PRINCIPAL COMPONENT ANALYSIS
FOR
SIGNAL-BASED SYSTEM IDENTIFICATION

by

Murat Hasan Tan

A thesis submitted for the degree of
Doctor of Philosophy

Supervisor

Prof. J. K. Hammond

University of Southampton
Faculty of Engineering, Science and Mathematics

Institute of Sound and Vibration Research

April 2005




ACKNOWLEDGEMENTS

First and foremost, I must thank Professor Joe Hammond for his broadband support

throughout my ISVR expetience since 1996.
I would also like to thank:

Professor Paul White for his crucial technical advice on varous signal processing

problems;

Mrs. Maureen Strickland for everything she has done since my first day in the

department;
Ms. Alison Gunn for the unlimited extensions on library loans;
Mts. Norma Martin for her time spent on my junk e-mails;

and My Family for their patience ...

Acknowledgements




CONTENTS

Glossary of Symbols

1.0

2.0

3.0

Introduction

1.1
1.2

Aim of the Research

Scope and Contents of the Thesis

Statistical Methods for Signal-Based System Identification

2.1
2.2
23
24
2.5

Introduction

Transfer Function Estimation
The Method of Least Squares

Principal Component Analysis

Summary

Least Squares Transfer Function Estimators

3.1
3.2

3.3

3.4

3.5

Introduction

Least Squares Gain Estimators

3.21 Optimal Estimator for Output Noise

3.2.2  Optimal Estimator for Input Noise

3.23 Optimal Estimator for Input & Output Noise
3.24 Comparison of Least Squares Gain Estimators
Generalisation of TLS Gain Estimation

3.3.1 Computational Expression

3.3.2 Theoretical Analysis

333 Summary

Least Squares FRF Estimators

3.4.1 FRF Estimators H, and H,

3.4.2 FRF Estimators H (ot H,) and H,

3.43 Statistical Assessment of Least Squares FRF Estimatots

Summary

11
13
20

21
21
23
25
28
31
33
36
39
41
46
47
47
49
51
53

Contents




4.0

5.0

6.0

Gain Estimation using PCA
4.1 Introduction
4.2 Gain Estimation in Memoryless SISO Systems
4.2.1 Physical Interpretation of PCA Gain Estimation
4.2.2 Derivation of SISO PCA Gain Estimator
4.2.3  Zero Eigenvalue and PCA
424 PCA and the TLS Solution
4.3 Gain Estimation in Memoryless MIMO' Systems
4.3.1  Mult-Input-Single-Output Systems
4.4 Concluding Remarks

FRF Estimation using PCA
51 Introduction
5.2 FRF Estimation in Dynamical SISO Systems
5.2.1 PCA and Transfer Function Estimation
5.2.2 Dervation of SISO PCA FRF Estimator
5.2.3 Statistical Interpretation of PCA FRF Estimation

5.2.4 Performance Assessment of SISO PCA FRF Estimator

5.3 FRF Estimation in Dynamical MIMO Systems
5.3.1  Mult-Input-Single-Output Systems

5.3.2 Petformance Assessment of TISO PCA FRF Estimator

5.4 Concluding Remarks

PCA for Non-Linear Systems

6.1 Introduction

6.2 Linear Equivalent Transfer Function Estimation
6.2.1 Memoryless Non-Linearity
6.2.2 Dynamical Non-Linearity
6.2.3 Discussion of Results

6.3 Non-Linearity Detection

6.4 Fault Detection in Rotating Machinery

6.5 Concluding Remarks

54
54
55
56
59
61
64
66
67
73

74
74
76
77
79
82
86
90
91
94
102

104
104
105
107
113
117
118
124
132

Contents




7.0 Delay Detection using PCA
7.1 Introduction
72 Signals with Pure Delay and PCA
7.3 Method Described
7.4 Performance Assessment of PCA Delay Detector
7.5 Concluding Remarks

8.0 PCA for Time-Varying Processes
8.1 Introduction
8.2 Non-Stationarity and PCA
8.3 Short-Term PCA for Non-Stationary Gain Estimation
8.4  Short-Term Spectral PCA for Input-Output Analysis

8.5 Conclusion

9.0  Concluding Remarks
9.1 Summary of Results

9.2 Future Research

Appendix A

Methodology for Derivations of SISO Least Squares FRF Estimators
Appendix B

Derivation of the Eigenvectors for the SISO PCA FRF Estimator
Appendix C

Variance of the Maximum Likelthood FRF Estimator

Appendix D

Eigenvalues of the TISO System Spectral Correlation Matrix
Appendix E

Experimental Layout - Fault Detection in Rotating Machinery

References

List of Publications

133
133
135
140
145
162

153
163
165
161
165
175

176

176

179

180

184

186

190

191

193
197

Contents




Glossary of Symbols

O

=

Q

a(t)

time

linear frequency

angular frequency

time delay

time lag

gain

time-varying gain

error iIn time domain

error in frequency domain

cost function

expectation operator

original time history of signal x
measured time history of signal x
time history of noise on signal x
mmpulse response function
frequency response function

Fourier transform of signal x

Fourier transform of measured signal x
power-spectral density estimate of signal x
cross-spectral density estimate between signals x and y

ordinary coherence function between signals x and y

truncated time record length

sample index

number of samples

segment index

number of segments

bivariate time domain measurement vector

principal components vector
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bivariate covariance mattix

multivariate covariance matrix

mm

=
S5

spectral correlation matrix

m multivariate time domain measurement vector
o standard deviation

o variance

)7 mean

A eigenvalue

A diagonal eigenvalue matrix

t eigenvector

T transformation matrix

Q orthonormal transformation matrix

01 frequency domain measurement vector

k(f) ratio of input-output measurement noise spectra
S Laplace variable

Pr{ } probability density function

L log likelihood function

R adjoint of spectral correlation matrix

Var{ } variance

F) excitation force

& viscous damping coefficient

@, undamped natural frequency

w, (1) time-varying undamped natural frequency

R, (0) auto-cotrelation function of signal x

R (7) cross-cotrelation function between signals x and y forlag 7
R(7) covariance matrix forlag 7

h(t,7) time-varying impulse response function

H(t, ) time-varying frequency response function
H(t,s) time-varying transfer function
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Introduction

Chapter One
INTRODUCTION

1.1 Aim of the Research

Udentification is the determination, on the basis of input and output, of a system within a

classified class of systems, to which the system under test is equivalent.”

L. Zadeh, (1962)

The study of system identification in signal processing is huge with a vast
literature and methodology ranging from the totally standard (e.g. frequency response
function estimation for linear time-invariant and parametric estimation) to innovative and
developing techniques.

In this thesis the term system identification addresses the generalised process of
obtaining useful information to describe the system characteristics from the relationships
between the measurable input-output data sets within the system’s boundary. The
primary mathematical tool we use in order to accomplish this task is the classical

Principal Component Analysis (PCA) technique.

Disturbances

'

Inputs Outputs
—» SYSTEM [—»

Figure 1.1 lllustration of a generic system to be identified.
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Introduction

PCA, created over 60 years ago, is one of the most powerful statistical
multivariate data analysis techniques. It has been widely used for a variety of applications
in different fields ranging from natural and social sciences to several branches of
engineering. The aim of this method is to introduce parsimony to the investigation by
reducing the dimensionality, without any explicit assumptions on the probability density
characteristics of the data set. With the use of PCA, an original set of independent
variables are transformed into a possibly smaller set of wncorrelated virtual variables that
are easier to understand and treat for further analysis. Eigen-Value Decomposition
(EVD) of the measurement covariance matrix forms the basis of this technique.

Our work focuses on developing PCA-based data processing/ analysis strategies
in order to be able to extract the features of various forms of physical systems under
investigation. It has been shown that, when the data to be analysed through the use of
PCA consists of the measured input(s) and the output(s), the eigenvalues and the
eigenvectors of the associated covariance (or spectral correlation) matrix give a direct
indication of the degree of linearity with respect to the system’s transfer characteristics.
This crucial observation forms the primary novel contribution of our research.
Originating from this fundamental aspect, we demonstrate how eigen-analysis can be
used as an effective practical procedure for the identification and/or interpretation of the
properties of different types of systems including linear/non-linear time-invariant, pure

delay and non-stationary.
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1.2 Scope and Contents of the Thesis

The necessary theoretical background and mathematical preliminaries for
fundamental signal processing concepts and statistical methods covered in this thesis are
summarised in Chapter 2. These include an overview of signals and systems theoty in the
context of transfer function estimation as well as the basic principles of the Least Squares
Method and PCA.

In Chapter 3, a detailed analytical review and statistical assessment of the existing
Single-Input-Single-Output (SISO) system transfer function estimation methods ate
presented. The performances of the three standard least squares estimators ate compared
both theoretically and computationally on the basis of a generic measurement system
exhibiting various cases of uncorrelated additive noise contamination on the input
and/or output signals. Furthermore, a generalised Total Least Squares (TLS) estimation
scheme is proposed from a geometric viewpoint allowing one to readily interpret the
relationships between these estimators.

Chapters 4 and 5 introduce the concept of PCA-based input-output investigation
with reference to Linear Time-Invariant (LTI) systems considered in both time and
frequency domains. Work presented in this part of the thesis forms the foundations of
out overall signal analysis/processing strategy which is later extended to other types of
systems with appropriate modifications. Initially, the methodology is desctibed in terms
of gain estimation in SISO and Mult-Input-Single-Output (MISO) systems based on real
variables (Chapter 4) for simplicity and hence providing a clear picture of the associated
procedures. The problem of Frequency Response Function (FRF) estimation in the
corresponding dynamical systems is covered in detail in Chapter 5 where it is also shown
that the SISO PCA and TLS FRF estimators are equivalent for the special case of equal
input-output measurement noise. In addition to the above, a statistical inference based
approach is considered for SISO FRF estimation through the use of the principle of the
Maximum Likelihood (ML) leading to a novel development of a generalised PCA/TLS
regime. The theoretical material covering the work contained in these chapters is
validated by computational simulations whose results are also used in order to give a

direct comparison between the existing and the proposed techniques.
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Chapter 6 deals with the application of PCA to non-linear processes with
particular reference to linear equivalent transfer function estimation and non-linearity
detection. By using the eigenvalues and the eigenvectors of the input-output covariance
(ot spectral cotrelation) matrix, a form of linearization of the non-linear system is
considered. It is shown analytically that the EVD of the data set leads to the derivation of
a parameter, equivalent to the virtual coherence function. Computational simulations are
undettaken for the performance assessment of the proposed approximation procedure in
a typical Duffing oscillator model. An experimental investigation for fault detection of a
typical multi-output rotating machine is studied where measured system output pairs for
several operating conditions are analysed using the PCA-based coherence, the so called
Non-Linearity Detection Ratio (NDR), and the Ordinary Coherence Function (OCF).

In Chapter 7, non-dispersive time-delay detection in several forms of single- and
multi-path systems using EVD-based input-output analysis is introduced. The merit of
carrying out the data processing in the time domain as opposed to frequency domain 1s
verified analytically. In essence, the procedure implemented differs from those in the rest
of the thesis with respect to the formation of statistical information matrices: An array of
negative and positive lag input-output covariance matrices are formed whose eigenvalues
are subsequently computed and observed for further interpretation. The results of
computational simulations demonstrate the robustness of the proposed delay detection
scheme under extreme Signal-to-Noise Ratios (SNRs).

Chapter 8 introduces the proposed Short-Term Spectral PCA (STSPCA) for
time-varying transfer function estimation. Data processing strategy is based on moving-
segment EVD of a series of spectral correlation matrices formed by simultaneous
truncation of the input-output signals of a non-stationary system. The results of
computational simulations on a Single Degree of Freedom (SDOF) system with time-
varying natural frequency proves the procedure to be a practical and effective alternate to
the classical Short-Time Fourier Transform (STFT) spectrogram technique.

General conclusion of the thesis and considerations for future research are given

in Chapter 9.

Chapter 1
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Chapter Two
STATISTICAL METHODS FOR SIGNAL-BASED
SYSTEM IDENTIFICATION

2.1 Introduction

This chapter presents the necessary theoretical background for wvarious
fundamental signal processing concepts, the problem of transfer function estimation and
the two commonly used statistical multivariate data analysis techniques that are referred
to in this thesis.

The next section covers the conventional methodology of transfer/frequency
response function introducing the concepts such as system/data classification,
power /cross spectral densities and the ordinary coherence function.

Section 2.3 introduces the widely used statistical technique, the so called the Least
Squatres Method, whose more detailed coverage is presented in Chapter 3 in the context
of existing gain and Frequency Response Function (FRF) estimators.

In the last section the primary statistical technique on which our work has been
based on, the so called Principal Component Analysis (PCA), is covered giving its basic
principles, mathematical description and geometrical interpretations which is helpful 1n

otder to follow the rest of the thesis both conceptually and mathematically.
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Statistical Methods for Signal-Based System Identification

2.2 Transfer Function Estimation

In the simplest form, a system may have only one input and one output. Such
systems are called single-input single-onsput (SISO) systems as depicted in the block diagram
in Figure 2.1.

input output

Figure 2.1 Block Diagram of a single-input single-output (SISO) system.

In the more general case, systems have several inputs and outputs. Such systems
are said to be multivariable and called m#/ti-input multi-output (MIMO) systems. These can

be represented by a block diagram of the type shown in Figure 2.2.

input 1 N

input2 S

input 3 I

Figure 2.2 Block Diagram of a multi-input multi-output (MIMO) system.

A system is said to be static if its response at any time depends only on the
present value of its excitation. Such a system may also be regarded as memoryless or
constant as in the case of the relationship between the mnput x and the output y of a SISO

system that 1s given by

y(t) = x>(1) (2.1)

where #1is the time index.
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A system is said to be dynamic if its response depends on the past as well as the
present values of its excitation. Such systems may also be regarded as having a memory.

An example for this class of systems can be defined by the input-output relationship

@
dt

=x e y(@) = J-x(t)dt + constant 2.2)
In this case, the system operates as an Integrator and does not forget the past values of
the mput ever.

A system is said to be /near if 1t obeys the principle of superposition. Superposition
requires the property of additivity and the property of homogeneity. A system is said to be
non-linear if it does not meet the requirements of superposition. In practice, no real
system component is completely linear, however, frequently the range of operation is
such that linearity can be assumed.

A system is e varying if its the behaviour and characteristics are fluctuating over
time and 1s fiwe inpariant if its behaviour and characteristics ate fixed over time.

System signals e.g. inputs and outputs are functions of time and records of them
are referred to as time histories. Although signals can be classified in many different ways,
they may be divided into two main categories, namely, deterministic or randorn.
Deterministic signals are able to be predicted or deduced whereas random signals are not
exactly predictable. Deterministic signals may also be divided into two main groups:
periodic ot non-periodic. Non-petiodic signals can be either transient or almost periodic. Non-
deterministic (random) signals can be either stationary or non-stationary.

The problem of Transfer Function Estimation relies on the analysis of the
relationship between input and output signals. If both mput and output are measurable
then this can be carried out by applying some specific controlled input signal to the
system under investigation (unless there is already a naturally occurring measurable
input), measuring the resulting response, and subsequently determining the transfer

function using the appropriate mathematical manipulation.

X(t) y(®
——  ht) ——

Figure 2.3 SISO Linear Time-Invariant System

7
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The dynamic characteristics of a Linear Time-Invariant System, that is also
assumed to be stable and causal such as depicted in Figure 2.3, can be described by its
mmpulse response (or weighting) function A(?) which is defined as the output of the
system at any time to a #nit impulse (delta function) input applied a time ¢ before. The

theoretical relationship between its input and output is given by
J(8) = b(2) * x(1) (2.3)

Le. the convolution (¥) of the system impulse response /4(?) and the system input x(2) is
the system output y (¢ ). Commonly the solution to the problem of estimating the transfer
function of a linear time-invariant system is considered in the frequency domain. The
convolution form of the time domain is very much simplified when the Fourier
Transform is applied and the frequency domain equivalent of the above relationship is
given by

Y(f)=H(f). X (f) 24
The transformation from the time domain into the frequency domain for any time

history 4(?) is defined as

A() = ja(z)e-wdt (2.42)

—0

te. Y(f) is the Fourler Transform of the output, X(f) is the Fourier Transform of the
input and H(f) i1s the Fourier Transform of the system impulse response called the
Frequency Response Function at each frequency f.

However, when traditional experimental response testing procedures are involved
difficulties arise: in particular the measurements can often be violated by various factors
such as non-linear system behaviour, change of system characteristics with time,
instability and most commonly the contamination by additive measurement noise on the
data to be analysed. This can affect either the input or output, or both.

If a time-invariant, stable linear system is driven by a stationary random process
the output is also stationary random. Figure 2.4 illustrates the generic measurement SISO
system in the presence of additive measurement noise when the input is a stationary
random process and forms the basis for the general signal-based estimation problem for
the FRF where all signals are also represented by their Fourier Transforms (FT) i.e. in the

frequency domain.
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System
H)<>X{ )<Y
Input X0 ) h(f)<=H(f) J (<I() » QOutput
Input Noise ) S Output Noise

n(O)<=>N{) 7 T n()<>N(f)
|

|

Measured A A Measured
Input %) <X,(7) ¥l 1() Output

Figure 2.4 Generic Measurement Diagram of a Linear Time-Invariant SISO System with uncorrelated
additive measurement noise

In practice, taking a finite length of data results in truncation of mput and output
ie. a sample time history of length T, and a relationship between the input and output in

the frequency domain is given by

()~ H(f) X:(f) (2-5)

where Y., () is the Fourier Transform (FT) of the finite length realization of the output
and X,(}) is the Foutier Transform of the finite length realization of the mput. Also from
Figure 2.4 it is clear that

X, (=X()+N(N) (2.6a,b)
Y. (N=YNH+N,()

It is central to the problem of statistical estimation that the relationships between
the time domain descriptors (mean, covariance etc.) and the frequency domain
descriptors (spectral density functions) are clearly emphasised since they form the basis
of the whole process. Spectral density functions can be defined in various ways [1, 2] e.g.
through the correlation functions or the finite Fourter Transforms or the filtering-
squaring-averaging operations. In its most commonly used form (through the finite F.T.),
the two-sided power spectral density function of a finite length realization (%) is given
by

1 .
S(f)= ;gg?Eth f, T)H @27
where T 1s the record length of the £ data segment, fis the frequency, X, (f,T) is the

F.T. of the segmented data and E[ ] denotes the expectation operator (see (2.13)).

9
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This is the frequency composition of a random function described in terms of the
spectral density of its mean square value (average power in the time domain). In practice the
length of the data segment and the number in the ensembles over which the averaging
operation 1s taken will always be finite. This formula is normally implemented by the Fast
Fourier Transform (FI'T) available in most of the software packages and analysers that
are commonly in use today. Similatly, the two-sided cross-spectral density function of the

finite length realizations x(2) and y,(#) is given by

S,(f) = tim - B (£ D% (£.7)] @8)

where ‘ *’ denotes the complex conjugate operator.
An extremely important property of the cross-spectral density function is that it
is bounded by the cross-spectrum inequality (see also the corresponding cross-correlation

mequality, [1, 2, 3]) and this is given by
1, (N 8.8, (/) 2.9)

This result relates to the property of the ordinary coberence function (sometimes called the

coberency squared function) which is defined as

s, ([ ,
2 =tz 10
75) S (NS, (1) (210
which by (2.9) satisfies the condition

0<y2(f)<1 2.11)

for all frequencies. This function can be described as the measure of the degtree of linear
association between two signals. If the system under investigation is linear the coherence
function can be considered as the fractional proportion of the mean square value at the
output which is contributed by the input at the given frequency. Hence for the ideal case
such as given in Figure 2.3, the coherence function will be unity for all frequencies.
However, if the coherence function has the value between zero and unity, it should be
expected to have one or more of: extraneous measurement roise, non-linear system

behaviour or output y(2) due to the input x(2) as well as other inputs.

10
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2.3 The Method of Least Squares

It is very often of great importance in the statistical analysis of data to know
whether a relationship exists between two or more variables. In the case of two variables,
data is then termed bivariate i.e. there are two observations or measurements associated
with each item. Suppose, an experiment has been carried out and pairs of data (x,y,) have
been observed for values, /=7,...,IN. These data may be regarded as controlled variable
input x and dependent (response) variable owfput y. It should be noted that this input-
output notion is not necessary. In more usual situations some relation between two
variables is sought L.e. it is suspected that there is some relationship between x and y. The
likely relationship between these two variables can be easier to see on a scatter diagram
where the controlled (independent) variable x is normally plotted on the horizontal axis.
Having established some relationship by eye on the plotted scatter diagram between »x
and y, a more quantified relationship needs to be specified in order to be able to answer
some questions about the problem. For example one might seek a linear relationship
between the variables. The main concept in such a /near regression problem is that using
the sample data in the problem, the resulting sample regression line is estimated in order to
give the best approximation to the assumed theoretical or papulation regression line.

There are a number of possible ways 1 order to be able to obtain a line
adjustment to best-fit the scatter of points. In the above example, if it is assumed that a
linear relationship between x and y is expected to be in the form of y=ax, then three
different types of error can be defined in the measured data as the consequence of

additive measurement noise. These are listed as below and also shown in the Figure 2.5.

Case I - e, : errors are defined in output data y, assuming input data x; are
error-free;

Case IT - e, : errors are defined in mput data x, assuming output data y; are
error-free;

Case IIT —> e,: error line is normal to the best-fit line assuming errors to be

I

present in both input and output data.

11
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A o i)

Ve T Regression Line
gt} R
i
. ‘,-'.‘N-N 'v\\ ,}
S e .
IR Measurement Points

»

X

Figure 2.5 Possible types of error defined in the measured bivariate data.

The principle that is widely used in linear curve-fitting, is the method of least
squares and is also an approach to the transfer function (gain or FRF) estimation
problem with no assumptions on the probability distributions of the data sets. The basic
principle of the method is that, for a given set of data an estimator that minimizes the
total squared error (distance) from a central location 1.e. the sum of square errors for
each item (point), is chosen. For the above example given by the linear relationship y=ax,
this criterion is obtained by the minimization of a measurement error cost function with

respect to the unknown variable 4. If one minimises the sum of the squared vertical

errors (e,) between the fitted line and the data points then the estimator 4, or H,(f) is

obtained, whereas if the sum of the squared horizontal errors (e,) 1s the quantity to be

minimised then the estimator g, or H,(f) results. Whereas if it is the sum of the

perpendicular etrors (e,) that is minimised then the Total Least Squares (TLS) estimator

ars or H (f) is realised (see Chapter 3 for more details).

12
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2.4 Principal Component Analysis

Principal Components Analysis (PCA) is one of the most effective Multivatiate
Data Analysis Techniques which focuses on inter-object correlations and depends upon
the fact that at least some of the variables in the original data set are mutually correlated.
No assumptions on the probability distributions of the data sets are required. It is closely
related to the Karhunen-Loéve and the Hotelling transforms.

FEach variable forming the original data set can be considered as an axis of
variability. PCA transforms the original axes in order to represent the same amount of
the variability i.e. the total variance contained in the original variables in such a way that
the first principal component (axis) accounts for the maximum proportion of the total
variance, the second principal component (axis) accounts for the maximum proportion
of the remaining variance and so on. New linear combinations are ordered according to
their variation and the first few of the new axes represent the most of the variation
contained in the original variables.

With this technique, a large number of correlated variables can be reduced into a
smaller set of wncorrelated variables that is easier to understand and treat for further
analysis. For a single random vector the wncorrelatedness condition between its components is
defined as its covariance matrix being an # x # diagonal matrix where # is the number of

components Le. for a random vector x

R, =E|x-p,) (x-p)]|=D (2.12)
where p is the mean vector and L[ | denotes the expectation operator. For any real
single-valued continuous function g(x) of a random vector x the expected value is

defined by [4]
E{g(}= [g(x)p,(x)dx (2.13)

where p,(x) is the probability density function of x and the integral is computed over all
the components which are random variables. There is usually no knowledge of the
probability density of a random vector although a set of N samples are available and the

expectation can be estimated using the formula [4].

E{g(x)}~ %Zg(xf) (2.14)

13
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The principal component method searches for the uncorrelated linear
combinations of the varables in the original data set which contains most of the
information. An original p-dimensional set of variables can be characterised as a
p-dimensional random vector, x =(x,Xy...,x;) that can be lineatly transformed by
Jy=apxtapot..+ax, into a one dimensional vatiable y.

In algebraic terms the first principal component is a linear combination of this

p-dimensional random vector X i.e.

4

= Zali'xi

i

where /=7,2,...,p and its variability is maximised with the constraint that the sum of the

squared weights is one i.e.

P
Zal,z =1

The variance of the second principal component

p
Yo = zaZi'xi
i

is maximised with the constraint that it 1s orthogonal to the first principal component 1.e.
uncorrelated, and it involves determining a secondary weighting factor. This process can
be continued in order to obtain as many principal components as possible according to
the number of the variables in the original data set. Normally the first few principal
components represent the main proportion of the total variance of the original variables
and are of great importance. Each weighting factor obtained 1s associated with one
principal component and its variance.

The set of original variables for each object 1s the data array to be analysed where
the variables are taken as the columns and the objects are taken as the rows or vice versa.
The dependencies of variables and the objects are defined relative to some central point
because the possible major weight differences between certain variables raises the
requirement of scaling them. This can be done by ceniring, normalisation or standardisation.
Although in many cases the measured original variables are in the same units the variance

of each measured variable may differ from another one by a considerable amount.
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Geometrical interpretation of the principal components is very appropriate and
particulatly for the two variable case, is quite simple to visualise and draw. Suppose an
experiment has been carried out with # observations m the two dimensional variable
space forming a scatter of points recorded as in the linear regression problem given by
Figure 2.5. For the reason that there is some positive correlation between these two
variables the dots lie in an ellipsoidal band extending from lower left to upper right

instead of being scattered randomly over the whole graph.

Figure 2.6 Projection onto the principal axis.

The projections of the points on the first axis are to be as stretched as possible
and this means that the variance of the projections are maximised such as that shown in
Figure 2.6 where D is the data point, « is the distance of data point from the origin, 4 is
the distance of data point from the principal axis and ¢ is the projection of the position

vector of D onto the principal axis. By Pythagoras’ Theorem

L=+

for the single data point the distance 4 is constant, therefore in order to obtain the best
choice of the principal axis, 4 is minimised while ¢ 1s maximised. For the sampled
population of the data points the sum of the squared errors is obtained by the
summation of the same operation over all points. The first new axis is drawn through the
points and in this case the first principal component is the line of the closest fit to the
scatter of points minimising the sum of the squared deviation of the # number of

15
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observed data from the sample mean 1.e. the estimator (principal component) for y=ax.
Similarly, the second principal component is the line of closest fit to the residuals from
the first principal component and is orthogonal 1.e. being at right angles to the first. The
two principal components together constitute a best fitting plane defining the locations
of the scatter of points.

Derivation of principal components is based on a straightforward geometric
technique. Since the problem is to define the relationship between the original axes and
the principal axes i.e. to describe the fransformation of one co-ordinate system to another, the
solution to the problem is lustrated below in Figure 2.7 [5] where X, and X, are the
original axes, Y, and Y, ate the principal axes, and D is a single data point. @ denotes the

angle between the original axes and the principal axes.

Y
Xz

Figure 2.7 Transformation of one co-ordinate system to another.
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The origin, O, is defined at the intersection point of the mean values of the two
original variables i.e. at the point (1,,4,). This means that the variables have been centred
to have zero means. The co-ordinates of the data point D can be defined as (X,-4,,X,-1s,)
or as the deviations from the mean i.e. (%, , x,). It can also be clearly seen that the co-
ordinates of the data point D can be given in terms of the principal components (3, y,).
Using trigonometric relationships one can show that [5] the principal components are

given by
¥, =X, cos8 +x,sinf (2.152)
and
¥y, =—x,siné + x, cos & (2.15b)
These relationships can also be written in matrix form

Y| | cosf sinf || x, (2.16)
y,| |-sind cosé | x,

y = Ax (2.17)

or

and hence

x=A"y (2.18)

where A is an orthogonal matrix i.e. A'=A", Therefore the transformation of the original
co-ordinate system to principal axes is an orthogonal transformation that with each
vector x in the real vector space R” such a transformation assigns a vector y in the vector
space R". This is simply the plane rotation through the angle @ and it can be shown that
any orthogonal transformation in the plane or in the three-dimensional space is a
rotation [6]. Now, assume that the variables X, and X, given above are mutually
correlated. If a set of N objects are measured on these variables then one can form a

2xIN (or Nx2) matrix defining the data array to be analysed such that

xi{xlr} for i=1,2,....N (2.19)
X

2
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The 2x2 covariance matrix of the variables X, and X, can be defined as

R = x.x;.r (2.20)

where x; :{(Xu ~#) | =|*%i | fori=12,...,N; the operator “— denotes the average over
(X — 1) X2

the sample population of N objects. The 2x2 matrix R__ is symmetric i.e. R_"=R_ and it
has an orthonormal basis of 2 eigenvectors. The transformation of the uncorrelated

virtnal variables y, and y, to the original correlated variables x, and x;, can be defined by

x=Ty (2.21)

where y— [y 1} with y, and y, are mutually uncorrelated 1.e. the orthogonal principal axes
Y2

and T is the transformation matrix. So (2.20) can be written as
R_=xx" =Tyy T’ 2.22)

T_ . . . .
where yy =R,, ie. the covariance mattix of the new variables. Therefore the above

expression takes the form of

_ T
R,=TR,T (2.23)

From Similarity Transformation and Diagonalisation Theorem of Matrices [6], it can be
shown that the matrix R,,= A is diagonal with the eigenvalues (4,, 4,) of the covariance
matrix (Ry) of the original variable as the entries on its main diagonal and T is the
orthonormal transformation matrix, ie. T '=T', containing the corresponding

eigenvectors as its columns. Multiplying both sides of (2.23) by T from the right gives

R, T=TR,, (2:24)

or

|:x11 x12:|_|:t11 t12:|=|:tn t12:|'|:/1l O:| (2_25)
Xy X ] |l I Ly Iyn 0 4
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From this result one can verify that the orthogonal transformation preserves the value of

the inner product of vectors and hence the sum of the eigenvalues is equal to the total

variance of the original variables. i.e. for the two variable case above

2 2
LYol (2:26)

=] i=t

i {

whete 0',.2 denotes the variance of the 7 variable. This result is of great importance and

will be looked at in detail in the following chapters since it forms the basis for the

application of the method in system identification.

19

Chapter 2




Statistical Methods for Signal-Based System Identification

2.5 Summary

This chapter has presented the necessary theoretical background for the statistical
principles and multivariate data analysis techniques used in the following chapters in the
context of signal-based system identification through input-output relationships.

In the next chapter the conventional transfer function estimators based on the
Jeast squares approach are analysed and in Chapter 4 the application of the method of
principal component on time series for the gain estimation in memoryless systems is
investigated in detail both analytically and computationally leading to Chapter 5 which
covers the extension of the same approach in the frequency domain for the Frequency
Response Function (FRF) estimation 1n dynamical systems.

Application of PCA to the problem of system identification is further
investigated and several novel approaches are introduced in the Chapters 6, 7 and 8 for
linear equivalent transfer function estimation, non-linearity detection, delay detection and

non-stationary data analysis respectively.
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Chapter Three
LEAST SQUARES TRANSFER FUNCTION
ESTIMATORS

3.1 Introduction

This chapter presents the analysis of the existing transfer function estimators
based on the least squares error minimisation techniques for Single-Input Single-Output
(SISO) systems i the contexts of gain estimation and frequency response function
estimation respectively. The primary reason to include this review is that, in Chapters 4
and 5 the problem of transfer function estimation will be presented through an approach
using Principal Component Analysis (PCA) forming a part of this thesis in terms of
original contributions. The background information from this chapter will be used in
order to give a direct comparison between the existing and the proposed techniques.

In the first part (Section 3.2) a simple gain system is considered and the
derivations of various least squares estimators are given with corresponding cost
functions describing the optimisation landscape for each procedure. Noisy conditions
under which these estimators exhibit biasing effects are also shown.

In the second part (Section 3.3) the generalisation of the Total Least Squares
(TLS) gain estimation is introduced from a geometric point of view. A single error
distance between the measured data and the true input-output transfer relationship is
defined which is dependant on an angle that allows one to interpret the relationships

between the standard least squares based estimators by selecting its value appropriately.
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Section 3.4 covets the least squares transfer function estimation scheme in the
frequency domain where the commonly used Frequency Response Function (FRF)
estimators have been covered, revealing their most significant properties, advantages and
disadvantages under different conditions followed by computational simulations for
assessing the statistical behaviours of these estimators. A summary and outline of the

concluding remarks are given in Section 3.5.

22

Chapter 3




Transfer Function Estimators Based on the Least Squares Approach

3.2 Least Squares Gain Estimators

It is crucial to the problem of FRF estimation that the most appropriate statistical
estimation procedure is followed in order to obtain an accurate estimate for the
identification of the system under investigation (see Figure 2.4). There are two classical
transfer function estimators commonly in use; these estimators are based on least squares
optimisation methods and are commonly referred to as H,(f) and H,(f). Both of these
methods are commonly regarded within the framework of least squares estimation,
which assumes that any noise is present on only one of the measured signals. An
alternative technique, in which noise is assumed on both signals, is based on the concept
of TLS and is commonly referred to as H,(f). All three methods have been widely
applied and are integral to many analysis tasks. The above standard transfer function
estimators can be derived by regression analysis based on the observation that in the
absence of noise the input-output relationship of a linear time-invariant system is given
by (2.4) [7]. The problem is to estimate the function H(f) based on N observations
corresponding to the Fourier Transforms (FTs) of each segment, ie. X, (f) and Y, (f)

for n=7,...,N. In the next three subsections, in order to visualise these estimators we

shall temporarily consider that X, (f ) and ¥, (r ) are real valued and describe the

procedure in terms of the transfer function estimation of a simple gain system. Figure 2.5
shows a set of measured points and various error measures that can be adopted and the
minimisation procedures could be based on. The measured system input and the
measured system output are defined as

x,=x+n, (3.1a)
and

In=Jt (3.1b)

where x is system input, y is system output, x,, is measured input, y, is measured output,
n, is additive input measurement noise and 7, is additive output measurement noise. If
the system under investigation is considered as a pure gain of the true value 4 then the
resulting system output can be written as

Jp=axtn, (3.2)
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From hereon in this chapter it is assumed that the signals within the system’s boundary
are stationary random time histories i.e. each consists of a mean value and a zero mean

random varnable such that

x= p T, (3-3)
n,= oy T T (3.4
n =y 7, (3.5)
y=aptr) (3.6)

where u denotes the mean value and r denotes the zero mean random variable. For each
FN . . . . .
7" sample data of the time histories, the zero mean random variable 7;is assumed to have

some probability distribution from which the sample value of ris drawn.
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3.2.1 Optimal Estimator for Output Noise

With reference to Figure 2.5, if it is assumed that the errors are defined as
occutring in the y-direction i.e. for the case of additive measurement noise on the system

output, then for each data point the etror distance can be given by the relationship

e, =y —ax (3.7)
where 4, 1s the estimator for the slope of the best-fit linear regression line in the presence
of the errors defined in the output data and 7 is the sample index. Using the least squares

approach one can form a cost function for the sum of the squared etrors i.e. for the

deviations from the central location y=4,x such that

Jy =%iz::(e;)2 2%12::()){_‘11%)2 (3-8)

where N 1s the number of the data points observed. The above expression is a quadratic
function of 4, with respect to which minimising the cost function ], can be obtained

from the solution of

&y _

i()ﬁ' _alxiX_ xi)=0 (39)

2
a, N i=1

from which «, is given by
_ Z X Vi
611— i
2

where the numerator represents the cross-correlation between the two variables and the

(3.10)

denominator represents the variance of the variable x i.e. this estimator uses the ratio of
the cross-correlation between input x and output y and the power of input x. IN.B. the

division IN may be used in numerator and denominator as appropriate).
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Considering the system given by Figure 2.4 as a pure gain with the input-output
relationship y=ax , if it is assumed that #,=0 and 7,70, one can rewrite the cost function
given by (3.8) using the expectation operator in order to minimise the sum of the squared
errors over the samples such that

= £l )= el - o | 1)
where 7 denotes the sample index.

Using the relationships given from (3.1) to (3.6) and substituting the symbol o’

as approprate to denote the signal variance, (3.11) is rearranged to give
Ji=(a-a) (gl +0l)+u, +ol (3.12)

which can be plotted as a function of the estimator ¢ at the fixed value of the true gain
a=3 such as that shown in the Figure 3.1 showing that the true value of the gain factor at
the local minimum of the error surface is at 2,=3 when only the output data is noise

contaminated.

Cost Function for Noise on the Output
4500 T T

40007\ -

3500 4

3000 -

2500 .

J1

2000 4
1500 ’— i
1000 - 4

500 - |

0 ' - L
-5 0 5 10
al

Figure 3.1 Theoretical Cost Function for the Noise on the Measured Output for zero mean signals with
input variance 64 and noise variance 16 (Output SNR: 15dB).
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In the presence of additive measurement noise on the system input the
computational expression (3.10) defining estimator 4, (assuming a theoretical average)

takes the form

2 2 2
Bt a ,UM,U",'FG,U},'FGO'}, (313)
ahlurix +azo-3x +,U§ +O—}2' +2afulu'fu_\'

which can be simplified for zero-mean signals and written as

98, (3.14)

A=y 2
ao, +o,

nx

This means that estimator 4, is always biased when used for the cases where the
measured system input is noise contaminated regardless of the mean value of the signals.
Figure 3.2 shows the results from computational simulations which illustrates this biasing

effect for zero-mean signals by giving a comparison with the true gain of value 4=3.

INPUT NOISE (Estimator a1)

60 zero mean input & zero mean input noise 1

—— Estimator a1=2.7823
True Gain a=3
« Noisy Data

-1‘5 -1lo 5 6 5 1lo 1‘5

Input
Figure 3.2 Comparison between the true gain a=3 and its estimate as for zero mean signals in the
presence of additional measurement noise on the system input derived from the Computational Cost

Function of a single set of 100 normally distributed random data for the Noise on the Measured Input
with input variance 64 and noise variance 4 (Input SNR: 12dB).
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3.2.2 Optimal Estimator for Input Noise

In the case of additive measurement noise on the input (Figure 2.5, Case II),
errors are defined in the measured data in the x-direction and the error distance for each

data point is given by the relationship

e mx — Tt (3.15)

a,;
where 4, 1s the estimator for the slope of the best-fit linear regression line in the presence
of the errors defined in the input data and 7 is the sample index. One can form the
quadratic cost function for the sum of the squared errors i.e. for the deviations from the

centtal location)/—ax SUCh that
1 e 1 Yi ’ (5 16)
J, WE (ex) ——/\7;:1 x, =% .

The value of 4, minimising the cost function J, can be obtained from the solution of

dj, 2% v | > (3.17)
— =" =L = =0
da, Né[x‘ az][azz]
from which 4, 1s given by

2
2 (3.18)
inyi

where the numerator represents the variance of the variable y and the denominator

a2=

represents the cross-correlation between the two variables. In contrast to Estimator 4,
this uses the ratio of the power of the output and the cross-correlation between the input
and output.

For the gain system given in the previous section if it 1s assumed that #,#0 and
n,~0, one can rewrite the theoretical cost function given by (3.16) in a similar way for the
case of additive measurement noise on the system input as

i \2
), :E[(e;)z]zE[[x; ) ] 3.19)
a2

which can be rearranged using the relationships (3.6) to (3.11) to give
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2
J =[#f+#i +o; +o,, +2#x#m+a—2-(ﬂf+af)—2—a(ﬂf+03+#,/tm)
a a,

2

(3.20)

As in the previous example the above expression can be plotted as a function of the
estimator 4, at the fixed value of the true gain 4=3 such as that shown in Figure 3.3. Also
for this case it can be seen from the curve whose shape diffets from the parabola shown
in the previous case that minimizing the cost function will lead to the true gain factor 1.e.

the local mmimum occurs at @,=3.

Cost Function for Noise on the Input
250 T T T T T T T T T

2001 i

150 1

J2

501 _ E

0 5 10 15 20 25 30 35 40 45 50
a2

Figure 3.3 Theoretical Cost Function for the Noise on the Measured Input for zero mean signals with
input variance 64 and noise variance 16 (Input SNR: 6dB).

In the case of output noise the computational expression (3.18) defining

Estimator 4, can be expanded as

_(ap, +p,)* +a’07 +ay, (3.21)

a, = 2 2
a#: +ao—x +#I#ﬂy

which for zero-mean signals take the form

a2 =a +i (3.22)

aoc

X
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The above expressions show that this estmator always gives biased results for output
noise. Results from the computational simulations are illustrated in Figure 3.4 for the
case of zero-mean signals verifying the biasing effect on this estimator when output data

1s noise contaminated.

OUTPUT NOISE (Estimator a2)

607 :
i zero mean input & zero mean output noise
401 Vg
o A
» o
20f & "
'.‘
Qutput
of 1
-20
~40 2 I 1
o — Estimator a2=3.2061
T . — True Gain a=3
80 _//" | _* Noisy Data ]
-15 -10 -5 0 5 10 15

Input
Figure 3.4 Comparison between the true gain a=3 and its estimate a; for zero mean signals in the
presence of additional measurement noise on the system output derived from the Computational Cost
Function of a single set of 100 normally distributed random data for the Noise on the Measured Input
with input variance 64 and noise variance 4 (Output SNR: 21dB).
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3.2.3 Optimal Estimator for Input & Output Noise

In the case of the additive measurement noise on both the input and output, the
error is defined as normal to the best-fit line assuming errors to be present in both input
and output data such as that shown in Figure 2.5. For each data point, the error distance

normal to the regression line can be given by

i Vi~ arngX; (3.23)

er = -
yI+ars

whete @ is the estimator for the slope of the best-fit linear regression line in the
presence of the errors defined in both input and output data. Similarly, using the least
squares approach one can form a cost function for the sum of the squared errors 1.e. for

the deviations from the central location y=a; ¢ x such that

N N _ 2
J, = %z(e;)z _1 (Yi aTLSxi) (3.24)
i=]

2
N i=1 1 +aTLS

The expression (3.24) is a non-quadratic function of #; 5 and therefore one can expect to
obtain mote than one extreme value by differentiating the cost function ] with respect
to a1 and equating to zero from the solution of

aJ; ZL N 2(yi _aTLSxiX—xi)__L S (J’i _ansxi)zzan_s -0 (3.25)

2
daTLS N i=1 1+ans N i=1 (1+aTLs2

It can be shown that the Estimator a;¢ is given by the positive signed root of (3.25) and
thus

;wﬁ—ﬁnJ[z(ﬁ—xﬁ 456 |

- i (3.26)
s zzxiyi

For the gain system such as that given in Sections 3.2.1 and 3.2.2 if it 1s assumed
that 720 and 770, one can rewrite the theotetical cost function given by (3.24) for the

case of additive measurement noise on both the system mput and the system output as
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Jy =Elel) ] E Go-apexn) (3.27)

1+a’ns

Using the same relationships given from (3.6) to (3.11) and after some algebra the above

expression can be rearranged to give

1 2,2 2 .2 2 2 2 2 2 2 2 2 2 2 2 2
‘]T =[1+a2 '(a :ux +a Ux +Iuny +Un)' +a77.Slux +ansdx +a77.Sluru +aTLSUnx _zansa:ux _zansao'x)
TLS

(3.28)

and plotted as a function of the estimator 44 at the fixed value of the true gain 4=3
such as that shown in Figure 3.5. This cost function has two extreme values and the
optimisation is based on the minimum value at 2;; ;=3 that is equal to the true gain factor
only for the case where the variances of input and output noise are equal although at
reasonable Signal-to-Noise Ratios (SNRs) the difference between noise variances cause
slight biasing effects tending towards overestimation of the true value for higher output
noise and towards underestimation for higher input noise.

Cost Function for Noise on both Input and Output
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Figure 3.5 Theoretical Cost Function for the Noise on both the Measured Input and the Measured
Output for zero mean signals with input variance 64 and noise variances 16 (Input SNR: 6dB ; Output
SNR: 15dB).

32

Chapter 3




Transfer Function Estimators Based on the Least Squares Approach

3.2.4 Comparison of Least Squares Gain Estimators

In an attempt to compare the biasing effects of the least squares gain estimators,
computational procedures have been carried out and the estimator means and variances have
been calculated. The method used is based on ensemble averaging over 1000 sample
populations (ensembles) each consisting of also 100000 randomly generated set of data
pomnts representing the stationary random processes within the boundary of the model
system under investigation. The true gain factor has been set to 3 in order to give a direct
comparison between various estimator performances. All the signals used for
computations have Gaussian probability distributions. Eight different cases for various

additive measurement noise and signal mean conditions have been covered and these are

Case1 — Output Noise / Zero Mean Signals

Case2 — Input Noise / Zero Mean Signals

Case3 — Equal Input & Output Noise / Zero Mean Signals
Case 4 — Input Noise > Output Noise / Zero Mean Signals
Case 5 — Input Noise < Output Noise / Zero Mean Signals
Case 6 — Output Noise / Non-Zero Mean Signals

Case 7 — Input Noise / Non-Zero Mean Signals

Case 8 — Input & Output Noise / Non-Zero Mean Signals

Input variance and the noise variance for the corresponding cases are set to 64, 16 and 9
respectively whereas for the cases of equal input-output noise both noise variance have
been set to 16. The results are presented mn Tables 3.1 and 3.2. It can be cleatly seen that
the mean of the estimator a4, takes values in the range [ 4, , 4, | and is optimal when
both input and output noise are present in the measured signals whereas for output noise
the estimator «#, and for input noise the estimator @, gives the best results for the true
gain factor respectively. It should be noted that the most accurate estimates obtained
using the TLS estimator is for Case 3 where the input-output measurement noises have
equal variance.

In the next section, the derivation of the above estimators is given through a
different approach that allows one to be able to generalise the least squares based
estimation procedute and validates the computational results of this subsection

analytically.
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Case 1 - Output Noise / Zero Mean Signals

g =0t /o i=0/0 =16/ =0/n =0

G = 3 a, = 3.00 a, = 3.07 ars = 3.06
Case 2 — Input Noise / Zero Mean Signals

0.=64/07°=16/0=0/4 =0/, =0
ﬂmUF: E— al e i 2 e

Case 3 — Equal Input & Output Noise / Zero Mean Signals

a’i—61/lc¢

nx

:16/0-29'2:16//'lx20/lunoisc20

Bryp = 3 a =241 a, = 3.10 aps = 3.00
Case 4 — Input Noise > Output Noisc / Zero Mcan Signals
oA /o 16 /a0 =0/ =0
PR | 2 =240 T | 4=304 | s = 2.96
Case 5 — Input Noise < Output Noise / Zero Mean Signals
0’=64/0.=9/0,=16/ =0/ th. =0
@rpue = 3 a, = 2.62 a, = 3.08 dpig — 3:03
Case 6 — Output Noise / Non-Zero Mean Signals
c’=64/0,=0/0,=16/ =8/ fhy.=4
o 4, =253 2, = 2.60 s = 2.60
Case 7 — Input Noise / Non-Zero Mean Signals
o =04/ g =6/ o S0/ 8 =
PR % =235 4, = 2.57 tps = 2.54

Case 8 — Input & Output Noise / Non-Zero Mean Signals

O_XZ:64/o-”xzz16/079'2:16/ﬂx:8/ﬂn0i5c:4

Arrug = 3 a, =2.35 a, = 2.60

aps = 2.57

Table 3.1 Estimator means for various cases.
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Case 1 — Output Noise / Zero Mean Signals

0;=64/0,'=0/0,=16/ =0/ fhgy. =0

Var(a)) = 2.49¢-6 Var(a,) = 2.56e-6

Var(an) = 2.62e-6

Case 2 — Input Noise / Zero Mean Signals

02=64/0,2=16/06,"=0/ =0/ fh. = 0

Var(a) = 1.48¢-5 Var(a,) = 2.22e-5

Var(ays) = 2.32e-5

Case 3 — Equal Input & Output Noise / Zero Mean Signals

g =64 Lo f=16/0 =16/ =0/, =0

Var(a,) = 1.56e-5 Var(a,) = 2.72e-5

Var(ayg) = 2.43e-5

Case 4 — Input Noise > Output Noise / Zero Mean Signals

O-x2:64/o-/l.'\‘z:16/0_’!)'2:9/#x20/#n0i58:0

Var(a )= 1.64e-5 Var(a,) = 2.53e-5

Var(an ) = 2.56e-5

Case 5 — Input Noise < Output Noise / Zero Mean Signals

5= 0hio 0 o o i 0N D

nx

Var(a) = 1.13e-5 Var(a,) = 1.60e-5

Var(a;, o) = 1.48e-5

Case 6 — Output Noise / Non-Zero Mean Signals

2L 2877 295 = 5 o
O'x—64/0' _O/O-ly —16//1\—8/#“0‘%—"4

nx

Vana,) = 1.34e-6 Var(a,) = 1.19¢-6

Var(ay ) = 1.20e-6

Case 7 — Input Noise / Non-Zero Mean Signals

02=64/02=16/02=0/ .= 8/t =4

n ny

Var(a,) = 5.16e-6 Var(a,) = 5.51e-6

Var(a,5) = 5.86e-6

Case 8 — Input & Output Noise / Non-Zero Mean Signals

o_x2: 64 / O-IL\’Z: 16 / 0'192 =16 /,Ux: 8/#noisc: 4

Var(a,) = 6.05e-6 Var(a,) = 6.82¢-6

Var(an o) = 6.73e-6

Table 3.2 Estimator variances for various cases.
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3.3 Generalisation of TLS Gain Estimation

In view of the theoretical and computational review of the gain estimators
presented in the previous section, here we seek to develop a generalised approach for the
least squares estimation scheme from a geometric viewpoint. As has already been
explained in detail, for the basic memoryless input-output linear relationship y=ax, the
least squares optimisation is obtained by the minimisation of a cosz function, that is the sum
of the squared measurement errors, with respect to the unknown gain 2. To summarise,
with reference to Figure 2.5, if one minimises the sum of the squared vertical errors
between the fitted line and the data points then the estimator 4, is obtained, whereas if
the sum of the squared horizontal errors is the quantity to be minimised then the
estimator 4, results. When the sum of the perpendicular errors is minimised then the TLS
estimator 4y is realised. From the statistical performance assessment of these estimators
we have also seen that the TLS gain estimator always gives tesults between the 1% and the
2" least squares estimators.

Our motivation here is that by using geometric relationships we can obtain a
general term for the least squares error distance to be minimised from which it would be
possible to derive each of the individual estimators presented above by appropriate
manipulation. For our analysis, let us first define a new measurement error distance

between the true input-output line and the data points such that its position vector with

respect to the corresponding data point is at an angle € to the vertical distance (e, ) that
is associated with the estimator g,. This is llustrated in Figure 3.6 where (x;,)) gives the
co-ordinates of the data point, e, is the new error distance and e, is the perpendicular
TLS distance. Using trigonometric relationships (angles in radians for convenience) we

get

G - sin[% - wj =cosy (3.29)

Yi —ax;

Since taniy = 4, then

¢ __1 (3.30)
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and hence the TLS error distance is

e = " (3.31)

The relationship between the perpendicular (standard TLS) error distance and the new
(generalised TLS) error distance is given by

e
e, = — 3.32
o sing (3-32)
From Figure 3.6 it can be clearly seen that
b=/ +(0-v) (3.33)

(xi, yi)

yi - ax;

=77 (w2-y) ax,

Figure 3.6 Generalisation of TLS.
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Therefore,
sing = sin[% +(0-y)]=cos(@ —y) =cosf cosy +sinfsiny (3.34)
and since
siny = ——2 & ! (3.35a,b)
= cosy = Jda,
v1+a? V1+a?
(3.34) can be rewritten as
cos 8 + asin ¢
sing = ——————— (3.36)
V1+a?
and the new error distance is given by
y, —ax,
e = i i 3.37
® " cosf+asind (-37)
Using the expression (3.37), we can obtain the standard error distances e,, e, and e,

corresponding to the three basic least squares estimators 4, @, and @ ¢ respectively, as

follows:

1. If 6=0 then e, =y, —ax, > e, hence a — g, (3.37a)
i 8=7 then e, = ; —x, e, hence a—a, (3.37b)
y; —ax;

1it. If =y then e, = = e, hence a —>aps (3.37¢)

V1i+a?

As can be seen from the three cases above, by spanning the angle € between 0 and 7/2

we get the error criteria for the standard least squares estimators.
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3.3.1 Computational Expression

Now, let 8 be some other angle that is fixed and independent of 4 (note that in
the third case given above where the error criterion leads to the TLS solution, 6 is not

independent of 4 since the errot minimisation criterion is based on 6 =y ). Then from

(3.37) we get
y, —dax.
e, = : ! 3.38
¢ cos@(1 +atan) (-38)
and forming the corresponding cost function as
1 & 1& (i-ax)
J, == (es)? =— d ! (3.39)
’ N;( Y TNG cos? O(1+a tan @)’
the value of 4 can be obtained from the solution of
2
ﬂ:_z_N (yi_axi)(—xi)z 2% (v, —ax,) tan‘93=0 (3.40)
da N ‘S cos?@(1+atand) N T cos? 61+ atan )
from which using ¢ as appropriate and after some algebra a, is given by
2
gy = oty el (3.41)

T2
o, +0, tand

In accordance with (3.37a,b,c), when we consider some specific values for the angle 6,

the gain estimator given by (3.41) leads us to the following cases

i If 6=0 then 1, =22 =4, (3.41a)

i, If 6 = % then 2y - % —a, (3.41b)

i If 6=7 then o) - Z;w ::j (3.410)
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Therefore, we can see that the third case corresponding to the angle 9:%

leads to an estimator between the least squares estimators, 4, and 4,, that is algebraically
much simpler than the standard TLS gain estimator given by (3.26). We would expect
this estimator to be equally optimal with the TLS estimator in the special case of equal
input-output measurement errors with the true gain factor being unity for which the
distance e, would be geometrically dividing two equal right-angle triangle. However
when either of these errors were dominant than the result obtained using the above

expression would be biased whose degree would depend on the ratio of the input-output

noise powers.
Figure 3.7 gives a direct numerical comparison between g, and 4, over 1
million-sample noisy zero-mean stationary random input-output data for a true gain

factor of 3 and gz%. (3.37¢) describes the TLS optimisation landscape as based on

6 =y and hence in this case the tangent of both will be equal to 3 whereas for a, the

angle @ is effectively considered n/4. Input vatiance is 64 and both noise variances are
16 cotresponding to Case 3 of Section 3.2.4. As can be clearly seen from the direction of
the corresponding arrows indicating the slope of each estimator, there is a difference

between the two results by a factor of 10 4, is computed as 2.92 and a, is 2.82. This

is due to the fact that, despite noise variances being approximately equal over the data

samples, the fitted line has a larger slope than 1 and hence 9=% does not lead to the

optimal error distance to be minimised ot

150

100+

50

-100

L L L L |
; 50—60 -40 -20 0 20 40 60
Input

Figure 3.7 Comparison of standard and the generalised (3.41c) TLS gain estimators for equal input-
output noise. Dots: Noisy input-output scatter points; Red Arrow: d,; Green Arrow: Qg .
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3.3.2 Theoretical Analysis

In order to further investigate the significance of our approach to the TLS input-
output problem described above, consider the cost function given by (3.39), this time

analytically, by mncluding noise terms on both the measured input and the output as

2 2 2 2 2
(cry +o, J+ a; (O'X to, )— 2040,

J, = (3.42)
f cos? 8(1+ a, tan 6)’
where
2 2 2 _ 2
c,=a0c, & 0,=a0,
and therefore
2 2 + 2 + 2 2 + 2 _2 2
s, = (a o! 0'")') a, (O'I O'n,) azao’ (3.43)

cos? 8(1+ a, tan §)’

which shows that J, is a function of o, , ¢, , o, , 4 and 6. Furthermore, if we
Y

n?
modify the expression for the estimator a, accordingly accounting for noise, we get the

corresponding theoretical expression

ac?(1+atanf)+ O':y tan &

= (3.44)
% oll+atanf)+ o)
that can be rewritten as
2 0-2
a O-; (1+atan6’)+—"2’tan¢9
O, O, 3.45)
gy (
Zz (1+atand)+1
If we let
o’ : . o,
Input SNR, —==p & Noise Ratio, —*-=r (3.46a,b)
anX "X
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Substituting (3.46a,b) into (3.45) we obtain

. ap(l+atan6)+rtand (3.47)
- p(l+atan8)+1

Furthermore, the theoretical expression given by (3.47) can be appropriately mantpulated
in order to verify the performances of three standard least squares estimators. With
reference to Figure 3.6 and the relationship given by (3.37c) when § =y, tan@ is simply
equal to the true gain 4, describing the standard TLS solution representing the case of

input-output noise. Therefore if we let » =1, (3.47) can be rewritten as

s (3.48)

showing that the TLS estimator is equal to the true gain factor for equal input-output
noise. In order to represent the case of input noise only, we let » =0 and f=7/2,

leading to

ap(1+atan6) =a2p_)a (3.49)
p(1+atan6)+1 ap

Similarly, for the case of output noise only, welet p =r = and 6 =0to give

_ap _ a (3.50)

Now, let us look at a special case in an attempt to examine the behaviour of (3.47) for
varying the angle . We consider the true gain factor and the output noise to input noise

ratio are equal to unity i.e.
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Substituting the above into (3.47) and after some algebra we get

3 p(1+tan9)+ tan &
- ,0(1+tan¢9)+1

(3.51)

Figure 3.8 dlustrates the relationship between the estimator (3.51) and the input SNR p
for 6 equal to 0, 7/2 and 7/4 respectively. When 6 is 0, (3.51) reduces to

and hence as the input SNR is improved it converges towards the true gain factor 1 (see
top-left plot of Figure 3.8) although it will remain biased as there is always some noise on
both input and output (tecall (3.37a) and (3.41a)). Note that starting from around 0.5

associated with the 0 dB input SNR, it always gives underestimated results for the true

gain factor. If we select 6 as m/2 then the estimator (3.51) can be rewritten as

+1 1
ae—ép—:1+——
P P

corresponding to the input noise optimal case (recall (3.37b) and (3.41b)). As can be seen
from the top-right plot of Figure 3.8, in this case the estimator has a similar exponential
behaviour but in a decreasing fashion. Again, it converges towards the true gain factor
asymptotically although the overall performance is less accurate with higher biasing effect

compared to that of the previous case. Finally, when we look at the case of 8 is equal to

7/4 (recall (3.37¢) and (3.41c)), the expression (3.51) reduces to

2p+1

=1
2p+1

indicating that using 6 = 7/4 is sensible as it will coincide with the standard TLS scheme

for the case of equal input-output noise and hence is unity for all p (Figure 3.8, bottom
plot).
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Genermiised TLS Estimator Generalsed TLS Estimator

Estimaler (3.45)
Estimater (3.45)
o @

S

o 5 10 15 20 2 ] 35 40 0 5 10 15 20 25 30 a5 40
Input SNR (Power Ratio) tnput SNR (Power Ratio)

Generalsed TLS Esumator

16- 0=nid <

()

Estimator (3.45)
B e e
S o ¥
b

o

10 15 20 25 30 a5 40
Inpat SNR (Power Ratio)

o
@

Figure 3.8 Theoretical expression for the generalised TLS Estimator (3.45) for the special case of (3.51)
plotted versus input SNR (i.e. for a = r=1). Top-Left: 8= 0; Top-Right: 6 = n/2; Bottom: = n/4.

It is also possible to generalise the estimator @, with respect to certain
conditions of the parameters r, p and € under which its estimate gives the exact value

of the true gain factor 4. Simply, substituting a for a, in (3.47) we get

a=rtanf (3.52)

which shows that when the product “rtan8” equals the true gain factor, this estimator

always gives the exact result. This means that for specific values of the true gain factor

there is no better estimator than a,. This can be demonstrated through a simple example

as follows:
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Let us assume that the true gain factor and the noise ratio are given as

If we consider the case corresponding to estimator a,, we let § =0 from which (3.47)

takes the form

2p =2(p+1)—2_)2_ 2 (353)

g =0, =
p+1 p+1 p+1

which shows that a, is biased for low input SNR although it converges towards the true

gain factor as p is increased. Secondly, let us consider the case corresponding to

estimator a, in which we let @ = 7/2 and subsequently (3.47) becomes

a0:a2:4’g+2_)2+_1_ (354)
p p

Also in this case the estimate is biased for low input SNR and approaches the true value

as p tends to imnfinity. The corresponding standard TLS estimator is based on the

criterion tané =2 using which the expression (3.47) 1s rewritten as

_2p(1+4)+4_)2+ 4 (3'55)

a, =a =
TR p1+4)+1 50+1

verifying the biasing effect. Finally, if we look at the case of & =7/4, (3.47) takes the

form

o, <2p0rD+2 2o+l (3.56)
p(l+2)+1 p(1+2)+1

from which it can be seen that the estimator a, is unbiased for all p and therefore is the

best estimator for this specific case.
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3.3.3 Summary

Above analysis is based on the geometrical interpretation of the newly defined
error distance (3.37) in terms of the measured input-output data position vector and a
fixed angle & that is also a function of the transfer characteristics of the data point. It
has been shown that by choosing the angle 6 according to the signal and noise
characteristics, the generalised TLS estimator (3.41) can be appropriately manipulated mn
order to obtain an accurate estimate of the true gain factor. For the special cases of the
angle @ being equal to 0, ®/2 and y (see Figure 3.6); the equivalent least squares
estimators 4, 4, and a; ¢ (for equal input-output noise) can be derived respectively.
Under certain conditions, the generalised TLS estimation scheme gives the exact true
gain factor for all input and output SNRs unlike the corresponding standard least squares
forms. Although this is of no practical use as its verification relies upon a priori
knowledge of the true gain factor, it 1s an interesting observation revealing the supertor
behaviour of the proposed estimation scheme.

In the next section we cover the corresponding frequency domain versions of the

standard least squares estimators given above.
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3.4 Least Squares FRF Estimators

3.41 FRF Estimators Hiand H-

H, and H, are the two classical transfer function estimators based on the least
squares approach for additive output measurement noise and for additive input
measurement noise, respectively, whose derivations in the time domain (using real valued
data in order for easy visualisation) are given in Sections 3.2.1 and 3.2.2, in relation to the
estimation of the transfer characteristics of a gain system. With reference to Figure 2.4

these can be defined as [2, 7]

S, ()
H(f) = == (3.57)
f) Xy Xy (f)
and
S, ()
H,(f) === 2 (3.58)
& S, (f)

where S’ab (f) is an estimator for the cross-spectral density between a(f) and 4() and if

a()=b(J) then this spectrum is referred to as an auto-spectral density or a power spectrum
(see Appendix A for the methodology of corresponding derivations using complex
valued data in the frequency domain). Assuming the system under investigation is truly
linear and the two additive measurement noises #,() and #,(#) ate mutually uncorrelated
and uncorrelated with the input signal, the statistical behaviour of these two FRF
estimators in the presence of additive measurement noise is well established. The
important results can be summarized as for the case of measurements with only output
noise, estimator H,(f) is unbiased; whereas for the case of measurements with only input
noise, estimator H,(f) is unbiased; and when noise is present on both the input and
output both H,(f) and H,(f) are biased (see computational results in Section 3.2.4). In

the latter case one can further show that [2]

E[H ()= H(f) < E[H, (/)] (3-59)
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where E[ | denotes the expectation operator. This result allows one to approximately
bracket the correct result by computing both transfer function estimators. It should be
noted that (3.59) is developed using the theoretical values for H, and H, and there is no
guarantee that for finite data lengths it will hold true. A more correct fashion by which to
bound estimates of the transfer function is, to use the concept of a confidence interval.
For example, it can be shown [2,7] that the confidence interval for the magnitude of a

transfer function estimated via H, is given by

2 4 1
A, (f) {liN-z‘[—z*ﬁ'lJ Sones (1-3)} (3.60)

Xmm

where £, () is the inverse cumulative distribution of the F-Distribution with “2, N-2”
degtrees of freedom (for large N f, ,_, (B)z—log(l—B)) and yimym(f) is the ordinary

coherence function between the measured variables which is given in its most general

form by (2.10).
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3.4.2 FRF Estimator Hs (or Hy) and Hw

Besides the above most commonly used transfer function estimators H; and H,
there exists an alternative estimator based upon the concept of Total Least Squares (TLS)
whose time domain version has been given in Section 3.2.3 in the context of gain
estimation with reference to @4 Although it has various derivations in the literature that
are slightly different from each other [8,9,10,11] in its most widely used form the TLS
Estimator H_ is defined as

S ()

8, (N8, (N)+ \/ (s, (N-5,, (N +45

- (3.61)
25, ()

H.(f)=

and s is a scale factor that allows one to manipulate the FRF estimates. By letting s=0
one obtains H,(f) and the case where

§ —> 0
is best addressed by defining

g=1
s

by writing (3.61) in terms of g(f) and letting

g0

then after some algebra it can be easily shown that

H.(f)— H (f)

Hence, if one varies s over the range [O, o] the estimator H,(f) takes values in the range

[H,(f).H, (/)]

whereas the case of s=1 defines an additional FRF estimator, namely H,(f) [8,9,11,12].
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An alternative approach to FRF estimation that has been considered by White,
Tan and Hammond is that of statistical inference [13] where the principle of Maximum
Likelihood has been applied to derive optimal estimators for the FRF (see Chapter 5 for
details). The resulting algorithm corresponds to the established H,(f) FRF estimator, with
the parameter s equated to the ratio of the measurement noise spectra and the estimator

H,, is given by

8, DK (N +f8, DD -8, ] +4[8,,. D] =)

28, . ()

H,(f)= (3.62)

in which x(f’)represents the ratio Sppn, (f )S o’

The primary outcome of the methodology adopted in the above paper 1s that ML
estimators are guaranteed to be unbiased and asymptotically efficient [14,15]. Therefore,
this estimator is unbiased in the presences of both input and output noise and for large
data sets one can be confident that the ML estimator approximately satisfies the Cramer-
Rao Lower Bound (CRLB) ensuring that, asymptotically, no unbiased estimator will
achieve a better performance than an ML estimator. The analysis of the ML approach for

FRF estimation will be seen 1n detail in Chapter 5.
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3.4.3 Statistical Assessment of Least Squares FRF Estimators

In an attempt to investigate the performances of the FRF estimators covered in
this chapter, computational statistical behaviour assessment procedures at a single
frequency for a fixed gain factor have been carried out computing the estimator means and
estimator variances. These quantities have been plotted at each value of the ratio of the
standard deviation of the output noise to the standard deviation of the input noise from

0 to 2 using 801 sample points (0.0025 step size) whose sequence is given by

O-'l . .
L= g,m,...,7—99,§ =[0,0.0025,0.005,...,1.9975,2.0]
o 4 4 4 4

This means that there is always additive measurement noise on the system input with a
variance of 16 which is kept constant as the standard deviation of the noise on the
system output varies from 0 to 8 For each FRF estimator, 100 realisations each
consisting of 100 samples have been computed and averaged for the corresponding noise
ratio.

In Figure 3.9 the means of the FRF estimators H,(f), H,(f), Hy(f) and Hy(f) ate
shown. Since the input noise level is kept constant for each computation, estimator H,(f)
1s severely biased throughout the whole range of the noise ratio. Estimator H,(f) is equal
to the true gain factor when there is only input noise and gets biased gradually as the
output noise is mntroduced and its level is increased. H,(f) starts slightly biased when there
1s only input noise and 1t meets the estimator Hy(f) where the noise ratio becomes 1 1e.
equal amount of input and output noise. The ML estimator Hy(f) appears to be the most
optimal and hence unbiased for any noise ratio having the closest values to the true gain
factor throughout.

Figure 3.10 shows the results of the computations for the comparison between
the variances of each FRF estimator. It is clear to see that Hy(f) has a relatively high
variance with H,(f) and H,(f) compared to H,(f). All of the four estimators tend to have
Increasing variances as the level of the output noise is increased. Starting from the region
where there is only input noise Hy(f), 1L(}) and H (f) demonstrate almost identical
behaviours although H,(f) gets more erroneous than the other two with increasing
variability as the effect of output noise becomes dominant. For the highest levels of
output noise H,(f) has the maximum variance followed by H,(f) whose value gradually
deviates from H,(f) starting from the equal input-output noise region.
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Estimator Means for a fixed Gain Factor "3" at a Single Frequency
36 T T T T T T T T T

H2 starts unbiased
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Hv meets Hw

H1 biased as there is always some Input Noise

i
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Figure 3.9 Means of FRF estimators computed at each noise ratio for a fixed gain factor of 3 at a single
frequency. Red/Solid line - H(f), Blue/o - Hz(f), Black/+ - Hy(f), Red/x — Hu(f).

Estimator Variances for a fixed Gain Factor "3" at a Single Frequency
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Figure 3.10 Variances of FRF estimators computed at each noise ratio for a fixed gain factor of 3 at a
single frequency. Green/Dotted line - Hi(f), Blue/o - Ha(f), Black/x - Hy(f), Oranige/Dotted line - Hu(f).
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3.5 Summary

This chapter has covered the estimators already in use for the transfer function of
a system with stationary random inputs and additive measurement noise. Conventional
FRF Estimators based on the least squares approach have been presented and their
specific noise sensitivities have been analysed in order to form a solid background for the
introduction of the new work and its comparison with the existing methods which are
given in the Chapters 4 and 5 of this thesis.

With reference to Figure 2.5, which shows a set of measured data (representing
the mput-output scatter points) and various error measures that can be adopted, if one
minimises the sum of the squared vertical errors (¢) between the fitted line and the data
points then the estimator H,(f) is obtamed, whereas if the sum of the squared horizontal
errors (e,) is the quantity to be minimised then the estimator H,(f) results. In addition, if
it is the sum of the perpendicular errors (¢) that is minimised then the TLS estimator
H(f) is realised.

The important results can be summarised as: for the case of measurements with
only output noise, estimator H,(f) is unbiased; whereas for the case of measurements

an egmal omounl of
with only input noise, estimator H,(f) is unbiased; and whenfloise is present on both the
mnput and output both H,(f) and H,(f) are biased but H (f) is unbiased. A generalised
TLS scheme has been introduced from a geometric viewpoint allowing one to readily
mnterpret the relationships of the existing least squares estimators in the time domain.
The proposed approach utilizes the minimization of an error distance dependant on an
angle that may be approprately varied in order to suit the relevant measurement/ analysis

conditions on the basis of a ptiori knowledge of the noise/system characteristics. It has

been shown that the generalised TLS estimator a, gives completely unbiased results for

the true gain factor for all input and output SNRs under certain conditions.

Chapters 4 and 5 further discusses the transfer function estimation problem and
explains how PCA can be used as a tool to solve this problem in the time and frequency
domains respectively, including extensive computational simulations to provide

comparisons with the existing techniques.
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Chapter Four
GAIN ESTIMATION USING PCA

4.1 Introduction

It has been shown in the previous chapter that the conventional FRF estimators
for SISO systems based on the least squares approach can be derived from a geometric
standpoint, relying upon the fact that in the frequency domain the problem of estimating
a transfer function is a linear regression problem. These interpretations are powerful
intuitive tools allowing one to readily identify the merits of the corresponding algorithms.
The drawback of such an interpretation is that it adds little to the mathematical
underpinning.

The aim of this chapter in conjunction with Chapter 5 1s to demonstrate that one
of the most effective multivariate data analysis techniques, the so called Principal
Component Analysis (PCA), can be employed to solve transfer function estimation
problems providing a novel mathematical viewpoint and that the result from this
approach can also be generalised to MIMO systems.

In essence, this chapter forms the theoretical background of our PCA FRF
estimation approach introducing the fundamental mathematical procedures on the
relatively simple gain estimation problem in the time domamn in order to provide a
comprehensive reference for the concepts covered in the next chapter where the results
presented here will be extended to the frequency domain applications with slight
modifications and the corresponding verifications will also be given through extensive

computational simulations.
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4.2 Gain Estimation in Memoryless SISO Systems

This section aims to discuss how PCA can be used to estimate gains of SISO
measurement systems. The application of the method of principal components to the
problem of gain estimation of a memoryless SISO System is based on carrying out the
analysis on the covariance matrix of the measurement vector which contains information
on second-order statistics of the measured input and the measured output data. By this
technique, a set of correlated measured variables are lineatly transformed into a new set
of uncorrelated (virtual) variables, the so called principal components, which in total
exhibit the same variability as the original variables (recall (2.26)). These components are
ordered according to the proportion of the total variance they account for. This
approach also allows one to identify components of low power that may be removed
from the data set without significantly affecting the data, thus producing a dimensionally
reduced form of the original data. The aim of the method is to introduce parsinony to the
analysis. The analysis is carried out on the covariance matrix of the observed variables in
the form of an Eigen-Value Decomposition (EVD) in which the direction of each
eigenvector represents the direction of each component and these are weighted
according to the values of the corresponding eigenvalues.

In order for the above technique to be applied to SISO system identification, the
procedure 1s required to be carried out on the input-output covariance matrix. Physical
interpretation and the details of the mathematical procedures on which out approach is

based are given in the upcoming subsections
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4.2.1 Physical Interpretation of PCA Gain Estimation

With reference to a SISO gain system we first define the vector transformation
from the correlated observed variables x (input x,, and output y,) into the uncortelated

principal components z (z; and z,) through the transformation mattix T as

z=Tx 4.1)

which can be rewritten as (recall (2.21) )

x=T'z 4.2)

From the above relationships, one can effectively consider representing the
system input-output relationship in two different ways and these can be described as the
actual SISO process mvolving the original variables (Figure 4.1) and the virtual Two-
Input-Two-Output (TITO) process involving both the original variables and the new
uncorrelated variables (Figure 4.2). In this virtual system the principal components are
the mputs and the original signals are the outputs. PCA solves the inverse problem by
finding the transformation that maps the two correlated vatiables into two uncorrelated

variables in the following way:

— P GAIN L >

Original Input Original Output

Figure 4.1 Actual SISO Gain Process involving 2 variables.

Using the form given by (2.22) we can extend (4.2) and define the input-output

covatiance matrix leading to its corresponding EVD solution as

R(x':TTRzzT (43)
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where R,, is a diagonal matrix containing the ranked eigenvalues of R, and the

orthonormal transformation matrix T? is the matrix containing the corresponding

1 1 1 T -1 Z‘ll Z‘12
eigenvectors as its columns 1e. T =T =

} . Expanding (4.2) we obtain

Z‘21 22

|:xm:|:[tll t]2]|:21}:|:t1121+t1222} (4.4)
Yo Ly 1yll|z 1)z, +152,

and it can be easily seen that both input and the output are made up of parts of the
uncorrelated virtual variables. For the measured input, the part due to z, is t,;z, whereas
for the measured output, the part due to 2z, is tyz, Since z, is the first principal
component representing the total or the majority of the total variance (depending on the
degree of linear association between the original variables) it is logical to use the ratio of
its corresponding eigenvector as the estimate of the transfer function linking the original

(actual) variables x and y and hence the gain related to z, is given by the ratio t,/t,,.

Uncorrelated Variable 1 Measured Input
—> I E—
-1
T
—» —»
Uncorrelated Variable 2 Measured Output

Figure 4.2 Virtual TITO Process involving 4 variables which illustrates the inverse problem through
which the principal components are transformed into the measured variables.

Therefore, it is proposed that the PCA is carried out on the mnput-output
covariance matrix and the values of its eigenvalues are observed. If the system is purely
linear and the measured variables are noise-free, one would expect only one non-zero
eigenvalue whose value is equal to the sum of the powers of the measured variables. The
ratio of the two values in the associated eigenvector determines the gain factor ie. the
slope of the eigenvector corresponding to this eigenvalue would give information about

the system’s transfer characteristics.
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However it should also be noted that for the cases where the measurements are
noise contaminated and/or the input-output relationship is not completely linear then
both eigenvalues will be non-zero as some part of the total variance contained in the
measured variables will be represented by the weighting factor of the second principal
component. In this case, if the noise power and/or the effect of potental non-linearity is
low compared to the variance of the original signals and the input-output linear
association respectively there will be a great difference between the numerical values of
the eigenvalues and we can still consider the gain factor obtained by PCA from the
eigenvector corresponding to the larger eigenvalue as a realistic approximation to the
transfer characteristics of the system.

In the next subsection the derivation of the generalised theoretical expression for

the SISO PCA gain estimator is presented.
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4.2.2 Derivation of SISO PCA Gain Estimator

The general theoretical expression defining the PCA gain estimator for the above
SISO gain system with uncotrrelated additive measurement noise on both input and
output can be derived as follows:

The input-output covariance matrix between the measured input and the
measured output is given using (2.20) as

RH=EH}[ ym,_]H £l ] E["mym]} (4.5)

m Ely,x,] Ely,]

in which the time domain measurement vector for each sample is given by

X, ={xmx}, for/=1.2,...N

Vm,
over N samples and the measured system input and output are defined by (3.1a,b).

Assuming that the system is a pure gain of the true value 4, we can use the relationships
(3.2) to (3.6) and substituting the symbol ¢ as appropriate to denote the signal variance,
in the case of noise on both input and the output, the matrix given by (4.5) can be

rewritten as

_ O'xz'*‘O'M:2 ao (46)

In order to find the eigenvalues and the eigenvectors of the matrix R, one solves the

equation
R..t=X .t 4.7
e
2 2 2
O-x +O-n.x ao-x . tli __/1 . tli (48)
2 2 2 2 ™
aoc, aoc, +0, Ly L,

for i=1,2; where 7 is the eigenvalue index and t, is the eigenvector corresponding to the 7"

eigenvalue A, The above gives the simultancous equations

(O-: +o':x)-t“. +(a0'.3)'t2i '__/?’itli (4'93)
(aO’_f) Tt (azo_: + O-:),) by, = Aly, (4.9b)
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In order to solve for the eigenvectors, we need the eigenvalues A,. These follow from 4.7
and written as

R,.- AD.T=0 (4.10)

By Cramer’s Theorem this has a non-trivial solution if and only if its coefficient

determinant is zero i.e. the characteristic equation of the system 1s

det(R, - AI) = 0 4.11)
This can be written as
def % J;zz 4 azaz‘f:jz |0 412)
which can be expanded
A2+ (— or -0 —d’o; - o‘fy )}L + o‘fo‘fy +a’co, + o‘fxofy =0 (4.13)

The roots of this quadratic equation are

A =%-{(a’j +o} +d’o; +a' \/[ ol-a’c} U:, —a':y )]2 —4a'fa' -4a’cio} 40'3}0',1 }
(4.14)

and after some algebra the ratio of the components of the theoretical expression for the
eigenvector corresponding to the largest eigenvalue, say A, which corresponds to the
addition case in (4.15) describes the estimate for the system gain obtained by using the

method of Principal Components i.e

L Ag-dc 0~ - [ vdTv2dd +d, 0, 20,0, +Aeid -+ 2 )@ )
(4.15)
which in practice can be simply computed from the EVD of the correlation matrix

between the measured variables given by 4.5.

In an attempt to give a clearer mathematical insight to the above described gain
factor estimation procedure and in order to form a solid foundation for the extension of
the method to MIMO cases, in the next section, we will consider a particular case for the

analysis of the system under investigation.
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4.2.3 Zero Eigenvalue and PCA

With reference to the SISO gain system given in the previous section, let us
assume that the measurements are noise-free. Then the input-output covariance matrix

between the correlated variables given by (4.6) takes the form
R =[ Tx 49k ] (4.16)

and the simultaneous equations given by (4.9) are replaced by

(o-:-).tli +(ao-:)'t2,' =/1itil (4.173.)

and

(@o})-t, +(a*a}) 1y, = Aty (4.17b)

In accordance with the procedure described from (4.10) to (4.12) and after some algebra
we get the eigenvalues

4 =(a*+1)-02 and 2,=0 (4.18)

from which the corresponding eigenvectors can be simply derived as

"ﬂ and tz:[ﬂ (4.19)

(Note that the above forms of the eigenvectors emphasize the ratio of their components
symbolically and hence in practice they would be normalized)

As it has already been explained in Section 4.2.1, the results (4.18) and (4.19)
cleatly indicate that if the cotrelated signals contained in the input-output covariance
matrix ate related through a purely linear process and are completely noise-free, it is
possible to obtain the exact value of the system’s gain factor from the ratio

t2i
tli

of the components of its eigenvector corresponding to the non-zero eigenvalue whereas

the remaining eigenvalue must be zero.
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The zero eigenvalue has an important interpretation in terms of PCA. It can be
easily seen that the components of the eigenvector corresponding to the zero eigenvalue
may also be used in order to detive the exact value of the gain factor using the ratio

-

t2i

If there is an eigenvalue equal to zero then this means that the variance of the projections
on the corresponding eigenvector is zero and the corresponding principal component is
reduced to zero. In the case of the analysis having carried out on the covariance matrix
then the data to be analysed have been centred and the zero eigenvalue creates an
opportunity in order to form linear combinations of the orginal varables with the
components of the corresponding eigenvector as its coefficients. This indicates that the
mput is a perfect linear function of the output and hence they are perfectly correlated.

This implication can be simply illustrated for the above bivariate case as follows:

Equation (4.7) can be expanded (assuming sample by sample eigen-decomposition of the

covariance between the variables) using the notation for the measured mput and the

B } [, y]{: } =4 [: } (4.20)

output as

where A, is the /* eigenvalue and

T |l 10| 2 4.21
2ol o @21

and since it is assumed that
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then this has a non-trivial solution

[x. ym].[’u} —0 (4.22)

t2i
which can be expanded as
X b+ Yty =0 (4'23)

forming a homogeneous linear system with the coefficients #;and #,. Therefore we can
conclude that if the values of these coefficients can be determined from the EVD of the
SISO input-output covariance matrix then one can also simply derive each potential gain
factor relating pairs of correlated input-output variables from the ratio of the components

of the eigenvector corresponding to the zero eigenvalue using (4.23) such as

Yo _ (4.24)

m

The analysis given from (4.16) to (4.24) shows that if one of the eigenvalues of
the covariance matrix is equal to zero then this is an indication of the existence of a
collinearity condition between the original variables and the corresponding eigenvector
can also be used in order to obtain the associated relationship in accordance with the
procedure given above. We will use this result for the application to the time domain
multi-variate cases in Section 4.3 and to the frequency domain multi-variate cases in
Chapter 5. It is noted that the above conclusion can also be justified starting from the

equation (4.1) and assuming z, to be zero corresponding to the zero eigenvalue.
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4.2.4 PCA and the TLS Solution

In the previous subsections we have shown that PCA can be employed to solve
problems involving gain estimation of SISO systems through an approach providing a
more solid mathematical foundation compared to that of the standard methods based on
linear regression. As a matter of fact the application of PCA leading to the solution for
the above problem given by the theoretical expression (4.15) is equivalent to the methods
based on the concept of Total Least Squares (TLS). This is not a surprising result since
the TLS solution can be obtained from an eigenvalue decomposition of the spectral
correlation matrix [16], which is exactly the same mechanism used to compute the PCA
estimate ie. evidently this estimator is exactly that associated with the TLS solution,
namely a;; ¢ (see equation (3.26) ). The interesting observation 1s the novel viewpoint that
this result provides, the advantage being that it allows one to simply obtain the same
result from the EVD of the input-output covariance matrix rather than using the TLS
algebra. The mathematical verification of the above result can be easily obtained as
follows:

The estimate of the input-output covariance matrix defined by (4.5) can be given without

expanding the measured variables and using summation operator over N samples
(=1,...,N) as
N ) N
P

a| 2 2w 4.25)
B N|Z y o,

z-ym,xm, z-ym,

i=1

i=1

o

Now, let us rewtite (4.25) in terms of 4, ¢ and 4 representing the corresponding averaged

coefficients for simplicity

R, - [b c] 4.26)

* e d
where
PRI I (4.262)
N =1 ™
1 N
d=—3"2 (4.26b)
N%:y”‘
L < 1S (4.260)
= — = — . C
¢ N;x’"ry’"l N;ymlxml
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This time from (4.7) we get the simultaneous equations in the form

by, +clyy = Aty (4.272)

and

ety +dty, = Aty (4.27b)

for £=1,2 ; where £ is the eigenvalue index and t, is the eigenvector corresponding to the
£" eigenvalue A, In accordance with the procedure given by (4.10) and (4.11) the

characteristic equation associated with (4.26) can be written as

dec[b -4 ¢ ] =0 (4'28)
c d-A
from which the eigenvalues are obtamned
_1 :_alrg_ 2 (4.29)
,11,2_2[(b+d)¢ (b+d) —4lpd —c ]

and the eigenvector corresponding to the latgest eigenvalue, say A, which cotresponds to

the addition case in (4.29) gives the estimate for the system gain

t,/ _d-b)+ld-bf +4 .
a,,c,,_% - < (4.30)

Substituting (4.26a,b,c) into (4.30) we get

S0 -5t [Z08 51 45}

Gpey = S (4.31)
and hence comparing (4.31) with (3.26) it can be concluded that
A5 = Apcy (4.32)
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4.3 Gain Estimation in Memoryless MIMO Systems

In this section we extend the above described application of PCA for the SISO
system gain estimation to the linear time-invariant memoryless MIMO systems whose
general schematic diagram is shown in Figure 4.3. Our theoretical analyses here are based
on the noise-free cases in order to emphasize the significance of the zero-eigenvalue
although as will be seen in the upcoming subsections as long as the system under
investigation is assumed to be linear and time-invariant the estimation procedures for the
MIMO systems can also be simply cartied out in the same way for the relatively low
power input and/or output noise cases relying upon the selecton of the most

appropriate eigenvector.

X —P —» y
—p> >

X1 Y1
—P —

) > » .

Xn Yn

Figure 4.3 Multi-Input-Multi-Output System with input vector x and output vector y.

In order to illustrate the presentation and for easy visualisation we shall consider
a Two-Input-Single-Output (TISO) system although the corresponding mathematical
procedures followed can be readily extended to multi-channel systems with more
complex structures in the similar form by considering each of the outputs in turn within

the associated analysis.
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4.3.1 Multi-Input-Single-Output Systems

Figure 4.4 shows the noise-free TISO measurement system on which our
investigations are based. This 1s a memoryless system relating the input x; to output y

through the gain # and relating the input x, to output y through the gain 4 in the form
(4.33)

Y= ax; t+ bx,
Assuming the system inputs to be stationary random signals, the analysis proceeds in the

same way as in the SISO system covered in the previous section based on the EVD of

the measurement covariance mattix which in this case will be of the size 3x3.

N — a \

X2 —P

Figure 4.4 Memoryless TISO system with the gain ‘a’ between x1 & y and the gain ‘b’ between x> & y.

This time the measurement vector contains three components and given by

X
m—|x, (4.34)
Y
and using the form (4.5) the corresponding covariance matrix is derived as
o nx om
1{mm = xlx2 x22 E (4'35)
5y xy ¥
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Expanding (4.2), defining the transformation of principal components to the measured

variables, for the above TISO system we get

X Ly Ly hi| |2 ’11121 +1,2, T324 136
X |Z 1ty tn I || 2y [Ttz FEynZ, tinZs ( -36)
Yy Ly Ly L] |z \,tzlzx +15,2, T332,

If we now associate the relationships between the measured signals and the
virtual signals in accordance with our interpretation for the SISO PCA gain estimation
presented in Section 4.2.1, we can easily see that the corresponding gain factors relating

the output y to the input x,; and to the input x, would be defined as

t% & tzl/
tll t2|

respectively (using the components of the eigenvector corresponding to the non-zero
eigenvalue for the purely linear system with noise-free signals or corresponding to the
largest eigenvalue for the linear system with some parasitic effects on the measured
signals). However from the relationship (4.33) we know that the output y is made of
weighted sums of the inputs X, and x, and if we express y in terms of the proportions of

the original signals represented by the principal virtual signal we obtain

tyz, = at,z, + bty z, (4.37)
Hence the above ratios are equal to
Li_gepla & LTI R (4.38a,b)
tll tll t21 tll

showing that for such a system, the separatc gain factors cannot be derived without
biasing effects from the relationships between the components of the eigenvector

corresponding to the largest eigenvalue.
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Also it is important to note that as the number of original variables increase, the
total variance are distributed over the principal virtual signals with different weights
according to the degree of correlation between the otiginal variables and thus one
principal component may not always be enough to desctibe the actual process. For the
bivariate case, however, there is only one main component representing the total power
shared by the input and the output which is effectively originating from the original
process associated with the first principal component ie. the input signal and thus the
above approach is appropriate.

The EVD of the multivariate case given above can be carried out using the
matrix (4.35) which substituting the symbol o as appropriate to denote the signal auto-

and cross-correlation estimates and after some algebra takes the form

2 2
g, T, ao, + b O, (439)
_ 2 2 .
Rmm - O-xlxz O-x-, a O-xlxz +b 9,

2 2 2 2 32 2 )
ac, +bo,, ao,, +tbo, a‘c, +bc, +2abo,

XX

and from
2 2
o, -4 O s, ac, +bo, . 440
det Ty, op -4 ao,, +bol =0 (#:40)

ao? +bo, . ao,, +bol a’c] +b’cl +2abo,, -1

the eigenvalues of (4.39) are given by the roots of the cubic equation
e @ +1)? +(* + 102 +2aba,, JA+(a® +b2 +1)0202 —(a® +b7 +1p2, }=0 (4.41)

and the corresponding eigenvectors can be computed accordingly. Note that for the

special case of uncorrelated mnputs, (4.41) reduces to

l{}f - {(a2 +1)af. +(b2 +1)afz }l+(a2 + b2 +1)aflafz}

0 (4.42)

Il

As it can be clearly seen from (4.41) and (4.42), the EVD of the multi-input covariance
matrix of a general system described by the linear form (4.33), results with one of the

eigenvalues equal to zero.
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Therefore in view of our previous comments regarding the eigenvector
corresponding to the largest eigenvalue being inappropriate for MIMO transfer
characteristics estimation, we may as an alternative, consider using the components of
the eigenvector corresponding to the zero eigenvalue to derive the separate gain factors
in accordance with the result of the bivariate case given by (4.24). In accordance with the
form given by (4.20), we can modify (4.22) for the three-variable case which seeks the
linear combinations of the original variables as,

Ly

[xl X2 Y]' th |=0
t

(4.43)
i3
and expanding we get

Xty + Xk, + Y8, =0 (4'44)

from which it can be easily seen that the ratio of each pair of coefficients ¢ will result in
each scale factor and hence the input-output gain factor relating the two dimensions of

the corresponding eigenvector such as

Yo by, & Y__la_yy (4.45)

From the above theoretical analysis we can see that for a memoryless noise-free
TISO system the use of PCA provides accurate estimates of the gain factors relating the
corresponding parts of the output to each input through the ratios of the components of
the eigenvector corresponding to the zero eigenvalue. In practice, these estimators can be

derived using the form (4.7) for the above system

2
I T P L L;

Xx, X, yx || |= AL (4.40)
Ty vy o2
XY Xy Y L L
and thus for A, = 0, we get the computational expressions
L mReyn Xy & _la (K Y% DX 0% (4.47a,b)
t, Y _,2..2 ‘. > 2 2
i3 xx, | —x %) 3 x5 xy —\xx,
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It is immediately obvious from (4.47a,b) that, when both inputs are #ru/y uncorrelated

with each other, the multi-channel PCA estimators reduce to the least squares estimator

a, between each input-output pair as

o P & e X5 (4.48a,b)

which can also simply be derived by forming the input-output pair cross-correlation e.g.

=
~

N v _h
x,y=ax, +bxx,=>a=

q

X

Therefore we conclude that, in essence, a, can also be used as the optimal
estimator in order to determine the individual gain factors of the wncorrelated-multi-input
system configuration, if applied as in the SISO-based form. However as we shall see in
the next chapter in the context of the corresponding FRF estimation scheme, when finite
data are involved the use of the computational PCA expression is superior to the
equivalent least squares estimators. This is due to some form of scaling influence of the
non-zero input-input cross-correlation terms when measured/ generated data sample

populations are used for their esimations.

X4 _> _> y1
x —» M
X3 —P —» Y3

Figure 4.5 Multi-Input-Multi-Output mixing process.

The above result can be readily extended to any memoryless linear time-invariant
MIMO system e.g. for a Three-Input-Three-Output system such as that shown in Figure
4.5 where the inputs x;, x, and x; and the outputs y,, y, and y, are related to the inputs
through a mixing matrix

a b c
M=|d e f
g h k

(4.49)
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such as
y = Mx (4.50)
which can be expanded as
b2 a b c||x
v l=ld e 1l (4.51)
i) &8 h k] |[x

and
¥y, = ax, +bx, +cx,
Y, =dx; +ex, + fx;
Yy = g% +hx, +kx,

(4.52)

Le. each coefficient of the mixing matrix M being equal to the gain factor relating a
proportion of each output to one of the inputs. In this case if we are to analyse the input-
output relationship according to the procedure described above then we simply form the

covariance matrix by using all the inputs and only one of the outputs at a time e.g.

(4.53)

By taking the outputs in turn and proceeding the analysis in the same way as before we
obtain the coefficients of the mixing matrix and hence each gain factor between relevant
signal pairs. In fact the estimation of the coefficients of the mixing matrix of a MIMO
process such as that described above is a widely known Blind Analysis problem in Signal
Processing when the only measurable signals are the outputs and under certain
conditions has a solution by the well-established technique of Blind Source Separation
(BSS) using Independent Component Analysis (ICA) [4]. The fundamental assumption in
ICA-based source separation is that the original signals to be estimated are statistically
independent. Statistical independence which requires the joint probability density
function of the associated random variables to be factorizable is a much stronger
condition than uncorrelatedness (recall (2.12)). An intuitive and important estimation
principle of ICA is to exploit non-Gaussianity in the components to be estimated. This
relies on the fact that according to Central Limit Theorem [17] the mixtures (i.e. linear

combinations of the original variables) are closer to Gaussian than the original varables.
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4.4 Concluding Remarks

The analytical results presented in this chapter form the fundamental
mathematical and physical concepts of the application of PCA to the problem of
estimating the transfer characteristics of SISO/MIMO systems in the frequency domain
which will be covered in detail in Chapter 5.

We have shown that PCA provides a unique approach through the interpretation
of the eigenvalues and the eigenvectors of the nput-output covariance matrix to solve
the gain estimation problem in memoryless systems and the resulting gain estimator @p.,
defined for the basic linear time-invariant SISO system is equivalent to the Total Least
Squares esttmator 4 It has also been demonstrated analytically that our approach
originating from the basic SISO case can be approprately extended to a specific form of
MIMO systems in which the output is a linear combination of a number of independent
mputs. To summarise, if the system under investigation is assumed to be linear and time-

invariant:

1 for the case of noise-free measurements, the components of the eigenvectors
corresponding to the distinct and/or the zero eigenvalue;
1L, for the case of noisy measurements, the components of the eigenvectors

corresponding to the largest and/or the smallest eigenvalue;

can be used in order to calculate the transfer characteristics of the system between
associated input-output pairs in accordance with the procedures described for the SISO
and MIMO processes in the relevant sections above respectively. In the next chapter the
PCA FRF estimation problem will be covered in detail using the same methodology as in
this chapter with slight modifications in order to suit the mathematical procedures to

complex-valued data in the frequency domain.
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Chapter Five
FREQUENCY RESPONSE FUNCTION
ESTIMATION USING PCA

5.1 Introduction

In this chapter we investigate the applications of Principal Component Analysis
(PCA) for Frequency Response Function (FRF) estimation in Linear Time-Invariant
(LTI) dynamical systems. The mathematical procedures for the transfer characteristic
estimation scheme are based on the extensions of our approach introduced in the
ptevious chapter for the gain estimation problem since the associated concepts can be
readily considered appropriate for the analysis of complex-valued signals in the frequency
domain obtained through Fourier transformations.

In the next section, the PCA FRF estimation approach for the basic linear time-
invariant SISO measurement system in the presence of additive measurement noise on
both input and output measurements is presented. It 1s shown that the PCA based FRF
estimator M., is equivalent to the TLS FRF estmator H; (for the special case of
measurement noise with equal variance on both input and output and hence H,).
Following this result, FRF estimation is also cast as a problem in statistical inference and
it shown that the use of the principle of Maximum Likelthood (ML) leads to a novel
development of a generalised TLS scheme. Performance assessment and comparison of
the proposed estimator with the existing estimators based on the least squares approach

are also given through computational simulations on an artificial system.
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Section 5.3 presents the generalised applications of the same technique for
dynamical MIMO systems whose fundamental principles have also been covered in
Chapter 4. The procedure is described for a basic form of Two-Input-Single-Output
(TISO) system on which the direct comparison between the existing and the proposed
methods are demonstrated. Computational simulations have also been cattied out on
artificial systems for both noise-free and noisy cases, the results of which verify that the
use of PCA for multi-channel FRF estimation in general provides more accurate
estimates of both magnitude and phase responses relative to the methods based on the
least squares approach.

Section 5.4 gives a brief summary of the results presented in this chapter,
pointing out the concluding remarks with relation to our work in the upcoming chapters

of this thesis.
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5.2 FRF Estimation in Dynamical SISO Systems

The problem of estimating the dynamic characteristics of a linear time-invariant
SISO system (e.g. its transfer function or impulse response) from measurements of its
input and output is of long standing interest in many areas of engineering. In most real-
life applications the solution to this problem is realised in the frequency domain, leading
to the estimation of the system’s Frequency Response Function (FRF). It is crucial to the
problem of FRF estimation that the most appropriate statistical estimation procedure is
followed in order to obtain an accurate estimate for the transfer characteristics of the
system under investigation.

In Chapter 3 the details of the most familiar FRF estimators based on the least
squares method, the so called H,(f), I,(/) and H(f) (or H,(f)), have been covered. The
most significant statistical behaviours of these estimators can be summarised as: for the
case of measurements with only output noise, estimator H,(f) is unbiased; whereas for
the case of measurements with only input noise, estimator H,(f) is unbiased; and when
noise is present on both the input and output both H,(f) and H,(f) are biased but [ (/)
is unbiased. It has also been shown in Chapter 3 that the above FRF estimators can be
derived from a geometric standpoint, relying upon the fact that in the frequency domain
the problem of estimating a transfer function is a linear regression problem.

In Chapter 4 we have described in detail how PCA can be used as a tool to solve
the transfer function (gain) estimation problem in the time domain and in this section we
further reconsider the problem of FRF estimation for a SISO system using PCA in
accordance with the mathematical procedures described in the previous chapter. In the
next subsection we seek to demonstrate how PCA can be employed to obtain a FRF

estimate.

76

Chapter 5




FRF Estimation Using PCA

5.2.1 PCA and Transfer Function Estimation

As has already been explained in Chapter 2 the problem of transfer function
estimation relies on the analysis of the input-output measurements of the system under
mvestigation and the traditional experimental response testing procedures are subject to
several potential confounding factors. In particular the measurements can often be
undermined by various factors including non-linear system behaviour, change of system
characteristics with time, instability and, most commonly, the contamination of the data
by additive measurement noise. Figure 2.4 depicts the generic problem of FRF
estimation in the presence of uncorrelated additive measurement noise in block diagram
form which forms the focus for this section. Note that m this figure Fourier transform
pairs are indicated by the symbol <.

The application of the method of principal components to the problem of gain
estimation of a memoryless SISO System whose input-output relationship is of the from
y(t) = ax(t) in the time domain is based on carrying out the analysis on the covariance
matrix of the measurement vector (see Chapter 4 for details) which contains information
on second-order statistics (ime domain descriptors) of the measured nput and the
measured output data. When we move on to the frequency domain in order to use the
same technique for the FRF estimation of a dynamical SISO measurement system, the
time domain convolution of the mmpulse response function with the system input is
mapped to multiplication by the Fourier transform leading to the input-output
relationship Y(f) = H(f)X(f) and hence the original variables to be analysed becomes

complex and the gain # is now replaced by the FRF of the system. In this case the
complex-valued signals involved are required to be described by means of the relevant
spectra (frequency domain descriptors) and the analysis is to be catried out on the
spectral correlation matrix which again contains information on second-order statistics of
the measured signals this time in the frequency domain. Therefore in order to describe
the PCA estimation procedure in the frequency domain one first needs to consider the
estimation of the spectra involved. One can employ a variety of spectral estimation
techniques, but for the putposes of this analysis we shall assume the use of a direct

(segment averaging) technique.
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In direct spectral estimation algorithms the measured signals x, (%) and y,(9), such
as that shown in Figure 2.4, are first partiioned into ovetlapping segments of equal
length, a window is then applied and the estimate of, say the cross-spectrum, 1s defined

as

N
> X, (%, () (5.1)

n=l

A 1
Sxmym (f): F

in which X (f) and ¥, (f)are the Fourier Transforms (FTs) of the #” (windowed)

segment of x,(%) and y,()) respectively, IN is the total number of segments. From hereon,
it is tacitly assumed that the length of each window 1s sufficiently large so that the biasing
effects of the window can be neglected. The next section presents the derivation of SISO

PCA FRF estimator on the basis of the above principles.
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5.2.2 Derivation of SISO PCA FRF Estimator

The derivation of principal components for such processes in the frequency
domain can be given as follows: Form an array of measurement vectors 0, ( f )

containing the FT's of the imnput and output data

X, ()
0 = " 5.2
10 {Ym s } 52)

The spectral correlation matrix R(f) 1s defined as
R(f)=E16,(/)8, (/) 1=Q"AQ (5.3)

where A is a diagonal matrix containing the ranked eigenvalues of R({f) and the
orthonormal transformation matrix Q is the matrix containing the corresponding

eigenvectors as its columns and " denotes the conjugate transpose (Hermitian). The
ptinciple components z, of the data 0, (f ) are defined through a transformation matrix

T as
z,(f)="T6,(f)=Q"0,(/) 54

If PCA is carried out on the noise-free input-output data then in addition to the actual

SISO process involving X, (f) and Y, (f) (as shown i Figure 2.4) one can also

consider representing the system by a virtual Two-Input-Two-Output (TTTO) process,

depicted in Figure 5.1.

Zun) ) Q ., Xinn(f)

Z2,(f) > > Ym(f)

Figure 5.1 Virtual Two-Input-Two-Output system representing the inverse transformation from principal
components to the measured variables.
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In this virtual system the principal components z,(f) and z,(f) are the inputs and

the original signals X, ( f ) and Y, ( f ) are the outputs. PCA solves the inverse

problem by finding the transformation that interprets the two correlated variables as

having come from two uncorrelated vatiables. If the system is linear, so that
Y, (f)=px,,(f)

then only one non-zero eigenvalue exists whose value 1s equal to the sum of the powers
of the inputs. The ratio of the two values in the associated eigenvector determines the
scale factor 3. To estimate a transfer function, this procedure is applied frequency bin by

frequency bin. The spectra] correlation matrix is estimated using

mﬁ{&mU)%ﬂ(

A Syur /) 55)
S, () s, , (f

)

The eigenvalues and the eigenvectors of the above given matrix can be computed leading

to

>

o ()

(5.6)

and

>

] S (=5 () t\/(S (1)=8,. () +48... ) (5.7)
s 25, (/)

where {#;} are the elements of the transformation matrix T. The eigenvector associated

with the largest eigenvalues corresponds to the addition case in (5.6) and it is this ratio

that represents an estimate of the transfer function, H ., ( f )

2

A

81 (D8 (D (B (1) -5, (1)) 44
28, .. (/)

S ()

HPCA(f): (5-8)
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Evidently this estimator is exactly that associated with the TLS solution, namely H, ( f ) ,

see equation (3.33) with s=1. As it has already been mentioned in Chapter 4 this is not a
surprising result since the TLS solution can be obtained from an Eigen-Value-
Decomposition (EVD) of the spectral correlation matrix [16], which is the same
mechanism used to compute the PCA estimate.

In order to verify the physical significance of the above result mathematically one
can consider the basic case of noise-free measurements which leads to the spectral

correlation matrix given by (5.5) to be rewritten as

s | S H(SL) 5.9
R(f)_[H(f)ﬁu(f) () $.(r) =

in terms of the input auto-spectral density and the FRF estimates whose eigenvalues can

be easily calculated as

A =S, (+HG) and 4 =0 (5.10a,b)

If we now derive the corresponding eigenvectors (see Appendix B) we get the forms

(which in practice would be normalised as for the case of (4.19))

X {H(;)J and [— H‘(f)~b] (5.11a,b)

respectively, from which it can be easily seen that the ratio of the components of both
eigenvectors (cotresponding to zero/non-zero eigenvalues) can be used in order to
determine the scale factor (or FRF) relating the input-output pairs. Again it should be
noted that here the important observation is the novel approach and physical

interpretation leading to this result.
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5.2.3 Statistical Interpretation of PCA Transfer Function Estimation

In this section we shall present a statistical inference based approach to FRF
estimation leading to the estimator H (/) [13] that has been considered by White, Tan
and Hammond. The methodology adopted is that of an ML estimator; the primary
reason for this is that ML estimators are guaranteed to be unbiased and asymptotically
efficient [14,15]. Therefore, for large data sets one can be confident that the ML
estimator approximately satisfies the Cramer-Rao Lower Bound (CRLB) ensuring that,
asymptotically, no unbiased estimator will achieve a better performance than a ML
estimator.

With reference to Figure 2.4 let us assume that the spectra of noise processes

S (f) and S (f) are known for the purposes of the initial discussion. In this case

the problem of estimating the transfer function from input-output data involves only two
unknown variables and these are the FRF H(f) and the input spectrum S, (/) since the
output spectrum S, (f) can be inferred from the knowledge of H(f) and §,(f). It is
assumed that all the signals are Gaussian and that X(f), N,(f) and N/(f) are mutually
uncorrelated. The assumption of Gaussianity is not very restrictive, since even if the time
series x(#) is non-Gaussian, then the act of taking a Fourier transform involves linear
combinations of the data, which, by virtue of the Central Limit Theorem, tends to make
the Fourier coefficients closer to Gaussian [17].

In our probabilistic framework the data vector is represented as a bivariate

complex Gaussian whose Probability Density Function (PDF) is

Prlo.0) =y (512

The spectral cotrelation mattix can be expressed in terms of the two unknowns, the true

FRF and the mnput spectrum, as

r(p)| D5 H(f) S4(f) 5.13)
HNSL()  [HOf Sal)+5,, ()
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If one has a set of N measurement vectors, denoted by @,(f), and assuming the

individual measurement vectots to be uncorrelated then the PDF of @, (f) is given by

_ 1 —Z %N R(SY0,() (5.14)

In the Maximum Likelihood approach probability density function Pr{@n( f )} 1s

regarded as a function of the unknown parameters and is maximised with respect to

those unknowns. Since the logarithmic function is monotonic then one can equivalently

maximise L =log {Pr{@n( f)}} Therefore the problem is to solve the following

equations to obtain the two unknown parameters,

oL _og and _OL _, (5.15)

oH (f) a5, (f)

Taking logarithms of (5.14) leads to the log likelthood function L being written as

L=~ log(r) - Nog (R (1))~ ey 20,18, (1) (5:16)

IR(/)

where R is the adjoint of R( f ) The derivative of this function with respect to an

arbitrary parameter, denoted here as o, can be written as

oL %a‘R ‘{Z 6,(/)" R, ()~ N|R(f l} Ze (f)”aRO(f) (.17

oo [R(f) [R(7)

The ML estimate of o is given by the value that renders this derivative zero, implying
that

oR(f) -1
[ |a( |] S0, R, ()= S0, R(7Y 0,()-N -18)
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In this problem where there are a pair of unknown parameters one needs to solve a pair
of equations of the form (5.19). These two equations have identical right hand sides so

the following equation must be satisfied

IR(1) & IR/ (5.19)
.o 20 aH(f) A A 5.0 (f) %)

After some algebra this equation reduces to
HUS, . (N +HOE.. (D) =5, (OIS, (Hx()H=0  (5.20)

in which x(f)represents the ratio Sun, (f )S o’ The solutions of this quadratic

equation are

. (N, D13, DR =S,, (] 4
23, (D

0. <D 5y

H(f)=

In order to address the question of which sign to take in (5.21) one needs only to
consider the limiting cases for x(f). The choice of the positive sign corresponds to the
TLS solution and represents the solution where I is maximised whereas the negative sign
indicates a wotst case solution, i.e. least likelthood solution. This indicates that the ML,
estimator H,(f) is equivalent to the H,(f) estimator with the parameter s equal to x(f).
Note that whilst the problem was originally defined obtaining estimates for two
unknowns, H(f) and S_(/), in fact these two elements decouple, so that the problem of
estimating the true FRF does not require one to estimate the true mput spectrum. Such a
decoupling is extremely useful but could not be readily justified prior to the above
analysis. The noise spectra, knowledge of which has been assumed throughout this
derivation, only enter the solution through the parameter xK(f). Thus it is necessary to
know the ratio of the noise spectra in order to select appropriate value of the parameter

5, but it is not necessary to estimate the absolute levels of the noises.
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The observation that the FRF estimators based on TLS and PCA are equivalent
to ML solutions of appropriate problems is not only of academic interest. The wealth of
available knowledge pertaining to ML estimators also applies to the TLS and PCA

estimators in this case. More specifically, it is well known that ML estimators are [14]

Z Unbiased.

7. Asymptotically efficient, that is to say that for large N the ML estimators achieve
the CRLB.

7. Are distributed according to Gaussian statistics.

Combining these properties one can conclude that the error associated with the
ML estimators are approximately distributed as IN(0,0%), where o is the CRLB.
Therefore this analysis also provides a framework within which one can compute
asymptotic expressions for the variance of such estimators i.e. in addition to the above, it
can be shown that (see Appendix C) by exploiting the general properties of ML

estimators an expression for the variance of the H (f) estimator 1s given by

Var |5,/ } = G {S D, 5o )} (5:22)

N Sy(f)  S.(f)
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5.2.4 Performance Assessment of SISO PCA FRF Estimator

A series of simulation studies have been undertaken to illustrate the results of the
theoretical analyses presented. These simulations have all been based on estimating the
FRF of a simple digital system containing two poles and two zeros. In particular the
poles and zeros were all located at a radius of 0.95, with the poles being located at angle
of £1/4 and zeros at £31/4. The system was excited by Gaussian white noise (with unit
variance) and the simulated input and output measurements were corrupted using
independent, additive Gaussian noise. In each trial 1000 realisations of the processes
were constructed, with the FRF magnitudes being estimated using various methods and
the means and variances being computed across these realisations. Each realisation
consisted of 1 million samples and the spectra were estimated using segment averaging
based on FFTs of 256 samples and employing a Hann window. This regime allowed us
to compute the mean and variances of the FRI estimators with a high degree of
accuracy. It should be noted that the phase information contained in the existing and the
proposed estimators is identical and hence we have not included here any simulations for
the phase estimates of the FRF.

Figure 5.2 illustrates the mean of the three FRF estmators: H,(f), H,(f) and
H{f). The measurement noises were un\it variance, white and Gaussian. The estimator
H,(f) yields a biased estimator of the true FRF. Since the input SNR is constant the bias
m H(f) 1s a constant multiplicative factor, which appears as a constant offset on a
decibel scale. The behaviour of the H,(f) estimator is more complex because the SNR of
the output measurement varies as a function of frequency, due to shaping effects of the
system. Consequently when the output signal level is low, e.g. at frequencies near the
zeros (like the anti-resonance in the high frequency region of our example FRF), the
SNR is correspondingly low and the bias is large. Conversely where the output signal’s
amplitude is large, e.g. at frequencies near the poles (like the resonance in the low
frequency region of the example FRF), the SNR is large and the bias is small. In this
case the estimator H (/) ylelds an (almost) unbiased estimate of the FRF. Note H {f)
corresponds to Hy,(f) or H(f) with x(f) set to unity, which is the appropriate value
for this simulation. The small disparities between the theoretical FRF and mean of the

estimator H (/) ate due to the effect of the window.
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Figure 5.2 Mean of the FRF estimators; computed using white measurement noise. a)Estimator Hi(f), b)
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Figure 5.3 Variance of ML spectral estimator for equal input-output noise. (Solid line - measured
variance, dotted line — theoretical prediction of the variance, see (5.22)) (White, Tan and Hammond).
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Figure 5.3 depicts the variance of the estimator H{f) and Hp.,(f) computed
across the 1000 realisations of the processes and as predicted by equation (5.22). The
theoretical prediction can be seen to be good in the region where the SNR is large, but
the variance 1s poorly predicted in the high frequency region, where the SNR is low.
This is a consequence of the approximation for the evaluation of CRLB (Appendix C)
used in deriving (5.22) becoming invalid.

The final simulation study used coloured measurement noises, the colouration
being realised by filtering with low order FIR filters. The spectra of the two noise
processes are shown in Figure 5.4. Figure 5.5 illustrates the behaviour of the three FRF
estimators H,(f) with s —> x(f), H,(f) and H(f) whereas the comparison between the
theoretical and measured variances of the ML estimator is shown in Figure 5.6. In this

case it is necessary to use the estimator H(f) (or H, (f)) since x(f) # 1. The general

behaviour of H,(f) and H,(f) remains consistent, so that H,(f) has a large bias when the
mput SNR is low and H,(f) has a large bias when the output SNR is low. Clearly the
estimator H((f) remains very neatly unbiased. Once again small deviations from the
theoretical predictions are due to the finite window size. The theoretical prediction of the
variance is quite inaccurate almost over the whole frequency range except for the vicinity

of the resonance in the low frequency region where the SNR is relatively large.
a)
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Figure 5.4 Measurement noise spectra. a) Input noise, b) Output noise (White, Tan and Hammond).
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5.3 FRF Estimation in Dynamical MIMO Systems

In this section we extend the application of the PCA FRF estimation scheme to
LTT dynamical MIMO measurement systems. The basic form of multi-channel case
which has been considered as for the PCA gain estimation problem covered in Chapter 4
comprises a Two-Input-Single-Output (TISO) system with an output in the form of a
weighted sum of the inputs, each of which is filtered through a LTI system.
Investigations take into account the potential presence of additive measurement noise on
all signals. The theoretical procedure is developed through a generalised model in the
form of an EVD of the input-output spectral correlaion matrix, the results of which
have been validated by computational simulations using artificially generated signals and
systems. The components of the eigenvector corresponding to the zero eigenvalue are
used for estimating the associated FRFs as for the gain estimation procedure detailed in
the previous chapter.

For the initial derivations of the eigenvalues, the measured signals are considered
to be noise-free in order to point-out the existence of a zero eigenvalue. Subsequently, it
is shown that general computational parameters developed can be appropriately used for
the cases where measured signals are noise contaminated. This is based on the fact that,
although parasitic effects lead to the values of the eigenvalues to converge, we can still
use the dimensions of the relevant eigenvector (associated with the smallest eigenvalue)
for our proposed transfer function estimation scheme.

The performance assessments of the proposed method has also been provided
through direct comparisons with the standard FRF estimators based on the least squares
approach. The methods introduced in this section can be easily extended to cases where
the identification of more complex linear time-invariant dynamical systems with similar

forms of input-output structures is involved.
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5.3.1 Multi-Input-Single-Output Systems

Figure 5.7 shows the block diagram of a dynamical TISO measurement system
which forms the basis for the examination of the multi-channel system in this section.
Based on the corresponding multi-channel PCA gain estimation scheme presented i the
previous chapter, the model we shall use consists of two stationary random time histories
representing the original inputs x;, and x, filtered through the FRFs H,(f) and H(})
leading to an original output y which is the sum of both above filters’ individual outputs.
In the generic model all the measured signals (x_;, x., and y,) are assumed to be
contaminated by additive measurement noise (7, #,, and #) which are uncorrelated with

the input-output signals and each other.

Nx1 Xm1

X Ha(f)

Ym

X2 Hb(f)

Ny2 Xm2
Figure 5.7 Dynamical Two-Input-Single-Output system with uncorrelated inputs and uncorrelated

additive measurement noise.

In order to derive the PCA FRF estimator for the above case the spectral
correlation matrix we shall use to describe the system based on the measured signals will
be formed similarly to the one of Section 5.2.2 but this time using three variables (2
inputs and 1 output) and hence will be of the size 3x3 and given by

P Eff) P ((/;) (5.23)
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The analysis proceeds in the same way as described in Section 4.3.1 which is
based on the EVD of the measurement covariance matrix although this time the
statistical information matrix we use is complex owing to the fact that all signals are now
represented by their Fourier Transforms (FTs). If it is assumed that the measurements

are noise-free i.e.

Hy=n,=n,=0 (5.24a)
and thus
X =%
X,, =X, (5.24b)
Ymn =Y

then it can be shown after some algebra (see Appendix D) that the eigenvalues of the

above spectral correlation matrix are given by the roots of the cubic equation

AL{Z - {QH‘,V + 1)9,4& + ﬂHb|2 + 1)9 +2Re(H H,S,, )},1 + ﬂHa|2 +|H, [+ 1)9&,4 Son - ﬂHar +|A [+ 1]3% ? }: 0

(5.25)

which reduces to

e Al as,, +(m,f1)s,, o (o, 4, 1), 5, f= 0 (5.26)

for the special case of uncorrelated inputs. In accordance with the cortesponding results
given in the previous chapter (see (4.41) and (4.42)), it can be cleatly seen that for the
above system input-output configuration there is one zero eigenalue whose
cotresponding eigenvector can be used for detiving the FRF’s, relating each input with
the corresponding part of the output, which follows from the description of the
proposed SISO FRF estimation scheme given in Section 5.2.2. Therefore we seek to
define the eigenvector cotresponding to the zero eigenvalue, and use the associated ratios
of its components describing each FRF. In accordance with the frequency domain

version of (4.46) we get
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S\vx x, (_f) va X, (_f) Ay X, (_f) tl tl
n mitm) R m2Xml m mlL 1 t 5'27
S:anxmz (f) ‘S::"mzx..z (f) VmEm2 (f) Nt = A ( )
Sxmlym (-f) Sxmz)’m (—f) YmPm (—f) t3! t}n
which leads to the estimators
_ —~H, (f) — Sxmzx,..l S,vmzxmz B Sxmzxmz S,v...xmu (5.2842)
ti3 L1 ¥m2 - Xm2Xm2 " X1 Xmi
and
. S S -5 .8
_ t'_z - Hb (f) — _Fmitmi Y2 Xon 12 ym;ml (528b)
ti3 L1 X1 Yn2¥m2 - Sxmlxmz

Although the above FRF estimators for the Two-Input-Single-Output system
have been derived on the basis of the assumption that all measurements are noise-free, as
described 1n the previous chapter, these forms can be readily used for the cases where
measurements are also noise contaminated as long as the corresponding signal-to-noise-
ratios are not too poor Le. for the cases where noise power is low compared to the signal
power. This means that for the cases of noise-free measurements, the components of the
eigenvector corresponding to the zero eigenvalue whereas for the cases of noisy
measurements, the components of the eigenvector corresponding to the smallest
eigenvalue 1s used in the above described forms to derive the FRF’s.

As has already been mentioned in the previous chapter, the least squares

estimator H (f) (ot its time domain equivalent ;) can be considered as the optimal

estimator for uncotrelated-multi-input system configuration when derived on the basis of
single input-output pairs. Also from (5.28a,b) we can clearly see that for truly
uncorrelated inputs their cross spectra 1s effectively zero and thus the PCA estimators
reduce to the corresponding least squares version. In the next section performance
assessment of the above estimators is presented through computational simulations on
artificial systems providing a direct comparison with the standard estimators based on
the least squares approach. The results verify that even if the mputs are uncorrelated

when finite lengths of data are involved, the input-input cross spectral estimates are not

exactly zero and the PCA estimators in general give bettet results relative to H,(f).
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5.3.2 Performance Assessment of TISO PCA FRF Estimator

Computational simulations have been undertaken i order to assess the
performance of the TISO PCA FRF Estimator Hp.,(f) whose theoretical analysis has
been presented in the previous section. System FRF’s H,(}) and H,(}) such as that
llustrated in Figure 5.7 have been simulated using simple digital systems one of which is
identical to that used for the statistical assessment study in Section 5.2.4. The second
artificial model, a low-pass filter, has been chosen to represent a lightly damped system in
order to allow one to be able to cleatly visualise/ compare the potential bias errors on the
computed FRF estimates. Figures 5.8 and 5.9 illustrate the zero-pole locations of these

systems on the z-plane.

Ha(f) Zero-Pole Localions on z-plane
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Figure 5.8 Zero-Pole locations of the system representing the FRF Ha(f) in the TISO system shown in
Figure 5.7.
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Figure 5.9 Zero-Pole locations of the system representing the FRF Hy(f) in the TISO system shown in
Figure 5.7.
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The model system under investigation has been excited by mndependent Gaussian
white noise input signals with variances of 64 and 36 tespectively. Two particular cases of
trials have been considered and these are the noise-free and noise on both input and
output cases. For the noisy case input and output signals have been corrupted using
independent, additive Gaussian noise. The corresponding power and cross spectra have
been estimated using segment averaging based on FFI’s of 1024 samples and a Hann
window of 512 points with no overlapping segments with each realisation consisting of 1
hundred thousand samples. FRF magnitude and phase responses for the estimators
Hocal), Hi(p), H,(f) and Hy(f) have been computed following the above regime. Here it
should be noted that the PCA estimator used is in the form (5.28a,b) described above
whereas the least squares estimators computed for the comparisons have been based on
measured input-output pairs and hence represent the SISO equivalent case i.e. in their
standard forms but considering each pair of input-output signals associated with the
corresponding part of the system at a time.

Figures 5.10 and 5.12 illustrate the magnitude estimates of the FRF’s H,(f) and
H,()), respectively, for the noise-free case obtained using the four estimators. Despite
zero noise levels on the measured signals H,(f) gives extremely inaccurate results over
almost the whole frequency range for both filters. The main reason for this is due to the
fact that this estimator is strongly dependent on the output power spectral density (see
(3.30)) which in the case of the system under investigation 1s a function of the outputs
from each digital filter and hence both mnputs. Therefore if we compute H,(f) using the
first input and the total output, the influence of the second input on the measured output
will cause a strong patasitic effect as additive output noise and large deviations on the
estimate compared to the true FRF and vice versa when computed using the second
input and the total output. In Figure 5.10 this negative effect gets reinforced by the lower
SNR towatds the mid to high frequency region due to the decreasing gain factor of the
first filter whereas for the FRF estimate of the second filter such as that shown in Figure
5.12 H,(}) is strongly affected by the shaping characteristics of the first filter which is
most noticeable in the low frequency region.

The behaviour of the estimator Hy(f) is also quite complex with inaccurate
behaviour over the whole frequency range but this being less severe compared to that of
H,(f) in the first filter’s estimates although in the case of the second filter H,(f) and Hy(})

give similar results in the low frequency region. Despite being optimal for both input and

95

Chapter 5




FRF Estimation Using PCA

output noise for the SISO FRF estimation problem as shown in Section 5.2, when
applied to the multi-input-single-output case of the above form, H(f) results in highly
biased estimates of the FREF’s. Again this estimator is dependent on the power spectral
density of the output (see (3.34)) and although the magnitude estimate obtained using
this estimator such as that shown in Figure 5.10 can be considered as slightly improved
compared to that of H,(f) around the anti-resonance region, there is severe biasing effects
in the low frequency region of both Figures 5.10 and 5.12 due to the high gain
characteristics of each FRF in these regions.

Both H,(f) and Hy(f) reveal fluctuating bias errors rather than constant offset
effects, which is related to the variations in the gain factors of the FRF’s H, (/) and H,(})
and hence causing irregular changes in the corresponding SNR’s. The magnitude
estimate of [, (f) calculated using the estimator H,(f) is relatively good and hence is
almost unbiased. This is a result of this estimator being a function of both mput-output
cross-spectral density and the input power spectral density (see (3.29)). Theoretically, in
the case of uncorrelated noise-free inputs the cross spectrum is not affected by the
second input although the slight variability that can be observed by eye on the H,(f)
estimator in the high frequency region of Figure 5.10 is mainly due to the input signals
not being truly uncorrelated as a result of windowing effects and secondarily due to the
limitation of using finite length data and hence a limited number of windows. The
estimate of the FRF H, (f) derived using H,(f) as shown in Figure 5.12 has more irregular
behaviour in the region corresponding to the resonance frequency of the first filter which
1s again a consequence of the above effects but this time to a higher degree as the larger
gain factor of the first system in this region makes the input-output cross spectrum
slightly more dominant on the input power spectral density. In this case it can be cleatly
seen from the Figures 5.10 and 5.12 that the estimator H.,(f) yields unbiased estimates
of the FRF’s. Note that the PCA estimator is not a function of the output power
spectrum and consequently its computation is not influenced by the parasitic effect
induced by the second mnput.

Although, theoretically, for uncorrelated inputs the expressions (5.26a,b) defining
the PCA estimators effectively reduce to H,(f), as it has been mentioned above the
estimates obtained using these two estimators are not identical as the result of the input
signals being slightly correlated due to windowing effects in the computations. We can

conclude that the extra terms contained in Hy, (/) reduces the random variability errors
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on the estimate as a smoothing operator and hence are beneficial. It should be noted that
if the input signals are truly uncorrelated these two estimators give exactly the same

results.

Comparison of Estimator Magnitudes for Ha(f)
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Figure 5.10 Comparison of various estimator magnitudes of the FRF Ha(f) of the TISO system illustrated
in Figure 5.7 for noise-free measurements.
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Figure 5.11 Comparison of various estimator phase angles for the FRF Ha(f) of the TISO system
illustrated in Figure 5.7 for noise-free measurements.
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Comparison of Estimator Magnitudes for Hb(f)
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Figure 5.12 Comparison of various estimator magnitudes for the FRF Hy(f) of the TISO system

illustrated in Figure 5.7 for noise-free measurements.
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Figure 5.13 Comparison of various estimator phase angles for the FRF Hy(f)

illustrated in Figure 5.7 for noise-free measurements.

98

0.35 0.4

of the TISO system

Chapter 5



FRF Estimation Using PCA

Figures 5.11 and 5.13 illustrate the phase estimates of the FRF’s H,(f) and H,(}),
respectively, obtained using four estimators for the noise-free case as defined mn the
above paragraph. We have mentioned in Section 5.2.4 that for the SISO case the phase
information contained in the least squares estimators and the PCA estimator is identical.
However for the TISO case if there exists some amount of correlation between the mput
signals, phase estimate from the PCA estimator may well be different from that of the
least squares estimators again due to the extra information contained within the terms
relating to the cross-spectra between both inputs and between the output and the
remaining input respectively (see (5.26a,b)). Furthermore this behaviour can be easily
observed with the least squares estimators having a significantly high variability both in
the low and high frequency regions for the second and the first filter estimates
respectively whereas the PCA estimator being completely unbiased overlapping the true
FRFs.

Figures 5.14 to 5.17 show the results of our second simulation study for the case
of noisy measurement with SNR’s of 6 dB for the inputs and 10 dB for the output. It can
be seen from Figure 5.14 that the magnitude estimates obtained for the first filter using
H,(f) and Hyc,(f) ate both biased in the form of a constant multiplicative factor in the low
to mid frequency region with the H,(f) having higher variability particularly in the high
frequency region as in the noise-free case. H,(f) reveals the most maccurate behaviour
among the four estimators with the biasing effect reaching high values over the whole
frequency range except for around the first resonance whereas H(f) also yields a severely
biased estimate but with relatively consistent results particularly in the anti-resonance
region compared to that of H,(f). The above observed behaviours of the four estimators
become more significant for the magnitude estimates of the second filter for the noisy
case such as that shown in Figure 5.16, this ime Hy(f) and H,(f) giving almost identical
results with slight differences in the low frequency region. H,(f) and Hyc,(f) are agamn
biased which appears as a constant offset on a logarithmic scale. As in the previous case
Hpca(f) has less variability and hence gives more accurate results compared to H,(}).
Figures 5.15 and 5.17 show the phase estimates obtained for the filters in the case of
noisy measurements from which it can be easily seen that all four estimators reveal
similar behaviour with slight variations in their random errors that become more

noticeable in the regions where corresponding SNRs are low.
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Figure 5.14 Comparison of various estimator magnitudes of the FRF Hy(f) of the TISO system illustrated
in Figure 5.7 for noisy measurements (SNRxn1=SNRxm2=6dB, SNRyn=10dB).
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Figure 5.15 Comparison of various estimator phase angles of the FRF H,(f) of the TISO system
illustrated in Figure 5.7 for noisy measurements (SNRxn1=SNRxn2=6dB, SNRy,=10dB).
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Comparison of Estimator Magnitudes for Hb(f)
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Figure 5.16 Comparison of various estimator magnitudes of the FRF Hy(f) of the TISO system illustrated
in Figure 5.7 for noisy measurements (SNRxm1=SNRxn2=6dB, SNRy»=10dB).
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Figure 5.17 Comparison of various estimator phase angles of the FRF Hy(f) of the TISO system
illustrated in Figure 5.7 for noisy measurements(SNRxn1=SNRxm2=6dB, SNRyn»=10dB) .
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5.4 Concluding Remarks

Applications of PCA for the estimation of FRF’s of linear time-invariant
dynamical systems have been presented in detail which follows our proposed technique
introduced through the gain estimation problem in Chapter 4. The first part of this
chapter has covered the PCA FRF estimation problem on a basic linear time-invariant
SISO measurement system whereas in the second part the application has been extended
to a generic form of uncorrelated-multi-input system. Both investigations have been
verified through computational simulations on artificial system for noise-free and noisy
measured signal cases.

It has been shown that the use of PCA FRF estimation scheme for a SISO
measurement system is equivalent to the solution based on the Total Least Squares (TLS)
approach for the special case of the scale factor s being equal to unity and hence equal
variance measutement noise on both input and output. Furthermore, it has also been
shown in the same context that the use of principle of Maximum Likelihood (ML) results
in a generalised TLS procedure in which the scale factor s is replaced by the ratio of the
power spectra of the measurement noises. When both input and output measurements
are noise contaminated the use of estimators Hpcy(f) (or H () and H_(f) (or Hy(f)) are
unbiased for the cases of equal variance noise on measured signals and different variance
noise on measured signals respectively.

The extension of the proposed PCA FRF estimation procedure to mult-input
systems works relatively well and demonstrates a significant improvement on the FRF
estimates compared to that of obtained through the standard methods based on the least
squares approach. Although the multi-channel PCA estimator 1s also biased to a certain
degree for the noisy case, especially the shape of the FRF magnitude is estimated with
high accuracy and very low variability. Analytical and computational procedures carried
out has been based on a basic form of Two-Input-Single-Output (TISO) system with
which in practice can be readily extended to multi channel systems with more complex
structures of similar form. If the mnput signals are truly uncorrelated the computational
expression for multi-channel Hp,(f) reduces to the corresponding H,(f) although the
extra terms contained in the PCA estimator has a smoothing effect on both magnitude

and phase estimates compared to that of H,(f) when there is some amount of correlation
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between the inputs due to computational errors. Multi-channel FRF estimates obtained
using the estimators I, (f) and H,(f) are severely biased over the whole frequency range
and can be of no practical use for this purpose.

In the next chapter we introduce the application of PCA for the detection and
interpretation of non-linearities in measurement systems. In essence, also the upcoming
application follows the concepts introduced here and in the previous chapter for linear
systems, however, this time our approach leads us to a form of linearisation of the
potentially non-linear system under investigation and hence estimating the linear
equivalent transfer characteristics by analysing the relationships between the eigenvalues
of the measurement covariance or spectral cotrelation mattix in the time or frequency

domains respectively.
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Chapter Six
PCA FOR NON-LINEAR SYSTEMS

6.1 Introduction

In Chapters 4 and 5, the use of PCA in the problem of estimating the transfer
characteristics of linear time-invariant SISO/MIMO systems has been investigated in
detail both in the time and frequency domains. It has been shown that in the case of
uncorrelated additive noise on measured signals, the PCA transfer function estimator
gives results which make it a useful alternate to the standard estimators originating from
the least squares approach.

The aim of this chapter is to investigate the use of PCA for the detection and
interpretation of system non-linearities with a view to introduce an approximation
procedure for determining the linear equivalent transfer characteristics. The method
proposed is assessed both theoretically and through examples involving numerical
simulations on both memoryless and dynamical non-linearity. In addition, experimental
investigations have been carried out for the fault diagnosis of a rotating machine in order
to assess the performance of the proposed non-linearity detection technique on real data.

In the next section, methods that are proposed for linear equivalent transfer
function estimation in both time and the frequency domains are presented respectively.
Section 6.3 introduces the derivation of the Virtual Coherence Function from a different
viewpoint than that of the conventional approach in the form of a Non-Linearity
Detection Ratio and referred to as NDR whereas Section 6.4 covers an experimental
study for the performance assessment of this parameter. Section 6.5 gives a summary of

this chapter and outlines the concluding remarks.

104

Chapter 6




PCA for Non-Linear Systems

6.2 Linear Equivalent Transfer Function Estimation

Our main motivation for seeking to develop a linear equivalent transfer function
estimation scheme using PCA 1is based on the need to analyze the behaviour of non-
linear systems, which may be come across in various forms i many engineering
applications, in a generalised and relatively simple way. This originates from the fact that
every system 1s non-linear except for some limited operation ranges. The well-established
linear system theory allows one to understand the behaviours of all linear (time-invariant)
systems although no such unified results exist to aid the analysis of non-linear systems.
Unlike the linear case, in general different types of non-linear behaviour require different
methods some of which may be exact and some may be approximate.

One commonly used approximate method to deal with a non-linear system is
based on /inearisation. This involves using the gain factor of the non-linear term(s) in the
vicinity of an operation point as the gain of a linear term. Our proposed approach based
on PCA also leads to a form of linearisation of the system in the above form through the
EVD of the input-output covariance (or spectral correlation) matrix when the mnput is
stationary random. This is carried out by using the components of the eigenvector
corresponding to the principal component leading to a system’s transfer characteristics in
accordance with the procedures presented in Chapters 4 and 5.

It has been shown in our analysis for the SISO linear gain estimation problem
covered in Chapter 4 that PCA provides an effective approach to its solution through the
interpretation of the eigenvalues and the eigenvectors of the input-output covariance
matrix. More specifically, in the cases where the system input-output relationship is
putely linear and the measured signals are noise-free, there 1s only one non-zero
eigenvalue whose value is equal to the sum of the powers of the measured variables and
the ratio of the components of the corresponding eigenvector determines the associated
gain factor. Following this result we have also come to the conclusion that for the cases
where measurements are noise contaminated and/or the input-output relationship is not
completely linear then both eigenvalues will be non-zero as the result of some part of the
total variance of the process being contained within the second principal component
which is orthogonal to the first one by definition. If this potential parasitic effect is not
dominant over the undistorted/linear behaviour of the system under investigation, then
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one would expect a great difference between the numerical values of the eigenvalues and
the gain estimate obtained using PCA through the above procedure will be a good
approximation to the system’s transfer characteristics. This result has been verified by
simulations for the FRF estimation problem presented in Chapter 5 whete the potential
parasitic effects were assumed to be caused by uncorrelated additive measurement noise
on the signals. Here, we extend the application of the same result to systems where the
above parasitic effects are caused by non-linearity.

In the first part of this section the method proposed has been applied to a system
with memoryless cubic non-linearity. In the second part, a dynamical system has been
considered with a well-established form of non-linearity (Duffing’s Form) leading us to
the use of the method in the frequency domain through Fourier based transformations.
In each case the theoretical results have been verified through computational simulations
for the estimation of the transfer characteristics of the associated system for varying
some key parametets such as the variance of the input excitation and the coefficient of

the non-linear term.
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6.2.1 Memoryless Non-Linearity

In this subsection we consider the problem of estimating the linear equivalent

gain of the system whose input-output relationship is of the form
y=ax+bx’ (6.1)

With reference to the SISO PCA gain estimation procedure presented in Chapter 4, let us
recall the form (4.2) defining the linear transformation of the principal components to

the measured variables but this time substituting the noise-free input-output

measurement vector X=[x y]T for the original variables. If we expand this

transformation in accordance with (4.3) and (4.4) we get

x=t,z +1,2, (6.22)

Yy =1,z 1,2, (6'2b)

and hence for the equivalent linear system the gain relating the output to the input

through the principal component is given by the ratio

From this result it is logical to conclude that if a large proportion of the total power of
the whole process is represented by the principal component the ratio given above can
be considered, in some sense, as a good approximation to the system’s acfzal gain
characteristics. This form of linearisation applied to the memoryless non-linear SISO
system given above allows us to reduce the dimensionality by transforming the
measurement vector x representing the set of original variables, into each one
dimensional index %, (each principal component) 1.e. by multiplying both sides of (4.2.)
with T=T" from left and expanding we obtain

Z, =1, Xx+1,,y (6.3a)
Z, =t,Xx+1y,y (6.3b)
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So that each component is a linear combination of those parts of the original variables
weighted according to the variability in each original axis. As before, the solution to the
problem of determining the principal components of the measured variables can be
obtained analytically from the EVD of the measurement covariance matrix as follows:

The computation of the noise-free variance-covariance matrix,

xx

{E[le Elxy]
Elyx] E[*]

for the input-output form given by (6.1), involves the fourth and the sixth moments of
the input signal. Note that the central moments for the Gaussian probability distribution

are given by [2]

m =0 if #1s an odd integer (6.4a)

m,, =1x3x5x..x(2n-1)-c*" forn=10,1,2,3,... (6.4b)

where o denotes the standard deviation of the variable. Therefore if it is assumed that
the input signal of the above system is a zetro-mean Gaussian random variable then from
the relationships (6.4a,b) one can easily obtain

E[x*]=30! &  Ex°]=150¢ (6.4¢,d)

Using (6.4c,d), the theoretical noise-free input-output covariance matrix can be derived as

R, .

: o’ ac? +3bo! 6.5)
ad? +3b6"  20? +1%6P +6abo!

and it can be shown after some algebra that its eigenvalues are

A =%{15b2crf +6abo +a’a? +0? 415620 ~6abo’ —a’c? —o2) —12ba§(5b—3)} (6.6)

whose corresponding eigenvectors can be computed accordingly.
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In an attempt to assess the performance of the method numerically, theoretical
curves derived from (6.1) have been plotted against the gain estimates obtained from the
EVD of the input-output covariance matrix estimate using a stationary random
(Gaussian white) excitation for varying input variance and the coefficient of the non-
linear term, 4. The LHS plot in Figure 6.1 shows the curve (6.1) for the case of 4=3 and
4=0.1 with the gain estimates for the input variances 0.1 and 9, respectively. As can be
seen, when the input vatiance 1s low the system 1s completely dominated by its linear
behaviour and the PCA gain estimate gives the result equivalent to the slope of the linear
part of the theoretical curve ie. the coefficient of the linear term being approximately
equal to 3 which can also be verified from the eigenvalues and the eigenvectors calculated
as

A =101 & A, =0

0.31 & 0.94
t, = t,=
0.94 -0.31

and

However when the input variance 1s increased to 9, despite the coefficient 4 still being
relatively small compared to the coefficient 4, the non-linear effect within the system
becomes more significant and the PCA gain estimate also increases to around 6.5,
tending towards a linear equivalent slope describing the behaviour of the part of the
curve for large x in which case the eigenvalues and the eigenvectors have been computed
as

A =344 & A, =1.14

0.98
t = 015 & ¢, =
0.98 -0.15

Figure 6.1 RHS illustrates the corresponding results for the case of 4=3 and /=1 with the

and

gain estimates for the input variances 0.1, 1 and 9. Again, as can be cleatly seen, the
influence of increasing the input variance results in the increase of the gain estimate
obtained using PCA due to the non-linear effect being less dominated by the linear part
and hence the slope of the eigenvector corresponding to the principal component

tending towards the behaviour of the theoretical curve in the asymptotic region.
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Figure 6.1 Comparison of (6.1) for a=3, b=0.1 and input variances 0.1 & 9 (LHS plot) and for a=3, b=1
and input variances 0.1, 1 & 9 (RHS plot) with the corresponding PCA gain estimates.

As covered in detail in Chapters 2 and 3, the principle which is widely used in
problems that are involved with error minimisation and/or statistical estimation is known
as the method of least squares. In order to apply this technique to the above problem in
terms of determining the optimum equivalent linear gain (in the least squares sense) one
can define a cost function for the error distance between the actual output of the system
given by (6.1) and its least squares estimate (LSE), to be minimised in accordance with
the standard procedures described in Chapter 3.

The optimisation landscape for this procedure is depicted in block diagram form
in Figure 6.2 where x is the original input, y is the original output, yis the LSE of the
system output and ¢ is the deviation between the actual output and the estimate that is to
be minimised. It can be cleatly seen from this diagram that the error distance is given by

e=y-5 (6.7)
where p =G, . x and G, is the gain obtained from least squares method. Substituting
ax+bx’ and G, g into (6.7) we get

6= ax+bx"-G, . x (6.8)

and form a cost function such that

J = E[e?] ziNZN:(e ) =%ZN:(ax+bx3 —GL_\,I,‘.x)2 (6.9)

i=1
which can be expanded and rewritten as
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J=a’x’ +b*x* + G, x — 2bG g x* +2abx* —2aG, g, x° (6.10)
and after some algebra it can be shown that (assuming Gaussianity of x)

J=a’c? +150%° + G5 02 —6bG, 0! + 6abo? —2aG 0 6.11)

X

Above expression is a quadratic function of the parameter G, and its minimisation can

be obtained from the solution of

and after some algebra one can obtain (6.12) as the least squares linear approximation to

the system gain 1.e.

Gy =3bo’ +a (6.12)

In order to compare the theoretical results obtained using PCA and LSE
techniques we have calculated the gain estimates using the matrix given by (6.4) and the
expression given by (6.12) respectively for the values of the input variance in the range
0.1 to 10 and plotted against each other such as that shown in Figure 6.3 for the cases of
b is 0.1 (LHS plot) and 1 (RHS plot) respectively. Within the [0.1,1.0] variance range of
the input excitation, ie. when the influence of the non-linear term is much smaller
compared to the influence of the linear term contained in the system descriptor function,
PCA and LSE gives almost exactly the same results. However the results obtained for the
[1,10] variance range of the input excitation show that if the effect of non-linearity is
increased the two methods start to give significantly different results with the noticeably
lower values of the LSE method compared to that of PCA.

111

Chapter 6




PCA for Non-Linear Systems

% s y e

Grse >

Figure 6.2 Schematic diagram of the optimisation landscape for linear equivalent gain estimation using
LSE.
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Figure 6.3 Comparison between the slopes representing the gain estimates using PCA and LSE for
varying input variance for a=3 & b=0.1 (LHS plot) and for a=3 & b=1 (RHS plot).
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6.2.2 Dynamical Non-Linearity

Here, we extend the application of our proposed approach presented in the
previous section to the frequency domain for the analysis of a dynamical non-linear
system. The equation of motion for a single-degree-of-freedom (SDOF) system that

exhibits a classical non-linear behaviour is the modified form of the Duffing’s Oscillator
3428k +(wf + e )x = wlF(t) (6.13)
with cubic non-linearity contained in the stiffness term, which will be used in this part of
our study in order to represent the characteristics of the model system whose Simulink
block diagram is given in Figure 6.4. In the above expression, x is the displacement, & is

the viscous damping coefficient, @, is the undamped natural frequency (for the linear
equivalent form) and F(?) is the excitation force. Our motivation is, as in the case of the
linear equivalent gain estimation problem, to try to establish a method for the
identification of the system characteristics statistically, using the relationship between the
measured mput and the measured output data when the system is excited by a Gaussian
stationary random process. The SISO PCA linear equivalent FRF estimation procedure
which we will follow is based on the EVD of the input-output spectral correlation matrix
such as that described in Chapter 5 leading to the estimator Hpc,(f) given by (5.8). The
effects of non-linearity on the FRF computations of the above typical system have been
investigated using the existing and the proposed estimators through simulations by
varying some key parameters such as the variance of the excitation force and the strength
of the nonlnearity through the constant factor & In essence, three extreme cases
involving various combinations of noise and non-linearity effects have been considered
for the performance assessment procedures and for each case magnitude and phase
responses of the FRF estimators H,(f), H,(f), Hy(f) and Hc,(f) have been calculated.
Power and cross spectral densities have been estimated using 200 seconds long input
(force) and output (acceleration) data sampled at 100 sps (samples per second) with 512
point Hann window zero padded to 1024 pomts and Fourier transformed. The
undamped natural frequency of the system has been set to 5 Hz and the damping
coefficient has been set to 0.05 to ensure that the resolution at the resonance frequency is

sufficiently fine.
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Figure 6.4 Simulink block diagram of the Duffing’s Oscillator given by equation (6.13).

Figure 6.5 shows the results obtained for the case of zero non-linearity and noise-
free case. Clearly, FRF magnitude and phase estimates obtained using H,, H,, H;, and
Hy- give the same results over the whole frequency range as expected in accordance with
the results from the simulations presented in Chapter 5 for the comparison of these
estimators on a linear time-invariant (LTT) system. System response is typical of a linear

time-invariant SDOF behaviour with resonance around the undamped natural frequency.
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Figure 6.5 Comparison of various FRF estimator magnitude (LHS plot) and phase (RHS plot) responses
of the system described by (6.13) for zero non-linearity and noise-free case.
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The second case we have considered is a high level of non-linearity with noise-
free measurements. Note that, also an increase in the system excitation reinforces the
significance of any potential non-linearity in the system response as well as the increase in
the coefficient of the non-linear term itself. When both the non-linear coefficient (6&=10)
and the input variance is high (equal to 100), the estimates of the equivalent FRF
magnitudes obtained using various estimators give noticeably different results such as
those shown in Figure 6.6. As has already been mentioned previously all of the above
estimators contain identical phase information and hence it is the magnitude estimates
that are of primary interest in order to give a direct comparison between their
behaviours.

The estimators H, and H, are significantly different relative to the other
estimators in the low and the high frequency regions respectively. The behaviour of H,, .,
and H,. can be considered most accurate over the whole frequency range i/ we take the
FRF curve of the equivalent linear system (Figure 6.5) as a reference. Also it is interesting
to observe that all of the estimators indicate some systematic irregularity on both the
magnitude and the phase responses at a frequency that is approximately a multiple of the
first resonance L.e. possibly a harmonic of the non-linear resonance. Assuming that the
actual system response tends to increase and/or change around this frequency, the
magnitude estimate derived from H, reflects this behaviour most clearly. Considering its
robustness for LTI transfer function estimation, the performance of H, in the low
frequency region, in particular around the first resonance, is surprisingly poor again with

reference to the linear equivalent FRF given in Figure 6.5.
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Figure 6.6 Comparison of various FRF estimator magnitude (LHS plot) and phase (RHS plot) responses
of the system described by (6.13) for high non-linearity, high input variance and noise-free case.
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For the case of high non-linearity, high input variance and noise (input
variance=4 and output variance=1) on both input and output (Input SNR=14 dB and
Output SNR=18dB), the FRF magnitude estimate curves derived in Figure 6.7 using
various estimators reveal major differences. At low frequencies especially around the
resonance, the magnitude estimate obtained using H, is much lower compared to those
of Hy.,, Hy and H, whereas in the mid and high frequency region H, gives
overestimated results compared to Hy,,, H; and Hy, as in the previous case but in 2 more
amplified fashion. Despite this we have some amount of additive measurement noise on
both the input and the output, due to the gain characteristics of this system especially in
the mid to high frequency region output noise becomes dominant and hence the
behaviour of H, is understandably poor in this region. However compared to the
previous case (high non-linearity & noise-free) the magnitude estimate obtained from H,
is almost identical except with higher variability over the whole frequency range.
Considering the overall results from the three extreme cases, the behaviour of H,,., and
Hy may be interpreted as more consistent in terms of statistical reliability when the

measurements are violated by noise contamination and the system is highly non-linear.
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Figure 6.7 Comparison of various FRF estimator magnitude (LHS plot) and phase (RHS plot) responses
of the system described by (6.13) for high non-linearity, high input variance and noisy case.
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6.2.3 Discussion of Results

In view of the analytical and numerical results presented in this section we can
conclude that PCA linear equivalent gain/transfer function estimation regime offers a
logical and consistent interpretation to the above problem and leads to a form of
linearisation of the system. This regime gives results that differ from those obtained by
the standard least squares optimisation technique especially for the cases of noisy
measurements with high non-linearity. For the memoryless non-linear system, in the case
of the amount of the non-linear effect in the system desctiptor function being much
smaller than that of the linear effect, the PCA gain estimates obtained results in an
approximation to the slope of the linear region in the input-output curve of the system
whereas if the amount of the non-linear effect is increased the estimates tend to give the
line with a slope best-fitting the associated asymptotical patt of the same function. The
increasing trend of the slope of the first principal component as the non-linear effect is
increased is an indicator of the consistency of this estimator showing that its results lead
us to reliable approximations to the system’s linear equivalent behaviour not only within
a locally limited input excitation region but over the whole potential operation range. For
the dynamical non-linear system, FRF estimates obtained using the PCA approach give
consistent results with reference to the FRF of the equivalent lineat system over the
whole frequency range, being more robust to additive measurement noise compared to
the estimators H, and H, In contrast with the conventional describing function
approach, the main advantage of this approximate signal-based method can be
considered to be its flexibility in terms of being able to be applied simply to any input-
output data pairs without the requirement of prior knowledge/assumption of the form of

the non-lineatity/input excitation of the system.
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6.3 Non-Linearity Detection

In this section we will extend the linear equivalent transfer function estimation
procedures described above based on PCA to develop a virtual coherence function
which can be used to detect potential non-linearities within a system and/or between
signal pairs.

As has already been mentioned in Chapter 2, the ordinary coherence function
(OCF) given by the expression (2.10), is a measure of the degree of linear association
between two signals. It is a function of frequency with values between 0 and 1 that
indicates how well a signal (which may be the input) corresponds to another signal
(which may be the output) at each frequency. With reference to Figure 2.4 given x,, and
Jm as the measured input and the measured output time histories respectively, expanding
the transformation of principal components to the measured vanables defined (6.2a,b)

we obtain

2
X, =1,z Hiz, = x,ln + X, (6149‘)

Yo =121ZI+12222=)’,I,,+,V:, (614b)

where x! is that part of x,, that is lineatly related to z;;
x’ is that part of x,, that is lineatly related to z,;
y,, is that part of y, that is lineatly related to z,;

y? is that part of y, that is linearly related to z,,

leading to the virtual TITO process in the time domain illustrated in Figure 4.2. From the
above relationships, the variance of the PCA interpretations of the measured signals can

be simply written as

1=t} Var(z, ]+t Var(z,] (6.152)
1= 2 Var[z] +t},Var(z,] (6.15b)
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Le. in terms of the sum of the variances of those parts of each signal related to the first
and the second principal components. In Chapter 2, it has been shown that with the use
of PCA an original set of correlated variables are lineatly transformed into a set of
uncorrelated variables, the so called, principal components where the first components
accounts for the maximum proportion of the total variance, second component accounts
for the maximum proportion of the remaining variance and so on. It has also been
shown that the sum of the eigenvalues of the measurement covariance matrix of interest
1s equal to the total vamance (power) contained in these original variables and each
corresponding eigenvector represent the direction of the variability of each component.
Therefore in accordance with the procedures introduced in Sections 5.2.1 and 5.2.2, the

frequency domain version of the above relationships can be logically derived as

S, +8, =[S, +[eo S, (6.16a)

S, 48, =[-8, +[el S, (6.16b)
Yom Yom -

in terms of the parts of the actual signal power spectral densities, virtual signal power

spectral densities and the magnitudes of associated components of complex eigenvectors
where SZl and SZz are effectively the first and the second eigenvalues of the spectral
correlation matrix given by (5.5). Furthermore, in view of the interpretations given above

we can conclude that the output power of the actual non-linear process consists of two

main parts which can be defined as

L Output Power due to the Primary Virtual Input,

S, = It s, (6.17a)
il Output Power due to the Secondary Virtual Input,

S, = Il S, (6.17b)

This means that the linear association between the output power due to the primary
virtual input and the output power due to the secondary virtual input can also be
considered as a coherence function linking these signals through the fraction of y, that is
linearly related to x,,,. More specifically, the ratio between the primaty output power and
the total output power is effectively the virtual coherence function linking the measured

system output y, and the primary virtual signal z;, the so called first principal component.
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Here this parameter forms an alternative notion in terms of the detection of potential
non-linearity which can be appropriately interpreted as a Non-Linear Detection Ratio
(NDR) and is given by

_varln] raf s, [l - 4, (6.18)

Var|:ym:| 't21|2 'Sz, +|t22|2 'Sz2 - |t21|2 -4 +|t22|2 A,

It should also be mentioned that when the effect of potential non-linearity is low
compared to that of linearity mn the original process the difference between the
eigenvalues will be high whereas for the cases in which non-linearity becomes less
dominated by the linear effect this difference will tend to decrease and hence the two
virtual processes will be required to be treated as contributing to equivalent amount of
the total power rather than being considered as primary and secondary. It is clear to see
that although the above result has been obtained considering the measurement data as
mput-output pair of a system, the form of NDR given by (6.18) can be readily used to
investigate the linear association between any signal pairs since the relative values of the
eigenvalues and the eigenvectors of the spectral correlation matrix of interest will lead to
a direct indication of the significance of non-linearity between these signals. In fact
application of this result is shown through our experimental study presented mn Section
6.4 demonstrating that the use of NDR on the output signal pairs of a rotating machine
for fault diagnosis is useful in terms of the detection of fault induced non-linearity.

For the performance assessment of the proposed parameter relative to the
conventional OCF, computational simulations have been undertaken on the SDOF
Duffing system covered in Section 6.2 whose input-output relationship is given by (6.13).
As before, stationary random signals have been used to represent the mput excitation and
additive measurement noise. Power and cross spectral densities have been estimated
using the exact procedure described i Section 6.2.2. OCF curves have been derved
from the expression (2.10) whereas for NDR the corresponding spectral correlation
mattix have been formed using the input-output powet/cross spectra and the expression

(6.18) have been detived from the EVD of this matrix.
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Figure 6.8 Comparison of NDR and OCF for the case of purely linear noise-free measurements.

Figure 6.8 illustrates the comparison between the NDR and the OCF for the
purely linear case (i.e. the non-linearity coefficient & is set to zero with the input variance
set to 10) and noise-free measurements. NDR and OCF curves give almost exactly the
same results overlapping each other, both being equal to unity over the whole frequency
range.

The results of the second case is given by Figure 6.9 for which the measurements
are still noise-free but this ime non-linearity is introduced by setting £ to 10 and input
variance to 100. NDR and OCF curves have similar behaviour although they are not
identical. In the low frequency region especially around the resonance of the system,
NDR’s dip gets much narrower compared to that of OCF. Below the resonance
frequency OCF gives noticeably lower results than NDR, which appears like a biasing
effect increasing towards the resonance frequency. In the mid frequency region there is a
significant dip in both curves which comncides with a frequency that is approximately
equivalent to the multiple (harmonic) of the first resonance frequency and is associated
with a second non-linear resonance region. As can be remembered from the linear
equivalent transfer function estimation results given in Section 6.2.2, this harmonic of the

resonance frequency was also detected by various FRF estimators.
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Figure 6.9 OCF and NDR for the case of high non-linearity and noise-free measurements.

Figute 6.10 shows the NDR and OCF curves derived for the case of noisy

measurements (input and output SNRs 20 dB and 18 dB respectively) and the same

amount of non-linearity (with & equal to 10 and the input variance equal to 100). Due to
the shaping effects of the system causing noticeably different SNR’s in the low and the
high frequency regions, results obtained for this case vary dramatically compared to those
of the previous equivalent non-linear case with no noise. Although in the low frequency
region the narrow behaviour of NDR is stidl obvious, towards the high frequency region,
as the gain characteristics of the system decreases estimates for both parameters are
severely affected by the noise with results approaching nearly zero. In addition, NDR has

less variability in the low frequency region compared to OCF.
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Figure 6.10 OCF and NDR for the case of high non-linearity and noisy measurements.
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The above results show that the EVD of the measured input-output spectral
correlation matrix of a non-linear system leads to the direct indication of the existence of
non-linearity. In particular the proposed ratio NDR is useful for measuring the degree of
linear association between the input and the output and it can be considered as an
effective alternative to the OCF although its performance is degraded in the presence of
measurement noise. In the next section the application of the above procedure to signal-
based fault diagnosis of rotating machinery is studied experimentally through the use of
output signal pairs.
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6.4 Fault Detection in Rotating Machinery

It is inevitable that faults occur during operation of rotating machinery that may
damage or totally destroy the system. One of the most important areas of imterest in
condition monitoring of rotating machinery is that of vibration. Non-linear distortions of
a vibrational signal can be used as a very sensitive indicator of damage and/or faults
occurring within a rotating system. Despite the fact that, even in the absence of any form
of faulty condition, signals from such machinery exhibit inherent quadratic non-linearity
due to unbalance of the rotating part(s), the overall effects of nonlinear distortions on the

measured signals get even more complex when faults exist.

It 1s possible to detect and locate major faults such as cracked shafts, shaft bow,
rub condition and mass unbalance by the measurement and analysis of the vibration of
rotating machinery. Today, signal-based monitoring systems for fault diagnosis are widely
used as the result of recent developments in condition monitoring technologies. These
techniques are most useful when it 1s impossible to model the transfer characteristics

between the input(s) and output(s) of the system under investigation.

The aim of this section is to assess the practical applicability of our proposed
method based on a non-parametric fault diagnosis approach using PCA whose detailed
description has been given in the previous section. More specifically, the use of NDR on
a real-world blind fault detection problem has been studied on a multi-output
measurement system. Experimental investigations have been carried out on a compact
model of a rotating machine, such as that shown in Figure 6.11, which simulates a
number of categories of lateral shaft vibration. The rotor kit could be set up in various
configurations in order to simulate a variety of machinery conditions e.g. mass
unbalance, preload, shaft rub etc. although our measurements and analyses have focused

on the detection and interpretation of shaft rub condition.

In an attempt to detect the existence of non-hnearity induced by rub condition
introduced within the rotor kit, PCA has been carried out on the measured XY Probe
outputs data in accordance with the procedure described in the previous section. NDR
curves have been computed for various cases and compared to the curves derived using

the OCF method.
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Our motivation here is that by analysing the degree of linear association between
onltput pairs over a certain frequency range for various cases we can establish an indicative
knowledge on the faulty condition of the machinery operation. The experimental layout
is given in Appendix E. The model kit measures the vibration characteristics with
proximity transducers positioned in purpose-built sensor mountings. The two probes (X
and Y) are used in order to monitor the relative displacements in the x and y axes. The
motor speed control of the rotating machine is a feedback controller which uses pulses
from a probe observing a 20-notch wheel mounted on the rotor kit. The speed control
compares this signal to the set-point signal and the difference is used for the adjustment
of the motor voltage in order to maintain the set speed. A rub condition of the desired
degree can be obtained by adjusting the screw in the rub housing until the screw is in
contact with the shaft. Four different pairs (X and Y probes) of data sets, each being 10
seconds long, have been acquired by a frequency analyzer at a sampling rate of 16384 sps
in order to represent vatious operational speeds and faults combinations and used for

further post-measurement analysis and these are:

1. 250 RPM with no Rub Condition

ii. 250 RPM with moderate Rub condition
i, 2500 RPM with no Rub Condition
iv. 2500 RPM with moderate Rub Condition

Gafely Cover

Mator - . » Koyphasor® Proba

Benring Block

Mounting Block for
ll Ptobe and Rub Screw

?slm\g Block

Adjustable Base Support

Rolor Mass Wheal
Ad|ustable Bass
Support

Figure 6.11 Main components of the rotor kit (Bently Nevada).
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Spectral densities of the acquited time histories have been estimated using
segment averaging technique based on 8192 point Hann window zero padded to 16384
points and Fourier transformed subsequently. In Figure 6.12 each single window size of
time records from the XY Proximity Probe outputs are given for the case of 250 RPM
rotational speed and no fault condition whilst their corresponding PSDs are shown in
Figure 6.13. As it can be clearly seen, time domain signals representing the relative
displacements are periodic and the majority their energy is concentrated below around
200 Hz. Closer examination on the PSD plots reveal that the peak amplitudes of the
frequency components occur at approximately every 4 Hz 1.e. the fundamental frequency
and it harmonics corresponding to the 250 RPM rotational speed. OCF and NDR cutves
(Figures 6.14) have almost exactly the same behaviour for the lowest frequency region up
to 25 Hz where the signal levels are highest. Within this region there is an almost
completely linear association between the signals that suddenly starts decaying and
reaches its minimum values from 100 Hz onwards at irregular intervals in both curves
although in the OCF plot these dips are more noticeable. This significantly low degree of
linearity between signals over the major proportion of the frequency range, even for the
case of no rub condition, is due the inherent non-linearity in the vibrational
characteristics of rotating machinery. Both plots reveal different results in the mid to
high frequency region. In general, the OCF cutve has a higher varability and
demonstrates a lower linear association between signals whereas for the NDR the
variability is relatively low and linearity is higher. This less pessimistic behaviour of NDR

can be interpreted as a more realistic representation of the non-faulty condition.
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Figure 6.12 X-Probe (LHS) and Y-Probe (RHS) output time histories for slow speed and no rub

condition.
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Figure 6.13 PSD estimates of the X-Probe (LHS) and Y-Probe (RHS) output time histories shown in
Figure 6.12.
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Figure 6.14 OCF and NDR plots for slow speed and no rub condition.

Figure 6.15 shows the signals for the case of 250 RPM and moderate rub
condition. Signals are still periodic but this time with significant non-linear distortions.
Again, the main proportion of the energy is approximately between 0-200 Hz region (see
Figure 6.16). Due to the introduction of rub condition, the overall linear association
between the signals is lower compared to the previous case for both OCF and NDR
such as that shown in Figure 6.17. Curves show different behaviours over the whole
frequency range other than very low frequencies. Most significantly, with the
introduction of the fault there is an isolated highly linear region appearing somewhere
around 180-200 Hz which is broader and of larger magnitude in the NDR plot. This
linear region corresponds to the relatively low energy section of the spectra. OCF seems
to be severely biased in general but this time with slightly lower variability. Also for this
case NDR shows relatively lower non-linear effect compared to OCF although overall it

1s highly non-linear considering its corresponding non-faulty case.
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Figure 6.15 X-Probe (LHS) and Y-Probe (RHS) output time histories for slow speed and moderate rub

condition.

Power Spectral Density of X-PROBE
T T

10' i

|
l N
"
\/‘JA\/\!\/\"J L,/ \

i

\

\\\ /\\
A A
- “\/\/\Aﬁ//\N\\
\

\

o

0 50 100 1
Frequency (Hz)

200

250

Power Speciral Density of Y-PROBE
T T

10°

0

L
50

250
Frequency (Hz)

Figure 6.16 PSD estimates of the X-Probe (LHS) and Y-Probe (RHS) output time histories shown in

Figure 6.15.
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Figure 6.17 OCF and NDR plots for slow speed and moderate rub condition.
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In Figure 6.18, the outputs are given for the case of 2500 RPM rotational speed
and no rub condition, and their PSDs are shown in Figure 6.19. Frequency contents of
the signals have slightly increased showing spiky periodic behaviour. High amplitudes in
the PSD plots appear around every 40 Hz corresponding to the fundamental frequency
and the harmonics associated with the rotational speed. Time histories reveal a low-
frequency amplitude-modulated almost periodic waveform with minor non-linear
distortions. OCF and NDR (Figure 6.20) have similar fluctuations although OCF gives
lower results over the whole frequency range. In contradiction with Cases 1 and 2, there
Is no almost continuous completely linear region however at discrete frequencies
associated with the harmonics coherence clearly reaches maximum values for both
parameters. From 100-200 Hz region upwards curves get significantly different with the
NDR tevealing much less non-linear behaviour. Also the variability of NDR is
considerably higher in the mid to high frequency region.
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Figure 6.18 X-Probe (LHS) and Y-Probe (RHS) output time histories for fast speed and no rub
condition.
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Figure 6.19 PSD estimates of the X-Probe (LHS) and Y-Probe (RHS) output time histories shown in
Figure 6.18.
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Figure 6.20 OCF and NDR plots for fast speed and no rub condition.

Time histories from the proximity probe outputs for the case of 2500 RPM
rotational speed and moderate rub condition are shown in Figure 6.21. Time domain
signals representing the relative displacements reveal the same low-frequency amplitude-
modulated almost periodic waveforms with much higher non-linear distortions
compared to the corresponding non-faulty case. The significance of these non-linear
distortions are mote noticeable in the time record obtained from the Y-Probe output
whereas the low-frequency modulation behaviour is more noticeable in the time record
obtained from the X-Probe output. In this case, the coherence at the harmonics has
decreased dramatically for both NDR and OCF (Figure 6.23). The behaviour of the
computed parameters can be investigated in two separate distinctive regions which are 0
Hz to 200 Hz and 200 Hz to 1 kHz. Over the whole frequency range the OCF has a
slight downward shift which can be considered a biasing effect although not as
significant as in the previous cases. In the low frequency region the linear association
between two measured outputs and the variability 1s lower except for the 180-200 Hz
bandwidth as for the corresponding results of Case 2. This behaviour is believed to be
rather surprising to occur only when there is a faulty condition and can be used as the
main indicator of a problematical operation. Note that NDR is broader and higher at this
linear region as it was for Case 2. In the mid to high frequency region both curves are
very low down to values within the range 0 to 0.3 with densely packed fluctuations and

high variability although OCF again gives lower results.

130

Chapter 6




PCA for Non-Linear Systems

T T T — T

Ampitude
S o

Amplitude
& °
Q o
8 o =

Figure 6.21 X-Probe (LHS) and Y-Probe (RHS) output time histories for fast speed and moderate rub
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Figure 6.23 OCF and NDR plots for fast speed and moderate rub condition.

131

Chapter 6




PCA for Non-Linear Systems

6.5 Concluding Remarks

It has been shown that the use of PCA offers a simple and unified approach to
SISO equivalent linear FRF estimation. The eigenvalues and the eigenvectors of the
input-output spectral correlation matrix give a direct indication of the existence of non-
linearity within the system. When the input-output relationship is non-linear the
proposed method leads to a form of linearisation of the system which differs from the
conventional describing function approach conceptually, but offers a logical and consistent
interpretation. The relative strengths (eigenvalues) of the principal components is a direct
indicator of the significance of the non-linearity and the eigenvectors give the features of
the equivalent linear system following from the results presented in Chapters 4 and 5.
Simulations show that NDR is useful in terms of measuring the degree of linear
association between signal pairs, however, its performance is degraded in the presence of
measurement noise and further work is required in order to eliminate the noise masking
effects.

An experimental investigation has been carried out for fault (rub condition)
diagnosis in rotating machinery in order to assess the applicability of the proposed
method for non-linearity detection through the analysis of outputs only. Results show
that OCF and NDR curves vary significantly in various frequency regions for several
operating conditions and the latter has proved to be an alternate notion in terms of
revealing the degree of linear association between pairs of data sets obtained from real
applications. Analysis of the measured output time history pairs show that, when there is
a faulty condition both OCF and NDR gives a continuous almost linear region between
180-200 Hz which is broader and higher in the EVD based technique. This interesting
result can be used as an indicator of the existence of rub condition in rotating machinery

following further research for its generalisation.
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Chapter Seven
DELAY DETECTION USING PCA

7.1 Introduction

So far in this thesis, the applications of the principal component method to the
identification of the transfer characteristics based on the gain or frequency response of
various forms of linear/non-linear time-invariant systems in the time or the frequency
domains have been considered through the analysis of the zero-lag covariance (ot
spectral correlation) matrix of input-output signals respectively.

Our objective in this chapter is focused on the detection of a non-dispersive time
delay relationship between the two signals using PCA. The method proposed in this
chapter may also be considered as an extension of the previous procedutes in terms of
generalised linear characterization for input-output relationships although this time
instead of utilizing the statistical relationships between the measured signals using their
zero-lag covariance (or spectral correlation) matrix only, we propose an extended time
domain based approach which considers the EVD of the atray of covariance matrices for
a number of negative and positive time-lag (shift) values.

It is shown for both noise-free and noisy cases that, PCA, when catried out on
the array of measurement covariance matrices for a sufficient number of positive and
negative time-lag values of the corresponding non-dispersive single/ multi path time delay
system, the amount of the delay between the signals can be successfully detected by
simply observing the behaviour of the series of associated eigenvalues. In the case of
noise-free measurements the detection procedute gives the exact value of the time delay

whereas for the cases in which the measurements are corrupted even by very high
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amount of additive noise only slight deviations of the detection from the actual value
occut.

Our work presented here can also be used as a reference by investigators who
have been using PCA for a variety of applications, by means of interpreting their results
by taking into account the influence of the potential time delay relationship within their
data sets on the eigenvalues/eigenvectors and/or the principal components.

In the next section the basis of our approach and its associated mathematical
derivation are presented showing the fundamental difference between the time and the
frequency domain analysis in terms of the applicability of the proposed procedure whose
description is given in Section 7.3 in the context of time delay detection for both single
and multi path problems. In Section 7.4 a series of computational simulations are
presented which has been undertaken in order to validate the analytical results and to
give a direct comparison between the proposed technique and the conventional cross-
correlation method for time delay detection. In the last section a summary of this chapter

1s given with concluding remarks.
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7.2 Signals with Pure Delay and PCA

We have presented in our previous analyses (see Chapters 4 and 5) that when the
EVD is carried out on the measurement covariance (or spectral correlation) mattix of a
linear time-invariant SISO or uncorrelated-multi-input system, if the obsetvations are
noise-free then there must be at least one zero-eigenvalue. If all eigenvalues are non-zero
then this is associated with the existence of various parasitic elements such as additive
measurement noise or non-linear system behaviour (see Chapter 6). It has also been
shown that in terms of the estimation of transfer characteristics (gain or FRF) the effect
of relatively low power noise or low non-linearity could be eliminated by choosing the
components of the eigenvector corresponding to the larger eigenvalue in order to
approximate the system’s gain/FRF characteristics. More specifically, EVD has been
carried out on the zero-lag covariance (or spectral correlation) matrix of the measured
variables resulting in the new uncorrelated virtual variables, the so called principal
components which are ordered according to the amount of their vatiances. It has been
shown on the SISO application that for the noise-free and purely linear case when one of
the eigenvalues is zero, the non-zero eigenvalue gives the strength of its corresponding
eigenvector which is interpreted as a representation of the transfer characteristics of the
system under investigation whereas for the noisy and/or non-linear case the eigenvector
corresponding to the largest eigenvalue can be used accordingly. Subsequently the
extension of the above procedure to uncorrelated-multi-input systems have led us to the
use of the components of the eigenvector corresponding to the zero-eigenvalue
appropriately in order to derive the transfer characteristics.

Although the detivations and fundamental principles were introduced in the time
domain for simplicity, the main part of the above analysis was considered in the
frequency domain in an attempt to relate our generalised approach to practical
measurement situations of various engineering applications. In neither of the transfer
function analysis work mentioned above, the existence of potential time delay between
the input(s) and output(s) of the corresponding system under investigation was
considered. It should be noted that even if two signals are identical ie. completely
linearly related to each other with the only exception that one of them is a

delayed/shifted version of the other, then the above linear charactetization will result in
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misleading results where the EVD of the time domain input-output measurement
covariance matrix is carried out. This is because the estimate of the covariance matrix
obtained from the sample populations of an original signal and its delayed version would
give false information on the second order statistics of the data set which is fundamental
to PCA. Consequently, this would result in two non-zero eigenvalues whose numerical
values are relatively close to each other and hence confusing the actual linear association
between the associated segments of the signals.

Therefore once again we emphasize that if two signals exhibit a completely linear
association with each other the only time we get one of the eigenvalues of their
covariance matrix equal to zero is when this matrix is formed for zero time lag. However
this shortcoming of the above approach 1s of no concern if the data is staionary random
and that the analysis is carried out on the spectral correlation mattix formed through
Fourier-based transformations in order to estimate the system FRF. This is because once
the data is linearly transformed into the frequency domain, despite its statistical
properties are preserved, its shift in time becomes no longer significant in terms of
correlations between its coherent parts. This is due to the fact that its power (variance)
representation in the frequency domain is obtained using segments or ensembles that are
ergodic.

Mathematically, the above observation can be simply verified on a linear time-
invariant single path pure delay system with input x(?) and output y?)=x(#A) where A
denotes the amount of the delay introduced by the system such as that shown in Figure
7.1. The EVD of the time domain and frequency domain measurement covariance

mattix can be obtained as follows: In the time domain the measurement vector over IN

x:{x(t):l 2[ x(1) } (7.1)
y(0) P x(t=4) A=l N

samples is given by

whose corresponding zero-lag (i.e. T=0 where T denotes time/shift lag) covariance matrix
will be

1 ZL x(1) ][x(t) - (7.2)

N n=] (t - A)

which can be expanded using averaging operator for computations over a sample
population as
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pe| FO =8 (7.3)
x(t —A)x(2) ()
and rewtitten as
R=[ a; R,J(A)} (7.4)
R (8) o

where O'j denotes the input vatiance and R_(A) is effectively the auto-correlation

function of the input for a time delay of A. In order to calculate the eigenvalues of (7.4)

we need to solve

det| % H Re@|_g (7.5)
R(A) oi-2
which can be expanded as
(62-A)"-R:(A)=0 (7.6)
and
g 2/10')3 + 0: —fo (A)=0 (7.7

Hence we can expect the two non-zero eigenvalues

202 +4f40% — 4! —R2 (1))
1,2 — 2

=0+ R _(A) (7.8)

from which it can be seen that in general there are two non-zero eigenvalues except
when A =0 in which case one of the eigenvalues is zero.

If we carry out the same procedure this time i the frequency domain the
measurement vector takes the form (7.9) over the sample realisation index K using the

Fourier transform (FT) versions of the input and the output given by (7.1)

6,(f) = XN _| XD (7.9)
k Y(f) k=1,.,K XA(f) k=1,..K
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where X(f) 1s the FT of input and Y(j) is the FT of output being equal to X,() indicating

that the input has been delayed by A and transformed into the frequency domain. Since
the relationship between the input and the output in the frequency can be written as

(7.10) including the phase factor in polar form

Y(f)=e"0X(f) (7.10)

then the estimation of the spectral correlation matrix
R(f){:x(f) Ayx(f)] (7.11)

can be expanded in accordance with (5.9) to give

A

$.(1)  SL(s )} (7.12)

1i(f)=L”"ﬂ‘$‘u(f) Sa(f)

Simulatly, the eigenvalues of (7.12) can be obtained from the solution of

o _ —j28fA G
[ S.(f)-4 & Sn<f>]=0 .13
S () S.(f)-4
which can be rewritten as
(8.(f)-2) =82 =0 (7.14)

and after some algebra the eigenvalues are computed as

A4 =0and 2, =28, (7.15)
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(7.15) shows that as opposed to carrying out the eigen-analysis in the time
domain, if we seek to use the same strategy on the spectral correlation matrix, the
resulting eigenvalues do not give any useful information on the existence of a delay
relationship between the signals. Therefore, from the comparison of (7.8) to (7.15) we
can conclude that for a pure delay system if the input-output data is transformed into the
frequency domain we would have one zero eigenvalue from EVD of the spectral
correlation matrix verifying the system’s linearity whereas if the same procedure is carried
out on the zero-lag covariance matrix in the time domain then we would expect to have
two non-zero eigenvalues although the system is purely linear. However it should be
noted that if we continue the above procedure for estimating the FRF of the input-
output in accordance with the procedure described from (5.9) to (5.11) in Chapter 5, the
ratio of the components of the corresponding eigenvectors leads us to the time delay
information as contained in the phase factor of the transfer function.

In the upcoming section we show the exact procedure for time (shift) delay

detection based on this observation.
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7.3 Method Described

From the analyses presented in the previous section we can clearly see that if the
linear time-invariant system under investigation is a pure delay with stationary random
mnput, the EVD carried out on the covariance matrix (l.e. using time histories) and the
spectral correlation matrix (i.e. using FTs of the time histories) would give two different
results one of which would be misleading in terms of linear characterisation. In view of
this result we propose that the former case would be utilized in order to apply PCA for
the detection of potential ime delay(s) introduced by the system under investigation.

In an attempt to illustrate the basic form of proposed method let us first consider
the simple pure delay system with no noise contamination in any of the measured signals
such as that shown in Figure 7.1 where for a time-lag 7 the relationship between the

input and the output can be rewritten as

y() = x(t+A4) (7.16)

and the covariance matrix on which the eigenvalue-eigenvector decomposition will be

carried can be modified accordingly including the time-lag such that

R_[ RO RN 7.17)
R(T=8) R0

where R (0)= E[x’(f)] ie the auto-correlation function of the input which is also

equal to its variance and can be denoted by o’

R, (t-A)=R, (7)=E[x(t)y(t+7)] = E[x())x(t +T—A)] 1ie. the cross-correlation

function between the input and the output for lag 7.

—» A |—
Input, x(t) Output, y(t)

Figure 7.1 Linear time-invariant single-path-pure-delay system where A is the time delay introduced to
the input.
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Based on (7.8), we can study the behaviour of the eigenvalues of the input-output
covariance mattix for the system given in Figure 7.1, analytically. Suppose, x(¢) has an
auto-correlation function of the form

R (1)=0’ el (7.18)
where O‘f is the signal variance and @ is a constant scale factor. Then the input-output
cross-correlation function of the above system for time lag 7 1s

2 _—alr-y|

R (t)=0, € (7.19)

The corresponding eigenvalues of the pure delay covariance matrix between the original

signal and its delayed version are given by

A =0’ (1 +elH ) — 207 for A=t

— 0! for A —> (7.20a)
A, =0 (1 — gl )—) 0 for A=7

— 0! for A —> o (7.20b)

from which we can clearly see that when the time delay is equal to the time-lag one of the

eigenvalues is zero whereas when the delay tends to infinity both eigenvalues converge

|74

towards each other. This means that, if the ratio of the eigenvalues are plotted

1—e ™
for a series of negative and positive time lags the behaviour of the resultant cutve is in
the form such as that shown in Figure 7.2, indicating the value of the time delay at
A=rt.

Ratio of Eigenvalues
100 T T T

. : ; . : .
90 / 1

Time Delay & Time-Lag "equal®
80 Ratio goes to Infinity

40| Ttme Delay & Time-Lag "diverge"
Ratio tends to Unity

Time Delay & Time-Lag “diverge"
Ratio tends to Unity

N\

Figure 7.2 Theoretical eigenvalue ratio of SISO pure delay system.

7-A=0
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Thetefore the delay detection procedure can simply be undertaken by forming
the input-output covariance matrix in the time domain and computing its eigenvalues for
a seties of positive and negative lags such as that shown in Figure 7.3. We can then
observe the lag value at which a zero eigenvalue is obtained which would be considered
as the delay introduced to the input signal. In addition, if the signals are noise
contaminated then the time lag at which the numerical difference between the

eigenvalues is largest will give the delay accordingly.

B ) T=-1

: R(t=0) W
negative lag 1

positive lag

Figure 7.3 Array of positive and negative lag input-output covariance matrices to be computed for PCA
Delay Detection Technique. Egienvalues are to be observed in order identify the lag value
corresponding to the amount of delay introduced on the input signal.

This application can also be generalised to various forms of multi-path systems
such as that shown in Figures 7.4 and 7.5. In the first case a single input is filtered
through two separate pure delay systems A, and A, to produce the two outputs y(?) and
(). Similar to the bivariate case presented in the previous paragraph also for this single-
input multi-path system the EVD is to be carried out on the array of 3x3 negative and
positive lag input-ouptut covariance matrices whose eigenvalues can be observed and this
time two of the eigenvalues are expected to have one zero-crossing each of which are
equal to the time delays A, and A, at the corresponding lag values respectively. The mult-
path input-output covariance matrix for the case in Figure 7.4 can be obtained as follows:

Forming the measurement covariance matrix for three signals as
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) 21
R=2 30 [0 »0) =0 (7.21)
n=1 Z(t)
and
L& x(1) 9
Rz—ﬁz x(t—A) -[x(t) x(t—A)) x(t—Az)] (7 )
" x(t— Az)
which can be expanded
() "(’)ﬁ Ay xx(-Ay) 723
R=|x(t—A)x(t) x°(6) x(t—ADx(t—-A,)
x(t=A)x(t) x(t-A)x(t—A) xz—(t)
and rewritten as
o, R, (A) R (4,)
R=|R, (A) o’ R (A -A,) (7.24)
Rxx(AZ) Rxx(A] _AZ) O-:

AI 'Output 1, y(t)=x(t-A)

Input, x(f)

> A ) Output 2, z(t)=x(t-A,)

I

Figure 7.4 Linear time-invariant multi-path single-input-two-output pure-delay system where A¢ and A
are the time delays introduced to Input x(f) to produce Output 1 and Output 2.

In Figure 7.5, a variation of the above single-input-two-output multi-path system
1s illustrated where a single output 1s produced as the sum of the two pure delay filters A,
and A, and hence a convolutive mixture of the original input is obtained with no
amplitude weighting (gain) factor. This model can be considered as a simple simulation
of signal propagation in a dispersive medium. In this case the input-output covariance

matrix can be derived from
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_ 10X 7.25
R=— g[y(t)}[xm 70) (7.25)
and
R= iﬁ: 1) [x(t) x(t—A)+x(t-A,)] (7.26)
N&|x(t-A)+x(t-A,) ! g

which can be expanded as

R- 2 () *(0)- Ix(t = 8) + (= 8,)} (7.27)
xe-A)+x-A)}x(@0)  E-A)+xE-A,)F

and the array of 2x2 input-output covariance matrices will be based on the form

- [ o’ R.(A)+ R (4,) } (7.28)
R (A)+R,(A;) 202 +2R, (A -A,)

L

—>
Input Output
x(f) —p Az —p yO)=x(t-A1)+x(t-A2)

Figure 7.5 Linear time-invariant multi-path-pure-delay system where A4 and A; are the time delays
introduced to the input.

In the next section, computational simulations for the performance assessment
of the above described technique are presented. Both single path and multi path systems
have been considered for noise-free and noisy measurements and the delay detection
results obtained using the eigenvalues of the array of covariance matrices such as that
defined above have been compared to those from the conventional input-output cross-

correlation technique.
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7.4 Performance of PCA Delay Detector

In an attempt to assess the performance of principal components method for the
detection of a potential time delay relationship between signal pairs a number of
simulation studies have been undertaken. The schematic diagram of the signal generation
mechanism used is given in Figure 7.6 where a stationary random input is first low-pass
filtered in order to form a band-limited signal x(?) and zero padded at both ends
increasing the total sample to allow a shift (ime delay) to be introduced and then passed
through a single or multi path delay system of one of the forms such as that described in
the previous section (see Figures 7.1, 7.4 and 7.5) producing the corresponding output(s).

Zero-pole map, impulse response and frequency response functions of the AR(1)
low-pass filter is given in Figure 7.7. Figure 7.8 shows a typical stationary random time
history and its corresponding auto-correlation function. Signals within the boundaries of
the model systems under investigation have been considered for both noise-free and
noisy cases. Noisy cases have been particularly chosen to have very poor signal to noise
ratios (SNRs) in order to examine the robustness of the method under conditions with

extreme measurement errors.

Input x(t)
—Pp LP — .
Filter A'i

A . Yi)=X(t-0)

—>

Figure 7.6 Schematic diagram of low-pass filtered and delayed signal for delay detection computations.

The first simulation study involves a noise-free single-path problem where the
output signal being delayed by 50 sample points relative to its corresponding input.
Figure 7.9 LHS shows the signals and their cross-correlation function from which it can
be clearly seen that the maximum of the correlation function occurs exactly at the time
lag equal to the delay of 50 points. In Figure 7.9 RHS the eigenvalues of the array of
covariance matrices and their ratios are plotted against the corresponding time lag values
verifying that for the covariance matrix computed for the time lag equal to the delay the
difference between the two eigenvalues reaches a maximum where one of them equals to

zero and hence the ratio of the larger one to the smaller one at that point goes to infinity.
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System AR(1) Filter
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Figure 7.7 Zero-Pole Map (top), Impulse Response (bottom-left) and the Frequency Response (bottom-
right) of the AR(1) digital low-pass filter.
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Time Lag

Figure 7.8 Time history and auto-correlation function of typical stationary random data used as original
signal for computations.

146

Chapter 7




Delay Detection Using PCA

Fiter Output without Detay Blgemabies.
= T T 1500
sof
llr]
2 f iy f Wit |
. 2 | [l I
i, LY TN WU R T c=
§ Cob g T e
20 | { \ E [_. W T i
40~ ki \ "
fy {
g o Iy B \ -, 9]
100 20 00 400 500 6 70 80 %0
Time
Fiter Output whin Desy
o — ! :
N T J
5 f ,'. £7 | P i !J}.!.J'l |
§® . L i AL
i it [} ‘mal
Ee B A T o W 1L o
; | ¥ ! I N
i o L L Ralio of Egenvaloes
| i | ) r -
1] L !
60 1
104 200 00 400 500 60 700 &0 900 L
Tme
Cross-Comsiation o
) ,
502 30
2
0 10
200~
™ 150 “100 % o £ 100 150 200

Time Lag

Figure 7.9 LHS: Noise-free original and delayed (50 points) signals and their cross-correlation. RHS:
Eigenvalues of the array of covariance matrices and their ratios for corresponding time lag values. In the
top figure, solid and dotted curves illustrate each of the eigenvalues respectively.

In addition to the above noise-free case Figure 7.10 LHS shows the input-output
signals of the same single-path system (i.e. output delayed by 50 points) and their cross-
correlation function estimate this time for the case of both signals with high amount of
noise contamination with SNRs of approximately -5dB. Also for this case the maximum
of the cross-correlation function detects the time delay with considerable accuracy
occurring at the time lag value only slightly lower than 50. The eigenvalues of the array of
input-output covariance matrices and their ratios are illustrated in Figure 7.10 RHS. It
can be clearly seen from this figure that although both eigenvalues are non-zero at the
time lag value of around 50 due to parasitic effects induced by severe noise, the
difference between the eigenvalues reaches its maximum value and hence the time delay

has been detected using our PCA-based approach as accurately as the cross-correlation

method.
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Figure 7.10 LHS: Noisy version of the signals and their cross-correlation given in Figure 7.9. RHS:
Eigenvalues of the array of covariance matrices and their ratios for corresponding time lag values. In the
top figure, blue and green curves illustrate each of the eigenvalues respectively.

The second set of simulation studies we have considered are for a single-input
multi-path system such as that illustrated in Figure 7.4, i.e. the output index shown in
Figure 7.6 is 2. The outputs of the above low-pass filter have been delayed by 50 and 125
points respectively and the PCA-based delay detection technique applied this time on the
array of 3x3 input-output covariance matrices formed using the three signals in
accordance with the form given by (7.21) to (7.23). Figure 7.11 LHS shows the input-
output signals and the cross-correlation estimates of each delayed output with the
original mnput signal for the noise-free case. Maximum values of the cross-correlation
estimates occur exactly at the time lag values 50 and 125 respectively corresponding to
the time delays introduced on each signal. From Figure 7.11 RHS, it can be easily seen
that, as expected from our analytical results given in the previous section, this time one
of the eigenvalues is equal to zero for the time lag values of 50 and another eigenvalue is
equal to zero for the time lag value of 125. When each of these eigenvalues have zero
values in turn, one of the other two remaining eigenvalues reaches the overall maximum

value and hence verifying that the associated input-output pair has a total collinearity.
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Figure 7.11 LHS: Noise-free original and delayed (50 and 125 points) signals and their cross-correlation
based on the system given by Figure 7.4. RHS: Eigenvalues of the array of covariance matrices for
corresponding time lag (x-axis) values. Each of red, blue and green solid lines represent one of the
eigenvalues.

Further investigations on the same system are carried out for the case of high
noise on all three signals with SNRs around 1dB. Figure 7.12 LHS shows the noisy
signals and the corresponding cross-correlation estimates. As for the noise-free case the
maxima of the correlation functions indicate the amount of the time delays introduced to
the corresponding signals with substantial accuracy. From the eigenvalue plots of the
corresponding covariance matrix array (Figure 7.12 RHS) one can see the considerable
irregularity on their behaviour compared to the corresponding noise-free case although
both time delay values can be easily detected observing the time lag values at which the

maximum difference between eigenvalue pairs occur.
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Figure 7.12 LHS: Noisy version of the signals and their cross-correlation given in Figure 7.11. RHS:
Eigenvalues of the array of covariance matrices for corresponding time lag (x-axis) values. Each of red,
blue and green solid lines represent one of the eigenvalues.

The final set of simulations is based on the system model shown in Figure 7.5
where a single-input multi-path system gives a single-output as the sum of two separately
delayed signals (50 and 125 points respectively). Figure 7.13 LHS shows the noise-free
input and the output signals and their cross-correlation. The eigenvalues of the input-
output covariance matrices and their ratios for the noise-free case of the mixing system
shown in Figure 7.13 RHS indicate that unlike the previous noise-free cases there is no
zero-eigenvalue due to the corruption of the original waveform by the summation of the
individual outputs. Consequently this leads to less-correlated signals contained in the
measurement vector although at the lag values equal to the individual delays the
difference between two eigenvalues reach their highest values. The corresponding noisy
case is illustrated in Figure 7.14. Despite low SNRs, also in this case the greatest
difference between the eigenvalues occur at the exact values of the delays showing that
the proposed method is also suitable for additive multi-path delay detection as described
by the form (7.25) to (7.27).
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7.5 Concluding Remarks

In this chapter the use of the linear transformation technique of PCA as a delay
detector has been investigated through a novel approach in terms of the use of the
technique over an array of covariance matrices for a series of time lags between the
signals within the data set under investigation which can be bivariate or multivariate of
various forms.

Our motvation for the work presented above originates from the basic fact that
if the data set to be analysed using PCA-based EVD exhibits simply mutual pure delay
relationship, then in the time domain one would get the maximum difference between
the associated eigenvalues only for the covariance matrix which is formed for the time
lag value equal to the amount of the delay by which the signals are related to each other.
Otherwise, for all other time lag covariance matrices, the low cross-correlations between
the signals would lead to relatively close-valued eigenvalues and hence the consequent
mformation based on low degree of linear association between the signals would be
obtained from the analysis.

We have also shown that if the above analysis 1s carried out in the frequency
domain, the cross-correlation information between the coherent parts of the signals is
lost as a result of Fourier transformation based on segmentation or ensemble techniques
and subsequently the potential time delay(s) cannot be detected through the observation
of the corresponding eigenvalues.

This chapter 1s considered to be extremely useful in terms of introducing an
application of PCA to a form of input-output relationship of linear time-invatant

systems from a different viewpoint compared to the rest of the thesis.

152

Chapter 7




PCA for Time Varying Processes

Chapter Eight
PCA FOR TIME-VARYING PROCESSES

8.1 Introduction

The use of PCA for signal-based system identification has been investigated by
means of several forms in the previous part of this thesis. Applications have included
gain/FRF estimation of linear time-invariant systems, linear equivalent transfer function
estimation of non-linear systems as well as detection of time delay introduced by various
pure delay systems. In all cases mentioned above we have considered the system inputs
as stationary random time histories and most importantly the system characteristics as
not changing with time, leading us to the corresponding outputs that are also stationary
random.

The basis of our analysis has comprised the EVD of the mput-output covariance
matrix and the observation of the associated eigenvalues and eigenvectors in order to
establish the degree of linear association between these signals. This procedure and its
variations (originating from the same basic approach) provided us with the opportunity
to interpret the relevant results in different ways with the restriction that the system
properties were constant.

In real life, however, especially in many engineering applications one may come
across a variety of data whose statistical structure change with time, the so called non-
stationary processes. Regardless of the statistical properties of their input(s), the output(s)
of time-variant systems always exhibit non-stationary behaviour of some form. Non-
stationary processes may arise from linear or non-linear time variant systems as well as

non-linear time-invariant systems.
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A set of common methods used for the investigation of non-stationary processes
are based on zime-frequency analysis such as the short-time Fourier transform (STFT),
Wigner-Ville distribution, wavelet transform etc. These subjects are beyond the scope of
this thesis except for the STFT which will be briefly described and used in several signal
spectrogram computations for comparison purposes.

In this last part of our study we introduce a procedure for the preliminary
detection of non-stationary signals/systems through the use of PCA in a view to provide
useful information for further analysis. The method proposed is based on a conceptually
different approach from the rest of the thesis in terms of the formation of the pairs of
bivariate data sets on which the EVD is carried out although the basic principle remains
the same 1.e. the extraction of the degree of collinearity between data sets using second
order statistical information.

Section 8.2 gives an overview to the problem of non-stationarity detection using
PCA in terms of the analysis principles on which our approach is based on. In Section
8.3, the short-term PCA for time-varying gain detection in the time domain is introduced
whereas Section 8.4 presents the details of the extension of this method for the
estmation of non-stationary dynamics using moving segment EVD of spectral
correlation matrices, the so called short-term spectral PCA (STSPCA). Both sections also
include results from a number of computational simulations for the performance and
applicability assessments of the methods. Concluding remarks are summatised in Section

8.5.
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8.2 Non-Stationarity and PCA

A stochastic signal is said to be non-stationary if its statistical structure changes as
a function of time e.g. the mean, variance, correlation etc. may vary with time and
consequently the joint probability density relating the values of signal x(#) at times #,, %, £,
..., also vaties under a shift in time. Signals which may not be considered strictly random
can also display a structure that can also be described as non-stationary e.g. chirp signal
which has a changing frequency. Either deterministic or stochastic, non-stationary
processes with numerous forms of varying structures such as that described in the first
paragraph, often arise in the physical world. Examples include birdsong, speech, noise
and vibration signals from accelerating traffic, Doppler shifted sound, vibration response
of machinery undergoing operational changes and so on. It has long been an interest for
the analysis of non-stationary signals in statistical signal processing since it is crucial for
many fields of engineering being able to detect, interpret and model potential non-
stationarities within measurement systems and/ot hidden in observed data sets in order
to identify the system characteristics and/or for further prediction/analysis purposes.

The main proportion of our research has been involved with the application of
PCA for linear characterisation of multivariate data. This has been carried out through
the observation of the eigenvalues and eigenvectors of the corresponding input-output
measurement covariance (or spectral correlation) matrix which allowed one to readily
identify components of low power (or one component whose power is represented by a
zero eigenvalue for the ideal linear time-invariant system) that may be removed from the
data set without significantly affecting the data. Subsequently the princpa/ components
have been related to the original variables via a virtual process in order for the linear
(equivalent) transfer charactetistics to be derived. We have shown that this procedure
could be used as an effective tool for the estimation and/or detection of gain, FRF, delay
or non-linearity when the data sets forming the covariance matrix to be analysed consist
of system input(s) and output(s).

The basic principle of our previous system input-output relationship analyses for
the above given cases was based on the EVD of the ensemble (or segment) averaged
measurement correlation matrix directly i.e. with no pre-processing perhaps only except

for standardisation (centring and scaling). This measurement matrix was assumed to be
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formed between data sets that are assumed to be related through a constant scale factor and
hence having time-invariant statistical structure. Therefore increasing the sample size of
each segment would reduce any biasing and/or variability effects consistently resulting in
the assumption that for two stationary random signals whose time domain measutrement
vector for each ensemble (segment) realisation given by
:["m} for £=12,...K;
Xk ] )
Y,

the covariance matrix (for zero-mean variables) can be simply estimated from

N N
2
X X
R :{ E[xlznk] E[xmkymk] NL ; " IZ:I: m’.ym’. (8 1)
* | Ely x 1 E[:] N|¥ )2 |
my,7m, my k=1,..K y,,,,x,,,. ym-
; ' ’ ; '

where E[ | denotes the expectation operation and the sample index is defined by
=1,...,]N. Above procedure relies on the assessment of the degree of linear association
between signal pairs using the eigenvalues and their corresponding eigenvectors. Here we
propose to extend this approach to extract some useful information about the time-
varying structure of the data set with particular reference to varying mean and/or
variance in the time domain and varying frequency content and/or energy disttibution in
the frequency domain by applying a modified PCA procedure. If we assume that a non-
stationary system is excited by a stationary random input then the output signal will be
non-stationary. Therefore, in this case, using the procedure for the computation of the
measurement correlation matrix such as that described by (8.1) would be conceptually
Zncorrect because the input and the output would have different statistical properties being
related through a warying scale factor and hence the second order statistical information
contained in the covariance matrix would be useless. Note that the covariance matrix
estimator given by (8.1) is valid if the variables have constant probability densities i.e.
which do not vary under a shift in time. However we would of course still get some
results from the EVD of the covariance matrix in question above although the direction
of the principal component would lead us to a form of averaged gain factor relating the
input and the output rather than extracting any potential time varying characteristics
within the corresponding parts of the signals. The mathematical verification of this

restriction is as follows:
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Consider the specific example where the memoryless SISO system given in
Figure 8.1 is assumed to be linear and #me-variant with gain a(f) which varies in a
deterministic fashion with the input-output relationship of the form (8.2) so that one can

expect the system output to be a stochastic non-stationary process.

Y@ = a()x() 8.2)

— > a(t) L »
x(t) ¥(®)

Figure 8.1 Linear Time Varying Memoryless SISO Gain System.

Using the expectation operator for the estimation of a local input-output covariance

matrix for the segment £ we get

R (f):E xz(t) a(t)xz(t) (8.3)
= a)x*(t) a’(Nx’ (1) ],

and expanding (8.3) by substituting the symbol ¢ as appropriate to denote the signal

variance, we obtain

2

Rn(t)z[ ol a(t)o! J (8.4)
k

atyo; a*(o;

whose eigenvalues can be derived from the solution of

det[(Ixz _’} za(t)f: }: 0 (8.5)
a(tyo, a*(t)o, -4
from which
A=cl+a*(®)] and 2, =0 (8.6)
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which shows that despite the fact that the gain is time-varying in the global sense if it’s
local value 1s assumed to be constant within the limits of the segment 4, one of the
eigenvalues will be zero and the principal component power will be contained within the
non-zero eigenvalue whose corresponding eigenvector’s direction after some algebra can

be derived as

i_z o) 8.7)

Note that (8.7) represents the slope of the zustantaneons gain between the input and the

output. However if we now consider carrying out the EVD on the covariance matrix
formed using the summation operator, 2, rather than the expectation operator then this

matrix would be of the form (also including the time (or sample) index 7= 0, 1,2, ..., N)

sz(t,-) Za(t,.)xz(t,.) (8 8)
Rn(t):_ 1vi=l 1';121 .
MY awwe) Yatene)

from which it can be clearly seen that the time-varying term #(#) which has a deterministic
non-stationary nature would be contained within the averaging process over the data
length N and we would expect from the EVD of the above mattix that both of the
eigenvalues to be non-zero as a result of the parasitic effect caused by the variation of the
probability density function of the elements of the matrix and the gain factor obtained
from the direction of the eigenvector corresponding to the larger eigenvalue would be
equal to the mean (average) value of the varying gain.

The above mathematical manipulations and our interpretations have also been
verified computationally. We have generated a zero-mean white Gaussian process of
1000 samples with a variance of 64 representing the input of the system given in Figure
8.1 and filtered this input through a time-varying gain in the form of

a(t)=c+sinQ-¢ (8.9
where €2 is set to 0.016 and the constant ¢ 1s 2, in order to generate an amplitude-
modulated stationary random process which would effectively be non-stationary (with

fluctuating variance) such as that shown in Figure 8.2 (LHS).
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The EVD of the input-output covariance matrix of the form (8.8) has been carried out
and the areraged gain factor has been derived using the eigenvector corresponding to the
larger eigenvalue. The values of the eigenvalues have been calculated as 331.4 and 4.6
verifying that there are two non-zero eigenvalues. In the RHS of Figure 8.2, the
comparison between the computational and theoretical first eigenvalues is given revealing
the significance of using different covariance matrix EVD procedures ie. ensemble
averaging vs time (or sample) averaging whereas Figure 8.3 shows the input-output
scatter plot and the equivalent gain estimates derived using these two different

techniques.

input Signal Fitered Through Shift-Variant Gain

Theoretical vs Computational First Eigenvalues
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Figure 8.2 LHS: Stationary random input (blue solid line) filtered through a deterministic non-stationary
gain (green solid line) forming the random non-stationary output (red dotted line); RHS: Comparison
between the theoretical and computational versions of the first eigenvalues of the covariance matrix
between the signals whose scatter plot is given in Figure 8.3. Dotted line shows the theoretical varying
eigenvalue whereas the solid line shows the computational averaged eigenvalue.

It is clear from the above eigenvalue plots that if the analysis carried out is based
on the covariance matrix of the form (8.8), we would end up with a singl gain factor
whose direction is shown by the red arrow, that is the arithmetic average value of the
otiginal time varying 4(?) which in fact has a sinusoidal behaviour. Here it should be
noted that the direction of the principal component is given by the average slope of the
input-output correlation behaviour whose gain spans the values between 1 and 3.
Furthermore, the theoretical time-varying eigenvectors corresponding to the first
eigenvalues such as that plotted in Figure 8.2 (RHS) would lead us to the time-varying
slopes. A number of direction representations of the actual gain factors have also been

illustrated by the green arrows in Figure 8.3 shown below.
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Theoretical vs Computational Eigenvectors
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Figure 8.3 Input-Output Scatter plot (dots) of the system given in Figure 8.1, the gain estimate (red
arrow) obtained using PCA based on simplified covariance matrix computation as defined by (8.1) and
the theoretical gain estimates (green arrows) obtained using the eigenvectors defined by (8.7).

In the next two sections we present the details of our proposed non-stationary
system identification techniques based on the modified versions of the measured
covariance matrix EVD in the time and the frequency domains respectively. The first
case considers the analysis of short-term input-output segments in order for the
estimation of potentially time-varying gain characteristics. The second case will look at
the extension of this procedure using short-term adjacent input-output spectral
correlation matrices of a dynamical system with oscillating natural frequency. The
applicability and performance of each method has also been examined by computational

simulations.
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8.3 Short-Term PCA for Non-Stationary Gain Estimation

In view of our comments on the applicability of the standard form of PCA to the
time-varying processes as presented in the previous section, here we seek to develop an
EVD procedure such that when carried out on a set of input-output data with a varying
gain relationship we can determine the transfer characteristics from the interpretation of
the principal component(s) of their covariance matrix.

From our above analysis 1t 1s obvious that even if the system input-output
relationship is completely linear, the existence of a time-varying filtering results in two
non-zero eigenvalues from the EVD of their covariance matrix which 1s misleading with
respect to the accurate estimation of the true transfer characteristics of the system under
mnvestigation. Considering the implications of this limitation, we propose to analyse the
short-term covanance matrices of an input-output data pair, the output of which has a
non-stationary time structure and thus the direction of the principal components of each
covariance matrix can be used 1n order to identify the gain characteristics along the whole
time history.

If we employ short-term averaging when forming the associated input-output
covariance matrix of a pair of long time histories with potentially time varying transfer
relationship, depending on the window length of the averaging operation relative to the
rate of change of the system’s gain characteristics, it would be possible to obtain small-
range estimates for the actual gain factor and hence repeating this operation as a moving
average EVD process for a series of covarlance matrices along the whole available time
series we can determine the varying structure of the gain factor. This procedure is
lustrated in Figure 8.4 where

[R.U:]k=l,2,3,...,K
represents the array of short-term input-output covariance matrices for successive
segment pairs. From the PCA of each matrix we can simply obtain the local gain factor
of the corresponding segment in accordance with the procedures introduced in Chapter

4 i.e. using the slope of the principal component associated with the largest eigenvalue.
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Consequently, combining the values obtained from the EVD of each covariance
matrix results in the overall gain curve linking the input-output time histories along the
data length. It should be noted that, instead of using adjacent segments without common
sample points such as that shown in this figure, which 1s mainly for visual simplicity, it
would also be appropriate to carry out the analysis on a series of overlapping consecutive
segments which could also lead us to accurate results for the gain estimates depending on
the fluctuation nature of the time history. As can be clearly seen, the selection of the
length of each segment is crucial in order to obtain a good estimate for the associated
transfer characteristics. If the gain factor is a slowly varying function of time then
relatively long segments with zero-overlap would be sufficient to describe its
approximate behaviour although for the cases where this gain changes rapidly then too
long segments would result in average values within the window range of each segment

that are not very useful.
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Figure 8.4 |llustration of short-term moving average EVD in order to estimate the local gain factors from
a non-stationary input-output relationship through a time-varying gain (of Figure 8.2 LHS) over the
segments k=1,2,3... K.
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In an attempt to provide a clear illustration and to assess the performance of this
technique, a number of simulation studies have been undertaken the results of which are
presented in Figure 8.5. We have analysed the same artificial input-output signals as
introduced in Section 8.2 by using the above technique. Four different lengths of
ovetlapping segments of 10, 50, 100 and 150 sample points have been considered for
simultaneous covatiance matrix computations over the whole input-output time histories
whose total sample numbers are 1000 each.

Estimates of the computed gain curves and the system’s true gain are plotted on
the same axes as shown in the LHS of Figure 8.5. It can be easily seen from this figure
that using different segment lengths lead to dramatically different results for the time-
variant gain estimates. For the shortest segment length (10 sample points) used the
accuracy of the gain estimate is extremely high having almost identical values with the
true gain verifying the consistency of our approach introduced above although as the
number of points used for each covariance matrix window is increased the gain estimate
becomes severely biased tending towards an average value as described in detail in
Section 8.2. From the curves derived from the first and the second eigenvalues for the
shortest segment estimates as illustrated in the RHS of Figure 8.5, we can see that due to
the use of sufficiently small-range covariance matrices, the mput-output pairs behave as if
their relationship is completely free from any parasitic effects and hence one of the
eigenvalues is always zero whereas the non-zero eigenvalue has an irregular fluctuating
natute.

From the results of the above numerical procedure we can see that by the EVD
of local input-output covariance matrix of a memoryless non-stationary system it is
possible to obtain accurate estimates of the small-range transfer charactenistics. In
addition, it has also been shown that by computing a series of local scale factors from the
array of these local covariance matrices, one can buid the global structure of changing
system characteristics. In the next section we extend the above procedure to a more
general case of time-varying transfer function estimation of dynamical systems through
the application of a modified version of our data processing technique in the frequency

domain.
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Figure 8.5 LHS: Effect of varying segment length on short-term moving average EVD procedure for the
local gain factor estimation from a non-stationary input-output relationship. RHS: Eigenvalues of the 10-

point segment short-term PCA.
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8.4 Short-Term Spectral PCA for Input-Output Analysis

Investigating the inherent non-stationarity of the dynamics of physical systems
and/or exploring the internal structure of non-stationary processes using time-frequency
descriptions has been commonplace to the engineering world for a long time. The
fundamental requirements of signal-based non-stationary system analysis are to be able to
determine the spectral components contained in measured signal(s) within the boundary
of such systems and/or to obtain information about the time intervals at which certain
frequencies occur ie. when specific frequency components make thetr dominant
contribution to the measured time history.

Conventional Fourier transforms do not assign spectral components to time and
hence only partly solves the above problem by giving an izdicative estimate of the average
power/cross spectra of the whole signal analysed. The most commonly used classical
method of time-frequency analysis is the short-time Fourier transform (STFT) whose
basic concept is very simple. The time record is multiplied by a sliding window (which
suppresses the signal outside a certain region) and the Fourier transform of the
consecutive windowed segments are computed resulting in a series of /local spectra. STFT

of a continuous-time signal is obtained from,

S(t,w) = o]' x()w(t —t)e ™ dt’ (8.10)

—|

where 7 is the time, @ is the angular frequency and x(¢) & w(t — ') are the truncated

signal and the corresponding window centred at time #'respectively. A widely used
method for displaying the STFT is called the spectrogram (or periodogram) and is derived
from the squared magnitude of (8.10) to give

S¢0) (8.11)

This quantity is plotted as a function of f and @, forming a three-dimensional

representation of the signal which ¢rudely illustrates the distribution of its energy over
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time and frequency. Despite being empirical in terms of providing estimates of
potentially changing spectra from window to window, it has been established as a very
useful preliminary analysis tool for time-varying signals.

As detailed in Chapter 2, a Linear Time-Invariant (LTI) system is characterised by
its time-invariant impulse response function h(t), leading to the theoretical relationship
between the input x(f) and the output y(¢) in the form of a convolution (2.3) which is
also very much simplified when an integral transform (Fourier or Laplace) is taken. Note
that when the system is LTI, the impulse response function is defined as the output of

the system at any time to a unit impulse input applied a time # before. This relationship
can be used to construct the time-invariant response to an arbitrary input at, say £,

through the convolution integral as
y(O) = [—1)x()at, (8.12)

by using the substitution, # —#, = 7, (8.12) can be written in an altetnative form, i.e.

() = o]h(r)x(t -7)dt (8.13)

However, if the system is time-varying then the above relationship based on a constant
impulse response function is no longer valid since the system characteristics change with
time and hence for a fixed input the corresponding output also varies with time.

In order to represent the time-varying characteristics theoretically, we can modify
the above relationship considering the impulse response function as changing with time

m the form
y(t) = Q]h(t, T)x(t —7)dr (8.14)

with a view to describe a time variable transfer function. Since the input (assumed to be
stationary random) can be written using the Fourier integral (in the frequency domain) as

x(t-1)= TX(a))ej’”('"’)da) (8.15)

then substituting (8.15) into (8.14) we get
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y(t) = O] h(t,7) Oii‘ej”’(’“’)X(a))da)dz' (816)

=0 W=—00

which can be rewritten as

- ~~

o = [ et [nt,)e?” driX (w)do (8.17)
w=—c0 ‘\r=0 ,’I

~a -

and

o
7

y(t) = J‘e"”’l\i H(t, a))\,-\,'X(a))da) (8.18)

Q=—0 AY S

From (8.17) and (8.18) it can be seen that the zme-varying transfer function (or FRE) i.e. the

system’s approximate response to frequency @ at time 7 is embodied in the expression
H(t,0) = j h(t,7)e " dr (8.19)
0
Therefore, the input-output relationship in the frequency domain can be given by
Y(t,0)=H({,0)X(w) (8.20)
from which one can also derive the corresponding pair

S, (o) =|H(t o) S, (o) (8.21a)

S, (t0)=H(,0)S, (v) (8.21b)

defining the time-varying FRF in terms of the power and cross spectral densities of the

mput and the output.
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Following from the methodology introduced in the previous section, here we
consider the frequency domain extension of our approach, the so called short-term
spectral PCA (STSPCA) in order to estimate the time-varying transfer characteristics of a
dynamical non-stationary system. The above analysis given from (8.12) to (8.21) justifies
that the problem of approximating the time-varying transfer function can be considered
on the basis of estimating the time-varying output power and input-output cross spectral

densities as accurately as possible. The calculation of H(¢,w) is difficult because
obtaining A(¢,7) is difficult. However we might conceive of some approximate approach

to this when the time variation is sow. In this case we may conceive of a frogen time
dependant transfer function as parameters of the system vary. The use of short-time
Fourier analysis essentially builds on this idea. Accordingly, we can consider using short-
time Fourier-based methods to derive approximations to H(¢,w). Our proposed input-
output analysis procedure is based on the moving segment EVD of the signal pair as
depicted in Figure 8.2, but this time through the adjacent spectral correlation matrices i.e.

the array of matrices to be analysed will be replaced by

A

- 8.0 S, ()
[R(f)L=I,2,3,..,,K - I:S‘,xmym (f) "ymym (f) s & (822)

for each segment pair & of which will contain the power and cross spectral density
estimates of the measured signals. In accordance with the standard procedure described
for the time-varying gain estimation problem, the slope of the eigenvector corresponding
to the largest eigenvalue of each matrix will give a local transfer function estimate (see
Chapter 5 for the details of SISO PCA FRF estimation). Furthermore, by undertaking
the exact procedure over the whole length of the time record one can obtain a series of

transfer functions which can be defined as

H(e, f) = BmiH . fenz5..x) (3:23)

Le.is a function of both frequency fand the segment index £.
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Therefore, from (8.23) it can also be seen that in principle it is possible obtain the

true time-varying transfer function as the segment length ‘k' tends to zero Le. as

segments get smaller, intuitvely we are closer to H (¢, ). Note that by using the same

segment length for different types of non-stationary systems, depending on the rate of

change in each system’s characteristics with time, one may end up with transfer function

estimates exhibiting various degrees of accuracy from system to system. In this context
we have two fundamental assumptions on which our frequency domain approach for the
above problem is based on and these are:

1. in terms of the statistical reliability (or consistency) of the spectral estimates
obtained from truncated parts of the time records: the duration of each segment
is sufficiently long with a high sampling rate that will allow the necessary
averaging operations over a number of Fourier transformed windows so that
each estimate will have a converging behaviour (reducing variability) with good
frequency resolution (low bias);

1. in terms of accurate time dependant representations of the frequency content of
adjacent signal segments: the non-stationarity in each truncated part of the time
record is a slowly varying function of time for each frequency that will result in
largely accurate averaged spectral estimates and hence will allow one to observe
the f7ue variations in the energy distributions from segment to segment.

In essence, the above assumptions suggest that for each input-output segment
pair the system under investigation will be considered as having alwost stationary transfer
characteristics. Although this seems to be a strong (and hence restrictive) condition, it
can be appropriately met 7 a certain extent for the vast majority of non-stationary data one
may come across in real-life engineering applications.

However it should be noted that, considering the input excitation to be stationary
random, for the cases in which the rate of variation in the system’s non-stationarity is
relatively high, shorter segments will be required in order to represent a minimum
amount of fluctuations of the energy components contained in the output power and the
input-output cross spectra. This will help to obtain improved time resolution but at the
expense of poor frequency resolution and hence increased bias on the spectral estimates.
Therefore, the overall accuracy of the analysis will heavily rely on the #rade-off between the
choices of better time and frequency information for which the signal analyst will need to

make a decision according to the application and/or the available data.
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In an attempt to demonstrate the applicabilitiy of the proposed STSPCA time-
varying transfer function estimation technique, a series of computational simulations

have been undertaken. The non-stationary dynamical SDOF system we consider is a

second order oscillator given by the form

(1) + 2@y (1) 3(t) + @5 (N Y(1) = @ (1) (1) (8:24)
where y(f) is the displacement, & is the viscous damping coefficient, x(f) is the
excitation force and @, (f) is the time-varying undamped natural frequency in the form

of a frequency modulated (FM) signal oscillating between 100 Hz and 900 Hz
(completing one full cycle in 1 second) 1.e. 1s centred on 500 Hz with a 400 Hz sinusoidal

FM. The approximate frogen (local) transfer function of the above system can be defined

using the Laplace transformation as

Bt 5y @, (1)
T 88 B (e o it O

(8.25)

where s is the Laplace variable. The model system is excited by a zero-mean broad-band
stationary random (Gaussian white) process for 20 seconds at a sampling rate of 10°sps
and the resulting displacement is recorded as the system output to be analysed. The

damping coefficient & has been set to 107,
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Figure 8.6 Input-Output time histories of the system described by (8.14) and their corresponding
probability density function estimates.
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Figure 8.6 shows the input and output time histories and their computed
probability density function (PDF) estimates from the recorded data sets each of which
consists of 2 million sample points. Cleatly, the output signal reveals significant time-
varying structure with non-stationary variance whose fluctuations are not systematic. It 1s
also interesting to observe the major difference between the two PDF estimates as the
output signal has a super-Gaussian distribution with a kurtosis of around 9.5. Note that
we have used the whole signal to come up with this answer Le. treating the output as
stationary.

In order to explore the mternal structures of the measured signals in the time-
frequency plane, their spectrograms are calculated initially, using Hann windows with no
ovetlapping. In Figure 8.7 is shown the spectrograms of the mput and the output, with
the output signal image plotted within various frequency ranges for visualisation
purposes. The amplitudes of the signals are displayed by using a typical colour-map scale,
hot colours reflecting higher values.

The mput spectrogram (top-left) is not of much interest as the signal is white
Gaussian and hence contains all the frequencies up to the half of the sampling rate with a
homogeneous distribution along the both axes. The output spectrogram plotted within
the full frequency range (top-tight) shows that the main proportion of the signal energy is
concentrated at the low frequencies from which we can conclude that the system is
acting like a typical time-varying narrow-band filter. As the axis ranges of the plot 1s
reduced (centre and bottom figures) the time-frequency varying patterns on the output
signal becomes more noticeable with sinusoid high energy regions (indicating the
oscillating resonance frequencies) progressing along the time axis.

Note that the window size used for the spectrogram calculations 1s 2048 points
which 1s also zero-padded to the length of 4096 points FFT. This means that each
segment covers approximately 0.02 seconds of data which gives a reasonably good time
resolution allowing one to visualise the complete cycle of resonance frequencies in 1
second centred at 500 Hz, spanning between 100 Hz and 900 Hz. However the
frequency resolution is approximately 25 Hz and consequently the vertical spreading of
the dominant energy in the frequency axis causes the extended spiky display of the
resonant regions towards the minimum and maximum values. This spreading behaviour
becomes more significant towards the higher frequencies as with a fixed damping

coefficient the resonance bandwidth increases with frequency.
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Figure 8.7 Spectrograms of Input and Output signals.

In Figures 8.8 and 8.9 are shown the striking results of STSPCA-based time-

varying transfer function estimation. Moving segment EVD procedure is carried out on

adjacent spectral correlation matrices formed between 10° point input-output signal pairs

with no overlapping i.e. each matrix containing statistical information on 0.1 second data.

Power and cross spectral estimates are calculated using standard segment averaging

technique based on 2048 point windows (Hann) zero-padded to 4096 point FFT. The

magnitude of the slope of the eigenvector corresponding to the largest eigenvalue of each

spectral cotrelation matrix is used to form a series of adjacent local FRF gain factors.
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Top plots of this figure illustrate the input-output relationship using spectrogram-
like display, based on colour-map scale magnitude representations. In the bottom figures
the corresponding results are displayed using three-dimensional waterfall plots in order to
further explore the internal structure of the transfer functions and hence significant
variations on its changing characteristics from segment to segment. Both representations
are plotted for several frequency/time ranges. From STSPCA Map plots it can be clearly
seen that the patterns formed by high and low energy regions is almost identical to that
of the output spectrogram concentrated within the OHz-1kHz band. LHS waterfall plot
of Figure 8.8 shows that the varying resonant frequencies are distributed over this
frequency range with densely packed amplitude variations. Closer examination of the
adjacent local FRFs reveals that (RHS waterfall plots of Figures 8.8 and 8.9) there is a
distinguishable peak amplitude for each local transfer function where the maximum
response between the input-output pair occurs. In comparison to the spectrogram plots
given above, here the time resolution is lower although reasonably sufficient to give a

clear picture of the variation in the energy distribution.
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Figure 8.8 STSPCA Map and Waterfall Plots of the time-varying transfer function. LHS Top: OHz-50kHz
STSPCA Map; LHS Bottom: O0Hz-50kHz STSPCA Waterfall Plot; RHS Top: 0Hz-1kHz STSPCA Map;
RHS Bottom: OHz-1kHz STSPCA Waterfall Plot.
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Figure 8.9 Magnified versions of STSPCA Map and Waterfall Plots of time-varying transfer function.

Originating from the above described processing strategy based on segment-wise
power/cross spectral estimation, one can also consider visualising a time-varying
coherence (OCF) between the input and the output signals. Figure 8.10 illustrates this
concept using three-dimensional shaded surface (LHS) and two-dimensional colour-map
(RHS), representing the z-axis coherence values between O and 1 across the time-
frequency plane. The most interesting feature of the LHS plot is its almost flat high
linearity platforms corresponding to the low energy regions of the STSPCA map given in
Figure 8.9. In the valleys between these flat surfaces there are regions of very low
linearity associated with the concentration of resonant energy. Towards the higher
frequencies (from 900 Hz upwards) the degree of linear association tends to increase.
This is due to the signals having very low energy resulting in the spectral estimates being
dominated by the windowing effects and subsequently the computed quantity effectively

starts to reflect the coherence between the window functions rather than the signals.
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Figure 8.10 Time-varying ordinary coherence function (OCF) between the input and the output.
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8.5 Conclusion

In this chapter, PCA-based moving segment EVD techniques have been
introduced for the input-output analysis of time-varying systems in the time and the
frequency domains. Proposed methods provide very useful background both
theoretically and computationally with reference to the application of EVD to Non-
Stationary Data Analysis.

The results obtained from the short-term PCA method in the time domain
demonstrate that by the use of optimal length segments with respect to the dynamic
structure of the data set in order to ensure that both time and frequency resolutions are
sufficiently fine, one can obtain accurate estimates of the time-variant gain introduced by
a non-stationary system. The application of the STSPCA technique for time-varying
transfer function estimation proves to be a logical and reliable alternate to the classical
STFT spectrogram in terms of its practicality and input-output feature extraction
property. However, care has to be taken to choose the duration of the segments in order
to best represent the structure of the time-varying transfer function on the time-
frequency plane. The exact procedures can be easily applied to any form of input-output

data from a variety of applications.
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Chapter Nine
CONCLUDING REMARKS

9.1 Summary of Results

In essence, this research introduces a new approach for the use of the statistical
multivariate data analysis technique Principal Component Analysis (PCA). The standard
Eigen-Value Decomposition (EVD) procedute is applied to the covariance or spectral
correlation matrix constructed from the input(s) and the output(s) of a physical system in
the time or the frequency domain. Subsequent obsetvation and interpretation of the
eigenvalue-eigenvector behaviour provide vatious forms of linear characterisation of the
system under investigation, with a view to extract the unknown transfer features.
Originating from this core principle, it is demonstrated that the analysis strategy leads to
an expansion of the proposed methodology to several subgroups of signal-based system
identification applications. Original contributions of this thesis can be summatised as

follows:

> In the context of analytical and numerical review of the existing transfer function
estimators based on the least squares approach (Chapter 3), a generalisation
scheme for the Total Least Squares (TLS) estimation in the time domain is
introduced from a geometric viewpoint. The input-output relationship is
established by the minimisation of an error distance that is defined with respect
to a varable angle. The main benefit of this result is to allow one to readily
interpret the relationships between the three standard least squares estimators

and hence verify analytically that the value of 4, is bound by the estimators
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and 4,. It is also shown that the resulting estimator gives the exact true gain factor
for all input and output SNRs under certain conditions. Despite the fact that this
is not of immediate practical use as its verification relies upon the prior
knowledge of the true gain factor, it is an interesting observation revealing the

superior behaviour of the proposed scheme.

Single-Input-Single-Output  (SISO) Linear Time-Invariant (LTI) system
Frequency Response Function (FRF) estimation problem is formulated using
PCA through the EVD of bivariate input-output spectral cotrelation matrix
(Chapters 4 and 5). The proposed approach leads to the development of a SISO
PCA FRF estimator that is equivalent to the SISO TLS FRF estimator for the
special case of equal input-output additive measurement noise. The fact that PCA
can be employed to solve such transfer function estimation problems provides an
important fundamental background for the physical interpretation of eigen-

analysis.

The Multi-Input-Single-Output (MISO) LTT system FRF estimation problem is
formulated using PCA through the EVD of multivariate input-output spectral
correlation matrix (Chapters 4 and 5). The proposed approach leads to the
development of a MISO PCA FRF estmation scheme. Computational
simulations undertaken using uncorrelated input signals verify that the proposed
estimator gives results with substantial accuracy in the presence of additive
measurement noise on all signals in comparison to the SISO-based least squares

estimators.

With reference to the application of PCA-based linearization to SISO non-linear
time-invariant (NLTT) systems (Chapter 6): The derivation of a non-linearity
detection ratio (NDR), as a function of the eigenvalues and the components of
the eigenvectors of the bivariate input-output covariance (or spectral correlation)
matrix, is introduced. This quantity is equivalent to the virtual coherence
function. In addition to the above, following from the results introduced m the

context of SISO PCA FRF estimation, the same approach provides a logical
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approximation procedure for lLinear equivalent transfer function estimation of

memotyless / dynamical non-linear systems;

A PCA-based delay detection method for non-dispersive single- and multi-path
systems is developed (Chapter 7) in the time domain. Multi-path systems
considered include both single- and multi-output configurations. Utilising the
relationship between the eigenvalues of each matrix in the array of positive and
negative lag input-output covariance matrices, forms the basis of the processing
strategy. This approach originates from the fact that, if the data set to be analysed
exhibits a pure delay relationship, then in the time domain one would get the
maximum difference between the associated eigenvalues only for the covariance
matrix for the time lag value equal to the time delay. Work presented here
introduces an application of PCA to a form of input-output relationship of linear
time-invariant systems from a different viewpoint compared to the rest of the

thesis.

Time-varying transfer function estimation problem is considered adopting a
moving segment EVD process on a series of adjacent spectral correlation
matrices. Proposed Short-Term Spectral PCA (STSPCA) technique for input-
output analysis proves to be a logical and consistent procedure which 1s also a
superior alternate to the conventional non-stationary signal analysis tool, Short-
Time Fourier Transform (STFT) spectrogram. Results provide very useful
background both theoretically and computationally with reference to the

application of EVD to non-stationary data analysis.
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9.2 Future Research

MISO LTI system gain/FRF estimation is considered in Chapters 4 and 5 for the
special case of uncotrelated input signals. The comparisons between the results from the
multt channel PCA technique and the existing methods are limited with the
corresponding SISO bivariate-based forms of the least squares estimators. In an attempt
to give a more objective performance assessment of the proposed estimator, it would be
useful to consider the optimisation landscape for the least squares estimation scheme in a
multi-dimensional space and hence to develop the associated estimators with respect to
the modified error criteria.

The work presented in Chapter 6 forms an important background for the
application of PCA to non-linear systems in the form of a linear approximation
procedure. With respect to the mult-output fault detection problem, one may consider
an extension of the procedure by using Independent Component Analysis (ICA) and
further research may lead to the generalisation of the method to be applied for various

mechanical and/or structural condition monitoring and/or fault diagnostic systems.

Chapter 7 introduces the concept of PCA as a function of time lag between the
variables. Our approach is based on the observation that, the results of the conventional
EVD procedure is strongly dependant on the potential ime delay relationship involving
the signals to be analysed. Extending from this fundamental nature of the signal-based
eigen-analysis, it would be interesting to see whether or not there would be any inherent
implications on the interpretation of the results from PCA-based investigations that have
been undertaken in other fields.

STSPCA for the estimation of time-varying transfer functions is considered in
Chapter 8, with reference to SISO systems. Another interesting investigation would be
based on combining the idea of multi-channel PCA (Chapters 4 and 5) with the moving
segment EVD processing strategy in a view to develop a generalised Multi-Input-Multi-

Output (MIMO) time-varying transfer function estimation scheme.
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APPENDIX A

Methodology for Derivations of SISO Least Squares FRF Estimators

In the context of gain estimation of memoryless SISO systems, the methodology for
deriving the least squares estimators in the time domain is detailed in Section 3.2 from a
geometric viewpoint involving real bivariate data. To summarise, with reference to Figure
2.5 we define an error distance between the measured data and a regression line in the

form
y=ax (A1)

which reflects the assumed linear relationship between input x and output y through the
gain g, and furthermore form a cost function that is the sum of the squared errors over a
number of samples. Then this cost function is minimised with respect to the unknown
gain factor in an attempt to obtain an optimal estimate. However when we consider using
the same optimisation procedure for the Frequency Response Function (FRF) estimation
of dynamical SISO systems the corresponding input-output relationship given above

becomes

Y(f)= H(f)X(f) A-2)

through Fourier-based transformations of finite length signals. Consequently the original
variables to be analysed becomes complex and the gain 4 is now replaced by the FRF of
the system with real and imaginary parts corresponding to its gain and phase factors

respectively.
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Note that in the ime domain the linear gain relationship we are based on is between
sample pairs whereas in the frequency domain the equivalent relationship is obtained
over sets of stationary random data pairs at a single frequency ie. segments (or
ensembles) of input-output pairs. This effectively means that for each segment pair we
will have an approximate complex transfer function with real and imaginary parts. In
~ accordance with the procedure used in the gain estimation problem, this time we define a
complex error distance expressed at a single frequency based on the required criteria e.g.
Case 1, 2 or 3 in Section 2.3 (Chapter 2). Say, we are looking at Case 1, then the

associated frequency domain error criterion for an input-output segment pair is given by

E(f)=Y.()-H X (f) (A3)
in which X, (f) and Y,(f)are the Fourier Transforms (FIs) of the £&” (windowed)
segment of x(?) and () respectively, over a total number of K segments. Therefore the

corresponding cost function equivalent to the magnitude of the error criterion (A.3) to

be minimised will be of the form
TN = Y BB (A4

where ©* * denotes complex conjugate. Note that the expectation operator E[ | indicating
the theoretical average is replaced by the summation operator X as appropriate in

practice. (A.4) can be expanded as
J(f) = %Z(Yk (N -H(NHX,(N) (N -H (NHX.(f)) (A.5)

and minimising (A.5) with respect to H,(f) can be obtained from the solution of

() _, A6
dH, (f)
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Since the above cost function is now complex its differentiation must be carried out with

respect to both the real and the imaginary parts of the FRF. Expanding (A.5) we get

]. K - - - - - -
Jl(f)ZEZ()iYk—HJ’ka—HnXM+H1H1Xka) (A7)

k=1

(where f’s in brackets indicating the frequency domain have been omitted for brevity)

which can be rewritten in terms of the real and the imaginary parts of the FRF as

Jl(f)=—Z(YY — (Re[H,]+ jIm[H,\)Y; X, — (Re[H,] - j Im[H,])X;Y, +(Re[H,]* + Im[H, " )X} X,)

k 1

(A.8)

assuming
H, =Re[H,]+ jIm[H,] (A.92)
H; =Re[H,]- jIm[H] (A.9b)

Therefore by equating the partial derivatives of (A.8) with respect to the real and the

imaginary parts of the FRF to zero, one can simply obtain

U)o rep ()= LEEDXDXDEG) 5 40y
6Re[H1(f)] K k=1 2Xk (f)Xk (f)

) o gy = L $IEDND - GORD) 4 4y
oIm[H, (/)] K 2Xk(f)Xk(f)

and substituting (A.10a,b) into (A.92) the FRF estimator H,(f)is given by

1E X, (NY00
Hl(f)—Kkzzlx DX (A11)

which can be rewritten in terms of the relevant auto and cross spectra estimates as
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S,

_ (A.12)
S ()

H,(f)=

The exact procedure described above can be undertaken for the error criteria defined by

Cases 2 and 3 in Section 2.3 (Chapter 2) and the corresponding FRF estimators
H,(f)and H,(f) can be easily detived respectively.
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APPENDIX B

Eigen-Value Decomposition of the SISO System Spectral Correlation Matrix

The eigenvalues ( A;) and eigenvectors ( t;) of the noise-free spectral correlation matrix

(5.9) are obtained (for /=1, 2) from the solution of

ﬁ(f) =4t (B.1)
which can be expanded as
{ S0 H (3.0 }H 4 H ®2)
HNS () |H| S () |t 2
leading to the simultaneous equations
BN +H (- Su N 1 = 41, (B.32)
{H(f)su(f)} o+ iH(f)r Sxx(f)} L = 21 by (B'3b)

Using Cramer’s Theorem in order to solve for the eigenvalues

det{R(/) - 2-1}=0 B.4)

we get
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det[ S.()=4  H(S.() }z . B.5)
H()Sa(f) [HNSa(f) -2

This can be expanded as
B.n-a 1S h-Al-lENS. N (DS.(n)=0 B9

and after some algebra the eigenvalues are given by (5.10a,b) from which substituting

mto (B.3) we get

D)1, (1S, =0 (B.72)
{ﬁxx (f )}~ ty +{H ) S S )}- ty = {ﬁxx( A+HHEE S f)}-t” (B.7b)

and the corresponding eigenvectors are given by the forms (5.11a,b).
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APPENDIX C

Variance of the Maximum Likelihood FRF Estimator

Following from (5.21) with the corresponding properties of the Maximum Likelihood
(ML) estimators it is concluded that the error associated with the ML estimators are
approximately distributed as N(0,0°), where o is the CRLB. This obsetvation can be
exploited to allow one in order to define the confidence intervals for the ML estimator
by computing the Cramer-Rao Lower Bound (CRLB). Since estimation of H(f) and
S,.(f) decouple then one is essentially dealing with a single (complex valued) parameter
estimation problem. Furthermore, rather than treating the problem as one of estimating a
single complex parameter, H(f), we can consider it as a problem in two real valued

arameters, namel
) y

H,(f)=Re{H(f)} and H,(f) = Im{H ()} (C.1a,b)

It is well known that the CRLBs for multi-parameter problems are given by the diagonal

elements of the J”, where J is the Fisher information matrix defined by

2
;. :E{_ oL |_ et ar } ©2)
oo 00, oo, oo,

where @, and ¢, are the parameters being estimated. For Gaussian problems, like the one

we consider, it can be shown that [19]
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p.q

=E{8_L8_L}=NTr{R(f)_l aR(f)R(f)"‘ aR(f)} (r,)e(1,2) (C3)

6ocp 6ocq 8ocp 8ocq

where o, = H,(f) and a, = H,(f). From the definition of spectral correlation matrix

it is simple to show that

oR(f) _ 0 1 -
aHR(ffS’“(f)[l ZHR(f)} (4
OR(f) 0 —i

=S C.4b
o, () =Y )L 28, (f)} (4

Substituting these expressions into (C.3) and after some algebra one can show that

5= 25D {1+ 2s,, (1) HHT) c5)
R(/) .
and
IR(f)| =8NS, N+, (NS, (N)+S,,.5,() (C.6)

in which H = [HR (NHH, (f)]T and CRLBs can be evaluated, with the aid of the matrix

inversion lemma (Woodbury’s Identity) [20], one can show that

CRLB{H, (/) = RO [, S, O H(Y cm
’ NS (' 28, (O JHO +RU)

CRLB{H, (1)) = RO [, S (O HGY )
' NS 28, (Y [HOF +[R())

For large Signal to Noise Ratios (SNRs), ie. S,_(/),8,(/)>> S, (/).S,, (f); (C.7ab)

can be significantly simplified by neglecting quadratic terms in the noise spectra, so that
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RO 8. (NS, ,, (N)+S, (NS, (1) >>2S,, (N IHf C.8)

in which case the CRILBs become

(C.9)

CRLB{H ()} = CRLB{H ()} ~

Hf “,,(f)+S",n,(f)
N85, S()

Therefore, the approximate CRLBs are proportional to the sum of the inverse SNRs on
the input and the output. It should also be noted that the 1/N factor in (C.9) indicates
that the ML estimator is consistent. The assumption invoked in approximating (C.7a,b)
by (C.9) also imposes the independence of Hy(f) and Hf). It has already been
mentioned in Section 5.2.3 that ML estimators are distributed according to Gaussian

statistics. By virtue of this property, then the random variable

N|H () _ N{H(+H, ()

2 [Sun () S, (] [0 () S, (f)
H YUy x"'x H »y xx
|m%%m+&m}‘m%%m+&m

(C.10)

is a chi-squared random variable with 2 degrees of freedom and hence the variance of
gporech  rmannitud 4 of Hae
theLestlmator H3 (f) is given by (5.22). This allows one to write the confidence

interval for the squared magnitude of H(f) as

\H(f)| 1+log(B)— { AL S""(f)H (C.11)

S)y(f ) S.()

where the fact that the 700B percentile of a chi-squared distribution, with 2 degrees of
freedom is given by log(B) has been exploited. The equivalence between (C.11) and (3.60)
can be shown by assuming large N (so that N-2~N) and noting that for the case of

output noise only then S, , (f)= l—yimym ().
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In order that (C.11) can be used in practice one needs to first estimate the mput
power spectrum S_(f), from which S, (f) can simply be obtained. This could be
approached in various ad hoc fashions, herein we retain the philosophy of ML and solve

(5.17), with @ =S_ (f), and replacing H(f) by its ML estimate (5.21). Again after some

algebra one can obtain the optimal estimator of S5, (f) as

S . (Nx(N+S, , (f)
k() +H, ()

S.(f)= (C.12)

This estimate of the input spectrum only depends upon the ratio x(f)and not on the
absolute levels of the noise spectra.

By using (C.11) and (C.12) in conjunction one can obtain confidence intervals for
the squared magnitude of the transfer function estimator H(f). Notice how, whilst the
estimators of H(f) and S, (f), (5.21) and (C.12) respectively, only require the knowledge
of the ratio of the noise spectra, in order to compute the confidence intervals one

requires the absolute levels of the noise spectra, i.e. values for S, (f)and S, , (/).
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APPENDIX D
Eigen-Value Decomposition of the TISO System Spectral Correlation Matrix

The eigenvalues ( A4;) and eigenvectors ( t;) of the noise-free spectral correlation matrix

(5.23) are obtained (for /=1, 2,3) from the solution of (5.27) which can be expanded as

(omitting /s in brackets for brevity)

xnx XXy Han,xl + Hbelxl [Ii [Ii (D 1)
XXy XXy Ha lexz + Hb szx, tZi = /11' t2i '

2 2 . .
H" SXI—‘: + |Hb| S—‘r‘l + Hﬂ Hb SX.Xz + Hb HaSXzX| [3i [31'

Ha S"x,x, + Hb szxz Ha S\'xlxl + Hb Sx;xz

Using Cramer’s Theorem in order to solve for the eigenvalues

det{R(f)- 4-1}=0 D2)

we get
A- "§xlx. - SA&:, - (H;gxlx, + H;L§x1xl )
det =S, -8, ~(HS,, +H,S...) =0
_(Has\'x,xl +Hbe1x1) _(Hnéxzx, +Hbe1x1) /1_(Hn ZSx,xl +|Hb|sz1x1 +Ha-Hbe|11 +Hb.Han1x,)
0.3)

Expanding (D.3) and after some algebra we get the expressions (5.25) and (5.26) defining

the eigenvalues for the cases of correlated and uncorrelated inputs, respectively. Note

that, in both cases there a two non-zero eigenvalues and one zero eigenvalue.
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APPENDIX E

Experimental Layout - Fault Detection in Rotating Machinery

Rub
Screw

Y - Probe

Figure E.1 XY Probe mount and the typical rub screw set up (Bently Nevada).
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Figure E.2 Equipment and the experimental layout.
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