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This thesis is concerned with the application of correlation techniques for leak detection in 

water-filled plastic pipes. A leak from a water supply pipe system generates noise, which 

can be used for leak detection and location. The correlation technique, which is used to 

estimate the time delay between two measured acoustic/vibration signals, is central to this 

process. This technique can be problematic for locating leaks in plastic pipes, as the 

acoustic signals in these pipes are generally narrow-band and low frequency. 

This thesis develops an analytical model to predict the cross-correlation functions of 

leak signals in plastic pipes. The model explains some of the acoustic characteristics of the 

measured leak signal in plastic water pipes. Moreover, it is used to study the effects of the 

cut-off frequencies of high and low-pass digital filters used to remove noise, and the 

selection of acoustic/vibration sensors on the correlation technique. The importance of the 

cut-off frequency of the high-pass filter and the insensitivity of the correlation to the cut-off 

frequency of the low-pass filter are demonstrated using the model. A criterion for selection 

of acoustic/vibration sensors using frequency information is defined. Theoretical 

predictions show that a measure of pressure responses using hydrophones is effective for a 

small signal to noise ratio (SNR). Otherwise, a relatively definite peak correlation can be 

achieved using leak signals measured by accelerometers. 

To locate the position of a leak, accurate estimation of the time delay between two 

measured signals plays a dominant role. Coupled with the model for wave propagation 

along plastic pipes, various time delay estimators using cross-correlation are compared for 

their ability to locate a leak in plastic pipes. For leak detection in plastic water pipes it is 

found that the prewhitening processors, particularly, the smoothed coherence transform 



(SCOT) estimator is well suited to this purpose. Theoretical analysis shows that random 

errors introduced by random noise on the signal measurements are insignificant compared 

with the resolution of the time delay estimators imposed by the low-pass filtering 

characteristics of the pipe. Based on the phase spectrum between two sensor signals, a 

coherence weighted phase spectrum (CWPS) method implemented in the frequency domain 

is proposed for time delay estimation. It suppresses those frequency regions where there is 

poor coherence between the signals so as to improve the accuracy of the time delay 

estimator. Compared to the correlation technique, it turns out to be fully consistent with the 

phase transform (PHA T) and SCOT methods. The advantages of this method over the 

traditional correlation technique are (i) it eliminates the uncertainty involved in selecting 

filter cut-off frequencies, that is, the resolution of the time delay estimator; (ii) filtering 

operations are not necessarily carried out in the process of time delay estimation using the 

CWPS method. Following on from the theoretical analysis of various time delay estimators, 

experimental work including some tests in actual water pipes and MDPE pipe in-vacuo is 

carried out to validate their accuracy and effectiveness. 

The propagating waves reverberate in a pipe network system, as they encounter 

features such as changes in section, resistance such as valves, and junctions of the pipes. 

Theoretical analysis of the effect of reflections on the time delay estimators is carried out 

for the simple case of a pipe with two discontinuities. In contrast with the basic cross

correlation (BCC), it turns out that the prewhitening processors can easily pick up the main 

peak while suppressing the additional false peaks. Interestingly, it is found that the use of 

high-pass filters can effectively eliminate the false peaks in the cross-correlation since the 

reflection phenomena predominantly affect the low frequency of the cross-spectrum. 
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ChI Introduction 

CHAPTERl 

INTRODUCTION 

1.1 BACKGROUND 

Water leakage from buried pipes is a subject of increasing concern because of decreasing 

water supplies due to changing rainfall patterns, deterioration or damage to the distribution 

system, and ever increasing water demand. Much attention has been paid to reducing water 

leakage over the past few years, since the loss of large amounts of water through faulty 

pipework system is environmentally and economically damaging. 

An effective leak detection technique yields many benefits. First and foremost, there is 

an immediate saving in pumping and treatment production costs. Second, leaks discovered 

during a survey can be scheduled for repair, often eliminating the potential damage to the 

pipe network itself, e.g., major pipe breaks, and erosion of foundations of roads and 

buildings. In addition, by finding and fixing leaks, public health is protected as every leak is 

a potential entry point for contaminants if a pressure drop occurs in the system. In recent 

years, significant efforts have been made to develop water audit procedures and leak 

detection methods. As a result, several leak detection techniques are well-established and 

modem equipment is often used to help them control water loss. 

1.2 LEAK DETECTION TECHNIQUES AND EQUIPMENT 

1.2.1 LEAK DETECTION TECHNIQUES 

A leak from a water supply pipe generates noise, which can be used for leak detection and 

location. Acoustic leak detection techniques have been shown to be effective [1-3] and are 

in common use in the water industry. Other methods of leak detection which have been 

used with varying degrees of success, are tracer gas, thermography [4], flow and pressure 

modelling [5], and ground penetrating radar [6]. Each technique has both advantages and 

shortcomings. The potential of several non-acoustic technologies has been evaluated by 

Hunaidi et al [7, 8]. Although they show some promise, these non-acoustic techniques are 

more complex and time-consuming, and may fail to detect leaks in practical situations. 
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1.2.2 LEAK DETECTION SURVEYS 

Generally leak detection using acoustic equipment is accomplished in two phases. During 

the first phase, the entire system is surveyed for leak sounds. An initial survey is usually 

conducted by listening devices such as listening sticks on all accessible contact points with 

the pipework system such as fire hydrants, valves, and stopcocks, etc. Normally, conditions 

are more favourable to listening on pipeline fittings than to those on the ground surface as 

attenuation of the leak noise is less along the pipeline, relative to the distance travelled, than 

through the ground. 

When a sound is heard, the location is noted as a potential leak site. However, 

background noise may produce sounds with characteristics similar to leak signals. During 

the second phase, each suspect location is further investigated. More accurate 

measurements can be taken to pinpoint the exact locations of the leaks by using geophones 

(or ground microphones) to listen for the leak sounds on the ground directly above the pipe 

at close intervals. Alternatively, suspected leaks can be pinpointed by using modern leak 

noise correlators, which have become popular in recent years. 

1.2.3 DETECTION EQUIPMENT 

Listening devices, including listening sticks, aquaphones, and geophones, may be either 

mechanical or electronic. They utilize sensitive mechanisms or materials, for example 

piezo-electric elements. Modern electronic devices may include signal amplifiers and noise 

filters, which could be very helpful in adverse environments. The use of listening devices is 

usually straightforward, but their effectiveness depends on the experience of the user. 

On the other hand, a computerised leak correlator is used to pinpoint the exact location 

of the leak. Normally, leak noise correlators are more efficient and more accurate than 

listening devices. The advantages of leak noise correlation over traditional listening 

methods have been appreciated and accepted within the UK water industry and many other 

countries worldwide. Listening methods seek to locate by identifying the position of 

maximum leak noise intensity, and is determined by repeated listening on the ground along 

the pipeline route. Furthermore, background noise often requires such listening to be 

carried out at night and even so, location on deeper buried pipelines can be difficult or 

impossible due to the rapid attenuation of sound by the ground. The positions located on the 

ground surface where the noise is a maximum might also not coincide with the actual leak 

position as the noise might have followed an indirect path through the pipeline backfill. It 
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might also have resulted from the percussion of the leak jet into the adjacent ground 

surrounding the pipeline. These fundamental problems of uncertainty of sound transmission 

through the ground and the lack of acoustic characteristics in the leak noise, can present 

significant difficulties in locating a leak by traditional acoustic listening methods. 

While a correlator also uses the sound generated by a leak, the method follows very 

different principles. Correlators do not use sound intensity but sound similarity involving 

the properties of leak noise propagation as the basis of their operation. They are portable 

computer-based devices, which can locate leaks in either automatic or manual mode based 

on the cross-correlation method. Since the introduction of this device in the early 1980s, the 

correlation technique, which is the most widely used acoustic technique for leak detection, 

has been significantly improved. 

A leak noise correlator consists of two acoustic/vibration sensors, wireless signals 

transmitters and receivers, and an electronic processing unit. The flexibility of the 

correlator system has greatly increased with the advances made in the types of sensors now 

available and in use. The measured acoustic leak signals are fed into the signal processing 

unit where they are digitised and cross-correlated. The cross-correlation operation produces 

an output that indicates how similar the two signals are as they are shifted in time with 

respect to one another. If there is a leak at the mid-point between the two sensors, the sound 

it makes will reach the sensors at the same time, and the cross-correlation function will 

have a single central peak value. More usually, the leak is located asymmetrically between 

measurement points and consequently there is a time lag between the measured leak 

signals. The peak of the cross-correlation will be offset from the centre by this time 

difference. 

1.3 LEAK DETECTION USING THE CORRELATION TECHNIQUE 

The correlation technique for source location is relatively straightforward. Vibration or 

acoustic signals are measured using either accelerometers or hydrophones at two access 

points, on either side of the location of a suspect leak. The signals from the sensors are 

transmitted to the leak noise correlator, which computes the cross-correlation function of 

the two signals and presents the results to an operator. Figure 1.1 depicts a typical 

measurement arrangement for a water leak in a buried water pipe. An access point 

(normally a fire hydrant) where a sensor can be attached is located on each side of the leak 
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at distances dI and d2. The pipe is assumed to be of infinite length without reflecting 

discontinuities for the predominantly fluid-borne wave at all frequencies of interest. 

Fire hydrant Fire hydrant 

Leak noise 
l(t) Water pipe 

I: d l ~I" 
d2 

:1 d 

Figure I. I Schematic of a pipe with a leak bracketed by two sensors. 

Sensor 2 
X2(t) 

If a leak exists between the two sensor positions, a distinct peak may be found in the 

cross-correlation function. This gives the time delay T peak that corresponds to the difference 

in arrival times between the signals at each sensor. At different positions in a uniform 

pipeline, propagation of leak noise occurs at the same velocity regardless of the distances of 

the positions from the leak. Thus, the location of the leak relative to one of the 

measurement points is easily calculated using a simple algebraic relationship between the 

time delay T peak' the distance d between the access points and the propagation wavespeed c 

in the buried pipe. With reference to Figure 1.1, the time delay is related to the locations of 

the sensors by 

(1.1 ) 

By substituting d2 = d - d
J 

into equation (1.1), the position of the leak relative to 

sensor 1 is found to be 

d -CTpeak d
J 
=---'---

2 
(1.2) 

Accurate estimation of the time delay between two sensor signals plays a dominant 

role in the application of the correlation technique for leak detection. For this technique to 

be effective, the important considerations are the signal to noise ratio (SNR) and the 

amount of priori knowledge including the distance between the two sensors d, and the 

propagation wavespeed c. The distance between the two sensors is usually measured on site 

or read off system maps whereas the propagation wavespeed can be obtained from pipe 
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manufacturers or measured on-site using a known in-bracket or out-of-bracket simulated 

leak. 

1.4 WA VE PROPAGATION IN PLASTIC PIPES 

Since current leak detection techniques rely on the vibration characteristics of pipework 

system, it is worthwhile to study these characteristics before investigating leak detection. 

The way in which vibration and waves propagate in thin-walled shells in-vacuo and in 

fluid-filled elastic cylindrical ducts has been summarised by Fuller and Fahy [9, 10] by 

using fundamental equations from reference [11]. Some of the dispersion curves were 

experimentally confirmed by wavenumber spectra obtained from pipe surface acceleration 

measurements on a straight pipe [12]. The energy distribution among the various wave 

types was investigated theoretically for a radial wall input force and for internal pressure 

pulsations [13]. In these papers it was suggested that well below the pipe ring frequency 

four wave types are considered to be responsible for most of the energy transfer. These are 

three axisymmetric waves, with n = 0 , and the n = 1 circumferential modes, which relate to 

beam bending. The first n = 0 wave, termed s = 1, is a predominantly fluid-borne wave, 

which is strongly influenced by the wall flexibility. The second wave, termed s = 2, is 

predominantly the compressional wave in the shell with some associated radial wall motion 

influenced by the contained fluid. The third wave, s = 0, is a torsional wave in the shell 

uncoupled from the contained fluid. 

Experimental work carried out to validate the analytical predictions of axisymmetric 

wavespeed and attenuation for a fluid-filled elastic pipe in-vacuo was provided by 

Pinnington et al [14, 15]. More recently much attention has been focused on the 

characteristics of wave propagation in buried pipes in terms of the effect of the surrounding 

medium [16]. It is believed that the effect of the surrounding medium is to mass load the 

pipe and at low frequencies its effect on the axisymmetric wavenumbers is relatively small 

compared to the results for the fluid-filled pipe in-vacuo. 

1.5 TIME DELAY ESTIMATION 

The estimation of propagation delay for a signal arriving at two spatially separate sensors 

has been received much attenuation in the literature. Accurate estimation of time delays is 

of paramount importance in numerous engineering applications such as direction finding, 

source localisation, and velocity tracking [17]. 
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Various time delay estimation procedures have been proposed and implemented over 

the years, which have been summarised in [18-20]. Popular methods to estimate time delay 

are based on cross-correlation including the basic cross-correlation (BCC) and generalised 

cross-correlation (GCC) methods, which are implemented in either the time or frequency 

domains [18-21]. 

1.5.1 THE BASIC CROSS-CORRELATION (BCC) METHOD 

Consider the situation where the data measured are two continuous random signals XI (t) 

and x2 (t), which are assumed to be stationary (ergodic). Setting the mean value of each 

signal to zero, the BCC function is defined by [22] 

(1.3) 

where T is the lag of time; E[.] is the expectation operator. The argument T that 

maximises equation (1.3) provides an estimate of the time delay Tpeak • Therefore, 

computation of the time delay involves the determination of the time delay that maximises 

the cross-correlation function. In practice, however, R
X

\X2 (T) can only be estimated as 

signals are always measured during a finite time. For example, if the two signals XI (t) and 

X2 (t) are measured in a common time interval 0 ~ t ~ T , the biased correlation estimator 

R
X1X2 

(T), as discussed in Appendix B, is given by [22] 

1 T-T 

RX\x
2 
(T) = T f XI (t)x2 (t + T)dt T> 0; 

o 

1 T 

RX\x
2
(T) = T fXI(t)X2 (t+T)dt T<O. 

(1.4) 

-T 

A procedure for the implementation of the BCC function usmg sampled data is 

illustrated in Figure 1.2, where * denotes conjugation; FT denotes the Fourier transform 

and 1FT denotes the inverse FT. The required correlation estimator can be derived from the 

1FT of XI' (m )X2 (m) and scaled appropriately for normalisation, where XI (m) and X 2 (m) 

are the FTs of XI (t) and x2 (t) , respectively. 
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-----'I----------------------------------------~ 
II I 
II I 

Xl(t) ~_O-I 
II II 
II 
II 
II 
II 
II 

X 2 (t) ....;1;.;.: ---0-1 
II 

1FT 
Segment averaging '--___ ---' 

FT 

I 
I 
I 
I 
I 

II I _____ 11 ________________________________________ .2 

Input signals Process of the Bee 

Figure 1.2 Schematic of the implementation of the Bee method. 

When the value of the cross-correlation is high for some value of the time lag T, it can 

be said that signals Xl (t) and x2 (t) are similar, in some sense, at this lag value. But exactly 

what the significance of a given value of Rxx (r) is cannot easily be determined by the 
12 

definition of the BCC function given by equation (1.4). To solve this problem, it is common 

practice to express the cross-correlation function in a normalised form, which has a scale of 

-1 to + 1, namely the correlation coefficient PX1X2 (r) defined as 

(1.5) 

where R
X1X1 

(0) and R
r2x2 

(0) are the values of auto-correlation functions R
t1X1 

(r) and 

Rx x (r) at r = 0 . 
2 2 

1.5.2 GENERALISED CROSS-CORRELATION (GCe) METHODS 

For the GCC, the peak associated with the true time delay can be accentuated by 

pre filtering the input signals. The time and frequency domain representations of this 

operation are depicted in Figures 1.3(a) and (b) respectively. In the time domain, the signals 

are filtered prior to delay, multiplication, and integration, while in the frequency domain, a 

window or weighting function is applied to the cross-spectral density (CSD) function [18]. 

In general, the prefilters are introduced to enhance the frequency bands where the 

signal is strong and to attenuate the bands where the noise is excessive. Examples of well

known GCC methods include the ROTH impulse response [23], the smoothed coherence 

transform (SCOT) [24], the maximum likelihood (ML) [18] and the WIENER processors 

[25]. However, the implementation of such processors requires knowledge of the signals 

and noise spectra. When no assumption can be made on the statistical characteristics of 
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signals and noise, probably the most convenient way to sharpen the peak of the cross

correlation function is to "prewhiten" the input signals using the phase transfonn (PHA T) 

method. It has been shown that under certain conditions, each GCC method offers attractive 

processing capabilities [18]. 

(a) ,---------., , , 

(b) 

XI(t) ---;....' ~ 

,- - - - - - - - --

Weighting function 

'Pg(OJ) =H;(OJ)H2 (OJ) 

1----------------------------------------, 
1 
1 

1 
1 Sx,x

2 
(m) Weighted by q'g(m)Sx,x, (OJ) I 

1 1FT 
1 CSD q'g(OJ) I 1 
1 

1 
1 ~ _______________________________________ J 

Process of the GCC 

Figure 1.3 Schematic of the implementation of the GCC function. (a) Time domain; (b) Frequency domain. 

The frequency weighting of the ROTH method [23] was proposed to eliminate the 

deterministic and variance errors due to the input spectrum by dividing it into the cross 

spectrum. The rationale for the utilisation of the "impulse response" function is that this 

technique has meaning as long as the system defines a linear dependence of the output on 

the input. When there is no such physical interpretation, however, there is no justification 

for normalising by the input spectrum, and one might "whiten" the cross spectrum by 

dividing instead by the auto spectrum of the output. The SCOT algorithm that favours 

neither sensor input was developed by Carter, etc [24] to counteract the undesirable effects 

of strong tones in broad-band signals. Another useful feature of the SCOT method is a 

sharpening in the time delay estimate in comparison with that obtained from the BCC 

function. 

To avoid the spreading phenomenon, the PHA T method [26] uses only the cross

spectral phase information for time delay estimation, and it was developed purely as an ad 

hoc technique. In practice, however, the cross spectrum can only be estimated and the 
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estimation of the cross-correlation function will not be a delta function. Another apparent 

deficiency of the PHAT method is that errors are accentuated where the signal power is 

smallest. In particular, if the cross spectrum in some frequency band is close to zero, then 

the phase spectrum is undefined in that band and the estimate of the phase is erratic, being 

uniformly distributed in the interval [-n, n]. 

The development of the WIENER estimator [25] was motivated by the desire to 

estimate the signal components from each of the observed waveforms by minimising their 

mean square errors. The implementation is simply a Gee with the weighting filter equal to 

the ordinary coherence function. Since this estimator adjusts the cross spectrum according 

to the strength of the coherence, it has the desirable effect of suppressing those frequency 

regions where the poor coherence of the signals occurs, which is most likely caused by 

background noise. 

Hannan and Thomson [27] have derived the ML estimator of the time delay for band 

limited random signals corrupted by the white noise. Using the ML method, Knapp and 

Carter [18] have clearly shown that this criterion leads to a Gee under the conditions that 

the signals and noise are Gaussian. This estimator weights the cross spectrum according to 

the strength of the coherence, and it attaches most weight to the phase spectrum that leads 

to the minimum variance of the time delay estimate. 

1.5.3 GENERALISED PHASE SPECTRUM (GPS) METHODS 

It is worth noting that the concept of the GPS was put forward in [28]. The theoretical 

framework for the GPS methods was set up according to the Gee methods. The Gee 

methods can be viewed as the 1FT of the weighted eSD, which yield delay estimates in the 

time domain. It has been shown by Piersol [29] that regression analysis of the phase data at 

properly selected frequencies yield time delay estimates with the same accuracy as the Gee 

time delay estimation procedures. However, it allows very strict control on the selection of 

frequencies which are used to form the time delay estimate. In fact, this time delay 

estimation method conducted in the frequency domain corresponds to the PHA T method in 

the time domain. Combined with the frequency weighting of the Gee methods, particularly 

the prewhitening processors, the algorithm was adopted and redefined as the GPS method 

by Zhao and Hou [28]. 

In reference [28] it is stated that the GPS methods for time delay estimation are 

equivalent to the Gee methods, based on the duality relationship between the frequency 
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and time domains and the fact that the information of the time delay is contained entirely in 

the eSD. The Gee methods weight the modulus spectrum between two sensor signals, 

while the GPS methods directly weight the phase spectrum to give the time delay estimate 

in the frequency domain. In fact, rather than calculate the 1FT of the weighted eSD, the 

time delay can be estimated using the weighted eSD directly in the frequency domain. 

1.6 CURRENT PROBLEMS OF DETECTING LEAKS IN PLASTIC 

WATER PIPES 

The effectiveness of acoustic leak detection methods depends on several factors, including 

the pipe system, leak type and size, pipe pressure, soil type, season, background noise, leak 

detection sensors and frequency range of the equipment. 

Pipe system: The pipe material, diameter, and pipe wall thickness have a significant effect 

on the wavespeed and attenuation of leak signals in the pipe. For example, leak signals 

travel farthest in metal pipes and attenuated greatly in plastic ones. The larger the ratio of 

the diameter and thickness, the greater the attenuation, and the harder it is to detect the leak. 

This effect makes leak signals susceptible to interference from low-frequency vibrations, 

e.g., from road traffic. 

Leak type and size, and pipe pressure: The characteristics of leak sounds vary with the 

leak type and size. Splits and corrosion pits in pipe walls induce stronger leak signals and 

higher frequencies than leak in joints or valves. Generally, the larger the leak the stronger 

the leak signal, but this may not be true for very large leaks. The higher the pipe pressure, 

the stronger the leak signals. It is difficult to detect small leaks in pipes having pressures 

less than about 1 bar [30]. 

Soil type: The strength of leak signals at the ground surface is influenced significantly by 

the soil type. Experience has shown that leak sounds are more audible on sandy soils than 

on clayed ones, and on an asphalt or concrete surface than on grass. 

Season: There is some difference in propagation wavespeed measured during summer and 

winter. The higher velocity in winter is mostly likely due to a higher stiffness of the pipe 

wall and perhaps an increase in the density of the water core as a result of lower 

temperature in winter. 

Background noise: The effectiveness of the correlation technique for time delay 

estimation is largely influenced by background noise [18]. Leak detection systems, 
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regardless of which technology they are based on, measure a combination of both signals 

and noise. For the correlation technique, the signals measured by acoustic sensors are 

produced by a leak, whereas noise that is unrelated to a leak may mask the sensor signals. 

Almost all background noise can be characterised as random noise combined with discrete 

frequency noise. The random noise (background noise) can be defined as the frequency 

components with a flat auto-spectrum at all frequencies of interest, while discrete frequency 

noise (system noise) is usually composed of several fundamental or resonant frequencies 

associated with distinct peaks in spectral analysis. The latter is normally considered to be 

several contributions, for example, the longitudinal resonances of the water pipe, soil 

resonance and fundamental frequencies of rotating machinery on the test site. 

Leak detection sensors: A common belief of the leak detection practitioners is that 

vibration signals propagate in the pipe wall whereas sound signals propagate in the water 

core. And hence, the propagation wavespeed measured by using hydrophones and 

accelerometers is different. Obviously, this is not the case. Relatively predictable for metal 

pipes, the acoustical characteristics of leak signals, however, are largely unknown for the 

plastic pipe, as the wave propagation behaviour becomes highly coupled between the pipe 

wall and the contained water. This also explains why the propagation wavespeed of the leak 

signals depends on the pipe material, diameter, and pipe wall thickness. Leak noise in 

water-filled plastic pipes is concentrated at low frequencies. In this frequency range the 

predominantly fluid-borne axisymmetric wave (s = 1) carries most of the acoustic energy 

generated by the leak [14, 16]. Accordingly this explains why plastic pipes have higher 

attenuation than metal ones, since the former are more flexible and hence are more effective 

energy radiators. 

Leak detection surveys can be carried out with various acoustic/vibration sensors. 

Hydrophones are used to locate leaks with lower acoustic signals than can be located with 

accelerometers. In general, the greater the sensitivity of the sensor and the lower its noise 

floor, the smaller the leaks that can be located. Tests can also be performed with 

mismatched sensors, i.e., a hydrophone attached to one fire hydrant and an accelerometer 

attached to another. 

Frequency range of the equipment: Satisfactory results have been achieved when the 

acoustic methods are applied to locate leaks in metal pipes [2]. Unlike metal pipes, plastic 

pipes have proved to be problematic, since the acoustic signals in these pipes are heavily 

attenuated and generally narrow-band and of low frequency. In this frequency range, the 

human ear is not very sensitive to the leak noise. For this reason, listening devices are not 
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effective unless they are attached to access points, for example, fire hydrants, which are 

very close to leaks (within Sm). In practice, this implies that detecting leaks in plastic pipes 

may have to reply on leak noise correlators. 

1.7 DIFFICULTIES WITH LEAK DETECTION CORRELATORS 

Although certainly useful in practical situations, the correlators have not quite lived up to 

their promise. Despite advances over the years, they still have less than ideal SNR 

performance, which means they require several minutes of signal averaging before it is 

clear if there is a correlation or not. To obtain a correlation signal, it is often required to 

select the right part of the audio spectrum for processing, which is done by passing the 

signals through the high and low-pass filters. Leak noise correlators operated in automatic 

mode rarely succeed in locating leaks, because the frequency range selected by the 

correlator is usually too high. Also, operators using the correlators in manual mode, are 

often given little help in selecting the appropriate settings and tend to select a high 

frequency range, and therefore miss leaks. The overall effect is that several attempts may be 

required to obtain a correlation, and it can take a long time to be sure that there is no 

correlated signal present. 

The effectiveness of the correlation technique for leak detection is largely influenced 

by background noise. Unfortunately this is not always detectable prior to capturing leak 

signals. Due to the robustness of the correlation technique, for a given SNR, increasing the 

length of time over which the cross-correlation is determined can reveal the presence of a 

previously masked signal. However in practical situations, leak detection can only be 

accomplished during a finite observation time. The time delay where the peak correlation 

occurs is more sensitive to errors introduced by the finite time domain measurement, 

particularly in the case of a poor SNR. 

A second issue is the sharpness and clarity of the peak value of the cross-correlation 

function, given that a leak exists. Leak noise may be significantly attenuated as it passes 

along a pipe system, which can lead to broadening of the peak in the cross-correlation 

function. In particular situations, pipeline systems are subject to a variety of disturbances, 

for example, waves reverberate around a pipe network system, as they encounter features 

such as changes in section, resistance such as valves, and junctions of the pipes [31]. As a 

result, the incident waves can experience three phenomena: 

• Reflection - some energy of the wave is reflected; 
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II Absorption - the amplitude of the wave is attenuated; 

II Transmission - the wave continues down the pipes at the junction. 

When reflections occur, the main peak corresponding to the true time delay resulting 

from the propagating leak signals is corrupted by several false peaks. Thus it is often 

essential to monitor these disturbances along the pipeline system. In this way, the leak 

detection operators can be alerted if there is a leak or blockage, and ideally the location of 

the leak can also be identified. 

1.8 RESEARCH OBJECTIVES 

Currently plastic pipes made from PVC (polyvinylchloride) and MDPE (medium density 

polyethylene), are used in many water distribution networks due to the low cost and their 

easy handling characteristics. For most practical plastic pipework systems, leak detection is 

most successfully conducted on low frequency leak signals, suggesting that waves 

propagate most effectively at these frequencies. In addition, recent work in Canada on 

typical PVC water distribution pipes [8, 32], has focused on the dominant low frequency 

signals. The acoustic characteristics of several types of realistic leaks simulated under 

controlled conditions were investigated, which confirmed that most leak noise energy is 

concentrated at low frequencies. Although it has been shown that leaks in plastic pipes can 

be located using the correlation technique, the effectiveness of the existing technique for 

plastic pipe leak detection is not well established and some leak detection professionals are 

sceptical about locating leaks accurately. 

The purpose of this research is to investigate the effectiveness of the correlation 

technique for leak detection in water-filled plastic pipes. The effectiveness has only been 

studied empirically in earlier work. In many practical situations, it has been found that the 

application of the correlation technique is affected by several factors, including the 

selection of acoustic/vibration sensors and cut-off frequencies of digital filters, etc. The 

way in which vibration and waves propagate in fluid-filled pipes in-vacuo and in buried 

plastic pipes has been discussed in the literature. The work aims to fit the analytical model 

of wave propagation and attenuation in plastic pipes into the actual circumstances, such as 

coupling with band-pass filters, to study the physical interpretation of the correlation 

technique for leak detection in water-filled plastic pipes. 

The research objectives are therefore as follows: 
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1 To develop an analytical model to predict the Bee function of leak signals in plastic 

pipes. The effect of the cut-off frequencies of the filters can be further studied based 

on the model. 

2 To investigate the behaviour of the Bee functions for leak signals measured with 

different acoustic/vibration sensors. 

3 To compare the performance of the time delay estimators using the Bee method with 

various Gee and GPS methods, including the study of the standard deviation and 

resolution. 

4 To study the reflections along the pipeline system and eliminate their undesirable 

effects on time delay estimation. 

5 To apply all the proposed methods of time delay estimation to some test data and test 

their accuracy and effectiveness. 

1.9 CONTRIBUTIONS OF THE THESIS 

In the accomplishment of the research objectives, the following contributions have been 

made, 

An analytical model to predict the cross-correlation functions of leak signals in plastic 

pipes has been established. 

2 The model is used to study the effects of the cut-off frequencies of high and low-pass 

digital filters used to remove noise, and the selection of acoustic/vibration sensors on 

the correlation technique. 

3 Various time delay estimators using the correlation methods have been compared for 

the purposes of leak detection in buried plastic water pipes. 

4 Theoretical analysis of the effect of reflections on the correlation technique has been 

carried out for the simple case of a pipe with two discontinuities. 

5 A coherence weighted phase spectrum (eWPS) method, is proposed for time delay 

estimation directly in the frequency domain, by introducing a coherence weighting 

function, which is used to suppress those frequency regions where poor coherence of 

the signals occurs. 
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1.10 OUTLINE OF THE THESIS 

The main body of this thesis consists of eight chapters. The background of leak detection in 

plastic water pipes is firstly introduced in Chapter 1. An overview of different leak 

detection techniques and equipment are presented. Basic knowledge including wave 

propagation in plastic pipes and time delay estimation is reviewed in this chapter. The 

current problems of detecting leaks in plastic water pipes and the difficulties with leak 

detection correlators are briefly discussed. 

Following the introduction, an analytical model of the propagation wavespeed and 

wave attenuation is established in Chapter 2. Assuming that the leak signal is band-limited 

white noise, an analytical model of the BCC function is established. Several theoretical 

expressions for the behaviour of cross-correlation functions including the cross-correlation 

coefficient are derived. The effect of the lower and upper cut-off frequencies of the leak 

signal on the theoretical results is also discussed. The effect of the background noise on the 

model of the correlation is presented. The analytical models are validated using some 

experimental results provided by the National Research Council (NRC) of Canada. 

Based on an analytical model of the BCC function of pressure responses established in 

Chapter 2, the BCC method using different acoustic/vibration sensors including 

mismatched sensors is studied in Chapter 3. The effect of band-pass filtering on the 

correlation results is discussed. The theoretical predictions are validated to some extent by 

comparison with correlation results of leak signals measured by hydrophones and 

accelerometers given by the NRC. 

Combined with the wave propagation theory discussed III Chapter 2, various time 

delay estimators using the BCC and GCC methods are compared for the purposes of leak 

detection in plastic water pipes in Chapter 4. Theoretical predictions of the correlation 

methods are derived in the presence of uncorrelated background noise. To study their 

accuracy, expressions for the variances in the time delay estimates are derived and 

compared. Combined with an ideal band-pass filter, this chapter shows the importance of 

the selection of band-pass filters for leak detection in plastic pipes using the correlation 

techniques. The standard deviations are compared with the resolution of the time delay 

estimates imposed by the low-pass filtering properties of the pipe. To support the 

theoretical predictions, the time delay estimators are used to predict the location of a leak 

using experimental data from buried PVC water pipes, and their performance in this task is 

compared and discussed. 
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In Chapter 5, the effect of reflections on the correlation technique for leak detection in 

plastic pipes is investigated. Theoretical analysis is carried out for the simple case of a pipe 

with two discontinuities. The effect of reflections on the Bee is discussed for general cases 

when leak signals are measured using pressure, velocity and acceleration sensors. The 

possibility of the use of mismatched acoustic/vibration sensors is also discussed for the 

purpose of leak detection. Furthermore, the effect of reflections on the prewhitening GCe 

methods is studied. Theoretical work is applied to the hydrophone-measured data from 

actual water pipes. A possible solution to the locations of the discontinuities is given to 

explain the asymmetry of the test results of the cross-correlation functions. 

Time delay estimation using the GPS method is introduced in Chapter 6. Equivalence 

of time delay estimation using the prewhitening GCC and GPS methods is proved. In 

addition, the variance of the GPS method is derived, and is shown to be identical to that of 

the corresponding prewhitening GCC method. An alternative GPS method, the CWPS, is 

proposed for time delay estimation by introducing a coherence weighting function, which is 

used to suppress those frequency regions where poor coherence of the signals occurs. 

Compared to the time delay estimates given by the correlation techniques, performance of 

the GPS methods is evaluated when applied to some test data from the actual buried plastic 

pipes. 

Chapter 7 discusses some experimental work carried out at the University of East 

Anglia, Norwich, on their buried pipe facility, and the measurements in the laboratory on a 

water-filled MDPE pipe in-vacuo. Rather than find the location of the leak, tests were used 

to determine the propagation wavespeed. To compare their performance, various time delay 

estimation methods including the correlation method and GPS method, were applied in 

these tests. 

Finally, Chapter 8 summarises the mam conclusions from this thesis and makes 

recommendations for future work. This thesis also contains five appendices to support the 

main structure of the thesis. The dynamic behaviour of fluid-filled pipes in-vacuo is 

reviewed in Appendix A. Appendix B gives the definitions of the correlation functions and 

describes the implementation of the cross-correlation function using segment averaging. 

The effect of background noise on the correlation technique is detailed in Appendix C. 

Appendix D derives the variance of the time delay estimate using the correlation technique. 

To get the variance of the time delay estimate given by the GPS method, Appendix E 

derives the normalised error of the frequency response function. 
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CHAPTER 2 

A MODEL OF THE BASIC CROSS-CORRELATION (BCe) 

FUNCTION OF LEAK NOISE 

2.1 INTRODUCTION 

In leak detection surveys, the most widely used technique for many years has been the 

cross-correlation technique. Based on a theoretical formulation of wave propagation in a 

fluid-filled pipe in-vacuo, and the assumption that the leak source spectrum is flat in the 

bandwidth of interest, this chapter develops an analytical model to predict the basic cross

correlation (BCC) function of leak signals in plastic water pipes [33]. The model explains 

some of the acoustic characteristics of the leak signals. Specifically, for pressure signals, 

the model is used to study the effect of band-pass filtering on the theoretical results and 

hence explain some of the features of correlation measurements made in actual water pipes. 

Since the effectiveness of correlation technique is largely influenced by background noise, 

the effect of the background noise on the model is also discussed in terms of the signal to 

noise ratios (SNR) at the sensor locations. 

At low frequencies, only a slight difference between the axisymmetric wavenumber in 

buried pipes has been found in comparison with the predictions for the fluid-filled pipe in

vacuo [16]. Therefore the analytical model for a fluid-filled pipe in-vacuo developed by 

Pinnington and Briscoe [14], as discussed in Appendix A, is used in the thesis to study leak 

noise in plastic water pipes. 

2.2 WAVESPEEDANDWAVEATTENUATION 

As discussed in Appendix A, at low frequencies, well below the pipe ring frequency, the 

predominantly fluid-borne wave, which is responsible for the propagation of leak noise, has 

a wavenumber k given by 

k 2 = k 2 (1 + 2Ba J 
f Eh+iryEh' 

(2.1) 
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where kjis the free-field fluid wavenumber and 17 is the loss factor of the pipe wall; a, hare 

the pipe radius and wall thickness respectively; E is the Young's modulus of pipe wall 

material; and B is the fluid bulk modulus of elasticity. 

In the frequency range where the wavelength of the predominantly fluid-borne wave is 

much greater than the diameter of the pipe (which is the case considered in the thesis), the 

acoustic pressure can be considered to be uniform across the cross-section, and is given by 

[14, 15] 

p(OJ,x) = Po (OJ)e- ikx 
, (2.2) 

where x is the distance between the leak and sensor signals; Po (OJ) is the amplitude of the 

acoustic pressure at x = 0; and k is the complex fluid-borne wavenumber given by 

equation (2.1), the real part of which gives the wavespeed, which can be represented as 

OJ 
Re{k} =-, 

C 
(2.3) 

where c is the wavespeed given by 

( 
2Ba)-J/2 

C = cj 1+ Eh ' (2.4) 

and the imaginary part of which gives the wave attenuation 

1m { k} = - pOJ , (2.5) 

where P is a measure of the loss within the pipe wall and is given by 

(2.6) 

where C j is the fluid wavespeed. Equation (2.4) indicates that the propagation wavespeed 

is independent of frequency at low frequencies. The attenuation (loss) of the amplitude of 

the propagating wave in dB/m is given by 

20Im{k} 
Attenuation = - = 8.67 flOJ . 

In(10) 
(2.7) 

For a typical PVC pipe with a/h=10, E=5xl09N/m2
, Re{k} 'l::!3.2kr For an even 

softer pipe wall, the wavenumber, k, is much greater than the wavenumber in an infinite 
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medium. This indicates that the wavespeed of the fluid-borne wave for a plastic pipe 

decreases rapidly with increasing fluid loading (decreasing pipe wall stiffness). Equation 

(2.7) shows that there is greater wave attenuation at high frequencies in fluid-filled plastic 

pIpes. 

2.3 COMBINING THE BCC METHOD WITH WAVE 

PROPAGATION THEORY 

From equation (2.2), the frequency response function between the pressure measured at the 

sensor location and at the leak location, HP(OJ,x) , is given by 

(2.8) 

For convenience, the expressions related to the analog form are given in the positive 

frequency only. For two signals XI (t) and x2 (t) measured at positions x=d] and x=d2, the 

cross-spectral density (CSD) S'IX, (OJ) can be obtained by 

S (OJ)=_1_limE[X;T(OJ)X2T(OJ)]=s (OJ)HP*(OJ d)HP(OJ d) (2.9) 
XIX, 2 T " , I ' 2 , 1C T--->oo 

where S,,(OJ) is the auto-spectral density (ASD) of the leak signal l(t), which is the 

acoustic pressure at the leak location and * denotes the complex conjugate. Substituting 

equations (2.8) into (2.9) gives 

(2.10) 

where 1'0 is the time shift given by 1'0 = - (d2 - dl ) / C ; and 

(2.11 ) 

The phase spectrum between the two signals is related to the time shift that the signals 

experience as they propagate through the pipe, which is given by 

cD XX (OJ)=arg{Sxx (OJ)} =OJTo' 
12 12 

(2.12) 

Since multiplication in one domain corresponds to convolution in the transformed 

domain, the BCC function R'jx, (r) is determined by 

(2.13) 
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where F- I 
{.} denotes the inverse Fourier transform; ® denotes convolution; the auto-

correlation of the leak signal RI!(r) = F- I {S,,(w)}; If/(r) is given by 

-I { } fJd If/(r)=F 'P(w) = [ 2 J; 
Jr (fJd) + r2 

(2.14) 

and 0 (r) is the Dirac delta function. Equation (2.13) shows that the peak value of the 

correlation function occurs at r peak = -To = ( d2 - dl ) / c . An interpretation of equation (2.13) 

is that the delta function 0 (r + To) is broadened by the introduction of the leak spectrum 

S" (w) and the nature of 'P(w). By comparing equation (2.12) with equation (2.13), it is 

clear that the Bee function and the eSD contain the same information about the time shift 

between the two sensor signals. 

The exact spectral characteristics of leak noise are not currently known, but for the 

purpose of the analysis in this chapter, a flat leak spectrum is assumed. Under the 

assumption that SI!(w) is a constant So, equation (2.13) shows that the Bee function only 

depends upon the attenuation of the propagating wave in the plastic pipe and the distance 

between the sensors. Since a "narrow" function in the time domain corresponds to a broad 

function in the frequency domain, equation (2.11) shows that it is more difficult to estimate 

the time delay from the Bee function if the pipe is heavily damped and/or the 

measurement positions where the sensors are attached are far from the source of the leak. 

2.4 EFFECT OF BAND-PASS FILTERING 

For most plastic pipework systems, leak detection is successful with low frequency leak 

signals resulting from a non-dispersive propagating wave with a constant attenuation factor 

fJ . In practice, band-pass filtering operations are performed to attenuate the signals outside 

the frequency range of interest. For the simple case where an ideal band-pass filter is 

applied to remove the noise, the frequency domain behaviour of the filter is described by 

G(w) = 1 

=0 

Wo :::;Iwl <WI; 

otherwise. 
(2.15) 

where Wo and WI are the lower and upper cut-off frequencies of the band-pass filter. 

Assuming that S" (OJ) = So in the frequency range Wo to WI' the cross-correlation function 

of equation (2.13) becomes 
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(2.16) 

where 

geT) = F- I {G(w)} = /1OJ sin(/1wT 12)cos(OJcT) , 
Tr /1WT I 2 

(2.17) 

and /1w = WI -OJo is the bandwidth of the band-pass filter. Equation (2.16) can be written as 

where e ~ tan-' ( ";; ). If the frequency bandwidth satisfies the condition e ·'wfi' « 1 . 

equation (2.18) can be approximated by 

(2.19) 

Compared with equation (2.18), the interference term caused by the upper cut-off 

frequency WI does not appear in equation (2.19). Therefore, provided that the bandwidth of 

the filter is relatively broad, the cross-correlation function is mainly dominated by the lower 

cut-off frequency wo' The reason is that the pipe effectively acts as a low-pass filter, 

because of damping in the pipe-wall as shown in equation (2.8). 

Following a similar analysis to the cross-correlation function, the auto-correlation 

function Rxx (T) is found to be 

(2.20) 

where 

(2.21 ) 

Equation (2.20) can also be written as 

(2.22) 

Substituting equations (2.18) and (2.22) into equation (1.5) gives the cross-correlation 

coefficient as 
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At 7: peak = -'Fa = ( d2 - dJ ) / c , the peak value of the cross-correlation coefficient is 

(2.24) 

With reference to equation (2.24), consider the following three cases: 

1) The first case is where both sensors are some distances from the leak and the frequency 

bandwidth is large which satisfies e-
2Mu

(3dl «1 , e-!1w(3d« 1 and e-2!1w(3d2 «1 . Equation 

(2.24) then reduces to 

(2.2Sa) 

2) The second case is where one sensor is very close to the leak and the other sensor is 

some distance from the leak, i.e., d
J 

is very small such that d ~ d2 , and assuming f..OJ is 

still sufficiently large so that e-
2Mu

(3d2 «1 , but 1- e-
2

!1w(3dl ~ 2f..OJfJd
J 

• The peak cross

correlation coefficient given by equation (2.24) then becomes 

(2.2Sb) 

3) The third case is when sensors 1 and 2 are interchanged. If d2 is very small, the peak 

cross-correlation coefficient is given by 

(2.2Sc) 

A comparison of the peak cross-correlation coefficient given by equation (2.24) and its 

approximation by equation (2.2Sa) is shown in Figure 2.1. As the product f..OJf3d increases, 

the approximation given in equation (2.2Sa) approaches the solution given in equation 

(2.24). The four points marked by "0" are given by equations (2.2Sb) and (2.2Sc), which 

provide the approximate peak value of the cross-correlation coefficient as one sensor is 

moved very close to the leak. For two equispaced sensors dJ / d2 = 1 , the peak cross

correlation coefficient is found to be unity, which simply means that there is a perfect linear 

relationship between these two sensor signals. For other configurations, good levels of 

correlation (e.g., greater than about O.S) are only possible for ratios of sensor distances from 
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the leak ofless than about 10 (or greater than 0.1). In practical situations, background noise 

also has an effect on the correlation technique. In Section 2.6 the theoretical predictions are 

compared with experimental data, which, inevitably, will be contaminated by noise. 

Therefore to make this comparison, the effect of noise on the cross-correlation needs to be 

included in the model, and this is discussed in the next section. 
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Figure 2.1 Peak value of the cross-correlation coefficient as a function of the ratio of the distances d] and d2• 

--, Theoretical values; ...... , Approximation. Four points marked by "0" are given by equations (2.25b) and 

(2.25c). 

2.5 ESTIMATE OF THE SNR 

The aim of this section is to quantify the effect of noise on the correlation technique, in 

which noise can be included into the analytical model of the correlation coefficient derived 

in Section 2.4. Assume that the leak signals measured by two acoustic sensors are in the 

presence of background noise. This can be modelled as 

Xl (t) = Sl (t) + ~ (t), (2.26a) 

and 

(2.26b) 

where random processes Sl (t), Sz (t) , nl (t) and nz (t) are stationary. Signals Sl (t) and 

Sz (t) are assumed to be uncorrelated with background noise nl (t) and nz (t) , the CSD of 
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function of signals Xl (t) and x2 (t) is given by 

(2.27) 

If the background noise n (t) and n2 (t) are uncorrelated, i.e., S (m) = 0, which is 
'"'1 nln2 

the case of interest in this chapter, then signals Sl (t) and S2 (t) are assumed to be 

uncorrelated with background noise nl (t) and n2 (t) , SX1 X2 (co) = S\I
S

2 (m), and equation 

(2.27) can be simplified to 

(2.28) 

Equation (2.28) indicates that the effect of the uncorrelated background noise can be 

removed when correlating the two sensor signals. Noting that Rxx(O) = (J"; , the cross

correlation coefficient PXI
X

2 (r) including the effects of noise is given by 

PSI'> (r) 
(2.29) 

where (J"~ , (J",~ , (J";I ' and (J";, are the variances of signals Sl (t), S2 (t) and background noise 

signals ~ (t), n2 (t) respectively; PSIS, (r) is the theoretical prediction of the cross

correlation coefficient. Equation (2.29) shows that the correlation coefficient is strongly 

affected by the SNR at the two measurement positions. Based on information of the 

acoustical characteristics of the leak signal and the measurement positions, estimates of the 

SNR for sensor signals can thus be obtained from the correlation coefficient. 

In the presence of background noise, for example at sensor 1, the SNR in terms of the 

ratio (J"~ I (J",~ in equation (2.29) is defined as 

(J", 

( 
2 J SNR = 10 loglo (J"~ • (2.30) 

Using equation (2.22), the ratio (J",~ I (J",;, can be obtained 

(2.31) 

- 24 -



Ch2 A model of the BCCfunction of leak noise 

Assuming that the noise levels at the two measurement positions are the same, i.e., 

0';1 = 0';2 ' equation (2.31) gives 

(2.32) 

where P,s (r) is given by equation (2.23) and Pxx (r) is the cross-correlation coefficient 
'12 ! 2 

of the sensor signals. Using the ratio of the peak cross-correlation coefficients 

PI1SZ (r peak) / PX1X2 (r peak)' the ratio 0';1 / O'~ can be determined from the quadratic equation 

(2.32). This is then substituted into equation (2.30) to give an estimate of the SNR at sensor 

l. A similar procedure can be adopted to obtain the SNR at sensor 2. Noting that the 

correlation technique is affected by the selection of the cut-off frequencies of high and low

pass digital filters, the SNR can thus be enhanced using carefully selected frequency 

information. 

2.6 COMPARISON OF THEORETICAL PREDICTIONS WITH 

TEST DATA 

Tests were carried out by a research team at a leak detection facility located at a National 

Research Council (NRC) site in Canada. The facility consisted of a 150mm diameter PVC 

pipe that was about 200m long. According to the normal construction procedures, the pipe 

was buried in soft clay soil at a depth of 2.4 m. The description of the test site and 

measurement procedures are detailed in reference [8]. 

A leak from a faulty joint was created as shown in Figure 2.2. Leak signals were 

measured using hydrophones and accelerometers. As shown in Figure 2.3, the 

accelerometers were attached magnetically to the top surface of the fire hydrants while the 

hydrophones were pressurised with water. For vibration measurement, piezoelectric 

accelerometers having a sensitivity of 1 V /g were used. For sound measurement, 

hydrophones having a sensitivity of 44. 7V /bar were attached to fire hydrants though a 

special pipe fitting. The signals from the sensors were transmitted through 100m long 

cables to the recording instrument. 
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Figure 2.2 Simulated leak at the experimental site [8]. 

Figure 2.3 Attachment ofleak sensors to a fire hydrant [8]. 

Referring to Figure 1.1, the distance d between the two sensor signals was 102.6m, and 

the distance d] from the leak to sensor 1 was 73.5m. The signals were each passed through 

an anti-aliasing filter with the cut-off frequency set at 200Hz. Hydrophone-measured 

signals of 66-second duration were then digitised at a sampling frequency of 500 

samples/second. The same sampling frequency was applied to the accelerometer-measured 

signals for a duration of 60 seconds. 

2.6.1 WA VESPEED AND WA VE ATTENUATION 

Spectral analysis was performed on the digitised data using a 1024-point FFT, and a 

Hanning window and power spectrum averaging. The following observations are based on 

the ASD and coherence functions of the hydrophone and accelerometer-measured signals, 

as plotted in Figures 2.4(a-c) and 2.5(a-c) [8]: 
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(1) Most of the frequency content of hydrophone-measured leak signals was concentrated 

below 60Hz and that of accelerometer-measured ones was below 150Hz. Signals at 

higher frequencies were very small. 

(2) Below 5Hz the signals were dominated by ambient noise, which most probably 

corresponds to the longitudinal resonances of the test pipe. 

(3) Additional peaks in the auto-spectra of the two sensor signals were found to occur at 

different frequencies, as a result of several factors, including longitudinal resonances 

of the water pipe, soil resonance, or fundamental frequencies of rotating machinery 

on the test site, etc. 

(4) The coherence between accelerometer-measured signals was much poorer than that 

between hydrophone-measured signals. Here the ordinary coherence function 
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Figure 2.4 The ASD, coherence and unwrapped phase for hydrophone-measured signals (HI and H2). 

(a) ASD of HI (Uncalibrated); (b) ASD ofH2 (Uncalibrated); (c) Coherence function; (d) Phase: ---, Data 

measured; ...... , Least square fit. 

Although the tests were carried out at the experimental site where PVC pipes were 

buried in soft clay soil, the effect of the surrounding medium on the wavenumber prediction 

is relatively small at frequencies well below the pipe ring frequency [16]. The fluid-borne 
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axisymmetric wavespeed can be determined from either the frequency response function 

between two sensor signals or the corresponding CSD. The same information about the 

relative phase between two sensor signals is provided by these two quantities, which can be 

seen from equations (2.8) and (2.10). The unwrapped phase obtained from the hydrophone

measured signals is shown in Figure 2.4( d). A straight line indicates that the wavespeed is 

independent of frequency from 10Hz to 150Hz. Similarly a linear dependence is found 

roughly in the frequency range 30Hz to 140Hz for accelerometer-measured signals as 

shown in Figure 2.5(d). However, they do not pass through the origin. This is possibly 

because of the dominant ambient noise at low frequencies. For hydrophone-measured 

signals, although the most significant phase information was concentrated in the frequency 

range from 10Hz to 150Hz as shown in Figure 2.4(d), the useful band was narrower due to 

the negative effect of the turning points located at about 55Hz and 85Hz. This was most 

likely caused by the hydrophone mount. Hence the pass band of the filter was set from 

10Hz to 50Hz for hydrophone-measured signals and from 30Hz to 140Hz for 

accelerometer-measured signals. 

-40 ,---,------------, 

co 
"C -45 
.5 
..... 
« -50 .... 
o 

@ -55 
« 

(a) 

-60 ~---~------' 

-40,----------~ 

c::a 
'0 -45 
.5 

~ -50 .... o 

@ -55 
« 

(b) 

o 100 
Frequency (Hz) 

200 
-60 '-----~----~ 

o 100 200 
Frequency (Hz) 

1,---------~ 6000,----------~ 
(c) ....... . ...... (d) 

8 
r::: 
~ 
Q) 0.5 

..r::: 
o 
() 

en 
Q) 

~ 4000 
Ol 
Q) 

:g. 

m 2000 
co 

..r::: 
a.. 

o~··--------~------~ 
100 200 o 100 200 

Frequency (Hz) Frequency (Hz) 

Figure 2.5 The ASD, coherence and unwrapped phase for accelerometer-measured signals (AI and A2). 

(a) ASD of Al (Uncalibrated); (b) ASD of A2 (Uncalibrated); (c) Coherence function; (d) Phase: ---, Data 

measured; ...... , Least square fit. 

Based on the slope of the unwrapped phase, the wavespeed calculated is 479m/s and 

484m/s for hydrophone and accelerometer-measured signals respectively. There is a good 
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agreement between this value and the results obtained in previous work [32]. This 

demonstrates that the analytical model is a reasonable representation of the experimental 

set-up. 
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Figure 2.6 Attenuation in dB/m. (a) Hydrophone-measured signals --, Data measured; ...... , Least square 

fit. (b) accelerometer-measured signals. 

The wave attenuation can be derived from the amplitude of the frequency response 

function between the two sensor signals. Combining equations (2.5), (2.7) and (2.8), gives 

the attenuation in dB/m as 

Attenuation _ -201nIH(m,x)1 
f..d In(1 0) 

(2.33) 

where IH(m,x)1 denotes the amplitude of the frequency response function between the two 

sensor signals; here x is the distance between the two sensors; and the difference 
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!J.d = d2 - d l • Figure 2.6(a) illustrates the loss in dB/m as a function of frequency based on 

equation (2.33). The least square fit line gives the attenuation factor f3 of 2.26 x 1 0-4s/m. 

The rate of attenuation derived from hydrophone-measured data confirms that the loss 

within the pipe increases with increasing frequencies in the frequency range 0 to 50Hz. 

However the low-frequency behaviour of accelerometer-measured signals is not fully 

understood, as shown in Figure 2.6(b). It seems that there is little wave attenuation below 

100Hz, which is not predicted by the analytical model. 

2.6.2 ANAL YSIS OF THE HYDROPHONE-MEASURED SIGNALS USING THE 

BCCMETHOD 

As described previously, filtering operations were performed on the digitised sensor signals 

before conducting the time domain cross-correlation. The sensor signals were then passed 

through high and low-pass 4th order Butterworth filters, which is consistent with the work 

in reference [8]. Although the phase distortion occurred when the filters were applied, it did 

not affect time delay estimation because the effect on both sensor signals were the same and 

hence could be cancelled out. The cross-correlation coefficients were computed using 

segment averaging via a 1024-point FFT. Meanwhile, the circular effect of the FFT was 

eliminated by zero padding with the same size of each segment record. To compare the 

experimental results with the corresponding theoretical predictions, the effect of the 

background noise on the theoretical predictions was taken into account by setting the peak 

values of the cross-correlation coefficients to be the same as those of the experimental 

results. This enables an estimate of the SNR at the two sensors using the technique outlined 

in Section 2.5. When the lower and upper cut-off frequencies were set at 10Hz and 50Hz 

respectively, the SNR for the two hydrophone-measured signals, were found to be -6.7dB 

and 2.7dB at positions 1 and 2 respectively. 

The effect of the low-pass filter cut-off frequency on the cross-correlation coefficient 

is demonstrated in Figure 2.7. The filter cut-off frequencies were set at 10Hz for the high

pass filter, and the cut-off frequencies ranged from 30Hz to 200Hz for the low-pass filters. 

In the theoretical model, the cross-correlation coefficient is mainly determined by the 

lower cut-off frequency, provided that the bandwidth of the leak noise is relatively broad. 

This effect can be seen by comparing Figures 2.7(d), (f) with (h), which are very similar. In 

contrast, a slight difference can be seen in Figure 2.7(b) because in this case the theoretical 

correlation coefficient is governed by both the lower and upper cut-off frequencies as the 
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bandwidth is small. A similar trend can be seen in the experimental results plotted in 

Figures 2.7(a) and (c), where there is a slight difference in the correlation coefficients when 

the low-pass filters are set at 30Hz and 50Hz. Furthermore, when the low-pass filter cut-off 

frequencies are adjusted to values above 50Hz, the correlation coefficients do not change as 

shown in Figures 2.7(e) and (g). This indicates that most information about the leak signal 

is concentrated below 50Hz, which can also be seen in Figure 2.6(a), which shows that the 

ambient noise measured by the hydrophones dominates above 50Hz. Thus for hydrophone

measured signals in this case, the low-pass filter cut-off frequency can be set at 50Hz. 

Figure 2.8 shows the effect of the high-pass filter cut-off frequency for both 

experimental results and predictions. As before, theoretical predictions of the cross

correlation coefficients are adjusted to account for the presence of background noise. The 

cut-off frequencies of the low-pass filters are 50Hz and those of the high-pass filters from 

5Hz to 40Hz. 

For the correlation coefficients derived from the hydrophone-measured signals as 

shown in Figures 2.8(c), (e) and (g), a definite peak is obtained despite the narrow 

frequency band of the leak signal. The oscillatory behaviour of the correlation function 

becomes more obvious as the pass band of the leak signal becomes smaller. The time delay 

is estimated to be in the range O.090s to O.094s and the position of the leak relative to point 

1 is calculated to be n.9m to 73.8m. However, three anomalous peaks can be seen in 

Figure 2.8(a), which are most likely due to the interference of low frequency background 

noise at frequencies below 10Hz and reflections from discontinuities in the pipe facility. In 

addition, a definite peak cannot always be obtained when the cut-off frequency of the high

pass filter is set below 10Hz, as expected. Thus the high-pass filter cut-off frequency can be 

set at 10Hz. 

The corresponding theoretical values of the cross-correlation coefficients are plotted in 

Figures 2.8(b), (d), (f) and (h). These graphs illustrate the same oscillatory behaviour of the 

correlation coefficients to that of the experimental results. The differences between the 

predictions and the experimental results are due to the effects of background noise and 

reflections on the measured signals. 
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Figure 2.7 Effect of the low-pass filter cut-off frequency on the cross-correlation coefficient. 

(a), (c), (e), (g) experimental results; (b), (d), (t), (h) theoretical results. The cut-off frequencies of the high

pass filters are set at 10Hz. The low-pass filter cut-off frequencies are: (a) 30Hz; (c) 50Hz; (e) 100Hz; (g) 

200Hz. Comparison of the corresponding theoretical values is made when the low-pass filter cut-off 

frequencies are set at: (b) 30Hz; (d) 50Hz; (t) 100Hz; (h) 200Hz. 
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Figure 2.8 Effect of the high-pass filter cut-off frequency on the cross-correlation coefficient. 

(a), (c), (e), (g) experimental results; (b), (d), (f), (h) theoretical results. The cut-off frequencies of the low

pass filters are set at 50Hz. The high-pass filter cut-off frequencies are: (a) 5Hz; (c) 15Hz; (e) 30Hz; (g) 40Hz. 

Comparison of the corresponding theoretical values is made when the high-pass filter cut-off frequencies are 

set at: (b) 5Hz; (d) 15Hz; (f) 30Hz; (h) 40Hz. 
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2.7 CONCLUSIONS 

In this chapter an analytical model of the BCC function for leak noise in plastic water pipes 

has been established, by combining the BCC method with wave propagation theory in 

plastic water pipes. This model has been applied to explain some of the main features of 

experimental data, including wave propagation and attenuation. 

This model explains the importance of the cut-off frequency of the high-pass filter and 

the insensitivity of the BCC function to the cut-off frequency of the low-pass filter. 

Consequently, the model provides a theoretical background for the selection of the cut-off 

frequencies for the filters. 

It has been shown that in the noise-free case, good levels of correlation are only 

possible for ratios of sensor distances from the leak of less than about 10 (or greater than 

0.1). In practical situations, the achievement of good levels of correlation coefficients is 

further restricted because of undesirable correlated background noise. 

The effect of background noise on the model of the correlation has been presented. It 

has been shown that an estimate of the SNR at a measurement position can be simply 

determined from the ratio of the peak values of the experimental result of the correlation 

coefficient and its corresponding theoretical prediction. 
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CHAPTER 3 

SELECTION OF ACOUSTICNIBRATION SENSORS 

3.1 INTRODUCTION 

Measurement for leak detection can be performed with different types of acoustic/vibration 

sensors. The effectiveness of the correlation technique for locating leaks depends on the 

type of leak sensors used and their sensitivities [8]. It has been found that hydrophones can 

locate leaks with smaller acoustic signals than can be located with accelerometers. In 

general, the greater the sensitivity of the sensor and the lower its noise floor, the smaller the 

leaks that can be located. 

For hydrophone-measured signals, a model of the basic cross-correlation (BCC) 

function has been discussed in Chapter 2. The model explained that the plastic pipe actually 

acts as a low-pass filter which attenuates the high frequency content of the acoustic signal. 

Therefore, to effectively suppress the low frequency background noise, a high-pass filter 

can be used prior to the cross-correlation. 

In this chapter, differentiation operations which practically can be implemented by 

using different types of sensors, are applied to the correlation results of the leak signals. 

Using the model established in Chapter 2, the filtering effect given by the differentiation 

operations is discussed in this chapter. Specifically, the use of pressure, velocity and 

acceleration sensors is investigated for the measurement of leak noise in plastic water pipes. 

Theoretical predictions are compared with some test data from actual water pipes. 

Alternatively, tests can be carried out with mismatched sensors, for example, a hydrophone 

attached to one fire hydrant and an accelerometer attached to another. Theoretical analysis 

of the BCC functions using mismatched sensors is investigated in this chapter. 
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3.2 INTERPRETATION OF THE DERIVATIVES OF THE BCC 

FUNCTION 

As discussed in Appendix A, at low frequencies, well below the pipe ring frequency, the 

normalised pipe ring frequency Q« 1. The relationship between the internal pressure 

amplitude, P, and the radial wall displacement amplitude, W, can be obtained from equation 

(A.25) in the following form 

W=Pa
2 

Eh' 
(3.1 ) 

Equation (3.1) shows that there is a linear relationship between the pipe wall 

displacement and the internal pressure. The derivatives of the Bee function of pressure 

signals as discussed in Chapter 2 are as follows 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

Figure 3.1 illustrates the process employed in the cross-correlation procedure using 

pressure, velocity and acceleration responses, where "+/-" is determined by equations (3.2)

(3.6). The 2nd and 4th derivatives of the Bee function given by equations (3.3) and (3.6) can 

be scaled properly to give the cross-correlation of velocity responses and acceleration 

responses. The I st, 2nd and 3rd derivatives of the Bee function given by equations (3.2), 

(3.4) and (3.5) provide the correlation results using mismatched acoustic/vibration sensors. 
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Figure 3.1 Illustration of the derivatives of the BCC function of pressure responses. 

3.3 CORRELATION FUNCTIONS USING PRESSURE, VELOCITY 

AND ACCELERATION RESPONSES 

3.3.1 THEORETICAL PREDICTIONS OF THE CROSS-CORRELATION 

FUNCTIONS 

In Chapter 2, the frequency response function between the pressure measured at the sensor 

location and at the leak location, HP(OJ,x) , has been obtained, which is given by equation 

(2.8). The frequency response function between the velocity measured at the sensor 

location and the pressure at the leak location, H V (OJ, x) , is given by 

2 

HV(OJ,x)=i
a 

OJ HP(OJ,x), 
Eh 

(3.7) 

and the frequency response function of the acceleration measured at the sensor location and 

the pressure at the leak location, H a (OJ, x), is given by 

(3.8) 

The frequency response functions given by equations (2.8), (3.7) and (3.8) can be 

written in general form as 

(3.9) 
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When n=O, 1 and 2, equation (3.9) gives the frequency response functions of pressure, 

2 

velocity and acceleration respectively. Here Ao = 1 and Al = A2 = ~. Figure 3.2 shows the 
Eh 

frequency response functions given by equation (3.9), where all the frequency response 

functions are normalised to their respective maximum amplitudes. The frequency response 

function of pressure, HP(OJ,x) , given by equation (2.8) decreases exponentially with 

increasing frequency, so acts as a low pass filter whereby higher frequencies are attenuated 

at a faster rate than low frequencies. In contrast, both the frequency response functions of 

velocity, HV(OJ,x) , and acceleration, HG(OJ,x) , given by equations (3.7) and (3.8) 

respectively, behave as band-pass filters, with the latter having a higher "centre" frequency 

and a broader bandwidth, thus allowing more high frequency information to pass. 
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Figure 3.2 Illustration of the amplitude of the frequency response function. 

--, Pressure responses; ...... , Velocity responses; ------, Acceleration responses. All the frequency responses 

are normalised to the corresponding maximum amplitudes. 

For two signals Xl (t) and x2 (t) measured at positions x=dl and x=d2, the cross

spectral density (CSD) SXI
X

2 (OJ) is obtained from its definition given by equation (2.9), by 

(3.10) 

Combining equations (3.9) with (3.1 0) gives SXI
X

2 (OJ) in a general form as 
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(3.11) 

where 'l' 2n (co) = co 2n'l'(co) . When n=O, 1 and 2, equation (3.11) gives the eSD for pressure, 

velocity and acceleration signals respectively. The corresponding phase spectrum that is 

related to the time shift experienced by the signals as they propagate along the pipe, is 

given by 

(3.12) 

It is clear from equation (3.12) that the phase spectrum is independent of the choice of 

acoustic/vibration sensors. Taking the inverse Fourier transform (IFT) of the eSD given by 

equation (3.11) gives 

(3.13) 

where 'f2n(r) = F- J {'l' 2n(CO)}. An interpretation of equation (3.13) is that the delta function 

5(r+1'a) is broadened by the introduction of the band-limited leak spectrum SI/(co) and 

the frequency behaviour of 'l' 2n (co). Thus, even if SI/ (OJ) is a constant So , the delta 

function is smeared because of the frequency dependent attenuation of the leak signal. 

Reliable leak detection can only be accomplished when a peak can be distinguished in the 

cross-correlation function. A sharp peak rather than a smeared broad one is required to 

achieve accurate estimation of the time delay. Because the behaviour of 'l' 2n (co) is 

governed by the choice of acoustic/vibration sensors, selection of appropriate sensors may 

offer improvement of time delay estimation of leak noise using the Bee method. This is 

addressed below. 

Since the FT of signal yet) converts the differential equation to an algebraic equation 

by 

F{dny
} = (icoyY(co), 

dt n 

The relationship 'f2nCr) = F- J {'l'2n(CO)} may be rewritten as 

where 
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(3.16) 

as defined by equation (2.14). 

Equation (3.13) can be reformulated as 

(3.17) 

If it is assumed that Su (OJ) = So ' equation (3.17) becomes 

(3.18) 

Following a similar analysis to that for the CSD of two sensor signals, the auto

spectral density (ASD) Sxx(OJ) is given by 

(3.19) 

where r 2n (OJ) = OJ 2nr(OJ) , for n=O, 1 and 2, and 

(3.20) 

Taking the 1FT of the ASD gives the auto-correlation function Rxx (,) as 

(3.21 ) 

where rp2nC,) = F-1 {r 2n (OJ)} , which can be written as 

rp (,) = (_l)n d
2n 

rp(,) 
2n d,2n ' (3.22) 

where 91( T) ~ r' {r( '" )} ~ [ 2 fJ ~ ] . Therefore the auto-correlation function IS 
1r (2fJx ) +,2 

obtained by 

(3.23) 

When Su(OJ) = So, equation (3.23) becomes 

(3.24) 
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Combining equations (3.18), (3.24) with (1.5) gives the cross-correlation coefficient as 
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Figure 3.3 Cross-correlation coefficients using pressure (--), velocity (- ..... ) and acceleration (------). (a) 

d1ldz=2.5; (b) d1=dz. 

The corresponding correlation coefficients for pressure, velocity and acceleration 

signals, are discussed below: 

1) For pressure signals, setting n = 0, equation (3.25) becomes 

(3.26a) 
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2) Setting n = 1 for velocity signals, equation (3.25) becomes 

(3.26b) 

3) Setting n = 2 for acceleration signals, equation (3.25) becomes 

Consider the following two cases: 

1) When d1 :;t:. d2 :;t:. 0, the peak cross-correlation coefficients for pressure, velocity and 

acceleration responses are all less than 1, with the greatest value being for pressure signals 

and the smallest for acceleration signals. The sharpest peak, however, is exhibited by the 

cross-correlation of the acceleration signals and the broadest one exhibited by the 

correlation of the pressure signals. This can be seen in Figure 3.3(a) for the case of 

d1 / d2 =2.5. 

2) When d1 = d2 :;t:. 0, the peak cross-correlation coefficients for pressure, velocity and 

acceleration responses are all equal to unity, as can be seen from Figure 3.3(b). This means 

that the two responses are identical in each case. 

To clarify further the effect of the selection of acoustic/vibration sensors on the BCe 

method, the peak cross-correlation coefficient is investigated. When T = -1'0, equations 

(3.26) (a,b,c) reduce to, 

(3.27) 

Equations (3.26) (a,b,c) show that the correlation coefficients are dominated by both 

the loss of the pipe, fl, and the locations of two sensors, d l and d2. Interestingly, the peak 

values of the correlation coefficients given by equation (3.27) are only related to the ratio of 

the relative distances d1 / d2 , and not on their absolute values. 
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Figure 3.4 Peak value of the cross-correlation coefficient as a function of the ratio of the distances dj and d2 . 

--, Pressure responses; ...... , Velocity responses; ------, Acceleration responses. 

Figure 3.4 shows the peak values of the cross-correlation coefficients given by 

equation (3.27) as a function of d} I d2 • As discussed previously it can be seen that for two 

equispaced sensors, the peak cross-correlation coefficients are all unity. Altering the ratio 

d} / d2 , the peak value of the pressure responses changes slowly by comparison with those 

given by the velocity and acceleration responses. This shows that for leak detection 

measurements, where d} -:F d2 , which is the most likely situation in practice, the pressure 

signals give the largest cross-correlation coefficient. Moreover, good levels of correlation 

(e.g., greater than about 0.5) are only possible when the ratio of distances satisfies 

111 0 ~ d} / d2 ~ 10 , 11 4 ~ d} / d2 ~ 4 and 113 ~ d} / d2 ~ 3 for pressure, velocity and 

acceleration responses respectively. Otherwise, the peak correlation values of the velocity 

and acceleration responses rapidly become very small. Therefore, for low levels of leak 

signals, namely in a small signal to noise ratio (SNR) environment, a measure of pressure 

responses is necessary, since in this case the correlation coefficient gives a large peak value, 

which is less sensitive to the relative distances of the sensor locations. In practical 

situations, the achievement of cross-correlation coefficients with clear (or definite) peaks 

will be further constrained because of band-pass filtering and correlated background noise. 

The behaviour of the peak value of the cross-correlation coefficient exhibited in Figure 

3.4 is easily explained in physical terms. When leak sensors are equidistant from the leak 
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source, leak signals will be identical and therefore will lead to the largest peak cross

correlation coefficient. As the ratio between leak sensors distances, d1 / d2 , becomes larger 

or smaller, the similarity between the sensed signals diminishes due to the frequency 

dependence of attenuation rates. Pressure responses have the highest peak cross

correlations coefficients because they have the least high frequency content and hence are 

least affected by attenuation. 

3.3.2 WIDTH OF THE CROSS-CORRELATION FUNCTION 

To accurately determine the position of a leak, a sharp (narrow) peak in the cross

correlation function is desirable. The way in which the cross-correlation obtained from 

pressure, velocity, and acceleration responses affect the peak is now investigated. We 

define a cross-correlation width, ~ T , as the time between the first two zero crossings given 

by PXjX, (T peak ± ~ T / 2) = O. The behaviour of ~ T for the various correlation functions is as 

follows, 

1) For pressure responses, equation (3.26a) shows that the width ~T is undefined as the 

cross-correlation function has no zero crossings, and hence ~ T = 00. However, the 3dB 

width of the cross-correlation function is defined by 

PXjX, (T peak ± ~ T / 2) 
----'-"---'------= (3.28) 

Combining equations (3.26a) and (3.28) gives 

~T~2f3d. (3.29a) 

2) For velocity responses, from equation (3.26b), the width, ~T is found to be, 

(3.29b) 

3) For acceleration responses, from equation (3 .26c), ~ T is determined to be, 

2 
~T= ~ f3d. 

5+2J5 
(3.29c) 

For different sensor signals, it can be seen that the width of the peak in the cross

correlation function is proportional to the product f3d . Thus, for leak detection in pipes 

with small attenuation (small f3), as in the case of metal pipes, a sharp peak can be easily 

achieved using the correlation technique. In contrast, for plastic pipes with large attenuation 
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(large j3), a relatively short distance between two sensor locations is often required for the 

estimation of time delay from the cross-correlation function. 

By comparing the cross-correlation width given by equations (3.29) (a,b,c), it can be 

seen that the correlation between acceleration signals provides the sharpest peak in the 

correlation function, while the broadest peak occurs for pressure signals. It is found, 

therefore, that a sharp peak can be achieved by using the acceleration responses at the 

expense ofa low peak value of the correlation coefficient, as shown in Figure 3.3(a). 

3.4 EFFECT OF BAND-PASS FILTERING 

Similar to the analysis of the effect of band-pass filtering on the BCC function of pressure 

responses as discussed in Chapter 2, for the simple case where an ideal band-pass filter is 

applied, as defined by equation (2.15), the cross-correlation function given by equation 

(3.17) becomes 

(3.30) 

It can be seen that the effect of band-pass filtering is to introduce a ripple with 

frequency we into the cross-correlation modulated by the bandwidth I1w. Equation (3.30) 

also shows that the Dirac delta function is further smeared by the introduction of band-pass 

filtering. When S" (OJ) = So, equation (3.30) becomes 

n 2 d 2nlj/(r) 
Rxx(r)=(-I) AnSO 2 ®g(r+TO)' 

\-2 dr n 
(3.31 ) 

Following a similar analysis, the auto-correlation function Rxx(r) is found to be 

(3.32) 

Equations (3.31), (3.32) and (1.5) can be combined to determine the cross-correlation 

coefficient when the leak noise signals are band-pass filtered. Comparison of the cross

correlation coefficient using pressure, velocity and acceleration responses is plotted in 

Figure 3.5. It confirms that the correlation of the acceleration responses gives the narrowest 

bandwidth of the peak value for certain frequency pass band of interest. Furthermore, as 

expected, the correlation coefficient of acceleration responses demonstrates the high 

frequency behaviour resulting from the interference of dnlj/(r) . 
drn 
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Figure 3 .S(1) Comparison of the cross-correlation coefficient using band-pass filtered signals. (a) Pressure; 

(b) Velocity; (c) Acceleration. d}=73.Sm; d2=29.1m; f3=2.26 x 10.4 s/m; pass band: 10-SOHz. 
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Figure 3.5(2) Comparison of the cross-correlation coefficient using band-pass filtered signals. (a) Pressure; 

(b) Velocity; (c) Acceleration. d J=73.5m; d2=29.1m; jJ=2.26 x 10'4 s/m; Pass band: 30-140Hz. 
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3.5 USE OF MISMATCHED ACOUSTICNIBRATION SENSORS 

The CSDs and correlation functions using pressure, velocity and acceleration responses 

have been discussed in Section 3.3. When mismatched sensors, for example, a pressure and 

a velocity sensor are used, the cross-spectrum between the signals from the sensors can be 

found by substituting the frequency response functions given by equations (2.8), (3.7) into 

(3.10) to give 

Sx x (m) = iSxx (m), 
I" 2 I 2 

(3.33) 

where 

(3.34) 

The cross-correlation function can thus be determined by 

1 -
R x (r) = --0 Rxx (r), 

XI"2 ffr 12 
(3.35) 

where 

Rxx (r) = F-1 {Sxx (m)}. 
12 -12 

(3.36) 

Using a similar analysis, equation (3.35) can be used to determine the cross-correlation 

function of velocity and acceleration responses, where the CSD, in this case, is given by 

(3.37) 

It can be seen from equations (3.33) and (3.35) that the cross-correlation function 

R
XIX2 

(r) is the Hilbert transform of R
XIX2 

(r). The Hilbert transform is normally referred to 

as a 90-degree phase shifter. Thus the argument r that maximises equation (3.35) does not 

provide an estimate of the time delay of leak signals. In fact, the true time delay estimate 

occurs at the zero crossing between the maximum and minimum values. 

For pressure and acceleration signals, the CSD is given by 

(3.38) 

Comparing the CSD of velocity responses given by equation (3.11) (setting n=l), it 

can be seen that the cross-correlation of pressure and acceleration responses is l80-degree 

out of phase with that of velocity responses. Hence the argument r that minimises the 

cross-correlation function provides an estimate of the time delay ofleak signals. 
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Regardless of the amplitudes of the correlation functions, mathematically, the cross

correlation functions of various sensor signals can be obtained by differentiating the Bee 

function of the pressure signals as shown in Figure 3.1. Equation (3.2) shows that the 1 st 

derivative of the BCC function of pressure responses gives the cross-correlation of pressure 

and velocity signals. The 2nd derivative given by equation (3.4) gives the cross-correlation 

of pressure and acceleration signals. The 3rd derivative given by equation (3.5) gives the 

cross-correlation of velocity and acceleration signals. 

Noting that it is commonly observed that differentiation degrades the SNR, however, 

the use of different types of sensors is more practicable in water leak detection. It has been 

shown in Section 3.3 that accelerometers can be used to achieve a sharp peak and higher 

sensitively sensors, for example, hydrophones, can locate leaks that have a lower acoustic 

signal. Therefore, the use of mismatched sensors of a hydrophone and an accelerometer 

may offer improvement of the correlation results for leak detection surveys. 

An important property of the differentiation of a cross-correlation-type signal is the 

effect on the width of the peak. Comparing the CSDs of different sensor signals given by 

equations (3.11), (3.34), (3.37) and (3.38), it is clear that the cross-correlation functions of 

different sensor signals depend on the orders of derivatives of 1fI( r) . The successive 

differentiation of 1fI( r) sharpens the peak value of the cross-correlation function. 

Therefore, the sharpest peak is exhibited by the cross-correlation of the acceleration signals 

and the broadest one exhibited by the correlation of the pressure signals. 

3.6 EXPERIMENTAL RESULTS 

3.6.1 COMPARISON OF CROSS-CORRELATION FUNCTIONS OF PRESSURE 

AND ACCELERATION SIGNALS 

Experimental results of the BCC function using hydrophone-measured data have been 

discussed in Chapter 2. At the experimental site, the hydrophones and accelerometers were 

both attached to two fully pressurised fire hydrants. In this section, the BCC functions of 

accelerometer-measured signals are given as a comparison with those of the hydrophone

measured signals. 

Noting that the measured signals were dominated by the ambient nOIse at low 

frequencies and attenuated at high frequencies, filtering operations were performed on the 

digitised sensor signals before conducting time domain cross-correlation. The sensor 

signals were then passed through high and low-pass 4th order Butterworth filters. The cut-
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off frequencies of the digital filters were chosen using the phase spectrum between two 

sensor signals plotted in Figures 2.4( d) and 2.5(b). The lower and upper cut-off frequencies 

were set at 10Hz and 50Hz for hydrophone-measured signals, and 30Hz and 140Hz for 

accelerometer-measured signals. The cross-correlation coefficients were computed using 

segment averaging via a 1024-point FFT and the circular effect of the FFT was removed by 

zero padding in each segment record. 
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Figure 3.6 Cross-correlation using hydrophone-measured signals. 

(a) Cross-correlation coefficient; (b) Theoretical prediction. The pass band ofthe ideal filter is 1O-50Hz. 

The measured and predicted cross-correlation coefficients using the hydrophone

measured signals are plotted in Figures 3.6(a) and (b) respectively. To compare the 

experimental results with the corresponding theoretical predictions, the effect of the 

background noise on the theoretical predictions is taken into account by setting the peak 
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values of the cross-correlation coefficients to be the same as those of the experimental 

results. In Chapter 2, it has been shown that an estimate of the SNR at a measurement 

position can be simply determined from the ratio of the peak values of the experimental 

result of the correlation coefficient and its corresponding theoretical prediction. The SNR 

was found to be -6.7dB and 2.7dB at positions where hydrophones 1 and 2 were attached 

respectively. For the measured signal, the time delay is -0.094s and the position of the leak 

relative to point 1 is calculated to be 73.8m. Comparison of Figures 3.6(a) and (b) shows 

the same oscillatory behaviour of the correlation coefficients. The differences between the 

predictions and the experimental results are most likely due to the effect of the background 

noise and reflections from discontinuities in the pipe. 
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Figure 3.7 Cross-correlation using accelerometer-measured signals. 

(a) Cross-correlation coefficient; (b) Theoretical prediction. The pass band of the ideal filter is 3D-140Hz. 
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The cross-correlation coefficients using accelerometer-measured signals and the 

corresponding theoretical prediction are plotted in Figure 3.7. As before, theoretical 

predictions of the cross-correlation coefficients are adjusted to account for the presence of 

background noise. Compared with the hydrophone-measured signals plotted in Figure 

3.6(a), Figure 3.7(a) shows that the correlation coefficient obtained from accelerometer

measured signals produces a more pronounced but lower peak value. The distance d] is 

found to be 73.1 m, which is determined from the time delay of -O.090s. The corresponding 

theoretical prediction plotted in Figure 3.7 (b) illustrates very similar high frequency 

behaviour of the correlation coefficient. In this case, the SNR were found to be -lO.9dB and 

14.6dB at positions where accelerometers 1 and 2 were attached. 

3.6.2 DERIVATIVES OF THE CORRELATION FUNCTION USING PRESSURE 

SIGNALS 

It has been discussed in Section 3.5 that differentiating the cross-correlation functions of 

pressure signals can improve the resolution of time delay estimation (sharpen the peak 

value). For hydrophone-measured data, the derivatives of the BCC function are plotted in 

Figure 3.8, where the results are normalised to the corresponding maximum amplitudes and 

the time delay estimate is marked by "0". As expected, there is a 90-degree phase shift of 

the peak correlation value in the 15t and 3rd derivatives of the correlation function as shown 

in Figures 3.8(a) and (c). The time delay of leak signals occurs at the minimum value of the 

2nd derivative and maximum value of the 4th derivative, as illustrated in Figures 3 .8(b) and 

(d) respectively. It is clear that the higher order derivative of the correlation function 

provides the sharper peak value. 

For this simple algorithm of resolution enhancement, another important property is the 

effect of the peak width on the amplitude of the derivatives. In general, the wider peak has 

the smaller derivative amplitude, and the effect becomes more noticeable at higher 

derivative orders. It is found that the amplitude of the nth derivative of a peak is inversely 

proportional to the nth power of its width. Thus differentiation in effect discriminates 

against wider peaks and the higher the order of differentiation the greater the 

discrimination. This behaviour can be useful in quantitative analytical applications for 

detecting peaks that are superimposed on and obscured by stronger but broader background 

peaks. As shown in Figure 3.6(a), the anomalous peaks found in the original cross

correlation function at a time shift of -0.236s and O.232s, are significantly suppressed. By 
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comparison, the 2nd derivative of the correlation function shows the best performance for 

time delay estimation. For higher order derivatives, the noise is greatly amplified. 
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Figure 3.8 Derivatives of the cross-correlation function of hydrophone-measured signals. 

The results are normalised to the corresponding maximum amplitUdes. Derivatives of the cross-correlation 

function that correspond to the time delay estimate are marked by "0". 

3.7 CONCLUSIONS 

Based on an analytical model of the BCC function of pressure responses established in 

Chapter 2, the effectiveness of the BCC method using different acoustic/vibration sensors 

has been evaluated for leak detection in plastic water distribution pipes. Theoretical 

predictions of the correlation coefficients of pressure, velocity and acceleration responses 

show the following: 

• The use of pressure signals leads to the highest peak cross-correlation coefficient. 

Therefore, a measure of pressure responses using hydrophones would be the most 

suitable for locating leaks having a small SNR. This is consistent with practical 

experience. 

• Pressure signals are the least sensitive to the relative positions of the sensors and 

therefore are the most suitable for extreme positions. Good levels of peak cross

correlation coefficient (e.g., greater than about 0.5) are only possible when the ratio of 
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distances satisfy 111 0 ~ d) / d2 ~ 10, 1/ 4 ~ d) / d2 ~ 4 and 1/ 3 ~ d) / d2 ~ 3 for pressure, 

velocity and acceleration responses respectively. In practice, these limits will be less 

stringent due to the limited bandwidth of the leak source and background noise. 

• The use of acceleration signals results in the sharpest peak of the cross-correlation 

coefficient. It also exhibits the least spreading of the envelope. 

• The derivative of the cross-correlation function enhances the resolution of the time 

delay estimate and suppresses the false peaks caused by interfering background noise. 

Therefore, this algorithm may be applied for leak detection. 

The theoretical predictions have been validated to some extent by comparison with 

results obtained using real leak signals from a test site in Canada measured by hydrophones 

and accelerometers. 
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CHAPTER 4 

TIME DELAY ESTIMATION OF LEAK SIGNALS USING 

GENERALISED CROSS-CORRELATION (GCC) METHODS 

4.1 INTRODUCTION 

To locate the position of a leak in plastic water pipes, accurate estimation of the time delay 

between two measured leak signals plays a dominant role in the correlation technique. 

Combining the analytical model of wave propagation along a fluid-filled pipe with the 

correlation technique facilitates greater insight into the use of this technique for leak 

detection. 

A model of the basic cross-correlation (BCC) function of pressure signals has been 

developed in Chapter 2, and the effect of the selection of acoustic/vibration sensors on the 

correlation results has been studied in Chapter 3. The essential difference between the BCC 

and the GCC methods, is that with the latter, the signals are passed though filters (pre

filtering) prior to performing the cross-correlation. The advantages of pre-filtering are two

fold: (i) to enhance the signals in the frequency bands where the SNR is high, thereby 

suppressing the signals outside these bands, and (ii) to pre-whiten the signals in order to 

sharpen the peak in the cross-correlation function. Knapp and Carter discussed the 

characteristics of five GCC methods and compared them with the BCC method [18], which 

include the phase transform (PHA T), the WIENER processor, the smoothed coherence 

transform (SCOT), the maximum likelihood (ML), and the ROTH impulse response. The 

frequency weighting functions are listed in Table 4-1. These weighting functions are taken 

from [20], but are written in a different form to aid interpretation. In this chapter, the GCC 

methods are compared with the BCC method for the purpose of leak detection in plastic 

water pipes to determine which method is best suited to this particular application. 

Coupled with wave propagation theory discussed in Chapter 2, theoretical predictions 

of various correlation methods are derived in the presence of uncorrelated background 

noise [35]. To study their accuracy, expressions for the uncertainty in the time delay 

estimates are derived and compared. The analysis requires the general expression for the 
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variance of a time delay estimate derived by Carter [21]. To assist the reader, the derivation 

of this expression is given in Appendix D. Combined with an ideal band-pass filter, this 

chapter shows the importance of the selection of the band-pass filter, which ensures the 

most significant phase information while minimising the effects of noise beyond the 

frequency bandwidth of interest. The standard deviations are compared with the resolution 

of the time delay estimates imposed by the low-pass filtering properties of the pipe. To 

support the theoretical predictions, the time delay estimators are used to predict the location 

of a leak using experimental data from the buried PVC water pipe as described in the 

previous chapters, and their performance in this task is compared and discussed. 

Table 4-1 Various cross-correlation methods [20). 

Bee PHAT 

\}'g(m) 1 

ISxlX2 (m)1 

WIENER SCOT 

r~X2 (m) rXI X2 (m) 

ISxlx2 (m)1 

ML 

r;IX2 (w) 1 

[1-r;'x2 (w)] ISxlx2 (m)1 

4.2 LEAK DETECTION USING GCC METHODS 

ROTH 

S'IXI (m) 

As discussed in Section 2.5, the background noise at each acoustic/vibration sensor is 

assumed to be uncorrelated with each other and with the leak signals, which can be 

modelled by 

(4.1) 

and 

(4.2) 

where random processes SI (t), S2 (t), 11, (t) and n2 (t) are stationary. In this case, the effect 

of uncorrelated background noise can be removed when correlating the two sensor signals. 

To accentuate the peak in the cross-correlation function associated with the time delay, 

the input signals can be pre-filtered, as shown in Figure l.3 [18]. Thus the GCC function 

R~X2 (r-) between sensor signals XI (t) and x2(t) is given by 

where \.f' g (w ) is the frequency weighting function, as listed in Table 4-1. When 

\.f' /w) = 1, the GCC becomes the BCC defined by equation (1.3). In practice, only an 
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~ 

estimate SXIX, (w) of the cross-spectral density (CSD) can be obtained from finite 

observations of xl(t) and x2(t). Consequently, the GCC estimator, .R.~x2 (1"), is obtained by 

(4.4) 

To simplify the derivation of various correlation estimators, however, the ideal GCe 

defined by equation (4.3) is used in this chapter. The frequency weighting functions for the 

GCC methods discussed in this chapter are listed in Table 4-1. It can be seen that all the 

weighting functions are real and thus have no affect on the phase of the CSD. The time 

delay estimators applied to the leak detection problem illustrated in Figure 1.1 are discussed 

below. 

4.2.1 THE PHAT ESTIMATOR 

The frequency weighting function of the PHAT estimator is given by 

(4.5) 

which can be substituted into equation (4.3) to give 

(4.6) 

It can be seen that, by pre-whitening the measured eSD, the PHAT estimator 

effectively removes the effects of wave propagation along the pipe and the frequency 

characteristics of the sensors, and also the effects of the leak spectrum. For non-dispersive 

wave propagation, which is the case in buried plastic pipes, the result is a perfect delta 

function at the time delay - Y'a . One disadvantage of the PHA T estimator is that it takes no 

account of the noise in the signals, and thus by pre-whitening, the effects of noise may be 

enhanced, thereby corrupting the estimate of the time delay. 

4.2.2 THE WIENER ESTIMATOR 

From equations (4.1) and (4.2), the auto-spectral densities (ASDs) of signals xl(t) and 

x2 (t) , are given by 

(4.7) 

and 
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(4.8) 

The weighting function of the WIENER processor, "I' w (())) , is defined by 

(4.9) 

This indicates that the WIENER estimator adjusts the eSD according to the value of 

the coherence. This method, therefore, has the desirable effect of suppressing those 

frequency regions where the coherence is poor. However, the pre-filtering operation does 

not improve the resolution of the time delay estimate as it has no effect on the sharpness of 

the peak in the cross-correlation function. Equations (4.7)-(4.9) can be substituted into 

equation (4.3) to give 

(4.1 0) 

where hw(r) = F-1 1 + 1 2 Sn]n] (m) 1 + 1 2 Sn,n, (m) . When the 
[{[ ][ ]}

_lj 
jH(m,d1)j SII(m) jH(m,dz}j SII(m) 

effect of background noise is negligible, i.e., r:]x,(m)~I, R~<,(r)~Rx]x,(r). In this case, 

the WIENER estimator is equivalent to the Bee estimator. Like the Bee estimator, the 

delta function in the cross-correlation function will also be smeared by the finite bandwidth 

of the leak spectrum, the pipe dynamics and the choice of acoustic/vibration sensors. 

4.2.3 THE SCOT ESTIMATOR 

The frequency weighting function of the seOT estimator, \f's ({))), is given by 

(4.11 ) 

In terms of the analysis of the pre-filtering operations discussed for the PHAT and 

WIENER estimators, the frequency weighting of the SeOT estimator given by equation 

(4.11) can be interpreted as two filtering processes: pre-whitening represented by the 

denominator of "I's (m), and attenuation in the frequency regions where noise is present, by 

the numerator rx]x
2 
(m) respectively. Thus the seOT estimator is designed to accentuate the 

peak value of the cross-correlation function by introducing a weighting function "I's (m) 
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specifically to determine the time delay under the influence of weakly correlated noise. For 

leak detection in plastic water pipes this Gee method turns out to be a worthwhile thing to 

use. Substituting the weighting function given by equations (4.11) into (4.3) gives the 

SCOT estimator 

(4.12) 

If Sri XI (0; ) = SX2 X2 (0;), which occurs when signal XI (t) is the mirror image of signal 

X2 (t) , the SCOT estimator is equivalent to the ROTH estimator. On the other hand, if the 

noise spectrum Snlnl (0;) or Sn2n2 (0;) is much larger than the leak spectrum SIleo;) at only a 

{[ ][ ]}

-I!2 

1 Snn (0;) 1 Sn n (0;) 
few frequencies, then 1 + 2 I I 1 + 2 2 2 « 1 

IH(o;,dl)1 SIleo;) IH(0;,d2 )1 SIleo;) 
only at 

these frequencies. When S" (0;) IS large compared to Sn n (0;) and Sn n (0;) , 
I I 2 2 

estimator gives an estimation of the time delay by a narrow pulse occurring at T peak = -'Fa. 

Thus the SCOT is designed to accentuate the peak of a cross-correlation function by 

introducing a weighting function specifically to determine time delay in the case of high 

SNRs. 

4.2.4 THE ML ESTIMATOR 

The frequency weighting of the ML estimator leads to the minimum variance of the time 

delay estimate if the signals are Gaussian [20]. It is given by 

(4.13) 

In a similar way to the SCOT estimator discussed in Section 4.2.3, equation (4.13) 

shows that two pre-filtering operations are involved in the ML estimator. The prewhitening 

process is represented by the second term in equation (4.13), and the first term weights the 

eSD according to the variance of the phase estimate. It attaches most weight when the 
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variance of the estimated phase error is least [18]. Similar to the WIENER and SCOT 

estimators, the ML estimator weights the phase according to the strength of the coherence, 

which gives a more pronounced weighting given by equation (4.13). It is noticed, however, 

that when r;IX2 (m) ~ 1, i.e., in the case of a high SNR \f'M (m) ~ 00. Therefore, it is 

thought that this processor is not preferable to the SCOT estimator for leak detection as it 

has the effect of overemphasizing as well as underemphasizing the signals at certain 

frequencies. 

Following the same procedures as before, the correlation estimator R~2 (r) IS 

determined by 

(4.14) 

4.2.5 THE ROTH ESTIMATOR 

Combining the ASD of signal Xl (t) with the weighting function of the ROTH estimator, 

which is defined by 

(4.15) 

the cross-correlation estimator given by equation (4.3) becomes 

( 4.16) 

where hR (r) = F- I ({IH(ev, dl )1
2 
+ SnlnJev) / SI/(ev)r). Therefore, the delta function will be 

spread regardless of the SNR because of the pipe and sensor characteristics, and the SNR at 

sensor 1. The rationale for using this processor is that it removes the effects of the input, 

thus calculating the system delay more accurately. Because the spectrum of the input (the 

leak) cannot be measured directly it is difficult to see how this method could be beneficial 

for leak detection, but it is included in this thesis for completeness. 

By comparing the various GCC methods, it can be seen that the PHAT, SCOT and ML 

estimators involve pre-whitening of the leak signals, which sharpens the peak in the cross

correlation function. These are therefore of particular interest in this thesis. 
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4.3 VARIANCE OF THE TIME DELAY ESTIMATE 

There has been considerable study of the errors in time delay estimates using the correlation 

technique [18, 21]. Assuming that the variance of the time delay estimator i peak is in the 

neighbourhood of the true time delay and there are no other biasing effects, the variance of 

the time delay estimates can be well defined, as discussed in Appendix D. In this section, 

the variance of the time delay estimators for the purpose of leak detection is compared. To 

allow the analysis to be conducted analytically it is assumed that the coherence between the 

two signals r;'x
2 
(cv) is constant in a frequency bandwidth /:;,.OJ = OJ1 -OJo and is zero 

elsewhere, i.e., 

2 ( ) = {r2 , OJo ~ IOJI < OJ1; rxx OJ 
J 2 0, otherwise. 

(4.17) 

In practice, a constant coherence can hardly ever be achieved. However, under this 

assumption, the assessment of the variance of the time delay estimators using different 

correlation methods can be further examined. A similar assumption has been made by 

Carter [21] to discuss the effect of coherence on the ML estimator. The general expression 

for the variance of a time delay estimator is derived in Appendix D and is given by 

(4.18) 

To determine the variances of the specific time delay estimators given in Table 4-1, it 

can be determined by substituting for the various weighting functions \f' /OJ) into equation 

(4.18). Assuming the coherence has the form given in equation (4.17), the variances are 

found to be as follows, 

1) For the BCC and WIENER estimators, 

(4.19) 

2) For the PHAT, SCOT and ML estimators, 

(4.20) 
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3) For the ROTH estimator, 

(4.21) 

It can be seen from equation (4.20) that the variance of the PHA T, SCOT and ML 

estimators is governed by three factors, namely, the observation time T, the coherence y2, 

and the frequencies COo and COl' For the other estimators, the variance is also related to the 

ASDs of the two signals and the CSD between them, as shown in equations (4.19) and 

(4.21). The effects of coherence, cut-off frequencies, and the pipe and the sensors on the 

variances of the time delay estimators are discussed in the following subsections. 

4.3.1 EFFECT OF COHERENCE 

It can be seen from equations (4.19)-(4.21) that the variance of each estimator is dependent 

upon 1- ( , as illustrated in Figure 4.1. For the coherence y2 < 0.3 as marked by "0" in 
y 

the figure, 1- ( is approximately proportional to 11 y2 . When 0.3:::; y2 < 1, there is a rapid 
y 

change in the term 1- ( . Thus for this range of coherence the variance of the time delay 
y 

estimate reduces dramatically as the coherence is increased. In the case of poor SNR (or 

weakly coherent signals), the variance of the time delay estimate can be reduced by 

increasing the finite observation time T. 
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10-2L-----~--~~~~~~~----~--~--~~~~~ 
10-2 10-1 10° 

t 
Figure 4.1 Illustration of the effect of coherence on the variance of time delay estimators. 

Plot of the term (1- r2) / r2 against coherence r2 . For the coherence r2 = 0.3 , the corresponding value of 

(1- r2)/ r2 is marked by "0". 

4.3.2 EFFECT OF CUT-OFF FREQUENCIES 

It has been shown in Chapter 2 that for a plastic pipework system, leak signals are heavily 

attenuated and concentrated at low frequencies. Filtering operations are therefore required 

to remove background noise before conducting time domain cross-correlation, of which the 

selection of cut-off frequencies is the predominate consideration. The effect of cut-off 

frequencies on the variances of the time delay estimators is addressed in this subsection. 

Referring to Figure D. 1 (b), the standard derivation (J'i is given by 
peak 

(4.22) 

where (J'z is the standard deviation of the first derivative of the cross-correlation function, 

as given by equation (D.2); 1 a!~Z] 1_ is the slope of the expected value of z at T = T peak' 

r -T peak 

If the slope is increased, then (J'i
pmk 

becomes smaller. In the extreme case when R
X1X2 

(T) IS a 
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delta function, the slope is infinite and thus (J'ipeak = O. By passing the leak signals though a 

band-pass filter, the delta function is smeared. As the bandwidth 11m ---+ CI) , then (J', ---+ 0 . 
T peak 

Therefore, the variance of the time delay estimate can be reduced by passing the leak 

signals through a broad band-pass filter. 

With reference to the variance of prewhitening processors given by equation (4.20), if 

the bandwidth of interest is relatively large which satisfies CUo / m
J 
«1, equation (4.20) 

becomes 

(4.23) 

4.3.3 EFFECT OF THE PIPE AND THE SENSORS 

If we assume that the leak spectrum is flat, i.e., SI/(m) = So in the frequency range mo to 

mJ , the variances of the BCC and WIENER estimators can be determined by substituting 

equations (3.11) into (4.19) to give 

(J'2 =7rl- y 2 (Im
2
\f';n(m)dcu 

fpeak T y2 (r,m2\f'2n(m)dmf (4.24) 

Equation (4.24) shows that the variances of the BCC and WIENER estimators are 

governed by both the pipe properties and the choice of acoustic/vibration sensors, as 

\f' 2n (w) is a function of wave attenuation and the type of sensor. As for the ROTH 

estimator, the variance given by equation (4.21) is largely influenced by background noise. 

It should be noted that the variance of the time delay estimate increases as the filter 

bandwidth 11m decreases. Consequently, it is desirable to use a filter that has a bandwidth 

that is as wide as possible. In reality, however, the pipe characteristics and the distances 

from the sensors to the leak, govern the highest frequency of the measurable leak noise and 

hence cuJ • Thus to reduce the variance the only realistic options are to increase T and/or 

improve the coherence by using transducers with higher sensitivity. 

For a typical plastic pipe with fJd = O.023s, and assuming that l=0.2, T=60s, and 

mo = 62.8rad/s, the standard deviations (J'i
peak 

for various cross-correlation estimators are 

illustrated in Figure 4.2. It can be seen that the standard deviations of all the estimators 
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decrease with increasing bandwidth. Note also that the three pre-whitening estimators have 

the smallest variance. 

4 

3.5 

1 
b~ 2.5 

2 

1.5 

1 

'. 
" 

..... ........ ..................................................................... . 

0.5~1 ------'----'-----'----'-------' ~~-------'-------~I 
150 200 250 300 350 400 450 500 550 

11m (rad/s) 

Figure 4.2 The standard deviation (Yip,", against the frequency bandwidth I'lOJ. 

PHAT, SCOT and ML estimators (--); Bee and WIENER estimators C····) of pressure signals. For a 

typical plastic pipe with fJd = 0.023s , /=0.2, T=60s, and OJo = 62.8rad/s . 

4.4 EFFECT OF BAND-PASS FILTERING 

For most practical pipework systems, leak detection is most successfully conducted on low 

frequency leak signals, which means that waves propagate most effectively at these 

frequencies. In addition, recent work in Canada on typical PVC water distribution pipes [8, 

32], has focused on the dominant low frequency signals. As mentioned in their papers, 

below 5Hz the signals were dominated by ambient noise at peaks corresponding to the 

longitudinal resonance frequencies of the test pipe. Therefore additional filtering operations 

should be performed in the calculation of the correlation function in order to compensate 

for the erratic behaviour in that frequency band, which may affect the evaluation of the time 

delay. As described in Section 4.2, the PHAT, SCOT and ML estimators pre-whiten the 

leak and sharpen the peak in the cross-correlation function and are therefore of particular 

interest. The effect of band-pass filtering of the signals on these estimators is discussed in 

this section. 
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For non-dispersive wave propagation, the magnitude and phase of the pre-whitened 

CSD (without considering the weighting of the coherence) between two sensor signals is 

illustrated in Figures 4.3(a) and (b) respectively. In the noise-free case, a delta function in 

the cross-correlation is produced. When the signals are band-limited, the corresponding 

phase spectrum is shown in Figure 4.3(d). When the PHAT estimator is used on this data, 

the modulus is whitened as shown in Figure 4.3(c), which results in a false peak in the 

correlation function at zero time lag as shown in Figure 4.4 due to the uniform distribution 

of the phase spectrum. It is possible that the peak in the cross-correlation function due to 

the time delay may be masked by the oscillatory behaviour of the false peak. In order to 

remove the possibility of false peak, it is necessary to pass the signals through a band-pass 

filter prior to using the PHAT estimator. In practice, however, the false peak at zero time 

lag cannot be seen in the correlation results, since the phase spectrum is dominated by 

background noise outside the frequency range of interest. 

1 
fI) 

.2 
:::J 
"0 
0 

::E 

00 

1 
fI) 

.2 
:::J 
"0 
0 
~ 

o 0 

(a) 

(c) 

Frequency 

Frequency 

Q) 
fI) 
co 

..r::: 
a.. 

(b) 

Frequency 

(d) 

Frequency 

Figure 4.3 The weighted CSD of the PHAT estimator. 

In the ideal case (a) Modulus; (b) Phase. In the band-limited case (c) Modulus; (d) Phase. 

For the simple case where an ideal band-pass filter is applied to remove the noise, as 

defined by equation (2.15), the modified weighting function \.f' p (aJ) is then given by 

(4.25) 
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~ ~ 80~-----------------w~.11 ~~------------------~ ~ -~ 
II) e 
o 

o 
Time 

Figure 4.4 The PHAT estimator for band-limited signals. 

In the frequency domain, there is uniform distributed modulus spectrum and band-limited phase spectrum, as 

illustrated in Figures 4.3(c) and (d). 
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Figure 4.5 The CSD of the revised PHAT estimator: (a) Modulus; (b) Phase. 

Figure 4.5 shows the CSD of this revised estimator. Combined with equation (4.3), the 

PHAT estimator R:x (r) changes to 
12 
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( 4.26) 

where geT) = F- I {G(cu)} = 2sin(LlcuT 12)cos(CUeT) , and we IS the centre frequency 
7fT 

CUe = (cuo + CUI) I 2 . Equation (4.26) can be reformulated as 

(4.27) 

which shows that R~X2 (T) oscillates at the "centre" frequency cue with modulation 

controlled by the bandwidth Llcu. As shown in Figure 4.6, the false peak has been removed 

by the correlation estimator. A temporal bandwidth Ll T is defined, which is also the 

resolution of the time delay estimate, as the time between the first two zero crossings, given 

by 

o 
Time 

Figure 4.6 The revised PHA T estimator. 

(4.28) 

This shows that the resolution of the time delay estimator can be improved by using a 

band-pass filter with a high centre frequency cue' which means, if possible, using a band-

pass filter with a higher cut-off frequency CUI . On the other hand, the oscillatory behaviour 

of the correlation function can be largely reduced by using a broad band-pass filter with a 
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lower cut-off frequency Wo [33]. In practical situations, a distinct peak in the cross

correlation function is required to compensate for the effect of background noise. In this 

case, a broad band-pass filter is normally applied to suppress the spreading phenomenon of 

the cross-correlation function with the resolution of the time delay estimator give by 

equation (4.28). The lower frequency cut-off 0)0 is usually set to remove background noise, 

which for example has a typical value of between 5Hz and 10Hz for hydrophone-measured 

signals in practice. As mentioned previously, the upper cut-off frequency WI is normally 

governed by the pipe characteristics and the distances of the sensors from the leak. 

4.5 RESOLUTION VS. STANDARD DEVIATION OF THE TIME 

DELAY ESTIMATORS 

The standard deviation and the resolution are of importance in influencing the accuracy of 

the time delay estimate. Combining equations (4.20) with (4.28) gives the ratio of the 

standard deviation and the resolution as, 

(4.29) 

If a broad band-pass filter is applied, which satisfies the condition Wo « /.':"W , equation 

(4.29) can be approximated by 

O"fpWk ~! P 1 
/.':" T ~ 2 Y (/.':"WT)1I2 . 

(4.30) 

The ratio of the standard deviation to the resolution of the time delay estimator given 

by equation (4.29) is slightly underestimated by its approximation value given by equation 

(4.30). The ratio given by equation (4.30) is shown in Figure 4.7. It can be seen that the 

ratio is much less than unity for all /.':"wT and values of coherence y2. It decreases with 

increasing /.':"wT and y2. This demonstrates that the random error (as estimated by the 

standard deviation) of the estimate due to the presence of noise on the measurements is 

generally insignificant compared to the resolution of the time delay estimator, which is only 

a function of the frequency bandwidth. 
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Figure 4.7 The ratio ~ for the PHAT estimator. 
L'lr 

4.6 EXPERIMENTAL RESVL TS 

The leak signals measured by hydrophones and accelerometers, as discussed in Chapters 2 

and 3, are used in this section to evaluate the effectiveness of the various cross-correlation 

methods for leak detection in plastic water pipes. 

4.6.1 ANALYSIS OF TEST DATA USING THE CORRELATION TECHNIQUE 

Noting that the signals measured were dominated by ambient noise at low frequencies and 

were attenuated at high frequencies, the filter cut-off frequencies must be properly selected. 

The sensor signals were designed to pass through an ideal band-pass filter. The pass band of 

the filter was set from 10Hz to 50Hz for hydrophone-measured signals and from 30Hz to 

140Hz for accelerometer-measured signals. 
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Figure 4.8 Nonnalised cross-correlation using various correlation methods for hydrophone-measured signals. 

(a) Bee; (b) PHAT; (c) WIENER; (d) SCOT; (e) ML; (t) ROTH. 
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Figure 4.9 Normalised cross-correlation using various correlation methods for accelerometer-measured 

signals. (a) Bee; (b) PHAT; (c) WIENER; (d) SCOT; (e) ML; (t) ROTH. 

The correlation functions using various correlation methods are plotted in Figure 4.8 

and Figure 4.9 for hydrophone and accelerometer-measured signals respectively. The 

results were normalised to the corresponding peak correlation values. For the hydrophone-
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measured signals as shown in Figure 4.8, the pre whitening process provided by the PHAT, 

SCOT and ML estimators, gives a more distinct peak correlation with narrower peaks and 

smaller variance. These three GCC methods exhibit similar oscillatory behaviour of the 

cross-correlation function. A probable explanation for this is that when the test was carried 

out there was relatively high SNR for the hydrophone measurements. In the case of low 

SNR, for the accelerometer measurements, however, large differences of the prewhitening 

GCC results can be seen, as shown in Figure 4.9. The PHAT and SCOT methods lead to the 

correlation results with smaller variances, compared to the ML method. In this case, good 

correlation results can also be obtained by the BCC method. 

Figure 4.8 and Figure 4.9 both show that, although the ML weighting leads to the 

minimum variance of the time delay estimate [20], the sharpest peak and lowest variance of 

the cross-correlation function are not necessarily achieved by using this estimator. 

4.6.2 RESOLUTION AND STANDARD DERIVATION OF THE TIME DELAY 

ESTIMATORS 

To evaluate the accuracy of the time delay estimators obtained, the corresponding relative 

distance d1 was calculated and is shown in Table 4-2. Compared with the relative distance 

d1 = 73.5m, the PHAT and SCOT estimators give the most accurate values. In terms of the 

resolution caused by band-pass filtering given by equation (4.28), however, all the time 

delay estimators are within the fluctuation range of interest. The resolution imposed by 

band-pass filtering for the hydrophone-measured signals was 0.017s (which is larger than 

the time domain resolution of 0.002s due to the sampling frequency of 500samples/second), 

which causes 9% error in the distance d1 (corresponding to a distance of 6.6m). A broader 

band-pass filter is applied to the accelerometer-measured signals, which gives the 

resolution of 0.006s and a corresponding error 3% in the distance d1 (corresponding to a 

distance of 2.2m). As discussed in Section 4.4, good resolution of the time delay estimator 

can be achieved by passing the sensor signals through the filter with a broad bandwidth. 

Therefore, accelerometer-measured signals provide better resolution of time delay 

estimators. 

The variances of the time delay estimators obtained using various cross-correlation 

methods can be determined from equation (4.18). As can been seen from Table 4-2, the ML 

estimator gives the minimum standard deviation of the time delay estimate for both 

hydrophone and accelerometer-measured signals. However, the standard deviations of all 
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the time delay estimators are small. The largest standard derivation is obtained for the 

PHAT estimator using accelerometer-measured signals, giving an error of 0.21m, which is 

less than 0.3% in the distance calculated. In comparison with the resolution of the time 

delay estimate due to band-pass filtering, the standard deviations for all estimators are 

insignificant, and hence can be neglected in a practical procedure for leak detection in 

buried plastic water pipes. Unlike leak signals in plastic pipes, leak signals in metal pipes 

contain much higher frequency components, and consequently a higher frequency range 

may be used to calculate the cross-correlation function between two sensor signals. In this 

case, the ratio of the standard deviation to the resolution of the time delay estimators given 

by equation (4.30) becomes even smaller. It indicates that the resolution of the time delay 

estimate plays a dominant role on the evaluation of the accuracy of all the time delay 

estimators for leak detection in water-filled pipes. 

Table 4-2 Results of the time delay estimators and distance d j • 

Bee PHAT WIENER SCOT ML ROTH 

i peak (s) -0.094 -0.092 -0.094 -0.092 -0.090 -0.090 

Hydrophone 
dj (m) 73.8 73.3 73.8 73.3 72.9 72.9 

-measured data 
0', (e-4s) 

p",k 
1.128 0.764 l.0 11 0.695 0.652 0.742 

i peak (s) -0.090 -0.092 -0.090 -0.092 -0.090 -0.092 

Accelerometer 
dj (m) 73.1 73.6 73.1 73.6 73.1 73.6 

-measured data 
0', (e-4s) 

peak 0.783 2.566 0.878 0.822 0.702 0.995 

4.7 CONCLUSIONS 

In this chapter various time delay estimators have been compared for the purposes of leak 

detection in buried plastic water pipes. The PHA T, SCOT and ML estimators designed to 

pre-whiten the leak signals prior to the cross-correlation, have the desirable feature of 

sharpening the peak in the cross-correlation function. Combined with the wave propagation 

theory in plastic pipes, theoretical predictions using various correlation methods show the 

following: 

.. Although the PHA T estimator is designed to give a delta function located at the exact 

time delay, in practice the SCOT and ML estimators additionally take account of the 
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effect of background noise in the estimation procedure, which will probably be more 

beneficial to water leak detection. 

• Assuming there is a constant coherence III a frequency bandwidth of interest, by 

comparing the variances of various time delay estimators, it has been shown that the 

pre whitening process provides the smallest variance. 

• To reduce the variance of the time delay estimators using the prewhitening process, the 

possible options are to increase the observation time, use more sensitive transducers, 

and choose a broader frequency bandwidth of interest. 

• A broad band-pass filter is normally applied to achieve good resolution of the time 

delay estimator. 

o The random error III the time delay estimates due to random nOIse on the 

measurements is generally insignificant compared to the resolution of the time delay 

estimate for leak detection in typical plastic pipes. 

The correlation technique has been applied to the analysis of some test data from 

actual PVC pipes. Numerical results show that the variance/standard deviation of the time 

delay estimator is insignificant in the evaluation of the correlation technique for leak 

detection in typical plastic pipes. Additionally experimental results confirm the 

effectiveness of the prewhitening process for leak detection in plastic pipes. 
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CHAPTERS 

EFFECT OF REFLECTIONS 

5.1 INTRODUCTION 

The aim of this chapter is to discuss the effect of reflections, which most likely arise from 

junctions, valves, and terminations along the pipeline system on the correlation technique. 

The entire process of wave propagation in pipes can be modelled using various simulation 

approaches, including the method of characteristics [36, 37], bond graph modelling [38], 

modal analysis [39] and the transmission modelling technique [40-42]. Although these 

methods are commonly adopted to model waves in pipeline networks, the use of 

transmission and reflection coefficients is sufficient to investigate the effect of reflections 

on leak detection, which is described in this chapter. 

The main body of this chapter consists of six sections. Following the introduction, the 

effect of the reflections on the basic cross-correlation (Bee) using pressure responses is 

studied in Section 5.2. To illustrate the behaviour of wave propagation in plastic water 

pipes, theoretical analysis is carried out for the simple case of a pipe with two 

discontinuities. When reflections occur, numerical results show that the main peak 

corresponding to the true time delay resulting from the propagating leak signals is 

corrupted by several false peaks. 

In Section 5.3, the effect of reflections on the Bee is discussed for more general cases 

when leak signals are measured using pressure, velocity and acceleration sensors. The 

possibility of the use of mismatched acoustic/vibration sensors is also discussed for the 

purpose of leak detection. Furthermore, the effect of reflections on the generalised cross

correlation (Gee) methods, of which the prewhitening process is of particular interest, is 

studied in Section 5.4. In contrast with the Bee, it turns out that the prewhitening process 

enables the main peak to be distinguished while suppressing the additional false peaks. In 

Section 5.5, the theoretical work is applied to some test data from actual water pipes as 

described in the previous chapters. Finally, some conclusions are drawn in Section 5.6. 
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5.2 EFFECT OF REFLECTIONS ON THE BCe METHOD 

Consider a water-filled plastic pipe, as shown in Figure 5.1. It depicts a typical 

measurement arrangement for a leak in a water pipe. An access point (normally a hydrant) 

where a sensor can be attached is located on each side of the leak at distances d l and d2. In 

the case when the pipe is assumed to be of infinite length without reflecting discontinuities, 

the acoustic pressure can be considered to be uniform across the cross-section and the 

model of wave propagation for this case has been developed in Chapter 2. 

: 

Leak noise 
l(t) 

Water pipe 

d :1 
Figure 5.1 Wave propagating in a water pipe with a leak bracketed by two sensors. 

To explain the effect of reflections on the correlation technique, this section concerns 

the transmission of waves through two discontinuities on each side of the leak in a plastic 

water pipe. Assuming that the two discontinuities are located at relative distances II and 12, 

theoretical predictions of the cross-correlation functions are derived for the following three 

cases: two in-bracket discontinuities, two out-of-bracket discontinuities, and one in-bracket 

and one out-of-bracket discontinuities. 

5.2.1 FREQUENCY RESPONSE FUNCTIONS 

1) Two in-bracket discontinuities 

Sensor 1 
xl(t) 

D I«(I)I-kdl)~ 
rb1e ~ 

p el«(u/-kdj ) ~ 
.rl ; 

I: 

Discontinuity 1 
i 

...a+-.. ~ ... 
--r-

Leak noise 
l(t) 

Water pipe 

Discontinuity 2 

---t--
• •• 1 ••• 

..y-
: 

Sensor 2 
xT(t) 

i D l(tVI+kd2 ) 

i Jh2e 

~ PtZei (OJ/+kd2) 

:1 
Figure 5.2 Wave propagation and reflection in a pipe with two in-bracket discontinuities. 

Leak signals propagate along the pipe and are reflected at the discontinuities. Thus at each 

location where the acoustic sensor is attached dl and d2, there are two types of 

propagating/reflected waves including basic propagating/reflected waves and subsequent 
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propagating/reflected waves. In the frequency domain, the basic propagating/reflected 

waves are ~Ie-ikdj at distance d1 and ~2e-ikd2 at distance d2 , are given by 

P. e-ikdj = t R (OJ)e- ikdj + r t R (OJ)e-ik(dj+2d2-212) 
61 I 0 2 I 0 

and 

respectively. Here tl and t2 are transmission coefficients, and lj and r 2 are reflection 

coefficients at discontinuities 1 and 2 respectively, which are all assumed to be real and 

frequency independent. The subsequent propagating/reflected waves P'le-ikdj at distance d 1 

and P'2e-ikd2 at distance d2 are generated by the repeated multiplication of ljr2e-
ik2

(d-l) , 

where d = dl + d2 and I = II + 12 • 

Referring to Figure 5.2, the total acoustic pressure at distances d 1 and d2 can be obtained by 

repeating this process indefinitely, which is given by 

p(OJ d) = P. e-
ikdj + P e-

ikdj 
'1 bl sl 

00 

=tIPo(OJ)e-ikdj {1 + r2e-ik2(d2-12)} I (ljr
2 
r e- ik2n(d-l) , 

(5.1 ) 

n=O 

and 

( d) - p. -ikd, P -ikd2 P OJ, 2 - b2 e + s2 e 

00 

=t
2

Po (OJ )e-ikd2 {1 + lje -lk2(dj-l j )} I (ljr
2 
r e -ik2n(d-1) , 

(5.2) 

n=O 

respectively. From equation (5.1), the frequency response function between the leak and 

sensor signal 1 is given by 

(5.3) 

Since /'lr
2
e-

ik2
(d-l) I < 1, the summation of series f (fjr2r e-

ik2n
(d-l) is obtained by 

n=O 

~ ( )n -lk2n(d-l) _ 1 
L.... fjr2 e - -ik2(d-l) • 
n=O 1-ljr2e 

(5.4) 
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Equation (5.3) can be further expressed by 

(5.5) 

The frequency response function between the leak and sensor signal 2 can be given in 

a similar way by 

t
2

P
O 

(OJ)e- ikd2 {I + lje-'k2 (d,-I,)} I (ljr
2 
Y e-ik2n(d-l) 

HP(OJ,d
2

) = n-O 

Po (OJ) 

2) Two out-of-bracket discontinuities 

Sensor 1 Discontinuity 1 
x 1({) 

.~.l .. 
~ 

Leak noise 
l(t) 

Water pipe 

Sensor 2 
X2(t) Disconfinuity 2 

P. '«(j)I+kd2~ 
b2

e ~ 
p e'{(U/+kd~~ 

.i2 : 

---t-
•• 4'" 

~ 

Figure 5.3 Wave propagation and reflection in a pipe with two out-of-bracket discontinuities. 

(5.6) 

Leak signals propagate along the pipe and are reflected at the discontinuities. In a similar 

way to the analysis of the effect of in-bracket discontinuities as illustrated in Figure 5.2, at 

each location where the acoustic sensor is attached d] and d2 , there are two types of 

propagating/reflected waves including basic propagating/reflected waves and subsequent 

propagating/reflected waves. In the frequency domain, the basic propagating/reflected 

waves are ~le-ikd, at distance dl and Pb2e-ikd2 at distance d2, are given by 

and 

respectively. As defined previously, lj and r2 are reflection coefficients at discontinuities 1 

and 2 respectively, which are all assumed to be real and frequency independent. The 

subsequent propagating/reflected waves Pvle-
ikd

, at distance d] and P'2e-ikd2 at distance d2 

are generated by the repeated multiplication of ljr2e-
,k2

(d+l) . 
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From Figure 5.3, the total acoustic pressure at distances d1 and d2 can be obtained by 

p(OJ,d
1

) = ~le-ikdl + P'le-ikdl 

=Po(OJ)e-ikdl {I + lje-ik2/1 + r2e-ik2(d2+/2) + ljr2e-ik2(d2+/)} f(ljr
2
f e-ik2n(d+/) , 

(5.7) 

n=O 

and 

( d) - TJ -ikd2 P -ikd2 P OJ, 2 - I b2 e + s2e 

= Po (OJ)e- ikd2 {I + r2e-ik2/2 + lje- ik2(dl+/Jl + ljr2e-ik2(dl+/)} f(ljr
2
f e-ik2n(d+/) . 

(5.8) 

n=O 

The corresponding frequency response functions between the leak and sensor signals is 

given by 

and 

3) One in-bracket and one out-of-bracket discontinuities 

Sensor 1 
Discon~inuity 1 x!(t) 

: : 

Leak noise 
/(t) 

++-
"'1" 

~blei«(Uf~kdl 
---r-- Water pipe 
~ P el(WI-kd, ) 

--t- ~Sl 

I. I, .1. d, .1. 

Discontinuity 2 

-f-.,-:, .. 
~ 

: 

(5.9) 

(5.10) 

Sensor 2 
xr(t) 

1 P. i{(()/+kdz) ! bl
e 

~p l(ruI+kd2 ) 

~ .d
e 

:1 
Figure 5.4 Wave propagation and reflection In a pipe with one in-bracket and one out-of-bracket 

discontinuities. 

Leak signals propagate along the pipe and are reflected at the discontinuities. At each 

location where the acoustic sensor is attached d1 and d2 , there are two types of 

propagating/reflected waves including basic propagating/reflected waves and subsequent 

propagating/reflected waves. In the frequency domain, the basic propagating/reflected 

waves are ~le-ikdl at distance d1 and ~2e-ikdl at distance d2 , are given by 
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and 

P, e-ikd, = t P, (OJ)e- ikd2 +t r,P, (OJ)e-ik(d,+Zd\+ZI\) 
bZ Z 0 2 I 0 

respectively. Here, t2 is the transmission coefficient at discontinuities 2, and lj and r2 are 

reflection coefficients at discontinuities 1 and 2 respectively, which are all assumed to be 

real and frequency independent. The subsequent propagating/reflected waves P'le-ikd, at 

distance d] and P'2e-ikd2 at distance d2 are generated by the repeated multiplication of 

In the case when waves propagate in a pipe with one in-bracket and one out-of-bracket 

discontinuities as shown in Figure 5.4, the total acoustic pressure at distances d] and d2 can 

be obtained by 

and 

ao 

= tzPo(OJ )e-ikd, {I + lje- ik2 (d\+I\)} I (ljr
2 
r e-ik2n(d+I\-I,) . 

(5.12) 

n=O 

The corresponding frequency response functions between the leak and sensor signals 

are given by 

(5.13) 

and 

(5.14) 

5.2.2 CROSS-CORRELATION FUNCTIONS 

For two pressure signals Xl (t) and x2 (t) measured at positions x=d] and x=d2, the cross

spectral density (CSD) SX\X, (OJ) can be obtained from equation (2.9). Combined with the 

frequency response functions as discussed in Section 5.2.1, the corresponding CSDs as a 

result of the existence of reflections can be further discussed as follows. 
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Substituting the frequency response functions H P (OJ, d1) and H P (OJ, d2 ) into equation 

(2.9) gives 

1) For two in-bracket discontinuities, r = t/2 • A(OJ) and B({1) are given by 

and 

respectively. 

2) For two out-of-bracket discontinuities, r = 1 . 

and 

A( OJ) = 1 + r./W2/1/C e -wfJ2/1 + r2eiW2(d2+lz)/c e -wfJ2(dz+/2) + r,/'zeiW2(d2+/)/c e -wfJ2(d2+/J 

+ -iw2/2/C -wfJ2/2 + -iw2t>J/c -wfJ21 + 2 iw2d2/Ce-wfJ2(d2+2/2) 
f2e e 'Jr2e e r2 e 

+ 2 iw2(1I+d2)1c -wfJ2(d2+1+/2) + -iw2(dl+/I)/c -wfJ2(dl+/l ) + 2 -iw2dl /c -wfJ2(dj+2/1) 
I]r2 e e I]e e I] e e 

+ iw2(M+t>J)/c -wfJ2(d+/) + 2 iw2(M+/2)/c -wfJ2(d+I+/I) 
I]f2e e I] f2e e 

+ -iw2( dj +1)/ c -wfJ2( dl +/) + 2 -iw2( dj +12)/ c -wfJ2( dl +1+/1) 
I]r2e e I] f2e e 

+ 2 iw2(M-/j)/c -wfJ2(d+I+/2) + 2 2 iw2M/c
e

-wfJ2(d+2/) 1]12 eel] 12 e 

3) For one in-bracket and one out-of-bracket discontinuities, r = t2 . 

A( ) -1+ -lw2(dl+/I)/C -wj32(d,+/,) + i(u2/1/c -wj32/1 + 2 -iw2d,/c
e

-wj32(dl+2/1) OJ - lje e lje e lj e 

+ Iw2(d,-I,)/c -(uj32(d,-I,) + f(U2(M-/)/c -wj32(d-M) 
~e e lj~e e 

+ iw2(d,-M)/c -wj32(d,-M) + 2 iw2(M-I,)/c -wj32(d-M+/,) 
ljr2e e lj r2e e 

and 

(5.15) 

(5.17) 

(5.18) 

(5.19) 

(5.20) 

(5.21) 

Since multiplication in one domain is a convolution in the transformed domain, the 

cross-correlation function Rx x (T) is given by , , 
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(5.22) 

where a(T)=F-1{A(ev)} and b-1(T)=F-1{_1_}. r is real and thus does not cause any 
B(ev) 

additional phase shift. The corresponding phase spectrum is given by 

(5.23) 

where ¢(ev) = Arg{A(ev)} . It can be seen from equations (5.16), (5.18) and (5.20) that 

¢(ev) is nonlinear. Thus the linear phase spectrum is affected by the introduction of A(ev) 

caused by the basic propagating/reflected waves. 

When there are no reflections in the pipe, it has been shown in Chapter 2 that a main 

peak corresponding to the true time delay resulting from the propagating leak signals can 

always be achieved despite the spreading phenomenon caused by the leak spectrum and 

wave propagation along the pipes. When reflections occur, the main peak is further 

corrupted, which is caused by the existence of the basic propagating/reflected waves given 

by A( ev) and subsequent propagating/reflected waves represented by B( ev) . The 

contributions of the false peaks to the correlation function depend on the strengths of the 

reflections tl, t2 and lj ,r2 , and the locations of the sensors and discontinuities. 

The effect of reflections on the cross-correlation is complex, since both the modulus 

and phase spectra are affected by the discontinuities. To quantitatively demonstrate the 

process of the detrimental effect of reflections on the correlation technique, the following 

theoretical work gives a simple example of the application of the cross-correlation in the 

case of two in-bracket discontinuities along the water pipe. 

The subsequent propagating/reflected waves can be represented by the denominator 

B(ev), which is plotted in Figure 5.5 for different reflection coefficients. It is clear that the 

subsequent waves are mainly dominant at low frequencies below about 20Hz and die away 

at higher frequencies. Also, the effect of subsequent waves is largely reduced in the case of 

the lower reflection coefficients. Specifically when lj = r2 = 0, equation (5.17) gives 

B( ev) = 1, which indicates that no subsequent waves occur. Based on the fact that B( ev) is 

real as defined by equation (5.17), it is found that the subsequent wave reflections can only 

deteriorate the modulus spectrum of the leak signals thus broadening the peak of the cross

correlation function. 
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Frequency (Hz) 
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Figure 5.5 B(w) as a function of frequency. ,8=2.26 x 10'4 s/m; c=479m/s; d=lOOm; /=lOm. 

The numerator A(QJ) given by equation (5.16) shows that there will be four peaks in 

the cross-correlation function. The first term gives the main peak in the cross-correlation of 

the propagating waves, which occurs at T = -To. Three false peaks are related to the basic 

propagating/reflected waves due to the existence of the two discontinuities, with the peak 

correlation at T=-To+2(d]-I])/c, T=-To-2(d2 -12 )/c and T=-To-2(t"d-t"I)/c 

respectively. It can been seen from equation (5.16) that both the modulus and phase spectra 

are affected by the basic propagating/reflected waves. In most practical situations, however, 

the additional propagating/reflected waves are highly attenuated as they propagate along the 

plastic pipe. In this case, IB(w)l:::::: 1. Therefore, the basic propagating/reflected waves 

mainly govern the phase spectrum. 

Furthermore, the modulus and phase spectra are shown in Figure 5.6. It can be seen 

that the reflection phenomena predominantly affect the low frequency behaviour of both the 

modulus and phase spectra at the frequencies below about 20Hz, while the effect on the 

latter is less obvious. For lower reflection coefficients, the effect of reflections on both 

modulus and phase spectra becomes negligible. 

- 83 -



Ch5 Effect of reflections 

10-5 -- (1=(2=0.9 
........ (1=(2=0.5 
-'-'- (1=(2=0.1 

10~~========~----~----~----~ 
o 10 20 30 40 50 

Frequency (Hz) 

16001r===~====~----~----~--~~ 
-- (1=(2=0.9 

1400 ........ (1=(2=0.5 
'iii" -'-'- (1=(2=0.1 
:R 1200 
'-
C) 

~1000 
E 
2 800 
t) 
Q) 

g- 600 
Q) 

~ 400 
.s:::. 
a... 

10 20 30 40 50 
Frequency (Hz) 

Figure 5.6 Effect ofreflections on the cross-spectrum. (a) Modulus spectrum; (b) Phase spectrum. 

Numerical simulations of the cross-correlation functions are illustrated in Figure 5.7, 

where the cross-correlation functions are normalised to the corresponding maximum values. 

It has been discussed previously, that in the case of large reflection coefficients (for 

example r]=r2=O.9), four peaks should be evident in the cross-correlation function, which 

correspond to the contributions of the basic propagating/reflected waves, as marked by the 

dash-dot lines in the figure. Only three of them, however, can be discerned, since the 

relative peak values of the correlation function depend both on the strength of the 

reflections and the locations of the sensors and discontinuities. In this case, the main peak 

can hardly be discerned, which is contaminated by the false peaks caused by both the basic 

propagating/reflected waves and the subsequent propagating/reflected waves. When 1] ~ 0 
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and r2 ~ 0, equations (5.16) and (5.17) shows that A(ro) ~ 1 and B(ro) ~ 1. Hence the 

main peak becomes distinct as the reflection coefficients decrease. Specifically, when no 

reflections occur, only the main peak can be obtained in the cross-correlation. 

c 
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o 
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~1 
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.............. 

0.5 
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1 

Figure 5.7 The effect of discontinuities on the cross-correlation functions using pressure responses. 

The correlation results are normalised to their corresponding peak values. ,8=2.26 x 10-4 s/m; c=479m1s; 

d=lOOm; d1=70m; l=lOm; 11=/2, The dash-dot lines go through the four peaks achieved in the cross-correlation 

functions generated by the basic propagating/reflected waves. 

Similar analysis can be applied for the cases of two out-of-bracket, and one in-bracket 

and one out-of bracket discontinuities. 

5.3 USE OF DIFFERENT TYPES OF ACOUSTICNIBRATION 

SENSORS 

Measurement for leak detection can be performed with different types of acoustic/vibration 

sensors. When there are no reflecting discontinuities along the pipe, the cross-correlation 

functions for pressure, velocity and acceleration responses have been studied in Chapter 3. 

Based on the model of wave propagation established previously, this section further 

discusses the effect of reflections on the cross-correlation functions using different 

acoustic/vibration sensors. 
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5.3.1 CROSS-CORRELATION USING PRESSURE, VELOCITY AND 

ACCELERATION RESPONSES 

In the presence of reflections, substituting the frequency response functions of pressure 

signals HP(OJ,d j ) and H P(OJ,d2 ) into equation (3.9), the CSD SXj X2 (OJ) given by equation 

(3.10) becomes 

(5.24) 

when n=O, 1 and 2, equation (5.24) gives the CSD for pressure, velocity and acceleration 

signals respectively. The corresponding phase spectrum (!\X2 (m) is given by 

(5.25) 

where ¢(OJ) = Arg{A(OJ)}. As discussed in Chapter 3, it is clear from equation (5.25) that 

the phase spectrum is independent of the choice of acoustic/vibration sensors. The cross

correlation function between the measured signals, R'j
X

2 Cr), is then given by 

(5.26) 

when n = 0, equation (5.26) reverts to equation (5.22). Because the behaviour of \}'2n(OJ) 

is governed by the choice of acoustic/vibration sensors, selection of appropriate sensors 

may offer an improvement for time delay estimation for leak noise detection. 

It has been found in Chapter 3 that the derivative of If/Cr) given by equation (5.26) 

sharpens the peak of the cross-correlation function. Therefore, the sharpest peak is 

exhibited by the cross-correlation of the acceleration signals and the broadest one exhibited 

by the correlation of the pressure signals. To illustrate the effect of selection of 

acoustic/vibration sensors on the cross-correlation functions, numerical results of the cross

correlation functions using velocity and acceleration responses for the case study in Section 

5.2 are plotted in Figure 5.8, where the cross-correlation functions are normalised to the 

corresponding maximum values. Compared with the cross-correlation of pressure responses 

plotted in Figure 5.7, it can be seen that the correlation between acceleration signals 

produces the most pronounced main peak value, while the broadest peak occurs for 

pressure signals. Also, the false peaks given by the acceleration responses are suppressed to 

the largest degree. This can be explained by the study of the effect of reflections on the 

cross-spectrum. As discussed in Section 5.2, the reflection phenomena predominantly affect 
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the low frequency behaviour of both the modulus and phase spectra, as shown in Figure 

5.6. The frequency response function of pressure acts as a low-pass filter. Thus the low 

frequency information, which is affected by the reflections, is much more likely to be 

interpreted when correlating measured pressure signals. The frequency response functions 

of velocity and acceleration, however, behave as band-pass filters, with the latter having a 

higher "centre" frequency, thus removing more low frequency information. Consequently, 

the cross-correlation of acceleration responses illustrates very high frequency behaviour, 

which can effectively detect the main peak as the true time delay. 
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Figure 5.8 The effect of discontinuities on the cross-correlation functions using (a) velocity responses; (b) 

acceleration responses. ,8=2.26 xl 0.4 s/m; c=479rn!s; d= 100m; dl=70m; /= 10m; /1=/2' 
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As can be seen from Figure S.7 and Figure S.8, for the same acoustic/vibration sensors, 

smaller reflection coefficients result in a more distinct main peak of the cross-correlation 

function, since the interference effect of the reflections is diminished. 

5.3.2 USE OF MISMATCHED ACOUSTICNIBRA TION SENSORS 

In Chapter 3, the mismatched acoustic/vibration sensors were firstly introduced without 

considering the reflection phenomena. Substituting the corresponding frequency response 

functions of pressure responses HP(OJ,d]) and HP(OJ,d2 ) into equation (3.9), for the case 

when reflections are present, the CSD given by equation (3.10) becomes 

(S.27) 

and 

) . S'() 3 ()A(OJ) iwT. s (OJ = llA]A2 /I OJ OJ 'f' OJ --e 0, 

~~ B(OJ) 
(S.28) 

for the use of a pair of pressure-velocity, and velocity-acceleration sensors respectively. 

Taking the inverse Fourier transform (1FT) of the CSD functions given by equations (S.27) 

and (S .28) gives the corresponding cross-correlation functions as 

(S.29) 

and 

(S.30) 

respectively. Similarly, for the use of pressure and acceleration signals, the CSD given by 

equation (3.38) becomes 

(S.31) 

and the cross-correlation function is then given by 

(S.32) 
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Figure 5.9 The effect of discontinuities on the cross-correlation functions using (a) pressure and velocity 

responses; (b) velocity and acceleration responses; (c) pressure and acceleration responses. ,8=2.26 x 10.4 s/m; 

c=479m1s; d=100m; dl=70m; /=10m; /1=/2' The time delay estimate is marked by "0". 
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The cross-eon-elation functions using mismatched sensors are shown in Figure 5.9, 

where the cross-eon-elation functions are normalised to the con-esponding maximum 

amplitudes. For the use of a pair of pressure-velocity, and velocity-acceleration sensors, as 

discussed in Chapter 3, the time delay estimate marked by "0" is the zero crossing. The 

cross-eon-elation function using a pair of velocity-acceleration responses provides the 

sharpest peak of the time delay estimate, simultaneously with the false peaks suppressed 

significantly. Compared with the cross-correlation functions plotted in Figure 5.7 and 

Figure 5.8, the con-elation function of acceleration responses corresponding to the highest 

order derivative provides the sharpest peak value of the time delay estimate. Figure 5.9(c) 

shows that the argument T that minimises the cross-correlation function provides an 

estimate of the time delay of leak signals, is 180-degree out of phase with that of velocity 

responses, as plotted in Figure 5.8(a). 

5.3.3 BAND-PASS FILTERING 

In practice, leak noise signals are generally passed through band-pass filters before 

calculating the cross-correlation function. The function of the high-pass filter is to remove 

the low frequency background noise, and hence produce a more distinct peak cross

con-elation. It has been found in this chapter that the reflection phenomena predominantly 

affect the low frequency behaviour of both the modulus and phase spectra. Therefore, 

another advantage of the high-pass filter is to suppress the false peaks in the cross

correlation functions caused by the reflections. This is discussed in this section. 

For the case study of the two in-bracket discontinuities described previously, it has 

been shown in Section 5.2 that the effect of reflections is mainly concentrated in the low 

frequency region below 20Hz. Theoretically, when the cut-off frequency of the high-pass 

filter is set at 20Hz, the effect of reflections on the cross-correlation can be effectively 

eliminated. To check of the effectiveness of the high-pass filtering operation, the 

con-elation functions are compared using different acoustic/vibration sensors for a number 

of reflection coefficients, as shown in Figure 5.10. Also, the cross-con-elation functions are 

normalised to the con-esponding maximum amplitude values. In contrast, the most distinct 

peak cross-correlation is obtained by using acceleration responses, as shown in Figures 

5.1O(1)e-(4)e. For the cross-correlation functions using given acoustic/vibration signals, 

compared to the results without considering reflections as plotted in Figure 5.10(4), a slight 

difference can be seen in Figures 5.10(1-3) despite different reflection coefficients. This 

confirms that the use of high-pass filters can effectively remove the false peaks in the cross-
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correlation functions. On the other hand, as described in Chapters 2 and 3, the oscillatory 

behaviour of the cross-correlation functions becomes accentuated when the signals pass 

through a high-pass filter before calculating the cross-correlation function, at the expense of 

suppressing the false peaks, which can be seen by comparing Figure 5.1 0 with Figures 5.7-

5.9. Thus there is a trade-off between the suppression of the effect of reflections and the 

oscillatory behaviour of the cross-correlation functions. 
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Figure 5.10(1) The effect of high-pass filters on the cross-correlation using (a) pressure responses; (b) 

pressure and velocity responses; (c) velocity responses; (d) velocity and acceleration responses; (e) 

acceleration responses; (t) pressure and acceleration responses. f:i=2.26 x 10.4 s/m; c=479rn!s; d=100m; 

dl=70m; /=lOm; /1=/2' The cut-offrrequency is set at 20Hz and the reflection coefficients r1=r2=0.9. 
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Figure 5.10(2) The effect of high-pass filters on the cross-correlation using (a) pressure responses; (b) 
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acceleration responses; (t) pressure and acceleration responses. fJ=2.26 x 10-4 s/m; c=479m1s; d=IOOm; 

dl=70m; 1= 10m; 1]=/2, The cut-off frequency is set at 20Hz and the reflection coefficients r]=r2=0.5. 
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Figure 5.10(3) The effect of high-pass filters on the cross-correlation using (a) pressure responses; (b) 

pressure and velocity responses; (c) velocity responses; (d) velocity and acceleration responses; ( e) 

acceleration responses; (t) pressure and acceleration responses. fJ=2.26 x 10-4 s/m; c=479m1s; d=100m; 

dl=70m; l=lOm; 1]=/2, The cut-off frequency is set at 20Hz and the reflection coefficients r]=r2=0.1. 
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Figure 5.10(4) The effect of high-pass filters on the cross-correlation using (a) pressure responses; (b) 

pressure and velocity responses; (c) velocity responses; (d) velocity and acceleration responses; (e) 

acceleration responses; (t) pressure and acceleration responses. The cut-off frequency is set at 20Hz (without 

reflections ). 

5.4 EFFECT OF REFLECTIONS ON THE PREWHITENING 

PROCESS 

It has been shown in Chapter 4 that the prewhitening process of the GCC method can 

possibly be used for the enhancement of leak detection in plastic pipes. It is therefore of 

particular interest to study the effect of reflections on these estimators. As discussed in 

Chapter 4, the smoothed coherence transform (SCOT) and maximum likelihood (ML) 

methods adjust the CSD according to the coherence between two measured signals (which 

only has meaning when background noise is taken into account), thus the effect of the 

phase transform (PHA T) method for a system with reflections is studied in this section. 

For the PHAT estimator, substituting equations (5.24) into (4.4) gives 

(5.33) 

where a'(r) = F-1 {ei¢(m)} and the nonlinear phase ¢J(w) = Arg {A(w)} . This shows that the 

linear phase spectrum is affected by the basic propagating/reflected waves represented by 

A(w). Compared to the BCC given by equation (5.26), the effects of propagation along the 
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pipe, the frequency characteristics of the sensors, the leak spectrum, and the subsequent 

propagating/reflecting waves can all be removed by using the PHAT estimator. In essence, 

it means that the modulus spectrum is not taken into account when doing the cross

correlation. 

It is clear that the time delay corresponding to the peak of the cross-correlation 

function is only controlled by the phase spectrum of two measured signals, which suffers 

from spreading caused by the modulus spectrum. Since the effect of reflections on the 

phase spectrum is less obvious compared to that on the modulus spectrum as discussed in 

Section 5.2, and the latter can be excluded by the prewhitening process, the effect of 

reflections on the corresponding cross-correlation estimators becomes less obvious. Thus 

the prewhitening process sharpens the main peak and suppresses the false peaks 

dramatically. 
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Figure 5.11 The effect of discontinuities on the PHAT estimator. (a) Without filtering. The reflection 

coefficients rl=r2=O.9; (b) With filter operation. rl=r2=O.9. The cut-off frequency of the high-pass filter is set 

at 20Hz; (c) Without filtering. rl=r2=O.5; (d) With filter operation. rl=r2=O.5. The cut-off frequency of the 

high-pass filter is set at 20Hz; (e) Without filtering. rl=r2=O.1; (f) With filter operation. rl=r2=O.1. 

,8=2.26 x 10-4 s/m; c=479mis; d=100m; dl=70m; /=10m; /1=/2' The cut-off frequency of the high-pass filter is 

set at 20Hz. The dash-dot lines go through the four peaks achieved in the cross-correlation functions 

generated by the basic propagating/reflected waves. 

Figure 5.11 shows the effect of two in-bracket discontinuities, as described in Section 

5.2, on the PHA T estimator, where the cross-correlation functions are normalised to the 
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maximum values. In the case of no filtering operations, the PHA T method can effectively 

suppress the false peaks generated by the basic propagating/reflected waves as marked by 

the dash-dot lines in Figures 5.11(a,c,e). Sharp peaks in the cross-correlation functions can 

be found by using the prewhitening process, compared with the BCC functions as shown in 

Figure 5.7 and Figure 5.8. Unlike the BCC method as discussed in Sections 5.2 and 5.3, for 

large reflection coefficients, the detrimental effect of reflections on the PHA T method is 

slightly accentuated, which means the effect on the prewhitening process is less obvious 

regardless of the strength of reflections. In the extreme case when no reflections occur, a 

delta function can be achieved using the PHAT method, as discussed in Chapter 4. 

Therefore, in contrast with the BCC method, the PHA T method can easily accentuate the 

main peak while suppressing the additional false peaks. 

When a high-pass filter is applied as shown in Figures 5.11 (b,d,f), the correlation 

functions demonstrate similar oscillatory behaviour for different reflection coefficients. In 

addition, the false peaks caused by the reflections are effectively eliminated by filtering 

operations. 

As discussed III Section 5.3, leak detection can be carried out with mismatched 

acoustic/vibration sensors. For the use of a pair of pressure-velocity or velocity-acceleration 

sensors, substituting the CSD functions given by equations (5.27) and (5.28), into (4.4) 

gIves 

Compared with equation (5.33), equation (5.34) shows that the phase spectrum is 

shifted by Jr / 2 by using pressure-velocity or velocity-acceleration sensors. For the 

mismatched sensors measuring pressure and acceleration responses, substituting equations 

(5.31) into (4.4) gives 

R~X2 (r) = F-1 {tp p(OJ)Sx\x2 (OJ)} = F-1 {_ei¢(W)eiWTo} = a'(r) ® 5(r + To + Jr). (5.35) 

This indicates that the argument r that minimises equation (5.35) provides an estimate 

of the time delay of leak signals, since the phase spectrum is 180-degrees out of phase with 

that given by equation (5.33). To evaluate the performance of the PHAT method by using 

mismatched sensor signals, the cross-correlation results are plotted in Figure 5.12. It has 

been shown that the effect of reflections on the prewhitening process is insensitive to the 

strength of reflections, thus cross-correlation functions are given when the reflection 

coefficients rl=r2=O.9. In comparison with the BCe functions as shown in Figure 5.9, 
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Figures 5,12(a,c) show that the effect of reflections on the correlation results is largely 

reduced by using prewhitening process. When the high-pass filter is further applied, the 

false peaks caused by the reflections can be effectively removed, as shown in Figures 

5.12(b,d). 
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Figure 5.12 The effect of discontinuities on the PHAT method using (a) pressure-velocity or velocity

acceleration responses. Without filtering; (b) pressure-velocity or velocity-acceleration responses. With 

filtering operation. The cut-off frequency of the high-pass filter is set at 20Hz; (c) pressure and acceleration 

responses. Without filtering; (d) pressure and acceleration responses. The cut-off frequency of the high-pass 

filter is set at 20Hz. [3=2.26 x 10'4 s/m; c=479m/s; d= 100m; dJ=70m; /=10m; /J=/2. The reflection coefficients 

5.5 EXPERIMENTAL RESULTS 

In previous chapters, the leak signals measured by hydrophones and accelerometers by the 

National Research Council (NRC) of Canada, have been analysed by using the correlation 

technique. For the hydrophone-measured signals, three anomalous peaks can be seen in 

Figure 2.8(a), which are possibly caused by the interference of reflections at low 

frequencies below 10Hz and may present false time delay estimates. The aim of this 

section, therefore, is to provide a possible explanation of these additional peaks in the 

correlation functions, based on the assumption that they are caused by the effect of two out

of-bracket discontinuities and the propagating waves are perfectly reflected, i.e., lj = r2 = 1 . 
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Figure 5.13 Comparison of the cross-correlation using hydrophone-measured data and theoretical predictions 

using (a) the BCC method; (b) the PHAT method. The lower and upper cut-off frequencies are set at 5Hz and 

50Hz respectively. 

Referring to the plan view of the test facility as shown in Figure 5.14, the distance 

between the two hydrophones at the two fire hydrants was l02.6m. Lateral piping for the 

hydrants and their height and depth of soil were not included in this distance. The reason is 

that the additional distance was almost the same for both fire hydrants and hence it did not 

affect time delay estimation between the measured leak signals. The effect on the 

determination of the attenuation factor f3, as discussed in Chapter 2, was found to be 

negligible. Thus the distance between the sensors of 102.6m is used throughout the thesis. 

For the study of the effect of reflections on the correlation functions, however, the 

additional distance caused by the installation of the fire hydrants must be taken into 
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account. According to the construction details of the fire hydrants given in [8], they were 

about Sm from the main pipe. 

To demonstrate the effect of reflections on the cross-correlation function, the cut-off 

frequencies of the high-pass and low-pass filters were set at SHz and SOHz respectively. 

The correlation functions using the BCC and the PHA T methods obtained from the test data 

and theoretical predictions are plotted in Figure S .13, where the cross-correlation functions 

are normalised to the corresponding maximum values. Four peaks of large values can be 

found from the test results in Figure S.13(a). When the relative distances 11 and 12 are 

chosen to be small (11 :s; 2m and 12 :s; 2m), the theoretical predictions give asymmetric 

characteristics for the cross-correlation functions similar to those of the test results, as 

shown in Figure S.13(a). It shows that the waves are reflected by the fire hydrants, which 

are assumed to be the sources of the discontinuities in the model. Since the hydrophones 

were attached to the fire hydrants, the relative distances 11 and 12 must be small. In terms of 

the error on measurements of distances on site, the calculated distances 11 and 12 can 

reasonably be explained by the model of out-of-bracket discontinuities. 

Comparison of the correlation functions using the PHA T method obtained from the 

test data and the theoretical prediction is made in Figure S.13(b). It can be seen from the 

figure that the false peaks caused by the reflections are largely attenuated. The 

corresponding theoretical prediction illustrates similar behaviour. It confirms the 

effectiveness of the prewhitening GCC methods for elimination of the effect of reflections 

on the correlation results. 
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5.6 CONCLUSIONS 

The effect of reflections on the correlation technique for leak detection in plastic pipes has 

been investigated in this chapter. Theoretical analysis has been carried out for the simple 

case of a pipe with two discontinuities. The main findings can be summarised as follows: 

• When reflections occur, it has been shown from the theoretical prediction of the Bee 
using pressure responses that the main peak corresponding to the true time delay 

resulting from the propagating leak signals is corrupted by several false peaks. It has 

been found that the subsequent waves can only deteriorate the modulus spectrum of 

the leak signals whereby it broadens the peak of the cross-correlation function. The 

phase spectrum is mainly governed by the basic propagating/reflected waves. 

• For the Bee method, the reflection phenomena predominantly affect the low 

frequency behaviour of both the modulus and phase spectra, while the effect on the 

latter is less clear. 

• For the Bee results using various acoustic/vibration signals, theoretical analysis has 

shown that the most distinct peak cross-correlation can be obtained by using 

acceleration responses, which gIves the highest order derivative of the cross

correlation function of the pressure responses. 

• To effectively remove the effect of reflections on the cross-correlation, the high-pass 

filter can be employed prior to the process of cross-correlation. 

• The effect of reflections on the prewhitening process of the Gee methods has been 

studied. The correlation result using the PHA T method is independent of the choice of 

the types of sensor signals. In contrast with the Bee, it turns out that the prewhitening 

process provides the narrower width of the main peak and suppresses the false peaks to 

the larger degree. When the mismatched acoustic/vibration sensors are used, the phase 

spectrum between the sensor signals is shifted by 1C /2 for pressure-velocity or 

velocity-acceleration signals, and 1C for pressure-acceleration signals. 

The theoretical work has been applied to the hydrophone-measured data from actual 

water pipes. A possible solution to the locations of the discontinuities has been given to 

explain the asymmetry of the test results of the cross-correlation functions. 
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CHAPTER 6 

A COHERENCE WEIGHTED PHASE SPECTRUM (CWPS) 

METHOD FOR TIME DELAY ESTIMATION 

6.1 INTRODUCTION 

As mentioned in Chapter 4, to determine the position of a leak in water distribution pipes, 

accurate estimation of the time delay between two measured acoustic signals plays a 

dominant role. Popular methods central to this process are based on cross-correlation 

methods including the basic cross-correlation (BCC) method and generalised cross

correlation (GCC) methods [18-21]. The essential difference between the BCC and the 

GCC methods is that with the latter, the signals are passed though filters (pre-filtering) 

prior to performing the cross-correlation. Although these methods can be implemented in 

either the time or frequency domains, they essentially determine the time delay argument 

that maximises the cross-correlation function. 

Performance of various correlation-based time delay estimators has been compared [35] 

for the purposes of leak detection in buried plastic water pipes. It has been shown that the 

phase transform (PHAT), smoothed coherence transform (SCOT), and maximum likelihood 

(ML) methods designed to pre-whiten the leak signals prior to the cross-correlation, have 

the desirable feature of sharpening the peak in the cross-correlation function. Although the 

PHAT estimator is designed to give a perfect delta function at a time in the cross

correlation function corresponding to the exact time delay, in practice the SCOT and ML 

estimators additionally take account of the effect of background noise in the estimation 

procedures, which may be more beneficial in water leak detection. 

It has been shown by Piersol [29] that regression analysis of phase data at selected 

frequencies yields time delay estimates with exactly the same accuracy as the PHA T time 

delay estimation procedures. However, strict control on the selection of frequencies which 

are used to form the time delay estimate is required. By introducing a frequency dependent 

weighting function on the phase spectrum, a new method defined as the generalised phase 

spectrum (GPS) was devised by Zhao and Hou [28]. This method uses the GCC approach 
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in its theoretical development. Rather than weighting the modulus of the cross-spectral 

density (CSD) of the two signals, however, the GPS method weights the corresponding 

phase spectrum. Since the CSD can be expressed as a combination of the modulus spectrum 

and the phase spectrum, each prewhitening GCC processor corresponds to a unique GPS 

method. It is shown in this chapter that by comparing the time delay estimators and their 

variances, the GPS method is fully consistent with the prewhitening GCC method for time 

delay estimation. The main advantage of the GPS method is that it does not suffer from the 

disadvantage of a finite resolution of the time delay estimate obtained using correlation 

techniques. Noting that the resolution problem is caused by the Fourier transformation of 

the CSD into the time domain, the estimate of the time delay can be improved by 

processing the information directly in the frequency domain. A potential problem of the 

phase unwrapping may occur in this frequency method, which is not required in the 

correlation methods for time delay estimation. 

An alternative GPS method called the coherence weighted phase spectrum (CWPS) 

method is proposed to estimate the time delay in the frequency domain. Compared to the 

conventional phase gradient method (GPS-PHAT) [29], the accuracy of the time delay 

estimator can be improved by introducing a coherence weighting function, which is 

designed to suppress those frequency regions where there is poor coherence between the 

signals. Under particular circumstances the method reduces to the GPS-PHAT and GPS

SCOT methods. To validate the theoretical predictions and compare the performance of 

various GPS methods, the time delay estimators are applied to experimental data from 

buried PVC water pipes, as described in the previous chapters. 

6.2 LIMITATIONS OF THE Gee METHODS 

The analytical model of the cross-correlation function of leak signals in plastic pipes 

developed in Chapters 2 and 3 shows that the plastic pipe essentially acts as an acoustic 

filter. The filtering properties of the pipe can, to some extent, be counteracted by pre

whitening the signals to remove the amplitude filtering effects. This can be accomplished in 

conjunction with the pre whitening GCC methods [35]. For instance, the PHAT 

prewhitening method transforms the phase spectrum between the leak signals measured at 

different locations into the time domain cross-correlation function. Based on the knowledge 

that, for a non-dispersive system in the absence of reflections, the phase gradient is 

constant, as shown in Figure 6.1, the theoretical correlation function is a perfect delta 

function. In practical situations, however, the estimate of the actual time delay is corrupted 
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due to the existence of background noise coupled with the filtering effect of the pipe on the 

phase spectrum, as shown in the figure. The measured signals are dominated by 

background noise below COo and are attenuated at high frequencies above co]. Using the 

SCOT and ML methods, additional improvement in the pre whitening procedure can be 

achieved by weighting the signals at each frequency according to the coherence. 

Nevertheless, a frequency bandwidth 110) in which the non-dispersive wave is defined, as 

illustrated in Figure 6.1, must be specified in the prewhitening process . 

o COo Frequency 
11 co 

.. .. 
.. .. .. 

Figure 6.1 Illustration of selection of the cut-off frequencies illo and ill! ' and frequency bandwidth /".ill using 

the prewhitening Gee methods: Measured phase (--); Phase corresponding to the actual time delay ( ...... ). 

It was found in Chapter 4 that the standard deviation and the resolution of the time 

delay estimate are of importance in influencing the accuracy of the time delay estimate. The 

latter is governed by the frequency bandwidth I1co. It is possible to avoid this since it is 

caused by the procedure of the transformation of the frequency information into the time 

domain. Noting that the time delay information in the cross-correlation function is 

represented as a phase difference in the corresponding CSD, time delay estimation can be 

improved by processing the information directly in the frequency domain. As for the 

random error in the estimates due to random noise on the measurements (as estimated by 

the standard deviation), it was shown in Chapter 4 that it is generally insignificant 

compared to the resolution of the time delay estimate for leak detection in typical plastic 

pipes. Thus this chapter aims to investigate the implementation of some new techniques for 

time delay estimation and their potential when applied to the leak detection problem. 
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6.3 THE GPS METHOD 

In this section, the best time delay estimate between two sensor signals i peak is defined as 

that which minimises the mean square error between the measured phase spectrum and the 

estimate in a frequency band of interest. Consider a phase spectrum estimate <Di at 

frequency OJi computed from two sensor signals Xl(t) and X2(t). Assuming that the total 

record observation time T is divided into r segments, with N data points per segment, the 

mean square error e2 between the measured data and the linear phase estimate OJi i peak IS 

given by 

(6.1) 

where i=1,2, ... NI2; TY; and <Di are the frequency dependent weighting function Wg(w) and 

phase spectrum estimate <D
X1x2 

(OJ) between signals Xl(t) and X2(t) at frequency OJi 

respectively. For convenience, the equations related to the GPS methods are expressed in 

terms of one-sided spectral density and coherence estimates in this chapter. When e2 is a 

minimum with respect to i , 

(6.2) 

Combining equations (6.1) into (6.2) and rearranging gives the time delay estimate as 

NI2 

LW,<D,OJ, 
,=1 

T" peak = NI2 
(6.3) 

LTY;OJi
2 

1=1 

Equation (6.3) leads to the GPS methods for time delay estimation [28]. It is stated 

without proof in [28] that the determination of the time delay estimate using equation (6.3) 

with an appropriate weighting function is equivalent to that calculated using GCC methods. 

The reasons were given as follows: Firstly, the information related to the time delay is 

contained entirely in the CSD. Therefore, based on the duality between the frequency 

domain and the time domain, estimation of the time delay using either the weighted CSD or 

the GCC methods is identical. Secondly, the regression line of the phase gradient is a 

measure of the time delay, thus the weighted phase spectrum can be used to estimate the 
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time delay. The equivalence of time delay estimation using the Gee and GPS methods is 

discussed in the next section. 

6.4 EQUIVALENCE OF THE GCC AND GPS METHODS FOR 

TIME DELAY ESTIMATION 

The equivalence of the time delay estimators given by the prewhitening Gee and GPS 

methods is proved in this section. The variance of the time delay estimate using the GPS 

method is derived simply based on the assumption that the error is caused by phase 

spectrum estimation. Comparing to the variance of the time delay estimate given by the 

Gee method, as given in Appendix D, it is found that the GPS method is fully consistent 

with the prewhitening process for time delay estimation. 

6.4.1 COMP ARISON OF TIME DELAY ESTIMATION 

To improve the correlation technique, the eSD of the leak noise signals can be weighted 

prior to performing the inverse Fourier transform, as discussed in Chapter 4. The definition 

of the Gee function R~X2 (r) between sensor signals XI (t) and Xz (t) given by equation 

(4.3) is repeated here for convenience 

For \fig (w) = 1, the Gee function becomes identical to the Bee function. In practice, 

the eSD function can only be estimated, consequently the Gee estimator, R~X2 (r), is 

given by 

Rg
x (r)=F-I{\fIg(w)S < (W)} =_1 (*oo\flg(U))Sxx (w)e!WTdw. (6.5) 

x, 2 x"'2 2n ~ , 2 

To compare the time delay estimates given by the Gee and GPS methods, the 

correlation function given in equation (6.5) must be converted to a discrete form. Equation 

(6.5) can be rewritten as 

(6.6) 

where 

(6.7) 
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Differentiating equation (6.6) with respect to T gives 

~ 

aRg (T) 1 ' 
XIX, _ [00. W ( ) '[<1>'1'2 (llJ)+WT]d 

--'-=-- - - lOJ OJ e OJ . aT 2Tr 00 g 
(6.8) 

If ' . d h fl.. () h ,[<i" , (llJ)+WT] ~ It IS assume t at '¥ X x OJ + OJT « 1, t en e I , ~ 1 + i[ CD (OJ) + OJT], which 
I 2 X!X 2 

can be substituted into equation (6.8) to give 

aR; x (T) 1 [00 {~ } 
1 , ~_ iOJWg(OJ) l+i[CD (OJ)+OJT] dOJ. aT 2Tr 00 xIx, 

(6.9) 

Now _1_ [00 iOJWg(OJ)dOJ = 0, because the frequency weighting function W (w) is an 
2Tr 00 g 

even function of frequency. Equation (6.9) can thus be simplified to 

(6.10) 

When T = T peak ' 

function, equation (6.1 0) can be written as 

(6.11) 

Expressing this as a summation with limits of i=1,2, ... N12 and frequency increment 

8w gives 

(6.12) 

Rearranging equation (6.12) gives the time delay estimate as 

NI2 

LW,cD,wj 

T = _ -:..:'==.!...l :::--__ 
peak N 12 

(6.13) 

Lw,OJ,2 
'=1 

Equation (6.13) is identical to the time delay estimate given by equation (6.3) provided 

that the relationship between the weighting functions used in the Gee and GPS methods is 

given as in equation (6.7). Thus the time delay estimate using the weighted phase spectrum 

in the frequency domain is exactly equivalent to that determined using the prewhitening 

correlation methods. 

- 106 -



Ch6 A CWPS methodfor time delay estimation 

In Chapter 4, it was shown that the Gee methods weight the modulus of the eSD 

between two sensor signals with the frequency weighting function \.f' g (m). The GPS 

methods, however, directly weight the phase spectrum to give the time delay estimate in the 

frequency domain. Since the eSD can be expressed as a combination of the modulus 

spectrum and the phase spectrum, each pre whitening Gee processor corresponds to a 

unique GPS method. The relationship between the Gee methods including the PHAT, 

SCOT and ML methods, and the corresponding GPS methods, is illustrated in Table 6-1. In 

practice, the auto-spectral density (ASD), eSD and coherence functions can only be 

estimated. The coherence function 9:
I
X

2 
(m) between x1(t) and x2 (t) given in Table 6-1 IS 

estimated from 

(6.14) 

where SXIX
I 
(m) and SX

2
X

2 
(m) are the smoothed estimates of the ASD functions StlXI (m) and 

S (m) respectively. 
X2X2 

Table 6-1 The weighting functions used in the Gee methods and the corresponding 

weighting functions in the GPS methods. 

Method Wg (m) (GPS) 

PHAT 

seOT YX\X
2 
(m) 

ML Y;x (m)/[I-y;x (m)] 
12 J 2 

6.4.2 VARIANCE OF THE TIME DELAY ESTIMATE USING THE GPS 

METHOD 

Assuming that the signals are stationary, the phase spectrum estimate has a standard 

deviation as [43] 

. -1 [IH~ IJ . -1 O"lfi,1 
0"&, = sm [; i = sm 1ft, I , 

(6.15) 
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where & [ .] denotes the normalised random error; Hi is the frequency response function 

estimate of the optimum constant parameter linear system for estimating X2(t) from XI (t), as 

discussed in Appendix E. Figure 6.2 shows the relationship between the standard derivation 

of the phase spectrum estimate and that of the modulus estimate of the frequency response 

function. Here the subscript i is omitted for simplicity in notation. The frequency response 

function H lies somewhere inside the circle, thus giving simultaneous confidence intervals 

for both its modulus and phase values. Equation (6.15) comes directly from this diagram. 

Im{H} 

Figure 6.2 The frequency response function estimate [44]. 

The normalised error of the frequency response function & [IH,I] is also derived in 

appendix E, and is approximately given by 

(6.16) 

where Yi2 denotes the discrete ordinary coherence function estimate. For the case of small 

errors, where sin 0', ~ 0', , combining equations (6.15) with (6.16), the variance of the 
$, $, 

phase spectrum estimate can be approximated by 

(6.17) 

To investigate the variance of the time delay estimate Tpeak given by equation (6.3), the 

error involved in each argument must be quantified. The variance of the best estimate 0'; 
peak 
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is derived based on the assumption that only the phase spectrum is estimated, and is given 

by 

(6.18) 

Equation (6.17) shows that in the case of poor coherence at some frequencies, the 

variance of the phase spectrum (J"~, is large. This causes an error in the time delay estimate, 

as shown in equation (6.18). Substituting equations (6.17) into (6.18) gives 

(6.19) 

6.4.3 COMP ARISON OF VARIANCES OF THE TIME DELAY ESTIMATES 

It has been shown in Section 6.4.1 that time delay estimate obtained using the GPS method 

is equivalent to that given by the prewhitening GCC method. The variance of the time delay 

estimate given by the GPS method has been derived. Appendix D derives the variance of 

the time delay estimate using the correlation technique, which adopts a different approach 

taken by Carter [21]. To confirm the equivalence of the two methods for time delay 

estimation, comparison of their variances is made in this section. 

Assuming that the variance of the time delay estimator i peak is in the neighbourhood of 

the true time delay and there are no other biasing effects, the variance of the time delay 

estimate provided by the correlation technique as discussed in Appendix D, is given by 

(6.20) 

Since the ASD, CSD and coherence functions can only be estimated practically, 

equation (6.20) thus becomes 

(6.21) 
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Similar to the analysis in Section 6.4.1, the variance expression written in integral form 

given by equation (6.21) is converted to discrete form. Combined with the definition of the 

coherence function given by equation (6.14), equation (6.21) can be written as 

(6.22) 

Substituting equations (6.7) into (6.22) gives 

(6.23) 

Noting that the coherence estimate given by equation (6.19) is one-sided, expressing 

equation (6.23) as a summation with limits of i=1,2, ... NI2 and frequency increment &0 

gIves 

(6.24) 

Based on the relationship that the frequency increment 50) = 2Jr / ~ and the total 

record length T = r~, equation (6.24) can be written as 

(6.25) 

where ~ is the time duration per segment. This expression is identical to the variance of 

the GCC method given by equation (6.19). Therefore, the frequency domain time delay 

estimate is fully consistent with the time domain time delay estimate. It was shown in 

Chapter 4 that the standard derivation/variance and the resolution are of importance in 

influencing the accuracy of the time delay estimate, of which the former is generally 

insignificant in the evaluation for leak detection in plastic pipes. The GPS method, 

however, does not suffer from the disadvantage of the resolution problem in the cross-
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correlation function. Thus a more accurate time delay estimate can be obtained using the 

GPS method. 

6.5 THE CWPS METHOD 

In this section, an alternative GPS method, the CWPS method is proposed to estimate the 

time delay using the weighting function given by 

Wg ((1) = r;x ((1), 
I 2 

(6.26) 

where n = 0,1,2,... The coherence function is used to suppress regIOns of the phase 

spectrum where poor coherence of the signals occurs. The discrete form of the weighting 

function is given by ~ = Yin, which can be substituted into equation (6.3) to give the time 

delay estimate as 

i = _ ....!..:'~:!.:I -::---__ 
peak N 12 

'" ~n 2 ~r, (1), 
'~I 

The time delay estimate given by the new method is discussed as follows, 

(6.27) 

1) When n=O, i.e., if the coherence is set to unity for all frequencies, equation (6.26) 

becomes 

W =1 
I ' 

(6.28) 

which reduces to the GPS-PHAT method as discussed in [29]. In this case, the time delay 

estimate given by equation (6.3) then becomes 

(6.29) 

In the case of uncorrelated background noise, equation (6.29) provides an accurate 

time delay estimate by uniformly weighting the phase data in the frequency range of 

interest. In practice there are various situations where the signal to noise ratio (SNR) is very 

low at certain frequencies, or the assumption of uncorrelated background noise is violated. 

In such cases, the deviation of phase spectrum estimate <D, from the actual value can be 

large. Hence, the error in the time delay estimate provided by the regression analysis of 
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phase data can be large ifthe noise in the phase data is not taken into account. To overcome 

this, the coherence between the two sensor signals can be used to derive a more accurate 

time delay estimate. 

2) When n=l, the CWPS method is equivalent to the GPS-SCOT method, as shown in 

Table 6-1. When n=2, the frequency weighting function it becomes i,2
, which is the 

ordinary coherence function. 

3) In the method, the coherence between the measured signals is used to weight the phase 

spectrum so as to suppress those frequency regions where there is poor coherence between 

the signals. This is especially helpful for detecting narrow-band leak signals, which 

generally occur in plastic pipes. As increasing the strength of the coherence weighting 

function, i.e., when making n large, the undesirable frequency information outside the 

region where the leak signals are concentrated can be attenuated to a larger degree, ensuring 

that the time delay estimate approaches the true value. 

6.6 EXPERIMENTAL RESULTS 

Theoretical analysis in Section 6.4 shows that the GPS method is entirely equivalent to the 

prewhitening GCC method for time delay estimation. To validate the theoretical predictions 

and demonstrate the advantages of the new method for time delay estimation, examples are 

presented using the leak signals measured by hydrophones and accelerometers provided by 

the National Research Council (NRC) of Canada, as described in previous chapters. 

To validate the equivalence of the time delay estimates using the GCC and GPS 

methods, the frequency range where the two methods are applied must be set equal. For the 

correlation techniques, it was shown in Chapters 2 and 3 that the useful bandwidth is from 

10Hz to 50Hz for hydrophone-measured signals and from 30Hz to 140Hz for 

accelerometer-measured signals. Thus the GPS methods are first applied in this frequency 

bandwidth of interest. The phase spectra of hydrophone and accelerometer-measured 

signals are plotted in Figure 6.3. Taking the CWPS (n=l) method for example, the linear 

phase variation in Figure 6.3 shows that the propagating wavespeed is independent of the 

frequency in the frequency range shown. 
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Figure 6.3 Phase spectra of (a) hydrophone-measured signals; (b) accelerometer-measured signals. --, Data 

measured; ...... , CWPS (n=l) method. 

Results of the time delay estimates and calculated distance d] are shown in Table 6-2. 

Compared to the results given by the prewhitening GCC methods, including the PHAT, 

SCOT and ML estimators, as shown in Table 4-2 in Chapter 4, it can be seen that both the 

frequency domain and corresponding time domain methods provide the time delay 

estimates with the same variance. The time delay estimates obtained using the GPS 

methods, however, are slightly different from those using the GCC prewhitening methods. 

The reason is due to the sampling frequency of 500samples/second, which gives the time 

domain resolution of 0.002s. A difference can also be found in the distance calculated 

between these two methods. As discussed in Chapter 4, the ML provides the minimum 

standard deviation of time delay estimation, which can be seen from Table 6-2 for both 

hydrophone and accelerometer-measured data. 
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Table 6-2 Results of the time delay estimators and the calculated distance d]. 

CWPS CWPS CWPS 
ML 

(n=O) (n=l) (n=2) 

i peak (s) -0.0916 -0.0913 -0.0912 -0.0911 

Hydrophone 
d] (m) 73.2 73.2 73.1 73.1 

-measured data 
O"i (e-4s) 

peak 
0.764 0.695 0.667 0.652 

i peak (S) -0.0912 -0.0912 -0.0910 -0.0910 

Accelerometer 
d] (m) 73.4 73.4 73.3 73.3 

-measured data 
O"i (e-4s) 

P''''' 
2.566 0.822 0.706 0.702 

Note: The GPS methods are applied in the frequency range from 10Hz to 50Hz for hydrophone-measured 

signals and from 30Hz to 140Hz for accelerometer-measured signals. 

To improve the accuracy of time delay estimation, the CWPS method is proposed by 

introducing a coherence weighting function to suppress the contributions of those 

frequency regions where poor coherence occurs. The effectiveness of the method for this 

purpose is evaluated as follows. It was shown in Chapter 2 that the low frequency 

information below 10Hz for hydrophone-measured signals and below 30Hz for 

accelerometer-measured signals was dominated by background noise. The CWPS method 

is now applied in the frequency range from OHz to 50Hz for hydrophone-measured signals 

and from OHz to 140Hz for the accelerometer-measured signals. It is expected that the 

effect of the background noise on time delay estimation can be attenuated using the CWPS 

method. The results of the time delay estimators and corresponding distances are given in 

Table 6-3. Slight difference in the time delay estimators and variances can be found by 

comparison with the results given in Table 6-2, because different pass bands are selected in 

their processing. For the hydrophone-measured signals, it was found in Chapter 2 that when 

the lower cut-off frequencies of the filters are set below 10Hz, a definite peak cannot be 

obtained in the cross-correlation function. In contrast, good time delay estimators using the 

CWPS method are achieved, as shown in Table 6-3. It confirms that the CWPS method can 

effectively attenuate the low frequency background noise for leak detection in plastic pipes. 

Similar to the previous analysis, comparison of the time delay estimates is made between 

the CWPS method and the ML method. It is found that the ML method provides good time 
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delay estimators with the minimum standard deviation for both hydrophone and 

accelerometer-measured data. 

Table 6-3 Results of the time delay estimators and the calculated distance d J • 

CWPS CWPS CWPS 
ML 

(n=O) (n=l) (n=2) 

fpeak (s) -0.0923 -0.0918 -0.0916 -0.0915 

Hydrophone 
dJ (m) 73.4 73.3 73.2 73.2 

-measured data 

O"i
pw

' (e-4s) 0.778 0.695 0.666 0.651 

fpeak (s) -0.0915 -0.0913 -0.0911 -0.0911 

Acce lerometer 
dJ (m) 73.4 73.4 73.4 73.3 

-measured data 
O"f (e-4s) 

peak 2.565 0.822 0.704 0.701 

Note: The GPS methods are applied in the frequency range from OHz to 50Hz for hydrophone-measured 

signals and from OHz to 140Hz for accelerometer-measured signals. 

For hydrophone-measured signals, it was shown in Figures 2.4(a-c) in Chapter 2 that 

several peaks in the ASDs and coherence functions between the sensor signals occur at 

different frequencies above 50Hz, as a result of several factors, including longitudinal 

resonances of the water pipe, soil resonance, etc. Apart from these, the detrimental effect of 

the turning point which occurred at about 55Hz must be taken into account in the 

correlation technique. Consequently, the correlation technique is restricted to the frequency 

range below 50Hz. Since the effect of low frequency background noise on time delay 

estimation can be efficiently eliminated, the CWPS method is applied to the whole of the 

measured signals. It is expected that a good time delay estimate can be achieved by the 

CWPS method without any filtering operations. When n=O, a time delay estimate of -

0.0649s is obtained. When n=10, the time delay estimate is -0.0861s and the position of the 

leak d1 is calculated to be 71.9m. With the increase of the strength of the coherence 

weighting function, time delay estimation gradually approaches to the values of the time 

delay estimates given in Table 6-3. In comparison, an inaccurate time delay estimate of -

0.0775s is determined from the GPS-ML method. It confirms the advantage of the CWPS 

method over the ML method for suppressing the high frequency information above the 

frequency range where the leak signals is mainly concentrated. 
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By comparing the time delay estimates calculated by the CWPS and ML methods, 

similar conclusion can be drawn for accelerometer-measured signals. The ML method does 

not provide an accurate time delay estimate between the measured signals. As for the 

CWPS method, a good time delay estimate is obtained when n=5. In this case, the relative 

distance d] is found to be 72.2m, which is determined from the time delay estimate of -

0.0863s. Better results can be achieved when n is increased further. 

6.7 CONCLUSIONS 

In this chapter, the GPS method has been studied to estimate the time delay directly using 

phase spectral data. Based on the relationship between the frequency weighting functions of 

the GCC and GPS methods, it has been shown that they are entirely equivalent for time 

delay estimation. In addition, the variance of the GPS method is derived, and was shown to 

be identical to that of the GCC method. It confirms that time delay estimation performed in 

the frequency domain is fully consistent with the one given by the correlation technique. 

An alternative GPS method, the CWPS, is proposed for time delay estimation, by 

introducing a coherence weighting function, which is used to suppress those frequency 

regions where poor coherence of the signals occurs. It reduces to the GPS-PHAT when n=O 

and GPS-SCOT when n=l. The frequency domain method for time delay estimation can 

possibly be used for leak detection in plastic pipes, because of the following advantages: 

e The CWPS method is applied solely in the frequency domain so that the corresponding 

time delay estimate does not suffer from the resolution problem, which occurs with the 

correlation technique because the useful frequency information is in a limited 

bandwidth. As discussed in Chapter 4, the variance of the time delay estimate is 

generally insignificant in the evaluation for leak detection in typical plastic pipes 

compared to the resolution problem. Thus a more accurate time delay estimate can be 

achieved using the new method. 

e Compared to the time delay estimates given by the correlation techniques, performance 

of the GPS methods has been assessed when applied to some test data from the actual 

buried plastic pipes. It was shown in Chapters 2-4 that for the correlation technique to 

be effective, filtering operations must be taken into account prior to the procedure of 

cross-correlation. It was also found that the cut-off frequencies of the filters must be 

well defined to achieve good time domain resolution based on the phase spectrum 
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between the measured leak signals. Filtering operations, however, are not necessarily 

carried out in the process of time delay estimation using the ewps method. 

It has been shown by the test results that both the time delay estimates and their 

variances using the Gee and GPS methods are entirely equivalent. Therefore, either 

method can be selected for leak detection according to the preference of the operators. Test 

results have shown that the frequency information outside the frequency range where the 

leak signals are concentrated can be attenuated with the increase of the strength of the 

coherence weighting (increasing n). Therefore, good time delay estimates can be achieved 

by using the ewps method without regard to any filtering operations. This is an advantage 

over the GPS-ML method. 
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CHAPTER 7 

EXPERIMENTAL WORK 

7.1 INTRODUCTION 

Test results of leak signals provided by the National Research Council (NRC) of Canada 

were used to validate the theoretical predictions described in previous chapters. This 

chapter also presents some experimental work carried out by the author. It includes tests 

carried out at University of East Anglia (UEA), Norwich, on their buried pipe facility, and 

measurements in the laboratory on a water-filled MDPE pipe in-vacuo. The experiments 

were conducted with the following objectives: 

(1) to compare the performance of the correlation technique and the coherence 

weighted phase spectrum (CWPS) method for time delay estimation in plastic pipes 

under controlled situations. 

(2) to determine the propagation wavespeed in buried water-filled plastic pipes and a 

pipe in-vacuo and identify the factors that influences the wavespeed. 

(3) to investigate the way of creating an identifiable propagating wave in plastic pipes. 

Comparison of various leak detection techniques for time delay estimation was made 

on the leak signals given to us by the NRC. The effectiveness of the methods for time delay 

estimation was validated by using both hydrophone and accelerometer-measured signals. 

More test results are given in this chapter to evaluate their performance when applied to 

buried plastic pipes and an water-filled pipe in-vacuo. 

In order to validate the techniques for time delay estimation mentioned above, it was 

decided to make use of the buried pipe facility already available at the UEA. Since the rig 

was not designed for leak detection, propagating leak signals must be simulated in the tests. 

To simulate propagating leak signals, the sounder installed on the pipe rig and the inertial 

shaker mounted on the hydrant were driven separately using a swept sine signal and a 

continuous random signal. The signals measured by the hydrophones were analysed with a 

view to assessing various methods of time delay estimation. The propagation wavespeed 
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was calculated for the purpose of comparison with that predicted from the plastic pipe in

vacuo. 

For the leak detection techniques studied in this thesis to be effective, the propagation 

wavespeed is assumed to be known a priori. It can be obtained from pipe manufacturers' 

data or measured on site. Since the effect of the surrounding medium in buried plastic pipes 

on the wavespeed is relatively small [16], measurements were made in a water-filled 

MDPE pipe in-vacuo. Various methods of time delay estimation were applied to the 

hydrophone-measured leak signals and the propagation wavespeed calculated was 

compared to the estimate obtained from buried plastic pipes. 

7.2 EXPERIMENTAL WORK (1): TESTS AT THE UEA 

7.2.1 BIUEF DESCIUPTION OF THE TEST SITE 

7.2.1.1 Site description 

Test work was carried out on a buried MDPE pipe facility at the UEA. The rig was 

originally designed to allow sounders and sensors to be tested and developed in an 

acoustically quiet environment operating at a low pressure. The rig was not intended to be 

an accurate simulation of an in-service main since the pipe in the rig was not pressurised 

(apart from the approximately 1.5m standing head) and there was no flow. 

~---- Termination tanks ------...... 

Shaker 

Gate valve 

H4 H5 H6 H7 H8 H9 HIO 

MDPE pipes 
34m 

Figure 7.1 Schematic of the test rig at the UEA. 

Figure 7.1 shows a schematic of the test rig. The pipe in the test rig was 180mm 

MDPE comprising a number of 4m lengths and T -sections, with the 4m lengths being butt 

welded and the T-sections being jointed with electro-fusion fittings. A flanged pipe fitting 

was used to take the pipe through the tank wall. The rig, from tank to tank appears as; 4m 

length - T (with a hydrant) - 4m length - 4m length - T (with a rotated gate valve) - 4m 

length - 4m length - T (rotated gate valve) - 4m length. Each of the 4m lengths, and the 

hydrant T-section, were fitted with two hydrophones which are installed through the pipe 

wall such that the active face of the sensor is flush with the inside bore of the pipe. The 
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hydrophones, which have a flat frequency response between 1Hz to approximately 2kHz, 

were positioned at regular intervals along the pipes. The exact positions relative to the 

sounder are given in Table 7-1. The third column in Table 7-1 is discussed later in the 

analysis of hydrophone-measured signals. The soil type at the site was loose unsaturated 

sand. 

Table 7-1 Hydrophone positions and maximum frequencies for valid data. 

Distance from Maximum frequency 
Hydrophone 

sounder (m) for valid data (Hz) 

HI 2.00 >750 

H2 4.02 750 

H3 7.43 450 

H4 9.45 350 

H5 1l.39 380 

H6 13.44 400 

H7 16.77 310 

H8 18.80 300 

H9 20.76 275 

HlO 22.80 175 

Hll 26.25 

H12 28.28 

The signals from the hydrophones were digitised by an analog to digital converter 

(ADC) and the digital stream was returned to the surface along a 20m cable. All the cables 

were gathered together in an equipment hut located half-way along the rig's length. The 

pipe was terminated at each end in a large tank of approximately 12m3
. Together with the 

tanks, the rig was approximately 34m long with the pipe being laid in the standard manner 

in a mostly sand backfill. Figure 7.2 shows the rig under construction where the sensors and 

ADC units can be seen as small grey boxes located along the length of the pipe. 
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Figure 7.2 The UEA test rig under construction. 

To reduce reflections in the tanks an "anechoic" terminator was fitted to the pipe. This 

takes the form of a pipe section approximately one metre in length that has progressively 

larger holes drilled in the walls, increasing in size towards the end. 

Figure 7.3 The sounder installed in the rig. 

7.2.1.2 Excitation 

In order to create an identifiable propagating wave in the pipe, a sounder and an inertial 

shaker were used. The sounder installed on the rig was a modified moving-coil underwater 

loudspeaker. It was back-filled with concrete to provide a reaction mass and was mounted 

in a standard 180mm flanged pipe fitting. Two views of this sounder design are shown in 

Figure 7.3. This sounder has a low frequency limit at which measurements can be made of 
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approximately 30Hz. The sounder was located at the end of the pipe, which was 2m from 

HI. For comparison of the measured data, the sounder was driven by a swept sine wave and 

a continuous random signal. 

Figure 7.4 Inertial shaker mounted on the hydrant. 

Measurements were also made with an inertial shaker attached to the hydrant on the 

pipe, as shown in Figure 7.4. In this case, a propagating wave in the pipe was detected. The 

shaker was also driven by a swept sine wave and a continuous random signal. When the 

shaker was in direct contact with the ground, however, no such wave was detected. 

7. 2.1.3 Data acquisition & analysis 

The time domain signals were acquired from two pairs of hydrophones using the data 

capture software, DATS. Four channels were, therefore, used in each measurement. The 

sensor signals were acquired for a time duration of about 30 seconds when excited by swept 

sine waves and about 60 seconds by continuous random signals. In both cases, the sampling 

rate was 2000samples/second. Previous work on the rig by Muggleton et al. [45, 46] 

indicated that the pipe could be considered non-reflecting for the fluid-dominated wave at 

all frequencies of interest and that good data could be expected from the hydrophone pair 

nearest the sounder at frequencies up to around 750Hz, with the "noise floor" being reached 

for the transducers further from the sounder. Spectral analysis was performed on the sensor 

signals when excited by continuous random signals using a 1024-points FFT, Hanning 

window, and power spectrum averaging. 
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7.2.2 RESULTS AND DISCUSSIONS 

Rather than find the location of a leak, the aim of the tests at the UEA were to determine 

the wavespeed from hydrophone-measured signals. From Figure 1.1 in Chapter 1, the 

propagation wavespeed c in the pipe can be obtained from 

(7.1) 

Extensive wavenumber measurements have been made on the UEA pIpe ng 

previously, from which the wavespeed can be derived by equation (2.3) in Chapter 2 [4S, 

46]. However, it is known from reference [47] that soil conditions can have a significant 

effect on the pipe wave propagation characteristics, so it was considered to be important to 

repeat some of these measurements on the rig. Previous work on the pipe rig indicated that 

the pipe could be considered non-reflecting for the fluid dominated (s= 1) wave at all the 

frequencies of interest. As mentioned in the previous sub-section, the pipe was fitted with a 

termination intended to be anechoic, but in addition, the pipe length was sufficient for the 

highly attenuated s=1 wave to be virtually undetectable at the far end of the pipe. These 

tests also revealed the maximum frequency at which data from each hydrophone could be 

considered to be valid (i.e. above the "noise floor"). These maximum frequencies are 

shown in Table 7-1. The transducer layout described in Table 7-1 allows for a number of 

pairs of pressure measurements to be analysed. It was anticipated that only a single pair of 

hydrophones, for example, HS and H8, would be needed to determine the wavespeed, as 

only out-going waves would exist. However, given the rapid decay of the acoustic pressure 

with distance along the pipe, the wavespeed was derived from the time delay estimates 

given by three pairs of hydrophones. 

7.2.2.1 Frequency analysis 

The sounder was excited with continuous random signals. Signals were acquired from 

hydrophones HS-H8, referenced to the signal from HS. The relative positions of the 

hydrophone-measured signals are listed in Table 7-2. The pass band of the filter used was 

determined directly from the phase spectra ofthe measured signals, as shown in Figure 7.S. 

The lower cut-off frequencies of the band-pass filter were set at 70Hz, and the upper cut-off 

frequencies ranged from 3S0Hz to 420Hz, with decreasing relative distances between 

hydrophones. The auto-spectral density (ASD) and coherence functions of HS and H8 

measured signals are plotted in Figure 7.6 and Figure 7.7. Figure 7.6 shows that most of the 
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frequency content of the H5 measured signal was concentrated in the frequency range up to 

420Hz, with the "noise floor" being reached at a lower frequency for the transducer further 

from the sounder. The peaks seen in the ASDs are harmonics of 50Hz, which are likely due 

to the electronic interference. The coherence of the H5 and HS measured signals can also be 

used to define the pass band of the filter. It can be seen from Figure 7.7 that good coherence 

of approximately O.S is achieved at the frequencies from 70Hz to 350Hz. Above this 

frequency range, the coherence is very poor with the expectation of several peaks 

harmonics of 50Hz. 

-If) Q) 

Table 7-2 Relative positions ofHS-H8 and pass band of the filter. 

Hydrophone Relative distance from HS (m) 

H6&HS 2.0S 

H7&HS S.38 

H8&HS 7.41 
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Figure 7.S Phase spectra of hydrophone-measured signals (relative to HS). 

The sounder was excited with continuous random signals. 
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Figure 7.6 ASDs ofH5 and H8 measured signals. 

The sounder was excited with continuous random signals. 
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Figure 7.7 Coherence function between H5 and H8 measured signals. 

The sounder was excited with continuous random signals. 
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7.2.2.2 Time delay estimation and propagation wavespeed 

As discussed in the previous sub-section, the hydrophone-measured signals were designed 

to pass through a band-pass filter, with the upper and lower frequencies as listed in Table 

7-2. Since the prewhitening GCC methods, including the PHAT, SCOT and ML estimators, 

can sharpen the peak in the cross-correlation function, the correlation technique using the 

BCC and the prewhitening GCC processes was applied to estimate the time delay in these 

tests. To compare their performance, the correlation results are normalised to the 

corresponding peak correlation values, as plotted in Figure 7.8. It can be seen that the GCC 

estimators provide more distinct peak correlation with narrower peaks and smaller 

variances. As discussed in Chapter 4, the PHAT and SCOT estimators give even lower 

variance of the cross-correlation function compared with the ML estimator, as shown in 

Figures 7.8(a-c). 
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Figure 7.S Normalised cross-correlation of H5 and HS measured signals by using (a) BCC; (b) PHAT; (c) 

SCOT; (d) ML estimators. The results are normalised to the peak correlation values. 

In contrast with the correlation techniques, time delay estimation was also performed 

using the CWPS method. The method is applied to the phase spectrum of the sensor 

signals, as plotted in Figure 7.9. As discussed in Chapter 6, the use of the coherence 

weighting function of the measured signals can automatically suppress those frequency 

regions where poor coherence of the signals occurs. However, the CWPS (n=l) method 

must be well defined and restricted to the frequencies below 350Hz, since the undesirable 
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effect of the harmonic frequencies is accentuated when n is increased. Thus the sudden 

increase of coherence values at certain frequencies above 350Hz as shown in Figure 7.7 

cannot be attenuated. In this case, low-pass filters were used in the CWPS method. The cut

off frequencies were set at 420Hz, 390Hz and 350Hz for hydrophone pairs H6&H5, 

H7&H5 and H8&H5 respectively. 
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Figure 7.9 Phase spectrum ofH5 and H8 measured signals. 

To evaluate the accuracy of the time delay estimators determined by the various 

methods, the time delay estimates and their corresponding propagation wavespeed are 

shown in Table 7-3 . The calculated wavespeed varies between 370 and 380m/s, which is 

slightly higher than that given from the earlier measurements [45, 46] of around 350m/s. 

The increase in wavespeed is possibly due to an increase in pipe wall stiffness, as discussed 

in Appendix A, as the elastic properties of the MDPE pipe vary with temperature. The 

temperature of the ground was only a few degrees centigrade at the time of making the 

measurements. In addition, possible measurement error in the sensor locations, as listed in 

Table 7-3, might introduce error in the calculation ofthe wavespeed. Apart from this, it can 

be seen from the table that all the methods provide reasonably consistent time delay 

estimates. 
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Table 7-3 Results of the time delay estimators and propagation wavespeed. 

i peak (s) a· (e-6s) 
r peak ilr(s) c (m/s) 

H6&H5 0.0055 1.776 0.0020 372.7 

Bee H7&H5 0.014 3.878 0.0022 384.3 

H8&H5 0.0195 5.686 0.0024 380.0 

H6&H5 0.0055 2.595 0.0020 372.7 

PHAT H7&H5 0.014 4.054 0.0022 384.3 

H8&H5 0.0195 3.969 0.0024 380.0 

H6&H5 0.0055 1.369 0.0020 372.7 

SCOT H7&H5 0.014 2.122 0.0022 384.3 

H8&H5 0.0195 2.255 0.0024 380.0 

H6&H5 0.0055 0.328 0.0020 372.7 

ML H7&H5 0.014 0.921 0.0022 384.3 

H8&H5 0.0195 1.498 0.0024 380.0 

H6&H5 0.0056 2.590 367.1 
ewps 

H7&H5 0.0141 4.056 380.5 
(n=O) 

H8&H5 0.0197 3.990 376.2 

H6&H5 0.0056 1.370 367.7 
ewps 

H7&H5 0.0141 2.117 381.4 
(n=l) 

H8&H5 0.0197 2.249 376.8 

H6&H5 0.0056 0.873 368.0 
ewps 

H7&H5 0.0141 1.415 381.8 
(n=2) 

H8&H5 0.0197 1.841 377.1 

Table 7-3 shows that the variances in most time delay estimators, except the PHAT 

and CWPS (n=O) methods for the hydrophone pairs H7 &H5 and H8&H5, increase with 

increasing relative distance. The reason for this finding is that the acoustic signals in plastic 

pipes are heavily attenuated at high frequencies. It is shown in the table that the smallest 

standard deviation of the time delay estimate given by the correlation technique is obtained 
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using the ML estimator while the largest is obtained with the PHAT estimator. However, 

the standard deviation is insignificant in comparison with the resolution caused by the 

filtering operation, as given by equation (4.28) in Chapter 4. The largest error in the 

calculated wavespeed caused by the standard deviation is less than 0.2m/s for hydrophone 

pair H6&HS, which is determined from the result that the standard deviation is 0.033% of 

the time delay estimate using the PHA T method. The resolution for the hydrophone pairs 

H6&HS, H7&HS and H8&HS is 36%, 16%, and 12% of the corresponding time delay 

estimates. This implies that a large error may be introduced into the propagation wavespeed 

due to the resolution limit of the time delay estimate. 

The CWPS method is carried out directly in the frequency domain. Thus, it does not 

suffer from the resolution problem of the correlation techniques. This is the main advantage 

over the correlation technique for the tests. It has been found in Chapter 6 that the variance 

of the CWPS method is identical to the corresponding prewhitening GCC method. This 

equivalence can be proved by comparing the variance in the PHA T estimator with the 

CWPS (n=O), and the SCOT estimator with the CWPS (n=l). Slight differences in the 

variance can be found in Table 7-3 for all the hydrophone pairs, because the low frequency 

background noise below 70Hz is not filtered in the CWPS method. 

For the next set of experiments the pipe was excited using an inertial shaker attached 

to the hydrant on the pipe, as illustrated in Figure 7.4. Figure 7.10 shows the phase spectra 

of the hydrophones H6-H8 relative to HS, clearly indicating the presence of a propagating 

wave from HS towards H8 (away from the shaker). When the exciter was driven by the 

continuous random signal, the wavespeed was found to be approximately 370-380m/s, 

which is consistent with the wavespeed derived from the measurements made with the 

sounder. Test results also confirm the effectiveness of the various methods of time delay 

estimation when exciting the hydrant on the pipe. 

In both cases when the sounder and the inertial shaker were driven by a swept sine 

wave, the wavespeed obtained using the correlation technique (except the ML method) 

compared reasonably well with that obtained using a continuous random signal. The GCC

ML method and the CWPS method cannot be applied on these in these cases, since their 

weighting functions are not strictly defined. 

- 129 -



-(/) 
~ -500 
Ol 
Q) 

:8-
Q) 

~ -1000 
.t:: 
a.. 

-1500 

-2000
0 

Ch7 Experimental work 

I'. . '. 
\-.. 
\ .... " ... 

\ '. 

" .... 

-H5and H6 
....... H5 and H7 
.-._. H5 and H8 

\. .... /\ /1\ _ I 1/' .1'- ... _"",._ .. _ .. - .. -.--~ ... -.~,_\-~--~ .. 
\ '" / \. 

" : t' '" )' 
\j 

100 200 300 400 500 600 700 800 900 1000 
Frequency (Hz) 

Figure 7.10 Phase spectra of the hydrophone-measured signals (relative to HS). 

The pipe was excited using an inertial shaker driven by the continuous random signals. 

7.3 EXPERIMENTAL WORK (2): TESTS ON A PLASTIC WATER

FILLED PIPE IN- VACUO 

7.3.1 EXPERIMENTAL SET-UP 

Tests on the buried plastic pipes at the UEA were discussed in the previous section. It was 

shown in [16] that the effect of the surrounding medium is to mass load the pipe, which at 

low frequencies has only a relatively small effect on the axisymmetric wavenumber. The 

propagation wavespeed obtained from the test results at the UEA is compared with that 

given by some experimental work carried out on a water-filled MDPE pipe in-vacuo. 

7.3.1.1 Pipe rig 

The experimental arrangement is shown in Figure 7.11. The pipe was 7.4m long, with a 

175mm external diameter and llmm wall thickness. The pipe was supported on sands to 

provide a continuous support. 
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Figure 7.11 Test rig in the laboratory. 

Figure 7.12 Simulated leak on the pipe rig. 

Water supply was taken from the mains via a length of hosepipe through a stop valve 

used to control the flow velocity, as illustrated in Figure 7.11. The water passed though a 

length of copper pipe and was measured by a pressure gauge prior to reaching the MDPE 

pipe. Leak noise was generated with a circular hole of 1mm diameter. The hole was drilled 

half way along the pipe. In the event of overflow a plastic tube of diameter 40mm, was 

hung over the leak attached to a cover, as illustrated in Figure 7.12. In the tests, the leak 

signals were measured at an in-pipe pressure level 1 bar (105Pa). Referring to Figure 7.13, at 

the other end of the pipe, an air exhaust hole was introduced to bleed the air inside the pipe 

before capturing leak signals. Both the ends of the pipe were sealed with the same plastic 

material as the pipe wall. Consequently, in these tests, acoustic signals generated by the 

leak propagated along the pipe and were reflected at the ends. 
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Figure 7. 13 Air exhaust hole at the end of the pipe rig. 

7.3.1.2 Leak sensors 

H3 H2 
.f)' f)' 
'U . " ,il 

MDPE pipe 
7.4m 

Figure 7.14 Schematic of the experimental setup. 

Air exhaust 

b 
·1 

Previous measurements on the UEA rig revealed that the axisymmetric fluid-dominated 

wave is non-dispersive at low frequencies, as discussed in Appendix A. An estimate of the 

time delay can therefore be made to determine the propagation wavespeed, by using either 

the correlation technique or the CWPS method. The estimates were made in the frequency 

range over which most significant frequency information generated by the leak is 

concentrated. It was expected that the propagating wave in the plastic pipe in-vacuo could 

be detected by using acoustic sensors. Figure 7.14 shows a schematic of the experimental 

set-up. For the pressure measurements, three B&K 8103 hydrophones (HI-H3) were 

inserted through the pipe wall such that the active face of the sensors were flush with the 

inside bore of the pipe. The three hydrophones were spaced O.Sm apart, with the mounting 

bore made using a stainless steel bolt, as shown in Figure 7.15. 
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Figure 7. I 5 Attachment of leak sensors. 

7.3.1.3 Measurement procedure 

Leak signals measured using the sensors were recorded simultaneously using the DATS 

software. Signals of 30-second duration were digitised at a sampling frequency of 

I04samples/second. In these tests, the high sampling frequency was required to obtain a 

good time domain resolution because of the short distance between the sensors. It must 

enable the peak value in the correlation function to be identified accurately. Spectral 

analysis was performed on the sensor signals using a I024-point FFT, Hanning window, 

and averaging the power spectrum. 

7.3.2 RESULTS AND DISCUSSIONS 

As discussed previously acoustic energy In buried plastic pIpes generated by a leak 

propagates at low frequencies, well below the pipe ring frequency (approximately 2KHz for 

the MDPE pipe [45, 46]). In this frequency range, the predominantly fluid-borne 

axisymmetric wave can be detected by using hydrophones. Therefore the focus of this test 

on a plastic pipe in-vacuo is the low frequency information of the leak signals, below the 

pipe ring frequency. 
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7.3.2.1 Frequency analysis 

The sensor layout is illustrated in Figure 7.14. The leak signals were first acquired using 

hydrophones HI to H3. The frequency content of the measured leak signals is plotted in 

Figure 7.16. It is shown that there is no significant difference measured by hydrophones 

HI-H3 below approximately 100Hz. It is believed that the leak signals in this frequency 

range are dominated by ambient noise. In spite of the distances from the hydrophone and 

leak locations, it can be seen that above 100Hz the frequency content of hydrophones 

H2&H3 measured signals is significantly lower than that of HI measured signal. Several 

anomalous peaks occur for the different hydrophones. This indicates that the pipe exhibits 

resonant behaviour. Most of the frequency content of the hydrophone-measured leak 

signals was concentrated below the pipe ring frequency. Signals at higher frequencies were 

comparably very small. 
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Figure 7.16 ASDs of the hydrophone-measured signals. 

It was shown in [45, 46] that the pressure data for the more closely spaced set is 

slightly noisier than for the widely spaced transducers, the differences being greater at low 

frequencies. Hydrophones HI and H3 were therefore used to determine the propagation 

wavespeed. The phase spectrum and coherence function between the hydrophone-measured 

signals are plotted in Figure 7.17 and Figure 7.18. Figure 7.17 shows that the phase 

spectrum decreases linearly with frequency below 1350Hz, suggesting the presence of a 

dominant out-going propagating wave. However, not all the frequency information can be 

used to estimate the time delay between two hydrophone-measured signals. It is shown in 
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Figure 7.17 that the phase spectrum shifts by 1800 at about 900Hz. As discussed in Chapter 

2, this is most likely due to the resonance of the hydrophone mount. Because of the 

existence of the low frequency background noise and the negative effect of the turning 

point located at about 900Hz, the useful frequency band was restricted to 100Hz to 900Hz. 

Good coherence was achieved in this bandwidth, as shown in Figure 7.18. Hence the pass 

band of the filter was set in this frequency bandwidth for hydrophone-measured signals. 
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Figure 7.17 Phase spectrum of H 1 and H3 measured signals. 
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Figure 7.18 Coherence function between HI and H3 measured signals. 
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7.3.2.2 Time delay estimation and propagation wavespeed 

In this sub-section, various time delay estimators including the BCC, pre whitening GCC 

and CWPS methods were applied to the HI and H3 measured leak signals. For the 

correlation techniques, as described previously, filtering operations were performed on the 

measured signals. The pass band of the filter was set between 100Hz and 900Hz. To 

compare their performance, the correlation results are normalised to the corresponding peak 

values, as shown in Figure 7.19. It can be found from the figure that a more distinct peak 

correlation and lower variance of the correlation results are obtained using the GCC-PHA T 

and GCC-SCOT methods. It indicates that better performance is achieved by the 

prewhitening GCC methods. 
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Figure 7.19 Nonnalised cross-correlation of HI and H3 measured signals by using (a) BCC; (b) PHAT; (c) 

SCOT; (d) ML estimators. The results are normalised to the peak correlation values. 

Results of the time delay estimates using the correlation methods and the calculated 

wavespeed are shown in Table 7-4. The wavespeed calculated using the correlation 

technique is about 300m/s, which is in good agreement with the findings obtained from the 

earlier measurements [45, 46]. It is, however, lower than that given from tests in buried 

pipes at the UEA, which is about 370-380m/s, as discussed in Section 7.2. The effect 

(however small) of the surrounding medium in the buried plastic pipes, at low frequencies, 

is to mass load the pipe so as to reduce the wavespeed, compared to that in-vacuo [16]. The 

increase in the wavespeed must be due to an increase in stiffness, and this is most likely to 
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occur in the pipe wall itself. The elastic properties of MDPE vary with temperature, the 

temperature in the ground being only a few degrees centigrade at the time of making the 

measurements, compared with around 20°C in the laboratory. 

Table 7-4 Results of the time delay estimators using correlation methods and calculated wavespeed. 

Tpeak (s) O'i (e-6s) 
peak 

~r (s) c (m/s) 

Bee 0.0033 7.959 0.001 303.0 

PHAT 0.0034 7.530 0.001 294.1 

SCOT 0.0034 7.220 0.001 294.1 

ML 0.0034 6.197 0.001 294.1 

It is shown in Table 7-4 that the smallest standard deviation is obtained by the ML 

estimator while the largest is obtained using the BCC estimator. The largest error caused by 

correlation methods a i is about 0.3% of the time delay estimate, and the corresponding 
peak 

error in the wavespeed calculated is less than 1m/s. The resolution f'..r of the time delay 

estimate caused by the filtering operation is calculated using equation (4.28) in Chapter 4 

and is about 30% of the time delay estimate. It confirms that the standard deviation in the 

correlation technique is insignificant compared to the resolution of time delay estimation. 

The resolution problem can be avoided by using the CWPS method, since it is carried 

out directly in the frequency domain. In addition, test results from actual buried plastic 

pipes provided by the NRC as discussed in Chapter 6, showed that good time delay 

estimates can be achieved by using the CWPS method without any filtering operations. 

When the method was applied to the test data captured at the UEA, as discussed in previous 

section, only the low frequency background noise can be suppressed by applying coherence 

weighting, since the effect of the sudden increase in harmonics due to electronic 

interference on time delay estimation was accentuated with the application of coherence 

weighting. The coherence function for leak signals from the plastic pipe in-vacuo, as shown 

in Figure 7.18, does not suffer from this undesirable effect as shown in Figure 7.7. Thus the 

CWPS method is applied to the measured signals in the frequency range below 2kHz. It is 

expected that a good time delay estimate can be achieved without any further filtering 

operations. When n=O, a time delay estimate of 0.0032s is obtained and the wavespeed is 

calculated to be 316.1 m/s. Satisfactory results are achieved by increasing the strength of 

coherence weighting in the CWPS method. For example, when n=10, the CWPS method is 
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applied on the phase spectrum, as plotted in Figure 7.20. In this case, the time delay 

estimate is 0.033s and the propagation wavespeed is calculated to be 301.1mls. It shows 

that the effects of resonances on time delay estimation can be effectively eliminated by 

using this method. It confirms that the effectiveness of the CWPS method for suppressing 

the detrimental effects of those frequency regions where poor coherence of the signals 

occurs. By comparing the performance of the CWPS method for tests carried out at three 

different sites discussed in this thesis, it is found that filtering operations are not necessarily 

carried out in the process of time delay estimation, except when harmonics of electrical 

mains frequencies occur at high frequencies. 
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Figure 7.20 Phase spectrum of hydrophone-measured signals. ---, Data measured; ...... , CWPS (n=lO) 

method. 

7.4 CONCLUSIONS 

In this chapter, time delay estimation has been made on an in-vacuo, and buried, water

filled plastic pipes. Rather than find the location of the leak, tests were carried out to 

determine the propagation wavespeed. To compare their performance for time delay 

estimation, various methods including the correlation and CWPS methods, were applied in 

these tests. 

For the measurements made on the buried pipe facility at the UEA, several forms of 

the excitation were applied to excite an identifiable propagating wave. These include 
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exciting the sounder located at the end of the pipe and the inertial shaker attached to the 

hydrant with a swept sine wave and a continuous random signal. Good agreement of the 

wavespeed was achieved using the correlation technique and the CWPS method in both 

cases when driven by a continuous random signal. When excited by a swept sine wave the 

wavespeed obtained using the correlation technique apart from the ML method was 

consistent. In this case, the GCC-ML and CWPS methods cannot be used for time delay 

estimation since the frequency weighting functions are not strictly defined. The wavespeed 

calculated was about 370-380m/s, which is slightly higher than the result (about 350m/s) 

from the earlier work. The reason for this is that the elastic properties of the pipe wall are 

temperature dependent, which means that it may vary considerably depending on the pipe's 

environment. 

With regard to acoustic leak detection in plastic pipes, the propagation wavespeed in 

the plastic pipe is an important factor. The effect of the surrounding media on the 

wavespeed is relatively small. Therefore, tests were done on a water-filled MDPE pipe in

vacuo to validate the wavespeed. In this test, the pipe was excited by leak noise and 

hydrophone sensors were used to capture the leak signals. A wavespeed of around 300m/s 

was calculated by both the correlation technique and CWPS method. It is found to be in 

good agreement with the findings from the earlier measurements. However, the difference 

between the wavespeed calculated in the plastic pipe in-vacuo and in buried pipes is large. 

In fact, the elastic properties ofMDPE vary with temperature, the temperature being around 

20°C in the laboratory, compared with only a few degrees centigrade in the ground at the 

time of making the measurements at the UEA. Thus for the leak detection techniques to be 

effective, the effect of the pipe's environment must be taken into account in calculating the 

expected wavespeed. It is suggested that accurate propagation wavespeed is measured on

site before leak detection using a known in-bracket or out-of-bracket simulated leak prior to 

the leak detection surveys. 
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CHAPTER 8 

CONCLUSIONS AND FUTURE WORK 

8.1 CONCLUSIONS 

This chapter contains the general conclusions of this thesis. Detailed conclusions are 

included in each chapter, so only the salient points are presented here. Throughout the 

thesis, the work has covered aspects involving the use of correlation techniques for leak 

detection in plastic water pipes. The main conclusions can be summarised as follows, 

1. An analytical model of the basic cross-correlation (BCC) function for pressure 

responses of leak noise in plastic water pipes was established in Chapter 2, by 

combining the BCC method with wave propagation theory in plastic water pipes. This 

model explains the importance of the cut-off frequency of the high-pass filter and the 

insensitivity of the BCC function to the cut-off frequency of the low-pass filter. 

Consequently, the model provides a theoretical background for the selection of the cut

off frequencies for the filters in leak detection surveys. 

2. Based on the model established in Chapter 2, Chapter 3 studied the effectiveness of the 

BCC method using different acoustic/vibration sensors for time delay estimation. 

Theoretical predictions of the correlation coefficients showed that a measure of 

pressure responses using hydrophones is effective for measurements where there is a 

small signal to noise ratio. A sharper peak correlation coefficient can be achieved if 

accelerometers are used instead. In addition, the use of mismatched sensors was 

investigated theoretically, which is proposed to be the possible option for the 

improvement of the correlation results. 

3. In Chapter 4, various time delay estimators using the BCC method and generalised 

cross-correlation (GCC) methods were compared for the purposes of leak detection in 

plastic water pipes. It was shown that the prewhitening GCC methods, including the 

phase transform (PHA T), the smoothed coherence transform (SCOT), and the 

maximum likelihood (ML) methods designed to pre-whiten the leak signals prior to the 

cross-correlation, have the desirable feature of sharpening the peak in the cross-
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correlation function. Combined with the wave propagation theory in plastic pipes, it 

was found that random error in the time delay estimates due to random noise is 

insignificant compared with the resolution of the time delay estimators imposed by the 

low-pass filtering characteristics of the pipe. 

4. The effect of reflections on the correlation technique for leak detection in plastic pipes 

was investigated in Chapter 5. Theoretical analysis was carried out for the simple case 

of a pipe with two discontinuities. It was found that for the BCC method, the reflection 

phenomena predominantly affect the low frequency behaviour of the cross-spectral 

density (CSD) of the leak signals. Thus, to effectively remove the effect of reflections 

on the cross-correlation, the high-pass filter can be employed prior to the process of 

cross-correlation. Comparing the BCC results using various acoustic/vibration signals, 

it was found that the most distinct peak cross-correlation can be obtained by using 

acceleration responses. In contrast with the BCC method, the prewhitening GCC 

processes showed the advantage of suppressing the effect of reflections on the 

correlation results. It turned out that the GCC method provides a narrower width of the 

main peak and suppresses the false peaks to a larger degree. 

5. Alternatively, time delay estimation can be carried out directly III the frequency 

domain. In Chapter 6, the generalised phase spectrum (GPS) method was studied to 

estimate the time delay directly using phase spectral data in the frequency domain. It 

was shown that the time delay estimate performed in the frequency domain is fully 

consistent with the one given by the prewhitening cross-correlation method. 

6. A frequency domain method, the coherence weighted phase spectrum (CWPS) 

method, was proposed for time delay estimation, by introducing a coherence weighting 

function to suppress those frequency regions where poor coherence of the signals 

occurs. It can possibly be used for leak detection in plastic pipes, because of two main 

advantages, (i) The CWPS method is applied solely in the frequency domain so that 

the corresponding time delay estimate does not suffer from the resolution problem, 

which occurs with the correlation technique because the useful frequency information 

is in a limited bandwidth. (ii) Filtering operations are not necessarily carried out in the 

process of time delay estimation using the CWPS method. 

The theoretical predictions were validated using some experimental results of leak 

signals provided by the National Research Council (NRC) of Canada. More experimental 

work carried out by the author was presented in Chapter 7, including tests carried out at 

University of East Anglia, Norwich, on their buried pipe facility, and measurements in the 
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laboratory on a water-filled MDPE pipe in-vacuo. Overall, test results in this thesis 

demonstrated the effectiveness of both the correlation technique and GPS method for time 

delay estimation in leak detection surveys. Two general conclusions may be drawn from the 

experimental work as follows, 

1. To create an identifiable propagating wave in water-filled plastic pipes, excitation can 

be exerted either directly on the pipe or to the hydrant. 

2. A large difference was found between the wavespeed calculated in the plastic pipe in

vacuo and in buried pipes. Thus for the leak detection techniques to be effective, the 

effect of the pipe's environment must be taken into account in calculating the expected 

wavespeed. It is suggested that accurate propagation wavespeed can be measured on

site using a known in-bracket or out-of-bracket simulated leak prior to the leak 

detection surveys. 

8.2 RECOMMENDATIONS FOR FUTURE WORK 

Leak detection surveys can be carried out with various acoustic/vibration sensors. In this 

thesis, leak signals at the NRC site were measured using hydrophones and accelerometers 

at two access points, on either side of the location of a suspect leak. For pressure 

measurements, hydrophone sensors only sense the axisymmetric fluid-dominated wave 

( s = 1, n = 0), which is responsible for the propagation of leak noise. Therefore, leak 

detection could successfully be conducted with hydrophone sensors. When the 

accelerometers were attached to a fire hydrant, they could also effectively detect the leak 

signals. It is consistent with practical leak detection experience. However, the wave motion 

in the pipe wall was complicated. It is believed that the wave conversion occurred. 

Experimental work could be done with accelerometers attached to the pipe wall itself. 

Research could be extended to investigate difference of the accelerometer-measured signals 

in both cases, and hence to explain the wave motion when the waves propagate through the 

fire hydrant. 

The research work in this thesis was focused on detecting leaks in plastic pipes. 

However, only a single leak was taken into account. Therefore, research into multi-leak 

detection in plastic pipes could be conducted in future studies. 

Test results in this thesis showed that both the correlation technique and the GPS 

method could effectively be used for time delay estimation in plastic water pipes. However, 

these were all conducted in laboratory conditions. Field tests could be carried out to capture 
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the real leak signals. The effect of water pressure and aperture on the leak spectrum and 

background noise of coherent nature can be investigated on future work. A study to assess 

the performance of various methods for time delay estimation could be done on the leak 

signals. 
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APPENDIX A 

DYNAMIC BEHAVIOUR OF FLUID-FILLED PIPES 

A.l INTRODUCTION 

The objective of this appendix is to review the low-frequency behaviour of fluid-filled 

pipes. The characteristics of wave propagation in buried pipes have been discussed by 

Muggleton et al [16]. They found that at low frequencies the effect of the surrounding 

medium on the axisymmetric wavenumbers is relatively small compared to the results for 

the fluid-filled pipe in-vacuo. Therefore an analytical model for a fluid-filled pipe in-vacuo 

developed by Pinnington and Briscoe [14] is discussed in this appendix. This model is 

based on simplified Kennard's equations [48], which neglect pipe bending, transverse shear 

and rotary inertia in the pipe wall. 

n=O 

-----p(x,r) 

n=i 

Figure A.I The coordinate system for a fluid-filled pipe and modal shapes. 

The mode shapes and coordinate system for the pipe considered are illustrated in 

Figure A.I. The two frequency regimes of a fluid-filled pipe are separated by the pipe ring 

frequency, OJo , which is the frequency at which the pipe shell vibrates in a "breathing" 

(n = 0) mode and occurs when the circumference of the pipe equals to a compressional 

wavelength [49]. Well below the pipe ring frequency, four wave types are considered to be 

responsible for most of the energy transfer [9, 14]. These are three axisymmetric waves 

associated with the n = 0 mode, and the wave related to beam bending (n = 1). Two of the 
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axisymmetric waves involve both structural and fluid motions, and the strength of the 

coupling between these motions is governed by the dimensions of the pipe and its physical 

properties. The third wave is a torsional wave in the shell uncoupled from the contained 

fluid and does not have significant radial motion. The n = I bending wave is a beam-like 

flexural wave and consists of near-field and dispersive propagating waves with the cross

section of the pipe remaining largely undeformed. Above the pipe ring frequency, the 

dynamic behaviour of fluid-filled pipes is much more complicated and is not considered 

here. 

This appendix reviews the pipe equations for axisymmetric wave motions consisting of 

the s = I and s = 2 waves for a fluid-filled pipe in-vacuo derived in reference [14]. The 

contributions of each axisymmetric wave for the plastic pipe are given in terms of the 

relative size of the relationships between internal pressure and radial wall motions. 

A.2 EQUATIONS OF MOTION 

The co-ordinate system for the fluid-filled semi-infinite cylindrical shell is shown in Figure 

AI. x, e and r are the axial, circumferential and radial coordinates respectively; u, v and w 

are the shell displacements in these directions. The pipe has a mean radius a and wall 

thickness h, which satisfies the condition h / a « 1 . The following equations are simplified 

forms of Kennard's equations for a thin-walled shell [48], with shell bending neglected, and 

so are only valid below the pipe ring frequency. 

Equilibrium of forces in the axial direction gives 

(AI) 

where p is the shell density and ax is the axial normal stress. Assuming no 

circumferential variation, equilibrium of forces in the radial direction leads to 

p( a / h) = a e + paw, (A2) 

where p is acoustic pressure; a and h are the pipe radius and wall thickness; and ae is the 

circumferential normal stress. The Hooke's Law relationships for the shell are [50] 

(A3) 

(A4) 
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where E is the Young's modulus; v is the Poisson ratio; wand au are the circumferential 
a AX 

and axial strains. Substituting equation (A.3) into equation (A. I) gives 

Pii_~(OZU + v 8wJ=o. 
l-vz oZx a Ox 

Similarly equations (A.2) and (A.4) give 

E (w au) .. pa 
--Z -+v- +paw=-. 
I-v a ax h 

(A.S) 

(A. 6) 

These are two coupled equations for the axisymmetric wave motion. Travelling wave 

Z Z 
solutions of the form u = I Usei(OJI-k,x) and w = I Wsei(OJI-k,x) may be used to describe the 

s=1 s=1 

displacement variations in time and space. Here Us and W, are amplitudes of axial and 

radial displacements of the s wave; k, is the axial wavenumber of the s wave. 

The internal pressure can be described by a Bessel function of order zero, 

Z 
= " P J (kr ) i(OJI-k,x) p L.. s 0 sr e , (A. 7) 

5=1 

where P, is the pressure amplitude of the s wave. The radial wavenumber, k; , is related to 

the fluid wavenumber, k f' by 

(k r)Z kZ k 2 
s = f - s· (A.8) 

Substitution of these displacement and pressure solutions into equations (A.S) and 

(A.6) gives the following relationship for the s = I and s = 2 wavenumbers 

(A.9) 

(A. 10) 

where kL is the wavenumber of a compressional wave in a plate, which is given by 

kl = 0/ p (1- vz) . Each of pressure waves must have a radial displacement at the boundary 
E 

r = a , which is equal to the shell displacement. For each wave mode the radial velocity of 

the fluid at the shell wall, given by the fluid momentum equation, is 
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v I __ (_1 ]ap / 
r r=a - ipjO) lor' (A. 1 1 ) 

where vr is the radial velocity of the fluid and P j is the fluid density. Equations (A. 7) and 

(A. 1 1 ) can be combined to give 

(A. 12) 

where a prime denotes differentiation with respect to the argument k; r . Equating vr to the 

shell radial velocity, which is derived from the differentiation of the shell displacement in 

the radial direction with respect to time, enables the fluid pressure amplitude to be written 

in terms of the shell radial displacement amplitude as 

(A. 13) 

For small arguments, where there is less than one half of a fluid wavelength across the 

pipe diameter, Jo' ( k; a ) ~ - \ a . The small argument approximation for the Bessel 

functions may be applied to equation (A. 13), which gives 

p = -2B W, 

, 1-( U a ' 

(A. 14) 

where B is the fluid bulk modulus. Combining equations (A.9), (A. 1 0) and (A. 14) gives the 

following relationship for the axisymmetric wavenumbers 

(A. IS) 

where r is fluid loading term due to pressure of the fluid acoustic field, which is given by 

2Ba(I-v2) 
r= Eh . (A. 16) 
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A.3 WAVENUMBER PREDICTIONS OF AXISYMMETRIC WAVES 

Equation (AI5) can be used to determine the axiymmetric wavenumbers. The s = I (the 

predominantly fluid-borne wave) wavenumber can be found by assuming k; » ki, that is, 

the wavespeed of the s = I wave is much slower than the plate compressional wavespeed. 

The solution for the s = I wave is given by 

(AI7) 

where the normalised ring frequency Q = kL a , which is the ratio of the excitation 

frequency to the pipe ring frequency. It can be seen that the s = I axisymmetric wave is 

always slower than the wave in an infinite medium with a wavenumber k f' 

The solution for the s = I wave can be reformulated in terms of the impedance of the 

contained fluid, Z fluid' and the pipe wall impedance, Z pipe' as 

(A18) 

where Z flUid = - 2io/aco and Z pipe = Z Mpipe + Z Kpipe = i ( phco - EYa2 co) . 

At low frequencies, Q« I, the contribution of the pipe wall inertia term, zMpipe' is 

relatively small compared with the pipe wall stiffness term, Z Kpipe' Equation (A1S) thus 

becomes 

(A19) 

In the case when the contained fluid is water, for the same size of pipe, the s = 1 

wavenumber is determined by the material property of the pipe wall. For a plastic pipe wall, 

for example typical PVC pipe with alh=IO, E=5xI09 N/m2
, k1 r:::;3.2kf . For an even 

softer pipe wall, the s = I wavenumber is much greater than the wavenumber in the infinite 

medium. This indicates that the wavespeed of the fluid-borne wave for the plastic pipe 

decreases rapidly with increasing fluid loading (decreasing pipe wall stiffness). 

As for the s = 2 wave (the axial shell wave), the wavenumber can be obtained with the 

knowledge that it is always smaller than the fluid wavenumber kf' Setting k; « k}, the 

solution for the s = 2 wave can be found from equation (A IS) 
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(A.20) 

Similarly equation (A.20) can be reformulated in terms of the impedance of the 

contained fluid, Z fluid' the pipe wall impedance, Z pipe' and the impedance of the pipe wall 

stiffness, Z Kpipe , as 

k; = kZ 1+~ Kpipe • 
( 

2 Z J 
1 - v Z pipe + Z flUid 

(A.21) 

At low frequencies, n« 1, the contribution of the pipe mass term is negligible, the 

solution for the s = 2 wavenumber becomes 

(A.22) 

It is clear that the s = 2 axisymmetric wave is slower than the compressional wave in a 

plate, kL' well below the pipe ring frequency. Thus the wavenumber k2 satisfies the 

relationship kZ < ki « k~. For the PVC pipe discussed above, it is found that the s = 2 

wavespeed is very close to the compressional wavespeed kL . In fact, the wavespeed of the 

s = 2 wave can be considered to be equal to the plate compressional wavespeed for most 

plastic pipes. As the plate compressional wavenumber is comparable to the fluid 

wavenumber, the wavenumber k2 is not substantially smaller than the fluid wavenumber 

k J as expected. 

In practice the pipe wall material itself is always lossy, and the loss within the pipe 

wall may be represented by a complex elastic modulus, E(l + ill). Here II is the loss factor 

of the pipe wall. The complex axisymmetric wavenumbers can also be derived by equations 

(A.18) and (A.21). However, in this case the impedance of the pipe wall stiffness is given 

by zKpipe = - iFjh + ll~h . Particularly at low frequencies, equations (A.19) and (A.22) 
am am 

becomes 

k 2 = e [1 + 2Ba ) 
J j Eh+illEh' 

(A.23) 
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and 

v 2 1 
1+ 

1- v
2 (1 + 2Ba) _ 2iBa 

Eh TJEh 

(A.24) 

AA RELATIONSHIP BETWEEN THE INTERNAL PRESSURE AND 

RADIAL WALL MOTIONS 

The relationship between the internal pressure and radial wall motions for the two 

axisymmetric waves is found by substituting equations (A.17) and (A.20) into equation 

(A. 14). For the s = 1 wave, 

For the s = 2 wave, 

W, = [ 1 1 ~a2 . 
I 0 2 Eh 

1--
I-v 2 

w -_ P2 a 
2 - 2B 

(A.25) 

(A.26) 

These equations can be combined to give the ratio of radial wave motions for the two 

wave types in terms of the ratio of the pressure waves 

~ -y ~ = 
W

2 
1-v2 - 0 2 P

2 
• 

(A.27) 

At low frequencies, the ratio can be reduced to 

(A.28) 

For most practical pipework systems these two wave types are strongly coupled. In this 

circumstance it is of interest to know the expected ratio of radial wall motions associated 

with these two waves. Assuming the two modal energies are the same, the ratio of radial 

wall motions at low frequencies is found to be given approximately by [14] 

(A.29) 

Substituting into equation (A.28) gives the ratio of pressure waves 
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(A.30) 

For soft-walled pipes, that is, the Young's modulus of the shell is comparable with the 

fluid bulk modulus (r » 1 ), equation (A.30) can be further approximated by 

(A.3l) 

Considering the PVC pipe mentioned previously with a I h = lO, r = 7.6, the ratios of 

pressure and radial waves given by equations (A.3l) and (A.29) are both 0.03. Thus for the 

water-filled pipe with higher fluid loading, the effect of the s = 2 wave on the pressure and 

radial wave motions can be neglected. 

A.S CONCLUSIONS 

The wavenumbers of two axisymmetric waves for a fluid-filled pipe in-vacuo have been 

reviewed in this appendix. For plastic pipes, it is found that the s = 1 axisymmetric wave is 

strongly influenced by the pipe wall flexibility. However, the s = 2 wave is slightly 

influenced by the contained fluid. The contributions of each axisymmetric wave have been 

discussed in terms of the relative size of the relationships between the internal pressure and 

radial wall motions. Consequently, the effect of the s = 2 wave on the pressure and radial 

wave motions for the water-filled pipe can be neglected. 
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APPENDIXB 

IMPLEMENTATION OF THE BASIC CROSS-

CORRELATION (BCC) FUNCTION USING SEGMENT 

AVERAGING 

In this appendix the basic knowledge of the correlation functions and their implementation 

using segment averaging via the fast Fourier transform (FFT) are presented. It is first 

necessary to recall the definitions of correlation functions. Consider the situation where the 

data of interest are two continuous random processes x(t) and y(t), which are assumed to 

be stationary ( ergodic). Setting the mean value of each process to zero, the basic cross

correlation function (BCe) is defined by 

R,y(r) = E[ x(t)y(t + r)], (B.1) 

where r is the lag of time; E[.] is the expectation operator. 

The normalized (non-dimensional) form of the cross-correlation function, sometimes 

called the correlation coefficient, is given by 

(B.2) 

where R,.JO) and Ryy(O) are the values of auto-correlation functions Rxx(r) and Ryy(r) at 

r = O. The auto-correlation function for a random process x(t) is defined as 

Rxx(r) = E[ x(t)x(t + r)]. (B.3) 

The normalised form of the auto-correlation function is 

(B.4) 

From their definitions, the properties of correlation functions [17] are detailed as 

follows, 
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For the auto-correlation function 

• Rxx (r) is always an even function of r , that is, RxxCr) = Rxx (-r) . 

• Rxx(r) attains its maximum value at zero lag, namely, IRxx(r)1 ~ Rxx(O). 

• Evaluating the auto-correlation function at zero lag gives the variance of the process, 

that is, Rtx (0) = 0'.; . 

• RxJ r) collapses to zero which is the square of the mean value of the process x(t) as 

r Increases. 

• The normalized auto-correlation function satisfies: -1 ~ Pxx (r) ~ 1 ,and Pxx (0) = 1. 

For the cross-correlation function 

• The cross-correlation function is neither an even nor an odd function of r , but satisfies 

the relation: RXy(r) = Ryx( -r). 

• The cross-correlation function follows IRxy (r)1 :s; ~ Ru (O)Ryy (0) , which is commonly 

called the cross-correlation inequality. 

• Unlike the auto-correlation function, Rx/O) is not the maximum value of R,/r). In 

addition, R,y(O) has no specific relationship to the variance of the process. 

• The normalized cross-correlation function satisfies: -1 ~ P x/ r) :s; 1. 

B.I CORRELATION FUNCTION ESTIMATORS 

When computing the BCC functions from a time series, one assumes ergodicity and uses 

time average. If two random signals x(t) and yet) are defined in the common time interval 

o :s; t :s; T , two commonly used estimators of the theoretical cross-correlation function are 

derived, which can be written as Rx/r) and Rxy(r) respectively. The biased estimator 

Rxy(r) is given by 

1 T-T 

Rx/r) =- f x(t)y(t+r)dt r > 0; 
T 0 

1 T 

Rx/r) = T f x(t)y(t+r)dt r < O. 
-T 
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The unbiased estimator Rxy (r) is given by 

1 T-r 

Rxy(r)=-- f x(t)y(t+r)dt T>O; 
T-r 0 

T 

- 1 f Rx/r) = T -Irl_r x(t)y(t +r)dt r < O. 

(B.6) 

Both of these two estimators are used for engineering problems because they have 

intuitive appeals and should be compared on the basis of some criteria [17]. 

B.2 COMPUTATION OF THE Bee FUNCTION USING SAMPLED 

DATA 

The procedures for implementation of the BCC function using sampled data are detailed in 

this section. Assuming both xn and Yn are N-point sequences, the method of calculation 

using the biased estimator defined by equation (B.S) is 

(B.7) 

(m > 0; n = O,I, ... ,N -1) 

A similar method can be used to derive the unbiased estimator. These expressions are 

the so-called "mean lagged product" formulae and are evaluated directly if the signals are 

not very long time series. Although equation (B.7) provides the most direct method of 

estimating the BCC function, it turns out that the frequency domain implementation via the 

FFT is generally more efficient to evaluate the BCC indirectly. 

One way to reduce the tedious computation, at the expense of some loss of accuracy, is 

to use segment averaging. The time averaged correlation function as defined by equation 

N-l-m 

(B.7) is very closely related to convolution. In fact L XnYn+m can be regarded as a 
n=O 

convolution of x(n) with y( -n). Thus the required correlation function can be derived 

from the inverse FFT of X· (k)Y(k) and scaled appropriately. Here X* (k) denotes the 

complex conjugation of the FFT of x(n); Y(k) is the FFT of y(n). The approach to 

implementing the estimation of the BCC function for digital signals is depicted in Figure 

1.3(a) in Chapter 1, which can be summarised by the following procedures, 
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1. Fourier transform x(n) and yen) using the FFT to give X(k) and Y(k); 

2. Form the product of X· (k)Y(k) ; 

3. Inverse FFT of X· (k)Y(k). 

However, when computing the correlation function of a very long time series, even 

using the FFT can be computationally demanding. Therefore, segment averaging can be 

applied further to reduce the computational load as follows, 

1. The data is divided into small slices of the same time length; 

2. Estimate the BCC function of each slice via the FFT. 

3. Average all the estimates. 

When this method is applied, one has to ensure that the segment length is significantly 

longer than any delays that may exist between the two signals. 
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APPENDIXC 

EFFECT OF BACKGROUND NOISE ON THE 

CORRELATION TECHNIQUE 

Leak detection involves the classical statistical problem of finding a signal in background 

noise. In this appendix the effect of background noise on the cross-correlation technique is 

described. Furthermore an approach to improve the correlation technique is suggested. 

C.l SOURCES OF NOISE IN LEAK DETECTION 

Generally the sources of noise in measurements can be divided into two classes [51]. The 

first is generated by the measurement system itself. This is typically referred to as system 

noise, and it defines the accuracy and precision of the measurement system. The second 

type of noise is present in the environment in which the measurements are made. This is 

typically referred to as background noise (ambient noise), and it can take many forms 

depending on the type of measurement being made. 

Leak detection systems, regardless of which technology they are based on, measure a 

combination of both signals and noise. For the correlation technique, the signals measured 

by acoustic sensors are produced by a leak, whereas noise that is unrelated to a leak may 

mask the sensor signals. Almost all measurement noise can be characterised as random 

noise combined with discrete frequency noise. The ideal random noise (background noise) 

can be defined as the frequency components with a flat auto-spectral density at all 

frequencies of interest, while discrete frequency noise (system noise) is usually composed 

of several fundamental or resonant frequencies associated with distinct peaks in the spectral 

analysis. The latter is normally considered to be the contributions of the water pipe, soil and 

rotating machinery on the test site. 

The effectiveness of the correlation technique for leak detection is largely influenced 

by the interfering background noise. Reliable detection can only be accomplished when a 

peak can be distinguished in the cross-correlation function. In order to evaluate its 

effectiveness, it is first necessary to determine the amount of background noise, which is 
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measured when there is no leak. In order to quantitatively describe the statistical properties 

of the noise, one must conduct a large number of tests on one or more non-leaking pipes 

over a wide range of environmental conditions. Theoretically this procedure yields a 

measure of the magnitude of the noise so that its effect can be removed from correlation 

estimators. Unfortunately the background noise is not always detectable prior to capturing 

leak signals. For given measurements of a leak signal, adequate approaches can be applied 

to reduce the noise effect when correlating sensor signals. 

C.2 IMPROVED CORRELATION FUNCTIONS USING DATA 

AVERAGING 

C.2.! ENSEMBLE AVERAGING 

The ensemble averaging method can be used to reduce the effect of random noise in the 

correlation estimators. To illustrate the concept of an ensemble average, take the basic 

cross-correlation (BCC) function R
t1x2 

(r) for example, the average value for r ensembles of 

time history records {Xl (t)} and {X2 (t)} , is given by 

(C.l) 

where R
t1X2 

(r) is the ensemble average value of the cross-correlation function. Each 

measurement is supposed to be independent, which implies that the noise is not caused by 

the measurement system. A characteristic of measurement systems having random noise is 

an improvement in performance when test results are averaged. The standard deviation of 

the averaged data, Cf, defined as the square root of the variance, is that of a single test, a, 

reduced by the square root of N, which is given by [52] 

Cf=a/J;.. (C.2) 

Consequently the accuracy of the correlation technique is improved by using ensemble 

averaging without reducing its reliability. In practice, this improvement is not as clear as 

expected because of the existence of the system noise. System noise cannot be substantially 

reduced through averaging [52]. Nevertheless, the influence of random noise on the cross

correlation function becomes relatively small as sufficient measurements are averaged. 
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C.2.2 SEGMENT AVERAGING 

Statistical ensemble averaging is straightforward. In practice, however, one rarely has more 

than one group of time history records. Specifically when a single measurement is not 

found to be easily repeatable, which is a common experience within the leak detection 

community, the alternative segment averaging can be used in the cross-correlation analysis. 

In this case, ergodicity is assumed. 

When the segment averaging method is applied, one has to ensure that the segment 

length is significantly longer than any delays that may exist between the two sensor signals. 

With reference to Figure 1.1 in Chapter 1, the time delay that corresponds to the peak 

correlation value satisfies 

(C.3) 

Consider a time history record of length T, which is segmented into separate time 

slices each of length Tr . There is no significant loss of information provided that 

(C.4) 

Thus the minimum time length of Tn is given by 

d 
~min =- (C.S) 

C 

It can be seen from equation (C.4) that the minimum time period can also be regarded 

as the possible range of time delays. It indicates that the existence of a suspected leak can 

only be determined by the possibility of a distinct peak correlation within this time 

duration. The corresponding minimum fast Fourier transform size, N min , by segment 

averagmg IS 

d 
Nmin = 1;,. -, 

c 
(C.6) 

where 1;,. is the sampling frequency. Under most practical circumstances, the FFT size is 

suggested to be set from 512 to 2048, which must satisfy the minimum value given by 

equation (C.6) as well. 
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APPENDIXD 

VARIANCE OF THE TIME DELAY ESTIMATE USING THE 

CORRELATION TECHNIQUE 

Despite the relatively widespread use of the expression for the variance of the time delay 

estimate derived by Carter [21], its derivation does not appear to exist elsewhere apart from 

his PhD dissertation. This appendix derives the variance of the time delay estimate using 

the correlation technique, which is a similar approach to that taken by Carter. The approach 

is the same as that taken by Carter [21]. The derivation of the variance of the time delay 

estimator i peak does not account for errors due to ambiguous peaks in the cross-correlation 

function and it is assumed that the estimated time delay is in the neighbourhood of the 

correct delay. 

In the implementation of the generalised cross-correlation (GCC) estimator i?.~X2 (r) as 

illustrated in Figure 1.3(a) in Chapter 1, the sensor signals xJ(t) and x2 (t) are filtered by 

HJ(OJ) and H2(OJ) respectively. The frequency weighting function \f'/OJ) described in 

Chapter 4 is given by 

where * denotes complex conjugate. The variance of the time delay estimator 0'2 is the 
fpeak 

square of the standard deviation of the time delay estimator, O'f ,and is illustrated in 
peak 

Figure D.1 (a). r peak is the abscissa value at which the GCC peaks and the time delay 

estimator i peak is located within the range rpeak ±O'f
pWk 

' where O'fp,ak denotes the standard 

deviation of i peak' 

The corresponding first derivative of the GCC with respect to the time r, is given by 

ai?g (r) 
z(r) = _X--'-'X.::.-' _ 

ar ' (D.2) 
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as plotted in Figure D.I(b). It is clear that, as illustrated in Figure D.l(b) (Jipeak IS the 

left/right variation of the zero crossing of z( r) . The corresponding variation of z as shown 

in the Figure is the standard deviation (J z at r = T peak' For small values of (J z, the 

magnitude of the expected value of the slope of the output at the true time delay T peak IS 

given by 

1 

oE[ z ]1 = 02 
E[ R.!X2 (T)] 

or OT 2 

T=T pellk T=T peak 
(), -

T-T peak 

(D.3) 

where E[ ] denotes the expected operator. 

20-. 
r peak 

(a) 

r 
T peak 

ai?g (r) 
z(r)= x,x2 

ar 
(b) 

r 

Figure D.1 Illustration of the determination of the variance of the time delay estimator. 

(a) The Gee function; (b) The first derivative of the Gee. 
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rl E[R.~X2 (T)] 
In order to solve equation (D.3) for (TCpWk = CTr Ir=rp,ak ' the quantities aT2 

T==r peak 

and CTzIr=rp,ak must be known. In practice, only an estimate SX1X2 (m) of the cross-spectral 

density can be obtained from the finite observations of Xl (t) and X2 (t) . For large 

observation time T --) 00 , the expectation of SX1X2 (m) is 

E[S (m)]=S (m)=IS (m)le-iOJTpcak. 
~~ ~~ ~~ 

The GCC function, R!X2 (r) , can be determined from 

Combining equations (D.4) with (D.S) gives 

a2 E[R!X2 (r)] 

aT
2 

T=f peak 

(D.4) 

(D.S) 

(D.6) 

Thus one term in equation (D.3) can be determined in a straightforward manner. It 

remams to find CTz I _ and this requires some relatively straightforward but tedious 
r-rpeak 

algebra and is described next. Based on the commutativity of integration and 

differentiation, Figure D.2 shows the process to determine the first derivative of the GCC 

z( T) , which can be obtained from 

(D.7) 

where YI (t) is assumed to be the output of the filter HI (OJ) excited by signal Xl (t), and 

Y2 (t) is the output of a filter H2 (m) excited by signal x2 (t) cascaded with a time delay r 

and a differentiator, as shown in Figure D.2. 

---------., 

I--.z(r) 

a Y2(t) 
X2(t) aT 

.. _________ ,1 

Figure D.2 Process to detennine the first derivative of the GCC, z(r). 
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In the frequency domain, the corresponding auto and cross power spectral densities of 

YI (t) and Y2 (t) satisfy the relations given by 

(D.S) 

(D.9) 

(D.lO) 

By definition, the variance of the first derivative of the Gee is given by 

(D.lI) 

where 

1 ITI2 E[z] = lim E[- yJt)Y2(t)dt] 
1'--->00 T 1'12 

1 IT!2 = lim - E[YI (t)Y2 (t)]dt 
T--->ooT 1'12 

(D.l2) 

= Ry,Y2 (0); 

and 

(D.l3) 

The fourth moment in equation (D.l3) can be derived by assuming that YI (t) and 

Y2 (t) are jointly stationary Gaussian process. Equation (D.l3) then becomes [21] 

Z • 1 .LIZ .LIZ 2 E[z ] = lIm-z [Ryy (O)+Ryy (tz -tJ)Ryy (t2 -tJ+Ryy (tz -tJ)Ryy (tz -tJ]dtJdtz · (D.l4) 
1'-,>oc T 1'IZ 1'IZ I 2 I I 2 2 I 2 2 I 

Substituting equations (D.l2) and (D.l4) into equation (D.ll) and letting to =t2 -t1 

gIves 

2 • 1 ['/2 ITI2 
0". = hm-

2 
[Ryy Cr)Ryy (T)+Ryy (T)Ryy (T)]dtodt l , 

• T --->00 TTl 2 1'12 I I 2 2 I 2 2 I 

(D. IS) 

Integrating equation (D. IS) with respect to tl gives 

(D.16) 

Making use of the Parseval's Theorem (Power Theorem), equation (D.l6) can be 

rewritten as 
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2 1 [ 2 (). = -- [Syy (OJ)Sy y (OJ) + Syy (m)]dOJ. " 27rT 00 I I , , I 2 
(D.17) 

Substituting equations (D.8)-(D.l 0) into equation (D.17) gives 

(D.18) 

Noting that Sx1x, (OJ) is determined by equation (D.4), equation (D.l8) can be rewritten 

as 

When T = T peak' equation (D.19) reduces to 

(D.20) 

h 2 ) ISX1X2 (OJ)1
2 

• h h .g' b h d' 1 were rX
1X2 (OJ = S (OJ)S (OJ) IS t e co erence lunct!on etween t e measure sIgna s 

XIX] X2X2 

Xj(t) and X2(t). Finally equations (D.6) and (D.20) can be substituted into equation (D.3) to 

yield 

(}z I -
a~ - r-rpeak 

Tpmk -laE[Z]1 
aT _ 

r -T peak 

which gives the standard derivation of the time delay and is the same as that reported by 

Carter in [21]. With reference to Table 4-1 in Chapter 4 for \f' g (OJ), the variance of the time 

delay estimate ()~ using different GCC methods is given by 
fpeak 

1) For the BCC function, tp g(OJ) = 1, which can be substituted into equation (D.2l) to give 

(}2 = 27r [OJ2IS<lx2(OJ)12[1-r~x2(OJ)]/r~x2(OJ)dOJ 
ipmk T [[ OJ21Sx

1
x, (OJ)ldOJ J (D.22) 

2) For the PHAT estimator, tp g (OJ) = 1/ ISxlx2 (OJ)I, and the variance is given by 
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(D.23) 

3) For the ROTH estimator, \f' g (m) = 1/ SXIXI (m), and the variance is given by 

(D.24) 

4) For the WIENER estimator, \f' gem) = Y;I
X

2 (m), and the variance is given by 

(D.25) 

5) For the SCOT estimator, \f' g (m) = 1/ ~SXIXI (m )8'2X2 (m) , and the variance is given by 

(D.26) 

. Y; < (m) d h . ., b 
6) For the ML estImator, \f' (m) = 1-2 I I' an t e varIance IS gIven y 

g [1- Y;'X2 (m)] SXI X2 (m) 

(D.27) 
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APPENDIXE 

THE NORMALISED ERROR OF THE FREQUENCY 

RESPONSE FUNCTION 

The aim of this appendix is to derive the normalised error of the frequency response 

function, which was given in the previous research by Bendat [44]. A similar approach is 

adopted here for convenience. In the model, the signals Xl (t) and X2(t) are the input and 

output of a system as illustrated in Figure E.!, where Xl (t) is the measured input signal 

(assumed noise-free), X2(t) is the measured output signal, which is given by 

X2 (t) = v(t) + net) , (E.!) 

where vet) is the output signal due to Xl(t) passing through H(w); H(w) is the frequency 

response function of the optimum constant parameter linear system for estimating X2(t) 

from Xl(t); and net) is the background noise that is uncorrelated with signal v(t), which 

satisfies 

(E.2) 

where S<ln is the true value of the estimate Sx1n; and E [.] denotes the expected value. It is 

assumed that Xl(t) and X2(t) are the only records available for analysis, and that they are 

representative members of zero-mean stationary random or transient random processes. 

1O
~(t) 

XI (t) ---.,101 H( w) Ir----v...;:.(t..:.)----l-*EB+--;f---~IO X2(t) 

Figure E.l Single input/output model. 

For this model, the estimate of the frequency response function H(w) can be given by 

(E.3) 

Three further spectral estimates can be defined by 
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(E.4) 

" "2 1\ 

Snn(aJ)=[l-yxx (aJ)]Sxx (aJ), 
1 2 2' 2 

(E.5) 

(E.6) 

Since the corresponding variance for the smooth estimates will be reduced by a factor 

of r when averaging over r statistically independent quantities as assumed here, the 

following normalised random error formulas apply to the estimates in single input/output 

problems [43], 

(E.7a) 

(E.7b) 

(E.7c) 

(E.7d) 

where the normalised random error is given by 

(E.8a) 

(E.8b) 

[ ~ ] (J"~ 
& S (aJ) = 'nn 

nn Snn(aJ) , 
(E.8c) 

(E.8d) 

Note that the normalised error formulas of equations (E.7a)-(E.7c) are independent of 

frequency. The above results are used to derive the variance of the time delay estimate. 

Start with the equation 
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Svv (cu) = IH (CU )1
2 

SX1X1 (cu) . (E.9) 

Now 

LlSvv(cu) ~ IH(CU)r LlSX1X1 (cu) + SX1X1 (cu)LlIH(w)1
2 

, (E. 10) 

where 

~ ~ 

Mvv(cu) = Svv(cu)-Svv(cu) , (E.lIa) 

~ ~ 

M (cu)=S (cu)-S (cu) 
xlx\ XlX j xix j ' 

(E.lI b) 

LlIH(cu)1
2 

= IH(cu)1
2 

-IH(cu)1
2

• (E.lle) 

The variances of the estimates SX1X1 (cu), Svv (cu) and IH (w )1
2 

are defined by 

(E.12a) 

(E.12b) 

(E.12c) 

respectively. Also, the covariance of the estimates Sxjx1 (cu) and Svv(cu) is defined by 

(E.l3) 

Combined with equation (E.6), equation (E.l3) can be given by 

~ ~ 

~ ~ S (w)S (cu) 
v(S S) = XjX, vv co X x' vv . 

j j r 
(E.14) 

(E. IS) 

Squaring both sides yields 

Taking expected values gives 
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(E.17) 

Divided by S;\x\ (cu), equation (E.17) gives 

(E.18) 

Equations (E.7b,c), (E.8b,c) and (E.14) can be substituted into equation (E.18) to give 

2 crL 2IH(cu)r IH(cu)1
4 

crt IH((1)1
4 

IH(cu)1
4 

cr 2 ~ ~ - + - ---'''::-'~--'-

IHI S~X\ (cu) r r S;v((1) r 
(E.19) 

It can be seen from equation (E.19), that to obtain the variance crl~12' crt must be 

known. From equations (E.l) and (E.2), it follows that 

(E.20) 

Combined with equations (E.7b,c) and (E.8b,c), the variance crt can be found by 

(E.21 ) 

Substituting equations (EA) and (E.5) into equation (E.21) gives 

(E.22) 

Thus the variance crl~12 can be obtained by substituting equations (E.22) into (E.19), 

which is given by 

(E.23) 

To derive variance crl~1 from variance crl~12' the following formulas apply. 

For any estimate A, as a first order of approximation 

(E.24) 

where 
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~ 

M=A-A, (E.25) 

M2 = j2 _A2 , (E.26) 

E[M]=O, (E.27) 

E[ M 2J=O. (E.28) 

Now 

(M2)2 ~ 4A2(M)2 , (E.29) 

with 

E[M2M2J~ 4A2E[MM]. (E.30) 

In definition, equation (E.30) can be reformulated by 

(E.31) 

The relation defined by equation (E.31) can be applied to equation (E.23) to give 

(E.32) 

For the discrete points of the notation as used in Section 6.4.2, the variance of the 

phase spectrum estimate given by equation (E.32) becomes 

(E.33) 

Then the normalised error of the phase spectrum estimate is given by 

(J [ ~2 ]1/2 c[JH,lhXI ~ ~~;,; (E.34) 
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