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This thesis details a feasibility study into the use of active control for the attentuation
of the low frequency components of the ‘buzz-saw’ sound field radiated from an aircraft
engine on take off. Passive liner sections are currently used to attenuate the sound field,
however, they have insufficient thickness to attenuate sufficiently the very low frequency
components of the sound field. An active control system positioned after the liner section
could be used to further attenuate the sound field.

This thesis shows that due to the simple modal structure of the buzz-saw noise, effective
control of the sound field can be achieved by minimising the sum of the square pressures
at a single ring of error sensors using a single ring of control actuators. In the absence of
noise and extraneous modes, the level of control performance is fundamentally limited by
the level of the evanescent modes at the error sensor array. An analytic model is developed
which predicts the sound power reduction. Reflections are shown to be important in the
control mechanism with standing wave regions identified between the secondary source
array and the exhaust termination and between the inlet termination and the error sensor
array.

The effect of extraneous modes and ‘local’ noise at the error sensor array on control
performance is quantified. The relevant control mechanisms in the two cases are examined.

A modal control strategy which seeks to minimise the sum of the weighted spinning
mode amplitudes at the duct wall is discussed. It is shown that if the spinning mode
amplitudes are uniformly weighted, control performance is identical to that achieved by
the minimisation of the sum of the square pressures. However, in the presence of noise,
control is shown to be improved when the cost function is weighted such that control is
focussed solely on the buzz-saw mode.

The thesis concludes with the results from an experimental rig. A real-time FXLMS
algorithm is used to control a synthesised low order spinning mode by minimising the sum
of the squared pressures measured at a single ring of 7 sensors using a single ring of 7
control actuators. The relationship between sound pressure reduction at the error sensors
and the transmitted sound power reduction is investigated. Sound power reductions of up
to 14.5dB are achieved. The control mechanism is identified from computer simulation.
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Chapter 1

Introduction

Associated with the vast magnitude of energy required to generate the thrust force in a
modern aircraft engine and the inefficiencies inherent in any mechanical system are large
energy losses as heat and, of more concern to the community, the generation of acoustic
energy. In recent years, aircraft noise has become a very important environmental concern
and large sums of money are being invested in research to combat the problem. The most
recent research initiative by the EU is a project called SILENCE(R)(Significantly lower
community exposure to aircraft noise) aimed at investigating technologies for the reduction
of aircraft noise. In excess of 110 million Euros have been invested into research into novel
technologies, with a view to reducing the EPNL (Effective Perceived Noise Level, the ISO
standard subjective measure of aircraft noise) by 6dB by the year 2008. The research
presented in this thesis is part of work package 1.4 of the SILENCE(R) project which

seeks to investigate active noise control (ANC) strategies for the control of tonal fan noise.

Noise from a turbofan engine can be broadly categorised as originating from two main
sources, jet noise from the exhaust of the engine and fan noise radiated forward of the
engine. Originally, jet noise was the dominant noise source. However, over the past twenty
years, engine designers have increased the bypass ratio of engines meaning that more air
bypasses the core of the engine leading to less gas flow to the exhaust. This has resulted

in a shift toward fan noise being the dominant noise source in most modern engines. Fan



noise is particularly problematic at take-off where the fan tip speed is often supersonic.

At supersonic fan tip speeds a shock wave system is produced at the fan tip resulting in
sound radiated forward of the fan. This noise is tonal in character, with all harmonics of
the shaft rotational frequency being present, and is commonly referred to as “buzz-saw”
noise due to its similarity to the noise produced by a circular buzz-saw. Passive liners
are currently used to attenuate this sound field, but they do not have sufficient thickness
to attenuate the very low frequency components which are characteristic of this sound
field. With inlets on modern engines becoming shorter, alternative technologies to passive
liners to attenuate these low frequency components are becoming more important. This
is the motivation behind work package 1.4 of the EU SILENCE(R) project. Previously,
active control to control fan tones in aircraft engines has only been applied to rotor-stator
interaction noise, which is produced by the interaction between the mean rotor wakes and
the stator. This noise occurs at multiples of the blade passing frequency (BPF). At the
BPF of a turbofan engine and its harmonics, a large number of modes may be excited
and thus need to be controlled. This requires the use of a large and complex control
system. By contrast, the control of the buzz-saw field appears more straightforward. It is
dominated by low frequency tones for which the number of propagating modes in the duct
is small. Control should be therefore be achievable using far fewer sources and sensors
compared with that required for the control of rotor stator interaction tones. Research
is being undertaken in the SILENCE(R) workpackage 1.4 into the feasibility of applying
active noise control techniques in aircraft engines in order to control the low frequency
tonal sound fields due to buzz-saw noise. The research presented in this thesis forms the

ISVR contribution to this work package.

The following section outlines the previous work related to the active control of aircraft
engine noise and active control of noise in other large ducted systems, such as chimney

stacks.



1.1 Literature Review - Active Control of Aircraft Noise

1.1.1 Active control of cabin noise in propeller driven aircraft

Active noise control techniques have been successfully applied to control the tonal noise
in the cabin of propeller driven aircraft. This application was studied both theoretically
by Bullmore, Nelson and Elliott [9] and experimentally by Elliott, Nelson, Stothers and
Boucher [16]. They showed that one could obtain good control of the sound field excited
in the cabin at the first blade-passing frequency (BPF) of the propeller fan at 88Hz and its
harmonics. In order to achieve this control they sought to minimise the sum of the squared
pressure at an array of 32 sensor microphones using an array of 16 speakers mounted within
the aircraft cabin. Sound pressure level reductions were measured throughout the cabin
as well as investigations made into the localised control region of the sound field at higher
frequencies around passengers’ heads. At some locations in the cabin the A-weighted

sound levels were reduced by up to 7dB(A).

The research on propeller-driven aircraft has led to the development and manufacture
of commercial ANC systems for such aircraft and many systems are in operation today.
However, the majority of civil aircraft in service are powered by turbofan engines. Over
the last ten years a great deal of research has been published with regard to applying
active control techniques to tonal noise from these engines. Surprisingly, however, none of

these has dealt with the active control of buzz-saw noise, which dominates at take off.

1.1.2 Active control of turbofan engine noise

The sound field in an engine duct can be described as a summation of azimuthal spinning
modes of order m (so-called because points on the wave front propagate in a helical
pattern down the duct), each of which has an associated set of radial mode orders n. In
the absence of reflections, equation 1.1 below describes the total pressure at a time ¢ at a

position (z,r,8) in the duct.
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where A, ; is the amplitude of the mode and 9, ,, describes the radial pressure variation
of the mode. If one can independently control each of these modal components then one
can achieve ‘global’ control of the sound field, in which the radiated sound field is reduced

everywhere.

Rotor-stator interaction tones are produced at multiples of BPF, w = [Bf), where ( is
the shaft rotation frequency in radians, and are generated by the interaction of the wake
produced by the rotor blade and the stationary stator blade. In a classic paper by Tyler
and Sofrin [29], they show that m is given by

=IB+KV (1.2)

where K is any integer, B is the number of rotor blades and V is the number of stator
vanes. Once the spinning mode orders m have been determined using equation 1.2 the
number of associated radial orders n can be found by determining which radial modes will
propagate in the duct at the {th multiple of the BPF. However, at any particular frequency
wy, only a limited number of modes (m,n) can propagate with the rest being cut-off and

therefore radiating weakly to the far-field.

One of the first papers to address the feasibility of using active noise control to control
tonal noise from aircraft engines was Berge et al [6] in 1993 who used boundary elements
to evaluate a control system with actuators mounted on the walls of the duct and sensors
in the far field. Eight piston sources were used to reduce the levels of the sound field at
control sources in the far field. The goal was not global control but to minimise radiation
in the direction of the cabin and towards the ground. In their simulations, the field to be
controlled (primary field) consisted of all modes which can propagate in the inlet duct at a
frequency of 1000Hz. Reductions of 5-10dB were achieved at angles of § = 45° and 315° in

the far-field. However, it was noted that further studies were needed into the dependence



of control performance on frequency. Further investigation into the optimal positioning of

the control actuators was also required.

Also in 1993, an analytic feasibility study was performed by Kraft and Kontos [37] who
investigated the extent to which a wall mounted array of sources in a duct can couple into
the circumferential and radial modes and hence control the sound field. They discuss the
performance of such an array in the control of rotor-stator interaction modes in the inlet

duct. They also discuss the source strengths required for effective control.

The control objective suggested by Kraft and Kontos [37] consisted of minimising the
sound field on the ground as the aircraft flies overhead. However, they also mention that
research into more practical inlet mounted error sensors was underway by the authors.
The conclusion drawn from their study was that spinning modes m could be successfully
excited by the array, but they were unclear as to how such an array could be used to excite

the higher radial mode orders needed for effective control.

As well as the control of the sound field generated in the duct through the use of a
distributed actuator and sensor array, other methods were suggested to control rotor-stator
interaction tones ‘at source’. Kousen and Verdon [36] in 1994 suggested that this could
be achieved by mounting small actuators on the stator blades themselves. They suggested
that by mounting as many actuators as there were propagating modes one could achieve
global control of the sound field. They also indicated that the sound field could be reduced
even when the number of propagating modes exceeded the number of control actuators.
Further research into this approach includes a review by Simonich [53] of actuators for
this purpose. This control approach is currently being studied experimentally as part of

the EU SILENCE(R) project, but will not be discussed in this thesis.

1.1.3 Control of higher order modes in a chimney stack

Laugesen [40] has undertaken work detailing the active control of tonal noise in a chim-
ney stack with a diameter of 4m. Although the geometry is different from that of the

inlet duct, his work contains insight into the problem of controlling many duct modes



simultaneously. He describes theoretically and experimentally the control of tonal compo-
nents from fans used in industrial chimney stacks. Piston-like sources are used to control
the modes in a finite length hard walled rectangular duct. The minimisation of both
sound power in the duct and sound pressure attempted at an array of microphones are
investigated. He noted that in a real-time control system there is no practical way of
measuring power and so power minimisation was only investigated hypothetically in order
to establish the maximum possible global control obtained through power reduction. His
large-scale experiments on a quarter section of a disused chimney section used 30 source
and 32 sensors to control the first 30 modes which could propagate in the duct. Sound
power reductions of 20-30dB where observed up to frequencies of 350Hz (corresponding
to a non-dimensioanal frequency of ka = 13) and approximately 10dB of sound power
reduction was measured at higher frequencies as the number of modes approached the
number of control sources. An important finding was that using error sensors in the duct
mounted close to the control actuators deteriorates control performance since evanescent
modes are detected by the error sensors. Control effort is therefore wasted in trying to
control these modes, which contain comparatively little sound power. He suggested that
in order to avoid this problem, the source and sensor array should be positioned as far

apart as possible. This finding is confirmed in this thesis.

1.1.4 Experimental results from the Pratt and Whitney JT15D Engine

A series of papers were produced by researchers at Virginia Tech that present the results
of active noise control experiments on a Pratt and Whitney JT15D engine. Thomas et al
[58] in 1993, performed some early experiments on this engine using a very simple control
system consisting of an array of inlet mounted control sources to control the BPF tone
at a single far-field error microphone. Control at the microphone gave local reductions
of approximately 20dB. However, the control was limited to a small zone surrounding
the microphone. It was suggested that global control of the entire sound field could be
achieved by the use of a multi-channel control system. Thomas et al [58] also showed that
control of multiple harmonics of BPF was possible. By using two independent controllers

they controlled the first and second harmonics of BPF, yielding reductions of 17dB and



10dB at the error sensors.

A larger scale experiment was reported by Burdisso et al [10] who used a multi-channel
control system to control an artificially generated rotor-stator interaction tonal sound
field. This field was generated using exciter rods in order to generate the first order m =1
spinning mode and the first four associated radial modes at the first BPF of 2450H z
(ka ~ 12). A system comprising 12 control actuators and 3 error sensors was used, and
the controller consisted of 3 input channels from 3 error sensors and 3 output channels,
with each output channel driving 4 actuators. The use of far field error microphones and
in-duct microphone arrays were compared to control the radiated sound field. Using the
three far field error sensors yielded reductions in sound pressure levels at almost all far-
field angles. A sound power reduction of 5.1dB was achieved. A control strategy was then
implemented whereby error sensors were mounted in the engine inlet duct. The aim of this
experiment was not to drive the pressure at the error sensors in the duct to zero. Far field
error sensors were mounted outside the duct and the sound field at these far-field error
sensors was driven to zero. The levels measured at the error sensors were recorded and
the far-field error sensors were removed. Once this model had been deduced, the control
system could simply seek to reproduce the response at the error sensor which would result
in the levels at the positions outside the duct being driven to zero. Using this technique,
the sound pressure levels were reduced in some directions and the sound power reduction
was 1.3dB suggesting that the use of inlet mounted error sensors had potential for further

development.

1.1.5 Studies using alternative active control techniques

The previous studies in references [6, 10, 36, 40, 58] all address the control objective
of minimising the pressure at error sensors using an array of control actuators. In the
process of generating the control sound field (secondary field) the actuator array may
generate modes which are not present in the primary sound field and thus these modes
will degrade control performance. This is known as modal spillover. One way of dealing

with this problem is to attempt to determine the original modal content of the sound



field and then reproduce this modal content exactly in the secondary sound field. To
avoid modal spillover, a sufficient number of correctly positioned sources and sensors are

needed.

An active control system was demonstrated experimentally in 1997 by Gerhold [22] which
sought to exactly reproduce a single mode primary sound field to reduce the modal spillover
effect. These experiments used inlet mounted error sensors to control the sound field.
His control system used 2 error sensors to determine the modal content of the sound
field. This mode was synthesised using 12 control actuators in order to cancel the field
without exciting extraneous modes. He demonstrated that single low order modes could
be sucessfully controlled using this approach. However, when multiple higher order modes

were present, control performance was degraded.

A similar approach was applied to the control of higher order modes in an engine by
Ishii et al [28]. Their study examined the development of a mode generation and mode
detection system which could be mounted in the inlet of the engine. It was shown that
modes of spinning mode order m = 1 — 7 could be detected and generated by an actuator
array consisting of 16 actuators and that with the error sensor mounted in the inlet duct
the sound pressure level could be reduced in all directions outside the duct. Reductions in
the BPF tone varied between 2 and 10dB depending on the directivity angle. This study
shows that this modal technique is a feasible approach in order to limit the degradation

caused by modal spillover when simply reducing the pressure at a number of error sensors.

A study in 1997 by Chan [11] details a comparison of different control approaches when
controlling higher order modes in both rectangular and circular ducts. Both the minimi-
sation of the sum of the squared pressures at the error sensors and an approach whereby
the individual mode amplitudes are minimised are compared. A similar comparison is
made in this thesis in chapters 5 and 7. It is shown by Chan [11] that for multi-modal
control in a circular duct minimising the sum of the squared pressures is more successful.
This is thought to be due to the fact that in the circular duct there is strong coupling be-
tween the separate acoustic modes. Some other important insights are made in the study.

Firstly, that the control performance measured at the error sensors may give a misleading



indication of the control performance elsewhere in the duct. Secondly, it is shown that
the number of sensors required for control in the circular duct section is greater than in a
rectangular duct and that these need to be properly postioned in order to obtain effective

control.

In the same year Zander and Hansen [62] published a theoretical study into the use of
various different control strategies to control both plane wave and higher order modes in
a hard-walled rectangular duct. Four active control strategies were considered. Firstly,
the minimisation of the sum of the squared pressures at the duct walls, which was used in
the studies in sections 1.1.2 to 1.1.4. Secondly the minimisation of the acoustic potential
energy in the duct was investigated. The acoustic potential energy can be estimated from
the pressure measurements at an array of error sensors. The final practical control strategy
was the minimisation of downstream sound power flow. This strategy requires two axially
spaced arrays of microphones which are used to perform a modal decomposition to obtain
the forward and backward flowing mode amplitudes. Using these one can minimise the
downstream power flow. Also investigated was the minimisation of total acoustic power
in the duct, however, as mentioned by Laugesen [40], this quantity is not easily measured

in practice, thus results were only presented as a theoretical comparison.

It was found that significant benefits over the minimisation of the sum of the squared
pressures could be gained by minimising the downstream power flow. The modal de-
composition strategy was found to be able to eliminate the effect of dominant evanescent
modes at the error sensors predicting aproximately 30dB improvement in downstream
sound power reduction over the pressure minimisation control strategy. However, in order
achieve this improvement, the number of sensors required was equal to the two times the
number of propagating and the significant evanescent modes. At the higher frequencies
associated with aircraft engine noise it is likely that a large number of sensors would be

required for this control strategy.



1.1.6 Theoretical studies of the control of higher order modes and far-
field directivity

An analytical study by Risi et al [52] in 1996 suggested an approach which could be used to
control higher order radial modes. His model was of an engine inlet of finite length with no
mean flow. The model control system consisted originally of 12 actuators, which were used
to minimise the mean square errors at a number of far field error sensors. The primary
sound fleld was modelled as the sound field excited by rotor-stator interaction at a BPF
of 2400Hz. At this frequency only the spinning mode m = 1 is excited and only the first
three radial mode orders propagate in the duct. Using a single array of control sources to
minimise the error at 6 far-field sensors gave a predicted sound power reduction of 6.4dB.
However, if one were to use a second axially spaced array of sources, a reduction of 28dB
was predicted. This suggested that multiple axial arrays could be used to independently
control higher order radial modes. This analytical result was later verified experimentally
in a full scale experiment performed by Smith et al [55]. They showed that two axially
spaced control arrays could reduce sound power reductions by 4dB using 2 arrays, whereas

with a single array the sound power was reduced by only 1.7dB.

Further investigation into the merits of using inlet mounted sensor arrays was provided in
a set of papers by Joseph et al [32, 33, 34]. The first of these papers was a preliminary
theoretical study into the control of the first spinning mode order m = 1 using an axial line
array of inlet mounted error sensors. A comparison is made between the control system
using far-field sensors and a control system using a single axial line array of ten sensors.
Good agreement is predicted between the sound power reduction yielded by each approach.
A more detailed study was reported in references [33] and [34]. A model of the sound field
at BPF produced due to rotor-stator interaction is predicted using a ring of axial dipoles
which produce spinning modes associated with m = 1 and m = 5. Two source rings were
used to control the sound field at far-field error sensors assuming perfect knowledge of the
sound field. Two control objectives were investigated. One is the minimisation of total
acoustic power, the second is the minimisation of the sum of the squared pressures at the

error sensors in the far field. A control system consisting of several axially spaced rings
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of error sensors within the engine inlet duct was compared with the far field results. It
was seen that a degradation in control performance of only 6dB was predicted, suggesting
that in-duct error sensors could be used for efficient control. Criteria were also suggested

for the numbers of sources necessary for effective control. It was suggested that:

e the number of sources in a single ring needs to be at least equal to the highest

spinning mode order m.

e the number of rings of sources needs to be equal to at least half the number of
propagating radial mode order n associated with the axisymmetric spinning mode

order m = 0.

The problem of cut-off modes ‘contaminating’ the sampled sound field is also briefly men-
tioned where it is suggested that the sources and sensors are placed as far apart as is

possible to reduce this effect.

A further control objective is also suggested in the second paper [34] in which control
effort is concentrated on the modes which radiate most strongly at the highest angles to
the duct axis, thus reducing the sound field which is radiated toward the ground. This
control objective is achieved by focusing the control effort on modes with the smallest
axial wavenumber and hence which are least cuton. this was achieved by the use of an in-
duct beamformer to estimate the far-field directivity. This approach was also investigated
experimentally by Smith and Burdisso [54]. Ten pressure sensors were mounted in the inlet
in an axial array and were used to attack radiation in the sector between 50° and 90°.
Sound power reductions of 5.6dB were observed in this arc. A further theoretical study
using boundary elements by Hutcheson et al {26] confirmed the merits of this control
approach and suggested that it could be made more effective by using it in a hybrid

active/passive system, where the control system is embedded in a passive liner section.
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1.1.7 Recent studies on source and sensor requirements for ANC in

ducts

Recent papers have suggested further criteria for the numbers and geometries required for
the effective control of engine noise. Walker [60] suggests that the minimum number of
sources used must be equal to the sum of the targeted mode spinning mode order and the
maximum spinning mode order which can propagate in the duct. The minimum number
of sensors should be the same as this number or greater. His paper also addresses several
other issues which can affect active control performance. The contamination of the control
by cut-off modes, as was mentioned earlier by Laugesen [40] and Joseph et al [34], and the

inadvertent excitation of extraneous modes by the control actuators.

A paper presenting some theoretical findings of the EU RANNTAC (Reduction of Aircraft
Noise by Nacelle Treatment and Active Control) project by Joseph, Fruteau and Nelson
[31) gives clear criteria for the number of sources and sensors and the number of axially
spaced arrays required for effective control. They suggest that the number of rings should
be equal to the number of radial modes which one wishes to control and each of these
rings should contain a number of sources or sensors equal to 2mna, + 1 Where myn., is the
maximum spinning mode order which can propagate in the duct. The paper concludes
that in a practical system there will be only limited space in the inlet. For the limited
amount of space one has in the inlet they suggest that the non-dimensional frequency
limit below which control will be practically possible is approximately ka = 16. The
experimental work associated with the RANNTAC projected was reported by Maier et al
[41]. A control system consisting of 3 rows of 16 actuators and & rows of 36 error sensors
mounted in the inlet were used to cancel a BPF tone consisting of the spinning mode
m = 3. The report concluded that active noise control was best suited to low frequencies.
At realistic ka values 15 < ka < 30 an excessive number of sources and sensors would
be required. Thus it was suggested that it could only be realistically implemented at low

engine speeds.

Much research has focused on the active control of tonal components of the BPF compo-

nents generated through rotor-stator interaction. It has been shown that discrete tone fan
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noise is a feasible target for active noise control techniques. This research has identified
some important guidelines for effective ANC in ducts. Control is most successful at low
frequencies where few modes are excited in the duct. Criteria have been suggested for
the numbers and arrangements of sources and sensors. It has also been shown that global
control of the radiated sound field can be achieved in principle by mounting the entire

control system within the duct inlet.

It is interesting to note that no work has been undertaken aimed at the active control of
buzz-saw modes. This is surprising, as we shall show in the next section ANC seems to be
well suited for reducing this component of aircraft engine noise. This thesis therefore will
be the first published work to assess the performance of active control in attenuating low
order buzz-saw tones. Several authors [32, 40, 60, 62] have noted that evanescent modes
can contaminate the sound field in the engine inlet, however, the effect of these modes on
the control mechanism will be investigated in further detail in this thesis. The thesis will
conclude with the results from an experimental rig designed to control a single spinning
mode with similar characteristics as the buzz-saw mode. Previous small and large scale

experiments have focussed on simulating and controlling rotor-stator interaction tones.

1.2 Conclusions

e Active control has been successfully implemented in aircraft engines and large ducted
systems. However, the research in aircraft engines has focussed on the control of the
sound field generated by rotor/stator interaction. This occurs at frequencies where
large numbers of modes can propagate in the duct section, thus large numbers of

sources and sensors are required.

e No research has been published to date on the control of the lower frequency buzz-

saw sound field.

e This thesis is the first study to detail the feasibility of using active control to atten-
uate the low frequency buzz-saw tones, which have a simpler modal structure than

tones excited by rotor-stator interactions.
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e The effect of evanescent modes will be investigated in detail in the thesis by exam-

ining the control mechanisms.

e The design and implementation of an original small-scale real-time active control
experiment will be detailed which will simulate and control a single spinning mode

with similar characteristics as a buzz-saw mode.
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Chapter 2

Buzz-saw Noise - Its Generation

and Propagation

2.1 Introduction

Noise radiated from aircraft engines by the fan can be divided into three different cate-

gories. These are:

e Tones occurring at frequencies of multiples of the blade-passing frequency (BPF)
¢ Tones occurring at frequencies of multiples of the shaft-rotational frequency.

e Broadband noise

Details on the characteristics of these sound fields and their generation can be found in

reference [1).

In the previous chapter a review of the research into the active control of rotor-stator
interaction tones was presented. This noise source falls into the first category. In this
chapter we shall focus on a noise generating mechanism which occurs at harmonics of the

shaft-rotational frequency. This is commonly referred to as “Buzz-saw” noise.
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Figure 2.1: A measured fan noise power spectrum for subsonic and supersonic fan tip speed

conditions

Figure 2.1 shows the measured sound power spectrum of the radiated noise from with the
fan at supersonic and subsonic tip speed. At subsonic tip speeds, the sound field comprises
a broadband noise floor plus tonal contributions at multiples of the fan BPF. At supersonic
tip speeds associated with take-off conditions, the sound power level is significantly higher
and markedly different in spectrum. There now exist tonal contributions at each Engine
Order (multiples of the shaft rotational frequency) and the highest levels occur at Engine
Orders (EOs) which are less than the first blade passing frequency of the fan. This tonal
field is a characteristic of the buzz-saw sound field. Its generation and propagation will

be discussed in the following sections.

2.2 Historical review

Research into buzz-saw noise in the early 1970’s accompanied the development of high
tip speed turbofan engines. Experimental studies of buzz-saw noise were undertaken by
Benzakein et al [5], Kester [35] and Philpot [48]. Descriptions of the sound pressure levels
and frequency content of buzz-saw noise measured from a supersonic tip speed fan were

reported. It was shown by Philpot (48] in 1971 that as the tip speed Mach number of the
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fan exceeded unity, the overall sound pressure level rose sharply, proving that supersonic
tip speeds are required for buzz-saw noise to be present.! Buzz-saw noise was shown to be
composed of discrete tonal contributions at each multiple of the shaft rotational frequency.
Philpot [48] concludes that the buzz-saw noise field is radiated forward of the fan when
the tip speed becomes supersonic. The field itself takes the form of “ ...a steady rotating
pressure field associated with the rotor” [48]. He suggests that the distinct frequency

content of the buzz-saw noise is due to small imperfections between blades.

2.3 Physical mechanisms

Buzz-saw tones are usually only radiated at take off. At this supersonic tip speed, shock
waves are produced at the blade tips, which gradually dissipate as they propagate down
the duct due to viscous effects and heat conduction [59]. For a hypothetical perfect fan
in which the fan blades are identical, a regular shock or “N” wave is produced at the fan
face. This will travel down the inlet duct and will result in a sound field being radiated
from the engine inlet comprising harmonics of the BPF. Morfey and Fisher [44] present
a theoretical analysis of the shock wave propagation due to a fan operating at supersonic
tip speed. They focus on the radiation from a perfect fan with identical blades and note
that only harmonics of the blade-passing frequency will be radiated in this case. They
also suggest that blade imperfections will lead to the frequency characteristics associated

with buzz-saw noise, i.e. that tones are present at each EO.

The precise mechanism of buzz-saw noise generation is now well understood. Small im-
perfections between blades produce small differences in the shocks formed on each blade.
The midpoint pressure is equal to the average of the pressures on each side of the shock
wave. In the case of a perfect fan the average pressure of each shock will be equal. For
imperfect blades the shock waves which form at the tips have slightly different mid-point

pressures. The speed at which each shock wave propagates along the duct is dependent

!Buzz-saw tones have been artificially generated at subsonic speeds by using a fan with very large and
impractical blade irregularities [35], however, in a real fan buzz-saw tones only dominate the spectrum at

supersonic tip speeds
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on the mid-point pressure [42]. The higher the mid-point pressure the faster the speed
of propagation. Some faster moving shocks will merge with the slower shocks to form a
new single shock wave. At the duct inlet a more irregular shock wave pattern will result.
The frequency content of such a shock wave obtained through Fourier analysis, show that
it is made up of discrete frequencies at multiples of the shaft rotational frequency. Buzz-
saw noise is therefore sometimes known as “multiple pure tone” (MPT) noise. Kurosaka
[39] further develops the Morfey and Fisher [44] theory to include the effects of blade
non-uniformities. He investigates the effect of both blade spacing and differences in blade
stagger angle on the generation of buzz-saw, or MPTs, and concludes that spacing has
a negligible effect whereas the stagger angle is very significant with respect to tone gen-
eration. He also notes that errors in the blade contour angles can have a large effect on
the generation of MPTs. Similar studies were undertaken by Hawkings [24] and Pickett
[49]. However, the analysis of Kurosaka [39] does not rely on an estimate of the pressure
signature at the fan face. The levels of the MPTs at the fan face are based on realistic
blade irregularities. Hawkings [24] focuses on the propagation of an estimated shock wave
which has an exaggerated irregularity. Pickett [49] assumes that the shock wave pattern
at the fan face can be estimated from the statistics of the shock wave distribution from

an average fan.

2.3.1 Non-linear, one-dimensional theory

Figure 2.2 shows the predicted pressure variation of the buzz-saw noise around a helical
path in the inlet duct, both at the fan face and at the duct inlet termination. Below
it is the associated frequency spectrum. These results were obtained using the FDNS
(Frequency Domain Numerical Solution) model developed by McAlpine and Fisher [42],
which predicts the propagation of buzz-saw noise in an aircraft engine inlet duct based on

measured sound pressure data at the fan plane.

The FDNS method is a one-dimensional propagation model. The pressure is modelled by
a Fouriler series expansion with complex coefficients C,, corresponding to each spinning

mode order m. These Fourier coefficients are approximately deduced from measurements
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Figure 2.2: Helical Pressure Variation and Frequency Spectrum at the fan face (red) and
the duct inlet termination (blue) for “Buzz-saw” noise, predictions using the FDNS model
by McAlpine and Fisher for a ten bladed fan. The top graph shows the pressure variation

along a helical path in the duct, the lower graph shows the frequency spectrum.
of the sound field close to the fan.

The pressure field is described in terms of a non-dimensional helical propagation distance
X and as a function of non-dimensional time 7". The shock wave pressure P(X,T) at any

point in the duct can therefore be expressed [42] as

o
plX ) ¥ e e (2.1)
m=—oo
The form of the solution of equation 2.1 is made to satisfy the non-linear wave equation
known as Burgers equation and hence the values of C,,, can be determined. The equation

is slightly modified to account for liner attenuation. From McAlpine et al [42],
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Equation 2.2 contains three separate propagation terms, whose physical interpretation is

as follows:

(i) A term to account for energy transfer between the modes, which is characteristic of

non-linear propagation.

(if) A dissipative term for the dissipation of energy by the shock waves due to viscous and
heat conduction effects. This effect becomes more significant at the higher engine

orders.

(iii) A linear attenuation term which has been added to Burgers equation to approximate

the attenuation due to the presence of a acoustic liner section.

In order to determine the levels of the shock wave system at positions down the duct,
equation 2.2 is integrated numerically to find the a new set of complex Fourier coefficients

Cr, at each axial position.

A typical pressure distribution is presented in figure 2.2 which shows the pressure distri-
bution as a function of the helical distance around the duct for a fan with ten rotor blades
in an inlet duct with rigid walls. The red line shows the helical pressure variation at the
fan face and the blue line shows the predicted helical pressure distribution after the field

has been propagated down the duct.

The pressure signature at the fan face (red line) resembles that of a regular shock wave.
However, the mid-point pressures are slightly different across the shock system. As was
mentioned earlier in this chapter, the differences in the mid-point pressures causes the
shock waves to travel at slightly different speeds down the duct. Some shocks will meet and
merge into a single shock resulting in a more irregular shock syétem at the end of the inlet
duct (blue line). The pressure signature (red) close to the fan resembles a regular shock
wave and thus the frequency content will be dominated by the BPF tonal components.
For this ten-bladed fan, BPF corresponds to EO = 10. However, one can see that as the
shocks travel down the duct and become more irregular the BPF tones no longer dominate

the frequency spectrum. This energy exchange between different frequency components is
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a consequence of the non-linear propagation of buzz-saw tones.

2.3.2 Linear, modal theory

It has been shown experimentally in a study by Rademaker, Sijtsma and Tester [51] that at
1BPF, for a supersonic fan with 26 blades, the dominant tone is dominated by the m = 26
mode. This is the mode m = EQO at 1BPF. Thus, at supersonic tip speeds the field is
composed predominantly of modes with spinning mode order m = EQO, otherwise referred
to as ‘rotor-alone’ tones. A single-frequency buzz-saw tone is made up of contributions
from all propagating modes at that frequency, however it is the ‘rotor-alone’ mode which

will dominate.

The pressure due to buzz-saw noise can be expressed in a similar way to equation 1.1,

however, all multiples of the shaft rotational frequency w; = I§2 are now included.

=1 m=—ocon=1

where ¥, (r) is the modal shape function. This dominance of the m = mp = EO mode
at each EO can be explained very simply. From the modal representation of the in-duct
sound field in equation 2.3, a point of constant phase ¢(6,¢) on the modal wavefront, at

fixed axial position along the duct z, can be written as

6(0,t) = wt —mf (2.4)

Thus,

9=2 (2.5)

3§

The circumferential phase velocity of the mode of order m at frequency w at the wall is
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therefore

dé —w
= — = — 2.
G == (2.6)

The buzz-saw noise mode is phase-locked with the rotor and hence only occurs at su-
personic tip speeds (since ¢, > ¢ is a requisite for modal propagation, where c is the
sound speed). The circumferential phase velocity is therefore equal to the shaft rotational

frequency ¢, = .

=0 (2.7)

REES

and hence

= EO (2.8)

Associated with each propagating spinning mode order m there are a number of radial
modes with mode indices n. For the fan speeds and frequencies associated with buzz-saw
tones, at spinning mode order m = mp = FEO, only the first radial order n = 1 is usually

cut-on. In this thesis n = 1 is defined to be the lowest radial mode order.

An important non-dimensional quantity associated with each mode is the cut-off ratio
Gm,n. Different modes with the same cut-off ratio have very similar transmission and

radiation characteristics.

The cut-off ratios of the dominant buzz-saw (mp,1) modes at each EO are very similar.
The cut-off ratio ¢, n is defined as the ratio of the non-dimensional frequency ka of excita-
tion to the value of the non-dimensional frequency at which the mode begins to propagate.
Thus modes will begin to propagate in the duct at frequencies corresponding to a cut-off
ratio equal to 1. Cut-off modes have values of (p, n, less than 1 and decay in amplitude

as they travel down the duct, thus will radiate weakly to the far-field. Well cut-on modes
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will take values much greater than 1. In a duct with an axial flow speed of Mach number

M the cut-off ratio (», , is defined as

ka
Cm,n = 1 (2'9)
rmno(l— M2)2
where k., . is the transverse component of the acoustic wavenumber defined more clearly

in chapter 3. Equation 2.9 can be written in terms of the blade tip Mach number M; and
the modal index mp, which gives a better insight into the reasons why buzz-saw modes

at different EOs have similar cut-on ratios. Putting w = mp{) into equation 2.9 gives

mpfla

Con = c (2.10)
" krm,na(]' - Mg)%

Recognising that Qa/c is the blade tip Mach number M; gives

mBMt
k'f'm,na’(l - Mg)%

(2.11)

Cm,n =

Equation 2.11 shows that if the tip speed Mach number M;, and hence the axial flow speed
Mach number M, both remain constant, the cut-on ratios for each mpg mode will depend

on the ratio mp/k For low frequency ‘rotor alone’ spinning mode orders mp, this

Tm,n*

ratio is very similar. To a reasonable approximation, k._,a =~ m + 1. As the engine order

Tm,1
increases the cut-off ratio ¢mn and /75 become increasingly similar in value. Figure 2.3,
below, shows the variation of (, , with varying tip speed mach number M;, for various
EQOs, assuming M, = —0.52M;. This relationship is determined from the ratio of the
Mach numbers specified for the SILENCE(R) RACE rig. Also illustrated in figure 2.3 are

the tip speeds associated with 75%,85% and 95% of the design speed of a typical fan.

At a given tip speed, the cut-off ratios of the buzz-saw modes associated with EFO = 3
to 14 have similar cut-off ratios. The cut-off ratio increases approximately linearly with

increasing My, since M, is usually small. At 75% of the fan design speed, all buzz-saw
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Figure 2.3: Variation of cut-off ratio ¢ of the ‘rotor alone’ modes for different fan speeds

modes are cut-off. The tones cut on as the fan becomes transonic (M; ~ 1 — 1.1). All of

these modes are cut-on for M; above 1.14.

In a hardwalled duct the mode shape function ¥y, ,(r) take the form of a Bessel function,
Im(krm,,7), Wwhere ky . = j;, »/a, where j;, , is the inflection point of the Bessel function
where the gradient with the respect to the argument is equal to zero. Plotted in figure
2.4 are the Bessel functions corresponding to the buzz-saw mode for different m values at

n =1, as a function of radial distance r.

This graph demonstrates that as the spinning mode order of the buzz-saw mode mp
increases the modal pressure becomes increasingly concentrated along the duct wall and
hence are more easily excited by the tip region of the fan in which the relative flow velocity

is supersonic.
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Figure 2.4: Mode Shape Functions for the first radial modes at various buzz-saw spinning

mode orders (mp,n =1)

2.4 Suitability of buzz-saw noise for active noise control

Of the numerous tonal components present in the buzz-saw noise spectrum it is usually the
tones below 1BPF which dominate the overall sound pressure level. This can be seen from
the measured frequency spectra in Pickett [49], Vaidya [59] and Ehrich [14], for example.
It is therefore predominantly tones much lower in frequency than 1BPF which we wish to

control.

Presently, passive liner sections are introduced in modern engine inlets in order to control
buzz-saw noise. However, these liners do not effectively attenuate the very low frequency
components of buzz-saw noise. This is illustrated in figure 2.5 below. The theory developed
by McAlpine and Fisher [42] was used to predict the buzz-saw spectrum at an aircraft
engine inlet containing a liner section of 0.345m in length, located after the fan. The
initial EOQ buzz-saw spectrum shown in Figure 2.5(a), is only an estimate of a typical
buzz-saw spectrum. Using this estimate, the predicted buzz-saw spectrum at the end of
the lined section (length 0.345m) is shown in Figure 2.5(b). Also shown is the predicted

spectrum at this position with the liner is removed.
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:l (a) Start of lining

 (b) End of lining

Figure 2.5: Frequency spectrum for typical buzz-saw noise before and after a liner section
of 0.345m in length. The spectrum before the liner is an estimate and the spectrum at
the end of the liner section is predicted using the FDNS code developed by McAlpine and
Fisher [42]

Comparison between the two predicted spectra in the hard and soft wall cases suggests
that the liner has been effective in attenuating most buzz-saw tones. At EO< 7, however,
there is comparatively little attenuation of the buzz-saw tones. An alternative treatment
is therefore needed to suppress these low frequency components which will now dominate

the overall sound pressure level.

The predicted sound pressure level spectrum in figure 2.5 is qualitatively similar to the
measured spectra presented by Rademaker et al [51]. The test engine used in their ex-
periments included a passive liner section in the inlet. Very low frequency engine order
tones are still present at very high levels despite the presence of the liner. It should also
be noted that the BPF tones in their data are still at very high level. One explanation
for this is proposed by Vaidya [59]. He suggests that the role of the liner with respect to
buzz-saw tones is to limit the amount of transfer of energy from the BPF tones to the

buzz-saw tones.
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An active noise control approach, implemented either after the liner section or built into
the passive liner, may be used to form a hybrid active-passive noise control strategy in
order to control these dominant low frequency tones. The design and effectiveness of an
active control system positioned after a passive liner section will be the focus of this PhD

thesis. The performance of the liner section is not investigated, however.

Conventional active control relies on the assumption that the propagation of the sound
field is linear and that superposition applies. It is therefore important that active noise
control system is applied in a region where the sound field can be assumed to propagate
linearly. It is for this reason that the presence of passive treatment is essential. The levels
of the buzz-saw tones must be attenuated from their initial levels of around 160dB (the
level of the BPF tones shown in figure 2.5) to levels below approximately 130-140dB in

order for a linear assumption to be valid.

2.5 Conclusions

e Buzz-saw noise is radiated forward of the fan on take-off and is caused by small

imperfections between the fan blades.

e Buzz-saw modes occur at multiples of the shaft rotation frequency or engine orders
(EO). At each engine order, a single mode dominates. This mode is equal to (m =

EO,1).

e Passive liners are currently used to attenuate buzz-saw noise, however, the liner
sections cannot attenuate the very low frequency buzz-saw tones and therefore it is
these which will dominate the sound field and which will require further attenutation

using active control.

e Active control relies on the assumption of linearity, and therefore a passive liner
section will be required before the active control system such that the buzz-saw

tones are at levels where they can be assumed to propagate linearly in the duct.
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Chapter 3

Model of buzz-saw noise
propagation in a finite-length duct

with flow

In this chapter a numerical model of the sound field due to buzz-saw noise and the sec-

ondary sources is presented.

The duct model comprises the following simplifying assumptions:

e The engine inlet is a finite length axisymmetric circular duct with rigid walls. The

flow is assumed to be uniform and in the axial direction.
e The ends of the duct are terminated in a rigid baffle

e The buzz-saw sound field at the sensor array microphones propagates linearly along

the duct.

e The secondary sources are mounted flush with the duct walls and behave as point

monopoles.

e The buzz-saw noise at each engine order (EO) comprises a single dominant propa-
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gating primary mode (m = EO,n = 1) as discussed in Chapter 2.

3.1 Finite-length duct model

Figure 3.1 shows a circular duct of length L. Also shown are the positions of the actuator
and sensor arrays and the approximate position of the fan in the EU SILENCE(R) RACE
test rig. The direction of the uniform mean flow is also indicated, which is opposite to the

direction of acoustic propagation in the duct inlet.

Figure 3.1: Schematic diagram of the duct model, including a single ring of sources and

SENSOTS.

3.1.1 The primary sound field due to buzz-saw noise

The buzz-saw sound field is only initially radiated forward of the fan, but then reflects
repeatedly between the duct inlet and exhaust. Blockage by the rotor and stator, and
other components of the engine, are not included in this simple model. We shall therefore
formulate an expression of the in-duct sound field by launching a mode with an amplitude
ap, forward of the fan plane and summing subsequent reflections. The sound pressure
p(z,r,0) due to a single mode can be determined by the summation of all the incident
and reflected waves due to this single forward propagating mode. At a single frequency

summing reflected waves as shown in figure 3.2 gives
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Figure 3.2: Paths of the reflected waves launched from the fan face x¢
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m,n m,n
+ .- JYmn(r,0) (3.1)

z>xz5 (duct inlet) (3.2)

Here 9 n(r, 0) is the normalised shape function of the mode (m,n) given by

Bl v

wm,n (7", 0) 5 Nm,n

(3.3)

where Ny, ,, is a normalisation constant Ny, , chosen to satisfy the normalisation condition
Sk s |¥m.n|?dS = 1 where S is the cross-sectional area of the duct. For m # 0, it is

given by

Npn = i (k. 0) 1—( s )2 (3.4)



where J,, is the Bessel function of order m.

In equation 3.3, k,, , is the radial wavenumber that is chosen to satisfy the hard-walled
boundary condition, J;, (K, ,a) =0, where the prime denotes differentiation with respect

to the argument.

Equation 3.1 can be written as the geometric series

pmn z,T, 9) Za -’Cm nlz—2f) +R+ 7'( ;—mn k;m n)L— z"7zm nZftikz, nz]

—kE —kE !
x (R;,an,ne“’“m b)) (7, 6) (3.5)

whose sum to infinity reduces to

a4+ _ . + I S o + p—
aPO [elkzm,n (z mf) + RT_’;L,nel(kzm’n kzm,n)L 7'kmm,nmf+1kzm,n$]¢myn( 9)

1 — R)"‘;L an‘,L nei(k:‘-m,n _k;m,n )L

Dmn(z,7,0) = (3.6)

This assumption is valid as long as |R;}, , R, e gihim,n ~kemn)L| < 1. This will always be

the case as the modulus of the reflection coefficients R ., and R

mn . will always be less

than 1 apart from at { = 1. However, the exponential term will always provide some

dissipation.

For convenience, and to enable comparison with the previous results [43] the modal reflec-
tion coefficients evaluated at the duct terminations Rfrj’n can be expressed in terms of a

set of complex reflectivity phase factors ¢,:,E’n [43],

. e _ommnkL
R = eohatt) _ ) 3.7)
Ry, = e~ 29mn0) — g% (%0n,5) (3.8)
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from which the complex reflectivity phase factors ¢7in,n (z) can be defined,

In RT—;,n(L) C\fm,nk;(L - $)
21 1— M2

Smn(T) = (3-9)

—InR, .(0)  an nk(—x)
- = d : .10
Substituting equations 3.7 and 3.8 into equation 3.6, and after some algebra, the final
expression for the acoustic pressure at (z,7,6) due to a buzz-saw mode (m =mp,n =1)

which is launched with an amplitude Opo,, forward of the fan plane, becomes

a,pomB’l me’l(r, 9)’[;eq‘¢m371(wf) sec (]5;7,371(xf) cos ¢;+7—LB’1(:L‘) —'L}VIzk(a:—zf)

1-M2
+
(tan ¢;B,1($f> —tan(b,“nB,l(mf)) cos ¢ o 1 (Z5)

pp(a:? T, 9) -

(3.11)

The full derivation of equation 3.11 is detailed in Appendix A. In the above equations the

parameter oy, , is defined as

Qmn = 4/1 =G p (3.12)

where from equation 2.11

th
kTm,na’(]‘ - M:I?)%

(3.13)

Cm,n =

Note that oy, has an interpretation as a modal cut-off ratio, taking a value of appn =0

at cut-off, tending to 1 for modes well above cut-off.
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3.1.2 The secondary sound field due to control actuators

The secondary sound field excited in order to control the buzz-saw noise is assumed to
be generated by an array of point monopole sources. Unlike buzz-saw noise, these will
initially radiate sound in both directions along the duct. The acoustic pressure at (z,7,6)
due to a secondary source at (zs, 75, 85) radiating forward can be obtained by following an
identical procedure to py(z,r,¢) in equation 3.11. For a mode of amplitude as,,, , at the

source location in the absence of reflection, the result is

5o Wm,n (T, 0) (ew;m(zs) seC $r, n(Ts) + e~témn(2s) sec P (xs))
s\L» 70 = —
ps(2,7:6) 2. (tan G (%5) — tan G (72))

m,m

08 §F (7) iMaiteza)

1-Mz 3.14
cos qS,J?L,n(ms) ( )

Equation 3.14 reduces to an expression similar to that derived by Morfey [43].

. 9 cos + T —iMzk(z—2xs)
ps(z,7,0) = Z LULEIGL) P (7) e 1ME

(tan ¢ n(zs) — tan dmn(zs)) cos dihn(zs) T (3.15)

m,n

The modal amplitude term a,,,,  in equations 3.14 and 3.15 is that excited by the point

monopole source in an infinite duct, evaluated at the position of the source,

_ PCYp (755 05)4s
50m.n 2Samn

(3.16)

given by p(x|xs) = ikpcogs(xs)G(x|xs) for a point source at xg evaluated at the source

plane x = x4 and using the Greens function G(x|xs) in equation 1.C.12 in Goldstein [13].

The final result for the secondary field at (z,r,8) due to a point secondary source

1 r, )y ,0 cos bt (1) —ikMg(z—zs)
pu(o,1,6) = 3 b tmaD Dt B Pmn(®) SEEEE g

o Sam p(tan ¢hn(zs) — tan dm n(Ts)) cos Pmn(zs)
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3.2 Modal reflection coefficients for a flanged duct in the

absence of flow

In the model of the ducted buzz-saw sound field we approximate the modal reflection
coefficients Ri)n in the equations in section 3.1 by the modal reflection coefficients for a
semi-infinite flanged duct. These were evaluated using Zorumski’s generalised impedance
method [63] for the modal refiection coefficients for a semi-infinite duct terminated by
an infinite, rigid baffle, in the absence of fiow. The theory predicts the modal refiection
coefficients and includes the reflection coefficients of scattered modes whereby a single
mode incident upon the end of the duct scatters into modes of different radial mode order.

For simplicity, modal coupling will be neglected in our model.

The modal reflection coeficient may be deduced from the modal impedance at the duct
termination. The generalized modal termination impedance is defined as the ratio of the
modal pressure amplitude Py, of the incident mode to the modal velocity amplitude V,,;
of the reflected mode evaluated at the termination. It is a function of the non-dimensional

frequency ka and is given by the equation 3.18 [63]

Nl

Zmnl(ka’) - /(; ’ sin d)Dmn(ka: sin ¢)Dml (ka? sin ¢)d¢

- z/ cosh €Dy, (ka, cosh &) Dy (ka, cosh €)dé (3.18)
0

where D,,,, is the modal directivity function, which can be written as

TUmn(ka)J) (Tka) — Amnip:nn(ka)Jm(Tka'):l } (3.19)

Dy (ka,7) = {ka[ SER—

mn

where the prime denotes differentiation with respect to the argument.

Note that the imaginary part of equation 3.18 is an infinite integral. However, the integral

is rapidly convergent whereby good results can be obtained by truncating the upper limit
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of integration to 10. At & = 10 and above the value of the imaginary part is of the order

of 1079,
For a particular spinning mode order m, equation 3.18 defines the elements of a matrix of

modal scattering impedances Zpn1,

Zm1l Zmi2

Zoom1 = | ' : (3.20)

L . . Zmnmaa:lma.:c_

Using the theory due to Zorumski [63] one obtains a reflection coefficient of 41 at the
modal cut-off frequency. However, both Rienstra & Hirschberg [57] and Norris & Sheng
[47] note that at cut-off the reflection coefficient goes to -1. The Zorumski theory yields
reflection coeflicients with the correct magnitude, but with a phase which differs from that
predicted in Rienstra & Hirschberg [57] by 7 radians. This discrepancy is corrected by
both Hewlett [25] and Wang & Tszeng [61] who both use a similar expression to determine
the reflection coefficients. With the error corrected, the matrix of reflection coefficients

Rinal is related to the matrix of impedances by

Rmnl = (Zmnlﬂml + I)_l X (Zmnlﬂml - I) (3'21)

where I is an identity matrix with the same dimensions as Zpn and Q1 is a diagonal

matrix with elements equal to the cut-off ratio of equation 3.12 for M, =0

Ko )
in = O = =2 = (1= (b /1))’ (3.22)

The above method yields matrices of reflection coefficients which contain scattering terms.
However, at frequencies close to cut-off, typical of buzz-saw frequencies, the leading diag-

onal elements dominate the matrix. Thus we will assume that the mode reflects energy
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only into the same radial mode as that incident on the duct termination.

Figure 3.3(a) shows the variation of the magnitude of the modal reflection coefficients for
spinning mode orders m = 1 to 5 and radial order n = 1, corresponding to EQ’s from 1 to
5. The graph is plotted against frequency expressed in terms of the cut-off ratio ¢, defined
in chapter 2. Cut-off modes will have a cut-off ratio less than 1 and cut-on modes have a
value much greater than 1.

1
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Figure 3.3: Modulus (a) and Phase (b) of the Modal Reflection Coefficients for spinning

mode order m=1 to 5§ and radial mode order n=1

Comparison of figure 3.3(a) with the results obtained by Rienstra and Hirschberg [57] for
the modulus and phase of the modal reflection coefficient for an unflanged duct indicates
qualitatively similar behaviour. Note that their phase is defined to be negative owing to

the choice of time convention e** adopted here, whereas Zorumski [63] assumes e~*?,

3.2.1 Extension to include mean flow

Johnston and Ogimoto [30] have shown that reflection coeflicients with uniform mean flow

can be expressed in terms of those with no mean flow by

k+ M. k
Rfm,n(kaa ®m.n, Mz) =F i z0m,n

m,n n k’ ’ ) .
i k—Mmam,nkRm’ (ka, atm.n,0) (3.23)
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where E, , in equation 3.23 takes a different value for the inlet and exhaust cases, which

are respectively,

Epn = b= Mok, 0< My <1 (3.25
: < .
k - Mggm;m,n ( N ) )

In equation 3.25 above, the axial wavenumbers Icfmm are defined

+o — M,
+ m,n 3

Note that equation 3.23 reduces to the empirical expression derived experimentally by
Ingard and Singhal [27] and later theoretically proved by Bohn and Zukoski [7] for the

unflanged inlet plane wave reflection coefficient given by

Roo (M) = Roo(0) <1 :L ]\]\Z> (3.27)

3.3 Energy transmission

In this section it will be shown that the approach used above to modify the reflection
coefficients to include flow is consistent with energy conservation when the definition of
acoustic energy in flow by Morfey is used. Morfey [43] defines a modal energy transmission
coefficient gy, », as the ratio between the resultant sound power W, , and the sound power

W}, fiowing toward the duct termination,

Wm,n = Qm,nWT—r"L_,n (328)
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At frequencies above the cut-off frequency, ¢m n can be deduced from [43]

Loy’ (3.29)

=1— 2
dm,n |R4n,n| (1 T am,nMa:

Since g, < 1 by energy conservation, equation 3.29 imposes a fundamental limit on the

maximum value of the modal pressure reflection coefficient, of the form

| Rm,n

1+ aM,
< (=7 3.30
- (1—aMm> (3:30)

Substituting the expression for the inlet-duct absolute reflection coefficient with mean flow

from equation 3.23 into equation 3.29 gives

q=1—|Emul?|R%,,|? (3.31)

The terms on the right hand side will always be less than, or equal to one. Energy

conservation is therefore satisfied by the transformation of equation 3.23.

The reflection coefficients and corresponding energy transmission coefficients are plotted
in figures 3.4 and 3.5 for a range of Mach numbers, at frequencies above and below the

cut-off frequency.

At frequencies near cut-off therefore, |Ry,n| &~ 1. This suggests that buzz-saw modes are
strongly reflected at the duct termination leading to strong axial standing waves in the
duct. The effect of these on active control performance is examined in chapter 5. In

practice, blockage by the rotor and stator may cause the strongest reflection in the engine.
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3.4 Conclusions

o A finite length duct model has been developed to model the propagation of buzz-saw

noise in the engine inlet.

e The Zorumski [63] generalised impedance method has been used to estimate the
modal reflection coefficients at the duct terminations. Modification was made to
include a uniform mean flow. It has been shown that the reflection coefficients given
by this model are consistent with the energy conservation definition given by Morfey

[43].
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Chapter 4

Active Control Theory

4.1 Control objectives

This chapter discusses the control objectives to be investigated in chapters 5 and 7. These

are summarised below:

e Pressure Control - Minimising the sum of the square pressures measured at an array
of microphones downstream of an array of secondary actuators. The relationship
between pressure minimisation and reduction in total sound power radiated from

the inlet will be clearly established.

e Modal Control - Minimising the sum of the weighted square modal amplitudes mea-
sured at the duct wall. Driving the modal amplitudes simultaneously to zero ensures
that the radiated sound power is also zero. A large number of sensors are required
to fully decompose the sound field into its spinning mode and radial modal contri-
butions. This modal decomposition may also be difficult to implement in a real-time
control system due to the higher computational overhead required. Therefore a more
pragmatic approach will be investigated. We shall seek to minimise the sum of the
spinning mode amplitudes at the duct wall, which can be inferred directly from the

pressure measurements at the error sensors.
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4.1.1 Minimisation of the sum of the squared pressures

The most widely used and practical control objective in most ANC duct applications
consists of minimising the sum of the square pressures at error sensors mounted flush to
the duct wall. At a single frequency we seek to minimise the cost function J with respect
to the secondary source strength vector qs. The cost function is equal to the sum of the
square pressures at the error sensors. In vector form, this may be written as J = pHp.
The cost function relating to the sum of the squared pressures at I rings located at axial

station z; (i = 1,1), each comprising L sensors, can be written as

T =3 Ip(0,z:)] = pTp (4.1)

=1 [=1

Here, p is the vector of the pressures at the error sensors, which can be expressed as the
sum of the contributions pp from the primary source and ps from the secondary sources.
The primary pressure field at the error sensors is calculated from equation (3.11). The
vector of secondary source pressures is given by ps = Zqs where Z is a matrix of transfer

impedances whose (¢, j)th element is

: 7, 005 (rs, 0 cos bt (z.) —tkMa(i-z;)
Z(xi,azj) _ Z 1pCoYm,n (75 1)wm,n( J ]) ¢m,n( z)eTM—r (4.2)

o Samp(tan Phn(z;) — tan dma(z;)) cos dhn(z;)

Putting p = pp + Zqs, the cost function J can be written in the Hermitian quadratic form

[43],

J = qflAq, + qf'b + bHgs+c (4.3)

where A =ZHZ, b = ZHp, and c = pl}}pp

The solution to 8J/9qs = 0 for the optimum secondary source strength vector is of the

form
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Qs = Qopt = —[ZFZ] 12 p, (4.4)

4.1.2 Minimisation of the sum of the squared spinning mode amplitudes

at the duct wall

Here we seek to minimise the sum of square spinning mode amplitudes at the duct wall

with respect to the secondary source strength vector qg, given by

I
=3 |wmam(z:)|* = 4, Wa,, (4.5)
i=1l m
where 4, is a vector of the spinning mode amplitudes at the duct wall which can be
written as the sum of the primary and secondary spinning mode amplitudes, &,,, and &,
respectively. The diagonal matrix W can be used to weight the cost function such that

control is focussed only on certain spinning mode orders.

A vector of the primary spinning mode amplitudes &,,, is calculated from the pressure
measurements at the error sensor array. The mth element at an axial position x is given

by

L
im(z) = 7 > (01, )e ™ (46)
=1

where the hat represent the amplitude at the wall. It should also be noted that a single
subscript represents a spinning mode amplitude, and a double subscript represents the

mode amplitude of a single (m,n) mode.

The secondary spinning mode amplitudes can be expressed as the product of a vector of
secondary source strengths qs and a modal ‘transfer impedance’ matrix Z,, which describes

the coupling between each secondary source and each spinning mode at each axial location
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Following an identical procedure to the minimisation of pHp, the cost function of equation
4.5 can be expressed as a Hermitian quadratic form with respect to the complex secondary
strength vector qs. The optimum source strength for minimising the sum of the square

spinning mode amplitudes at the duct wall is given by

I 2
Qs = Qopt = ~[Z,, Zn)] 1ZT,Hlamp (4.7)

In order to determine the effectiveness of these control objectives the primary and sec-
ondary source strengths are used to determine the sound power transmitted along the duct,
before and after control. The total transmitted power can be found from the following

definition of sound power W in an axial uniform mean flow [43]:

2 2N~ Slamal’ 0 iR 080 3+ ML+ 1B )] (4.8)
2pqco 29 WP @ T '

W= Z Ym,n Iam,n

m,n m,n

where By, ,, is the modal admittance ratio, defined as the ratio of modal axial velocity um »

to pressure pmn.

ufl?m,n _Zam,n(l - M:?) tan ¢T—;,n(m) - Mﬂ?(l - a?n,n)

,Bm,n = polp =

4.9
Pmn 1~ a?n,nMQZ; ( )

The modal pressure amplitudes after control are determined from the sum of the primary

and secondary mode amplitudes due to M sources.

M . + —ik Mg (z—
_ 1PC04 (Tspm) s O COS S (E)  =Hbezem)
a’m:n - a‘pm,n + ®
m=1

— Samn(tan ¢$,n($sm) — tan ¢mn(zs,,)) COS qb%,n(msm)

(4.10)
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4.2 The Need for Regularisation

4.2.1 Inversion of the ZHZ matrix

The active control theory outlined in section 4.1 relies fundamentally on the assumption
that the inverse of the ZHZ exists and can be accurately obtained. The extent to which a

matrix can be accurately inverted is dependent on the singular values of the matrix. [17]

The singular value decomposition of a matrix A of dimension L X M is defined by

A =UxVH (4.11)

where U and V are square matrices of the left and right eigenvectors having dimensions of
L x L and M x M respectively. The matrix ¥ has the same dimensions as A and contains

the M singular values o, of the matrix,

- -
01 0 0
0 g9

=0 - - o, (4.12)
0 0
0 0

The inverse of the matrix can then be expressed very simply in terms of this singular value

decomposition as

Al =vxiyH (4.13)

where ¥~ can be written
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r -
1
= 0 0
1 e e
Al=| . (4.14)
1
L0 om 0

Thus it can be seen that if the matrix has singular values that are equal to zero or smaller
than machine precision, the inverse may be inaccurate due to numerical errors in its

calculation.

Figure 4.1 shows the squared singular values of the impedance matrix Z for a control
system with 30 sources and 30 sensors at EO=8 with an axial flow Mach number M, =
—0.55 and a tip speed Mach number of M; = 1.05. The source array is postioned at
s = Im and the sensor array is at z. = 1.24m in a duct of length 1.84m.
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Figure 4.1: The squared singular values o; of the Z matriz for a control system with 30

sources and 30 sensors at EO=8

It is shown in figure 4.1 that the smallest singular value is of order 10. A matrix is said to
be singular, and therefore has no inverse, if it contains one or more singular values which
are equal to zero. It is clear therefore that this matrix is not close to singular and the

inverse matrix should be easily obtainable numerically.
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Although there are no eigenvalues close to zero, however, the range of singular values is of
the order of 10!!. The range of the singular values provides a measure of the sensitivity
of the control system to noise at the error sensors. This stability can be determined by

examining the conditioning of the matrix ZHZ.

4.2.2 Matrix conditioning

An important quantity in matrix theory is the condition number &(A) of the matrix A,
which quantifies the sensitivity of errors in x to errors in y, under the transformation
x = A~'y. The condition number of a matrix is defined as the ratio of the maximum and

minimum singular values,

K(A) = Zmaz (4.15)

Omin
A matrix with a high condition number is said to be ill-conditioned and a low condition
number is characteristic of a well-conditioned matrix. The condition number dictates how
sensitive the control system is to small perturbations, or noise, on the primary pressure
signals. An ill-conditioned control system will produce comparatively large variation in
the optimal source strengths dq due to only a relatively small perturbation in the primary

pressure measurements 6pp. This relationship is given in equation 4.16 [2].

M < m(ZHZ) l|dpp |l (4.16)

lall [Ppll

Equation 4.16 shows that if the condition number is large then only a small level of noise
is needed at the error sensors to require an unrealistically large value for the optimum

source strength.
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4.2.3 Principal coordinates of the control system

Further insight into how the singular value spread affects the level of the optimum source
strengths in the presence of noise can be carried out by transforming the system into its
principal coordinates [17, 20]. If the transfer impedance matrix Z is expressed in terms of

its left and right eigenvectors then the pressure at the error sensors is given by

p=pp + UEVHq (4.17)

Multiplying both sides by U™, transforms the control problem into a decoupled set of

equations known as the ‘principal coordinates’ of the system,

UHp = UHp, + TVHq (4.18)

One can now define a transformed error signal y = UHp which is equal to the sum of the
transformed primary pressure signals p = Upr and the transformed source strengths 3v,
where X is the matrix of the singular values (see equation 4.12) and v is the transformed

source strength v = VHgq,

y=p+3v : (4.19)

The matrix of singular values 3 only contains non-zero values on the leading diagonal.
The sum of the transformed pressure signals is therefore a set of uncoupled equations for

each transformed source and sensor pair of the form

Ym = Pm + OmUm (4.20)

We can now minimise the new transformed cost function (which is the same as minimising

the original cost function, since yHy = pHUU¥p = pHp). The minimum value of yHy
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with respect to q or v in terms of X is given by

Jmin, = PH[I — Z[sHE]1sH)p (4.21)

The leading diagonal of the [I — Z[ZHX]~!ZH] matrix only contains non-zero elements
for the last L — M elements where L is the number of sensors and M is the number of
sources. This suggests that for an overdetermined system where there are more sensors
than sources, the minimum value of the cost function is determined by these values of
the transformed primary pressure signals. Thus the cost function J = yHy = pHp can be

written as the expression below:

M
J = Jmin+ Y |yml* (4.22)
m=1

For the square control system, where the number of sources and sensors are equal, the

value of J;, will be zero.

Equation 4.22 suggests that in order for the control system to converge on the minimum
value, the second term in the equation must decay to zero. This formulation leads to the
idea of ‘modes of convergence’ of the control system. From this concept we can explain
the behaviour of the system in detail. Each of these modes of convergence decays to the
minimum value of the cost function with a time constant which is inversely proportional

to the squared singular value of Z, which is equal to the eigenvalue A, of ZHZ [17].

Am = 02, (4.23)

In a badly conditioned control system, therefore, where the singular value spread is large,
the modes will converge at different rates, and, as indicated by equation 4.20, a large
source strength will be required to control the slower modes. If the sources and sensors
in a control system are positioned such that they are weakly coupled, for example due to

transducers on the nodal line of a dominant mode then a large source strength is required
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in order to control the mode. In the same way, if the singular value is small, then the
transformed sources will be badly coupled into the associated control mode and hence a

high source strength is required.

The decay of the cost function for a real-time control system at each sample time 7 can

be written approximately as

M
J(0) & Jmin + 3 [pm|* €727 (4.24)

m=1
where p,, is the mth element of the transformed pressure vector p, and A, is the mth
eigenvalue of the ZHZ matrix. The parameter « in this case is the convergence parameter

for the real-time control system. This parameter will be discussed later in this thesis.

The eigenvalue spread of the matrix ZHZ for the system decribed in section 4.2.1 is
identical to the spread of the squared singular values of the matrix Z shown in figure
4.1. The conditioning of the transfer impedance matrix will be highly dependent on
the size of the duct, and the positions of the source and sensor arrays both axially and
circumferentially. Elliott [17] notes that the condition number will increase as the actuators
and sensors are positioned closer together, and when the number of sources exceeds the

number of significant modes.

At EO=8 the range of spinning modes that can propagate in the duct is —8 < m < 8.
Correspondingly, figure 4.1 shows that the first 17 singular values are similar in magnitude.
When only these singular values are retained, the condition number of this truncated
matrix will be of the order 102 and the matrix is therefore relatively well-conditioned.
The remaining eigenvalues reduce rapidly resulting in a large condition number when all

30 eigenvalues are included.

Figure 4.2 shows the magnitude of the transformed primary pressure signals p. This
graph identifies the transformed primary disturbances that need to be attenuated in order

to reach the minimum value of the cost function.
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For the square control system with 30 sources and 30 sensors, the minimum value of the
cost function is zero. In order to achieve this minimum value the uncoupled equations of

the form shown in 4.20 must also be equal to zero,

Ym = Pm + OmnUm =0 (425)

Clearly, if the transformed pressure signal Py, is much greater than zero and the associated
singular value o, is small, then the required transformed source strength will be large in

order for the sum to be equal to zero.

By relating each of the dominant pressure signals to its associated eigenvalue one can
determine whether the associated transformed source can couple well into the mode of

convergence in order to achieve this desired decay.
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Figure 4.2: The magnitude of the primary pressure contribution transformed into the
coordinates of the control system for the noise-free single mode case (filled) and with 40dB

signal to noise ratio at the error sensor (empty)

Figure 4.2 shows that in the absence of noise with only a single dominant mode present in
the primary sound field, the first two transformed primary pressure signals are dominant.

These will correspond to the forward and backward buzz-saw spinning mode (m = mp) in
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the primary pressure field. The remaining transformed primary pressures have an insignif-
icant magnitude of the order of 10739, which is close to the minimum value of the cost
function. The significant transformed pressure values are associated with large singular
values. The transformed sources should therefore couple well into the modes of conver-
gence allowing the system to converge to a minimum value very quickly. Control can be
achieved without excessive source strengths being required. We can see also that although
there are smaller singular values, the transformed primary pressure signals associated with
these eigenvalues are close to the minimum value of the cost function and thus will not
require high source strengths to converge. Although the matrix itself is badly conditioned,
the noise-free transformed system is ‘well-conditioned’ and will converge to a minimum

value without requiring excessive source strengths.

However, with 40dB of signal to noise ratio at the error sensors (circles in figure 4.2), all
of the transformed pressure signals are now significant. In this simulation, the ‘noise’ is
assumed to be local to the error sensors and comprises of random additions to the primary
pressure vector. If the pressure signals are noisy at the error sensors, then there will be
an amplitude contribution at each spinning mode order, whether the mode is cut-on or
cut-off. Thus these values need to decay to zero in order to reach the minimum value of the
cost function. The transformed primary pressure signals associated with the small singular

values will generate larger secondary source strengths in order to control the sound field.

The following section presents a method for constraining the control system. This has the
effect of increasing the small singular values and hence improve the conditioning and the

stability of the control system.

4.2.4 Tikhonov regularisation
Tikhonov regularisation adds to the unconstrained cost function presented in section 4.1.1

a term that penalises control effort. The regularised cost function for pressure control, is

given by
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J = pYp + Batlqs (4.26)

where (3 is an arbitrary dimensional constant which is referred to as the Tikhonov reg-
ularisation parameter. In order to explain the effect that regularisation has on the con-
trol stability, we shall once again perform a singular value decompostion on the transfer

impedance matrix Z.

One can obtain the vector of optimal secondary source strengths in the regularised case

in terms of the singular value decomposition of Z.

dopt = —V[ZHE 4+ g1 1xHUHp, (4.27)
where
alg—:-ﬂ 0 0
0 -
=Hy 4 p17txH = o5+ (4.28)

As B — 0, ??—i—_ﬁ approaches % and the matrix in equation 4.28 becomes equal to the
inverse of the singular value matrix of ZHZ in equation 4.14. For large regularisation
parameter ;12‘:J"F—5 approaches %" [46]. Introducing a regularisation parameter therefore has
the effect of increasing the near zero singular values while keeping the higher singular
values close to their original values. This filtering effect is explained in further detail by

Hansen [23].

With reference to the modes of convergence of the control system, the addition of this
regularisation parameter modifies the rate of decay. The modes will now converge with
a time constant which is inversely proportional to the modified eigenvalue A, = o2, + 8,

where o, is the mth singular value of the transfer impedance matrix Z. Thus the value
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of the cost function at each sample time n now becomes [17, 18]

M 2
_ 7 . 9m s 12.—20Amn
I0) = Jmin+ 32 g ol (429)

4.2.5 Choice of regularisation parameter

Much work has been published in recent years regarding the use of the L-curve in deter-
mining the ‘optimal’ regularisation parameter [23]. In terms of the active noise control
problem, an L-curve is formed by plotting the 2-norm of the optimal secondary source
strengths ||qopt || against the 2-norm of the residual pressure at the error sensors after con-
trol ||Zqopt + Ppll. The ‘optimal’ regularisation parameter is said to be the 8-value that
‘balances’ ||qopt || and ||Zqopt + Ppll such that both values are simultaneously as small as

possible.

We have seen that the high condition number of the transfer impedance matrix will result
in large values for the secondary source strengths due to small values of noise in the pressure
measurements. Figure 4.3 below shows the L-curve for the control system described in
section 4.2.1 with 40dB Signal to Noise Ratio at the error sensor array. In order to ‘filter

out’ the smaller singular values in the matrix, the regularisation parameter 8 must be
2

greater than the squared minimum singular value of the matrix o7 . . The minimum
squared singular value is of the order 10? from figure 4.1. Thus, 3 is varied from 8 = 1000

and B =1 x 10,

The ‘optimal’ regularisation parameter is said to occur at the ‘corner’ of the L-curve and

from figure 4.3 is equal to 8 = 5.5 x 107.
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Figure 4.3: Variation of ‘optimal’ source strength and residual sound pressure at the error
g /4 g

sensors with varying values of B for a system with 80 sources and sensors at EO=8

In figure 4.1 we have identified that there are 17 significant singular values, associated
with the propagating modes in the duct. The optimal value of 5 identified in figure 4.3
will increase all of the singular values ¢ > 18 such that the spread of singular values
is approximately 10% and thus the modifed Z matrix is now well conditioned. If the
regularisation parameter is increased beyond this value, it will begin to alter the singular
values ¢ = 1 — 17 associated with the propagating modes and thus control performance

will be degraded.

The optimal value of § will be particular to the arrangement of sources and sensors,
frequency and value of SNR at the error sensors, and will need to be recalculated for each

case.

4.3 Conclusions

e For the single ring control system with 30 sources and 30 sensors at EO=8, the
transfer impedance matrix Z has no singular values close to zero. The inverse exists

and therefore a global minimum exists for the cost function J.
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e The condition number x(Z) is very large indicating that the matrix is ill-conditioned.
The addition of a small amount of noise at the error sensors will result in a compar-

atively large increase in the required source strengths.

e It has been shown that regularisation is required in order to limit the source strengths
if ‘noise’ is present at the error sensors. An ‘optimal’ value for the regularisation

parameter 3 exists and this value will be dependent on the system characteristics.
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Chapter 5

Active Control performance when
minimising the sum of the square
pressures in the absence of

extraneous modes

5.1 Introduction

This chapter examines theoretically the performance of the active control of a single buzz-
saw mode obtained by minimising the sum of the squared pressures at the error sensors. In
this chapter it is assumed that extraneous modes and noise at the error sensors are absent.
This control method is used in most practical commercial active control systems due to
the simplicity of its implementation. Unlike modal control (Chapter 7), for example, no
phase calibration of the error sensors is required. All simulations in this chapter assume
that the primary field comprises only of the modes of spinning mode order m = mpg = FEO.
In reality, this is not the case. The effect that noise and extraneous modes have on the

control system will be assessed in Chapter 6.
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Performance of the control system following the control of the single buzz-saw mode as-
sociated with EO = 8 i.e. (mp = 8,n = 1) will be quantified by computation of the
sound power reduction. The results for this engine order have been found to represent the
behaviour at all engine orders up to EO=14. In this frequency range only one radial mode
order can propagate at each engine order. At higher engine orders the second radial mode
order begins to cut-on. A control system with only a single ring of sources and sensors will
be shown to be insufficient to independently control the sound field into separate radial
orders. Poor control performance is therefore predicted at these higher frequencies. For
engine orders below EO=5 the buzz-saw mode is cut-off. In the simulations reported here,
the flow is assumed to have an axial low Mach number M, of -0.55 and a tip speed Mach
number M; equal to 1.05. Unless otherwise stated, the fan plane is positioned at z = 0.6m,
the single ring of secondary sources is positioned at £ = 1m and the single ring of error
sensors at © = 1.24m. The duct has a length of 1.84m and a radius of 0.4m. The Mach
numbers, the duct radius and the relative distances between the source and sensor rings in
the inlet section are chosen to be similar to the original specifications of the expermental
rig to be used by the SILENCE(R) partners in their tests on the scale model RACE rig .
At the time of writing, the length of the duct section was unclear and thus this dimension
has been estimated. The geometry of the duct model is shown in figure 5.1.

M sources L sensors

M=0.55
0.4m

1.84m 1.24m 1m 0.6m

Figure 5.1: Geometry and dimensions of the duct model (not to scale)

!Note that the rig test has now been moved to ANECOM which at the time of writing had not yet
begun.
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5.2 Predicted performance for a control system with a sin-

gle ring of sources and sensors

Figure 5.2 shows the sound power reduction predicted at each EQ when minimising the
sum of the square pressures at a single ring of 30 sensors using a single ring of 30 sources.
The élear bars show the sound power level before control, and the solid bars show the
resulting levels after control. The buzz-saw amplitude at the fan face before control ay,
(see chapter 3) was determined using the FDNS method developed by McAlpine and Fisher
[42] using estimated data for the sound pressure levels at the fan face.

120 T T T T =T

-

(=)

(=]
T

o]
3
T

ES
S
T

Sound Power Level dB (re 10™W)
[}
o

N
(=]

_

6 7 8 9 10 11 12 13 14
Engine Order

- » -« —>

Evanescent Propagating

Figure 5.2: Predicted Sound Power Reduction for EO=1-14 when minimising the sum of
the square pressures in the absence of noise. The clear bars show the sound power level

before control, and the solid bars show the resulting levels after control.

In figure 5.2 the sound power reduction increases from EO=1 to 5. At this fan tip speed
these buzz-saw tones are cut-off. The buzz-saw mode at EO=5 is the closest to cut-on
(but still cut-off) and will have decayed by the least amount upon reaching the error sensor
array. Control performance will therefore be greater for high cut-off engine orders than

for low EQ’s. At EO=6 to 13, sound power reductions of 70 to 90dB are predicted in this
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noise-free simulation. However, at EO=14, sound power is only reduced by between 10
and 15dB. This is because at this high engine order, the sources inadvertently excite the
m = —16 mode, which is only just cut-off (following the Nyquist sampling theorem the
30 sources and sensors cannot independently control modes {m| > 15). Modal spillover at
these high EOs will therefore considerably limit control performance, as observed in figure
5.2. The influence on control performance of modal spillover will be adressed later in this

chapter.

In the following sections the performance of the active control system is investigated
following the control of the single buzz-saw mode associated with EO = 8 ie. (m =
8,n = 1). Results at this EO have been found to be typical for all low frequency engine
orders up to EO = 14 (See figure 5.2).

5.2.1 Numbers of sources and sensors required for effective active noise

control.

This section will establish criteria for the number of sources and sensors required for the
effective active control of buzz-saw tones obtained by minimising the sum of the square

pressures at the error sensors.

Figures 5.3-5.5 illustrate, respectively, the variation of the sound power reduction, the
mean squared volume velocity, and the sound pressure level reduction, with varying com-
binations of sources M and sensors L between 1 and 30. The distance between the source

and sensor array was set to Az = 0.24m.

Figures 5.3 and 5.4 suggest that the behaviour of the control system can be divided into

four regions:

Region I - L < 2myper + 1, M < 2mype, + 1. Region I encompasses all combinations of
sources and sensors where both L and M fail to meet the Nyquist criterion of 2my,q, + 1
where Mz is the maximum spinning mode order at the frequency of interest [21]. The

use of too few sources and sensors results in poor ‘global’ control performance with levels
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Figure 5.3: Sound Power Reduction with varying numbers of sources M and sensors L

Sources M
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Figure 5.4: Mean squared volume velocity for varying numbers of sources M and sensors
L
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Figure 5.5: Sound pressure level reduction at the error semsors with varying numbers of

sources M and sensors L

of sound power reduction varying from -3dB (corresponding to a power increase) to 3dB. It
is clear from figure 5.5 that the pressure at the error sensors can be reduced by more than
50dB in the underdetermined case where there are more sources than sensors. However, in
the overdetermined case L > M it seems that with fewer sources than sensors the pressure
reduction is poorer, varying from 10 to 15dB. The volume velocities tend to vary across
this region from 45 to 70 dB re 1m3s—!. Higher volume velocities are therefore the cause

of an increase in sound power.

Region I1- L > M, L > 2|mMumaz|+1y, M < 2|Minaez|+1. Region II contains combinations
of sources and sensors that give small reductions in sound power and also relatively small
reductions in sound pressure at the error sensors (figure 5.5). The power and pressure
reductions improve slightly as the number of sources increase. The maximum reduction
in this region is approximately 3dB. The number of sensors exceeds the Nyquist value,
however, there are insufficient sources to control either the ‘local’ or ‘global’ sound fields
to a large extent (‘local’ control is defined as the reduction the sound pressure at the error
sensors). The Nyquist value is defined such that are at least 2 sensors for each period,
thus it is equal t0 2|Mpqz| + 1 Where my,q, is equal to the highest propagating spinning
mode order. Similarly to region I, it can be seen that with the number of sources less than

the number of sensors, ‘local’ control performance is not as effective, despite the fact that
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in this case the number of sensors satisfies the Nyquist criterion. This implies that both

sources and sensors must satisfy the Nyquist criterion.

Region III - L < M, L < 2|mpmaz| + 1, M > 2|mpqaz| + 1. Here the number of sources
satisfy the Nyquist criterion but the number of sensors does not. Throughout region I11
there are small reductions in sound power which are marginally larger than those in region
IL. The level of reduction varies between 0dB and 12dB, gradually increasing as the number
of sensors approaches the Nyquist value. Figure 5.5 suggests that the reason for the higher
levels of sound power reduction is that the pressure at the error sensors is more effectively
minimised. It is clear that for all combinations where the number of sources exceeds the
Nyquist value, there are good levels of both pressure and power reduction. The values of

‘optimal’ volume velocity do not vary greatly across this region.

Region IV - L > 2\mpas| + 1, M > 2|mpmez| + 1. In Figure 5.3 Region IV displays
significant reductions in sound power, that are in excess of 30dB for all combinations of
sources and sensors. The sound pressure level at the error sensors is reduced by values in
excess of 50dB across Region I'V. In this region the number of sources exceed the Nyquist
value and the number of sensors is greater than, or equal to, this value. The volume velocity
from Figure 5.4 is fairly constant across this region. An interesting feature present in figure
5.3 for the sound power reduction is that it increases slowly, reaching a maximum value
for M > 20 and L > 20. This is because at combinations of sources and sensors that are
equal to, or just greater than 2|mmey| + 1, the mode amplitudes are not fully driven to
zero, but are excited such that their sum is zero. A more realistic sampling criterion in
order to guarantee global control of the sound field would be to ensure that the number

of sources and sensors exceeds 2|Mmqz| + 3.

5.2.2 Modal spillover

Further examination of the source-sensor combinations where the number of sources and
sensors are equal to or close to 2|Myyqz|+ 1 shows that the sound power reduction is not as

significant as when the number of sources and sensors are much greater than 2[mpq. |+ 1.
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Much higher levels of sound power reduction are observed where the number of sources
and sensors are significantly greater than 2|m,q.|+1. If the control system only just meets
the sampling criterion for sources and sensors, then any inadvertently excited modes with
a higher spinning mode order cannot be controlled. The aim of the control system is
to drive the pressure to zero, and this can only be achieved by exciting modes that the
control system can sample such that they cancel with those that it cannot detect and

control. This effect is known as modal spillover.

At the engine order of interest EO=R, the spinning mode m = 9 is very close to cut-on
having a cut-off ratio of { = 0.9 at M; = 1.05. With the source and sensor array separation
at only 0.24m this evanescent mode will have a significant amplitude at the sensor array.
Attempts by a control system which only has numbers of sources and sensors equal to
2|Mimaz| + 1 to control this mode will cause this evanescent mode to be aliased into the
lower order modes. Figure 5.5 shows that with this combination of sources and sensors, the
pressure is driven to zero. The sound power reduction, however is not as large. This can
be explained by examining the relationship between the pressure and the mode amplitudes

at the duct wall.

The control system seeks to drive the sum of the squared pressures measured at the error
sensors to zero. The pressure at the [th sensor position can be expressed as the sum of

the spinning mode amplitudes a,, at the duct wall,

p8) = ame™ (5.1)

where each a,, comprises a sum of radial modes,

im = Y tmnYmn(a) (5.2)

where a,,  is the modal amplitude of the (m,n)th mode defined in chapter 2.

Assuming that there are a sufficient number of error sensors, one can obtain the values of
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the amplitudes of the spinning modes after control by performing a spatial discrete Fourier

transform of the pressure measurements at the duct wall,

L
s 1 N ) L-1
= — —_— < m < — .
i L;pwz)e ( ——<m< (5.3)

If the pressure is driven to zero at the error sensors,

p(6) =0 (5.4)

and as long as the number of sensors exceeds the number required to satisfy the Nyquist
criterion of L > 2|my,e.|+ 1 then equation 5.4 indicates that the individual spinning mode

orders will also be driven to zero, i.e.

m =0 <#SmSL—;—1> (5.5)

Essentially therefore, if there is a sufficient number of sensors the control system is decou-

pled in as much as the spinning mode amplitudes are independently driven to zero.

In the present case of EO=8, with a single propagating mode present with mp = §,
then this spinning mode order will be driven to zero if the number of sensors exceeds 15.
As control occurs only in the spinning mode order m = mp = 8, then this is the only
mode which will carry sound power. Substantial sound power reductions are therefore
predicted in this case. However, if there is significant contribution from the evanescent
mode m = mp+1, there will need to be sufficient sensors to observe this higher mode order
and hence avoid aliasing into lower order spinning modes. This effect is seen in figure 5.3 to
a greater extent when the number of sources is less than required to observe unambiguously
the propagating buzz-saw mode. In this case the pressure is reduced to zero, however the
propagating mode is aliased into the lower spinning mode order amplitudes by the sensor

array. Sound power is therefore not significantly reduced.
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5.2.3 The effect of source-sensor array separation distance on active

control performance.

The model described in Chapter 3 was used to predict the variation in sound power
reduction at EO=8 with separation distance Az between the source and sensor rings.
The results are shown in Figure 5.6 for a single ring of 30 sources and a single ring of 30

sensors. In the simulation the source array was kept at a fixed axial position whilst the

sensor position was varied.
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Figure 5.6: Sound Power Reduction with varying source sensor separation distance Ax at

EO=8 for a single ring of 30 sources and 30 sensors

The variation in sound power reduction is shown to increase dramatically with increasing

separation distance Az. In this example, the reduction improves at a rate of approximately
250dBm .

There are kinks in the curve at values of Ax approximately equal to 0.1m and 0.5m. An
explanation for this phenomenon is given in figure 5.7. The upper plot shows the axial
pressure variation of the buzz-saw tone through the duct. The lower plot is a repetition of
figure 5.6 for the sound power reduction versus Az. The vertical line in figure 5.7 shows

the position of the secondary source array in the duct.

66



5_
SWR
o 14dB
> ot
T
-5 -
10 1 L L 1
0.6 0.8 1 1.2 1.4 16 1.8
x (m)
300 ; . . .
2
g 250 ] |SWR
S 200} 1 MadB
°
x
5 150
£ 100}
b=l
[=
2 50f
12]
0 .
0.6 0.8

Figure 5.7: Primary pressure variation within the inlet duct and sound power reduction

with varying source sensor separation distance Ax

An exact correspondence is observed between the minima in the primary field and the kinks
in the graph of SPL reduction versus Az. Figure 5.7 shows that at these axial locations,
the source array is situated on a pressure minimum of the axial standing wave field set up
between the duct terminations (assuming no blockage by the rotor). At these positions
the actuators cannot couple as well into the mode as at other positions, and thus control
performance drops. An exact correspondence is also observed between the maximum
departure from straight-line behaviour and the standing wave ratio of the primary sound
field, as indicated in figure 5.7 by the dashed lines. A 14dB deviation is observed in both
figures 5.7(a) and 5.7(b). An analytic model which predicts this behaviour is presented in

section 5.2.4

Further insight into the control mechanism following pressure minimisation is obtained by
examining the individual mode pressure amplitudes after control. This is shown in figure
5.8(a) following control of the buzz-saw mode (8,1), normalised on the amplitude |ap,, , , |

of the primary mode.

The sum of the squared pressures at the error sensors after control relative to Ia’me,l|2 is

1

predicted to be of the order of 10728, Figure 5.8(a) shows that to achieve this reduction,
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Figure 5.8: Modal amplitude (a) and modal power (b) distributions after control following

minimisation of the sum of the square pressures at the error sensors

the secondary sources have excited, not only the propagating buzz-saw mode, but also the
second radial mode n = 2 associated with m = 8, which is cut-off. Since the mean square
pressure mode amplitudes after control are nineteen orders of magnitude greater than the
mean square pressure at the error sensors, the two modes (8,1) and (8, 2) must be excited
very nearly in anti-phase to achieve this level of reduction. This finding is consistent with
equations 5.5 and 5.6 which predict that ag = a@g1 + ds2 = 0. As the propagating mode
carries substantially more power than the evanescent mode, as shown in figure 5.8(b), the
amplitude of the evanescent modes at the sensor array therefore imposes a fundamental
limit on the maximum sound power reduction in the absence of noise or extraneous modes.
An analytic model for predicting the power reduction based on this control principle is

now discussed.

An identical control principle is described by Elliott and Billet [15] in the control of a single
flexural wave in slender beams in the presence of a single evanescent wave. They show
that the fundamental limit of control performance for vibrational power flow is determined
by the amplitudes of the evanescent wave at the error sensors excited by the secondary

sources after control.
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5.2.4 Analytical model of the maximum sound power reduction

It was argued in the previous section that in the hypothetical noise-free control system the
amplitude of evanescent modes at the error sensor array fundamentally limits the sound
power reduction following active noise control obtained by pressure minimisation. In this
section we shall use this finding to formulate an analytical model for the maximum sound

power reduction. In the model we make the following assumptions:

(i) The sound field cannot be resolved into its separate radial mode orders by the single

ring of sensors.

(ii) Providing that sufficient source and sensors are used in a single ring (section 5.2.1)
the secondary source ring will only excite radial modes at m = mp, including evanes-

cent modes.

(iii) For L = M the pressure is driven to zero at the error semsors. This is a valid
assumption as the overall pressure after control is typically in excess of 100dB below

that of the primary pressure in this noise-free simulation.

Assuming (i)-(iii) above, and setting the total pressure at the [th error sensor to zero

p(6;) = 0 gives

o0
[aPmB,l (:Ee) + aSmB,l (.’L‘e)] meJ (a)eimBel+Z [aPmByn (IE) + aSmB,n (me):| ¢mB,n(a)eimBel =0

n=2
(5.6)

where 1,5 n is the mode shape function for the mode (mp,n), defined in chapter 3,

Im (krmB:nr)

Ympn(r, 0) = ‘I’mB,n(r)eimBel ; Uinpn(r) = N,
mg,n

(5.7)

Note that in equation 5.6 the primary and secondary fields have been split into the prop-

agating buzz-saw mode amy 19¥my,1 and non-propagating evanescent modes Qe gnPmp,n
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(n > 1). The distance between the fan and the sensor array is generally much greater
than the distance between the secondary sources and the sensor array. The amplitudes of
the evanescent modes excited by the primary field decay to a much lower amplitude than
the evanescent modes excited by the secondary sources. The amplitudes of the evanescent
modes excited by the fan can therefore be neglected, but those excited by the secondary

sources cannot.

The amplitude of the secondary propagating mode Usmy, @b the error sensor following

cancellation of the pressure at the error sensors is therefore given by

1 o
Usmpn (Te) = —App . (Te) + Ta@) Z Using i (Te) Ump,n(a) (5.8)
mB; n=2

Note that the term e“™8% describing the circumferential variation of pressure cancels
in equation 5.8 suggesting that a,,; = 0 and hence the secondary mode amplitude is
independent of the sensor azimuthal position. This result is consistent with the equation
5.6 obtained from the DFT argument proposed in 5.2.2. The total amplitude an, 1 of the

buzz-saw mode after control is therefore given by

i Asmg,n (Ze)¥mp,n(a)

Omp,1(Ze) = Apmpg.1 (ze) + Osmp,1 (ze) = —=2 T, 1 (a) (5.9)
mp,

which is only determined by the mode amplitudes of the cut off modes at the error sensors.
Assuming that the power carried by the cut-off modes can be neglected, the maximum

theoretical sound power reduction at the error sensors after control is given by

0o 2

Asmp.n (2e)¥mp,n(a)
=2
= 5 (5.10)
9 (26 ¥z 1)

Wo(ze) _ Ymg,1(Te)|Amp,1(Te) |2
Wp(ze) ’YmB,1<37e)|ame,1($e)|2

Further assuming that the cut-off mode (mp,2) excited by the secondary sources is the

dominant evanescent mode, the sound power level reduction in decibels (defined to be
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> 0) is given by

2
Gompa (xe)\ymB,2(a)|

ASW L(z.) = —10log;, (dB) (5.11)

2
‘ame 1 (me)‘lfms 1 (a) ‘
In Chapter 3, we showed that the amplitude ay,,_ , of the primary buzz-saw mode at z.

is given by

ap, (z7)ie?” @) sec gy, ((z7) cosd o (we) ZiMzklee—zy)

' n + —E T (5.12)
tan ¢mB,1 ('rf) — tan ¢mB,1(mf)) Cos ¢mB,1(wf)

aPmB,l (Z'e) = (

where ap, (z¢) is the pressure amplitude of the primary buzz-saw mode at the source plane
in the absence of reflections and qﬁ,ﬂ,:LB -, are the complex reflectivity factors deduced from

the modal reflection coefficients at the terminations RE

mpn rom the expressions given

previously in chapter 3,

In Rr_tz,n Qmnk (L — )
27 1— M2

P (Te) = (5.13)

_lnRr—nn amnk’(_xe)

Smn(Te) = ——— + =y (5.14)

From Chapter 3 the amplitude of the evanescent mode a5 2 at the error sensor array z.

due to M secondary sources is of the form

] o) i0co M q(6s,) w:nt(Ts, fs,.) Cos ¢E3,2($e) e—z‘knffiz]&_zsm)
2(ze) = - )
mEETE TS e g a(tan @, 5(2s,,) — tandy,  5(%s,,)) €08 G o ()
(5.15)

The ratio of cosine terms in equation 5.12 describes the oscillatory nature of the axial
pressure distribution due to the buzz-saw mode in the duct due to standing waves caused

by reflection between the inlet and exhaust termination. In the case of the evanescent
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mode, this term in equation 5.15 describes the decay of the mode in the axial direction.

To show this behaviour explicitly, it is written in full as

. . A ,Zk-’l?e . . o ,kae
2 (Te) ez<(¢R+Z¢I)__1fﬁzr> +e”‘"<(¢R+l¢1)—ﬁ%—>

COS P

(5.16)

¥ = om kzs [ kzs
Cos ¢mB,2($S) i((¢R+i¢I)"1—f};2—> 4 _i<(¢3+i¢1)— 12\?{2 )
e e € ¢

where an”mB ., = Qr+idy is the complex reflectivity factor evaluated at the inlet termination

z=0L.

For the evanescent mode (mpg,2) the imaginary part ¢ of the reflectivity factor is generally
much greater than the real part ¢r. The first exponential term in the numerator and
denominator of equation 5.16 will therefore be negligible compared to the second terms
on the top and bottom. In the limit as Rp,, — 0 the imaginary part of the reflectivity

factor tends to infinity, and equation 5.16 tends to

+ ia k(ze—zxs)

cos @ o(xe) tempnk(ze ~2s)

im —TE—”— = 1-ME (5.17)
Rm,n—0 cos ¢y, . 5(Ts)

As the (mp,2) mode is cut-off, oy, 2 is purely imaginary, and the above expression is

equal to eg{k;m’n}(xe”ws), where kjm)n is the axial wavenumber of the forward propagating

mode given by

_ Omp2— Mz

+
kxmB,2 =1 M?2 (5.18)
When equations 5.12 and 5.15 are combined, equation 5.11 may be written as
cos2 ¢ . (x
ASWL(z.) = ASWL(zs) — 8.7 {kmmB,z} (e — x5) + 101ogg ;é—TB’l(e—) (5.19)
cos ¢m3,1(xf)

The term ASW L(zs) is the sound power reduction for the case when the source and

sensors have zero separation distance, z; = x.. From equation 5.11, it is equal to

72



ASW L(z,) = —101ogy, <|ap(x5)‘1'm3’1(“)'z> (5.20)

ae(Z5)Ump,2(a)]
Equation 5.19 describes the variation of sound power reduction with varying source-sensor
separation distance Az = z, — 5. The second term on the right hand side of equation
5.19 describes the overall decay rate in figure 5.6, and is the dominant term. It shows that
the gradient of the overall behaviour of the graph is exactly equal to the decay rate of the
most significant evanescent mode. In this case, this is the second radial mode order at

m=mg.

The last term in equation 5.19 describes the oscillations in figure 5.6. By comparison
with equation 5.12 this ratio of cosine terms describes the standing wave behaviour of
the primary buzz-saw field. By finding the minimum values of this term one can deter-

mine the axial positions z, from the ‘exhaust’ termination of the kinks in sound power

+

reduction. The minimum value will occur where cos ¢, . |
b

(zq) = 0, corresponding to
R {¢;B,1(xq)} = (2¢ + 1)m/2. Solving for z,4, the position of the dips in figure 5.6 occur

at

- [~eq+vm2+n{sr,  }] Q-2 S0
Omp,1k

where ¢8LmB , 1s the complex reflectivity factor evaluated at the inlet termination L. For
g = 1,2, the equation yields z4 values of 1.50m and 1.13m. These are the axial positions of
the sensor array relative to the source position at 1m. This results in separation distances

of 0.13m and 0.50m, which agrees closely with the dips observed in figure 5.6.

As demonstrated in figure 5.7, comparison of equation 5.19 with 5.12 shows that the
maximum variation in power reduction in figure 5.6 from straight-line behaviour is identical
to the standing wave ratio (SWR) of the primary field shown in figure 5.7. For the

simulation under investigation here, SW R = 14dB.

Comparison between the power reduction predicted from the analytic expression of equa-

tion 5.9 and the exact calculation shown in figure 5.6 is shown in figure 5.9 below for
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varying Az. Excellent agreement is observed for Az > 0.1m. Below this value of the
separation distance the assumption that the second radial mode is the most significant
evanescent mode breaks down and thus the model incorrectly predicts the sound power
reduction.
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—— Exact sound power reduction using pressure control
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Figure 5.9: Comparison of sound power reduction at FO=8 for varying separation dis-

tances obtained using the analytical model of equation 5.19 and the exact calculation

5.2.5 Control performance versus engine speed

It was noted in Chapter 2 that in a hard-walled duct the buzz-saw field cuts-on abruptly
as the tip speed exceeds a critical value above the speed of sound, and that each buzz-
saw mode in each EO has a similar cut-off ratio (» n, which is typically only slightly
greater than unity. It has been shown in Chapter 3 that the modal reflection coefficients
at frequencies close to the cut-off frequency are close to unity and that strong standing
waves are set up in the duct (in the absence of blockage by the rotor and stator). In order
to assess how engine speed, and hence standing wave behaviour, affects active control
performance, the tip speed of the fan in the simulations was varied such that the frequency
was taken through the buzz-saw mode cut-off frequency. The results of this simulation are
shown in figure 5.10 using the same duct geometry and control system as that discussed

in section 5.1. The sound power in the inlet duct, both before and after control, was then

74



plotted against the cut-off ratio {nn of the mp = 8 buzz-saw mode (and the blade tip
mach number M; on another axis below it). It is assumed that M, = —0.52M;, from

known values of M, and M; in the SILENCE(R) RACE rig.

-100f -

Z150F oo

Sound Power dB (Re arbitrary units)

2 — Sound Power Before Control
N4 -—- Sound Power after minimisation of squared pressures
200 - - . R T R R AT Ty (R R AR I T VR P I T R TR P AR PR PPOpppe

1 1.05 1.1 1.15 12
cut-off ratio {

099 1 Tip Speed Mach Number M, 1.16

Figure 5.10: Active control performance with varying tip speed for a single ring of 30
sources and 30 sensors at EO=8. The arrows indicate the family of strong (s) and weak

(w) resonances after control

The sound power ‘spectrum’ of the primary buzz-saw field (solid curve) comprises reso-
nances due to the presence of axial standing waves between the reflective terminations of
the duct. These resonant frequencies can be determined by setting the denominator of

equation 3.11 for the primary pressure, equal to zero.

As M, increases, and hence frequency increases, the resonant frequency bandwidth of the
sound power reduction becomes broader. This is because, as frequency increases from
cut-off, the reflection coefficients become smaller and hence more energy escapes from the
duct. Thus the resonances become increasingly damped through radiation damping as tip

speed increases.

After control, the resonant peaks in the sound power variation with varying tip speed
M; (dashed curve) have markedly shifted. A number of authors [12, 45] have also noted
that controlling axial standing waves in a duct causes the introduction of other resonant

frequencies in the acoustic response. This observation is now explored and the frequencies
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of these spectral peaks predicted using the analytical model of equation 5.11.
If we assume that the most significant evanescent mode at the error sensors is the mode

(mp,2), then from equation 5.9 the power after control at the error sensors is

Omp,2 (xe)\ymB,Q ((1,) 2
\IlmB,l(a)

W(xe) = 'YmB,l(xe) (5.22)

We now introduce a modal secondary source strength @Q,,, defined as the mth Fourier

component of the secondary source ring q(6,,),

1 —1mOm
Qm =17 mZ:lq(em)e ? (5.23)

Equation 5.23 is now used to re-write equation 5.15 for the amplitude of the mode (mg, 2)
excited by the secondary sources as
am3,2(xe) = QmBsz,Z(l's»Ie) (524)

Where from equation 4.2 2, , is a spinning mode transfer impedance defined by

ipcoUF, . (a cos ¢f . (ze) —ikMaz(ze—zs)
_ fco m,n( ) _ (b:r_L,n( e)eﬂ%— (525)
St n(tan ¢mn(zs) — tan dmn(zs)) cos dmn(zs)

zm,n(x& xe)

We have shown in section 5.2.2 that if there are sufficient sources and sensors and the
pressure is driven to zero then the spinning mode amplitudes are also zero. When only
the single spinning mode m = mp is present, this amplitude is equal to the propagat-
ing primary buzz-saw mode and the secondary sound field is the sum of the propagating
(mp,1) mode and the evanescent (mp,2) mode. The primary and secondary source con-
tributions to m = mp can be expressed in a similar form to equation 5.24. By substituting
equation 5.24 into equation 5.6 and neglect of the evanescent modes in the primary field,

the pressure at the error sensors can therefore be expressed as

76



ame,l (x@)\IlmB,l(a‘) + QmB (sz,l(xsame)\I’mB,l(a) + sz,Z(ms’xe)\I’mB,Q(a)) =0 (5'26)

where the term e”™5% has been cancelled. Solving for the modal source strengths gives

“Aprp1 (xe)\IImB,l(a)

ZmB,l(fEsa xe)\Iij,l(a) + ZmB,Z(xs, me)\PmBQ(a)

Combining equations 5.27, 5.24 and 5.22, the expression for the sound power after control

is given by

Aprg 1 (Te)2mp 2(Ts, Te) Ymp 2(a) ?

3m3,1($sa xe)‘I"mB,l(a) + Zmp 2(Ts, xe)\ymsﬂ(@

W = Ymp,1(ze) (5.28)
In general, the pressure at the error sensors due to the cut-off mode (mp,2) is much less
than that due to the buzz-saw mode, so that zmp 2(Zs, Te) ¥y 2(0) << 2mp 1(Ts, Ze)Ump,1(a).
For convenience we denote zp, 2(Zs, Ze)¥mp 2(a) by e(zs, z.) to denote a small quantity,

to give

€(Ts, Te)

W(Z‘e) = Wp(xe) ZmB,l(:Es"’Ee)\I[mBal(a) -+ E(.’L‘s, me)

(5.29)

Given that ¢ is small, equation 5.29 for the power after control approximates further to

€(zg,Te)

W(ze) = Wy(ze) 2mp1(Ts Te)Ump 1(a)

(5.30)

Recalling that W), is the sound power in the duct before control ,Wp = |ap,, . ; >Vimp,1, the
primary mode pressure amplitude ay,, , may be obtained by re-arranging equation 5.12

to give an expression whose denominator is independent of source position .
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L —ikMz(a:g—a:t)
apomsyl (l‘f)iez(me’l(mf) cos ¢7'+7;B’1(xe)e 1-Mg

. + —
Sln(¢0m3,1 - ¢0m3,1)

(5.31)

pmg,1 (ze) =

The expression for the buzz-saw mode transfer impedance z, 1 can be written in a similar

way. Re-arranging 5.25 gives

ipco¥r, , 1(a) cos ¢;B’1(xe) oS ¢, 1 (Ts) —tEMa(me—s)
Zmp1 = —m — e 1-M3 (5.32)
Somprsin(dg, .~ b0, )

Substituting equations 5.31 and 5.32 into 5.30 gives the following simple result for the

sound power after control, expressed in non-dimensional form,

- 2
ezd)mB’l(mf)'

W(xe) i 57m3,1($e)i6($3axe)|2 ‘a 1|2
= e,
T R ) L

; (5.33)

'cos Prnp1(Ts)

Equation 5.33 predicts two families of resonances in the duct after control. One is a set of
strong resonances (i.e. those with distinct peaks marked ‘s’ in figure 5.10), the other are
much more difficult to observe, and is referred to here as “weak”, denoted by ‘w’ in figure

5.10.

‘Strong Resonances’

The strongest resonances, after control, are associated with frequencies for which the
2
term in the denominator in equation 5.33, {cos¢_, B,1($s) , takes minimum values. These

frequencies, kq; = wq/c can be deduced from the frequency at which the real part of

Gmy.1(Ts) is equal to (2g+1)7/2, where ¢ = 0,1,2.... Thus strong axial resonances occur
when
®{o; = {45 Cmpkg("Ta) | _ 90 | gy 5.34
Grnp1(@s) p = ¢°mB’I+TW = (2¢ + )5 (5.34)
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By inspection, equation 5.34 may be seen to express the condition for resonance of the
(mp, 1) mode due to reflection between the source plane z; and the exhaust termination at
z = 0. Note that ¢q,  , is the reflection phase at the exhaust termination and is a function
of frequency. The resonance condition of equation 5.34 was verified by plotting the sound
power before and after control versus R {7, ,(zs)} /m. Resonant frequencies k; = wg/c
are observed in figure 5.11 to correspond to values of R { gb,‘n,n(xs)} /7 = (2¢g+1)/2 where
g=0,1,2....

420 l . : JRUPPR NS S

Sound Power Level dB re arbitrary units
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Re{o™(x, )/}

Figure 5.11: The frequencies of the strong resonances in the power spectrum after control.
The solid line shows the sound power level before control, and the dotted line shows the

sound power level after control

‘Weak Resonances’

In addition to the strong resonance behaviour discussed above, there is a class of weaker
resonances which are excited following active control after steady state conditions have
been achieved. They occur most prominently at ¢ = 1.02 and 1.055 in figure 5.6. Inspec-
tion of equation 5.33 for the sound power after control reveals an additional, much weaker
set of resonances, compared to those associated with equation 5.34. We have seen in the
previous sections that the buzz-saw mode amplitude is only reduced to the level of the

second evanescent radial mode. These resonances occur as a consequence of this residual
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mode amplitude. Their frequencies can be determined from the maxima, of the power fac-
t0r Ymp,1(Ze)- The power factor v 1(z.), from equation 4.8, contains the factor tan ¢}, ..
Thus the condition for the weak resonances to occur is R {¢}, ,(ze)} = (2¢+1)7/2 where

g=20,1,2...ie.

R {7, 1)} =% {¢+ o+ Cmathll xe)} —@+1F (53

By inspection, equation 5.35 describes the condition for resonance of the buzz-saw mode
reflecting between the sensor array z. and the inlet termination z = L. Figure 5.12
shows the sound power before and after control versus R {qb;;B’l(ace)} /7. Once again,
the resonant frequencies k; = wy/c correspond to values of R {qb;,"m(a:e)} /T =(2¢+1)/2,

where ¢ =0,1,2....

Sound Power Level dB re arbitrary units
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Figure 5.12: The frequencies of the ‘weak resonances’ in the power spectrum after control.
The solid line shows the sound power level before control and the dotted line shows the

sound power level after control

Note that the ‘weak’ resonances for ¢ > 2 are masked by the strong resonances.
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5.2.6 Control mechanism

In the previous section two classes of resonance were identified. One corresponds to stand-

ing waves between the source array and the exhaust termination, the other between the

sensor array and the inlet termination. In this section the control mechanism in the time

domain, which leads to their formation, will be described.

Figure 5.13 illustrates the control mechanism in the time domain by representing the

buzz-saw mode as a pulse launched from the primary source at ¢t = —(z; — zf)/c. The

time-evolution of this pulse is now described in an attempt to explain the standing wave

behaviour observed in figure 5.10.

a)

c)

d)

A buzz-saw mode is radiated forward of the fan at t = —(xs — z5)/c (at position ;)

only and travels toward the secondary sources.

At time t = 0 the buzz-saw mode reaches the secondary source array (at position
xs). The secondary source generates a mode of equal amplitude and opposite phase
in both directions down the duct. The forward wave partially cancels with the buzz-
saw mode due to the presence of the second evanescent mode at the error sensor

array, whereas the backward propagating mode is unattenuated.
The residual waves travel toward the terminations.

At a time t = L_;”Oﬂ the residual refiected propagating mode reaches the sensor

array. The secondary sources anticipate its arrival and launch a wave at time t =

2(L—z,)

o~ n order to drive it further to zero. As the sources will always under-estimate

the level of this residual mode, this mechanism continues indefinitely resulting in a

standing wave sound field between the sensor array and the inlet termination.

At a time t = 2;5 the reflected secondary pulse arrives back at the source array. The
sources then radiates a pulse in order to attenuate the reflected secondary pulse.
This pulse cancels with the forward propagating mode, but the backward propagat-

ing mode will once again be unaffected. This process continues indefinitely resulting
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Figure 5.13: A one-dimensional representation of the control mechanism
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in the standing wave sound field between the secondary sources and the exhaust ter-
mination. In the process of the controlling the weaker residual propagating mode,
therefore a weak standing wave field between the error sensors and the inlet termi-

nation will also be set-up of lower amplitude.

5.3 Control performance with two rings of sources and two

rings of sensors

Section 5.2 has shown that a single-ring control system cannot resolve the pressure detected
at the error sensors into separate radial mode orders. As a consequence, in the absence
of extraneous modes, the control system performance is limited by the amplitude of the
evanescent mode associated with mp excited by the secondary sources. In order to detect
and control the separate radial mode orders, an additional ring of sources and sensors is

required.

This is particularly true at full engine speeds which can reach values of up to M; ~ 1.3.

At these higher tip speeds, two or more radial mode orders can be cut-on.

Figure 5.14 is a sketch of the proposed two-ring control system.

B —
Direction of Flow
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Figure 5.14: Control system with two rings of sources and sensors

It has been shown in section 5.2.1 that the number of sources and sensors required to

substantially attenuate a single propagating mode is equal to 2|Mpqez| + 1 Where mynqq is
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equal to the highest propagating spinning mode order. Fruteau et al [21] show that the
control of multiple radial mode orders requires as many source and sensor rings as the

maximum propagating radial mode order.

Consistent with the results in section 5.2.1 each ring must contain 2|m4,|+ 1 sources and
sensors. In this section, we shall assume that each of the two rings contains 30 sources
and sensors so that the control system will be effective in controlling the sound field at
EO < 14 and at tip speeds where the number of propagating radial mode orders is less

than or equal to two.

Figure 5.15 is a graph of the number of radial orders that can propagate at each EO from
1 to 14, over a range of tip speeds M; which span both cutback and full power conditions

for a typical aircraft engine. Here we assume M, = —0.52M;
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Figure 5.15: Mazimum number of radial mode orders cut-on at each engine order with

varying tip speed mach number

Figure 5.15 shows that in a typical engine more than one radial mode order becomes cut-
on at high engine orders at conditions close to full-power. The two-ring control system

should be able to successfully control all EOs up to EO = 14 at all tip speeds.

Figure 5.16 shows the sound power before and after control versus tip speed at EO=8.
Results are plotted for both the single-ring system and the two-ring system. The single-

ring system uses the same positions for control system elements as the model used in
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the previous section. The two-ring system has the first source ring at an axial position
Zs, = 0.8m, the second source ring at 5, = 1m, the first sensor array at z., = 1.24m and

the second sensor array situated at z., = 1.44m.
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Figure 5.16: Sound Power before and after pressure minimisation with two rings of 80

sources and 30 sensors to control EO=8

The two-ring control system improves the sound power reduction by more than 100dB.
Note also that the equations 5.34 and 5.35 for the single-ring control system no longer
predict the spectral peaks for the two-ring control system. There are now fewer resonant
peaks with the use of two rings of sources and sensors. The weak resonances associated
with the residual evanescent mode in the single ring are no longer present as the evanescent

mode can now be eliminated.

The control mechanism is more complicated than that with the single-ring control system.
From the DFT argument discussed earlier in the chapter, driving the pressure to zero
causes the amplitudes of the spinning modes at the duct wall to be driven to zero at both
error sensor planes. It appears that it is easier for the control system to drive the spinning
mode amplitudes to zero at two error sensor planes using two rings of sources than when

using the single-ring control system.
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5.4 Conclusions

e In the absence of noise, buzz-saw modes can be substantially attenuated by min-
imising the sum of the squared pressures at a single ring of sensors using a single

ring of sources.

e The number of sources/sensors required to achieve control is equal to 2|mpqz| + 1,
where M., is equal to the highest propagating spinning mode order. However,
a more practical criterion is suggested of 2|m,a.| + 3 in order to avoid problems

associated with modal aliasing.

e Control performance is fundamentally limited by the level of the evanescent modes
at the error sensor array. A simple analytic model was developed which predicts the

sound power reduction.

e After control, strong standing waves are set up between the secondary sources and
the exhaust termination, and weaker standing waves are also observed between the
error sensors and the inlet termination. A control mechanism is explained which

explains these standing wave regions.
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Chapter 6

The Effect of ‘Noise’ and
Extraneous Modes on Control

Performance

Predictions of active control performance presented in the previous chapters assume that
only a single buzz-saw mode is present in the primary sound field and that noise is absent.
In reality, however, ‘noise’ or extraneous modes may be present at the error sensor array.

These are defined below:

e ‘Extraneous’ modes (m # mp). These may be excited by the various other source
mechanisms in the engine. For example, rotor-stator interaction, rotor interaction
with ingested turbulence, and other interaction mechanisms. This field propagates
along the engine duct to the error sensors and may therefore be regarded as modal

in nature.

o Locally generated noise. This could be present at the error sensor array due to factors
such as turbulent flow noise at the microphones. This sound field is generated locally
around the microphone and may be regarded as random contributions to the pressure

measurements at each error sensor.
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6.1 The effect of extraneous modes on control performance

This section investigates the effect of extraneous modes on active control performance.

6.1.1 Single ring of sources and sensors

In this section the active control performance prediction model described in chapter 3
is modified to include all possible modes in the primary field. The amplitude of the
extraneous modes at the fan face ap,  are assumed to have equal amplitude but with
random phase. The extraneous mode amplitudes |a,, | relative to the buzz-saw mode

a at the fan face are determined by specifying a ‘Signal to Noise Ratio’ defined by
POm g

|apo, . |
SN Rem = 20log —2mB

(6.1)

tapoem I

and by assuming ap, . = |ap,,, |e€"® where ¢ is chosen randomly between —7 < ¢ < 7.

In the absence of extraneous modes, the sound pressure after control at EO=8 using a
single ring of 30 sources to minimise the pressure at a single ring of 30 sensors in the duct
is reduced by 240dB, as described in chapter 5. The corresponding sound power reduction
is predicted to be 89dB. If all propagating modes are included in the primary field at a
level of 40dB below that of the buzz-saw mode then a similar level of pressure reduction is
predicted at the error sensors. However, the sound power reduction is now only reduced

by 19dB.

In order to explain this sensitivity of power reduction to small levels of extraneous modes
we must once again examine the DFT relationship between the pressure sampled at the
wall and the spinning mode amplitudes. It has been shown in chapter 5 that if the number
of sources and sensors is sufficiently high, and the pressure at the error sensors is driven to
zero, p(6;) = 0, then the spinning mode amplitudes at the duct wall are also independently

driven to zero, i.e.
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. 1 e
bm = ;p(&)e ™1 =0 (6.2)

Equation 6.2 suggests that using a single ring of sources and sensors to cancel the pressure
at the error sensors causes the radial modes associated with a single spinning mode to be
phased such that their amplitudes sum to zero. Since the single rings cannot independently

detect and control individual radial modes, this is done without regard to the magnitude

of their amplitudes.

This mechanism is illustrated in figure 6.1. It shows the predicted mode amplitudes for
EO=8 at the error sensors before and after the minimisation of the sum of the square
pressures using 30 sources and sensors. The extraneous mode amplitudes at the fan plane

are set at 40dB below that of the buzz-saw mode.

12 dB arbitrary units

mn

m,n'
la_ [? dB arbitrary units

la

4 10 spinning mode order m

radial mode order n radial mode order n

(a) (b)

Figure 6.1: Mode amplitudes at the duct wall before (a) and after (b) control at EO=8 at

the error sensors. Extraneous modes are 40dB below the buzz-saw mode at the fan face

Figure 6.1(a) for the mode amplitudes before control shows that for 5 < |m| < 8 only a
single propagating radial mode propagates, while for |m| < 5 there are up to 4 propagating
radial mode orders, with the most associated with m = 0. It is also clear that evanescent
modes all of which have cut-off ratios greater than 0.9 have a significant amplitude at the

error sensors after control.
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Figure 6.1(b) shows that the mechanism described in chapter 5 is applicable to all the
modes |m| > 5 that comprise a single radial order mode. In each spinning mode, the

propagating radial mode is driven to cancel with the evanescent mode.

3
0 6x10

-
T

Root Mean Square Amplitude
W

0
-0 -8 -6 -4 -2 ) 2 4 6 8 10 -5 -10 -5 o S 10 15
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Figure 6.2: Sum of the radial mode orders (a) and root mean square amplitude of the modes
in each spinning mode order (b) after control at EO=8 at the error sensors. Eztraneous

modes are 40dB below the buzz-saw mode

For |m| < 4 there are multiple propagating radial mode orders which will be excited by
both primary and secondary source array. In order to arrange for 4, = 0, as shown in
figure 6.2(a), the control system can only phase them such that they mutually cancel, i.e.
> amn = 0. This behaviour is shown in figure 6.2(a) for the reduction in the spinning
Igode amplitudes at the wall versus m. All spinning mode amplitudes are reduced by at
least 90dB. Figure 6.2(b) is a plot of the mean of the radial modes associated with each
spinning mode order. Clearly, the greater the number of radial mode orders associated
with a particular m-value, the larger their average mode amplitude. In this figure, the
m = 0 mode has the highest average mode amplitude, since at this frequency three radial
mode orders can propagate in the duct. All three must be excited such that the sum
of their amplitudes cancel, and hence their average value is higher than for the higher

m-values.
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6.1.2 Sound power reduction with varying extraneous mode ‘signal to

noise’ ratio

In this section we shall investigate the variation of control performance with varying levels
of extraneous modes in the primary field. The predicted sound power reductions at each
engine order are shown in figure 6.3 for varying levels of SN Re;,. The control system and
system geometry defined in chapter 5 is assumed with a tip speed of M; = 1.05 and an

axial flow Mach number of M, = —0.55. The control system consists of a single ring of 30

sources and 30 sensors.

Sound Power Reduction dB

20 1 2 Engine Order

SNR, dB

Figure 6.3: Sound power reduction with extraneous mode SNR

Large sound power reductions of up to 100dB are predicted in the absence of noise for all
engine orders with (see figure 5.2). At EO=14, for which mp = 14, the control system
of 30 sources and sensors can only just independently control all the propagating modes
and thus the control performance is affected by aliasing. Control performance is therefore

degraded, as discussed in chapter 5.

For EO=1 to 5, the m = mp buzz-saw modes are cut-off and therefore transmit com-
paratively little sound power. The propagating extraneous modes therefore dominate the
sound power in the duct. As the engine order increases, the number of propagating ex-

traneous modes increases. For EO=1 to 3 only the first radial mode order can propagate
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and thus the control system is unaffected by these extraneous modes. At EO=4 and 5
the second radial mode begins to propagate and cannot be independently controlled by
the control system. Control performance is therefore quickly degraded as the level of the

extraneous mode amplitudes is increased.

For EO=6 and above, multiple propagating radial modes are present and the system
behaves as described in the previous section. In order to drive the pressure to zero, the
control system will excite the modes with multiple radial modes orders such that the sum
of the radial mode amplitudes is driven to zero. Thus as the engine order is increased, more
‘extraneous’ modes can propagate in the duct, and cannot be independently controlled.
Thus the presence of ‘extraneous’ modes affects control performance to a higher degree at

higher EOs than at low EOs, as shown in figure 6.3.

Figure 6.3 shows that although sound power reduction is reduced with extraneous modes
present, the control system achieves reductions in sound power at all EOs provided
SN R, > 30dB. At lower values of SN R,,, sound power increases are observed at some
EOs. The levels of low frequency buzz-saw tones in practice are typically 130-140dB. It is
therefore likely that the signal to noise ratio may be very large. This is confirmed by figure
6.4 which shows the spinning mode amplitudes at EO=6 measured in the EU experimental
fan rig.

Azimuthal mode structure eo=6

=
=
=
!

Mode number

Figure 6.4: Spinning mode decomposition at EO=6 for the EU SILENCE(R) experimental

Tig
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The decomposition includes modes from m = —79 to m = 79. It shows that mode
86 is dominant, corresponding to the spinning mode order mp = EO = 6. In this
measurement the signal to noise ratio of the microphones is 18dB due to the non-uniform
sensor arrangement used in the mode detection ring. Thus, the only mode amplitude
which is accurately measured is that of the m = 6 suggesting that the actual value of
SN Rep, is > 18dB and that control may be limited in this rig extent by locally generated
‘noise’ at the microphones. The effect of this type of noise will be examined later in the

chapter.

6.1.3 Two rings of sources and two rings of sensors

We have seen that a control system which seeks to minimise the sum of the squared
pressures at two rings of error sensors using two source rings is able to resolve and inde-
pendently control two separate radial mode orders in any single spinning mode. Thus, a
control system with two rings of sources and sensors should be less affected by the presence
of extraneous modes than the single ring control system studied previously. It will be able
to drive more of the spinning mode orders to zero by reducing their amplitudes and not
by simply phasing them to destructively interfere, as observed in figure 6.1. This is now

investigated in more detail.

The control system under consideration is illustrated in figure 6.5. The positions of the

sources and sensors are the same as in the previous section.

...................................

_
Direction of Flow

x=E % ox, Xl X x=0

Figure 6.5: Geometry of the two ring control system

Figure 6.6 shows the sound power reduction predicted at each engine order for varying

93



extraneous mode levels, using 2 rings of sources and sensors.

Sound Power Reduction dB

20 1 2 Engine Order

SNR__dB
em

Figure 6.6: Sound power reduction with extraneous modes of varying levels in the primary

field for the two ring system

Comparing figures 6.3 for the single-ring case and figure 6.6 for the two-ring case one
can see that the sound power reduction for the lower engine orders (EO=1 to 3) has
significantly increased. This is due to the fact that at these engine orders there is only a
single propagating radial mode at any spinning mode order. The two-ring system can drive
this propagating mode to zero and also attenuate any inadvertently excited evanescent

n = 2 modes.

By contrast, the sound power reductions at the higher EO in the presence of extraneous
modes is very similar using both the single-ring and the two-ring control systems. This
can be explained by examining the amplitudes of the modes after control for the two-ring
system with SN R, = 40dB. The mode amplitudes at the error sensors before and after
control are plotted in figure 6.7.

The two-ring system can be seen to attenuate the second radial mode orders which are
excited in the primary field for engine orders 3 to 5. Thus for spinning mode orders
5 < |m| < 8 the propagating modes and any evanescent modes n < 2 can be driven to

zero. For mode orders 3 < |m| < 4 where two radial modes can propagate, these modes
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Figure 6.7: Individual mode amplitudes at the duct wall before 6.7(a) and after 6.7(b)

control at EO=8, extraneous modes 40dB below the buzz-saw mode

will be driven to zero. Spinning mode orders less than 5 comprise more than 2 propagating
radial mode orders. In order to ensure that the spinning mode amplitude at the wall equals
zero, therefore, the radial modes are simply phased to interfere destructively. These modes
will still have a significant amplitude at the error sensors and will therefore dominate the

sound power after control in a similar way to the single-ring system.

Figure 6.7(b) shows that, although the two-ring system is more effective in controlling the
higher order spinning modes, it is the lower spinning mode orders that will dominate the
sound power after control. The sound power reduction is therefore similar for both the

single-ring and two-ring control systems at higher EOs with low signal to noise ratio.

The sum of the spinning mode amplitudes and the average amplitude of the modes in
each spinning mode are plotted in figures 6.8(a) and 6.8(b) respectively for the two-ring
system. As in the single-ring control system, figure 6.8(b) shows that the average spinning

mode amplitude after control is highest in the m = 0 case.
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Figure 6.8: Sum of the radial mode orders (a) and the root mean squared amplitude of the
amplitudes in each spinning mode order (b) after control at EO=8 at the error sensors for

a two-ring system. Extraneous modes are 40dB below the buzz-saw mode

6.2 The effect of ‘local’ noise on control performance

6.2.1 Single-ring of sources and sensors

The second type of ‘noise’ which could be present in the engine duct and and which may
affect control performance is that of ‘local’ noise at the error sensors. This noise is not
modal in structure and can be caused by flow noise generated locally at the microphones.
In order to quantify the effect of this ‘local’ noise on control performance we shall once
again define a Signal to Noise Ratio. The noise is defined by a signal to noise ratio of the

amplitude of the primary pressure at a single error sensor to the amplitude of the noise n,

SNRy, =20log LA (6.3)

[l

The ‘noise’ at the error sensors is simulated from n, = |n,|e!® where ¢ is chosen randomly
between —7m < ¢ < w. The ‘noise’ signals are added to the primary pressure measured at

the error sensors,
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Pp (61) = pp(01) + np(61) (6.4)

Figure 6.9 shows the spinning mode decomposition of the pressure signals at EO=8 before
control in the case of extraneous modes of SNR,,, = 40dB and ‘local’ noise at the error

sensors of SN Ry, = 40dB.
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Figure 6.9: Spinning mode decomposition at EO=8 at the error sensors for a single ring

system. (a) SNRep, = 40dB (b) SN Ry, = 40dB

In the case of the extraneous modes in figure 6.9(a), the spinning mode orders with a sig-
nificant amplitude contribution at the error sensor array are restricted to the propagating
modes. In this case there are sufficient sources and sensors to drive all spinning mode

amplitudes to zero.

However, when this noise is local in nature, as assumed in figure 6.9(b), it appears to the
control system that every spinning mode order has a significant amplitude at the error
sensor array, whether cut-on or cut-off. The control system will therefore attempt to
control all these ‘modal’ contributions. As there will be insufficient sources and sensors to
control the higher mode orders, they will be aliased and the DFT argument given in 6.2

will not apply, hence the spinning mode amplitudes will not be driven to zero.
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‘Optimal’ regularisation parameter

We have shown in chapter 4 that the transfer impedance matrix Z generally has a large
condition number at low EO due to the fact that there are more sources than propagating
spinning modes [17]. A small change in the pressure p due to noise at the error sensors will
therefore result in a comparatively large change in the optimal secondary source strengths
q. It was found in chapter 4 that, using Hansen’s L-curve technique [23], the optimal
value for the regularisation parameter 3 for the single ring system was of the order of 107.
This value of 3 gave roughly minimum values for the both the secondary source strengths

and the residual pressure after control simultaneously.

We shall now investigate whether this ‘optimal’ value for § also gives the optimum level of
sound power reduction in the presence of extraneous modes and locally generated noise.
Figure 6.10 shows the sound power reduction after control with varying regularisation
parameter § for the single-ring control system at EO=8 in the presence of both types of
noise. The first vertical dotted line shows the value of the ‘optimal’ 8 as determined from

the L-curve.
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Figure 6.10: Sound Power reduction at EO=8 with varying regularisation parameter 3 for

a single ring control system with SN Ry, = 40dB and with SN Rep, = 40dB.

Figure 6.10 shows that the sound power reduction is not at a maximum at the ‘optimum’
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value of 3. Thus the ‘optimal’ value for 3 from the L-curve is the value which minimises
the pressure at the error sénsors, which is not necessarily the value that minimises the
sound power. It therefore appears that the greatest sound power reduction occurs when
using a regularisation parameter of 3 ~ 2 x 10°. This value of 3 shall be used to predict

the mode amplitudes after control at the error sensors.

The dashed line in figure 6.10 shows the variation in sound power reduction with varying
[ where the level of extraneous modes is 40dB below the level of the buzz-saw mode.
It was noted in chapter 4 that regularisation was not needed in order to limit the source
strengths in this case. However, as the value of 3 is increased the sound pressure reduction
is reduced as the regularisation parameter begins to dominate the leading diagonal of the
transfer impedance Z. At a value of 8 ~ 1 x 10° the sum of the squared pressures is

0~2® with no

driven to a value of the order of 10! as opposed to values of the order of 1
regularisation applied. Equation 6.2 indicates that if the pressure is not driven to zero,
then the spinning mode amplitudes will also not be driven to zero. It appears that at this
[ value the extraneous mode amplitudes are excited to a lower level which results in a
greater sound power reduction. Further research is required to determine why this is the

case.

Control performance in the presence of locally generated noise

In the presence of local noise with SN Ry, = 40dB the sum of the squared pressures after
control in the regularised case is of the order of 107! relative to an amplitude of 1 before
control. The pressure is therefore not driven to zero, and thus the control system has not

perfectly cancelled to zero the individual spinning mode orders at the duct wall.

Comparison of figure 6.11 for the mode amplitudes at the error sensors in the presence
of local noise with figure 6.1(b) for the mode amplitudes in the presence of extraneous
modes, shows that, in the case of local noise, the radial mode orders do not appear to
be excited such that they destructively interfere. The mode amplitudes after control are

not as high as when extraneous modes are present and thus the sound power reduction
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after control will be greater in the case of locally generated random noise which effectively

comprises a broad modal spectrum.
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Figure 6.11: Individual mode amplitudes at the error sensors after control for a single ring

system with SN Ry, = 40dB.

Locally generated random noise at the error sensors contains high m-values that are aliased.
The control system will be contaminated by higher order modes which do not propagate to
the far field. This behaviour actually improves control performance. Figure 6.12 shows the
control performance of the single-ring system at EO=8 with varying SN R, and SN Ry,.
This figure shows that sound power reduction can be up to 12dB greater when the noise

is locally generated at the error sensor array.
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Figure 6.12: The effect on control performance of the two types of ‘noise’ of the single ring

system at EO=8

6.2.2 Control performance using two rings of sources and two rings of

sensors in the presence of locally generated noise

The effect of ‘local’ noise on the control performance of the two-ring control system is
similar to the single-ring case. The use of two rings of sources and sensors yields slightly
improved sound power reductions. Regularisation must be used in order to limit the source
strengths as the transfer impedance matrix Z is now twice the size and consequently has a

higher condition number. The optimum regularisation parameter is, however, is the same.

Figure 6.13 shows the individual mode amplitudes at the first ring of error sensors. The
source rings are positioned at z; = 1.24m and z; = 1.44m and the sensor rings are at

ze = 0.8m and z, = Im. The regularisation parameter is set to 3 =1 x 10°

Once again, with local noise present, the amplitudes are not phased for perfect destructive

interference, and are not excited to as high a level as in figure 6.7(b).
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Figure 6.13: Mode amplitudes at the error sensors at x, = 1.24m after control for a system

with two rings of sources and two rings of sensors with SN Ry, = 40dB with =1 x 10°.

6.3 Conclusions

e The effect of extraneous modes and noise on control performance was studied.

e In the presence of extraneous modes, the pressure is driven to zero after control.
However, the sound power reduction is degraded when compared to the noise free
case. The sound power after control is dominated by the spinning mode orders which
contain multiple radial mode orders, which cannot be independently controlled by
the single ring system. These are excited such that they cancel, and therefore the

higher engine orders are most affected by the presence of extraneous modes.

Improvements in control performance are observed when using two rings of sources
and sensors, however control will still be dominated by the level of the spinning
mode orders with more than 2 propagating radial modes, thus the improvement at

higher EOs and low SN R, is not significant.

When ‘local’ noise is added at the error sensors, the pressure is not driven to zero.

The buzz-saw mode is attenuated, however, and the extraneous modes excited by
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the secondary sources are not excited such that they cancel. It is predicted that
sound power reduction will be greater if the noise is predominantly ‘local’ noise.
Examining the modal decomposition of the EU experimental rig, it is likely that the

noise will be mainly local to the error sensors.

e In the presence of local noise, the two ring system does not give significant improve-

ments in control performance.
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Chapter 7

Active Control of Buzz-saw Tones

Using Modal Control Techniques

7.1 Introduction

It was shown in Chapter 5 that, in the absence of noise and extraneous modes, global
control of the buzz-saw sound field can be achieved by simply minimising the sum of the
squared pressures at the error sensors. However, when extraneous modes are present we
have seen in chapter 6 that the pressure can still be driven to zero but the individual
mode amplitudes are not necessarily driven to zero. With multiple radial modes present,
spinning modes comprising multiple radial modes are excited so that their amplitudes at
the duct wall cancel, according to the DFT argument proposed in chapter 5. An alternative
control objective to pressure minimisation is to minimise the sum of the squared mode
amplitudes. If this can be driven to zero, individual mode amplitudes will be driven
to zero, and hence the sound power after control is eliminated. It has been noted in
chapter 4 that it would require a large number of error sensors and a high computation
overhead in a real-time control system in order to fully decompose the sound field into
individual modal contributions. In this chapter, therefore, we shall investigate the extent

to which the sound power can be reduced by minimising the sum of the squared spinning
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mode amplitudes at the duct wall. These mode amplitudes can be easily calculated by
performing a spinning mode decomposition of the pressure measurements at the error
sensors. This modal approach will later be generalised to allow for arbitrary weighting of

the various modal contributions.

7.2 Minimising the sum of the square spinning mode am-

plitudes at the duct wall

We shall now examine the behaviour of a control system with the same arrangement of
sources and sensors as that shown in figure 5.1 in Chapter 5. Unless otherwise stated, the
fan plane is positioned at = 0.6m, the single ring of 30 secondary sources is positidned
at £ = 1m and the single ring of 30 error sensors at © = 1.24m in a duct of length 1.84m
and radius 0.4m. Once again a uniform mean flow of axial flow mach number M, = —0.55

and tip speed mach number of M; = 1.05 is assumed.

The spinning mode amplitudes at the duct wall can be calculated from pressure measure-
ments at the error sensor array. This procedure is detailed in Chapter 4. The amplitude

for the spinning modes at the plane of the error sensors can be determined from

L
~ 1 —im#,
b = 7 l§_1 p(B)e" ™ (7.1)

The optimum source strength vector qept for minimising the sum of the squared mode

amplitudes at the duct wall, J = &,,H4,,, is given by

Qopt = —|Z, Zm) 2 8y, (7.2)

where Zy, is a matrix of ‘modal’ transfer impedances, whose (7, 7)th element describes the

extent to which the ith source couples into the jth spinning mode.
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7.2.1 Equivalence of minimising the sum of the square spinning mode

amplitudes and minimising the sum of the squared pressures

In section 5.2.2 it was demonstrated that if a sufficient number of sources and sensors is
employed and the pressure is driven to zero at each error sensor, then the spinning mode
amplitudes at the duct wall are also driven to zero. This relationship is reciprocal. Driving
the sum of the spinning mode amplitudes at the duct wall to zero also drives the pressure
at the error sensors to zero. This reciprocity follows from Parseval’s theorem, which states
that the ‘energy’ of a signal is the same whether expressed in one domain or its Fourier

domain. Thus, following from the Fourier transform relationship,

pO) = ame™ (7.3)

Parseval’s theorem states that J is entirely equivalent whether expressed in terms of

pressure or spinning mode amplitudes at the duct wall,

L
J=>"1p)F =D lam|? (7.4)
=1

m

Equation 7.4 makes explicit that &, =0 for all m implies that p(6)) =0 for all I. The

pressure and modal active control approaches are therefore identical.

This is confirmed in figure 7.1, which shows the sound power both before and after the
minimisation of the spinning mode amplitudes at the duct wall with varying tip speed for
buzz-saw mode EQ=8 in the absence of extraneous modes. It is identical to the power

reduction presented in figure 5.16 following pressure minimisation.

7.2.2 Minimisation of the sum of squared weighted mode amplitudes

It has been shown that if one attempts to drive all of these spinning mode amplitudes

to zero simultaneously then the control performance will be identical to that of pressure
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Figure 7.1: Active control performance with varying tip speed for a single ring of 30 sources
and 30 sensors and a system with two rings of 30 sources and two rings of 30 sensors at

EO=8 after minimisation of all spinning mode amplitudes at the duct wall

minimisation. However, if the spinning mode amplitudes in the cost function are weighted,
one can select which spinning mode orders are controlled. As shown in chapter 6, in the
presence of noise, driving the spinning mode amplitudes to zero does not ensure sound
power reductions. The modal approach is therefore beneficial when noise is present as
no control effort is ‘wasted’ controlling extraneous or aliased spinning modes, since these

modes are ignored by the control system.

When modal weighting is applied, the cost function in equation 4.5 generalises to

I
T=Y > lwmbm(@) = 8, Wiy, (7.5)

i=1 m

Of particular interest here is the case when all the control effort is focussed on the buzz-
saw mode, whilst ignoring the other modes. In this case, the weighting function is of the

form
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1 m=m
Wy = 2 (7.6)
0 m;émB

The effectiveness of this control strategy compared to the uniformly weighted case is

now examined. Figures 7.2(a) and 7.2(b) show the individual mode amplitudes at the

error sensors before and after control for EO=8 for an assumed extraneous mode SNR of

SNR.m = 20dB.

la_ [? dB arbitrary units

m,n!

la_ [ dB arbitrary units
i

radial mode order n radial mode order n
(a) (b)

Figure 7.2: Mode amplitudes before (a) and after (b) control at EO=8 with SN R, = 20dB

using a weighted cost function

Figure 7.2(b) show that control has occured solely in the mode order (m =mp =8,n =1)
which has reduced by approximately 90dB. The level of the buzz-saw mode is now equal
to the second radial mode associated with m = mp. The control principle described
in chapter 5 for the case when no noise is present now also applies to this case. By
contrast with the case when the modes were uniformly weighted, the extraneous modes
are unaffected by the secondary source array and their levels are identical after control.

By weighting the cost function, the secondary sources are effectively controlling the sound

field as if there were no extraneous modes present.

This approach will also improve control performance where ‘non-modal’ local noise is
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present at the error sensors. The control system will not attempt to control the higher
order spinning modes which it ‘observes’ at the error sensors. Since only the buzz-saw mode
is being controlled the control system will always meet the Nyquist criteria as [mpqz| = 8,

and hence good control performance is assured.

The benefits of single-mode control in relation to uniformly weighted modal control in
the presence of local noise and extraneous modes are now investigated. Figure 7.3 shows
the variation in sound power reduction with varying tip speed Mach number M; following
the minimisation of the sum of the squared pressures, the minimisation of the sum of the
squared spinning mode amplitudes, and the minimisation of the buzz-saw mode only. Here
we assume that there are extraneous modes in the primary field at a level of SN Rep, =

20dB.
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Figure 7.3: Active control performance with varying tip speed for a single ring of 30 sources
and 30 sensors and with extraneous modes at the fan face at levels 20dB below the level of

the buzz-saw mode

In the weighted mode case a sound power reduction of up to 5dB is observed at all
tip speeds. With the buzz-saw mode now removed by the control system the sound
power is now dominated by the propagating extraneous modes. Assuming equal power
per mode in all extraneous modes the sound power after control is approximately equal

to —SNRem + 10logg N where N is the number of propagating extraneous modes which
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in this case is equal to 31.

Figure 7.4 shows the performance of the three control strategies when the noise present
at the error sensors is due to ‘local’ noise at the error sensors. A regularisation parameter
of B =1 x 10" has been used for all tip speeds in order to prevent unrealistically high

optimal source strengths.
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Figure 7.4: Active control performance with varying tip speed for a single ring of 30 sources
and 30 sensors and with ‘local’ noise at the error sensors at a level 20dB below the level

of the buzz-saw mode

As in figure 7.3, the pressure and spinning mode control strategies afford similar control
performance. Substantially larger sound power reduction is observed when control is
confined to the buzz-saw mode with improvements of up to 30dB being obtained at certain

tip speeds compared with a maximum of 20dB for pressure minimisation.

Tt should be noted that minimising the weighted cost function involves inverting a ‘modal’
transfer function matrix Z that is sparse with only a single row of non-zero elements.
This matrix will therefore have singular values equal to zero. These will need to be
discarded using a small regularisation parameter in order to obtain the pseudo-inverse
of the matrix. The regularisation parameter required is substantially smaller than the

regularisation parameter required in the minimisation of all spinning mode amplitudes.
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In practice, noise at the error sensor array will be due to local ‘non-modal’ noise and
extraneous modal contributions simultaneously. However, it is clear from the above that
the single-mode cost function offers considerable benefit compared to the pressure, and
uniformly weighted control algorithms, which attempts to control all modes indiscrimi-

nately.

Despite the improvement over pressure minimisation in the presence of noise, modal control
does have some practical disadvantages when compared to the minimisation of the sum of
the squared pressures. Firstly, the control elements will require careful phase calibration.
Secondly, the actuator array will require all the speakers to be working in order for the
mode to be synthesised. If an actuator fails, control will be severely degraded whereas, in
the pressure minimisation case, the control system can adapt to the failure of a control
system element. Finally, if the control objective is focussed on a single mode then if
energy is scattered into another spinning mode order it will be ignored by the control

system resulting in poor control performance.

7.3 Conclusions

o When the sum of the spinning mode amplitudes is minimised the control performance

is identical to that achieved when minimising the sum of the square pressures.

e In the presence of noise, significant improvements in control performance are gained
by weighting the cost function such that control is focussed on the buzz-saw mode
m = mpg. The biggest increases are observed if the noise is ‘local’ to the error

SCILSOrS.

e Modal control has a number of practical disadvantages: Control system elements
must be phase calibrated, failure of control system elements will result in severe
degradation of control performance and the control system cannot control scattered

modes.
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Chapter 8

Active Control Experiments

8.1 Introduction

Previous chapters have been concerned with theoretical aspects of the active control of
buzz-saw tones. It has been shown that substantial reductions in the sound power radiated
by a single spinning mode can be achieved in the absence of extraneous modes, but that

the presence of extraneous modes can significantly degrade control performance.

This chapter describes experimental results relating to the control of a single spinning
mode using a real-time control system comprising a single ring of 7 actuators and a single
ring of 7 error microphones. The primary field, designed to simulate the characteristics
of a buzz-saw tone, comprises 7 loudspeakers arranged in a ring. Figure 8.1 shows the

experimental rig and the positions of the loudpspeaker and error microphone arrays.

The no-flow duct rig has a length of 2m and a radius of 0.3m. As demonstrated in chapter
5 the seven loudspeakers and seven error microphones are sufficient to control, without
spillover, all spinning modes in the range —3 < m < 3. The array of actuators on the far
right in figure 8.1 are used to excite, at a given frequency, the m = —3 spinning mode. This
is achieved by exciting each loudspeaker with a single frequency signal and introducing a

phase delay of 6m/7 between adjacent loudspeakers. The following section provides a more
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Figure 8.1: The duct section and control system

detailed account of the aspects of the experimental rig and the experimental procedures.

8.2 Experimental procedure

The aim of the experiment is to determine the extent to which ‘global’ control of the sound
field can be achieved by driving the pressure to zero at the error sensors. The pressure is
minimised at the error sensors by the use a real-time adaptive control system to minimise
the sum of the square pressures measured at the error sensor array. The sound power
radiated from the duct is then measured before and after control using a sound intensity

probe in order to determine the sound power reduction.

It has been shown in chapter 5 that with seven loudspeakers and seven microphones the
highest spinning mode order which can be successfully controlled without spillover into
other modes is the m = £3 mode. Thus the frequency range over which control will
be attempted will extend from the cut-on frequency of the (—3,1) mode to the cut-on
frequency of the (—4,1) mode, f_31 < f < f_41. In our duct section the (—3,1) mode
cuts on at 764Hz and the (—4, 1) mode cuts-on at 967Hz. The effect on control performance

of source-sensor array separation distance will also be investigated.
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8.3 The experimental rig

8.3.1 Mode synthesiser ring

Figure 8.2 shows the power amplifiers used to drive the primary and secondary loudspeaker
arrays. Channels 1 to 7 are connected to the loudspeaker array via a ‘delay unit’ which

will introduce the 67/7 phase shift needed to generate the m = —3 spinning mode.

Figure 8.2: Power amplifiers used to drive the primary and secondary actuators, including

the delay line used to drive the mode synthesiser ring

The phase shifts between primary actuators are generated from two sinusoidal signals 90
degrees out of phase, fed to the delay unit. This phase shift is achieved by generating a
sine wave, and then passing it through an analogue integrator circuit to obtain the cosine
signal. The integrator box contains an adjustable gain so that the amplitude of the cosine
wave can be adjusted to equal that of the original sine wave. The two signals are added
to give a single sinusoid whose amplitude A and phase ¢ may be adjusted independently,

as indicated in equation 8.1

z(t) = asinwt + bcoswt = A cos(wt + ¢) (8.1)

The delay line includes values for the coefficients a and b such that the phase change
around the actuator ring is equal to 6w, corresponding to a phase difference between
adjacent loudspeakers of 67 /7. In the absence of imperfections, the loudspeaker array will

therefore excite the m = —3 mode, independent of frequency.

114



Loudspeaker characteristics

Figure 8.3 shows a photograph of the compression driver used in both primary and sec-
ondary loudspeaker arrays. These drivers are usually used to drive horn loudspeakers.
They were chosen as their magnitude and phase response was expected to be fairly well
matched. They are also easily mounted in the duct by a screw thread at the opening of
the loudspeaker.

Figure 8.3: Compression driver used for the mode synthesiser array and the control array

The mode synthesiser used to generate the primary sound field is based on the assump-
tion that the loudspeakers have identical magnitude and phase characteristics over the
frequency range of interest. Of the 16 drivers purchased for the project, the 7 with the
best-matched frequency response were selected to form the mode synthesiser ring. These
were measured by placing a Bruel & Kjaer 1/2 inch microphone at the opening of the
loudspeaker. The loudspeaker was driven with a white noise signal. The cross-spectrum -
Szy(f) was measured between the pressure signal and the excitation signal and also the
power spectrum of the excitation signal S;.(f). These were used to deduce frequency

response function of the loudspeaker obtained from the transfer function [4],

| Suld)

H(f) (8.2)
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The magnitude and phase plots for the 7 best matched loudspeakers are shown in figures
8.4 and 8.5 below. The vertical dashed lines contain the frequency bandwidth of interest

in the experiment.

[H()| dB

i I i i i i L L !
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Figure 8.4: Magnitude in dB of the frequency response function H(f) for each loudspeaker

in the mode synthesiser

¢ H(f) radians
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Figure 8.5: Phase of the frequency response function H(f) for each loudspeaker in the

mode synthesiser

The magnitudes of the loudspeakers’ frequency responses are within 3dB over the fre-
quency range of interest. The phase response of the loudspeakers are within 20° although

this is difficult to see clearly due to random errors in the spectral estimate.
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8.3.2 Modal analysis

In order to assess the performance of the mode synthesiser in exciting the m = —3 mode,
a spinning mode decomposition was performed at the duct wall using the pressure signals

measured at the error microphone array, using

7

- 1 b

@) = = E p(6;,w)e” ™ (8.3)
=1

The complex amplitude of the pressure signals p(f,w) were obtained from the pressure

time series p(6,t) using the simple frequency correlation technique presented in appendix

B.

Figure 8.6 shows the result of the spinning mode decomposition for each of the 14 exci-
tation frequencies between 740Hz and 950Hz at which control was implemented. Due to
loudspeaker mismatch and the finite size of the loudspeakers, all spinning mode orders
are excited in the duct. However, the m = —3 mode is dominant at each frequency, and
is approximately 10 to 20 dB above the level of the largest ‘extraneous’ mode. The term

‘extraneous’ is used here to indicate a mode other than the (m = —3,n = 1) mode.

|A|2 dB arbitrary units

spinning mode order y 25 = Excitation Frequency

Figure 8.6: Measured spinning mode decomposition at the wall at each excitation frequency
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8.3.3 The active control system

The following is a brief description of the hardware used to implement the active control.

Anti- Analog to FXLMS Digital to Reconstruc-
—> aliasing [* digital —>1 controller > analog [ tionlow [—>
low pass converters converters pass filters

Figure 8.7: Block diagram of the experimental rig

Anti-aliasing filters

In order to avoid aliasing in the control system, one must remove all higher frequency
signal components above the Nyquist frequency (Half the sampling frequency f;). The
low pass filters used to do this are 8th order elliptical low-pass filters housed in a National
Instruments SCXI-1141 filter module, is shown in figure 8.7. At each frequency the anti-

aliasing filters are set to have a cut-off frequency equal to the excitation frequency.

Analog to digital converters

The acquired analog signals were converted to digital signals using the 16-bit ADCs on

the National Instruments PXI-6052E multifunction data acquisition card, as shown in 8.7
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Digital to analog converters

The signal must then be converted back to analog signals in order to drive the loudspeakers.
This digital to analog conversion is performed by the analog output card. The analog

output card used is the National Instruments PX1-6733 which uses 16-bit DACs.

Reconstruction filters

After converting the digital signal to an analog signal, the resulting waveform will not be
smooth but will be ‘stepped’. ‘Smoothing’, or reconstruction filters, are therefore required
in order to remove the high frequency harmonics which would be generated if this stepped
waveform was output directly to the loudspeaker. KEMO type VBF /23 elliptical low-pass
filters are used to ‘smooth’ the analog output signals. The reconstruction filters were less
flexible than the anti-aliasing filters and therefore the cut-off frequency was set to 1kHz

for the entire frequency range.

8.3.4 The filtered-reference LMS controller

Single channel example

The Filtered reference (Filtered-x) signal Least Mean Square (FXLMS) algorithm was
implemented in real time to generate the control signals used to drive the actuator array.
The commonly used [10, 41, 58] FXLMS algorithm is a modified version of the Least
Mean Square (LMS) algorithm. The basic LMS algorithm adapts the coefficients of a
Finite Impulse Response (FIR) filter such that a specified cost function is minimised.
At each sample time the coefficients of the FIR filter are updated by an amount that is
proportional to the instantaneous gradient of the cost function. This is usually defined as

the instantaneous error measured at the microphone array.

The active control system of interest here may be represented by the following block

diagram [45].
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Figure 8.8: Block diagram of the active control system

In figure 8.8 z(n) is a reference signal, which is a sinusoidal signal of the same frequency
as the primary signal. In the figure, W(z) represents the response of the adaptive FIR
filter used to drive the secondary sources. The term G(z) is the the acoustic response
between the loudspeakers and the microphones in discrete form, commonly referred to as
the plant model. The signal d(n) is the primary disturbance signal which one is attempting
to cancel, in this case the pressure at the microphone due to the primary sound field. The
active control system can be assumed to be linear and time invariant [45] and therefore
the ordering of the filters can be reversed to give the block representation shown in figure
8.9. The reference signal is now filtered through a sampled version of the acoustic response

before being filtered using the adaptive FIR filter.
d(n)
x(n) umn) ¥ e(n)
—— o@ ®

Figure 8.9: Modified block diagram of the active control system

For the active control system of interest here the error signal e(n) is the sum of the pressure
contributions from the primary source actuator and the secondary actuators. We seek to
minimise this error signal by minimising the sum of the squared error signals at the error
sensors. The error signal for an active control system with a single actuator, a single

microphone and a single FIR filter with I coefficients is defined by the equation

e(n) =d(n) + Y _wir(n —1) (8.4)

which can be written in vector form as
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e(n) = d(n) + wTr (8.5)
where w is a vector of filter coefficients. In this single frequency example, a two coefficient

filter is sufficient. Here, r is a vector of the filtered reference signal for the current and

previous samples.
w o= [wow]" (8.6)
r = [r(n)r(n-1 (8.7)

From equation 8.5 the instantaneous squared error at the microphone is given by

e*(n) = wlrrTw + 2wTrd(n) + d?(n) (8.8)

A vector of the instantaneous gradients of the cost function with respect to each of the

filter coeflicients in g is now defined as

[ 8J o 1"
&= Awo(n) * Ow;(n)

(8.9)

The instantaneous gradient may be used to update the filter coefficients. The general form

of the LMS algorithm is therefore of the form

w(n+1) =w(n) — %g (8.10)

where « is a convergence parameter, which determines the speed of convergence and is

chosen to ensure the stability of the system. This will be discussed later in this chapter.

For the FXLMS algorithm, the instantaneous gradient of the cost function can be written
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g = 2wrrT 4 2rd(n) (8.11)

which can be re-written,

g =2r (d(n) + wrT) (8.12)

Noting that e(n) = d(n) + wrT the gradient expression reduces to

g = 2re(n) (8.13)

Therefore the FXLMS algorithm for a single channel can be written as

w(n+1) = w(n) — are(n) (8.14)

In a practical system, the acoustic response G(z) which is used to calculate the filtered
reference signal r is difficult to measure accurately and is thus only an estimate sz) of
the true response. In a practical system, therefore, the block diagram for the FXLMS

algorithm is shown in figure 8.10.

/ d(n)
+
x(n) u(n) &(n)

W(z) G(z) ‘@/
A n) ,/
G2) )

Figure 8.10: Full block diagram of the practical FXLMS algorithm for a single channel

system
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Multi-channel FXLMS algorithm

The above formulation for a single channel system can be generalised to the multi-channel
case where there are multiple sources and sensors [19]. In this case, one obtains a vector

of the error signals at the error sensor array e at a sample time n

e=d+Rw , (8.15)

where the vector d is the disturbance signal at the microphone array at sample time n.
The matrix R is the filtered-reference signal matrix for all combinations of sources M and
sensors L. The dimensions of this matrix are L X M x I, where I is the number of filter

coefficients, which in the case of a tonal control system is equal to two [17].
At a single error sensor [, the error signal is therefore given by

M 2
e(n) =di(n) + Y Y Wmirim(n — 1) (8.16)

m=1 i=0

The instantaneous gradient vector g in the multichannel case becomes

g =2(RTRw + RTd) (8.17)

N

R";e
and therefore the update equation for the multi-channel case is
w(n+1) =w(n) —aRTe (8.18)
Thus the update for a single filter coefficient is simply

L
Wmi(n + 1) = wpi(n) — Z er(n)fm(n — i) (8.19)
1=1
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The control signals which are output to the speakers can be updated at each sample time
by filtering the reference signal using the current values of the filter coefficients. The

control signal u,(n) for the mth actuator is given by

2
Um(n) = Zwmlm(n —1) (8.20)
i=0

The filtered reference signals are usually generated by using a sampled estimate of the
acoustic response between the loudspeakers and microphones. This plant model is esti-
mated by measuring offline the transfer functions H(f) between each source and sensor.
We seek to control a tonal signal of a known frequency and thus the filtered reference

signals can be inferred directly with no need for an external reference signal.

The reference signal z(n) is a sinusoidal signal of the same frequency f as the primary

disturbance

z(n) = cos(2m fnT) (8.21)

where T is the sampling period, 7' = 1/f;. The control system will operate at a single
frequency and thus the filtered reference signals can be inferred directly from knowledge
of the magnitude and phase response between each actuator and microphone. The filtered

reference signals at a sample time n for an actuator m and a sensor ! will be of the form

Fim(n) = Aim cos(2m fnT + ¢im) (8.22)

The magnitude Ay, and phase ¢y, of the transfer function between each loudspeaker m
and microphone [ can be measured simply by dividing the complez voltage signal measured

at the sensor by the complex voltage driving the loudspeaker,

Zim = —v—”ﬂ = Almeid’lm (8.23)

B Vout (6 m)
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A matrix of single-frequency transfer functions can be measured offline and then used as
an input to the control system. A control loop was programmed which ‘simultaneously’
acquires a voltage signal at each microphone and outputs a voltage to each loudspeaker.
The processing steps involved in implementing the FXLMS algorithm at each sample time

n are summarised below.

e The reference signal for the nth sample is generated,
z(n) = cos (wnT)
e The matrix of filtered reference signals R(n) is constructed using the amplitude and
phase of the single frequency transfer function matrix Z.

e The actuator signals are generated by filtering the reference signal x = [z(n) z(n —

1)]7 using the current values of the filter coefficients w(n),

Un(n) =w'x

e The error signal e(n) is the voltage signal measured at the microphone array. This
is acquired for the nth sample and used together with the filtered reference signals

to update the filter coefficients,
w(n+1) =w(n) — aRTe(n)

where R = [R(n)|R(n — 1)].

8.3.5 Control system stability

The stability of the LMS algorithm can be determined by examining the eigenvalues of
the autocorrelation matrix of the reference signal. In the case of the FXLMS algorithm,
the stability is dependent on the eigenvalues of the cross-correlation between the plant
model matrix R(n), which describes the acoustic path between the sources and sensors,
and the estimated plant model matrix, measured offline, ﬁ(n) For our tonal controller,

only 2 coefficient filters are used in the plant model G(z) and for the adaptive FIR filters
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w. For a single channel, the matrix E {f{(n)R(n)} will have dimensions of 2 x 2. If
the sampling rate is chosen such that there are 4 samples per cycle, the phase difference
between samples will always be 7 /2 and thus if the estimate of the acoustic plant is perfect

the matrix E {f{(n)R(n)} will be symmetric, and will have equal eigenvalues. [17]

In chapter 4, the concept of ‘modes of convergence’ was discussed. The control system can
be reduced to a set of independent ‘modes’ which all need to decay to zero in order for the
error to go to zero. In the FXLMS algorithm the decay rate of the modes of convergence
is inversely proportional to the eigenvalues of the matrix E {R(n)R(n)} Thus if these
are equal then both modes will decay at equal rates. However, if the plant model is not
identical to the actual plant response, then there may be modes which decay at different

speeds.

The dominant factor that affects the conditioning and stability of the control system
is the accuracy of the estimated acoustic plant matrix. Numerous studies have shown
[8, 38, 19, 56] that the FXLMS algorithm is robust to errors in the plant model. It is
shown that in both frequency domain [19] and time domain [56] analyses, in the single
channel the phase is only required to be within £90° of the actual phase in order to ensure

stability.

Boucher et al [8] show that the multi-channel system is almost as robust to errors in the
plant model as the single channel case. They suggest that in order to guarantee stability

the convergence parameter « must satisfy

20,

Aml?

o< (8.24)

where Ap, is the mth eigenvalue of the matrix E {f{(n)R(n)} and op, = R{Am}.

Therefore, in order to achieve stability and fast convergence, the matrix £ {f{(n)R(n)}
is required to have real and positive eigenvalues. The effect of errors on the plant model
is investigated experimentally by Elliott et al [19]. By adding random numbers to the

elements in the plant model matrix, they observe the resulting convergence behaviour.
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The system converges in two stages, with one quickly converging mode and another more
slowly diverging mode. This suggests the presence of a smaller negative eigenvalue and
thus the control system is unstable. One way to avoid this instability is to ensure that all
the eigenvalues are positive and real by adding a ‘leak’ to the FXLMS algorithm. This
has the effect of adding a small value to the eigenvalues of the matrix E {f{(n)R(n)} and
effectively ‘regularising’ the E {f{(n)R(n) matrix. The addition of this effort weighting
term, however, has the effect of limiting the pressure reduction at the error sensors, and

hence degrades control performance. The ‘leaky’ FXLMS algorithm takes the form of

wn+1) = (1—af)w(n) — ar(n)e(n) (8.25)

where 3 is the leakage term, exactly analogous to the regularisation parameter described

in chapter 4.

8.4 Preliminary active control performance results

The active control system was implemented in real-time to control the spinning mode
m = —3 generated by the mode synthesiser. As was mentioned earlier in this chapter, the
theory suggests that the control system will only control, without spillover, of the modes
—3 < m < 3. However, spillover into the m = —4 mode will be shown in chapter 9 to
affect the power reduction significantly even though the pressure is considerably reduced
at the error sensors. Thus the frequencies were chosen to be in the range extending from
the cut-on frequency of the (—3,1) at 764Hz to the cut-on frequency of the (£4,1) at
967Hz.

A value for the convergence parameter o was chosen arbitrarily to guarantee that the error
converged to zero without going unstable. The convergence parameter used was of the
order of 1 x 1073, This value of @ appears to be very small and suggests that the system
is potentially unstable and thus needs to converge slowly in order to maintain stability.

However, as can be seen in figure 8.11, the control system converges in typically less than

127



one second. It is more likely therefore that the small value of a required is due to the fact
that the reference signal is of a different magnitude than that of the measured value of
the error signal. Thus the convergence coefficient is required to be small to overcome the

difference in level.

e"e, ja,|’ dB re arbitrary units
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Figure 8.11: Conuvergence of the control system at 850Hz

The bold curve in figure 8.11 shows the variation of the mean squared error signal over time.
An initial decay of approximately 20dB is achieved within approximately 3000 samples.
At the frequency of 830Hz the sampling frequency fs is approximately 3320Hz which
equates to 4 samples per cycle. After this initial period, the error continues to decay
very slowly, eventually giving a further 2-3dB reduction over the next 40,000 samples.
This behaviour suggests that there is a slow mode of convergence and that the plant
model may not be exact. However, for the purposes of our control experiment the intial
convergence is sufficient to determine the associated sound power reduction achieved. Also
plotted in figure 8.11 are levels of the estimated spinning mode amplitudes at the error
sensors averaged over 1000 samples. The dominant mode m = —3 is observed to decay by

approximately 30dB in the initial 5000 samples.
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8.5 Conclusions

The design of a real-time active control system has been presented.

The primary ‘buzz-saw’ mode m = —3 is synthesised using an array of 7 actuators

with a phase change of 67/7 around the array.

An FXLMS algorithm is used to minimise the sum of the squared pressures at 7

microphones using 7 loudspeakers.

The stability of the control system is dependent on the transfer function estimates.
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Chapter 9

Discussion of Experimental

Results

9.1 Introduction

In the previous chapter the implementation of a conventional real-time control system was
described aimed at controlling the m = —3 single frequency spinning mode. This was
achieved using an FXLMS algorithm to minimise the sum of the squared pressures at a
single ring of seven microphones using a single ring of seven control actuators. This chapter
will examine the results obtained from the procedure in more detail and explain how the
results relate to the mechanisms of control identified earlier in this thesis. In particular,
the relationship between pressure reduction at the error semsors and the reduction in
transmitted sound power is investigated experimentally in the test rig discussed in chapter

8. Explanations of these findings are presented using computer simulations of the test rig.

In order to quantify the global performance of the active control system, the sound power

radiated from the inlet of the duct was measured before and after control.
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9.2 Pressure reduction at the error sensors

Convergence of the control system was assumed to occur when the microphone signals
displayed on the oscilloscopes reduced to the level of the background noise. The micro-
phone signals were recorded before and after control for subsequent processing in order to
determine the reduction in the individual spinning mode amplitudes. These results will

be examined later in the chapter as a means of understanding the control mechanism.

The reduction in the sum of the squared pressures recorded at the microphone array after
control is shown in figure 9.1 for each of 14 excitation frequencies investigated between
740Hz and 950Hz. The microphone array is positioned 1.4m from the ‘exhaust’ termination

of the duct, as shown in figure 8.1.

Reduction in the sum of the squared pressures dB

(7)00 750 800 850 900 950
Frequency Hz
Figure 9.1: Reduction in the sum of the squared pressures measured at the error sensor

array after control versus frequency.

Pressure reductions across the frequency range vary from 14dB in the worst case at 900Hz
to 39dB at 940Hz. This variation is likely to be due to the accuracy of the transfer function
measurements at each frequency and the signal to noise ratio at the error sensors. We
shall now examine the corresponding sound power reduction obtained by integrating the

normal component of intensity over the duct face (see figure 9.2) before and after control.
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9.3 Sound power reduction

In order to calculate the sound power radiated from the duct ‘inlet’, the duct cross section

was divided into a grid of 16 sections, as shown below in figure 9.2. An intensity probe

was used to measure the area-averaged intensity <I_n>2 flowing normally across each area

_ A

section.

Figure 9.2: The 16 section grid over which sound intensity was measured

This was achieved by scanning the probe across the section and computing the space-time
average <f”>z (i =1 — 16). The sound power radiated from the duct section is deduced
by multiplying the intensity measurements by the area of the respective grid section AS;

and summing.

16
W=> (I.),AS (9.1)
=1

The variation in sound power reduction with frequency is plotted in figure 9.3 below with
the error sensor array positioned closest to the secondary source array, as shown in 8.1. The

vertical dashed lines denote the cut-off frequencies of the (+3,1) and (+4,1) modes. The
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vertical solid lines denote the variations in predicted performance based on an estimated
uncertainty in the amplitudes of the two axi-symmetric radial modes, which as we shall
show in section 9.3.1 is one of the main factors in determining the power reduction in this

test rig.

Sound Power Reduction dB

; i . :
800 850 900 950 fco 1000
.1 Frequency Hz =i

Figure 9.3: The variation of sound power reduction following the minimisation of the sum
of the squared pressures. The asterisks show the measured sound power reduction after
control. The dotted vertical lines show the cut-on frequencies of the (-3,1) and (-4,1)
modes. The vertical solid lines show the variation in predicted sound power reduction with

varying levels of the azi-symmetric (0,1) and (0,2) modes

The measured sound power reductions are seen to be highly frequency-dependent and un-
related to the frequency variations in pressure reduction plotted in figure 9.1. Reductions
in sound power are obtained at all frequencies apart from at 740Hz, 940Hz and 950Hz,

where small increases in sound power are observed.

The main reason for poor control performance at the two highest frequencies, is the pres-
ence of the m = +4 modes, which at these frequencies are very close to cut-on, and will
therefore have a significant ampltiude at the error sensors. These cannot be independently

controlled due to insufficient numbers of sources and sensors.
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9.3.1 Predicted sound power reduction

In figure 9.3 the vertical bars show the range of predicted power reductions at each fre-
quency. The inputs to the model are the relative levels of the measured spinning mode
amplitudes. All spinning mode orders m # 0 over the frequency range between 740 and
950Hz comprise a single propagating radial mode, whereas at m = 0 there are two propa-
gating radial modes (0,1) and (0, 2). Their amplitudes cannot be deduced from the single
ring of measured pressure data. To allow for the uncertainty in the mode amplitudes ay, ,
and ap, ,, the bars show the variation in the predicted power reduction for varying ratio
of ZZ—E:; between 10 to 0.1, whilst keeping ap, , + Gpy, = Gpy, Which is known from modal
analysis of the measured data. The predicted power reduction is overestimated by between
5 to 10dB at most frequencies. The main reason for this is believed to be due to imperfect
cancellation of the pressure at the error sensors. Another possible explanation for the
overestimation is that the model assumes the duct walls are rigid. The duct rig is made
of thin sheet metal and acoustic-structural interaction is likely to cause a small amount of
noise to ‘breakout’ or radiate from the walls of the duct section. Anomalous results occur
at the frequencies of 790Hz, 870Hz and 885Hz, where the predicted power reductions are
poorer than those measured. The reason for this is currently not understood and is being

investigated.

9.4 Modal decomposition for the interpretation of the con-

trol mechanism at the error sensors

At each of the frequencies at which control was implemented, the pressure signals at the
error microphones were processed to determine the amplitudes a,, of the spinning mode
orders at the duct wall. The complex pressure signals at the microphones p(6;,w),(l =1
to 7) were deduced from a measured pressure time series p(f;,t) over 1000 samples, corre-
sponding to T = 0.3s of data at 885Hz, following the procedure detailed in appendix B.
A spinning mode decomposition of the sound field at the duct wall was then performed,

before and after control, using
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~ 1 —imi
bm(w) == Y _p(Ow)e™ ™ (9.2)
=1

Application of the Nyquist theorem to spatially sampled sound fields, suggests that this
operation allows the unambiguous decomposition of modal amplitudes for modes in the
range —3 < m < 3. Higher order spinning modes present in the sound field will therefore
be aliased, and hence will contaminate the measurement in the range of m for which it is

valid. Modal decomposition results are shown in figure 9.4 at a frequency of 885Hz.

% T T T T T

T
: [ ] betore control
- [l after controf

18, dB re arbitrary units

-1
azimuthal mode order m

Figure 9.4: Measured spinning mode amplitudes at the duct wall before and after control

at 885Hz

Before control, m = —3 is the dominant mode with a level 15dB greater than the other
modes. After control, all spinning mode amplitudes appear to have been reduced, such
that the axisymmetric m = 0 mode now dominates the sound field at the error sensors. At
this frequency, the sound power is reduced by 14.5dB The measured modal decomposition
is plotted in figure 9.5 for the higher excitation frequency of 950Hz. It shows that all
spinning mode amplitudes have been reduced. However, figure 9.3 shows that in this case

the sound power actually increases after control by approximately 2dB.

The important difference in these results at the higher frequency compared with the results
at 885Hz in figure 9.4 is that now the m = +4 modes with a cut-on frequency of 967Hz

are now much closer to cut-on. At 950Hz, the cut-off ratio of the m = %4 spinning

135



120 ; ! ! ! z

[ before control
Il after control

|&_[? dB re arbitrary units

m

-3 -2 -1 0 1 2 3
azimuthal mode order m

Figure 9.5: Measured spinning mode amplitudes at the duct wall before and after control

at 950Hz

modes is ¢ = 0.98 and hence these modes decay very slowly along the duct by only 14dB
between the secondary source and the error sensors. The control system will attempt to
control this mode in order to cancel the pressure at the error sensors. However, due to
an insufficient number of sources, the m = +4 modes cannot be excited independently of
the other (principally the m = +3) modes. Moreover, due to an insufficient number of
sensors the m = £4 modes appear at the control system as a lower order mode. Thus,
the m = 44 cut-off modes are essentially aliased and control performance is degraded.

Further discussion of this process is given in section 9.5

Figures 9.6(a) and 9.6(b) show a comparison between the measured spinning mode am-
plitudes after control at 950Hz and that predicted using the model with the measured
spinning mode amplitudes input to the model. Although the predicted sum of squared
pressures is zero, as predicted from equation 5.3 (of the order —300dB), the measured
spinning mode amplitudes are not driven perfectly to zero, but attenuated by between 10

and 30dB.

Two main differences can be observed between the predicted and measured spinning mode

amplitudes. Firstly, the predicted levels of the m = +3 modes are much higher than the
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Figure 9.6: Comparison between predicted spinning mode amplitudes using the theoretical

model (a) and measured spinning mode amplitudes (b) at 950Hz

measurements by up to 25dB. This is due to the level of the m = +4 mode being aliased
into the lower order modes. Secondly, the predicted amplitudes of the m = £l and m =0
modes are substantially lower than those measured. This is believed to be because the
pressure at the error sensors is only reduced by 20-30dB whereas the prediction assumes

perfect cancellation.

A comparison between figures 9.6(a) and 9.6(b) makes clear that the measured spinning
mode amplitudes at the duct wall using insufficient sensors are not a reliable indication
of the actual level of these spinning modes at the error sensors after control, when higher
order extraneous modes are present. The measured m = £3 mode amplitudes are therefore
an underestimate of its actual level. The important finding from these two measurements
is that at 885Hz, the axi-symmetric m = 0 mode dominates the sound field after control,
whereas at the higher frequency of 950Hz, the m = 0 and the m = +4 modes are equally

important.

Note that aliasing is not such a problem in the modal decomposition before control, how-
ever, as the primary source is further away from the error sensors and the m = £4 modes
decay to significantly lower levels at the error sensors, as will be verified from computer

predictions presented later in this chapter.
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9.5 Control mechanism at the error sensors

In order to understand more fully the relationship between sound pressure reduction and
sound power reduction, the individual mode amplitudes at the error sensors after control
are predicted using the theoretical model. Figure 9.7(a) shows the predicted mode ampli-
tudes at 885Hz of the first and second radial mode orders at the wall for —4 < m < 4.
Figure 9.7(b) shows 4,,, the sum of the radial mode orders of each spinning mode, obtained

using the theoretical model.
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Figure 9.7: Predicted mode amplitudes at the error sensors (a) and the sum of the radial

mode amplitudes (b) at the error sensors after control at 885Hz

These predictions show two main features. One is the appearance of high amplitude
(m = £4,n = 1) modes. The other is the dominance of the axi-symmetric radial modes
(0,1) and (0, 2), associated with m = 0. Consistent with equation 5.5, figure 9.7(b) shows
that @g = 0 and hence the two radial modes must be driven so that their amplitudes
exactly cancel, ap,1 = —ap2. Both of these modes are cut on and therefore carry sound
power. It is therefore the level of these modes which in this experiment dominates the

sound power after control at this frequency.

Far less important to control performance are the two radial mode amplitudes associated
with the m = %1 spinning modes, which also cancel at the error sensors, i.e. 43 1+a12 =0,

even though the radial mode (1,2) is just cut-off. Their amplitudes are therefore equal at
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the error sensor array. Beyond the error sensor array, the evanescent mode decays away,

whilst the propagating mode remains at constant level.

The most intriguing feature of figure 9.7 is that 44 = —a_3 and d3 = —a—4. Thus it
appears that since the 44 mode cannot be controlled independently, the pressure at the

error microphones is driven to zero by arranging for the amplitudes of @4 and a3 to cancel.

This behaviour can be explained by examining how the evanescent m = £4 mode is aliased

by the control system.

The use of 7 microphones assumes periodicity in the spinning mode spectrum such that

G = Gmpnt ([ =—00...0...00) (9.3)

If we take the actual spectrum after control for 885Hz shown in figure 9.7(b) comprising
the modes —4 < m < 4, then the ‘measured’, aliased spectrum will be of the form
‘Actual’ Spectrum

=1 =0 =1

1 spinning mode order m 1
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Figure 9.8: The ‘measured’, aliased spectrum of spinning mode amplitudes after control at

885Hz

Thus,

as = adz+a-4 ((=-1)
S N e’
measured actual
as = a_s+ag (1=1) (9.4)
~—~ [
measured actual

In order to drive the ‘measured’ spinning mode amplitude d.3 to zero, the actual ampli-

tudes are arranged such that

d_s+as = O (9.5)

The modal interpretation of the control mechanism involved in the cancellation of the
pressure at the error sensors in the experimental duct has been shown to be surprisingly

subtle. It may be summarised as follows:

a) The amplitudes of the m = £4 modes are excited in order to cancel with the m = £3

mode. The pressure is driven to zero by arranging for a4 = —a_3 and a3z = a_4 at
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the error sensor plane. This is because the m = 44 modes cannot be controlled

independently by the seven sources and sensors of the control system.

b) The amplitudes of the m = 0 modes are arranged to cancel, ag1 = —ag2, since the
two radial modes associated with m = 0 cannot be independently controlled by the
single ring of sources and sensors. The same process occurs for m = +1 so that

a+1,1 = —a=+1,2, even though the a4, 2 modes are cut-off.

It should be noted that the predictions for power reduction assume that the pressure is
driven exactly to zero at the error sensor array. In practice, however pressure reductions
are limited to between 10dB and 40dB. Nevertheless, evidence will be presented in the fol-

lowing sections that control mechanism discussed above is still relevant to the experimental

rig.

9.6 Sound intensity distribution before and after control

9.6.1 Control at 885Hz - good control performance

Figure 9.3 shows that the largest sound power reduction of 14dB is observed at a frequency
of 885Hz. (At the time of writing it is unclear as to why this is the case and this is
currently being investigated). The change in intensity distribution across the duct face
following control yields information that is useful for the interpretation of the control
mechanism. The acoustic intensity distribution flowing across the duct ‘inlet’ at this
excitation frequency before and after control is plotted in figures 9.9(a) and 9.9(b). Before
control, the acoustic energy is concentrated close to the duct walls. This provides some

evidence for the presence of the first radial mode order n = 1, as shown in figure 2.4.

Figure 9.9(b) confirms that after control the intensity at the duct walls has reduced by
approximately 15dB, commensurate with the power reduction of 14dB. Furthermore, the
radial variation of sound intensity is now significantly smaller compared with that before

control suggesting that after control there is no longer a single radial mode order mode
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Figure 9.9: Measured sound intensity distribution before control (a) and after control (b)

at 885Hz

dominating the sound field in the duct, as confirmed by the predicted mode amplitudes
in figure 9.7(a).

9.6.2 Control at 950Hz & 740Hz - poor control performance

The intensity distribution over the duct face at 950Hz before and after control, where the
total power has increased by 2dB, is plotted in figures 9.10(a) and 9.10(b). Once again,
before control there is evidence of the n = 1 mode as indicated by the localisation of energy
close to the duct wall. However, a very similar intensity distribution is also observed after

control, but is now marginally increased.

The likely explanation for this finding, as predicted by figure 9.6 is that at this frequency,
the (4,1) mode is close to cut-on with a cut-off ratio of { ~ 0.98. It will therefore make
a more significant contribution to the pressure compared with at the lower frequencies.
It was identified in the following section that in order to cancel the pressure to zero the
control system excites the m = +3 and m = +4 modes such that G4 = —a_3 and 43 = G_4
at the error sensor plane. At a frequency of 950Hz where the m = 44 modes are close
to cut-on, this mechanism will dominate the sound power after control. Thus, the energy

will be localised at the duct wall both before and after control.
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Figure 9.10: Measured sound intensity distribution before (a) and after (b) control 950Hz

The sound intensity distribution before and after control at 740Hz is plotted in figures
9.11(a) and 9.11(b), for which the power is increased by approximately 1dB. Very little

variation over the duct cross section is observed both before and after control.
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Figure 9.11: Measured sound intensity distribution before (a) and after (b) control 740Hz

The likely explanation for poor control performance at this frequency of 740Hz is that
the (—3,1) mode is cut-off (( = 0.97). This mode will transmit very little power in
comparison to the extraneous modes (m < +3), which are also inadvertently excited. The
small variation in intensity across the duct face, before control, plotted in figure 9.11(a)
suggests that the axi-symmetric m = 0 mode is dominant. The axi-symmetric mode

contains two propagating radial modes which cannot be independently controlled by the
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single-ring control system. These modes will therefore also dominate the sound power

after control resulting in very little, or no, reduction in sound power.

9.7 Axial variation in sound pressure reduction along the

duct

In order to further investigate the mechanism of control, the sound pressure level was
measured at a microphone positioned at 5cm intervals along the length of the duct at the

duct wall, both before and after control.
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Figure 9.12: Comparison of measured (dotted line) and predicted (solid line) sound pressure

level before control (a) and after control (b) at 885Hz with z. = 1.4

Figures 9.12(a) and 9.12(b) show a comparison between the measured and predicted axial
variation of sound pressure levels at 885Hz, before and after control, respectively. This
prediction was obtained by assuming modal amplitudes for the primary field a,, to be
identical to those measured before control (figure 9.4). The radial modes associated with
the axi-symmetric m = 0 mode are assumed to be of equal amplitude. The prediction
code is modified such that the primary monopole sources behave similarly to the secondary
sources and radiates in both directions along the duct (recall that it was assumed that

the primary field only radiates initially towards the duct inlet). The microphone used for
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the measurements was not calibrated. The absolute levels have therefore been adjusted
such that the ‘shape’ of the pressure distribution can be compared. The comparison of
the SPL before control shows reasonable agreement between the measured and predicted

axial variation of SPL thus providing some verification of the accuracy of the theoretical

model described in chapter 3.

The measured sound pressure level reduction at a frequency of 885Hz along the duct wall
is plotted (dashed line) in figure 9.13. Also plotted (solid line) is the predicted sound

pressure level reduction obtained using the theoretical model described in chapter 3.
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Figure 9.13: Comparison of measured and predicted sound pressure reduction at 885Hz

Sound Pressure Level dB (re SPL before control)
5

with varying axial position
In this example, predictions are found to be in reasonable qualitative agreement with
measurements. Different regions of behaviour are observed as follows:

e Region: = > z; Both experiment and prediction show that the sound pressure level

is reduced at all locations forward of the secondary source array.
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e Region: < z; Small pressure reductions are produced between the ‘exhaust’ at
= = 0 and the secondary source. Large increases in pressure level are also measured

in this region, particularly at 0.7m where the sound pressure level is increased by

144dB.

e Region: z; < z < z,. The sound pressure level reduction forward of the secondary
sources does not drop sharply, as would be predicted based on primary sound fields
comprising only propagating modes, but appears to ‘decay’ gradually, and then

suddenly drop to a minimum level at the error sensors.

o Region: z > z, Forward of the sensor array the predicted sound pressure reduction

rises to a roughly steady level of about -10dB.

This behaviour is consistent with the control mechanism proposed in section 9.5, in which
the axi-symmetric radial modes are excited so as to cancel at the error sensors, and the
amplitudes of the m = +3 and m = £+4 modes are excited such that they cancel at the
error sensor array. In further support of this hyposthesis, figure 9.14 shows the predicted
axial variation of sound pressure level after control, together with the predicted levels of
the (0,1),(0,2), (£3,1) and (£4,1) modes in the duct.
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Figure 9.14: The predicted level of the modes after control at 885Hz
Note that the (4,1) and (—3,1) modes have identical magnitude at the plane of the error
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sensors, as do the (0,1) and the (0,2) modes. The figure shows that the rate of decay of
sound pressure reduction close to the secondary source array roughly follows the decay of
the (4,1) evanescent mode. Furthermore, the level of the sound field between the inlet and
the error sensors is dictated by the level of the m = 0 mode after control. It appears that
the level of the evanescent modes m = +4 are much lower than that of the propagating axi-
symmetric mode at the error sensors. These propagating modes will therefore dominate
the pressure, and therefore, the sound power at the duct termination. It is clear, however,
that at higher frequencies (but below its cut-off frequency) the m = +4 modes will decay
more slowly and may adversely affect control performance. Both of these situations will

be investigated later in the chapter.

The axial variation of the (—3,1) ‘buzz-saw’ mode follows closely the behaviour described
in chapter 5, even though extraneous modes are present. It was shown in chapter 5 that
the level of the dominant ‘buzz-saw’ mode is only reduced forward of the secondary source
array. Between the secondary source array and the exhaust termination the buzz-saw
mode radiated backward from the secondary sources will be unattenuated. As described
in section 5.2.6 the control system in the time-domain controls subsequent reflections

setting up a standing wave field in this region of the duct.

9.8 Variation in sound pressure reduction around the duct

wall in the plane of the error sensors

The sound pressure level was measured before and after control at positions along the
circumference of the duct wall between two adjacent error sensors. Measurements were
taken at increments of approximately 3cm. Whilst the predicted pressure at the error
sensor is zero, the measured reductions are limited to 16dB in this case. Furthermore,
the minimum reductions at the wall differ by approximately 20dB. Nevertheless, both
measurement and predicted reductions indicate variation in SPL that are slightly skewed

‘to the right’, due to a particular combination of interfering spinning modes.

According to the DFT argument proposed in chapter 5, in the absence of aliased modes,
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Figure 9.15: measured (a) and predicted (b) pressure reductions at circumferential positions

between two adjacent error sensors

the pressure along the duct wall is predicted to be roughly constant and equal to the level
at the error sensor. However, at circumferential positions away from the error sensors,
the measured sound pressure reduction varies by as much as 10dB. This further suggests
the presence of aliased higher order modes. These modes were identified in the previous

section as the m = #4 spinning mode, which is inadvertently excited by the secondary

actuators.

9.9 Sound power reduction with varying source-sensor

separation distance

In this section we investigate the variation of power reduction with varying source-sensor
separation distance. Figure 9.7(a) presents the mode amplitudes at the error sensors after
control and shows that at 885Hz the level of m = 0 modes dominate the sound field at
the error sensors. The levels of these modes therefore determine the sound pressure, and
therefore, the sound power after control. This suggests that, with only propagating modes
determining the sound power after control, control performance should not be significantly
affected by increasing the distance between the source and sensor array. This situation

contrasts that in chapter 5 when extraneous modes were ignored and the power reduction
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was shown to be fundamentally limited by the level of the cut-off radial mode associated

with m = mp.

9.9.1 Control mechanism at 885Hz

In order to gain insight into the effect on control performance of increasing the source-
sensor separation distance Az, the sound pressure level was measured before and after
control along the full length of the duct, in 5cm increments. These measurements were
repeated with the error microphones positioned at the four sensor measurement locations:
z = 1.4m,1.55m,1.7m and 1.85m. The measured reduction in sound pressure level along
the duct wall was compared with predictions obtained from the model. The measured and
predicted sound pressure level reductions are compared in figures 9.16(a) to 9.16(d) for

the four error sensor positions listed above.

Excellent qualitative agreement is generally observed between the measured and predicted
sound pressure reductions. Particularly good agreement is obtained with the error sensors
at ze = 1.55m in figure 9.16(b). The characteristic ‘decay’ close to the secondary source
array is clearly observed. The pressure is driven to a minimum at the error sensor array
which then settles to a reduction in level of approximately 20dB between the error sensor
array and the duct termination. Comparing this with the predicted reduction observed
in figure 9.16(a), reveals an improvement of 10dB over the control system with the error
sensors at . = 1.4m. This seems to suggests that control performance may be improved by
moderate levels by increasing the source-sensor separation distance, with the best control

performance being obtained with the error sensors positioned at z. = 1.85m.

The agreement between measured and predicted sound pressure level reduction is poorest
with z, = 1.7 in figure 9.16(c). This is likely to be due to poor reduction in pressure at
the error sensors caused by inaccuracies in the transfer function estimates at this sensor
position. The predicted sound pressure reduction suggests that the control performance
has improved since the pressure reduction predicted at the ‘inlet’ termination is lower than

with the sensors positioned at z, = 1.55m. However, the measured pressure reduction at
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the termination which controls the sound power reduction is greatest in figure 9.16(d)

corresponding to the largerst source-sensor separation distance.

Figures 9.17(a) to 9.17(d) present the predicted mode amplitudes after control for the four
cases above. They demonstrate that as the sensors and sources are moved further apart,
the axisymmetric modes excited by the secondary sources steadily reduces, which as we

have shown, ultimately determines the level of sound power reduction in this experimental

rig.
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Figure 9.17: Individual mode amplitudes after control at the error sensor array at 885Hz

Te = 1.4m (a), 1.55m (b), 1.7m (c) and 1.85m (d)

In an attempt to explain this Az-dependence, a simple analytical model is now developed
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for the sound power reduction versus Az for the case of our experimental rig.

9.9.2 Analytic model for the sound power after control at 885Hz

In this section a simple analytical model is presented for the sound power reduction ver-
sus source-sensor separation distance Az at frequencies sufficiently below f4; that the

contribution to the pressure at the error sensors from the (4,1) mode may be neglected.

Chapter 5 has shown that the spinning mode amplitudes at the duct wall can be driven to
zero when sufficient numbers of sources and sensors are used (i.e. no aliased modes) and
the pressure is driven to zero at the error sensors. As discussed earlier, only the m =0
mode comprises two radial modes with all other modes comprising only one. These two

modes cannot be individually cancelled, but only their sums. We can therefore write,

ao(Te) = ao,1(ze) + ap2(ze) =0 (9.6)
where
ap,1(Te) = apy,(Te) + Qo20,1(Ts, Te)
aO,Z(xe) = Qpgys (xe) + Q020,2($S> xe)
(9.7)

o being the modal source strength defined in chapter 5 and zp; and zp 2 being the modal
transfer impedances between the source ring and the amplitudes of the axi-symmetric

radial modes defined in equation 5.25. Substituting equation 9.7 into 9.6 gives

ao(ze) = a0,1,(Te) + ao,2,(ze) + Qo [20,1(s, Te) + 20,2(2s, e)] = 0 (9.8)
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The modal source strength Qg is given by the ‘DC’ component of the secondary source

ring (see equation 5.23),

1 7
Q=33 alom) 99)

Equation 9.8 can be used to obtain an expression for the modal source strength Qo in
terms of the amplitudes of the modes before control, ay,,,ap,,, and the modal transfer

impedances 201 and zg 2,

_ —Qpgn (xe) + Gpg o (3:6)
201(Zs, Te) + 20,2(Ts, Te)

(9.10)

Note that zp,1(Zs, Ze) + 20,2(Zs, Te) can be interpreted as the combined modal impedance

of the m = 0 mode.
Substituting equation 9.10 into equation 9.7 one obtains the following expressions for the

radial mode amplitudes at the error sensors after control,

pq.1 (Te)20,2(Ts, Te) — pg 5 (Te)20,1(Ts, Te)
z0,1($37 xe) + 20,2 (IS) xe)

ao,1(ze) = (9.11)

and

o2 (Te)20,1(Ts, Te) — po; (Te)20,2(Ts, Te)
20,1(s, Te) + 20,2(Zs, Te)

ao2(Te) = (9.12)

Assuming that the sound power from all other modes can be neglected, the sound power

can be determined from

W (ze) = |ao, (ze)*10,1(xe) + lao2(ze)v0,2(ze) (9.13)
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From equation 9.6, |ao,1| = |ao,2| and thus the power after control can be simply expressed

as

(ze)z0,2(xs, Te) — Qpo 2 (me)zo,1 (5, Te)
ZO,l(ms, xe) + 20,2 (3557 xe)

2
W (o) = | 222 (o1(ze) +02(ze))  (9.14)

Equation 9.14 can be used to obtain a simple expression for the variation of sound power

reduction with sensor position.

In the absence of reflections and mean flow, the modal transfer impedance of equation 4.2

can be written as

pc ik (xe—2s)
Ty, Te) = ———e "Fmmife™%s 9.15
Zm,n( s e) QSOLm,n ( )
and the power factors of equation 9.14, 9,1 and g2, are equal to ——2‘2 - and S;:f respectively.

Substituting these results into equation 9.14 and for simplicity assuming that |a,, |2 =

lap, 5|2 we obtain a simple expression for the sound power in the form

w1+ lao,2[? — 20,2 cos((Ak ) (zf — z5)) (9.16)
Wy 1+ |ag2|? — 2aq,2 cos(Akz Az) '

where Ak; = kgy, — kzp, and Az = z. — 25 and W}, is the sound power before control

given by

_ ’apo,liQS

Wy = [1+ |eozl?] (9.17)

2pc
Three predictions for the sound power after control versus Az for the experimental rig at
885Hz are plotted in figure 9.18. The three curves show the prediction obtained using the
full model of chapter 3, the analytical model given by equation 9.14 and the simplified
model of equation 9.16 using the exact expression for the modal impedances. Excellent

agreement is obtained between the analytical model and the full prediction for Az > 0.2m.
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Figure 9.18: The predicted sound power level after control at 885Hz with varying sensor

position

The general behaviour is also closely predicted by using the simple expression of equation

9.16 which assumes no reflections.

The maxima in this figure, corresponding to separation distances Az, = 0.45m and 1.47m
of smallest power reduction, occur where Ak, Az, = nw. These positions correspond
to source/sensor separation distances at which the combined impedance, zp1(zs,ze) +
20,2(%s, Te), Is & minimum and hence the secondary source ring is least well coupled to
the error sensors. At these separation distances the modes cannot be driven to be in
anti-phase without being excited to a high level. Equation 9.16 predicts that the maxima,
in this figure increase as the frequency increases above the cut-off frequency of the (0, 2)

mode as ap,2 approaches unity.

Poor agreement for Az < 0.2m is due to the presence of the evanescent m = +4 modes,
which dominate the sound field at these close separation distances, and which are not
included in the simple model. At higher frequencies this mode will decay more slowly and
so may affect control performance. The control mechanism at higher frequencies will be

discussed in section 9.9.3.
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Sound Powesr reduction dB

Figure 9.19: Comparison between measured and predicted variation of sound power reduc-

tion with source/sensor separation distance at 885Hz

Figure 9.19 shows a comparison between the measured sound power reduction for the four
error sensor positions, and the predicted reduction obtained using the full numerical model.
The prediction is seen to overestimate the measured power reduction by approximately
10dB. The main reason for this difference therefore, is that the prediction assumes zero
pressure at the errors sensors whereas the pressure is only reduced by approximately 20-
30dB in the experiment. A high level of cancellation between the two radial modes is

necessary to achieve the high sound power level reduction predicted in figure 9.19.

9.9.3 Control mechanism at f > 900Hz

In this section we investigate the mechanism of control at frequencies greater than 900Hz.
The important difference here compared with the results presented in section 9.9.1 is that
the m = 4 modes are significantly less cut-off, and hence make a significant contribution

to the pressure at the error sensors.

Figures 9.20(a) to 9.20(d) show the predicted mode amplitudes after control for the four

sensor positions. At this higher frequency the evanescent m = 44 modes are observed to
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have a higher amplitude than the axi-symmetric modes at the error sensor array. There
are insufficient sources and sensors to detect and control this mode without affecting lower
order modes. As discussed in section 9.5 The control system therefore excites the modes

such that d43 + a4 = 0.
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Figure 9.20: Predicted mode amplitudes after control at the error sensor array ot 920Hz

xe = 1.4m (a), 1.55m (b), 1.7m (c) and 1.85m (d)

With the error sensor array positioned at z, = 1.4m, figure 9.20(a) shows that the level
of the m = £4 modes is larger than that of the m = 0 mode. The m = +3 modes
will therefore be excited in order to cancel with this mode, and will therefore dominate
the sound power after control. Global control performance is therefore degraded. The

level of the evanescent mode reduces as the source-sensor separation distance is increased.
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With the error sensors positioned furthest from the source array at z, = 1.85m the
evanescent mode has decayed to a level lower than that of the axi-symmetric mode. The
m = £4 modes will therefore no longer affect control performance at these high separation
distances. The decay in SPL between sources and sensors of the evanescent mode can be

determined from

ASPL = —8.727”A:c, [f3 -2 (F<fu) (9.18)

At 920Hz, with the error sensors positioned at z, = 1.4 the m = %4 mode will decay by
24dB before reaching the error sensor array. The decay is increased to 32dB at the lower

frequency of 885Hz.

Figures 9.21(a) to 9.21(d) show a comparison between the measured and predicted sound
pressure reduction along the length of the duct for the four error sensor positions at this
higher frequency of 920Hz. At each error sensor position, the decay of the evanescent
mode between the secondary source array and the error sensors can be observed in all
cases. Agreement between the measured and predicted pressure reduction levels are not
as good as at 885Hz in figure 9.16, however, the qualitative agreement remains good, with
many of the features being closely predicted. Once again, the likely reason for the difference
between prediction and measurement is that the model assumes zero pressure at the error
sensors whilst in practice reduction are limited to about 20dB. It follows, therefore, that
in order to reduce the effect of the evanescent mode on control performance, the distance

between the secondary source and sensor array should be increased.
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Figure 9.22 shows a comparison between the predicted variation in sound power reduction
with varying separation distance using the theoretical model and the measured sound
power reduction. In both prediction and measurement, increasing the separation distance
between the sources and sensors is observed to increase the sound power reduction. Whilst
the prediction and measurement follow the same trend, the latter is roughly 5dB less than

that predicted. Again, this is due to imperfect cancellation of the pressure at the error

Sensors.

Sound Power reduction dB

Figure 9.22: Variation of sound power reduction with source/sensor separation distance

In order to illustrate the effect of increasing source-sensor separation on control perfor-
mance over the entire frequency range, figure 9.23 shows the measured sound power reduc-
tion at all frequencies with the error sensors positioned at . = 1.4 (dashed line) and at
ze = 1.85 (dash/dot line). With the error sensors positioned at z. = 1.85 a measurement
could not be obtained at 765Hz due to noisy transfer function measurements causing the
control system to become unstable. This is likely to be because at this frequency there is a
null in the primary field pressure close to z. = 1.85m. Also plotted are the predicted sound

power reductions, assuming that the primary source axi-symmetric mode amplitudes are

equal.

Comparing the predicted sound power reductions, at the lowest frequencies, there is little

improvement in the sound power reduction. At frequencies above 850Hz, the sound power

160



35 T T ' !
— predicted X =14
30k predicted a1 85 | £ A _
. measuredxe=1.4 :
25k - - measuredx =1.85{: ./ ... \...
m
o M N N
S 20k A R R P PPPRPRPI
< . N N
=2
k=l
D
T 150
lU
2
el
o
-g 10F o e, JIRRU0 SRUY SUDIS N 8 o T A NCT [ERREAREED <
=]
j=]
@
Sl T N L NN
v
A
_5 : I | 1
700 750 800 850 900 950

Frequency Hz

Figure 9.23: Measured and Predicted sound power reduction with the error semsors posi-

tioned at ze = 1.4m and z. = 1.85m

reduction improves by up to 25dB at some frequencies. In the prediction where the pressure
is driven to zero, we have seen that at the lower frequencies, the sound power reduction
is dependent on the coupling between the sensors and the axi-symmetric m = 0 modes.
It is difficult therefore to distinguish between the frequencies at which the sound power
reduction is dominated by the axi-symmetric modes and those at which the sound power

reduction is affected by the (4,1) evanescent mode.

In the measured frequency dependence, there is little difference between the sound power
reductions below 885Hz, as we have seen in figure 9.4 that in the actual system the axi-
symmetric modes only partially cancel. However, at 900Hz and 920Hz, where it is expected
that the m = +4 modes will affect the sound power reduction. An increase in sound power

reduction of 5dB is observed at the frequency of 920Hz.

9.10 Conclusions

e A single frequency control system to control the (—3, 1) mode has been implemented.
It has been shown that by minimising the sum of the squared pressures at the error

sensor array one can achieve reductions of up to 14dB in the sound power radiated
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from the duct.

The model developed in chapter 3 was shown to give qualitatively good agreement
with the measured pressure variation along the duct both before and after control.
Predictions of sound power reductions were generally overestimated. This is likely
to be because in the model the pressure is driven to zero, whereas in reality the

pressure is only reduced by between 10 and 30dB.

Using the theoretical model, the sound power after control at the lower frequencies
was seen to be dominated by the level of the axi-symmetric modes after control.
An analytical model was developed to predict the sound power reduction. Poor
agreement was seen with measurements, however results do indicate that this control

mechanism exists.

At frequencies close to the cut-on frequency of the (4, 1) mode, aliasing of this evanes-
cent mode occurs which degrades control performance. This mode will dominate the
control mechanism at these higher frequencies. It was shown that as the separation

distance is increased, control performance increases the most at higher frequencies.
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Chapter 10

Conclusions and Further Work

10.1 Conclusions

In this chapter we shall summarise the conclusions drawn from previous chapters and

suggest possibilities for further study.

Chapter 1 demonstrated that although a great deal of research has been undertaken into
the active control of aircraft engine noise, it has predominantly focussed on the attenua-
tion of rotor-stator interaction noise. There has been no publication of research into the
application of active control to control buzz-saw noise, which is much simpler in modal

composition and lower in frequency.

The modal structure of buzz-saw noise was described in chapter 2. The passive liner sec-
tions currently used in aircraft engine nacelles to attenuate noise have insufficient thickness
to effectively attenuate its very low frequency components. At the tip speeds associated
with take-off, the low EQ buzz-saw tones which dominate the sound field have a very
simple modal structure. At each ‘engine order’ (EQO), the sound field is dominated by a
single mode with azimuthal mode order m = mp = EO. At the frequencies associated
with these low engine orders, only a single radial mode can propagate in the engine inlet.

Thus, at each frequency only a single mode must be controlled.
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A model for the propagation of buzz-saw noise in a finite-length duct is developed in
chapter 3. The model uses a simple method for the estimation of modal reflection. It is
based on a modification of Zorumski’s [63] generalised impedance method to account for
mean flow effects. It was shown that these modal reflection coeflicients are consistent with

energy conservation when the definition of energy in flow by Morfey [43] is used.

The two active control objectives to be studied in chapter 5 and 7 are described in chapter
4. These include a pressure control objective whereby the sum of the squared pressures are
minimised at the error sensor array, and a pragmatic modal control algorithm whereby the
sum of the square spinning mode amplitudes measured at the duct walls are minimised. It
was shown in this chapter that the transfer impedance matrix which relates the pressure
at the error sensors to the source strengths may become badly conditioned depending on
the number of sources and sensors in the control system. A badly conditioned control
system is one in which the presence of a small amount of noise at the error sensors causes
comparatively large increases in the source strengths required for control. The source
strengths can be limited by introducing a regularisation parameter into the cost function.
This is achieved at the expense of a smaller reduction in the cost function. The use of
Hansen’s L-curve [23] technique is applied to identify the optimal regularisation parameter
which simultaneously gives the largest reduction in pressure using the smallest value for

the source strengths.

In chapter 5 the theoretical model developed in chapter 3 was used to predict the sound
power reduction achieved by minimising the sum of the squared pressures at the error
sensor array. Noise and extraneous modes were assumed to be absent. This control
objective was studied due to its simplicity and relative ease of implementation. The
primary sound fileld in this case is assumed to comprise a single buzz-saw mode (m =
EO,n = 1). It was shown that sound power reductions could be achieved provided that
the number of sources and sensors satisfies the Nyquist sampling criterion, whereby the
number of sources and sensors must exceed 2|Mymqz|+1 Where myy,q, is the highest spinning
mode order which can propagate in the duct. A more practical sampling criterion of
2|Mmaz| + 3 was suggested to avoid aliasing problems and hence modal spillover. Aliasing

is due to higher order azimuthal mode orders which are close to cut-on and therefore have

164



a significant amplitude at the sensor array.

In the absence of noise, the sound power reduction achievable was found to be fundamen-
tally limited by the level at the error sensors of the (m = EO,n = 2) evanescent mode
excited by the secondary sources. This finding was used to develop an analytical model
for the sound power reduction after control which is in close agreement with the exact cal-
culation. Strong reflections associated with modes close to cut-off are shown to influence
control performance. A modal interpretation of the control mechanism is described. It
has been shown that after control there are two standing wave regions in the duct. High
amplitude standing waves are present between the secondary sources and the ‘exhaust’
termination, and a weaker set of standing waves are observed between the sensor array

and ‘inlet” whose amplitude is determined by the presence of the evanescent (mp,2) mode.

Substantially greater control performance has been shown to be possible by the use of
an additional ring of sources and sensors. The two-ring system is able to independently
control two radial mode orders, thus it can attenuate the second evanescent radial and

control will be significatly improved.

The effect on control performance of two types of noise are examined in chapter 6. The
control mechanism is examined with respect to the spatial DFT relationship between the
pressure at the error sensors and the spinning mode amplitudes at the duct wall proposed
in chapter 5. It has been shown that when ‘extraneous’ modes are present in the primary
field, and as long as the Nyquist criterion is satisfied, the pressure can be driven to zero
which results in the spinning mode amplitudes being driven to zero. The single-ring control
system ensures that the spinning mode amplitudes are driven to zero by arranging that the
amplitudes of higher order radial modes are excited such that they destructively interfere.
The spinning modes with higher order radial modes are therefore not individually driven

to zero and will therefore dominate the sound power after control.

When ‘local’ noise is present at the error sensor array, the control system ‘observes’ a
broad modal spectrum and thus aliasing of the higher spinning mode orders, and hence
spillover will occur. In the presence of noise, the pressure at the error sensors (and hence

the spinning modes) are not driven to zero, causing a deterioration in control performance.
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The degradation of sound power reduction is not as great as when extraneous modes with
the same level are present. It was also shown in chapter 4 that when the number of sources
is larger than the number of spinning mode orders the condition number of the transfer
impedance matrix Z is large, resulting in large source strengths being required to cancel
the pressure. The source strengths can however be limited by applying a regularisation
parameter 3 to the Z matrix. In practice this is equivalent to introducing a leakage term

in the FXLMS algorithm.

Chapter 7 concerns an investigation into control performance when minimising the sum
of the square spinning mode amplitudes at the duct wall. The control performance was
found to be identical to that predicted when minimising the sum of the squared pressures.
However, weighting the cost function such that control focusses only on the buzz-saw mode

was found to yield significant improvements in control performance with noise at the error

SENnsors.

The design and implementation of an active control system to control a low order spinning
mode in a no-flow duct was described in chapters 8 and 9. An m = —3 mode was generated
using a mode synthesiser ring and this spinning mode was controlled using seven sources
and seven error sensors. Sound power reductions of up to 14.5dB were measured at the
duct face when minimising the sum of the squared pressures at the error sensors using
a single frequency FXLMS algorithm. The control mechanism was examined using the
theoretical model developed in chapter 3. It was seen that the level of the axi-symmetric
m = 0 modes dominate the sound power after control, and hence sound power reduction
was found to be significantly less than the pressure reduction at the error sensors. However,
it was also found that, because the number of sensors was equal to 2|meq| + 1 in the
experiment, aliasing of the evanescent m = +4 modes also causes degradation in control
performance at the higher frequencies in which these cut-off modes contribute significantly

to the pressure at the error sensors.
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10.2 Suggestions for further work

Experimental results verify that sound power reduction can be achieved by minimising
the sum of the squared pressure at the error sensors. Suggestions for further work include
making modifications to the experimental rig in order to further verify the theoretical

results.

e The active control could be repeated in a fan-rig facility with the fan as the sound
source. The measurement of the transfer functions in the no-flow duct was a simple
procedure, however, in the presence of flow it may be more difficult to gain an

accurate plant model and hence control performance may be degraded.

e Due to cost and time factors the number of sources and sensors were chosen to be
equal to 2|mya,| + 1 in the experiment. More sources and sensors could be used
to eliminate the problems caused by the aliasing of cut-off modes. The use of an
overdetermined system where there are more sensors than sources could also be

investigated.

e Control has been implemented at a single frequency and applied to a single spinning
mode. Further research is required to identify any problems associated with the

simultaneous control of multiple tones.

e Finally, more research is needed into the use of practical modal algorithms to control
the sound field. In order to focus control on the buzz-saw mode, one would need
to design a controller which could identify in real-time the dominant mode and
synthesise the same mode using the secondary source array. The error could then

be minimised using a conventional FXLMS algorithm.

The theoretical and experimental results presented in this thesis suggest that active con-
trol is a feasible approach to attenuate the low frequency components of buzz-saw noise.
Provided the actuators used are able to produce sufficiently high levels linearly and that
the transfer functions can be accurately measured in a real engine inlet in the presence of

flow, it is likely that active noise control will afford substantial noise control benefits.
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Appendix A

Derivation of the primary pressure

expression

Equation 3.6 gives the acoustic pressure at the error sensors p(z,r,8) in terms of the

reflection coefficients at the duct terminations RE,

) ikt = ot -
o [ezk:fm,n (@—zy5) | R;—L,nez(kzm,n _kzm:n)L_Zkz—m,nzf+2k1m,nm]w(7-, 0)

Pmnl(z,7,0) = , (A1)

T
1 — Ry n R e Femn~Fzmn )

where the reflection coeflicients are defined in terms of the complex reflectivity coefficients

G (7)

R, =e %97 (0) = ¢=2i(d0) (A.3)

In these equations, the complex reflectivity factors qﬁn(a:) can be defined as below in

equations 3.9 and 3.10,
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1nR7-+r-L,n(L) + amnk(L - {IZ)

() = —; e (A.4)
— _ In R;Z,n(o) mnk(—x)
P, (T) = 5 T (A.5)
+

Substituting A.2 and A.3 into equation A.l1 and noting that the axial wavenumber &
is defined

Tm,n

+ iam,n — Mz
bene =\ T2 )" (A.6)
T
one obtains the expression
iomnk(z—xs) iMgk(z—zs)
pm,n(l',"‘, 6) = ap, |:e 1-M2 1-M2
% — 2mm,nkL+2z‘am,nkL_iam,nk(z+xf) _ iMgk(z—zy)
e 0 1-MZ 1-M3Z 1-M32 1-MZ

_Ymn(r,0) (A7)

X
1-— eQi(¢3— _‘350_)

which reduces to

—iMgk(z—xs) iam,nk(z—zf) 2i¢+_iam,nk(z+z )
1-MZ e 1-M2 +e 0 1-M2 Um n(T', 9)
y

apoe

(A.8)

z,r,0) =
Pm,n ( » 7 ) 1 — eQi((ﬁg —¢g )

Multiplying the numerator and denominator of the right hand side of this equation by

et(éo ~43) one obtains
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—tMgk(z—zf) [ of 4= ot omnk(z—zy) il of _——ﬁum’nk(i_*'z )
apoeﬂ_g_f_ le <¢0 ChaeT ) + ez(d)0 % 1Mz >} Y (T,0)
™, ) a9 = i{(¢g 0
Pmn (T,7,0) oo —b3) _ o—ildy —¢3)
(A.9)
Noting that
_ = am,nk(xf)
6™ (z7) = by - (A.10)
and
¢+(1.) — d)a- _ g”li‘_.k(_m) (A.11)

1- M2

equation A.9 can be written

—iJ\'IIk(:r—:rf)

apge ME [ei(a;,n(xf)—m,n(m)) + e—i(qﬁ;,n(xf)—@,n(w))} Dmn(r,0)

z,r,0) = — —
P ( ) i85 —88) — e—ileg —o7)

(A.12)

and using Euler’s formula equation A.12 can be written in terms of sine and cosine terms

—il\lxk(a:—zi)
1-M2 €i¢m,n (z5) cos gb;;’n(m)
isin(og — (bg)

apy€

Ymn(7,0)

Dmn (z,7,0) = (A.13)
If we now use the indentity (¢, ,(z5) — &, 1 (25)) = (¢g — ¢¢) we can begin to rearrange

the denominator such that it is in the same form as Morfey’s expression {43]:

—iI\/Im}c(m——:cf)
—_— L
apoe 1-MZ e®m.n(Zf) cog ¢:§L,n($)¢m,n (’I“, 9)

i(SIin (T ) €08 G (T 7) — €OS P (3 ) Sin Gy n (z5))

P (7,7,0) = ;o (ALY
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taking cos ¢;f, () outside the brackets in the denominator

—iMgk(z—zf)
. T 1 a2 o,
tape 1Mz gi®mn(zs) cos bk 1 (E)Ymn (T, 0)

€08 i n (xf) sin iy n (zf)
COS Grm,n(z7)

Pm,n (ma T, 9) =
( — sin g{);L,n(xf)) cos gb?,;,n (xf)

and dividing top and bottom by cos ¢, () gives the final expression

apotmn(r, )i @1) sec ¢ (1) cos gy (z) ek z)

(tan qbig,n(zs) — tan ¢m.n (:cf)) cos ¢;','l,n (z5)

pm,n (3:7 T', 6) =
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Appendix B

Obtaining complex signals from

microphone measurements

The voltage signal measured at the microphone v(t) can be represented as a Fourier series.

nT

v(t) = ZAncos(27rfnT+¢n) (B.1)
n=0
nT

= Z Ap (an coswnT + by, sinwnT) (B.2)

n=0

where f is the frequency in Hertz, n is the sample number and T is the sampling period

1/fs. Expanding equation B.1

¢
u(t) = Z Ay, (coswnT cos ¢p, — sinwnT sin ¢p,) (B.3)

n=0

Therefore the coefficients a,, and b,, are defined

an, = Ay, cos ¢ (B4)
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b, = —Apsing (B.5)

and thus the magnitude A,, and the phase ¢, of the signal can be determined
An=+E T B (B.6)

¢=maw(:%> (B.7)

anp,

The values of the coeflicients can be determined from the measured signals by numerically

integrating over a number of samples n

an = 2?3 v(n) cos 27 fuT (B.8)
bp = 2? v(n) sin 27 foT (B.9)
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