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ABSTRACT
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Doctor of Philosophy

Polynomial Matrix Decompositions and Paraunitary Filter Banks

by Soydan Redif

There are an increasing number of problems that can be solved using paraunitary filter banks.
The design of optimal orthonormal filter banks for the efficient coding of signals has received
considerable interest over the years. In contrast, very little attention has been given to the
problem of constructing paraunitary matrices for the purpose of broadband signal subspace
estimation. This thesis begins by relating these two areas of research. A frequency-domain
method of diagonalising parahermitian polynomial matrices is proposed and shown to have
fundamental limitations. Then the thesis focuses on the development of a novel time-domain
technique that extends the eigenvalue decomposition to polynomial matrices, referred to as the
second order sequential best rotation (SBR2) algorithm. This technique imposes strong
decorrelation on its input signals by applying a sequence of elementary paraunitary matrices
which constitutes a generalisation of the classical Jacobi algorithm to the field of polynomial
matrices. It is shown to be highly applicable to the problems of broadband signal subspace
estimation and data compression. Variations on the algorithm are presented which give a

significant improvement in subspace estimation accuracy and data compression performance.

Discussions are then mainly concerned with the application of the SBR2 algorithm to the
problem of data compression, particularly the adaptation of the SBR2 algorithm to subband
coding. The relevance of the algorithm to traditional orthonormal filter bank design methods is
examined, highlighting that these techniques are based on an implicit assumption regarding the
statistics of the input signal. This provides motivation for the development of a method of
exploiting this knowledge for use with the SBR2 algorithm. The resulting algorithm can design
orthonormal filter banks for subband coding. The suboptimality, in the sense of maximising the
coding gain, of the filter bank constructed becomes negligible as the number of algorithm
iterations increases. The technique is shown to compare favourably to the state-of-the-art on a

set of benchmark problems.
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1 Introduction

1.1 Motivation

1.1.1 Filter Banks and Subspace Decomposition

The use of multirate systems in digital signal processing (DSP) has, in recent years, been at the
forefront of modern technology. A focal topic in this area is subband processing, which is being
exploited in an increasing number of applications, including digital communications [1,75,78],
image and audio coding [12,16,32,63], beamforming [84] and channel coding [41,85]. Fig. 1.1
shows the block diagram of a subband processor in its polyphase equivalent form [73]. A

subband processor works by first converting the input data sequence x(z) into demultiplexed
signals x(#) ': time-delayed and decimated versions of the input signal. Then a bank of filters,

often referred to as the analysis bank, is applied to these signals. These operations essentially

split the spectrum of the input signal into multiple frequency bands or subband channels v(1) .

This allows for the application of different processing procedures to the different subband

channels. The filter banks are allowed to operate at a lower sample rate than the rate of x(2),

which makes for greater computational efficiency.

In coding applications, the subband processing stage, O, typically involves quantisation
which employs a bit allocation strategy. This is commonly referred to as subband coding. The

quantised subband samples u(z) are then input into a reconstruction stage, called a synthesis
bank, to form X(z): an approximation to x(z) . This procedure offers the possibility of reduced

transmission rate, reduced storage requirement and/or increased signal representation accuracy.

Correlation between the demultiplexed signals is a type of redundancy. The analysis bank
is essentially a linear transformation that is designed to remove these correlations and perform
energy compaction: the compaction of as much of the total power into as few subband channels
as possible. Since most of the total input signal power resides in a reduced number of subbands
(dominant subbands) a correspondingly reduced number of bits is required to represent (encode)
the information. As a consequence the input data is compressed. An appropriate bit allocation

strategy to adopt in this case is one that assigns more bits to dominant subbands and fewer bits

' In the context of filter banks, we choose to denote the time index for the input signal by ¢, the Greek

letter ‘iota’, and the time index for the decimated sequences by 7.
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to the subbands with lower power (weak subbands), which usually also results in more accurate
representation of the data. This is in contrast to scalar (uniform) quantisation where the same

number of bits is allocated to every sample.

x(t) v(r) u(t) x(1)
v v Vv v
| 8 | Analysis Synthesis z x(0)
— = . Filter . 0 . Filter . c
S | ° | Bank . *|  Bank e
Signal and noise Signal subspace Approximation
subspaces f to x(2)

Low-dimensional
subspace

DEMUX: demultiplexer
MUX: multiplexer

Figure 1.1: Subband processor and its connection to subspace decomposition.

If the power of the weak subband signals is small enough then they may be assigned zero
bits, i.e. they may be discarded. It is easy to see from this how subband processing can be
applied to the problem of noise reduction (denoising) for additive white noise [3,8]: to reduce
the noise power in the inputs x(¢), only a subset of the transformed signals v(¢) (those with
high energies) are allowed to propagate to the reconstruction stage. As a result, the
reconstructed signals X(¢) have a higher signal-to-noise ratio than the inputs. In this light, a
subband coder may be viewed as a process that extracts a low-dimensional subspace from a
higher-dimensional observation space as depicted in Fig. 1.1. The transformation is a matrix
decomposition that permits the partitioning of the observation space into two orthogonal spaces;
viz., the signal-plus-noise subspace and a noise-only subspace’. This process is sometimes

known as subspace decomposition [22]. Those subband channels that contain information

? Note that we will refer to the signal-plus-noise subspace as simply the ‘signal subspace’ since the signal

dominates this subspace. Also note that we use the term ‘noise subspace’ to mean the subspace that

contains signals from the noise process only.
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energy constitute the signal subspace. The rest of the channels represent the noise in x(r) and

correspond to the noise subspace.

If the demultiplexed signals x(z) are related by instantaneous correlations only, then the

eigenvalue decomposition (EVD) can be used to decorrelate the signals and perform subspace
decomposition [20,22]. The EVD computes the eigenvalues and eigenvectors (basis vectors) of

the Hermitian covariance matrix calculated from the signals x(r) . The eigenvectors constitute a

matrix of complex scalars which is said to be a unitary matrix: an energy preserving
transformation. Satisfaction of the unitarity property guarantees that the eigenvalues represent
the true power associated with the transformed signals. As a result, it is often possible to
identify and separate the signal and noise subspaces in terms of the magnitudes of the
eigenvalues. It follows that the EVD implicitly performs energy compaction. In the context of
subband coding, the EVD is known as the Karhunen-Loeve transform (KLT) and has been
shown to be optimal (in the coding gain sense) for subband coding, as well as noise reduction,
under certain conditions [24,73]. An alternative to the EVD is the singular value decomposition
(SVD) [20,21] which, unlike the EVD, may be applied directly to the signals themselves.
Although the SVD is sometimes preferred for its slightly better arithmetic precision, the EVD

and SVD are regarded as essentially equivalent in this thesis.

The SVD also plays an important role in narrowband sensor array signal processing. In
this application, a multi-sensor antenna array is used to receive a mixture of signals arriving
from different directions. The direction-of-arrival of a signal is one of the most important
parameters to estimate, which can usually be achieved using high resolution direction finding
techniques, such as the MUSIC algorithm [23,59]. The SVD forms the basis of this technique. If
all the signals received by all the sensors can be described in terms of their relative phases and
amplitudes then the beamformer is referred to as narrowband. The propagation of the source
signals to the sensors may be represented as a matrix of complex scalars, that is, each received
signal is an instantaneous mixture of the source signals. Under these conditions, decorrelation of
the received signals, and subspace decomposition for that matter, may be achieved using the
SVD. The unitary matrix found by the SVD is designed to modify the phase and amplitude of
the signals and to combine them such that their estimated covariance matrix is diagonal. The
SVD is also used as the first stage of instantaneous blind signal separation (BSS) [10] because it

acts as a decorrelator.

Over recent years, there has been a growing requirement for subspace estimation of
broadband signals [9,79]. This is also necessary, for example, if the signals to be processed are
the weighted-sum of past and present samples of sources, e.g. if they are a convolutive mixture

o

of the sources. The mixing cannot be modelled by a scalar mixing matrix; instead a matrix of
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finite impulse response (FIR) filters is required. If each filter of the mixing matrix is represented
as a polynomial, corresponding to its transfer function, the propagation model then takes the
form of a polynomial (mixing) matrix [31,73]. Such a transformation produces sensor signals
that relate to a covariance matrix whose entries are polynomials, i.e. a polynomial covariance
matrix, which is parahermitian: a natural extension of the Hermitian property to the space of

polynomial matrices.

In the case of convolutively mixed signals, the sensor outputs will generally be correlated
with one another. However, they can no longer be decorrelated using the EVD (or SVD), which
only measure and remove instantaneous correlation, i.e. correlation between pairs of signals
sampled at the same instant in time. This is not sufficient for accurate broadband signal
subspace estimation. Therefore, it is necessary to impose decorrelation, not just at the same time
instant for all signals, but over all relative time delays. This property is known as strong

decorrelation [74] and a matrix of suitably chosen FIR filters is required to achieve it.

1.1.2 Paraunitary Filter Bank Design Methods

One way of diagonalising a polynomial parahermitian matrix is to apply a transformation that is
a generalisation of the EVD to polynomial matrices. A critically important feature of the EVD is
that the total spectral energy of the received signals is preserved after the decomposition
process. The extension of this to polynomial matrices is the requirement that the transformation
preserves the total signal power at every frequency. Such a transformation is called a
paraunitary polynomial matrix and represents a multi-channel all-pass filter [73]. Polynomial
matrices have been used for many years in the area of control [31]. They play an important role
in the realisation of multi-variable transfer functions associated with multiple-input multiple-
output (MIMO) systems. Numerical procedures have been developed for a range of polynomial
matrix factorisation and reduction operations such as the Smith-McMillan decomposition
[19,73]. To date, however, very little attention seems to have been devoted to polynomial matrix
decompositions that are natural extensions of the EVD (or SVD) to broadband signals, i.e. a

polynomial matrix EVD (PEVD).

Subband Coder Design Methods

In subband coding, the problem of designing a PEVD has been tackled indirectly, from the
viewpoint of filter bank optimisation for subband coding [13,16,29,32-35,48,56,68-77,88]. One
body of work on this problem concerns the design of energy compaction filters for the case
where the input signal x(r) is a known zero mean, wide-sense stationary (WSS) process
(32,48,74]. In [74], Vaidyanathan has shown that optimality can be achieved using unrestricted

(ideal) filters to construct paraunitary filter banks. He proves, under mild assumptions, that an
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ideal optimal paraunitary subband coder satisfies strong decorrelation and a property known as
spectral majorisation: the ordering imposed on the signal variances at each frequency is
independent of frequency. An example of spectrally majorised subbands is shown in Fig. 1.2.

Spectral majorisation is seen as a generalisation of the eigenvalue ordering done by the SVD.
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Figure 1.2: Example of spectrally majorised signals.

A filter bank that is optimal for subband coding is known as the principal component filter
bank (PCFB) [68]. In fact, the PCFB has been shown to be optimal for other objectives, e.g.,
noise reduction [3,4]. In general, the existence of a PCFB cannot be assured for FIR filter banks,
except for the special case of two-channel filter banks [33]. A number of authors have proposed
design methods for suboptimal paraunitary FIR filter banks [13,16,29,32,48,53-56,69,77,88]. A
technique that uses linear programming to design such a filter bank is presented in [13,48].
Regalia and Huang [56] propose a method based on the parameterisation of fixed degree two-
channel lossless (i.e. stable, causal and all-pass) muitivariable lattice filters [73]. The filter
optimisation is computationally complex and nonlinear; the update equations resemble those of
standard gradient descent methods. A simpler and more efficient approach is proposed in [32],
called the window method. The basic idea is to window Vaidyanathan’s ideal filter bank
solution. This technique can be used to design two-channel FIR paraunitary filter banks; a

design strategy for the multiple-subband case has been conjectured in [32] with little detail.

Signal Subspace Analysis Methods

Other authors have presented paraunitary filter bank design algorithms in the context of
broadband subspace decomposition [17,37,49,57]. Another fixed degree parameterisation

technique is introduced in [57] (a similar approach to that in [56] above). In contrast to the other
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method, the filter bank is constructed using infinite impulse response (IIR) filters, which raises
stability issues.

A fairly obvious way of diagonalising a polynomial covariance matrix is to split the input
spectra into narrow frequency-bands (subbands) and use the SVD to decorrelate the signals at
each subband. Lambert er al [37] propose a frequency-domain technique based on this premise
for broadband signal subspace estimation that is proclaimed to be an extension of the SVD to
polynomial matrices. The method involves applying an EVD at each frequency to a set of
conditioned data and the approximate inversion of FIR filters. The drawbacks with these
frequency-domain approaches mean that they are limited in the extent to which the signals are
decorrelated and they introduce phase discontinuities around the band edges. These are
problems typically encountered with the independent frequency band (IFB) approach used in

space-time adaptive processing for phased array radar [36].

In [5], a novel time-domain technique is proposed for addressing the convolutive BSS
problem. A variant of the algorithm which is relevant to this thesis has two stages: the first stage
uses second-order statistics to design a paraunitary matrix for imposing strong decorrelation
upon the signals, and is referred to as the second order sequential best rotation (SBR2)
algorithm [44]; the second stage uses a fourth-order cost function to construct a paraunitary
separation matrix, and is called the fourth order sequential best rotation (SBR4) algorithm. Both
stages involve constructing a paraunitary matrix in an iterative fashion; at each step of the
algorithm a time-delay matrix and a rotation matrix is found, which constitute an elementary
paraunitary matrix that maximises the cost function. The two algorithms construct a paraunitary

matrix as the product of elementary paraunitary matrices.

An initial evaluation of the SBR2 algorithm has revealed that it can perform strong
decorrelation, to a good approximation, in the case of two convolutively mixed signals. This is a
crucial property of a polynomial matrix EVD (PEVD). However, further development and
assessment of this technique is required to improve its applicability, e.g. a method for extending
it to the multichannel case; a thorough investigation of its behaviour and performance to show,

for example, the level of accuracy achieved in the estimation of broadband signal subspaces.

Comparison of Methods

There is a fundamental difference between traditional subband coder design methods and the
signal subspace analysis techniques. The latter are designed to process arbitrary multichannel
data. By contrast, the former are typically intended for processing a single known input

sequence which is assumed to originate from a WSS process [74].
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1.2 Thesis Objectives and Contributions

The purpose of this thesis is to present a contribution to further understanding of polynomial
matrix decompositions for the task of broadband signal subspace estimation and their
significance in the design of orthonormal FIR filter banks for subband coding. To this end, the
research presented focuses on the development of the second-order sequential best rotation
(SBR2) algorithm. A frequency-domain counterpart, referred to as the bandwise algorithm, is
also developed. A major part of the thesis is then concerned with the extension of the SBR2
algorithm for effective application to broadband subspace decomposition and subband coding.

The following summarises the novel contributions made by this thesis.

A family of multichannel frequency-domain polynomial matrix EVD (PEVD) methods,
known as the bandwise algorithm, is introduced. Here, we use classical methods for spectral
estimation [28,50] in defining new PEVD estimation algorithms. In particular, a sliding-window
bandwise algorithm is introduced which essentially reduces the variance of the spectral
estimates in the manner of [87]; a windowed covariance-domain bandwise algorithm that adapts
a well-known technique for spectral estimation in [7] to the problem of PEVD; and a method for

improving the frequency resolution of the bandwise algorithm.

The SBR2 algorithm has been taken from a very basic form to one which handles multiple
channels; offers a choice of cost function; and has an extended range of applicability. Variations
on the algorithm have been designed and characterised, which offer significant improvement in

performance. This work includes the following:

e Extension of SBR2 to the multichannel case by generalisation of the classical Jacobi
algorithm [20] to polynomial matrices, and development of an understanding of the

spectral majorisation performed by the algorithm.

e Development of the algorithm for broadband subspace decomposition, particularly
broadband noise reduction for sensor arrays, which has been published in [44]; further
joint work on the algorithm has been submitted for publication [45,46]. The algorithm
has also been demonstrated as applicable to the problem of channel coding [41,85],

which is outside the scope of this thesis.

e Adaptation of an efficient spectral estimation technique in [7] to the SBR2 algorithm,
which meant applying a window function to the entries of the polynomial covariance

matrix.

e Derivation of a new cost function for SBR2 which is based on the coding gain for

subband coding [73].
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The SBR2 algorithm is adapted to the design of M-channel uniform, paraunitary filter
banks [53]. This involved designing a data pre-processing stage for exploitation of knowledge
about the signal statistics, as performed by traditional subband coder design methods. A solution
to the negative semidefiniteness problem associated with windowing the space-time covariance

matrix is presented, which is used to great effect with the SBR2 algorithm.

1.3 Overview

In the following, a brief overview of the remaining chapters in this thesis is presented.

Chapter 2 Fundamental concepts in linear algebra and multirate DSP are described on
which the rest of the thesis builds. To begin with, a review of subspace decomposition for
narrowband signals is presented, which includes a discussion on matrix decompositions and
algorithms for their computation. Multi-input multi-output (MIMO) systems are presented in the
context of filter banks along with an introduction to the z-transform, polynomial matrices and

paraunitarity. We conclude this chapter with a study of multirate systems.

Chapter 3 A review of the literature on the theory and optimisation of orthonormal filter
banks for subband coding is provided which is relied on by the work in Chapter 6. We begin by
describing the different classes of filter banks; orthonormality and perfect reconstruction are
introduced. The problem of optimising subband coders is discussed. The link between optimal
compaction filters, optimal orthonormal subband coders and the principal component
representation of signals is explained. We present a review of FIR paraunitary filter bank design
methods for subband coding. Difficulties in using the Vaidyanathan structure are demonstrated.
Finally, a computationally efficient technique [32] for compaction filter design, known as the

window method, is assessed and used as a benchmark later.

Chapter 4 We introduce the concept of polynomial matrix EVD as a means of solving the
problem of subspace estimation for broadband signals and present various algorithms for this
task. The extension of the EVD and SVD from scalar matrices to the realm of polynomial
matrices is considered. An understanding of broadband subspace decomposition is given along
with some fundamental limitations. Two performance measures are introduced for evaluating
the performance of polynomial matrix EVD algorithms. The current state-of-the-art in subspace
estimation for broadband signals proposed by Lambert [37] is reviewed, including an evaluation
of the algorithm. Well known limitations connected to frequency-domain techniques are
discussed and an alternative method is presented: the bandwise algorithm. Extensions of this

algorithm are introduced, evaluated and compared to the prior art.



1.3 Overview 9

Chapter 5 The SBR2 algorithm is presented as a novel time-domain polynomial matrix
EVD technique that avoids the problems associated with the Vaidyanathan structure. We extend
the classical Jacobi algorithm to the domain of polynomial matrices, resulting in a simple
algorithm that can impose on a set of signals strong decorrelation and spectral majorisation, to a
good approximation. Variations on the algorithm are discussed, including a version that uses a
new cost function based on the coding gain measure; a ‘windowed’ covariance-domain
approach to the algorithm which gives a significant saving in computational cost and improves
the subspace estimation accuracy. A new strategy for covariance-domain windowing is
proposed which can be used to produce a windowed space-time covariance matrix that is
positive semidefinite; this is necessary when using the coding gain based cost function.
Efficiency issues regarding the SBR2 algorithm are highlighted and alleviating techniques are
introduced. This includes replacing a slow iterative time-domain process with a more
economical covariance-domain approach. Finally, we consider an alternative search technique

for SBR2 that is based on the cyclic-by-rows Jacobi algorithm.

Chapter 6 The applicability of the SBR2 algorithm to the problem of data compression is
investigated. While the chapter does describe a modification of the algorithm that is suited for
the encoding of multichannel arbitrary broadband data, the focus is on extending and adapting
SBR2 for subband coding. We start by defining a new measure that is an extension of the
coding gain for multichannel data. The PEVD is related to the PCFB. The relevance of SBR2 to
traditional filter bank design methods is examined, highlighting the WSS assumption made by
these techniques. This study motivates the development of a method whereby the SBR2
algorithm can exploit this knowledge. The resulting algorithm, called the SBR2 coder, is
compared with the prior art (window method) [32]. Finally, we present experimental results
which suggest that the SBR2 coder outperforms the window method on a set of benchmark

problems.

Chapter 7 A summary of overarching conclusions is presented along with recommended

avenues of further work to be pursued.

Appendices Contain some proofs and definitions.



2 Preliminary Technical Background

In this chapter, a review of relevant mathematical tools and fundamental signal processing
concepts is provided. This serves as reference material for the thesis and familiarises the reader
with notations and symbolisms used throughout. We start by classifying signals in terms of their
bandwidth and their interactions with systems in section 2.1. This serves to define and
distinguish between the narrowband and broadband problems. This is followed by a discussion
on subspace decomposition and its application to data compression and noise reduction in
section 2.2, From a linear matrix algebra point of view, we will focus here on the SVD and the
classical Jacobi algorithm. In section 2.3, the linear time-invariant multi-input multi-output
(MIMO) system is treated along with an introduction to the polynomial matrix, which provides
a compact representation. We discuss the paraunitary property and its importance in the design
of such systems. Finally, in section 2.4, the basic components of multirate systems and digital
filter banks are discussed. A filter bank may be represented by a MIMO system, which allows

for more efficient implementation and easier analysis.

2.1 Signal Classification

In DSP, signals are represented, stored, and processed as discrete sequences of real or complex
numbers. These are usually referred to as samples of the analogue signal. We denote discrete-
time signals as x(r), y(z), etc, where 1 is an integer called the (discrete) time index. We use
these notations to either indicate the entire sequence (e.g. —7 <t<T) or to denote the -

sample. The context in which the notation is used will clarify the exact meaning.

2.1.1 Linear Independence

Let the discrete-time, complex-valued sequences w,(r) and w,, (1) be realisations from the

stochastic, ergodic random processes W, (1) and W, (1), respectively. The mean of W, (1) is

1
given by 1, = E[Wk(t)] ' where E[-] is the statistical expectation operator. This is generally

dependent on 1, the discrete-time index. Henceforth, we assume that statistical processes have

" For brevity, we will use lower case letters, ¢.g. wy (7). to denote both a random process and a realisation

from a random process. So, we can write E[Wk (f)f‘ = E[wk (] .
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zero mean; this assumption does not cause any difficulty in the application of a system to
stationary signals, since the system can be made a zero-mean system by subtracting the mean

from the input signals. The quantity
€4 (1.7) = Elw, (D, (1 = 7)] @1

is the crosscorrelation function (or crosscovariance sequence since i, = i, =0), where the
superscript asterisk denotes complex conjugation. The crosscovariance is a measure of the linear
dependence between the two sequences at different discrete times ¢+ and 7 The sequence

cw (1,7) 1s the autocorrelation (autocovariance) of w, (1) .

Wide-sense Stationary Processes. A stochastic process is said to be wide-sense stationary

(WSS) iff: (i) E[w, (1)]=E[w, (s — )] . for all integers r and 7and (ii) ¢,,(¢,7) is independent of

1, le. c“_,(Z'):E[m(t)w; (r—r)} , V7. The variable zin ¢, (7) is called the time-lag. This
condition is usually assumed for stochastic processes encountered in many applications, such as
communications channel modelling, image processing and speech processing. For example,
speech signals may be assumed to be WSS when observed over short (and much longer) time
periods — except in pathological conditions. The analysis of linear systems becomes easier when
signals are assumed to be WSS. In particular, the wide-sense stationarity assumption simplifies
subband coder analysis and design to a great extent (see chapters 3 and 6). In this thesis, we

assume that random processes are stationary in the wide sense, unless stated otherwise.

Two other useful quantities can be defined using ¢, (7). The mean-square value or

variance of a WSS sequence w, (r) can be written as

0 (0) = Eﬂwk(zﬂ . (2.2)

The power spectrum or power spectral density (PSD) of this sequence can be defined, by the

Wiener-Khinchin theorem [80], as the Fourier transform of its autocovariance function:

o0

Cule®)=D cy(m)e . (2.3)

Tozeos

The crosscovariance, variance and PSD are usually preceded by ‘true’ to indicate that the
quantity is an expected value, i.e., the true statistics are known. For example, ¢, (7) may also
be referred to as the rrue autocovariance function. In real applications, the true statistics are
often unknown and samples from a given (noisy) data set have to be used instead to formulate
and solve a problem. Therefore, there are only a finite number of samples T available, and only

estimates of the correlations can be formed. In this thesis, we typically assume that 7 is fixed.
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An estimate of the true crosscovariance can be obtained by using noisy data samples x, (1) and
replacing the ensemble average with a time average:
-1

5., (T) = [l PEAGENE IS (2.4)

r==0)

We refer to this as the sample crosscovariance (or sample autocovariance if k = m) function to
distinguish it from (2.1). The sample variance, s,, (0), and the sample PSD, S, (e'”), may be
defined similarly.

Covariance Matrix. Let x(1)e C" represent the samples of M discrete-time, stochastic,

random, zero mean, WSS processes at time 7. Then the covariance matrix is defined as [86]:

€y € 7t Gy
. . . . G Cxp 7 Oy \
C=E|x—u)x—u)"=Exx"]=| 2 > 7 v (2.5)
\Cu1 Cma T Cym

where ()" denotes conjugate transposition. Key properties of the covariance matrix are that it
is positive definite (or positive semidefinite) and, by definition, it is Hermitian (self-adjoint): a
matrix that is equal to its own conjugate transpose, i.e. C=C" . This is equivalent to the
condition that ¢, (7)=c,, (-7) for crosscovariance sequences. Important properties of a
Hermitian matrix are that it can be diagonalised by a unitary matrix; all its eigenvalues are real
and positive semidefinite; and the eigenvectors form an orthonormal basis. This type of

decomposition is referred to as the EVD, which is described in section 2.2.

2.1.2 Instantaneous and Convolutive Mixing

The signals w, (r) are said to be linear instantaneous mixtures of the sources x, (¢) if they can

be expressed as a weighted sum of present samples of the individual sources, i.e.
K N
w,, (1) = ZM 2ok (D), (2.6)

where the g,, are some scalars. The mixing does not involve time-delaying any of the sources.

It is clear from (2.6) that the signals w, (1) will generally be correlated with each other.

nm

By contrast, convolutive mixing involves combining samples of x,(7) at different time-
delays with different weighting coefficients. This is equivalent to passing the signals x; ()
through a FIR filter whose impulse response, #z, (1), corresponds to the weighting coefficients in

the discrete-time convolution, i.e.
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VD =h (D x (D=3 h (Ox (1—1), (2.7)

where the symbol * denotes the convolution operator. The resulting mixed signal is usually the
linear combination of the filtered signals y, (r), i.e. v(¢) :ZA:] v, (). For a generalisation of
this to multiple mixed signals refer to section 2.3.3.

In the problem of BSS, the type of unmixing required for successful signal separation
depends on the interaction of signals with systems. As a consequence, the problem of BSS is
commonly divided into two categories, viz., instantaneous BSS and convolutive BSS. The
former is often used to describe the problem of BSS of instantaneously mixed narrowband
signals. The latter term is typically used to describe BSS for convolutively mixed broadband
signals. The convolutive problem is considered by some to also encompass the case of

instantaneously mixed broadband signals and convolutively mixed narrowband signals.

2.1.3 Narrowband and Broadband Signals

There are many ways to classify signals. A categorisation that is relevant to this thesis is one
based on a signal’s bandwidth: the band of frequencies for which the signal takes on non-zero

values. Let B and f, be the bandwidth and the centre frequency of a signal, respectively. Then,

the following two types of signal are defined in terms of their fractional bandwidth Af =B/ f,:

Narrowband Signals. A signal is said to be narrowband if the inequality Af <0.05 is satisfied

[51]. A narrowband signal with a bandwidth of zero gives rise to a true autocorrelation sequence
with infinite time extent (unbounded in time). The covariance matrix for a set of narrowband

signals is a scalar matrix.

Broadband Signals. It follows from the definition of narrowband signals that a signal is

broadband if Af >0.05. The covariance matrix of such signals has polynomial entries; the
definition for polynomial matrices is given in section 2.3.2.

In the context of sensor array processing, the case of instantaneously mixed narrowband
signals is often said to be a ‘narrowband problem’. Another situation that falls under this
category is that of convolutively mixed narrowband signals, provided the signals have the same
frequency. In both these cases, the time taken by the impinging waveform to travel from sensor-
to-sensor can be represented accurately as phase shifts, so beamforming can often be achieved
using just complex gains. On the other hand, convolutively mixed broadband signals typically
present a situation where the delay between sensors cannot be represented accurately as phase
shifts alone [52]. This is sometimes termed the ‘broadband problem’. A broadband beamformer,

which can implement the required time delays, is often necessary [9,79].
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2.2 Subspace Decomposition

The extraction of a lower dimensional subspace from a data space is a requirement in many DSP
applications [10,22,73]. The first step in achieving this is the application of a matrix
decomposition that finds a, usually orthonormal, basis for the entire M-dimensional observation
(data) space, X € R". An orthonormal basis is a set of M linearly independent, orthonormal
vectors that span X. In many cases, the data, say x(7), represents a set of desired (information)
signals as well as noise and possibly redundancy. It is often possible to represent the desired
signals by a linear combination of K of the basis vectors, where K <M . This subset of vectors
span a space S € R”, called the signal-plus-noise subspace or simply the signal subspace. The
orthogonal complement of S is referred to as the noise subspace N e R™™*. The dissection of
the space X into S and N is sometimes referred to as subspace decomposition [22,31]. An
approximation to x(r) can be obtained by an orthogonal projection of x(r) onto the signal
subspace, which produces a set of new signals X(¢) as illustrated in Fig. 2.1. The success of
subspace decomposition techniques depends on the method for estimating the orthonormal basis
vectors and the determination of a suitable signal-subspace dimension, i.e., the number of basis

vectors used in the projection.

x(1)

X(r)/,/ <

Figure 2.1: Orthonormal projection involved in subspace decomposition. The vector x(7) is

projected from the entire vector space X on the signal subspace S. The noise subspace N is the

plane outlined by the dotted lines.

Depending on the area of application, the matrix decomposition appears in various guises
and is known by different names. In statistics, it is called principal components analysis (PCA)
and has the property that the variance of the signal subspace is maximised. This is a criterion
that has been applied in many applications, for example, pattern recognition and signal subspace
estimation [22,23]. It is also used as the first step in BSS [10] since it may be viewed as

minimising second-order statistical dependencies between the input signals. That is, PCA may
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be used to perform second-order BSS on instantaneously mixed narrowband signals. It is blind
in the sense that no assumptions are made about either the original source signals or the mixing
process. A complementary property of the PCA is that the projection of the input data onto the
signal subspace minimises the reconstruction error in the mean-square sense: the distortion
between the input data and the approximation. In this context, the PCA is known as the KLT,

particularly in the subband coding community [34,73].

The KLT can be computed easily using the EVD, which decomposes a Hermitian
covariance matrix related to complex data into a set of eigenvalues and eigenvectors. The
eigenvectors are the bases for the data; the largest eigenvalues correspond to the signal
subspace. In many applications, a numerical technique known as the SVD is used instead
[20,21]. The SVD is one of the most important algorithms in numerical algebra for providing
accurate information about the structure of a system of linear equations. The SVD is sometimes
preferred over the EVD because it finds a more arithmetically precise solution than that found

by the EVD and can be applied to an arbitrary matrix, such as to the input data matrix.

2.2.1 Singular Value Decomposition

The SVD can generate a set of decorrelated signals by linear transformation of a set of
correlated signals. Suppose the vector x(r) =[x, (f),x,(1),...,x,, (1)]" represents M correlated
signals having true statistics as stated in section 2.1.1. Given T samples of these

signals {x(1)|r=0,,...T 1} with T>M, the matrix Xe CY’ may be defined to

be X =[x(0),x(1),....x(T —1)]. The SVD finds matrices Ue C*** and Ve "7 such that [20]

X=U"DV, (2.8)

where D =diagld .d,....,d,, |e R™" and the operator diag[-] takes a vector to a diagonal
gld,.d, M p g
matrix. The elements d, are known as singular values and conventionally they are ordered

asd, 2d, 2...2d,, 20. The matrices U and V are unitary, i.e.
U'U=UU" =Te " and VV" =1e R (2.9)

This property can be re-expressed by saying that the transformation is energy preserving:

d

1

(2.10)

El

s

f’xk ‘2 = trace[XX H]: trace[U”DzU]z trace[D2 ]:
k=1

M
k=

where x, denotes the k" row of the matrix X and the operator trace[-] sums over the diagonal
elements of a matrix. In words, the /-norm of the signals is invariant under a unitary

transformation.
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The rows of DV may be regarded as samples from a set of decorrelated signals defined by
y(1) =Ux(r)=Dv(ne c*7, (2.11)

where v(r)e C" is a column taken from the matrix V at time £. This follows from the unitary

property of U and V since
C=Ely(y" (1] =DVV'D/T =D /T (2.12)

and the energy of the m™ signal y (1) is d’ . The matrix Ce CY* is the outer-product true
gy gnal y, p

Tt

covariance matrix for the output signals.

Let the sample covariance matrix for the inputs be R = XX H/Te C"_ The matrix R has
two special properties, which are that it is (i) Hermitian, i.e. R" =R, and (ii) positive

semidefinite [21]. The SVD corresponds to computing the EVD of R, i.e. performing the unitary

diagonalisation given by
UXX"U" =D". (2.13)

The diagonals of D* are the eigenvalues of R, which are real valued and non-negative. The
rows of U (left singular vectors) are the eigenvectors of R. The matrix U is unique, up to a

unitary transformation of R.

2.2.2 Subspace Decomposition and its Applications

Consider a MxT data matrix X comprising of M correlated narrowband signals x(7), which are

now in the presence of additive white Gaussian noise. Furthermore, suppose that 7' >>M and
that the signal-to-noise ratio (SNR) of the signals is sufficiently high. The unitary matrix U
found by the SVD may be applied to the signals to produce M new decorrelated signals:
y(£) = Ux(¢) . The unitary matrix is designed to modify the signals in phase and amplitude and
combine them such that their estimated correlation matrix is diagonal. Since the transformation
is unitary, the square of the associated singular values represent the true energy associated with
each of the decorrelated components. The decorrelation of the signals may be construed as a
second-order blind signal separation process’. Since the SNR of the signals is high, the last

M — K singular values of the diagonal matrix D in (2.8) are very small, for IS K <M . A new

approximate reconstruction of the signals x(r) is:

? Note thal. in general, higher order slatistics are exploited to determine the “hidden” rotation matrix for

completion of the separation process.
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x(1)=U"PUx(r). (2.14)

Here, P is a projection matrix of the form diag[pl,pz,...,pk,...,pM], where p, =1, for
I1<k<K and p, =0, for K<k<M. This is the Karhunen-Log¢ve expansion truncated
at k = K , as illustrated in Fig. 2.2. We may use the system in the figure to perform a number of

tasks, particularly data compression and noise reduction, as will be explained next.

Noise Reduction

Consider the problem of increasing the SNR of desired narrowband signals in noisy data
derived, for example, from an antenna sensor array. The diagonal matrix in (2.8) is

\‘
i

D0 .

approximately of the form D:( 01 )' since the signals are decorrelated from the noise.

o
AN

Here, © is the square root of the noise variance, Io is a (M — K)x(M — K) matrix, and Dy is a
KxK diagonal matrix with elements d, >> o, for | <k < K. The matrix D is partitioned, which
corresponds to separating large singular values in D, from smaller ones in o . Appropriately,
the (unmixing) matrix U is partitioned as U=[U,,U,]", where U, comprises the eigenvectors
v/, vl....,v} comresponding to D,, and U, contains the eigenvectors V., Vg,s,...,Vy
corresponding to 1o . The rows of U, define the signal-plus-noise subspace. The rows of U,

define the space orthogonal to the signal subspace; this is the complement of the signal
subspace, sometimes called the noise subspace, although the whole M-dimensional space

contains values from the noise.

Signal and noise Signal subspace Approximation
subspaces to x(7)
Application of |y(p| Projection: Reconstruction: l
. .t . - ; . P - ' f . .
x(f) unitary matrix removal of —J\ apphcagon 0 (1)
U found by unwanted ._1/ U
SVD channels

Figure 2.2: Block diagram representation of the Karhunen-Loéve expansion.

Note that the distribution of energy between the signal and noise subspaces is physically
meaningful because of the invariance of the /;-norm under the unitary transformation. Also note
that, if there were two signals with very different power levels, the process described here

would accomplish signal separation, to a large extent.
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Data Compression
Consider the task of minimally coding multichannel data. Correlation between the input signals
x(r) is a type of redundancy. The SVD (or EVD) removes this redundancy by removing

instantaneous cross-correlations between the signals. If we keep the first K of the decorrelated

signals y(7) and discard the rest there will be a corresponding reconstruction error. The unitary
matrix found by the SVD is the one that minimises this error and thus most of the information in
the input data is contained in the first K signals. In other words, amongst all unitary choices of
U, the total energy in the first K signals, for 1<k < K, is maximised; this property is known as
energy compaction in subband coding [73,74]. This choice of U minimises (amongst all unitary

U) the product of the data channel variances, i.e. HZJ[ v, ()" . After possibly a quantisation

stage, which is omitted in Fig. 2.2, the amount of storage capacity required to hold the data
produced by all the sources is minimised, to a fixed level of accuracy. In (2.14), the Ux(7) and
the U”y(r) parts of the expression may be seen, respectively, as the analysis stage and the

synthesis stage found in filter banks (discussed later in section 2.4),

2.2.3 Classical Jacobi Algorithm

The EVD can be computed in a step-by-step fashion using the classical Jacobi algorithm, which
consists of a sequence of orthogonal similarity transformations [20]. Each transformation is an

elementary plane rotation (Jacobi rotation) designed to selectively zero an off-diagonal of a

MxM

matrix. Consider a positive semidefinite symmetric (real) matrix Re R™", which may be, for

example, the sample covariance matrix for M real signals. Note that the transformation required
for the more general case of a Hermitian matrix is discussed later in section 5.2. The Jacobi

rotation matrix is defined for the intersection of rows » and p with columns n and p as:

1, 0
Q"7 (0)= 1, : (219

— S C
L O IMwn J

where ¢ and s denote the cosine and sine respectively of the angle e R and I, is the
(M — p)x(M — p) identity matrix. Notice that Q""”'(#) is an orthonormal matrix. In a single

step of the Jacobi algorithm, the plane rotation in (2.15) is used to transtorm R according to

R/:Q(/z.[})(Q)RQ(n‘pjT(e\)’ (216)



2.2 Subspace Decomposition ' 19

where ()" denotes matrix transposition. Using the symmetric property of R, multiplying out

(2.16), and setting r”'p =0 we have that

= (cos2 0 —sin? G)r +cos@sin G(rw - )=O : (2.17)

np nn

If r =0 then the matrix is already diagonal and we can set 8 = z/2. Otherwise, we have the

np

following expression for the rotation angle:

2r,
tan2 = — " (2.18)

r”ll - r/}/}

The denominator r,, —r, and the numerator 2r,, of the quotient in (2.18) are the
components of a vector v. The task of zeroing the cross-correlation terms r,, and r, may be

interpreted as one of rotating the vector v onto the (r,, —r,,) -axis so that the 2r,  component

of the vector vanishes. One possible solution to (2.17) is to apply a clockwise rotation of 26

radians so that v is brought onto the positive (r,, —r,,)-axis, as illustrated by the example

shown in Fig. 2.3.

2r,7_p

20

o
<>

B — rp/)

Figure 2.3: Plane rotation of a symmetric matrix.

The Jacobi algorithm applies a sequence of such transformations to produce a matrix S
that is more diagonal than R . It can be thought of as iteratively modifying the symmetric matrix
such that the off-diagonal terms diminish with each step. The EVD orthogonal matrix U
comprises the product of successive Jacobi rotation matrices Q,. This is true since every

orthogonal (or unitary) matrix can, up to a channel negation, be decomposed into the product of
a sequence of rotation matrices [73]. The operations carried out by the Jacobi algorithm are as

follows:

Initialise: R":=RandU:=1,, .
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Iterate: R« Q“”"’”(Q)R'Q('?"”’Ir(é’) and U QU7 (§)U .

7

It follows that after every step, the R’ is still symmetric and the identity URU" =R

continues to hold.

The Q""”’(#) chosen is the one that annihilates the off-diagonal in R” with the largest

magnitude. It turns out that Q""”’(#) minimises the sum of the squares of the off-diagonal
terms. Equivalently, since the transformation is unitary, it maximises the sum of the squares of
the diagonal terms. Successive transformations undo some of the off-diagonals that were
previously annihilated, but nevertheless at each stage of the algorithm, the sum of the squares of
the diagonal terms of R’ increases. Using this fact, it can be shown that the off-diagonal
elements get smaller and smaller until the symmetric matrix is diagonal to machine precision. It
is complete after a permutation (orthogonal transformation) is applied to the channels to order

the diagonal of S .

An alternative strategy for applying plane rotations with the aim of obtaining the EVD (or

SVD) is the cyclic Jacobi algorithm [20,21]. The algorithm applies the plane rotation defined in
(2.15) to the symmetric matrix Re R" for a total of (M * — M )/2 different index pairs. Such

a sequence of transformations is called a sweep. The pairs are selected on a fixed cyclic-by-rows

or cyclic-by-columns basis. As an example, consider the following transformations:

7,,:R" < Q,,RQ), (operation on signal pair 1,2)
737 R QHQQRQEQE (then operation on signal pair 1,3)
7,,7:75 R« Q,,Q,Q,RQ,,Q.Q], - (then operation on signal pair 1,4, and so on)

A different and more popular method for computing the EVD (or SVD) is the QR
algorithm, which is generally computationally superior to the Jacobi algorithms described above
[20]. However, in comparison to the QR algorithm, the Jacobi algorithms are very simple, and
therefore they are attractive for extension to the realm of polynomial matrices. In chapter 4, we
present an algorithm that is essentially a generalisation of the classical Jacobi algorithm to
polynomial matrices. The extension of the cyclic-by-rows Jacobi algorithm to the same field is

also considered to a lesser extent in the chapter.
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2.3 Multi-input Multi-output systems

2.3.1 The z-transform
Signal processing analysis is often simplified by considering the frequency domain
representation of signals and systems. A commonly used alternative representation of x(r) 1s its

z-transform:
X()=>" x(z™. (2.19)

The z-transform encodes the data as polynomials, power series, Laurent series or Laurent

olynomials in z' (a two-sided polynomial) [15,86]. We will use the term polynomial to
p p

include Laurent polynomials. Note that the Fourier transform, X (e-i“’), of x(r) 1s X(2)

evaluated on the unit circle, i.e. for z=¢'®; the evaluation of X (z) for different points on the

unit circle in the z-plane gives the discrete Fourier transform (DFT) of x(r), provided x(f) has
finite sample support.

A feature of the z-transform representation is that operations such as convolution or the

filtering of data corresponds to taking the product of two polynomials. For a filter g(z) of

order 2N, , the convolution sum (as in (2.7)) may be expressed as

Ng
G()X (=27 D g(r)x(t—71). (2.20)
H ~-N,

2.3.2 Polynomial Matrices

An MxM polynomial matrix H(z) in the indeterminate variable 2z~ can be expressed as

Hy(z) Hp) - Hyy ()
2 H,(z) H,(z) - H,yylz \
H(z)= Y h(1)z " = 2':(‘) ”:( o ”:’( |, 2.21)
e . . . :
Hy(2) Hys(2) o Hyy (2)
where t€Z 1,20, 1,>0,
Hy ()= > By (027 (2.22)
fee gy
are (Laurent) polynomials in the indeterminate 27" and h(r)e €M or equivalently we write

H(z)e C"¥(z). The elements of the matrix h(r) are denoted by [h(7)],,, =4, (). In keeping
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with the standard notation for linear systems and signal processing, we have chosen to denote

the indeterminate variable by z™' since this is normally used to represent a unit delay.

Multiplying a polynomial by z' will sometimes be referred to as applying a delay. Since the
leading term of z"H(z) is constant, the effective order of H(z) is N=t,+t,. If ;=0
and h(r,)#0, then H(z) represents a FIR system of order N =1¢,. The matrix H(z) may also
be viewed as a matrix polynomial, i.e., a polynomial whose coefficients are matrices.

Polynomial vectors and vector polynomials are defined accordingly.

Polynomial matrices provide an easy way of describing and analysing multidimensional
systems. They have been used for many years in the areas of control [31] and multirate systems
[73], and more recently in MIMO communications [47,58]. Polynomial matrices play an
important role in this thesis. In particular, they are used to represent the estimated covariance
matrix of broadband (or convolutively mixed) signals, which we refer to as a polynomial

covariance matrix, as discussed in chapter 4.

Degree of a Polynomial Matrix. [n general, the order of a polynomial matrix is different from

its degree (or McMillan degree). The degree of the polynomial matrix H(z) is the minimum
number of delay elements (i.e. 7z elements) required to implement it’ [73].

Example. Let

— 7z
<

7 W ,
H(z) = ! (2.23)

It is clear that, in order to implement this polynomial matrix, at least two delays are required;

see Fig. 2.4. So the degree of H(z) is two, whereas the order is N =1. A tool for computing the
degree is defined in [73], which uses the Smith-McMillan decomposition of a polynomial

matrix.

x,(1) YI(T)

x2(1)

ya(t)

Figure 2.4: Implementation of the system in (2.23).

7 Note that the degree is not defined for Laurent polynomials (or non-causal systems) because they cannot

by implemented purely using delays.
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Properties of Polynomial Matrices

Paraconjugation. The paraconjugate of a polynomial matrix H(z)e C*¥(z) is defined as:

H(z)=H"(1/7"), (2.24)

where the superscript asterisk represents complex conjugation. Example: Let A(z)=b—-cz™",

then A(z)=b"—c"z . If a(k)is real, then A(z)=A(z"'). Note that in the degenerate case of an

L

order-zero polynomial matrix, this corresponds to the usual Hermitian transpose.
Parahermitian. The polynomial matrix H(z) is referred to as parahermitian if it is identical to
its paraconjugate, i.e. if
H(z)=H(z). (2.25)
In other words,
(h(1)),, =h, (D =h,, (—t)y=[h(-1)],,, kme{l,2,.M}. (2.26)

This property requires the limits of summation, #, and r, as defined in (2.21), to be identical. It
should be noted that in the degenerate case of an order-zero polynomial matrix, this corresponds

to the usual Hermitian (symmetric) matrix.

Paraunitarity. Recall from section 2.2.1, that the SVD could be used to provide a unitary
transformation of a matrix of scalars. The extension of the unitary property to polynomial

matrices leads to the definition of the paraunitary property [73]. The polynomial matrix H(z)

satisfies the paraunitary property iff
H(z)H(z) = H(2)H(2)=1. (2.27)

An important property of a paraunitary matrix H(z) is that it is an energy-preserving
transformation, that is, in terms of a MIMO system, the total spectral energy of the input signals
is conserved; this is shown later in chapter 4. This implies that the filters of the system have
constant gain over all frequencies (i.e. it is a multidimensional extension of the all-pass filter). If
the paraunitary system comprises causal FIR (stable) filters, then we say that it is [ossless, a

natural choice in the design of FIR filter banks — see chapter 3.

2.3.3 FIR MIMO Systems

Consider the multi-input multi-output (MIMO) linear time-invariant (LTI) system with K inputs
and N outputs shown in Fig. 2.5. Say xk(r):[.xk (O),xk(l),...,)ck(r),...JT is the k™ input.

Let X:[x](r),xz(r,),*..,xk(r,),..‘,x,((r')]yr. Then the time series in X may be represented as a
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vector of algebraic power series: X(z)= [Xl(z),XQ(z,),..., XK.(Z)]T. An LTI system is
characterised by its impulse response or equivalently its transfer function. The MIMO system

CMXK

can be characterised by H(z)e (z), whose entries /,, (f) may be viewed as the impulse

responses between the k" input to the m"™ output. Equivalently, the system may be thought of

as a set of transfer functions H,,(z). Assuming the transfer functions are LTI digital filters

(e.g. FIR filters), the m™ output of H(z) in response to all inputs is given by

K
Y, ()= H, ()X, (2), 1<m<M . (2.28)

k=1
The operation in (2.28) can be described compactly as

Y(z)=H(2)X(z)e C"(2), (2.29)

where X(z):[)/m(z)] is a vector of power series corresponding to the outputs from this
transformation.

The MIMO systems we consider in this thesis are limited to the case where M 2K, ie.

for square polynomial matrices or the overdetermined problem. This is advantageous in, for
example, communications and sensor array signal processing, where the number of antenna
sensors is equal to or greater than the number of source signals. Such a scenario provides a
sufficient number of degrees-of-freedom for exploitation of the spatial diversity. A typical
application of MIMO systems is communications, where for example, they may be employed to
overcome bandwidth limitations and increase signal quality [66]. In multirate DSP, the
representation of a filter bank as a MIMO system results in more efficient implementations and

easier analysis [73].

(1) (1)
X (1)
X, (1) MIMO I v, (1)
. ] System °
x () T
) > yu (D

Figure 2.5: A K-input M-output LTI system.
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2.4 Introduction to Multirate Systems

2.4.1 Basic Components

In DSP, digital signals are often obtained by sampling and quantising continuous-time signals.
The discretisation of a continuous-time signal leads to the notion of resolution in time and
amplitude. The higher the sample rate and the larger the number of quantisation levels the more
accurate the digital approximations. The cost of having higher sample rates and more
quantisation levels is of course larger amounts of data to process. The widespread popularity of
multirate DSP systems is mainly due to their ability to process data in a very efficient manner
and thus reduce these costs. This is achieved by allowing sampling rate variation throughout the
system and, moreover, keeping the sample rate at internal points to a minimum. Multirate DSP
techniques have been exploited in many applications, including spectrum analysis, digital
communications {1,75,78], image and audio coding [{32,63,71], equalisation [82] and noise
reduction [3]. They offer the possibility of, for example, reduced communications bandwidth,

reduced storage requirement, improved noise rejection, and/or reduced computational

complexity.

A multirate DSP system is usually composed of three basic building blocks that operate
on a signal x(1) * Two of these are decimation and interpolation, which enable the efficient
alteration of the data rate. An M-fold decimator and the expander stage of the interpolator are
shown in Fig. 2.6. The decimation retains every M "™ sample, i.e. the sampling rate at the output
of the decimator is M times lower than the rate of the input. The expander inserts M —1 zeros in
between every original sample. The decimation process generates frequency-shifted stretched
versions (spectral images or alias components) of the original information signal. If the original
signal is not suitably bandlimited, then direct decimation of the signal will cause aliasing:
corruption of the baseband signal spectrum by overlapping alias components [73]. Without
some sort of compensation, aliasing results in the loss of information. For example, an analytic

bandpass signal of bandwidth b, can be decimated by a factor M =7 /b, without creating

overlap of the images.

The other building block is a transformation, such as a LTI system (filter), as shown in

Fig. 2.7(a). The transformation usually serves to transform x(z) into a domain where processing

is more convenient. The transformation can be viewed as a decomposition of the signal into

* When the distinction is required, we use the variable 7 as an index for the samples of a high rate signal’

and the variable r for indexing the samples of a low rate (decimated) signal (i.e. the subband signals).
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basis vectors, and the inverse transformation may be looked upon as the reconstruction with the
transform coefficients. The systems shown in Figs. 2.6 and 2.7 are single-input signal-output

systems since they operate on a scalar signal (e.g. x(7) ).

xW/ M), 1=tM
0, otherwise

x(0) y(t)=x(M1) x(n (1) = {

(a) (b)

Figure 2.6: (2) decimation and (b) expansion.

X(2) Y(z) = H(2)X(2) X(z)=H (DY (2)
— HE@) — —— H@ p—
x(t)

,
y(t) = Zx(r)h,(i —7)

=0

(@) (b)

Figure 2.7: (a) filter operation (LTT system) and (b) its inverse.

2.4.2 Filter banks

Another type of transformation, which is used predominantly in multirate DSP, is the filter
bank, as given in Fig. 2.8. The input signal x(z) is split into M (high sample rate) bandlimited
signals, x, (1), by a set of filters {H, (z)} called the analysis bank. Each filtered signal x (1) is
then decimated to produce new (low rate) time sequences or subband signals,v,(t). This

process 1s known as subband decomposition. In Fig. 2.9, we show a typical set of frequency
responses for the analysis filters. Each of the subbands corresponds to a different portion of the
input power spectrum. The type of subband processing used is application dependent, although
generally they are converted to digital form by a quantiser, which constrains the amplitudes of

the signals to a set of discrete values. To reconstruct the original signal, the signals v, () are
expanded by a factor of M and passed through a synthesis bank {G,(z)} before they are
recombined. The recombined output, y(z), is at the same sampling rate as x(7) .

We often desire the inverse of a transformation in order to generate (or approximate) the

original input signal. In Fig 2.7, the signal x(z) is transformed by the LTI filter H(z) to
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produce x(7). A simple method of recovering x(z) from y(z) is to pass y(z) through the

inverse filter, ' (z) . Such a system is said to be a perfect reconstruction system. However, in
the case of the filter banks in Fig. 2.8 it is more difficult to design a perfect reconstruction
system on the basis that the synthesis filters form the inverse of the analysis bank. This is
because the decimation and expansion stages introduce aliasing, which needs to be cancelled by
the combination of the analysis and synthesis banks. Given the set of FIR filters {Hk(z.)}, an
FIR-inverse for the synthesis bank, {F} (z)}, does not necessarily exist. The inverse may consist
of infinite impulse response (IIR) filters. A problem with using TIR filters is that they are
notoriously unstable. However, this is not the only way of achieving perfect reconstruction. In
[73], Vaidyanathan shows that it is possible to construct a perfect reconstruction system using
only FIR filters. Any aliasing caused by the decimation stage of a filter bank can be cancelled

by careful selection of the analysis and synthesis banks.

X 1 x0T ] v V(1)
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Figure 2.8: Analysis and synthesis filter bank for multirate DSP.
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Figure 2.9: Typical frequency response of an analysis (or synthesis) bank.

Polyphase Representation

An important concept in multirate DSP is the polyphase decomposition [6,73] of signals and

systems. It can considerably simplify theoretical results and produce computationally efficient
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implementations of multirate systems. Since the polyphase representation of filter banks plays

!

an important role in the rest of this thesis, we formally define it here. Let H(z)= Z:h(r)f
be the transfer function of a digital filter. It is possible to decompose H(z) as:

M1
H(z)= Zz"“kEk(zM) (Type 1 polyphase representation), (2.30)
k=D

where E, (ﬁz):meek(r)z'l are called the Type 1 polyphase components of H(z). The

coefficients of each polyphase component are given by e, (1) =h(Mt+k), 0<k<M-1.1In

words, the impulse response sequence h(r) is divided into M non-overlapping subsequences
e, (1), and the k™ subsequence is merely the M-fold decimated version of A(t+k) . Note that
the quantity E,(z) depends on M for a given H(z), e.g. the lengths of the sequences ¢, (1)

depend on M, and are less than the length of h(z) .

Essentially, polyphase decomposition allows for the representation of a filter bank as a
MIMO system that operates on a vector signal,x(z) . The vector x(r) is obtained by passing the
scalar signal x(r) through a delay-chain and decimation (or demultiplexing or blocking)
network shown in Fig. 2.10(a). It has been shown that the analysis bank in Fig. 2.8 is equivalent
to having a demultiplexer network followed by a MIMO system in [73], as shown in Fig. 2.11.
The noble identities [73] have been used to obtain the representation shown. The analysis bank
is now described by the MxM polynomial (polyphase) matrix E(z)e C"™(z). Similarly, the

synthesis bank may be represented in this way as shown in Figs. 2.10(b) and 2.11.

(1) x(1) x(1) x(1) x(1)
M L. ™
[—— .
- .|
dM e —— x(2) Z [ a0 M £ x(1)
— — = — g
e ;T o L ° EE
° @ L} [} L] ’
i ° ° ° J\: o
WM s L-; TMm
I x(1)

() (b)

Figure 2.10: (a) Conversion of a scalar signal to a vector signal and (b) conversion of a vector

signal to a scalar one.
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Figure 2.11: Polyphase representations of the analysis and synthesis banks.

We can now see that a filter bank is a natural extension of a matrix transform for scalar
matrices by comparing Figs. 2.2 (ignoring the transform domain operation shown) and 2.11.
The MIMO representation has converted sequential processing to parallel processing. This
makes for more efficient implementation since all the processing (filtering) is performed at

lower sampling frequencies. For example, the sample rate of the input x(r) to E(z) in Fig. 2.11

is M times lower than that of the input signal to the filters {#/, (z)} in Figs. 2.8.

2.5 Concluding Remarks

The aim in this chapter has been to provide some basic concepts that are used in the remainder
of this thesis. We have introduced the EVD (and SVD) for instantaneous decorrelation of
narrowband signals from which the discussion has progressed to considering their use for
subspace decomposition in two typical applications: data compression and noise reduction. We
have presented the classical Jacobi algorithm for implementation of the EVD. An introduction
to MIMO systems and polynomial matrices was presented. We have looked at the extension of
unitarity to polynomial matrices, which lead to the notion of a paraunitary matrix. A short study
of multirate building blocks and their interconnections with digital filters is provided. This
includes an introduction to filter banks and their polyphase representation. With the introduction
of polynomial matrices we have motivated the extension of classical EVD / SVD algorithms to

the case of polynomial matrices, which will be addressed, in one form or another, in the next

three chapters.



3 Theory and Design of Optimal

Orthonormal Filter Banks

In this chapter, a review of relevant theory and results for the design of filter banks is presented.
We begin by defining different classes of filter banks in section 3.1. An introduction to the
optimisation of orthonormal filter banks for subband coding is provided in section 3.2. Optimal
orthonormal filter banks and optimal compaction filters are found by the principal component
filter bank (PCFB), if one exists. A PCFB exists for ideal filter banks, block transforms, and any
two-channel filter bank, but, in general, will not exist for FIR filter banks of arbitrary number of
channels. The procedure in designing a PCFB using ideal filters is described in section 3.3,
which is adopted by a state-of-the-art FIR filter bank design tool, called the window method.
This method, along with other prior-art techniques, is studied in section 3.4. A short evaluation

of the window method is presented, which provides a benchmark for algorithms proposed later.

3.1 Filter Bank Classification

Consider the filter bank in Fig. 3.1. The filter bank shown is said to be a uniform filter bank
because each of the subband signals is decimated by the same factor, M [35,76]. In this case, the
filters typically have identical but shifted frequency responses, as shown in Fig. 2.9. The
average sampling rate over the subbands is equal to the input sampling rate. It is possible to
have different decimation factors for different channels provided the overall number of samples
across all subbands, per time interval, remains the same as that for the input signal. This type of
filter bank is said to be non-uniform and is suited for coding of certain types of signal, e.g. those
targeted for human perception. The filter bank shown in the figures are also said to be
maximally (critically) decimated because the decimation factor is equal to the number of
channels. In recent years, filter banks with M less than the number of subband channels have
been shown to offer advantages over maximally decimated systems for applications such as
equalisation of acoustics [82] and adaptive beamforming [84]. Our discussions in this thesis are
restricted to the uniform, maximally decimated filter bank in Fig. 3.1. We consider subclasses of

all such filter banks, as defined in the following.

Unconstrained Filter Banks. A filter bank with filters H,(z) that have no restriction on the

order, N, is called an unconstrained filter bank or ideal filter bank. The filters of such a filter

bank are allowed to be 1IR filters and/or non-causal.
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Block Transforms (or transform coder). A filter bank with the constraint that N is less than the

number of channels M, i.e. N <M . In terms of the polyphase representation in Fig.3.1(b), this
is the special case where E(z) and F(z) are scalar matrices, i.e. E and Fe €Y. The operation
of the filter bank is simply a matrix transformation of the vector signal x(¢) (the ‘blocked’

version of the input signal x(7) ).

Constrained (FIR) Filter Banks. A filter bank with the constraint N <o . The matrices E(z)
and F(z) of such a filter bank are polynomial matrices, as given in (2.21). In relation to the

block transform, an FIR filter bank can be viewed as a lapped transform; i.e. the present output

vector is the sum of the matrix transformations of the present and all past blocks of data x(7) .
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Figure 3.1: (a) M-band uniform, maximally decimated subband coder and (b) its polyphase

equivalent.
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Orthonormal Filter Banks. The set of filters {{ (z)} in Fig. 3.1(a) are orthonormal if [73]

(1)

H, (e")H =8k —m), (3.1)

M

where (-')‘W denotes the z-transform of a sequence that is decimated by a factor M. This, in
particular, implies that each filter H, (e1”) satisfies the Nyquist(M) constraint:

2 ) M oV M 12 )
=1 ,ie. Z”:]|Hk (e.l((,%27r(1 l)/M)) |- =M. (32)

M

‘Hk(ej(”')

In words, the filters {H,(z)} are orthogonal with impulse responses that have unit energy.
Orthonormal filter banks have several advantages which make them very attractive to use:

. The total signal energy in the subband channels is preserved, which guarantees that

errors generated by the quantisation process (quantisation noise) are not amplified;

2. The design of either the analysis or synthesis bank is required only - see perfect
reconstruction filter banks below;
3. If the analysis filters {H,(z)} are FIR, then the corresponding synthesis filters {G.(2)}

and synthesis polyphase matrix F(z) are also necessarily FIR;

4. Allows for efficient implementations using unitary (Jacobi rotation) matrices.

The Nyquist(M) constraint translates into the following specification for a filter, A(z):

h(0)=c and h(M1)=0 for 1#0, where ¢ is some constant. Such a filter is referred to as a

Nyquist (or M "™ -band) filter. An ideal brickwall filter, i.e. one that has a sinc impulse response,
would satisfy this criterion; however, such a filter would be impractical for use in real systems.
The Nyquist criterion does not define a unique spectrum and so other constraints can be
included, e.g., a smooth transition band in the filter’s frequency response. The Nyquist filters
may also be understood from a heuristic stand point. For example, consider the design of the
transmitter and receiver filters, H(z) and F(z) respectively, for data transmission through a
bandlimited communications channel. The filters are designed such that there is zero
intersymbol interference (ISI) at the sampling instants of the filtered signal. In the presence of

additive white Gaussian noise, the SNR is maximised if F(z) is matched to H(z), ie.
F(z)= ﬁ(z) [51], in which case both the zero IST and the Nyquist(M) properties are satisfied.
Nyquist filters are particularly useful in subband coding, as will be discussed in section 3.3.

The orthonormality of a filter bank can also be expressed in terms of the polyphase

representation in Fig. 3.1(b). The filter bank is orthonormal if E(z)E(z)=1 (or E(e'?) is
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unitary for all @), i.e. it is paraunitary. A transform coder (E(z) = E) is orthonormal when E is a
unitary matrix.

Perfect Reconstruction Filter Banks. A perfect reconstruction filter bank (PRFB) is one that,

in the absence of any subband-processing, yields the output [73]
y()=cx(1—1), V1,1, (3.3)
and for some constant ¢ #0, where x(7) and y(z) are, respectively, the input and output of the

filter bank in Fig. 3.1. This implies that a PRFB minimises the mean-square error (MSE) or

reconstruction ervor:

e=ly()— .x(z)‘2 . (3.4

To design a PRFB the polyphase synthesis bank F(z) is chosen to be the inverse of E(z) in Fig.

3.1(b). More generally, a filter bank has the perfect reconstruction property if:
F(2)E(z)=cz 1e C*™(z), for 1>0. (3.5)

A PRFB is able to completely cancel aliasing and its outputs are free from amplitude distortion
and phase distortion. The perfect reconstruction property is desirable in applications where

lossless signal representation is required (e.g. lossless compression).
In most practical applications, it is important to find a PRFB with FIR filters H,(z) and
G, (z) in order to avoid issues such as non-causality and instability, typically associated with

IIR filters. It has been shown in [73] that a PRFB can be designed using only FIR filter banks by

imposing the paraunitary property on E(z) and using its paraconjugate to design F(z), i.e.,
F(z)=cz "E(2). (3.6)

Example. A two-channel PRFB may be designed using the 20-tap lowpass FIR filter in [73] as
the first filter, H,(z), of the analysis bank. The second analysis filter, H,(z), can be obtained
simply by taking the time reversed version of H,(z) and alternately changing the sign of the
resulting filter coefficients. This yields a filter with a highpass response. The frequency
response of the FIR PRFB analysis filters are shown in Fig. 3.2. The synthesis bank is found

simply by taking the paraconjugate transpose of E(z) corresponding to the filters {H, (0}



3.2 Subband Coding and Optimisation 34

Magnitude (dB)

0 0.1 0.2 0.3 0.4 05
Normalised angular frequency (@/ 2x)

Figure 3.2: Magnitude-frequency responses of the analysis filters of a two-channel PREFB with

coefficients as in [73].

3.2 Subband Coding and Optimisation

One of the most fruitful applications of filter banks has been subband coding [2,12,32-
35,48,73,74,88]. The uniform, maximally decimated filter bank in Fig. 3.1 is shown in a
subband coding scheme, where the blocks labelled Q are quantisers. This type of arrangement is
commonly referred to as an M-band subband coder. The block transform coder, lapped
transform coder [42] and wavelet coder [63,70] may be looked upon as subclasses of the
subband coder. The subband coder can be used to compress (or minimally encode) the input

data by quantising each subband signal,v,(¢), with a different number of bits b, . This is

achieved through use of a bir allocation strategy [61,73], which has a direct impact on the

coding performance of the subband coder.

An intuitive way of accomplishing data compression is to allocate the quantiser bits
according to the signal spectrum. For example, more bits can be assigned to the subbands with
greater energy (variance) and fewer bits to the subbands with lower variance, as depicted in Fig.
3.3. If a PRFB is used and there are subband channels with zero variance, then those channels
may be discarded. Usually, this kind of strategy can also result in a more accurate representation
of the signal since there are more bits being used for subbands that contain most of the energy
related to the information. Hence, a subband coder may be thought of as a sophisticated
quantiser that can encode data more efficiently and/or accurately than direct techniques, such as
pulse code modulation (PCM), which allocates bits uniformly without discretion. By

comparison, in a time-domain coding strategy, the b, s may be adapted according to the energy

in the signal at different time periods. This is exploited by wavelet coders (zero-tree coding) for

image compression [63], which are highly suited to the human auditory and visual responses.
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Figure 3.3: Example of a bit allocation strategy based on the subband variances for a six-band

subband coder.

An optimal subband coder is the one that minimises the MSE given in (3.4) due to the

subband quantisation [74]. In the case where the filter bank is orthonormal, it has been shown

. . 5 M
[73] that the reconstruction error has average variance aj :(I/M)Zkla,f, called the

. . . . . 2 . . . . B . th .
quantisation error, where ¢ is the quantisation noise variance due to the k" quantiser. For a
subband coding scheme that employs a PRFB, the reconstruction error becomes the quantisation
error, i.e. £= 0, . In this thesis, we are mainly concerned with the optimisation of orthonormal

filter banks for subband coding. When the term ‘optimal’ is used to describe a system it is

assumed that an oprimum bit allocation strategy is employed.

3.2.1 Optimal Subband Coders with High Bit Rate Quantisers

The first theoretical results on the optimisation of subband coders were obtained for the
transform coder [24,61]. In [24], Huang and Schultheiss show that the KLT is optimal for a
wide class of signals under mild assumptions on the quantisation noise sources, particularly for
arbitrary bit rates (see the next section). Here, the unitary matrix E is defined to be that given by

the EVD of the covariance matrix for the demultiplexed signals.
The optimality problem is more complicated for subband coders than it is for transform
coders because E(e’®) should be specified for all @. Vaidyanathan [74] has shown that optimal

subband coders can be constructed using unconstrained (ideal) orthonormal filter banks. This is
under the assumption that the quantisers () operate at high bit rates. Furthermore, the
quantisation noise (error) process is assumed to be a uniformly distributed, white, WSS random

process [73]. These assumptions allows one to model the quantiser noise with the simple model

) ~Ihy . .
o7 =dc,;,2 7, where d is a constant assumed to be the same for all subbands and ¢, is the
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variance of the signal v, (f) (output of H, (z) ), 1.e. the zero-lag term of the true autocovariance
function ¢, (7) = E[vk (v, (t— T)]. Thus, the noise decays exponentially with number of
bits b, . It turns out that at high bit rates, optimality of orthonormal ideal filter banks is the same

as the maximisation of a measure known as the coding gain [73,74]:

1 M
o1 SkO

G=M

T e
Chp
A 4o, Cro

The coding gain is a signal dependent quantity whose value is determined by the input

(3.7)

PSD and frequency response of the analysis filters. It can be interpreted as the ratio of the mean-
square values of the direct quantisation error (e.g. round-off error in PCM) to that of £in (3.4).
The numerator of (3.7) represents the variance of the subband signals (arithmetic mean) when a
direct quantisation scheme is used. This quantity is not affected by subband coding (i.e. it is a
constant) since the total power in the subbands is preserved under the application of a lossless
filter bank. The denominator is the geometric mean of the subband signal variances. If, for
example, the variances of the subbands were the same, the geometric mean would be equal to

the arithmetic mean, and therefore the coding performed would be identical to that of PCM.

The high bit rate assumption is generally unsatisfactory in practice. In [3,4], the
optimality of orthonormal subband coders is proved under a more general quantiser model. The
authors show that the optimum subband coder is the principal component filter bank; see section
3.2.3. Hence, in general, the coding gain does not represent the objective in the design of

optimal subband coders.

A quantity that is closely related to the coding gain is the entropy: the average amount of
information emitted from a source [51,62]. A measure of the efficiency of a source encoding
method is obtained by comparing the entropy to the average number of binary digits per output

symbol/character from the source.

3.2.2 Conditions for Coding Gain Optimality

From the expression of the coding gain in (3.7), it is clear that the minimisation of the
denominator term (i.e. the product of the subband variances) leads to the maximisation of the
coding gain. It is easy to see why this leads to optimal compression by expressing the

denominator of (3.7) in terms of the number of bits required to encode the subband signals, thus

log, (HZ, Ckk())z Zzglogz(cuo)- (3.8)
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So, the minimisation of the product of the subband variances results in the minimisation of the
number of bits required in encoding each subband channel, which leads to optimally
compressed data; the less uniform the energy distribution across the subband channels is, the
fewer the bits required in quantising the signals. Vaidyanathan provides a set of necessary and
sufficient conditions for the coding gain optimality of a paraunitary subband coder in [74]. The
coding gain is maximised if and only if the output subband signals simultaneously satisfy strong
decorrelation and spectral majorisation. It is also shown that, while each condition individually
is only necessary, together they form a set of necessary and sufficient conditions.

Strong Decorrelation. If the subband signals v, (r) of Fig. 3.1 are decorrelated at all relative

time lags then they are said to be strongly decorrelated, i.e.,
Elv, (t)v, (r—7)] =0, for k#m and V7 . (3.9

Equivalently, the true PSD matrix of the vector signal v(r) is diagonal:

Ce') = SB[V (1 - 1)l 7 =diaglC, (), Cpr (7)., Copyy ()] (3.10)

where C (¢’”) is the power spectrum of v, (f), i.e. the Fourier transform of the true

autocorrelation sequence ¢, (7) of the k" subband signal.

Spectral Majorisation. Assume, without loss of generality, that the subbands are numbered
such that ¢4 = ¢,4.,11y0 - The set of subband spectra {Ckk(ej‘”)} has the spectral majorisation
property if

C (&)= Cpy(e) 2. 2C,py, (1), V. (3.11)
An example of majorised subband power spectra is given for a three-channel filter bank in Fig.
3.4b. In Fig. 3.4a, we show subband channels that are not majorised; one signal dominates for

some frequencies and the other signals for other frequencies.
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Figure 3.4: Example of subband signals that (a) are not spectrally majorised and (b) are

spectrally majorised.

Optimal Compaction Filter

Consider the filter H,(e’”) of order N on the k™ branch of the M-channel filter bank in Fig.
3.1(a). The filter is said to be an optimal energy compaction filter (or optimal compaction filter)

for the pair (M, N) if it is designed such that the variance of its output is maximised subject to

2
the constraint that the producr filter, HA,(eJ‘“)’ , be Nyquist(M) [74]. A measure of the energy

compaction achieved by the filter is defined as

G, (M,Ny=80 (3.12)

conmp
a
0

where a, :Eux(l)ﬂ is the true variance of the input signal. The aim is to maximise the
compaction gain under the Nyquist(M) assumption, which depends on the filter Hk(ej”), the
input PSD, and the integers N and M. The maximum (or ideal) compaction gain,é(;w,w, is
achieved if Hk(ej”) is the optimal compaction filter with an ideal ‘brickwall’ frequency

response for the input PSD. The ideal compaction gain is bounded thus 1< G(,UW(M,N) <M

[74]. By contrast, the coding gain in (3.7) has no such bounds. The design of optimal
compaction filters has been of interest in recent years because of their known connection to

optimal subband coding and the principal component representation of signals [2,16,68,70,74].

3.2.3 Principal Component Filter Bank

Consider the filter bank in Fig. 3.1. Suppose the first m <M subband signals are retained

without quantising and the others are discarded. Then there will be a corresponding distortion
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(reconstruction error) between x(z) and y(z). The filter bank that minimises this distortion for

each m=1,2,...,M is called a principal component filter bank (PCFB). From this intuitive
explanation one can see that the PCFB is an extension of PCA to polynomial matrices. We now

review a mathematical result that will be useful in formally defining the PCFEB.
Majorisation Theory. Let A={a,,4,,...,a, ,} and B={b,,b,.....b,, , } be two sets of real
numbers. The set A is said to majorise the set B if, after reordering such that 2, 24, 2...24,

and by2b, 2...2b,,

M-1 M~
Zk:() #i = Zk:O b, and
2. Zmak 2 Zk:]bk holdsforO0<m <M ~1.
Thus every partial sum of set A is at least as large as the corresponding partial sum of set B.

. M -] oo
Ixample. Let A={2,4,,....a,_, } be any arbitrary set such that kao a, =1.It1s easy to see

i

I I : o
that {— . —} SA< {I,O,...,O}. This suggests that majorisation may be used as a measure of

the non-uniformity among the elements of a set.

A formal definition of the PCFB is as follows [3]: A PCFB is from a subclass C” of

orthonormal, uniform, maximally decimated filter banks. A filter bank F in the subclass C? s
said to be a PCFB for that class and for a given PSD if it has the set of subband variances that

majorises every other set of subband variances (produced by other filter banks) in that class.

This definition broadly implies two conditions: Firstly, a PCFB maximises the partial sum

Zk:] Crro (3.13)

for each n <M . In particular, when n =1, then ¢, 1s maximised by the choice of H,(z); that
is, the first filter is an optimal compaction filter (maximises the compaction gain in (3.12))". The

second property is that a PCFB minimises the product

M -
Hk:l Crio (3.14)

and therefore is an optimal orthonormal filter bank for subband coding, i.e. it maximises the

coding gain in (3.7). In fact, the PCFB, if one exists, is optimal for subband coding for all bit

' Note that for a set of all possible paraunitary filter banks, if optimal energy compaction is achieved then
the data is optimally compressed; this is in the sense of maximising the coding gain in (3.7). However,

this would not necessarily be true for a set of arbitrary paraunitary matrices.
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rates and for all bit allocation strategies, particularly for the optimal bit allocation [34].
Recently, the PCFB has been shown to be optimal for a broader class of objectives, such as

noise reduction, [3,4].

Existence of a FIR PCFB

There are three subclasses of filter bank (special cases) for which the existence of a PCFB is

assured. Consider the subclass of filter banks C?. A PCFB exists for the subclass C* in the

following cases [3,4,33]:

iy if C” is the class of unconstrained (ideal) filter banks C” ;

ii) if C” is the class of transform coders C';

i) if M =2, i.e. the classes of all two-channel filter banks.

The problems of orthonormal filter bank optimisation and compaction filter optimisation are
solved by a PCFB for these classes of filter bank only and for a given input signal PSD. In [33],

it was shown that a PCFB cannot be guaranteed for the intermediate case where N is constrained

(FIR filter banks) for arbitrary M, i.e. the constrained class of filter banks C‘ . This is because
the description of a PCFB is associated with an optimisation problem that has a multitude of
objectives, which generally do not admit a common solution. In the recent past, suboptimal
techniques have been proposed for this class, which basically try to find an approximate PCFB

for a given PSD. A review of these methods is presented in section 3.4.

The PCFB has been an active area of research for some time [3,4,33,68,70,88]. The
optimality of the PCFB was first independently observed in [68,70] for different objectives. In
[68], Tsatsanis and Giannakis propounded the PCFB for multiresolution representation of
signals using filters with a brick-wall (ideal) frequency-domain support. A strategy for
designing a PCFB using ideal filters, introduced in [74], is detailed in the next section. In the
case of the transform coder class, a PCFB is obtained with the SVD as explained in section
3.2.1. For the classes of two-channel filter banks the PCFB is found by designing an optimal
compaction filter; then the other filter is determined trivially, as described in section 3.3.2. It

turns out that the existence of a PCFB in these three cases is assured by their very construction.

3.3 Design of Optimal Orthonormal Filter Banks

A methodology for the design of optimal orthonormal filter banks for subband coding using

filters among the class C* is proposed by Vaidyanathan [74]. It turns out that the filter bank
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obtained using this technique is a PCFB [34]. The methodology entails successively finding a
set of M ideal optimal energy compaction filters for a given power spectrum. In effect, energy
compaction is used as the objective function for the design of optimal filter banks [13,48,68]. In
this section, we present a description of the design methodology. This is detailed because it is
employed in a more ‘practical” approach, known as the window method; an evaluation of this

method is presented in section 3.4.2 and used to provide benchmark performances in chapter 6.

3.3.1 Compaction Filter Design with Unconstrained Filters

The procedure in designing an optimal compaction filter H(e'®) is described here as in [74].
The following design is for the case where H(e!”) is an ideal ‘brickwall’ filter with passband

and stopband responses vM and 0, respectively. Also, it is assumed that the filter is
antialias(M): a filter whose output can be decimated without aliasing, that is, the shifted
versions H (e ?™/M1y do not overlap for distinct n in 0<n <M —1. The filter H(e'”) can

be constructed using the ideal compaction filter design technique:

1. Let A(e!”) be the PSD of a WSS input signal. Divide the frequency axis of the
spectrum into M equal (alias) regions (width of all passbands is 27z /M ). Thus, for each

frequency @, in 0< w< 27/ M , define the M alias frequencies @, = @, +2/m/M .

[\

Compare the values of A(e!®) at these M alias frequencies {@,}. Let o be the

smallest integer such that A(e’®) is a maximum in this set. Then assign

r\/M, whenn =0

H (e om My :{ (3.15)

0, otherwise.

3. The filter H(e!®) can be completely defined for all @ in 0< @< 27 by repeating step
2 for each @, in the region 0<@w<2z/M . This filter satisfies the Nyquist(M)

constrain, moreover, maximises its output variance under this constraint.

Example. Consider the construction of an optimal compaction filter H(e'?) for an input PSD,
A(e’), as in Fig. 3.5(a), and let M =3 . Firstly, the frequency axis is divided into 3 equal
regions labelled 0, 1, and 2. Secondly, in the spectral band 47/3<w, <147/9, A(e!™)
dominates the spectrum at the alias frequencies 0<@, <27/9 and 27/3<®, <87/9 In

regions 0 and 1, respectively. Next, for the band 27/9< @, <4719, A(e!”) dominates the

PSD at the alias frequencies 87/9 <@, <107/9 and 147/9< @, <16x/9 in regions | and 2,
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respectively. Finally, for the frequencies 107/9<w, <47/3, A(e') dominates the PSD at the
alias frequencies 47/9< @, <2x/3 and 167/9< @, <187/9 in regions 0 and 2, respectively.

The optimal compaction filter designed is shown in Fig. 3.5(b).

- region0 1 region | : region2
Ale'?) ! : '
2 30
0 27/9  21/3 ax/3 2 o
(a)
o region0 1 regionl 1 region2 !
H(e') i ' :
B R |
2 : 4 15 i
0" 2279 22/3 4r/3 2 @
(b)

Figure 3.5: (a) input signal PSD and (b) optimal compaction filter for this signal for M = 3.

3.3.2 Optimal Filter Bank Design with Unconstrained Filters

We are now equipped to design an optimal orthonormal subband coder {H(ej“’)}. The procedure

for the construction of the analysis bank {Hk(ej“’)} is described through an example. The filter

bank may be found by successive application of the ideal compaction filter design technique
described in the previous section. Consider the design of a three-channel optimal orthonormal

subband coder for the input power spectrum presented in Fig. 3.6(a). The first step is to design
an optimal compaction filter H,(e'®) for the given input PSD, A(e®), using the procedure
described above. The frequency response of this analysis filter is shown in Fig. 3.6(b). Let the

passband support of H(e’®) be denoted as ¢, . A new ‘partial’ power spectrum is defined:

(3.16)

CM(e) = 0, | ing,
A(e?), otherwise.

as given in Fig. 3.6(c). Thus, the partial power spectrum CV(ei®Y is defined by ‘peeling off’

the portion of A(e’®) falling in the passband of H,(e'?).
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Figure 3.6: A graphical description of the ideal design procedure M =3. (a) Input signal PSD

and (b) corresponding optimal compaction filter magnitude-frequency response. (c)-(f) Partial
power spectra and corresponding optimal compaction filters. (g) Frequency responses of the

three optimal analysis filters.

The next step is to construct an optimal energy compaction filter H,(e'®) for CcV(e'?).
The magnitude-frequency response for Hz(ej‘”) is shown in Fig. 3.6(d). The next partial
PSD C'(¢!®), shown in Fig. 3.6(e), is obtained by peeling off the portions of C"(e!®) falling

on the passband of H,(e!”). Finally, H,(e'”) (Fig. 3.6(f)) is constructed as the optimal
compaction filter for C'?(¢'®). The portions of C'?(¢'®) falling on the passband of H,(e’®)
are then removed to leave a partial spectrum with, notionally, no energy. Hence, the analysis

filters of an optimal orthonormal filter bank for the given PSD have been identified, as

presented in Fig. 3.6(g).

Since the filters have non-overlapping frequency spectra strong decorrelation is satisfied,
moreover, spectral majorisation is also satisfied. Therefore, it follows that the filter bank
constructed using this algorithm maximises the coding gain in (3.7). It has been shown that this

design procedure yields a PCFB [34,74].

Two-channel Optimal Filter Bank Design

It is easy to see how the PCFB for the class of two-channel filter banks is constructed: Consider

the ideal compaction filter design procedure given in section 3.3.1, the coding gain G, and the
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filter bank in Fig. 3.1 for M =2 . Let the input variance of x(z) be unity, i.e. a, =1. The output
variances of H,(z) and Hx(z) are denoted by ¢, and c¢,,, , respectively. Orthonormality implies
the equality ¢ o + ¢35 =2, which is the upper bound on the compaction gain (G, ) given in

(3.12). For the first channel, G, =¢,,0/d, =¢1o- The compaction gain of the second channel

conip
is C9/ag = Cyg =2~0¢,)g =2-G,,,, . Thus, the coding gain becomes
o’ I 1

. ) ) ) 3.17
(Cl 10 622() )”2 (Cl l(?CZQU )”2 (Gmmp [2 - G(-,)mp ])UZ ( )

G(2)=

Since the sum ¢,y + ¢,y is constant, the only variable is ¢, =G, . The filter bank is found by
designing the first filter H,(z) to be an optimal compaction filter such that it minimises the

denominator (i.e. maximises ¢, ).
The choice of H,(z) is subject to the orthonormality of the filter bank and is equivalent to
2 2 ‘
the Nyquist(2) constraint, i.e., ‘HI (e”“)‘ +‘HI(—eJ”)‘ =72 . Hence, the other filter is determined

from the first such that the two filters form an orthonormal set. Assuming H,(z) has order N, the

other filter may be obtained by the well-known relationship [73]

H,(2)=z""H (-2). (3.18)

In the real-coefficients case (3.18) means \Hz(e-i”) = ‘H] (e-i“”*’”)‘ . Therefore, optimising one of

the analysis filters for maximum energy compaction is equivalent to optimising a two-channel
orthonormal filter bank according to input statistics. It follows (by construction) that there is a

PCEB for all classes of two-channel filter banks.

3.4 Review of Suboptimal Filter Bank Design Algorithms

As already discussed, the design and optimisation of filter banks has been solved for the
unconstrained class, transform coder class, and the classes of all two-channel filter banks. In
these cases, the PCFB is the solution. However, in general, the PCFB does not exist for the class
of FIR filter banks. A number of authors have proposed suboptimal techniques that achieve
good approximations of the optimum coding gain [13,16,29,32,48,56,69,77,88]. Other authors
have presented paraunitary filter bank design in the context of subspace analysis
[17,37,44,49,57]; this topic is treated in chapter 4. A review of conventional design methods is

presented here, and their relative merits and short-falls are investigated. This is done with the
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goal of selecting one as a benchmark algorithm for the SBR2 coder, introduced later in section

6.2 as a method for subband coder design.

A type of transform that is relevant to the design of paraunitary FIR filter banks is the
lapped orthogonal transform (LOT) [42]. Although studied independently in the past, the LOT
and the uniform maximally decimated paraunitary FIR filter bank are equivalent [43]. The
difference between the two types of filter bank is in the way they are designed and

implemented. Algorithms for LOT-based filter bank design are not considered in this thesis.

3.4.1 Lattice Parameterisation

A paraunitary filter bank can be constructed by cascading L blocks in an M-channel lattice
structure [73]. Each block in the lattice has a parameter matrix defined by rotation angles, which
are optimised subject to a constraint (or constraints). An approach that is found predominantly
in the literature involves the optimisation of the parameter matrices subject to two constraints:
(i) the decorrelation of the signals and (ii) the imposition of the paraunitary condition. These
techniques adapt the lattice parameters according to the received signal samples iteratively. Two

optimisation methods for this type of architecture are given in the following.

Gradient Descent

A method that is commonly found in the literature is one that uses an adaptive algorithm based
on the stochastic gradient descent/ascent [16,29]. Each block (matrix of rotation angles) is
optimised iteratively: parameter values are optimised as the data samples are input, i.e. online.
In [29], the authors show that these algorithms can be made to be more computationally
efficient. However, they are highly nonlinear and suffer from the usual problem of convergence

to local minima associated with nonlinear optimisation.

Eigenstructure

The other type of optimisation scheme available for lattice optimisation is eigenstructure
algorithms [25,56]. Eigenstructure algorithms can avoid converging to local minima, which is
an advantage over the gradient-based algorithms. These techniques involve the explicit
decomposition of the covariance matrix with the aim that dominant and weak eigenvalues and
associated eigenvectors are identified. It is possible to use a suitably parameterised two-channel
lattice structure as a relatively straightforward way of generating an FIR paraunitary filter bank.
That is, one that is guaranteed to be paraunitary irrespective of the parameter values. Paraunitary
matrices may be cascaded to form matrices that satisfy the paraunitary condition in (2.27). A
very good example is given by Vaidyanathan in [73], as stated in the following: every FIR

paraunitary matrix can, up to some permutation of the inputs, be represented as the product of a
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sequence of Jacobi rotations interspersed by pure time-delay matrices. In specific terms, a 2X2

paraunitary matrix may be decomposed as a sequence of paraunitary stages:
H(2) =QyA(2)...A(2)Q,A(2)Q,, (3.19)

where A(z)Q, constitutes a single stage, Q, e R is a Jacobi rotation (unitary) matrix

parameterised by a rotation angle &, in (2.15), i.e.

(cos@, sind,
Q,= . (3.20)
\—sing, cosd,
and A(z)e R7(z) is a pure time-delay (paraunitary) matrix and of the form
A(z)= (1o 32
\\4)—i‘0 E (3.21)

In Fig. 3.7, we show a flow diagram of the decomposition in (3.19),

Recalling from section 2.3.2 that the degree of a polynomial matrix is the minimum
number of delay elements required to implement it, we note that the degree (and order) of H(z)
is N. Also note that in the degenerate case of degree zero, H(z) takes the form of a single unitary
matrix as required for the EVD of a conventional Hermitian matrix. Even if the degree N could
be established in advance there are a few problems with using the lattice filter of (3.19) to

construct a paraunitary matrix. These are demonstrated with the help of an example.

XJ(T)

x(1)

v
&

Co

A(2) Qo A(2) Qn

where ¢, = cosé,, s, =sinf, and 6, € k

Figure 3.7: A 2x2 paraunitary lattice filter consisting of NV paraunitary blocks.
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Example. Consider that the optimal paraunitary filter bank to be found is a simple one given by:

(3.22)

-16

cosd sind
H(z) :[ }

—sinf 77 7 cosd

which has degree and order 16. Suppose that the parameters are determined in a sequential

manner. Then the following problems may exist:-

e The construction of (3.22) would involve the parameterisation of a 16 stage lattice filter
requiring the estimation of 16 parameters (rotations). This is even though only a single
parameter is needed. The estimation of the other 15 rotation angles is likely to result in

the design of a suboptimal filter bank.

e The correct estimation of the final parameter could be very difficult since it is likely that
the effect of the first 15 rotations on the data is to increase the sample noise. This
problem would be exacerbated by the fact that it is impossible for later rotations to undo

the effects of preceding rotations.

In order to overcome these problems, the optimisation of the multivariable lattice filter would
need to be nonlinear, and therefore complex and computationally costly. If the rotation angles 6,
could be computed independently, then these problems would be alleviated. This kind of
approach is adopted by the SBR2 algorithm in constructing paraunitary matrices, as described in

section 5.

Regalia and Huang [56] have proposed an eigenstructure-based signal-adapted algorithm
for the fixed degree parameterisation of a two-channel lossless filter bank described by (3.19).
The difficult nonlinear optimisation is re-formulated using a state space approach that lends

itself to an iterative solution. The algorithm optimises the rotation matrices such that the energy

in the second output channel is minimised, i.e., the cost function used is E[y:f(l‘)]‘ This 1s

achieved by seeking to make E[yz2 (1)] the smallest eigenvalue of the covariance matrix. The

filter bank produced by this method is assured to be paraunitary by its very construction. An
inherent advantage of this technique over other eigenstructure techniques is that the cost
function is quadratic in the rotation angles, which makes for a computationally simpler
approach. The method avoids the problems of local minima associated with gradient descent
techniques. A crucial disadvantage of this technique is that it is limited to the design of two-

channel filter banks; an extension to the M > 2 case is not considered by the authors.
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3.4.2 Linear Programming and the Window Method

Linear Programming

Another approach to filter bank construction consists of designing signal-adapted filters using
energy compaction as the adaptation criterion [13,48]: for a given power spectrum, the
components of an orthonormal filter bank are designed so that the energy in the first channel is
maximised; the energy in each of the remaining channels is maximised successively. The energy
compaction problem is different to the coding gain problem for constrained-order filters; this is
explained in terms of the PCFB in section 3.2.3. In the case of FIR filters, there are spare

degrees-of-freedom after the first stage for maximising the energy in the rest of the channels.

In [48], Moulin er al propose the use of linear programming for the design of optimal
paraunitary filter banks. An overview of the algorithm is provided in the following. It is well

known that the polyphase analysis bank (Fig. 3.1(b)) can be factorised as [73]:

E(2) =UQ,(2)Q,(2)...Q (e C"¥(2) (3.23)
where N is the order and degree of E(z); U is a unitary matrix (possibly KLT or discrete cosine
transform (DCT)); Q,(z2)=1,, —q,q, +z'q,q, are similar in form to Houscholder matrices;
and q, are unit-norm real valued vectors with 1<n< N . The polyphase matrix is

parameterised by the rows, {q,} and {u,}, of Q,(z) and U, respectively. The variance of the

first subband signal ¢, is a linear function of the product filter coefficients g (2)

: 2 . )
of G](eJ"’):‘H](e””) . It is maximised subject to the constraints that G,(e’”) is Nyquist(M)

(trivially achieved) and that G, (e'”) >0 for all @ The latter is written as a linear inequality for
each @ in term of g,(z). Hence, the maximisation problem is a linear programming one with
finitely many variables and infinitely many inequality constraints, which yields a linear semi-
infinite problem. The second part of the method consists of performing an eigenvector

decomposition of the M xM correlation matrix for the signals transformed by

Q(z) ZZ”Q”(z). The optimal filters are spectral factors of the product filter. This method

produces filter banks that are paraunitary. The compaction gain achieved by its filters
asymptotes to the optimal one as N increases. An improvement to the method is proposed in

[32]. which involves windowing the linear programming solution.

Window Method

The window method, proposed by in [32], is based on a common practice in FIR filter design:

approximate an ideal filter response by windowing its impulse response. The basic idea behind
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the technique is to construct the product filter G,(e!”)=| H,(e!®) | by windowing a periodic
function. The periodic function is determined by applying the ideal compaction filter design
algorithm, as described in section 3.3.1, at P uniform DFT frequencies. Hence, there are a finite

number of comparisons to be made on a finite frequency grid.

In formulating the above idea, the impulse response of the product filter, g(z), is
g)y=a() fp(0), (3.24)

where @(1) 1s a window function of the same length as g(z) with a non-negative DFT and
fp(1) is a periodic sequence with period P=®M > 2N . Here, @ is the number of design
(comparison) frequencies and N is the order of g(z) (and hence the resulting compaction filter).
Spectral factorisation [30] is performed on g(1) to extract the filter h(z). Given a positive
semidefinite sample correlation sequence r(1), {te Z|0<1< N}, the expression in (3.24) is
implemented:

1. Compute the PSD of the input signal, R,(¢), i.e., the P-point DFT coefficients of

conjugate symmetric sequence 7(1) =@, (1)r(z).

2. Design an ideal compaction filter at each frequency {¢pe Z|0<@<®}. That is,

determine the index mqg for which R,(¢+my®) is maximum, and make the

assignments F,(¢+my®)=M and F,(k+m,P)=0,n=1,...M.
3. Compute f,(z): the inverse DFT (IDFT) of F, (k).
4. Determine the optimal window @(r) and form the product filter g(2) =@ (1) [ (1) .
5. Find (1) by spectrally factorising g(1).

The window method produces compaction filters that are Nyquist(M) as long as @ is a
multiple of M and greater than the filter order N. The suboptimality of its filters diminishes as N
increases. Note that an appropriate value of N must be chosen prior to using the above
algorithm. The window method is an offline technique and does not require optimisation tools
or iterative methods. The number of design frequencies to use depends on the autocorrelation

function of the input process, which in turn influences the choice N.

The two-channel orthonormal filter bank can be easily obtained from the compaction filter
designed by the window method; therefore, orthonormality is guaranteed by construction. The
originators of the window method recommend a possible strategy for the design of M-channel
orthonormal subband coders in [32]. There suggested scheme involves using the procedure

proposed in [48] to construct a multichannel filter bank; the compaction filter generated by the



3.4 Review of Suboptimal Filter Bank Design Algorithms 50

window method is used as the basis for the remaining filters of an M-channel orthonormal filter

bank. An evaluation of the M-channel strategy will not be presented in this thesis.
Example. Let the input, x(z), be an order Ng =5 autoregressive moving-average (or
ARMA(5)) process with a multiband spectrum, A(e!”), as shown by the dashed curve in Fig

3.8(a). The ARMAC(S) process was implemented using a Yule-Walker IIR filter with coefficients

B.(2) 06903-00160z "' —0.1453z7° +0.33027 "~ 05426z - 031417

= . 3.25
A (2) 06867-04363z7" +0125577° 031622 + 04688z —0.05167"° 22

We have chosen this PSD based on examples given in [32]. The design of the two-channel
analysis bank using the window method involved the following: The window method was
implemented directly from [32] and used to construct a compaction filter H,(z) for x(z). A
cepstral-FFT based spectral factorisation algorithm [30] was used to complete the compaction
filter construction. The filter designed in this way is both stable and causal [18,26], i.e. it is non-
minimum phase, as can be ascertained from the locations of the poles and zeros of H,(z)
shown in Fig. 3.9(a). The second filter, H,(z), is simply determined from the first by time-
reversing the impulse response of £,(z) and alternately changing the sign of the time-reversed

filter coefficients — see (3.18).

For x(z) and N =65, the 2 analysis filters produced using the window method have the

frequency responses shown in Fig. 3.8(a). The compaction gain (obtained from the true statistics

of the signal) for this filter indicated in the paper was G, =1.86 and that obtained from our

comp
experiment is 1.84. The disparity between the results is likely to be due to two minor differences
between the experiments; viz., the type of spectral factorisation algorithm used and the input
signal. These results helped in validating our implementation of the window method: results
obtained are very similar to those in [32].

The window method has designed a multiband compaction filter with passbands that
coincide with dominant signal frequency components, as is clear from Fig. 3.8(a). This is
indicative of a high compaction gain since the filter is accepting most of the signal energy (into
the first channel). In Fig. 3.8(b), we show the true PSD of the subband channels, A (e'”). It is

obvious from this graph that the window method has performed spectral majorisation.
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Figure 3.8: (a) PSD of an ARMA(5) process and the magnitude-frequency response of the

filters designed using the window method for N = 65 [32]. (b) PSD of the input and subband

channels.
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Figure 3.9: Analysis of the FIR filter designed by the window method for N =65 : poles and

zeros of (a) H,(z) and (b) H,(2).

3.4.3 Comparison of Suboptimal Design Algorithms

We have seen that the linear programming, eigenstructure, and gradient descent based
algorithms adapt to each input signal sample, i.e. they are on-line techniques. By contrast, the
window method is a non-adaptive technique, so it uses all the samples in a data set to compute
its filters instead of adapting to each data sample. Both the adaptive and non-adaptive methods
can produce filters that achieve near optimal compaction gains; it follows that the filter banks

obtained can perform strong decorrelation and spectral majorisation. The main advantage of
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adaptive algorithms is that they can usually yield high coding gains with very short filters.
Therefore, the resources required in storing or conveying the filter impulse responses would be
comparatively low. However, it is often the case that the coding gains attained by the window
method are better than those attained by adaptive algorithms for longer filters. Also, a drawback
of the adaptive algorithms is that they are highly complex and computationally expensive as a
consequence of their adaptive nature. The complexity of the window method is greatly
simplified because it involves the mere comparison of some frequency bins and windowing, and
essentially solves a deterministic problem. This makes it much more computationally efficient
than the adaptive algorithms. For the reasons just cited we have chosen the performance and
efficiency of the window method as benchmarks in assessing the subband coder design method

proposed in chapter 6.

There is a level of a priori knowledge required for successful application of the subband
coder design methods discussed in this section. The input is assumed to originate from a WSS
process [74]. In the case of a WSS input process, the special form of the polynomial covariance

matrix of the subband signals is exploited by these methods, as will be discussed in section 6.2.

3.5 Concluding Remarks

In this chapter, we have presented a study of filter bank theory and a survey of practical
methods for the design of filter banks. The solution to the energy compaction problem is the
same as that of the coding gain problem when ideal filters are used: the PCFB designs an
optimal orthonormal subband coder which minimises the reconstruction error and whose first
filter provides optimal energy compaction. However, the PCFB is only guaranteed to exist for

certain classes of filter bank; it has been shown not to exist, in generally, for FIR filters.

We have described various suboptimal approaches for the design of (practical) FIR
paraunitary filter banks and made performance comparisons based on the literature. The
suboptimality of these techniques does not seem to be significant for practical signals. This
review has revealed that the window method has certain salient advantages over the other state-
of-the-art algorithms. Most importantly, it can construct near-optimal compaction filters at low
computational cost. The window method is therefore a good technique to use as a benchmark in

evaluating an algorithm for the design of subband coders, introduced later in this thesis.



4 Polynomial Matrix Eigenvalue

Decompositions

In this chapter, we extend some of the most important matrix computations required for
subspace estimation, which were introduced in chapter 2, from conventional matrices to the
relatively unexplored domain of polynomial matrices. The properties of the resultant
decomposition of polynomial matrices are observed to be those that are satisfied by PCFBs
discussed in chapter 3. To begin with, the problem of diagonalising a polynomial matrix is
formulated in section 4.1. This makes apparent the requirements of a polynomial matrix
decomposition and serves to demonstrate the fundamental limitations of the EVD/SVD for the
problem. Generalisations of the EVD and SVD for scalar matrices to parahermitian polynomial
matrices are defined and their limitations are discussed in section 4.2. We show that a
polynomial matrix EVD (PEVD) satisfies properties that are generalisations of those satisfied
by the EVD, particularly energy preservation, energy compaction, strong decorrelation and
spectral majorisation. These generalised properties are satisfied by optimal orthonormal filter
banks for subbands in section 3.2. Two natural performance measures are introduced that
quantify the diagonalisation performance and broadband subspace decomposition accuracy of a
PEVD technique. Energy compaction and data encoding are recognised as possible tasks for an
algorithm that computes a PEVD. In section 4.3, a brief review of existing algorithms for
broadband signal subspace estimation is given along with some assessment of their
performances. A family of frequency-domain approaches to PEVD, known as the bandwise
algorithm, is introduced and evaluated in section 4.4. They rely on well-known methods for
classical spectral estimation and contribute to the novel work in this thesis. The performances of

these methods are assessed.

4.1 Motivation

Recall from section 2.2 that for a set of correlated narrowband signals it is possible to use the
SVD or EVD to find a unitary matrix that diagonalises the (Hermitian) covariance matrix of the
signals. These decompositions also order the eigenvalues of the Hermitian matrix in terms of
their power. This gives a good estimate of the signal and noise subspaces and is a way of
solving many problems, including signal detection, noise reduction, signal separation and data

compression [22,72]. In sensor array signal processing, the signal subspace usually represents
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the signals of interest. For data compression applications, the signal subspace contains the bulk

of the information in the data whilst the noise subspace represents redundancy and noise.

In recent years the need for techniques that can perform subspace decomposition for
broadband signals and convolutively mixed signals has grown [9,11,17,27,37,44,49,
52,57,79,81,84]. Instantaneous decorrelation is not sufficient for accurate signal subspace
estimation of these types of signals. This is because the signals are correlated not just at a single
relative time-lag, but usually at many time-lags. Therefore, decorrelation at all relative time-lags
is required, i.e. we need to perform strong decorrelation. In addition, we require that the set of
transformed signals have the spectral majorisation property. These properties were discussed in
the context of filter bank design for subband coding in section 3.2, but, as will be shown in this

chapter, they can be imposed on arbitrary signals as well.

In terms of matrices, the entries of the corresponding covariance matrix for the correlated
signals are not scalars, but polynomials. We require a transformation (filter bank) for
polynomial matrices that satisfies properties that are generalisations of those satisfied by the
EVD: the diagonalisation of the parahermitian matrix; the fixed ordering of its diagonals
(polynomial eigenvalues) in terms of decreasing norm; and conservation of the total energy of
the signals, i1.e. paraunitarity. In this chapter, we show that strongly decorrelating a set of input
sequences is equivalent to diagonalising the corresponding polynomial covariance matrix. The
satisfaction of this property and spectral majorisation by the outputs from a multichannel filter

bank would allow for accurate estimation of the broadband signal and noise subspaces.

It is worth noting that the paraunitary filter bank design methods introduced in this
chapter are intended for application to arbitrary multichannel data. By contrast, the filter bank
design algorithms for subband coding presented in section 3.4 are based around the assumption
that the input signal 1s WSS. This is a fundamental difference between the subband coder design

methods and the techniques presented in this chapter.

4.1.1 Convolutive Mixing Problem

Consider the linear convolutive mixing exemplar in Fig. 4.1. This type of mixing is encountered
in numerous signal processing applications. For illustrative purposes, we shall consider this
problem in the context of sensor array signal processing. The diagram shown depicts a model

for the propagation of K source signals, w, (1), emitted from separate transmit antennas and
received by an antenna array of M sensors. The received (sensor) signals, x,(r), are then

processed, which usually involves beamforming: for background on sensor arrays and
beamforming, refer to [23]. If the sensor signals are narrowband, then the relative delay between

different propagation paths can be represented in terms of different instantaneous phase and
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amplitude factors imposed at the sensor elements. Under these circumstances, the propagation
of the sources to sensors may be represented as a scalar (mixing) matrix (i.e. the instantaneous
mixture model given by (2.6)). However, the instantaneous mixture model is not, in general, a
sufficient model for the case of broadband source signals or for the situation where narrowband
signals have been convolutively mixed (as shown in the figure). Instead, the mixing must be

represented as a linear superposition of delayed samples of the signals emitted by each source.

Input ~ . Output
Sources Convolutive Fi(2) B(z) P2 Sienals
Mixing /P ' vee
\ X Yz
Wi(2) o  G1(2) LN » 1(z) » - 1(2)
. PEVD Y3(2)
Gz X2(2) —
Wi(z) 12(2) > H(z)
@ @ ® ® ® o
@ ® @ ® ® ®
@ ® ® @ e ®
Wi(z) o Gik(2) an Xuu(2)_ Yisl2)
' H L/ —

Figure 4.1: Block diagram illustration of the linear convolutive mixing problem followed by
second-order blind signal separation: the source signals are mixed to produce data which is then

transformed into decorrelated outputs.

The input to output channels of the mixing process are described by different unknown

FIR filters g, (1) (k=12,..,K; m=12,...,M) that model the effects of multipath
propagation and dispersion: commonly referred to as convolutive mixing. The mixing matrix is
thus a M x K matrix of FIR filters, not a scalar matrix. Suppose the K source signals w; (¢) are
statistically independent and identically distributed (i.i.d.) with zero mean and unit variance and

let M > K .The m™ received signal at time 7 is:
Ky = k=1 Emx * Wi A + w;zu ’ (4 l)

The sequences y,, () represent the system noise on the m™ receive channel (e.g. the thermal
noise due to the antenna array and electronics), the samples of which are drawn from an

. . . . . . 2
independent white Gaussian noise process with variance o,. We can express the

sequences w, (1), i, (1) and x, (r) as algebraic power series, respectively:
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W (D) =..w (7 +..+w () +w, (Dz

Y ()=, (D7 +.. 4w, O+, (D" +.. +w, (N7 ... and

m

X, (2)=..x,(-07 +..4x,0)+x Dz +...+x (Hz"....

11 it i

The function g,,(#) can be written as a Laurent polynomial in the indeterminate variable [
Gmk(z):gmk(—f)z"+...+gmk(0)+gmk(])z7' +...4+g,.(0z". The convolution in (4.1) is expressed as
the product X, (z)=G,,(z)W,(z) — see section 2.3.1. The mixing problem can now be

expressed in the form:

X (2) (G”(z) Gh(z) - Gy W(D) [ ¥ (2)
Xzz(Z) _| GZ[.(Z) Gzz'(Z) GZK: (2) Wz:(Z) i 5”2_(3) 4.2)
Xy (2) Gyi(2) Gya(2) - Gy (2) \ W (Z)) Yy (2)
This expression may be more compactly written using polynomial matrix notation:
X(2)=GW()+¥(2)e C(), (4.3)

where G(z) is a M xK polynomial matrix that represents the convolutive mixing process
and W(z), W(z) and X(z) are vectors of algebraic power series representing the sources,

noise and received signals, respectively.

Note that if we had knowledge of the mixing G(z) and o‘yz, was very small, it would be

possible to get a (least-squares) solution to this problem by applying the pseudo-inverse of

G(z) to X(z) [20], in other words

W(2) = (GG GX () =T(2)X(2) . (4.4)

where I'(z) is sometimes called the unmixing matrix'. This is provided M 2K (ie., G(z) 1s a
fully-determined or overdetermined system) and the rank of G(z) is equal to K. In general,
since G(z) is a matrix of FIR filters, its inverse involves IIR filters. In ‘real-life’ applications a

priori knowledge of the mixing is usually not available. Instead, multichannel BSS (blind
deconvolution) techniques are applied that attempt to extract the source signals by estimating
the unmixing matrix [14,40,80,89]. However, finding such an unmixing matrix (i.e. extraction

of the sources) is not our interest here.

" In the communications context, I'(z) defines the zero-forcing equaliser which can separate the input

signals and mitigate (equalise) the IS [80].
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4.1.2 Polynomial Covariance Matrix

Since the source signals are statistically independent they are strongly decorrelated, i.e
E[wk (l‘)w;,(t—z‘)] =0, for m#k and 7e Z. Let the vector, w(t)e C*, represent terms from
the K source signals at time ¢. The matrix a, (7)€ C*N() is a space-time covariance matrix

for the vector of sources and takes the diagonal form

a, (1) O
a (1) = Ew(w! (1 1)) = nl®) L rez (4.5)

0 App (T)

where a,, (7) denotes the true autocorrelation sequence of the k™ source. This matrix describes

both spatial and temporal relationships between signals. Tt follows that the z-transform

of a, (7), which is called a polynomial covariance matrix, is also diagonal, in other words
s
AL (D)= Zaww ()7 " = diag[AJ 1(2), A (D) Ay (Z)] (), (4.6)

@

7, - .
where Ak,\,(z)zzrjrakk(f)z T, T,ez, T,20. It is assumed that a, (7)=0, V|7>T,,

i.e. a,(7) has finite support. Evaluation of A, (z) on the unit circle (i.e. for z=¢')

(e'”ye C** of the form of (3.10), which is also diagonal.

Wi’

produces the true PSD matrix, A
The diagonal entries, A, (e!”), of A (¢!”) are the true power spectrum of w (1), i.e. the

Fourier transform of a,, (7).

As a result of the mixing process in (4.1), the received signals x, (¢) will generally be

correlated, 1.e.
a,, (1) = Elx, (0x: (1=1)] #0, fork #m, (4.7)
where a,, (7) is an individual entry of the true space-time covariance matrix:
a(n=Ex(x" (-], ez (4.8)

for the signals X (z). It follows that a(z) will generally not be diagonal for V7. The true

polynomial covariance matrix is given by

A(2)= Za(m e C"(z), (4.9)

=-T,
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where 7 €, T. 20 and a(r) =0, VM >T, . The matrix A(z) has the non-diagonal form:

A]](Z) A[z(z) AIM (2)
~ N A, (z A, e Ay, (2

A(2)=G(DA,, ()G + IO’,; = ‘]:(Z) “:(Z) . M (2) (4.10)
Ay () Ays(2) 0 Ay (2

The individual entries of this polynomial matrix, A, (z)|k # m, correspond to the cross-
correlation between the k™ and m™ channels. It follows directly that the PSD matrix A(e'®)

will also not be diagonal.

By virtue of its construction, A(z) is parahermitian, i.e. A(z)=/§(z) or
[a(f)]km =a,,(7T) :a;k (-1)= [a(~f)]:,k, k,me{l1,2,..M} (see section 2.3.2). Furthermore, it is
assumed A(z) is positive semidefinite: we shall say a parahermitian matrix is positive

semidefinite if for all P(z), the parahermitian form
A(2) = P(2)A(2)P(z) has a(0)=0. (4.11)
where a(0) is the zero-lag coefficient in the sequence a(7). This definition is a generalisation

of that for scalar matrices in [21].

Since the EVD can only measure and remove instantaneous correlations, it cannot

sufficiently diagonalise the matrix A(z) . Our goal is to find a matrix decomposition of A(z)

that satisfies properties that are generalisations of those satisfied by the EVD given in section

2.2. That is, we require an energy preserving transformation that diagonalises A(z) and

imposes a frequency-independent ordering regime on the diagonals of the resultant PSD matrix.
Amongst other advantages (e.g. general rank determination), this type of transformation would

allow for the estimation of the broadband signal and noise subspaces.

4.2 Extension of the EVD and SVD to Polynomial Matrices

4.2.1 Polynomial EVD

Consider the parahermitian matrix A(z) in (4.10). We desire a transformation H(z) such that
C(z)=H(z)A()H(2) (4.12)

is a diagonal polynomial matrix, i.e.
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) 0

Clz)= Cnl@ , (4.13)

Ci(

2N

l\ O Com (2)

and the diagonal entries of the corresponding PSD matrix, C(e’®), are ordered (without loss of

generality) in the manner
Co ()2 C i (@), k=12,...M —land V. (4.14)

Equation (4.14) is the spectral majorisation property given in (3.11) but for arbitrary

multichannel data. In addition, we demand that the matrix H(z) is constrained to be

paraunitary, i.e. H(z)H(z) = H(z)H(z) = I. This ensures that the total energy, as constituted by
the matrix A(z), is invariant to the application of the transformation. Note that in the

degenerate case of order zero, this reduces to the definition of a conventional unitary matrix. We

also require that the polynomial entries of H(z) have finite order, so that H(z) represents a
matrix of FIR filters. Hence, the FIR paraunitary transformation H(z) is linear, convolutive and

lossless (i.e. it is stable and causal with an all-pass frequency response).

The decomposition in (4.12) is not known to exist in general. In this thesis, we shall
assume that an approximation to the decomposition exists. The challenge then is to compute a

paraunitary matrix H(z) such that the polynomial matrix C(z) is as close to diagonal as

possible. In general, it will not be possible to achieve exact diagonalisation since the paraunitary

matrix H(z) represents an array of FIR filters; one cannot expect the filters to reverse the

(second-order) transformations imposed by a mixing matrix of FIR filters. However, if the order

of the entries of H(z) is sufficiently large, the diagonalisation can be achieved to a very good

approximation.

The polynomial matrix decomposition of (4.12) may be looked upon as an extension of
the conventional EVD to polynomial (space-time) covariance matrices, i.e. it is a polynomial

matrix EVD (PEVD). Recall that the conventional EVD takes a Hermitian matrix, A, and finds a

unitary matrix, U, such that D=UAU" is a diagonal matrix with the eigenvalues of A on its
diagonal. The eigenvalues are usually ordered with the most dominant located in the first (top)

row. In the same way, the diagonals C(z) obtained by performing a PEVD may be regarded as

eigenvalues that are functions of the indeterminate z, that is, they are polynomial eigenvalues.
Correspondingly, the rows of H(z) may be seen as the polynomial eigenvectors of A(z) which

S

form an orthonormal set [64,65]. In other words, at each frequency w, H(e cMM

)e 1s
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comprised of the eigenvectors of the Hermitian matrix A(e'®). It is easy to see the connection
between C,, (z) and the scalar eigenvalues ¢, found by the EVD if we made the components
of (4.12) scalar matrices; the expression would simply be that for the EVD.

A general polynomial matrix is not necessarily paraunitary, and therefore it is vital to
ensure that the diagonalisation is carried out over the restricted subspace of paraunitary
matrices. Methods of generating FIR paraunitary matrices have been discussed in the context of
subband coding in chapter 3. Later in this chapter (sections 4.3 to 5), we explore techniques for
constructing FIR paraunitary matrices for arbitrary multichannel data with the aim of

performing broadband subspace decomposition.

Sample Polynomial Covariances

In practice, the design of a paraunitary matrix is usually based on an estimate of the true
polynomial covariance matrix A(z). This is because we often do not have explicit knowledge
of A(z). The received data vector x(r) in equation (4.3) is used to generate the sample

polynomial covarance matrix, which is typically of the form:

]
R(z)= > r(n)z™", (4.15)
T=if)
where
] 7-1
r(7) :?Zx(r)xH (t-17), (4.16)
#=2()

T is the number of data samples used to obtain the estimate and 7, 20. Individual entries of

r(7) are denoted as
r()],, =1, (7). (4.17)

It 1s assumed that r(7) =0 for \T‘ >, and that that 7 >>,. In practice, the value of 1, is often

measured experimentally. It follows that 7, (7) =1, (—=7), and so the polynomial matrix R(z)

is parahermitian by construction.
Given the data x(r) or R(z), a PEVD algorithm can then be used to construct a
paraunitary matrix H(z) such that

S(z)=H(2)R(2)H(z), (4.18)

where S(z) is approximately diagonal; more specifically,
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S(z) = diag[S,,(2). S5, (2)s...S s ()], (4.19)

and the diagonals S, (z) are ordered, without loss of generality, according to (4.14); i.e.
Su (@28, (€'”), k=12,..M—land Vo. (4.20)

The transformed matrix S(z) is a consistent estimate of (4.13).

4.2.2 Polynomial SVD

The matrix H(z) is also a space-time analogue of the unitary matrix found by the SVD, and so
may be applied to a more general polynomial matrix. We know that, conventionally, the EVD
can be used to find the SVD of a scalar matrix. This can be extended to polynomial matrices as

follows. Let X(z)e C"™¥(z). A PEVD will find a paraunitary matrix U(z) such that the

parahermitian matrix A(z) = X()X(z2) is diagonal, i.e.
D(z) = U(2)A(2)U(2), (4.21)

where D(z) =diag{D, (2),D,(2),...D,,, (z)} and Dy, (') > D(k»+l)(k+l)(€jw)’ V. We may
apply U(z) directly to X(z) and obtain the equality U(z)X(z) = V(z). It is clear from this that
V(z)V(z) =D(z) so the rows of V(z) are orthogonal. It follows that the identity

D(2) = U()X(2)V(2) (4.22)
is an effective generalisation of the SVD to polynomial matrices, namely a space-time or
polynomial matrix SVD (PSVD). The diagonals D,, (z) obtained with a PSVD may be viewed

as the polynomial singular values; U(z) and V(z) are the left- and right-hand polynomial

singular vectors, respectively.

4.2.3 Properties of a PEVD/PSVD

It is possible to generalise the requirements from properties of matrices of polynomials to
properties of signals. This helps to highlight the connection of the paraunitary matrix found by a
PEVD or PSVD to signal processing applications; particularly, broadband sensor array
processing and subband coding.

Strong Decorrelation. The paraunitary polynomial matrix H(z) , as defined in (4.12), may be

applied to the received multichannel data X (z) (Fig. 4.1) to produce the transformed sequences

Y (z) according to
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}/YI(Z?\ (H]I(Z) le(z) lef(?)‘\‘: X, (2))
YZ:(ZJ _ Hzt(z) ngz(z) Hg,»f(z) Xz:(Z) 4.23)
Yy (2) LHM](Z) Hy,(z) - Hyy(2) XM'(Z)
or more compactly
Y(z)=H(2)X(2), (4.24)

where, as before, X(z) and Y(z) denote algebraic power series. Now we can make the

following assertion.

Theorem. 4.1. If the condition of equation (4.13) is satisfied, then the paraunitary matrix H(z)

can be applied 10 X (z) to produce transformed signals that satisfy the strong decorrelation
property.
Proof. By analogy with (4.9), the polynomial covariance matrix of the transformed signals is:

C.(0)= Z E[y(t)y“ (1— T)] 77 =H(z)A(z)H(2). (4.25)

where y(r) relates to the series Y(z). From (4.13) and (4.25) it is easy to see that the output

signals Y(z) have been spatially whitened or strongly decorrelated” since

H(:)A(z)H(2) = C(2). (4.26)
Q.ED.

This proof naturally carries over to the case of sample statistics and the lossless filter bank
H(z) in (4.18) for the sample polynomial matrix R(z) defined in (4.15). Hence, an

approximation to € (z) is given by
S(z)=H(z)R(2)H(z) . (4.27)
It follows that

S(z) =diag[S,,(2),5,(2),... Sy (D] =€ (2). (4.28)

where

> In the context of decorrelating multichannel broadband data, a practical PEVD (or PSVD) may be
regarded as a second-order BSS (i.e. the first step in BSS) technique. The paraunitary matrix H(z)
generated is an estimate of the second-order unmixing matrix. It is ‘second-order’ in the sense that

second-order statistical dependencies between the signals are being minimised.
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S (= Cu (=Y By iy -] 7 k=121 (4.29)

Spectral Majorisation. The ordering imposed on the diagonals in (4.14) and (4.20) amounts to
ordering the signals y(¢) such that the variance of y,(r) is greater than the variance of y»(7) at
every frequency @, and the variance of y,(¢) is greater than that of y,(¢) at every @, and so on.
That is, the signals y(7) satisfy spectral majorisation. Recalling the discussions in section 4.2.1,
we can say that spectral majorisation is a generalisation of the eigenvalue ordering performed by
the EVD to polynomial eigenvalues.

Theorem 4.2. [f the conditions of equations (4.13) and (4.14) are satisfied, then the set of power

spectra {C,, (e3”)} is unique.

Proof. This may be shown by simple generalisation of the proof in [74]. The fact that H(e'?y is

unitary for each fixed @implies that that the power spectra C,, (e’?) are eigenvalues of Ae')
for each @. Suppose the majorisation property is satisfied. Then at each and every frequency @
the eigenvalues are ordered as a sequence of decreasing magnitudes. Since the set of
eigenvalues is unique, each diagonal entry in (4.13) is uniquely determined for each @. Thus,
the set of power spectra, which has the majorisation property, is unique’. Q.E.D.
It 1s easy to see from (4.29) that this proof also shows that the set of sample power spectra
[S,,(e’”)) are unique.

Energy Compaction. It is obvious from (4.14) that the transformed signals are also ordered in

terms of their total spectral energy, i.e.

r _—! 2 ) .
Epk(z)mzEUy(M(M, (1) ] k=12,...M —1, (4.30)

which is a weaker condition than spectral majorisation.

Energy Conservation. Since the PSD matrix transforms according to (4.12) and H(z) is
paraunitary, it can be shown that

M

> Y Bl () (-0 7 = trace(A(2)) = trace (H()A () H(2))
k=l oo
¥ : (431)
= trace{C(Z)} = Z ZE[J\;A(r)y‘ ([_T)]Zfr
k=] Tmeoo

* 1t should be noted that H(z) may not be unique since the matrix of eigenvectors H(e'*) may not be

unique.
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and so the combined signal power is preserved. Without this property, the power of the output
signals would have no physical significance. Setting z=e'” in (4.31) leads to the much

stronger result that

2

Vao. (4.32)

£}

M , M
Srenf =S
k=l [

In other words, the total power of the input signals is preserved at every frequency under the
transformation. The transformation can redistribute energy between the signals; however, it
cannot amplify or attenuate energy. Without this (energy preservation) property the output

signals would have no physical significance.

Permutation Indeterminacy
A paraunitary H(z) that is found to diagonalise a parahermitian matrix is not unique. The lack
of uniqueness is easiest explained in the Fourier domain. The filter bank H(z) is a unitary

matrix that diagonalises the Hermitian matrix at each frequency. This means that the order in
which the results in each frequency bin occur may differ to those in other bins. It is crucial to
remove this ambiguity if, say the desire is to perform signal separation (which would require a

second stage for minimisation of higher-order statistics).
A paraunitary permutation matrix can be cascaded with H(z) independently at each
frequency in order to correct for any permutation. The filter bank H(z) retains the same

property, since the permutation matrix is paraunitary. As specified by (4.13) and (4.14), our

interest is to investigate the more restrictive case where H(z) not only strongly decorrelates the

input signals but also spectrally majorises them. This removes the freedom to arbitrarily

permute the channels at each frequency. Such a matrix is unique, up to the application of an all-
-7

pass matrix, such as diag[l,...,l,4 ] )

Broadband Subspace Decomposition

It may not be immediately clear to the reader as to the physical meaning of broadband subspace
decomposition. A possible explanation is given here by generalising narrowband subspace
decomposition to broadband signals. Consider again the convolutive mixing scenario in Fig.
4.1. Assume that there are a large number of samples in the received data, the SNR of the
signals is sufficiently high and the rank of G(z) is equal to the number of source signals. Now
suppose a paraunitary matrix H(z) is computed that when applied to a set of correlated signals

produces signals Y(z) that satisfy strong decorrelation. Further suppose that spectral

majorisation holds for the corresponding set of spectra. This means that for each @, the
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variances of the strongly decorrelated signals are ordered in a decreasing fashion. The first p
polynomial eigenvalues will represent most of the output signal power, and the rows of Y (z)

corresponding to the first p diagonals constitute the broadband signal subspace. The other

M — p rows correspond to the broadband noise subspace, which may therefore be identified

and separated.

At each @, H(¢'”) is a unitary matrix that diagonalises the Hermitian matrix INGGR

The matrix H(e'”) is partitioned into a (narrowband) signal subspace, H(¢')"’, and noise

subspace, H(e'®)"™, for all @. Since H(z) is paraunitary the distribution of energy between the
resulting broadband signal subspace and noise subspaces is guaranteed to have proper physical
significance. Note that if the signals transformed by the paraunitary matrix satisfy strong
decorrelation and spectral majorisation then an estimate of the broadband signal and noise

subspaces may be obtained.

There are other possible requirements of a PEVD that also correspond to properties of the
EVD/SVD for narrowband sources. In particular, a technique that computes a PEVD can also be

used to achieve efficient coding of data. This is the topic of discussion in chapter 6.

4.2.4 Performance Measures

Diagonalisation Performance Measure

In order to assess the performance of algorithms that compute the PEVD, a measure based on
the true statistics of the input signals is introduced. This measure is defined in terms of the

parahermitian matrix C(z) in (4.12):

M

Z Z’Cw

skem=l o where C(z)=H(z2)A()H(z). (4.33)

M M

ZZZ‘C’W’Z"

m=l k=1 r

2

2

The numerator represents the sum of the squares of the moduli of the off-diagonal terms of
C(z) at all time delays. The denominator is the sum of the squares of all the matrix terms at all
time delays, which is conserved. The A measure indicates how well a PEVD/PSVD algorithm
would diagonalise a matrix (or strongly decorrelate the input signals). That is, it gauges the

amount of energy leakage there is from the diagonals to off-diagonals of the output polynomial
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covariance matrix'. This measure is always non-negative and takes values between 0 and 1. The
closer it is to zero, the more successfully the algorithm is in performing polynomial matrix
diagonalisation. The condition A =0 means perfect diagonalisation of the matrix has been
attained.

Suppose that W(z) represents K real, discrete-time, stochastic, i.i.d. sources which are
convolutively mixed as in Fig. 4.1. In this case, the quantities c¢,,,, may be computed as follows.
These sources are mixed using a polynomial-mixing matrix G(z) and then transformed by a

paraunitary matrix, H(z). Let A (z) be the polynomial covariance matrix for the sources

W(z) . The (parahermitian) covariance matrix, A(z), for the mixed signals is:

A =E[GA,, (2G(2)] =G()E ), (434)

since A (z)=1.Similarly, C(z) is the mixed-decorrelated signal covariance matrix:

Wh

C(2) = EH()A(0H(2)] = HG(E (). (4.35)

Hence, the expectation of A for a particular H(z) may be determined directly if we have

knowledge of G(z).

Subspace Decomposition Performance Measure

The subspace estimation accuracy of a PEVD/PSVD algorithm for broadband signals may be
quantified. Consider again the parahermitian matrix C(z) for the transformed broadband
signals Y (z) in (4.24) and the convolutive mixing model illustrated in Fig. 4.1. We define a

measure based on the projection of the source signals onto the estimate of the signal-plus-noise

and noise subspaces obtained by a PEVD/PSVD. It is given by

M
Ciko

Y, '
}/:—}/] :7/‘_](1\ 1 . (436)
' chk()
=

where, as before, K is the number of source signals, M is the number of received signals and ¢
is the zero-lag term of the autocovariance (i.e. the variance) of the k™ transformed signal.
Heuristically, the quantity y, is a measure of the accuracy of the signal-plus-noise subspace

estimated by the PEVD/PSVD. More formally, it is equivalent to taking the sum of the resultant

* It can also be viewed as a measure of how well the algorithm, as an initial step of BSS, could be

expected to estimate the second-order mixing matrix up to permutation and scaling effects.
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powers from projecting the original signals onto the PEVD/PSVD estimate of the signal-plus-
noise subspace. The quantity y, indicates the accuracy of the noise subspace estimated by the

PEVD/PSVD; it is equivalent to the sum of the resultant powers from projecting the original
signals onto the noise subspace estimated by the PEVD/PSVD. A small value of y indicates

good subspace estimation. Perfect subspace estimation is achieved when ¥ =0, which is not
possible in practice.

The ymeasure is dependent on the SNR of the inputs X (z), which is given by

tl‘aCG[G(Z)é(Z)]

SNR, = Py _ trace[R(z)]

£, o‘f,trace[[] - o‘yz, trace[l]

0
£

& (4.37)

The notation A(z)

_¢ 1s used to mean that A(z) is only evaluated for the zero lag term. A small
value of ycan be achieved with a large value of SNR, . In the case where the thermal noise

power of the receive antenna is relatively large, yis large.

4.3 Review of Algorithms for Obtaining a PEVD/PSVD

4.3.1 Lattice Parameterisation

A paraunitary matrix can be obtained by the parameterisation of Vaidyanathan’s lattice structure
presented in section 3.4.1. As demonstrated there, the parameterisation of this type of lattice can
be computationally costly and complex optimisation is often required. Regalia and Loubaton
[57] propose a filter bank design algorithm based on this premise for rational signal subspace
analysis. It uses an eigenstructure based adaptive algorithm for the optimisation of multiple
parameters. The algorithm constructs the paraunitary matrix (adapts the lattice parameters)
according to the received signal samples iteratively (i.e., it is a signal-adapted or online
technique). This technique can avoid converging to local minima, which is an advantage over
gradient-based algorithms. However, the optimisation of the multivariable lattice filter is
nonlinear (the update equations resemble those of standard gradient descent methods) and

computationally complex.

4.3.2 Frequency-Domain Techniques

The strong decorrelation of signals may be performed in the frequency-domain. A rather simple
but “naive” approach would be to take the DFT over the entire data length and apply the

SVD/EVD to decorrelate the signals at each discrete frequency independently of other
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frequencies. This reduces the broadband problem to narrowband form. The crucial problem with
this 1s that there are many quantities (unitary matrices) to estimate with insufficient data samples
(one sample per bin) to use in obtaining a reliable estimate. An extension of this approach is to
split the input spectra into frequency bands (subbands) and apply a different (decorrelating)
unitary matrix to the signals at each subband. The principle is the same as that behind the
independent frequency band (IFB) method used in space-time adaptive processing [11,36].

There are two major drawbacks with an IFB type approach and thus the subband approach:

I. The phase (temporal) coherence (discontinuity) of the source signals may become
corrupted because in each subband the SVD will order the output signal powers in order
of decreasing energy irrespective of the ordering in neighbouring subbands. In other
words, a unitary matrix applied to a subband is independent of that applied to any other
subband; therefore, the signals in each subband will undergo a different phase change to
those in any other subband. For this reason, an IFB-based approach would generally not
be suitable for some applications where minimal signal corruption is necessary; €.g.,
signal separation of audio, in speech recognition, for example, and medical signals, e.g.

electrocardiographic (ECG) and electroencephalographic (EEG) data.

2. Since a unitary matrix is computed independently for each subband, the algorithm will
disregard correlations that may exist between the subbands, which may be important.
The extent to which decorrelation is performed is restricted because these (usually
relatively small) correlations are not minimised. This would be disadvantageous in
applications such as subband coding, where the algorithm generally could not be

expected to produce optimal filter banks (in the sense of the coding gain).

An alternative frequency-domain approach, namely the multipath-enabled SVD, is
proposed by Lambert et al [37] for signal subspace estimation of multipath (broadband) signals.
He represents the convolutive mixing problem in terms of DFT filter matrices as well as
polynomial matrices. An extension of the SVD to polynomial matrices is obtained by
generalising some conventional linear algebra and control theory methods from the complex
number field to the field of rational functions. The technique initially applies of a rectangular
window function to all the entries of the space-time sample covariance matrix of the input
signals. The length of this window is ideally made equal to the length of the true autocovariance
function of the signals. The windowing removes any noise related cross-covariance terms, thus
improving the algorithms estimate of the signal statistics. The technique then diagonalises the
covariance matrix at each and every frequency using an extension of the QR-algorithm: a
Householder transformation is applied to the (instantaneous) covariance matrix at each and
every frequency; an ordering of the polynomial singular values (or equivalently, the diagonals

of the covariance matrix) is performed according to total energy. The algorithm involves the
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approximate inversion of FIR filters, and is therefore quite distinct from the algorithms
developed in this thesis. An evaluation of this algorithm is given in section 4.5, where we also

compare its performances to that of three subband approaches that are proposed in this thesis.

Hung and Kaveh [27] propose the use of focusing matrices that align (linearly transform)
the signal subspaces of the narrowband components within the bandwidth of the signal, which is
called focusing. The method of focusing takes the correlation matrices at different frequency
bins and combines them to form a general correlation matrix that is a sufficient statistic for the
spatial observation vectors. This matrix may then be used as the data matrix that is processed by
the conventional MUSIC algorithm. With regards to the single channel case the DFT of the
signal would need to be taken and split into sub-frequencies (bins). Each frequency bin would
then have a different signal subspace that would be transformed by the corresponding focusing
matrix to a subspace representing the baseband signal. This algorithm requires an initial
estimate of the spatial characteristics of the impinging signals and the array in order to work.
Coherent subspace estimation algorithms, such as this one, are known to generate erroneous
subspaces due to the focusing process, which is exacerbated when using poor initial estimates.
For this reason, these techniques cannot be considered as prior-art algorithms for computing a

PEVD, and therefore will not be investigated further.

4.4 Bandwise Algorithm

In order to gather a better understanding of the time-domain SBR2 algorithm, which will be
described later in section 5, we introduce and develop a family of frequency-domain subband
approaches to computing (estimating) a PEVD in this thesis. These techniques are based on

methods that are typically applied to problems related to classical spectral estimation [28,50].

4.4.1 Derivation of the Regular Bandwise Algorithm

Suppose there are M data sequences of length 7 samples. The first stage of the bandwise
algorithm is to divide the sequences into non-overlapping equal length segments (blocks), as

depicted in Fig. 4.2. Then, the DFT of the blocks of data is computed. Let 7, be the number of

samples in a block so that there are B=7/7, (for 7, <T ) blocks per channel k. The b™ block

has the data [x, o5, X0 s X poe e Xp gy ] fOr { @€ N{{¢<T,-1}} and {beN|{b<B-1},

corresponding to a set of Fourier-domain samples (or design frequencies). Let

X, = [,xl‘@,,.xid),...,xM‘@]T . A data matrix containing all the Fourier domain data points for the

¢

MxB

th e . _ . a 3 c
9" frequency is defined as X, =[X 0, X500 Xy, X5, 1€ C777 — see Fig. 4.2, The sample
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covariance matrix of the data, which is Hermitian, is estimated at each design frequency

independently, i.e.
R0 :X@X; :R(ejfu”)zA(ej(U”)e @;\flx,r\/l’ (438)

There are B data samples to use for each estimate. At the other frequencies (not included
in the set), the covariance at the closest of the set of design frequencies is used. A unitary
matrix, U,e C"¥, is then found that diagonalises R »- The matrices U, define the paraunitary

MXM(

matrix, H(z)e C"(z), in the frequency domain for the entire data set. Hence, estimates of the

covariance matrix and thus the unitary matrix are created at a set of frequencies.
A Modified Schur Decomposition Technique. The matrices U, may be found by computing
the Schur decomposition of R ;. The problem of permutation indeterminacy — see section 4.2.3

— caused by ambiguities in the rotation values can be resolved by permuting the eigenvectors

(and eigenvalues) of R, at each frequency in accordance to the ordering regime in (4.14).
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Figure 4.2: Tllustration of the data sectioning performed by the bandwise algorithm.
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In Fig. 4.3, we show a flowchart representation of the bandwise algorithm. The algorithm

finds a frequency-domain paraunitary matrix H(z) that can strongly decorrelate signals. It may

be applied directly to the data at each frequency by first obtaining the DFT of the data set. The

matrix H(z) corresponds to a unitary matrix which is applied to the components (M complex
numbers) at the ¢" frequency. For a set of frequencies (T, <T), H(z) is also applied to those

frequencies closest to the @¢" design frequency in the original sequences. The set of T

frequencies may be viewed as unitary-matrix design frequencies for the original length-T'

sequences. The IDFT may be used to obtain the time-domain output signals.

Apply paraunitary matrix

START

M-channel data

|

[nmahsc constants Apply Schur decomposition
& arrays R(ltoM ,l10B.¢) = H(1toM, 1toB, HX(1toM, f)

U,S(1toM .1toB, 9)U}

’ Order eigenvectors in

unitary matrix U,
J X, = DFT of bloeks {

—

Define the set of design-to-
data frequency indices
{an.....on... 00}

Covariance matrix
R{ltoM, 1toB. ¢) =
X(1toM, 1toB, $X"(1toM, 1108, ¢)
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List of important symbols

M . total number of channels

T : total number of data samples
T : block length

total number of data blocks
data matrix (frequency-domain)
input covariance matrix
updated covariance matrix
paraunitary matrix

unitary matrix

i

H(ltoM, 1toB, [toT) =

CDVURAKD

Figure 4.3: Flowchart of both the regular and SW-bandwise algorithms.
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In order to simplify the bandwise algorithm the following assumptions are made:

1. The data is periodic (circulant): data sequences repeat periodijcally every 7, samples.
Obviously, the simplification is gained since the assumption is naturally conducive to
operating in the Fourier domain. However, this means that H(z) produced by the
method does not have a time-domain equivalent; that is, H(z) is not the proper

paraunitary matrix to apply to non-circulant data. The construction of a non-circulant

H(z) with a frequency-domain algorithm seems to be a non-trivial task.

[\

The data length 7 is an odd multiple of the block length 7, when assuming circulant
data. Assuming this relationship between T and 7, guarantees that each frequency in

the Fourier domain data is closest to a unique frequency from the block Fourier

transforms.

Note that the description of the bandwise algorithm is for both complex-valued and real-
valued data. However, our evaluation of the algorithm (presented later) is limited to the specific
case of real-valued data. For this case, we must ensure that the complex numbers at opposite
frequencies (positive and negative frequency components) of the Fourier domain data are
exactly complex conjugates. Therefore, the unitary matrices selected for opposite frequencies

will be complex conjugates as well. This guarantees that H(z) is real.

4.4.2 Sliding-Window Bandwise Algorithm

The bandwise algorithm can be improved upon by adopting the Welch method [87] of PSD
estimation rather than the Bartlett estimator. The new algorithm, namely the sliding-window
(SW) bandwise algorithm, carries out exactly the same processes as the regular bandwise
algorithm with the exception of the following: the input signals are divided into B overlapping

blocks of length 7, so that each block contains samples from neighbouring blocks, i.e. there is

2

redundancy of samples in the blocks. The action of collecting data in this way may be viewed as
sliding a window along the original data sequence and taking a ‘snapshot’ of data at periodic

intervals, hence the algorithm’s name. This is illustrated for a single time series in Fig. 4.4. The

b™ block of the k™ signal is defined as

X, (@) =x, (p+bT,) forg=01,.T,—1,b=0]1,.,B-1, (4.39)

X

where T, is the number of samples from x, (7) that are not common to a given block and the
preceding block (i.e. the overlap length is 7, —T). Recalling the assumptions made for

simplification of the bandwise algorithm in section 4.4.1, the total number of blocks is given by
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B :LT—Tb / T‘,)j'i“l - The data matrix X, € C"* for the ¢" design frequency has the general

form
( Yo KT T XLB-DT e
X(p _ | ’szp xl.?g:ﬁm . Xz‘(B_:lﬂ;'ﬂm (440)
e Tmreg T XMU(B-NT,e0
Using X, , an estimate of the covariance matrix is obtained for each design frequency ¢.

We are now in a similar position to that in the bandwise algorithm, having estimates of
the covariance matrix at a set of design frequencies. The SW-bandwise algorithm has two
parameters: the block length 7, and the disparity length 7 . If 7 =1, the disparity in data
samples between consecutive overlapped blocks is a single data sample, in which case we say

that there is maximal overlap. With 7 =17, there are contiguous blocks, i.e. no overlap, and the

algorithm becomes the regular bandwise algorithm. A summary of the SW-bandwise algorithm

is represented by the flow diagram for the regular bandwise algorithm in Fig. 4.3.

Single channel data sequence

H-/‘CLOV’CLW LRSI R EEL I SERRRTE N o d XXl

Sliding window &
Data blocks

[Xl.() A e X xl.?‘,)~l]
[X'l.T,, X174 : X1, 41, -1
[xl,zf,, M7, 1 R e
[X’L(B»»I)T,, X (B-1)T, +1 "‘1,(1371)7;,#,;1]_

Figure 4.4: Tllustration of the data segmentation employed by the SW-bandwise algorithm.

Data Windowing

The degree to which decorrelation can be achieved with the regular bandwise algorithm is
constrained to an extent by the spreading of signal energy from one frequency component (o

nearby frequencies. This phenomenon, known as spectral leakage [50], occurs because the DFT
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is based on the assumption that the signals are periodic. If, as in most cases, the signals operated
on by the bandwise algorithm are not periodic, ‘spiky’ discontinuities occur at the endpoints of
the blocks of data processed by the DFT, as shown in Fig. 4.5(a). The discontinuities give rise to
spurious components in the signal’s spectrum, causing a particular frequency component to

appear as a spread of frequencies.

The effects of spectral leakage may be reduced by applying a tapered window function to
the data sequence in each block [50]. A tapered window would attenuate the endpoints of each
block smoothly — see Fig. 4.5(b) — and hence reduce the spread (smearing) of spectral energy.
To elaborate, consider that the segmentation performed by the regular bandwise algorithm may
be looked upon as implicit windowing with a rectangular window function. The Fourier
transform of a rectangular window is a sinc function that has high sidelobe energy, as
represented by the thin solid curve in Fig. 4.6(b). The sidelobes enable the distribution of signal
energy in frequency. The problem is exacerbated for short data lengths. A tapered window may

be applied that has low magnitude sidelobes, which alleviates spectral smearing.

The disadvantage of using a tapered window 1s the loss of spectral resolution since these
windows have a broader mainlobe. A number of window functions have been devised that
achieve a compromise between these conflicting requirements. Some popular choices are the
Hann, Blackman and Hamming windows [50]. The time and frequency response of these
windows may be compared in Fig. 4.6. For the SW-bandwise algorithm, a Blackman window
function (represented by the thick solid curve in Fig. 4.6) is applied to each data block. A

compromise is met between spectral leakage and frequency resolution with this window.

(a) (b)

Figure 4.5: (a) Effect of windowing a signal with a rectangular window is discontinuities at the

endpoints. (b) By comparison, when a tapered window is used the discontinuities are reduced.
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Figure 4.6: Comparison of well-known window functions.

4.4.3 Windowed Covariance-Domain Bandwise Algorithm

A third bandwise algorithm variant, termed the windowed covariance-domain (WCD) bandwise
algorithm, may be obtained by adopting the Blackman-Tukey spectral estimation technique [7].
The WCD-bandwise algorithm carries out exactly the same processes as the other two
(bandwise) variants with the exception of the following: the MxM sample polynomial
covariance matrix of the data is computed; each of the entries (covariance functions) of the
space-time parahermitian matrix is windowed (i.e., multiplied by a function of time-lag); and

with a covariance matrix estimate R, for each of the T frequencies, a paraunitary matrix is

constructed as a unitary matrix given by the EVD at each and every frequency.

4.4.4 Other Possible Bandwise Algorithms

The DFT produces a sampled version of the true spectrum since there are only a finite number
of samples that make up the data record. As a consequence, frequency components that are
located between DFT samples (or bins) are attenuated. This effect is known as the ‘picket-
fence’ phenomenon or scalloping loss [28,50]. A solution to this problem is to append zeros to
the end of the block of data (i.e. zero-pad the data blocks). The result is in a smoother spectral
estimate and allows for more precise localisation of a frequency component that does not
correspond to an integer number of bins. Note that this effect should not be confused with
improving spectral resolution. By the sampling theorem, we know that the only way of doing

this would be to use more data samples in the DFT.
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This technique may be incorporated into the first two bandwise techniques. After the
possible application of a tapered window to each block of data, the blocks (initially of
length T, ) are zero-padded such that the original data length of 7 samples is restored. The zero-
padded blocks are then Fourier transformed. As in the bandwise algorithm, for each block and
each frequency, these Fourier transforms are multiplied to give an estimate of the covariance
matrix; then this estimate is improved by averaging over the blocks. Now we have estimates of
the covariance matrix at a set of frequencies. However, unlike in the bandwise algorithm, the set
of frequencies is not a reduced set but the set of all the frequencies present in the data. The
paraunitary matrix is constructed as a unitary matrix at a set of frequencies, as in the bandwise
algorithm. However, now the SVD produces a unitary matrix at each frequency, instead of at the
closest frequency in the reduced set. The two variants of the bandwise algorithm discussed in

this and the previous paragraph will not be evaluated due to time constraints.

4.5 PEVD Performance Analysis

4.5.1 Characterisation of the Bandwise Algorithm

The bandwise algorithm has a single parameter: the block length 7, , which is the number of

design frequencies to use. The choice of 7, has a major influence on the algorithm’s
decorrelation performance. Residual correlations between output signals from the bandwise
algorithm with an optimal block length 7, are due to the same factors that typically limit the
accuracy of non-parametric spectral estimators, in particular the Bartlett method [28]. Let the

true polynomial covariance functions of the signals have finite support 27, +1; covariance
terms outside the range [T ,7,] are zero, as in (4.9). Suppose that 7, << T, where as before T

is the finite data length. As discussed in section 4.2.4, the extent to which decorrelation has been
performed can be gauged by observing the amount of energy movement from the off-diagonals,

Ciprs (k#m), to the zero-lag coefficient of the diagonals, ¢, , of the true parahermitian
matrix C(z). This quantity is given by the A measure in (4.33). We can think of this measure
for the bandwise algorithm (and other PEVD algorithms) as being governed by two factors:

Spectral (frequency) resolution. This is limited by two forms of error contributed in the mean
value of the estimate R, = A(e'™ ), for f=12,....,T . Firstly, R, is not separately estimated
at each f, instead the estimate for the closest multiple ¢ of 7, is taken. Secondly, even at the

correct value of £, the estimate is biased because it is only based on finite sample lengths (blocks
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of data of length T, ). These two errors lead to a lack of spectral resolution; their contribution to

A is proportional to 1/T7,, but independent of 7.

Sample noise (error). This is due to using sample statistics rather than true statistics. Its

contribution to A is proportional to 7, /T . Hence, the shorter the data length compared to the

block length, the greater the error is due to sample noise. Conversely, in the extreme case when

T,=T (i.e. the naive approach), sample noise dominates the A measure and so the designed

filter bank would not be expected to perform decorrelation well in general; the algorithm would

essentially fit to the data used to learn the filters’,

In summary, there is a trade-off that has to be made between frequency resolution and
sample noise because there are a fixed number of data samples to be divided between the
statistical quantities (unitary matrices) for estimation. If a large number of samples are used for
each unitary matrix estimate, then 7, << T , i.e. fewer independent quantities are estimated, and
so averaging is performed across neighbouring frequencies. This results in a reduction in
spectral resolution. Conversely, if there are many statistical quantities to be estimated
independently (i.e. many degrees-of-freedom), the variance of the covariance matrix estimates
increases. This is because the number of effective samples per quantity being estimated is small,

i.e. a high sample noise scenario.

Characterisation of the SW-Bandwise Algorithm

We now consider how the analysis of 4 is modified when applied to this algorithm. Recall that,
for the bandwise algorithm, the second contribution to A is due to sample errors. It follows that
this source of error is considerably reduced in the SW-bandwise algorithm. This is because there
are effectively more data samples used in estimating each of the T, covariance matrices. The
result of this is an improvement in the decorrelation performance of the filter bank. The
algorithm is subject to errors that limit its spectral resolution in the same way that the regular
bandwise algorithm is. The cost of this improvement in performance is an increase in
computation time since there are more blocks of data to be obtained and used in the estimation

process.

Another advantage this algorithm has over the regular bandwise algorithm is that the

extent of spectral leakage is reduced because of the application of a tapered window to the

* Note that errors due to sample noise would not be apparent if sample statistics were used to obtain the

diagonalisation performance for a single realisation of the given problem.
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blocks. As with the IFB approaches and the regular bandwise algorithm, this algorithm has the

problems of phase discontinuity and restricted decorrelation.

Characterisation of the WCD-Bandwise Algorithm

There are many possible choices of window that can be used with the WCD-bandwise
algorithm. We chose to use a rectangular window, as in the case of the multipath-enabled SVD
technique in section 4.3.2, centred at zero lag that is zero beyond the known temporal bounds of
the true signal autocorrelation. For this window, the algorithm’s only parameter is the window

length, 7. For optimality, this should be made equal to the length of the true correlation
function, i.e. 7,, =27 +1. For the mixing scenario of Fig. 4.1 with white source signals
assumed, T, = 2N(,i, +1, where Ng is the order of the FIR filters in the mixing matrix G(z) . If
we set T, =2N, +1, the expectation of the windowed sample covariance matrix is the true

covariance matrix. This is the optimal window length to use with a rectangular window. In
effect, the windowing acts as a covariance-domain noise reduction filter. Since this algorithm
does not process segmented data, it does not suffer from the associated problems of IFB

processing.

In the case of the regular bandwise algorithm, only products of terms within the block are
used in estimating the true autocovariance terms. If we chose to use a triangular (Bartlett)
window function with the WCD-bandwise algorithm it would behave in a similar fashion to the
regular bandwise algorithm. By contrast, the SW-bandwise algorithm, in effect, uses some
products of terms that exist outside the block as well as all of those within the block for its
estimates. The WCD-bandwise algorithm uses all of the products of terms at each lag to
estimate the autocovariances. Its unitary matrix estimates should, therefore, have fewer errors
due to the statistical estimates than those obtained by the other two algorithm versions’. For a
rectangular window of optimal length the expectation of the windowed sample covariance
matrix is the true covariance matrix, therefore sample noise is the only contributor to A.
Therefore, the algorithm constructs a more accurate estimate of H(z) and could be expected in
general to perform better polynomial matrix diagonalisation than the other two bandwise
algorithms. This performance improvement is not mysterious, it occurs because the WCD

variant tackles an easier, ‘less blind’ problem, made easier by the fact that 7 is known.

% The WCD-bandwise algorithm would perform in a similar way to the SW variant if it was used with a

rectangular window with curved corners.
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4.5.2 Experimental Results

Through example simulations, an evaluation of the three bandwise algorithms described in
sections 4.4.1 to 4.4.3 and the multipath-enabled SVD detailed in section 4.3.2 is presented. The
performance of the conventional SVD, which is for scalar matrices, is also assessed. The
algorithms were applied to the multichannel convolutive problem illustrated in Fig. 4.1. The
following experiments also serve to reveal the influence of the various parameters on the
decorrelation performance of the algorithms. Examples are given that indirectly highlight the
validity of the performance limitations due to phase discontinuity. Furthermore, we investigate

the spectral majorisation performance of the various algorithms.

In order to test the performance of the various algorithms, simulated data was created by
modelling the propagation of M signals onto M sensors, as given by (4.3). Specifically, the
mixing was modelled by an M xM polynomial mixing matrix G(z) whose entries were FIR

filters of order N, =5 with coefficients drawn randomly from a uniform distribution in the

range |[—1,1]. The source signals were independent binary phase-shift keying (BPSK) [51]

sequences (with zero mean and unit variance) for which each sample takes the value 1 with a
probability of 1/2. Additive noise (due to the receiver) was not included in these simulations, i.e.

2

o, =0. For each experiment, the average of 100 realisations (simulation runs) were used to

y =

obtain each simulated point, which gives an estimate of the expected value of a quantity.

Strong Decorrelation

Dependence on 7. The evolution of the 4 measure with block length 7, is provided for the
regular bandwise and SW-bandwise algorithms in Figs. 4.7(a) and (b), respectively. These
results were produced by processing three signals, which were generated as in the previous
paragraph, with T =729 samples of data. The results confirm the analysis given in section
4.5.1: the left hand side of the optimal (minimum A) point is dominated by errors that limit
frequency resolution, whereas the right hand side is dominated by the sample noise. It is clear
from the figures that the algorithms cannot achieve a zero A value, i.e. they cannot perform
strong decorrelation (in the strictest sense), for an optimal block length. A contributory factor to
this shortfall is that these two bandwise methods are oblivious to relatively small but important
correlations that may exist between subbands for the reasons cited in section 4.3.2. This means
that, in general, these two algorithms and most other subband methods would not be expected to

perform strong decorrelation in the strict sense of the term.
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Figure 4.7: Diagonalisation performances as a function of 7, for the 3-channel (a) bandwise

algorithm and (b) SW-bandwise algorithm.

Dependence on T. Our analysis in section 4.5.1 of the relationship between T and A (for a
fixed N, ) has been verified, and some results for the four-channel case are presented in Table
4.1. An optimal block length 7, of T, =27 was set for the regular bandwise and SW-bandwise

algorithms, this number being chosen from the previous experiment, which is optimal for

T =729; a maximum block overlap (7, =1) was used with the SW-bandwise algorithm; and

the correlation window length 7. was set to 11 for the WCD-bandwise algorithm.

W

If an optimal 7, (7,) or T, (depending on the algorithm) is used, the diagonalisation
performance is primarily influenced by T and the true correlation time of the signals, 7, . Each
independent quantity can be estimated using many samples if 7 >>T,. However, if T, is large
compared to T, then there is insufficient data for a good estimate of H(z) to be found. As

expected, the WCD-bandwise algorithm can generally perform better decorrelation than the
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other methods. Results from using the conventional SVD and the multipath-enabled SVD are
also provided in the table. It is apparent that the state-of-the-art method does poorly in
comparison to the bandwise algorithms but appears to achieve greater diagonalisation than the
conventional SVD. These results confirm that the SVD cannot perform strong decorrelation.
The diagonality of the input parahermitian matrix is shown as reference (denoted by the symbol

I, to signify the effective application of an identity transformation).

Data length / 243 samples 729 samples | 2187 samples
Algorithm (A (A A

WCD-bandwise 5.5%107° 1.9x10° 6.5x107
SW-bandwise 6.3x107 2.8x1072 1.7x107
Regular bandwise 1.1x10™ 5.0x107 2.5%x107
Multipath-enabled SVD 1.7x107"! 1.0x10™" 6.6x107
SVD 3.5x10™ 3.5x10™" 3.6x10°"
I (no transformation) 3.8x10™ 3.8x107" 3.7x10™

Table 4.1: Comparison of the decorrelation (4) performance of the bandwise algorithms, the

multipath-enable SVD and the conventional SVD for different values of 7.

Spectral Majorisation

We have observed that all versions of the bandwise algorithm produce output signals that are, in
general, approximately spectrally majorised. This can be seen for the four-channel case for the
SW bandwise with 7, =27 and 7, =1 and the WCD-bandwise algorithm with 7, =11 in Figs.
4.8(b) and (c), respectively. The four input signals used were of length 7 =2186 samples and
had spectra as in Fig. 4.8(a). Note that we have chosen to show two-sided spectra in order to
show that the prior-art algorithm (in Fig. 4.9(b)) does not preserve the real nature of the signals

(discussed below).

The output spectra from the regular bandwise algorithm (for an optimal block length of

T, =T,=27) had similar characteristics to that of the SW bandwise algorithm; therefore, SW-
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bandwise results are shown only. With close inspection of the figures, one can gather that the
WCD-bandwise algorithm performs spectral majorisation slightly better than the other bandwise
variants. A more obvious dissimilarity between the sets of output spectra is that the regular and
SW-bandwise algorithms produce transformed signals that have spectra with sharp (jagged)
transitions (Fig. 4.8(b)). In general the SW variant produces outputs with spectra that are
smoother (less jagged features) than the output spectra from the regular bandwise algorithm.
The jagged features are a sign that there is a lack of phase coherence in the output signals, that
is, the temporal structure of the signals could have been corrupted somewhat. This could be due
to the same problems found with the subband or IFB approaches in section 4.3.2. The jagged
features are also indicative of large-order filters; this could be detrimental to many practical

systems, where often the desire is to minimise the use of storage space and/or bandwidth.
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Figure 4.8: (a) Spectra of four input signals for processing. The output signal spectra of (b) the

SW-bandwise algorithm and (c) the WCD-bandwise algorithm.



4.6 Concluding Remarks 83

For comparison, the power spectra for the output signals from the (conventional) SVD
and the multipath-enabled SVD are shown, respectively, in Figs. 4.9(a) and (b) for the input
PSD shown in Fig. 4.8(a). We observe that the signals produced by the multipath-enabled SVD
are somewhat majorised, which is in contrast to the transformed signals from the SVD. Notice
that the output spectra related to the multipath-enabled SVD method are non-symmetric even
though real-valued data was processed; this is an artefact introduced by the algorithm, which is

due to the way it constructs its paraunitary matrix.

PSD (dB)

PSD (dB)

T -05 0 0.5 1
Normalised angular frequency, w/=n

Figure 4.9: The output signal spectra of (a) the SVD and (b) the multipath-enabled SVD.

4.6 Concluding Remarks

In this chapter, the notion of a polynomial matrix EVD/SVD decomposition (PEVD/PSVD) in
the context of broadband subspace estimation has been presented. A PEVD is equivalent to the
conventional EVD in the sense that it can diagonalise a parahermitian matrix and order the
resulting polynomial eigenvalues based on their spectra. This has been shown to be the same as

producing output signals that are strongly decorrelated and spectrally majorised. A study of the
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few known methods for broadband subspace decomposition has been presented and a state-of-
the-art algorithm for polynomial matrix diagonalisation has been evaluated. We have proposed a

family of frequency-domain PEVD algorithms, collectively known as the bandwise algorithm.

The bandwise technique essentially finds a paraunitary matrix which at each frequency is
an estimate of the diagonalising unitary matrix for the set of data channels. This algorithm has
been shown to give an effective extension of the SVD to convolutively mixed signals or
broadband signals. Here, the role of a hidden (decorrelating) unitary matrix is extended to that
of a hidden (strongly decorrelating) paraunitary matrix. We have demonstrated that the
bandwise algorithm can impose strong decorrelation and spectral majorisation on a set of input
signals. Tt also has the effect of compacting as much of the total signal power into as few
channels as possible, which suggests that it could be useful in data compression applications.
The extreme inadequacy of the EVD (or SVD) for the problem of broadband signals subspace
estimation has been demonstrated through simulation. Also, preliminary assessment of a state-
of-the-art subspace estimation method has shown that its subspace decomposition performance

is inferior to that of the bandwise algorithm.

The relationship between the PEVD problem and spectral estimation has been
highlighted; the factors that restrict an optimal bandwise algorithm in diagonalising a
polynomial matrix (i.e. 4 =0) are those that typically limit the accuracy of spectral estimators.
Applying a window to the sample space-time covariance matrix of the input data increases the
diagonalisation (and thus the subspace estimation) performance of the algorithm. The
windowing solves problems caused by the degenerate nature of the covariance matrix, and
optimal polynomial diagonalisation may be achieved if knowledge of the true correlation time

of the signals is available.

Crucially, a disadvantageous feature of the bandwise method is that the paraunitary matrix
it produces is defined in the frequency-domain, i.e. it is for circulant data. Therefore, the filters
generated by the algorithm are not the correct ones to use on non-circulant data. It is not clear
how to obtain an equivalent paraunitary transform for non-circulant data from the filter bank
generated by the bandwise algorithm. Another drawback of the bandwise algorithm is that it
leads to a lack of temporal (phase) discontinuity across the bands. Long filters are required in

order to realise these discontinuities, which further reduces the practicality of this technique.



5 Second-Order Sequential Best Rotation
Algorithm

In this chapter, a novel technique is introduced for finding a paraunitary matrix that can impose,
on a set of signals, strong decorrelation and spectral majorisation, to a good approximation. This
algorithm 1is referred to as the second-order sequential best rotation (SBR2) [44]. It may be
viewed as an extension of the EVD or SVD to polynomial matrices and can be used to obtain
subspace decomposition of broadband signals. In contrast to the bandwise algorithm presented
in section 4.4, the SBR2 algorithm is a time-domain PEVD technique that can design a
paraunitary matrix for both circulant and non-circulant data. The development of SBR2 has
dramatically improved its applicability and its performances, which are demonstrated through
experimental results. The development, extensions and variations of the SBR2 algorithm

presented here contributes to the original work in this thesis.

In section 5.2, we derive the SBR2 algorithm. In section 5.3, we observe important
properties of the algorithm and define a new cost function through extension of the coding gain
measure, given in section 3.2.1, as a means of improving the coding efficiency of the SBR2
algorithm. In section 5.4, a data pre-processing stage is introduced which involves the
application of a window to the entries of the space-time polynomial covariance matrix. This
improves the algorithm’s diagonalisation performance and data compression ability. A strategy
is given for covariance-domain windowing which guarantees a positive-semidefinite windowed
space-time covariance matrix. All the relevant variations on the SBR2 algorithm are
summarised in section 5.5. In section 5.6, we discuss some of the issues regarding the design
and implementation of the algorithm, e.g., its computation speed. This includes replacing a slow
recursive time-domain process with a more economical frequency-domain alternative. We also
consider in brief the implementation and performance of the cyclic-by-rows Jacobi algorithm
extended to polynomial matrices as an alternative to the classical greedy method employed by
the SBR algorithm. Finally, the diagonalisation and broadband signal subspace estimation

performances of the algorithm is assessed in section 5.7.

5.1 Introduction

Recall the Vaidyanathan decomposition of a paraunitary matrix given by (3.19). The

construction is guaranteed to be paraunitary irrespective of the parameter values because the
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design is carried out over the constrained space of paraunitary matrices. However, as
demonstrated in section 3.4.1, the optimisation of the parameters of such a filter is quite difficult
and requires a multi-parameter nonlinear optimisation routine, which could turn out to be highly
complex and computationally costly. In this section, we develop and evaluate a novel time-
domain technique as a method for simplifying these problems. The algorithm extends the EVD
from conventional Hermitian matrices with complex scalar elements to parahermitian
polynomial matrices, i.e. it performs PEVD. The algorithm takes the form of the sequential best
rotation (SBR) algorithm [5] but only involves second order statistics, and is therefore referred

to as the second-order SBR (SBR2) algorithm [44-46].

A brief reminder of the task of a ‘practical’ PEVD algorithm now follows. As discussed

in section 4.2.1, the true polynomial covariance matrix A(z) (defined by (4.10)) is not usually
known so the received data vector x(r) (equation (4.3)) must be used to generate an estimate

of A(z). This is the sample polynomial covariance matrix R(z) in (4.15) given again here:

o T-l

R(z) =% > > xx"(t-1)2, (5.1)

T=—1] t=0
where 1, 20 and it is assumed that 7" >> ¢, ; see the discussion in section 4.2.1.

As with A(z), R(z) is parahermitian (this property is defined in (2.25)). A PEVD algorithm
can be used to construct a paraunitary matrix H(z) that transforms the parahermitian matrix

R(z) according to (4.18); to reiterate,
S(z) =H(z)R(2)H(2), (5.2)

where S(z) is approximately diagonal, i.e. S(z)Ediag[S](z),SZ(Z),.,.SM (z,)], and the set of
diagonals have, to a good approximation, the spectral majorisation property defined in (4.14):

Su (@) Z S, (€7?), k=12,...M —Tand V. The matrix S(z) is a reliable estimate of

the true polynomial covariance matrix C(z) in (4.12).

5.2 Derivation of the SBR2 Algorithm

The SBR2 algorithm constructs a paraunitary matrix that may be expressed as, up to a

channel negation,
H(z) =P, ()P, (2)...P,(2)...P,(2)P(z)e C"Y(2), (5.3)

. . MM . . X
where the polynomial matrices P, (z)e C""(z) are elementary paraunitary matrices:
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P.(2)=Q"" (6,9 A" (2), (5.4)

with specific values being chosen for the parameters n,p,7,,0,,¢,. The scalar matrix
Q" (6,,p,)e C™ is a rank-two correction to the identity matrix at the intersection of the

rows 1 and p with the columns » and p and takes the form

Q(/L/‘))(g‘l ’go/ ) - I/)—n—l s (55)
L 0 IMﬁ)

where ¢, =cos 8,, s, =siné,, and {6,,p,}€ R are rotation angles. The polynomial matrix

AT (2)e R™M(2) is a delay matrix of the form

Ip%
A([J.TJ(Z) — Zi‘[h . (56)

\ 0 IM—/)

where 7, € Z is an arbitrary delay. The delay matrix imposes a 7, -fold delay to the "™ row of
the polynomial matrix on which it operates'.

Any polynomial matrix constructed according to (5.3) is paraunitary because each term is
paraunitary. The paraunitary matrix P,(z) is elementary in the sense that it only involves one
rotation, but it does not necessarily have degree one. Since the parameters 7, may take on any

integer, the degree of the paraunitary matrix in H(z) is no longer certain.

The SBR2 algorithm iteratively constructs a paraunitary matrix as in (5.3) by computing
and applying a sequence of elementary paraunitary matrices designed to diagonalise a
parahermitian matrix as much as possible. Each stage of the iterative process applies a single
elementary paraunitary matrix, chosen to eliminate the off-diagonal polynomial coefficient with
the highest magnitude square value (i.e. the dominant cross-term); this is clearly analogous to a

single step of the classical Jacobi algorithm for diagonalising conventional Hermitian matrices.

' Note that in the case where 7, =0 and 7, =—1 for 1< ¢ <[, equation (5.3) reduces to the familiar
decomposition in (3.19). It is also worth noting that in the degenerate case where L =1 and 7, =0, the
matrix H(z) takes the form of a single rotation matrix that is found by the conventional EVD/SVD for

the diagonalisation of a Hermitian matrix.
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The algorithm begins by searching through the entries r,, (7) = Z;];_lek(r).r;:z(t—Z')/T,
k.me {1,2,..M}, of the polynomial covariance matrix in (5.1) for the largest modulus-square

off-diagonal. This is a two-dimensional search in both space and time: a search considering off-
diagonal terms corresponding to all possible channel pairs (i.e. a spatial search) and for a range

of relative time delays between each signal-pair (i.e. a temporal search)”.

Assume that the first search has produced 1, (7)) as the dominant coefficient, where
n < p . The specific values n, p and 7,, which define the dominant cross-term, are now used to
specify the corresponding parameters of the first elementary paraunitary matrix, P,(z), in (5.3).
In accordance with (5.2), the elementary delay matrix is applied first to generate the transformed
polynomial matrix:

R'(z)= A" ()R()A" (7). (5.7)

The effect of this transformation is to shift in time the largest cross-term 1, (7,) to the plane of

order zero so that 1, (0)=1r, (7)) =r, (=7)) =r, (0) .

The parameters 6, and ¢, of the Jacobi rotation matrix Q"-*’(8,,¢,) are now chosen to

drive the dominant coefficient to zero. More specifically, they are chosen such that

c se? )1, (0) (O ¢ ~5€~””*\'_ rm(0) 0 (5.8
—se7 " ¢ N7 (0) 1y, (0) fl ge7 1 ¢ J_ 0 r(0) ) ©)

This condition is satisfied when

I R A ()
91 =—tan I ——— (59)
2 Fon (O) - r]}p (O)
and
@, =arg(r,,(0)). (5.10)

Having computed the values of €, and ¢, . the rotation matrix is applied thus:

’ The search may be restricted to the upper (or lower) off-diagonal elements due to the parahermitian
property defined in (2.25). The search in time for the optimum delay, 7,, may be performed for a range
of time delays (a delay set), where the maximum delay in the set is less than or equal to the total number
of data samples, 7. If the dominant coefficient is not unique, any one from the set of coefficients with

largest (equal) magnitudes may be chosen.
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R’(2)=Q"(6,,9)R(2)Q""(6,.¢)) . (5.11)

It should be clear that the polynomial matrices R(z) and R”(z) are related by the generalised
similarity transformation:
R’(2) =P (D)R(2)P,(2). (5.12)
The elementary paraunitary transformation in (5.12) constitutes one stage of the SBR2
algorithm designed to zero the dominant off-diagonal coefficient of R(z). The algorithm
continues by making the substitution R(z) < R”(z) and repeating the process outlined above,
i.e. applying a new elementary paraunitary transformation of the form given in (5.12) designed,
this time, to zero the most significant coefficient of the updated polynomial matrix R(z). In
practice, this iterative process is repeated until the magnitude of the dominant off-diagonal
coefficient of R(z) is sufficiently small, say, smaller than or equal to some constant £ >0:

stopping criterion; at which point the polynomial matrix is declared to be diagonal. Assuming L

iterations, the result will be a generalised similarity transformation of the form
H, (2)R(2)H, (2)=8,(2). (5.13)

It is worth noting that the estimated polynomial covariance matrix in (5.1) is updated as
part of the SBR2 algorithm and does not need to be recomputed from the transformed data. A
flowchart of the SBR2 algorithm is shown in Fig. 5.1. The paraunitary matrix H(z) may be
updated at each step of the algorithm or constructed afterwards: Initialisation: Hy(z) = I
Iteration ¢: H/(z)« P,(z)H] (z); Output: H,(z) « H)(z). It should be noted that the

paraunitary matrix found by this algorithm is unique, up to the application of all-pass filtering.

The paraunitary matrix H(z) can be applied to the input signals X (z), used to generate
R(z) in (5.1), stage by stage during the SBR2 computation. This is achieved with the
application of the elementary paraunitary matrices P,(z) contributing to (5.3) to the input

signals in the manner
Y(2)=H,(2)X(2) =P (DP,_(2)...P.(2)..P, ()P (2) X (2). (5.14)

Equation (5.14) is represented for the two-channel case by a flow diagram in Fig. 5.2. In words,
at the (™ stage, P (z) may be applied to the transformed signals produced as a result of the
first /—1 stages, in order to generate the output data from stage ¢ . This constitutes a sequence

of pairwise delay-and-rotate operations since each elementary paraunitary matrix only affects

two of the signal channels.
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< START >
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List of important symbols
L » maximum number of algorithm iterations
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r,,(0) : variance of the time-delayed signal
£, : constant related to stopping condition

Figure 5.1: Flowchart of the SBR2 algorithm.
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Figure 5.2: A diagrammatic representation of a cascade of a 2x2 paraunitary lattice filter

consisting of L elementary paraunitary blocks.
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At first sight, the strategy outlined above might not seem sensible since the successive
elementary paraunitary matrices do not commute and applying a rotation does not just affect the
current state but also the potential future gains of the algorithm. Unlike the narrowband case,
applying a poorly chosen rotation is likely to make the problem more difficult by increasing the
order of the mixing polynomial for no good reason. However, the freedom to choose an

optimum delay for each stage makes this process much more meaningful.

A SBR2 algorithm that operates directly on the data (i.e. a data-domain algorithm) is not
defined in this thesis. There are two reasons for this: (1) such an algorithm would be
computationally less efficient than the covariance-domain algorithm given here, as explained
later in section 5.6.2; (2) a better approximation to strongly decorrelated signals can be gained
by working with a windowed version of the space-time covariance matrix, as discussed later in

section 5.4.

5.3 Cost Functions

5.3.1 Cost Function Based on Correlation

In order to explain how the SBR2 algorithm achieves its objective, we introduce the following
set of measures:
M

Ny =D, 0 (5.15)
n=]

M M

Ny =Y Sl o) (5.16)

2
Ty (0)} (5.17)

and

M

M 5
N, = ZZZW (r)|“ : (5.18)

T n=l p=l

Similarly, we define the sets {N/,N;,N{, N} and {N/,NJ N7, N} for R(z) and R"(z). It is
easy to see that N, is a local measure of the instantaneous autocovariance associated with the
signals while N; is the corresponding measure of instantaneous crosscovariance between the

signals. The quantities N, and N, constitute the squares of the Frobenius norm of the
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instantaneous covariance matrix r(0) and the space-time covariance matrix r(7), respectively.
Note the following important properties:

e N, is preserved under the application of a delay matrix;

e N, isinvariant to the application of a rotation matrix;

® N3 = Nz — /V];

e N, is preserved under the application of an elementary paraunitary matrix;

e N <N,

After applying the delay matrix A'”7'(z) to generate R’(z) in the procedure outlined

above, we have N/ =N, and N; =N, with new values for N; and N;. The effect of applying

the rotation matrix Q"' (8,,,) in the procedure outlined above is to reduce N by an amount

2g, where g :Ir' (O)’A. By construction, this is the maximum value of ‘rkm(z,')l taken over all

'np
off-diagonal coefficients in R(z). Since N is unchanged by the application of Q" (6,,9,).
it follows that

N/=N/+2g=N,+2g

N7 =N’

, oo (5.19)
N3:N3—2g
N/=N/ =N,

The result of each algorithm step (iteration) is to increase N, by 2g which constitutes the
magnitude squared of the greatest off-diagonal polynomial coefficient. This leads naturally to

the following assertion.

Theorem 5.1. The maximum magnitude squared off-diagonal term of the parahermitian
polynomial marrix R(z) tends to zero, that is the SBR2 algorithm is guaranteed to converge.
Proof. Since N, increases monotonically and is bounded from above by N, which is constant,
it must have a supremum S. It follows that for any € >0 there must be an iteration number L,

S— Nl‘ <2¢&_ and so the increase in N, at all subsequent stages must satisfy

say, for which
2g S[S—NJI<2E>\,. In other words, for any &, >0 there must be an iteration by which the
maximum magnitude square off-diagonal polynomial coefficient is bounded by the stopping

condition constant, £, . Q.ED.

Note that the value of /g does not necessarily decline monotonically. Each rotation is

computed with reference to elements in the plane of order zero in R’(z), and is guaranteed to
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increase N{ by driving the (maximised) off-diagonal element to zero, thus reducing Nj.
However, in any other plane of the polynomial matrix R’(z), where the same rotation is being
applied, it could have the effect of increasing the magnitude of the off-diagonal element whilst
reducing the sum of the squares of the diagonal elements. As a result, the dominant off-diagonal
element, taken over all values of 7, could be larger at the start of the next iteration”. The
algorithm does not seek to reduce the on-diagonal coefficients for non-zero values of 7, let alone
drive them to zero. In the context of strong decorrelation, this would correspond to temporal
whitening of the decorrelated signals, which is often highly undesirable and cannot occur as the
result of a paraunitary transformation (which preserves the total PSD). Note also that the
quantity N, may be viewed as a cost function which the algorithm maximises by minimising
the measure N, . This algorithm is, therefore, referred to as the SBR2(N)) algorithm. We will

now illustrate the operation of this algorithm by means of some simple but insightful examples.

Example 1. The SBR2(N,) algorithm was first applied to the parahermitian matrix given by:

(1 -04jz 0 \‘
R(z)=| 0.4jz" 1 0.5z . (5.20)
0 0.5z° 1

In seven iterations, it converged to produce the following factorisation:

(04417  -0.7071jz -0.5522j" 1.6403 0 0

13

|

H(z)=| -0.7809j 0 0.62477"" fand S(z)=] 0 1.0000 0 | (52D
04417  =0.7071z 0.5522z”‘j 0 0 0.3597

The final value of g was zero (to computational precision). The value of N, increased from
3.0000 to 3.8200, which, in this case, is equal to the value of N, . This reflects the fact the sum
of the squares of the diagonal elements of S(z) was also zero except in the plane of order zero.
Since H(z) is paraunitary, the inverse decomposition is given very simply by
R(z):ﬁ(z)S(z)H(z). The Frobenius norm between the result of this computation and the
original matrix R(z) was zero (to computational precision).

This example is particularly simple in the sense that the matrix R(z) can be reduced to a

scalar matrix by initially applying two successive delay transformations of the type specified in
(5.7). The problem then reduces to one of standard Jacobi diagonalisation. Note, however, that

this “trick™ is not exploited by the SBR2 algorithm which performs a strict sequence of

° The difference between /N, and the supremum of N, will generally be non-zero.
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alternating delay and rotate operations as specified in section 5.2. Despite the simplicity of this
example, it is worth bearing in mind that the same decomposition would be much more

complicated if carried out in the frequency domain.

Example 2. The SBR2(V,) algorithm was applied to the parahermitian matrix given by:

] 0.822-04z 0.7z
R(z)={08z72-04z" 1 0.5z |. (5.22)
077" 0.57° —1

Note that the scalar reduction trick cannot be used successfully in this case. For ease of
graphical representation, the coefficients of the parahermitian matrix were chosen to be real. A

negative value was assigned to the (3,3) element so that the zero-lag coefficient matrix is not
positive semidefinite. In this case, the SBR2 algorithm converged to a level of 4/g <107 in 37
iterations. The Frobenius norm of the off-diagonal elements of the diagonalised matrix S(z)

was 3.4x107°, which should be compared to the total Frobenius norm given by /N, =2.47

and the value of /&, which increased from 1.73 to 2.45.

The algorithm generated the polynomial matrices S(z) and H(z) depicted in Fig. 5.3 and
Fig. 5.4, respectively. These figures show a plot of the coefficients for each polynomial entry

over a suitable range of values of 7. During the computation the effective order of S(z) grew to
101 (-~50<7<50) but we have only plotted terms for which ‘T’ <5 since all terms outside that
range are negligible. The order of the paraunitary matrix H(z) was restricted to terms for which

[T‘SlO, as shown in Fig. 54. When the polynomial matrix R(z) was reconstructed by
computing the inverse decomposition R(z)=H(2)S(z)H(z) to the order of approximation

represented in Fig. 5.3 and Fig. 5.4, the Frobenius norm of the difference matrix was ~ 2107

This error is due to the truncation of H(z) . Clearly, for this example, an excellent approximate

decomposition can be implemented using polynomial matrices of very modest order.
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Figure 5.4: Paraunitary matrix obtained using the SBR2 algorithm for example 2.

As given by (5.14), the SBR2 algorithm can be applied directly to multichannel data.

Then the transformed signals have the following important property.

Theorem 5.2. The signals transformed by the elementary paraunitary matrices satisfy strong

decorrelation, to a good approximation.

Proof. As in (4.25), the polynomial covariance matrix is:
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C, ()= Eymy"u-n] . (5.23)
It can be seen that the signals Y (z) are strongly decorrelated since
C, (z)=H(2)A(z)H(z) (5.24)
and a consistent estimate of C, (z) is given by
R, (2)=H(2)R(2)H(z)=8(2). (5.25)
It follows from Theorem 5.1 that
R, () =diag[S,(2),5,(2)....5, (2)] (5.26)
and so C,, () is approximately diagonal. Q.ED.

Another salient characteristic of the SBR2(N,) algorithm is given as follows:

Conjecture 5.1. The signals transformed by the elementary paraunitary matrices will tend to

satisfy the spectral majorisation property, to a good approximation.

IMustration. Consider the case of two input signals. From (5.15) we have that

Ny =[5, (O +]ry (0] (5.27)
where
-1 5 T-1 T
(0= |y, (1) = ZIYk (@, (5.28)
=0 #=0

as from Parseval’s theorem. It follows from (4.32) that
510+ 0)=x (5.29)

where xis a constant determined by the input signals. Assuming the diagonals are to be ordered

as defined in (4.14) and expressing (5.27) as
N, =& =25r,(0)r,(0), (5.30)

we see that V, increases to its maximum value as r,(0) = x and r,,(0) — 0, i.e. the smaller
the value of ry,(0) the larger the value of N,. Since the SBR2 algorithm maximises the quantity
Ny, therefore minimising r,,(0), and since (5.28) holds for k =2, it intrinsically strives to
perform spectral majorisation.

Needless to say, this does not constitute a proof of spectral majorisation for the SBR2

algorithm. In fact it is easy to see that two signals in non-overlapping subbands (or two different



5.3 Cost Functions 97

sinusoids), whilst not spectrally majorised, will be strongly decorrelated from the outset, so the
SBR2 algorithm can make no improvement. However, situations such as this rarely occur in
practice and can be circumvented by means of a very small (paraunitary) perturbation of the

input parahermitian matrix.

Note that in practice, the SBR2 algorithm only has a finite number of degrees-of-freedom.
Therefore, the set of transformed signals, in general, does not strictly have the spectral
majorisation property; it is a good approximation to a majorised set. If the algorithm were
allowed to carry out an infinite number of stages then spectral majorisation would be satisfied

by the transformed signals.

It may now be clear from the discussions in this sub-section and the definition of the
PEVD in section 4.2.1 that the SBR2 algorithm provides an estimated PEVD of a parahermitian

polynomial matrix.

5.3.2 Cost Function Based on the Coding Gain

There is an important limitation of the search strategy described in section 5.3.1. This is that the
SBR2 algorithm tends to strongly decorrelate signals with large power and ignore signals that
have relatively lower power. In other words, the SBR2(N)) is proportionately more sensitive to
changes in dominant signals than it is to changes in weak signals. This is because, in general,
the largest cross-correlation coefficients occur between dominant signals, which are minimised
by the algorithm at every step. The detrimental effect this has on the performance of the

algorithm is twofold:

1. The extent to which polynomial diagonalisation (strong decorrelation) is carried out is
restricted: After a number of iterations, the algorithm begins to zero noise-related cross-
correlations between dominant signals rather than signal-related (true) cross-

correlations between weaker signals.

2. The extent to which spectral majorisation is performed is limited: Energy in weaker,
correlated signals is not compacted into as few channels as possible (lack of energy
compaction). This is usually because energies due to cross-correlation terms, which are
spread among pairs of weak signals, are not transferred to the auto-correlation (PSD) of

the signals.

These problems can be alleviated by the use a cost function which is proportionately,
equally sensitive to changes in any of the signals. A cost function that is based on the coding
gain measure in (3.7) for subband coding would have this property. Hence, we define a new
objective function simply by substituting quantities based on sample statistics for those in the

expression for the coding gain. In other words,
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M

Hrkko

log,| A=t |. (5.31)

Hrk:;o
k=1

where r,, and r;, are, respectively, the diagonals of the zero-lag matrices r(0) and r’(0)
related by (5.12). As with the coding gain, minimisation of the denominator (product of the
transformed signal variances) leads to maximal energy compaction and spectral majorisation for
paraunitary transformations. The SBR2 algorithm with this cost function is appropriately

referred to as the SBR2(G,) algorithm. We now make the following assertion.

Theorem 5.3. The G, cost function is maximised at each step of the SBR2 algorithm if the

largest normalised magnitude squared off-diagonal term in v(1) is zeroed.

1

denote the sample variances of the n™ and p™ signals, respectively,

Proof. Let r

nn

0 and r]J]IO

prior to the application of an elementary paraunitary transformation of the form (5.4). Further
consider that the numerator of (5.31) can be treated as a constant &, during an iteration of the
algorithm. Also, since the channels n and p are the only channels modified by the
transformation, the product of all of the sample variances of the transformed output channels,

h

except the n™ and p™, is a constant, say i, . We may now write the G, cost function as

1og7J*L —djoe | |4k, (5.32)

= K7 nn0 /1])0 2 rnn()r/)p()

where & =(1/2)log,(x,/x,). The change in G, denoted AG,, due to an iteration of the

algorithm can be expressed as

] r)U' rl)
AG, =—log, (M : (5.33)
2 \ Fano rp/z()

where r7 and ’}:’,}o are the lag-zero off-diagonal terms of the transformed space-time

covariance matrix r’(z) in (5.12). Equation (5.33) is maximised with the application of an

appropriate relative delay 7, and rotation &, to the n™ and p" signals:

_ Funo /7])0
J =argmax PO

|
w81\ Mol pp0 /
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Let r’(7) be the resulting space-time covariance matrix after the application of the delay matrix
in (5.7). The denominator of the quotient in (5.34) may be expressed in terms of the diagonal
coefficients r,,, and r, , and the off-diagonal r,,, onthe 7=0 plane of r'(7):

nn

ok ( Fount
a0’ pp0 0l ppo ) B
argmax| ——— :algmax’ —% . (5.35)
T, r . }" . 7 ‘l _ 7
np8T 0" pp0 e \ r;lll()’[)]]() 'rﬁ/JO
But the right-hand side of (5.35) is:
Foof
0" pp0 )
arg max o g =argmax| ————— |. (3.36)
np.T - T -
e r/mO’/}pO rrz])r,g | e 1 r)z]) Ty
r/mOr]J])O

Therefore, the objective in (5.34) is equivalently given by

2

8 (T/)

np

J =argmax (5.37)

np.T, rmzf)rpp()
The denominator of (5.37) can be viewed as a normalisation factor that essentially stabilises the
algorithm. In essence, this is because large cross-covariance coefficients due to, say, strong
signals are attenuated relative to those associated with weaker signals. Hence, the maximisation

of G, entails a generalised classical Jacobi search for the largest normalised cross-covariance
term. Q.E.D.

There are two modifications that need to be made to the SBR2 algorithm in order to

obtain the SBR2(G,) algorithm. The first is that the correlation based objective function, which

2 . -
, is replaced with the quotient in (5.37). Secondly, the stopping criterion

is a function of ’i;w(r,)

2 . .
£, 1s in terms of the quotient in (5.37) rather than }r (t, )‘ . These two modifications are

Y
indicated, respectively, by the circles labelled as (a) and (b) in Fig. 5.1. These are the only
modifications that are required to the algorithm described in section 5.3.1 for implementation of

the SBR2(G,) algorithm.

The cost function proposed here improves the strong decorrelation and spectral
majorisation performances of the SBR2 algorithm. The satisfaction of these conditions is
necessary for optimal data compression and broadband subspace decomposition. Hence, the
SBR2(G,) algorithm is more suited to these applications than its correlation-based counterpart.

Note that the algorithm intrinsically aims to design a filter bank that is optimal for multichannel
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data compression because its optimisation is exclusively geared towards the maximisation of
energy compaction. It is not easy to see how one can obtain a proof of convergence for the

SBR2(G,) algorithm, since the condition J =eo will arise if 1, or 7, are zero.

5.3.3 Cost Function Based on True Statistics

As a means of producing an upper bound on the performance for the SBR2 algorithm, we
present a SBR2 variant that exploits knowledge about the true statistics of the input data. As a
consequence, it gives near ideal performance. It is from a class of ‘non-blind” SBR2 algorithms.
Essentially, this technique is allowed to operate on the true covariances as opposed to the
sample covariances. Correspondingly, the cost function used by this algorithm differs from

those discussed thus far.

This algorithm is based on the SBR2(N;) algorithm in the sense that it also finds the
largest off-diagonal term in the given matrix at each step. Since the operations are performed on

C(z), the cost function is not N, but is given by

M

)
k=1

(5.38)

2
Ciko

where ¢, is the zero-lag term of the true autocorrelation function of the k™ signal. The

quantity A" is more suitably described as a measure rather than a cost function since true
statistics are used. The algorithm described will be given the name SBR2(A") for future
reference. It finds a paraunitary matrix that is, to a good approximation (since we are dealing

with FIR filters), the optimum decorrelation filter bank.

5.4 Windowed Covariance-Domain SBR2 Algorithm

A window function may be applied to the entries of the sample space-time covariance matrix
r(7) in (3.1) prior to the application the SBR2 algorithm. The algorithm begins by constructing
the sample parahermitian matrix R(z). A suitable window function, w(7), is then applied to
each of the polynomial entries of r(z), as performed by the WCD-bandwise algorithm. The
windowed polynomial covariance matrix is typically given by

U

R(z)= Y wor(z ", (5.39)

=1

where
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T-1
r(r)= Y x(0x"(t-1)/T (5.40)
r=0
and
v, (f<y
w(z) = ' (5.41)
0, 7> 1,

is a window function of length 7, = 2¢, +1 with v(7) the impulse response of a FIR filter. It 1s
assumed that r(7) =0, for}f‘ >t and that 7 >>1, . In practice, the value of ¢, is often measured
experimentally. If the correlation time interval [-7,,7.] of the signals is known, then this is
used to set the value 7, , i.e. 1, =7, and7, =27, +1. In which case, all sample correlation
terms at lags greater than this maximum delay are zeroed. If w»(z)=1, then w(z) is a
rectangular window and the windowed space-time covariance matrix r(7) is obtained simply by

truncating the entries of the original space-time covariance matrix in (5.40).

The SBR2 algorithm is carried out on the windowed space-time covariance matrix £(7).
This algorithm is referred to as the windowed covariance domain (WCD) SBR2 algorithm.
Typically, a rectangular window function is used prior to the application of the SBR2(N))
algorithm. We refer to this algorithm as WCD-SBR2(N).

The matrix F(7) is a more accurate estimate of the true space-time covariance matrix than
the (unwindowed) sample space-time covariance matrix in (5.40), both for our purposes and in
terms of sums of square errors. One consequence of this is that there is no set of data with
sample variances equal to the windowed sample covariance of the original data. It follows that
the WCD-SBR2 algorithm cannot be carried out in the data domain, and the covariance domain
version of the algorithm must be used.

In the case of a rectangular window, the windowed space-time covariance matrix is
parahermitian since r,,(7)=r, (-7). However, this is not guaranteed for arbitrary window
functions; e.g., asymmetric windows. Another important property is stated in the following.

Theorem 5.4. The windowed parahermitian matrix is not necessarily positive semidefinite.

Proof. This can be shown with an example. Suppose the entries of the sample space-time

covariance matrix in (5.40), r, (7), are constant functions, so that the Fourier transforms
Rm(ej‘”) are delta functions, i.e. R, (¢'”)=d(w). Furthermore, suppose that the rectangular
window function w(z) of length 7, =21, +1 is applied to r,, (7). The Fourier transform of the

rectangular window is a sinc function: W(e'?)=sin(t, @)/, @ = sinc(r, ). In the frequency
g I 1 I
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domain, the product of w(z) with 7, (7) is a convolution of the sinc function with the

Kronecker delta function, as shown in Fig. 5.5, which gives a sinc function, i.e.
R,, (e") =W (™)« R,, (€)= 8(w) *sinc(t, ) = sinc(, @) . (5.42)

The sinc function has negative amplitudes at frequencies on and around multiples
of w=3m/2t , therefore the windowed spectra IA?kk(ej’”) will also have negative energy at
these points. (Note that this, of course, could never happen for true spectra.) Since some of the
terms in 7, (7) take on negative values, it follows from the definition of positive
semidefin‘iteness for polynomials in (4.11) that the polynomial matrix r(7) is not positive

semidefinite. QED

It is easy to see how this condition would arise in the more practical case where 7, (7) is a

slowly varying function of time, whose Fourier transform approximates the delta function. If the

rectangular window to be applied is relatively short, then the Fourier transform of the windowed

function 7, () would be a good approximation to the sinc function.

o o 0 »
Figure 5.5: Showing the convolution of the frequency response a rectangular window function

(left) with the Fourier transform of a constant function r,, (7) (right).

Choice of Window Function and the G_ Cost Function

It may now be clear that the positive semidefiniteness of £(7) depends, to a great extent, on the
type of window function applied. A window function whose frequency response is characterised
by non-negative amplitude values would guarantee that r(7) is positive semidefinite for any

true spectrum. Examples of common window functions that satisfy this criterion are those that
have a sinc’ frequency response, i.e. the triangular, Bartlett, Blackman-Harris and Chebyshev

window functions.
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It would not be sensible to operate on a parahermitian matrix that has been modified by a

rectangular window with the version of the SBR2 algorithm that uses the G, cost function,
SBR2( G, ) introduced in (5.14). This is because the product in the denominator of the objective
defined by (5.37) will be negative if one of the zero-lag terms, #,(0), is negative; Cross-
correlation terms that are negative will be ignored by the SBR2 algorithm. Instead of the
rectangular window, one of the window functions mentioned in the previous paragraph would

need to be used in combination with the G, cost function, such as the Bartlett window.

5.5 SBR2 Family of Algorithms

We shall introduce a categorisation of the SBR2 algorithm based on whether or not a window is
explicitly applied in the covariance-domain. Those versions that do not explicitly window the
covariances are from the class of regular SBR2 algorithms and those that do are of the class of
WCD-SBR2 algorithms. This will make comparing the two types of algorithm less confusing.
All versions of the algorithm are collectively referred to as the SBR2 algorithm. Two important

governors of the performance of SBR2 are:

I. The adaptation technique or algorithm core which estimates the parameters for each
elementary paraunitary block, e.g. the classical Jacobi-type search strategy in section

5.2 and the cost functions introduced in section 5.3;

o

Any processing that is applied to the input data prior to the application of SBR2, e.g.

covariance-domain windowing in section 5.4.

As shown in this chapter, the development of SBR2 has led to the creation of different
versions of the algorithm with differing pre-processing stages and algorithm cores. Note that
using a different cost function constitutes a change to the algorithm core. In order to show the
relationship between the different SBR2 variants and what has been introduced in this thesis, a
summary chart is presented in Fig. 5.6. Those algorithm variants that are marked with X have
not been analysed in this thesis. This is mainly because they can be outperformed by other
similar versions and their analysis would be superfluous in the presence of the characterisations
of those other versions. In Fig. 5.7, we provide a flow diagram from which all the algorithm

variants may be obtained.

Note that another way of modifying the algorithm core is to adopt a different search
scheme, such as a generalisation of the cyclic Jacobi algorithm introduced in section 5.6.3. Due
to time constraints, SBR2-algorithms based on this strategy of optimisation are not considered

for analysis in this thesis. Therefore, they are left out altogether from Fig. 5.6 and Fig. 5.7.
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Figure 5.6: Chart of possible SBR2 algorithms and algorithm families.
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Figure 5.7: Variable flow diagram for obtaining anyone of the eighteen different SBR2

algorithm variants.

The algorithms labelled PD-SBR2 will be evaluated later in section 6.2 in order to
motivate the development of a novel technique for adapting SBR2 to subband coding. This
involves the invention of a pre-processing stage for effective application of the SBR2 algorithm
to the subband-coder design problem; the resultant algorithm is termed the SBR2 coder, which

is included in Fig. 5.6 and Fig. 5.7.
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5.6 Implementation Aspects

5.6.1 Solution to the Rotation Angle

Recall from section 5.2 that, at each SBR2 iteration, the dominant off-diagonal r,, is zeroed by

rotating the elements of the covariance matrix r’(0) in (5.8) through an angle @. This angle is

found by solving a quadratic in tan(6), as expressed by (5.9). The numerator y = 2r”'p(0)‘ and

denominator x=r. (0)— r,:P(O) of the quotient in (5.9) are the components of a vector v. The

nn

task of zeroing the cross-correlation terms r,:p(O) and rI:” (0) may be interpreted as one of

rotating the vector v onto the x-axis so that the y™ component of the vector vanishes. This is

illustrated by the example shown in Fig. 5.8. One of the solutions to (5.8) is to rotate v onto the

negative x-axis through an angle 6;, as represented by the red dashed arrow in the diagram.

This is the minimum rotation angle required for this particular example. The other possible

solution is to rotate v clockwise by an angle &, so that it is brought onto the positive x-axis; see

the blue dash-dotted arrow.

Resultant from using p— y
the arctangent Resultant from using the
function 1 4-quadrant arctangent
| s function
vV, y v,
_)) .t‘ V,

Figure 5.8: Example of the different rotation angle solutions.

The range of the arctangent function is commonly selected as the interval (—7[/2,7[/2].
This is adopted by the ‘atan.m’ function in Matlab [67]. The input argument to the atan.m

function is the ratio in (5.9). In the example shown (Fig. 5.8), v lies in the upper-left quadrant so

it is outside the range space of the arctangent function. The function interprets the negative
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valued ratio as the vector v’, which is the vector v rotated by 7t radians, and so, for the example
shown, it will find the angle .. Essentially, the sign of the individual coordinates x and y are

ignored by this function. Equation (5.9) is in terms of double angles, so a rotation of the

covariance functions by & corresponds to a rotation of x, (7) with x (1) by §=(n+6,)/2.

Therefore, a rotation of 7 radians corresponds to a 90° rotation of the signals. In other words, the

two signals are swapped and the resultant lower indexed signal is negated.

Since the x-coordinate of v in Fig. 5.8 is negative, we have r[;p (0)>r/ (0), and an anti-

clockwise rotation of v by €. preserves this condition. That is, energy from the cross-terms is

moved mostly onto the lower diagonal (the autocovariance of the second signal xp(f) ).

Because of this nature and since (by conjecture 5.1 in section 5.3) the SBR2 algorithm tends to
impose spectral majorisation on the signals, we can infer that the ordering of the signal spectra
after a number of iterations depends on the total power of the input (unprocessed) signais.
Therefore, the output signals, even though approximately majorised, would not necessarily
satisfy the ordering regime defined in (4.14); however, this is trivially obtained by permuting
the majorised signals accordingly. An example of signals that are spectrally majorised but
ordered according to the input signal powers is shown in Fig. 5.9(b) for the input spectra in Fig.
5.9(a). In Fig. 5.9(c) we show a set of spectra ordered in the manner of (4.14), which can be

obtained from Fig. 5.9(b) by the application of a permutation matrix.

In contrast to the regular arctangent function, the four-quadrant arctangent function (or
Matlab’s atan2.m function) can take into account the quadrant in which the vector actually lies
when determining a suitable angle. This is because its range space has the limits (- 77|, The
four-quadrant arctangent function finds an angle such that the vector v is always rotated onto the
positive x-axis. Hence, for the example of Fig. 5.8, the solution to the optimal rotation angle is
6, not m+86.; ie. there is no signal swapping. Using the four-quadrant arctangent function
essentially constrains the ordering of the output signals to be independent of the variances of the
input signals, and so the output spectra satisfy the condition in (4.14): the spectrum of the first
output signal dominates that of the second output signal, subject to the spectrum of the second
output signal dominating that of the third and so on, as in Fig. 5.9(c). Hence, the only difference
in using the atan.m and the atan2.m functions in terms of observable results is the labelling of

the output signals.
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Figure 5.9: Example of channel swapping. (a) Input signal spectra. (b) Majorised spectra from
using the regular arctangent function; the ordering is based on the input powers. (c) Majorised
spectra from using the four-quadrant arctangent function; the spectra are ordered according to

the ordering regime in (4.14).

5.6.2 Algorithm Efficiency

Circulant Assumption

It is convenient to assume that the data sequences repeat periodically every T samples, i.e. that
the sequences are cyclic (or circulant). When data is shifted beyond T samples it is wrapped
around to the zero time lag position. Therefore, we do not differentiate between delays whose
lengths differ by a multiple of 7. This permits the order of all polynomial matrices involved in
the computation to be restricted to order T. It also provides a firm foundation for computing
entries of the space-time covariance matrix using the DFT or FFT, as will be explained later in

this subsection. This can help to reduce the computational cost, and has obvious advantages in
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terms of computer programming by defining a fixed bound for the size of any associated arrays.

This cyclic data version of SBR2 is also guaranteed to converge.

If circulant data is assumed, then the paraunitary matrix found by SBR is irrevocably tied
to the circulant assumption; it is not easy to see how a non-circulant paraunitary matrix can be
found from the circulant one. By contrast, we can treat non-circulant data as circulant and apply
the circulant SBR2 algorithm to find a circulant paraunitary matrix. As long as the correlation
time of the signals is much less than the circulant length 7, the non-circulant paraunitary matrix,
which is a product of the same delays and rotations, should give an effective EVD/SVD for the
original non-circulant data. Note that, unlike the bandwise algorithm, the SBR2 algorithm is not
restricted to operating on circulant data; it can construct a legitimate paraunitary matrix for non-

circulant data without the circulant assumption in place.

Exploitation of Covariance Matrix Symmetry

One way of reducing the computational cost of the search procedure is to take advantage of the
fact that the polynomial covariance matrix R(z) in (5.1) is parahermitian. This is done by
considering the entries in the upper (or lower) triangle of R(z) only. Instead of searching
through M? — M off-diagonal entries, only (M* —M)/2 are necessary for the search, where

M is the number of channels. This modification results in a factor of two saving in computation

time. However, this is not significant in terms of overall algorithm execution time since both
methods have computational complexity of order M *, i.e. O(M ?) ; this is for a single step and

not taking into account the search in time.

Computing the Covariances in the Frequency-Domain
The largest cross-covariance term 7, (7,) can be found by an exhaustive time-domain

approach; to find the optimum delay 7, would require a search through the (M? =M)/2 off-

diagonal entries for all the elements of a set of time delays. This would, however, be rather

computationally expensive. Let the range of delays considered be equal to the data length, 7.
The SBR2 algorithm using this search method requires O(LM 2T?) arithmetic operations,
where, as before, L is the total number of algorithm iterations.

The speed of the algorithm can be considerably increased by using the DFT to obtain the
correlations, provided that the circulant assumption is made. The cross-covariances between
pairs of signals x, (r) and x, (r) can be computed thus R, (e'®)= X, (e")X ] ('), where
X, (') is the DFT of x,(r) and X (¢'”) is the DFT of x,(r) with all terms complex

conjugated. The sequence r,, (7) is then obtained for all 7by way of the IDFT. A flowchart of

kit
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this method is given in Fig. 5.10. The search for the optimum delay or largest magnitude square
term in 7, (7). for k #m and m >k (assuming a search in the upper-triangle), is then carried
out. This algorithm computes the same result as the time-domain technique in O(LM “Tlog, T)

operations. It is clear that for large 7, using this method for SBR2 is computationally more

efficient than the time-domain approach.

Covariance-Domain Approach

As discussed in section 5.2, the SBR2 algorithm can operate on the sample space-time
covariance matrix rather than operating on the data channels. A consequence of which is an
increase in the algorithm’s computational speed. The computation time is dominated by two

factors. The first is the one-off cost of constructing the space-time covariance matrix (Fig. 5.10)
at the start of the algorithm (before the SBR2 loop). This process requires O(M “Tlog, T)
operations. The second slowest point in the algorithm is within the main loop of the algorithm.

This is the search for the largest off-diagonal term, which does O(LM°T) work. Thus, the
complexity of this algorithm is O(M *T log, T+ LM *T) . In comparing the dominant term here,

O(M’Tlog,T), with that of the time-domain approach, O(LM’T?), we see that the
covariance-domain version of the SBR2 algorithm is faster. An idea of the speed of the

algorithm can be gathered from the following example.

START

Initialise constants &

—

arrays
X, =DFTof x,
R, (f1=X, (X, ()

5o (f) = IDFT of Ry, (f)

B

Figure 5.10: Algorithm for the transformation of the data to the covariance-domain.
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Example. Let there be M =10 signals with 7 =1000 data samples. A good estimate of the
optimal decorrelation filter bank can be obtained with L =600 iterations of the SBR2 algorithm
in approximately 16 seconds using a 3GHz Pentium 4 processor. Although this would typically
be too slow for real-time applications, there is a great deal of scope for improving the

computational performance of the algorithm.

5.6.3 Alternative Search Technique

In section 5.2, we extended the classical Jacobi algorithm to polynomial matrices to create the
multichannel SBR2 algorithm. This strategy may be described as a ‘greedy’ approach that
searches for the largest correlation between two signals at each iteration. An alternative scheme
can be obtained by generalising the cyclic Jacobi algorithm, introduced in section 2.2.3, to
polynomial matrices. The paraunitary transformation of (5.4) can be applied to the

(M?—M)/2 off-diagonal entries (to zero the largest term in each entry) that are selected in

some fixed order. The sequence of transformations constitutes a sweep, which may have a

cyclic-by-rows or cyclic-by-columns construction.

In contrast to the SBR2(N)) algorithm, this strategy treats all off-diagonal entries equally.
Therefore, it is proportionately, equally sensitive to all the signals, which is also a property of
the G, cost function, discussed in section 5.3.2. A SBR2 algorithm that is based on the cyclic

Jacobi algorithm would naturally perform better spectral majorisation than SBR2(N,).

The computation time of the SBR2 algorithm with the cyclic-by-rows Jacobi method is
greater than that for the SBR2 algorithm with the classical Jacobi algorithm in place. In each
step of the SBR2 algorithm a Jacobi sweep is executed, which means that the algorithm does

oM 2Tlong + LM’T) work. The increase in order arises because there are (M*=-M)I2

delay-rotates, each of which requires O(M ) operations.

Note that there may be other ways of implementing the SBR2 algorithm that are not based
on a pairwise search approach. One method is to search over a wide range of possible delays in
a delay set for the entire polynomial covariance matrix to find the best delay and then apply a
multichannel rotation. However, at first glance, this would seem to be a computationally costly
technique. Investigation into a computationally efficient implementation of this scheme has not

been performed due to constraints on time.
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5.7 Performance Analysis

5.7.1 Characterisation of the SBR2 Algorithm

The performance limiting factors of the bandwise algorithms discussed in section 4.4 are not
specific to those algorithms, but seem to occur in a hidden form in the SBR2 algorithm. As
before, the limitations transcribe into a trade-off between frequency resolution and sample
noise. The number of degrees-of-freedom the algorithm has increases as the number of
algorithm steps L increases. A large value of L results in the algorithm having increased
resolution in frequency space, but effectively reduces the number of data samples that it can use
in estimating each quantity (unitary matrix). In this case, the diagonalisation performance (4) is
dominated by the sample errors. In contrast, for small L, the predominant contributing factor to

Ais the lack of spectral resolution.

The SBR2 algorithm can be thought of as applying a window to the sample covariance
functions. The window edges asymptote to a peak value obeying a power law behaviour of
order 77. The algorithm applies a window with a bounded value of 77. The larger the value of 7
the better the diagonalisation performance of the algorithm for data with short covariance
functions; the performance tends to be worse otherwise. Note that a large value of 77 will give
performance approaching that of the WCD-bandwise algorithm with a rectangular window, as

discussed in section 4.4.3.

Characterisation of the WCD-SBR2 Algorithm

The application of a covariance-domain window can be viewed as a modification to the SBR2
algorithm that increases the effective value of 7. A rectangular window function effectively
means that 77 =eo . This algorithm has two parameters: the number of iterations L and the
window length 7, . The application of a window in the covariance domain effectively reduces
the number of independent estimates made and so the accuracy of these estimates can be
significantly improved. The windowed space-time covariance matrix £(7) is a better estimate of
the true statistical measure a(7) than the original space-time covariance matrix r(7), both for
our purposes and in terms of sums of square errors. The effect of the windowing is to smooth

the signal spectra, as performed by the Blackman-Tukey spectral estimator [7].

It is important that the length of the window is not less than the time extent of the true
correlations between the signals. This condition must be adhered to so that the algorithm has
access to all true cross-covariance terms. In the case where a rectangular window is used,

sample noise is the only contributor to 4. Because of this, the WCD-SBR2 algorithm offers an
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improvement in performance over the regular SBR2 algorithm when the true covariance

function has finite extent in time (windowing is ineffective otherwise).

The type of covariance-domain window function applied will have an effect on the
performance of the algorithm, and its effectiveness depends on the true correlations of the
signals. Therefore, knowledge about the underlying statistics of the signals will aid in choosing
a suitable window function; a poorly chosen window may attenuate or even remove some

essential cross-covariance terms. This may be demonstrated through some examples.

Example 1. Consider the case of two signals with a corresponding true cross-covariance
function a,,(7) as represented by the green curve in Fig 5.11(a). The greatest lag at which
correlations exist is 7. = 5. The sample cross-covariance function, r,,(7), consists of significant
(signal-related) covariance coefficients in the range [-7,,7.] and noise-related coefficients
outside this range; this is the solid blue curve in Fig 5.11(b). The noise terms may be set to zero
with the application of a rectangular window function of length 7, =2T, +1, represented by the
dotted red curve in Fig. 5.11(b). With such a window function the important cross-covariance

terms are preserved, including those close to ‘TC[ ,as seen in Fig. 5.11(c).

Figure 5.11: (a) True cross-covariance function. (b) sample cross-covariance function and a
rectangular window. (¢) Result of windowing the sample covariance in (b); all signal-related

terms are preserved.
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Example 2. Consider again the two-signal case with a true cross-covariance function as shown
in Fig. 5.12(a). Suppose the SNR of the signals is low and so the sample covariance function is
a noisy estimate of a,(7), as represented by the solid blue curve in Fig. 5.12(b). If a
rectangular window (thin dotted black curve in Fig. 5.12(b)) is applied in this case, some
dominant noise-related coefficients would be preserved; see the thin black dotted curve in Fig.
5.12(c). On the other hand, if a tapered window, such as the Bartlett window function
represented by the thick dotted red curve in Fig. 5.12(b), is used, then the dominant noise-

related terms are attenuated; see the solid pink curve in Fig. 5.12(c).

Lag, 7

Figure 5.12: (a) True cross-covariance function. (b) sample cross-covariance sequence, a
rectangular window and a Bartlett window function. (¢) Results of windowing the sample
covariance in (b) with a rectangular window (dashed curve with noise-related terms preserved)

and a Bartlett window (solid curve with noise-related terms attenuated).

5.7.2 Experimental Results

Using computer simulations we evaluate the performance of the various SBR2 algorithms. The
algorithms were applied to the multichannel convolutive problem represented by Fig. 4.1. The
results provided here underline the validity of the performance characterisation given in sections

4.5.]1 and 5.7.1. Finally, the subspace decomposition accuracy of the SBR2 algorithm is
investigated.
For the following simulations the input signals to be processed were generated as follows:

With reference to (4.3) (or Fig. 4.1), the propagation of M signals onto M sensors was modelled

by means of a M x M polynomial mixing matrix G(z) whose entries were FIR filters of order
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N, with coefficients drawn randomly from a uniform distribution in the range [ 1.1]. The

source signals took the form of independent BPSK sequences, which were convolutively mixed

using G(z). This model is the same as that used in all the experiments in section 4.5. In some of
the following experiments the source signals were modelled as quaternary phase-shift keying
(QPSK) sequences with zero mean and unit variance. The samples took values * l/«/zi ] 1/«/5 ,

each with a probability of 1/4, which gives rotated /4 constellation points [51]. For reasons

given in section 5.6.2, we assume that the input data is circulant.

The WCD-SBR2(N,) algorithm, like the WCD-bandwise algorithm, was run with a

rectangular correlation window and a correlation window length of 7, =2N, +1=2T +1. For

the reason given in section 5.4, the WCD-SBR2(G,) algorithm was applied with a triangular

window function, where 7,, =4N, +1. Expected performance quantities were obtained by

averaging over 100 realisations of each experiment.

Strong Decorrelation

Dependence on L. In Fig. 5.13, the evolution of the diagonalisation performance measure (4)
for the SBR2(N,), SBR2(G,), WCD-SBR2(N,) and WCD-SBR2(G,) algorithms over a number
of algorithm iterations L for the three-channel case is shown. Also included in these figures is
the performance of the non-blind technique, SBR2( A"). For this simulation, the order of the
filters in G(z) was N, = 5 and the number of data samples, 7 , used to estimate the space-time
covariance matrix in (5.1) was chosen to be 729. The correlation window parameter for the

WCD-SBR2(N;) and WCD-SBR2(G,) algorithms was set to 11 and 21, respectively.

It is obvious from these plots that there is an optimal number of steps, L', required at
which the regular SBR2 algorithms achieve the lowest value of A. The optimum performance
point for the SBR2(G,) algorithm (thick solid curve) is reached with a greater number of
iterations than is required for SBR2(N,) (thick dashed curve). This is because SBR2(G,) is not
as sensitive to large cross-correlations as SBR2(N)) is, as explained later in section 6.1.2. For
the same reason, the SBR2(G.) obtains a lower value of A than SBR2(N,). The reduction in
performance either side of the L’ point for the regular SBR2 algorithm substantiates the analysis
presented in section 5.7.1. For small values of L, 4 is governed by the errors that restrict

frequency resolution. For large values of L, errors are due to sample noise.

As expected, the WCD-SBR2 algorithms produce output signals that are a closer
approximation to strongly decorrelated signals than those obtained from the regular SBR2
algorithms. Their success is directly attributed to the windowing performed on the sample

covariances, which largely removes noise related crosscovariance terms (i.e. that are not related
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to the true statistics of the signals). It is apparent that the performance of the WCD-SBR2(N)) is
slightly better than that of the WCD-SBR2(G,). A likely reason for this is that a rectangular
window is more suited to the true covariances of the signals, as discussed in section 5.7.1. This
is evident in the fact that a larger window length was required when using a triangular window.
By contrast to the regular SBR2 algorithms, a very low value of A is attained by the WCD-
SBR2 algorithms, which is due to the windowing. The SBR2(A”) algorithm finds a paraunitary
matrix that is the optimum decorrelation filter bank, to a good approximation. Its success is

certainly due to the fact that it uses true statistics to design near-optimal filters.
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Figure 5.13: A comparison of the diagonalisation performance of the various SBR2 algorithms

for the case of 3 signals with real-valued data samples.

The A performance evolution of the various algorithms has been assessed for the case
where there were three complex-valued signals; see Fig. 5.14. The source signals were QPSK

sequences of length T =729 . The general performance characteristics of the algorithms are

similar to those seen for real-valued data. However, a difference in absolute terms is observed:
the regular SBR2 algorithms achieve a somewhat greater level of diagonalisation than for the
real-signals case. A possible hypothesis for this is that there is effectively extra information
about the source signals in the complex part of the data, which is exploited by SBR2. This may
be easily verified by doubling the number of samples used in the real-signals case and noting the

increase in performance, as will be demonstrated in the following experiment.
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Figure 5.14: A comparison of the diagonalisation performances of the various SBR2 algorithms

for the case of 3 complex-valued sequences.

Dependence on 7. The dependence of the A measure on the number of data samples T for
varying L was obtained using SBR2(N,) and WCD-SBR2(N,), the results from which are
provided, respectively, in Fig. 5.15 and Fig. 5.16. The simulations were for four signals

and N, =3. It is clear that the more data samples there are available for processing the better

the performances of the algorithms. For both algorithms, we see that A is approximately

independent of T for small L and for T >>T, . This occurs because of a lack of spectral

resolution, which is consistent with the analysis given in 5.7.1. Conversely, as L increases,
sample errors become more dominant and therefore A becomes more dependent on 7. These

relationships were also observed for SBR2(G,) (not shown).

Identical simulations to those in Table 4.1 of section 4.5 have been carried out for the
SBR2 algorithms with results tabulated in Table 5.1. The regular SBR2 algorithms were
allowed to run for an optimum number of steps L', which ranged from 18 to 60 iterations
depending on the algorithm and T: the values of L were determined by conducting experiments
of the type for which the results in Fig. 5.13 relate. The WCD-SBR?2 algorithms were allowed to
run for 500 iterations. In comparing the A performances of SBR2 with those of the bandwise
algorithms, the multipath-enabled SVD and the SVD, we note the following: WCD-bandwise
and WCD-SBR2 algorithms produce comparable performances and can generally achieve
greater diagonalisation than the other methods; the SW-bandwise algorithm performs slightly

better than the regular SBR2 algorithms with 7, and L', respectively; and the SBR2(G,)

algorithm attains a lower value of A generally than that obtained by the multipath-enabled SVD.
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Data length /Algorithm 243 samples 729 samples 2187 samples
(A o (4D
SBR2(A") 9.9x107° 1.0x107* 9.6x107
WCD-SBR2(N)) 5.6x107 1.9x107> 6.6x107°
WCD-SBR2(G.) 5.3x10°° 2.3x107° 9.7x107
SBR2(G,) 1.7x10™" 9.3x107? 4.8x107°
SBR2(N)) 2.1x10" 1.3x107" 7.5%107

Table 5.1: Comparison of the decorrelation performance of the SBR2 algorithms for different

values of 7.

Spectral Majorisation

In Fig. 5.17, the power spectral densities of the output signals from three SBR2 algorithm
variants are shown for four input signals (identical to those used in section 4.5) with spectra as
in Fig. 5.17(a). The SBR2(N,) and SBR2(G,) algorithms were allowed to run for an optimum
number of steps, which was 20 and 35 iterations, respectively; see Figs. 5.17(b) and (¢),
respectively. The WCD-SBR2 algorithms were allowed to run for 300 iterations. We see that all
the algorithms produced output signals that are approximately spectrally majorised. It is quite
evident that the WCD-SBR2(N,) algorithm — see Fig. 5.17(d) — produces significantly better
results than the regular SBR2 algorithms. The WCD-SBR2(G,) and ‘near’-optimal algorithms

produced majorised spectra (not shown) similar to those from WCD-SBR2(N)).

In general, SBR2(G,) and the bandwise methods have consistently performed better
spectral majorisation than SBR2(N,). As explained in section 5.3.2, a possible reason for the
short coming of SBR2(N)) is that after a few iterations, it concentrates on improving energy
compaction in signals with large power and neglects compacting energy from weaker signals. It
does this because powerful signals give rise to large crosscorrelations, which the algorithm
targets in order to maximise the N, cost function. The condition is exacerbated when there are
very weak signals present, and highlights a drawback of the cost function used and/or the
method of search adopted (classical Jacobi method) for coding applications. In contrast, the G,
cost function is proportionately, equally sensitive to changes in any of the signals. Therefore, it

enables SBR2 to perform greater data compression.
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Figure 5.17: The majorised output signal spectra of (b) SBR2(N,), (¢) SBR2(G,) and (d) WCD-
SBR2(N)) for the given input signal spectra in (a).

Broadband Subspace Decomposition

In order to demonstrate the capability of the SBR2 algorithm in performing broadband subspace
decomposition, we present the results of a simple computer simulation. The propagation of three
source signals onto six sensors was modelled by means of a 63 polynomial mixing matrix

G(z) whose entries were order-5 FIR filters with coefficients drawn randomly from a uniform
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distribution in the range [=1,1]. This overdetermined system is expressed in (4.3) and depicted
in Fig. 4.1. The source signals were simulated as QPSK sequences of length 7 = 2000, as
specified in section 5.7. Gaussian random noise was added to each simulated sensor output with

variance, O'f,, chosen to achieve the desired SNR. From (4.37), the input SNR is given by
SNR, = trace[G(z)G(2)] \7[7 /60‘5, for this experiment.

For each chosen value of SNR, the SBR2(N,) and WCD-SBR2(N,) algorithms were used
to strongly decorrelate the sensor signals by diagonalising the space-time covariance matrix
according to (5.2). The SBR2(N,) algorithm was allowed to run for L =30 iterations which was
the optimal number of steps for this problem, as determined from the corresponding ensemble A
performance. On the other hand, the WCD-SBR2(N,) algorithm was run for 400 iterations, at
which stage the modulus of the largest off-diagonal coefficient was extremely small. The signal
and noise subspaces were then separated, assuming that the SBR2 algorithms had successfully
achieved spectral majorisation. The signal subspace was defined by the first three output
channels. The integrity of the signal and noise subspaces was quantified using the y measure
defined by (4.36) in section 4.2.4. The smaller the value of y the more reliable the subspace
estimation. The value of yas a function of SNR for this experiment is plotted in Fig. 5.18. Each

point on the graph represents the value of yfor 100 trials.

From Fig. 5.18, it can be seen that low values of ywere achieved by both SBR2 variants,
and ydiminishes rapidly with increasing SNR. This indicates that the algorithms are capable of
effective broadband subspace decomposition. The algorithms produce inaccurate subspace
estimates below a certain input SNR level, which is different for the two algorithms. These
curves show that a transition band exists where the algorithms go from producing many errors

to providing good subspace estimation. We also make the following interesting observations:

l. As expected, more accurate subspace estimation can be achieved with WCD-SBR2
(dashed curve in Fig. 5.18) than is obtained by the regular algorithm (solid curve): at

0dB SNR, ¥ =0.2 for SBR2(N)), by contrast, ¥ =0.02 for the WCD variant;

2. The variance of ¥ for moderate-to-high input SNR is somewhat smaller (ie. a

smoother curve) for WCD-SBR2 than that for the regular SBR2 algorithm;
3. The variance of the y measure gets larger as the input SNR falls.
4. There are values of y that are greater than unity (for low input SNRs).

A possible hypothesis for the first two points in this list is that the WCD-SBR2 algorithm
operates on a more accurate estimate of the space-time covariance matrix so it makes less errors

than the regular SBR2 algorithm. The last two observations can be easily explained as an effect
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due to the fact that the construction of the paraunitary matrix is based on sample statistics, and

so there are sample errors in the quantities being estimated.
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Figure 5.18: A comparison of subspace decomposition performances for regular SBR2 (solid

curve) and WCD-SBR?2 (dashed curve).

5.8 Concluding Remarks

In this chapter, we have introduced the second-order sequential best rotation (SBR2) algorithm
as a method of constructing paraunitary matrices for polynomial matrix diagonalisation (or
PEVD). In contrast to frequency-domain methods presented in chapter 4, the SBR2 algorithm 1s
a time-domain approach that is not restricted to circulant (periodic) data. It uses the
decomposition in [73] but with a fundamental difference that allows for a much simpler method
of parameter optimisation: a generalisation of the classical Jacobi algorithm to the relatively
unexplored domain of polynomial matrices. The SBR2 algorithm constructs a paraunitary
matrix as a sequence of elementary paraunitary matrices computed one at a time. It can strongly
decorrelate signals, to a good degree, in a perfectly conditioned manner and has a proof of
convergence. The algorithm has been shown to give an effective extension of the EVD to

polynomial matrices or the SVD to broadband signals.

We have introduced variations on the SBR2 algorithm which improve its strong
decorrelation and spectral majorisation (and thus the broadband signal subspace estimation)

performances. One of these variants is created by changing the algorithm’s correlation-based



5.8 Concluding Remarks 123

cost function to one that is based on the coding gain. Another version of the algorithm is

proposed that applies a window to the sample space-time covariance matrix of the input data.

In this chapter we have only attempted to indicate the relevance of the SBR2 algorithm to
signal processing by means of some typical examples. However, as with the conventional
SVD/EVD, the SBR2 algorithm is a generic tool, applicable to a wide range of problems. It has
already been applied successfully to data obtained from real sensor arrays in a number of
application areas including sonar and seismology; however, discussion of the specific
applications and results is beyond the scope of this thesis. It has also been adopted successfully
by other researchers for the purpose of designing oversampled filter banks for channel coding
[41,85] and for second order blind signal separation, applied to polarised signals from a 3-axis
seismic sensor array using quaternion (hypercomplex) arithmetic [39]. It is envisaged that the

SBR2 algorithm can also be applied to more esoteric applications, such as cancer diagnosis.

The SBR2 algorithm has the effect of compacting most of the total signal power into as
few channels as possible. This implies that it is also suitable for application to multichannel data
compression and subband coding. In chapter 6, we focus on extending the capability of the
SBR2 algorithm to data compression, in particular the design of optimal orthonormal subband

coders, in the following chapter.



6 PEVD for Data Compression

In chapter 5, the SBR2 algorithm was introduced as a time-domain approach to computing the
PEVD of parahermitian matrices. The algorithm calculates a paraunitary filter bank that
imposes, to a good approximation, strong decorrelation and spectral majorisation upon the input
signals. In chapter 3, it was shown that these qualities are necessarily satisfied by the analysis
bank of an optimal orthonormal subband coder, where optimality is in the sense of maximising
the coding gain. In this chapter, we introduce variations on the SBR2 algorithm that are suitable
for application to both multichannel data compression and subband coding. Correspondingly,
the chapter is sectioned into two parts: in section 6.1, an investigation into the applicability of
the SBR2 algorithm to the task of compressing multichannel arbitrary data is presented; in
section 6.2, we introduce the SBR2 coder, which is an adaptation of the SBR2 algorithm for
effective application to the problem of optimal subband coding. The SBR2 coder represents a

major part of the innovation presented in this thesis.

In section 6.1, we begin by recognising that energy compaction and minimal data
encoding for multichannel data are possible tasks for a PEVD algorithm. The connection
between the PEVD and the PCEB, introduced in chapter 3, is highlighted. A new measure of
data compression for multichannel arbitrary data is defined by extension of the coding gain
given by (3.7). The coding ability of the various SBR2 algorithms is demonstrated through
experimental results. In section 6.2, the SBR2 coder is introduced as a technique for producing
orthonormal PRFBs for subband coding. Firstly, an examination of the effect of the delay-chain
and decimation (demultiplexing) stage of a subband coder on the statistics of the input signal is
given. We show that the space-time covariance matrix of the input vector signal has a special
structure when the input signal is stationary in the wide sense. This is exploited by conventional
subband coder design methods. We introduce a method of incorporating knowledge of this
structure into the SBR2 algorithm. The resulting algorithm is coined the SBR2 coder. Certain
relationships between the SBR2 coder and a prior-art algorithm proposed in [32] for designing
compaction filters, called the window method, are then given. Finally, results are included
showing that the SBR2 coder can produce filter banks that outperform those obtained using the

window method for a set of benchmark problems.
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6.1 Data Encoding of Multiple Signals

The correlations that exist between multiple signals constitute a type of redundancy. A linear
transformation, such as the SVD, may be used to remove these correlations and perform optimal
energy compaction (see chapter 2). As a result, most of the total input signal power resides in a
reduced number of channels (dominant channels). Data compression may be achieved by
encoding (quantising) the data with a reduced number of bits: typical strategies for quantisation

have been discussed in section 3.2.

However, if the input multichannel data are strongly correlated, then instantaneous
decorrelation would not yield optimal compression. For this case, optimality may be attained
with a filter bank that imposes strong decorrelation and spectral majorisation upon the input
signals — see section 4.2.3 for a definition of these two properties in the context of arbitrary
multichannel data. It is also desirable for the filter bank to be paraunitary because it simplifies
considerably the design of a stable PRFB and prevents the amplification of quantisation noise
(see chapter 3). Such a filter bank can be found by the SBR2 algorithm, as shown in chapter 5.

In this section, we evaluate the SBR2 algorithm for data compression of multichannel data.

6.1.1 Energy Compaction and Coding

It has been shown that the PCFB is the optimal filter bank for both energy compaction and
subband coding, as discussed in section 3.2.3. Optimality in terms of the former objective is
achieved when the partial sum in (3.13) is maximised. An optimal solution to the latter objective
is found because a PCFB also maximises the non-uniformity of the variances of all the subband
signals, and so the product of these variances is minimised (i.e. the coding gain in (3.7) is
maximised). An algorithm for estimating a PEVD of arbitrary multichannel data may also be
designed with these two objectives. This is now considered through trivial extension of these

objective functions.

The energy compaction property of the PEVD (see section 4.2.3) is highly relevant and

beneficial to the task of data compression. The PEVD produces a paraunitary matrix H(z) such

that for all n less than M. the sum of the powers of the first n of the transformed channels 1s as

high as possible, i.e. the partial sum

Z”:i €y foreach ns<M (6.1)

k
is maximised. Here, M is the total number of arbitrary broadband data channels and
Cu()= Z;m ¢y, 2 are the diagonal entries of the true polynomial covariance matrix C(z)

defined in (4.12) (related to the signals transformed by the PEVD). Now suppose that the
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signals are reconstructed by applying ﬁ(z) (the paraconjugate transpose of H(z)) to the

reduced set of » transformed signals V(z), 1e. Y(2)= H(z)V(z) . Since (6.1) is maximised and
H(z) is paraunitary, the sum of the variances of the M —n—1 signals is minimised. It follows

directly that the error in the reconstructed signal Y(z) is minimised, i.e. the multichannel

M

]
kzn+

reconstruction error £ = (1/M)Z ko is minimised.

A paraunitary matrix that minimises the multichannel reconstruction error may be looked
upon as an extension of the PCFB for subband coding to arbitrary multichannel data. It follows

that we can make the following assertions:

o In the particular case when n=1 and ¢, is maximised, the first row (polynomial
vector) of H(z) is a generalisation of the optimal compaction filter (defined in section

3.2.2) to arbitrary multichannel signals.

e The sum

M .
Zk:] log, ¢ (6.2)

is minimised. This is a simple generalisation of the un-normalised coding gain in (3.7)

to arbitrary multichannel signals.

Since we are limited to the case where H(z) is comprised of FIR filters we cannot in

general minimise & and thus obtain optimal multichannel data compression, which is analogous
to the intermediate condition for PCFB design given in section 3.2.3. If the aim is to produce
minimally coded data, then a PEVD-estimating algorithm would be at an advantage if it aimed
to maximise ¢, (i.e. energy compaction) or minimise (6.2). It follows from the discussions in
sections 3.2.2 that such an algorithm would implicitly impose strong decorrelation and spectral
majorisation. The SBR2(G,) algorithm, introduced in 5.3.2, would be suitable for the task of

data compression since it uses the G, cost function defined in (5.31), which is based on the

coding gain measure. It stands to reason then that this algorithm aims to minimise (6.2).

6.1.2 Performance Measure Based on the Coding Gain

The methods for computing the PEVD introduced in sections 4.4 and chapter 5, produce filter
banks that can be used to perform multichannel data compression. A measure is required to
assess the data compression ability of the filter bank constructed by a PEVD algorithm. Recall
from section 4.2.4 that the sum of the magnitude-square off-diagonal terms at all time delays
gives a measure of the diagonality of a polynomial matrix, as represented by A in (4.33). This

quantity cannot be used for the purpose of measuring data compression performance since it 1s
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proportionately more sensitive to changes in signals with high energy. It follows, therefore, that
it is weakly sensitive to spectral majorisation, which is a necessary property when trying to
correctly gauge the level of data compression achieved. Therefore, an alternative performance
measure is defined, called the compression gain. The measure may be looked upon as a
generalisation of the coding gain to multichannel data. It allows for the direct comparison of the
data compression performance of the various PEVD-estimating techniques presented in this
thesis.

The compression gain is defined as a measure of the number of bits per sample saved
after encoding the data channels. This is provided that the original information content is
faithfully reproducible. The compression gain, G, , is simply the difference between the

number of bits required to encode the input channels, N,, to that required for the output

channels, N_. In other words,
G, =N, —N, (number of bits). (6.3)

The measure may be expressed in terms of the variances of the input and output (transformed)
channels, a,, and c,,,, respectively: the zero-lag coefficient of the k™ diagonal entry of the
true covariance matrices A(z) and C(z) defined in sections (4.10) and (4.13), respectively.

Now, the number of bits/sample (data rate) required for M data channels before and after strong

decorrelation may be expressed as, respectively,

N; =log,(gqfa; 1) +102,(gyfarg ) + ... + 108, (g+f @y )

=log, (Va9a550--Aypro ) + MQ .

(6.4)

and

N, =1og,(\¢110Co00-Como ) + MO . (6.5)

Here, ¢ is a constant associated with the signal digitisation process, such as quantisation, and

Q =log,(g) . We define the compression gain as

M
( H )

1
G,=N,-N,6 =—log, ‘—;1-— . (6.6)
T 508
H Crro
k=1 J/

This measure is maximised when the product of the variance of the transformed output
channels is minimised. In Appendix 8.1, we prove that maximisation of the compression gain

leads to paraunitary filter bank that is optimal in the sense of the compression gain.
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Cost Function Based on True Statistics

Another variation on the SBR2 algorithm can be created by using the G, measure in (6.6) as
the cost function. This SBR2 variant belongs to the class of non-blind SBR2 algorithms defined
earlier in section 5.3.3, and is referred to as SBR2(G,,). Viewed differently, the algorithm

operates on the true space-time covariance matrix C(z) with the G, cost function defined in
(5.31). Therefore, the G, measure is maximised when the largest normalised crosscovariance
term in C(z) is zeroed. The SBR2(G,,) algorithm finds an ‘almost’-optimal filter bank for

multichannel data compression. The performance of this algorithm is an upper bound on the

compression gain performance of the ‘blind” SBR2 algorithms.

6.1.3 Performance Analysis

In the following we present the results of numerical simulations. The systems under
investigation are the regular SBR2 and WCD-SBR2 algorithms. The inputs were three complex-
valued data channels as generated in section 5.7. The WCD-SBR2 algorithms were run with the
parameters as given in section 5.7. As before, expected performance quantities were obtained by

taking the average across 100 trials of the experiments.

The evolution of the compression gain G, for the SBR2(V,), SBR2(G,), WCD-SBR2(N))

and WCD-SBR2(G,) algorithms over a number of algorithm iterations L is shown in Fig. 6.1.
The performance of the non-blind technique, SBR2(G,), is also shown. As seen for the A
performance in section 5.7, there is an optimal number of steps, L', required at which point the
regular SBR2 algorithms achieve the highest value of G, obtainable with these algorithms.
Notice that the optimum performance point for the SBR2(G,) algorithm (thick solid curve) is
obtained with a greater number of iterations than is required for SBR2(N,) (thick dashed curve).
As expected, the SBR2(G,) performs data compression better than SBR2(N,). The cause of the
reduction in performance either side of L' (where the peak occurs) for the regular SBR2

algorithms are for the same reasons as cited in section 4.4.

Notice also that the WCD-SBR2 algorithms are superior to the regular SBR2 algorithms
at data compression. This is attributed to the windowing performed on the sample covariances.
Their compfession gain performances asymptote to values just below optimality (as indicated by
the thick dash-dot curve for SBR2(G,,)). The filter banks produced for this part of the curve
attain high levels of energy compaction, as can be ascertained by comparing the variances of the
input and output signals in Fig. 6.2. In general, the WCD-SBR2(N|) algorithm achieves
marginally better performance than that of the WCD-SBR2((,). This is because a rectangular

window is more suited to the true autocovariance of the sources (providing a slightly better
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estimate of the true space-time covariance matrix), as explained in section 5.7.1. The success of
SBR2(G,,) is attributed solely to the fact that true statistics are used to design a near-optimal
compaction filter bank. Results verifying the fulfilment of strong decorrelation and spectral

majorisation for some of the algorithms evaluated here are given in section 5.7.
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Figure 6.1: Comparison of the compression gain performances of the various SBR2 algorithms

for complex valued data.
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6.2 SBR2 Coder

In this section, we present an investigation into the applicability of SBR2 to optimal subband
coding. A study of its relevance to the subband coder design algorithms found in the literature is
presented, particularly its relevance to the window method, described in section 3.4.2, is

assessed. Important differences between the window method and SBR2 (in relation to the
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architecture) are identified and explained. Specifically, we show that the true polynomial

covariance matrix of the demultiplexed signals x(7) in Fig. 3.1(b) has a special form for WSS

signals, which is exploited by the window method. It is then shown that the SBR2 algorithm, as
it is, is oblivious to this property, and so would not, in general, perform data compression as
well as the window method. This motivates the development of a data pre-processing stage that
exploits the extra knowledge about the statistics of the input signal. The relative performances

of the modified SBR2 algorithm and the window method are then assessed.

6.2.1 Covariance of the Demultiplexed Signals

Pseudocirculant Matrices

Consider the MxM  polynomial matrix A(z) with entries A,,(z), where
lke Z |[1<k<Kland{me Z [1<m<M}. From [73], the matrix A(z) is said to be

pseudocirculant if there exists @, (z),®,(z),...,D,, (z) such that

A (D) D, (2, I<k<m ¢
i ()= (6.7)
' Zilq)mfkﬂ\/l%»l (Z)’ m< k S M‘

In words, A(z) is a circulant matrix except that the entries below the main diagonal are

multiplied by z~'. Thus, a pseudocirculant matrix has the form

A]](Z) AIQ(Z) AIM (ZJW CD](Z) CDZ(Z) CDM(Z-)
A) = AQI:(Z) Azgz(z) AW: (z) _ zfch):M (2) CD,:(Z) CDM-:-I(Z) (6.8)
Ay () Ayr(2) o Ay (2) !\Zilq)z(z) Zilq%(Z) e Dy(2)

The entries of A(z) that are equal, but for a permutation, are termed related entries; e.g., in the

4x4 case, the set {A;(2), A5, (2), Ay (2), A, (2)} consists of related entries.

Properties of the Demultiplexed Covariances
In the following, we will show that the true polynomial covariance matrix of the vector signal
x(1) is pseudocirculant if the input signal x(z) is WSS, as was first discovered in [60]. This
result will reveal the importance of pseudocirculants in the design of optimal subband coders;
moreover, it will expose a performance limiting factor of the SBR2 algorithm if applied to
problem of subband coding.

Consider the input signal x(z) and the analysis bank of the subband coder in Fig. 3.1. Let

x,()=x(Mt+p-1 {pe 2 [I<p<M)} be the demultiplexed (low sample rate) signals,
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which are naturally elements of the vector signal x(r) = [x(MD)x(M1+1)....,x(Mi+ M - D]

the polyphase components of x(z) . Suppose that x(z) is drawn from a zero-mean WSS process.
The vector signal x(7) is, therefore, also zero-mean and WSS. The true autocovariance function
of x(1) is defined as
Ele()x"(+ 1) =a(r), Viand V7. (6.9)
The space-time (or rather, time-time) covariance matrix for the polyphase components of x(z)
may be written as
E[x(’z)x“(tJrT)] =a(rye C"M(7),Vr and V1. (6.10)

The z-transform of (6.10) is given by

A(z):Zz“Ta(T), Y. 6.11)

Theorem 6.1. The matrix A(z) is pseudocirculant if x(1) is a WSS signal.

Proof. The (k,m)th entry of a(7) can be expressed as

a, (O =Ex, (0xt+1)], vr. (6.12)

m

The relationship between these entries and the samples of x(z) may be expressed as

ay,, (T)= E[x(MrJr(k - 1))x”(M(t+r)+(m— ]‘))] . (6.13)

Since x(1) 1s WSS, (6.13) can be rewritten for 1<k <m as

a,, ()= E[x(Mz)x*(M (t+17)+(m— k))] =a(Mz+(m—k))

=0, a0 =@, (D =aMr+(p-1). (6.14)
In the z-domain, (6.14) becomes

Akm(zv) = Z Z—Takm(f) = ZZVTa(MT+ (171 _k)) = 2271¢17171’+1(T) = q)ni—k-H (Z) : (6]5)

T

For m <k <M , the polyphase index (m—k) in (6.15) is negative, but m—k+M is positive,

hence we have a new expression for the entries of A(z) given by

A, (2) = szfa,‘,m(f) = Zz“"ra(MT—k(m—k)) = Zz“fa(MT—M +(m—k+M))

T T T
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=Y A kM) = S ()

,
o~

= ZM] ZZ N Ppkead 41 (T’) = Z71®111—k+1¥1»+»1 (Z) . (6 1 6)
=
From (6.7) we conclude that A(z) is pseudocirculant. QED.

There are some key points to note regarding the estimation of A(z) using the entries in

A

A(z):

I. The decimation process for the analysis bank causes the loss of information in each

individual entry of A(z). Its diagonal and off-diagonal entries are computed using

only, respectively, (1/M)™ and (2/M)"™ of the information available.

2. The diagonals of A(z) are identical (i.e. an M fold redundancy of information) and

represent an estimate of A(z).

3. Due to the pseudocirculant structure of A(z), there is extra (useful) information about

A(z) in the combination of related entries, which can be used to determine A(z).

The sample autocovariance function for the input signal x(z) may be expressed as

I , .
R(z)= Z [?Zx(z)x‘“(wz')}‘, TeZ, 1,20, =T, 1€l (6.17)
| =0

The sample polynomial covariance matrix for the demultiplexed signals x(7) is given by

R(z)= Yr(n): e T, re Z, (6.18)

r=—1

where
M -1
r(f):72x(t)x”(z‘+2'). (6.19)
1=0

There are points worthy of mention about the estimation of the autocovariance A(z) using R(z):

. As with the construction of the matrix A(z), the diagonal and off-diagonal entries of
R(z) are computed using only, respectively, (1/M)™ and (2/M )™ of the information
available. Since there are fewer samples to estimate A(z), and thus A(z), the sample

noise in the estimates is amplified.
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2. The diagonal entries of R(z) are different noisy estimates of A(z). Hence, they may be

averaged to form a better estimate of A(z).

The related entries of R(z) are different estimates of the cross-terms in A(z) . Hence, by taking
the mean across the related entries one can obtain a more accurate estimate of the true

crosscovariances.

6.2.2 SBR2 Applied to Subband Coding

In chapter 5, we showed that, given a set of M arbitrary sequences, the SBR2 algorithm can
generate an MxM paraunitary polynomial matrix, E(z). The paraunitary matrix can be applied
to the signals to produce strongly decorrelated and spectrally majorised signals, to a good
approximation. In other words, the algorithm aims to perform PEVD on the input sample

covariance matrix R(z) expressed in (5.1). The accuracy of the decomposition depends on the

accuracy of its estimate of the true input covariance matrix.

The SBR2 algorithm may be categorised as a lattice parameterisation method — see
section 3.4.1 — since the algorithm constitutes the optimisation of parameters of a lattice
structure. To further relate these algorithms, we may regard the optimisation performed by
SBR2 as being eigenstructure based. This is because it essentially aims to decompose a
covariance matrix into its (polynomial) eigenvalues and eigenvectors. The SBR2 algorithm can
be classed as a blind technique since it does not use knowledge about the signals or the mixing
matrix. Furthermore, its formulation is not based on knowledge of the input signal statistics save

for the minor requirement that the mean value of the signals is zero, i.e. E[x(l)] =0.

Consider now using SBR2 to design the polyphase analysis bank for the subband coder in
Fig. 3.1. The aim is to perform optimal (or near-optimal) data compression (in the sense of
maximising the coding gain in (3.7)) on the single input signal x(z). One way of achieving this
is to apply the paraunitary filter bank produced by SBR2 directly to the demultiplexed signals,

that 1s

Vio)=E(2)X(2), (6.20)

where X (z) is a vector of algebraic power series related to the vector signal x(r) . Here, E(z)

is treated as the analysis (polyphase) matrix of the subband coder, which is illustrated in Fig.
6.3. A high coding gain may be achieved if SBR2 is allowed to operate on a good

approximation to A(z). Recall that the sample covariance matrix for the demultiplexed signals,

R(z), represents a somewhat noisier and distorted estimate of A(z) than that derived directly
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from x(z) (the sample autocovariance R(z)). If applied in the conventional way, the filter bank

produced by SBR2 will be based on R(z) and noton R(z).

In the above regime, SBR2 does not use knowledge that the demultiplexed signals x, (1)
are jointly WSS to gain a better estimate of A(z) since it is a blind algorithm. That is, the SBR2
algorithm does not exploit the special form (pseudocirculants) of A(z) . Therefore, in general,

the SBR2 algorithm will not perform data compression as proficiently as those techniques

whose filters are based on R(z), such as the window method in section 3.4.2. This is

demonstrated by the following example.

x(1)
¢ v, (1)
> — g
] E(2) :
‘ g ' V2 (1) Inputs to the
x(1) = Paraunitary quantisation
] *6_ : 17"1611‘}'”[)( : process
G o designed by o
G SBR2 \
vy (1)
> L

Figure 6.3: SBR2 can design the analysis bank of a subband coder by direct application to the

M polyphase channels.

Example: ARMA(5) process. The window method and the WCD-SBR2(N,) are used to design
a two-channel ( M =2) orthonormal filter bank for the ARMA(5) example given in section
3.42. The SBR2 algorithm was applied directly to the vector signal
x(f)= [x[ (D), x,(1),...,xy (t)]’r , as shown in Fig. 6.3. The algorithm produced a 2x2 paraunitary

polynomial matrix E(z), with polyphase filters £, (z).

The coding gain performances of the two algorithms have been evaluated, the results from
which are shown in Fig. 6.4. In the case of SBR2, the coding gain was computed for a number
of iterations. For the window method, it was evaluated for a number of filter orders. The coding
gain was computed directly from the statistical process (i.e. it is based on the true statistics of
the data). The experiment was repeated 70 times and the mean value of the measure was
graphed. The red dotted (horizontal) line represents the theoretical (ideal) coding gain G =194,

which is the maximum attainable coding gain — see the next section for a derivation of this.
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As expected, the coding gain curves produced by the algorithms are below the theoretical
value. It 1s evident that the window method is able to achieve greater levels of data compression
than the SBR2 algorithm for filter orders (or the number of SBR2 steps) greater than ~50;
however, for filter orders (number of iterations) less than ~50 the SBR2 algorithm can attain
higher coding gains. We also observe that the filter bank produced by WCD-SBR2(N,)
asymptotes to the optimal one as the number of SBR2 steps increase. There seems to be a slight
dip in the performance of the window method for large N, the reason for which is discussed later

in section 6.2.5.
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Figure 6.4: Comparison of coding gain performances between the window method and WCD-

SBR2(N,) algorithm for M =2 and an ARMA(S) input process.

Exploitation of Signal Statistics

The SBR2 algorithm may be modified to exploit the stationarity of the input signal, i.e. take
advantage of the pseudocirculant structure of A(z). A set of related entries in R(z) are
different estimates of the same true cross-covariance. Therefore, to improve on the estimate
of A(z), averaging may be performed across the related entries for all time lags. This would
involve taking account of the delay between related entries either side of the main diagonal. It is

instructive to examine the operations on R(z) for M =2. Let the entries in R(z) be

sz(z) are

denoted r,, (7). The diagonals #,(7) and r,(7) of the modified matrix R’(z)e C
computed as

RUT) = 1y (7) = (7, (2) + 1y (7)) 2 Vr. (6.21)

The off-diagonals are computed as, respectively,
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) =0 (D) +ry (+1)))2 V1 (6.22)
and
(D=t =D+ (D)2  Vr. (6.23)

For the general M xM case, we define

\ 1 M-p M ) )
®,(7) :ﬁ( kamp(f) + ka.k»wﬂw (r+ 1,)], 0< p<M -1 (6.24)
k=1 k=M - p-+1

and a typical entry of the new (averaged) sample polynomial covariance matrix R’(z) as

D (D, l<k<m<M
R, (2)= ' 1 (6.25)

ZTwm—k%M (T)Zﬂ; ’ lsm<k<M.
The SBR2 algorithm can now be applied to our improved estimate of the covariance
matrix R’(z). This modification yields the SBR2 coder. A schematic diagram of the process
blocks involved in producing an analysis filter bank for subband coding using the SBR2 coder is

shown in Fig. 6.5.
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Figure 6.5: The SBR2 coder.

Conjecture 6.1. The averaged sample polynomial covariance matrix is parahermitian.

Ilustration. It is easy to see that R’(z) is parahermitian by considering the two channel

example above. We have that
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2RI,(2) =R, (D) + 2R, (2) (6.26)
and
2R, ()= 2R, () + Ry, ()= 2Ry () + 2 'Ry » (2). (6.27)
It is now easy to see that
7R21(z)—z( R ,(z )+7R2](z)) 2R, (2). (6.28)

6.2.3 Theoretical (Ideal) Performance

Our aim 1is to determine the theoretically optimal or ideal values for the compaction gain
(related to the mput and output of the first filter H,(z)) in (3.12) and the coding gain in (3.7)
and for the M-band subband coder of Fig. 3.1. These ideal values would be attained if the
theoretically optimal transform were to be applied to the demultiplexed signals x,(t). The
Fourier transform of these signals may be expressed in terms of the Fourier transform of the
input x(z) :

M A(a}--zzri)

Xk(ej“’)— ZX(e Moy, (6.29)

The first term (£ =0) in (6.29) is of course an M-fold stretched version of X (¢'”), and the
other (aliasing) terms (/>0 ) are uniformly shifted versions of the first term. Suppose that the
variances of the signals X, (1) are permuted at each frequency such that the spectra
{C‘k(ej“’)} of the resulting (transformed) signals Vk(f””) have the spectral majorisation
property:

Ci(e)2Cy ()220, (e), Ve (6.30)

. The mean spectral power (true variance) for

s=el®

where Ck (e'”)= Zm E[\?k (1)v, (1 + T)}zi

T=—o00

the transformed signals and the input signal may be expressed as, respectively,

1[
Cuo =70 'y, ez, (6.31)
=
and
ag=—) =) A (e )==>) A(e”""), 32)
M DTS =
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where A, (e!”)= ZT_mE[XA (0)x, (1 + T)]ZVT‘!WW and A(e'”) = ZiﬁwEﬂx(Z)lz}z ’

ideal compaction gain is given by

A ¢
Gy =22 (6.33)

comp
Ay

and the ideal coding gain may be expressed as

A g

G=——""
M R /M (634)
H Crrn
k=1

An example for the two-channel case is provided in Fig. 6.6.
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Figure 6.6: Illustration of the transform-domain effects for a theoretically optimal 2-channel
subband coder and a multiband input process with PSD in (a). (b) PSD of the demultiplexed
channels. (c) and (d) PSDs of the corresponding subband channels, which are spectrally

majorised.

6.2.4 Comparison of the SBR2 Coder and the Window Method

Stationarity Assumption

The window method, as with other traditional subband coder design methods, has been
formulated with the assumption that x(z) is WSS. In other words, it intrinsically exploits the
pseudocirculant structure of the covariance matrix A(z) for the subband signals in (6.8). An
obvious drawback with the window method is that it is not suited to designing compaction

filters for non-WSS signals. Using this algorithm in practical communications systems may
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prove to be problematic, where in general the receiver (filters plus down-conversion system)

may modify the statistics of the signal [51].

By contrast, the SBR2 algorithm can be used to design suboptimal paraunitary filter banks
for arbitrary (zero-mean) signals; it does not exploit the prior information about the stationarity
of the input-signal statistics. Although, as discussed in the previous section, esoteric knowledge
about the pseudocirculants of the polynomial covariance matrix can be fed to the SBR2
algorithm by way of a simple averaging scheme, which gives the SBR2 coder. This is a

fundamental difference between the SBR2 algorithm and the conventional design methods.

Filter Bank Efficiency

Evaluation of the window method has revealed that it is less complex than SBR2. It is expected,
therefore, that the computation time required by the SBR2 algorithm in constructing a
paraunitary filter bank for efficient coding would be greater than that taken by the window
method. The fastest part of the window method is the application of the ideal compaction filter
design. This is essentially a search for the frequency components with the greatest power; this
entails a comparison of a set of baseband components with their images, where each component
corresponds to a discrete design frequency. The window design and spectral factorisation
routines in the algorithm are very simple and efficient algorithms as well. There is only one
comparison to make at each of the design frequencies and the designed compaction filter can be
used to determine the second filter. The computation time in determining the second filter is
comparatively small and the complexity very simple. Consequently, the computational

efficiency of the window method is significantly greater than that of SBR2.

In typical storage and communications systems, the level of compression achievable can
sometimes have priority over the cost of computation. It is becoming more and more common to
compress signals before their transmission since the available bandwidth of a communications
link is at a premium. Therefore, in practice, an increase in computational cost may be justified
by enhancement in the level of compression. With an adaptive filter bank design algorithm, like
the window method and SBR2, information regarding how to construct the filter bank used
would need to be stored or transmitted so that compression applied to the data may be undone
(decompression). The amount of information required in describing the filter bank adds to the

bandwidth required in transmitting the data.

Example. Consider the design of an M-channel filter bank with real filter coefficients for the
task of data compression. The filters generated by the window method have been shown to be
short for experiments presented in [32]: filter orders N of 31 and 65 were used to obtain near-
optimal compaction filters. In the special case of two-channels, it is only necessary to store or

transmit the first decimation filter, that is, N +1 real numbers. However, generally, for an M-
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channel filter bank we would need to design M filters. Therefore, a maximum of M (N +1) real

numbers would need to be stored or communicated for faithful filter-bank reconstruction.

In the case of SBR2, it is the number of elementary paraunitary matrices required in
producing the filter bank that is an important factor here and not the order of the filters. Recall
that a single step of the SBR2 algorithm involves the application of a delay and a rotation.
Consequently, after a predetermined number of iterations, L, SBR2 generates 2L parameters
(assuming real coefficients) and the 21 indices (real numbers) for identifying the pair of signals
to which each elementary paraunitary matrix is applied. Hence, 4L real numbers are required in
order to reconstruct the filter bank generated by SBR2. Usually, these numbers would
necessitate less storage space (or a narrower bandwidth) than that for filter coefficients. Note
that information about the synthesis bank does not need to be conveyed because it can be

determined from the analysis bank for paraunitary filter banks.

Paraunitarity and Stability

The window method is a technique for the design of optimal compaction filters. It cannot
construct an M-channel filter bank. As a special case, the compaction filter found by the
window method may be used to determine the second filter of a two-channel orthonormal filter
bank — shown in section 3.3.2. Thus, paraunitarity is assured by construction. A possible scheme
for the design of M-channel orthonormal subband coders has been given in [32]. The procedure
introduced by Moulin and Mihcak in [48] obtains the remaining filters from the first
(compaction filter). The design of the remaining filters is subject to the constraint that the filters
are orthonormal. Therefore, we conjecture that such a technique (i.e. a multichannel window
method) would produce paraunitary filter banks, as indeed does the SBR2 coder. This implies

the following about the SBR2 coder and a “potential” multichannel window method:

1. The algorithms do not modify the total signal power, and therefore cannot corrupt the

signals.

2. The inverse of the filter bank can be used to obtain exactly the original signal, i.e. the

algorithms can produce a PRFB for lossless data encoding.

3. The PRFB is guaranteed to be stable since the inverse of a paraunitary analysis bank is

assured to be stable [73].

Causality and Phase

The application of an elementary paraunitary matrix can be restricted to only delaying one of
the signals relative to the other (i.e. signals are not advanced). This ensures that the filter bank

designed by SBR2 is causal and thus realisable. The window method guarantees causal
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compaction filters [26]; because the spectral factorisation produces right-sided polynomials with

real coefficients.

It is well known in the subband coding community that usually linear phase (i.e. constant
group delay) and orthogonality are mutually exclusive design criteria for the construction of
filter banks; each filter of a set of orthogonal filters generally has a non-linear phase response
[73]. The SBR2 coder and the window method generally produce filters with asymmetric
impulse responses, which is indicative of filters that have varying group delay. Therefore, it is
expected that the filters designed by the SBR2 coder and a multichannel window method will in
general have non-linear phase responses. Although the phase of the compaction filters is
immaterial for the compaction gain and coding gain, it is vital in certain applications where

minimal signal corruption is sought after, such as image compression [33].

Filter Order Constraint

Another important distinction to make between the two algorithms is that the SBR2 algorithm
does not enforce a filter order constraint on the design directly. If the source signals are 1.1.d.
sequences, then the number of iterations of the algorithm required is essentially governed by the
order of the mixing. This gives the algorithm the freedom to select the most important filter
coefficients as it begins building the lattice filter. In contrast, the window method designs its

compaction filter with a fixed constraint on the number of coefficients it can use.

Extendibility to MIMO Subband Coding

The capacity and reliability of a radio communications link can be improved by employing
multiple antennas at both the transmitter and receiver, i.e. by using MIMO systems. MIMO
communications systems are being used more and more to overcoming bandwidth limitations.
Transmission of data from a sensor array over a communications network places significant
demands on the available bandwidth. However, this could be greatly reduced by using MIMO
subband coding to eliminate the high degree of spatial and temporal redundancy associated with
sensor array signals. Notionally, an M-channel subband coder would be comprised of an array

of M-band subband coders interconnected in some manner.

It is envisaged that the SBR2 coder can be extended naturally to the case of MIMO
subband coding. There are several possible ideas for an SBR2-based M-channel subband coder,
which are left for future expioration. On the other hand, we cannot immediately see how a

multichannel window method would be used to design an M-channel subband coder.
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6.2.5 Performance Analysis

In this section, we present simulation results that quantify the compaction gain and coding gain
performances of the filter banks constructed using the SBR2 coder. Its performances are
compared to those of the KL T and a prior-art algorithm called the window method (described in

section 3.4.2). We also show frequency responses of the various filter banks.

The data simulated for the following experiments are based on some examples given in
[32,48]. The algorithms were tested on three types of input signal with an ARMA(N,) (or
Markov- N, ) process. This type of process is regarded as a good model for many practical
signals such as image and speech signals. In all cases, the input signal x(z) was generated as
follows: An i.i.d. sequence with unit variance and zero mean of length 7 was realised, which
was, as will be indicated, either a BPSK or QPSK signal (specified in sections 4.5 and 5.7). The
number of samples per subband channel was maintained at 7c =7 /M =1024 . The signal x()

was then obtained from the output of an ARMA (Yule-Walker IIR) filter with order N, when

driven by the i.i.d. sequence. For all simulations 7 >> N_ . The three types of signal used were:

1. ARMAC(5) process with poles p:[O‘l195,0.899Oei~i2'1472,O.8824ei~10'5594J and zeros

z:[io.9992,—0.45416,100206f~1‘~33°5] . This has a multiband PSD which allows for

clear illustration of the capturing of the signal energy at different frequencies, as

suggested in [32]. The ARMA(S) filter was used to filter a BPSK sequence.

2. ARMA(4) process with poles and zeros p:0.8456[6“2'7328,e:j“ogg} and

z:[l .00535“5”‘,0.1575f~i"9'93] , respectively. This has a difficult multiband PSD

and requires M >2 for good coding. The ARMA(4) process was driven by a complex-

valued 1.i.d. process; viz., a QPSK sequence.

3. ARMA(2) process with poles p=0.6041¢"°%% and zeros z =1.0003¢™**** . This
models certain types of image texture [48]. A BPSK sequence was used as input to the

ARMA(2) filter.

As before, performance measures were obtained using the true statistics of the data, that
1s, true compaction gains and true coding gains are reported here. The sample measures were
also computed for the above experiments but are not shown since they do not represent an
accurate measure of the general performance of the algorithm. This is because the algorithms
can adapt to (exploit) the noise and signal energies of a particular data set, allowing them to

optimise their filters on the sample statistics (fit to the data) rather than the true statistics. Unless



6.2 SBR2 Coder 143

stated otherwise, experiments quantifying compaction gain and coding gain performances were

repeated over 50 realisations and the mean of the measures were taken.

The design of a two-channel orthonormal filter bank using the window method for a given
PSD is described in section 3.4.2. The SBR2 coder, employing either the WCD-SBR2(N,) or the
WCD-SBR2(G,) algorithms, was applied to the vector signal x(r) = [xl(t),xz(f),...,.xM (n]":
inputs to the analysis bank (of a subband coder) shown in Fig. 3.1. The algorithm then produces
a paraunitary matrix E(z), with polyphase filters E,, (z). For reasons stated in section 5.4, the
SBR2(G.) coder was applied with a triangular window function, whereas the SBR2(V,) coder

was applied with the (default) rectangular window. In the case of a triangular window, it was

found that a window length of 7, =20N, produced the best results. For the rectangular

window, 7. =2N_ +1 gave the best performance.

SBR2 Coder and the Window Method for an ARMA(S) Process

In the first set of experiments, filter banks were designed mainly using the SBR2 coder and the

window method with varying parameters for an ARMA(S) process with a PSD as in Fig. 6.7.

Example 1. The SBR2(G,) coder was used to design a two-channel filter bank. It was allowed
to run for 200 iterations and produced a filter bank with a maximum order of N =52. The
magnitude-square frequency response of the two filters designed by the algorithm is shown in
Fig. 6.7(a): the frequency response of the compaction filter, H,(z), is shown as the solid (blue)
curve and its orthogonal complement, H,(z), is represented by the dotted (red) curve. It can be
seen that the algorithm has designed a multiband compaction filter with passbands that coincide
with the dominant signal energies. Such a response is commensurate with high compaction

gains. In Fig. 6.7(b), we show the PSD of the subband channels C,, (e'”) (also included is the

PSD of the demultiplexed signals A, (¢'”)). It is obvious from this graph that the SBR2 coder
has performed spectral majorisation. The window method for N =200 produces similar results

to those in Fig. 6.7 (not shown).

Example 2: Dependence on L. Figs. 6.8(a) and (b) give a comparison of compaction gain and
coding gain performances, respectively, between the two-channel filter bank designed using the
window method and that produced by the SBR2(G,) coder. The abscissa on this figure
represents both the number of SBR2 iterations L and the order (N) of the filters produced using
the window method. The red dotted (horizontal) line represents the ideal compaction gain and
the ideal coding gain for the respective graphs. As expected, the maximum compaction gain and
coding gain attained by the algorithms are below their respective ideal values. An important

result is that a greater degree of data compression can be achieved using the SBR2 coder than
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using the SBR2 algorithm alone (i.e. without a priori knowledge); this can be ascertained by
comparing the coding gain performance in Fig. 6.8(b) to that in Fig. 6.4, which both relate to the
same ARMA(5) input process as in Fig. 6.7(a). Moreover, for the given input process, the filter
banks constructed by the SBR2 coder generally attain a higher coding gain than those of the
window method. In particular, for L or N < ~100, SBR2 converges to a near optimal solution by
~50 iterations. This is because SBR2 has the freedom to choose the principal filter coefficients

first. On the other hand, the window method has a fixed order filter, which it must parameterise.

An obvious characteristic of the compaction gain and coding gain curves of Fig. 6.8 is
that the suboptimality of the filter banks designed by the SBR2 coder diminishes as L (V)

increases. This is also true in the case of the window method for N <~ 200. The slight fall in

performance of the window method at high orders is because there are only a fixed and finite
number of samples available, and so at large filter orders its estimate of the true PSD suffers

from sample noise. Recall that this phenomenon was also observed for PEVD algorithms and

related to spectral estimators in sections 4.4 and 5.
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Figure 6.7: Analysis of the two-channel filter bank designed by the SBR2 coder run with 200
iterations (or the window method with order 200 filters). (a) PSD of the input signal (ARMA(5)

process) and the magnitude-square of the two filters. (b) Majorised spectra of the subband

channels and input signal PSD.
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Example 3: Performance for small L. A comparison of the compaction gain and coding gain

achieved by the SBR2 coder for L=11 (or N=19) and the window method for N =11 is

given in Table 6.1. For this dataset, the SBR2 coder achieves a compaction gain and coding gain
that are, respectively, 0.59dB and 1.46dB higher than those obtained using the window method.
Figs. 6.9(a) and (b) show the frequency response of the filters produced by the window method

and the SBR2 coder for L=N =11, respectively. It is clear that the filters constructed by the

SBR2 coder have better passband and stopband characteristics than those of the window
method. The table also includes the performance of the KLT for comparison. The KLT obtains

relatively poor results because the required degrees-of-freedom are not available for the given

problem.
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(a) Compaction gain as a function of L (or N) and (b) coding gain versus L (or N) for the

ARMAC(S) process with PSD as in Fig. 6.7.
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Algorithm / measure comp G
Ideal values 1.86 1.94
KLT 0.79 1.07
Window method (N=11) 1.58 1.23
SBR2 coder (L= 11) 1.81 1.72
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Table 6.1: Comparison of the compaction and coding gain performances of two-channel filter

banks designed using the KLT, window method and SBR2(G,) coder for the PSD in Fig. 6.7(a).
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Figure 6.9: Comparison of the frequency responses of a two-channel filter bank designed by (a)

the window method with N =11 and (b) the SBR2 coder with L =11 for an ARMA(S) process.

PSD of the process is also shown.

Example 4: Dependence on Ts. The dependence of the coding gain performance on the input

data length (or the number of low rate samples Ts) of the window method is revealed 1n Fig.

6.10(a). It is quite clear that the coding gain performance of the window method relies heavily

on the number of data samples available, especially for large filter orders. This is in contrast to

the coding gain curves produced when using the SBR2 coder for different Ts, as shown in Fig.

6.10(b).



6.2 SBR2 Coder 147

— = 1.95——
Ts = 4096 ===
o X
//
G} - & /7
5 - g . Ts=512
£ i A Ty €185 |
o) T
& itf TS = 51 2 M 2 lll'
S = !
h ideal G v [ ideal G
1.8 | ! Tg=512 1.8F | . T4=512
[ (a) TS =1024 ! (b) TS: 1024
'| TS = 4096 [ 3 7'S = 4096
1.75! . I T kg i it | 1‘75_' i Wi = e
0 100 200 300 400 500 0 100 200 300 400 500
Filter order, N Iterations, L

Figure 6.10: (2) Coding gain as a function of N for different data lengths Ts. (b) Coding gain as
a function of L for three different data lengths Ts. These are for the two-channel case and for the

coloured input signal with PSD as in Fig. 6.7(a).

Comparison of SBR2 Coder Variants for an ARMA(5) Process

Example 5: Effect of different cost functions and windows. The compression performances
of the filter banks designed by the SBR2(V,) coder and SBR2(G,) coder were compared. In
Figs. 6.11(a) and (b), the compaction gains and coding gains versus the number of iterations for
four-channel filter banks are shown, respectively. The prominent result in these simulations is
that the coding gains achieved by the filter banks constructed using the SBR2(G,) coder are
higher than those of the SBR2(N)) coder for most L. In addition, we observe that the SBR2(G,)
coder designs a first filter with better energy compaction properties than that of the SBR2(N))

coder for most L.

Note that the two algorithms would perform exactly the same in the two-channel case
were it not for the difference in the window functions used. In fact, for M > 2, the success of
SBR2(G,) coder over the other variant is mainly due to the use of a triangular window function.
A possible reason for this is that a triangular window is more suited to the input process. This
hypothesis was tested by applying the SBR2(V,) coder with a triangular window function to the
same problem example (results not shown). Very similar findings to those obtained from using
the SBR2(G,) coder hold for this case. Specifically, for small L (up to ~300 steps), the coding
gains achieved by the SBR2(G,) coder were slightly higher than those attained by the SBR2(V,)
coder with a triangular window. Interestingly, the contrary is true for the compaction gain

performance for the two algorithms; for large L, performances are almost identical.
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Figure 6.11: Comparison of four-channel filter banks designed by the SBR2(G,) coder and
SBR2(N,) coder for the input process in Fig. 6.7(a). (a) Compaction gain versus L and (b)

coding gain versus L.

Example 6: Dependence on M. Similar performance differences to those in Fig. 6.11 have

been observed between the SBR2(N,) and SBR2(G,) coders for varying M, with L=600; see

Fig. 6.12. Note that each point on the graph represents an average over 25 trials. A striking
result is that, even though the coding gains (in Fig. 6.12(b)) attained by the SBR2(G.) coder are
greater than those of the SBR2(N,) coder for nearly all M, the compaction gains (in Fig. 6.12(a))
achieved by the latter are actually higher in most cases for large M. This, in a sense, suggests
that energy compaction based optimisation (see chapter 3) may generally give a different
solution to coding gain optimisation, which is an observation also made by the authors of [48].
From this we make the conjecture that a multichannel window method based on the construction

in [48] would not in general guarantee high coding gains.
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A distinct feature in the coding gain results of Fig. 6.12(b) for the L. =600 case is that the
performances diverge from the ideal value as M increases. A reason for this is as follows: The
algorithm has a fixed number of degrees-of-freedom (iterations) to use in order to perform
strong decorrelation. As the number of channels increases so does the complexity of the
problem; there are more and more channel-pairs to go through and decorrelate in the Jacobi
search (see section 5.2 for a description of this). This was tested by setting L =1200, i.e. a two
fold increase in the number of iterations, the results from which are shown in Fig. 6.12 and seem
to corroborate the hypothesis. This could also be an explanation for the following: the
superiority of the SBR2(G,) coder over the N, based algorithm increases with M at first and
then looks to plateau. A noticeable characteristic of the compaction gain curves is the ripple-like

structure. This is a phenomenon that cannot be explained at present.
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gain as a function of M, for L. =600 and L =1200.
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Comparison of SBR2 Coder Variants for an ARMA(4) Process

The second set of experiments is concerned with the application of the SBR2 coder with varying

parameters to a complex-valued coloured signal with a PSD as in Fig. 6.13.

Example 7: M = 3. We have used the SBR2(G,) coder to design a three-channel filter bank for
the ARMA(4) process. The frequency response of the filters generated for L=100 in Fig.
6.13(b) exhibit good energy compaction performance: the algorithm has designed a multiband
compaction filter, H(z), with passbands that coincide with dominant signal frequency
components. Notice that the passbands of the other two decimation filters Hy(z) and H;(z) fall
mostly in low-energy regions. This is commensurate with a high coding gain since the
distribution of the subband channel powers is highly non-uniform. By contrast, the two-channel
filter bank designed by the SBR2 coder (or the window method) has poor compaction gain and

coding gain performances for this type of signal, as shown in Fig. 6.13(a).
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Figure 6.13: Frequency responses of a (a) two-channel filter bank and (b) three-channel filter
bank designed by the SBR2(G.) coder when run with L = 100. These are for an ARMA(4)

process with PSD as represented by the dashed (green) curve.

Example 8: M = 8. The compression performances of eight-channel filter banks designed by
the SBR2(N)) coder and SBR2(G,) coder have been compared for the ARMA(4) input process.
In Fig. 6.14(a) and (b), the compaction gains and coding gains versus the number iterations are
shown, respectively. Again we see that whilst the energy compaction properties of the
algorithms are similar for L > ~ 200, the coding gains attained by SBR2(G,) coder are actually
much greater than those of the SBR2(/V,) coder for all L. The frequency responses of the filters
produced by the SBR2(G.) coder is shown in Figs. 6.15(a). We have also observed that the set

of subband spectra have the spectral majorisation property (approximately); see Fig. 6.15(b).
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Figure 6.14: Comparison of the SBR2(G,) and SBR2(N,) coders for the PSD in Fig. 6.13.

(a) Compaction gain versus L for M = 8. (b) Coding gain versus L for M = 8.

SBR2 Coder and the Window Method for an ARMA(2) Process

In the third and final set of experiments, we considered an ARMA(2) process and compared the
compaction gain and coding gain performances of two-channel filter banks; see Table 6.2. The
coding gain achieved by the filter bank produced by the SBR2 coder for L=4 (N =2) was
3.74dB higher than that obtained by using the window method for N =4 ; this is despite the fact

that the first filter designed by the two algorithms attain virtually identical compaction gains.
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Figure 6.15: (a) PSD of an ARMA(4) process and the magnitude-square of the filters produced
by the SBR2(G.) coder run with [ = 400. (b) Approximately majorised spectra of the subband

signals along with the input signal PSD.

Algorithm / measure Geomp G
Ideal values 2.00 10.2
KLT 1.33 2.39
Window method (N =4) 1.92 2.61
SBR2(G,) coder (L=4) 1.92 6.17

Table 6.2: Compaction and coding gain performances of two-channel filter banks designed

using the KLT, window method and SBR2(G,) coder for an ARMA(2) process.
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6.3 Concluding Remarks

In this chapter, we have investigated the applicability of the SBR2 algorithm to multichannel
data compression and, more extensively, optimal subband coding. The main result of this
chapter is that the SBR2 algorithm can be applied as a very effective tool for optimal
orthonormal subband coding. We have shown that the statistics of the demultiplexed signals
have a special form for a wide-sense stationary input signal, which is implicitly exploited by
prior-art design methods. This motivated an investigation into finding a means of adapting the
algorithm for the purpose of subband coding. A data pre-processing stage to SBR2 has been
designed which takes advantage of this special structure. The resultant algorithm, called the
SBR2 coder, can produce ‘near-optimal’ M-channel paraunitary (perfect reconstruction) filter
banks in a small number of iterations; the suboptimality of the algorithm diminishes as the

number of steps increases. This algorithm is applicable to most types of input signal.

The SBR2 coder has been shown to outperform the window method for the two-channel
case and for a set of typically encountered signals. Part of this success is due to the fact that
SBR2 has the flexibility to select the most appropriate filter coefficients in a small number of
steps. This difference in performance increases dramatically as the number of data samples 1s
reduced. The window method cannot be used on its own to produce a subband coder for the case
where there are more than two subband channels. A technique for optimally constructing an M-
channel filter bank when given the first filter has been proposed in [48]. However, we have
observed that having a better energy compaction filter does not in general guarantee better

coding gains, as observed in [48].

In audio coding applications, filter banks are commonly used, usually requiring high
orders. As discussed in chapters 1 and 3, there are many other applications where filter banks
are being used. We believe the SBR2 coder will be valuable for such applications. The SBR2
coder may be extended naturally for MIMO subband coding. This algorithm would improve the

utilisation of available bandwidth.



7 Conclusions

7.1 Review

To date, very little attention seems to have been devoted to polynomial matrix techniques
equivalent to the eigenvalue decomposition (EVD) or singular value decomposition (SVD) for
conventional matrices. In this thesis, a novel algorithm has been developed for the construction
of paraunitary matrices for polynomial matrix diagonalisation. It is a natural generalisation of
the EVD/SVD to polynomial matrices, and so could have as wide a range of applications for
polynomial matrices as the EVD/SVD has for scalar matrices. The algorithm has been
successfully applied to the problems of broadband signal subspace estimation and, in particular,

optimal orthonormal subband coder design.

7.1.1 Polynomial Matrix EVD

The lack of numerical algorithms for estimating the signal subspace of broadband signals has
been the motivation for the development of techniques for extending the EVD to polynomial
matrices. We have developed a time-domain method that extends the classical Jacobi algorithm,
which can compute the EVD, to the space-time domain, called the second order sequential best
rotation (SBR2) algorithm. This approach is a good balance between simplicity and

computational speed. The salient features of the algorithm are that it:
e Designs a paraunitary (energy preserving) filter bank;
e [s numerically stable with proven convergence;
e Imposes strong decorrelation and spectral majorisation, to a good approximation;

e Compacts most of the total signal energy into the first channel, i.e., it performs energy

compaction.

The algorithm has been shown to provide a good estimate of the signal and noise
subspaces of convolutively mixed signals, which is useful in applications such as broadband
noise reduction and data compression. The solution provided by the SBR2 algorithm for
multichannel arbitrary data is analogous to an estimate of that provided by the PCFB for
subband signals. A key assertion made in this thesis is that the problems of broadband subspace
decomposition and subband coder design are related through the need for a polynomial matrix

EVD (PEVD).
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A frequency-domain (counterpart) technique has also been developed, known as the
bandwise algorithm. Variations on this algorithm have been proposed that vastly improve its
performance. However, we have shown that frequency-domain algorithms have fundamental
restrictions on performance, which are the same restrictions that typically limit the accuracy of
spectral estimators. The SBR2 and bandwise algorithms have been shown to be superior to a

stat-of-the-art algorithm for broadband signal subspace estimation proposed by Lambert in [38].

An objective function has been proposed for use with the SBR2 algorithm that
significantly improves the diagonalisation and data compression performances of the algorithm.
A covariance-domain version of both the bandwise and SBR2 algorithms have been developed
which apply a window to the sample covariances of the input data. The windowing alleviates
the degenerateness of the sample covariance and so increases the strong decorrelation

performance of the algorithms.

It is expected that the applicability of the SBR2 algorithm to practical problems requiring
off-line processing has been increased through improvements made in this thesis.
Computationally, the cost of running SBR2 has been lowered by typically an order of
magnitude. Although it is not quite fast enough for real time applications, there is much scope

for further enhancement.

7.1.2 SBR2 Applied to Subband Coding

The principal component filter bank (PCFB) is optimal, in the mean-square error sense, for both
subband coding and energy compaction but its existence cannot be guaranteed for the practical
case of FIR filters. However, suboptimal techniques do exist in the literature. One such
approach, called the window method in [32], designs a FIR compaction filter, which can be used

to construct a two-channel orthonormal filter bank.

The relationship between suboptimal subband coder design techniques, such as the
window method, and the SBR2 algorithm has been investigated. This revealed that the
suboptimal methods implicitly exploit the special form of the covariance matrix for the
demultiplexed signals that exists for a wide-sense stationary input signal. An adaptation of the
SBR2 algorithm has been proposed that takes advantage of this fact to design multi-band
orthonormal subband coders. The resultant algorithm, called the SBR2 coder, can converge to a
solution that yields a perfect reconstruction filter bank which is approximately optimal for
subband coding in a small number of iterations; the suboptimality of the algorithm diminishes

as the number of steps increases.
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The SBR2 coder has been shown to outperform the window method for the two-channel
case and for a set of benchmark problems. This success is due to the flexibility of SBR2 to
select the most important filter coefficients first. By contrast, the window method works by
parameterising a filter of fixed order. We have conjectured that the computation speed of a
potential multichannel window method may, in general, be greater than that of the SBR2 coder.
However, this is justifiable on the basis that an enhancement in coding efficiency is gained by

using the SBR2 coder.

7.2 Future Work

A number of ideas to further enhance and apply the SBR2 algorithm are identified in the

following.

7.2.1 Extensions

The SBR2 algorithm is based on one of several possible approaches to diagonalising a
polynomial matrix. In principle, the basic concept of an elementary paraunitary matrix, as
introduced in this thesis, could be used to generalise other, more sophisticated EVD or SVD
algorithms for application to polynomial matrices. They could also be used to generate
polynomial matrix versions of entirely different numerical procedures, such as the QR
algorithm. The generalisation of the QR algorithm to polynomial matrices could lead to a more

efficient decomposition and faster processing.

The two implementations of the SBR2 algorithm described in this thesis, the classical and
cyclic Jacobi algorithms, can be viewed as operating on the signals in a pairwise fashion. An
alternative strategy is one that applies a sequence of delays such that the instantaneous cross-
correlations between most channels are maximised, then an SVD may be applied to the delayed
signals. One avenue of future work is to explore computationally efficient implementations of

this strategy.

7.2.2 Applications

In this thesis, we have demonstrated that the SBR2 algorithm can be used to design filter banks
for efficient subband coding. However, its range of applicability is not confined to just this

problem. Some possible routes of exploitation are given in the following.

In section 4.2.2, we showed how the polynomial matrix SVD (PSVD) of a general

polynomial matrix may be derived by carrying out the PEVD of the corresponding
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parahermitian matrix to obtain the left hand polynomial singular vectors. In this way, the SBR2
algorithm can be used to compute the PSVD of the convolutive mixing process inherent in a
multi-input multi-output (MIMO) communication channel. This has been used successfully to
design orthogonal space-time channels for optimal data transmission over MIMO channels, i.e.,
broadband eigen-beamforming (precoding) for MIMO channels. This allows the transmitted

beam pattern and the receiver directional sensitivity to be steered.

A related application of the SBR2 algorithm to that described above is its use for the
design of oversampled filter banks for coding of channels corrupted by correlated noise [41,85].
This was achieved by identification of and transmission over the low-noise broadband subspace
through exploiting the redundancy offered by oversampled filter banks, thus permitting the

detection and correction of channel errors.

The SBR2 algorithm is a highly generic numerical technique for multichannel data. It is
envisaged that it can be extended naturally for application to the problem of multichannel
subband coding, that is, to jointly encode multiple input signal. In the context of digital
communications using sensor arrays and NEC (network enabled capability), multichannel

subband coding could be invaluable and should be investigated.

There are a number of possible applications which arise from the idea of using the SBR2
algorithm to estimate signal and interference subspaces based on a strong disparity between the
signal and interference power spectra. In [55], the SBR2 algorithm was used as a power-based
blind signal separation (BSS) algorithm for robust broadband adaptive beamforming. A priori
knowledge, which was in the form of an estimated steering vector and the difference in the
powers of the signals, was exploited to achieve signal separation. In [39], the SBR2 algorithm
was extended using quaternion arithmetic for the purpose of performing second order BSS of

polarised signals from a 3-axis seismic sensor array.

In the context of broadband adaptive beamforming, power-based BSS can be applied to
the problems of acoustic interference suppression in multistatic active sonar. This would involve
the estimation of the angle-of-arrival and range of a weak desired signal and the suppression of
the effects of strong acoustic interference signals and multipath (reverberation). The same
philosophy can be adopted for the purpose of mitigating radar clutter for phased array radar. The
SBR2 algorithm may offer two advantages over conventional space-time adaptive processing
(STAP) techniques: it is inherently robust to array calibration errors, since it does not rely on
prior information about the array geometry; and it does not require training data to successfully

detect difficult targets.
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The SBR2 algorithm is particularly effective at producing a compact representation of
some aspect of the environment, be it reverberation, e.g. underwater acoustics; radar clutter; or
communication channels. It might therefore be a useful tool for detecting changes in an
environment. This, in turn, could have potential application to intruder detection, for example

harbour security.

Subband coding has been considered as the main deployment area for PEVD algorithms
in this thesis. However, the above applications, which are partly hypothetical and partly already
implemented with considerable impact, provide a glimpse of the capabilities of the introduced
polynomial matrix decompositions and may likely be as wide-ranging for broadband scenarios

as the SVD and EVD algorithms are for narrowband problems.



8 Appendices

8.1 Concise Statement of the SBR2 Algorithm

Begin

Step 1: Input M xM parahermitian matrix R(z) as defined in (5.1).

Step 2: Find (j,k,t) with j#k and r >0 such that ‘rjk (r)‘zjr,m(z')‘ for any coefficient 7, (7)
in R(z) with / #m and 720.

Step 3: Generate the transformed polynomial matrix R(z)=A“"(2)R(z)A%"(z) using the

transformation defined in (5.6). This leads to a polynomial matrix with entries of the form
m(2)=r,(2) Vime{1,2--MIN{k}; r(2)=2"r (2) Vie{1,2---M}\{k}
rk/m(Z):Zu!rk;zz(Z) Vme{l,2M}\{k},and ]fkr(Z):rkA,(Z) VkE{l,zM}

Step 4: Define ¢ = arg(r]k (0)), c=cos@ and s =sin@dwhere &is the smaller of the two angles

(0= 7, (0)

y Generate the transformed polynomial — matrix
25 ik (O)’

given by cot280=

R(2)= Q' (8,)R(2)QV*'" (6,4) using the rotation matrix defined in (5.8). This leads to a

polynomial matrix with elements given by

(D)=, Y Ime {12 M\ ik}
r(2) =l () +ser, () Y me (12 MY\ { )k}
() ==se rl () +erl (z) Yme(12:-MIN{jk};
K2y =cr/ () +se r(z) Yie(12--M}\{j.k};
(D) ==’/ (D) +erf () VIe{1,2--MIN{jk};

” 2 /¢ —ig W2 R
ri(z)=c r;j(z)+5€'¢(:rk;(z)+se ”’”ij'k (2)+ 577, (2);

F(2)= kszf;j(z) - semcr[/ (7) — Seﬂ'@cr/.’k (2) + czrk'k (2);

f

o 2 g N o
rp(2)=—seeri(z) ~ ,s‘qe'wrk; (z) + c71f;k (z)+ secr/ (z); and
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—i2¢ .7 3

Y= e O (o 2.0 2 ¢ = Rl
);(j(z,)——ée CI’/:I;(«/.)"*‘C ’/\/(4)_5 € I’jk(./,)-f-se C”kﬁ:(é)‘

Step 5: Set R(z)=R”’(z) to define the input for the next iteration.

Repeat steps 2 to 5 until the maximum value for the modulus of any off-diagonal coefficient of

the polynomial matrix is sufficiently small.

End.

8.2 Necessary and Sufficient Conditions for Optimality

In subband coding theory it is well known that strong decorrelation and spectral majorisation of
the subband signals are necessary and sufficient for optimality (the maximisation of the coding
gain) [74]. By simple generalisations of proofs given in [74], we aim to show that strong
decorrelation and spectral majorisation of WSS broadband signals are necessary and sufficient

conditions for optimality in the sense of maximising the G,
Theorem 8.1. Strong decorrelation is necessary.

Proof. It is sufficient to show that compression can be improved in the two-channel case
because this transformation could then be applied to any two channels that are not strongly
decorrelated. Suppose the pair of channels, say X ,(z) and X,(z) are not orthogonalised. Then
E[Z“r v () y,(t+7)]#0 for some 7. By applying a time delay,z ", to one of the channels we
can assume 7=0. It will be shown how the compression gain can be increased without
violating the paraunitary condition. Suppose a unitary matrix © is used to transform the pair
[X] (z),Xz(z)] into a decorrelated pair [Yl(z),Yz(z)]. This can be done by choosing © to be a
matrix composed of the orthogonal eigenvectors of the 7 =0 element of the space-time

covariance matrix A(7). It can be concluded that the compression gain has increased if it is

shown that the product of the channel variances has been reduced, i.e. a,y@yg > €))Cog - Let
C(z) be the covariance matrix of the vector Y (z) = [Yl (Az),)’z(‘z\)]T , then

C(2)=0A(2)0. (8.1)

Notice that the diagonal elements of A(z) and C(z) are the quantities a,, and c,. Now,

note:

Cl10Ca0 = det{ C(2)] = det] A(2)] = a, gt~ | a5 P<a) - (8.2)



8.2 Necessary and Sufficient Conditions for Optimality 161

where det[-] denotes the determinant of a matrix. The first equality follows because C(z) is
diagonal since the signal pair [YI (Z),Yz(z)] are decorrelated. The second equality follows from

the unitarity of ®. Therefore, for this transformation, the compression gain

G = llog[m] >0. (8.3)

C10€a00

QED.
Strong decorrelation, while necessary, is not sufficient for the maximisation of G, . A filter

. . . . M T ..
bank is optimal if the product of the output channel variances & = HH C (€’”) is a minimum.

Theorem 8.2. To minimise & it is necessary that the eigenvalues of the parahermitian matrix be
ordered in the same fushion for all frequencies @ i.e., the set of output signals has the spectral

majorisation property.

Proof. Assuming that the majorisation property is not satisfied, it will be shown how the data
can be compressed without violating the paraunitary condition. Again, since a transformation

could be applied to any channel-pair that is not spectrally majorised, it is sufficient to show that

compression can be improved in the two-channel case. Suppose A, (¢1”) > A,,(e’) is not valid

for all @, even though a,,, > a,,,. That is, for some values of @, A,,(e'”) = A, (e’) . Suppose a

permutation matrix T(e'”) is applied to the channels. The matrix T(e'”

) 1is chosen as

I, if A, ()= A, ()
T(e!”)=14[0 1] _ o (8.4)
L N A, (1) > A (e'?).
i

The new pair of power spectra C, (¢’”) and C,,(¢’”) will then satisfy the property
C,,(e3)>Cp(e!”) for all @ Moreover, for each @ C,(e’”)2 A, (e’), whereas
A, (') >C,,(e!”). Thus, the variances of the new signals ¥,(z) and Y,(z) are such that
Clio 2@, and ¢yy S,y . Since T(e!”) is paraunitary by construction, the filter bank remains

paraunitary, and the sum of the variances is preserved, i.e. ¢,y + Co9 =@ 9 + @2y Thus

Crio =10+ 0, Cang =apy —0,and 6 >0 (8.5)

2 . < ) .
$0 that ¢,,4Cyr0 = 19000 — O — a1y —day). Since >0 and a;, 2y, the preceding

equation implies ¢;,,Cyy < ¢4y ; therefore, the compression gain is positive. Q.E.D.
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Though strong decorrelation and spectral majorisation are necessary for optimality

(maximisation of the compression gain), neither is individually sufficient.

Theorem 8.3. The compression gain is maximised iff the output data channels simultaneously

satisfy strong decorrelation and spectral majorisation.
Proof. In view of the theorems set out in the first two paragraphs of this section, it only remains
to prove that strong decorrelation and spectral majorisation together imply optimality. If a

unitary matrix H(e'”) performs strong decorrelation then
Ce'”)=H(e')A(e')H(e!?) = diag[q (e1?),Cp (7)o, Copys (ej‘“)] , (8.6)

where A(e'”) and C(e’®) are the input and output sample data covariance matrices,
respectively, and C, (¢) is the k™ output channel power spectrum (or eigenvalue of C(¢'”))
for some frequency @. Suppose the majorisation property holds. This means that for every @the
eigenvalues are ordered as in (4.14). Since the set of eigenvalues is unique, each diagonal
element in (8.6) is uniquely determined for each @. Since majorisation and strong decorrelation

are necessary for optimality and since there is only one set of majorised decorrelated channel

power spectra, it follows that majoriéation together with decorrelation leads to optimality.
Q.E.D.
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