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ABSTRACT 

UNIVERSITY OF SOUTHAl\IPTON 

A Final Thesis for PhD by Viktor Bale (l\IEng) 

Computationally Efficient Equalisation of 
Broadband Multiple-Input Multiple-Output Systems 

Multiple-input multiple-output (MIMO) systems arc cncountered for exalllple ill 
communications, if several transmit and receive antennas are employed, such that 
a separate transmit channel exists between every possible pairing of tra.llsmitter 
and receiver antennas. As a result of this spatial diversity, the channel capa,city is 
dramatically increased over the single-input single-output (S1SO) case. While this 
increase is desired, the use of high data rates requires sophisticated equalisation 
and/ or detection schemes in the receiver to compensate for spatial alld telllPoral 
dispersion in broadband MIMO channels, since a time-dispersive, in additioll to 
spatially-dispersive channel, must be assumed. The estimation of the broacllmlld 
MIMO channel or its inverse in general are difficult and call for trainillg seqnences 
that reduce the slot time for the transmission of actmtl data, which may cOllllt(~n1,(t 
the promised gain in channel capacity. Another problem can be the computational 
cost since in many systems this will be at least linearly proportional to the added 
spatial diversity. 

This thesis is concerned with the application of techniques that filld the best 
broadband MIMO equaliser in terms of MSE or BER. performance while keepillg 
the computational cost as realistically low as possible. It examines established 
adaptive and analytic methods of doing this and then moves on to the application 
of subband adaptive filtering techniques to perform M1MO channel equalisation 
and detection, since this technique has been found to give considerable advantages 
with respect to computational complexity and convergence rate for related S1SO 
applications. For many slow-converging low-cost adaptive algorithms applied to 
the inversion of channels, the convergence rate can be increased by use of subballd 
processing, where, in independent frequency bands, separate smaller-scale adaptive 
algorithms are operated at a reduced update rate. We will apply such methods to 
the identification and inversion of M1MO channels. Fractionally spaced systems 
also are known to outperform their symbol-spaced counterparts hence these arc 
factored into the subband MIMO systems developed. 

Many simulation results demonstrating the benefits of M1MO systems with re­
spect to the channel capacity, the performance of various adaptive and analytic 
MIMO inversion techniques and the potential complexity and convergence rate im­
provements of the subband approach in the MIMO context are presented. Adap­
tation to MIMO systems generally take much longer than for SISO systems. For 
adaptive identification the time increases by an amount approximately equal to 
dimensions of the MIMO system. A frequency-domain inversion method shows 
the best performance compromise between MSE and BER. performance and the 
requirement to minimise computational complexity, though it suffers from inac­
curacies at high SNR. values. The subband approach shows benefits for highly 
time-dispersive channels, and its potential improvement in tracking ability for dy­
namic channels means it can be beneficial in time-varying fading environments. 
Finally, fractionally-spaced equalisation often show considerable benefits and is 
even capable of equalising channels that are not possible to equalise using stan­
dard symbol-spaced methods. 

m 
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Chapter 1 

Introduction 

1.1 Research Motivation 

In recent years, theoretical and practical investigations [1-4] have shown that 

it is possible to realise enormous channel capacities, far in excess of the single­

input single-output (SISO) capacity given by the Shannon, or Shannon-Hartley 

law [5]. The transmission rate can be increased by a rich multipath scattering 

environment if the environment is exploited correctly [1]. This in itself is a novel 

concept as, in the past, a highly scattering environment has often been perceiveo 

as a problem. With multiple-input multiple-output (MIMO) systems it is this very 

nature of the environment that makes high capacities possible, as several channels 

can be realised in the same time, space and frequency if the environment makes 

the response of each of the SISO sub-channels comprising the MIMO channel 

sufficiently different. Initial pioneering work employed this capacity in the form of 

space-time coding to improve the reliability of the link [6,7], and later information­

theoretic results proved that using MIMO systems can indeed increase the capacity 

beyond that of the Shannon law [1,2]. More recently, practical MIMO systems 

have been designed and created, which have confirmed through experimentation 

the theoretical results previously shown [3,4]. Although the concept of MIMO 

systems has many applications, such as acoustics [8], this work will deal with 

radio communications channels. 

A MIMO system has more than one transmission point and reception point, 

with the transmitted signals travelling through the same medium at the same 

time, and in the case of modulated radio communications, in the same frequency 

band. As a result, the transmitted signals are superimposed at the receivers. The 

receiver is required to separate the signals from these multiple antennas and to de­

correlate them to recover the transmitted data streams. Figure 1.1 shows a high 
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Fig. 1.1: A high level schematic of a MIMO system used for radio communica­

tions. 

level schematic of a MIMO system used for radio communication. The ta k of 

separating multiple signals is not particularly difficult if the sub-channels are flat 

in the frequency-domain, and a large portion of previous work into MIMO systems 

only considers this case. Although the transmission environment is required to be 

highly scattering for MIMO systems to reach their full potential, if the symbol 

transmission period is long relative to the delay spread, then the sub-chann Is will 

indeed be flat. One of the primary goals of MIMO systems however i to incr a 

as much as possible the transmission rate , and hence it would be more realistic to 

consider high date rate systems where the channel is broadband and frequency­

selective. In this case the inversion of the MIMO system which is a require 1 step 

towards finding the MIMO channel equaliser can become a very complicated task. 

Hence we have two layers of complexity- that that the channel is MIMO , but also 

that the channel will introduce inter-symbol interference (181). The choice of the 

modulation scheme is unaffected by the fact that the system is MIMO. 

The multiple inputs to the MIMO system in Figure 1.1 can have a number of 

sources. Firstly, a single user signal could be de-multiplexed into the multiple 

inputs. In this way the extra capacity provided by the MIMO system is used 

for this one user , resulting in a large potential increase in the data rate [3 , 4]. 

This simplicity at the transmitter is one of the reasons why MIMO systems can 

be so appealing, and this is the application upon which this thesis will mainly 

focus. Another possibility is to have a multi-user system with one user on each 

antenna, meaning that although each user still has the same data rate as with a 

8180 system, the total spectrum required to support all these users is no greater 
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than that required to support a single user. A third possibility is to have a spac -

time coded system operating over the mult iple antennas , where the capacity of 

the MIMO system is employed to improve the quality and robustness of the link, 

thereby reducing the bit error rate (BER) for the same data rate [9- 11J. 

The field of MIMO systems adds a new dimension to t he complexity of signal 

processing algorithms. In general, any existing signal processing algorithm that 

operates on a 8180 system can be applied , in a modified form, to MIMO sys­

tems. For example, an adaptive algorithm that converges an adaptive filter to 

the inverse of an unknown 8180 channel can be modified to work for a MIMO 

channel. However, with this not only does a signal processor have to leal with 

the adaptation algorithm, the individual data streams must be equalised and de­

correlated as well. Therefore, whatever the complexity of a 8180 signal processing 

algorithm, an equivalent algorithm implemented for MIMO systems will always 

be more complex due to the multitude of sub-channels and the additional task 

of MIMO detection. As MIMO systems rely on a rich multi-path environment , 

complicated sub-systems are required to process the signals passing through these 

sub-channels. The problems are further exacerbated when each 8180 'ub-channel 

comprising the MIMO system may be wideband or broadband, where each channel 

has a long impulse response. When identifying the channels, the convergence speed 

of an adaptive system is also an issue as the algorithm may converge . 'lowly for 

complicated systems. Considering all these factors , it is evident that complexity 

may be a problem. 

Despite the continual increase III processing power available on digital signal 

processors , the emergence of new processing algorithms such as required for MIMO 

systems places ever-increasing demands on these processors. 8ubband techniques 

have emerged as an interesting and efficient method for digital signal processing, 

lowering the computational requirements of the processors on which algorithms 
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are implemented and additionall.y often increasing other performance III l'asurt's, 

such as the convergence speed of adaptive algorithms [12]. Figure 1.2 shows a 

simple sub band system comprising an analysis and synthcsis filter bank. The 

analysis filters split the input signal into a lllunber of frequency bands, and the 

signals in each of these bands may be down-sampled ctccording to their reduced 

bandwidth. In the synthesis filter bank the sub band signals are up-sampled Huel the 

synthesis filters reconstruct the full band signal. Between the analysis amI synthesis 

banks, any signal processing tasks can be applied. Due to a reduced update 

rate during adaptation and shorter filters compared to a fullband implementation, 

computational savings arise when using this subband approach. In additicHl, the 

parallel structure and the characteristics of the subband spectra can be beneficial 

for processing. 

As subband processing has had excellent results for very complex SISO systcms, 

it may provide a solution to the problems caused by the complexities introduceel 

by MIMO systems. There is likely to be advantage in fusing the two areas of 

MIMO systems and subband processing in an attempt to be able to implement 

complicated MIMO algorithms on modestly powered signal processors. It is the 

aim of this study to create and evaluate the performance of a subband broadband 

MIMO channel equaliser at the receiver. 

Finally, fractionally-spaced equalisers are known to outperform their symbol­

spaced counterparts. Where final achievable performance is limited by additional 

sources of error inherent in the subband approach, sampling the input at fractions 

of a symbol period can improve the performance. Hence performing fractionally­

spaced sampling in a subband MIMO equaliser is an interesting topic, especially 

since both subband systems and fractionally sampled equalisers can be expressed 

in polyphase form. 

1.2 Overview 

Chapter 2 sets the scene for the rest of the thesis. It starts by giving a background 

overview of the history and recent developments in MIMO systems. It formally 

introduces MIMO channels, reviews their possible capacity and explains different 

categories of MIMO channel which have an effect of the capacity, namely uncor­

related high-rank, uncorrelated low-rank and correlated low-rank sub-channels. 

Several suitable channel models are developed which are characterised by their 

behaviour in the frequency, time and spatial domains and these are used in sim­

ulations throughout this thesis. Finally we summarise this chapter and motivate 

the development of multi-channel adaptive systems. 
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Chapter 3 formulates the theory behind optimum and adaptive multi-dwllnd 

filters. One way of creating an equa1iser for an unknown broadbaudl\Hl\IO chaunel 

is to identify the channel or its inverse in some mamwr, and an adaptive algorithm 

will be used for this purpose. The chapter progresses to describe the multi-dw.lllwi 

least mean square (M-LMS) adaptation algorithm, which can be used to adapt to 

unknown MIMO systems, before giving an overview of various convcrgence prop­

erties. A modified version of the M-LMS, the normalised M-UvlS (l'vl-NLMS) 

algorithm, will then be introduced and its advantage over the M-LMS explained. 

The NLMS algorithm will be used as the adaptation algorithm of choice in this 

thesis. The chapter moves on to giving a brief overview of other candidate adap­

tation algorithms that could be used. Finally, adaptation and dynamic channel 

tracking simulation results are shown before drawing conclusions. 

Chapter 4 starts by covering the basics of MIMO channel inversion, and explains 

inversions methods and criteria. The pseudo-inverse is introduced as a method of 

inverting rectangular and rank-deficient matrices and the method of regularisation 

is shown as a powerful tool in solving ill-posed problems that can arise when invert­

ing MIMO systems. Although throughout this thesis we assume that the MIMO 

channel will be equalised at the receiver, we briefly discuss the alternative possi­

bility of using pre-distortion at the transmitter. We also briefly formally introduce 

fractionally-spaced equalisers. The chapter moves on to developing in some detail 

three analytic inversion techniques, namely z, time or frequency-domain, that can 

be used to calculate an equaliser to a known broadband MIMO channel, which 

has been previously adaptively identified for example. It then explains how to 

choose the length of an FIR equaliser and mathematically explains the effects of 

channel estimation errors, where the adaptive channel identification has not been 

executed until convergence and of noisy channel estimation, where noise limits the 

attainable adaptation accuracy. A fully adaptive technique of finding the chan­

nel equaliser is then shown and convergence characteristics explained. Finally, we 

give a brief overview of other adaptive equaliser methods before showing extensive 

simulation results and drawing conclusions in a summary. 

Chapter 5 introduces the concept of subband processing and reviews its advan­

tages over the standard method of fullband processing. It starts by introducing 

multi-rate signal processing operations and modulated filter banks which are the 

building blocks of subband processing and explains the relative advantages and dis­

advantages of critically-sampled versus oversampled subbands. We briefly cover 

the properties of subband systems, before building up and explaining adaptive 

MIMO channel identification systems and analytic inversion methods in subbands. 

In each case we state or calculate the computational cost of the processes as the 

reduction of this is one of the often-quoted advantages of performing signal pro-
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cessing operations in subbands. vVe also show the subband implemelltatioll of 

fully adaptive lVIIMO system illversioll alld explain potelltial advalltages OWl' the 

fullband method in terms of convergence speed alld computational cost. Fillally 

we show extensive simulation results and compare performances to the equivalellt 

fullband system results in Chapter 4, before summarising the chapter. 

Chapter 6 begins by covering the prillciple behind fractiollally-spaced equalisa­

tion (FSE) and how it can outperform symbol-spaced equalisers (SSE). It explains 

that FSE can perform both the task of matched filtering and SSE. It then develops 

a polyphase representation of FSE, before developing zero-forcing FSE. Eqllalis­

ability is calculated in the frequency domain and noise-enhancement effects are 

shown. Next, the minimum mean squared error (MMSE) FSE is calculated, and 

we see that MMSE FSE outperforms MMSE zero-forcing FSE - with FSE there 

are an infinite number of zero-forcing equalisers, one of which gives the MMSE 

solution. The chapter explains how FSE can be used to equalise MIMO systems 

that are rank-deficient, and hence unequalisable, when sampled at the symbol pe­

riod. It also shows that the FSE performance of rank-deficient MIMO systems 

depends on the band-limiting of the channel. Next, the chapter shows how FSE 

may be applied to subband systems, creating a subband adaptive MIMO FSE, 

before finally showing and explaining the results of numerous simulations. 

Chapter 7 summarises the main findings of this thesis and puts forward ideas 

for future work. 

1.3 Thesis Contribution 

The novel contributions of this thesis are: 

• Linear adaptive filters have been extended to the multi-channel case for use 

with MIMO systems. Their performance has been analysed and compared 

to the SISO case for both static and time-varying environments. 

• Three analytic and one adaptive MIMO inversion methods - the z-domain, 

time-domain and frequency-domain - have been developed and analysed. 

The relative advantages and disadvantages of these techniques have been 

shown in terms of performance and computational cost [13,14]. 

• In a noisy environment, the pseudo-inverse of a MIMO channel regularised 

by the noise-to-signal ratio has been shown to be equivalent to the MMSE 

Wiener-Hopf MIMO equalisation solution. 
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• The limitations of the computationally efficient frequency-domain aualytic 

~nMO inversion method in high SNR conditions have been shown. A solu­

tion to this problem has been examined and performance shown. 

• Subband processing techniques have been proposed and for MHvIO chan­

nels with a long delay-spread we have shown that the method can lead to 

significant computational reduction [15,16]. For time-varying channels the 

subband method can result in superior tracking performance and thi::; ha::; 

been shown in simulations. 

• By harnessing fractionally-spaced signal processing, improvements to MIMO 
equaliser tracking performance for dynamic channels have been ::;hown using 

both fullband and subband processing technique with the subband method 

performing better in some cases [17]. 

• The analysis of MIMO FSE in Chapter 6 is novel work. 

• Showing how FSE MIMO systems can be used to equalise systems that would 

be rank-deficient when sampled at the symbol rate. 



Chapter 2 

MIMO Channels 

This chapter will provide an overview of the recent research activity relating to 

MIMO systems. It will formally describe the MIMO system and outline a number 

of models that may be used to characterise typical MIMO channels. Further, it 

will state and explain the MIMO capacity equation and discuss various issues that 

may affect this. The chapter ends with a summary of the main issues. 

2.1 MIMO Background 

Although research in the field of MIMO systems is now maturing, it is still a fairly 

new topic that was popularised by ground-breaking papers by Foshini ot al. [6] ill 

1996 on a MIMO detection algorithm and information-theoretic results again by 

Foschini in 1998 [1] and Telatar in 1999 [2]. An interesting historical note is that 

although Telatar first made the breakthroughs in 1995, they were circulated in the 

form of an internal memo at Bell Labs and were published only in 1999. 

Although the above authors popularised this area for research, there were a few 

research papers on MIMO systems in radio communications prior to this. Possibly 

the earliest paper on MIMO systems was published in 1977 by Nichols of; 1'11. [18]. 

Their work was intended to counteract the cross-channel interference (CCI) in 

dual-polarised radio communications and cross-talk in multi-wire systems, and 

is therefore directly relevant to our work. It investigated the detection of two 

signals passed through a 2 x 2 non-time-dispersive MIMO channel and received 

by two antennas, based on the mean square error (MSE) and maximum likelihood 

(ML) criterion. The minimum mean squared error (MMSE) solution was found 

by a gradient-descent adaptive process and required no knowledge of the channel, 

whereas the ML detection (MLD) method required channel knowledge. The work 

showed favourable results when compared with no cross-talk cancellation. 
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One other early work was performed by Salz in 1985 [19], which Wi:1S similar to 

that of Nichols et al. except that he dealt with a N x N MIl\IO system and the 

intended application was again duC'tl-polC'trised radio systems as well as ucgatiug 

the cross-talk and eel in frequency/time-division multiplexing, cordless private 

branch exchanges (PBX), spread-spectrum multi-user systems and multi-sensor 

radar / sonar systems. His work gave a mathematical treatment of the equalii:iH.­

tion and detection, using transmit and receive filters, of the data i:itrcami:i pai:ised 

through a MIMO channel that introduces eel and lSI. 

Multi-channel and MIMO systems in acoustics have been actively researched 

for about two decades in the form of multi-channel adaptive algorithms and the 

application of reproducing sound fields at a required point using multiple loud­

speakers [20,21]. For example, Nelson et al. [21] showed how it was possible to use 

stereophonic sound reproduction to obtain a required sound field at two micro­

phones using two loudspeakers in a room with a known acoustic impulse response. 

Gansler and Benesty [22] gave a thorough mathematical treatment of two-channel 

adaptive acoustic echo-cancellation. This work in the field of acoustics is of in­

terest here as, although the problem is slightly differently formulated to that of 

radio communication MIMO equalisation at the receiver, it is also fundamentally 

a MIMO inversion problem. As such we may draw on the research performed in 

this field in addition to the existing research in radio MIMO systems to further 

our own work. 

The majority of the new work since Foschini and Telatar broadly falls into two 

categories, the first of which involves using the extra capacity of MIMO systems 

for spatial multiplexing (SM), where a user enjoys an increased data rate at C't 

slightly worsened bit error rate (BER). The worsening is due to the possibility 

that the MIMO channel may be ill-conditioned. The second category is to employ 

the capacity to provide extra diversity through the use of space-time codes to 

provide the same data rate as a SISO system but at a much improved BER. We 

shall now discuss developments in each of these categories in turn, starting with 

the SM approach. 

One of the most popular ways to detect the transmitted data streams is to use 

a linear MIMO equaliser at the receiver. This involves finding a matrix that 

will cancel out the effect of the cross-channel terms in the MIMO channel (i.e. 

the elements off the main diagonal) and if we assume a normalised system, then 

the terms on the main diagonal should be equal to one. This can be achieved 

by calculating the inverse matrix of the MIMO channel, also known as the zero­

forcing (ZF) solution. When the MIMO channel and the ZF inverse are combined, 

an identity matrix results. The main problem with this approach is that it only 
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counteracts the spatial dispersion or co-channel interference effects of thl' chnUlld 

but takes no account of the noise introduced. If the channel is ill-conditioned in 

the presence of noise, a poor solution will result. An approach that gives a better 

BER performance in a noisy environment is to find the IvIMSE solution. Either 

way, the process performed is the linear combinatorial lllanipulation to lllinilllise 

the undesired cross-terms, and both these techniques are well known in both the 

area of equalisation [23] and multiuser detection [24]. 

An improvement to this simple method is to employ ordered successive interfer­

ence cancellation (OSIC), which is again a technique well-known in the nmltiuser 

community. The first application of this to MIMO systems was by Foschini et 

ai. [3,4,25]' to create a system they called the Vertical- Bell Labs Space-Tillle 

(V-BLAST) architecture. They adapted this frolll an earlier architecture called 

Diagonal BLAST (D-BLAST) [6] which falls into the second category of space-time 

diversity described later. The systelll uses iterative linear combinatorial nulling 

based on either the ZF or MMSE criterion, and the OSIC is applied after each 

iteration to improve the post-detection BER. 

Since this initial work, the technique has been adapted by Bjerke and Proakis [26, 

27] to perform MLD, Decision-Directed Maximal Ratio Combining (DD-MRC), 

Maximum Likelihood Sequence Estimation (MLSE) and a MIMO Decision Feed­

back Equaliser (DFE) instead of using the ZF or MMSE criterion, and Bhargave cI; 

ai. [28] created another MIMO MLD system, with improved results over the orig­

inal V-BLAST. Hassell-Sweatman et ai. [29,30] showed by simulation interesting 

performance comparisons between the ZF, MMSE, V-BLAST and unordered V­

BLAST types of MIMO detection systems, which demonstrated that of these the 

V-BLAST algorithm has the superior performance. Boubaker et ai. [31] created 

a sub-optimal low complexity multi-carrier BLAST architecture by combining it 

with Orthogonal Frequency Division Multiplexing (OFDM) over time-dispersive 

channels. OFDM is another recent active research area, and the technique can 

be very useful due to its inherent robustness against time-dispersion (equivalently 

frequency-selectivity) [32]. 

The original V-BLAST algorithm was only designed to work with narrowbancl 

and therefore flat channels, and so has no intrinsic ability to counter-act the ef­

fect of systems that introduce inter-symbol interference (lSI). Since one of the 

aims of MIMO technology is to increase the information throughput, this assump­

tion seems unrealistic as the ability to work with wideband channels is required to 

achieve high data rates. These channels are frequency-selective, or time-dispersive, 

i.e. the bandwidth of the data signal will exceed the coherence bandwidth of the 

channel, and taking no account of this will result in an irreducible BER, as was 
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shown by Boubaker et al. [33] in simulations with a Global Systelll for l\Iobik COlll­

munications (GSl\I) typical urball channel [34,35]. A nlllubcr of recent works haw 

been published that modify the V-BLAST algorithm to function properly with 

frequency-selective channels, starting with Lozano and Papadias [36] who created 

MIMO equalisers for frequency-selective channels based on DFE and two different 

OSIC-DFE techniques, showing that significant gains could be made using the 

OSIC system. So and Cheung [37,38] used an interesting model using illWgiwuy 

antennas to represent the time-dispersiveness of a frequency-selective channel and 

went on to create systems capable of counteracting the dispersive effects of the 

channel. The channel is represented by the same number of imaginary antennas as 

the impulse response length of the channel and each imaginary antenua transmits 

a signal delayed by an appropriate amount through a flat channel weighted by the 

coefficient corresponding to that delay in the chaunel impulse response. Based on 

this, they used OFDM to create a V-BLAST OFDM system [38] and also created 

V-BLAST systems based on the ZF and MLD criteria [37]. 

We now move on to the second category of using the extra capacity of the MIMO 

system to provide space-time diversity and hence superior error rate performance 

at the same data rate. A comprehensive article by Paulraj and Papadias [39] 

shows the state of research shortly before pioneering MIMO research by Tarokh 

et al. [10,11,40] and Alamouti [9]. Before this, all space-time systems where 

either SIMO or MISO and used signal processing rather than coding teclllliqucs. 

Since then MIMO space-time coding has been developed which actually codes the 

input data streams across space and time to exploit the spatial diversity of MIMO 

channels. These codes broadly fall into two categories which are Space-Time mock 

Codes (STBC) as proposed by Alamouti [9] and Space-Time Trellis Codes (STTC) 

by Tarokh et al. [10,11,40]. The codes differ in the same way that standard SISO 

block and trellis codes differ, that is that block codes encode the data iuto discrete 

blocks, while trellis codes encode the data using convolutional techniques. As this 

thesis is more concerned with the techniques that employ the capacity of MIMO 

system to provide higher data rates through spatial multiplexing, little more will 

be said about space-time codes, however the interested reader may find a good 

recent overview of STBCs and STTCs in a paper giving a brief survey of MIMO 

research to 2003 by Gesbert et al. [41]. 

Recently, researchers have been examining the relationship between using MIMO 

capacity for SM and diversity. One of the first works that draws from the strengths 

of both categories is by Hassibi and Hochwald [42]. They develop coding techniques 

that provide the spatial multiplexing for high data rates used in such systems as 

V-BLAST but also has some of the spatial diversity inherent in space-time coding 

techniques. The system subsumes as special cases both V-BLAST and STBCs 
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and generally outperforms both but as the codes are linear they relllain silllple to 

encode. Information-theoretic work by Catreux et a1. [43] compares via analysis 

and simulations results the gain perforlllance of the S1,I and diversity approaches. 

Finally, Zheng and Tse [44] mathematically examined the trade-off between the 

two approaches. 

Many experimental systems have been built over the years to demonstrate the 

performance of MIMO systems [3,4,45··48]. 

MIMO system deconvolution suffers from computational complexity problellls. 

The dual task of combating lSI from the time-dispersiveness and CCI from the 

spatial-dispersiveness of a MIMO channel make the task much more difficult than 

either one alone. This is further exacerbated by the fact that we are assullling 

no channel knowledge, so this must either be obtained adaptively using trailled or 

blind techniques, and in this thesis we will in general use the former. The literature 

review suggested that there has been little or no research into complexity reduction 

of creating equalisers for frequency-selective MIMO systems. This thesis will sng­

gest, examine and assess the performance of various solutions to the problem that 

lower the complexity of the deconvolution and sometimes improve the convergence 

behaviour of adaptive algorithms used to invert the channel. Possible solutions 

to these problems covered in this thesis are improved adaptive algorithms, ana­

lytic channel inversion using time, frequency and z-domain approaches, subband 

processing methods and fractionally-spaced equalisation techniques. 

2.2 Channel Description 

In this section the MIMO channel and some associated mathematical notation will 

be formally introduced. This will be used throughout this thesis. 

A MIMO channel is a system that has multiple inputs (e.g. multiple transmitters) 

and multiple outputs (e.g. multiple receivers), as is shown in Figure 1.1. It can be 

thought of as a collection of point-to-point, or single-input single-output (SIS0), 

sub-channels between each pair of transmitters and receivers. As a result the 

responses of the individual S1S0 sub-channels forming a MIMO channel can be 

denoted as the elements of a so-called MIMO channel matrix. The system transfer 

equation therefore is 

Ydn] hl1 [l] h2dl] hA;l1[l] xl[n] 
Y2[n] h12[l] h22 [l] hA;I2[l] xdn] 

(2.1) * 
yp[n] hlP[l] h2P[l] hMP[l] xM[n] 
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Fig. 2.1: A block diagram representation of a M1MO channel. 
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where "*" represents matrix convolution, hmp[l] is the S1SO channel impulse re­

sponse between transmitter m and receiver p, xm[n] is the input data to trans­

mitter m and yp[n] is the output data at receiver p. Further, P is the llumber 

of receivers and All is the number of transmitters. Equation (2.1) is expressed 

pictorially in Figure 2.1. If hmp[n] are linear time-invariant (LT1) systems, (2.1) 

can be expressed in the z-domain as 

y(z) = H(z) . x(z), (2.2) 

where 

H(z) = (2.3) 

with z-transform pairs hmp(z) .-0 hmp[n], and x(z) and y(z) being vectors con­

taining the z-transforms of the corresponding vectors in (2.1). Note that (2.2) and 

(2.3) can be used to represent both flat and frequency-selective channels. 

2.3 Channel Capacity 

The main driving force behind the recent explosion ill M1MO research was a few 

information-theoretic papers, now famous amongst the MIMO research commu­

nity, by Foschini and Gans [1,6], Telatar [2], and Raleigh and Cioffi [7,49], which 

promised huge gains in the capacity of radio communication system over the Shan­

non capacity if MIMO channels could be exploited properly. Since these papers 

started the great recent interest in research of M1MO systems, this section covers 

the results of this work, and outlines the new MIMO capacity equations for inde­

pendent uncorrelated sub-channels as well as more recent work showing how this 

ideal capacity is affected if the sub-channels are not completely uncorrelated. It 

also briefly discusses some work to model realistic M1MO channels, based on the 

physical properties of the environment, and how this would affect the capacity. 
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2.3.1 Uncorrelated Sub-Channels 

Here we discuss the ideal case of uncorrelated l\U:L,IO channels. Vve start by statillg 

the original S1SO Shanllon capacity equatioll llormalised by the balldwidth for a 

fiat fading channel, 

(2.4) 

where p is the average signal-to-noise ratio (SNR) and Ihl2 is the normalised in­

stantaneous channel power transfer characteristic which varies due to Rayleigh 

fading. Assuming that h is a Rayleigh fadillg channel normalised so that the ex­

pectation of its power gain is unity we can obtain both the mean capacity and the 

outage probability plots by calculating the capacity for a suitable large sample set 

of h. 

Telatar, and Foschini and Gans showed that assuming "AI :::; P the instantaneous 

capacity for fiat M1MO systems is [1,2] 

C=log2det[Ip+ :IHHH] bps/Hz, (2.5) 

where det[·] is the determinant, Ip is the P x P identity matrix and P is the 

number of receivers, !'vI is the number of transmitters, H is the instantaneom.; 

M1MO channel matrix and (.)H is the hermitian transpose. The SNR now is the 

mean of the total SNR at all transmit antennas. This equation can be rewritten 

in an equivalent form [2,41] 
M 

C = L log2 (1 + :1 ,\) bps/Hz (2.6) 
i=l 

assuming that !'vI :::; P, where Ai are the non-zero eigenvalues of HHH. A third 

equivalent representation of (2.5) is given by [50] 

det [Rv + HRxHH] 
C = log2 Mdet [Rv] , (2.7) 

where Rx and Rv are the co-variance matrices of the input to the transmitters and 

noise at the receivers, respectively. Co-variance matrices are further explained in 

Chapter 3. It is easy to see that this is equal to (2.5) when the inputs and noise 

powers are equal and the signals uncorrelated. This representation will be useful 

when deriving an expression for the capacity of a channel-equaliser system in 

Chapter 4. 

It can be shown that for M1MO systems with uncorrelated sub-channels and 

assuming M :::; P, the capacity increases nearly linearly with the number of trans­

mitters, 

£{C} !'vIlog2 (1 + ;) 
~ Mlog2 P for p» M 

(2.8) 

(2.9) 
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Fig. 2.2: The mean MIMO capacity for independent Rayleigh sub-channels and 

a range of MIMO system sizes, according to (2 .5). 

where £ {.} is the expectation operator and the derivation for this case be found 

in Appendix B. However, the capacity does not increase without bound with M 

and there is a limiting capacity as M tends to infinity, the derivation for which 

can again be found in Appendix B, 

lim £{C} = -IP . 
n--->oo n 2 

(2 .10) 

Figure 2.2 shows the mean capacity of a MIMO channel with independent sub­

channels for varying numbers of transmitters and receivers. The most basic case 

is the SISO channel which is, of course, the same as the original Rayleigh channel 

capacity as stated by the Shannon law. There are two single-input multiple-output 

(SIMO) cases, where there is one transmitter and 2 or 4 receivers. We see that 

the gradient for these cases is the same as for the SISO case but with a constant 

capacity offset of about 1.1 and 2.2 bps/Hz for 2 and 4 receivers respectively, 

which arises from the extra diversity provided the multiple receive antennas. This 

means that , fundamentally, the channel cannot transfer more information; it is 

simply the case that the receiver is more effective at extracting it from the radio 

signals in space. This is in contrast to the 2 x 2 and 4 x 4 cases where the 

gradients are steeper than for the SISO system. The 2 x 2 system is capable of 

transferring almost twice as much information, and the 4 x 4 system almost four 

times as much. This is in agreement with (2 .9) which showed t hat we expect an 

almost linear increase in capacity with the number of transmit antenna, for a high 
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Fig. 2.3: The MIMO capacity ccdf for independent Rayleigh sub-channel. and a 

range of MIMO system sizes and SNR=O, 5, 10 and 15 dB. 

SNR. This means that if harnessed properly, MIMO systems can fundam ntally 

increase the amount of information t ransmitted through space using radio signals. 

Diversity is still a desirable feature however, at low SNRs. Notice t hat below an 

SNR of 8 dB the 1 x 4 system outperforms the 2 x 2 system. 

Using (2.5) we may also obtain the complementary cumulative density functions 

in Figure 2.3, which show the probability of a MIMO system exceeding a particular 

capacity for a range of MIMO system sizes and SNRs of 0, 5, 10 and 15 dB. At 

the highest SNR of 15 dB , where the received signal has a good strength, and 

therefore diversity is of limited benefit, we see all the MIMO systems outperform 

the SISO and SIMO systems. Comparing the two systems that have four sub­

channels, namely t he 1 x 4 and 2 x 2 systems, we see t hat t he 2 x 2 system which 

use t he addit ional capacity for mult iplexing but little diversity outperforms the 

1 x 4 system which has plenty of spatial diversity but only transmits a single 

dat a stream. The 2 x 4 system which has more diversity, and 4 x 4 system which 

t ransmits more data streams than the 2 x 2 system both outperform. Finally, 

looking at the SIMO systems we see t hat the diversity does not fundamentally 

increase the data t ransmission capability over t he SISO system, more that the 
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receivers become more efi'ective at extracting the information from space more 

reliably, which is characterised by the complementary cllllllllative dellsity hlllctions 

(ccdf) becoming steeper as the number of receivers, P, and hence the diversity 

order increases, meaning that the receiver can obtain with a greater probability 

all the information that is available to it though its multiple receive antennas. The 

variance in the capacity of these Gaussian capacity density functions haB recently 

been studied in [51]. 

Turning our attention to the curves for SNR = 0 dB where the poor quality of 

the channel means that diversity can provide a considerable advantage, w(' see 

that this time even though the 1 x 4 system transmits one data stream it still 

outperforms the 2 x 2 system which transmits two data streams. The diversity of 

the 1 x 4 system holds it in good stead by providing it with the ability to reliably 

extract a much greater amount of information from space than the 2 x 2 system 

which has little built-in ability to counter-act a poor channel. 

This section so far has only considered a flat fading channel. As in this thesis 

we will mainly be considering frequency-selective channels, it is interesting to 

determine the capacity for such channels. This is done by evaluating the MIMO 

channel capacity in (2.5) over the entire bandwidth of interest, and dividing by the 

bandwidth to obtain a normalised equation directly comparable to (2.5), yielding 

[52] 

c = ~ hlog2 det (I + :JH(f)HH (f)) elf bps/Hz, (2.11) 

where H(f) = H(z)lz=ej2rrf is the spectral representation of the MIMO channel 

matrix. This equation may be used in the same way as (2.5) but the resulting 

capacity depends on the spectral characteristics of the system. 

There is a common misconception in the MIMO research community that uncor­

related MIMO sub-channels means that the MIMO channel matrix will be high 

rank and therefore will result in the capacity predicted by the capacity plots of 

Figures 2.2 and 2.3. However, research has shown that this is not the case [53,54]' 

leading to the discovery of so-called pin-hole channels. This section has so far as­

sumed that the uncorrelated sub-channels will result in a high rank MIMO matrix­

we term these uncorrelated high rank (UHR)- but it can be shown that although 

correlated sub-channels will cause the MIMO matrix to be low rank, the converse 

is not true with the proof being in the existence of uncorrelated low rank (ULR), 

or pin-hole channels. The case of correlated low rank (CLR) channels will be 

discussed in the next section, but now we will cover ULR channels. 

Pin-hole channels occur when the signal at the transmitter and receiver are sub­

ject to highly localised scattering, but the distance between these local scattering 
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Fig. 2.4: A pin-hole channel with uncorrelated sub-channel but causing a low 

rank MIMO matrix channel. 

areas is relatively high or the space between them physically narrow, meaning that 

the signals must all travel though the same path in space between th se two local 

scattering areas, as shown in Figure 2.4. Whereas for the Rayleigh faded UHR 

MIMO channel the elements of H are given by i.i.d . complex-valued Gaus ian 

variates , the model for a ULR channel results in H = aTX~~ where a TX and a t x are 

independent receiver and transmitters fading column vectors with i.i .d. complex­

valued Gaussian elements [53]. Therefore every realisation of H is rank one even 

though the elements are uncorrelated. In this extreme case no multiplexing gain 

is possible and the system, and therefore capacity, collapses to that of a SIMO 

system (because the system can still benefit from spatial diversity at the receiver). 

Therefore it is the rank of H we should be interested in, and not merely whether 

the sub-channels are uncorrelated or not , as this is what affects the capacity, and 

can do so significantly as shown in [53,54]. In reality most MIMO channels are 

between these two extremes of a full-rank and rank one system, and if there is 

a good level of scattering over the whole area between Mobile Station (MS) and 

Base Station (BS), as is usually the case in urban micro cells and picocells , for 

example, we may assume that the true rank of H is nearer the upper end of the 

scale. 

Finally, another area of work has been to explicitly model the multipath com­

ponents of the MIMO system in an attempt to determine more realistic capacity 

equations based on more realistic scattering models [7,49,55 ,56] and most recently 

a geometric correlated channel model [57]. All this work invariably shows that the 

curves of Figures 2.2 and 2.3 represent ideal upper limits and depending on the 

actual channel the true capacities are generally lower than this but still much 

greater than those of SISO or SIMO systems. 
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2.3.2 Correlated Sub-Channels 

In the previous section it was mentioned that the capacity of a l\IIl\IO dWlllWl 

depends on the rank of the MIMO matrix. \Vhile matrices with uncOlTdated 

elements may be either high rank or low rank, correlated elements always result ill 

low rank channels. In this section we look at what effect this has on the capacity 

of the MIM 0 channel. 

It can be shown that assuming that the transmitted signals are uncorrelated 

and the MIMO channel introduces cross-correlation between the data streams, 

the capacity of a MIMO system with correlated sub-channels depends 011 the 

correlation coefficients, r, between various pairs of the received signals [58]. If we 

consider a 2 x 2 system, the correlation coefficient between the two received signals 

is given by [59] 
hllhi2 + h21h22 

r= -r7.7~~~~~~~~~~~ 
V(lhll l2 + Ih21 12)(lhd2 + Ihd2) 

(2.12) 

where (-)* denotes the complex conjugate. If we assume equal received powers 

then this reduces to 

(2.13) 

and after some mathematical development [59] we obtain a MIMO capacity equa­

tion 

(2.14) 

Notice that when the sub-channels are independent then r = 0 then this equation 

reduces to (2.8), and that when the channels are completely correlated and the 

M1MO matrix has rank one then r = 1 and the equation reduces to a SIMO 

system, benefiting only from spatial diversity but no multiplexing gain. In the 

case that the received powers are not equal, the capacity becomes 

(2.15) 

where 

(2.16) 

The more general case of a M x P with Iv! = P MIMO system is somewhat more 

complicated since we must calculate the correlation coefficients between every pair 

of received signals and incorporate this into the capacity equation. The correlation 

coefficient between receivers Pl and P2 is given by [58] 

(2.17) 
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but to gain some insight we may simplify the problem by assuming that all the 

received powers are equal, T p1 •P2 = T, in which case the l\IUvIO capacity is 

C = l\110g2 (1 + :1 (1 - T)) + log2 (1 + pT ( 1 + :1 (1 - r) ) -1) . (2.18) 

This gives the worst case estimation of the capacity as in reality physically more 

distant antennas will have a lower correlation coefficient than close ones, meaning 

that the capacity will be greater than that suggested by (2.18). The true capacity 

will be in between the worst case extreme of (2.18) and the best case extreme 

of (2.5). Notice that in (2.18) if n = 2 or T = 0 or T = 1 the equation redllc(~s 

to (2.14) or (2.5) or a SIMO system arising from the spatial diversity from the 

multiple receive antenna, respectively. Now we discuss the implications of these 

results. Plots of how the correlation coefficients affect the MIMO capacity call 

be found in [58,59] and they show that the effect is dependent on the size of the 

MIMO system. For 'small' systems where NI = P < rv 10 then the capacity 

remains at about 90% of its maximum value, about 50 bps/Hz for p = 30 dB, for 

a correlation coefficient of up to 0.8. This means that a substantial fraction of the 

capacity promised by (2.5) can be realised for even modestly scattering channels, 

and this has been confirmed experimentally [48]. For a larger system, NI = P ::::J 50 

the drop off is worse with the capacity falling below 90% its maximum value by 

the time the correlation coefficient reaches 0.2. However, the capacity is about 200 

bps/Hz for p = 30 dB, which is still considerable above that of the smaller system 

simply by virtue of the fact that many more antennas are being used. 

The interested reader may further like to look at a paper by Shiu et al, [GO] which 

gives an mathematical analysis with simulations to demonstrate the findings of 

the effect of fading correlation of the capacity of MIMO systems. They develop 

a physical "one-ring" scattering model, similar to the scattering areas of pin­

hole channels explained in the previous section, but where the scattering occurs 

only at one side of the communication link and use this model to determine the 

correlation and subsequently the effect on MIMO capacity when using various 

antenna configurations, for example in-line, broadside or hexagonal arrangements. 

Finally, there has been a great amount of interest very recently in capacity limitf-i 

for realistic correlated MIMO channels, and many analyses have been performed 

in [61-66]. Additionally, the effect of sub-channel correlation when using adaptive 

frequency-domain equalisation, mentioned in 3.5.2, has been studied in [67]. 
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2.4 Channel Models 

This section will introduce various l\UMO channel models that will be llsed in 

future simulations throughout this thesis. It will give an overview of arbitrary, 

measured and standardised channel models and their characteristics and behaviour 

both over frequency, time and space. The measured and standardised channel 

models are typically valid for a particular stated bandwidth. We will see examples 

of such channels, and these will be the channels that will be used in the simulations 

performed in future chapters. All channel models are assumed to be norlllalised 

with respect to the large-scale path loss between transmitters and receivers. 

2.4.1 Spectral Dynamics 

This section will explain two kinds of channel- narrowband and wideband­

which can be characterised by their frequency domain behaviour and impulse 

response delay spread. The channels shown can be considered to be samples from 

an underlying statistical process which characterises the long-term behaviour of 

the channels. Later, in Section 2.4.2 we will see the temporal dynamic behaviour 

of the channels when many samples can be taken from the statistical process and 

vary over time according to some underlying rules. 

2.4.1.1 Narrowband Channel 

A narrowband channel has a frequency response that is near flat across the fre­

quency band of interest. The delay spread [23] of these channels is much shorter 

than the symbol period and as a result these channels introduce no or little sig­

nificant lSI. Equivalently, the coherence bandwidth [23] of the channel is much 

greater than the signal bandwidth. 

The length of the impulse response, L h , of such a channel is usually very small, 

one or two symbol periods for example. Hence the impulse responses of the sub­

channels, hmp[lJ, in (2.1) are only a few symbol-spaced taps long. If Lh = 1 for all 

sub-channels then they are spectrally flat with a phase rotation and magnitude 

equal to that of each complex coefficient. Such a MIMO channel would be very 

easy to invert by finding the scalar matrix inverse. Since flat channels present no 

particular problem in inversion especially as MIMO systems are only likely to be 

implemented using small numbers of antenna, e.g. 4 x 4 and the process can be 

performed quickly, we shall not consider them further, and use them for no future 

simulations. 
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Fig. 2.5: Magnitude responses of two-tap sub-channels. 

A channel that we also consider to be narrowband has Lh = 2, hence we call 

this a two-tap channel. Whether the channel is truly narrowband depends on 

the impulse response, but for convenience be assume that we may place it in this 

category. A two-tap channel is mildly time-dispersive and has frequency-selective 

spectral characteristics, although the dynamics are quite smooth over the band 

of interest . This channel will introduce a small amount of lSI, the delay spread 

and coherence bandwidth will be of a similar order of magnitude to the symbol 

period and bandwidth, respectively. As this is a theoretical channel that we use 

for testing our future equaliser systems, the t ime between the two taps is arbitrary, 

however to relate this channel to the real world we can choose a delay of about 

2f-ts to make it similar to a COST 207 Typical Urban channel [68]. 

The channel will contain first-order polynomials in z in each of the elements of 

H in (2 .3). A single realisation of such a channel is given by 

1 + 0.5z- 1 1 - 0.7z-1 0.7 + 0.lz-1 0.7 + 0.5z-1 

H(z) = 
0.4 + 0.2z- 1 1 - 0.3z- 1 -0.3 + 0.6z-1 0.9 - 0.lz- 1 

(2.19) 
0. 5 - 0.lz-1 -0.7 + 0.8z- 1 -1 + 0.2z-1 0.8 + 0.3z-1 

0.7 + 0.l z- 1 -0.7 - 1.0z- 1 -0.2 - 0.8z-1 0.4 + 1.0z-1 

To keep simulation time reasonable when this channel is used in simulations , it will 

be static. The sub-channels are all minimum phase but the matrix determinant 



2.4 Channel Models 23 

is not. This make this an interesting channel for use in simulations, as although 

each of the individual sub-channels is easy to invert, the inversion of the full 

MIMO channel, which as we shall see in Chapter 4 depends on the dctnlllillallt, 

is much more difficult. Figure 2.5 shows the ma.gllitude response of the two-tap 

channel formed from the 2 x 2 matrix in the top left corner. vVe see that, as 

expected, the responses are very smooth over the normalised frequency range. 

Sub-channels hu [n] and h21 [n] show low-pass characteristics while sub-challlwl 

hldn] and h22 [n] show a high-pass shape. Therefore we would expect this MIMO 

channel to be well-invertible as both low and high frequencies of both data streams 

are received unattenuated at one of the receivers. For example, the low frequencies 

from transmitter 1 are strongly received at receiver 1, while the high frequencies 

are received strongly at receiver 2. Therefore, a good MIMO equaliser should be 

able to extract from both sets of received signals all the frequency components of 

the transmitted signal from transmitter 1, and reconstitute the data stream. The 

same process may be applied for the second data stream. The condition number of 

the convolutional matrix created from the 2 x 2 channel based on an FIR inverse of 

length 32, which will be explained in Chapter 4 and can be thought of as a measure 

of the difficulty involved in inverting the channel, is about 20. Occasionally we 

will need a 4 x 4 two-tap channel which is the full matrix shown above. 

2.4.1.2 Measured Channels 

Now we consider highly time-dispersive channels, which introduce lSI of several 

tens, hundreds or even thousands of symbol periods and have a significant RMS 

delay spread [23,69]. The RMS delay spread of this channel will be much greater 

than the symbol period, or equivalently the coherence bandwidth will be much 

less that the symbol bandwidth and for this reason we shall term these wideband 

channels. 

Non-Minimum Phase. Complex-valued non-minimum phase channels were 

taken from microwave measurements at the Signal Processing Information Base 

(SPIB) located at Rice University [70]' which are fractionally-sampled at twice the 

baud rate of 30 MSybmols/s and approximately 300 coefficients long. The RMS 

delay spread of the channels range from 30 ns to 120 ns. Due to their response 

length and the non-minimum phase property, a MIMO channel constructed from 

these responses will generally be difficult to invert. 

Figure 2.6(a) shows the channel impulse responses (CIR) and Figure 2.6(b) the 

magnitude responses of the four channels. Since they are fractionally-sampled we 

see a low pass characteristic in all channels, due to the receiver filter. Often we 
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Fig . 2.6: SPIB sub-channels (a) Impulse responses (b) Magnitude responses 
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will want to discount this by down-sampling the channel by a factor of two, hence 

we obtain the corresponding channel sampled at the symbol rate of 30 MHz. Since 

the channel is attenuated outside ±15 MHz these aliased components should not 

affect the response inside ±15 MHz a great deal, hence we assume the magnitude 

response is the same as in Figure 2.6(b) but only for the range -15 MHz to 15 

MHz. Due to the reasonably flat response over this range the system is only 

mildly frequency-selective when considered at the symbol rate. The condition 

number of the convolutional matrix of this channel, explained in Chapter 4, based 

on an FIR inverse of length 280 is about 35- not a great deal more than the 

two tap channel. Therefore, if we need a channel that is highly-time dispersive 

but with mild frequency-domain behaviour we may use these channels, but if we 

require highly dynamic spectral behaviour we must look elsewhere. The Saleh­

Valenzuela channel [71J described in Section 2.4.1.3 will be shown to fulfil this 

requirement . Finally, Figure 2.7(a) shows the non-minimum phase property in 

the z-plane pole-zero plot of the determinant of this symbol-sampled SPIB MIMO 

channel. 

M inimum Phase. Sometimes we will want to compare the eHect of the SPIB 

channel on the MIMO equalisation systems developed in future chapters with 

the same system functioning with a superficially similar channel that has been 

modified to become minimum phase. This will show us what effect the phase 

behaviour has on the system. For this we will use a channel that is based on 

the SPIB channels but where the coefficients before the main peak in the impulse 

response have been removed and the channels have been truncated to length 50 for 

simplicity. Further, one of the cross-channels is attenuated which has the eHect of 
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pulling zeros of the channel matrix determinant that are outside the .:-domain unit 

circle inside. Figure 2. 7(b) shows the .:-plane pole-zero plot of the determinant 

of this channel next to that of the non-minimum phase SPIB channel for easy 

comparison. The condition number of the convolutional matrix of this channel 

based on an FIR inverse of length 280 is about 17, even less than for the two-tap 

channel. 

2.4.1.3 Standardised Channels 

There are plenty of standard channel models in existence for a wide range of cir­

cumstances and environments, often created by standards institutions. Two chan­

nel models of interest to us are the typical urban (TU) channel from the European 

Cooperation in the field of Scientific and Technical Research (COST) Action 207 

project (COST-207) [68] which was developed to define a time-dispersive test chan­

nel for use with GSM equaliser performance evaluation, and the Saleh-Valenzuela 

channel [71,72]. 

COST-207. One of the channels defined ill the COST-207 research project 

was for a TU environment. Figure 2.8 show the impulse response and spectral 

behaviour for a channel that conforms to the TU specification. The model actually 

specifies a time-varying channel but here we consider a stationary "snap-shot" of 

the channel. The maximum path delay Tmax = 2.692/}'S, and the RMS delay spread 

Trms = 0.904ps. Other channels defined by COST-207 are bad urban (BU), rural 

area (RA) and hilly terrain (HT) [68]. 

Saleh-Valenzuela Statistical Model. The Saleh-Valenzuela (SV) [71, 72] 

channel model enables us to create a highly-time dispersive and frequency-selective 

channel, which we may consider to be wideband, and as it is a statistical model 

we may run the generation algorithm as many times as required to create as many 

channel realisations as we require. In this respect it is better than the SPIB chan­

nels which are single measured samples of a channel. The model assumes that the 

channel impulse response consists of a number of exponentially decaying clusters 

of rays, and within each cluster the rays also decay exponentially. Further, the 

time between each cluster and also each ray within each cluster are taken from 

two different random Poisson distributions. The phase of each ray is taken from 

an independent random variable distributed over [-7f, 7f). 

Describing the model mathematically, let the arrival of the lth cluster of rays be 

denoted Tz, l = 0, 1,2, ... , and let the arrival time of the kth ray measured relative 

to the beginning of its cluster be denoted Tkl, k = 0, 1,2" . '. We defined To = 0 

for the first cluster and TOI = 0 for the first ray within the lth cluster. The model 
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Fig. 2.8: COST-207 Typical Urban channel model (a) impulse response (b) spec­

tral behaviour 
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Fig. 2.9: A schematical representation of the Saleh-Valenzuela channel model 

showing exponentially decaying rays and cluster. 

statistically describes Tt and Tkl by the exponential distributions 

[ > 0, (2.20) 

k > 0, (2.21) 

where A is the cluster arrival rate and A is the ray arrival rate. Let the gain of 

the kth ray in the [th cluster be denoted akl and its phase by Bkl , the the channel 

impulse response is given by 

CXl CXl 

h(t) = L L aklejBklo(t - Tt - Tkl) 

l=O k=O 

(2.22) 

where aklejBkl are taken from a random Rayleigh distribution, discussed in Sec­

tion 2.4.2.2, and 0(') is the Dirac delta function. Further the mean power of the 

rays decay according to 

(2.23) 

where a60 is the mean power of the first ray in the first cluster (and can be nor­

malised to one), and rand r are the power decay time constants for clusters and 

rays, respectively. For clarification the model is shown with three clusters and 

several rays in each cluster in Figure 2.9. 

Saleh and Valenzuela evaluated the accuracy of their model by comparing it to 

measurements they had obtained in two storey high medium-sized office building 

with dimension 115m by 14m. The external walls were made of steel and glass 

while the internal walls were made from wooden studs and plaster board, and 

the office contained typical office furniture and lab equipment. The measurement 
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Fig. 2.10: Saleh-Valenzuela channel model realisation with I/A = 300 ns , 

I / A = 5 ns, r = 60 ns and 'Y = 20 ns (a) impulse response (b) spectral behaviour. 

were made using 1.5 GHz carrier pulses and the response was sampled at 200 

MHz. They found that their model could be made to give a good fit to their 

measurements if they used the following parameters for their model: 1/ A in the 

range 200-300 ns, 1/ A in the range 5-10 ns, r = 60 ns and 'Y = 20 ns. The channel 

impulse response and 200 MHz bandwidth portion of the spectral behaviour for 

an example of the SV model with 1/ A = 300 ns, 1/ A = 5 ns, r = 60 ns and 'Y = 20 

ns is shown in Figure 2.10. 

If we are to use this channel in discrete time simulations we must decide on the 

receiver sampling rate, is, in real terms and sample the raw response at that rate. 

For example if we based the simulation on a 1 GHz sampling rate then we would 

sample every 1 ns and the channel response from the point of view of the equaliser 

would look very much that in Figure 2.10(a), with most of the ray responses falling 
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in their own sampling slot. However, a equalisation rate of 1 GHz is possibly still 

a little optimistic with today's technology, and a rate of 100 l\IHz lllight be lllore 

realistic. This means we would have to re-base the channel 011 a lOllS sampling 

period. If we simply sampled the raw response in Figure 2.10(a) at 100 MHz we 

may and probably would miss out most of the response that would appear to the 

equaliser, as the chance that the rays fall at precisely the sampling point is very 

low. We propose to solve this problem by smoothing the raw response by a filter, 

e.g. a Hanning filter, with the same length as the desired downsampling factor. So 

for our example, we would pass the raw response through a Hanning filter spanning 

10 ns to create a smoothed response and then sample this at 100 MHz. Obviously 

to do this we must start with a very high rate uniformly sampled realisation of tlw 

raw response that samples every ray (whilst moving the ray to the closest sampling 

slot if necessary), and our previous example of a 1 G Hz sampling rate should suffice 

for this. In this case the Hanning filter would be length 10. Figure 2.11 shows 

the above SV channel re-sampled at 100 MHz, ready for use in simulations. The 

spectral behaviour will remain largely unaffected by this resampling operation. 

Using the SV channel model we may run the channel generation algorithm as 

many times as we need to construct any size MIMO channel. For example we 

would create 16 SV channels for a 4 x 4 MIMO channel. The SV channels used 

in simulations in future chapters have an RMS delay spread that ranges from 

5 ns to 35 ns. Finally, Figure 2.12 shows the mean capacity for a non-fading 

2 x 2 non-minimum phase symbol-spaced SPIB channel and a non-fading Saleh­

Valenzuela channel sampled at 100 MHz (SV100M) and Figure 2.13 shows the 

outage probability for the SV100M channel at a range of SNR values. These can 

be compared with the plots for flat fading channels shown in Figure 2.2 and 2.3. 

2.4.1.4 Band-limiting 

In Chapter 6 we will be considering fractionally-spaced equalisation of wide band 

MIMO channels, whereby the received signal are sampled at fractions of the sym­

bol rate. Fractionally-spaced equalisation (FSE) will be briefly introduced in Sec­

tion 4.1.4 but for now we state that we will require suitable channels. Simply 

generating higher bandwidth channels is unrealistic since by doing so we increase 

the transmission bandwidth and hence it will come as no surprise that a much 

improved BER can be expected. In realistic systems however, the channels will 

be band-limited to the symbol rate using some filter for reasons such as limiting 

extraneous emissions to conform to spectrum licenses, and limit noise power at the 

receiver. This band-limiting was seen in the spectrum of the fractionally-sampled 

SPIB channels in Section 2.4.1.2. For FSE simulations using the SPIB channels up 
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Fig. 2.11: Impulse response of Saleh-Valenzuela channel realisation sampled at 

100 MHz. 
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to an overs amp ling factor of two we may simply use these measured responses (we 

will only be considering these so-called T /2 systems). The SV channels which are 

generated using the model in the previous section must be explicitly band-limited 

using a suitable filter. 

For the band-limiting we employ a raised cosine .filter [69], which is briefly intro­

duced now. The frequency-domain response of this filter can be expressed as 

H _{I 2 (Z!:l f l+W- 2Wo) 
RC - cos 4 W-Wo 

o 

for If I < 2Wo - W 

for 2Wo - vV < If I < W 

for If I > W 

(2.24) 

where W is the absolute bandwidth, and Wo represents the minimum Nyquist or 

nominal bandwidth, which is the -6 dB point for the raised cosine spectrum. A 

raised cosine filter is often expressed in terms of its roll-off factor which is defined 

r = (W - Wo)/Wo, and it represents the steepness of the spectrum roll-off. The 

spectrum for a 1024-length filter with r = 0, 0.5 and 1 is shown in Figure 2.14, 

where T is half the symbol period. 

As an example, for simulations using an T /2 fractionally-spaced equaliser, i.e. 

where the incoming signal is sampled and equalised at twice the symbol rate, a 1 

GHz SV channel can be generated in the usual way, sampled at 2 GHz and then 

band-limited to 1 GHz using a raised cosine filter with the desired roll-off factor. 

The magnitude response of such a band-limited channel is shown in Figure 2.15. 

Although the sharpest roll-off is achieved using r = 0.1, the stop-band attenuation 
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Fig. 2.14: Magnitude response of a 1024-length raised cosine filter for a roll-off 

factor r = 0, 0.5 , 1.0. 

is worse than the response for r 

filter length. 

0.5 . The ringing with r o is due to a finite 

Finally, note that the method of creating a lower bandwidth channel from the 1 

GHz-sampled SV channel in Section 2.4.1.3 is simply a basic form of band-limiting, 

but using a low-pass Hanning filter instead of a raised cosine response. Although 

the filtering is not perfect it is simple and serves its intended purpose, as basic low­

pass filtering is sufficient to suppress aliasing to create a lower bandwidth channel 

based on the SV algorithm. 

2.4.2 Temporal Dynamics 

The previous section discussed the spectral behaviour of particular channels, but 

these channels were static. The impulse and spectral responses could either be 

considered to be long-term averages or a single sample realisation of the channel. 

Either way a channel may still vary in time due to movement of the MS and/or the 
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Fig. 2.15: Magnitude response of a Saleh-Valenzuela channel sampled at 2 GHz 

and band-limited using a raised cosine filter with r = 0,1 , r = 0.5 and r = O,g. 

movement of objects within the vicinity of the MS. This section discusses these 

channel temporal dynamics. 

2.4.2.1 Static Channel 

When the MS is motionless , there are no moving objects in its vicinity and there 

are no other factors that may afi'ect the channel, for example natural environmental 

condit ions , we may assume that the channel is static. In this most basic case we 

consider it to be unchanging in every sense, both statistical and instantaneous. 

So, if we take the example of the fiat channel in the previous section, the channel 

matrix is 

H = [1.0 0.6 ] 
0.2 O,g 

(2.25) 

at any instant and is time-invariant , We will use static channels most often in this 

thesis , as in later chapters when we come to consider adaptive channel identifica­

tion and inversion, this is the most suitable channel to use when we are interested 

in the convergence behaviour of the adaptive algorithms for MIMO systems, If 

this channel were time-varying, this would afi'ect the convergence results making 



2.4 Channel Models 

O.6,-----=-------r-----,--------r-----.------, 

OL-----L---~----~--=~~-----~---~ 

o 234 
standard deviations (J 

Fig. 2 .16: The pdf of a Rayleigh process. 

5 6 

35 

it more difficult to observe relative performance of the algorithms on different sys­

tems. However, if the channel were time-varying, the adaptive algorithms ould 

be used to track this behaviour. 

2 .4.2 .2 T he Rayleigh Process 

We now introduce the Rayleigh process, which we will need to use for both the 

quasi-static and Doppler-fading channels in the next two sections. The Rayleigh 

process is suitable for use in non line-of-sight channels and can be u ed to create 

a time-varying channel envelope where the phase is random and uniformly dis­

tributed in the range [-7r, 7r), and the gain is the magnitude of two orthogonal 

Gaussian random processes. The Rayleigh envelope can be expressed mathemati­

cally as 

c = N(O , 1) + j . N(O , 1) (2.26) 

where N({L , 0-2
) refers to a normally-distributed random process with mean {L 

and variance 0-2
. Figure 2.16 shows the probability density function (pdf) of the 

Rayleigh process. 

A Rayleigh-faded MIMO channel can be created by multiplying the relative av­

erage signal powers of each element in H by samples from a Rayleigh process 

passed through a relevant filter. One such filter is the Doppler filter and is the 
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subject of Section 2.4.2.4. Assuming that any filter that uses samples from the 

Rayleigh process has unity power gain, the Rayleigh process causes a power gain 

of two [23]' and therefore the amplitude of the Rayleigh must be norma.lised by 

V2 by bring the power gain to unity. The envelope for each element must be 

independent of the envelopes used in all other elements. As an example we show 

a unfiltered Rayleigh-faded version of the fiat fading l'vIINIO channel described in 

Section 2.4.1, resulting in 

H = [ 1.0 . V2Cl 0.6· V2C2] 
0.2· V2C3 0.9· V2Cl 

(2.27) 

In the case of a time-dispersive channel, a Rayleigh fading envelope is calculated 

for each MIMO element at each point in the impulse response, which is independent 

from all others. Due to the impossibility of adapting to and tracking a channel 

from this model with no filtering, it will not be used in any simulations in this 

thesis. However, the model was used when calculating the capacity of MIMO 

channel in Section 2.3. 

Although the majority of work on MIMO capacity has considered Rayleigh-fading 

channels, very recently there has been some work studying MIMO capacity for 

Ricean fading channels [73,74]' though in this work we shall continue to only 

consider Rayleigh-fading channels. 

2.4.2.3 Quasi-Static Channel 

A third way to model the time-varying behaviour of the channel is to use a quasi­

static model, which is a combination of the static and Rayleigh fading channels. 

To use this model we must define a frame length consisting of a number of symbols. 

The channel is modelled as static within each frame, but exhibits Rayleigh fading 

between frames. So at the beginning of each frame, a new Rayleigh coefficient is 

calculated and this is then held for the duration of the frame. 

This model is more useful than either the static or unfiltered Rayleigh-fading 

channel because, as with the static channel, we may adapt to it, as long as the 

frames are long enough, but it is more realistic than the static channel as the 

channel does vary in time. We must however re-adapt to the channel in each new 

frame. 

2.4.2.4 Doppler Fading Channel 

The Doppler Rayleigh-faded channel is the most realistic of the time-varying chan­

nel models we consider, where samples from a Rayleigh process are passed through 
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a Doppler filer. The time-varying nature of a real channel is essentially due to the 

movement of the MS, or equivalently the movement of objects within the viciu­

ity of the MS. The Doppler model characterises the time-varying behaviour of 

the channel by directly relating it the movement of the MS, parameterised by its 

speed. An overview of the Doppler fading channel can be found in Appendix A, 

but a more thorough discourse can be found in [23]. 

2.4.3 Spatial Dynamics 

The spatial dynamics of a MIMO channel refers to the correlation between the sllb­

channels from the multiple transmit antennas or to the multiple receive antennas. 

The spatial dynamics are closely related the temporal dynamics described in the 

previous section. It can be argued that this is because the time-varying natnre 

of a moving channel is not a result of the movement itself, but of the change 

in location in space. For example, a stationary MS will have a static channel 

because it remains stationary at the same point in space. Different points in space 

have differing channels and the correlation of two channels at two different points 

in space is dependent on the distance between them. Lee [75] found that for 

the correlation between two identical signals arriving at two antennas to drop to 

below 0.7 a separation of 70 to 80 wavelength is required if the antennas are in 

line, and 15 to 20 wavelengths if they are broadside. For a carrier freqllency of 

1800 MHz this corresponds a spacing of 11.6 m to 13.3 m, and 2.5 m to 3.3 1lI 

respectively and these spacing would only be feasible at the BS. However, these 

distances tend to decrease in a rich-scattering environment which is the rem';on 

that it is often stated that MIMO systems require such an environment to work 

properly. In fact, if the antenna separations are large enough, 10 m for example, a 

rich-scattering environment is not required at all. Also, it has been experimentally 

shown that the antenna separation at the MS can be as low at half' a wavelength, 

about 8 cm at 1800 MHz, and still the channel correlation is low enough to achieve 

most of the capacity promised by theory based on uncorrelated and independent 

sub-channels [45,48]. It has been shown in Section 2.3.2 that the correlation of 

the sub-channel can have a large effect on the capacity of MIMO channels, hence 

the correlation caused by spatial proximity of antennas is clearly an important 

consideration. 
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2.5 Wideband MIMO Communication Problem 

One of the aims in the use of lVIIMO systems is to increase achievabk data ratl's 

to amounts previously unheard of. In this case, any rea.! system employing l\IIl\IO 

channels is likely to also be transmitting symbols at a rate considerably gwnter 

than the RMS delay spread of the channel and consequently will be subject to both 

temporal and spatial dispersion as characterised by the chnnnelmodels considewd 

in the previous sections. At very high data rates the channel can be several tens 

or hundreds of coefficients long, when the channel is modelled using a uniformly 

spaced tapped delay line. In our review of the background work already perforuwd 

in the field of MIMO systems, we saw that several methods have been researclwd 

to perform the detection of signals passed through the channels, :-mch as ZF awl 

MMSE equalisation, MLSE and OSIC methods such as D-BLAST aml V-I3LAST, 

as well as modified version of these. For very time-dispersive channels however, we 

must currently preclude the use the MLSE using methods such as Trellis or Viterbi 

equalisation due to the potentially tremendous computational cost of implementing 

such algorithms. Similarly, the BLAST algorithms and their derivates require 

multiple matrix inversions to decode each signal stream even for flat channels and 

these inversions must be performed repetitively for dynamic channels which will 

increase associated computational cost. For time-dispersive chanuels the problem 

is likely to worsen further. Since evidently the computational cost of implementing 

equalisation algorithms is likely to be limiting factor in their effectiveness, this 

thesis will examine cost reduction techniques and taking measures to reduce the 

cost at every available opportunity, while maintaining satisfactory MSE and BER 

performance. To this end, linear equalisation methods will be used to detect the 

transmitted data streams and low cost least mean squares (LMS) type adaptive 

algorithms. These will be covered next in Chapter 3. Later we use frequency­

domain inversion and subband techniques in an attempt to lower the costs even 

further. 

2.6 Summary 

This chapter forms the basis for the rest of this thesis. It started by giving a 

brief history of the research conducted to date in MIMO systems, and an idea 

of what avenues remain unexplored. It formally described the MIMO channel, 

before explaining how it may be characterised by its behaviour in terms of spec­

tral, temporal and spatial dynamics. It then covered the theoretical capacity of 

MIMO systems for both correlated and uncorrelated sub-channels, which demon-
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Channel Sampling Rate 

Flat Native 

Two-tap Native 

SPIB 60 MHz at doubled symbol rate (T /2) 

Minimum-phase SPIB 60 l'vIHz at doubled symbol rate (T /2) 

SV100M 100 MHz at symbol rate 

SV1G 1 G Hz at symbol rate 

Tab. 2.1: Summary of Channels used in this thesis. 

strated the great potential increase in capacity possible if the channels are properly 

exploited. 

Table 2.1 shows a summary of all the channels that will be used for simulations 

in this thesis. The native sampling rate simply means that there is no natural 

sampling rate defined and any may be used. 

We have made reference to the fact that if an equaliser is to be used in the 

receiver to detect the data streams, we need to obtain the frequency-selective 

MIMO channel inverse. This is no small feat and our background section has 

shown that there has not been a great deal of research done involved in this 

area for the application of multi-channel radio communications, especially for low 

complexity methods. The inverse can either be found by calculating it from the 

channel, or by using an adaptive system to find it directly. If we use the former 

method and bearing in mind that with wideband transmission systems we must 

assume that the channel will introduce lSI, we still need to find the channel. The 

best way to do this is again using an adaptive system. Hence, adaptive MIMO 

system identification and inversion is an important topic and one which we will 

cover in the next chapter. We will consider a particular class of adaptive systems 

- trained linear systems. 



Chapter 3 

Multi-Channel System 

Identification 

Assuming a receiver is synchronised to the received signal stream, to perform 

coherent detection of signals sent through MIMO channels we will require a device 

known as an equaliser, whose task it is to remove the Cross-Channel Interference 

(CCI) and Inter-Symbol Interference (lSI) that can be introduced by a broadband 

MIMO channel. CCI is a spatial effect caused by the additive interference of a 

receiver picking up the transmissions from all transmitters, and lSI is a temporal 

effect caused by data being merged to some extent over time by the distortiveness 

of the channel. An essential part of creating an equaliser involves obtaining SOllle 

information about the channel. We may create an equaliser directly llsing adaptive 

inversion or we may invert the channel analytically but even then we must idl~ntify 

the channel, and this can again be done using adaptive techniques. Work by Kyritsi 

et a1. [76] and Rupp [77] show the effect that channel estimation errors can have 

on MIMO capacity and BER performance. Their results showed that, depending 

on the severity of the errors, the effect could be anywhere between negligible, 

causing little detriment to the theoretical capacity, and catastrophic, reducillg 

the capacity to the SIMO case where the receiver benefits from receive diversity 

only. Evidently, accurate channel estimation, or alternatively channel inversion, 

is paramount. This section will cover adaptive filtering techniques that can be 

used in order to identify the MIMO channel for subsequent analytic inversion or 

to directly invert it. 

The adaptive MIMO equaliser can be considered as a particular kind of linear 

filtering problem. After stating this filtering problem in Section 3.1 we will present 

optimum and adaptive filtering approaches in Section 3.2. In Section 3.3 we will 

develop and analyse the multi-channel Least Mean Squares adaptive filtering al-
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gorithm, before considering its normalised version in Section 3.4. Next we briefly 

mention some other possible filtering algorithms in Section 3.5 that have been 

considering for the investigations in this thesis with reason for discounting them. 

Finally, we present some simulation results and discussions in Section 3.6, before 

summarising the chapter in Section 3.7. For a full discussion of this field the reader 

is referred to standard texts [78 ,79]. 

3.1 MIMO Linear Filtering Problem 

Figure 3.1 shows a generic adaptive MIMO system, where wsdn] are the adaptive 

filters between input s and output t, us [n] are the inputs and vtln] are the outputs 

with s = 1··· Sand t = 1··· T, where Sand T are the number of inputs and 

output , respectively. Previously, the number of MIMO inputs and outputs have 

been defined as M and P. If an adaptive filter is used for system identification, 

the adaptive filter will have M inputs and P outputs , while for equalisation, there 

are P inputs (the received signals) and M outputs. Therefore, we here use generic 

variables Sand T to refer to the input and output dimensions. The outputs are 

compared to desired signals dt[n] thus forming error signals et[n] . We may break 

the problem down into T parallel independent systems shown in Figure 3.2. We 
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lll[n] 
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I 

Fig . 3.2: A generic adaptive MISO system. 

define vectors wtln] and urn] as 

and urn] = (3.1) 

us[n] 

where wst [n] hold the coefficients of a finite impulse response (FIR) filter wst[n] = 

[wst,o [n] ... Wst ,Lw-dn] V of length Lw' Similarly us[n] are the filter state vec­

tors comprising the signals currently at each filter tap, us[n] = [ 7.£s[n] us[n -
1] ... us[n - Lw + 1] V for s = 1 .. . T. For later notational convenience th 

tap-weight vectors are denoted using complex conjugate coefficients. Therefore the 

output of the MISO system is given by 

(3.2) 

where { .}H denotes the Hermitian transpose and a notation familiar from SISO 

systems has been achieved, whereby the origin of the quantities W t and u is high­

lighted in Figure 3.3. The estimation error of the filtering problem is 

(3 .3) 

In the following section we will aim at optimising W t such that edn] is minimised 

in an appropriate sense. 
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u[n] - filter state vector 

-------------~-------------~ ~ d,[II] 
Ll I[n] 

• • 

e,[n] 

Fig. 3.3: Block diagram representation of a linear filtering problem. 

3.2 Adaptive MIMO Filtering 

3.2.1 Mean Squared Error 

The mean squared error (MSE) is a common error criterion and is generally suit­

able if the input signals have a Gaussian distribution. The MSE cost function, 

~MSE ' is given by the statistical expectation, t'{-} , of the squared error. We may 

develop a cost function for t he MIMO problem described in the previous section. 

This results in T cost functions, ~MSE,t , t = 1,2, ... , T, one for each of the MISO 

systems 

~MSE,t t' {edn] eZ [n]} 

t' {(dtln] - wi! u[n])(dZ [n] - uH[n]wt)} 

t'{d[n]tdZ [n]} - t'{w{lu[n]dZ[nJ} 

-t' {dt [n]uH[n]wt } + t' {w{1 u[n]1.LH[n]Wt } 

(J~t - wI!t'{u[n]dZ[n]} - wTt'{dtln]u*[n]} 

+w{1 t' {u[n]uH[n] } Wt 
2 H T * H R 

(J dt - W t P t - w t P t + w t w t, 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

where P t is the cross-correlation vector between the filter state vector, urn], and the 

conjugate of the desired response at t ime n , d; [nJ, and R is the auto-correlation 

matrix of the filter state vector, urn]. The cross-correlation vector is therefore 
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defined by 

Pt E{ u[n]d;[n]} (3.9) 

[E{udn]d;[n]}, ... ,E{udn - Lw + 1]d;[n]} ,E{u2[n]dnn]},'" , 

E{u2[n - Ltv + 1]d;[n]},··· ,'" ,E{1LS[n - Lw + 1]dnn]}]T (3.10) 

[rU1dt[O],'" ,ru1dt[Lw - 1], ru2dt[O],··· ,'" ,ruSdt[Lw - 1J]T (3.11) 

where r Usdt [T] is the cross-correlation function given by 

(3.12) 

It is assumed that the signals us[n] and ddn] are wide-sense stationary (WSS), 

and that Wt is statistically independent of both urn] and dt[n]. The elements of 

the auto-correlation matrix R are given by 

R = E {u[n]uH[nJ} (3.13) 

Ru RI2 R IS 

(3.14) 

where 

Rss = E{us[n]u:[nJ} 

Us [n]u;[n] 

=E 
us[n - 1]u;[n] 

Us [n]u;[n - 1] 
us[n - 1]u;[n - 1] 

us[n]u;[n - Lw + 1] 
us[n - 1]u;[n - Lw + 1] 

us[n-Lw+1]u;[n] us[n-Lw+1]u;[n-1] ... us [n-Lw+1]u;[n-Lw+1] 

rusus[O] rUSU ." [1] rU8uij[Lw - 1] 
r:sus[1] rus"us[O] rusu .. ,[Lw - 2] 

ru u .. [O] s s 

The elements of R are samples of the auto-correlation function, rusuii[T], defined 

analogously to (3.12). The matrix R is block Toplitz, i.e. it consists of blocks 

Rss which have a band structure with identical elements on all diagonals and is 

Hermitian, i.e RH = R, and as a result R is positive semi-definite with real-valued 

eigenvalues. Equation (3.8) shows that the cost functions, ~MSE,t, are quadratic 

in the filter coefficients, Wt, and due to the positive semi-definiteness of R have a 

minimum solution, which is unique when R is positive definite, i.e. of full rank. 

(3.15) 



3.2 Adaptive MIMO Filtering 

...... 
'" o 

U 

45 

Fig. 3.4: Mean Squared Error (MSE) cost function, ~MSE,t, for a weight vector, 

Wt, consisting of two elements. 

The cost function forms an up-turned hyperparabola over the SLw-dimensional 

space formed by all possible coefficient sets Wt. This is shown in Figure 3.4 for 

the simplistic case where the weight vector, Wt, consists of two elements only, W,.,O 

and Wt,l' 

3.2.2 Wiener-Hopf Solution 

Assuming that R is positive definite, the cost function is minimised by a unique 

Wt. The value of the vector Wt at this point forms the minimum MSE (MMSE) 

solution, Wt,opt, to the MISO filtering problem described in Section 3.1. 

A common method of finding the value of Wt,opt is to calculate the first derivative 

of the cost function, ~MSE,t, in (3.8). By setting the derivative to zero and solving 

for Wt we can find the optimum filter coefficient vector, Wt,opt. Starting from (3.8) 

and exploiting the fact that [80] 

and 

we have 

VI: [] _ O~MSE,t 
."MSE,t n - !:} * 

uWt 

and 
OWH 

~=O, 
UWt 

o (2 H T * HR) ow; O'd - W t P - W t P + W t Wt 

-p+RWt, 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 
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where \7 is the gradient operator. By setting \7~l\lsE,dn] 

arranging we obtain 

R - 1 
Wt,opt = Pt, 
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o in (3,20) and re-

(3.21 ) 

which is known as the Wiener-Hopf solution. By substituting (3.21) into (3.8) 

and after some algebraic manipulation it can be shown that the value of the cost 

function at this point, the MMSE value, is given by 

. t () 2 HR- 1 mm<"MSE,t Wt = (Jd - Pt Pt· (3.22) 
WI 

In practice, the Wiener-Hopf solution in (3.21) is difficult to obtain. Reliable 

estimation of Rand P requires large time windows and becomes problematic in 

non-stationary situations. Apart from its large complexity of 0(52 L~), the inver­

sion of R can be impossible in the rank-deficient case and numerically unstable 

if R is ill-conditioned. To overcome problems with the Wiener-Hopf solution, we 

will review iterative methods for optimising W, next. 

3.2.3 Gradient Descent Adaptation Techniques 

As derived in (3.8), the MSE is quadratic in the filter coefficients and therefore 

has a unique minimum. For convex functionals, such as the MSE, iterative gradi­

ent descent methods can be found which follow the negative gradient of the cost 

function. Starting from an arbitrary point this will eventually lead to the unique 

global minimum. This can be mathematically formulated as 

wdn + 1] = wdn]- fJ,\7~MSE,I[n] (3.23) 

where wdn] represents the weight vector at time n. The update takes a step in 

the direction of the negative gradient to give a new coefficient vector wdn + 1] 

which is closer to the optimum solution in the l2 (i.e. Euclidean norm) HCllHC. 

The gradient of the MSE cost function, \7~MSE,I[n], has been derived in (3.20), 

and f-1 represents the step-size, which controls the innovation in (3.23). Hence the 

step-size determines the speed with which the iteration converges to the optimum 

solution. However, as will be shown in Section 3.3.2.2, too large a step-si7,c may 

cause the update algorithm to become unstable. 

Substituting (3.20) into (3.23) yields the so-called steepest descent algorithm 

[78, 79]. Using this algorithm, the auto-correlation matrix, R, no longer needs 

to be inverted, but as well as the cross-correlation vector, Pt, still needs to be 

reliably estimated. This can involve very long data windows and increase the need 

for memory while calculating Rand Pt. In the following, we will pursue a further 

simplification, where instead of calculating Rand Pt exactly, estimates will be 

used. 
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1. urn] = wtI[n]u[n] 
2. edn] = ddn]- vdn] 
3. wtln + 1] = wdn] + fl·u[nlc7[n] 

Tab. 3.1: The tvIulti-channel Least l'dean Squares algorithm 

3.3 Multi-Channel Least Mean Squares Algorithm 

3.3.1 Algorithm Description 

In order to further simplify iterative gradient methods this section gives an overview 

of the Multi-channel Least Mean Squares (M-LMS) algorithm, an exponent of the 

so-called stochastic gradient algorithms, thus called because the adaptation is sub­

ject to a statistical process. Due to the formulation in (3.2), the algorithm is iden­

tical to the better known single-channel LMS algorithm. The LMS algorithm is 

one of the simplest adaptation techniques while still performing satisfactorily. For 

a complete discussion of the LMS algorithm the reader is referred to e.g. [78,81,82]. 

The M-LMS algorithm is derived from the steepest descent algorithm. Instead 

of calculating Rand Pt exactly using infinitely long data windows, single sample 

estimates Rand Pt are used such that 

Pt 

R 

u[n]d~[n] 

u[n]uH[n] 

(3.24) 

(3.25) 

where the notation n is used to indicate estimates of the respective variables. 

This method is equivalent to minimising the instantaneous squared error, rather 

than the MSE. Inserting the estimates into (3.20) yields 

V~MsE,tln] = -Pt + RWt[n] = -u[n](d~[n]- uH[n]wtln]) = -u[n]e~[n]. (3.26) 

Substituting this gradient estimate into (3.23) gives the basis for the LMS algo­

rithm, 

wdn + 1] = wdn] + /.m[n]e7[n]. (3.27) 

To summarise, the complete M-LMS algorithm is shown in Table 3.1 and is 

executed in every sampling period. Unlike the method of steepest descent the 

M-LMS algorithm however performs a noisy update due to the error in the one­

sample estimates of the parameters, which converges on average to the Wiener­

Hopf solution. 
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3.3.2 Properties of the M-LMS algorithm 

This section describes various properties of the "t\I-L"t\rS algorithm. 

3.3.2.1 Computational Complexity 

The computational complexity of the M-LMS algorithm can be expressed in terms 

of multiply-accumulate computations (MAC). Assuming we have complex-valued 

signals, the first step in Table 3.1 involves 4SLw MACs, the second is just two 

MACs, and the final step involves 4SLw + 4 MACs, making the total complexity 

CM- LMS = 8SLw + 6 MACs. However, unlike the analytic optimisation in Section 

3.2.2, this process must be performed many times until the algorithm converges to 

a suitably small MSE. Therefore, if we denote the number of iterations required 

to reach satisfactory convergence as N, then the final complexity is N(8SLw + G). 

Even so, the algorithm is still order O(Lw), which is a great improvement of the 

O(L;) of the Wiener-Hopf analytic optimisation. The advantage is even greater 

for large MIMO systems than SISO systems as the stacked multi-channel filter is 

S times longer than the equivalent SISO filter. 

3.3.2.2 Stability Analysis 

Due to the presence of feedback in the adaptation of the M-LMS algorithm there 

is the inherent possibility of instability. Convergence for the M-LMS can be de­

rived in the mean, i.e. wdn] ---* Wt,opt for n ---* 00, or in the mean-squared, i.e. 

~MSE,dn] ---* ~MMSE for n ---* 00. In the following we review convergence in the 

mean by inspecting the natural modes of the system [78] and we start by inserting 

(3.26) into (3.23) to obtain 

wdn + 1] = wdn] - f-L ( -Pt + Rw[n]) . (3.28) 

By taking expectations of (3.28) and applying (3.21) we get 

E{wdn + I]} E{wdn]} + f-L (E{pd - E{ Rwdn]}) 

E{ wdn]} + f-L (Pt - RE {wdn]}) 

E{ wdn]} + f-L (Rwt,opt - RE{ wdn]}) 

E{wt[n]} + f-LR(Wt,opt - E{wdn]}). 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

Note that by taking expectations we have reverted to the noiseless gradient descent 

method where we assume that our estimates of Rand Pt are perfect. We continue 

by defining a weight-error vector cdn] at time n as 

(3.33) 
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where Wt,opt is the optimum weight vector, which translates the optimum solution 

for wdn] onto the origin. Subtracting WI.opt from both sides of (3.32) and applying 

(3.33) we can write 

(3.34) 

Using an eigenvalue-decomposition, we may express R = QAQ-1 where the 

matrix Q contains the eigenvectors of R and the matrix A is a diagonal matrix 

with elements equal to the eigenvalues of R. Since R is Hermitian, Q is 'Ilnita7']j 

with Q-l = QH, i.e. 

(3.35) 

and the eigenvalues, denoted by A1, A2, ... ,AsLw are all positive semi-definite and 

real. Substituting (3.35) into (3.34) we get 

(3.36) 

Premultiplying both sides of (3.36) by QH and exploiting Q-1 = QH, we get 

Now we define a new set of rotated co-ordinates using 

QHcdn] 

QH[wdn] - Wt,opt], 

and re-write (3.36) in the transformed form as 

vdn + 1] = (IsLw - p,A)vdn]. 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

Thus, the filter coefficients have been decoupled into Lw eigen or natural modes. 

Assuming that the initial value of vt[n], vdO], equals 

(3.41) 

and that Wt[O] = 0, (3.41) reduces to 

(3.42) 

For the kth natural mode of the LMS algorithm we have from (3.40) 

k = 0, 1" .. ,S(Lw - 1), (3.43) 
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where AI.; is the I.;th eigenvalue of R. Further (3.-!3) is a ji:,.st onler' hO'/l/ogeneous 

difference equation, and can be written in tenus of thl' iuitial valul' I 't ,dO] as 

I.; = 0, 1, ... ,S(Lw - 1), (3.44) 

where Vt,k[O] is given by (3.42). Equation (3.44) shows the decoupled evolution of 

the M-LMS algorithm and creates a geometric series with a geometric ratio equal 

to 1 - fLAk. If the magnitude of this ratio is less than unity for all k, then the 

algorithm will be stable and converge to the optimum weights. Thus, the stability 

condition for the M-LMS algorithm requires that 

-1 < 1 - fLAk < 1 Vk. (3.45) 

As n approaches infinity all natural modes of the algorithm will decay, irrespective 

of initial conditions. Considering the worst case of the largest geometric ratio, the 

convergence condition can be denoted as 

2 
o < fL < Amax' (3.46) 

where Amax is the largest eigenvalue of the auto-correlation matrix, R. This forms 

the necessary and sufficient condition for stability of the deterministic method of 

steepest descent [78]. The upper convergence limit on fL can be safely approximated 

by 
SLw-1 S 

Amax::; L Ai = tr{R} = Lw L (}~U,8' (3.47) 
i=Q 8=1 

where the positive semi-definiteness of R ensures the approximations by the trace 

of R, tr{R}. According to (3.15), tr{R} can be expressed by the power or variance 

(};u = rUsuJO] of the input signal urn] and the stacked filter length, SLw , yielding 

2 o < fL < ----;o;S---

Lw ~s=l (}~u,s 
(3.48) 

as practically calculable convergence limits for fL [12]. 

3.3.2.3 Convergence Speed 

An important property of adaptive algorithms is that of convergence speed. In 

the mean, the M-LMS algorithm exhibits an exponential convergence, which can 

be seen from the decoupled evolution of the algorithm in (3.44). It can be shown 

that the time constant of the exponential decay of the kth eigen-mode, 7k, can be 

given by 

(3.49) 
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A common simplification of this is 

(3.50) 

A more detailed analysis of the convergence speed is shown in [12] but two results 

are pointed out here: 

• the overall convergence is governed by the slowest converging natural mode 

corresponding to the smallest eigenvalue, Amin, of R; 

• the maximum speed of convergence has to be set according to (3.46) to 

accommodate for the largest eigenvalue, Amax, of R. 

The eigenvalue spread or condition numbeT' of a matrix is defined as the ratio 

between the largest and smallest eigenvalue. Hence, if the condition mllllber of R 

is large it follows that the convergence of the adaptive algorithm will be slow. The 

condition number can be shown to be less than or equal to the ratio between the 

minimum and maximum value of the power spectral density (PSD) of the input 

signals [12,78]. If the S inputs to the algorithm are mutually independent and 

white Gaussian, then the condition number of R will be one and this scenario 

would achieve the fastest possible convergence. We will see in Chapter 4 that if 

we are performing system identification on an unknown MIMO channel then the 

eigenvalue spread may be close to one. However, if the task involves adaptive 

inversion of a frequency-selective channel, then the latter will impose correlation 

onto urn], and slow the convergence for the M-LMS results. 

3.3.2.4 Bias 

The stability analysis in Section 3.3.2.2 showed that the adaptive filter vectors, 

wdn] approach the optimal values as n -t 00 if the step-size coefficient remains 

within its convergence bounds. Hence if the underlying system to which the algo­

rithm is converging remains stationary, the adaptation is free of bias in the mean. 

However if the underlying system is dynamic so that is spectral characteristics 

change over time the adaptation will lag behind the optimum filter vector which 

will produce a bias [12, 78, 83]. The bias depends on the step-size /1, there is an 

optimum step-size which will minimise the bias [83]. Too small a step-size means 

that the adaptive system is unable to follow the dynamic system at the rate it is 

fading, whereas if the step-size is too large the observation noise will be amplified 

by a greater amount than is necessary, degrading the performance. In a noiseless 

environment however there is no noise and we may use as great a step-size as is 

required to give good tracking. 
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l. dll] = wfI[n]u[n] 
2. (' dn] = ddn] -l'dn] 
3. [ 1] [] - ulT/]ettn] 

Wt '/7 + = Wt 'II + t1ul/[nJu[nJ 

Tab. 3.2: The Normalised 1Iulti-Channel Least J'dean Squares algorithm. 

3.4 Multi-channel Normalised LMS Algorithm 

This section gives a description of the IVlulti-clmnnel Normalised LMS (M-NLMS) 

algorithm, and discusses its convergence characteristics with respect to the stHll­

dard M-LMS algorithm and also the single-channel LMS algorithm. 

3.4.1 Algorithm Description 

In the standard M-LMS algorithm the step-size factor, tL, is fixed and has to be 

adjusted to cover the worst case with respect to A",a:,,' This has the drawback 

that if in a non-stationary environment the variance of the input signal is low, the 

convergence speed of the algorithm may be insufficient. The input signal power or 

variances, O"~u,s, and Amax are related as shown in (3.47). For this reason, a step­

size normalisation with respect to the input signal power appears to be beneficial. 

In this case the step-size factor in effect varies so that it is small at times of high 

signal power, and vice versa. 

If the variance of each input signal us[n] is estimated over a rectangular window 

of length Lw and then these variances are summed to give the total power of the 

signals in the adaptive MISO filter, that is 

1 S Lw- 1 1 
O"~u ~ SLw L L lus[n - TW = SLw uH[n]u[n], 

s=1 T=O 

(3.51) 

and the step-size parameter, tt, can be substituted by 

tt= tt 
uH[n]u[n]' 

(3.52) 

This results in the new update equation used in the M-NLMS algorithm, which 

can be summarised in Table 3.2. The substitution of tt by the normalised step-size, 

il, changes the stability condition to 

0< il < 2. (3.53) 

The cost of this algorithm is slightly higher than that of the M-LMS algorithm 

on account of the extra input signal power calculation. Exploiting computational 
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tricks the cost for the :~'/I -NLlVIS yields 

Crvl-NLMS = 8SLw + 8S + 10 (3.54) 

MACs per sampling period. 

3.4.2 Convergence Characteristics 

The selection of jl sets a relative convergence speed independent of the variances of 

the input signals us[n]. This means that, whereas with the M-LMS the algorithm 

convergence is dependent on the total power of all the input signals, now it is 

normalised so that the convergence remains uniform during adaptation irrespective 

of fluctuations in the input signal power. This has the advantage that if one of 

the multiple inputs is prone to periods of high power relative to the others, we do 

not have to choose a small step-size at the expense of the convergence rate for the 

filters corresponding to the other inputs. 

A comparison between the convergence of the M-NLMS for S inputs and the 

single-channel N-LMS algorithm is interesting. For the MISO case the filter state 

vectors are S times longer than the single-channel system, with only an Lw length 

filter. According to (3.50) the convergence speed is approximately inversely pro­

portional to the step-size, /1. For the M-NLMS algorithm the step-size varies 

inversely with the total input signal power, so the approximate time-constant for 

the M-NLMS algorithm is 

Su~-{[n]us[n] 

/1 Ak 
for any s E 1 : S, (3.55) 

assuming that the power of all input signals are equal. Hence the convergence for 

the M-NLMS is S times slower than for the single-channel N-LMS algorithm. 

3.5 Other Adaptive Algorithms 

This section will give a very brief overview of some other adaptive filtering algo­

rithms that may be of interest. We consider their use for the simulations in this 

thesis and give discussion why we discount them. 

3.5.1 Recursive Least Squares 

Whereas the LMS algorithm minimises the expectation of the squared error by use 

of gradient descent, an alternative is to optimise the the adaptive filter with respect 
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to the sum of squared errors, which anses III the so-called Least Squares (LS) 

methods. Like the LMS algorithm, this method will tend towards the vViener-Hopf 

solution in a static environment. An exponent of the LS methods is the Rt'cursiv(' 

Least Squares (RLS) algorithm, where a recursive estimate of the quantities used 

in the algorithm is used. The cost function used for the LS methods is given by 

n 

~LS,n = LIYe[n - v]e*[n - v], (3.56) 
v=o 

where (3 is termed the forgetting factor and 0 < (3 :::; 1. From this we see that the 

cost function depends upon the entire error signal up to the current time. The 

forgetting factor is used to de-emphasise the squared error of previous samples and 

plays a vital role if the target system is dynamic in time. 

Analysis of the RLS algorithm shows that, like the LMS algorithm, the bias 

tends towards zero in the mean but unlike the LMS algorithm it also tends to zero 

in the mean squared, meaning that the final MSE tends to the MMSE both in 

statistical terms and in real terms. This is true if we assume a WSS signal and 

an infinite memory, i.e. (3 = 1. Generally, the RLS algorithm results in greatly 

superior performance it terms of both convergence speed and bias. However the 

RLS algorithm has two major drawbacks which make is less desirable than the 

N-LMS algorithm for the work contained in the thesis. 

When the target system in non-stationary, a forgetting factor {3 < 1 must be 

chosen, and how small it must be depends on how dynamic the system is. The 

system must forget older statistics which change as the system changes so that it 

can continue to converge to the MMSE solution. Unfortunately, this can have a 

serious impact on the tracking behaviour of the algorithms, so much so that LMS­

type algorithm can in certain situations achieve better performance [12,8487]. 

One of the intended applications of any equaliser architecture we develop in thiH 

thesis is for use within a MS which may be subject to movement. As such, we 

must assume that in general the M1MO channel will be dynamic and we require 

that the equaliser will be able to track changes in the channel over time. 

The second and major drawback of the use of the RLS algorithm for use with 

M1MO channels is related to its computational complexity. The computational 

cost of the RLS algorithm is given by 

(3.57) 

MACs per iteration per S1SO filter (i.e. not the stacked M1SO filter), which is 

O(L;) compared to O(Lw) of the LMS algorithm. Although it is true that the 

RLS algorithm would required fewer iterations until convergence this would only 
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be an advantage for a stationary system where continuous tracking is not requil'l'tL 

and even in this case it is possible that the greater complexity oreier of the RLS 

algorithm would negate any advantage arising from the fewer required iterations 

for systems with a large Lw. This is especially likely for MIlVIO systems, where 

we would use the same stacked input vectors described in Section 3.1 as we used 

for the M-LMS algorithm to create the lVlulti-Channel RLS (M-RLS) algorithm. 

In this case, the complexity is increased by a factor of S2 making the M-RLS even 

less attractive than the M-LMS algorithm. 

For these two reasons and due to advantages of normalising the LMS algorithm 

described in Section 3.4 the M-NLMS algorithm is preferred over the RLS algo­

rithm. 

3.5.2 Frequency-Domain Adaptation 

We have described the LMS class of adaptive filtering which is performed in the 

time-domain. An interesting alternative is to transform the problem into the 

frequency-domain via use of the FFT [78]. In this case, we call the technique 

frequency-domain adaptive filtering (FDAF) and the origins of this may be traced 

back to 1973 [88]. The attraction of FDAF lies in its potential to reduce the 

complexity of adaptive algorithms such as the LMS for long filters [89]. The tech­

nique combines two methods that were previously widely used in the field of signal 

processing, namely block processing and the FFT. Block processing involves, as 

its name suggests, the partitioning of the input data into blocks and performing 

the adaptive update once on each block to reduce the complexity of the algo­

rithm [90,91]. This will generally slow the convergence of the algorithm and this 

is the trade-off that must be paid, so that the lower complexity can be realised ancl 

it also opens up the possibility of the use of parallel processing, which could again 

increase the computational speed. The second technique is the use of the FFT, 

the use of which is made possible by the block processing. The FFT enables us 

to use computationally efficient techniques to process filters with a long impulse 

response. This approach leads us to the frequency-domain block LMS (FD-BLMS) 

algorithm that includes the standard LMS algorithm as a special case [92]. The 

FD-BLMS involves padding or forcing parts of the signals inside the algorithm to 

zero, which introduces a constraint to the error gradient and is required to ensure 

correct convergence to the MMSE solution. 

The use of the FD-BLMS however brings with it some problems not present 

with the standard time-domain implementation. Foremost of these involves the 

circular convolution or wrap-around effect inherent in the use of the FFT, and 
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special precautions must be taken to combat this, SHeh as the overlap-add or 

overlap-save methods [92]. Also, frequency-domain tl'clmiqucs arc not suitable for 

every situation, for example for short filters of length below 64 taps the FD-13Ll\IS 

will actually result in a more computationally costly solution [89], in addition to 

the worsened convergence. 

The FD-BLMS can be implemented in two forms, constrained and unconst'in:incd. 

The standard FD-BLMS as described above is the constrained version, with the 

constraint being on the error gradient, and as a result the FD-BLMS algorithm 

involves five FFTs per iteration. Two of these are involved in the constraint 

and it is possible to remove these to create the even less computationally costly 

unconstrained FD-BLMS algorithm that only uses three FFTs per algorithm it­

eration [93]. Of course by doing this performance is affected and the algorithm 

no longer converges to the MMSE solution as the number of block iterations ap­

proaches infinity [92]. A second point is that misadjustment of the algorithm is 

greater than that of the constrained FD-BLMS; in fact the unconstrained version 

can require twice as many iterations as the constrained algorithm to produce the 

same misadjustment [94]. 

More recently, there has been a renewed interested in frequency-domain process­

ing techniques, mainly spurred on by the search for computational cost reduction 

of ever increasing more complex systems being developed and MIMO is an ex­

ample of this. Complexity savings have been shown by using spatial-frequency 

adaptive equalization for diversity systems [95]. Recently, single-carrier frequeucy­

domain equalisation for broadband wireless systems have been shown to compare 

favourably to the currently more popular OFDM [96]. Finally, a new method 

has been shown that applies an unconstrained FD-BLMS, where the com;traint is 

different from the gradient constraint discussed previously, to multi-channel acous­

tic echo cancellation with favourable results in terms of misadjustment but abo 

computational cost [97]. 

A fuller overview of FDAF can be found in Haykin [78] and Shynk [92] and 

the cited references in this section for specific details. Very recently there has 

been renewed great interest in frequency-domain adaptive equalisation for MIMO 

channels [67,98,99]. In this thesis, however, we will not deal much with FDAF, 

preferring instead subband processing techniques, discussed in Chapter 5, which 

have not yet attracted as much attention as frequency-domain techniques and seem 

to have given promising results in the past [12]. 
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Fig. 3.5: System identification to fiat SISO and MIMO channels using M-NLMS 

algorithm with p, = 0.18. 

3.6 Simulations and Discussion 

This section presents various simulation results obtained by applying t he adaptiv 

tools to the channels described in Chapter 2. 

3.6.1 System Identification 

We start by applying the M-NLMS to SISO, 2 x 2 MIMO and 4 x 4 MIMO 

channels and the sub-channels comprising these all have fiat frequency spectrums . 

The channels are static in both the mean and mean-squared as here we are ju 't 

interested in observing the performance of the adaptive algorithm in identifying 

the unknown channels , starting from all-zero adaptive filter coefficients. Figure 3.5 

shows the MSE over the duration of the adaptation, which is performed over many 

ensemble sets to obtain average results . In these simulations we have used Lw = 1, 

as this is the length of the sub-channels forming the systems, and p, = 0.18. We 

see that as predicted by our discussion in Section 3.4.2 the convergence of t he 4 x 4 

MIMO system t akes a little over twice as long as that to the 2 x 2 MIMO system, 

and the same is true for the 2 x 2 MIMO system over the SISO system. The final 

MSE values are around -320 dB and this is due to the machine accuracy of t he 

simulation tool. 

Figure 3.6 shows the convergence characteristic for the two-tap channels with 
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Fig. 3.6: 8ystem identification to two-tap 8180 and M1MO channels using M­

NLM8 algorithm with p, = 0.18. 

Lw = 2. All the other parameters of the simulation remain the same as for the 

flat channel simulations. We see a similar pattern of behaviour as before with 

the convergence speed between the systems being related by a factor of 2 as th 

dimensions of the system double. The doubling in length of component sub­

channels causes a doubling in the computational complexity, due to the O(Lw) 
M-NLM8 algorithm, and a similar increase in real time to execute the simulations. 

Comparing these simulations with those of the flat channel we see an approximate 

doubling of convergence time between each of the corresponding simulations, due 

to the doubled filter length. 

Next, the simulation results for adaptation to the symbol spaced (88) 8PIB 

channels are shown in Figure 3.7. Again we use the 8180 and 2 x 2 M1MO 

channels, but not the 4 x 4 channel as there is insufficient data in the 8P1B 

database [70] to form such a channel. We use the channels in an unmodified form 

as explained in Chapter 2, with the exception that we firstly downs ample them 

to symbol-spacing and truncate them to length 50 , which captures the significant 

part of the response . Unlike the flat and two-tap channels the 88 8P1B channels 

have an associated sampling rate so we can relate the adaptation to real time. 

The channels are sampled at 30 MHz, therefore each iteration represents an 33 ns 

interval. The algorithm may be performed in real time at this rate, or if possible 

or required due to hardware limitations, for example, the data may be buffered 

or the algorithm iterated at a lower rate. The convergence time between these 
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Fig. 3.7: System identification to unmodified symbol-spaced SPIB SISO an 1 

MIMO channels using M-NLMS algorithm with p, = 0.18 . 

simulations and those of the fiat sub-channels shows an increase of a little over 50, 

as expected. An increase in the final MSE now also becomes apparent- now around 

-300 dB. The reason for this is that the errors cause by the machine accuracy of 

the simulation tool combine additively for each adaptive tap. Hence we would 

expect an increase in the final MSE over the -320 dB of the fiat channel qual to 

the number of adaptive taps , which in the SISO case in these SPIB simulations i 

17 dB , and this is indeed roughly what we see in Figure 3.7. 

Finally, for the system identification simulations, we look at the adaptation for 

the Saleh-Valenzuela channels, described in Chapter 2, with parameters 1/ A = 300 

ns, 1/ A = 5 ns, r = 60 ns and I = 20 ns. The required number of channels were 

generated for each simulation, i.e. one for SISO, four for 2 x 2 MIMO and 16 for 

4 x 4 MIMO. The channel impulse responses were truncated at 300 ns and giv n 

that for our channel realisations the RMS delay spread ranged from 5 n to 35 

ns this is reasonable as the truncated coefficients were of negligible magnitude. 

The impulse responses were temporally quantised, band-limited and sampled at 

100 MHz. Again the M-NLMS algorithm with p, = 0.18 was used. We see in 

Figure 3.8 that these length 30 adaptive filters converge at around 5/3 of the 

rate of the length 50 filters in the SPIB simulations. Again we see that as t he 

simulations cover the SISO, 2 x 2 MIMO and 4 x 4 MIMO cases the convergence 

rate halved each time as the stacked multi-channel adaptive filters double in length. 

The final MSE is lower than for the SPIB simulations, due to reasons discussed 

earlier , as the filter lengths are now shorter. 
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Fig. 3.8: System identification to 100 MHz bandwidth SV S1SO and M1MO 

channels using M-NLMS algorithm with p, = 0.18. 

3.6.2 System Tracking 

Up until this point we have shown the performance of the M-NLMS algorithm 

as it identifies the various unknown S1SO and M1MO channels with an all-zero 

initial adaptive coefficient vector. Another interesting area relates to the tracking 

behaviour of the algorithm for non-stationary channels. When an MS travels at 

some speed the channel will be dynamic, as explained in Chapter 2, and we may 

model this behaviour using a Rayleigh Doppler-faded envelope, the characteristics 

of which are determined by the MS speed and carrier frequency. For thes tracking 

simulations we assume that the adaptive system is privy to the channel coefficients 

at the start of the simulation, by previous identification for example, therefore the 

adaptive coefficients are initialised to the channel coefficients. 

Firstly we look at the tracking behaviour for a S1SO and 2 x 2 M1MO channel 

with flat sub-channels, shown in Figure 3.9. The simulation uses the M-NLMS 

algorithm with p, = 0.18. Since we must relate the system to the real world 

to create the Rayleigh Doppler-faded faded channel, we must also associate a 

particular receiver sampling frequency, and for this we have chosen 10 kHz. To 

make the simulation more interesting, rather than an MS moving at constant 

velocity, we have it accelerating which causes an increasingly dynamic channel as 

the simulation progresses. Figure 3.9(b) shows that the MS accelerates from rest 

to 30 mis, which is about 120 km/ h, and we are using a carrier frequency f e = 1.8 

GHz. Looking at the time base we see a phenomenal acceleration far greater than 

the system will ever encounter, but this is simply to ensure the simulation takes 
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Fig. 3 .9: System tracking behaviour for a Rayleigh Doppler-faded flat S1S0 and 

2 x 2 M1MO channel for accelerating MS with f e = 1.8 GHz (a) MSE for varying 

Update Factors (UF) (b) typical fading envelope as MS speed increases. 
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a reasonable amount of time; choosing a more realistic acceleration would hm'(' 

required several billion points to be calculated to ensmc a sufficient fading envelope 

temporal resolution for the simulation to be performed properly, which was well 

beyond the capabilities of the simulation tool used. Fortunately, if the system \vere 

to be implemented in hardware this would not be problem as obviously the channcl 

itself would create the fading, rather than the simulation tool. Nevertheless, evell 

with the acceleration used, the results are still valid and instructive. 

In this simulation we also introduce the concept of an Update Factor (UF) greater 

than one. The UF is defined as the ratio between the mllnber of iterations where a 

adaptive weight update is actually performed and the total number of iterations. 

For example, UF=5 would mean the an update is actually performed only every 

fifth iteration. By choosing an UF only as high as needed to obtain a satisfactory 

MSE for the current fading rate we have the possibility to reduce the computational 

cost by a factor equal to the UFo This means that either the hardware lIlay be used 

to perform other processing tasks while it is not updating the weight coefficient, 

for example analytic inversion which will be covered in Section 4.2, or lower power 

hardware may be used. Figure 3.9(a) shows results for UF=1,5,10 and 50. With 

the higher UFs we can actually see the adaptive updates being performed as the 

MSE suddenly drops followed by a slow rise again due to the channel fading. For 

this particular simulation we see that, depending on the MS speed amI MIMO 

dimensions, the UF must be kept quite low to achieve satisfactory performance 

(i.e. one that achieves a reasonably low BER for typical modulation schemes 

such as QPSK and 16-QAM). For the SISO system a UF of around three may 

be acceptable for the application assuming service is required up to a MS speed 

of 120 km/h, while for the 2 x 2 MIMO system a UF of one would probably be 

required. This assumes a minimum MSE performance criterion of -15 dB. However 

for this simulation a UF of one corresponds to an update frequency of 10kHz, 

as determined by the sampling rate, which is easily within the capabilities of 

today's hardware. The MSEs rise firstly as they reach a steady-state MSE caused 

by adaptive misadjustment for that UF and then by varying degrees depending 

on the UF as the MS speed rises and the adaptive lag increases, because the 

algorithm finds it increasingly difficult to track the changes in the channel as it 

becomes increasingly dynamic. The MSE is caused by the misadjustment between 

the adaptive filter and the true channel co-coefficients between updates and also 

the adaptive filter lagging the channel which creates a bias as briefly mentioned in 

Section 3.3.2.4. For higher UFs it appears that the adaptation error due to a lower 

update rate becomes increasingly dominant over the bias caused by increasing lag 

due to the accelerating MS. Hence for higher UFs, after reaching the steady-state 

MSE for that UF, the MSE gradient decreases relative to lower UFs even as the 



3.6 Simulations and Discussion 

~ 

~ 
~ 
~ 
Ul 

~ 
U.J' 

ci 
(/l 

::;E 
OJ) 

= :.;;: 
u 
oj 
p 
<l.) 

:0 
E 
<l.) 
en 

= <l.) 

-30 .. 

-40 

-50 

-60 

-70 

-80 

-90 

-100 
0 

I ~ 

,YJfJ\06~<!5~C-0/C? ~~Q 0 ~'() (j ?~0 Gl Q.9 q,l5><il'GlIV(i)-o.'oI(M)(i\G«(lI~~G (').Ci1\!l (lJ:O'Q (9/I!), . 

.... -e- SV SISO channe l, UF= I 
-0- SV 2 x 2 channel, UF= I 
-><- SV SISO channe l, UF= IO 

.' ... -x- SV 2 x 2 channel, UF= I 0 
-t- SV SISO channe l, UF=50 
-t- SV 2 x 2 channe l, UF=50 

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 
iterations, n . 

63 

. Fig. 3.10: System tracking for 100 MHz SV S1SO and M1MO channels using 

M-NLMS algorithm with jj = 0.18 and MS moving at 120 km/ h. 

MS speed increases, meaning that higher UFs are less sensit ive to the fading effect 

of the channel but only because the misadjustment MSE dominates . 

Our next tracking simulations show the performance of the M-NLMS following 

a dynamic Saleh-Valenzuela (SV) channel. As before, the parameters of the SV 

channel are 1/ A = 300 ns , 1/ A = 5 ns , r = 60 ns and "y = 20 ns, the M-NLMS 

algorithm is used with jj = 0.18 , and the UF ranges from 1 to 50 . The SV channels 

have been sampled at 100 MHz using the method outlined in Section 2.4. 1.3, and 

hence the impulse responses are 30 taps long, assuming truncation after 300 ns as 

before. This is purely for processing reasons due to computational limitations of 

the simulation tool. Unlike for the fiat channel tracking simulations previously the 

MS moves at a constant speed of 120 km/h and we plot the tracking MSE against 

the UF, shown in Figure 3.10, where again we have assumed that the adaptive 

system initialises with perfect channel knowledge at that moment in time. The 

Doppler bandwidth is 200 Hz or equivalently the coherence time is 2.1 ms [23]. 

Since the coherence time is many orders of magnitude greater than t he receiver 

sampling period , 10 ns , we expect that the fading effect is negligible for low UFs. 

For example, UF=l means that the adaptive algorithm updates at a period of 10 

ns and therefore from the perspective of the algorithm the channel is near static. 

Figure 3.10 shows the MSEs for UF=1 ,10 and 50 we indeed see that the lower 

UFs achieve the lowest steady-state MSE. These steady-state MSEs are much 

lower than the fiat channel MSEs in Figure 3.9 by virtue of the now much greater 
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Fig. 3.11: Steady-state system tracking MSE for SV SISO and MIMO channel 

using M-NLMS algorithm with jj = 0,18 , MS moving at 120 km/h and varying 

update factors. 

iteration rate in real time. Even though the MS is moving at a constant speed 

we still see the MSE curve converge to the steady-state value. The steady-state 

MSE is due to lag and the cases with a higher UF take longer to reach this MSE 

on account of their lower update rate. One point we should address is t hat the 

parameters we are using for the SV channel pertain to an indoor environment and 

hence it is unlikely that a MS would moving at 120 km/ h. Nevertheless , the results 

are valid and instructive. It is feasible that in an harsh outdoor environment , such 

a dense urban, the channel would have a similar characteristics , only that t he 

delay spread would be greater and the corresponding coherence bandwidth less. 

In this case a similar impulse response would be obtained by sampling at a lower 

rat e. Hence these simulations form a worst-case scenario. 

Finally, with the same SV channel and an MS moving at 120 km/h it is inter­

esting to see how the steady-state MSE varies with the UF, and a plot of t his is 

shown in Figure 3.11 for UF ranging from 1 to 1000. These simulations were very 

computationally intensive and for this reason it was feasible to run the simulation 

for only a few ensemble set s, hence the curves are not smooth. However t hey are 

of adequate quality to gain insight in the general behaviour and there are some 

interesting points to note. We see that the steady-state MSE degrades t he most 

in the lower UF values. For the fiat SISO tracking simulation in Figure 3.9(a) 
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we saw that an 1fSE of -15 dB at 120 km/h was produced with approximate UF 

of 3. This translated to an update period of 0.3 ms, which is 7 tiuH'S less than 

the coherence time at 120 km/h. For the SV simulations at a sampling fr('q1H)n('~' 

of 100 MHz as we have here we need UF=30,000 to achieve update period of 0.3 

ms. However, the convergence rate here is about 30 times slower over the fiat case 

due to the adaptive filter length, hence we would expect UF=l,OOO to result in a 

steady-state MSE on the order of -15 dB. Vve in fact see a steady-state MSE of 

about -18 dB in the plot, but due to the approximateness of the calculation and 

the the fact that these simulation were averaged over only a few ensemble sets this 

is deemed a close enough result to the expected value. It is interesting to note 

that for a particular channel, carrier frequency and MS speed it is hence possible 

to empirically fit a linear function of only receiver sampling frequency to calculate 

the UF required to achieve a certain steady-state MSE. 

3.7 Summary 

This chapter has covered the fundamentals of multi-channel adaptive filtering and 

given us the necessary grounding to continue with future chapters where the adap­

tive algorithms will used to identify unknown MIMO channels ready for analytic 

inversion or to adaptively invert the MIMO channel directly to create an equaliser. 

The chapter started by outlining the problem and devising a suitable multi-channel 

system model before then using this model to derive the optimum filter that trans­

lates a given input signal to a desired output signal, or Wiener-Hopf solution via 

use of the MSE cost function. We then explained the computational problems 

involved with the analytic calculation of the Weiner-Hopf which motivated us to 

develop lower complexity adaptive methods which converge to the optimum solu­

tion over time. We developed a gradient descent technique which led to the LMS 

family of adaptive algorithms. The properties of the LMS algorithm were dis­

cussed in terms of the computational complexity, where we showed its significant 

advantage over the analytic method, the algorithm stability, convergence speed 

and bias. We then derived a normalised version of this whereby the algorithm au­

tomatically adjusted itself for the input signal power as so not to become unstable 

and theorised that the convergence speed of the M-LMS relative the single-channel 

LMS algorithm would be slower by a factor equal to the number of transmitters. 

After briefly discussing other candidate adaptive algorithms and explaining the 

decision to favour the LMS type algorithm over these in this thesis we moved onto 

the application of the M-NLMS algorithm in various simulations. Two broad sets 

of simulation results were shown- static system identification and dynamic system 
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tracking. vVe saw that the convergence rate scaled inversely with the dilllensions of 

the j'vIHvIO system and with the length of the a.ciaptive filters. Finally, we saw that 

especially for high bandwidth systems we may choose all Update Factor greater 

than one and hence limit the computational power required for the adaptive tasks 

by either choosing a lower power processor or employ the freed power to perform 

other tasks such as analytic inversion. The analytic inversion of MIMO systems 

forms a important area for study and we have seen in Chapter 2 that studies in 

the literature covering the analytic inversion of frequency-selective MIMO chan­

nels are few and is still an open area for research which is explored in the next 

chapter. 



Chapter 4 

System Equalisation 

This chapter explains the concepts and methods behind the equalisation of frequency­

selective MIMO channels based on the basic domain-independent MIMO transfer 

function 

y=Hx+v, ( 4.1) 

where y, x and v are vectors of multiple received, transmitted and noise signals 

respectively, and H is the MIMO channel matrix. Out of the adaptive methods, 

there are broadly two ways of creating a MIMO equaliser: (i) adaptively identify 

the MIMO channel as covered in Chapter 3 and then analytically invert it, or (ii) 

adaptively identify the inverse of the MIMO channel and hence converge to the 

equaliser directly. Each of these two methods are developed and their respective 

advantages and disadvantages are explained. We firstly cover the mathematical 

criteria behind the MIMO channel inverse and how it relates to the equaliser in 

Section 4.1. Techniques are covered to invert rectangular MIMO channels, i.e. 

M =I- P as are ways to invert ill-conditioned MIMO channels. We also explain the 

possibility of using pre-distortion at the transmitter instead of equalisation at the 

receiver and justify our decision to favour the equalisation method. In Section 4.2, 

three analytic techniques are developed which perform the inversion in the z, time 

and frequency domain and the inversion criteria behind these techniques are cov­

ereel. Also covered is the required FIR equaliser length, and the effects of channel 

estimation errors and noise during adaptive identification. We move onto the fully 

adaptive inversion technique, developing it and explaining the problems associ­

ated with it in Section 4.3. In Section 4.4, adaptive equaliser tracking for fading 

channels is covered and other adaptive equalisation techniques are mentioned in 

Section 4.5. Finally in Section 4.6, we present simulation results showing MSE 

and BER performances attainable in various scenarios, and end the chapter with 

a summary motivating the development of subband processing techniques, which 

are the topic of Chapter 5. 
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4.1 Inversion Methods and Criteria 

The central problem of frequency-selective l\Hl\IO systems is that data. streams 

transmitted from the multiple transmitters are mixed both in space and time and 

then combine additively at the multiple receivers. The frequency-selective, and 

hence time-dispersive, nature of the channel causes inter-symbol interference (lSI), 

while the MIMO property results in co-channel interference (eel). The aim of this 

section is to discuss inversion methods for MIMO channels that can minimise both 

lSI and eel in an appropriate sense. 

The aim is to find a matrix, G, that when applied to the vector of received 

signals, y, we obtain an estimate X, for the transmitted data stream, x. Hence, 

we have 

x (4.2) 

(4.3) 

where G is an "unmixing" matrix whose purpose it is to undo the effects of the 

channel and the subscripts denote the dimension of the matrix. Note that at this 

point the criteria remain independent of representation domain. The structure of 

how the input and output signals and the time-dispersive nature of the channel 

are dependent on the representation domain, i.e. z, time or frequency and hence 

undefined at this point. It is useful to think of the elements of the vectors and 

matrices as blocks, the internal structure of which are as yet undefined. Notice 

that we are currently considering only a noiseless environment, and that we apply 

G to the input vector after the MIMO channel, and so it must be applied at 

the receiver. In this case, the unmixing matrix, G is termed a MIMO (XIUaliHcr. 

Another possibility is to apply an un mixing matrix at the transmitter, in which 

case the matrix mixes the signals together before they are transmitted in such 

a way that the channel unmixes them so that x arrives correctly at the receiver 

antennas. In this case we would call the unmixing matrix, G, a MIMO prc­

distorter. This will be discussed in Section 4.1.3 as well as our reasons for using 

equalisation. We will continue with the creation of an equaliser as an objective. 

To recover the input signals, x, perfectly we require 

x[n] = x[n - ~], ( 4.4) 

where ~ is a delay required to place the significant portion of the response of G in 

the causal domain which is required if the channel determinant is non-minimum 

phase. The method of how to achieve this depends on the unmixing criterion. 

There are a number of these, however two of the best know are the zero-forcing 
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(ZF) and minimum mean squared error (l\Il\ISE) criteria. The ZF solutioll aims 

to perform a mathematically perfect illversioll of the l\IIMO challnel t.aking llO 

account of noise or any other sources of error. Equivalently, it aims to make the 

Channel-EqualiseI' Response (CER) a delayed identity matrix. However if the 

signals are highly attenuated by the channel the ZF equaliser will he-we H. high 

gain which can cause excessive errors and other problcms in the prCflence of noise 

and other error-causing phenomena. The MMSE solution is an alternativc which 

as its name suggests aims to minimise the error between the vector input to the 

MIMO channel and the vector output of the MIl\IO equaliser, which we will call 

the Channel-EqualiseI' Error (CEE), in any environment or in the presence of any 

noise sources. We have already seen the MMSE solution in Chapter 3, however ill 

that case the adaptation error rather than the CEE was the minimisation objective. 

We now consider the ZF solution of a MIMO channel, alld to obtain thifl w(~ 

must invert it. Assuming a rectangular channel where M i- P, the inverse in 

the conventional sense, i.e. H- 1, is undefined. However, in principle given a 

rectangular matrix it is possible to find another rectangular matrix of transpos(~d 

dimensions such that the two result in an identity matrix when multiplied together. 

This forms the basis for the pseudo-inverse [100,101] 

(4.5) 

where (-)t represents the pseudo-inverse, and we assume that rank(H) = min(l\1, P) 
to ensure its existence. There actually may be many solutions so that HtH = I, 

but the pseudo-inverse is defined as the solution that has the minimum vector 

length. This is also known as the least squares solution to the inconsistent system 

y = Hx [100]. 

There are two cases to consider, the first of which is the over-determined case, 

where the matrix has at least as many rows as columns, or P 2:: lVI. The pseudo­

inverse of a matrix H is then defined 

H t (HH H )-lHf-I 
lvIxP = lvIxP PxlvI lvIxP, (4.6) 

which is termed the left-inverse of the matrix H. Further, if the elements are 

functions of z, they must also be time-reversed [8,102]. The second case is the 

under-determined problem where the matrix has at least as many columns as rows, 

or P < lVI. Now the pseudo-inverse is given by 

(4.7) 

and is termed the right-inverse. As will be shown in Section 4.1.3, when dealing 

with the application of signal processing, the choice of which pseudo-inverse to use 



4.1 Inversion Methods and Criteria 70 

can be mapped directly to whether the system uses equalisation at the receiver or 

pre-distortion at the transmitter. The dimensions of the MHvIO clWlllld matrix 

and whether equalisation or pre-distortion is required are determined by the re­

lationship between 11/1 and P. Finally, note that if AI = P both (4.6) and (4.7) 

reduce to the standard matrix inverse which is solvable assuming H is full rank. 

4.1.1 Capacity of Equalised Channels 

This section derives an expression for the capacity of a channel-equaliser system. 

We see from Figure 4.1 the effect that an equaliser has on a channel in isolation. 

Hence starting from (2.7) and accounting for the effect of the equaliser, the new 

capacity equation may be written as 

det [Rz + GHRxHHGH] 
C = 10g2 !\If detRz (4.8) 

where Rz and Rx are the co-variance matrices of the post-equalised (coloured) 

noise and the inputs at the transmitters. Since 

(4.9) 

then 

C 
det [G(Rv + HRxHH)GH] 

10g2 IVIdet [GRvGH] (4.10) 

[ 
P GHHHGI-I] 

10g2 det I + IVI GGI-I ' (4.11) 

assuming that the input and noise powers are equal and the signals uncorrelated, 

and where Rv is the co-variance matrix of the noise at the receivers. Hence we 

see that in addition to the effect the equaliser has on the transmitted signal it 

also colours the noise. This equation will be used to evaluate the post-equaliser 

capacity in Chapter 7 where the equaliser is created using the various techniques 

covered in this thesis. This matrix applies to fiat channels but it is clear how the 

capacity of frequency-selective equalised channel may be evaluated by applying the 

same principle as was used to evaluate the capacity of isolated frequency-selective 

channel in (2.11). In practice the capacity can be best evaluated via use of an 

FFT of suitable length. 

4.1.2 Regularised Inversion and the MMSE Solution 

The problem with the zero-forcing solution is that is places no constraint on the 

gain introduced by the equaliser so this solution is unsuitable for a noisy environ­

ment, a channel with deep spectral nulls in the determinant of the MIMO channel, 
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Fig. 4.1: Diagram showing (a) an isolated channel where the capacity is evaluated 

at the receivers , and (b) and channel-equaliser where the capacity is evaluated at 

the output of the equaliser. 

where the zero-forcing solution may not exist , or when using inversion methods 

that themselves introduce errors due to their nature for example frequency-domain 

inversion discussed in Section 4.2.3 . To demonstrate this consider a noisy version 

of (2.2), namely 

y=H·x+v, (4. 12) 

where v is a vector of additive white Gaussian noise (AWGN) signals. If we now 

apply the equaliser of (4.5) we obtain 

( 4.13) 

It is obvious from this equation that if H is ill-conditioned or near-singular then 

Ht will greatly amplify the noise, effectively drowning out the desired signal, x , 

and making x a poor if not meaningless estimate of x . 

One way to alleviate this problem is to use the regularisation technique developed 

by Tihonov (also spelt Tikhonov) [103- 106]. This technique int roduces a cost 
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function for the solution of G 

(4.14) 

where tr{-} is the trace operator, (3 is the regularisation coefficient, which can vary 

from zero to infinity, and e is the error between x and x in a noiseless environment, 

i.e. the ZF solution would give e = O. The term tr{ G H G} can be considered as a 

measure of "effort" involved in minimising eH e. This is quite intuitive if we note 

that 
p 

tr{GHG} = L Ai, (4.15) 
i,=l 

where Ai are the eigenvalues of G H G. Contrast this with the cost function of the 

ZF solution which is simply 

( 4.16) 

where the gain of G has no effect on the "cost" of the solution. So we see that 

if H is ill-conditioned causing the ZF solution to have a large gain, this would 

increase the effort of the solution, creating a less attractive regularised solution. 

The regularised solution can be viewed as a trade-off between minimising the 

noiseless error and the effort of the solution. The regularised left-inverse solution 

to the cost function (4.14) is given by 

( 4.17) 

The factor (3 guarantees that HH + (31 is always non-singular for (3 > a and the 

greater (3 is, the better conditioned HH + (31 becomes. So we see that by increasing 

(3 we can make the solution more well-behaved at the expense of moving away from 

the ZF true noiseless solution. By choosing (3 correctly we can ensure that the 

solution will be optimum for any noise power. The selection of (3 is not a precise art 

and any value that makes the ratio between the largest eigenvalue of HH and f3 fall 

in the range between 1000 and 5000 generally gives a satisfactory solution [106]. 

There is one interesting case that merits further discussion. In Chapter 3 we 

developed the MMSE or so-called Wiener-Hopf solution, which is the optimum 

solution even for a noisy problem. It is possible to show that when the problem 

is represented in the time-domain, explained in Section 4.2.2, the MMSE solution 

is equivalent to the regularised solution for when (3 = a~/ a;, where a~ is the 

noise power and a; the input signal power. This is developed and explained in 

Section 4.2.2 and the proof is contained in Appendix C. 
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(a) Equalisation 
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(b) Pre-distortion 

Fig. 4 .2: An equalisation and pre-distortion set-up. 

4.1.3 Equalisation versus Predistortion 

In Section 4. 1 we showed that a rectangular matrix can have two pseudo-inverses, 

a left pseudo-inverse and a right pseudo-inverse. Although for t he rest of this t he­

sis we shall cont inue to only consider equalisation at the receiver , an alternative 

possibility of pre-distortion (sometimes called pre-equalisat ion) at the transmit t er 

merits a brief look. It is an interesting area for applicat ion with mobile devices 

which are often physically small and hence may not have the space for many an­

t ennas . This can cause problems on the downlink if classic equalisation is used 

and some promising results have been shown using pre-distortion as an alterna­

tive [107] . 

Figure 4.2 shows the set-ups for equalisation and pre-distortion. With equali­

sation, shown in Figure 4.2(a) , we use the left-inverse of t he channel matrix and 

hence we require M ~ P. Conversely pre-distortion, shown in Figure 4.2(b) , pre­

scribes use of the right-inverse wit h /VI :::; P . In the special case where /VI = P 

we may use either equalisation or pre-distortion. However , in radio communica­

tion equalisation is usually preferable, as pre-distortion has an associat ed problem 

t hat the response of t he pre-distorter must either be calculated from the channel, 

which in general is unknown at t he transmitter and must be identified , or adapted 

to directly. In eit her case, some feedback may be required from the receiver to 

the transmitter , which may require an extra overhead , although if t he system uses 

t ime-division duplex (TDD) the uplink and downlink channel responses will be the 

same and hence known to both sides. Often pre-distort ion and equalisation are 
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symbol-spaced equaliser 

y[Nn] 

fractionally-spaced equaliser 

Fig. 4.3: Schematical diagram showing (a) a symbol-spaced equaliser, and (0) 

and fractionally-spaced equaliser 

combined. Some applications use power control which can be considered a sim­

ple kind of pre-distortion. More sophisticated schemes exist where the inversion 

task is split between an equaliser and pre-distorter using a singular value decom­

position of the channel [108], and some recent work has covered low-complexity 

pre-distorter design [109]. Such work however is outside the scope of this thesis. 

4.1.4 Fractionally-Spaced Equalisation 

We have made the implicit assumption up until this point that the equaliser sam­

ples and processes the input stream at the symbol rate, resulting in a so-called 

T-spaced or symbol-spaced equalisation (SSE). Most early receivers used symbol­

spaced equalisation in order to simplify implementation and minimise computa­

tional cost. However, as performance requirements increased and digital processing 

systems became faster and cheaper, fractionally-spaced equalisers (FSE) started to 

be developed and are now almost ubiquitous in high-speed modems. Fractionally­

spaced or TIN-equalisers sample the input data stream at a rate N times the 

symbol rate employing expanders and decimators, explained in Chapter 5, and 

hence the equaliser processing spacing is a fraction of the symbol spacing [110]. 

As such, the performance of the FSE is improved over that of the SSE, as shown 

in early papers [111,112]. Other advantages include higher resolution equalisa­

tion [113,114]' equalisation of channels containing spectral zeros [115] and shorter 

equalisers if the sampled channel contains fractional delays [110]. 

The fractionally-spaced system is shown in Figure 4.3(a) next to the symbol­

spaced system in Figure 4.3(b). The new samples that are placed between the 

samples that are defined by the original signal are a function of the expander; 



4.2 Analytic System Inversion 75 

x\[n] 
Unknown 

y [n] 

x, [n ] MIMO y, [I/] 
~-- -- --, 

• system • I 
I 

• • I 

xM[I/] 
I 

• H • I 
I 

~-I I 
)'p[n] Ii. 

MISO 
• sy'stem ~ • • h\[n] e\[n] 

I ~' • 
MISO 

• sy'stem - - - -~ 

• h2[n] e
2
[n • 

i I • • 
~ .~ 
MISO 

• system f-- -.o • • hAn] el'[n 

I 

Fig . 4 .4 : System identification set-up used to obtain the response for an unknown 

MIMO system. 

for example it may simply hold the previous signal sample or insert zeros for N 

samples. The FSE may be modelled using a polyphase representation [102, 115] 

so that the system is expressed as a multi-channel system. This is a very useful 

representation for us as we may simply use the multi-channel inversion techniques 

that will be developed in this chapter to easily find the FSE. This is an interesting 

topic, and is the subject of Chapter 6. 

4 .2 A nalytic System Inversion 

This section is devoted to developing and explaining the methods of calculating the 

system inverse and hence equaliser analytically. We assume that the MIMO chan­

nel has been previously identified using adaptive techniques discussed in Chapter 3, 

and the system that performs this is shown in more detail in Figure 4.4. The adap­

tive MISO blocks are those shown in Figure 3.2 in Chapter 3. It is possible that 

there may be some channel estimation error introduced at this point due to non­

perfect estimation or the adaptation being terminated before full convergence due 

to time or processor power restrictions , for example. This is itself an interesting 

topic and discussed further in Section 4.2.5 . Once the channel has been identified 

it can be inverted according to (4.6). 
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To invert the lvlIMO channel we mllst choose a representation domain, i.e. z, 

time or frequency-domain and the method of calculating the inverse is difi'ermt in 

each case. We now discuss each of these three cases. 

4.2.1 z-Domain Inversion 

Time-dispersive signals are represented in the z-domain (ZD) using polynomials 

in z. We can express the transfer function of the sub-channel from transmitter !vI 

to receiver P by 
Lh 

hmp(z) = L hl,mpz-i ( 4.18) 
1=0 

where Lh is the number of taps we use to model the channel, and hl,mp is the 

[th coefficient of hmp . These polynomials are then used to construct the MIMO 

channel matrix in (2.3). The problem is much simplified for narrowband chan­

nels where only ho,mp will have a significant value and hence the MIMO channel 

matrix consists of scalar elements. In this case we may use a standard algebraic 

or numerical method to invert the matrix such as Gaussian elimination. With 

frequency-selective broadband channels however, the elements of the matrix will 

be polynomials in z and calculating the inverse is quite a difficult task. 

The method we use here is to extend the standard inversion method to the 

polynomial element case. We use the pseudo-inverse in (4.6) and express the 

variables as functions of z, i.e. 

(4.19) 

where H(z) is the parahermitian of H(z), H(z) = HH(z-l) [12,102]. Hence we 

may proceed in the same way using Gaussian elimination on polynomials instead 

of scalars. Unfortunately, the calculation of the pseudo-inverse in (4.19) will often 

involve many computationally intensive operations on complicated IIR systems. 

This method will give the ZF inverse which takes no account of the noise. Un­

fortunately the regularisation method described in Section 4.1.2 cannot be easily 

applied to this z-domain method, only to the time-domain and frequency-domain 

methods discussed in the next sections. It is possible to devise an MMSE inverse in 

the z-domain [116,117] but the derivation is highly mathematical in nature and we 

will favour the time-domain and frequency-domain method for reasons discussed 

in their relevant sections. 

We simplify our discourse here by considering a 2 x 2 polynomial MIMO channel. 

As the system is square we may use the standard inversion method but the same 
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principles extend to non-square systems requiring the pseudo-inverse. The inverse 

is given by 

H-1(z) = 1 [ h22 (Z) -h21(Z) 1 
det(H(z)) - h12(Z) h l1 (z) , 

( 4.20) 

where det(H(z)) is given by hu(z)h22(Z) - h12 (Z)h21(Z) and the polynomials are 

multiplied out as required. 

The inverse of the channel in (4 .20) generally has an infinite impulse respons 

(IIR) . If the determinant of the MIMO channel matrix is minimum-phase, then 

the inverse is stable. In this case all the poles of t he MIMO inverse, which arise 

from the determinant in the denominator of t he matrix inverse (4.20) , lie strict ly 

inside the unit circle in the z-plane. Problems arise when t he determinant of the 

MIMO matrix is non-minimum phase, in which case the directly calculated inverse 

will be unstable, and some of the poles will lie outside t he unit circle. A sketch of 

this is shown in Figure 4.5. We can attempt to st abilise t he system by splitting it 

into two cascaded systems, one of which is an IIR system formed from t he stable 

poles of the original system and the other a t runcated FIR approximation of the 

unstable poles of the original syst em. This concept is outlined in Figure 4.6. 
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The z-domain transfer function of the IIR system is 

,\,L,,-1 _/ 

('7) = DI~O gFF,l,lJII/Z 
gpm ~ L -1 "' 

'\' Ii 9 _-I 
- Di=O PB,i,pm"-

(--1.21 ) 

where gPP,I,pm is the [th tap of the feed-forward part and gPB,i,pm is the il" tap of 

the feedback part of the IIR filter gInn and Lg and Lb are the lengths of the FF 

and FB part, respectively. The denominator representing feedback is the cause of 

the potential instability of the overall system. If the determinant of the MIIvIO 

channel contains zeros outside the unit circle in the z-domain, the system is 11on­

minimum phase and the inverse will be unstable. This was demonstrated in [118] 
with application to acoustics. The poles with a magnitude less than one may be 

used to form the stable IIR system, but the remaining poles must be stabilised. 

The stable and unstable poles can be separated by transforming the denominator 

polynomial into a first-order partial fraction representation, being sure to take 

precautions for multiple co-located poles. The terms for the now isolated first­

order systems representing the unstable poles can be converted into an anti-causal 

stable system using the using the geometric series 

1 I:oo 

nn ---- -a "'7 
1 + az - ~ 

n=1 

where lal < 1, ( 4.22) 

where a is the negative reciprocal of the pole. A significant portion of the series 

can be shifted into the causal domain by allowing a delay for the overall system. 

Hence by allowing a suitable delay, so that an has decayed to a suitably small 

value, the unstable IIR port can be approximated by a stable, causal FIR system. 

There is an important difference between the z-domain inverse of SISO and 

MIMO systems, which relates to the locations of the ~eros in the channels. With 

SISO systems, if there is a zero on the unit circle in the z-plane, the system inverse 

is marginally stable. However, with MIMO systems this may well not be the case, 

as even if one of the sub-channels comprising the MIMO channel has a zero on 

the unit circle the system may still be stable. Miyoshi and Kaneda [119] fouud 

that there must be no common zeros in all sub-chaunels. Another condition for 

invertibility is that the determinant must have no zeros on the unit circle in the 

z-plane. If this condition is not met then the inverse will be marginally stable with 

the impulse response of the inverse neither converging nor diverging but oscillating 

for infinite time. The inverse would have a pole directly on the unit circle causing 

infinite gain in the frequency response at the frequency corresponding to the pole. 

This infinite gain means that data at that frequency cannot be recovered using 

this method. Finally, there is a chance that the determinant of the MIMO matrix 

may be zero, in which case the matrix is singular and no inverse exists. 
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This method of finding the inverse is a.dequate for vcr)' smalll\IIl\IO systems (i.e. 

2 x 2), but once the system dimensions start to increase it becomes ullfeasiblt'. 

The direct calculation of the inverse becomes prohibitively complicated, as t~a('h 

element in the inverse MIMO system matrix would. be a potentially considerably 

complicated. IIR system. During the calculation of these IIR systems, inaccuracies 

during successive system stabilisations would accumulate and the resulting systcm 

is likely to be a rather poor or useless approximation of the inverse. Also if we are 

guaranteed that the determinant of the MIM 0 channel is minimum phase then 

we may cut out the stabilisation process and the complexity of this method with 

respect to Lh is O(Lhlo92Lh)' If this is not the case the stabilisation method will 

increase the complexity to a significant O( Lr,). For these reasons we must tum to 

other methods for larger lVIIMO systems. 

4.2.2 Time-Domain Inversion 

A method for MIMO channel inversion which will always result in realisable stable 

FIR filter for the inverse was described by Miyoshi and Kaneda [119] and Kirkeby 

et a1. [106]. Although it is more computationally costly than the z-domain method 

it has less accuracy problems associated when applied to arbitrarily large MIMO 

systems or where the inverse may be very difficult or impossible to calculate. 

The approach employs so-called convolutional matrices described in this section 

whereby both the time-dispersive and spatially-dispersive nature of the channel 

is modelled using scalar elements arranged in diagonals along the two dimensions 

of the matrix. As we only use scalars in a single matrix to describe the channel, 

as opposed to polynomials in the z-domain or, as we shall in the next section, 

multiple matrices for the bins in the frequency-domain method, we term this 

technique time-domain inversion. Again a delay will be required to move the 

significant portion of the solution into the causal domain. 

We start by modifying the domain-independent MIMO transfer function in (4.1) 

so that we now have it in the convolutional domain, or as we are calling it, time 

domain 

y[n] = Hc[n]x[n] + v[n] (4.23) 

where x[n], y[n] and v[n] are the multiple-channel input, output and noise vector, 

and the multiple channels are stacked in vectors analogously to u and v in Chap­

ter 3. The dependency of the channel on n is as we have assumed the channel is 

dynamic in time, although we will now drop this for notational simplicity. The 
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convolutional channel matrix He is defined 

with 
h~p 

0 h~p 
Hmp,e = 

0 0 

0 0 

where 

o 0 

o 
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( 4.24) 

( 4.25) 

( 4.26) 

The dimensions of x, y, v and He depend on the chosen equaliser length Lg 

per channel. To obtain a single output sample from an equaliser we require P Lg 

input samples to fill the Lg taps in the P equaliser filters. Hence y must be 

length P L g . Given this fact, it is not difficult to deduce that He must be of 

dimensions P Lg x M (Lg + Lh - 1), and from this we also see that x must be 

length M(Lg + Lh - 1). 

To calculate the equaliser we must invert He. To this end we may employ the 

Wiener-Hopf solution derived in Chapter 3, which is 

( 4.27) 

where we calculate the optimum MMSE MISO equaliser system for each m to 

recover Xm [n]. The vector gm is defined 

where 

T ]T 
gmP ( 4.28) 

( 4.29) 

and gmp[l] is the lth filter coefficient for the MISO equaliser gmp. Figure 4.7 clarifies 

the situation where the dependencies on n reflect the potential dynamic channel 

and adaptive equaliser. Of course M of these MISO equalisers are required to 

create the full MIMO equaliser. 

The matrix R is the multi-channel auto-correlation matrix defined in (3.13) in 

Chapter 3, but using u = y as this is the input to the equaliser. Hence we have 

R £{yyH} 

£ {(Hex + v) ((Hex + v)H} 

£ {HexxH H~ + vvH + HexvH + vxH H~} 

O";HeH~ + O"~I, 

( 4.30) 

(4.31) 

( 4.32) 

( 4.33) 
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Fig. 4.7: A MIMO channel and MISO equaliser applied to input .7:m [n]. 

assuming that all the channel input variances 0-; are equal, as are the noise powers 

o-~. We now see a problem that as equalisation is subject to the condition that 

M < P then HeH~ will be rank-deficient and hence uninvertable as required by 

the Wiener-Hopf solution. However, we will later see the the pseudo-inverse can 

be used to invert R which will give the minimum norm solution for the inverse, 

and this will give the same solution as the pseudo-inverse of He regularised by 

the noise-to-signal ratio (NSR). Finally, notice that R is the same for all m input 

channels. 

We continue now by developing the cross-correlation vector Pm for input channel 

m. We employ (3.9) but again substituting u = y and also the desired signal 

dt = X m . Hence we specify which input channel the MISO equaliser should recover. 

Therefore we have 

Pm E{yx;'J 

E {(Hex + v )x;;"} 

E{Hexx;;" } + E{vx;;" } 

( 4.34) 

(4.35) 

( 4.36) 

( 4.37) 

where we have again assumed that the input signal variance 0-; is the same for all 
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channel inputs. The vector d m is a channel selection and delay vector defined 
111 

d
m 

= CO.-H----'A'-o-H--d-.6.-r""'r: OH 
'-------...... v 

( 4.38) 

AI 

where 

(4.39) 

and 
8m 

.--_-'A'-_ __., 

d.6.m = [O ___ O--...f.-_O ______ QJ H. (4.40) 
L9 +L,,-1 

The under-brace and over-brace values represent the vector lengths and position of 

the relevant value in the vector, respectively. The location of d.6.m in d m specifies 

the desired input channel m and is in the mth position. The zero vectors specify 

that we would like to suppress the cross-channels. The offset 6m of the impulse in 

d.6.m specifies the delay we would like the equaliser to introduce, and is required 

to ensure that a significant portion of the calculated equaliser response is in the 

causal domain. The delays 6m need not be equal for every channel. 

Substituting the expressions for R and Pm in the Wiener-Hopf equation we obtain 

the MMSE solution 

(4.41) 

where we have used the pseudo-inverse to invert R as it will be rank-deficient 

in a noiseless environment and we have assumed that the the channel inputs are 

of power (J~ and the noise power is (J~ at all the receivers. Notice that gm is 

a row vector. It is relatively straight-forward, although algebraicly tedious, to 

generalise the derivation for when the input signal powers or receiver noise powers 

are unequal. In this case the optimum solution for the mth input stream is given 

by 

( 4.42) 

where 
2 

(J Xl ° ° 
0 2 

° Rx= 
(JX2 

( 4.43) 

° ° 
2 

(JXM 

is a matrix containing the input signals powers on the main diagonal, and 

2 
(J 1.11 ° ° 
° 

2 

Rv= 
(J 1.12 

( 4.44) 

° 0 ° 
2 

(Jvp 
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is a matrix containing the noise powers on the main din,gona!. Finnny, to create 

an equaliser matrix G we lIlay simply stack the optimum MISO equaliser vectors 

gm'ilm E 1 : lVI, i.e. 

( 4.45) 

Hence we have the MMSE inverse as required. 

It may be shown that the multi-channel Wiener-Hopf solution is equal to the 

pseudo-inverse of the MIMO channel regularised by the NSR, i.e. 

( 4.46) 

(4.47) 

where we have assumed that the input signal powers and noise powers are equal 

for simplicity. The full derivation uses the singular value decomposition (SVD) 

of the channel He and is quite tedious so is found in Appendix C. Notice that 

to calculate the pseudo-inverse of He we must now invert the term H~-IHc + a1r. 
0',1; 

This is now invertible even in a noiseless environment. 

Superficially, this time-domain inversion seems ideal, but we have yet to perform 

the complexity analysis. Before we do this, we must first apply some opportunities 

to reduce the complexity of the inversion. Note that R is the same for all 'In, 

and therefore the inversion need only be performed once. Secondly, the selection 

and delay vector .6.m extracts one column of the preceding He in (4.41) and this 

vector is multiplied by Rt. Hence, we may save ourselves the computational steps 

involved in multiplying Rt with He since .6.m will discard all but one column of 

the result. If we define a vector hH,m as the ('1n(L" + Lg - 1) + 6.m )th column of 

He then the optimum MISO equaliser vector for channel m is given by 

( 4.48) 

and the complexity required to calculate this for all 'In E 1 : M is given by 

( 4.49) 

MACs, where C(T) = O(PLg(log(PLq ))2) is the complexity of a fast inversion 

algorithm which we may use as R is Toeplitz, see e.g. [120,121]. Note that this is 

lower complexity than the standard Levinson-Durbin algorithm [101,104,122,123] 

for inverting Toeplitz matrices, which is order O(L~), however this is still less than 

the O(L~) that dominates the inversion and hence the extra effort required in im­

plementing a O(P Lg(log(P Lg) )2) fast inversion algorithm over the well-known 

Levinson-Durbin algorithm may not be worth the potentially insignificant com­

putational saving in relative terms. As the inversion is O(L~) even after these 
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complexity reduction techniques it is advantageous to keep Lg as small as possi­

ble, but if this still results in a process that is too computationally costly we must 

seek other inversion techniques such as the frequency-domain method described in 

the next section or shorten the channels that needs to be inverted, and hence L!I' 

through use of subband techniques, which are introduced in Chapter 5. 

4.2.3 Frequency-Domain Inversion 

Frequency-domain techniques are often thought of as low complexity methods 

when compared with their equivalents performed for example in the time domain. 

An associated problem with frequency-domain processing is that of circular con­

volution, also known as wrap-around effects [92], that occurs when the inverse is 

calculated at a finite number of discrete frequencies. Kirkeby [124] proposed a so­

lution which involved the use of a regularisation term to suppress the error-induced 

effects of the circular convolution. 

We start by stating the zero-forcing condition in the frequency-domain, which is 

Ht(f)H(f) = I If I < 1/2T.~, (4.50) 

where H(f) is the frequency response matrix of the MIMO channel, Ht (f) is 

the MIMO equaliser response matrix and Ts is the sampling interval. The channd 

matrix H(f) contains in its elements the spectral characteristic of each sub-chaunel 

evaluated at a finite number of frequencies. A 8180 algorithm which satisfies 

this criterion was developed by Lucky [125]. The 8180 inverse can be found by 

obtaining the frequency domain representation of the channel, using a. length Ly 

DFT or FFT, calculating the reciprocal of the coefficient in each frequency bin and 

converting back to a time domain representation, using an length Lg inverse DFT 

or FFT. The resulting coefficients form the impulse response of a FIR filter that is 

the inverse of the channel. For a MIMO system, instead of finding the reciprocal 

of each frequency bin, the pseudo-inverse must be used to find the inverse of a 

MIMO matrix for each frequency bin. The advantage over the z-domain and 

time-domain methods discussed in the previous sections is that in each frequency 

bin the MIMO system is represented by a matrix of scalar Fourier coefficients 

and that these matrices at each frequency are independent of the matrices at any 

other frequency, hence they can be inverted independently. The inversion of such 

matrices can be readily solved with a straight-forward Gaussian elimination for 

example. An inverse FFT applied to each frequency response in the inverse MIMO 

system yields the final zero-forcing inverse MIMO matrix in the time domain. 

There are two problems associated with this solution. The method results in 

the zero-forcing inverse and therefore will not work well in the presence of noise 
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when the channel causes significant attenuation over all~' of the sub-channels. This 

noise may overwhelm the desired signal at the receiver, which may th('n not lw 

able to detect the transmitted symbols corrcctly. The second problcm arises from 

the error caused by the circular convolution effect, mentioned previously, 'which 

are implicit to frequency-domain methods. A well-known method of combatillg 

wrap-around effects is to use zero-padding of the intermediate signals and to us(' 

only a portion of the results. This approach leads to the so-called overla.p-add and 

overlap-save methods [92]. However, if we attempt to deconvolve the channel coef­

ficients out of the received signal by dividing their FFTs, or in the case of MIMO 

systems, applying the inverse matrix, this zero-padding method does not prewnt 

the circular convolution effects from affecting the outcome [124]. The reason is 

that the frequency response of the optimal filters is inevitably that of a filter whose 

impulse response is of infinite duration, so while we can reduce the impact of the 

circular convolution by increasing the padding length to some value that will result 

in an acceptable error, in reality this may result in unacceptable computational 

complexity, and we would need an infinitely long zero-padding sequence to removc 

the wrap-around effect completely. 

A regularisation term [104,106,124] goes some way to counteracting the effects 

of both the problems of equalisation in a noisy environment and combating the 

circular convolution effects. If we use the pseudo-inverse of each frequency bin, we 

may include a regularisation term f3 to limit the gain of the inverse ma.trix. We 

use the pseudo-inverse as a function of ej21fJTs, and apply a regularisation factor fJ 

(4.G1) 

where we have used the square bracket notation as the variables are only defined 

at a finite number of discrete frequencies. Notice that the complex conjugation 

performed by the Hermitian operator reverses the phase frequency term, which is 

the reason why the parahermitian time index is reversed in the z-domain repre­

sentation in Section 4.2.1. The regularisation term f3 can be used to control the 

"duration" of the inverse filters, and thereby provides a mechanism to avoid the 

undesirable wrap-around effect associated with filter methods based on sampling 

in the frequency-domain [124]. The regularisation essentially controls the longest 

time constant of the optimal filters [126], and a high f3 favours a low power solution 

with a short time constant at the expense of the zero-forcing performance error. If 

f3 is too small there may be sharp peaks in the frequency responses of the optimal 

filters. Conversely if f3 is too large the deconvolution will not be very accurate. 

Fortunately, the precise value of f3 is not usually critical and values anywhere in 

the region of the optimal f3 are likely to produce acceptable results. The effect of 

varying f3 in the frequency-domain inversion method will be seen in Section 4.6.1. 
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Notice the similarity between the regularisatioll term d in this method nud ill thl' 

time-domain method where it is equal to the NSR (1;/(1.;. Unfortunately the anal­

ysis of the optimum solution for the time-domain teclmique does not apply to t11l' 

frequency-domain method, mainly because of the wrap-around effects. However, 

regularisation by the NSR at low SNRs does still provide benefit, as we will s('e 

in the simulations. In fact, at these low SNRs the performance of the frequl'ncy­

domain method regularised by the NSR approa.ches that of the optimulll t\Il'vISE 

performance of the time-domain technique. This is because at low SNRs the noise 

dominates over the wrap-around efFects and hence and the best solution is giVl'll 

by regularising by the NSR. At higher SNRs however, the errors caused by the 

circular convolution will become apparent, and if we were to continue regularising 

by the NSR the performance would worsen again. We can counteract this effect 

by switching to a fixed regularisation factor at some critical SNR to deal with 

the wrap-around efFects. Hence we can call the frequency-domain method reg­

ularised by an appropriate quantity a sub-optimal technique whose performance 

approaches optimality at low SNRs but worsens at higher values relative to the 

MMSE performance. 

Like the time-domain technique, this method will always result in a stable FIR. 

inverse and a delay must usually be applied to the method to make the solution 

realisable. The usual way to do this is to multiply the inverse MIMO matrix by 

a linear phase characteristic with a constant gradient or equivalently a constant 

group delay, i.e. ej27rj
6. where ,6. is the symbol delay. After all the inversions 

have been performed we transform the filters back into the time-domain using an 

IFFT applied to each element over all the scalar frequency-bin matrices in turn, 

which will result in an impulse response from which the filter-tap coefficients can 

be easily extracted. 

This process will generate Lg scalar valued NI x P matrices in the frequency­

domain which must be inverted. Hence, the number of inversions required will 

scale linearly with Lg. The FFT and IFFT are O(Lg log2 L,J processes and as 

these dominate over the O(Lg) number of inversions that must he performed, 

the computational complexity of this frequency-domain method is O(L'llog2 L.'I)' 
which is lower than time-domain and the stabilised z-domain method in all cases 

except the unlikely case where we choose Lg log2 Lg > L~. The complexity of the 

inversions of the matrices will not dominate as it is a function of only M and 

P. Although the frequency-domain has a higher complexity than the unstabilised 

z-domain, where we assumed that we would choose Lg > Lh we cannot in general 

rely on the determinant of the MIMO channel being minimum phase, as described 

in Section 4.2.1. 
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In conclusion, although the frequency-domaill met hod has t.he considl)rabl~' lower 

complexity, the time-domain will givE' the tnw l\Il\ISE solution. Therc is a t.radc-off 

here and a system designer must assess whether the tinH·-dolllain l\Il\ISE solutioll 

is worth the extra cOlllPutational overhead when the frequency-domain technique 

may provide an acceptable solution. We may either be satisfied with the per­

formance of the frequency-domain method or investigate techniques to lower the 

complexity of the time-domain method, which at O(L~) may be too great to be 

feasible. 

4.2.4 FIR Equaliser Length 

With both the time-domain and frequency-domain methods we must choose an 

FIR equaliser length Lg , but a question remains what is the best way to choose this 

parameter. If we ignore the effects of noise and use of a regularisation factor, the 

FIR solution to the channel equalisation problem will be an FIR model that most 

closely matches the IIR impulse response of the perfect ZF inverse as calculated 

using the z-domain technique. Hence we require a length-Lg filter that can model 

the IIR system for long enough until the impulse response of this system has died 

down to a suitably small value. The length of this response is determined primarily 

by the location of the poles of (H(z))-l, but also to a lesser extent but 1l11111ber of 

poles and zeros in (H(z))-l. 

With no loss of generality, for simpler expression we may consider the problelll 

for a full-rank 2 x 2 MIMO system. Referring to (4.20) it is clear that the inverse 

consists of a length Lh FIR part (in the matrix elements) and a length 2Lh lIB 

part (the reciprocal of the determinant). The channel inverse will consist of Lh 

non-zero zeros and 2Lh non-zero poles. In addition to this, the dominant factor 

in the selection of Lg is the rate of decay of the IIR part, which is determined by 

the proximity of the poles to the unit circle in the z-domain. We must consider 

the unstable poles separately, although we have practically already covered the 

unstable case when explaining the stabilisation technique in Section 4.2.1. As the 

unstable IIR part of the reciprocal of the determinant of H(z) is transformed into 

stable FIR approximation, then the length of the impulse response due to this is 

determined simply by the length of the FIR system. To evaluate the response of 

the stable IIR part we use a slightly modified version of the same geometric series 

in (4.22), 
(Xl 

_1------,- = ""' bn z-n 
1- bz-1 ~ 

n=O 

Ibl < 1, ( 4.52) 

where b is the location of a pole, and thus we may convert each stable pole into 

an infinite length "FIR" series. Then for the pole with the largest magnitude we 
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simply evaluate for what value of /I VW cOllsider b" to have decayed to a suitably 

small value and, since this will usually dominate of over all the other various 

constituent FIR impulse responses, we choose Lg accordingly. 

While this is the mathematically best way to choose Lg it is an admittedly long­

winded process and anyone actually charged with the task may find it considerably 

easier to use a pragmatic approach and try an initial guess for a value of L g , 

observe the impulse response of the resulting equaliser and, if required, lllodi(y 

Lg appropriately. A more detailed analysis of MIMO equaliser lengths is given 

in [127]. 

4.2.5 Channel Estimation Errors 

The effects of channel estimation errors on the performance of the equaliser which 

is calculated from the estimation has not received a great deal of attention in the 

literature. We use adaptive techniques to identify the channel but for the analytic 

inversion methods discussed in the previous sections we have always assumed that 

the channel is known perfectly for the purpose of inversion. The adaptive methods 

may be subject to misadjustment or lag due to a potential time-varying MIMO 

channel, as well as error caused if the adaptation has not been executed llntil 

convergence due to time limitations for example and the analytic inversioll is 

based on this estimate. 

Rupp [77] showed the effect of channel estimation errors Oll the SNR vs I3Ell 

curves for narrowband MIMO systems with conditions numbers of 40 and 416, in 

the form of varying amounts of added noise and decodillg using ML, MMSE, ZF­

VB LAST and MMSE-VB LAST techniques. The error appeared to reslllt in a con­

stant offset in the BER vs SNR curves for the ML, MMSE and MMSE-VI3LAST 

on the order of the added channel estimation noise relative to the observatioll 

noise. For the ZF-VBLAST simulation the BER performance actually improved 

with channel estimation noise. The reason for this was put clown to that for whell 

the channel estimation noise is of similar power to the observation noise it behaves 

like a regularisation term in the channel inversion and actually starts to behave 

like the MMSE-VBLAST system, as explained in Sections 4.1.2 and 4.2.2. While 

this work showed the effects through simulation little mathematical analysis was 

shown, and the work considered only narrowband flat channels. Very recently 

there has been a significant amount of work mathematically deriving expressions 

for the effect on channel capacity of channel estimation error and varying amount 

of channel state information at the receiver and/or transmitter [76,128-132]. The 

work by Kyritsi et al. [76] showed that the effect on capacity is essentially de-
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termined by the dimensions of the ~lndO system, thl' observation noist' nnd the 

channel estimation noise. This work howcVC'r did not show the resulting dfect 011 

the inverse of a broadband ~IIMO channel wllE'n ca1cnlated from the nois~' chamld 

estimation. 

We consider the problem in the time-domain nsing convolutional matrices as this 

is the most intuitive method. We start by modelling the channel estimation error 

as a noise term that is added to the l\lIMO channel matrix and assume that tlw 

error is constant for a particular tap in a sub-channel, hmp . Hence the channel 

estimation error is given by the convolutional matrix constructed in a similar 

manner to (4.24) except where 

T mmp 0 0 

0 T 0 
Me,mp= 

mmp 
( 4.53) 

0 0 

0 0 T mmp 

where 

mmp = [mmp[O] mmp[Lh - l]f (4.54) 

and mmp[lh] is the channel tap estimation error or misadjustment. 

Following a similar analysis as in Section 4.2.2, but with no noise as we are only 

interested in the effect of the channel estimation error, we find the auto-correlation 

matrix and cross-correlation vector of the filter state vector by 

R 

and hence 

E {(He + Me)xxH (He + Me)H} 

0"; (HeH~ + E {MeM~} ) 

O";(HeH~ + LhO"~I)) 

Pm 

(0"; (HeH~ + LhO"~I))) t HeO";~m 
(HeH~ + LhO"ir))tHe~m' 

(4.55) 

( 4.56) 

( 4.57) 

( 4.58) 

( 4.59) 

( 4.60) 

(4.61) 

where O"irc is the variance of the channel estimation error. Note that this is the 

ZF inverse of He + Me. It is interesting to note that when LhO"irc = O"~ in a 

noisy environment the ZF inverse results in an MMSE equaliser. Rupp [77] found 

a similar result in [77] using fiat channels for certain channel estimation error 

variances. 
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At first, it may seem therefore to be possible to utilise this fact b)' ddilwratd)' 

terminating the adaptive channel identification before full convergenCt' to giVl' n 

better inverse when calculated using the llllregularisccl pseudo-invers('. HO\\,('Vl'l' 

closer inspection of the problem reveals that this is only true in the mean. Notice 

that we have taken expectations in the analysis above and therefore it is only valid 

for a large ensemble set. In a real system, the adaptation would only be P(\rfol'llwd 

once, and the error at the termination of the adaptations for this one realisation 

will be effectively random. Hence, this performance may even be worse than if we 

had adapted to full convergence and manually inserted the COlTect regularisation 

factor in the inversion. Therefore a better approach is still to try to obtain th(' 

best channel estimate possible and manually apply a regularisa,tion factor that 

results in the best BER performance for any SNR point, as in this case we have 

precise control over this factor and are not subject the adaptation performance. 

Returning to the analysis, notice that the size of the effective regularisation term 

is directly proportional to the channel length Lit. Therefore the longer the channel 

the greater the effective regularisation factor over a large ensemble and hence the 

adaptation needs to be left to converge for longer to result in the same misacl­

justment effect. This is coupled with the fact that the M-NLMS converges slower 

for longer channel anyway. These factors indicate that it is beneficial to keep the 

length of the adaptive filter that identifies the charmcl as short as possible, possi­

bly even at the expense of loosing some of the smaller tailing channel coefficients. 

Inevitably the parameters to use must be decided upon using a heuristic approach. 

4.2.6 Noisy Adaptation 

Whereas the previous section considered the behaviour of the inversion of a channel 

estimate from an adaptation that is terminated before full convergence, we now 

consider the case where the adaptation is performed in the presence of noise, which 

although similar is sufficiently different to warrant its own section. Real systems 

will usually have to identify the channel in the presence of noise determined by 

the channel SNR, so it is important to consider this problem. 

We start with the LMS algorithm set up for system identification m a noisy 

channel. For simplicity, but with no loss of generality, we consider the single 

channel case, Hence we have 

y[nJ = h[nJx[n], ( 4.62) 
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and 

and 

h[n+ 1] 

ern] y[n]- y[n] 

hT x[n] + v[n]- hT[n]x[n] 

(hT - hT[n])x[n] + v[nJ, 

h[n] + flx[n]e*[n] 

h[n] + ILx[n] ((hH 
- hH[n])x*[n] + v*[n]) 

h[n] + ILx[n](hH - hH [n])x* [n] + ILx[n]v*[n] 

91 

( 4.63) 

(4.64) 

(4.65) 

( 4.66) 

( 4.67) 

( 4.68) 

where y is the output of the adaptive system, h is the adaptive coefficient vector, 

x is the adaptive filter state vector, y is the output of the unknown channel, e is 

the adaptive error, v is the channel noise and IL is the adaptive step-size. From 

these equations we may draw some conclusions: 

1. The total coefficient update will deviate from the "correct" update, ILx[n] (h lJ _ 

hH[n])x*[n] by a random amount determined by the noise, ILx[n]v*[n,]. 

2. While the power of the "correct" update is much greater than the noise 

power, i.e. 6'{ ((hH - hH [n])x* [n])2 } » cr~, the effect of the noise is in­

significant and will not affect the convergence. 

3. Once the algorithm has converged to such a point where 6' {((h lJ 
- hH [n])x*[n])2} 

becomes comparable to the noise power, the noise power will dominate the 

error in (4.65) causing the MSE to reach a lower limit meaning no further 

meaningful adaptive innovation is possible. 

Hence for adaptation where the output signals are corrupted by noiHe such that 

the average SNR is for example 20 dB, the MSE would not fall below -20 dB on 

average for a unity power signal. It iH now immediately posHihle to use this noisy 

channel estimate in the calculation of the equaliser by analytic inverHion, however 

clearly the error in the channel estimate will cause an undeHirable increaHe in 

BER when some modulation scheme is used. A simple technique to solve this 

is to recognise that after the adaptation has reached the limit imposed by the 

noise the system is steady-state, as hence we may use a temporal average over the 

steady-state portion of the adaptation to remove some of the effect of the noise 

and gain a better channel estimate. In the previous section this was not possible 

as the system was still converging when the adaptation was terminated and hence 

not ergodic, but now we may continue to execute the algorithm even after it haH 
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stopped converging for this purpose. Tht' longer lYe takt' the average OWL tht' 

better the channel estimate will be but iu reality 1Yl' calculate the llll'au O\'l'r a 

finite number of samples so there will still be a small luisadjustml'ut aftl'rwards. 

The simulations will show that taking the mean over ahout a thousand samples 

will ensure that the BER performance approa.ches that of the system with perfect 

channel knowledge. Finally, with systems that adapt very slowly Wl' lllay wish 

to terminate the adaptation before the noise floor has been reached aud use the 

current adaptive tap values. Even though the adaptation was still converging 

when it was terminated and thus the signal are not completely ergodic it is still 

often advantageous to average the taps over the last few samples to remove SOlllC 

of the noise. However, in this case we must keep the number of samples over which 

we average relatively small, although we will see from the simulations that even 

this will result in a significant improvement in channel estimation as most of the 

advantage arises from taking a average over a relatively small number of the most 

recent adaptive iterations. 

4.3 Adaptive System Inversion 

Whereas the previous section considered the method of analytically inverting a 

MIMO channel which was previously found using an adaptive identification tech­

nique, we now consider the alternative method of fully adaptive system inversion, 

where the equaliser is converged over time with no channel knowledge. 

4.3.1 System Architecture 

Fortunately, we have already developed all the adaptive tools we required in Chap­

ter 3, and here we simply need to apply them correctly by creating a suitable sys­

tem architecture to invert the channel. The required system is shown in Figure 4.8, 

where we have m MISO blocks, the structure of which is shown in Figure 4.9. The 

MIMO channel has NI inputs and P outputs, the equaliser has P inputs and NI 

outputs, and there are P noise sources applied at the receiver. 

The system is a simple application of the adaptive techniques developed in Chap­

ter 3. We will be using the M-NLMS algorithm to adaptively invert the system and 

hence this will result in the MMSE inverse which properly compensates for receiver 

noise. The analysis of this system follows the same procedure as the time-domain 

inverse in Section 4.2.2. In the absence of noise this will result in a zero-forcing so­

lution. The computational cost of this method is that of the adaptation algorithm 

used, hence O(Lg) for the M-NLMS. 
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F ig. 4.8: Block diagram showing adaptive system set-up to obtain the response 

for the inverse of the unknown MIM 0 channel. 
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F ig . 4.9 : An adaptive MISO system. 
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4.3.2 Convergence Characteristics 

A pertinent difference between adaptive system identification and a.daptive sysU'lll 

inversion is that of convergence speed and there are two factors which affect this 

in the system inversion set-up. Firstly, we have the adaptive filter length Lg which 

is generally longer than for the system identification set-up. This is because the 

impulse response for the inverse is generally longer than the MIMO sub-channel 

impulse responses. For example, in the simulations at the end of this chapter we 

will use Lg = 280 for a channel length Lh = 50. 

The second factor relates to the spectral dynamics of the input signals to t1l(' 

adaptive algorithm, which are Ydn], Y2[n], ... ,Ydn] for the adaptive inversioll 

set-up. In Chapter 3 we saw that the convergence speed of the nat mal modes 

of the M-NLMS algorithm are inversely related to the eigen-values of the auto­

correlation matrix R of the filter state vector. With the system identificatioll 

set-up, assuming that the inputs to the adaptive algorithm, :rm[n], are 'white', R 

would have a condition number of one. In contrast, for the adaptive inversion, th(' 

frequency-selective MIMO channel would impose spectral colouring on the algo­

rithm inputs, resulting in a condition number greater than one for R. This llleans 

that the algorithm convergence is approximately inversely linearly rdated to the 

condition number of R, relative to when the condition number equals one. We 

would therefore expect that adaptive inversion set-up would converge slower than 

for adaptive identification and depending of the severity of the spectral dynamics 

of the MIMO sub-channels this can result in a significant slowing of convergence. 

In extreme cases for highly frequency-selective channels the mllnber of algorithm 

iterations required to reach a suitably small adaptation MSE can mean that the 

adaptive inversion method is unfeasible, as not only would this required a greater 

computational overhead but, if the processing power available to the algorithm 

is restricted as if often the case, the algorithm would converge too slowly in real 

time. For example, if the architecture was applied to a real device such as a MS, 

the performance may be deemed unsatisfactory. This is the main draw-back of 

the adaptive inversion set-up. At first glance it seemed like an ideal solution as 

it is simple to implement and avoids a potentially awkward analytic inversion. If 

we could find a technique that combats these problems then this would be greatly 

advantageous. Fortunately such a technique exists, which is that of subband pro­

cessing. This provides a method that not only lowers the computational cost 

of this solution by shortening the adaptive filters but also effectively "whitens" 

the algorithm inputs for the adaptive inversion set-up resulting in an increased 

convergence speed. Subband techniques are the topic of Chapter 5. 
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4.4 Adaptive Equaliser '!racking 

An important potential application of the adaptive inversion set-up described in 

the previous section is tracking of the eqnaliser with a temporally dynamic dW.llllel. 

If we consider a channel that fades over time and which can be lllodelled nsillg thl' 

methods described in Chapter 2, then the lVIl\ISE equaliscr will also vary over time. 

Adaptive system inversion can be used to track the actual equaliser to the MMSE 

solution with some lag. A problem with this method is that it would require a 

training sequence known to the receiver to transmitted for the entire time while 

the channel is fading, which clearly leaves no availa.ble time to transmit aetna.! 

data. If however we were to transmit data the equaliser could not track variations 

in the channel, and the MSE and hence BER would degrade and eventually no 

meaningful data could be transmitted. 

A solution is to run the adaptive algorithm in a decision-directed mode [72]. Pre­

viously we have assumed the use of a training sequence known to both translllittl~r 

and receiver and the adaptive algorithm can converge from this. If however for a 

particular point in time, the equaliser is known to be MMSE, if for example it has 

been found using an analytic method and we assume the post-decision output of 

the equaliser is error-free, the adaptive algorithm may use this as the desired signal 

instead of the training sequence. Hence it may be considered as a partially-blind 

method, since the receiver does not need to know the transmitted signal in order 

to track. In this case the adaptation curve gained from when a training seqnellce 

is used for adaptation is the best performance bound of an adaptive filter runlling 

in decision-directed mode, i.e. if the equaliser output is error-free the performance 

of the decision-directed system is the same as that of the trained system. Later 

we will show these best-performance-bound results for the adaptive tracking of all 

equaliser to a fading MIMO channel. 

4.5 Other Adaptive Equalisation Techniques 

No chapter on adaptive equalisation would be complete without at least a melltion 

of other adaptive equalisation techniques based on other adaptive algorithms, and 

also so-called blind adaptive techniques where no training sequence is required. 

We have concentrated exclusively on LMS-type algorithms in this thesil'l, however 

another algorithm of note is the recurl'live least I'lquares (RLS) in itl'l standard and 

various modified forms. One application of note wal'l shown in [133,134] the where 

a state-space approach [135] with Riccati recurl'lions was used to perform adap­

tive equalisation of frequency-selective MIMO channels. The propol'led method 
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resulted in an optimum least squares solution, which is the ScUll(' as the 1\11\ [SE so­

l ution in stationary channels. Another interesting mcthod was shown ill [122, 13(j] 

and although the application was for cross-talk cancellation in acoustics it should 

also be possible to use the method for adaptive equalisation of COlllllllUlicntioll 

signals through a frequency-selective 1\IIMO challllei. The method is all inter­

esting variation of the time-domain analytic inversioll but where the inversion is 

performed using a recursive technique closely related to the RLS algorithm. As it 

is essentially an analytic inversion technique it requires channel knowledge which 

must be obtained using adaptive identification, but unlike the analytic methods 

already considered in this chapter which required full channel knowledge before th(' 

analytic inversion can be performed, the proposed algorithm finds the optimulll 

inverse filters, in a least squares sense, in a time-recursive manner whereby if we 

arrange for the adaptive identification system to find the impulse respOllse of the 

channel one tap at a time, then the algorithm iteratively converges to the optimum 

inverse filters over time as new channel knowledge is gained. This llleans that by 

the time the adaptive identification process is complete, the optimum inverse fil­

ters have already been found and a second post-identification analytic inversion 

stage is not required. The algorithm was shown to be computationally robust with 

a computational cost comparable to the O(L;) of the Levinson-Durbin algorithm 

briefly mentioned in Section 4.2.2. 

In the area of fully blind adaptive equalisation of frequency-selective MIMO chall­

nels, two interesting works have been selected. The first shows a performance 

analysis of a blind adaptive MIMO equaliser based on the Constant Modulus Al­

gorithm (CMA) [137]. The authors proposed a new CMA algorithm which can 

recover all channel inputs simultaneously while removing all lSI and CCI and 

demonstrated its favourable behaviour through use of simulations. The second 

work of note develops a direct blind equalisation algorithm based on the periodic 

auto-regressive (AR) model matching of multi-channel FIR systems, which can 

use either the LMS or circular lattice adaptive algorithms for convergence, and 

results where shown using this algorithm [138]. For further background on blind 

adaptive equalisation algorithms the reader is referred to [138] and the references 

therein. 

Here we have given a very brief overview of other MIMO adaptive equalisation 

methods, but we shall not mention any of these further, concentrating instead on 

the analytic and adaptive techniques developed previously in this chapter. 
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4.6 Simulations and Discussion 

This section presents various simulation results obtained by applying the methods, 

algorithms and techniques discussed in this chapter. 

4.6.1 Analytic System Inversion 

We start by applying the analytic inversion techniques developed in Section 4.2, 

namely the z, time and frequency-domain methods. We show MSE venms SNR 

performance results for a range of static MIlVIO channels chosen from those out­

lined in Chapter 2 with AWGN added at the receiver. We consider the cases where 

the receiver has perfect channel knowledge, found by a previous identification for 

example. 

Firstly we examine the results from the two-tap 2 x 2 MIMO channel which has H 

non-minimum phase determinant in the z-domain. The stabilisation technique will 

need to be used, and length-32 FIR filters are used to approximate the nnstable 

part of the IIR determinant in the inverse, however remembering that this tech­

nique unlike the time and frequency-domain methods still has a stable IIR part. 

For the time and frequency-domain inverses length-32 filters are also used. The 

Channel-EqualiseI' Response (CER) MSE values in a noiseless environment and 

the CER MSE versus SNR behaviour for the three different inversion technicIlws 

are shown in Table 4.1 and Figure 4.10 respectively. We see that in a lloiseless 

environment, the z-domain method results in the best performance, better than 

the MMSE time-domain method, due to its IIR part. Although it uses the llll­

favourable ZF inversion criterion this does not canse any ill effects in a noiseless 

environment. The frequency-domain method performs the worst clne to the cir­

cular convolution effects inherent in this method, but still quite satisfactorily at 

significantly lower computational cost. In the MSE versus SNR plots we see that 

at low SNRs the time-domain and frequency-domain techniques perform similarly 

to each other and both are better than the z-domain technique on account of the 

different inversion criterion, i.e. the MMSE inverse will perform better than the 

ZF inverse in the presence of significant noise. At mid SNR levels all the perfor­

mances are similar. It was explained in Section 4.2.3 that a regularisatioll factor 

should be used even in a noiseless environment on account of the circular convolu­

tion effects but here the optimum factor is found to be approximately zero, so this 

is the best performance possible with the frequency-domain technique. Calculat­

ing the complexity orders for relative comparison, the z-domain order evaluates 

to 8, the time-domain to 32,768, and the frequency-domain to 160. Hence, the 

frequency-domain method appears to have the best overall performance since at 
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Inversion z-domain time-domain fr quen y-domain 

Noiseless MSE [dB] -52 -46 -32 

Tab. 4.1: Noiseless CER MSE values for two-tap channels 
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F ig. 4 .10: SNR vs Channel-Equaliser Response (CER) MSE curves for z , t ime 

and frequency-domain inversion for a noisy known two-tap 2 x 2 MIMO channel. 

the more realistic lower SNR values its performance is same as the optimum MMSE 

time-domain method, but at approximately 0.5% of t he computational cost. 

Table 4. 2 and Figure 4.11 respectively show the noiseless CER MSE and CER 

MSE versus SNR performance results for the analytic inversion of the SPIB-based 

2 x 2 MIMO channel with a minimum phase determinant . Length-280 filt ers are 

used for the time-domain and frequency-domain equalisers . The t heoret ical noise­

less MSE is zero for z-domain inversion and in practice the calculation is limited by 

the numerical accuracy of the simulation tool. Again we see t he worst performance 

is given by the frequency-domain method due to circular convolution effects, but 

the margin between this and the t ime-domain method it now not as great as it 

Inversion z-domain t ime-domain frequency-domain 

Noiseless MSE [dB] - 00 -47 -46 

Tab . 4 .2: Noiseless CER MSE values for SPIB-based channels with a minimum 

phase determinant . 
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F ig. 4 .11: SNR vs CER MSE curves for z, time and frequency-domain inver­

sion for a noisy known SPIB-based 2 x 2 lVlIMO channel with a minimum phase 

determinant. 

was for the two-tap channel. Also , for these channels the best performance was 

given for a regularisation factor of zero in the noiseless environment . In the MSE 

versus SNR plot , at low and mid SNR the relative performances are similar to th 

two-tap channel. At high SNR the z-domain method is still the best a ' with t he 

two-tap channel but the time-domain and frequency-domain inverse performances 

are much closer to each other now. As the determinant is minimum phase, no sta­

bilisation is required for the z-domain inversion and with a complexity order that 

evaluates to approximately 282 has a significantly lower computational complexity 

than the other two methods. The time-domain method has a complexity order of 

2.2 x 107 and for the frequency-domain method it is approximately 2, 276. Hence, 

for this channel , the z-domain method seems to give the best overall performan e 

compromise between the MSE and computational cost , given that the MSE is only 

about 3 dB worse that the MMSE performance at SNR= O. 

Now we move on to the performance of the unmodified symbol-spaced (SS) SPIB 

channels. For the purposes of fast simulations these were truncated to length 50 

responses so that the whole of the significant part of the responses were retained 

but the relative alignment between the channels was unaltered. Table 4.3 and 

Figure 4.12 show the noiseless CER MSE and CER MSE versus SNR behaviour , 

respectively, for length 280 inverse systems. Firstly notice that there is no result 
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Inversion tillle-( IOlllHill frcqllcncy-c!olllHin 

Noiseless l\ISE [dB] -21 -16 

Tab. 4.3: Noiseless CER l\ISE values for SPIB channels. 

for the z-domain inversion as the IIR part of this inverse contains poles ncar tIl(' 

unit circle and hence it is not possible to stabilise this system for reasons explained 

in Section 4.2.1. The noiseless MSE value for the frequency-domain in Table 4.3 

is for when it is regularised by the noiseless optimum value. Figure 4.12 shows the 

behaviour for the time-domain inversion and frequency-domain inversion with n 

regularisation factor equal to the NSR and also the optimum value for the noiseless 

case (0.001 for this simulation) which was found using a praglllatic approach. 

Figure 4.13 shows the effect of varying the regularisation term f3 on the illverS(~ 

filter coefficients using the frequency-domain inversion, and compares it against 

the MMSE time-domain method, for a noiseless channel. It can be seen that the 

best performance using the frequency-domain method can be obtained using n 

non-zero {3. Hence from this it is clear that when regularising by the NSR the 

performance will begin to worsen once the SNR rises above some value. 

It is interesting to see that the performance of the frequency-domain lllethod 

regularised by the NSR approaches that of the MMSE time-domain method at low 

SNR values, where the noise dominates the error performance over the circular­

convolution effects inherent in this method. At higher SNRs the frequency-dolllain 

method achieves the best MSE using a fixed regularisation factor of 0.001, which 

is specific to this channel. Hence at the cross-over at around a SNR of 20 dB 

the regularisation factor could be switched to give the best possible perforlllance. 

Although the time-domain method still outperforms at higher SNRs, at the more 

realistic lower SNR values the frequency-domain method performs just as well 

and at a considerably lower computational cost. Since inverse filters of the same 

length as for the previous SPIB-based minimurn phase determinant channel arc 

being used, similar computational savings are possible with the frequency-domain 

method. 

Finally for this section, the performance for the 100 MHz bandwidth Saleh­

Valenzuela (SV) channels is simulated. Parameters used for this channel arc 

1/ A = 300 ns, 1/ A = 5 ns, r = 60 ns and 'Y = 20 ns, making it a suitable 

model for indoor environments. The channel is resampled at 100 MHz using the 

method explained in Chapter 2 and truncated to length 30, which retains the sig­

nificant part of the response of the channel. The inverse filters used are length 280 

as in the previous simulations. There is one fundamental difference between thiH 

simulation and the previous ones, which is that the SV channels are realiHed uHing 
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Fig. 4.12: SNR vs CER MSE curves for z, t ime and frequency-domain inversion 

for a noisy known SS SPIB 2 x 2 MIMO channel. 
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Fig. 4.13: Port ion of inverse fil ter coefficients for a noiseless known SS SPIB 2 x 2 

MIMO channel, calculated using t he t ime-domain (MMSE) and the frequency­

domain techniques with a range of regularisation factors . 



4.6 Simulations and Discussion 102 

Inversion time-domain frcq ueney -domai 11 

Noiseless 1ISE [dB] -34 -26 

Tab. 4.4: Noiseless CER lVISE values for 100 11Hz bandwidth Saleh-Valenzuela 

channels. 

a statistical model; hence on each application of the channel generation rout.inc a 

different channel realisation is obtained. For each simulation performed towa.rds 

the final ensemble MSE curves a different chanuel realisation was used, meaning 

that although many more simulations had to be execut.ed for good quality results, 

the performance results are more realistic than previous silllulations where the 

sallle channels were used in each loop of the simulation routine. Apart from this 

difference the results show a broadly similar behaviour to that of the llllmodi1icd 

SS SPIB channels. The optimum regularisation factor for the frequency-domain 

method in a noiseless environment is 0.001 for this simulation, and hence the 

cross-over point where this starts to perform better than regularisation by the 

NSR is at an SNR of 30 dB. The better performance of inversions of this channel 

when compared to the unmodified SS SPIB channel is due to the shorter channel 

length, i.e. 30 for the SV channels and 50 for the SPIB channels. The complexity 

comparison is the same as previously as again length-280 inverse filters arc used. 

Hence we again come to the same conclusion that the frequency-domain method 

gives the best performance at the more realistic lower SNRs at the significH.lltly 

lowest computational cost. 

We have seen from the simulations that for the frequency-domain inversion rcgu­

larised by the NSR, the CER MSE decreases to some minimum value before rising 

again as the SNR increases. To try to understand thiH behaviour more it would 

be beneficial to create performance plots of the MSE using the frequency-domain 

method regularised by the NSR for varying inverse filter lengths L'l' We saw in 

Section 4.2.3 that the length of the FFT used during the method varieH with L.'} 

they are equal. We also know that the severity of the circular convolution error 

effects decrease as the FFT length increases [92]. Hence, we would expect that 

as Lg increases the circular convolution effectH decreases and the performance iH 

MMSE for longer for increasing SNR and hence the minimum MSE point abo 

decreases and moves to a higher SNR. 

This is actually one of two effects we must consider. The second is that with 

smaller Lg we can expect the MSE performance to worsen as the filters can only 

model a decreasing amount of the true inverse filter response, in addition to the 

worsened circular convolution effect. On approaching an Lg where all the signifi­

cant part of the true inverse response is modelled by the inverse filter, increasing 
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Fig. 4.14: SNR vs CER MSE curves for z , time and frequency-domain inversion 

for a noisy known 100 MHz bandwidth Saleh-Valenzuela 2 x 2 MIMO channel. 
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Fig. 4.15: SNR vs CER MSE curves for frequency-domain (FD) inversion for a 

noisy known SS SPIB 2 x 2 MIMO channel with variable equaliser length (Lg), 

and MMSE time-domain (TD) inverse with Lg = 280 for comparison. 
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Lg will improve the hlSE due to the modelling error no further and we can expect 

smaller performance improvements only as a result of the circular convolutioll d­

fect which will continue to reduce ,vi th increasing Lq . Figure 4.15 shows simulatioll 

results for the frequency-domain inversion regularised by the NSR for a varying L!I 

and for comparison also the MMSE time-domain inversion with Lg = 280 which 

is long enough to model all of the significant part of the true inverse filter rc­

sponse. The simulations show expected results- when Lg is low, small inCl"cnsei:i 

improves the performance significantly, but as Lg approaches 280 the performance 

increases reduce as the true inverse impulse rei:ipOllSe is well modelled and the 

further increase in Lg only serves to reduce circular convolutional efFects. 

4.6.2 Channel Estimation Errors 

We consider the efFect of applying the method described in Section 4.2.6 to average 

out the noise in the channel estimates present when an adaptation is performed 

in a noisy environment. Figure 4.16 shows the vectorial difFerence between the 

adapted channel estimate and the actual channel for the two-tap channel after 

the final MSE attained has been reached for a range of SNRs. The adaptatioll 

was executed for 10,000 iterations and results are shown for a temporal average of 

the channel coefficients for up to the final 9,000, of these iteratiolls. Referrillg to 

Figure 3.6 we see that even for the highest SNR and the maximum average length 

of 9,000 the final MSE has been reached by 1,000 iterations so after this the MSE 

is ergodic. 

The results show that there is indeed a significant advantage in temporally aver­

aging the adapted channel coefficients and that most of this advantage arises from 

the average covering the most recent few thousand iterations. It is advantageous 

to choose a low temporal average length as this should be taken over a steady-state 

portion of the adaptation and a longer temporal average would require a longer 

adaptation which would raise the computational cost. We see that a temporal av­

erage length of around two or three thousand iterations will result in most of the 

advantage being realised with a not too great increase in computations, and this 

will be true for any channel, not .iust the two-tap channel shown in Figure 4.16. 

4.6.3 Adaptive System Inversion 

This section examines the convergence characteristics of a fully adaptive inversion 

of unknown static noiseless MIMO channels as explained in Section 4.3. The 

convergence behaviour of the M-NLMS algorithm is shown in Figure 4.17 for the 
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Fig. 4.16: Channel estimation error against temporal average length for a two-tap 

2 x 2 MIMO channel, a 10,000 iteration adaptation and a range of SNR . 

two-tap , unmodified SS SPIB and 100 MHz bandwidth SS Saleh-Valenzuela (SV) 

2 x 2 MIMO channels, which we discuss in turn. For all the simulations an adaptive 

step-size coefficient p, = 0.18 was used and the algorithm was executed for 80,000 

iterations. In all the simulations we see overall behaviour of fast init ial convergence 

as the fastest eigen-modes converge before reaching a constant gradient which 

represents the convergence of the slowest eigen-mode. For the two-tap channel a 

length-32 adaptive system was used and we see that after 50,000 the MSE has 

reached -35 dB. The two-tap channels are frequency-selective and the spectral 

range of the four channels comprising the MIMO channel over the full band varies 

between 2 dB and -7 dB , so even though the multi-channel adaptive filters are 64 

taps long (i.e. 2 x 32) the convergence is considerably slower than the identification 

for even the length-50 SPIB channel in Chapter 3 for example, which converges 

from white inputs. Both the SPIB and SV inversions use length-280 filters, hence 

they are both slower than the two-tap channel inversion but notice that the SV 

inversion converges slower than the SPIB inversion. This can be explained by 

referring to the magnitude response plots of the channels in Chapter 2. The SS 

SPIB magnitude responses vary very little over the 30 MHz channel bandwidth 

(i.e. -15 MHz to +15 MHz) and hence colours the signal very little, however the SV 

channels are far more frequency-selective, meaning that the signals at the out put 
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Fig. 4.17: Adaptation MSE curves for adaptive inversion for unknown static 

noiseless two-tap , SS SPIB and 100 MHz bandwidth Saleh-Valenzuela 2 x 2 MIMO 

channels. 

of this channel will result in a comparatively slower convergence. 

These results confirm the proposition in Section 4.3.2, which was that the conver­

gence of t he MIMO adaptive inversion especially for a frequency-selective channel 

will be too slow in comparison to the analytic method. In fact as the algorithm 

would be required to converge for several of tens of thousands of iterations for any 

of the channels the computational cost is likely to be considerably greater than t he 

frequency-domain analytic method. Although the M-NLMS algorithm has O(Lg) 

cost per iteration against the O(Lg log2 Lg) of the frequency-domain method, it i' 

obvious that the analytic method would result in the lowest computational cost 

due to the fact that the computation would only have to be performed once. 

4.6.4 Adaptive Equaliser Tracking 

In this section we examine the tracking capability of t he M-NLMS algorithm, 

where the inverse of the channel is tracked. The SPIB and SVlOOM channels 

are used, with an MS moving at 120 km/ h, which is assumed to be the highest 

speed at which the system will be expected to have to function. Both the SPIB 

and SV100M channel are considered to be harsh compared to the channels that 
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Fig. 4.18: Adaptive equaliser tracking MSE for Doppler-filtered Rayleigh-fading 

2 x 2 MIMO SPIB channel using M-NLMS algorithm with p, = 0.18, and MS 

moving at 120 km/ h. 

current day mobile systems experience. Hence the harshest set of condition that 

the system is likely to encounter is chosen and this is investigated as a worst cas 

scenario. 

Figure 4.18 shows the tracking performance to the inverse of the SPIB chan­

nel. Also shown are plots for a channel which does not fade and the equaliser 

adaptive algorithm is iterated, and for when the channel fades but the adapta­

tion is not performed. These represent the best and worst cases respectively an 1 

we would expect a system tracking when the channel is fading to perform som -

where between these two extremes. Further , the proximity of the t racking result 

to either extreme gives an idea of the performance of the algorithm. The, 'ystems 

are initialised with near-MMSE equaliser knowledge at the st art , calculated using 

the frequency-domain inversion method. After this t he channel begins to fade, 

hence the MMSE equaliser will vary and the system must track these changes. 

Also shown are theoretical error probabili ty levels for BPSK, QPSK and 16-QAM 

modulation, where the error is assumed to be white. This is a reasonable assump­

tion when the error characteristic is averaged over many channel realisations . Here 

the performance is approximately half way in between the extremes by the end 

of the simulation and is able to maintain an MSE that would result in a BER of 
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Fig. 4.19: Adaptive equaliser tracking MSE for Doppler-filtered Rayleigh-fading 

2 x 2 MIMO SV channel sampled at 100 MHz using M-NLMS algorithm with 

p, = 0.18, and MS moving at 120 km/ h. 

between 1% and 5% with 16-QAM modulation, or less that 1% with QPSK. 

Figure 4.19 shows the tracking performance to the inverse of the SV100M hannel 

and also the trajectories when there is no adaptation and no fading. The perfor­

mance with no fading here is well below the -35 dB representing the lower range 

of the result axis, hence not shown. We see that the performance is reasonable 

but not great , with the MSE having crossed above the 1% BER level for QPSK 

by the end of the simulation. The tracking performance is very close to the worst 

case of using no adaptation relative to the best case. The trajectory when ther is 

no adaptation shows that the fading would cause useless performance by the end 

of the simulation. However even by the end of the simulation the tracking MSE is 

still slowly rising and it is likely that the performance would worsen even further. 

Also , the performance shown in the figure shows the best case tracking, since a 

real system would function in decision-directed mode if it is to continually track, 

in which case the convergence would be worsened by decision errors. 

Hence we are motivated to find an alternative technique which will perform ad­

equately. A possible method is to track the channel itself as shown in Chapter 3 

which gives better performance and then periodically analytically invert the system 

as and when required to re-calculate the current equaliser. This has the dis ad-
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Fig. 4.20: SNR vs BER curves for z-domain, time-domain, frequency-domain 

and adaptive inversion for an unknown noisy static two-tap 2 x 2 MIMO channel 

using BPSK. 

vantage that between the periodic updates the system performance will worsen, 

and then jump back to a lower MSE. This will result in a cyclical MSE an 1 hence 

BER performance which is not ideal. Also , the rate at which the channel inver­

sions must be performed is dependent on the MS speed and at high speed this 

method may result in a high computational cost . An alternative technique is to 

employ subband adaptive systems which have been shown to result in superior 

convergence speed at significantly reduced computational cost and hence we could 

expect the tracking behaviour to be better. Subband systems are the 'ubject of 

the next chapter. 

4.6.5 System BER Performance 

We now show simulations for the BER versus SNR performance characteristics for 

various full systems created using the tools we have developed in this section for 

the two-tap , unmodified SS SPIB and 100 MHz bandwidth SS SV 2 x 2 MIMO 

channels, using BPSK modulation. For the inversion methods we consider , the 

inverse filter parameters are the same as those in Sections 4.6.1 and 4.6.3 for the 
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relevant inversion method and channel. Figure -1.20 shows the peri'onllHnt't' of 

the systems for a two-tap channel. Results for the Hnal)-tic inwrsion using the :> 

domain method with a length-32 FIR to model the unstable part of the 1m invcrSl' 

are shown, in addition to time-domain and frequency-domain inversion methods 

using length-32 equalisers. Known channels are used for one set of simulations 

and unknown channels which must be adaptively identified prior to inwrsion for 

another. In addition the result for an equaliscr that has been found using the 

adaptive inversion shown in Sectioll 4.6.3 is shown and hence the chmllld lw('d 

not be explicitly identified. The M-NLMS algorithm is used for the adaptations 

with jl = 0.18. The identifications are adapted for 6,0()() iterations and a tcmporal 

channel average length of 4,000 iterations is used. The adaptive inversion C011-

verges slowly as was seen in Figure 4.17 so must be terminated before convergc11C(~ 

is reached. Hence the system is adapted for 20,000 iterations but only a short tClll­

poral average for the channel estimate is used as the MSE is not ergodic. Thus, a 

500 sample average is applied. The results are broadly as expected; the z-clomain 

inversion has inferior performance at low SNRs due to the ZF inversion criterion 

but at high SNRs results in the best performance duc to the IIR part of the inversc. 

Even though the adaptive inversion simulatiolls are the most computationally in­

tensive due to the long adaptation required, sub-optimal performance is obtained 

as the adaptation is terminated before convergence. Both the time-domain and 

frequency-domain methods result in the optimal FIR MMSE performance over 

all SNRs, as the optimum noiseless regularisation factor is approximately /lew. 

This, coupled with the lowest computational cost of all the methods, makes the 

frequency-domain inversion the most attractive. The BER performance for the 

systems adaptively identifying the unknown channels perform as well as the sys­

tems with a known channel, showing the noisy adaptations have no ill effect when 

the channel coefficient temporal averaging technique is used. 

Figure 4.21 shows the BER performance for the SS SPIB channels, and has some 

interesting differences from the two-tap channels. Firstly, we notice that there is llO 

result for a z-domain inversion as this would be unsuccessful for this channel due to 

stability problems. There are results for time-domain alld frequency-domain inver­

sion of the known channel and for the unknown channel where prior identification 

is required. There is also a result for adaptive inversion where channel knowledge 

is not required. A step-size jl = 0.18 is used for all adaptations and Lg = 280. The 

time-domain gives the optimum MMSE result and hence best performance. The 

frequency-domain method has results for a regularisation factor of the NSR and 

the fixed noiseless optimum value (0.001 for this simulation). For the regularisa­

tion factor equal to the NSR we see the BER performance improves until the SNR 

reaches approximately 22 dB, above which the performance worsens again as the 
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Fig. 4.21: SNR vs BER curves for time-domain, frequency-domain and adaptiv 

inversion for an unknown noisy static SS SPIB 2 x 2 MIMO channel using BPSK 

regularisation factor moves below the noiseless optimum. Correspondingly, the 

point where the performance of the method regularised by the noiseless optimum 

crosses and becomes better than that of the NSR regularisation curve i . lightly 

lower. For these higher SNRs it is beneficial to switch to a fix d r gularisation 

factor. The adaptive identifications that are performed prior to analytic inversion 

are executed for 8,000 iterations, of which the t ap coefficients of t he last 4,000 

iterations were averaged to give a bet ter channel estimate. At lower SNRs this 

results in the same BER performance as for the known channels as the noise rror 

dominates over the adaptation error , but at higher SNRs the t he performance 

diverge slightly. Evidently, the adaptation t ime and channel estimate averaging 

length should be chosen according to the SNR range in which the system is likely 

to have to function. The adaptive inversion terminated at 20,000 it erations with a 

length-500 adaptive coefficient temporal average shows the worst performanc , al­

though if the adaptation was left until full convergence MMSE performance would 

result ; however as the adaptation t akes so long this is unfeasible. T he adaptive 

inversion performance is worse here than for the two-tap channel as the MSE at­

t ained during the 20 ,000 iteration adaptation is worse. Finally, it is interesting 

to notice that the MMSE SPIB channel performance is better than t hat of the 

two-tap channel despite t he fact that the ratio between Lg and Lh is much greater 

for the two-tap channel. This is due to the fact that t he chosen Lg for the SPIB 

simulation is very long given that the channel is spect rally quite fiat and t he two-
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Fig. 4.22: SNR vs BER curves for time-domain, frequency-domain and adaptive 

inversion for an unknown noisy static 100 MHz bandwidth SV 2 x 2 MIMO channel 

using BPSK. 

tap channel is more frequency-selective than the SPIB channel. Hence, despite 

first impressions based on the impulse response of the SPIB channel, it is evident 

that it really is rather benign. 

Finally, for the BER performance curves, Figure 4.22 shows the BER versu.· SNR 

performance for a 2 x 2 MIMO 100 MHz bandwidth SS SV channel. A mentioned 

previously, unlike the earlier channels, the SV channel uses a statistical model 

and hence the channel realisation is different in every simulation run towards the 

ensemble mean. As a result , to obtain smooth curves requires a very large numb r 

of simulations but this was unfeasible due to computational limitations, h nee the 

curves are not completely smooth - 1,000 different channel realisations are used in 

this simulation. Nevertheless they are of adequate quality to study the behaviour 

and there are some interesting points in the result . The system is adapted for 

12,000 iterations with p, = 0.18 , and again uses length-280 equalisers and a length-

4,000 adaptive coefficient t emporal average for the identifications and analytic 

inversions. The overall shapes of the curves are similar to the SS SPIB simulations 

and for the same reasons. The TD inversion of the known channel results in 

MMSE performance, and the TD inversion of the adapted channel matches this 
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at all but the highest SNRs. This is presumably bec<ms~' at lower SNRs the DER 

performance is limited by the noi::;c and the channel estilllation error is insignificant 

relative to this but at higher SNRs the BER caused by the noise drops awa.\, (mel the 

BER from the channel estilllation error begin::; to be the significant factor. The 

adaptive inversion terminated after 20,000 iteration with a length-50l) adaptive 

coefficient temporal average again results in the worst performance. Note thHt 

it is worse than the curve for the SS SPID chamwl clne to ::;lower adaptatioll 

due to the greater frequency-selectivenes::; of the channel. The frequency-domain 

inversions regularised by a constant that results in the optimulll performance ill 

a noiseless environment (0.001) gives the expected performance, i.c. sub-optilllal 

at low SNRs but improving relatively at higher SNRs. The major difference is 

in the behaviour of the curve for the unknown channel inverted using tlw FD 

method regularised by the NSR relative to the curve for known channel~L At the 

higher SNRs where the curve crosses those for the frequency-domain invcrsioll 

regularised by the noiseless optimum value the performance is actually better for 

the unknown channel which had to be found by identification than for when the 

channel was perfectly known. The reason for this was explained in Section 4.2.5, 

and is because at the SNRs where the noise power has dropped to a value below 

the noiseless optimum regularisation factor the channel estimation error that arises 

from the adaptation goes some way to raising the effective regularisation factor 

towards the noiseless optimum value and hence the performance is better in the 

mean than if the channel was known perfectly. In fact, we see that between SNRs 

of 25 and 35 dB this estimation error generates an extra effective regularisation 

factor such that the performance is similar to that of manually regularising by 

the noiseless optimum value and using perfectly known channels. This result is 

valid however in the mean over many adaptations but when performing a single 

adaptation to single channel realisations the BER will not be deterministic and 

hence unreliable if this phenomenon is relied upon. Therefore it is still better to 

attempt to identify the channel as accurately as possible and manually insert the 

noiseless optimum value for the regularisation factor, which will result in the same 

performance. 

4.7 Summary 

This chapter has covered the essentials of inverting an unknown broadband MIMO 

channel to create an equaliser and has concentrated on minimising the computa­

tional cost of this process while maintaining a satisfactory BER performance. It 

started by explaining the overall inversion methods and criteria that would be 
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used, covered the useful regularisation method and discussed the alt('matiw of 

using predistortion at the transmitter instead of equalisation at thc' l'('ceiwr. The 

fractionally-spaced equalisation structure was briefly mcntioned. The core of this 

chapter then explained three analytic inversion methods, namely :-domain, timt'­

domain and frequency-domain and covered the pot(~ntial performance and associ­

ated computational costs. A process involved in choosing the FIR equaliser lcngt.h 

was explained but we stated it is often easier to usc a pragmatic approach in thc 

selection of this parameter. Also covered in some detail were the effects of clmmwl 

estimation error on the performance, which arise when the channel is unknowll and 

adaptive identification is used, and also the effects of the presence of nois(~ during 

the adaptation. The chapter moved on to the alternative method of adaptive in­

version to directly find the equaliser from an unknown channel and explained the 

advantages and disadvantages in terms of computational cost and potential BER 

performance. Finally, the existence of some other common adaptive eqnalisation 

methods was mentioned. The chapter finished with a sizeable section covering 

and discussing simulation results of systems created from the various techniques 

covered in this and previous chapters. Broadly, the conclusions we may draw a,l"(~ 

that the frequency-domain analytic inversion technique results in the best overall 

compromise in term of computational cost and BER performance and tha.t it is 

advantageous to switch from regularisation by the NSR to a fixed value at SOllW 

critical SNR which depends on the equaliser length and the channel. Fmthcr, it is 

beneficial to perform some temporal averaging 011 adapted filter coefficients when 

performed in the presence of noise. Finally, we saw that tracking pcrfonnance 

is clearly inadequate for a worst-case but realistic future scenario of a 100 MH", 

bandwidth SV channel model and a MS moving at 120 km/h. A technique that 

has shown great potential in the past to solve this problem is that of subband 

processing. Not only can this result in faster adaptive convergence and thus solve 

the tracking problem, but it can also significantly reduce the computational cost 

of many signal processing algorithms, which is a primary motivator in this thesis. 

Hence subband systems are introduced in the next chapter and they are applied 

to the broadband adaptive MIMO equalisation problem. 



Chapter 5 

Subband MIMO Equalisation 

The splitting of a signal into a number of narrowband frequencies has long been 

recognised as a powerful technique to reduce the computational cost of signal pro­

cessing algorithms, as well as in some cases improving the performance of such 

algorithms against their fullband counterparts [72,92,139--141]. The narrowband 

frequency bands are termed subbands and their band-limited nature often allows 

us to reduce the sampling or processing rate of signal processing algorithms by 

up to a rate equal to the number of subbands. As a result, we may also reduc(~ 

the length of filters operating in the sub bands by a factor of up to the decimation 

rate, explained later in this chapter. Also, in theory, the method offers the pos­

sibility of parallelising the signal processing tasks due to the independellt mttlll'(~ 

of the subbands and hence provides a way of efficiently implement aJgoritbms. 

Although subband processing has is roots in acoustics, the technique may jllst as 

well be applied to adaptive and analytic equalisation or system inversion for radio 

communications. 

A problem with the adaptive inversion discussed in the previous chapter was 

that of potentially slow convergence of LMS-type algorithms for frequency-selective 

broadband channels. Subband processing can potentially increase the convergence 

speed of such algorithms without having to resort to computationally costly fast 

convergent adaptive algorithms such as RLS [12,12,142,143]. Such advantages 

have been shown for both adaptive identification and inversion in static and dy­

namic environments [144]. However there has been only very limited work in the 

area of multi-channel processing in subbands, especially with the application of 

equalisation for communication systems. Yamada et a1. [145] showed an advantage 

in using subbands for multi-channel problems but this work was only limited to a 

1 x 2 system and two subbands. More recently Weiss et a1. [8] showed the benefit 

of performing adaptive equalisation of MIMO systems but again was of limited 
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Fig. 5.1 : A simple subband system. 

scope. Further both of these works were in the area of acoustics. 
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We start in Section 5.1 by reviewing some essential aspects of multirate ignal 

processing. In Section 5.2 we briefly cover the performance characteristics of ub­

band systems, such as how they can result in an increase in convergence of 'orne 

adaptive algorithms, as well as the effect on final NISE and modelling a curacy. 

We then move on to describing how we may use these subband building blocks 

to create MIMO adaptive and analytic inversion 'ystems which enjoy the b n fits 

afforded using the technique in Section 5.3. Finally in Section 5.4 we provide a 

comparative study between subband MIMO systems and their fullband counter­

parts shown in the previous chapters, before summarising in Section 5.5. 

5.1 Subband Concepts 

The most basic subband system was shown in Figure 1.2 and is reproduced for 

convenience in Figure 5.1. The aim of this section is to analyse and understand 

this system. We start by introducing basic multirate operations. 

5.1.1 Multi-Rate Systems 

A multirate system comprises components running at different sampling frequen­

cies. The filter banks in Figure 5.1 are a typical example of a multirate system, 

where each of the K subband signals between the analysis and synthesis filter 

banks is sampled slower by a factor of N compared to the input or output fullband 

signal. There are two basic operations to change the sampling rate, decimation 

and expansion, which are shown in Figure 5.2. The device in Figur 5.2(a) is 
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(a) 
:r[n] y[n] 
-----+1' @))-----, (b) 

:r[n] 

Fig. 5.2: Basic multirate operations for sampling rate alteration: (a) decimation; 

(b) expansion of signal x[n] by a factor of N [12]. 

termed a decimatorl or downsampler, and the device in Figure 5.2(b) an e:J:pander 

or ups ampler. 

Decimation. When a signal is fed through a decimator in Figure 5.2(a) only 

every Nth sample is retained in the output signal, that is 

y[n] = x[Nn], (5.1) 

where N E ;I:; * , i.e. a non-negative integer. As an example, Figure 5.3(b) shows 

the result of decimating the signal in Figure 5.3(a) by a factor of 2. 

Although fractional values of N are possible and lead to non-uniform sampling 

[146], this is not considered here. In the frequency domain, (5.1) can by expressed 

by [102] 
N-l 

Y(z) = ~ """' X(ZI/N e-j21fn/N) 
N~ . (5.2) 

n=Q 

Thus, the spectrum Y(e jW
) is assembled by superimposing X(e jW ) stretched by 

a factor of N with N - 1 versions shifted by multiples of 27l". This superposition 

leads to a spectral overlap (or aliasing) if x[n] is not suitably band-limited. As all 

example for a decimation by N = 2, the spectrum in Figure 5.3(e) emerges from 

the input shown in Figure 5.3(d). 

Expansion. The expander in Figure 5.2(b) inserts N - 1 zeros between every 

original sample, that is 

'1 [n] = { x [N] n = AN 
YOn =1= AN ' 

(5.3) 

where A is an integer. An example is depicted in Figure 5.3(c), which results when 

Figure 5.3(a) is expanded by N = 2. In the frequency domain, expansion can be 

expressed by 

(5.4) 

which for the spectrum Y (e jW
) means a re-scaling of the frequency axis with respect 

to X(e jW
) by a factor of N. An illustration for the expansion of Figure 5.3(d) by 

1 Technically, decimation refers to downsampling by a factor of 10, however the terms deci­

mation and downsampling are often used interchangeably, and we shall continue to do so in this 

thesis. 
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(a) x[n] 

n 

(b) 
x [2n] 

n 

a 

-2n -n o n 2n 

d3 Cl I ~_n 
-4n - 2n o 2n 4n - n -n12 o n /2 n 

Fig. 5.3: Example for decimation and expansion by 2: (a) original time domain 

signal; (b) decimated signal; (c) expanded signal; (d) frequency domain of a com­

plex signal; (e) frequency domain of decimated signal; (f) frequency domain of 

expanded signal [12]. 

N = 2 is given in Figure 5.3(1'). Good tutorials on multirate processing and a 

detailed text can be found in [102,147- 149]. 

5.1.2 Modulated Filter Banks 

Now that the decimation and expansion processes have been cover d , we will 

look at the actual analysis and synthesis filter banks more closely. Figure 5.4 

shows the same system as Figure 5. 1, but it illustrates the analysis and synthesis 

filter banks in more detail. Broadly speaking the purpose of each filter in the 

analysis filter bank is to extract a frequency band of interest, while removing the 

remaining frequency bands. For example the first filter will pass only the lowermost 

frequencies. Due to the limited bandwidth of the subband signals, according to 

Shannon's sampling theorem [150, 151] each of the K bands can be downsampled 

by a factor N ::; K , and the subband signals are said to be cr-itically decimated 

when the equality holds. The bandwidth is defined as the width of a frequency 

( ) 

(f) 
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X(Z) 

I Ao(z) ~@>-L.. tN ~ 

I AI(z) ~@>-~®-IS7z)~~) · . . · . · . 

analysis filter bank : synthes is f ilter bank 

Fig. 5.4: Analysis and synthesis branches of a K-channel filter bank with sub­

bands decimated by N [1 2]. 

range where there is significant signal power. 

The analysis bank in Figure 5.4 decomposes a signal x[n] into J( subbands, each 

produced by a branch Ak(Z) of the analysis bank. After decimation and xpansion 

by a factor N, the fullband signal is reconstructed from the subbands in th syn­

thesis bank by filtering with filters Sk(Z) followed by summation. Both analysis 

and synthesis filters Ak(Z) and Sk( Z) can be derived from a prototype filt r by 

modulation. Then the analysis and synthesis filter banks are called modulated 

filter banks, which can be created by using a real valued FIR prototype low-pass 

filter p[n] of length Lp and modulating it with a generalised discrete Fourier tran -

form (GDFT). Modulated filter banks created in this way are termed g n ralised 

discrete Fourier transform (GDFT) filter banks. The GDFT which modulate ' th 

prototype filter to the correct frequency can be expressed mathematically a 

hdn] = tk,n . p[n], t - ej~7(k+ko)(n+no) 
k~ - , (5.5) 

where k and n are positive integers. The term generalised DFT arises from the 

offsets ko and no applied to the frequency and time indices, which are responsible 

for important properties of the modulated filter bank such as the band position 

of the analysis filters and linear phase of the modulated filters . The GDFT is a 

memory-efficient way of performing the analysis and synthesis filtering as we must 

only store one set of prototype filter coefficients. For a detailed understan ling of 

the parameters , the reader should refer to the more detailed texts on this subject 

cited earlier in this chapter. Further we may use the GDFT to create a paraunitary 

analysis filter bank, i. e. A(z)A (z) = z-.c. I , where A(z) is the parahermitian of the 

polyphase matrix of the analysis filter bank A(z), which has the useful property 

that the polyphase synthesis filter bank S (z) is simply given by A(z) [12, 72]. 

Figure 5.5(a) and Figure 5.5(b) respectively show a prototype filter and the result 

of the modulation operation result ing in a set of filters suitable for u. e in a filter 

bank. 
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Fig. 5.5: (a) Real valued prototype lowpass filter P(ejW
) with bandwidth B = 

271)16; (b) modulated GDFT filter bank derived from the prototype lowpass filter 

P(ejW
) with K/2 = 8 filters covering the frequency range w = [0; 7f] [12]. 

5.1.3 Polyphase Representation 

In this section we will introduce the polyphase representation of the basic subbancl 

system in Figure 5.1 as an alternative form which is convenient to analyse. We 

introduce this equivalent form as it (i) leads to further insights into the suhhnncl 

approach, (ii) enables a computationally efficient implementation of filter banks, 

and (iii) will be used when developing the fractionally-spaced subbancl MIMO 

equaliser in Chapter 6. The term "polyphase" refers to the decimation of the 

fullband signals and that there are N possibilities of which sample set to keep. 

Each set is as good as any other and they differ only in phase but not magnitude 

in the frequency-domain. The polyphase approach in fact uses all N phases. 

We follow the approach in [12] and [102] to analyse a 8180 realisation of the 

system for simplicity. Extension to a fractionally-spaced MIMO implementation 

will be performed in Chapter 6. We start by expressing analysis and synthesis 

transfer functions, Ak(Z) and Sk(Z) respectively, for the kth subband in terms of 

their polyphase components Ak1n(Z), k = O(l)N - 1 and Snlk(Z), k = O(l)N - 1 as 

N-l 
Ak(Z) = L z-n Ak1n(zN) type 1 polyphase (5.6) 

n=O 

N-l 
Sk(Z) = L z-(N-l-n) Snlk(ZN) type 2 polyphase (5.7) 

n=O 
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where 
00 

(5.8) 
"=-00 

00 

Snlk(Z) = L sk(N~ + N - 1 - n)z-". (5.9) 
"=-00 

In vector-matrix form the analysis and synthesis filter banks can be expressed 

~(Z) = A(zN) . [1 Z-l ... z-(N-I)f (5.10) 

~T(z) = [z-(N-I) z-l ... 1]. s.(zN) (5.11) 

respectively, where 

AOlo(z) AOII (z) AoIN-I(Z) 

A(z) = 
Allo(z) A1[1(z) AIIN-I(Z) 

(5.12) 

AK-Ilo(Z) AK-1[1(z) AK-IIN-I(Z) 

SOlo(z) AOII(Z) AoIK-I(Z) 

S.(z) = 
Sllo(z) Al[1(z) AIIK-I(Z) 

(5.13) 

SN-IIO(Z) AN-Ill (z) AN-IIK- I (z) 

The matrices A(z) and S.(z) are known as the polyphase matrices of the analysis 

and synthesis filter banks, respectively. Notice the native sampling rate corre­

sponding to z is of the decimated signals inside the filter banks. Similarly, we can 

put the input signal into polyphase form such that 

(5.14) 

where Xi(Z) .-0 xdn] = x[Nn + N - 1 - iJ, i = O(l)N - 1. Hence the output of 

the analysis filter bank is 

(5.15) 

where y(z) is a vector containing the K subband signals. Further we may recon­

struct the polyphase input signal by 

~(z) = S.(z)y(z) = S.(z)A(z)~(z) (5.16) 

where ~(z) is an estimate of ~(z). 

The system we have developed is shown in Figure 5.6(a). Two problems with 

this result from the fact that the decimation and expansion is performed inside 

the filter banks. The filters banks run at the full rate, increasing computational 
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Fig. 5.6: (a) Polyphase representation of a K subband system decimat d by 

factor N ; (b) re-arrangment using Noble identities. 

requirements , and when further processing tasks are inserted in the decimate 1 

stage the overall system is difficult to analyse, since the decimators and expanders 

are non-linear devices. To tackle both these problems we employ the Noble iden­

tities [102] 
A(z)(1 N) = (1 N)A(zN) 

(I N)S(z) = S(zN)(1 N) 

(5.17) 

(5.18) 

where (1 N) and (I N) denotes decimation and expansion by factor N re .. pectively. 

Applying these to Figure 5.6(a) we obtain Figure 5.6(b). Now the analysis and 

synthesis operations are performed at the same rate as any other potential signal 

processing tasks that may be performed in subbands, which is at the decimated 

rate hence the filtering can be performed using fewer computations. 

Perfect R econstruction . The perfect reconstruction (PR) property is impor­

tant as it minimises the error between ~(z ) and ~(z ). The necessary and sufficient 
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condition for PR is 

(5.19) 

where c =J. 0 is some constant. Later in Section 5.2.4 we will see that (' = 1 

is necessary for power complementarity. A neat and efficient way to solve this 

problem is to design A(z) to ensure that it is paraunitary, i.e. A.(z)A = I. The 

matrix A is called the parahermitian of A, which is the time-reversed complex 

conjugate transpose or A.(z) = A H (Z-l). The solution to fulfil the PR condition 

follows simply with 

(5.20) 

Subsequently, the synthesis filter co-efficients can be obtained from the timc­

domain representation of the analysis filter banks by 

Sdn] = caW - n], (5.21) 

where k = O(l)K - 1 and l = N - 1 + N 6. The paraunitary condition can be 

fulfilled by the correct design of GDFT filter banks but this is beyond the scope 

of this thesis [12, 102]. 

5.1.4 Critically Decimated versus Oversampled Subbands 

Given the number of subbands K, we are now still left with a choice for the 

decimation factor N. Critically decimated subbands, i.e. where N = K, with 

respect to adaptive filtering were first analysed by Gilloire [141] and Gilloire and 

Vetterli [140,142]. The problem with critically decimated subband systems is 

that there may be aliasing in the sub bands due to the finite attenuation in the 

transition bands of the analysis and synthesis filters which can be seen as over­

lap of adjacent bands in Figure 5.5. Aliasing has been identified as a problcm 

when performing comparison or correlation-type operations in the subbancls, such 

as subband adaptive filtering, and generally the alias level will limit the achiev­

able MMSE [12,152]. A solution to the aliasing problem suggested by Gilloire 

and Vetterli [140-142] leads to a modified subband structure with cross-terms 

between adjacent bands. Another solution, called gap-filters, is to leave guard 

bands between adjacent analysis filters, which removes the aliasing problem but 

introduces a loss of frequency components within the guard bands [153-156]. The 

first solution leads to bulky implementations, while the second approach is clearly 

undesirable. 

The simplest and preferred solution to this problem is to have the analysis filters 

overlapping but overs ample each subband such that no aliasing results. This 

avoids the need for any special subband structure such as the use of cross-terms 
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in Gilloire's solution or gap-filters. In this case N < J\. i.e. the snbballd signals 

are decimated by a factor which is less than the 111l111bcr of snbbands. tlw SystClll 

is termed an oversamplecl subband system. An advantage of this approach is that 

now independent processing in the subbands is possible, enabling the possibility of 

parallel processing of sub bands for numerically intensive signal processing tasks. 

5.2 Performance of Subband Systems 

In this section we briefly examine the performance characteristics of subband pro­

cessmg. 

5.2.1 Computational Complexity 

One of the main incentives for using the subband approach for solving signal pro­

cessing problems is that it can be used to reduce the computational complexity 

when compared to the equivalent fullband problem. Admittedly there is the over­

head of having to use an analysis and synthesis filter to interface with the full band 

domain, and also having filtering occurring in several snbband branches, however 

the advantages offered by subband system often outweigh these overheads. The 

main advantages of the subband approach is that the processing rate within the 

subbands is lower by a factor of N and also each subband filter lIlay be shorter by 

up to a factor of N compared to the full band counterpart. Clearly, the first fact 

reduces the computation cost of any process performed in subband hy a factor of 

N, and the second fact makes the task of converging each filter much quicker as 

shown in Chapter 3, in addition to reducing the computational cost by a further 

factor of up to N. A commonly used relationship [140] for adaptive filtering is 

that if a task requires a fullband filter of length L 1 then subband filters of length 

L _ L1 + 2Lp 
s - N ' (5.22) 

may be used, where Lp is the length of the prototype filter, although we will see 

in the simulations that Ls = L f / N can also work well and has the advantage 

of quicker convergence due to the shorter subband filters; a similar result was 

found in [72]. Another advantage offered by this method is the parallelisation 

of the signal processing tasks into several subbands, as the computation of each 

branch is independent of any other and can therefore be computed by a dedicated 

processor for each subband, if the task warrants it [140]. Also, by following the 

approach in [157-160] for real-valued signals only K /2 complex sub bands need 
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be calculated since the remaining sub bands are complex conjugate and therdore 

redundant. 

One last point to mention is that the subband method has a computational 

overhead arising from the analysis and synthesis filtering operations, which is not 

present with fullband processing. The overhead for a single filter bank is [161] 

1 
Cfilter bank = N (2Lp + 4f( 10g2 f( + 8f(), (5.23) 

where Lp is the length of the prototype filter. Hence the savings offered by the 

method must be great enough to outweigh these overheads. 

5.2.2 Convergence Speed 

For LMS-type algorithms the convergence speed is governed by the eigenvalue 

spread, also known as the conddion n'umber, of the auto-correlation matrix, R, 

of the input as defined in Chapter 3 [12,78,143]. The eigenvalue spread is upper 

bounded by the ratio between the minimum and maximum value of its power 

spectral density (PSD) [12, 143]. Because the subband approach separates the 

input signal into spectral intervals, the spectral dynamics will be less than ill 

the fullband case, resulting in a lower eigenvalue spread within each subbawl. 

This effect is often referred to as "pre-whitening". Therefore, compared to tlw 

full band case, the subband version of the algorithm is expected to converge faster 

for spectrally coloured input signals. The performance increase depends 011 how 

coloured the input signal is or, in other words, the dynamic range of its PSD. 

The performance was analysed and simulated for several LMS adaptation schenws 

in [162] and showed that for the application of acoustic echo cancellers the subband 

adaptive system resulted in improved convergence. 

This improvement in convergence speed becomes particularly important ill the 

case of adaptive system inversion. The input to the adaptive system is filtereel 

by the frequency-selective MIMO channel and may therefore exhibit considerable 

spectral dynamics, which can create severe difficulties for the convergence of a fu11-

band adaptive system as shown in Figure 4.17. The spectral separation inherent to 

the subband approach results in a greatly improved convergence [8]. Conversely, 

in a system identification set-up, as the input to the adaptation algorithm is the 

original input signal and assuming that this signal is spectrally white and random, 

we do not expect the subband algorithm to perform better that its full band coun­

terpart. In fact, a worse performance is expected due to the distortive effects of 

the analysis and synthesis filter banks, discussed further in Section 5.2.4. Another 

reason is that in oversampled subband adaptation the total number of adaptive 
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tap coefficients over all subbands is greater than the munber of adaptive tap co­

efficients for the fullband case, so the sub band adaptation will tak(~ longer. One' 

final point is that the subband analysis filters introduce spectral gaps, or guard 

bands, at the band edges in order to avoid a1iasing, and hence colour the signal. 

Therefore there is a trade-off for the number of subbamls between pre-whitening 

and this "self-colouring" effect. 

5.2.3 Final MSE 

A main disadvantage of the subband approach is that it imposes limitations on the 

final MSE. In general the subband approach will result in a higher final MSE than 

the fullband approach, since aliased signal components in the subbands appear 

as observation noise to the adaptive algorithm. Another reason is the distortive 

effects of the analysis and synthesis filter banks, discussed further in Section 5.2.4. 

Weiss et a1. [12,143] developed a relative measure of the error performance called 

the signal-to-alias ratio (SAR) in the subbands and this can be related to the 

stop-band attenuation of the prototype filter used in the analysis and synthesis 

filter banks. 

A filter bank essentially consists of a number of band-pass filters centred on 

different frequencies. If we consider a filter bank derived from a prototype filter the 

best attainable adaptive MSE will be limited by the energy escaping from adjacent 

bands, which will appear as noise. Since the escaping energy is determined by stop­

band attenuation of the prototype filter bank the SAR can be shown to be [12] 

(5.24) 

where IP( ejn ) I is the magnitude response of the prototype filter and the denomina­

tor measures the stop-band energy. The MMSE limitations for subband adaptive 

systems were examined in [163]. Further insight into sources of subband error is 

given in [159,164]. 

5.2.4 Modelling Accuracy 

Besides the final MSE it is also possible to assess the accuracy of the subband 

adaptive system with respect to the optimal solution. This can be done by finding 

the vector distance between the converged subband weights and the optimum 

solution in the l2 sense. This of course implies knowledge of the optimum subband 

solution, which is usually not known. An alternative is to compare the distance 
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Fig. 5.7: Separation of system identification structure for reconstruction of full­

band equivalent model [12]. 

between the subband final weight and the fullband final weights, where we take 

advantage of the fact that the full band adaptation performs better in the final MSE 

sense. To be able to compare the two we need to obtain the fullband eqv:ivalent 

model of the final subband coefficients. 

Figure 5.7 shows a way to find the equivalent fullband model using the response 

of the subband system. As the analysis and synthesis banks in the lower branch 

cause a slightly distorted delay, t[71,]' the same distortion must be introduced in 

the upper branch, so that any difference between the output signals of the two 

branches is caused by the misadjustment of the subband adaptive filters only. 

This distortion is produced by the analysis and synthesis filter banks in the npper 

branch. Hence, after the adaptive filters have converged, the impulse response of 

the upper and lower branches should be close. 

From this, a limitation to the modelling accuracy can be shown, which results in 

a second limitation to the final attainable MSE, the first being the limitation by 

aliasing. This is know as limitation by power complementarity, which becomes an 

issue when aliasing is sufficiently suppressed. The PR condition then reduces to 

the requirement that [12] 

1< -1 

2:= SZ(z-l)Ak (z) = ~(z)~(z) ~ z-l. (5.25) 
k=O 

If the analysis-synthesis cascade deviates from a perfect unity gain delay, then it 

introduces distortion, which can be modelled by means of the distortion function, 

t[71,]. However, in reality, ifthe analysis and synthesis filter banks are well designed 

the distortion rarely causes any problems. 
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Fig. 5.8: A MISO subband adaptive system arranged for identification. 

5.3 Subband MIMO Inversion 

We may now tackle the task of combining the subband processing t echniques ex­

plained in this chapter with the analytic and adaptive MIMO inversion methods 

in Chapter 4 to create a subband adaptive MIMO equaliser. As in Chapter 4 

there are two approaches to doing this- an adaptive system identification followed 

by a system inversion or a fully adaptive system inversion. Subband proces 'ing 

offers us interesting new combinations, such as subband identification, followed by 

a subband analytic inversion, and then using the subband inverse for the equaliser 

or finding from this the fullband equivalent system and using this instead. This 

section will cover each possible combination and show how they can be imple­

mented. 

5.3.1 Subband Adaptive System Identification 

We consider the method of identifying the unknown system in subbands for a 

future analytic inversion, which is the topic of Section 5.3.2. Figure 5.8 shows a 
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MISO system that can be used to perform the sublmwl identification of thl' P 

MISO systems comprising the l\IIl\10 channcl. \Ve lleed P of th('st, s~'St('lllS to 

fully identify the channel. Each of the input sigllals X[II] to the ullknowll l\ [1l\10 

channel is passed through an analysis filter ballk, to decompose the sigllals into I": 

subbands. Notice that the dashed blocks in the figures are simply adaptive l\[lSO 

blocks seen in Chapter 3, and we may apply the l\1-NLMS algorithlll to perform 

the adaptation. Each of the K adaptive MISO blocks is adapted from its own 

subband error signal. Although the error signals are passed through a synthesis 

filter to create the fullband error signal, this is not required for the adaptat.ion 

and is simply shown as we may use this to observe the convergence performauce 

of the algorithms. 

The signals xm[n], and yp[n] are the input and desired signals for the out.put. of 

receiver p (not shown), respectively. The output of subband block k of MISO 

block p is denoted Yp,k[n], while the corresponding error signal is el',dn] wit.h the 

fullband error signal for receiver p being ep[n]. The adaptive subband filt.ers t.o 

identify the channel are denoted hmp,k [n], which is the filter for the unknowll 

MIMO sub-channel hmp , where the coefficients are st.ored in the vector demellts 

and the dependency on n is due to its adaptive nature. 

The computational cost of this approach is of interest, as computation reduction 

is one of the main drivers behind the subband approach. The cost of a single 

GDFT analysis or synthesis filter bank operation in a fast implementation is givml 

by [161] 
1 

Cfilter bank = N (2Lp + 4K log2 K + SK), (6.26) 

MAC operations per fullband sampling period, where N, K and Lp are the deci­

mation factor, number of subbands and prototype filter length, respectively. Thus, 

the complexity of the MISO adaptive ident.ification system in Figure 5.S (exclud­

ing the unnecessary fullband error synthesis) using the M-NLMS algorithm can be 

found to be 

K A1+1 
C lvlISO Identification = N (Sl\I! Lh,s+Sl\I! + 10)+ N (2Lp+4K log2 K +SK), (5.27) 

where M is the number of transmitters, Lit,s is the length of the subband adaptive 

filter that converges to the unknown MIMO sub-channels and can be chosen ac­

cording to (5.22), and (3.54) has been used for the cost of the M-NLMS algorithm. 

The adaptation must be performed in each subband, but within each subband the 

update rate relative to the fullband adaptation is reduced by the decimation rate, 

hence the K / N factor in the first term. For the cost of the full MIM 0 system P 

of these blocks are needed, but notice that the analysis for the input signals .1:m [n] 
only needs to be performed once as all P MISO blocks used the same signals. 



5.3 Sub band MIMO Inversion 130 

Hence the complexity of the l\IIl\IO adaptive identification ~ystem i~ giVl'n b~' 

P f{ j\/ + P ') '.') . 
Cl\lIMO Identificatioll = N(8M Lit,s + 8JI! + 10) + N (~Lp + .JI\ 1012,:2 /\ + 'd/\ ) 

(5.28) 

MACs per fullband sampling period. A~ f{ and N are ll~llally of similar magnitude 

but Lh,s is up to N times smaller than Lh,f we would expect the comple'xity of 

this method to be up to N times less than for the fullbandmethod. In reality the' 

reduction may be less than N as a longer subband filter length than Lh,8 = LhJ/ N 

may be required, according to Section 5.2.1. This computational cost Sewing arises 

for algorithms that are of order O(Lh ), however for more complex algorithllls, such 

as RLS which is order O(Lh), subband processing can reduce the complexity of the 

algorithm over fullband methods by an even more significant amount. In fact, we 

can generalise this behaviour and say that subband processing offcr~ computational 

savings of up to the complexity order of the algorithm considered. 

If the signals are guaranteed to be real-valued there are two opportunities for 

complexity-reduction. Firstly, the number of operations required in multiplying 

two real numbers is a quarter that of complex-value numbers, and for addition 

the ratio of half. The second, less obvious method arises from the fact that the 

filters in the second half of the subbands, i.e. sub band K/2+ 1 to K, are simply the 

complex conjugates of the filters in the lower subbands, and therefore redundant. 

5.3.2 Sub band Analytic System Inversion 

Once the MIMO channel has been identified in subbands it must be analytically 

inverted to obtain the equaliser. In Chapter 4 we have covered three inversion 

methods, namely in the z, time and frequency domains. We found that the z­

domain method generally had problems or was unusable for all but the most benign 

channels, and hence here we shall only consider the time and frequency-domain 

methods. 

5.3.2.1 Subband Time-Domain Inversion 

Assuming that subbands can be processed independently from each other, a time­

domain MISO inversion can be invoked for each of the K subbands, following 

the method laid out in Chapter 4. This is advantageous since the shortening of 

the filter response lengths in the decimated subband domain helps to contain the 

dimensions of the convolutional matrices and hence the computational complexity 

required for the inversion. However, the guard bands in the subband domain 

will contribute to an ill-conditioning of the problem and at least some degree of 
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regularisation will be required. Fortunately. this regularisation is implicit to thl' 

time-domain inversion and is manually added to tht' frequency-domain inversion. 

We now consider the computa.tional cost of this method in detail and COlupart' 

it to the same fullband inversion technique. The complexity of the time-domain 

inversion method is O(L~), where Lg is the length of the FIR filter chosen to model 

the inverse impulse response. Recalling (5.22) for the length of the subband filter 

Lg,s then the cost orders of the subband and fullband inversions are related by a 

factor ( ) 3 ( )3 o Cfllllband inversion N Lg,f 
O(Csllbband inversion) = J{ Lg,f + 2Lp , 

(5.29) 

where the factor K is included as K such inversions are required for the suhballcl 

case. From this it would appear that it would be beneficial to make Nand J{ very 

high, subject to N < K. However, increasing the number subbands necessitates 

an increase in Lp to maintain the same alias and distortion levels which llleans that 

Lg,s may need to be greater too, to model the prototype filter response adequately. 

Ideally, we would choose as great a value for K so that the necessary value for Lp 

is small comparable to Lg,!, otherwise we may reach the peculiar case where the 

subband filters may actually need to be longer than the full band filter to lllodel 

the response of the prototype filter accurately enough. 

Example. Considering the inversion simulations in Chapter 4 which used L.gJ = 
280 for the SPIB channels, performing in subbands using GDFT analysis filters 

with Lp = 448, K = 16 subbands and N = 14 decimation factor results in 

approximately 43% of the number of MACs over the full band case. 

This can be lowered further as we will see in the simulations that 

L - Lg,f 
g,s - N (5.30) 

can result in satisfactory results for long inverse filters, i.e. where L gJ is not 

insignificant relative to 2Lp . This new relationship will result in a ratio between 

the cost orders 
O( C[ullbancl inversion) 

O( CSllbbancl inversion) 
(5.31) 

Example. For the same scenario this could result in a much more impressive 

approximate 0.6% of the MACs over the fullband case. Of course, we may use a 

pragmatic approach in choosing Lg,s anywhere between these two extremes to give 

the performance required with a corresponding computational saving. 

Figure 5.9 shows the ratio of fullband to subband computational cost order 

against L g ,!, for three different rules for L g ,8 and different subband parameters. 
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Fig. 5.10: A system for finding the fullband equivalent filter coefficients from a 

subband system. 

The subband inversion becomes less costly once the ratio has reached over unity. 

With K = 16, N = 14 and Lp = 448, for low values of Lg,J we are more likely to 

need Lg,8 = (Lg,J + 2Lp)/N to satisfactorily model the prototype filter response, 

and hence the subband method becomes favourable for value of Lg,J abov about 

200. For much higher values of Lg,J , Lg,8 = Lg,J/N may suffice in which case the 

upper limit of N3 / K is reached for cost saving. Where K = 8, N = 7 and Lp = 96 

is used, not only are the values for Lg,J for which Lg,8 = Lg,J / N should result in 

satisfactory performance lower, but even where Lg,8 = (Lg,J + 2Lp) /N is required 

for very low Lg,J the subband method becomes less costly above around Lg,J = 75. 

Clearly it is desirable to ensure that Lp is not large compared to Lg,J, which in 

turns places limits on K and N to maintain certain alias and distortion levels. 

We should , for completeness, mention an alt ernative possibility of calculating 
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the inverse. After the sub band adaptive identification \Y(' could find the fulllmnd 

equivalent system using the arrangem(,nt shO\vn in Figure 5.10, where n Krow'ck('r 

delta function 8[n] is passed through the system and the full band equivalent tap 

coefficients can be read off from the response hI [n]. The full band equiva1ent systelll 

could then be inverted using any of the techniques in Chapter 4. A reason for doing 

this would be if the channel was long enough that subband identification is less 

costly than the full band identification, but then the cqualiser was too short to 

make the subband analytic inversions yield any savings. 

5.3.2.2 Subband Frequency-Domain Inversion 

The subband frequency-domain inversion is performed in much the same way as the 

subband time-domain inversion, except we now use the frequency-domain inversion 

technique described in Chapter 4. We saw that this method has an associated 

problem of circular convolution effects, however in the simulations in Chapter 4 

we saw that this only causes a degradation at very high SNR values. In the more 

realistic frequency range of 0 dB to 30 dB the performance is often similar to that 

of the MMSE inversion created by the time-domain inversion method. The only 

difference between the fullband and subband inversion is the length of the filters 

we are required to invert. We saw in Chapter 4 that at low to mid SNRs the filter 

length had no effect on the performance of the frequency-domain inversion rclatiVl~ 

to the time-domain inversion, i.e. they both resulted in near-MMSE performance. 

There is a potential problem with frequency-domain inversion in subbancls that 

is actually caused by the shorter filters that partially motivate the subballCl tech­

nique. Where shorter subband identified channels are used, shorter equaJiser filters 

can often be used too. We know from Chapter 4 that the length of the FFT used 

in the inversion is the same as the chosen length of the equaliser filters, hence we 

use shorter FFTs for inversion of subband filters. However, the severity of the cir­

cular convolution effect is also governed by the length of the FFT, i.e. the shorter 

the FFT the more severe the undesirable effect of circular convolution. A further 

problem is that the narrowband assumption of frequency bins becomes less tnw 

as the number of bins is reduced. If the error-causing effect[::; of these problems 

become unacceptable the only solution is to choose a longer equaliser Ly,s' We 

will see later in this section however that if we raise Lg,s we may reach the point 

were the fullband frequency-domain inverse is less computational costly than the 

subband method. 

The main advantage offered by the subband frequency-domain method is that of 

potential complexity reduction over the time-domain method, although the differ­

ence will not be as marked as for the fullband case due to the shorter filters and 
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the O( Lg 10g2 Lg) order of this method and in some cases may cause a complexity 

increase. Again we consider the cases of L.'}.8 being defined by the two extrcmes 

in (5.22) and (5.30). The ratio between subband and fullband invcrsion complexity 

order using the first relationship can be shown to be 

O( C[ullband inversion) 

o (Csubband inversion) 

N Lg,J log2 Lg,J 
K . Lg,J + 2Lp . 10g2(Lg,J + 2Lp) -10g2 N' 

(5.32) 

From this we see we should make the overs amp ling ratio K / N > 1 as small 

as possible, given that Lp is not under our control for a given K. In contrast, 

using (5.30) gives a ratio between complexity orders of 

o ( C fullband i nversion) 

KO(Csubband inversion) 

N 10g2 Lg,J 
K . 10g2 Lg,J - 10g2 N' 

(5.33) 

Example. For the simulations in Chapter 4 using Lg,J = 280, and with Lp = 448, 

N = 14 and K = 16 this method results in a computational increase of about 

377% of the fullband case. This is due to the fact that the complexity order of the 

frequency-domain method does not outweigh overhead caused by Lp and the fact 

that N < K. Using (5.30) results in computational savings of 60% of the fullband 

case. 

Evidently the benefit of subband processing for frequency-domain inversion, if 

any, is nowhere near as great as for the time-domain inversion due to the COlll­

plexity order of the frequency-domain method. While the computational savings 

would increase if we chose a higher value for K and hence could increase N also, 

this must be weighed against the worsening in MSE performance that would arise 

in the identification of Section 5.3.1, due to distortion and aliasing effects, which 

in turn would worsen the performance of the equaliser derived from it. 

For cases where we need to use a value for Lg,8 such that the subballd freqllency­

domain inversion would result in a more computationally costly process than the 

fullband method, i.e. where Lg,J is relatively short with respect to Lp , we Illay 

invert the full band equivalent model of the channel generated froIll the subbalHl 

identification in Section 5.3.1. This was considered but discounted for time-domain 

inversion since the subband processing always results in computational savings. 

Considering the above example, L g ,8 ~ 29 will mean the subband frequcncy­

domain inversion is about as costly in terms of MACs as the fullband method. If 

MSE performance is unsatisfactory however then instead of raising Lg,s to improve 

prototype filter response modelling, a computationally cheaper method would be 

to revert back to the full band with Lg,J = 280 by determining the full band equiv­

alent system using the system in Figure 5.10, and analytically invert this in the 

frequency-domain. The conversion to full band is a computationally insignificant 
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task. Not only would the l\ISE perfOnlHU1Ce improve since Wl' art' no longer l'l'­

quired to model the prototype filter response, but also the equalist'r is llmv lUlHf­

fected by the slight distortion introduced by the analysis and synthesis filter banks 

that would have been present if performing the inversion in subballds. Even in 

this scenario however it is still better to perform the prior adaptation in subban<is 

as this will still result in the lower cost than the full band identification due' to thl' 

lower adaptive update rate. 

The main disadvantage of converting back into the full band involves subsequent 

tracking of the equaliser for dynamic channels. vVe will see in Section 5.3A that 

subband adaptive equaliser tracking can potentially outperform the full band ver­

sion, but to use this we must start off with the inverse in subbands. If the dwmwl 

is static or very slowly time-varying this will not matter as we may perform a 

periodic re-identification and fullband analytic inversion as and when required. 

With dynamic channels we must determine whether it is better overall to per­

form a potentially more costly subband frequency-domain analytic inversion so 

that we may benefit from the advantages of subbancl adaptive tracking or whether 

we should convert to the fullband after sub band identification and perform the 

adaptive tracking in the fullband. We will see in Section 5.4 that generally the 

adaptive processes dominate the cost over the analytic inversion and hence the 

fully subband method will still usually be the computationally least costly, i.e. 

where the adaptive identification, analytic inversion and subsequent tracking arc 

all performed in subbands. 

Figure 5.11 shows the ratio of fullband to subband computational cost order 

against Lg,j for frequency domain inversion. We see that as Lg,J illcrcases and 

the effects of Lp and N become less significant in (5.32) and (5.33) all the ratios 

tend to K / N, which causes the sub band methods to be slightly more costly than 

the fullband. Also note that for Lg,s = Lg,J / N the greatest savings are given for 

the lowest values of Lg,J, since the 10g2 N term in (5.33) has the greatest e[-feet at 

these values. Clearly, frequency-domain inversion in subbands does not produce 

any worthwhile computational savings and, more often than not, results in a cost 

increase. 

In conclusion, even though subband frequency-domain inversion does not result 

in great computationally savings we still benefit from the savings that arise from 

the prior identification required in this method. It also allows later implementation 

of subband adaptive tracking for dynamic channels which may also have better 

tracking performance. The computational savings in the adaptive tasks can out­

weigh potential computational increases in subband frequency-domain inversion. 

As far as frequency-domain analytic inversion in subbands is concerned on its own 
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Fig. 5.11: Ratio of fullband to subband frequency-domain analytic inver ion 

computational cost orders. 

merits, if we are not concerned with these related benefits , if the channel is stati 

for example, the computational savings, if any, do not warrant t h effort involved 

in using the subband implementation especially as the lower values for L g,s which 

are necessary to achieve computational savings often result in an unsatisfa tory 

BER performance due to excessive circular convolut ional effects and inadequat 

modelling of the prototype filter response. We would be better off inverting th 

fullband equivalent of the subband identified channel. The effort may be war­

ranted however if we require t he superior BER performance of the time-domain 

inversion method where the computational savings are much more impressive. 

5.3.3 Subband Adaptive System Inversion 

Considering a fading communications channel, adapt ive t racking of the equaliser 

is required. As an initialisation we utilise the inversion result of Section 5.3.2 

based on an identification of t he channel, which converges faster and at a lower 

complexity than the direct adapt ive inversion. The benefit of performing th 

tracking in subbands is expected to be in the pre-whitening of the received signals 

whose PSD is governed by the spectral dynamics of the frequency-selective MIMO 

channel. 

Modifying the subband MISO adaptive system in Figure 5.8, the equalisation 
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Fig. 5.12: A MISO subband adaptive system arranged for inversion. 

architecture shown in Figure 5.12 arises. Using P received signals as inputs, M 

such MISO blocks have to be solved for the !VI transmitted data streams , Xm [n]. 
Note that t he adaptive filters are now converging to the subband inverses g.,.rl.p,k [n] 

relating the pth receiver to the mth transmitter in subband k, wh r as for the 

identification t he system converged to estimate of the channel itself. 

We now look at an example for the performance advantages offer d by p rforming 

adaptive inversion in subbands. Figure 5.13(a) shows a CIR realisation of a Saleh­

Valenzuela (SV) channel described in Chapter 2, with parameters 1/ A = 300 

ns, 1/ A = 5 ns , r = 60 ns, ry = 20 ns with two ray clusters and 40 rays per 

cluster. In Figure 5.13(b) the magnitude response of this channel exhibits spectral 

dynamics of approximately 5 dB. For an uncorrelated signal xm [n] transmitting 

over this channel Figure 5.13(b) also represents the PSD of the receiv d signal, 

which will degrade the convergence of the LMS-type adaptive filters as outlined 

in Chapter 3. Figure 5.13(b) also displays the location of the band edges for a 

subband system with K = 16, demonstrating the whitening effect on the received 

signals by reducing the spectral dynamics within each subband. 
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Fig. 5.13: A SV channel realisation with a) the modulus of t he impulse respon ' , 

and b) the magnitude response with sub band edges for ]( = 16. 

subband k 1 2 3 4 5 6 7 S 

dynamic [dB] O.S 1.S 1.1 0.3 0.S5 0.9 0.65 1.1 

subband k 9 10 11 12 13 14 15 16 

dynamic [dB] 0.6 0.1 0.05 0.15 1.05 0.25 O.S 0.95 

Tab. 5.1: Approximate spectral range within each subband. 

This is highlighted in Table 5. 1, listing the approximate spectral dynamics2 within 

each subband of Figure 5. 13(b), which are considerably lower than the 5 dB acros. 

the entire 100 MHz band. 

Next , we look at the complexity of the subband MIMO adaptive inversion. The 

complexities of the fullband and subband systems are related by 

]( 2IVI + P 
C subba nd = N 2 C[ullba nd + N (2Lp + 4]( log2 ]( + S](), (5.34) 

for the M-NLMS and assuming Lg,8 = LgJ/N , where the second term is due to the 

analysis and synthesis operations. Figure 5.14 shows the computational cost per 

fullband sampling period for a range of full band adaptive equaliser lengths, with 

three different equivalent subband equaliser lengths. Here we see the ov rheads 

caused by the analysis fil tering operation and by t he prototype filter length. For 

2For simplicity, the influence of the guard bands is neglected here. 
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Fig. 5 .14: Computational cost per fullband sampling period of adaptive inver ions 

for fullband and subband with three different equaliser lengths, for a 2 x 2 MIMO 

equaliser with N = 14, f{ = 16 and Lp = 448. 

low values of Lg,J we are more likely to have to use L9 ,8 = (Lg,J + 2Lp)jN for 

the subband equaliser to model the prototype filter response ad quat ly, how v r 

for greater values of Lg,J , Lg,8 = Lg,J j N may suffice. This makes the point that 

subband systems are generally more suitable for systems where a long equaliser 

length relative to Lp is required. 

5.3.4 Sub band Adaptive Equaliser Tracking 

As with the fullband systems, an application of sub band adaptive inversion is to 

perform equaliser tracking of a fading channel. Unfortunately there is a complica­

tion with the subband system that means the error-free decision-directed perfor­

mance is not the same of that using a t raining sequence. Adaptation is performed 

in subbands, and referring to Figure 5.12 we note if the desired signals are to be 

generated from the subband equaliser output, they must first be passed through a 

synthesis bank, the decision or slicing operation must be performed and then the 

signal must be projected back into the subband domain using an analysis bank. 

Together these two filter banks caused an extra delay of Lp j N in t he error path 

of the adaptive algorithm on the order of the filter bank length and hence the 
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Fig. 5.15: A SISO delayed-NLMS adaptive inversion system_ 

algorithm is no longer a pure NLMS_ In fact, we now have a special case of a so­

called filtered-x algorithm, were the nominal filter is simply the delfLY- Hence we 

call it the delayed-NLMS algorithm. Due to this delay in the error path, the same 

delay must be applied to the input to the algorithm, i.e. the received signal, but 

not to the branches that lead to the synthesis filter bank. Figure 5.15 shows the 

set-up of a delayed NLMS algorithm, wherehy for simplicity the delay introduced 

by the analysis and synthesis filter banks has been modelled as a perfect delay 

6. and the delay introduced by the channel and equaliser is d. Note that 6. and 

d are generally unrelated. The figure also only shows a SISO system, again for 

simplicity. Both the input and desired signals are delayed to the stamlarcl NLMS 

algorithm. 

The same method was used in [72] to combat a similar problem, but the conver­

gence of the delayed-NLMS algorithm is known to often be inferior to that of the 

standard NLMS algorithm [79,165]. Hence in the simulation results for subbawl 

equaliser tracking results are shown for both the standard NLMS algorithm us­

ing a sequence known to the receiver and for a system using the delayed-NLMS 

algorithm. In the former case no actual data can be sent. These results will repre­

sent the error-free performance bound for the subband adaptive tracking system 

running in decision-directed mode. 

5.4 Simulations and Discussion 

This section presents results obtained from various systems employing subband 

techniques, and puts them into context based on the discussions in this chapter. 
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Channel Length SB Lh,s = 4 SB Lh.s = 12 SB Lh.s = 68 FB Lh,f = GO 

Cost (~IACs) 571 864 2,912 1,6G2 

% offullband 35% 52% 176% 100% 

Tab. 5.2: Computational cost per fullband sampling period for the SS SPIB 

adaptive inversions in Figure 5.16. 

In all simulation 16 sub bands are used since is seems to give a good compro­

mise between adaptive algorithm performance improvement, computational cost 

reduction and sources of error, i.e. error floor. 

5.4.1 Subband Adaptive System Identification 

We start with the performance of noiseless subband adaptive channel idcntifi­

cation, which would be followed by an analytic inversion to create the channd 

equaliser. 

For the simulations, the SS SPIB 2 x 2 MIMO channel as shown in Chapter 2 

is employed. Subband parameters K = 16, N = 14 and a Lp = 448 GDFT filter 

bank are used for the analysis and synthesis. Results are shown in Figure 5.16 for 

three different values for Lh,s for the subband adaptivc identification, compared 

to a fullband adaptation with Lh,f = 50 as performed in Section 3.6.1. The 

simulation for Lh,s = 4 approximately corresponds to L",s = LhJ / N and hence the 

initial adaptation rate is approximately the saIlle as for the fllllbaml adaptatioll. 

However, the subband filters are too short to model the prototype filter response, 

resulting in a very high final MSE of about -11 dB. For Lh,s = 12 a lower final MSE 

of about -27.5 dB is reached at the cost of slower convergence. Finally, a curve for 

Lh,s = 68 is shown which approximately corresponds to Lh,s = (Lh,f + 2LI')/ N, 

yielding a final MSE of approximately -39 dB. As in a Iloisy environment the final 

MSE will be limited by the channel noise and of the three subbaml siumlatiomi 

Lh,s = 12 provides a good compromise between convergence speed and fi11al MSE. 

Table 5.2 shows the computational cost per full band sampling period associated 

with the curves in Figure 5.16. The subband adaptation with Lh,s = 12 shows a 

48% computational saving over the full band adaptation. An interesting aspect is 

to consider the total cost required to reach a specific MSE value. For example to 

reach an MSE of -20 dB the subband adaptation for L h ,8 = 12 needs to be executed 

about 3.8 times longer than the full band adaptation. The latter consumes a total 

of about 1.5 x 106 MACs while the Lh,s = 12 subband adaptation requires 3 x 106 

MACs. 
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Fig. 5.16: Subband adaptive system identification of a SS SPIB 2 x 2 MIMO 

channel for a range of subband adaptive channel lengths, and the corresponding 

fullband adaptation for comparison. 

Channel Length SB Lh,s = 3 SB Lhs = 12 , SB L hs = 66 , FB L h,! = 30 

Cost (MACs) 535 864 2,839 1,012 

% of fullband 52% 85% 280% 100o/c 

Tab. 5.3: Computational cost per fullband sampling period for the 100 MHz 

bandwidth SV adaptive identifications in Figure 5.17. 

Figure 5.17 shows the adaptations for the length-30 100-MHz bandwidth SV 

channels , with the same parameters as before, and we see a similar behaviour. 

Compared to SPIB simulation, the curve corresponding to Lh,s = L h,! / N now ha 

a greater final MSE of about -9 dB as the filters are shorter and hence . 'maller 

compared to Lp which is fixed for all these simulations. 

The computational costs for the 100 MHz bandwidth SV adaptations are shown 

in Table 5.3. To reach an MSE of -20 dB , the subband adaptation with Lh,s = 12 

takes 6.3 times longer than the fullband adaptations. The subband adaptation 

again consumes a total of 3 x 106 MACs, while the fullband system only requir s 

5.6 x 105 MACs to reach the required MSE value. 

Finally, we look at the adaptation of a much longer channel where the subband 

technique is likely to result in computational savings , namely a SV channel sampled 

at 1 GHz introduced in Chapter 2. This channel is 300 coefficients long, and the 
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Fig. 5.17: Subband adaptive system identification of a 100 MHz bandwidth SV 

2 x 2 MIMO channel for a range of subband adaptive channel length, and the 

corresponding fullband adaptation for comparison. 

Channel Length SB Lh,s = 22 SB Lh,s = 44 SB Lhs = 86 , FB Lit,! = 300 

Cost (MACs) 1,230 2,034 3,570 9,652 

% of fullband 13% 21% 37% 100% 

Tab. 5.4: Computational cost per fullband sampling period for the 1 GHz band­

width SV adaptive identifications in Figure 5.18. 

adaptation curves are shown in Figure 5.18. The subband curve with Lh,s = 
L h ,! / N = 22 now has a much improved final MSE compared to the SS SPIB 

and 100 MHz SV channels, as the filter is longer. Additionally shown is the 

curve for Lh,s = 44 which reaches -30 dB MSE much quicker , and for Lh,s = 

(Lh,! + 2Lp)/N ~ 86, which has the slowest convergence but attains the lowest 

final MSE. 

Table 5.4 shows the computational cost per fullband sampling period for the 

adaptations, where the subband adaptations have the lowest cost. If we consider 

the curve with Lh,s = 44, -20 dB is reached after 2.8 x 107 MACs but the fullband 

adaptation consumes 6.1 x 107 MACs. Thus, for this longest channel in terms of 

the number of taps , the subband adaptation does result in a computational saving. 

In conclusion significant computational savings will only arise for long channels 

where the fixed analysis filter overhead becomes relatively less significant and 
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Fig. 5.18: Subband adaptive system identification of a 1 GHz bandwidth SV 

2 x 2 MIMO channel for a range of subband adaptive channel length, and the 

corresponding full band adaptation for comparison. 

Lh,s is sufficiently large compared to Lp . We can generalise by saying that th 

longer the channel, the greater the computat ional savings offered by the subban 1 

technique. This is fortunate as the longer channels are those that onsume th 

most computational power during adaptat ion. 

One final point relates to the tracking of a dynamic channel itself. If we wish to 

perform a periodic analytic inversion of the channel when required, we may desir 

continuous t racking of the channel for this purpose, rather t han re-ident ifying it 

prior to each inversion. In this case the number of it erations required to reach a 

specific MSE becomes irrelevant since the adaptation must be performed continu­

ally anyway, and we may directly compare the cost per full band sampling p riod 

for t he subband and full band adaptations. For example, the SS SPIB chann I 

identification with Lh,s = 12 requires only 864 MACs per fullband sampling p -

riod whereas the fullband method consumes 1,652 MACs, and therefore the former 

is clearly the most favourable solution. 

5.4.2 Subband Analytic System Inversion 

In this sect ion the simulation results for the Channel-EqualiseI' Response (CER) 

MSE are shown for equalisers created by identifying an unknown channel in sub-
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Fig. 5.19: SNR versus Channel-Equaliser Response (CER) MSE for a noisy 

unknown SS SPIB 2 x 2 MIMO channel. 

bands prior to analytically inverting it . The inversion i performed either ba e 1 

on the fullband equivalent system which, as shown in Section 5.3.2.2, may b om­

putationally less costly when calculated in the DFT domain, or on the subband 

adapted system. The results in this section show broadly similar behaviour to 

the fullband CER MSE in Section 4.6.1, although a notable difference in the im­

plementation is that the channel was known for the fullband results but h re t h 

channel must be identified in subbands, hence it is effectively unknown. 

We start by looking at the results for the unmodified SS SPIB channel, shown in 

Figure 5.19. The reasons behind the overall behaviour of this result have already 

been explained in Section 4.6.1 , so here we shall concentrate on differences in terms 

of the subband MSE relative to the fullband and computational cost . For each 

inversion method, results are shown for a number of different subband equaliser 

lengths, although for the subband adaptations Lh,s = 12 is always used, based on 

satisfactory result displayed in Figure 5.16. In all simulations the system adapted 

to the channel for 14,000 fullband sampling periods and t emporally averages the 
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subband filter coefficients for the last --1.000 of these to giv(:' a better ('stinlH{(' of 

the channel as explained in Section 4.2. G. PrC'viousl~' a full baud equalis('r kllgt It 

of LgJ = 280 has been used for the SS SPIB channcL hence the lown subhalld 

equaliser limit is L g ,8 = Lg.f / N = 20. The curve for the eqllaliser CH'Hted b~' sub­

band adaptation followed by time-domain sllbband inversion (TD SuS) is similar 

to the corresponding fllllbami curve shown in Chapter 4, except that th<' 1'.[SE is 

slightly worse due to imperfect adaptation and subbaud distortion and aliasing. 

Results are shown for Lg ,8 = 29 and 40 although these are both still well bdow 

the upper limit of Lg,8 = (LgJ + 2Lp)/N = 84, which is llllllecessarily long. Re­

sults are also shown for the subbancl-adapted fl'(~qnency-clomain sub band-inverted 

equalisers (FD SuS) regularised by the noise-to-signal ratio (NSR) and also tlw 

noiseless optimum values, which are 0.02, 0.01 and 0.005 for L.'I,8 = 20, L.'I,8 = 29 

and L g ,8 = 40 respectively. Finally, there are two resnlts for the snbba.lld-adapted 

frequency-domain fullband-inverted eqnalisers (FD SnF) again regularis<~cl by the 

NSR and also the noiseless optimum value, which is 0.01. The "FD reg. llOis(' 

power SuF LgJ = 280" curve has a similar result to the known-chamwl fullbawl­

inverted system and reaches a noiseless MSE of abont -2 dB at 50 dB SNR, lmt 

the subband-inverted systems continue to worsen for higher SNRs. This behaviour 

was explained in Section 5.3.2.2 and is due to the fact that inversion in subbands 

is performed on shorter filters hence the circular convolution effect is much worse 

than for the fullband case. We see similar behaviour for the "FD reg. noisekss 

opt. SuS Lg,8 = 20" curve. We would have expected this to give simila.r per­

formance to the "FD reg. noiseless opt. SuF LqJ = 280" curve, which does give 

the similar performance to the known-channel fullhand-inverted system, bnt as tlw 

circular convolutional effects are now worse and the filters are of inadequate length 

to model the prototype filter response well, the performance is also significantly 

worse. 

Table 5.5 shows the evaluated complexity orders for the inversions involved in 

the SS SPIB simulations, but does not include the cost of the prior adaptations. 

We see that, as expected, performing the time-domain inversions in sllbbands 

provides considerable computational savings over the full band. Also showll arc 

the frequency-domain inversion costs. The reason for the choice to simulate the 

equaliser with Lg,s = 29 is becauf)e this representf) a Cl'Of)f)-over point where sub­

band FD inversion is about as costly as the fullband. Evidently, the best compro­

mise between MSE performance and cost is to calculate the equaliser using the 

frequency-domain method, switching to a fixed regularisation factor at between 

15 dB and 25 dB SNR depending on which equaliser length is deemed to give 

adequate performance. Bit error rate performance will help decide this and BER 

curves will be shown in Section 5.4.5. 
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EqualiseI' TD SuS TD SuS TD SuS TD SuF 

Length Lg,s = 20 Lg,s = 29 Lg,s = -10 Lg,J = 280 

Total Cost 1.28 x 105 3.9 X 105 1.02 x IOu 2.2 X 107 

EqualiseI' FD SuS FD SuS FD SuS FD SuF 

Length Lg,s = 20 Lg,s = 29 L",s = 40 Lg,J = 280 

Total Cost 1.38 x 1O:~ 2.25 x 103 3.41 X 103 2.28 x 1O:~ 

Tab. 5.5: Evaluation of computational complexity order of analytic inversion in 

subbands and fullband for a range of equaliser lengths for the SS SPIB and 100 

MHz-sampled SV channel. 

Comparing the inversion costs to the adaptation costs in the previous section 

highlights the fact that the channel adaptation will dominate the overall cost 

involved in calculating the equaliser, assuming frequency-domain inversion is used. 

As we saw that the SS SPIB channel is too short (i.e. 50 coefficients long) for the 

subband adaptation to provide any computational savings over the fullband we 

must conclude that the fullband identification and inversion will give the best 

performance in terms of MSE and cost. 

Figure 5.20 shows the CER MSE results for a SV channel sampled at 100 MHz. 

The behaviour is similar to Figure 5.19 with the exception that the MSEs are 

generally better than for the SS SPIB channel because this channel is shorter, 

i.e. length 30, and inverses of the same length are used. For the same reason the 

frequency-domain inversion regularised by the NSR does not reach as bad an MSE 

as the SNR increases. The complexities are also those shown in Table 5.5 b(~UU1S(~ 

the inverse lengths are the same. Even though the channel identification is faster 

and less computationally intensive than before it still dominates the overall cost 

and hence the fullband method is better than the subband. Further as the channel 

is even shorter the difference between the fullband and subband methods is even 

greater than before. 

Since it is evident that the subband method gives no benefit for the initial iden­

tification and inversion of short channels, we now look at a much longer channel, 

i.e. the length 300 SV channel sampled at 1 GHz. Figure 5.21 shows the CER 

MSE behaviour but only for a single subband equaliser length in each case. The 

channels are identified in subbands using length 44 adaptive filters, which is double 

the minimum of Lh,s = Lh,j / N ~ 22, and the equalisers are length 70. The be­

haviour follows similar patterns as in the previous two simulations but here we are 

particularly interested in the computational costs. Table 5.6 shows the evaluated 

complexities for the subband inversions for Lg,s = 70, and also for the equivalent 

fullband inversions where Lg,j = N Lg,8 = 980. These fullband inversions were not 



5.4 Simulations and Discussion 

--e- TD SuS L =20 
g.s 

O r---~crr-----'-------1 -0- TD SuS L =29 g.s 
. B TD SuS L =40 

g.s 

-5 

~10 
u.l 
CI) 

;:;E 

g}15 
U 
(]) 

:0 
S 
~20 
t:: 
(]) 

-25 

__ FD reg. noise power SuS L =20 
g.s 

- x- FD reg. noise power SuS L
g

.s=29 
.., . FD reg. noise power SuS L

g
,s=40 

\7' FD reg. noise power SuF L '.f=280 
~ FD reg. noiseless opt. SuS t =20 
~ g.s 
~ FD reg. noiseless opt. SuS L .=29 
-~ g.s 
= FD reg. noiseless opt. SuS L =40 
'0 gs 
" FD reg. noiseless opt. SuF L ".=280 = g,1 

.... x .... -' 

_30L-----L----~---~-----L----L----~ 

o 10 20 30 
SNR [dB] 

40 50 60 

148 

Fig. 5.20: SNR versus Channel-Equaliser Response (CER) MSE for a noi 'y 

unknown 100 MHz SV 2 x 2 MIMO channel. 

simulated in Chapter 4 as the computational cost involved in the time-domain in­

version was too large. The table shows that for time-domain inversion the subband 

method reduces the computational cost to about 0.58% of the fullband inversion, 

which is clearly a great advantage. The subband frequency-domain inversion now 

also has a lower cost than the fullband inversion which was not the case for the 

channels where a shorter inverse sufficed- it reduces the cost by about 30%. 

Equaliser TD SuS TD SuF FD SuS FD SuF 

Length Lg,8 = 70 Lg,8 = 980 Lg,8 = 70 Lg,! = 980 

Total Cost 5.49 x 106 9.41 X 108 6.86 X 103 9.74 X 103 

Tab. 5.6: Evaluation of computational complexity order of analytic inversion in 

subbands and fullband for an range of equaliser lengths for the 1 GHz-sampled 

SV channel. 
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Fig . 5.21: SNR versus Channel-Equaliser Response (CER) MSE for a noisy 

unknown 1 GHz SV 2 x 2 MIMO channel. 

5 .4.3 Subband Adaptive System Inversion 

In this section we look at the performance results of subband adaptive inv rsion. 

Figure 5.22 shows the adaptation curves for the subband inver ion of the 2 x 2 

symbol-spaced (SS) SPIB, 100 MHz-sampled SV and 1 GHz-sampled SV chann Is. 

The M-NLMS algorithm with p, = 0.18 is used in all cases. For the SS SPIB and 

100 MHz-sampled SV inversions, Lg,8 = Lg,j / N = 20 is used, and for the 1 GHz 

inversion L g ,8 = 70 is used. We expect faster convergence with the subband 

inversion of frequency-selective channels than with the fullban 1 inversion due to 

the spectral whitening effect as discussed in Sections 5.2.2 and 5.3.3 . Comparing 

these results with the corresponding ones in Section 4.6 .3 we see that the fullband 

inversion of the 2 x 2 SS SPIB channels reaches a MSE of about - 15.5 dB after 

80,000 fullband sampling periods and the subband inversion shows almost th same 

performance, reaching - 16 dB. However as the SS SPIB channel is nearly fiat we 

do not expect any great improvement. The 100 MHz SV channel is very frequency­

selective and we see that whereas the fullband inversion reaches only about -10 

dB after 80,000 fullband sampling periods the subband inversion performs much 

better , reaching about -16 dB . The SS SPIB initially converges at the faster rate 

as it is relatively fiat , but the 100 MHz SV channel inversion attains a lower final 
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Fig. 5.22: Subband adaptation MSE curves for adaptive inversion for unknown 

static noiseless SS SPIB, 100 MHz and 1 GHz bandwidth Saleh-Valenzuela 2 x 2 

MIMO channels. 

MSE as it is shorter than the SS SPIB channel for the same Lg,s' Finally, w 

show an adaptation curve for the inversion of the SV channel sampled at 1 GHz, 

and this converges at the slowest rate. A corresponding curve is not shown in 

the full band inversion in Chapter 4 because not only would the convergence have 

been very slow but also the computational cost of this adaptation would have been 

unfeasibly great due to the required length of the fullband equaliser. 

Though up until this point in this chapter we have only consider d a system con­

sisting of 16 subbands, we briefly now examine using varying numbers of subbands 

during an adaptive inversion. Figure 5.23 shows the performance for K = 8, 16 and 

32 subbands inverting a symbol-spaced 100 MHz sampled SV 2 x 2 MIMO channel. 

We see that the adaptation profile is almost identical in each case, meaning that 

for this particular spectral profile , 8 subbands achieve almost all the adaptation 

improvement possible. Using more subbands will achieve better adaptation only 

for channels that exhibit greater spectral dynamics; however it is in out best inter­

est to keep this number as low as possible since increasing it unnecessarily limits 

the final attainable adaptation MSE. The final MSE with 16 subbands however 

is not prohibitive and we can expect it to perform better with a channel such as 

the 1 GHz sampled SV channel, hence we continue to use 16 subbands for the 
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Fig. 5.23: Subband adaptation MSE curves for adaptive inversion for known 

static noiseless SS 100 MHz Saleh-Valenzuela 2 x 2 MIMO channels with number 

of subbands K = 8, 16 and 32. 

remainder of the chapter. 

Since a broadband channel equaliser is generally much longer than the channel 

itself, we expect the computational cost advantages offered by the ubband tech­

nique to be greater than for the subband channel identification in Section 5.4.1. 

Table 5.7 shows the computational cost per fullband sampling period of the inver­

sion, with the fullband costs shown for comparison. Both the SS SPIB and 100 

MHz-sampled SV channel equalisers are length-20 in subbands, and we see that 

only about 15% of the MACs are required compared to the fullband inversion. The 

advantage for the longer 1 GHz-sampled SV channel is even greater as the fixed 

overheads of the analysis and synthesis filtering operations become less significant 

from the cost perspective and the subband approach results in only 10% of the 

MACs of the fullband method. 

In conclusion, not only does the subband approach result in faster convergence 

to the inverse of frequency-selective channels but the arising computational cost of 

the method is considerably lower. Although the benefits of the subband method 

are not convincing for the adaptive identification and analytic inversion in previous 

sections, the advantages offered here can far outweigh this if a dynamic chann I 

is to be tracked where the adaptation must run continuously. To use the sub­

band method for tracking we must invert the channel in subbands to initialise the 
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II Channel I SS SPIB 1100 l\IHz SV 11 GHz sv II 
Subband Inversion L!I,8 = 20 L",8 = 20 Lg,s = 70 

Cost (MACs) 1,339 1,339 3,168 

Fullband Inversion Lg,J = 280 Lg,J = 280 Lg,J = 980 

Cost (MACs) 9,012 9,012 31,412 

Tab. 5.7: Computational cost per fullband sampling period for the SS SPIB, 100 

MHz SV and 1 GHz SV adaptive inversion in Figure 5,22, 

equaliser, 

5.4.4 Subband Adaptive Equaliser Tracking 

It has been seen that subband adaptive inversion can converge quicker to the 

inverse of a broadband MIMO channel than its fullband counterpart. We saw in 

Section 4.6.4 that the fullband algorithm tracking performance for an MS moving 

at 120 km/h in a 100 MHz-sampled SV MIMO channel bordered on acceptable 

for low order constellation patterns but even then the MMSE inverse would have 

probably needed to be recalculated at some point beyond the sinmlatcd time. 

Figure 5.24 and 5.25 show the equivalent subband tracking simulations with I3EB. 

error probability levels superimposed. For the SPIB channel the subband approach 

results in no benefit due to the small spectral range of the channel. When tracking 

the inverse of the SV100M channel the subband algorithm performs slightly better 

with the tracking MSE reaching just below the QPSK 1 % BER error threshold 

by the end of the simulation. Performing decision-directed tracking however will 

require the use of the delayed subband algorithm. Using this with the M-NLMS 

algorithm with p, = 0.18 it appears the algorithm becomes unstable, with the MSE 

growing without bound. It would appear that for dynamic channels the delay in 

the feedback can cause stability problems. Reducing p, to 0.1 corrects the stability 

issue but the performance is now slightly worse than for the full band system. Since 

the tracking curves are closer to the curves with no adaptation, clearly this channel 

inverse is more difficult to track than the SPIB channel for any algorithm. Finally, 

the subband method however enables the tracking to be executed at a significantly 

lower computational cost shown, which is shown in Table 5.7. 

A seemingly greater challenge is to track the SV channel equaliser sampled at 1 

GHz for an MS moving at 120 km/h. In this case the required equaliser is longer--­

length-70 subband equaliser filters are used, equivalent to a 980-tap fullband filter 

with N = 14. Further, this channel exhibits spectral dynamics such that within 

each subband the eigenvalue spread of the auto-correlation matrix is likely to 
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Fig. 5.24: Subband, delayed subband and fullband adapt ive equaliser tracking 

MSE for Rayleigh Doppler-faded 2 x 2 MIMO SPIB channel using M-NLMS algo­

rithm with f..L = 0.18, and MS moving at 120 km/ h. 

be close to that of the fullband case. Hence we would not expect the subband 

method to produce a great improvement in tracking ability over the fullban 1. 

Note there are no simulations for the fullband system due to the computational 

requirements of such a simulation. Comparing the tracking results in Figure 5.26 

to the "no adaptation" and "no fading" curves we see that they are closer to the 

worst-case, meaning that the system has difficulty t racking the inverse. For the 

equaliser initialisation in this simulation the frequency-domain inversion method 

is used due to the excessive computational cost that would be require 1 to p rform 

a better time-domain inversion. As before, the delayed subband adaptation with 

jl = 0.18 becomes unstable but setting jl = 0.1 corrects this. Curiously, this I' suI ts 

in a better tracking ability than the delayless subband structure with jl = 0.18-

clearly the step size coefficient is an important parameter for dynamic t racking. A 

further important point about this simulation relates to t he fact that t he Doppler 

frequency relative to the symbol rate is smaller and so t he channel fades relatively 

slower. Hence the degradation in the delayless subband tracking MSE gradient 

is much lower than for the SPIB and SVI00M channels, reaching about -17 dB 

MSE by the end of the simulation. The simulation can not be executed until the 

MSE curves approach a steady-state since t he associated computational intensity 
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Fig. 5.25: Subband, delayed subband and fullband adaptive equaliser t racking 

MSE for Rayleigh Doppler-faded 2 x 2 MIMO SV channel sampled at 100 MHz 

using M-NLMS algorithm with !-l = 0.18, and MS moving at 120 km/ h. 

makes this unfeasible, but some interesting conclusions may still be drawn. The 

slow fading rate provides greater scope to re-identify the channel via th us of a 

training sequence and perform an analytic inversion once the MSE has d grad d 

too far. In conclusion, even though the 1 GHz-sampled SV channel is much harsher 

t han the SPIB and 100 MHz-sampled SV channel, it appears that maintaining an 

acceptable MSE for a greater number of full band sampling periods is possible. 

5.4.5 Sub band System BER Performance 

In this final section we show simulations for the BER performance of the various 

subband systems developed in this chapter using a BPSK modulation pat tern and 

compare these to each other as well as the equivalent fullband performance noted 

in Section 4.6.5 . The parameters of the simulated systems are the same as thos 

used for the CER MSE simulations in Sections 5.4.1 , 5.4.2 and 5.4.3. We do not 

consider the two-tap channel because it is too short for the subband method to 

provide any advantage, as explained in Section 5.4.1. The BER performance of 

the systems communicating over the SS SPIB channel is shown in Figure 5.27. 

Even though we saw in Section 5.4.2 that the larger values of Lg,s resulted in a 
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Fig. 5.26: Subband, delayed subband and fullband adaptive equali er tracking 

MSE for Rayleigh Doppler-faded 2 x 2 MIMO SV channel sampled at 1 GHz using 

M-NLMS algorithm with I-" = 0.18 , and MS moving at 120 km/ h. 

lower MSE, this does not translate to any significant improvement in the BER 

performance for the t ime-domain inversion (TD). Hence it appears sufficient to 

use Lg,s = Lg,! / N = 20. With the frequency-domain (FD) method there ar 

differences between the results for the different equaliser lengths an 1 a value of 

Lg,s below 29 will result in computational savings over the fullband 1'r quency­

domain inversion. If the Lg,s = 20 curve is regularised by the NSR at SNR values 

below about 16 dB and then switched to a fixed regularisation factor (in this case 

0.02) , the performance is quite reasonable, although not as good as the 1'ullband 

inversion BER performance shown in Section 4.6.5 . Using L g,s = 29, where the 

computational cost is the same as for the full band inversion and again switching to 

a fixed regularisation factor (now 0.01) above an SNR of 21 dB , slightly worsens 

the performance compared to a fullband inversion. A subband equaliser length 

Lg,s = 40 is required before the subband (SuS) performance becomes comparable 

to the fullband (SuF) , but the cost has now risen by about 50%. Beyond an SNR 

of about 17.5 dB the fullband frequency-domain inversion regularised by NSR 

(FD reg. noise power SuF Lg,! = 280) method becomes the most favourable as it 

outperforms the subband inversion with L g,s = 29 (FD reg. noise power Lg,s = 29) 

but has a similar computation cost. There is no performance curve for an adaptive 
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Fig. 5.27: SNR vs BER curves for time-domain and frequency-domain analytic 

inversion of the subband identified noisy static SS SPIB 2 x 2 MIMO channel using 

BPSK. 

inversion as the performance is highly dependant on the number of iterations that 

the adaptation is performed for , and we have already seen that the computational 

cost in converging to the inverse so that it reaches an MSE comparable to th 

analytic methods is much greater than these methods. The adaptive inversion is 

more suitable for tracking an equaliser to a dynamic channel. 

The BER performance results for the SS SV channels sampled at 100 MHz ar 

shown in Figure 5.28. The results do not differ much, with little variation within 

different values for L g ,8' The only significant difference for each of the inversion 

methods with varying values of L g,8 occurs at above 30 dB. Below this both the 

time-domain inversion and frequency-domain inversion regularised by the NSR 

result in near optimal MSE performance. The point where the circular convolu­

tion effect will degrade the performance of the frequency-domain method occurs 

above 30 dB , as we saw in Figure 5.20. As before, the frequency-domain inver­

sion regularised by a fixed value, providing the best possible performance for the 

frequency-domain method in a noiseless environment , results in a worse perfor­

mance at low SNR values, as the system is "under-regularised". Overall we see 

that for this channel the frequency-domain inversion is less susceptible than the 

SS SPIB channel to circular convolution problems, as this channel is shorter for 

the same equaliser length. Note that for the fullband frequency-domain inver-
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Fig. 5.28: SNR vs BER curves for time-domain and frequency-domain analyti 

inversion of the subband identified noisy static 100 MHz SV 2 x 2 MIMO hannel 

using BPSK. 

sion regularised by the NSR, i.e. the curve labelled "FD reg. noise power SuF, 

Lg,j = 280", the MSE performance in the mid-SNR values is the best- v n b t­

ter than the TD SuS Lg,s = 40 curve, which has given the best performan e in th 

past. Actually, the TD SuS Lg,s = 40 curve does give the best performance out of 

the subband inversions. The reason for the worse performance of the subband in­

version is partly due to circular convolution effects and partly due to the distortion 

introduced by the subband filter banks, mentioned in Section 5.2.4. The ffects 

of circular convolution are worse for a shorter FFT and since the FFT length is 

determined by the equaliser length, the effect will be smaller for the 280 length 

fullband equaliser than for any of the subband equalisers. 

Finally, we see the BER performance results for the SV channel -ampl d at 

1 GHz in Figure 5.29. As for the corresponding MSE performance curves in 

Figure 5.21 , Lg,s = 70 is used to model the subband-adapted channel with L h,s = 
44. Since these parameters result in satisfactory performance no other values for 

Lg,s are simulated as this would only serve to raise the computational cost for little 

improvement in BER. For the fullband inversions of subband-adapted channels 

(SuF) , Lg,j = N Lg,s = 980 is used to show the best possible fullband inversion 

BER performance while still keeping the comparison fair. At mid-SNR values , the 

improvement in BER for the full band frequency-domain inversion regularised by 

the NSR over the time-domain subband inversion is now more pronounced. This 
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Fig. 5.29: SNR vs BER curves for time-domain and frequency-domain analytic 

inversion of the subband identified noisy static 1 GHz SV 2 x 2 NIIMO channel 

using BPSK. 

is since the length-980 FFTs used for the full band inversion are much longer than 

the length-70 for the subband inversion, and this causes the circular convolution 

effect to be relatively less severe. 

5.5 Summary 

Because of the problems of inadequate MSE and BER performance of fullban 1 

equalisers in Chapter 4, as well as a high associated computational cost , we were 

motivated to examine the application of subband systems to solve this problem. 

Subband systems are known to potentially reduce the cost of 'ignal processing 

algorithms and in some case be able to improve MSE and BER performance. This 

chapter has covered the execution of the various signal processing tasks involv 1 

in the calculation and tracking of an adaptive broadband MIMO channel qualis r 

in subbands. It started by introducing some of the concepts behind the tech­

niques including multi-rate operations, modulated filters banks and the trade-offs 

between critical and oversampled subband decimation in Section 5.1. Section 5.2 

briefly covered some performance measures and enhancement offered by the ap­

proach such as faster adaptive convergence and lower computational costs, as well 

as some of the limitations of a greater final MSE and potential worsened modelling 
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accuracy. Next, we saw the architecture, co::;t awl performance characteristics of 

performing the channel identification followed by inversion as wdl as direct adap­

tive inversion in sub bands in Section 5.3. It \vas found that although the subbnnd 

identification has a lower computational C08t per full band sampling period, as thl' 

subband adaptation must be performed for longer to reach the same ~ISE overall 

the operation count was often 8lightly greater than for the full band adaptation. 

However, if the identification is to be performed continuously to track a dynamic 

channel for example, then the per-fullbancl-81:unpling-period C08ts become directly 

comparable and the subband approach offers significH.llt computational advantages. 

Further, although the cost of the subband time-domain inversion i8 usually nmch 

less than the fullband inversion, the 8ame is not true for the frequency-domain 

inversion, where the cost benefits, if any, depends on the length of the equaliser. 

However, since the cost of required prior identification is nl1lch larger than till' 

inversion cost, this becomes an insignificant factor. The advantage8 for subbawl 

adaptive inversion were much more clear-cut. Although we would not choose to 

use this method to invert the channel from an unknown initial equaliser as the 

total computational cost and time required to reach an acceptable MSE is far 

too great and the analytic methods result in superior performance, this method 

showed good results for the tracking of the equali8er for a dynamic channel. Not 

only can the subband system converge to a frequency-selective system quicker than 

the fullband and hence maintain a lower steadY-8tate adaptation MSE for a dy­

namic channel, this may be performed at a fraction of the cost, which approached 

the decimation factor, N. 

The chapter concluded by showing the results of simulations in Section 5.4. It 

showed that the subband adaptive identification converges more slowly than the 

fullband and can only reach a much greater, but still generally acceptable final 

MSE. We then saw the subband analytic inversion CER MSE performance, as­

suming a previously sub band-identified channel and these showed similar overall 

behaviour to the full band inversion in Chapter 4 such as the worsening MSE for 

the frequency-domain method regularised by the NSR above a certain SNIt There 

were some differences and these were explained. Next we saw the performance of 

the equaliser tracking a dynamic channel, which iH where the real power of the 

subband technique becomes evident, as not only is it able to maintain a slightly 

better MSE but it could do so at a fraction of the computational cost of the 

fullband tracking. To be able to take advantage of this superior performance how­

ever, a prior channel identification and analytic inversion in subbands is required 

to initialise the equaliser. Finally, various BPSK BER performance results for an 

equaliser created from the analytic inversion of the subband-adapted system were 

presented. They showed that over the more realistic SNR ranges there was no 
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significant degradation in BER compared to the fullband systems, although the 

full band frequency-domain inversion showed a slightly lwtter BER perfOl'lllH.llCt' 

compared to corresponding sub band illversioll. 

In conclusion, the subband technique seems most suitable for 

• highly frequency-selective and time-dispersive channels, with an impulse re­

sponse which is comparable to or long relative to the subband prototype 

filter length, and 

• time-varying fading channels where tracking is required. 



Chapter 6 

Fractionally-Spaced Equalisation 

It is now well-known that sampling at a frequency greater than the symbol rate 

can result in significant improvement in equaliser performance both in terms of 

MSE and even the computational complexity involved in calculating or adapting 

to the inverse of a channel. This oversampling of the received signals is known as 

fractionally-spaced equalisation. This chapter introduces and develops the tech­

nique of fractionally-spaced MIMO equalisation in some detail and applies the 

method to the subband MIMO equalisation developed in previous chapters. Ad­

vantages offered by fractionally-spaced equalisation include higher resolution [114], 

shortening of equalisers [110] and the capability of equalising channels that contain 

spectral zeros [115]. 

Before we start to develop the concept further, it is helpful to remind ourselves 

of what a fractionally-spaced MIMO equaliser (FSE) looks like. We touched upon 

this briefly in Chapter 4 and the comparison between a symbol-spaced equaliser 

(SSE) and an FSE is shown in Figure 6.1. Simply put, the FSE acts on a version 

of the received signals that is sampled R as frequently relative to an SSE. 

6.1 Phase Behaviour 

We start the analysis by a brief explanation of the source of the potential per­

formance improvements offered by the FSE. It is well-known that the optimum 

receiver is a cascade of a filter matched to the channel and an SSE [166]. An 

SSE alone cannot perform matched filtering since its sampling rate is the same as 

the symbol rate. The FSE however can perform the task of both matched filter­

ing and equalisation by virtue of its increased sampling rate. Consider a channel 

whose spectral response around the lower band edge - Is/2, where Is is the sam­

pling frequency, differs distinctly from the response around the upper band edge 
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Fig. 6.1: Schematical diagram showing (a) a symbol-spaced equaliser , and (b) 

fractionally-spaced equaliser . 

1s/2. Since a SSE is subject to aliased versions of the spectrum with re p ct to 

±r /T, r E Z the aliased frequency-response is likely to have a rapid t ran it ion 

in these areas. For a st andard SSE to equalise over this area presents a difficult 

problem requiring a great many taps. However, since the FSE manipulat s th 

frequency-response at the band-edges before symbol-spaced sampling , and hen e 

the aliasing, the performance can markedly improve. 

A consequent advantage offered by the FSE is t hat , in contrast to the SSE, it i 

less sensitive to t he sampling phase . To explain this we first consider the SSE where 

aliasing causes spect ral overlap at the band edges. If we assume that t he pha es of' 

the baseband spectrum near the top and bottom band edges differ by 7r then the 

alias signal will interfere destructively with the baseband signal causing a weakened 

signal in this region, as shown in Figure 6.2, which an SSE would have difficulty 

manipulating. Conversely, we now assume that we vary t he receiver sampling 

timing so that an offset , which results in a constant gradient in the phase respon 'e, 

is added to the baseband signal. If for example this results in no phase offset just 

above 1 = -1/ 2Ts but an extra 7r phase offset just above 1 = 1/2Ts then t he 

alias will interfere constructively with the baseband signal causing enhancement 

of the aliased signal in direct contrast to the previous case. Evidently an SSE will 

be able to equalise this frequency now much better t han when there was a null 

present. Hence the SSE MSE performance is highly dependent on t he receiver 

t iming offset. In the extreme, if t he timing is such that the interference causes a 

null, the SSE equaliser cannot equalise the spectrum to unity gain , whereas adding 

a t iming offset can improve the performance hugely. 
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Fig. 6.2: Effect of destructive interference of alias signals in a symbol- pace 1 

sampled signal. 

The FSE equaliser avoids this problem since it samples at a frequency greater 

than the SSE, hence there is no aliasing at the FSE input. Not only does this 

mean that the FSE is able to function on a signal that will not suffer from nulls 

due to alias interference, but also the FSE performance is less sensitive to the 

phase of the receiver timing. As a result, the MSE performance is typically much 

better than that of an SSE even when the total number of equaliser taps remain 

the same [110]. 

6.2 Polyphase Representation 

We develop a polyphase representation for MIMO FSE which is convenient for 

analysis. In its standard form FSE with its res amp ling operations is awkward to 

analyse, but the polyphase description expresses the system using a single sampling 

rate through-out. We start by splitt ing the signals in Figure 6.1 (b) into polyphase 
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components, 

y[T(n + (r - 1)/ R)] 

v[T(71 + (r - 1)/ R)] r = l(l)R, 

164 

(G.1 ) 

(G.2) 

where T is the symbol rate. Hence we sample at fractions of T which gives the R 

phases of the sampled signals. Using this we may express the oversampled received 

signals as 

(G.3) 

where 

Y1,0[71] v1,0[71] xo[71] 

yp,o[71] vp,o[71] xo[71 - fLh/Rl + 1] 
Y1,d71] 

v<P[71] = 
v1,1[71] 

x[71] = 
x1[71] 

yp,d71] vp,1[71] xd71 - fLh/Rl + 1] 

yp,R-1[71] Vp,R-1[71] xM[71- fLh/Rl + 1] 
(6.4) 

and 

(6.5) 

The matrix H<P is the polyphase MIMO channel. Further 

hmp,o[f Lh/ Rl - 1] ] 

hmp,R-df ~h/ Rl - 1] , 

(6.6) 

where hmp,r is phase r of sub-channel mp. 

As an example, the polyphase representation of a T /2 spaced 2 x 2 MIMO channel­

equaliser system, i.e. R = 2, is shown in Figure 6.3. We see from this that the 

problem is effectively no different to equalising a 2 x 4 MIMO channel. This is the 

system we would use for analysis, i.e. when analytically inverting the channel, we 

require the channel expressed in polyphase form, which can be found by adapta­

tion. Of course in a real implementation, the channel would not be decomposed 

into its phases, but function at the upsampled rate. Hence we use the multi-rate 

description of the channel but the polyphase description of the equaliser, shown 

in Figure 6.4. 
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Fig. 6.3: Polyphase representation of channel and equaliser for T / 2 2 X 2 MIMO 

system. 

Fig. 6.4: Polyphase representation of equaliser for T / 2 2 x 2 MIMO channel, used 

for implementation. 
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Fig. 6.5: Adaptive system to identify MIMO sub-channels to one receiver. 

If we are to invert the channel analytically we must identify it first , by mean 

of an adaptive algorithm and a suitable architecture. This is shown in Figure 6.5 

for a two-channel system, where we adapt to the polyphase representation of th 

MISO channel from both transmitters to one receiver. Another such system would 

be required to adapt to the sub-channel t erminating at the second receiver. 

6.3 Zero-Forcing Equalisation 

In this section we cover the criteria and methods for fractionally-spaced equali­

sation, which are significantly different to symbol-spaced equalisation. We first 

consider the noise-free case where we may use a zero-forcing equaliser to exactly 

invert the polyphase representation of the channel. 

We convert the polyphase MIMO channel matrix in (6.5) into the z-domain so 

we have 

(6.7) 
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where 

h~p(z) = [hmp,o(z) hmp,l(Z) , .. hmp,R_l(Z)]T 

and hmp,r(z) .-0 hmp,r[n]. 

Similarly, we define the polyphase MIMO equaliser matrix as 

where 
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(6.8) 

(6.9) 

(6.10) 

As for the SSE in Chapter 4 the z- transform of the output of the equaliser is 

given by 

(6.11) 

and the zero-forcing solution is given by 

(6.12) 

Since we have shown the problem to be equivalent to a multi-channel system, we 

have already developed all of the required inversion techniques in Chapter 4. The 

solution to this problem can be found using the time-domain or frequency-domain 

methods described in Section 4.2. 

6.3.1 FIR Equalisability 

A major difference between FSE and SSE is that the zero-forcing equaliser call be 

implemented using an FIR system without any approximations or filter truncatioll 

and without needing additional antennas, assuming that a condition (described 

later) is met. The analysis in this section assumes FIR MIMO sub-channels. It 

can be shown that if HH is full-rank then the minimum polyphase equaliser length 

required to perform ZF FIR equalisation is [167] 

L = Lh/R -1 
9 R-1' 

(6.13) 

So for aT /2 2 x 2 MIMO equaliser ZF equalisation may be performed using eight 

length-(Lh - 1) filters, set up as in Figure 6.4. 
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In the more general case if any of the matrices Hi;IJl is rank-deficicnt becHllsl' 

some of the fractional phases are linearly dependant. the minimum length for the 

corresponding equaliser is given by [115] 

L = L"IR -1 
91'''' . k{ ri>} . ran Hmp - 1 

(6.14) 

The outcome of this is that for the system to be equalisable at all, the row rank of 

Hri> must be at least as great as its column rank. Further, if they are equal and Hep 

is hence square, the equaliser will be IIR but if the row rank is at least twice tlw 

column rank then all the equalisers will be FIR, with lengths determined by (6.14). 

Anywhere between these two limits causes some of the equalisers making up tlw full 

MIMO equaliser to be FIR and the remainder to be IIR. It is also clear that if the 

SS MIMO system is rank-deficient because some of the sub-channels are linearly 

dependent, then some of the degrees of freedom provided by the fractional-spacing 

can be used to invert those sub-channels at the expense of other benefits provided 

by FSE. This interesting possibility of using the linearly independent rows if H'/) 

to provide degrees of freedom where required is the topic of Section 6.5. Allotll(~r 

condition for the system to be ZF equalisable using FIR. filters is that there must 

be no zeros common to all MIMO sub-channels and phases from one channel input 

to one channel output, i.e. each column of (6.7) must have no common zeros. This 

is the same condition as for the SISO FSE [115,168,169] except since He/) is made 

up of more sub-channels for the MIMO case it is more likely that this condition 

will be fulfilled. There is also an increased possibility that inversion is possihle 

(either FIR or IIR), where there is no spectral zero common to any column of 

Hri>(z) in (6.7), i.e. from one input to all outputs, and based on all polyphase 

components. This condition is quite intuitive since if there is a common zero in 

any column of (6.7) then that zeros can be factored out into a SISO system where 

ZF equalisation can be only performed using an IIR filter. 

Proof of the existence of an FIR equaliser solution to the problem can be shown 

by writing (6.12) in polyphase form 

J = Z 

j 1= i 
Vi,j = l(l)M. (6.15) 

This is solvable as long as !vI ~ P R, although for each sub-channel to be 

fractionally-sampled by R we require P ~ M. The interesting case of !vII R :::; P < 
M where we may use the extra degrees of freedom provided by fractional-sampling 

to invert rank-deficient MIMO systems rather than for other possible benefits of 

FSE is the topic of Section 6.5, but for now we will assume the fractional-sampling 
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is used to perform FSE and that P 2:: j\I. The matrix B ij (.:: ) ::: -:-, is kllown 

as Bezout's identity for ~ = 0 [170]. The identity states the CxiHtcllce of FIH 

equalisers for FIR channels as long as they are relatively prime, or in our context 

there are no common zeros. Generally speaking, for the nmlti-channel case, as­

suming there are no common zeros in each column in (G. 7), for the channd to be 

invertible using FIR filters there needs to be morc thall one degree of freedom for 

each constraint in G1>(z)H1>(.z). 

So for the example of the T /2 equaliser for the 2 x 2 MIMO channel there arc 

two constraints so we need four degrees of freedom. Two are provided by the sllb­

channels in the paths from a MHvIO input to both MIMO outputs and a further 

two are provided by the T /2 fractional-spacing, hence the system is equalisable 

using FIR filters. Simply put, this just llleans that all filters comprising the MIMO 

equaliser need to be fractionally-sampled. 

6.3.2 Frequency-Domain Equalisability 

We now express the multi-rate system shown in Figure 6.1(b) in the z-domain and 

then transform it into the frequency-domain to further explain the conditions of 

equalisability and gain further insight. 

The fractional MIMO channel co-efficients can be related to the polyphase rep­

resentation by 
R 

h~p(z) = L hmp,1'(zR)z-T. (6.16) 
1'=0 

Using this we build a fractional MIMO channel matrix 

(6.17) 

with h~p(z) .-0 hmp[k]. A multi-rate equaliser matrix GF(z) may be built simi­

larly. 

If we define the channel-equaliser response 

(6.18) 

then the output of the equaliser is 

(6.19) 



6.3 Zero-Forcing Equalisation 170 

where we use the multi-rate operations described in Chapter 5. Decomposing this 

into single signals we have 

(6.20) 

where we have used z = ej27rjT, and 

(6.21 ) 

After some manipulation and using BF(J) = BF(z)lz=ej27rJT/R, we obtain the fre­

quency response 

(6.22) 

Hence for ZF equalisation we require 

1 1 - - < i < _. m J. = l(l)!vI. 
2T 2T" 

(6.23) 

where 6. is the delay in symbol periods. Finally, decomposing b into its component 

channel and equaliser parts we obtain 

e j27rjb..T i = j 

o i=!=j 

In matrix form this is 

i, j = l(l)!VI. 

(6.24) 

(6.25) 

From this we may infer the conditions that must be fulfilled so that the fraction­

ally spaced MIMO channel is equalisable. Firstly, note that although hmp(J) and 

gmp(J) are periodic with period R/T, the functions in (6.24), i.e. hmp(J - f,) and 

gpm(J - ~) are periodic with period l/T. For the 8180 case it has been shown 

that the condition for equalisability is that there needs to be some aliasing be­

tween these adjacent polyphase characteristics, i.e. the bandwidth of the channel 

ib> 1/(2T) [115]. A MIMO channel however is equalisable using only FIR filters 

when HF(J - r/T) Vi E (-R/2T, R/2T) is full-rank. 

A physical interpretation of this is quite difficult for a general fractionally-spaced 

MIMO channel, so for simplicity we consider the example of M = 2 and P = 2. 
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Fig. 6.6: Frequency response of an oversampled 2 x 2 MIMO channel- (a) sub­

channels hll and h12' and (b) sub-channels h21 and h 22 . 

Figure 6.6 shows the case for when channels hll' h21 and h22 exceed the mini­

mum required bandwidth of 2~' but channel h21 does not. This channel is still 

equalisable however, since even at the frequencies where h21 can pass no power, 

the MIMO matrices are still triangular and hence invertible. If however either the 

bandwidth of either h22 or hll was also less than 2!r the channel would become 

singular at the frequencies which exceeds the bandwidth and hence become ulliu­

vertible. More generally, we can say the condition for invertibility using FIR filters 

is this: P (i.e. all) of the sub-channels in one of the colulIlns of HF (z) lllust have a 

bandwidth .h E 2~' 2~); P - 1 of the sub-channels in a different colulIlll must have 

a bandwidth ib E (2~' 2~)' and so on until all the columns of HF(z) are accounted 

for. In this way the MIMO channel matrix at each frequency is at least triangular 

and hence invertible. Incidentally, it is the fact that the bandwidth may exceed 

2~ and still be equalisable using FSE and FIR filters that means that the method 

can alone perform both the tasks of matched filtering and SSE and generally bet­

ter than either alone. This is therefore the necessary condition for equalisability 

using FIR filters in the frequency-domain; note however it is not sufficient. The 

necessary and sufficient condition was seen in the previous section, i.e. no zeros 

common to all paths between a MIMO channel input and all its outputs. 
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6.3.3 Noise-Enhancement 

In this section we study the problem of noise enhancement in ZF equalisers. Con­

sider the polyphase representation of the fractionaUy-sampled rvIUvIO channd in 

(6.9). It is clear that when P ~ AI and R > 1 this matrix will always have more 

rows than columns. As such it is an over-determined system (assuming t.he nmk is 

greater t.han !vI) and as was explained in Chapter 4 has an infinit.e lllllubcr of so­

lut.ions t.o perform zero-forcing equalisat.ion (ZFE), as long as t.he equaliser length 

is longer t.han the minimum required [115]. This is in cont.rast t.o the SSE where 

t.here is generally a unique solut.ion. For the FSE the infinite number of solntiom; 

will enhance any noise at the equaliser input by varying amonuts. The solntiou 

that will enhance the noise by the smallest amonnt is the mininlllm norlll soln­

tion, which as explained in Chapter 4 can be calculated using the pseudo-invers(\. 

Hence this solution will minimise the MSE at the equaliser output in the presence 

of noise. Further, by increasing the FSE length further, we increase the lHllllber of 

degrees of freedom of the solution and hence the pseudo-inverse fnrther optilllis(~s 

the solution to give an FSE with even better performance (lower MSE). vVe call 

this solution the Minimum Mean Squared Zero Forcing Error (()MMSZFE), i.e. 

the solution that results in the MMSE from all the ZFE solutions. This is clifi'erent 

from the true MMSE solution which is not constrained by the ZF criterion. 

Putting this argument mathematically, consider white noise at the P equaliser 

inputs, which for simplicity all have the same power, such that 

(6.26) 

The variance at output m of the MIMO FSE is 

(6.27) 

where we have used Parseval's Identity and assuming O'v,p = O'v for p = l(l)P. 

Hence it can be shown [115] that the optimisation criterion to minimise O';n,ZFE is 

{ 

arg min f igpm,r(JW m = l(l)M,p = l(l)P 
gpm,r(f) r=O 

subject to G<P(f)H<P(f) = ej211'jD.T I 

(6.28) 

where the delay 6. ensures causality. The well-known solution to this, as mentioned 

earlier, is the pseudo-inverse of H<P(f), i.e. 

(6.29) 
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Since this solution has been developed in the fn'qm'ncy-domain, it rqm'sl'llts the 

infinite length solution, i.e. using infinite length eqllalisers. Finitc lcngth l'(l1wlisl'rs 

can also be found using this solution using finite h~ngth FFTs d.uring complltntioll. 

however they will give an approximation to the ~ndSZFE solution, due to the 

effect of circular convolution discussed in Chapter 4. We have already seen a way 

to combat this, namely using reglllarisation. 

Now we have found the MMSZFE, an interesting question is if and how much 

better than the MMSZFE would the true MMSE solution be, i.e. not constrained 

to be ZF. Both the MMSE solution and the method of regularisation can be llsed 

together to result in better equaliser performance (i.e. lower MSE). 

6.4 MMSE Equalisation 

Minimum mean squared error (MMSE) equalisation has already been covered in 

previous chapters, so in this section we shall restrict ourselves to only cover the 

differences between FSE MMSE and SSE MMSE equalisation. 

FSE MMSE equalisers differ since we now have more degrees of freedom to min­

imise the cost function, which are given by the fractional-sampling. The cost 

function of FSE MMSE for the mth input is 

where 

2 
(J"m,MMSE 

{ 

ej2rrjt>.T m = p 
k = 

mp 0 m -=I p 

(6.30) 

(6.31) 

assuming that the signal power (J"; is the same at all transmitters, as is the noise 

power (J"~ at the receivers. The infinite-length solution to this is the pseudo-inverse 

regularised by the noise power 

(6.32) 

assuming the signal power is normalised (J"; = 1. In the presence of noise the 

MMSE has superior performance to the MMSZFE since is clear that 

2 < 2 
(J" MMSE _ (J" MMSZFE (6.33) 
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due to the presence of the regulari::;atioll term O"~I arising from the noise in thl' 

solution. 

The solutions expre::;sed a::; functions of frequency of the .r-.n.r-.ro frnctionall)·­

sampled polyphase channel re::;ult in an infinite length ::;olution. However, sinc(~ 

the FSE is capable of creating FIR equali::;ers we will want to calculate a finite 

length solution. Such finite length deconvolution is subject to circular convolution 

problems and discussed in Chapter 4. The technique we used to combat thi::; was 

regularisation. Fortunately often at reali::;tic SNR.s the error eHect of the receiver 

noise will be greater than the error caused by the circular convolution. Howewr 

when this is not the case we may use a fixed regulari::;ation co-efficient in (6.32) 

to limit the error caused. Using (6.32) to calculate a finite length ::;olution no 

longer results in the MMSE, rather an approximation to it. However as we found 

in Chapter 4 the performance is still quite acceptable especially when also consid­

ering the greatly reduced computational cost involved in performing the inver::;ion 

when compared to the alternative time-domain method that does give the MMSE 

solution. Hence the equaliser can be calculated using 

(6.34) 

where (3 is a fixed regularisation factor which minimises O";;',MMSE m (6.30) in a 

noiseless environment when using finite length FFTs. 

6.5 Rank-Deficient MIMO Equalisation 

In Section 6.3.1 we briefly introduced the possibility of using the extra degrees 

of freedom (DOF) provided by sampling at fractional intervab to invert MIMO 

systems that would otherwise be rank-deficient and hence uninvertible. If after 

doing this there were no DOF left, the responses of the filters comprising the MIMO 

equaliser would be HR., as with SSE (assuming the condition for equali::;ability i::; 

fulfilled). This arises from an extension of the discu::;sion of DOF in [115] to 

the MIMO case. If however there were one or more DOF left, other benefits 

associated with FSE could still be realised using these, resulting in FIR filters 

with appropriately modified lengths if nece::;::;ary. 

Consider the polyphase representation of a T /2 2 x 2 MIMO system shown in 

Figure 6.3. For this system, the polyphase channel matrix (defined in (6.5)) has 

dimensions 2 x 4 and assuming it has full column-rank it is an over-determined 

system. We only require row-rank of two, but we have four. Hence if for ::;ome 

reason the sub-channels to the second receiver are blocked or linearly related to 

the sub-channels to the first receiver, the polyphase channel matrix will only have 
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F ig . 6.7: A T / 2 2 x 1 system (a) in a form for implementation, and (b) in analysis 

form. 

row-rank two. However by sacrificing the other benefits of FSE (e.g. FIR equaliser 

responses) we may still invert and hence equalise this channel (using IIR filter 

though, or an FIR approximation to them). This is potentially a powerful tech­

nique since we may now equalise rank-deficient systems, something that wa. not 

possible with symbol-spaced sampling. Speculatively, it may be possible, as an al­

ternative application, to gain the benefit of some (though certainly not all) of th 

capacity increase associated with MIMO systems, with using fewer rec ivers than 

transmitters (in an equalisation set-up) , by exploiting imp rfect band-limiting 

channel filtering. 

Figure 6.7(a) shows the example of a system with two transmitters and one re­

ceiver. In aT-spaced equaliser this would be uninvertible and hence unequali 'able. 

However since it is fractionally-sampled at T /2 we express it in polyphase form in 

Figure 6.7(b) and from this it is clear that this is just the same as a SSE 2 x 2 

system (for the moment ignoring band-limiting transmit and receive filters) and 

hence equalisable using IIR fil ters . If this system was sampled at T /3 w could 

invert a 3 x 1 system and so on. The size of the system we may invert is limited 

mainly by the characteristic of the transmit and receive filters and also to some 

extent the radio channel. The system remains equalisable as long as the phases 

of the channel are linearly independent , and as we decrease the period between 

sampling when fractionally-spaced this becomes less likely. When the transmit 

and receive filters are accounted for the bandwidth of the channel is typically 

about 10% to 40% greater t han the signal bandwidth [110J. Hence when R > 2 
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it becomes increasingly unlikely that the phases will remain indepl'ndcut. Since 

all radio communications systems require a receive anel transmit filter cH'atillg (\ 

MHdO system using this method would not be possible for R > 2, nnd eWll with 

R = 2, depending on the filter characteristic, the challnel matrix lllay 1w llear 

singular and hence the output highly sensitive to noise corruption. 

If for the purposes of this discussion we ignore this fact for now, then it is possible 

to equalise rank-deficient system and still retain the benefits of FSE. If the system 

in Figure 6.7 were sampled at T/4 then two of the DOF could be used nmke the 

system full-rank while a further two can be used to perform FSE and hence lllny 

be equalised using FIR filters. It is feasible that such a method could be used for 

applications other than radio communications where the channel bandwidth is not 

subject to the same limitations. Given this potential problem in inverting rallk­

deficient fractionally-sampled channels we will continue to assume that P ~ 111. 

6.6 Subband Fractionally-Spaced Equalisation 

In this section we apply fractional-sampling to the subband approach which was 

the topic of Chapter 5 to create a subband FSE. We aim to create a systcm that 

performs better than a subband SSE due to thc fractional-spacing, exploits the 

advantages of subband processing to reduce the computational cost of inverting 

the fractionally-sampled MIMO channel and improves the convergence speed of 

adaptive inversion and tracking over that of full band FSE. 

There are two possible approaches when combining subband processing with 

fractional-sampling- (i) applying the subband processing inside thc llPsamplecl 

system which results in the analysis and synthesis filtering banks being decolll­

posed into polyphase components, or (ii) using the polyphase represcntation anel 

decomposing the phases into subbands. We discuss each in turn. 

For simplicity we consider a subband SISO system where the channel, cqualiser 

and subband analysis and synthesis filter banks function at a. sampling period 

which is double the symbol period, i.e. T/2. This is shown in Figure 6.8(a). 

Figure 6.8(b) shows the same system but with the subband analysis and synthe­

sis expressed in polyphase form, as explained in Chapter 5, with the subband 

decimation and expansion explicitly shown. The re-sampling operations of the 

fractional-sampling can be combined with the re-sampling operations of the sub­

band system, which is shown in Figure 6.8(c). We can see that the inputs and 

outputs to half the analysis and synthesis filtering bank respectively are guaranteed 

to be zero, hence they may be excluded thus halving the number of operations. 
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Fig. 6.8: A T /2 subband system with 8180 channel h and equaliser 9 expr ssed 

in (a) basic form, (b) polyphase form, and (c) combined polyphase form. 

However , relative to a normal GDFT filter bank the downsampling ratio i' halve 1 

to N /2, and this must be taken into account when considering overall complexity. 

Further, the system shown in Figure 6.8(c) expresses both channel and equalis r 

in subbands, hence the analysis filtering occurs directly after the upsampling. In 

an implementation however, this would not be the case- the channel would be 

between the upsampler and analysis filter bank, as shown in Figure 6.9, and henc 

the analysis filter would have non-zero input to all its phases, and would still hav 

to function at the upsampled rate. 

The second approach involves the subband decomposition of the symbol-spa 'ed 

polyphase representation of the system, which was shown for aT /2 2 x 2 MIMO 

system in Figure 6.3. For the purposes of this discussion we show the polyphase 

representation of a T / 2 8180 system with the phases being processed in subbands 

in Figure 6.10(a). As before we draw the distinction between this system, which 

is used for calculating the subband equaliser filter coefficients, and the manner 

in which such a system would actually be implemented, which is shown in Fig­

ure 6.10 (b). To identify the phases of the channel in sub bands we use an extension 
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Fig. 6.9: A T / 2 subband system with 8180 channel h and equaliser 9 in a form 

for implementation. 

of the fullband system shown in Figure 6.5 but for a 8180 system, which is shown 

in Figure 6.11 . 

To determine which approach is best , we compare the costs involv din th om­

putations of the various signal processing tasks. The cost with re pect to N of 

NLM8 algorithm performed using the first method for T / 2 sampling, shown in 

Figure 6.8(c) , is 

(6.35) 

I.e. the signals in all J( subbands must be processed at a rate decimated by 

N/2 and the subband filters are on the order of N/2 times shorter relative to 

the fullband case. For algorithms such as the RL8 , the computational complexity 

in terms of multiply-accumulate operations depends quadratically on the filter 

length, such that the coefficient of J( in the cost would also be even greater than 

it is with the NLM8 algorithm. The cost of the NLM8 algorithm using the I e on 1 

method for T/2 sampling, in Figure 6.10(b) , however is 

O(NUmana IYSiS banks I{) = O(2J( ) 
N2 N2 ' (6.36) 

i. e. there are two subband blocks, each running at symbol rate decimated by N. 

As the order of the algorithm increases, the coefficient of J( will be unaffected 

since this only depends on the fractional-sampling factor (two in our case). Hence 

it is clear that the second method is more desirable and we shall proceed using 

this . This method was also used in [72 , 163,171 , 172]. 

Although we have only considered a 8180 system so far , creating fractionally­

spaced subband MIMO system is a fairly straight-forward extension of the ystem 

shown in Figure 6.4 by processing the paths between the symbol-sampled phases of 

the received signals and equaliser output in subbands using the method discussed 

in this section. 
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Fig. 6.11: Adaptive identification two phase in subbands of T/2 fractionally­

spaced channel. 
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6.7 Simulation Results 

In this section we compare the performance of fractionally-spaced fullbHud Hud 

subband MIMO equalisers created using the mcthoels eleveloped in this chapter. 

6.7.1 Adaptive Identification and Analytic Inversion 

We begin by examining the performance of fullbanel anel subband equalisers cre­

ated by adaptively identifying the ]'vIlMO channel and analytically inverting it 

using the frequency-domain method described in Sectioll 4.2.3. Figure 6.12 shows 

the BER versus SNR performance of a fullband anel subbanel equaliser for H T /2-

sampled SPIB channel and T /2-sampled Saleh-Valem-;uela (SV) channel sampled 

at 100MHz (SV100M) and 1GHz (SV1G), using BPSK. The banel limitation on 

the SV channels is performed using a raised cosine filtcr with 'f' = 0.1, as described 

in Section 2.4.1.4. The parameters used for the SV chan11cl are those statl~d ill 

Section 2.4.1.3. For the channel identification in each case the adaptive filters were 

chosen in line with previous chapters and were adapted long enough to reach a 

steady-state using the M-NLMS algorithm with ~l = 0.18. The subbaml parame­

ters are the same as those in Chapter 5 for consistency, i.e. J( = 16, N = 14 awl 

Lp = 448. The per-phase equaliser filter lengths used in Figure 6.12 are shown in 

the legend. A comparison between the T /2-spaced fullband equaliser for the SPI]} 

and SV100M channel and the equivalent symbol-spaced channel in Figures 4.21 

and 4.22 reveals that the fractionally-spaced system olltperforms by a consider­

able margin. The greater improvement over the symbol-spaced system is shown 

by the SPIB channel; a possible reason is that the band-limiting attenuation may 

be less for the SPIB channel. A comparison with Figures 5.27 anel 5.28 reveals 

that the same is true for the subband systems but to a lesser extent. It is likely 

that the performance of the subband systems is more limited by other sources of 

error discussed in Chapter 5, for example a greater steady-state MSE and greater 

circular convolution effect during the frequency-domain inversion due to the short 

filters required (since the FFT is also shorter). 

6.7.2 Adaptive Inversion 

The performance of the fullband and subband adaptive inversions of a T /2-spaced 

SPIB, SV100M and SV1G channels are shown in Figure 6.13. The adaptation and 

sub band parameters are the same as previously. Although for the SPIB channel 

the subband inversion converges slightly faster than for the fullband case the dif­

ference is minimal. This is since the channel is only mildly frequency-selectivp so 
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Fig. 6 .12: Fullband and subband (K = 16) BER vs SNR for T/2-spaced 2 x 2 

MIMO channels using an equaliser calculated with the frequency-domain method, 

and applying the best regularisation factor at each SNR. 

we would not expect the subband system to outperform even using fractionally­

spaced equalisation. The improvement for the SV100M channel is much more 

significant, with the subband system showing an improvement of about 6 dB over 

the fullband system by 10,000 fullband symbol periods. Comparing these results 

with Figures 4.17 and 5.22 shows the effect of fractional spacing on the adap­

tive inversion. The fractionally-spaced full band inversion of the SPIB channel 

shows approximately a 4 dB improvement over the symbol-spaced system after 

80,000 fullband sampling periods. For the SV100M channel the improvement is 

only about 2 dB giving further credibility to the previous hypothesis that the 

SPIB channel has a lesser band-limiting attenuation than the SV100M channel. A 

similar conclusion follows from a comparison of the subband adaptation profiles; 

the fractionally-spaced SPIB channel shows an improvement of about 3 dB by 

80,000 fullband sampling periods whereas only a 1 dB difference is achieved for 

the SV100M channel. Finally the improvement for the SV1G channel is about 2 

dB. Nevertheless the system still benefits from the potential computational savings 

from the subband approach even if in some cases the adaptation improvement is 

small. 
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Fig. 6.13: Fullband and subband (J< = 16) adaptive inversion MSE for T/2-

spaced 2 x 2 MIMO channels. For no adaptation, the sub band and delayed sub band 

curves are identical. 

6.7.3 Adaptive Equaliser Tracking 

In this section the tracking ability of subband and fullband T /2-spaced equalisers 

is examined. Figures 6.14 and 6.15 show the tracking MSEs for a T/2 SPIB and 

SVlOOM 2 x 2 MIMO channel, respectively, starting from a near MMSE equaliser 

found using the frequency-domain inversion method described in Section 4.2.3. 

MSE profiles are shown for each combination of a fullband, subband and delayed 

subband system with tracking in a fading environment, tracking in a non-fading 

environment and fading with no adaptation (i.e. no tracking). The delayed sub­

band tracking shows a realistic error-free blind tracking performance since it ac­

counts for the delay in the subband filter banks, as explained in Section 5.3.4. The 

curve with fading and no adaptation shows the worst-case performance where an 

adaptive system would be completely incapable of tracking- although of course a 

poor adaptive system could exhibit an even worse performance. The curve where 

there is no fading shows a best-case performance which would be achieved if the 

adaptive system were able to track the fading channel equaliser perfectly. Hence 

we expect the actual tracking performance to be somewhere in between these two 

extremes and this curve's position between the extremes gives an idea of the ef-
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Fig. 6.14: Channel-Equaliser Tracking MSE of a FS T /2 SPIB 2 x 2 MIMO 

channel. 

fectiveness of the adaptive system in t racking t he equaliser. The performance of 

the fullband system for t he SPIB channel in Figur 6. 14 is approximately half way 

between the best and worst cases and is able to maintain an MSE that would 

result in a BER of well below 1% using 16-QAM modulation. Here the equaliser 

has 280 taps per fractional phase. The subband t racking MSE is a little bett r 

than for the delayed-subband system but both are worse than for the fullband 

system. The equaliser lengths for both sub band systems are Lg.8 = Lg.J / N = 20 

per fractional phase. Evidently the relatively small range of t he spectral dynamics 

of t he SPIB channel means that the subband systems are unable to improve th 

tracking ability. Further , since the fullband MMSE equaliser response is relatively 

long, the subband equalisers are too short to be able to model well the MMSE 

equaliser , hence the performance is worsened still. Finally, we may compare the 

performance of these systems using T /2-spaced equalisation to t hat of a symbol 

spaced equaliser in Figure 5.24. Although the fullband tracking performance is 

better by about 6 dB , the subband performance is comparable for t he T /2 and 

T-spaced cases. 

Figure 6.15 shows tracking results from the T / 2 SV100M MIMO channel. The 

equaliser lengths for each system are t he same as for the SPIB channel above. 

Immediately the benefit of t he subband approach for this channel can be seen . 
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Fig. 6.15: Channel-Equaliser Tracking MSE of a FS T /2 SV100M 2 x 2 MIMO 

channel. 

Though starting at a higher MSE, the subband systems are able to maintain a 

lower MSE than the fullband system by the end of the simulation . The SV100M 

channel has greater spectral dynamics than the SPIB channel, hence the greater 

benefit in using the subband system. Comparing the tracking curves to the be t 

and worst case extremes we see that that while the subband curves are approxi­

mately in the middle of the range, the fullband curves are closer than the worst­

case of no adaptation. From this we may again conclude that the subband system 

tracks better in both absolute and relative natures (i.e . relative position between 

the best and worst extremes). Comparing these results to the equivalent symbol­

spaced equaliser curves in Figure 5.25 we see that the fractionally-spaced approach 

produces an improvement in MSE of about 6dB for fullband adaptation and simi­

larly for the subband and delayed subband methods by the end of the simulation. 

Finally, we briefly consider the computational cost benefit of the fractionally­

spaced subband technique. Assuming the equaliser length per fractional phase is 

the same as the full band equaliser length then the savings are multiplied by the 

fractional sampling factor. In this case the up-sampling factor is two, hence the 

savings are double. Referring the computational cost plot in Figure 5.14 and using 

Lg,8 = Lg,j/N, where Lg,j = 280, the cost saving over the fullband method per 

fractional phase is about 6,500 MACs per full band sampling period (a 72% cost 
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saving in that case). Hence for the T /2 system the saving is 13,000 I\IACs per 

fullband sampling period. While this saving is alone' impressive, if the samC' BEB 

is to be maintained, the equaliser length in the fractional case can be reduct'd, 

thus further lowering the computational cost. 

6.7.4 Rank-Deficient MIMO Equalisation 

The use of fractionally-spaced MIMO equalisers presents us with the possibility 

of equalising MIMO channels that were rank-deficient, and hence unequalisable, 

when sampled at the symbol rate. The performance will be primarily determined 

by the additional diversity introduced by the oversampling, which in turn is deter­

mined by the correlation between the phases of the fractionally salllpled systelll. 

Generally speaking, the less pronounced the out-of-band filter attenuation and 

the slower the band-limiting filter roll-off, the less correlated the phases will be, 

and better the performance. Figure 6.16 shows the BER achieved using a 2 x 1 

(i.e. rank-deficient) SV100M channel with varying raised cosine roll-off factors, as 

explained in Section 2.4.1.4, and a 2 x 1 SPIB channel, using BPSK modulation. 

Firstly, we see that the performance with the SPIB channel is better than any of 

the SV100M channels, suggesting that the out-of-band filter attenuation is lower 

for the SPIB channel. This reinforces the hypothesis made in Section 6.7.1 as 

to the reason that the SPIB channel performed better. For the SVlOOM chan­

nels the greater the roll-off factor, the gentler the roll-off and hence the lower tlw 

out-of-band attenuation immediately adjacent to the pass-band, as is shown in 

Figure 2.15. Hence the best performance is shown for the higher roll-off factors. 

As the roll-off factor decreases the difference between the performance becomes 

increasingly less up until the point where T = 0.1 and T = 0.3. In fact, here 

the performance are very similar is for higher SNRs the performance for T = 0.1 

becomes slightly better than for T = 0.3. A possible reason is that for T = 0.1 

although the roll-off is steeper the out-of-band attenuation is less than for T = 0.3 

potentially making the sub-channel correlation less. 

These results effectively show the power of fractionally-spaced equalisation for 

MIMO channels. In a real system the sub-channels may be highly correlated 

due to potential close proximity of the antennas especially on a physically small 

mobile station (MS). In the extreme where the sub-channels to and from the MS 

antennas are completely correlated when sampled at symbol-spacing, the MIMO 

system becomes unequalisable and the capacity collapses back down to that of a 

single channel system, meaning MIMO communication is impossible. However, 

with fractional-sampling MIMO communication is possible albeit generally with a 

poor BER. 
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Fig. 6.16: SNR vs BER for a SPIB channel and SV100M channels with a range 

of raised-cosine roll-off factors , using a BPSK modulation scheme. 

6.8 Summary 

Single channel fractionally-spaced equalisation (FSE) is known to improve p r­

formance in terms of MSE and BER over symbol-spaced systems. It can also 

enable shorter equaliser filters and the capability of equalising channels that con­

tain spectral zeros. This chapter has covered the application of fractionally-spaced 

equalisers to fullband and subband MIMO systems. 

In Section 6.1 , we explained t he principle behind why FSE can perform at least 

as well as symbol-spaced equalisers (SSE) , and often better. The optimum receiver 

is a serial concatenation of a matched filter and a SSE, however FSEs can perform 

both t hese tasks. Further, whereas receiver symbol timing offset can have a great 

impact of the performance of a SSE-based system, FSEs are relatively immune. 

Section 6.2 developed a polyphase representation of FSE, which is not only more 

convenient for further analysis, but also puts the system into a form where the 

MIMO equalisation concepts developed in previous chapters are directly applica­

ble. Zero-forcing equalisation (ZFE) of MIMO FSE was covered in Section 6.3. ZF 

FSE is significantly different to ZF SSE; not only can perfect ZF FSE be performed 

using FIR filters (unlike SSE) but there are an infinite number of ZF solutions, 

one of which provides the MMSE solution. Equalisability was calculated in the 
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frequency-domain andnois8-8nhancement effects em ZF equalisation shown. H('nc(' 

we calculated a l\Il\ISE ZF solution, i.e. one that conforms to the ZF criterion but 

results in the least amount of noise-enhancement. 

In Section 6.4, a true MMSE FSE was developed, where we no longer restricted 

ourselves to the ZF criterion. We showed that in general the performance of the 

MMSE is superior to that of the MMSZFE. Since FSE provides a method to 

equalise channels which contain spectral zeros at the symbol rate, Section 6.5 ex­

plained how they could be used to equalise rank-deficient MIMO channels. Such 

a channel sampled at the symbol rate is singular, i.e. cannot be inverteei, however 

the additional degrees of freedom provided by FSE mean that the fractionally­

sampled channel may be invertible. The ability of FSEs to equalise rank-deficicut 

MIMO channels is limited by the severity of the channel band-limiting. The less 

a channel is band-limited, the greater the potential performance improvement. 

In Section 6.6 approaches of applying FSE to subband systems are discussed. A 

method is chosen based on its lower computational cost, and the systelll archi­

tecture is presented. Finally Section 6.7 presents the results of simulat.ions awl 

examines the performance compared to symbol-spaced systems. When performing 

adaptive identification followed by analytic inversion the fract.ionally-spaced sys­

tems generally outperform the symbol-spaced system by a considerable margin. 

The same is true for the adaptive system inversion and tracking. When using FSE 

to invert a rank-deficient channel we see that t.he performance depends 011 t.he 

severity of the band-limiting. Although the performance never falls below a BEll 

of 10-2 for any type of channel considered here, it. is still an improvement over 

the symbol-spaced system, where inversion is impossible. This effectively demon­

strates the power of FSE for MIMO systems with highly correlated sub-channels, 

which is likely when the MIMO antennas are closely located. 



Chapter 7 

Conclusions 

7.1 Summary 

This thesis has been concerned with computationally efficient methods of inversion 

and equalisation for a broadband MIMO channel with the best possible perfor­

mance and tracking the equaliser for fading channels. As is true with many aspects 

of communications we have found that there is a trade-off between obtaining the 

best possible performance in terms of CER MSE and BER and implementing al­

gorithms with the lowest possible computationally cost. Which method to use for 

finding and tracking the equaliser is inevitably a function of many variable::; sHch 

as the channel impulse response and related spectral behaviour, the dimensions of 

the MIMO channel, the speed of the MS, the modulation scheme llsed, the desired 

BER and others. This thesis has covered many of these points, examining the 

relationships between these factors in an effort to determine a set of "rules" that 

can be used when designing a real system. 

In Chapter 2 MIMO channels were formally introduced and some of the back­

ground topics that have formed the basis of past relevant research were reviewed. 

Further research into broadband MIMO equalisation algorithms was motivated. 

Next, the chapter covered the channel capacity increases which are promised by 

MIMO channels, and indeed this is the main motivation for the method. Finally, 

channel models were developed that have been used throughout this thesis to 

demonstrate algorithms and they were characterised in terms of their spectral, 

temporal and spatial dynamic behaviour. 

In Chapter 3 an introduction to multi-channel adaptive filtering was given. 

This has been the basis of many of the techniques used to equalise and track 

the channels, which we assume are unknown at either the transmitter or receiver. 

The chapter gave an in depth coverage of the performance characteristics of the 
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main developed algorithm, namely t\I-NLt\IS. Finnll~', the existence of some other 

potential adaptive algorithms was briefiy mentioncd. before prescnting siultllation 

results that showed the performance of the t\I-Lt\IS algorithm, idcntifying various 

broadband MIMO channels. We saw that for multi-channel adaptive identification, 

convergence was slowed by a factor approximately equal to the number of clwllnds 

involved in the adaptation. In the tracking simulations we found that the MSE 

performance is be described in terms of a steady-state lllisadjustment ami lag clue 

to the non-stationarity of the channel. Finally, we saw that for MSs moving at 

a constant velocity, the steady-state tracking MSE is worse for a MIMO SystClll 

than a SISO due to the additional paths that must be tracked. For example, for 

a 100 MHz sampled symbol-sampled SV channel and a MS moving at 120 km/h, 

the tracking MSE is 10 dB worse for the 2 x 2 J\ilIMO channel than for the SISO. 

In Chapter 4 inversion criteria for a broadband MIMO equaliser were stated, 

and some mathematical tools were introduced which were used during the devel­

opment and can be used for the equaliser calculation, such as the pseudo-inverse 

and method of regularisation. An alternative possibility of using pre-distortion 

at the transmitter was highlighted. Fractionally-spaced equalisation was briefly 

introduced. The chapter continued to a coverage of three techniques for anH­

lytically inverting the broadband MIMO channel, namely in the z, time Hnd 

frequency-domain. The choice of equaliser filter lengths and also the effects of 

channel estimation errors and noisy adaptation on the calculated channel inver­

sion were explained. An alterative fully adaptive method of finding the equaliser 

was covered and its advantages and disadvantages were covered. Fina.lly, sinltl­

lation results were presented showing the performance of systems created nsing 

the techniques developed in this chapter. Whilst the z-domain inversion method 

was capable of outperforming the others at high SNR it could not always be 

used and was prone to stability problems. The time-domain method res nIts ill a 

MMSE FIR equaliser but calculation was computationally intense. The frequcllcy­

domain method resulted in MSE performance approaching MMSE a.t low SNRs 

but worsened at higher SNRs when the circular convolution errors became signifi­

cant relative to the noise. However the computational cost involved in calcnlatioll 

is much less than the time-domain method and the circular convolution effect 

could be partly alleviated using the method of regularisation, meaning that in 

general the frequency-domain method gave the best compromise in terms of MSE 

performance and computational cost. Channel estimation errors had the potential 

to affect derived equalisers, but by applying temporal averaging to the channel 

taps during an ergodic portion of the adaptation, performance could be improved. 

Direct adaptive inversion was generally far too slow to be useful starting with no 

channel state information. Finally, tracking simulations for an MSs moving at 120 
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kmjh showed that an acceptable hISE hence BER could be maintaincd, albeit ill 

some cases this was borderline. 

In Chapter 5 the method of subband signal processing was introduced. \vhere a 

signal or system is split into many frequency-bands, and any signal processing task 

is performed in these subballds independently. Subballd systems have enwrg(~d as 

a way to potentially reduce the computational cost of signal processing algorithms, 

something which is needed for large and complicated broadband MIMO systems, 

while in some cases improving associated performance. The chapter continued 

by covering the basis of multi-rate operations, modulated filter banks and ov(,1'­

sampling to solve the problem of interdependence between adjacent subbands. The 

properties of subband systems were then briefly described, before implementing tlw 

fullband inversion techniques of Chapter 4 in subballds. Finally, the perfonnallC(' 

of systems implemented using subbands in terms of computational cost, adapta­

tion, CER MSE and BER was shown. For subband adaptive identificatioll the 

adaptation was always slower and reached a worse final MSE than fullband iden­

tification. The relative complexity between sub band and fullband identification 

depends on the relationship used between the equaliser lengths, but the sinl1lla­

tions show that the subband method is often capable of delivering computational 

savings. Despite the worsened MSE performance, sub band adaptive identification 

is a necessary step if subsequent subband analytic inversion and f-iubbancl adap­

tive tracking are to be performed. The simulations showed that subbancl analytic 

inversion is capable of delivering comparable MSE performance as the fu11baw1 

system, but at significantly lower computational cost. Apart from cost reduction, 

the other benefit arises from potentially improved convergence and tracking when 

spectrally coloured inputs are used, such as is the case when the equaliser itself to 

a frequency-selective channel is to be obtained or tracked. The simulations showed 

that for highly frequency-selective channels, the subband system was often able 

to achieve an improved steady-state MSE for time-varying channels when COlll­

pared to the fullband system. Overall we found that subband systems are most 

suited to highly frequency-selective channels, channels with an impulse response 

comparable or relatively long compared to the subband prototype filters length 

and time-varying channels where tracking is required. 

In Chapter 6 the principle behind fractionally-spaced equalisation (FSE) was 

shown. The chapter explained that FSE can perform both the task of matched 

filtering and symbol-spaced equalisation (SSE). It then developed a polyphase 

representation of FSE, before developing zero-forcing FSE. Equalisability was cal­

culated in the frequency domain and noise-enhancement effects were shown. Next, 

the minimum mean squared error (MMSE) FSE was calculated, and we saw that 

MMSE FSE outperforms MMSE zero-forcing FSE- with FSE there are an infi-
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nite number of zero-forcing equalisers, one of which gives the t\HdSZFE solution. 

The chapter explained how FSE can be used to equalise MIl\IO SYStl'lllS that nrc 

rank-deficient, and hence unequalisablc. 'when sampled at the symbol raU'. It 

also showed that the FSE performance of rank-deficient MIMO systems dqWllds 

on the band-limiting of the channel. Next the chapter covered how FSE may 

be applied to subband systems, creating a sub band adaptive MIMO FSE, bd'ort, 

finally showing and explaining the results of numerous simulations. V\Then the 

equaliser is obtained by adaptive identification followed by analytic inversion, the 

fullband fractionally-spaced system outperformed the symbol-spaced system by a 

considerable margin. The same performance improvements arose for tlw subllHlld 

system comparison but to a lesser extent. Though the fullband fractionally-spaced 

equaliser showed better MSE performance than the subband version, the cost was 

again less for the latter to the extent that for the 1 GHz-sampled SV dmnnd 

only the subband version was practicable. For adaptive inversion however, tht, 

subband method exhibited markedly better convergence performance for the SV 

channels. This translated to an improved steady-state MSE of the order of 1 or 2 

dB for time-varying SV channels. Lastly of the simulations, results arc shown for 

the MSE performance of FSE equalisers for MISO channels that are rank-deficient 

when sampled at the symbol rate. For the SPIB channel, for example, the MSE 

performance at high SNRs is quite reasonable, meaning that in the extreme case 

of a MIMO channel where the sub-channels are so correlated that the systcnl 

collapses to a MISO, FSE can be used to recover some of the MIMO benefits. 

Early in this treatise, MIMO channel capacities were discussed. The capacities 

of the two channels used throughout this discourse-- namely the symbol-spaced 

SPIB and a symbol-spaced channel based on the Saleh-Valenzuela model sampled 

at 100 MHz (SV100M)- were shown in Chapter 2. A fitting way to conclude 

this thesis is to compare the capacities of channel-equaliser systems for variolls 

equalisers calculated using the many methods examined in this work. Figure 7.1 

and Figure 7.2 show the capacities for equalised SPIB and SV100M channels, re­

spectively. The upper lines in both figures represent the bound of the isolated 

channels, and the closer the post-equalised systems reach this bound the greater 

their information-bearing capacity. In both ca..<;es we see that, as expected, the fllll­

band inversion achieves the greatest capacity, irrespective of whether the initial 

adaptive identifications were performed in the fullband or subband domain. How­

ever, as was demonstrated in Chapters 5 and 6 the subband approach potentially 

benefits from improved equaliser tracking and lower computational complexity. 

It would be interesting to see a framework of all the various methods and processes 

we have considered in this thesis in graphical form. Clearly the many different 

techniques considered in this thesis afford us many different ways of inverting a 
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Fig. 7.1: Capacity of SS SPIB channel, and Channel-Equaliser systems using the 

various methods covered in this t hesis. 
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Fig. 7.2 : Capacity of SS SVIOOM channel, and Channel-Equaliser systems using 

the various methods covered in this thesis. 
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Fig. 7.3: Flow chart showing possible methods of inverting a channel and imple­

menting and tracking an equaliser. 

channel and implementing and tracking an equaliser. Figure 7.3 shows a schematic: 

flow chart of all possible combinations of the various techniques. It shows the 

various ways of initially finding the equaliser, by either adaptively inverting the 

channel, or adaptively identifying it and subsequently analytically inverting it. It 

also shows ways of tracking the equaliser, by for example tracking the channel 

itself and performing an analytic inversion as and when required, or tracking the 

equaliser directly. It is broadly split into full band techniques on the Idt and 

subband on the right, and also shows some "cross-over" paths where we may wish 

to change from subband to fullband processing, for either reasons of computational 

cost or to achieve a lower final MSE if the subband implementation is inadeqnate. 

Of course some paths are more useful than others- some we would rarely want 

to take- and the most desirable path or paths inevitably depend on many factors 

such as channel and equaliser length, the spectral dynamics of the channel as 

well as what the optimisation objectives are. Fractionally-spaced systems are not 

included in the diagram since in general these always perform better than symbol­

spaced systems, hence they should always be used. 
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The overall conclusions that we lllay draw from this work is that thc suhballcl 

technique has delllonstrated itself to he a powerful mcthod for red Hcinl,'.; tlH' COlll­

putational cost involved in tracking highly frequency-selective clu-l11nt'ls when' (h(' 

channel impulse response and required equaliser length are both long relative to 

the subband prototype filter length. For shorter ChcUlllds the advantag(~s diminish 

and in some cases the sub band solution is clearly undesirable. Another powerful 

feature demonstrated by the sub band method is itfi improved ability to track the 

equaliser of a fading broadband l\UIVIO channel at a lower computational cost. \Vc 

have seen that generally time-domain analytic inversion will result in the best MSE 

and BER performance, but frequency-domain inversion has a much lower associ­

ated computational cost. Finally, w~ have seen that fractionally-spaced subband 

adaptive MIMO equalisers are capable of providing the best MSE performance for 

highly broadband and hence frequency-selective channels at a reduced computa­

tional cost. 

7.2 Outlook 

A potentially interesting extension to this work would be the development of a di­

rect projection method from the subband time domain to the fullband frequency 

domain. Presently two steps are necessary in this conversion- i) converting the 

subband time representation into the fullband time representation using the equiv­

alent fullband method outlined in Section 5.3.2.1, and ii) converting to fullba.ud 

frequency domain through use of a FFT. By recognising that the subband repre­

sentation is already part of the way towards a fullband frequency domain repre­

sentation, since the signals are represented in the time domain but in a uUluber 

of discrete frequency bands, it becomes clear that it should be possible to convert 

these directly into the frequency domain within each subband and combinc the 

resulting responses so that the full band frequency representation results. 

Other fields of research that remain open to further investigation are areas such as 

the effects of spatial dynamics mentioned in Chaptcr 2, using the RLS adaptation 

algorithm in place of the NLMS which has been used through-out this thesis, and 

performing adaptation and/or signal processing in the frequency-domain. 

Much of this work used idealised channels or channels that are not specifically 

MIMO, but have been used as MIMO by implementing multiple SISO models. 

Whilst this was adequate for our purposes, it does not take into account any spatial 

effects that would arise from antennas that are physically located in close proximity 

to one another, and hence the sub-channels would display some correlation. It 
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would be interesting to model these spatial d~'nHmics and observe their df('ct ou 

the systems developed in this thesis. 

The adaptation algorithm used through-out this thesis has been bas('d on the 

NLMS. Another algorithm that was touched upon was the RLS. It. was considel'l'd 

in Chapter 3 but discounted due its greater potC'nt.ial for stability problems and 

computat.ional cost. It. would interesting, however, to further investigat.e the llSl' 

of this or other algorithms and try t.o overcome their problems, since the IlLS 

algorithm has a much greater potential adaptation rate and could pot.cnt.ially 

display far superior performance t.han has been shown in t.his t.hesis usiug just the 

NLMS algorit.hm. 

All t.he equalisat.ion techniques in this t.hesis have been performed in t.he t.illll'­

domain or subband-domain, t.hough even in the subband domain, signals HH' still 

represent.ed as time sequences wit.hin each subband. In Chapter 4, a method 

of calculating an equaliser in the frequency-domain was shown, but it. was ouly 

the calculat.ion it.self t.hat was performed in the frequency-domain; the resultaut. 

equaliser was still implemented in the time or subband domain. There is a large 

field of work however where any adapt.ations and the processing of the signals 

themselves are all performed ent.irely in the frequency domain. A possible avenue of 

investigation would be to study where there is an overlap between these techniques 

and those that have been studied in this thesis, and by taking the best or most 

promising parts of all t.hese methods, to create more superior still wideband MIMO 

equalisers. 



Appendix A 

Fading Channel Model 

A.1 Rayleigh Faded Doppler Fading Channel 

The fading caused by movement through space is Rayleigh, and by taking the 

speed of the MS into account we apply a smoothing or Doppler filter, because at 

normal speeds the MS is unlikely to move far enough in one symbol period for 

the fading coefficient to be un-correlated to previous ones. To understancl this we 

must consider the Doppler spread of a signal transmitted from a moving MS to a 

base station (BS), shown in Figure A.I. 

It is well-known that if the transmitter moves towards to receiver and the f-iigllal 

travels along the direct path the signal will experience a shift in frequency upward. 

The opposite is true if the transmitter moves away from the receiver. Thif-i f-ihift 

is known as the Doppler shift. However in the multi-path environment shown in 

Figure A.I there are several paths from the MS to the BS. Note that although 

all environments are almost always multi-path to some extent they may still be 

flat in the frequency domain, as the coherence bandwidth may be greater than the 

signal bandwidth. In this case, whatever the direction of movement it is likely that 

some of the signal paths may shorten by varying amounts, and so the f-iignal will 

experience an upwards Doppler shift, but some will lengthen by varying amounts 

and so will experience a downwards Doppler shift. The effect of this is that if 

a carrier frequency, fn is transmitted from the moving MS it will be Hprcacl by 

the Doppler effects, and a spread version will be received at the BS. The amount 

of spreading can be characterised in the frequency domain by an amount known 

as the Doppler spread, fd. The relationship between the Doppler spread and 

the symbol bandwidth determines whether the channel is termed Hlow-fading or 

fast-fading. If the Doppler frequency is much less than the symbol bandwidth 

the channel is slow-fading, and vice versa. In reality, most real channels used for 
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Fig . A .l: A MS moving through a multi-path environment. 
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mobile radio communication are slow-fading, and a fast-fading chann I would b 

very difficult if not impossible to adaptively track. The Doppler spread is dir ctly 

related to the speed of the MS , v , and the signal's carrier frequencY,!e, 

id = vic, 
C 

(A.1) 

where c = 3 X 108 mis, the speed of light. For example a MS t ransmitting at 1800 

MHz and moving at 120 km/ h will have a Doppler spread of 

+ 120 km/h x 1000 m/km x 1800 MHz x 106 Hz/MHz H 
Jd = = 200 z 

3600 s/h x 3 x 108 m/s ' 
(A.2) 

which means that if the symbol bandwidth is much greater than 200 Hz the channel 

will be slow-fading . From this it is possible to use the Doppler filter, through which 

a Rayleigh signal is passed, to create a Doppler Rayleigh faded channel envelope 

appropriate for the speed of the MS [23, 173, 174]. The power spectral density 

(PSD) of the Doppler filter depends on the azimuthal gain pattern of the antennas 

and the signal distribution as a function of the azimuthal angle of departure, but if 

we assume a vertical ),, /4 antenna, where the azimuthal gain is uniformly 1.5, and 

a uniform signal distribution then the PSD of the Doppler filter is given by [23] 

(A.3) 

and zero elsewhere. Note that as id -+ 00 then the channel becomes that of the 

unfiltered Rayleigh-fading model in Section 2.4.2.2. This PSD is shown graphically 

in Figure A.2. We may also perform Doppler filtering in the baseband, in which 

case we set ie = O. 
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To create the Doppler-filtered Rayleigh fading envelope, we use the approach 

shown in Figure A .3. The most computationally efficient way to perform the 

simulation to create the Doppler-filtered Rayleigh fading envelope is to multiply 

the spectrum of the Gaussian noise sources by the square root of Doppler filter 

PSD and then perform an IFFT to obtain the time-domain representation. The 

in-phase and quadrature are then vectorially combined. A further opportunity to 

reduce the computational load now arises as the spectrum of a Gaussian process 

is also Gaussian. Therefore rather than generating the Gaussian noise in the 

time-domain and then performing an FFT to transform this into the frequency­

domain we may simply use a scaled Gaussian signal directly as the spectrum. The 

Gaussian must first be multiplied by a factor of 1/ J2/s , to maintain a signal power 

of unity in the time-domain. This frequency-domain implementation is shown in 

Figure A.4. 
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Fig. A.4: A frequency-domain implementation of a baseband Doppler-filter - 1 

Rayleigh fading simulator. 

A problem with the PSD is that at the filter edges the PSD tend' to infinity. 

When we are performing any computations is discrete time, as is alway the ca e 

in digital signal processing, we must set the PSD at the filter edges to a finite value 

to make any computations involving the filter possible. A common approach i to 

calculate the gradient of the PSD just prior to the edges and to extend the slope 

to the band edge. We may then scale the whole response so that it result in unity 

power gain, unaffecting the power of any signal passed through it. I-Ience, assuming 

a normalised response with respect to fel , the edge coefficients, S( -.t~l, fet) , are given 

by 

(A.4) 

Using the previous example of an MS moving at 120 km/h and with f e = 1800 

MHz, resulting in fel = 200 Hz, we can now simulate using the frequency-domain 

simulator implementation a typical Doppler-filtered Rayleigh fading envelop for 

this MS , and this is shown in Figure A.5 . 

If we have a time-dispersive channel we may use several Doppler-filtered Rayleigh 

fading simulators in conjunction with the corresponding time-delays as shown in 

Figure A.6 , to produce frequency-selective fading effects. Each Rayleigh simulator 

must be independent of all others. The gains ao to aN are determin d by the 

impulse response discussed in Section 2.4.1. One of these channels would be needed 

for each element in H . 

Finally, other models exist that in some cases may prove more suited to the envi­

ronment we are attempting to characterise. For example, instead of the Rayleigh 

model we may use a Rician model [23] which is similar except that it also con­

tains a single line of sight component. However , in this thesis we will only use 
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an MS travelling at 120 km/ h. 
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Rayleigh-based models in simulations. 



Appendix B 

MIMO Capacity Derivations 

B.l Linear MIMO Capacity Increase 

Derivation to shown that the MIMO capacity, C, increases approximately linearly 

with the number of transmitters, Ai, assuming that P > NI where P is the number 

of receivers. 

C = 10g2 det (1M + :IHHH) , 
where 1M is an M x NI identity matrix. Continuing, we have 

Assuming the element of H are all complex Gaussian i.i.d. we have 

and assuming (J2 = 1, so 

E {C} 10g2 det (1M + iJIM ) 

10g2 (1 + ;I)M 
M 10g2 (1 + iJ ) 

~ M 10g2 (iJ ) for iJ » 1 

~ M [10g2 P - 10g2 MJ 
for p» M. 

Notice that the condition p » M is the same as the previous condition iJ » I, 

so this the necessary and sufficient condition for this to be a good approximation. 
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B.2 Limiting MIMO Capacity 

Derivation to find the limiting capacity of a MUdO system as AI tends to infinity. 

limA! --->00 lYflog2 (1 + -h ) 
1
. A!ln(1+fr) 
In1 A/---> 00 ln2 
1 l' In(1+fr) 
~ ImA!--->oo 111-1 . 

Both numerator and denominator tends to zero so we invoke 1 'Hopi tal '8 rule 

yielding 

1 r d/dM(ln(1+iJ )) 
ln2 ImM-->oo d/dM(M 1) 

1 l' 1/(1+p/M)'-pM-2 

ln2 ImM-->oo -M 2 

1;2limM--->oop/(1 + p/M) 
L 
In2' 



Appendix C 

Multi-channel MMSE Solution 

C.l Multi-Channel MMSE Equaliser - Regularised 

Pseudo-Inverse Equivalence 

The regularised pseudo-inverse takes the form (H{IHc + ,61)-1 H{l, where He is 

the convolutional matrix of the channel. vVe would like to show that the Wiener­

Hopf solution is equivalent to this and find an expression for,6. The following 

derivation is is valid for the time-domain representation described in Section 4.2.2. 

We simplify the derivation considerably is we assume Rx = I, i.e. unity power 

random white Gaussian inputs. Notice that the Wiener-Hopf solution places the 

inverses of the MIMO channel into columns, however we require the inverse to be 

in the rows therefore we must work with g;;". 

Hence performing the calculation of the columns of G one at a time, and exploit-
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ing the Singular Value Decomposition, He = USy H we have 

g~ ((HcRxH~ + Rv)tHcdrn)H 

d~H~ ((HcIH~1 + Rv) t 

dHHH (USyHYSHUH + R )t m e v 

d~H~ (USSHUH + Rv) t 

d~H~ (U(SSH + UHRvU)UH) t 

d~YSHUHU(SSH + UHRvU)-lUH 

(C.1) 

(C.2) 

(C.3) 

(C.4) 

(C.5) 

(C.6) 

d~YSH (SSH + UHRvU)-lS-lyHYSHUH (C.7) 

d~ (YSH (SSH + UHRvU)S-lyHrl H~ (C.8) 

d~ (YSHUHU(SSH + UHRvU)S-lyHrl H~ (C.9) 

d~ (H~U(SSH + UHRvU)S-lyHrl H~ (C.10) 

d~ (H~USyHYS-l(SSH + UHRvU)S-lyHrl H~{ (C.11) 

d~ (H~HcYS-l(SSH + UHRvU)S-lyHrl H~ (C.12) 

d~ (H~Hc(YS-ISSHS-lyH + YS-1UHRvUS-lyHrl H~I(C.13) 

d~ (H~Hc(I + H!Rv(H~{)t) -1 H~{ (C.14) 

d~ (H~Hc + H~IHcH!Rv(H~I)t) -1 H~! 
dH (HHH + HHR (HH)t)-1 HH m C C ell c c 

(C.15) 

(C.16) 

We have assumed that Rx = 1. In several steps we have exploited the fact 

that S-lSH = 1. In (0.1) we have used that (HcR:rH{,! + Rv)t is Hermitian. In 

step from (C.5) to (C.6) we have used (U(SSH + Ul!RvU)UH)t = U(SSl! + 
U HR vU)-IUH. In the step from (0.7) to (0.8) we have used YSI-I(SSII + 
UHRvU)-lS-lyH = (YSH (SSH + UHRI/U)S-lyHrl. Finally, in (C.14), (C.15) 

and (C.16) (H~)t is the zero-forcing pseudo-inverse of the Hermitian of the chan­

nel, which is quite easy to calculate. 

Hence we have proved the theorem with (3 = H~Rv(H~)t. Further if all the 

noise powers are the same, (T~ we have 

(0.17) 



Mathematical Notation 

General Notation 

h scalar quantity 

h vector quantity 

H matrix quantity 

h(t) function of a continuous variable t 

h[n] function of a discrete variable n 

Relations and Operators 

(-)F 
(o)H 

(of 
(-)* 
(-)¢ 

n 
(-)t 

£{o} 

n 
\7 

rank{A} 

tr{A} 

fractional representation 

hermitian (conjugate transpose) 

transpose 

complex conjugate 

polyphase representation 

para-hermitian (time-reversed conjugate transpose) 

pseudo-inverse 

expectation operator 

estimate 

gradient operator 

rank of A (number of linearly independent rows) 

trace of A 

Symbols and Variables 

6. delay 

A eigenvalue 

f-l step-size parameter, LMS algorithm 

f-l normalized step-size parameter, NLMS algorithm 

p signal-to-noise ratio 
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T 

w 

D 

~(z) 

A(z) 
B 

e[n] 
c 

C 

d[n] 
ern] 
h 

hmp[n] 
H 

G 

I 

K 

L 

M 

N 

P 

r 

rxd[n] 
R 

R 
§.(z) 

S.(z) 
S 

T 

us[n] 
urn] 
vtln] 
W 

Wopt 

x[n] 
y[n] 

variance 

delay / lag 

cost function 

(angular) frequency 

normalized (angular) frequency D = wTs, with sampling period Ts 

analysis filter bank 

analysis filter polyphase matrix 

Channel-equaliser response 

weight error vector 

samples from a Gaussian random variate 

capacity, computational complexity 

desired signal 

adaptive filter error signal 

8180 fiat channel gain 

channel response between transmitter m and receiver p 

MIMO channel matrix 

MIMO equaliser matrix 

identity matrix 

number of subbands 

adaptive filter length 

number of transmitters 

decimation factor 

number of receivers 

correction co-efficient 

cross-correction between x and d 

auto-correlation matrix 

up / downsamping factor for fractionally-spaced equalisation 

synthesis filter bank 

synthesis filter polyphase matrix 

number of multi-channel adaptive filter inputs 

number of multi-channel adaptive filter outputs 

multi-channel adaptive filter input 

adaptive filter state vector 

multi-channel adaptive filter output 

adaptive filter coefficients vector 

optimum coefficient vector 

MIMO channel output 

MIMO channel output 
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