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We study the next to leading order (NLO) weak corrections (order o:~o:w) to a number 

of hadronic processes. \Ve discover the ,veak correction to bb production at Tevatron 

to be small (fractions of one percent) at inclusive level but potentially of some signif

icance in the forward backward asymmetry. The correction to the total bb production 

cross-section at LHC is also found to be small (-2%) but possibly large enough to be 

significant following NNLO QCD calculations. We find the total cross-sections for two 

jet production at both Tevatron and LI-IC to be significantly larger - up to -3% at Teva

tron and up to -30% at LEC. Calculations of polarised observables are also performed 

for both RHIC and a hypothetical polarised LHC. \Ve find weak corrections to these 

observables to be typically tens or even hundreds of percent. A calculation of the it 

production cross-section is also carried out. The corrections to a number of differential 

cross-sections for 99 --7 tt at LHC are found to be potentially significant - in the region 

of 5 to 10%. For qq --7 tl we find corrections of a similar magnitude. 
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Chapter 1 

Introduction 

1.1 General Motivation 

In this thesis we present a number of calculations of NLO (a~,avv) weak corrections 

to hadronic processes. These calculations will be performed for the two Te V energy 

colliders, LHC (Large Hadron Collider) and Tevatron, as we expect to see large weak 

effects at high energy machines. \Ve will also present some calculations for RHIC 

(Relativistic Heavy Ion Collider) where, as RHIC is a polarised machine, it is possible 

to define observables where weak corrections will be qualitatively distinct from QCD 

due to their parity violating nature. 

Three calculations will be studied in detail - the bb production rate (assuming massless 

quarks), the full proton - (anti)proton to two jet rate (also assuming massless quarks) 

and the LT production rate (where the top mass is non zero.). 

All of these calculations will be calculated for gg -7 final state and qq -7 final state 

(and, where appropriate, qg -7 final state). The processes with gluons in the initial 

state are IR finite at a~aw order but the four quark processes will always contain 

infrared (IR) (soft and collinear) divergences. These will have to be cancelled using a 

1 



suitable subtraction method if we are to obtain matrix elements which are integrable 

via Monte Carlo methods. 

1.1.1 Why Are Standard Model Calculations Important? 

It is important and interesting to study weak corrections in a standard model calculation 

for a number of reasons. Firstly, via the calculation and measurement of asymmetries, 

we may examine weak effects even if the inclusive cross section is small. These asym

metries allow us to study qualitative effects that arise frorn weak physics and, in the 

case of entirely parity violating asymmetries, this means we can eliminate any errors 

associated with QCD (as pure QCD graphs will not contribute to these observables). 

Another reason we are interested in weak effects is that weak corrections are typically 

more significant than one would expect from a simple comparison of couplings with, 

[or example, QCD. This is a consequence of potentially large non cancelling single and 

double logarithms which become significant at large centre of mass energies. The im

portance of weak corrections is discussed at length in Chapter 2. 

It is also worth mentioning here why we are interested in standard model calculations 

at all. Calculations of this nature are important as part of the ongoing testing of the 

standard model. There are a number of discrepancies between current standard model 

predictions and experimental data that would potentially benefit from calculation of 

weak corrections. 

Firstly the b jet excess detected at Tevatron. The transverse momentum (PT) distr'i

bution of b-jet production at Tevatron shows a distinct disagreement with theoretical 

predictions [1] (currently calculated to NLO in QCD [2]). It is expected that compar

ison between b-jet production and predictions will continue at LHC at much higher 

accuracy [3]. Any improvement to the theoretical predictions here would clearly be of 
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some potential use. A calculation of the NLO weak contribution to bb production is 

presented in Chapter 4. 

Another signal that should be considered is the high PT jet excess discovered by the 

CDF collaboration at Run 1 of Tevatron [4]. Although it appears that this discrepancy 

may by solvable via a modification of the gluon Parton Distribution Functions (PDF's) 

[5] further theoretical examination of this region is likely to be of some interest. 

Finally, a reliable standard model background is required for searches for physics be

yond the standard model. A good example, and one where weak corrections are of 

particular importance, would be in searches for the exotic TV and Z bosons described 

in (for example) [6]. In an attempt to detect physics of this nature it would be sensible 

to look for discrepancies bet\veen measurement and theoretical predictions of parity 

violating observables. As mentioned above this would eliminate any errors associated 

with QCD and these observables should be particularly sensitive to the existence of 

additional parity violating interactions. 

1.2 The Colliders We Will Be Studying 

The calculations presented here will be performed (where appropriate) for three differ

ent colliders - Tevatron, loRC and RHIC. Following is a brief discussion of the different 

machines properties: 

Tevatron at F'ermilab is the worlds highest energy currently operating collider. It is a 

proton-anti-proton collider with a centre of mass energy of around 2000GeV. Whilst 

this energy is above the threshold where the logarithmic corrections (see section(2.4)) 

to weak processes becomes large we need to remember that partonic energies will be 

scaled by the Bjorken x and as such will typically be in the region of the TV mass - not 

high enough for us to see large weak logarithms. 
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LHC at CERN will become the worlds most powerful collider when it starts running 

within the next few years. It will be a proton-proton collider with a centre of mass 

energy of about 14TeV. This will result in partonic energies far above the W mass 

leading to potentially high significance for weak corrections. 

RHIC at Brookhaven National Laboratories was designed as a heavy ion collider but 

has been used as a polarised proton proton collideI'. RHIC is a comparatively low en

ergy collider when compared with LHC or Tevatron (at about 600GeV), however the 

fact that it can run "l;vith polarised beams means that it is an interesting machine from 

the point of view of weak physics. The asymmetries mentioned above (and described 

in section(2.2.1)) are defined for the case of polarised beams and as such, out of the 

three colliders considered, may only be measured at RHIC. 

1.3 Outline Of Chapters 

Below is a brief description of the contents of each chapter following this introduction: 

8 Chapter 2 - \Vhy Weak Corrections Are Important: 

Presented here is a description of why we expect weak corrections to be important 

in what we would expect to be QCD dominated interactions. Discussed within 

are the parity sensitive observables that can be defined at a polarised collider and 

the forwards backwards asymmetry to which we expect to have a detectable weak 

contribution. We also consider the large non cancelling logarithms that appear 

in weak cross sections and which enhance them at high centre of mass energies. 

8 Chapter 3 - Methods For The Cancellation Of Soft And Collinear Divergences: 

Described in this chapter is the subtraction method of Catani & Seymour [7] that 
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we use to cancel IR divergences. This method is the One used in the calculations 

presented in Chapter 4 and Chapter 5 - those calculations where we make the 

assumption of massless external quarks. 

It Chapter 4 - bb Production: 

The first calculation presented is an evaluation of the NLO weak correction to 

bb production at Tevatron and LHC (this calculation is not performed for RHIC 

as at that machine there is no capability to efficiently identify b jets). The total 

cross section will be calculated along with the forwards backwards asymmetry at 

Tevatron. 

IJ Chapter 5 - Proton Proton To Two Jets: 

Following on from the bb production we extend the calculation to include all pos

sible two jet final states with massless external particles. We will calculate the 

total cross section for both LEC and Tevatron and also the parity sensitive po

larised observables for REIC. Also presented will be an evaluation of the polarised 

observables at a hypothetical LHC with polarised proton beams . 

• Chapter 6 - tt Production: 

Finally we will evaluate the NLO weak correction to it production. This will be 

a very similar calculation to the case of bb production (in fact, topologically it 

is identical) but the necessary addition of the external top mass will complicate 

matters slightly. Here we use the subtraction rnethod of Stefan Dittmaier [8] to 

render our results finite . 

• Chapter 7 - Conclusions: 

Here we will briefly reiterate the implications of the results obtained during the 

course of this research and indicate where further work is required. 
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Chapter 2 

Why Weak Corrections Are 

Important .. 

At the order where the calculations will be performed (Ct~Ctw) one would usually expect 

QeD effects to dominate by a factor of Cts/Ctw however there are a number of reasons 

why weak corrections may be of some interest to calculate. There are qualitative 

differences between weak and QeD effects as a consequence of the parity violating 

nature of weak vertices which may be measurable at some colliders. There are also 

large non-cancelling logarithms that exist in the electroweak (E\V) corrections that 

enhance them with respect to QeD. 

2.1 Conlparison To Two Loop QCD 

vVork is currently being done in an attempt to evaluate QeD corrections at two loop 

(NNLO) order [9]. A simple comparison of coupling constants, 

(2.1) 
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shows us that we can expect NLO weak effects to be at least of a comparable size to 

NNLO QCD effects. Clearly, if we are interested in improving theoretical predictions 

to the level of two loop QCD we will also need the one loop weak effects. 

(It is worth mentioning that the simple comparison of couplings does not tell the whole 

story. The very large number of interferences that contribute to the two loop QCD will 

enhance the magnitude of that contribution compared to the NLO weak beyond what 

we may expect from comparing the couplings alone.[9]) 

2.2 Parity Violation 

Another important justification of the value of calculating 'Neale corrections comes from 

the qualitative nature of the results generated by the parity violating nature of the weak 

vertices. 

The Feymnan rule for the Z-vertex is: 

-ig (1 + ,5 f 1 -,5 f) 
-co-s-e-'-v-v·ryr' --2-cR + --2-cL , (2.2) 

where f is the fermion flavour (although in most of what follows the Z vertex will 

be expressed in terms of vector and axial couplings rather than left and right handed 

couplings). 

Clearly, assuming that CR -f CL, we would obtain a different result from a left handed 

incoming state than a right handed incoming state - this is parity violation. We also 

generate parity violation from I>V boson interactions - a W boson does not couple to 

right handed particles at all. 

(Note that the QCD vertex: 

(2.3) 
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does not have an axial part and that therefore purely QeD interferences will not con-

tribute to any parity violating observables ie: the interferences will be insensitive to 

the incoming/outgoing helicities). 

2.2.1 Polarised Observables 

If we are performing calculations for a machine which has two polarised beams (for 

example IU-He) then one of the observables that can be examined is the double hdicity 

hadron asymmetry [10] :-

(2.4) 

(where + refers to the helicity of the incoming particle( s) ) 

If we have no parity violation (ie: da ++ = da __ and da +_ da _+) then this reduces 

to:-

(2.5) 

In general this is non-zero so, whilst ALL will be sensitive to weak effects, we would 

expect it to be dominated by QeD effects in hadronic processes. 

There are however a number of variables that can be defined which are only sensitive 

to violating effects. For example, again at a machine with both beams polarised, 

we have the parity violating asymmetry [10]:-

APV _ dCLI-+ - da __ 
LL -

2daToT 

(w here cZaTOT' is the cross-section summed over all helici ty combinations) 

or, for a single polarised beam we have the single helicity hadron asymmetry [10]: 

- da_ 
AL=-..c---

2claTOT' 
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(2.6) 

(2.7) 



i 
Pa--~--~--'---Pl 

Aa 

z 

Ab 
Pb--~--'~---P2 

J 

Figure 2.1: Tree level Z exchange in the t-channel. i and j are the incoming quark flavours 

and A and p are the helicities and momenta of the external particles 

Clearly, if the interaction is insensitive to the helicity of the external particles (as is 

the case for purely QCD processes), dC5+(+) will equal dC5_(_) , meaning that both Afr 

and AL will be zero. 

These observables are only measurable at machines with polarised beam(s) and cur-

rently the only high energy polarised hadron collider is RHIC at Brookhaven. In prin-

ciple LHC could be modified to incorporate polarised proton beams during a round of 

upgrades but this appears to be unlikely [11 J [12J. Despite this ALL, AL and Afr are 

calculated for LHC to show the size of effect that would be measured at that machine. 

However, if we consider a top pair production process, we can study the polarisation 

structure of the final state quarks. In this way we can measure a variation on the 

polarised observables. This process is explained in more detail in chapter(6). 

2.2.2 A Simple Example Of Parity Violation 

A tree level diagram that violates parity is shown in fig(2.1) 

Using the Feynman rule for the Z-vertex given in eq(2.2) the expression for this am-
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Figure 2.2: Tree level gluon exchange in the u-channel. 

plitude is (dropping coupling constants): 

(2.8) 

So, if the helicity of incoming particle a is positive(negative), we pick up the term 

proportional to c'R ( c£) and for particle b we pick up the term proportional to ~ ( ci)· 

This means that the -, +- and -+ incoming helicity components will in general 

all be different. 

The square of this diagram is an allowed interference but, since that would include 

two Z exchanges, it would be very small (proportional to af¥) compared to QCD 

corrections. \iVith this in mind we will interfere the diagram shown in fig(2.1) with 

the QCD interference shown in fig(2.2). (The interference between the t-channel Z 

exchange and t-channel gluon exchange has a vanishing colour factor) 

Note that the expression for the u-channel gluon exchange will include the helicity 

conserving 6-functions 6)'lAI,6,\2 Aa' If these are combined with the delta functions from 

eq(2.8) then we discover that only the ++ and -- incoming helicity states will be non 

zero. Also, because we are interfering at-channel diagrarn with a u-channel and have 

no flavour changing interactions (vV-vertices for example) only the states with the same 
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incoming flavours will contribute. 

If we evaluate this interference in the usual way then we obtain the two results: 

(2.9) 

for incoming positive helicities and: 

(2.10) 

for incoming negative helicities. Here we have included the contributions from two 

possible interferences, the one described above and then the same pair of amplitudes 

with the gluon and Z-boson interchanged (ie: t-channel gluon exchange interfering with 

u-channel Z exchange). 

If we substitute these two expressions into eq(2.6) then we find that: 

(2.11) 

2.2.3 Tree Level Asymmetries 

A discussion of the tree level asymmetries at RHIe may be found in [10] 

Shown in fig(2.3), fig(2.4) and fig(2.5) are the tree level values for the ALL, AL and 

Afr (respectively) asymmetries at RHIe. Arr and AL both only include the parity 

violating O:sO:W and the o:\:v contributions. ALL also includes an o:.~ contribution as it 

is not an exclusively parity violating observable. We can see that the absolute value 

of the ALL asymmetry is the largest however, this observable is not exclusively parity 

violating and as such will have a contribution at all orders from pure QeD. The abso-

lute values of AL and Afr are a factor of ten smaller but, as they are entirely parity 

violating observables the only contribution will be from weak effects and as such the 

relative correction due to o:~o:w should be larger. 
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Figure 2.3: The tree level result for ALL at RHIC (Solid line 300GeV, dashed 600GeV). 
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Figure 2.4: The tree level result for at RHIC (Solid line 300GeV, dashed 600GeV). 
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Figure 2.5: The tree level result for Aft at RHIC (Solid line 300GeV, dashed 600GeV). 

2.3 Forward Backward Asynlmetry 

Another observable that can be studied is the forward/backward asymmetry. This 

observable is simplest to define if the initial state is a proton anti-proton pair and can 

only be defined for processes where the final state is a particle anti-particle pair. For 

exanlple, the forward/backward asymmetry for bb production at a pj5 machine is: 

ApB = ----c;-----------

(2.12) 

(Here corresponds to the cross-section for events where the b is produced in the 

sarne direction as the p-beam and (J~ corresponds to the cross-section for events where 

the b is produced in the opposite direction to the p-beam.) 

In fact ApB can only really be measured for heavy quark production due to the dif-

ficulty involved in accurately tagging light quark jets. Unlike ALL and AL we can 
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p ~ p 
--------------+. 44--------------

~ 
Figure 2.6: If we see a jet configuration like this at a pp collider then \ve can say, with reasonable 

assurance, that the quark was provided by the right hand beam and the anti-quark by the left 

hand beam. 

measure the forward/backward asymmetry at machines where polarised beams are not 

available, for example at LHC and Tevatron. This is potentially quite important as 

the only currently available high energy polarised collider, RHIC, has a centre of mass 

energy of about the \N-mass. This means that the logarithmic enhancement to weak 

effects (proportional to ln2 (m~J, see section(2.4)) will be insignificant meaning that 

the one loop weak contributions will be significantly smaller than at the higher energy 

machines. 

It is also interesting to note that it is possible to define the forwards/backwards asym-

metry at colliders that do not have particle anti-particle beams (for example LHC) [13]. 

Each time a bb event is detected it is studied to see in which direction the system has 

to be boosted from the lab frame to make the jets back to back. From this one can 

deduce which proton beam provided the higher momentum parton to the interaction. 

The proton PDF's tell us that the higher momentum parton is more likely to be a 

quark than an anti-quark so with this knowledge we can define AFE as follows: 

(2.13) 

Where O'~b now refers to an event where the b jet is in the opposite direction to the 

boost and O'bIJ to an event where the b jet is in the same direction as the boost. 
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b) 

a 
I 

I 

I 

:V 

c 
I 

,V 
I 

Figure 2.7: The QeD interferences that contribute to forwards/backwards asymmetry with 

outgoing quarks Q and Q. The cut V corresponds to the virtual corrections and the cut R to 

the real corrections. 

2.3.1 ApR Without Parity Violation 

\Vhen studying the forward/backward asymmetry it is important to consider the fact 

that (unlike Afr or AL) it is possible to generate a contribution without parity violat-

ing vertices as shown in [14]. The effect appears in QCD and is briefly repeated here. 

The contribution originates when we interfere two diagrams in which gluons are ex-

changed in the s-channel (fig(2.7)) (Because we can only really measure AFE for heavy 

quark production, and we assume that there are no heavy quarks in the initial state 

(anti)protons, all of the contributing diagrarns must be in the s-channel for both Ct; 
') . 

and a~aw.). The colour factors for these two mterferences are: 

Cola Tr( tatbtC)Tr( tatctb) 1.2 2 
16 (Jabc + dabc ) (2.14) 

Col b Tr( tatctb)Tr( tateLb) 122 
16 (- iabc + dabc ) (2.15) 
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If we drop the colour factors then we have the following relation. 

(2.16) 

This holds true for both the real and virtual corrections (ie: both cuts in fig(2.7)) 

So, the total cross-section that contributes to the asymmetry is: 

(2.17) 

and, if we exchange the outgoing quark and anti-quark: 

(2.18) 

So the charge asymmetry is: 

(2.19) 

(This result also shows that we can generate ApE from QED since 'clabc ' is trivially non 

zero.) 

This asymmetry relating to the exchange of final state quarks and anti-quarks is exactly 

equivalent to an asymmetry under the interchange of the final state momenta - ie: a 

transposi tion of the Mandelstam variables t and 1L (this is only true for the total cross-

sectIOn, it is not true for individual interferences) - this asymmetry in the matrix 

element generates the forwards/backwards asymmetry in the final cross-section. 
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2.4 Sudakov Double Log Enhancement 

It can be shown [15] [16] [17] (and references therein) that calculations of weak correc

tions tend to result in (potentially) large, non cancelling, Sudakov logarithms of the 

form (where m is some weak mass in the diagram). The presence of these 

logs means that, at high energies, weak corrections will be enhanced relative to QeD 

corrections (where similar logarithms cancel). 

It is worth pointing out that the s that appears in these logarithms is the partonic s 

and as such will be scaled by the Bjorken x. As a result of this the mach'ine centre 

of mass energy must be well above the weak masses for the logarithms to be large. 

If we consider as an example the graph pictured in fig(2.8) where we have a weak 

Figure 2.8: An example weak vertex correction to an s-channel gluon exchange. 

boson vertex correction to s-channel glllon exchange (In what follows we will consider 

only light quarks and make the simplification that the weak boson has only a vector 

coupling to fermions. The double logarithms are still in evidence if we do not make 

these simplifications although the process involves somewhat more algebra.). 
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The expression for the amplitude shown in fig(2.8) is: 

Vs,vVvge = 

(2.20) 

(\iVhere the notation 8, VV vge denotes that we have a W vertex correction with a gluon 

exchange in the s channel) 

If we go to the infrared (IR) (l -) 0) limit we obtain: 

j . ddZ -1 2 2 1 

(21T)d -;-gwgs (z2 - m~v )(Z + Pl)2(Z - P2)2 

U(pl)"';Ppn~LPzIPv( -P2)V( -Pbhllu(Pa) (2.21) 

'vVe now perform a little Dirac algebra and obtain: 

(2.22) 

Substituting this back into eq(2.21) we obtain (in the limit): 

Vs,Wvge -) 

(2.23) 

'\iVhere Ts,g is the tree level amplitude for a gluon exchanged in the s-channel. If we 

substitute in the scalar Veltman and Passarino function 

we obtain: 

r ctw 
Vs,Wuge -) -T.~,g X 41T 2sCo (2.24) 
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In the large s limit (s» m~v) Co -) 2
1
sln2 (~). Therefore we can rewrite eq(2.24) 

in this limit as: 

CXw 2 ( S ) 11:, Wvge -) -Ts g x -In -')-, , 47T m 1u 
(2.25) 

An almost identical argument shows us that we also generate logs of a very similar form 

from box diagrams that include a massive internal boson. 

\iVe generate similar logarithms in pure QeD (although of course we do not include the 

weak mass scale) however they cancel during the subtraction procedure against the IR 

divergences generated by diagrams with real gluon emission. 

In the weak case we need not consider diagralTls with real tV or Z boson emission as they 

will correspond to events which are experimentally distinguishable from those generated 

by virtual weak corrections (This is due to the real W / Z boson being unstable and 

typically decaying into high PT leptons or jets which can be captured by the detectors). 

As a result these large Sudakov logs will remain in and enhance exclusive observables. 

vVe do not generate these Sudakov logarithms frorn the scalar corrections even though 

we are also ignoring the possibility of real scalar emission. 

If we rewrite eq(2.21) for a scalar boson in the loop, again ignoring any pseudo scalar 

coupling but this time adding in a fermion mass mf, we get: 

Vs,cpvge -) 

j. ddZ -1 2 2 1 

(27T)d --;-9w9s (12 - m~)[(Z + Pl)2 mJl [(l - P2)2 - mjl 

il(Pl)(h + mf hf1(,P2 + m f )v( -P2)V( -Pb)JfLU(Pa) (2.26) 

Any term in the numerator that contains a h or a 'h is killed by the Dirac equation 

so the only terms that remain are those proportional to mJ (so in the massless fermion 

case this diagram will vanish when the loop momentum goes soft). If we follow the 
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above argument through to eq(2.25) we obtain: 

2 ( ) 
aw mj 2 S 

Vs ~vge ~ -Ts 9 x --r;-ln -2-
,'/" , 41T.t,S 711w 

(2.27) 

So the log is suppressed by a factor of the fermion mass in the loop over s. 

Nevertheless, the large logarithms generated by the Wand Z boson graphs will enhance 

weak corrections relative to QeD corrections, amplifying their importance (especially 

at high energies). 
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Chapter 3 

Methods For The Cancellation Of 

Soft And Collinear Divergences. 

(The subtraction method described in this chapter was presented by S. Catani and M. 

Seymour in [7]) 

To calculate processes containing III divergences (which in all the calculations presented 

here are four quark processes - at C\'~'C\'vji gg -+ qq will not contain III divergences as there 

are no possible bremsstrahlung diagrams) we need to follow some kind of subtraction 

algorithm to allow us to cancel these divergences in a fashion that will enable us to 

perform the phase space integral safely. 

The Kinoshita, Lee, Nauenberg (KLN) theorem tells us that we expect there to be 

cancellations between the soft III divergences arising from virtual loop corrections and 

real gluon emission when studying an III safe observable. The remaining collinear 

divergences associated with initial state gluons are absorbed into the parton distribution 

functions. 
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3.1 General Motivation 

All of the processes that will be calculated will be either two to two body processes or 

(when we have an external, real gluon) two to three body processes. The subtraction 

method used will be described below with this in mind. 

The cross section to one loop order may be written: 

a
TREE + a NLO = 1 da

TREE + 1 da
REAL + 1 daVIRTUAL (3.1) 

[1,2] [1,2,3J [1,2J 

Here daTREE is the tree level differential cross section (which is finite in four di-

mensions), da REAL is the cross section for diagrams with real gluon emission and 

da v J RTU AL is the cross section for interferences involving virtual corrections (both di-

vergent in four dimensions). The subscripts [1,2J and [1,2,3] indicate terms where we are 

integrating over the phase space of the two final state quarks and over the phase space 

of the two final state quarks and an emitted real gluon respectively. 

The divergences in daREAL will manifest themselves as terms proportional to 1 
Pi·P3 

(where P3 is the four momentum of the emitted gluon and Pi is the four momentum 

of the parton from which it is emitted) this will diverge when P3 is either soft or is 

collinear to Pi' 

The divergences in daVIRTUAL will manifest themselves as ~ or (12 IR poles (working 

in 4 - 2c dimensions and having renormalised all UV poles). 

Therefore if we wish t.o perform the phase space integrals we need to int.roduce a sub-

traction t.erm in t.he following way: 

_+_ daA + daVIRTUAL, (3.2) 

vVhere da A is the subt.raction term, constructed t.o have the same singular behaviour as 

claREAL and t.o be analytically integrable over a single parton phase space (see below). 
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If this is the case then we can write: 

a NW = l [daREAL - da A ] + l daA + j' daVIRTUAL, (3.3) 
[1,2,3J [1,2,3J [1,2] 

where [daREAL - da A ] can be evaluated in four dimensions (by definition). If we can 

integrate daA over the phase space of the gluon then we have: 

a NLO = j' [da REAL _ da A ] + r [daVIRTUAL + r daA ] (3.4) 
[1,2,3] }[1,2] J[3J 

(Actually, we also need to include the Altarelli-Parisi term in the integrand integrated 

over the two body phase space.) 

[daVIRTUAL + ir3] daA ] can be integrated in four dimensions as the! and ~ poles 

should cancel between the two terms. 

This cancellation does not exist in general but rather only for IR safe observables, that 

is observables that are defined so that they are insensitive to the number of soft or 

collinear partons in the final state. This restriction is not a problem in the calculation 

presented here as all observables considered are IR safe. 

3.2 Evaluating the Dipole Terms 

(In what follows we will label the incoming quark momenta as Pa and Pb and the outgo-

ing quark momenta as PI and P2. If we are looking at a bremsstrahlung diagram then 

the real gluon will be labelled with rnomentum P3) 

Also, the divergent contributions to the processes that will be evaluated in what fol-

lows will be QCD corrections to asaw tree level interferences. Therefore, the tree 

level contributions will look something like Mweak x M'QOD (up to some interference 

factor). However, for brevity, this will be written as l;'vW in what follows. Consider a 

bremsstrahlung matrix element with three QCD partons in the final state (M a ,b,1,2,3). 

The dependence of the matrix element squared on the momentum of one final state 
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particle (pj) is divergent in two regions of phase space - the region where Pj goes soft 

(Pj = Aq, /\ ---) 0 where q is any momentum) and the region where Pj goes collinear to 

any other parton in the interaction (denoted by Pi) for later convenience this collinear 

region will be described by the limit Pj ---) (1 - z)pil z. 

In both of these cases the matrix element squared will depend on a factor II (PiPj) as 

PiPj tends to zero in the divergent regions. 

It is important to note that one of the strengths of the dipole subtraction method from 

[7] is that the divergent structure of the matrix element squared is independent of the 

precise form of the matrix element. That is, (for a two to two body tree level process) 

we can factorise out the divergent part of IM CL ,b,1,2,31 2 with respect to IM CL ,b,1,21
2

. 

Therefore we can write: 

2:= cl(5TREE ® clVdipole 

CLll(lipoies 

So we can also rewrite eq(3.4) as: 

\"There we have written: 

L ! dVdipole = I 
CLlldipoles [3] 

",There ® is a phase space convolution where we are summing over colour indices. 

(3.5) 

(3.7) 

In the example of the LO matrix element IM CL ,b,1,21 2 there are potentially 16 interfer-

ences between diagrams with real gluon emission from external particles ie: 

(3.8) 

~Where M i3 is the bremsstrahlung diagram where a gluon with momentum P3 is emitted 

from particle i. 
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However, as mentioned above, the dipole structure is independent of the precise form 

of IM a ,b,1,21 2 . Therefore, we simply have one dipole for each possible combination of 

emitter/emitted particles (Pi,Pj) and spectator particles (Pk). Symbolically this gives 

us, for the dipole counter-term to IM a ,b,1,2,31
2

: 

(3.9) 

(Where 'i, k = eL, b, 1,2 and j = 3) 

3.3 Constructing the Dipoles 

To aid us in constructing the dipoles we need to study the behaviour of the bremsstrahlung 

interferences in the soft and collinear limits. 

3.3.1 The Soft Limit 

As stated above the soft limit is parameterised by 1)j Aq, A -7 0 (where q is any 

momentum). In this limit the bremsstrahlung matrix element squared goes like: [18] 

1M 12-7 ()"b,1,2,3 

(3.10) 

Where PL(q) is the eikonal current defined in this case as: 

YL(q) (3.11) 

Where Ta are the generators of SU(3) up to a possible factor of minus one. We pick up 

a factor of minus one in Tm.Tn if m and n correspond to a particle and an anti-particle 

or if they correspond to an incoming and an outgoing parton. For example, if we are 
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considering qaifb -7 ql(12 then we would have: 

Ta.T2 = ta.t2 (here we pick up two factors of -1) (3.12) 

And so on. 

So the square of the eikonal current is: 

(3.13) 

If we write: 

Pm·Pn (3.14) 

then we obtain, for the right hand side of eq(3.10): 

(3.15) 

'Where IMa ,b,1,21 2 is the LO interference with its colour factor removed. 

If we extract a single combination of ·i and k we obtain: 

(3.16) 

(This will be useful for comparison later) Note that any particular combination of ij, k 

does not correspond directly a brernsstrahlung interference even though the sum over 

i, j and k does of course equal the sum over all interferences. 

3.3.2 The Collinear Limit 

To study the behaviour of the matrix element squared in the collinear limit we must 

be careful in defining that limit. 
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vVhen Pi and Pj (two final state partons) go collinear we have: 

z(l - z) 
(3.17) 

Where pJ.i is the direction of the two collinear vectors, ki is the direction along which 

the collinear limit is approached (the collinear limit is the ki --+ 0 limit) and nit is a 

vector forming a plane with pit that is perpendicular to ki. 

In the region described by these limits the bremsstrahlung matrix element squared 

becomes: 

1M 12 --+ a,b,1,2,3 

(3.18) 

Here the matrix element on the right is the tree level matrix element with parton j 

(parton 1 or parton 2 in practice) replaced by (ij). In practice this means that the 

interference will be equal to the normal tree level expression but with the emitter 

momentum replaced by pJ.i. 

Here is the Altarelli-Parisi splitting function associated with the splitting parton 

ij --+ i + j. In all the cases we are looking at this will be q --+ q + g. In this case the 

splitting function (acting on the spin index of the (ij)) will be: 

(3.19) 

'Where E is the dimensional regularisation parameter. 

When we have Per and Pi (one initial state parton and a final state parton) go collinear 
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we define the limit as: 

1-x2Pa.n 

k2 

2p·.p = __ -_L_ as k I -70 
~ a 1 X ~ 

(3.20) 

The splitting process here is a -7 (ai) + i (q -7 q + g). This time in the collinear limit 

we have: 

1M 12-7 a,b,1,2,3 

1 _1_2/l,2Eg~ ') a < j, k; ai, blFa (ai) (x, kJ..; c) fj, k; a'i, b >2 (l 

XPi·Pa~" ' 
(3.21) 

Again the matrix element on the right hand side is obtained by taking the tree level, 

this time replacing parton a (in practice a or b) with a parton (ai) - as dictated by the 

splitting described above. This means that parton a will have momentum xp~ and we 

require an overall factor of ±. 
As in the case where two final state particles go collinear a and a'i both correspond to 

quarks so the expression for F will be as in eq(3.19) (if we swap z for 1';). 

3.3.3 Expressions for d()'A 

\Ve now need to find an expression for d()'A (not integrated over the gluon phase space) 

in eq(3.4) which matches eq(3.15) and eq(3.18,3.21) in the soft and collinear limits re-

spectively. 

d(J'A will be a sum of a number of different dipoles. There will be two dipoles associ-

ated with each possible bremsstrahlung interference for example, for the interference 

between emission from particle 1 and emission from particle a there will be one dipole 

where particle 1 plays the role of emitter and a plays the role of spectator (DfJ and 

one where a is the emitter and 1 the spectator (D?3). 
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If we look back at eq(3.14) we see how we break the different terms of the eikonal cur

rent squared into pairs of terms with the emitter and spectator particle defined. In the 

first term on the right hand side of eq(3.14) Pm is the emitter and Pn is the spectator -

the reverse is true in the second term. 

Note that this association does not mean that a particular dipole will necessarily cancel 

the divergences of a specific interference - in practice the sum of all dipoles including 

a factor of (for example) I/Pl'P3 will cancel the sum of all interferences including the 

same factor. The cancellation does not always work on a diagram by diagram basis. 

This is because, in the soft limit, each dipole has a 1/),2 pole which will cancel with 

the divergent part shown in eq(3.16) - however, as we will see below, each dipole also 

has a 1/), pole. This is not required to cancel any divergence (and will in fact cancel 

between the sum of all dipoles) but rather is required to make the dipole tend to the 

correct form in the collinear limit. The consequence of this is that if we attempt to 

check that our dipole expression gives a finite answer in the soft limit we will not be 

able to do it on a diagram by diagram basis as the 1/), poles will give us an erroneous 

divergence. 

The expressions required to construct the various dipoles differ depending on whether 

our emitter and spectator particles are in the initial or final state. We will look at each 

combination individually below. 
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Final State Emitter and Final State Spectator (D~) 

We will first look at the case where we have both emitter and spectator in the final 

state. The expression for this dipole (ij emitter and k spectator) is: 

2Pi'Pj 

xIM(j,iJ (3.22) 

I 
') 

"Where MiJ,Xl is the tree level interference with the colour factor removed and Pk 

replaced with and Pi replaced with 

in the Soft Limit 

Pi 
Yij,k = -----"----

Pi,Pj + Pj·Pk + Pk·Pi 

- Pi·Pk 
Zi = 

Pj ·Pk + Pi ·Pk 

1 

,-11 _ It 11 Yij,k l.t 
Pij - Pi + Pj - 1 Pk 

- Yij,k 

In the soft limit Pj ---4 Aq. In the limit characterised by this we will have: 

therefore, ---4 pit 
'/ 

(3.23) 

(3.24) 

Note that since the scaled momenta become the unsealed momenta in the soft limit 

the tree level interference in eq(3.22) will become the normal tree level interference 

expressed as a function of unsealed Mandelstam variables. 
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This means that in the soft limit eq(3.22) tends towards: 

V 'ij 
k = 

----,---=--"- --- - - 2 -2cFg,~, Tk.~j [1 2pk·Pi J 
2 AP'i .q Ti~ A (Pi + .q 

XJMJ2 (3.25) 

If we take the term proportional to 1//\2 then we have: 

1 2g~ r 17k·Pi 2 
- \'),-Tk.Tij ( ) x JMi,kJ 

/\-Pi·q Pi+Pk·q 
(3.26) 

If we compare this with eq(3.16) (where we have extracted a single combination of i 

and k from the summations in the expression for the total soft limit eq(3.15)) we see 

that they are equal. 

in the Collinear Lirnit 

In the limit (defined in eq (3.17)) where two final state particles go collinear the variables 

in the dipole become: 

-kl 
-+ --:--~=:--- , Z'i -+ Z 

2z(1 - Z)p.17k 

therefore, fir -+ pr and (3.27) 

(Where p, Z and are as defined in eq(3.17)) 

Therefore the term in square brackets becomes: 

[~ - (1 +Z)] 
1-z 

(3.28) 

Thus the expression for the dipole in the collinear limit is: 

(3.29) 

(Here the matrix element squared is equal to the normal LO tree level interference with 

the emitter quark's momentum changed to pp.) 

31 



Now we can see that eq(3.29) is equal to eq(3.18). This combined with the observation 

that the dipole also matches the bremsstrahlung interference in the soft limit means 

that this dipole expression fulfils the requirement of matching the singular behaviour 

of daRBAL . 

Final State Emitter and Initial State Spectator (D.0) 

We next consider the other case including a final state singularity, that with an initial 

state spectator. The expression for this dipole with emitter ij and spectator a is: 

----:--_-, .-. -,-) - (1 + Zi) - c(l + Zi)] 
x1J ,a 

T ra 2 2 2E 
Vij = gSfL CF 

Dij = 

-2CF9~' Ta.Tij _1_ [ 

2Pi'Pj Ti} 1 

xIMi),ilI
2 (3.30) 

INhere I)Vii),il 12 is the tree level interference with the colour factor removed and Pa 

replaced with Pa and Pi replaced with and we also have: 

Pi·Pa + 

Pi·Pa 
Zi=-----

·Pa + Pi·Pj 

P~ = 

-fL _ fL {L (1 ) I). 
Pij - Pi + Pj - Xij,a Pa 
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viJ in the Soft Limit 

In the soft limit (defined by Pj -+ )"q, )., -+ 0) we have: 

-+1 

(1 + id -+ 2 

2 

So the part of viJ proportional to >.\ is: 

1 22 ___ J!!irp 
).,2 Pi.q (L 

Which cancels the divergence in eq(3.16). 

in the Collinear Limit 

Pi·pj + PJ ·Pa 

Pi·Pa + Pj ·Pa 

2Pi·Pa 
-+ ).,q·(Pi+Pa) 

Again we use the collinear limit as defined as in eq(3.17). In this case: 

1 - -+ --,-------==---

-+1 

Therefore, in the collinear limit the dipole becomes: 

vi.J = 

') 1 
-2.95' 

2Pi'Pj 
.Tij [_2_ 

1 - z 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

Which clearly cancels with the dipole interference m the collinear limit shown in 

eq(3.18) . 
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Initial State Emitter and Final State Spectator ('Of/i) 

For the dipole with an initial state singularity and a final state spectator (emitter ai, 

spectator k) we have the expression: 

'T")cLi _ ] 
Uk -

2pa·Pi 
1 Tk.TaiV/LiIM __ 12 

T. k m,k 
a~ 

Vf/ = 

') 

xlM- -1-ai,k 

\Vhere we now have: 

v oi in the Soft Limit k ' 

----- - (1 + Xik,a) - £(1 - ;rik,a)] + 'ai 

Pk ·Pa + Pi ·Pa Pi ·Pk 

Pk'Pa + Pi·Pa 

Pi·Pa 
Ui=-----

Pi·Pa + Pk·Pa 

f5~ p~ + P; - (1 - Xik,a)P!; 

In the soft limit (Pi -7 Aq, A -7 0) we have -7 1 and also: 

2 1 
------7 ---~-

1 - + Ui A .q 

S, in the soft limit, the divergent part of eq(3.36) becomes: 

'T")ai 
Uk 

2 2£ [ 2Pk .
pa ] 1 12 .Tai2gs/L ( ) x M 

Pa + Pk .q 

(3.36) 

(3.37) 

(3.38) 

Again, in the soft limit, we can express the tree level interference as a function of 

unsealed Mandelstam variables. 
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This expression is equal to that given in eq(3.16) so again we can easily see that the 

soft divergences will cancel. 

in the Collinear Limit 

Because we are now looking at the case where the gluon goes collinear with an initial 

state particle we need to use the collinear limit as defined in eq(3.20). If we do this 

then we discover that, in that limit, we obtain: 

therefore p-jl p~L + 
'k k (1 .) jl d -jl - p - - .r p a an p ai - xPa 

So for the dipole in the collinear limit we have: 

mai _ 
Vk -

(3.39) 

(3.40) 

This is equal to the bremsstrahlung interference in the collinear limit as given in 

eq(3.21) . 

Initial State Emitter and Initial State Spectator (Dgi) 

The final dipole we need is the one where we have an initial state emitter (aj) and an 

initial state spectator (b). In this case we have the expression: 

n.Tai 1 
-----= 

2Pa ·Pi Xi,ab 

(3.41 ) 
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\Vhere: 

PCL·Pb Pi·Pa - Pi·Pb 

Pa·Pb 

}/~L _ -/L + JL (3.42) \. - Pai Pb 

Here are the modified momenta of all final state particles. This modification is 

required because we ideally want to be in a frame where Pb is unshifted but we need 

to maintain the momentum conservation: 

o (3.43) 

in the Soft Limit 

In the soft limit 

1 (3 

In the soft limit -7 P~ and for the final state momenta we have: 

Therefore, in the soft limit, the shifted tree level interference tends to the unshifted 

tree level interference as required. 

So, in the soft limit the dipole becomes: 

(3.46) 
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Which is of the fonn required. 

in the Collinear Limit 

In the collinear limit Xi,ab -7 :r; so the dipole shown in eq(3.41) manifestly has approxi-

mately the correct form. j5~i -7 xp!; so, provided that the final state momenta tend to 

their unshifted values in the collinear limit the tree level interference will also have the 

correct form. 

J(ll = pi! + pll _ pi! -7 xpl! + pl1 
a b 1 <' a b 

(3.47) 

Therefore the tree level interference in the dipole tends to the normal tree level expres-

sion with Pa replaced with XPa meaning that the dipole matches with the expression 

given in eq(3.21). 

3.3.4 Integrating the Dipole Terms 

To obtain the terms needed in eq(3.3) we will need to be able to integrate the Dipole 

terms over the three body phase space. 

Integrating V~ 

The first term we will look at is the case with final state emitters and final state 

spectators. The three body phase space is: 

(3.48) 
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If we rewrite this in terms of the shifted momenta then we have: 

ddp 
= dip (pij, Pj; Q) (27f d-\ ) 6+ (pI):] (Pi; Pij, pj) 

== dip (Pij, Pj; Q){ clPi (Pij, Pk, ii, Yij,k) } (3,49) 

\Vhere :], the Jacobian for this change of variables, is: 

(3.50) 

\Vhere the ii and Yi),k variables are as defined in eq(3.23). \Ve can now rewrite 

{dpi (pij, , ii, Yij,k)} in terms of these dipole variables as follows: 

(3.51) 

We can now, in principle, perform the integral: 

J {clPi(Pij, ,ii' Yij,k)}1)~ 
Tk.rnj 2 
~ljV1iJ,kl 

2) 

(3.52) 

Here we have done the phase space integral over the emitted parton 't leaving us with 

the two body phase space integral still to do. If we look at eq(3J19) we can see that 

the two body phase space left over is an integral over the shifted momenta. In eq(3.52) 

we see that the integrand's dependence on the shifted momenta is just the normal tree 

level interference with the shifted momenta as arguments. The consequence of this is 

that the two body phase space integral will be equal to the normal unshifted phase 

space integral of the normal, unshifted matrix element squared. 
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The V terms in eq(3.52) are: 

Vij,k is defined in eq(3.22). 

Integrating va 
'L} 

(3.53) 

In the case of an initial state spectator and a final state emitter the three body phase 

space is: 

cliJ>(Pi,Pj; Q + Pa) = 

cldpi 5 (2) ddpj 5 (. 2) ('> )d 5(d) (Q _. _ .) 
(21T)r1-1 + PI (21T)r1-1 + Pj ~1T + Pa PI PJ (3.54) 

If we again split off the phase space of the single emitted parton we end up with the 

phase space convolution: 

(3.55) 

'Where the term in braces is the single particle phase space and the Jacobian for this 

change of variables. 

Again we can re-express the Jacobian and the single body phase space (the term in 

braces) in terms of the dipole variables (and, in this case, also in terms of the convolution 
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variable x) as follows: 

(1 - (1 (3.56) 

So for the integral of the dipole we will have: 

(3.57) 

\iVhere Vij(:-C; E) is defined similarly to before: 

(3.58) 

\iVe have to be a little more careful about the exact behaviour of Vij (x; E) as E approaches 

zero as we pick up a singularity in x at x = 1. To avoid this we introduce the + 

prescription, If we do this we obtain: 

+ 5(1 - .7:) e dzVij(z; E) 
./0 

(3.59) 

where the 'plus prescription' part is defined (for some non plus prescription function 

f) as: 

1,1 11 
dxf(x) [Vij(x; E)l+ = d;c(f(x) - f(I))[Vij(x; E)] 

o 0 
(3.60) 

If we perform the integral of ~j then we obtain: 

CF [(_2 In_I) ~ (_1 ,) + _2 In(2 x)] 
I-x I-x + 2 1 x + 1 x 

+5(1 x) [Vlj - ~CF] + O(E) (3.61) 

Where Vij is the function given in eq(3,.53), 



Integrating Vi;i 

vVe now consider the case with an initial state emitter and a final state spectator. 

Again we split off the single particle part of the phase space and are left with the phase 

space convolution: 

(3.62) 

vVe now change variables to obtain an integral over the dipole variables 1Li and 

(3.63) 

(Note that we can easily perform the integral due to the presence of the delta 

function) 

vVe once again define a V term as the integral of the relevant V term: 

(3.64) 

So the integral of the dipole over the single particle phase space will be: 

(3.65) 
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The expression we obtain for va,ai(x; e) (when a and ai both correspond to quarks as 

is the case in the calculations presented here) is: 

VI],I](x; e) = ~pl]l](x) + 5(1 - 1';) [Vqg(e) + (~7T2 - 5) CF] 

[_ (_4_. In_1_) _ -2-ln(2 x) + (1 - x) 
1 x 1 x 1-1': 

-(1 + x)ln(1 - x)] (3.66) 

Where [,1]1], the Altarelli Parisi function for emission of a gluon from a quark, is: 

(
1 + x2) pqq(x) = CF --
I-x + 

(3.67) 

Integrating Vgi 

We finally consider the second case with an initial state emitter, that with an initial 

state spectator. Splitting off the Pi part of the integral we obtain: 

cliJ>(pi' ···;Pa + Pb) 

(1 ~P 
= Jo cluliJ>(kj ... ; xPa + Pb) Z 5+(pf)8(x)8(1 - x)5(x - Xi,ab) 

== 11 clxdiJ> ... ;XPa +Pb){clPi(Pa,Pb,Xi,abjX)} (3.68) 

Once again - this can be rewritten in terms of the dipole variables: 

;1':)} = 

(Where we have defined the new dipole variable Vi = Pa.Pi) 
pa,Pb 

Once again we define the integral of the V term as: 

1b ; 1':)} __ Va,L (:r:i,ab) 
2pa·Pi 

ex 5' __ 1__ (_I_7T_fL_2 ) Eya,ai 
27T 2pa'Pb 
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So the integral of the dipole over the single particle phase space will be: 

(3.71) 

Where, after performing the integral, we obtain an expression for va,ai of the form: 

-. . 2 [( 2 1 2 J yo.,m = yCL,m + Ta --lTl~ + x ln (2 - x) 
l-:r 1 x + 1 _ 

(3.72) 

ya,ai is the same expressioIl as given in eq(3.66) and Pleqg(x) = -cF(l + x) 

3.4 Constructing (}NLO 

The total expression for the NLO cross section is: 

UN LO = r (du R cluA ) + 
J[1,2,3J 

[j' duA + j' du \f + 1 do- C
] 

[1,2,3] [1,2] [1,2J 
(3.73) 

\iVhere cluc is the initial state collinear counter term: 

(3.74) 

\Vhere: 

(3.75) 
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This is the Altarelli-Parisi subtraction term. This term arises to account for the IR 

divergences associated with the 3 ---f 2 body interactions that are absorbed into the 

PDF's. 

vVe will now consider each term separately. The first term (J[1,2,3J (dc;R - clc;A)) can be 

integrated over the three body phase space as it is finite in both the soft and collinear 

regions (by construction, as shown above). 

We now look at the .!rl,2,3J dc;A term. In terms of the dipoles dc;A is (in the case of two 

to two quark scattering): 

(3.76) 

vVe split the dipole term into four parts: 

(3.77) 

Each of these terms refers to the sum of a particular kind of dipole - specifically Al is 

the sum of all final emitter - final spectator dipoles, A2 is the sum of all final emitter 

- initial spectator dipoles, A3 is the sum of all initial emitter - final spectator dipoles 

and A4 is the sum of all initial emitter initial spectator dipoles. We will look at each 

of these in sequence: 
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The Expression for do-AI 

Firstly we will consider the part of do-A that contains the final state emitter - final state 

spectator dipoles (VP and Vr3 ). 

The expression for this sum of dipoles is built up from the expressions given in section(3.3A). 

j do-AI = - 1 Mn x 
[1,2,3] [1,2] 

{ diJl(P13, P2; Pa, Pb) ~ FJ (ih3) P2; Pa, Pb) 

T13.T2IM __ 12();S 1 (47f.ll~)EVI3(E) 
Tl, 13,2 27f 2P13,P2 

. 1 
+diJl (PI, P23; Pa, Pb) S FJ (PI) P23; Pa) Pb) 

T I .T23 \1t __ 2();S 1 (47f{L2)E E} 
113 I) 1,231 27f r(1 E) 2p13.P2 V23() 

(3.78) 

Where j~n is a catch all term for non QeD dependent quantities and the ~ term is a 

symmetry factor. Vij(E) is defined in eq(3.53) 

If we change the variables of integration in both the first and second terms of eq(3.78) 

from the shifted to the unshifted momenta then we can gather the terms (noting that 

VI:, = V23 ) under a single phase space integral as follows: 

(3.79) 

For later convenience we will make the definition: 

(3.80) 

So: 

(3.81) 
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The Expression for dcr42 

This part of clCJA contains the four dipole terms with an initial state spectator and a 

Again, using the expressions shown in section(3.3.4) we obtain: 

(3.82) 

(Note this expression depends on XP£L this is because we have used the delta 

f ullction 5 (:1: in eq(3.55) to do the integral) In a similar fashion to the final 

final case we can rewrite this as: 

1 j clCJ
A2 

= -1 N in r clxd?f!(Pl,P2;XPa,Pb) ~FAp1'P2;xPa'Pb) X 
[1,2,3] [1,2J Jo 

jJV/l)Pa 1

2Vqg (:1:, E) 

{ 
Tl.Ta as 1 

CF 27T f(1 - E) 

+(a --t b) 

Vqg(x, E) is defined in eq(3.61) as: 

CF [(_2 In_l ) _ 3 (_1 . ) . + _2 In(2 x)J
I-x I-x + 2 I-x -I- I-x 

+5(1- x) [Vqg(E) - ~CFJ 
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If we plug this into eq (3.83) we obtain (using the delta function 5(1 - x) to do the x 

integral in some we obtain: 

1 daA2= 1 Mn td::Cdip(P1,P2;XPa,Pb)*FJ(P1,P2;XPa,Pb) X 
11,2,3] [1,2J Jo 

IMxPal 2cF [ 1 2 xln1 ~ x) ~ (1 1 x) + + 1 ~:1: - x) 5(1- x)~] 

{ 
T1.Ta as' 1 ( 47rj12 ) E T2.Ta as' 1 ( 47rj12 )' E} 

CF 27rf(1-c:) 2P1.Pa +q27r 2P2·Pa 

+ {l claBorn X I(C:,P1,Pa) + l claBorn X I(C:'P2,pa)} 
[1,2J [1,2J 

+ (a -) b) ( 3.84 ) 

The Expression for claA3 

This part of da A contains the four dipole terms with a final state spectator and an 

Again using the integrations shown in section(3.3.4) we have: 

1 A3 / /1 
cla - Jf Mn In dx 

[1,2,3J [1,2] 0 

{ clip (ih, P2; xPa, Pb) ,~, (Pl , P2; xPa, Pb) 

Once again we may rewrite this as: 

l da
A3 

[1,2,3J 

1M 12Va.ai( ) XPa . x, c: X 

{
Ta.Ti as' 1 ( 47r/i2 ) f l'a.T2 as' 1 
q 27r f(l c:) 2P1.Pn + ~ 27r f(1 - E) 

+(a -7 b) 
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va,ai(X, E) is defined in eq(3.66) - note that this term also includes an J(E) term. So, 

separating out the x dependant and x independent terms we have: 

r da A3 

J[1,2,3] 

IM xpa/2(Va,ai(X, E) - 5(1 X)Vqg(E)) x 

{ 
Ta.11 as 1 ( 47rfi

2 
) £ Ta.T2 as 1 ( 47r/J2 

) E} 
Cp 27r r(l - E) 2P1.Pa + --;;;- 27r r(l E) 2P2.Pa 

+{ r da Bor-n x J(E,Pl,Pa)+ r da Bom XJ(E'P2,pa)} 
J[1,2J J[I,2J 

+(a -+ b) (3.87) 

The Expression for claA4 

This part of claA contains the two dipole terms with a final state spectator and final 

l da
A4 = l Mn II cl:r; 

[1,2,3J [1,2J 0 

1 ? 
cliJ>(Pl, P2; XPa, Pb) S FJ(P1, P2; XPa, Pb) IMxpa I~ 

as 1 
27r - E) 

+(a -+ b) (3.88) 
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Where vq,q(x, c) is defined in eq(3.72). Again note that this expression will generate 

another 1 (c) term as follows: 

+(a -7 b) 

1 d Born J( ) + a x c,Pa,Pb 
[1,2J 

+(a -7 b) (3.89) 

3.4.1 The Total Expression for the Integrated Dipoles 

The term proportional to J( c), that is the term independent of x, will cancel the 

divergences in cia V. This is difficult to show in general but will be demonstrated in 

some detail in the specific case for each calculation. 

If we factorise out a Born cross section that depends on (xPa, Pb) then the x dependent 

parts of can be written as (the term that depends on (Pa, XPb) will have much 

the same form): 

x (Vqg(x, c) - 5(1 X)Vqg(e)) (3.90) 

J. d A3 !a' 1 J Born( ) as 1 .ax = cia XPa,Pb r( ) 
[1,2,3J 27T 1 c 

[
Tl.Ta ( 47Tj[2 ) E + T2.Ta ( 47Tp2 ) EJ 

Cp 2Pl.Pa Cp 2P2.Pa 

(3.91) 
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x (vq,q(x, c) - 5(1 - x)Vqg(c)) (3.92) 

vVe now collect these terms (along with the term in eq(3. 74) proportional to daBorn(:J:'Jia, 'Jib)) 

together: 

Where: 

. a 47TJI . J.2·a 47TrL~ T( 2)" '7'T( ?)"J 
CF 2Pl·Pa + --;;:- 2P2·Pa 

x (Vq,q(x, c) 5(1 - x)Vqg(c)) 

+ [_~ (4:~:2) t pqq(x)]} (3.94) 
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vVe can re-write the second term as follows: 

vVe can simplify this expression if we notice that the term in square brackets is finite 

as f --+ 0 and can be rewritten as follows: 

CF [(_2_ln_l_) + _2_ln(2 - x)j 
I-x l-:c 1 x + 

[( 
2 l-:C) 

Cp --In-- - (1 + 
l-:c x + 

Given that this term has no Ilf poles when we make the expansion (X)E --+ l+dn(X)+ 

... we only keep the first terms as f --+ O. This means that the first term in parentheses 

will be: 

(
TJ.Ta ( 47r1),2 ) E + T2.Ta ( 47rp2 ) E + Ta.Tb ( 47rIL2 ) E) 

Cp 2PJ.Pa CF 2P2·Pa CF 2Pa'Pb 

+ T2 + .Ta =-1 (3.97) 
CF 

So the entirety of the first term in eq(3.95) is: 

_Raa(x) - paa(X)ln(:T) + Cp [(_2_1n_l_) + _2_1n(2 - x)j 
l-:c I-x + I-x 

(3.98) 
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We now rewrite the second term in eq(3.95) (the term proportional to ~pqq(x)): 

(3.99) 

Note that by colour charge conservation the 1/ c term will cancel and if we rewrite 

In (Ll1ff2) as --'--'-~'-'--'~=ln (41f¥2) then we obtain: 
~F ~F 

[
T1.Tal ( p~) T2.Tal ( pJ,,) Ta.nl ( {L} )J ])aa( ) --n -- +--n -- +--n -- . x 

Cp 2P].Pa Cp 2P2.Pa Cp 2Pa'Pb 

(3.100) 

Finally we can rewrite the last term in eq(3.95) as: 

(x) + Ta.Tb [(_2_ln_l_) + ~ln(2 - x)J 
I-x l-x I-x 

(3.101) 

If we gather together eq(3.98), eq(3.100) and eq(3.101) and insert them into eq(3.94) 

we obtain (for c --7 0): 

O:2~' { .Ta ( 41fp2 ) E T2·T;! ( 41fp2 ) oJ 
" Cp 2Pl.Pa + ~ 2P2.Pa 

X (Vqg(x, c) 5(1 x)Vqg(c))} 

~s {_kaa(x) - paa(x)ln(:r:) + CF [(~ln_1_) + - X)J 
~1f 1 - x 1 x + 1 .'L 

_ [Tl .. Ta In ( p} ) + T2,.Ta In (,{L~' ) + Ta·Tb In ( fL~ )J paa(x) 
CF 2Pl·Pa cp 2P2·Pn CF 2Pn'Pb 

Tn· n - [ (2 1) 2 J } + __ Kaa(x) + Ta.n --. In-- + -. -In(2 - x) (3.102) 
Cp 1 - :'L 1 - X 1 - x 
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So, the final expression we have collecting together both the I (c) term and the x 

dependant part is: 

/ du A + r duG = 
ip,2,3] i[l,2] 

( [duBorn(Pa,Pb) X I(c,Pa,Pb)] 
i[I,2] 

+ r t dx[duBorn(:CPa,Pb) X Ia(c, X,Pa,Pb)] 
i[I,2] io 

+ r (1 dx[duBOrn(Pa,:r:Pb) X h(c,X,Pa,Pb)] 
i[1,2] io 

We can re-express eq(3,103) as in [7] to obtain: 

'Where: 

l daA + l da
G 

= 
[l,2,3J [1,2J 

( [duBoTn(Pa,Pb) x I(c,Pc!,Pb)] 
i[l,2] 

+ r (1 dx[daBOTn(:J:Pa,Pb) x Ka,a(x)] 
)[1,2] )0 

+ r (1 dx[cluBorn(Pa, :1:Pb) x Kb,b(x)] 
)[1,2J io 

+ r t clx[daBoTn(xp(l, Pb) x pa,a(x, xPa)] 
)[1,2J io 

+ j (1 clx[daBOTn(p(l, XPb) x pb,b(x, XPb)] 
[1,2J io 

== r [cluBoTn(Pa,Pb) x I(c,Pa,Pb)] + 
i[I,2] 

+ r (1 dx[8-NL0{1,2} (x; XPa,Pb) + 8- NLO {1,2} (x; Pa, XPb)] 
)[1,2] io 
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and 

where ,1/2 = ~CF' 

](a,a 
FS 

(3.106) 

Following this method we are able to cancel IR divergences between the real and virtual 

parts of the calculations in such a way as to allow for numerical integration over the 

remaining phase space. The equations derived here will be used in the next two chapters 

where we perform calculations where we assume massless external quarks. 

The subtraction method is slightly different when we allow for massive external particles 

(as we must for the tl calculation) and is described in chapter(6) 
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Chapter 4 

b b-bar Production. 

4.1 Introduction 

The first calculation we will perform will be the one loop corrections to the bb produc

tion rate, This calculation is actually two processes (gg -7 bb and four quark process 

nine, as designated in the following chapter) of the full four-quark calculation. 

The observables that will be calculated are the total cross-section and forwards-backwards 

asymmetry for LHC and Tevatron, None of the polarised observables (ALL etc.) will 

be studied for this process as RHIC (the only available polarised collider) is unable 

to positively identify b quarks in the final state (for a general discussion of RHIC's 

capabilities see [19]). Should a polarised collider become available which can tag b-jets 

then the appropriate calculations could easily be performed. 

This calculation is potentially of some interest due to the observed discrepancy between 

theory and experiment at Tevatron where an excess of bib jets has been observed [1 J, 

Any improvement in the theoretical prediction of bb production rates at Tevatron could 

perhaps help to explain this observation. 

Since the calculation is being performed for hadron colliders we can make the assump-
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tion that we have no bottom or top quarks in the initial state. This is a reasonable 

assumption since we know that the Parton Distribution Functions (PDF's) for band t 

quarks in the proton are very small [20] [21] [22]. This means that, in general terms, 

we can describe the b5 productions rate as the sum of two processes: 

gg -) qij 

qij -) q'ij'(+real gluon) 

That is, two gluons going to quark-anti-quark pair and quark-anti-quark pair going to 

a qllark-anti-quark pair of a different generation (none of the initial state particles will 

be of the same generation as the b-quark) with a possible emission of a real gluon. This 

means that the number of contributing interferences will be quite limited. 

For the gg -) qij we will have the diagrams shown in fig( 4.1). An interference between 

any of the tree level diagrams and one of the one loop diagrams will give an allowed 

interference at the order we are interested in (a~,aw). \Ve know that the sum of 

these interferences will not contain any IR divergences as there are no possible gluon 

bremsstrahlung diagrams that we could draw to the same order for 99 -) qij. This 

means that we can safely evaluate this contribution using numerical methods. We will 

use similar reduction methods to those described below to simplify the box diagrams 

(see also the very similar processes in tT). 

The virtual interferences for qij -) ql ijl will be only those shown in fig( 4.2) - all other 

interferences will have vanishing colours factors or, in the case of diagrams including VV

boson exchange, will be subject to Cabibbo suppression. The qij -) qlijl + 9 interferences 

that will cancel the IR divergences of the virtual corrections will be those shown in 

fig(4.3) - all other combinations will have vanishing colour factors. 
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:c xc Kat hec level 

2:J'=::r= 2XX 
+ t-channel ---7 u-channel 

2I ::II ><a, one loop 
+ t-channel ---7 u-channel 
------ = ZjWj(pjH 

Figure 4.1: The interferences that contribute to gg ---7 qq at o:~,o:w order 

LxX 
XxX 

9 

21Ix>~ 
~ 2'-._~ x~ 

k c "~' 9 2x : X , 

------ Z/W/¢/ H 

Figure 4,2: The interferences that contribute to qq -0 ql q' at a~aw order, The factors of two 

attached to the box diagrams are associated with an interchange of the gluon and the Z-boson. 

The factor of two attached to the vertex correction diagram is associated with putting the 

triangle on either the initial or final state particles. 
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+ All permutations where we interfere 

initial state radiation with final 

state radiation 

Figure 4.3: The interferences that contribute to qq ---7 q' q' + 9 at a~aw order 

4.2 Evaluating The Virtual Corrections 

The virtual correction amplitudes (here and in the full two jet calculation and {[ cal-

culation) are calculated using the following method and FORM [23]. 

4.2.1 Helicity Amplitudes For Massless Quarks 

To evaluate the virtual corrections in the bb (and indeed for the 4-quar le and tt case) case 

we will use the Helicity amplitudes method. This method has a number of advantages 

- firstly, since we are calculating amplitudes rather that interferences we expect that 

each expression we use will be comparatively simple (this isn't particularly important 

in the calculations with nlassless quarks but the expressions for interferences in the {[ 

rate would be very large, potentially thousands of terms) 

If we take an example of a general t-channel amplitude then we would have a diagram 

as described in fig(4.4). As mentioned above, all of the virtual corrections required for 

the bb production rate are actually in the s-channel however, we can easily cross the 

t-channel amplitudes generated by this method to the s-channel as is required. 

For example, we willloole at a box diagram with two internal gluons (fig(4.5)). This 

will include a box integral which we will define from the scalar Veltman & Passarino 
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Figure 4.4: The expression for a general t-channel diagram will be of the form shown here. F is 

some overall factor including couplings, colour factors and internal propagators, f 1,2 are strings 

of gamma matrices and momenta (including loop momenta). Vie will also have an integration 

over any loop momenta present (this calculation is to one loop order only so there will only 

ever be at most one loop momentum to be integrated over). 

Pa 
(l + Pa) 

PI 

I) j (l + p" - 1',) 

Pb 
-(l - Pb) 

P2 

Figure 4.5: A t-channel massless box diagram 

function as follows: 

(4.1) 

The expression for the diagram in fig(i1.5) will be: 

Amplitude 

C 4 J ddZ 1 
X ,98 (21f)d l2(l + p(,)2(l + Pa - pr)2(l Pb)2 

il(Pl, Alhf1() + Ahl/U(Pa, Al)il(P2, /\2hf1() - 'hhVU(Pb, A2) 

So the terms in fig( 4.4) will be: 

F C x g~,( -do) 

(4.2) 
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~Where C is some colour factor. In practice this factor will only be evaluated at the 

interference level and can therefore be dropped until that point. Also note that the 

terms including r l ,2 are under the loop integral. 

First let's look at the Pa/Pl line. A general form of r 1 is: 

4 

r 1 L ,fl(CLi + bn5)VilL 
i=l 

\;\/here nil is a vector of length JS that is normal to the scattering plane. 

However, from the Dirac equation for spinors, we know that: 

so we are only interested in the terms CL3,4 and b3,4. 

(1 All,5) 
= (a3+ b3Al)ii(Pl) 2 I/2U(Pa) 

+( a4 + b4/\J)ii(Pl) (_1_;-,,-11.:-,5) 71iu(Pa) 

== A3 + A1 

Take the mod-square of the term including a3/b3 (A3). 

2 ( (1 - Al/5) \ (a3 + b3Al) Tr Th 2 1/2 rJa J/~ 

= (a3 + b:lAl)24(Pa.P2)(Pl.P2) 

The square root of this is (we will fix the phase later): 

Similarly, for the term including a4/btj (ALl)' we obtain: 
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In this process of squaring and square-rooting we have lost any information about 

phases. Since this amplitude will eventually be squared we don't need to worry about 

the absolute phase merely the relative phase between the two terms. \Ve can extract 

this relative phase by evaluating the product of A3 and Ai!. Assume that the At! term 

has some phase PLj attached to it. From eq(L1.6) and eq(4.7) the product of the two 

terms will be: 

Where we know that v-suj-Ls must be positive. We also know that: 

A3A~ = (a3 + b3Al)(aLj + b4Al)Tr (zh (1 ;1/5

) T/2J/a/n) 

= (a3 + b3AI)(aLj + bLjAJ) {1PIPP2vpapnu Tr(ryfL,viP,U) 

Al T'( P v P u 5)} +2Pl~tP2vPapnu r iii i i 

(4.8) 

(4.9) 

The term will be a sum of scalar products which will vanish since n dotted into 

any of the momenta is zero. So, from the second term we get: 

(4.10) 

\Ve now define PljLPavP2pnufPvPu to be positive (we have this freedom because nil can 

be either in or out of the scattering plane) - this means that P; must be equal to (iAd· 

ie: PLj = ). 

Therefore: 

(4.11) 

We now need to find expressions for a3,Lj and /;3,4 in terms of r l . From above we had: 

(4.12) 
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vVe need to define a vector wit such that W'Pa = W.Pl = w.n = 0 and W.P2 = 1. 

[ 

p 

= ~+ 
-'U S 

(4.13) 

So we have: 

Therefore: 

(4.15) 

[Using Tl"Cy.a,.b) 4a.b] So, if we substitute in for V'IL we have: 

(4.16) 

(4.17) 

To find aLj and bLj in the same way we will need a vector that satisfies wl'Pa = WI'PI 

W/p2 = 0 and wl.n = 1. wilL 
s will work. From this we can discover: 

If we use the same method to express the r 2 line we obtain: 

Where: 

(4.19) 
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Pa -- PI 
q b 

Z 
(I + Pa) x 

q 
---I>- - .. b 

Pb ---I>- P2 
(l+Pa+Pb) 

Figure 4.6: Interference between a one loop diagram wit.h two gluons exchanged in the s-

channel and a t.ree level diagram with a z-boson exchanged in the s-channel 

(Note that when we extracted the relative phase between the '3' and '4' terms in this 

case we mllst use the convention that Pl~LPavP2pn()EIIVP() is positive as in the r] case.) 

So, we finally have: 

Amplitude = 

( 4.20) 

and Ch,4 defined as above. 

4.2.2 Structuring The Loop Integrals 

We will cleal with the loop integrals using the prescription described in the paper 

by Veltman & Passerino [24]. We take the example of one of the interferences that 

contributes to the bE rate - interference between a diagram with two gluons exchanged 

in the s-channel and a tree level diagram with a single Z-boson exchanged in the s-

channel (fig(!1.6)). The expression for this interference from the Feynman rules will 
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be: 

1 't 
(couplings/colour) x --6 ?Do 

s 1 n-

·Where the scalar box integral is: 

(4.21 ) 

To avoid ha.ving to evaluate tensor box integrals we will reduce the box diagram down 

to a sum of simpler triangle integrals. 

From eq(L1.21) we can see that we should only get at most two powers of the loop 

momentum in the numerator. This means that the reductions shown in eq( 4.24-)4.27) 

and eq( 4.30-)4.33) will be sufficient to express the interference in terms of more simple 

If we again use the definition: 

Do ( 4.22) 
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then we obtain: 

( 4.23) 

( 4.24) 

(4.25) 

( 4.26) 

PI + P2 = Pa + Pb 

( 4.27) 

Here CO(a) are triangle diagrams generated by 'pinching off' the propagator labelled a 

from fig( 4.6). These triangle diagrams are shown in fig( 4.7). Massless scalar and tensor 

triangles are comparatively easy to deal with so we can now use the methods described 

in [24] to simplify express the interference in terms of Veltman-Passarino (triangle) 
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CO(l) = 

CO(2) = 

Pn 

CO(3) = Pa 

CO(tI) = Pa 

1+ Pa 

Pb 
A 

Pa PI 

1-7/- Pa 

PI 

I + PI 

Pl 

1+ Pa + Pb 

Figure 4.7: The pinched box diagrams CO(1-_4). Note that in COCl ) we have pinched off the 

propagator with momentum I - however it is easier to manipulate the loop integrals (using 

the VP methods) if we still have a fr propagator. With this in rnind we will shift the loop 

mornentum in all terms proportional to COCl ) we are free to do) such that I -7 I - Pa leaving 

us with the triangle integral shown. 
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functions. The general form is: 

(4.28) 

If we define: 

( 4.29) 

then for the shifted CO(1) vie have: 

For CO(2) we have: 

For CO(3) we have: 
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And for 0 0(4) we have: 

( 4.33) 

Although this process was described for only the box diagram with two gluons ex-

changed in the s-channel (as shown in fig( 4.6)) however it is simple to extend it to the 

other box diagrams required. The box diagram with a Z-boson and a gluon exchanged 

in the s-channel (the first interference shown in eq( 4.2)) can be dealt with as follows: 

,Ve need to redefine the scalar box integral to include the Z-mass on one of the propa-

gators, ie: 

(4.34) 

Here we have (compared to fig(4.6)) replaced the gluon with momentum I with a Z-

boson (we could have also replaced the l + Pa + Pb propagator however this choice will 

manifest itself as an overall factor of two on this diagram.). Vve also need to evaluate 

the contributions from the two crossed boxes (the second and fourth interferences from 
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fig( 4.2)). can be evaluated by using the following crossing relation: 

Let: 

and 

Bs,gZ = massivebox(s, t, )'1) Ab, m z ) 

Crossing gives: 

Bs,gg,X = masslessbox(s, u, Ab -Ab) 

and 

(4.35) 

Where (with all exchanges in the s-channel) Bs,gg is the uncrossed gluon-gluon box, 

Bs,gz is the uncrossed gluon-Z box, Bs,gg,x is the crossed gluon-gluon box and Bs,gz,x 

is the crossed gluon-Z box. 

These are all of the box diagrams required for the IR divergent virtual corrections. 

We can now interfere these amplitudes with appropriate tree level diagrams (a Z in 

the s-channel for the double gluon boxes and a gluon in the s-channel for the gluon-Z 

boxes), calculate the relevant colour factors and thus find the interferences. 

To complete the calculation of the virtual corrections for this process we also need to 

evaluate the one-loop weak corrections to the pure QCD tree level interferences. 

These will include all of the corrections to gg -+ bb (shown in fig( 4.1)) and the correc

tions to the interference between two s-channel gluon exchanges (the last interference 

in fig(4.2)). 

We know that the virtual corrections to gg -+ bb must at least sum to being IR finite 

- this is because there are no possible gluon bremsstrahlung corrections to this process 

at a~aw (the tree level gg -+ bb is order a~ so we only have weak corrections to this -
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Figure 4.8: All of the real gluon emission diagrams that contribute to the bb production rate 

at order a~aw. 

not QeD corrections) and therefore there are no collinear or soft divergences to cancel 

any divergences in the virtual interferences. In fact, in Feynman gauge, all of the in-

terference graphs that contribute to the gg process are individually finite. This means 

that we can easily do this part of the calculation using numerical methods. 

The weak vertex corrections to qq ----+ bb are also individually finite so, again, we may 

evaluate them simply using numerical methods. 

4.3 Evaluating The Real Corrections 

Having evaluated all of the virtual corrections that contribute to the process we need to 

calculate the contribution from diagrams including real gluon emission. These interfer-

ences are those shown in fig ( 4.8) For example, the expression for the first interference 
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on the first line of fig( 4.8) is: 

CFCA, 4 g2 1 1 1 1 1 = --- x g ---------
2 s cos2 8w 16 2pl.P2 2pa'Pb 2pa'P3 2Pl'P3 

( 4.36) 

\Vhen the traces are evaluated this expression will yield terms proportional to 11 PI ·P3 

and IIPa.P3; these are the terms that will diverge in the soft (P3 -7 0) and collinear 

(Pl.P3,Pa.P3 -7 0) limits. The other interferences will give terms proportional to the 

inverse of P3 dotted into the other external momenta this means that the contribution 

from the real corrections will go infinite when P3 is either soft or collinear with any of 

the external momenta. 

In the case of the bb production rate the collinear divergences will actually cancel 

amongst themselves. 

We look at the interference between real gluon emission from particle a (where the 

emitted gluon has momentum XPa. ie: the emitted gluon is collinear to particle a) and 

the two diagrams with real gluon emission from the two final state particles (fig(4.9)). 

If we look at the expression for the gluon exchange diagram we have: 
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Figure 4.9: A set of cancelling diagrams in the collinear limit, 

v(Pb)igsr P (1 iP)a igS~( Eu(XPa)u(Pa) 
- X Pa.P3 

-~ 

-u(Pl)igSrpV(P2) 
s 

( 4.37) 

So the amplitude for the diagram with bremsstrahlung of particle a is: 

( 4.38) 

Where Ts,g is the tree level amplitude for gluon exchange in the s-channel. 

If we perform a similar manipulation for the two diagrams on the right hand side we 

obtain an expression for the total interference of (we have dropped the axial part of 

the Z-boson coupling. This will not affect the cancellation but will make the equations 

easier to read.): 

') -2gSPa.E(XPa) ~ 
~ x x Ts 9 x u(Pa)igro:V(Pb) - x 

(1 - X)Pa'P3' S 

[2 -gS v(P2)igrO:[2E*(XPa)'(Pl + xPa) - rfLE~(XPa)xPa]U(Pl) 
XP1·Pa 

- 2 -gs v(p2)[2E*(XPa).(P2 + xPa) - rf'LEZ(XPa)xPa]ig'lXu(Pl)] 
XP2·Pa 
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If we no-IV explicitly multiply the Pa.E(xPa) on the left side into the right hand 

side we obtain (using the relation L.:: EilEI/* -+_gill/ as we are in Feynman gauge. Note 

only in this gauge can we obtain a diagram by diagram correspondence with the 

IR divergences): 

2g2 
2 x S x Ts.g x fi(Pa)ig,aV(Pb) ~ x 

2x(1 - X)Pa'P3' /) 
1 

[--v(p2)ig,D:[-2Pa'(Pl + xPa) + xPaPa]U(Pl) 
Pl·Pa 

__ 1_v (P2)[-2Pa.(P2 + xPa) + xPaPa]ig,D:U(Pl) 
P2'Pa 

Dropping terms proportional to p;(= 0) gives us: 

(4.40) 

(4.41 ) 

\Vhich clearly cancels. A similar cancellation exists for all of the possible combinations 

of diagrams. 

Note that the soft divergences remain and will need to be dealt with via the subtraction 

method. Also note that this cancellation does not work in general and that in the full 

PP -+ two jets calculation we will have collinear divergences. 

4.4 Evaluating The Dipole Terms 

Vie now need to evaluate the dipole terms according to the prescription described 

earlier. 

Because the only bremsstrahlung diagrams that contribute to the bb production rate 

are the ones shown in fig( 4.8) we will only need the four initial state emitter/final state 

spectator dipoles and the four initial state spectator/final state emitter dipoles (ie: no 
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or initial/initial terms). 

All of the dipoles needed \vill be proportional to the interference between tree level gluon 

exchange in the s-channel and tree level Z exchange in the s-channel. The expression 

for this tree level interference is: 

( 4.42) 

~\Vhere C~/A are the vector and axial couplings to the bottom quark and c~/A are the 

vector and axial couplings of the incoming quark flavour, 3, t and u are the Mandelstam 

variables constructed (where necessary) from the shifted momenta, .\1 is the helicity of 

the outgoing quark and .\b is the helicity of the incoming anti quark. 

So, the dipoles will be: 

For the case of particle 1 emitter, particle a spectator: 

a -1 1 2 [2 J D 13 = ----2gs cF - (1 + ZI) 
2pl·P3 X13,a 1 - ZI + (1 - X13,a) 

x2Ts ,gTs ,z(s, t, '\1, .\b) 

where: 

Pl'Pa + P3 ·Pa PI 

P1'Pa + P3 ·Pa 

- Pl·Pa 
Zl =-----

Pl·Pa + P3 ·Pa 

In the collinear limit this becomes: 

(The overall minus sign here is from the colour factor used in [7] (see eq(3.12)) as we 

have an outgoing quark and an incoming quark.) 
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For the case of particle 1 emitter, b 

+1 1 2 
-----2gscP 
2Pl,P3 X13,b 

x2Ts,gTs,z(S, t, A1, Ab) 

where: 

i = -2ih.P2 

Pl,Pb + P3·Pb - Pl·P3 
X13,b = 

Pl,Pb + P3 ·Pb 

Pl,Pb 

Pl,Pb + P3,Pb 

In the collinear limit this becomes: 

1 2 [ 2 --2g CF --
2Pl,P3 s 1.21 

(The overall plus sign here is again from the colour factors used in the subtraction 

process as we have an outgoing quark and an incoming anti-quark.) 

So in the limit where P3 is collinear with PI the contributions from D~3 and D~3 cancel. 

This is what we would expect to happen given we know that the collinear divergences 

cancel in the bremsstrahlung interferences. 

Similarly, for the dipoles D 23 and D~3 in the limit where P2 goes collinear with P3 we 

have: 

Where: 
_ P2·Pa/b 
Z2 = ----'----

P2·Pa/b + P3·Pa/b 
( 4.45) 

Again the contribution with particle a as spectator cancels with the contribution where 

particle b is the spectator (in the collinear limit only). 

The dipoles for initial state emitter and final state spectator are of a slightly different 



For the case of particle a emitter and particle 1 spectator: 

D13 = ----29;cF - (1 + X31,a) -1 1 r 2 J 
2pa·P3 X31,a L1 - X31,a + U3 

x2Ts ,gTs,z(s, t, AI, Ab) 

where: 

Pl'Pa + P3 ·Pa - Pl,P3 
X31,a = 

Pl'Pa + P3·Pa 

P3'Pa 
U3=-----

Pl'Pa + P3 ·Pa 

And for the case of particle a emitter and particle 2 spectator: 

where: 

P3·Pa + P2'Pa P2,P3 X 32,a = =---=--_-=---=--_-=----=c....:... 
P3'Pa + P2'Pa 

P3·Pa 
U3=-----

P3 ·Pa + P2 ·Pa 
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For the case particle b emitter and 1 

+1 1 
D~3 = ----29;cF 

2Pb'P3 

x2Ts ,gTs ,z(s, t, )'1, Ab) 

where: 

PI·Pb + P3,Pb - Pl,P3 
X31,b = 

PI·Pb + P3 ·Pb 

P3,Pb 
U3=-----

PI·Pb + P3,Pb 

And for the case of particle b emitter and particle 2 spectator: 

b3 -1 1 2 [2 ] D2 = ----2g CF - (1 + X32,b) 
2Pb,P3 X32,b s 1 - X32,b + U3 

x2Ts ,gTs ,z(s, t, AI, Ab) 

where: 

P3,Pb + P2·Pb P2,P3 
x32,b = --------

P3,Pb + P2,Pb 

P3·Pb u3=-----
P3 ·Pb + P2 ·Pb 

( 4.48) 

( 4.49) 

As in the case with final state emitter and initial state spectator these dipoles also all 

cancel amongst themselves in the collinear limits Pa.P3 --t 0 and Pb,P3 --t O. 

The remaining dipoles (1)~3' 1);3) 1)b3 and 1)~3) do not contribute as they all have 

vanishing colour factors (typically Tr(tA)Tr(tBtAtB)) - this is not true in general and 
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these dipoles 'Nill be needed for the two calculation. 

If we now sum all of non zero dipole terms and add them to the sum of all real 

correction interferences then we will obtain a result that is finite in the soft limit (This 

cancellation is shown in some detail in cbapter(3)) This means that we can safely 

perform the integration over the two to three body phase space to find the qq -7 bb + 9 

cross section. 

4.5 The Integrated Dipole Subtractions 

The insertion term will be proportional to the CXsOW order tree level interference. From 

[7] and eq(3.80) the general expression for the integrated dipole for a two to two body 

interaction is: 

For the process we are studying here we know that the colour factor associated with 

initial-initial and final-final interferences will vanish. As a consequence of this we can 

set Ta.n and Tl.T2 to zero. The other colour factors will be: 

1 1 1 1 1 
T2 - y,2 - T2 T,2 CF 

1 2 a b 

CFCA 
Tl·Ta = T2·n = --2-
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For gluon emission a or we have [7]: 

[ 
1 3 9 1T2 J 

l/1,2,a,b(E) = CF E2 + 2E + "2 - 2 + O(E) ( 4.52) 

Substituting this in (and dropping the overall factor of N;~:)) gives: 

I(Pa,Pb,Pl,P2,E,j.L2) = 

g~ [~+ ~ + ~ 1T2 + O(E)] CFCA 
81T2 E2 2E 2 2 2 

2 x {[ (2~2pJ E _ (2~~Pa) E + (2~2pa) E (2~~pJ EJ} (4.53) 

If we now replace (X)E with 1 - (E)ln(l/x) + (E 2 /2)ln 2 (1/x) we obtain: 

Here we have left the four contributions from the four possible combinations of emit-

ter and spectator separate. So, the divergent part of the integrated dipoles for the 

combination emitter i and spectator j is: 

( 4.55) 
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Therefore, the tree level interference, the total insertion term for the bb pro-

duction rate is: 

(4.56) 

(Where the Ts,gTs,z is the interference between tree level, s-channel Z and gluon ex-

change with the colour factor removed.) 

( 4.57) 

In an interference between two s-channel diagrams we actually need to sum over any 

outgoing helicities since, in these topologies, they are unconstrained. Here however all 

helicities have been left completely general as the cancellation of divergences should 

work helicity by helicity. We have also omitted a factor of two for interference, a factor 

of 1/9 for averaging over colours and a factor of OAa,-Ab ensuring that the incoming 

particles are in an allowed (ie: opposite) helicity combination. These factors have been 

omitted since they are trivially common to both the integrated dipole and the virtual 

corrections. 

The virtual corrections that will contain an IR divergence will be the first four inter-

ferences shown in fig( 4.2). 

The first interference will be Bs,gg (the amplitude for a box diagram with two uncrossed 

gluons exchanged in the s-channel) x Ts,z (the amplitude for a tree diagram with one Z 

exchanged in the s-channel) x CF~A (the colour factor associated with this interference). 

80 



Evaluating amplitudes using the methods described and then dropping 

non divergent parts yields: 

CFCA 
B s gg x Ts Z x --, , 2 

( 4.58) 

Note that this is proportional to Ts,gTs,Z as the divergent part of Bs,gg is proportional 

to the gluon tree level diagram (this is not true for the non divergent parts however). 

The second interference will be Bs,gg,x (the amplitude for a box diagram with two 

crossed gluons exchanged in the s-channel) x Ts,z x CF~A. 

( 4.59) 

The double (}2) poles will cancel between the box and crossed box diagrams. 

The third interference will be Ts,g (the amplitude for a tree diagram with one 9 ex-

changed in the s-channel) x Bs,gz (the amplitude for a box diagram with an uncrossed 

gluon and Z exchanged in the s-channel) x CF
2C

A x 2 (we have an extra factor of 2 

associated with exchanging the gluon and Z) 

CFCA 
2 x B s gZ x Ts 9 x --, , 2 

2 4 1 
9 9s (b \ b)( q \ q) = CFCA

4 
e Cv + AICA Cv - AbCA --2 

cos W 16n 

-- + -In - + -In 1 - - (s + 2t - SAIAb) [ 2 2 ( It I ) 4 (I s I)] 1 2 
E2 E f..I2 E m~ s(s - m~) 

( 4.60) 

The fourth and final contributing virtual interference will be Ts,g x B s,gZ,X (the am-

plitude for a box diagram with a crossed gluon and Z exchanged in the s-channel) x 
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CF C 4 ? -2- >< ~. 

Here the double poles and the l n (11 - ~~ I) terms both cancel between the crossed 

and uncrossed boxes. 

If we sum these four contributions together we obtain for the total IR divergence from 

the virtual corrections: 

2 4 1 
g gs (b \ b)( q \ q) 

CF CA
4 

e Cv + AICA Cv - AbcA -6 2 
cos HI 1 'if 

[
4 (Itl) 4 (lui)] 1 -In - - -In -. (s + 2t 
E f..L2 E f..L2 s(s-m1) 

( 4.62) 

This is equal and opposite to the divergent part of the integrated dipole (fig(4.56)) so 

we can confirm that the final answer will be finite. 

4.6 The x Dependent Integrated Dipoles And Phase Space 

Integration 

The remaining integrated dipoles will be a subset of those for the full four quark case 

and, unlike the x independent part there is little to be gained by looking at them 

separately. For a full description of the 'K' and 'P' terms see section(5.5). 

The Monte Carlo integration over the phase space will be essentially identical to that 

performed in the full four quark case. For a description of this see section(5.6). 
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4.7 Results For bb Production 

The results presented below were first published in [25J. 

The NLO QeD corrections to bb production may be found in [26]. 

4.7.1 Total Cross Sections 

Tevatron 

Presented in fig( 4.10) are the results for the total bb production cross section at the 

Tevatron. The centre of mass energy of the pp pair used was 2TeV and the rapidity 

range integrated over was -2 to +2 (This is actually a somewhat larger range than can 

be observed at Tevatron, 0.1 < 1171 < 0.7 would be more realistic, but the results have 

only a very small dependence on 17)' The a~o'W contribution is split up into gg --) bb 

and qq --) bb parts. Also presented for comparison are the tree level weak and QeD 

contributions and the one loop QeD corrections. 

Fig( 4.11) shows the ratio of the NLO weak corrections calculated here to the LO QeD 

cross section. 

The QeD contribution is absolutely dominant across the entire spectrum of transverse 

momentum with the weak corrections being limited to a fraction of one percent. The 

weak corrections are nowhere near large enough to explain the current theory vs. data 

differences at Tevatron [1]. This is a result of the fact that at Tevatron the parton 

energies are typically small enough (not significantly larger than the W or Z mass) 

that the contribution to the weak corrections from the Sudakov logarithms is not large. 

The LO weak corrections are some three orders of magnitude smaller than the QeD 

rates (away from the Z resonance at any rate). Note that both LO and NLO QeD 

are of similar magnitudes - this is indicative of the fact that the QeD results have 
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Figure 4.10: The total cross section contributions to bb production at Tevatron (Eern = 2Te V) 

plotted against the transverse momentum of the b-jet. 

significant K factors (defined as O'((ap)), about 2, for the gg rate and 1 for the qq rate. 
0' as 

These large K factors suggest that the QeD results are not entirely perturbatively safe 

at this order. 

The NLO weak corrections are generally up to a further order of magnitude smaller 

than the LO weak cross section although the structure is more complicated. The 

qq --7 bb at Q~Qw begins negative at low PT briefly becoming positive at the Z resonance 

and becoming positive again at higher PT (300GeV). The gg --7 bb starts positive but 

becomes negative at a PT of about 400Ge V (note that the gg rate does not show any 

particular structure around the Z resonance as there are no contributing diagrams with 

a Z boson in the s-channel as there are in the qq rate). 

Fig( 4.11) clearly shows how small the Q~Qw corrections are when compared with the 

QeD corrections. 
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Figure 4.11: Ratio of the one loop weak result (a~ow) to the tree level QCD (a~) bb production 

rate. Also presented for comparison are the tree level weak corrections (a\:v) and the one loop 

QCD corrections (a~). 

LHC 

Fig( 4.12) shows the results for bb production at LHC. The rapidity range is again re-

stricted to 17]1 < 2 (reasonably realistic for LHC) but this time the centre of mass 

energy for the initial pp pair is set at 14TeV - this should be high enough such that the 

partonic energies are large enough that the Sudakov logs begin to contribute signifi-

cantly. As in the Tevatron plot we split the a~aw cross section into both the 99 and 

qq terms and also show the LO QCD and pure weak corrections along with the NLO 

QCD corrections. 

Firstly it can clearly be seen that the NLO weak corrections are indeed relatively 

larger when compared to the QCD cross sections than they were at Tevatron - 1 - 2% 

(see fig(4.13)) of the LO QCD. 
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Figure 4.12: The total cross section contributions to bb production at LHO (Eern = 14TeV) 

plotted against the transverse momentum of the b-jet. 

Other characteristics worth noting are that the gg ---7 bb processes are significantly 

larger than the qq process both at LO and NLO QCD and NLO weak at LHC whereas 

they were of cOlTlparable size at Tevatron. This is as would be expected due to the 

preponderance of gluons in the initial state protons at LHC energies. In fact, it can be 

seen that the a~aw gg corrections are somewhat larger than the LO (aw) due to the 

tree level weak calculation not including any gg diagrams. 

The qualitative structure of the NLO weak corrections is the same as at Tevatron with 

the two contributions fluctuating between positive and negative corrections and with a 

peak in the qq curve at the Z resonance. In fig(4.13) we can see clearly the significance 

of the weak corrections to the total cross section. The correction rises to as high as 

2% of the tree level QCD cross section. As things stand this correction is swamped 

by the uncertainty in the higher order QCD corrections (estimated to be of the order 

of 10% [26] - as can be seen in fig ( 4.12) the K factors for QCD at LHC are somewhat 
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Figure 4.13: Ratio of the one loop weak result (O:~QW) to the tree level QCD (O:~) bb production 

rate. Also presented for comparison are the tree level weak corrections (Q~!). Here the one 

loop QCD results have been omitted as they are currently perturbatively unreliable [26] 

higher than at Tevatron, as much as 4 for the gg cross section, indicating a large degree 

of perturbative uncertainty). However [9] work is being carried out to obtain the Q~ 

(NNLO) QCD corrections. Once these calculations are complete it is likely that a -2% 

correction will be of some significance probably detectable at LHC owing to the very 

high luminosity, and hence, statistics at that machine. 

4.7.2 Asymmetries 

Fig( 4.14) shows the calculated forward backwards asymmetry for bb production at Teva-

tron. The one loop correction can be seen to be both larger and of the opposite sign to 

the tree level weak contribution with an absolute asymmetry of approximately 0.5%. 

In principle this should be detectable at Tevatron Run 2. 

It is important to note that, as mentioned in section(2.3.1), NLO QCD also generates a 
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Figure 4.14: The forwards backwards asymmetry at the Tevatron (2TeV) plotting the con-

tribution from both o:~o:w and o:rv orders. The dominant contribution to AFB however will 

come from 0:1 order (see fig(4.15)). 

contribution to the forwards backwards asymmetry [14]. Fig( 4.15) shows the variation 

of the QCD contribution to ApE with both cas(e) and centre of mass energy. As can 

be seen from the first plot the QCD contribution is largest at high cas( e) (and therefore 

low PT and high 77) - however, as mentioned above, in practice we should restrict the 

rapidity range such that we ignore events strongly along the beam pipe. 

A realistic maximum rapidity of 0.7 corresponds to a case of about 0.6 (77 = -In(tan(e /2))). 

Across the reasonable cas (e) range the absolute asymmetry is at most 5%. Given this 

we see that the weak correction to ApE will generally be about 10% of the total asym-

mety. (Note that the helicity dependent observables have not been calculated for bb 

production as RHIC is the only currently available high energy polarised machine and 

does not have the capability to tag b jets [19]. These results would be of interest were 

it to become possible for polarised beams to be used at LHC.) 
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Chapter 5 

Proton - Proton To Two Jets. 

We will now extend the bb calculation to a general calculation of all proton (anti)proton 

to two jet processes. "TVe will make similar assumptions to in the earlier calculation -

there are no b or t quarks in the initial states, we still consider only massless external 

quarks and we drop any suppressed W exchange diagrams (ones where the 1/\1 emission 

changes quark generation). 

5.1 The Virtual Corrections In the 4-Quark Case 

There are eleven different four quark processes that contribute to the pp -t two jets rate: 

II Process 1) - qq qq 

4& Process 2) - qq -7 qq 

II Process 3) - qq' -7 qq' (same generation) 

III Process 4) - qq' -7 qq' (same generation) 

II Process 5) - qq' -t qq' (different generation) 
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• Process 6) - qq' -) qq' (different generation) 

e Process 7) - qq --7 qq 

e Process 8) - qq --7 q' q' (same generation) 

.. Process 9) - qq --7 q' q' (different generation) 

.. Process 10) - qq' --7 qq' (same generation) 

• Process 11) - qq' --7 qq' (different generation) 

(Note that process 9 is the same process as considered in the bb production calculation.) 

5.2 The BrelTIsstrahlung Corrections to the 4-Quark Case 

The tree level interferences shown in fig(5.13) form the basis of all the possible bremsstrahlung 

corrections to qqjqq --7 qqjqq processes (that is processes one to six). 

In principle there will be twenty bremsstrahlung interferences associated with each tree 

level topology - the four possible bremsstrahlung diagrams involving s, t or u channel 

Z/W boson exchange (real gluon emission from external leg a,b,l and 2) interfered with 

the five possible bremsstrahlung diagrams involving s,t or u channel gluon exchange 

(real gluon emission from external quark a,b,l and 2 and real gluon emission from the 

internal virtual gluon). Not all of these twenty interferences will contribute for a given 

topology due to possible vanishing colour factors. 

Note that not all of the tree level interferences shown actually contribute at tree level 

due to having vanishing colour factors. For example the gtZt interference in fig(5.13) 

will have zero colour factor - Tr(tA)Tr(t A) = O. However when we add soft gluon 
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2XID(X I 2XID(X ]X 
2x -:tXx I 2x -:tXx ]X 
Figure 5.1: The set of interferences that contributes to process one (qq -) qq) and two (qq-) 

qq), the latter obtained by reversing the arrows on all fermion lines of the former. 
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2x xI 2X]XX~ 

2x 

" ZjWj¢ , 

Figure 5.2: Continuing the set of interferences that contributes to process one (qq --> qq) and 

two (qq --> qq), the latter obtained by reversing the arrows on all fermion lines of the former. 
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I I With Z(W!¢]X ]X x extern~ leg x 
correctIOns 

With Z/W/c/J 
external leg 
corrections 

With gluon 
self energies 

,Vith Z(VV/ c/J 
externa leg 
corrections 

Figure 5.3: Continuing the set of interferences that contributes to process one (qq -> qq) and 

two (qq -> qq), the latter obtained by reversing the arrows on all fermion lines of the former. 

emission to both diagrams in the interference we will change the colour factor, po-

tentially rendering it non zero. For example, again looking at the gtZt interference 

in fig(5.13) - if we add gluon emission from particle one on the left hand diagram 

and from particle two on the right hand diagram then the colour factor will become 

Tr(tAtB)Tr(tAtB) = CFCA/2. If, on the other hand, we interfere two diagrams with 

emission from particle one then the colour factor will be Tr(tAtBtB)Tr(tA) which is 

still zero. 

The tree level interferences that provide the basis for the bremsstrahlung corrections 
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2XJ( x I 2XJ;XX I 
2xlXx~ 2xlXxY 
2x 

With Z(W/¢ 
externa leg 
corrections 

" ,'Z/W/cp 

I -::-N With gluon 
x :..lA self energies 

Figure 5.4: The set of interferences that contributes to process three (qQ -+ qQ (same gen-

eration)) and four (gQ -+ gQ (same generation)), the latter obtained by reversing the arrows 

on all fermion lines of the former. Here, the weak couplings to the two fermion lines will be 

different, this means we cannot implement the last two interferences as a factor of 2 as we could 

in Figs. 5.1, 5.2. 

95 



With Z{W/¢ 
externa leg 
corrections 

Figure 5.5: The set of interferences that contributes to process five (qQ -> qQ (different 

generation)) and six (gQ -> gQ (different generation)), the latter obtained by reversing the 

arrows on all fermion lines of the former. Here, the weak couplings to the two fermion lines will 

be different, this means we cannot implement the last two interferences as a factor of 2 as we 

could in Figs. 5.1, 5.2. 
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Figure 5.6: The set of interferences that contributes to process seven (qq -+ qq). 
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Figure 5.7: The set of interferences that contributes to process seven (qq -7 qq): continued 

from Fig. 5.6. 
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Figure 5.8: The set of interferences that contributes to process seven (qq -'t qq): continued 

hom Figs. 5.6 and 5.7. 
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Figure 5.9: The set of interferences that contributes to process eight (qq ---> QQ (same gener-

ation)). 
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Figure 5.10; The set of interferences that contributes to process nine (qq --> QQ (different 

generation)) . 
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Figure 5.11: The set of interferences that contributes to process ten (qQ -+ qQ (same genera-

tion)). 
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Figure 5.12: The set of interferences that contributes to process eleven (qQ ---+ qQ (different 

generation)) . 
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[=;ex I J -gtZt 

[~x ~ J9UZ/Wi 

[Ix ~J -gtZ/Wu 

[~x 3>< J -guZu 

Figure 5.13: The tree level topologies that, following the addition of soft gluon emission, form 

the basis of the bremsstrahlung corrections to qq -> qq and qq -> qq. 

to processes one to six are: 

- Process 1) - gtZt, guZu, gtZu, guZt 

- Process 2) - gtZi, guZu, gtZu, guZt 

- Process 3) - gtZt, gt1)Vu, guWt 

- Process 4) - gtZt, gtWu, guWt 

- Process 5) - giZt 

- Process 6) - gtZt (5.1) 

The tree level interferences shown in fig(5.14) form the basis of the bremsstrahlung 

corrections to qq -7 qq processes (that is, processes seven to eleven). 

The tree level interferences that provide the basis for the bremsstrahlung corrections 
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[r< x :r< J -gsZs 

[7< x ~ J -gsZ/Wt 

[~g x ~~~/l -"-L /""'J -gtZ/Ws 

[Ix IJ-gtZt 

Figure 5.14: The tree level topologies that, following the addition of soft gluon emission, form 

the basis of the bremsstrahlung corrections to qq -7 qq. 

to processes seven to eleven are: 

- Process 7) - gsZs, gtZt, gsZt, gtZs 

- Process 8) - gsZs, gsWt 

- Process 9) - gsZs 

- Process 10) - gtZt, gtW s 

Process 11) - gtZ t (5.2) 

If we have an expression for the sum of all bremsstrahlung interferences based on the 

tree level interference gtZ s of the form: 
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and an expression for the sum interferences based on the tree 

level interference 9 s Z s of the form: 

then for the other topologies we have: 

guZtbrem = -(g~ + A1g~)(g?; + A2g~)f(Pb' -P2, P1, -Pa, P3, mz) r z) 

cos2 (8w ) 
guWtbrem = -(1 + A1)(1 + A2) 2 f(Pb, -P2, Ph -Pa,P3, m W ) rw) 

gtZubrem = (gf; - A1g~)(g~ A2g~)f(Pa) -P2, P1, -Pb) P3, mz, r z) 

cos 2(8w) 
gtWubrem=(1+A1)(1+A2) 2 f(Pa,-P2,Pl,-Pb,P3,mw,rW ) 

gsZtbrem = (g~ + A1g~)(g~ - Abg~)f(-p2,Pb, PI, -Pa,P3, mz, r z ) 

cos 2 (8w ) 
gsWtbrem = (1 + A1)(1- Ab) 2 f(-P2,Pb,P1, -Pa,P3,mw,rW) 

cos2(8w) 
gtWsbrem = (1 + Al)(l- Ab) 2 j(Pa,Pb,Pl,P2,P3,mw,rW) (5.3) 

(the factor of cos2~ew) is to compensate for the difference between the Z and W cou-

plings.) 

5.3 The Dipole Subtraction Tern'ls In the 4-Quark Case 

If we first consider process one (qq --7 qq of the same flavour) we have four topologies 

at o:sO:W order - interference between two t-channel tree level diagrams (one with a 

Z boson exchanged and one with a gluon exchanged) - gtZt, interference between two 

u-channel diagrams (again one Z and one gluon) - guZu and the two possible inter fer-

ences between t-channel and u-channel exchanges (one with the gluon in the t-channel 

and the Z in the u-channel and vice versa) - gtZu and guZi. 
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Note that not all of these topologies actually contribute at leading order, 

cally gtZt and guZu both have vanishing colour factors. However we will have gluon 

bremsstrahlung corrections to all four topologies as the additional gluon will change 

the colour factor, therefore Ive will have dipole subtraction terms proportional to each 

of the four tree level interferences (up to colour factors) (as usual, the incoming quarks 

will have momenta Pa and Pb and the final state quarks will have momenta Pl and P2 

with the emitted gluon having momentum P3)' 

If we start by looking at the case of gtZt there will be eight dipoles that contribute: 

• Interference between emission from particle a and particle 2. One case where a is 

the emitter and 2 the spectator and one case the other way round. 

• Interference between emission from particle b and particle 1. Again with either 

particle playing the role of emitter. 

• Interference between emission from particle 1 and particle 2. 

liP Interference between emission from particle a and particle b. 

The dipoles associated with interference between particle a and particle 1 and the 

interference between particle b and particle 2 both have vanishing colour factors. 

All of these dipoles will be proportional to the tree level interference: 

(5.4) 

This is simply the tree level matrix element squared with the colour factor omitted 

(which, in this case, is zero). sand t are the usual Mandelstam variables but poten-

bally rescaled by the x factor from [7]. 
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For the term where we 

we have: 

TorrDr'D emission a with emission from 

P2·Pa + P3·Pa - P2,P3 
X= 

P2'Pa + P3'Pa 

P2'Pa z=-----
P2·Pa + P3·Pa 

P3'Pa 
U = ---=---=---

P2'Pa + P3'Pa 

i = 2Pl,Pb - 2XPa'Pb 

S = xs 

P23 = P2,P3 

Pa3 = Pa·P3 

CFCA 
colourfactor = ---

2 

2 

(5.5) 

For the term where we interfere emission from particle b with emission from particle 1 

we have: 

Pl·Pb + P3 ·Pb - Pl·P3 X= -~-~~-~~ 
Pl,Pb + P3 ·Pb 

Pl,Pb z=-----
Pl·Pb + P3·Pb 

P3,Pb 
u=-----

PI·Pb + P3·Pb 

i = 2P2.Pa - 2XPa'Pb 

S = xs 

PI3 = Pl,P3 

Pb3 = Pb,P3 

CFCA 
colourfactor = ---

2 
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In either of these two cases the dipoles for a final state emitter and 

tator will be: 

V~/b(Z' x) 
1J ' 

colourfactor v:j/b(z, x) 
--------"---- x Tt,gTt,z(s, t, A1; A2) 

2Pi3 x 
4 

-2-z---x - 2(1 + 

And for the case with an initial state emitter and final state spectator: 

ja/b( ) 
D ia/ b __ colour factor v: x, U T T r. (- - \ \) 

j - 2 x t,g t,Z s,t,Al,A2 
Pa/b3 x 

state spec-

(5.7) 

'/b 4 
v:Ja (z, x) = - 2(1 + x) (5.8) 

1-x+u 

For the two cases with final state emitters and final state spectators (interference be-

tween emission from particle 1 and emission from particle 2) we have: 

1 z + zy 
2(1 + z) (5.9) 

If the emitter is particle 1 (and the spectator is particle 2): 

Pl·P2 z=-----
Pl,P2 + P2,P3 

Pl,P3 
y 

Pa·Pb 

t = -2 [Pl.pa + P3·Pa (1 ~ y)P2.pa] 

s = Pa.Pb 

P13 = Pl,P3 

colourfactor (5.10) 
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If the emitter is 2: 

Pl·P2 
Z = --=--=---

Pl·P2+Pl,P3 

P2·P3 
Y=--

Pa·Pb 

i = _2 Pl ·Pa 
1-y 

S = Pa.Pb 

P23 = P2,P3 

colour factor (5.11) 

Finally, for the two cases where we have initial state emitters and initial state specta-

tors (interference between emission from particle a and emission from particle b) we 

have: 

3bla _ colour factor albi _ -
Dalb - - ') ~/a (x)Tt ,gTt ,z(S,t,Al,A2) 

~Palb3 

Ual bi ( ) 4 ( ) vb'l X = -- - 2 1 + x 
a 1 X 

If the emitter is particle a (and the spectator is particle b): 

x 1 _ P3·Pa + P3,Pb 

Pa·Pb 

t -2 ((1 + X)Pl·Pa + Pl,Pb Pl,P3 

( () ) 2pa·Pb - P3·Pa ) 
2Pl,Pb + 1 + X Pl·Pa - Pl,P3 x 4 (1)) 

XPa·Pb + - X P3'Pa 

S = Pl.P2 

Pa3 = Pa·P3 

colourfactor 

110 

(5.12) 

(5.13) 



If the emitter is particle b: 

x = 1 _ P3'Pa + P3,Pb 

Pa·Pb 

i = -2 (2PI.Pa + PI,Pb PI,P3 

s = PI,P2 

Pb3 = Pb·P3 

CFCA 
colourfactor = --" 

2 
(5.14) 

For completeness it is also worth noting that in the case where we have interference 

between emission from particle 1 and particle a we have: 

PI'Pa + P3·Pa - PI·P3 
X = =---=------------'--

PI'Pa + P3'Pa 

PI'Pa z=-----
PI'Pa + P3 ·Pa 

P3'Pa u=-----
PI'Pa + P3 ·Pa 

i = -2P2,Pb 

s = xs 

Pl3 = PI,P3 

Pa3 = P3'Pa 

colourfactor = 0 
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For emission from particle 2 and particle b: 

P2,Pb + P3·Pb - P2·P3 
x= 

P2,Pb + P3,Pb 

P2,Pb z = ---=---"'-'--

P2,Pb + P3·Pb 

P3,Pb 
11 = ---=--=-::~-

P2,Pb + P3·Pb 

t = -2Pl.Pa 

s = xs 

P23 = P2,P3 

Pb3 = P3·Pb 

colour factor = 0 (5.16) 

(Although the colour factors for these pairs of particles for this topology vanish they 

won't for every topology. The expressions for the dipole variables given above are 

independent of topology.) 

Depending on which particle is the emitter and which is the spectator the dipoles can 

be evaluated using eq(5.7) and eq(5.8). Eq(5.7) for a final state emitter and eq(5.8) for 

an initial state emitter. 

In the case where we are evaluating dipoles for corrections to interference between two 

t-channel exchanges the colour factors come out to be zero and as such these terms do 

not contribute - they will, however, contribute to other topologies. 

For the other topologies (see above) the values of x, Z, 11, S, t, Pi3 and Pa3 and the 

expressions we use to obtain the dipole for a particular interference remain the same 

the only things that change are the colour factors and (of course) the tree level 

interference. 
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For the guZ u topology we have: 

CFCA 
colourfactora,l = -~ 

colour factor a,2 = 0 

colourfactorb,l = 0 

CFCA 
colourfactorb,2 = -~ 

CFCA 
colourfactor12 = --, 2 

CFCA 
colourfactor a,b = ~ (5.17) 

\Vhere (for example) colourfactora.l is the colour factor for interference between emis-

sion from particle a and particle 1. 

The tree level interference for guZu is: 

(5.18) 

Where V. = -3-t. We obtain expressions for x, z, u, 3, l, Pi3 and Pa3 from the equations 

given below: 

interferencea,l -7 eq(5.15) 

interferencea ,2 -7 eq(5.5) 

interferenceb,l -7 eq(5.6) 

interferenceb,2 -7 eq(5.16) 

interferencel,2 -7 eq(5.10) or eq(5.11) 

interferencea.b -7 eq(5.13) or eq(5.14) 

[depending on which is the emitter and which is the spectator] (5.19) 
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the topology we have: 

cA/2) 

colourfactora,2 = -C}CA 

colourfactorb,l = -C}CA 

colourfactora,b = CFCA(CF - cA/2) (5.20) 

With a tree level interference of: 

(5.21) 

For the guZt topology we have: 

colourfactora,l = -C}CA 

colourfactora,2 = -CFCA(CF - cA/2) 

colourfactorb,l = -CFCA(CF - cA/2) 

colourfactorb.2 = -C}CA 

colourfactorl,2 = CFCA(CF - cA/2) 

colourfactora,b = CFCA(CF cA/2) (5.22) 

With a tree level interference of: 

( 
t ii) 2+ ii + 1 (5.23) 

These are in fact all of the possible topologies for quark-quark (or anti-quark-anti-

quark) scattering, for quark-anti-quark scattering we will have: 
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gsZs: 

CPC4 
colourfactor a 1 = - --" , 2 

CF C 4 
colourfactor a,2 = 2 

CpCA 
colourfactor b 1 = --, 2 

colourfactorb,2 = 

colourfactorl,2 o 

colourfactor a,b = 0 

CpCA 

2 

(5.24) 

gtZt (quark-anti-quark) this will differ from the quark-quark case due to the colour 

factor (see eq(3.12)): 

gtZs: 

colour factor a,l = 0 

CpC4 
colourfactorb 1 = --'-, 2 

colourfactorb,2 = 0 

colourfactorl,2 = CFCA 

2 

CFC4 
colourfactor a b = - --"-, 2 

colourfactor a,l = -CFCA (cp - cA/2) 

colourfactorb,l CpCA (CF - CA/2) 

colourfactorb,2 = -CFCA(CP - cA/2) 

colourfactorl,2 = -C}CA 

colourfactora,b = -C}CA 
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gsZt: 

colourfactor a, 1 = -C}CA 

colourfactora,2 = CFCA(CF - cA/2) 

colourfactorb,l = CFCA(CF - cA/2) 

colourfactorb,2 = -C}CA 

colourfactorl,2 = -CFCA (CF - cA/2) 

colourfactora,b = -CFCA (CF - cA/2) 

5.4 The Integrated Dipole Subtractions 

(5.27) 

Shown below is a demonstration of the cancellation of the IR divergences coming from 

the one loop corrections to the interference between at-channel gluon exchange and an 

s-channel Z exchange. These poles will cancel with an integrated dipole term that is 

proportional to the same tree level interference. 

In practice this will be one part of process seven (qq ---+ qq shown in fig ( 5.6, 5.7 and 5.8)) 

- for the complete process we would also need corrections to t-channel Z and s-channel 

gluon, t-channel Z and gluon and s-channel Z and gluon. The IR poles generated 

by corrections to each of these interferences will cancel individually with their own 

integrated dipole term. 

The s-channel graph squared part will be mechanically very similar to the case for bb 

production (shown in eq(4.55 - 4.62)) and the t-channel squared part can be obtained 

by crossing this result. 

The full expressions for all of the prototype diagrams needed for this calculation are 

given in Appendix B. 
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5.4.1 The Pole Parts of The Virtual Corrections 

The Box Diagrams 

There will be two interferences including two gluon box diagrams. Firstly we have the 

interference between a t-channel, uncrossed two gluon box (Bt,gg) and s-channel, tree 

level Z exchange (Ts,z), Keeping only the pole parts of this interference we have: 

2 X Bt,gg X Ts,z X C}CA = 

(5.28) 

Where we have a factor of two for interference and the colour factor is CFCA = tr(tAtBtBtA ) 

to ensure helicity conservation - for convenience this will be omitted from this calcula-

tion from here on). 

Secondly we will have the interference between a t-channel, crossed two gluon box 

(Bt,gg,x) and s-channel, tree level Z exchange (Ts,z). From this we will obtain: 

(5.29) 

There will also be two interferences including the gluon-Z box. Firstly the interference 
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between a t-channel, tree level gluon exchange ) and the s-channel gluon-Z box 

(Bs,gZ ): 

(5.30) 

Here we have a factor of two for interference and a factor of two associated \vith inter-

changing the gluon and the Z. 

Secondly we will have the interference between a t-channel, tree level gluon exchange 

(Tt,g) and the s-channel gluon-Z crossed box (Bs,gz,x): 

(5.31) 

So the sum of the contributions from all of the box diagrams will be: 

The Vertex Corrections 

Vve will also have contributions from a number of interferences including triangle di-

agrams. Firstly the interference between a QED-type gluon vertex correction to a 
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t-channel gluon 

(5.33) 

Here we have two factors of two, one for the interference and one to account for the 

fact that we can have the vertex correction on either of the two quark lines. 

Secondly we will have the interference between a QCD-type gluon vertex correction to 

at-channel gluon exchange CV;:~~ge) and the s-channel, tree level Z exchange (Ts,z), 

(5.34) 

Finally we have the interference between a QED-type gluon vertex correction to an 

s-channel Z exchange (V's~~~Ze) (in this case we cannot have a QCD-type vertex) and a 

tree level t-channel gluon exchange. 

4 V qed 
'T' 2 X s,gvZe X Lt,g X CFCA = 

(5.35) 
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If we the triangle results we obtain: 

( / ?) I 4v:qcd T CFC~ 4Vqed T ,2 -
CF CA, ~ T t,gvge s,Z-2- + s,gvZe t,gCpCA-

(5,36) 

The 1(E) Term 

Using the fornmlae presented in Chapter 3 we have, for the integrated dipole term: 

2XJ(E)= 

(5.37) 

If we sum the contributions from eq(5.32, 5.36 and 5.37) we obtain a complete cancel-

lation of all the log terms and all of the double poles. VVe are however left with the 

single pole: 

(5.38) 
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over pole be cancelled by the IR divergent part of external quark 

self energies. These diagrams have thus far been ignored as they do not have a finite 

contribution to the matrix element (This was not required in the bb case as there the 

interferences including external quark self energies have vanishing colour factors). 

Given this proof that the IR poles cancel we can safely drop the poles in both the 

virtual corrections and in J(E) when we code the process. Note that unlike in the bb 

case we do have collinear divergences (from initial-initial and final-final interferences 

that are no longer forbidden by colour) as well as soft poles. 

5.5 The x Dependent Parts Of The Integrated Dipoles 

'liVe recall, from Chapter(3), that the expression for the total next to leading order cross 

section is: 

CJNLO (Pa, Pb) = 

CJN LO{1.2} (Pa, Pb) + CJ NLO {1,2,3} (Pa, Pb) 

+ 10
1 

dx[6- NLO {1.2} (x; XPa, Pb) + 6- NLO {1,2} (X;Pa, XPb)] (5.39) 

\iVhere {I, 2} indicates a term that has been integrated over the phase space of the two 

final state quarks and {I, 2, 3} indicates a term integrated over the phase space of the 

two final state quarks and an emitted final state real gluon. 

The first two terms have already been evaluated (CJ NLO {1,2}(Pa,Pb) is the sum of all 

virtual corrections rendered finite by the J(E) term and cr NLO{1,2,3}(Pa,Pb) is the sum 

of all bremsstrahlung corrections rendered finite by the dipole terms) but we still need 

to deal with the third term. 
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Chapter(3), eq(3.104) we have: 

11 dx[o-"'VLO{1,2}(X;XPa,Pb) +o-NLO{1,2} Pa,XPb)] 

= t dx ~ [da~rEE(XPa'Pb) ® (K + pt,a(X)]E=O + 
)0 )[1,2] 

(1 dx f 1 [da~rEE(Pa, XPb) ® (K + p)b,b(x )]E=O 
)0 [1,2J 

= 11 dx J d<P(1,2) (XPa, Pb)Fy,2) (p1,P2; XPa, Pb) 

< P1,P2, xPa,Pbl(Ka,a(x) + pa,a(XPa, X))lp1, P2, XPa,Pb > 

+ 11 dx J d<P(1,2) (Pa) xPb)Fy,2) (P1,P2;Pa, XPb) 

< P]'P2,Pa,XPbl(Kb,b(x) + pb,b(XPb,X))lp1,P2,Pa,XPb > (5.40) 

Where the function Fy,2) defines the particular observable we are intending to compute. 

Here we are again integrating over the phase space of the two final state quarks. 

As for both the virtual and real corrections (and their respective dipole parts) we need 

to break the calculation down into the eleven sub-processes defined at the start of 

this chapter. The topologies that contribute to the insertion terms for a given process 

are the same as those that contribute to the I(E), dipole terms and bremsstrahlung 

interferences - those given in eq(5.1) and eq(5.2). We have a (j term for each individual 

topology (denoted by top) in a given process. 

From [7J and eq(3.105) we have (in the case of soft gluon emission from a quark): 

(5.41) 

(T; and TC = CF). 

This term is proportional to a 'plus prescription' part and as such the integral over x 
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IS as a convolution of the form. 

(plus prescription x [J(x) 1(1)] (5.42) 

This means that the terms proportional to pa,a/b,b \vill be: 

(5.43) 

\iVhere C (top) is the tree level coupling of the particular topology we are dealing with 

(see below) 

For the 'K' part we have: 

Ka,a(x) = cxs 
27f 

[5aa(Tl.Ta;~+T2.Ta;1) ((l~X)+ +5(1-X)) 
+Ka,a(x) - K;'~ 

(5.44) 

(Clearly 5a,a in this case will be one since the two particles are both quarks but it has 

been included for com,pleteness. Again T; = CF) 
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cFcoltree [_2_ln (1 - X) - (1 + 
1- X X + 

-cFcoltreeo(l - x)(5 - 7T
2

) 

ka,a(x) = 

-(l+x)ln(l-x)+oaaT; [(l~Xln(l-X))+ - ~20(1-X)J 
(5.45) 

The scheme dependent part, K;~~, is zero in the 1\1 S / DR schemes. 

Therefore we have for the total part proportional to Ka,a/b,b: 

(5.46) 

\;Yhere we have used the definition 11/2 = ~CF' 

In the term proportional to Mrree (s) t, top) we have used the delta functions to perform 

the X integral - therefore this term will not appear underneath the integral. 
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So, 

\iVhere: 

total term for a particular topology be: 

+ i'l dx J drf..{1,2}FA (1,2) C(top)o:S [~M2 (SA t' top) ') ( )] 
'±' J 2 tree , , M tree s, t, top X 

o ~ X 

[( 1 )3( I .) -- - \T1 ·Ta + T2·Ta T Tl·Tb + T2.Tb 
1-x 2 

-cFCOltree1 ~ xln (1: X) Ta.Tb (1 ~ x ln(l- X)) J 

(5.47) 

(5.48) 

The equality in the first line is true in all cases as the phase space is Lorentz invariant. 

(5.49) 

Here the equality in the first line only holds in cases where the observable being exam-

ined is Lorentz invariant. If we were studying (for example) the scattering angle then 
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Topology Ta ·Tb/T1 .T2 T1·Ta /T2 T1·Tb/Tz·Ta I COltTee 

gtZt(qq) CFCA 0 _CF C 4 0 -2- 2 

gl1Zl1 CFCA 0 0 -~ 

gl1Zt (CF - cA/2)CFCA 
2 

-CFCA -(CF - cA/2)CFCA CFCA 

gtZl1 (CF - cA/2)CFCA -(CF - cA/2)CFCA -C}CA CFCA 

gtZt(qq) 0 CFCA 0 -2-

gsZs 0 CFCA CFCA 0 -~ -2-

gsZt -(CF - cA/2)CFCA _C2 C4 F· (CF - CA/2)CFCA CFCA 

gtZs -C}CA -(CF - CA/2)CFCA 
2 

CFCA CFCA 

Table 5.1: Colour factors for the various topologies. 

we would have to split up the function into two parts. 

The colour factors (Ti.Tj ) will vary depending on which topology we are considering. 

Note that again these are colour factors as defined in [7] and as such will potentially 

differ from the normal colour factor by a factor of -1 (we pick up a factor of -1 if we 

interfere emission from a particle and emission from an antiparticle similarly if we in-

terfere emission from an initial state particle and emission from a final state particle). 

The colour factors associated with each topology are given in table(5.1). Note that the 

colour factors for the topologies including a W will be the same as for the corresponding 

Z topology. 

The coupling factors (C(top)) are given in table(5.5): 
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top C(top) 

gtZt g2g~/COS2(eW)~(g~ - Alg~)(g~ - A2g~) 

gtZu g2g~/COS2(eW)~(gtl - Alg~)(g~ - A2g~) 

guZt g2g~/cos2(ewH(g~ + Alg~)(g~ + A2g~) 

guZu g2g~/cos2(ew)Hg~ - Alg~)(g~ - A2g~) 

gsZs g2 g~ / COS 2 (eW) ~ (g~ + Alg~)(gt- Abg~) 

gtZs g2g~/COS2(eW H(g~ + A1g~)(gt - Ab9~) 

gsZt g2g~/COS2(eW )~(g~ + A1g~)(gt - Ab9~) 

guWt g2g~~(1 + A1)(1 + A2) 

gtWu g2g~~(1 + AI)(l + A2) 

gtWs g2g~~(1 + A1)(1 - Ab) 

gsWt g2g~~(1 + A1)(1 - Ab) 

Table 5.2: The couplings for the various topologies. 
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5.6 Integrating Over The Phase Space 

To perform the over the space (and also over the dipole variable x) we 

use a Monte Carlo type method specifically the VEGAS [27J code. 

5.6.1 How Does VEGAS work? 

Because the phase space integral is multidimensional it is significantly faster to use a 

Monte Carlo type approach rather than a trapezium rule inspired method. 

In the simplest terms a Monte Carlo integral works as follows. For some observable 

O(x) the mean value can be calculated as: 

O 
- J dxO(x)w(x) _ l' Lf O(Xi) 

< >w= J - 1m dxw(x) N-+cc N 
(5.50) 

\Alhere each Xi corresponds to a particular phase space point and where w(x) is some 

'weighting function for each point in phase space. 

Vie can, with reasonable ease, use numerical methods to evaluate the last term in 

eq(5.50) for large values of N which therefore allows us to get a handle on the integral 

in the second term. 

A value for PT is calculated for each phase space point - the result for that point is then 

binned according to this value. This allows us to evaluate observables as a function of 

PT· 

We restrict the integral over rapidity (or, equivalently, the scattering angle) to the 

region that can be measured at the experiment we are calculating for. This allowed 

rapidity range is dependent on the detectors ability to pick up events with the jets 

oriented along, or close to, the beam axis. This range is machine dependent - the exact 

values are given in section(5.7). 

VEGAS uses so called 'adaptive sampling'. On the first iteration of the Monte Carlo 
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the space are selected at random across the entire phase space volume. 

On second and subsequent iterations a weighting is implemented that ensures that 

more phase space points are sampled in the regions where the crosS section is large. 

This 'importance sampling' results in enhanced accuracy where it is most important. 

VEGAS also increases the weighting in regions of phase space that contribute most 

to the error (,stratified sampling') - the combination of these two weightings makes 

VEGAS the most popular algorithm for this kind of calculation. 

5.6.2 The Two to Two Body Part of the Phase Space 

The two body phase space is: 

(5.51) 

The Lorentz invariant part is: 

(5.52) 

Following some changes of variable and using the delta function to do some of the 

integrals we obtain: 

(5.53) 

Substitute this back into the equation for dCJ and we obtain: 

(5.54) 

In the case where all external masses are negligible (in fact, in the the case where all 

external masses are equal): 

(5.55) 
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If we modify to account for the integration over the PDF's (ff(Xb)) \ve have: 

da Lil(xd (5.56) 
ij 

s = XIX2S, (note that IMITj is a function of s). The indices '1' and '2' correspond to 

the two incoming hadrons (pp for LHC and pp for Tevatron) and the summation over i 

and j corresponds to a summation over all possible combinations of incoming partons. 

The PDF's also depend on an energy scale in this case we use the renonnalisation 

scale f-t (we set the renormalisation scale to be either Eem or ET depending on which 

PDF's we are using) to match up with the prescription we use for the cancellation of 

IR divergences. 

\Vhen calculating unpolarised observables we use the CTEQ PDF's [20] and when 

calculating polarised observables we use the Gehrmann-Stirling set A (GSA) PDF's [21]. 

The dependence of the results on the exact PDF's used is discussed in section(5.6.4). 

Ideally we want the limits of the integrals in the phase space to be fixed as this is easier 

for the integration programs (in this case 'VEGAS' [27]) to deal with. To change the 

variables of integration so that this is the case we first multiply through by ~~ : 

(5.57) 

Change variables from Xl to In(xl) (dl~~~l) ;1) and from X2 to pq (s = XIX2 S 

E 2 - 4E2 - 4 2) em - q - Pq . 

da 

\Ve would now like to change variables from e to Ti, the rapidity. 
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In we will constrain the rapidity integral to include events that can actu-

ally be detected at whatever experiment V'le are performing the ca.lculation for. Typi-

cally this means we only integrate up to some maximum rapidity (corresponding to a 

minimum value of e). 

(5.60) 

. e dPT -Finally we will exchange Pq for the transverse momentum, PT· PT = s~n Pq so dpq -

sine. 

(5.61) 

This is the final form of the two body phase space measure that is used in the Monte 

Carlo calculations for the massless cases (both PP to two jets and bb production). 

5.6.3 The Two to Three Body Part of the Phase Space 

The integration over the two to three body phase space is somewhat less complicated 

than the two to two as there is no x dependent part of the unintegrated dipoles. The 

phase space used in the massless case is: 

(5.62) 

\iVhere s is s scaled by the Bjorken x's, and mI2 is the invariant mass squared of the 

two final state quarks, (Pa + Pb P3) 2. dOl is the scattering angle of particle 1 in the 

centre of mass frame and d0 3 is the scattering angle of particle 3, the gluon, also in 

the centre of mass frame. 

Note that once again we have had to define a phase space where the limits on the 

integrals are constant - this is because this is what VEGAS requires. 

131 



5.6.4 Dependence Of Results On The PDF's 

The polarised PDF's are less accurately known than the unpolarised and are also only 

valid up to a maximum value of f-L2 of about 1 Te V - therefore the maximum PT that 

can be studied is 500Ge V. 

\Ve compare our results using two possible options for our PDF's - GSA and Gluck-

Reya-Stratmann-Vogelsang standard set (GRSV-STN) [21J [22]. Fig(5.15) shows that 

~ 
'0 

jet-production (1711 < 1) 
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Figure 5.15: The dependence of both the total cross section and the beam asymmetries on the 

choice of PDF's (GSA and GRSV-STN). The results both both RHIC-spin energies are plotted. 

the dependence of the total cross section at RHIC on the (polarised) PDF used is 

insignificant. 

However, there does appear to be some effect on the asymnletries. The ALL correction 

remains at a very similar magnitude although where the peak of the correction lies on 

the PT scale is dependent of the PDF used (140GeV for GSA and 80Gev for GSRV-

STN). For AL the GSRV-STN result generates a larger correction at low PT (above the 
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Z resonance) but \vhich tends to the GSA result near the Pr limit. 

In fig(5.16) we can see that, at LHe, there is a very small variation on the total cross 

jet-production (177\ < 25) 

GSA (solid) 6 '" (NLO-LO)/LO 
GRSV-STN (dashed) .j s = 14000 GeV : F I " , I ' " I " " I "'~ 5 rTTTTTTTT"''''''''''--.n-rn 
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Figure 5.16: The dependence of both the total cross section and the beam asymmetries at a 

polarised LHC on the choice of PDF's (GSA and GRSV-STN) 

section depending on which PDF is used (a larger variation than at RHle but still 

insignificant) . 

In the polarised observables we see only a small variation in the results for the correction 

to ALL but the correction to AL varies greatly depending on the PDF used. At low PT 

the GSRV-STN PDF's give corrections that are large and positive (+200% compared 

with +40% for GSA) but at high PT, when both corrections become negative, the GSA 

result is somewhat larger (-440% compared with -360%). 

It is potentially of some interest that there seems to be a variation in the results for 

these asymmetries with choice of PDF. One of the purposes of a polarised experiment 

(such as RHle-spin) is to reduce the uncertainty inherent in polarised PDF's. If we 

measure an observable that has a strong dependence on choice of PDF and compare it 
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with theoretical predictions that make use PDF's then in principle we may 

be able to shed some light on the polarisation structure of the proton. 

Note that here the variation in AL is of most interest as it is entirely parity violating 

and as such will have no contribution from pure QCD. ALL is not a parity violating 

observable and as such we would need to include NLO QCD to obtain a reliable NLO 

result. 

5.7 Results For The Full Four Quark Calculation 

5.7.1 Total Cross-sections 

Tevatron 

The results presented below were first published in [28J. 

Presented in fig(5.17) are the total results for two jet production at Tevatron - here 

they have been integrated over a rapidity of 0.1 < 1171 < 0.7 to match the CDF detector 

coverage. The correction here is significantly larger than in the case of the bb produc

tion rate - of the order of 3% compared with a small fraction of 1%. The partonic 

energies are still not however, in general, high enough to make the Sudakov logarithms 

large. The correction is enhanced due to the fact that we have many more diagrams 

contributing to the one loop correction (a factor of ten or more than in the bb case, 

see section(5.1)) than we did in the bb calculation, whereas the number of diagrams 

contributing to the QCD tree level has only increased by a factor of three or so. 

It is interesting to compare these results with the Run 1 results from the CDF ex

periment [4J. We can see from fig(5.18) that a large positive correction would help to 

explain this experimental result using only the standard l1'lodel (it is worth mentioning 

that work has been done to explain this disagreement by modifying the gluon PDF's, 
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jet-production (0.1 < 1771 < 0.7) 
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Figure 5.17: Presented here is the total two jet production rate at the Tevatron (2TeV) plotted 

against PT. The lower plot gives the percentage correction of the o:~ow term relative to the 

sum of all tree level processes (O:~r) O:wO:s and o:~). 

see [5J. Also, preliminary data from Run 2 indicates that the discrepancy between data 

and theory may not be significant [29]). However the result obtained from the NLO 

weak corrections is negative meaning that the agreement between theory and experi-

ment is actually worse. However, at 500GeV the weak correction is only between 1 and 

2% which is small compared with the statistical errors. 

LHC 

At LHC we integrate the rapidity over a range of -2.5 to 2.5 - this is reasonable for the 

LHC detectors. Fig(5.19) shows the total cross section for two jet production plotted 

against ET . Once again (j is the correction to the LO cross section (o:~, o:so:w and 

o:i:v) from the NLO weak correction. 

As can easily be seen in the figure the corrections are again greatly enhanced when 
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Figure 5.18: [4] Shown above are are plots showing the discrepancy between theory and 

experiment at Tevatron [(Data-Theory)/Theory] for several different PDF's. 

compared to the bb production cross section (an increase from 2% to as much as 30%). 

Once again this is a result of the significantly larger number of diagrams that contribute 

to the correction. At LHC the NLO weak corrections are large across the majority of 

the PT spectrum rising to 10% and above at anything over 1000GeV this means that 

the weak correction to the total two jet cross section is significant even when compared 

to the current uncertainties associated with the NLO QCD results [30] [31J [32J. 

In fig(5.20) the various contributing parts of the two jet cross section are shown as in 

comparison to the LO QCD (both gg and qq to 2 jets). We can clearly see that at low 

PT the gg contributions are dominant but that the qq contributions become comparable 

and eventually larger between 1000 and 2000 GeV. 
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jet-production (11)1 < 2.5) 
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Figure 5.19: Presented above is the total two jet production rate at LHC (14Te V) plotted 

against PT. The lower plot gives the percentage correction of the o:~o:w term relative to the 

sum of all tree level processes (aj;y, o:was and a~). 

5.7.2 Polarised Observables 

The results presented below were first published in [33]. 

RHIC 

In fig(5.21) we present the total cross section at RHIC as well as the three polarised 

beam asymmetries (ALl ALL and Afr all defined in section(2.2.1)). We integrate over 

a rapidity 1771 < 1 and at the two RHIC-spin energies (300 and 600GeV). The first result 

it is interesting to observe is that the correction to the total cross section is somewhat 

larger than at Tevatron (see fig(5.17)); 8% at 300GeV compared with about 1% at 

Tevatron. This is perhaps surprising given that the centre of mass energy at RHIC is 

significantly smaller than at Tevatron meaning that the Sudakov logs will be even less 

significant. 
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Figure 5.20: The relative sizes of the LO and NLO corrections compared with the tree level 

QeD results. 

The explanation for this large correction can be discovered if we break the correction 

down and look at the contributions from the subprocesses. This breakdown is shown 

in Table(5.3). If we look at the contribution to the LO cross section from the different 

processes we see that the dominant four quark processes are qq ~ qq and qq' -7 qq'. 

These two processes also have not insignificant corrections to them from the one loop 

weak effects and are therefore the dominant contribution to the total 5. These largest 

corrections will be suppressed at Tevatron due to the initial state being a pj5 resulting 

in the correction to the total cross section being smaller at that machine. 

Looking at the asymmetries we see that the effects are very significant. For ALL 

we have, for the 300(600)GeV machine, a maximum of some 25(60)% at an ET of 

70(140)GeV. AL and A p,1 both rise to as high as -70% corrections at high ET (140GeV 

for .jS=300GeV and 300GeV for .jS=600GeV) and to +100% at low ET (away from 

the resonance effects at the Z mass). 
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Figure 5.21: The total cross section, ALL, AL and A.pv calculated for RHle at a centre of 

mass energy of both 300 and 600 Ge V plotted against ET. Each observable is also presented 

as a correction to the total tree level contribution. 

All of these results should be observable at RHIe. 

A Hypothetical Polarised LHC 

The results for the polarised asymmetries at a hypothetic polarised LHe are shown in 

fig(5.22). Here we use the standard LHe energy of 14TeV and 1771 < 2.5. The plot of 

the total cross section is the same as that given in fig(5.19) but over a restricted ET · 

This restriction is in place because the polarised PDF's used (GSA) to evaluate the 

polarised observables are only valid up to an ET of about 500GeY. 

The behaviour of the asymmetries at LHe compared to those at RHIe could benefit 

from some explanation. Both of the LHe asymmetries are somewhat smaller than those 

at RHIe on an absolute scale. The one loop weak correction relative to the tree level 

asymmetry is smaller at LHe than RHIe for ALL (the non parity violating asymmetry) 
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I Subprocess vis = 300, ET = 70 (GeV) vis = 600, ET = 140 (GeV) 
I 

Corr (%) Corr (%) ] 
gg -7 gg 1.35 1.17 

gg -7 qq 0.065 0.027 0.057 -0.18 

qq -7 gg 0.19 0.025 0.18 -0.18 

qg -7 qg, gg -7 qg 24.7 -0.06 23.0 -0.26 

-- -- 46.1 -0.90 47.1 -3.0 qq -7 qq, qq -7 qq 

qq' -7 qq', qq' -7 qq' (same gen.) 23.8 -6.64 24.6 -14.7 

qq' -7 qq', qq' -7 qq' (diff. gen.) 0.72 0.055 0.7 -0.84 

qq -7 qq 0.95 -0.25 0.93 -0.71 

qq -7 q'q'(same gen.) I 0.06 10.9 0.057 25.5 

qq -7 q' q' (diff. gen.) 0.18 1.23 0.17 1.17 

qq' -7 qq'(same gen.) 1.28 3.2 1.25 2.24 

qq' -7 qq' (diff. gen.) 0.72 0.05 0.71 -0.8 

Table 5.3: A breakdown of the contribution to the RHIC total cross section from each possible 

sub-process. The column labelled 'LO' shows the percentage of the total leading order cross 

section associated with each process and the column labelled 'Corr' shows the percentage NLO 

weak correction to that process. 

but larger for the parity violating AL . 

At RHIC energies the proton PDF's are dominated by qq pairs so we can say, to 
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Figure 5.22: The total cross section, ALL, AL and Apv calculated for LHC at a centre of 

mass energy of 14 TeV plotted against ET . Note that the asymmetries are only measurable 

at a collider with polarised beams which is currently not the case at LHC - these results are 

presented to show what would be visible at a hypothetical polarised LHC. Each observable is 

also presented as a correction to the total tree level contribution. 

reasonable degree of accuracy, that: 

A RH1C _ 6.LLCJ(qq) 
LL - ddqq) 

AfHIC = 6.LCJ(qq) 
dCJ( qq) 

This is true at both tree level and NLO. 

However, at LEe the PDF's are generally dominated by gg (this is true across the 
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entire PT spectrum accessible to the polarised PDF's) so we \nite: 

ALHC _ 6LLo-(qq) + 6LLo-(qg) + 6.LLo-(9g) 
LL - do-(qq) +do-(qg) +do-(gg) 

4LHC _ 6Lo-(qq) + 6Lo-(qg) + 6.Lo-(gg) (5.64) 
"L - do-(qq) + do-(qg) + do-egg) 

At leading order, the contribution to AL at LBC reduces to: 

ALHC (LO) = 6Lo-(qq) 
L do-(qq) + do-(qg) + do-egg) 

(5.65) 

This is because, at tree level, quark-glu0l1 and gluon-gluon scattering do not have any 

parity violating terms (they must be pure QCD interferences). As a result the LO AL 

is very small (the numerator is suppressed by the PDF's relative to the denominator). 

This argument does not apply at NLO where we do have a~aw, parity violating con-

tributions to both gg and qg scattering. This means that the NLO will be enhanced 

relative to the LO leading to a larger correction. This argument does not apply at 

RBIC as the preferred qq scattering contributes both at LO and NLO. 

The absolute asymmetries are reduced at LBC due to the gg dominance of the PDF's 

we would therefore expect them to rise with increasing PT as we move into regions with 

higher incidences of qq initial states however this is difficult to test at present due to 

the restrictions associated with polarised PDF's. 
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Chapter 6 

t t-bar Production. 

The final calculation we will look at is the proton-( anti)proton to if rate. This calcu

lation will be very similar to that for the bb rate however due to the large top mass 

we may no longer make the approximation that all external masses are zero. We may 

still assume that there are no b or t quarks in the initial state so the topologies of the 

diagrams we consider will be restricted to those we had in the bb calculation. 

A calculation of the top production rate will be of interest at the LHC due to the enor

mous number of tops expected to be created at that machine. Weak contributions to 

the top production process are of particular interest as, if we can study parity violating 

observables, then we effectively remove any uncertainty in our predictions resulting 

from QCD (unknown higher order corrections for example). As described in chapter(2) 

it is simple to define parity violating observables when we have polarised beams, but 

these are not available at LHC. However, as it is possible to get a handle on the helicity 

of a produced top quark we can define similar helicity dependent observables despite 

the lack of polarised beams. Rather than being dependent on the helicity of the incom

ing particles these observables will depend on the helicity of the outgoing tops. 

The lifetime of a top (anti)quark is too short to measure the helicity directly but it is 
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possible to do so indirectly by studying the top [34J. 

6.1 Studying The Helicity Of tt Pairs 

When we have calculated the matrix element for top anti-top pair production (with 

helicities >1} and A2 respectively) we have the helicity matrix element: 

(6.1) 

(N ote that there is interference between Ai = + 1 and Ai = -1) 

To calculate real observables we need to generate a pp -7 top decay products cross 

section rather than sim,ply a pp -+ tt cross section. 

In the narrow width approximation (mt » rand Ecm - mt » r) this cross section is 

proportional to: 

(6.2) 

Where: 

(6.3) 

and f1tx)(P~cx») is the matrix element for the decay of a top (anti)quark of helicity A 

into a particular state 0'(5:). 

If we integrate A~)Al over all phase space except for the angle of one of the decay 
1 

products (J) we obtain something of the form: 

and for pi~)A2 integrated over all phase space bar the angle of decay product J: 

B(a) (1 + hJ qJ·rz,J 
471 

144 

(6.4) 

(6.5) 



B(O:)/(Ci) is the branching ratio of tiE into channel and fiI and are unit 

vectors in the rest frame of the quark and anti-quark respectively. 

We choose two vectors, !2s and ~3' to be polar vectors in the rest frame of the quark 

and anti-quark. If we integrate eq(6.2) over all phase space excepting the polar angle of 

decay product I (the angle between !2s and fiI, e I) and the polar angle of decay product 

J (the angle between ~3 and Ci], e]) then we obtain the differential cross section: 

d3
(Y 

------------------x 
dcose cmdcose Idcose] 

I - ] 
[4A + 2B3h COSeI + 2B3h + C33 COsB]cose]] (6.6) 

where: 

(6.7) 

Thus we can extract the helicity structure of the production matrix element from study 

of the angular distribution of the decay products. 

This analysis of the results obtained here has not yet been performed. Presented in 

section(6.8) along with the total top production cross sections (where this analysis is 

not necessary) are the observables ALL, AL and Afr calculated as if we could measure 

the helicity of the top quarks directly. These are not realistic observables but do give 

some indication of the maximum significance of realistic study of polarised observables. 
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6.2 gg to tt 

The first contribution to the production cross section that we will look at is the 

gluon-gluon goes to top-anti-top process. At order a~aw these contributions will be 

bubble, vertex and box corrections to the tree level 99 -+ tt. As was the case for 

gluon-gluon to massless quarks we know that the total cross section for these virtual 

corrections must be IR finite (since there are no gluon bremsstrahlung diagrams at this 

order to cancel any divergences). 

6.2.1 Helicity Amplitudes For 99 To tf 

Consider the case where we have incoming gluons with momenta Pa and Pb and outgoing 

massive quarks with momenta PI and P2. The axes are set up (for convenience) such 

that: 

P
IL _ 
2 -

P~ = 

P
IL _ 
b -

( 
ft 0 0 vis - 4m;) 
2 ' " 2 

(
ft 0 0 _ vis - 4m;) 
2 ' , , 2 

- -sinB 0 -case (
\/S ft ft) 
2' 2 "2 

- -smB 0 --case ( ft ft . vi) 
2 '2 "2 

The gluon polarisations may be taken to be: 

1 
E~ = J2 (0, casB, iAa , sin B) 

1 Eb = J2 (0, -casB, -iAb, - sin B) 
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P2 PI 
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'\ 
.. 

Pb 

Pb 

PI 

P2 

Figure 6.1: The incoming gluons are in the x-z plane with angle () to the z-axis and the 

outgoing quarks are emitted in the positive and negative z-direction 

The spinors are: 

(6.10) 

Wh JS-4mz d E - VB I 1 1 . fl' t' h ere P = 2 an - :2' n genera t 1e expreSSlOll or t 1e mterac IOn sown 

in fig(6.1) will be: 

(6.11) 

(Here r is a string of gamma matrices depending on Pa, Pb, PI) P2) fa, fb and any loop 

momenta (l).) This can then be split into vector) axial and tensor parts: 

(6.12) 
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where ClJ.LV i 
'2 

This statement is equivalent to saying: 

where S is a scalar term and P is a pseudoscalar term. Vf.L will be a combination of S 

and vJ.L and AJ.L will be a combination of P and aw 

So we have: 

Tr(fryP) = vJ1 Tr(jY~fP) = 4vP 

1 
... vP = 4Tr(f;P) 

Tr(fpfj = SpiTr(l) = 4SPi 

. SpP = ~Tr(fpP) 
.. 1 4 1 

Tr(f;P;5) = af.L Trbf.L;P(5)2) 4aP 

1 
... aP = 4Tr(f;P;5) 

Tr(fpi;5) = PpiTr(lb5)2) = 4PPi 

1 
... Ppi = 4Tr (fPi;5) 

All other terms trace to zero. 

The Dirac Equation for spinors is: 

... U(Pl) Al)bJ1P1f.L - Imt)v(p2l A2) = 0 

U(Pl) Ad (;~tlJ1 ) V(P2l A2) = U(Pll Al)(1)v(p2l A2) 

So when we sandwich f between spinors we can write: 
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So, if we in from eq(6.14), then we discover: 

(6.17) 

\Ve can also calculate that: 

(6.18) 

All of the other traces vanish. 

\Ve know that the left hand side is antisymmetric under the interchange ()' f-) P and 

that therefore Tpcr = -Tcrp. So we now have: 

(6.19) 

Vie now define IlL and nV to be unit vectors in the 1 and 2 and y) directions. This 

means that we have (Pl 1s2)/L, IlL. nIL. ~ as unit vectors in the 0.1.2 & 3 directions. 
S '; s-4m; , , 

So, for the vector part, we can say: 

(6.20) 
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If we ~write this out in then we get: 

c= 

(6.21) 

The expressions for Xt(jiX will be needed later on and are: 

(6.22) 

Similarly if we multiply through by a unit vector in the 2 direction (nf1) we can obtain: 

(6.23) 

If we repeat this process for the other two directions we end up with: 

d=O (6.24) 
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(6.25) 

where vb, vi, vt, vj are a set of basis vectors. 

We can perform the same analysis on the axial part. If: 

(6.26) 

then we end up with: 

(6.27) 

The process for extracting an expression for the tensor structure is a little different and 

is worth explaining in some detail. We are trying to express: 

(6.28) 

in are more convenient form so we need to break a Pv into its component parts. Begin-

ning with the purely spatial components. 

(6.29) 
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we have: 

Clearly this will only be non-zero when A1 A2 so (according to eq(6.22)) the only 

term that will contribute 'will be the term including CJ3. Therefore: 

We also need to look at components with one time index: 

So, if we sandwich this between spinors we get: 

u(p1, A1)CJO
k

V(P2' A2) = u(p1, A1)i ( 0 

CJk 

(6.31) 

(6.32) 

(6.33) 

This does not vanish for any helicity combination and therefore the terms including 

CJ1, CJ2 & CJ3 will all contribute. Using the expressions from eq(6.22) we obtain: 

(6.34) 
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(6.35) 

(6.36) 

Combining the results from eq(6.31) and eq(6.34---76.36) eventually yields: 

(6.37) 

So we have, from eq(6.12), eq(6.17), eq(6.19), eq(6.25), eq(6.27) and eq(6.37), an ex·· 

pression for the gg ---7 tf amplitude: 

U(Pll Al){r}V(p21 A2) = 

[ ~Tr(rrl.J + _l_Tr(rpn] x 
4 4mt 

[~Tr(rr!lr5) + -~Tr(rprr5)] x 
4 4mt 

[2pAlclA1 ,-A2 Vi - 2ipclAl,-A2V~ + 2mtclAIA2Vbl + 

(6.38) 

If we wish to extract a similar expression for the qq ---7 tl amplitude then we simply 

multiply the expression above by a second term of the form urv this time referring 

to the initial quark line. If the initial state quarks are massive then this expression 

Vi,ill have the same form as given above, however in the calculation presented here the 

initial state quarks are always considered to be light. The method for expressing urv 

for massless quarks is presented in some detail in the chapter on qq ---7 bb. 
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Figure 6.2: Bubble Diagrams with neutral b080ns 

6.2.2 One Loop Corrections To gg To tf 

External Leg Self Energy Corrections 

For the neutral particle loops (Higgs, Z and rPo) we have bubble diagrams like those 

shown in fig(6.2). The external particle will be a top quark and both of the internal lines 

will have masses associated with them (since the flavour of the top will be unchanged 

by the emission of a neutral boson): The expression for a general bubble diagram of 

this form (with boson mass mZ/H) is: 

J ddl - /1 5 (-) + mt) 5\ 1 
(27r)d u(P)lr (A + B, )] (l2 _ mE) lr/1(A + B, )]u(p) (l + p)2 - mZ/H 

Bo{[u(p) h,/1(A + B,5)]( -f) ['/1 (A + B·l)]u(p)] 

(6.39) 
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Here A and B are the vector and axial of is in the 

loop, Bo and B1 are two point Veltman & Passarino functions: 

(6.40) 

V'le can rewrite eq(6.39) as: 

(6.41 ) 

(Both Q and {3 could have an axial part so Q = Qv + QAi5 and {3 = (3v + PAI,5) 

Now expand BO,l in p2 around ml 

[B ( 2 2 2) B' (2 2 2) ( 2 2)] o mt) m Z I H) P + 0 mt, m Z I H, P P - m t (6.42) 

(6.43) 

The terms marked (*) are removed by renormalisation and the terms marked (**) vanish 

due to the on-shell condition. 

So at the level of Feynman rules the expression for a tree level diagram with a neutral 
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leg correction 

x (Tree level I M I) 

(6.44) 

remembering that a and fJ both contain axial parts and as such need to be included in 

the trace. Performing a similar manipulation for the case of a charged boson ("111/+/-

or ) in the loop we obtain: 

x (Tree levellMI) 

(6.45) 

(In this case the internal quark will be a bottom and can therefore be treated as 

massless, this means that the propagator in eq(6.39) would have the form (lL:'~n' As 

a consequence of this we would lose the term proportional to mt meaning that there 

would be no dependence on Bo.) 

So, for example, in the case of the external Z self energy inserted onto the t-channel 

diagram (the left most diagram in fig(6.2)) we would have: 

r (6.46) 

Where r is the string of gamma matrices between the Dirac spinors in the t-channel 

amplitude - as used in eq(6.38). A a~Bl + 2m¥0:~B~ + 2m¥fJ~Bb and B = a~Bl + 

156 



Finding 0' And ,8 For The Five Self Energy Diagrams 

If we now obtain an expression for the 1PI function for the five different bubble 

in a form similar to eq(6.41) then we will be able to extract values for 0' and ,8 for each 

of the corrections. For example, the 1PI function for the Z-boson bubble has the form: 

~ 9 ~ t . ( )2, 
= - 4 cos 8w 167r2 {~(!1( Cv 

(6.47) 

If we look at the term proportional to mtBO and multiply out the brackets then we get: 

( 6.48) 

Similarly, for the term proportional to B 1: 

(6.49) 

So, substituting these into eq(6.47), we have: 

~ 16~2 (cosg8
w

) 2 {mtBo(4((c~)2 - (c~)2)) + Bl(2((c~)2 + (c~)2) + 4(c~c~)"l)}p 
(6.50) 

Comparing this with eq(6.41) we find: 

Z 11 9 t2 t2 
( )

2 

O'v = 4167r2 cos8
w 

2((cv) + (cA) )) 

Z 1 1 9 t t 

( )

2 

O'A=4167r2 cos8w (4(cV cA)) 

Z 11 9 t2 t2 
( )

2 

f3v = 4167r2 cos8w 4((cv) - (cA) )) 

f3i = 0 (6.51) 
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If we same for the other we 

that ,6 is zero for bosons): 

= g: (:::~)2 16~2(1) 
cx!1 = 0 

2 ( ) 2 1 H g mt Pv = - - --(-1) 
4 mw 161T2 

p.If = 0 

(6.52) 

Internal Self Energy Corrections 

\Ve can also use the bubble IPI functions derived above to evaluate the internal self 

energy corrections. These will again be bubble diagrams with an internal Z, H, CPo, 

. For example, consider the diagram shown in fig(6.4) - the internal Z 

self energy correction to t-channel gg -7 tt. 

The expression for this diagram derived from the Feynman rules is: 
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Figure 6.3: The bubbles may be inserted onto the internal top line of a tor u channel diagram. 

These will interfere with the s,t and u channel tree level diagrams. 
Pa 
--- PI 

--Pb 

Figure 6.4: The internal Z self energy correction to 99 -; tE in the t-channel. All quark 

propagators have mass mt. 

(6.53) 

We can rewrite the term in square brackets as: 

(6.54) 

(Where P == PI - Pa.) From eq(6.48) and eq(6.49) we know that: 
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So \ve have: 

Referring back to eq(6.51) this can be written as; 

Therefore, we would calculate the amplitude in eq(6.53) using a f term of: 

f= 

- P4 + mt)} 
Pa)2 m; 

-i[,BJmtBO(p2) + extpBl(p2) + ex~pBl(p2)1 

{ 
i(pj P4 + mt)} z; ( ) 

( )
2 2 r Ez; Pb 

Pl - Pa - m t 

(6.56) 

(6.57) 

(6.58) 

The same result would be reached for the W, H, CPo and cases where ex and (3 

would be defined as in eq(6.52). 

Vertex Corrections 

The weak vertex corrections that will contribute to the 99 -) tt rate at ex~aw order 

are those shown in fig(6.5). 

If we look at, for example, a general vector boson correction to the t-channel diagram we 

obtain an expression for f (this can easily be crossed to give the u-channel correction): 

, -i J ddZ - " 
I = t 2 ~cobK:](A + BrO)() + Pa + mqh!lE~(Pa) 

- m t ~71~ 

() + mq)bK:](A + Br5)(Pb - h + mthZ; E~(Pb) x 216~2 (6.59) 

The factor of two comes from allowing the correction to appear on either vertex. 

Where 
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Figure 6.5: The interferences with virtual corrections that contribute to gg --) The internal 

boson can again be a Z, VI~ H or cp. 

For the general vector boson correction to the s-channel diagram we have: 

() + mq)bK](A + B,5) 

(/,V(p~ pI:) + gVIL(2p~ + p~) + gILA(_2p~ pb))t~(Pa)E~(Pb) X 16
i
7f2 (6.60) 

Here the triangle integral will be slightly different: 

In both cases A, B, mq & mv depend on whether we have a Z or VV correction. 

For a Z we have A = 2 9g cv,B = ~2 -g CA.,mq = mt,mv = m z cosw cosw-

For a W we have A = 2~,B = ;}z,mq = mb,mv = mw 

The expressions for the same diagrams but with a scalar vertex correction can be 
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obtained from eq(6.59) and eq(6.60) by removing gannna matrice.s appear In 

square 

For a H we have A = *..12lt..,B = O,mq = mt,mv = rnH ... m·w 

For a cPo we have A = 0, B = ~ ;;:~ , mq = mt, mv = mz 

For a cP± we have A = 2:/2 ;;:~ , B = 2~ :::~ , mq = mb, mv = mw 

To evaluate these diagrams we need to manipulate the Veltman and Passarino functions 

in much the same way as we did in the massless cases (explained in detail in the 

bb production chapter). This manipulation is only very slightly complicated by the 

inclusion of the top mass. 

Box Corrections 

\Ve also need to consider box corrections to the 99 -7 tf. These corrections need to 

be applied to the t and u channel tree level diagrams as shown in fig(6.6). For the 

t-channel diagram we have an expression for r z /w (the string of gamma matrices as 

defined in section(6.2.1) for the Z or W box): 

(6.61) 

Figure 6.6: Box corrections in both the t and u channels. The internal weak particle can be a 

Z, liV+1_, cPo, cP+I- or a Higgs. If the internal weak particle is a \;11 or a <P+I- then the internal 

fermion is a bottom quark otherwise the internal fermion is a top quark. 
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Az = g/2/ cos(ew)gV, 

Bz = -g/2/ cos(ew )gA, 

Aw = g/2/VCl, 

Bw = -g/2/VCl 

For the scalar contribution we have: 

\iVhere do is defined as above and we also have: AH = g/2 mt!mW) 

A¢+I_ = g/2/V2 mt/mWl 

B¢+I_ = g/2/V2 mt!mW) 

(6.62) 

Once again, to obtain the final result for these amplitudes we will need to manipulate 

the Veltman and Passarino functions in a similar fashion to the bb case. 

Fermion Loop Corrections 

Another contribution to the gg -7 tt rate is the process where the two incoming gluons 

couple to an s-channel weak particle via a top quark triangle (as shown in fig(6.7)). 

'0le also can use the helicity amplitudes method to evaluate this interference. The 

expression we have for r (the string of gamma matrices between the Dirac spinors 
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PI 
l + Pa 

z 

l- Pb 

PI 
l + Pa 

¢o/H 

Figure 6.7: gg --> tt via a top loop 

associated with the external top quarks) is: 

where 

Here we are looking at the case where a general vector boson is being exchanged - in 

actual fact the only vector boson that can be exchanged in this diagram is a Z-boson 

- the ,lv-boson being disallowed by charge conservation. To modify the expression 

for the scalar exchanges we simply drop the two ,/1 matrices and select appropriate 
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su for a and b. The only allowed scalar are the 90 or 

the exchanges are disallowed by 

The diagram with a gluon exchanged in the whilst it is non-zero 

theorem does not hold for three gluons), is not required for this calculation as the lowest 

order in as it can 'come in' at is a~. 

Note that for each exchanged weak particle we need to include two contributions 

one where the top loop is running clockwise (as shown) and one where the top loop is 

running anti-clockwise. 

6.3 qfj to tf 

We now need to evaluate the diagrams that contribute to the four quark top production 

process. This process, unlike the gluon gluon case 'will include IR divergences as there 

are now bremsstrahlung contributions to the cross-section. 

6.3.1 Helicity Amplitudes For qq To tf 

The helicity amplitudes method in the four quark case is very similar to that in the 

gluon gluon case. Because we are assuming that there are no bottom or top quarks in 

the initial state (as we did for bb production) all of the one loop interferences will be 

corrections to the interference between two tree-level s-channel diagrams (either gluon 

exchange squared or gluon exchange interfered with Z-boson exchange). 

This means that we will have an outgoing massive fermion line which can be treated in 

the same way as in the gluon gluon case. However, this time rather than contract the 

free Lorentz index (or indices in the case of a box diagram) of the top quark line with 

the two incoming gluon polarisation vectors we contract them with the expression for 
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x 

+ correction to the other three external particles 

+ correction to initial state particles 

\ 

\ 

Figure 6.8: The IR finite loop correction interferences that contribute to qq ---+ tt. The 

correction (either bubble or vertex) to a final state top may be a Z, VV, H, cP+I- or cPo. The 

correction to an initial state light quark will either be a W or a Z. 

a massless fermion line (obtained for the bb calculation). 

6.3.2 The IR Finite Loop Corrections To qq To tt 

In practise we find that the IR divergences are limited to the box diagrams so we will 

deal with them later. 

The IR finite terms will be topologically identical to those in the bb case (see fig(6.8) with 

mb -'t mt) with the addition of neutral Goldstone and Higgs corrections to the final state 

particles. These corrections did not apply in the massless case as the relevant couplings 

depend on the mass of the associated fermion. Note that the charged Goldstone did 

contribute in the bb case as emission of a ¢_ turns a bottom quark into a top meaning 

that the top mass will appear in the coupling. 
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External Leg Self Energy Corrections 

There will be two distinct sets of contributing diagrams to this part of the correction. 

Those where we have an external leg self energy correction to either of the final state 

top quarks and those where the correction is on one of the initial state light quarks. 

In the case where the correction is on one of the top quarks we will have both a vector (\TV 

and Z boson) and a scalar (Goldstone and Higgs boson) contributions. The mechanics 

of calculating this term are almost identical to the case in the gluon gluon calculation 

where we had an external leg correction to the s-channel 99 -+ tt diagram given in 

section(6.2.2). We simply substitute a different tree level amplitude into eq(6.44 & 

6.45). 

When we have an external leg correction on one of the incoming quarks we only have a 

contribution from the vector boson as all of the scalar particle couplings are proportional 

to the mass of the quark and this is only non-negligible in the case of a top - as we are 

assuming that there are no bottom or top quarks in the initial state we will always be 

setting this mass to zero. In this case the corrections can be calculated exactly as they 

were in the massless quark cases so long as we include the top mass at the tree level. 

Vertex Corrections 

Again we will have two distinct contributions. One where we have a vertex correction 

to the final state top quarks and one where we have a vertex correction to the initial 

state light quarks. 

The method of evaluating the correction on the final state particles is again analogous 

to the calculation performed to find the vertex corrections to the s-channel 99 -+ tt 

process described in section(6.2.2). 

For the same reason as in the case of the external leg corrections we will only have 
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vector boson corrections to the once means can 

be calculated in a similar manner to in massless quark calculations so long as we 

allow for the top mass in the final state. 

6.3.3 The IR Divergent Loop Corrections To qq To tE 

Box Diagrams 

The only IR divergent terms in qq -+ tt will be the four possible box diagrams (s

channel exchange of two gluons or a gluon and a Z-boson in both crossed and uncrossed 

topologies). Note that there will not be Higgs or Goldstone box corrections in the qq 

case as the couplings to the initial state quarks will be zero. There are also no liV 

corrections here due to the very specific flavour combination being considered. 

Once again the process of actually evaluating these interferences is very similar to that 

used in the bb case. We need to use the expressions obtained earlier for the massive 

helicity amplitudes and also use expressions for the Veltman & Passarino functions that 

include the top mass when applicable. After these changes the process is identical to 

the massless case. 

The results in the massless case were sufficiently simple that we could compare the pole 

structure in the loop diagrams with that obtained during the subtraction procedure 

(see section(4.5) for this check in the massless case and section(6.6.1) for the integrated 

dipoles in the massive case) by hand to ensure that the divergences cancelled. This 

is impractical in the massive case due to the increased complexity of the expressions 

obtained. As a result we simply input both the VP functions and the endpoint terms 

in the subtraction method with the poles set explicitly to zero with the assumption 

that they will cancel. 
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6.4 Bremsstrahlung Corrections To qq To tt 

The bremsstrahlung topologies that contribute to this calculation are identical to 

that contribute to the bb case (see fig(4.8)). Once again those terms where we interfere 

a final(initial) state emission with another final(initial) state emission are disallowed 

by colour. 

vVith the exception of the obvious addition of the top mass to the calculation the pro-

cess of evaluating the real corrections is exactly that described in the massless case. 

The bremsstrahlung result must be combined with the sum of all contributing dipole 

terms (see section( 6 . .5.1)) prior to integration this renders the result finite and inte-

grable. 

6.5 The Subtraction Method With Massive Final State 

Particles 

6.5.1 The Dipole Subtractions 

For the case of massive external particles we use the subtraction method described in 

[8]. 

Analogously to the massless case we need to obtain a term da.A such that, 

(6.65) 

is finite in both the soft and collinear limits. 

In the soft limit the bremsstrahlung in the top production case is very similar to that 

in the massless case. Namely: 

1M (m2)12 --t a,b,1,2,3 t 

(6.66) 
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Vv~here P3 = ),q as A -+ O. This expression is identical to eq (3.10) the tree level 

matrix element replaced with the formula for the massive case. 

The behaviour of the top-top bremsstrahlung in the collinear limit is a little more 

complicated. 

For the case where we have two final state particles (pi and P3) going collinear the 

expression is: 

2E 2 final ( ) 1M (2 \ ) 12 +t-t gSgi,- Pi,P3 a,b,l,2 mt)Pi + P3, -Ai 

(6.67) 

\7Vhere we define: 

2 final ( ) 
- gSgi,- Pi) P3 

(6.68) 

The second term in eq(6.67) is the 'spin flip) term. This term allows for the possibility 

that the emission of the collinear gluon flips the helicity of the final state quark that is 

emitting it. For example, if we are calculating a term with final state quark helicities Al 

and A2 and are considering the case when the emitted gluon goes collinear with particle 

1 then we will have two terms. One) the normal term, which is proportional to the tree 

level I.M(AI) A2W and a second, the spin flip term, which is proportional to the tree 

level IM(-Al) A2W. The final state quark in the spin flip term still has helicity Al but 

the PI quark in the tree level is the quark prior to gluon emission and as such has the 

opposite helicity. 

As we can safely make the assumption that the incoming particles are massless the 
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the gluon (P3) goes collinear with an initial state is 

silnilar to the massless case: 

(6.69) 

Where: 

(6.70) 

This term is identical to eq(3.20) with the massless tree level matrix element replaced 

with the expression for the top production case. 

6.5.2 Final State State Emitter, Initial State Spectator 

In the case where we have a final state emitter and an initial state spectator the dipole 

has the form: 

Df3 = -g8 x (col) x 

(6.71) 

'Where (col) is the colour factor. 

Here the second term (proportional to gia,-() is the 'helicity flip' term described above. 

This should exactly cancel with the equivalent term in eq(6.68) in the collinear limit. 

Note that in the soft limit Zia --7 1 so gia,- will vanish. This means that the helicity 
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term Ivill not the cancellation with eq(6.66) in the soft lin1it. 

2 
2 

2 

(6.72) (Pi,Pa,P3) Xia) ?(. )2 2 ~ Pt·P3 Xia 

The dipole variables for the case where the emitter is particle 1 and the spectator is 

particle a. 

Dipole D~3 

CFCA 
(col) =--

2 

Pl'Pa + P3·Pa - PI Xl a = '----~~-~~~ 
Pl'Pa + P3'Pa 

·Pa Zla= -----
Pl·Pa + P3 ·Pa 

s = 2XlaPa'Pb (6.73) 

The dipole variables for the case where the emitter is particle 2 and the spectator is 

particle a. 

(
f"' l\ _ CFCA 
~o I -

2 

P2'Pa + P3·Pa - ·P3 X2a = ---------
P2'Pa + P3·Pa 

P2'Pa Z2a=-----
P2'Pa + P3'Pa 

t = 2pl.Pb - 2X2aPa'Pb + m; 

s = 2X2aPa'Pb 
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Dipole 

dipole variables for the case where the emitter is 

b. 

Dipole 'D~3 

( col) 

Pl,Pb + P3,Pb - Pl,P3 
Xlb = 

Pl,Pb + P3,Pb 

Pl,Pb 
Zlb= -----

Pl·Pb + P3,Pb 

t 2P2·Pa - 2XlbPa'Pb + mi 

s = 2XlbPa'Pb 

1 the is 

(6.75) 

The dipole variables for the case where the emitter is particle 2 and the spectator is 

particle b. 

( l) _ CFCA 
co - ---

2 

P2,Pb + P3,Pb - P2·P3 x 2b = _-"--_-"---C.--_~_=__ 
P2,Pb + P3,Pb 

P2·Pb Z2b = -~---"---
P2 ·Pb + P3 ·Pb 

t = -2Pl'Pa + m; 

s = 2X2bPa .Pb (6.76) 

It can be shown that, in the soft and collinear limits, these terms cancel the divergences 

shown in eq(6.66) and eq(6.68). 
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6,5,3 Initial State State Emitter l Final State Spectator 

dipoles associated with emission the incoming quarks do not in-

a 'helicity flip' term and have the form: 

Vf3 = -9s x (col) x 

(6.77) 

vVhere 9ai is defined as: 

1 [ 2 _ 1 - Xia.·j 
XiaPa·P3 2 - Xia - Zia 

(6.78) 

Dipole D~3 

The dipole variables for the case where the emitter is particle 1 and the spectator is 

particle a. 

( l) 
_ CFCA 

co - ---
2 

XI a = Pl·Pa + P3 ·Pa - Pl·P3 

Pl'Pa + P3'Pa 

Pl'Pa 
Zla=-----

Pl'Pa + P3'Pa 

t = -2p2·Pb + mt 

s = 2XlaPa'Pb 
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The dipole variables for the case \vhere the emitter is 

particle a. 

Dipole 'D~3 

P2'Pa + P3·Pa - P2,P3 
X2a = 

P2'Pa + P3'Pa 

P2·Pa 
Z2a = ---"-----=---

P2'Pa + P3'Pa 

s = 2X2aPa.Pb 

2 spectator is 

(6.80) 

The dipole variables for the case where the emitter is particle 1 and the spectator is 

particle b. 

(col) = CFCA 
2 

PI,Pb + P3,Pb - Pl·P3 
XIb = --------

PI,Pb + P3 ·Pb 

PI·Pb 
Zlb= -----

PI,Pb + P3 ·Pb 

t 2P2·Pa 2XIbPa.Pb + m; 

s = 2XIbPa'Pb 
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Dipole 

The dipole variables for the case emitter is particle 2 and the spectator is 

particle b. 

( col) 
2 

P2·Pb + P3·Pb - P2·P3 
X2b = 

P2·Pb + P3,Pb 

P2,Pb 
Z2b = ---=-~--

P2·Pb + P3·Pb 

t = -2Pl.Pa + m; 

s = 2X2bPa'Pb (6.82) 

It can be shown that, in the soft and collinear limits respectively, these terms cancel 

the divergences shown in eq(6.66) and eq(6.69). 

Rather than performing an analytical check it was confirmed that the dipoles cancel 

the soft and collinear divergences via a simple numerical check. 

Note that, as in the bb case the remaining possible dipoles (all associated 'with initial-

initial or final-final interferences) are all forbidden by colour. 

6.6 The Integrated Dipoles 

By integrating the dipole terms given in eq(6.73-+6.82) over the single particle phase 

space we will obtain an expression analogous to that given in eq(3.103) for the mass-

less case. Similarly to that result the expression will comprise of an x dependant part 

integrated over x and an x independent 'endpoint' term. 
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6.6.1 The Endpoint Tenns 

The endpoint terms are to I (E) terms in the massless case 

(eq(3.80) and onwards) - the x independent divergent parts of the integrated dipoles. 

Similarly to the massless case the divergences in these terms should exactly cancel the 

poles generated in the virtual corrections. 

The expressions obtained for the endpoint terms are as fo11O\vs: 

The endpoint term for the case where the emitter is incoming particle a and the spec-

tator is outgoing particle 1: 

(6.83) 

The case where the emitter is incoming particle a and the spectator is outgoing particle 

2: 

-[::2 CF;A] (G~(u)IM(s,t,Aa,A2)12 

+G~(u)IM(s, t, Aa, A2)1 2) 

\Vhere the expressions for GO: / _ are: 

(6.84) 

Note that the fact that G~i is independent of the Mandelstam variable means that the 

spin flip term will cancel between the a,l term and the a,2 term (due to the minus sign 
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in the colour 

Also note that here we dropped the divergent terms as these are assumed to cancel 

the divergent terms in the virtual corrections (in principle it is possible to demonstrate 

this as in the massless case however when we include the top mass the expressions 

become prohibitively complicated). 

The case where the emitter is outgoing particle 1 and the spectator is incoming particle 

a: 

[::2 CF
2
CA J (G~(t)IM(s, t, Aa , Adl 2 

+G~(t)IM(s, t, Aa , -AdI 2
) (6.86) 

The case where the emitter is outgoing particle 1 and the spectator is incoming particle 

b. 

- [::2 CF
2
CA J (G~(u)IM(s, t, Ab, A1)12 

+G~(u)IM(s) t, Ab, -A1W) 

'Where the expressions for G~/_ are: 

(6.87) 

(6.88) 

Note that again the spin flip term cancels across these two expressions as it still doesn't 

depend on the momenta. 
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6.6.2 The x Dependent Terms 

The x dependent of the integrated dipoles are found to be as follows. 

The case where the emitter is incoming particle a and the spectator is 

1: 

r g~ CFCA] l87f2 -2- x 

(1: dx J d~~G~(t, x)IM(s, t, Aa, A1)1 2 

-1: dx J diIJG~(t,x)IM(s,t,Aa,Al)12 
+ 11 dx J d~~G~i(t, x)IM(5, t, -Aa ) A1)1 2 

Xo x 

-1: dx J diIJG~(t, x)IM(s, t, -Aa , A1)1 2
) 

Here 5, t are the Mandelstam variables scaled by x: 

(6.89) 

(6.90) 

Vi/nere E;m and PZm are the partonic centre of mass energy and momentum scaled by 

x. 

Also Xo = m'f / E~m' This lower limit on the x integration ensures that the partonic 

energy is sufficient to produce the top pair. The case where the emitter is incoming 

particle a and the spectator is outgoing particle 2: 

(6.91) 
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(p2, x) are defined as: 

Once again the spin flip terms will cancel due to the fact that G~(p2, X) is independent 

of the momenta. 

In the case where the emitter is outgoing particle 1 and the spectator is incoming 

particle a: 

(6.93) 

In the case where the emitter is outgoing particle 1 and the spectator is incoming 

particle b: 

(6.94) 
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\Vhere the functions ) x) are defined as: 

Zi(X) - 1 ( 4mix \ 
2(1 - x) 3 + Zi(X) (p2mi)(1 - x)) 

+_1_2ln (2 -x - Zi(X)) _ CicL(p2, x) 
I-x I-x 

m
2 1 [1 J CicL(p2, x) = 2 t 2 In(Zl(x)) + -2(1 - Zi(x))(3 - Zl(X)) 

P - m t 1-
(6.95) 

This time the spin flip term does depend on the momenta and as such will not cancel 

between eq(6.93) and eq(6.94) 

6.7 Performing The Phase Space Integrals 

6.7.1 Integrating Over The Two Body Phase Space 

\Ve will need two versions of the two body phase space - the first of these (dcj)) is 

independent of x and is the measure we use for integrating the virtual corrections and 

some parts of the integrated dipoles (see section(6.6.2)). VIe will also need a measure 

that is shifted by x (d<I» which we use as the measure when integrating the remainder 

of the integrated dipoles (the term integrated dipoles is referring to dipoles integrated 

over the phase space of the single emitted gluon we now need to integrate them over 

the phase space of the remaining two particles). 

We will begin by defining the x dependent part as the x independent part can be simply 

obtained by setting x to one. 

vVe first set the value of sbeam (in what follows we will also refer to the partonic s 

denoted simply by s and also the pal'tonic s scaled by x denoted by s) , the energy of 

the beam. This will be determined by the collider energy (for example at LHC this 

will be in vicinity of 14TeV). From this we will also need the beam centre of mass 
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= ) sbeam /2. Another variable that is 

that we are performing calculation for is the maximum 7)7nax' \l\Te be 

over the rapidity in the phase space integral but must restrict this so that 

we only consider events that can be picked up in the detector we are modelling. High 

7) -In(tance /2)) where e is the scattering angle) corresponds to events where the 

jets are oriented along the beam pipe where they typically cannot be picked up by the 

detectors. 

\Ve also fix both the incoming and outgoing helicities for each run and need to run the 

Monte Carlo once for each possible combination of helicities. 

We start with a phase space measure of: 

(6.96) 

)XXIX2Sbeam _ 
Here E~m is the partonic centre of mass energy scaled by x, where E~m = 2 -

ViEem· 

P~m is the partonic momentum, again scaled by x, P~m = V(E~m)2 - m;' 

X~lS) and we exchange the E~m integral for an integral over Eem (dE~m = ViEem). 

Making these changes and performing the integral over ¢ we obtain: 

(6.97) 

\Ve now rewrite Vi as EE!fm and change variables from cose to 7). The Jacobian for this 
em 

change of variables is dcose = -sin2ed7), however the e integral runs from 0 -t 'If which 

corresponds to a rapidity integral of +00 -t -00. We really want this to be the other 

way round so we add in a minus sign to the Jacobian ie: dcose = sin2ed7). 

This leaves us with: 

(6.98) 

182 



to set the limits on these to the allowed 

The rapidity integral, as mentioned above, is defined to run from -77max to as 

fixed the collider being studied. 

The scaled partonic centre of mass energy (E~m) must at least equal the top mass -

this means that, since x has a maximum value of 1, that the minimum allowed value 

of Ecm is also mt. The maximum value is limited by the beam energy and is therefore 

\1 sbeam 
--2-

The allowed region of both the Xl and X integrals are fixed by the value of Ecm. \Ve 

m2 
already have Ecm > mt to produce a top pair so we know that x > E2t (the maximum 

em 

val ue of x is of course 1). 

The minimum value of Xl is found by considering the equation Ecm 

maximum value of X2 is 1 so the minimum value of Xl is 
S 

Therefore, the phase space measure and Jacobian we use is: 

J X IX2 S The --2-

(6.99) 

We also need the unshifted phase space. This is obtained by setting X to one in the 

above equation' 

d<t> ( 6.100) 

We also need to include the flux factor and the appropriate parton distribution func-

tions. 

Note that the integral over X remains as we will still have an x dependence 111 the 

integrand. 

At each iteration of the Monte Carlo we randomly generate a point 111 phase space 

within these bounds Ie: an allowed set of values for (x, Xl, E cm , 'r)) 
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'Ne wish to generate a PT distribution and so will to bin the results ac-

cording to their value of PT. The terms proportional to d~ should be binned by 

(= J(E2m)2 - mfsin8) and those proportional to d<I> are binned by the unshifted PT 

6.7.2 Integrating Over The Three Body Phase Space 

The three body phase space integral is somewhat simpler than the two body integral 

as none of the integrands will include integration over x or any shifted quantities. 

The phase space we use is: 

1 1 2 22A 2 
dO" = ____ IMI 2m12 - m t S - m12dm d0, d0, 

(?)516 A 

') 2 2A 1213 
~7r S ~m12 s 

(6.101) 

\Vhere mI2 is the invariant mass squared of the top pair 

scaled by the Bjorken x's, 0,1 is the scattering angle of particle 1 in the centre of mass 

frame and 0,3 is the scattering angle of the gluon (particle 3) also in the centre of mass 

fralTle. 

6.8 Results For tt Production 

The NLO QeD corrections to tf production may be found in [26J 

6.8.1 Comparison With The Single And Double Logarithm Calcula-

tion 

As a check of the results it is possible to make a comparison with the results presented 

in [35] (also of some interest would be comparisons with [36]) where the single and 

double logarithms that contribute to the if rate are calculated. \Ve expect the double 
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contribution to be dominant at high energy so a check between our results 

and the result in the asymptotic limit should show some agreement. 

gg to tt 

Fig(6.9) and fig(6.10) compare the correction to gg --t tf due to weak effects with the 

logarithmic correction for two different combinations of top helicities. The comparison 

is between the partonic matrix elements. Note that the cose selected is far away from 

the beam axis as we do not expect the logarithmic approximation to be very accurate 

at high rapidity. 

The first obvious feature is that the correction to the cross section with a final state 

o 
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- 0, 1 

-0,15 
H 'J -=...:.:::..:. -0 'J L.Q, ,~ 

-0,25 

- 0,:3 
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o 14 
\/5 (Te\l) 

Figure 6.9: Plot showing the correction from NLO weak effects to gg ---. tf (with a left handed 

top and right handed anti top) compared with the corrections predicted by large logarithms. 

including a left handed top quark is larger than that to a final state including a right 

handed top quark. This is a consequence of the ),11 coupling to a right handed particle 

being suppressed, 
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Figure 6.10: Plot showing the correction from NLO weak effects to gg -7 tf (with a right 

handed top and left handed anti top) compared with the corrections predicted by a large 

logarithms. 

The lowest Vs plotted is 400Ge V and the agreement is good even at this low energy. 

The two methods seem to differ by a constant across the range of Vs in both helicity 

combinations but the agreement is close enough that we can be confident in the accuracy 

of the complete results. 

qq to fE 

Fig(6.11) and fig(6.12) compare the correction to qq ----1 tt due to NLO weak effects with 

the logarithm approximation. Once again case has been taken such that the events are 

not along the beam pipe. Firstly it can be seen that the correction to the down-type 

initial state is somewhat stronger than that to the up-type interaction. This is due to 

the stronger vector coupling of the Z to down quarks compared to up quarks. 
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Figure 6.11: Plot showing the correction to uil ---. tt due to NLO weak effects compared to the 

large logarithm approximation of the same correction. 
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Figure 6.12: Plot showing the correction to dd ---. tt due to ::\fLO weak effects compared to the 

large logarithm approximation of the same correction. 
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Again the agreement between the logarithms and the complete calculation is very good 

and we can be confident in the accuracy of the complete calculation. 

6.8.2 The Total Cross Section 

gg to tt 

The results presented below (and in section(6.8.3)) are to be published in [37]. 

In this section we present the results obtained for the differential cross section for 

gg --+ tt at LHC plotted against a number of different quantities (fig(6.13), fig(6.14), 

fig(6.15) and fig(6.16)). The a~ow correction to the inclusive cross section (the integral 

of any of the curves in this section) is quite small but we find some of the differential 

cross sections to be significant. 

The differential cross section against PT (fig(6.13)) is 5% - 10% in regions where the 

cross-section should be large enough for the corrections to be visible. 

We present the Mtt (the invariant mass of the top pair) distribution in fig(6.14) -

here we see a correction with a very similar shape to that for ddCT but at just over half 
PT 

the size. 

Corrections to the Et and rapidity spectrum are both small but it is worth noting 

that the cross-section remains large across the full range of these observables, thus we 

may expect accurate measurements of these cross-sections. 
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Figure 6.13: Presented here is the differential cross-section for 99 -7 tf plotted against PT. In 

the upper frame the dotted line denotes the a~ contribution and the black(grey) line denotes 

the positive(negative) correction due to . The lower frame shows the relative correction 

due to NLO weak effects. 

qq to it 

The calculation of the qq --+ tt has been recently published in [38J and [39J. 

Note that all results in this section are preliminary. 

In fig(6.17) we see the differential cross section for qq --+ tt against transverse 

momentum. The results are also plotted as a correction to the full LO result (a~ + a~ 

note that there is no asaw correction due to the colour structure. This means that 

the LO weak correction is very small as it comes in at (X~l only.) Integrated over PT 

to give an inclusive cross section these results show reasonable agreement with those in 

[38J [39J. 

The inclusive cross section at NLO weak for qq --+ calculated here is 0.0018 pb (0.0396 

pb from the matrix element and -0.0378 pb from the integrated dipoles), This compares 
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Figure 6.14: Presented above is the differential cross-section for gg -+ tt plotted against the 

invariant mass of the top pair. In the upper frame the dotted line denotes the Cl~ contribution 

and the black(grey) line denotes the positive(negative) correction due to a~ow The lower 

frame shows the relative correction due to NLO weak effects, 

reasonably well with the results of [38] (for mH=150GeV). 

Presented in fig(6.18) are the qq results for LBC. We see 10 to 15% corrections in the 

regions where the absolute value of the cross section is large. Here we obtain an inclusive 

cross section at NLO weak of -1.229 pb (-1.6459 pb from the matrix element and 0.4171 

pb from the integrated dipoles). It is worth noting that this result is approximately 

50% larger than that presented in [38] however, as mentioned above, work on our result 

is continuing. 
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Figure 6.15: Presented above is the differential cross-section for gg -+ tt plotted against the 

energy of the top quark. In the upper frame the dotted line denotes the a~ contribution and 

the black(grey) line denotes the positive(negative) correction due to a~aw. The lower frame 

shows the relative correction due to NLO weak effects. 
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Figure 6.16: Presented above is the differential cross-section for gg --+ tt plotted against 

rapidity. In the upper frame the dotted line denotes the a~ contribution and the black(grey) 

line denotes the positive(negative) correction due to a~aw. The lower frame shows the relative 

correction due to NLO weak effects. 
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Figure 6,17: In the top frame we show the absolute value of the differential cross section at 

LO QeD plotted against PT at the Tevatron. The lower frame shows the relative correction of 

LO (a\:v) and NLO (a~aw) weak compared vdh the LO (a~) result. 
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Figure 6.18: In the top frame we show the absolute value of the differential cross section at 

LO QeD plotted against PT at the LHC. The lower frame shows the relative correction of LO 

(a&,,) and NLO (a~aw) weak compared with the LO (a~) result. 
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6.8.3 The Asymmetries 

Presented below are the ALL, AL and Afr asymmetries. Note that to calculate these 

asymmetries we have imagined that the helicity of the top anti-top pair is directly mea-

surable, however, as this is not the case, these are not realistic a bservables (to generate 

realistic observables we would have to follow the method outlined in section(6.1)). They 

should, however, give some indication of how significant realistic observables could be. 

gg to tt 

g g -;. t t 

10-3 
6,,--,--,--,-,--,--,--,--.-,,-,--,--.--.--.--.--,-,--, 

1000 2000 3000 4000 

Mtt (GeV) 

Figure 6.19: Presented here is ALL plotted against the invariant mass of the top pair. In the 

upper frame the Q~ contribution is denoted by the dotted line and the Q~Qw by the solid line. 

In the lower frame we have the relative correction due to NLO weak effects. 

In fig(6.19) we see the correction to the non parity violating asymmetry, ALL. As 

we saw in the pp ----7 two jets case, the QCD contribution to this observable is large at 

LHC, however a 3%-5% correction to this from could be detectable. 
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Figure 6.20: Presented here is the a~aw calculation of AL plotted against the invariant mass 

of the top pair. Note that there is no contribution to this asymmetry due to a~ as it is a parity 

violating observable. 
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Figure 6.21: Presented here is the a~ow calculation of AL plotted against the invariant mass 

of the top pair. Note that there is no contribution to this asymmetry due to a~ as it is a parity 

violating observable. 
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We may the absolute values of the two violating 0 bservables 

and fig(6.21)) as there is no contribution from tree level QeD. These absolute values are 

not insignificant (especially that for AL which remains somewhat above 0.5% over the 

entire PT range) however it is difficult to make a determination as to their detect ability 

without a proper treatment of the top quark decay. 
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Chapter 7 

Conclusions .. 

7.1 bb Production 

We studied the bottom anti-bottom production rate at both Tevatron and LHC. The 

correction to the total inclusive cross-sections at Tevatron were found to be very small 

(fractions of one percent) and undetectable. The correction to the inclusive cross

section at LHC was also found to be quite small (approximately -2% at high PT) and 

currently swamped by QCD uncertainties, however following NNLO QCD calculations 

this level of accuracy may be required. 

Also studied was the one loop weak contribution to the forward backward asymmetry 

at Tevatron, the contribution was found to be a not insignificant fraction of the one 

loop QCD correction. 

7.2 pp To Two Jets 

Following bb the full proton-(anti)proton to two jet cross section was calculated, again 

for Tevatron and LHC. This calculation yielded somewhat larger NLO weak corrections 

than in the bb rate at the inclusive level - as much as a -3% correction at Tevatron and 
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a -30% correction at LHC. The weak corrections at LHC are ::OH'~11111L,::l1l,,1 larger 

those at (both in the two jet and bb cases) due to the former machines 

centre of mass energy being typically above the threshold where Sudakov logarithmic 

enhancements become important. 

Weak corrections to the polarised observables ALL) AL and Aft were also calculated 

for the full two jet case. At RHIC the absolute value of the non parity violating observ-

able (ALL) was found to be large and the weak correction to it to be as high as 60% (at 

yS =600GeV). The absolute values of the parity violating observables (AL and Aft) 

were found to be smaller but the weak corrections to them to be large (between -20% 

and -75%) across most of the PT spectrum. 

The same observables were calculated for a hypothetical polarised LHC. Here the abso-

lute value of all the asymmetries was found to be smaller than at RHIC and the NLO 

weak correction to the parity conserving observable to be reduced (3%). The one loop 

weak corrections to the parity violating observables on the other hand were found to 

be very large indeed - -200% to -400% over most of the PT range. 

7.3 tf Production 

Finally we performed the calculation for tf production. At the inclusive level 99 -7 tf 

corrections were found to be small but some of the differential cross sections (ddo- for PT 

example) were found to generate measurable corrections in the region of -5 to -10%. 

qq -7 tf contributions were also calculated as a check of [38] and [39] with reasonable 

agreement in the case of the Tevatron. We also calculated some observables dependent 

on the helicity of the top pair (ALL) AL and Aft) where we make the assumption that 

we can measure the helicity of a produced top quark directly. In reality this is not the 

case and we actually need to look at the observables defined in [34]. This work has yet 
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to be ouL 
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Appendix A 

Veltman & Passarino Functions 

The Veltman & Passarino functions [24] for the box diagram with two massless bosons 

(gluons) exchanged. For Do, the scalar box integral, we have: 

Do 

(A.l) 

PI 

-P2 

Figure A.l: The box diagram corresponding to Do. 
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Pa z P1 

-- --Pb P2 

Figure A.2: The box diagram corresponding to Do for the case with one massive internal 

propagator. 

COli) corresponds to the scalar triangle integral created by 'pinching off' propagator i 

in fig(A.l). 

CO(3) = 

(A.2) 

CO(4) = 

} [:2 (A.3) 

If we take care to shift the loop momentum then we also have CO(l) CO(3) and 

CO(2) = Cot 4)· For the vector boxes we have: 

(A.4) 

Cll (3) = 2 x C12(3) (A.5) 

C12 (4) = -} [- ~ - 2 + In (~l) ] (A.6) 

Cll (4) = 2 x C12(4) (A.7) 

The Veltman & Passarino functions for the box diagram with one gluon and one Z-

boson exchanged. For Do, the scalar box integral, we have: 
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Do= 

(A.8) 

Again CO(i) corresponds to the scalar triangle integral created by 'pinching off' propa-

gator i in fig(A.2). 

COO) = 

(A.9) 

(A.l0) 

CO(3) = l [~2 -Li2 ( 1 + ~~) J (A.11) 

t-m; (Im;-tl) 1 Cl1 (2) = 2 In 2 - - - CO(2) 
t m z t 

(A.12) 

1 
-

t 

CU (3) = 

1 [ (lSI) 2m
2

112 2m
2 ( S)J - -2ln --~ - 2 + __ z - - _z Li2 1 +-

S m 2 S 6 S m 2 
z z 

(A.14) 

(A.15) 
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Appendix B 

Prototype Diagrams For Massless 

Quark Interactions 

The prototype diagrams required for the qq -4 qq are: 

The s-channel tree level gluon exchange: 

Ts,g(s, t, Al; Ab) = 

21 
gs-(s + 2t - SA1Ab) 

S 

The s-channel tree level Z exchange: 

The s-channel tree level \V exchange: 

Ts,w(s, t, AI, Ab) = 

(B.1) 

g2 1 
-8 (1 + Al)(l - Ab) '). (s + 2t - SAIAb) (B.3) 

s-mw+1.rwmw 
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A box diagram amplitude with two gluons CA'~HO"U in the s-channel: 

[ -4 + ~ln (11)] 
E2 E fL2 

+ (2+;) AIAb1n2 (D + (-2-;) ln2 (~) 

-4AIAb1n (~) In (::) + (4 + 8~) In (~) In (::) 

-21n (~) + 2AIAbln2 (::) + (-2 4~) In2 
(::)] (B 
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A box diagram amplitude \vith one gluon and one Z or VV boson exchanged in the 

s-channel: 

[ ( ) ( 2) 1 1 3? mz/w 
+-.-2 2 In 1 - -2- )qAb -Smz w + 4-- + 43 

327f (3 - mz/w + irz/wmz/w) mz/w / 3 

( )( 2) ( ) 3 2 mz/w 2 2 3 
+In 1 - -2- Smz/w - 4-- - 43 + Smz/wln 1 - -2- )'lAb 

m~w 3 m~w 

2 ( 5) ( 2 t 2) (-t) 2 ) +In 1- -2- -16mz/w - Smz/w + In 2 AIAb(4mZ/W - 43 
m z/w 3 m z /w 

+In (--;-.t ) (-4nL~/w + 45) 
mz/w 

( ) ( ) ( 
4 2) -t 3 3 mz/w 3 

+In -2- In 1 - -2- AIAb Sm~/w + Sm~/w - 4-- - 4-
m z /w m z /w u u u 

( ) ( )( 

4 2 ) -t 5 2 5 2 mz/w 5 
+In -2- In 1 - -2- -Smz/w - Smz/w + 4-- + 4- -16t 

m z /w m z /w u u u 

( -t) ( t) ( 2 3 2 m'i/w 3
2

) +In -2- In 1 + -2- AIAb -Smz/w - - Smz/w + 4-- + 45 + 4-
m z /w m z /w u u u 

( -t) ( t) ( 2 5 2 m'i/w 52) +In -2- In 1 + -2- Smz/w - + Smz/w - 4-- - 43 - 4- + St 
m z /w m z /w u u u 

2 ( -t ) 2 ( -t ) +In -2- 23AIAb + (-23 - 4t)ln -2-

m~w m~w 

( ) ( 2) () (2) -t mz w -t m z w 
+In -2- In --~- 45AIAb + In --2- In ~ (-43 - St) 

mz/w f-L mz/w f-L 

(
2 ) ( ) 

mz/w 3 2 
+In --2- In 1 - -2- AIAb(SmZ/W) 

f-L m z /vv 

( m~/w) ( 3) ( m~/wt 2) +In --2- In 1- -2- -16 - Smz/ w 
f-L mz/w 3 
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+in' (m~~w ) 28 - 4l) 

. ( 3) (~2 3 2 mi/w +L~2 -2- AIAb bmZ/W- + 16mZ/W - 4--
m z/ w u u 

. ( 3 ) ( 2 t 2 3 2 mi/w 3
2 

. ) +L~2 -2- - 16mZ/W- - 8m z /w - - 16mZ/W + 4-,- + 4- - 16t 
m Z / W 3 U U u 

+Li2 (-+-) AIAb (-8m~/w~ - 8m~/w + 4 mi/w + 43 + 4 3
2

) 
m Z / W u u u 

. ( -t ) ( 2 3 ') mi/w 3
2

) 1 } +L22 -2- 8mZ/W- + 8mZ/W - 4-- - 45 + 8t - 4-
m z/ w u u u 

(E.5) 

\t\There: 

(E.6) 

A gluon QED type vertex correction to s-channel gluon exchange: 

(B.7) 

A gluon vertex correction to s-channel Z or W boson exchange: 

CZ / W x 
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C z and Cw are as defined above. 

A gluon QeD type vertex correction to s-channel gluon exchange: 

Vl~~ge(3, t, A1, Ab) = 

g~16~2 [-}] l(3+2t- AIAb) 

+9~_1_ [In (-3) (-1 - 2! + AIAb) + 1 + 2! - AIAb] (E.g) 
16r,2 ~2 3 3 

The fermion self energy correction to s-channel gluon exchange: 

(B.10) 

\;Yhere N is the number of active flavours for the internal quarks - a flavour is 'active' 

if Vs > two times the mass of the quark flavour. Note that since the internal particles 

need not be real the contribution is only suppressed beneath threshold rather than 

ruled out entirely - however setting the contribution to zero below threshold is a good 

approximation. 

The gluon self energy correction to to s-channel gluon exchange: 

SE~~:(3, t, All Ab) = 

4 1 
98 16r,2 X 

The Z or W vertex correction to s-channel gluon exchange: 

1 
D z/w X --2 x 

16r, 
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(B.ll) 

(B.12) 



when vertex is attached to the out going quarks we have: 

2 

D - 2 9 ( 1 -1- 1 A )2 
Z - 9 s 4 2 (() ) Cv I C A 1 cos W 

2 

Dw = g~ g8 (1 + Al)2 

And when the vertex is attached to the incoming quarks we have: 

2 

D 2 9 ( b b \ )2 
Z = gs 2({) Cv + CA"\b 4cos W 

2 

Dw = g~ g8 (1 + Ab)2 

The vertex correction to s-channel gluon exchange: 

Vs~~~ge (s, t, AI, Ab) 

2 g2 2 1 
gS8(1 + AI) x 167f2 x 

m 2 

-~-( - 2Bo - sCll - SC12 + 4C24 ) 
2mw 

(B.13) 

(B.14) 

(B.15) 

This expression is for the case where the vertex is attached to the final state quarks 

which is in fact the only contribution. The ¢ vertex will only contribute if the external 

quarks associated with it are bottoms - in which case the internal quark will be a top 

making the ¢ coupling significant. 

Z and W external leg self energy corrections to s-channel gluon exchange. 

Where: 

1 
Ez/w X 327f2 x 

1 
(4B1 + 2) (s + 2t - A1Ab) 

s 

2 

Ez = g~ 4COS;(()w) 2((c& + C1A1)2 + (ct + C~Ab)2) 
2 

Ew = g~~ 2((1 + A1)2 + (1 + Ab)2) 
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(B.16) 

(B.17) 



energy correction to s-channel gluon exchange. 

(B.I8) 

Where: 

2 

Erj; = g~g8 2((1 + Ad 2 + (1 + Ab)2) (B.I9) 

The ¢ self energy' only contributes if the quark it is attached to is a bottom - in this case 

the internal quark in the loop is a top meaning that the ¢ coupling is not negligible. 

For a given s-channel amplitude As(s, t, AI) Ab) the crossing relation to the t and u 

channels are: 

(B.20) 

For a given s-channel box amplitude Bs(s, t, AI, Ab) the crossed box amplitude in the 

s,t and u channels are given by: 

(B.2I) 
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