the matrix of coefficients for the linear system consists mainly of zeros, with
only a few nonzero entries. With 4 x 10^ unknowns, clearly we cannot store the matrix
as a 2D array with 16 x 10^'^ entries!. To store the coefRcients needs development of
efficient data structures which require little overhead storage but allow the necessary
manipulations to be performed efhciently (Dutto et al., 1997).
Methods to solve large sparse systems of equations were always at the forefront of
mathematics or computer science, since they are often the most time-consuming part
of the program, and because the ability to solve them is often the principal limiting
factor in the size of problem and complexity of the physics that can be handled (Chang
&: Song, 1990). Direct methods, which factor the matrices, require more computer
storage than is permissible for all but small problems, hence limiting the application.
Iterative methods use less storage but suffer from a lack of robustness: they often
fail to converge. The solution is to premultiply the linear system by some matrix
that makes it easier for the iterative method to converge (Bramley &: Sameh, 1992,
Meijerink &: Van der Vorst, 1977, Dutto et al., 1997).
CFD problems are at the limits of computational power, so parallel programming
methods are used. This introduces the research problem of how to partition the data
to aasign parts of it to diEerent processors; usually domain decomposition methods are
applied. Domain decomposition is often expressed as a graph partitioning problem,
with roughly the same number of nodes in each partition set. An additional problem
with parallel programming is that the better methods to solve the resultant linear systems often have inherently sequential characteristics, while parallel solution methods
are not robust enough to tackle real world problems (Dutto et al., 1997, Kesselmann,
1999, Bramley et al., 2000).
Once the solution is found, analyzing, validating, and presenting the results calls
into play visualization and graphic techniques. These techniques are useful for more
than just viewing the computed Sow held. Visualization can help with understanding
the nature of the problem, the interaction of algorithms with the computer architecture, performance analysis of the code, and, most importantly, debugging!
This discussion of CFD indicates where computer science and mathematics come
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into play: graph theory and algorithms, numerical analysis, parallel programming,
graphics and visualization are all needed here.
The evolution of Huid dynamics dates back through past centuries. The foundations of experimental Huid dynamics have their origin in the 17th century. The 18th
and 19th centuries saw the development of theoretical Suid dynamics. The historical
perception of the evolution of fluid dynamics is presented in the works of Rouse et al.
(1957), Tokaty &: Foulis (1971), Kothari &: Anderson Jr (1985). As a by-product of
these developments, the 20th century saw fields of Huid dynamics through the growing
maturity of, pure theoretical and pure experimental approaches.
CFD has a new '(/tzrd opproac/;' in the philosophical study and development of
the whole discipline of Euid dynamics (John, 1995). CFD is a judicious blend of the
two discrete approaches i.e pure theoretical and pure experimental. It synergistically
complements the two approaches of fluid dynamics. CFD is the analysis of systems
by means of computer simulation involving Suid Bow, heat transfer and associated
phenomena such as chemical reactions (Versteeg & Malalasekera, 1998).
CFD is used as a research tool to enhance the knowledge of physical phenomena and
it is also used to interpret experimental data. The numerical experiments conducted by
Kothari & Anderson Jr (1985) on the Wortmann airfoil for subsonic compressible flow
helped to elucidate physical aspects of the Sow 6.eld for the How regime of jRg = 10^.
The numerical experiments showed a flow separation over both top and bottom surfaces
of the airfoil with the turbulence model switched off, even though the angle of attack
was zero. The investigation, comparing the wind tunnel observation with CFD results,
concluded that flow over an airfoil in the wind tunnel experiment was turbulent as
discussed by Kothari &: Anderson Jr (1985), Pohlen &: Mueller (1986). The advent of
modern computers have enabled CFD to become an industrial tool in the analysis and
design of structures. Using a finite volume explicit numerical scheme developed by
Jameson et al. (1981), Bush et al. (1986) provided the detailed flow field and pressure
distribution around a high-speed aircraft such as a Northrop F-20. This is of great
value to engineers in designing the structure of the airframe to withstand expected
aerodynamic loads.
A typical CFD code has three components such as preprocessor, solver and post
processor. Preprocessor provides input to the Sow problem, which is solved using
various numerical schemes in the Solver and the output of solver is processed by the
Post processor for presentation and graphic visualization. Post processors play a key
role in communicating the large volume of CFD data and help to derive a physical
interpretation of the processed data (Versteeg & Malalasekera, 1998)
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Applications of CFD

CFD has a wide range of applications and is a multi-disciplinary activity in engineering
and science (Bewley, 2001). Modern CFD cuts across all disciplines where the How
of a fluid is important (John, 1995). The applications include, aerospace engineering
(Jameson et al., 1981, Kothari &: Anderson Jr, 1985, Pohlen &: Mueller, 1986, Bush
et al., 1986, John, 1995), automobile design (Shaw, 1988, Matsunaga et al., 1992)
and internal combustion engine applications (Grifhn et al., 1978), casting techniques
(Mampaey &: Xu, 1992), manufacture of ceramic composite materials (Steijsiger et al.,
1992), dredging operations (Toorman & Berlamont, 1992), air currents in buildings
(Alamdari et al., 1991) etc.
CFD is a major tool in solving aerodynamic, hydrodynamic and fluid-structure
interaction problems. It haa its applications in marine engineering and naval architecture. CFD is used in the analysis and design of underwater structures, offshore
platforms, ships, submarines etc. The varied applications of CFD are discussed in
detail by many authors, for example, John (1995), Gad-el Hak (1996), Bramley et al.
(2000), Verstecg &: Malalasekera (1998) etc. to name but a few.
This thesis looks into the application of CFD as a research tool, investigating one of
the many caaes of fluid-structure interaction problems involving underwater structures.

1.3

Problem of Interest

The analysis and design of marine structures continues to be an interesting and challenging area of research. It is of prime importance to evaluate and predict Suid forces,
structure and Suid interactions and the resulting responses of the fluid and the body.
The fluid and body obey their respective laws of motion when analyzed separately,
but the fluid-structure interaction causes significant changes in their behaviour. Such
complex phenomena involve flow separation, vortex shedding, turbulence etc. which
are explained by Duncan et al. (1970) in mechanics of fluids, Batchelor (1971) in describing principles of fluid dynamics, Barltrop & Adams (1991) for the dynamics of
marine structures etc. Currently, the complete prediction of these phenomena is not
practically feasible because of computational limitations (Homescu et al., 2002). Reduced order modelling technique based on proper orthogonal decomposition has been
proposed and developed to analyse the structure and their interactions with the fluid,
see for example, Deane et al. (1991), Berkooz et al. (1993), Dowell (1995), Graham
et al. (1999), to name but a few.
In order to simplify the analysis the fluid is assumed isothermal, incompressible.
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homogeneous and Newtonian. Even with these simplifications, the prediction of fluid
behaviour is complicated, for the Hows encountered range from low to high Reynolds
number and the arbitrary shaped bodies can have low or high aspect ratios (eg. hydroplanes on submarine) or bluff, as in tubular structure of an off-shore platform
(Morison et al., 1950, Sarpkaya &: Isaacson, 1990, Hatton, 1999).
This domain of fluid problems is well beyond the established theoretical techniques
of potential How or boundary layer flow because these Hows involve viscous phenomena such aa separation, vortex shedding and turbulence. To overcome these theoretical
difRculties experimental and empirical approaches were the only means to develop design procedures (Morison et al., 1950). For most practical cases, where gravity and
unsteady effects are negligible, nondimensional Reynolds and Mach numbers need to
be matched to consider two different Hows to be similar. For many Hows nondimensionalization of the Navier-Stokes equation leaves the Reynolds number as the only
independent parameter involved. Equivalent results can be partially derived from experiments by using scaled models, when the body shape is known. Such experiments
are of great value in design but most Hows do require several dimensionless parameters
for their specification and it is difficult to achieve in experimental studies. A possible
implementation of the scaling principle is seen in water or wind-tunnel testing where
the model scale diHers from the actual How conditions. For example, the testing of
airplanes at a smaller scale (e.g., 1/5-th scale), results in increasing the airspeed or air
density (e.g., by a factor of 5) to maintain the same Reynolds number. The increase
in airspeed results in unreasonably high Mach number and the other alternative of
reducing the kinematic viscosity z/ by compressing the air is applicable only in a few
wind tunnels (Josesh &: Allen, 2001). Hence, in most cases matching both nondimensional Reynolds and Mach numbers is difHcult if not impossible. The other possibility
of changing of Huids in test conditions to scale the models are used in wind tunnel
experiments of submarines. The kinematic viscosity ratio of 1:15 for water to air is
used to develop a l/15th-scale submarine model to test in a wind tunnel at true speed
conditions (Josesh & Allen, 2001).
Booth &: Bishop (1973) discuss the use of a planar motion mechanisms to determine
experimentally slow motion manoeuvring derivatives associated with a submarine operating in a viscous Huid. Empirical approaches allow predictions of responses aa in
the case of vortex induced vibration occurring in oscillatory systems (see, for example,
Blevins (1990)) or Morrison equation in the design of offshore structures (Morison
et al., 1950).
The report of Sainsbury & King (1971) on building an oil terminal jetty from steel
piles which was fraught with difHculties during the construction phase, gives us some
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insight to the problems faced in marine construction.
During the construction phase, newly driven piles experienced a tidal current of 5
knots which resulted in vortex shedding of the piles and because of the low natural frequency of the submerged structures the phenomenon known as 'lock-in' was observed.
Piles of great lengths broke at the sea bed unless restrained during construction. This
vortex induced vibration affected any group of piles which were cantilevered to the
How. Strut stiffening was one of the practical solutions adopted to rectify the problem
in the low tide case before evaluations were carried out for forces and the effect of
currents on the new stiffened braces.
Research was initiated to give further insights to the problem. There were concerns
about lock-in phenomenon even at low frequencies when concrete decks were placed
on the piles to carry oil flow in pipelines. The project continued with all encountered
difficulties and various problems were successfully sorted out. The difBculties faced
during the construction are detailed in the study of Farrant (1998) into the dynamic
interactive behaviour between groups of circular cylinders and viscous Sows. Both
Morison et al. (1950) and Sainsbury & King (1971) reported that their analysis was
based on a single pile in isolation and considerable changes in dynamic behaviour are
observed when pile groups or bracings are involved.
To assess the practical aspects of the real life problem as reported by Sainsbury &
King (1971), the problem is simplihed and idealized by examining through simulations
of the dynamic behaviour of groups of cylinders. The current research is focused on
the analysis and simulation of vortex shedding patterns from various arrangements of
cylinders and the development of flow control strategies when imposed rotations are
applied to the cylinders. A reduced order model is developed to analyse the system
incorporating active control strategies and techniques to suppress the vortex shedding
phenomena for a given Reynolds number flow range.

1.4

Numerical Methods in Fluid Flow Analysis

Closed form solutions to real engineering problems are not usually available except
for simple systems. Nonlinearity in the system and arbitrary geometry are major impediments to derive analytical solutions. The advent of high speed computers has
provided the means to solve problems using discrete numerical models consistent with
continuous systems (Bramley et al., 2000). A number of distinct numerical methods have been developed containing a fully Hedged framework of analysis and coding
procedures. Some of the principal techniques are as follows:
# Finite difference method
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# Finite volume method
# Finite element method (FEM)
# Boundary element method (BEM)
A general introduction to the Boundary Element Method (BEM) is described by
Brebbia (1978), Brebbia & Walker (1980a,b) and a review of the other three, called
'domain methods' is given by Hirsch (1988).
The finite di^erence method waa the first to appear with derivatives in the governing equations replaced by incremental differences using Taylor series expansions.
This has a limitation in dealing with a complex geometry because of the division of
the domain into a block structure.
The Finite Volume Method has evolved from the finite difference method. The
formulation is based on finite control volumes in the integration of the governing
equations. There are two forms of hnite volume method as discussed by Hirsch (1988).
That is,
# The structured mesh form has great similarity to the hnite difference method
and uses a block structure approach to mesh generation. Each block should
have a quadrilateral topology when applied to a two-dimensional problem and a
hexahedral topology in a three-dimensional problem.
# The unstructured form has the advantage of flexible mesh generation but haa
complications in aspects of coding.
The Finite Element Method (FEM) was developed by Argyris & Scharpf (1969)
and Zienkiewicz (1977) to solve structural analysis problems and in general is used to
solve field equations describing continuous media. FEM is widely used and perhaps the
most able one to cope with arbitrary boundaries. Gresho et al. (1980) applied FEM
in an incompressible viscous flow analysis. Later FEM waa applied by Zienkiewicz
et al. (1990), who developed an algorithm for compressible and incompressible fluid
flow problems.
In FEM, the integral equation is formulated using the method of weighted residuals. The integral equation is then transformed to a set of algebraic equations by
incorporating weighting functions and interpolation functions. The Galerkin method
(Van de Vosse et al., 1986, Hirsch, 1988, Li et al., 1991) is a popular form of FEM used
in fluid Sow analysis and its main disadvantage lies in the computational cost to solve
simultaneous equations having large bandwidth (Chang &: Song, 1990). These three
methods are classified as domain methods, in which the entire domain is discretized.
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The Boundary Element Method (BEM) originates from the formation of a weighted
residual integral equation, incorporating the linear differential equation to be solved
(Brebbia, 1978, Brebbia &: Walker, 1980a,b). The integral equation is integrated by
parts to eliminate unknown derivatives from the original equation. This results in
the diEerentiation of the weighting function. The selection of the impulse response
function of the system as the weighting function (i.e. a fundamental solution) results
in an expression involving boundary integrals only. This is achieved because of the
analytical integration of the domain integral and the remaining equation is discretized
to form a set of algebraic equations whose coefficients are determined by boundary
integration. The advantage of this method lies in the reduction of dimensionality of
the problem.
The extension of Boundary Element Method (BEM) to non-linear problems is a
complicated mathematical process. Tosaka &: Kakuda (1988) proposed a subdomain
(cell) approach. The non-linear governing differential equation is linearized in the cell
by applying BEM and the global domain is assembled using continuity equations valid
in the subdomain. This subdomain form of BEM is referred to as a Cell BEM and
details of the mathematical formulation are explained in the Chapter 2 of this thesis.
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Reduction Methods and Flow Control

The development of e&cient numerical schemes for optimal flow control is a topic
that has attracted much attention in recent years. One major challenge in this area
arises from the fact that, in practice, computationally expensive high-fidelity models
are required to analyze the behaviour of controlled Hows (Homescu et al., 2002). To
overcome the computational obstacles to flow control, the idea of constructing computationally effective reduced order models has been pursued in many recent studies;
see, for example, Deane et al. (1991), Ravindran & Ito (1998), Tan et al. (2000).
A popular model reduction technique which has been applied with some degree of
success is the proper orthogonal decomposition (POD) method discussed by Sirovich
(1987), Berkooz et al. (1993), Ravindran (1999). The reduced order models based
on proper orthogonal decomposition approach are developed and used in lieu to computationally expensive high-fidelity models. On applying the proper orthogonal decomposition method to Eow field data, dominant energy-containing structures can
be extracted. A reduced order model (ROM), can then be constructed using these
structures as basis functions.
Sirovich (1987), Deane et al. (1991), Berkooz et al. (1993), Graham et al. (1999)
and many other researchers have applied proper orthogonal decomposition to Huid
problems to investigate the behaviour of coherent structures in fluid flows. The reduced order model is constructed using basis functions computed by proper orthogonal
decomposition, applied to the flow-field snapshots predicted by the full-order Navier
Stokes (NS) equations for a baseline control input. Dominant structures contain most
of the energy in the flow and therefore a limited number of dominant coherent structures are used in the proper orthogonal decomposition model construction. A proper
orthogonal decomposition model based on a particular

might be

ineffective when driven from the original state to an optimal state owing to the effects
of control spillover which can potentially make the higher modes unstable. One way
to circumvent control spillover is to interleave the full-order Navier-Stokes equations
and the reduced order model during the optimization process.
Alexandrov et al. (1997) proposed a globally convergent trust-region framework to
interleave exact and approximate objective function models in numerical optimization.
The trust-region framework can be interpreted as an adaptive method to monitor a
measure of optimization of the approximate model and by comparing the approximate
model prediction with an exact value periodically, the information relating to accuracy
of the reduced order model is obtained. This information can then be employed to
decide the move limits (i.e. adaptive radius of trust region) to be enforced in the next
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optimization iteration, aa well to update the approximation model. More recently,
Arian et al. (2000) showed that under some mild assumptions on the accuracy of the
reduced order model, convergence to the high-fidelity optimal solution can be guaranteed. Recently, the trust region framework interleaving exact and approximate models
has been successfully implemented for the suppression of vortex flow as discussed by
Ravi et al. (2002).

1.6

Outline of Thesis

The simulation and control of vortex shedding patterns behind cylinders in a viscous
Huid flow are described in this thesis using a viscous cell boundary element method and
reduced order model techniques. Tan et al. (1999) developed a cell viscous boundary
element method (VCBEM) to solve Navier-Stokes fluid flow problems and this haa
proved very successful in solving fluid-structure interaction problems involving multibody conAgurations as discussed by Farrant (1998), Farrant et al. (2000, 2001) and
Uzunoglu et al. (2001). The numerical scheme of study described is a hybrid approach
combining boundary element and hnite element methods. The boundary element is
applied to Suid cells idealizing the fluid domain through an unstructured mesh and
global equations are derived adopting finite element procedures.
Chapter 1 looks at CFD as a research tool to solve problems of fluid mechanics
and poses practical aspects of a real life problem as reported by Sainsbury &: King
(1971) namely, the building of an oil terminal jetty from steel cylindrical piles which
waa fraught with many fluid-structure interaction difficulties during the construction
phase. The problem is simplified and idealized by examining through simulations of
the flow around cylinders.
A Viscous Cell Boundary Element Method (VCBEM) is applied as a CFD tool
to investigate incompressible viscous, Sow past two parallel stationary cylinders of
equal diameter at a critical gap spacing (/* =0.90 to 1.10. At this critical gap, vortex
patterns show dependence on the spacing factor which also relates to the interaction mechanism and vortex shedding frequency. Simulations of the Sow past the two
cylinders by using VCBEM are analyzed in Chapter 2. In this critical Sow zone an
interchange of in-phaae and anti-phase wake flows is observed in an irregular manner.
The switching mechanism between the states is investigated. Probability and power
spectral analyses are presented to illustrate the statistical characteristics of the drag
and lift Sow parameters and vortex shedding patterns aasessed through examination
of their frequencies (Ravi et al.. Under review).
The analysis is extended to study flow around twin rotating cylinders of equal diam-

1.6.

O U T L I N E OF THESIS

^

eter in Chapter 3. The Viscous Cell Boundary Element Method (VCBEM) developed
by Tan et al. (1999) is modihed herein to study rotating cylinder problems. This
has proved successful in reproducing the detailed How characteristics of experimental
observations and theoretical predictions produced by other methods, over a range of
Reynolds number. This success has been achieved through a primitive variable formulation of the hybrid approach involving boundary element and finite element methods.
The Huid domain is idealized by an unstructured mesh and the relevant boundary
conditions for the rotating cylinder are incorporated in the VCBEM code with the
development of suitable numerical schemes of study. The presented computed unsteady How simulations provide verihcation and validation of the proposed approach
as measured against other theoretical Endings and experimental observations. The
confidence developed in the proposed VCBEM approach after validation studies has
led to its extension to the study of twin cylinders in side-by-side or tandem formations.
Time-dependent boundary conditions are implemented on the cylinder and integrated
into the VCBEM code. The effects of key Sow parameters, characteristics of drag and
lift Bow parameters and vortex shedding patterns are discussed.
In order to control the vortex shedding from the rotating cylinders reduced order
models are developed which are amenable to the development of a control strategy.
Reduced order models (ROM) are investigated and discussed in Chapter 4 by applying
a proper orthogonal decomposition (POD) method and also the different methods for
reduced order modelling applicable to the unsteady Sow model are described. A proper
orthogonal decomposition (POD) method is used to investigate the surrogate reduced
order models (ROM) of the vortex shedding wake exliibited behind the rotating circular
cylinders. The method is found to be very effective in deriving coherent structures of
reduced order model to describe vortex shedding processes.
A control function method based on proper orthogonal decomposition was adopted
for the analysis and a procedure developed to validate the reduced order model. This
approach is used to develop an optimal control strategy of vortex shedding through
adoption of trust-region augmented reduced-order modelling techniques as described
in Chapter 5. The model problem under investigation involves suppressing Karman
vortex shedding in the wake of a circular cylinder by imparting time-dependent angular
velocity to the body. The application of trust-region methods integrated with reduced
order models based on proper orthogonal decomposition is demonstrated through the
design of feedforward and feedback controllers to achieve vortex suppression. In this
chapter validation of the proposed trust region approach is carried out for the domain
of applicability and different Reynolds number flow regimes. Chapter 5 also addresses
aspects of control application for the wake of a circular cylinder with an overview of
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How control. A brief summary of objectives achieved and conclusions derived from
current research are presented in Chapter 6 with the paradigm of future research.

Analysis of Stationary Cylinders at Critical
Gap Spacing
2.1

Introduction

Viscous fluid flows around cylinders exhibit a plethora of huid mechanics phenomena
including flow separation, vortex shedding, turbulence, etc. They are of significance in
predicting the loads on structures subject to fluid motion as discussed by Hatton (1999)
for the design of deep water floating oil production systems involving risers, tension
leg platforms, fixed jacket structures, etc. For such conhgurations a two-dimensional
analysis flow around cylinders is considered sufficient for the evaluation of the forces
acting on these cylindrical offshore structures since the vertical component of velocity
is neglected as discussed by Zhou & Graham (2000).
Vortex interactions with foils, blades or cylinders can result in signihcant changes in
the velocity held, vortex shedding from the body surface and damage to the structure.
For example, vortex shedding and interaction cause distortion to the local heat transfer
mechanism as in the case of turbine blades. Rockwell (1998) reviews the challenging
problems arising from the interaction of vortices in three-dimensional how and the
resultant local loading.
Direct Numerical Simulation (DNS) of the Navier-Stokes equations to analyze the
vortex dynamics of Suid-structure interaction is limited to moderately low Reynolds
number (j^g < 10000) unless sub-grid scale turbulence models are used as discussed
by Cheng &: Armheld (1994). This technique complements previous approaches to
examine vortex shedding and wakes by Mair &: Maull (1971), Bearman & Graham
(1980), Ortel (1990), to name but a few.
In general, a shear layer in a how is convectively unstable and pertubations intro-
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duced by the presence of various bodies result in resonance when sustainable oscillations are reached as evidenced by Ortel (1990). The location of shedding frequency
due to hydrodynamic resonance is the point of transition from absolute to convective
instability as discussed by Koch (1985, 1986). The wake tone is a function of the
distance of separation between the bodies in the Sow held and this forms the basis for
three-dimensional disturbances in a near-wake region, vortex control and vortex shedding frequency selection. The drag and lift loading components are a function of the
amplitude of oscillation which, when above a threshold level, causes the onset of vortex
shedding during the oscillation cycle. The range of vortex modes formed are a function of a non-dimensional amplitude parameter referred to as the Keulegan-Carpenter
number /'Cc = 27ro/((, see, for example Barltrop &: Adams (1991), Lin (1996), where
a denotes the amplitude of oscillation and

the diameter of the cylinder. Stocks

et al. (1996) characterized and mapped the three-dimensional spatio-temporal structures encountered in the wake of a circular cylinder of hnite aapect ratio in terms of
the temporal development of the near wake region, i.e from vortex shedding frequency
to how Reynolds number.
For side-by-side stationary cylinder arrangements, the vortex formation in the how
exhibits cross-coupling between the wakes evolved from the neighbouring cylinders
and their interaction. Such mechanisms cause alteration to the pressure distribution
in the Huid domain, a predominant vortex frequency value and forces acting on the
cylinders. The investigations of Mahir &: Rockwell (1996) show that the lock-on response frequency range is of the same order aa occurs for an equivalent single cylinder
with a shift to higher frequencies and to lower amplitudes. The experimental studies
of Williamson (1985) clearly illustrate the formation of two parallel vortex streets.
When shedding is in anti-phase, two distinct vortex streets are visible and when shedding occurs in-phase, a single large scale

wake is formed created by the

superposition of neighbouring wakes.
Even though the how exhibits many anomalies and distortions in the transitional
or turbulent how regime, the evidence presented shows a close analogy to the observed
how in the lower Reynolds number how regime in its macroscopic characteristics. This
has encouraged many numerical studies in the low Reynolds number how regime see,
for example, Persillon et al. (1995), Zhang &: Zhang (1997), to name but a few.
Ng & Ko (1995) concluded that the how around equal diameter cylinders placed
side by side, with a separation gap

=0.75 to 1.25, exhibits chaotic and bistable

characteristics through a little understood irregular switching mechanism. The present
numerical study focuses on this unstable zone of how and investigations are performed
for gap width p* =0.90 to 1.10 in increments of 0.05. Details of the how characteristics
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in this critical zone together with statistical measures are presented in both time and
space and although the flows exhibit irregular behaviour an ordered process is observed
as discussed by Ravi et al. (Under review).

2.2

Mathematical Model

Tan et al. (1999) developed a cell viscous boundary element method to solve NavierStokes 6uid flow problems. This has proved very successful in solving fluid-structure interaction problems involving multi-body configurations aa discussed by Farrant (1998),
Farrant et al. (2000, 2001) and Uzunoglu et al. (2001). For these reasons details of the
numerical approach are omitted and only a brief description of the method is included
herein. The numerical scheme of study is a hybrid approach combining boundary
element and finite element methods. The boundary element is applied to fluid cells
idealizing the fluid domain through an unstructured mesh and global equations are
obtained by hnite element procedures.
Figure 2.1 illustrates a discretised fluid domain adopting an unstructured mesh
involving a number of cell elements.

Figure 2.1: Discretisation of the fluid domain by an unstructured mesh involving
a typical cell O bounded by surface Z and outward normal M.

A typical cell

is shown bounded by surface 2 with outward normal

The

Suid is assumed incompressible and the governing equation of the flow in terms of a
non-dimensional velocity field %(^), relative velocity between body %(^) and Huid i.e
— 'i'A:(^) — ^t(^) aiid the pressure p is given by

+

+ P j — ['^e('U;,t + 'UAj)],A: — 0 ,
~

0 •

(2-1)
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where L/e(= l / ^ e ) represents the inverse of the Reynolds number.

The subscript

index j = l , 2 or j = l , 2, 3 denotes two-dimensional and three-dimensional body-Euid
interaction problems respectively.
An integral equation can be formulated from these equations following the methodology of the boundary element method proposed by Tan et al. (1999) who showed that
the relevant cell integral equation for incompressible Huid How may be written in the
form,

4

p

Here C(^) is a constant of value 0, 0.5 or 1 depending on the location of the fluid
point

The weighting functions

related function respectively.

and

denote the fundamental solution and the

represents the traction force on the cell boundary

and Aj is the resultant term derived from the acceleration

after a second order time

marching procedure is introduced into the Unite difference scheme to resolve the nonlinear convective term in equation 2.1. Such a scheme has been shown to be beneficial
both analytically and for enhanced computational efhciency.
The application of equation 2.2 to each cell in the idealized Suid domain generates
a set of algebraic equations describing the fluid dynamics in the cell. That is, if the
superscript e denotes the

cell, the
XWyW

algebraic equations are expressed in the form
=

.

(2.3)
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Figure 2.2: A typical quadrilateral cell with ordered notation.

Here,

^(1)
y(e)

[ A(') 1
A(')

=

are single column arrays constructed from the velocity

and traction

values at

the centre of each edge (/ = 1,2,3,4)of the cell as shown in Figure 2.2.
Tan et al. (1999) define the coelEcients
(2.4)

V(()

(0

AW _
— I

2A*

(2.5)

Their forms relate to the second order time marching procedure chosen, and the
evaluations of the respective integrals involve the velocity and boundary integrals
containing the values of the surface traction force at the collocation points. The single
column array

contains entries evaluated from the domain integral incorporating

the contribution of the velocity from the last time step
i.e

averaged across the cell

The application of continuity conditions to fluid velocity and surface traction

forces at cell interfaces allows a global system of algebraic equations to be derived in
the form
(2.6)
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where y is the array of velocity values on the collocation points in the assigned global
order, D is constructed from combination of the coe&cients
resents the contributions from

and

and F rep-

arising from the global assembly.

The speciAcation of boundary conditions on the global domain, i.e either velocity
y or traction force 7^, allows solution of the Suid problem as demonstrated by Tan
et al. (1999). This cell viscous boundary element method features a high degree of
dependence on analytical solutions (i.e fundamental solutions 'ujj,

and integrations)

in the mathematical model, allowing retention of accuracy of the solution within the
numerical scheme of study. It incorporates a primitive-variable formulation and applies
to both structured and unstructured meshes. Furthermore the use of velocity and
surface traction force as the basic unknowns provides a convenient way of expressing
boundary conditions.
The computational domain and the boundary conditions are as shown in Figure 2.5.
In the computations conducted, the semi-width of the computational domain

= lOd

and the domain upstream is lOd whereag the downstream domain is 50(f. An extensive
and detailed numerical validation of the method was undertaken by Farrant (1998),
Farrant et al. (2000, 2001) for various arrangement of cylinders i.e single, multiple
cylinders in tandem, side-by-side, staggered and combination of circular and elliptical
cylinders. The inBuence of mesh refinement, various boundary conditions and domain
sizes, time stepping intervals, etc. in the numerical scheme of study were previously
investigated through comparisons of predicted values of Strouhal number 6" (given by
6" =

where / is the shedding frequency, d ig the diameter of the cylinder and [/ is

the free stream velocity), lift coe&cient, drag coe&cient, Sow Eeld pattern, etc. against
other predictions using diEerent theoretical approaches and against the experimental
evidence provided by Williamson (1985). Such studies are not reproduced here but
their findings are incorporated into the present investigation involving a Reynolds
number Sows Ag=100, 200 and a second order time stepping procedure using time
step interval t=0.10 which was shown previously to ensure convergence of solution.

2.3
2.3.1

Numerical Predictions
VCBEM flow field plot for In-phase and Anti-phase
shedding.

A selection of results from the research works of Farrant (1998), Farrant et al. (2000,
2001) are briefly listed in Table 2.1 for two cylinders in side-by-side arrangement at
.Rg=100 and

= 3.0. In case of two cylinders each shedding its own vortex street.

2.3.

N U M E R I C A L PREDICTIONS

^

the type of behaviour observed is dependent on both the size of the cylinders and
the distance between them. When this distance gets to a few cylinder diameters (to
roughly 3 diameters) they start to interact sporadically, sometimes locking in-phase,
sometimes slipping by each other. The diEerent modes of shedding are present at
Ae=100 and

= 3.0. An in-phase vortex shedding pattern is seen when the vortex

streets lock on and anti-phaae shedding pattern is observed when they lock into a
pattern of vortex shedding 180 degrees out of phage so that the two streets are a
mirror image of one another.
The Sow patterns of VCBEM are compared with experiments of Williamson (1985),
which show the shedding patterns for anti-phase (Fig 2.3) and in-phase (Fig 2.4).

Cdmean
Zfi — pAaae

1.45
1.44

Clmean
-0.50
-0.40

5
0.173
0.172

Table 2.1: Mean drag(Cj) and mean lift(Q) coefficients for gap g* = 3.0 between
cylinders in diSerent shedding modes at
= 100.
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Figure 2.3: Comparison of VCBEM shedding patterns with experiments of
Wiinamson(1985) for anti-phase vortex shedding at Reynolds number Re = 100
and g* = 3.0.
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(a) VCBEM

(b) Experiment

Figure 2.4: Comparison of VCBEM shedding patterns with experiments of
Winiamson(1985) for in-phase vortex shedding at Reynolds number Rg — 100 and
g* = 3.0.
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Figure 2.5: Computational domain for twin cylinders

2.3.2

Time simulations.

Adopting the How doping procedure described by Tan et al. (1999), Figures 2.6, 2.7 and
2.8 illustrate the vortex wake patterns developed behind the cylinder for gap separations

=0.95, 1.0 and 1.05 respectively. These records extend approximately 50

cylinder diameters downstream producing a simulation length of 2500 time steps. If
required, these records may be extended but the lengths presented illustrate typical
patterns. Farrant et al. (2000) previously showed that the wake developed behind
side-by-side cylinders at different spacing simulates closely the experimental evidence
observed by Williamson (1985).
These wakes show distinctively different patterns resulting from the shedding and
interaction between the shed vortices. Namely there is a tendency for in-phase vortex
shedding at

=0.95 and for anti-phase vortex shedding at

=1.05 as described

by Farrant et al. (2001). The former pattern indicates strong mixing and the wake
generated is more spread and diEuse whereas the latter shows less mixing with the
vortices merging to create a tighter spatial wake. During simulations it was noted that
switching of in-phase and anti-phase shedding with time was possible in both cases.
In some senses, the pattern displayed for (/* =1.0 exhibits a transition phase where
thorough mixing and vortex merging occurs. At this separation switching between
phases is more likely to arise and a less structured wake pattern is observed but as
further evidence is presented there remains an underlying structure to the How as
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indicated by statistical data.
Figures 2.10, 2.11 and 2.12 illustrate the typical time records of predicted lift
coefBcient, Q , and drag coefBcient, Cj, experienced by the Zower cy/mtfer for gap
separation

=1.0. These records extend to over 2000 time step intervals and display

distinct patterns. The lift coe@cient record clearly shows a beat characteristic about
a mean value Q = —0.26. The negative sign signiEes a repulsive force. The drag
coefhcient signal shows less amplitude variation but a more spiky pattern about a
mean value C j = 1.74. Figure 2.12 shows a comparison of both signals reflecting the
marked differences in these record characteristics. In this investigation, wake vortex
patterns were generated for a wide range of different simulation lengths and the selected
data presented are typical of the extensive data base created.

2.3.3

Statistical measures.

From the presented time records, statistical measures (i.e mean values, probability
density functions, spectral densities) were deduced to provide insights into the mechanisms and behaviour characteristics occurring in the observed complex fluid-structure
interaction.
Figures 2.13 and 2.14 illustrate the variation of the probability density functions
for lift and drag respectively with different simulated record lengths for

=1.0. In

each case slight variations between curves are observed for the chosen record length
but each set of data demonstrates the same distinctive trends. In subsequent analyses,
the 2500 step interval records are used for comparison purposes.
Table 2.2 shows data derived from the various simulation lengths 7^ at each separation gap gi* and their sensitivity to these control variables. The mean drag coefEcient
values indicate little variation with
at

and

displaying a very slightly increased value

=1.0. The mean lift coefficient values demonstrate more variation with different

gap size and simulation length. It is observed that a maximum value occurs at
which decreases as

=0.90

increases in value. At each gap size and varying 7^ value the

maximum drag coefficient

and lift coefhcient Qmoz remain constant displaying

invariance to T, value. Variation in these parameters is observed with changing value
of

with Cjmoa: showing a decreasing trend apart from the range 0.90 <

and Qmoa; displaying an increasing trend as

< 0.95

value increases. The largest variation

in this data set is illustrated in the changing value of Strouhal number with g* which
reaches a maximum value at

=0.95.

Figures 2.15 and 2.16 display the variation of the probability density functions
for lift and drag respectively for different gap separation g;*. Although the maximum
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9*
0.90

0.95

1.00

1.05

1.10
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Ts C(irnean C'imeon Cdrnax Clmax
1800
2100
2500
1800
2100
2500
1800
2100
2500
1800
2100
2500
1800
2100
2500

1.73
1.73
1.73
1.73
1.73
1.73
1.75
1.75
1.74
1.74
1.74
1.73
1.74
1.73
1.73

-0.28
-0.29
-0.29
-0.27
-0.27
-0.27
—0.26
-0.26
-0.26
-0.25
-0.25
-0.26
-0.24
-0.24
-0.24

2.08
2.08
2.08
2.09
2.09
2.09
2.04
2.04
2.04
2.04
2.04
2.04
2.03
2.03
2.03

5"

0.24
0.24 0.195
0.24
0.26
0.26 0.215
0.26
0.34
0.34 0.195
0.34
0.34
0.34 0.176
0.34
0.38
0.38 0.176
0.38

Table 2.2: Relative comparison of drag(Cd) and lift(Q) coefficients for different
gaps g* between cylinders and different simulation lengths 7^ for
= 100.
values of the probability density functions for lift show variation the overall shape
of the five curves demonstrates similarity. Figure 2.15 shows that as the separation
gap increases from

=0.90 the more pronounced probability density function peak

feature observed at

=0.90 decreases to a relatively Hat parabolic curve at p* =1.10.

The features displayed in Figure 2.16 for the drag probability density function show
a measure of similarity with a more pronounced peak structure at

=0.95, 1.0 and

1.05.
Typical lift and drag power spectra curves are displayed in Figures 2.17 and 2.18
for

=0.90. The lift coelEcient spectral density with its dominant low frequency con-

tent displays a maximum value at the Strouhal frequency. The lower frequency peak
observed in the power spectra curves is of value comparable to the envelope frequency
of the Q curve illustrated in Figure 2.12. A similar pattern is observed in the drag
coefficient spectral density curve but in the low frequency region, three shedding frequencys are seen for the Strouhal frequency which contrasts to the dominant shedding
frequency displayed in the lift coefficient case. As seen, the third peak is insignihcant
compared with the other two.
The wake patterns developed behind the cylinder are as shown in Figures 2.6, 2.7
and 2.8. Figure 2.9 summarises the wake patterns generated for different gaps
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Figure 2.6: Walffi patterns generated behind side-by-side cylinders of equal diameter for g* = 0.95
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Figure 2.7: Wake patterns generated behind side-by-side cylinders of equal diameter for g* = 1.00
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Figure 2.8: Wake patterns generated behind side-by-side cylinders of equal diameter for g* = 1.05
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Figure 2.9: Wake patterns generated behind side-by-side cylinders of equal diameter for different gaps (a) g* = 0.95 (b)g* = 1.00 (c)g* = 1.05
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Figure 2.10: Variation of lift coefficient C; with time for g* = 1.00

2000

2.3.

30

NUMERICAL PREDICTIONS

0

200

400

600

800
1000
1200
time steps (At=0.20)

1400

1600

1800

Figure 2.11: Variation of drag coefficient Cd with time for g* = 1.00
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Figure 2.12: Superposition of Ci and Cj records with time illustrating the different
characteristics for g* = 1.00
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Figure 2.13: Variation of probability density function for lift Ci at g* = 1.00 for
diEerent intervals of simulated record length 7^ = 1800,2100,2500 step intervals.
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Figure 2.14: Variation of probability density function for drag Cd at g* = 1.00 for
different intervals of simulated record length Ts = 1800,2100,2500 step intervals.
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Figure 2.15: Variation of probability density function for lift Q for simulated
record length of 2500 step intervals for separation gap g* = 0.90,0.95,1.00,1.05,1.10.
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Figure 2.16: Variation of probability density function for drag Cd for simulated
record length of 2500 step intervEils for separation gap g* = 0.90,0.95,1.00,1.05,1.10.
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Figure 2.17: Typical variation of power spectral density for lift coefficient Q (Dominant peak frequency value: 0.1953)
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C j frequency

Figure 2.18: Typical variation of power spectral density for drag coefficient Cd
(Dominant peak frequency values: 0.0173, 0.1953, 0.3859)
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Conclusions

For parallel stationary cylinders, with spacing

=0.95 to 1.05, placed in a uniform

viscous flow (^e = 100) the predicted vortex patterns show dependence on the spacing
factor which also relates to the interaction mechanism and vortex shedding frequency.
Namely, for

=0.95, as shown in Figure 2.6, an in-phase vortex shedding pattern

occurs with strong vortex mixing, a diffused wake and a maximum Strouhal frequency
value. In contrast at

=1.05, aa illustrated in Figure 2.8, an anti-phase vortex pattern

dominates with weak vortex mixing, a tighter spatial wake and the Strouhal frequency
tends to a minimum value. At the critical value of g* =1.0, as shown in Figure 2.7,
a thorough mixing and amalgamation of vortex occurs with an intermediate Strouhal
frequency value. In-phase and anti-phage vortex shedding switching is observed and a
less structured wake occurs. This provides indication of a chaotic behaviour but in all
cases the statistical measures reveal an ordered system.
From this evidence, for
shedding whereas for

<1.0 the vortex wake is inSuenced by in-phase vortex

>1.0 anti-phase vortex shedding is more evident. The next

Chapter presents an extension of the present analysis to study the behaviour of circular
cylinders when subjected to external forcing. In particular, we consider the rotation
of a cylinder as the forcing mechanism and analyse the shedding patterns of twin
cylinders in various arrangements.

Analysis of Rotating Cylinders
3.1

Introduction

The study of the Auid Eow past a circular cylinder in steady motion or started from
rest in viscous Suids has been an area of theoretical and experimental research for a
long time. The problem of Sow past a rotating cylinder is of fundamental interest for
its variety of practical applications eg. boundary layer control on aerofoils (Tennant
et al., 1976) and lift enhancement which is an example of the Magnus effect (Prandtl
& Tietjens, 1934, Batchelor, 1971, Sayers, 1979).
The increase in lift is complemented by a high drag penalty, which produces very
low aerodynamic e&ciency and this is not favourable for practical Sow control devices
(Nair et al., 1998). The studies of Prandtl show that rotation has the effect of inhibiting
the boundary layer separation and this separation can be suppressed completely at
high rotational rates. This has prompted Tennant et al. (1976), Modi et al. (1990)and
Graham et al. (1999) to use a rotating cylinder as a control device to enhance the
performance characteristics on the flaps of aircraft, upstream ship rudders, subsonic
diffusers etc.
Batchelor (1971) discussed the Magnus effect on the basis of inviscid theory, which
produced lift proportional to the rate of rotation. This, however, is not the case for
real fluids with boundary layer separation. Coutanceau &: Menard (1985) stated that
their experimental results relating to the Magnus effect exhibited a two-dimensional
Sow held. The influence of surface roughness and other three dimensional effects play
a signihcant role in moderate-to-high Reynolds number Sow regimes as discussed by
Nair et al. (1998).
Although, there have been numerous numerical simulations relating to rotating
cylinder problems, a steady state numerical solution was obtained by Ingham & Tang
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(1990), Tang & Ingham (1991) for Reynolds number upto 20. The unsteady Bow
past a rotating cylinder for low Reynolds number tends to attain a steady state after
a prolonged length of simulation. The investigations of Badr et al. (1989) on time
dependent calculations indicated that for higher Reynolds number

= 60 and Ag =

100 the Sow does not tend to steady state. Tang &: Ingham (1991) produced a steady
state solution by solving the time dependent Navier-Stokes equation for Ag = 60, Ag =
100 and rotational parameter a in the range, 0 < a < 1. They adopted a numerical
scheme which circumvents the constraints of satisfying the boundary conditions at
large distance from the cylinder aa originally discussed by Ingham & Tang (1990). The
study of Baban et al. (1989) on the unsteady forces on circular cylinders showed that,
for a two dimensional cylinder in a crossEow, vortex shedding is truly two dimensional
and the strength of roll up vortices is fairly uniform along the span (Park &: Lee, 2000).
In the near wake region of a two dimensional circular cylinder, three dimensionality
of the regular vortex shedding is weak with shedding parallel to the cylinder axis and
hence the cylinder wake is a two dimensional How. Also, the Strouhal number does
not change along the cylinder's axis if small aspect ratio and appropriate end plates
are used (Szepessy & Bearman, 1992).
SigniEcant studies were performed using rotating cylinders as control devices (Tenuant et al., 1976, Modi et al., 1990). The advent of micro-electronics has made active
control of Huid flows a technical reality.
The control of vortex shedding using a rotating circular cylinder aa the controlling
device and the concept of optimal control are incorporated into the How control problem (Homescu et al., 2002). Low dimensional models, which are amenable to control
mechanisms, are described in detail and developed by Graham et al. (1999) to achieve
efficiency in controllingfluidflows.
In this chapter, validation of the mathematical model describing rotation of a
cylinder in a viscous How and application of the model to the study of the interaction
between twin cylinders are investigated. Firstly, a brief overview of the mathematical model with rotation implementation in VCBEM is explained, which is followed
by computational domain specifications. The details of the validation of the modihed VCBEM model with parametric studies are presented and physical phenomena
discussed. Finally, the rotation of twin cylinders for Reynolds number j(g = 100
and

= 200 in side-by-side and tandem arrangements are presented. The effects

of key flow parameters, characteristics of drag and lift and vortex shedding patterns
are assessed and validated through comparison with experimental results and theoretical predictions. Details of flow characteristics and vortex shedding patterns are
illustrated.
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Mathematical Model

The mathematical formulation is explained in Chapter 2, section 2.2. In this section a
brief review of the mathematical formulation with time marching schemes is presented
and implementation of the rotational boundary conditions on the cylinder discussed.
For the unstructured mesh shown in Figure 2.1 involving a number of cell elements,
the sequence of operations involved is herein briefly listed.
# Governing equation for incompressible Hows are derived in terms of non-dimensional
velocity held as in section 2.2.
# Before transformation of the Navier-Stokes equations into an integral form, Tan
et al. (1999) resolved the nonlinear convective term in the momentum equation
by time marching schemes. It waa shown that this process enhances the efhciency
and effectiveness of the overall calculation. The chosen form of time marching is
second order. The second order level of numerical accuracy in

is achieved at

the ( n + l ) t h time step by adopting the approximations
and [/t =
The mathematical basis for the formulations is discussed by Stiefel (1963).
# Formulation of integral equation using method proposed by Tan et al. (1999).
# Specihcation of boundary conditions on global domain, i.e either velocity y or
traction force A, to solve the specific how problem. It incorporates a primitivevariable formulation and apphes to both structured and unstructured meshes.
The problem of rotating cylinders under consideration can be tackled by various
numerical procedures. One of the approaches is by using the patched-overset grids,
which conceptually simplifies the simulation of fluid-structure interaction discussed by
Steger et al. (1983), Freitaa & Runnels (1999), David (2001). One of the approaches in
implementing an overset grid is by constructing the background grid resolving the entire simulation domain and additional grids surrounding the moving bodies are placed
over the background mesh, with no attempt made to align the grid points on the
overset grid with that of background mesh, as discussed by Freitas & Runnels (1999).
The boundary conditions on overset grids are determined by the interpolation of the
current how solution from the background grid as intermediate boundary conditions
in an iterative solution. The obvious limitation on the overset grid method is the
development of fast and accurate interpolation schemes for determining the boundary
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conditions on the overset grids to minimize the computational penalty on the method
(Steger et al., 1983, Freitas &: Runnels, 1999).
In VCBEM, one procedure is to alter the fundamental solution to incorporate rotation or the other is to incorporate the boundary conditions on the cylinder surface
without the alteration of fundamental solution. Consider the latter approach of incorporating the boundary conditions on the surface and this process can be carried
out in two different ways. One procedure is to generate a new mesh iteratively in the
time marching process of VCBEM solution, which imposes a computational penalty
on the method as a tradeoff for analytical simplification of the solution process and the
other is to integrate the mesh generation programme and the VCBEM solver. In the
current research a modihed VCBEM is developed to incorporate rotation on cylinders
by altering the boundary conditions on the surface of the cylinders, which is achieved
by integrating the mesh generation programme and VCBEM solver with appropriate
modihcations.
The boundary conditions are expresssed conveniently using velocity and surface
traction force aa the basic unknowns. In this research, the rotation boundary conditions are incorporated on the surface of the cylinder without altering the fundamental
solution and the VCBEM solver is further modihed to account for time dependent
boundary conditions in flow simulations of Navier-Stokes equations so as to ensure
computational efficiency of the method. The mesh generation programme is modihed to implement the rotation boundary conditions on the surface of cylinder and it
generates the necessary unstructured mesh for the modiHed VCBEM solver.
In the case of the numerical simulations, the translation of the cylinder is incorporated in the relative motion of the horizontal free stream velocity [/ = 1.0 and rotation
is implemented in the boundary nodes on the cylinder surface with horizontal and vertical velocity components M

and f = 'ya;, where 'y represents an angular velocity

which may be constant or varying with time. The relative motion of freestream with
respect to the cylinder provides a space hxed cartesian co-ordinate system of analysis.
The boundary nodes with specihed boundary conditions are generated in a modiSed
mesh generation programme and the body nodes on the cylinder surface with boundary conditions M = —'y?/ and f = 'ya; are derived. The so derived boundary nodes are
used in the modihed VCBEM solver to impart initial conditions in the time marching
of Navier-Stokes equations. Parametric studies are conducted to investigate the effect
of 'y and results of Q and

records with time illustrating the different characteristics

for 7(e = 100 are presented in section 3.4.3. In the case of multi-body configuration,
rotation on each body is discretely controlled. Hence, cylinders in multi-body configuration can be used aa sensors and actuators with different angular rotations providing
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a way ahead for optimal control of multi-body configuration of cylinders.

3.3

Computational Domain

Here the focus is on the prediction and description of the incompressible Aow past a
rotating circular cylinder of diameter'd'. The computational domain and boundary
conditions are shown in Figure 3.1 where, Ti, 7-3, 7% and 72 represent boundary conditions on the inlet, outlet, top and bottom extreme boundaries respectively, whereas
Tc represents the no-slip condition on the surface of the cylinder at coordinate (2;, ?/)
with velocity w = — t ;

= 'ya; and

('y =

where w is the dimensional an-

gular velocity, d is the diameter of the cylinder and

is the free stream velocity)

represents an angular rotation of cylinder normalized by the freestream velocity which
may be constant or varying with time. The cylinder rotates with angular velocity
"y and an anti-clockwise rotation represents a positive rotation in the mathematical
model. The top and bottom boundary conditions of the computational domain are
maintained symmetric and the mixed boundary conditions are assumed to have no
horizontal traction force and no velocity in the vertical direction. The outlet has no
traction force and the inlet has a uniform horizontal velocity.
For steady Huid Hows with the cylinder stationary (i.e 'y = 0) at

= 100 and Ag =

200, extensive validation exercises were undertaken by Farrant (1998) and Uzunoglu
et al. (2001) to test the sensitivity of the boundary conditions on the parameter values
of lift Q and drag

It was noted by Tan et al. (1999) that the rate of change of drag

coefhcient reduces exponentially with distance of the boundary from the centre of the
cylinder. The Endings of Farrant (1998), Uzunoglu et al. (2001) showed that, when
the semi-width (/i) of the domain is suGciently large, the inAuence of the boundary
conditions on Q and C j is insignificant. For mixed boundary conditions of velocity
and traction forces, Uzunoglu et al. (2001) showed that if
semi-width of a computational domain then

is the semi-length and

= 9d is suScient. These findings are

incorporated in the present investigation and for computations, the upstream domain
and semi-width of the computational domain adopted is lOd whereas the downstream
domain is taken as 50cf so that an extensive wake How pattern region is captured.
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Source
Method
Tritton (1960)
experimental
Henderson (1995)
spectral ele.
Li et al. (1991)
finite ele.
Mittal et al. (1991)
finite ele.
CFX-3D
finite vol.
VCBEM
VCBEM
Graham et al. (1999)
hnite ele.
He et al. (2000)
finite ele.
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Cdm.ean Q (peak to peak)
1.26
1.35
1.33
1.39
1.36
1.33
1.34
1.35

-

-

0.72
0.74
0.65
0.67
-

-

Table 3.1: Relative comparison of mean drag (Cj^eon)
Q (peak to peak) for
Reynolds nmnber jZe=100 for an isolated stationary cylinder

No. of collocation points
8244
12350
17336
21600
26512

S
0.163
0.164
0.164
0.164
0.164

Cdrnean
1.39
1.35
1.33
1.33
1.33

Q (peak to peak)
0.55
0.64
0.65
0.67
0.68

Table 3.2: The effect of mesh refinement on Strouhal number (S), mean drag
(Cjmean) ^'^d Q (peak to peak) for Reynolds number jZe=100 for an isolated stationary cylinder

3.4

Numerical Predictions

3.4.1

Validation of V C B E M for rotation

The computational domain and boundary conditions are described in Figure 3.1.
Numerical simulations were performed in How regimes defined by Reynolds number
Ee=100 and _Re=200 for the cylinder with no rotation ('y = 0) and rotating with
steady angular velocity ('y = 1). The present validation builds on previous studies of
Farrant (1998), Farrant et al. (2000), Uzunoglu et al. (2001) and Farrant et al. (2001)
who provide detailed analysis of the effect of time stepping and mesh rehnement on
convergence of solution. These studies were for the case "y = 0, which are listed in
Tables 3.1-3.3, briefly summarising the previous research works (Farrant, 1998) and
after repeating their studies and incorporating their findings it was found that for the
cases of 'y ^ 0 a mesh size 0.10 x 0.10 and time step length At = 0.10 were adequate
for a similar level of accuracy and convergence of solution. Tables 3.1-3.3 show a comparison of predictions of Strouhal number 6", mean drag coefRcient Cdmean ^'^d peak to
peak value of Q for an isolated cylinder with 'y = 0 and Ae=100. Tables 3.4-3.8 show
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At

5

0.4
0.169
0.2
0.166
0.164
0.1
0.05
0.163
0.025
0.163
Williamsoii(1991)0.164
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err. against
Williamson (1991)
3.0%
1.2%
0.0%
0.6%
0.6%

^dmean

Ci

1.45
1.35
1.33
1.33
1.33

(peak to peak)
1.01
0.73
0.67
0.66
0.66

Table 3.3: Relative comparison of Strouhal number (S) with experiment of
Williamson (1991) for an isolated stationaiy cylinder at Reynolds number jRg^lOO

At

n
^Irnean

Cdrnean

1.62
1.65

0.10
0.20

-1.29
-1.30

"Table 3.4: Relative comparison of mean drag
&iid mean lift (Qmean) for
an isolated rotating cyhnder, Reynolds number
= 100 and angular rotation of
cylinder 'y =1.0 for mesh size 0.10 x 0.10 and diSerent time steps

data of mean drag and lift coefRcients for 'y = 1 with variation in Reynolds number
TZg, time steps and mesh sizes.
Table 3.4 shows the variation of the mean drag (Ct^meon) and mean lift (Qmeon)
coefBcients with A( whereas Table 3.5 shows variation of coeKcients
with diEerent mesh sizes for time step

aiid

= 0.10.

Table 3.6 shows the comparison of mean drag and lift parameters derived from
modihed VCBEA/I for the Reynolds number

= 200 and the rate of angular rotation

"Y =1.0 with other numerical simulations.
Tables 3.7 and 3.8 show the comparison of the predicted Strouhal number S derived
by the modihed VCBEM model with other numerical findings. Chen et al. (1999)
used upwind schemes for the simulation of the rotating circular cylinder with a rate

C'drnean
0.10
0.15
0.20

X
X
X

0.10
0.15
0.20

1.62
1.61
1.60

Clmean
—1.29
-1.29
-1.31

Table 3.5: Relative comparison of mean drag (Cj^iean) &]id mean lift (Qmeon) for
an isolated rotating cylinder, Reynolds number
= 100 and angular rotation of
cylinder 'y =1.0 for A( = 0.10 and diSerent mesh sizes
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Source
VCBEM
Chen et al. (1999)
Homescu et al. (2002)
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Crimean
1.43
1.25
1.42

Clrnean
-1.23
-1.22
—

Table 3.6: Relative comparison of mean drag (C^mean) Eiiid mean lift (Qmean) for
an isolated rotating cylinder, Reynolds number
— 200 and angular rotation of
the cylinder =1.0

Source
VCBEM
Badr et al. (1989)
He et al. (2000)

S

0.163
0.16
0.167

Table 3.7: Relative comparison of Strouhal number (S) for an isolated rotating
cylinder, Reynolds number
100 and angular rotation of cyhnder 'y=1.0

of rotation 'y =1.0.

Numerical results of Chen et al. (1999) were compared with

the simulation of Nair et al. (1998) who dealt with the evolution of wake patterns for
different How regimes but values of force co-efhcients are not presented. The typical Q
and

records with time are as shown in Figure 3.4 which illustrates the characteristics

occurring in the .Rg = 100 How regime.

3.4.2

Physical phenomena

The convection of vortices are studied as a function of Reynolds number of the How
regime. In a stationary cylinder with no rotation (7 = 0), for low Reynolds number
jZg < 40, there exists a steady recirculation region with two symmetrically placed
vortices behind the stationary cylinder which grows in size with increase in Reynolds
number. For 40 < Ag < 60 this trailing vortex becomes unstable and an unsteady
wavy pattern is developed. Karman vortex shedding occurs in the near wake due to

Source
VCBEM
Chen et al. (1999)
Badr et al. (1989)
He et al. (2000)

5
0.194
0.194
0.20
0.1928

Table 3.8: Relative comparison of Strouhal number (S) for an isolated rotating
cylinder, Reynolds number i?,e=200 and angular rotation of cylinder 7=1.0
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(Rl = 0,1/ = 0)
h
>u

(u = — t ; = "71/)
T1
(u = 1, r =0)

(Rl = 0, ^2 = 0)

(7%i = 0, r = 0)
Figure 3.1: Computational domain definition and boundary conditions for rotating
cylinder in a uniform How. AH the variables and quantities are nondimensional

How instabilities with fluctuating pressure and thus an oscillating lift force is developed
on the cylinder. The attached vortices become asymmetric and are alternatively shed
at a particular frequency as discussed by Williamson (1996), Ding &: Kawahara (2000),
Homescu et al. (2002).
Bearman (1984) discussed the postulate of Gerrard (1966) that in separating shear
layers vortex continues to grow, until it is strong enough to draw the opposing shear
layer across the near wake. The rotation of the cylinder ('y ^ 0) in a viscous uniform
Sow modiAes the wake flow patterns and vortex shedding conAguration, which may
reduce the How-induced oscillation or augment the lift force. The basic physical rationale of the influence of rotation is that the Sow on the upper region of the cylinder is
decelerated and easily separates whereas the How on the lower region of the cylinder
accelerates and separation is suppressed or delayed. Hence a mean lift force is generated aa a result of pressure differences created on the accelerated and decelerated
sides of the cylinder (Homescu et al., 2002) creating what is known as
(Barkla &: Auchtcrlonie, 1971, Batchelor, 1971).
As the control parameter 'y, i.e the angular rotation of cylinder normalized by the
freestream velocity, is increased the How becomes asymmetric and simultaneously the
pressure on the lower accelerated side of the cylinder decreases, resulting in a mean
downward lift. There exists a transitional state i.e 'critical state' arising between
the state representing the periodic alternate double side shed vortex pattern at lower
values of 'y to the steady state single side attached vortex shedding pattern occurring
at higher values of'y (Badr et al., 1990, Chen et al., 1993, Lingg & Shih, 1999, Homescu
et al., 2002).
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(a) t = l.Osec

(b) t = 2.0sec

r—

(c) f = S.Osec

(d) ( = 4.08ec

#%%
vM///////

(e) t = 5.0sec

(f) t = G.Osec

Figure 3.2: Evolution of wake patterns behind an impulsively started isolated
rotating cylinder from rest for angular rotation 7 = 1.0 and Rg = 200. The patterns
illustrated in (a)-(f) at different instantaneous events show similarities with the
simulation results of Nair et al. (1998)
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(c) t = 6.0sec
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(b) t = 4.0sec

%

(d) t — 6.0sec

Figure 3.3: Comparison of wake patterns behind an impulsively started isolated
translating and rotating cylinder (7 = 1.0 and Rg = 200). (a) & (c) Numerical
Predictions (modified VCBEM); (b) & (d) Experimental observations (Coutanceau
& Menard (1985))
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Figure 3.4: Lift Q and drag Cd records with time illustrating the different characteristics for
— 100 and constant rate of angular rotation "x = 1.0, for isolated
circulating cylinder

Figure 3.2 shows the evolution of the wake behind an isolated rotating cylinder for
jRe=200 determined from the modified ('y ^ 0) VCBEM mathematical model. The
process of evolution of vortices for .Rg—200 shows similarities with the numerical simulations of Nair et al. (1998) and the experiments of Coutanceau & Menard (1985).
In the experiments, the cylinder was impulsively set into translation and rotation and
the early phase of wake development investigated by visualising the How patterns with
solid tracers. Figure 3.2 illustrates the how topology and specihcally the wake generated behind the isolated rotating cylinder and the how separation patterns. Nair et al.
(1998) studied numerically the two dimensional how held generated by an infinitely
long cylinder rotating about its axis and translating at right angles to its axis. The
cylinder is assumed to attain rotational and translational speeds impulsively. The
numerical simulations of Nair et al. (1998) were comparable with the simulations of
Badr et al. (1990), Chen et al. (1993) and the experiments of Coutanceau & Menard
(1985). The numerical studies of Badr et al. (1990) and Chen et al. (1993) dealt with
the process of evolution of vortices at various instataneous events. Badr et al. (1990)
validated with experimental results of Coutanceau & Menard (1985) and Chen et al.
(1993) used explicit hnite-difference/pseudospectral technique and Biot-Sauart law to
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integrate a velocity/vorticity formulation of the Navier-Stokes equation. Temporal
evolution of drag and lift co-eKcients are presented by Chen et al. (1993) to larger
dimensionless time to give more complete discussion of temporal development of wake.
The evolution of Magnus lift with 'y is a complicated phenomenon in the case of
real Huids due to the development of the boundary layer because of viscous forces.
The Reynolds number is one of the main parameters which affects the flow along with
other parameters such as surface conditions, aspect ratio, end shapes and wall confinement (Coutanceau &: Menard, 1985). A review of the studies of Charrier (1979) and
Calamote (1984) at high Reynolds number indicates a particular sensitivity to aspect
ratio and so it was necessary for experimenters to investigate methods to approximate
the two dimensional flow as discussed by Coutanceau &: Menard (1985). It waa found
that the lift coefRcient was independent of Reynolds number for 'y = 2.0 (Swanson,
1961, Charrier, 1979, Calamote, 1984, Coutanceau &: Menard, 1985).
The numerical simulations in the present study are undertaken by impulsively setting the rotation on the cylinder 'y = 1.0 and a time step

= 0.01 is adopted to detail

the flow topology. A detailed account of the Aow topology is given by Coutanceau &
Menard (1985). They proposed that the disintegration of symmetry due to rotation
arises with the dissappearance of eddies on the lower side of the cylinder when it rotates in a counterclockwise direction. The existence of a thin layer of rotating Huid
adjacent to the cylinder results in a shifting of the stagnation point and this is seen in
the Figure 3.2. Proceeding with the time marching process (as in Figure 3.2(d)) the
formation of an alleyway around the primary vortex is seen, which shows similarities
with the simulation results of Nair et al. (1998) and the experiments of Coutanceau
& Menard (1985).
The vortex shedding patterns arising from long term simulations of the flow regime
for Ae = 100, 'y = 1 are shown in the Figure 3.5. These predicted shedding patterns
are similar to the shedding patterns illustrated by Homescu et al. (2002) for an isolated
rotating cylinder. These authors used an adjoint formulation for the optimal control
of the How around the cylinder.
Another predominant characteristic of the Sow is the synchronization of frequency
of cylinder and wake, which yields a /ocA:-OM phenomenon. In the case of harmonic
time rotary oscillations, this phenomenon was described experimentally by Tokumaru
&: Dimotakis (1991) and numerically by Chou (1997) and Dennis et al. (2000) who
studied the wake flow patterns generated behind the cylinder for different forcing
frequency and amplitude.
It was shown by Graham et al. (1999) that when forcing frequency lies in the
neighbourhood of the Karman vortex shedding frequency, the combined system of
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wake and cylinder creates a lock on phenomenon and He et al. (2000) reported this to
be the optimal value for the forcing frequency for drag reduction. When the cylinder
was driven by an angular velocity 'y = 2am(27r^/6), close to the natural vortex shedding
frequency (Graham et al., 1999) of 0.16, lock on phenomenon is observed due to the
synchronisation of forcing and natural frequencies with large magnitude of amplitudes.
The simulation results produced by the modihed ('y ^ 0) VCBEM mathematical model
for an isolated rotating cylinder are similar to the simulation results of Graham et al.
(1999), who analysed the wake pattern into modal components. The evolution of
modal amplitudes with time and projection of modal amplitudes is dealt in detail in
Chapter 4, section 4.8.
It was shown by Homescu et al. (2002) that, when the natural frequency of vortex
shedding is higher than the forcing frequency, an initial clockwise vortex is formed on
the lower half of the cylinder when the cylinder rotates in a counterclockwise direction
and a counterclockwise vortex is formed on the upper half when a clockwise rotation
starts. This leads to a non-synchronized vortex formation mode which cannot lead to
Karman vortex suppression.
When the forcing frequency is higher than the natural shedding frequency an initial
reactive clockwise vortex is formed on the upper half of the cylinder when the cylinder
is in counterclockwise rotation and a counterclockwise vortex is formed on the lower
half when the clockwise rotation starts. This leads to a synchronized vortex mode for
shedding suppression (Homescu et al., 2002).
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Figure 3.5: Wake patterns generated behind isolated rotating cylinder for Re = 100
and angular rotation 7 = 1.0
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P a r a m e t r i c studies

Parametric studies were performed for various angular rotation values -y of the cylinder
at Reynolds number Eg = 100 and
of mean drag and lift coefhcients for

= 200. Table 3.9 shows the relative comparison
= 100. Results from the numerical simulation

by modified VCBEM for -y = 3.7,3.8,3.9,4.0 are tabulated in Table 3.9, which shows
Qmean to be a minimum for 'y = 3.8. Studies were conducted with 'y aa a random
variable with a mean value of 0.50 and this showed similarity with the time records
of Q and C j for constant angular rotation 'y = 0.50. The variation of drag and lift
coefhcients for different values of 'y for
7
0.50
1.00
3.00
3.70
3.80
3.90
4.00
5.00
10.0
25m(27r^)
0.00

= 100 is shown in the Figures 3.6 and 3.7.

Cdniean
1.6011
1.6209
1.5777
1.5857
1.6356
1.5827
1.5813
1.5493
1.4942
1.6000
1.6152

Cimean
-1.2837
-1.3004
-1.2785
-1.2946
-1.2660
-1.2957
-1.2967
-1.2871
-1.2910
-1.2820
0.0000

Table 3.9: Relative comparison of mean drag {Cdmean) and mean lift {Cimean)
for an isolated rotating cylinder, Reynolds number Rf, = 100 and various angular
rotations 7 of the cylinder.

Table 3.10 shows a comparison for mean C j and Q values at TZg = 100 and ^g = 200
for stationary and "y = 1.0 cases. The variation of drag and lift coefRcients for Reynolds
number of flow Eg = 100 and Eg = 200 is shown in Figure 3.8. It is seen from Figure 3.8
that the variation of lift is higher for Eg = 200 and Farrant (1998) also reported from
the research that symmetric separation bubble becomes unstable almost as soon as
the uniform flow stream is established.
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1.0
1.0
0.0
0.0
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Re

Cdmean

100
200
100
200

1.6162
1.5866
1.6152
1.6286

C'lmean
-1.2791
-1.2746
0
0

Table 3.10: Mean drag {Cdmean) and mean lift (C'lmean) for an isolated rotating
cylinder, Reynolds number
= 100 and jRg = 200, an angular rotation of the
cyhnder 'y =1.0 compared to a stationary cylinder

y = 2 s i n ( [ o t)
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Figure 3.6: Lift Q and drag Cj records with time illustrating the different characteristics for TZg = 100 and parametric angular rotation Y, ki' isolated rotating
cylinder
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Figure 3.7: Lift Q and drag Cd records with time illustrating the different characteristics for
= 100 and parametric angular rotation 'y, for isolated rotating
cylinder
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Figure 3.8: Lift Q and drag Cj records with time illustrating the different characteristics for
= 100 and jRg = 200 for constant rate of angular rotation 7 = 1.0,
for isolated rotating cylinder
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Twin Cylinders in Rotation

The How interaction phenomenon arising in the cases of twin cylinders in co-rotation
and counter rotation is examined for the following different arrangements:
I. Side-by-side (see Figures 3.9 and 3.11)
II. Tandem (see Figures 3.10 and 3.12)
The calculations presented are for Reynolds number

= 100 and 'y = 1.0. A

review of the effect of 'y on the Magnus effect revealed that the lift coefficient is independent of Reynolds number from 'y = 2.0 (Swanson, 1961, Charrier, 1979, Calamote,
1984, Coutanceau & Menard, 1985). From detailed studies of Uzunoglu et al. (2001)
a computational domain of semi-length and semi-width

— 9G( is found sufficient for

cases with mixed boundary conditions. These findings are incorporated in the present
investigation and in the computations the upstream length and semi-width of the computational domain A = lOd is adopted, whereas the downstream domain is taken as
SOd so that an extensive wake flow pattern region is captured.
Incompressible viscous flow past two stationary parallel (i.e side-by-side) cylinders
of equal diameter at a critical gap spacing g* =0.90 to 1.10 investigated in Chapter 2
showed the dependence of vortex shedding patterns on the spacing factor, which also
relates to the interaction mechanism and vortex shedding frequency. Investigation is
herein further extended to twin rotating cylinders to detail the Eow characteristics.
Mittal (2001) using a finite element method investigated the problem to control flow
past a circular cylinder using rotating control cylinders. Two dimensional numerical
simulations were conducted with two rotating control cylinders for Sow past the bluff
body. Studies were conducted for different gaps between the main and control cylinders at Reynolds number

= 100 and

= 10"^. Computations were initiated to

determine steady-state solutions for the principal and control cylinders and the flow
was perturbed by the rotating control cylinders at different angular velocity values
-y = 1.0,2.0,... , 5.0. Studies showed that the effect of gap is found to be more critical
at

= 10^ than at lower Reynolds number and also the power required to rotate the

control cylinders is significant at lower Reynolds number but negligible for a relatively
higher Reynolds number

= 10"^ (Mittal, 2001).

The rotating cylinders each of diameter d are spaced centre to centre distance
2G(. The gap spacing ratio between the cylinders

= 1.0 is maintained in both

the co-rotation and counter rotation cases when the cylinders are in side-by-side or
tandem arrangements. An anti-clockwise rotation denotes a positive value of y. Tables 3.11 and 3.12 give the relative comparison of mean drag (Cdmeon) aiid mean lift
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(a) co-rotation
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[1=1.0

(b) counter rotation

Figure 3.9: Schematic diagram of rotation of twin cylinders in side-by-side arrangement

(Qmeon) forcGS for twin rotating cylinders in side-by-side and tandem arrangements
respectively, for angular velocity of 'y = 1.0,

3.5.1

= 100.

Side-by-side arrangement

In the Figure 3.11(a) the left cylinder rotates in the counter clockwise direction with
the same angular velocity 'y = 1.0 as the right cylinder for co-rotation case whereas
for the case of counter rotation in Figure 3.11(b), right cylinder rotates in clockwise
direction and left cylinder rotates in counter clockwise direction. The arrangement of
cylinders and the directions of rotation is represented in a schematic diagram shown
in Figure 3.9.
C y l i n d e r s in c o - r o t a t i o n
The wake patterns generated behind twin cylinders of equal diameter in co-rotation in a
side-by-side arrangement are shown in Figure 3.11(a). The cylinders rotate in a counter
clockwise direction with the same angular velocity 'y = 1.0. The hgure clearly shows
the development of vortices downstream of the cylinders. The left rotating cylinder
drags the Sow from its left side to its right side and in a similar manner so does the
right cylinder. In case of co-rotation, the flow between the cylinders experience the
counteracting forces from the rotating cylinders and generates a wake in contrast to
counter rotation where there is a thorough mixing. These patterns of co-rotation vortex
shedding show less mixing with the merging of vortices to produce a tighter spatial
wake in comparison to the counter rotation caae shown in Figure 3.11(b). This affect is
also seen from Figures 3.13 and 3.14 where the periods of drag and lift forces are longer
than generated in the counter rotation case illustrated in Figures 3.15 and 3.16 for left
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Right Cylinder
Co-rotation Counter rotation
2.32
3.53
^dmean
-5.88
-0.78
Clrnean
Nature of forces
High
Low
Figure no.
3.13
3.15
Characteristics
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Left Cylinder
Co-rotation Counter rotation
1.24
0.78
-2.69
-3.35
Low
High
3.14
3.16

Table 3.11: Relative comparison of mean drag
and mean lift (Qmean) for
twin cylinders in rotation with angular velocity 7 = 1.0, Reynolds number i?e=100
in a side-by-side arrangement
Upstream Cylinder
Co-rotation Counter rotation
2.20
2.19
C-dm-ean
-5.89
-5.79
Clmean
High
Low
Nature of forces
Figure no.
3.17
3.19
Characteristics

Downstream Cylinder
Co-rotation Counter rotation
-1.06
-1.41
-20.39
-20.04
Low
High
3.18
3.20

Table 3.12: Relative comparison of mean drag (Cj^ean) and mean lift (Qmean) kr
twin cylinders in rotation with angulai" velocity 7 = 1.0, Reynolds number Ae=100
in a tandem arrangement
and right cylinders respectively. When compared to the case of an isolated cylinder in
rotation, mean forces is approximately two to three times that of the isolated cylinder
cage and the interactive force between the two cylinders is considerable.
C y l i n d e r s in c o u n t e r r o t a t i o n
The left hand side cylinder in Figure 3.11(b) rotates in a counter clockwise direction
whilst the right hand side cylinder has a clockwise rotation. Both cylinders rotate with
the same angular velocity. The shedding pattern shown in Figure 3.11(b) indicates
a strong mixing and the wake is more spread and diffused, in contrast to the corotation case shown in Figure 3.11(a). A strong mixing of vortices is seen even further
downstream. In Figures 3.15 and 3.16, a large variation in the lift and drag forces is
observed for left and right cylinders respectively, even though they are periodic. Also,
the frequency of the drag and lift forces is higher than the frequency found in the
co-rotation case. The drag shows two predominant peaks in a cycle contrasting with
the single peak observed in co-rotation case. The lift force magnitude also shows a
much higher variation when compared to the co-rotation case.
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g=1.0
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d=1.0

(1=1.0

(a) co-rotation

(b) counter rotation

Figure 3.10: Schematic diagram of rotation of twin cylinders in tandem arrangement

3.5.2

Cylinders in t a n d e m arrangement

In Figure 3.12(a) the top cylinder rotates in a counter clockwise direction with the
same angular velocity 'y = 1.0 as the bottom cylinder for co-rotation case whereas for
counter rotation Figure 3.12(b), bottom cylinder rotates in clockwise direction and
top cylinder rotates in counter clockwise direction. The arrangement of cylinders and
direction of rotation is represented in a schematic diagram shown in Figure 3.10.
C y l i n d e r s in c o - r o t a t i o n
In the co-rotation situation, the wake patterns generated behind the twin cylinders of
equal diameter are shown in Figure 3.12(a). The development of vortices downstream
of the cylinders is clearly illustrated with a thorough mixing of vortices downstream
observed and the wake generated is spread and diffused. Figures 3.17 and 3.18 illustrate the lift and drag forces experienced on the upstream and downstream cylinders
respectively. As seen from the Figure 3.18, the downstream cylinder experiences a
negative drag and the upstream cylinder experiences a positive drag aa shown in Fig-
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ure 3.17. This indicates that the cylinders are attracted towards each other, this is
explained physically by the high velocity of the flow between the cylinders with the
development of a suction force. The results also show a high magnitude of lift force
and a low magnitude of drag force both with less variation about the mean.
C y l i n d e r s in c o u n t e r r o t a t i o n
Figure 3.12(b) shows the wake patterns generated behind the twin cylinders of equal
diameter in counter rotation. It is seen from Figure 3.12(b) that there is a thorough
mixing of voitices downstream and the wake generated is spread and diffused. The
shedding patterns are distinct in contrast to the Endings observed in the co-rotation
cage. In co-rotation, the axis of shedding is shifted in the direction of the rotation
but in the counter rotation case the effect of the downstream cylinder counter acts
the vortices convected downstream from the cylinder. Initially, the upstream cylinder
dominates the How compared to the downstream cylinder. This is visible by the shift
of the path of the vortices near to the downstream cylinder and they cross the axis of
the cylinder demonstrating the increasing inSuence of the downstream cylinder as the
vortices convect further downstream.
Figure 3.20 shows that the downstream cylinder experiences a negative drag and
the upstream cylinder experiences a positive drag as illustrated in Figure 3.19. This
indicates that the cylinders are attracted towards each other which is explained physically by the high velocity of the Eow between the cylinders and the development of
a suction force. A high magnitude of lift force and a low magnitude of drag force
are generated both with less variation about the mean. The variation of drag and
lift forces for both the upstream and downstream cylinders for the counter rotation
case are similar to those experienced in the co-rotation case, with magnitudes smaller
than that experienced for co-rotation. This is explained by the physics of the system,
where in the counter rotation case counteractive e%cts on the force cause a smaller
magnitude in the resultant forces.
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Figure 3.12: Wake patterns generated behind twin tandem cylinders of equal diameter for (a) co-rotation (b) counter rotation,
= 100 and angular rotation 'y
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co-rotation
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time steps (A t=0.10)
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Figure 3.13: Lift Q and drag Cj records with time for right hand side cylinder in
side-by-side arrangement, g* =1.0. This iUustrates the diSerent characteristics for
co-rotation of twin cylinders of equal diameter for Rg = 100 and angular rotation 7
=1.0 in comparison to corresponding twin stationary cylinders
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Figure 3.14: Lift Q and drag Cd records with time for left hand side cylinder in
side-by-side arrangement, g* =1.0. This illustrates the different characteristics for
co-rotation of twin cylinders of equal diameter for jRg = 100 and angular rotation 'y
=1.0 in comparison to corresponding twin stationary cylinders
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Figure 3.15: Lift Q and drag Cj records with time for right hand side cylinder
in gide-by-side arrangement, g* =1.0. This illustrates the diSerent characteristics
for counter rotation of twin cylinders of equal diameter for
= 100 and angular
rotation 'y =1.0 in comparison to corresponding twin stationary cylinders
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Figure 3.16: Lift Q and drag Cd records with time for left hand side cylinder
in side-by-side arrangement, g* =1.0. This illustrates the diEerent characteristics
for counter rotation of twin cylinders of equal diameter for i?e = 100 and angular
rotation 'y =1.0 in comparison to corresponding twin stationary cylinders
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Figure 3.17: Lift Q and drag Cd records with time illustrating the different characteristics experienced by upstream twin tandem cylinder in co-rotation, ff* =1.0,
Re = 100 and angular rotation 7 =1.0 in comparison to corresponding twin stationary cylinders

3.5.

T W I N C Y L I N D E R S IN ROTATION

70

co-rotation
stationary

ca>
CD

o
cj

CO

-10

c
o
'(/>

c
CD

yE
8 -15

-20

-25

0

100

200

300

400
500
600
time steps (A t=0.10)

700

800

900

1000

Figure 3.18: Lift Q and drag
records with time illustrating the different characteristics experienced by downstream twin tandem cylinder in co-rotation, g* =1.0,
i?e = 100 and angular rotation 7 =1.0 in comparison to corresponding twin stationary cylinders
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Figure 3.19: Lift Ci and drag Cd records with time illustrating the different characteristics experienced by upstream twin tandem cylinder in counter rotation, g* —1.0,
Ag = 100 and angular rotation 'y —1.0 in comparison to corresponding twin stationary cylinders
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Figure 3.20: Lift Ci and drag Cd records with time illustrating the different characteristics experienced by downstream twin tandem cylinder in counter rotation,
g* =1.0, Re — 100 and angular rotation 7 =1.0 in comparison to corresponding twin
stationary cylinders
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Figure 3.21: Lift Q and drag C,/ records with time for right hand side cylinder in
side-by-side arrangement, g* =1.0. This illustrates the diEerent characteristics for
co-rotation of twin cylinders of equal diameter for, Ag = 200 and angular rotation
=1.0 in comparison to twin stationary cyhnders

3.5.3

Twin cylinders in rotation: Re

200

In order to study the behaviour of twin cylinders in different flow regimes, simulations
were carried out for

= 200 in various conEgurations of cylinders ag in side-by-side

and tandem arrangements. The simulation of Q and

records are shown in the

Figures 3.21 and 3.22 for right and left cylinders respectively in side-by-side arrangement and Figures 3.23 and 3.24 for tandem arrangement of upstream and downstream
cylinders respectively. The Endings are compared to their corresponding stationary
cases. From the hgures the effect of rotation on the drag and lift, coupled with the
interaction effect between the cylinders on the forces is observed. The variation of
forces

= 200 show similarity to nature of corresponding forces developed in the

case of

= 100 but with a lesser magnitude of forces.
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Figure 3.22: Lift Q and drag Cd records with time for left hand side cylinder in
side-by-side arrangement, g* =1.0. This illustrates the diSerent characteristics for
co-rotation of twin cylinders of equal diameter for,
— 200 and angulai" rotation
'y =1.0 in comparison to twin stationary cyhnders

3.6

Discussion of Results

Tables 3.11 and 3.12 show the magnitudes of mean drag

and mean lift (Qmean)

forces predicted for ^e=100 in side-by-side and tandem arrangements at angular velocity of rotation 'y=1.0. There are some high lift coefhcients present in these tables.
The mean lift coefhcients of the order of 5-6 are seen apart from the lift coefhcients
of downstream tandem cylinder. The similar values of lift coeScients of order 6-8 are
reported in the studies of Nair et al. (1998) for rotating single cylinder case for higher
Reynold number of 3800. Lift coefBcients of the order of 3 are reported in the works of
Badr et al. (1989) for unsteady how past single rotating cylinder at Reynolds number
of 100. Also it is reported in Badr et al. (1990) that for Reynold number 1000 and
higher rotational rates Q > 8 and increases with the rotational rate.
In light of the above listed works, results reported in current research for two cylin-
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Figure 3.23: Lift Q and drag Cj records with time illustrating the different characteristics experienced by the upstream twin tandem cyhnder in co-rotation, g* =1.0,
jZg = 200 and angular rotation 'y ==1.0 in comparison to twin stationary cylinders

der case involve interaction between the cylinders and this might have some eEect on
the increased magnitude of lift co-elBcient. However, higher values of Q are found for
downstream cylinder in tandem arrangement which experience a suction force owing
to the interaction between the cylinders. Further validation is needed to verify these
values. Figures 3.11 and 3.12 show the wake patterns generated behind twin rotating cylinders in side-by-side and tandem arrangements with large vortices convecting
downstream.
The study of rotating twin cylinders at

=1.0 and angular rotation 'y =1.0 has

reported interesting results. Further parametric studies need to be conducted to evaluate and validate the model further, so as to apply for multi-body configuration of
cylinders and to detail the How characteristics.
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Figure 3.24: Lift Q and drag
records with time illustrating the diEerent characteristics experienced by the downstream twin tandem cylinder in co-rotation, g*
=1.0, i?e = 200 and angular rotation 7 =1.0 in comparison to corresponding twin
stationary cylinders

3.7

Conclusions

The Viscous Cell Boundary Element Method (VCBEM) is validated for the case of
a single cylinder in rotation. The critical aspects of stagnation point and the alleyway formation around the primary vortex are shown to have similarities with other
numerical predictions and experimental studies.
The method is then extended to the study of twin cylinders in various arrangements
such as side-by-side and tandem. The magnitudes of mean drag

and mean lift

(Qmean) forces predicted in both arrangements are tabulated in Tables 3.11 and 3.12
for 7^6=100 and angular velocity of rotation 'y=1.0. In the case of the side-by-side
arrangement we see a thorough mixing of vortices and high frequency forces in counter
rotation as compared to a closed knitted wake and low frequency forces generated in
the co-rotation case. In the case of a tandem arrangement thorough mixing of vortices
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occurs downstream exhibiting a diffused wake. The cylinders are attracted to each
other due to the interactive suction force and a high velocity of How exists between the
cylinders. The influence of the cylinders in counter rotation is seen in the downstream
vortex shedding patterns, with a shift in the axis of shedding. The magnitude of forces
are reduced compared to that of co-rotation case because of the counter effect of forces
between the cylinders. These follow similar patterns of variation when compared to
the co-rotation case, for cylinders positioned along the same axis to the Sow.
The next chapter presents reduced-order modelling techniques which can be applied
to construct low-order models to the Navier-Stokes equation. The key objective is
to develop computationally inexpensive surrogate models which can be employed to
design controllers to achieve vortex suppression.

Reduced Order Modelling
4.1

Introduction

The advent of increasingly high performance computers haa enhanced our ability to
solve problems of high complexity and now one can construct, solve and predict the
time histories and frequency domain responses of extremely large dynamic systems.
One of the governing factors in dealing with such issues is the computational cost and
time. Hence, precise models are prohibitive when parametric studies and analysis are
required. The applicability of these models is signihcantly reduced when dealing with
control problems since most control schemes can only be efficiently implemented for
relatively small systems with 1-100 degrees of freedom (Deane et al., 1991, Berkooz
et al., 1993, Ravindran &: Ito, 1998, Epureanu et al., 2001).
The development of efhcient numerical schemes for optimal flow control is a topic
that has attracted much attention in recent years. One major challenge in this area
arises from the fact that, in practice, computationally expensive high fidelity models
are required to analyze the behaviour of controlled Sows (Homescu et al., 2002). To
overcome the computational obstacles to flow control, the idea of constructing computationally lower cost reduced order models has been pursued in many recent studies,
see for example Deane et al. (1991), Ravindran &: Ito (1998), Tan et al. (2000), Homescu et al. (2002). This lower cost of computation makes the Reduced Order Models
(ROM), with their smaller degrees of freedom a possible way forward.
Reduced order models, in general, possess much smaller degrees of freedom as compared to the original model. The method attempts to capture the essential dynamics
of the original model with acceptable accuracy. The tradeoff between complexity and
accuracy is problem specific and application orientated. Many of the proposed control
strategies have relatively large robustness to account for model uncertainties and hence
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the ones designed and tested on reduced order models have proved successful on the
full order systems (Deane et al., 1991, Berkooz et al., 1993, Epureanu et al., 2001). A
uncertainity set is said to be strongly robust if the set contains the true system to be
controlled and any model selected from this uncertainity set stabilizes the true system.
In particular, a controller is said to be robust if it remains stable in the presence of
neglected dynamics of the full order system.
The control systems can be of linear, nonlinear or adaptive type. In linear control
systems the dynamic relationship between input and output will be as a first, second
or higher order differential equations and the principle of superposition is valid in this
case. The stability of nonlinear control systems described by state space notation and
with continuous nonlinear characteristic is investigated by Liapunov methods (Joseph,
1998). Adaptive control system changes according to the environment and plant, which
is usually evaluated by some performance index. The controller must adapt as rapidly
as possible in comparison with the parameter changes of the environment or plant
so that it is always at, or nearly at, its most suitable performance. As the adaptive
controller requires a performance index, it is important that the chosen cost function
should reEect the eEect of system parameters which are likely to vary, so that adaptive
nature can be realized to the full (Richards, 1979).
Previous work on reduced order models for Euid dynamic analysis used physical
insights (Gieitzer, 1976, Whitehead, 1959). Recently, systematic studies in developing
reduced order model techniques have been undertaken, involving Fade' approximations to the unsteady aerodynamic transfer function (Udea & Dowell, 1984, Peterson & Crawley, 1988, Dowell, 1980), eigen mode summation either in the time or
frequency domain (Dowell, 1995, Hall, 1994) and Proper Orthogonal Decomposition
(Romanowski, 1996). Most techniques are primarily concerned with the linearized
system, but techniques such as proper orthogonal decomposition have been applied to
model both linear and non-linear phenomenon (Kirby & Sirovich, 1990, Noor, 1994,
Stone & Cutler, 1996). Shaw &; Pierre (1993, 1994) have investigated fully non-linear
normal modes and reduced order models.
Reduced order model techniques have been applied to a wide range of systems such
as the Burger models of turbulence (Canuto et al., 1988, Chambers et al., 1988), Euler
equations, Navier-Stokes equations (Deane et al., 1991), turbulence & boundary layer
models (Liu et al., 1994, Sirovich, 1987). The eigen modes for Navier-Stokes How in
the time domain was obtained by Mahajan et al. (1991).
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4.2

Overview of Reduced Order Model Development

The various steps involved in the reduced order model development are brieSy summarised to give an overview of the process of model reduction.

The sequence of

operations involved in the development of reduced order models is as follows:
# Aspects of model reduction: This section discusses the criteria to produce the
ensemble data required for the model reduction process. The ensemble data can
be generated either by physical or numerical experiments. In the case of numerical experiments, the full order Navier-Stokes equations are simulated to generate
the necessary database for model reduction. In the current research, modified
VCBEM is used to solve the full order Navier-Stokes equations to generate the
ensemble data for the development of the reduced order model.
# Reduced Order Models for the rotating cylinder: Details of the methods involved
in the development of reduced order models for the caae of a rotating cylinder is
explained in this section. There are two methods of model development
I. Penalty function. The details of this model reduction technique are discussed in section 4.4.1
II. Control function method.
In the current investigation, the control function method is adopted to develop
the reduced order model.
# Control function method: This section describes the model reduction process
within the control function method. The control function method adopted in
the current research involves
I. The generation of an ensemble database of snapshots from the numerical simulation of the full order Navier-Stokes equations using modified
VCBEM.
II. Generation of control function snapshots from the full order Navier-Stokes
equations to produce divergent free basis functions

for the reduced order

model.
III. Generation of modified ensemble database for use in the proper orthogonal
decomposition method to produce divergence free basis functions
reduced order model.

for the
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IV. Application of the proper orthogonal decomposition method to modified
ensemble database to generate the divergence free basis function

in the

proper orthogonal decomposition space.
V. Development of reduced order models using the divergence free basis function

derived by the application of proper orthogonal decomposition method

on the modihed ensemble database.
VI. Time marching of the reduced order model developed by the control function approach to produce predictions of time dependent modal amplitudes.
e Proper Orthogonal Decomposition: This section discusses the method of proper
orthogonal decomposition in detail, which is used in the development of reduced
order model. This method is applied to the modified ensemble database of snapshots to generate the divergence free basis functions

for the control function

reduced order model.
# Validation of Reduced Order Model for rotating cylinder: This section describes the validation of the generated control function used in the reduced order
model by the comparison of projections determined from the full order modiRed
VCBEM model and predictions derived from time marching of the reduced order
model developed by control function approach.
In the current research, the control function method mathematical formulation of
Graham et al. (1999) is used. A proper orthogonal decomposition method is adopted
to derive the basis functions 9!* in the mathematical formulation and the modelling
is developed based on the results derived using the modihed VCBBM unstructured
mesh approach. On generating the proper orthogonal decomposition basis functions
various coefhcients of the control function method reduced order model are evaluated
and used to produce predictions of time dependent modal amplitudes by using a time
marching scheme.

4.3

A s p e c t s of Model Reduction

Let us consider a superspace high fidelity model with JV basis elements and a subspace
for the reduced order model with M basis elements. The superspace dynamics are
represented by snapshots collected at discrete time intervals, hence a sufficient number
of snapshots should be selected to represent adequately the physical process and this
forms the data base from which the reduced order model is extracted. Hence, sampling
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Figure 4.1; Typical semilog plot of eigenvalues of the correlation matrix for datasets
generated for Hows of
= 100 and
= 200 at the start of Sow.

and selection of snapshots of the full order model plays a vital role in the generation
of the reduced order model to represent the physical process.
The sampling of snapshots can be chosen as a function of the signal which represents
the system. As an example, let us consider the vortex shedding problem with the lift
coeSBcient selected as signal. The signal must be band limited containing frequencies
up to some maximum frequency in the frequency spectrum. The research work of
Joseph (1998) on optimal control of unsteady flow around the cylinder showed that
when Nyquist criterion is violated the numerical eigen values exhibit a nonphysical
behaviour and hence care must be taken to construct discretizations to avoid numerical
artifacts. The detailed mathematical analysis of Nyquist criterion for vortex shedding
problem is presented in the work of Joseph (1998). The sampling rate allowed is
the Nyquist rate which is the maximum frequency and at least twice the maximum
frequency should be selected as the upper limit of the frequency spectrum (Graham
et al., 1999, Gillies, 1998, Ravindran, 1999, Homescu et al., 2002). Consider the vortex
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Figure 4.2: Typical semilog plot of eigenvalues of the correlation matrix for dataaets
generated for Sows of 7%e = 100 and Ag = 200 at steady state of vortex shedding.

shedding problem which is periodic in nature and governed by predominant modes.
Twice the vortex shedding period captures the significant physical phenomenon to be
described. The efficiency of the reduced order model is based on the degree of capture
of the underlying dynamics of the system. In order to capture the essential dynamics
it is expedient to keep TV as large as needed.
Let us consider the characteristic behaviour of energy spectrum of covariance matrix in correspondence to physical process under consideration. If the energy spectrum
of physical process is uniform, the process is controlled by many modes and all the
eigen modes have significant influence on the process on the contrary to a decaying
energy spectrum with principal eigen modes controlling the physical process. Vortex shedding problem exhibits a decaying spectrum as shown in Figures 4.1 and 4.2
indicating the physical process is controlled by principal eigen modes.
The characteristic of the eigenvalues of the covariance matrix A(as in equation 4.27)
is used to determine the maximum number of the reduced set of basis elements M and
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Figure 4.3: Typical representation of normalized eigenvalues of the correlation
matrix for the datasets used.

this will be a large number if the rate of decay of eigenvalues in the covariance matrix
is low. If the eigenvalues of the covariance matrix decay at a faster rate, we can
select M
so that

N, and carry out Galerkin procedures on the reduced basis set [(^i,...
Ai %

Ai, where A, denotes the 2th eigenvalue. As the number of

modes incorporated in the reduced order model increases the design of control becomes
complicated and hence an optimum number of modes should be selected, which is
based on energy criteria for the vortex shedding problem. It is shown in Graham et al.
(1999), Ravindran (1999) that the sum of all the eigen values represent the average
unsteady energy in the data set considered. If the eigen values are ordered (A^ > A;+i),
then the ratio

determines the percentage of total kinetic energy contained in
Zfli A,
the hrst M proper orthogonal decomposition elements.
The numerical data describing the wake are generated by the modihed viscous
cell boundary element method and typically sixty snap shots per cycle are collected.
Figures 4.1 and 4.2 represent the typical semilog plot of eigen values of the correlation
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Figure 4.4: Computational domain definition and boundary conditions for rotating
cylinder in a uniform flow. All the variables and quantities are nondimensional

matrix for Hows of

= 100 and TZg = 200 at the start of Sow and when the how reaches

a steady state of vortex shedding. Figure 4.3 shows a typical plot of the magnitude
of the evaluated eigenvalues produced for the data sets generated. This confirms the
rapid rate of decay of the eigenvalues of the covariance matrix and also the eigenvalues
indicate the energy level in each mode. From this picture, it is evident that only the
Erst few modes contain most of the energy associated with vortex shedding and hence
M <K N can be adopted. In the analysis M = 6 is used, i.e the hrst six modes, which
capture 99.84 % of the flow energy.

4.4

Reduced Order Models for Rotating Cylinder

Let us now consider the case of a rotating cylinder as discussed in Chapter 3 and apply
the proper orthogonal decomposition approach to the /ocA on how. That is, when
the natural frequency of vortex shedding synchronizes with the frequency of cylinder
rotation producing a strong vortex shedding. The eigen spectrum is concentrated on
the hrst few modes and the modal structure is similar to a stationary cylinder as
reported by Graham et al. (1999). Since the cylinder rotates, the velocity formulation
required for the Galerkin projection changes (Graham et al., 1999). Graham et al.
(1999) proposed the following two methods to solve the problem of rotating cylinders:
I. Penalty function method.
II. Control function method.
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To the best of authors knowledge, these are the only two methods available in current literature for rotating cylinder case. In the penalty function, the inhomogeneous
boundary conditions are incorporated in a weak form in the Galerkin projection and
the basis functions retain their original form. The control function method involves the
removal of inhomogeneous boundary conditions by a suitably chosen function e.g. the
control function in the velocity held expansion producing the homogeneous boundary
conditions on the basis functions used in Galerkin projections (Graham et al., 1999).
In current research control function method is adopted since it can be readily extended
to construct reduced order models for flow around multiple array of cylinders. The
mathematical details of the method can be found in Graham et al. (1999). For the
completeness of formulation a summary of the methods propose by Graham et al.
(1999) is given in section 4.4.1 and 4.5 to follow.

4.4.1

The penalty function m e t h o d

In this method the velocity f is determined or measured at a distance e from the
cylinder's boundary in the Huid and this distance is reduced until satisfactory solutions
are obtained. The velocity on the cylinder is expressed by (Graham et al., 1999)
dv

- e—

(4.1)

where R ( = l / 2 ) is the cylinder's (nondimensional) radius, eg is the unit tangent vector
and 'y denotes the angular rotation of the cylinder. Prom equation 4.1,

^ _v-.Re„
This can be incorporated in a Galerkin projection via surface integral terms (Zienkiewicz
&: Morgan, 1982). The velocity held expansion can be written as
i;(3;,t) = '(;(%)+ ^2/A:(^)<^t(2:)

where ^A;(^),

(4.3)

= 1 , 2 , . . . , M are the undetermined time-dependent amplitudes of the

proper orthogonal decomposition modes.
On substituting equation 4.3 into equation 4.4, which is described in section 4.6.1,
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dv

( 0 . , ^ + (n.V)t,) + (0..V;))
=

+

(4.4)

we arrive at the following reduced order system of n ordinary differential equations
TV
^
j=i

;v N
^ ^
j=i t=i

+ di?

(4.5)

The coeGicients of the differential equation are given by
Gi =

Vi)) +

^

V(4,) + ^ l A V * ] - i

%/k =

((;6^.V)(;6A;)

o^i =

(4.8)

(4.9)

J Tc
where (a, 6) =

a.6 (fQ; (a, a) =

aa

[o] =

Once the coefEcients are evaluated and suitable initial conditions prescribed for
and the time history of the control input 'y known, a time marching scheme applied to
equation 4.5 produces the predictions of the modal amplitudes for the reduced order
model.

4.5

Control Function M e t h o d

In this method, the inhomogeneous boundary conditions describing rotation on the
cylinder

are removed from each snapshot by subtracting a suitable con^ro/

before generating proper orthogonal decomposition basis functions. The control function to be selected is arbitrary but has to be divergent free in order to retain divergence
free properties of the basis functions (Graham et al., 1999). It should also satisfy the
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CONTROL FUNCTION METHOD

^

homogeneous boundary conditions on ri, Tg and

Hence, the control function can be

conveniently generated by a How simulation of the desired motion of the boundary. In
this study the control function

is generated by a steady cylinder rotation with

angular velocity ^ = 1.0. The modified snapshot dataset is then given by
f (a;,

(4.10)

which produces a snapshot data set which gives divergent free basis functions. The reduced basis function and the mean flows are generated from this modiEed snapshot set.
The reduced basis function

thus generated has zero velocity on the cylinder surface

and the velocity held expansion equation 4.11 automatically satishes the boundary
conditions. This can be written as
+

(4-11)
A;=l

where

= 1,2,...

are the undetermined time-dependent amplitudes of the

proper orthogonal decomposition modes.
On substituting equation 4.11 into equation 4.4, which is described in section 4.6.1,
we arrive at the following reduced-order system of M ordinary differential equations

7

n

t ft+

n

; =1

n
*;=!

^

-t-

(4.12)

The coefhcients of the diEerential equation are given by
G, = -(,^,, (i).V)i)) - ^(V<An Vr) +

(4.13)

+ ^ ( V ^ , , V,^j) +

(4.14)

Qjt — —(<^i, (<^j.^)<Ak),

(4.15)
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^

=

(4.16)

(4.17)

/ i j = -((^i, (<^rV)T;c) - (<^n (%;c.V)(^;),

(4.18)

gi = -(f^,,(^c.V)i;c).

(4.19)

Once suitable initial conditions are prescribed for

and the time history of the

control input 'y known, a time marching scheme can be used for equation 4.12 to compute the evolution of modal amplitudes

The mathematical details of the method

can be found in Graham et al. (1999).
It is benehcial to retain divergence free condition on the basis functions used in
Galerkin projection since the model is suitable for further extension to multi body
configuration of cylinders and for this reason a control function method is adopted in
the analysis.
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Proper Orthogonal Decomposition

In this study reduced order models for active control are constructed using proper orthogonal decomposition. In other words, proper orthogonal decomposition is used to
design reduced order models which capture the essential dynamics of the flow Geld predicted using the computationally expensive Navier-Stokes equations. The motivation
for this arises from the fact that the solution of complex Buid dynamic problems using
techniques such as finite element, Hnite volume, Snite difference or spectral method
are not feasible generally for real time control (Ravindran, 1999, Ravindran &: Ito,
1998).
Proper orthogonal decomposition is a model reduction technique for complex nonlinear systems and was originally proposed by Lumley (1967). The mathematical
foundations of this technique are based on the seminal works of Loeve (1945) and
Karhunen (1946).
Basis functions are used for spatial discretization in a proper orthogonal decomposition method. However, these basis functions are extracted from numerical simulations
using a high Edelity model or experimental results.
For any given ensemble of data, through application of proper orthogonal decomposition an orthonormal co-ordinate system is generated. This is optimal in the sense
that approximate representation of 'snapshots' using the basis functions

derived by

proper orthogonal decomposition maximizes the captured energy. This is the basis
for the generation of optimal basis functions for Galerkin representation (Ravindran,
1999, Graham et al., 1999, Hirsch, 1988, Van de Vosse et al., 1986, Li et al., 1991).

4.6.1

P r o p e r orthogonal decomposition illustration

To illustrate a proper orthogonal decomposition application and the development of a
proper orthogonal decomposition subspace to a speciHc problem, let us examine the
two dimensional, incompressible How of a fluid past a circular cylinder of diameter
The computational domain and boundary conditions are shown in Figure 4.4.
Given an ensemble of flow field snapshots predicted by the Navier-Stokes equation,
the reduced-order modelling problem reduces to:
(1) extracting coherent structures from the snapshots of the Sow field and
(2) employing the computed structures to construct a low-order mathematical
model.
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Methodology
Given an ensemble of the vector held

it is necessary to elicit a function

typifies members of the ensemble. The function

chosen such that the pro-

jection of the ensemble onto the subspace of the function
product
y

which

for which the inner-

exists, is maximal with respect to the function

=

= 1). Once this function is found, the ensemble can be projected

onto the subspace spanned by

As shown by Ravindran (1999),

can be computed

by maximizing the expression

i=l
which incorporates the How held statistics of the problem under consideration and m
stands for the number of solutions at diEerent time steps.
Let us consider a spatio-temporal ensemble of velocity held i;(a;, t) dehned over the
spatial domain (1 in the interval of 0 < ^ < T. Let us aasume that the velocity held
'u(a;,^) can be written as
i)(a;,t)=:'u(a;)-k'u(a;,t),
where 'u(a;) is the temporal mean of the velocity held and
m snapshots or discrete time intervals

(4.21)
obtained at the

along hxed points in the spatial domain.

The temporal mean, when reduced from the velocity held given by equation 4.21
provides insight into the structural huctuations. If we denote the temporal mean of
'u(a;,^) by (i;(a;,^)), it will be zero in equation 4.21.
The derived functions

the eigenfunctions of a Fredholm integral equation

of the second kind, i.e.
/ Ar(a;,a;')-(^(a;')da;' = A(^(a;)

(4.22)

Jn
where the kernel jC(a;, a;') is the time averaged correlation function
jC(a;,a:') = ('u(a;,t)i;(a;',t)).

(4.23)

where (.) denotes the time average operator. These functions (^j(.(a:), A; = 1, - - - ) are
called the empiricai eigenfuncdons or the coherent structureg.
It is seen from the works of Sirovich (1987) that any projection of the data on to
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given by
(4.24)

k=l
The sample vectors are reconstructed using
i)(a;,^)='D(z;) + ^?/A:M(^t(a;).

(4.25)

k=l
The coefhcients i/A:(t) arc determined from the reduced dynamical equations and the
parametric value of M depends upon the maximum number of coherent structures
required to capture the essential dynamics of the system (Ravindran, 1999, Tan et al.,
2000).

Since low dimensional attractors are derived from the complex spatio-temporal
data, which are the representations of the system under consideration, high spatial
resolution is a necessity to ensure the fidelity of the model. In such cases, the size
of spatial data set g is bulky and the calculation of a g x g correlation matrix to
evaluate the correlation function is impractical and so a dual approach applied to the
m snapshots is inevitable as discussed by Sirovich (1987). This method is also known
as sampje space setting (Preisendorfer, 1988), where the snapshot vectors %;(a;,fi), 2 =
1 , . . . ,772 are considered and they determine the empirical eigenfunctions

a

linear combination of the snapshots given by,
=

(4.26)
1=1

such that equation 4.22 is satisfied. The corresponding eigenvalue problem requires
determination of the eigenvalues and eigenfunctions of a symmetric matrix m x m such
that,
=

(4.27)

where
= — / 'u(a;,^;)-'u(a;,^j)da;
m Vn
./n
and

is a single column array with

(4.28)

introduced in equation 4.26 as elements.

The sum of all the eigenvalues of the correlation function represents the average
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unsteady energy E' of the dataaet corresponding to the velocity because the trace of
the matrix A represents the average energy retained in the snapshot. Hence
E =

(4.29)

i=l
where the eigenvalues are arranged in descending order i.e ordering of the eigenfunctions from largest to least energy content.
The coefRcients

at given discrete times

are computed from a projection of

the sample vector onto an eigenfunction given by,

dz =

(4.30)

The expression given in equation 4.30 is used to evaluate the initial conditions and
the necessary projection data for the time marching events of 2/k(^). The Galerkin
projection scheme is then used to derive lower dimensional mathematical models. The
objective of this approach is to replace the given dynamics by the dynamics of the
subspace in the form
&'(^) = /(2/(^))

(4.31)

where 2/(() is the time-dependent amplitude of the basis functions as discussed by Tan
et al. (2000).
For problems associated with non-stationary flows with forcing, the system under
examination is formulated by Tan et al. (2000) as,

where

'u(a;,<)=:A^5'('u(a;,(),c(a;,t))

(4.32)

z(^) — /f(%;(a;,^))

(4.33)

denotes Navier-Stokes solution for the control input, c denotes the control

input and z represents an output signal.
Galerkin P r o c e d u r e
For a Suid assumed incompressible, as discussed in Chapter 2, the Navier-Stokes equation of the How in terms of a non-dimensional velocity Held i;t(^), relative velocity
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— i't(t) and the pressure p is given by
+ %j)],t = 0,

^

(4-34)

(4.35)

where i/g(= 1/Ee) represents the inverse of the Reynolds number. The subscript
index j = l , 2 or j = l , 2, 3 denotes two-dimensionai and three-dimensional body-Suid
interaction problems respectively.
If the operator

()

is applied to the Navier-Stokes equation, the following

reduced model is obtained (Graham et al., 1999). That is,

dv

(,^„ — + (i;.V)^) + (,^„Vp)
= ^ ( V , A „ V ^ ) + ^[(A,Vi;].

(4.36)

Equation 4.35 is satisfied automatically since the basis functions created by the
proper orthogonal decomposition method are divergence free because of their def nition
as discussed by Sirovich (1987).

4.7

Development of Reduced Order Model for modified VCBEM.

The two methods of reduced order model development for rotating cylinders, Control
function and penalty function methods were developed by Graham et al. (1999). The
current research involves the implementation of the method developed by Graham
et al. (1999) and proper orthogonal decomposition procedure proposed by Ravindran
(1999) for developing the reduced order model for modified VCBEM. The reduced
order model for modihed VCBEM is developed using the Control function approach
proposed by Graham et al. (1999). In the current research the boundary conditions on
the surface of cylinders are incorporated in unstructured mesh generation programme
and VCBEM solver is modiEed to account for time dependent boundary conditions in
How simulations. In the case of penalty function method, the velocity

is obtained by

trial and error for each case aa compared to control function method, which incorporates rotation of cylinder in the mathematical formulation. Control function method
provides means for generating a modihed dataset from which divergence free basis
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functions ^ are derived. This provides a generalized approach which can be extended
for array of multiple cylinders and is hence developed for modiGed VCBEM in order
to further extend the study to array of cylinders. A complete set of control function
reduced order model numerical codes are developed for an unstructured mesh modiGed
VCBEM solver in the current research, which can further be used for the analysis of
multiple array of cylinders. The divergence free basis functions <;6 are derived for the
control function approach from the modihed snapshot database computed by modified
VCBEM using the proper orthogonal decomposition procedure described by Ravindran (1999). A set of numerical codes was developed for deriving

for the dataaet

generated by modihed VCBEM.

4.8

Validation of Reduced Order Model
projection
prediction

time steps (A t=0.10)
Figure 4.5: Comparison of predicted and projected modal amplitudes for Reynolds
number Bg = 100 and angular rotation 7 = 2sin(7rt/3).
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Time-dependent boundary conditions were incorporated into the VCBEM method
and the validation of the code is discussed in Chapter 3. The computational domain
and boundary conditions are shown in Figure 4.4. Here, vi, vg, ^3 and T4 represent
boundary conditions on the inlet, bottom, outlet and top respectively. The boundary
Tc, represents the no slip condition on the surface of the cylinder with horizontal and
vertical velocity components K = —'y?/,

= 'yz respectively. The top and bottom

boundary conditions of the computational domain are assumed to maintain symmetry
having mixed boundary conditions of zero horizontal traction force and zero vertical
velocity. A zero traction force is imposed on the outlet force and a uniform horizontal
Sow velocity at the inlet.
Farrant (1998), Uzunoglu et al. (2001) showed that the influence of the boundary
conditions on Q and Cj is insignificant for su&ciently large semi-width (/i) of the
computational domain. Research works of Uzunoglu et al. (2001) showed that if,
is the semi-length and semi-width of a computational domain then,

= 9(f is

su&cient for mixed boundary conditions of velocity and traction forces. Hence in this
set of computations, an upstream domain and a semi-width computational domain of
A = lOd is adopted, whereas the downstream domain is 20(f.
The reduced order model developed was found to be consistent with predictions
obtained from reduced order model matching reasonably well with projections from
full order modiEed VCBEM. In order to validate the reduced order model developed
a set of 60 snapshots at a time step interval of 0.20 were collected, corresponding to
twice the lift Nyquist frequency, by executing the full-order VCBEM code for the case
'y(t) = 2sin'7rt/3. The eigenvalues of the correlation matrix computed using these
snapshots are shown in Figure 4.3. The reduced order model was constructed with
different modes and was found consistent with full order model. The computational
time increased with the increase in the number of modes included in the reduced order
model construction. The design of controller gets more complicated with more number
of modes and hence aji minimum number of modes are to be selected for the reduced
order model construction which can represent the full order system with suHicient
accuracy. As seen from the Figure 4.3, the hrst six modes were found su&cient to
account for the energy of the system under consideration and was optimum from the
computational time. In this case, the first 6 modes capture 99.84 % of the Sow energy.
The predicted and projected basis function amplitudes were found to be in agreement.
It was observed that the reduced-order model agreed reasonably well with the fullorder Navier-Stokes equations for this particular control input and this evidence is
shown in Figure 4.5. In lieu with the physical Sow phenonmenon of vortex shedding
goverened by the predominant eigen modes Sow, computational time considerations
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Figure 4.6: Time history of angular rotation 'y — 'yo s i n [ ^ + Avr siii(^)] as chosen
by Graham et al. (1999)

and design of controller, the first 6 modes are adopted in future studies.
The optimal control input can be either a regular or a irregular signal, hence for
generality the reduced order model is tested for an irregular signal input. A parameterized time history of the time-dependent boundary conditions is used to study the
behaviour of the reduced order model to an irregular signal. This also allows us to
judge the eScacy of the reduced order model to capture the unsteady dynamics of
the system. In order to carry out this system identihcation procedure the cylinder
rotation 'y is given by,
r27r(
'y = 'yosm^

T\

v47r sinff . i

(4.37)
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projection
prediction

time steps (A t=0.10)

Figure 4.7: Comparison of predicted and projected modal amplitudes for _Rg = 100
with angular rotation 7 = 70 s i n [ ^ + Att s i n ( ^ ) ]
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Figure 4.6 illustrates the irregularity of the rotation signal assuming a typical
parameter set with values

= 2,%"! = 6,A = I,?!; = 48. As seen, Graham et al.

(1999) used this signal since it yields an excitation frequency from half to twice the
shedding frequency. The projection from the modified VCBEM and predictions from
the reduced order model agree as shown in Figure 4.7.
In order to further check the efhcacy of the reduced order model, rotation input
signal "y(t) was parameterized by the function,
'y(t) =

v4; sin(27r%f/T),

(4.38)

where yl,, % = 1 , 2 , . . . , m denote a set of parameter variables.
Figure 4.8 illustrates the irregularity of the rotation signal for a parameter set of
values m = 10 and T = 6.0 with random values of
ison between

. The results of the compar-

solutions from the full order Navier-Stokes equations solved

using the modified VCBEM and

solution derived from the control function

method of the reduced order model are shown in Figures 4.9 and 4.10. The Figure 4.10
shows the comparison of hrst four eigen modes and it seen from the figure that the
hrst two predominant modes are congruent with the full order Navier-Stokes equations. The higher modes 3 and 4 agree reasonably well with full order Navier-Stokes
and discrepancy is seen modes 5 and 6 as shown in Figure 4.9. It is observed that
the reduced order model agrees reasonably well with the full-order Navier-Stokes for
the vortex shedding case examined. The energy contribution of higher harmonics is
insignificant when compared to that of first two prime modes in vortex shedding case
and hence vortex shedding governed by the predominant modes of flow.
If the reduced order model does not or poorly represents the full order Navier-Stokes
equations, then the control system designed on the basis of reduced order model will be
ineffective when applied to the full order system. Hence, the effectivesness of control
strategy designed based on reduced order model depends on the degree of accuracy to
which the reduced order model captures the essential dynamics of full order NavierStokes. The control function reduced order model developed in the current research
for vortex shedding problem represents the dynamics of full order Navier-Stokes flow
reasonably well and is hence adopted in the control strategies.
This limited validation of the reduced order model for the optimized control input
provides the tools necessary to investigate control of vortex shedding. Feedback and
feed forward control techniques provide a way forward and in the next chapter emphasis
is focused on how these control techniques can be applied to a real problem and
assessment of success.
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Figure 4.9: Comparison of predicted and projected modal amplitudes for TZg = 100
with parametric angular rotation "y given by
-A, sin(27r%</T')
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Active Flow Control
5.1

Introduction

This chapter describes the application of trust-region augmented reduced order modelling techniques for optimal control of vortex shedding. Our model problem involves
suppressing Karman vortex shedding in the wake of a circular cylinder by imparting
time-dependent angular velocity to the cylinder. The reduced order model is used in
lieu of the full order Navier-Stokes equations to design suboptimal control strategies
(Graham et al., 1999). This gives rise to a fundamental problem; the ability of the
reduced order model to predict the eH'ects of the control signal on the Bow held may
deteriorate when the baseline control input is modihed during the course of an optimization procedure. In other words, there is no theoretical guarantee that an optimal
strategy developed using a reduced order model converges to that computed using the
full order Navier-Stokes equations.
This limitation of reduced order models can also be analyzed from the viewpoint
of a reduced basis approximation.

Clearly, a reduced order model gives accurate

predictions only when the actual flow held lies in the subspace spanned by the set of
basis functions. However, in practice, this assumption may not hold since the optimum
control input may drive the true flow field away from the subspace spanned by the set of
baseline basis functions. In particular, an optimal control strategy based on a reduced
order model alone may lead to controller spillover effects, which can potentially make
the higher modes unstable.
One way to circumvent control spillover is to interleave the full order Navier-Stokes
equations and the reduced order model during the optimization process. This strategy
is computationally more efhcient than an approach using only the full order NavierStokes equations, and it also overcomes the accuracy limitations of the reduced order
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model. An important issue in developing such a scheme is to ensure that asymptotic
convergence to the high hdelity optima is achieved.
Alexandrov et al. (1997) proposed a globally convergent trust-region framework
for interleaving exact and approximate objective function models in numerical optimization. A trust-region framework is interpreted as an adaptive method to monitor
the amount of optimization achieved using the approximation model, before the high
fidelity model is run to check the validity of the current iteration. By comparing the
approximation model prediction to the exact value periodically, useful information regarding the accuracy of the reduced order model is obtained. This information can
then be employed to decide the move limits (i.e to increase or decrease the adaptive
radius

at each iteration) to be enforced in the next optimization iteration, as well as

to update the approximation model.
More recently, Arian et al. (2000) presented an extension of this approach to optimal Sow control. It was shown that, under some mild assumptions on the accuracy
of the reduced order model, convergence to the high fidelity optimal solution is guaranteed within the domain boundaries. An attractive feature of this approach is that,
by checking the e&cts of control input on the flow held using high hdelity simulation
(at various stages of the optimization iterations), the effects of control spillover are
minimized.
The present chapter provides an overview of How control followed by the development of active flow control strategies. The current chapter develops and discusses
the application of trust-region augmented proper orthogonal decomposition models to
optimal control of vortex shedding. It includes discussion of both feedforward and
feedback control strategies. The basic idea is to compute the undetermined parameters of the controller by minimizing a suitable objective function. Minimization is
carried out using trust-region algorithms which allow systematic updating of the reduced order model during the course of the optimization iterations. To demonstrate
the effectiveness of the proposed strategies, as an example, a feedforward control strategy to suppress Karman vortex shedding in the wake of a circular cylinder is considered. The active suppression of vortex shedding is achieved by imparting an optimal
time-dependent angular velocity to the cylinder. A selection of numerical results are
presented for the feedforward control strategy at Reynolds number,
= 200.

' 100 and
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Overview Of Flow Control

Flow control theory and application requires a multidisciplinary approach incorporating aspects of fluid dynamics i.e. Navier-Stokes equations, mathematical modelling,
computational engineering, numerical methods and control theory. The integration
of various disciplines has given rise to appropriate techniques to address fundamental
issues and created opportunities for new areas of research. As traditional scientihc
disciplines individually grow towards maturity, the urge to break the mindset of
gzde

areo has gained impetus and advances in integrating activities along inter-

disciplinary domains have gained momentum (Bewley, 2001). For example, significant
developments in control theory in the last few decades have considerably expanded
the selection of tools applied to regulate physical and electrical systems (Abergel &
Temam, 1990, Bewley, 2001). The classihcation of Sow control schemes are based
on many different criteria such as, the distance to wall (Townsend, 1961, Bakewell &
Lumley, 1967, Townsend, 1970, Lumley, 1971, Williamson, 1985, Aubry et al., 1988,
Robinson, 1991), energy expenditure (Gad-el Hak, 1996, Ravindran & Ito, 1998, Ravindran, 1999, Graham et al., 1999) or classiScation based on the control scheme directly
modifying the shape of instantaneous/mean velocity prohle or selectively influencing
small dissipative eddies (Schlicthing, 1932, Lumley, 1971, Sirovich, 1987).
Depending upon the control loop involved and energy expenditure, the Sow control
can be classiEed as active or passive control. A control device can be a passive device
requiring no auxiliary power or active thus requiring energy expenditure (Gad-el Hak,
1996). Active control can be further divided into predetermined control or reactive
control. A predetermined control includes the application of steady or unsteady energy
input without regard to the particular state of Sow and the control loop is open and
no sensors are required in this type of control.
Reactive control is a particular case of an active control mechanism, where the
control input is continuously monitored based on measurements of some kind. The
control loop can be open (feedforward) or closed (feedback) (Gad-el Hak, 1996, Gillies,
1998, Graham et al., 1999, Bewley, 2001). When dealing with the control of How
structures which convect over the stationary sensors and actuators, distinction between
feedforward and feedback is of particular importance.
In a feedforward control, the measured variable and controlled variable may di&r
(Gad-el Hak, 1996). For example, the pressure or velocity can be sensed in the upstream Sow and the resulting signal, in accordance with an appropriate control law,
can be used to trigger the actuator downstream, which in turn influences the velocity
at a downstream position (Gad-el Hak, 1996, Gillies, 1998, Bewley, 2001).
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In the case of a feedback control, it is a necessity that the controlled variable be
measured, fedback and compared with a reference input. Reactive feedback control
strategies are further classified into four categories, depending on the extent to which
they are based in the governing equations aa, adaptive, physical, model-based and
optimal control (Moin &: Bewley, 1994). All three categories, apart from adaptive
control, can be used in a feedforward mode or a combined feedforward-feedback mode.
A detailed review of the methods of How control is given by Gad-el Hak (1996), Bewley
(2001).

In feed forward control the measured variable is sensed using a sensor and the
sensed information is incorporated in a signal which is fed forward (Graham et al.,
1999, Gad-el Hak, 2000) where as a feed back control is a closed loop control where
the controlled variable is measured and fed back in comparsion to a reference input
(Gad-el Hak, 2000, Sahjendra et al., 2001). Models and controllers are developed
in adaptive schemes via some learning algorithum without regard to How physics.
System indentiScation is carried out independently of the How dynamics or NavierStokes equations that govern these dynamics. In an adaptive controller a specified
performance index is tried to be optimised by providing a control signal to an actuator
(Gad-el Hak, 1996, 2000).

5.2.1

Control of wake of circular cylinder

The How control of a circular cylinder, which is an archetypal unstable How, has received a great deal of attention because of its wide range of applications in civil,
aeronautical, mechanical and chemical engineering. The application ranges over the
spectrum from noise and vibration control, improvement in mixing of chemicals, dynamic stall control and lift enhancement (Gillies, 1998, Cortelezzi, 1996).
The response of a cylinder to a Huid How, and absolutely unstable wake Hows in
general, to a periodic forcing above a threshold amplitude possesses the characteristics
of a nonlinear oscillator with forced oscillations (Detemple &: Eckelmann, 1989). The
wake of circular cylinder exhibits vortex shedding oscillations that persist purely as a
result of How instability above a critical Reynolds number. It is not caused by internal
pressure feedback, noise or external forcing and the How exhibits self excited oscillations (Gillies, 1998, Karniadakis &: Triantafyllou, 1989, Detemple &: Eckelmann, 1989)
which have signiHcant consequences in the How control problem. A signiHcant region
of absolute instability is present near the wake region and it is a necessary condition
for self-excited wakes and global wake oscillations (Karniadakis & Triantafyllou, 1989,
Williamson, 1996).
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The wake response to open loop forcing can be characterized as 'lock-in' and 'beat'
depending upon the forcing frequency being the same or different to the wake frequency. The different forcing techniques used to stimulate the flow and wake response
are found to be similar irrespective of the type of external forcing, such as, acoustic
excitation, alternate blowing and suction at separation points, vibrating wires, longitudinal or lateral vibrations of cylinders as discussed by Gillies (1998), Karniadakis &:
Triantafyllou (1989), Detemple &: Eckelmann (1989).
Control of global How oscillations due to absolute instability is difficult, though
the von Karman mode is the first global mode to become unstable, but the Aow may
possess multiple global modes. The attenuation of all these global modes is a necessary
requirement for the control of flow as discussed by Monkewitz (1989). For How regimes
at Reynolds number just above the critical value, for self-excited oscillations there
is typically only one globally unstable mode, resulting in Karman vortex shedding
(Huerre &: Monkewitz, 1990). Hence the How behaviour at each point in a wake is
related to every other by a simple phase shift (Park et al., 1994). Linear feedback
control of such flows is theoretically possible by means of a single sensor-actuator
feedback loop. The use of single point forcing is justified in a convectively unstable How
which can be controlled, because the stability convects in the downstream direction
of the source of local initialized impulse (Huerre & Monkewitz, 1990). The study of
Ffowcs Williams & Zhao (1989) showed the oscillations to be suppressed at the sensor
location, but are, in general exacerbated elsewhere (Roussopoulos, 1993). The result
of these investigations lead to the conclusion that points in the wake are therefore not
just merely connected via phase shift and so multiple, spatially distributed sensors are
needed for How control (Gillies, 1998).
The cylinder wake being absolutely unstable, is more diHicult to characterize by
the use of a single sensor, aa discussed. The use of multiple sensors in various streamwise locations is a necessity to suppress the multiple global modes, which exist in the
absolutely unstable cylinder wake. A conHguration involving multiple control sensors
and many How variables at diHerent spatial locations conHgure the absolute unstable
region , but they do complicate the control algorithm and prove to be computationally
expensive (Gillies, 1998). Cylinder wake Hows are generally dominated by the dynamics of large-scale spatial structures and the dynamics of small-scale spatial structures
are relatively unimportant aa reported by Gillies (1998). Physical evidence shows
that for at least periodically forced vortex streets, absolutely unstable Hows can be
regarded as low-dimensional. In the experimental studies of periodically forced vortex
streets, Detemple & Eckelmann (1989) for cylinder wake Hows used 12 modes and
Gopalkrishnan et al. (1994) for airfoils adopted 3 modes and a relatively small number
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of characteristic spatial structures are observed. Hence, computational limitation is
overcome by the use of surrogate reduced order models which capture the essential
dynamics of the system.

5.2.2

Choice of cost f u n c t i o n s

The behaviour of How can be controlled using various approaches. Several possible
approaches have evolved based on the studies of Abergel &: Temam (1990), Burns &
Ou (1993), Ou (1996), Ghattas & Bark (1997), Berggien (1998), Bewley et al. (2000)
for cost functions, such as,
flow tracking: Where the cost function to be minimized is the velocity Geld,
which should be 'close' to a desired velocity Reld.
e n s t r o p h y m i n i m i z a t i o n : W h e r e v o r t i c i t y is t h e cost f u n c t i o n t o b e m i n i m i z e d

dissipation f u n c t i o n : Where the cost function to be minimized is the rate at
which heat is generated by deformations of the velocity held.
In the current investigation a flow tracking cost function is considered. The design
of suitable controller in feedforward control involves the estimation of time histoiy of
the control force c(a;,(), which minimizes the objective function:

/

/

|i;(c;a;,() —

(

5

.

1

)

Jti Jilobs
In the current formulation of vortex shedding problem i;'^(a;,^) represents the desired
state intended to be achieved for a prescribed control input c(a:,() and i;(c;a;,t) is
the solution of two-dimensional Navier-Stokes (NS) equation for the corresponding
c(a;,t) control input. The desired state, for example, may be chosen as Stokes How.
denotes the domain over which the state of the system is observed and the timeinterval over which the objective function is computed is represented by [(1,(2] (Arian
et al., 2000).
The studies have shown that, the time window chosen has to be longer than the
Karman vortex shedding period (i.e the inverse of the Strouhal frequency) for the
development of a robust control (Homescu et al., 2002, Zhijin et al., 2002).

5.2.3

C o n t r o l actions

The focus of an optimal how control problem is the minimization of an objective
or cost function which provides a quantitative measure of the desired objective and
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depends critically on the solution (optimal solution) that satishes the governing partial
differential equations of the Auid Sow (Zhijin et al., 2002).
Flow control investigations involving How past obstacles/cylinders have been undertaken by Park et al. (1992), Sritharan (1992), Sritharan et al. (1996), Ou (1996).
Gunzburger & Manservisi (1999) who implemented an adjoint technique in an idealized distributed control. For boundary control, studies adopting dynamic boundary
action to reduce vorticity were conducted by Berggren (1998) and cylinder rotation
control action was used to suppress the wake behind the cylinder in the investigations
of He et al. (2000), Tokumaru &: Dimotakis (1991). Zhijin et al. (2002) demonstrated
the complete control of vortex shedding for Reynolds number up to 110. The optimal
values of the suction/blowing parameters were found to be insensitive to initial conditions of the model when the control time window was larger than the vortex shedding
period of the robust control.
The behaviour of cylinder How is affected by several different forcing techniques.
However at low Reynolds number, the wake response to forcing is similar for each forcing under examination. That is acoustic excitation of wake (Detemple & Eckelmann,
1989, Roussopoulos, 1993), longitudinal or lateral vibrations of cylinder (Detemple &
Eckelmann, 1989), rotation of cylinder (Tokumaru & Dimotakis, 1991, He et al., 2000),
alternate blowing and suction at separation points (Roussopoulos, 1993) or vibrating
wires in the wake (Karniadakis & Triantafyllou, 1989). For vortex shedding suppression, Tokumaru & Dimotakis (1991) involved rotation of the cylinder or Lewit (1992)
incorporated a scheme of alternate suction/blowing. These have gained some success
as reported by Gillies (1998).

5.3

Feedforward Control Strategy

The trust-region augmented proper orthogonal decomposition modelling approach for
feedforward control of vortex shedding is now developed and it is subsequently extended to design optimal feedback control schemes.
In feedforward control, the design of a suitable controller involves determining the
time history of the control force c(a:,^), which minimizes the objective function:
/(c) = /

/

[^(cia;,^)—i;'^(a;,^)|^c(r2G(^.

(5.2)

J tl J iloba
In this formulation i;(c; a;, t) is the solution of the two-dimensional Navier-Stokes (NS)
equations for prescribed control input c(a;,^) and i;'^(a;,t) is a desired state in the
vortex shedding problem. For example, the latter may be chosen to be a Stokes flow.
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The domain over which the state of the system is observed is denoted

and

(2] is

the time-interval over which the objective function is computed as discussed by Arian
et al. (2000).
If the full order Navier-Stokes equations are used to compute

minimiza-

tion of /(c) is a computationally expensive problem. An alternative approach using
a reduced order model as a surrogate for the full order state equations allows the
approximate objective function to be defined as

/

/

|t;^°'^(c;a;,^) —

(

5

.

3

)

J tl Jfloba
where 'u^°'^(c; a;, ^) is the solution of the proper orthogonal decomposition reduced order
model for control input c(a;,().
Note that the reduced order model is constructed using the How snapshots obtained
by solving the Navier-Stokes equations for given c(a;,t). In general, the accuracy of
the approximate objective function m(c) tends to deteriorate when the control input is
changed significantly from the baseline c(a;, (). Hence, for two arbitrary control inputs
ci and cg, m(c2) < m(ci) does not imply that /(C2) < /(ci). This suggests that a
naive strategy based on minimization of m(c) alone may not lead to minimization of
the full order objective function /(c). In order to ensure that we are minimizing the
actual objective function /(c), therefore it is necessary for the optimization strategy
to interleave both the full order and reduced order objective function predictions.
For example, let co(a;, () denote an initial guess of the optimal control input at which
the full order Navier-Stokes equations are solved to obtain a set of Eow snapshots.
These snapshots may be used to construct a reduced order model of the flow. The
next step involves determining the control input ci(a;, ^) which minimizes the surrogate
objective function given in equation 5.3. In order to improve the reduced order model,
the full order Navier-Stokes equations are solved using Ci(a;,() as the control input,
to compute a new set of How snapshots, which are then used to construct an updated
reduced model. This iterative process continues until no further reduction in /(c) is
achieved. If reasonably tight move limits are placed on the control input amplitudes,
this procedure ma?/ converge close to the optima of the full order objective function
/(c).
This sequential approximation model updating strategy has been used in the design
optimization literature to reduce the computational cost of numerical optimization
(Rodriguez et al., 1998). From a theoretical viewpoint, there is no guarantee that the
sequential iterative procedure described converges to the minima of /(c). Recently,
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Alexandrov et al. (2000) proposed a trust-region framework to integrate variablefidelity analysis models in nonlinear programming formulations. This framework is
theoretically guaranteed to converge to the minima of /(c) provided at the beginning
of each iteration, the objective function and its gradient computed using the full order
and the reduced order model agree with each other.
Arian et al. (2000) presented an application of the trust-region framework to optimal flow control. The optimal control strategy used in this thesis is based on this
framework. For a detailed exposition of trust-region frameworks and global convergence results, the reader is referred to Alexandrov et al. (1997, 2000) and Arian et al.
(2000). Global convergence analysis of trust-region methods for nonlinear programming problems with general constraints have been presented by Rodriguez et al. (1998).
Hence, trust-region methods can also be applied to cases when the optimal control
problem is modified to incorporate constraints on the controller energy requirements
and robustness to parametric uncertainties. Here a brief overview of the trust-region
algorithm for unconstrained problems is described, with emphasis on those aspects
which differ from earlier studies.
To enable the application of numerical optimization schemes, it is first required to
parameterize the control input c(a;, t) using a hnite number of optimization variables,
i.e.,
c(a;, ^) = W ( 0 , a;, ^),

(5.4)

where 0 denotes the vector of optimization variables which is to be computed by
minimizing equation 5.2. Henceforth, the objective function computed using the full
order and reduced order models will be explicitly denoted as a function of 0.
The trust-region procedure guarantees the convergence of the variable-fidelity modelling approach by reformulating the optimization problem as

where ||.|| is

Minimize;

mk{6k + s),

(5.5)

Subject to :

||g|| < 4 ,

(5.6)

aiid the minimization is carried out with respect to g.

denotes the

parameter values used in equation 5.4 to generate snapshots (i.e., by solving the full
order Navier Stokes equations for control input
reduced order model,

= W(0&, a;,()) for constructing the

denotes the trust-region radius at iteration number A;. 7Bt(^A:+

g) is the objective function based on the reduced order model, which is constructed
using flow snapshots computed for control input

= A/^(0k,a:,^)- The subscript A: is

used to indicate that the reduced order model is updated at each iteration.
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Let 00, ^0, 0 < 7)1 < % < 1, and
0 < 7i < 72 < 1 < 73 be given.
Set k = 0.

_Z: Solve the full order state equations for
Aow snapshots corresponding to control input
ct =
and compute
;g: Compute POD basis functions, build the
reduced order model and compute
Set
Compute
by minimizing the objective
function
+ 5), subject to the
trust-region constraint ||g|| <
6'(ep
Compute
by solving the
full order state equations. Set
where
and
+ gt)J: If convergence criteria are satisfied stop.
Else update the trust-region radius to
Set ^ = A: -t-1.
# If Pt > ^' 71 set
and go to Step 1.
* If Pt < ?7i set 0t4-i =
and go to Step 3.
Figure 5.1: Trust-region augmented variable-Melity optimization algorithm
The basic idea of the trust-region approach is to increase or decrease the adaptive
radius

(or move limits) at each iteration, depending on how well m(0t) correlates

with /(0A:)- In general, at the beginning of each iteration A;, mt(0*:)

/ ( ^ t ) and

Vmt(0&) 7^ V/(0A;)- Arian et al. (2000) showed that convergence to the minima of
/ ( 0 ) can still be guaranteed under some assumptions placed on the gradient of m(0),
i.e., when

approximates to V / sufhciently well within the limit. Since we do

not have a theoretical bound on how well

approximates to V / , it is difhcult

to validate and guarantee global convergence for a given problem. Nevertheless, in
practice, convergence close to a local optima can often be obtained in a computationally
efficient fashion, even if the consistency conditions are not satished.
In the present investigation zero-order consistency conditions are imposed on the
approximate objective function m(0^). This involves computing a constant

such

that at each iteration /c, /)/cmt(0&) = / ( ^ t ) - The motivation for this is to improve
the accuracy of the objective function predicted using the reduced order model. It is
expected that this leads to accelerated convergence as compared to the approach used
by Arian et al. (2000), who used first order consistency conditions. It is important to
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note that, if an adjoint Navier-Stokes solver is available, then it is possible to choose
scaling parameters such that the condition

is also satisfied. This

is expected to lead to a further improvement in the accuracy of the cost function
predicted by the reduced order model.
The steps involved in the trust-region augmented variable-fidelity optimization
algorithm are summarized in Figure 5.1. Note that in Step 5, the step

is rejected if

it leads to an increase in the high Adelity objective function. The trust-region radius
update strategy in Step 5 is based on the following procedure:
" If

< % : 4+1 = 7 i 4 .

# If 7?! < pk < % : 4+1 = 724* If

: 4+1 = 734-

In the current numerical study yyi = 0.25 and % = 0-75 as proposed by Alexandrov
et al. (1997). Arian et al. (2000) suggested that 'yi, 'yg, and 'yg should be set at 0.5,
0.5, and 2, respectively.
In practice, an approximate solution of the optimization problem in Step 3 is suHicient to achieve convergence to the high fidelity optima. In the present investigation,
only a few steps of the limited memory Broyden-Fletcher-Goldfarb-Shanno (BFGS)
algorithm (Zhu et al., 1997) were found necessary to compute the optimal value of
at each iteration and the trust-region constraint adopted is based on the

norm

deRned in equation 5.6. This allows the trust-region constraint to be satished by
simply changing the bound constraints based on the value of

Hence, this choice

of the norm makes it easier to implement the trust-region framework using existing
optimization routines capable of handling bound constraints.

5.4

Feedback Control Strategy

In the case of feedback control, the control input depends on the instantaneous state
of the system. Therefore use is made of a parameter defined feedback controller of the
form

m(^), 2/2(^),... , 2/n(^)).
Here i/i(t),2 = 1 , 2 , . . .

(5.7)

describe the projection of the instantaneous flow held onto

a set of n basis functions at time t, and a is a vector of undetermined controller
parameters.
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For the purpose of illustration, consider the case when a neurocontrol strategy is
employed as discussed by Suykens et al. (1995). That is, the function W is chosen to
be a neural network model. In this case, the elements of the undetermined parameter
vector a become the weights of the neural network model. More specifically, the
controller is characterized using a linear combination of kernels, i.e.,
n

p

•^{y) ~ ^
i—l

J CJj — ^ ] ^ijVj
j=l

(5-8)

where a, w and N are model parameters representing the weights and bias terms of
the network. (7(^) is a transfer function which is typically chosen to be S-shaped i.e. a
sigmoid defined by the expression (l4-e^^)"^ or the hyperbolic tangent function. This
is traditionally used in the neural network literature to facilitate non-linear modelling
(see Bishop (1995)).
Using this parameter dehned controller, the reduced order closed loop system can
be written as
dl -

^

i n

^ijUj +

= (li +
j=l

53 ^iikyjyk~^
t=l

r^A/"
+ (ei +
Note that the computation of

'

(5-9)

involves calculating the derivative of the neural

network model with respect to its inputs, i.e.,

This is efhciently achieved using

procedures described by Bishop (1995). Hence, given the values of the undetermined
model parameters a, w and N, the evolution of the modal amplitudes of the closed
loop response i/;(() are readily computed using a time marching scheme. To estimate
the neural network model parameters, it is proposed to minimize the cost function
described in the previous section. Note that this cost function can be computed using
the full order Navier-Stokes equations as well as the reduced order model.
It is observed that there are several differences between the proposed approach and
the neurocontrol strategy investigated by Gillies (1998) for the same model problem
considered here. Gillies trained a neurocontroller by solely employing an approximate
system model which was chosen to be a neural network emulating the proper orthogonal decomposition reduced order model. In the case of Gillies (1998) no attempt was
made to validate the controller by applying the feedback controller to the full order
Navier-Stokes equations. It is likely that the control strategy may fail due to model
uncertainties that arise from the use of neural networks to approximately represent
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the system dynamics. In order to overcome this, the controller design algorithm has
to accomodate model uncertainty.
It is worth noting that if the control parameters are estimated solely on the basis
of the approximate cost function, control spillover is highly likely. As a result, the
closed loop system may become unstable due to the excitation of higher modes which
are neglected in the proper orthogonal decomposition model. To circumvent this, it
is suggested that trust-region algorithms can be employed to estimate the controller
parameters in equation 5.8. The trust-region framework presented earlier in the context of feedforward control can be readily applied. The only diS'erence is that the cost
function is now computed using the closed-loop model of the full order Navier-Stokes
equations and the reduced order model. Further studies are require to investigate
whether this strategy leads to controllers that are tolerant to modelling uncertainties.

5.5

Computed Results

A selection of numerical studies are presented demonstrating suppression of vortex
shedding in the wake of a circular cylinder. Time-dependent boundary conditions
within the VCBEM method were validated for the cylinder subject to imposed timedependent angular velocity. In Chapter 3 it is shown that the Strouhal number and
the flow held predicted by the VCBEM method agreed favourably with the values
predicted by the hnite element scheme of Graham et al. (1999) for Reynolds number,
= 100 a n d Rf, = 200.

Subsequently, the proper orthogonal decomposition reduced order model based on
the control function approach was implemented. The approximate model was validated
for the case of'/(() = 2gm(7r(/3) by using the snapshots generated by executing the
modihed VCBEM full order code. The Figure 5.2 shows the Erst ten normalized eigen
values of covariance matrix for the generated snapshots of modified VCBEM. Figure 5.3
shows that the amplitudes of predicted and projected basis function agree reasonably
well. It is found that the hrst 6 modes capture 99.84 % of the Row energy. Fiom this
set of results, it can be observed that the reduced order model agrees reasonably well
with solutions derived from the full order Navier-Stokes equations for this particular
control input.

After validating the full order and reduced order models as explained in Chapter 4,
numerical studies were undertaken to analyze feedforward control of vortex shedding.
The control input as defined by the time dependent amplitude of rotation ^(t), is
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F i g u r e 5.2: Eigenvalues of the correlation matrix.

characterized by the function
Ai 8in(27r2(/T'),

(5.10)

1=1
where

%=

1,2,...

, m denote a set of optimization variables.

The number of parameters m and size of the time window T determine the computational cost of the flow simulations. As explained in Chapter 4, the minimum sampling
rate for vortex shedding phenomenon governed by the lift signal, is the Nyquist rate,
which is the maximum frequency and at leaat twice the maximum frequency should
be selected as the upper limit of the frequency spectrum (Graham et al., 1999, Gillies,
1998, Ravindran, 1999, Homescu et al., 2002). The time window chosen has to be
longer than the Karman vortex shedding period (i.e the inverse of the Strouhal frequency) for the development of a robust control (Homescu et al., 2002, Zhijin et al.,
2002). When the time window chosen is lesser than that of Karman vortex shedding
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projection
prediction

time steps (A t=0.10)

F i g u r e 5.3: Comparison of predicted and projected modal amplitudes for Reynolds
number Rg = 100 and angular rotation 7 = 2sin(7rt/3).

period, the optimal control parmeters depend on the initial conditions and hence it is
a necessary condition for robust control that the time window chosen haa to be longer
than the Karman vortex shedding period of the flow system. The control parameters
will be insensitive to initial conditions when time window chosen is longer than that
of Karman vortex shedding period and Zhijin et al. (2002) found the suction/blowing
parmeters to be insensitive for this criteria of time window.
In the present study, parameter values m = 10 and T = 6 were assumed and the
time window for achieving control was set at [0,6] seconds. Note that by increaaing m,
the Sexibility with which the control input is represented can be improved. However,
this leads to larger number of optimization variables with an attendant increase in
the computational cost. In current simulations, m = 10 was found to be a reasonable
choice since it provides a reasonably Sexible parmeterization of the control input. The
control objective was to achieve steady Sow throughout the computational domain,
with

= 1.0 and ^2 = 0.0. The initial estimate for the variables yl, is set to zero. The
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proper orthogonal decomposition model was constructed using six modes throughout
the trust-region iterations.
The proposed strategy is tested for its domain of applicability and the results are
presented for two cases:
# Control window at the start of Sow.
# Control window at the steady Row with vortex shedding.

5.6

Results: Control Window at Start of Flow

The optimal control input obtained after two trust-region iterations for this case is
shown in Figure 5.4. The time histories of the How field fluctuations (in a meansquare sense, i.e., the normalized least-squared difference between the current and the
desired How fields) for the controlled and uncontrolled Hows are compared in Figure
5.5 for

= 100.

Similar studies were undertaken for the case of /Zg = 200. The optimal control
input obtained after the trust-region iterations, as explained in Figure 5.1, is shown in
Figure 5.6. The instantaneous variations in the plot of Huctuations for the controlled
and uncontrolled Hows are shown in Figure 5.7.
It is observed from this information that in the

tumdow itnder

on

average, approximately 51% reduction in the How unsteadiness is achieved. Homescu
et al. (2002) adopted How tracking as the objective function and He et al. (2000)
adopted the drag reduction as cost function. The studies were found to be consistent
with experimental results of Tokumaru & Dimotakis (1991). The studies reported that
for spinning cylinders at jRg = 200 and Eg = 1000 show a reduction of 31% and 61%
respectively as compared with Hxed cylinder. Figures 5.8 and 5.9 for

— 100 and

Figures 5.10 and 5.11 for T^g = 200 clearly show the inHuence of the control strategy
on the How regimes.
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F i g u r e 5.4: Optimal control input for

= 100 in the time-interval [0,6] seconds.
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F i g u r e 5.5: Comparison of the time history of flow fluctuations in a mean-square

sense for uncontrolled and controlled cases; Eg = 100 within the time interval [0,6]
seconds only.
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F i g u r e 5.6: Optimal control input for i?e = 200 in the time-interval [0,6] seconds.
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F i g u r e 5.7: Comparison of the time history of flow fluctuations in a mean-square

sense for uncontrolled and controlled cases; Ag = 200 within the time interval [0,6]
seconds only.
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Figure 5.8: Velocity flow field for Rg = 100 without control at time i = 6 seconds
in the time interval [0, 6] seconds.

Figure 5.9: Velocity flow field for R^, = 100 with control at time i = 6 seconds in
the time interval [0, 6] seconds.
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V.

F i g u r e 5.10: Velocity flow field for Rg = 200 without control at time t = G seconds
in the time interval [0, 6] seconds.

F i g u r e 5.11: Velocity flow field for Re = 200 with control at time t = Q seconds in
the time interval [0, 6] seconds.
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Results: Control W i n d o w at Steady Flow with
Vortex Shedding

Preliminary Endings were presented in previous section 5.6 describing a selection of
trust-region algorithms interleaving reduced order models and Navier-Stokes equations
to reduce the computational cost associated with controller design. This is demonstrated by suppressing Karman vortex shedding in the wake of a circular cylinder by
imparting time-dependent angular velocity to the cylinder.
The promising trust region approach as discussed in section 5.6 provides an approximate reduction in the flow unsteadiness of order 50% for the time window [0,6]
seconds adopted from the start of the How. This is now tested for its applicability to
suppress vortex shedding to a steady flow when control window is at the steady state
of vortex shedding. Now the control time window is shifted to [^o,^o + 6], where
the time at the steady state of vortex shedding.

0
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time steps (At=0.10)
Figure 5.12: Optimal control input for
seconds.

100 in the time-interval [to^^o + 6]

is

5.7. R E S U L T S : C O N T R O L W I N D O W A T S T E A D Y F L O W W I T H
VORTEX SHEDDING

126

uncontrolled
controlled
0.95

0.9

0.85

c

o
%

3

0.75

0.7

0.65

0.6

10

20

30
time steps(A t=0.10)

40

50

Figure 5.13: Comparison of the time history of flow fluctuations in a mean-square
sense for uncontrolled and controlled cases; Re = 100 within the time interval [to; ^0 +
6] seconds only.
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Figure 5.14: Optimal control input for Rg = 200 in the time-interval [to, to + 6]
seconds.

The optimal control input obtained after three trust-region iterations is shown in
Figures 5.12 and 5.14. T h e t i m e histories of t h e flow field

fluctuations

(in a m e a n -

square sense, i.e., the normalized least-squared difference between the current and
the desired How held) for the controlled and uncontrolled flows are compared in Figures 5.13 and 5.15) for TZg = 100 and

= 200 respectively.
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Figure 5.15: Comparison of the time history of flow fluctuations in a mean-square
sense for uncontrolled and controlled cases; Re = 200 within the time interval [to, to +
6] seconds only.
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Figure 5.16: Velocity flow field at time t = to + 6 seconds for Re = 100 in the time
interval [to, to + 6] seconds.

Figure 5.17: Velocity flow field at time t = to+ Q seconds for iZg = 100 with control
in the time interval [io,io + 6] seconds.
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..SKJ

Figure 5.18: Velocity flow field at time t = to + 6 seconds for Re = 200 without
control in the time interval
+ 6] seconds.

%

Figure 5.19: Velocity flow field at time t = to+ 6 seconds for Rg = 200 with control
in the time interval [to, to + 6] seconds.
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It is observed that in the (zme wmtfou; under

^
on average, approxi-

mately 30% reduction in the Sow unsteadiness is achieved. Figures 5.16 and 5.17 for
= 100 and Figures 5.18 and 5.19 for

= 200 clearly show the inSuence of the

control strategy on the Sow regimes within the chosen time window. A signiScant
reduction in unsteadiness of vortex shedding is observed with the Sow tending to a
steady state.
To measure the effect of the control mechanism beyond the time window under
consideration, the control was switched off. Simulations showed that the control eSect
continued upto 3 seconds after switching oS".

5.8

Controller Implementation Issues

The efSciency of Sow control depends on the effective placement of sensors and actuators. For the problem of unsteady Sow around the cylinder, Joseph (1998) obtained
the analytical solution of an optimal distributed control and described its spatial structure presuming that one can sense everything and actuate everywhere. If it is assumed
that all the modal amplitudes are derivable from the Sow Seld measurements, then by
judiciously rotating the cylinder according to the history of time dependent angular
velocity the desired state of vortex suppression can be obtained. Faster responses are
obtained by imposing larger control angular velocity magnitude. The actual implementation of control action may pose some difSculty because of rigorous change in
magnitude of angular rotation. However, the angluar velocity presented in the thesis
are of the same order of angular velocity dealt in feedback control studies of Sahjendra
et al. (2001).
Figures 5.4, 5.6, 5.12 and

5.14 show the actuation required for controlling the

system. The magnitude of optimum angular velocity 'y obtained for the system is
comparable with control studies of Sahjendra et al. (2001).
Now the problem of implementation of control is to be considered. In the current
study it is presumed that the entire Sow Seld is sensed and actuation is the applied
time dependent cylinder rotation. In a real Sow system it is difScult to sense the entire
Sow Seld and hence the arrangement of sensors/actuators has to be studied. Effective
implementation of control strategy involves the detailed study and allocation of spatial
distribution of sensors/actuators (Gillies, 1998). The assumption of entire Sow Seld
being known poses no problem in computation but if the control strategy is to be
implemented in an experiment then it is unlikely that the entire Sow Seld could be
measured. The velocities at various spatial locations can be obtained by using hot-wire
rakes and the work of Roussopoulos (1993) showed that the hot wires for controlling
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the Aow should be placed within the absolutely unstable region i.e within 5 cylinder
diameter. The arrangement of hot wires as control sensors in different streamwise
locations increases the range of controllable Reynolds number (Gillies, 1998). Prom
recent studies MEMS is thought of as the solution for the problems which require
an array of sensors/actuators (Gad-el Hak, 1994, 1996). The experimental works of
Tokumaru &: Dimotakis (1991), Pujisawa et al. (2001) describe the details of the setup
and implementation. The practical implementation of rotating cylinder as a control
device is seen in Jose et al. (2003) for post-stall How control of sharp-edged wings.

5.9

Conclusions

Preliminary Hndings are presented describing in a selection of trust-region algorithms
interleaving reduced order models and Navier-Stokes equations to reduce the computational cost associated with controller design. This is demonstrated by suppressing Karman vortex shedding in the wake of a circular cylinder by imparting time-dependent
angular velocity to the cylinder. The fundamental issues involved in developing a
convergent algorithm integrating reduced order models with high hdelity simulation
are described, thus providing the motivation for the trust-region approach. A selection of algorithms are presented to enable efficient design of feedforward and feedback
controllers to minimize a suitable cost function.
The numerical results presented in section 5.6 demonstrate a reduction in the
Sow unsteadiness of order 50% through adoption of a feedforward control in the time
window [0,6] seconds for Reynolds number, ^e=100 and Ae=200.
The results presented in section 5.7 indicate that the strategy developed using the
trust region algorithm framework can be applied to the domain close to the steady
state of vortex shedding and the framework produced a reduction of around 30% in
How unsteadiness. The results obtained are comparable with the studies of He et ai.
(2000), Homescu et al. (2002). These results provide limited validation for the domain
of applicability of the proposed approach for interleaving the full order and reduced
order model in a trust region framework. The approach has shown to be viable in
the domains tested and has provided results with decrease in the flow unsteadiness
objective function. Por the problem considered, the reduced order model is around
720 times faster than the full order solver. Hence, the application of a trust region
approach to the Bow control problem leads to signihcant savings in the computational
cost. The computational cost savings are expected to become more significant when
a finer grid is used to solve the full order Navier Stokes equations.

Conclusions
6.1

Conclusions

The study described in this thesis has achieved the objective of vortex shedding suppression and contains a three tier structure. Firstly, the investigation haa further
developed and validated VCBEM through application to rotating cylinders in steady
Sows. Secondly, reduced order modelling techniques to construct low-order models capable of capturing the essential dynamics of Sows are examined. Finally, trust-region
methods integrated with reduced order models based on proper orthogonal decomposition are adopted to design feedforward and feedback controllers to achieve vortex
shedding suppression.
The Viscous Cell Boundary Element Method (VCBEM) is applied as a CFD tool
in Chapter 2 to investigate incompressible, uniform viscous Auid Sow past two parallel
cylinders of equal diameter at a critical gap spacing g* = 0.90 to 1.10. In this critical
Sow zone an irregular interchange of in-phase and anti-phase wake Sows is observed
and the switching mechanism between the states is investigated. Numerical studies
undertaken at space increments of 0.05, including the central case p* = 1.0, detail
the Sow characteristics in time and space domains. Probability and power spectral
analyses are presented to illustrate the statistical characteristics of the drag and lift
Sow parameters and vortex shedding patterns assessed through examination of their
frequencies.
For parallel cylinders, with spacing
Sow regime deSned by Reynolds number

= 0.95 to 1.05, placed in a uniform viscous
= 100 the predicted vortex patterns show

dependence on the spacing factor which also relates to the interaction mechanism and
vortex shedding frequency. From the evidence presented in section 2.3, for p* < 1.0 the
vortex wake is inSuenced by in-phase vortex shedding whereas for

> 1.0 anti-phage
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vortex shedding is more evident. At the critical value of

^
= 1.0, a thorough mixing

and amalgamation of vortices occurs with an intermediate Strouhal frequency value.
In-phase and anti-phase vortex shedding switching is observed and a less structured
wake occurs. This provides indication of a chaotic behaviour but in all cases the
statistical measures reveal an ordered system.
The Viscous Cell Boundary Element Method (VCBEM) developed by Tan et al.
(1999) is modihed in Chapter 3 to study rotating cylinder problems. This has proved
successful in reproducing the detailed How characteristics of experimental observations,
correlation with theoretical predictions produced by other methods and experimental
measurements of drag and lift coefEcients over a range of Reynolds number. The
objective has been achieved through a primitive variable formulation of the hybrid
approach involving boundary element and Anite element methods. The Euid domain
is idealized by an unstructured mesh and the relevant boundary conditions applicable
on the rotating cylinder are incorporated into the VCBEM code with the development
of suitable numerical schemes of study. The presented computed unsteady How simulations in section 3.4 provide verihcation and validation of the proposed approach
in lieu of other theoretical findings and experimental observations. The developed
conhdence in the proposed VCBEM approach after validation studies, has led to its
extension to the study of twin cylinders in side-by-side and tandem arrangements as
discussed in section 3.5. The time-dependent boundary conditions are implemented
on the cylinder and are integrated within the VCBEM code. In the case of the side-byside arrangement a thorough mixing of vortices and high frequency of force in counter
rotation is seen as compared to a tighter wake and low frequency force oscillations
in the co-rotation case. In the case of the tandem arrangement, thorough mixing of
vortices occurs downstream with a diffused wake. The cylinders are attracted to each
other due to an interactive suction force and high velocity of flow exists between the
cylinders. The behaviour of the cylinders in counter rotation is seen in the vortex
shedding patterns downstream, with a shift of the ajds path of shedding. The magnitude of the forces are reduced compared to those of the co-rotation case because of
the counter effect of forces between the cylinders, but they do follow the same pattern
of variation when compared to the co-rotation case for the cylinders along the same
axis to the Sow.
A proper orthogonal decomposition (POD) method is used to investigate reduced
order models (ROM) with reference to a vortex shedding wake exhibited behind circular cylinders as discussed in Chapter 4. The method is found to be very effective in
deriving coherent structures of reduced order model to describe vortex shedding processes. A proper orthogonal decomposition method based control function approach
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^

was adopted to derive the reduced order model for a rotating cylinder in a Aow held.
The rotation of the cylinder was considered as the forcing function and a reduced order
model created. This is used to control the vortex shedding wake behind the circular
cylinder and a rotation forcing function is used for the control actions in the Auid Sow
domain. Flow simulations and results were presented for diSFerent forcing descriptions.
The nature of covariance matrix forms the criteria for the selection of number of
modes required for the reduced order model construction. For the vortex shedding
problem governed by the predominant modes the covariance matrix is found to decay
rapidly as described in section 4.3. In order to validate the reduced order model,
a set of 60 snapshots were computed by executing the full-order code for the case
= 28in7rf/3. The eigenvalues of the correlation matrix are computed using these
snapshots as the database and it is seen that the Srst 6 modes capture 99.84 % of the
How energy. The predicted and projected basis function amplitudes are found to be in
agreement. It was observed that the reduced order model agreed reasonably well with
the full-order model for this particular control input.
An optimal control input can take arbitrary signal form and hence to demonstrate
general applicability a reduced order model was tested for an irregular signal input.
A parameterized time history of time-dependent boundary conditions is used to study
the behaviour of the reduced order model to irregular signal and to test the efhcacy
of the reduced order model in capturing the unsteady dynamics of the system. It
was observed that the reduced order model agrees reasonably well with the full-order
model for this parameterized control input as discussed in section 4.8.
A framework describing the trust-region augmented variable-fidelity modelling approach to optimal Bow control is presented in section 5.3. A proper orthogonal decomposition technique is adopted to derive the reduced order model of the governing
Navier-Stokes equations. The present approach interleaves reduced order model and
the full order governing equations in a numerical optimization procedure. The convergence to local optima can be guaranteed theoretically, by controlling the move limits
of the optimization process, in the trust-region framework.
Numerical Endings are presented in section 5.5 describing a selection of trust-region
algorithms interleaving reduced order models and Navier-Stokes equations to reduce
the computational cost associated with controller design. This is demonstrated by
suppressing Karman vortex shedding in the wake of a circular cylinder by imparting
time-dependent angular velocity to the cylinder. The fundamental issues involved in
developing a convergent algorithm integrating reduced order models with high-fidelity
simulation are described, thus providing the motivation for the trust-region approach.
A selection of algorithms are presented in Chapter 5 to enable eScient design of
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feedforward and feedback controllers to minimize a suitable cost function.
Numerical studies were conducted in Chapter 5 on the optimal control of Sow
around a rotating circular cylinder using time-dependent angular velocity as the control
input. It demonstrated a reduction in the Sow unsteadiness of the order of (30% 50%), depending upon the domain of applicability of the proposed approach and the
control time window being at the steady state of shedding or at the start of How for a
range of Reynolds number defining the Sow regime.

6.2

Scope of Future Work

An outline of some of the directions for future research on the topics covered in this
thesis is presented below.
# In the current research, the simulations were conducted for the case of 'y — 1
and the results were presented. There were some high lift coefRcients reported,
especially high values of Q are found for downstream cylinder in tandem arrangement. Parametric studies of 'y will provide the trend of variation of Q
which assesses the performance of the model. Hence, parametric studies need to
be conducted to evaluate and validate the modihed VCBEM model further to
multi-body conhguration of cylinders to detail the Sow characteristics.
# Present research dealt with twin cylinder co-rotation and counter rotation. The
other combinations can be studied and parametric studies can be undertaken for
twin cylinder case. Studies can then be extended by using modiSed VCBEM for
varied combinations of co-rotation and counter rotation in multi-body conSguration of cylinders.
# The model used in the current study is two-dimensional and applicable for low
Reynolds number Sow regime. Provision is made in the fundamental solution for
the extension to 3-D. Studies can be conducted to develop, evaluate and validate
the modiSed VCBEM model to 3-D analysis. As the dimension of the problem
increases the degree of unkowns increase and hence numerical schemes should be
deviced to account for the increase in memory requirements.
# The proposed trust region augmented variable Sdelity approach has been applied
to the Sow of single cylinder at start and steady state of vortex shedding and has
produced reasonable results. Studies could be undertaken to test and validate
the procedure for the complex Sows as in twin cylinder case and multi-body
conSguration of cylinders. As a step towards the extension of proposed approach.
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the results of projection and prediction of the control function reduced order
model are presented in Figure 6.1, for twin rotating cylinders in co-rotation for
side-by-side arrangement with ^ = 1.0 and Reynolds number

= 100.

projection
prediction

30

40

time steps
F i g u r e 6.1: Comparison of prediction and projection of modal amplitudes for twin
rotating cylinders in co-rotation for azi angular velocity of -y = 1.0 and Reynolds
number i?e = 100 in side-by-side arrangement

# The issue of how active How control schemes can be implemented in hardware
has not been addressed in the present research. When designing controllers
for this class of problems, the problem of optimally placing the sensors and
actuators needs to be addressed. Further, constraints may be incorporated into
the optimization formulation to ensure that the controller energy requirements
are kept within practical limits.
# Numerical studies could be conducted to test and validate the feedback control
strategy suggested in this thesis. It is also worth noting that for ensuring the
practical applicability of such feedback control schemes, it is necessary to address
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the important issue of observer design. Current research assumes that one can
sense everything and actuate everywhere, but in a real Bow problem it is difhcult
to sense the entire How Aeld. Also, issues involving the observer design, when
the How-Seld measurements are available at limited spatial locations, have to be
addressed and the efhcacy of the observer needs to tested.
#

Circular cylinders in rotation have been studied in the current research. Aspects
involving rotation of bodies of diEerent shapes and their varied combinations
(i.e. cylinder and ellipse, cylinder and square, etc.) could be studied to detail
fluid-structure interaction mechanism.
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