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The aim of this thesis is to develop and to evaluate different methods for estimating
distributions in the presence of measurement error and missing data with a primary focus on a
specific application concerning pay. Different methods for correcting for measurement error in
a fully observed varable are considered by taking into account information on the accurately
measured variable observed on a non-random subsample. To compensate for nonresponse in
the correct variable and to effectively correct for measurement error in the erroneously
observed variable several imputation methods are proposed treating the problem of
measurement error as a missing data problem. Based on the assumption that the data are
missing at random (MAR) hot deck imputation within classes as a form of predictive mean
matching imputation is evaluated theoretically and empirically. This method provides
approximately unbiased estimates of the parameter of interest, the proportion below a given
threshold. The problem of estimating the variance of the estimator under this imputation
method is investigated. A variance estimator is proposed which allows for uncertainty due to
imputation. It is shown that this estimator is approximately unbiased under certain conditions.

Since some evidence is found that the results under hot deck imputation within classes may
depend on the choice of imputation classes other forms of predictive mean matching
imputation are evaluated theoretically and empirically under the assumption of MAR. The
imputation methods are also compared to propensity score weighting. The use of repeated
imputation shows gains in efficiency in comparison to single value imputation. It is found that
nearest neighbour imputation using repeated imputation shows advantages in terms of bias
robustness and efficiency of the point estimator. It is therefore recommended for practical use.

Several estimation methods under nonignorable nonresponse are considered making an
alternative assumption of common measurement error (CME). An imputation method using
data augmentation based on the assumption of CME rather than MAR is derived, which shows
desirable properties of the point estimator of interest. The use of hot deck imputation in the
data augmentation procedure is proposed. Data augmentation using nearest neighbour
irnputation under the assumption of CME 1s found to have desirable properties for the pay

application.
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Chaprer 0: Introduction

Chapter 0

Introduction

This chapter provides a brief outline of the thesis and introduces the research problem. We shall
postpone giving references to later chapters. Distributions of hourly pay are important for a wide
range of social and economic policy issues. Of considerable interest is how policy interventions
like minimum wage laws impact on such pay distributions. Examples are the analysis of low pay
and 1ts relation to poverty or comparisons between high and low-income eamers and the analysis
of income inequality. The investigation of low pay is of particular interest to a wide range of
analysts in economics and the social sciences in Great Britain due to the introduction of the
National Minimum Wage (NMW) there in April 1999. This legislation received a lot of interest
from a wide range of organisations, unionists, employers, economists, politicians and media. It is
thought that this policy has effects on for example earnings, pay distributions, poverty and income
inequality. To analyse the effects of this new law it is crucial to have reliable data about the hourly
pay of employees in the UK, especially for the bottom end of the pay distribution. However, it is
difficult to obtain reliable data on both earnings and hours since such variables are often prone to
nonsampling errors, such as nonresponse and measurement error. The primary aim of this
dissertation is to develop methods for improving estimates of pay distributions based upon large
household survey data. While this thesis is driven by a specific applied problem, methods are
developed and evaluated in a general framework so that in principle they would be applicable to

other applications.



Chapter 0: Introduction

We use data from the UK Labour Force Survey, a large survey of households, which includes
information on hours worked and earnings of employees. This survey is conducted quarterly by
the UK Office for National Statistics (ONS). Given this information about hours and earnings 1t is
possible to derive a variable measuring the hourly pay of employees. However, this derived
variable appears to be subject to a considerable amount of measurement error, which may lead to
an overestimation of the lower end of the pay distribution. An alternative variable on hourly
earnings is obtained by asking employees directly about their hourly pay. This direct variable
appears to give very accurate information but is subject to a high amount of missing data, since it
only applies to employees that are paid on an hourly wage basis. Therefore, many individuals are
not able to report their hourly pay. In a sense, this direct variable can be regarded as internal
validation data obtained on a non-random subsample of the whole survey. The aim is to use both

variables, the direct and the derived variable, for estimating the distribution of hourly earnings.

Systematic but also random measurement error can lead to serious bias, when estimating
distributional quantities, such as quantiles and proportions, particularly in the tails of the
distribution. A major aim is to correct for this bias in the derived variable. Due to the missing data
in the direct variable the aim is to impute the missing values taking into account information on
the erroneous variable and other covariates, such that the imputation method effectively corrects
for the measurement error in the pay variable and compensates for potential distorting effects.
The focus therefore is on correcting for measurement error and adjusting for nonresponse in pay

variables.

In chapter one the relevant literature on measurement error with particular focus on response
error in income and earnings varables is reviewed. In addition, definitions and terminology
important in the missing data context are introduced. Several imputation methods are reviewed
with particular emphasis on nearest neighbour, hot deck, regression, predictive mean matching

and multiple imputation.

The second chapter describes the data available on earnings in the UK with emphasis on the
Labour Force Survey (LFS). Of interest is the sampling design of the LFS and the type of earnings
variables available in this dataset. The initial imputation methodology carried out by the ONS is
reviewed, which under the missing at random assumption (MAR) uses a form of predictive mean

marching imputation. It is a random hot deck procedure within imputation classes based on a
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regression model. The imputation is applied multiple times. Based on this imputation method the
aim is to estimate the distribution of pay. The point estimator of interest, which is the proportion
of employees earning below or around the NMW, is introduced and estimates of pay distributions

based on the imputed direct variable are presented.

Chapter three evaluates hot deck imputation within classes. Theoretical properties of the point
estimator are investigated, also taking into account weighting in the LFS. A simulation study is
carried out to evaluate the performance of the point estimator. Limitations and advantages of this
imputation method, in particular robustness against model misspecification and dependency of

resulting estimates on the choice of classes, are investigated.

In chapter four the variance of the point estimator of interest under hot deck imputation within
classes is investigated which allows for uncertainty due to imputation. A formula for variance
estimation taking into account imputation, response and sampling variability as well as allowing for
fixed survey weights is derived using a design-based approach. In addition, variance estimation
using Rubin’s multiple imputation formula is considered. Because the imputation method does not
constitute ‘proper’ multiple imputation, this approach is shown to underestimate the variance. An
adjusted multiple imputation formula is derived and shown to provide approximately unbiased
varance estimation. A simulation study is carried out to compare the performances of several
variance estimators. For comparison the approximate Bayesian bootstrap is implemented and

variance estimation is carried out using Rubin’s multiple imputation variance formula.

In chapter five a wider class of predictive mean matching imputation methods is investigated,
including nearest neighbour imputation using repeated imputation, stochastic and deterministic
imputation as well as imputation using a penalty function. The performance of the point estimator
of interest under these imputation methods is investigated theoretically and empirically with
particular emphasis on bias robustness, efficiency and robustness against model misspecification.
The imputation methods are also compared to propensity score weighting as an alternative way of
compensating for nonresponse bias. It is found that nearest neighbour imputation using repeated
imputation performs slightly better in terms of robustness and efficiency than hot deck imputation

within classes and propensity score weighting. It is therefore recommended for practical use.
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Chapter six focuses on the measurement error in the derived variable of hourly earnings. The
measurement error is modelled to evaluate the validity of classical measurement error assumptions.
It is found that many of these assumptions are violated such that standard measurement error
approaches cannot be used to correct for measurement error in the derived variable. An
alternative assumption of the nonresponse mechanism is proposed referred to as the common
measurement error assumption (CME), which allows the nonresponse to be dependent on the
variable subject to missing data. The main focus of this chapter is the development of imputation
and estimation methods valid under such nonignorable nonresponse. Several methods using either
deconvolution, misclassification and a weighted bootstrap approach in a Bayesian framework are
investigated under the CME assumption. Data augmentation using rejection sampling valid under
the common measurement error assumption, and therefore under nonignorable nonresponse, 1s
developed, showing desirable properties of the point estimator of interest. The use of hot deck
imputation as an alternative to parametric regression imputation in the data augmentation
procedure is proposed. A simulation study is carried out to evaluate the method in terms of bias
and efficiency. This CME-based method is compared to the previously considered MAR-based

imputation methods. An application of different imputation methods to the LFS is considered.

Chapter seven summarises the main conclusions and highlights the main contributions of the

thesis. Possible areas of further research are discussed.
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Chapter 1

Review of Literature on Measurement

Error, Missing Data and Imputation

As background to the problem of estimating earnings distributions based on variables that are
prone to measurement error and mussing data, as described in the introduction, the literature on
methods correcting for measurement error and compensating for nonresponse bias is reviewed.
Measurement error occurs if a recorded value on a study variable for a sampled element differs
from the true value, assuming a true value exists. Nonresponse occurs if a whole unit does not
respond or different items in the survey are subject to missing data (Sdrndal, Swensson and

Wretman, 1992; Lessler and Kalsbeek, 1992).

To facilitate our discussion we introduce the following notation. Let ¥ denote the variable of
interest measured without error, X the variable measured with error, / a binary indicator of
whether Y is observed and W a vector of auxiliary variables. Let U be a finite population of N
units and s a sample of sample size 7 The values y,x,,/, and w,, where i =1,..,n, are the
sample values of the variables Y, X and 7 and of a (1xV')-vector of variables W of the form
W =(W,,..,W,, ). The vectors of length 7, containing the sample values are denoted ¥, X and
I suchthat Y'=(y,,., )"y X =(x,,.0,x,)" and [ =(I,,..,1 )', and W denotes a matrix with
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values of the covarates. For the variable Y only the first 7 elements are observed in sample s and
the following 7—#n, elements are missing. We have ¥ = (Y, ,¥" )", where Y, =(3,.,3,)" is

the observed part of ¥ and ¥, =(9, .., %,., )" the missing part. The variable / indicates if ¥’

1s observed or not such that

1 if y; observed (1)

i

“lo if y; missing.

Thus, we suppose without loss of generality that /,=..=/ =1 and [, ,=..=1 =0. We
assume that the variable X, measuring Y with error, is fully observed for all units 7 in sample s.
Further 1t is assumed that the covariates W are fully observed. We shall also consider a more
general case where H denote a (1x K)-vector of variables of interest and A the complete data
matrix with element b, in the #th row and kth column, where i = 1,...,7 and £ =1,..,K . In the
presence of missing data A, refers to the observed part of the matrix 7/ and A, to the

missing part. In this general case / denotes a matrix with elements

1 if b, observed
|0 if b, missing, (12
We shall adopt a statistical modelling framework when the observations Y, X,7, W and H are
realised values of corresponding random vector and matrices. For simplicity, in much of the
discussion of this chapter we shall assume that the (y,,x,,/,,w,) are independently and identically
distributed outcomes of a random vector denoted (¥, X,7,W). Similarly we assume the rows of
H are independent and identical realisations of a random vector /. We shall use fto denote a
generic probability density, for example /(Y| X) denotes the conditional distribution of Y given
X.

In section 1.1 measurement errors in surveys and their effects on statistical analysis are described.
Some adjustment methods compensating for the effects of measurement error are presented.
Section 1.2 focuses on measurement errors in earnings and income variables. In section 1.3
nonresponse error and different nonresponse mechanisms are discussed. A number of imputation
methods as a way of handling nonresponse are presented in section 1.4, with particular emphasis

on nearest neighbour, hot deck, regression and multiple imputation.
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1.1 Measurement Errors in Surveys

Simndal, Swensson and Wretman (1992) describe neasurement errors as those errors in individual data
that occur during the data collection stage. They define measurement error as the difference
between the recorded value on a study variable for a sampled element and the true value, which is
assumed to exist. In a survey context the expression repomse eror is often used instead of
measurement error. When estimating distribution functions, as opposed to simple estimation such
as estimation of means and totals, it is important to investigate the cause and the characteristics of
such measurement errors since parameters such as quantiles can be strongly affected by
measurement error even under common error assumptions. The impact of such error needs to be
nvestigated as well as possible adjustment methods to compensate for the effects of measurement
error. Often the impact and structure of the measurement error can only be analysed if true values
are available for comparison, which might be difficult to obtain. In the following the literature on

measurement error in surveys is reviewed, focussing on common measurement error models.

1.1.1 Measurement E rror Models

In the theory of measurement error two main approaches can be distinguished. Biemer and Stokes
(1991) refer to the sanpling approach if the measurement error is viewed as a random variable
sampled from a hypothetical error distribution. The observed variable is the outcome of a two-
stage random sampling procedure. It is determined by sampling from a finite population and
adding on a random error sampled from an infinite population of errors. The errors can occur
because of misunderstandings, typing or coding errors etc. The other approach, referred to as the
psydhometric approach, aims to determine the relationship between multiple responses from a unit
belonging to a sample, to evaluate the correctness of individual responses and to explain the

relationship between responses and errors.

To deal with measurement error we first assume the existence of a true value of the variable of
interest ¥, for each individual in the population i € U. The notion of a true value, however, can

be controversial, which is discussed in greater detail below. This true value is denoted y, for

individual 7, whereas the actual observed value in a sample is denoted x;. We write
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x, =y +6 Vie€s, (1.3)

where the difference between the observed value and the true value 4, is called the neasurenent
enor for element 7. The observed variable x, is sometimes called the munifest or indicator variable,
and the either unobserved or only partially observed, true variable Y the luterz variable. Models
where y, is fixed are called finctional models, whereas i 9, is random it is referred to as a structural
model (Fuller, 1987; Sdrndal, Swensson and Wretman, 1992, Lessler and Kalsbeek, 1992; Carroll,
Ruppert and Stefanski, 1995). When trying to estimate parameters that are based on varables
subject to measurement error it is necessary to make certain assumptions about the measurement

error and to formulate a measurement error model.

In the following a simple measurement error model making assumptions about the structure of
the errors is presented. It is assumed that the measurements for each element differ for repeated
measurements. The underlying assumption of the following model is that the measurements, and
therefore the measurement errors, are regarded as random variables, such that standard statistical
tools, for example for evaluating the precision of an estimation, can be used. We describe a model
for measurements of elements from a random sample drawn from a finite population U of size N.
We treat the true values as fixed and so this is a functional model. Biemer and Stokes (1991)
denote this approach the ‘sampling approach’ (see also Sirndal, Swensson and Wretman, 1992;

Lessler and Kalsbeek, 1992).

Following the approach of Simndal, Swensson and Wretman (1992) drawing a sample s according
to a specific sampling design D the random variables x;, for all 7 € s, are assumed to have a joint
probability distribution, conditional on s. This is called a nzasmemertt nodel, denoted M, or simply
M. It should be noted that in many applications the dependence on s is omitted. The data
generation contains two random stages with

1. Selection of a sample s according to D

2. Measurement model M, which generates an observed value x, forall i €.

The measurement error model is formulated as in (1.3). For this model y, is a random variable,
whose distribution depends on the sample design. The error term &, is regarded as a single
random draw from an infinite population of errors for each individual unit i The dassicl

rmeasurenent ervor model assumes that (Biemer and Stokes, 1991):
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1. The true values 3, exist and are well-defined.

2. The measurement error is additive.,

Let £,/(.|7) and var,(.|7) denote the expectation and variance according to the measurement

error model based on the -th unit. It is assumed

3. Eﬂ[(éllz)zo (1.4)
4, var, (6, | i) =0} (1.5)
5. cov, (6;,0;)=0,forall 1= ;. (1.6

It follows that covp,, (y,,0;)=0 forall 7 and j, (therefore also cov, (;,d,) =0, see also Sars
and Andrews (1991)), which means that there is no correlation between the errors and the latent

variables. According to assumption 3 we have:
COVpy ( yz':gj) = Epy ()/55;‘) — Epy (J’i)EDM (51) = ED( Y. £y (5; f j)) - ED(J’i)EM(éj [ j) =0.

.. PN . . . . 2 2
In addition, it is sometimes assumed that the error terms are 1.1.d. (e var,(é;|/) =0}, =0, , forall
1) and in particular follow a normal distribution 4, ~N(0,s7). To obtain variations on the classical
measurement error model it is possible to relax some of the assumptions. It is also possible to

think of a multiplicative model, e.g. by viewing 6, = y,(e; —1) such that x, = ye,.

In the above model we assume the existence of a true value. However, defining and determining a
true value depends very much on the variable of interest. It requires that the characteristic to be
measured has a clear operational definition and that precise measurement methods can be
implemented. In general, it is assumed that a true value for variables such as age, height, earnings
etc. exists. For subjective phenomena such as opinions, attitudes, beliefs or concepts such as
satisfaction or emotion it is difficult to define a true value (Biemer and Stokes, 1991; Lessler and
Kalsbeek, 1992; Sirndal, Swensson and Wretman, 1992). To handle this problem it might be
assumed that there exists a response distribution for repeated measurements x,, t =1,..,2, and
that v, is defined as the mean of the response distribution over an infinite number of trials

(Fuller, 1995), such that

yi:EM(xdii)' (1-7)
The error term is defined as the difference between the observed value and this mean, such that
01’2 :Xiz*)'l-. (1'8)
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We still have £,,(d, |7)=0 since y, is defined as the mean of the response distribution. In this,
as Biemer and Stokes (1991) call it, psychometric approach, the same assumptions as before are
made, apart from the different interpretation of y, as a mean of the response distribution. This
model 1s referred to as the ‘dassial true score model’. Saris and Andrews (1991) point out that the
term ‘true score’ only refers to the observed score minus the measurement error. The actual true

value of a unit on a latent variable is unknown.

An extension to the above simple measurement error model are models that incorporate
interviewer effects, which in particular may introduce correlated measurements. Similar
correlations can be introduced by other factors such as members belonging to the same household
etc. (Sdrndal, Swensson and Wretman, 1992). Biemer and Stokes (1991) describe a model where
assumption 5 given 1n (1.6) is relaxed and the measured values of two different sample units may

be correlated.

1.1.2  Effects of Measurement Errors on Statistical Analysis

Measurement errors 1n surveys are often non-negligible and can have a considerable impact on
estimates of population parameters. As already mentioned, measurement errors that follow the
common assumptions usually do not affect the bias of estimates for means and totals but affect
the variance (Biemer and Trewin, 1997). For other statistics such as quantiles of distributions or
regression coefficients the situation is more complex and even under classical assumptions

substantial bias can be introduced.

Since in this thesis the focus is on estimating the proportion of low paid employees, distribution
functions of earnings and regression coefficients for modelling hourly earnings, the effects of
measurement errors on proportions, quantiles and regression coefficients are reviewed. For
proportions the measurement error model for binary data is briefly discussed (Biemer and Stokes,
1991; Biemer and Trewin 1997). The assumptions for continuous data described earlier are not
necessarily appropriate for binary data, e.g. the assumption that cov p,, (¥;,6;) =0 does not hold
in general. Let the variables ¥ and X denote binary variables, taking values O or 1. We define the
masdassification probabilities as

My, =P(x, =0] 3, =1)=P>5,=—1| y,= 1) (19)

v

10
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e, = Plx, = 1] 3 =0) = P(3, =1] 5, =), (119
where 7, 1s the probability of a false negative and m,, is the probability of a false posiuve.
Biemer and Stokes (1991) replace assumption 3 in (1.4) by
3 Ey(6:1)=—yimoy, + (1= 3,)my, forall ies, (1.11)
where y, is regarded as fixed in the population. (Note that E,(x;|i)=E,(y +6|7)
= Y (1=my )+ (1~ y,)my ). We have E,(5,|:)=0 if my =m, =0, ie. if there is no
misclassification error. When analysing the effect of measurement error we first assume that the

probabilities of a false negative or a false positive do not depend on the sample unit or on the

nterviewer, Le. 7, = m; and my; = my, for all 7. The sample estimator subject to measurement

error is defined as

Pr=1yy, (1.12)

Biemer and Trewin (1997) show that the bias in the sample proportion is
Bias(P") = £ (ﬁ;s)_P =[P(1—my ) +(1=P)my ]~ P = —mp, P+ (1= P)my, . (1.13)

AA" . . . . . *
Thus, Bias(P ) =0 if either m, = m, =0, Le. if no measurement error exists, or if

P, = (1= P)my,
Aad ‘P(yi:l)])(xi:OIyi:l):P( ) (x ”H)’z'—o)
N P(x, =0,y =1)=Px,=1,y=0), (1.14)

Le. if the number of false negative misclassifications in the population is exactly the same as the
number of false positive misclassifications, independent of the size of P. We can see that in the
presence of measurement error it is very unlikely that P" is unbiased for P, However, the bias
might be negligible if 72, and m, are small. In the case of a small proportion P the effect on the

relative bias can be large even if 7, is small (see example in Biemer and Trewin, 1997, p. 615).

We now focus on potential effects of measurement error on distribution functions and quantiles.
The effects of measurement error on the estimation of quantiles have been considered by Fuller

(1995) and Biemer and Trewin (1997) assuming the population to be sampled is normally

11
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distributed. Let Y denote the random varable of interest and F, its cumulative distribution

function, such that Fy.( y) = P(Y < y)=a. The a-th quantile of a distribution, y,, is defined as

Qa) = inf (Fr (1) > a) = 5. (113)

The quantile function is the inverse of the distribution function, ie. Q,(a)=F; '(a). In the
following we assume that the true random variable Y and the error terms follow a normal
distribution. Thus, the observed values also follow a normal distribution. We are interested in the

a-th quantiles according to the distribution of the observed and the true values, i.e.
Qy(a)=1nf(Fy(x)>a)=x, and Q,(a)=inf(F.(y)>a)=y,, (1.16)
x Y
such that

Fx(x)=P(X <x,)=a=P(Y < j,)=F(0) (1.17)

Let us assume that X and ¥ have mean X and ¥ respectively. We have

x{t_X — yf’_—Y. (118)

Let us define the ratio R =} /05, where 03 = o7 +0. . It follows for the relationship of the a-

th quantiles for the distribution of the true and the observed values that

Qila)=x, =2 (5, - )+ K =R (0, (a)~ V) + X. (1.19)

d O'Y

For the centered distribution of observations, X — X , we obtain

x,-X=25(y -7) (1.20)
Oy
and therefore Qr x(@)=R""0, +(a). (1.21)

We see that the a-th quantiles for the distributions of the true and the observed values are not the

same in the presence of measurement error. The quantiles of X —X are multiples of the

12
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quantiles of Y —Y . Figure 1.1 illustrates the effect of measurement error on distribution
functions for the example where the true values are y ~N(0,1) and the error terms are
6, ~N(0,1) for all z. Thus, the observation x; is a N(0,2) distributed random variable. Since the
varance of X is greater than the variance of Y and both varables are normally distributed with
mean zero, it follows that the two cumulative distribution functions are only the same at the mean
of X and Y. In this example we have Q,_(0.95)=1.65= y, and Qy ,(0.95)=(1/2)""?*1.65
=2.33=x,. The 95 percentile of the distribution of the observed values is therefore larger than

the 95" percentile from the distribution of the true values.

0.4 _.\

Distribution of true
values, N(0,1)

0.3

95t percentiles

0.2 Distribution of
observed values, N(0,2)

N

0.1

0.07

I ! =5l
-4 -3 -2 -1 0 1 1652233 3 4

Figure 1.1: The effect of measurement error on distribution functions (Biemer and Trewin, 1997,

p. 613).

The bias of the estimator (AQX(a) ) 1if @ (a) is an unbiased estimator of Qy (a) in the absence of

measurement error, is

13
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A A

Bias(Qx (a)) = £py (Qy (@) — Oy (a) = Ox (a)— Qv (a)
=R(Q(a)=Y)+X~0Qy(a) (using (1.19))

= Q)R =1)—R Y +X = Q ()R =1)—R Y+ ¥ + B,
where B, is the measurement bias, ie. the bias in the sample mean, Ep, (X)=7Y + B,
where X denotes the sample mean, such that B, = E,,, ()_2 )—Y =X —Y which is zero

under the classical error assumptions.

=R =1)(Qy(a)-Y)+B, (1.22)

Thus, in general the sample cumulative distribution function of X is a biased estimator of the
cumulative distribution function of ¥. However, the effect of measurement error for cumulative
distribution functions depends on the part of the distribution. For a=0.5 the bias of the
estimated median under the assumption of the normal distribution with mean 0 is B,, which is
zero under common error assumptions. However, if one moves away from the median the relative
error increases. For a > 0.5 the bias increases as « increases and the ratio R decreases. The effect
of measurement error is therefore particularly apparent when estimating tails of the distribution. A
more detailed discussion of the effects of measurement error on estimation of quantiles can be

found in Fuller (1995), Biemer and Trewin (1997) and Nusser et al. (1996).

Measurement error also affects estimators of regression coefficients, sometimes even if the
assumptions of the classical measurement error model hold (Fuller, 1987; Biemer and Trewin,
1997). Two cases are distinguished depending on if the dependent variable of the regression model
is subject to measurement error or if one or more of the independent variables are affected.

Suppose we wish to estimate the simple regression model with only one covariate Y. We have

2, =0+ By e, (1-23)
where z, and y, are measured without error and «; is identically and independently distributed
with mean zero, variance o7 and covp( y;,¢;) = 0. If measurement error occurs in the dependent

variable the measurement error under classical error assumptions does not bias estimates for

coefficients, ie. g, and 7, but increases the variance. A particular concern is the case when the

14
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usual measurement error assumptions do not hold. Under these circumstances, estimates of
population parameters might be severely biased. If measurement error occurs in the independent
variable, such that X is the measurement of true ¥ and X follows the measurement error model in
(1.3), all estimated coefficients are biased towards zero, even if the common measurement error
assumptions hold. As Fuller (1987) describes it, the estimate of the coefficient is attenuated under

the measurement error. The degree of attenuation under the classical assumptions can be defined

by the ratio R,

(1.24)

)
fl
sds.

In the presence of measurement error the expected value of the least squares estimator of g, is

A 0» -

)
Em(/‘gl):rgl%> (125)
?

where the estimate /§1 is based on the observed values x.. This enables us to find an unbiased
estimator for 3, in the presence of measurement error if R is known. Biemer and Trewin (1997)
also discuss the case where measurement errors are correlated both within variables and berween
variables. In the presence of correlated error estimates of the coefficients may be substantially
overestimated or underestimated depending on the signs and magnitudes of the correlations.
Detailed analysis of the effect of measurement error in regression models is given in Fuller (1987).
He concentrates on the case where the independent variable is not observed correctly, taking into
account if only one or several explanatory variables are used in the regression. Rodgers and
Herzog (1987) discuss the case of a regression model, where one varable is subject to
measurement error, in particular the dependent variable. They show that violation of the common
measurement error assumptions introduces bias into the standard ordinary least squares estimates

(see also Duncan and Hill, 1985; Fuller, 1987; Brownstone and Valletta, 1996).

113 Methods Compensating for the Effects of Measurement E rror

As we have seen, measurement error can have substantial effects on estimates of population

parameters. Measurement error can lead to biased resulis and to an inflation of the variance of an
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estimator even under classical measurement error assumptions. Of particular interest therefore are
possible adjustment methods to correct for measurement error. To adjust for the bias introduced
by measurement error either information about the type and magnitude of the measurement error
is needed or certain assumptions about the error terms need to be made. Biemer and Trewin
(1997) characterize adjustment methods by two requirements: a.) the assumed underlying model
for the error structure and b.) auxiliary data for estimating the error parameters indicated in the
model. For a comprehensive review of measurement error problems and adjustment methods see

Carroll, Ruppert and Stefanski (1995).

Kuha and Skinner (1997) distinguish two kinds of data to correct for potential distorting effects of
measurement error. The first type is wilidation data, which is assumed to include true values. Usually
it is too expensive to obtain accurate information on the whole sample s, so that correct but more

expensive and time involving measures can only be obtained for a smaller sample s,. We refer to
the term iermal wilidation data, if the validation sample s, is a subsample of the sample s, obtained
by a known randomised double sampling scheme, i.e. the subsample s, is a random sample of s
such that s, is representative of s. The disadvantage of such an approach is that some units in the
sample may need to be interviewed twice. Another possibility is to obtain external wilidation data, for

example by using company or tax records to compare survey responses with information from this

external source. The company or tax records are usually assumed to give accurate information.

Several methods have been developed to compensate for measurement error in the presence of
validation data obtained by a randomised double sampling scheme. Rao and Sitter (1997) propose
the use of validation data to adjust estimates of means and totals for the measurement bias. The
methods are based on a two-phase sampling approach, i.e. correct measurements are obtained on a
random subsample of the initial sample. Luo, Stokes and Sager (1998) propose methods for
estimating cumulative distribution functions in the presence of a two-phase sample. Several
estimators are compared, such as the ratio, difference and regression estimator for a two-phase
sample and two proposed estimators based on a weighted average of perfect and imperfect
measurements. Buonaccorsi (1990) considers the use of a wider class of measurement error
models, other than the simple additive one, relating true and observed values. These methods
require the availability of external or internal dara containing true values to validate the

measurement error model. Correcting for measurement error is based on double sampling, where
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true values are obtained on a random subsample. Maximum likelihood estimators are developed
for certain models making assumptions about the nature of the measurement error. Another
method for estimating distribution functions in the presence of measurement error is the SIMEX
method (simulation - extrapolation) discussed by Carroll, Ruppert and Stefanski (1995) and
Stefanski and Bay (1996). This method makes assumptions about the distribution of the error
term, such as assumptions of additive and normal measurement error. An estimate of the variance

of the error terms is required which can be obtained from a two-phase sample.

When true values are available for a subset of the original sample, one important approach is to
view the problem of correcting for measurement error as a missing data problem, regarding the
true values as missing data in the remaining sample. Note that the validation data does not
necessarily need to be obtained as a random subsample of the original sample. Methods developed
to compensate for nonresponse, such as imputation and weighting, can then be used to correct for
measurement error. For example imputation methods can be used to fill in the missing data in the
correctly measured variable. Such an approach has been proposed by Kuha (1997). He uses data
augmentation to fill in missing values in the true variables to correct for measurement error in
estimates of regression coefficients. Carroll, Ruppert and Stefanski (1995) also view measurement
error models as special kinds of missing data problems. More on the use of imputation methods

can be found in section 1.4.

The second type of data described in Kuha and Skinner (1997) is obtained by using repested
measirerrents on the variables subject to measurement error. This is particularly useful if a true value
of the characteristic of interest is not well-defined or if it is not possible to measure the true value,
even on a small sample of limited size. To obtain repeated measurements rererueus can be carried
out, for example on a subsample of the whole sample. It is also possible to ask the same or a
similar question twice in an interview or questionnaire. In this approach it is often assumed that
the measurements are independent of each other given the true values. However, it is possible to
make assumptions about the relationships between the observed values and the latent variables
and between the latent variables themselves. Data based on repeated measurements may therefore
be analysed using latent variable models. Kuha and Skinner (1997) summarize methods for
correcting for measurement error in categorical data using either validation data or repeated

measurements. Fuller (1995) proposes a method of estimating distribution functions and quantiles
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assuming that replicated measurements on some units in the sample are available. He gives a
consistent estimator of the quantile function and a formula for its variance estimation using
estimators of the error variances of the measurement error. An example is discussed based on data
from a survey on food intakes where four replicates are available for some units. Other examples
for estimating distribution functions in the presence of measurement error using repeated
measurements are discussed in Nusser et al. (1996) and Fuller and Guenther (1997) who estimate
the distribution of usual food intake, where usual food intake is an example of a latent variable
that cannot be observed directly. A feasible way of obtaining the required information is to ask
people about their eating habits on several days throughout a longer period of time and to use the
average of these figures to get an indicator of the true but unobserved values. It should be noted
that a considerable amount of literature exists describing the use of validation data. Often it 1s not
possible to carry out reinterviews or to have access to a reliable external source of data. In these
circumstances quantifying the measurement error is a difficult task and relies mainly on unproven

assumptions.

1.2 Measurement Error in Income and Earnings Variables

Since income data is important for a wide range of policy issues, the quality of survey measures of
income 1s of particular interest. Recent survey validation studies suggest that measurement error in
income and earnings data is a common problem and leads to bias in survey estimates. In particular,
variables of hourly earnings are often prone to measurement error (Bound et al., 1990; Moore,
Stinson and Welniak, 2000). It is therefore of interest to analyse the effects of measurement error
in income and earnings variables. In statistical and economical data analysis strong assumptions are
sometimes made about the measurement error structure, for example regarding the independence
of the measurements. These assumptions, however, might not hold in reality, and often classical
measurement error assumptions are violated. In the following sections the focus is on
measurement error in earnings variables. Section 1.2.1 describes the nature of measurement error
in such varables. In section 1.2.2 it is shown that common measurement error assumptions are

often violated in income and earnings varables.
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1.2.1 Measurement Error in Income and Earmings Variables

There are several reasons for a high amount of measurement error in variables related to income.
One reason for measurement error in such variables is the fact that total income refers to a variety
of different income sources. Griffiths and Wall (1999) refer to three sources of income, such as
income from labour (wages and salaries), from the ownership of capital (dividend and interest) and
land (rent). Atkinson (1996) includes five sources, i.e. 1) wages and salaries, 2.) income from self-
employment, 3.) rent, dividends and interest, 4.) occupational pensions and life insurance and 5.)
state transfers. The factor labour, i.e. wages and salaries, usually makes up the largest part of total
income. Other reasons for measurement error in income or earnings variables are often related to
difficulties in understanding the terminology of the survey question or not remembering the exact
amount or period of pay. Another common problem when reporting earnings is rounding or
truncation errors with the result that round numbers show a higher frequency (Rodgers and
Herzog, 1987; Bound et al., 1990; Nordberg, Penttilae and Sandstroem, 2001). Respondents may
also deliberately give wrong answers, e.g. for tax reasons, or misreport their period of pay, their
earnings during that period or hours worked. Several studies have shown that employees
sometimes considerably under- or overreport their income or earnings. Employees with lower-
than-average earnings are likely to overreport, whereas high-wage workers often underreport their
true earnings. Moore, Stinson and Welniak (2000) find that survey respondents usually
underreport income and that underreporting errors tend to predominate over overreporting errors
of income. The magnitude of the underreporting is highly variable across different types of
income. However, underreporting seems to affect wage and salary income, in which we are mainly
interested in, only very modestly. According to Moore, Stinson and Welniak (2000) several studies
confirm that only a very low net bias in survey reports of wage and salary income and only little
random error exists. Pischke (1995) finds that reported earnings and earnings from validation data
does not differ much in either mean or variance, which implies that the mean of the measurement
error is approximately zero. Duncan and Hill (1985) report that there is a tendency for workers to
significantly overreport hours worked. Another possible source of error might be interviewer

effects.

Much of the research about measurement error in income and earnings variables is based on the
PSIDVS wvalidation study (Panel Study of Income Dynamics Validation Study) and the CPS
(Current Population Survey) (Bound et al., 1990 and 1994; Bound and Krueger, 1991; Pischke,
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1995). The PSIDVS validation study for example allows for a comparison of measurements of
earnings obtained from a survey with individual responses from employees working for a specific
company with the company’s own records or with social security records. The company’s records
are regarded as true measurements. Caution, however, needs to be exercised in generalising the
results from such validation studies, since in most cases the research carried out is based on
records from a single company to obtain information on earnings and hours worked. The results
might therefore not be representative for the whole population. It should also be noted that for a
validation study on measurement error one need to be able to obtain ‘true’ values of the variables
of interest. Usually, companies’ or tax records are assumed to represent true values and are used
for comparisons on observed values. However, these records can also be subject to error. For
example there are limitations in the use of tax records since only earnings above a certain level
must be reported. In the following we focus on the nature of measurement error in earnings

variables.

To be able to investigate the structure of measurement error in earnings variables Bound et al.
(1990) use the PSIDVS validation study to compare measurements of earnings from employees
with the company’s own records. A particular emphasis lies on the measurement of hourly
earnings, which is prone to measurement error because of difficulties in the way of measuring
hourly pay and because of difficulties in reporting earnings and hours worked. The PSIDVS data
include information on annual earnings and hours such that a variable on hourly earnings can be
derived and a validation study for such a derived variable can be carried out. However, the data
does not include a direct variable, measuring hourly earnings directly, such that an analysis of the
quality of such a direct variable can therefore not be conducted using the PSIDVS data. Bound et
al. (1990) investigate the quality of a derived hourly earnings variable. They find that the amount of
measurement error in reports of annual earnings is low, in annual work hours it is higher and
errors in reports of hourly earnings, derived by dividing annual earnings by annual hours, is quite
high. Similar results are obtained by Pischke (1995) and Duncan and Hill (1985) who also report a
significant amount of measurement error in such a derived variable. Bound et al. (1990) also
investigate alternative measurements of hourly earnings, which, however, are not found to
improve the measurements on the derived variable based on annual data. Various measurements
exist for deriving hourly eamnings and three approaches are described in greater detail. The first

method is to obtain information on earnings for a specific, normally the most recent pay period.
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Another strategy is to ask about earnings referring to a longer period of time, typically one
calendar year. It is assumed that this longer period reduces measurement errors due to tax returns
etc. However, difficulties may arise if respondents change their jobs, are unemployed for some of
that time or simply cannot remember the amount of earnings over such a long time period. A
third possibility is to ask about “usual” hours and “usual” earnings. However, none of the
strategles seems to improve the estimates for hourly eamings much, with estimates based on
annual earnings and annual hours showing the best results. In addition, Moore, Stinson and
Welniak (2000) find that annual reports perform better and that in comparison errors in monthly

reports seem slightly larger.

1.2.2 Violation of Common Measurement E rror Assumptions

In classical measurement error models certain assumptions are made about the error structure,
which might not hold in reality. The classical approach describes measurement error as fully
random and reflects non-systematic misreporting among the respondents. However, systematic
errors are possible. Bound et al. (1990 and 1994) find a mean-reverting measurement error, Le.
coVpy (9:,0;) = 0 (see also Bound and Krueger, 1991), with a pronounced negative correlation
between the error and the true level of the variable. In standard measurement error models such
correlations are assumed to be zero, but in their study this assumption is clearly violated. Classical
models also assume covariances between measurement errors in each measure and between
measurement and the true level of other variables to be zero. In their study, however, they find
evidence of non-zero covariances. Also Pischke (1995) reports that measurement errors in
earnings seem to be correlated with many typical regressors in earnings equations. Bound et al.
(1994) investigate the consequences of measurement error on estimates for a regression model,
where for example the logarithm of annual earnings is the dependent variable. They find that
errors In measuring earnings are related to some of the explanatory variables. Rodgers and Herzog
(1987) emphasize that in their study commonly made assumptions about the independence of
measurement error are often incorrect. They find substantial correlation between measurement
errors and correlations between errors of one variable and measured values on other variables.
One approach of reducing the impact of measurement error effects in the data analysis stage is to
transform the scale on which a variable is measured, for example by using logarithmic or other

transformations. The logarithmic transformation is commonly used to handle the case of a
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multiplicative error model (Duncan and Hill, 1985; Bound and Krueger, 1991; Rodgers, Brown

and Duncan, 1993; Brownstone and Valletta, 1996).

Modelling the measurement error process can be of interest when correcting for measurement
error. Brownstone and Valletta (1996) model the measurement error structure from existing
validated data to account for measurement error in standard non-validated data. A key issue is the
extent to which measurement error is systematically related to demographic and economic
variables. It is therefore of interest to model the measurement error structure and its dependence

on certain explanatory variables. The following model is considered
X—-Y=gV)+up+5, (1.26)

where gis a function, which allows for a non-linear relationship between measurement error and
true earnings, # is a row-vector of functions of covariates, 3 is a vector of coefficients and 4 is
an error term. The dependent variable in this regression is [In(earnings with error) - In(true
earnings)]. In the classical error approach it holds: g(Y)=0, #=0 and ¢ with mean equal to
zero and constant variance. Using this model Brownstone and Valletta (1996) find that
measurement error is significantly and negatively related to true earnings. In addition, certain
explanatory variables have a non-negligible effect on measurement errors, such as gender, job
experience, education, industry section and marital status. Bound et al. (1990 and 1994) report that
the probability that a variable, such as employment status, is subject to response error is related to
a set of demographic factors. Younger and less educated workers for example are more likely to
provide erroneous reports of their employment status. This demonstrates the presence of
systematic rather than random measurement error in earnings, which can potentially bias estimates

based on variables related to earnings.
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1.3 Nonresponse in Surveys

1.3.1  Nonresponse and Missing Data

Correcting for measurement error using validation data, where true values are observed for a
subset of the initial sample, can be viewed as a missing data problem. Methods compensating for
nonresponse, such as imputation, can then be used to fill in the missing values in the true variable.
The required analysis can be carried out based on the imputed true variable rather than the
observed values subject to measurement error regarding the measurement error problem as a
missing data problem. This is particularly important if classical measurement error assumptions are
violated and standard adjustment methods in the presence of measurement error might not be
appropriate. We therefore review the missing data literature, common assumptions made about

the missing data structure and possible imputation methods to adjust for nonresponse bias.

In sample surveys nonresponse is often a major problem. By nonresponse it is meant that the
required data are not obtained for all elements, which are selected for observation. Generally, a
distinction 1s made between wut nomesporse, ie. the failure of a selected sample member to
respond, and iem nonresporse where 1t is failed to obtain some required information from individual
sample members. The case of item nonresponse where information on certain vanables is
available from an external source for a non-sample member is not considered here. Unit
nonresponse occurs if it is not possible to interview certain sample members or if sample
members did not want to take part in the survey. Item nonresponse on the other hand occurs if
the interviewer fails to ask a question, does not record the answer or the sample member refuses
to answer a question or does not know the answer. More on the reasons for nonresponse can be
found for example in Lessler and Kalsbeek (1992). There are several ways of dealing with
nonresponse problems. For unit nonresponse normally weighting methods are applied, whereas for
item nonresponse #putation methods may be used, which are described in greater detail below. In
general, the missing-data structure can be wmunate, that means that the missing values only occur
in a single response variable, or mzdtiuriate in the sense that missing values occur in more than one
variable. In the case of nonresponse one major problem is that we usually do not know how the

set of respondents for each variable in the data set is generated. However, knowledge or the
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absence of knowledge of the mechanisms that led to the missing data structure is a key element in
choosing an appropriate method for handling missing data and for interpreting the results. For the
general case the distribution f(I|H,v), where I is the indicator of response, H a vector of
variables of interest and ¢ is a vector of parameters of the model, is called the nonresponse
mechanism, which is usually unknown. The selection of the sample and the occurrence of
nonresponse in the sample can be regarded as a two-phase sampling procedure. Since the selection
procedure of the respondents in the sample is unknown, it is necessary to make certain
assumptions about the response distribution, which often cannot be verfied (Kalton and
Kasprzyk, 1982; Kalton, 1983; Schulte Nordholt, 1998; Sirndal, Swensson and Wretman, 1992;
Lessler and Kalsbeek, 1992, Little and Rubin, 2002).

1.3.2 Missing Data Mechanisms

Several assumptions about the response mechanism are possible. One assumption that is
sometimes made when considering imputation methods is that the data are nussing conpletely at
random (MCAR). That means that the probability of response does neither depend on the response
variable Y, subject to nonresponse, nor on the explanatory variables W. In this case the observed
values of the response variable form a random subsample of the sampled values of Y (Rubin,
1976; Little, 1986; Little, 1988, Dec.; Little and Rubin, 2002). This mechanism is also called wuaform
nonresponse (Deville and Sirndal, 1994; Rao, 2001). Under MCAR the probability of response is
prier)=c,forall i€s, ¢>0 and r denotes the set of respondents. If the sample is divided
mnto mutually exclusive and exhaustive classes, such that the response mechanism is constant
within these classes, the nonresponse mechanism is said to be wform wihin dasses. The following
definitions refer to the case discussed in this thesis where only the variable Y is subject to
nonresponse and the vector of covariates W is fully observed. For completeness we also give the
definitions for the general case with several variables subject to nonresponse. The symbol L is

used to denote independence.

Definition 1.1 (MCAR)

The missing data mechanism nzssing completely at random (MCAR) is defined as
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[ L(Y, W), (1.27)

Le. /s independent of ¥ and Wjointly.

According to the definition of independence this means

FL,Y W)= f(I) (Y, W). (1.28)
MCAR is therefore equivalentto /(7| Y, W)= f(I), since

FLY W) SO
w0

JUY, W)=

Since IL(Y,W)=I11lYandl LW, (1.29)

MCAR implies f(I1Y)= f(I) and f(I|W)= f(I). Note that the inverse of (1.29) is not true
according to Simpson’s paradox (Whittaker, 1990, pp. 30-31, p. 45). Because of implication (1.29)
and the fact that / L Y& Y 1 I it{ollows

fY1I)=f(¥) and f(W|I)= f(W). (1.30)

More generally, Schafer (1997) defines MCAR as

f(]}H’¢): f(j}de’]:[nlt’y/)):‘f(j}¢)’ (131)
where [ is the indicator matrix of response, /,, the observed data, 7, the missing data and ¢
the vector of unknown parameters of the nonresponse model (I | H,).

If the probability of response does not depend on the response variable but on the explanatory
variables, it is said that the data are #issing at random (MAR). That means that the observed values
of Yare a random sample of the sampled values within subclasses defined by values of W, but not
necessarily a random subsample of the sampled values (Rubin, 1976; Little, 1988, Dec.; Little and
Rubin, 2002). This mechanism is also called #confounded nonresponse (Deville and Sdrndal, 1994;

Rao, 2001).

Definition 1.2 (MAR)

The missing data mechanism »issing at random (MAR) is defined as

[1LY|W, (1.32)
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which means f(I,Y|W)= f(I|W)f(Y|W), according to the definition of conditional

independence.

Therefore MAR is equivalent to fUY, W)= f(I|W), (1.33)

fUY W) _ fLY W) SW0) _ SLYIW)

since f(I|V, W)= Y W) YW f(W) . A(Y W)

Since ILY|WeY LI|W,
MAR is equivalent to JY W)= f(Y|W), (1.34)
or alternatively fY|W,I=0)= f(Y|W,]=1). (1.35)

It can easily be seen that MCAR implies MAR, since f(7|Y,W)= f(I) implies f(/|Y)= f(I)
and therefore f(I|Y,W)= f(I|W), which is equivalent to the definition of MAR. If the

auxiliary variables Ware categorical MAR is equivalent to uniform within classes nonresponse.

For the general case Rubin (1976 and 1987) defines MAR as follows. The data is missing at

random if the distribution of the missing-data mechanism does not depend on the missing values

H. . ie

SUTH )= [T o, Ho) = (T Hye ). (1.36)

Note that the definition in (1.36) is more general than (1.33) since it also allows the dependence on
the observed values for Y. For the definition of MAR it is required that the covariates W are
included among the model covariates. If the probability of response depends on Y and possibly
also on W, the data are neither MAR nor MCAR and the missing-data mechanism is said to be

nonignorable (Schafer, 1997; Little and Rubin, 2002).

1.3.3 Ignorable and Nonignorable Nonresponse

Two terms that are closely related to the ideas of MCAR and MAR are ignorable and nonignorable

nonresponse. If either MCAR or MAR hold we say that the missing-data structure is ignonable. In
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general, the mechanism leading to missing values cannot be ignored. If the probability that an item
y, is missing depends on the variable Y, and therefore neither MAR nor MCAR hold, the
missing-data mechanism is nomgnorable. This is also called conforrrded nonresponse (Deville and
Sarndal, 1994; Rao, 2001). Standard analysis that ignores the missing data mechanism would then
lead to biased results. Initially, we define the nonresponse to be nomgnomable if the probability of

response is neither MAR nor MCAR. To be nonignorable it is therefore enough to be not MAR,

which means

JUY, W)= f(I|W) (1.37)
or alternatively FY|W,)= f(Y|W) (1.38)
or JY|\W,I=1)= f(Y|W,[=0). (1.39)

In addition to this intuitive definition, we give a more rigorous definition of ignorable and
nonignorable nonresponse (Rubin, 1987; Heitjan, 1994; Schafer, 1997; Little and Rubin, 2002). Let
¢ be the parameter of the model of the complete data, f(H|¢), and ¢ the parameter of the

nonresponse model, f(I|H,y). We introduce the following definition of two distinct

parameters.

Definition 1.3 (Distinct)

The parameters ¢ and ¢ are distina if the joint parameter space of (g,¢), that is the set of all
possible values that the parameters ¢ and ¢ can assume, is the product of the parameter space of

¢ and the parameter space of .

Definition 1.4 (Ignorability)

The missing-data structure is said to be ignonable, if the data is missing at random (MAR) and the

parameters ¢ of the data model, f(H|¢), and the parameters 5 of the missingness mechanism,

F(I|H,4), are distinct.

This gives a more precise definition of the former intuitive description of ignorability. The above

definition of distinctness is given from a frequentist perspective. From a Bayesian perspective
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distinctness of two parameters means that any joint prior distribution applied to (¢,#) must factor
into independent marginal priors for ¢ and ¢, 1e. f(¢,¢)= f(¢) /(#). In many cases knowing ¢
gives little information about ¢ and vice versa, which makes this definition intuitively clear.
Assuming that the nonresponse mechanism is ignorable we do not need to take into account / or
¢ for likelihood-based or Bayesian inference about ¢, i.e. Bayesian and likelthood inferences that
ignore the randomness of the mechanism are valid. The following implications of the condition of
ignorability are taken from Schafer (1997) and Little and Rubin (2002). In general, the joint

distribution of the observed data can be written as

FH Hy T = [ f(H s Fo 1) ST Fly s Hos ) dH (1.40)
which under MAR simplifies to
fHy I e, 9)= f(Hy le) /(T Hy ) - | (1.41)

The likelihood of the observed data can therefore be factorised into two components, one
referring to the parameter of interest ¢ and the other one to ¢ . Under the condition that the two
parameters are distinct, likelihood-based inferences about ¢ are not affected by the parameter ¢
or f(I|H,,y) . That means that likelihood-based inferences for ¢ from L (¢, |H, ,I) are the
same as from L(¢|H, ), and maximum likelihood estimation can be performed ignoring the
missing-data mechanism. The likelihood ignoring the missing data mechanism is referred to as the

observed-data likelihood:
L(g|Hy)ox f(Fyle). (1.42)

From a Bayesian perspective it can be shown that under ignorability all information about ¢ is
summarised in the posterior, which does not take into account the missing-data mechanism

(Schafer, 1997), 1e.
e Hy D)= f(c1 Hy) x L(s| Hy) f(2) (143)

where f(¢) is the prior distribution for ¢ . The posterior distribution f(¢|H,, ) is referred to as

5

the observed-data posterior.
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1.4 Imputation Methods

Imputation is a method to fill in missing data to produce a complete data set. Usually, imputation
makes use of a certain number of auxiliary variables that are statistically related to the variable in
which item nonresponse occurs. These auxiliary variables should be available for respondents and
nonrespondents (Lessler and Kalsbeek, 1992). A distinction may be made between determimstic and
stodhastic (or random) methods. Given a selected sample deterministic methods always produce the
same imputed value for units with the same characteristics. Stochastic methods may produce

different values.

There are a number of reasons for carrying out imputation. The main reason is to reduce
nonresponse bias, which occurs because the distribution of the missing values, assuming it was
known, generally differs from the distribution of the observed items. When imputation is used, it
is possible to recreate a balanced design such that procedures used for analysing complete data can
be applied. However, it can have serious negative impacts if imputed values are treated as real
values. To estimate the variance of an estimator subject to imputation adequately often special
adjustment methods are necessary to correct for the increase in variability due to imputation. It is
also possible to increase the bias by using imputation, e.g. if the relationship between known and
unknown varables is poor (Kalton and Kasprzyk, 1982; Kalton, 1983; Sirndal, Swensson and
Wretman, 1992; Little and Rubin, 2002).

To facilitate our discussion we introduce the notation Y. for the imputed variable of Y such that

- | JIOTEET (144)
Y| yforie7

where 7 €5 and ). denotes the imputed value for the nonrespondent 7. The notation » and 7
refers to the set of respondents and nonrespondents respectively. Let 6 denote the parameter of
interest in the population, which is a function of the values of Y, 0=106(y,,.., yy), and § an
estimator of ¢ based on the sample in the case of full response, such that é:HA(‘yl,...,yn).
Applying imputation in the case of nonresponse we obtain an estimator of the form

) = é( Jetsems Joy) » called the imputed estimator. This imputed estimator may be biased. However,

the bias can be small or negligible (Deville and Sirndal, 1994; Lee, Rancourt and Simdal, 2000). In
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the following sections common imputation methods are discussed. Multiple imputation is briefly

reviewed. Some alternative approaches to handling missing data are addressed.

1.4.1 Common Simple Imputation Methods

There are a number of different approaches to imputation. Deductie methods impute a missing value
by using logical relations between variables and derive a value for the missing item with high
probability. The method of mean imputation imputes the overall mean of a numeric variable for each
mussing item within that variable. If it is a categorical variable the 7de is usually taken. A vanation
of this method is to impute a class mean, which involves allocating respondents first into several
classes. Then the mean of each class is substituted for the missing values within these classes.
Provided the classes were chosen appropriately this method may reduce nonresponse bias.
Disadvantages of this procedure are that distributions of survey variables are compressed and
relationships between variables are normally distorted (Kalton, 1983; Lessler and Kalsbeek, 1992;

ONS, 1996; Little and Rubin, 2002).

Many approaches have been developed that assign the value from a record with an observed item
to a record with a missing value on that item. These records are often referred to as donor and
reapient respectively (Kalton, 1983). Such an imputation method is sometimes referred to as a donor
method. A simple donor method is to impute for each missing item the response of a randomly
selected case for the variable of interest. Such a method involves consideration of how the
respondent and therefore the donor value should be selected. For example stratification can be
applied first and the sampling of donors can be carried out with or without replacement. An
advantage is that real values are used for imputation. In the following, different forms of donor

imputation methods are discussed.

1.4.2  Cold and Hot Deck Imputation

Cold deck imputation takes the imputed value for each missing item from an external source, for
example from an administrative record or from a former survey of the same type. The
disadvantage is the lack of comparability between the former and the more up-to date dara.

Another potential disadvantage is that there might not be a matched record for every
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nonrespondent in the external source (Sande, 1982; Lessler and Kalsbeek, 1992). This method was
one of the first forms of imputation. However, hot deck procedires or donor methods, where the data
are taken from current values, are often preferred. Hot deck imputation is very common in
practice, especially when dealing with categorical data, since imputed values are taken from the
dataset itself and therefore represent actually occurring values. Several approaches exist for
selecting the donor value. One form of hot deck imputation, which allows randomisation, 1s
random hot dede imputation within dasses. The classes are defined as homogenous subsets of the
sample, for example formed as a cross-classification of auxiliary variables. After the formulation of
impurtation classes, missing values within each class are replaced by recorded values in the same
class. The selection of donor values within each class can be carried out with or without
replacement (Kalton and Kasprzyk, 1982; Little, 1986; Lessler and Kalsbeek, 1992). Weighted hor
deck imputation is a modification of the hot deck procedure, which takes into account individual
selection probabilities for the units in the data set. Sequential hot deck imputation involves ordering
responding and nonresponding units into a sequence. A missing value of a variable is imputed by
the nearest preceding observed value within this variable. As a starting value a donor value is
selected, which could be, for example, chosen at random (Kalton and Kasprzyk, 1982; Sande,
1982; Kalton, 1983; ONS, 1996). Another way of assigning the initial donor value is to use a cold
deck method, where the missing value is replaced by a value from an external source, for example
from a prior survey (Little and Rubin, 2002). If the first value in the sequence is a missing value
then the chosen donor value is imputed. If the first value is an observed item than this value
becomes the donor value. If the next item is missing than this new donor value is imputed and so
on. This has the advantage that if the cases are ordered for example geographically it introduces
geographical effects. In this procedure imputation classes may be used. The reason for building
these classes is to ensure that consecutive records in each of these classes are as similar as possible
with respect to the considered variable. The classes could be defined using cross-classification of
auxiliary variables. If a match cannot be found some imputation classes may be combined until a
match can be found (Lessler and Kalsbeek, 1992). The method of sequential hot deck imputation
is essentially a deterministic method. It is often used in censuses and large scale surveys in which a
greater number of missing items occur. In a data set that is large enough it can be ensured that an
appropriate number of donor values is available. An advantage of this method is that the imputed
values are real values. However, it should be noted that the outcome mainly depends on the order

of the file. Also some values might be used several times for imputation if more than one missing
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value occurs in a row. This might effect the variance of an estimator resulting in a lower precision
of survey estimates. Hierardhical hot deck imputation uses a larger number of imputation classes in a
hierarchical order. Although hierarchical hot deck may not allow for as many auxiliary varables in
the model as in regression imputation it may have the advantage of putting less effort into model
building techniques. The matching is done in a hierarchical order. If in the first step, which takes
into account many auxiliary variables, a class does not contain any donors, the donor value is
found by leaving out less important control variables to allow matching. The system is ordered

such that a value can always be found at the lowest level of matching.

1.4.3 Nearest-Neighbour Imputation

Nearest-negghbour imputation, also called distance function muatdoing, is a donor method where the donor
is selected by minimising a specified ‘distance’ (Kalton, 1983; Lessler and Kalsbeek, 1992;
Rancourt, 1999; Chen and Shao, 2000 and 2001). This method involves defining a suitable
distance function or measure, where the distance is a function of the auxiliary variables. The
distance from the sample member with the missing value to all other fully recorded members of
the sample is calculated. The unit with the smallest distance to the unit of interest is identified and
its value is substituted for the missing item according to the variable of concemn. One way of
defining a distance measure is the Euclidean distance. The easiest way is to consider just one
continuous auxiliary variable W and to compute the distance D from all respondents to the unit

with the missing item, Le.

Dy=|w;—w], (1.45)

where ; denotes the unit with the missing item, ; €7, and ;€7 . If Yis the variable of interest
with the missing item to impute, then the missing item is replaced by the value y., where the

respondent 7 € 7 is the donor for nonrespondent ; if

D, =mn|w,—w,]|. (1.46)

: i

This imputation procedure is not suitable for categorical data and is generally used for numeric
data. It is possible that some donors are used several times whereas others might not be used at all.

The multiple usage of donors can be restricted to a certain number of times a donor is selected for
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imputation. For example the distance in (1.45) can be defined by including a factor such as 14 47,
where A is the assigned penalty for each usage and ¢ indicates the number of times the donor has
been used. The advantage of nearest neighbour imputation is that actually observed values are
used for imputation and that it normally maintains relationships between variables. Chen and Shao
(2000) prove that the nearest-neighbour approach, using the Euclidean Distance, estimates
distributions correctly. Rancourt, Sirndal and Lee (1994) show that it provides unbiased estimates,
assuming that a linear relationship exists between Y and W. Chen and Shao (2000) prove that this

even holds if almost no assumption is made about the model relating Wand Y.

1.4.4 Regression Imputation

Another common method for imputing missing data is regression imputation, described in
Kalton (1983), Kalton and Kasprzyk (1982), Lessler and Kalsbeek (1992), ONS (1996) and Little
and Rubin (2002). It is distinguished between predictive and random regression. Predictiwe regression
imputation, also called determnistic regression imputation or conditional mean imputation, involves the
use of one or more auxiliary variables, of which the values are known for complete units and units
with missing values in the variable of interest. A regression model is fitted that relates the variable
of interest ¥ to all auxiliary variables, denoted W. The predicted value for the outcome variable ¥
is used for imputation of the missing values in Y. In the case that missing values also occur in the
auxiliary variables, it is possible to fill in these values by other imputation methods. Usually, linear
regression is used for numeric variables, whereas for categorical data logistic regression is
preferred. Under random regression imputation the imputed value for the variable Y is the predicted
value from the regression with a residual term added to the outcome value. This allows for
randomisation and reflects uncertainty in the predicted value. This residual can be obtained in
different ways. One approach is to assume that the residuals have a normal distribution with zero
mean and unknown variance. The error variance can be estimated for example from respondent
data. The required residual terms are then generated as draws from a normal distribution. A
modification of this approach is to generate the residual terms within certain subclasses, where the
variance required for drawing the residual terms from the normal distribution is estimated within
these subclasses. Another method of finding residuals is to compute the regression residuals from

the complete cases and to select an observed residual at random for each nonrespondent.
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The advantage of regression imputation is that it can make use of many categorical and numeric
variables. The method performs well for numeric data, especially if the variable of interest is
strongly related to auxiliary variables. The difference to some of the other methods is that the
imputed value is a predicted value either with or without an added on residual and not an actually
observed value. The disadvantage of predictive regression imputation is that it distorts the shape
of the distribution of the variable ¥ and also the correlation between variables, which are not used
in the regression model. It might also artificially inflate the statistical association between Y and
the set of auxiliary variables. The distortion is particularly disturbing if the tails of the distribution
are being studied. For example imputing conditional means for missing income underestimates the
percentages of cases in poverty even under MCAR: (Kalton, 1983). A random regression model
maintains the distribution of the variables and allows for the estimation of distributional quantities
(Kalton and Kasprzyk, 1982; Kalton, 1983; Schulte Nordholr, 1998). Also important is the
robustness against model misspecification. If the regression model is not a good fit the predictive

power of the model might be poor (Little and Rubin, 2002).

Another approach that makes use of the regression model is the method of predictie mean matdbing
imputtation as described in Little (1988, July) and Heitjan and Little (1991) and Heitjan and Landis
(1994). The predictive regression model is carried out and the predicted value of Y for
nonrespondent ; is compared with the predicted values from the respondents. The distance D is
as defined in (1.45) based on the predicted values. The value of Y from the respondent whose
predicted value is ‘closest’ to the predicted value from the nonrespondent is imputed for the

nussing item. We have
D/’i» - n’];ln] ilr?g] - a'lngi l . (1.47)

where 2* is the donor value for nonrespondent j and %, denotes the predicted value from the
regression model for person 7. The imputed value is 3, = y.. Predictive mean matching is
essentially a deterministic method. Randomisation can be introduced by defining a set of values
that are closest to the predicted value and choosing one value out of that set at random for
imputation (Schenker and Taylor, 1996; ONS, 1996; Schulte Nordholt, 1998; Little and Rubin,
2002). The method of predictive mean matching combines elements of regression, nearest-

neighbour and hot deck imputation. It is an example of a composite method, where elements of
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different imputation methods are combined. It is also assumed to be less sensitive to

musspecifications of the underlying model than regression imputation (Schenker and Taylor, 1996).

145 Repeated Imputation

So far we have discussed single value imputation, where one value is imputed for each missing
item. It is also possible to use 7gpested imputation, in the sense that M, M > 1, values are assigned
for each missing item. There are two reasons for using repeated imputation. One reason is to
reduce the random component of the variance of the estimator arising from imputation. This
reason is emphasised in the method of fractional imputation (Kalton and Kish, 1984; Fay, 1996),
which views the resulting estimator as a weighted estimator with fractional weights 1/ for each
of the imputed values. Examples of fractional imputation are the use of repeated random hot deck
and repeated random predictive mean matching imputation. Note that it only makes sense to

apply a random imputation method several times as opposed to a deterministic method.

Another reason for using repeated imputation is simplification of variance estimation in the
presence of imputation. The method of mzdtiple imputation (MI), as proposed by Rubin (1987), is
also a form of repeated imputation in the sense that several values are assigned for each missing
item. The idea behind this approach is that the repeated imputed values reflect uncertainty abour
the true but non-observed values. Single value imputation basically treats the imputed values as
known and thus, without special adjustment, it cannot reflect sampling variability under a model of
nonresponse or uncertainty about the correct model for nonresponse (Little and Rubin, 2002).
Provided the repeated imputation are what Rubin calls proper multiple imputation the multiple
imputation method based upon the use of only complete-data methods provides a simple method
for estimating the variance due to the missing data. This is advantageous since many users and
analysts of complex surveys and public-use data sets are not familiar with handling specific missing
darta problems and are not able to derive specific variance estimation techniques in the presence of
imputation. If imputation is carried out by repeating a single imputation method, such as
regression or hot deck imputation, it is referred to as mgproper multiple imputation (see also Binder
and Sun, 1996), which is the same as fractional imputation. Improper multiple imputation requires

special adjustment to the variance of an estimator. In the following proper multiple imputation is
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defined. Using the definition in Schafer (1997, p. 105) multiple imputations are said to be proper if

| ) the posterior predictive distribution of H,, .

ns

they are independent realizations of f(H

This posterior predictive distribution of the missing data under some complete-data model and

prior can be written as
(A, lHabc>:ff( ~niv’g,1:10bs)dg:ff(Hm: [de,g)f(glﬁdz)dg. (1.48)

Proper multiple imputations therefore reflect uncertainty about /, given the parameters of the
complete data model and uncertainty about the unknown model parameters ¢. This definition is
given from a Bayesian perspective. Rubin (1987 and 1996) defines proper multiple imputation
from a frequentist perspective without reference to any specific parametric model. This definition
is referred to briefly at the end of this section. Applying proper multiple imputation enables us to
use the resulting  complete-data sets for performing standard complete-data analysis, combining
the results for a single overall inference. The differences in the M results obtained from the M
complete-data sets can be seen as a measure of uncertainty caused by missing data. An advantage
of the method is therefore that it is possible to produce complete micro-data files that can be used
for a variety of analyses. Markov chain Monte Carlo and especially data augmentation algorithms
are the most common methods for generating the missing data simulations, since the simulated

values of H_ have f(H

nis

|H,) as their stationary distribution. In this sense multiple
imputation is a Markov chain Monte Carlo approach to the analysis of incomplete-data sets

(Rubin, 1996; Schafer, 1997; Lipsitz, Zhao and Molenberghs, 1998).

After having obtained M different complete-data sets via multiple imputation, the aim is to
combine the results from each of the M complete-data analyses and to produce a single-point
estimate of ¢, the quantity of interest. According to Rubin’s formulae (1987, pp. 76-81; see also
Heitjan and Rubin, 1990; Schafer, 1997; Little and Rubin, 2002) let G denote a variance estimate
associated with § and G. is the formula applied to observed and imputed data. Both 6. and G.
are calculated separately for each data set based on observed and imputed data. The estimates

from the »zh darta set are denoted

6. =6(11, , (1) and (1.49)
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G =G, HY) ¥m=1,..,M. (1.50)

I3

To obtain a combined multiple imputation point estimate of # the average of the complete-data

point estimates are taken, such that we can write

P _ 1< g 151
0.= 700" (151)

A
To obtain a variance estimate associated with 6. calculate the average of the complete-data

variance estimates, called the within imputation wriance

— 1 Ma
Go= 5> G, (152)

me=1

and the variance estimate of the complete-data point estimates, defined as the berueen imputation

WNance,

A 1 M A 5
B.=——5"(9" —0). (1.53)

Combining both forms of the variance estimates including an adjustment term (1+1/ M) for

A
tinite M, defines the overall variance estimate associated with 6. as

T.=C.+(1+1/ M)B. . (1.54)

If there is no missing information about 4, ie. B.=0,then 7.= G, meaning that G. is already

the total variance estimate. A 100(1- a.)% interval estimate for ¢ is given by

btr,,  NT., (155)

where v denotes the degrees of freedom, which are given by the formula (Rubin, 1987, p. 77)
v=(M-D)[1+b'F, (1.56)
Qﬂg@;. The degrees of freedom v are large if M is large and/or

B. is small. Under these conditioris (1.56) approximates the normal distribution.

where b is defined as b=
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The above definition of proper multiple imputation is a Bayesian one, whereas most of this thesis
will adopt a frequentist approach. Rubin also defines proper multple imputation from a
frequentist perspective (Rubin, 1987; Rubin, 1996; Schafer, 1997). This definition basically means
that 6., G. and B. lead 1o approximately valid inferences for the complete-data statistics f and G
over repeated realizations of the missing-data mechanism. Three conditions for multiple
imputation to be proper need to hold: 1) as M — oo we have approximately
(é.—é)/ \/BT ~N(0,1) over the distribution of the response indicators 7 with A held fixed. 2.)
as M — oo, G. should be a consistent estimate of G with T regarded as random and H as
fixed. 3.) The true between-imputation variance, iLe. B. for M — oo, should be stable over
repeated samples of the complete data /7, with variability of lower order than that of 6. An
important result of proper multiple imputation is the following, which evaluates results based on
multiple imputation. If we assume that a.) f and G lead 10 approximately valid complete-data
inference for the estimand § over repeated realizations of the sampling mechanism, ie. § is
approximately unbiased for ¢ and G is approximately unbiased for the variance of ¢, and b.) the

multiple imputations are proper, then inference of the incomplete-data analysis given by
(6.—0)/T. ~N(0,1) (1.57)

based on 6., G. and B. leads to approximately valid inference if M tends to infinity.

14.6 Evaluation of Imputation Methods and Alternative Approaches to Handling
Missing Data

When using imputation there are several potentially important issues to consider. The main
reasons for carrying out imputation is to reduce nonresponse bias and to create a complete data
set such that in many circumstances standard statistical software can be used, although with
restrictions on the application of variance estimation. A danger of imputation is that imputed
values might be treated as true values. Imputed data can be subject to imputation error and the
effects on bias and varance estimation often cannot be measured easily. Another effect of
imputation 1s that it might increase the variance of an estimator, such that special adjustment
methods for estimating the variance in the presence of imputation need to be applied. Different

approaches to estimating the variance of an imputed point estimator will be discussed in greater
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detall in chapter 4. Another problem of imputation is that statistical association among variables
can be underestimated. Relationships between the variable of interest and the covariates can be
retained by using methods such as regression, nearest neighbour or hot deck within classes
imputation (Sande, 1982; Kalton, 1983; Little, 1988, July; Lessler and Kalsbeek, 1992). When
choosing among imputation procedures the type of analysis that needs to be conducted should be
taken into account. In particular, it should be distinguished if the goal is to produce efficient
estimates of means, totals, proportions and official aggregated statistics or a complete micro-data
file that can be used for a variety of different analyses. Desirable characteristics of imputation
methods are small mean square error with a small nonresponse bias and robustness against model
misspecification. Other issues are the availability of variance estimation formulae and practical

questions concerning implementation and computing time.

In addition to the imputation-based methods described here a wide range of other methods exist
for handling missing data and compensating for nonresponse bias, which will be discussed briefly.
A commonly used method is weighting, which is usually applied in the case of unit nonresponse
but can also be used to compensate for item nonresponse. Weighting procedures differentially
weight the complete cases to adjust for nonresponse bias. These procedures incorporate weights,
which are inversely proportional to the probability of response. The approach can be regarded as
analogous to using the inverse of the sampling probabilities to compensate for differential sample
selection, such as in the Horvitz-Thompson estimator (Oh and Scheuren, 1983). In practice, the
response probability is not known and needs to be estimated based on information available for
respondents and nonrespondents. Little and Rubin (2002) discuss the example of weighting
adjustment within classes, where the probability of response is defined for all units in each class.
An estimate of this probability for each class can be obtained by the ratio of the number of
responding units to the number of all units in the class. The weighting classes can be formed from
survey design variables or from sampled items recorded for both respondents and
nonrespondents. Another method of forming weights is based on the response propensity. The
respondents’ weights are set proportional to the inverse of response rates. This method is referred
to as propensity score weighting (David et al., 1983) and is an extension to weighting class adjustment
methods. The propensity scores used to adjust for differential nonresponse can be estimated using

for example a logistic regression model. Under correct model specifications, this method removes
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nonresponse bias but may lead to estimators with a high variance because respondents with low
estimated response propensity receive large nonresponse weights. It should be noted that there is a
close relationship between imputation and weighting, since hot deck imputation can be viewed as
a form of weighting, where the weights are determined by the number of times a respondent has
been used as a donor. More on the relationship between imputation and weighting can be found in
Oh and Scheuren (1983), David et al. (1983) and Little (1986). Propensity score weighting as well

as the relationship between weighting and imputation is investigated in chapter 5.

Other approaches of handling missing data are model-based procedures which define a model for
the partially missing data and basing inference on the likelihood under that model. The parameters
of the model are estimated for example using maximum likelihood estimation. Such model-based
procedures are discussed in detail in Little and Rubin (2002). The data are assumed to be generated
by a model described by a density function f(H,I|¢,#) indexed by parameters ¢ and ¢. As

mentioned in section 1.3.3 under the assumption of MAR we have
F(Hy Tie,)= f(Hy 1o) fT 1 Hy o) (1.58)

such that the likelihood of the observed data can be factorised into two components based on the
parameter of interest, ¢ and ¢ . If the two parameters are distinct, likelihood-based inferences
about ¢ are not affected by the parameter ¢ or f(I|H,,y) . It follows that likelihood-based
inferences for ¢ from L(c,s| H,,,I) are the same as from L(; | H ), and maximum likelihood
estimation can be performed ignoring the missing-data mechanism. The likelihood L(s|f1,,)
based on the observed data can be a complicated function with no obvious maximum. Under
certain missing-data patterns, the likelhood factors into different components, where the
parameters of interest are distinct and the components correspond to likelihood functions for
complete data problems. Maximization of the overall likelihood requires the maximization of each
component. In the case where the missing-data does not have a particular form that allow for
factorisation of the likelihood or if factorisation is possible but the parameters are not distinct,
iterative methods of computation for situations without explicit maximum likelihood estimates
need to be considered. Several iterative algorithms can be defined to obtain maximum likelihood
estimates, such as the Newton-Raphson algorithm, which is based on the first and second

derivative of L(¢|H,) (Schafer, 1997). Another iterative method is the Expectation-
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Maximization (EM) algorithm, which does not require second derivatives to be calculated
(Schafer, 1997; Little and Rubin, 2002). The E-step computes the conditional expectation of the
missing data given the observed data and the current estimated parameter ¢/, where d =1,..,D
denotes the iteration. Then the expectations are substituted for the missing data. Note that not
necessarily the missing values are substituted in the E-step, but rather the missing portions of the
complete-data sufficient statistics, since the focus is on the functions of 7, in the complete-data
loglikelihood. The M-step maximizes the expected loglikelihood of the E-step obtaining a new

d+ . . . . .
) The case of estimating regression coefficients if one or more

estimate of the parameter ¢
variables in the regression equation are subject to missing data is discussed in Little and Rubin

(2002, section 11.4).

Another possibility for handling nonresponse is to adopt a fully Bayesian modelling approach,
where prior distributions are specified for unknown parameters in the model. Bayesian analysis
requires specifying a likelihood as the conditional density of the data given the parameters and a
prior distribution representing knowledge about the parameters prior to data collection. The
posterior density is the basis for all Bayesian inference and summarizes all the information about
the parameters of interest. Computing the posterior, however, may be difficult since it may involve
high-dimensional numerical integration. Methods such as Markov chain Monte Carlo integration
can be used to address this computational problem. Methods such as Gibbs sampling and data
augmentation are widely used in the missing data context. Multiple imputation, for example based
on the data augmentation algorithm, is easily motivated from a Bayesian perspective, and can be
used to impute the missing values and to obtain estimates of the parameters of interest. The use of
data augmentation under nonignorable nonresponse will be derived in chapter 6. Other model-
based methods will also be discussed in chapter 6, however, they are not the main focus in this
thesis. Since the aim is to estimate distribution of earnings a fully model-based approach making
assumptions of the distribution of interest is avoided. An advantage of such model-based
methods, however, is the availability of estimates of the variance, which take into account
incompleteness of the data, for example based on the second derivatives of the loglikelihood or

using Rubin’s rule to obtain a variance estimate based on multiple imputations.
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Chapter 2

Estimation of Pay Distributions from the

Labour Force Survey

In April 1999 the first National Minimum Wage (NMW) was introduced in Great Britain, covering
all business sectors and regions of the country. The rate was set initially at £3.00 per hour for
employees aged 18-21 and at £3.60 for people aged 22 and over. Since then moderate increases
and modifications of the level of the NMW have been made. Since October 2003 the rate is set to
£3.80 for 18-21 year olds and £4.50 for 22 years and older. Young people between 16 and 17 and
those on formal apprenticeships are exempt from the legislation (Low Pay Commission, 2003).
The NMW was introduced with the stated aim of improving income of the so-called low paid
employees whilst supporting a competitive economy and avoiding negative effects on employment
and businesses. It aims to reduce inequality, such as gender pay differences, and to address social
exclusion whilst recognizing business realities, especially since smaller firms and certain business
sectors are sensitive to increased labour costs. The NMW is part of a much wider policy and must

be seen in the context of other governmental reforms, such as the New Deal’ (Low Pay

Commission, 1998).

The introduction of the National Minimum Wage (NMW) raised a lot of interest about the effects

of such a minimum wage law. Economists and researchers in the social sciences are concerned

with many different aspects of the NMW, for example effects on employment, young workers,
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gender differences, pay differentials and effects higher up the earnings distribution, effects on
different industry sectors and businesses with higher wage costs as well as regional differences
(Low Pay Commussion, 1998, 2000; Sunley and Martin, 2000; Dickens and Manning, 2002).
Measuring the impact and effects of the NMW and informing policy makers on how to set and
change NMW levels, require estimation of hourly pay distributions especially of the lower end. In
particular it is of interest to estimate the proportion of low paid employees that earn below the
NMW, or to measure the proportion of employees that are paid at the NMW or just above (Low

Pay Commission, 2001).

In the following we shall consider the estimation of hourly pay distributions. Let F, denote the
cumulative distribution function of the variable ¥, as defined in section 1.1.2, and I/) the indicator
function with binary outcome, indicating if a condition is true or false. The distribution of hourly
pay in the population is defined as
F(y)=PY < y)=7\[1-§1(yi§ ¥) (2.1)

where the variable ¥ denotes true hourly earnings. The parameter of interest ¢ is F,(y), the
proportion of employees earning not more than a specific threshold y assuming one job per
employee. Second and further jobs are not taken into account. The aim is to find an approximately
unbiased estimator of F( y). Estimates of such a parameter can only be obtained if sufficient and
reliable data are available. However, it is difficult to obtain reliable data on hourly earnings since
such a variable is often prone to nonsampling errors, such as nonresponse and measurement error,

as discussed in chapter 1.

The data that have been used by the Office for National Statistics (ONS) to obtain estimates on
low pay are the New Earnings Survey (NES) and the Labour Force Survey (LFS). Both sources
have advantages and disadvantages when measuring low pay. In the following we concentrate on
estimation methods based on LFS data. The LFS is a large survey of households, which includes
information on hours worked and earnings of employees. However, the most common way of
measuring hourly pay, dividing gross weekly pay by usual weekly hours, appears to be subject to a
considerable amount of measurement error, which is thought to lead to substantial upward bias of

estimates of F, (). This variable, dividing weekly pay by weekly hours, will be referred to as the
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derived variable. Due to the introduction of the NMW an alternative variable was introduced in the
LFS, asking employees directly about their hourly pay. This will be defined as the direa variable.
This variable appears to give much more accurate information than the derived variable (Skinner,
Stuttard, Beissel-Durrant and Jenkins, 2002; ONS, 2000). However, it is subject to a high amount

of missing data, because many individuals are not able to report their hourly pay.

One approach of measuring low pay using the data available in the LFS is to correct for
measurement error in the derived variable, which requires information about the structure of the
measurement error. However, since the direct variable is not obtained on a random subset of the
sample, methods based on a two-phase sampling approach, such as described in Luo, Stokes and
Sager (1998), cannot be easily applied. It is also not desirable to make simplifying assumptions
about the measurement error structure such as that the measurement error follows an additive
model and is normally distributed with mean zero and constant variance, since, as shown in
chapter 6, such assumptions are likely to be violated. To estimate the distribution of hourly pay it
was therefore decided to concentrate on the direct variable, regarding the measurement error
problem as a missing data problem. Missing values of the direct variable are imputed by ONS
taking into account information on the erroneous variable and other covariates (Stuttard and
Jenkins, 2001). The imputation approach is intended to compensate for potential distorting effects
of measurement error in hourly earnings and uses the derived variable and other covariates to
impute the missing values in the direct variable. The problem of correcting for measurement error

is therefore approached as a missing data problem.

This chapter is structured as follows. In section 2.1 the two main data sources about hourly
earnings, the NES and the LFS, are described. The focus is on LFS data, in particular on variables
available in the LFS for measuring hourly earnings. Section 2.2 presents the initial imputation
method used by the ONS to produce estimates on low pay. Estimates of the proportion of low
paid employees and estimated pay distributions based on the proposed imputation method as well

as simpler estimation approaches are presented.

It should be noted that there are certain employees that are exempt from the NMW legislation, for
example employees that receive training within the first six months of their employment,

apprentices etc. The estimates about the low paid that eamn below the NMW threshold can

44



Chapter 2: Estimation of Pay Distributions from the Labour Force Survey

therefore not necessarily be used as a measure of non-compliance with the legislation, since

neither the NES nor the LFS includes an indicator if a person is eligible for NMW rates or not.

2.1 The Data and Variables Measuring Hourly Pay

2.1.1 Comparison of NES and LFS Data

Regarding information on earnings there are two main sources in Great Britain, which both have
been used by the ONS to produce estimates on low pay. The first source is the NewE arung Surey
(NES), an employer’s survey, which is a sample of 1% of employees. The survey is conducted
annually and has been held in April each year since 1970. Since 1979 a panel of employees has
been selected on the basis of National Insurance numbers. It is a large survey including about
150,000 employees. In the NES earnings data are provided by employers from payroll records and
therefore the information is assumed to have a high level of accuracy. The NES provides a
detailed breakdown of earnings into its main components such as basic pay, overtime etc. Weekly
average hours of work paid at the basic rate and the number of hours worked overtime are given
for a certain pay period. This for example allows for the derivation of gross weekly and hourly
earnings based on the basic rate only or including overtime, additions to basic pay etc. This is
important since the NMW legislation is based on hourly earnings excluding overtime. The main
limitation of the NES is that it is based on Pay-as-You-Earmn (PAYE) records so that employees
who earn less than the weekly PAYE threshold are not included in the sample. This means that
low paid employees are under-represented in the NES and that NES estimates therefore
underestimate the number of people that are low paid. The NES does not have a weighting system

such that population estimates are biased if under-representation occurs.

The other source is the Labour Foree Sumey (LFS), which is a survey of about 60,000 nationally
representative households, conducted quarterly since 1992, representing about 0.3% of the
population in Great Britain. In comparison to the NES, the LFS has a better coverage of jobs
especially low paid jobs. However, this survey contains only about 17,000 employees per quarter
and is therefore much smaller than the NES. The LFS is mostly based on telephone interviews

and includes proxy response from other members of the household. It is therefore subject to
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greater measurement error. The LFS collects a wide range of information about employment, like
type of employment, industry, occupation, and details about main and second jobs. In the LFS,
however, less detailed information about earnings than in the NES is given. Only gross pay the last
time a person was paid is recorded. Much more information is provided in terms of hours worked,
which are broken down into basic hours, hours overtime, actual hours worked in the reference
week and usual weekly hours worked. Derived hourly earnings in the LFS normally include paid

overtime (ONS, 1999, LES User Guide).

Since both surveys have advantages and disadvantages in the way they collect data on earnings 1t is
often not possible to derive earnings estimates from the LFS that are directly comparable with
NES measures. Comparing both datasets shows that, for example, average earnings estimates
from the LFS are consistently lower than estimates from the NES and that estmates for the
proportion of the low paid are consistently higher from the LFS than from the NES. Because of
the problems of coverage of the low paid it is assumed that the LFS provides a more accurate
picture of the extent of low pay in Great Britain. In the following we concentrate on the LFS and
the methods used to derive estimates of low pay based on LFS data. Estimates based on NES data
have also been improved by introducing a weighting system. However, this will not be discussed

here.

2.1.2  Sampling Design and Estimation of the Labour Force Survey

The LFS 1s conducted quarterly each year in Spring (March-May), Summer (June- August), Autumn
(September-November) and Winter (December-February), which is done since many labour
markets show seasonal varations. For interviewing purposes Great Britain is stratified into 110
Interviewer Areas (IA), which make up the strata. Within each stratum a systematic sampling
procedure of addresses is carried out where a sample of addresses with a random start and
constant interval is drawn from the Postcode Address File (PAF), such that the addresses are the
primary sampling units (PSU’s). All adults of a selected household are included in the sample.
Each address has an equal probability of selection and is not based on a multistage sampling
procedure. The total sample size each quarter is about 60,000 households. This is made up of five
rotation groups each of approximately 12,000 private households. For each quarter one of the five

groups or subsamples is ‘rotated out’ and replaced by a newly selected subsample, such that 80%
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of selected households are retained in the sample in successive quarters. Each household therefore
remains in the sample for five quarters and has five interviews. The interviews are held face-to-
face and by telephone. Each of the interviewer areas is divided into 13 ‘stnt’ areas, such that each
interviewer can interview one stint area per week. These 13 areas within an IA are allocated
randomly to the 13 weeks of one quarter for interviewing. In the subsequent four quarters the
selected addresses are interviewed in the same week of the quarter. The LFS is a panel survey of
addresses and households, which refuse further participation, are not revisited at the next quarter
but remain part of the eligible sample (ONS, 1999, LFS User Guide). The LFS provides
information on earnings, which is collected since September 1997 in the first and fifth interview of
respondents and is therefore based on 24,000 households, generating a sample of about 17,000

employees per quarter.

To produce population estimates and to compensate for differential nonresponse among different
sub groups in the population survey weights are constructed. Each case is given a weight, which
can be thought of as the number of people that case represents in the population. These weights
are constructed by an iterative poststratification procedure (raking), which requires certain known
population control totals. The subgroups that make up the poststrata, mainly depend on region,
sex and age groups. Eamnings data is weighted separately. A small number of variables, which are
likely to be important determinants of income are chosen for the weighting process, i.e. sex, age,
region, occupation, industry and whether an employee works full or part-time (ONS, 1999, LES
User Giude; Holmes and Skinner, 2000). It should be noted that the existence of two different
weighting schemes may lead to inconsistencies between estimates. However, here we will only
concentrate on the survey weights for earnings data. More information on the survey weights is

given in section 3.2.

2.1.3  Variables Measuring Houtly Pay in the Labour Force Survey

In the following the term ‘hourly pay or ‘hourly earnings’ may generally be interpreted as how
much a person earns per hour. There are two variables that measure hourly pay. The term deried
hourly pay refers to the derived variable in the LFS, denoted X, where gross weekly earnings are

divided by basic usual weekly hours. If an individual usually works overtime then usual paid
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overtime hours are included. It should be noted that gross weekly eamings itself is a derived

variable dividing gross pay by the pay period that this covered.

The other possibility of obtaining information about hourly earnings is to ask people directly
about their hourly earnings. This direct winable, denoted Y, refers to the question in the LFS “What
is your (basic) hourly rate?”. This question was initially only addressed to a subset of all employees
in the sample, namely to employees whose pay period is less than monthly or who get their pay as
a lump sum or do not know their pay period. This refers to about 25% of all employees in the
sample for the March-May 1999 quarter. Since March-May 2000 the question was addressed to all
individuals in the sample that answered ‘ves’ to the previously asked question: “Are you paid a
fixed hourly rate?”. This increased the total percentage of valid answers to the direct variable to
approximately 43%, since many employees are not paid hourly or do not know their hourly rate
(ONS, 1999, Oct.). Note that the response rate to the direct variable is as expected higher for
lower paid employees. For example, the response rate is approximately 72% for those in the
bottom decile of the derived variable. The variable is therefore subject to a high amount of
missing data and is only available for a non-random subsample of the LFS, since hourly paid

employees are not representative for the whole population.

These two variables play a crucial role when deriving information about hourly earnings. However,
the two variables do not lead to the same estimates of earnings and have strengths and limitations
when denving estimates in practice, which are discussed in the following. There is concern that the
derived hourly earnings variable may be subject to a considerable amount of measurement error.
Experiences from other surveys including variables on earnings and hours have shown that such a
derived hourly earnings variable is strongly affected by measurement error (Bound et al., 1990;
Pischke, 1995; Duncan and Hill 1985). Responses to the direct variable, however, seem to provide
more accurate information. In the following evidence of measurement error and differences in the

distributions of the two variables are described.

The (weighted) cumulative distributions of the direct and the derived variable for respondents for
whom both variables are observed for the June- August 1999 quarter are shown in figure 2.1. It can
be seen that the two distributions differ, in particular in the lower end. Below the first quartile of
the two distributions the percentiles for the direct variable are higher than for the derived vanable.

This is particularly apparent below the first decile. The graph also shows a truncation effect in the
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direct variable for the lower end of the distribution, reflecting the level of the NMW, which
cannot be observed in the distribution of the derived variable. Above the third decile of the two
distributions the relationship of the two variables is reversed and the percentiles for the direct
variable are lower than for the derived varable. Also the variance of the derived variable is with
9.28 higher than for the direct variable with 7.46. These differences are thought to be caused by
measurement error in the derived variable, leading to a higher dispersion in this variable. The
mean of the two variables are very close with £5.3 per hour for the direct variable and £5.5 for the
derived vanable taking into account respondents to both variables only. However, taking into
account all respondents to each of the two variables, the mean of the direct variable is with £5.3
considerably lower than the mean of derived hourly pay with £8.19. This is an indication that the
direct variable mostly covers people that are less well paid, since people with a fixed hourly rate are

not typical for the whole population and are more likely to earn less.

In addition, we consider the relationship between the direct and the derived hourly pay vanable.
Figure 2.2 shows the scatterplot of the derived variable and the direct varable based on
respondents aged 22+ for the quarter March-May 2000. The two lines in the plot indicate the level
of the NMW of £3.60 per hour. The scatterplot gives an indication of a linear relationship
between these two varables. However, many discrepancies between the two variables can be
found, indicating the presence of measurement error. The direct variable shows clear evidence of a
truncation effect at the NMW level of £3.60 per hour for employees aged 22 +, which would be
expected. Similar ‘step’ effects can be found in the direct variable at other thresholds such as £10,
£13 and £15 per hour. These effects cannot be seen in the derived variable, neither at the NMW
level nor at other thresholds. In particular, the derived variable shows a large proportion of
employees being paid below the NMW, including employees with unreasonably low hourly
earnings between £0 and £2 per hour, indicating the presence of measurement error. It should be
noted that also for other LFS quarters it was found that the direct variable shows a significant
effect on the earnings distribution at the time when the NMW was introduced, whereas derived
hourly pay is not sensitive to this change. Also later changes in the level of the NMW are reflected

in the distribution of the direct variable ¥ but only marginally in the derived variable X
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Figure 2.1: Cumulative distributions (weighted) of the direct and the derived variable for cases
where both variables are observed, LFS June-August 1999.
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Figure 2.2: Scatterplot of derived hourly pay and the direct variable for the quarter March-May

2000 for cases where both variables are observed, for 22 + age group.
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There are several reasons why the distributions for the two variables do not necessarily give the
same results. In particular, we discuss the causes that lead to greater measurement error in the
derived variable. In the following two types of measurement error are distinguished, referring to
definitional error and response error. Definitional error occurs if the respondent answers all
questions involved in deriving the ‘denived hourly pay’ variable ‘correctly’, however, the value of
hourly pay calculated based on these answers is not equal to true hourly earnings. Response error

occurs if a person gives inaccurate or incorrect answers.

There are several sources for definitional error in the derived variable. First, hours worked and pay
received may refer to different time periods, such that the information derived will be misleading.
In particular the information on earnings in the numerator refers to actual earnings whereas the
information on hours refers to usual hours. If usual hours and actual hours differ for the reference
period measurement error is introduced. Also, the derived variable includes not just the basic pay
but also overtime etc. However, the NMW refers to basic pay, not including overtime. In addition,
the varable in the numerator ‘gross weekly earnings’ is a derived variable itself and this variable
may already be subject to measurement error. Derived houtly pay is based on the last time a
person was paid, which could be up to several weeks ago. This variable, therefore, might not refer
to a current rate and might not reflect recent changes in pay. This is an important factor especially
around the time when the NMW was introduced and each time the minimum rate is increased. In
addition to definitional error, there are reasons to believe that the derived variable is subject to
response error. Approximately 30% of responses are received from proxies, which is assumed to
lead to inaccuracy in the response. Other response error such as rounding and truncation are also
likely to occur. Particularly the information given on hours worked are expected to be

approximated since the question asked refers to usual hours worked.

In comparison, the direct variable is assumed to lead to more accurate information of hourly
earnings for several reasons. Due to the way the information is obtained the direct variable is not
subject to definitional error as the denived variable. In particular, the direct variable refers to basic
pay and does not include overtime, which is the measure required by the NMW legislation. It also
has the advantage that it refers to a current rate, not the one that applied the last time a person was
paid and not necessarily one that applies to the reference week. That means that the direct variable
is more up-to-date than the derived variable and covers recent changes in wages. This is important

for the time of introduction of the NMW and for changes in NMW levels. The direct variable may
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still be subject to response error, such as proxy response, rounding and truncation effects and
other sources of response error. Results from the LFS pilot study, however, suggest that the
variable works well and is well understood by respondents. In particular, it was found that proxy
respondents may respond to the question “What is your (basic) hourly rate?” but do not tend to
respond to the direct variable if they do not know the hourly pay rate. This leads to more accurate

information, but also to higher nonresponse rates.

A more detailed discussion of the nature and extent of the measurement error particularly in the
derived variable is provided in ONS (2000), Stuttart and Jenkins (2001), Skinner and Beissel
(2001), Skinner et al. (2002). We conclude that the direct variable appears to give more accurate
information on hourly earnings with respect to low paid employees than the derived variable. It is
assumed that the derived variable might overestimate the number of employees earning below the

NMW and may not be a sensitive indicator of the impact of the NMW. Based on this evidence,

the following assumption is made in this thesis.

Assumption 2.1

The direct variable Y reflects true hourly earnings, whereas the derived variable X is subject to

measurement error.

This assumption is unlikely to be exactly true but it provides a working assumption which may be
expected to lead to more accurate estimates than those produced using the derived variable alone.
The key problem with this variable is that it is only available for a subset of the whole sample, ie.
it is subject to a considerable amount of missing data. One possibility to handle missing data is to
use imputation. Such an imputation procedure has been implemented by ONS and is described in

the following section.

2.2 Distribution of Interest and Initial ONS Imputation Method
This section describes the imputation method, which was initially used by the ONS. It is a random

hot deck imputation within imputation classes. Regression imputation is also considered briefly.

The underlying aim of this imputation approach is to estimate the distribution of hourly pay as
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defined in (2.1), in particular the lower part of this distribution, based on the direct variable and to

essentially correct for the measurement error in the derived variable of hourly earnings.

2.2.1 Framework

Before discussing appropriate imputation methods it is necessary to clarify which data are
observed and to introduce assumptions about missingness. The direct variable ¥ is observed for
approximately 43% of employees in the sample (March-May 2000 quarter). Only very few cases
have missing values in either the derived variable X or in one or more of the covariates W.

Therefore nonresponse in the derived variable and other covariates is omitted. We can estimate

the following distributions,

AYII=1), f(X|1=1), f(X|I=0), fW|[=1) and f(W|I=0), 22)

where [ indicates if ¥ is observed or missing. However, we do not observe f(Y |/ =0). The
objective is to estimate f(Y'|/ =0) and to impute the missing values of the variable Y. Since this
distribution is unknown certain assumptions are necessary and the aim is to make these
assumptions as realistic as possible. A naive approach would be to assume that the observed and

the missing values have the same distribution, 1.e.

JYI=0) =f(Y|I=1), (2.3)

which means that Y and / are independent. Under this assumption the nonresponse would follow
the assumption of MCAR (definition 1.1). However, it is unlikely that this assumption holds in
reality, since employees that are paid hourly and state their hourly rate are not representative of all
employees. Those who report the direct variable are much more likely to be low paid than
employees who are not paid on an hourly basis but for example monthly. Investigating the

distribution of the derived hourly pay variable X for /=1 and /=0 separately indicates that

[(X]I=0)= f(X|I=1). (2.4)

For example for the March-May 2000 quarter of the LFS the mean of the derived variable for the

cases where the direct variable is not observed is £10.47 and for the cases where it is observed it is
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£6.45 (weighted), which shows that the mean for employees that responded, and are therefore
paid on an hourly basis, is considerably lower than for those who did not respond. This implies
that / is not independent of X such that the assumption of MCAR does not hold. It also suggests
that probably f(Y |/ =0)= f(Y|I =1). Another simple estimation approach would be to use
the values for ¥ where it is observed and the values of the derived variable Whére Y is missing.
However, it is expected that this approach also leads to upward bias in the estimates of the lower
end of the pay distribution. The effect can be seen in figure 2.5. We therefore need to make other

more realistic assumptions for estimating the distribution of the missing values of Y.

A more realistic assumption than MCAR, which is commonly used in the imputation literature
(Rubin, 1987) 1s that ¥ is missing at random (MAR) conditional on the variables X and W

observed for all units in the sample (see definition 1.2).

Assumption 2.2 (MAR)
Y'is conditionally independent of / given the covariates X and W, ie. ¥ LI|X ,W.

Tt follows fYIX,W,I=0)= f(Y|X,W,]=1)= f(Y|X,W). (2.5)

Figure 2.3: Graph of conditional independence under MAR.

We can also write / L Y|X,W and therefore f(I|Y,X,W)= f({/|X,W). This means that the

probability of response, i.e. the distribution of 7, only depends on the covariates X and W but not
on Y itself. The graph of conditional independence under the MAR assumption is shown in figure
2.3. Although in reality it is likely that 7 depends on Y unconditionally, many variables related to
pay are observed in the LFS, in particular the derived variable X, and it may be argued that

conditioning on such a set of auxiliary variables will reduce or even wipe out the dependence of /
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on Y. In the following sections variations of classical regression imputation are presented based on
the assumption of MAR. An alternative identifying assumption, under which MAR need not hold,

as well as possible adjustment methods based on this assumption are discussed in chapter 6.

2.2.2 Regression Imputation

When applying an imputation method we ideally would like to generate imputed values from the
conditional distribution of true hourly pay Y given the derived variable X and other covanates W,

This condition can be expressed as
JY X, W,1=0)=f(Y|X,W,[=0), (2.6)

where Y. is defined in (1.44). Condition (2.6) means that the distribution of the imputed values
given X and W for the nonrespondents is the same as the conditional distribution of the true
values. Condition (2.6) is a desirable property of an imputation method since if this condition
holds an imputed estimator, ie. an estimator subject to observed and imputed values of Y, will
have the same properties as an estimator based on the true variable Y. The imputed estimator will
then be unbiased for the population parameter of interest. However, the true values of Y are not
observed for the nonrespondents such that the distribution f(¥"| X,W,/ =0) cannot be fitted
directly. An identifying assumption is therefore required. Under the MAR assumption, which
implies f(Y|X,W,[=0)= f(Y|X,W,[=1), it follows for the generation of values for ¥’

from the covarates X and W for /=0, that
FY X, W,1=0)= f(Y|X,W,]=0)= f(Y|X,W,[=1). 27)

Assuming MAR the aim is therefore to apply an imputation method that enables the generation of
imputed values from the conditional distribution of ¥ given the values of the derived variable and
the covariates based on the respondents. In the following we first discuss a parametric approach to
imputation involving a regression model such that (2.7) is fulfilled. For the LES application

considered here we shall consider a model of the form

In(y)=np+e, (2.8)
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where 7 is a row-vector of covariates, functions of the derived variable X and other covariates W
and 8 is a vector of coefficients. The dependent variable is the logarithm of the direct varable.
Also for the derived variable X the logarithmic transformation is used. The use of the logarithm is
common in earnings variables to approximate normality (Brownstone and Valletta, 1996; Bound et
al. 1994). Note that the linear relatonship between the derived and direct variable i1s more
pronounced when plotted on the logarithmic scale as shown in figure 2.4 in comparison to figure

2.2, suggesting the use of log-transformations in further analyses.

In(direct variable)

In(derived variable)

Figure 2.4: Scatterplot of In(derived hourly pay) and In(direct variable) for the quarter March-May

2000 for cases where both variables are observed, for 22 + age group.

The regression model (2.8) is described in greater detail in section 2.2.4, and includes predictors of
hourly pay and variables that relate to the measurement error. It follows from (2.7) that estimates

for the parameters may be based on respondents only. Applying the least squares method, we have

In(y,)=74+¢ vier. 2.9

i 1
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A predicted value for In(Y") for all individuals in the sample is obtained, such that

In(3,,) = 7.8 Vies. (2.10)

g
These mean values are the base of the following imputation methods. One simple approach for
imputation is to use the mean values from the regression as the imputed values. This would,
however, artificially reduce the variation in the estimated distribution of interest (Little, 1988; Little
and Rubin, 2002). To obtain unbiased predictions one would need to consider the following
relationship. If E[ln(y,)]= 7,8 it follows that £[ y,]=exp(y,f +0>/2), where ¢’ is the variance
of the residuals, by properties of the lognormal distribution. The usual adjustment for the mean
value for Y'is thus 9y, = exp(y, /§ +42/2) (see David et al. 1986). However, since the mean values
are not used for the actual imputation but only for the definition of classes, as explained in section
2.2.3, we do not need to consider this adjustment. To preserve the distribution noise needs to be
added to the mean values at log-scale, which can be done, for example, by adding on random
residuals to the mean values drawn from a distribution, such that

In(5)=n8+& Vjer, (2.11)

7

where £, ~N(0,5.) and ¢ is the usual least squares estimate based upon respondent data.
However, this may perform poorly as shown in David et al. (1986). Another approach of random
regression to preserve the distribution is to add on observed residuals, ie. adding on residuals
selected from the set of the observed residuals ¢,, where i € 7. The method is described in detail
in David et al. (1986) (see also Little, 1988; Laaksonen, 1991). The selection of residuals can be
carried out within classes and the probability of selection of a residual from respondent z may
depend on the survey weight of that respondent 7, which will be described in greater detail in
section 2.2.3. This imputation method of adding on observed error is less dependent on the
assumption of normality and constant variance. The method of random regression imputation
adding on random or observed residuals fails, however, to take account of limits on the
distribution of the variable of interest. The level of the NMW is such a limit and its existence can
be observed in the distribution of the direct variable (see for example figures 2.1 and 2.2). In
addition, pay is often rounded, such that step increases throughout the pay distribution can be

observed, which leads to a non-smooth distribution of hourly pay. The parametric approaches,
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however, do not capture these features. To address this problem semi-parametric approaches can

be used. Examples are hot deck imputation methods such as predictive mean matching imputation

(Little, 1988).

2.2.3 Hot Deck Imputation Within Classes

The following imputation method has been used by ONS. The imputation method requires the
above regression model (2.8) to be estimated and the predicted values 3, to be computed for
respondents and nonrespondents. Based on successive intervals of values of },,, K imputation
classes are formed, denoted B,, where k=1,..,K. Within each imputation class, the imputed
value, denoted ¥, , for an employee j without a value for Y, called the 7epierz, is obtained from the

value for a person 7 in the same imputation class with an observed value for Y called the donor.

Hence
y,e{nlieB N}, jeF (2.12)

where 7 denotes the set of nonrespondents, » the set of respondents and B, the imputation
class to which recipient j belongs. The selection of donors in the imputation procedure may
depend on the survey weights in the following way. Respondent 7, 7 € B, Nr, is selected as a
donor for nonrespondent j € B, N7, with probability w /3 s (see also Rao and Shao,
1992). The selection can be carried out with or without replacement. The without replacement
sampling has the advantage that it reduces imputation variability and avoids the problem that some
donors are used disproportionately often (Kalton, 1983). In the following chapters also the case of

selecting donor values with replacement to obtain independent imputations is considered.

Since the above imputation method is random, additional variation is introduced into the
estimation process, which could have a nonnegligible impact on the overall varance of the
estimated distribution especially if the nonresponse rate is high. Thus, it was decided to repeat the
imputation method, such that M values are imputed for each missing observation (in the ONS
methodology M =10). This way the impact of the random component in the variance can be
reduced, especially if M is reasonably large. In the following we refer to this method as repeated

imputation. Note that the method used here does not reflect proper multiple imputation in the
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sense of Rubin (1987; see also section 1.4.5). Such a form of repeated imputation method is also
called fracional imputation (Kalton and Kish, 1984; Fay, 1996), since each imputed value is
allocated the weight 1/M. We obtain M variables, denoted Y., ,where

. forier
_ for m=1,..., M, (2.13)

- y, for ie7

and j,, denotes the »zh imputed value for nonrespondent i. This semi-parametric imputation
method is a random hot deck imputation, which makes use of the regression predictor but is not
fully reliant on model assumptions such as the previously described regression methods. It should
be noted that, since the assumption of MAR might not hold exactly but is only an approximation,
the imputation method is best applicable to estimation of the lower end of the earnings
distribution where the proportion of response is largest. An advantage of such a hot deck method
is that only eligible values of the missing variable are imputed, which helps to reproduce the shape
of the distribution (Rao and Shao, 1992; Little, 1988; Laaksonen, 1992). Limits such as the NMW
are respected and heaping at round values of pay rates should be preserved. Hot deck imputations
are conservative, in the sense that they do not extrapolate nonrespondent values outside the range
of the respondent data. Using hot deck imputation instead of regression imputation also allows for
non-constant variance in the imputed values. There is also evidence that such a method is less

sensitive to model misspecification than regression imputation (Schenker and Taylor, 1996).

The above imputation method can be viewed as a form of predictive mean matching as described
in Little (1988). Each nonrespondent is matched to the respondent with the closest predicted
mear1, where all values for J, ; within the same imputation class are viewed as equally close. Then
the respondent’s value is imputed for the missing item, ie. y = y, for i€7 and j€7. Vanous

forms and extensions of this method will be discussed in greater detail in chapter 5.

The use of imputation classes or adjustment cells is common in practice. For example the CPS
(Current Population Survey) carried out by the U.S. Bureau of the Census uses hot deck
imputation within adjustment cells for missing income items (Little, 1988; David et al. 1986). The
adjustment cells are formed by putting people into groups according to values of some
explanatory variables. David et al. (1986) compare the hot deck procedure with an alternative

regression imputation and describe advantages and disadvantages. With the CPS hot deck
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imputation the matrix of adjustment cells might be big and cells might need to be merged to find a
matching respondent. The advantage of a regression imputation is that more explanatory variables
can be incorporated. David et al. evaluate both approaches, the hot deck and the regression
imputation, for the CPS using validation data. They conclude that the hot deck method performs
well and does not underestimate income aggregates. Using regression imputation adding on
random residuals did not perform well in practice. Also regression imputation adding on residuals
from respondent did not perform well producing too many large wage and salary amounts.
However, using these methods within imputation classes showed much better results (David et al.,
1986). The impact of the choice of imputation classes in the application discussed here is

investigated in chapter 3.

2.2.4 The Regression Model

The regression model underlying the imputation method represents the conditional distribution of
the varable Y given a number of explanatory variables, including the derived variable X. The
choice of explanatory variables is important to ensure that the assumption of MAR holds
approximately. Therefore different types of covarates need to be considered, including variables
that predict /, the indicator of response, and variables that relate to Y. Using X to predict ¥ we
also need to consider additional covariates that may predict measurement error in X, iLe. the
discrepancy between X and Y. In the regression model the dependent variable is In(Y). The
model includes fifteen continuous and categorical explanatory variables, which are shown in table
2.1. It includes two quadratic terms and a number of two-way interactions of covariates with the
derived hourly pay variable. Also for the derived variable the logarithmic transformation was used.
It was found that the derived variable was the most significant variable in the regression equation.
Other variables relate to the type of job, occupation, industry sector, region or ways of payment. A
table of coefficients and diagnostic plots are given in the appendix A2.1. Figure A2.1.1 shows the
scatterplot of the residuals versus fitted values indicating a random spread with no obvious
pattern. However, further analysis described in chapter 6 may indicate departure from the
assumption of constant variance. The histogram of the residuals in figure A2.1.2 and the normal
probability plot in figure A2.1.3 indicates an approximately normal distribution of the residuals.

The model diagnostics will be discussed further in chapter 6. Similar regression models are used in
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the CPS imputation method, where the dependent variable is also the logarithm of wages and

salaries. Similar explanatory variables are incorporated, such as region, age, education, gender,

occupation etc. In addition non-linear effects are included such as age squared and a number of

interactions (David et al.,, 1986).

Name of Variable Abbreviation | Continuous/
Categorical

Ln of derived hourly pay = In(X) LHE continuous
Squared ln of derived hourly pay = In’(X) LHE’ continuous
Major occupation group SOCcat 9 categories
Part-ume/ Full-time PT 2 categories
Paid less than weekly LTWK 2 categories
Highest qualification Qcat 6 categories
Age AGE continuous
Age squared AGE’ continuous
Length of time cont. employed EMPMONcat | 4 categories
Head of household HOH 2 categories
Married MARRIED 2 categories
No. of employees at workplace SIZE 2 categories
Industry sector INDcat 9 categories
Region REGcat 12 categornes
Gender FEMALE 2 categories
Last pay same as usual USGRS 2 categories
Interaction In(X) X occupation LHE:SOCcat -
Interaction In(X) x part-time LHE:PT
Interaction In(X) x no.of employees ILHE:SIZE
Interaction In(X) x less than weekly LHE:LTWK
Interaction In(X) x industry LHE:INDcat

Table 2.1: Covariates employed in the imputation model.
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2.2.5 Estimating the Distribution of Hourly Pay

The aim is to estimate the distribution of hourly pay F,( y) and in particular the proportion of

low paid employees in the population. Using imputation the estimator of interest . is defined as

(2.14)

where w denotes the survey weight for individual i €5 for earnings data in the LFS. It is
assumed in the following that the survey weights adequately compensate for selective
nonresponse. In chapter 3 it is shown that the estimator in (2.14) is approximately unbiased for
Fy(y) under the assumption of uniform within classes nonresponse. We may write the
proportion in the population alternatively as

P==3, (2.15)

el
where z is the indicator variable, such that

0 ify >t 216
z;=1(y <t) = ) ify.<tVZ€U’ (2.16)

and ¢ is a specified level of hourly pay such as the NMW. Based on the repeated imputations for
estimating this proportion M binary variables, Z. , are created, where m=1,..., M, according to

each of the M imputations, indicating if person 7 in the sample earns less than the value ¢ or not.

We write
[ O 1f y'mi 2 t \_/ 1 M (2 17)
Z'mi - (y'mi < Z) - 1 }_f y.mi <t m= 1,.. ) .
or alternatively
z.=1(y <t) for i1€7r
Zopi =1n (3:1 ) . VYm=1.,M. (2.18)
z,, =1(y, <t)for i€7
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Chapter 2: Estimation of Pay Distributions from the Labour Force Survey

An estimator of the proportion of low paid employees based on the »#zh imputation, m=1,..,41 ,

1s given by

e : (2.19)

Averaging these estimators gives the overall estimator of P as

5 _ 1np 220
P-:ﬁ;ﬁm- (2.20)

In the following we present estimates of the proportion of employees being paid below the NMW
rate. This particular proportion will be denoted ]31 Table 2.2 shows estimates of this proportion
under hot deck imputation within classes for several quarters of the LFS. It can be seen that,
because of the introduction of the NMW in April 1999, the estimated proportion of low paid
employees for Aprl to May 1999 was greatly reduced in companson to March 1999, and

continued to decrease over following quarters.

Age: 18-21 Age: 22+
March 1999 3.1 5.7
April-May 1999 23 22
June- August 1999 20 1.6
Sept-Nov 1999 15 12
Dec 1999-Feb 2000 1.3 1.2
March-May 2000 | 16 0.6

Table 2.2: Esumated (weighted) percentages of employees earning below the NMW, ]31., for
several quarters of the LFS based on ONS hot deck imputation within classes (Stuttard and

Jenkins, 2001).
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To illustrate the effects of different estimation methods figure 2.5 presents estimates of the pay
distribution based on several methods discussed above. The vertical line indicates the level of the
NMW. Corresponding estimates of the proportion of low paid employees for the different
methods are presented in table 2.3. The simplest approach is to use the derived variable making no
use of values of the direct variable. It can be seen that this approach leads to the largest estimates
of the proportion of low paid employees. The estimate for ]31 is 6.6% under this method. The
second largest estimate is obtained when the direct variable and the derived variable are combined,
using the values of the direct value when observed and the values of the derived variable when the
direct variable is missing. This gives an estimate of 4.1%. For regression imputation, imputing the
predicted values without additional residuals as well as for hot deck imputation within classes, the
estimate is greatly reduced to approximately 1.5% of low paid employees. We can see from the
estimated distribution that regression imputation without residuals leads to underestimation in this
part of the distribution (for further discussion see also section 6.3.5). Using only the observed
values for the direct variable gives an estimate of 1.9%, which is assumed to be an overestimate
since hourly paid employees tend to earn less than salaried employees. One reason to suppose that
the results obtained from the imputation method are more accurate than those obtained from
using the derived variable alone is that in figure 2.5 there is, as expected, a strong kink in the

distribution at the NMW wage for the imputed direct variable, unlike for the derived variable.
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141
127 — Derived Variable
~==  Hot Deck Imputation (M=10)
——= Regression Imputation
107 ==+ Direct and Derived Variable Combined

Percent

Hourly earnings in £/hour

Figure 2.5: Estimated cumulative distributions of houtly earnings from £2 to £4 for 22+ age

group for June-August 1999 (weighted), based on estimates using the derived variable only, hot

deck imputation within classes with 10 imputations, regression imputation and a combination of

direct and derived variable.
Method P.

Derived variable 6.6%
Direct and denved combined (direct variable where 4.1%
observed and derived variable otherwise)

Hot deck imputation within classes, sampling donors 1.6%
without replacement (imputed direct variable)

Regression imputation (direct variable where ¥ 1.5%
observed and predicted values otherwise)

Observed values of direct variable only 1.9%

Table 2.3: Estimated (weighted) percentages of low paid employees for 22+ age group for June-

August 1999.
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Chapter 3

Evaluation of Hot Deck Imputation
Within Classes

Different criteria can be used to evaluate imputation methods. The basic aim is to obtain a small
or zero bias of the estimators of interest with an associated small inflation of variance. In addition,
the performance of the imputation method under model misspecification and violations of
underlying assumptions need to be analysed. Other aspects when evaluating an imputation method

are the availability of valid variance estimation formulae and the implementation of the chosen

procedure in practice.

This chapter investigates the performance of the hot deck imputation method, described in the
previous chapter, both theoretically and empirically, focussing on the bias of the point estimator of
interest, P.. In section 3.1 the bias of the estimator, not taking into account LFS survey weights, is
investigated theoretically. In section 3.2 we allow for fixed survey weights. It should be noted that
the following theory does not take into account stratification, clustering into households or the
complex poststratification procedure allowing for survey weights being dependent on the sample.
Allowing for clustering into households would require taking account of the dependency of
imputed values in the theoretical derivations. In section 3.3 a simulation study is carried out to

evaluate the hot deck imputation method and the performance of the resulting point estimator
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empirically. In section 3.4 the performance of the imputation method is evaluated under
alternative assumptions, in particular under misspecification of the imputation model. The impact
of the choice of imputation classes is also investigated. In addition, the effects of different
specifications of the imputation method when applying the method to LFS data are analysed.
Some concluding remarks are given in section 3.5. The variance of the point estimator and
variance estimation will be discussed in chapter 4. In chapter 5 further investigations are carried
out to evaluate the hot deck imputation method, in particular in comparison to other forms of
predictive mean matching imputation, such as nearest neighbour imputation, and a weighting
method. There, the impact of the different choices of the number of repeated imputations, M, as

well as differences in stochastic and deterministic imputation methods are analysed.

3.1 Evaluation of Unweighted Point Estimator

3.1.1 Theoretical Framework and Definitions

. . . . A . . .
In this section the properties of the estimator P. are analysed theoretically not taking into account
. . n N . . .
LFS survey weights. It is shown that P. is an approximately unbiased estimator of P under hot
deck imputation within classes assuming ignorable nonresponse, using notation from section 2.2.5.

To facilitate our discussion the following notation is introduced.

Definition 3.1

7 = set of respondents on Y, the variable of interest subject to nonresponse,
and 7 = 1,..., n,, where n, is the number of respondents on Y'ins.

7 = set of non-respondents on Y, ¥ = ,..., .., where n, is the number of
nonrespondents, such that n=7n_+n

B,  =impuration class based on the population U, where £=1,..., K

N, = number of employees in imputation class £ in population, such that
>N, =N

7, = probability of response in class B,
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= ny /n, insample s, estimator of 7,

>

T
B, = imputation class based on the sample 5, where k=1,..., K

7, = number of employees in imputation class & in s, such that Y, n, =n
7, = number of respondents on variable ¥ in imputation class &

B,  =impuration class which contains person i

74  =number of respondents on variable Y'in imputation class B,

M = number of imputations (e.g. M =10)

A
The estimator P., not taking into account the survey weights, is of the form

A A{ A A
P. =ﬂ1;])"" , where P. =-};Z Zos (3.1)

1€s

m=1,..,M and n denotes the number of employees in the sample. To investigate the sampling
distribution of the point estimator P. we take into account the sampling mechanism, denoted D,
the response mechanism, R, and the imputation variability, /. We do not refer to the distribution
£, where ¢ defines an assumed imputation model. This additional distribution will be discussed
in chapter 4. The sampling mechanism describes the way the sample s is drawn from the
population U. For simplicity, simple random sampling (SRS) will be assumed. The actual complex
design was described in section 2.1.2. This design involves equal probabilities of selection and so
we do not expect this simplifying assumption to affect the bias of the estimator. We may expect
some impact of the complex design on the variance of the estimator (Holmes and Skinner, 2000)
but this effect is not our main concern here and is thus ignored for simplicity. The response
mechanism expresses the unknown conditional probability that the subset 7 the set of
respondents, responds. In the following an ignorable nonresponse mechanism is assumed making
the assumption of uniform nonresponse within classes. Since the imputation classes are formed
using a regression model, where Y'is regressed on the covariates X and W, the assumption for the
nonresponse used here indirectly takes into account that the probability of response does not
depend on Y given the auxiliary information X and W. Let 7z, be the probability of response in

each imputation class, for & =1,...,K , assumed equal for all individuals in B,. A formal problem
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is that B, is sample dependent and it is implausible that the response probability of an individual
should be sample-dependent in this way. However, for large samples B, is approximately equal to
B,, Ns under the assumption of ignorable nonresponse, where B, is the corresponding set in
the population. The classes B, are defined with respect to the predicted values based on a vector
é ,1e.based on j,, = exp(qi/é) ins. In the same way the classes B, are defined with respect to
the predicted values based on a vector §, ie. based on y,,, = exp(7,4) in U, where for large 7 the
estimator ,é converges to a vector fJ. We thus assume that the response probability 7, is constant
within B, and use B, =B, Ns as an approximation. We also need to take into account the
imputation varability (/) since the imputation method uses a random component and not a
predicted value for imputing the missing observations. For the unweighted case the donors are
selected within each class by simple random sampling (SRS) with replacement. With replacement
has the advantage that the imputed values are independent for all j €7 and m=1,..,M. The
expressions E, E; and E,; denote the expectation operators with respect to D, R and I. To

facilitate our discussion we need to introduce some notation, which will be used in the following

sections.

Definition 3.2

Within each imputation class let

! (3.2)

—— 7.

“1
Nk €8

Zy =
be the proportion of low paid employees in imputation class B, in the population,

Zg =_l"zzi (33)

7 e,

be the corresponding proportion in imputation class B, in the sample under full response,

Zy = *1“ Z Z; (3-4>

T, icBrr
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be the proportion of low paid employees in the sample amongst the respondents and let

1 M
Z m Z Z \um » Where 3.5)

v m=1,..., M, (3.6)

SRS =——{z VY2

, €8, N5 " (=3 td €8, T

be the proportion of low paid employees in imputation class B, in the sample subject to repeated
imputation. When considering the expectation according to imputation we use the following

definition

Z zI(j€7)

— 1 }EB
LI o , (57)
£ J€Be(iyw ! Z [ ]ET
JE€B(s)

which is the proportion of respondents with z;=1, with unit j being in the same class as unit z

3.1.2 Unbiasedness of Point Estimator

. * . » . . N . . . .
In this section it is shown that the point estimator P. is an approximately unbiased estimator for P
with respect to D, R and / under the assumptions outlined in section 3.1.1. In particular, in large
samples the bias of such an estimator is shown to be negligible. Result 3.1 and its proof are

relevant for deniving valid variance formulae in section 4.2.

Result 3.1

Under the assumptions of (i) equal probability sampling, (i) uniform nonresponse within classes

and (itf) 7, the number of respondents in class B, , is large for all &,
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the unweighted estimator P., obtained under the imputation method described in section 2.2.3

selecting donors by simple random sampling with replacement, is approximately unbiased for P,

Le.
Epy (P)=P (3.9)
Proof
E py (P =E pyy /leép } ZEDR, = P if E(P.)=P vm
To show this:
EDRJ([3 Zz +>:z =E x|~ Fz +ZE Z,; }

where E,(2,;) = pr(z,; =1) = pr( Y < 1))
= probability of choosing person j in the same imputation class as : with  y, <?
= proportion of respondents with y, <t,ie. I(y, <t) =1

= proportion of respondents with z;=1

> zI(jer)

JE€BL — .
= Yooz, = &———— =7, foralm=1,..,M, using(3.7)
Tt (i) jeByyrr ’ ‘; I(jer) *(5)
JEBL (s

where B, denotes imputation class B,, which contains person z, 1 €7, and 7,

denotes the number of respondents on Y in imputation class By

It follows that

=E 12{](1’ €r)(z, —ZMHZHL')}

i€s

Z{[ (ier)z,+1(1€7)Zy, }

zEf

EDR]( P'm ) DR

1€ i€r

%Ziﬂi)] since 21267 Wz = Zgy) = —Z(z Za(i))
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SPICEEAEES S PoRSREa

% iy 7 ey

1 - 1 ~
BB RAN AT S
k i€B, k
. Szl(ier)) S zEx((ier)
h _E z =E — . leB" ;IGBk
where E4(Z,) Rn,km;,z’ RS IGer) S Eq(I(ier)
iEB; €8

assumning 7, large for all &
Note: we can write E(x / y)=E(x)/ E(y) if var(x) and var(j) small
(Cochran, 1977, p. 31, theorem 2.5; see also the Taylor

approximation in section 3.2, equation (3.14)).

Zﬂkzi
_ €5 _1 z, = 39
Zﬁk 7, ngBk Zv/e ( )

€8,

Zz[ (1€5)

zEU

ZZZ[(ZES

n k i€ B

1 _
=L, _anezsk
ny

Using Taylor linearisation as in (3.13) the first order Taylor approximation used in the above proof
is of order 1/7 and it follows that £, (IS) =P+ O(n"). The approach used here to prove that
the imputed estimator is approximately unbiased is a design-based approach. Similar approaches
have been used by Rao and Shao (1992) and Rao (1996), who show that under uniform and
uniform within classes nonresponse using hot deck imputation the imputed estimator for the
population total is approximately unbiased. Alternatively, a model-based approach can be used
specifying a superpopulation model £, which is also referred to as an imputation model (Rao,
1996). The model-based approach as well as differences berween the design-based and model-
based approach in the presence of imputed data with particular reference to variance estimation is

discussed in chapter 4. Under the model-based approach the imputation model is stated explicitly.
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It is possible to make a weaker assumption about the nonresponse, i.e. MAR nonresponse (Lee,
Rancourt and Sirndal, 2000; Deville and Sirndal, 1994). The cases of regression and ratio
imputation are discussed by Rao (1996). He shows that if the respective imputation model holds
and assuming MAR nonresponse the resulting imputed estimator for the population mean is
approximately design-model (or Df) unbiased. The case of regression imputation is also
discussed by Rao (2001) and Sitter and Rao (1997). Under uniform nonresponse or uniform
nonresponse within classes the resulting estimators are approximately design-unbiased. Under hot
deck imputation Rao (1996) shows that the imputed estimator is approximately design-model
unbiased under an appropriate superpopulation model assuming MAR. We conclude that in
general we either need the more restrictive assumption of uniform response or uniform within
classes nonresponse without the imputation model or the condition of MAR with the model (Rao,

1996; Deville and Sarndal, 1994; Rao, 2001).
3.2 Evaluation of Point Estimator Taking Account of Fixed Survey Weights

3.2.1 Theoretical Framework and Definitions

In this section the survey weights w are taken into account, such that the point estimator is of the

form

1 M Z ZUizni
= (3.10)

P ML S
as described in section 2.2.5. It is assumed t};Zt the survey weights adequately compensate for unit
nonresponse in the sample s in the following sense. The subscript D, which previously referred to
the sampling distribution, here refers to the sampling and the (unit) nonresponse distribution. We
denote v = E,(I(i €5)), such that v is the multiplication of the inclusion probabilities and the
probability of (unit) response for unit z. The survey weights are assumed to be the reciprocal of the
probabilities of being in sample s, Le. @ = 1/%, . Thus, it is assumed that the weights compensate

for differential nonresponse via a standard kind of Horvitz-Thompson weighting. The survey

weights are regarded as fixed in the population, such that we can write
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E O wz,)=> wz,E,(I(i€s)). This assumption is an approximation since the weights are
detegined throilg/h the raking adjustment and are therefore strictly speaking sample dependent.
This approximation may be justified since the weights are centred around a central point and the
variance of the weights may be regarded as small. The mean and the median of the weights are
approximately 1450 for the March-May 2000 quarter. The interquartile range is between 1300 and
1600 and 90% of all weights are within the range of approximately 1100 and 1800 which indicates
the concentration around the central point. Regarding the survey weights as fixed is also discussed
in Holmes and Skinner (2000, p. 11). They suggest a way of allowing for the poststratification
adjustment. There, the weighted estimator is approximated by a poststratified estimator and the

usual variance estimator for a post-stratified estimator is used to obtain a variance estimator.

For the weighted case the selection of donors in the imputation procedure depends on the survey
weights in the following way as described in section 2.2.3. Respondent 7, 7 € B, N7, is selected as a

donor for nonrespondent j, j € B, N7, with probability w /) _ 5@ - The selection is carried

out with replacement. When considering the expectation according to imputation we therefore use

the following definition

> wzl(i€r)
— ZEB/H')
Ty = ! , 3,11
) E wl(i€7) G-1)

iEBlE(/)

which is the weighted proportion of respondents with z, =1 and unit 7 being in the same class as
unit /. Rao and Shao (1992) and Rao (1996) also suggest the sampling of donors with probabilities
depending on the survey weights under hot deck imputation and show that the resulting imputed
estimator for the population total is approximately unbiased under uniform and uniform within

classes nonresponse. To facilitate our discussion we introduce the following notation.

Definition 3.3

Similar to the unweighted case we define the following terms for the weighted case. Let

> wz, dowzl(ier)

_ 1 - icB — ic5
Zup = Ziy Zg = : s Zp = = } and
Ny 5, > Y wlier)
;1 €8,
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1 &M . m
E‘xk = M_ZE'S/W” s Where E'Skm — %“:&}—_ Y m =1,... ,M, (3.12)
m=1 q
€8,

be the proportions of low paid employees in the kth class in the population, in the sample, among

the respondents and in the sample including imputed values.

Remarks

Before carrying out the analysis it is useful to make some general remarks, which are also used for

deriving the variance in chapter 4.

1) To approximate expectations such as E (¥, 3,) and E(X,/ 7%, ), where X, denotes the estimate
of the mean of a random variable X based on sample s and %, the quantity for a random variable

Y, we use the first order Taylor series expansion of x, 3, (or X,/ %,):

= o = e = e — — 8g ! _ — (9g
g(x;, :}4) =x5 A :xU yu’*l"(xs _—XU)é.;—:lfS:fulyV:_}U "f“(% had yu)a T,=T0, =5y (313)
The terms (X, —%,) and (3 —79) are of order O, (n""?), whereas the remainder

(x, =%y )(9, — Jy) is of smaller order, ie. of order Op(n‘l). The order of approximation used

here is therefore O, (")
We apply the expectation to the approximation in (3.13):
E(x, 3)=E(Xy ) =%, Y =E&)E(), (3.14)

where U refers to the quantity in the population. In the context used here, the Taylor series

approximation requires the number of respondents and the number of units in class B, to be

reasonably large for all £. This requirement is realistic for the application to the LFS considered

here.

Example: ED(ZWL'ZI'Z%) =ED(Z/eZ’wiZi) = ED(Z&)ED(ZWZI') =Zi Z z; (3.15)

i€B icB; e, 1€ By
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3.2.2 Unbiasedness of Point Estimator Taking Account of Fixed Survey Weights

In the following we show that the estimator P. is approximately unbiased taking into account the

weighting scheme of the LFS regarding the survey weights as fixed.

Result 3.2

Under the assumptions of (i) equal probability sampling, (i) uniform nonresponse within classes
and (iil) the number of respondents and the number of units in class B, are large for all &, the
weighted estimator P., obtained under the imputation method described in section 2.2.3 selecting

donors with replacement, is approximately unbiased for P, Le.

Epy (P)=P (3.16)

Proof
It is enough to show that £, (P m) =P ¥Ym

1€s

Epuy(B.) = Eng {(Zw 'S J

t—;?EDR[Zk:Z{[(iér)wi +(1=1(i € 7)) wz&}] (D% sz)

ieBy k €5,

Note: £/(Z,,)=Z,,, using definition (3.11) and

Zyy lier)y =5 Iieruz

€8, €8
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3.3 Simulation Study Evaluating the Point Estimator

The aim of this simulation study is to assess the performance of the estimator P. obtained under
the proposed hot deck imputation method within classes empirically. The main emphasis is on the
bias of the point estimator. In addition, the robustness of the hot deck method under model
misspecification and under different specifications of the imputation classes is investigated. The
variance of the estimator B. as well as corresponding variance estimators are discussed in chapter

4.

For the simulation study A =1000 independent samples s“), a=1,..,4, are generated
containing values for Y, X, Wand 7 using data from the LFS. A sampling procedure is simulated
by bootstrapping an original dataset from the LFS. Nonresponse is introduced according to three
different nonresponse mechanisms, uniform, uniform within classes and MAR nonresponse. The
performances of two imputed point estimators ]31., the proportion of employees earning below
the NMW (z=£3.60), and 132., the proportion of employees earning between £3.60 and £5, are
evaluated. For simplicity the survey weights of the LFS are not taken into account in the

simulation study.

3.3.1 Generating the Population and Samples

The aim is to create A samples each of size », containing the response variable ¥, X and other
relevant auxiliary variables W. Strictly speaking it would be necessary to generate a population U,
including information on these variables for all 7 € U and draw » samples from this population to
reflect the sampling variability. However, this population would need to be very large (e.g. N=20
million), such that it was decided to reflect sampling variability by selecting units from the original
LFS sample with replacement, that is to adopt a Bootstrap approach, and to create samples s' ) of
the same size as the original sample with 7=15,000. We therefore assume that an infinite
population exists from which samples are drawn independently at each replication, which seems
reasonable because of the small sampling fraction of the LFS. The March-May 2000 quarter was
chosen as the original LFS sample. All employees younger than 18 and employees that belong to

certain industry groups are not taken into account since the NMW legislation does not apply to
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these groups. The very small number of cases with missing values on X or W were omitted. An
alternative approach for generating the data would be to regard the original sample as the
population and to sample in each replication from this population. To create this population it
would be possible to keep all the observed values in this original sample and to generate only the
missing values for the variable ¥. However, it would be necessary to use a much smaller sample

size, e.g. n=1000, which might lead to unrealistic results. This approach was therefore not used.

By selecting a bootstrap sample s' the values for the covariates W' for all units 7 =1,..., zare
obtained directly from the LFS sample. The values for In(Y), In(X) and [ are generated from
models as follows. The variable In(Y) needs to be generated, since In(Y) has missing values in

the original sample. The values for In(Y) are generated for each unit according to a model taking |

into account the values for In(X) and Wand adding on random residuals &, i.e. we have

A

In(y) =798 + & i=1,..,n, | (3.17)

i

where the coefficient vector ,ér is estimated from the original LFS sample based on respondents
only and is held fixed in the simulation. The model uses all the variables specified in section 2.2.4.
The number of respondents in the original sample is approximately 7000. The distribution of the
residuals in the original sample was found to be approximately normal with mean zero and
variance ¢ =0.038. The residuals in (3.17) are chosen to be random draws from a normal
distribution with & ~N(0,4%).

The variable In(X) is generated to avoid duplications of units reporting the same values on
In(X') and W, which could be regarded as an unrealistic condition since the imputation method

relies on the predicted values of In(Y) based on In(X) and W. The model generating In(X) is

of the form

@y — @7 :
In(x )= 4% + &9 =1, ... ,n (3.18)
M . . A - . -
where " is a row-vector of functions of the covariates W, J. is a vector of coefficients and the
residuals &7 are random draws from a normal distribution. The parameters necessary for this

x1

mode] are estimated based on respondents in the original LFS dataset. The variables included in
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this model are given in table 3.1. Sample s is now a complete dataset, containing In(Y),

In(X)“ and W' foralli=1, ..., n

Name of Variable Abbreviation | Continuous/
Categorical
Major occupation group SOC 9 categories
Age AGE contnuous
Age squared AGE’ continuous
Highest qualification Q 6 categories
Part-time PT 2 categories
Length of time continuously employed | EMPMON 4 categories
Paid less than weekly LTWK 2 categories
Head of household HOH 2 categories
Married MARRIED 2 categories
Number of employees at workplace SIZE 2 categories
Gender FEMALE 2 categories
Interaction occupation x part-time SOCPT -

Table 3.1: Variables included in the linear regression model generating In(X) in the simulation

study.

3.3.2 Simulating Nonresponse

The values of the response variable I are generated based on three nonresponse mechanisms,
uniform, uniform within classes and MAR nonresponse. A nonignorable nonresponse mechanism

is considered in chapter 6.

i.) Uniform Nonresponse Mechanism

Uniform nonresponse means that the response probability is constant for all units 7€s"

assuming independent response across sample units, ie. pr(i € ) =c for all i€s", where
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0<c<1. In the simulation study the constant c is set to 0.43, since the response rate in the
original dataset is approximately 43%. Bernoulli sampling is used to create a uniform response
mechanism. We take 4,,...,d, independent draws of a Unif(0,1) random variable in each sample
s, where Unif(0,1) defines the random variable with a uniform distribution on the interval (0,1).

If a person belongs to the set of respondents 7 or to the nonrespondents 7 is decided by

if §, <c=i€r,otherwise i €7, (3.19)

such that pr(i € ¥') = pr(6, <¢) =c forall ies"“ and the events “7€+*” and “ j €7 are
independent for i== j. The number of respondents is a binomially distributed random variable

with parameters 7 and ¢
ii.) Uniform within Imputation Classes

To introduce nonresponse based on the assumption used in the theoretical derivation, i.e. uniform
response within classes, seven classes are constructed according to the range of the predicted
values of Y, which are obtained using the auxiliary variables in s’ and the coefficients based
on the respondents in the orginal sample, i.e. ,ér. The boundaries of the classes are held fixed.
They reflect £1.5 pay bands. The probability of response for each class is fixed, such that the
probabilities are approximately the same as the probabilities in the original sample (table 3.2). That
means that in response classes reflecting higher earnings, e.g. in class 6 and 7, the probability of
response 1s small, whereas in response classes containing mostly low eamers the response rate 1S
higher. This is the case since employees with an hourly rate are more likely to be low paid. The
overall response rate is approximately 43%. To select units for nonresponse Bernoulli sampling is

performed in each class.

Response class 1 2 3 4 5 6 7

prob. of response 078 | 075 | 056 | 041 | 0.31 | 0.20 | Q.08

Table 3.2: Fixed probabilities of response in response classes, based on estimated average

response probabilities in each class in the original LFS sample.
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When applying imputation, the imputation classes are defined by using the predicted values from
the regression carried out in sample s (see formula (3.23)), where the values of the auxiliary
variables and the coefficients depend on the values in sample s/, The boundaries of the
imputation classes are defined in the same way as the boundaries for the response classes. Note
that the response classes and the imputation classes can differ slightly, in the sense that if a unit ¢
belongs to response class £ it may not necessarily belong to imputation class £ and vice versa. This
difference in response and imputation classes also enables us to test robustness against the

assumption that response rates are strictly constant in each imputation class.

iii.) Nonresponse Following the MAR Assumption

To implement a nonresponse mechanism that follows the MAR assumption the values for / in s

are generated using a model such that the probability of response depends on the auxiliary
variables X and W and therefore varies for each individual. Several logistic regression models were

firted in the original sample of the form

1og(1—fz-‘;) =p foralli=1, .., 7, (3.20)

i

where 7 is a vector of functions of the derived variable and other covariates W. Note that the
auxiliary vanables W used in the model (3.20) are not necessarily the same as in the regression
model (3.17) since it also includes variables that are considered to be predictors of the
nonresponse. More information on the variables included in the logistic regression model is given
in section 3.3.4. The estimated probability of response for unit 7 in sample 5’ is obtained using
information on X and W' and the coefficients ¢, obtained from the original sample, such

that

ey GXP(f/z(‘a)ér) ) (3_21)
© 1+exp(sp,)

In each sample s we generate 4,,..,4, independent realisations of a Unif(0,1) random variable.

n

Response and nonresponse is decided by:
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if 31 < /3,(“) =/ otherwise ;€7 fori=1,...,n (3.22)

The overall response rate in each sample s/ was found to be approximately 43%. Carrying out
the simulation study it was found that the average probability of response in each imputation class
is approximately as in table 3.3. We can see that on average the probabilities of response under the
logistic model are very similar to the estimates obtained in the original sample. We therefore
conclude that the logistic model on average reflects the probabilities of response for each class and
the structure of nonresponse well, since the higher the hourly earnings the lower is the response

rate. (The results reported here refer to the logistic model A3 as described in section 3.3.4.)

Imputation class 1 2 3 4 5 6 7

prob. of response 082 | 071 | 055 | 0.41 | 0.32 | 0.18 | 0.08

Table 3.3: Average probability of response in each imputation class obtained using a logistic

regression model.

3.3.3 Imputation

For imputing the missing values in Y using a form of predictive mean matching a regression

model of the form
In( @)= /95 4+ 20 i (3-23)

is fitted in sample s’ based on respondents only. Initially the same covariates are included as in

model (3.17). Units are allocated to imputation classes based on the predicted values in sample

5(“),

3, = exp(s5), vies. (3-24)
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Hot deck imputation within classes is carried out multiple times with M =10, selecting donors with
. . . . A A
and without replacement. Both imputed point estimators 7. and P,. are calculated and steps

3.3.1-3.3.3 are repeated A =1000 times.

3.3.4 Modelling the Nonresponse in the LFS

Several logistic regression models are fitted in the original LFS sample to model the nonresponse
and to determine the factors that are predictors of the nonresponse. The estimated coefficients are
necessary to define the models generating nonresponse following MAR. In the original sample 14
variables, listed in table 3.4 are found to be significant in determining the nonresponse on the
variable Y. These are variables that predict hourly pay as well as variables that are related to the
response process, such as derived hourly pay, occupation, part-time and full-time, proxy response,
industry section, highest qualification, region etc. It should be noted that derived hourly pay is the
most significant varable followed by occupation. The model, using the derived variable as a
continuous variable and including variables as given in table 3.4, is referred to as model Al
Testing the significance of squared terms it is found that the squared term for the derived hourly
pay variable 1s highly significant such that this term is included in the model, denoted model A2.
In addition, two significant two-way interaction terms with the derived variable are found and

included in the model, denoted model A3. The table of coefficients for model A3 is given in the

appendix A3.1.

The derived variable is also categorised into 11 categories depending on the range of values. A
logistic regression model is fitted including the derived variable as a categorical vanable and in
addition all other variables given in table 3.4. As before the derived hourly pay variable is the most
significant variable, followed by occupation. This model is referred to as model B. A third model is
firted including all variables as in model A1 apart from the variable derived hourly pay, despite the

fact it 1s the most significant variable. This model is called model C.
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Name of Varnable Abbreviation Continuous/
by ONS Categorical

Ln of derived hourly pay=1In(X) | LHE continuous
Major occupation group SOCcat 9 categories
Part-time PT 2 categories
Paid less than weekly LTWK 2 categories
Length of time cont. employed EMPMON(cat 4 categories
Additions to basic pay ADDTBP 2 categories
Proxy response PROXY 3 categories
Head of household HOH 2 categories
Last pay same as usual USGRS 2 categories
Sex FEMALE 2 categories
No. of employees at workplace SIZE 2 categories
Highest qualification Qcat 6 categories
Industry sector INDcat 9 categories
Region REGcat 12 categories

Table 3.4: Variables employed in logistic regression model Al.

3.3.5 Performance and Evaluation

To evaluate the performances of the two point estimators the values for B, the proportion of low
paid employees in the population, and 7, the proportion of employees earning between the
NMW and £5 in the population, are necessary. The values for P, and P, are derived using the

average of P and P obtained based on the complete variable Y™ over the A4 =1000

samples, Le.

A
P =% P, (3.25)

a=1

where g=1, 2. The values found for P, and P,, using a fixed number generator for the iterations,

were found to be P, =0.056 and P, =0.185. Alternatively, it is possible to generate a population by
creating a very large Bootstrap sample, generating the complete variable ¥ in this population, and
to obtain the values for P, and P, directly. This possibility was also explored and it was found that

1

the results for the point estimators under this method are very similar to those using (3.25). To
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assess the performances of both point estimators the bias and the relative bias are calculated. The

estimators are denoted [31 and P2 respectively.
i.) Estimated Bias of the Point Estimator

Bits(B) = E.(P) -P =A%ilﬁ.<ﬂ> P, (3.26)
where E_ is the average over all replications of the simulation.

ii.) Estimated Relative Bias of the Point Estimator

RB(P) =100 -E-S-@Pl—"—]) . (3.27)

iii.) Standard Error of the Bias Estimator

=WV /J4, (3.28)

A _« 7 1 A A
. P(a) 2 _ .(a)
where IV = 1 § and P = }:1 P

a=1

3.3.6 Simulation Results for the Point Estimator

Table 3.5 and 3.6 present the results for (estimated) bias and relative bias of the two point
estimators under hot deck imputation within classes where donors are selected with and without
replacement respectively. The biases of both point estimators based on M =10 imputed values are
small with under 2% for almost all cases. Only under uniform nonresponse is the bias for both
point estimators non-significant for selecting donors with and without replacement. In all other
cases the bias is significant, however, it is very small. Under MAR nonresponse the bias varies
between 0.5% and 2% depending on the model chosen to generate the nonresponse. We conclude
that there is an indication of bias using the hot deck imputation method within classes. This might
be related to the choice and width of the imputation classes. However, the bias seems to be very
small. The performance of the point estimator P. when imputation without replacement is used is

very similar to selecting donors with replacement.
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Nonresponse Bias of 15] Rel. Bias of | Bjas of 132 ] Rel. Bias of
Mechanism 13] ) 13! )
uniform 0.73*10* 0.13 % 2.59%10" 0.13 %
(0.84+10°) (1.4%10°)

uniform within -5.87*10™ -1.04 % 11.7*10° 0.63 %

classes (0.83*10°%) (1.2*10%

MAR Model AT) | 10.92%10° 193 % 1.8%10° 10%
(075410 (1.3*10%)

MAR Model A2) | 2.69%10° 047 % 25.3%10" 139 %
(0.69%10°)" (1.5%10%)°

MAR (Model A3) 2.80%10" 0.49 % 26.2*10* 141 %
(0.68*10°%) (1.5%107)’

MAR (Model B) ~6.5%10" “1.16 % 37.3%10° 201 %
(0.68#10%)° (1.6%10%)°

MAR (Model O 2.2%10° 039 % 25.3%10° 135 %
(0.69*10°)’ (1.4%10°%)°

Table 3.5: Simulation results for the point estimators P. and Z,. under hot deck imputation
within classes selecting donors with replacement. The standard error of the bias is given In

brackets. (A star () indicates that the bias is significantly different from zero on a 95% significance

level.)
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- Nonresponse Bias of 1;“; .| Relative Bias | Biss of ]32 ) Rel. Bias of
Mechanism of ]31 132
uniform 1.70%10* 031% -9.8%107 -0.05 %
(083*10%) (1.5%10°

uniform within -4.8%10" -0.85 % 8.9%10* 0.48 %

classes (0.82*10°%)" (1.2*10%°

MAR (Model A1) 12.12*10* 2.15 % 18.1*10* 0.98 %
(0.77#10°%) (1.2%10°%

MAR (Model A2) 2.04%10" 0.36 % 25.3*10" 1.34 %
(0.70%10%)’ (1.210%)’

MAR (Model A3) 2.54*10* 045 % 28.1*%107 1.55 %
(0.69*10%)" (1.2%10°%)"

MAR (Model B) -7.7%10" -1.36 % 37.2*10* 1.97 %
(0.71%10%’ (1.2%107)

MAR (Model O) 247107 044 % 25.1%10° 133 %
(0.68%10°%)° (1.3*10%)’

Table 3.6: Simulation results for point estimators ]31 and ]32 under hot deck imputation within

classes selecting donors without replacement. (A star () indicates that the bias is significantly

different from zero on a 95% significance level.)

3.4 Evaluation under Alternative Assumptions

When evaluating imputation methods it is of interest to investigate the robustness against model
misspecification. In the following the use of different imputation models and the impact of
different choices of imputation classes are investigated. In addition, hot deck imputation within
classes is applied under different specifications of the imputation method. More on the analysis of

underlying assumptions and alternative specifications of predictive mean matching imputation,
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such as the number of repeated imputations, stochastic and deterministic imputations, can be
found in chapter 5. In chapter 6 the imputation method is analysed under a nonignorable

nonresponse mechanism which reflects departure from the assumption of MAR.

3.4.1 Sensitivity Analysis of Misspecification of the Imputation Model

When using imputation methods based on an imputation model it is of interest to analyse the
impact of different specifications of the model. Parametric methods, such as random or
deterministic regression imputation, can be affected by model misspecification, whereas semi- or
nonparametric methods, such as random hot deck and nearest neighbour imputation, are much
less prone to violations of the underlying model (Schenker and Taylor, 1996; Chen and Shao,
2000). In the following the previously described simulation study is used to assess the impact of
different regression models in the impuration process. For each sample s the variable In(Y) is
generated according to model (3.17), based on the variables specified in section 2.2.4. The
imputation is carried out based on different linear regression models to investigate the robustness
against departure of the model that underlies the data. Three different nonresponse mechanisms
are used, uniform, uniform within classes and MAR nonresponse based on model A3. For

simplicity we only analyse effects on estimator P..

The results are presented in tables 3.7-3.9. A star (¥) indicates that the bias is significantly different
from zero on a 95% significance level. As expected, under uniform nonresponse the imputation
method is robust against model misspecification and apart from one case no significant bias is
found. For uniform within classes and MAR nonresponse, imputation models that only include
In(X), In(X)+1In(X)* or all main effects but exclude In(X) show a non-negligible effect on
the bias of the estimator with a significant relative bias between 7% and 15%. Overall the effect in
the case of MAR nonresponse seems stronger with larger biases under misspecification. A high
relative bias of 15% was found for the model including significant variables apart from In(X)
under uniform within classes nonresponse. All models including In(X) and at least some of the
other significant variables, with or without non-linear terms, perform well with nonsignificant or
negligible bias under all response mechanisms. This result might be expected since the derived

variable is highly significant in predicting hourly pay. However, this variable on its own is not
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necessarily sufficient and additional variables are needed to improve the predictive power of the

imputation model.

We can conclude that the variable In(X) seems to be important for the performance of the
imputation method under the conditions considered here. Excluding this variable has a non-
negligible impact on the bias of the point estimator. The imputation method is sensitive to violent
model misspecification, which have a negative impact on the performance of the point estimator
but seems robust against minor model misspecification. Very good results are obtained for all
models that include the variable In(X) and at least some of the other significant explanatory
variables, with or without nonlinear terms and interactions. Careful modelling of the imputation

model seems therefore important for the performance of the imputation method.

Under uniform nonresponse:

| Explanatory Variables used in Bias of 13] . Rel. Bias of
Imputation Model P.

In(X) 1.6¥107 (2.8%107) 029 %

In(X)+ In(X)? 1.1*10* (8.9%107) 0.19 %

all main effects apart from In(X) 1.3*10% (8.6%107) 023 %
simpler model including In(X)" 1.2710" (8.1%107) 0.22 %

all main effects including In(X') but no 1.1¥10" (8.4*10°) 0.19 %
nonlinear terms and no interactions

all main effects, nonlinear terms and 0.7*10* (8.4%107) 0.13 %
interactions

Table 3.7: Bias and relative bias of the point estimator ]3I for different imputation models under

hot deck imputation within classes, selecting donors with replacement, under uniform

nonresponse.
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Under uniform within classes nonresponse:

Explanatory Variables used in

Bias of 131

Rel. Bias of

A

| interactions

Imputation Model P.

In(X) 417107 (147107 733 %
In(X) + In(X)? 43107 (157107 775 %
all main effects apart from In(X) 8.6107 (2.8%107) 15.21 %
simpler model including In(X) 1.1%107 (0.7*10°%) 2.05 %
all main effects including In(X) but no 0.3*107 (07107 0.59 %
nonlinear terms and no interactions

all main effects, nonlinear terms and 0.3*10” (0.7%10°%) 0.49 %

Table 3.8: Bias and relative bias of the point estimator B,. for different imputation models under

hot deck imputation within classes, selecting donors with replacement, under uniform within

classes nonresponse.

Under MAR nonresponse:
Explanatory Variables used in Bias of P. Rel. Bias of
Imputation Model P.

In(X) 0.6%10° 2.1710°7) 10.68 %
In(X)+In(X)? 0.6%107 (2.1%10°%) 10.68 %
all main effects apart from In(X) 5.1%10° (1.7°107) 9.10 %
simpler model including In(X) 1.7%107 (0.9%10%" 3.03 %
all main effects including In(X') but no 0.1#10” (0.7107) 0.21%
nonlinear terms and no interactions

all main effects, nonlinear terms and 0.3%107 (0.7%10°%)" 049 %

Interactions

Table 3.9: Bias and relative bias of the point estimator ]31 for different imputation models under

hot deck imputation within classes, selecting donors with replacement, under MAR nonresponse.

' The simpler model includes: In(X'), In(X )2 , major occupation group (SOCcat), qualification (Qcat), AGE,

AGE?, industry section (INCcat), regions (REGcat) and gender)
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3.4.2 Robustness Against the Choice of Imputation Classes

A potential drawback of the hot deck imputation within classes is the choice of imputation classes.
The classes are defined by the range of the predicted values of the linear regression model.
However, the borders are effectively chosen arbitrarily. There is some grounds to believe that the
estimator P. may depend on the choice of imputation classes. In particular, this is of interest,
since the level of the NMW increases over time and this level might move towards a boundary of a
class. Since the imputation is carried out within classes this could affect the estimation of the
parameter of interest. Changing the boundaries of the imputation classes with each increase of the
NMW, such that the level of the NMW is well covered by one of the classes, may affect
comparability of the estimates for different quarters of the LFS. In the following the effect of
imputation classes is analysed using a simulation study, as described in section 3.3. For simplicity
only 22 + year olds are taken into account. The boundaries of the response and imputation classes

are held fixed. The effect of different levels of the NMW, denoted ¢, are investigated, where

a.) r=1n(£4.00)=1.38, such that # is close to the upper boundary of the first class,
b.) r=In(£4.10)=1.41, such that z is close to the lower boundary of the second class and

c) t=1In(£4.95)=1.59, such that ¢ is close to the upper boundary of the second class.
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Level of Nonresponse | Bias of 13] Rel. Bias | Bjas of 132 .| Rel. Bias
NMW Mechanism of B. of P,.
r=1n(£4.00) | unif. in classes 9.2*+10" 0.93 % 4.9%10" 0.34 %
(0.93*10%" (1.1%10%
MAR 12.1*10* 1.30 % 15.2*10" 1.04 %
(Model A3) (0.97*10%)" (1.2%107
t=1n(£4.10) | unif. in classes 4.5%10" 0.40 % 9.0%10* 0.69 %
(0.95%10%) (1.1*10%
MAR 9.7*10™ 0.86 % 18.2*10* 142 %
(Model A3) (0.94*10% (1.2%10%°
t=In(£4.95) | unif. in classes 17.2*10* 0.73 % NA NA
(1.3%10%)
MAR 31.0%10* 1.35 % NA NA
(Model A3) (1.6710%)’

Table 3.10: Bias and relative bias of ]31 and ]32 under uniform within classes and MAR

nonresponse using different levels of the NMW;, selecting donors with replacement.

Table 3.10 presents bias and relative bias of ]31 and ]32 under uniform within classes and MAR
nonresponse using different levels of the NMW. We can see that all results are significantly biased.
However, the (estimated) bias is small and the relative bias for both point estimators are well
below 2%. In the case of MAR nonresponse the relative bias is with 1.30%, 0.86% and 1.35%
higher for all three levels of ¢ than for the original level of the NMW, where ¢=In(£3.60), with a
relative bias of 049%. Also for uniform within classes nonresponse the relative bias for
t=In(£4.00) is with 0.93% higher than for the original level of ¢. Calculating the 95% confidence
intervals for the bias of ]31 it was found that the intervals for all three levels of ¢ were further away
from zero and non-overlapping with the interval for t=In(£3.60) in the case of MAR nonresponse.
This result gives an indication that certain specifications of the imputation classes might lead to a

(small) increase in the bias of the point estimators.
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Another possibility to assess the impact of the choice of imputation classes on the estimator is to
define the boundaries of the imputation classes differently, resulting in an increase or a decrease of
the total number of imputation classes. We analysed the effects on the estimators by narrowing the
width of the imputation classes. Instead of 7 we defined 28 imputation classes. The results for the
bias and relative bias under 28 classes are presented in table 3.11. All biases are significant. The
results are found to be very similar to the results when using 7 classes, as given in table 3.5. An
analysis where the boundaries of the response and imputation classes under uniform within classes

nonresponse are defined differently was not carried out.

Nonresponse | Bias of p. | Rel. Bias | s of P, Rel. Bias
Mechanism of 151 ) of 152 i
unif. in classes -6.01%10"* -1.22 % 10.1*10* 052 %
(0.81*10%)’ (1.3%10%
MAR 2.41*10* 0.41 % 28.1%10™* 1.65 %
(0.68*10%)’ (1.2%10

Table 3.11: Bias and relative bias of P. and P. under uniform within classes and MAR

nonresponse using 28 imputation classes.

In summary, the results suggest that the hot deck imputation method within classes seems to be
reasonably robust against different specifications of the imputation classes. An indication is found
that the method might be sensitive to an increase in the level of the NMW. An increase of the
level of the NMW and therefore a shift of this threshold towards a boundary of an imputation
class may cause an increase in the bias of the point estimator. However, the effect is expected to

be small.

3.4.3 Analysis of the Effects of Different Specifications of the Imputation Method
Applied to LFS Data

The described hot deck imputation method has been implemented by ONS. In this section the

method as used by ONS in practice, in addition to using various alternative specifications, are

93



Chapter 3: Evaluation of Hot Deck Impuration Within Classes

applied to LFS data. The aim is to assess the robustness of the proposed method under different

specifications, such as the use of different imputation models.

The covariates in the imputation model used by ONS include the derived variable, occupation,
qualification, industry, region and other variables” The model initially did not include squared
terms or interactions. In total 16 imputation classes were used, each 50 pence wide, with the top
class containing employees earning £15 per hour or more. Employees in the group of
professionals and associate profeséionals were treated separately in the imputation process, since
they showed a different behaviour in the residuals obtained from the imputation model. Therefore
donor values for a nonrespondent belonging to this group also had to be chosen from this group.
Donor values were selected without replacement to avoid using donors disproportionately often
and to minimise the variance inflation effect in the presence of imputation. In addition, it was
decided to exclude outliers from the imputation process such that outlying cases would not have
an influencing effect on the imputed estimates. Outliers were defined as those cases where the

residual ¢, =In(y,)—1In(),,;) fell outside the 1% or 99" percentile of the distribution of the

residuals. These cases were excluded from the set of potential donors.

Table 3.12 presents the estimates for ]31 and ]32 under the hot deck imputation method as carried

out by ONS under the above specifications. In the following different specifications of the
method and possible effects on the resulting estimates are discussed keeping all other
specifications fixed. As can be seen from table 3.12 there is an indication that different imputation
models can have an effect on the estimates, using for comparison a more detailed imputation
model including squared terms, interactions and a greater number of variables, such as variables
related to work pattern and payment methods, and a simpler model based on a much smaller
number of variables and excluding nonlinear terms.” With increasing complexity of the imputation
model a reduction in the estimates for both point estimators is observed. This might reflect a

possible departure from the MAR assumption for simpler imputation models. Treating the group

? The variables included in the ONS imputation model are:

In(derived), whether or not part time, occupation, head of household, married, qualifications, pay period less than
weekly, months continuously employed, size of workplace, industry section and region.

3 The variables included in the more detailed model are: all variables as before plus gender (female), age, age square.d,
two youth indicator variables, temporary work, ever worked overtime, pay period less than monthly, whether additions
to basic pay, whether last pay same as usual. The variable head of household was dropped.

The variables included in the simpler model are: In(derived), age, gender, industry sector, paid less than weekly, part-

time, qualifications and major occupation group.
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of professional and associate professionals differently in the imputation process had little impact.
A different specification of the width of the imputation classes, using classes that are only 25
pence wide, which increased the total number of classes, did not seem to have a great impact on
the overall estimates. This coincides with the findings in section 3.4.2. Sampling donors with
replacement instead of without replacement did not affect the estimates. The exclusion of outliers,
however, showed an effect on the estimates leading to a reduction in the proportion of low paid
employees, since cases were excluded with large negative residuals such that the observed value for
Y was small. We conclude that the use of different imputation models as well as the treatment of
outliers can have an effect on the overall estimates, whereas the hot deck imputation method
seems to be robust against all other specifications discussed here. Note that all estimates reported
here are based on a stochastic imputation method and that a repetition of the method under the

same specifications can lead to slight variations in the results.

Imputation Method 151 13; )
(weighted) (weighted)

Hot deck imputation within classes under 1.53 2740
specifications as carried out by ONS

Modifications to Method

More detailed imputation model 1.31 26.37
Simpler imputation model 1.60 27 41
Professionals not treated separately 1.51 27.09
25p bands 1.51 2731
With replacement 1.52 27.44
Outliers not excluded 2.00 28.79

Table 3.12: Estimates for both point estimators [31 and ]32 (weighted) under hot deck
imputation method within classes as carried out by ONS and under modifications of the method

for age group 18 +, June- August 1999.
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3.5 Conclusion

This chapter evaluated hot deck imputation within classes with respect to the point estimator of
interest. The properties of the imputation method were analysed both theoretically and
empirically. It was shown that under certain conditions the point estimator is approximately
unbiased, both unweighted and weighted, assuming fixed survey weights. A simulation study based
on LFS data was carried out to evaluate the imputation method empirically. Under the conditions
of the simulation study both point estimators investigated were found to be approximately
unbiased. The imputation method was also analysed under misspecification of the imputation
model. It was found that the method is robust to minor model misspecification, however, sensitive
to violent misspecification. There are some grounds to believe that the performance of the hot
deck method may depend on the choice of classes. In particular, if the imputation classes do not
correspond to the response classes in the population bias may be introduced. An increase in the
bias was observed for some misspecifications, however, in the investigations carried out here the
bias was found to be small. In chapters 5 and 6 further investigation of the impact of different

choices of imputation classes is carried out.
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Chapter 4

Vanance and Variance E stimation for

Hot Deck Imputation Within Classes

Valid variance estimation procedures for point estimators that are based on imputed values are
needed since standard variance formulae are invalid when imputation has been used. Applying a
naive variance formula could lead to considerable underestimation of the true varnance. One
approach of solving this problem has been proposed by Rubin (1987) using proper multiple
imputation (MI) in a Bayesian framework (see chapter 1). However, particularly in governmental
and statistical agencies, imputation methods other than proper multiple imputation are commonly
used, such as hot deck or regression imputation. Therefore, there is a need to develop valid

variance estimation in the presence of such imputation methods.

The aim is to derive a valid variance estimator for the hot deck procedure described in chapters 2
and 3. Section 4.1 gives an overview over possible approaches, including a two-phase approach, a
model-assisted approach and replication methods. In section 4.2 variance estimation for the hot
deck imputation method not taking into account LFS survey weights is developed. In section 4.3
weighting Is taken into account. To evaluate the performances of several variance estimators a
simulation study is carried out, described in section 4.4. In section 4.5 a proper MI method is
implemented based on the approximate Bayesian Bootstrap. The performance of Rubin’s MI

formula 1s investigated under this approach. For simplicity stratification is not taken into account.

97



Chapter 4: Variance and Varance Estimation for Hot Deck Imputation Within Classes

Stratification has been addressed for example in Chen and Shao (2001) and Rao and Shao (1992).
Also clustering of employees into households is not taken into account. If clustering were
considered the imputation method may need to be carried out within clusters. Some concluding

remarks are given in section 4.6.

4.1 Variance and Variance Estimation in the Presence of Imputation

This section briefly reviews different approaches to variance estimation of a point estimator when
single value imputation, in particular hot deck and regression imputation, has been used. The
problem of varance estimation depends on the response mechanism, the imputation method
used, the sampling design and the type of point estimator. Different assumptions about the
response mechanism require different approaches, for example a design based approach without
stating a model or a model-assisted approach. In the following we denote the expectation and the
variance according to the design as £, and var, and according to the response mechanism as £

and varg, using the notation as introduced in chapter 3. Instead of writing E,E,(.[s), We write

Epr()-

4.1.1 Mean Square Error of an Imputed Estimator

In the following we refer to the parameter of interest ¢, which is estimated by § based on sample
data in the case of full response and by 0. in the presence of imputed data using notation as in
chapter 1. The total error of the imputed estimator §. can be divided into sanpling error, 0 — 0, and

imputation error, .—0 , such that
6.—6=(0—0)+(0.—0). (4.3)

We assume that the chosen point estimator 6 is approximately design-unbiased for the parameter
0. In general we may use the mean square error (MSE) as a measure of the quality of the imputed
estimator. The MSE of 4. with respect to D and R is given by (see also Lee, Rancourt and Sirndal,
2000; Deville and Sirndal, 1994)

A

MSE g (0) = E p (6.~ 6)°) =E i (6.~ 6) + (6 — 0))?)
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A

= Epp(0=6)')+ Epg (0.~ 0)* +2(0.— 0)(0 - 6))

A A

— var,(6) + E yvary(0.| s) + E , (Ex (6.] 5)— 6)) +2cov , (6, Ex (6.] ) —6)

V. + V., +E, (B +2cov,(6,B), 4.2)

sam

i

where B, =E;(0.]s)—6 is the conditional bias, V. is the standard variance according to the
sampling design and V, =F var,(f.|s) is the variance caused by nonresponse followed by
imputation, which also takes into account variation of the number of respondents. Lee, Rancourt

and Sirndal (2000) denote
V. =var, (6A ) (4.3)

as the conditional variance. The term V, +E ,(B?) +2covD(¢9A, B.) measures the increase in the
MSE caused by imputation due to nonresponse in the sample. The term E ,(B’) +2cov D(OA, B)
represents the bias of g , where in particular E,(B’) can be large. If we assume that the imputed

estimator 1s unbiased, Le. B, = F, (0A | ) —§ =0, the MSE is equal to the total variance of 0.

MSE () =V, =V, +V,. (4.4)

Sam

We see that the total variance consists of two components, the variance according to sampling and
the variance caused by nonresponse followed by imputation. When estimating the variance in the
presence of imputation it can be useful to estimate these two components separately (Deville and
Sirndal, 1994; Lee, Rancourt and Sirndal, 2000). Note that it is possible to incorporate explicitly a

term for the variability due to random imputation. This will be done in sections 4.2 and 4.3.

In the following section we consider different approaches to variance estimation, in particular
differences between design-based (section 4.1.2) and model-assisted approaches (section 4.1.3).
Each method is based on certain assumptions about the nonresponse mechanism. Alternative

methods are jackknife and bootstrap estimation, which are described in section 4.1.4.
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4,1.2 Variance Estimation Using a Two Phase Method

The joint distribution DR may be viewed as two-phase sampling, where in the first phase the
sample is selected according to D and in the second phase the respondent set is selected from the
first phase sample according to R. In order to proceed we need to make assumptions about the
response mechanism R, which is usually unknown. A common approach is to assume either
uniform response or uniform response within classes. This method has a natural design-based
interpretation and has been shown to be robust to the misspecification of the imputation model
(Lee, Rancourt and Sirndal, 1994; Rao and Sitter, 1995; Shao and Steel, 1999). We again assume
that 4. is approximately design unbiased for 6. Using (4.4) we aim to find (approximately)
and V,_, such that

unbiased estimators of V.

Samt

EDR (I/A.wn) = me and ‘EDR (I/Am): VYE . (45)
The latter condition holds if we find an (approximately) unbiased estimator of V, _, the

conditional variance defined in (4.3), such that £ R(VA’M) =V __ =var (éld‘) for all samples s. It

follows

V=V +V. (4.6)

such that E DR(VAW) =V, . The advantage of this approach is that 1t only requires two
distributions, the sampling design and the response mechanism. However, this method relies on
the assumptions of the response mechanism. If the assumptions made are not true, the varance
estimator is biased. It should be mentioned that under a stochastic imputation method and
assuming a uniform response mechanism within imputation classes, an approximately unbiased
estimator of V,, can usually be found by applying the naive variance estimator on the imputed
data. For the imputation method discussed in chapter 2 and 3 this will be shown in section 4.2.2.
Under deterministic imputation, however, the naive variance estimator often leads to
underestimation of the sampling variance (Kovar and Chen, 1994). Several examples of how to

obtain the estimators I/A'm and I}C . are discussed in Lee, Rancourt and Sirndal (2000).

7

Rao and Shao (1992; see also Oh and Scheuren, 1983) derive an estimator of the total variance for

hot deck imputation assuming simple random sampling and a uniform response mechanism. The
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the imputed sample variance, ie. the naive variance formula treating imputed values as if they were
real values. Since 5. /7 is a biased variance estimator for 3. Rao and Shao (1992) propose a
correct estimator of the variance. The approximately unbiased variance estimator ignoring the

finite population correction is given by

V(3) = [1+ I -2+ 2 42

since the sample of respondents is a simple random sample of size 7, from the population of size

N. Approximate estimators of the two components V' and V, asin (4.5) are

>

2 A 2
n nin

a

N

which together give I/A'm(j/.) in (4.7). Note that in this particular example s.”/7 is an adequate

estimator for V.. Rao and Shao (1992), however, do not extend the formula to uniform within

sam ©

Cl&SS@S nonresponse.

4.1.3 Variance Estimation Using a Model-Assisted Approach

When applying imputation an imputation model is used either implicitly or explicitly. We denote

the imputation model as &, which is in a general context given by
Y=t e, (4.9)

where u, is a row-vector of functions of the covariates W and f is a vector of regression
coefficients, E.(,) =0, E,(¢}) =co°, where ¢, are suitably defined constants and E,(g;¢,) =0 if
i=k and E, denotes the expectation with respect to the model. Many imputation methods
involve the estimation of the parameters in the model from the respondents in the sample. Most
imputation methods can be expressed as a form of regression imputation (Kalton and Kasprzyk,

1986), such that
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3’;’:/”]‘/51‘6‘5]’ ViEeT, (4.10)

where y; is the imputed value for ¥ and ﬂ: is a vector of estimated coefficients based on
respondent data (Simdal, Swensson and Wretman, 1992; Deville and Sarndal, 1994; Lee, Rancourt
and Sirndal, 2000; Rao, 2001). Under a random regression imputation method the residuals £ ; are
selected at random, e.g. following a normal distribution. For deterministic imputation one sets
¢,=0 for all j€7. Hot deck imputation can be expressed in this form by including dummy

auxiliary variables to represent the classes (Lee, Rancourt and Sirndal, 2000).

In this section the model-assisted approach, as defined in Deville and Sirndal (1994), is described.
According to Deville and Sirndal this approach requires that the imputation model given in (4.9) is
stated explicitly and the derivation of a variance formula is based on the model assumptions. Using
this technique, the distribution with respect to the imputation model ¢ in additon to the
distribution with respect to the sampling design and the nonresponse are taken into account. This
method allows to make a weaker assumption about the nonresponse mechanism, namely MAR,
than before in the two-phase sampling approach. The drawback of this method is that it is
sensitive to the imputation model assumptions. This approach will not be used in the further

analysis, however, it 1s described because of its relevance.

In the following MAR nonresponse is assumed. It is also assumed that the estimator 6. is an
approximately #DR -unbiased estimator of 6. This assumption will generally follow if the
imputation model is correct. The expectation and variance referring to the imputation model &

are denoted E. and var, respectively. Let us consider the £DR -variance

vary, (6) = E.E, E, ((6.— 0)") = E,var,, (6.) - (4.11)

Note that

E. var,, (é.) =EV,=EV, +EV,. (4.12)

1ol res

It can be seen that similar to the two phase approach the two components of the total vanance

can be estimated separately. The estimators 1/, and V. must fulfil the following conditions

E;’(EDER(I/A )"me)io and E;’(EDER(I/A )—Vrz()io3 (4'13)

Sam res
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such that E.(E DEK(VA' )=V _)=0. The latter condition in (4.13) reduces to

12 fof

E.(E R(I/A' )=V ,.)=0, where V__ is defined in (4.3). Note that conditions (4.13) are the

¢y & ores

model equivalent conditions to (4.5). It follows as before

(4.14)

We therefore seek estimators of the two components, i.e. we seek I/A'Sam and VAm . Examples of
how to find such approximately unbiased estimators of the two components can be found in
Deville and Sdrndal (1994) and in Lee, Rancourt and Sirndal, (1995 and 2000). Note that the
computed variance component estimates obtained under the model assisted approach are usually

different from the two phase approach (Deville and Sirndal, 1994).

The separate estimation of the variance components is often useful from the survey design point
of view. Both approaches, the two-phase approach and the model-assisted approach, allow this,
whereas methods such as jackknife and bootstrap do not. When choosing an imputation method
the objective should be to minimise the total variance. If the imputation variance makes up a
considerable part of the total variance then the focus should be on reducing this impact by
modifying the imputation method. If a stochastic single value imputation is used multiple times
(improper multiple imputation) with the aim of reducing variability due to imputation then the
single value variance estimator with modification can be applied (Lee, Rancourt and Sirndal, 2000;

Rao, 2001).

4.1.4 Varance Estimation Using Resampling Methods

An alternative way of estimating the variance of an estimator in the presence of imputation is to
use resampling methods such as the bootstrap and the jackknife (Little and Rubin, 2002). These
two approaches, designed to obtain variance estimates without having to derive a closed
expression (Wolter, 1985), will be briefly discussed in the following. Let s be a sample of size 7,
s={i:i,..,n}, of independent observations including missing data. The Bootstrap method
requires the generation of Bootstrap samples s, b=1,..., B each of size n by resampling units by
simple random sampling with replacement from the original unimputed sample s. The imputation

method is carried out in each bootstrap sample s, Let 4.’ be the imputed estimator in
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bootstrap sample 5. Then the bootstrap estimate of @ is the average of the imputed bootstrap

estimates

6.= 6., =

SRS

B A
PINAE (4.15)
b=1

A A
A consistent estimate of the variance of 4. or 6., is

A

1 B A A 2
Viw =57 200 ) (4.16)
b=1

It is important that the imputation method needs to be applied to the bootstrap samples in total B
times and not to the original sample s (Shao and Sitter, 1996). Shao and Sitter (1996) also show the
consistency of the bootstrap variance estimator for commonly used imputation methods and
different types of statistics under complex sample designs. A disadvantage of the method is that it
is computationally intensive. Alternatively, instead of applying the imputation to each replicate, it
is possible to use an adjustment approach to the standard bootstrap adjusting imputed values.
However, the adjustment approach is not suitable for quantile estimation (Lee, Rancourt and
Sirndal, 2000). The approach presented here requires large samples. With smaller samples the
imputation method may need to be modified for the bootstrap samples. (Shao and Sitter, 1996;

Lee, Rancourt and Sarndal, 2000; Little and Rubin, 2002).

The jackknife is similar to the bootstrap but requires the successive dropping of units from the
original sample (Little and Rubin, 2002). Let s be as above. In the classical case with no complex
design the jackknife sample is denoted s of size 71, obtained from sample s by dropping the ith
unit. The imputation procedure is carried out within each jackknife sample. Let 6. be a consistent
estimate of ¢ obtained by imputing the missing values in the original sample s and 6. be the

imputed estimator computed based on the jackknife sample. Then the pseudovalue

A

6. = nf.—(n—1)0.>" (4.17)

J

can be computed and the jackknife point estimator is given by
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A 1 noo_ A A —
b i :ij" = 0.+ (n—1)(6.—5) (4.18)

where §.= -lZé.M . The jackknife estimate of the variance of 6. or 4. 1

i=1

5 1 ~ P n—=1< f0h w2
v = b, —6. V=115 400 gy, 4.19
Jack n(n__l);( i /ao%) n ;(0 ) ( )

which is a consistent estimate of the variance of the imputed point estimator 6. (Little and Rubin,
2002, p. 83). However, this depends on the type of imputation. The approach is valid for
deterministic imputation, however for random imputation the method leads to overestimation of
the variance. Rao and Shao (1992) report that in the case of hot deck imputation the jackknife
method using re-imputation leads to overestimation of the true variance if 7 is large and show thus
result theoretically (see also Lee, Rancourt and Sirndal, 2000). They propose a technique that
adjusts the imputed values to correct the jackknife variance estimator in the case of imputed data.
The imputation is carried out in the original sample 5. The basic principle of the adjustment in
each jackknife sample is that whenever a responding unit is deleted each of the imputed values in
the jackknife sample is adjusted. The imputed values are unchanged if a nonresponding unit is
deleted. The adjustments depend on the expectation with respect to the imputation procedure
applied in the replicate sample (Lee, Rancourt and Sirndal, 2000). Therefore under deterministic
imputation the adjustment method by Rao and Shao (1992) is equivalent to the method discussed
in Little and Rubin (2002). The adjusted jackknife method is design consistent as well as model
unbiased. If 7 is large, blocks of several units can be deleted instead of single units to reduce

computing time.

The jackknife can also be used in the case of a complex sampling design, for example if the sample
s is a stratified cluster sample or a stratified multistage sample with imputed data. Some
adjustments to the imputed values are required in the case of such a complex sampling design,
which are discussed in Rao and Shao (1992) and Kovar and Chen (1994). Rao and Shao (1992) and
Kovar and Chen (1994) discuss adjustments necessary for the case of hot deck imputation within

classes under the assumption of uniform nonresponse within classes. Rao (1996) provides a
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comprehensive account of the jackknife approach with adjustment. Rao and Sitter (1995) develop
a linearized jackknife variance formula. Skinner and Rao (1993) present jackknife variance
estimation for multivariate statistics under hot deck imputation. It should be noted that the
jackknife cannot be applied to the case where the imputed estimator §. is nonsmooth, for example
in the case of estimating quantiles and proportions (Shao and W, 1989; Shao and Sitter, 1996)

and 1s therefore not appropriate for the application considered here.

Both the bootstrap method and the jackknife method are computer intensive, particularly if
properties of the resulting estimators are analysed in a simulation study. Another disadvantage of
the two methods is that no variance estimator in closed form is available. The variance formulae
(4.16) and (4.19) do not allow for a separate breakdown into several variance components such as
V... and V. For these reasons, jackknife and bootstrap methods are not used to obtain an

sam

. . . . I
estimate of the variance of the point estimator P..

4.2 Variance and Variance Estimation for Hot Deck Imputation Within
Classes not Taking into Account LFS Weights

In this section we derive a formula for the variance of the estimator of interest ]3., defined 1n
section 2.2.5, as well as an approximately unbiased estimator of this formula taking into account
imputation (/), response (R) and sampling varability (D) using a design-based approach (or
three-phase approach) similarly to section 4.1.2. Initially, the complex weighting scheme of the
LFS is not taken into account. The response mechanism is assumed to be uniform within classes
and we consider selecting donors with replacement. In addition, we investigate variance estimation
using Rubin’s multiple imputation formula. This formula is designed for proper multiple
imputation, however, and we find that this approach underestimates the variance for the improper
imputation procedure. We therefore correct for this bias and develop an approximately unbiased
modification of Rubin’s estimator. The required framework and necessary definitions for the
following results are given in section 3.1. Similarly to before, the notation vary,, refers to the

variance that takes into account imputation, response and sampling variability. Note that if there is
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no nonresponse, all formulae derived here reduce to the standard variance formulae valid for full

response.

4.2.1 Varance of the Estimator P.

In this section we give a formula for the variance of P. under the assumption of iid observations.
We show that the total variance can be divided into three components according to the variance

due to imputation, response and sampling, such that

Vi =Vt Vi + Vs (4.20)

Sam

where the components are defined as

V. = var,, (13) , V., =var, £y (]3) s Vi = Epp vary, (]3) and V= Evar, E,(]s.). (4.21)
The finite population correction (N —7)/ N is ignored assuming N the size of the population to
be infinite. Also the difference between £ and ,SA , which determine the imputation classes, is
ignored for large samples. In the following we will use Taylor approximations as described n
equation (3.14). In the context used here, the Taylor series approximation requires 7, , the number

of respondents in B,, and 7, , the number of units in B,, to be reasonably large for all £.

Result 4.1

Under the assumptions of (i) equal probability sampling, (i) uniform nonresponse within classes,
(1i1) 72,, the number of respondents in class B,, and 7, , the number of units in class B, , are large
for all &, and (iv) the unweighted estimator P. is obtained under the imputation method described
in section 2.2.3 selecting donors by simple random sampling with replacement,

the variance of 2., taking into account imputation and sampling variability and the nonresponse
mechanism ignoring the finite population correction, is approximately given by

P(1~P)

7

1 _ _ 1 N 1 N
— - nsnl U Sl 1— —1)(1- s
o o N (17) | 3 (1= m) (= )+ (= D)

Varyyprr (P)= =
/Lk

(4.22)
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where 7, =N, 5, Z 15 the proportion of low paid employees in imputation class By in the
population, N, the number of employees in imputation class B,, in the population and 7, the

probability of response in class B, .

Proof

The proof is given in the appendix A4.1.

As shown in this proof the total variance consists of three components

Var(l)DR] (13') - Vtol - I/'sam + Viﬂp + V'rev (423)
of the form
v,,=20=P) (4.24)
7
.1 - - N
I S -7 Y1— — 4.25
pr MnN ;Nkzl]k(l ZIJ/E)(I ”k)[]‘ N}cnj[k} and ( )
1 - - 1 N
V= — S| N A 4.26
- nN;NkZUk(l ZUk){ﬂk 1][1 ”N/e] (4.26)
Corollary 4.2
Under the approximations that N]\7]7.7z and 2 are small, the variance of P. in result 4.1 reduces
R b
to
5y = P=P) 1 NG 1
var,, oo (P.) = +-—> N 1- —(1-z,)+(——1
(2)DRI ” N 2}; eZue (12, M( e) (7% )
P(1-P 1 - = 1
- HoD e S Na-m) - m) G+ D) 42)
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It follows that the total variance approximately consists of three components

Var(z)DR] (]3') = th = Vsam + Vinp + V,g (4.28)

where
V,,=20=2) (4.29)

) 7

.1 _ _

Vi :mzk:Nk%ka’zuk)(l—”k) and (4.30)
v i“LZN 7y (1= 7 L) (4.31)

=N 4 x4 % Z,

We can see that IV, is the standard variance formula of a proportion. Both V,, and V,  depend

on the response rates 7z, , £ = 1,...,K . Investigating the order of the three components we see that

V., = O(%) s Vip = O(ML) and V= O(l) If M is regarded as fixed the order of V,  reduces
n n

san

oV, = O(%) . For a given sample size zand if M tends to infinity V,  tends to zero.

4.2.2 Variance Estimation

When estimating the total variance VV,, we need to estimate the three components, such that:
V :12 +V. V. (4.32)

In the following we derive an approximately unbiased estimator of the variance expression given

1n result 4.1.

Result 4.3

Under the assumptions of (i) equal probability sampling, (i) uniform nonresponse within classes,
(ii1) 72, the number of respondents in class B, , and 7, , the number of units in class B, , are large
for all &, and (iv) the unweighted estimator P. is obtained under the imputation method described

in section 2.2.3 selecting donors by simple random sampling with replacement,
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an approximately unbiased estimator of var e (P.) is

A A P 1“‘P 1 - _ 1 A 1 1 1
Var(I)DR!(P'): E’l*l ) + __1) zk:nlaz'sk(]‘_z':k) [ﬁ(lnﬂk)(l_;ﬂ;)—*_(zk )(1_“’]:)
1 1 1 1 RIE
=14 (1= 7)) (1= )+ (m — D(1—— 433
-Lie La-sda-Dye o >J] 439)
where Z., ——Zz and Z., —Zz
kzeBk

Proof

The proof of result 4.3 is given in the appendix A4.2.

We now use some approximations to find a simplifiéd formula for var,, (13)

Corollary 4.4

An approximately unbiased estimator of var,, DR,(]3 ), assuming that 1/7, and 1/, are small, is

given by the following formula:

. D(1-P. 1 I I T 1
vl (P) = PO 4L Sz, (-2, |- )+ (-

- P'S:IP') +n(n1_ § (=7 (1 A +é) (4.34)

0

Recall that the total variance is made up of three components and that the estimation of this total

variance requires the (approximate) estimation of each component, Le.

Ve =Vt Vo + V. (4.35)

Aan
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We are now able to state simple approximately unbiased estimators of the three varance

components, assuming that 1/#, and 1/7, are small,

R ) 4.36)

“ n—1

5 1 — - A

Vl-”p :m ;sz.jk(l— Z.Sk) (1—7Zk) (437)
o= nZ,(1-7.,) (o —1). .
Vns - ﬂ(?’l—l) ; (3 'sk(]‘ :k) (7:'\k 1) (4 38)

It should be noted that Vs the standard sampling variance estimator for full response treating

the imputed data as real. Also, it can be shown that the formulae (4.36)-(4.38) lead to the variance
formula proposed by Rao and Shao (1992) given in (4.8) in the case of hot deck imputation under
uniform nonresponse, le. assuming one class B,, and single imputation, M=1, where s2/n
reduces to ]3.(1—]3.)/ n 1n the case of a proportion instead of a mean. To show that the two

variance estimation formulae are approximately equal note that 7z, =#,/#,, Z., = P. if only one

class such that £=1, and I/A'm in (4.8) includes both the components (4.37) and (4.38).

In the following it is of interest to consider the importance of the three variance components on

. A . * . e
the total variance V, . Investigating the order in probability of the three components we see that

A

Ven = O],(%), I}b,p = Op(j/[l,;) and I/A'm = Op(ni). If M is regarded as fixed the order of VAW

reduces to VA'W = Op(?%). For a given sample size 7 the size of T/A'mp depends on the number of
imputations used in the imputation process and if 4/ tends to infinity V= tends to zero. We can
see that the component VA'M dominates the total variance if 7 < 7, ie. if the ratio 7, = (n,/#,)
is small. If 7, =(n,/n,) is large ch is of the same order as VA'M. Note that no other
assumptions about 7, =#,/n, are made than n, =n, +n, and therefore 7, <. As an
example we compare the three components for two different quarters of the LFS using the
formula of var,,,, ([3) (table 4.1). For M=10 I/A'i”p is the smallest part of the total variance when
applying the formula to several quarters of the LFS. Both of the two components V,, and V
account for a large part of the variance, where V' is larger the lower the probability of response

is. Note that for quarter September-November 1999 I/A'M makes up the largest part of the total
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variance, whereas for quarter March-May 2000 VA is smaller than an since the probability of
response is greater for the quarter March-May 2000. The part of the variance caused by random

A
imputation V,  is with 2% of the total variance very small.

September-November 1999 March-May 2000

75.51*10% (40%) 59.80%10° (69%)
o 2.95%10° (2%) 1.41%10° (2%)

Vv 108.11%10°* (58%) 25.35*10° (29%)

Table 4.1: Estimated variance components for two quarters of the LFS, September-November
1999 with a response rate of 25% and March-May 2000 with a response rate of 43%, for estimator

A . . . A
P,.. The percentages indicate the percentages of the total variance V.

4.2.3 Multiple Imputation Variance Estimator

In this section we compare the performance of the multiple imputation estimator proposed by
Rubin (1987) with the variance estimation formulae derived above. Using the notation in section

1.4.5 in the case of proper multiple imputation

R - S 1 P, (1-P.)

G=—> var (P )=— Poll=P) 4o, the within-imputation varance, (4.39)
M m=1 M —1 n— 1

b=L5ni - LSYB, . and (440)
M — M — m

A 1 M A A

B. = —12(P.m —P.)’ for the between-imputation variance. (4.41)

L=t

Sy . . . A 1.4 . .
It follows that the multiple imputation variance estimator, 7. =G.+ (1+—A:[—)B., is given by
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A A 1 M ]3 1'—]3 M A 5
vary, (P) = —Z’"—lﬂ)- F(1+ ) 2SN (B. —BY . (4.42)

Note that this variance estimator is based upon the assumption of proper multiple imputation,
whereas the imputation method used here is based on a hot deck procedure within imputation
classes repeated M times. This multiple imputation method is improper. We are therefore
interested in how this variance estimation designed for proper multiple imputation performs for

the improper multiple imputation method used here.

We now calculate the expectation of this variance estimator taking into account D, R and / and
assuming (i) equal probability sampling, (i) uniform nonresponse within classes, (i) 7,, the
number of respondents in class B,, and 7, , the number of units in class B, , are large for all &,
and (iv) the unweighted estimator P. is obtained under the imputation method described in

section 2.2.3 selecting donors by simple random sampling with replacement. We have

» 1 . Am]‘ ]3 1 1 S 5 5 ’
E prfvary, (P ) =Epw ‘ﬁ; 1 ) +E pry| (14 M)M 1;(])-»;"13-)

= — + (H——Al[) n—zl\]“;Nkzuk 7, ) (1 )

_PU=P) b, M,IY]\,§N@<1‘%)(1‘”%)+W1;N’fz“* —7,)(1-7,), (443)

n n—1

1 - = 1
where b= 3Nt (1= 2 (1= 2 (14 =) =V + Vo

g

and V. denotes the variance V,  for M=1. The complete derivations of E g var,, ([3)) are

inp,M=1

given in appendix A4.3.

Comparing this result to corollary 4.2, where

Var(2>DR1(]3.) = V + V -+ V

sam wp e
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. P(1-P)

n

1 - - 1 = - 1
+MW;NA»Z&(1“Z@%>(1_%) +‘77‘N‘;N,ezw(1“zm)(;k’—1)a

we can see that var,, (P.) approximates the term for V.., verycloselyand represents the term for
V., correctly. However, it does not reflect the term for V', properly. This part of the variance is
underestimated considerably when using the between imputation formula, since 1—r, <z; —1
where 0< 7z, <1 for all . In particular for small 7, V, is underestimated. We can conclude
that in the framework stated above using improper multiple imputation and taking into account
imputation, response and sampling varability the variance estimation using the multiple
imputation formula by Rubin is biased. It underestimates the true variance since it underestimates
V... This is because the draws from the hot deck do not represent the full uncertainty in

estimating the data for purposes of multiple variance estimation (see also Rao, 1996; Fay, 1996).

We now consider correcting for the bias of the multiple imputation variance estimator. It follows
from (8.5) in the appendix that V_ can be estimated by the within imputation vanance
M"IZf;lls.m(l—]S.nz)/(n- 1), since b/(n—1)=1/n"), whereas V_ = (1/n). From (8.6)
in the appendix it follows that V, = can be approximately estimated by the between-imputation

. A . . . . . . .
variance B times a factor depending on the number of multiple imputations A, ie. it can be

estimated by

1 M A Ay
BBy (44)

The component V_ is not estimated correctly by var,,, (]3) such that this component is estimated
by I}m given in (4.38). Since the multiple imputation formula by Rubin does not capture the full
response variability but reflects the sampling and the imputation variance correctly, we can use the
following modification to Rubin’s formula to obtain an approximately unbiased formula for the

framework used here.

Result 4.5

Under the assumptions of (i) equal probability sampling, (i) uniform nonresponse within classes,

(iii) 7, the number of respondents in class B,, and 7, , the number of units in class B, , are large
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for all £, and (iv) the unweighted estimator P. is obtained under the imputation method described
in section 2.2.3 selecting donors by simple random sampling with replacement, a simplified
approximately unbiased estimator for vary,( 13) is given by the following formula taking into

account a modification of Rubin’s rule:

I\ 1 M ml 13 > 1 M A Ay
var], (P M; — +M(M—1);<P"”“P')

1 = = 1
+ ;nkz’sk(l—z‘xk)(’\ _1)

A1)

— 1 2 A
=G +=B+V 4.45
Y (149
where ., = -—1~§:‘z‘.5km = iiiZz.m .
M =1 M m=t T i€ B,

4

However, since this modification of the mulriple imputation formula include calculations for each
impurtation class the modification does not gain much for practical applications. We therefore still

A
recommend var, ., (P.) for practical use.

4.3 Variance and Variance Estimation Allowing For Fixed Survey Weights

In the following section we derive a valid vanance formula for the estimator P. and give an
approximately unbiased estimator of this variance taking into account the complex weighting
scheme of the LFS allowing for fixed weights as in section 3.2. The required framework and
necessary definitions for the following results are given in sections 3.1 and 3.2. Note that all
formulae derived here reduce to the simpler case described in section 4.2 when the weights are

constant.

In addition, we define for the weights:
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G =N S w, @ =Y,

icBuy E W jes
€5

1
b ==Y, & = o (4:46)
W ieB, Z W ieBy,
i€B, (€8,

4,3.1 Variance of the Estimator 13

- A . . . . . .
Taking into account the survey weights P., as defined in section 2.2.5, is a non-linear estimator.

We define

N PRI
2 — =%m =g(um’«v) X (447)

om Z w .—7’;

i€

When deriving the variance of a non-linear estimator we first need to approximate the estimator
by using Taylor series methods (delta-method) (Bishop, Fienberg, and Holland, 1978). The

estimator based on the #zh imputation P.,, can be approximated by:

= 8l 9) = g(U’VH(u»rU)%Jr(v—V):E

p.,
where Epg(u,)=U and Epy()=Ep()=V, u,=> wz,, U=) z,, v= sz and
V' =N (see also proof of result 3.2).

We can therefore approximate the variance by

A M M 1 —
vatpg (P.) =VarDR1(Mi 2 g(u,,,v)) = varpy ﬁl; UV )+ (u, — U)I—/-+(v-— V) e
1 1 M U 1 1 X
=7Vafom(ﬂ;(”—@;)) NZ Valpr; (-ﬁ;;w(zm —P)). (4.49)
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Result 4.6

Under the assumptions of (i) equal probability sampling, (i) uniform nonresponse within classes,
(ii1) the number of respondents and the number of units in class B, are large for all £, and (iv) the
weighted estimator P. is obtained under the imputation method described in section 2.2.3
selecting donors with replacemert,

the variance formula that takes into account imputation, sampling and nonresponse variability and

the weighting scheme of the LFS, ignoring the finite population correction, is approximately given

by
A1 1 _ _ —_
VarDR1<P') = W {Z%} (z, _P)z +ﬁzk:Nszk(1-ZU/e)(1_7[k) P
iU
1 _
+>_ > (—-Du( -zm)z} (4.50)
koieBy Tk
Proof

The proof is given in appendix A4.4.

As shown in this proof the total variance consists of three components:

VafDR] (ﬁ.} = I/’m( = I/;am + Vilrp + I/'m N (4.51)
where
Vcam = 17 sz (Zl' _P)Z (4‘52)
N° &
11 = B -
szﬁH;Nkzuk(l—zuk)(l‘/?k)wuk (4.53)
1 1 _
Vm = N2 Z Z (_ - 1)wz' (Zi —Zy )2 . (4.54)
k i€By 7[/€
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Result 4.7:

The approximations of the three components V', V, and V_ given in (4.52)-(4.54) taking into

san ¥ wp

account fixed survey weights reduce to the approximations of V', , V, and V,, given in (4.29)-

(4.31), not taking into account the survey weights, when these weights are equal.

Proof

Since we assume @ =1/v and v = E,({(i €5))=n/ N we have w, = N/n.It follows

1 2 1 P(1-P) )
| = p— — PP =— —P)Y =—— NP(1-P)=—"""2 asin (4.29
o= s Tl =P o (=) = Np-P) - 2D i
po. 11 _
W_Wﬁ;(Nszk(l ZUk)(l—ﬁk)*—kgBi”’z)
1 _ _ )
=W;Nkzu,e(1—zuk)(1—7zk) as in (4.30)
1 1 7 1 _ _ 1 .
Vm:——zZZ( —Dw(z,—2,) '_ZN/eZm(l_ZUk)(*“‘"l) as in (4.31)
N° 7% By Tk nN % Ty
J

4.3.2 Variance Estimation

An approximately unbiased estimator of the variance allowing for fixed survey weights is derived.

Result 4.8

An approximately unbiased estimator of varyy, (]3) is given by

m-l k i€B, 77,&

{ 3 e

1 —_ . A 2
+ﬂzz'sk(1nz'sk)(1—ﬂk>zw;

k i€B,

118



Chapter 4: Variance and Variance Estimation for Hot Deck Imputation Within Classes

1

A
i

f Zogk —]S)2+Esk(1_fsk)

T

} (4.55)

€8, 75& k

Proof

The proof of result 4.8 is given in A4.5.

Similarly to result 4.7 it can be shown that var,, (]3) not taking into account the survey weights,

when these weights are equal, reduces to var,, DRJ(]S.) given in corollary 4.4.

4.4 Simulation Study for Variance Estimation withcut Weighting
Adjustment

To investigate the performance of the variance estimation formulae derived in section 4.2 a
simulation study is carried out under the same conditions as described in section 3.3. For
simplicity the survey weights 7 are not taken into account. In the following we will discuss the
results of the variance estimation for point estimator 131 The following variance formulae are
investigated, where the superscript « refers to each generated sample s“): the newly derived
approximately unbiased varance formulae var (P “) and varl),, P ()}, the multiple
imputation variance formula var) (P 1) and the approxmately unbiased modification of this
formula var/\ (P1 “)). We also analyse the naive variance that applies for full response

N (@) (1_ p (@
varl? (P1) = fl—-——(—l——i]i—) (4.56)

1
nae 7

To generate a nonresponse mechanism following the MAR assumption only Model A3 was used.
In the following analysis only point estimator ]31 is considered. The sampling fraction is assumed
to be negligible. The performances of the different formulae are assessed by the following criteria

(see also Lee, Rancourt and Sarndal, 1994 and 2000).
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i.) Estimated Bias of the Variance Estimator

A A A 4 A
Biss(V(B) =E(V) = V= SV -V, #57)
a=]
A . 1 A A . . . . .
where V = . 12 P(“) P:ZZP.(“), is the simulation variance of the imputed
a=1 a=1

estimator P. and V' is the variance estimate in simulation a.

ii.) Estimated Relative Bias of the Variance Estimator

REW (B) =100+ 2=V 459)

iii.) Estimated Root Mean Square Error
A - 4 A 5
RMSE(V(B)) =\E(V -V )) = \/%Z(V‘“) ~Vy. (4.59)
a=1 '

iv.) Estimated Relative Root Mean Square Error

RRMSE(V (B)) = @—@VL‘/—@ £100. (4.60)
v.) Simulation Variance of the Variance Estimator

A A 4 A p—
VIV(B) = (VY -T), @61)
T L=t
— 1 A A
where V =—> V.
A a=1

vi.) Relative Simulation Variance of the Variance Estimator

RV(V(P)) = W *100. (4.62)

vii.) Average Length of the 95%-Confidence Interval
Let b .. be the lower bound and ¢, be the upper bound of the 95% confidence interval based

v(P)

on using V(]S) then
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I —Cg/“()ﬁ) f (4.63)
denotes the average length of the 95% confidence interval.

viii) Variance of the Length of the 95%-Confidence Interval

The variance of the length of the 95% confidence interval is defined as

1’4

L& 0w 2
Z;) b (h) _CV(/SV) I_AL) (464)

ix.) Coverage Rate

The 95% confidence interval P9 £1.96yV @ is calculated for each simulation 4. The coverage
rate (COVR) is defined as the ratio of the number of times that the confidence interval covers the
true value P divided by the total number of iterations A . Note that the confidence intervals using

var,, (13) are derived as discussed in chapter 1, section 1.4.5.

4.4.1 Results for Variance Estimators under Different Response Mechanisms

The results for the variance formulae under three different response mechanisms are given in
tables 4.2 and 4.3 for hot deck imputation within classes sampling donors by SRS with
replacement. We can see that for imputation with replacement the newly derived variance
estimators var,, (]%) and va?r(z)[m(]s1 ) perform very well under uniform and uniform within
classes response mechanism, with an (estimated) relative bias of under 2% (table 4.2). They show a
coverage rate very close to 95% for the 95%-confidence interval (table 4.3). Under MAR
nonresponse based on model A3, the relative bias is around 3% and the coverage rates are close to
95%. We can therefore conclude that the newly derived variance estimators perform well under all
three nonresponse mechanisms and are reasonably robust to departures of the assumption of

uniform response within imputation classes.

The variance formula for multiple imputation performs badly with a relative bias between 10%

and 30% depending on the response mechanism. The coverage rate is around 90% under uniform
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and uniform within classes nonresponse and therefore lower than the necessary 95%. Only for

MAR nonresponse the coverage rate is close to 95%, which might be related to the fact that under

the MAR nonresponse considered here the response rate at the lower end of the distribution of ¥

is higher than under uniform nonresponse. Using the modified formula Vﬁr‘{ﬂ(]%.) instead of

A
var,, (P,..) shows very good results for all three response mechanisms, with a relative bias between

0.7% and 3% and coverage rates close to 95%.

Variance Bias Rel. Bias | RMSE Rel.
Formula RMSE
uniform | Vet (B) | 0467107 | -064% | 3127107 | 43%
tesponse [ or (B) | 049107 [ -089% | 3137107 | 44%
var,, (P.) 19537107 | -2747% | 2091107 | 294 %
varl, (P,) 0487107 | 068% | 3217107 | 45 %
vir (P 35417107 | -49.90% | 35417107 | 49.8 %
uniform Vérype (B | L19¥107 1 -169% | 3.07¢107 43 %
within Vanypy(B) | 1237107 [ -175% | 3.09%107 [ 44%
classes
vér, (P) 20367107 | -2894% | 21517107 | 30.6 %
varl, (B.) “125%107 | -179% | 3.167107 | 45 %
var,.(B) 35017107 | -4990% | 35027107 | 498 %
MAR Vit (B) | L30T T 285% | 216%107 | 46%
(Model VAL o (B -1.34%107 | -286% | 2.16*107 4.6 %
A3) -
var,,, (P, 3847107 | -8.16% | 5437107 | 115%
vary, (P,) -1.32%107 | -2.82% | 2.17%107 | 46%
var_(B) 11327107 | -24.16% | 1143%107 | 24.2%

Table 4.2: Simulation results for variance estimators for hot deck imputation with replacement.
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Variance | Simulation Rel. Average | Varance | Coverage
Formula Variance | Simulation | Length of of Rate
of Variance CI Length
Variance of of CI
Estimator | Variance
Estimator
uniform | 4, _(py | 9827107 | 131710°% | 100710° | 0537107 | 947 %
(yprr L
response . — — — — _
Var(z)DRj(Pl) 9.83%10 1.31*10° % | 10.0*10 0.53*10 94.7 %
vir,(B) | 61827107 [ 825%10°% | 89%107 | 559107 | 894 %
vty () 1.02*10™ [ 136%10°% | 10.0%10° | 0567107 | 94.8%
vir_(B) | 262°1077 [035%10°% | 747107 | 0287107 | 830%
A 114 16 P -3 st1 -7
uniform Var(l)DR]( ) 2.65*10 0.61%10°% | 8.3*10 0.22710 94.6 %
.thin A St 14 o1 AD > 3 17 o
wi Vi ou(B) | 2657107 | 06TFI07% | 83107 | 0227107 | 946%
classes - - — . —— S
var, (B) | 13387107 [305710°% | 8.1710° | 133107 | 89.7%
var, (B) | 2747107 [062°10°% | 83710° | 03107 | 946%
vir_(B) | 1327107 | 035%10°% | 74*10° | 0.16"107 | 83.1%
A A 1014 1076 3103 10y [
MAR | vir,p(B) | 2697107 [059710°% | 83107 | 021%107 | 948%
(M)0d61 Varyo(B) | 2697107 [ 0.59¥107% | 83%10° | 0227107 [ 948%
A3
var, (5.) 1581710 | 3.50°10°% | 8.1¥10° | 1.58%107 | 94.6 %
var,(B.) 2857107 | 0.65710° % | 8.3¥10° | 0247107 | 949 %
vir_(B) | 1597107 [035710°% | 74*10° | 0177107 | 920%

Table 4.3: Simulation results for variance estimators for hot deck imputation with replacement.

The relative simulation variance of the variance estimator is largest for var,,(P.) under uniform
. . - A A A
and uniform within classes nonresponse, whereas the formulae varpe (P.), Vit e (B, and

A
var,(F,.) perform better showing a smaller simulation variance.
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The variance of the length of the confidence interval is also much smaller for var, (E),
VAl s (B) and var,,(B) than for var,(P). As expected the naive varance estimator
performs the worst, underestimating the true variance with a relative bias between 25% and 50%
and a coverage rate between 83% and 92%, depending on the response mechanism. We can also
see that the approximations made to vﬁr(l)DR](Isl.), using Var,pe, (131) instead of var, (131),
work well. Note that computing var, (]31 ) and var, .., (]31 ) for several quarters of the Labour
Force Survey showed that var, (1'31 ) is a very good approximation to VAt e (131 ). The results
are presented in table 4.4. We therefore conclude that the simplified formula var, (]31 ) instead
of var ., (]31 ), not taking into account the survey weights, can be used in practice, under the

conditions discussed here.

LFS quarter véql)DM(I% ) Vér(z)m[(ﬁr)
June- August 1999 1.8428%10° 1.8486%*10°
Sept-Nov. 1999 1.9255%10° 1.9380%10°
Dec. 1999-]Jan. 2000 1.4102*10° 1.4391*%10°

Table 4.4: Variance estimates based on var, ., () and vir,,, () for several quarters of the

LES.

Tables 4.5 and 4.6 present the results for hot deck imputation within classes sampling donors by
SRS without replacement. Under selection of donors without replacement in the imputation
process the newly derived variance formulae, which are developed under the assumption of
imputation with replacement, still perform well with a relative bias of under 2% (table 4.5). They
now give a more conservative result, overestimating the true variance slightly. This is expected
since selecting donors without replacement instead of with replacement decreases the variance due
to imputation. This has the consequence that the component for VAZ@ in the variance formula

overestimates the true imputation variance V,  slightly. The results for the formula for multiple
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imputation according to Rubin are worse for imputing without replacement under all three

A
response mechanisms. The modification var,,(B,.) performs very well with a coverage rate close

to 95% and a relative bias of under 1% for all three response mechanisms. There is an indication

A
that in the case of imputation without replacement this formula performs better than var, ., (5.)

A . A
and var, ;.. (F,.), which is assumed to be related to a better estimation of V,,, using vary, (7). As

before the naive variance formula severely underestimates the true variance with a relative bias

between -21% and -50% and a coverage rate between 85% and 90%.

Variance Bias Rel. Bias RMSE Rel.
formula RMSE
uniform | Vitype(B) | 1237107 [ 177% | 3327107 | 47%
LESpONSe | 4 pw(B) | 1207107 1 172% | 3.30107 47 %
var,, (P) -3121%107 | -4490% | 31.11%107 | 449 %
varl, (P.) -0.01%107 | -001% | 3.03*107 43 %
var (D) -33.83%107 | -48.61% | 3.38%10° | 48.6%
uniform VAL, o (B) 1.21%107 178% | 3.02%107 44 %
within Viryoe(B) | L0 | 172% | 3017107 | 44%
classes
var,, (D) -31.3%107 | -46.01% | 3.13%10° | 46.1%
varl, (D) -0.06*107 | -008% | 2.72*107 3.3 %
vir(P) -3272%107 | -48.10% | 3.28%10° | 482 %
MAR Var, oo (B) | 021%107 | 045% | 1.65%107 3.3 %
gOdel Van, oy (B) | 021¥107 | 045% [ 1.65%107 33 %
var,, (D) -547%107 | -12.02% | 5.967107 122 %
var, (P) -0.07%107 | -0.14% | 3.76*107 7.7 %
var (D) -9.81%107 | -21.52% | 1.31710° | 268%

Table 4.5: Simulation results for

replacement.

variance estimators for hot deck mmputation

without
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Variance | Simulation Rel. Average | Varance | Coverage
formula Variance | Simulation | Length of of Rate
of Variance CI Length
Variance of of CI
Estimator | Variance
Estimator
uniform | y4 (B | 10027107 | 134¥10°% | 100107 | 5.43°10° | 95.0%
response
P VA, pu(B) | 10017107 [134¥10°% [ 1007107 | 543¥107 [ 950%
vér, (P.) 4.14%107 [ 0.56*10%% | 7.6710° | 4277107 | 862 %
i (B) | 970°107 [130710°% | 937107 | 5367107 | 94.9%
vir (B) | 2397107 [035%10°9% [ 74107 | 278710° | 84.6%
uniform | VAt oy (B) | 2727107 [059%10%% [ 837107 [ 2.28%10% | 952%
within o0 (B) | 2727107 059%10%% | 83%107 | 228710 | 95.2%
classes . ]
var,, () 5427107 | 1.19%10°% | 7.8¥10° | 5567107 | 85.1%
vr, (B.) 2.66%10" [058%10°% | 83%10° | 225%10° | 949 %
vir (B) | L139%107 [035¥10°% | 74*107 | 171710° | 846 %
MAR | vin, o (B) | 2527107 [059%10°% | 83%107 [ 2.13¥107 | 945%
(Model Vit (B) | 2527107 1059¥10%% | 83¥107 | 2.137107 | 94.5%
A3) '
var,, () 597107 | 141710°% | 7.8710° | 6.15%10° | 93.0%
var, (B.) 251%10 [059%10°% | 83*107 | 2.13*10° | 944 %
vir_(B) | 1477107 [035710°% | 74%10° [ 1.59%10% | 909%

Table 4.6: Simulation results for variance estimators for hot deck imputation without

replacement.

From table 4.6 we can see that the variance of the length of the confidence interval is smaller for

vﬁr(l>DR,(]31.), v:ir(z)DR,(]S1 ) and vér/,(P) than for var,, (P) under uniform within classes and
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MAR nonresponse. The same applies to the simulation variance of the variance estimator. The
average length of the confidence interval is smaller for var, (]31 ) than for var,py ([31 ),
VAL pr (]51 ) and vdry, ([31) .

The simulation study shows that the proposed variance estimators var,, (]3l ) and var, (]31 )
have small relative bias and the associated confidence intervals have good coverage under a range
of conditions. It is shown that even under violations of certain assumptions the proposed variance
estimators perform well. The adjusted MI variance estimator, Vﬁrﬂ’u([%.) , also shows good results
in the simulation study. For computational simplicity, however, var, ., (]31 ) is recommended for
practical use. The multiple imputation variance estimator var,, (]31 ) designed for proper multiple
imputations does not perform well under the improper multiple imputation considered here. As
expected, the naive variance formula is found not adequate for estimating the variance of a point

estimator in the presence of imputation leading to severe underestimation.

4.5 The Approximate Bayesian Bootstrap

4.5.1 The Approximate Bayesian Bootstrap

In the previous section we have seen that the multiple imputation variance estimator var,, (]3)
underestimates the true variance. The underestimation occurs because the imputation method
considered here assumes that the parameters of the predictive distribution are known. The method
therefore does not account for uncertainty in the estimates of parameters used in the linear
regression equation. Several approaches exist to refine a single value imputation method into
proper multiple imputation, such that the variance of an estimator can by calculated easily. The
method of the approximate Bayesian Bootstrap (ABB) (Rubin and Schenker, 1986; Efron, 1994;
Little and Rubin, 2002) allows for uncertainty in estimating these parameters and produces proper
multiple imputations. In this section the ABB is briefly reviewed. A simulation study is carried out
to evaluate the performance of the imputation method under the ABB including variance

estimation based on the multiple imputation variance formula.
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The ABB in the case of hot deck imputation within classes is described in Rubin (1987), Fay
(1996), Rao and Shao (1992) and Kim (2002). Let the original sample contain K imputation classes
or cells for example defined by the values of fully observed categorical variables. For each
imputation set the donors within each imputation class are sampled (bootstrapped) with
replacement of the same size as respondents are available in each class. The set of bootstrapped
respondents in class B, for the mth imputation is denoted #™, m=1,.,M . For each
nonrespondent in class B, one donor is selected with replacement from the set of respondents

#"™ for that class at random. This method generates M proper multiple imputations.

The case of predictive mean matching imputation and its modification to a proper multple
imputation method are described in Heitjan and Little (1991). The basic imputation method that is
used is random nearest neighbour imputation, where based on the predicted values the five nearest
respondents to each nonrespondent are selected and one donor value is selected for imputation
out of the five values at random. This procedure is repeated to obtain M multiple imputations.
However, since the method does not account for uncertainty in the parameter estimates it is an
improper multiple imputation method. Heitjan and Little (1991) propose several adjustments to
the imputation method to account for the additional source of variability. The basic idea is to use
different sets of regression parameter estimates and each set is used to generate a single
imputation. One possibility is to bootstrap the respondent cases in sample s and refit the
regression model for each bootstrap sample of the respondent cases. Heitjan and Little (1991)
carried out a simulation study comparing the effects of proper and improper multiple imputations.
The effect of going to the proper method based on the ABB was “generally not great” and the
proper method was found to be too conservative. Rao (1996) also notes limitations of the ABB.
For example methods incorporating clustering, stratification and weighting compensating for
unequal probabilities of selection are not currently available under the ABB. Kim (2002)
investigates the finite sample properties of the variance estimator if the ABB has been used and
proposes an adjustment to the formula reducing the bias of the variance estimator for finite

sample sizes.
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4.5.2  Simulation Study Evaluating the Approximate Bayesian Bootstrap

A simulation study is carried out to evaluate the performance of the ABB and the multiple
imputation variance estimator. The case of predictive mean matching imputation is considered,
however, not based on nearest neighbour imputation as in Heitjan and Little (1991) but for the
case of hot deck imputation within classes where the classes are defined based on the predicted
values of the imputation model. The ABB is as follows. The respondents in sample s are
bootstrapped with replacement M times. The M samples are denoted s, m=1,.., M . The linear
regression model underlying the imputation process is fitted in the M bootstrap samples and the
vector of coefficients /63('") , m=1,..,M, is obtained for each sample s'”. The M sets of
coefficients are used to obtain M sets of predicted values, which allow the generation of M
independent multiple imputations. The imputation method now allows for the varation in the
parameters. A similar approach is also used in Schenker and Taylor (1996), however, they draw the

parameter estimates from the posterior distribution instead of using the ABB.

a.) Design of the Simulation Study

The design of the simulation study is as described in section 3.3. Nonresponse is introduced based
on two different nonresponse mechanisms, uniform nonresponse and MAR nonresponse based
on Model A3. Different response rates (rr) are considered for the uniform nonresponse
mechanism, rr=0.43%, 60%, 70%, 80%. Having generated the sample s for iteration a the
respondents in sample s are bootstrapped M times, sampling respondent units from s with
replacement. M samples are obtained, denoted s, where m= 1,...,M . The imputation model is
fited in each of these samples and a set of estimated coefficients, denoted ,§(“’”’) for all
m=1,..,M , is obtained. Based on each of the M sets of estimated coefficients M sets of

Ala,m)

predicted values, In( y,:"), are obtained, where

In( 3oy = f 95« YiesW m=1,..,M. (4.65)

=g

Units i € s are allocated to imputation classes, denoted B{” for m=1,..,M , based on each of
the M sets of predicted values. The boundaries of the imputation classes are fixed as in section 3.3.

and based on £ 1.5 pay bands. Within each class one donor is selected at random with replacement
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from sample s for each nonrespondent. Repeating this M times gives M imputed values for each
nonrespondent in s/ The results for the point estimator and the performance of the multple

Imputation variance estimator are given in the following.

b.) Performance of Point Estimators

Table 4.7 shows the results for the two point estimators 5. and P,. under the ABB. Both
estimators are approximately unbiased under uniform nonresponse. Under MAR nonresponse
both estimators are significantly biased. However, the (estimated) relative bias is under 2%. This
might be caused by the use of imputation classes as discussed in chapter 5. Using hot deck
imputation with ABB gives, as expected, very similar results to hot deck imputation without ABB

for both nonresponse mechanisms. For reasons of comparison the results for hot deck imputation

without ABB are given in table 4.8. (The results are also reported in table 3.5.)

T
Bias of P. | Rel I}ias Bias of P,. Rel. I?las
of P. of P,.
uniform 1.65%10* 0.29 % -1.20%10" -0.06 %
(rr= 43%) (0.83*10%) (1.39%10°)
MAR 4.62%10* 0.80 % 29.82*10 1.61 %
(0.81*10%’ (1.50%10°%"

Table 4.7: Performance of point estimators, £, and 2,., under hot deck imputation within

classes with ABB, selecting donors with replacement (rr=response rate).

Bias of 2. | Rel. I?ias Bias of P, Rel. lélas
of P, of .
uniform 0.73*10* 0.13 % 2.59%10 0.13 %
(rr= 43%) (0.84*10) (1.42%10%)
MAR 2.80%10* 0.49 % 26.21%10" 141 %
(0.68%10%)° (1.53%10°)°

Table 4.8:

Performance of point estimators, B. and P,., under hot deck imputation within

classes without ABB, selecting donors with replacement.
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c.) Performance of the Multiple Imputation Variance Formula

The aim is to analyse the performance of the multiple imputation variance estimator VirM,(ISI.)
using the ABB and to compare its properties to the performance of the variance formula,
Val,) o (131 ), previously derived for random hot deck imputation within classes without the ABB.
As can be seen from the results in tables 4.2 and 4.3 for hot deck imputation without the ABB, the
multiple imputation variance formula does not perform well with an (estimated) relative bias of
around -30% and a coverage rate of approximately 90% under uniform nonresponse. The
performance under MAR nonresponse is better with a relative bias of about -8% and a coverage
rate of around 95%. As expected the formula Vﬁru)DR,(Isl.) performs well under uniform
nonresponse with a relative bias close to zero and a coverage rate of 95%. Under MAR

nonresponse the relative bias is slightly higher with -2.8%. The coverage rate is close to 95%.

Introducing higher variability in the estimates by estimating the coefficients based on the
bootstrap samples improves, as expected, the performance of var,, (]31 ). The results are presented
in table 4.9 and 4.10. The relative bias under MAR nonresponse and under uniform nonresponse
with a response rate of 80% is close to zero and the coverage rate is close to 95%. There is an
indication that for MAR nonresponse the performance of var,, (£) under the ABB might be
slightly better than for var, (131 ) without the ABB when comparing the relative bias. However,
the formula var,, (]31 .) does not perform well under uniform nonresponse with low response rates.
In these cases the relative bias is between -9% and -22% and the coverage rate reduces to only
90% for a response rate of 43%. We also observe a larger simulation variance of the variance
estimator for var,,; () under the ABB than for Val o (B.) without the ABB. The variance of
the length of the 95% confidence interval is smaller for var, (]31 .) without the ABB than for
vﬁrMI(ISI.) with the ABB. The average length of the CI is approximately the same for both
formulae (tables 4.3 and 4.10).

The fact that under uniform nonresponse with low nonresponse rates the performance of
var,, (]31 ) is worse than under MAR nonresponse using the ABB might be related to the fact that
under MAR nonresponse, although the overall response rate is 43% as in the uniform case, the
response rate at the bottom end of the distribution of the variable ¥, which is of interest for the

estimators, 1s with between 70% and 80% much higher. Under uniform nonresponse with an
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overall response rate of 43%, however, the response rate at the bottom end of the distribution is
also only about 43%. The ABB does not seem to produce enough variability for low nonresponse
rates to capture the increase in the nonresponse varability (V7). The formula VﬁrM,(Isl.)
performs, however, well for moderate nonresponse rates. The performance of var,, (131) under
the ABB therefore seems to be related to the nonresponse rate. The derived variance formula

Val,,pr (B.) performs well also under low response rates.

Bias Rel. RMSE Rel.
Bias RMSE
uniform (rr=43%) | -14.91%107 | -22.25 % | 17.10*10” 25.55 %

(

uniform (rr= 60%) | -7.22°107 | -13.28 % | 9.20107 | 1690 %
(
(

70%) | -431%107 | -8.85% | 6.25%107 12.82 %

uniform (rr=
uniform (rr= 80%) -0.04%107 | -0.09 % 3.03%107 731 %
MAR 0.38%107 0.89 % 3.85%107 892 %

Table 4.9: Simulation results for multiple imputation variance estimator, var,,(7.), under hot

deck imputation with ABB, selecting donors with replacement.

Simulation Rel. Average | Variance | Coverage
Variance | Simulation | Length of of Rate
of Variance CI Length
Variance of of CI
. Variance
Estimator .
Estimator
uniform (rr=43%) 6.66°10" | 9.65710° % | 9.08*10° | 5.91%107 90.9 %
uniform (rr= 60%) 3.24%10" | 5.96%10°% | 8.57%10° | 3.09*107 93.1%
uniform (rr=70%) 2.04%10" | 4.19%10°% | 8.30%10° | 2.01%107 | 947 %
uniform (rr= 80%) 091107 | 2.21%10°% | 7.99%10° | 0.93*107 94.8 %
MAR 153%10"° | 3.56%10°% | 8.20710° | 1.54%107 95.2 %

Table 4.10: Simulation results for multiple imputation variance estimator, var ,(P .) under hot

deck imputation with replacement with ABB.
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Under the ABB we also expect an increase in the simulation variance

V()= (B - Py (466)

a=

—

where P = A_IZ:ZIIS.(“) . The results for V(JZS1 ) as well as the (estimated) mean square error
MSE (131 .) are given in table 4.11. For hot deck imputation with the ABB the simulation variance
V(131 .) shows an increase in comparison to without the ABB. For uniform nonresponse with a
response rate of 43% the increase is 12% in comparison to without the ABB. Under MAR
nonresponse the increase, however, is small, which implies that the additional variability

introduced by using the ABB might be moderate.

Method Nonresponse V(P.) | MSE( 2
Mechanism

Hot Deck Imputation uniform (rr=43%) | 7.65*%10° | 7.67*10°

with ABB uniform (rr=60%) 5.44%10° | 545%10°

uniform (rr=70%) | 4.87°10° | 4.88%10°
uniform (rr=80%) | 4.14%10° | 4.15%10"

MAR 4.62%10° 4.67%10°
Hot Deck Imputation uniform (rr=43%) | 6.77*10° | 6.82%10°
without ABB MAR 458%10° | 4.64*10°

Table 4.11: Simulation variance V(JsI ) and mean square error MSE (131 ) under uniform and

MAR nonresponse.

We analyse the effects of the ABB on the estimation of the regression coefficients and the
resulting predicted values that are used to allocate units to imputation classes in the simulation
study. Although the ABB produces sets of coefficient estimates, /S’A(“"") , m=1,..,M , based on the
bootstrap samples that differ from ,53“) , the estimated coefficients based on sample s/, they do
not seem to differ very much. The M sets of fitted values under the ABB are very close to the set
of firted values based on é(”. We therefore have In( ﬁ/fe‘;;'”))': In( ﬁ/f;)l) for m=1,..,M and

i €5 That means that the allocation of units to imputation classes for with and without ABB is
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very similar. Further investigation shows that approximately only around 3.5% of all units in
sample s are allocated to different imputation classes using the ABB in comparison to without
the ABB. One reason for ,6?(“"”) = /59(“) and therefore In(5e™)=In(3)) is believed to be due to
the large sample size of #=15,000.

Another reason why the effect of the ABB is moderate might be related to the design of the
simulation study. We investigated the effects of choosing narrower imputation classes resulting in
an increase in the total number of classes (28 classes were defined instead of originally 7). It was
hoped that the small differences in the predicted values for with and without replacement would
have a greater impact. However, the effect was moderate such that the results are not reported

here.

Another way of increasing the varability of the point estimates and to generate proper multiple
imputation is to use the ‘classical’ approach of ABB for a non-parametric hot deck imputation
within classes, which is not based on a regression model, as proposed by Rubin (1987). Having
defined the imputation classes the respondents within each class are bootstrapped with
replacement M times. For each nonrespondent a donor is selected at random from each set of the

bootstrapped respondents. However, this approach was not followed up here.

We have seen that using the ABB improved the performance of the multiple imputation variance
formula. However, the formula did not perform well for low nonresponse rates. The derived
variance formula var, e (P.) performs well also under low nonresponse rates but showed a

slightly higher bias than var,, (]31 .) under MAR nonresponse.

4.6 Conclusion

This chapter investigated the variance of the point estimator of interest taking into account
sampling, nonresponse and imputation variability using a design-based (three phase) approach
assuming uniform nonresponse within classes. It was shown that the variance can be decomposed
into three components referring to sampling, nonresponse and imputation variability. An

approximately unbiased variance estimator was derived, estimating the three components of the
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variance separately. In addition, the performance of Rubin’s multiple imputation formula was
investigated. Because the imputation method does not constitute ‘proper’ multiple imputation, this
approach was shown to underestimate the variance. It was demonstrated that the formula
estimates the variance according to sampling and imputation correctly but underestimates the
nonresponse variance. A modified multiple imputation formula was derived estimating the true
variance correctly. Different variance estimators were evaluated in a simulation study showing
good results for the newly derived variance estimators. As expected, the standard variance
estimator valid under full response as well as Rubin’s multiple imputation variance formula
underestimate the true variance for the hot deck imputation method used here. A modified
formula of the multiple imputation variance estimator showed good results in the simulation

study. The newly derived variance formula var,, (P.) is recommended for practical use.

In addition, the approximate Bayesian bootstrap method was implemented and the variance
estimator following Rubin’s rule for variance estimation under proper multiple imputation was
used. Under MAR nonresponse the formula performs well. However, under uniform nonresponse
with low response rates (less than 60%) the formula shows a low coverage rate and a high relative
bias. An indication of a larger variance of the estimator obtained using the ABB in comparison to
using the improper multiple imputation method was found, which might make the point estimator
under hot deck imputation within classes more efficient than under the proper multple

imputation method considered here.
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Chapter 5

Comparing Predictive Mean Matching
Imputation and Propensity Score

Weighting

This chapter extends the previous imputation method and considers a wider class of adjustment
methods for missing data. In section 5.1 various forms of predictive mean matching imputation
are investigated and compared to the previous hot deck imputation within classes. In section 5.2
predictive mean matching imputation is compared to propensity score weighting and the close
relationship between imputation and weighting is analysed. The main focus is on the empirical
investigation of the properties of the estimators under the different approaches to missing data,
using a simulation study. Some theoretical results are presented focussing on point estimation and
the comparison between weighting and imputation. The aim is to find a method that produces
approximately unbiased estimators with small variance and that is reasonably robust against
misspecification of underlying models and assumptions. Some concluding remarks are given in

section 5.3.
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5.1 Predictive Mean Matching Imputation

5.1.1 Brief Theoretical Investigation of Predictive Mean Matching Imputation

In this section a class of imputation methods based on predictive mean matching is investigated.
The basic form of predictive mean matching imputation is nearest neighbour imputation based on
the predicted values. This method can be modified by applying repeated imputation or
implementing a penalty function. Stochastic versus deterministic modifications are also explored.
The previously described hot deck imputation method, also a form of predictive mean matching
imputation, has the drawback that it relies on the specification of imputation classes, whose
boundaries are more or less defined arbitrarily. A potential problem with the method of hot deck
imputation within classes is that within imputation cells the (unknown) true value of Y for the
nonrespondent and the imputed value from its donor might still be widely different even if the
underlying model is correct since the classes might not be very narrowly defined. This might have
an impact on the bias of the estimator. Nearest neighbour imputation addresses these problems by
imputing the value of the “closest” respondent and defining essentially a class for each
nonrespondent. The basic form of predictive mean matching imputation, as described in Little
(1988, July), Heitjan and Little (1991) and Landerman, Land and Pieper (1997), is based on a
regression model to obtain the predicted values for the variable Y for all units in the sample.

According to these predicted values a distance D, is defined as in (1.45). For the LFS application
considered here the regression model is given in (2.9) and the distance D is defined as

Dji:| ﬁjmgjmﬁlregil (5'1)

for each nonrespondent j €7 and all respondents i € 7. The value of ¥ from respondent i is

chosen as the imputed value for nonrespondent j, such that the distance D is minimised, where

D . = min| 5’@,””&@[- (5.2)

7 i

The imputed value is then % = y.. This approach has similarities to a sequential hot deck

procedure, since the respondents and nonrespondents are essentially ordered according to their

predicted value. Such a method is deterministic and represents a mixture of model-based and
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nearest neighbour imputation or distance function matching. It has the advantage that it uses the
donor who ‘best’ matches the nonrespondent in terms of the variables used to construct the
distance measure. Therefore, finding the closest match may reduce the likelihood that within
imputation classes the true value of Y and the imputed value differ significantly (Lessler and
Kalsbeek, 1992, p. 218), which is a potential disadvantage of hot deck imputation within classes.
The predictive mean matching method makes use of the regression predictor but is a semi-
parametric method, since it does not fully rely on the specifications of the model. However, it
achieves a considerable degree of conditioning on covariates given in the dataset, which according
to Lirtle (1988, July) is a desirable characteristic of any imputation method. It is a hot deck
procedure and uses actual values for the imputation. Although nearest neighbour imputation is a
commonly used imputation method only very recently have the theoretical properties been
investigated. Rancourt, Simdal and Lee (1994) state that nearest neighbour imputation under the
Euclidean distance function using just one auxiliary variable X gives approximately unbiased
results for point estimates assuming a linear relationship between X and Y. Chen and Shao (2000)
show that this is also true when nearly no assumption is made about the relationship between X
and Y. Furthermore, they proved that under the assumption of MAR the nearest neighbour
approach provides asymptotically unbiased and consistent estimators of functions of population
means and totals, population distributions and population quantiles. Therefore, although nearest
neighbour imputation is a deterministic method it is possible to estimate distributions correctly.
To obtain approximately unbiased estimators under predictive mean matching imputation, based
on the predicted values from the regression model (2.9), instead of the classical nearest neighbour
imputation based on one covariate, we need to assume that the assumption of MAR holds with

respect to the predicted values, Le.

Y LIY,, (5-3)

where Y, denotes the variable of the values Vegis Vi = €XP(7,8) 1s the exponential function of
the predicted value 7,4 and 7, is a vector of functions of the derived variable X and other
covariates. This assumption seems reasonable if MAR, as defined in assumption 2.2, holds. Since
the nearest neighbour imputation method is defined with respect to ,§ and assumption (5.3) is
defined with respect to the vector 8 we need to assume that for large samples the estimator ;§

converges to a vector 3 and that close neighbours with respect to the predicted values based on
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é , Le. }%Eg , are also close neighbours with respect to the predicted values based on g, Y, , which

seems reasonable.

In addition to investigating the bias of estimators it is also important to consider the efficiency of
point estimators under predictive mean matching imputation. Applying the method of predictive
mean matching to LFS data may cause some of the donors to be used very often whereas others
may not be used at all, since missing values occur much more frequently towards the top end of
the distribution. There are several ways of avoiding such a multiple usage of donors and to achieve
a smoothing of weights, which potentially leads to a reduction in variance of the estimator. One
possibility is the use of a penalty function that can be included in the distance measure. The

distance measure (5.2) is then modified to

Dy = min | 3y, = S |5 (1420}, 54)

where 1 is a penalty factor, 1 € R", and ¢, is the number of times the respondent 7 has already
been used as a donor (Kalton, 1983). Another way of spreading the usage of donors more evenly
is the application of repeated imputations, also referred to as fractional imputation (Fay, 1996) or

improper multiple imputation (Rubin, 1987).

In the following several variations of predictive mean matching are investigated. The method can
be refined by choosing for example the nearest /2 donors above and below the predicted value
for the nonrespondent to obtain overall M imputed values. In our analysis we chose #/=2 and
M=10 repeated imputations. This predictive mean matching method can be modified to a
stochastic method by defining /2 nearest neighbours above and below the predicted value for
the nonrespondent and by choosing M out of these L possible imputations at random. This can be
done either with or without replacement. In our analysis we chose L =20, =10 and L =4, M=2
and select the M donors out of the set of L possible donors with replacement. Another possibility
to achieve a more equal use of donor values and therefore a reduction in variance is the previously
discussed form of predictive mean matching imputation based on forming imputation classes
defined by the range of the predicted values }}Wg. Using hot deck imputation within classes is
therefore expected to lead to a gain in efficiency in comparison to the basic form of nearest

neighbour imputation based on the predicted values.
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An approximate formula for the variance of a point estimator under nearest neighbour imputation
is derived in Chen and Shao (2000), which is developed further for predictive mean matching
imputation in Beissel-Durrant and Skinner (2003). The following conditional and unconditional
expectations and variances are with respect to sampling design D and a superpopulation model £,
assuming that (y,In(y,,),/;) are iid random variables from a superpopulation and
y; LI, |In(y,,) forall i€ U. Let the function ¢ be defined as ¢(In( y,,,)) = E(z, |1n(y,,)) and
let d,, denote the imputation weights, which are defined as d,,, =1+(a, /M), where a, denotes
the total number of times a respondent is used as a donor, and let » denote the set of
respondents. Assuming 7 to be large and certain regularity conditions as given in Chen and Shao’s
theorem 1, an approximate variance formula of an imputed estimator under nearest neighbour

imputation, using the argument of conditioning, is

var(B)= < ELS iV (2, | In( 5 D~V I90n( ). 5

1€r

which is given in theorem 2 of Chen and Shao, equation (3.3). The variance formula in Chen and

Shao (2000) is based on M =1 single value imputation but also holds for # >1 as used here.
We have

P(1—P)=var(Z) = E[V (Z |In(Y,))]+ V§(In(Y,,))] (5.6)
such that VIg(ln(Y,, )= P(L—P)~ E[V(Z | In(Y,,))]. (57)

From theorem 1 in Chen and Shao (2000) it follows for large 7 that

£ Z iV (100 3, )1 = E[V(Z | In(Y )] (5-8)

tEr

Using (5.7) and (5.8) we can rewrite the variance formula in (5.5) in the following way

vart) = P B o 1 N5 E ¥ (2 100 )
D) By~ DV (i) 59)

n
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which can be interpreted more easily. The first part of the variance formula (5.9) reflects the
standard variance formula valid in case of complete response. The second term reflects additional
variability due to imputation. We see that the inflation of the variance due to the second term
depends on the imputation weights and therefore on the number of times a respondent is used as
a donor for imputation. The same effect is discussed by David et al. (1986). To reduce the variance
of the point estimator B. under predictive mean matching it is therefore of interest to reduce the
variability in the imputation weights d,, and to achieve a smoothing of these weights. As
discussed above this can be done by using modifications to the basic form of nearest neighbour
imputation such as repeated imputation, a penalty function or imputation within classes. The use
of donors and its effects on the variance of a point estimator under various forms of predictive
mean matching are discussed in section 5.1.3. Variance estimation based on the formula (5.9) is
briefly considered in Beissel-Durrant and Skinner (2003). Using the result from Thecrem 1 of
Chen and Shao (2000) that the imputed point estimator is approximately unbiased for the

parameter P, it follows that

A

Pa-p)
n

vir(P) = Y= DV (2 1n(5,,.) (5.10)

er

is an approximately unbiased estimator of var(]s.) , 1f I/A'(zi | In(y,,;)) is an approximately unbiased
estimator of V(z, |In(y,,,)). An estimator V(z, | In( Vi) therefore needs to be specified. Other

variance estimation formulae for nearest neighbour imputation, for example using the Jackknife,
have also been proposed (Rancourt, Saerndal and Lee 1994; Shao, 1997; Chen and Shao, 1999 and

2001; Rancourt 1999; Fay 1999).

5.1.2  Simulation Study Comparing Different Forms of Predictive Mean Matching
Imputation

a.) Design of the Simulation Study

To investigate the properties of different forms of predictive mean matching impuration and the
performances of the two point estimators of interest a simulation study is carried out. In each
iteration a sample s, a=1,.,4 of size »=15000 employees is generated by selecting

employees with replacement from one quarter of the LFS. Each sample s is obtained in the
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same way as described in section 3.3. In total A4 =1,000 iterations are used. Nonresponse is
introduced using two different response mechanisms, uniform and MAR nonresponse. The latter
is based on the logistic model A3 with nonlinear terms and interactions (see section 3.3.4 for
details). The missing values are imputed using the following forms of predictive mean matching

Lmputation.

a.) Nearest neighbour imputation based on the distance function (5.2) with one imputed

value, M =1, referred to as NN1.

b.) Nearest neighbour imputation using the penalty function as defined in (5.4), with M=1.
This method is denoted NN1p. Several values for 1 were used. Only the results for

4 =0.5 are reported.

c.) Nearest neighbour imputation using M repeated imputations by taking /2 donors above
and below the predicted value for each nonrespondent, for M/ =2 and M =10, denoted NN2
and NN10 respectively.

d.) Nearest neighbour imputation using M repeated imputations by taking L/2 nearest
neighbours above and below the predicted value for the nonrespondent and selecting M
out of these L possible imputations at random, L =4, M =2 and L =20, M =10, selection

with replacement, denoted NIN2(4) and NN10(20) respectively.

In comparison to these different forms of nearest neighbour imputation the results for hot deck
imputation within classes are reported, sampling donors with and without replacement using ten
repeated imputations, denoted HDIwrl0 and HDIworlO respectively. In addition to these
repeated or improper multiple imputation methods a proper multiple imputation method is also
implemented using the Approximate Bayesian Bootstrap based on hot deck imputation within
classes selecting ten multiple imputations with replacement, denoted ABB10(HDIwr) (see section
4.5). Bias and relative bias of the proportion of employees earning below the NMW, ﬁ] , and the
proportion of employees earning between the NMW and £5, P,., are investigated. These two
point estimators are chosen as estimators of the bottom end of the pay distribution and shghtly
higher up. In addition, the variance of the point estimators and the overall mean square error

under the different methods are compared. When investigating the performance of the imputation
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methods considered here the aim is to obtain a small mean square error, i.e. small bias and small

varlance.

b.) Bias and Relative Bias for Predictive Mean Matching Imputation

The (estimated) bias and relative bias of the two point estimators of interest under uniform and
MAR nonresponse are given in tables 5.1 and 5.2. The relative biases for both proportions under
all forms of nearest neighbour imputation are, with less than 1% for both nonresponse
mechanisms, very small. Both single and repeated nearest neighbour imputation give very good
results with approximately zero bias for both point estimators. Both the deterministic and random

approaches of this imputation method perform well.

Bias of | Rel. Bias Bias of | Rel. Bias
13,. of 13, 132 of P,.
NN1 0.3*10"* 0.06 % 3.1*10" 0.16 %
(1.1*10°) (2.0*10°)
I\H\Tlp1 7.1%10°*¢ 1.24% -1.3*10" -0.07 %
(3.3*10%)" (5.2%10%)
NIN2 1.9*10" 033 % 2.7%10" -0.15%
(1.1*10°) (1.810)
NN2(4) 2.8%10* 051% -0.5%10™ -0.02 %
(1.2%10%)’ (1.8%10%)
NN10 1.8*10* 032% 0.4*10* 0.02 %
(1.0%10%) (1.6 *10%)
NN10(20) -0.1*10* -0.02 % 0.6*10* 0.03 %
(1.0*10%) (1.7%10%
HDIwr10 0.7*10* 0.13% 2.5 *10" .13 %
(0.8*10°) (1.4%10°)
HDIworl10 1.7*10* 031 % -0.9%10" -0.05 %
(0.8*10°) (1.5*10%)
ABB10(HDIwY) 1710 | 029% | -12%10° | -0.06%
(0.8*10) (14*10%)

Table 5.1: Bias and relative bias for both point estimators for various forms of predictive mean

matching imputation under uniform nonresponse. (The numbers in brackets show the standard
error of the bias, NV /A, V = (A - 1)'122;(]3.(”) —P) and A the number of iterations. A

star () indicates that the bias is significantly different from zero on a 95% significance level.)
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Bias of Rel. Bias Bias of | Rel. Bias
P. of B. B, of B,.
NN1 1.2*10™* 0.22% 0.9%10* 0.04 %
(0.9%10%) (1710
NNlp2 4.4%10* 0.78 % 0.3*%10" 0.01%
(2.6*10°) (5.1#10%)
NN2 0.6%10* 0.10 % 1.6*10° 0.08 %
(8.5*10") (1.5*10%)
NN2(4) 1.4*10* 0.25% -2.5%10" -0.13 %
(0.9%10%) (1.5*10)
NN10 0.2%10* 0.04 % -1.2%10° -0.06 %
(6.5%10%) (1.5%10%)
NNlO(ZO) 0.2*%10" 0.03% 0.7*10"* 0.04 %
(0.8*10) (1.5*10%)
HDIwri10 2.8%10* 0.49 % 26.2%10* 1.41 %
(07*10%’ (15%10%7
HDIworl0 2.5%10* 0.45 % 28.1*10" 1.55 %
(0.7%10% ~ (1.2*10%
ABB10(HDIwr) 4,6*10* 0.80% 29.8%10™ 1.61%
(0.8*10%" (1.5*10%’

Table 5.2: Bias and relative bias for both point estimators for various forms of predictive mean
matching imputation under MAR nonresponse. (A star () indicates that the bias is significantly

different from zero on a 95% significance level.)

Only in the case of imputation choosing 2 out of 4 donor values or nearest neighbour with a
penalty function both under uniform nonresponse is the bias significantly different from zero. In
all other cases the bias is not significantly different from zero for the different forms of nearest
neighbour imputation considered here. For hot deck imputation within classes (HDIwrl0,

HDIworl0 and ABBI10(HDIwr)) the biases of the two point estimators under uniform

nonresponse are also not significant.

Under MAR nonresponse, however, the biases for both point estimators under these three

methods are significantly different from zero, although the biases are very small. This suggests that

! Note: due to computing time only A =100 iterations were used.
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the methods based on imputation classes can potentially lead to biased results, which might be
caused by the choice and width of the imputation classes. It is expected that smaller classes may
lead to less biased results. We conclude that the different forms of nearest neighbour imputation
considered here perform well under the conditions of the simulation study. There is evidence that
nearest neighbour imputation might perform better than the hot deck imputation within classes
with respect to the bias. (Note that the results in table 5.1 and 5.2 for HDI are presented in

chapter 3 table 3.5 and 3.6 and the results for ABB10 are presented in chapter 4 table 4.7).

c.) Comparison of Efficiency for Different Forms of Predictive Mean Matching

Imputation

It is of interest to compare the efficiency of the point estimators under the different predictive
mean matching methods considered here. In the following the simulation variance V' of the two

point estimators under each method is investigated, which is defined as

A

1 A N a TN D
V(Pg.):—-——A 1} (P —PY, (5.11)
T La=1

where I_’g =A ”12:21]38 1 and g=1,2. The aim is to obtain a small variance V. Table 5.3 and
table 5.4 show the results for the variance, the efficiency gain when using a certain imputation
method in comparison to nearest neighbour imputation using only one imputation (NN 1), 1e. the
ratio V'/ V., and the mean square error for both point estimators under uniform and MAR
nonresponse. Since the conclusions from the results under uniform or MAR nonresponse are
similar we concentrate on the results for MAR nonresponse. As expected the variance V' is largest
for nearest neighbour with one imputation (NN1). Under nearest neighbour imputation using
repeated imputations the variance is reduced in comparison to single imputation with a greater
reduction as M increases. The variance is smallest for hot deck imputation within classes in
particular for the case of selecting donors without replacement. Analysing the ratio V /V,, we

can see that the efficiency gain for using the penalty function NN1p as supposed to NNI is about

10%. For M=2 repeated imputations we also observe a gain in efficiency of about 10% in

2 . . . .
“ Norte: due to compuring time only 4 =100 iterations were used.
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comparison to the basic form of nearest neighbour imputation. The greatest reduction in variance
is achieved by using M=10 repeated imputations with an efficiency gain of about 20% in
comparison to NN1. Based on the simulation results the greatest reduction in variance is achieved
by hot deck imputation without replacement with more than 20%. No obvious advantages
between deterministic and random predictive mean matching methods, such as between NN2 and
NN2(4) as well as NN10 and NN10(20), were found. With respect to the mean square error hot
deck imputation within classes with and without replacement (HDIwr10, HDIwor10) and the
nearest neighbour with 10 and 10 out of 20 imputations (NN10, NN10(20)) show the best
performances. Overall the differences between the mean square errors under the various methods
are small. We conclude that repeated imputation has appreciable gains in efficiency in comparison
to single imputation. Taking into account the results for both bias and variance of the point
estimators nearest neighbour imputation using repeated impurations, such as NN10, performs best

under the conditions of the simulation study.

Method | () | w(B.) | V(B) | WB) |MSE(B)| MSE(D.)
Vini(B) | Vi (B)

NN1 1.39%10° | 4.07*10° 1 1 1.39%10° | 4.07*10°
NN1p’ 1.12*%10° | 3.55*107 0.80 0.87 1.16¥10° | 3.55*10°
NN2 1.25%10° | 3.31*10° 0.89 0.81 1.20%10° | 3.31*10°
NN2(4) 1.15%10° | 3.38%10° 0.82 0.83 1.15%10° | 3.38*10°
NN10 1.06%10° | 2.85%10° 0.76 0.70 1.06710° | 2.85%10°
NN10(20) 1.06%10° | 3.23*107 0.76 0.79 1.06%10° | 3.23*10°
HDIwri10 1.10%10° | 3.12*10° 0.79 0.76 1.10%10° | 3.12*10°
HDIwor10 1.05%10° | 2.78%*10° 0.75 0.69 1.05*10° | 2.79*10°
ABB10(HDIwr) | 1.14¥10° | 3.28%10° 0.82 0.79 1.14*10° | 3.28%107

Table 5.3: Variance V, ratio of variance V to reference variance, which is the variance for NNI,
and mean square error for both point estimators under uniform nonresponse for different

predictive mean matching imputation methods.

* Note: due 1o computing time only A =100 iterations were used.
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Method | yv(A) | W(B) | W(B) | W(B) |MSE(L) |MSE(B.)
V(B | Vi (B)

NN1 7.81%10° | 2.95%10° 1 1 7.86%10° | 2.95*107
NN1p4 6.82%10° | 2.66*10° 0.87 0.91 7.05%10° | 2.66%107
NIN2 7.23*10° | 2.55%107 0.91 0.86 7.20710° | 2.55*107
NN2(4) 7.52*%10° | 2.38%10° 0.94 0.80 7.51710° | 2.38*10°
NN10 6.53%10° | 2.38%10~ 0.83 0.81 6.57%10° | 2.38%10°
NN10(20) 6.61%10° | 2.30%10° 0.84 077 6.61710° | 2.30%10°
HDIwr10 6.40%10° | 2.17*10” 0.82 0.74 6.47%10° | 2.86710°
HDIwor10 6.20%10° | 2.23%10° 0.78 0.76 6.26%10° | 3.02%10°
ABBlO(I—IDIwr) 6.91%10° | 2.37*%10° 0.88 0.80 7.10¥10° | 3.25%10°

Table 5.4: Variance V, ratio of variance V' to reference variance, which is the variance for N1,
and mean square error for both point estimators under MAR nonresponse for different predictive

mean matching imputation methods.

d.) Robustness against Model Misspecification

Since predictive mean matching imputation incorporates the predictive regression model based on
the derived variable and other covariates it is of interest to analyse the effects of model
misspecification on the performance of this imputation method. In general, it is expected that the
method of predictive mean matching as a form of semi-parametric regression imputation is less
sensitive to model misspecification than choosing a method that explicitly uses the regression
model for the imputation process such as parametric regression imputation (Little, 1988, July;
Schenker and Taylor, 1996). Landerman, Land and Pieper (1991) investigate the impact of
different regression models and conclude that the predictive mean matching method performs
reasonably well under misspecification, if the model has sufficient predictive power. Also Sande
(1988) emphasizes the importance of the predictive efficiency when using such a method. We
therefore investigate several possible regression models for the imputation process that differ from
the models used to generate the data. In the following it is assumed that the model specified in

section 2.2.4, including all significant variables, nonlinear terms and interactions describes the

* Note: due to computing time only 4 =107 iterations were used.
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relationship between In(Y) and other variables best. We therefore generate In(Y) in the
simulation study according to this model. Linear regression models used in the imputation
procedure that deviate from this model reflect misspecification. The imputation method
investigated here is nearest neighbour with ten repeated imputations (NN10). Note that the results

for HDI under model misspecification are reported in section 3.4.

The results under model misspecification are given in table 5.5. We find that using a regression
model with only In(X) or In(X) and In(X) results in a high relative bias of the point estimator
of around 10%. A regression model that includes only the main effects of the significant variables
but excludes the variable In(X) shows a relative bias of around 7%. Using the model with the
variable In(X) but only some of the significant variables, (e.g. In(X), In(X)?, major occupation
group (SOCcat), qualification (Qcat), AGE, AGE?, industry section (INCcat), regions (REGcat)
and gender) results in a small relative bias of 1.39%. The regression model that incorporates all of
the significant main effects including the variable In(X) but no nonlinear terms or interactions,
performs very well with a relative bias of 0.31%. As expected, the best performance is given by the
regression model with all of the significant main effects, the nonlinear terms and the interactions

with no significant bias.

We conclude that very simple linear regression models, such as including only the variable In(X)

do not show very satisfactory results. The imputation method seems to be sensitive to violent
mode] misspecification. However, very good results are obtained for all models that include the
variable In(X) and at least some additional explanatory variables, with or without nonlinear terms
or interactions. We therefore conclude that the proposed method seems to be robust against
minor model misspecification. In comparison to hot deck imputation within classes the sensitivity
to model misspecification shows a very similar pattern. However, the performance seems slightly
worse for the hot deck method with for example a relative bias of approximately 9% and 3% for
the two models ‘including all main effects apart from In(X )’ and ‘only some of the significant

variables including In(X')’ respectively (see table 3.9).
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E xplanatory Variables used in Bias of 131 Rel. Bias of 131
Linear Regression Model

n(X) 56.8°10° 10.02 %
(2.0710°%’

In(X )+ In(X)? 56.0%10™ 9.95 %
(1.9*10%"

all main effects apart from In(X) 39.2#10™ 6.91 %
(1510’

some of the sign. vaniables including In(X) 7.9*%10* 1.39 %
(0.9%10)"

all main effects including In(X) but no 1.7%10™ 0.31%

nonlinear terms and no interactions (0.8*107)"

main effects, nonlinear terms and 0.2*10™ 0.04 %

interactions (0.8710)

Table 5.5: Impact of model misspecification under MAR nonresponse for nearest neighbour with

ten repeated imputations (NN10). (A star () indicates that the bias is significantly different from

zero on a 95% significance level))

5.1.3  Analysis of the Use of Donors for Different Nearest Neighbour Imputation
Methods

As discussed in section 5.1.1 it is desirable to spread the use of donors or to limit the number of
times a donor is used since this can lead to a reduction in variance due to a smoothing in the
imputation weights. We therefore investigate how often a donor is used for imputation under the
different nearest neighbour imputation methods. Of interest is also how many of the respondents
are not used in the imputation process. This is relevant to both variance and robustness. We may
expect the variance of the estimates to be less the less variable the number of times that different
donors are used. In addition, we may have robustness concerns about donors which are used a
very large number of times, since the resulting estimates may be over-dependent upon the value of
the direct variable for such donors. Since the counts of how often a donor is used for imputation

are difficult to compare for the various methods, due to the different choices of M, we also
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consider the differences in the varnance of imputation weights. The following results have been
obtained by applying NN1, NN1p, NN2 and NN10 to the LFS quarter March-May 2000.

Under hot deck imputation within classes without replacement the use of donors is per definition
approximately evenly spread within each imputation class. We therefore concentrate on the usage
of donors among the various forms of nearest neighbour imputation. The results are given in table
5.6. Under nearest neighbour with one imputed value (NN1) the usage of donors is very
concentrated with about 51% of respondents not used. A very small proportion of donors is used
very often, iLe. between 25 and 60 times. Incorporating the penalty function relaxes this
concentration, however, not dramatically with about 41% of donors not used at all. This might be
because only few missing values occur at the bottom end of the hourly pay distribution whereas
many missing values occur towards the upper end. It was found that the number of respondents
not used decreases, as expected, with increasing value of 4. The donors not used for imputation,
mainly occur in the bottom end of the distribution, whereas higher up all donors are used at least
once. Imputing two values under nearest neighbour imputation approximately 35% of
respondents are not used. For M =10 imputations (NN10) only 4% of donors were not used at all.

However, 11% of respondents are used very often, 1.e. between 25 and 250 times.

Percentage of Donors NN1 NN1p NN2 NN10
not used 51.1 41.7 35.5 4.1
used once 235 324 22.4 6.9
used twice 10.6 12.2 12.6 9.2
used >25 times 0.1 0.06 1.2 115

Table 5.6: Percentage of donors that are not used, used once, twice or more than 25 times under

different imputation methods.

Since in the LFS there is a higher proportion of respondents at the bottom end of the hourly pay
distribution, the use of donors strongly depends on the level of hourly pay. The percentage of
donors used is therefore investigated within deciles of the level of hourly pay. The deciles are
defined based on the predicted values from the regression model for imputation. The cut-off

points for the deciles are given in table 5.7.
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Decile |Log(cut-off)| Cut-off
1 1.4493 7422
2 1.5565 £4.71
3 1.6656 £5.25
4 1.7753 £5.87
5 1.8832 £6.55
6 2.0133 £7.46
7 2.1656 £8.67
8 2.3669 £10.59
9 2.6691 £1442

NN1 NN1p NN2 NN10

Decile 1

not used in dec 1 78.3 76.1 63.6 14.8
used once in dec 1 18.5 22.0 26.1 20.8
used twice in dec 1 2.5 1.7 6.5 20.0
used 3 times in dec 1 0.5 0.2 2.5 16.4
used >3 umes in dec 1 0.2 0 1.1 27.8
Decile 2

not used in dec 2 75.0 71.7 57.7 7.2
used once in dec 2 19.4 25.2 27.8 14.6
used twice in dec 2 4.5 2.6 9.9 23.1
used 3 times in dec 2 0.8 0.4 2.8 18.7
used >3 times in dec 2 0.2 0 1.7 36.6
Decile 3

not used in dec 3 58.5 50.1 394 0.6
used once in dec 3 28.0 40.9 27.8 3.2
used twice in dec 3 8.9 7.7 16.2 7.5
used 3 times in dec 3 3.5 1.0 9.5 10.8
used >3 times in dec 3 3.5 0.1 7.1 77.7

Chaprer 5: Comparing Predictive Mean Matching Imputation and Propensity Score Weighting

Table 5.7: Cut-off points for the deciles based on the predicted values from the regression model.

Table 5.8: Percentage of donors (based on the number of donors in each decile) that are not used,

used once, twice, three times or more than three times within the first, second and third deciles.
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Table 5.8 shows the percentage use of donors within deciles. We can see that in the bottom deciles
a large proportion of donor values are not used for imputation which is expected since the
response rate is higher in this decile. This proportion is highest for nearest neighbour (NN1)
imputation and lowest for NN10 imputation. The proportion of donors used more than three

times is by far the highest for NN10 for the bottom three deciles.

However, the analysis of the percentage of donors used is only an indication of the effective usage
of donors. The different methods are difficult to compare since nearest neighbour based on
repeated imputations per definition uses donors more frequently than single value imputation. We
therefore analyse the variance of the impurtation weights d,, to be able to compare different
nearest neighbour methods directly. The variance of the imputation weights is defined as

var(d,) = —— " (dy, ~,,) (5.12)

n —1

where d,, denotes the mean of the imputation weights, d,, =»'> " _ d,. =n/n,. The variance
of the point estimator under predictive mean matching imputation given in (5.9) depends on the
weights d,, and is therefore inflated by a factor, which depends upon the varance of the
imputation weights. The vanance var(]s.) is large if the variance var(d,,) is large and small if
var(d,,,) is small. The results for var(d,,) for NN1, NN1p, NN2 and NN10 are given in table
5.9. We can see that var(d,;) reduces if M increases (M =1,2,10). The results in table 5.9 suggest
that the use of repeated imputation, in particular M =10, may be expected to reduce the variance of
the resulting estimator significantly. The use of the penalty function also appears to have a
substantial effect on variance reduction. In addition, table 5.10 gives the results for the variance of
the imputation weights within the bottom three deciles of the hourly pay distribution based on the

predicted values for In(Y), where var(d,,,) for the cth decile dec., ¢ =1,...,10, is defined as

1 7 \2
e e

Again we observe that the variance of the imputation weights is greatly reduced using NN10

instead of single imputation. We conclude that NN10 spreads the use of donors more evenly

which potentially leads to a reduction in the variance of estimators.

152



__ Chapter5: Comparing Predictive Mean Martching Imputation and Propensity Score Weighting

NNI1

NNi1p

NNI10

7.88

5.58

7.35

4.59

imputation.

Table 5.9: Variance of the imputation weights, var(d,,, ), for different forms of nearest neighbour

Decile NN1 NN1p NN2 NN10
1 1.40 1.34 1.28 1.15
2 1.36 1.28 1.20 1.03
3 1.23 0.97 0.95 0.59

Table 5.10: Varance of the imputation weights within the bottom three deciles, var (d,,),

=1,2,3.

5.2 Propensity Score Weighting and Comparison to Predictive Mean
Matching Imputation

5.2.1 Brief Theoretical Investigation of Propensity Score Weighting

An alternative way of handling nonresponse is weighting, which is usually applied in the case of
unit nonresponse. The method implies weighting the respondents to compensate for nonresponse
bias and either dropping nonrespondents from the file or assigning zero weights to the
nonrespondents. In this case the estimator P. can be written as a weighted estimator, such that

Z wW;Z;

A ,
P_lEr

b
> o,

s

(5.14)

153



Chapter 5: Comparing Predictive Mean Matching Imputation and Propensity Score Weighting

where w, denotes the weights for the respondents to compensate for nonresponse bias. For
simplicity reasons the survey weights 7 are not taken into account in the following. There are
various ways of obtaining the adjusted weights w, for the respondents. One method of forming
weights is based on the response propensity. The respondents’ weights are set proportional to the
inverse of response rates. This way it is possible to adjust for selective nonresponse. In the
following the method based on the inverse of the response rates will be referred to as propensity
score weighting (David et al., 1983; Agostino and Rubin, 2000; Little and Rubin, 2002), denoted PSW.
The approach can be regarded as analogous to using the inverse of the sampling probabilities for
compensating for differential sample selection, such as in the Horvitz-Thompson estimator (Oh
and Scheuren, 1983). Instead of estimating the hourly pay distribution f(y;|x,,w;,/; =0)
directly, which reduces under the assumption of MAR to estimating the distribution
f(v |x,,w,,I[,=1), as it is done under imputation, the aim when using propensity score
weighting is to estimate the distribution Pr(I, =1]| y,,x,,w,), which under MAR reduces to
estimating p, = Pr(I, = 1|x,,w,). This distribution is then used to estimate the distribution of
hourly pay. The model Pr({, =1|x,,w,) can be fitted based on observed data only since , X and
W are fully observed. A regression model is fitted with the indicator of response I as the outcome
variable and X and W defining the covariates using for example a logistic regression model to
obtain the predicted response propensities p, = pr(I .= 1|x,,w,) for all i €s. The weights for each
respondent in s are set to be @, = p'. The resulting estimator is denoted IS.PSW and is of the

form

. Zﬁ;lzi
PSW Zpil

er

(5.15)

Note that E(3 . p7)=n, where the expectation is with respect to the nonresponse
mechanism R. The simplest approach to propensity score weighting is to use only the respornse nate,
defined as 7 /n, for weighting the respondents. Alternatively, classes, denoted B,, £ =1,.., K,
can be formed based on boundaries of the predicted propensity scores p,. Then within each class
the response rate, 7, /7, , is used for weighting the respondents within class k. This is referred to
as response propensity stratification (David et al,, 1983). Another way of defining the classes is to use

categorical variables that are observed forall 7 €.
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Under certain conditions, which will be examined in the following, propensity score weighting
leads to approximately unbiased estimators. First, it is required that the assumption of MAR holds
with respect to p, = Pr(I; =1|x,,w,). Rosenbaum and Rubin (1983) (see also David et al., 1983)

show that for the propensity score p, it holds
(x,w) LI | p, (5.16)

Under MAR it follows that

v L1 pi (5.17)

Using equation (5.17) the estimator P. o 15 approximately unbiased assuming that the underlying

propensity score model is correctly specified (David et al. 1983). More formally, we have

n Z ]gi—l](i €7z,
Epr (P-Psw) = Epp léi: ]3;1[(1' c r) =P

i€s

since Ep(p)=p if ¢ converges to a limit ¢, where 2 :]37(]1. =1|x,,w,)=h[n0],
7. =Pr(l, =1|x,,w,)=h[nel, 7 is a vector of functions of X and covariates Wand ¢ 15 a
vector of coefficients estimated by ¢ . If 7, denotes the true probability of response for i €5, Le.
7, =DPr(l, = 1] y,,x,,w,), we have per definition £,(I(: € 7)) = =,. Under MAR it follows that

p. = #,, which implies approximate unbiasedness of the estimator.

5.2.2 Comparison of Propensity Score Weighting to Predictive Mean Matching
Imputation

The method of propensity score weighting in the context of estimating the hourly pay distribution
and the parameter P, has been proposed by Dickens and Manning (2002) and Manning and
Dickens (2002). It is therefore of interest to compare the properties of this weighting method with
the previously discussed forms of predictive mean matching imputation and to investigate
advantages and disadvantages of the two approaches, particularly in the context of derving
estimates of low pay. As examined in Little (1988, July) and Oh and Scheuren (1983) a close

relationship between weighting and certain forms of imputation, such as hot deck imputation,
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exists. In the case of predictive mean matching imputation, i.e. hot deck imputation within classes
and nearest neighbour imputation, it is possible to express the point estimator P. as a weighted
estimator as in (5.14). The weights w, are defined by the imputation weights, i.e. w; =d,,,, where
dy; =1+a,/ M and a, denotes the number of times respondent z € » has been used as a donor
for imputation (see section 5.1.1). Note that per definition ) _ d,,. =n. The weighted estimator
(5.14) under hot deck imputation is denoted D.p» such that

dyZ;
P']MP,M — ier . (5-18)

Z dM i

icr

If the estimator (5.18) is derived using hot deck imputation within classes it will be denoted
]S.HD,)M and if it is based on nearest neighbour imputation it will be denoted ]S.NN’ w - Expressing
the imputed estimator as a weighted estimator might have potential advantages for users of LFS
data. The use of improper multiple imputation, in particular in the case of HDI10 and NNI10,
might cause problems to users of the data when coﬁng the results of the M imputed variables.
However, the close relationship berween imputation and weighting might help to overcome this
problem since the variable representing the imputation weights could be included in the dataset
instead of the M repeated imputation variables. Estimates of population values can be obtained by
weighting the respondents data appropriately using the estimator in (5.18) instead of combining
the results based on each separate imputation. The variable of the imputation weights is also
sufficient when computing estimates of the variance for the point estimators of interest, if variance

estimation formulae are expressed based on the imputation weights, which is done in Beissel-

Durrant and Skinner (2003). The actual M imputed variables are then not necessarily needed.

Since both imputation and weighting can be used for nonresponse adjustment it is important to
understand the theoretical properties and the relative merits of each approach. Comparisons
between weighting and imputation have been analysed in greater detail, for example, by Little
(1986), David et al. (1983) and Kuk, Mak and Li (2001). In the following the relationship between
propensity score weighting and predictive mean matching imputation is brefly examined. We
concentrate on a comparison between propensity score weighting and hot deck imputation within

classes, since for a meaningful comparison we need the requirement that M is large or infinite,
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which is not well defined for nearest neighbour imputation. Taking into account that the
propensity score method is a deterministic method whereas the hot deck method within classes is
a stochastic method given the sample s, we want to eliminate the stochastic element in the
estimator (5.18) for hot deck imputation within classes. We therefore assume that M tends to
infinity such that

> d;z,

HDI Zdl ( )

ier

A

where d; = lim (d;;) = lim (1+4,/ M).
M—00 M—oc
First, some conditions are discussed under which the two methods produce similar estimates.
Under MAR using hot deck imputation within classes and propensity score stratification, using the
response rate within classes to define the weights, both methods are expected to give similar
results if the classes for both methods are defined equivalently, for example by using the categories
of some categorical covariates or by using an appropriate range of 2; or 3, to define the classes
respectively for each method. In the same way this also applies to using propensity score weighting
instead of stratification under uniform within classes nonresponse. Assuming that the classes B, ,

k=1,..,K, are defined equivalently for both methods we have

DD

Py :“‘—“—““k schirv T —lz >z, lZn,{z_,,,c , (5.20)
Z Z n £ 72 (B 7 3
k€8 n‘rk

since under response propensity stratification the response rate is used for weighting, ie

p.=n,/n forall i€B,,and

Poypy = ”Zd ‘Z > (I+ay)z

zEr k ieB.Nr

:‘;Iv—*
=[]

1 _
.& Z Zi = MZ?’L}%Z& N (5.21)
nfk i€B.r n k

where 4, :Aym‘(ai/M):—ni:M:n_k_l_

My, 4, Ty,
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This shows that under the above conditions the estimators for imputation and weighting are
approximately the same. In general, however, the classes defined under hot deck and under
. . . A A .
response propensity weighting based on the range of 3, or p, respectively are not assumed to
be the same since, for example, some covariates might be good predictors of ¥ but independent of
R A .. . PN .
R. Using the estimator P.,p, but defining the classes based on response propensity stratification

or vice versa will lead to biased results (Little, 1986).

The idea of defining equivalent classes and using propensity score stratification and hot deck
imputation within classes extends to the more general case of using propensity score weighting
and predictive mean matching imputation. Both methods are expected to produce close estimates
if the following holds. The predicted values from the linear regression used in the imputation
method are defined by y,., = exp(,£) , ignoring the difference in ,SA and f. The propensity score
can be written as p, =h[yp], where the funcion b may be defined as
h(x ) = exp(x )/[1+ exp(x )] for example, and we denote y." = 7,¢, ignoring the difference in
¢ and ¢ . Both methods therefore depend on the specifications of the vectors of coefficients 4
and ¢ . If these are functions of each other, such that 8= f(y), where fis a one-to one function
imputation and propensity score weighting are expected to produce very similar results. One
example is to set f(x)= gx, where g€ R, such that 3= gy . It follows that
In(ys) =1 =180 = 810 = 80t

and P =hlnpl=0lg 7,81=hg " In(y,,)],

such that the predicted values from the imputation regression are functions of the propensity
scores and vice versa. The simplest case would be to set = ¢, which means that the propensity
scores are defined conditional on the predicted values from the linear regression model for
imputation. We have p, = H7,8]1= Hln( ;)] and therefore p, = Pr(/; = 1|In(y,,)). Then, the
imputation weight d,, may be regarded as a nonparametric estimate of Pr(/, =1|ln(y,,))™". In
this case, propensity score weighting and imputation are expected to lead to similar results.
Generally, however, it does not hold that = f(p) since some variables are expected to be
predictors of hourly pay but not necessarily of the nonresponse and vice versa. The following

A A
simple example illustrates that given the sample s the actual estimators P, and P.,, are
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different in general. Let us assume uniform nonresponse and only one categorical variable W that
is a predictor of Y, but independent of . The propensity score weights are therefore constant for

A
all i €5 and the estimator P.p,, reduces to

Do, == = 25, (5.22)

Using hot deck imputation within classes, where the classes are either based on the range of the

predicted values of Y or on the categories of W, we have

]S'HDI :lz Z ‘:Zizi —_—;11“272/22;& y (5.23)
k

N ieBorw T
which is unequal to (5.22).

We conclude that under MAR and correct model specifications both estimators for imputation
and propensity score weighting are approximately unbiased for P. Furthermore, under certain
conditions as discussed above both estimators may lead to very similar estimates. In general,
however, the estimates are expected to differ since both methods are based on quite different

models.

Another issue when comparing imputation and weighting is their reliance on model specifications
and their robustness to misspecification of the underlying assumptions. Since propensity score
weighting is a parametric method, which is based on a model for the response, the choice of
variables employed in the regression model is important and the performance of the method
depends on the quality of the underlying model (Little, 1988, July). In comparison, predictive
mean matching imputation makes use of the underlying regression model but does not fully rely
on it. It is a semi-parametric method and this might imply greater robustness in the case of model
misspecification. This is discussed further in section 5.2.4, where both methods are analysed

empirically under model misspecification.

Another important aspect when comparing imputation and weighting is the analysis of the

efficiency of the resulting estimators. Although the emphasis is on the empirical investigation

159



Chapter 5: Comparing Predictive Mean Matching Imputation and Propensity Score Weighting

using a simulation study as done in section 5.24 we will briefly discuss the efficiency under
propensity score weighting and imputation. Similar to imputation standard variance formulae
under weighting are not applicable and correct standard errors are difficult to obtain. An
adjustment is necessary and is discussed by Jones and Chromy (1982) and Oh and Scheuren
(1983). A variance formula for propensity score weighting is also derived in Beissel-Durrant and

Skinner (2003) linearising the point estimator ]S-psw- The variance formula is given by

var oy ) = T S ES (= DV (] )
2 E(Sl-- I | o) -PT, (5.24)

i€r f

where the unconditional and conditional variances and expectations are with respect to the
sampling design and the superpopulation. We can see that this formula involves a third term in
comparison to the variance formula under predictive mean matching imputation given in (5.9). As
in this formula the inflation of the variance due to nonresponse in the formula in (5.24), as
indicated by the second and third term, depends on the weights, here the propensity score weights
1/ p,. We will therefore focus on the weights under imputation and weighting. As discussed in
Little (1986) and David et al. (1983) propensity score weighting can lead to estimates with large
variances since for very low values of p, the assigned weights are large, which leads to an inflation
of the variance of 2. sow - However, this effect might be moderate in this particular application of
estimating low pay since under an approximately correct model we would expect only high earners
to receive a very small probability of response. For high earners, however, we would generally
have z, =0 for proportions related to the NMW, such that the influence of large weights on the
variance formula would be reduced. In comparison, one might expect to achieve a smoothing of
the weights under predictive mean matching imputation if A is reasonably large, producing
weights with smaller variability. An empirical analysis of the imputation weights and the weights
under propensity score weighting is carried out in section 5.2.3 showing a higher dispersion of the
propensity score weights in comparison to the imputation weights. In general, however, it is

difficult to compare the variance of an estimator under propensity score weighting in (5.24) with
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the variance under predictive mean matching imputation in (5.9) since the weights 1/ p, and 4, ,

the underlying regression models and therefore " and In( Vi) are different.

gl

5.2.3 Comparison of Propensity Score Weights and Imputation Weights

Comparing the estimators based on imputation and weighting it is of interest to analyse the
distribution of the resulting weights empirically. The weights w, in the estimator (5.14) using
propensity score weighting are defined as 7' = Isr'l([ . =1]x,,w,). For hot deck imputation
within classes as well as nearest neighbour imputation we have w, =d,, = 1+4,/ M . Table 5.11
gives the distribution of the resulting weights for the different methods applied to the LFS quarter
March-May 2000 to get an indication of the differences of the weights. The variance of the

weights is defined as

var(,) = —— 5" (w, — &), (5.25)

nr h]‘ icr

;. The variance var(w;) for the cth decile dec,, ¢=1,..,10, where the

er 1

— -1
where @ =7,

deciles are based on the direct variable Y, is defined as

1 _\2
var,(w,) ={Z[(i c {7mdecf})]_1m;@( (w, —)". (5.26)

Table 5.11 presents the distribution of the weights », based on propensity score weighting,
nearest neighbour imputation and hot deck imputation within classes. Note that the underlying
models, ie. imputation model and propensity score model, both employ the variables as in the
nonresponse model A3 (section 3.3.4) for comparison. The analysis might therefore favour the
propensity score weighting method. We can see that the maximum value differs greatly with the
greatest value for PSW and the second largest value for NN10. For hot deck imputation within
classes without replacement (HDIwor10) the use of donors is as expected very evenly spread
resulting in an even distribution of weights, which can be seen in the cut-off points for the deciles
of the distribution of the weights. In table 5.11 we can see that the cut-off points for the deciles
for propensity score weighting and nearest neighbour imputation are very similar. However, we
observe a great difference in the variances of the weights, with the largest variance for the

propensity score weighting method and the lowest variance for hot deck imputation within classes
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without replacement. The variance of the weights within deciles of the observed variable Y show
for nearly all deciles a higher variance for propensity score weighting than for nearest neighbour
imputation based on ten repeated imputations with the largest discrepancy for the top deciles. This
coincides with larger variances for the point estimators under propensity score weighting observed

in the simulation study (see table 5.13).

PSW NNI10 HDIwor10
Minimum 1.02 1 2
Maximum 109.91 28.12 3
Median 1.55 1.61 230
Mean 2.31 2.31 2.31
Deciles (Cut-off points):
1 1.1 1.1 2.1
2 1.2 1.2 22
3 1.3 1.3 2.2
4 14 1.5 2.3
5 1.6 1.6 2.3
6 1.7 1.9 23
7 2.1 2.3 24
8 2.6 2.8 24
9 3.8 3.8 2.5
Vanance 10.01 4.37 0.03
Variance of weights within deciles of the observed variable ¥
Decile 1 1.28 0.85 0.032
Decile 2 1.20 1.14 0.029
Decile 3 1.05 1.16 0.027
Decile 4 091 0.96 0.026
Decile 5 0.84 0.79 0.026
Decile 6 0.81 0.47 0.029
Decile 7 0.72 0.28 0.026
Decile 8 1.19 0.57 0.028
Decile 9 4.44 2.75 0.029
Decile 10 118.88 47.07 0.028

Table 5.11: Distribution of the weights , under propensity score weighting (PSW), nearest
neighbour imputation (NN10) and hot deck imputation within classes (HDIwor10) based on an
application to the LFS quarter March-May 2000. The underlying model is model A3 for all three

methods.

The variance of the weights within deciles is very small for hot deck imputation within classes

without replacement. These findings support the arguments in section 5.2.2. The higher variability
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in the propensity score weights is expected to lead to a higher variance of the point estimator

under propensity score weighting in comparison to the imputation methods analysed here.
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Imputation weights under NN10

Figure 5.1: Scatterplot of imputation weights under NN10 and propensity score weights based on

LFS quarter MMOO, including all cases. The underlying model is model A3 for both methods.
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Imputation weights under NN10
Figure 5.2: Scatterplot of imputation weights under NN10 and propensity score weights based on
LFS quarter MMOO, including the first 6000 cases (out of 6813), where the cases are ordered
according to the predicted values of the imputation model used for NN10. The underlying model

1s mode] A3 for both methods.
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Figure 5.3: Scatterplot of imputation weights from HDIworlO and propensity score weights

based on LFS quarter MMOQ. The underlying model is model A3 for both methods.

The joint distribution of the imputation weights for NN10 and the propensity score weights is
shown in figure 5.1 including all cases and in figure 5.2 including the first 6000 cases only (out of a
total of 6813), where the cases are ordered according to the predicted values of the imputation
model. It can be seen that the weights under NN10 can be quite different from the weights under
propensity score weighting for each 7 € 7. We do not observe a linear relationship. Figure 5.3
presents the joint distribution of the imputation weights for HDIworl10 and the propensity score
weights. As expected the weights for HDIwor10 take only on values within a short range, ie.
values between 2 and 3, reflecting a high degree of smoothing, whereas we observe a much wider
range of possible values with some very large weights under propensity score weighting (values

between 1 and 100).

5.2.4 Simulation Study Comparing Propensity Score Weighting and Predictive Mean
Matching Imputation

The properties of propensity score weighting, nearest neighbour imputation and hot deck
imputation within classes are compared empirically using a simulation study. Only NN10 and

HDIwor10 are considered here. We concentrate on the properties of two point estimators, F.,

the proportion of employees earning below the NMW, and B,., the proportion of employees
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earning between the NMW and £5, in terms of bias, variance and mean square error. Furthermore,

the sensitivity to model misspecification under imputation and weighting is examined.

a.) Design of the Simulation Study

The following simulation study is designed as in section 3.3, however, with the following
amendments. Bias comparisons between predictive mean matching imputation methods based on
the predictive distribution and the propensity score method using a propensity score model are
difficult since the bias depends on the conditions of the simulation study and the specifications of
the models involved. A comparison requires that the models for the two approaches are
comparable. In the following investigation the same variables are employed for the imputation
models and the propensity score model to ensure comparability. The nonresponse follows the
assumption of MAR and is generated using Model A3. The variables included in this model are
described in section 3.3.4. The linear regression model that generates the variable ¥ contains the

same variables as in model A3. The variable In(X) is generated as in section 3.3. The behaviour of

the methods under ideal conditions and under misspecification of the models involved is analysed,
Le. the imputation model and the propensity score model depart from the model generating
nonresponse and the model generating the variable ¥ in the simulation. The following variables
are considered for modelling the propensity score as well as the imputation model. In addition to
models that were found relevant in section 3.3.4 four models that are considered in the paper by

Dickens and Manning (2002) are also taken into account, denoted ‘models DM

1. Model A3: includes all covariates as given in table 3.4 including interactions and square terms

2. Model Al: includes all covariates as in Model A3 but omits interactions and square terms

3. Model AO: is a simpler model using less covariates including: In(derived variable), occupation
(SOQ), part time (PT), less than weekly (LTWK), length of time continuously
employed (EMPMON), additions to basic pay (ADDTBP), proxy response
(Proxy), gender (FEMALE), industry section (IND), qualification (Q).

4. Model DM1: includes the covariates age, education (Qcat), gender (FEMALE), race
(ETHNICDM), temporary worker (JOBTYPE), part time (PT), working in
public sector (PUBLIC) and employer size (SIZE).

5. Model DM2: all variables as in model DM1 plus industry (IND) and occupation (SOC)

6. Model DM3: all variables as in model DM2 plus proxy response (PROXY)

165



Chapter 5: Comparing Predictive Mean Matching Imputation and Propensity Score Weighting

7. Model DM4: all vanables as in model DM3 plus In(derived variable)

b.) Results of the Simulation Study

First, the (estimated) bias for the estimators under different model specifications is analysed. The
results are given in table 5.12. The estimator ]31 is approximately unbiased under weighting and
imputation under the ideal condition using covariates as in model A3 for the underlying
imputation and weighting models. However, if the propensity score model and the imputation
model diverge from the ideal model conditions bias is introduced and the bias is greater the more
these models diverge from the model generating the data and the model generating the
nonresponse. The estimator 131 shows a greater bias under the propensity score method than
under the two imputation methods for models Al, A0 and DM4, with nearest neighbour
imputation (NN10) having the smallest bias. For models DM1, DM2 and DM3 all methods are
strongly biased, since the derived variable is omitted and only a small number of covanates are
taken into account. In these cases the propensity score method shows a slightly smaller bias than
hot deck imputation within classes. The nearest neighbour approach gives the lowest bias under
these misspecifications. Similar results are shown for the second point estimator 132 For models
Al, A0 and DM4 the second point estimator under the PSW. method shows a higher relative bias
with around 4% than under the imputation methods with under 2%, where the nearest neighbour
method performs best showing the smallest bias. For models DM1, DM2 and DM3 the results for
the second point estimator are all strongly biased, showing the smallest bias for the nearest
neighbour imputation method. We conclude that in this comparison nearest neighbour imputation
(NN10) seems to perform best in terms of bias under correct and misspecified models. Kuk, Mak
and Li (2001) also found that under model misspecification imputation seems to perform better
than weighting. This might be related to the stronger dependence of the weighting method as a

parametric method on the specification of the underlying model.

166



Chapter 5: Comparing Predictive Mean Matching Imputation and Propensity Score Weighting

Method | Model Bias of 131 Rel. Bias of 132 Rel.
Bias of Bias of
PSW A3 0.14*10%  (0.71*10™ 0.03% |-2.62*10" (1.35"'10'4) -0.14 %
AT | -896%10% (068%107) | -164% | 7021710° (1.407107) | 3.80 %

A0 | -5.027107 (068%107) | -092% |67.81710° (141*107) | 3.66 %

DM1 | 118.13*10"* (0.87%107)" | 21.81 % | 428.54*107 (1.58*10%)" | 23.17 %
DM2 | 487*10% (079%10%)" | 895% | 191.01%107(1.40*10%)" | 10.33 %
DM3 |56.4%10% (0.80%10%)" | 10.35% | 205.12*107 (1.47%107)" | 11.13 %
DM4 | -3.28%10% (0.68%10%) | -0.60 % | 89.71%107 (1.36*10%)" | 4.31%
NNI10 A3 -0.18%10%  (0.64*10%) | -0.03% |-5.8*10° (1.20%107) | -0.31%
Al -1.31%10%  (0.65*10%)" | -024 % | -4.74%10% (1.23*107)" | -0.25 %
AO -1.66%10"  (0.63*10%)" | -030% |-10.61*107 (1.23*10%)" | -0.57 %
DM1 | 117.11%10* (0.85%107)" | 21.54 % | 393.45*107(1.58*107)" | 21.30 %
DM2 | 43.21%10% (0.77%107%) | 7.93% | 154.34*10%(1.32*10%)" | 837 %
DM3 | 46.01%10% (0.76*10%)" | 8.45% | 163.23*10%(1.39"10%)" | 8.83 %
DM4 | 3.05%10%  (0.65%107)" | 056 % |26.30"107 (1.24%107%) | 0.14 %

HDIwor10 | A3 -1.1%10% (0.64%107) | -0.20% | 22.12*10% (1.23*10%)" | 121 %
Al -2.37%10%  (0.66%10")" | -043 % | 24.01%10° (1.24*10%)" | 1.30%
A0 -2.73%10%  (0.65%10%)" | -0.50 % | 18.79*10% (1.24*107)" | 1.01%
DM1 | 13743*10% (0.87%10%)

DM2 |55.8%10% (0.78*10%)" | 10.25% | 193.78*107(1.36*107)" | 10.45 %
DM3 |59.31710" (0.83*107)" | 10.89 % | 205.90%107(1.42*10%) | 10.95 %
1.21%10% | 1.69 %

(
(
(
25.09 % | 448.45%107 (1.57*107)" | 24.25 %
(
(
(

DM4 | 1.64710"  (0.65*10% | 030% |31.21%10"

Table 5.12: Comparison of bias and relative bias under propensity score weighting (PSW), hot
deck imputation within classes (HDIworlO) and nearest neighbour imputation (NN10) under
comparable conditions, using the same covariates in the propensity score model as in the
imputation models. The nonresponse mechanism follows the assumption of MAR and is based on
model A3. The model specifies which variables were used in the PSW method and the imputation

methods.
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Method | Model V(P.) MSE(B.) V(P MSE(P,.)
PSW A3 5.16%10° 5.16%10° 1.83*10° 1.83%10°
Al 471%10° 5.51%10° 1.96%10° 6.90%10°
A0 4.68%10° 4.94%10° 1.97%10° 6.59%10°
DM1 7.66%10° 148.01%10° 2.52%10° 185.23*10°
DM2 6.33*10° 30.19%10° 1.96%10° 38.44*10°
DM3 6.44%10° 3.82*10° 2.18%10° 445%10°
DM+ 4.72%10° 4.83*10° 1.85%10° 5.09%10°
NNI10 A3 4.10*10° 4.10%10° 1.45%10° 1.49*10°
Al 4.27*10° 4.29%10° 151710 1.54%10°
A0 4.08%10° 4.10%10° 1.52*107 1.63%10°
DMl1 7.66%10° 145.34%10° 252%10° 157.23*10°
DM2 6.05%10° 24.71%10° 176107 25.7*10°
DM3 5.80%10° 26.97%10° 1.94%10° 28.55%10”
DM4 4.27*10° 4.36*10° 1.55%10° 1.56%10°
HDIworl0 | A3 4.20%10° 421%10° 1.51%10° 2.01%10°
Al 4.38*10° 4.44*10° 1.54%10° 2.12*10°
A0 4.24%10° 431%10° 1.56%10° 191%10°
DM1 7.52*10° 195.55%10° 251%10° 203.34*10°
DM2 6.19%10° 374.23*10° 1.87%10° 39.13%10°
DM3 5.98%10° 41.14710° 2.03%10° 43.02%10°
DM4 4.43%10° 4.46%10° 1.57%10° 2.56*10°

Table 5.13: Comparison of variance and mean square error under propensity score weighting
(PSW)), hot deck imputation within classes (HDIwr10) and nearest neighbour imputation (NN10)
under comparable conditions, using the same covariates in the propensity score model as in the
imputation models. The nonresponse mechanism follows the assumption of MAR and is based on
model A3. The model specifies which variables were used in the PSW method and the imputation

methods.
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Table 5.13 shows the variance and the mean square error for the two estimators of interest. The

efficiencies of the estimators are investigated based on the simulation vanance
V=(4 ~1)"1Z::1(13g.(4) —P), where P =4 'IZilﬁg.(“) and g=1,2. Comparing the
efficiency of [31 for the different methods we can see that under hot deck imputation within
classes the values for V(ﬁ1 ) for all models considered here show lower values than under the
propensity score method. For all models apart from DM1 and DM2 the nearest neighbour
approach shows the smallest variance amongst the three methods. This indicates that, under the
conditions considered here, the imputation methods based on repeated imputations, in particular
nearest neighbour with 10 imputed values, are more efficient than propensity score weighting. The
variance for the second point estimator is also smallest for nearest neighbour imputation for all
models considered here. In addition, the mean square error is the smallest for nearest neighbour
for all models and both point estimators. We can therefore conclude that overall nearest

neighbour imputation based on repeated imputation seems to perform better in terms of bias and

efficiency than both other methods considered here.

In addition, in section 6.2.2 both propensity score weighting and predictive mean matching
imputation (HDI10 and NNI0) are analysed under misspecification of the nonresponse
mechanism, where the nonresponse is nonignorable rather than following the MAR assumption.
The results indicate a slightly smaller relative bias for nearest neighbour imputation in comparison
to hot deck imputation within classes and propensity score weighting. We can see that also under
misspecification of the nonresponse mechanism there is an indication that nearest neighbour

imputation seems to perform better than the other methods.

c.) Analysis of Point Estimators under Propensity Score Weighting and Predictive Mean

Matching Imputation

A

. . . A A . . .
The relationship between the three estimators Py, P.po and Py is investigated
empirically. In particular, it is of interest if the estimators under weighting and imputation lead to
. . - . N A A A . .
similar results under comparable conditions, ie. if P, =Pl =Pl for all iterations
a=1,..,A, where the model generating In(Y) in the simulation, the nonresponse model, the

imputation model and the propensity score model employ the same variables.
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Figure 5.4: Joint distribution of Poripr and ]3.,)5‘}(, under model A3. The two lines indicate the
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Figure 5.5: Joint distribution of Ponio and P.,,, under model A3. The two lines indicate the

population value P.
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Figure 5.6: Joint distribution of ]S.HJD,10 and ]S.N,\,10 under model A3. The two lines indicate the

population value P.

Figures 5.4-5.6 show the joint distributions of ]%.HD“O, ]%-Psw' and ]SI.NNIC under model A3. The
two solid lines indicate the population value P. We can see that overall all point estimators are
strongly linearly related. This relationship is, however, less strong when weighting and imputation
are compared (figure 5.4 and 5.5). The two scatterplots indicate that under comparable conditions
both imputation and weighting can be expected to give very similar results in most cases.
However, as can be seen from some outlying values both estimators can produce quite different
estimates depending on the sample. Comparing the two imputation methods with each other
(figure 5.6) we observe a very strong linear relationship indicating that the two imputation

methods lead to very similar point estimates under comparable conditions.

The relationship between the three estimators is further examined using the correlation coefficient.
The results are given in table 5.14. The correlation between the weighted and the imputed
estimators is positive and close to 1 (between 0.89 and 0.96). This indicates a high linear
relationship between the estimators obtained using imputation and weighting. The correlation
coefficient between the imputed estimators 2., and ]3.NN10 is between 0.95 and 0.97 and

therefore slightly larger than the correlation between weighting and imputation.
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Model Correlation of Correlation of Correlation of
Is-psw and IS'HDI!O Is-psw and IS‘NNIO IS'NN]O and IS‘HDI]O

A3 0.89 0.90 0.97
Al 0.95 0.94 0.97
A0 0.95 0.95 0.97

DM1 0.96 0.95 0.95

DM2 0.96 0.96 0.96

DM3 0.95 0.94 0.96

DM4 0.95 0.95 0.97

Table 5.14: Correlation coefficients between the estimators based on propensity score weighting
(PSW), hot deck imputation within classes without replacement (HDIworlO) and nearest

neighbour imputation (NN10).

5.2.5 Application of Predictive Mean Matching Imputation and Propensity Score
Weighting to LFS Data

In the following nearest neighbour imputation (NN10), hot deck imputation within classes
(HDIwr10 and HDIworl0) and propensity score weighting are applied to LFS data and
corresponding estimates for the two proportions of interest, ]31 and ]32., are presented. In
addition, different imputation and propensity score models are used to analyse the effects of
various model] specifications on estimates of low pay. The analysis is based on two LFS quarters.
The quarter June-August 1999 (JA99) refers to a period soon after the introduction of the NMW,
however, it 1s only based on approximately 25% respondents. We therefore also take into account
the quarter March-May 2000 (MMQ00), which is based on approximately 43% respondents and is
assumed to be less affected by recent changes in the pay distribution due to the introduction of the
NMW in Apnl 1999. We therefore expect to obtain more reliable estimates from the MMOO

quarter.

The results for the different estimates are given in table 5.15 and 5.16 based on the quarters June-
August 1999 and March-May 2000. For comparison estimates based on the derived variable,
without any adjustment for nonresponse bias, are given suggesting a considerable overestimation

of the proportion of low paid employees highlighting the need for approprate adjustment. For
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both datasets propensity score weighting gives lower estimates of the proportion of low paid
employees under all models considered here in comparison to the imputation methods. For the
quarter June-August 1999 the estimates based on the different imputation methods are close to
each other with slightly lower estimates for the NN10 method. For this quarter the estimates for
weighting and imputation seem to differ, at least slightly, with lower estimates for ]’31 under the
weighting method. The slightly lower estimates for ]31 under propensity score weighting might be
explained by the greater negative bias of this method found in the simulation study (table 5.12).
The models DM1, DM2 and DM3 produce larger estimates for all methods, which coincides with
the strong positive bias for all methods under these models observed in the simulation study (table
5.12). For the quarter March-May 2000, however, where the response rate is higher than in the
quarter June-August 1999, the estimates under imputation and weighting are very similar (table
5.16). Taking into account that the quarter MMOO is expected to give more reliable results we
conclude that both imputation and weighting seem to produce very similar estimates. Similar
results are found in Manning and Dickens (2002), also indicating that propensity score weighting

and imputation lead to similar estimates under the assumption of MAR.

In addition, table 5.15 shows the effect of different specifications of the underlying models.
Within each method we see that the results for similar models, such as model A3, Al, A0 and
DMA4, are reasonably close. However, the results can vary considerably for models that depart
from these models, for example if they include much less variables or do not include the derived
variable X, such as models DM1, DM2 and DM3. We conclude that for both imputation and
weighting different models can produce different results for estimates on low pay. There is an
indication that both imputation and weighting are sensitive to different model specifications.
Careful modelling of either the nonresponse or the prediction of hourly earnings is therefore

important.
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Method Model ]51 in % 132 L in%
(weighted, 18+) | (weighted, 18+)

Derived Variable 7.13 2051

PSW A3 0.96 3452

Al 1.08 3841

A0 1.08 38.40

DM1 1.33 46.14

DM2 1.19 41.23

DM3 1.22 41.61

DM4 1.07 39.11

NN10 Imputation model 1.34 32,57
as in table 2.1

A3 1.32 32.62

Al 1.44 3279

A0 1.50 33.04

DM1 1.61 45.07

DM2 1.70 37.55

DM3 1.65 37.31

DM4 1.44 33.32

HDIwr10 Imputation model 1.50 32.06
as in table 2.1

A3 1.47 32.10

Al 141 32.93

AQ 1.54 3333

DM4 145 3346

HDIwor10 Imputation model 1.55 32.04
as in table 2.1

A3 1.44 32.11

Al 141 3291

AQ 1.50 33.20

DM4 145 3343

Chapter 5: Comparing Predictive Mean Matching Imputation and Propensity Score Weighting

Table 5.15: Estimates for . and B,. (weighted) for age group 18+ using different propensity

score and imputation models, June- August 1999.
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Method Model 131 in% ﬁz in%
(weighted, 18+) | (weighted, 18+)
PSW A3 0.54 2710
NN10 A3 0.55 26.61
HDIwr10 A3 0.58 27.03
HDIwor10 A3 0.57 26.01

Table 5.16: Estimates for 5. and 5. (weighted) for age group 18+ using variables employed in
model A3, March-May 2000.

147
127 — Derived Variable :
"""" Hot Deck Imputation (wor) N?fltl_onal
—=—=NN10 Imputation Minimum
107 === Propensity Score Weighting Wage

Percent

2.0 2.5

Hourly earnings in £/hour

Figure 5.7: Distribution of houtly earnings from £2 to [4 for age group 18+ (weighted), for LFS
quarter June-August 1999, based on the derived vanable, HDIwor10, NIN10 and propensity score

weighting.

Figure 5.7 shows estimated distributions of hourly eamnings based on the derived variable, hot
deck imputation within classes (HDIwor10), NN10 and propensity score weighting. Again we can

see that both imputation and weighting produce very similar results with slightly lower estimates
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under the weighting approach for the bottom end of the distribution. In all correction methods
using either weighting or imputation, we observe a ‘kink’ in the estimated distributions indicating
the level of the NMW: as well as other step effects. The estimated distribution based on the
derived variable ignoring measurement error suggests in comparison considerable upward bias and

stresses the need for adjustment methods.

5.3 Conclusion

This chapter considered a broader class of adjustment methods to compensate for nonresponse
bias and to correct for measurement error in an earnings variable. Various forms of predictive
mean matching imputation were analysed and compared to propensity score weighting. We found
a small positive bias under hot deck imputation within classes which could be caused by the
specification and the width of the classes. Different forms of nearest neighbour imputation where
therefore analysed, which showed a nonsignificant bias under correct model specifications. The
empirical investigation showed that repeated imputation leads to a considerable gain in efficiency
compared to single imputation, for example when comparing NN1 and NNI0. The gain in
efficiency is greater the greater M. The use of a penalty function also reduces the variance of the
estimator, however, not as much as the use of repeated imputation. No obvious differences in the
performances between random and deterministic forms of nearest neighbour imputation were
found. Comparing nearest neighbour imputation with propensity score weighting we found that
both imputation and weighting lead to approximately unbiased estimates under certain
assumptions such as the assumption of MAR and correct model specifications, however, with
some gains in efficiency for the imputation method. In addition, there is an indication that nearest
neighbour imputation is more robust against misspecification of underlying assumptions such as
misspecification of the imputation model involved and departure from the MAR assumption, in
comparison to hot deck imputation within classes and propensity score weighting. Applyng the
nearest neighbour imputation and propensity score weighting to LFS data we can see that under
comparable conditions the two methods produce very similar results. Overall, nearest neighbour

imputation based on repeated imputations is recommended for practical use.
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Chapter 6

Modelling the Measurement Error and

Alternative Estimation Methods

The imputation and weighting methods considered in the previous chapters are based on the
assumption of ignorable nonresponse (MAR). It is of interest, however, to explore alternative
assumptions, reflecting nonignorable nonresponse taking into account the measurement error
structure of the data, and to investigate possible imputation methods based on these assumptions.
In this chapter the aim is to investigate alternative imputation methods that are based on an
assumption in a measurement error framework, as an alternative to the MAR assumption. Before
specifying this assumption it is necessary to investigate the measurement error structure of the

derived variable in the LFS.

In general, there are two ways of analysing the nature of measurement error. It is possible to either
use validation data giving the true values based on an external or internal source or to use repeated
measurements, where all measurements are subject to measurement error (for general approaches
to handling measurement error see chapter 1). Preliminary analysis on the earnings variables of
interest in the LFS has shown that the derived hourly pay variable X is subject to a considerable
amount of measurement error and that the direct variable Y gives much more reliable results on
hourly earnings (see section 2.1.3; Skinner et al., 2003; Manning and Dickens, 2002). Based on

these findings we regard the direct variable as true earnings, which is not affected by measurement

177



Chapter 6: Modelling the Measurement Error and Alternative Esumation Methods

error (assumption 2.1). Thus, we treat the observed values of Y as internal validation data, not
obtained, however, on a randomised subsample of the whole sample, but only on specific
members in the sample that fulfil certain criteria, i.e. being paid on an hourly basis, which is not
representative for the whole population. The direct variable is therefore missing for a considerable
part of the sample 5. For salaried employees we therefore can only observe an approximation to Y,

the derived variable X, which is, however, subject to measurement error.

6.1 Modelling the Measurement E rror

Measurement error in variables may be assumed to be of the classical form (see section 1.1.1), Le.
it is assumed that the measurement error is normally distributed with mean zero and constant

variance and that the error is uncorrelated with true earnings and with the explanatory variables,

such that

x;=y+6 Vi€s, (6.1)
where
5, ~N(0,0;), covpy ( yiié‘j) =0 and covpy (W; ,5;') =0, (©.2)
for all units i and ;j and explanatory variable W, using the notation introduced in section 1.1.1.
However, when analysing the nature of measurement error in earnings variables these assumptions
are often violated and systematic error occurs, as discussed in section 1.2. We found that in the
LFS when analysing the derived and direct variable some of the assumptions in the classical model
hold but that some are clearly violated. To what extent the classical assumptions are violated also
depends on the choice of the measurement error model. Several measurement error models are

discussed. To facilitate our discussion we introduce the definition for the error terms:

1)é=X-Y (6.3)
2) d=In(X)—In(Y) (64)

For the following analysis the LFS quarter March-May 2000 (MMOO) is used. This dataset contains
15,895 employees in the UK, of whom 6,840 report the direct and the derived variable (excluding
employees that are not eligible for the NMW such as people under 18 years old).
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Before describing the measurement error models some preliminary comments about outliers with
respect to the distribution of ¥ and X in the LFS sample are made. In general, it is advisable to
examine the data for extreme cases, e.g. for extreme differences between X and Y or In(X) and
In(Y), since such outliers might have a great influence on survey estimates. An important source
of such outliers are gross errors, such as editing and reporting errors (Hampel et al., 1986), and it is
clearly desirable that inference is not based on such errors. In the LFS, some evidence of the
presence of such gross errors can be found. For example one case was found that reported hourly
earnings of £500 per hour based on the direct variable whereas the derived variable indicated a
value just under £5 per hour. Investigating the case it seems likely that the true value should be £5
per hour. One problem, however, is the identification of outlying values. There are several ways of
defining outliers (see also Duncan and Hill, 1985; Bound et al. 1994). One possibility is to
standardise the error § = X — Y and define outliers, for which the standardised error is greater
than 3 and smaller than -3. This way 14 extreme cases are identified in the LFS quarter referred to
as type 1 outliers. Another possibility is to define outliers based on the standardisation of the error
using the logarithmic transformation, i.e. d = In(X)—1In(Y). This way 120 cases are identified as
outliers, referred to as type 2 outliers. Thus, our attention to outliers is to ensure that the analysis is
not driven by a few cases. Another reason for deleting outliers from the dataset is that for the
extreme cases there is some reason to believe that the direct variable is subject to error against
assumption 2.1. The impact of removing or including outliers in the dataset will be discussed

throughout the following.

6.1.1 Measurement E rror Models

Several possible measurement error models using additive and multiplicative models are presented

as well as analysis of violation of classical measurement error assumptions.

6.1.1.1 Additive Model

Consider the classical measurement error model of the form

X =Y +6,where § ~N(0,07). (6.5)
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In the following we will discuss the validity of the assumptions made in this model. Figure 6.1
shows the scatterplot of the direct variable Y against the error terms ¢, where 6 =X —-Y . We
can see that the error terms are centred around zero. There is evidence that the variance of the
error terms increases as Y increases, which means that the assumption of constant variance is
violated. There is also an indication of an increasing negative error with increasing Y, whereas for
small values of Y, for example at round £4 per hour, more cases show a positive error. For some
cases this positive error is large. The scatterplot also shows evidence of a truncation effect due to
the NMW:. level as well as step effects in the variable Y. Note that the scatterplot plotting the

derived variable against the direct variable is given in figure 2.2.

T T T 7 i T i T i T T T 7 T T T
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34

Yin £/hour

Figure 6.1: Scatterplot of Y against error terms § = X — Y, not excluding outliers.

Table 6.1 shows the mean and the variance of the error terms as well as the covariance between
the error terms and the variable Y; including and excluding type 1 outliers. We can conclude from
the results in this table that type 1 outliers have a significant effect on the analysis of the error
terms, which can be particularly seen in the difference in variance and covariance of the error
terms including or excluding outlying values. Due to the high influence of type 1 outliers it was
decided to exclude these cases from further analyses. Using a #-test it is found that the mean of the
error terms ¢ is significantly different from zero on a 99% significance level when excluding type

1 outliers. Including all cases the mean is significantly different from zero using a 95% significance
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level. We also analyse the correlation between the error term and the true varable Y. Using
Pearson’s correlation coefficient, which is valid if both variables are normally distributed, we find a
high negative correlation, significantly different from zero. However, the earnings variable Y'is not
normally distributed and using Spearman’s correlation coefficient for a nonparametric test the
correlation is almost zero (and not significant). We also find that the error terms § are not
normally distributed, using a Kolmogorov-Smirmov test and by investigating the frequency
distribution in figure 6.2, which shows a high spike at zero and longer tails than the normal

distribution. Similar results were found in Bound et al. (1994).

Descriptive Statistics for Error Term § = X —Y

Not excluding outliers | Excluding type 1 outliers
Mean 0.168 0.201°
Variance 48.947 3723
cov(3,Y) 742,652 1101
corr(6,Y) (Pearson) -0.842° -0.182
corr(6,Y) (Spearman) 0.007 0.007

Table 6.1: Descriptive statistics for error term ¢ and effects of type 1 outliers. (A star () indicates

a significant difference from zero on a 99% significance level.)
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Figure 6.2: Error distribution for § = X — Y, excluding type 1 outliers.

In addition, the linear regression given in (6.5) is modelled based on respondent cases using the
method of least squares, with the derived variable as the dependent and the Y variable as the
independent variable, excluding type 1 outliers. The table of coefficients and model diagnostics
can be found in appendix A6.1. The intercept of this model is significantly different from zero and
the coefficient for the direct variable is not equal to 1. The model is affected by outliers, which can
be seen for example in the effect on the R-squared value. Including all cases the R-squared takes
on a value of about 0.11, whereas excluding type 1 outliers the R-squared increases to 0.68.
Analysing the residual plots of this model we can see that the variance of the residuals decreases as
Y increases (figure A6.1.1) and that the residuals are not normally distributed (figure A6.1.2). Also
the independence assumption between 4 and Y is violated. We conclude that the assumptions
made in the additive model (6.5) are clearly violated and that therefore this model is not adequate
in describing the nature of the measurement error in the derived variable. Also it was found that

type 1 outliers can have a great impact on the performance of this model.
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6.1.1.2 Multiplicative Model

Alternatively, we consider the measurement error model to be of the form

In(X)=1In(Y)+d, where d ~N(0,0), (6.6)

which is equivalent to the multiplicative model of the form X /Y = exp(d) . The advantage is that
the error is expressed as the ratio between the erroneous and the true variable, such that the error
is given in relative terms instead of absolute values. This is natural since in such earnings variables
an error of say,£1 is significant for low-earners, whereas for high-earers it might be negligible.

Note that the multiplicative model can be expressed as an additive model if we write

X =Y+ Y(exp(d)—1).

Figure 6.3 shows the scatterplot of In(Y) against the error term d, where d = In(X)—In(Y). We
can see that the error terms are centred around zero. There is an indication that the variance of the
error terms decreases as the direct variable increases. The variance is therefore not constant. The
error terms seem to be larger for small values of In(Y). Again we observe a truncation effect in

the direct variable. Note that the scatterplot of In(derived variable) against In(direct variable) is

given in figure 2.4.

Figure 6.3: Scatterplot of In(Y) against the error term d = In(X ) — In(Y"), not excluding outliers.
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Table 6.2 gives the mean and the variance of the error terms as well as the covariance between the
error terms and the variable ¥, including and excluding type 2 outliers. Using a rtest there is no
evidence that the means of the errors d on either a 99% nor a 95% significance level are
significantly different from zero for both cases, using all units and excluding type 2 outliers.
Overall, we can see that type 2 outliers do not have a great effect on the results shown in this
table. In addition, the correlation between error term d and the true variable In(Y’) is investigated.
As shown in table 6.2 according to Pearson’s correlation a negative correlation exists between the
error and true earnings, which is significantly different from zero. This is similar to the findings of
Bound et al. (1990 and 1994), who also report a negative correlation. However, using Spearman
correlation as a nonparametric test we conclude that the correlation is not significantly different
from zero. In addition, the association between the error terms and other explanatory variables s
analysed. Since most of the explanatory variables are categorical we investigate the differences in
means for the error terms within different categories. We found that the means of the error terms
for some of the covariates of interest differ significantly in each of the categories, e.g. for the
variable Gender. The assumption of no association between the error terms and the covariates is

therefore violated.

Descriptive Statistics for Error Term d = In(X) —In(Y)

Not excluding outliers | Excluding type 2 outliers
Mean 0.008 0.007
Vanance 0.093 0.081
cov(4,Y) -0.011 -0.007
corr(6,Y) (Pearson) -0.096° -0.064"
corr(4,Y) (Spearman) 0.009 0.009

Table 6.2: Descriptive statistics for error term d and effects of type 2 outliers. (A star () indicates

a significant difference from zero on a 99% significance level.)
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The frequency distribution for errors d are presented in figure 6.4. The distribution is centred
around zero and is symmetric, such that under and overreporting cancel out. A similar form of the
distribution of the error was found by Bound et al. (1994). However, the error terms do not follow
a normal distribution since the error distribution shows a higher frequency for (near-) zero error
than normality would imply. For a normal distribution the interquartile range would be 1.33 times
the standard deviation. In our analysis the interquartile range (0.195 for error term d ) is smaller
than the standard deviation (0.305). A similar conclusion was drawn by Bound et al. (1994). Using

the Kolmogorov-Smirnov test we conclude that the error terms d are not normally distributed.

T T T T TTT
4 00 03 06 08 12 15 18

A A O O B B
-2.0 -1.6 -1.2 -0.8

; .llllhll |

d

Figure 6.4: Error distribution for d = In(X ) —In(Y), excluding type 2 outliers

In addition, we model the linear regression given in (6.6) using the method of least squares, with
the variable In(X) as the dependent and the variable In(Y) as the independent variable excluding
type 2 outliers. The table of coefficients and model diagnostics can be found in appendix A6.2.
The coefficient of the intercept is close to zero and the coefficient for In(Y") is close to one,
which approximates the structure of the proposed multiplicative model. The residual plot ‘residual

versus fitted values’ given in figure A6.2.1 indicates a non-constant variance of the residuals. The
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error variance seems to decrease as In(Y) increases. Analysing the normal probability plot in
figure A6.2.2 we find an indication of non-normality of the residuals, departing from a straight
line. Note that the model is not very sensitive to outliers, which can be seen by analysing the
effects on the R-squared value or the coefficients and significance of variables when including or
excluding outliers. The R-squared value including all cases is 0.55, whereas excluding type 2
outliers the value is 0.61. We conclude that the multiplicative model performs better than the
additive model. However, we still observe heteroskedasticity in the error structure. In this case, the

following model might be applicable to address the problem of non-constant variance. We have
In(X)=In(Y)+d"“, (6.7)

2

where d*) ~N (O,%) and for example K =1,2,3,..., where K is chosen depending on the value

of In(Y), for example grouping In(Y) into K groups with increasing value of In(Y).

6.1.1.3 Dependence of Measurement Error on other Covariates

A key issue when modelling the measurement error structure is the extent to which measurement
error is systematically related to demographic and economic variables. It is therefore of interest to
model the measurement error structure and its dependence on certain explanatory variables in the

LFS. We consider a model of the form

d; =ln(x,)=In(y) = glln( )+ mf +2: (6:8)

1

where the function g(n( y,)) allows for non-linearity in the relationship between the error and true
earnings and », is a vector of functions of the covariates W for individual 7 Under classical
assumptions g(In(y,))=0, #=0 and the error term has mean zero and a constant variance. A

similar model is discussed in Brownstone and Valetta (1996). Model (6.8) is an extension of the
classical measurement error model now taking into account a regression relationship, based on
other covariates W and allowing for an intercept and a slope. It is therefore more general than the

classical error model. Note that (6.8) describes a model of the form f(In(X)|In(Y),W,l =1),

such that
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In(x;) = hlln( y,))+ w8+ 4.,

(69)

where A(In( y,)) is a function of the In of the direct variable. Several models of the form (6.8) were

analysed including or excluding the direct variable ¥ as an explanatory variable, nonlinear terms,

interactions, regarding all cases or removing type 1 or type 2 outliers. Varables found to be

significant when trying to explain measurement error in the earnings variable are listed in table 6.3.

The table of coefficients as well as residual plots are given in the appendix A6.3. Type 2 outliers

are excluded from this model since this was found to improve the fit of the model and the residual

plots. The model presented here includes In(Y), 1n’(Y) and some two-way interactions. The

residuals ¢, are approximately normally distributed, as shown in the normal probability plot in

figure A6.3.2. However, analysing the residual plot of the residuals versus fitted values in figure

A6.3.1 we conclude that there is an indication of non-constant variance.

Name of Variable Abbreviation Cont./ Categ.

Ln of direct hourly pay, In(Y) LHR continuous
Ln of direct hourly pay squared, In*(Y) LHRsq continuous
Gender FEMALE categorical
Additions to basic pay ADDTBP categorical
Documentation used to confirm income USESLP categorical
Paid less than weekly LTWK categorical
Ever work overtime EVEROT categorical
Major occupation group SOCcat categorical
Last pay same as usual USGRS categorical
Married MARRIED categorical
Industry sector INDcat categorical
Interaction In(Y) x less than weekly LHR:LTWK -

Interaction In(Y") x work overtime LHR:EVEROT -

Interaction genderx work overtime FEMALE:EVEROT -

Interaction additions to payx less than weekly | ADDTBP:.LTWK -

Table 6.3: Covariates employed in linear regression model modelling the measurement error.
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We briefly compare the model in (6.9) given in A6.3 predicting the derived variable with the
imputation model predicting the direct variable, given in A2.1. In the model predicting the derived
variable less variables are found to be significant than in the model for the direct variable. The
model for the derived variable includes 11 variables and two two-way interactions with In(Y),
whereas the imputation model includes 15 variables with five two-way interaction terms with
In(X). Both models include variables related to predicting hourly earnings such as major
occupation group (SOCcat), Industry section (INDcat) etc. However, the model for the derived
variable includes in addition to In(Y) mainly variables that are interpreted to be predictors of
measurement errot, such as additions to basic pay (ADDTBP), ever work overtime (EVEROT),
last pay same as usual (USGRS) and documentation used to confirm income (USESLP). The
model for the direct variable includes mainly variables related to hourly earnings, such as age
(AGE), length of time continuously employed (EMPMONCcat), whether a person works part-time
(PT) and qualifications (Qcat). This supports the argument that the derived variable is subject to

greater measurement error than the direct variable.

Having analysed several measurement error models we conclude that the measurement error in the
derived variable does not follow the classical measurement error assumptions as described in
chapter 1. In the additive and the multiplicative model it is found that the error terms do not
follow a normal distribution and that the assumption of constant variance of the error terms is
violated. In addition, the error depends on hourly earnings as well as other covariates. Therefore,
correcting for measurement error is not a simple matter and methods such as described in section
1.1.3 might not be adequate. In the following alternative methods correcting for measurement

error are explored.

6.2 The Common Measurement E rror Assumption

6.2.1 The Common Measurement E rror Assumption

An alternative approach to using the assumption of ignorable nonresponse for imputing the

missing values is to use the following assumption about the measurement error. The assumption 1s
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referred to as the common measurement error assumption (CME). Based on this assumption the

aim 1s to derive an alternative imputation method for the variable Y.

Assumption 6.1 (CME)

We assume a common measurement error assumption, which says that the varable X is

conditionally independent of 7 given the variables Yand W 1e.

X LI|(Y,W). (6.10)
This is equivalent to XY, W)= f(X|Y,W)
or alternatively (XY, W,[=0)= f(X|Y,W,I=1). (6.11)

Proof

X LI|(Y,W) is defined as f(X,I|Y, W)= f(X|Y,W)f(I|Y,W). Therefore

. f(X,Y,W/,[) _ f(X,Y,W,[)/f(Y,W) _ f(X,[fY,W) _
T WD ="y~ rvaw few) — gavar) KN
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Figure 6.5: Graph of conditional independence under CME assumption.

The graph of conditional independence under the CME assumption is shown in figure 6.5. An
advantage of this assumption compared to MAR is that it allows the probability of response to
depend on the true level of hourly earnings, ¥. The MAR assumption only allows this probability
to depend on the measured varable X, which may seem less plausible. The CME assumption
means that the variable X has no information about the nonresponse variable / other than what is

available in ¥ and W. This is sometimes referred to as nondsffererttial measurement error and the
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variable X is said to be a surgate, since it is conditionally independent of the response given the
true variables, here ¥ and W (Carroll, Ruppert and Stefanski, 1995, p. 16). If we assume a
relationship between Y and X such as X =Y +4 then (6.10) can be written as 6 L I|(Y, ),
which means that the measurement error is independent of the probability of response given Y’
and W. Since of course X LI|(Y, W) L X|(Y,W), we can also wrte f(/|X,Y, W)=
f(I|Y,W), which means that the probability of response, ie. the distribution of /, depends on
the variables ¥ and W but not on the derived variable X, conditioning on Y and W. The
assumption of CME implies that the measurement error process is the same for employees paid
hourly and those who are not. However, also this assumption is a restricting assumption which
might not hold in reality. For example, one might assume that a person that is paid by the hour
might have a better knowledge about his pay details and in particular hours worked than a salaried
person such that the measurement errors for those paid hourly and those who are not are likely to
be different. It can be easily seen that both assumptions, the above common measurement error
assumption (CME) and the assumption of data missing at random (MAR), can hold at the same
time. In fact it holds: The assumptions MAR and CME are equivalent to the fact that the response

mechanism does neither depend on ¥ nor on X, but possibly on W 1.e.

[LY|(X,W)and X LI|(Y,W) & [ L(Y,X)|W. (6.12)

A special case is if the data are missing completely at random (MCAR). The implications in (6.12)
follow according to the block independence lemma (Whittaker, 1990, p. 33). Also for ‘<=’ it can
be easily seen that if the response mechanism / does neither depend on Y nor on X, possibly
conditional on W, ie. f(I|Y,X,W)= f(I|W), it follows f(I|Y,W)=/(I|W) and
FUIXW)=Ff{I|W).  Therefore  we  have X, Y, W)=f(I|X,W) and
fU| X, Y,W)=f(I|Y,W), which are the definitions of MAR and CME.

As in section 2.2.2 the aim is to generate ¥, from the covariates X and W for /=0, such that

SV X, W,1=0)= f(Y|X,W,] =0), (6.13)

which means that the distribution of the imputed values given X and W is the same as the

conditional distribution of the true values. We are therefore interested in the estimation of the
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distribution f(Y'|X,W,I =0) using the assumption of CME. First, the performance of the
imputation and weighting methods, developed under the MAR assumption, are evaluated under
the assumption of CME. In section 6.3 several approaches are described for estimating the

distribution of interest, /(Y| X,W,[ =0), using the assumption of common measurement error.

6.2.2 Performance of Predictive Mean Matching Imputation and Propensity Score

Weighting under the Assumption of Common Measurement Error

It is of interest to evaluate the performance of the imputation and weighting methods considered
in the previous chapters under the alternative assumption of CME. Nonresponse under the CME
assumption reflects misspecification of the n hanism that these imputation and
pecification of the nonresponse mechanism that these imputation an
weighting methods are theoretically based on. In the following, we investigate various forms of
predictive mean matching impuration, ie. hot deck imputation within classes with and without
replacement (HDIwr10 and HDIwor10) and nearest neighbour imputation with 10 imputed values
(NN10), as well as propensity score weighting (PSW) under the CME assumption using a

simulation study.

a.) Design of the Simulation Study

The generation of the variables for each sample s, 2 =1,..., 4 , is carried out as described in
section 3.3.1. The covariates W are obtained by bootstrapping the original sample s. The variables
In(X) and In(Y) are generated by using the predictions of a linear regression model and adding
on random errors, as described in equations (3.20) and (3.21). Nonresponse is introduced
according to the assumption of CME. To do this the probabilities of response p;,, forall i€ @)
need to be specified conditionally independently of X given Y and W. Estimates of these

probabilities are obtained using a logistic model of the form

A

Vv
zog(-l-{i];—) =4, +6, () + > pw, foralli=1,..,n (6.14)
v=1

where the estimated coefficients are obtained using the logistic regression model specified in
(3.23), including the variable In(X) instead of In(Y) since In(X) is observed forall i€s. A
nonresponse mechanism is therefore generated that depends on Y and W but not on X. The

imputation model used for hot deck imputation within classes (FIDI) and nearest neighbour (INN)
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is specified in section 2.2.4. For propensity score weighting (PSW) the model A3 is used as
specified in section 3.3.4. The overall response rate using the assumption of CME is approximately
45% and therefore slightly higher than under nonresponse following MAR with approximately
43%.

b.) Performance of Imputation and Weighting Methods under the CME Assumption

In the following the simulation results for PSW, NN10 and HDI under the assumption of CME
are investigated. The imputation class boundaries for HDI are defined in the same way as in
section 3.3. Table 6.4 shows bias and relative bias for both point estimators [31 and ]3, and the
variance and mean square error of ]31 For all methods the biases for both point estimators are
with around 5% to 6% significantly higher than in the case of nonresponse following the MAR
assumption. For both point estimators HDI shows the highest relative bias with around 6%. The
relative bias under PSW is slightly smaller with around 5.7%. The smallest relative bias with
approximately 5% is obtained under NN10, which overall also gives the smallest mean square
error. Finding a significant increase in the bias of the estimators under the CME assumption as
opposed to the MAR assumption makes it worthwhile investigating adjustment methods that are

based on the assumption of CME instead of MAR and therefore correct for the bias found in this

analysis.
Method BiaAs of | Rel B:ias BiaAs of | Rel I}ias V( 131) MSE( 131)
P. of P. P, of P.

PSW 3.23%10” 572 % 1.0%10? 5.70 % 5.35%10° | 1.58%107
(7.32%10%)" (1.40%10%)’ _

NN10 2.9%10° 5.14 % 9.2%10~ 4.96 % 6.44%10° | 1.48%107
(8.02%10°) (148*10°)"

HDIwr10 3.41%107 6.04 % 1.5%10 6.20 % 4.89%10° | 1.65%10°
(6.99*10%)" (1.28*10%)"

HDIworl0 | 3.42%10° 6.05 % 1.2%10° 6.19 % 4.85%10° | 1.65%107
(6967107’ (128710’

Table 6.4: Simulation results for propensity score weighting (PSW), nearest neighbour imputation

(NN10) and hot deck imputation with and without replacement (HDIwr10 and HDIwor10) under

the assumption of common measurement error (CME).
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6.3 Alternative Estimation Methods Under the CME Assumption

6.3.1 Density Estimation using Deconvolution

As discussed in section 6.2.1 we are interested in estimating the distribution f(Y|X,W,/=0),

which, using Bayes’ theorem, is of the form
FYIX,W,l=0)x f(X|Y,W,[=0) f(Y|W,]I=0). (6.15)

The first part on the right hand side, f(X|Y,W,/=0), can be estimated under the CME
assumption using data on the respondents only, ie. f(X |Y,W,7 =1). The second distribution

on the right hand side can be obtained as part of the following integral
fX|W,I=0)= [ f(X|Y,W)f(Y|W,]=0)dY, (6.16)

where f(X|W,[=0) and f(X|Y,W) can be estimated using the observed data and the
common measurement error assumption. To obtain the distribution f(Y|W,/=0) in the
absence of parametric assumptions, deconvolution is necessary as described in Carroll, Ruppert
and Stefanski (1995), Stefanski and Carroll (1990) and Carroll and Hall (1988). The distribution
F(Y|W,I=0) can be recovered by Fourier inversion if both distributions f(X |W,I =0) and
F(X|Y,W) are known. However, in our example both distributions are unknown and need to
be estimated. This can be done using Kernel density estimation. For estimating such functions the
choice of kernel is relatively unimportant. However, for commonly used kernels the estimated
density j} (Y'|W,I =0) cannot be deconvolved since the integral in the Fourler inversion is not
defined. Stefanski and Carroll (1990) showed that for certain smooth kernels the Fourier inversion
is possible and an estimate of the distribution of interest could be obtained. However,
convergence rates of the estimator /} (Y|W,I =0) are extremely slow and imply that it is not
possible to estimate f(Y | W, =0) well (Caroll, Ruppert and Stefanski, 1995; Luo, Stokes and
Sager, 1998).
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Caroll, Ruppert and Stefanski (1995) discuss the problem of estimating the density of Y using
deconvolution techniques, when only the variable X containing measurement error is observed

and a model of the form
In(X)=In(Y)+d (6.17)

is assumed. They found that if the error distribution in (6.17) is normal, f(Y) cannot be estimated
well. If the error distribution is more peaked than the normal distribution then the deconvoluting
kernel density estimator has a slightly better performance. Caroll, Ruppert and Stefanski (1995)
show that the smoothness of the error density determines how well #(Y’) can be estimated, which
is a disconcerting nonrobustness result. The slow rate of convergence of f (Y) applies generally to
such deconvolution problems and is not a specific problem of the kernel density estimator used.
In addition, estimating quantiles of the distribution of ¥ without making parametric assumptions
indicates similar problems. Due to the difficulties encountered in such density estimation

problems, the approach of deconvolution was not investigated further.

6.3.2 Parametric Methods

An alternative to such a nonparametric approach is to use parametric methods. Several methods
exist, which make distributional assumptions, for example about the measurement error. The
SIMEX method (Simulation-Extrapolation) requires that the form and the distribution of the
measurement error are known, such as normality, zero mean and constant variance of the error
terms. It also makes the assumption of an additive measurement error model. An estimate of the
error variance is needed (Caroll, Ruppert and Stefanski, 1995; Luo, Stokes and Sager, 1998).
Stefanski and Bay (1996) propose an estimator of a cumulative distribution function in the
presence of measurement error based upon the SIME X method. Simulation results in Luo, Stokes
and Sager (1998) suggest that the SIMEX estimators are sensitive to misspecification of the
underlying error assumptions. Because of the restricting parametric specifications required these
parametric methods have not been used here. Buonaccorsi (1990) considers a wider class of
measurement error models relating true and observed values other than the classical additive
models, making assumptions of normality. Maximum likelihood estimators and their properties are
developed for the models proposed. However, for this approach true values obtained from a

random subsample are required. Luo, Stokes and Sager (1998) propose estimators of a cumulative
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distribution function in the presence of a two-phase sample, also called calibration sample, where
in a second phase sample, based on a sampling design, true measurements of the variable of
interest are obtained. Nusser et al. (1996) develop an estimator of a cumulative distribution
function by first using a transformation to normality and then the normal components of variance
model. The problem of estimating the density of ¥ is closely related to estimating the regression
funcuion E(Y|X,W) when only X, X =Y +¢, and W are observed for all sample units, ie.
obraining the predicted values for the variable Y conditioning on the variables X and W. This
technique is referred to as 7egression alibration (Caroll, Ruppert and Stefanski, 1995; Brown, 1993)
and requires for example a validation sample on a subset observing the true values ¥ or replication
data. However, such methods are not applicable here since no random calibration sample

including the true variable Yis available.

6.3.3 Measurement Error Approach using Discretized Variables

Since the aim is to estimate proportions of low paid it is possible to use adjustment methods
developed for misclassified categorical data to correct for measurement error in the derived
variable. For this purpose the variables X and Y are discretized, for example by rounding to the
nearest 5p, with categories k, k=1,.., ] ,and j, j=1,.., ], respectively. The idea is to multiply a
vector of observed proportions based on the variable X by an adjustment matrix which leads to
estimates of the true proportions based on the variable Y. In the following a method is presented
where the adjustment matrix is the inverse of the misclassification matrix containing
misclassification probabilities, introduced in section 1.1.2. An advantage of the method is that no
assumption about the distribution of Y is made. Such matrix methods have been described in
detail by Selén (1986) and Kuha and Skinner (1997). The values of the true variable Y are treated
as fixed and the values of the variable subject to misclassification X are treated as random

obtained from Y by a random process based on the misclassification probabilities
PX=k|Y=))=m,. (6.18)

Let P, = (B, (Y =1),..05(Y=])) be the column vector of proportions of units belonging to
the categories of variable Y in the population and M, =[] the misclassification matrix of

probabilities that a unit from category; of variable Y is classified as category k of variable X. Note
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that ), m, =1 and that the parameters of interest £, and P, as defined in section 3.3 can be
obtained from P, by summing over appropriate elements P, (.). The vector P, denotes the

corresponding vector based on the variable X. We have
Py =M,P, (6.19)
where the £th row can be written as
Po(X =k)=)" P(X=k|Y=j)B(Y =) (6.20)

We assume that M, exists since a misclassification matrix is expected to have rather large
elements on the main diagonal, otherwise the misclassification problem would be of limited value

(Selén, 1996, p. 77). We obtain
P, =M.LP,. ' (6.21)

A . .
Let P, denote an estimator of P, based on the variable X computed from the sample s such that

13X = ( AX (X = 1),...,[3X (X =])), where

BoX =)=~ I(x,=Fk). (6.22)

n

For simplicity the survey weights @ are not taken into account. Note that for units 7 in sample s
only the misclassified categories based on the variable X are observed. The relationship between

ISX and P, can be described by
Epy (ﬁX):MXYPY’ (6-23)

where the expectation is with respect to the misclassification model M and the sampling design D
(Kuha and Skinner, 1997). Let M v be a consistent estimate of M, , based on information
from external or internal validation data, obtained on a random subsample of the sample s.
Assuming that ]\AIX]Y exists, which is the case for large samples s and sensible misclassification

problems (Selén, 1996, p. 77), we obtain a consistent estimate of B, by

PY =MLD,. (6.24)
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The idea of using the musclassification matrix, which can be simplified under the common
measurement error assumption, to obtain estimates of proportions of low paid employees has
been employed by Manning and Dickens (2002). They present a method, which provides an
estimate of an upper bound of the proportion of employees being paid az the NMW, for example
being paid between £3.59 and £3.61 for 22+ years old (see chapter 2 for the level of the NMW).
This proportion of interest is denoted ]33 It is difficult, however, to provide estimates of other
parts of the hourly pay distribution based on this method. The method is therefore not attracuve
as a general technique for estimating hourly pay distributions in the application considered here.
However, an advantage is that it is a nonparametric method making no assumptions about the

underlying distributions. In the following, this estimation method is briefly discussed.

The variables ¥ and X are discretised rounding values to the nearest 5p, such that we have, using

equation (6.20),

P(X=k|W,I=0)=3" P(X=k|Y=}W,I=0)P(Y=j|W,[=0), (625

where k£ and ; are categories of the discretized variables X and Y. Since the proportion of
employees earning at the NMW, 133., is of particular interest, Dickens and Manning (2002)
concentrate on the category where Y indicates that an employee is paid at this rate, denoted

Y = mmw, and write (6.25) as

P (X =mma|W,I =0)>P(X = mmo| Y = mm,W,[ = )P, (Y = mmo| W,[ =0), (6.26)
where the summation is replaced by a lower bound since only the category of Y, where Y = mmw,

is taken into account. This leads to an upper bound for the distribution of interest giving

Pi(X =mm| W, 1=0) (6.27)
P(X =mmo|Y =, W,1 = 1)

P(Y = maw|W,I =0) <

Both probabilities on the right hand side can be estimated using observed data only. Formula
(6.27) gives an upper bound of the proportion of employees being paid at the NMW among the
nonrespondents. It is obviously required that the estimate of the denominator is unequal to zero,
which means that there must be a group of employees that report on both variables, X and Y, that

they are paid at the NMW. Note that the estimation technique using discretized variables cannot
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be easily extended to estimate other parts of the distribution of interest due to very small sample
sizes within some of the categories required. In particular, the denominator of (6.27) requires a
group of employees that on both variables, X and Y, report the same value, i.e. within category &
there must be a group of employees who are not misclassified and therefore do not report a

measurement error. This method may therefore not be suitable for obtaining general estimates of

the distribution of interest.

To obtain an estimate of the marginal distribution, i.e. the proportion of employees paid at the
A - .
NMW, P,., taking into account respondents and nonrespondents we need to obtain estimates of

the following distributions

P(Y =mmo| W)= P, (Y = mmo| W,] =)« P(I =1|W)

+P,(Y = mmmw| W, = )« P(I = 0| W). (6.28)

Since the second term on the right hand side of (6.28) can only be estimated using the upper
bound in (6.27) we can only obtain an upper bound for [33 The method is applied to several
quarters of the LFS and compared t0 estimates obtained using propensity score weighting (PSW),
nearest neighbour imputation (NN10) and hot deck imputation within classes (HDIworl0) as
valid under the MAR assumption. If covariates W are included in the estimation process logistic
regression models are used to estimate the probabilities involved. The covariates W used are

gender, age, occupation and industry section. The results are given in table 6.5.

For the quarter MMOO the method using discretized variables gives an upper bound of the
proportion of interest. All estimates based on the imputation and weighting methods are below
this threshold, which means that the method using discretized variables does not gain much. Note,
that the estimates based on weighting and imputation are quite similar. For the LFS quarter JA99
we found that the method using discretized variables gives an estimate that is below the estimates
obtained from using imputation and weighting, suggesting that the imputation and weighting
methods overestimate the true value. Note that the particular quarter JA99 contains only 25%
respondents. The estimates obtained are therefore subject to greater variability. Quarters from

MMO0 onwards contain approximately 43% respondents.
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Method .. (JA%9) B,. (MMO00)

ME-approach using discretized variables 3.21% 2.81%
(upper bound), without covariates W

ME-approach using discretized variables 3.22% 2.82%
(upper bound), with covariates W

PSW under MAR 5.14% 2.49%
NN10 under MAR 4.61% 2.56%
HDIwor10 under MAR 4.57% 2.55%

Table 6.5: Estimates of the percentages of employees paid at the NMW for 22+ (unweighted) for
the LFS quarters JA99 and MMOO, ‘at NMW” is defined as £3.59< ¥ <£3.61.

6.3.4 Imputation using a Weighted Bootstrap Method Based on the Assumption of CME

Another possibility for estimating the distribution of interest is to use Bayes’ theorem and to
express the distribution f(Y|X,W,/=0) as the posterior distribution. Since the posterior
distribution is often difficult to sample from, such an approach requires additional methods that
allow sampling from this distribution. Methods such as rejection sampling, importance sampling,
weighted bootstrap and sampling-importance resampling are commonly used to approach this
problem (Tanner, 1996; Carroll, Ruppert and Stefanski, 1995; Gilks, Richardson and Spiegelhalter,
1996). For more complex situations iterative methods using a Markov chain, such as Gibbs
sampling or data augmentation, are required. In section 6.3.5 the use of data augmentation under
the CME assumption is derived. In the following a method is presented that uses the weighted
bootstrap to allow drawing values from the posterior distribution. For simplicity, in this section we
use the notation Y and X. In the actual application to LFS data and in the simulation study,

however, functions of ¥ 'and X, such as In(Y) and In(X) are used.
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Result 6.1:

Under the CME assumption the distribution /(Y| X,W,7 =0) can be decomposed as

FYX,WI=0x f(Y|X,W,]=)NY | W), (6.29)
_ /¥ |W,1=0)
where A(Y |IV) = FYIWI=1)"

Proof
FY|X, W, =0 f(X|Y,W,[=0) f(Y|W,[=0)

_ _ _/¥IW,1=0)
=f(X|Y,W,I=1) f(Y|W,I=1) Y (W.I=1
_ YW, 1=0)
SR L
using Bayes theorem and the CME assumption. 4

Result 6.1 proposes an imputation method for the missing values of Y under the CME
assumption. It allows drawing from the unobserved distribution f(Y | X,W,I =0) by drawing
values from the observed distribution f(Y'| X,W,/ =1) and taking into account the additional
factor A(Y'|W). This imputation method extends the previously discussed predictive mean
matching imputation methods, which only take into account the observed distribution
F(Y|X,W,I =1). There are several ways of taking into account the additional factor A(Y | W)
in (6.29), for example using rejection sampling or the weighted bootstrap method (Carroll,

Ruppert and Stefanksi, 1995), which will be discussed in the following.

The regression model for f(Y'| X,W,I =1) is assumed to be of the form

Y =+ (6.30)
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where 7, is a row-vector of functions of the derived variable and other covariates and estimates
for the parameters of the model can be obtained using the least squares method based on the
respondents. A value ), for ;€7 is generated from the estimated distribution, ie.
¥ ~ f‘ (yx;,w,,c), where ¢ is the vector of parameters estimated based on respondent data, for
example by obtaining the predicted value 7, § and adding on a random residual &, ~N(0,5?).
Alternatively, the value ), can be selected as the value of the nearest neighbour of j €7 or by
randomly drawing a value }; within classes defined for j €7 as it is done in nearest neighbour
imputation and hot deck imputation within classes respectively. Suppose that the function
MY |W) can be estimated and takes on values between zero and one, then it is possible to obtain
imputed values for ¥ by drawing a value J; from the estimated distribution ]A[ (Y| X,W,1=1)
and in addition applying rejection sampling by AA(Y |I”7). The value %, is accepted with

w,). If not rejected the value 3, is the imputed value for Y for the

probability /{(j/j
nonrespondent 7, ie. y; = J;. The procedure is therefore as follows:
1. generate a value %, from _/? (Y| X,W,I=1) as under the assumption of ignorable

nonrespornse

2. generate ¢ from a Unif(0,1), a uniform distribution on the interval (0,1),

3.166< /{(jr]! w )= accept ¥, as the imputed value for person j €7, else go back to 1.

This method, however, requires that A(Y |I¥) lies between zero and one. In our application we
found that in general ):(Y |7), estimated under certain distributional assumptions, is not of this
form. If A(Y|W) exceeds the value one but A(Y |W) is bounded, Le. there is a finite known
constant M >0, such that (Y |I7) < M , then we can accept the imputed value with probability

p(Y|W)=AY |W)/ M. However, if M is large and for most values of ¥ itis /(Y |W)< M,

the probabilities p(¥'| W) are small for most values and it might take a long time until acceptance.
If, however, A(Y|WW”) is not bounded, we may draw Q values for person ;j from
]?(Y]X,W,]zl) denoted by J;,.., ¥;, and obtain the values /{(j']l IW].,),...,/{()A/;Q|WJ-),
assuming that A(Y'|W) can be estimated by ):(Y[W) One value denoted j;, the finally
imputed value, is sampled out of the Qpossible values },,..., J,, with probabilities

B = A, 1w )/ S0AG, ) forallg =1,.., Q (631)

g=1
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This method is referred to as the weighted bootstrap method (Tanner, 1996, p. 54; Carroll, Ruppert
and Stefanski, 1995, p. 170). Rubin (1987) uses this idea as part of the sampling-importance
resampling method. The idea is that f Q increases the approximation to the distribution of the
nonrespondents improves and the distibution of J  approaches the distribution

FY'|X,W,I=0). The method described in (6.29) is in the following referred to as the weighted
boostrap inputation method.

Based on the weighted booistrap impitation method the estimator P. can be written as

s 1
P=-%z,, (6.32)

JES

y,for jer

where z.;=I(y.; <t), ¥, = { and 3y, €{},,... o} with probability ﬁ;, for

yfor je7
g=1,.., Q. An alternative way of defining the weighted bootstrap method is to use all selected

donor values ¥.,,.., ¥, for imputation for j €7, however weighted by the probabilities of

selection ]3:.1,..., ﬁjQ as defined in (6.31). We obtain an estimator of the form

Q Ax A
2.7+ 2.0 Pt (6.33)

A1
P.==
n jer JEF g=1

bl

(note that Zf:1 ]314 =1), which effectively means using weighted repeated imputation or
fractional imputation, where the weights are derived using the weighted bootstrap method. We will
refer to this method as weighted bootstrap fractional imprtation. The advantage of this weighting
method is a potential reduction in variance. The results of the simulation study analysing the
weighted bootstrap imputation method suggest a gain in efficiency by using this weighted

estimatot.

We now turn to the problem of estimating A(Y |I¥) . Since the function A(Y |¥) is generally not
known, an estimate for A(Y|W) is required when estimating the target distribution
F(Y|X,W,I=0). The expression for A(Y|W) requires information on the distributions
FJ(Y|