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ABSTRACT
UNIVERSITY OF SOUTHANPTON
A Final Thesis for PhD by Viktor Bale (MEng)
Computationally Efficient Equalisation of
Broadband Multiple-Input Multiple-Output Systems

Multiple-input multiple-output (MIMO) systems are encountered for example in
communications, if several transmit and receive antennas are employed, sucl that
a separate transmit channel exists between every possible pairing of transwitter
and receiver antennas. As a result of this spatial diversity, the channel capacity is
dramatically increased over the single-input single-output (SISO) case. While this
increase is desired, the use of high data rates requires sophisticated equalisation
and /or detection schemes in the receiver to compeusate for spatial and temporal
dispersion in broadband MIMO channels, since a time-dispersive, in addition to
spatially-dispersive channel, must be assumed. The estimation of tlie hroadband
MIMO channel or its inverse in general are difficult and call for training sequences
that reduce the slot time for the transinission of actual data, which may counteract
the promised gain in channel capacity. Another problem can be the computational
cost since in many systems this will be at least linearly proportional to the added
spatial diversity.

This thesis is concerned with the application of techniques that find the best
broadband MIMO equaliser in terms of MSE or BER. performance while keeping
the computational cost as realistically low as possible. It examines established
adaptive and analytic methods of doing this and then moves on to the application
of subband adaptive filtering techniques to perform MIMO channel equalisation
and detection, since this technique has been found to give considerable advantages
with respect to computational complexity and convergence rate for related SISO
applications. For many slow-converging low-cost adaptive algorithms applied to
the inversion of channels, the convergence rate can be increased by use of subband
processing, where, in independent frequency bands, separate smaller-scale adaptive
algorithms are operated at a reduced update rate. We will apply such methods to
the identification and inversion of MIMO channels. Fractionally spaced systeims
also are known to outperform their symbol-spaced counterparts hence these are
factored into the subband MIMO systemnis developed.

Many simulation results demonstrating the benefits of MIMO systems with re-
spect to the channel capacity, the performance of various adaptive and analytic
MIMO inversion techniques and the potential complexity and couvergence rate im-
provements of the subband approach in the MIMO context are presented. Adap-
tation to MIMO systems generally take much longer than for SISO systems. For
adaptive identification the time increases by an amount approximately equal to
dimensions of the MIMO system. A frequency-domain inversion method shows
the best performance compromise between MSE and BER performance and the
requirement to minimise computational complexity, though it suffers from inac-
curacies at high SNR values. The subband approach shows benefits for highly
time-dispersive channels, and its potential improvement in tracking ability for dy-
namic channels means it can be beneficial in time-varying fading environments.
Finally, fractionally-spaced equalisation often show considerable benefits and is
even capable of equalising channels that are not possible to equalise using stan-
dard symbol-spaced methods.
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Chapter 1

Introduction

1.1 Research Motivation

In recent years, theoretical and practical investigations [1-4] have shown that
it is possible to realise enormous channel capacities, far in excess of the single-
input single-output (SISO) capacity given by the Shannon, or Shannon-Hartley
law [5]. The transmission rate can be increased by a rich multipath scattering
environment if the environment is exploited correctly [1]. This in itself is a novel
concept as, in the past, a highly scattering environment has often been perceived
as a problem. With multiple-input multiple-output (MIMO) systems it is this very
nature of the environment that makes high capacities possible, as several channcls
can be realised in the same time, space and frequency if the environment makes
the response of each of the SISO sub-channels comprising the MIMO chanel
sufficiently different. Initial pioneering work employed this capacity in the form of
space-time coding to improve the reliability of the link [6,7], and later information-
theoretic results proved that using MIMO systems can indeed increase the capacity
beyond that of the Shannon law [1,2]. More recently, practical MIMO systemns
have been designed and created, which have confirmed through experimentation
the theoretical results previously shown [3,4]. Although the concept of MIMO
systems has many applications, such as acoustics [8], this work will deal with

radio communications channels.

A MIMO system has more than one transmission point and reception point,
with the transmitted signals travelling through the same medium at the same
time, and in the case of modulated radio communications, in the same frequency
band. As a result, the transmitted signals are superimposed at the receivers. The
receiver is required to separate the signals from these multiple antennas and to de-

correlate them to recover the transmitted data streams. Figure 1.1 shows a high
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Fig. 1.1: A high level schematic of a MIMO system used for radio communica-

tions.

level schematic of a MIMO system used for radio communication. The task of
separating multiple signals is not particularly difficult if the sub-channels are fat
in the frequency-domain, and a large portion of previous work into MIMO systems
only considers this case. Although the transmission environment is required to be
highly scattering for MIMO systems to reach their full potential, if the symbol
transmission period is long relative to the delay spread, then the sub-channels will
indeed be flat. One of the primary goals of MIMO systems however is to increase
as much as possible the transmission rate, and hence it would be more realistic to
consider high date rate systems where the channel is broadband and frequency-
selective. In this case the inversion of the MIMO system which is a required step
towards finding the MIMO channel equaliser can become a very complicated task.
Hence we have two layers of complexity- that that the channel is MIMO, but also
that the channel will introduce inter-symbol interference (ISI). The choice of the

modulation scheme is unaffected by the fact that the system is MIMO.

The multiple inputs to the MIMO system in Figure 1.1 can have a number of
sources. Firstly, a single user signal could be de-multiplexed into the multiple
inputs. In this way the extra capacity provided by the MIMO system is used
for this one user, resulting in a large potential increase in the data rate [3,4].
This simplicity at the transmitter is one of the reasons why MIMO systems can
be so appealing, and this is the application upon which this thesis will mainly
focus. Another possibility is to have a multi-user system with one user on each
antenna, meaning that although each user still has the same data rate as with a

SISO system, the total spectrum required to support all these users is no greater
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Fig. 1.2: A simple subband system.

than that required to support a single user. A third possibility is to have a space-
time coded system operating over the multiple antennas, where the capacity of
the MIMO system is employed to improve the quality and robustness of the link,
thereby reducing the bit error rate (BER) for the same data rate [9-11].

The field of MIMO systems adds a new dimension to the complexity of signal
processing algorithms. In general, any existing signal processing algorithm that
operates on a SISO system can be applied, in a modified form, to MIMO sys-
tems. For example, an adaptive algorithmm that converges an adaptive filter to
the inverse of an unknown SISO channel can be modified to work for a MIMO
channel. However, with this not only does a signal processor have to deal with
the adaptation algorithimn, the individual data streamms must be equalised and de-
correlated as well. Therefore, whatever the complexity of a SISO signal processing
algorithm, an equivalent algorithm implemented for MIMO systems will always
be more complex due to the multitude of sub-channels and the additional task
of MIMO detection. As MIMO systems rely on a rich multi-path environment,
complicated sub-systems are required to process the signals passing through these
sub-channels. The problems are further exacerbated when each SISO sub-channel
comprising the MIMO system may be wideband or broadband, where each channel
has a long impulse response. When identifying the channels, the convergence speed
of an adaptive system is also an issue as the algorithm may converge slowly for
complicated systems. Considering all these factors, it is evident that complexity

may be a problem.

Despite the continual increase in processing power available on digital signal
processors, the emergence of new processing algorithms such as required for MIMO
systems places ever-increasing demands on these processors. Subband techniques
have emerged as an interesting and efficient method for digital signal processing,

lowering the computational requirements of the processors on which algorithms
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are implemented and additionally often increasing other performance measures,
such as the convergence speed of adaptive algoritluns [12]. Figure 1.2 shows a
simple subband systemn comprising an analysis and syuthesis filter bank. The
analysis filters split the input signal into a nunber of frequency bands, and the
signals in each of these bands may be down-sanipled according to their reduced
bandwidth. In the synthesis filter bank the subband signals are up-sampled and the
synthesis filters reconstruct the fullband signal. Between the analysis and syunthesis
banks, any signal processing tasks can be applied. Due to a reduced update
rate during adaptation and shorter filters compared to a fullband iinplementation,
computational savings arise when using this subband approach. Iu additiou, the
parallel structure and the characteristics of the subband spectra can be beuneficial

for processing.

As subband processing has had excellent results for very complex SISO systems,
it may provide a solution to the problems caused by the complexities introduced
by MIMO systems. There is likely to be advantage in fusing the two areas of
MIMO systems and subband processing in an attempt to be able to iinplement
complicated MIMO algorithms on modestly powered signal processors. It is the
aim of this study to create and evaluate the performance of a subband broadband
MIMO channel equaliser at the receiver.

Finally, fractionally-spaced equalisers are known to outperform their symbol-
spaced counterparts. Where final achievable performance is limited by additional
sources of error inherent in the subband approach, sampling the input at fractions
of a symbol period can improve the performance. Hence performing fractionally-
spaced sampling in a subband MIMO equaliser is an interesting topic, especially
since both subband systems and fractionally sampled equalisers can be expressed
in polyphase form.

1.2 Overview

Chapter 2 sets the scene for the rest of the thesis. It starts by giving a background
overview of the history and recent developments in MIMO systems. It formally
introduces MIMO channels, reviews their possible capacity and explains different
categories of MIMO channel which have an effect of the capacity, namely uncor-
related high-rank, uncorrelated low-rank and correlated low-rank sub-channels.
Several suitable channel models are developed which are characterised by their
behaviour in the frequency, time and spatial domains and these are used in sim-
ulations throughout this thesis. Finally we summarise this chapter and motivate

the development of multi-channel adaptive systems.
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Chapter 3 formulates the theory behind optimum and adaptive multi-chaunel
filters. One way of creating an equaliser for an nnknown broadbaud MINO channel
is to identify the channel or its inverse in some manuer, aid an adaptive algoritlim
will be used for this purpose. The chapter progresses to describe the multi-chanuel
least mean square (M-LMS) adaptation algorithm, whicli can be used to adapt to
unknown MIMO systems, before giving au overview of various convergence prop-
erties. A modified version of the M-LMS, the normalised M-LMS (M-NLMS)
algorithm, will then be introduced and its advantage over the M-LMS explained.
The NLMS algorithm will be used as the adaptation algorithin of clioice i this
thesis. The chapter moves on to giving a brief overview of other candidate adap-
tation algorithms that could be used. Finally, adaptation and dyunamic cliaimel

tracking simulation results are shown before drawing couclusious.

Chapter 4 starts by covering the basics of MIMO channel inversion, and explaius
inversions methods and criteria. The pseudo-inverse is introduced as a method of
inverting rectangular and rank-deficient matrices and the method of regularisation
is shown as a powerful tool in solving ill-posed problems that can arise when iuvert-
ing MIMO systems. Although throughout this thesis we assume that the MIMO
channel will be equalised at the receiver, we briefly discuss the alternative possi-
bility of using pre-distortion at the transmitter. We also briefly formally introduce
fractionally-spaced equalisers. The chapter moves on to developing in some detail
three analytic inversion techniques, namely z, time or frequency-domain, that can
be used to calculate an equaliser to a known broadband MIMO chaunel, which
has been previously adaptively identified for example. It then explains how to
choose the length of an FIR equaliser and mathematically explains the effects of
channel estimation errors, where the adaptive channel identification has unot been
executed until convergence and of noisy channel estimation, where noise limits the
attainable adaptation accuracy. A fully adaptive techuique of finding the chan-
nel equaliser is then shown and convergetice characteristics explained. Finally, we
give a brief overview of other adaptive equaliser methods before showing extensive

simulation results and drawing conclusions in a summary.

Chapter 5 introduces the concept of subband processing and reviews its advau-
tages over the standard method of fullband processing. It starts by introducing
multi-rate signal processing operations and modulated filter banks which are the
building blocks of subband processing and explains the relative advantages and dis-
advantages of critically-sampled versus oversampled subbands. We briefly cover
the properties of subband systems, before building up and explaining adaptive
MIMO channel identification systems and analytic inversion methods in subbands.
In each case we state or calculate the computational cost of the processes as the
reduction of this is one of the often-quoted advantages of performing signal pro-
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cessing operations in subbands. We also show the subband implementation of
fully adaptive MIMO system inversion and explain potential advautages over tlie
fullband method in terms of convergence speed aud coumputational cost. Finally
we show extensive simulation results and compare performances to the equivalent

fullband system results in Chapter 4, before summarising the chapter.

Chapter 6 begins by covering the principle behind fractionally-spaced equalisa-
tion (FSE) and how it can outperform symbol-spaced equalisers (SSE). It explains
that FSE can perform both the task of matched filtering and SSE. It then develops
a polyphase representation of FSE, before developing zero-forcing FSE. Equalis-
ability is calculated in the frequency domain and noise-enhancenient effects are
shown. Next, the minimum mean squared error (MMSE) FSE is calculated, and
we see that MMSE FSE outperforins MMSE zero-forcing FSE — with FSE there
are an infinite number of zero-forcing equalisers, one of which gives the MMSE
solution. The chapter explains how FSE can be used to equalise MIMO systeis
that are rank-deficient, and hence unequalisable, when sampled at the symbol pe-
riod. It also shows that the FSE performance of rank-deficient MIMO systems
depends on the band-limiting of the channel. Next, the chapter shows how FSE
may be applied to subband systems, creating a subband adaptive MIMO FSE,

before finally showing and explaining the results of numerous simulations.

Chapter 7 summarises the main findings of this thesis and puts forward ideas

for future work.

1.3 Thesis Contribution

The novel contributions of this thesis are:

e Linear adaptive filters have been extended to the multi-channel case for use
with MIMO systems. Their performance has been analysed and compared
to the SISO case for both static and time-varying environments.

e Three analytic and one adaptive MIMO inversion methods — the z-domain,
time-domain and frequency-domain — have been developed and analysed.
The relative advantages and disadvantages of these techniques have been
shown in terms of performance and computational cost [13,14].

e In a noisy environment, the pseudo-inverse of a MIMO channel regularised
by the noise-to-signal ratio has been shown to be equivalent to the MMSE
Wiener-Hopf MIMO equalisation solution.
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=1

e The limitations of the computationally efficient frequency-domain analytic
MIMO inversion method in high SNR couditions have been showu. A solu-

tion to this problem has been examined and pertormance shown.

e Subband processing techniques have been proposed and for MIMO chau-
nels with a long delay-spread we have shown that the method can lead to
significant computational reduction [15,16]. For time-varying chanuels the
subband method can result in superior tracking performaice aund this has

been shown in simulations.

e By harnessing fractionally-spaced signal processing, improvements to MIMO
equaliser tracking performance for dynamic channels have been showu using
both fullband and subband processing technique with the subband method

performing better in some cases [17].
e The analysis of MIMO FSE in Chapter 6 is novel work.

e Showing how FSE MIMO systems can be used to equalise systems that would
be rank-deficient when sampled at the symbol rate.



Chapter 2

MIMO Channels

This chapter will provide an overview of the recent research activity relating to
MIMO systems. It will formally describe the MIMO system and outline a number
of models that may be used to characterise typical MIMO channels. Further, it
will state and explain the MIMO capacity equation and discuss various issues that
may affect this. The chapter ends with a summary of the main issues.

2.1 MIMO Background

Although research in the field of MIMO systems is now maturing, it is still a fairly
new topic that was popularised by ground-breaking papers by Foshiui et al. [6] iu
1996 on a MIMO detection algorithm and information-theoretic results again by
Foschini in 1998 [1] and Telatar in 1999 [2]. An interesting historical note is that
although Telatar first made the breakthroughs in 1995, they were circulated in the
form of an internal memo at Bell Labs and were published only in 1999.

Although the above authors popularised this area for research, there were a few
research papers on MIMO systems in radio communications prior to this. Possibly
the earliest paper on MIMO systems was published in 1977 by Nichols et al. [18].
Their work was intended to counteract the cross-channel interference (CCI) in
dual-polarised radio communications and cross-talk in multi-wire systems, and
is therefore directly relevant to our work. It investigated the detection of two
signals passed through a 2 x 2 non-time-dispersive MIMO chanmel and received
by two antennas, based on the mean square error (MSE) and maximum likelihood
(ML) criterion. The minimum mean squared error (MMSE) solution was found
by a gradient-descent adaptive process and required no knowledge of the channel,
whereas the ML detection (MLD) method required channel knowledge. The work

showed favourable results when compared with no cross-talk cancellation.
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One other early work was performed by Salz in 1985 [19], which was similar to
that of Nichols et al. except that he dealt with a N x N MIMO system and the
intended application was again dual-polarised radio systems as well as uegating
the cross-talk and CCI in frequency/time-division multiplexing, cordless private
branch exchanges (PBX), spread-spectrum multi-user systems and nwulti-sensor
radar /sonar systems. His work gave a mathematical treatment of the equalisa-
tion and detection, using transmit and receive filters, of the data streans passed
through a MIMO channel that introduces CCI and ISI.

Multi-channel and MIMO systems in acoustics have been actively researched
for about two decades in the form of inulti-channel adaptive algoritluns and the
application of reproducing sound fields at a required poiut using multiple loud-
speakers [20,21]. For example, Nelson et al. [21] showed how it was possible to use
stereophonic sound reproduction to obtain a required sound field at two wmicro-
phones using two loudspeakers in a room with a known acoustic impulse respouse.
Génsler and Benesty [22] gave a thorough mathematical treatment of two-chanuel
adaptive acoustic echo-cancellation. This work in the field of acoustics is of in-
terest here as, although the problem is slightly differently formulated to that of
radio communication MIMO equalisation at the receiver, it is also fundamentally
a MIMO inversion problem. As such we may draw on the research performed in
this field in addition to the existing research in radio MIMO systems to further

our own work.

The majority of the new work since Foschini and Telatar broadly falls into two
categories, the first of which involves using the extra capacity of MIMO systems
for spatial multiplexing (SM), where a user enjoys an increased data rate at a
slightly worsened bit error rate (BER). The worsening is due to the possibility
that the MIMO channel may be ill-conditioned. The second category is to employ
the capacity to provide extra diversity through the use of space-time codes to
provide the same data rate as a SISO system but at a much improved BER. We
shall now discuss developments in each of these categories in turn, starting with
the SM approach.

One of the most popular ways to detect the transmitted data streams is to use
a linear MIMO equaliser at the receiver. This involves finding a matrix that
will cancel out the effect of the cross-channel terms in the MIMO channel (i.e.
the elements off the main diagonal) and if we assume a normalised system, then
the terms on the main diagonal should be equal to one. This can be achieved
by calculating the inverse matrix of the MIMO channel, also known as the zero-
forcing (ZF) solution. When the MIMO channel and the ZF inverse are combined,
an identity matrix results. The main problem with this approach is that it only
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counteracts the spatial dispersion or co-chaunel interference effects of the chainnel
but takes no account of the noise introduced. If the chaunel is ill-conditioned in
the presence of noise, a poor solution will result. Aun approach that gives a better
BER performance in a noisy environment is to fiud the MMSE solution. Either
way, the process performed is the linear combinatorial manipulation to winiinise
the undesired cross-terms, and both these techniques are well known i both the

area of equalisation [23] and multiuser detection [24].

An improvement to this simple method is to employ ordered successive iuterfer-
ence cancellation (OSIC), which is again a technique well-known in the multiuser
community. The first application of this to MIMO systems was by Foschini et
al. [3,4,25], to create a system they called the Vertical- Bell Labs Space-Tiwe
(V-BLAST) architecture. They adapted this from an earlier architecture called
Diagonal BLAST (D-BLAST) [6] which falls into the second category of space-tiue
diversity described later. The system uses iterative linear combinatorial nulling
based on either the ZF or MMSE criterion, and the OSIC is applied after ecach

iteration to improve the post-detection BER.

Since this initial work, the technique has been adapted by Bjerke and Proakis [26,
27] to perform MLD, Decision-Directed Maximal Ratio Combining (DD-MRC),
Maximum Likelihood Sequence Estimation (MLSE) and a MIMO Decision Feed-
back Equaliser (DFE) instead of using the ZF or MMSE criterion, and Bhargave et
al. [28] created another MIMO MLD system, with improved results over the orig-
inal V-BLAST. Hassell-Sweatman et al. [29,30] showed by simulation interesting
performance comparisons between the ZF, MMSE, V-BLAST and unordered V-
BLAST types of MIMO detection systems, which demonstrated that of these the
V-BLAST algorithm has the superior performance. Boubaker et al. [31] created
a sub-optimal low complexity multi-carrier BLAST architecture by combiuing it
with Orthogonal Frequency Division Multiplexing (OFDM) over time-dispersive
channels. OFDM is another recent active research area, and the technique can
be very useful due to its inherent robustness against time-dispersion (equivalently

frequency-selectivity) [32].

The original V-BLAST algorithm was only designed to work with narrowband
and therefore flat channels, and so has no intrinsic ability to counter-act the ef-
fect of systems that introduce inter-symbol interference (ISI). Since one of the
aims of MIMO technology is to increase the information throughput, this assump-
tion seems unrealistic as the ability to work with wideband channels is required to
achieve high data rates. These channels are frequency-selective, or time-dispersive,
i.e. the bandwidth of the data signal will exceed the coherence bandwidth of the

channel, and taking no account of this will result in an irreducible BER, as was
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shown by Boubaker et al. [33] in simulations witl a Global Systen for Mobile comr-
munications (GSM) typical urban chaunel [34,35]. A muuber of recent works have
been published that modify the V-BLAST algoritli to function properly with
frequency-selective chanuels, starting with Lozano aud Papadias [36] who created
MIMO equalisers for frequency-selective channels based ou DFE and two different.
OSIC-DFE techniques, showing that significant gains could be made using the
OSIC system. So and Cheung [37,38] used an interesting model using imaginary
antennas to represent the time-dispersiveness of a frequency-selective clianuel and
went on to create systems capable of counteracting the dispersive effects of the
channel. The channel is represented by the same number of imaginary anteunas as
the impulse response length of the channel and each imaginary antenua transmits
a signal delayed by an appropriate amount through a flat channel weighted by the
coeflicient corresponding to that delay in the channel imipulse respouse. Based on
this, they used OFDM to create a V-BLAST OFDM system [38] aud also created
V-BLAST systems based on the ZF and MLD criteria [37].

We now move on to the second category of using the extra capacity of the MIMO
system to provide space-time diversity and hence superior error rate performance
at the same data rate. A comprehensive article by Paulraj and Papadias [39]
shows the state of research shortly before pioneering MIMO research by Tarokl
et al. [10,11,40] and Alamouti [9]. Before this, all space-time systews where
either SIMO or MISO and used signal processing rather than coding teclhmiques.
Since then MIMO space-time coding has been developed which actually codes the
input data streams across space and time to exploit the spatial diversity of MIMO
channels. These codes broadly fall into two categories which are Space-Thne Block
Codes (STBC) as proposed by Alamouti [9] and Space-Time Trellis Codes (STTC)
by Tarokh et al. [10,11,40]. The codes differ in the same way that standard SISO
block and trellis codes differ, that is that block codes encode the data into discrete
blocks, while trellis codes encode the data using convolutional techniques. As this
thesis is more concerned with the techniques that employ the capacity of MIMO
system to provide higher data rates through spatial multiplexing, little more will
be said about space-time codes, however the interested reader may find a good
recent overview of STBCs and STTCs in a paper giving a brief survey of MIMO
research to 2003 by Gesbert et al. [41].

Recently, researchers have been examining the relationship between using MIMO
capacity for SM and diversity. One of the first works that draws from the strengths
of both categories is by Hassibi and Hochwald [42]. They develop coding techniques
that provide the spatial multiplexing for high data rates used in such systems as
V-BLAST but also has some of the spatial diversity inherent in space-time coding
techniques. The system subsumes as special cases both V-BLAST and STBCs
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and generally outperfornis both but as the codes are linear they remain simple to
encode. Information-theoretic work by Catreux et al. [43] compares via analysis
and simulations results the gain performance of the SN and diversity approaches.
Finally, Zheng and Tse [44] mathematically examined the trade-off between the

two approaches.

Many experimental systems have been built over the years to demnoustrate the
performance of MIMO systems [3,4,45--48].

MIMO system deconvolution suffers from computational coniplexity problems.
The dual task of combating ISI from the time-dispersiveness and CCI from the
spatial-dispersiveness of a MIMO channel make the task much more difficult than
either one alone. This is further exacerbated by the fact that we are assuming
no channel knowledge, so this must either be obtained adaptively using trained or
blind techniques, and in this thesis we will in general use the former. The literature
review suggested that there has been little or no research into complexity reduction
of creating equalisers for frequency-selective MIMO systems. This thesis will sug-
gest, examine and assess the performance of various solutions to the problen that
lower the complexity of the deconvolution and sometiines improve the convergence
behaviour of adaptive algorithms used to invert the channel. Possible solutions
to these problems covered in this thesis are improved adaptive algorithms, ana-
lytic channel inversion using time, frequency and z-domnain approaches, subband

processing methods and fractionally-spaced equalisation techniques.

2.2 Channel Description

In this section the MIMO channel and some associated mathematical notation will

be formally introduced. This will be used throughout this thesis.

A MIMO channel is a system that has multiple inputs (e.g. multiple transmitters)
and multiple outputs (e.g. multiple receivers), as is shown in Figure 1.1. It can be
thought of as a collection of point-to-point, or single-input single-output (SISO),
sub-channels between each pair of transmitters and receivers. As a result the
responses of the individual SISO sub-channels forming a MIMO channel can be
denoted as the elements of a so-called MIMO channel matrix. The system transfer

equation therefore is

1[n] hall] hall] -+ hanll] z1[n]

yp[n] hap[l] hepll] -+ hup[l] zp(n]
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Fig. 2.1: A block diagram representation of a MIMO channel.
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where “x” represents matrix convolution, Amy[l] is the SISO channel impulse re-
sponse between transmitter m and receiver p, z,,[n| is the input data to trans-
mitter m and y,[n] is the output data at receiver p. Further, P is the number
of receivers and M is the number of transmitters. Equation (2.1) is expressed
pictorially in Figure 2.1. If h,,,[n| are linear time-invariant (LTT) systems, (2.1)

can be expressed in the z-domain as

y(z) = H(z) - x(2), (2.2)
where
hll(z) h21(2) T hMl(Z)
H(z) = hl2:(z> hzzz(z) " hM?(z> (2.3)
hip(z) hop(2) -+ hap(2)

with z-transform pairs h.,,(z) e—o hnpy[n], and x(z) and y(z) being vectors con-
taining the z-transforms of the corresponding vectors in (2.1). Note that (2.2) and

(2.3) can be used to represent both flat and frequency-selective channels.

2.3 Channel Capacity

The main driving force behind the recent explosion in MIMO research was a few
information-theoretic papers, now famous amongst the MIMO research commu-
nity, by Foschini and Gans [1, 6], Telatar [2], and Raleigh and Cioffi [7,49], which
promised huge gains in the capacity of radio communication system over the Shan-
non capacity if MIMO channels could be exploited properly. Since these papers
started the great recent interest in research of MIMO systems, this section covers
the results of this work, and outlines the new MIMO capacity equations for inde-
pendent uncorrelated sub-channels as well as more recent work showing how this
ideal capacity is affected if the sub-channels are not completely uncorrelated. It
also briefly discusses some work to model realistic MIMO channels, based on the
physical properties of the environment, and how this would affect the capacity.
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2.3.1 Uncorrelated Sub-Channels

Here we discuss the ideal case of uncorrelated MIMO cliannels. We start by stating
the original SISO Shaunon capacity equation normalised by the bandwidth for a
flat fading channel,

C = log, (1 + p|h|?) bps/Hz, (2.4)

where p is the average signal-to-noise ratio (SNR) aud |h|? is the normalised iu-
stantaneous channel power transfer characteristic which varies due to Rayleigh
fading. Assuming that / is a Rayleigh fading channel nnormalised so that the ex-
pectation of its power gain is unity we can obtain both the niean capacity and the

outage probability plots by calculating the capacity for a suitable large sample set
of h.

Telatar, and Foschini and Gans showed that assuming M < P the instantaneous
capacity for flat MIMO systems is [1,2]

C = log, det [Ip n %HHH] bps/Hz, (2.5)

where det[-] is the determinant, I, is the P x P identity matrix and P is the
number of receivers, M is the number of transmitters, H is the instantaneous
MIMO channel matrix and (-)¥ is the hermitian transpose. The SNR now is the
mean of the total SNR at all transmit antennas. This equation can be rewritten

in an equivalent form [2,41]

M
=Y log, (1 + %/\i) bps,/Hz (2.6)
i=1

assuming that M < P, where ); are the non-zero eigenvalues of HYH. A third

equivalent representation of (2.5) is given by [50]

det [R, + HR,H*]
Mdet [R,] ’

where R, and R, are the co-variance matrices of the input to the transmitters and

noise at the receivers, respectively. Co-variance matrices are further explained in
Chapter 3. It is easy to see that this is equal to (2.5) when the inputs and noise
powers are equal and the signals uncorrelated. This representation will be useful
when deriving an expression for the capacity of a channel-equaliser system in
Chapter 4.

It can be shown that for MIMO systems with uncorrelated sub-channels and
assuming M < P, the capacity increases nearly linearly with the number of trans-

mitters,
_ £
E{C} = Mlog, (1+ M) (2.8)
~ Mlog,p for p > M (2.9)
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Fig. 2.2: The mean MIMO capacity for independent Rayleigh sub-channels and
a range of MIMO system sizes, according to (2.5).

where £{-} is the expectation operator and the derivation for this case be found
in Appendix B. However, the capacity does not increase without bound with A
and there is a limiting capacity as M tends to infinity, the derivation for which

can again be found in Appendix B,

’ p c

nh_l;&é'{C} = 1o (2.10)

Figure 2.2 shows the mean capacity of a MIMO channel with independent sub-
channels for varying numbers of transmitters and receivers. The most basic case
is the SISO channel which is, of course, the same as the original Rayleigh channel
capacity as stated by the Shannon law. There are two single-input multiple-output
(SIMO) cases, where there is one transimitter and 2 or 4 receivers. We see that
the gradient for these cases is the same as for the SISO case but with a constant
capacity offset of about 1.1 and 2.2 bps/Hz for 2 and 4 receivers respectively,
which arises from the extra diversity provided the multiple receive antennas. This
means that, fundamentally, the channel cannot transfer more information; it is
simply the case that the receiver is more effective at extracting it from the radio
signals in space. This is in contrast to the 2 x 2 and 4 x 4 cases where the
gradients are steeper than for the SISO system. The 2 x 2 system is capable of
transferring almost twice as much information, and the 4 x 4 system almost four
times as much. This is in agreement with (2.9) which showed that we expect an

almost linear increase in capacity with the number of transmit antenna, for a high
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Fig. 2.3: The MIMO capacity cedf for independent Rayleigh sub-channels and a
range of MIMO system sizes and SNR=0, 5, 10 and 15 dB.

SNR. This means that if harnessed properly, MIMO systems can fundamentally
increase the amount of information transmitted through space using radio signals.
Diversity is still a desirable feature however, at low SNRs. Notice that below an
SNR of 8 dB the 1 x 4 system outperforms the 2 x 2 system.

Using (2.5) we may also obtain the complementary cumulative density functions
in Figure 2.3, which show the probability of a MIMO system exceeding a particular
capacity for a range of MIMO system sizes and SNRs of 0, 5, 10 and 15 dB. At
the highest SNR of 15 dB, where the received signal has a good strength, and
therefore diversity is of limited benefit, we see all the MIMO systems outperform
the SISO and SIMO systems. Comparing the two systems that have four sub-
channels, namely the 1 x 4 and 2 x 2 systems, we see that the 2 x 2 system which
use the additional capacity for multiplexing but little diversity outperforms the
1 x 4 system which has plenty of spatial diversity but only transmits a single
data stream. The 2 x 4 system which has more diversity, and 4 x 4 system which
transimits more data streams than the 2 x 2 systenm both outperform. Finally,
looking at the SIMO systems we see that the diversity does not fundamentally

increase the data transmission capability over the SISO system, more that the
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receivers become more effective at extracting the information from space more
reliably, which is characterised by the complementary ciunulative density functions
(ccdf) becoming steeper as the number of receivers, P, and lhence the diversity
order increases, meaning that the receiver can obtain with a greater probability
all the information that is available to it though its multiple receive antennas. The
variance in the capacity of these Gaussian capacity density functions has recently
been studied in [51].

Turning our attention to the curves for SNR = 0 dB where the poor quality of
the channel means that diversity can provide a cousiderable advautage, we sece
that this time even though the 1 x 4 system transmits one data stream it still
outperforms the 2 x 2 system which transmits two data streams. The diversity of
the 1 x 4 system holds it in good stead by providing it with the ability to rcliably
extract a much greater amount of information from space than the 2 x 2 systeu

which has little built-in ability to counter-act a poor channel.

This section so far has only considered a flat fading channel. As in this thesis
we will mainly be considering frequency-selective channels, it is interesting to
determine the capacity for such channels. This is done by evaluating the MIMO
channel capacity in (2.5) over the entire bandwidth of interest, and dividing by the
bandwidth to obtain a normalised equation directly comparable to (2.5), yielding
52

|
C== /B log, det (I + j%H(f)HH(fD df  bps/Hz, (2.11)

where H(f) = H(z)|,—ci2rs s the spectral representation of the MIMO chauncl
matrix. This equation may be used in the same way as (2.5) but the resulting

capacity depends on the spectral characteristics of the system.

There is a common misconception in the MIMO research community that uncor-
related MIMO sub-channels means that the MIMO channel matrix will be high
rank and therefore will result in the capacity predicted by the capacity plots of
Figures 2.2 and 2.3. However, research has shown that this is not the case [53,54],
leading to the discovery of so-called pin-hole channels. This section has so far as-
sumed that the uncorrelated sub-channels will result in a high rank MIMO matrix-
we term these uncorrelated high rank (UHR)- but it can be shown that although
correlated sub-channels will cause the MIMO 1natrix to be low rank, the converse
is not true with the proof being in the existence of uncorrelated low rank (ULR),
or pin-hole channels. The case of correlated low rank (CLR) channels will be

discussed in the next section, but now we will cover ULR channels.

Pin-hole channels occur when the signal at the transmitter and receiver are sub-

ject to highly localised scattering, but the distance between these local scattering
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Fig. 2.4: A pin-hole channel with uncorrelated sub-channel but causing a low
rank MIMO matrix channel.

areas is relatively high or the space between them physically narrow, meaning that
the signals must all travel though the same path in space between these two local
scattering areas, as shown in Figure 2.4. Whereas for the Rayleigh faded UHR
MIMO channel the elements of H are given by ii.d. complex-valued Gaussian
variates, the model for a ULR channel results in H = a,._,,:a_g, where a,, and a, are
independent receiver and transmitters fading column vectors with 1.i.d. complex-
valued Gaussian elements [53]. Therefore every realisation of H is rank one even
though the elements are uncorrelated. In this extreme case no multiplexing gain
is possible and the systein, and therefore capacity, collapses to that of a SIMO
system (because the system can still benefit from spatial diversity at the receiver).
Therefore it is the rank of H we should be interested in, and not merely whether
the sub-channels are uncorrelated or not, as this is what affects the capacity, and
can do so significantly as shown in [53,54]. In reality most MIMO channels are
between these two extremes of a full-rank and rank one system, and if there is
a good level of scattering over the whole area between Mobile Station (MS) and
Base Station (BS), as is usually the case in urban microcells and picocells, for
example, we may assume that the true rank of H is nearer the upper end of the

scale.

Finally, another area of work has been to explicitly model the multipath com-
ponents of the MIMO system in an attempt to determine more realistic capacity
equations based on more realistic scattering models [7,49,55,56] and most recently
a geometric correlated channel model [57]. All this work invariably shows that the
curves of Figures 2.2 and 2.3 represent ideal upper limits and depending on the
actual channel the true capacities are generally lower than this but still much
greater than those of SISO or SIMO systems.
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2.3.2 Correlated Sub-Channels

In the previous section it was mentioned that the capacity of a NINO channel
depends on the rank of the MIMO matrix. While matrices with uucorrelated
elements may be either high rank or low rank, correlated elements always result in
low rank channels. In this section we look at what effect this has on the capacity
of the MIMO channel.

It can be shown that assuming that the transmitted signals are uncorrelated
and the MIMO channel introduces cross-correlation between the data streams,
the capacity of a MIMO system with correlated sub-channels depends on the
correlation coeflicients, r, between various pairs of the received signals [58]. If we
consider a 2 x 2 system, the correlation coefficient between the two received signals
is given by [59]

- hlllfl(Q + h21h,32 (212)

V(|h11]? + [ha1]?) (|ha2|? + |h22?)

where (-)* denotes the complex conjugate. If we assume equal received powers

then this reduces to

and after some mathematical development [59] we obtain a MIMO capacity equa-
tion
C =log, (1+p+ (1—1r%) (p/2)*) . (2.14)

Notice that when the sub-channels are independent then r = 0 then this equation
reduces to (2.8), and that when the channels are completely correlated and the
MIMO matrix has rank one then r = 1 and the equation reduces to a SIMO
system, benefiting only from spatial diversity but no multiplexing gain. In the

case that the received powers are not equal, the capacity becomes
C =log, (1+ p+4a(l —a)(1 —|r|*)(p/2)?) (2.15)
where

_ || + |haa|”
|P11]? + |ha1 |2 + |h2]? + |hozl?

o (2.16)

The more general case of a M x P with M = P MIMO system is somewhat more
complicated since we must calculate the correlation coefficients between every pair
of received signals and incorporate this into the capacity equation. The correlation
coefficient between receivers p; and p; is given by [58]

r _ Zk h’Plykh’szk (2 17)
p1,p2 T A 5 A 57 .
V 2k 1o 2 22 o
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but to gain some insight we may siimplify the problem by assuming that all the

received powers are equal, r,,, ,, = r, i1 which case the NIMO capacity is

C = M log, (1 + ﬁ(l — 7)) + log, <1 + pr (1 + %(1 — 1)) 1) : (2.18)
This gives the worst case estimation of the capacity as in reality physically more
distant antennas will have a lower correlation coefficient than close ones, meaning
that the capacity will be greater than that suggested by (2.18). The true capacity
will be in between the worst case extrenie of (2.18) and the best case extreue
of (2.5). Notice that in (2.18) if n = 2 or r = 0 or » = 1 the equation reduces
to (2.14) or (2.5) or a SIMO system arising from the spatial diversity from the
multiple receive antenna, respectively. Now we discuss the implications of these
results. Plots of how the correlation coefficients affect the MIMO capacity can
be found in [58,59] and they show that the effect is dependent on the size of the
MIMO system. For ‘small’ systems where M = P < ~ 10 then the capacity
remains at about 90% of its maximum value, about 50 bps/Hz for p = 30 dB, for
a correlation coeflicient of up to 0.8. This means that a substantial fraction of the
capacity promised by (2.5) can be realised for even modestly scattering channels,
and this has been confirmed experimentally [48]. For a larger system, M = P = 50
the drop off is worse with the capacity falling below 90% its maximumn value by
the time the correlation coefficient reaches 0.2. However, the capacity is about 200
bps/Hz for p = 30 dB, which is still considerable above that of the smaller systemn

simply by virtue of the fact that many more antennas are being used.

The interested reader may further like to look at a paper by Shiu et al. [60] whicl
gives an mathematical analysis with simulations to demonstrate the findings of
the effect of fading correlation of the capacity of MIMO systems. They develop
a physical “one-ring” scattering model, similar to the scattering areas of pin-
hole channels explained in the previous section, but where the scattering occurs
only at one side of the communication link and use this model to determine the
correlation and subsequently the effect on MIMO capacity when using various
antenna configurations, for example in-line, broadside or hexagonal arrangements.
Finally, there has been a great amount of interest very recently in capacity limits
for realistic correlated MIMO channels, and many analyses have been performed
in [61-66]. Additionally, the effect of sub-channel correlation when using adaptive
frequency-domain equalisation, mentioned in 3.5.2, has been studied in [67].
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2.4 Channel Models

This section will introduce various MIMO channel niodels that will be used in
future simulations throughout this thesis. It will give an overview of arbitrary,
measured and standardised channel models and their characteristics and behaviour
both over frequency, time and space. The measured aud standardised chauuel
models are typically valid for a particular stated bandwidth. We will see exaiuples
of such channels, and these will be the channels that will be used in the simulations
performed in future chapters. All channel models are assumed to be normalised

with respect to the large-scale path loss between transinitters and receivers.

2.4.1 Spectral Dynamics

This section will explain two kinds of channel— narrowband and wideband—
which can be characterised by their frequency domain behaviour and impulse
response delay spread. The channels shown can be considered to be samples from
an underlying statistical process which characterises the long-term behaviour of
the channels. Later, in Section 2.4.2 we will see the temporal dynamic behaviour
of the channels when many samples can be taken from the statistical process and

vary over time according to some underlying rules.

2.4.1.1 Narrowband Channel

A narrowband channel has a frequency response that is near flat across the fre-
quency band of interest. The delay spread [23] of these channels is much shorter
than the symbol period and as a result these channels introduce no or little sig-
nificant ISI. Equivalently, the coherence bandwidth [23] of the channel is much
greater than the signal bandwidth.

The length of the impulse response, Ly, of such a channel is usually very small,
one or two symbol periods for example. Hence the impulse responses of the sub-
channels, A, [l], in (2.1) are only a few symbol-spaced taps long. If L, =1 for all
sub-channels then they are spectrally flat with a phase rotation and magnitude
equal to that of each complex coefficient. Such a MIMO channel would be very
easy to invert by finding the scalar matrix inverse. Since flat channels present no
particular problem in inversion especially as MIMO systems are only likely to be
implemented using small numbers of antenna, e.g. 4 X 4 and the process can be
performed quickly, we shall not consider them further, and use them for no future

simulations.
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Fig. 2.5: Magnitude responses of two-tap sub-channels.

A channel that we also consider to be narrowband has L, = 2, hence we call
this a two-tap channel. Whether the channel is truly narrowband depends on
the impulse response, but for convenience be assume that we may place it in this
category. A two-tap channel is mildly time-dispersive and has frequency-selective
spectral characteristics, although the dynamics are quite smooth over the band
of interest. This channel will introduce a small amount of ISI, the delay spread
and coherence bandwidth will be of a similar order of magnitude to the symbol
period and bandwidth, respectively. As this is a theoretical channel that we use
for testing our future equaliser systems, the time between the two taps is arbitrary,
however to relate this channel to the real world we can choose a delay of about
2415 to make it similar to a COST 207 Typical Urban channel [68].

The channel will contain first-order polynomials in z in each of the elements of

H in (2.3). A single realisation of such a channel is given by

140527 1=07z72 07400271 07+ 052"

0440951 1 1=08srL | ~0B34062" 09 0.1
il 1 3 . (2.19)

050120 —0.7+0820 —14+022"" 08+ 032"

0.74+0.1z7! —0.7-1.02"! —02-0.82"1 0.4+ 1.0z7"

To keep simulation time reasonable when this channel is used in simulations, it will

be static. The sub-channels are all minimum phase but the matrix determinant
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is not. This make this an interesting channel for use in siimulations, as although
each of the individual sub-channels is easy to invert, the inversion of the full
MIMO channel, which as we shall see in Chapter 4 depends ou the determinaunt,
is much more difficult. Figure 2.5 shows the magnitude response of the two-tap
channel formed from the 2 x 2 matrix in the top left corner. We see that, as
expected, the responses are very smooth over the normalised frequency range.
Sub-channels hi;[n] and ho[n] show low-pass characteristics while sub-channel
hiz[n] and hga[n| show a high-pass shape. Therefore we would expect this MIMO
channel to be well-invertible as both low and high frequencies of both data streains
are received unattenuated at one of the receivers. For exainple, the low frequencies
from transmitter 1 are strongly received at receiver 1, while the high frequercies
are received strongly at receiver 2. Therefore, a good MIMO equaliser should he
able to extract from both sets of received signals all the frequency components of
the transmitted signal from transmitter 1, and reconstitute the data stream. The
same process may be applied for the second data stream. The condition number of
the convolutional matrix created from the 2 x 2 channel based on an FIR inverse of
length 32, which will be explained in Chapter 4 and can be thought of as a measure
of the difficulty involved in inverting the channel, is about 20. Occasionally we

will need a 4 x 4 two-tap channel which is the full matrix shown above.

2.4.1.2 Measured Channels

Now we consider highly time-dispersive channels, which introduce ISI of several
tens, hundreds or even thousands of symbol periods and have a significant RMS
delay spread [23,69]. The RMS delay spread of this chaunel will be much greater
than the symbol period, or equivalently the coherence bandwidth will be much
less that the symbol bandwidth and for this reason we shall term these wideband

channels.

Non-Minimum Phase. Complex-valued non-minimum phase channels were
taken from microwave measurements at the Signal Processing Information Base
(SPIB) located at Rice University [70], which are fractionally-sampled at twice the
baud rate of 30 MSybmols/s and approximately 300 coefficients long. The RMS
delay spread of the channels range from 30 ns to 120 ns. Due to their response
length and the non-minimum phase property, a MIMO channel constructed from

these responses will generally be difficult to invert.

Figure 2.6(a) shows the channel impulse responses (CIR) and Figure 2.6(b) the
magnitude responses of the four channels. Since they are fractionally-sampled we

see a low pass characteristic in all channels, due to the receiver filter. Often we
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Fig. 2.7: z-domain plot of (a) non-minimum phase SPIB channel and (b) mini-

mum phase SPIB-based channel

will want to discount this by down-sampling the channel by a factor of two, hence
we obtain the corresponding channel sampled at the symbol rate of 30 MHz. Since
the channel is attenuated outside +15 MHz these aliased components should not
affect the response inside +15 MHz a great deal, hence we assume the magnitude
response is the same as in Figure 2.6(b) but only for the range -15 MHz to 15
MHz. Due to the reasonably flat response over this range the system is only
mildly frequency-selective when considered at the symbol rate. The condition
number of the convolutional matrix of this channel, explained in Chapter 4, based
on an FIR inverse of length 280 is about 35— not a great deal more than the
two tap channel. Therefore, if we need a channel that is highly-tiime dispersive
but with mild frequency-domain behaviour we may use these channels, but if we
require highly dynamic spectral behaviour we must look elsewlere. The Saleh-
Valenzuela channel [71] described in Section 2.4.1.3 will be shown to fulfil this
requirement. Finally, Figure 2.7(a) shows the non-minimum phase property in
the z-plane pole-zero plot of the determinant of this symbol-sampled SPIB MIMO

channel.

Minimum Phase. Sometimes we will want to compare the effect of the SPIB
channel on the MIMO equalisation systems developed in future chapters with
the same system functioning with a superficially similar channel that has been
modified to become minimum phase. This will show us what effect the phase
behaviour has on the system. For this we will use a channel that is based on
the SPIB channels but where the coefficients before the main peak in the inmipulse
response have been removed and the channels have been truncated to length 50 for

simplicity. Further, one of the cross-channels is attenuated which has the effect of
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pulling zeros of the chanunel matrix deterinant that are outside the z-domain unit
circle inside. Figure 2.7(b) shows the z-plane pole-zero plot of the determinaut
of this channel next to that of the non-miniimun phase SPIB chaunel for easy
comparison. The condition number of the couvolutional matrix of this chaunel
based on an FIR inverse of length 280 is about 17, even less than for the two-tap

channel.

2.4.1.3 Standardised Channels

There are plenty of standard channel models in existence for a wide range of cir-
cumstances and environments, often created by standards institutions. Two clhan-
nel models of interest to us are the typical urban (TU) channel from the European
Cooperation in the field of Scientific and Technical Research (COST) Action 207
project (COST-207) [68] which was developed to define a time-dispersive test chau-
nel for use with GSM equaliser performance evaluation, and the Saleh-Valenzuela
channel [71,72].

COST-207. One of the channels defined in the COST-207 research project
was for a TU environment. Figure 2.8 show the impulse response and spectral
behaviour for a channel that conforms to the TU specification. The model actually
specifies a time-varying channel but here we consider a stationary “snap-shiot” of
the channel. The maximum path delay Ty,.x = 2.692us, and the RMS delay spreacd
Tems = 0.904ps. Other channels defined by COST-207 are bad urban (BU), rural
area (RA) and hilly terrain (HT) [68].

Saleh-Valenzuela Statistical Model. The Saleh-Valenzuela (SV) [71, 72]
channel model enables us to create a highly-time dispersive and frequency-selective
channel, which we may consider to be wideband, and as it is a statistical model
we may run the generation algorithm as many times as required to create as maiy
channel realisations as we require. In this respect it is better than the SPIB chan-
nels which are single measured samples of a channel. The model assumes that the
channel impulse response consists of a number of exponentially decaying clusters
of rays, and within each cluster the rays also decay exponentially. Further, the
time between each cluster and also each ray within each cluster are taken from
two different random Poisson distributions. The phase of each ray is taken from

an independent random variable distributed over [—m, 7).

Describing the model mathematically, let the arrival of the {** cluster of rays be
denoted 13,1 = 0,1,2,- - -, and let the arrival time of the k** ray measured relative

to the beginning of its cluster be denoted 74,k = 0,1,2,---. We defined Ty = 0

lth

for the first cluster and 79, = 0 for the first ray within the [** cluster. The model
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showing exponentially decaying rays and cluster.

statistically describes T; and 73; by the exponential distributions
p(TY|Ti—)) = Ae™ 20T 15 (2.20)

p<Tkl|T(k—l)l) = )‘e_/\(Tkl_T(k_l)[)a k> Oa (221)

where A is the cluster arrival rate and ) is the ray arrival rate. Let the gain of
the k** ray in the {** cluster be denoted ay and its phase by 8y, the the channel

impulse response is given by

h(t) = Z Zak[eja""é(t =T — ) (2.22)
1=0 k=0
where aye?® are taken from a random Rayleigh distribution, discussed in Sec-
tion 2.4.2.2, and 6(-) is the Dirac delta function. Further the mean power of the
rays decay according to

a3, = agye eI, (2.23)

where a, is the mean power of the first ray in the first cluster (and can be nor-
malised to one), and I and ~ are the power decay time constants for clusters and
rays, respectively. For clarification the model is shown with three clusters and

several rays in each cluster in Figure 2.9.

Saleh and Valenzuela evaluated the accuracy of their model by comparing it to
measurements they had obtained in two storey high medium-sized office building
with dimension 115m by 14m. The external walls were made of steel and glass
while the internal walls were made from wooden studs and plaster board, and

the office contained typical office furniture and lab equipment. The measurement
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were made using 1.5 GHz carrier pulses and the response was sampled at 200
MHz. They found that their model could be made to give a good fit to their
measurements if they used the following parameters for their model: 1/A in the
range 200-300 ns, 1/X in the range 5-10 ns, I' = 60 ns and y = 20 ns. The channel
impulse response and 200 MHz bandwidth portion of the spectral behaviour for
an example of the SV model with 1/A = 300 ns, 1/XA = 5 ns, I' = 60 ns and v = 20

ns is shown in Figure 2.10.

If we are to use this channel in discrete time simulations we must decide on the
receiver sampling rate, f, in real terms and sample the raw response at that rate.
For example if we based the simulation on a 1 GHz sampling rate then we would
sample every 1 ns and the channel response from the point of view of the equaliser

would look very much that in Figure 2.10(a), with most of the ray responses falling
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in their own sampling slot. However, a equalisation rate of 1 GHz is possibly still
a little optimistic with today’s techiology, and a rate of 100 MHz miglit be mwore
realistic. This means we would have to re-base the chaunuel on a 10 ns saipling
period. If we simply samnpled the raw respouse in Figure 2.10(a) at 100 MHz we
may and probably would miss out most of the respouse that would appear to the
equaliser, as the chance that the rays fall at precisely the sampling point is very
low. We propose to solve this problem by simoothing the raw response by a filter,
e.g. a Hanning filter, with the same length as the desired downsainpling factor. So
for our example, we would pass the raw response through a Hanning filter spauning
10 ns to create a smoothed response and then sample this at 100 MHz. Obviously
to do this we must start with a very high rate uniforinly sampled realisation of the
raw response that samples every ray (whilst moving the ray to the closest sainpling
slot if necessary), and our previous example of a 1 GHz sampling rate should suffice
for this. In this case the Hanning filter would be length 10. Figure 2.11 shows
the above SV channel re-sampled at 100 MHz, ready for use in simulations. The

spectral behaviour will remain largely unaffected by this resampling operation.

Using the SV channel model we may run the channel generation algoritlun as
many times as we need to construct any size MIMO channel. For example we
would create 16 SV channels for a 4 x 4 MIMO channel. The SV channels used
in simulations in future chapters have an RMS delay spread that ranges from
5 ns to 35 ns. Finally, Figure 2.12 shows the mean capacity for a non-fading
2 x 2 non-minimum phase symbol-spaced SPIB channel and a non-fading Saleh-
Valenzuela channel sampled at 100 MHz (SV100M) and Figure 2.13 shows the
outage probability for the SV100M channel at a range of SNR values. These can
be compared with the plots for flat fading channels shown in Figure 2.2 and 2.3.

2.4.1.4 Band-limiting

In Chapter 6 we will be considering fractionally-spaced equalisation of wideband
MIMO channels, whereby the received signal are sampled at fractions of the sym-
bol rate. Fractionally-spaced equalisation (FSE) will be briefly introduced in Sec-
tion 4.1.4 but for now we state that we will require suitable channels. Simply
generating higher bandwidth channels is unrealistic since by doing so we increase
the transmission bandwidth and hence it will come as no surprise that a much
improved BER can be expected. In realistic systems however, the channels will
be band-limited to the symbol rate using some filter for reasons such as limiting
extraneous emissions to conform to spectrum licenses, and limit noise power at the
receiver. This band-limiting was seen in the spectrum of the fractionally-sampled
SPIB channels in Section 2.4.1.2. For FSE simulations using the SPIB channels up
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to an oversampling factor of two we may simply use these measured responses (we
will only be considering these so-called 7'/2 systems). The SV channels which are

generated using the model in the previous section must be explicitly band-limited
using a suitable filter.

For the band-limiting we employ a raised cosine filter [69], which is briefly intro-

duced now. The frequency-domain respouse of this filter can be expressed as

1 for |f| < 2Wy — W
Hpo = { cos® (LRG0 for 2Wp— W < || < W
0

(2.24)
for |f| > W

where W is the absolute bandwidth, and W, represents the minimum Nyquist or
nominal bandwidth, which is the —6 dB point for the raised cosine spectrum. A
raised cosine filter is often expressed in terms of its roll-off factor which is defined
r = (W — Wy)/Ws, and it represents the steepness of the spectrum roll-off. The

spectrum for a 1024-length filter with » = 0,0.5 and 1 is shown in Figure 2.14,
where 7' is half the symbol period.

As an example, for simulations using an 7'/2 fractionally-spaced equaliser, i.e.
where the incoming signal is sampled and equalised at twice the symbol rate, a 1
GHz SV channel can be generated in the usual way, sampled at 2 GHz and then
band-limited to 1 GHz using a raised cosine filter with the desired roll-off factor.
The magnitude response of such a band-limited channel is shown in Figure 2.15.

Although the sharpest roll-off is achieved using » = 0.1, the stop-band attenuation
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Fig. 2.14: Magnitude response of a 1024-length raised cosine filter for a roll-off
factor =10,0.5, 1:8:

is worse than the response for » = 0.5. The ringing with » = 0 is due to a finite
filter length.

Finally, note that the method of creating a lower bandwidth channel from the 1
GHz-sampled SV channel in Section 2.4.1.3 is simply a basic form of band-limiting,
but using a low-pass Hanning filter instead of a raised cosine response. Although
the filtering is not perfect it is simple and serves its intended purpose, as basic low-
pass filtering is sufficient to suppress aliasing to create a lower bandwidth channel

based on the SV algorithm.

2.4.2 Temporal Dynamics

The previous section discussed the spectral behaviour of particular channels, but
these channels were static. The impulse and spectral responses could either be
considered to be long-term averages or a single sample realisation of the channel.

Either way a channel may still vary in time due to movement of the MS and/or the
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movement of objects within the vicinity of the MS. This section discusses these

channel temporal dynamics.

2.4.2.1 Static Channel

When the MS is motionless, there are no moving objects in its vicinity and there
are no other factors that may affect the channel, for example natural environmental
conditions, we may assume that the channel is static. In this most basic case we
consider it to be unchanging in every sense, both statistical and instantaneous.

So, if we take the example of the flat channel in the previous section, the channel

. { 1.0 0.6} —
02 0.9

at any instant and is time-invariant. We will use static channels most often in this

matrix is

thesis, as in later chapters when we come to consider adaptive channel identifica-
tion and inversion, this is the most suitable channel to use when we are interested
in the convergence behaviour of the adaptive algorithms for MIMO systems. If

this channel were time-varying, this would affect the convergence results making
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Fig. 2.16: The pdf of a Rayleigh process.

it more difficult to observe relative performance of the algorithms on different sys-
tems. However, if the channel were time-varying, the adaptive algorithims could

be used to track this behaviour.

2.4.2.2 The Rayleigh Process

We now introduce the Rayleigh process, which we will need to use for both the
quasi-static and Doppler-fading chaunels in the next two sections. The Rayleigh
process is suitable for use in non line-of-sight channels and can be used to create
a time-varying channel envelope where the phase is random and uniformly dis-
tributed in the range [—m,7), and the gain is the magnitude of two orthogonal
Gaussian random processes. The Rayleigh envelope can be expressed mathemati-
cally as

c=N(0,1) +j- N(0,1) (2.26)

where N (u,0?) refers to a normally-distributed random process with mean pu
and variance o2. Figure 2.16 shows the probability density function (pdf) of the

Rayleigh process.
A Rayleigh-faded MIMO channel can be created by multiplying the relative av-
erage signal powers of each element in H by samples from a Rayleigh process

passed through a relevant filter. One such filter is the Doppler filter and is the
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subject of Section 2.4.2.4. Asswning that any filter that uses samples from the
Rayleigh process has unity power gain, the Rayleigh process causes a power gain
of two [23], and therefore the amplitude of the Rayleigh must be normalised by
V2 by bring the power gain to unity. The envelope for each element must be
independent of the envelopes used in all other elemeuts. As an example we show
a unfiltered Rayleigh-faded version of the flat fading MIMO chanuel described in
Section 2.4.1, resulting in

H = 1.0- \/501 0.6 \/§C-2

— _ 2.27
0.2-v2¢c; 0.9-v2¢, (2:27)

In the case of a time-dispersive channel, a Rayleigh fading envelope is calculated
for each MIMO element at each point in the impulse response, whicl is independent
from all others. Due to the impossibility of adapting to and tracking a channcl
from this model with no filtering, it will not be used in any simulations in this
thesis. However, the model was used when calculating the capacity of MIMO
channel in Section 2.3.

Although the majority of work on MIMO capacity has considered Rayleigh-fading
channels, very recently there has been some work studying MIMO capacity for
Ricean fading channels [73,74], though in this work we shall continue to ouly
consider Rayleigh-fading channels.

2.4.2.3 Quasi-Static Channel

A third way to model the time-varying behaviour of the channel is to use a quasi-
static model, which is a combination of the static and Rayleigh fading channels.
To use this model we must define a frame length consisting of a number of symbols.
The channel is modelled as static within each frame, but exhibits Rayleigh fading
between frames. So at the beginning of each frame, a new Rayleigh coefficient is

calculated and this is then held for the duration of the frame.

This model is more useful than either the static or unfiltered Rayleigh-fading
channel because, as with the static channel, we may adapt to it, as long as the
frames are long enough, but it is more realistic than the static channel as the
channel does vary in time. We must however re-adapt to the channel in each new

frame.

2.4.2.4 Doppler Fading Channel

The Doppler Rayleigh-faded channel is the most realistic of the time-varying chan-

nel models we consider, where samples from a Rayleigh process are passed through
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a Doppler filer. The time-varying nature of a real chaunel is essentially due to the
movement of the MS, or equivalently the moveient of objects within the vicin-
ity of the MS. The Doppler model characterises the time-varying behaviour of
the channel by directly relating it the movement of the MS, parameterised by its
speed. An overview of the Doppler fading channel can be found in Appendix A,

but a more thorough discourse can be found in [23].

2.4.3 Spatial Dynamics

The spatial dynamics of a MIMO channel refers to the correlation between the sub-
channels from the multiple transmit antennas or to the multiple receive antennas.
The spatial dynamics are closely related the temporal dynamics described in the
previous section. It can be argued that this is because the time-varying nature
of a moving channel is not a result of the movement itself, but of the change
in location in space. For example, a stationary MS will have a static channel
because it remains stationary at the same point in space. Different points in space
have differing channels and the correlation of two channels at two different points
in space is dependent on the distance between them. Lee [75] found that for
the correlation between two identical signals arriving at two antennas to drop to
below 0.7 a separation of 70 to 80 wavelength is required if the antennas are in
line, and 15 to 20 wavelengths if they are broadside. For a carrier frequency of
1800 MHz this corresponds a spacing of 11.6 n to 13.3 m, and 2.5 m to 3.3 m
respectively and these spacing would only be feasible at the BS. However, these
distances tend to decrease in a rich-scattering environment which is the reason
that it is often stated that MIMO systems require such an environment to work
properly. In fact, if the antenna separations are large enough, 10 m for exainple, a
rich-scattering environment is not required at all. Also, it has been expcrimentally
shown that the antenna separation at the MS can be as low at half a wavelength,
about 8 cm at 1800 MHz, and still the channel correlation is low enough to achieve
most of the capacity promised by theory based on uncorrelated and independent
sub-channels [45,48]. It has been shown in Section 2.3.2 that the correlation of
the sub-channel can have a large effect on the capacity of MIMO channels, hence
the correlation caused by spatial proximity of antennas is clearly an important

consideration.
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2.5 Wideband MIMO Communication Problem

One of the aims in the use of MIMO systews is to increase achievable data rates
to amounts previously unheard of. In this case, any real system employing MINMO
channels is likely to also be transmitting symbols at a rate cousiderably greater
than the RMS delay spread of the channel and consequently will be subject to hoth
temporal and spatial dispersion as characterised by the chanuel models considered
in the previous sections. At very high data rates the channel can be several tens
or hundreds of coefficients long, when the channel is modelled using a uniformly
spaced tapped delay line. In our review of the background work already performed
in the field of MIMO systems, we saw that several metliods have heen researched
to perform the detection of signals passed through the channels, such as ZF and
MMSE equalisation, MLSE and OSIC methods such as D-BLAST and V-BLAST,
as well as modified version of these. For very time-dispersive chauuels liowever, we
must currently preclude the use the MLSE using methods such as Trellis or Viterbi
equalisation due to the potentially tremendous computational cost of iimpleimenting
such algorithms. Similarly, the BLAST algorithms and their derivates require
multiple matrix inversions to decode each signal stream even for flat channels and
these inversions must be performed repetitively for dynamic channels which will
increase associated computational cost. For time-dispersive channels the problem
is likely to worsen further. Since evidently the computational cost of implementing
equalisation algorithms is likely to be limiting factor in their effectiveness, this
thesis will examine cost reduction techniques and taking measures to reduce the
cost at every available opportunity, while maintaining satisfactory MSE and BER
performance. To this end, linear equalisation methods will be used to detect the
transmitted data streams and low cost least mean squares (LMS) type adaptive
algorithms. These will be covered next in Chapter 3. Later we use frequency-
domain inversion and subband techniques in an attempt to lower the costs even
further.

2.6 Summary

This chapter forms the basis for the rest of this thesis. It started by giving a
brief history of the research conducted to date in MIMO systems, and an idea
of what avenues remain unexplored. It formally described the MIMO channel,
before explaining how it may be characterised by its behaviour in terms of spec-
tral, temporal and spatial dynamics. It then covered the theoretical capacity of
MIMO systems for both correlated and uncorrelated sub-channels, which demon-
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Channel Sampling Rate

Flat Native

Two-tap Native

SPIB 60 MHz at doubled symbol rate (T/2)
Minimum-phase SPIB | 60 MHz at doubled symibol rate (T/2)
SV100M 100 MHz at symbol rate

SV1G 1 GHz at symbol rate

Tab. 2.1: Summary of Channels used in this thesis.

strated the great potential increase in capacity possible if the channels are properly

exploited.

Table 2.1 shows a summary of all the channels that will be used for situlations
in this thesis. The native sampling rate simply means that there is no natural

sampling rate defined and any may be used.

We have made reference to the fact that if an equaliser is to be used in the
receiver to detect the data streams, we need to obtain the frequency-selective
MIMO channel inverse. This is no small feat and our background section lias
shown that there has not been a great deal of research dome involved in this
area for the application of multi-channel radio communications, especially for low
complexity methods. The inverse can either be found by calculating it from the
channel, or by using an adaptive system to find it directly. If we use the former
method and bearing in mind that with wideband transmission systenis we must
assume that the channel will introduce ISI, we still need to find the channel. The
best way to do this is again using an adaptive system. Hence, adaptive MIMO
system identification and inversion is an important topic and one which we will
cover in the next chapter. We will consider a particular class of adaptive systemns

— trained linear systems.



Chapter 3

Multi-Channel System

Identification

Assuming a receiver is synchronised to the received signal stream, to perform
coherent detection of signals sent through MIMO channels we will require a device
known as an equaliser, whose task it is to remove the Cross-Channel Interference
(CCI) and Inter-Symbol Interference (ISI) that can be introduced by a broadband
MIMO channel. CCI is a spatial effect caused by the additive interference of a
receiver picking up the transmissions from all transmitters, and ISI is a temporal
effect caused by data being merged to some extent over time by the distortiveness
of the channel. An essential part of creating an equaliser involves obtaining some
information about the channel. We may create an equaliser directly using adaptive
inversion or we may invert the channel analytically but even then we must identify
the channel, and this can again be done using adaptive techniques. Work by Kyritsi
et al. [76] and Rupp [77] show the effect that channel estimation errors can have
on MIMO capacity and BER performance. Their results showed that, depending
on the severity of the errors, the effect could be anywhere between negligible,
causing little detriment to the theoretical capacity, and catastrophic, reducing
the capacity to the SIMO case where the receiver benefits from receive diversity
only. Evidently, accurate channel estimation, or alternatively channel inversion,
is paramount. This section will cover adaptive filtering techniques that can be
used in order to identify the MIMO channel for subsequent analytic inversion or

to directly invert it.

The adaptive MIMO equaliser can be considered as a particular kind of linear
filtering problem. After stating this filtering problem in Section 3.1 we will present
optimum and adaptive filtering approaches in Section 3.2. In Section 3.3 we will
develop and analyse the multi-channel Least Mean Squares adaptive filtering al-
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Fig. 3.1: A generic adaptive MIMO systent.

gorithm, before considering its normalised version in Section 3.4. Next we briefly
mention some other possible filtering algorithms in Section 3.5 that have been
considering for the investigations in this thesis with reason for discounting theni.
Finally, we present some simulation results and discussions in Section 3.6, before
summarising the chapter in Section 3.7. For a full discussion of this field the reader
is referred to standard texts [78,79).

3.1 MIMO Linear Filtering Problem

Figure 3.1 shows a generic adaptive MIMO system, where w[n] are the adaptive
filters between input s and output ¢, us[n] are the inputs and v,[n] are the outputs
with s = 1---S and t = 1---T, where S and 7" are the number of inputs and
output, respectively. Previously, the number of MIMO inputs and outputs have
been defined as M and P. If an adaptive filter is used for system identification,
the adaptive filter will have M inputs and P outputs, while for equalisation, there
are P inputs (the received signals) and M outputs. Therefore, we here use generic
variables S and T to refer to the input and output dimensions. The outputs are
compared to desired signals d;[n] thus forming error signals e;[n]. We may break

the problem down into T parallel independent systems shown in Figure 3.2. We
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Fig. 3.2: A generic adaptive MISO system.
define vectors w,[n] and u[n| as
w1 [n] u [n]
waoi[n us[n
wy[n] = Qt[ | and uln] = 2.[ | , (311)
wse[n] ug|n

where wy;[n] hold the coefficients of a finite impulse response (FIR) filter wy[n] =

[ wsto[n] -+ wstn,—1[n] ]T of length L,. Similarly u[n] are the filter state vec-
tors comprising the signals currently at each filter tap, us[n] = [ ws[n] us[n —
1] -+ ugn —Ly+1]]¥ for s =1 --- T. For later notational convenience the

tap-weight vectors are denoted using complex conjugate coefficients. Therefore the

output of the MISO system is given by
ve[n] = wl [n]uln], (3.2)

where {-}# denotes the Hermitian transpose and a notation familiar from SISO
systems has been achieved, whereby the origin of the quantities w; and u is high-

lighted in Figure 3.3. The estimation error of the filtering problem is

ei[n] = dy[n] — v [n] = dy[n] — wu[n). (3:3

In the following section we will aim at optimising w, such that e,[n] is minimised

in an appropriate sense.
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Fig. 3.3: Block diagram representation of a linear filtering problem.

3.2 Adaptive MIMO Filtering

3.2.1 Mean Squared Error

The mean squared error (MSE) is a common error criterion and is generally suit-

able if the input signals have a Gaussian distribution. The MSE cost function,

émsE, 1s given by the statistical expectation, £{:}, of the squared error. We may

develop a cost function for the MIMO problem described in the previous section.

This results in 7' cost functions, {mses, t =1,2,---, 7, one for each of the MISO

systems

§MSE ¢

Eeddnle; o]} (3.4)
E{(d[n] — wllu[n])(d; [n] — u”[n]w,)} {3:5)
£{dnldiln]} — E{wl uln)d; o]}

—&{di[n|u[n]w, } + E{w[ uln]u" [n]w,} (3.6)
o5 — wE{un|di[n]} — w] E{d[n]u*[n]}

+w E{ulnju?[n]} w, VL
o5 —wip, — w/p} + w/'Rw,, (3.8)

where p; is the cross-correlation vector between the filter state vector, u[n], and the

conjugate of the desired response at time n, df[n], and R is the auto-correlation

matrix of the filter state vector, u[n]. The cross-correlation vector is therefore
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defined by
p: = &{un|d;[n]} (3.9)
= [E{wnld[n]}, - E{mln — Ly, + 1d;[n]}, E{ug[nldi[n]} - - -,
E{ugln — Ly + dl[nl}, -+ -, E{us[n — Ly + 1] [n)}]"  (3.10)
= [rwal0, - P Lo = 1, Fuga 0], -+ -+ Tugae[Lw — 1] (3.11)

where 7,,4,[7] is the cross-correlation function given by

Tugd, [T] = E{us[n — 7]d;[n]} . (3.12)

It is assumed that the signals us[n] and d;[n| are wide-sense stationary (WSS),
and that w; is statistically independent of both u[n| and d;[n]. The elements of

the auto-correlation matrix R are given by

R = &{ulpju?n]} (3.13)
Rll R12 e RIS

. R21 R22 ot R2S (3 14)
Rsi Rsz -+ Rgs

where

Ry = E{us [”]uéq [”]}
us[n]ui[n] us[n]ui[n — 1] _ us[n]ui[n — Ly, + 1]

_ ug[n —.1]u§[n] us[n — 1]‘u§[n —1] - ugn-— 1]u§[.n — Ly +

1]

us[n—Ly+1ui[n] usin—Ly,+1ui[n—1] -« ugn—Ly,+1]ui[n—L,+1]

Tugus|0] Tuyus [1] o Tugus [Lw — 1]
Tim[l] Tugus [0] o Tugug[Lw — 2]
T:;,SU@ [Lw - 1] r’l’.;.s’u,g [Lw - 2] o T'U'S'U'E [0]

The elements of R are samples of the auto-correlation function, 7,,,,[7], defined
analogously to (3.12). The matrix R is block Téplitz, i.e. it consists of blocks
Rys which have a band structure with identical elements on all diagonals and is
Hermitian, i.e R” = R, and as a result R is positive semi-definite with real-valued
eigenvalues. Equation (3.8) shows that the cost functions, &usgys, are quadratic
in the filter coefficients, w;, and due to the positive semi-definiteness of R have a

minimum solution, which is unique when R is positive definite, i.e. of full rank.

(3.1

J

)
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Fig. 3.4: Mean Squared Error (MSE) cost function, &yggy, for a weight vector,

w;, consisting of two elements.

The cost function forms an up-turned hyperparabola over the SL,-dimensional
space formed by all possible coefficient sets w;. This is shown in Figure 3.4 for

the simplistic case where the weight vector, wy, consists of two elements only, w, o

and wy ;.

3.2.2 Wiener-Hopf Solution

Assuming that R is positive definite, the cost function is minimised by a uniqtie
w;. The value of the vector w; at this point forms the minimum MSE (MMSE)
solution, Wy opi, to the MISO filtering problem described in Section 3.1.

A common method of finding the value of W,y is to calculate the first derivative
of the cost function, émsgt, in (3.8). By setting the derivative to zero and solving

for w, we can find the optimum filter coefficient vector, wy oe. Starting from (3.8)

and exploiting the fact that [80]

owl owl
ey d t = .
6Wt I an 6Wt 07 (3 16)
and
0 o 9 .
&wﬂmm :(EEwQRm+(&ﬁﬂRﬂwt (3.17)
= Rw, (3.18)
we have
0 0 .
Véusg[n] = Ssng — (07— w{p—w/p*+w/Rw;) (3.19)

ow; ow;
= —p+Rw, (3.20)
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where V is the gradient operator. By setting V&ysg:[n] = 0 in (3.20) and re-
arranging we obtain

Wiopt = R7'py, (3.21)

(3.8)

and after some algebraic manipulation it can be shown that the value of the cost

which is known as the Wiener-Hopf solution. By substituting (3.21) into

function at this point, the MMSE value, is given by

n‘}vitn Evsee(wy) = o2 —pfR'p,. (3.22)

In practice, the Wiener-Hopf solution in (3.21) is difficult to obtain. Reliable
estimation of R and p requires large time windows aud becomes problematic in
non-stationary situations. Apart from its large complexity of O(S2L2), the inver-
sion of R can be impossible in the rank-deficient case and numerically unstable
if R is ill-conditioned. To overcome problems with the Wiener-Hopf solutiou, we

will review iterative methods for optimising w; next.

3.2.3 Gradient Descent Adaptation Techniques

As derived in (3.8), the MSE is quadratic in the filter coefficients and therefore
has a unique minimum. For convex functionals, such as the MSE, iterative gradi-
ent descent methods can be found which follow the negative gradient of the cost
function. Starting from an arbitrary point this will eventually lead to the unique

global minimum. This can be mathematically formulated as
wi[n + 1] = wi[n] — uVéuse.[n] (3.23)

where w,[n| represents the weight vector at time n. The update takes a step in
the direction of the negative gradient to give a new coefficient vector w,[n + 1]
which is closer to the optimum solution in the [y (i.e. Euclidean norm) sense.
The gradient of the MSE cost function, V&ysg,[n], has been derived in (3.20),
and p represents the step-size, which controls the innovation in (3.23). Hence the
step-size determines the speed with which the iteration converges to the optimum
solution. However, as will be shown in Section 3.3.2.2, too large a step-size may

cause the update algorithm to become unstable.

Substituting (3.20) into (3.23) yields the so-called steepest descent algorithm
[78,79]. Using this algorithm, the auto-correlation matrix, R, no longer needs
to be inverted, but as well as the cross-correlation vector, p;, still needs to be
reliably estimated. This can involve very long data windows and increase the need
for memory while calculating R and p;. In the following, we will pursue a further
simplification, where instead of calculating R and p, exactly, estimates will be

used.
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v[n] = wfl [n]uln]
edn] = di[n] — ve[n]
wi[n + 1] = w¢[n] + puln]efn]

Wlbto |

Tab. 3.1: The Multi-chaunel Least Meau Squares algoritlun

3.3 Multi-Channel Least Mean Squares Algorithm

3.3.1 Algorithm Description

In order to further simplify iterative gradient methods this section gives an overview
of the Multi-channel Least Mean Squares (M-LMS) algorithm, an exponent of the
so-called stochastic gradient algorithms, thus called because the adaptatiou is sub-
ject to a statistical process. Due to the formulation in (3.2), the algorithm is iden-
tical to the better known single-channel LMS algorithm. The LMS algoritlun is
one of the simplest adaptation techniques while still performing satisfactorily. For

a complete discussion of the LMS algorithm the reader is referred to e.g. [78,81,82].

The M-LMS algorithm is derived from the steepest descent algorithm. Instead
of calculating R and p; exactly using infinitely long data windows, single sample

estimates R and P, are used such that

p: = un]di[n] (3.24)
R = ulpju[n] (3.25)
where the notation (%) is used to indicate estimates of the respective variables.
This method is equivalent to minimising the instantaneous squared error, rather
than the MSE. Inserting the estimates into (3.20) yields

@EMSE,t[n] = —P¢y + f{wt[n] = —u[n|(d;[n] — u[n]w,[n]) = —uln]e}[n]. (3.26)

Substituting this gradient estimate into (3.23) gives the basis for the LMS algo-
rithm,
wi[n + 1] = wy[n] + pulnje; [n). (3.27)

To summarise, the complete M-LMS algorithm is shown in Table 3.1 and is
executed in every sampling period. Unlike the method of steepest descent the
M-LMS algorithm however performs a noisy update due to the error in the one-
sample estimates of the parameters, which converges on average to the Wiener-
Hopf solution.
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3.3.2 Properties of the M-LMS algorithm

This section describes various properties of the M-LNS algorithni.

3.3.2.1 Computational Complexity

The computational complexity of the M-LMS algorithin can be expressed in terms
of multiply-accumulate computations (MAC). Assuming we have comnplex-valued
signals, the first step in Table 3.1 involves 45L,, MACs, the second is just two
MACs, and the final step involves 4SL,, + 4 MACs, making the total complexity
Cm-Lms = 85L,, + 6 MACs. However, unlike the analytic optimisation in Section
3.2.2, this process must be performed many times uutil the algorithin converges to
a suitably small MSE. Therefore, if we denote the nuber of iterations required
to reach satisfactory convergence as IV, then the final complexity is N(8SL,, + 6).
Even so, the algorithm is still order O(L,,), which is a great improvement of the
O(L?) of the Wiener-Hopf analytic optimisation. The advantage is even greater
for large MIMO systems than SISO systems as the stacked multi-channel filter is
S times longer than the equivalent SISO filter.

3.3.2.2 Stability Analysis

Due to the presence of feedback in the adaptation of the M-LMS algorithm there
is the inherent possibility of instability. Convergence for the M-LMS can be de-
rived in the mean, i.e. wy[n] — W for n — 00, or in the mean-squared, i.e.
Eusei[n] — &umse for n — co. In the following we review convergence in the
mean by inspecting the natural modes of the system [78] and we start by inserting
(3.26) into (3.23) to obtain

wn+ 1] = wyn] — p (—f)t + Rw[n]) . (3.28)

By taking expectations of (3.28) and applying (3.21) we get
Etwiln+1]} = E{wilnl} +p (E{be} - £{Rwinl})
= E{wn]} + pu(pr — RE{w[n]})
= &{w[n]} + u(Rwiop — RE{w[n]})
= E{wi[n]} + uR (Weopr — E{wi[n]}).
Note that by taking expectations we have reverted to the noiseless gradient descent

method where we assume that our estimates of R and p; are perfect. We continue

by defining a weight-error vector ¢;[n] at time n as

ci[n] = E{we[n]} — Wi opt (3.33)
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where Wy ¢ 1s the optimum weight vector, which translates the optimum solution
for wy[n] onto the origin. Subtracting w; . from both sides of (3.32) and applying
(3.33) we can write

cin+ 1] = (Isp, — uR)cin]. (3.34)

Using an eigenvalue-decomposition, we may express R = QAQ™! where the
matrix Q contains the eigenvectors of R and the matrix A is a diagounal matrix
with elements equal to the eigenvalues of R. Since R is Hermitian, Q is unitary
with Q71 = Q¥ ie.

R = QAQZ, (3.35)

and the eigenvalues, denoted by Ay, Ay, -+, Agp,, are all positive semi-definite and
real. Substituting (3.35) into (3.34) we get

cefn + 1] = (Isp, — uQAQ™)cy[n]. (3.36)
Premultiplying both sides of (3.36) by Q and exploiting Q! = Q¥, we get
Qcyn + 1] = (Isz, — uA)Qcy[n]. (3.37)

Now we define a new set of rotated co-ordinates using

vn] = Q¢ (3.38)
= Q"[w[n] — Wy opil, (3.39)

and re-write (3.36) in the transformed form as

vin + 1] = (Isg, — pA)ven]. (3.40)

Thus, the filter coefficients have been decoupled into L,, eigen or natural modes.
Assuming that the initial value of v;[n], v:[0], equals

Uf[o] = QH[wt[O] - wt,opt]’ (341)
and that w.[0] = 0, (3.41) reduces to

v:]0] = — QWi ops.- (3.42)

For the k* natural mode of the LMS algorithm we have from (3.40)

vek[n + 1] = (1 — pAg)veg[n] k=0,1,---,S(L, — 1), (3.43)
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where ) is the k" eigenvalue of R. Further (3.43) is a first order homogencous

difference equation, and can be written in terius of the initial value vy ,[0] as
vik[n] = (1 — pAe) vs i [0] k=0,1,---,8(Ly, — 1), (3.44)

where v ;[0] is given by (3.42). Equation (3.44) shiows tlie decoupled evolution of
the M-LMS algorithm and creates a geometric series witli a geometric ratio equal
to 1 — puAg. If the magnitude of this ratio is less than unity for all &, then the
algorithm will be stable and converge to the optiimmum weights. Thus, the stability

condition for the M-LMS algorithm requires that

—l<l—pi <1 Y. (3.45)

As n approaches infinity all natural modes of the algorithm will decay, irrespective
of initial conditions. Considering the worst case of the largest geometric ratio, the

convergence condition can be denoted as

O<pu< : (3.46)

/\mam

where A, 1s the largest eigenvalue of the auto-correlation matrix, R. This forms
the necessary and sufficient condition for stability of the deterministic method of

steepest descent [78]. The upper convergence limit on x can be safely approximated

by
SLy~1 S

Amaz € > Mi=tr{R} =Ly, Y o7, (3.47)
=0 s=1

where the positive semi-definiteness of R ensures the approximations by the trace

of R, tr{R}. According to (3.15), tr{R} can be expressed by the power or variance

02, = Tuu,|0] of the input signal u[n] and the stacked filter length, SL,,, yielding

uu
2
s 2
L’w Es:l Uuu,s

as practically calculable convergence limits for p [12].

O<pu< (3.48)

3.3.2.3 Convergence Speed

An important property of adaptive algorithms is that of convergence speed. In
the mean, the M-LMS algorithm exhibits an exponential convergence, which can
be seen from the decoupled evolution of the algorithm in (3.44). It can be shown
that the time constant of the exponential decay of the k" eigen-mode, 7, can be

given by
1

RN (3.49)

Tk =
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A common simplification of this is

1
T A —— VA < 1. (3.50)
M/\k
A more detailed analysis of the convergence speed is shown in [12] but two results

are pointed out here:

e the overall convergence is governed by the slowest converging natural inode

corresponding to the smallest eigenvalue, A, of R;

e the maximum speed of convergence has to be set according to (3.46) to

accommodate for the largest eigenvalue, A,,q., of R.

The eigenvalue spread or condition number of a matrix is defined as the ratio
between the largest and smallest eigenvalue. Heuce, if thie condition mumuber of R
is large it follows that the convergence of the adaptive algorithm will be slow. The
condition number can be shown to be less than or equal to the ratio between the
minimum and maximum value of the power spectral density (PSD) of the input
signals [12,78]. If the S inputs to the algorithm are mutually independent and
white Gaussian, then the condition number of R will be one and this scenario
would achieve the fastest possible convergence. We will see in Chapter 4 that if
we are performing system identification on an unknown MIMO chaunnel then the
eigenvalue spread may be close to one. However, if the task involves adaptive
inversion of a frequency-selective channel, then the latter will impose correlation

onto u[n], and slow the convergence for the M-LMS results.

3.3.2.4 Bias

The stability analysis in Section 3.3.2.2 showed that the adaptive filter vectors,
w;[n| approach the optimal values as n — oo if the step-size coefficient remains
within its convergence bounds. Hence if the underlying system to which the algo-
rithm is converging remains stationary, the adaptation is free of bias in the mean.
However if the underlying system is dynamic so that is spectral characteristics
change over time the adaptation will lag behind the optimum filter vector which
will produce a bias [12,78,83]. The bias depends on the step-size u, there is an
optimum step-size which will minimise the bias [83]. Too small a step-size means
that the adaptive system is unable to follow the dynamic system at the rate it is
fading, whereas if the step-size is too large the observation noise will be amplified
by a greater amount than is necessary, degrading the performance. In a noiseless
environment however there is no noise and we may use as great a step-size as is

required to give good tracking.
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vln] = wil[n]uln]

e([n] = di[n] — v[n]

win+ 1] = win] + @t lt’,[,"[}:]’ll[ﬁ}]

Tab. 3.2: The Normalised Multi-Channel Least Mean Squares algoritlin.
3.4 Multi-channel Normalised LMS Algorithm

This section gives a description of the Multi-channel Normalised LMS (M-NLMS)
algorithm, and discusses its convergence characteristics with respect to tlie stan-
dard M-LMS algorithm and also the single-chaunel LMS algorithm.

3.4.1 Algorithm Description

In the standard M-LMS algorithm the step-size factor, p, is fixed and has to be
adjusted to cover the worst case with respect to A,,4.. This has the drawback
that if in a non-stationary environment the variance of the input signal is low, the

convergence speed of the algorithm may be insufficient. The input signal power or
2

uu,s?

size normalisation with respect to the input signal power appears to be beneficial.

variances, o and A are related as shown in (3.47). For this reason, a step-
In this case the step-size factor in effect varies so that it is small at times of high

signal power, and vice versa.

If the variance of each input signal u,[n] is estimated over a rectangular window
of length L,, and then these variances are summed to give the total power of the
signals in the adaptive MISO filter, that is

S Ly-1

2 L T I
O™ g 2 D lusln = Il = " nfuln), (351)

s=1 =0

and the step-size parameter, i, can be substituted by

_ B
p= wH nlaf] (3.52)

This results in the new update equation used in the M-NLMS algorithm, which
can be summarised in Table 3.2. The substitution of 1 by the normalised step-size,
it, changes the stability condition to

O<ii<?2. (3.53)

The cost of this algorithm is slightly higher than that of the M-LMS algorithm

on account of the extra input signal power calculation. Exploiting computational
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tricks the cost for the M-NLMS yields
CM—NLMS = 8SLw + 85 + 10 (354)

MACs per sampling period.

3.4.2 Convergence Characteristics

The selection of z sets a relative convergence speed independent of the variances of
the input signals us[n]. This means that, whereas with the M-LMS the algoritlim
convergence is dependent on the total power of all the input signals, now it is
normalised so that the convergence remains uniform during adaptation irrespective
of fluctuations in the input signal power. This has the advantage that if one of
the multiple inputs is prone to periods of high power relative to the others, we do
not have to choose a small step-size at the expense of tlie convergence rate for the

filters corresponding to the other inputs.

A comparison between the convergence of the M-NLMS for S inputs and the
single-channel N-LMS algorithm is interesting. For the MISO case the filter state
vectors are S times longer than the single-channel system, with only an L,, length
filter. According to (3.50) the convergence speed is approximately inversely pro-
portional to the step-size, u. For the M-NLMS algorithm the step-size varies
inversely with the total input signal power, so the approximate time-coustant for
the M-NLMS algorithm is

wnluln]  Sufn]u,[n]

Tk, NMLMS = = forany s € 1:85, (3.55)
A A

assuming that the power of all input signals are equal. Hence the convergence for
the M-NLMS is S times slower than for the single-channel N-LMS algorithm.

3.5 Other Adaptive Algorithms

This section will give a very brief overview of some other adaptive filtering algo-
rithms that may be of interest. We consider their use for the simulations in this

thesis and give discussion why we discount them.

3.5.1 Recursive Least Squares

Whereas the LMS algorithm minimises the expectation of the squared error by use
of gradient descent, an alternative is to optimise the the adaptive filter with respect
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to the sum of squared errors, which arises in the so-called Least Squares (LS)
methods. Like the LMS algorithm, tlis method will tend towards the Wicner-Hopf
solution in a static environment. An exponent of the LS methods is the Recursive
Least Squares (RLS) algorithm, where a recursive estiniate of the quautities used

in the algorithm is used. The cost function used for the LS methods is given by
ELsn = Z Bre[n — vje*[n — v, (3.56)
v=0

where [ is termed the forgetting factor and 0 < 8 < 1. From this we see that the
cost function depends upon the entire error signal up to the current time. The
forgetting factor is used to de-emphasise the squared error of previous samples and

plays a vital role if the target system is dynamic iu time.

Analysis of the RLS algorithm shows that, like the LMS algorithm, the bias
tends towards zero in the mean but unlike the LMS algorithm it also tends to zero
in the mean squared, meaning that the final MSE tends to the MMSE both in
statistical terms and in real terms. This is true if we assume a WSS signal and
an infinite memory, i.e. § = 1. Generally, the RLS algorithm results in greatly
superior performance it terms of both convergence speed and bias. However the
RLS algorithm has two major drawbacks which make is less desirable than the
N-LMS algorithm for the work contained in the thesis.

When the target system in non-stationary, a forgetting factor 4 < 1 must he
chosen, and how small it must be depends on how dynamic the system is. The
system must forget older statistics which change as the system changes so that it
can continue to converge to the MMSE solution. Unfortunately, this can have a
serious impact on the tracking behaviour of the algorithins, so much so that LMS-
type algorithm can in certain situations achieve better performance [12, 84--87].
One of the intended applications of any equaliser architecture we develop in this
thesis is for use within a MS which may be subject to movement. As such, we
must assume that in general the MIMO channel will be dynamic and we require

that the equaliser will be able to track changes in the channel over time.

The second and major drawback of the use of the RLS algorithm for use with
MIMO channels is related to its computational complexity. The computational

cost of the RLS algorithm is given by
Cris = 3Ly + 3L2, (3.57)

MAGCs per iteration per SISO filter (i.e. not the stacked MISO filter), which is
O(L?2) compared to O(L,,) of the LMS algorithm. Although it is true that the

RLS algorithm would required fewer iterations until convergence this would only
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be an advantage for a stationary systemn where coutinuous tracking is not required,
and even in this case it is possible that the greater complexity order of the RLS
algorithm would negate any advantage arising from the fewer required iterations
for systems with a large L,,. This is especially likely for MIMO systems, where
we would use the same stacked input vectors described in Section 3.1 as we used
for the M-LMS algorithm to create the Multi-Channel RLS (M-RLS) algoritlumn.
In this case, the complexity is increased by a factor of S? making the M-RLS cven
less attractive than the M-LMS algorithm.

For these two reasons and due to advantages of normalising the LMS algoritlin
described in Section 3.4 the M-NLMS algorithm is preferred over the RLS algo-

rithm.

3.5.2 Frequency-Domain Adaptation

We have described the LMS class of adaptive filtering which is performed in the
time-domain. An interesting alternative is to transform the problem into the
frequency-domain via use of the FFT [78]. In this case, we call the technique
frequency-domain adaptive filtering (FDAF) and the origins of this may be traced
back to 1973 [88]. The attraction of FDAF lies in its potential to reduce the
complexity of adaptive algorithms such as the LMS for long filters [89]. The tech-
nique combines two methods that were previously widely used in the field of signal
processing, namely block processing and the FFT. Block processing involves, as
its name suggests, the partitioning of the input data into blocks and performing
the adaptive update once on each block to reduce the complexity of the algo-
rithm [90,91]. This will generally slow the convergence of the algorithm and this
is the trade-off that must be paid, so that the lower complexity can be realised and
it also opens up the possibility of the use of parallel processing, which could again
increase the computational speed. The second techuique is the use of the FFT,
the use of which is made possible by the block processing. The FFT enables us
to use computationally efficient techniques to process filters with a long impulse
response. This approach leads us to the frequency-domain block LMS (FD-BLMS)
algorithm that includes the standard LMS algorithm as a special case [92]. The
FD-BLMS involves padding or forcing parts of the signals inside the algorithm to
zero, which introduces a constraint to the error gradient and is required to ensure

correct convergence to the MMSE solution.

The use of the FD-BLMS however brings with it some problems not present
with the standard time-domain implementation. Foremost of these involves the

circular convolution or wrap-around effect inherent in the use of the FFT, and
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special precautions must be taken to combat this, such as the overlap-add or
overlap-save methods [92]. Also, frequency-domain teclhiques are not suitable for
every situation, for example for short filters of length below 64 taps the FD-BLNMS
will actually result in a more computationally costly solution [89], in addition to

the worsened convergence.

The FD-BLMS can be implemented in two fonns, constrained and unconstrained.
The standard FD-BLMS as described above is the constrained version, with the
constraint being on the error gradient, and as a result the FD-BLMS algoritlim
involves five FFTs per iteration. Two of these are involved in the coustraint
and it is possible to remove these to create the even less computationally costly
unconstrained FD-BLMS algorithm that only uses three FFTs per algorithm it-
eration [93]. Of course by doing this performance is affected and the algoritlun
no longer converges to the MMSE solution as the number of block iterations ap-
proaches infinity [92]. A second point is that misadjustment of the algoritlun is
greater than that of the constrained FD-BLMS; in fact the unconstrained version
can require twice as many iterations as the constrained algorithm to produce the

same misadjustment [94].

More recently, there has been a renewed interested in frequency-domain process-
ing techniques, mainly spurred on by the search for computational cost reduction
of ever increasing more complex systems being developed and MIMO is an ex-
ample of this. Complexity savings have been shown by using spatial-frequency
adaptive equalization for diversity systems [95]. Receutly, single-carrier frequency-
domain equalisation for broadband wireless systeis have been shown to compare
favourably to the currently more popular OFDM [96]. Finally, a new method
has been shown that applies an unconstrained FD-BLMS, where the constraint is
different from the gradient constraint discussed previously, to multi-channel acous-
tic echo cancellation with favourable results in terms of misadjustment but also

computational cost [97].

A fuller overview of FDAF can be found in Haykin [78] and Shynk [92] and
the cited references in this section for specific details. Very recently there has
been renewed great interest in frequency-domain adaptive equalisation for MIMO
channels [67,98,99]. In this thesis, however, we will not deal much with FDAF,
preferring instead subband processing techniques, discussed in Chapter 5, which
have not yet attracted as much attention as frequency-domain techniques and seem

to have given promising results in the past [12].
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Fig. 3.5: System identification to flat SISO and MIMO channels using M-NLMS
algorithm with g = 0.18.

3.6 Simulations and Discussion

This section presents various simulation results obtained by applying the adaptive
tools to the channels described in Chapter 2.

3.6.1 System Identification

We start by applying the M-NLMS to SISO, 2 x 2 MIMO and 4 x 4 MIMO
channels and the sub-channels comprising these all have flat frequency spectrums.
The channels are static in both the mean and mean-squared as here we are just
interested in observing the performance of the adaptive algorithin in identifying
the unknown channels, starting from all-zero adaptive filter coefficients. Figure 3.5
shows the MSE over the duration of the adaptation, which is performed over many
ensemble sets to obtain average results. In these simulations we have used L,, = 1,
as this is the length of the sub-channels forming the systems, and g = 0.18. We
see that as predicted by our discussion in Section 3.4.2 the convergence of the 4 x 4
MIMO system takes a little over twice as long as that to the 2 x 2 MIMO system,
and the same is true for the 2 x 2 MIMO system over the SISO system. The final
MSE values are around -320 dB and this is due to the machine accuracy of the

simulation tool.

Figure 3.6 shows the convergence characteristic for the two-tap channels with
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Fig. 3.6: System identification to two-tap SISO and MIMO channels using M-
NLMS algorithm with = 0.18.

L, = 2. All the other parameters of the simulation remain the same as for the
flat channel simulations. We see a similar pattern of behaviour as before with
the convergence speed between the systems being related by a factor of 2 as the
dimensions of the system double. The doubling in length of componeut sub-
channels causes a doubling in the computational complexity, due to the O(L,,)
M-NLMS algorithm, and a similar increase in real time to execute the simulations.
Comparing these simulations with those of the flat channel we see an approximate
doubling of convergence time between each of the corresponding simulations, due
to the doubled filter length.

Next, the simulation results for adaptation to the symbol spaced (SS) SPIB
channels are shown in Figure 3.7. Again we use the SISO and 2 x 2 MIMO
channels, but not the 4 x 4 channel as there is insufficient data in the SPIB
database [70] to form such a channel. We use the channels in an unmodified form
as explained in Chapter 2, with the exception that we firstly downsample them
to symbol-spacing and truncate them to length 50, which captures the significant
part of the response. Unlike the flat and two-tap channels the SS SPIB channels
have an associated sampling rate so we can relate the adaptation to real time.
The channels are sampled at 30 MHz, therefore each iteration represents an 33 ns
interval. The algorithm may be performed in real time at this rate, or if possible
or required due to hardware limitations, for example, the data may be buffered

or the algorithm iterated at a lower rate. The convergence time between these
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Fig. 3.7: System identification to unmodified symbol-spaced SPIB SISO and
MIMO channels using M-NLMS algorithm with g = 0.18.

simulations and those of the flat sub-channels shows an increase of a little over 50,
as expected. An increase in the final MSE now also becomes apparent- now around
-300 dB. The reason for this is that the errors cause by the machine accuracy of
the simulation tool combine additively for each adaptive tap. Hence we would
expect an increase in the final MSE over the -320 dB of the flat channels equal to
the number of adaptive taps, which in the SISO case in these SPIB simulations is

17 dB, and this is indeed roughly what we see in Figure 3.7.

Finally, for the system identification simulations, we look at the adaptation for
the Saleh-Valenzuela channels, described in Chapter 2, with parameters 1/A = 300
ns, 1/X =5 ns, I' = 60 ns and v = 20 ns. The required number of channels were
generated for each simulation, i.e. one for SISO, four for 2 x 2 MIMO and 16 for
4 x 4 MIMO. The channel impulse responses were truncated at 300 ns and given
that for our channel realisations the RMS delay spread ranged from 5 ns to 35
ns this is reasonable as the truncated coefficients were of negligible magnitude.
The impulse responses were temporally quantised, band-limited and sampled at
100 MHz. Again the M-NLMS algorithm with g = 0.18 was used. We see in
Figure 3.8 that these length 30 adaptive filters converge at around 5/3 of the
rate of the length 50 filters in the SPIB simulations. Again we see that as the
simulations cover the SISO, 2 x 2 MIMO and 4 x 4 MIMO cases the convergence
rate halved each tinme as the stacked multi-channel adaptive filters double in length.
The final MSE is lower than for the SPIB simulations, due to reasons discussed

earlier, as the filter lengths are now shorter.
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3.6.2 System Tracking

Up until this point we have shown the performance of the M-NLMS algorithm
as it identifies the various unknown SISO and MIMO channels with an all-zero
initial adaptive coefficient vector. Another interesting area relates to the tracking
behaviour of the algorithin for non-stationary channels. When an MS travels at
some speed the channel will be dynamic, as explained in Chapter 2, and we may
model this behaviour using a Rayleigh Doppler-faded envelope, the characteristics
of which are determined by the MS speed and carrier frequency. For these tracking
simulations we assume that the adaptive systera is privy to the channel coeflicients
at the start of the simulation, by previous identification for example, therefore the

adaptive coefficients are initialised to the channel coefficients.

Firstly we look at the tracking behaviour for a SISO and 2 x 2 MIMO channel
with flat sub-channels, shown in Figure 3.9. The simulation uses the M-NLMS
algorithm with 2 = 0.18. Since we must relate the system to the real world
to create the Rayleigh Doppler-faded faded channel, we must also associate a
particular receiver sampling frequency, and for this we have chosen 10 kHz. To
make the simulation more interesting, rather than an MS moving at constant
velocity, we have it accelerating which causes an increasingly dynamic channel as
the simulation progresses. Figure 3.9(b) shows that the MS accelerates from rest
to 30 m/s, which is about 120 kin/h, and we are using a carrier frequency f. = 1.8
GHz. Looking at the time base we see a phenomenal acceleration far greater than

the system will ever encounter, but this is simply to ensure the simulation takes
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a reasonable amount of time; clioosing a more realistic acceleration would have
required several billion points to be calculated to ensure a sufficient fading euvelope
temporal resolution for the simulation to be performed properly, wlhichh was well
beyond the capabilities of the simulation tool used. Fortunately, if the system were
to be implemented in hardware this would not be problei as obviously the cliannel
itself would create the fading, rather thau the siimulation tool. Nevertheless, even

with the acceleration used, the results are still valid and iustructive.

In this simulation we also introduce the concept of au Update Factor (UF) greater
than one. The UF is defined as the ratio between the munber of iteratious where a
adaptive weight update is actually performed and the total number of iterations.
For example, UF=5 would mean the an update is actually performed ounly every
fifth iteration. By choosing an UF only as high as needed to obtain a satisfactory
MSE for the current fading rate we have the possibility to reduce the computational
cost by a factor equal to the UF. This means that either the hardware may be used
to perform other processing tasks while it is not updating the weight coeflicient,
for example analytic inversion which will be covered in Section 4.2, or lower power
hardware may be used. Figure 3.9(a) shows results for UF=1,5,10 and 50. With
the higher UFs we can actually see the adaptive updates being performed as the
MSE suddenly drops followed by a slow rise again due to the channel fading. For
this particular simulation we see that, depending on the MS speed and MIMO
dimensions, the UF must be kept quite low to achieve satisfactory performance
(i.e. one that achieves a reasonably low BER for typical modulation schiemes
such as QPSK and 16-QAM). For the SISO system a UF of around thiree may
be acceptable for the application assuming service is required up to a MS speed
of 120 km/h, while for the 2 x 2 MIMO system a UF of one would probably be
required. This assumes a minimum MSE performance criterion of -15 dB. However
for this simulation a UF of one corresponds to an update frequency of 10kHz,
as determined by the sampling rate, which is easily within the capabilities of
today’s hardware. The MSEs rise firstly as they reach a steady-state MSE caused
by adaptive misadjustment for that UF and then by varying degrees depending
on the UF as the MS speed rises and the adaptive lag increases, becausc the
algorithm finds it increasingly difficult to track the changes in the channel as it
becomes increasingly dynamnic. The MSE is caused by the misadjustment between
the adaptive filter and the true channel co-coeflicients between updates and also
the adaptive filter lagging the channel which creates a bias as briefly mentioned in
Section 3.3.2.4. For higher UFs it appears that the adaptation error due to a lower
update rate becomes increasingly dominant over the bias caused by increasing lag
due to the accelerating MS. Hence for higher UF's, after reaching the steady-state
MSE for that UF, the MSE gradient decreases relative to lower UFs even as the
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Fig. 3.10: System tracking for 100 MHz SV SISO and MIMO channels using
M-NLMS algorithm with z = 0.18 and MS moving at 120 km/h.

MS speed increases, meaning that higher UFs are less sensitive to the fading effect

of the channel but only because the misadjustinent MSE dominates.

Our next tracking simulations show the performance of the M-NLMS following
a dynamic Saleh-Valenzuela (SV) channel. As before, the parameters of the SV
channel are 1/A = 300 ns, 1/A = 5 ns, [’ = 60 us and v = 20 us, the M-NLMS
algorithm 1s used with 4 = 0.18, and the UF ranges from 1 to 50. The SV channels
have been sampled at 100 MHz using the method outlined in Section 2.4.1.3, and
hence the impulse responses are 30 taps long, assuming truncation after 300 ns as
before. This is purely for processing reasons due to computational limitations of
the simulation tool. Unlike for the flat channel tracking simulations previously the
MS moves at a constant speed of 120 km/h and we plot the tracking MSE against
the UF, shown in Figure 3.10, where again we have assumed that the adaptive
system initialises with perfect channel knowledge at that moment in time. The
Doppler bandwidth is 200 Hz or equivalently the coherence time is 2.1 ms [23].
Since the coherence time is many orders of magnitude greater than the receiver
sampling period, 10 ns, we expect that the fading effect is negligible for low UFs.
For example, UF=1 1means that the adaptive algorithim updates at a period of 10
ns and therefore from the perspective of the algorithm the channel is near static.
Figure 3.10 shows the MSEs for UF=1,10 and 50 we indeed see that the lower
UFs achieve the lowest steady-state MSE. These steady-state MSEs are much
lower than the flat channel MSEs in Figure 3.9 by virtue of the now much greater
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Fig. 3.11: Steady-state system tracking MSE for SV SISO and MIMO channels
using M-NLMS algorithm with g = 0.18, MS moving at 120 kin/h and varying

update factors.

iteration rate in real time. Even though the MS is moving at a constant speed
we still see the MSE curve converge to the steady-state value. The steady-state
MSE is due to lag and the cases with a higher UF take longer to reach this MSE
on account of their lower update rate. One point we should address is that the
parameters we are using for the SV channel pertain to an indoor environment and
hence it is unlikely that a MS would moving at 120 kim/h. Nevertheless, the results
are valid and instructive. It is feasible that in an harsh outdoor environment, such
a dense urban, the channel would have a similar characteristics, ouly that the
delay spread would be greater and the corresponding coherence bandwidth less.
In this case a similar iimpulse response would be obtained by sampling at a lower

rate. Hence these simulations form a worst-case scenario.

Finally, with the same SV channel and an MS moving at 120 kin/h it is inter-
esting to see how the steady-state MSE varies with the UF, and a plot of this is
shown in Figure 3.11 for UF ranging from 1 to 1000. These simulations were very
computationally intensive and for this reason it was feasible to run the simulation
for only a few ensemble sets, hence the curves are not smooth. However they are
of adequate quality to gain insight in the general behaviour and there are some
interesting points to note. We see that the steady-state MSE degrades the most

in the lower UF values. For the flat SISO tracking simulation in Figure 3.9(a)
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we saw that an MSE of -15 dB at 120 km/h was produced with approximate UF
of 3. This translated to an update period of 0.3 s, which is 7 times less than
the coherence time at 120 kin/h. For the SV simulations at a sampling frequency
of 100 MHz as we have here we need UF=30,000 to achieve update period of 0.3
ms. However, the convergence rate here is about 30 times slower over the flat case
due to the adaptive filter length, hence we would expect UF=1,000 to result in a
steady-state MSE on the order of -15 dB. We iu fact see a steady-state MSE of
about -18 dB in the plot, but due to the approximateness of the calculation aud
the the fact that these simulation were averaged over only a few ensenible sets tlis
is deemed a close enough result to the expected value. It is interesting to note
that for a particular channel, carrier frequency and MS speed it is hence possible
to empirically fit a linear function of only receiver sampling frequency to calculate

the UF required to achieve a certain steady-state MSE.

3.7 Summary

This chapter has covered the fundamentals of multi-channel adaptive filtering and
given us the necessary grounding to continue with future chapters where the adap-
tive algorithms will used to identify unknown MIMO channels ready for analytic
inversion or to adaptively invert the MIMO channel directly to create an equaliser.
The chapter started by outlining the problem and devising a suitable multi-channel
system model before then using this model to derive the optimum filter that trans-
lates a given input signal to a desired output signal, or Wiener-Hopf solution via
use of the MSE cost function. We then explained the computational probleimns
involved with the analytic calculation of the Weiner-Hopf which motivated us to
develop lower complexity adaptive mnethods which converge to the optimumn solu-
tion over time. We developed a gradient descent technique which led to the LMS
family of adaptive algorithms. The properties of the LMS algorithin were dis-
cussed in terms of the computational complexity, where we showed its significant
advantage over the analytic method, the algorithin stability, convergence speed
and bias. We then derived a normalised version of this whereby the algorithi au-
tomatically adjusted itself for the input signal power as so not to become unstable
and theorised that the convergence speed of the M-LMS relative the single-channel
LMS algorithm would be slower by a factor equal to the number of transmitters.
After briefly discussing other candidate adaptive algorithms and explaining the
decision to favour the LMS type algorithm over these in this thesis we moved onto
the application of the M-NLMS algorithm in various simulations. Two broad sets

of simulation results were shown- static system identification and dynamic system
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tracking. We saw that the convergence rate scaled inversely with the dimensions of
the MIMO system and with the length of the adaptive filters. Finally, we saw that
especially for high bandwidth systems we may choose an Update Factor greater
than one and hence limit the computational power required for the adaptive tasks
by either choosing a lower power processor or employ the freed power to perform
other tasks such as analytic inversion. The analytic inversion of MIMO systeis
forms a important area for study and we have seen in Chapter 2 that studies in
the literature covering the analytic inversion of frequency-selective MIMO chan-
nels are few and is still an open area for research which is explored in the next

chapter.



Chapter 4
System Equalisation

This chapter explains the concepts and methods behind the equalisation of frequency-
selective MIMO channels based on the basic domain-independent MIMO transfer
function

y=Hx+v, (4.1)

where y, x and v are vectors of multiple received, transmitted and noise signals
respectively, and H is the MIMO channel matrix. Out of the adaptive methods,
there are broadly two ways of creating a MIMO equaliser: (i) adaptively ideutify
the MIMO channel as covered in Chapter 3 and then analytically invert it, or (ii)
adaptively identify the inverse of the MIMO channel and hence converge to the
equaliser directly. Each of these two methods are developed and their respective
advantages and disadvantages are explained. We firstly cover the mathematical
criteria behind the MIMO channel inverse and how it relates to the equaliser in
Section 4.1. Techniques are covered to invert rectangular MIMO channels, i.e.
M # P as are ways to invert ill-conditioned MIMO chaunels. We also explain the
possibility of using pre-distortion at the transmitter instead of equalisation at the
receiver and justify our decision to favour the equalisation method. In Section 4.2,
three analytic techniques are developed which perforin the inversion in the z, time
and frequency domain and the inversion criteria behind these techniques are cov-
ered. Also covered is the required FIR equaliser length, and the effects of channel
estimation errors and noise during adaptive identification. We move onto the fully
adaptive inversion technique, developing it and explaining the problems associ-
ated with it in Section 4.3. In Section 4.4, adaptive equaliser tracking for fading
channels is covered and other adaptive equalisation techniques are mentioned in
Section 4.5. Finally in Section 4.6, we present simulation results showing MSE
and BER performances attainable in various scenarios, and end the chapter with
a summary motivating the development of subband processing techniques, which

are the topic of Chapter 5.
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4.1 Inversion Methods and Criteria

The central problem of frequency-selective MIMO systews is that data streanis
transmitted from the multiple transmitters are mixed both in space and time and
then combine additively at the multiple receivers. The frequency-selective, and
hence time-dispersive, nature of the chaunel causes inter-symbol interference (ISI),
while the MIMO property results in co-channel interference (CCI). The aim of this
section is to discuss inversion methods for MIMO channels that can minimise both

ISI and CCI in an appropriate sense.

The aim is to find a matrix, G, that when applied to the vector of received
signals, y, we obtain an estimate X, for the transmitted data stream, x. Hence,

we have

>

= GMXpy (42)
= GuxpHpxux, (4.3)

where G is an “unmixing” matrix whose purpose it is to undo the effects of the
channel and the subscripts denote the dimension of the matrix. Note that at this
point the criteria remain independent of representation domain. The structure of
how the input and output signals and the time-dispersive nature of the channel
are dependent on the representation domain, i.e. z, time or frequency and heunce
undefined at this point. It is useful to think of the elements of the vectors and
matrices as blocks, the internal structure of which are as yet undefined. Notice
that we are currently considering only a noiseless environment, and that we apply
G to the input vector after the MIMO channel, and so it must be applied at
the receiver. In this case, the unmixing matrix, G is termed a MIMO equaliser.
Another possibility is to apply an unmixing matrix at the transmitter, in which
case the matrix mixes the signals together before they are transmitted in such
a way that the channel unmixes them so that X arrives correctly at the receiver
antennas. In this case we would call the unmixing matrix, G, a MIMO pre-
distorter. This will be discussed in Section 4.1.3 as well as our reasons for using
equalisation. We will continue with the creation of an equaliser as an objective.

To recover the input signals, x, perfectly we require
x[n] =x[n — 4], (4.4)

where A is a delay required to place the significant portion of the response of G in
the causal domain which is required if the channel determinant is non-minimum
phase. The method of how to achieve this depends on the unmixing criterion.

There are a number of these, however two of the best know are the zero-forcing
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(ZF) and minhnum mean squared error (MMSE) criteria. The ZF solution aims
to perform a mathematically perfect iuversion of the MNIMO channel taking no
account of noise or any other sources of error. Equivalently, it aims to make the
Channel-Equaliser Response (CER) a delayed identity matrix. However if the
signals are highly attenuated by the chanuel the ZF equaliser will have a high
gain which can cause excessive errors and other probleus in the presence of noise
and other error-causing phenomena. The MMSE solution is an alternative which
as its name suggests aims to minimise the error between the vector input to the
MIMO channel and the vector output of the MIMO equaliser, whiclh we will call
the Channel-Equaliser Error (CEE), in any envirommnent or in the presence of auy
noise sources. We have already seen the MMSE solution in Chapter 3, liowever in

that case the adaptation error rather than the CEE was the minimisation objective.

We now consider the ZF solution of a MIMO channel, and to obtain this we
must invert it. Assuming a rectangular channel where M # P, the inverse in
the conventional sense, i.e. H™!, is undefined. However, in principle given a
rectangular matrix it is possible to find another rectangular matrix of transposed
dimensions such that the two result in an identity matrix when multiplied together.
This forms the basis for the pseudo-inverse [100,101]

Garxr = HNpxp, (4.5)

where (-)f represents the pseudo-inverse, and we assume that rank(H) = min(M, P)
to ensure its existence. There actually may be many solutions so that HTH = I,
but the pseudo-inverse is defined as the solution that has the minimum vector
length. This is also known as the least squares solution to the inconsistent system
y = Hx [100].

There are two cases to consider, the first of which is the over-determined case,
where the matrix has at least as many rows as columns, or P > M. The pseudo-

inverse of a matrix H is then defined
17 H
H;r\/fo = (HfleHPxM) lHMxPa (4~6)

which is termed the left-inverse of the matrix H. Further, if the elements are
functions of z, they must also be time-reversed [8,102]. The second case is the
under-determined problem where the matrix has at least as many columns as rows,

or P < M. Now the pseudo-inverse is given by
Hj,p = Hifp(HpaarHipp) 7 (4.7)

and is termed the right-inverse. As will be shown in Section 4.1.3, when dealing

with the application of signal processing, the choice of which pseudo-inverse to use
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can be mapped directly to whether the system uses equalisation at the receiver or
pre-distortion at the transmitter. The dimensions of the MIMO channel matrix
and whether equalisation or pre-distortion is required are determined by the re-
lationship between M and P. Finally, note that if A/ = P both (4.6) and (4.7)

reduce to the standard matrix inverse which is solvable assuming H is full rank.

4.1.1 Capacity of Equalised Channels

This section derives an expression for the capacity of a channel-equaliser system.

We see from Figure 4.1 the effect that an equaliser has on a chaunel in isolation.

Hence starting from (2.7) and accounting for the effect of the equaliser, the new

capacity equation may be written as

det [R. + GHR,HG]
MdetR,

where R, and R, are the co-variance matrices of the post-equalised (coloured)

noise and the inputs at the transmitters. Since

R, = GR,G¥, (4.9)
then
det [G(R, + HR,H¥)GH]
_ 4.1
¢ = log Mdet [GR, G| (4.10)
0 GHHHGH
= 10g2 det |1+ MW , (411)

assuming that the input and noise powers are equal and the signals uncorrelated,
and where R, is the co-variance matrix of the noise at the receivers. Hence we
see that in addition to the effect the equaliser has on the transmitted signal it
also colours the noise. This equation will be used to evaluate the post-equaliser
capacity in Chapter 7 where the equaliser is created using the various techniques
covered in this thesis. This matrix applies to flat channels but it is clear how the
capacity of frequency-selective equalised channel may be evaluated by applying the
same principle as was used to evaluate the capacity of isolated frequency-selective
channel in (2.11). In practice the capacity can be best evaluated via use of an
FFT of suitable length.

4.1.2 Regularised Inversion and the MMSE Solution

The problem with the zero-forcing solution is that is places no constraint on the
gain introduced by the equaliser so this solution is unsuitable for a noisy environ-

ment, a channel with deep spectral nulls in the determinant of the MIMO channel,
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Fig. 4.1: Diagram showing (a) an isolated channel where the capacity is evaluated
at the receivers, and (b) and channel-equaliser where the capacity is evaluated at

the output of the equaliser.

where the zero-forcing solution may not exist, or when using inversion methods
that themselves introduce errors due to their nature for example frequency-domain
inversion discussed in Section 4.2.3. To demonstrate this consider a noisy version
of (2.2), namely

y=H -x+v, (4.12)

where v is a vector of additive white Gaussian noise (AWGN) signals. If we now
apply the equaliser of (4.5) we obtain

pron— IMXMX-}-HR,IXPU. (4.13)

It is obvious from this equation that if H is ill-conditioned or near-singular then
H' will greatly amplify the noise, effectively drowning out the desired signal, x,

and making X a poor if not meaningless estimmate of x.

One way to alleviate this problem is to use the regularisation technique developed

by Tihonov (also spelt Tikhonov) [103-106]. This technique introduces a cost
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function for the solution of G
¢=ee+ptr {G"G}, (4.14)

where tr{-} is the trace operator, 3 is the regularisation coefficient, which can vary
from zero to infinity, and e is the error between X and x in a noiseless environment,
i.e. the ZF solution would give e = 0. The term tr{G¥G} can be considered as a
measure of “effort” involved in minimising e*e. This is quite intuitive if we note
that

P
tr{G'G} => "\, (4.15)
=1

where )\; are the eigenvalues of G G. Contrast this with the cost function of the
ZF solution which is simply
¢ =elle, (4.16)

where the gain of G has no effect on the “cost” of the solution. So we see that
if H is ill-conditioned causing the ZF solution to have a large gain, this would
increase the effort of the solution, creating a less attractive regularised solution.
The regularised solution can be viewed as a trade-off between minimising the
noiseless error and the effort of the solution. The regularised left-inverse solution
to the cost function (4.14) is given by

G = (HH + g1)"'H. (4.17)

The factor 8 guarantees that FHH + 31 is always non-singular for 8 > 0 and the
greater 3 is, the better conditioned HH+ I becomes. So we see that by increasing
(3 we can make the solution more well-behaved at the expense of moving away from
the ZF true noiseless solution. By choosing [ correctly we can ensure that the
solution will be optimum for any noise power. The selection of 3 is not a precise art
and any value that makes the ratio between the largest eigenvalue of HH and 3 fall
in the range between 1000 and 5000 generally gives a satisfactory solution [106].

There is one interesting case that merits further discussion. In Chapter 3 we
developed the MMSE or so-called Wiener-Hopf solution, which is the optimum
solution even for a noisy problem. It is possible to show that when the problem
is represented in the time-domain, explained in Section 4.2.2, the MMSE solution
is equivalent to the regularised solution for when 3 = ¢2/02, where o2 is the

noise power and o2 the input signal power. This is developed and explained in
Section 4.2.2 and the proof is contained in Appendix C.
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Fig. 4.2: An equalisation and pre-distortion set-up.
4.1.3 Equalisation versus Predistortion

In Section 4.1 we showed that a rectangular matrix can have two pseudo-inverses,
a left pseudo-inverse and a right pseudo-inverse. Although for the rest of this the-
sis we shall continue to only consider equalisation at the receiver, an alternative
possibility of pre-distortion (sometimes called pre-equalisation) at the transmitter
merits a brief look. It is an interesting area for application with mobile devices
which are often physically small and hence may not have the space for many an-
tennas. This can cause problems on the downlink if classic equalisation is used
and some promising results have been shown using pre-distortion as an alterna-
tive [107].

Figure 4.2 shows the set-ups for equalisation and pre-distortion. With equali-
sation, shown in Figure 4.2(a), we use the left-inverse of the channel matrix and
hence we require M > P. Conversely pre-distortion, shown in Figure 4.2(b), pre-
scribes use of the right-inverse with M < P. In the special case where M = P
we may use either equalisation or pre-distortion. However, in radio communica-
tion equalisation is usually preferable, as pre-distortion has an associated problem
that the response of the pre-distorter must either be calculated from the channel,
which in general is unknown at the transmitter and must be identified, or adapted
to directly. In either case, some feedback may be required from the receiver to
the transmitter, which may require an extra overhead, although if the system uses
time-division duplex (TDD) the uplink and downlink channel responses will be the

same and hence known to both sides. Often pre-distortion and equalisation are
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Fig. 4.3: Schematical diagram showing (a) a symbol-spaced equaliser, and (D)

and fractionally-spaced equaliser

combined. Some applications use power control which can be considered a sim-
ple kind of pre-distortion. More sophisticated schemes exist where the inversion
task is split between an equaliser and pre-distorter using a singular value decom-
position of the channel [108], and some recent work has covered low-complexity

pre-distorter design [109]. Such work however is outside the scope of this thesis.

4.1.4 Fractionally-Spaced Equalisation

We have made the implicit assumption up until this point that the equaliser sam-
ples and processes the input stream at the symbol rate, resulting in a so-called
T-spaced or symbol-spaced equalisation (SSE). Most early receivers used symbol-
spaced equalisation in order to simplify implementation and minimise computa-
tional cost. However, as performance requirements increased and digital processing
systems became faster and cheaper, fractionally-spaced equalisers (FSE) started to
be developed and are now almost ubiquitous in high-speed modemns. Fractionally-
spaced or T/N-equalisers sample the input data streamn at a rate N times the
symbol rate employing expanders and decimators, explained in Chapter 5, and
hence the equaliser processing spacing is a fraction of the symbol spacing [110].
As such, the performance of the FSE is improved over that of the SSE, as shown
in early papers [111,112]. Other advantages include higher resolution equalisa-
tion [113,114], equalisation of channels containing spectral zeros [115] and shorter

equalisers if the sampled channel contains fractional delays [110].

The fractionally-spaced system is shown in Figure 4.3(a) next to the symbol-
spaced system in Figure 4.3(b). The new samples that are placed between the

samples that are defined by the original signal are a function of the expander;
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Fig. 4.4: System identification set-up used to obtain the response for an unknown
MIMO system.

for example it may simply hold the previous signal sample or insert zeros for N
samples. The FSE may be modelled using a polyphase representation [102, 115]
so that the system is expressed as a multi-channel system. This is a very useful
representation for us as we may simply use the multi-channel inversion techniques
that will be developed in this chapter to easily find the FSE. This is an interesting
topic, and is the subject of Chapter 6.

4.2 Analytic System Inversion

This section is devoted to developing and explaining the methods of calculating the
system inverse and hence equaliser analytically. We assume that the MIMO chan-
nel has been previously identified using adaptive techniques discussed in Chapter 3,
and the system that performs this is shown in more detail in Figure 4.4. The adap-
tive MISO blocks are those shown in Figure 3.2 in Chapter 3. It is possible that
there may be some channel estimation error introduced at this point due to non-
perfect estimation or the adaptation being terminated before full convergence due
to time or processor power restrictions, for example. This is itself an interesting
topic and discussed further in Section 4.2.5. Once the channel has been identified

it can be inverted according to (4.6).
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To invert the MIMO channel we must choose a representation dowmain, i.e. =z,
time or frequency-domain and the method of calculating the inverse is different in

each case. We now discuss each of these three cases.

4.2.1 z-Domain Inversion

Time-dispersive signals are represented in the z-domain (ZD) using polynoimnials
in z. We can express the transfer function of the sub-channel from transmitter A

to receiver P by

hnp(2) = D humpz ™ (4.18)

1=0

where L is the number of taps we use to model the channel, and hy,,, is the
[*" coefficient of h.,,. These polynomials are then used to construct the MIMO
channel matrix in (2.3). The problem is much simplified for narrowband chan-
nels where only hg m, will have a significant value and hence the MIMO channel
matrix consists of scalar elements. In this case we may use a standard algebraic
or numerical method to invert the matrix such as Gaussian elimination. With
frequency-selective broadband channels however, the elements of the matrix will

be polynomials in z and calculating the inverse is quite a difficult task.

The method we use here is to extend the standard inversion ethod to the
polynomial element case. We use the pseudo-inverse in (4.6) and express the

variables as functions of z, i.e.
t T = _
Hi(z) = (H(Z)H(z)) A(z), (4.19)

where F(z) is the parahermitian of H(z), H(z) = H”(z7) [12,102]. Hence we
may proceed in the same way using Gaussian elimination on polynomials instead
of scalars. Unfortunately, the calculation of the pseudo-inverse in (4.19) will often

involve many computationally intensive operations on complicated IIR. systems.

This method will give the ZF inverse which takes no account of the noise. Un-
fortunately the regularisation method described in Section 4.1.2 cannot be easily
applied to this z-domain method, only to the time-domain and frequency-domain
methods discussed in the next sections. It is possible to devise an MMSE inverse in
the z-domain [116,117] but the derivation is highly mathematical in nature and we
will favour the time-domain and frequency-domain method for reasons discussed

in their relevant sections.

We simplify our discourse here by considering a 2 x 2 polynomial MIMO channel.

As the system is square we may use the standard inversion method but the same
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Fig. 4.6: Stabilisation of an unstable IIR system.

principles extend to non-square systems requiring the pseudo-inverse. The inverse
is given by
L4 1 /’LQQ(,) '-/7,21(2)
H'(2) = ——— : (4.20)
det(H(z)) | —hia(2) hu(2)
where det(H(z)) is given by hy1(2)haa(z) — hia(z)he1(2) and the polynomials are

multiplied out as required.

The inverse of the channel in (4.20) generally has an infinite impulse response
(ITIR). If the determinant of the MIMO channel matrix is minimum-phase, then
the inverse is stable. In this case all the poles of the MIMO inverse, which arise
from the determinant in the denominator of the matrix inverse (4.20), lie strictly
inside the unit circle in the z-plane. Problems arise when the determinant of the
MIMO matrix is non-minimum phase, in which case the directly calculated inverse
will be unstable, and some of the poles will lie outside the unit circle. A sketch of
this is shown in Figure 4.5. We can attempt to stabilise the system by splitting it
into two cascaded systems, one of which is an IIR system formed from the stable
poles of the original system and the other a truncated FIR approximation of the

unstable poles of the original system. This concept is outlined in Figure 4.6.
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The z-domain transfer function of the IIR systew is

Lg—1 ﬁl
—o 9rripm<
gpm (2’) o Z[ 0 pm

= - . (4.21)
- ZzLi() ! gFB.i,pm,zﬁl

where gpppm is the " tap of the feed-forward part and 9FB.ipm 18 the 7' " tap of
the feedback part of the IIR filter g,,, and L, and L, are the lengths of the FF
and FB part, respectively. The denominator representing feedback is the cause of
the potential instability of the overall system. If the determinant of the MIMO
channel contains zeros outside the unit circle in the z-domain, the systeu is 1o1-
minimum phase and the inverse will be unstable. This was demonstrated in [118]
with application to acoustics. The poles withh a magnitude less thau one may be
used to form the stable IIR system, but the remaining poles must be stabilised.
The stable and unstable poles can be separated by trausforming the denominator
polynomial into a first-order partial fraction representation, being sure to take
precautions for multiple co-located poles. The terms for the now isolated first-
order systems representing the unstable poles can be couverted into an anti-causal

stable system using the using the geometric series

1 oo
TTas = Z —a™z" where |a| < 1, (4.22)

n=1
where «a is the negative reciprocal of the pole. A significant portion of the series
can be shifted into the causal domain by allowing a delay for the overall systein.
Hence by allowing a suitable delay, so that @™ has decayed to a suitably small
value, the unstable IIR port can be approximated by a stable, causal FIR system.

There is an important difference between the z-domain inverse of SISO and
MIMO systems, which relates to the locations of the zeros in the channels. With
SISO systems, if there is a zero on the unit circle in the z-plane, the system inverse
is marginally stable. However, with MIMO systems this may well not be the case,
as even if one of the sub-channels comprising the MIMO channel has a zero on
the unit circle the system may still be stable. Miyoshi and Kaneda [119] found
that there must be no common zeros in all sub-channels. Another condition for
invertibility is that the determinant must have no zeros on the unit circle in the
z-plane. If this condition is not met then the inverse will be marginally stable with
the impulse response of the inverse neither converging nor diverging but oscillating
for infinite time. The inverse would have a pole directly on the unit circle causing
infinite gain in the frequency response at the frequency corresponding to the pole.
This infinite gain means that data at that frequency cannot be recovered using
this method. Finally, there is a chance that the determinant of the MIMO matrix

may be zero, in which case the matrix is singular and no inverse exists.
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This method of finding the inverse is adequate for very sniall MIMO systems (i.e.
2 x 2), but once the system dimmensions start to increase it becomes unfeasible.
The direct calculation of the inverse becomes prohibitively complicated, as cach
element in the inverse MIMO systen1 matrix would be a poteutially cousiderably
complicated IIR system. During the calculation of these IIR systews, inaccuracies
during successive system stabilisations would accummlate and the resulting system
is likely to be a rather poor or useless approximnation of the inverse. Also if we are
guaranteed that the determinant of the MIMO channel is mininmm phase then
we may cut out the stabilisation process and the complexity of this imethod with
respect to Ly is O(LylogsLy,). If this is not the case the stabilisation method will
increase the complexity to a significant O(L3). For these reasons we nst turn to

other methods for larger MIMO systems.

4.2.2 Time-Domain Inversion

A method for MIMO channel inversion which will always result in realisable stable
FIR filter for the inverse was described by Miyoshi and Kaneda [119] and Kirkeby
et al. [106]. Although it is more computationally costly than the z-domain method
it has less accuracy problems associated when applied to arbitrarily large MIMO
systems or where the inverse may be very difficult or impossible to calculate.
The approach employs so-called convolutional matrices described in this section
whereby both the time-dispersive and spatially-dispersive nature of the channel
is modelled using scalar elements arranged in diagonals along the two dimensions
of the matrix. As we only use scalars in a single matrix to describe the channel,
as opposed to polynomials in the z-domain or, as we shall in the next section,
multiple matrices for the bins in the frequency-domain method, we term this
technique time-domain inversion. Again a delay will be required to move the

significant portion of the solution into the causal domain.

We start by modifying the domain-independent MIMO transfer function in (4.1)
so that we now have it in the convolutional domain, or as we are calling it, time
domain

y[n] = He[n|x[n] + v[n] (4.23)

where x[n], y[n] and v[n] are the multiple-channel input, output and noise vector,
and the multiple channels are stacked in vectors analogously to u and v in Chap-
ter 3. The dependency of the channel on 7 is as we have assumed the channel is
dynamic in time, although we will now drop this for notational simplicity. The
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convolutional channel matrix H. is defined

Hll,c e H}\Il,c
H. = : : (4.24)
Hip. -+ Huppe
with ~ _
hﬁp B 0
0 0 e | '
i 0 0o - hgm |
where
hop = [hmpl0] -+ BmplLn — 1]]" . (4.26)

The dimensions of x, y, v and H; depend on the chosen equaliser length L,
per channel. To obtain a single output sample from an equaliser we require PL,
input samples to fill the L, taps in the P equaliser filters. Hence y must be
length PL,. Given this fact, it is not difficult to deduce that H. must be of
dimensions PL, x M (L, + L, — 1), and from this we also see that x must be
length M (L, + Ly —1).

To calculate the equaliser we must invert H.. To this end we may employ the
Wiener-Hopf solution derived in Chapter 3, which is
gn =R 'pn, (4.27)

where we calculate the optimum MMSE MISO equaliser system for each m to

recover T,,[n]. The vector g,, is defined

8n=I[8m1 Bm2 ° Bmp) (4.28)

where

8mp = [9mp[0]  Gmp[l] -+ Gmp[Ly — ]-”T (4.29)
and gp,[l] is the I** filter coefficient for the MISO equaliser g,,,. Figure 4.7 clarifies
the situation where the dependencies on n reflect the potential dynamic channel
and adaptive equaliser. Of course M of these MISO equalisers are required to
create the full MIMO equaliser.

The matrix R is the multi-channel auto-correlation matrix defined in (3.13) in
Chapter 3, but using u = y as this is the input to the equaliser. Hence we have

R = &{yy"} (4.30)
= &{(Hx+v)((Hx+v)"} (4.31)

= E{Hxx"HI + vv” + Hxv” + vx"HL} (4.32)

)

= o’HH + 71, (4.33
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MIMO; |  MISO |
" Channel; | Equaliser |

Fig. 4.7: A MIMO channel and MISO equaliser applied to input x,,[n].

assuming that all the channel input variances o are equal, as are the noise powers
2

v

o-. We now see a problem that as equalisation is subject to the condition that
M < P then H.H¥ will be rank-deficient and hence uninvertable as required by
the Wiener-Hopf solution. However, we will later see the the pseudo-inverse can
be used to invert R which will give the miniimum norm solution for the inverse,
and this will give the same solution as the pseudo-inverse of H. regularised by
the noise-to-signal ratio (NSR). Finally, notice that R is the same for all m input

channels.

We continue now by developing the cross-correlation vector p,, for input channel
m. We employ (3.9) but again substituting u = y aud also the desired signal
d; = T.,. Hence we specify which input channel the MISO equaliser should recover.

Therefore we have

P = E{yzl.} (4.34)
= E{(Hx+v)z,,} (4.35)
= E{H xgl Y+ ETwInY (4.36)
= | H A (4.37)

where we have again assumed that the input signal variance o2 is the same for all
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channel inputs. The vector A,, is a channel selection and delay vector defined

m

A,=[0" . 0" A,, 0F .. 07 (4.38)
Y
where
o= --- 0" (4.39)
N, o’
Lg+L;,—l
and
61"
Apm=[0 -~ 0 T 0 --- Q" (4.40)
Lg+‘£,,—1

The under-brace and over-brace values represent the vector lengths and position of
the relevant value in the vector, respectively. The location of Aa,, in A,, specifies
the desired input channel m and is in the m!* position. The zero vectors specify
that we would like to suppress the cross-channels. The offset 4,, of the impulse in
A specifies the delay we would like the equaliser to introduce, and is required
to ensure that a significant portion of the calculated equaliser response is in the

causal domain. The delays é,, need not be equal for every channel.

Substituting the expressions for R and p,, in the Wiener-Hopf equation we obtain

the MMSE solution )
o; ]

where we have used the pseudo-inverse to invert R as it will be rank-deficient

in a noiseless environment and we have assumed that the the channel inuputs are
2 2

z v

of power o7 and the noise power is o at all the receivers. Notice that g, is
a row vector. It is relatively straight-forward, although algebraicly tedious, to
generalise the derivation for when the input signal powers or receiver noise powers
are unequal. In this case the optimum solution for the m! input stream is given

by

gn = (H.RHY + R,)'Hoo? A, (4.42)
where
o2 0 0
0 2 . 0
R,=| = = (4.43)
0O --- 0 Uf:M
is a matrix containing the input signals powers on the main diagonal, and
| o2 0 - 0
0 o2 .
R, = v (4.44)
R |
0 0 o?
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is a matrix containing the noise powers ou the main diagonal. Finally, to create
an equaliser matrix G we may simiply stack the optiimum MISO equaliser vectors
g.vmel: M, ie.

G=[g g - gA/]H- (4.45)

Hence we have the MMSE inverse as required.

It may be shown that the multi-channel Wiener-Hopt solution is equal to the

pseudo-inverse of the MIMO channel regularised by the NSR, i.e.

2
gn = ((HchJr%I)THCAm)” (4.46)

= AH <HfHC+ "—21) HY. (4.47)
0-7,'

where we have assumed that the input signal powers and noise powers are equal
for simplicity. The full derivation uses the singular value decomposition (SVD)
of the channel H. and is quite tedious so is found in Appendix C. Notice that
to calculate the pseudo-inverse of H, we must now invert the term HZH, + Z—’fI

This is now invertible even in a noiseless environment.

Superficially, this time-domain inversion seems ideal, but we have yet to perform
the complexity analysis. Before we do this, we must first apply some opportunities
to reduce the complexity of the inversion. Note that R is the same for all m
and therefore the inversion need only be performed once. Secondly, the selection
and delay vector A,, extracts one column of the preceding H. in (4.41) and this
vector is multiplied by Rf. Hence, we may save ourselves the computational steps
involved in multiplying R with H, since A,, will discard all but one column of
the result. If we define a vector hyg,, as the (m(L, + L, — 1) + §,,)*® column of

H_ then the optimum MISO equaliser vector for channel m is given by
gm = Rhgm, (4.48)
and the complexity required to calculate this for all m € 1 : M is given by
C(G) =2MP?*L%(Ly+ Ly — 1)+ M(2PL, — 1) + C(T), (4.49)

MACs, where C(T') = O(PL,(log(PL,))?) is the complexity of a fast inversion
algorithm which we may use as R is Toeplitz, see e.g. [120,121]. Note that this is
lower complexity than the standard Levinson-Durbin algorithm [101,104,122,123]
for inverting Toeplitz matrices, which is order O(Lg), however this is still less than
the O(Lg) that dominates the inversion and hence the extra effort required in im-
plementing a O(PL,(log(PL,))?) fast inversion algorithm over the well-known
Levinson-Durbin algorithm may not be worth the potentially insignificant com-

putational saving in relative terms. As the inversion is O(Lg) even after these
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complexity reduction techniques it is advantageous to keep L, as small as possi-
ble, but if this still results in a process that is too computationally costly we must
seek other inversion techuiques such as the frequency-domain method described in
the next section or shorten the channels that needs to be inverted, and hence L,

through use of subband techniques, which are introduced in Chapter 5.

4.2.3 Frequency-Domain Inversion

Frequency-domain techniques are often thought of as low complexity methods
when compared with their equivalents performed for example in the time domain.
An associated problem with frequency-domain processing is that of circular con-
volution, also known as wrap-around effects [92], that occurs when the inverse is
calculated at a finite number of discrete frequencies. Kirkeby [124] proposed a so-
lution which involved the use of a regularisation term to suppress the error-induced

effects of the circular convolution.
We start by stating the zero-forcing condition in the frequency-domain, which is
HY(HH(f) =1 |f] <1/2T, (4.50)

where H(f) is the frequency response matrix of the MIMO channel, Hf(f) is
the MIMO equaliser response matrix and Ty is the sampling interval. The chaunel
matrix H(f) contains in its elements the spectral characteristic of each sub-chaunel
evaluated at a finite number of frequencies. A SISO algorithm which satisfies
this criterion was developed by Lucky [125]. The SISO inverse can be found by
obtaining the frequency domain representation of the channel, using a length L,
DFET or FF'T, calculating the reciprocal of the coefficient in each frequency bin and
converting back to a time domain representation, using an length L, inverse DF'T
or FFT. The resulting coefficients form the impulse response of a FIR filter that is
the inverse of the channel. For a MIMO systein, instead of finding the reciprocal
of each frequency bin, the pseudo-inverse must be used to find the inverse of a
MIMO matrix for each frequency bin. The advantage over the z-domain and
time-domain methods discussed in the previous sections is that in each frequency
bin the MIMO system is represented by a matrix of scalar Fourier coefficients
and that these matrices at each frequency are independent of the matrices at any
other frequency, hence they can be inverted independently. The inversion of such
matrices can be readily solved with a straight-forward Gaussian elimination for
example. An inverse FF'T applied to each frequency response in the inverse MIMO

system yields the final zero-forcing inverse MIMO matrix in the time domain.

There are two problems associated with this solution. The method results in

the zero-forcing inverse and therefore will not work well in the presence of noise
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when the channel causes significant attenuation over any of the sub-chaunnels. This
noise may overwhelm the desired signal at the receiver, which may then not be
able to detect the transmitted symbols correctly. The secoud problem arises from
the error caused by the circular convolution eftfect, mentioned previously, which
are implicit to frequency-domain methods. A well-known method of combating
wrap-around effects is to use zero-padding of the intermediate signals and to use
only a portion of the results. This approach leads to tlie so-called overlap-add and
overlap-save methods [92]. However, if we attempt to deconvolve the channel coef-
ficients out of the received signal by dividing their FFTs, or in the case of MIMO
systems, applying the inverse matrix, this zero-padding method does 1ot prevent
the circular convolution effects from affecting the outcome [124]. The reason is
that the frequency response of the optimal filters is inevitably that of a filter whose
impulse response is of infinite duration, so while we can reduce the impact of the
circular convolution by increasing the padding length to some value that will result
in an acceptable error, in reality this may result in unacceptable computational
complexity, and we would need an infinitely long zero-padding sequence to reuove

the wrap-around effect completely.

A regularisation term [104, 106, 124] goes some way to counteracting the effects
of both the problems of equalisation in a noisy enviromnent and combating the
circular convolution effects. If we use the pseudo-inverse of each frequency bin, we
may include a regularisation term J to limit the gain of the inverse matrix. We

use the pseudo-inverse as a function of e/2™/7s and apply a regularisation factor /3
Hi[e27] = (HY [T |H[>T] 1 1) HI [T (4.51)

where we have used the square bracket notation as the variables are ouly defined
at a finite number of discrete frequencies. Notice that the complex conjugation
performed by the Hermitian operator reverses the phase frequency term, which is
the reason why the parahermitian time index is reversed in the z-domain repre-
sentation in Section 4.2.1. The regularisation term 3 can be used to control the
“duration” of the inverse filters, and thereby provides a mechanism to avoid the
undesirable wrap-around effect associated with filter inethods based on sampling
in the frequency-domain [124]. The regularisation essentially controls the longest
time constant of the optimal filters [126], and a high § favours a low power solution
with a short time constant at the expense of the zero-forcing performance error. If
[ is too small there may be sharp peaks in the frequency responses of the optimal
filters. Conversely if 3 is too large the deconvolution will not be very accurate.
Fortunately, the precise value of 2 is not usually critical and values anywhere in
the region of the optimal 3 are likely to produce acceptable results. The effect of

varying (3 in the frequency-domain inversion method will be seen in Section 4.6.1.
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Notice the similarity between the regularisation terni 3 in this method and in the
time-domain method where it is cqual to the NSR ¢2/02. Unfortunately the anal-
ysis of the optimum solution for the time-domain technique does not apply to the
frequency-domain method, mainly because of the wrap-around effects. However,
regularisation by the NSR at low SNRs does still provide benefit, as we will see
in the simulations. In fact, at these low SNRs the performance of the frequency-
domain method regularised by the NSR approaches that of the optinnun MMSE
performance of the time-domain technique. This is becanse at low SNRs the noise
dominates over the wrap-around effects and hence and the best solution is given
by regularising by the NSR. At higher SNRs however, the errors cansed by the
circular convolution will become apparent, and if we were to continue regularising
by the NSR the performance would worsen again. We can counteract this effect
by switching to a fixed regularisation factor at some critical SNR to dcal with
the wrap-around effects. Hence we can call the frequency-domain method reg-
ularised by an appropriate quantity a sub-optimal technique whose performance
approaches optimality at low SNRs but worsens at higher values relative to the
MMSE performance.

Like the time-domain technique, this method will always result in a stable FIR
inverse and a delay must usually be applied to the method to make the solution
realisable. The usual way to do this is to multiply the inverse MIMO matrix by
a linear phase characteristic with a constant gradient or equivalently a constaut
group delay, i.e. e/2™f2 where A is the symbol delay. After all the inversions
have been performed we transform the filters back into the time-domain using an
IFFT applied to each element over all the scalar frequency-bin matrices in tumn,
which will result in an impulse response from which the filter-tap coefficients can

be easily extracted.

This process will generate L, scalar valued M x P matrices in the frequency-
domain which must be inverted. Hence, the number of inversions required will
scale linearly with L,. The FFT and IFFT are O(L,log, L,) processes and as
these dominate over the O(L,) number of inversions that must be performed,
the computational complexity of this frequency-domain method is O(L, log, L),
which is lower than time-domain and the stabilised z-domain method in all cases
except the unlikely case where we choose L,log, L, > Lj. The complexity of the
inversions of the matrices will not dominate as it is a function of only M and
P. Although the frequency-domain has a higher complexity than the unstabilised
z-domain, where we assumed that we would choose L, > L, we cannot in general
rely on the determinant of the MIMO channel being minimum phase, as described
in Section 4.2.1.
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In conclusion, although the frequency-domain method has the cousiderably lower
complexity, the tune-domain will give tle true MMSE solution. There is a trade-oft
here and a system designer must assess whether the time-domain MMSE solution
is worth the extra computational overhead when the frequency-domain technique
may provide an acceptable solution. We may either be satisfied with the per-
formance of the frequency-domain method or investigate techniques to lower the
complexity of the time-domain method, which at O(Lg) may be too great to be

feasible.

4.2.4 FIR Equaliser Length

With both the time-domain and frequency-domain methods we must choose an
FIR equaliser length L,, but a question remains what is the best way to choose this
parameter. If we ignore the effects of noise and use of a regularisation factor, the
FIR solution to the channel equalisation problem will be an FIR model that most
closely matches the IIR impulse response of the perfect ZF inverse as calculated
using the z-domain technique. Hence we require a length-L, filter that can model
the IIR system for long enough until the impulse response of this system has died
down to a suitably small value. The length of this response is determined primarily
by the location of the poles of (H(z))™!, but also to a lesser extent but nunber of

poles and zeros in (H(z))™!.

With no loss of generality, for simpler expression we may cousider the problem
for a full-rank 2 x 2 MIMO system. Referring to (4.20) it is clear that the inverse
consists of a length L, FIR part (in the matrix elements) and a length 2L, IIR
part (the reciprocal of the determinant). The channel inverse will consist of L,
non-zero zeros and 2Ly non-zero poles. In addition to this, the dominant factor
in the selection of L, is the rate of decay of the IIR part, which is determined by
the proximity of the poles to the unit circle in the z-domain. We must consider
the unstable poles separately, although we have practically already covered the
unstable case when explaining the stabilisation technique in Section 4.2.1. As the
unstable IIR part of the reciprocal of the determinant of H(z) is transformed into
stable FIR approximation, then the length of the iinpulse response due to this is
determined simply by the length of the FIR system. To evaluate the response of
the stable IIR part we use a slightly modified version of the same geometric series
in (4.22),

o0

1 7., —T
where b is the location of a pole, and thus we may convert each stable pole into

an infinite length “FIR” series. Then for the pole with the largest magnitude we
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simply evaluate for what value of n we cousider b to Lave decayed to a suitably
small value and, since this will usually douiinate of over all tlie othier various

constituent FIR impulse respouses, we chioose L, accordingly.

While this is the mathematically best way to choose L, it is an admittedly long-
winded process and anyone actually charged with the task may find it considerably
easier to use a pragmatic approach and try an initial guess for a value of L,
observe the impulse response of the resulting equaliser and, if required, modify
L, appropriately. A more detailed analysis of MIMO equaliser lengths is given
in [127].

4.2.5 Channel Estimation Errors

The effects of channel estimation errors on the performance of the equaliser wlhich
is calculated from the estimation has not received a great deal of attention in the
literature. We use adaptive techniques to ideutify the channel but for the analytic
inversion methods discussed in the previous sections we have always assumed that
the channel is known perfectly for the purpose of inversion. The adaptive methods
may be subject to misadjustment or lag due to a potential time-varying MIMO
channel, as well as error caused if the adaptation has not beeu executed uutil
convergence due to time limitations for example and the analytic iuversion is

based on this estimate.

Rupp [77] showed the effect of channel estimation errors on the SNR vs BER
curves for narrowband MIMO systems with conditions numnbers of 40 and 416, in
the form of varying amounts of added noise and decoding using ML, MMSE, ZF-
VBLAST and MMSE-VBLAST techniques. The error appeared to result in a con-
stant offset in the BER vs SNR curves for the ML, MMSE and MMSE-VBLAST
on the order of the added channel estimation noise relative to the observation
noise. For the ZF-VBLAST simulation the BER perforimance actually improved
with channel estimation noise. The reason for this was put down to that for when
the channel estimation noise is of similar power to the observation noise it behaves
like a regularisation term in the chaunel inversion and actually starts to hehave
like the MMSE-VBLAST systemn, as explained in Sections 4.1.2 and 4.2.2. While
this work showed the effects through simulation little mathematical analysis was
shown, and the work considered only narrowband flat channels. Very recently
there has been a significant amount of work mathematically deriving expressions
for the effect on channel capacity of channel estimation error and varying amount
of channel state information at the receiver and/or transmitter [76,128-132]. The
work by Kyritsi et al. [76] showed that the effect on capacity is essentially de-
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termined by the dimensions of the NINO system. the observation noise aud the
channel estimation noise. This work however did not show the resulting etfect on
the inverse of a broadband MINO channel wlen calculated from the noisy channel

estimation.

We consider the problem in the time-domain using convolutional matrices as this
1s the most intuitive method. We start by modelling the channel estimation error
as a noise term that is added to the MIMO channel matrix and assume that the
error is constant for a particular tap in a sub-channel, A, Hence the channel
estimation error is given by the convolutional matrix constructed in a similar

manner to (4.24) except where

[ w?, 0 0]
M., mp = 0wy o (_) (4.53)
0o 0 . e
i 0 0 mﬂp |
where
My = [Mip[0)] ML — 1]]" (4.54)

and My, (1] is the channel tap estimation error or misadjustment.

Following a similar analysis as in Section 4.2.2, but with no noise as we are only
interested in the effect of the channel estimation error, we find the auto-correlation
matrix and cross-correlation vector of the filter state vector by

R = &{(H.+M.)xx"(H. +M.)"} (4.55)
ci(HHI + E{M.M}) (4.56)
= op(HH + Lyoy, T) (4.57)
Pm = E{(H:+M.)xz;,} 4.58)
= H.o2A,, (4.59)
and hence
gn = (o2(HHY 4 Lyo2, 1)) Hoo?A,, (4.60)
= (HHY + Lo} 1) H.A,, (4.61)

where ¢}, is the variance of the channel estimation error. Note that this is the

ZF inverse of H, + M,. It is interesting to note that when Lhofwc = 02 in a

noisy environment the ZF inverse results in an MMSE equaliser. Rupp [77] found
a similar result in [77] using flat channels for certain channel estimation error

variances.
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At first, it may seem therefore to be possible to utilise this fact by deliberately
terminating the adaptive chauuel identification hefore full convergence to give a
better inverse when calculated using the unregularised pscudo-inverse. However
closer inspection of the problem reveals that this is ouly true in the mean. Notice
that we have taken expectations in the analysis above and therefore it is only valid
for a large ensemble set. In a real system, the adaptation would only he performed
once, and the error at the termination of the adaptations for this one realisation
will be effectively random. Hence, this performance may even be worse than if we
had adapted to full convergence and manually inserted the correct regularisation
factor in the inversion. Therefore a better approach is still to try to obtain the
best channel estimate possible and manually apply a regularisation factor that
results in the best BER performance for any SNR point, as in this case we have

precise control over this factor and are not subject the adaptation performance.

Returning to the analysis, notice that the size of the effective regularisation term
is directly proportional to the channel length L;. Therefore the longer the channel
the greater the effective regularisation factor over a large ensemble and hence the
adaptation needs to be left to converge for longer to result in the same misad-
justment effect. This is coupled with the fact that the M-NLMS converges slower
for longer channel anyway. These factors indicate that it is beneficial to keep the
length of the adaptive filter that identifies the channel as short as possible, possi-
bly even at the expense of loosing some of the smaller tailing channel coefficients.

Inevitably the parameters to use must be decided upon using a heuristic approach.

4.2.6 Noisy Adaptation

Whereas the previous section considered the behaviour of the inversion of a channel
estimate from an adaptation that is terminated before full convergence, we now
consider the case where the adaptation is performed in the presence of noise, which
although similar is sufficiently different to warrant its own section. Real systems
will usually have to identify the channel in the presence of noise determined by

the channel SNR, so it is important to consider this problem.

We start with the LMS algorithm set up for system identification in a noisy
channel. For simplicity, but with no loss of generality, we consider the single

channel case. Hence we have

g[n] = fl[n]x[n], (4.62)
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and
elr] = yln] —9ln] (4.63)
= h'x[n] + v[n] — hT[n]x[n] (4.64)
= (0T — hT[n))x[n] + v[n], (4.65)

and
hin+1] = hln]+ px[nje*[n] (4.66)
= Bln] + pxn] (7 - B o)) [n] + u*[n]) (4.67)
= hn] + px[n](bf — h¥[n])x*[n] + ux[n]v*[n] (4.68)

where g is the output of the adaptive system, h is the adaptive coefficient vector,
x is the adaptive filter state vector, y is the output of the unknown chanuel, e is
the adaptive error, v is the channel noise and p is the adaptive step-size. From

these equations we may draw some conclusions:

1. The total coefficient update will deviate from the “correct” update, ux[n](h —

h#[n])x*[n] by a random amount determined by the noise, ux[n]v*[n).

2. While the power of the “correct” upclate is much greater than the noise
power, i.e. 5{((hH - EH[n])x*[/n])Q} > o2, the effect of the noise is in-

17

significant and will not affect the convergence.

3. Once the algorithm has converged to such a point where 5{ (b — h'[n))x* [71,])2}
becomes comparable to the noise power, the noise power will dominate the
error in (4.65) causing the MSE to reach a lower limit meaning no further

meaningful adaptive innovation is possible.

Hence for adaptation where the output signals are corrupted by noise such that
the average SNR is for example 20 dB, the MSE would ot fall below -20 dB on
average for a unity power signal. It is now immnediately possible to use this noisy
channel estimate in the calculation of the equaliser by analytic inversion, however
clearly the error in the channel estimmate will cause an undesirable increase in
BER when some modulation scheme is used. A simple technique to solve this
is to recognise that after the adaptation has reached the limit imposed by the
noise the system is steady-state, as hence we may use a temporal average over the
steady-state portion of the adaptation to remove some of the effect of the noise
and gain a better channel estimate. In the previous section this was not possible
as the system was still converging when the adaptation was terminated and hence

not ergodic, but now we may continue to execute the algorithm even after it has



4.3 Adaptive System Inversion 92

stopped converging for this purpose. The longer we take the average over. the
better the chaunel estimate will be but in reality we calculate the mean over a
finite number of saunples so there will still be a small misadjustment atterwards.
The simulations will show that taking the mean over about a thousand samples
will ensure that the BER performance approaches that of the system with perfect
channel knowledge. Finally, with systems that adapt very slowly we may wish
to terminate the adaptation before tlie noise floor hias been reaclied and use the
current adaptive tap values. Eveun though the adaptation was still converging
when it was terminated and thus the signal are not completely ergodic it is still
often advantageous to average the taps over the last few samples to remove soe
of the noise. However, in this case we must keep the nuinber of samples over which
we average relatively small, although we will see from the simulations that even
this will result in a significant improvement in channel estimation as most of the
advantage arises from taking a average over a relatively small number of the most

recent adaptive iterations.

4.3 Adaptive System Inversion

Whereas the previous section considered the method of analytically inverting a
MIMO channel which was previously found using an adaptive identification tech-
nique, we now consider the alternative method of fully adaptive system inversion,

where the equaliser is converged over time with no channel knowledge.

4.3.1 System Architecture

Fortunately, we have already developed all the adaptive tools we required in Chap-
ter 3, and here we simply need to apply them correctly by creating a suitable sys-
tem architecture to invert the channel. The required system is shown in Figure 4.8,
where we have m MISO blocks, the structure of which is shown in Figure 4.9. The
MIMO channel has M inputs and P outputs, the equaliser has P inputs and M

outputs, and there are P noise sources applied at the receiver.

The system is a simple application of the adaptive techiniques developed in Chap-
ter 3. We will be using the M-NLMS algorithm to adaptively invert the system and
hence this will result in the MMSE inverse which properly compensates for receiver
noise. The analysis of this system follows the same procedure as the time-domain
inverse in Section 4.2.2. In the absence of noise this will result in a zero-forcing so-
lution. The computational cost of this method is that of the adaptation algorithm
used, hence O(L,) for the M-NLMS.
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4.3.2 Convergence Characteristics

A pertinent difference between adaptive system identification and adaptive systein
inversion is that of convergence speed and there are two factors which affect this
in the system inversion set-up. Firstly, we have the adaptive filter length L, which
is generally longer than for the system identification set-up. This is because the
impulse response for the inverse is generally longer than the MIMO sub-chauuel
impulse responses. For example, in the simulations at thie end of this chapter we

will use L, = 280 for a chaunel length L, = 50.

The second factor relates to the spectral dynamics of the input signals to the
adaptive algorithm, which are y;[n|,ya[n], -, yp[n] for the adaptive inversion
set-up. In Chapter 3 we saw that the convergeice speed of the natural modes
of the M-NLMS algorithm are inversely related to the eigen-values of the auto-
correlation matrix R of the filter state vector. With the system ideutification
set-up, assuming that the inputs to the adaptive algorithm, x,,[n], are ‘white’, R
would have a condition number of one. In contrast, for the adaptive inversion, the
frequency-selective MIMO channel would impose spectral colouring on the algo-
rithm inputs, resulting in a condition number greater than one for R. This nicans
that the algorithm convergence is approximately inversely liiearly related to the
condition number of R, relative to when the condition number equals one. We
would therefore expect that adaptive inversion set-up would couverge slower than
for adaptive identification and depending of the severity of the spectral dynamics
of the MIMO sub-channels this can result in a significant slowing of convergence.
In extreme cases for highly frequency-selective cliannels the nunber of algorithm
iterations required to reach a suitably small adaptation MSE can weau that the
adaptive inversion method is unfeasible, as not only would this required a greater
computational overhead but, if the processing power available to the algorithin
is restricted as if often the case, the algorithm would converge too slowly in real
time. For example, if the architecture was applied to a real device such as a MS,
the performance may be deemed unsatisfactory. This is the main draw-hack of
the adaptive inversion set-up. At first glance it seemed like an ideal solution as
it is simple to implement and avoids a potentially awkward analytic inversion. If
we could find a technique that combats these problems then this would be greatly
advantageous. Fortunately such a technique exists, which is that of subband pro-
cessing. This provides a method that not only lowers the computational cost
of this solution by shortening the adaptive filters but also effectively “whitens”
the algorithm inputs for the adaptive inversion set-up resulting in an increased

convergence speed. Subband techniques are the topic of Chapter 5.
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4.4 Adaptive Equaliser Tracking

An important potential application of the adaptive inversion set-up described in
the previous section is tracking of the equaliser with a temporally dynamic channel.
If we consider a channel that fades over time and which can be modelled using the
methods described in Chapter 2, then the MMSE equaliscr will also vary over time.
Adaptive system inversion can be used to track the actual equaliser to the MMSE
solution with some lag. A problem with this method is that it would require a
training sequence known to the receiver to trauswitted for the eutire time while
the channel is fading, which clearly leaves no available time to trausuit actual
data. If however we were to transmit data the equaliser could not track variations
in the channel, and the MSE and hence BER would degrade and eventually uo

meaningful data could be transmitted.

A solution is to run the adaptive algorithm in a decision-directed mode [72]. Pre-
viously we have assumed the use of a training sequence known to both transmitter
and receiver and the adaptive algorithm can converge from this. If however for a
particular point in time, the equaliser is known to be MMSE, if for example it has
been found using an analytic method and we asswne the post-decision output of
the equaliser is error-free, the adaptive algorithm may use this as the desired signal
instead of the training sequence. Hence it may be considered as a partially-blind
method, since the receiver does not need to know the transmitted signal in order
to track. In this case the adaptation curve gained fromn wheu a training sequence
is used for adaptation is the best performance bound of an adaptive filter ruuning
in decision-directed mode, i.e. if the equaliser output is error-free the performance
of the decision-directed system is the same as that of the trained system. Later
we will show these best-performance-bound results for the adaptive tracking of an

equaliser to a fading MIMO channel.

4.5 Other Adaptive Equalisation Techniques

No chapter on adaptive equalisation would be complete without at least a mention
of other adaptive equalisation techniques based on othier adaptive algorithins, and
also so-called blind adaptive techniques where no training sequence is required.
We have concentrated exclusively on LMS-type algorithms in this thesis, however
another algorithm of note is the recursive least squares (RLS) in its standard and
various modified forms. One application of note was shown in [133,134] the where
a state-space approach [135] with Riccati recursions was used to perform adap-

tive equalisation of frequency-selective MIMO channels. The proposed method
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resulted in an optimum least squares solution, which is the same as the NMNSE so-
lution in stationary channels. Another interesting method was shown in [122, 130]
and although the application was for cross-talk cancellation in acoustics it should
also be possible to use the method for adaptive equalisation of comumunication
signals through a frequency-selective MINO chaunuel. The method is an inter-
esting variation of the time-domain analytic inversion but where the tuversion is
performed using a recursive techuique closely related to the RLS algorithm. As it
is essentially an analytic inversion technique it requires channel knowledge which
must be obtained using adaptive identification, but uulike the analytic methods
already considered in this chapter which required full channel knowledge before the
analytic inversion can be performed, the proposed algorithm finds the optinnun
inverse filters, in a least squares sense, in a time-recursive manner whereby if we
arrange for the adaptive identification system to find the impulse respounse of the
channel one tap at a time, then the algorithm iteratively converges to the optinnun
inverse filters over time as new channel knowledge is gained. This means that by
the time the adaptive identification process is couiplete, the optinnun inverse fil-
ters have already been found and a second post-identification analytic inversion
stage is not required. The algorithm was shown to be computationally robust with
a computational cost comparable to the (’)(Lg) of the Levinson-Durbin algoritlun

briefly mentioned in Section 4.2.2.

In the area of fully blind adaptive equalisation of frequency-selective MIMO chau-
nels, two interesting works have been selected. The first shows a performance
analysis of a blind adaptive MIMO equaliser based on the Constant Modulus Al-
gorithm (CMA) [137]. The authors proposed a new CMA algorithm which can
recover all channel inputs simultaneously while removing all ISI and CCI and
demonstrated its favourable behaviour through use of simulations. The second
work of note develops a direct blind equalisation algorithin based on the periodic
auto-regressive (AR) model matching of multi-channel FIR systems, which can
use either the LMS or circular lattice adaptive algorithms for convergence, and
results where shown using this algorithm [138]. For further background on blind
adaptive equalisation algorithms the reader is referred to [138] and the references

therein.

Here we have given a very brief overview of other MIMO adaptive equalisation
methods, but we shall not mention any of these further, concentrating instead on

the analytic and adaptive techniques developed previously in this chapter.
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4.6 Simulations and Discussion

This section presents various simulation results obtained by applying the methods,

algorithms and techniques discussed in this chapter.

4.6.1 Analytic System Inversion

We start by applying the analytic inversion techniques developed in Section 4.2,
namely the z, time and frequency-domain methods. We show MSE versus SNR
performance results for a range of static MIMO channels chosen from those out-
lined in Chapter 2 with AWGN added at the receiver. We consider the cases where
the receiver has perfect channel knowledge, found by a previous identification for

example.

Firstly we examine the results from the two-tap 2 x 2 MIMO chaunel which has a
non-minimum phase determinant in the z-domain. The stabilisation technique will
need to be used, and length-32 FIR filters are used to approximate the unstable
part of the IIR determinant in the inverse, however remembering that this tech-
nique unlike the time and frequency-domain methods still has a stable IR part.
For the time and frequency-domain inverses length-32 filters are also used. The
Channel-Equaliser Response (CER) MSE values in a noiseless environment aud
the CER MSE versus SNR behaviour for the three different inversion technigues
are shown in Table 4.1 and Figure 4.10 respectively. We see that in a noiscless
environment, the z-domain method results in the best performance, better than
the MMSE time-domain method, due to its IIR part. Although it uses the nn-
favourable ZF inversion criterion this does not cause any ill effects in a noiscless
environment. The frequency-domain method perforus the worst due to the cir-
cular convolution effects inherent in this method, but still quite satisfactorily at
significantly lower computational cost. In the MSE versus SNR plots we see that
at low SNRs the time-domain and frequency-domain techniques perform similarly
to each other and both are better than the z-domain technique on account of the
different inversion criterion, i.e. the MMSE inverse will perform better than the
ZF inverse in the presence of significant noise. At niid SNR levels all the perfor-
mances are similar. It was explained in Section 4.2.3 that a regularisation factor
should be used even in a noiseless environment on account of the circular convolu-
tion effects but here the optimum factor is found to be approximately zero, so this
is the best performance possible with the frequency-domain technique. Calculat-
ing the complexity orders for relative comparison, the z-domain order evaluates
to 8, the time-domain to 32,768, and the frequency-domain to 160. Hence, the

frequency-domain method appears to have the best overall performance since at
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Inversion z-domain | time-domain | frequency-domain
Noiseless MSE [dB] -52 -46 -32

Tab. 4.1: Noiseless CER MSE values for two-tap channels
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Fig. 4.10: SNR vs Channel-Equaliser Response (CER) MSE curves for z, time

and frequency-domain inversion for a noisy known two-tap 2 x 2 MIMO channel.

the more realistic lower SNR values its performance is same as the optimum MMSE

time-domain method, but at approximately 0.5% of the computational cost.
k) .

Table 4.2 and Figure 4.11 respectively show the noiseless CER MSE and CER
MSE versus SNR. performance results for the analytic inversion of the SPIB-based
2 x 2 MIMO channel with a minimum phase determinant. Length-280 filters are
used for the time-domain and frequency-domain equalisers. The theoretical noise-
less MSE is zero for z-domain inversion and in practice the calculation is limited by
the numerical accuracy of the simulation tool. Again we see the worst performance
is given by the frequency-domain method due to circular convolution effects, but

the margin between this and the time-domain method it now not as great as it

Inversion z-domain | time-domain | frequency-domain
Noiseless MSE [dB] —00 -47 -46

Tab. 4.2: Noiseless CER MSE values for SPIB-based channels with a minimum
phase determinant.
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Fig. 4.11: SNR vs CER MSE curves for z, time and frequency-domain inver-
sion for a noisy known SPIB-based 2 x 2 MIMO channel with a minimum phase

determinant.

was for the two-tap channel. Also, for these channels the best performance was
given for a regularisation factor of zero in the noiseless environment. In the MSE
versus SNR plot, at low and miid SNR. the relative performances are similar to the
two-tap channel. At high SNR the z-domain method is still the best as with the
two-tap channel but the time-domain and frequency-domain inverse performances
are much closer to each other now. As the determinant is minimum phase, no sta-
bilisation is required for the z-domain inversion and with a complexity order that
evaluates to approximately 282 has a significantly lower computational complexity
than the other two methods. The time-domain method has a comnplexity order of
2.2 x 107 and for the frequency-domain method it is approximately 2,276. Hence,
for this channel, the z-domain method seems to give the best overall performance
compromise between the MSE and computational cost, given that the MSE is only
about 3 dB worse that the MMSE performance at SNR=0.

Now we move on to the performance of the unmodified symbol-spaced (SS) SPIB
channels. For the purposes of fast simulations these were truncated to length 50
responses so that the whole of the significant part of the responses were retained
but the relative alignment between the channels was unaltered. Table 4.3 and
Figure 4.12 show the noiseless CER MSE and CER MSE versus SNR. hehaviour,

respectively, for length 280 inverse systemns. Firstly notice that there is no result
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Inversion time-domain | frequency-domain
Noiseless MSE [dB] -21 -16

Tab. 4.3: Noiseless CER MSE values for SPIB chaunels.

for the z-domain inversion as the IIR part of this inverse contaius poles near the
unit circle and hence it is not possible to stabilise this system for reasons explained
in Section 4.2.1. The noiseless MSE value for the frequency-domain in Table 4.3
is for when it is regularised by the noiseless optimum value. Figure 4.12 shows the
behaviour for the time-domain inversion and frequency-domain inversion witl a
regularisation factor equal to the NSR and also the optimum value for the noiseless
case (0.001 for this simulation) which was found using a praguiatic approacli.
Figure 4.13 shows the effect of varyiug the regularisation ternr /4 on the inverse
filter coeflicients using the frequency-domain inversion, and compares it against
the MMSE time-domain method, for a noiseless channel. It can be seen that the
best performance using the frequency-domain method can be obtained nsing a
non-zero (3. Hence from this it is clear that when regularising by the NSR the

performance will begin to worsen once the SNR rises above sonie value.

It is interesting to see that the performance of the frequency-domain metlhod
regularised by the NSR approaches that of the MMSE tiine-domain method at low
SNR. values, where the noise dominates the error performance over the circular-
convolution effects inherent in this method. At higher SNRs the frequency-domain
method achieves the best MSE using a fixed regularisation factor of 0.001, which
is specific to this channel. Hence at the cross-over at around a SNR of 20 dB
the regularisation factor could be switched to give the best possible performance.
Although the time-domain method still outperforins at higher SNRs, at the wore
realistic lower SNR, values the frequency-domain method perforis just as well
and at a considerably lower computational cost. Since inverse filters of the same
length as for the previous SPIB-based minimum phase determinant chaunnel are
being used, similar computational savings are possible with the frequency-domain
method.

Finally for this section, the performance for the 100 MHz bandwidth Saleh-
Valenzuela (SV) channels is simulated. Parameters used for this channel are
1/A = 300 ns, 1/X = 5 ns, I' = 60 ns and v = 20 ns, making it a suitable
model for indoor environments. The channel is resampled at 100 MHz using the
method explained in Chapter 2 and truncated to length 30, which retains the sig-
nificant part of the response of the channel. The inverse filters used are length 280
as in the previous simulations. There is one fundamental difference between this

simulation and the previous ones, which is that the SV channels are realised using
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Inversion time-domain | frequency-domain

Noiseless MSE [dB] -34 -26

Tab. 4.4: Noiseless CER MSE values for 100 MHz bandwidth Saleli-Valenzuela

channels.

a statistical model; hence on each application of the chaunel generation routine a
different channel realisation is obtained. For each simulation perforiied towards
the final ensemble MSE curves a different channel realisation was used, meaning
that although many more simulations had to be executed for good quality results,
the performance results are more realistic than previous simulations where the
same channels were used in each loop of the simulation routine. Apart from this
difference the results show a broadly similar behaviour to that of the unmodified
SS SPIB channels. The optimmum regularisation factor for the frequency-domain
method in a noiseless environment is 0.001 for this simulation, and hence the
cross-over point where this starts to perform better than regularisation by the
NSR is at an SNR of 30 dB. The better performance of inversions of this chauuel
when compared to the unniodified SS SPIB chamnnel is due to the shorter chaunnel
length, i.e. 30 for the SV channels and 50 for the SPIB channels. The complexity
comparison is the same as previously as again length-280 inverse filters are used.
Hence we again come to the same conclusion that the frequency-domain method
gives the best performance at the more realistic lower SNRs at the significantly

lowest computational cost.

We have seen from the simulations that for the frequency-domain inversion regu-
larised by the NSR, the CER MSE decreases to some minimum value before rising
again as the SNR increases. To try to understand this behaviour move it would
be beneficial to create performance plots of the MSE using the frequency-domain
method regularised by the NSR for varying inverse filter lengths L,. We saw in
Section 4.2.3 that the length of the FFT used during the method varies with L,
they are equal. We also know that the severity of the circular couvolution error
effects decrease as the FFT length increases [92]. Hence, we would expect that
as L, increases the circular convolution effects decreases and the performance is
MMSE for longer for increasing SNR and hence the minimum MSE point also
decreases and moves to a higher SNR.

This is actually one of two effects we must consider. The second is that with
smaller Ly we can expect the MSE performance to worsen as the filters can only
model a decreasing amount of the true inverse filter response, in addition to the
worsened circular convolution effect. On approaching an L, where all the signifi-

cant part of the true inverse response is modelled by the inverse filter, increasing
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Fig. 4.14: SNR vs CER MSE curves for z, time and frequency-domain inversion
for a noisy known 100 MHz bandwidth Saleh-Valenzuela 2 x 2 MIMO channel.
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and MMSE time-domain (TD) inverse with L, = 280 for comparison.
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L, will iniprove the MSE due to the modelling error 1o further and we can expect
snialler performaiice iimprovements only as a result of the circular convolution of-
fect which will continue to reduce with increasing L. Figure 4.15 shows sinmilation
results for the frequency-domain inversion regularised by the NSR for a varying L,
and for comparison also the MMSE time-domain inversion with L, = 280 which
is long enough to model all of the significant part of the true inverse filter re-
sponse. The simulations show expected results— when L, is low, small increases
improves the performance significantly, but as L, approaches 280 the performance
increases reduce as the true inverse impulse respouse is well modelled aud the

further increase in L4 only serves to reduce circular convolutional effects.

4.6.2 Channel Estimation Errors

We consider the effect of applying the method described in Section 4.2.6 to average
out the noise in the channel estimates present when an adaptation is performed
in a noisy environment. Figure 4.16 shows the vectorial difference between the
adapted channel estimate and the actual channel for the two-tap chaunel after
the final MSE attained has been reached for a range of SNRs. The adaptation
was executed for 10,000 iterations and results are shown for a temporal average of
the channel coefficients for up to the final 9,000, of these iterations. Referring to
Figure 3.6 we see that even for the highest SNR and the maximun average leugth
of 9,000 the final MSE has been reached by 1,000 iterations so after this the MSE

is ergodic.

The results show that there is indeed a significant advantage in temporally aver-
aging the adapted channel coeflicients and that most of this advantage arises from
the average covering the most recent few thousand itcrations. Tt is advantageous
to choose a low temporal average length as this should be taken over a steady-state
portion of the adaptation and a longer temporal average would require a longer
adaptation which would raise the computational cost. We see that a temporal av-
erage length of around two or three thousand iterations will result in most of the
advantage being realised with a not too great increase in computations, and this

will be true for any channel, not just the two-tap chanuel shown in Figure 4.16.

4.6.3 Adaptive System Inversion

This section examines the convergence characteristics of a fully adaptive inversion
of unknown static noiseless MIMO channels as explained in Section 4.3. The
convergence behaviour of the M-NLMS algorithm is shown in Figure 4.17 for the



4.6 Simulations and Discussion _ 105

e — | =
—— SNR=0 dB
-o— SNR=5 dB
—— SNR=10 dB
—#= SNR=15dB [
-&— SNR=20 dB

B ¢
——
= " -
== . B e i
_25_ ‘*‘\-_._____e‘_*___ £ 2 . -
= 5 Bt |
-30 ] I | I I 1 I I
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

temporal average length

Fig. 4.16: Channel estimation error against temporal average length for a two-tap
2 x 2 MIMO channel, a 10,000 iteration adaptation and a range of SNRs.

two-tap, unmodified SS SPIB and 100 MHz bandwidth SS Saleh-Valenzuela (SV)
2x2 MIMO channels, which we discuss in turn. For all the simulations an adaptive
step-size coefficient i = 0.18 was used and the algorithin was executed for 80,000
iterations. In all the simulations we see overall behaviour of fast initial convergence
as the fastest eigen-modes converge before reaching a constant gradient which
represents the convergence of the slowest eigen-mode. For the two-tap channel a
length-32 adaptive system was used and we see that after 50,000 the MSE has
reached -35 dB. The two-tap channels are frequency-selective and the spectral
range of the four channels comprising the MIMO channel over the full band varies
between 2 dB and -7 dB, so even though the multi-channel adaptive filters are 64
taps long (i.e. 2x32) the convergence is considerably slower than the identification
for even the length-50 SPIB channel in Chapter 3 for example, which converges
from white inputs. Both the SPIB and SV inversions use length-280 filters, hence
they are both slower than the two-tap channel inversion but notice that the SV
inversion converges slower than the SPIB inversion. This can be explained by
referring to the magnitude response plots of the channels in Chapter 2. The SS
SPIB magnitude responses vary very little over the 30 MHz channel bandwidth
(i.e. -15 MHz to +15 MHz) and hence colours the signal very little, however the SV

channels are far more frequency-selective, meaning that the signals at the output
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Fig. 4.17: Adaptation MSE curves for adaptive inversion for unknown static
noiseless two-tap, SS SPIB and 100 MHz bandwidth Saleh-Valenzuela 2 x 2 MIMO

channels.

of this channel will result in a comparatively slower convergence.

These results confirm the proposition in Section 4.3.2, which was that the conver-
gence of the MIMO adaptive inversion especially for a frequency-selective channel
will be too slow in comparison to the analytic method. In fact as the algorithm
would be required to converge for several of tens of thousands of iterations for any
of the channels the computational cost is likely to be considerably greater than the
frequency-domain analytic method. Although the M-NLMS algorithm has O(L,)
cost per iteration against the O(L, log, L,) of the frequency-domain method, it is
obvious that the analytic method would result in the lowest computational cost

due to the fact that the computation would only have to be performed once.

4.6.4 Adaptive Equaliser Tracking

In this section we examine the tracking capability of the M-NLMS algorithm,
where the inverse of the channel is tracked. The SPIB and SV100M channels
are used, with an MS moving at 120 km/h, which is assumed to be the highest
speed at which the system will be expected to have to function. Both the SPIB

and SV100M channel are considered to be harsh compared to the channels that
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Fig. 4.18: Adaptive equaliser tracking MSE for Doppler-filtered Rayleigh-fading
2 x 2 MIMO SPIB channel using M-NLMS algorithm with g = 0.18, and MS
moving at 120 km/h.

current day mobile systems experience. Hence the harshest set of conditions that
the system is likely to encounter is chosen and this is investigated as a worst case

scenario.

Figure 4.18 shows the tracking performance to the inverse of the SPIB chan-
nel. Also shown are plots for a channel which does not fade and the equaliser
adaptive algorithm is iterated, and for when the channel fades but the adapta-
tion is not performed. These represent the best and worst cases respectively and
we would expect a system tracking when the channel is fading to perform some-
where between these two extremes. Further, the proximity of the tracking result
to either extreme gives an idea of the performance of the algorithm. The systems
are initialised with near-MMSE equaliser knowledge at the start, calculated using
the frequency-domain inversion method. After this the channel begins to fade,
hence the MMSE equaliser will vary and the system must track these changes.
Also shown are theoretical error probability levels for BPSK, QPSK and 16-QAM
modulation, where the error is assumed to be white. This is a reasonable assump-
tion when the error characteristic is averaged over many channel realisations. Here
the performance is approximately half way in between the extremes by the end

of the simulation and is able to maintain an MSE that would result in a BER of
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Fig. 4.19: Adaptive equaliser tracking MSE for Doppler-filtered Rayleigh-fading
2 x 2 MIMO SV channel sampled at 100 MHz using M-NLMS algorithm with
i = 0.18, and MS moving at 120 km/h.

between 1% and 5% with 16-QAM modulation, or less that 1% with QPSK.

Figure 4.19 shows the tracking performance to the inverse of the SV100M channel
and also the trajectories when there is no adaptation and no fading. The perfor-
mance with no fading here is well below the -35 dB representing the lower range
of the result axis, hence not shown. We see that the performance is reasonable
but not great, with the MSE having crossed above the 1% BER level for QPSK
by the end of the simulation. The tracking performance is very close to the worst
case of using no adaptation relative to the best case. The trajectory when there is
no adaptation shows that the fading would cause useless performance by the end
of the simulation. However even by the end of the simulation the tracking MSE is
still slowly rising and it is likely that the performance would worsen even further.
Also, the performance shown in the figure shows the best case tracking, since a
real system would function in decision-directed mode if it is to continually track,

in which case the convergence would be worsened by decision errors.

Hence we are motivated to find an alternative technique which will perform ad-
equately. A possible method is to track the channel itself as shown in Chapter 3
which gives better performance and then periodically analytically invert the system

as and when required to re-calculate the current equaliser. This has the disad-
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Fig. 4.20: SNR vs BER curves for z-domain, time-domain, frequency-domain
and adaptive inversion for an unknown noisy static two-tap 2 x 2 MIMO channel
using BPSK.

vantage that between the periodic updates the system performance will worsen,
and then jump back to a lower MSE. This will result in a cyclical MSE and hence
BER performance which is not ideal. Also, the rate at which the channel inver-
sions must be performed is dependent on the MS speed and at high speed this
method may result in a high computational cost. An alternative technique is to
employ subband adaptive systems which have been shown to result in superior
convergence speed at significantly reduced computational cost and hence we could
expect the tracking behaviour to be better. Subband systems are the subject of

the next chapter.

4.6.5 System BER Performance

We now show simulations for the BER versus SNR performance characteristics for
various full systems created using the tools we have developed in this section for
the two-tap, unmodified SS SPIB and 100 MHz bandwidth SS SV 2 x 2 MIMO
channels, using BPSK modulation. For the inversion methods we consider, the

inverse filter parameters are the same as those in Sections 4.6.1 and 4.6.3 for the
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relevaut inversion method aud channel. Figure 4.20 shows the performance of
the systems for a two-tap channel. Results for the analytic inversion using the -
domain method with a length-32 FIR to model the unstable part of the LR inverse
are shown, in addition to time-domain and frequency-domain iuversion methods
using length-32 equalisers. Kunown channels are used for one set of simulations
and unknown channels which must be adaptively identified prior to inversion for
another. In addition the result for an equaliser that has been found using the
adaptive inversion shown in Section 4.6.3 is shown and hence the chaunnel need
not be explicitly identified. The M-NLMS algoritlun is used for the adaptations
with &t = 0.18. The identifications are adapted for 6,000 iterations and a temporal
channel average length of 4,000 iterations is used. The adaptive inversiou cou-
verges slowly as was seen in Figure 4.17 so must be terminated before couvergence
is reached. Hence the system is adapted for 20,000 iterations but only a short tem-
poral average for the channel estimate is used as the MSE is not ergodic. Thus, a
500 sample average is applied. The results are broadly as expected; the z-donain
inversion has inferior performance at low SNRs due to the ZF inversion criterion
but at high SNRs results in the best perforimance duc to the IIR part of the inverse.
Even though the adaptive inversion simulations are the most computationally in-
tensive due to the long adaptation required, sub-optimal performance is obtained
as the adaptation is terminated before convergence. Both the time-domain and
frequency-domain methods result in the optinial FIR MMSE performance over
all SNRs, as the optimwn noiseless regularisation factor is approximately zero.
This, coupled with the lowest computational cost of all the methods, makes the
frequency-domain inversion the most attractive. The BER performaice for the
systems adaptively identifying the unknown chamnels perform as well as the sys-
tems with a known channel, showing the noisy adaptations have no ill effect wlhen

the channel coefficient temporal averaging techuique is used.

Figure 4.21 shows the BER performance for the SS SPIB channels, and has sone
interesting differences from the two-tap channels. Firstly, we notice that there is no
result for a z-domain inversion as this would be unsuccessful for this channel due to
stability problems. There are results for time-domain and frequency-domain inver-
sion of the known channel and for the unknown channel where prior identification
is required. There is also a result for adaptive inversion where channel knowledge
is not required. A step-size {1 = 0.18 is used for all adaptations and L, = 280. The
time-domain gives the optimum MMSE result and hence best performance. The
frequency-domain method has results for a regularisation factor of the NSR and
the fixed noiseless optimum value (0.001 for this simulation). For the regularisa-
tion factor equal to the NSR we see the BER performance improves until the SNR

reaches approximately 22 dB, above which the performance worsens again as the
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Fig. 4.21: SNR vs BER curves for time-domain, frequency-domain and adaptive
inversion for an unknown noisy static SS SPIB 2 x 2 MIMO channel using BPSK.

regularisation factor moves below the noiseless optimum. Correspondingly, the
point where the perforimance of the method regularised by the noiseless optimum
crosses and becomes better than that of the NSR regularisation curve is slightly
lower. For these higher SNRs it is beneficial to switch to a fixed regularisation
factor. The adaptive identifications that are performed prior to analytic inversion
are executed for 8,000 iterations, of which the tap coefficients of the last 4,000
iterations were averaged to give a better channel estimate. At lower SNRs this
results in the same BER performance as for the known channels as the noise error
dominates over the adaptation error, but at higher SNRs the the performances
diverge slightly. Evidently, the adaptation time and channel estimate averaging
length should be chosen according to the SNR range in which the system is likely
to have to function. The adaptive inversion terminated at 20,000 iterations with a
length-500 adaptive coefficient temporal average shows the worst performance, al-
though if the adaptation was left until full convergence MMSE performance would
result; however as the adaptation takes so long this is unfeasible. The adaptive
inversion performance is worse here than for the two-tap channel as the MSE at-
tained during the 20,000 iteration adaptation is worse. Finally, it is interesting
to notice that the MMSE SPIB channel performance is better than that of the
two-tap channel despite the fact that the ratio between L, and Lj is much greater
for the two-tap channel. This is due to the fact that the chosen L, for the SPIB

simulation is very long given that the channel is spectrally quite flat and the two-
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Fig. 4.22: SNR vs BER curves for time-domain, frequency-domain and adaptive
inversion for an unknown noisy static 100 MHz bandwidth SV 2 x 2 MIMO channel
using BPSK.

tap channel is more frequency-selective than the SPIB channel. Hence, despite
first impressions based on the impulse response of the SPIB channel, it is evident

that it really is rather benign.

Finally, for the BER performance curves, Figure 4.22 shows the BER versus SNR
performance for a 2 x 2 MIMO 100 MHz bandwidth SS SV channel. As mentioned
previously, unlike the earlier channels, the SV channel uses a statistical model
and hence the channel realisation is different in every simulation run towards the
ensemble mean. As a result, to obtain smooth curves requires a very large number
of simulations but this was unfeasible due to computational limitations, hence the
curves are not completely smooth — 1,000 different channel realisations are used in
this simulation. Nevertheless they are of adequate quality to study the behaviour
and there are some interesting points in the result. The system is adapted for
12,000 iterations with 2 = 0.18, and again uses length-280 equalisers and a length-
4,000 adaptive coefficient temporal average for the ideuntifications and analytic
inversions. The overall shapes of the curves are similar to the SS SPIB simulations
and for the same reasons. The TD inversion of the known channel results in

MMSE performance, and the TD inversion of the adapted channel matches this
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at all but the highest SNRs. This is presuunably because at lower SNRs the BER
performance is limited by the noise and the channel estiimation error is insignificant
relative to this but at higher SNRs the BER caused by the noise drops away and the
BER from the channel estimation error begins to be the significant factor. The
adaptive inversion terminated after 20,000 iteration with a length-500 adaptive
coefficient temporal average again results in the worst performance. Note that
it is worse than the curve for the SS SPIB clianuel due to slower adaptation
due to the greater frequency-selectiveness of the channel. The frequency-douain
inversions regularised by a constant that results in the optinmun performance in
a noiseless environment (0.001) gives the expected performance, i.e. sub-optimal
at low SNRs but improving relatively at higher SNRs. The major difference is
in the behaviour of the curve for the unknown channel inverted using the FD
method regularised by the NSR relative to the curve for known chamnels. At the
higher SNRs where the curve crosses those for the frequency-domain inversion
regularised by the noiseless optimum value the performaiice is actually better for
the unknown channel which had to be found by identification than for wlen the
channel was perfectly known. The reason for this was explained in Section 4.2.5,
and is because at the SNRs where the noise power has dropped to a value helow
the noiseless optimum regularisation factor the channel estimation error that arises
from the adaptation goes some way to raising the effective regularisation factor
towards the noiseless optimum value and hence the performance is better in the
mean than if the channel was known perfectly. Iu fact, we see that between SNRs
of 25 and 35 dB this estimation error generates an extra effective regularisation
factor such that the performance is similar to that of manually regularisiug by
the noiseless optimum value and using perfectly known channels. This result is
valid however in the mean over many adaptations but when performing a single
adaptation to single channel realisations the BER will not be deterministic and
hence unreliable if this phenomenon is relied upon. Therefore it is still better to
attempt to identify the channel as accurately as possible and manually insert the
noiseless optimum value for the regularisation factor, which will result in the same

performance.

4.7 Summary

This chapter has covered the essentials of inverting an unknown broadband MIMO
channel to create an equaliser and has concentrated on minimising the computa-
tional cost of this process while maintaining a satisfactory BER performance. It

started by explaining the overall inversion methods and criteria that would be
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used, covered the useful regularisation method and discussed the alternative of
using predistortion at the transmitter instead of equalisation at the receiver. The
fractionally-spaced equalisation structure was briefly mentioned. The core of this
chapter then explained three analytic inversion methods, namely z-domain, time-
domain and frequency-domain and covered the potential performance and associ-
ated computational costs. A process involved in choosing the FIR equaliser length
was explained but we stated it is often easier to usc a pragmatic approach in the
selection of this parameter. Also covered in some detail were the effects of channel
estimation error on the perforinance, which arise when the channel is unknown and
adaptive identification is used, and also the effects of the presence of noise during
the adaptation. The chapter moved on to the alternative method of adaptive in-
version to directly find the equaliser from an unknown channel and explained the
advantages and disadvantages in terms of computational cost and potential BER
performance. Finally, the existence of some other common adaptive cqualisation
methods was mentioned. The chapter finished with a sizeable section covering
and discussing simulation results of systems created from the various techniques
covered in this and previous chapters. Broadly, the conclusions we may draw are
that the frequency-domain analytic inversion technique results in the best overall
compromise in term of computational cost and BER performance and that it is
advantageous to switch from regularisation by the NSR to a fixed value at some
critical SNR which depends on the equaliser length and the channel. Further, it is
beneficial to perform some temporal averaging on adapted filter cocflicients when
performed in the presence of noise. Finally, we saw that tracking perforinance
is clearly inadequate for a worst-case but realistic future scenario of a 100 MHz
bandwidth SV channel model and a MS moving at 120 km/h. A technique that
has shown great potential in the past to solve this problem is that of subband
processing. Not only can this result in faster adaptive convergence and thus solve
the tracking problem, but it can also significantly reduce the computational cost
of many signal processing algorithms, which is a primary motivator in this thesis.
Hence subband systems are introduced in the next chapter and they are applied
to the broadband adaptive MIMO equalisation problem.



Chapter 5

Subband MIMO Equalisation

The splitting of a signal into a number of narrowband frequencies has long been
recognised as a powerful technique to reduce the computational cost of signal pro-
cessing algorithms, as well as in some cases improving the performance of sucl
algorithms against their fullband counterparts [72,92,139-141]. The narrowbaud
frequency bands are termed subbands and their band-limited nature often allows
us to reduce the sampling or processing rate of signal processing algoritluns by
up to a rate equal to the number of subbands. As a result, we may also reduce
the length of filters operating in the subbands by a factor of up to the deciimation
rate, explained later in this chapter. Also, in theory, the method offers the pos-
sibility of parallelising the signal processing tasks due to the independent nature
of the subbands and hence provides a way of efficiently implement algorithins.
Although subband processing has is roots in acoustics, the technique may just as
well be applied to adaptive and analytic equalisation or system inversion for radio

communications.

A problem with the adaptive inversion discussed in the previous chapter was
that of potentially slow convergence of LMS-type algoritluns for frequency-sclective
broadband channels. Subband processing can potentially increase the convergence
speed of such algorithms without having to resort to computationally costly fast
convergent adaptive algorithms such as RLS [12,12,142,143]. Such advautages
have been shown for both adaptive identification and inversion in static and dy-
namic environments [144]. However there has been ouly very limited work in the
area of multi-channel processing in subbands, especially with the application of
equalisation for communication systems. Yamada et al. [145] showed an advantage
in using subbands for multi-channel problems but this work was only limited to a
1 x 2 system and two subbands. More recently Weiss et al. [8] showed the benefit
of performing adaptive equalisation of MIMO systems but again was of limited
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Fig. 5.1: A simple subband system.

scope. Further both of these works were in the area of acoustics.

We start in Section 5.1 by reviewing some essential aspects of multirate signal
processing. In Section 5.2 we briefly cover the performance characteristics of sub-
band systems, such as how they can result in an increase in convergence of some
adaptive algorithms, as well as the effect on final MSE and modelling accuracy.
We then move on to describing how we may use these subband building blocks
to create MIMO adaptive and analytic inversion systems which enjoy the benefits
afforded using the technique in Section 5.3. Finally in Section 5.4 we provide a
comparative study between subband MIMO systems and their fullband counter-

parts shown in the previous chapters, before summarising in Section 5.5.

5.1 Subband Concepts

The most basic subband system was shown in Figure 1.2 and is reproduced for
convenience in Figure 5.1. The aim of this section is to analyse and understand

this system. We start by introducing basic multirate operations.

5.1.1 Multi-Rate Systems

A multirate system comprises components running at different sampling frequen-
cies. The filter banks in Figure 5.1 are a typical example of a multirate systemn,
where each of the A subband signals between the analysis and synthesis filter
banks is sampled slower by a factor of N compared to the input or output fullband
signal. There are two basic operations to change the sampling rate, decimation

and expansion, which are shown in Figure 5.2. The device in Figure 5.2(a) is
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x[n] Y [n] a[n] y[n]

(a) @) (b) @)

Fig. 5.2: Basic multirate operations for sampling rate alteration: (a) decimation;

(b) expansion of signal z[n| by a factor of N [12].

termed a decimator® or downsampler, and the device in Figure 5.2(b) an expander

or upsampler.

Decimation. When a signal is fed through a decimator in Figure 5.2(a) only

every N sample is retained in the output signal, that is
y[n] = z[Nn], (5.1)

where N € Z*, i.e. a non-negative integer. As an example, Figure 5.3(b) shows

the result of decimating the signal in Figure 5.3(a) by a factor of 2.

Although fractional values of N are possible and lead to non-uniform sampling
[146], this is not considered here. In the frequency domain, (5.1) can by expressed
by [102]

=z

1

Y(Z) = N

X (2YNes2miNy, (5.2)

Il
o

Thus, the spectrum Y (e/*) is assembled by superimposing X (e/*) stretched by
a factor of N with N — 1 versions shifted by multiples of 27. This superposition
leads to a spectral overlap (or aliasing) if z[n] is not suitably band-limited. As an
example for a decimation by N = 2, the spectrum in Figure 5.3(e) emerges from

the input shown in Figure 5.3(d).

Expansion. The expander in Figure 5.2(b) inserts N — 1 zeros between every

original sample, that is

B ’L[i] n=AN
y[n]—{ o nAAN (5.3)

where A is an integer. An example is depicted in Figure 5.3(c), which results when
Figure 5.3(a) is expanded by N = 2. In the frequency domain, expansion can be
expressed by

Y(z2) = X(2V), (5.4)

which for the spectrum Y (e/*) means a re-scaling of the frequency axis with respect

to X (e’) by a factor of N. An illustration for the expansion of Figure 5.3(d) by

!Technically, decimation refers to downsampling by a factor of 10, however the terms deci-
mation and downsampling are often used interchangeably, and we shall continue to do so in this
thesis.
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Fig. 5.3: Example for decimation and expansion by 2: (a) original time domain
signal; (b) decimated signal; (¢) expanded signal; (d) frequency domain of a com-
plex signal; (e) frequency domain of decimated signal; (f) frequency domain of

expanded signal [12].

N = 2 is given in Figure 5.3(f). Good tutorials on multirate processing and a
detailed text can be found in [102,147-149].

5.1.2 Modulated Filter Banks

Now that the decimation and expansion processes have been covered, we will
look at the actual analysis and synthesis filter banks more closely. Figure 5.4
shows the same system as Figure 5.1, but it illustrates the analysis and synthesis
filter banks in more detail. Broadly speaking the purpose of each filter in the
analysis filter bauk is to extract a frequency band of interest, while removing the
remaining frequency bands. For example the first filter will pass only the lowermost
frequencies. Due to the limited bandwidth of the subband signals, according to
Shannon’s sampling theorem [150, 151] each of the K bands can be downsampled
by a factor N < K, and the subband signals are said to be critically decimated

when the equality holds. The bandwidth is defined as the width of a frequency

(f)
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bands decimated by N [12].

range where there is significant signal power.

The analysis bank in Figure 5.4 decomposes a signal x[n] into /X" subbands, each
produced by a branch A, (z) of the analysis bank. After decimation and expansion
by a factor N, the fullband signal is reconstructed from the subbands in the syn-
thesis bank by filtering with filters Sy(z) followed by summation. Both analysis
and synthesis filters Ag(z) and Si(z) can be derived from a prototype filter by
modulation. Then the analysis and synthesis filter banks are called modulated
filter banks, which can be created by using a real valued FIR prototype low-pass
filter p[n| of length L, and modulating it with a generalised discrete Fourier trans-
form (GDFT). Modulated filter banks created in this way are termed generalised
discrete Fourier transform (GDFT) filter banks. The GDFT which modulates the

prototype filter to the correct frequency can be expressed mathematically as

i—\’.r(l\'—H\"U)(neru) (v

hi[n] = tin - p[nl, b =€ ’

(7]
(S
s

where k and n are positive integers. The term generalised DFT arises from the
offsets ky and ng applied to the frequency and time indices, which are responsible
for important properties of the modulated filter bank such as the band position
of the analysis filters and linear phase of the modulated filters. The GDFT is a
memory-efficient way of performing the analysis and synthesis filtering as we must
only store one set of prototype filter coefficients. For a detailed understanding of
the parameters, the reader should refer to the more detailed texts on this subject,
cited earlier in this chapter. Further we may use the GDFT to create a paraunitary
analysis filter bank, i.e. A(z)A(z) = z~21I, where A(z) is the parahermitian of the
polyphase matrix of the analysis filter bank A(z), which has the useful property
that the polyphase synthesis filter bank S(z) is simply given by A(z) [12,72].
Figure 5.5(a) and Figure 5.5(b) respectively show a prototype filter and the result
of the modulation operation resulting in a set of filters suitable for use in a filter
bank.



5.1 Subband Concepts 120

magnitude | P(el*}) | /dB

: 1 1 1 )
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 08 1
normalized frequency Q/n

o 0

°

= 20

<

=20

g -60

:E;, % QM!M\H"‘\\;fm“f‘u‘u “\:\‘ A

g V] l‘\‘ ,‘,"i’. haa ‘l‘ \ | N ‘ly H
mmnmn'nnmnmm

-1 -0.8 -0.6 -0.4 -0.2
normalized frequency L)J;r

[=]

Fig. 5.5: (a) Real valued prototype lowpass filter P(e/*) with bandwidth B =
27 /16; (b) modulated GDFT filter bank derived from the prototype lowpass filter
P(e/) with K/2 = 8 filters covering the frequency range w = [0; 7] [12].

5.1.3 Polyphase Representation

In this section we will introduce the polyphase representation of the basic subbaid
system in Figure 5.1 as an alternative form which is convenient to analyse. We
introduce this equivalent form as it (i) leads to further insights into the subband
approach, (ii) enables a computationally efficient implementation of filter banks,
and (iii) will be used when developing the fractionally-spaced subband MIMO
equaliser in Chapter 6. The termm “polyphase” refers to the decimation of the
fullband signals and that there are N possibilities of which sample set to keep.
Each set is as good as any other and they differ only in phase but not iagnitude

in the frequency-domain. The polyphase approach in fact uses all N phases.

We follow the approach in [12] and [102] to analyse a SISO realisation of the
system for simplicity. Extension to a fractionally-spaced MIMO implementation
will be performed in Chapter 6. We start by expressing analysis and synthesis
transfer functions, A(z) and Si(z) respectively, for the k' subband in terms of
their polyphase components Agp,(2),k = 0(1)N — 1 and Spp(2),k = 0(1)N — 1 as

N-1
Ax(z) = Z 27" Ayn(2Y)  type 1 polyphase (5.6)
n=0
N-1
Si(z) = Z z_(N_l_")Sn|k(zN) type 2 polyphase (5.7)

n=0
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where o
Agn(2) = ) a(Nk +n)2™" (5.8)
Sur(z) = Y se(Nk+ N —1-n)z"" (5.9)

In vector-matrix form the analysis and synthesis filter banks can be expressed

a(z) = A(zN) [l 271 oo 27T (5.10)
sT(2) = [0 271 1) 8(N) (5.11)
respectively, where

[ Ago(2)  Aqu(z) -+ Aowaa(z)

A(z) = AH?(Z) AllT(Z) A1|N:—1(Z) (5.12)
_AK>QMZ) Ax—ﬂdz)"' AK>M&—KZ)
[ Sop(2)  Aq(z) e Agra(z)

S(z) = Sl'?(z) Al'f(z) A”Kfl(z) (5.13)
| Sine) Az o Axoa ()

The matrices A(z) and S(z) are known as the polyphase matrices of the analysis
and synthesis filter banks, respectively. Notice the native sampling rate corre-
sponding to z is of the decimated signals inside the filter banks. Similarly, we can
put the input signal into polyphase form such that

X = [Xo(2) X1(2) - Xn_a(2)]7, (5.14)

where X;(z) &—o z;[n] = z[Nn+ N —1—1i], i = 0(1)N — 1. Hence the output of
the analysis filter bank is

y(2) = A(2)x(2) (5.15)
where y(z) is a vector containing the K subband signals. Further we may recon-

struct the polyphase input signal by

x(z) = 8(2)y(2) = S(2)A(2)x(2) (5.16)

where X(z) is an estimate of x(z).

The system we have developed is shown in Figure 5.6(a). Two problems with
this result from the fact that the decimation and expansion is performed inside

the filter banks. The filters banks run at the full rate, increasing computational
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Fig. 5.6: (a) Polyphase representation of a A" subband system decimated by

factor N; (b) re-arrangment using Noble identities.

requirenments, and when further processing tasks are inserted in the decimated
stage the overall system is difficult to analyse, since the decimators and expanders
are non-linear devices. To tackle both these problems we employ the Noble iden-
tities [102]

A(z)(L N) = (] N)A(N) (5.17)

(1 N)S(z) = S(z")(1 N) (5.18)

where (| V) and (T N) denotes decimation and expansion by factor N respectively.
Applying these to Figure 5.6(a) we obtain Figure 5.6(b). Now the analysis and
synthesis operations are performed at the same rate as any other potential signal
processing tasks that may be performed in subbands, which is at the decimated

rate hence the filtering can be performed using fewer computations.

Perfect Reconstruction. The perfect reconstruction (PR) property is impor-

tant as it minimises the error between x(z) and x(z). The necessary and sufficient
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condition for PR is
S(2)A(z) = cz7°1 (5.19)

where ¢ # 0 is some constant. Later in Section 5.2.4 we will sce that ¢ = 1
is necessary for power complementarity. A neat and efficient way to solve this
problem is to design A(z) to ensure that it is paraunitary, i.e. A(z)A = I. The
matrix A is called the parahermitian of A, which is the time-reversed complex
conjugate transpose or A(z) = A#(z71). The solution to fulfil the PR condition
follows simply with

S(z) = cz'A(2), c¢#0. (5.20)

Subsequently, the synthesis filter co-efficients can be obtained from the time-

domain representation of the analysis filter banks by
Sk[n] = cag[l —n], (5.21)

where k = 0(1)K — 1 and | = N — 1 + NA. The paraunitary condition can be
fulfilled by the correct design of GDFT filter banks but this is beyond the scope
of this thesis [12,102].

5.1.4 Critically Decimated versus Oversampled Subbands

Given the number of subbands K, we are now still left with a choice for the
decimation factor N. Critically decimated subbands, i.e. where N = K, with
respect to adaptive filtering were first analysed by Gilloire [141] and Gilloire and
Vetterli [140, 142]. The problem with critically decimated subband systems is
that there may be aliasing in the subbands due to the finite attenuation in the
transition bands of the analysis and synthesis filters which can be seen as over-
lap of adjacent bands in Figure 5.5. Aliasing has been identified as a problem
when performing comparison or correlation-type operations in the subbands, such
as subband adaptive filtering, and generally the alias level will limit the achiev-
able MMSE [12,152]. A solution to the aliasing problem suggested by Gilloire
and Vetterli [140-142] leads to a modified subband structure with cross-terms
between adjacent bands. Another solution, called gap-filters, is to leave guard
bands between adjacent analysis filters, which removes the aliasing problem hut
introduces a loss of frequency components within the guard bands [153-156]. The
first solution leads to bulky implementations, while the second approach is clearly

undesirable.

The simplest and preferred solution to this problem is to have the analysis filters
overlapping but oversample each subband such that no aliasing results. This

avoids the need for any special subband structure such as the use of cross-terms
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in Gilloire’s solution or gap-filters. Iu this case N < L. i.e. the subband signals
are decimated by a factor which is less than the munber of subbands, the system
is termed an oversampled subband systenl. An advantage of this approach is that
now independent processing in the subbands is possible, enabling the possibility of

parallel processing of subbands for nunerically intensive signal processing tasks.

5.2 Performance of Subband Systems

In this section we briefly examine the performance characteristics of subband pro-

cessing.

5.2.1 Computational Complexity

One of the main incentives for using the subband approach for solving signal pro-
cessing problems is that it can be used to reduce the computational complexity
when compared to the equivalent fullband problem. Admittedly there is the over-
head of having to use an analysis and synthesis filter to interface with the fullband
domain, and also having filtering occurring in several subband branches, however
the advantages offered by subband system often outweigh these overheads. The
main advantages of the subband approach is that the processing rate within the
subbands is lower by a factor of NV and also each subband filter may be shorter by
up to a factor of N compared to the fullband counterpart. Clearly, the first fact
reduces the computation cost of any process performed in subband by a factor of
N, and the second fact makes the task of converging each filter much quicker as
shown in Chapter 3, in addition to reducing the computational cost by a further
factor of up to N. A commonly used relationship [140] for adaptive filtering is
that if a task requires a fullband filter of length L, then subband filters of length

_ Ly+2L,

L, :
N

(5.22)

may be used, where L, is the length of the prototype filter, although we will see
in the simulations that L, = L;/N can also work well and has the advantage
of quicker convergence due to the shorter subband filters; a similar result was
found in [72]. Another advantage offered by this method is the parallelisation
of the signal processing tasks into several subbands, as the computation of each
branch is independent of any other and can therefore be computed by a dedicated
processor for each subband, if the task warrants it [140]. Also, by following the
approach in [157-160] for real-valued signals only K/2 complex subbands need
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be calculated since the remaining subbands are complex conjugate and therefore

redundaauit.

One last point to mention is that the subband method has a couiputational
overhead arising from the analysis and synthesis filtering operations, which is 1ot

present with fullband processing. The overhead for a single filter bank is [161]
1
Cﬁlter bank = N(2Lp + 4K logZ K + 8[{)’ (523)

where L, is the length of the prototype filter. Hence the savings offered by the

method must be great enough to outweigh these overheads.

5.2.2 Convergence Speed

For LMS-type algorithms the convergence speed is governed by the eigenvalue
spread, also known as the condition number, of the auto-correlation matrix, R,
of the input as defined in Chapter 3 [12,78,143]. The eigenvalue spread is upper
bounded by the ratio between the miniinum and maximum value of its power
spectral density (PSD) [12,143]. Because the subband approach separates the
input signal into spectral intervals, the spectral dynamics will be less than in
the fullband case, resulting in a lower eigenvalue spread within cach subband.
This effect is often referred to as “pre-whitening”. Therefore, compared to the
fullband case, the subband version of the algorithin is expected to converge faster
for spectrally coloured input signals. The performaiice increase depends on how
coloured the input signal is or, in other words, the dynamic range of its PSD.
The performance was analysed and simulated for several LMS adaptation schemces
in [162] and showed that for the application of acoustic echo cancellers the subband

adaptive system resulted in improved convergence.

This improvement in convergence speed becoines particularly immportant in the
case of adaptive system inversion. The input to the adaptive system is filtered
by the frequency-selective MIMO channel and may therefore exhibit considerable
spectral dynamics, which can create severe difficulties for the convergence of a full-
band adaptive system as shown in Figure 4.17. The spectral separation inherent to
the subband approach results in a greatly improved convergence [8]. Conversely,
in a system identification set-up, as the input to the adaptation algorithm is the
original input signal and assuming that this signal is spectrally white and random,
we do not expect the subband algorithm to perform better that its fullband coun-
terpart. In fact, a worse performance is expected due to the distortive effects of
the analysis and synthesis filter banks, discussed further in Section 5.2.4. Another

reason is that in oversampled subband adaptation the total number of adaptive
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tap coeflicients over all subbands is greater than the nmumber of adaptive tap co-
efficients for the fullband case, so the subband adaptation will take longer. One
final point is that the subband analysis filters introduce spectral gaps, or guard
bands, at the band edges in order to avoid aliasing, and hence colour the signal.
Therefore there is a trade-off for the number of subbands between pre-whitening

and this “self-colouring” effect.

5.2.3 Final MSE

A main disadvantage of the subband approach is that it imposes limitations ou the
final MSE. In general the subband approach will result in a higher final MSE than
the fullband approach, since aliased signal components in the subbauds appear
as observation noise to the adaptive algorithm. Another reason is the distortive
effects of the analysis and synthesis filter banks, discussed further in Section 5.2.4.
Weiss et al. [12,143] developed a relative measure of the error performance called
the signal-to-alias ratio (SAR) in the subbands and this can be related to the
stop-band attenuation of the prototype filter used in the analysis and synthesis
filter banks.

A filter bank essentially consists of a number of band-pass filters centred on
different frequencies. If we consider a filter bank derived from a prototype filter the
best attainable adaptive MSE will be limited by the energy escaping from adjacent
bands, which will appear as noise. Since the escaping energy is determined by stop-
band attenuation of the prototype filter bank the SAR can be shown to be [12]
TN P(e)]2d0

SAR = “0
ST P[22

(5.24)

where | P(e/%)] is the magnitude response of the prototype filter and the denomina-
tor measures the stop-band energy. The MMSE limitations for subband adaptive
systems were examined in [163]. Further insight into sources of subband error is
given in [159, 164].

5.2.4 Modelling Accuracy

Besides the final MSE it is also possible to assess the accuracy of the subband
adaptive system with respect to the optimal solution. This can be done by finding
the vector distance between the converged subband weights and the optimum
solution in the I, sense. This of course implies knowledge of the optimum subband

solution, which is usually not known. An alternative is to compare the distance
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Fig. 5.7: Separation of system identification structure for reconstruction of full-
band equivalent model [12].

between the subband final weight and the fullband final weights, where we take
advantage of the fact that the fullband adaptation performs better in the final MSE
sense. To be able to compare the two we need to obtain the fullband equivalent
model of the final subband coefficients.

Figure 5.7 shows a way to find the equivalent fullband model using the response
of the subband system. As the analysis and synthesis banks in the lower branch
cause a slightly distorted delay, ¢[n], the same distortion must be introduced in
the upper branch, so that any difference between the output signals of the two
branches is caused by the misadjustment of the subband adaptive filters ouly.
This distortion is produced by the analysis and syuthesis filter banks in the upper
branch. Hence, after the adaptive filters have converged, the impulse response of

the upper and lower branches should be close.

From this, a limitation to the modelling accuracy can be shown, which results in
a second limitation to the final attainable MSE, the first being the limitation by
aliasing. This is know as limitation by power complementarity, which becomes an
issue when aliasing is sufficiently suppressed. The PR condition then reduces to

the requirement that [12]

K-1
> Sz Ak(z) = 8(2)a(z) £ 27 (5.25)
k=0
If the analysis-synthesis cascade deviates from a perfect unity gain delay, then it
introduces distortion, which can be modelled by means of the distortion function,
t[n]. However, in reality, if the analysis and synthesis filter banks are well designed
the distortion rarely causes any problems.
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Fig. 5.8: A MISO subband adaptive system arranged for identification.
5.3 Subband MIMO Inversion

We may now tackle the task of combining the subband processing techniques ex-
plained in this chapter with the analytic and adaptive MIMO inversion methods
in Chapter 4 to create a subband adaptive MIMO equaliser. As in Chapter 4
there are two approaches to doing this- an adaptive system identification followed
by a system inversion or a fully adaptive system inversion. Subband processing
offers us interesting new combinations, such as subband identification, followed by
a subband analytic inversion, and then using the subband inverse for the equaliser
or finding from this the fullband equivalent system and using this instead. This
section will cover each possible combination and show how they can be imple-

mented.

5.3.1 Subband Adaptive System Identification

We consider the method of identifying the unknown system in subbands for a

future analytic inversion, which is the topic of Section 5.3.2. Figure 5.8 shows a
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MISO system that can be used to perform the subband identification of the P
MISO systems comprising the MIMO chaunel. We need P oof these systemns to
fully identify the chamel. Each of the input signals x[n] to the unkuown MINO
channel is passed through an analysis filter bauk, to decompose the signals into s
subbands. Notice that the dashed Dblocks in the figures arve simply adaptive MISO
blocks seen in Chapter 3, and we mmay apply the M-NLMS algoritlun to perform
the adaptation. Each of the K adaptive MISO blocks is adapted from its own
subband error signal. Although the error signals are passed through a synthesis
filter to create the fullband error signal, this is not required for the adaptation
and is simply shown as we may use this to observe the convergence performance

of the algorithms.

The signals z,,[n], and y,[n] are the input and desired signals for the output of
receiver p (not shown), respectively. The output of subband Dblock & of MISO
block p is denoted g, x[n], while the corresponding error signal is e, x[1] with the
fullband error signal for receiver p being e,[n]. The adaptive subband filters to
identify the channel are denoted lAlmp,k[n], which is the filter for the unkunown
MIMO sub-channel h,,,, where the coefficients are stored in the vector clements

and the dependency on n is due to its adaptive nature.

The computational cost of this approach is of interest, as computation reduction
i1s one of the main drivers behind the subband approach. The cost of a siugle
GDFT analysis or synthesis filter bank operation in a fast implementation is given
by [161]

1
Cﬁltcr bank = N(QLP +4K IOg-Z K+ 8[(), (526)

MAC operations per fullband sampling period, where N, K and L, are the deci-
mation factor, number of subbands and prototype filter length, respectively. Thus,
the complexity of the MISO adaptive identification system in Figure 5.8 (exclud-
ing the unnecessary fullband error synthesis) using the M-NLMS algorithm cau be
found to be

CMISO Identification = %(8]\/[[/;115 +8M+ 10) +%—{‘_—]: (2L7,—{—4K log2 K+8[&,), (527)
where M is the number of transmitters, Ly, is the length of the subband adaptive
filter that converges to the unknown MIMO sub-channels and can be chosen ac-
cording to (5.22), and (3.54) has been used for the cost of the M-NLMS algorithm.
The adaptation must be performed in each subband, but within each subband the
update rate relative to the fullband adaptation is reduced by the decimation rate,
hence the K/N factor in the first term. For the cost of the full MIMO system P
of these blocks are needed, but notice that the analysis for the input signals z,,[n]

only needs to be performed once as all P MISO blocks used the same signals.
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Hence the complexity of the NIMO adaptive identification systein is given by

PK M+ P
CMIMO Identification = T(SML/W + 8M + 10) +

(2L, + 41K log, ik 4+ 8K')
(5.28)
MAC s per fullband sampling period. As i and N are usually of similar maguitude
but Ly, is up to N times smaller than L; ; we would expect the complexity of
this method to be up to NV times less than for the fullband method. In reality the
reduction may be less than N as a longer subband filter length than Ly, s = Ly, /N
may be required, according to Section 5.2.1. This computational cost saving arises
for algorithms that are of order O(L},), however for more complex algorithms, such
as RLS which is order O(L3), subband processing can reduce the complexity of the
algorithm over fullband methods by an even more significant amount. In fact, we
can generalise this behaviour and say that subband processing offers computational

savings of up to the complexity order of the algorithm considered.

If the signals are guaranteed to be real-valued there are two opportunities for
complexity-reduction. Firstly, the nuinber of operations required in multiplying
two real numbers is a quarter that of complex-value numbers, and for addition
the ratio of half. The second, less obvious method arises from the fact that the
filters in the second half of the subbands, i.e. subband K/2+1 to K, are simply the

complex conjugates of the filters in the lower subbands, and therefore redudant.

5.3.2 Subband Analytic System Inversion

Once the MIMO channel has been identified in subbands it must be analytically
inverted to obtain the equaliser. In Chapter 4 we have covered three inversion
methods, namely in the z, time and frequency domains. We found that the z-
domain method generally had problems or was unusable for all but the most benign
channels, and hence here we shall only consider the time and frequency-domain

methods.

5.3.2.1 Subband Time-Domain Inversion

Assuming that subbands can be processed independently from each other, a tine-
domain MISO inversion can be invoked for each of the K subbands, following
the method laid out in Chapter 4. This is advantageous since the shortening of
the filter response lengths in the decimated subband domain helps to contain the
dimensions of the convolutional matrices and hence the computational complexity
required for the inversion. However, the guard bands in the subband domain

will contribute to an ill-conditioning of the problem and at least some degree of
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regularisation will be required. Fortunatelv. this regularisation is implicit to the

time-domain inversion and is manunally added to the frequency-domain inversion.

We now consider the computational cost of this method in detail and compare
it to the same fullband inversion technique. The complexity of the time-domain
inversion method is O(L3), where Ly is the length of the FIR filter cliosen to model
the inverse impulse response. Recalling (5.22) for the length of the subband filter
L, s then the cost orders of the subband and fullband inversions are related by a

factor

O(Cfullbaud inversiou) o N3 ( Lg,f )3 (5 9())

O(Csubband inversion) K \Lgs+2L,
where the factor K is included as K such inversions are required for the subbaud
case. From this it would appear that it would be beneficial to make N and I very
high, subject to N < K. However, increasing the number subbands necessitates
an increase in L, to maintain the same alias and distortion levels which means that
L, s may need to be greater too, to model the prototype filter response adequately.
Ideally, we would choose as great a value for K so that the necessary value for L,
is small comparable to L, y, otherwise we may reach the peculiar case where the
subband filters may actually need to be longer than the fullband filter to model
the response of the prototype filter accurately enough.

Example. Considering the inversion simulations in Chapter 4 which used Ly ; =
280 for the SPIB channels, performing in subbands using GDFT analysis filters
with L, = 448, K = 16 subbands and N = 14 decimation factor results in
approximately 43% of the number of MACs over the fullband case.

This can be lowered further as we will see in the simulations that

L
Ly, = #f (5.30)

can result in satisfactory results for long inverse filters, i.e. where L, is not
insignificant relative to 2L,. This new relationship will result in a ratio between

the cost orders 5
O(Cfullband invcrsion) _ N

O(Csubband inversion) K

(5.31)

Example. For the same scenario this could result in a much more impressive
approximate 0.6% of the MACs over the fullband case. Of course, we may use a
pragmatic approach in choosing L, s anywhere between these two extremes to give

the performance required with a corresponding computational saving.

Figure 5.9 shows the ratio of fullband to subband computational cost order

against Lg ;, for three different rules for Ly, and different subband parameters.
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Fig. 5.10: A system for finding the fullband equivalent filter coefficients from a

subband system.

The subband inversion becomes less costly once the ratio has reached over unity.
With K =16, N = 14 and L, = 448, for low values of L, ; we are more likely to
need Ly, = (L, s+ 2L,)/N to satisfactorily model the prototype filter response,
and hence the subband method becomes favourable for value of L, ; above about
200. For much higher values of L, r, L,s = L, /N may suffice in which case the
upper limit of N?/K is reached for cost saving. Where K =8, N =7 and L, = 96
is used, not only are the values for L, ; for which L, = L, /N should result in
satisfactory performance lower, but even where L, , = (L, s + 2L,)/N is required
for very low L, ; the subband method becomes less costly above around L, y = 75.
Clearly it is desirable to ensure that L, is not large compared to L, ;, which in

turns places limits on K and /N to maintain certain alias and distortion levels.

We should, for completeness, mention an alternative possibility of calculating
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the inverse. After the subband adaptive identification we could find the fullband
equivalent system using the arrangeiment shown in Figure 5.10, where a Kronecker
delta function §[n] is passed through the system and the fullband equivalent tap
coefficients can be read off from the response h[12]. The fullband equivalent systeim
could then be inverted using any of the techniques in Chapter 4. A reason for doing
this would be if the channel was long enough that subband identification is less
costly than the fullband identification, but then the equaliser was too short to

make the subband analytic inversions yield any savings.

5.3.2.2 Subband Frequency-Domain Inversion

The subband frequency-domain inversion is perforined in much the same way as the
subband time-domain inversion, except we now use the frequency-domain inversion
technique described in Chapter 4. We saw that this wethod has an associated
problem of circular convolution effects, however in the simulations in Chapter 4
we saw that this only causes a degradation at very high SNR values. In the miore
realistic frequency range of 0 dB to 30 dB the performance is often similar to that
of the MMSE inversion created by the time-domain inversion method. The ouly
difference between the fullband and subband inversion is the length of the filters
we are required to invert. We saw in Chapter 4 that at low to mid SNRs the filter
length had no effect on the performance of the frequency-domain inversion relative

to the time-domain inversion, i.e. they both resulted in near-MMSE performance.

There is a potential problem with frequency-domain inversion in subbands that
is actually caused by the shorter filters that partially motivate the subband tech-
nique. Where shorter subband identified channels are used, shorter equaliser filters
can often be used too. We know from Chapter 4 that the length of the FFT used
in the inversion is the same as the chosen length of the equaliser filters, hence we
use shorter FFTs for inversion of subband filters. However, the severity of the cir-
cular convolution effect is also governed by the length of the FFT, i.e. the shorter
the FFT the more severe the undesirable effect of circular convolution. A further
problem is that the narrowband assumption of frequency bins becomes less true
as the number of bins is reduced. If the error-causing eftfects of these problems
become unacceptable the only solution is to choose a longer equaliser L, ,. We
will see later in this section however that if we raise L, , we may reach the point
were the fullband frequency-domain inverse is less computational costly than the
subband method.

The main advantage offered by the subband frequency-domain method is that of
potential complexity reduction over the time-domain method, although the differ-

ence will not be as marked as for the fullband case due to the shorter filters and



5.3 Subband MIMO Inversion 134

the O(Lglog, L) order of this method and in some cases may cause a complexity
increase. Again we cousider the cases of L, being defined by the two extremes
in (5.22) and (5.30). The ratio between subbaud and fullbaud inversion complexity

order using the first relationship can be shown to be

O(Cfullband inversion) _ E ] Lg,f ) 10%2 L!],f
O(Csubband inversion) K Lg,f + 2Lp logﬁz(Lg,f + 2Lp) - lOgZ N

(5.32)

From this we see we should make the oversampling ratio K/N > 1 as small
as possible, given that L, is not under our control for a given K. In contrast,

using (5.30) gives a ratio between complexity orders of

O(Cfuilba.ndinversion) _ E . 108;2 Lg,f (5 33)
KO(Csubband inversion) K logg Lg,f - 108‘2 N

Example. For the simulations in Chapter 4 using Ly ; = 280, and with L, = 448,
N = 14 and K = 16 this method results in a computational increase of about
377% of the fullband case. This is due to the fact that the complexity order of the
frequency-domain method does not outweigh overhead caused by L, and the fact
that N < K. Using (5.30) results in computational savings of 60% of the fullbaid

case.

Evidently the benefit of subband processing for frequency-domain inversiou, if
any, is nowhere near as great as for the time-domain inversion due to the cou-
plexity order of the frequency-domain method. While the computational savings
would increase if we chose a higher value for K and heuce could increase N also,
this must be weighed against the worsening in MSE performance that would arise
in the identification of Section 5.3.1, due to distortion and aliasing effects, which

in turn would worsen the performance of the equaliser derived from it.

For cases where we need to use a value for L, , such that the subband frequency-
domain inversion would result in a more computationally costly process thau the
fullband method, i.e. where L, is relatively short with respect to L, we may
invert the fullband equivalent model of the channel generated from the subband
identification in Section 5.3.1. This was cousidered but discounted for time-domain
inversion since the subband processing always results in computational savings.
Considering the above example, L, ~ 29 will mean the subband frequency-
domain inversion is about as costly in terms of MACs as the fullband method. If
MSE performance is unsatisfactory however then instead of raising L, s to improve
prototype filter response modelling, a computationally cheaper method would be
to revert back to the fullband with L, y = 280 by determining the fullband equiv-
alent system using the system in Figure 5.10, and analytically invert this in the

frequency-domain. The conversion to fullband is a computationally insignificant




5.3 Subband MIMO Inversion 135

task. Not only would the NSE performance improve since we are no longer re-
quired to model the prototype filter response, but also the equaliser is now unaf-
fected by the slight distortion introduced by the analysis and synthesis filter banks
that would have been present if performing the inversion in subbands. Even in
this scenario however it is still better to perform the prior adaptation in subbands
as this will still result in the lower cost than the fullband identification due to the

lower adaptive update rate.

The main disadvantage of converting back into the fullband involves subsequent
tracking of the equaliser for dynamic channels. We will see in Scction 5.3.4 that
subband adaptive equaliser tracking can potentially outperform the fullband ver-
sion, but to use this we must start off with the inverse in subbands. If the channel
is static or very slowly time-varying this will not matter as we may perform a
periodic re-identification and fullband analytic iuversion as and when required.
With dynamic channels we must determine whether it is better overall to per-
form a potentially more costly subband frequency-domain analytic inversion so
that we may benefit from the advantages of subband adaptive tracking or whether
we should convert to the fullband after subband identification and perform the
adaptive tracking in the fullband. We will see in Section 5.4 that generally the
adaptive processes dominate the cost over the analytic inversion and hence the
fully subband method will still usually be the computationally least costly, i.c.
where the adaptive identification, analytic inversion and subsequent tracking are

all performed in subbands.

Figure 5.11 shows the ratio of fullband to subband computational cost order
against L, for frequency domain inversion. We see that as L, ; increases and
the effects of L, and N become less significant in (5.32) and (5.33) all the ratios
tend to K /N, which causes the subband methods to De slightly more costly than
the fullband. Also note that for Ly, = L, /N the greatest savings are given for
the lowest values of L, y, since the log, N term in (5.33) has the greatest effect at
these values. Clearly, frequency-domain inversion in subbands does not produce
any worthwhile computational savings and, more often than not, results in a cost

mcrease.

In conclusion, even though subband frequency-domain inversion does not result
in great computationally savings we still benefit from the savings that arise from
the prior identification required in this method. It also allows later implementation
of subband adaptive tracking for dynamic channels which may also have better
tracking performance. The computational savings in the adaptive tasks can out-
weigh potential computational increases in subband frequency-domain inversion.

As far as frequency-domain analytic inversion in subbands is concerned on its own
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Fig. 5.11:

computational cost orders.

Ratio of fullband to subband frequency-domain analytic inversion

merits, if we are not concerned with these related benefits, if the channel is static
for example, the computational savings, if any, do not warrant the effort involved
in using the subband implementation especially as the lower values for L, ; which
are necessary to achieve computational savings often result in an unsatisfactory
BER performance due to excessive circular convolutional effects and inadequate
modelling of the prototype filter response. We would be better off inverting the
fullband equivalent of the subband identified channel. The effort may be war-
ranted however if we require the superior BER performance of the time-domain

inversion method where the computational savings are much more impressive.

5.3.3 Subband Adaptive System Inversion

Considering a fading communications channel, adaptive tracking of the equaliser
is required. As an initialisation we utilise the inversion result of Section 5.3.2
based on an identification of the channel, which converges faster and at a lower
complexity than the direct adaptive inversion. The benefit of performing the
tracking in subbands is expected to be in the pre-whitening of the received signals
whose PSD is governed by the spectral dynamics of the frequency-selective MIMO

channel.

Modifying the subband MISO adaptive system in Figure 5.8, the equalisation
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Fig. 5.12: A MISO subband adaptive system arranged for inversion.

architecture shown in Figure 5.12 arises. Using P received signals as inputs, M
such MISO blocks have to be solved for the M transmitted data streams, x,,[n].
Note that the adaptive filters are now converging to the subband inverses gy, x [n]
relating the p** receiver to the m!* transmitter in subband k, whereas for the

identification the system converged to estimate of the channel itself.

We now look at an example for the performance advantages offered by performing
adaptive inversion in subbands. Figure 5.13(a) shows a CIR realisation of a Saleh-
Valenzuela (SV) channel described in Chapter 2, with parameters 1/A = 300
ns, 1/A =5 us, I' = 60 us, v = 20 ns with two ray clusters and 40 rays per
cluster. In Figure 5.13(b) the magnitude response of this channel exhibits spectral
dynamics of approximately 5 dB. For an uncorrelated signal z,,[n] transmitting
over this channel Figure 5.13(b) also represents the PSD of the received signal,
which will degrade the convergence of the LMS-type adaptive filters as outlined
in Chapter 3. Figure 5.13(b) also displays the location of the band edges for a
subband system with A = 16, demonstrating the whitening effect on the received

signals by reducing the spectral dynamics within each subband.
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Fig. 5.13: A SV channel realisation with a) the modulus of the impulse response,

and b) the magnitude response with subband edges for K = 16.

subband k 1 2 3 4 5 6 7 8
dynamic [dB] | 0.8 | 1.8 | 1.1 | 0.3 |0.85] 0.9 | 0.65 | 1.1

subband & 270 e ) B 12 13 14 15 16
dynamic [dB] [ 0.6 [ 0.1 | 0.05 | 0.15 | 1.05 | 0.25 | 0.8 | 0.95

Tab. 5.1: Approximate spectral range within each subband.

This is highlighted in Table 5.1, listing the approximate spectral dynamics® within
each subband of Figure 5.13(b), which are considerably lower than the 5 dB across
the entire 100 MHz band.

Next, we look at the complexity of the subband MIMO adaptive inversion. The

complexities of the fullband and subband systems are related by

K 2M + P
Gs'ubband = N2 Of'ullband A T

(2L, + 4K log, K + 8K'), (5.34)

for the M-NLMS and assuming L, s = L, ;/N, where the second term is due to the
analysis and synthesis operations. Figure 5.14 shows the computational cost per
fullband sampling period for a range of fullband adaptive equaliser lengths, with
three different equivalent subband equaliser lengths. Here we see the overheads

caused by the analysis filtering operation and by the prototype filter length. For

2For simplicity, the influence of the guard bands is neglected here.
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Fig. 5.14: Computational cost per fullband sampling period of adaptive inversions
for fullband and subband with three different equaliser lengths, for a 2 x 2 MIMO
equaliser with N = 14, K = 16 and L, = 448.

low values of L, ; we are more likely to have to use L,, = (L, + 2L,)/N for
9.f . 9, o9.J 1
the subband equaliser to model the prototype filter response adequately, however
for greater values of L, r, L,s = L, /N may suffice. This makes the point that
g 9./ g, g.f ;
subband systems are generally more suitable for systems where a long equaliser

length relative to L, is required.

5.3.4 Subband Adaptive Equaliser Tracking

As with the fullband systems, an application of subband adaptive inversion is to
perform equaliser tracking of a fading channel. Unfortunately there is a complica-
tion with the subband system that means the error-free decision-directed perfor-
mance is not the same of that using a training sequence. Adaptation is performed
in subbands, and referring to Figure 5.12 we note if the desired signals are to be
generated from the subband equaliser output, they must first be passed through a
synthesis bank, the decision or slicing operation must be performed and then the
signal must be projected back into the subband domain using an analysis bank.
Together these two filter banks caused an extra delay of L,/N in the error path
of the adaptive algorithm on the order of the filter bank length and hence the
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Fig. 5.15: A SISO delayed-NLMS adaptive iuversion system.

algorithm is no longer a pure NLMS. In fact, we now have a special case of a so-
called filtered-z algorithm, were the nominal filter is siimply the delay. Heuce we
call it the delayed-NLMS algorithm. Due to this delay i1 the error path, the same
delay must be applied to the input to the algorithn, i.e. the received signal, but
not to the branches that lead to the synthesis filter bank. Figure 5.15 shows the
set-up of a delayed NLMS algorithm, whereby for simmplicity the delay introduced
by the analysis and synthesis filter banks has been modelled as a perfect delay
A and the delay introduced by the channel and equaliser is d. Note that A and
d are generally unrelated. The figure also only shows a SISO system, again for
simplicity. Both the input and desired signals are delayed to the standard NLMS

algorithm.

The same method was used in [72] to combat a similar problem, but the conver-
gence of the delayed-NLMS algorithim is known to often be inferior to that of the
standard NLMS algorithmn [79,165]. Hence in the simulation results for subbaid
equaliser tracking results are shown for both the standard NLMS algorithin us-
ing a sequence known to the receiver and for a systemn using the delayed-NLMS
algorithm. In the former case no actual data can be sent. These results will repre-
sent the error-free performance bound for the subband adaptive tracking systein

running in decision-directed mode.

5.4 Simulations and Discussion

This section presents results obtained from various systems employing subband

techniques, and puts them into context based on the discussions in this chapter.
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Channel Length | SB Ly, =4 | SB L, =12 | SB L, =68 | FB L; ; = 50
Cost (MACs) 571 864 2912 1,652
% of fullband 35% 52% 176% 100%

Tab. 5.2: Computational cost per fullband sampling period for the SS SPIB

adaptive inversions in Figure 5.16.

In all simulation 16 subbands are used since is seems to give a good compro-
mise between adaptive algorithm performance improvement, computational cost

reduction and sources of error, i.e. error floor.

5.4.1 Subband Adaptive System Identification

We start with the performiance of noiseless subband adaptive chaunel ideutifi-
cation, which would be followed by an analytic inversion to create the chauunel

equaliser.

For the simulations, the SS SPIB 2 x 2 MIMO channel as shown in Chapter 2
is employed. Subband parameters K = 16, N = 14 and a L, = 448 GDFT filter
bank are used for the analysis and synthesis. Results are shown in Figure 5.16 for
three different values for Lj  for the subband adaptive identification, compared
The

simulation for L, , = 4 approximately corresponds to L, s = L, /N and hence the

to a fullband adaptation with Lj; = 50 as performed in Section 3.6.1.

initial adaptation rate is approximately the sanic as for the fullband adaptation.
However, the subband filters are too short to model the prototype filter response,
resulting in a very high final MSE of about -11 dB. For L;, s = 12 a lower fiual MSE
of about -27.5 dB is reached at the cost of slower convergence. Finally, a curve for
Ly s = 68 is shown which approximately corresponds to Ly, = (Ly s + 2L,)/N,
yielding a final MSE of approximately -39 dB. As in a noisy enviromunent the final
MSE will be limited by the channel noise and of the three subband simulations

Ly, s = 12 provides a good compromise between convergence speed aid final MSE.

Table 5.2 shows the computational cost per fullband sampling period associated
with the curves in Figure 5.16. The subband adaptation with Lj , = 12 shows a
48% computational saving over the fullband adaptation. An interesting aspect is
to consider the total cost required to reach a specific MSE value. For example to
reach an MSE of -20 dB the subband adaptation for Lj, s = 12 needs to be executed
about 3.8 times longer than the fullband adaptation. The latter consumes a total
of about 1.5 x 105 MACs while the L, ; = 12 subband adaptation requires 3 x 10°
MACs.
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Fig. 5.16: Subband adaptive system identification of a SS SPIB 2 x 2 MIMO

channel for a range of subband adaptive channel lengths, and the corresponding
fullband adaptation for comparison.

Channel Length | SB Ly =3 | SB Ly, =12 | SB L, s =66 | FB L, ; = 30
Cost (MACs) 535 864 2,839 1,012
% of fullband 52% 85% 280% 100%

Tab. 5.3: Computational cost per fullband sampling period for the 100 MHz

bandwidth SV adaptive identifications in Figure 5.17.

Figure 5.17 shows the adaptations for the length-30 100-MHz bandwidth SV
channels, with the same parameters as before, and we see a similar behaviour.
Compared to SPIB simulation, the curve corresponding to Ly s = Ly, ;/N now has
a greater final MSE of about -9 dB as the filters are shorter and hence smaller

compared to L, which is fixed for all these simulations.

The computational costs for the 100 MHz bandwidth SV adaptations are shown
in Table 5.3. To reach an MSE of -20 dB, the subband adaptation with L, = 12
takes 6.3 timnes longer than the fullband adaptations. The subband adaptation
again consumes a total of 3 x 10® MACSs, while the fullband system only requires

5.6 x 10> MACs to reach the required MSE value.

Finally, we look at the adaptation of a much longer channel where the subband
technique is likely to result in computational savings, namely a SV channel sampled
at 1 GHz introduced in Chapter 2. This channel is 300 coefficients long, and the
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Fig. 5.17: Subband adaptive system identification of a 100 MHz bandwidth SV
2 x 2 MIMO channel for a range of subband adaptive channel length, and the

corresponding fullband adaptation for comparison.

Channel Length | SB L), =22 | SB L), =44 | SB L;, =86 | FB L,y = 300

Cost (MACs) 1230 2,034 3.570 9,652
% of fullband 13% 21% 37% 100%

Tab. 5.4: Computational cost per fullband sampling period for the 1 GHz band-

width SV adaptive identifications in Figure 5.18.

adaptation curves are shown in Figure 5.18. The subband curve with Lj,, =
Ly /N = 22 now has a much improved final MSE compared to the SS SPIB
and 100 MHz SV channels, as the filter is longer. Additionally shown is the
curve for L,y = 44 which reaches -30 dB MSE much quicker, and for L, , =
(Lns + 2L,)/N =~ 86, which has the slowest convergence but attains the lowest
final MSE.

Table 5.4 shows the computational cost per fullband sampling period for the
adaptations, where the subband adaptations have the lowest cost. If we consider
the curve with Lj, ; = 44, -20 dB is reached after 2.8 x 107" MACSs but the fullband
adaptation consumes 6.1 x 10" MACs. Thus, for this longest channel in terms of

the number of taps, the subband adaptation does result in a computational saving.

In conclusion significant computational savings will only arise for long channels

where the fixed analysis filter overhead becomes relatively less significant and
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Fig. 5.18: Subband adaptive system identification of a 1 GHz bandwidth SV
2 x 2 MIMO channel for a range of subband adaptive channel length, and the

corresponding fullband adaptation for comparison.

Ly s is sufficiently large compared to L,. We can generalise by saying that the
longer the channel, the greater the computational savings offered by the subband
technique. This is fortunate as the longer channels are those that consume the

most computational power during adaptation.

One final point relates to the tracking of a dynamic channel itself. If we wish to
perform a periodic analytic inversion of the channel when required, we may desire
continuous tracking of the channel for this purpose, rather than re-identifying it
prior to each inversion. In this case the number of iterations required to reach a
specific MSE becomes irrelevant since the adaptation must be performed continu-
ally anyway, and we may directly compare the cost per fullband sampling period
for the subband and fullband adaptations. For example, the SS SPIB channel
identification with L, , = 12 requires only 864 MACs per fullband sampling pe-
riod whereas the fullband method consumes 1,652 MACs, and therefore the former

is clearly the most favourable solution.

5.4.2 Subband Analytic System Inversion

In this section the simulation results for the Channel-Equaliser Response (CER)

MSE are shown for equalisers created by identifying an unknown channel in sub-
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Fig. 5.19: SNR versus Channel-Equaliser Response (CER) MSE for a noisy
unknown SS SPIB 2 x 2 MIMO channel.

bands prior to analytically inverting it. The inversion is performed either based
on the fullband equivalent system which, as shown in Section 5.3.2.2, may be com-
putationally less costly when calculated in the DFT domain, or on the subband
adapted system. The results in this section show broadly similar behaviour to
the fullband CER MSE in Section 4.6.1, although a notable difference in the im-
plementation is that the channel was known for the fullband results but here the

channel must be identified in subbands, hence it is effectively unknown.

We start by looking at the results for the unmodified SS SPIB channel, shown in
Figure 5.19. The reasons behind the overall behaviour of this result have already
been explained in Section 4.6.1, so here we shall concentrate on differences in terms
of the subband MSE relative to the fullband and computational cost. For each
inversion method, results are shown for a number of different subband equaliser
lengths, although for the subband adaptations Lj s = 12 is always used, based on
satisfactory result displayed in Figure 5.16. In all simulations the system adapted

to the channel for 14,000 fullband sampling periods and temporally averages the
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subband filter coefficients for the last 4.000 of these to give a better estimate of
the channel as explained in Section 4.2.6. Previously a fullbaud ecqualiser length
of Ly s = 280 has been used for the SS SPIB chanuel. hence the lower subbaud
equaliser limit is Ly, = L, f/N = 20. The curve for the equaliser created by sub-
band adaptation followed by time-domain subband inversion (TD SuS) is siwilar
to the corresponding fullband curve shown in Chapter 4, except that the MSE is
slightly worse due to impertect adaptation and subband distortion and aliasing.
Results are shown for L,, = 29 and 40 although these are both still well below
the upper limit of Ly, = (Lyf + 2L,)/N = 84, which is nnnecessarily long. Re-
sults are also shown for the subband-adapted frequency-domain subband-inverted
equalisers (FD SuS) regularised by the noise-to-signal ratio (NSR) and also the
noiseless optimum values, which are 0.02, 0.01 and 0.005 for L, = 20, L, , = 29
and Ly, = 40 respectively. Finally, there are two results for the subband-adapted
frequency-domain fullband-inverted equalisers (FD SuF) again regularised by the
NSR and also the noiseless optimum value, which is 0.01. The “FD reg. noise
power Sul' L, s = 280”7 curve has a similar result to the known-channel fullband-
inverted system and reaches a noiseless MSE of about -2 dB at 50 dB SNR, hut
the subband-inverted systems continue to worsen for higlier SNRs. This behaviour
was explained in Section 5.3.2.2 and is due to the fact that inversion in subbaids
is performed on shorter filters hence the circular convolution effect is much worse
than for the fullband case. We see similar behaviour for the “FD reg. noiscless
opt. SuS L, = 20" curve. We would have expected this to give similar per-
formance to the “FD reg. noiseless opt. SulF' L, ; = 280" curve, which does give
the similar performance to the known-chaunel fullband-inverted system, but as the
circular convolutional effects are now worse and the filters are of inadequate length
to model the prototype filter response well, the performance is also significantly

worse.

Table 5.5 shows the evaluated complexity orders for the inversions involved in
the SS SPIB simulations, but does not include the cost of the prior adaptations.
We see that, as expected, performing the time-domain inversions in subbands
provides considerable computational savings over the fullband. Also shown are
the frequency-domain inversion costs. The reason for the choice to simulate the
equaliser with L,, = 29 is because this represents a cross-over point where sub-
band FD inversion is about as costly as the fullband. Evidently, the best compro-
mise between MSE performance and cost is to calculate the equaliser using the
frequency-domain method, switching to a fixed regularisation factor at between
15 dB and 25 dB SNR depending on which equaliser length is deemed to give
adequate performance. Bit error rate performance will help decide this and BER

curves will be shown in Section 5.4.5.
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Equaliser TD SuS TD SuS TD SuS TD SuF
Length Lys=20 | Ly, =29 | L, =40 | Ly, =280
Total Cost | 1.28 x 10° | 3.9 x 10° | 1.02 x 10° | 2.2 x 107
Equaliser FD SuS FD SuS FD SuS FD SuF
Length L,s=20 | Lys=29 | L,, =40 | Ly =280
Total Cost | 1.38 x 10% | 2.25 x 10% | 3.41 x 10° | 2.28 x 10?

Tab. 5.5: Evaluation of computational complexity order of analytic inversion in
subbands and fullband for a range of equaliser lengths for the SS SPIB and 100
MHz-sampled SV channel.

Comparing the inversion costs to the adaptation costs in the previous section
highlights the fact that the channel adaptation will dominate the overall cost
involved in calculating the equaliser, assuming frequency-domain inversion is used.
As we saw that the SS SPIB channel is too short (i.e. 50 coefficients long) for the
subband adaptation to provide any computational savings over the fullband we
must conclude that the fullband identification and inversion will give the best

performance in terms of MSE and cost.

Figure 5.20 shows the CER MSE results for a SV chaunel sampled at 100 MHz.
The behaviour is similar to Figure 5.19 with the exception that the MSEs ave
generally better than for the SS SPIB channel because this channel is shorter,
i.e. length 30, and inverses of the same length are used. For the same reason the
frequency-domain inversion regularised by the NSR does not reach as bad an MSE
as the SNR increases. The complexities are also those shown in Table 5.5 hecause
the inverse lengths are the same. Even though the channel identification is faster
and less computationally intensive than before it still dominates the overall cost
and hence the fullband method is better than the subband. Further as the chancl
is even shorter the difference between the fullband and subband methods is even

greater than before.

Since it is evident that the subband method gives no henefit for the initial iden-
tification and inversion of short channels, we now look at a much longer channcl,
i.e. the length 300 SV channel sampled at 1 GHz. Figure 5.21 shows the CER
MSE behaviour but only for a single subband equaliser length in each case. The
channels are identified in subbands using length 44 adaptive filters, which is double
the minimum of Ly s = Ly /N = 22, and the equalisers are length 70. The be-
haviour follows similar patterns as in the previous two simulations but here we are
particularly interested in the computational costs. Table 5.6 shows the evaluated
complexities for the subband inversions for L, ; = 70, and also for the equivalent

fullband inversions where L, ; = NL, ; = 980. These fullband inversions were not
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Fig. 5.20: SNR versus Channel-Equaliser Respouse (CER) MSE for a noisy
unknown 100 MHz SV 2 x 2 MIMO channel.

simulated in Chapter 4 as the computational cost involved in the time-domain in-

version was too large. The table shows that for time-domain inversion the subband

method reduces the computational cost to about 0.58% of the fullband inversion,

which is clearly a great advantage. The subband frequency-domain inversion now

also has a lower cost than the fullband inversion which was not the

channels where a shorter inverse sufficed:

Equaliser TDE318 TESuy FD SuS FD SuF
Length Los =70 [ Ly =980 | Lo, =70 [ L, 5 =980
Total Cost | 5.49 x 10% | 9.41 x 108 | 6.86 x 10® | 9.74 x 10?

it reduces the cost by about 30%.

case for the

Tab. 5.6: Evaluation of computational complexity order of analytic inversion in

subbands and fullband for an range of equaliser lengths for the 1 GHz-sampled

SV channel.
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Fig. 5.21: SNR versus Channel-Equaliser Response (CER) MSE for a noisy
unknown 1 GHz SV 2 x 2 MIMO channel.

5.4.3 Subband Adaptive System Inversion

In this section we look at the performance results of subband adaptive inversion.
Figure 5.22 shows the adaptation curves for the subband inversion of the 2 x 2
symbol-spaced (SS) SPIB, 100 MHz-sampled SV and 1 GHz-sampled SV channels.
The M-NLMS algorithm with z = 0.18 is used in all cases. For the SS SPIB and
100 MHz-sampled SV inversions, L, = L, /N = 20 is used, and for the 1 GHz
inversion L, = 70 is used. We expect faster convergence with the subband
inversion of frequency-selective channels than with the fullband inversion due to
the spectral whitening effect as discussed in Sections 5.2.2 and 5.3.3. Comparing
these results with the corresponding ones in Section 4.6.3 we see that the fullband
inversion of the 2 x 2 SS SPIB channels reaches a MSE of about —15.5 dB after
80,000 fullband sampling periods and the subband inversion shows almost the same
performance, reaching —16 dB. However as the SS SPIB channel is nearly flat we
do not expect any great improvement. The 100 MHz SV channel is very frequency-
selective and we see that whereas the fullband inversion reaches only about —10
dB after 80,000 fullband sampling periods the subband inversion performs much
better, reaching about —16 dB. The SS SPIB initially converges at the faster rate

as it is relatively flat, but the 100 MHz SV channel inversion attains a lower final
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Fig. 5.22: Subband adaptation MSE curves for adaptive inversion for unknown
static noiseless SS SPIB, 100 MHz and 1 GHz bandwidth Saleh-Valenzuela 2 x 2
MIMO channels.

MSE as it is shorter than the SS SPIB channel for the same L,,. Finally, we
show an adaptation curve for the inversion of the SV channel sampled at 1 GHz,
and this converges at the slowest rate. A corresponding curve is not shown in
the fullband inversion in Chapter 4 because not only would the convergence have
been very slow but also the computational cost of this adaptation would have been

unfeasibly great due to the required length of the fullband equaliser.

Though up until this point in this chapter we have only considered a system con-
sisting of 16 subbands, we briefly now examine using varying numbers of subbands
during an adaptive inversion. Figure 5.23 shows the performance for K = 8, 16 and
32 subbands inverting a symbol-spaced 100 MHz sampled SV 2 x 2 MIMO channel.
We see that the adaptation profile is almost identical in each case, meaning that
for this particular spectral profile, 8 subbands achieve almost all the adaptation
improvement possible. Using more subbands will achieve better adaptation only
for channels that exhibit greater spectral dynamics; however it is in out best inter-
est to keep this number as low as possible since increasing it unnecessarily limits
the final attainable adaptation MSE. The final MSE with 16 subbands however
is not prohibitive and we can expect it to perform better with a channel such as

the 1 GHz sampled SV channel, hence we continue to use 16 subbands for the
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Fig. 5.23: Subband adaptation MSE curves for adaptive inversion for known
static noiseless SS 100 MHz Saleh-Valenzuela 2 x 2 MIMO channels with number
of subbands K = 8,16 and 32.

remainder of the chapter.

Since a broadband channel equaliser is generally much longer than the channel
itself, we expect the computational cost advantages offered by the subband tech-
nique to be greater than for the subband channel identification in Section 5.4.1.
Table 5.7 shows the computational cost per fullband sampling period of the inver-
sion, with the fullband costs shown for comparison. Both the SS SPIB and 100
MHz-sampled SV channel equalisers are length-20 in subbands, and we see that
only about 15% of the MACs are required compared to the fullband inversion. The
advantage for the longer 1 GHz-sampled SV channel is even greater as the fixed
overheads of the analysis and synthesis filtering operations become less significant
from the cost perspective and the subband approach results in only 10% of the
MACGCs of the fullband method.

In conclusion, not only does the subband approach result in faster convergence
to the inverse of frequency-selective channels but the arising computational cost of
the method is considerably lower. Although the benefits of the subband method
are not convincing for the adaptive identification and analytic inversion in previous
sections, the advantages offered here can far outweigh this if a dynamic channel
is to be tracked where the adaptation must run continuously. To use the sub-

band method for tracking we must invert the chaunel in subbands to initialise the
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| Channel | SSSPIB | 100 NIHz SV | 1 GHz SV |
Subband Inversion | L, = 20 Lys =20 L,,="70
Cost (MACs) 1,339 1,339 3,168
Fullband Inversion | Ly, =280 | Ly =280 | Lgy= 980
Cost (MACs) 9,012 9,012 31,412

Tab. 5.7: Computational cost per fullband sampling period for the SS SPIB, 100
MHz SV and 1 GHz SV adaptive inversion in Figure 5.22.

equaliser.

5.4.4 Subband Adaptive Equaliser Tracking

It has been seen that subband adaptive inversion can converge quicker to the
inverse of a broadband MIMO channel than its fullband counterpart. We saw in
Section 4.6.4 that the fullband algorithm tracking performance for an MS movinug
at 120 km/h in a 100 MHz-sampled SV MIMO channel bordered on acceptable
for low order constellation patterns but even then the MMSE inverse would have
probably needed to be recalculated at some poiut beyond the simulated tine.
Figure 5.24 and 5.25 show the equivalent subband tracking simulations with BER.
error probability levels superimposed. For the SPIB chanuel the subband approach
results in no benefit due to the small spectral range of the channel. When tracking
the inverse of the SV100M channel the subband algorithin perforius slightly better
with the tracking MSE reaching just below the QPSIK 1% BER error threshold
by the end of the simulation. Performing decision-directed tracking however will
require the use of the delayed subband algoritlin. Using this with the M-NLMS
algorithm with 7 = 0.18 it appears the algorithin becomes unstable, with the MSE
growing without bound. It would appear that for dynamic channels the delay in
the feedback can cause stability problems. Reducing i to 0.1 corrects the stability
issue but the performance is now slightly worse than for the fullband system. Since
the tracking curves are closer to the curves with no adaptation, clearly this channel
inverse is more difficult to track than the SPIB channel for any algorithi. Finally,
the subband method however enables the tracking to be executed at a significantly

lower computational cost shown, which is shown in Table 5.7.

A seemingly greater challenge is to track the SV channel equaliser sampled at 1
GHz for an MS moving at 120 km/h. In this case the required equaliser is longer—
length-70 subband equaliser filters are used, equivalent to a 980-tap fullband filter
with N = 14. Further, this channel exhibits spectral dynamics such that within

each subband the eigenvalue spread of the auto-correlation matrix is likely to
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Fig. 5.24: Subband, delayed subband and fullband adaptive equaliser tracking
MSE for Rayleigh Doppler-faded 2 x 2 MIMO SPIB channel using M-NLMS algo-
rithm with g = 0.18, and MS moving at 120 km/h.

be close to that of the fullband case. Hence we would not expect the subband
method to produce a great improvement in tracking ability over the fullband.
Note there are no simulations for the fullband system due to the computational
requirements of such a simulation. Comparing the tracking results in Figure 5.26
to the "no adaptation” and "no fading” curves we see that they are closer to the
For the

equaliser initialisation in this simulation the frequency-domain inversion method

worst-case, meaning that the system has difficulty tracking the inverse.

is used due to the excessive computational cost that would be required to perform
a better time-domain inversion. As before, the delayed subband adaptation with
i = 0.18 becomes unstable but setting 2 = 0.1 corrects this. Curiously, this results
in a better tracking ability than the delayless subband structure with i = 0.18

clearly the step size coefficient is an important parameter for dynamic tracking. A
further important point about this simulation relates to the fact that the Doppler
frequency relative to the symbol rate is smaller and so the channel fades relatively
slower. Hence the degradation in the delayless subband tracking MSE gradient
is much lower than for the SPIB and SV100M channels, reaching about —17 dB
MSE by the end of the simulation. The simulation can not be executed until the

MSE curves approach a steady-state since the associated computational intensity
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Fig. 5.25: Subband, delayed subband and fullband adaptive equaliser tracking
MSE for Rayleigh Doppler-faded 2 x 2 MIMO SV channel sampled at 100 MHz
using M-NLMS algorithm with p = 0.18, and MS moving at 120 kin/h.

makes this unfeasible, but some interesting conclusions may still be drawn. The
slow fading rate provides greater scope to re-identify the channel via the use of a
training sequence and perform an analytic inversion once the MSE has degraded
too far. In conclusion, even though the 1 GHz-sampled SV channel is much harsher
than the SPIB and 100 MHz-sampled SV channel, it appears that maintaining an

acceptable MSE for a greater number of fullband sampling periods is possible.

5.4.5 Subband System BER Performance

In this final section we show simulations for the BER performance of the various
subband systems developed in this chapter using a BPSK modulation pattern and
compare these to each other as well as the equivalent fullband performance noted
in Section 4.6.5. The parameters of the simulated systems are the same as those
used for the CER MSE simulations in Sections 5.4.1, 5.4.2 and 5.4.3. We do not
consider the two-tap channel because it is too short for the subband method to
provide any advantage, as explained in Section 5.4.1. The BER performance of
the systems communicating over the SS SPIB channel is shown in Figure 5.27.

Even though we saw in Section 5.4.2 that the larger values of L, resulted in a



5.4 Simulations and Discussion

1

T n T 1= =1 ==
! BPSK 5% BER subband
@ delayed subband
3
tracking. p=0.18
i BPSK 1% BER, QPSK 5% BER e T
e E o no fading, u=0.18 L]
=5 il = no adaptation
an 3

_ | QPSK 1% BER o tracking, p=0.1

5 o + no fading, u=0.1

; o 16QAM 5% BER

%’ -10{80,) QAM 5% -

@ | g

= Yool

< |4

g |V 16QAM 1% BER

= 3

5 .

= -151 .

E F e X =K toaliy

2 . \Q iy Mo 2K

= o,

(5 I XX o y G & \| L
Rt —i-eﬂé*"‘}‘_‘\f—é\—]a@ 9% Tq”ﬁ <
T80 a000gaRRRORIBIT | 50400000007

‘ZOJI:/“ &*y(w\o{)e@o&o« SRR Ry 1
Bg - 0
'_”:"dﬁbl 88 Egad 2 o888 £o 2 = G - W - = oL S
I B N, I .
'1’ BBy RE ‘?ffj_*.r_ 4_§‘r’7|_"‘,—7441'4],71-'!7‘5".#'
|
_o5 I 1 L 1 i L 1 ]
0 1 2 3 4 5 6 7 8
fullband sampling periods, n x 10"

Fig. 5.26: Subband, delayed subband and fullband adaptive equaliser tracking
MSE for Rayleigh Doppler-faded 2 x 2 MIMO SV channel sampled at 1 GHz using
M-NLMS algorithm with u = 0.18, and MS moving at 120 km/h.

lower MSE, this does not translate to any significant iinprovement in the BER
performance for the time-domain inversion (TD). Hence it appears sufficient to
Lig p 0 =120
differences between the results for the different equaliser lengths and a value of
Ly

domain inversion. If the L

W88 Lo = With the frequency-domain (FD) method there are
s below 29 will result in computational savings over the fullband frequency-
= 20 curve is regularised by the NSR at SNR values

below about 16 dB and then switched to a fixed regularisation factor (in this case

g8

0.02), the performance is quite reasonable, although not as good as the fullband
Using Ly, = 29, where the

computational cost is the same as for the fullband inversion and again switching to

inversion BER performance shown in Section 4.6.5

a fixed regularisation factor (now 0.01) above an SNR of 21 dB, slightly worsens
the performance compared to a fullband inversion.
L
to the fullband (SuF), but the cost has now risen by about 50%. Beyond an SNR
of about 17.5

(FD reg. noise power Sul L, ; = 280) method becomes the most favourable as it

A subband equaliser length

9.5 = 40 is required before the subband (SuS) performance becomes comparable

dB the fullband frequency-domain inversion regularised by NSR

outperforms the subband inversion with L, ; = 29 (FD reg. noise power L, , = 29)

but has a similar computation cost. There is no performance curve for an adaptive
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Fig. 5.27: SNR vs BER curves for time-domain and frequency-domain analytic
inversion of the subband identified noisy static SS SPIB 2 x 2 MIMO channel using
BPSK.

inversion as the performance is highly dependant on the number of iterations that
the adaptation is performed for, and we have already seen that the computational
cost in converging to the inverse so that it reaches an MSE comparable to the
analytic methods is much greater than these methods. The adaptive inversion is

more suitable for tracking an equaliser to a dynamic channel.

The BER performance results for the SS SV channels sampled at 100 MHz are
shown in Figure 5.28. The results do not differ much, with little variation within
different values for Ly . The only significant difference for each of the inversion
methods with varying values of L, occurs at above 30 dB. Below this both the
time-domain inversion and frequency-domain inversion regularised by the NSR
result in near optimal MSE performance. The point where the circular convolu-
tion effect will degrade the performance of the frequency-domain method occurs
above 30 dB, as we saw in Figure 5.20. As before, the frequency-domain inver-
sion regularised by a fixed value, providing the best possible performance for the
frequency-domain method in a noiseless enviromment, results in a worse perfor-
mance at low SNR values, as the system is “under-regularised”. Overall we see
that for this channel the frequency-domain inversion is less susceptible than the
SS SPIB channel to circular convolution problems, as this channel is shorter for

the same equaliser length. Note that for the fullband frequency-domain inver-
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Fig. 5.28: SNR vs BER curves for time-domain and frequency-domain analytic
inversion of the subband identified noisy static 100 MHz SV 2 x 2 MIMO channel
using BPSK.

sion regularised by the NSR, i.e. the curve labelled “FD reg. noise power SulF,
Ly ;= 280", the MSE performance in the mid-SNR values is the best— even bet-
ter than the TD SuS L, s = 40 curve, which has given the best performance in the
past. Actually, the TD SuS L, , = 40 curve does give the best performance ont of
the subband inversions. The reason for the worse performance of the subband in-
version is partly due to circular convolution effects and partly due to the distortion
introduced by the subband filter banks, mentioned in Section 5.2.4. The effects
of circular convolution are worse for a shorter FFT and since the FFT length is
determined by the equaliser length, the effect will be smaller for the 280 length

fullband equaliser than for any of the subband equalisers.

Finally, we see the BER performance results for the SV channel sampled at

1 GHz in Figure 5.29. As for the corresponding MSE performance curves in
Figure 5.21, L, , = 70 is used to model the subband-adapted channel with L, , =
44. Since these parameters result in satisfactory performance no other values for
L, s are simulated as this would only serve to raise the computational cost for little
improvement in BER. For the fullband inversions of subband-adapted channels
(SuF), Ly s = NL,, = 980 is used to show the best possible fullband inversion
BER performance while still keeping the comparison fair. At mid-SNR values, the
improvement in BER. for the fullband frequency-domain inversion regularised by

the NSR over the time-domain subband inversion is now more pronounced. This
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Fig. 5.29: SNR vs BER curves for time-domain and frequency-domain analytic
inversion of the subband identified noisy static 1 GHz SV 2 x 2 MIMO channel
using BPSK.

is since the length-980 FFTs used for the fullband inversion are much longer than
the length-70 for the subband inversion, and this causes the circular convolution

effect to be relatively less severe.

5.5 Summary

Because of the problems of inadequate MSE and BER. performance of fullband
equalisers in Chapter 4, as well as a high associated computational cost, we were
motivated to examine the application of subband systems to solve this problem.
Subband systems are known to potentially reduce the cost of signal processing
algorithms and in some case be able to improve MSE and BER performance. This
chapter has covered the execution of the various signal processing tasks involved
in the calculation and tracking of an adaptive broadband MIMO channel equaliser
in subbands. It started by introducing some of the concepts behind the tech-
niques including multi-rate operations, modulated filters banks and the trade-otfs
between critical and oversampled subband decimation in Section 5.1. Section 5.2
briefly covered soine performance measures and enhancement offered by the ap-
proach such as faster adaptive convergence and lower computational costs, as well

as some of the limitations of a greater final MSE and potential worsened modelling
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accuracy. Next, we saw the architecture, cost and performance characteristics of
performing the channel identification followed by inversion as well as direet adap-
tive inversion in subbands in Section 5.3. It was found that although the subband
identification has a lower computational cost per fullband sampling period, as the
subband adaptation must be performed for longer to reach the saime MSE overall
the operation count was often slightly greater than for the fullband adaptation.
However, if the identification is to be performed continuously to track a dynamic
channel for example, then the per-fullband-saunpling-period costs become directly
comparable and the subband approach offers significait computational advantages.
Further, although the cost of the subband time-domain inversion is usually unich
less than the fullband inversion, the same is not true for the frequency-domain
inversion, where the cost benefits, if any, depeuds on the length of the equaliser.
However, since the cost of required prior identification is much larger than the
inversion cost, this becomes an insignificant factor. The advantages for subband
adaptive inversion were much more clear-cut. Although we would not choose to
use this method to invert the channel from an unknown initial equaliser as the
total computational cost and time required to reach an acceptable MSE is far
too great and the analytic methods result in superior performance, this method
showed good results for the tracking of the equaliser for a dynamic cliannel. Not
only can the subband system converge to a frequency-selective system quicker than
the fullband and hence maintain a lower steady-state adaptation MSE for a dy-
namic channel, this may be performed at a fraction of the cost, which approached

the decimation factor, N.

The chapter concluded by showing the results of siimulations in Scction 5.4. It
showed that the subband adaptive identification couverges more slowly than the
fullband and can only reach a much greater, but still generally acceptable final
MSE. We then saw the subband analytic inversion CER MSE perforinance, as-
suming a previously subband-identified channel and these showed similar overall
behaviour to the fullband inversion in Chapter 4 such as the worsening MSE for
the frequency-domain method regularised by the NSR above a certain SNR. There
were some differences and these were explained. Next we saw thie performance of
the equaliser tracking a dynamic channel, which is where the real power of the
subband technique becomes evident, as not only is it able to maintain a slightly
better MSE but it could do so at a fraction of the computational cost of the
fullband tracking. To be able to take advantage of this superior performance how-
ever, a prior channel identification and analytic inversion in subbands is required
to initialise the equaliser. Finally, various BPSK BER performance results for an
equaliser created from the analytic inversion of the subband-adapted system were

presented. They showed that over the more realistic SNR ranges there was 1o
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significant degradation in BER cowmpared to the fullband systems, although the
fullband frequency-domain inversion showed a slightly better BER performaunce

compared to corresponding subband inversiomn.

In conclusion, the subband technique seems most suitable for

e highly frequency-selective and time-dispersive chaunels, with an impulse re-
sponse which is comparable to or long relative to the subband prototype
filter length, and

e time-varying fading channels where tracking is required.




Chapter 6
Fractionally-Spaced Equalisation

It is now well-known that sampling at a frequency greater than the symbol rate
can result in significant improvement in equaliser performance both in terms of
MSE and even the computational complexity involved in calculating or adapting
to the inverse of a channel. This oversampling of the received signals is known as
fractionally-spaced equalisation. This chapter introduces and develops the tecli-
nique of fractionally-spaced MIMO equalisation in some detail and applies the
method to the subband MIMO equalisation developed in previous chapters. Ad-
vantages offered by fractionally-spaced equalisation include higher resolution [114],
shortening of equalisers [110] and the capability of equalising channels that contain

spectral zeros [115].

Before we start to develop the concept further, it is helpful to remind ourselves
of what a fractionally-spaced MIMO equaliser (FSE) looks like. We touched upon
this briefly in Chapter 4 and the comparison between a symbol-spaced equaliser
(SSE) and an FSE is shown in Figure 6.1. Simply put, the FSE acts on a version
of the received signals that is sampled R as frequently relative to an SSE.

6.1 Phase Behaviour

We start the analysis by a brief explanation of the source of the potential per-
formance improvements offered by the FSE. It is well-known that the optimum
receiver is a cascade of a filter matched to the channel and an SSE [166]. An
SSE alone cannot perform matched filtering since its sampling rate is the same as
the symbol rate. The FSE however can perform the task of both matched filter-
ing and equalisation by virtue of its increased sampling rate. Consider a channel
whose spectral response around the lower band edge — f5/2, where f; is the sam-
pling frequency, differs distinctly from the response around the upper baud edge
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Fig. 6.1: Schematical diagram showing (a) a symbol-spaced equaliser, and (b)

fractionally-spaced equaliser.

fs/2. Since a SSE is subject to aliased versions of the spectrum with respect to
+r/T, r € Z the aliased frequency-response is likely to have a rapid transition
in these areas. For a standard SSE to equalise over this area presents a difficult
problem requiring a great many taps. However, since the FSE manipulates the
frequency-response at the band-edges before symbol-spaced sampling, and hence

the aliasing, the performance can markedly improve.

A consequent advantage offered by the FSE is that, in contrast to the SSE, it is
less sensitive to the sampling phase. To explain this we first consider the SSE where
aliasing causes spectral overlap at the band edges. If we assume that the phases of
the baseband spectrum near the top and bottom band edges differ by 7 then the
alias signal will interfere destructively with the baseband signal causing a weakened
signal in this region, as shown in Figure 6.2, which an SSE would have difficulty
manipulating. Conversely, we now assume that we vary the receiver sampling
timing so that an offset, which results in a constant gradient in the phase response,
is added to the baseband signal. If for example this results in no phase offset just
above f = —1/2T, but an extra 7 phase offset just above f = 1/27; then the
alias will interfere constructively with the baseband signal causing enhancement
of the aliased signal in direct contrast to the previous case. Evidently an SSE will
be able to equalise this frequency now much better than when there was a null
present. Hence the SSE MSE performance is highly dependent on the receiver
timing offset. In the extreme, if the timing is such that the interference causes a
null, the SSE equaliser cannot equalise the spectrum to unity gain, whereas adding

a timing offset can improve the performance hugely.
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Fig. 6.2: Effect of destructive interference of alias signals in a symbol-spaced

sampled signal.

The FSE equaliser avoids this problem since it samples at a frequency greater
than the SSE, hence there is no aliasing at the FSE input. Not only does this
mean that the FSE is able to function on a signal that will not suffer from nulls
due to alias interference, but also the FSE performance is less sensitive to the
phase of the receiver timing. As a result, the MSE performance is typically much
better than that of an SSE even when the total number of equaliser taps remains
the same [110].

6.2 Polyphase Representation

We develop a polyphase representation for MIMO FSE which is convenient for
analysis. In its standard form FSE with its resampling operations is awkward to
analyse, but the polyphase description expresses the system using a single sampling

rate through-out. We start by splitting the signals in Figure 6.1(b) into polyphase
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components,

y:[n] = y[T(n+ (r—1)/R) (6.1)
v.[n] = v[T(n+ (r—1)/R)) r=1(1)R, (6.2)

where T is the symbol rate. Hence we sample at fractions of T" which gives tlie R
phases of the sampled signals. Using this we may express the oversampled received

signals as
y*[n] = Hfx[n] + v°[n), (6.3)
where
[ y10[n] ] I v10[n] | I zo[n]
ypyo[n] I/P,O[n] xg[n - [LIL/R] + 1]
y1,1[n] v1,1[n] z1[n]
y?[n] = . , v¥n]= , X[n] =
ypa[n] vpa[n] z1[n — [Ln/R] + 1]
| ypr-1[7] | | vpr-1[n] | L zmn — [Ly/R] + 1]
(6.4)
and s s
I'111 e HMl
H? = Lo (6.5)
HTP Y H‘JQIP
The matrix H? is the polyphase MIMO channel. Further
hmp,O[O] e hmp,OHLh/R—I - 1]
HY, = : . : , (6.6)
Ronpr-1[0] +++ Pmpr[[Ln/R] — 1]

where Ay is phase r of sub-channel mp.

As an example, the polyphase representation of a T'/2 spaced 2x2 MIMO channel-
equaliser system, i.e. R = 2, is shown in Figure 6.3. We see from this that the
problem is effectively no different to equalising a 2 x 4 MIMO channel. This is the
system we would use for analysis, i.e. when analytically inverting the channel, we
require the channel expressed in polyphase form, which can be found by adapta-
tion. Of course in a real implementation, the channel would not be decomposed
into its phases, but function at the upsampled rate. Hence we use the multi-rate
description of the channel but the polyphase description of the equaliser, shown
in Figure 6.4.
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Fig. 6.5: Adaptive system to identify MIMO sub-channels to one receiver.

If we are to invert the channel analytically we must identify it first, by means
of an adaptive algorithm and a suitable architecture. This is shown in Figure 6.5
for a two-channel system, where we adapt to the polyphase representation of the
MISO channel from both transmitters to one receiver. Another such system would

be required to adapt to the sub-channel terminating at the second receiver.

6.3 Zero-Forcing Equalisation

In this section we cover the criteria and methods for fractionally-spaced equali-
sation, which are significantly different to symbol-spaced equalisation. We first
consider the noise-free case where we may use a zero-forcing equaliser to exactly

invert the polyphase representation of the channel.

We convert the polyphase MIMO channel matrix in (6.5) into the z-domain so

we have

/

h{,(z) - hi,(2)
H?(z) = ; : (6.7)

ho(z) - Bp(2)
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where
h?,(2) = [hnpo(2) Panpa(2) -+ hpr1(2)] (6.8)
and Ay r(2) 80 Ry - [0)]

Similarly, we define the polyphase MIMO equaliser matrix as

gfl(z) T g%l(z)
G?(z2) = : e : (6.9)
gfzw(z) T g%N[(z)
where
8om(2) = [9pm0(2) Gpm(2) *+* Gpm,r-1(2)]. (6.10)

As for the SSE in Chapter 4 the z-transform of the output of the equaliser is
given by
%(2) = G?(2)H?(2)x(2), (6.11)

and the zero-forcing solution is given by

F?(2) = G?(2)H?(2) = 27°L (6.12)

Since we have shown the problem to be equivalent to a multi-channel system, we
have already developed all of the required inversion techniques in Chapter 4. The
solution to this problem can be found using the time-domain or frequency-domain
methods described in Section 4.2.

6.3.1 FIR Equalisability

A major difference between FSE and SSE is that the zero-forcing equaliser can be
implemented using an FIR system without any approximations or filter truncation
and without needing additional antennas, assuming that a condition (described
later) is met. The analysis in this section assumes FIR MIMO sub-channels. It
can be shown that if HY is full-rank then the minimum polyphase equaliser length
required to perform ZF FIR equalisation is [167]

_Ly/R—-1

L
g R—-1

(6.13)

So for a T'/2 2 x 2 MIMO equaliser ZF equalisation may be performed using eight
length-(Ly, — 1) filters, set up as in Figure 6.4.
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In the more general case if auy of the matrices HY,  is rank-deficient because

sonie of the fractional phases are linearly dependaut, the minimun length for the
corresponding equaliser is given by [115]
L,/R—1

o | 6.14
Gpm I-a,llk{H;jr)lP} -1 ( )

The outcome of this is that for the system to be equalisable at all, the row rank of
H? must be at least as great as its column rank. Further, if they are equal and H?
is hence square, the equaliser will be TIR but if the row rank is at least twice the
column rank then all the equalisers will be FIR, with lengths determined by (6.14).
Anywhere between these two limits causes some of the equalisers making up the full
MIMO equaliser to be FIR and the remainder to be LIR. It is also clear that if the
SS MIMO system is rank-deficient because some of the sub-channels are linearly
dependent, then some of the degrees of freedom provided by the fractional-spacing
can be used to invert those sub-channels at the expense of other benefits provided
by FSE. This interesting possibility of using the linearly independent rows if H?
to provide degrees of freedom where required is the topic of Section 6.5. Another
condition for the system to be ZF equalisable using FIR filters is that there must
be no zeros common to all MIMO sub-channels and phases from one channel input
to one channel output, i.e. each column of (6.7) must have no common zeros. This
is the same condition as for the SISO FSE [115,168,169] except since H? is made
up of more sub-channels for the MIMO case it is more likely that this condition
will be fulfilled. There is also an increased possibility that inversion is possible
(either FIR or IIR), where there is no spectral zero common to any columm of
H?(z) in (6.7), i.e. from one input to all outputs, and based on all polyphase
components. This condition is quite intuitive since if tliere is a common zero in
any column of (6.7) then that zeros can be factored out into a SISO system where
ZF equalisation can be only performed using an IIR filter.

Proof of the existence of an FIR equaliser solution to the problem can be shown

by writing (6.12) in polyphase form

(Z) ? ;j Vi,j = 1(1)M.  (6.15)

This is solvable as long as M > PR, although for each sub-channel to be
fractionally-sampled by R we require P > M. The interesting case of M/R < P <
M where we may use the extra degrees of freedom provided by fractional-sampling
to invert rank-deficient MIMO systems rather than for other possible benefits of
FSE is the topic of Section 6.5, but for now we will assume the fractional-sampling
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is used to perform FSE and that P > M. The matrix B;;(z) = 27 is known
as Bézout’s identity for A = 0 [170]. The identity states the existeuce of FIR
equalisers for FIR channels as long as they are relatively prinie, or in our context
there are no common zeros. Generally speaking, for the multi-chaunel case, as-
suming there are no conunon zeros in each colunm in (6.7), for the channel to be
invertible using FIR filters there needs to be more than one degree of freedom for
each constraint in G¢(z)H?(z).

So for the example of the T/2 equaliser for the 2 x 2 MIMO chanuel there are
two constraints so we need four degrees of freedom. Two are provided by the sub-
channels in the paths from a MIMO input to botlh MIMO outputs and a further
two are provided by the T/2 fractional-spacing, hence the system is equalisable
using FIR filters. Simply put, this just means that all filters comprising the MIMO

equaliser need to be fractionally-sampled.

6.3.2 Frequency-Domain Equalisability

We now express the multi-rate system shown in Figure 6.1(b) in the z-domain and
then transform it into the frequency-domain to further explain the conditions of

equalisability and gain further insight.

The fractional MIMO channel co-efficients can be related to the polyphase rep-

resentation by

R
hp(2) = > B (27)27 (6.16)
r=0
Using this we build a fractional MIMO channel matrix
hit(z) -+ hin(2)
H(z)=| : ... (6.17)
hip(2) - Byp(2)

with hf,(2) @0 hpplk]. A multi-rate equaliser matrix GF(z) may be built simi-

larly.

If we define the channel-equaliser response
BF(2) = GF(2)H (2) (6.18)

then the output of the equaliser is

x(z) = (% Z—:BF(e_jﬂ”/Rzl/R)> x(2), (6.19)

r=0
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where we use the multi-rate operations described in Chapter 5. Decomposing this

into single signals we have
M | Bl o
jm(f) = Z ( (E Z bmvj(e—]T‘Zﬂ/ReJQﬂ”fl /R)) :Ej(eJQﬂ”fT )) , (6-20)
7=1 =0
where we have used z = ¢/2™/T and
bu(z) -+ bim(2)
BY(2) = S : : (6.21)
bM1(Z) te bMM(Z)

After some manipulation and using BY(f) = BF(2)|,_us2rsr/r, We obtain the fre-

quency response

Eml(f) = i (( ! Ribmj (f - %)) xj(eﬂ”fT)) . (6.22)

j=1

=v]

Hence for ZF equalisation we require

R—1 ; .
1 T eI AT ;=g 1 1
2 bm-( __>= < f<—:m,j=11)M.
R; AU { 0 mz; —oar f<gpmi=il)
(6.23)
where A is the delay in symbol periods. Finally, decomposing b into its component

channel and equaliser parts we obtain

P l1& r .o 2T j=g4
; (E;Ogm (F= %) o (£ - f)) - { 0 iy BI=1OM
(6.24)
In matrix form this is
R-1
%Z GF (f— ) HT (f—7) 2 o™/ATL (6.25)
r=0

From this we may infer the conditions that must be fulfilled so that the fraction-
ally spaced MIMO channel is equalisable. Firstly, note that although h,,,(f) and
gmp(f) are periodic with period R/T, the functions in (6.24), i.e. hm,(f — 7) and
gpm(f — %) are periodic with period 1/T. For the SISO case it has been shown
that the condition for equalisability is that there needs to be some aliasing be-
tween these adjacent polyphase characteristics, i.e. the bandwidth of the channel
fo > 1/(2T) [115]. A MIMO channel however is equalisable using only FIR filters
when HY (f —r/T) Vf € (-R/2T, R/2T) is full-rank.

A physical interpretation of this is quite difficult for a general fractionally-spaced
MIMO channel, so for simplicity we consider the example of M = 2 and P = 2.
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Fig. 6.6: Frequency response of an oversampled 2 x 2 MIMO channel- (a) sub-
channels hy) and hjq, and (b) sub-channels hg; and ho,.

Figure 6.6 shows the case for when channels hyy, ho; and heg exceed the mini-

L
2T

equalisable however, since even at the frequencies where hq; can pass no power,

mum required bandwidth of but chamnnel ho; does not. This channel is still
the MIMO matrices are still triangular and hence invertible. If however cither the
bandwidth of either hge or hy; was also less than él_r the channel would becoine
singular at the frequencies which exceeds the bandwidth and hence become unin-
vertible. More generally, we can say the condition for invertibility using FIR filters
is this: P (i.e. all) of the sub-channels in one of the columns of HY(z) must have a
bandwidth f, € 5, QET); P —1 of the sub-channels in a different column must have
a bandwidth f, € (55, 2&), and so on until all the columus of H"(z) are accounted
for. In this way the MIMO channel matrix at each frequency is at least triangular
and hence invertible. Incidentally, it is the fact that the bandwidth may excced
% and still be equalisable using FSE and FIR filters that means that the method
can alone perform both the tasks of matched filtering and SSE and generally bet-
ter than either alone. This is therefore the necessary condition for equalisability
using FIR filters in the frequency-domain; note however it is not sufficient. The
necessary and sufficient condition was seen in the previous section, i.e. no zeros

common to all paths between a MIMO channel input and all its outputs.
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6.3.3 Noise-Enhancement

In this section we study the problem of noise enhancement in ZF equalisers. Con-
sider the polyphase representation of the fractionally-sampled MIMO chanuel in
(6.9). It is clear that when P > A and R > 1 this matrix will always have more
rows than columns. As such it is an over-determined system (assuning the rank is
greater than M) and as was explained in Chapter 4 has an infinite number of so-
lutions to perforin zero-forcing equalisation (ZFE), as long as the equaliser length
is longer than the minimum required [115]. This is in contrast to the SSE where
there is generally a unique solution. For the FSE the infinite number of solutions
will enhance any noise at the equaliser input by varying amounts. The solution
that will enhance the noise by the smallest amount is the minimunt norm solu-
tion, which as explained in Chapter 4 can be calculated using tlie pseudo-inverse.
Hence this solution will ininimise the MSE at the equaliser output in the presence
of noise. Further, by increasing the FSE length further, we increase the munber of
degrees of freedom of the solution and hence the pseudo-inverse further optiises
the solution to give an FSE with even better performance (lower MSE). We call
this solution the Minimum Mean Squared Zero Forcing Error (()MMSZFE), i.c

the solution that results in the MMSE from all the ZFE solutions. This is different
from the true MMSE solution which is not constrained by the ZF criterion.

Putting this argument mathematically, consider white noise at the P equaliser

inputs, which for simplicity all have the same power, such that

g{m[n] (V‘/’[n])H} = o (6.26)

The variance at output m of the MIMO FSE is

P R—-1Ln/R-1 P R-1
ng,ZFE = Z Ug,p Z Z |Gom e [R]” | = 02 Z Z / . |G, (F)Idf. (6.27)
p=1 r=0 n=1 p=1 r=0 2

where we have used Parseval’s Identity and assuming o,, = o, for p = 1(1)P.

Hence it can be shown [115] that the optimisation criterion to minimise o7, zpg is

R-1

arg min o ( 2 m=11M,p=11PFP

subJect to G¢(f)H¢(f) = I?IATT

where the delay A ensures causality. The well-known solution to this, as mentioned
earlier, is the pseudo-inverse of H?(f), i.e.

Guaszes( ) = ((H(H) BE(N) ™ (1) (6.29)
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Since this solution has been developed in the frequency-domain, it represents the
infinite length solution, i.e. using infinite length equalisers. Finite length equalisers
can also be found using this solution using fiuite length FFTs during computation,
however they will give an approximation to the NINSZFE solution, due to the
effect of circular convolution discussed in Chapter 4. We have already seen a way

to combat this, namely using regularisation.

Now we have found the MMSZFE, an interesting question is if and how much
better than the MMSZFE would the true MMSE solution be, i.e. not coustrained
to be ZF. Both the MMSE solution and the method of regularisation can be used

together to result in better equaliser performance (i.e. lower MSE).

6.4 MMSE Equalisation

Minimum mean squared error (MMSE) equalisation has already been covered in
previous chapters, so in this section we shall restrict ourselves to only cover the
differences between FSE MMSE and SSE MMSE equalisation.

FSE MMSE equalisers differ since we now have more degrees of freedom to min-
imise the cost function, which are given by the fractional-sampling. The cost
function of FSE MMSE for the m' input is

P 1 R—1 2
U?n,MMSE = min Z/ 092: Z gpm,v'(f)h'mp,'r(f) - kmp
gpm,,r(f) p=1 _% —0
2 = 2
+0 (Z |Gpm.r ()] ) } df (6.30)
r=0
where
J2m fAT —
kmp = ) mop (6.31)
0 m#p

assuming that the signal power o2 is the same at all transmitters, as is the noise
power o2 at the receivers. The infinite-length solution to this is the pseudo-inverse

regularised by the noise power
Clise () = (HP(F)THA(f) + o20) ™ (H())" (6:32)

assuming the signal power is normalised 02 = 1. In the presence of noise the
MMSE has superior performance to the MMSZFE since is clear that

2 2
OMMSE S OMMSZFE (6.33)
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due to the presence of the regularisation tern oI arising frowm the noise in the

solution.

The solutions expressed as functions of frequency of the MINO fractionally-
sampled polyphase channel result in an infinite length solution. However, since
the FSE is capable of creating FIR equalisers we will waut to calculate a fiuite
length solution. Such finite length decouvolution is subject to circular couvolution
problems and discussed in Chapter 4. The techuique we used to combat this was
regularisation. Fortunately often at realistic SNRs the error effect of the receiver
noise will be greater than the error caused by the circular couvolution. However
when this is not the case we may use a fixed regularisation co-efficient in (6.32)
to limit the error caused. Using (6.32) to calculate a finite length solution 1o
longer results in the MMSE, rather an approximation to it. However as we found
in Chapter 4 the performance is still quite acceptable especially wlien also consid-
ering the greatly reduced computational cost involved in performing the inversion
when compared to the alternative time-domain method that does give the MMSE

solution. Hence the equaliser can be calculated using

Ginse(f) = ((E(F))TH?(f) + max(o, 5)1)_1 H ()Y (6.34)

where (3 is a fixed regularisation factor which minimises 2, yusp 1 (6.30) in a

noiseless environment when using finite length FFTs.

6.5 Rank-Deficient MIMO Equalisation

In Section 6.3.1 we briefly introduced the possibility of using the extra degrees
of freedom (DOF) provided by sampling at fractional intervals to invert MIMO
systems that would otherwise be rank-deficient and hence uninvertible. If alter
doing this there were no DOF left, the responses of the filters comprising the MIMO
equaliser would be IIR, as with SSE (assuming the condition for equalisability is
fulfilled). This arises from an extension of the discussion of DOF in [115] to
the MIMO case. If however there were one or more DOF left, other henelits
associated with FSE could still be realised using these, resulting in FIR filters
with appropriately modified lengths if necessary.

Consider the polyphase representation of a T/2 2 x 2 MIMO system shown in
Figure 6.3. For this system, the polyphase channel matrix (defined in (6.5)) has
dimensions 2 x 4 and assuming it has full column-rank it is an over-determined
system. We only require row-rank of two, but we have four. Hence if for some
reason the sub-channels to the second receiver are blocked or linearly related to

the sub-channels to the first receiver, the polyphase channel matrix will only have
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Fig. 6.7: AT/22x 1 system (a) in a form for implementation, and (b) in analysis

form.

row-rank two. However by sacrificing the other benefits of FSE (e.g. FIR equaliser
responses) we may still invert and hence equalise this channel (using IIR filters
though, or an FIR approximation to them). This is potentially a powerful tech-
nique since we may now equalise rank-deficient systems, something that was not
possible with symbol-spaced sampling. Speculatively, it may be possible, as an al-
ternative application, to gain the benefit of some (though certainly not all) of the
capacity increase associated with MIMO systems, with using fewer receivers than
transmitters (in an equalisation set-up), by exploiting imperfect band-limiting

channel filtering.

Figure 6.7(a) shows the example of a system with two transmitters and one re-
ceiver. In a T-spaced equaliser this would be uninvertible and hence unequalisable.
However since it is fractionally-sampled at 7'/2 we express it in polyphase form in
Figure 6.7(b) and from this it is clear that this is just the same as a SSE 2 x 2
system (for the moment ignoring band-limiting transmit and receive filters) and
hence equalisable using IIR filters. If this system was sampled at T'/3 we could
invert a 3 x 1 system and so on. The size of the system we may invert is limited
mainly by the characteristic of the transmit and receive filters and also to some
extent the radio channel. The system remains equalisable as long as the phases
of the channel are linearly independent, and as we decrease the period between
sampling when fractionally-spaced this becomes less likely. When the transmit
and receive filters are accounted for the bandwidth of the chanmnel is typically

about 10% to 40% greater than the signal bandwidth [110]. Hence when R > 2
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it becomes increasingly unlikely that the phases will remain independent. Since
all radio communications systems require a receive and transmit filter creating a
MIMO system using this method would not be possible for B > 2, and even with
R = 2, depending on the filter characteristic, the channel matrix may be near

singular and hence the output highly sensitive to noise corruption.

If for the purposes of this discussion we ignore this fact for now, then it is possible
to equalise rank-deficient system and still retain the benefits of FSE. If the systen
in Figure 6.7 were sampled at 7'/4 then two of the DOF could be used wmake the
system full-rank while a further two can be used to perforin FSE and heuce may
be equalised using FIR filters. It is feasible that such a method could be used for
applications other than radio commmunications where the channel bandwidth is not
subject to the same limitations. Given this potential problem in inverting rank-

deficient fractionally-sampled channels we will continue to assune that P > A,

6.6 Subband Fractionally-Spaced Equalisation

In this section we apply fractional-sampling to the subband approach which was
the topic of Chapter 5 to create a subband FSE. We aim to create a systemn that
performs better than a subband SSE due to the fractional-spacing, exploits the
advantages of subband processing to reduce the computational cost of verting
the fractionally-sampled MIMO channel and improves the convergence speed of

adaptive inversion and tracking over that of fullband FSE.

There are two possible approaches when combining subband processing with
fractional-sampling— (i) applying the subband processing inside the upsampled
system which results in the analysis and synthesis filtering banks being decom-
posed into polyphase components, or (ii) using the polyphase representation and

decomposing the phases into subbands. We discuss each in turn.

For simplicity we consider a subband SISO system where the chanuel, equaliser
and subband analysis and synthesis filter banks function at a sampling period
which is double the symbol period, i.e. T/2. This is shown in Figure 6.8(a).
Figure 6.8(b) shows the same system but with the subband analysis and syuthe-
sis expressed in polyphase form, as explained in Chapter 5, with the subband
decimation and expansion explicitly shown. The re-sampling operations of the
fractional-sampling can be combined with the re-sampling operations of the sub-
band system, which is shown in Figure 6.8(c). We can see that the inputs and
outputs to half the analysis and synthesis filtering bank respectively are guaranteed
to be zero, hence they may be excluded thus halving the number of operations.
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However, relative to a normal GDFT filter bank the downsampling ratio is halved
to N/2, and this must be taken into account when considering overall complexity.
Further, the system shown in Figure 6.8(c) expresses both channel and equaliser
in subbands, hence the analysis filtering occurs directly after the upsampling. In
an implementation however, this would not be the case- the channel would be
between the upsampler and analysis filter bank, as shown in Figure 6.9, and hence
the analysis filter would have non-zero input to all its phases, and would still have
to function at the upsampled rate.

The second approach involves the subband decomposition of the symbol-space
polyphase representation of the system, which was shown for a 7'/2 2 x 2 MIMO
system in Figure 6.3. For the purposes of this discussion we show the polyphase
representation of a T'/2 SISO system with the phases being processed in subbands
in Figure 6.10(a). As before we draw the distinction between this system, which
is used for calculating the subband equaliser filter coefficients, and the manner
in which such a system would actually be implemented, which is shown in Fig-

ure 6.10(b). To identify the phases of the channel in subbands we use an extension
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for implementation.

of the fullband system shown in Figure 6.5 but for a SISO system, which is shown
in Figure 6.11.

To determine which approach is best, we compare the costs involved in the com-
putations of the various signal processing tasks. The cost with respect to N of
NLMS algorithm performed using the first method for 7'/2 sampling, shown in
Figure 6.8(c), is ) )
O3 = O(57).

(N/2) N
i.e. the signals in all A subbands must be processed at a rate decimated by
N/2 and the subband filters are on the order of N/2 times shorter relative to

the fullband case. For algorithms such as the RLS, the computational complexity

(6.35)

in terms of multiply-accumulate operations depends quadratically on the flter
length, such that the coefficient of K in the cost would also be even greater than
it is with the NLMS algorithm. The cost of the NLMS algorithin using the second
method for 7'/2 sampling, in Figure 6.10(b), however is

Nunlanaljsis banks K 2K
3N2 ) = O( N2

O ), (6.36)

i.e. there are two subband blocks, each running at symbol rate decimated by N.
As the order of the algorithin increases, the coefficient of K will be unaffected
since this only depends on the fractional-sampling factor (two in our case). Hence
it is clear that the second method is more desirable and we shall proceed using
this. This method was also used in [72,163,171,172].

Although we have only considered a SISO system so far, creating fractionally-
spaced subband MIMO system is a fairly straight-forward extension of the system
shown in Figure 6.4 by processing the paths between the symbol-sampled phases of
the received signals and equaliser output in subbands using the method discussed

in this section.
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6.7 Simulation Results

In this section we compare the perforimance of fractionally-spaced fullband and

subband MIMO equalisers created using the methods developed in this chiapter.

6.7.1 Adaptive Identification and Analytic Inversion

We begin by examining the performance of fullband and subband equalisers cre-
ated by adaptively identifying the MIMO channel and analytically inverting it
using the frequency-domain method described in Section 4.2.3. Figure 6.12 shows
the BER versus SNR performance of a fullband and subband equaliser for a 7'/2-
sampled SPIB channel and 7'/2-sammpled Saleh-Valenzuela (SV) channel sampled
at 100MHz (SV100M) and 1GHz (SV1G), using BPSIK. The baud lhnitation on
the SV channels is performed using a raised cosiue filter witli » = 0.1, as described
in Section 2.4.1.4. The parameters used for the SV channel are those stated in
Section 2.4.1.3. For the channel identification in each case the adaptive filters were
chosen in line with previous chapters and were adapted long enough to reach a
steady-state using the M-NLMS algorithm with & = 0.18. The subband parac-
ters are the same as those in Chapter 5 for cousistency, i.e. I =16, N = 14 and
L, = 448. The per-phase equaliser filter lengths used in Figure 6.12 are showu iu
the legend. A comparison between the T'/2-spaced fullband equaliser for the SPIB
and SV100M channel and the equivalent symbol-spaced chanuel in Figures 4.21
and 4.22 reveals that the fractionally-spaced systeimn outperforms hy a cousider-
able margin. The greater improvement over thie symbol-spaced system is shown
by the SPIB channel; a possible reason is that the band-limiting attenuation may
be less for the SPIB channel. A comparison with Figures 5.27 and 5.28 reveals
that the same is true for the subband systeins but to a lesser extent. It is likely
that the performance of the subband systems is more linited by other sources of
error discussed in Chapter 5, for example a greater steady-state MSE aud greater
circular convolution effect during the frequency-domain inversion due to the short

filters required (since the FFT is also shorter).

6.7.2 Adaptive Inversion

The performance of the fullband and subband adaptive inversions of a T'/2-spaced
SPIB, SV100M and SV1G channels are shown in Figure 6.13. The adaptation and
subband parameters are the same as previously. Although for the SPIB channel
the subband inversion converges slightly faster than for the fullband case the dif-

ference is minimal. This is since the channel is only mildly frequency-selective so
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Fig. 6.12: Fullband and subband (K = 16) BER vs SNR for 7'/2-spaced 2 x 2
MIMO channels using an equaliser calculated with the frequency-domain method,

and applying the best regularisation factor at each SNR.

we would not expect the subband system to outperform even using fractionally-
spaced equalisation. The improvement for the SV100M channel is much more
significant, with the subband system showing an improvement of about 6 dB over
the fullband system by 10,000 fullband symbol periods. Comparing these results
with Figures 4.17 and 5.22 shows the effect of fractional spacing on the adap-
tive inversion. The fractionally-spaced fullband inversion of the SPIB channel
shows approximately a 4 dB improvement over the symbol-spaced system after
80,000 fullband sampling periods. For the SV100M channel the improvement is
only about 2 dB giving further credibility to the previous hypothesis that the
SPIB channel has a lesser band-limiting attenuation than the SV100M channel. A
similar conclusion follows from a comparison of the subband adaptation profiles;
the fractionally-spaced SPIB channel shows an improvement of about 3 dB by
80,000 fullband sampling periods whereas only a 1 dB difference is achieved for
the SV100M channel. Finally the improvement for the SV1G channel is about 2
dB. Nevertheless the system still benefits from the potential computational savings
from the subband approach even if in some cases the adaptation improvement is

small.



6.7 Simulation Results 182

O —T T = 1 i
' —— fullband. FS SPIB, L =280
+— subband, FS SPIB, L —70
o fullband, FS SVIOOM L. =280
) - subband, FS SV I100M, L —"() 3
- subband, FS SVI1G, L _—70
) TN
= df\ g,
“h
§10 Mﬂ\lﬂl&)\ 5 a
i ~¢1;W!‘*Ak‘w .
g Sang,, Srma
oRg &
o Lava! ik {M\*\'n“l"n-,?-.:;u‘ o
2—15 B 7] .‘-‘ " A e T
S y &M r‘-‘?\,'l.'-.-.”_l‘ tJ-‘-‘\T‘i"p
2 Bt H 1-.«.-.1,“
S r qu % ﬁrL:—-l‘-\l'—!\rH- .
oy ‘%\\.“. % Ilkl'
_20F 5 ih
WW
_o5 | 1 | I 1 i 1 1 !
0 1 2 8 9 10

4
fullband sampﬁing peri(?ds, n

Fig. 6.13: Fullband and subband (K = 16) adaptive inversion MSE for 7'/2-
spaced 2x 2 MIMO channels. For no adaptation, the subband and delayed subband

curves are identical.

6.7.3 Adaptive Equaliser Tracking

In this section the tracking ability of subband and fullband 7'/2-spaced equalisers
is examined. Figures 6.14 and 6.15 show the tracking MSEs for a 7'/2 SPIB and
SV100M 2 x 2 MIMO channel, respectively, starting from a near MMSE equaliser
found using the frequency-domain inversion method described in Section 4.2.3.
MSE profiles are shown for each combination of a fullband, subband and delayed
subband system with tracking in a fading environment, tracking in a non-fading
environment and fading with no adaptation (i.e. no tracking). The delayed sub-
band tracking shows a realistic error-free blind tracking performance since it ac-
counts for the delay in the subband filter banks, as explained in Section 5.3.4. The
curve with fading and no adaptation shows the worst-case performance where an
adaptive system would be completely incapable of tracking— although of course a
poor adaptive system could exhibit an eveu worse performance. The curve where
there is no fading shows a best-case performance which would be achieved if the
adaptive system were able to track the fading channel equaliser perfectly. Hence
we expect the actual tracking performance to be somewhere in between these two

extremes and this curve’s position between the extremes gives an idea of the ef-
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Fig. 6.14: Channel-Equaliser Tracking MSE of a FS 7'/2 SPIB 2 x 2 MIMO
channel.

fectiveness of the adaptive system in tracking the equaliser. The performance of
the fullband system for the SPIB channel in Figur 6.14 is approximately half way
between the best and worst cases and is able to maintain an MSE that would
result in a BER of well below 1% using 16-QAM modulation. Here the equaliser
has 280 taps per fractional phase. The subband tracking MSE is a little better
than for the delayed-subband system but both are worse than for the fullband
system. The equaliser lengths for both subband systems are L, , = L, ;/N = 20
per fractional phase. Evidently the relatively small range of the spectral dynamics
of the SPIB channel means that the subband systems are unable to improve the
tracking ability. Further, since the fullband MMSE equaliser response is relatively
long, the subband equalisers are too short to be able to model well the MMSE
equaliser, hence the performance is worsened still. Finally, we may compare the
performance of these systems using 7'/2-spaced equalisation to that of a symbol
spaced equaliser in Figure 5.24. Although the fullband tracking performance is
better by about 6 dB, the subband performance is comparable for the 7'/2 and

T-spaced cases.

Figure 6.15 shows tracking results from the 7/2 SV100M MIMO channel. The
equaliser lengths for each system are the same as for the SPIB channel above.

Immediately the benefit of the subband approach for this channel can be seen.
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Fig. 6.15: Channel-Equaliser Tracking MSE of a F'S T'/2 SV100M 2 x 2 MIMO

channel.

Though starting at a higher MSE, the subband systems are able to maintain a
lower MSE than the fullband system by the end of the simulation. The SV100M
channel has greater spectral dynamics than the SPIB channel, hence the greater
benefit in using the subband system. Comparing the tracking curves to the best
and worst case extremes we see that that while the subband curves are approxi-
mately in the middle of the range, the fullband curves are closer than the worst-
case of no adaptation. From this we may again conclude that the subband system
tracks better in both absolute and relative natures (i.e. relative position between
the best and worst extremes). Comparing these results to the equivalent symbol-
spaced equaliser curves in Figure 5.25 we see that the fractionally-spaced approach
produces an improvement in MSE of about 6dB for fullband adaptation and simi-

larly for the subband and delayed subband methods by the end of the simulation.

Finally, we briefly consider the computational cost benefit of the fractionally-
spaced subband technique. Assuming the equaliser length per fractional phase is
the same as the fullband equaliser length then the savings are multiplied by the
fractional sampling factor. In this case the up-sampling factor is two, hence the
savings are double. Referring the computational cost plot in Figure 5.14 and using
Lys = Ly /N, where L, ; = 280, the cost saving over the fullband method per
fractional phase is about 6,500 MACs per fullband sampling period (a 72% cost
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saving in that case). Hence for the T'/2 systeni the saving is 13,000 NACs per
fullband sampling period. While this saving is alone inipressive, if the same BER
is to be maintained, the equaliser length in the fractional case can be reduced,

thus further lowering the computational cost.

6.7.4 Rank-Deficient MIMO Equalisation

The use of fractionally-spaced MIMO equalisers presents us with the possibility
of equalising MIMO channels that were rank-deficient, and hence unequalisable,
when sampled at the symbol rate. The performance will be primarily determined
by the additional diversity introduced by the oversampling, which in turn is deter-
mined by the correlation between the phases of the fractionally sampled system.
Generally speaking, the less pronounced the out-of-band filter attenuation and
the slower the band-limiting filter roll-off, the less correlated the phases will be,
and better the performance. Figure 6.16 shows the BER achieved using a 2 x 1
(i.e. rank-deficient) SV100M channel with varying raised cosine roll-off factors, as
explained in Section 2.4.1.4, and a 2 x 1 SPIB channel, using BPSK modulation.
Firstly, we see that the performance with the SPIB channel is better than any of
the SV100M channels, suggesting that the out-of-band filter attenuation is lowar
for the SPIB channel. This reinforces the hypothesis made in Section 6.7.1 as
to the reason that the SPIB channel performed better. For the SV100M chan-
nels the greater the roll-off factor, the gentler the roll-off and hence the lower the
out-of-band attenuation immediately adjacent to the pass-band, as is shown in
Figure 2.15. Hence the best performance is shown for the higher roll-off factors.
As the roll-off factor decreases the difference between the performance hecomnes
increasingly less up until the point where » = 0.1 and » = 0.3. In fact, here
the performance are very similar is for higher SNRs the performance for r = .1
becomes slightly better than for » = 0.3. A possible reason is that for r = 0.1
although the roll-off is steeper the out-of-band attenuation is less than for r = 0.3

potentially making the sub-channel correlation less.

These results effectively show the power of fractionally-spaced equalisation for
MIMO channels. In a real system the sub-channels may be highly correlated
due to potential close proximity of the antennas especially on a physically small
mobile station (MS). In the extreme where the sub-channels to and from the MS
antennas are completely correlated when sampled at symbol-spacing, the MIMO
system becomes unequalisable and the capacity collapses back down to that of a
single channel system, meaning MIMO communication is impossible. However,
with fractional-sampling MIMO communication is possible albeit generally with a
poor BER.
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of raised-cosine roll-off factors, using a BPSK modulation scheme.
6.8 Summary

Single channel fractionally-spaced equalisation (FSE) is known to improve per-
formance in terms of MSE and BER over symbol-spaced systems. It can also
enable shorter equaliser filters and the capability of equalising channels that con-
tain spectral zeros. This chapter has covered the application of fractionally-spaced

equalisers to fullband and subband MIMO systems.

In Section 6.1, we explained the principle behind why FSE can perform at least
as well as symbol-spaced equalisers (SSE), and often better. The optimum receiver
is a serial concatenation of a matched filter and a SSE, however FSEs can perforin
both these tasks. Further, whereas receiver symbol timing offset can have a great
impact of the performance of a SSE-based system, FSEs are relatively immune.
Section 6.2 developed a polyphase representation of FSE, which is not only more
convenient for further analysis, but also puts the system into a form where the
MIMO equalisation concepts developed in previous chapters are directly applica-
ble. Zero-forcing equalisation (ZFE) of MIMO FSE was covered in Section 6.3. ZF
F'SE is significantly different to ZF SSE; not only can perfect ZF FSE be performed
using FIR filters (unlike SSE) but there are an infinite number of ZF solutions,

one of which provides the MMSE solution. Equalisability was calculated in the
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frequelicy-domain and noise-enhancement effects on ZF equalisation sliown. Henee
we calculated a MMSE ZF solution, i.e. oue that confors to the ZF criterion hut

results in the least amount of noise-enhancement.

In Section 6.4, a true MMSE FSE was developed, wlhere we no longer restricted
ourselves to the ZF criterion. We showed that in general the performance of the
MMSE is superior to that of the MMSZFE. Siuce FSE provides a method to
equalise channels which contain spectral zeros at the symbol rate, Section 6.5 ex-
plained how they could be used to equalise rank-deficient MIMO chanuels. Such
a channel sampled at the symbol rate is singular, i.e. canunot be inverted, however
the additional degrees of freedom provided by FSE mean that the fractionally-
sampled channel may be invertible. The ability of FSEs to equalise rank-deficient
MIMO channels is limited by the severity of the channel band-limiting. The less
a channel is band-limited, the greater the potential performance improvement.
In Section 6.6 approaches of applying FSE to subbaud systems are discussed. A
method is chosen based on its lower computational cost, and the system archi-
tecture is presented. Finally Section 6.7 presents the results of simulations and
examines the performance compared to symbol-spaced systems. When perforing
adaptive identification followed by analytic inversion the fractionally-spaced sys-
tems generally outperform the symbol-spaced system by a considerable margin.
The same is true for the adaptive system inversion and tracking. When using FSE
to invert a rank-deficient channel we see that the performance depends on the
severity of the band-limiting. Although the performance never falls below a BER
of 1072 for any type of channel considered here, it is still an improvement over
the symbol-spaced system, where inversion is impossible. This effectively demon-
strates the power of FSE for MIMO systems with highly correlated sub-channels,
which is likely when the MIMO antennas are closely located.




Chapter 7

Conclusions

7.1 Summary

This thesis has been concerned with computationally efficient methods of inversiou
and equalisation for a broadband MIMO channel with the best possible perfor-
mance and tracking the equaliser for fading channels. As is true with many aspects
of communications we have found that there is a trade-off between obtaining the
best possible performance in terms of CER MSE and BER and implementing al-
gorithms with the lowest possible computationally cost. Which method to use for
finding and tracking the equaliser is inevitably a function of many variables such
as the channel impulse response and related spectral behaviour, the dimensions of
the MIMO channel, the speed of the MS, the modulation scheme used, the desired
BER and others. This thesis has covered many of these points, examining the
relationships between these factors in an effort to determine a set of “rules” that

can be used when designing a real systen.

In Chapter 2 MIMO channels were formally introduced and some of the back-
ground topics that have formed the basis of past relevant research were reviewed.
Further research into broadband MIMO equalisation algorithins was motivated.
Next, the chapter covered the channel capacity increases which are promised by
MIMO channels, and indeed this is the main motivation for the method. Finally,
channel models were developed that have been used throughout this thesis to
demonstrate algorithms and they were characterised in terms of their spectral,
temporal and spatial dynamic behaviour.

In Chapter 3 an introduction to multi-channel adaptive filtering was given.
This has been the basis of many of the techniques used to equalise and track
the channels, which we agsume are unknown at either the transmitter or receiver.

The chapter gave an in depth coverage of the performance characteristics of the
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main developed algorithm, namely N-NLMS. Finally, the existence of some other
potential adaptive algoritlims was briefly mentioned. hefore presenting simulation
results that showed the performance of the M-LMS algorithin, identifying various
broadband MIMO channels. We saw that for multi-channel adaptive identification,
convergence was slowed by a factor approximately equal to the number of channels
involved in the adaptation. In the tracking simulations we found that the MSE
performance is be described in ters of a steady-state misadjustment and lag due
to the non-stationarity of the channel. Finally, we saw that for MSs moving at
a constant velocity, the steady-state tracking MSE is worse for a MIMO systei
than a SISO due to the additional paths that must be tracked. For example, for
a 100 MHz sampled symbol-sampled SV channel and a MS moving at 120 kin/l,
the tracking MSE is 10 dB worse for the 2 x 2 MIMO channel than for the SISO.

In Chapter 4 inversion criteria for a broadband MIMO equaliser were statoed,
and some mathematical tools were introduced which were used during the devel-
opment and can be used for the equaliser calculation, such as the pseudo-inverse
and method of regularisation. An alternative possibility of using pre-distortion
at the transmitter was highlighted. Fractionally-spaced equalisation was bricfly
introduced. The chapter continued to a coverage of three techniques for ana-
lytically inverting the broadband MIMO chanuel, namely in the z, time and
frequency-domain. The choice of equaliser filter lengths and also the cffects of
channel estimation errors and noisy adaptation on the calculated channel inver-
sion were explained. An alterative fully adaptive method of finding the ecualiser
was covered and its advantages and disadvantages were covered. Finally, simu-
lation results were presented showing the performance of systens created using
the techniques developed in this chapter. Whilst the z-domain inversion method
was capable of outperforming the others at high SNR it could not always he
used and was prone to stability problems. The time-domain method results in a
MMSE FIR equaliser but calculation was computationally intense. The frequency-
domain method resulted in MSE performance approaching MMSE at low SNRs
but worsened at higher SNRs when the circular convolution errors became signifi-
cant relative to the noise. However the computational cost involved in calculation
is much less than the time-domain method and the circular convolution effect
could be partly alleviated using the method of regularisation, meaning that in
general the frequency-domain method gave the best compromise in terms of MSE
performance and computational cost. Channel estimation errors had the potential
to affect derived equalisers, but by applying temporal averaging to the channel
taps during an ergodic portion of the adaptation, performance could be improved.
Direct adaptive inversion was generally far too slow to be useful starting with no

channel state information. Finally, tracking simulations for an MSs moving at 120
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km/h showed that an acceptable MSE hence BER could be maintained, albeit in

some cases this was borderline.

In Chapter 5 the method of subband signal processing was introduced, where a
signal or system is split into many frequency-bands, and any signal processing task
1s performed in these subbands independently. Subbaud systems have encrged as
a way to potentially reduce the comuputational cost of signal processing algoritluns,
something which is needed for large and complicated broadband MIMO systeins,
while in some cases improving associated performance. The chapter continued
by covering the basis of multi-rate operations, modulated filter banks and over-
sampling to solve the problem of interdependence between adjacent subbands, The
properties of subband systems were then briefly described, before implementing the
fullband inversion techniques of Chapter 4 in subbands. Finally, the performance
of systems implemented using subbands in terms of computational cost, adapta-
tion, CER MSE and BER was shown. For subband adaptive identification the
adaptation was always slower and reached a worse final MSE than fullband iden-
tification. The relative complexity between subband and fullband identification
depends on the relationship used between the equaliser lengths, but the simula-
tions show that the subband method is often capable of delivering computational
savings. Despite the worsened MSE performance, subband adaptive identification
is a necessary step if subsequent subband analytic inversion and subbaud adap-
tive tracking are to be performed. The simulations showed that subband analytic
inversion is capable of delivering comparable MSE performance as the fullband
system, but at significantly lower computational cost. Apart from cost reduction,
the other benefit arises from potentially imiproved convergence and tracking when
spectrally coloured inputs are used, such as is the case when the equaliser itself to
a frequency-selective channel is to be obtained or tracked. The siinulations showed
that for highly frequency-selective channels, the subband system was often able
to achieve an improved steady-state MSE for time-varying channels when com-
pared to the fullband systemn. Overall we found that subband systems are most
suited to highly frequency-selective channels, chaunels with an impulse response
comparable or relatively long compared to the subband prototype filters length

and time-varying channels where tracking is required.

In Chapter 6 the principle behind fractionally-spaced equalisation (FSE) was
shown. The chapter explained that FSE can perform both the task of matched
filtering and symbol-spaced equalisation (SSE). It then developed a polyphase
representation of FSE, before developing zero-forcing FSE. Equalisability was cal-
culated in the frequency domain and noise-enhancement effects were shown. Next,

the minimum mean squared error (MMSE) FSE was calculated, and we saw that
MMSE FSE outperforms MMSE zero-forcing FSE- with FSE there are an infi-
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nite number of zero-forcing equalisers, one of which gives the NNSZFE solution.
The chapter explained how FSE can be used to equalise MINO systews that arve
rank-deficient, and hence unequalisable, wlen sampled at the symbol rate. It
also showed that the FSE performance of rank-deficient MIMO systeis depends
on the band-limiting of the channel. Next the chapter covered how FSE may
be applied to subband systems, creating a subband adaptive MIMO FSE, hefore
finally showing and explaining the results of numerous simulations. When the
equaliser is obtained by adaptive identification followed by analytic inversion, the
fullband fractionally-spaced system outperforned the symbol-spaced system by a
considerable margin. The same performance improvements arose for the subband
system comparison but to a lesser extent. Though the fullband fractionally-spaced
equaliser showed better MSE performance than the subband version, the cost was
again less for the latter to the extent that for the 1 GHz-sampled SV channel
only the subband version was practicable. For adaptive inversion however, the
subband method exhibited markedly better convergence performance for the SV
channels. This translated to an improved steady-state MSE of the order of 1 or 2
dB for time-varying SV channels. Lastly of the simulations, results are shown for
the MSE performance of FSE equalisers for MISO channels that are rank-deficient
when sampled at the symbol rate. For the SPIB channel, for example, the MSE
performance at high SNRs is quite reasonable, meaning that in the extreme case
of a MIMO channel where the sub-channels are so correlated that the system
collapses to a MISO, FSE can be used to recover some of the MIMO Dbenefits.

Early in this treatise, MIMO channel capacities were discussed. The capacities
of the two channels used throughout this discourse— namely the symbol-spaced
SPIB and a symbol-spaced channel based on the Saleh-Valenzuela niodel sampled
at 100 MHz (SV100M)— were shown in Chapter 2. A fitting way to conclude
this thesis is to compare the capacities of channel-equaliser systems for various
equalisers calculated using the many methods examined in this work. Figure 7.1
and Figure 7.2 show the capacities for equalised SPIB and SV100M chammnels, re-
spectively. The upper lines in both figures represent the bound of the isolated
channels, and the closer the post-equalised systemns reach this bound the greater
their information-bearing capacity. In both cases we see that, as expected, the full-
band inversion achieves the greatest capacity, irrespective of whether the initial
adaptive identifications were performed in the fullband or subband domain. How-
ever, as was demonstrated in Chapters 5 and 6 the subband approach potentially

benefits from improved equaliser tracking and lower computational complexity.

It would be interesting to see a framework of all the various methods and processes
we have considered in this thesis in graphical form. Clearly the many different

techniques considered in this thesis afford us many different ways of inverting a
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Fig. 7.1: Capacity of SS SPIB channel, and Channel-Equaliser systems using the

various methods covered in this thesis.
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Fig. 7.3: Flow chart showing possible methods of inverting a channel and imple-

menting and tracking an equaliser.

channel and implementing and tracking an equaliser. Figure 7.3 shows a schematic
flow chart of all possible combinations of the various techniques. It shows the
various ways of initially finding the equaliser, by either adaptively inverting the
channel, or adaptively identifying it and subsequently analytically inverting it. It
also shows ways of tracking the equaliser, by for example tracking the channel
itself and performing an analytic inversion as and wlen required, or tracking the
equaliser directly. It is broadly split into fullband techniques on the left and
subband on the right, and also shows some “cross-over” paths where we may wish
to change from subband to fullband processing, for either reasons of computational
cost or to achieve a lower final MSE if the subband iniplementation is inadequate.
Of course some paths are more useful than others— some we would rarely want
to take— and the most desirable path or paths inevitably depend on many factors
such as channel and equaliser length, the spectral dynamics of the channel as
well as what the optimisation objectives are. Fractionally-spaced systems are not
included in the diagram since in general these always perform better than symbol-

spaced systems, hence they should always be used.
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The overall conclusions that we may draw from this work is that the subband
technique has demonstrated itself to be a powertul method for reducing the com-
putational cost involved in tracking highly frequency-selective channels where the
channel impulse response and required equaliser length are both long relative to
the subband prototype filter length. For shorter channels the advantages diminish
and in some cases the subband solution is clearly undesirable. Another powertul
feature demonstrated by the subband method is its improved ability to track the
equaliser of a fading broadband MIMO channel at a lower computational cost. We
have seen that generally time-domain analytic inversion will result in the best MSE
and BER performance, but frequency-domain inversion has a much lower associ-
ated computational cost. Finally, we have seen that fractionally-spaced subband
adaptive MIMO equalisers are capable of providing the best MSE performance for
highly broadband and hence frequency-selective channels at a reduced computa-
tional cost.

7.2 Outlook

A potentially interesting extension to this work would be the development of a di-
rect projection method from the subband time domain to the fullband frequency
domain. Presently two steps are necessary in this conversion— i) converting the
subband time representation into the fullband time representation using the equiv-
alent fullband method outlined in Section 5.3.2.1, and ii) converting to fullband
frequency domain through use of a FFT. By recognising that the subband repre-
sentation is already part of the way towards a fullband frequency domain repre-
sentation, since the signals are represented in tlie time domain but in a nuuber
of discrete frequency bands, it becomes clear that it should be possible to convert
these directly into the frequency domain within each subband and combine the

resulting responses so that the fullband frequency representation results.

Other fields of research that remain open to further investigation are areas such as
the effects of spatial dynamics mentioned in Chapter 2, using the RLS adaptation
algorithm in place of the NLMS which has been used through-out this thesis, and

performing adaptation and/or signal processing in the frequency-domain.

Much of this work used idealised channels or channels that are not specifically
MIMO, but have been used as MIMO by implementing multiple SISO models.
Whilst this was adequate for our purposes, it does not take into account any spatial
effects that would arise from antennas that are physically located in close proximity
to one another, and hence the sub-channels would display some correlation. It
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would be interesting to model these spatial dynamics and observe their effect on

the systems developed in this thesis.

The adaptation algorithm used through-out this thesis has been based ou the
NLMS. Another algorithm that was touched upon was thie RLS. It was considered
in Chapter 3 but discounted due its greater potential for stability problems and
computational cost. It would interesting, however, to further investigate the use
of this or other algorithms and try to overcome their problems, since the RLS
algorithm has a much greater potential adaptation rate and could potentially
display far superior performance than has been shown in this thesis using just the

NLMS algorithm.

All the equalisation techniques in this thesis have been perforiied in the time-
domain or subband-domain, though even in the subband domain, signals are still
represented as time sequences within each subbaund. In Chapter 4, a method
of calculating an equaliser in the frequency-domain was shown, but it was only
the calculation itself that was performed in the frequency-domain; the resultant
equaliser was still implemented in the time or subband domain. There is a large
field of work however where any adaptations and the processing of the signals
themselves are all performed entirely in the frequency domain. A possible avenue of
investigation would be to study where there is an overlap between these techniques
and those that have been studied in this thesis, and by taking the best or most
promising parts of all these methods, to create more superior still wideband MIMO

equalisers.




Appendix A

Fading Channel Model

A.1 Rayleigh Faded Doppler Fading Channel

The fading caused by movement through space is Rayleigh, and by taking the
speed of the MS into account we apply a smoothing or Doppler filter, because at
normal speeds the MS is unlikely to move far enough in one symbol period for
the fading coefficient to be un-correlated to previous ones. To understand this we
must consider the Doppler spread of a signal transmitted from a moving MS to a

base station (BS), shown in Figure A.1.

It is well-known that if the transmitter moves towards to receiver and the signal
travels along the direct path the signal will experience a shift in frequency upward.
The opposite is true if the transmitter moves away from the receiver. This shift
is known as the Doppler shift. However in the multi-path envirommnent shown in
Figure A.1 there are several paths from the MS to the BS. Note that although
all environments are almost always multi-path to some extent they inay still he
flat in the frequency domain, as the coherence bandwidth may be greater than the
signal bandwidth. In this case, whatever the direction of movement it is likely that
some of the signal paths may shorten by varying amounts, and so the signal will
experience an upwards Doppler shift, but some will lengthen by varying amounts
and so will experience a downwards Doppler shift. The effect of this is that if
a carrier frequency, f., is transmitted from the moving MS it will be spread hy
the Doppler effects, and a spread version will be received at the BS. The amount
of spreading can be characterised in the frequency domain by an amount known
as the Doppler spread, f;. The relationship between the Doppler spread and
the symbol bandwidth determines whether the channel is termed slow-fading or
fast-fading. If the Doppler frequency is much less than the symbol bandwidth

the channel is slow-fading, and vice versa. In reality, most real channels used for
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Fig. A.1: A MS moving through a multi-path environment.

mobile radio communication are slow-fading, and a fast-fading channel would be
very difficult if not impossible to adaptively track. The Doppler spread is directly
related to the speed of the MS, v, and the signal’s carrier frequency, f,,

v/,

y
C

Jfa= (A1)

where ¢ = 3 x 10® m/s, the speed of light. For example a MS transmitting at 1800
MHz and moving at 120 km/h will have a Doppler spread of

120 km/h x 1000 m/km x 1800 MHz x 10° Hz/MHz
= 3600 s/h x 3 x 108 m/s

Ja =200 Hz, (A.2)
which means that if the symbol bandwidth is inuch greater than 200 Hz the chanuel
will be slow-fading. From this it is possible to use the Doppler filter, through which
a Rayleigh signal is passed, to create a Doppler Rayleigh faded channel envelope
appropriate for the speed of the MS [23,173,174]. The power spectral density
(PSD) of the Doppler filter depends on the azimuthal gain pattern of the antennas
and the signal distribution as a function of the azimuthal angle of departure, but if
we assume a vertical \/4 antenna, where the azimuthal gain is uniformly 1.5, and

a uniform signal distribution then the PSD of the Doppler filter is given by [23]

S(f) = ' { (A.3)

and zero elsewhere. Note that as f; — oo then the channel becomes that of the
unfiltered Rayleigh-fading model in Section 2.4.2.2. This PSD is shown graphically
in Figure A.2. We may also perform Doppler filtering in the baseband, in which

case we set f. = 0.
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Fig. A.3: A baseband Doppler-filtered Rayleigh fading simulator.

To create the Doppler-filtered Rayleigh fading envelope, we use the approach
shown in Figure A.3. The most computationally efficient way to perform the
simulation to create the Doppler-filtered Rayleigh fading envelope is to multiply
the spectrum of the Gaussian noise sources by the square root of Doppler filter
PSD and then perform an IFFT to obtain the time-domain representation. The
in-phase and quadrature are then vectorially combined. A further opportunity to
reduce the computational load now arises as the spectrum of a Gaussian process
is also Gaussian. Therefore rather than generating the Gaussian noise in the
time-domain and then performing an FEFT to transform this into the frequency-
domain we may simply use a scaled Gaussian signal directly as the spectrum. The
Gaussian must first be multiplied by a factor of 1/y/2f,, to maintain a signal power
of unity in the time-domain. This frequency-domain implementation is shown in

Figure A.4.
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Fig. A.4: A frequency-domain implementation of a baseband Doppler-filtered

Rayleigh fading simulator.

A problem with the PSD is that at the filter edges the PSD tends to infinity.
When we are performing any computations is discrete time, as is always the case
in digital signal processing, we must set the PSD at the filter edges to a finite value
to make any computations involving the filter possible. A conmumon approach is to
calculate the gradient of the PSD just prior to the edges and to extend the slope
to the band edge. We may then scale the whole response so that it results in unity
power gain, unaffecting the power of any signal passed through it. Hence, assuming
a normalised response with respect to fy, the edge coeflicients, S(— fy, fa), are given
by

S, B =28l — 1) —S(f— 2. (A.4)

Using the previous example of an MS moving at 120 km/h and with f. = 1800
MHz, resulting in f; = 200 Hz, we can now simulate using the frequency-domain
simulator implementation a typical Doppler-filtered Rayleigh fading envelope for

this MS, and this is shown in Figure A.5.

If we have a time-dispersive channel we may use several Doppler-filtered Rayleigh
fading simulators in conjunction with the corresponding time-delays as shown in
Figure A.6, to produce frequency-selective fading effects. Each Rayleigh simulator
must be independent of all others. The gains ag to ay are determined by the
impulse response discussed in Section 2.4.1. One of these channels would be needed

for each element in H.

Finally, other models exist that in some cases may prove more suited to the envi-
ronment we are attempting to characterise. For example, instead of the Rayleigh
model we may use a Rician model [23] which is similar except that it also con-

tains a single line of sight component. However, in this thesis we will only use
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Rayleigh-based models in simulations.




Appendix B

MIMO Capacity Derivations

B.1 Linear MIMO Capacity Increase

Derivation to shown that the MIMO capacity, C, increases approximately linearly
with the number of transmitters, M, assuming that P > M where P is the number

of receivers.

C = log, det (IM + Np]HHH) ,

where Iy, is an M x M identity matrix. Continuing, we have

£{C} = log et (Tn + %S{HHH}) .

Assuming the element of H are all complex Gaussian i.i.d. we have

E{C} = 10g2 det (I]v[ + %Ojle) ,

and assuming ¢? = 1, so

E{C} = logydet (IM + TCTIM)
= log, (1+4)"
Mlog, (1+ %)
Mlog, (&) for &> 1
M [log, p — log, M|
Mlog, p for p > M.

Q

Q

Q

Notice that the condition p >> M is the same as the previous condition £ >> 1,
so this the necessary and sufficient condition for this to be a good approximation.
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B.2 Limiting MIMO Capacity

Derivation to find the limiting capacity of a MIMO system as M tends to infinity.

limpr oo E{C} = limpreo M log, (1 + -1%)
Min(1+4£)
In2

1 Jim in(1+%)
In2 M—oo ™ pr-1

== linl]\,[_.oo

Both numerator and denominator tends to zero so we invoke I’Hopital’s rule

yielding

) ) d/dM (In(1+£
s €0} = gglimure “itiy B
ﬁ limM_.oo [ +p_/M)_-;p

= g limar—co p/ (1 + p/M)

£
In2°




Appendix C

Multi-channel MMSE Solution

C.1 Multi-Channel MMSE Equaliser - Regularised

Pseudo-Inverse Equivalence

The regularised pseudo-inverse takes the form (HZH,. + SI)"'HY, where H, is
the convolutional matrix of the channel. We would like to show that the Wiener-
Hopf solution is equivalent to this and find an expression for 8. The following
derivation is is valid for the time-domain representation described in Section 4.2.2.
We simplify the derivation considerably is we assume R, = I, i.e. unity power
random white Gaussian inputs. Notice that the Wiener-Hopf solution places the
inverses of the MIMO channel into columns, however we require the inverse to be

in the rows therefore we must work with g

Hence performing the calculation of the columns of G one at a time, and exploit-
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ing the Singular Value Decomposition. H. = USV# we have

g = ((HR.H +R,)'Hd,)" (C.1)
d#u? (HJIHY +R,)' (C.2)

dZHY (USVVSH#UY +R,)' (C.3)

dZHY (Uss”U” + R,)' (C.4)

dZH? (U(ss” + UYR,U)UH)! (C.5)
d?vsfufu(ss” + U"R,U)'U” (C.6)
d?vs#(sst  U"R,U)" IS~ 'VHEVSHUH (C.7)

aZ (vst(ss” + R, U)s'VH) T HY (C.8)

aZ (vsfutu(ss” + UPR,U)S V)T HY (C.9)

af (Hfu(ss” + UYR,U)S'VH) T HY (C.10)

aZ (Hfusvivs l(ss? + UPR,U)S ' V) HY (C.11)

a? (HH.vs~'(ss” + U'R, U)s~'Vv) ™ HY (C.12)

a? (H'H.(VS~'ss?s~'v7 + v§—'UPR,US'VH) T HH(C.13)

dff (HIH.(L+ HIR, (H)H) ™ HY (C.14)

a” (H"H, + H'HH/R,HN " HY (C.15)

¥ (HYH, + HIR,(H))) T HY (C.16)

We have assumed that R, = I. In several steps we have exploited the fact

that S7'S¥ = I. In (C.1) we have used that (H.R,H” + R,)! is Hermitian. In
step from (C.5) to (C.6) we have used (U(SS¥ + U'R,U)UM)T = U(SS" +
U4R,U)"'U#. In the step from (C.7) to (C.8) we have used VS (SS# +
UYR,U)"'S"'VH = (VSH(SS¥ + UPR,U)S~'VH) ™", Finally, in (C.14), (C.15)

and (C.16) (HZ)' is the zero-forcing pseudo-inverse of the Hermitian of the chan-

nel, which is quite easy to calculate.

Hence we have proved the theorem with 4 = HZR,(H)!. Further if all the

noise powers are the same, o2 we have

g — d' (HYH, + 021) "' HY (C.17)




Mathematical Notation

(General Notation

scalar quantity

vector quantity

matrix quantity

function of a continuous variable ¢

function of a discrete variable n

Relations and Operators
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rank{A}
tr{A}

fractional representation

hermitian (conjugate transpose)

transpose

complex conjugate

polyphase representation

para-hermitian (time-reversed conjugate transpose)
pseudo-inverse

expectation operator

estimate

gradient operator

rank of A (number of linearly independent rows)
trace of A

Symbols and Variables

T ®EE > >

delay

eigenvalue

step-size parameter, LMS algorithm

normalized step-size parameter, NLMS algorithm

signal-to-noise ratio
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variance

delay / lag

cost function

(angular) frequency

normalized (angular) frequency §2 = wTy, with sampling period T
analysis filter bank

analysis filter polyphase matrix
Channel-equaliser response

weight error vector

samples from a Gaussian random variate
capacity, computational complexity

desired signal

adaptive filter error signal

SISO flat channel gain

channel response between transmitter m and receiver p
MIMO channel matrix

MIMO equaliser matrix

identity matrix

number of subbands

adaptive filter length

number of transmitters

decimation factor

number of receivers

correction co-efficient

cross-correction between z and d
auto-correlation matrix

up/downsamping factor for fractionally-spaced equalisation
synthesis filter bank

synthesis filter polyphase matrix

number of multi-channel adaptive filter inputs
number of multi-channel adaptive filter outputs
multi-channel adaptive filter input

adaptive filter state vector

multi-channel adaptive filter output

adaptive filter coefficients vector

optimum coefficient vector

MIMO channel output

MIMO channel output
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