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The work presented in this thesis is concerned with modelling the manufacture of 
microstructured optical fibres. Though the manufacture of microstructured fibres is 
comprised of (i) preform manufacture and (ii) fibre manufacture, this thesis focuses 
on fibre manufacture. 

Microstructured optical fibres contain a large number of holes in a transverse cross
section This thesis models the drawing of a capillary tube, taking advantage of the 
aspect-ratio of the geometry, producing both analytic and numerical solutions of the 
systems of PDEs resulting from the N avier-Stokes equations. The effects of spinning a 
fibre preform as it is passed into the drawing furnace and the subsequent geometrical 
effects on the fibre are considered. Theoretical predictions compare favourably with 
the results of experimental trials. 

An insight into the spinning of microstructured optical fibres is gained in certain 
asymptotic limits, and the model of capillary drawing used to determine methodolo
gies for minimizing Polarization Mode Dispersion for different classes of fibre. 

The drawing of particular types of fibre are modelled, and analytical tools developed 
to describe the particular fluid-flows that occur in a cross-section of the fibres. Once 
again, theoretical predictions are compared to experimental results and a hitherto 
unexplained phenomenon is understood. 

A two-phase flow model is developed to address the full microstructured-fibre prob
lem, based on the model for a capillary tube. The two-phase flow model is an in
termediate step between modelling the drawing of capillary tubes and that of holey 
fibres. The resulting equations are solved asymptotically and numerically, and the 
results interpreted in a wholly practical manner. The restrictions of the two-phase 
flow model are then removed and a model that describes the manufacture of arbi
trary holes fibres is derived. The equations are solved to produce analytic solutions 
for simple geometries. 
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Chapter 1 

Introduction 

1.1 Overview 

A definition of some of the technical terminology used in this introduction may be 

found in the glossary in Appendix E. 

This thesis is concerned with the mathematical modelling of a variety of problems 

related to the manufacture of optical glass fibres that contain holes. Whilst the 

thesis concentrates specifically on the modelling of this process in direct relation to 

optical fibres, it is likely to be relevant to a variety of other industries and problems, 

including the manufacture of textiles, the blowing of glass bottles and other such 

containers. 

The manufacture of optical fibres is a costly and often unpredictable process (de

scribed fully in Chapter 2) when new types of fibre are being fabricated and their 

manufacture optimized (once established though, industry has a good knowledge 

of how to vary fibre geometry precisely by altering draw parameters). Experimen

talists achieve the required optical properties of the resultant fibres by varying the 

parameters available in the manufacture process. Consequently, fibres with different 
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optical and mechanical properties may often be made from a single initial structure. 

Experimentalists continually seek ways of making fibre in a less expensive and more 

consistent way, whilst trying to manufacture new types of fibre that have completely 

different mechanical and optical properties. These new fibres often behave differently 

in the various stages of manufacture to be described later. 

The manufacture of optical fibres for high-performance applications requires a precise 

control of the refractive index and diameter variations in order to minimize fluctua

tion in the optical properties of the fibre along its length. It is therefore crucial to 

develop an understanding of the fluid-flow processes involved in such manufacture, 

in order that we may give experimentalists more than engineering "rules-of-thumb" 

to rely on, thence greatly reducing the cost and time of the manufacturing process 

and perhaps allowing previously unachievable fibres to be produced consistently and 

economically. 

The first holey fibre was made in 1996 [1]. Holey fibres (or microstructured optical 

fibres) contain an array of air holes that run throughout the length of the fibre (see 

Figure 1.1). Light is guided in the fibres by one of two rather different mechanisms. 

(i) Index-guiding fibres. These fibres guide light by making use of the principle 

of total internal reflection. These are known as holey fibres. Light exhibits wave

like behaviour in glass, and its interactions with the material are determined by 

geometrical considerations and the physical properties of the glass. The refractive 

index of glass is inversely proportional to the wave speed and arises due to absorptive 

resonances at specific wavelengths. This causes the refractive index to be wavelength 

dependent, giving rise to material dispersion where different wavelengths of light 

travel at different speeds. 

Index-guiding fibres do not rely on having a periodic lattice of air holes, though 

often the holes are arranged on a hexagonal lattice. For this reason the fibres are 

sometimes referred to as photonic crystal fibres. 
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Holey fibres are of particular interest to experimentalists for several reasons and 

therefore the mathematical modelling of the process of the manufacture of such 

fibres is necessary. Unlike conventional optical fibres, holey fibres may be manufac

tured from a single material (see later description of manufacturing process), which 

is often chosen to be silica. It is possible to arrange the structure of the holes in a 

transverse cross-section of the preform in such a way that the effective refractive

index contrast is a strong function of the wavelength of light being guided along 

the fibre. It is therefore possible to design fibres with unique optical properties not 

possible in conventional (solid) optical fibres. Holey fibres can, for example, be end

lessly single-mode fibres that transmit only one mode regardless of the wavelength 

of light used. They may have mode areas that range over as much as three orders 

of magnitude. Large mode-area fibres allow high optical power to be transmitted 

with few nonlinear effects, ideal for long-range data transmission. Conversely, small 

mode-area fibres allow nonlinear effects to be exploited at low optical power, which 

may be used in optical switching devices for example. The unique dispersion prop

erties of holey fibres, discussed later, allow the possibility of soliton formation in 

the visible wavelength-band: something not currently possible in single-mode fibres. 

Soliton formation is advantageous since solitons have been shown to avoid broaden

ing by dispersion and retain their temporal shape [2]. For further applications and 

discussion of the optical properties and potential applications for holey fibres see [3], 

[4] [5], [6], [7], [8], [9], [10] and [11]. 

The dispersion and polarization properties of a holey fibre may be particularly 

strongly influenced by the cladding configuration, especially when the distance be

tween the holes is small. The control of chromatic dispersion in optical fibres is a 

very important problem for communication systems, both in the linear and nonlinear 

regimes. Systems that support ultra-short soliton dispersion tend to have their trans

mission features largely destroyed by third-order dispersion. In wavelength-division 

multiplexing systems chromatic dispersion control is required to maintain a uniform 

response in different wavelength channels. In all of the above cases and ubiquitously, 

the degree of optical efficiency of the system depends heavily on the shape (in fact 
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Figure 1.1: A close-up picture of a typical holey fibre core. 

the flatness) of the optical fibre dispersion profile. Achromatic behaviour in fibres 

such as photonic crystal fibres and 'W' fibres may be designed to generate a flattened 

behaviour in the wavelengths of importance, removing or reducing these problems. 

Photonic crystal fibres may be made to generate such flat dispersion profiles over a 

range of wavelength windows. 

(ii) Photonic bandgap fibres. If the air holes that define the cladding region are 

arranged on a strict periodic lattice, the structures can exhibit photonic bandgaps, 

meaning that frequencies located within the bandgap cannot propagate through the 

cladding (see [8J and [12]). 

Photonic bandgap fibres, whose structure is visually similar to that of holey fibres, 

have a large, highly controllable periodic variation of refractive index, and it is this 

that opens up exciting opportunities for the control of the passage of light in optical 

devices and fibres. For example, a hexagonal arrangement of holes with a large air 

fraction is able to guide light using the formation of a full two-dimensional photonic 

bandgap. In a photonic bandgap fibre, light is guided due to the photonic bandgap 

effect, which is analogous to an electronic bandgap for electrons in semiconductors. If 
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the air holes that define the cladding region are arranged as a strict periodic lattice, 

the structures prohibit the propagation of certain wavelengths of light through the 

cladding. By breaking the periodicity of the cladding, for example by adding or 

removing a hole, it is possible to introduce a localized mode. Such a defect as this 

may act as the core of the fibre. For this reason photonic bandgap guidance fibres 

can have a core that is made either from glass or air, the modes being confined 

to that region. The surrounding structure looks much the same as a regular holey 

fibre, though the positioning of the holes in the surrounding structure is crucial to 

exploit the photonic bandgap effect. The fibres may be designed to have transmission 

windows at near-infrared wavelengths, and are of particular interest for studying 

interactions between light and gas, and in the transport of high-intensity optical 

fields. 

It is clear that holey fibre technology offers great promise for fibre devices. Indeed, 

kilometres of robustly coated holey fibre may be produced with losses that approach 

the losses of conventional (solid) optical fibre. The fibre can be processed and spliced, 

making it possible to readily integrate it with low loss to conventional fibre systems. 

The manufacture process is compatible with a broad range of glasses, dramatically 

enhancing the potential scope for device manufacture and the applications that may 

be considered. 

1.1.1 Mathematical modelling 

Extrusion is used to manufacture glass preforms (preforms made from other materials 

may also be manufactured) but to date little work has been done on the mathematical 

modelling of glass extrusion except in terms of die-swell analysis [13]. Die-swell occurs 

when the cross-sectional area increases as fluid exits the die. Its occurrence results 

from the non-uniform fluid velocity profile at the die exit. However, the usual no-slip 

conditions on the surfaces of the die must be carefully considered. It is crucial with 

glass extrusion to have an accurate picture of the conditions that must be applied 
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to the inner surfaces of the die, since this will dramatically affect the mechanical 

pressure in the fluid, the stress at the boundaries, the local temperature, and thus 

the likelihood of glass crystallisation. If crystals form in the glass its quality is 

dramatically reduced, thus motivating the need to minimise the extrusion pressure 

and temperature and the need for mathematical modelling. 

During the mathematical modelling of the final stage of fibre manufacture (fibre 

drawing) we are able to exploit the slender geometry of the glass preforms and their 

resulting fibres. The glass-air surface is free to move according to the influence of 

both gravity and the fact that it is being pulled at the winder end and fed in at the 

top end of the furnace. The boundary conditions are applied at the edges of the fluid 

domain. The consequence of this is that neither the point-wise fluid velocity nor the 

resulting fibre geometry is known in advance and must be determined by the model. 

Both types of fibre manufacture are discussed at greater length later, but the focus 

of this thesis will be the manufacture of glass fibres from existing preforms, leaving 

the detail of preform manufacture postponed to another study. 

The fluid concerned is assumed to be incompressible, which in the case of glass is 

a good approximation to reality. Its viscosity varies significantly with temperature 

though (see Figure l.2), and this is sometimes problematic both from a practical 

and theoretical point of view. Whilst our models apply to an incompressible Newto

nian fluid, in principle the mathematical techniques employed may be applied to a 

more general class of fluids such as incompressible non-Newtonian fluids. Figure l.2 

shows the viscosity and temperature ranges used in both extrusion and fibre drawing. 

Viscosity curves for two glasses are included. 

We include the effects of gravity, as mentioned above, and also those of inertia, vis

cosity, surface tension and preform rotation. As we shall see though, it is sometimes 

possible to ignore the effects of one or more of these. The parameters that can be 

neglected will depend on the relative size of the associated terms in the equations, 

derived making use of asymptotic perturbations based on the slender geometry of 
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Figure 1.2: Graph to show the viscosity range of the manufacturing processes, 

the preform. This allows the problems to be simplified greatly and used to build a 

comprehensive physical picture for the processes occurring, without becoming pre

maturely distracted by lengthy numerical analysis. 

For the remainder of this section we will briefly describe the content of each chapter 

and finally give a concise review some of the work completed in this area to date. 

1.2 Chapter review 

It is not intended that this thesis be read as a whole and the reader is referred 

to §1.2.1. Each chapter is written with the aim of being relatively self-contained 

whilst still being progressive in the context of the aims of the thesis, so some of the 

descriptive text may be repeated briefly within each chapter. It is hoped that this 
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will increase the ease with which this work may be extended. 

Chapter 2 briefly describes the methods by which both solid and holey fibres are 

produced experimentally. 

Chapter 3 describes the mathematical modelling of the drawing of capillary tubes 

that are being rotated as they enter the fibre drawing furnace. It is an extension of 

the work carried out in [14] and [15], and may be regarded as a first step towards 

the ultimate goal of modelling the multiple-hole problem. We consider a variety 

of interesting and indeed essential asymptotic limits of the resulting Navier-Stokes 

equations in order to both gain a feel for the physics involved in the problem and 

also to simplify the equations in a way that allows us to work more intimately with 

analytic solutions. 

Chapter 4 uses the model developed in Chapter 3 to understand and quantify meth

ods for controlling the geometry of practical micro structured optical fibres. The 

effects of preform rotation are included to examine methods for reducing fibre bire

fringence. Asymptotic and numerical solutions are obtained and applied to two 

typical microstructured fibres, and a number of practical suggestions are made for 

achieving sub-mm spin pitches without damaging the microstructure within such 

fibres. 

Chapter 5 is concerned with the stability of drawing capillary tubes, since it is a well 

known fact, reported extensively in the literature and experimentally observed, that 

a critical draw-ratio exists. This corresponds to the fact that when the resulting 

fibres are pulled more rapidly than a certain multiple of the feed speed, the fibres 

exhibit an instability that eventually leads to the fibre breaking and the drawing 

process needing to be reset. This is unsatisfactory when a fibre of constant geometry 

along its length is required, as is often but not always the case in realistic fibre-pulls. 

We construct a model that agrees well with previous calculations for solid fibres, and 

make predictions for the case of the stability of the drawing of a capillary tube. 
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Chapter 6 comprises a full numerical analysis of the equations obtained for the draw

ing of capillary tubes in Chapter 3, and considers the effects of changes in each of the 

available parameters of the drawing process on the final fibre-geometry. Numerical 

examples focus on the effects of preform rotation. 

Chapter 7 details the numerical analysis conducted on the drawing of such fibres with 

the correct temperature dependent viscosity (fitted from measurements taken exper

imentally) and realistic drawing parameters, and makes comparisons with experi

ments performed at the Optoelectronics Research Centre, University of Southamp

ton, UK (henceforth Optoelectronics Research Centre). 

Chapter 8 discusses a somewhat separate problem of the manufacture of a particular 

type of fibre whose initial preform looks like a cup handle. The most pressing problem 

in the consistent manufacture of such fibres is that it is necessary to be able to control 

and predict the shape of the core region of the fibre. Furthermore, the struts in such 

a fibre typically thicken as they reach the core and outer-wall of the fibre, and are at 

their most thin at the central point in the strut. This affects the light propagation 

modes of the fibre and is highly undesirable. Ideally, experimentalists would like 

to consistently produce a fibre whose struts are uniformly shaped and whose core 

is more circular than those observed experimentally. Additionally, it is desirable to 

vary the geometry of the fibres by using the results of mathematical modelling to 

inform the structural design of the preform. 

We make use of a previous study by Howell [16] to describe the problem asymp

totically and solve it numerically. Experimental data is used for comparison, and 

suggestions are made for an improvement of the mathematical model and also to 

the preforms used to make such fibres, in order to remove some of the frequently 

encountered problems. 

Chapter 9 discusses the problem of pressurizing a capillary tube by sealing one end of 

the tube. If pressurization and rotation are used simultaneously, directly applying an 

overpressure to a capillary tube during drawing is problematic. It is shown that whilst 
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this procedure may be used to counteract the effects of surface tension in the same 

way as directly applying an overpressure to a capillary tube, a steady-state draw 

no longer results. Predictions of the pressure-time and radius---time relationships are 

made and compared with results obtained experimentally. 

Chapter 10 develops a two-phase flow model that allows predictions to be made of 

the size and distribution of bubbles in the cross-section of a holey fibre preform, and 

includes effects such as space-varying viscosity. Numerical simulations are performed 

for a variety of physically interesting cases and the physics of the results explained. 

The model serves as a first step to a consideration of the more general holey fibre 

problem. 

Chapter 11 sets out the full holey fibre problem and details attempts made to solve 

the problem for the simplified cases of a solid fibre and a capillary tube. 

Chapter 12 draws conclusions and summarizes the results obtained in this thesis. 

Suggestions are made for future work and the increasing importance of glass extrusion 

and its modelling is discussed. 

1.2.1 Road-map 

Since this thesis reports on extremely collaborative work, the mathematical reader 

and the experimentalist may wish to focus on certain Chapters only. 

The mathematical reader might read Chapters 2, 3, 5, 6, 8, 9, 10, 11 and 12. S1 

units are used throughout unless otherwise specified. 

The experimentalist might read Chapters 4, 5, 6, 7, and 12. S1 units are used 

throughout unless otherwise specified. 

Additionally, key experimental results are listed briefly at the end of conclusions 
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sections within most Chapters. Specifically, see §3.8.1, §4.6.1, §5.4.1, §6.5.1, §7.4.1, 

§8.4.1 and §10.6.1. 

1.3 Literature review 

The bulk of this thesis is concerned with glass structures that contain air holes, 

whose potential range of application in the physical sciences is vast. Small mode

area fibres, highly nonlinear fibres for nonlinear devices [5], large mode-area fibres 

for high-powered devices [3], [17], and atom-guiding fibres [18] are just a few of such 

applications. Further applications are discussed in more detail in [4], [19], [20]. 

The photonic bandgap fibre, which makes use of the photonic bandgap occurring 

in such periodic structures found in holey fibres, is one growth area of particular 

interest. See [21], [22] and [23] for more detail. 

The textile industry has developed a wealth of literature on the spinning of thread

lines [24], [25], [26], [27]. This work was then adapted to glass industry problems 

in order to study the steady-state drawing of optical fibres [28], [29], [30], in which 

the flow is assumed to be axisymmetric, Newtonian and inertia-free. Most often the 

steady-state problem alone is considered, with time dependence being considered 

only when the stability of solutions to the governing equations is of concern. We 

will largely follow this approach since only steady-state processes are of practical 

interest. The reason for this is that when optical fibre is produced in large quan

tities, uniform (optical and thus geometrical) properties are required, indicating a 

steady-state process. 

A weak stability-analysis of the drawing process was completed in [31]. Draw reso

nance is the instability observed when fibres are drawn with the ratio of draw speed 

to feed speed larger than a critical value that depends on draw parameters. It is 

considered for solid fibres in [27], [32], [33J, [34J, [35], [36] and [37J. The results from 
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these studies are used as to test the model developed in this thesis for the stability 

of drawing capillary tubes (with inner radius set to zero). 

The strong temperature dependence of glass viscosity and the difficulty in measuring 

it directly at the high temperatures used in fibre manufacture has motivated several 

studies on the effects of heat transfer [38J. Surface tension effects [39J and those of 

inertia have also been considered [26J. Gravity and inertia were considered together 

in [40J for the case of a slender geometry and a fibre with an arbitrary transverse 

cross-section. Fibre breakage was investigated using an asymptotic model in [41]. 

All of the aforementioned studies considered only solid fibre manufacture, though, 

and the study of fibres that contain holes seems only to have been reported in [14], 

[15], [42], [43J and [44J. Thin-walled viscous capillaries were modelled in [27J and 

[45J. 

The complexity of equations that describe fibre drawing means that full numerical 

calculations are required to solve the equations fully, such as those reported in [25J, 

[46J and [47J. It is hoped that we may gain more physical insight into the drawing 

of micro structured optical fibres without resorting to full numerical simulation. 
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Chapter 2 

The Manufacturing Process 

Holey fibres are made directly from a glass preform, whose detailed manufacture and 

geometric form are discussed at a later point. The glass is usually undoped silica 

glass, and the preform is essentially 'stretched out' into fibre form after having been 

heated past its melting point in a furnace. The furnace is designed so that as the 

fibre is pulled, it leaves the furnace and passes through a diameter gauge used to 

ensure that a constant fibre geometry is obtained. It then passes through a series 

of pulleys and onto a rotation drum where the fibre is stored. The feed speed is 

controlled electronically and determines the speed at which the metal insert in the 

top of the glass preform is lowered into the furnace. Similarly the draw speed sets 

the rate at which the drawing wheels are rotated. 

The experimental set-up of the draw-down process is shown later (Figure 3.2) in 

Chapter 3. A photograph of one of the drawing towers at the Optoelectronics Re

search Centre, is shown in Figure 2.l. An overhead view of a fibre drawing furnace 

in operation is shown in Figure 2.2. 

Optical glass fibres traditionally consist of solid fibres made from two concentric 

glass cylinders, the outer of which is hollow. In this thesis we will consider both solid 

fibres and the more complex 'holey' fibre. The cross-section of a typical holey fibre is 
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Figure 2.1: A fibre drawing tower at the Optoelectronics Research Centre. 

Figure 2.2: An overhead view of a typical fibre drawing furnace. 
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shown in Figure 1.1. Holey fibres have a range of interesting and important optical 

properties, but they are currently difficult to manufacture to required specifications. 

The specifications vary from one fibre to another since the geometric properties 

are determined by the optical properties required by the experimenter or industry. 

Consistent manufacture is also difficult as a result of complications arising from the 

presence of air holes in the preform cross-section. 

Holey fibres were first successfully made by the Optoelectronics Research Centre, 

but since this time several spin-off companies have been established and numerous 

Universities world-wide include groups that are conducting research on fibres of this 

type. 

Total internal reflection occurs when light is incident at glancing angles at an in

terface where the refractive index medium is higher than that of the medium past 

the interface. Optical fibres are dielectric waveguides often formed from two solid 

transparent materials usually made from glass. The glass preforms used to make 

such fibres are typically cylindrical, and are drawn into fibre form in a fibre draw

ing furnace. They guide light by the mechanism of total internal reflection. The 

final (solid) fibre normally has a core region and a cladding region, and the fibre is 

coated with a soft coating or buffer. This coating has both optical and mechanical 

properties. It protects the surface of the fibre, preventing it from being weakened by 

microscopic scratches. Optically, it is roughly index-matched to the silica cladding, 

but absorbing so that it absorbs and suppresses undesirable cladding modes. 

The presence of air holes in the cross-section of a microstructured fibre lowers the 

effective refractive-index of the cladding in holey fibres. The difference between the 

refractive index of the core and the effective refractive-index of the air-glass cladding 

is a strong function of the wavelength of light. This is because at longer wavelengths 

the mode extends further into the holes, thus reducing the effective refractive-index 

of the cladding region. 

Some of the industrial consequences of this are the possibility of single-mode oper-
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ation over a broad range of wavelengths, and unusual dispersion characteristics that 

can be exploited, as described above. 

\Ve shall now describe the process of the manufacture of optical fibres in two parts. 

The first part will discuss the manufacture of solid optical fibres and the second part 

the manufacture of microstructured optical fibres, or holey fibres as they are more 

commonly known. Within each section a variety of techniques will be described, 

depending on the type of fibre being considered. 

2.1 The manufacture of solid fibres 

The overall principle for the manufacture of optical fibre is the same, irrespective of 

the particular type of fibre being manufactured. That is one of heating a macroscopic 

piece of structured glass, shaped as a glass rod (the preform), until it becomes fluid 

enough for it to be stretched out into a long, thin fibre. There are therefore two 

sub-processes that must be considered: the manufacture of the preform and the 

manufacture of the fibre. 

In the manufacture of solid glass fibres two or more different glasses must somehow 

be made into one structure so as to provide a core glass and a cladding glass. In gen

eral these glasses possess quite different mechanical properties and optical properties. 

However, the two glasses are chosen so as to minimize the differences in mechani

cal properties to avoid unwanted effects, including heat-induced stress fracture and 

viscosities that vary wildly from glass to glass. 

Given a suitable choice of core and cladding glass, a macroscopic preform that has 

one glass wrapped around the other as shown in Figure 2.7 must be produced. This 

is achievable in several ways, each of which will be described here. One way is to use 

the double crucible method of preform manufacture, though this method is no longer 

used. It involves an experimental set-up such as the one shown in Figure 2.4, where 
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the cladding glass is poured into an outer crucible and the core glass into an inner 

crucible. The two glasses exit the crucibles at the bottom forming a final preform, 

and are immediately drawn down into a fibre by the action of rotating wheels in the 

usual way. The double crucible method may only be used for soft glasses, for the 

reasons discussed below for the case of glass extrusion. 

Second, there is the "rod-in-tube" method in which core glass is inserted into the 

hole in a capillary tube made from cladding glass. The glasses are then heated until 

the two materials fuse, at which point the preform is allowed to cool and solidify. 

The fibre is then drawn from the preform in the usual way. This method is no 

longer used in practice because of the quality of the surfaces on the inner wall of the 

capillary tube and the outer wall of the core rod. An advantage of this method is 

that it is possible with both soft glasses and silica glass, which has a high softening 

temperature. 

When the glass used, such as silica, has a high softening temperature a method 

known as Modified Chemical Vapour Deposition (MCVD) may be employed. With 

this technique, a rotating glass tube is passed over a lathe, as shown in Figure 2.3. 

Chemicals are passed into the tube during this process and extremely fine particles 

of germanosilicate or phosphosilicate are deposited on the inside of the tube. As 

the tube passes over the lathe a chemical reaction occurs and the deposited material 

is fused to the inside wall of the tube. The preform is deposited layer-by-Iayer, 

starting first with the cladding layers and then followed by the core layers. Varying 

the mixture of chemicals alters the refractive index gradient in the resulting preform. 

When the deposition is complete, the tube is collapsed (drawn down in a fibre drawing 

furnace as one would the final preform) at approximately 2000C, into a preform of 

the purest silica with a core of a different composition and hence refractive index, 

creating the final preform in the usual manner. It may be the case that a variety 

of different layers are built up on the inner-wall of the capillary tube by varying 

the chemicals used, before the tube is collapsed into a solid preform rod. Finally, 

the solid preform is placed in a drawing furnace and drawn down into the final fibre 
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Figure 2.3: A glass capillary tube being rotated and passed over a lathe. 

form. 

In the event that the glasses are soft (and have a softening temperature much less 

than that of steel, for example, Ts < 1000e) the method of glass extrusion may be 

used for the manufacture of the preform as it is possible to heat the glass until it 

is fluid without melting the material of the extrusion die. The method is used both 

to produce glass preforms of the solid type with a core and cladding glass , and also 

in the production of holey fibre preforms, in which case only one glass is used. The 

more general two- glass method will now be described. 

Preform manufacture by extrusion is achieved by placing two circular glass disks , 

typically a few centimetres in diameter and about a centimetre thick, on top of one 

another inside a die. The die is essentially a highly-engineered metal funnel. A large 

pressure is applied to the upper glass disk (see Figure 2.8), often called a glass blank, 

through the depression of a piston. This forces the glasses through the opening at 

the bottom of the die and results in one glass flowing 'into the other ' (see Figures 2.8 

and 2.9). In this way the structured preform alluded to above and shown in Figure 

2.7 is manufactured. 
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Figure 2.4: The crucible method for preform production. 

After this stage is complete the resulting preform is placed into a fibre drawing tower 

such as the one shown in Figure 2.1, and has its dimensions reduced to those of the 

final fibre. As mentioned, this preform may take the form of a holey fibre preform 

made from a single glass that has been pushed through a shaped die to give the 

preform the necessary 'holey' geometry, or else be in the form of a solid fibre made 

from two or more distinct glasses. Figures 2.5 and 2.6 show a schematic diagram of 

the glass extrusion process and a picture of a typical die used to produce a holey 

fibre preform, respectively. 

2.2 The manufacture of microstructured fibres 

In the manufacture of conventional optical fibres, a preform is constructed (whose 

diameter is typically a few centimetres) and drawn down to the final dimensions 

desired (typically about 125p,m). 

The process of holey fibre manufacture is rather different to the process for con

ventional optical fibres. Because both the dimensions of the required fibre are so 
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Figure 2.5: Schematic diagram showing the extrusion process. 

Figure 2.6: An extrusion die used to manufacture holey fibre preforms. 
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Figure 2.7: Schematic diagram of a conventional optical fibre transverse cross
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Figure 2.8: Schematic diagram of a die containing core and cladding glass for extru

sion. 
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Figure 2.9: Schematic diagram of a die containing core and cladding glass as the 

extrusion process commences and one glass begins to flow into the other. 

small relative to those of the initial preform, and because some practically useful 

fibres contain such a large density of holes - perhaps several hundred - the draw is 

often completed in two separate stages. The first stage consists of stacking numer

ous capillary tubes inside a larger capillary tube (whose diameter is typically a few 

centimetres) and then drawing this tube and its contents down to a 'cane'. 

The second stage of production of the preform involves attaching the drawn-down 

sections to the inside wall of a large capillary tube (typically a few centimetres in 

diameter) and drawing the new preform down to the required dimensions (typically 

125p,m in diameter, as before). This method is the one employed for holey fibres 

as they are usually made from silica glass. It is not always necessary to employ a 

two- stage manufacture process (for example, large mode area fibres are made in a 

single step, i.e. without caning), but when small-scale features are required in the 

final fibre, a two stage process is used. 

Non- silica based holey fibres may also be manufactured and the preforms may be 

constructed in two main ways. First, the same method as used for silica glass, 

22 



that of stacking, may be used. Additionally, the method of glass extrusion may be 

employed, since it is possible to create a die whose geometry directly gives rise to a 

'holey' structure in the resultant flow without the need for stacking the preform, The 

use of materials with lower melting points than silica glass allows for new preform 

production techniques, including glass extrusion, to be utilized. 

Two other types of fibre not specifically discussed above deserve mention. The first 

are solid microstructured optical fibres (structures are similar to holey fibres but the 

"holes" are made from a different glass to the bulk of the fibre, rather than air). Solid 

holey fibres have potentially wide-ranging applications, particularly for the use in 

highly-nonlinear devices, due to the high nonlinear index of the materials and the 

small mode-area of the holey fibre as described in [48]. Indeed, the authors of [48] 

successfully fabricated such a fibre made from a borosilicate glass containing a high 

concentration of lead-oxide as a background glass, and potassium fluoride glass as 

the glass to fill the structure. The preform was manufactured using the rod-in-tube 

method described above and the fibre was drawn down in the usual way, 

The second type of fibres that have not yet been discussed are polymer fibres. Poly

mer fibres are made by drawing down a fibre from a preform in the usual way, though 

the methods of manufacture of the preform are wide-ranging. The double crucible 

method may be used, as may the method of glass extrusion, the stacking method (as 

for silica holey fibres), the method of polymerization in a mould, or the method of 

drilling injection-moulding. Thus polymer fibres may have preform structures not 

restricted to hexagonal or square close-packing resulting from capillary stacking tech

niques, giving them an advantage over glass holey fibres. Recently these restrictions 

have been removed for glass holey fibres since it is possible to construct preforms 

of many varied forms with glass, as has been demonstrated by the Optoelectronics 

Research Centre. The interested reader may find further details on the fabrication 

of polymer holey fibres in [12]. 
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Chapter 3 

The Rotation of Capillary Tubes 

3 .1 Abstract 

Understanding the drawing process for microstructured optical fibres in order to 

obtain better control of the final fibre geometry and identify practically useful regimes 

is of paramount importance, not least of all due to the high cost of the manufacturing 

process. A fluid mechanics model first developed by Fitt et al. [14], [15] based on the 

small aspect ratio of the capillary tube is extended here, with particular reference 

made to the spinning of such fibres as they enter the top of the drawing furnace. 

Predictions are made concerning preform rotation, and a variety of asymptotic limits 

are examined in order to gain a feel for the physics involved, as well as to identify 

the aforementioned useful drawing regimes. 

3.2 Introduction 

Microstructured optical fibres or 'holey fibres' have become an area of increased 

interest. These fibres consist of a lattice of air-filled holes centred on a solid core, 
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such as the one pictured in Figure 3.1, and are made by heating a macroscopic 

preform and drawing it into fibre form. The holes are either open to the atmosphere 

at the ends of the preform, pressurized with gas by sealing the bottom end of the 

preform and filling the holes with a pressurized gas from the top, or sealed at one end 

and then drawn (during the early stages of the draw the other end is automatically 

sealed and thereafter the preform maintains an overpressure that depends on time. 

See Chapter 9 for details). 

The work started by Fitt et al. [14], [15] is developed here by modelling the drawing 

of optical fibres that contain holes. Extensional flow modelling for fibre drawing was 

considered by Howell [49] and a number of other sources. The study of Fitt et al. 

[14] proposed equations to determine the behaviour of a drawn capillary tube given 

only its initial geometry, mechanical properties such as surface tension and viscosity 

and the speed at which it both enters and leaves the drawing furnace. We extend 

the work to allow for a rotation of the preform. Though rotation of a solid fibre 

was considered briefly by Howell [49], to our knowledge the current study is the first 

theoretical attempt to characterize the effects of rotation on a capillary tube. 

Holey fibres are of particular interest and we first consider the case of a single ax

isymmetric capillary tube. The ideas and techniques developed here may then be 

extrapolated and used to inform the full holey fibre problem. Additionally, we may 

also use this simple model to gain some physical and mathematical insight into the 

full problem. Therefore, the implicit assumption hereafter is that what we learn here 

may be directly related to the behaviour of a full holey fibre. 

The fluid mechanics model constructed gives rise to leading-order equations describ

ing the resulting flow. These equations may be solved numerically in order to make 

predictions of the final fibre geometry. In addition, physically motivated asymp

totic limits of these equations may be analysed both to give physical insight into 

the process of holey fibre drawing and also to make practically useful predictions; 

for example by determining whether or not it is possible to stave off surface tension 

25 



Figure 3.1: A close-up picture of a typical holey fibre core. 

induced hole collapse through the act of rotating the preform as it enters the furnace. 

We show also that the act of imparting angular momentum to a capillary tube as 

it passes through the furnace affects the final fibre geometry. We not only predict 

the effects of fibre rotation, but also, for example, calculate the distance between 

successive twists, i.e. the twist periodicity (commonly known as the 'pitch') in a fi

nal drawn fibre. These predictions agree perfectly with experimental data (see later 

Chapters). For a brief overview of the following model see [50] and for a summary 

see [51]. 

3.3 Background 

It transpires that holey fibre fabrication is extremely sensitive to the draw parameters 

used. An exact understanding of the relative effects of changes in one or more of 

these parameters is required in order to be able to tailor the geometry of the fibre 

from a single given preform by way of varying these parameters. Additionally, fibre 

birefringence in holey fibres is often large and is sometimes undesirable. By rotating 
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the fibre as it enters the furnace we are able to reduce this effect, as will later be 

explained. 

Experimentalists would like to be able to predict more precisely the exact draw-down 

ratio that will result when pulling an optical fibre, and to gain at least a qualitative 

understanding of the physical effects that the rotating of holey fibre preforms as they 

enter the furnace will have on the final fibre geometry. 

The presence of air holes within the transverse cross-section of a microstructured 

fibre presents both challenges and opportunities for the fabrication of these fibres. 

Competition between viscosity and surface tension effects typically changes the size 

and shape of the holes during the fibre drawing process, and in extreme cases, hole 

closure may occur. It is clear that this technology would be greatly aided by the 

development of accurate tools for predicting the changes that occur during fibre 

drawing. 

Although the fabrication of structured preforms is one of the most labour intensive 

parts of the manufacturing process it is often possible to produce a number of different 

fibre profiles from a single preform by changing the conditions under which the fibre 

is drawn. Such a model would allow this approach to be effective in practice and 

this work represents the first step towards developing a model for the drawing of 

microstructured optical fibres whose preforms are spun as they are passed into the 

furnace. 

3.4 The rotation of holey fibres 

In a perfectly symmetric waveguide, the two orthogonal polarizations of light (each 

composed of electric and magnetic fields) travel along the wave-guide with the same 

velocity. In the case of holey fibres, however, because there are different refrac

tive indices depending on the direction in which the fields are travelling, these two 
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polarizations travel with different velocities. This is known as fibre birefringence 

(see [10] and [52]) and is often a pronounced effect in holey fibres. There are three 

main reasons for its marked presence. First, the small structure scale of the holes; 

second, the significant refractive index contrast between the core and the effective 

refractive-index of the cladding; and third, asymmetries introduced by the manufac

turing process itself, either intentionally or not. The asymmetries introduced might 

include the locking-in of some asymmetric stress distribution within the fibre [53]. 

The effect of this is that the degeneracy of the orthogonal polarization modes is 

broken, causing the different polarization modes to change their phase and group 

velocities. In some devices and in sensor applications, for example, it is desirable to 

maintain polarization and thus increase waveguide asymmetry in order to maximize 

the mode splitting and thus improve the isolation between the various modes. At the 

same time, some devices render it imperative to reduce these mode-splitting effects 

in the fibre. 

Because the components travel at different rates, there is interference between the 

two fields, causing the signal to 'beat', with a characteristic beat-length. Some holey 

fibres are geometrically symmetric and others are not. In a fibre that has a perfect 

symmetry, no birefringence is exhibited, but any small deviation from this perfect 

symmetry may lead to significant birefringence. It is for this reason that birefringence 

is often present in manufactured fibres. 

Introducing a twist into the resulting fibre by rotating the preform as it enters the 

furnace reduces the birefringence for both solid and microstructured fibres, so long 

as the twists are on a scale equal to or less than that of the beat length. \iVhen this 

criteria is met, light is coupled between the two polarizations modes. The coupling 

averages out the effects of the refractive index-differences as the two orthogonal 

components of light travel the length of the fibre. Thus the resulting fibre has a 

significantly reduced birefringence. 

As explained above, it is sometimes desirable to make use of fibre birefringence 
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and not remove or reduce it by invoking this method of preform rotation, since 

birefringent optical fibres are used as polarizers, single polarization transmission 

lines for coherent systems, sensors and single polarization couplers. 

If the removal or reduction of fibre birefringence is required, the glass preform may 

either be rotated as it enters the furnace, leaving it with an overall twist along its 

length, or the fibre may be rotated directly as it leaves the furnace. The preferred 

method is to to rotate the preform as it enters the furnace by attaching an electric 

drill to the top of the perform and passing the resulting fibre onto a rotating drum 

(see for example, [54], [55] and [56]). Since nothing significant acts to impede the 

rotation of the preform, a constant angular frequency may be assumed throughout 

the drawing process. 

As already stated, the reduction of fibre birefringence is achieved by rotating holey 

fibre preforms as they enter the furnace and setting the rotation rate to zero at 

the furnace exit. It is later shown that the act of imparting a non-zero angular 

momentum to the preform as it traverses the furnace affects the final fibre geometry. 

The distance apart of each successive twist in the final fibre, the twist periodicity, is 

also established. 

As mentioned above, it is also possible to spin the fibre as it leaves the furnace. 

This has the disadvantage of causing the fibre to exhibit circular birefringence [54], 

which is often undesirable. The birefringence arises because as the glass cools and 

solidifies, its large viscosity causes stress to become locked into the fibre. This stress 

gives rise to further unwanted (circular) birefringence. If the "twist" is taken up as 

the preform enters the furnace and not when it leaves, these effects can be minimized, 

thus explaining why in practice preforms are rotated as they enter the furnace [54], 

[56], [57]. 

Unlike holey fibres, conventional optical fibres with a sold core and cladding region 

are routinely rotated. The presence of air holes raises questions as to how such fibres 

will behave once rotated, thus further motivating this study. The Optoelectronics 
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Research Centre has been successful in recent experimental trials that rotate holey 

fibres. See [58] and Chapter 4 for a discussion of this. 

Polarization Mode Dispersion (PMD) is a phenomenon of great importance in mod

ern optical communications, since it imposes limitations on both analogue and digital 

optical systems. It arises from the fact that in optical fibres there exists a small level 

of birefringence for the reasons sta,ted above. Birefringence causes pulse spreading 

due to the slight difference between the propagation velocities of the two orthogonal 

polarization states that constitute the light signal. As a result of fibre movement, 

temperature variations and other environmental variations, these two polarization 

states couple strongly. This causes PMD to be both wavelength dependent and 

strongly affected by the environment. It is therefore desirable to rotate the fibres in 

order to remove or reduce birefringence, for this additional reason. More detail may 

be found in [58]. 

For the remainder of this thesis preform rotation will be described of in terms of its 

effect on the reduction of fibre birefringence. The effect of PMD reduction will not 

be discussed in detail. 

It should be pointed out that throughout this thesis the starting product of manufac

ture is termed the preform, the end product is termed fibre, and during the transition 

from one to the other (whilst the glass is present in the furnace and in the process 

of being drawn down), the terms preform and fibre are used interchangeably. 

3.5 Mathematical lTIodelling 

To develop a mathematical model for the process of capillary drawing that is capable 

of including the effects of internal hole pressurization, surface tension, gravity and 

inertia as well as including spin, we begin with the N avier-Stokes and convection

diffusion equations, respectively, using cylindrical coordinates. The governing equa-
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Figure 3.2: Experimental set-up. 

tions are (see [59]) 

p(Wt + UWr + wWz) 

P ( Ut + UUr + WUz _ :2) 
P (vt + WVz + UVr + ~V) 

1 
-(ru)r + Wz 
r 

1 1 
-pz + -(f-Lrwr)r + (2f-LWz)z + -(f-Lruz)r + pg, (3.1) 

r r 

-Pr + f-L (~(ru)r) r + (p,Uz)z + f-LzWr, (3.2) 

f-L (~(rv)r) r + (f-LVz)z, (3.3) 

0, (3.4) 

(3.5) 

In (3.1)-(3.5), t denotes time, z measures the distance along the axis of a capillary, 

and r denotes distance normal to it. The flow has been assumed to be axisymmetric , 

and therefore independent of the azimuthal angle e, although a velocity is permitted 

to exist in that direction. All t, z and r subscripts denote differentiation and the 

velocity q of the molten glass is denoted by q = wez + uer + vee, where ez , er and 

ee are unit vectors in the z, rand e directions respectively. 

A schematic diagram of the geometry of the capillary is shown in Figure 3.3, where v 

is related to the angular frequency of the preform, and is derived later. The viscosity 
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Figure 3.3: Problem geometry. 

r 

is assumed to be a function of both z and r for the sake of obtaining the final 

equations, though later this generalisation will often be dropped and the viscosity 

assumed to be constant. 

The pressure is denoted by p, 9 is the acceleration due to gravity, and density, 

dynamic viscosity, surface tension, thermal conductivity and specific heat are denoted 

by p, f.L, "k and cp respectively. The glass temperature is denoted by T, the ambient 

temperature in the furnace by Ta ) (J is the Stefan-Boltzmann constant and a is a 

material constant that involves the emissivity of the fibre. 

As shown in Figure 3.3, we denote the inner and outer radii of the capillary by 

r = hl(z, t) and r = h2 (z, t) respectively. The equations (3.1)-(3.4) thus apply in 

the region 0 ::; z ::; L, hI ::; r ::; h2' for 0 ::; t ::; 00, and must be solved subject 

to suitable boundary and initial conditions, which will be considered presently. The 

feed and draw speeds are denoted by Wf and Wd respectively, the ambient pressure 

in the air surrounding the fibre is denoted by Pa and the pressure of the air in the 

hole r::; hl(z, t) by PH. 
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It is now appropriate to non-dimensionalize (3.1)-(3.5) to take advantage of the small 

parameters that are present in the problem, henceforth allowing dominant terms to 

become evident. To non---dimensionalize we set 

and 

z = Lz, r = hi, 

t = (L/W)f, hI = hhI' 

P = (fLoW/L)P, w = Will, 

u = (hW/ L)u, v = ODD, 

where an overbar denotes a non-dimensional quantity and L denotes a typical hot

zone length in the fibre drawing furnace: we only need model the region encompassed 

by the hot-zone of the drawing furnace, since the fluid solidifies rapidly and is there

fore everywhere else assumed to be solid. Here h denotes a typical drawn capillary 

size, W denotes a typical draw speed and fLo and TR denote a typical glass viscosity 

and fibre reference-temperature respectively. The constant 0 is a measure of the 

angular frequency of the fibre. 

Upon application of these non-dimensionalizations the equations become 

(3.7) 

(3.8) 

(3.9) 

(3.10) 
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where the key non-dimensional parameters in the problem are given by 

and 

h 
E= L' 

Re = LWp , 
H12 

Fr = gL' 

Pr = /-Locp 
k ' 

/-Lo 

s= DL 
W' 

r = L(]"(xT~ 
pcpW 

\Ve note at this stage that in all cases of interest h « L (the largest values of c tend 

to occur for capillaries, where L is of order cm and h of order mm. For optical fibres 

E is smaller still). We shall therefore assume henceforth that the small parameter in 

the problem is E, where c « 1. Typically Re < 1 and Fr = 0(1). The leading-order 

equations in E are now naively satisfied by the obvious ansaize 

..... , 

15 P(z, f, f) + ..... , 

where Pa denotes the non-dimensional ambient pressure, defined in the obvious way 

by 

From the continuity equation we have 

Ua 
fwO'i A --+-

2 f' 
(3.11) 

where the function A(z, f) is to be determined. Since from our ansaize T, (and thus 

the viscosity) is independent of f to leading order, it follows that, by equating like 

powers of E, to leading order, the z-momentum equation (3.6) becomes 

Re 1 
- - 2(jlw ozh + jlwozz = -=(jlfWlf}F' 
Fr r 

(3.12) 

To leading order, the 8-momentum equation (3.8) becomes 

_ vOT Va 
vo-- + - - - = 0 

7'T f f2 ' 
(3.13) 
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and the r-momentum (3.7) yields, using (3.11), 

The energy equation (3.10) gives 

(3.14) 

and to close the problem it is now necessary to specify the relevant kinematic con

ditions, normal and tangential stress conditions, and temperature conditions on the 

free boundaries hI and h2 . The kinematic boundary conditions are 

(3.15) 

(3.16) 

As mentioned above, we wish to allow for the possibility of controlling hole size by 

internal hole pressurization. The normal stress boundary conditions will thus include 

both the surface tension coefficient I and the fibre hole pressure PH. If we define the 

non-dimensional fibre hole pressure by PH = (/--LoW / L)fJ H, it is clear that we must 

further write 
_ Pa + _ 
PH = 2" Po, 

E 
(3.17) 

where Po is the non-dimensional hole overpressure. This scaling reflects the fact that, 

unless the fibre hole pressure is within O( E2) of the ambient pressure, the capillary 

will either collapse immediately or "explode" [14]. The equation (3.17) therefore 

already gives a useful estimate of the size of hole inflation pressure that is required 

to prevent collapse. 

The normal stress boundary conditions may now be applied. The stress tensor T 

written in terms of non-dimensional quantities is given by 

T 

(I!~¥) (-fJ + 2pwz) 

(/--LoDpvz) 

( /-Lo W ) (- - + jlWr) -y- /--LEUz -E-

(/--LoDpvz) 

(/-L~W) (-fJ + 2prve) 

( I!o~jl ) ( - ¥ + vr ) 
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If we now denote the dimensionless unit outward-pointing normal to if = hi (where 

i = 1, 2) by ni, then the normal stress conditions are 

" T T A "j flo W PH flo W 
at if = hI, (3,18) -nl - nl + hlL L 

- nTYn2 _ "j~oW PafloW 
at if = h2. (3.19) ---

2 h2L LE2 

Here, a non-dimensional surface tension coefficient 1 has been defined by I = flo W E"j, 

thus immediately giving an estimate of the order of magnitude that the size of surface 

tension of the molten glass has to be to influence the final shape of the fibre. 

We now assume that the tangential stress on both of the fibre boundaries is zero (for 

all realistic rotation rates this is realistic). For i = 1, 2, we therefore have 

where ti is the relevant unit tangent vector normal to the z-direction. 

To complete the specification of the boundary conditions, we assume that, because 

the thermal conductivity of air is much lower than the thermal conductivity of glass, 

the fibre is essentially insulated on its inner surface. We also assume that the fibre 

loses heat to the surrounding air in the furnace by Newton-type cooling at its outer 

surface. Thus (in dimensional variables) 

where N is a heat transfer coefficient that we assume for simplicity is constant and 

known from standard engineering correlations. 

The normal and tangential stress conditions and thermal boundary conditions may 

now be expanded according to the ansatze for w, u and p. With 
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we find that 

I P + 2-- t--~ - 1 /J/UOr - Po 
hI 

0 at if = hI, 

ry P + 2--~ - 2 /lUor 
h2 

0 at if = h2' 

ihu( WOz - UOr ) - UOz WIr at if = hI, 

2h2z ( woz - Uor ) - uoz WIr at if = h2. 

An additional stress boundary condition is that of the tangential stress being zero, 

and with the same normal vector, but with the tangential vector now becoming 

~T 

ti = (0, 1,0), 

for i = 1,2. 

This leads us to the following additional boundary conditions. To leading order 

To O(c:2
) these boundary conditions become 

and 

_ - _ ih 
VIr - huvoz - -=- = 0 at if = hI, 

r 

_ - _ ih 
VIr - h2ZVoz - -=- = 0 at if = h2. 

r 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

Expanded in non-dimensional variables, the thermal boundary conditions become 

(3.24) 

(3.25) 

where IV = LN/(c:k) determines the relative importance of the Newton cooling, so 

that for small values of IV the heat transfer is negligible, but for large IV the condition 

is essentially T = Ta. 
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It is now possible to derive a closed system ofleading-order equations for annular fibre 

drawing. \Ve first integrate the r-momentum equation having solved the leading

order a-momentum equation to give 

vo = 13(z, fyi', (3.26) 

where we have ignored a term D(~J) as a result of the fact that substituting the result 
r 

for Vo into the leading-order boundary conditions (3.20)-(3.21) gives D(z, i) = 0, 

leading us to the fact that the pressure is given by 

p = ReS
213 (z,f?r2 0(- '" 

2 + z,t). (3.27) 

13(z, t) may be considered an angular frequency, although it is not the total angular 

frequency. The reason for this is that 

meaning that ~ rather than ~ is the correct expression for the angular frequency. 

It is interesting to note that we in no way specified the form of the r-dependence 

that Vo should have, and we find that to leading order it is in the familiar 'v = rw' 

form, with w as the angular frequency. We would expect that higher order terms in 

the expansion of v would bring in other less simple dependencies on the fibre radius, 

r. Both 13(z, t) and O(z, t) are unknown functions of integration that will later be 

determined. 

The result (3.27) for P may now be substituted into the z-momentum equation 

(3.12), which is multiplied by r and integrated from r = hI to r = h2. This replaces 

the r-dependence with expressions for the free surfaces hI and h2 giving 

(h§ - hi) ( _ _ _ - Re (_ _) _ _ ) 
2 Re( WOt + wowoz) + Cz - Fr - 2 j.1w oz z + j.1wozz = 

ReS2 (132 )z -4 -4 -- _ -- _ 
- 8 (h2 - hI) + (j.1h2W l r ) Ih2 -(f.1h I W lr) Ihl . (3,28) 

Next, the energy equation (3.14) is multiplied through by r and integrated from 

r = hI to r = h2 to yield 

(h§; hi) (tOt+wotoz - Re
1
pr(toz )z - r(t; - t~)) 
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The kinematic boundary conditions (3,15) and (3,16) now give 

'·2 -. 2 .. (" ... - ,', 
(hIh +- (h1woh = 2A(.z, t)) 

(h~h + (h~wo)z = 2J4(2, t), 

(3.29) 

(3.30) 

and the normal and tangential stress boundary conditions, when applied at f = hI 

and r = h2 respectively, give 

o (3.31 ) 

o (3.32) 

(3.33) 

(3.34) 

while the relevant temperature boundary conditions are (3.24) and (3.25). 

The t9-momentum equation (3.8) correct to O( f2) gives 

R ( - + - - - - UOVO) - (- + VIr ih) + ( - ) e VOt VOVOr + WOVoz + T = j..l VIrr f - r2 j..lvoz z· (3.35) 

On multiplying through by f2, making use of relations for Vo and the continuity 

equation, and integrating from f = hI to if = h2' we learn that, upon application of 

the relevant boundary conditions (3.22)-(3.23), (3.35) becomes 

- -4 -4 - -4 -4 - -, -2 -2 
ReBt (h2 hI) - ReBwoz(h2 - hI) + 4ReAB(h2 - hI) 

+ReBzwo(h~ - hi) = (JlBz(h~ - h,i)) z' (3.36) 

3.5.1 Summary of equations and boundary conditions 

For completeness, the leading-order equations are 

(h~ - hi) (R (- I - - ) + c- Re 2( - _. ) + - - ) 2 e WOt T WOWoz z - Fr - j..lwoz z /-LWOZ2 
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and 
-- - 4-4 . - -- - 4 - 4 ---- - 2 -- 2 

ReBt (h2 -- hl) -- ReBwoz(h2 -- hl) + 4ReAB(h2 - hl) 

+ReBzwo(h~- hi) = (fj13z(h~ --- hi)) z ' (3.38) 

with boundary conditions given by 

2A(2, I), (3.39) 

(3.40) 

o (3.41) 

o (3.42) 

(3.43) 

(3.44) 

and 
P = ReS213(2, t)2f2 C(- f\ 

2 + z,t;, (3.45) 

where P is to be specified on f = hI and f = h2 . 

The equations (3.37), (3.39), (3.40), (3.41)-(3.44) and (3.38), together with the equa

tions for P at f = hI and f = h2 respectively (obtained using (3.45)), now constitute 

a system of ten equations in ten unknowns for the quantities hI, h2' WO, PI, F2, Cz 

(through C), 13, A, WIT If=hl and WIT If=h2' These equations may now be greatly 

simplified. If we regard (3.41) and (3.42) as linear equations for A and C, we find, 

after the appropriate substitutions that 

hlh2(2Pohlh2 - 2;Y(hl + h2) - ReS2132(h2hi - hlh~)) 
4fj(h~ hi) 

(3.46) 

2i(hl + h2) + 2fjwoz(hi h~) - 2Pohi + ReS2 IP(hi - h~) 
2(h~ - hi) 

(3.47) 
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Using (3.43) and (3.44) in (3.37), a great deal of cancellation occurs, and the final 

equations that govern the drawing of a capillary become 

Re ((h~ - hi) ( WoE + wowoz - )r)) = (3jl(h~ - hDwoz 

(3.51) 

(3.52) 

To fully close the problem (3.48)-(3.51) it is necessary to specify appropriate bound

ary and initial conditions. It is simplest to assume that hI, h2' wo, 13 and To are all 

known as functions of 2 at time t = 0; for the majority of this study, however, we 

will be interested primarily in steady-state fibre manufacture. As far as boundary 

conditions are concerned, the preform geometry is invariably known, the feed speed 

is normally prescribed and the temperatures at the start (2 = 0) and end of the draw 

(2 = 1) are assumed to be given. At the furnace exit different boundary conditions 

may be appropriate for different regimes of fibre manufacture. For "caning" (the 

drawing of relatively large capillaries with outer diameters (ODs) of order mm), the 

capillaries are normally pulled by counter-rotating wheels that travel at a constant 

speed: see Figure 3.2. These capillaries are then stacked together to create a new 

preform and drawn into the fibre that is often pulled again onto a rotating drum. 

Some slip may occur between the drawn capillary and the wheels, although if at all, 

this is thought to be minimal. Once drawn, these capillaries may later be stacked 

together to create a preform. Holey fibres are drawn from a preform of this type, and 

the finished product is normally pulled onto a rotating drum. It may therefore not be 

quite clear whether the draw speed or the draw force is the appropriate condition to 
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prescribe, or whether a combination of the two is more true to reality. In the absence 

of any firm indications to the contrary, we shall proceed under the assumption that 

the draw speed is prescribed. We shall also assume that the fibre is rotated at z = 0 

and held fixed (no rotation) at z = 1. This is because the fibre is attached to the 

drawing wheels downstream, by which point it has solidified. The rotation rate at 

z = 0 is assumed constant, though in practice a more complex "spinning profile" is 

sometimes used, where for example, the rotation rate at z = 0 oscillates (changes 

direction rapidly) [60], [61 J. 

3.5.2 The dimensional form of the final equations 

Before a further discussion and analysis of these equations we dimensionalize the 

equations using the additional scaling B = fl 13, which results from (3.26). 
E 

The equations (3.48)-(3.51) then become 

p(h~ - hi) (WOt + WOWOz - g) = (3JL(h~ - hi)woz + ,(hI + h2) + ~(h~ - hi)B
2
) z' 

with 

(3.53) 

(h2) (h2 ) _ hIh2(2PohIh2 - 2,(h l + h2) + phIh2B2(h~ - hi)) (3.54) 
1 t+ IWO z- 2JL(h~-hn ' 

(h2) (h2 ) _ hIh2(2PohIh2 - 2,(h l + h2) + phIh2B2(h~ - hi)) (3.55) 
2 t + 2WO z - 2JL(h~ - hi) , 

P (h~(h~B)t - hi(hiB)t) + pwo (h~(h~B)z - hi(hiB)z) + £poBhih~ 
f-L 

p,BhIh2 (hI + h2) + p2 B3hrh~ (h~ - hi) = f-L ((h~ - hi)Bz) . (3.56) 
f-L ~ z 

(h~ - hi) [ (Tfl 
2 pCp -LOt (3.57) 

For definiteness, we shall assume that, unless otherwise stated, the boundary con

ditions for (3.57), and (3.53)-(3.56) are that the initial geometry of the capillary 
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preform is known, that the feed and draw speeds are prescribed at .z = 0 and z L 

respectively, and the fibre is rotated at z = 0 and held with B = 0 at z L. Thus 

h1(0) = hlO' h2 (0) = h20 , wo(O) = Wj , wo(L) = Wd , 

B(O) = Bo, B(L) = 0, To(O) Tj , To(L) = Td , (3.58) 

where subscripts f and d denote feed and draw conditions respectively; for the un

steady problem suitable initial conditions must also be prescribed. 

It is worth pointing out that these should be regarded as lowest order boundary 

conditions appropriate to our leading-order model, and that the full Navier-Stokes 

problem described by (3.1)-(3.4) would require additional boundary data to be fully 

specified. 

The model outlined above and some key results are discussed by Voyce et al. in [51]. 

3.5.3 Non-constant hole overpressure 

Experiments undertaken at the Optoelectronics Research Centre demonstrate that 

when the ends of capillary tubes are sealed before the tube is drawn into fibre form, 

it is possible to retain an open hole past the point at which surface tension would be 

expected to close it. 

As a sealed capillary tube enters the furnace it heats up and the pressure of the gas 

inside increases. It is observed that it is possible to draw slender geometries (for 

example, hlO = 50f.Lm, h20 = 70f.Lm) as explained above, but if the effects of surface 

tension were counteracted by having a large hole overpressure, then the capillary tube 

would be expected to bulge or "explode" somewhere close to z = 0 where the effects 

of surface tension are reduced. This is not observed and it is therefore suggested that 

a pressure gradient exists inside the preform during the drawing process. 

In order to be able to include a pressure gradient in the model we revise equations 
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(3.53)-(3.56) in both non-dimensional and dimensional forms, allowing Po in (3.17) 

to be a function of z. Following the same procedure as before we find that the final 

equations are modified by the including a POz term in the momentum equation (3.48). 

In non-dimensional form equations (3.53}-(3.56) become 

R (h-2 -h2)( - . - - 1 \ [0.-_ '(-h2 --2) - ) e 2 - I woE -t- wowoz -- .F-' ):= op,( 2 -,- hI woz_ 
T 

In dimensional form equations (3.59)-(3.62) are 

+,y(hl + h2) + ~(h~ - hi)B2]z + Pozhi, 

(
h2 ) _ hlh2(2Pohlh2 - 2,(h1 + h2) + phlh2B2(h§ - hi)) 

IWO z - 2p,(h§ - hi) , 

(
h2) (h2 ) _ hlh2(2Pohlh2 - 2,(h1 + h2) + phlh2B2(h§ - hi)) 

2 t + 2W
O z - 2p,(h~ -- hi) , 

P (h~(h~B)t - hi(hi B)t) + pWo (h~(h~B)z hi(hi B)z) + ~poBhi h~ 

_p,Bh I h2(h1 + h2) + P2B23hih~(h~ __ hi) = (/L(h~ -- hi)Bz)z' 
p, . p, -

(3,59) 

(3.60) 

(3.61) 

(3.62) 

(3.63) 

(3.64) 

(3.65) 

(3.66) 

with (3.52) as before. These equations will later be referred to as the leading-order 

capillary drawing equations. 

In order that we may estimate the form and magnitude of the pressure gradient it 

is necessary to establish a mechanism that might give rise to the pressure gradient. 
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The obvious way of generating the pressure gradient is by using standard lubrica

tion theory on the gas flow inside the hole in the capillary tube. Conducting this 

lubrication theory shows that a pressure gradient large enough to have an effect on 

the geometry is not obtained unless the pressure is scaled such that it does not enter 

(3.64)-(3.66) to leading order. It is therefore not possible to generate a pressure 

gradient through the above mechanism. 

It remains unclear if a significant pressure gradient exists during the drawing of a 

sealed capillary tube. However, if such a gradient exists then equations (3.63)-(3.66) 

may be used to predict the effects. Chapter 9 considers another possible explanation 

for the effects observed when drawing sealed capillary tubes. 

3.6 A numerical analysis for the rotation of capil

lary tubes 

In the sections to come we will analyse the non-dimensional equations (3.48)-(3.51), 

using asymptotic analysis. However, to motivate this mathematical study it is neces

sary to first confirm that the act of imparting a rotation to a capillary has noticeable 

consequences for its geometry. As noted above, rotation is essential to reduce bire

fringence. If the fibre geometry alters as a result of this rotation, then the possibility 

arises of using preform rotation as an additional control parameter in the drawing 

process. 

To confirm that geometry changes do indeed occur, the full leading-order dimensional 

steady-state equations (3.48)-(3.51) may be solved using standard numerical library 

routines. 

To give a flavour of the sort of effect that rotation may have, we show graphs of 

the numerical calculations whose results demonstrate the effects of preform rotation 
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on both a thin- and a thick-walled capillary. We assumed that the glass involved 

was silica Suprasil F300, commonly used in the production of low-loss optical fibres. 

The physical properties used for the computations were taken from [15]. F300 has a 

density of 2200kg/m3
. Based on the calculations in [15J, we assumed a surface tension 

of O.3N/m and a viscosity that depends on the temperature as shown below, where 

temperature is measured in Celsius and viscosity in Poise. Unless otherwise stated 

we shall henceforth take the furnace temperature to be constant along its length, 

thus removing the z dependence from the viscosity, which is now simply related 

to the constant furnace temperature. It should be pointed out that this viscosity 

model is not known to be correct, and since the viscosity depends exponentially on 

the temperature of the fluid, this is unlikely to be accurate: in later Chapters more 

consideration is given to the choice of viscosity law. Needless to say, both the model 

and the method are applicable to general fluids. In the limit that the number of 

holes in a micro structured optical fibre is large, one might expect the geometry of 

the resulting fibre to act more in accordance with a capillary tube than a solid glass 

fibre, motivating this section. The glass viscosity will be taken as 

M = 0.1 x 1O-6.24+2690o/(T+273), 

where the temperature T is measured in Celsius and the viscosity in Poise. 

The results in Figure 3.4, where the dashed line represents the outer radius profile 

before rotation, and the solid line represents the outer radius profile after rotation, 

demonstrate that rotation causes the outer fibre radii to increase, predominantly at 

the top of the furnace. 

It may be confirmed that the general effect of rotating the preform as it enters the 

furnace is to increase both the inner and outer radii of the fibre along the entirety 

of the draw length, implying that the final fibre dimensions are larger than if the 

fibre were not rotated. In the case of the thin-walled tube the dimensions at z = L 

were increased by 20%, and for the thick-walled tube they were increased by 11%. 

Preform rotation may thus be used as an additional control in the drawing process, 

since it is the fibre dimensions at the end of the furnace that primarily concern us. 
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Figure 3.4: Numerical calculation of the effects of preform rotation on an outer 

capillary radius. (Draw length L = O,03m, temperature T 2200C, draw speed 

Wd = 25m/min, feed speed Mid = I5mm/min, rotation rate D/E = 35rad/s.) Each 

diagram shows the outer tube radius h2 for fibre pulls with and without rotation. 

(Upper diagram: thin-walled tube with hl (0) = O.Olm, h2 (0) O.0l5m. Lower 

diagram: thick-walled tube with hl (0) = O.Olm, h2(O) = O.02m). In both cases, the 

lower (broken) of the two curves is the case with no rotation. The upper curves both 

show a 'bulge' resulting from the effect of preform rotation. 
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We also note that rotation appears to act on the fibre in a way that counteracts 

the effects of surface tension, which otherwise tends to close air holes in the fibre. 

As well as reducing birefringence, rotation may thus, for example, allow fibres to be 

drawn at increased temperatures; this is advantageous from a manufacturing point 

of view as fibres drawn at high temperatures are often less vulnerable to breakage 

during drawing [62]. 

It is also clear from Figure 3.4 that the thick-walled tube experiences a much greater 

deformation than the thin-; this is largely because the initial outer radius of the thick

walled capillary is larger than that of the thin-walled capillary, and partly because of 

mass conservation conditions imposed. To gain more insight into the results, we have 

compared the magnitudes of respective changes in fibre radii as a result of spinning 

the different fibre types (see results in Chapters 6 and 7 for details). This reveals 

that, for both thin- and thick-walled tubes, the inner radius increases more than 

the outer. The fluid near to the outer edges of the fibre rotates faster and therefore 

experiences more of an effect due to the rotation than the fluid near to the central 

hole. The displacement of the outer edge of the fibre, coupled with mass conservation 

requirements, require that the inner portions of the fibre must undergo larger changes 

in radial position. Whilst it is clear that the effects of preform rotation on capillary 

tubes will be similar to the effects of preform rotation on microstructured preforms 

with many holes or a large air filling fraction, it is not clear how thick the walls 

of the capillary should be - a necessary requirement for concrete predictions of the 

final geometry of microstructured fibres to be made, as demonstrated above by the 

difference in behaviour of thick- and thin-walled tubes. 

From the above numerical analysis, it is already clear that we are justified in further 

investigating the effects of the preform rotation on the fibre geometry more closely. 

An analysis will be undertaken in part in the proceeding sections. 
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3.7 ASYlnptotic lilnits of the model 

"\iVe shall here recap the definition of the various constants and variables involved, and 

discuss where relevant their physical meaning, since this will be of utmost importance 

in the limiting analyses that shortly follow. Table 3.1 defines the notation used in 

this section. We previously defined 

h 
f = L' 

Re = LWp 
fLo 

, 
W2 

Fr=
gL' 

s= DL. 
W 

Later we speak of Re being « 1. Whilst this may be achieved in a large variety 

of ways (e.g. p« 1), this is normally realized through having a large viscosity and 

hence low temperature. Conversely, Re = 0(1) implies a small viscosity and thus a 

high temperature. Typical furnace temperatures correspond to Re « 1. 

Since D scales the angular frequency B (B = ~ B), and S is proportional to D, it 

is clear that S may be considered a measure of the rotation rate of the preform 

as it enters the fibre drawing furnace. S« 1 therefore means that the amount of 

rotation is small. S = 0(1) corresponds to a large rotation rate: rotating the fibre 

at ~ 1000rpm, a rate that may be achieved in practice: this is because the rotation 

rate ~ ~ = SL~ ~ 101~~O;Ol 2 = lOOOrpm when S = 0(1). This, however, is close 

to the current practical upper limit. Beyond about ~ 2000rpm the alignment of 

the preform in the furnace becomes critical. Any perturbation in its alignment then 

develops into radial oscillations [55]. Interestingly, it is found experimentally that 

these die out at higher angular frequencies. 

"\iVhen the effects of gravity are ignored, ir is zero. The inertial force term is Rewowoz· 

This is set equal to zero when 'inertia is neglected', as it often is. It is easily shown 

numerically that this limit is realistic since the Reynolds number of the flow is fre

quently small. 

Overbars represent non-dimensional quantities throughout, and for the most part 

we shall only be interested in steady-state solutions to this model. This is because 
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Quantity (S.L Units) 

w 

B 

j), 

h 

VII 

D./c 

L 

j),o 

p 

9 

h1(0) = hlO 

h 2 (0) = h20 

wo(O) = T¥d 

wo(L) = Wd 

B(O) = Bo 

B(L) BL 

Table 3.1: Key. 

Description 

Smallest Value used 

Largest Value used 

Typical Value used 

Inner fibre radius 

Outer fibre radius 

Downstream fluid velocity 

Angular frequency of fluid 

Azimuthal fluid velocity 

Viscosity: one when T(z) = TR 

Typical fibre radius 

Typical downstream fluid velocity 

Typical angular frequency 0-100 

Draw length (hot zone length of furnace), typical value 0.03 

Typical viscosity 10 - 105 

Fluid density = 2200 (Suprasil F300) 

Acceleration induced by gravitation, 9.81 

Initial inner radius, 10-4 - 10-1 

Initial outer radius, 10-4 - 10-2 

Feed speed, 10-5 10-4 

Draw speed, 10-1 - 1 

Initial angular frequency = D. I c 

Final angular frequency, 0 
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experimentalists do not have problems reaching steady-state drawing conditions un

less they use large rotation rates, when the alignment of the fibre in the furnace is 

critical to avoid growing oscillations. Chapter 5 considers the transient equations in 

a stability analysis. For notational simplicity we set p = 1 (assume no z variation of 

viscosity) and vary !--La. We also define wa = W unless otherwise stated. 

We notice that the rotation equation (3.51) decouples from the momentum equation 

(3.48) when the rotation rate is small. To obtain an estimate of the amount of 

rotation necessary for the geometry to be affected we may consider the steady-state 

case for solid fibres, when inertia, surface tension, gravity and hole overpressure are 

neglected. The z-momentum equation (3.48) then becomes 

and so the rotation starts to affect fibre geometry when 

or 

il '" 2,J3PPOW 
f h Lp 

(3.67) 

Increasing the viscosity suggests that one would have to rotate the fibre more rapidly 

to effect a geometry change. This agrees with the form of the expression above. 

We assign a viscosity and other parameters that are realistic but that give rise to 

the earliest onset of geometry change, and use (3.67) to show that this occurs when 

~ ~ 2900rpm. This may be verified by solving (3.53)-(3.56) numerically. Whilst 

it is possible to rotate preforms at such a rate [63J, vibrations and instabilities are 

often encountered in practice. Additionally, these drawing parameters were chosen 

specifically to create geometry change at low rotation rates, and in typically much 

larger rotation rates (100,OOOrpm) will be possible with no effect on fibre geometry. 

Although the point at which microstructured fibre geometry is modified may be 

somewhat different, (3.67) provides a useful first approximation. Needless to say, we 
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do not expect the point which rotation affects geometry for holey fibres that contain 

a large number of holes, or whose air-filling fraction is large, to be characterized by 

(3.67). 

Even though the geometry of a solid fibre and thus to a first approximation holey 

fibre geometry, is not expected to be modified by the presence of practical rotation 

rates < 2900rpm, one must consider the fact that holes remaining circular in unspun 

holey fibres may now be distorted by the effects of the preform rotation. This is 

because one should expect (3.67) to be good in the limit of few holes. However, 

as the hole density increases and the air-glass mix behaves more as a homogenized 

medium, one should expect the effects of rotation to occur at lower rotation rates. 

Equation (3.67) may therefore be regarded as an upper limit on the point at which 

rotation affects the geometry of holey fibres. This reasoning follows from the fact 

that air has a much lower viscosity than glass. 

To obtain an estimate of the extent to which hole distortion will occur, as a function of 

distance from the preform centreline, we plot the leading-order mechanical pressure 

(3.27) obtained by solving (3.48), (3.50) and (3.51) for a solid fibre being spun at 500-

1000 rpm (the exact value depends on the value of Wd chosen), Re = 0.1 and I' = O. 

Figure 3.5 shows that, as one might expect, the non-dimensionalized mechanical 

pressure is lowest at the core of the fibre and increases with increasing r, where it 

takes a value necessary to allow the radial stress at the boundary of the preform to 

equal the atmospheric pressure. (Note: the reason that the values of pressure are 

negative is that this pressure is scaled to represent the pressure over atmospheric 

pressure.) 

The intuitive effect of rotation on the shape of off-centre holes is to transform them 

into ellipses. A possible way to counteract this effect is to construct a preform whose 

holes are elliptical, but whose major axis runs perpendicular to the radial vector. 

Figure 3.5 suggests that increasing the eccentricity of the holes at the centre of the 

preform and decreasing it for holes closer to the edge of the preform might be most 
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Figure 3.5: The non-dimensionalized mechanical pressure at z = 0 as a function of 

distance from the centre of the fibre. 

effective. This results from the way one might expect a deformable matrix of glass 

and air to respond to a pressure gradient similar to the one shown. Indeed, it has 

already been observed experimentally that this distortion occurs. Figure 3.6 shows a 

holey fibre whose corresponding holes in the preform were initially circular, drawn at 

2000C and rotated at an unknown rate. It is clear both that the holes are elliptical 

and that the eccentricity of the holes increases as one moves closer to the outer-wall 

of the fibre, in agreement with the above discussion. 

The above description is an over simplification of the interaction between surface 

tension, lattice distortion resulting from radial flow induced by gradients in stress 

and distortion in hole shape resulting from such stress gradients, and should be 

treated cautiously. A full holey fibre model is required to determine more precisely 

the behaviour of holes in rotating molten preforms. 

'\iVhilst it is not possible to make more exact predictions at this stage, some general 

guidance may be given regarding how to vary the ellipticity of the holes as a function 

of radial position, depending on the rotation rate, the diameter of the initial preform 
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Figure 3.6: The transverse cross- section of a holey fibre to show the effects of preform 

rotation on the shape of the holes. 

and also the fraction of air in a cross- section. 

Since the ability of an air- glass matrix to deform is expected to be directly related 

to the size of the air-fraction in a cross-section of the preform it is suggested that 

both the rate at which the eccentricity increases as a function of radial distance, 

and the eccentricity at anyone point, should depend on the initial air-fraction of 

the preform. For example, if one starts with a large air- fraction in the preform 

and requires circular holes in the final fibre, holes with a large eccentricity at any 

radius should be present in the initial preform and the rate at which this eccentricity 

increases with radius should also be large. 

The more rapidly one rotates the preform, the greater the effect of the rotation will be 

on the fibre geometry and thus the shape and distribution of holes within. Therefore, 

if the preform is rotated rapidly, holes with a large eccentricity will be required and 

should have an eccentricity that dramatically increases with radius. This is also the 

case for preforms with a large outer diameter, since diameter is a parameter that 

increases the sensitivity of fibre geometry to spinning. 
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3.7.1 The solid fibre limit 

Equations (3.48), (3.50) and (3.51) cannot be solved in closed form, though progress 

may be made by considering the case of the solid fibre limit, where hI = 0 and h2 = h. 

\Ve consider the steady-versions of these equations and neglect inertial force terms 

(no matter the size of Re), with no gravity, hole overpressure and surface tension. 

The motivation for considering this limit is that it will provide an insight into the 

physics of the problem whilst the equations remain relatively simple and are more 

likely to possess closed-form solutions. Once satisfied that the model behaves as one 

might expect this imposed simplification will be removed. 

Under these assumptions, the equations governing drawing (3.48), (3.50) and (3.51), 

become 

-2 ReS2 
-4-2 

3Jl(h Wz);; + -4-(h B )z 

(h 2w);; 

Rewh2 (h2E);; 

0, 

0, 

Jl(Ji4 13z);;. 

(3.68) 

(3.69) 

(3.70) 

Taking Re is 0(1) and S2 « 1 corresponds to the regime where rotation and vis

cosity are extremely small, and thus the draw temperature large. Alternatively it 

corresponds to a limit where both feed and draw speeds are extremely small. Un

fortunately neither of these two limits are practical, since realistic viscosities are not 

small enough to give Re = 1. However, under these conditions the equations may be 

solved in closed-form with boundary conditions h(O) = ho, w(O) = W!, w(l) Wd , 

13(0) = Eo and 13(1) EL to yield 

(3.71) 

and 

(3.72) 
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Here (3 In(Wd) and 
1I\1d 

and 

c = Re(Wf1h - WdBo) fl(3(BL - Eo) 

Re(TiVfHd - WdHf ) + fl(3(Hd - Hj)' 

D = BoHd - BLHf 
Re(liVfHd WdHf ) + fl(3(Hd Hf )' 

where C and D are the constants of integrations defined above and 

- (ReWf) H f = exp fl(3 , 

- (ReWd) Hd = exp fl(3 . 

vVhen S2 is 0(1) and Re « 1 (so that both the rotation and the viscosity are large), 

the equations may once again be solved directly to give 

(3.73) 

and 

(3.74) 

This is as required, as in both limits the downstream-momentum equation decouples 

from the angular-frequency equation, leaving the usual exponential solutions for h 

and w [14], and a separate equation for 13. 

A physical interpretation of this is that when the rotation is small (S is small) or 

the viscosity is large (Re is small), the momentum equation (3A8) decouples from 

the rotation equation (3.51). This occurs because when the rotation is small, viscous 

effects dominate geometry changes. Matters are then considerably simplified since 

(3.48)-(3.50) may be solved separately to (3.51), and the solutions substituted into 

(3.51), leaving an equation in 13 that can also be solved in closed-form. 

Some interesting conclusions can be drawn from these cases. It may easily be shown 

that (3.72) predicts, somewhat surprisingly, that the rotation rate may not always 
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be monotonic, for 13 attains a maximum at 

_ 1 [ill3 ( --D ;J P ')\ '/ 
Z :--=: 7J log VVfR~ log --a-. j 

For example, with il = 1, He = 1, T¥j = 1/100, Wd = 1) Eo == I, and 13£ = 0 the 

maximum in the rotation rate occurs at z ~ 0.489. 

In contrast, the rotation rate given by (3.74), (where the effects of preform rotation 

dominate those due to viscosity) is evidently monotonic. For most practical fibre 

draws the ratio f3 is large. Under these circumstances (:3.74) shows that 13 r-.; 130 for 

most of the draw, changing to assume the value 13£ at :2 = 1 only in a boundary 

layer near to the end of the draw (see §3.7.1.3 for details). 

Integrating and combining equations (3.68)-(3.70) allows an expression for 13 as a 

function of w to be found, which might have allowed a contour plot for 13 and w 
identifying any singular points. However, numerical simulations demonstrate that 

the sign of Wz is non-unique, and this prevents the contour plot. Similarly, when 

equations (3.68)-(3.70) are used to determine an expression for 13 in terms of h, 

we find that the constants therein are non-unique in sign, once again preventing a 

particularly useful contour plot from being constructed. 

3.7.1.1 The twist periodicity 

Since fibre birefringence is often an undesirable feature in both holey fibres and solid 

glass optical fibres, it would be useful to have an estimate of how rapidly one must 

rotate the preform as it enters the furnace to remove or reduce this effect. The length 

scale of the pitch required in the final fibre will depend on the wavelength window 

of light of interest to end-user of the fibre and the consequent beat length of the 

interference between the two components of light as they travel along the length of 

the fibre. We set about obtaining such an estimate below. 

In the physically realistic case where 52 is 0(1) and Re « 1 (rotation rate of 
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approximately lOOOrpm and typical preform geometry, etc.) we ask how to determine 

the distance between two successive 21f rotations in the fibre, evaluated at z = L, 

hereafter called the twist periodicity. It might be expected that the twist periodicity 

depends on the functional form of the solutions to the governing equations, and 

therefore be non-trivial. 

To establish whether or not this is the case we define the angle 0 to be the number 

of radians that a fluid element has rotated through as it traverses the z-axis (moved 

from the furnace inlet to its outlet). If we know the rate at which 0 changes with 

time then from this we may directly calculate the twist periodicity as 

21fw(z) 
d(z) = ae(z,t') , 

---at! 
(3.75) 

where the prime denotes the fact that, considering only steady-state cases, the time 

variable signifies the transit time for a fluid element to traverse the length of the 

furnace. 

To derive an equation for O(z, t') we follow a fluid element along the furnace as the 

fibre is drawn to obtain 

Ot' + w(z)Oz = B(z), (3.76) 

whose initial condition that results from the definition of () is prescribed to be 

0(0, t') = B(O)t'. 

This has the general solution 

O(z, t') = B(O)t' + l z 
[B(z) - B(O)] dz, 

o W 

where w is the usual downstream fluid velocity. 

Substituting this into (3.75) yields 

d( ) = 21fw(z) 
Z B(O) , (3.77) 

so that when z = Land w = TiVd the final twist periodicity d is given by 

d= ~~d. (3.78) 
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Thus the twist periodicity depends on z, increasing in value as the increasing down

stream fluid velocity has the effect of increasing the distance between two successive 

twists. As the fibre leaves the furnace and solidifies, the twist periodicity becomes 

fixed and its value given by equation (3.78). 

VIe note that the twist periodicity is independent of the functional form of the fibre 

radius, its downstream fluid velocity and the angular frequency of the preform. The 

details of the draw appear only through the draw speed, W d , and the initial rotation 

rate, B(O). This seems reasonable as the twist periodicity should be determined only 

by the draw speed and the rotation rate at Z = 0 (assuming zero rotation at z = L). 

Assuming a steady-state means that the same number of 27r rotations that pass 

any point along z per unit of time must be a constant equal to the rotation rate at 

the beginning of the draw length. The twist periodicity should then be determined 

simply by how rapidly the fibre is being 'stretched out'. At the end of the draw 

length this speed is the draw speed, thus explaining the form that the expression 

(3.78) takes. The only things that could prevent d taking this form would be if 

either or both of Band w were functions of time as well as space. Figure 3.7 shows 

how d varies with applied rotation rate and with draw speed, where the calculations 

were made by considering a solid fibre, though a capillary tube could have been used 

to produce an identical plot. 

The expression (3.78) for d is therefore an accurate prediction of the twist periodicity 

for solid fibres. Since it was in no way necessary to assume that the fibres were solid 

in the above derivation, (3.78) is true for all fibres, solid or not. One may also use 

this relation to decide how rapidly the preform must be rotated in order to achieve 

the necessary twist periodicity in a solid fibre, a capillary tube or more generally in 

a holey fibre. 

When the holes in a holey fibre (both preform and final fibre) sparsely populate the 

fibre cross-section, we may safely assume that the rotation rate at which rotation 

starts to affect the geometry of solid fibres is approximately the same as that for 
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5 

Figure 3.7: The variation in twist periodicity with rotation rate, shown here for two 

realistic draw speeds in the case of a solid fibre. The upper line corresponds to a 

draw speed of 48m/min ((3 = 8.07), and the bottom line to a draw speed of 24m/min 

((3 = 7.38). In both cases the feed speed is 15mm/min. 

holey fibres. Generally, holey fibres are pulled with a draw speed that varies between 

3 and 30m/min, depending on the desired geometry of the fibre given the initial 

structure of the preform and mechanical properties of the glass. Furthermore, the 

twist periodicity that one may wish to achieve in a holey fibre, whose order depends 

on the wavelength of light, will vary between approximately 1 and 20mm. 

It is tempting to consider a worst-case scenario, where the glass viscosity is extremely 

low, the draw speed at its maximum and the spin pitch the minimum required, in 

order to ask how rapidly one might need to rotate fibres to obtain the desired spin 

pitch, and then ask if the rotation will affect the geometry. However, in practice the 

rate of spinning is usually limited to about 3000rpm, above which value instabilities 

arise and the glass preform starts to oscillate violently in the furnace. Even though 

large draw speeds are often required to produce a fibre of the correct geometry, 

the limitations in rotation rate require that desirable fibres are produced by using 

a preform with reduced dimensions to allow the draw to be performed at a lower 
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draw speed. The net effect of this is that it is possible to obtain relatively small 

spin-pitches at low rotation rates whilst still achieving the fibre geometry required 

by the experimenter. 

In consequence of this it can be shown that for a moderate draw speed of 6m/min, 

the rotation rate needed to produce a spin pitch of between O.lmm and 3m is between 

60000 and 2rpm respectively, as determined by (3.78). Such a small spin-pitch is 

required when beat lengths are similarly small, which occurs when wavelength-scale 

features and a high refractive-index contrast are present in a fibre. Selecting a 

typical glass viscosity of 20,OOOPa.s, a draw length of 3cm and a preform diameter 

of 2cm, (3.67) predicts that resulting fibre will not be significantly modified by such 

rotation rates as these. Spin pitches of between O.lmm and 3m were considered as 

they represent the typical range of birefringent beat-lengths in holey fibres (see [48], 

[53] and [64]), and the twist introduced into a fibre must be on a scale equal to or 

less than that of the beat length in order to remove the fibre birefringence. Since 

it is theoretically possible to reduce birefringence without affecting the final fibre 

geometry, and PMD reduction occurs as soon as birefringence is reduced from its 

value in an unspun fibre, spinning preforms at low rotation rates can reduce PMD 

without affecting the fibre geometry [58]. 

\iVhilst these calculations were made by assuming a solid fibre with no holes, they 

serve as a good first-approximation to what will happen in the event that holey fibres 

are spun so long as the density of holes is small, as discussed. A more careful study 

of the effect of rotation on different holey fibres structures is given in Chapter 4. 

3.7.1.2 A solid fibre with small surface tension 

Further progress may be made in solving equations (3.48), (3.50) and (3.51) analyt

ically by examining what happens when, in addition to E, l' is a small parameter. 

\7ile now perform a regular perturbation in l' for equations (3.68)-(3.70) with surface 
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tension included. The initial equations become 

Setting 

h = ho + ry hOl + ..... , 

W = Wo + ryWl + ..... , 

13 = Eo + ryEl + ..... , 

(3.79) 

(3.80) 

(3.81) 

and taking the limit where S ::; 0(1) and Re « 1 (a large rotation rate and large 

viscosity, respectively), we solve for hal, WI and 131 . 

It transpires that hal, WI and 131 are the functions defined below. These allow us to 

determine whether surface tension acts with or against the rotation through the sign 

of hal. 

Setting S ::; 0(1) we have that, when ho, Wo and Eo are given by (3.73) and (3.74), 

the perturbations are given by 

_ e-¥ (3FPj3Ttvj - e-¥ + 3GPj3Wj z) 
hal = 3pj3W

j 
, (3.82) 

_ e(32
z 

(3JPj3hoe(32
z 

- 6Gpj3'Wj ze(32
z + 2) 

W - ---'-------=-------'-
1 - 3pj3ho 

(3.83) 

and 

(3.84) 
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where F) G, J, K and M are constants defined by 

and 

e 
1- e"2 

G= - (3) 

3,upWje"2 

2 
J = ----=-, 

3,upho 

K = 4(130 -Eh) ((6P - .3)e2f3 + 8p(e¥- + ef3 + e~) + 3) 
/9,upWf hoe"2 e2 + e' + e2 + e2 

- e2 - e .- e"2 - 1 - - (3 (7(3 313 5(3 13 3{3 13 [3 ) 

M 
3(3 13 (3 ) • e "2 - e - e"2 - 1 

\\Thilst this is not a physically realistic situation as by definition ry is 0(1), we con

ducted this analysis in the hope that completing a regular perturbation in ry would 

result in leading-order equations that may be solved in closed-form. These solutions 

offer an understanding of the effects of surface tension on a solid fibre, even if the 

exact results cannot be extrapolated from these solutions. 

Figure 3.8 plots the solution for h with and without surface tension added (ry « 1), 

and demonstrates that the presence of surface tension acts to push the fibre out 

along the majority of the draw length except at the very ends of the draw length, 

where the boundary must remain at a fixed radius to conserve mass. At first this 

expansion seems counter intuitive, but can be understood through a consideration 

of the constant velocity boundary conditions, rather than constant force, and their 

consequent effects on the fibre radius. 

When hI =I- 0, as occurs for capillary tubes where closed-form solutions are not 

available, it may be shown numerically that the surface tension always acts against 

the rotation to reduce the surface area of the fibre; i.e. hOI and h02 are always 

negative. Given the results for the solid fibre however, this result was not obvious. 
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Figure 3.8: The effect of a small surface tension on the radius of a solid fibre, calcu

lated theoretically. The dashed curve shows the fibre radius without surface tension, 

and the upper curve represents the fibre radius with surface tension added. Both h 

and z are non-dimensional quantities. 

3.7.1.3 The rotation boundary layer 

As the draw speed is increased for a constant feed speed, a solid fibre thins rapidly. 

Since the results for hand w (3.71) display an exponential dependence on the distance 

along the furnace, further down the furnace fibre thins more rapidly. As the ratio 

of the draw speed to the feed speed increases, j3 = In (:j ), which appears in the 

exponent in the solutions for hand w, will increase. This demonstrates that the 

preform thins rapidly, causing the rotation to remain at its initial value until further 

along the draw length, and thereafter to decrease rapidly (towards z = 1). It is 

evident that the greater ratio of draw speed to feed speed, the more rapidly the 

preform thins, and thus through mass conservation the downstream fluid velocity 

increases. 

Vife may therefore expect to observe the appearance of a sudden change in the angular 

frequency, close to z 1, as the downstream velocity becomes large compared to 
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Figure 3.9: The angular frequency profile for (3 = 1. 

the feed speed. This corresponds to having (3 large as is always the case in practice. 

This results in a boundary layer and is investigated below using standard boundary 

layer theory and techniques. 

Numerical simulations of the final dimensional equations confirm that a boundary 

layer exists in the angular frequency B. An analysis of the non-dimensional equa

tions at this stage does not make clear the small parameter that we expect to be 

multiplying a highest derivative term, although from the above discussion it is clear 

that we expect (3 to be in some way closely related to the small parameter present. 

In order to determine the origin of this boundary layer, we recall that in all practical 

regimes Re is extremely small. Considering the case of Re -7 0 and S = 0(1) as 

in the previous section, we found that we could solve the equations in closed-form. 

The solution for B, if plotted, shows that the origin of the observed boundary layer 

comes from (3 being large: see Figures 3.9-3.11. Setting Re -7 0 we solve for Ii and 

ill separately and substitute the solutions into the rotation equation. 

Ignoring non-steady solutions, fibre inertia, surface tension and gravity the relevant 
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Figure 3.10: The angular frequency profile for (3 = 10. 
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Figure 3.11: The angular frequency profile for (3 = 100. 
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equations are 

and 

3p(h2Wzh 

(h2wh 

with P = 1 as the temperature is assumed to be constant in z. 

(3.85) 

(3.86) 

(3.87) 

From (3.71) in §3.7.1 we know that h = hoe-
B2z with fLo = 1, andw = WjefJz with 

Hlj = 1. 

Substituting this result into (3.87) yields 

Differentiating and rearranging gives 

with ¢ = 1/(3. 

We therefore have a small parameter ¢ multiplying the second derivative, giving rise 

to a boundary layer. Completing the boundary layer analysis in the usual way we 

obtain a solution for z that must behave in the same way as (3.74), which also shows 

how the boundary layer behaviour ceases when (3 is not large. 

The outer problem 

The outer problem is found by neglecting terms O(¢) or higher giving 

so that 13 = Eo, a constant in the outer region. Eo is chosen because the boundary 

layer is at the end of the draw length, away from z = 0 where 13 = Eo. This outer 
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region may be seen in Figure 3.11, where Eo is constant for large /3, for the majority 

of the draw length. 

The inner problem 

The inner problem is found by rescaling the z variable in order to magnify the region 

of interest: that near to z 1. To do this we set 

1 - z = c5'ljJ, 

with 
dId 

---
dz c5 d'ljJ' 

Upon substitution, 

2B- ¢Bzz 
'Ij!+-c5-. 

Employing a scaling of c5 = O(¢) and solving with the boundary conditions 13(0) = 0 

and E( CX)) = Eo gives 

Combining this with the outer solution to obtain a solution valid for all z we have 

that 

(3.88) 

As stated previously, equation (3.88) should be of the same form as the exact solution 

obtained in §3.7.1 in the limit that Re -+ 0 and S = 0(1) for 13, whose exact form 

was 13 = e2Ll ((EL - Eo)e2f3z EL + Eoe2(3 ). In the limit of large /3, and setting the 

rotation at z = 1, EL = 0, (3.88) becomes ~ 130 (1 - e2f3Cz-l)), in exact agreement 

with the above analysis. This result was effectively used to obtain (3.78), where we 

assumed a large draw-ratio. 
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Standard boundary layer theory analyses may also be undertaken for more general 

forms of the governing equations than (3.85)-(3.87), but these invariably suggest 

that, for realistic fibre drawing configurations, the rotation boundary layer is ubiq-

uitous. 

3.7.2 Thick-walled capillaries (small hole) 

\iVhen the inner radius is 0(5) with 5 « 1, surface tension is expected to close the 

hole unless the preform rotation rate is large (for exam pIe). hI = 0 (5) corresponds to 

a thick-walled tube, since the outer radius is defined to be 0(1). This is a situation 

to consider, as it is observed that surface tension often acts to close the hole when 

it is small. Since this is undesirable and we normally desire for holes to remain, 

possible ways to counteract hole-closure are examined. 

With hI = 0(5) and h2 = 0(1) and whilst in the steady-state with no hole over

pressure, gravity or inertia, to leading order equations (3.48)-(3.51) are 

- - 2 - - - ReS2 - 4 - 2 
3{l(h2W :z)z + ,h2 + -4-(h2B )z 0, (3.89) 

hI 0, (3.90) 

(h~w):z 0, (3.91) 

-2 -2 -
Rewh2(h2B)z fl(h~B:z)z. (3.92) 

As one might expect, when hoI is small but all other parameters are of order one, the 

equations reduce to those of the solid rod case, as in §(3.7.1). Physically this means 

that the hole in the capillary tube closes through the effects induced by the presence 

of surface tension. 

The above analysis assumed that 1 is 0(1), but because of the scaling of surface 

tension and the drawing conditions, it is more usually much smaller than one. The 

above analysis will hold until 1 « 5, because then the term (hIwo)z from the left 
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hand side of (3.49) will become appreciable in size, whereas otherwise it makes a 

negligible contribution. 

Taking a slightly different approach we consider the case where Ji l = 0(5), where 

5 « 1, taking h2 = 0(1), 8 = 0(1), Re = 0(02), 1 = 0(1) and w = O(l) 

(corresponding to a large draw-ratio). The steady--state leading-order equations 

(3.48) and (3.50) in the absence of inertia and gravity give 

and 
- -

2whu + hIwz = -1, 

so that 

(3.93) 

(3.94) 

(3.95) 

(3.96) 

The hole size thus decreases monotonically in .Z (provided hI remains positive), with 

(3.97) 

so that the hole survives whenever 

(3.98) 

Suppose we now attempt to retain the hole structure by pressurizing the hole. Exam

ining the equations reveals that a pressure 0(1/5) is required to affect the equation 

for hI, which then becomes 

- - -
2whu + hI Wz = -1 + POh l . (3.99) 

Since h2 and ware still given by (3.93)-(3.94), (3.99) may be solved to yield 

- (PZ k -8Z) [- -k/2 1 r . (P( k -f3C;) d ._] ( 00) hI = exp -2 - 2e . hlOe -- 2Wj Jo exp ---2 + 2e (, 3.1 . 
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where k Po/CaWf)· Now consider the specific case where Wf = wf, Wd -

Wd/5 , hlO = H105, Po = P/5, and V = wd/wf. Then 13 = 10g(V/5) and k 

P/(wf 5log(V/5)). We now find that 

1(2) = 12 exp (_ !3( + ~e-(3() d( = ~ jl (,-1/2ekU2 d(" 
o 2 2 13 e-f3z 

(3.101 ) 

and thus 

J(2) = ~j; [erf ( A) -erf (V ke;~') 1 ' (3.102) 

h {k 0 d / kcf3z 0 were V -"2 > an V - -2 - > . 

For x » 1 we have 

_x
2 

( 1 erf(x) rv 1 + _e _ __ 
Vii x 

1 3 

and we also note that k » 1 and ke-(3Z » 1 for all 2 E [0,1 J except exponentially 

close to 2 = 1. Thus so long as 2 is not near to 1, we have 

1(2) rv ~ [ek/2 
13k 

exp - + -e- Z + - ek 2 - exp _ + _e-(3z ( /32 k (3-)] 2 ["I (3/32 k -)] 
2 2 /3k2 2 2 

..... , 

the one-term approximation yielding good agreement with the exact value for most 

large values of /3. Using this, we find that hI may be approximated by 

Let us now examine how hI depends on the pressurization somewhere away from the 

two ends of the draw. Since /3 10g(V/5)>> 1 and k = O((5log5)-I), when 2 is 

close neither to 0 nor 1 we have that 

(3.103) 

which is 0(5) given the scalings for 13 and k, as required. 

Since k » 1, we see that hI is exponentially sensitive to the amount of pressurization 

used, so that unless the pressure in the hole is controlled with unerring accuracy, the 

capillary will "explode" else the hole ",rill close. 
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Our observations of the dependence of hole diameter on internal-hole pressure sug

gest that pressure may not be a robust control mechanism to prevent hole closure; but 

what of rotation? When overpressure is absent but the capillary is rotated, we study 

the small hole/large draw-ratio case where hI = 0(5) where 5 « 1, Re = 0(52
), 

S = 0(1), ;Y = 0(1), h2 0(1) and w = 0(1/5). The rotation appears to leading 

order in the equation for hI when 13 = 0(53/ 2 ), in which case the governing equations 

(3.48)-(3.51), for constant viscosity, are 

[3h2W- + ~Res2h4B21 
2 Z 4 2_ 

Z 

(h~w)z 

(h~Bz)z 

~1 [ReS2 B2hlh~ - 2;y] 

0, 

0, 

0, 

(3.104) 

(3.105) 

(3.106) 

(3.107) 

Further analysis is rendered awkward by the fact that these equations do not possess 

a closed-form solution, but bearing in mind the ubiquity of the boundary-layer 

behaviour of 13 previously established, we may simplify the problem by assuming 

that the angular frequency is constant and equal, say, to 130 . We now find that 

(3.48) and (3.50) give 

where Q2 = ReS2B5I 12, the constants A and K satisfy 

A 

K 

2Q2 h~o (1 + C) 
Wf 

~¥f(1 + C)-1/2, 

and the constant C is determined by solving 

( ~d)2 -1 = ~ [exp (2Q2
h20 (1 + C)) -1] , 

tVf 1 + C Wf 

(3.108) 

(3.109) 

(3.110) 

(3.111) 

(3.112) 

which may easily be shGwn to have a unique positive solution for C. The governing 

equation for hI is now 
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and thus 

(3.113) 

As before, we now set T¥d = Wd/5, Wf = wiJ hlO = H105, Re = R52 and 13 = 130 /53
/

2
. 

\V"e now find that C satisfies 

V
2 

_ 1 = ~ (eA (1+C)/60 ) 
52 1 C 1 , (3.114) 

where V = wd/wf and A = RS2 f35h~0/wf = 0(1). For 5 « 1, (3.114) may be solved 

asymptotically to yield 

C rv V
2 
e-A / 60 (3.115) 52 ' 

K rv wf, (3.116) 

A 
A 

(3.117) rv 

65' 

For A = 0(1) it is now easy to show that 

(3.118) 

and thus in this limit 

The exponential dependence of (3.119) on the rotation rate suggests that, as con

cluded above for pressurization, active control of hole size via rotation is likely to be 

extremely difficult from a practical point of view. Note, however, that the analysis 

that led to (3.119) assumed that 5 was small enough so that C «1. Bar many 

practical fibre draws, the small parameter 5 may be identified with the quantity 1//3, 

which, since /3 = log (Wd/Wf ), is likely to be small but not minute. For example, in 

many cases 5 rv 0.1. In these cases the quantity C (V2 /52)e-A / 60 in fact proves to 

be large. \V"hat really happens in such cases? Suppose we acknowledge the fact that 
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C is not small by setting r A/65 in the exponential and assuming that r = 0(1). 

We now find that 

C rv -~ log (£) -1- __ 1_ + 0 ((lorr5)-2) (3.120) r V 210g6" b , 

A rv -210g (~) - 21~g6" + 0 ((log 6")-2) , (3.121) 

K ~ Wfvr; c- ~OgJ 2( _1~:g~)3/2 + 0 (( -lOgJ)-5/')), (3.122) 

and thence, to leading order, 

h rv e-
Az

/
4 [h C 7/ 4 - ry r C 5/ 4e-A (j4 d;-] 

1 C7/4 10 2K Jo ':, . (3.123) 

From this we conclude that, in this limit, 

hI rv ezlog5/2 [H105 - ry (ezlog5/2 - 1)] , 
Wi log 6" 

(3.124) 

an expression that is independent of the rotation rate Eo) which appears only if one 

proceeds to the next order. This situation is in marked contrast to the previous 

exponential dependence and suggests that in practice rotation will prove to be a 

useful control mechanism and may be used to produce capillaries with extremely 

small holes. 

The various asymptotic limits considered above give good agreement with numerical 

simulations of the full equations (3.48)-(3.51) (not presented here), and make useful 

predictions regarding the use of preform rotation to prevent hole collapse under 

the action of surface tension. They also predict the final twist-periodicity of a given 

drawing scenario. Together, these predictions allow an experimenter to predetermine 

the spin rate according to the required pitch, and hence quantify the effect that the 

prescribed rotation rate will have on the final fibre geometry. 

The effects of hole overpressure have been investigated and it has been shown that 

although this may be a useful control parameter, it is unlikely by itself to allow the 

overall control of hole closure (that is its prevention): for further details see [14]. 

Rotation, however, does provide a useful experimental control so long as the draw 

ratio is not too large. For more discussion of the rotation of holey fibres see [65]. 
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We now ask how we might prevent hole closure whilst still in this same limiting 

situation of a small inner radius. 

3.7.2.1 Thick-walled capillaries with large rotation 

Holey fibres are made by drawing a preform from a hot furnace. The aperture of the 

furnace though, is of limited size, and so in order to obtain a large hole density in 

the final fibre, as is sometimes desirable, the components of the holey fibre preform, 

capillary tubes, must be of the smallest possible diameter. Obviously, surface tension 

effects then become dominant and problems occur with surface tension induced hole 

collapse. 

Numerical simulations show that in general it is possible for a fibre whose hole is 

starting to close under the action of surface tension to be rotated rapidly enough 

to prevent the closure. However, if the initial inner radius is decreased further and 

the simulation performed again, it is not possible to prevent hole collapse whilst 

remaining within the practical limits on rotation rates. 

One must also remember that it is not possible to generalize to the case of holey fibres 

from capillary tubes. For example, if we establish that it is possible to keep capillary 

tubes open despite the best efforts of surface tension, it may not be possible to simply 

scale up the problem and claim that the same is true of holey fibres, because such 

fibres are a collection of capillary tubes. For example, a holey fibre that is mostly 

comprised of air would behave more like a large capillary tube when holes are closely 

spaced. Furthermore and also in the opposite extreme of small widely-spaced holes 

when it is likely that they do not feel the presence of the other holes, the holes are 

not being spun around their geometric centres, further complicating matters. 

An inspection of (3.48)-(3.51) reveals that unless the rotation rate is large, the surface 

tension will act to close the hole when the initial radius is small (0 (E)). To obtain 

an estimate for the point at which rotation is able to prevent this closure, we need 
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to achieve a balance between 21"/'2, which is naively of order one, and ReS2 B2h)1~, 

Because of the way in which 1 was non-dimensionalized though, 1 may be O(E) 

or smaller, and the necessary balance must take account of the exact size of this 

term. As in the case of thick-walled capillaries, (hiwoh from the left hand side of 

(3.49) makes a negligible contribution to the solution, and so may be ignored until E 

becomes at least smaller than any value we would encounter in practice (not below 

In order to make the rotation "large" we increase the size of S, since this is ex: D, 

which in turn scales B. An order of magnitude estimate of the size of the angular 

frequency needed to prevent hole collapse is, setting 1 = 0 ( E), therefore 

R=D~ Wd (2. 
E LE V Re (3.125) 

We now briefly show that (3.125) produces numerically realistic results for practically 

reproducible drawing scenarios. 

In Table 3.2, P R denotes the predicted rotation rate necessary to prevent hole col

lapse under the action of surface tension and AR denotes the rate actually necessary 

in numerical simulations that include the effects of gravity and inertia. The results 

demonstrate a remarkable agreement with the predictions made, and suggests that 

this relation is satisfactory as an order of magnitude approximation of the amount 

of rotation needed to keep any given hole open. 

Furthermore, when E: is not of the same size of 1 then it becomes apparent that 

the above balance is no longer true. The above balance holds because in the cases 

considered 1 was always roughly the same size as E. When this is not the case we 

need to balance the surface tension term with the rotation term. In the absence of 

surface tension we know that the hole cannot close, since there is no force in the 

inward radial direction of a fibre transverse cross-section that allows this to happen. 

It is therefore this term that the rotation must compete with and balance. 
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Table 3.2: Table to show comparison between predictions of asymptotics and numer

ical solutions to equations (3.48)-(3.51). 

Quantity (S.I Units) Case One Case Two Case Three 

hlO 1.00 X 10-10 5.00 X 10-8 2.0 X 10-6 

h20 1.73 X 10-5 3.87 X 10-5 2.45 X 10-4 

Wd 8.33 X 10-2 8.33 X 10- 2 8.33 X 10-2 

Wd 2.50 X 10-2 2.50 X 10-2 2.50 X 10-2 

T 1400 1700 2000 

/-Lo 6.91 X 108 2.48 X 106 3.93 X 104 

Re 7.97 x 10-9 2.22 X 10-6 1.40 X 10-4 

S 2.23 X 104 6.26 X 102 9.91 X 101 

E 5.77 X 10-5 1.29 X 10-3 8.16 X 10-3 

PR 7.0 x 108 2.04 X 106 4.07 X 104 

AR 1 x 109 1 X 106 6 X 104 

% Error 43 51 32 

77 



In wholly realistic drawing scenarios we often have a smaller viscosity than considered 

in the above calculation, and certainly have a larger draw--ratio. \Ve already know 

that in these circumstances a boundary layer starts to form (through the math

ematical action of large f3 on derivative terms), but this does not mean that the 

requirement of surface tension effects balancing those of rotation to prevent hole clo

sure no longer holds. Conducting a similar analysis reveals that for arbitrary case, 

the rotational frequency needed to prevent hole collapse is 

R= D ~ WdV 21 
E LE ERe' 

(3.126) 

which reduces to the previous expression (3.125) when 1 = O(E) as required. 

To confirm the status of (3.126) we once again consider some practical examples, 

shown in Table 3.3. 

The numerical simulations once again show good agreement with the predictions 

made, confirming that this is a reasonable approximation for all realistic drawing 

scenarios that one may wish to consider. 

3.7.2.2 Thick-walled capillaries with small surface tension 

As previously mentioned, it is the action of surface tension on the hole that causes 

it to close, given that the hole is small and that the surface tension force is ex ~. It 

therefore seems reasonable to assume that one other way of stopping the inner radius 

from shrinking to zero under the action of surface tension is to rescale the surface 

tension as we have the inner radius (achieved in practice by choosing an appropriate 

viscosity) . 

\Ve therefore set 1 = 0 (E). If we scaled the surface tension with anything smaller 

than O(E), then to leading order it would not appear in the equations and thus have 

no effect. To leading-order equations (3.48)-(3.51) become 

( -2 ReS2(h-4B-2)_ 
3h2wzh = 4 2 z, (3.127) 
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Table 3.3: Table to show comparison between predictions of asymptotics and numer

ical solutions to equations (3.48)-(3.51). 

Quantity (S.l. Units) Case One Case Two 

hlO 4.00 X 10-6 6.00 X 10-5 

h20 3.46 X 10-4 1.34 X 10-3 

Wd 8.33 X 10-2 8.33 X 10-1 

Wd 2.50 X 10-4 2.50 X 10-4 

T 1750 1950 

/-10 1.14 x 106 7.26 X 104 

Re 4.80 x 10-6 7.59 X 10-4 

S 9.95 X 101 2.57 

f 1.15 x 10-1 4.47 X 10-2 

1 2.74 X 10-4 1.11 X 10-4 

PR 2.9 x 104 1.59 X 103 

AR 2.3 x 104 7.9 X 102 

% Error 21 50 
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(hiwh 
-2 -

POhI - ;yh1 
ReS2fi2h2 -2 

8 I 2B , (3.128) 

(h~wh 0, (3.129) 

-2 -2 -Rewh2 (h2Bh (h~13z)z. (3.130) 

Equations (3.127)-(3.130) resemble those for the solid fibre, but without the pres

ence of surface tension. The mass conservation equation for hI is now a non-trivial 

differential equation involving other variables. Since hI is not coupled to any other 

equation, we should be able to solve (3.127), (3.129) and (3.130) for the three vari

ables h2' wand 13, and then substitute their solutions into (3.128) in order to solve 

for hI. However, §3.7.1 reminds us that only under certain conditions, namely when 

the momentum equation decouples from the rotation equation, may we solve (3.127), 

(3.129) and (3.130) in closed-form. Making use of these limits and substituting the 

consequent solutions into (3.129) leaves us with an equation that must once again 

be solved numerically unless Po = 0, which gives (3.73) and (3.74) together with 

hI = (hlO + ~p (e(-gZ) - 1) ) e(-gz). 

3.7.3 Thin-walled capillaries 

\Ve now examine the drawing of thin-walled capillary tubes. Here we set h2 

hI + fh22' with hI, 13 and w all 0(1). Neglecting inertial force, surface tension, 

hole overpressure, gravity, transient solutions and taking Re « I, to leading order 

equations (3.48)-(3.51) are (writing Wo = w) 

whose solution is 

(hiwh 

(hlh22Wh 
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0, 

0, 

0, 

0, 

(3.131) 

(3.132) 

(3.133) 

(3.134) 



- - 23 
BL+Boe·). 

Physically this result may be interpreted as follows. There is no reason that the 

solutions to this problem should differ from those to the case where h2 is independent 

of hI (when h2 is not a perturbation around hI)' The reason for this is that when 

hole overpressure, surface tension, inertial force, etc. are ignored, the fibre geometry 

is preserved throughout the draw length (simple exponential solutions for hI) h2 and 

w given by (3.71)). It has been shown that under similar conditions the geometry 

ratio R~ remains constant along the draw length [14]. The same reasoning applies to 

the solution for 13, where the results are identical to those shown in (3.73)-(3.74). 

3.7.3.1 Thin-walled capillaries with surface tension 

Setting surface tension to be 0 (1), an analysis similar to the one above may be 

conducted to show that the inner radius collapses along the majority of the draw 

length, and that the outer radius and downstream fluid velocity become constant 

along the majority of the draw length. The boundary conditions that we must 

impose imply that boundary layers are present in all of the three variables w, 13 

and h2 . We note at this stage that the presence of a boundary layer in w may have 

implications for fibre manufacture. In particular, rapid changes in ware expected to 

increase the possibility of fibre breakage. 

To examine this further, we consider what happens if we do not impose the usual 

boundary conditions for w at z = 0 and z = 1. Instead we shall allow h2 -+ hI 

and note that (3.48) gives hu = O. This forces h = ho for all z. We now need to 

consider the boundary conditions for w in order to be able to determine the form of 

the solution. Our choice is to either impose the usual conditions to impose something 

different. Imposing the usual conditions the above situation is achieved once more 
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Figure 3.12: Half-cylinder to calculate the overpressure inside a stationary capillary 

tube necessary to counteract the effect of surface tension. 

with boundary layers present as described above. If we do not impose different 

velocity boundary conditions at z = 0 and z = I, then for a steady-state solution 

to exist we note that for h t- 0, using hole overpressure to prevent hole closure and 

assuming nothing about the form of ill other than that its derivatives are 0(1), to 

leading-order (3.49) and (3.50) become 

(3.135) 

assuming no preform rotation. Thus the balance between hole overpressure and 

surface tension must be achieved by setting 

_ 21 
Po= ~. 

h 
(3.136) 

Equation (3.136) may be interpreted as follows. In the case where the fluid is not 

moving at all, the pressure must balance the surface tension according to (3.136). 

This is easily confirmed by considering the half-cylinder in Figure 3.12 of length D 

and radius h, whose wall is a made from a thin glass film. It is supported by the 

overpressure Po acting over an area 2hD that must balance the total surface tension 

force of 41 D acting on both the inner- and outer-surface giving once again that 

_ 21 
Po = h' 

in agreement with (3.136). 

It is interesting to note at this point that, in the event that we do not require h2 ----+ hI 

but assume that ill = 0, (3.48) gives 

(3.137) 
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and (3.49) and (3.50) both give 

(3.138) 

which is the Laplace-Young equation, reducing to (3.136) when hI = h2 as required. 

Furthermore, since (3.137) and (3.138) constitute one first-order equation in either 

of the two variables, they may be solved to give 

or 

POh20 -1' 
h20 . 

(3.139) 

(3.140) 

(3.141) 

(3.142) 

In practice for fibre drawing we must impose different values for Wf and VVd , in which 

case pressurizing the hole to prevent hole closure will give rise to boundary-layers in 

hand w. 

3.7.4 An esthnate of the maximum hole overpressure that 

may be applied 

In order to obtain an estimate for the amount of hole overpressure that may be ap

plied before the preform "explodes", it is necessary to simplify the equations (3.48)

(3.51) somewhat. \Ve make gross simplifications to the variables in the equations so 

that we may determine a simple relationship between the balance of surface tension, 

rotation and hole overpressure. 

The most natural choice seems to be to set h2 ahl and hI, ill, and 13 to constant 

values for all z. We also set a> 1. Using equations (3.48)-(3.51) we see that (3.48) 

and (3.51) are automatically satisfied, vlhereas (3.49) and (3.50) both give, with 
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and 

which, upon rearrangement gives 

132 = 2 1(1 a) - pJw 
ReS2h3a(a2 - 1) 

Thus for 13 to be real we must have that 

(3.143) 

(3.144) 

which gives us an order of magnitude check for the maximum overpressure that may 

be applied to the inner hole. 

One should expect the pressure predicted by (3.144) to be much smaller than the 

values of hole overpressure used in realistic experimental draws (which may be as 

large as a few PSI), because in these experiments the pressure is not only counter

acting the force of surface tension, but also and more notably viscous forces. Here, 

since we have set the fibre radius and therefore downstream velocity, to be constant, 

we must expect that the only force able to balance with the pressure, in the absence 

of viscous forces introduced when a geometry change along the length is present, is 

the surface tension; or else no steady-state solution would exist and either the fibre 

would collapse or 'explode'. 

Redimensionalizing (3.144) and inserting typical parameter values of h = 1mm, a 2 

and, = 0.3N/m, we find that 

or 

,(I + a) 
Po:::; ah ' 

Po :::; 450Pa ;:::::; c PSI, 

(3.145) 

where c ;:::::; 0.1 is a small parameter. This is in agreement with experimental evidence 

where pressures O(l)PSI are routinely used without hole explosion being observed. 
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3.7.4.1 A note on geometry preservation 

In the previous section we chose h2 exh1 where ex was a constant > 1. This 

immediately implies that a geometry-preserving solution is being assumed. 

It was shown previously in §3.7.1.2 and [15] that it is not possible to retain a 

geometry-preserving solution in the presence of surface tension. One might also 

intuitively think that there is also no reason why rotating the preform should al

Iowa geometry-preserving solution to be found. \"Ie can easily verify this here by 

exhibiting a contradiction. 

Assume that h2 = exh1 where ex is a constant > 1 as before. If we allow ill to vary 

along the length of the fibre with the usual velocity boundary conditions at z 0 

and z = 1 (and Wd > Wf ) then the fibre is being stretched out, as is required by 

mass-conservation conditions. Given that h = h(z), the only way that both (3.49) 

and (3.50) may be satisfied (save the trivial solution ex = 1 that we shall ignore) is if 

the right hand sides of both (3.49) and (3.50) are zero. Solving the right hand side 

of either (3.49) or (3.50) for Po and substituting into the rotation equation (3.51) 

then requires that either h = 0 or hz = 0, contradicting the initial assumption. It is 

therefore as one would imagine: it is not possible to regain the geometry-preserving 

solutions seen previously and lost with the addition of surface tension, by trying 

to balance the effects of surface tension with those of preform rotation and/or hole 

overpressure. 

3.8 ConcI usions 

The various asymptotic limits considered give good agreement with numerical simu

lations of the full equations, and make useful predictions regarding the use of preform 

rotation to prevent hole collapse under the action of surface tension. They also pre

dict the final twist periodicity of a given drawing scenario. Together these predictions 
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allow an experimenter to predetermine the spin rate according to the required pitch, 

and hence quantify the effect that the necessary rotation will have on the final fibre 

geometry. 

Care must be taken when generalising the rotation of capillary tube physics to the 

full holey fibre problem. Among other things such as the complex geometry, the 

fact that holes are not rotated around their centres, and that multiple surfaces are 

present, must be carefully considered. 

The effects of hole overpressure have not been investigated here, although for an 

introduction to this see [14]. Further details will be presented later in the thesis. For 

further discussion of the rotation of holey fibres see [50], and for general background 

on the effect of fibre birefringence see for example [54]. 

The model is to be seen as a first step that goes some way towards analysing the 

process of drawing whilst rotating full holey fibres with a non-axisymmetric geome

try. The model makes accurate predictions of the maximum hole overpressure that 

may be applied and of the geometry of final the fibre (see Chapter 7 for details). 

Under certain circumstances the model for capillary tubes may be used to directly 

measure the effects of preform rotation on holey fibre geometry, as will be more fully 

discussed in Chapter 4. 

3.8.1 Practical Results 

In this Chapter we: 

• determine the rotation rate at which rotation affects the geometry of solid fibre 

preforms (see §3.7); 

It determine the rotation rate at which rotation affects the geometry of capillary 

tubes (see §3.7); 

86 



CD derive a formula to calculate the twist periodicity in a fibre given the drawing 

parameters (see §3.7.1.1); 

4& describe the effects of surface tension on a solid fibre (see §3.7.1.2); 

4& describe the effects of surface tension on a capillary tube and, potentially, a 

holey fibre (see §3.7.1.2); 

• examine the possibilities for controlling small holes in a capillary tube and, 

potentially, a holey fibre (see §3.7.2); 

• derive an approximate formula to predict the maximum hole overpressure that 

may be applied to a capillary tube (see §3.7.4). 
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Chapter 4 

Estimating the Effects of Rotation 

on Holey Fibres 

4.1 Introduction 

In this Chapter we will categorize two broad classes of holey fibre in order to predict 

the effects of preform rotation on their macroscopic structure and on their microstruc

ture. 

As noted before, conventional (i.e. solid) preforms are routinely rotated to introduce 

a twist into the final fibre, since this reduces polarization mode dispersion (PMD) 

[54J, [55J, [57J. It is not obvious that the same process may be applied to holey fibre 

preforms without producing adverse macroscopic geometry changes that severely 

compromise the microstructure within. Notwithstanding this, preservation of the 

microstructure has recently been demonstrated when rotating large mode-area fibres 

with a high density of small, dispersed holes, at rates sufficient to dramatically 

improve PMD [58J. 

The control of fibre birefringence provides another reason for spinning during the 
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fibre manufacture process. Its effects may be significant in holey fibres for three 

main reasons [52J. First, many of holey fibres have wavelength-scale structures. 

Secondly, a significant refractive index contrast may exist between the core and the 

effective refractive-index of the cladding. Thirdly, intended or accidental geometrical 

asymmetries may be introduced in the manufacturing process, which may include 

the locking in of some asymmetric stress-distribution to the fibre [53J. When such 

asymmetries are present in holey fibres, exacerbated by the high refractive-index 

contrast, the two polarizations of light travel at different speeds. This results in fibre 

birefringence with a characteristic beat-length, caused by the components of light 

interfering as they travel at different rates, which may be as short as O.3mm (see 

§4.3). 

In sensor applications the maintenance of polarization is desirable to improve iso

lation between the modes by maximizing the mode splitting, fibre birefringence is 

desirable. By contrast, in data transmission and other applications fibre birefrin

gence is unwanted and may be reduced by averaging out the effects of asymmetries 

along the fibre by introducing a twist [54]. Vie recall that the periodicity of the twist 

required depends on the wavelength of light and the details of the fibre profile. Fibre 

preforms may be rotated as they enter the furnace and held with zero rotation at 

its exit, leaving the fibre with an overall twist along its length [58]. This stratagem 

succeeds provided the twist periodicity (spin pitch) does not exceed the beat length. 

However, there is currently a practical limit of about 2000rpm to the rate at which 

preforms may be rotated. At rates greater than this, the alignment of the preform 

in the furnace becomes unstable and the preform begins to vibrate [66J. 

Evidently holey fibre technology would be greatly aided by the development of ac

curate tools for predicting the changes that occur during fibre drawing. We now 

use numerical and analytic results from the model that governs capillary drawing to 

answer three questions about holey fibres: (i) can we reduce or remove fibre bire

fringence at realistic rotation rates whilst preserving the microstructure? (ii) can 

we minimize the spin pitch in fibres by other means whilst remaining within the 
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rotation limit and preserving the microstructure? (iii) can we use preform spinning 

as a method for controlling the fibre geometry? 

To assist characterization of fibres, we now identify two broad types of fibre. The 

first type of fibre considered is a large mode-area holey fibre with an approximately 

uniform distribution of diffuse holes. This will be referred to as a "type-one" holey 

fibre (see Figure 4.1), and might be useful for transmission, where there is a need to 

reduce PMD. These are manufactured in a single stage, the preform being assembled 

and then drawn directly into fibre form. Type-one fibres will be considered solid 

fibres. Secondly, we consider fibres where a large jacket surrounds a microstructured 

region with a high density of holes. These fibres have small core-dimensions and 

outer dimensions that allow the fibre to be handled easily. These will be referred 

to as "type-two" holey fibres (see Figure 4.1), and are useful for non-linear devices 

in which the reduction of birefringence is often a critical issue. Type-two fibres are 

typically manufactured in two stages. A "cane" preform (comprising the microstruc

tured region in the final fibre) is drawn to a cane. The cane is then inserted into a 

"jacket tube" (capillary tube) and the resulting structure drawn to produce a fibre. 

In principle these fibres could be manufactured in a single-stage process with a suit

able drawing furnace. Type-two fibres are modelled as capillary tubes. Some of the 

following descriptive text is repeated briefly and the reader may now move to §4.5 if 

they are already familiar with previous Chapters in this thesis. 

VIe assume throughout that the glass used is Suprasil F300, a silica glass commonly 

used in the production of high-quality silica optical-fibres. The physical properties 

used for the computations were taken from [15J. 

4.2 Mathematical modelling 

Details of the derivation of the model used in this Chapter along with an asymptotic 

analysis may be found in Chapter 3. After appropriate non-dimensionalizations 
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Figure 4.1: (Left) The cross- section of a type-one holey fibre. (Right) The cross

section of a type-two holey fibre. 

of the governing equations, an asymptotic analysis based on the small aspect ra

tio (radius/length) of the preform, eventually leads to the (dimensional) isothermal 

equations 

p(h~ - hi)( WOt + WOWOz - g) = [3fL(h~ - hi)woz + ,(hI + h2 ) + ~(h~ - hi)B2]z, (4.1) 

(h2) (h2 ) _ 2Pohih~ - 2,h1h2(h l + h2) + phih~B2(h~ - hi) 
It+ lWo z - 2fL(h§-hf) , (4.2) 

(h2) (h2 ) _ 2Pohih~ - 2,h1h2(h1 + h2) + phih~B2(h~ - hi) 
2 t + 2WO z - 2fL(h§ - hf) , (4.3) 

fL ((h~ - hi)Bzt = p[h~(h~B)t - hi(hiB)t] + pWo[h~(h~B)z - hi(hiB)z] 

p,B (h2h h2h) p2 B3 (h2h4 h2h4) P Bh2h2 
--- 1 2 + 2 1 + -- I 2 - 2 1 + -Po 1 2' 

fL 2fL fL 
(4.4) 

where the boundary conditions for the flow are given by 

W(O, t) = Wi, w(L, t) = Wd , 

and 

B(O , t) = Bo, B(L, t) = BL . 

All notation is defined in §3.5, Chapter 3. 

Consistent with [14], the surface tension of silica is henceforth taken in this Chapter 

to be , =O.3N/m and a draw length of L = 3cm is assumed throughout . Since an 
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efficient furnace gives an approximately constant temperature throughout, we ignore 

the effects of heat transfer in assuming that the temperature of the glass is uniform. 

The viscosity law used for pure silica glass was taken from [67] and is given by 

1400C - 2500C p 5.8 x 1O-7exp (515400/(8.3145T + 2271.10567)) Poise. 

( 4.5) 

Numerical solutions of equations (4.1)-(4.4) will presently be utilized to quantify the 

effects of rotation on capillary geometry. First we recall the key properties of "spin 

pitch" for optical fibres. It was shown in Chapter 3 that we may directly calculate 

the spin pitch d at a point z using 

(4.6) 

4.3 The effect of preform rotation on solid fibres 

Though the practice of spinning solid optical fibres to reduce fibre birefringence is 

well established [54], the spinning of microstructured fibres has only recently been 

reported in [58], where a significant reduction in PMD was achieved. It would there

fore be valuable to know whether it is possible to spin micro structured fibres at a rate 

necessary to remove fibre birefringence whilst preserving the microstructure. Beat 

lengths as small as 0.3mm have been measured [48], [53] in fibres with wavelength

scale features and a large refractive-index contrast. Currently, the smallest spin

pitch measured in a spun holey-fibre appears to be 1.23cm [58] and a sub-mm spin 

pitch is desirable. 

We first examine the effects of rotation rate on the geometry of a solid fibre (h l = 0). 

When equations (4.1)-(4.4) are presented in non-dimensional form, we recall that 

equation (4.4) decouples from equation (4.1) when the rotation is less than a certain 

value. For steady-state fibre drawing, ignoring the complications of inertial forces, 

92 



surface tension, hole pressurisation and gravity, we showed in Chapter 3 that 

(4.7) 

where overbars denote non-dimensional quantities whose scalings can be found in 

§3.5. Substituting for the non-dimensional parameters shows that rotation therefore 

first begins to influence fibre geometry when 

il '" ~!3P/LOW. 
E h Lp 

(4.8) 

Various realistic drawing-parameters could be chosen and substituted into equation 

(4.8) to determine the rotation rate at which geometry is affected. As in Chapter 3, 

equation (4.8) shows that this occurs when g ~ 2900 rpm. Full numerical solutions 
E 

of equations (4.1)-(4.4), including the factors neglected in deriving equation (3.67) 

corroborate this. Whilst it is possible to rotate preforms at such a rate [63], vibra

tions and instabilities are often encountered in practice. Additionally, these drawing 

parameters were chosen specifically to create geometry change at low rotation rates, 

and in everyday draw scenarios much larger rotation rates will be possible with no 

effect on fibre geometry. We thus conclude that preform rotation will not generally 

affect the geometry of solid fibres. Although the point at which geometry of a mi

crostructured fibre is modified may be somewhat different, equation (4.8) provides a 

useful first approximation in certain limiting cases that will be examined below. 

4.4 Numerical results for capillary tubes 

A great many asymptotic limits of the equations (4.1)-(4.4) may be considered. 

These can show whether it is possible to prevent surface-tension induced hole

collapse by rotating the preform, whether preform rotation may act as a useful 

control of hole size, and be used to investigate other possible control mechanisms. 

See Chapter 3 for details. VIe now consider briefly the results of numerical studies 
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Figure 4.2: The effects of preform rotation on outer capillary radius. The diagram 

shows the outer radius h2 for fibre pulls with and without rotation. The thin-walled 

tube has hi (0) = O.Olm, h2(0) = 0.0l5m and the thick-walled tube has hI (0) = 

O.01m, h2 (0) = 0.02m. (Draw length L = 0.03m, temperature T = 2200C, draw 

speed Wd = 25m/min, feed speed Wf = 15mm/min, rotation rate n = 35rad/s.) 

of the steady version of the equations using standard numerical library routines to 

solve the boundary value problem. 

Figure 4.2 shows numerical results for rotation of both a thin- and a thick-walled 

capillary. As noted before, the general effect of rotating the preform as it enters the 

furnace is to increase both the inner and outer radii of the fibre along the entirety 

of the draw length. Preform rotation may thus be used as an additional control in 

the drawing process, since it is the fibre dimensions at the end of the furnace that 

primarily concern us. We also note that rotation appears to act on the fibre in a way 

that counteracts the effects of surface tension, which otherwise tends to close the air 

holes in the fibre. As well as reducing birefringence, rotation may thus, for example, 

allow fibres to be drawn at increased temperatures or reduced tensions. This may be 

advantageous from a manufacturing viewpoint, as fibres drawn at high temperatures 

often possess superior strength [62]. 
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It is also clear from Figure 4.2 that the thick-walled capillary experiences a much 

greater deformation than the thin-walled. This is largely because the initial outer 

radius of the thick-walled capillary is larger than that of the thin-walled capillary. 

Comparison of the changes in fibre radii reveals that for both thin-- and thick-walled 

tubes, the inner radius increases more than the outer. This occurs because the outer 

wall of the preform reacts to the effects of preform rotation (as a result of the 'cen

trifugal force'). The inner wall is then modified in accordance with mass conservation 

conditions, which require it to be modified more heavily and thus increase the OD /ID 

ratio. The implications of this analysis will be discussed in the following section. 

4.5 The effects of preform rotation on microstruc

tured fibres 

4.5.1 Type-one holey fibres 

In the limit that the holes in the microstructured fibre are sparse (large mode-area 

fibres), we may safely assume that the effects of rotation on the geometry of these 

type-one microstructured fibres are approximately the same as in the solid-fibre 

case. 

If fibre birefringence is to be significantly reduced or removed, the twists must be 

on a scale equal to or less than that of the beat length, which is typically between 1 

and 20mm. It is tempting to consider the practically-desirable case of the maximum 

draw speed and the minimum spin-pitch, in order to discover the rate of preform 

rotation required. Vie may then consider whether this rotation rate will affect the 

geometry. However the rate of rotation is usually limited to about 2000rpm and 

overcoming this rotation rate limit by reducing the drawing speed would provide 

the desired spin-pitch, but will not produce the required fibre geometry unless the 

dimensions of the initial preform are accordingly reduced. Equation (4.6) shows that 



for a moderately low draw speed of 1m/min, the rotation rate needed to produce 

a spin pitch of between 1 and 20mm is between 1000rpm and 50rpm respectively. 

Assuming a typical silica glass viscosity of 2 x 105 Poise, a draw length of 3cm and an 

initial preform diameter of 2cm, equation (4.8) predIcts that the resulting geometry 

of type-one fibres will not be significantly modified at such rotation rates. 

Addressing the questions posed in the introduction, it is clear that starting with a 

standard preform and pulling at typical draw speeds, practical limits will prevent the 

preform from being rotated rapidly enough to significantly reduce fibre birefringence. 

However, a lmm spin pitch may be obtained by breaking the manufacture into two 

stages and drawing the final fibre more slowly. The first stage would be used to 

obtain a preform for the second stage of production, whose size is small enough to 

allow the production of a small diameter fibre despite the low draw-speed. Finally, 

our assumption that type-one fibres behave as solid fibres does not allow us to 

address the question of geometry control since solid fibres have a geometry uniquely 

determined by the velocity boundary-conditions and the preform dimensions. 

4.5.2 Type-two holey fibres 

When the micro structured portion of a holey fibre preform is surrounded by a thick 

jacket-tube and the density of holes in the microstructured region is large, we may 

approximate the holey fibre preform by a capillary tube. The large air-fraction holey 

cladding may be represented by the air hole in the centre of the capillary tube and 

the jacket by the glass region of a capillary tube cross-section. This is tantamount 

to assuming that the large air-fraction holey cladding has no significant impact 

on the behaviour of the solid jacket when spun. 'Ale can thus determine how the 

geometry of the fibre varies when spun by treating the whole structure as a capillary 

tube. The manner in which it is modified will then give an insight into whether the 

microstructured region will remain intact. 
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As mentioned previously, it is desirable to obtain a spin pitch in the holey fibre of 

about Imm. Equation (4.7) shows that this may be accomplished either by applying 

a large rotation-rate or a small draw-speed. 

Numerical calculations using equations (4.1)-(4.4) show that capillary tubes whose 

initial outer diameter (OD) is as small as lcm suffer significant geometry changes to 

both the inner and outer radii as a result of rotating the capillary tubes at 2000rpm 

and above. Capillary tubes with larger initial dimensions suffer even more of an 

effect. This distortion at lower rotation results from the presence of the hole in the 

capillary tube preform, representing the microstructure. When a one-step drawing 

process is employed, the initial dimensions of the preforms are too large to prevent 

rotation affecting the geometry of the final fibre. This is crucial because such changes 

will modify the microstructure of the fibre. If the geometry of the microstructure 

(modelled as the hole in the capillary) changes too rapidly at the top of the furnace, 

the fluid will not have time to react to this change and the structure within will 

surely be destroyed. However, if such changes take place gradually over the length 

of the draw it is reasonable to assume that the microstructure will be modified but 

will remain intact. 

Further numerical studies of equations (4.1)-(4.4) show that when a preform is ro

tated the inner diameter (ID) is increased, compared to the unrotated case, at every 

point along the furnace. The bulk of this increase occurs at the top of the furnace and 

in some cases (where a large furnace temperature is simulated, for example) the ID 

actually increases at the top of the furnace before being decreased by the draw-down 

process lower in the furnace. This suggests that as the preform enters the furnace 

it immediately expands as a result of the 'centrifugal force'. This initial expansion 

will surely have significant consequences for the survival of the microstructure as 

discussed above. It is less clear what might happen to the microstructure when the 

rotation steadily modifies the capillary geometry as it moves through the furnace, 

resulting in a final geometry slightly different from that produced without rotation. 

However, it may be assumed that the microstructure survives but its internal proper-
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ties will be modified. Vie must therefore search for conditions under which type-two 

fibres may be drawn with a 1mm spin pitch whilst also attempting to minimize the 

effect of preform rotation on the fibre geometry, particularly towards the top of the 

furnace. 

The practical implication of this is that the rotation rate must be kept as low as 

possible, requiring us to draw the fibre slowly to achieve a small spin-pitch. Unfor

tunately, it is hard to manufacture fibres with a highly consistent geometry along the 

length of the fibre when the draw speed is extremely low. If we assume a minimum 

draw speed of 1m/min, a preform rotation rate of 1000rpm is required to achieve a 

spin pitch of 1mm. 

Vve now examine in detail how we may rotate a type-two preform to achieve a 1mm 

spin pitch. Equations (4.1)-(4.4) were solved numerically for a variety of drawing 

scenarios aimed at minimizing the final geometry change. Some examples are now 

given for a final fibre whose holey fibre cladding is 15-30p,m in diameter and whose 

jacket has diameter 80-300/lm. The core dimensions are chosen to be large enough 

to confine light well but small enough not to be difficult to produce or to weaken the 

fibre. The jacket dimensions are chosen to make the fibre sufficiently robust. 

\iVhen the manufacture of these fibres is completed in a single stage, the initial 

diameter of the preform must be large (typically a few centimetres). A minimum 

size for the holey cladding in the preform exists because of practical difficulties in 

stacking canes with OD «lmm, which in turn sets a minimum diameter for the 

jacket. If the preform is rotated during drawing, the initial jacket diameter and 

drawing rate must both be increased to obtain the same fibre geometry as would be 

produced without rotation. This results from the effects of rotation on the OD /ID 

ratio, described in §4.4. 

Let us therefore consider a preform with a jacket diameter of 15mm and a holey

cladding diameter of 10mm. Whilst these particular diameters would never be cho

sen to make a commercial fibre, they clearly show the possible effects of rotation on 
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Figure 4.3: The destructive effects of preform rotation on the microstructure of type

two fibres. Dashed lines show holey cladding and jacket radii of preform without 

rotation and solid lines show the radii with rotation. Compare results with Figure 

4.2. 

the microstructure. To obtain the fibre geometry required, the feed speed is set to 

Imm/min, the draw speed to 40m/min and temperature to 2000C. \Vith no rotation 

a final holey-cladding diameter of 22.3j.tm and jacket diameter of 60.2j.tm is obtained. 

Rotation at a rate that gives a spin-pitch of 45mm causes the holey-cladding diame

ter to initially increase by 23%, from lOmm at the beginning of the draw to I2.2mm 

at z = L/20 as shown in Figure 4.3. Such a rate of increase is unlikely to allow the 

survival of the microstructured region of the fibre. 

It is therefore clear that to obtain fibres with a sub-Imm spin pitch one must split 

the manufacture into two stages, as is often already the case [68]. The second stage of 

manufacture, where the preform is rotated, may then have an initial geometry much 

smaller than in the one-stage process. This smaller geometry allows a lower draw 

speed to obtain the final geometry, which in turn allows lower rotation rates for any 

given spin-pitch. The combined effect is to reduce significantly the geometric effects 

of preform rotation allowing the draw to be performed at higher temperatures. This 

increases the strength of the final product and allows the temperature to be varied 
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to influence the final OD /ID ratio. 

As an example of the effects of preform rotation in such a situation consider a second

stage preform with a jacket diameter of rmm and holey cladding 1.5mm in diameter. 

Without rotation, a glass temperature of 1940C, a draw speed of 1m/min and a feed 

speed of l.rmm/min, the final fibre has a holey cladding of 8.6,um and a jacket diam

eter of 282.0,um; outside the desired range described earlier. When preform rotation 

of 2000rpm is included to give a spin pitch of O.5mm, these final fibre-dimensions 

increase to 22.8,um holey-cladding diameter and 282.8,um jacket diameter. The final 

OD /ID ratio, 65.4 in the absence of rotation, is decreased to 24.8. The rotation 

causes no initial increase in fibre dimensions towards the top of the furnace (unlike 

that shown in Figure 4.3), suggesting that the microstructure will remain intact. 

Even with the smaller initial geometry, rotation rates may be increased to the point 

where the holey cladding suffers a initial increase in diameter at the top of the 

furnace, damaging the microstructure. If the above preform is spun at 3333rpm, 

corresponding to a slightly smaller spin-pitch of 0.3mm, the holey-cladding diameter 

increases by 20% from 1.5mm at the beginning of the draw to 1.8mm at z = L/20. 

This large initial expansion of the holey cladding would surely heavily modify the 

microstructure. This confirms the sensitivity of the holey cladding to spin rates 

at high temperatures and demonstrates that one must be careful to only apply the 

rotation necessary to achieve the final spin-pitch, having already minimized the draw 

speed; even with such small initial dimensions. 

A two-stage drawing process allows a freedom in the initial geometry for the second 

stage. This should be used to choose a feed speed and initial OD/ID ratio that give 

the desired final OD /ID ratio. 

To address the questions posed in the introduction, we first observe that the presence 

of a hole causes the effects of rotation on the geometry to be seen at much lower 

spin-rates than for solid fibres. \lve cannot remove fibre birefringence whilst pre

serving the microstructure unless a two-stage process is employed, in which case the 
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initial geometry draw speed must be carefully chosen to prevent destruction of the 

microstructure. This approach has the benefit of giving an extra degree of freedom 

in the temperature. Preform rotation may be used to control the fibre geometry 

within the limits imposed by the required preservation of the microstructure as it 

passes through the furnace. 

4.6 Conclusions 

An asymptotic model has been constructed and solved numerically to determine the 

effects on the fibre dimensions of preform rotation, to allow the reduction or removal 

of fibre birefringence. It was discovered that a sub-mm spin pitch could be achieved 

for both fibre-types considered. However, the manufacture of type-one fibres must 

be broken into two stages and preform rotation may not be used as a method to 

control the resulting fibre geometry. For type-two fibres, care must be taken to 

preserve the microstructured region of the fibre, having broken the manufacture into 

two stages and used the second stage to prescribe the fibre geometry. The two-stage 

process also allows fibres to be drawn at higher temperatures, producing fibres of 

superior strength. 

The guidelines developed in this Chapter for producing microstructured optical fi

bres with a twist periodicity small enough to reduce or remove PMD have been 

successfully implemented experimentally. 

4.6.1 Practical Results 

In this Chapter we: 

• characterized holey fibres into two broad types for the purposes of examining 

the effects of rotation used to reduce or remove PMD (see §8.1); 
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• described the effects of rotation on solid fibres and capillary tubes (see §4.3 

and §4.4 respectively); 

• constructed guidelines for reducing or removing PMD in large mode area fibres 

(see §4.5.1); 

• constructed guidelines for reducing or removing PMD in fibres with a large 

jacket (see §4.5.2). 
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Chapter 5 

A Stability Analysis for the 

Drawing of Capillary Tubes 

5.1 Introduction 

Optical fibres are manufactured from a preform that is typically a few centimetres in 

diameter. The preforms are drawn down to fibre form, where dimensions are typically 

125 microns. Holey fibre preforms may be even larger, and in order to achieve the 

required dimensions for final fibres, experimenters would ideally pull the fibre more 

rapidly. However, fibres break if they are pulled too rapidly (relative to the feed 

speed). This phenomenon is known as draw resonance (though it is noted that fibres 

may also break when pulled too rapidly as a result of the mechanical properties of 

the solidifying glass at the furnace exit). An instability exists in fibre drawing, such 

that for a given feed speed, fibres have a maximum allowed draw speed, beyond 

which instabilities arise and grow, causing the fibre to break. In this Chapter we 

will conduct a stability analysis for the drawing of capillary tubes and attempt to 

understand the effects of changing the various parameters on the maximum ratio of 

draw to feed speed. 
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The stability of solid fibres was considered by [14], [25], [33] and [69], and extensive 

numerical calculations have been undertaken in [32] and [33]. We will use the nu

merical results in [32] and [33] as a check of the code that must be constructed in 

order to examine the stability of capillary drawing. 

A weak (linear) stability analysis assumes that any growth in perturbations intro

duced into a system is small. If the perturbations are small then the effect of nonlinear 

terms is negligible and the resulting equations are simplified. If the perturbations 

derived from this analysis become large then the analysis breaks down and a weakly

nonlinear analysis must be completed, including the effect of non-linear terms in the 

governing equations. However, any perturbation that grows in a linear analysis is 

undesirable for the purposes of fibre manufacture, so this method is satisfactory. 

As far as the industrial process of drawing annular fibres is concerned, the stability 

of the process is obviously a key issue. For instance, is the process sensitive to small 

changes in the experimental equipment or conditions? More importantly, is the 

process stable enough to suggest that long lengths of fibre or capillary with uniform 

structure can be produced? Before considering the stability of capillary drawing, it 

is helpful to consider first the case of solid fibres. 

5.2 Stability for solid fibres 

The simplest isothermal stability analysis for a solid fibre is easy to carry out and 

has been addressed many times before (see [14], [25], [33] and [69]). Here we will 

briefly repeat the main points of the analysis for the sake of completeness. Neglecting 

inertial force terms, gravity and surface tension in (3.53) and (3.55), setting hI 0, 

B = 0 and writing A(z, t) = 7rh~(z, t), we find that the time-dependent governing 

equations are 

(5.1) 
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To examine stability we now set 

Wo = Wo(z)[l + w(z)eut
], 

and 

where Wo Wj exp(,8z/ L), Ao = Aj exp( -j3z/ L) are the steady-state solutions, Aj 

is the initial fibre cross-sectional area and a, wand (J are complex. We therefore seek 

solutions where (J is not real and positive. We now assume that wand a are small, 

we find that at first order 

(5.2) 

and 

(5.3) 

The boundary conditions are that a(O) = w(O) w(L) = O. VVe find on elimination 

of w that a satisfies the equation 

(Je-fJz / L 

---az=O. 
Wj 

The solution of this equation that satisfies the boundary condition a(O) = 0 is 

[ ( 
(JL ) ( (JLe-

fJZ
/
L

)] a = B - Ei 1, - j3W
j 

+ Ei 1, - j3W
j 

, 

(5.4) 

(5.5) 

where B is an arbitrary constant, and the exponential integral function Ei(n, z) is 

defined in the usual way by 

. Joo e-
zt 

El(n, z) = 1 in dt . 

By integrating (5.3) from 0 to L and evaluating (5.2) at 0 and L we find that a 

second boundary condition for (5.4) is given by 

aAL) - az(O) + a(L) [:j e- fJ ~] O. 

Applying this condition to (5.5) (and setting ~ = (JL/(j3Wj )) yields the condition 

(5.6) 

105 



In any given fibre drawing experiment, (3, H7j and L are known quantities. The 

stability problem then consists of establishing the circumstances under which the 

complex equation (5.6) possesses solutions for ~ with positive real parts. These are 

the unstable cases. Routine numerical calculations demonstrate that as (3 increases 

(from zero), (5.6) has a purely imaginary root when {3 rv 3.00651. This is the 

"draw resonance" (see, for example, [45]) that for solid fibres occurs when T¥d/TiVj f'V 

20.21. This places an absolute restriction on fibre drawing, as draw ratios are usually 

significantly larger than 20. \Vhilst this analysis has neglected the effects of gravity, 

inertia, temperature and surface tension, numerical studies for a solid fibre (see, for 

example [26], [32], [33] and [38]) show that inertia and gravity stabilise the process, 

but surface tension is a destabilising factor. However, typically these effects are not 

significant, and this raises concern as to how fibres may be manufactured with highly 

supercritical draw ratios (as is often seen in practice). The answer is thought to lie 

in the fact that, though ostensibly the draw speed is prescribed, in reality the force 

is controlled as a result of slippage at the exit winder where the fibre is pulled onto 

a rotating drum. Repeating the same analysis as above but adjusting the boundary 

conditions to those given by 

gives Wo = Wjexp(xz) and Ao = Ajexp(-xz) where X = Fd/AjWj . The previous 

stability equation (5.4) then becomes 

and the solution with a(O) = 0 is thus 

However, since in this case the boundary conditions modified to w(O) = 0, a(O) = 0 

and wz(L) + X(w(L) a(L)) 0, we may show that az(O) O. Thus the problem is 

an initial value one and in consequence no unstable modes are present. 
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5.3 Stability for capillary tubes 

Vve now complete a stability analysis for the drawing of capillary tubes. 

5.3.1 Derivation of stability equations 

Following the methodology used for the stability analysis of solid fibres we commence 

by setting 

w(z, t) 

hI (z, t) 

h2(Z, t) 

wo(z)(l + w2(z)eCTt), 

hl(Z)(l + hI2(z)eCTt), 

h2(z)(1 + h22(z)eCTt) , 

(5.7) 

(5.8) 

(5.9) 

where Wo (z), hI (z) and h2 (z) are the base-state solutions of the equations that 

govern capillary drawing ((3.53)-(3.55) with B(z, t) _ 0, shown in Chapter 3 where 

all notation is defined). In the event that we ignore fibre inertia, gravity, surface 

tension and hole overpressure, the base-state solutions are simply 

wo(z) 

hI (z) 

h2(Z) 

W ef3 z 
f , 

f3z 
hlOe-T , 

f3z 
h20e-T . 

(5.10) 

(5.11) 

(5.12) 

However, we wish to include these effects and as the equations cannot be solved in 

closed-form, we will obtain numerical solutions for the base-state. 

\iVe first recap the form of the time dependent equations that govern fibre drawing, 

with fibre inertia, surface tension and hole overpressure included. In this Chapter we 

will work with dimensional equations at all times, even though some dimensionless 

numbers are introduced in order to compare our results with those of previous studies. 

As in the case of solid fibre stability, we assume that W2, hI2 and h22 are "small". 
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The (dimensional) equations are 

( ( ) 2 ( 2)' ( . 2 2) 2 2 /-L h2 Z, t hI z, t) (hI Z, t)t + w(z, t)hl(z, t)z z - POhl(z, t) h2(Z, t) 

+ ,hl(z, t)h2(Z, t) (hl(z, t) + h2(z, t)) = 0, (5.13) 

/-L (h2(z, t)2 - hl(z, t)2) (h2(z, t); + w(z, t)h2(z, t);) z - POhl(z, t?h2(z, t)2 

,hl(z, t)h2(Z, t) (hl(z, t) h2(z, t)) = ° (5.14) 

and 

p (h2(z, t? - hl(z, t)2) (w(z, t)t + w(z, t)zw(z, t) - g) 

- (3/-L(h2(z, t)2 - hI (z, t)2)W(Z, t)z + ,(hI (z, t) + h2(Z, t))) z 0, (5.15) 

where the boundary conditions are 

We substitute w(z, t), hl(z, t) and h2(z, t) given by (5.7)-(5.9) into the governing 

equations (5.13)-(5.15), and equate terms of like powers in f. At zeroth order this 

gives (5.13)-(5.15) and at first-order gives 

2(Jh~ hI2 - 8hiwohIzhI2 - 2hiwohIzW2 + 2hIh~wohl2z 

2(JhIh~h12 + 2hIh~wozhl2 + hIh~wozW2 + 2hIh~h22woz 

2h~wohlzW2 4h~wohlzhl2z + 4h~zh22WohIZ) = 0, 

+ /-L(J(2h~h22 4h~wozh22 + h~WOW2z 2h~woh22z + h~WozW2 

+ 8h~woh2zh22 + 2h~woh2zW2 - 2(Jh2hih22 - 2h2hiwozh22 

- h2hiwozW2 - 2h2hiwoh22z - 2h2hih12woz - h2hiwoW2z 

- 4hiwoh2zh22 - 4hi hI2Woh2z 2hiwoh2z1..U2) ° 
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and 

+ 6hIhIzWOzW2 + 12hIhIzhI2WOz 6hihI2zWOz - 6h~wozW2z 

- 6h~h22zWOz + 6hiwozW2z - 3h~wozzW2 + 3hiwoW2zz + 6hihI2W2zz 

3hiwozzW2 - 6h~h22WOzz - 3h~wOW2zz) + f.-lA6hihl2WOz + 3hiwoW2z 

(5.18) 

Equations (5.16)-(5.18) above are three second-order partial differential equations 

in the unknowns W2, hI2 and h22' with wo, hI and h2 known. These equations will 

be solved using standard finite difference schemes. 

The stability problem consists of establishing the circumstances under which equa

tions (5.16)-(5.18) possess solutions for a with positive real parts: these are the 

unstable cases. Finding the values of a that satisfy equations (5.16)-(5.18) is an 

eigenvalue problem, and the methodology used will be identical to the methodology 

used to solve the example problem given in §5.3.2. 

The finite difference scheme of choice uses central differences for derivatives since 

these have a smaller error associated with them for a given mesh size than either 

forward or backward schemes. We set 

n(W2(m + 1) - w2(m - 1)) 
2L 

n(hI2(m + 1) - hl2 (m - 1)) 
2L 

n(h22(m + 1) h22(m - 1)) 
2L 

n2(w22(m + 1) - 2w22(m) + w22(m - 1)). 
L2 ' 

(5.19) 

where L is the size of the z domain, which is divided into n elements. Thus Lin is 

the size of each element. 
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5.3.2 An example eigenvalue problem 

To see how to solve equations (5.16)-(5.18) and determine the allowed values of 0", 

we consider a simple equivalent example. Consider the equation 

(5.20) 

whose (non-trivial) solution we seek given the additional knowledge that y(O) = 0 

and y(l) = o. 

We start by rewriting the equation using a central differencing scheme. Dividing the 

z domain into N parts each of size t::..z/ N gives 

where n = 1,2, ... N. 

Representing this equation in matrix form with n = 1,2, .. .4 (i.e. setting N = 4) 

gIVes 

Ay=O, 

where 

1 0 0 0 

1 
.\2 

1 0 
A= 

-2+ N2 

0 1 
.\2 

-2+ N2 1 

0 0 0 1 

and the boundary conditions correspond to the first and last row. 

This matrix may now be manipulated into the form AI XI 0, where I is the iden

tity matrix. Remembering that each row may be multiplied by arbitrary constants 

we set X = ,\2, multiply each row by -N2
, divide rows 1 and 4 (more generally row 

1 and N) by N 2 and multiply them by X. We then once again have 

A"y = 0, 
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where this time 

-X 0 0 0 

-N2 2N2 -X -N2 0 
A 

0 -N2 2N2 -X _N2 

0 0 0 -x 

This matrix takes the form A' - XI = 0, where finding eigenvalues of the A' is 

equivalent to finding the values of ;\2 that satisfy the original equation. Once A' is 

obtained, the eigenvalues are determined by setting X = 0 and finding the eigenvalues 

of the resulting matrix. The eigenvalues of (5.20) correspond to ;\ = m7r, where m 

is an integer. To confirm this we write a short code in Maple, and see how many 

elements the square matrix must have to achieve good agreement with the known 

eigenvalues. 

5.3.2.1 Code implemented 

Using the simple example above we give detail of the code constructed to find the 

eigenvalues. The methodology used is identical to that used to solve the full stability 

problem, shown in Appendix A. 

To enable the eigenvalues command: 

restart: 

with(linalg) : 

To define the number of elements: 

N:=5: 

To construct a square array of the appropriate size: 
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sol:=array(1 .. N+1,1 .. N+l): 

'vVe fill the array with zeros, and then alter those elements that should be non-zero: 

for m from 1 to N+1 do 

for j from 1 to N+1 do 

sol[m,jJ :=0: od: od: 

\iVe fill the rest of the matrix as required: 

for k from 2 to N do 

sol[k,k-1] :=1: 

sol[k,kJ :=-2 + lambda/N~2: 

sol[k,k+1J :=1: od: 

for j from 1 to N+1 do for ii from 1 to N+l do 

gurk:=coeff(sol[i,iiJ ,lambda,1): 

if gurk>O then for g from 1 to N+1 do sol[i,gJ :=-sol[i,gJ/gurk: ad: end if: 

ad: od: 

We multiply the first and last rows by (-A): 

sol[1,1J :=-lambda: 

sol[N+1,N+1J :=-lambda: 

Since we now have a matrix of the form AI - AlI = 0, where I is the identity matrix, 

we may solve by finding the eigenvalues of the matrix with X = 0: 

lambda:=O: 

so12:=array(1 ... 12): 

so12:=eigenvalues(sol) ; 
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Table 5.1: Table to show convergence of eigenvalues. 

N Eigenvalue for m = 1 Eigenvalue for m = 2 

5 3.090169945 5.877852524 

10 3.128689310 6.180339894 

15 3.135853898 6.237350724 

20 3.138363841 6.257378604 

30 3.140157374 6.271707796 

40 3.140785411 6.276727651 

80 3.141391411 6.281570663 

5.3.2.2 Results and convergence 

Considering only the eigenvalues m7r where m = 1,2, Table 5.1 shows how altering 

the size of the matrix, N, affects the determined eigenvalues. The results clearly 

converge to the eigenvalues 7r and 27r rapidly with increasing N. 

5.3.3 Comparison with previous studies 

To determine whether or not any given drawing scenario is stable, one simply looks 

for the presence of one or more positive eigenvalues of the matrix' sol'. The drawing 

conditions are therefore inserted into the program, a suitable mesh size is defined 

(typically a 500 x 500 matrix achieves a good balance between accuracy and com

putational time), and the program is run and the eigenvalues determined. If one or 

more positive eigenvalues are found, the draw-ratio is decreased until all eigenvalues 

have negative real parts. The value of the draw-ratio that corresponds exactly to the 
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Figure 5.1: A comparison of predictions of critical draw-ratio made by the code 

for capillary drawing (denoted "CV") and those made by [32] and [33], where the 

extension ratio is Wd/Wj . The lines with circular symbols correspond to calculations 

using the capillary code. Other lines correspond to the calculations made by [32] and 

[33]. 

point at which an eigenvalue with a positive real part is found is called the critical 

draw-ratio (CDR), where the draw ratio is the ratio of the feed to draw speed. 

As a check of the code we compare numerical calculations made in [32] and [33] for 

the case of a solid fibre with calculations made using the code established for the 

drawing of capillary tube (detailed in Appendix A). It was these comparisons that 

determined the 500 x 500 matrix size to be used for capillary calculations. The critical 

draw-ratio was found as a function of three key dimensionless groups as determined 

by [32] and [33], these being 

1 

6Ca 
Re = pHIL 

fLo 
, 

pgL2 
G=-. 

fLo VV 

Remarkable agreement was achieved with the existing literature, as shown in Figure 

5.1. 
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5.3.4 Numerical results for capillary tubes 

Having successfully compared the predictions made by the finite difference code with 

those of Chang and Denn [32] we now consider the stability of capillary fibre drawing, 

as opposed that of solid fibres. 

The parameter space to be explored is large since there are nine parameters available 

to change. They are T¥d, Wf , hlO' h2o , I, p, g, T (equivalent to setting the viscosity 

J-L) and Po· To find the critical draw ratio (critical Wd/Wj ) we fix W f and increase 

lVd until a positive real eigenvalue () is found. Thus only eight of the available 

nine parameters will be modified. The methodology used in all cases to follow will 

be to fix all eight parameters, determine the critical draw ratio and then vary one 

incrementally, at each point determining the critical draw ratio. The results will then 

be plotted, illustrating how the critical draw ratio varies with the chosen parameter, 

and the results interpreted. 

The viscosity law given in Chapter 3 was used for all of the following numerical 

examples and all parameter values assigned were chosen to represent values typically 

used experimentally. 

Interesting cases were examined more closely having completed the above analysis. 

For example, we considered the stability of a thin-walled capillary tube as compared 

that of a thick-walled capillary tube. 

Table 5.2 lists all cases that will be considered. 

5.3.4.1 The effect of fibre inertia and gravity on stability 

The fibre density was incrementally increased from zero and the critical draw-ratio 

determined at each point. It may be anticipated, through experience with the solid 

fibre case, that the effect of inertia on the stability of the draw will be negligible. 
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Table 5.2: Table summarizing cases considered for stability of capillary tube drawing. 

Po = 0 for all cases and "-" denotes a variable parameter. 

Case T p 9 Figure 

1 2.6 X 10-5 1.8 X 10-2 2 X 10-2 2100 0 0 5.2 

2 2.6 x 10-5 1.8 X 10-2 2 X 10-2 2100 0 9.81 5.2 

3 2.6 x 10-5 1.8 X 10-2 2 X 10-2 2100 0 0 5.3 

4 2.6 x 10-5 1.8 X 10-2 2 X 10-2 2100 1400 9.81 5.4 

5 2.6 x 10-5 1.8 X 10-2 2 X 10-2 2000 1400 9.81 5.5 

6 2.6 x 10-5 1.8 X 10-2 2 X 10-2 0.3 1400 9.81 5.6 

7 2.6 x 10-5 1.0 X 10-2 2 X 10-2 2050 0 0 5.7 

8 2.6 x 10-5 1.8 X 10-2 2 X 10-2 2050 0 0 5.7 

9 2.6 x 10-5 1.0 X 10-2 2 X 10-2 2050 0 0 5.8 

10 2.6 x 10-5 1.8 X 10-2 2 X 10-2 2050 0 0 5.8 
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Figure 5.2: Graph to show the effects of both inertia (p) and gravity on the critical 

draw-ratio. (Case 1: W f = 2.6 X 10-5 , hlO = l.8 X 10-2 , h 20 = 2 X 10-2 , T = 2100, 

I = 0, P = variable, g = 0. Case 2: Wf = 2.6 X 10-5 , hlO 1.8 X 10-2 , h20 = 2 X 10-2
, 

T = 2100, I = 0, P = variable, g 9.81.) 

This is because in the case with no surface tension or hole overpressure, the physics 

becomes almost identical to the solid fibre limit. Other parameters were set as follows: 

Wf = 2.6 x 1O-5m/s, Wd = variable, T = 2100C, hlO = 1.8 x 1O-2m, h20 = 2.0 X 10-2, 

Po = OPa, I = ON/m, L = 3 x 1O-2m, g = 9.81mC2 and p = 1400kgm-3
. These 

values represent those typically used when drawing capillary tubes experimentally. 

With gravity set to zero we find that the critical draw-ratio does not depend on 

inertia unless the feed speed is increased to ~ O.lm/s, in which case it is observed 

that the critical draw-ratio increases linearly with inertia. Also, at this higher feed 

speed but without gravity, the critical draw-ratio may be made independent of inertia 

by suitably reducing the temperature and hence increasing the viscosity. To make 

a useful comparison, consider the case of Wf fixed at 2.6 x 1O-5ms-1
. Results are 

shown in Figure 5.2 for the cases of g = ° (Case 1) Table 5.2, where the slope of the 

line is small but non-zero) and g = 9.81m/s (Case 2, Table 5.2). 
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This behaviour may be understood when the boundary conditions are considered. 

The constant velocity boundary condition at z = L may not be completely realistic. 

In the case of constant speed boundary conditions, whatever force is needed to create 

the required draw speed will automatically be provided by the fibre winder. It is 

possible to imagine that as the inertia increases, so will the critical draw-ratio. This 

may be because an initial perturbation is difficult to force into a regime where the 

system becomes unstable. Additionally, the effect of including gravity will intuitively 

be to increase the critical draw ratio. 

5.3.4.2 The effect of surface tension on stability 

Fitt et al. [15] state that when the boundary condition at z = L is that the force 

and not the speed is prescribed, then some progress may be made asymptotically in 

determining the point at which hl drops to zero and the fibre collapses. 

However, our stability analysis focuses on the event where the fibre feed speed, and 

not force, is prescribed. In this instance, several points may be made. First, that 

surface tension is expected to be destabilising in all cases, whatever the boundary 

conditions. The reasons for this are that surface tension will act to close a hole, and 

acts on two surfaces. One of these surfaces is at a significantly smaller radius, thus 

exacerbating the effect. Secondly, in the limit of small surface tension, an analytic 

solution of the equations becomes possible and demonstrates that hole closure is 

more sensitive to changes in feed speed than in draw speed, and that it is also 

sensitive to changes in viscosity. The degree of hole closure has a direct impact on the 

stability. Thus if the hole is small (for reasons suggested above), any perturbation 

may easily be fatal to fibre geometry, with the force of surface tension becoming 

increasingly important through its inverse dependence on the radius of the fibre. 

It is suggested that most positive eigenvalues correspond to hole--closure and not 

preform "explosion", because when oscillations in hl are 0 (h), any hole will close 

and not reopen, which will clearly occur before oscillations are large enough to cause 
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Figure 5.3: Graph to show the effects of surface tension on the critical draw~ratio 

with gravity excluded. (Case 3: Wf = 2.6 X 10-5 , hlO 1.8 X 10-2 , h20 2 X 10-2
, 

T = 2100, I = variable, p = 0, gO.) 

preform explosion. 

To examine the stability whilst including surface tension, we consider the case with 

inertia and gravity excluded. The temperature was set to 2100C and the feed speed 

set to 2.6 x 1O-5ms-1 as before. The surface tension was incrementally increased, the 

critical draw~ratio being determined at each point. These findings (Case 3, Table 

5.2) are illustrated in Figure 5.3. 

We now include both inertia and gravity to allow the effect of surface tension on the 

critical draw-ratios to become evident in this more~realistic drawing regime. The 

inertia was set to 1400kgm-3 and gravity included. The results (Case 4, Table 5.2) 

are illustrated in the Figure 5.4. 

Figures 5.3 and 5.4 demonstrate that surface tension is destabilising, and that the 

rate of change of critical draw ratio with changes in surface tension is non-linear. As 

expected, the presence of inertia and gravity help stave off fatal failure of the fibre. 
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Figure 5.4: Graph to show the effects of surface tension on the critical draw-ratio 

with inertia and gravity included and T = 2100C. (Case 4: VV] 2.6 X 10-5
, 

hlO = 1.8 X 10-2 , h20 2 X 10-2 , T = 2100, I variable, p = 1400, 9 = 9.81.) 

Finally, it would be instructive to see a comparison of the effect of surface tension 

between capillaries of differing initial geometries, as it is these that will be varied 

in practice along with a combination of other parameters to ensure that the correct 

geometry of the final is achieved. 

When the temperature is lowered to 2000C and hence the viscosity increased, the 

results of Figure 5.4 are modified and shown in Figure 5.5 (Case 5, Table 5.2). 

The critical draw-ratio decreases for all surface tensions as the temperature is de

creased, though it is not completely clear how the fibre tension (created by the fibre 

winder) is related to the phenomenon of critical draw-ratio. As the temperature is 

decreased the fibre tension (force required to draw fibre at the given draw speed) 

increases, but to separate this from other temperature-induced effects is nontrivial. 

Figure 5.6 shows the variation in critical draw ratio when temperature is altered, 

where r = 0.3Nm (Case 6, Table 5.2). This value of surface tension coefficient 

corresponds to the best estimate for silica glass at typical furnace temperatures. 
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Figure 5.5: Graph to show the effects of surface tension on the critical draw-ratio 

with inertia and gravity included and T = 2000C. (Case 5: W f = 2.6 X 10-5
, 

hlO = 1.8 X 10-2 , h20 = 2 X 10-2 , T = 2000, r = variable, p = 1400, 9 = 9.81.) 
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Figure 5.6: The effects of temperature on the critical draw-ratio with surface tension 

included. (Case 6: VVf = 2.6 X 10-5 , hlO = 1.8 X 10-2 , h20 2 X 10-2
, T variable, 

r = 0.3, p 1400, 9 = 9.81.) 
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Figure 5.7: Graph to compare the effects of surface tension for different capillary 

geometries on the critical draw-ratio. (Case 7: Wj = 2.6 X 10-5 , hlO = l.0 X 10-2 , 

h20 = 2 X 10-2
, T = 2050, I variable, p = 0, 9 = O. Case 8: Wj = 2.6 X 10-5

, 

hlO = l.8 X 10-2, h20 = 2 X 10-2, T = 2050, I = variable, p = 0, 9 = 0.) 

The results of the stability analysis on two different structures and at two different 

temperatures are now shown. One thick-walled capillary tube and one thin-walled 

capillary tube are simulated, with the following dimensions: 

Thick-walled tube: hlO = l.0 X 10-2 , h20 = 2.0 X 10-2 . 

Thin-walled tube: hlO = l.8 X 10-2 , h20 = 2.0 X 10-2 . 

Figure 5.7 compares the effects of surface tension on the critical draw-ratio for the 

thick- (Case 7, Table 5.2) and thin-walled (Case 8, Table 5.2) tubes. Figure 5.8 

compares the effects of inertia on the critical draw-ratio for the thick- (Case 9, 

Table 5.2) and thin-walled (Case 10, Table 5.2) tubes. 

The fact that the thin-walled capillary tube is less stable than the thicker-walled 

capillary is by no means obvious, though there appear to be two competing effects 

here, the first being the wall thickness. It seems reasonable to suppose that a thin-
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Figure 5.8: Graph to compare the effects of inertia for different capillary geometries 

on the critical draw-ratio. (Case 9: Wj = 2.6x10-5 , hlO 1.0x10-2 , h20 = 2xlO-2
, 

T = 2050, r = 0, p = variable, 9 = O. Case 10: Wf = 2.6 X 10-5, hlO 1.8 X 10-2
, 

h20 = 2 X 10-2, T = 2050, r = 0, p = variable, 9 = 0.) 

walled capillary tube is less stable as a result of a number of competing factors. 

First, there will be less resistance to a change in the inner radius due to there being 

less mass between it and r = h2 (z, t). Secondly, any such change in hl would have 

to be accompanied by a similar change in h2 (in the case of hl increasing), in order 

to prevent the two radii from meeting (h1 (z, t) = h2 (z, t) for any z or t) and the 

fibre collapsing. This seems to suggest that the thin-walled tube should prove less 

stable. The second of the competing factors is the effect of surface tension. It is clear 

that the effect of this on decreasing the critical draw-ratio should be greater with 

the thick-walled capillary (as demonstrated earlier). The outer radii are identical in 

both tubes, but the inner radius is smaller in the case of the thick-walled capillary, 

thus explaining its greater effect. The consideration of surface tension effects suggest 

that the thick-walled tube should prove the less stable. It is not intuitively clear 

which of the two effects is the more important, though the results inform that the 

former effect is dominant, at least in the regime of parameter space considered. 
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5.4 Conclusions 

Vie have identified and investigated the effect of each parameter available for change 

on the stability of the drawing process for capillary tubes. However, it is important 

to be aware of the potential limitations of the model. The stability analysis of solid 

fibre drawing has been completed by many authors in the past, and all state that it 

is not possible to draw solid fibres stably with a draw-ratio of greater than about 

20.2 (when excluding the effects of inertia, surface tension and gravity). This is not 

so in practice, where fibres may be drawn at many times this ratio. 

There are several reasons suggested for this lack of consistency, some of which lie 

in the boundary conditions of fibre drawing. For example, we normally we specify 

the speed at which the fibre is drawn and not the force that is applied to draw it 

(at a largely constant speed). The effect of the difference between these boundary 

conditions is often nontrivial, and constant-speed boundary conditions are easier 

to work with. To illustrate how such a change in boundary conditions may affect 

the predicted critical draw-ratio it is noted that if the force alone is specified, then 

the fibre can be drawn at any draw-ratio imposed (see §5.2). Will a combination of 

constant speed and constant force boundary conditions lead to predictions that match 

experimental results? The accurate modelling of the cooling of the preform in the 

furnace is not a realistic task, and neither is accurately determining the temperature 

profile of a furnace. The non-constant temperature profile of the preform could affect 

the stability ratio in the same way as altering the boundary conditions. 

Whilst this problem remains open, it is clear that the trends predicted theoretically 

correspond exactly with the trends in critical draw ratio observed experimentally 

(e.g. how the ratio varies with temperature, all other parameters remaining fixed), 

suggesting that such studies as these are, at worst, qualitatively correct. 
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5.4.1 Practical Results 

In this Chapter we: 

• have shown that both inertia and gravity act to stabilize the drawing process 

(see §5.3.4.1); 

4& have shown that surface tension destabilizes the drawing process (see §5.3.4.2); 

• have shown that increasing the temperature (thus decreasing the glass viscos

ity) stabilizes the drawing process (see §5.3.4.2). 
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Chapter 6 

The Rotation of Capillary Tubes: 

Numerical Analysis 

6.1 Numerics of leading-order capillary drawing 

equations 

Chapter 3 models the process of capillary drawing. Equations (3.53)-(3.56) with 

boundary conditions (3.58) were solved analytically in some limiting cases, but the 

full equations must be solved numerically to characterize parameter space and guide 

the manufacture process. 

In this chapter we consider the effects of imparting a rotation to the preform, chang

ing the size of the draw length, varying the surface tension, and altering the draw

down ratio (DDR). We consider the effects both for solid fibres and capillary tubes. 

All numerical calculations were performed by solving the final leading-order equa

tions that describe the drawing of capillary tubes using the mathematical software 

Maple, which itself uses a standard set of library routines and invokes Runge--Kutta

Merson methods and .:\fewton iteration in a shooting and matching technique, among 
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others. 

6.1.1 Numerical calculations for the rotation of a solid fibre 

The drawing conditions for the fibre simulations were as follows. \Ve used Wf = 

2.6 X 10-5
, Wd = 20Wf , ho = 1 X 10-2 , I 3 x 10-1, Po 0, T 2000, L = 3 X 10-2

, 

and the viscosity law given in Chapter 3 with gravity and inertia included. We 

assume the glass used is Suprasil F300, a high purity commercially available silica 

glass. Also, a constant temperature drawing furnace was assumed (f-l does not vary 

with z). These drawing conditions are not wholly realistic (for example in practice 

Wd is considerably more than 20Wf ), but have been chosen so as to allow the effects 

of rotation to be clearly seen. 

The numerical calculations considered in this Chapter for solid fibre drawing are 

summarized in Table 6.1. 

Figure 6.1 shows the effects of rotating a preform at the realistic rotation rate of 

300rpm at z = 0 (no rotation at z = L) and compares the results with the case of no 

rotation. The upper curve (Case 1, Table 6.1) corresponds to the rotated preform 

and the lower curve (Case 2, Table 6.1) to the preform not rotated. The graph shows 

that, as one might expect, the effect of rotation is to increase the fibre radius along 

the entirety of the draw length as a result of the centripetal acceleration that the 

fluid experiences during its residence time in the furnace. The final dimensions of 

the fibre are fixed by mass conservation considerations and the angular frequency 

exhibits boundary layer behaviour close to z L as a result of the large DDR (see 

Chapter 3). 

Figure 6.2 shows the effects of varying the draw length of the furnace, L. Typically 

furnaces have a draw length of a approximately 3cm (Case 4, Table 6.1), though 

Figure 6.2 compares this value with L = 1.5cm (Case 3, Table 6.1) and L = 6cm 

(Case 5, Table 6.1), where rotation has been included in all cases. The radii of 
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Table 6.1: Table summarizing parameter values considered for solid fibre drawing. 

Case ho T L 

1 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 3 X 10-1 3 X 10-2 

2 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 3 X 10-1 3 X 10-2 

3 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 3 X 10-1 1.5 X 10-2 

4 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 3 X 10-1 3 X 10-2 

5 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 3 X 10--1 6 X 10-2 

6 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 3 X 10-1 1.5 X 10-2 

7 2.6 X 10-5 1.04 X 10-3 1 X 10-2 2000 3 X 10-1 1.5 X 10-2 

8 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 0 1.5 X 10-2 

9 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 3 X 10-1 1.5 X 10-2 

10 2.6 X 10-5 5.2 X 10-4 1 X 10-2 2000 9 X 10-1 1.5 X 10-2 

Case 9 B(O) Figure 

1 9.81 300rpm 6.1 

2 9.81 Orpm 6.1 

3 9.81 300rpm 6.2 

4 9.81 300rpm 6.2 

5 9.81 300rpm 6.2 

6 9.81 300rpm 6.3 

7 9.81 300rpm 6.3 

8 9.81 300rpm 6.4 

9 9.81 300rpm 6.4 

10 9.81 300rpm 6.4 
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Figure 6.1: Graph to show the effects of rotation on solid fibre geometry. (Case 

1 (Upper curve): Wj = 2.6 X 10-5, Wd = 5.2 X 10-4 , ho = 1 X 10-2 , T = 2000, 

I 3 x 10-1, L = 3 X 10-2 , Po = 0, 9 = 9.81, B(O) = 300rpm. Case 2 (Lower 

curve): T¥j = 2.6 x 10-5 , Wd = 5.2 X 10-4 , ho = 1 X 10-2 , T = 2000, 1=3 x 10-\ 

L = 3 X 10-2
, Po = 0, 9 = 9.81, B(O) = Orpm.) 
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Figure 6.2: Graph to show the effects of varying the furnace length on solid fibre 

geometry. (Case 3 (Lower curve): Wf = 2.6 X 10-5 , Wd = 5.2 X 10-4 , ho = 1 X 10-2
, 

T = 2000, I = 3 x 10-\ L = 1.5 X 10-2
, Po = 0, 9 = 9.81, B(O) = 300rpm. Case 

4 (Middle curve): Wf = 2.6 X 10-5 , Wd = 5.2 X 10-4 , ho = 1 X 10-2
, T = 2000, 

I = 3 x 10-\ L = 3 X 10-2
, Po = 0, 9 = 9.81, B(O) = 300rpm. Case 5 (Upper 

curve): Wf = 2.6 X 10-5 , Wd = 5.2 X 10-4 , ho = 1 X 10-2 , T = 2000, 1=3 x 10-\ 

L = 6 X 10-2
, Po = 0, 9 = 9.81, B(O) = 300rpm.) 

the fibre at both ends of the furnace are fixed by mass conservation considerations. 

The presence of surface tension might be expected to have a greater effect on the 

geometry for L = 6cm (Case 5, Table 6.1) than for L = 1.5cm (Case 3, Table 6.1) as 

a result of the increased time a fluid element spends in the furnace. However, Figure 

6.2 demonstrates that typical values of surface tension are not large enough to have 

a significant impact. This suggests that the stability of the fibre draw will not be 

particularly sensitive to changes in L for typical values of surface tension, though 

the situation may change as longer furnace lengths are approached (see Chapter 5.4 

for a stability analysis of the drawing process). Furnace lengths are fixed in practice, 

and do not vary greatly between furnaces. 

Figure 6.3 shows the effects of increasing the DDR. Since this is accomplished by 
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Figure 6.3: Graph to show the effects of varying the draw-down ratio on solid fibre 

geometry. (Case 6 (Upper curve): TiVf = 2.6 x 10-5 , Wd = 5.2 X 10-4 , ho = 1 X 10-2 , 

T = 2000, I = 3 x 10-\ L = 3 X 10-2, Po = 0, 9 = 9.81, B(O) = 300rpm. Case 

7 (Lower curve): Wf = 2.6 X 10-5 , Wd = 1.04 X 10-3 , ho = 1 X 10-2 , T = 2000, 

1=3 x 10-\ L = 3 X 10-2
, Po = 0, 9 = 9.81, B(O) = 300rpm.) 

keeping the feed speed constant and increasing the draw speed from 20Wf (Case 6, 

Table 6.1) to 40Wf (Case 7, Table 6.1), the only significant effect will be to decrease 

the final dimension of the fibre as a result of mass conservation conditions. The lower 

curve (Case 7, Table 6.1) therefore corresponds to the larger DDR. Apart from the 

modification of final geometry, the form of the fibre geometry along the length is 

qualitatively similar in both cases. 

Figure 6.4 shows the effects of varying the surface tension on solid fibre geometry. 

For a solid fibre draw the variations in geometry for realistic values of surface tension 

are small. Figure 6.4 shows three curves: the lower of the three (Case 8, Table 6.1) 

is the case with no surface tension. The middle curve (Case 9, Table 6.1) is the case 

of a typical surface tension value of I 0.3Nm. The upper curve (Case 10, Table 

6.1) represents the case with 3 times as much surface tension as is realistic. Whilst 

the effect of this increase is small, it is clear that the effect is to increase the radius 
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Figure 6.4: Graph to show the effects of varying the surface tension on solid fibre 

geometry. Case 8 (Lower curve): W f = 2.6 X 10-5 , Wd = 5.2 X 10-4 , ho = 1 X 10-2
, 

T = 2000, r = 0, L = 3 X 10-2, Po = 0, 9 = 9.81, B(O) = 300rpm. Case 9 

(Middle curve): W f = 2.6 X 10-5 , Wd = 5.2 X 10-4 , ho = 1 X 10-2 , T = 2000, 

r = 3 x 10-1, L = 3 X 10-2, Po = 0, 9 = 9.81, B(O) = 300rpm. Case 10 (Upper 

curve): Hlf = 2.6 X 10-5 , TiVd = 5.2 X 10-4 , ho = 1 X 10-2 , T = 2000, r = 9 x 10-1, 

L = 3 X 10-2, Po = 0, 9 = 9.81, B(O) = 300rpm.) 

of the fibre along the entirety of the draw length as already noted in Chapter 3. 

Though surface tension effects on solid fibre geometry are minimal, it is known that 

the presence of surface tension decreases the stability of the draw. This is discussed 

in Chapter 5. 

The numerical results show that the effect of rotating solid fibres is to modify the 

radius of the preform at all points in the furnace except at z = 0 and z = L in 

accordance with mass conservation considerations. However, the effects of rotating 

typical preforms at realistic rotation rates are not significant. Furthermore, it has 

been shown that fibre geometry is not sensitive to changes in any of the drawing pa

rameters when the parameters are chosen to be typical of those used experimentally. 
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6.1.2 The capillary tube 

The numerical calculations considered in this Chapter for capillary tube drawing are 

summarized in Table 6.2. 

The drawing conditions simulated were the same as those for the solid fibre unless 

otherwise stated. The initial geometry of the tube was hlO = 1.8cm and h20 = 2.0cm. 

Each Figure in this section shows two curves. The lower of the two curves corresponds 

to the inner fibre radius hI and the upper curve corresponds to the outer fibre radius 

h2 · 

Figure 6.5 shows a comparison between a rotated (Case 11, Table 6.2) and an unro

tated (Case 12, Table 6.2) capillary tube drawn at T = 1700C with a modest 300rpm 

of rotation added at z = O. It is clear that both inner and outer radii are increased 

throughout the length of the draw region when the preform is rotated (Case 11, Table 

6.2) and that both rotated and unrotated preforms thin as the draw is completed, in 

order to approximately preserve the geometry ratio h2 /h l . Surface tension prevents 

h2/hl being preserved exactly as already discussed in Chapter 3. Whilst rotation 

has the effect of increasing hI and h2 for the entire draw length, the effects at z = L 

are much less significant. This may be understood from a consideration of the angu

lar frequency profile, discussed in Chapter 3. For this reason preform rotation does 

not represent a sensible choice of mechanism for preventing hole collapse, since the 

rotation rates would have to be significant to effect the necessary change in hI at 

z = L. These numerical findings are supported by the discussion in Chapter 3. The 

geometrical effects of preform rotation are therefore not thought to be significant 

in terms of the final geometry, though any changes in the fibre geometry at any 

point in the draw length are known to affect the stability of the drawing process. 

Furthermore, as was shown in Chapter 4, the capillary tube may be used to model 

the behaviour of a particular class of holey fibres. When holey fibres are drawn, the 

manner in which the geometry varies with z may impact upon the microstructure. 

Furthermore, achievable rotation rates may significantly reduce unwanted Polariza-
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Table 6.2: Table summarizing parameter values considered for capillary tube draw-

ing. 

Case Wf Wd hlO h20 T 

11 2.6 X 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 1700 3 x 10-1 

12 2.6 x 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 1700 3 x 10-1 

13 2.6 x 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

14 2.6 x 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

15 2.6 x 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

16 2.6 x 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

17 2.6 x 10-5 2.6 X 10-4 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

18 2.6 x 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

19 2.6 x 10-5 1.04 X 10-3 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

20 2.6 X 10-5 5.2 X 10-4 1.8 X 10-2 2.0 X 10-2 2000 3 X 10-1 

Case L Po 9 B(O) Figure 

11 3 X 10-2 0 9.81 300rpm 6.5 

12 3 x 10-2 0 9.81 Orpm 6.5 

13 3 x 10-2 0 9.81 300rpm 6.6 

14 3 x 10-2 0 9.81 Orpm 6.6 

15 1.5 x 10-2 0 9.81 300rpm 6.7 

16 3 x 10-2 0 9.81 300rpm 6.7 

17 3 x 10-2 0 9.81 300rpm 6.8 

18 3 x 10-2 0 9.81 300rpm 6.8 

19 3 x 10-2 0 9.81 300rpm 6.9 

20 3 x 10-2 0 9.81 300rpm 6.9 
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Figure 6.5: Graph to show the effects of preform rotation on capillary tube geometry 

at 1700C. (Case 11 (Solid curves): Wf = 2.6x10-5 , Wd = 5.2x10-4 , hlO = 1.8x10-2 , 

h20 = 2.0 X 10-2
, T = 1700, r = 3 x 10-2

, L = 3 X 10-2 , Po = 0, 9 = 9.81, 

B(O) = 300rpm. Case 12 (Dashed curves): Wf = 2.6 X 10-5 , Wd = 5.2 X 10-4 , 

hlO = 1.8 X 10-2
, h20 = 2.0 X 10-2

, T = 1700, r = 3 x 10-2 , L = 3 X 10-2
, Po = 0, 

9 = 9.81, B(O) = Orpm.) 

tion Mode Dispersion in holey fibre drawing. For these reasons the effects of preform 

rotation on capillary tubes may yet prove to be significant. 

Figure 6.6 shows the same comparison of rotated (Case 13, Table 6.2) and unrotated 

(Case 14, Table 6.2) preforms but for T = 2000C. As one might expect, the results 

are qualitatively similar, though the effects are more pronounced due to the decreased 

viscosity. Though this Figure suggests a large fractional change in final geometry, one 

must remember that this simulation has been carried out with a large capillary tube 

diameter in order to allow the effects to be clearly seen. Thus for typical capillary 

tube sizes preform rotation will not significantly impact the final geometry, though 

its effects may still be important for the reasons stated above. 

Figure 6.7 shows, in the event that T 2000C to create a system sensitive to any 
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Figure 6.6: Graph to show effects of preform rotation on capillary tube geometry at 

2000C. (Case 13 (Solid curves): W f 2.6 x 10-5 , TlVd = 5.2 X 10-4 , hlO = 1.8 X 10-2
, 

h20 = 2.0 X 10-2
, T = 2000, r = 3 x 10-2 , L = 3 X 10-2 , Po = 0, g = 9.81, 

B(O) = 300rpm. Case 14 (Dashed curves): Wf = 2.6 X 10-5 , Wd = 5.2 X 10-4
, 

hlO = 1.8 X 10-2 , h20 = 2.0 X 10-2 , T 2000, r = 3 x 10-2 , L = 3 X 10-2
, Po = 0, 

g = 9.81, B(O) = Orpm.) 
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Figure 6.7: Graph to show effects of varying the furnace length on capillary tube 

geometry. (Case 15 (Solid curves): lVj = 2.6 X 10-5 , TiVd = 5.2 X 10-4 , hlO = 

1.8xlO-2
, h20 = 2.0xl0-2

, T = 2000, r 3xlO-2 , L = 1.5xlO-2,po = 0, 9 = 9.81, 

B(O) = 300rpm. Case 16 (Dashed curves): Wj = 2.6 X 10-5 , Wd = 5.2 X 10-4
, 

hlO = 1.8 X 10-2
, h20 = 2.0 X 10-2

, T = 2000, r = 3 x 10-2 , L = 3 X 10-2
, Po = 0, 

9 = 9.81, B(O) = 300rpm.) 

changes in the rest of parameter space, the effect of decreasing the draw length with 

no rotation added. The value of L is halved from 3cm (Case 16, Table 6.2) to 1.5cm 

(Case 15, Table 6.2) and clearly the solid lines correspond to a draw length of 1.5cm 

and the dotted lines to a draw length of 3cm. No significant effect of this is apparent 

and we conclude, as in the case of the solid fibre simulation, that the draw length 

does little to affect the geometry of the final fibre (when compared with the effects 

of surface tension, for example) and hence cannot be used as a control parameter 

(this would only be possible in practice by using entirely different drawing towers). 

Figures 6.8 and 6.9 compare the effects of a draw-down ratio of 20 with one of 10 

(Cases 17 and 18, Table 6.2) and 40 (Cases 19 and 20, Table 6.2) respectively. As 

in the case of solid fibres, there appears to be no significant effect on the final fibre 

geometry that may be observed in terms of general numerical rules. For example, 
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Figure 6.8: Graph to show effects of varying the draw-down ratio on capillary tube 

geometry. (Case 17 (Solid curves): Wf = 2.6 X 10-5 , Wd = 2.6 X 10-4 , hlO = 

1.8 X 10-2
, h20 = 2.0 X 10-2 , T = 2000, r 3 x 10-2 , L 3 X 10-2 , Po 0, 9 = 9.81, 

B(O) = 300rpm. Case 18 (Dashed curves): Wf = 2.6 X 10-5 , Wd = 5.2 X 10-4 , 

hlO = 1.8 X 10-2
, h20 = 2.0 X 10-2 , T = 2000, r = 3 x 10-2 , L = 3 X 10-2 , Po = 0, 

9 = 9.81, B(O) 300rpm.) 

changing the DDR does indeed change both the final inner radius, outer radius, 

and their ratio. However, the presence of surface tension complicates matters and 

prevents a simple relationship being established from an observation of the numerical 

tendencies. The change in DDR remains the most used control parameter since it is 

easy to change experimentally and impacts most on the absolute geometry changes 

effected together with the final ratio h2 /h 1 . 

6.2 Tackling the problem of hole collapse 

'lye now investigate the possible mechanisms for preventing hole collapse. 

Since it is observed that hole closure only occurs when hlO is sufficiently small, we 
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Figure 6.9: Graph to show effects of varying the draw-down ratio on capillary tube 

geometry. (Case 19 (Solid curves): Wf = 2.6 X 10-5 , Wd = 1.04 X 10-3 , hlO = 

1.8 X 10-2
, h20 = 2.0 X 10-2

, T = 2000, r = 3 x 10-2
, L = 3 X 10-2

, Po = 0, 9 = 9.81, 

B(O) = 300rpm. Case 20 (Dashed curves): Wf = 2.6 X 10-5 , Wd = 5.2 X 10-4
, 

hlO = 1.8 X 10-2
, h20 2.0 X 10-2

, T = 2000, r = 3 x 10-2
, L = 3 X 10-2

, Po = 0, 

9 = 9.81, B(O) 300rpm.) 
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Table 6.3: Table showing minimum values of hlO . 

Case 

21 2.5 x 10-4 

22 2.5 x 10-4 

23 2.5 x 10-4 

24 2.5 x 10-4 

Case L 

21 3 x 10-2 

22 3 x 10-2 

23 3 x 10-2 

24 3 x 10-2 

8.3 X 10-2 

8.3 X 10-1 

8.3 X 10-2 

8.3 X 10-1 

Po 

o 
o 
o 
o 

3 X 10-4 

2 X 10-4 

1 X 10-3 

7 X 10-4 

9 

9.81 

9.81 

9.81 

9.81 

1.5hlO 

1.5h lO 

1.5h lO 

1.5h lO 

B(O) 

o 

o 
o 
o 

T 

1950 

1950 

2100 

2100 

3 x 10-1 

3 x 10-1 

3 x 10-1 

3 x 10-1 

shall consider how small hlO may be for a given set of drawing parameters before the 

hole in the capillary tube closes. Starting with no hole overpressure and no preform 

rotation, we determine how small hlO can be made for a given set of draw parameters 

without hI becoming negative at any point in the draw. When hI is negative, the 

hole has closed and the model is invalid. Hole closure is induced by surface tension 

as no hole closure occurs in its absence. 

Table 6.3 gives the results of the minimum hlO possible for a variety of furnace 

temperatures and feed speeds. 
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Table 6.3 shows that whilst the differences in the smallest values of hI are marginal, 

larger draw speeds tend to decrease the final size of hI and a larger hlO will be required 

to counteract hI becoming negative at z = L. Higher draw temperatures (thus lower 

viscosities) allow surface tension to be more effective, since it is the balancing between 

surface tension and viscosity that largely determines the geometry. 

We therefore discover that it is possible to draw fibres with small initial geometries at 

realistic temperatures and draw speeds. However, we should like to be able to draw 

smaller capillary tubes than currently possible. Part of the motivation for being able 

to draw capillary tubes with small holes is the potential application to full holey 

fibres. 

Before we consider possible mechanisms we briefly analyse the effect of having a 

temperature profile in the furnace, since this is more realistic than the constant 

temperature profile assumed thus far. 

It is observed that including a temperature profile does alter the minimum hlO pos

sible for a given set of draw parameters. To give a qualitative demonstration of this, 

consider a draw furnace with a temperature profile that increases linearly from an 

initial minimum temperature at z = 0 to a maximum at z = ~, and decreases to 

the same minimum at z = L. With a minimum temperature of 2000 and a maxi

mum of 2100, the following points are notable. The final draw-ratio is found to be 

between that of the final draw-ratio obtained using a constant temperature of 2000, 

and that obtained using a constant temperature of 2100. This is also true of the final 

dimensions. At small values of z, we observe that both the inner and outer radii are 

larger in size than in either of the constant temperature cases. That is, larger than 

in the T = 2000 case, even, because further down the furnace the fluid has a lower 

viscosity, and so the effect of the force prescribed at z = L on the upper part of the 

furnace to be reduced. 
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6.3 The effects of hole pressurization 

We will now investigate the potential for pressurizing capillary tubes as a mechanism 

to prevent surface tension induced hole collapse. 

Drawing small-holed fibres from preforms whose dimensions are small has beneficial 

implications for the ratio of final outer to inner radii, (h2/h1 )lz=L and application in 

holey fibre technology. When the initial capillary tube has small dimensions surface 

tension tends to close the hole and final hole size is sensitive to changes in drawing 

parameters. On the other hand, preforms cannot be made arbitrarily large, since 

holey fibre preforms that are made from many packed capillaries cannot fit in the 

furnace if the overall radius is greater than a few centimetres. 

It is possible that one way to achieve the small final dimensions whilst starting from 

a small capillary tube is to include an overpressure in the hole, preventing collapse 

brought about by surface tension and large draw speeds. Whilst pressurizing the hole 

will assist in preventing the capillary tube from closing at z = L, it will also cause the 

fibre radii to expand at z = O. In extreme cases the fibre will "explode". This occurs 

because at large radii surface tension has little effect, whereas the effects of hole 

overpressure are unaltered. Before investigating hole collapse further we consider 

preform "explosion". 

6.3.0.1 Preform "explosion" 

As the overpressure applied for a given set of drawing parameters becomes too large, 

both the inner and outer radii tend to infinity: the preform "explodes". To determine 

the pressure at which this occurs, as predicted by Fitt et al. [15], we use the following 

parameter values and gradually increase the hole overpressure Po until the critical 

pressure is reached. The drawing parameters used correspond to typical values used 

experimentally. We set Wf = 6.0 X 10-5 , VVd = 4.0 X 10-3 , hlO = 4.0 X 10-3
, 
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Figure 6.10: Graph to show hI and h2 along the length of the drawing furnace at the 

limit of the numerical solutions, just before the fibre "explodes". (Parameter values: 

Wj = 6.0 X 10-5 , Wd = 4.0 X 10-3 , hlO = 4.0 X 10-3 , h20 = 8.0 X 10-3 , T = 2100, 

1=1 x 10-1, L = 3 X 10-2, Po = variable, 9 = 9.81, B(O) = 0, p = 2200) 

h20 = 8.0 X 10-3 , T = 2100, I = 1 x 10-1, L = 3 X 10-2 , Po = variable, 9 = 9.81, 

B(O) = 0, and p = 2200. 

The graphs of hI and h2 as a function of distance along the furnace z are shown in 

Figure 6.10. 

To investigate how this maximum hole overpressure is affected by altering the capil

lary geometry we consider three preform geometries, and for each geometry plot the 

maximum hole overpressure as a function of temperature (tantamount to varying the 

viscosity). Other parameter values were chosen to be typical experimental param

eters. We set TiVj = 2.6 x 10-5 , TiVd = 6.5 X 10-4 , hlO = variable, h20 = variable, 

T = 2100, I = 3 x 10-1, L = 3 X 10-2, Po = variable, 9 = 9.81, B(O) = 0, and 

p = 2200. The geometries and other parameters are summarized in Table 6.4. 

It is clear from Cases 25-27, Table 6.4,shown in Figures 6.11-6.13 that, as the wall 
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Table 6.4: Table showing how capillary geometry affects maximum overpressure. 

Case hlO 

25 2.6 x 10-7 6.5 X 10-4 1 X 10-2 2 X 10-2 

26 2.6 x 10-7 6.5 X 10-4 2 X 10-2 4 X 10-2 

27 2.6 x 10-7 6.5 X 10-4 5 X 10-3 1 X 10-2 

Case 

25 

26 

27 

L 

3 X 10-2 

3 X 10-2 

3 X 10-2 

Po 9 

9.81 

9.81 

9.81 
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B(O) 

o 
o 

o 

T 

p 

2200 

2200 

2200 

3 X 10-1 

3 X 10-1 

3 X 10-1 

Figure 

6.11 

6.12 

6.13 
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Figure 6.11: Graph to show the maximum hole overpressure as a function of temper

ature. (Case 25: Wf = 2.6 X 10-5 , Wd = 6.5 X 10-4 , hlO = 1 X 10-2 , h20 = 2 X 10-2
, 
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Figure 6.12: Graph to show the maximum hole overpressure as a function of tempera

ture for Case 26. (H!f = 2.6 X 10-5 , Wd = 6.5 X 10-4 , hlO = 2 X 10-2 , h20 4 X 10-2
, 

T = variable, I 3 x 10-1, L = 3 X 10-2 , Po = variable, 9 = 9.81, B(O) = 0, 

p = 2200.) 
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Figure 6.13: Graph to show the maximum hole overpressure as a function of tempera

ture for Case 27. (Wj = 2.6 X 10-5 , Wd = 6.5 X 10-4 , hlO = 5 X 10-3 , h20 = 1 X 10-2
, 

T = variable, I = 3 x 10-\ L = 3 X 10-2, Po = variable, 9 = 9.81, B(O) = 0, 

p = 2200.) 

thickness and the dimensions of the preform are increased, the effects of surface 

tension are minimized. This has the effect of increasing the sensitivity of the resulting 

geometry to the quantity of overpressure applied. 

6.3.1 Using overpressure to prevent hole collapse 

Having studied preform explosion and established that hole overpressure may be 

used to prevent hole collapse, we now consider three separate cases, with differing 

furnace temperatures and feed speeds, and in each case determine how small the 

initial geometry can be made without the hole closing, whilst using an overpressure 

to prevent the closure. The results are shown in Table 6.5 and were obtained in the 

following manner. The overpressure was set to zero and h lO reduced until hI = 0 at 

z = L. The overpressure was then increased until the point of preform "explosion" 

was reached near z = O. The initial inner radius was then reduced further until once 
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Table 6.5: Table to show minimum hlO with overpressure added. 

28 8.3 x 10-1 6.5 X 10-4 

29 8.3 x 10-1 6.5 X 10-4 

30 8.3 X 10-2 6.5 X 10-4 

Case L Po 

28 3 x 10-2 1.37 X 104 

29 3 x 10-2 2.49 X 103 

30 3 X 10-2 2.17 X 103 

4.0 X 10-5 

2.2 X 10-4 

2.5 X 10-4 

g 

9.81 

9.81 

9.81 

2 X 10-2 1950 3 x 10-1 

2 X 10-2 2100 3 x 10-1 

2 X 10-2 2100 3 x 10-1 

B(O) p 

o 2200 

o 2200 

o 2200 

again hI = 0 at z = L. The process was iterated until, for a given hole overpressure, 

the percentage reduction in hlO possible without hole closure was small. 

As the initial inner radius decreases and the pressure increases, this iterative process 

becomes increasingly sensitive to the amount of hole overpressure. This is expected, 

as the minimum inner radius that overpressure will allow without hI and h2 becoming 

unbounded, is being converged on. Additionally, the process is more sensitive to the 

amount of hole overpressure as the viscosity of the fluid is reduced by increasing the 

temperature. 

The fact that it is observed that the above process is extremely sensitive to the 

amount of hole overpressure prescribed is discouraging. It is not at all clear that the 
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overpressure is constant, as it might vary along the length of the preform. Perhaps 

the pressure inside the capillary is a function of the length along the furnace, and 

this functional dependence is strong, therefore allowing the pressure sensitivity to be 

removed. Adding a pressure gradient to the problem would indeed be expected to 

reduce this sensitivity because if the pressure increases with z, the pressure at z = 0, 

which is the problematic region, could always be kept below the pressure that would 

cause the fibre radii to become unbounded, allowing overpressure to counteract the 

catastrophic effect of surface tension at z = O. This is discussed in Chapter 3. 

6.4 Rotation and pressure 

We have seen in the preceding section that whilst pressurizing capillary tubes allows 

small holes to be manufactured more easily, the final geometry is still sensitive to 

changes in drawing parameters and to the amount of hole overpressure. We here 

investigate whether preform rotation might be used as an additional control mecha

nism. The ideal control mechanism will be one that produces a small effect on the 

final geometry when the parameter is altered, but where the parameter may assume 

a large range of values. This would ensure that the parameter may be used in a wide 

variety of drawing scenarios used in practice. 

Assuming no temperature gradient, we will repeat the calculations performed in §6.3, 

while seeing how rapidly we may rotate the fibre without it exploding close to z = 0, 

since we observe this to occur numerically for reasons similar to those set out for 

overpressure induced explosion. 

Vie reduce the pressure to below the critical values determined in §6.3, allowing the 

hole to close. At this point the geometry of the preform is not sensitive to changes 

in pressure. Preform rotation is then added until the hole is reopened and this value 

for B(O) recorded. See 6.3 to see any effects on the minimum size of hI that this 

allows. 
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Table 6.6: Table to show results for smallest hlO with hole overpressure and rotation 

added. 

Case T 

31 8.3 x 10-1 6.5 X 10-4 4.0 X 10-5 2 X 10-2 1950 3 x 10-1 

32 8.3 x 10-1 6.5 X 10-4 2.2 X 10-4 2 X 10-2 2100 3 x 10-1 

33 8.3 x 10-2 6.5 X 10-4 2.5 X 10-4 2 X 10-2 2100 3 x 10-1 

Case L Po 

31 3 x 10-2 1.20 X 104 

32 3 x 10-2 2.35 X 103 

33 3 x 10-2 2.10 X 103 

9 

9.81 

9.81 

9.81 

149 

B(O)max P 

350rpm 2200 

900rpm 2200 

10rpm 2200 



Rotation may not be used on its own to prevent a small hole from closing unless the 

preform has dimensions larger than those used in holey fibres. This is because the 

effects of preform rotation are more significant when the outer wall of the preform 

is far from the centreline. Using preforms with smaller dimensions would require 

rotation rates (B(O) ~ 104rpm) that are not currently achievable in practice. 

The results in Table 6.6 demonstrate that whilst rotation alone may not be a useful 

mechanism to prevent hole collapse, it may in some cases be used to good effect when 

the capillary tube is already pressurized. The fact that preform rotation may need to 

be as large as B(O) ~ 104rpm to be used on its own suggests that changes in rotation 

rates of 1O-100rpm will have little effect on preform geometry. This large parameter 

range corresponds precisely to the situation described above. With capillary tubes 

pressurized to their maximum value before explosion, rotation rates of 350-900rpm 

(Cases 31-33, Table 6.6) may be added without preform "explosion" occurring. 

Case 31 represents a drawing scenario where rotation and pressure may be used 

together to prevent hole collapse. This is because a reduction in pressure to a value 

below the critical value (in practice going past this value "explodes" the preform 

and the draw must be started once again with a new preform) closes the hole but 

realistic rotation rates (350rpm) may be used to open the hole again. Similarly, Case 

32 represents a drawing scenario where rotation and pressure may be used to prevent 

hole closure, but rotation rates much larger than 950rpm are not practical. Case 33 

represents a drawing scenario where pressure and rotation may not realistically be 

used to prevent hole collapse. With hole overpressure reduced below the critical 

value allowing the hole to close, the results in Table 6.6 show that a rotation rate of 

10rpm was necessary to open the hole, suggesting that geometry is overly sensitive 

to rotation rates in this regime. 
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6.5 Conclusions 

The equations that govern the drawing of capillary tubes (3.53)-(3.56) with bound

ary conditions (3.58) were examined numerically and the results interpreted in a 

wholly practical and physical context. Specifically, the problem of hole collapse was 

examined, with pressure and rotation with pressure being considered to prevent the 

collapse. It was found both pressure and rotation may be used to prevent hole col

lapse, though for practical reasons a combination of the two is most effective. Ideally, 

a pressure gradient would be applied in the capillary tube (i.e. Po = Po(z)), removing 

many of the problems encountered, such as the sensitivity of geometry to pressure 

and preform "explosion" that occurs in parts of the preform where hl and Po are 

large. 

6.5.1 Practical Results 

In this Chapter we: 

., have shown that for a solid fibre, increasing the draw length increases the effects 

of preform rotation on fibre geometry (see §6.1.1); 

., have shown that for a solid fibre, altering the draw-down-ratio does not sig

nificantly alter the effects of preform rotation on fibre geometry (see §6.1.1); 

., established that preform rotation alone is not likely to prevent hole collapse in 

capillary tubes (see §6.1.2); 

., have shown that increasing the furnace temperature (thus decreasing the glass 

viscosity) increases the effects of preform rotation on fibre geometry (see §6.1.2); 

• have shown that using hole overpressure and preform rotation together is a 

possible mechanism for preventing hole collapse in capillary tubes (see §6.4). 
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Chapter 7 

The Rotation of Capillary Tubes: 

Experimental Results and 

Discussion 

7.1 Fibre predictions - full numerics 

In previous Chapters we have developed a model for the rotation of capillary tubes 

and conducted lengthy numerical analysis of the resulting equations. In this Chapter 

we solve equations (3.53)-(3.56) with boundary conditions (3.58) numerically, and 

compare the results with data from experimental trials conducted at the Optoelec

tronics Research Centre. 

Equations (3.53)-(3.56) with boundary conditions (3.58) were solved using standard 

numerical library routines available in the Maple package. However, as this soft

ware is not specifically aimed towards the numerical solution of ordinary differential 

equations, a more robust routine was required as the structure of the solution neces

sitates careful shooting to solve the boundary value problem at large rotation rates. 
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A Fortran 77 code was written that utilizes the NAG routine D02HAF. This routine 

solves two-point boundary value problems for a system of ordinary differential equa

tions using a Runge-Kutta-Merson method and Newton iteration in a shooting and 

matching technique. For more details on the library routine see [70]. The Fortran 

code may be found in Appendix B. 

7.1.1 The viscosity of silica glass 

The viscosity and its variation with temperature of the Suprasil F300 silica glass used 

is unknown (this is proprietary information). The precise value of the surface tension 

of the glass is also unknown, along with possible variations with temperature. It has 

been assumed thus far that the drawing furnace has a constant temperature whereas 

in reality it is known to vary significantly. \Vhilst obtaining accurate data to remove 

all unknowns is unrealistic, a concerted effort was made to reduce the uncertainties. 

The author of [67], Professor R. H. Doremus, was contacted and upon his advice it 

was decided that the viscosity measurements carried out by Hetherington et al. [71] 

should be used to represent the viscosity of Suprasil F300 glass between 1000 and 

1400, and that between 1400 and 2500 those of Urbain et al. [72] should be used. 

The viscosity is measured in Poise and the temperature, T, in Celsius. This puts the 

viscosity somewhere in-between that determined by Paek and Runk [73] and that 

determined by Bansal and Doremus [74], as shown in Figure 7.1. The experimentally 

measured viscosity laws are 

1000C - 1400C 13 ( 712000 ) 
f-1 3.8 x 10- exp (8.3145T + 2271.10567) , 

1400C - 2500C -7 ( 515400 ) 
f-1 = 5.8 x 10 exp (8.3145T + 2271.10567) . 

For details on how these viscosities were measured, how the techniques varied with 

temperature and a general discussion of these results see [67]. 
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Figure 7.1: Graph comparing the viscosity laws given in the literature for the tem

perature range of interest. (Upper curve: Doremus [67J. Central curve: Urbain [72J. 

Lower curve: Paek and Runk [73J.) 

7.1.2 Measurement of the furnace temperature profile 

The following section describes some of the efforts afforded the correct measurement 

of the temperature profile of the furnace used in the drawing experiments described 

below. 

To obtain accurate numerical predictions for comparison with optical fibre drawing 

experiments conducted in the Optoelectronics Research Centre, we clearly require 

knowledge of the temperature distribution in the furnace. 

Since in making our predictions we implicitly assume that the temperature of the 

glass is the same as that of the furnace at any point, it is possible to make measure

ments of the temperature of the furnace element by measuring the temperature in a 

glass preform as it traverses the length of the furnace. 

This investigative experiment was conducted by Mr John R. Hayes of the Optoelec-
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tronics Research Centre, assisted and overseen by myself. 

A glass preform that was 10mm in diameter was chosen, since this is of a similar size 

to those used to manufacture holey fibres. The preform contained an air-hole into 

which a thermocouple was passed. The thermocouple reading is accurate to within 

O.4C, and was calibrated against the ambient air temperature of the room. 

Experiment showed that after the thermocouple makes contact with a solid object 

it achieves thermal equilibrium. If this were not the case it might be expected that 

the position of the maximum temperature in the furnace would change noticeably 

with a change in peak temperature (resulting from the time-delay in temperature 

measurement). This phenomenon was not observed and thus it is satisfactory to 

assume that the thermocouple readings taken are accurate. 

The preform containing the thermocouple was passed into the furnace and slowly 

fed along the length of the furnace, which was held at three different temperatures 

in turn. The preform traversed the furnace at a speed of 5 mm/min and the claimed 

peak temperature of the furnace was set to 1300C, 1600C and 1760C respectively. 

The temperature readings of the furnace are correct to within O.4C and the distance 

down the furnace may be assumed to be accurate to within O.05mm. The reason 

that measurements were taken for temperatures outside the operating regime of fibre 

drawing (typically 1900-2100C) is that above 1700C the thermocouple first becomes 

inaccurate and then begins to melt. 

"'\iVhen establishing the temperature profile of the furnace, two things are of paramount 

importance. The first is the shape of the furnace temperature profile and a knowl

edge of whether or not this shape depends on the peak temperature. The second is 

the difference between the claimed peak temperature of the furnace and the mea

sured peak temperature. If it is established that the shape of the temperature profile 

is independent of peak temperature, then the correct temperature profile may be 

obtained from a knowledge of (a) the shape of the furnace temperature profile and 

(b) the relationship between peak temperature and the claimed peak temperature. 
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Figure 7.2: Temperature profiles of furnace taken at claimed peak temperature of 

1300C, 1600C and 1760C respectively. 

The graphs in Figure 7.2 show the data obtained. Temperature profiles of the drawing 

furnace taken at claimed peak temperatures of 1300C-1760C are displayed. Figure 

7.3 shows a plot of the claimed peak temperature vs. the measured peak temperature, 

demonstrating the relative off-set of the temperature measurements as a function of 

temperature and also shows this relationship extrapolated to include the temperature 

range of interest. It is from this graph that the claimed peak temperature is converted 

into what we regard as a "real temperature" to be used in the numerical simulations 

of experimental draws. Figure 7.4 shows the superposition of the various temperature 

profiles taken, both in terms of their actual magnitude and also relative to some fixed 

maximum, in order to allow easy comparison of their relative shape to be made. 
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furnace. (Upper diagram: actual values. Lower diagram: projected values.) 
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Vve observe that the peak temperature of the furnace does not represent the claimed 

peak temperature, being different by almost 150C in the case of the 1300C measure

ment. This temperature difference changes according to the magnitude of the peak 

temperature, and the trend shown has been extrapolated (see lower diagram, Figure 

7.3) in order to predict the actual peak temperature from a knowledge of the claimed 

peak temperature for the temperature range of interest. The exact trend is critical 

as a result of the exponential temperature dependence of the viscosity. The extrap

olation was carried out by assuming that the gradient of the line shown in the upper 

diagram of Figure 7.3 would continue to change with claimed peak temperature as it 

had over the three values of peak temperature measured. The implication is that at 

large enough peak temperatures, the claimed peak temperature will in fact be higher 

than the measured peak temperature. \iVhether this is reasonable or not is unclear, 

though any error is likely to be small over such small temperature ranges as those 

considered (approximately 200C). 

One should not expect the peak temperature measured by the thermocouple to be the 

same as the temperature of the furnace for several reasons. First, the temperature of 

the furnace is set by varying the current to the element, which in turn is controlled 

by the temperature as measured by a pyrometer that reads the temperature of the 

outside of the element that heats the furnace. As such, the pyrometer might be 

expected to give a temperature that is greater than the true value of the furnace 

temperature. This fact was established experimentally for low temperatures. 

If the thermocouple is not in thermal equilibrium with its surroundings then it is 

likely that the position of the maximum temperature will change as the peak temper

ature of the furnace changes. The fact that this was not seen to be the case suggests 

that the thermocouple was in constant thermal equilibrium with its surroundings. 

We further note that the furnace temperature profile is asymmetric, though the rea

sons for this are unclear. The gas flows around the furnace might not be symmetrical, 

or the furnace element may not heat symmetrically, or both. Even though the pre-
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form has been in the furnace for a considerable time before these reading are taken, 

the preform may still not be in thermal equilibrium. This would explain the observed 

asymmetry. 

Since the shape of the furnace temperature profile does not vary greatly with peak 

temperature (see Figure 7.4), and the two profiles measured at larger temperatures 

agree well, we will assume this profile to be realistic irrespective of the peak temper

ature. 

In conclusion, we now have a way to derive the peak temperature of the furnace 

from a knowledge of the claimed peak temperature. We also know that the shape 

of the furnace temperature profile does not change significantly with temperature, 

and know its basic form. Thus we know the temperature profile of the furnace at 

any chosen value of claimed peak temperature, as required. As a final point, we note 

that the experimental results of fibre pulls obtained below were carried out before 

the temperature profile of the furnace was measured. In-between these times the 

element that comprises the furnace was changed. Further experimental tests that 

compare draw-down dimensions before and after the furnace element replacement 

confirm that the new element does not significantly alter the results. 

7.2 Experimental draws and prediction compari-

son 

We now perform detailed numerical/experimental comparisons for capillary tubes. 

The predictions are made in the following way: experiments were carried out that 

considered a variety of drawing scenarios, the main aim being to rotate capillary 

tubes and compare their final geometries v/ith those predicted by the mathematical 

model constructed. Predictions were made as to the final fibre geometry of these 

specific experiments, which in practice was achieved by assuming the aforementioned 
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viscosity model for Suprasil F300 silica glass. The density of the glass is known to be 

2200kg/m3
, the acceleration due to gravity was taken to be 9.81m/s2

, leaving only 

the surface tension unspecified. To our best estimate the surface tension does not 

vary significantly with temperature, and is likely to be about O.3N/m: see [14]. 

The results were obtained in the following way. The peak temperature was assumed 

to correspond to the temperature measured at the middle-point of the furnace, i.e. 

z = L/2. Ideally one would include the whole temperature profile of the furnace, 

with the correct peak temperature, and run the numerical code to obtain the final 

fibre geometries. However, the temperature in the upper portions of the furnace is 

below the softening point of the glass (approximately 1600C). Thus in this part of 

the furnace both fibre radii and downstream velocity are constant and all derivatives 

are zero. If the whole portion of glass in the furnace were to be modelled, solving 

the problem by shooting would therefore be extremely problematic. In consequence 

of this only the portion of the furnace that contains glass above the softening point 

is included in the numerical model. This is achieved numerically by setting the draw 

length L to be 2cm (a deliberate underestimate) and then gradually increasing value 

for L until the resulting fibre geometry remains constant on further change of L. At 

this point we may assume that the fibre geometry obtained is as accurate. 

7.2.1 Results 

All of the experimental results shown below were obtained in the Optoelectronics 

Research Centre. The experiments were conducted by Doctor Walter Belardi and 

overseen by myself. Some pictorial examples of typical resulting fibres are shown in 

Figures 7.5 and 7.6. 

In the Tables to follow, notation used is defined as: 

Pre-ID : Predicted Inner Diameter, Mm 

Pre-OD : Predicted Outer Diameter, Mm 
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Figure 7.5: A magnified view of the cross-section of one of the fibres drawn without 

rotation. 

Figure 7.6: A magnified view of the cross-section of one of the fibres drawn whilst 

being rotated. 
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Exp-ID : Experimental Inner Diameter, /-Lm 

Exp-OD : Experimental Outer Diameter, /-Lm 

R : Rotation Rate, rad/ s 

Pre-d : Predicted spin pitch, cm (pitch of infinity indicates that the preform is not 

being rotated) 

Exp-d : Experimental spin pitch, cm 

Pre-AFF : Predicted Air Filling Fraction, defined as Pre-ID /Pre-OD 

Exp-AFF : Experimental Air Filling Fraction, defined as Exp-ID/Exp-OD 

\iVe commence by drawing a solid fibre. This removes the complicating effects of 

surface tension, etc., and the dimensions of the resulting fibre are uniquely deter

mined by the preform radius and the feed and draw speeds. This results from mass 

conservation considerations. Thus an estimate in the uncertainty in these quantities 

will be obtained by comparing experimental results with model predictions for solid 

fibre drawing. 

Table 7.1 represents the drawing of a solid preform whose initial diameter was 

20.6mm. The preform was drawn at a temperature of 2110C, with a feed speed 

set to O.53mm/min and a draw speed set to 7.5m/min. The rotation rate was varied 

to obtain a measurement for d, the pitch, at a variety of rotation rates. Rotating the 

preform does not affect the geometry of the solid fibre. 

The results in Table 7.1 give acceptable agreement between predicted and measured 

final geometry for all rotation rates. It is observed that the measured dimensions of 

the fibre are consistently less than those predicted, indicating an error in measure

ment of either the initial preform geometry, the feed speed or the draw speed. To 

see how sensitive h!z=L is to errors in the measurement of the various parameters we 

note that 

h!z=L = ho exp ( -~), 
where 

p = In (:;). 

163 



Thus it is clear that a percentage error of'IjJ (where a negative 'IjJ indicates an measured 

value below the actual value) in the measurement of ha produces an error of'IjJ percent 

in the predicted value of hlz=L. A percentage error of'IjJ in the measurement of Wd 

gives a percentage error in hlz=L given by 

where 

102 (h( 'IjJ) Iz=L _ 1) 
hlz=L 

= 10
2 

(exp ( - ~) - 1) , 

x = In (1 + 1O-2 'IjJ). 

Similarly, a percentage error of 'IjJ in the measurement of TiVd will give a percentage 

error of 102 (exp (-~) - 1) in the value of hlz=L. For the given values of ha, W f and 

Wd, 5% overestimate of ha, Wf and Wd give errors of +4%, -2.5% and +2.5% in 

hlz=L respectively. The possibility of fibre slippage on the drawing wheels suggests 

that the most likely source of error is in measurement of the drawing speed. To test 

this hypothesis we ran the experiment again with twice the original drawing speed. 

It is assumed that if the percentage error in h remains approximately constant 

then the error is elsewhere. On the other hand if the percentage error changes with 

Wd, and if the change is of the same order as the original percentage error, then Wd 

is assumed to be the likely source of the error. 

Table 7.1 shows that as the preforms are rotated, the measurements of final geometry 

are unaltered. This demonstrates that the alignment of the preform in the furnace 

is acceptable and gives confidence in the experimental measurements of hllz=L when 

capillary tubes are spun at similar rotation rates. 

Table 7.2 represents the same fibre being drawn as above under the same conditions 

except for the draw speed, which has here been increased from 7.5m/min to 15m/min. 

The percentage error in hlz=L decreased from ~ 5% to ~ 2%, a change of the order 

of the original error. It is therefore supposed for the reasons given above, that 

discrepancies between the predicted and experimental values of hlz=L are attributable 

to an uncertainty in the experimental value of the draw speed Wd . 
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Table 7.1: Solid fibre results for Wd = 7.5m/min. (Experimental parameters: ho = 

1.03 X 10-2
, W f = 8.83 X 10-6, Wd = 1.25 X 10-1 and T = 2100. Modelling 

parameters: ho = 1.03 X 10-2 , TVf = 8.83 X 10-6 , TVd = 1.25 x 10-1, T = 2100, 

I = 3 x 10-1, L = 3 X 10-2 and 9 = 9.81.) 

Pre-ID Pre-OD Exp-ID Exp-OD R Pre-d Exp-d 

NjA 173.2 N/A 165 0 00 00 

NjA 173.2 N/A 165 150 5 5 

N/A 173.2 N/A 165 375 2 2 

N/A 173.2 NjA 165 750 1 1 

Table 7.2: Solid fibre results for l¥d = 15m/min. (Experimental parameters: ho = 

1.03 X 10-2 , W f = 8.83 X 10-6 , Wd = 2.50 X 10-1 and T = 2100. Modelling 

parameters: ho = 1.03 X 10-2, W f = 8.83 X 10-6 , Wd 2.50 X 10-1 , T = 2100, 

I = 3 x 10-1, L = 3 X 10-2 and 9 = 9.81.) 

Pre-ID Pre-OD Exp-ID Exp-OD R Pre-d Exp-d 

N/A 

NjA 

N/A 

122.5 

122.5 

122.5 

N/A 

N/A 

N/A 

165 

120 

120 

120 

150 

375 

750 

10 

4 

2 

10 

4 

2 



Table 7.3: Capillary tube results for a claimed peak temperature of T = 2050. 

(Experimental parameters: hlO = l.425 X 10-3 , h20 = 4.975 X 10-3 , Wf = 8.83 X 10-5 , 

Wd = l.00 X 10-1 and T = 2050. Modelling parameters: h10 = l.425 X 10-3 , 

h20 = 4.975 X 10-3 , Wf = 8.83 X 10-5 , TiVd = l.0 x 10-1, T = 2050, r = 3 x 10-1, 

L = 3 X 10-2 and g = 9.8l.) 

Pre-ID Pre-OD Exp-ID Exp-OD R Pre-d Exp-d Pre-AFF Exp-AFF 

72.2 284.5 76.2 279 0 (Xl 00 0.254 0.273 

72.7 284.6 76.2 279 200 3 3 0.256 0.273 

73.0 284.7 77.2 279 400 l.5 l.5 0.256 0.276 

73.5 284.8 76.2 279 600 1 1 0.258 0.273 

74.0 285.0 77.2 279 750 0.8 0.8 0.260 0.276 

75.1 285.3 77.2 279 1000 0.6 0.6 0.263 0.276 

76.5 285.6 77.2 279 1250 0.48 0.5 0.268 0.276 

78.7 286.2 77.2 279 1500 0.4 0.4 0.275 0.276 

The remainder of the Tables give results for the drawing of a capillary tube whose 

initial outer diameter was 9.95mm and whose initial inner diameter was 2.85mm. 

The feed speed is set to a constant 5mm/min and the draw speed is set to a constant 

6m/min. The experiments listed in Table 7.3 were conducted at a claimed peak 

temperature of 2050C. 

The results in Table 7.3 show perfect agreement between predicted spin-pitch and 

experimentally measured values. This is expected since in Chapter 3 it was shown 

that the spin-pitch depends only on the rotation rate and the draw speed. The 

agreement between predicted and experimental inner and outer diameters is far be-
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Table 7.4: Capillary tube results for a claimed peak temperature of T = 2100. 

(Experimental parameters: hlO = 1.425 X 10-3 , h20 = 4.975 X 10-3 , Wf = 8.83 X 10-5 , 

Wd = 1.00 X 10-1 and T = 2100. Modelling parameters: h lO = 1.425 X 10-3, 

h20 = 4.975 X 10-3 , Wf = 8.83 X 10-5 , Wd = 1.0 x 10-\ T = 2100, 1=3 x 10-\ 

L = 3 X 10-2 and 9 = 9.81.) 

Pre-ID Pre-OD Exp-ID Exp-OD 

62.1 

67.4 

70.1 

74.2 

80.6 

282.1 

283.3 

284.0 

285.0 

286.8 

59.8 

70.95 

73.5 

76.0 

77.2 

279 

rV"7fl 
Ld';:1 

279 

279 

274 

R Pre-AFF Exp-AFF 

o 
1000 

1200 

1500 

1800 

0.220 

0.238 

0.247 

0.260 

0.281 

0.214 

0.263 

0.272 

0.281 

yond what was expected, given the relative unknowns in the viscosity law and the 

temperature profile of the furnace. At low rotation rates the experimental values are 

consistently below the values predicted. This is consistent with the findings for solid 

fibres and the percentage differences are also similar. At large rotation rates the 

predicted values are sometimes smaller than those found experimentally. Given that 

this occurred when the rotation rate was larger than any rotation rate used in the 

solid preform experiments, and that the perfectly straight capillary tube preforms 

are difficult to manufacture, it is suggested that the alignment of the preform in the 

furnace gave rise to errors in the measurements taken in these cases. 

The experiments listed in Table 7.4 were conducted at a claimed peak temperature 

of 2100C. The experiments listed in Table 7.5 were conducted at a claimed peak 

temperature of 2150C and those listed in Table 7.6 were conducted at a claimed 

peak temperature of 2200C. 
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Table 7.5: Capillary tube results for a claimed peak temperature of T = 2150. 

(Experimental parameters: hlO = 1.425 X 10-3 , h20 = 4.975 X 10-3 , Wj = 8.83 X 10-5 , 

Hid = l.00 X 10-1 and T = 2150. Modelling parameters: hlO = l.425 X 10-3, 

h20 = 4.975 X 10-3 , Wj = 8.83 X 10-5 , Wd = l.0 x 10-1, T = 2150, I = 3 x 10-1, 

L = 3 X 10-2 and 9 = 9.8l.) 

Pre-ID Pre-OD Exp-ID Exp-OD R Pre-AFF Exp-AFF 

44.5 

47.1 

52.5 

278.8 

279.2 

280.2 

57.3 

64.74 

74.4 

274 

274 

279 

o 0.160 

400 0.169 

800 0.187 

0.209 

0.236 

0.266 

Table 7.6: Capillary tube results for a claimed peak temperature of T = 2200. 

(Experimental parameters: hlO = l.425 X 10-3 , h20 = 4.975 X 10-3 , Wj = 8.83 X 10-5 , 

VVd = l.00 X 10-1 and T = 2200. Modelling parameters: hlO = l.425 X 10-3, 

h20 = 4.975 X 10-3 , Wj = 8.83 X 10-5 , Wd = l.0 X 10-1 , T = 2200, I = 3 X 10-1 , 

L = 3 X 10-2 and 9 = 9.8l.) 

Pre-ID Pre-OD Exp-ID Exp-OD R Pre-AFF Exp-AFF 

14.1 

14.6 

15.1 

16.7 

275.6 

275.8 

275.9 

275.7 

14.94 

14.94 

14.94 

17.43 

263.9 0 0.051 

268.9 200 0.052 

268.9 400 0.055 

268.9 600 0.061 
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0.056 

0.055 

0.055 

0.064 



7.3 Discussion 

The results in Tables 7.4-7.6 once again give remarkably good agreement between 

predicted and experiment data, especially considering the fact that the viscosity law 

used represents our best estimate of the real viscosity, and the temperature profile 

and peak temperature were taken from experimental measurements of the furnace at 

much lower temperatures than those used to draw the fibres. The results in Tables 

7.4-7.6 show that the identified trend of overestimating the values of outer fibre 

diameter and underestimating the inner diameter continues. Additionally, agreement 

once more becomes less accurate as preforms are spun at large rotation rates. As 

stated above, this disparity is thought to be a result of uncontrollable oscillations of 

the preform in the furnace. 

7.3.1 The air filling fraction 

The capillary tube experiments demonstrate a clear trend for the air filling fraction 

to increase when preforms are rotated, as shown in Tables 7.3-7.6. The air fill

ing fraction hI! h2 is a parameter of crucial importance to experimentalists, and an 

understanding of how it is affected by preform spinning is desirable. 

It is clear to see from the above results that at all temperatures the trend is for the 

air filling fraction to increase as the amount of rotation increases. Thus rotation may 

be used to increase the air filling fraction when simultaneously drawing and rotating 

capillary tubes. 

The reason that the air filling fraction increases with increasing rotation rates may 

be stated as follows. As the preform is rotated the radius of both the inner and 

outer walls increases. Crucially, the inner wall will always experience a greater 

deformation than the outer wall as a result of the centrifugal forces (see Chapter 

3, §3.6). Numerical calculations show that the difference between the expansion of 
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the inner and outer walls increases as the rotation rate increases. 

It is possible to show that this leads to (a) the air filling fraction with rotation to 

be larger than the air filling fraction without rotation, and (b) an air filling fraction 

that increases with increasing Bo. To show this we assume that: 

(i) the change in outer radius 6.h2 increases with increasing rotation rate; 

(ii) the change in inner radius 6.h l increases with increasing rotation rate; 

(iii) the change in inner radius is greater than the change in outer radius, for any 

given Bo (when compared to the case with no rotation); 

(iv) the change in inner radius resulting from rotation increases with rotation rate 

at a rate greater than the rate of increase of the change in outer radius; 

(v) 

h2 > 0, hI > 0, 6.h2 > 0, 6.h l > 0 and h2 > hI' (7.1) 

Assumptions (i) and (ii) may be expressed as 

6.h l = f(Bo) > 0 and f::..h2 = g(Bo) > 0 (7.2) 

respectively, where 

(7.3) 

Assumption (iii), 6.h l > 6.h2, may now be written as 

f(Bo) - g(Bo) = k(Bo) > 0 for Bo E [0,00]. (7.4) 

Assumption (iv) may be written as 

o(6.hl ) O(f::..h2) 
oBo > oBo ' 

(7.5) 

which, using (7.2), gives 

of(Bo) _ og(Bo) = m(Bo) 
oBo oBo 

(7.6) 
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where 

m(Bo) > 0 for Bo E [0, ooJ. 

Assumptions (iii) and (v) give 

Adding h2 to each side and rearranging gives 

(7.7) 

The left hand side of (7.7) is the air filling fraction with rotation and the right hand 

side is the air filling fraction without rotation, thus proving (a). 

In order to prove (b) we set 

and must show that 
aQ(Bo) 

aBo > 0 for Bo E [O,ooJ. 

We have that 

aQ(Bo) = 1 [af(Bo) _ ag(Bo) (hl + f(Bo))] 
aBo (h2 + g(Bo)) aBo aBo (h2 + g(Bo)) . 

Using (7.1) and (7.4) gives 

aQ(Bo) ° 
aBo > , 

as required by (7.9) and thus proving (b). 

7.3.1.1 The effects of surface tension on the air filling fraction 

(7.8) 

(7.9) 

Since surface tension acts to decrease both fibre radii, but acts more on the inner 

radius, one might expect that the effects of surface tension will be to decrease the 

amount by which the air filling fraction increases as a result of the fibre being rotated. 
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Whether this effect increases or decreases as the size of Eo increases depends on the 

relative difference between two things. On the one hand it will decrease because both 

fibre radii are increasing in magnitude as Eo increases making the difference in effect 

of surface tension on each fibre radius less. On the other, it might be expected to 

decrease with increased Eo as the fibre radii become closer in magnitude, decreasing 

this relative difference. The exact balance achieved quite possibly depends on the 

drawing conditions, though some law may hold independently of them. No further 

analysis will be undertaken here. 

7.4 Conclusions 

Numerical predictions were compared directly with experimental results, having care

fully measured unknown quantities in the mathematical model including the tem

perature of the drawing furnace. Given the uncertainties in some of the parameters, 

the results compared remarkably well. Of particular interest to experimentalists is 

the air filling fraction. The effects of preform rotation on the air filling fraction were 

described and explained. 

7.4.1 Practical Results 

In this Chapter we: 

1& estimated the viscosity law for high-purity silica glass (see §7.1.1); 

1& determined the temperature profile in a drawing furnace and show how it varies 

with "peak temperature" (see §7.1.2); 

ED compared numerical predictions for the effects of rotation on solid fibres and 

capillary tubes with results obtained experimentally (see §7.2.1); 
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CD have shown that preform rotation acts to increase the air-filling fraction for all 

rotation rates, and that the effect increases with increasing rotation rates (see 

§7.3.1). 
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Chapter 8 

The "Cup-Handle" Problem 

8.1 Introduction 

Figure 8.3 shows a particular type of holey fibre made in the Optoelectronics Research 

Centre, known colloquially as a "cup-handle" fibre. It possesses novel and unique 

optical properties but various problems can occur during the manufacture of this 

fibre. In this Chapter the process of manufacture will be examined, and mathematical 

models constructed in order to address some of the problems that may arise. 

Figures 8.1, 8.2, and 8.3 show the transverse cross-section of the preform, the cane, 

and final fibre respectively. The preform is extruded from a die such as the one shown 

in figure 8.5, and starts its life having a circular core with three struts attached. As 

the preform is drawn into a cane, the initially-circular core structure becomes more 

triangular (see Figure 8.2), though it still has sharp edges where the struts join the 

core of the cane. As the cane is drawn into fibre form these sharp edges vanish and 

an approximately triangular core is created, as shown in Figure 8.3. 

Experimentalists require a fibre whose surface is smooth on a nanometre scale, and 

a smoothly-varying geometry is desirable. Furthermore, experimenters would like to 
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be able to predict and control the geometry of the fibre. Lastly, during the extrusion 

process (a process of preform manufacture) it is observed that certain undesirable 

geometrical features occur. If the mechanism that governs the observed behaviour of 

the cup-handle problem can be understood, then it may be possible whilst drawing 

the preforms, to remove some of the undesirable structure features (of preforms made 

with glass extrusion). 

The struts (see Figure 8.4) thicken as they reach the core and outer-wall of the 

preform/fibre, and are found to be most thin at the central point in the strut. This 

affects the light propagation modes of the fibre and is highly undesirable. Ideally, 

experimentalists would like to be able to consistently, and with a variety of geome

tries, produce a final fibre with struts that are uniform along their length, and whose 

core is more circular than the one pictured. 

In order to give some insight into how it may be possible to obtain such a fibre, the 

way in which the fluid flows in a cross-section of preform must be understood. For 

example, does the strut thicken at each end because it is somehow draining fluid 

from what was the core, and from the outer-wall, therein causing the core to become 

triangular? Is the reverse true, or is there some other mechanism? Is it possible to 

counteract these effects by altering the initial geometry, or some other property of the 

flow? If so, one must remember that whilst experimentalists are able to manufacture 

a wide range of preforms with, for example, more than three struts, optical properties 

of the fibre dictate that the strut-thickness should be less than 400nm and ideally 

about 200nm. Additionally, the strut length must be greater than 4/-lm in the final 

fibre. 

The initial structure of the preform before drawing is shown in Figure 8.1. This 

preform is then drawn down (a process known as caning), resulting in a structure 

similar to that shown in Figure 8.2, which we call the cane. The cane is then inserted 

into a larger circular hollow tube and a vacuum applied to the outside of the cane, 

resulting in the cane expanding to attach itself to the outside wall of the tube. The 
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Figure 8.1: The structure of a cup- handle preform. 

vacuum is applied as this new structure is being drawn, and once the cane has fused 

itself to the tube the final fibre is obtained, whose structure is similar to that shown 

in Figure 8.3. 1 The glass used varies, with some typical examples being those of lead 

silicate glass and bismuth oxide glass. For more information on fibres of this type 

see [68J. 

Figure 8.4 shows a schematic of the problem geometry. The z-axis is the direction 

in which the fibre is drawn, following the notation used throughout the thesis. The 

"strut", marked in Figure 8.4 as region 2, is assumed to be straight and have length 

2l(z). The width of the strut , assumed the same throughout the strut, is h(z). At 

the very bottom of the picture in Figure 8.4 is the core of the fibre. In between the 

core and the strut is a curved region, which we will assume has a constant radius 

of curvature, a(z) , and call region 1. This portion of the cross-section joins the 

core of the fibre to the strut. Similarly, at the extreme top of the picture shown 

in Figure 8.4 is the outer wall of the fibre . This is the thick portion of glass that 

surrounds the struts in Figure 8.2, for example. The curved region in between the 

1 Figures 8.1 , 8.2 and 8.3 are courtesy of Doctor Heike Ebendorff-Heidepriem of the Centre of 

Expertise in Photonics, School of Chemistry and Physics, University of Adelaide, Australia. 

176 



Figure 8.2: The structure of the cane. 

Figure 8.3: The geometry of the resulting fibre. 
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Outer Wall 

a(z) 

2 

Air 1(2) 

h(Z) 
,~. 
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Core 

Figure 8.4: Schematic to show the region of interest, where t he z axis points into the 

page. To be compared with Figures 8.1 and 8.2. 

Figure 8.5: A transverse cross-section of the extrusion die. 
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strut and the outer wall is also assumed to have constant curvature a(z), and thus 

is also denoted region 1. Thus the area of glass pictured in region 1 of Figure 8.4 

has area 2a(z)2 7fa(z)2/2 + h(z)a(z), which we shall approximate by Aa(z)2 where 

A = 2 - 7f /2, so long as h(z) « a(z). 

It is clear that the portions of glass that form the struts joining the edge of the 

transverse cross-section to its centre thin dramatically during drawing. It is less 

clear from the Figures that coupled with this is a change in shape of the region that 

connects the struts to the outer regions, which at one end comprises the outer wall 

and at the other comprises the core. This will be described in terms of the change 

in the radius of curvature 1/ a in the regions 1 (see Figure 8.4), whose curvature is 

assumed to be the same at each end of the strut, allowing no flow to occur between 

the core and the outer wall. Later this assumption will be relaxed as we consider 

asymmetries in the strut. Specifically, a difference in curvature at the two ends of 

the strut will be considered. To clarify, Figure 8.4 shows the model of a transverse 

cross-section that will be drawn in the direction of the perpendicular to the plane of 

the transverse cross-section (the z-axis). 

8.2 The draining of the thin film of region 2 

It is observed experimentally that as the preform is drawn into a fibre, region 2 

becomes both thinner and shorter (relative to the geometry-preserving shrinkage of 

the outer wall) and region 1 becomes larger (the radius a increases, relative to the 

geometry preserving solution). 

In order to try to predict the effects observed, the motion of the fluid in the part 

of the cross-section shown in Figure 8.4 will be considered. It is assumed that the 

outer wall of the preform is so thick in comparison with any section of glass within 

that its bending moment (related to the glass viscosity) is large enough not to be 

influenced by the evolution of glass within. A consequence of this is that this model 
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may only truly hold for the second stage of the drawing process, when the walls of 

the tube being drawn are relatively thick. 

We further assume that the downstream fluid velocity is of the usual geometry

preserving form given by 

(8.1) 

as in previous Chapters, where 2 has been non-dimensionalized with z = L2 and 

overbars that denote non-dimensional quantities are henceforth dropped. Since the 

effects of surface tension and hole overpressure serve only to modify this solution 

slightly, this assumption for the form of w is probably justified. It is also assumed 

that the draw is geometry-preserving, as mentioned above. This means that whilst 

the radii may decrease as the fibre is drawn, the shape is unaltered (see Chapter 3 

for a discussion of this). If surface tension was included in the model, the effects can 

be separated into two parts. First, the inner and the outer wall of the fibre will be 

affected by the surface tension that acts on the inner and outer surface of the wall. 

Secondly, the effects of surface tension acting on the struts of the preform will have 

an additional effect on the outer wall, "pulling" it in at the point that struts join 

the outer wall. This last effect is demonstrated by observing the change in geometry 

that takes place in drawing the preform shown in Figure 8.1 to produce that shown 

in Figure 8.2. 

The consequence of ignoring the effects of surface tension is to produce a geometry 

preserving solution for the downstream fluid velocity wand fibre radius. Since a 

strut has a length equivalent to the inner radius, this strut length must also obey a 

geometry preserving solution. Thus it follows that 

(8.2) 

from which we deduce that 

(8.3) 

where lo is approximately half the height of region 2 (thus ignoring the height of 

region 1 in Figure 8.4), which is a valid approximation so long as a « l. 
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It is worth noting that the assumptions of geometry-preserving solutions for wand l 

are not necessary for the modelling of this problem. Indeed, one could treat the outer 

wall structure as a capillary tube with surface tension acting, evolve the structure 

numerically to determine the manner in which its geometry and downstream fluid 

velocity change, and use these results in place of the geometry-preserving solutions 

assumed herein. The assumptions made mean that the model will only be valid 

when describing the second stage of fibre production in which the (circular) cane has 

already been formed from the preform and is drawn into final fibre. The previous 

stage of manufacture might be more accurately modelled by taking account of the 

effects of surface tension in the strut on the triangular outer-wall, since it seems 

likely that these forces are responsible for the macroscopic change of shape as the 

preform is drawn to a cane. 

Fluid is permitted to flow between the regions 1 and 2, but not between regions 1 

and the outer wall of the fibre. This seems reasonable because of viscous effects in 

the outer wall. We therefore construct two mass conservation equations governing 

the flow of fluid in region 1 and the flow in region 2 (see Figure 8.4). Since there is 

no net mass loss from the sum of these regions as the fibre is drawn along the z-axis, 

we know that the flux q from region 2 is the negative of the flux from region 1. 

Mass conservation considerations therefore require that 

(whl)z = -q (8.4) 

and 

(8.5) 

where q is the mass flux leaving region 2 and entering region 1. To recap, the 

geometry of the strut is determined by the four variables w, l, hand a. wand l are 

known, and h and a may be determined by equations (8.4)-(8.5) above. However, 

in order to fully solve the problem, the variable q, which characterizes the flux mass 

between regions 1 and 2, must be determined. 

The variable q was determined by Howell in [16J with reference to the drainage of a 
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two-dimensional bubble. 2 The interested reader is referred to [16] for further detail 

and a derivation of the expression for q. It transpires that we may describe the flow 

between regions 1 and 2 with q given by 

8, fh3 
q= 3MV~' (8.6) 

It is worth noting that this analysis will only hold so long as a « l. If it is not then 

the above analysis fails both because we may no longer make use of the thin film 

drainage parameter q and because it becomes unrealistic to approximate the area of 

region 1 by Aa2
. 

Vile now reduce the problem to a single equation in the unknown a(z). Adding (8.4) 

and (8.5) we have 

(8.7) 

where Q is a constant of integration. Thus h may be written as 

(8.8) 

The constant Q is evaluated by applying the boundary conditions at z = 0, requiring 

a = A, h = ho, l = lo and w = Wf' This gives 

(8.9) 

Substituting (8.8) into expression (8.6) for q, and both of these into (8.5) gives 

Awa2 = - - Aa2 c (Q )3/2 
( )z lJla(l+a) w ' 

which, making use of the fact that a « l, becomes 

c (Q )3/2 
(Awa

2
)z = i2Ja w - Aa

2 
, 

where here and henceforth 

c= 8,. 
3M 

(8.10) 

(8.11) 

(8.12) 

2Thanks are due to Doctor Peter D. Howell of the University of Oxford for suggesting this 

approach to the problem. 
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Equation (8.11) may be rewritten by making use of the form of wand l to give 

(
' f3z 2) = D ((halo + AA2) _, 2)3/2 
/Ie a Z (J r;; f3 /la, e- Zya e Z 

(8.13) 

where D = C / l5 and the explicit shape-preserving solutions for wand l given by 

(8.1 )-(8.3) have been used. At this point other forms of wand l could be imposed, so 

as to allow for the effects of surface tension on the overall structure to be modelled. 

The complete problem to determine the evolution of the fibre therefore consists of 

solving (8.13) subject to a(O) = A. 

From this result the functional dependence of a on z may in principle be derived. 

Experiments carried out at the Optoelectronics Research Centre show that alz=L > 

A. Physically this corresponds to the fact that the region 2 will shrink due to 

the standard drawing process (which results in the geometry-preserving solutions 

normally found in the absence of surface tension), but will thin further because of 

the drainage effect brought about by the introduction of regions 1, increasing the 

value of a from its initial value, A. 

We will later go on to solve the equations that govern the behaviour of a(z) numer

ically, but we first use equations (8.11) and (8.13) to determine some properties of 

the behaviour of a(z). 

8.2.1 Model analysis 

First we note that a must not be zero, preventing a singularity from developing in 

the curvature. If a is zero then the analysis undertaken above fails for two reasons. 

First, the area of region 1 may not be approximated by Aa2
. Secondly, the drainage 

parameter q develops a singularity. 

The maximum value of a can be determined by considering the right hand side of 
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equation (8.13), which must be positive for all z, showing that 

(8.14) 

Physically this results from equation (8.8), where a takes its maximum value by 

draining all fluid from the strut giving h = O. The maximum value for a, clearly 

increases with increasing ha, Aa and la. This is because ha or la increasing means an 

increased area of fluid in the strut to be drained into region 1, resulting in a larger 

value for a[z=L. Similarly, as the value of a at z = 0 increases, the value of a at all 

further points will be increased with the addition of further fluid from region 2. 

Whilst a must not be zero, it can approach zero. To determine the behaviour close 

to zero we may rewrite (8.13) as 

As a -----+ 0 the right hand side of (8.15) remains finite and 

\ 3/2 ~ D (hala + AA2) 3/2 
/\a az ~ 2 ef3z ' 

where D = C /l5. This can be solved to give 

a 
~ (5D (hala AA2) 3/2 ) 2/5 
A 4 ef3z z + E , 

where E is an arbitrary constant of integration. Setting a(O) = 0 gives 

= ~(5D)2/5(hala+AA2)3/5 2/5 
a \ f3 Z, /\ 4 e z 

(8.15) 

(8.16) 

(8.17) 

(8.18) 

which shows that even if a -----+ 0 for some z, it then rapidly increases with z. Physically 

this is because the curvature becomes large when a is small, resulting in a large 

drainage parameter q. The mass flux between the two regions and hence the rate of 

increase of the area a2 is therefore large. 

We have now stated that physically a must always be non-zero, and that if it is close 

to zero it rapidly increases with z. Does this means that a must always increase? To 
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answer this we return to equation (8.15). Since the right-hand side is everywhere 

positive we require 

/3a + 2az 2: 0, 

where the equality holds for D = 0; for example when 1 = 0 giving 

/3a 
2 

(8.19) 

(8.20) 

Equation (8.19) shows that a z may be both positive and negative. Furthermore, 

differentiating (8.15) shows that a turning point in a exists if 

D ( holo e~,)'A 2 _ ),a' )'/2 = V3a3/ 2 e2~" , (8.21) 

which is clearly allowed. As an example, if az = 0 at z = 0 we must have that 

,\/3A3/ 2 = D(holo)3/2. 

8.2.2 Solutions to the equations 

We have reduced the problem to one of determining a, through which h may de

termined from (8.8). Though equation (8.10) cannot be solved directly, by setting 

a = ¢(z)/ yiW, (8.10) may be rewritten as 

(,\ '2) _ C (Q _ ,\",2)3/2 
C/J z - lW5/ 4 Jl¢(l + ¢) cp , 

(8.22) 

which is a separable equation from which a and thence h may be determined, fixing 

the geometry of the final fibre. Though the known z dependence of w will be used 

explicitly it should be remembered that any w may be substituted at this point, 

perhaps taking account of surface tension effects in order to improve the accuracy of 

this calculation. 

Equation (8.22), with w given by (8.1), may be solved in closed form and its solution 

given in terms of elliptic integrals as 

200WJl4/3,\exp (~z) (U J¢(O) ¢ - V ¢(O) -i¢) + 4CUV,\v(¢(O) ¢) 
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'\¢(O)-VQ>; 

( VQ>; 

Jo 
1 

dt U r;r;:;\(O)· /A '2 Q 
---:yI;=l =_=;t2cVri=_=t72/7=2 - V C{J\ u ) V cp -

r/";tr .fl=t'~ dt) / (100UVWf PAJ ¢(O) ¢ exp (Pz)) = 0, (8.23) Jo 1 - t 2 1 - t 2 /2 4 

where 

and 

¢(O) = A/Wf, ¢ = aVW. 

Whilst no useful closed form solution exists for a, equation (8.11) may be solved 

numerically but is found to be stiff. Thus we set a = a(z)Ae-,6z/2 and write w = 

Hlf e,6z, l = loe-,6z/2. Equation (8.11) can then be written as 

(8.24) 

Setting 

gIves 
C -8(z-1)/4 

(Aa2) - e . (h l + AA2(1 _ ( 2))3/2 (8.25) 
z - loT¥fA2JaAlo(aA + lo) 00 , 

which is numerically more simple to handle. Numerical calculations show that the 

solution for a tends to a constant value along the majority of the draw length z if the 

strut is completely drained of its fluid. This means that the strut is being drawn in 

the geometry preserving way from the point along z at which h first becomes h = O. 

If the drainage initially occurs more slowly (further along the draw length z), the 

rate at which drainage occurs is significantly reduced since the drainage parameter 

q scales with h3/
2

, with h having its dimensions reduced further as a natural result 

of the usual draw-down process. 
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Figure 8.6: Graph to show viscosity curve of soft glasses used to manufacture this 

type of fibre. Data obtained by the Optoelectronics Research Centre, where the units 

dPa.s are deci-Pascal seconds. 

8.2.3 Numerical examples 

In this section we investigate the behaviour of the system by solving the governing 

equations numerically. This is accomplished by solving (8.25) to obtain a, and then 

using (8.8) to obtain h. Changes will be made in parameter values such as surface 

tension and the results compared to a control example. The parameters used in 

example numerical-tests are listed in Table 8.1, for which a of the control example is 

shown in Figure 8.7. All values are chosen to be able to demonstrate the necessary 

results clearly whilst being close to those that might be used experimentally. All 

values are given in 81 units, and the values of glass viscosity assume that bismuth 

oxide glass is used, whose viscosity varies with temperature as shown in Figure 8.6. 

\iVithout the effects of surface tension a should take the form a (i.e. de-

187 



Table 8.1: Table to show parameters used in numerical examples. 

Case A lo ho 

1 1.0 X 10-6 2.0 X 10-2 1.0 X 10-3 2.5 X 10-5 1.0 X 10-1 

2 1.0 X 10-6 2.0 xl0-2 1.0 xl0-3 2.5 X 10-5 1.0 X 10-1 

3 1.0 X 10-6 2.0 xlO-2 1.0 xlO-3 2.5 X 10-5 1.0 X 10-1 

4 1.0 X 10-6 2.0 xlO-2 1.0 X 10-3 2.5 xlO-5 1.0 x 10-1 

5 1.0 X 10-6 2.0 xl0-2 1.0 X 10-3 2.5 X 10-5 1.0 X 10-1 

6 1.0 X 10-3 2.0 xlO-2 1.0 X 10-3 2.5 X 10-5 1.0 X 10-1 

Case Figure 

1 3.0 X 10-1 4.0 X 104 8.7 

2 0.0 4.0 X 104 8.8 

3 1.0 x 101 4.0 X 104 8.9 

4 3.0 x 10-1 4.0 X 102 8.11 

5 3.0 x 10-1 4.0 X 106 8.12 

6 3.0 x 10-1 4.0 X 104 8.13 
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Figure 8.7: Graph to show a plotted as a function of z: control example. (Case 1: 

A = 1.0 X 10-6, lo = 2.0 X 10-2 , ho = 1.0 X 10-3 , Wf = 2.5 X 10-5 , Wd = 1.0 x 10-1, 

1= 3.0 x 10-1, p = 4.0 X 104 .) 

crease in the usual geometry-preserving way). Therefore, any results for a should 

be compared with this standard result. The fact that Figure 8.7 (Case 1, Table 8.1) 

shows an increase in a and then a gradual decrease as z increases is expected, as 

the drainage effect is such as to increase a. However, as a is increased the drainage 

effect is reduced because the drainage parameter q decreases. Furthermore, the fibre 

has its dimensions drawn-down in the usual way as a result of the drawing process. 

These two effects compete at all times, balancing surface tension with viscosity. It is 

this competition that allows both a positive and negative gradient in a and therefore 

a turning point as shown earlier, the sign depending at all points along the draw 

length on the relative strength of the two effects. 

The removal of surface tension, analogous to setting D = 0 in (8.15), should therefore 

produce an exponential decrease in a along the length of the draw furnace, L. This 

solution is plotted in Figure 8.8 (Case 2, Table 8.1). 

Since surface tension is responsible for deviations from geometry-preserving solutions 
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Figure 8.8: Graph to show a plotted as a function of z with the removal of surface 

tension. (Case 2: A = 1.0 X 10-6 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3 , W f = 2.5 X 10-5 , 

Wd = 1.0 X 10-1
, 1= 0.0, /l 4.0 X 104 .) 

in a, the effects of surface tension should in some way be related to the size of a, 

and it is expected that increasing the coefficient of surface tension will increase the 

value to which a increases before turning. Furthermore, this is expected to occur 

for smaller values of z as I increases. These effects are shown in Figure 8.9 (Case 

3, Table 8.1). Figure 8.10 is a schematic diagram that shows how the shape of the 

strut changes with z. 

Viscosity acts to counter the effects of surface tension, so a decrease in the viscosity 

should give qualitatively similar results as those obtained by increasing the surface 

tension coefficient (compare Figure 8.9 with increased surface tension (Case 3, Table 

8.1) and Figure 8.1l with reduced viscosity (Case 4, Table 8.1)). A large viscosity 

should give results similar to those obtained with no surface tension (compare Figure 

8.8 (Case 2, Table 8.1) and Figure 8.12 (Case 5, Table 8.1)). The agreement between 

Figures 8.9 and 8.1l is good, whereas the agreement between Figures 8.8 and 8.12 

is not. Since viscosity and surface tension only enter the problem through a single 

parameter C given by (8.12), this demonstrates the sensitivity of the drainage effect 
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Figure 8.9: Graph to show a plotted as a function of z with an increased surface 

tension. (Case 3: A = 1.0 X 10-6 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3 , W f = 2.5 X 10-5
, 

Wd = 1.0 x 10-1, 1= 1.0 x 101, fJ = 4.0 X 104
.) 

Figure 8.10: A schematic diagram showing how the shape of the strut changes with 

z. The leftmost diagram shows the strut near z 0, the central diagram shows the 

strut close to z = 0.1 and the rightmost diagram shows the strut close to z L. 
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Figure 8.1l: Graph to show a plotted as a function of z with decreased viscosity. 

(Case 4: A = 1.0 X 10-6 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3 , W f = 2.5 X 10-5 , 

VVd = 1.0 x 10-1, I = 3.0 x 10-1, fl 4.0 X 102.) 

on the presence of surface tension of any strength. This is to be anticipated however 

as the radius of curvature a is extremely small, giving prominence to the effects of 

surface tension. 

Given this result we should expect an increase in the initial radius of curvature A 

to cause the system to react more strongly than it would to an increase in viscosity 

or a decrease in surface tension. When A is increased by a factor of 103 the results 

shown in Figure 8.13 are obtained (Case 6, Table 8.1). As required, the system 

appears more sensitive to changes in initial geometry than to changes in viscosity 

or surface tension. It should be noted that in the last example, A was increased so 

as to be larger than the value of la, which makes the analysis unphysical. However, 

this was done in order to demonstrate clearly the effect of increasing A, and because 

the system behaves in a qualitatively similar manner whether A is within its allowed 

range or not, the choice of example parameters is valid. 

In the preceding sections we have discussed the drainage mechanism in terms of its 
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Figure 8.12: Graph to show a plotted as a function of z with increased viscosity. 

(Case 5: A = 1.0 X 10-6 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3 , Wf = 2.5 X 10-5
, 

Wd = 1.0 X 10-1
, 1= 3.0 x 10-1, f-l = 4.0 x 106

.) 

resultant effect on a, but must remember that this change in a is coupled directly with 

a change in h, the two of which determine the structure of the final fibre produced 

(at z = 1). 

8.3 Asymmetries in the geometry 

To explore how sensitive the final geometry is to changes in the initial radius of 

curvature, A, the case where the initial curvature is different in the two regions 

marked 1 in Figure 8.4 is considered. Thus far the analysis has considered only one 

end of the strut, implicitly assuming that the half-way point between the two ends 

is essentially a fixed boundary. 

An equation to describe the flow between the other end of the strut and region 2 

must be derived in terms of a new drainage parameter that depends on the additional 

radius of curvature present in the problem. l is now assumed to cover the whole length 
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of curvature, A. (Case 6: A = 1.0 X 10-3 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3
, 

Wf = 2.5 X 10-5 , Wd = 1.0 x 10-1, 1= 3.0 x 10-1, f-L = 4.0 X 104
.) 

of the strut as depicted in Figure 8.4 and the flow equations are modified to allow for 

the asymmetry by setting from region 2 so as to allow for this additional drainage. 

Thus we have 

and 

where 

is the drainage parameter at one end of the strut and 

(8.26) 

(8.27) 

(8.28) 

(8.29) 

(8.30) 

is the drainage parameter at the other end. b is the radius of curvature at the new 

end, whose value at z 0 is b = B. 
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Adding (8.26)) (8.27) and (8.28) gives 

(8.31) 

Using the boundary conditions at z = 0 in (8.31) gives 

As a simple check of the model) setting A = B should return the same result as the 

one-ended strut model. To see this it must be realized that the value of I in the 

one-ended-strut model is half the value of I in the two-end ed-strut model) giving 

the same value of h in both problems. Additionally) Q and '\(A2 + B2) are also now 

twice their original values. 

The two models will not produce identical results simply by setting A = B) as 

the drainage parameter also depends explicitly on I) which has now been doubled. 

Strictly speaking the value of I in the drainage parameter of the one-strut model 

should be set to 21 despite the fact that we are only modelling one end but the effect 

of not doing this is minimal. 

Rearranging (8.31) for h gives 

1 (Q 2 h=- --'\(a 
I w 

(8.32) 

which may be substituted into (8.26) and (8.27) giving two equations in a and b that 

must once again be solve numerically) from which the parameter of most interest) h) 

may be found. 

The system behaves identically to the one-strut model as discussed in §8.2.1. A 

closed-form solution to this system of equations was not found though some numerical 

solutions are shown below to demonstrate the system)s behaviour. 
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Table 8.2: Table to show parameters used in numerical examples. 

Case A 

7 1.0 X 10-6 

8 1.0 X 10-6 

9 1.0 X 10-6 

Case Wd 

B 

1.0 X 10-5 

1.0 X 10-3 

1.0 X 10-3 

7 

8 

9 

1.0 X 10-1 3.0 X 10-1 

1.0 X 10-1 1.0 X 10-1 

1.0 X 10-1 1.0 X 101 

8.3.1 Numerical examples 

2.0 X 10-2 1.0 X 10-3 2.5 X 10-5 

2.0 X 10-2 1.0 X 10-3 2.5 X 10-5 

2.0 X 10-2 1.0 X 10-3 2.5 X 10-5 

4.0 X 104 

4.0 X 104 

4.0 X 104 

Figures 

8.14, 8.15 

8.16, 8.17 

8.18, 8.19 

Following the same procedure as for the one-strut model, a number of examples 

showing the difference between the a and b along the length of the draw are given. 

This illustrates how differences in A and B affect the final geometry. 

The numerical values chosen for the parameters involved are shown in Table 8.2, and 

all values are given in S.l. units. 

Figures 8.14 and 8.15 (Case 7, Table 8.2) show the results for both a and b respec

tively, where the difference in A and B was one order of magnitude. It is clear there 

is little effect on the geometry at any point along the z-axis. Even at high mag-
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nification it is clear to see that the two radii of curvature have almost completely 

converged. This behaviour may be understood by noting that the drainage parameter 

is inversely proportional to the radius of curvature. Thus the two radii of curvature 

will always try to equalize. 

In order to determine how far along z the two radii of curvature become equal, B is 

taken to be three orders of magnitude smaller than A, and the results plotted for a 

and b in Figures 8.16 and 8.17 respectively (Case 8, Table 8.2). The greater initial 

difference in A clearly show the curvatures equalizing as z increases. 

To increase the disparity between the two drainage parameters the coefficient of 

surface tension is increased. This has the effect of equalizing a and b for smaller z 

than in the previous example. The same three orders of magnitude difference in A 

and B are retained to allow a direct comparison, and the results are shown in Figures 

8.18 and 8.19 (Case 9, Table 8.2). 

In conclusion, we expect that any differences that arise in the curvatures of the two 

ends of the strut have an insignificant impact on the final geometry of the fibre 

cross-section. 

8.3.2 A constant curvature? 

Thus far we have implicitly assumed that the initial curvature of regions 1 is constant 

throughout the region, which mayor may not be the case depending on the initial ge

ometry imposed by the experimenter. Regions 1 could be subdivided and a separate 

curvature attached to each subdivision. The flow between these two divisions could 

be modelled to determine what happens if there are differences in curvature within 

a region. However, any initial variation in the curvature in regions 1 will almost 

immediately reduce to zero as a result of the effects of surface tension. How rapidly 

this occurs and the value of curvature that results is not of interest though, so long 

as it occurs when z « 1. The examples above demonstrated that all differences in 
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Figure 8.14: Graphs to show a plotted as a function of z. The upper diagram shows 

the full draw length 0 ::; z ::; 1 and the lower shows more clearly what happens close 

to z = O. (Case 7: A = 1.0 X 10-6 , B = 1.0 X 10-5 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3
, 

Wf = 2.5 X 10-5 , Wd = 1.0 x 10-1, 1= 3.0 x 10-1, J1 = 4.0 X 104 .) 
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Figure 8.15: Graphs to show b plotted as a function of z. The upper diagram shows 
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to z = O. (Case 7: A = 1.0 X 10-6 , B = 1.0 X 10-5 , lo = 2.0 X 10-2
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Figure 8.16: Graphs to show a plotted as a function of z. The upper diagram shows 

the full draw length 0 :::; z :::; 1 and the lower shows more clearly what happens close 

to z = O. (Case 8: A = 1.0 X 10-6 , B = 1.0 X 10-3 , lo = 2.0 X 10-2
, ho = 1.0 X 10-3

, 

Wf = 2.5 X 10-5 , Wei = 1.0 x 10-1, I 1.0 x 10-1, fJ = 4.0 X 104
.) 
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Figure 8.17: Graphs to show b plotted as a function of z. The upper diagram shows 

the full draw length 0 :::; z :::; 1 and the lower shows more clearly what happens close 

to z = O. (Case 8: A = 1.0 X 10-6 , B = 1.0 X 10-3 ,10 = 2.0 X 10-2 , ho = 1.0 X 10-3
, 

W f = 2.5 X 10-5 , Wd = 1.0 x 10-1, 1= 1.0 x 10-1, f-l 4.0 X 104 .) 
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Figure 8.18: Graphs to show a plotted as a function of z. The upper diagram shows 

the full draw length 0 ~ z ~ 1 and the lower shows more clearly what happens close 

to z = O. (Case 9: A = 1.0 X 10-6 , B = 1.0 X 10-3 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3 , 

Wf = 2.5 X 10-5
, Wd = 1.0 x 10-1, 1= 1.0 x 101, fJ, = 4.0 X 104
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Figure 8.19: Graphs to show b plotted as a function of z. The upper diagram shows 

the full draw length 0 :::; z :::; 1 and the lower shows more clearly what happens close 

to z = O. (Case 9: A = 1.0 X 10-6 , B = 1.0 X 10-3 , lo = 2.0 X 10-2 , ho = 1.0 X 10-3 , 

W f = 2.5 X 10-5 , Wd = 1.0 X 10-1 , I 1.0 X 101 , f.-L 4.0 X 104 .) 

203 



curvature between the two strut-ends will rapidly reduce to zero, and there is no 

physical reason to suggest that this will not be the case when considering variations 

of curvature within a region. Unfortunately it is not practical to test this hypothesis 

experimentally as the radii of curvature are extremely small and it is not practically 

possible to impose a variation of curvature within a region. However, should such 

differences of curvature within a region make a measurable difference to the structure 

of the final fibre, then the values of alz=l and hlz=l found experimentally will surely 

differ from those predicted (where the curvature within a region remains constant). 

Numerical calculations that consider changes in curvature between the two ends in 

the two-strut model show that at z = L the two curvatures are almost identical (they 

are almost the value of the final curvature that would result if both of the two ends 

started with the same curvature). Also, the final value of h is almost identical to the 

value that would result from the two ends having the same curvature at z = O. This 

deviation that may be measured by hf~~hf , where hfd is the final h with a different 

initial curvature at each end and h f is the final h for equal initial curvatures. In all 

numerical examples given, this number always represented a change of less than a 

few percent change in h. 

8.3.3 Modifications to the model 

The mechanism that governs the movement of fluid within a transverse cross-section 

has been established, and it is now possible to make comparisons between experi

mental data and theoretical predictions. 

It is clear from Figures 8.1, 8.2 and 8.3 that l decreases as a function of z much 

more than the geometry-preserving solutions supposes. Since the effects of surface 

tension along this strut must surely be of secondary importance given the thickness 

of the outer-wall, the following explanations seems reasonable. As a increases, region 

1 'absorbs' fluid from the strut so that at z = L, whilst the increase in volume of 
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the fluid that is bounded by a has been drained from the strut, it has not all come 

from the thinning of the strut. It seems likely that some of the fluid comes from the 

reduction in length of the strut. Otherwise put, to an extent the observed reduction 

in h beyond a geometry preserving reduction, is a side-effect of the change in the 

core shape. 

The model could be refined to quantify this effect, but since the region bounded by 

a encompasses only a small fraction (typically about 2/10) of what was once a part 

of the strut, it may be ignored without significantly affecting results. The model 

could be modified by calculating the final strut-thickness and length hlz=L and llz=L 

as before, but then decreasing l by an empirical factor of 8/10 and increasing h 

accordingly, giving 

(8.33) 

Such an approximation might be expected to be first-order correct but we note that 

a more sophisticated model would take account of the fact that q depends on h. 

8.3.4 Comparisons with experiment 

Experimental data was obtained in order to make comparisons between the predic

tions of the model above, and experiment. However, it was found that the resolution 

of the pictures of cross-sections of the fibre was insufficiently high to enable compar

ison. For this reason we investigate the necessary accuracy with with data must be 

obtain in order use the model to make quantitative predictions. 

It is important to know how accurately experimental data must be known to be able 

to evaluate the model experimentally. The preforms used to make "cup-handle" 

fibres are difficult to manufacture and their precise geometry is not easily controlled. 

Imperfections in the geometry of the preform and cane make it difficult to assign 

accurate numbers to parameters such as the strut thickness. The suggested criterion 

is that an error in data taken must produce no more than a 20% change in either 
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hlz=l or alz=lo It is not necessarily the case that a 20% error in a will also produce 

a 20% error in h. An error in a corresponding to an X% increase in its value (errors 

that result in a value less than the true value of a are represented by a negative 

quantity) gives an error in h of Y%, where 

In practice the effect of varying the parameters on alz=l is minimal, because the 

initial size of a, hand l dictate that h will be much more sensitive to changes in the 

initial parameters. 

In order to determine how accurately each of the experimental parameters must be 

measured, a control experiment that results in a given alz=L and llz=L will be used. 

Each parameter will then be varied in turn until it produces a 20% error in hlz=l' or 

an error greater than 20% of the difference between the geometry-preserving solution, 

hGP , and the control experiment solution with drainage accounted for. Whichever 

of these two errors is smaller will be taken to give the maximum allowable error in 

the parameter being varied. 

The possible acceptable ranges in h to be considered are thus 

8 x lO-lh < hp < 1.2h (8.34) 

and 

(8.35) 

where hp is the value of h produced by calculating the effect of varying the size of a 

parameter. It is usually the case that (8.34) is a smaller range than (8.35) because 

the drainage parameter is often large, and strongly influences the final value of h. 

Thus equation (8.35) will be disregarded from now on. 

The above method is only approximate, since it is unclear how a combination of 

errors in parameters will affect the model, and parameter space is too large to scan 

for all possible combinations. It might be the case that if two parameters are known 
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Table 8.3: Table to show control experiment parameter values and results. 

Quantity (S.I Units) Value at z = 0 Value at z = L 

a 1.00 x 10-4 1.91 X 10-6 

h 4.17 X 10-5 2.62 X 10-8 

3.33 X 10-4 

Wd 3.20 X 10-1 

Wf 5.00 X 10-5 

f-L 5.00 X 105 5.00 X 105 

I 1.00 X 10-1 1.00 X 10-1 

Z 0 3.00 X 10-2 

only to within the maximum tolerance of each separate parameter, that the model 

predicts values of hlz=L and alz=L that are more than 20% different from the control 

example. It is assumed herein that the model does not react to such errors in a highly 

non-linear manner, and that any deviation from the 20% value is not significant. 

The control experiment has realistic parameters values shown in Table 8.3, together 

with the results. To recap, each of the parameters available for change in the model 

are varied in turn until they produced both a 20% increase and a 20% decrease in the 

value of h; whichever occurs sooner. h(O) was permitted to vary between 5.00 x 10-8 

and 5.00 x 1O-4m as in this case the range produced by (8.34) was much smaller than 

(8.35), in agreement with the previous suggestion. Table 8.4 shows the error allowed 

in each of h, a and l, both as a percentage and in absolute terms. The quantity 

most appropriate will depend on the relative size of the geometry and the drainage 

parameter, thus discretion must be employed. 
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Table 8.4: Table to show maximum allowed errors in parameters. 

Quantity (81 Units) Percentage error Absolute error 

A 50 5 X 10-5 

ho 50 2 X 10-5 

lo 17 5 x 10-1 

T¥d 156 5 x 10-2 

Wj 14 7.5 x 10-6 

J1 20 1.0 X 105 

L 17 5.0 x 10-1 

The maximum allowed error in surface tension I' is not included since it only appears 

in the drainage parameter as a ratio between surface tension and viscosity, and the 

effects of its variance may thus be seen through the effects of a change in the viscosity. 

The variable h has been shown to be sensitive to changes in each of the draw param

eters, but this sensitivity may depend upon the size of the parameters in the control 

experiment. Further calculations show that this is not the case, though it is possible 

that exceptions can be found. For example, by altering the viscosity to J1 = 106 Pas, 

the change of sensitivity of the system is dramatic. This change in viscosity corre

sponds to a viscosity an order of magnitude greater than that used in the previous 

examples, and represents only a small change in glass temperature (see Figure 8.6). 

The change in the viscosity causes the drainage parameter to decrease to almost zero, 

giving a value of h only 2% less than a geometry-preserving value, hGP = hoe-f3/2
. 

The system thus reacts extremely slowly to changes in draw parameters. 
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In conclusion, the accuracy with which it is necessary to know the various parameters 

in the model such as the draw speed and viscosity, depend wholly on the values of the 

parameters themselves. Further numerical calculations suggest that the size of the 

drainage parameter is an approximate measure of how accurately one must know the 

value of a given parameter. The maximum errors given in Table 8.4 should therefore 

be used to determine the difference in accuracy required for each of h, a and l, either 

in percentage or absolute terms depending on which of the two measurements of error 

is considered appropriate. However, when the value of q changes from that used in 

Table 8.4, at least one of these accuracies must be re-calculated. For example, if the 

drainage parameter is extremely small and calculations show that the allowed error 

in H'j is 28%, then the error allowed in f.1 may be assumed to be 40%. 

8.4 Conci us ions 

In this Chapter we have developed a mathematical model capable of explaining and 

quantifying the geometrical changes that take place when drawing a "cup-handle" 

fibre. The model was extended to include the effects of an asymmetric strut and 

other complexities. Numerical calculations were undertaken to verify that the model 

behaved as it should, and suggestions were made as to how one may best compare 

the model with experimental results. 

It may be that difficulties in obtaining data accurate enough to enable quantitative 

comparison with experiment are not possible to overcome. In this case the model 

will remain largely phenomenological, providing physical insight into the mechanism 

that produces the observed changes in geometry of the fibre during drawing. 

8.4.1 Practical Results 

In this Chapter we: 
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• explained the effect that gives rise to the strut thinning (see §8.2); 

• have shown that minor asymmetries in preform geometry are removed as a 

natural consequence of drawing the fibre (see §8.3); 

• described the accuracy with which experimental parameters (in particular the 

geometry of the preform) must be known in order to make useful comparison 

between experimental results and the model developed here (see §8.3.4). 
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Chapter 9 

Pressurizing Capillary Tubes 

9.1 Introduction 

We have previously discussed pressurizing capillary tubes in order to counteract the 

effects of surface tension. We have modelled the effects of applying an overpressure 

(constant in time and space) to a capillary tube, and the effects of applying a pressure 

gradient to a capillary tube. In this Chapter we will consider pressurization in more 

detail. 

In practice pressurization is often achieved not by directly applying an overpressure 

to the hole of the capillary tube, but instead by sealing the tube before drawing it. 

The drawn fibre is seen to have an inner-diameter that gradually increases with time 

as the draw proceeds, before later decreasing. In this Chapter we consider the effects 

of this particular method of hole pressurization, where a capillary tube is sealed and 

then drawn. 

\iVe now clarify the exact experimental procedure before modelling the problem. Our 

aim is to predict the inner fibre radius and the overpressure as a function of time. 

We shall then compare predictions made by the model to the results of experiments 
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conducted at the Optoelectronic Research Centre, University of Southampton, UK. 

The reason for the need to consider this problem is that, for example, if one wished 

to simultaneously spin preforms and pressurize them, practical limitations would 

require the tube to be sealed to achieve pressurization: applying an overpressure to 

the tube directly is not possible in this case. 

9.1.1 Experimental procedure 

A capillary tube is first sealed at one end and is significantly longer than the furnace, 

with as much as 50cm of tube protruding from the top of the furnace (see Figure 9.1). 

The tube is placed in the furnace with the sealed end at the top. The furnace is then 

heated to the "drop temperature" of the glass. At this point the portion of the tube in 

the furnace is at approximately the same temperature as the furnace. The portion of 

tube outside of the furnace is significantly cooler, but has a temperature significantly 

higher than air (as a result of radiative heating). Conduction and radiation are both 

significant sources of heating and therefore the temperature of the tube above the 

furnace can only be approximated. 

As the air in the tube heats up it expands, and an amount of air to be determined 

exits at the bottom of the furnace (because the bottom of the tube is still open to 

approximately-atmospheric pressure). The tube is then pulled as normal and thins 

rapidly, initially closing under the effects of surface tension (this is a transient effect 

and this part of the manufacture process is called "the initial drop") before a stable 

fibre diameter is then reached (steady-state drawing conditions are obtained). The 

volume of glass and gas lost from the tube by the initial part of the pull, which serves 

to close the hole, is not significant and will be assumed negligible. To summarize, the 

preform open at one end (and the enclosed gas at atmospheric pressure) is heated 

in the furnace until thermal equilibrium is established. The preform is then pulled, 

and the bottom end becomes sealed (at approximately atmospheric pressure). The 

pressure and inner and outer fibre radius then evolve with time according to the 
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· · · · · · 

furnace 

drawing wheels 
(cane only) 

Figure 9.1: Schematic of experimental set- up. A capillary tube is sealed at the top, 

left open at the bottom, and passed slowly into the furnace. As the preform melts 

and is drawn, the tube initially closes under the action of surface tension. A quasi

steady state is the reached and the fibre is drawn, where the capillary tube radius 

and pressure vary slowly with time. 
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model that we shall describe. 

The pull will never reach an exact steady-state (only a quasi-steady state) because 

air is being removed from the capillary tube at the end of the furnace, thus decreasing 

the ratio of the mass of glass to air. Furthermore, as the fibre is gradually drawn 

the capillary tube is lowered into the furnace, increasing the ratio of the mass of 

glass to air and increasing the average temperature of the air in the tube. These 

effects combine to give a continually changing pressure inside the capillary tube, 

and in consequence, the dimensions of the drawn fibre (at z = L) will vary with 

time. Since this is a common practice and pressure is a possible control mechanism 

for manufacturing fibres with extremely small (perhaps as small as 30 nanometres) 

holes, we wish to model the change in fibre geometry with time. 

9.1.2 Modelling assumptions 

(i) The mass of glass and gas lost in the initial drop is negligible and will be 

ignored. 

(ii) The temperature of the glass is approximated for the large region outside the 

furnace. 

(iii) The air is assumed to be in thermal equilibrium with the glass throughout. 

(iv) The temperature profile of the glass is assumed to (a) vary linearly with dis

tance and (b) not to depend on time. 

(v) V/hilst the temperature of the glass varies inside the furnace, the viscosity of 

the glass will be assumed constant in this region (numerical calculations con

firm that allowing for the correct variable viscosity does not significantly alter 

the results for fibre geometry produced, whilst including a variable viscosity 

introd uces numerical difficulties). 
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9.2 Mathematical modelling 

We start by considering the equations that govern the isothermal drawing of capillary 

tubes. These are (see Chapter 3 for an explanation of the notation used) 

p(h~ - hi) (WOt + WOWOz - g) = (3fJ(h~ - hi)woz ,(hI + h2)t, (9.1) 

(h2) (h2 ) _ hIh2(2Pohlh2 - 2,(h l + h2)) 
I t+ IWO z - 2fJ(h§-hi) , (9.2) 

(h2) (h2 ) _ hIh2(2Pohlh2 - 2,(h l + h2)) 
2 t + 2WO z - 2fJ(h§ - hi) (9.3) 

We consider the steady-state version of these equations, ignoring the effects of grav

ity, the inertial-force term and those of surface tension and rotation. Equations 

(9.1)-(9.3) become 

((h~ - hDwoz) z 

(hiwo)z 

0, 

hih~po 
fJ(h§ - hi)' 

hih~po 
fJ(h§ - hi)' 

(9.4) 

(9.5) 

(9.6) 

and may be solved in closed-form by eliminating (h~ - hI) and solving for Wo0 We 

are then left with equations for h2 and hI' Since it is the volume of air enclosed 

within the capillary tube with which we are principally concerned, it is helpful to 

know the steady-state value of hI as a function of overpressure, given by 

(9.7) 

where hlO and Wf are the usual initial and boundary conditions for hI and Wo° 

Equation (9.7) gives hI in terms of Po. \iVe will now derive a model that describes the 

drawing process of sealed capillary tubes. The model will relate hl(L, t) and Po(t). 

Setting Po = Po(t) in (9.7) and using the solution for hl(t) in the model derived will 

allow the model to be solved for Po(t). We then make use of (9.7) once more to 

determine the time-dependent solution hl(L, t). 
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The temperature T(z) is known within the furnace but must be estimated for the 

remainder of the capillary tube (the part that protrudes from the top of the furnace). 

The top of the capillary tube is at z = - Li for t = 0 and moves with speed Wf . 

Vve assume that the air inside the capillary tube is an ideal gas obeying the ideal-gas 

law given by 

p = pRT, (9.8) 

where R is the universal gas constant. We assume that p = p( t) as the speed of 

sound in air is large compared with the rate at which the volume of gas changes, 

allowing us to ignore changes in pressure from one portion of the capillary to the 

next. 

The total mass of air inside the capillary tube is given by l:
m

,n IThlo p(z, t) dz 1L ITh! (z, t)2 p(z, t) dz + lIThl (L, t')2 p(L, t') Wd dt', (9.9) 

where Zmin = Li - Wft denotes the top of the capillary tube. The first term in 

equation (9.9) represents the mass of gas in the part ofthe preform above the furnace. 

The second term represents the mass of gas in the furnace. The third term accounts 

for the mass of gas that "leaves the system" and becomes trapped in the fibre. This 

is determined by the density of gas, the preform velocity at z = L and the final fibre 

radius. 

Since the total mass of gas remains constant we may differentiate this expression and 

set it equal to zero. Differentiating and substituting for p(z, t) from the ideal gas law 

(9.8) gives 

a [10 
2 p(t) lL 2 p(t) ] at -Zmin 71hlO RT(z) dz + 0 71hl (Z, t) RT(z) dz 

2 p(t) 
71h1 (L, t) RT(L) Wd = 0, 

(9.10) 

which, on writing p(t) = Po(t) + Pa where Pa denotes atmospheric pressure, gives 

~ [hio 
10 

(po(t) + Pa) dz + lL h1(z, t)2(pO(t) + Pa) dZ] + 
at -Zmin T(z) 0 T(z) 

h (L t)2 (po(t) + Pa) W = 0 
1, T(L) d . 

(9.11) 
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Substituting in the expression (9.7) for h1(z, t) gives an equation for p(t) that must 

be solved in order to determine Po(t). Equation (9.7) may then be used to determine 

the manner in which hllz=L varies with time. Since (9.7) was obtained by solving 

(9.1)-(9.3) and assuming a steady-state process, the methodology employed here 

assumes that the timescales in (9.1)-(9.3) are much smaller than than the timescale 

for the change of Po(t) and h1(L, t) in equation (9.11); equivalent to a quasi-steady 

analysis. We find that 

(Po(t) + Pa) W = 0 
T(L) d . 

(9.12) 

An inspection of (9.11) reveals that the second term will always be much smaller 

than the first because T(z") > T(z') where -Zmin < z' < 0 and 0 < z" < L, and 

h1(z)/h lO « 1 when 0 < z :S L. Furthermore, since Zmin is always much smaller 

than L (the capillary tube is never quite pushed fully into the furnace in practice), 

we may ignore the second term since it is always less than a factor of L / Zmin « 1 

smaller than the first. This leaves us with the following equation to solve for Po: 

h2 ~ 10 
(po(t) + Pa) d + h (L t)2 (po(t) + Pa) HI: = 0 

lOat -Zrrdn T(z) z 1, T(L) d . 
(9.13) 

The function T(z) is assumed to be 

T( ) = T _ (Tmin - Tmax)z 
Z max L. ' 

t 

(9.14) 

where Tmin and Tmax are the temperature at the top of the capillary tube at the 

start of the experiment and temperature in the furnace respectively. Finally, for the 

viscosity of Suprasil F300 glass we have used 

5 1 -8 ( 515400 ) 
f1 = .8 x 0 exp 8.3145(Tmax _ 273) + 2271.10567 ' 
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where T is now given in units of C and the viscosity in units of Poise. (Assumption 

(iv) is employed here, where the glass is assumed to have a viscosity determined 

by the maximum temperature in the furnace, whereas the air in the glass has a 

temperature that varies for all Z E [-zmin,L].) 

When (9.14) is used in (9.13) and the resulting equation simplified, we arrive at a 

first-order non-linear ordinary differential equation for p(t) that is not possible to 

solve in closed form in general, and must be solved numerically. Having determined 

p(t), hI(L, t) may be found from (9.7). 

9.3 Comparison with experimental results 

Experiments were conducted at the Optoelectronics Research Centre, and here we 

summarize the results by directly comparing one set of results chosen at random 

with numerical predictions made by the above model. 

The initial dimensions of the capillary tube were chosen so that the effects of surface 

tension could be minimized (i.e. a large hlO and h20 were chosen). A temperature 

distribution for the glass was determined by assuming that the temperature difference 

between the top of the preform and that of the glass in the furnace was 640C, with 

the furnace temperature being at Tmax = 1840C, giving Tmin = 1200C. The preform 

extended above the furnace with Li = O.8m. Other experimental parameters were 

Wf = 1.5mm/min, Wd = 15m/min, h20 = 1.25cm and hlO = O.95cm. 

Numerical simulations that calculate Po(t) from (9.13) were performed using the 

parameter values given above. From this data (9.7) was used to compute the inner 

radius hI at Z = L as a function of time. Numerical results for both hI (t) and Po(t) 

are shown in Figure 9.2. 

Experimental data for hI(t) and Po(t) is shown in Figure 9.3. In both cases a splines 
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Figure 9.2: Graphs to show the numerical results for h1(L, t) and Po(t). (Parameter 

values: Wf = 2.5 X 10-5, Wd = 2.5 X 10-1 , h20 = 1.25 X 10-2
, hlO = 9.50 X 10-3

, 

Li = 8 x 10-1, Tmax = 1840, T min = 1200.) 
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Figure 9.3: Graphs to show the experimental results for hI (L, t) and po(t). (Param

eter values: Wf = 2.5 X 10-5, Wd = 2.5 x 10-1, h20 = 1.25 X 10-2
, hlO = 9.50 X 10-3

, 

Li = 8 x 10-1, Tmax = 1840, T min = 1200.) 
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fit has been applied to the data. Given the fact that the temperature distribution 

of the capillary tube outside of the furnace has been estimated rather crudely and 

that the effects of surface tension have been ignored in this model, the experimental 

results compare favourably with numerical predictions. Both the form of the pressure 

curve and that for the inner fibre-radius are qualitatively correct, though there is a 

significant difference between the magnitude of pressure values, which in turn gives 

rise to disparity in values of hI (t ) . 

A possible explanation for this difference relates directly to the fact that the effects of 

surface tension have been ignored in our model. Were we to include surface tension, 

hI (t) would be everywhere reduced in size. Since this would mean that hIlz=L would 

be reduced, after time t one would find more gas above z = L for a given reduction 

in size of preform (mass of glass) above z = L. 

The rate at which the pressure increases as the fibre is drawn depends on a balance 

of two effects. (i) As the preform is lowered into the furnace, the gas within heats 

up, thus increasing the overpressure. (ii) As the fibre is drawn, gas leaving "the 

system" at the bottom of the furnace becomes trapped in the fibre. This has the 

effect of counteracting the effect of the mechanism (i) and reducing the preform 

overpressure. To give an illustrative example of the feedback mechanism in place, 

consider that if surface tension were to completely close the hole (this does not 

happen in practice precisely because of this feedback mechanism) then glass but no 

air, would leave the furnace at z = L. As the preform is continually lowered into 

the furnace, the volume of air within the furnace region remains constant, whilst 

the volume of glass decreases (the length of the tube decreases). Consequently, the 

overpressure increases indefinitely with time until it is large enough to overcome 

the effects of surface tension at z = L. At this point a hole opens once more and 

equilibrium is eventually established between hole size and overpressure. 

The shape of the graphs in Figures 9.2 and 9.3 may therefore be interpreted in the 

following way. At the start of the drawing process much of the preform is above 
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the furnace at a lower temperature than the furnace. As the fibre is drawn and 

the preform lowered into the furnace, the dominant effect is that of an increased 

average temperature for the air inside the preform, giving rise to both an increased 

overpressure (see equation (9.7)) and an increased fibre radius. However, as time 

proceeds, the increase in average temperature, per unit length of preform lowered 

into the furnace, reduces. This allows the effect of air removal at z = L to dominate, 

and the pressure begins to decrease, as does the fibre radius (see equation (9.7)). 

9.3.1 The effects of neglecting surface tension 

The model assumes no surface tension and since the ratio of glass volume to aIr 

volume leaving the furnace per second is 

2 

- 1, (9.15) 

we find that 

( 
h~ - hi) I = h§o - hio 

h2 z=L h2 
1 10 

(9.16) 

when surface tension is disregarded. 

If the difference between (9.15) where surface tension is included and (9.16) where 

I = 0, is greater than zero, then less mass will leave when surface tension effects are 

accounted for, and vice versa. Consequently the hole overpressure is expected to be 

larger at any given time when the effects of surface tension are included if 

( 
h§ - hi) I _ h~o - hio ° 

h2 z=L h2 >, 
1 10 

(9.17) 

or equivalently when 

(9.18) 
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Setting Wf = 1.5mm/min, Wd = 15m/min, h20 = 1.25cm, hlO = 0.95cm and using 

the given viscosity law and temperature distribution, (9.18) gives a value of 0.04. 

This suggests that we should expect to observe a larger pressure and smaller value 

of hIJ z=L than our model predicts. This is not observed experimentally and it is 

therefore expected that the estimate of the temperature profile for the air in the 

capillary tube outside of the furnace is inadequate, though direct measurement of 

the temperature profile is currently not possible. 

9.4 Conclusions 

A model was developed to describe the time-fluctuating pressure and fibre geometry 

observed when sealed capillary tubes are drawn to fibre form. Numerical solutions to 

the equations compared favourably with experimental data, especially given the large 

uncertainties in quantities such as the temperature profile of the preform above the 

furnace. It is anticipated that once the uncertainties in experimental quantities are 

reduced, this model will provide an accurate tool for developing a method to control 

the size of extremely small holes (as a result of the feedback mechanism between hole 

size and hole overpressure). 
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Chapter 10 

Two-Phase Flow 

10.1 Introd uction 

In Chapter 3 we developed a model for the drawing and rotation of capillary tubes. 

The aim in this Chapter is to construct a model capable of describing the process of 

the manufacture of microstructured optical fibres made from a preform that contains 

a large number of holes. To accomplish this, we will take a "two-phase flow" approach 

that involves determining average properties of the equations. We will limit ourselves 

to the case where an axisymmetric geometry is present in the preform. Analytic 

solutions to the governing equations are obtained for certain limiting cases, and a 

numerical analysis of the full equations is undertaken. 

10.2 Mathematical modelling 

Our aim is to develop a mathematical model for the process of capillary drawing 

that is capable of including the effects of the presence of an array of pressurized, 

infinitely-long cylindrical bubbles (or holes) in a transverse cross-section, surface 
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tension, gravity and inertia. For simplicity we will ignore the effects of preform 

rotation here, though the modelling could easily be developed to include this. The 

model will be derived by averaging the effects of the presence of the bubbles in a 

cross-section of the fibre, allowing equations to be derived that describe the averaged 

behaviour of the holes. The model will examine the limit where there is a large 

number of small holes or a small number of large holes, and will be able to predict 

the average hole size and distribution of holes at any point in a cross-section of 

the fluid. Vlfe begin with the N avier-Stokes equations, using cylindrical coordinates. 

Averages in two-phase flow are often first taken over realizations (initial conditions) 

and then over cross-sections. However, whilst the bubbles in a cross-section of a fibre 

will be described by a distribution, the experiment is expected to be reproducible. 

For this reason the averaging process here takes place in a preform cross-section. 

In the equations that follow, we label the bubbles so that i denotes the "bubble 

number", t denotes time, z measures the distance along the axis of a capillary, and r 

denotes distance normal to this central axis. A schematic diagram of the geometry 

of the capillary is shown in Figure 10.1. The flow is assumed to be axisymmetric 

and is therefore independent of the azimuthal angle e (although a velocity could be 

permitted to exist in that direction if the effects of preform rotation were included). 

All t, z and r subscripts denote differentiation, and the velocity q of the molten glass 

is denoted by q = wez + ue'(' + vee, where e z , e'(' and ee are unit vectors in the z, 

rand e directions respectively. Here we consider only the case where there is no 

azimuthal fluid velocity; that is v - O. To a first approximation the temperature 

of the furnace and thus of the glass, is constant throughout. Therefore initially the 

viscosity is assumed constant throughout the glass and the energy equation need not 

be considered. 

The fluid pressure is denoted by p, the pressure of gas inside an individual bubble i is 

denoted by Pi and 9 is the acceleration due to gravity. The total number of bubbles 

(holes), density, dynamic viscosity and surface tension are denoted by D, p, f1 and I 

respectively. 
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Figure 10.1: Problem geometry and a fluid element. 

To derive an averaged model it will be necessary to describe the local fluid velocity in 

the region immediately surrounding a bubble. The drawing of holey fibres involves a 

highly extensional flow, where the effects of this extension and those of surface tension 

dominate the characteristics of the flow. For this reason, in §10.2.3 below, we use Ui 

to denote the radial velocity of the fluid on the boundary of the bubble labelled i of 

radius ai that would result if the bubble were left to close in an infinite fluid, under 

the action of the effects of surface tension and an extensional flow characterised by 

the downstream fluid velocity gradient W z . We therefore ignore the effects of the 

fibre free surface (the outer edge of the fibre) and of the presence of the other holes 

on the evolution of a single bubble. The exact form of Ui will be clarified later in the 

Chapter. 

10.2.1 Momentum conservation 

The governing momentum equations for the macroscopic flow are (see [59]) 

P ( Ut + UUr + wUz ) 

Pe 

and p is therefore a function of T, Z and t only. 
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We denote the preform radius of the capillary by r = h(z, t). Equations (10.1)

(10.3) thus apply in the region 0 :s; z :s; L, 0 :s; r :s; h, for 0 :s; t :s; 00, and 

must be solved subject to suitable boundary and initial conditions, which will be 

considered presently. The feed and draw speeds are, as usual, denoted by Wf and 

VVd respectively and the ambient pressure in the air surrounding the fibre is denoted 

by Pa. 

Note that we have yet to derive a continuity equation, which is modified from the 

standard single-component fluid from as a result of the presence of the many bubbles 

in a cross-section. This equation will involve a and n (where a is the averaged bubble 

radius and n is the averaged number density of bubbles, the number of bubbles per 

m2 in a cross-section). Thus a and n will also have to be determined. We must also 

derive global boundary conditions for the free surface r = h(z, t). 

10.2.2 Derivation of the continuity equation 

We commence by deriving a continuity equation for the case of many bubbles in 

a cross-section by considering a "continuum of bubbles". By this we mean that 

the fluid detects the presence of the many bubbles through their effect averaged in 

the cross-section. This will give an equation that holds locally. As a check, we will 

rederive the continuity equation for the case of a discrete set of bubbles, and integrate 

the result over an area that is small compared to the area of a cross-section, but large 

compared to the average bubble area and separation, and show that this derivation 

agrees with the former. This second approach ensures that the averaged effect of the 

bubbles is determined without the local flow being dominated by non-local effects. 

Given the size of a cross-section (typically a few centimetres) and the number of 

bubbles therein (typically a few hundred), in practice our procedure is equivalent to 

averaging over the area of approximately ten bubbles. 

Vve start by considering an isolated fluid element similar to the one shown in Figure 
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10.1. If there were no bubbles in a cross-section, mass conservation would require 

that 

w(r6¢6r) - (w + wz6z)r6r6¢ + u(r6¢6z) - (u + ur~r) [(r + 6r)6¢6z] = O. 

(10.4) 

Taking the limit 6r -----+ 0, 6¢ -----+ 0, 6z -----+ 0 and rearranging would give the usual 

continuity equation 
1 
-(ru)r + W z = 0, 
r 

(10.5) 

as required. This intuitive derivation using (10.4) allows for the effect of the presence 

of bubbles to be clearly identified. The presence of the bubbles changes the terms 

containing r in (10.5), the effect of which is to reduce the area of fluid on any face of 

the volume element. Explicitly, mass conservation requires that the (r6¢6r) term 

in (10.5) becomes 

(10.6) 

where ==} indicates the effect of adding bubbles, n denotes the number of bubbles 

in a preform cross-section, and r6r6¢7fa2n is the volume of the bubbles within the 

element under consideration. Similarly, other terms in (10.4) are altered according 

to 

r6r6¢ ==} r6r6¢ - 7fr6r6¢(n + nz~z)(a2 + (a2)z6z) (10.7) 

r6¢6z ==} r6¢6z - 7fa2nr6¢6z (10.8) 

(r + 6r)6¢6z ==} (r 6r)6¢6z - 7f(a2 + (a2)r~r)(n + nr~r) x 

(r + 6r)6¢6z. (10.9) 

Using (10.6) and (10.7)-(10.9) in (10.4) gives 

w(r6r6¢ - 7fr6r6¢a2n) - (w + wz6z)(r6r6¢ - 7rr6r6¢(n + nz6z) 

(a2 - (a2)z6z)) + u(r6¢6z - 7fr6¢6za2n) - (u + ur6r)[(r 6r)6¢6z 

- 7f(a2 + (a2)r6r)(n + nr6r)(r + 6r)6¢6z] = O. (10.10) 

Expanding, dividing through by r6r6¢6z and taking the limit 6r -----+ 0, 6¢ -----+ 0, 
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l:..z ----+ 0, upon rearranging gives 

which may be recast to give 

(10.11 ) 

This is the new continuity equation. To convince ourselves that it takes the correct 

form we may consider the case where w = w(z), a = a(z) and n = n(z) only. We 

solve (10.11) for u to give 

(10.12) 

The kinematic boundary condition in steady-state is u = whz at r = h(z). This, 

together with the result for u from (10.12) give, 

(10.13) 

Equation (10.13) is precisely as one might expect since in a steady-state cross-section 

the mass flux in the z-direction is 

where 

[} 
-(w x area of glass) = 0 
[}z 

area of glass = total area - area of bubbles 7rh2 7rh2n7ra2
. 

Using (10.15) in (10.14) gives 

which is identical to (10.11), as required. 

(10.14) 

(10.15) 

(10.16) 

We have not yet considered the case of discrete bubbles, so we repeat the same 

process as before but this time require that 

D 

rl:..¢l:..r ==? rl:..rl:..¢ - 7rrl:..rl:..¢ L a75(z - zi)5( ¢ - ¢i)5(r - ri) 
i=l 
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L::l (fiJ dA)5(z - zi)5( ¢ - ¢i)5(r - ri) 
X ' 

NiJi ' 

where we sum over all bubbles positioned at Z = Zi, ¢ = ¢i and r = ri, where 0i 

is the area of approximately ten bubbles (the number of bubbles that correspond to 

the area needed to match to the far-field flow, as discussed above) at the point Xi, D 

is the total number of bubbles in a cross-section and Nni is the number of bubbles 

in an area Oi. In the continuum limit the sums may be replaced by integrals and we 

therefore find that 

L::l (fiJi dA)5(z - zi)5( ¢ - ¢i)5(r - ri) () 
7\T ===? n r,z 
1Vni 

and 
D 

L 71a;5(z - zi)5( ¢ - ¢i)5(r - ri) ===} a(r, z)a(r, Z), 
i=l 

giving finally that 

which is identical to equation (10.6) as required for consistency of the two approaches. 

For the remainder of this Chapter, for simplicity, we shall write the continuity equa

tion (10.11) as 

(10.17) 

10.2.3 Local fluid flow around a bubble 

The model is not yet closed as (10.17) involves a and n. To determine these, we now 

consider a single bubble and determine the form of the flow field in the cross-sectional 

plane surrounding the bubble. We consider a single, infinitely-long cylindrical bubble 

in a purely-extensional flow under the action of surface tension ,. This represents 

the local flow problem surrounding a single bubble (situated anywhere with the 

cross-section of a preform). Conservation of mass requires 
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which may be integrated when w is a function of z alone, as is the case on the 

local-scale considered here, giving 

rwz ¢(z, t) 
Ui=--+ . 

2 r 

The integration constant ¢(z, t) is determined by applying the condition that the 

fluid velocity must equal the rate of change of the bubble's radius with respect to 

time (following a fluid particle on the surface of the bubble) when r = ai, the radius 

of the bubble. Thus setting Ui = di on r = ai gives 

where di is the bubble surface velocity following a bubble in the fluid flow, which 

may be expressed as 

where q = u(r, z)er + w(r, z)ez ' 

The local flow field is therefore given by 

(10.18) 

In §10.2.5 below, we will use the form of the local flow field together with a stress 

balance on the surface of a single bubble to derive an equation for the fluid pressure. 

Before doing this, however, we determine n. 

10.2.4 The evolution equation for the bubble number den

sity 

The final property of the system that we have not taken account of is the bubble 

number density, n, which is directly related through the problem geometry to the 
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number of bubbles in a transverse cross-section and hence in the final drawn fibre. 

The number density n (dimensions m-2
) is the number of bubbles per unit area of 

cross-section, averaged over a region of approximately ten bubbles. We assume that 

bubbles remain open (i.e. that surface tension does not completely close them) and 

that bubbles do not coalesce. This is tantamount to requiring a conservation of the 

number of bubbles. 

In order to derive an equation that enforces the condition of "conservation of bubbles" 

we consider a ring of infinitesimal thickness dr(t) in a transverse cross-section. The 

ring has area J given by 

J = 27rr(t)dr(t). (10.19) 

As the fibre is drawn down the ring is translated in z, and expands or contracts (in 

r) according to the radial velocity of the fluid at its inner and outer edge. The rate 

of change of area is given by 

dJ(t) 2 (dr(t)d () ()d(dr(t))d ()) -d-= 7r -d- rt +rt rt, t t ili 
(10.20) 

where d:~t) dr(t) denotes the change of the inner radius, previously at r(t), and 

r(t) d(d;?)) dr(t) denotes the change in difference between outer and inner radii, pre

viously dr(t). Vve may use the relations 

and 

to rewrite (10.20) as 

dr(t) 
di=u, 

d (dr(t)) _ dUd 
dt - dr r, 

dJ(t) ( du ) ~ = 27r udr(t) + r(t) dr dr . (10.21) 

The statement that the number of bubbles within area J remains constant following 

the element may be expressed as 

In=G, (10.22) 
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where n is the bubble number density and G is a constant. Taking the convective 

derivative of equation (10.22) gives 

dJ Dn 
ndi + J Dt = 0, (10.23) 

where 

(10.24) 

Substituting (10.24) into (10.23) and rearranging gives 

(10.25) 

As an example of a possible solution of equation (10.25), we consider the steady-state 

case where h( z, t) = ho exp ( - ;Z), W = Vv'je(,6z) and we have the boundary condition 

n(O, r, t) = No. Equation (10.25) may now be solved in closed-form to give 

n(z, r, t) = No exp ((3z) , 

which may be interpreted as stating that as the preform thins, the number density 

(the number of bubbles per unit area of cross-section) must increase accordingly in 

order that the number of bubbles remains the same. We thus see that, as expected, 

the distribution of bubbles in a cross-section remains the same when a geometry

preserving solution for w is assumed. 

10.2.5 Stress balance on the surface of a single bubble 

In order to relate the local flow field to the macroscopic properties of the fluid we 

conduct a stress balance on the surface on a single bubble using result (10.25) above. 

A local stress balance on the surface of a bubble i, where (i = 1,2, ... D), gives 

(10.26) 

Using the result for Ui from equation (10.18), (10.26) becomes 

! 2 ( ait + waiz + uair ) 
Pi + - - P = f.-L wz + . 

ai ai 
(10.27) 
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The next step is to transform equation (10.27) from one that accounts for a discrete 

set of bubbles to one that accounts for a continuum of infinitely-long cylindrical 

bubbles with an area number density of bubbles, n = n(z, r, t) and a bubble radius 

a = a(z, r, t). To do this we integrate (10.27) over the area of approximately ten 

bubbles in order that the equations are global and depend on the averaged bubble 

number density and bubble radius at a given point in the fluid. 

Equation (10.27) thus becomes 

1 2 ( at + waz + uar ) PH + - - P = fJ W z + , 
a a 

(10.28) 

where PH denotes the pressure inside the bubbles and in general is a function of 

position in the fluid and time. However, we will assume that it is the same pressure 

in every bubble for all time without any loss of generality. We also assume that the 

pressure within a single bubble does not vary with r, z or t. This restriction may 

therefore be relaxed at any stage. 

10.2.6 Non-dimensionalization, asymptotic analysis and bound-

ary conditions 

Our model now consists of five equations (10.1)-(10.2), (10.17), (10.27) and (10.28) 

for the five unknowns w, u, p, a and n. The equations are 

1 
-(rua)r 
r 

n 
- (ru) + (nt + unr + wnz) r r 

1 
PH - p+

a 

-pz + ~(rWr)r + 2fJwzz + ~(ruz)r + pg, (10.29) 
r r 

-Pr + fJ (~(ru)r) r + fJUzz, (10.30) 

0, 
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It is not entirely clear what the boundary conditions for equations (10.29)-(10.33) 

are, but more modelling is to be done and the initial and boundary conditions include 

w(O, t) Wf , 

w(l, t) Wd , 

h(O, t) ho, 

a(O, r, t) Ao(r), 

n(O, r, t) No(r), 

for t :::: O. 

We will presently non-dimensionalize the equations and make simplifying assump

tions by taking advantage of the problem geometry. However, we note that equations 

(10.29)-(10.33) were derived without any such assumptions. The only assumption 

beyond the usual assumptions of continuum fluid dynamics was of the smoothness 

of the functions and first derivatives of a and n. 

It is now appropriate to non-dimensionalize (10.29)-(10.33) to take advantage of the 

small parameters present, henceforth allowing dominant terms to become evident. 

To non-dimensionalize we set 

z = Lz, r = hof, 

h = hoh, fl = floil, 

P = (floW/L)P, w = Will, 

u = (hW/ L)u, a = ACi, 

t = (L/W)t, 

where an overbar denotes a non-dimensional quantity and the surface tension coef

ficient J was chosen in the same way as in Chapter 3, §3.5. We only need model the 

region encompassed by the hot-zone of the drawing furnace, since the fluid solidifies 
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rapidly and is therefore everywhere else assumed to be solid. Here L denotes a typi

cal hot-zone length in the fibre drawing furnace, h denotes a typical drawn capillary 

size, W denotes a typical draw speed, A denotes a typical bubble radius and Nand 

/Joo denote a typical bubble number density and typical glass viscosity respectively. 

As mentioned above, we wish to allow for the possibility of controlling hole size by 

internal hole pressurization. The normal stress boundary conditions will thus include 

both the surface tension coefficient r and the fibre hole pressure PH. If we define the 

non-dimensional fibre hole pressure by PH = (/JooW/ L)PH' it is clear that we must 

further write 
_ Pa + _ 
PH = 2 Pb, 

( 
(10.34) 

where Pb is the non-dimensional hole overpressure and Pa denotes the non-dimensional 

ambient pressure, defined in the obvious way by 

This scaling reflects the fact that, unless the fibre hole pressure is within 0((2) of 

the ambient pressure, the capillary will either collapse immediately or "explode" [14]. 

Equation (10.34) therefore already gives a useful estimate of the size of hole inflation 

pressure that is required to prevent collapse. 

Upon application of these non-dimensionalizations the equations become 

2R (- +-- +--) 2- +p(--) + 22-- +(2p( __ ) + (2Re (1035) ( e Wt UWf wWz = -( pz -= rWf f ( /Jowzz -=- ruz f -F' . 
r r r 

(2 Re (Ut + UUf + wuz) = -Pf + P (~(rU)f) f (2 PUzz , 

1 
:=(ru(1-7rA2Na2fi))f = - ((1 7rA2Na}fi)iD)z' 
r 

fi -= (ru)f + (fit ufif + Wfiz) = 0, 
r 

_ p- ( 1 _ (_ at + iDaz + uaf) 
Pb - +--=211 w-+------

'IjJ a r Z a ' 
where the key non-dimensional parameters in the problem are given by 

h Re = p W L T;j/2 W = A. 
(= L' /Joo ' Fr = gL" ho 
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We note at this stage that in all cases of interest ho « L (the largest values of 

f tend to occur for capillaries where L is of order cm and h of order mm. For 

optical fibres f is smaller still). Vye thence assume that the small parameter in the 

problem is f, where f « 1. The leading-order equations in f are now satisfied by 

the obvious ansatze, as we seek solutions in the form of expansions in powers of the 

small parameter f. V.,Te set 

w wo(z, t) + f2wl (z, T, t) + ..... , 

il ilo(Z, T, t) + f 2ill(Z, T, t) + ..... , 

P P; + P(z, T, t) + ..... , 
f 

ii iio(z, T, t) + f 2iil (z, T, t) + ..... , 

n no(z, T, t) + f2nl (z, T, t) 

To first order in f the z-momentum equation (10.35) becomes 

R - -
R ( - + - - ) + p- e 2 - - + /-L (-- ) /-L (- - ) e wof wowoz z - -p - /-Lwozz -= ruz r = -= rWlr r, 

r r r 
(10.40) 

and the T-momentum equation (10.36) yields Pr = 0 so that P is a function of z and 

f alone. 

Ignoring terms O(fY) where (y 2: 2), equations (10.37)-(10.39) become 

no ( __ ) + (_ -=- ruo r nof 
r 

- f I 
Pb - P +--=

'lj; ao 

(10.41) 

(10.42) 

(10.43) 

The surface tension term in equation (10.43) is included because 'lj; can be as small 

as f, as will become clear. 

It is now appropriate to consider the boundary conditions for the flow. The kinematic 

boundary condition is 

(10.44) 
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The normal stress boundary conditions may now be applied. The stress tensor Tis 

given by 

If we denote the dimensionless unit outward-pointing normal to if = Ii by n, then 

the normal stress conditions are 

~ TT ~ e://-io W 
-n n - --==---

hL 
Pa/-ioVV 

at if = h. 
Lf2 

(10.45) 

We assume that the tangential stress on both of the fibre boundaries is zero (for 

rotation rates used in typical research-grade drawing towers this is realistic and 

so rotation may be included at a later stage without affecting the validity of this 

boundary condition), giving 
~T 

t Tn = 0, 

where t is the unit tangent vector. 

To complete the specification of the boundary conditions, the normal and tangential 

stress conditions may now be expanded according to the ansatze for iiJ, ii and p. 

With 

we find that 

o at if = Ii , 

at if = h. 

10.2.7 Deriving a closed system 

It is now possible to derive a closed system of leading order equations that govern 

the drawing of holey fibres. Dropping over bars , we now have four equations in six 
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unknowns (wo, WI, Uo, ao, no, P), and three boundary conditions given by 

no 
- (ruo),r + (nOt + uonOr + wonoz) = 0, 
r 

P E 'Y 2 ( aOt + woaoz + uoaor ) Pb - + - - = /-L WOz + , 
'1jJ ao ao 

where a = 1- 6,6 = 7fA2Na6no and 

q 
h - P + 2/-Luor o at r = h, 

2hz(woz - uor) - UOz WIr at r = h, 

Uo at r = h. 

(i) Solving (10.47) for Uo gives 

and the stress boundary-condition (10.50) on r = h gives 

P = q _ /-L(awo)z 
h a' 

(10.46) 

(10.47) 

(10.48) 

(10.49) 

(10.50) 

(10.51) 

(10.52) 

(10.53) 

(10.54) 

Equations (10.53)-(10.54) may be used in (10.46), which may then be integrated 

over a preform cross-section from r = 0 to r = h(z). Now (10.51) gives, 

WIr[r=h = hz (2Woz (a:o)z) + ~ ((a:o)z ) z . (10.55) 

Using this, (10.46) may be reduced to 

Reh2 (WOt + WOWoz - )r) (2/-Lh2woz + h2/-L(a:
o
)z + qh) z . (10.56) 

(ii) Using the stress balance on a single bubble (10.49) and the result (10.54) for P 

in (10.49) gives 

2/-L (aOt + (woao)z) = raor/-L(a:o)z ao (/-L(a:o)z + Pb) - E'Y (~ + ~ ). (10.57) 
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(iii) Using the equation of continuity (10.47) together with the kinematic boundary

condition (10.52) we have that 

(10.58) 

(iv) The equation for the conservation of the number of bubbles in a cross-section 

(10.48) is rewritten using (10.53) to give 

(10.59) 

where we have made use of (10.58) to allow differentiation with respect to r. 

\iVhen 6 ~ a we recover equations (3.59)-(3.61) in Chapter 3, §3.5, with hI = 0, 

which are the solid fibre equations as expected. 

10.2.8 Summary of equations and boundary conditions 

The closed system is represented by four partial differential leading order equations 

in the four unknowns wo(z, t), h(z, t), ao(z, r, t) and no(z, r, t). The equations are 

Reh2 
( WOt + WOWOz - )r) 

a(h2)t + (h2awo)z 

no 
- (awo)z 
a 

(10.60) 

(10.61) 

(10.62) 

(10.63) 

Equation (10.60) may be considered an equation for Wo, equation (10.61) as an 

equation for the evolution of ao, equation (10.62) an equation for h, and equation 

(10.63) an equation for no. We note that equations (10.60)-(10.61) depend only on 

(z, t) and equations (10.62)-(10.63) depend on (z, r, t). To show this we note that, 

for example, in equation (10.60) the term h2 f-L(a:o)z may be rewritten using (10.62) 
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as -[(h2 )t + 2hhz w], which depends on (z, t) only. Similarly, in equation (10.62) the 

term (h2o:wo)z may be rewritten using (10.60) such that it depends on (z, t) only. 

For the unsteady problem the initial and boundary conditions are not clear. However, 

we shall only consider steady-state problems and in this case the initial and boundary 

conditions for equations (10.60)-(10.63) are given by 

wo(O, t) Wf , 

wo(l, t) Wd , 

h(O, t) ho, 

ao(O, r, t) Ao(r ), 

no(O, r, t) 1'-lo( r), 

for t 2: O. 

These are the key equations in this Chapter, which we shall go on to solve numerically 

in §10.5.1. First though, we examine some interesting limiting cases. 

10.3 Analytic and numerical analysis 

There are many interesting asymptotic limits that we could investigate, but here we 

focus solely on the limit where 6 « 1, which corresponds to a limit where only a small 

fraction of the cross-section is air, the bulk of it being glass. Since 6 = 7r A 2 N a6no, 

this condition may be satisfied by having an extremely small number density (few 

bubbles per unit area of cross-section), or by having many bubbles but of small 

radius. In this limit one would expect that the fluid flow is unaffected by the presence 

of the bubbles. This is evidenced by the fact that ao and no decouple from the 

equation for Wo (10.60) and from the equation for ho (10.62), leaving an equation for 

ao (10.61) and an equation (10.63) for no that may thus be solved separately from 

the flow problem of determining Wo and h. 
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In the limit 6 -+ 0 equations (10.60)-(10.63) become 

Reh2 
( WOt + WOWOz - ;r) 

2f1, (aOt + (woao)z) 

(2f1,h2woz + f1, h2Woz + eyh) z' 

rf1,aOr-woz + ao (/-LWoz + H) 

-ey (~ + ~) , 
0, 

(10.64) 

(10.65) 

(10.66) 

(10.67) 

Since in the limit 6 « 1 the evolution equations for ao and no decouple from the 

flow problem we expect that if the initial conditions for ao and no are independent 

of r, that the solutions for ao(z, r, t) and no(z, r, t) prove to be independent of r. We 

may confirm this for the case of no surface tension " internal bubble pressure H, 

Reynolds number Re and for steady-draws by solving the equations (10.64)-(10.67) 

in closed form. This gives 

Wo W
j

e(,6z) 

h hoe-(4-) 

ao Fl (re ,62Z) e-

no F2 (r/2Z) e,6z 

Applying boundary conditions that assert no radial dependence of ao or no at z = 0 

ensures that no radial dependence develops later in the draw (for z =I 0). We therefore 

set ao(O) = Ao and no(O) = No to obtain leading-order solutions of 

For all cases where the boundary conditions for ao and no do not include an r 

dependence, these will be the leading-order solutions to the equations; a result that 

will be used in the following analysis. 
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10.3.1 The effects of surface tension 

Including the effect of surface tension but ignoring those of gravity, inertia, hole 

overpressure and taking 6 -------+ 0, allows us to assume a perturbation solution for the 

variables by writing, dropping subscripts in the governing equations, 

W 

h 

a 

n 

Wo (z) + ,WI (z ) , 

ho(z) + ,hI (z), 

ao(z) + ,al (r, z), 

no(z) + ,nl(r, z). 

(10.68) 

(10.69) 

(10.70) 

(10.71) 

Substituting these into equations (10.64)-(10.67) and equating terms of similar power 

in E allows us to solve for w, h, and a in closed-form but not for n. Applying boundary 

conditions WI (0) = 0, WI (1) = 0 and ho(O) = 0 gives 

3;h
O 
e¥ (1 + e¥ (z (1 - e-~) - 1)) 

3~f{3 (1- e-~2z + z (1- e-~)) . 
(10.72) 

(10.73) 

The solution for al is given in terms of a general function F (re-¥), which is 

determined by noting that al (0, r) == 0, requiring that 

F(r) = _ 2'¢Ao + 3ho . 
3hoWf '¢{3 

Thus 

a1 ~ 3h:~~f31jJ (21jJAo + 3ho)e _B," + Ao1jJz (e -~ - 1) - (24,Ao + 3"")). (10.74) 

The exact form of the solution for al varies with parameter values, but an example 

if given in Figure 10.2 below where we have set Ao = 1, Wf = 0.1, Wd = 1, ho = 1 

and '¢ = 1. It may be seen that al is negative for all values of z, but that towards 

the end of the draw its value starts to increase. This is a result of the fact that 

the effects of surface tension on the solution for hI is to cause hI to be everywhere 

positive but that surface tension still acts to close individual holes and thus locally 

decrease the value of a from its unperturbed value. Of course, whilst al remains 

everywhere negative, a remains positive for all z as seen in Figure 10.2. 
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Figure 10.2: Top: the solution for al and bottom: the solution for a. 
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10.4 Variable viscosity 

We have assumed that the temperature in the furnace is constant, allowing us to 

suppose that the viscosity does not vary with position. However, in reality there is 

often some variation in temperature and thus viscosity, which we will now account 

for by rederiving the equations that determine the evolution of bubble size and 

distribution and allowing a variation in viscosity. First the viscosity of the glass does 

vary from place to place and time to time, but secondly it may turn out to be a 

useful tool in controlling, for example, the radial distribution of hole size. 

We commence by assuming a viscosity distribution whose z and r component parts 

are separable by setting 

f.L(r, z) = f.L'(r) + f.L"(z) + f.Lo, (10.75) 

where f.Lo is a constant (note that primes do not denote differentiation). The equation 

of continuity (10.47) may be solved to give 

(O:W)z 
u=-r--

20: ' 

which may be used in the z-momentum equation (10.46) to give 

together with stress boundary-condition (10.50) to give 

(10.76) 

(10.77) 

( 1) eyhz ((o:w)z) ((o:w)z) Re Wt + WWz - Fr - Ji2 - f.L-0:- - 2(f.Lwz)z + f.L 0: z 

(
(o:w)z) 1 rf.L.,. -2- = -(f.Lrwl.,.).,., 

0: z r 
(10.78) 

where we have here and henceforth dropped all zero subscripts. 

The first-order stress boundary-condition (10.51) may then be used in equation 

(10.78) together with (10.75), and integrated from r = 0 to r = h(z, t) to give 

( 
1 ) ((o:w) ) ( rh(z,t) 

Reh2 Wt + WWz - Fr - eyhz - 2 ~ Jo rf.L" (z)z dr 
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(10.79) 

The three other equations that govern the case of variable viscosity, namely (10.61)

(10.63), remain unchanged by allowing for variable viscosity. 

1004.1 Summary of equations and boundary conditions al

lowing for a variable viscosity 

The closed system that allows for variable viscosity is represented by four partial 

differential leading order equations in the four unknowns w(z, t), h(z, t), a(z, r, t) 

and n(z, r, t). The equations are 

( 
1 ) (( aw) ) (l h

(Z,t) Reh2 Wt + WWz - Fr - eyhz - 2 7 0 r/-L"(z)z dr 

n ( (aw)z) - (aw)z = nt + wnz - rnr-- . 
a 2a 
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The initial and boundary conditions for these equations are 

w(O, t) Wf ) 

w(l, t) Wd , 

h(O, t) ho, 

a(O, r, t) Ao(r), 

n(O, r, t) No(r), 

for t 2: O. 

\iVe note that by setting jl(r) = 0 and /kl/(z) = 0, (10.80) reduces to (10.60), as 

required. At this point we assume that /k(r, z) has the form fL(r, z) = f z + gr + /kO· 

This is reasonable since a consideration of heat transfer processes suggests that the 

viscosity is likely to decrease with increasing radius, and vary along the length of the 

furnace such that having been in the furnace for longer, glass positioned at large z 

has a higher temperature. 

Using this in (10.80) gives 

Reh2 (wt+WWz+ )r) = (2wzh2(2~h +!Z+fLO) 

+ (0:;) z h 2 
(

2 ~ h + ! z + fLO) + ey h) z' (10.84) 

Setting, for example, 9 = 0 allows equations (10.84) and (10.81)-(10.83) to be solved 

in closed form with boundary conditions h(O) = ho, w(O) = W f , w(l) = Wd , a(r, z) = 

AoR(r) and n(r, z) = NoR'(r) to give 

h hOfL~-2~J (fz + fLO)(2~J, 
w Wf exp (fJ~2 ) (f z + /ko) (-:J ) 
a AoR (rfJ- ~;;:Z) fJ( - X~{z) , 

n NoR' (rfJ-x2~Z) fJ( _X~{Z), 

where 
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Figure 10.3: Graph to show variable-viscosity solution for h, where Wf 

Wd = I, ho = I, Ao = I, f = 1 (lower curve) and f = 0 (upper curve). 

X2 = In (/-Lo). 

10-2 , 

Setting Wf = 10-2
, Wd = I, ho = I, Ao = I, 6 = 0, Re = 0, r = 0, Pb = 0, 9 = 0, 

and f = I, f = 0, gives the solutions shown in Figures 10.3-10.5. Figure 10.3 shows 

solutions for h with f = 0 and f = I, where it is clear to see that the effects of 

including a variable viscosity (resulting from furnace temperature that varies with 

z) are to decrease the value of h for all z. Figure 10.4 shows solutions for w with 

f = 0 and f = 1, where because of the effect on h described above, we see that w is 

increased for all z. Finally, Figure 10.5 shows solutions for a with f = 0 and f = l. 

The effect on a is more pronounced than for h or w. 
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Figure 10.4: Graph to show variable-viscosity solution for w, where Wf 

Wd = 1, ho = 1, Ao = 1, f = 1 (upper curve) and f = 0 (lower curve). 
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Figure 10.5: Graph to show variable-viscosity solution for a, where Wf 

Wd = 1, ho = 1, Ao = 1, f = 1 (lower curve) and f = 0 (upper curve). 
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Table 10.1: Table summarizing parameter values considered for two-phase flow so-

lutions. 

Case Wj Wd ho Ao 5 Re fl H 9 Figure 

1 1.0 x 10-1 1.0 1.0 1.0 0.0 0.0 1.0 0.0 0.0 0.0 10.6 

2 1.0 x 10-1 1.0 1.0 1.0 0.1 0.0 1.0 0.0 0.0 0.0 10.7 

3 1.0 x 10-1 1.0 1.0 1.0 0.0 0.0 1.0 3 X 10-1 0.0 0.0 10.8 

4 1.0 x 10-1 1.0 1.0 1.0 0.1 0.0 1.0 3 X 10-1 0.0 0.0 10.9 

5 1.0 x 10-1 1.0 1.0 1.0 0.0 0.0 1.0 1.0 0.0 0.0 10.10 

6 1.0 x 10-1 1.0 1.0 1.0 0.1 0.0 1.0 1.0 0.0 0.0 10.11 

10.5 Numerical solutions 

10.5.1 Numerics 

There are three principal objectives of the following numerical study. First, we wish 

to solve the full equations (10.60)-(10.63) and compare solutions for w, h, a and n 

under a variety of conditions in order to check that the solutions to the equations 

behave as one might expect. Throughout the following numerical solutions we set 

Wf = 1.0 X 10-1, Wd = 1.0, ho = 1.0, Ao = 1.0, Re = 0.0, fl = 1.0, H = 0.0, 9 = 0.0, 

scaled n so that its maximum value was nmax ~ 1 and considered only the steady 

versions of (10.60)-(10.63). We confine the study to cases where there is no radial 

variation in either a or n at z = 0, which reduces the equations (10.60)-(10.63) 

to a system of ordinary differential equations. Table 10.1 summarizes the chosen 

parameter values for the cases considered. 

Figure 10.6 shows solutions for h, a and n obtained by setting 'Y = 0 and 5 = 0 (Case 

1, Table 10.1). If one increases the value of 5 to 5 = 0.1 whilst keeping'Y = 0 (Case 2, 
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Table 10.1), tantamount to ignoring surface tension but having a significant density 

of holes in a cross-section, one might expect that the non-dimensional solution for 

all variables would remain the same. This behaviour is observed in Figure 10.7. 

However, one would expect variation in the solutions when surface tension is added, 

and would also expect variation in the solutions between the 6 = 0 and 6 = 0.1 cases 

where surface tension is included in both. 

Figure 10.8 shows solutions for r = 0.3 and 6 = 0 (Case 3, Table 10.1). The effect 

of surface tension on the value of a is to cause it to reduce in size for all z as one 

would expect. To be consistent with previous findings one would expect the effect 

of surface tension on the radius of the fibre h would be to increase it for 0 < z < 1. 

A" shouTn in Rl' D'ure 10 8 hO"Te'Tt>r +bt> rohanD't> 1'1'1 h ;s TY1;n;ma1 'T'l-,;S makos sonso ........ 1..,; ........ ';I ...... ..L ........ ..L ..... b.... ...L... ... .... YV V '-..I..L , U,.l..'-..I 'u"..L..L .L bV .L..L U.J. .L.LL1..1. .1..1..1 .1. ..l....l.L..L .1. \....I v.L1. '-' 

because one would expect that for small surface tension the effect on holes would be 

far more dramatic than the the effect in the macroscopic radius of the fibre. The 

solution for n has hardly changed from the previous two cases considered as one 

would expect. Since n measures the number density of holes in a fibre cross-section 

but the macroscopic size of the fibre has not significantly changed, the fact that the 

holes themselves have become smaller should not be expected to impact the size of 

n. 

Figure 10.9 shows solutions of the equations for r = 0.3 and 6 = 0.1 (Case 4, Table 

10.1). It is not possible to anticipate the exact form of the solution for a in this 

case, though we note that a is expected to be smaller for all z than for the r = 0 

case. The solution for h shows that h is slightly smaller for all z than in any of the 

previous three cases. This is because to leading-order one would expect to find a and 

n coupled to the equation for h (the z-momentum equation and/or the kinematic 

boundary-condition). Another way of saying this is the mass lost from a cross

section with such a large density of holes is no longer insignificant to the solution for 

h. The solution for n may now be understood in terms of the solutions for hand a. 

Because a and h are smaller for all z, the number density of holes in a cross-section 

is expected to increase, as is clearly the case in Figure 10.9. 
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Figure 10.6: Graph to show 5 = 0 and I = 0 solution for h, a and n. (Case 1: 

Wj = 1.0 x 10-\ T¥d = 1.0, ho = 1.0, Ao = 1.0, 5 = 0.0, Re = 0.0, f-L = 1.0, 1=0.0, 

H = 0.0, 9 = 0.0.) 
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Wj = 1.0 X 10-1, Wd 1.0, ho = 1.0, Ao = 1.0, 5 = 0.1, Re = 0.0, /-L = 1.0, 1=0.0, 
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Figure 10.9: Graph to show 6 = 0.1 and r = 0.3 solution for h, a and n. (Case 
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10.5.2 The effects of surface tension 

In §10.3.1 we obtained perturbation solutions (equations (10.68)-(10.71)) for WI, 

hI and aI, though closed a closed form solution for nl was not obtained. VIe now 

examine these first-order solutions to the equations where surface tension is the small 

perturbing parameter, solving numerically for nl, for two cases: (i) where 6= 0 and 

(ii) where 6 = 0.1. Figure 10.10 shows the first-order solutions for h, w, a and n for 

the 6 = 0 case (Case 5, Table 10.1). We note that the effects of surface tension are 

to (i) increase h for all z, except where mass conservation (remembering that 6 = 0) 

requires the first-order term to drop to zero; (ii) decrease w for 0 < Z < 1 consistent 

with (i) and mass conservation; (iii) decrease a for all z whilst allowing it to increase 

(but remain negative) for large z as a result of the behaviour seen for w; and (iv) 

decrease n for all z as a result of the behaviour for h and the fact that 6 = O. 

Figure 10.11 shows the Ob) solutions to the equations for the 6 = 0.1 case (Case 

6, Table 10.1), where we note that wand h behave similarly to the 6 = 0 solutions, 

though h is slightly smaller for all z. As a direct result of this, a behaves similarly 

to the 6 = 0 solutions but n does not. Changes in n are larger than changes in h, 

and are such as to decrease n for small z and then increase it for larger values. The 

change in behaviour for n may be understood in terms of h decreasing for small z 

and increasing for larger z values in accordance with (10.63). The reason that the 

magnitude of the changes in n are considerably larger than the changes in h at z = 1 

may be obtained by setting h = ho + ihl' n = no + inl and making use of the 

leading-order solutions for ho and no. To leading order this gives 

where n(O) = No. Since in Figures 10.10-10.11, No 1 x 10-1 (scaled so that 

No = 0(1)), we expect nllz=l » hllz=l as observed. 
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Figure 10.10: Graph to show first-order (perturbation) solutions for h, W, a and n. 

(Case 5: W f = 1.0 x 10-1, Wd = 1.0, ho = 1.0, Ao = 1.0, 6 = 0.0, Re = 0.0, f.-L = 1.0, 
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10.6 Conclusions 

As an intermediate step between modelling a capillary tube and modelling the full 

holey fibre problem, a two-phase flow model was derived (see equations (10.60)

(10.63) for constant viscosity model and equations (10.80)-(10.83) for variable vis

cosity model). Analytical solutions to the model were found using asymptotic anal

ysis and these results compared with numerical results of the full equations. '\iVhere 

analytical solutions were not found interesting cases were considered, the equations 

were solved numerically and the results interpreted. 

10.6.1 Practical Kesults 

In this Chapter we: 

18 described the effects of a the furnace temperature profile on the average hole 

size and hole density in final fibre (see §10.4.1); 

18 have shown that when the preform air fraction is large, the effects of surface 

tension on holey fibres are to reduce the average hole size but not to alter 

the macroscopic fibre geometry or the density of holes in the final fibre (see 

§10.5.1); 

• have shown that when the preform air fraction is small, the effects of surface 

tension on holey fibres are to reduce the average hole size, reduce the macro

scopic fibre geometry, and increase the density of holes in the final fibre (see 

§10.5.1). 
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Chapter 11 

Full Holey Fibre Problem 

11.1 Introd uction 

In general we wish to be able to predict the evolution of a preform whose cross

section takes an arbitrary form. The preform will often lack symmetry and rarely 

be axisymmetric. It will include many holes whose size and shape will vary from 

place to place. The centre-line of the preform will typically evolve as it is drawn 

and it is expected that the effects of surface tension will be critical in this process. 

A schematic diagram of a possible preform cross-section is shown in Figure 11.1. 

o 

Figure 11.1: Possible preform cross-section. 
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\Ve considered the drawing of optical fibres with an arbitrary number of holes. A 

number of assumptions are made. First we assume that the preform is slender, so 

that its radius is always much less than its length. This introduces a small parameter 

into the problem. We assume that the preform centreline remains almost straight, 

in a sense that will be later clarified. We assume that the preform may be twisted as 

it is pulled and assume that the glass viscosity may vary, but only along the length 

of the preform. Finally we assume that the density of glass is constant. 

11.2 Mathematical modelling 

The flow is governed by the variable-viscosity N avier-Stokes equations 

p[% + (q. V)q] 

V.q 

-Vp+- /-l-~ +pg, a ( aq.) 
aXj aXj 

0, (11.1) 

written in Cartesian coordinates (x, y, z) and the preform velocity q is given by (u, 

v, w), time is denoted by t, P denotes density, p denotes pressure, /-l denotes dynamic 

viscosity and g is the gravitational acceleration vector. The N avier-Stokes equations 

are to be applied in the region between the internal and external boundaries of the 

preform. We assume that the fibre is pulled in the direction of the z-axis (though 

as mentioned above, the centreline may, in general, not remain straight). 

In addition to the N avier-Stokes equations we must prescribe suitable initial and 

boundary conditions. We assume that the cross-section of the preform is as shown 

in Figure 11.1 and that the outer surface of the preform is given by 

Ho(x, y, z, t) 0, 

while the inner holes are defined by 

Hi(x, y, z, t) = 0, (i = 1,2, .. " N), 

where N may be as many as a few hundred. We note that, according to this definition, 

each Hi (i = 0,1, ... , N) describes a simple closed curve and the total surface of the 

261 



preform is given by 
N 

H=UHi . 

i=O 

It should be appreciated that N may decrease from its value at z = 0, owing to the 

effects of surface tension. Also, for simplicity, we shall adopt the convention that the 

Hi are defined so that the gradient of each Hi gives the correct outward-pointing 

normal (pointing from the preform material to the air). Thus for a circular preform 

with radius a we choose Ho = x2 + y2 - a2 rather than -1 times this, but for an 

internal preform hole with radius a we choose HI = a2 - x 2 _ y2. 

We now consider the kinematic and dynamic boundary conditions for the preform. 

Denoting the stress tensor by T we have 

-P + 2/-lwz /-l( Wy + vz ) p,( Wx + u z ) 

T = /-l(wy + vz ) -P 2/-lvy /-l(vx + u y) 

/-l(wx + u z ) /-l(vx + uy) -P + 2p,ux 

The required kinematic boundary conditions are 

Hit + (q.V)Hi = 0 on Hi = 0 (i = 0,1, ... , N). 

The dynamic boundary conditions assert that the applied stress is continuous at each 

of the preform surfaces. We therefore have that 

and 

where nk is the unit normal to the surface Hk (directed so that it always points 

away from the preform material) and, as described above, is therefore given by 

nk = V Hk/IHkl, r is the surface tension coefficient, K, is the mean curvature of the 

preform (see Appendix C for details), Pa is the pressure outside the preform and Ph 
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is the pressure inside of the holes. Note that in experiments, it tends to be possible 

to maintain the holes at a constant pressure. Since the holes are vented, Ph tends 

to be constant in both space and time. Hole pressures that vary from hole to hole 

and/ or increase owing to the compressibility of air as a hole shrinks, may also be 

incorporated into the model if required. Note also that the above conditions assume 

that none of the preform surfaces experience a tangential force (because of viscous 

drag, for example). This could also be easily included if required. 

We will normally concern ourselves with steady-flow problems; if the full unsteady 

problem is solved then of course initial conditions will also be required. 

As far as conditions at the two ends of the preform are concerned, we shall assume 

that both ends of the preform are fixed rigidly to end plates. Thus 

(11.2) 

and 

(11.3) 

where the subscripts f and d denote the feed and draw ends respectively. We note 

that the conditions (11.2) and (11.3) allow for twist to be imposed on the preform 

during the drawing process; something that is of practical relevance in the manu

facture of holey fibres. It is worth noting that the alternative problem specification 

of assuming that the downstream tension is known may also be formulated in an 

obvious way: unlike simpler models of the preform problem, however, assuming that 

the tension is known does not lead to an appreciably simpler problem. 

We now non-dimensionalize the problem and denote a typical draw-length and pre

form radius by Land h respectively, and then define the key small parameter in the 

problem as 

E 
h 
L' 

A suitable non-dimensionalization is given by setting z = Lz, Y = ELy, x = ELx, 

w = W'0, v = Wev, U = T¥ eu, t = (L/T¥)l, /J = /JoM and p = (/Jo W/ L)f5 where bars 
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denote non-dimensional variables and W is a typical draw speed and f-Lo a typical 

value of the viscosity. With these scalings the N avier-Stokes equations become (on 

dropping the bars for convenience) 

c2 
Re[wt WWz + VWy + uwxl - -c

2
pz + c2 (f-LWz)z + f-Lwyy + f-LWxx + c2 St, 

c2 
Re[vt + WVz + VVy + uvxl - -Py + c2

(f-LVz)z + f-Lvyy + f-LVxx, 

c2 
Re[ut + wUz + vUy + uUxJ -pz + f2(f-LUz)z + f-Luyy + f-LUxx, 

W z + Vy + U x 0, 

where the Reynolds number, capillary and Stokes numbers (the key physical param

eters in the problem) are defined respectively by 

Re = pWL , Ca = f-LoW , 
f-Lo r 

The free surface kinematic conditions become 

Hit + WHiz + V Hiy + uHiz = 0 on Hi = 0 (i = 0, 1, ... , N). 

For the scaled dynamic surface conditions the normal vector is required. The normal 

to Hi = 0 (i = 0, 1, ... , N) in scaled variables is given by 

1 

Vve also assume (see Appendix C for details) that the mean curvature of the preform 

has an asymptotic expansion of the form 

~ = ~ (t ~o f~l + .. .) , 

where KO and ~1 involve derivatives of Hi' Before we can continue and evaluate the 

surface dynamic boundary conditions, we must decide the order of magnitude of the 

surface tension and the internal hole pressurization. As far as the surface tension is 

concerned, a number of different cases may be considered. When r satisfies 
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it transpires that the surface tension does not enter into the problem to leading 

order. A general solution may be determined to the cross-flow equations, and a 

second-order mixed elliptic/hyperbolic partial differential equation may be derived 

that governs the motion of the centreline of the preform. An equation for the rotation 

of the preform may also be derived. We do not pursue this case further here as clearly 

in the parameter regime of interest for holey fibre manufacture, the role of surface 

tension is crucial and must therefore enter the problem to leading order. Thus we 

consider the case where 

EGa = 0(1), 

so that the relevant scaling consists of setting, = EfLo W,*. We also scale the ambient 

hole pressures using 

a result that suggests that the hole pressure should have an order of magnitude of 

fLo W / L to be of any use in the manufacturing process: if it is maintained at a level 

lower than this, then it can have no influence, while if it is an order of magnitude 

higher, the fibre will immediately "explode". This is the same as the conclusion 

reached in Chapter 3. 

The scaled stress tensor is now 

T = fLoW 
L fL(Wy/E + EVz ) 

fL(Wx/E + EUz ) 

and the dynamic boundary conditions are thus 

fL( wy/ E + EVz ) 

fL(Wx/E + EUz ) 

[ * (/-1,0 ) *] -q --; + E/-1,l - Pa 
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on Ho = 0 and 

f-L(Wy/E + EVz ) 

f-L( W x / E + EUz ) 

E2 H iz 

[ey* (:0 + E~I) - p~] Hiy 

Hix 

on Hi = 0 (i = 1, 2, ... , N). 

The next stage is to assume regular power-series perturbations in the small parameter 

E2 for the dependent variables in the problem by setting 

W 
2 4 

Wo + E WI + E W2 + ... , 

v 2 4 
Vo + E VI + E V2 + ... , 

u Uo 
2 4 

E UI + E U2 + ... , 

P P~ + Po 
2 4 

E PI + E P2 + ... , 

and insert these expansions into the equations and boundary conditions. Although 

not all of the following equations will be used, for completeness and to aid any future 

works, we give each of the leading order and next order equations. 

The leading order Navier-Stokes equations are 

o 

o 

o 

o 

WOyy + WOxx , 

-POy + f-Lvo yy + f-LVoxx, 

WOz + VOy + UO x ' 

The leading order kinematic boundary condition is 

0= Hit + WOHiz + VOHiy + uoHix on Hi = 0 (i = 0, I, ... , N). 
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(11.5) 

(11.6) 

(11.7) 
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Leading order dynamic boundary conditions on Ho = 0 are 

o (11.9) 

where /'1,0 denotes the leading-order term in the expansion for the mean curvature. 

The leading order dynamic boundary conditions on Hi = 0 (i = 0, 1, ... , N) are 

o WOyHiy + woxHix , 

jJWOyHiz + (-Po + 2jJv oy )Hiy 

+ jJ (vox + uoy ) H ix , 

jJWoxHiz + jJ( Vox + UOy)HiY 

+ (-Po + 2jJu ox )Hix , 

(11.12) 

(11.13) 

(11.14) 

where Ph denotes the non-dimensionalized hole overpressure (the pressure above the 

ambient). 

The 0((2) Navier-Stokes equations are 

Re( WOt + wowoz VOWOy + UOWOx ) 

Re( VOt + wovoz + VOVOy + UoVOx ) 

Re( UOt + wouoz vouoy + UOUOx ) 

o 

The 0((2) kinematic boundary condition is 
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St - POz (jJWOz ) z + jJWl yy 

(11.15) 

(11.16) 

(11.17) 

(11.18) 

(11.19) 



and the O(c2
) dynamic boundary conditions on Ho = 0 are 

0 - (-Po + 2J-Lwoz + ,* Ko)Hoz + J-L(WIy + VOz) Hoy + J-L(WI x 

+ uoz)Hox , (11.20) 

0 J-L(WI y + voz)Hoz + (-PI + 2J-LVIy + ,* KI)Hoy + J-L(UIy 

+ vIx)Hox , (11.21) 

0 J-L( WIx + uoz)Hoz + J-L( Uly + vIx)Hoy 

+ (-PI + 2J-LUl x + ,KI)Hox . (1l.22) 

Finally, the O(c2
) dynamic boundary conditions on Hi = 0 (i = 1,2, ... , N) are 

11.3 

o = (-Po + 2J-Lwoz - ,* Ko + Ph - P~)Hiz + J-L( Wly + voz)Hiy 

+ J-L( WIx + uoz)Hix , 

o J-L( WIx + uoz)Hiz + J-L( VIy + vIx)Hiy + (-PI + 2J-LVIx 

-,* KI)Hix ' 

Solving the equations 

(1l.23) 

(11.24) 

(11.25) 

To solve the governing equations and boundary conditions (1l.4)-(11.25), we first 

note that (1l.4), (1l.9) and (1l.12) imply that 

with 

awo = 0 
an 

on Hi = 0 (i = 1,2, ... , N), where here and henceforth we adopt the notation that 

\7 2 denotes the Laplacian operator in the (x, y)-plane and n denotes the outward

pointing normal. Thus Wo must be constant in x and y and we conclude that 

W = wo(z). 
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We may now write (11.5) and (11.6) as 

o 

and thus 

o 

o 

(-Po + 2f.Lvoy)y + (/-LVox)x (/-LVoy)y, 

(f.LUoy)y - (f.LUox)x + (-Po + 2/-Luox)x. 

(11.26) 

(11.27) 

(11.28) 

(11.29) 

Since wo is a function of z alone, differentiating the leading order continuity equation 

(11.7) with respect to x and y yields 

o 

o 

VOyx + UOxx , 

VOyy + uOyx , 

and this allows (11.28) and (11.29) to be written as 

If we now define 

o 

o 
(-Po + 2f.Lvoy)y + (f.LVox + f.LUOy)x, 

(f.LVox + f.LUoy)y + (-Po + 2f.Luox)x, 

T11 -Po + 2f.Lvoy, 

T12 /-L( Vox + uoy), 

T22 -Po + 2f.Luox, 

then equations (11.34)-(11.35) are 

0 (T11)y + (T12)x, 

0 (T12)y + (T22)x. 

(11.30) 

(11.31) 

(11.32) 

(11.33) 

(11.34) 

(11.35) 

(11.36) 

(11.37) 

(11.38) 

Since both of these equations are in divergence form, there exist stream functions A 

and B with 
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Thus Ex = - A y , Ay + Ex = 0 and therefore an Airy stress function 'IjJ exists with 

(11.39) 

We now note that by differentiating and adding (11.5) and (11.6), we conclude that 

y2p = f-L( VOyyy + vOxxy + UOyyx + uoxxx ). (11.40) 

By differentiating the continuity equation (11.7) and using the fact that wo is a 

function of z alone, we find that the right hand side of (11.40) is zero and thus 

Now from the definitions of'IjJ (11.39) we have 

Thus 

y4'IjJ = _y2po + 2f-L(voyxx - vOyxx - UOyyx + UOyyx ) = 0, 

and 'IjJ satisfies the biharmonic equation 

(11.41) 

(11.42) 

(11.43) 

(11.44) 

11.3.1 The reduction to fibre and capillary drawing models 

To solve the many-holes full holey fibre problem, one must solve the biharmonic 

equation in the domain of a preform cross-section. However, it is not at all obvious 

what boundary conditions should be used on the boundaries of the many holes (a 

constant value of 'IjJ and its normal derivative must be specified). 
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It is clear that when the preform is solid and circular with no holes, that 1/J = 0 and 

~~ = 0 on Ho = 0 are the required boundary conditions since there are no sources or 

sinks of fluid in a cross-section. To show how this gives rise to the familiar equation 

of continuity we solve the biharmonic equation in cylindrical coordinates to give 

1/J = A + BT2 CT2 log(T) + D log(T), 

where A, B, C and D are arbitrary constants of integration. Applying the boundary 

conditions 1/J = 0 and ~~ = 0 on Ho = 0, gives A = B = C = D = 0 and thus 1/J == o. 
From this we deduce using (11.39) that Tn = T12 = T22 = o. 

Using the results in (11.34), (11.36) and making use of (11.7) we see that 

1 ( ) Woz 
VOy = 4f-l 1/Jxx - 1/Jyy - 2 

giving 

( ) 
ywOz 

Vo = F z, x - -2-' (11.45) 

and 

1 ( ) WOz 
UOx = 4f-l 1/Jyy - 1/Jxx - 2 

giving 

( ) 
XWOz 

Uo = G z, y - -2-' (11.46) 

where F(z, x) and G(z, y) are arbitrary constants of integration. To determine the 

constant that arise when integrating U x and vY ' rigid body translations and rotations 

must be carefully considered, corresponding to motion of the centreline and the 

angular momentum of fluid about that centreline. In this trivial case where the 

centreline is stationary and the preform is not rotating, we find that F(z, x) = 

G(z, y) = o. 

For a solid preform with a circular preform we have Ho = x 2 + y2 - h(Z)2 = 0, where 

h(z) is the profile of the outer preform radius. Using this and the results (11.45) and 

(11.46) together in (11.8) yields 
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which reduces to 

This is in agreement with the result in Chapter 3. 

11.4 Conclusions 

We have shown that it is a relatively trivial matter to derive the mass-conservation 

equation for a solid fibre. It is also possible to derive equations of momentum con

servation. However, things become rapidly complicated with the inclusion of effects 

such as surface tension. When attempting to solve the biharmonic equation in order 

to describe the manufacture of a capillary tube, it is unclear what constants and other 

boundary conditions should be chosen for 'ljJ on each of the two surfaces. Preforms 

with multiple holes are even more challenging and it is not currently known how to 

solve the problem in such cases, where once again, the problem lies in specifying the 

boundary conditions for 'ljJ on the surfaces of the holes. 

It is therefore proposed that the cross-flow problem is solved directly in such cases 

as these, though we do not attempt such a lengthy numerical problem in this study. 
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Chapter 12 

Conclusions and Future Work 

12.1 Conclusions 

A model that describes the drawing and rotation of capillary tubes was developed 

in Chapter 3, and the model was solved for some interesting limiting cases in §3. 7). 

The model was solved numerically to determine the effects on the fibre dimensions 

of preform rotation (see Chapter 6), which results in the reduction or removal of 

fibre birefringence. It was discovered that a sub-mm spin pitch (see §3.7.1.1) could 

be achieved for holey fibres that fall into two categories (see Chapter 4). It was 

shown that the manufacture of one type of fibre must be broken into two stages 

and that in this case preform rotation may not be used as a method to control the 

resulting fibre geometry (see §4.5.1). For the second fibre type it was shown that 

care must be taken to preserve the microstructured region of the fibre, having broken 

the manufacture into two stages and used the second stage to prescribe the fibre 

geometry (see §4.5.2). The two-stage process also allows fibres to be drawn at higher 

temperatures, producing fibres of superior strength. The model has successfully 

predicted the outcome of rotation experiments on holey fibres and will be used as a 

guide in future attempts. 
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A stability analysis for drawing capillary tubes was conducted in Chapter 5), fur

thering previous studies on the stability of drawing solid optical fibres with and 

without surface tension. We included the effects of gravity (see §5.3.4.1), inertia (see 

§5.3.4.1), surface tension (see §5.3.4.2) and hole overpressure. The model agreed well 

with previous studies, shown in §5.3.3. We identified and investigated the role of each 

separate parameter available for change when drawing capillary tubes, in terms its 

effect on the stability of the drawing process. However, this model and all previous 

studies show that it is not possible draw fibres with a draw-ratio of greater than 

20.2. This is not the case in practice, where fibres may be drawn at many times this 

ratio. Some possible reasons for this discrepancy were suggested (see §5.4) and the 

problem remains open. 

A lengthy numerical analysis for the rotation of capillary tubes was conducted in 

Chapter 7, with numerical results compared to analytical solutions to the equations 

as well as to experiments. Excellent agreement was achieved in both cases. The 

Optoelectronics Research Centre regularly uses the numerical code to predict and 

guide experimental studies. 

The "cup-handle" fibre was modelled in Chapter 8, and analytic solutions to the 

equations obtained in §8.2.2. The hitherto unexplained drainage phenomenon was 

understood (see §8.2) and suggestions were made as to how accurate experimental 

data must be in order to facilitate useful comparison with the model developed (see 

§8.3.4). 

In Chapters 3 and 7 it was shown that preform rotation alone is unlikely to provide 

a mechanism to prevent surface tension induced hole collapse, but that applying a 

hole overpressure and rotating the preform simultaneously, is a possible solution to 

this problem. For practical reasons directly applying an overpressure is not possible 

whilst spinning preforms. A possible solution to this problem is to allow the preform 

to "self pressurize" by sealing on end before drawing. In Chapter 9 we develop 

a model to describe the time evolution of pressure and fibre geometry, and make 
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predictions that compare favourably with experimental results. 

As an intermediate step between modelling a capillary tube and modelling the full 

holey fibre problem, a two-phase flow model was derived in Chapter 10. This model 

allows us to predict how the drawing of an optical fibre from a preform influences the 

size and distribution of an array of holes present in the preform, based on the averaged 

properties of the fluid. To a large extent the model must be solved numerically, 

though some limiting cases were studied where closed-form solutions were found and 

physical insight into the behaviour of the model was obtained (see §10.3). It is seen 

that in the limit that the total bubble area is small, by which we mean the sum of 

the areas of separate bubbles is small, the presence of the bubbles does not affect the 

macroscopic flow parameters such as the shape of the preform, characterized by the 

preform radius h(z, t). The bubbles follow the flow that would have resulted in their 

absence and have their size determined by the balance of forces on their boundaries. 

Where this limiting case does not exist we learn that the presence of the bubbles 

affects the large-scale flow in a way that may be understood analytically in some 

restricted cases. A more thorough numerical investigation was undertaken, a concise 

exposition of which is detailed in §10.5.1. 

The model was extended to allow for a viscosity that varies in space and time (see 

§10.4). This is the model that will correspond most closely with reality and a next 

step would be to further investigate the solutions to this model both analytically and 

numerically, and to compare the solutions with experimental results. 

The ultimate goal of this thesis was to derive a model that describes the manufacture 

of arbitrary holey fibres. Such a model was derived in Chapter 11, and we have 

shown that it is trivial to derive the mass-conservation equation for a solid fibre (see 

§11.3.1). It is also possible to derive equations of momentum conservation. However, 

things become complex with the inclusion of effects such as surface tension as it is 

unclear what the boundary conditions for the flow are. Preforms with multiple holes 

are even more challenging and it is not currently known how to solve the problem in 
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such cases. It is therefore proposed that the cross-flow problem is solved directly in 

such cases as these, though this is not attempted in this study. 

12.2 Future work 

12.2.1 Fibre manufacture 

There are outstanding issues in the modelling of fibre manufacture, most notably 

the inability to predict the fibre geometry that results from preforms of arbitrary 

cross-section. However, the cross-flow model has been derived and may be solved 

numerically. Analytic solutions to the model will not be possible except for the most 

trivial geometries. It remains possible to solve the problem using the biharmonic 

equation (see Chapter 11), but some closure-difficulties persist. 

12.2.2 Preform manufacture 

To date, most studies have focused on silica technology, and the exploration of mi

crostructured fibres made from non-silica (i.e. not pure silica) glasses is largely 

unexplored. Non-silica, often described as compound or soft glasses, promise the de

velopment of a host of new optical fibres and operational regimes because they offer 

properties that cannot be provided by silica, including new transmission wavelengths 

and highly-variable amounts of nonlinearity. 

The fibres are manufactured by heating a macroscopic structured-preform and draw

ing it down to fibre form as for silica holey fibres, which has been the main focus of 

this study. However, preform manufacture which is the most labour intensive part 

of fibre manufacture and is an area that lies largely unexplored to this point in time. 
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In practice, it is often the case that a particular set of optical properties are desired 

from a fibre. These optical-properties are translated into geometric properties that 

the fibre produced must possess. From here, experience, intuition and previous 

mathematical modelling work is used to determine the type of preform that must be 

manufactured to obtain such a fibre. 

Preforms for optical fibres may be manufactured in many ways, depending on whether 

silica glass or soft glass is used. Soft glass preform manufacture with a low soften

ing point allow for preforms to be manufactured by glass extrusion, significantly 

increasing the number of possible structures. These preforms are made either by the 

stacking method or by glass extrusion (see Figure 12.1). 

There are advantages and disadvantages of both stacking and extrusion, but glass 

extrusion has some crucial advantages and the stacking method, disadvantages. First, 

the stacking method has the problem of surface quality of capillary tubes that are 

stacked many times. Secondly, the number of thermal cycles that the glasses pass 

through is important, with fewer cycles reducing the chance of seeding and, or, 

growing crystals. This degrades the performance of the fibres. VVhen preforms are 

made by stacking, glass must be melted to make capillary tubes, melted again to 

create the canes, which may then be melted once again to produce the preform. With 

glass extrusion though, the glass is melted only once and the preform made directly, 

thus reducing the number of thermal cycles to one. Thirdly, the manufacture via 

stacking is time consuming and therefore costly. 

A foremost advantage of extrusion over the traditional preform manufacture-route is 

that many different structures are possible since holes are not restricted to hexagonal 

arrangements or to circular shapes. Furthermore, once the extrusion process has 

been optimised in terms of die geometry and other parameters such as glass feeding

speed, the process may be automated, giving a consistent and reproducible preform 

geometry. I t is the range of preform structures available through extrusion, the 

reproducibility, possibilities for automation, and reduction in the number of thermal 
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29mm diameter 
35mm height pressure pressure 

1 1 1 

Figure 12.1: (Left 2) A bismuth glass billet used in glass extrusion and the extrusion 

set-up. (Right 2) Two glass billets at the start of the extrusion process. During 

extrusion, the upper glass flows into the lower. 

Figure 12.2: (Left 2) Multiple-hole extrusion dies. (Right 2) Preform cross-sections 

showing the complex structures now possible. Pictures courtesy of Professor Tanya 

M. Monro. 

cycles, that makes glass extrusion the exciting and preferred method of preform 

production. Preliminary experimental results are promising, with up to 36 holes 

possible in a single preform extrusion as shown in Figure 12.2. However, progress is 

limited by a lack of understanding of the exact fluid flows that occur within the die , 

and thus on the die geometry best employed. 

Mathematical modelling of this process is desperately needed and will further current 

understanding and facilitate future progress in die design. 

To date little work has been done on the mathematical modelling of glass extrusion 

except in terms of the phenomenon of die-swell [13]. Die swell is the increase in 

cross-sectional area of fluid as the fluid exits the die. Its occurrence results from 

the non-uniform fluid velocity profile at the die exit. However, the usual no-slip 

conditions on the surfaces of the die must be carefully considered. It is crucial with 
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glass extrusion to have an accurate picture of the conditions that must be applied 

to the inner surfaces of the die, since this will dramatically affect the mechanical 

pressure in the fluid, the stress at the boundaries, the local temperature, and thus 

the likelihood of glass crystallisation. If crystals form in the glass, its quality is 

dramatically reduced, thus motivating the need to minimise the extrusion pressure 

and temperature. 

It is desirable to develop a set of predictive tools that allow the experimenter, who 

requires a fibre of a particular geometry, to manufacture the corresponding preform 

that is able to be drawn into the correct fibre. It is necessary to determine the limit 

to the number of features (complexity) and feature-size ratios that may be achieved 

via an improved understanding or improvement of the flow behaviours. This must be 

done whilst minimising the number of heat cycles that the glass has gone through, 

the peak stress in the extrusion process, and the effects of die swell and preform 

bending that occur as preforms exit the die. All of this is amenable to mathematical 

analysis, which would increase the quality of the final fibre and, ultimately, allow a 

new range of fibres to be manufactured. 
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Appendix A 

Stability Code 

The following is the complete stability code discussed and demonstrated in Chapter 

5. In the code below where 

hlx 

h2x 

ulx 

U(x) 

Hl(x) 

H2(x) 

restart: 

AA:=35: 

BB:=AA: 

CC:=AA: 

uO:=Uf*exp(beta*x/L)*U(x): 

hl:=hl0*exp(-beta*x/(2*L))*Hl(x) : 

h2:=h20*exp(-beta*x/(2*L))*H2(x) : 

hI (z), 

h2(z), 

wo(z), 

W2(Z), 

hI2 (Z), 

h22(Z) . 
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beta:=log(Ud/Uf) : 

rat:=20: 

g:=O: 

pO:=O.O: 

rho:=500: 

gammy:=O.O: 

Ud:=rat*Uf: 

Uf:=2.6E-05: 

h10:=0.018: 

h20:=0.020: 

L:=0.03: 

Tmin:=2638: 

Tmax:=Tmin: 

xtm:=0.01: 

mea(x):=.1*10~(-6.24+26900/(((x*(Tmax-Tmin)/xtm)+Tmin)+273»: 

meb(x):=.1*10~(-6.24+26900/(((x-L)*((Tmin-Tmax)/(L-xtm»+Tmin)+273»): 

dmdx1:=diff(mea(x) ,x): 

dmdx2:=diff(meb(x),x): 

dmdx: =x->piecewise (x<=xtm, dmdx1, x>xtm, dmdx2): 

temp:=x->piecewise (x<=xtm, x*(Tmax-Tmin)/xtm+Tmin, x>xtm, (x-L) 

*((Tmin-Tmax)/(L-xtm»+Tmin) : 

me:=0.1*(10~(-6.24 + 26900/(temp(x)+273»): 

eq1:=me*(h2~2-h1~2)*(diff(h1~2, t)+diff(uO*h1~2, x»-pO*h1~2*h2~2 

+gammy*h1*h2*(h1+h2)=0: 

eq2:=me*(h2~2-h1~2)*(diff(h2~2, t)+diff(uO*h2~2, x»-pO*h1~2*h2~2 

+gammy*h1*h2*(h1+h2)=0: 
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eq3:=rho*Ch2~2-h1~2)*CdiffCuO, t)+diff(uO,x)*uO - g) -(3*(h2~2-h1~2) 

*diff(uO,x)*dmdx(x)+3*me*diff((h2~2-h1~2)*diff(uO,x),x)+gammy 

*diff((h2+h1),x»=O: 

sys:= eq1, eq2, eq3: 

bound:=UCO)=1, U(L)=1, H1(O)=1, H2(O)=1: 

infolevel[dsolve] :=4: 

ans:=dsolve ({sys, bound}, numeric, output=listprocedure): 

a:= eval(H1(x) , ans): 

b:= eval(H2(x) , ans): 

c:= eval(U(x) , ans): 

d:= eval(diff(U(x),x), ans): 

h1x:=h10*exp(-beta*x/(2*L»*a(x) : 

h2x:=h20*exp(-beta*x/(2*L»*b(x) : 

u1x:=Uf*exp(beta*x/L)*c(x) : 

dudx:=Uf*exp(beta*x/L)*(beta/L*c(x)+d(x»: 

dh1dx:=((CpO*h1x~2*h2x~2-gammy*h1x*h2x*(h1x+h2x» 

/(me*(h2x~2-h1x~2»)-dudx*h1x~2)/(2*h1x*u1x) : 

dh2dx:=CCCpO*h1x~2*h2x~2-gammy*h1x*h2x*(h1x+h2x» 

/(me*(h2x~2-h1x~2»)-dudx*h2x~2)/(2*h2x*u1x): 

d2udx2:=(rho*(h2x~2-h1x~2)*Cdudx*u1x-g)-3*(h2x~2-h1x~2)*dudx*dmdx(x) 

-3*me*dudx*(2*h2x*dh2dx-2*h1x*dh1dx)-gammy*(dh1dx+dh2dx)) 

/(3*me*(h2x~2-h1x~2» : 

n:=AA: 

N:=BB: 

M:=CC: 

aa:=array(1 .. n+N+M+6,1 .. 1): 
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x:=m*L/(n+l) : 

for m from 0 to n do 

aa[m+l,l] :=gammy*h2x*(2*Hl (m)*hlx+hlx*H2(m)+h2x*Hl (m)+2*h2x*H2(m) ) 

-2*pO*h2x~2*hlx*(H2(m)+Hl(m»+me*(-hlx~3*ulx*(U(m+l)-U(m-l»/(2*L 

/(n+l»-2*hlx~3*ulx*(Hl(m+l)-Hl(m-l»/(2*L/(n+l»-hlx~3*dudx*U(m) 

-4*hlx~3*dudx*Hl(m)-2*hlx~3*Hl(m)*sigma-8*hlx~2*ulx*dhldx*Hl(m) 

-2*hlx~2*ulx*dhldx*U(m)+hlx*h2x~2*ulx*(U(m+l)-U(m-l»/(2*L/(n+l» 

+2*hlx*h2x~2*ulx*(Hl(m+l)-Hl(m-l»/(2*L/(n+l»+2*hlx*h2x~2*Hl(m) 

*sigma+2*hlx*h2x~2*dudx*Hl(m)+hlx*h2x~2*dudx*U(m)+2*hlx*h2x~2*H2(m) 

*dudx+2*h2x~2*ulx*dhldx*U(m)+4*h2x~2*ulx*dhldx*Hl(m)+4*h2x~2*H2(m) 

*ulx*dhldx): od: 

unassign('m'): 

x:=(m-n-2)*L/(n+l): 

for m from (n+2) to (n+N+2) do 

aa[m+l,l] :=-pO*2*hlx~2*h2x*(H2(m)+Hl(m»+gammy*(hlx*(2*hlx*Hl(m) 

+hlx*H2(m)+2*H2(m)*h2x+h2x*Hl(m»)+me*(2*h2x~3*H2(m)*sigma+4*h2x~3 

*dudx*H2(m)+h2x~3*ulx*(U(m+l)-U(m-l»/(2*L/(n+l»+2*h2x~3*ulx* 

(H2(m+l)-H2(m-l»/(2*L/(n+l»+h2x~3*dudx*U(m)+8*h2x~2*ulx*dh2dx*H2(m) 

+2*h2x~2*ulx*dh2dx*U(m)-2*h2x*hlx~2*H2(m)*sigma-2*h2x*hlx~2*dudx 

*H2(m)-h2x*hlx~2*dudx*U(m)-2*h2x*hlx~2*ulx*(H2(m+l)-H2(m-l»/(2 

*L/(n+l»-2*h2x*hlx~2*Hl(m)*dudx-h2x*hlx~2*ulx*(U(m+l)-U(m-l» 

/(2*L/(n+l»-4*hlx~2*ulx*dh2dx*H2(m)-4*hlx~2*Hl(m)*ulx*dh2dx 

-2*hlx~2*ulx*dh2dx*U(m»: od: 

unassign('m'): 

x:=(m-n-N-4)*L/(n+l) : 

for m from (n+N+4) to (n+N+M+4) do 
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aa[m+l,l] : =gammy*(-Hl (m) *dhldx-H2(m) *dh2dx-hlx*(Hl (m+l)-Hl(m-l)) 

/(2*L/(n+l))-h2x*(H2(m+l)-H2(m-l))/(2*L/(n+l)))+me*(-6*h2x~2*dudx 

*(U(m+l)-U(m-l))/(2*L/(n+l))-6*h2x~2*(H2(m+l)-H2(m-l))/(2*L/(n+l») 

*dudx-3*h2x~2*d2udx2*U(m)+6*hlx~2*Hl(m)*d2udx2+6*hlx~2*(Hl(m+l) 

-Hl(m-l»/(2*L/(n+l»*dudx+3*hlx~2*d2udx2*U(m)+6*hlx~2*dudx*(U(m+l) 

-U(m-l))/(2*L/(n+l))-12*h2x*dh2dx*H2(m)*dudx+6*hlx*dhldx*dudx*U(m) 

-6*h2x*dh2dx*ulx*(U(m+l)-U(m-l»)/(2*L/(n+l))+6*hlx*dhldx*ulx*(U(m+l) 

-U(m-l))/(2*L/(n+l))+12*hlx*dhldx*Hl(m)*dudx-6*h2x*dh2dx*dudx*U(m) 

-3*h2x~2*ulx*(U(m+l)-2*U(m)+U(m-l))/(L/(n+l))~2-6*h2x~2*H2(m)*d2udx2 

+3*hlx~2*ulx*(U(m+l)-2*U(m)+U(m-l))/(L/(n+l))~2)+rho*(h2x~2*ulx~2 

*(U(m+l)-U(m-l))/(2*L/(n+l))-2*h2x~2*H2(m)*g+2*h2x~2*H2(m)*ulx 

*dudx-2*hlx~2*ulx*dudx*U(m)-2*hlx~2*Hl(m)*ulx*dudx+h2x~2*ulx*U(m) 

*sigma+2*h2x~2*ulx*dudx*U(m)-hlx~2*ulx*U(m)*sigma+2*hlx~2*Hl(m)*g 

-hlx~2*ulx~2*(U(m+l)-U(m-l»/(2*L/(n+l»)-6*dmdx(x)*h2x~2*H2(m)*dudx 

-3*dmdx(x)*h2x~2*dudx*U(m)-3*dmdx(x)*h2x~2*ulx*(U(m+l)-U(m-l»/(2*L 

/(n+l»+3*dmdx(x)*hlx~2*dudx*U(m)+3*dmdx(x)*hlx~2*ulx*(U(m+l)-U(m-l» 

/(2*L/(n+l)+6*dmdx(x)*hlx~2*Hl(m)*dudx: od: 

f:=array(l .. n+N+M+6,1 .. n+N+M+6): 

aa[l,l] :=sigma*Hl(O): 

aa[n+3,1] :=sigma*H2(n+2): 

aa[n+N+5,1] :=sigma*U(n+N+4): 

aa[n+N+M+6,1] :=sigma*U(n+N+M+5): 

unassign('m') : 

x:=L: 

for m from (n+l) to (n+l) do 

aa[n+2,1] : =gammy*h2x* (2*Hl (m)*hlx+hlx*H2(m)+h2x*Hl (m)+2*h2x*H2(m) ) 

-2*pO*h2x~2*hlx*(H2(m)+Hl(m»)+me*(-hlx~3*ulx*(U(m)-U(m-l»/(L/(n+l» 

-2*hlx~3*ulx*(Hl(m)-Hl(m-l»/(L/(n+l»)-hlx~3*dudx*U(m)-4*hlx~3*dudx 
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*H1 (m)-2*h1x-3*H1 (m)*sigma-8*h1x-2*u1x*dh1dx*H1 (m)-2*h1 x-2*u1x*dh1dx 

*U(m)+h1x*h2x-2*u1x*(U(m)-U(m-1»/(L/(n+1»+2*h1x*h2x-2*u1x*(H1(m) 

-H1(m-1»/(L/(n+1»+2*h1x*h2x-2*H1(m)*sigma+2*h1x*h2x-2*dudx*H1(m) 

+h1x*h2x-2*dudx*U(m)+2*h1x*h2x-2*H2(m)*dudx+2*h2x-2*u1x*dh1dx*U(m) 

+4*h2x-2*u1x*dh1dx*H1(m)+4*h2x-2*H2(m)*u1x*dh1dx) : 

od: 

unassign('m') : 

x:=L: 

for m from (n+N+3) to (n+N+3) do 

aa[n+N+4,1J : =-pO*2*h1x-2*h2x*(H2(m)+H1(m»+gammy*(h1x*(2*h1x*H1(m) 

+h1x*H2(m)+2*H2(m)*h2x+h2x*H1(m»)+me*(2*h2x-3*H2(m)*sigma+4*h2x-3 

*dudx*H2(m)+h2x-3*u1x*(U(m)-U(m-1»/(L/(n+1»+2*h2x-3*u1x*(H2(m) 

-H2(m-1»/(L/(n+1»+h2x-3*dudx*U(m)+8*h2x-2*u1x*dh2dx*H2(m)+2*h2x-2 

*u1x*dh2dx*U(m)-2*h2x*h1x-2*H2(m)*sigma-2*h2x*h1x-2*dudx*H2(m)-h2x 

*h1x-2*dudx*U(m)-2*h2x*h1x-2*u1x*(H2(m)-H2(m-1»/(L/(n+1»-2*h2x 

*h1x-2*H1(m)*dudx-h2x*h1x-2*u1x*(U(m)-U(m-1»/(L/(n+1))-4*h1x-2 

*u1x*dh2dx*H2(m)-4*h1x-2*H1(m)*u1x*dh2dx-2*h1x-2*u1x*dh2dx*U(m»: 

od: 

for j from 1 to (n+2) do for p from 1 to (n+2) do 

f[j,pJ :=coeff(aa[j,1J ,U(p-1» 

od od: 

for j from 1 to (n+2) do for p from 1 to (n+2) do 

f [j , n+2+pJ : =coeff (aa [j , 1J , H1 (p-1» 

od od: 

for j from 1 to (n+2) do for p from 1 to (n+2) do 

f [j ,n+N+4+pJ :=coeff (aa[j, 1J ,H2(p-1» 

od od: 
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for j from (n+3) to (n+N+4) do for p from 1 to (n+2) do 

f [j , pJ : =coeff (aa [j , 1J , U(n+2+p-i» 

od od: 

for j from (n+3) to (n+N+4) do for p from 1 to (n+2) do 

f[j,n+2+pJ :=coeff(aa[j,1J ,H1(n+2+p-1» 

od od: 

for j from (n+3) to (n+N+4) do for p from 1 to (n+2) do 

f[j,n+n+4+pJ :=coeff(aa[j,1J ,H2(n+2+p-1» 

od od: 

for j from (n+N+5) to (n+N+M+6) do for p from 1 to (n+2) do 

f[j,pJ :=coeff(aa[j,1J ,U(n+N+4+p-1» 

od od: 

for j from (n+N+5) to (n+N+M+6) do for p from 1 to (n+2) do 

f[j,n+2+pJ :=coeff(aa[j,1J ,H1(n+N+4+p-1» 

od\, od: 

for j from (n+N+5) to (n+N+M+6) do for p from 1 to (n+2) do 

f[j,n+N+4+pJ :=coeff(aa[j,1J ,H2(n+N+4+p-1» 

od od: 

for m from 1 to (n+N+M+6) do for j from 1 to (n+N+M+6) do 

gurk:=coeff(f[m,jJ ,sigma,1): 

if gurk>O then for g from 1 to (n+N+M+6) do 

f[m,gJ :=-f[m,gJ/gurk: 

od: end if: od: od: 

286 



g:=array(1 ... n+N+M+6,1 .. n+N+M+6): 

for m from 1 to Cn+N+M+6) do for j from 1 to Cn+N+M+6) do 

if coeff(f[m,jJ ,sigma,1)<O then for h from 1 to (n+N+M+6) do 

g [j ,hJ : =f [m, hJ : 

od: 

e 1 s e f [m, j J : =f [m , j J : 

end if: od: od: 

sigma:=O: 

for t from 1 to (AA+BB+CC+6) do for r from 1 to (AA+BB+CC+6) do 

g[t,r] :=evalf(g[t,r]) 

od od: 

sol:=array(1 ... 12): 

with(linalg): 

sol:=eigenvalues(g): 

b: =array(1 .. 1) : 

sol: = [solJ : 

sol:=convert(sol,array): 

for j from 1 to (AA+BB+CC+6) do for m from 1 to (AA+BB+CC+5) do 

if Re (sol [mJ ) >Re (sol [m+1J) then b [1J : =sol [mJ : 

sol [m] : =sol [m+1J : 

solCm+1] : =b [1J : 

end if: od: od: 

sol () ; 
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Appendix B 

Rotation Code 

The following is the Fortran 77 code described and used in Chapter 7. It calls the 

NAG routine D02HAF, described in [70]. Comments are included throughout to aid 

the reader's understanding. 

PROGRAM FIBRE 

IMPLICIT REAL*8 (A-H,D-Z) 

PARAMETER(M1=11) 

REAL*8 W(6,46),SDLN(6,M1) 

REAL*8 U(6,2),V(6,2) 

CDMMON/CA1/UFEED,UDRAW,HINNER,HDUTER,BFEED,BDRAW, 

PDP,ST,ELL,RHD,TMAX,TOL,G,STB,FR,S,RE,EMD,TE(26) 

EXTERNAL FCN 

C 

This code calculates properties of a fibre that has been drawn by 

rotating an annular preform (capillary tube), by solving the boundary 

value problem arising from the slender body asymptotic analysis 

carried out by C.]. Voyce, A.D. Fitt and T.M. Monro. It uses a NAG 

routine to solve the equations as a first--order system boundary 
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value problem that is presented in non--dimensional variables. 

C 

OPEN(12,FILE='furnace4.dat', STATUS='OLD') 

DO I=1,26 

READ (12,*) POS,TP 

TECI)=TP 

END DO 

CLOSE(12) 

WRITE (6,*) '****************************' 

WRITE (6,*) '****** PROGRAM FIBRE *******' 

WRITE (6,*) i****************************, 

UFEED 8. 333333333333333D-05 

UDRAW = o .1D00 

HINNER = 0.001425DOO 

HOUTER = 0.004975DOO 

BFEED = O.OOD+OO 

BDRAW O.OOD+OO 

POP O.OOOD+OO 

ST 0.300DOO 

ELL = 3.0D-02 

RHO 2200.000DO 

TC = 2100DOO 

TOL 1.000D-6 

G 9.810DOO 

EMO 39316D+00 

C The non-dimensional numbers that scale system of equations. 

RE=RHO*UDRAW*ELL/EMO 

S=HOUTER*BFEED/UDRAW 
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FR=UDRAW*UDRAW/G/ELL 

STB=ST*ELL/EMD/UDRAW/HDUTER 

TMAX=1.11DO*TC-345.5DO 

CALL SETDATA 

C Known B.C.s are Y1(0), Y2(0), Y3(0), Y3(ELL), Y5(0), Y5(ELL) 

UO,1) = HINNER/HDUTER 

U(2,1) = 1 

U(3,1) = UFEED/UDRAW 

U(3,2) = 1 

U(5,1) = 1 

U(5,2) = 0 

VO,1) = O.ODO 

V(2,1) = O.ODO 

V(3,1) = O.ODO 

V(3,2) = O.ODO 

V(5,1) = O.ODO 

V(5,2) = O.ODO 

C Unknown B.C.s 

U 0 , 2) = O. 1DO 

C & 

- 1.0DO)*UFEED/UDRAW) 

U(2,2) = 0.2DO 

U(4,1) = 0.001DOO 

!DSQRT((HDUTER*HDUTER-HINNER*HINNER)/ 

(HDUTER*HDUTER/HINNER/HINNER 

HDUTER/HINNER*U(1,2) 

UFEED*dlog(udraw/ufeed) 

write (6,*) 'Enter udash(O) (Try 0.1)' 

read (5,*) U(4,1) 
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U(4,2) = 1.0DOO 

U(6,1) = O.OdOO 

U(6,2) = O.OdOO 

Udraw*dlog(udraw/ufeed) 

-BFEED/(ELL/20) 

VO,2) = 1.0DO 

V(2,2) 1.0DO 

V(4,1) = 1.0DO 

V(4,2) 1.0DO 

V(6,1) 1.0DO 

V(6,2) 1.0DO 

1101 = 46 

A = O.ODO 

B = 1. OODO 

N = 6 

1FAIL = 110 

CALL D02HAF(U,V,N,A,B,TOL,FCN,SOLN,M1,W,IW,IFAIL) 

WRITE (6,*)' x 

& 

DO K = 1,M1 

hi h2' , 

uO B 

WRITE (6,765) ell*dfloat(k-1)/dfloat(m1-1),HOUTER*SOLN(1,K), 

HOUTER*SOLN(2,K), 

& UDRAW*SOLN(3,K),BFEED*SOLN(5,K) 

END DO 

WRITE (6,*) 'FINAL OlD = ',2.0DO*1D+06*HOUTER*SOLN(2,M1) 

WRITE (6,*) 'FINAL I/D = ',2.0DO*1D+06*HOUTER*SOLN(1,M1) 

WRITE (6,*) 'FINAL N-O/R = ',SOLN(2,M1) 

WRITE (6,*) 'FINAL N-I/R = ',SOLN(1,M1) 

WRITE (6,*) 'INIT UDASH = ',SOLN(4,1) 
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WRITE (6,*) 'FINAL UDASH = ',SOLN(4,M1) 

WRITE (6,*) 'U(1,2) > ,SOLN(1,M1) 

WRITE (6,*) 'U(2,2) ',SOLN(2,M1) 

WRITE (6,*) 'MASS CONS. TOP =' ,UFEED*(-HINNER*HINNER 

+HOUTER*HOUTER) 

WRITE (6,*) 'MASS CONS. BOT =' ,UDRAW*(HOUTER*HOUTER 

*SOLN(2,M1)* 

& SOLN(2,M1)-HOUTER*HOUTER*SOLN(1,M1) 

*SOLN(1,M1)) 

765 FORMAT(1X,F6.3,4(1X,D14.7)) 

STOP 

END 

SUBROUTINE FCN(X,Y,F) 

IMPLICIT REAL*8 (A-H,O-Z) 

REAL*8 Y(6),F(6) 

COMMON/CA1/UFEED,UDRAW,HINNER,HOUTER,BFEED,BDRAW, POP, 

ST,ELL,RHO,TMAX,TOL,G,STB,FR,S,RE,EMO,TE(26) 

EMUDASH = EMUPRIME(X,TE)*DTDX(X,TE) 

F(1) = (2.0DO*POP*Y(1)*Y(2)*Y(2) - 2.0DO*STB*Y(2)*(Y(1)+Y(2)) 

+ RE*S*S*Y(1)*Y(2)*Y(2)*Y(5)*Y(5)*(Y(2)*Y(2)-Y(1)*Y(1)))/ 

& (4.0DO*Y(3)*EMU(X,TE)*(Y(2)*Y(2)-Y(1)*Y(1))) - O.5DO* 

& Y(1)*Y(4)/Y(3) 

F(2) (2.0DO*POP*Y(1)*Y(1)*Y(2) - 2.0DO*STB*Y(1)*(Y(1)+Y(2))+ 

& RE*S*S*Y(1)*Y(2)*Y(1)*Y(5)*Y(5)*(Y(2)*Y(2)-Y(1)*Y(1))) 

& /(4.0DO*Y(3)*EMU(X,TE)*(Y(2)*Y(2)-Y(1)*Y(1))) _ O.5DO 

& 

F(3) = Y(4) 

SQ = (Y(2)*Y(2) - Y(1)*Y(1)) 
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SQQ = (Y(2)*Y(2)*Y(2)*Y(2) - Y(1)*Y(1)*Y(1)*Y(1» 

TT1 = RE/3.0DO/EMU(X,TE)*(Y(3)*Y(4) - 1.00DO/FR) 

TT2 = - EMUDASH*Y(4)/EMU(X,TE) 

TT3 = - 2.0DO*Y(4)*(F(2)*Y(2) - F(1)*Y(1»/SQ 

TT4 = - STB*(F(1)+F(2»/3.0DO/EMU(X,TE)/SQ 

TT5 = - RE*S*S*Y(5)*Y(6)*(Y(1)*Y(1)+Y(2)*Y(2»/6.0DO 

& /EMU(X,TE) 

TT6 = - RE*S*S*Y(5)*Y(5)*(F(2)*Y(2)*Y(2)*Y(2)-F(1)*Y(1)*Y(1) 

& *Y(1»/3.0DO/EMU(X,TE)/SQ 

F(4) (TT1 + TT2 + TT3 + TT4 + TT5 + TT6) 

F(5) = Y(6) 

& (Y(2)*Y(2)*Y(2)*F(2) - Y(1)*Y(1)*Y(1)*F(1»/EMU(X,TE) 

& /SQQ 

TT8 = RE*RE*S*S*Y(5)*Y(5)*Y(5)*Y(1)*Y(1)*Y(2)*Y(2)/2.0DO/ 

& EMU(X,TE)/EMU(X,TE)/(Y(1)*Y(1)+Y(2)*Y(2» 

TT9 = -RE*STB*Y(1)*Y(2)*Y(5)*(Y(1) + Y(2»/EMU(X,TE)/ 

EMU(X,TE)/SQQ 

F(6) = Y(6)/EMU(X,TE)*(RE*Y(3) - EMUDASH) + RE*POP*Y(1)*Y(1) 

*Y(2)* 

& Y(2)*Y(5)/EMU(X,TE)/EMU(X,TE)/SQQ + TT7 + TT8 + TT9 

RETURN 

END 

REAL*8 FUNCTION EMU(X,TE) 

IMPLICIT REAL*8 (A-H,O-Z) 

COMMON/CA1/UFEED,UDRAW,HINNER,HOUTER,BFEED,BDRAW, POP, 

ST,ELL,RHO,TMAX,TOL,G,STB,FR,S,RE,EMO 

REAL*8 X,TE(26),C 

C=3DO 

C An old viscosity law used to check the model. 
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C EMU = (O.lDO*(10.0DO**(-6.24DO + 2.69D04/(TEMP(X,TE) 

& +273.0DO»» 

/EMO 

EMU = C*O.58D-7*EXP(515400DO/(8.3145DO*TEMP(X,TE) 

& +2271.105675DO») 

& /EMO 

RETURN 

END 

REAL*8 FUNCTION TEMP(X,TE) 

IMPLICIT REAL*8 (A-H,O-Z) 

COMMON/CA1/UFEED,UDRAW,HINNER,HOUTER,BFEED,BDRAW,POP, 

ST,ELL,RHO,TMAX,TOL,G,STB,FR,S,RE,EMO 

REAL*8 X,TE(26), J 

]=lDO 

DELTA=J*O.0054DO 

XM=O.0594DO 

C The temperature profile: to be taken from furnace.dat. 

k=int((X*ELL+XM-ELL/2DO)/DELTA 

IF ((X*ELL+XM-ELL/2DO-DELTA*k) .GT. ODO) THEN 

TEMP=TMAX - 1676.9DO + (TE((k+l)*J+l)-(lDO-(X*ELL+XM-ELL/2DO 

-DELTA*k)/DELTA)*(TE((k+l)*J+l)-TE(k*J+l») 

ELSE IF ((X*ELL+XM-ELL/2DO-DELTA*k) .LT. ODO) THEN 

TEMP=TMAX - 1676.9DO + (TE(k*J+l)-(lDO-(X*ELL+XM-ELL/2DO 

-DELTA*(k-l»/DELTA)*(TE(k*J+l)-TE((k-l)*J+l») 

ELSE 

TEMP=TMAX - 1676.9DO + TE(k*J+l) 

END IF 

RETURN 

END 
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REAL*8 FUNCTION DTDX(X,TE) 

IMPLICIT REAL*8 (A-H,O-Z) 

COMMON/CA1/UFEED,UDRAW,HINNER,HOUTER,BFEED,BDRAW,POP, 

ST,ELL,RHO,TMAX,TOL,G,STB,FR,S,RE,EMO 

REAL*8 X,TE(26),DELTA,DELTA2,DEL,XM,TEMP 

XM=O.0594DO 

C The derivative of $T$ with respect to $X$, the variable 

C that represents $z$ in our analysis. 

DELTA2=O.04DO 

DTDX=(TEMP((X+DELTA2) ,TE)-TEMP((X-DELTA2) ,TE»/DELTA2/ 2DO 

RETURN 

END 

REAL*8 FUNCTION EMUPRIME(X,TE) 

IMPLICIT REAL*8 (A-H,O-Z) 

COMMON/CA1/UFEED,UDRAW,HINNER,HOUTER,BFEED ,BDRAW, POP , 

ST,ELL,RHO,TMAX,TOL,G,STB,FR,S,RE,EMO 

C The derivative of $\mu$ with respect to $T$. 

REAL*8 X,TE(26),DELTA,DELTA2,DEL,C 

C=3DO 

C EMUPRIME below belongs to the old viscosity law that was 

C used to check the model. 

C EMUPRIME = (-2690.0DO*DLOG(10.0DO)*(10.0DO**(-6.24DO + 2.69D04/ 

C & (TEMP(X,TE)+273.0DO»)/(TEMP(X,TE)+273.0DO) 

C & /(TEMP(X,TE)+273.0DO»/EMO 

EMUPRIME = (-C*O.58D-7*515400DO*8.3145DO)*EXP(515400DO/(8.3145 

& 

& 

& 

& 

DO*TEMP(X,TE)+2271.105675DO»/(8.3145DO*TEMP( 

X,TE) + 2271.105675DO)/(8.3145DO*TEMP(X,TE) 

+2271.105675DO) 

/EMO 
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RETURN 

END 

SUBROUTINE SETDATA 

IMPLICIT REAL*8 (A-H,o-Z) 

CoMMoN/CA1/UFEED,UDRAW,HINNER,HoUTER,BFEED,BDRAW,POP, 

ST,ELL,RHo,TMAX,ToL,G,STB,FR,S,RE,EMo,TE(1084) 

200 WRITE (6,*) 

WRITE (6,*) 

WRITE (6,*) , CURRENT PARAMETERS (ALL IN SI!) SET AT:' 

WRITE (6,*) ,----------------------------------------, 

WRITE (6, *) '*' 

WRITE (6,10) UFEED 

WRITE (6,11) UDRAW 

WRITE (6,12) HINNER 

WRITE (6,13) HoUTER 

WRITE (6,14) BFEED 

WRITE (6,15) BDRAW 

WRITE (6,16) POP 

WRITE (6,17) ST 

WRITE (6,18) ELL 

WRITE (6,19) RHO 

WRITE (6,20) TC 

WRITE (6,21) ToL 

WRITE (6,22) G 

WRITE (6,23) EMo 

WRITE (6,*) '* ' 

WRITE (6,*) ,----------------------------------------, 

WRITE (6,*) 
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100 WRITE(6,*) 'TYPE 1 TO PROCEED, 2 TO CHANGE DATA 

READ (5,*) IPR 

IF ((IPR-1)*(IPR-2) .NE. 0) WRITE (6,*) 'TYPE 1 OR 2 PLEASE' 

IF ((IPR-1)*(IPR-2) .NE. 0) GOTO 100 

IF (IPR .EQ. 2) THEN 

WRITE (6,*) 'SELECT ITEM (1-14) TO CHANGE ' 

READ (5,*) lITEM 

IF (I ITEM .EQ. 1) WRITE (6,*) 'NEW FEED SPEED = , 

IF (IITEM .EQ. 1) READ (5,*) UFEED 

IF (IITEM .EQ. 2) WRITE (6,*) 'NEW DRAW SPEED = , 

IF (IITEM .EQ. 2) READ (5,*) UDRAW 

IF (IITEM .EQ. 3) WRITE (6,*) 'NEW INNER RADIUS = , 

IF (IITEM .EQ. 3) READ (5,*) HINNER 

IF (IITEM .EQ. 4) WRITE (6,*) 'NEW OUTER RADIUS = , 

IF (IITEM .EQ. 4) READ (5,*) HOUTER 

IF (IITEM .EQ. 5) WRITE (6,*) 'NEW ROTATION RATE = , 

IF (IITEM .EQ. 5) READ (5,*) BFEED 

IF (IITEM .EQ. 6) WRITE (6,*) 'NEW ROTATION END RATE = , 

IF (IITEM .EQ. 6) READ (5,*) BDRAW 

IF (IITEM .EQ. 7) WRITE (6,*) 'NEW HOLE PRESSURE = , 

IF (IITEM .EQ. 7) READ (5,*) POP 

IF (IITEM .EQ. 8) WRITE (6,*) 'NEW SURFACE TENSION = , 

IF (IITEM .EQ. 8) READ (5,*) ST 

IF (IITEM .EQ. 9) WRITE (6,*) 'NEW DRAW LENGTH = , 

IF (IITEM .EQ. 9) READ (5,*) ELL 

IF (IITEM .EQ. 10) WRITE (6,*) 'NEW FIBRE DENSITY = , 

IF (IITEM .EQ. 10) READ (5,*) RHO 

IF (IITEM .EQ. 11) WRITE (6,*) 'NEW MAX CLAIMED 

TEMPERATURE = ) 

IF (IITEM .EQ. 11) READ (5,*) TC 

297 



IF (IITEM .EQ. 12) WRITE (6,*) 'NEW TOLERANCE = , 

IF (IITEM .EQ. 12) READ (5,*) TOL 

IF (IITEM .EQ. 13) WRITE (6,*) 'GRAVITATIONAL 

ACCELERATION = , 

IF (lITEM .EQ. 13) READ (5,*) G 

IF (IITEM 

IF (IITEM 

GOTO 200 

END IF 

.EQ. 

.EQ. 

10 FORMAT OX, '* 

11 FORMAT OX, '* 

14) 

14) 

1. 

2. 

12 FORMAT(1X, '* 3. 

13 FORMAT(1X, '* 4. 

14 FORMAT OX, '* 

15 FORMAT OX, '* 

16 FORMAT OX, '* 

17 FORMAT OX, ' * 

18 FORMAT OX , '* 

19 FORMAT OX , '* 

20 FORMAT OX, '* 

21 FORMAT OX, '* 

22 FORMAT OX, '* 

23 FORMATOX,' * 

RETURN 

END 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

WRITE (6,*) 'MAX VISCOSITY = , 

READ (5,*) EMO 

FEED SPEED ',E14.7) 

DRAW SPEED ',E14.7) 

INIT INNER RADIUS ',E14.7) 

INIT OUTER RADIUS ',E14.7) 

INIT ROT RATE ' ,E14. 7) 

FINAL ROT RATE ',E14.7) 

HOLE OVERPRESSURE ',E14.7) 

SURFACE TENSION ',E14.7) 

DRAW LENGTH = ',E14.7) 

FIBRE DENSITY = ',E14. 7) 

CLAIMED DRAW TEMPERATURE 

TOLERANCE FOR CALCS ',E14.7) 

GRAV ACCLN ',E14.7) 

MAXIMUM VISCOSITY ',E14.7) 
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Appendix C 

Mean Curvature in Three 

DimensioI1S 

The analysis of the full holey fibre problem suggests that it may be necessary to 

proceed to second order in the mean curvature. For completeness, we therefore give 

the relevant formulae in this appendix. For a suitably smooth surface in three-space 

given by 

H(z, x, y, t) = 0, 

we follow the standard procedure and define coefficients a, band c by 

I 
Hzz -,\ Hxy Hzx Hz 

det 
Hzy Hyy - ,\ Hyx Hy 

=a+b'\+c,\2. 
Hzx Hy Hxx -,\ Hx 

Hz Hy Hx 0 

The mean curvature is then given by 

b/c 
iH2 +H2 + H2' V z x y 

where a factor of 2 has been omitted from the bottom of this expression: as usual, 
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we actually require twice the classical definition of the mean curvature so that 

In order to derive an expression for the fibre mean curvature that will be useful in 

the analysis, we now scale z with Land H, y and x with fL. On expanding for small 

f this yields 

where 
H;Hxx + H;Hyy - 2HxyHxHy 

/'1,0 = (H; + H;)3/2 ) 

and 
A+B+C 

/'1,1 = 2(H; + H;)3/2' 

where 

and 
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Appendix D 

Transport Theorems for a Holey 

Fibre 

In order to be able to derive global mass, momentum and angular momentum con

servation laws, it is necessary to integrate over the cross-sectional area of the fibre. 

To allow us to do this, it is necessary to establish transport theorems. The proofs are 

elementary and will not be given. We assume that ¢(z, y, x, t) is twice continuously

differentiable function and also that each of the closed curves Hi (i = 0,1, ... , N) is 

smooth. We also adopt the convention that the signs of the Hi are chosen so that 

taking the gradient gives a normal direction that points away from the fibre. We 

also assume that the total cross-sectional area of the fibre at any position z and at 

any time t is given by A(z, t). The relevant transport theorems are then 

gt J 1 ¢dxdy 

:z J 1 ¢dxdy 

J 1 ¢xdxdy 

J 1 ¢ydxdy 
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Appendix E 

Glossary 

Achromatic: refracting light without dispersing it into its constituent wavelengths. 

Canes: see Stacking. 

Chromatic dispersion: chromatic dispersion is a broadening of an input signal, 

which occurs as the signal travels the length of a fibre. It is typically made up of two 

separate dispersion effects; material dispersion and waveguide dispersion. Material 

dispersion results from different wavelengths of light seeing different refractive in

dices. Waveguide dispersion occurs because within a cross-section of fibre, different 

wavelengths will be confined to the core by different amounts. For example, large 

wavelength light will tend to have a significant portion of its optical power in the 

cladding of the fibre. Since in the cladding the refractive index is different to the 

refractive index of the core, dispersion results. In general material dispersion is the 

dominant effect. 

Double crucible: see Figure 2.4. The molten core glass is placed in the inner 

crucible. The molten cladding glass is placed in the outer crucible. The two glasses 

come together at the base of the outer crucible and a fibre is drawn. Step-index 

fibres and graded-index fibres may be drawn with this method. 
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Extrusion: typically, two glass disks are placed on top of one another in a metal 

die. The glass is then heated until it softens, at which point pressure is applied to 

the upper of the two glass disks, forcing both glasses through the die and causing the 

top disk to "flow into" the bottom disk. The glass that has left the die then cools 

and solidifies, producing the preform. 

Fibre: the structure resulting from having drawn a preform m a fibre drawing 

furnace. 

Fibre drawing: the act of taking a fibre preform, placing it into a fibre drawing 

furnace at high temperature and then stretching it out into fibre form. 

Modified Chemical Vapour Deposition (MCVD): a glass tube is taken and 

passed over a lathe and rotated. Chemicals are passed into the tube during this 

process and extremely fine particles of germanosilicate or phosphosilicate glass are 

deposited on the inside of the tube. A travelling lathe moving along the tube causes 

a chemical reaction to take place and then fuses the deposited material to the inside 

wall of the tube. The preform is deposited layer-by-layer, starting first with the 

cladding layers and followed by the core layers. Varying the mixture of chemicals 

changes the refractive index of the glass. When the deposition is complete, the tube 

is collapsed (drawn down in a fibre drawing furnace as one would the final preform) 

at approximately 2000C, into a preform of the purest silica with a core of a different 

composition and hence refractive index, creating the final preform. This preform is 

then placed in a drawing furnace and drawn down into the fibre form. 

Microstructured fibre, holey fibre, photonic crystal fibre: fibre that contains 

a periodic structure in the transverse cross-section of the fibre. This periodic struc

ture may comprise holes or, sometimes, other glasses or polymers. The arrangement 

of the holes will depend specifically on the intended optical properties of the fibre. 

Nonlinear effects: typically light waves or photons transmitted through a fibre have 

little interaction with each other, and are not changed by their passage through the 
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fibre (except for absorption and scattering). However, there are exceptions arising 

from the interactions between light waves and the material transmitting them, which 

may affect optical signals. These processes are generally termed nonlinear because 

their strength typically depends on the square (or some higher power) of intensity. 

This means that nonlinear effects are weak at low powers, but may become much 

stronger when light reaches high intensities. This may occur either when the power 

is increased or when it is concentrated in a small area, such as the core of an optical 

fibre. Nonlinear optical devices have become common in some optical applications, 

such as to convert the output of lasers to shorter wavelengths by doubling the fre

quency (which halves the wavelength). Most nonlinear devices use exotic materials 

not present in fibreoptic systems, wherein nonlinear effects are much stronger than 

in glass. The nonlinearities in optical fibres are small, but they accumulate as light 

passes through many kilometres of fibre. 

Photonic bandgap fibre: in a photonic bandgap fibre, light is guided due to the 

photonic bandgap effect, which is analogous to an electronic bandgap for electrons in 

semiconductors. The microstructure prohibits the propagation of certain wavelengths 

of light through the cladding. Since photonic bandgap guidance does not rely on the 

rod in tube method of manufacture (see Rod in tube), the core may either be 

made from glass or air, and the modes are confined to that region. The surrounding 

structure looks much the same as a regular holey fibre, though the positioning of the 

holes in the surrounding structure is crucial to exploit the photonic bandgap effect. 

Preform: a glass rod ready to be drawn into fibre form. It may be made in a variety 

of ways but once the preform is obtained, either in the case of holey fibres or in the 

case of traditional solid glass fibres, the fibre is ready to be drawn directly from the 

preform structure. 

Silica glass: Corning SMF28 high-purity silica glass is referred to in this thesis. 

More generally, oxygen (02 ) and silicon tetrachloride (SiCl4 ) react to make silica 

(Si0 2 ). This pure silica is then doped with other chemicals, such as boron oxide 
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(B2 0 3 ), germanium dioxide (Ge02) and phosphorus pentoxide (P205), which are 

used to modify the refractive index of the glass. 

Rod in tube: a method of preform manufacture where a rod of core glass is placed 

inside a tube of cladding glass. The end of this assembly is heated; both glasses are 

softened and a fibre is drawn. The core rod has typically a 30 mm diameter. The 

core glass and the cladding glass must have similar softening temperatures and other 

mechanical properties. This method is relatively straightforward to exact but one 

must be careful not to introduce impurities onto the surface between the core and 

the cladding. For this reason it is now a little-used technique. 

Soft glass: glasses that soften at much lower temperatures than silica (typically 

< 1000e). 

Stacking: an array of capillary tubes are stacked together inside a larger capillary 

tube. This structure is then heated and drawn into canes, a process known as caning. 

These canes are then attached to the inside wall of a capillary tube (not yet drawn) 

and this structure drawn down to create the final preform with the necessary density 

of holes. 

Third-order dispersion: the propagation constant f3 is defined as f3 = n(w)w/c, 

where c is the speed of light in vacuum, w is the frequency of light and n is the 

refractive index. Third-order dispersion is defined as EP (J / 8w2 , and is important 

when generating extremely short pulses. 

'W' fibres: the most simple structure capable of producing low dispersion over a 

wide range of wavelengths is known as a 'W' fibre, so called because of the shape of 

the refractive-index profile in a cross-section of the fibre. On passing from the edge 

of the fibre to the core, the refractive index steps down and then up to a large value. 

Weak stability analysis: a weak (linear) stability analysis assumes that any growth 

in perturbations introduced into a system is small. If the perturbations are small then 
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the effect of nonlinear terms is negligible and the resulting equations are simplified. 

If the perturbations derived from this analysis become large then the analysis breaks 

down and a weakly-nonlinear analysis must be completed, including the effect of 

non-linear terms in the governing equations. 
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