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This work presents various aspect of the analysis of nonlinear dynamical single-degree-of-
freedom (SDOF) systems possessing two example polynomial-type restoring forces. The first is
a lesser known purely nonlinear, single-term expression containing both the signum function and
absolute-value function, thus possessing the property of becoming non-Lipschizian at specific
system equilibrium points if the real but positive polynomial exponent is set to values smaller
than one. The second restoring force corresponds to the well-known Duffing-type. For both au-
tonomous conservative systems extreme values of the response and oscillation frequency are ob-
tained in terms of exact analytical expressions. Solutions for the phenomena of multiple harmonic
frequency components are given, and nonlinear shock response spectra readily applicable to accu-
rate response prediction in practice are presented.

Time-varying exact closed-form solutions for both autonomous systems, either single or mul-
tiple term, are derived. Employing the concept of differential transformation (DT) a set of algebraic
equations is obtained that models the generalised dissipative nonautonomous time domain re-
sponse behaviour. The results obtained from both analytical approximate methods, single/multiple
term solutions and DT, are compared to direct numerical integration Runge-Kutta routines. It is
shown that excellent agreement exists for both sets of results and that the newly derived meth-
ods are capable of even exceeding accuracy and computational performance of various commonly
used Runge-Kutta algorithms. Solution expressions for the transient nonconservative SDOF sys-
tems are readily applicable to multi-degree-of-freedom (MDOF) systems. A rigorous uniqueness
and stability analysis carried out for the oscillatory models considered in this work ensures that all

of the obtained solutions are valid and feasible within their respective domain of definition.



Do not look back and ask why,

look forward and ask, why not.

— H.L. Becker
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NOTATION

The following lists are intended to give a brief overview of almost all of the variables and sym-
bols used. In the rare case of symbols omitted in the tables below, their mathematical denotation
becomes clear from the context of usage. It should be noted that a general agreement made is that
small bold face Latin and Greek letters designate vectors enclosed by curly brackets {...}, whereas
capital bold letters refer to matrices confined in square brackets |[...]. A brief description of various

special functions used in this work is given in appendix B.

Parameters and Variables

Dy Polynomial discriminant n/a
H Hessian matrix n/a
I Identity matrix n/a
J Jacobian matrix of first-order partial derivatives n/a
P(t) =pop(t) External forcing function N
T General oscillation period s
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&1 Oscill. period - impulse, fo(u) system s
Th Oscillation period - step excitation s
el h Oscill. period - step, f1(u) system s
6l H Oscill. period - step, fo(u) system s
V (u) System total energy function Nm
Viin (1) Kinetic energy Nm
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X; Matrix eigenvector
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A Matrix eigenvalue
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CHAPTER

INTRODUCTION

1.1 Dynamical systems

The mathematical investigation of dynamical systems prior to Poincaré’s studies in the 1880s
mainly concentrated on obtaining analytical solutions to the governing difference, differential or
integro-differential equations. Many great names in analysis are associated with these studies -
Leibnitz, Newton, Euler, Gauss, Lagrange, Jacobi, Laplace, Lie and, of course, Poincaré, amongst
numerous others. With dynamics being originally a branch of physics, the subject began in the
17th century when Leibnitz and Newton formed a coherent concept of calculus and, subsequently,
Newton solved the two-body problem.! Following generations of mathematicians and physicists
tried to extend the analytical methods of Newton to the three-body problem but after decades of
effort Bruns proved in 1887 that the problem was essentially impossible to solve in terms of ob-
taining closed-form, analytical expressions for the motion of the three bodics. In 1898 Painlevé
extended Bruns’ theorem to n-bodies and at this point, if not even before, it became utterly clear
that solving all dynamical systems in terms of indefinite integrals involving elementary functions
and uniformly valid power series was not possible. This fundamental discovery led to the conclu-
sion that other approaches must be developed to understand the secrets hidden within the dynamic
equations. These first two hundred years of scientific philosophy, from Newton, Leibnitz and Euler
through to Hamilton and Maxwell produced with great success many brilliant formulations of "the
rules of the world", but only very limited results in finding their solutions.

The breakthrough came with the work of Poincaré, who introduced an entirely new point of
view that emphasised the extraction of qualitative rather than quantitative information out of the

governing equations. Many of his ideas were subsequently refined and amplified by others but

DThe problem of calculating the motion of the carth around the sun, given the inverse square law of gravitation
between them.



1. Introduction

the genius of his imagination and insight can hardly be overstated?) Mathematicians extended his
concepts to such areas as topology, dimension theory, asymptotic series, and bifurcation theory, to
name a few. Many great names associated with the area of system dynamics built on the wealth
of his ideas and produced a variety of new concepts. Amongst them in the first half of the 20th
century were van der Pol, Duffing, Andronov, Littlewood, Cartwright, Levinson and Smale, pi-
oneers in the invention of new mathematical techniques for the analysis of nonlinear oscillators
in radio and radar technologies. Meanwhile, in a separate development, the geometric methods
of Poincaré were being extended to yield a much deeper insight into classical mechanics, led by
the work of Birkhoff, Kolmogorov, Bogoliubov, Krylov, Mitropolsky (’Averaging Mcthod of Per-
turbation Theory’), Amol’d and Moser who studied the complex behaviour of Hamilton systems.
With the digital computer in the 1950’s a new tool of analysis came on to the scene and the semi-
numerical studies of lattice dynamics by Fermi, Pasta and Ulam are probably the most well-known
of this time. Many excellent ideas still heavily in use today originate from this decade, amongst
them Hopf bifurcation and the KAM theory (Komolgorov-Arnol’d-Moser). The 1960’s and 70’s
relied more and more on the use of computers enabling scientist to perform in-depth studies of the
nature of selected dynamical systems using numerical simulation. Although predicted by Poincaré
in his investigation of the famous three-body problem, Lorenz delivered the first direct proof of de-
terministic chaotic behaviour for a simple nonlinear system. This was taken further by Mandelbrot
and others to form the theory of fractal structures. From the late 70’s to the late 90’s a whole new
range of concepts emerged ranging from strange attractors, self-organisation of matter, solitons,

homoclinic bifurcation sequences in chaotic systems to cellular automata (Conway, Wolfram).

In the same context with the work of Poincaré, the stability concept of Lyapunov must be
mentioned. Problems of stability appear for the first time in mechanics during investigation of an
equilibrium state of a dynamical system. Although various approaches to the problem have been
introduced as early as in the 17th century by Torricelli and were later considerably extended by
Lagrange (1788), the publication of Lyapunov’s thesis in 1892 marks a watershed so that scien-
tists today divide the history of motion stability into pre-Lyapunov and post-Lyapunov periods.
Earlier contributions to the subject by Maxwell (1868), Vyshnegradsky (1878), Routh (1877-84)
and others were significant and a few concepts are still important today. But the main shortcoming
of the researchers of those times was that in their analysis of perturbed dynamical systems they
considered only the linearised equations of the perturbed motion and did not take into account the
influence of higher order, nonlinear terms. As will be seen in subsequent chapters of this work,
systems with identical linear but different nonlinear components do not share a single grain of
common property with respect to motion stability, even if the value of the nonlinear term is very
small compared to the linear, and the motion of the nonlinear system differs only insignificantly

from the motion of its linear counterpart. It is impossible to summarise all the ideas Lyapunov

DPpoincaré was also the first person to glimpse the possibility of chaos, in which a deterministic system exhibits
aperiodic behaviour that depends sensitively on the initial conditions thereby making long-term response prediction
extremely difficult. However, this must not be confused with random systems or stochastic processes. The entire future
of a deterministic-chaotic systems can still be calculated, although for almost all cases by means of direct numerical
integration.
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introduced into the theory of motion stability, but two fundamental results are important to point
out since they are essential for understanding the very basics of the entire approach. First, Lya-
punov provided a rigorous definition of motion stability. Althoﬁgh this seems plain and simple,
the absence of such a definition had often caused severe misunderstanding since the motion of a
system can be stable in one sense but unstable in the other. Secondly, he suggested two main meth-
ods for analysing stability problems of motion, of which the second of these methods, also called

"The Direct Lyapunov Method’, is today known as a standard procedure due to its simplicity and

efficiency.

As with the idcas of Poincaré, Lyapunov’s theory was developed in various directions by
following generations of rescarchers. Further analysis methods were investigated and original re-
sults obtained by Lyapunov were determined more precisely. The theory of motion stability is far
from complete at this time and current research is concerned with effects of large perturbations
of initial conditions, time-dependent perturbations, as well as perturbation in finite time intervals
and under random forces. Both concepts of Poincaré and Lyapunov together with the contribution
of so many others throughout the last century are now the very foundation of dynamical systems
science and until today nonlinear dynamics with its numerous different branches such as chaos
theory, nonlinear control, neural network dynamics, etc., has not lost any of its early attractions

and ongoing research is more vital than ever.

1.2 Basic concepts

One of the aims of this work is to make it also accessible to the interested reader who is not partic-
ular familiar with the subject of nonlinear dynamical system analysis and it is therefore essential
to express the quite complex matter as simple as possible. This rather elementary objective is not
easily achieved, and before deécribing the content of the thesis a few fundamental concepts of the

mathematical theory behind the analysis of dynamical systems must be explained.

A dynamical system is made of two basic components: a rule or "dynamic", specifying how
the system evolves, therefore sometimes called ’evolution equation’, and an initial condition or
"state" from which the systems starts. In mathematical terms this is referred to as ’initial value
problem’, or IVP.?) By far the most successful class of rules for describing real-world phenom-
ena are differential¥ or difference equations. The term ’differential® refers to evolution equations
of systems having a continuously defined independent variable whereas difference equations, also
known as iterated maps, arise in problems where the independent variable takes on discrete values.
The work described herein solely investigates nonlinear explicit ordinary differential equations

(ODE) with time as the independent variable. In this context, by definition, *ordinary’ refers to

I1n contrast to boundary value problems (BVP), where the state of the (not necessarily dynamic) system at the
boundary of the independent variable domain of definition is partially known.

“This includes differential-algebraic equations (DAE) which are a more general form of explicit ordinary differential
equations (ODE). Both DAE and ODE belong to the group of implicit differential equations. Sometimes the use of
implicit and explicit is not consistent and the term ODE refers to both. However, there is a strict mathematical distinction
to partial differential equations known as PDE.
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equations with only one independent variable. It is worth pointing out that the term ’nonlinear’
or ’nonlinear dynamical system’ is not uniformly used throughout literature. For example, linear
parametric equations are frequently included in studies of nonlinear oscillators, whereas nonlinear
equations which are known to be linearisable by transformation, e.g. *quasilinear’ partial differ-
ential equations, are sometimes considered to be linear. In order to avoid any misunderstanding, a
linear operator E[x(t)] for the vector functions x(¢) and y(¢) is defined such that linear superpo-

sition for any two constants ¢; and ¢y holds
Llerx(t) + cay(®)] = L[x@)] + 2 LIy(t)],  tier,eo € R x(t),y(1) € R,

given x(t) and y(t) satisfy the appropriate regularity properties® By virtue, a nonlinear operator
N [X(L)] is then defined to be any operator which does not satisfy the above equation for some
constants ¢, ¢z or some functions x(t), y(t) € C”. The order r of the operator defines the order

of the differential system.

The classical theory of ordinary differential equations has a long and traditional history in
mathematical science. Fundamental relations of this theory make it possible to study all evolution-
ary processes that exhibit the properties of determinacy, finite-dimensionality and differentiability.
To be more precise, a process is called deterministic if its entire past and its complete future course
are uniquely determined by its present state®) The solution x(t) of a differential equation can be
thought of as a time-parameterised, continuous curve starting at the initial values x (¢ = §) em-
bedded in an n-dimensional vector space IR”, the so-called phase space. Depending on the specific
context, this path of evolution is also called integral curve, orbit or trajectory. In other words, the
phase space is the set of all states of the process. Contrary, the real-world physical space of the
dynamical system is frequently referred to as the configuration space”) In the work presented
here the phase space has the form of an Euclidian space E* of dimension 7, thus, the associated

distance between any two points is expressed by the Euclidian norm or metric

A process is called finite-dimensional if its phase space is finite dimensional, i.e. if the number
of parameters needed to describe its states of evolution is finite®) In recent years it became practice
to refer to all other variables apart from time ¢ and the solution x(¢) itself as control variables.

Logically, the m-dimensional set of control variables is the control space.

Nf L [x(t)] is a differential operator of order », then both functions need to be C"-continuous, i.e. r-times differen-
tiable.

9 A semi-deterministic process is the propagation of heat since its future is determined by its present but the past is
not. Nondeterministic processes are usually ascribed to quantum mechanics, but recent publications have shown that
exactly the same phenomena can occur in classical mechanics. See chapter 2 for details.

Clearly, depending on the mechanical system under consideration this space can be one-dimensional (straight line),
two-dimensional (planar) or three-dimensional (spatial).

¥ Obviously, this is not the case for space-continuous systems such as vibrating strings, beams and membranes or
the motion of fluids. Such systems requirc PDEs for a complcte (but simple) mathematical description of their physical
behaviour.
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A process is called differentiable if its phase space has the structure of a differentiable man-
ifold, and the change of state of the dynamical system with time is described by differentiable
functions. Colloquially speaking, a manifold is a collection of patches sewed together in some
smooth way. Each patch is represented by a paramelric equation and the smoothness of the sewing
means that there are no cusps, corners, sharp edges or self-crossings?) The differentiability of the
manifold ensures that no global coordinate system is needed for exercising calculus. More specif-
ically, the differentiable manifold allows the definition of a globally differentiable tangent space
and thus makes it possible to introduce differentiable functions and differentiable vector fields,
which are frequently termed as the *flow’ of the dynamical system.

If time appcars cxplicitly in the dynamics or flow of the system then the oscillator is termed
nonautonomous, otherwise it is called autonomous. Despite the fact that it is possible to rewrite
any nonautonomous system defined in R” as an autonomous system in R***, this mathematical
trick has not been used in here. Although an ’extended phase space’ of dimension n + 1 seems all

too natural for nonautonomous systems, the method ignores the physical distinction of the time

variables.!9

Building on these basic concepts of dynamic system analysis many more definitions will be
introduced in the following chapters of the thesis. However, it is fair to assume that familiarity

with the above ideas should make it significantly easier to understand them.

1.3 Thesis outline

Chapter 2 of the thesis gives a comprehensive but by no means complete review of previous work
in the field of nonlinear dynamic systems analysis, mainly related to structural mechanics. It covers
not only topics to which contribution is made in here, such as extreme response or time domain
analysis of nonlincar systems as discussed in section 2.2, the chapter also aims to shed some
light on rather fundamental problems of the field. Section 2.3 for instance addresses the important
aspects of existence and uniqueness of nonlinear solutions and thereby incorporating the latest
findings on identifying nondeterministic, chaotic systems. However, the main emphasis of the
literature review is placed on the most controversial branch of nonlinear system dynamics: the
search for explicit, analytical exact or analytical-approximate time domain solutions. It is sec-
tion 2.4 which reviews the efficiency and accuracy of various methods introduced throughout the
last 50 years, and attempts to relate them to a new and recently developed approach which has
been successfully expanded.

Significant progress has been made since the late 1960s when first expressions for extreme
value response of a few nonlinear single-degree-of-freedom (SDOF) systems were given. Chap-

ter 3 builds on these early contributions but derives new and far more general expressions, which

YA one-dimensional manifold is, for example, an infinite straight line, a circle or an ellipse. The surfaces of an
infinite cylinder or the unbounded real planc are examples of two-dimensional manifolds, likewise arc the surface of a
sphere or a torus.

'""The method provides a very effective way of rewriting a harmonically forced, linear second-order oscillator as a
nonlinear, autonomous, three-dimensional first order system. Thus, it becomes possible to associate certain properties
of forced linear systems to autonomous nonlincar systems.
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makes it possible to incorporate a much broader range of autonomous oscillators under several
different conditions. However, an essential part of the chapter deals with the rather difficult task
of éstablishing cxistence and uniqucness of a non-Lipschitzian oscillatory system!" Tt will be
shown how both Lyapuﬁov’s second theorem and Morse theory can be applied to prove that the
nonconservative system is stable in the entire phase plane.

Building on the these extreme value response solutions, chapter 4 is devoted to the time do-
main analysis of autonomous non-dissipative systems. Exact analytical expressions for the Duffing
oscillator are presented in section 4.2 supposing the freely vibrating system is subjected to general
initial conditions. Explicit ranges of feasibility for each analytical solution are given which have
been obtained in conjunction with the motion stability analysis of chapter 3. For the step excited
SDOF system possessing one of the two nonlinear restoring forces considered in this work, various
single-term analytical-approximate solutions are derived in section 4.3. Accuracy and efficiency
of each expression heavily depends upon the system control parameters and a detailed comparison
is included in the analysis. Section 4.4 significantly extends the approach to multi-term analytical
approximation solutions. In particular, a modified and enhanced Bubnov-Galerkin procedure is
presented together with a Picard integral iteration scheme. Both methods are compared to com-
monly available Runge-Kutta direct numerical integration algorithms.

Chapter 5 introduces a significant transition to nonautonomous oscillators and builds on the
results of a recently published analytical-approximate solution algorithm called Taylor Differen-
tial Transformation (TDT). The approach is highly versatile and applicable to all types of linear
and nonlinear systems. Two versions of the method are presented in section 5.2, together with ap-
pendix C, and both arc compared to exact analytical results from chapter 4 as well as Runge-Kutta
procedures. This initial evaluation of the method’s suitability for highly nonlinear and transient
systems makes it possible to obtain analytical-approximate solutions for nonconservative SDOF
oscillators subjected to blast excitation.

A brief summary and evaluation of the thesis results are given in the last chapter. It empha-
sises the improvement and progress of existing methods and newly derived solutions in this work.
But equally important, it clearly indicates various restrictions of the novel methods and makes
an attempt to point out important questions and yet unsolved problems which require significant

future research effort.

1.4 Thesis objectives and contribution

It is an agreed fact throughout modern science that almost all real-world phenomena are nonlinear.
Morcover, it has been acknowledged since the days of Newton and Euler that even very simple
processes in nature cannot satisfactorily be characterised by the linear law of superposition. In
the past, the description of these processes using linear differential equations has been viewed as
sufficient in the majority of circumstances, but with the increasingly rapid advances in sciences and
technology, these simplificd mathematical models appear more and more inadequate in capturing

and understanding complex real-world problems. It is therefore the most logical step to leave

"D A precise definition of the term is given in section 3.2.
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behind the realm of linear analysis and start focussing on the rich and sheer endless possibilities
offered by a world of nonlinear dynamical analysis.

It can be seen as the foremost objective of this thesis to add a small contribution towards this
transitions by publishing solutions which can be readily put to work for investigating the response
behaviour of a large family of geometrically nonlinear oscillators. Burt the thesis provides a little
more than that. Not only does it show how these novel results must be classed compared to past
and present research, it also tries to put them on a sound basis using both celebrated and lesser
well-known nonlinear analysis methods developed by numerous rescarchers in the past. Several of
these methods have never been applied before to any of the systems discussed here. Some required
little adjustment, for others substantial modifications were necessary in order to make them fully

suitable to the problems considered.

Although this work is essentially concerned with the investigation of two geometrically non-
linear SDOF systems having both polynomial-type restoring stiffness forces, the majority of newly
derived expressions and subsequently obtained response results are applicable to an cntire fam-
ily of nonlincar systems. Moreover, the fundamental contributions towards obtaining analytical-
approximate time domain solutions for highly transient, nonlinear oscillators has been presented in
such a form that enables iimmediate application to multiple-degree-of-freedom (MDOF) systeins.

In particular, this work contributes in the following areas:

» Based on an energy conservation approach for Hamiltonian systems the methods for calcu-
lating single nonlinear response values have been expanded, thus explicit analytical expres-
sions are derived for extreme'? displacement, velocity and acceleration under generalised
autonomous excitation. Whereas previously only nonzero initial values or impulse/step ex-
citation were permitted, it is now possible to predict the SDOF system behaviour when the
oscillator is subjected to both conditions simultaneously. This makes it easy to obtain non-

linear response spectra for precise and effective prediction of system behaviour in practice.

+ Using these new results a second integration of the planar system trajectory with respect to
time leads to closed-form expressions for the nonlinear oscillation frequency of the period-
ical system. These expressions have been successfully solved in terms of Jacobian elliptic
functions. Moreover, a detailed analysis of the domain of definition of the independent time
variable reveals the existence of multiple oscillation frequency components which are in
perfect agreement with previously predicted results from numerical Fourier transformation

reported elsewhere.

+ In analogy to the association of a hyperbola with the canonical form of a planar Hamilton
system in the (linearised) vicinity of an unstable equilibrium point, it is proved that the
eigenvectors of the linearised system at a degencrate or non-degenerate but stable fixed point
are identical to the slope of the diameters of an ellipse representing the invariant integral

manifold of the system.

'"D1n the sense of minimum and maximum.
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+ Two separate methods are introduced for establishing the existence and uniqueness of a non-
Lipschitzian, nonlinear, polynomial-type restoring stiffness force. The first one is based on
a combination of Picard iteration and rccently published results for terminal systems. Sig-
nificantly, instead of employing the Lipschitz conditions for the j-th state-space derivative
of the nonlinear flow, it is suggested that Peano’s theorem can be used for the more complex
cases where the j-th derivative does not satisty the Lipschitz criteria. The second method is
based on the application of the Brauer-Sternberger theorem and takes advantage of the fact
that for the system under consideration the Hamiltonian can be chosen as stability function

which makes the procedure very effective.

« Significant contribution is made in this work towards establishing analytical and analytical-
approximate time-domain solutions for a large family of nonlinear oscillators. These previ-
ously unpublished results include expressions for autonomous and nonautonomous, noncon-
servative SDOF systems. In comparison to widely employed but purely numerical solution
methods, all of the new approaches show great versatility and considerably increased accu-

racy.

To summarise, the thesis builds on a variety of established results, some are well-known others
have been published very recently, extends these methods further and derives a number of new

applications immediately accessible to researchers and engineers alike.



CHAPTER

REVIEW OF PREVIOUS RESEARCH

2.1 Introduction

Although the study of nonlinear oscillation received its first scientific and engineering attention
slightly more than a hundred years ago, the amount of publications on this truly multidisciplinary
subject is immense. Several reasons can be identified. Firstly, time varying nonlinear systems are
of interest to a large research community spreading from the most fundamental discipline of all,
mathematics, to all kinds of subjects in science and engineering. In fact, one of the first reasons for
deriving a mathematical theory for nonlinear systems were unsolved problems in celestial mechan-
ics, formulated, but not satisfactorily solved by scientists thronghout the last centuries. Secondly,
with the significant advances in physics, chemistry and engineering in the 19th and 20th century,
even more complicated nonlinear dynamics problems arose. Thirdly, with the emergence of circuit
and systems theory in electrical engineering in the 1950’s, the generation of nonlinear oscillation
problems seemed endless. However, it was this very advance which brought the nonlinear research
community one of their most valued tools: the digital computer)) This suddenly enabled scientists
to make use of highly appreciated numerical algorithms developed more than half a century ear-
lier but previously not suitable for hand-calculations [1,2]. A fourth reason lies clearly within the
amount of phenomena discovered in nonlinear systems in a rather short amount of time compared
to other disciplines. These include amplitude dependent frequencies, multiple frequency response,
solution bifurcation, ctc., just to name a few. Most worthy to mention is the much celebrated recent
discovery of deterministic chaos. Causes for the many of these events are not yet fully explored
and research is far from completely characterising any of the phenomena, although some have
been revealed over the last fifty years. Finally, as the fifth and last reason in this incomplete se-

DIn the 1940’s and 1950’s numerical computations were performed on analog computers.
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lection, there is the constant discovery of new aspects of nonlinear behaviour across all scientific
fields. The recent occurrence of the so-called "terminal systems’ is a good example.

The literature review presented in this chapter focuses mainly on vibration in structural sys-
tems. Since the thesis examines strongly nonlinear oscillations of conservative and nonconserva-
tive systems duc to free vibration and external forcing, the majority of the cited references deal
with this subject. The following section 2.2 details some publications which mainly focus on meth-
ods predicting minimum and maximum values of displacement and velocity for nonlinear systems,
a few even account for calculating the true nonlinear oscillation frequency. It is worth mentioning
that these concepts have been the first application of nonlinear oscillation theory in mechanical
engineering. Scction 2.3 presents recently published results for a special type on nonlinear oscil-
lator, so-called terminal systems. These will become important for establishing the uniqueness of
analytical solutions in chapter 3, where the differential equations of the oscillator under consid-
eration do not satisfy commonly used but strict uniqueness conditions. In the last two decades
most of the publications deal with schemes to derive the nonlinear response time-history even if
the system is highly nonlinear. Since these approaches are usually based on modified established
methods for quasi-lincar or weakly nonlincar systéms, section 2.4 lists papers briefly describing
these much celebrated conventional methods before starting to explain and reference important
changes. However, the nature of dynamical response makes it necessary to differentiate between
steady-state and truly transient system behaviour.

It is important to point out that none of these lists of references regarding any of the topics
in scction 2.2 to 2.4 claims to be exhaustive. Each one should merely be seen as a selection of
publications specifically chosen for each individual topic under study in later chapters of this
work. Listing all available references is certainly beyond the scope of this work and hence some

specific selection has taken place.

2.2 Extreme response values of nonlinear systems

With its unique properties of accumulating, preserving and redistributing all externally ascribed
energy in a strict linear manner, conservative dynamical systems can be analysed in various ways in
order to extract closed-form solutions for essential response parameters even in case of highly non-
linear restoring force characteristics. In the special case of autonomous SDOF oscillators explicit
analytical results for extreme values of displacement, velocity and acceleration can be derived uti-
lizing this energy approach. Furthermore, due to the constant vibration amplitude if no explicitly
time-varying forces are present in the system, nonlinear oscillation period and frequency can be
obtained from first-integral type equations for the system representing the total energy at all time.
Although the approach appears to be quite simple in its fundamental concept, difficulties soon
arise in solving complex integral expressions even for well-known and clearly structured restoring
forces such as the nonlinear pendulum [3] or Duffing-type equations [4]. This made it necessary
for previous researchers to introduce certain assumptions, more or less consistent with the physical
situation at hand, in order to confine the complexity of the problem and the governing equations,

reducing them to types more easily accessible and solvable. The most obvious approach for sim-

10
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plifying complicated real-world problems is, without any doubt, linearisation. Although for many
physical models this is a stark idealisation, the solution is obtained by superimposing the results
of all of its individually analysed (linear) parts, a method inapplicable for the original nonlinear
problem in question.

One of the first approaches aitned towards such simplification was introduced by Ergin [5],
who approximated the nonlinear force-displacement function by a bilinear characteristics under
the condition of minimising the mean-square error between both. Thomson [6] solved a special
case of Ergin’s general formulation with constant stiffness coefficients for specific ranges of dis-
placement of the linearised system. In [7] Bapat et al obtained force and stiffness normalised max-
imum displacement values for Duffing-type conservative oscillators subjected to constant force
magnitude excitation using the method in [5]. The authors correctly point out that these results can
also be applied to the same system subjected to other pulse excitation shapes, but only if the pulse
duration is shorter than the time required for the systém to reach its first peak displacement. This
seriously limits the usability of the approach in [5] for producing shock spectra for a wide range
of nonlinear systems. As will be derived later in chapter 3, knowing only the mass and stiffhess
parameters together with the magnitude of the applied force onc cannor predict the oscillation
frequency of the nonlinear system a priori . Hence, shock spectra presented in [7] have to be used
with caution if applied to time varying impulses as suggested by the authors. Analysis of various
polynomial nonlinear restoring forces, amongst them the hardening Duffing stiffness type [4], the
same authors presented extreme displacement solutions obtained from a truly nonlinear analysis
by cvaluating the governing diffcrential equations [8,9]. Unfortunately, results can only be applicd
to systems with zero initial values, and hence, system response due to impulse excitation or free
vibrations remain unknown. Furthermore, no stability considerations are derived and it is therefore
difficult or nearly impossible to estimate the range of system parameters feasible for the results
given.

Using the so-called direct linearisation method, a modification of [5] introduced by Panovko
[10], Bapat et al [11] yield approximate expressions for maximum response values of periodic
systems. Together with a superposition method [12] the authors obtained nonlincar oscillation
frequency approximations for frecly vibrating SDOF systems with hardening stiffness type char-
acteristics. An attempt to approximate the response of nonconservative systems, results of [8, 9]
were extended in [13], allowing for the prediction of maximum displacement values of linear
viscously damped systems having Coulomb friction. Approximation for the nonlinear oscillation
frequencies were repeatedly obtained using [10]. However, the oscillator must possess zero initial
conditions and results are only applicable for hardening-type stiffness functions since the total en-
ergy of the system remains unbounded by the proposed scheme and hence stability for the majority
of nonlinear oscillators cannot be assured. Timoshenko et al [3] briefly gave solutions for the free
vibration of polynomial-type restoring forces with intcger value exponents. Hundal [14] presented
maximum displacement and acceleration ratios for systems with quadratic damping subjected to
rectangular impulses of finite duration. Solution of the nonlinear problem is a two-stage process.
First, the author obtained response values during the pulse loading using numerical integration.

The subsequent free vibration of the system was obtained using various analytical-approximate

11
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methods listed above.

Obtaining an analytical solution for the autonomous, freely vibrating’ Duffing oscillator by
Fourier expansion, Tamura and Matsuda [15] considered the influence of the relative error accu-
mulation in single and double precision computation. The authors proposed suitable combinations
of numerical computation algorithms together with approximation formulae in order to calculate
the exact solutions to the nonlinear problem with the most reasonable accuracy under a variety
of parameter conditions. Tamura and Li [16] used a very similar method to obtain approximate
analytical solutions? for the free vibration of a quadratic-type hardening spring. The Fourier co-
cfficients are obtained numerically bearing in mind the error considerations from [15]. In two
subsequent papers [17,18] Tamura et al derived approximate analytical expressions converging to
the (yet unknown) exact solutions of a single-term cubic stiffness oscillator [17] and the complete
Duffing-type stiffness system [18] having all polynomial terms (zero to 3rd order) present. This
was achieved by rewriting the original governing differential equation in forms for which solu-
tions haven been previously obtained [15, 16] utilising a bilinear transformation specially suitable
for the specific nonlinear system under study. Approximations were given as a Fourier series in
terms of periodic trigonometric and hyperbolic functions where only uneven elements are retained.
However, as will be shown in this work, the above problem does not exhibit multiple oscillations
frequencies if expressed using Jacobian elliptic functions. In [19] the author Lin considerably im-
proved previously presented results for approximation of the oscillation frequency by He [20-22]
for a Duffing-type stiffness equation which features the linear and a fifth-order polynomial term
in the displacement. Whereas He used linearised or parameterised perturbation techniques and
a variational iteration method, respectively, Lin employed a new parameter iteration method for
showing that, even if the nonlinearity in the governing equation is non-small, the approximating
expression of the oscillation period of the system converges asymptotically to the exact solution,
contrary to He, where the frequency approaches a constant depending on the amplitude of oscil-
lation and the nonlinear stiffness ratio, independent of the number of performed iterations. In a
subsequent series of publications [23-29] He presented a variety of methods applicable to both
weak and strong nonlinear systems. The larger part of these newly derived approaches were actu-
ally modifications or combinations of established concepts of nonlinear analysis tailored to cope
with non-universal requirements of specific problems. Similar to {30] where the author applied the
method of harmonic balance (HBM) [31] to the energy equation of a Hamiltonian system, rather
than to its governing equation of motion.

A number of these techniques have also been applied to multiple-degree-of-freedom (MDOF)
or space continuous systems using diverse spatial discretisation methods. For example, Ribeiro and
Petyt use the HBM in connection with finite elements to analyse internal resonance phenomena of

uniform beams [32] and isotropic [33-35] as well as laminated plates [36-38].

21t seems to be common practice in numerous articles to term newly derived solutions as ’exact’ although they are
expressed in various forms of series approximations. It is true that these approximations resemble the exact solution
for an infinite number of series elements. However, as is casily understood, this is impossible for the application to real
physical problems where for computational reasons a series expansion must be finite. Hence, a small error is introduced
and the solutions can no longer be referred to as exact. Surprisingly, the vast majority of articles easily interchanging
the terminology for "exact’ and ’approximate’ do present such error estimations for their obtained results.

12
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The majority of recently published papers dealing with extreme value response also include
approximation techniques for modelling time domain behaviour of the nonlinear system under
consideration. Tiwari et al [39] gives frequency-amplitude relations for the Duffing-harmonic os-
cillator introduced by Mickens [40], assuming a single-term solution and utilising the Ritz pro-
cedure for the nonlinear oscillator [41]. Phase space plots show significantly increased accuracy
for the time history solution compared to [40,42]. Cveticanin [43] analysed the energy function
of a system with linear and quadratic stiffness terms giving limits for the initial energy and ex-
treme response values. By examining a modified perturbation technique presented in [44, 4519
Sanchez [47] can prove, contrary to the author’s statement in the original articles, that the error in
the method becomes unacceptable for large valucs of the nonlinear stiffness cocfficients. In fact,
solving the same problems with the well-established method of multiple scales leads to similar
results.

The above list of recent publications from [39] to [47] is by no means exhaustive. Numerous
other authors essentially contributed to this field of nonlinear dynamics. Since time domain solu-
tions and extreme value results are not always clearly separated in more contemporary reportings,

the majority of these researchers will be mentioned in scction 2.4 of this chapter.

2.3 The problem of existence and uniqueness of solutions

Occurrence of one of the most exciting phenomena in nonlinear system response, chaos, had al-
ready been anticipated at the beginning of the last century. The first true experiment on chaos
was the numerical investigation of the famous Lorenz system [48], used for modelling thermal
convection in the earth’s atmosphere in order to improve weather prediction. Although the system
of three first-order ordinary differential equations is rather simple, Lorenz discovered exponen-
tial divergence of the solution evolution over time despite nearby initial conditions. Since then
chaos theory became a new field in science and engineering [49]. The amount of publications in-
vestigating the simple system Lorenz first described in 1963 is tremendous, let alone the countless
number of journal articles, proceedings and books dealing with chaotic system dynamics across all
fields. However, it has only been in the recent decade that a new type of chaotic system behaviour,
so-called terminal dynamics [50-55], has been brought to the attention of a growing number of
researchers.

Lorenz-type behaviour in the chaotic parameter regime is characterised by the inherent non-
linearity of the system, which spreads any initial uncertainty across the entire range of the strange
attractor. Colloquially speaking, this can be scen as a global property of the oscillating system
whereas locally the dynamical uncertainty in the phase space is related only to the uncertainty of
the variables in the configuration space. In contrast, piecewise deterministic or terminal dynamical
systems are forced into nondeterministic chaos by local instabilities of the governing differential
equations. Furthermore, terminal systems feature short-times predictability, essentially between
singularities, a phenomenon completely unknown in deterministic chaos, where exponential di-

vergence of initially close solutions is often expressed by dynamical phase space measures, ¢.g.

9The method of He [45] was found to be inapplicable to nonlinear damped systems, see Rajendran et al [46].
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Lyapunov exponents® [56]. This accounts for what is probably the most striking difference be-
tween both systems. Despite being chaotic, the Lorenz-type oscillator is fully deterministic. Con-
trary, the singularity in a terminal system transforms the otherwise deterministic solution trajectory
into a complete stochastic and irreversible process, thus loosing all previously defined informa-
tion [50, 54]. Each singularity in a terminal dynamics-type system has an associated probability
distribution uniquely defined by the properties of the given system. This in turn implies that qual-
itative methods such as Lyapunov exponents become obsolete [57]. Another equally important
difference between both classes of chaotic oscillators emerges when comparing relaxation times.
Whereas regular non-chaotic and deterministic chaotic oscillators reach their singular points in
infinite time, terminal systems approach the non-deterministic singularity, which not necessarily
needs to be an equilibrium point, in finite time, thus completing the stochastic process at least
once. The only two properties shared by both types of chaotic oscillators are complete determin-
istic equations of motion and long-term non-predictability of solutions.

Non-deterministic chaotic or terminal behaviour generated by the influence of tiny distur-
bances such as noise in the experimental setup or round-off errors in the numerical simulation is
possible for the most simple systems. Using a basic coordinate transformation for the harmonic
oscillator’) Dixon et al [53] showed that the new nonlinear system exhibits non-deterministic
behaviour at the origin of the cartesian coordinate system. The mathematical reasons for such
qualitative mutation were clearly identified as being either discontinuity”’ [59] or violation of the
Lipschitz criterion”) [60] of the vector field. By definition, the first one implies the latter [61]. The
simple example in [53] and many others [57,62-65] explicitly show the importance of ruling out

non-deterministic chaotic behaviour for terminal-type systems.

The pioneering work of Filippov [66] who developed and proved theorems of existence and
uniqueness, including dependence of the solution on the initial conditions, for differential equa-
tions with discontinuous right-hand side is seen today as the first rigorous approach towards the
problem.®) At around the same time Hartman proposed in [68] existence of a vector-valued func-
tion in R™ which is only continuous rather than Lipschitz in a given interval can be established
by constructing a sequence of Lipschitz continuous approximations. Unfortunately, this applies to
non-autonomous systems only and does not include uniqueness. However, with Filippov’s work

laying the cornerstone various extensions and improvements to his original framework were pub-

“The Lyapunov exponent py, characterises the mean exponential rate of divergence of two initially close trajectories
and is given as pL = tlim In (¢/eo) /t with ¢ being the distance between trajectories at time £, and ¢o the initial distance
between these trajectorigsJ att = to.

31n general, efforts are made in nonlinear system analysis to transform nonlinear systems into linear or quasi-tinear
ones. However, this approach works in both directions. The same is truc for often used transformation into cylindrical
or spherical coordinate systems.

9A real-valued function g(z) defined in a subset S C IR. is continuous at @, if for any € > 0 there exists a § such
that for all z € S with |z — x4| < & the inequality |g(x) — g (za)| < ¢is satisfied (Cauchy § — ¢ definition) [58]. This
should not be confused with smoothness, which is a more restrictive matheinatical concept since it involves differentia-
bility.

7'See chapter 3 for details.

91t is worth mentioning that theorems which relax the rather strict Lipschitz conditions have been established before
Flippov by Osgood (1898), Montel (1926), and Nagumo (1926), to name a few, but do not allow for local discontinuity
or non-smoothness of the vector field. See [67] for details.
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lished [69-72].

Towards the the middle of the 1990’s solutions to a new class of problems emerged. It has
been noticed that a wide range of real-world processes cannot be modelled with the traditional
deterministic Laplacian view of dynamics. The time evolution of numerous differential systems in
classical mechanics, circuit theory and physics in general, are not uniquely defined by the initial
conditions and past behaviour, although completely describable in terms of deterministic equa-
tions [50, 73~75]. This led to a new classification of systems, so-called non-deterministic chaotic
or terminal oscillators as described above, which are implicitly defined by non-Lipschitz vector
fields. Current research is mainly focused on two branches of non-Lipschitz oscillatory systems.
First, although the flow-constructing differential equations are non-smooth?) associatcd Lyapunov
function candidates generally satisfy the Lipschitz condition and it is then possible to derive the-
orems for the unique solutions of the vector field using properties of the smooth non-negative
semi-definite Lyapunov stability function [65,77]. However, in the second category of terminal
systems belong those oscillators which do not even possess a Lipschitz continuous Lyapunov
function [78,79]. As pointed out before, research is currently still ongoing since considerable large
classes of previously not treatable systems [80,81] are presently under examination and the rather
small list of selected references herein is by no means exhaustive. The example encountered in
this work falls into the first category of non-Lipschitz systems having a defined and ¢ -continuous

Lyapunov function in the interval of the essential singularity.

2.4 Time-domain solution

At the beginning of the second half of the last century simple approximation methods emerged for
predicting extreme response values of weakly nonlinear SDOF systems [5-7,12]. Some of them
were soon replaced by approaches giving the exact maximum response displacement and oscilla-
tion frequency [8,9, 13]. Since these new exact methods were only applicable to a few nonlinear
systems with very specific propertics, more general approximation methods were sought which
were suitable for a wider range of oscillators [14,22,23, 82, 83]. Details of this still ongoing de-
velopment were given in section 2.2. The majority of the novel methods did not only allow for
the exact or approximate prediction of maximum amplitudes and oscillation periods of the solu-
tions for the nonlinear system, they literally *suggested’ time domain expressions for the nonlinear
autonomous system due to their very nature of approximation [84, 85].

However, most of these approaches are only valid for autonomous or periodically excited
nonlinear systems. Additionally, for a large number of methods the system under study must be
energy conscrving. Under such special circumstances the response of the system is termed steady-
state and section 2.4.1 of this chapter gives an up-to-date review of methods developed with respect
to the specific nature of systems examined here. For many decades almost all of these methods
were only applicable to quasi-linear or weakly nonlinear systems, where the coefficient of the

linear term is at least one order of magnitude larger than the nonlinear coefficient. Fairly recently

'There are several denotation associated with the term *smooth’ [58, 76]. In this work a function f(x) is said to be
smooth over an interval [ = {CE € ]R’a <z < b} if and only if f(x) is defined and at least C*-continuous in I.
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significant improvements have been made to well-established perturbation and averaging methods
to allow for the solution of systems dominated by the nonlinear terms. However, despite such
earlier restrictions on autonomous excitation, non-dissipation and weak nonlinearity a vast number
ofreal-world processes can be modelled satisfactorily [86,87]. In the majority of cases results show
good agreement with experimentally obtained data [88, 89].

For nonlinear nonautonomous oscillators the application of analytical techniques is much
more problematic. In the case of complex time-varying excitation functions there are numerous
examples for linear systems where an explicit closed-form solution is not obtainable, since the
integral expressions originating from the Laplace formalism [58,90] are too difficult to be solved.
For nonlinear systems the situation is analogous. Although no explicit integral expressions can be
derived due to the invalidity of concepts similar to Laplace, nonlinear algebraic equations, which
arise after insertion of potential trial functions, are too complex to yield unique explicit solutions.
This already makes it very difficult to find closed-form solutions for nonlinear systems with a
constant excitation magnitude, apart from some very special cases [91]. To the author’s knowledge
there exist so far no general analytical solution for a nonlinear SDOF system taking non-periodic
time-varying external forcing into account. A summary of previous research regarding steady-state

and transient system behaviour is given in the following two sections.

2.4.1 Nonlinear steady-state response'”

In his classical book [31] Nafeyh gives a state-of-the art summary of more than forty years of
approximate analytical methods for analysing nonlinear systems of autonomous differential equa-
tions. In a subsequent publication [85] these methods are updated and expanded where neces-
sary and new findings are presented. The majority of approaches given cither in [31, 85] or other
well-known sources [92, 93] deal with weakly nonlinear systems, i.e. the constant cocfficient of
the linear part in the governing equation is orders of magnitudes larger than all coefficients for
the nonlinear parts. Only in the last two decades approximation methods appeared allowing for
equally valued coefficients or so-called strongly nonlinear systems, where the linear part can be

neglected or completely omitted during the analysis.

Variational approach versus perturbation method

In what can be regarded as a brief summary of contemporarily applied, approximate nonlinear
analysis methods, Szulkin et al [94] list two approaches heavily utilised at this time: the per-
turbation method with some of its variants, referring to the original texts (in Russian) of Krylov,
Bogolyubov and Mitropolski; and the work of Ritz and Galerkin, originally developed and adopted
for the solution of boundary value problems [95]. Largely modified variants of these original per-
turbation methods are still indispensable today in finding time-domain solutions for nonlinear sys-

tems. Analogous for Ritz-Galerkin procedures, which are today classified as variational methods

101t should be noted that the term steady-state response as used in this work is independent of the system excitation.
Steady-state response can originate from free vibration, constant value excitation (step loading), or periodic excitation
with a well-defined frequency we.
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underlining similarities to other weighted-residual procedures [96,97]. Szulkin et al clearly point
out the disadvantages of perturbation theory such as weak nonlinearity of the governing equa-
tion and high divergence of the solution outside the small approximation interval. The results for
the freely vibrating, hardening-type Duffing oscillator are much improved using the Ritz-Galerkin
method. In [98] Klotter and Cobb discussed the shortcomings of approximating nonlinear SDOF
system response using trigonometric functions in conjunction with the Ritz method. Even for var-
ious weakly nonlinear systems a large number of terms in the trial function are needed, in order
to model the time-displacement relationship within acceptable error bounds. Since the resulting
nonlinear algebraic cquations must be solved numerically, this significantly increascd the compu-
tational work in the early days of digital computing despite the simpleness of a SDOF systems.
The authors introduced a specially problem-tailored shape function valid within the the interval of
one oscillation cycle to account for differences between the approximate-exact (numerical integra-
tion) and the Ritz solution and therefore minimise the overall error. Another successful application
of the Ritz method is given by Reif [99], who examined a freely vibrating, hardening-type Duff-
ing SDOF system subjected to the condition all dynamical motion starts from an uncompressed
spring position and not, as usually, from the static equilibrium. The newly derived oscillator con-
sist of a complete third-order polynomial stiffness term and all coefficients of both, a two-term
and four-term trial function approximation are obtained from an analog computer. Ueda and Mat-
suzaki [100] employed the Galerkin finite element method as a special case of the weighted resid-
ual approach for discretisation of the time domain in order to yield approximate results for the
radial displacement of an infinite long cylinder using trigonometric trial functions. Although only
a two-term trial solution was chosen, results show remarkable convergence to exact analytical
and numerical integration data. Furthermore, no limitations such as weak nonlinearity or small

amplitude vibration must be obeyed.

Some of the approximation methods described previously are also suitable for analysing
multiple-degree-of-freedom (MDOF) systems, although the increasing number of perturbation pa-
rameters significantly increases the complexity of the resulting algebraic equations, which in turn
can render the methods incapable of obtaining approximations beyond first order. Huang [101]
uses a regular perturbation technique [31] for a weakly nonlinear coupled, linear anchored ) and
viscously damped two-degree-of-freedom (TDOF) system. However, in a subsequent discussion
of these results [102] the author acknowledged that a much simpler iteration method, although
mathematically poorly founded compared to perturbation schemes, gives results of higher accu-
racy. Furthermore, the method can be employed for weakly coupled MDOF systems where the
regular perturbation in [101] clearly becomes unsuitable. By using a symmetrical potential en-
ergy function Vito [103] derived frequency-amplitude relations for a TDOF system employing a
single-term approximation. However, serious drawbacks of the methods arise from assuming small
vibration amplitudes and weakly nonlinear coupling and anchoring forces. This implies that the
actual mode shapes of the nonlinear oscillator are independent of amplitude, which is clearly not
the case for general nonlinear systems [104]. Bailey [105] applied the Ritz method to the double

"DThe anchoring spring connects the MDOF systems to a rigid base.
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pendulum with-large amplitude vibrations and Scharle [106] examined the relationship between
different approximation methods dwelling on the difference in concept of the approximation and

the approximation technique itself.

Bal [107] gives a time-history approximate solution for the harmonically excited Duffing
equation using the least-square method together with a unique weighting function derived from
the cross-correlation between excitation and system response. Due to the fact that the trial solution
is a one-term trigonometric function, results do not compare well to numerical integration. Using
a three-term testing function Groves [108] solved the same problem of a harmonically excited
softening-type Duffing system using algebraic manipulation software to obtain explicit expres-
sions for the algebraic nonlinear equations for determining the solution approximation coefficients.
However, he could only establish a proof-of-concept, not a proof of the suggested method itself

since he assumed that the system response frequency and excitation frequency were identical.

Classical methods and ultraspherical polynomials

Using ultraspherical polynomials'?’ (UP) introduced by Denman et al [110,111] and others [112~
114], Sinha and Srinivasan [115] examined two freely vibrating SDOF systems, one with cu-
bic and quintic nonlinear restoring force terms and one with linear damping and quadratic and
cubic stiffness terms. For certain parameters in the UP trial functions the approach is identical
to the well-known and commonly used Krylov-Bogolyubov-Mitropolski method (KBMM) [85].
Although a time-displacement analysis was presented, only amplitude values and oscillation pe-
riod were obtained and results compare rather poorly against numerical integration for high am-
plitudes of oscillation. Having shown that the ultraspherical polynomial approximation method
(UPAM) is a generalisation of KBMM, Rangacharyulu and Srinivasan [116] introduced modifi-
cations which allow for interpretation of the UPAM as a Galerkin procedure. For the free vibra-
tion of a weakly nonlinear two-degree-of-freedom system (TDOF) with viscous linear damping
Rangacharyulu et al [117] obtained approximate time-displacement solutions using the UPAM
together with harmonic trial function of a single frequency, hence the method breaks down near
internal resonant points. The same authors used for a similar TDOF system [118] with no damp-
ing but a weakly nonlinear, hardening Duffing-type coupling spring the KBMM to obtain equa-
tions for amplitude and phase. They identified that UPAM does not lead to any closed form so-
lutions, since it simply transforms the oscillator’s governing equations into a coupled Ricattian
system [68, 76] for which no general simplification is known. A general examination of a trans-
formation technique partially used in [118] for rewriting nonlinearly damped systems as linear
systems is given in [119, 120]. However, results with acceptable accuracy can only be established
for a specific class of nonlinear damped oscillators having linear stiffness terms. Srirangarajan and
Srinivasan [121] use UP for solving third-order, homogeneous, weakly nonlinear equations. For a

linear viscously damped TDOF system subjected to unidirectional blast-type loading (exponential

12 Also named Gegenbauer polynomials. Ultraspherical polynomials are orthogonal with respect to a specific weight-
ing factor defined in the interval [—1, 1]. For certain discrete parameter values they reduce to Chebyshev or Legendre
polynomials [58, 109].
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decay and cosine function half-period) with linear anchoring but nonlinear coupling spring Ran-
gacharyulu [122] applied a coordinate transformation to obtain the governing differential equation
in a form suitable for the KBMM and UP trial functions. However, the same disadvantages of
the method as mentioned above, weakly nonlinearity, small response amplitudes, etc., make it

unfeasible for the problems considered herein.

Improved algorithms for classical methods

Tamura et al correctly pointed out in [123] that most of the perturbation methods above are con-
fined to approximate the fundamental harmonic of the nonlinear system and tend to cause serious
problems or even break down if one attempts to obtain higher-order harmonic components, which
are clearly contained in the nonlinear system [92, 124, 125]; hence their inclusion into the approx-
imate solution would therefore be highly beneficial to the overall accuracy of the method. Based
on the work of Hayashi [126] and others, the authors derived a multi-harmonic balance method for
selected, weakly nonlinear systems, which allows for the simultaneous calculation of all desired
higher harmonic terms. Although the computational effort grows significantly, accuracy is clearly

improved.

It is important to mention that despite numerous disadvantages of the above perturbation
methods (KBMM, Linsted-Poincaré, WKB, MMS, etc.), see [31, 85, 127] for details, most of the
schemes which allow for the analytical approximation of solutions can be used to determine its ex-
istence, uniqueness, stability and reliance on parametric values. For example, Awrejcewicz [128]
used the HB method and developed for both, the perturbation parameter and the vibration ampli-
tude (which was assumed to be small), a series approximation for analysing Hopf bifurcation in
Mathicu-Duffing oscillators [92]. The author obtained expressions for the parameter-frequency-
amplitude relations in the case of forced systems close to and far from resonance.

Having developed such useful tools as these perturbation methods, it comes as no surprise
that tremendous efforts have been made to overcome the above restrictions of small amplitude
vibrations or strictly linear viscous damping, but most of all the confinement to small system
nonlinearities including the inability of all approaches to derive from the perturbation itself the

feasible range of the nonlinear terms in the governing equations.

Classical methods using elliptic functions and augmented systems

Bravo Yuste et al [129-131] presented an enhancement of the KBMM where Jacobian elliptic
functions are used instead of the commonly accepted trigonometric ones and called it an extended
KBMM (EKBMM). Although the derived averaging integral expressions are more difficult to
solve analytically, the restriction to quasi-linear systems as required for the KBMM is no longer
necessary, hence the new method is applicable to free vibration of a vast range of nonlinear sys-
tems. In a series of papers Bravo Yuste and Diaz Bejarano [132], Garcia-Margallo and Diaz Be-
jarano [133], Mickens [134], Diaz Bejarano [135], Garcia-Margallo et al [136], Diaz Bejarano
and Martin Sanchez [124], and Garcia-Margallo and Diaz Bejarano [137] derived a generalisation
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of the well-established HBM to account for improved convergence and a wider range of appli-
cable nonlinear systems. Based on the Fourier expansion of elliptic functions they introduced
approximate analytical solutions for freely vibrating Duffing and Van-der-Pol systems where the
nonlinear coefficients do not necessarily need to be small. Chen et al [138] introduced Jacobian
elliptic functions into the HBM analysis of second order polynomial-type systems.

Combining the method of multiple scales (MMS) with a so-called §-expansion, Bender et al
[139] could transform the classical MMS to a new method suitable for calculating approximate
results for strongly nonlincar unforced Duffing oscillator with a satisfying error level. A combina-
tion of the MMS with elliptic functions has been shown by Belhaq and Lakrad [140] for a similar
class of autonomous systems.

Senator and Bapat [141] used the work of Jones [142], Mickens [134], Rahman and Bur-
ton [83], and Eminhizer et al [143] to extend the Lindstedt-Poincaré small nonlinearity based
perturbation method by adding the characteristics of a physically non-existent neighboring lin-
ear oscillator in order to derive time-history solutions for strongly nonlinear, conservative and
freely vibrating systems. Further modifications were presented by Chen and Cheung [144] and
Yang et al [145] using Jacobian elliptic functions.

Sotiropoulou and Panayotounakos [146] introduced a transformation method which reduces
second-order nonlinear ordinary differential equations to integro-differential and Abel’s classes
of equations. More importantly, the authors proved that there exists no analytical, closed-form
solution to the harmonically excited, conservative Duffing oscillator. In a series of papers Cvet-
icanin [147—154] presentcd different approaches for the approximate exact solution of TDOF

strongly nonlinear systems which possess complex coefficients.

Analytical-numerical solution methods

Numerical integration methods are regarded as the most suitable approach for strongly nonlinear
system due to their flexibility and independence from specific generating solutions of the sys-
tem or its initial conditions [1,2, 155-159]. However, serious problems arise in handling unsta-
ble solutions and convergence rates are extremely low near solution bifurcation points, some-
times convergence cannot be achieved at all. Furthermore, no definite statements about existence,
uniqueness or stability can be made. Depending on the size of the problem, determining parameter
regions of interest and stability can be computationally very cxpensive. By combining a classi-
cal perturbation scheme with an numerical iterative method similar to the Newton-Rhapson al-
gorithm [160], Chan et al [161, 162] treated freely vibrating Duffing and Van-der-Pol systems
reaching good agreement with numerical data for moderate and strong nonlinear oscillators. A
similar approach presented by Lau and Cheung [163] and Lau and Yuen [164] established an in-
cremental HBM. However, the scheme requires certain a priori knowledge of the nonlinear system
under study and is therefore less versatile. Very recently these approaches have been simplified by
Chung et al [165]. Wu and Lim [166] generalised an approach introduced in [167, 168] which is
based on the combination of the linearisation of the governing equation with the HBM, this omits

sets of equations with complex nonlinearities as required in the classical HBM [85]. The method
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is simple and delivers accurate results for strongly nonlinearities when applied to homogeneous
conservative systems.

Employing a special time-transformation method Qaisi [169] reformulated the governing
equation of the harmonically excited, conservative and hardening-type Duffing oscillator in such
a way to make it accessible for the power series method. Although the approach can be applied to
other nonlinear systems, convergence of the solution is only guaranteed under vaguely specified
conditions. Li and Wu [170] present a generalisation of Micken’s iteration procedure [171] by
analysing free vibration of a SDOF system where the strongly nonlinear restoring force does not
necessarily be an odd function. Maccari [172] analysed the transient and stcady-state response of a
general nonlinear oscillator containing third-order stiffness and damping terms, including respec-
tive cross-products, which is subjected to a multi-harmonic excitation function using the asymp-
totic perturbation method. An interesting approach is shown by Cai et al in [173]. The authors
used the least square numerical method to transform general nonlinear homogeneous ODEs into
Duffing-type equations for which exact analytical solutions are available. Although the scheme
is applicable to a small number of differential systems only, problems involving nonconservative
strongly nonlinear oscillators can be solved.

Using a newly derived cxpansion method such that strongly nonlinear systems are trans-
formed into weakly nonlinear systems, Ge and Ku [174] employed the less well-known Melnikov
approach for small nonlinearities [175,176]. Obtaining parameters for a time depending trial solu-
tion from a conventional perturbation scheme, Mandal [177] presented poor results in an attempt
to model the time history of the harmonically forced Duffing oscillator.

Evaluating the afore mentioned shortcomings of classical small-parameter perturbation tech-
niques, He [178] presented a detailed overview of recently developed methods, mainly by the
author himself based on the work of many other researchers, which are not restricted to weak
nonlinearities or small amplitude vibrations. This includes, amongst others, a variational itera-
tion method using Lagrange multipliers [22], homotopy, parameterised and linearised perturba-
tion methods!® [23, 44, 181], a modified Linstedt-Poincaré approach and a modified Adomian
decomposition method [182, 183].

Solutions for equivalent system configurations

All of the papers mentioned so far deal with a variety of different systems, since quite regularly
the authors apply specially tailored methods for specific classes of nonlinear oscillators such as
Duffing or Van-der-Pol type characteristics, which have received much attention in literature. In
chapter 3 of this work a strongly nonlinear polynomial type restoring force jf will be introduced
which has only been referenced sparsely. However, some publications do exist, including a number
of papers examining similar stiffness-type forces. Lipscomb and Mickens [184] gave an cxact
analytical solution for a second-order differential equation containing the signum function term.

Dividing the system into different regions of stability enabled the authors to derive solutions for

The term *homotopy perturbation method’ stands for the methodological and mathematical coupling of the theory
of homotopic topological spaces and perturbation theory. A homotopy is a continuous transformation from one function
to another [179, 180].
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piecewise linear equations. Potti and Sarma [185] proposed a Fourier series approximation for the
solution of the problem, although the authors do not explain how to expand the signum function
with respect to time without knowing the solution of the differential equation beforehand. Instead
of using trigonometric functions in Fourier series, and thus avoiding unnecessary error sources
due to the Gibbs phenomenon [186], Pilipchuk [187] employed a saw-tooth time transformation
(STTT) [188] and obtained the exact solution to the problem [185]. Furthermore, for a similar
but more complex nonlinear restoring force an approximate result is given. The restoring force
under consideration in Awrejcewicz and Andrianov [189] has the same mathematical structure
as fi. However, the authors only derived reasonably accurate time-displacement solutions for free
vibration with a restricted set of initial conditions (zero initial displacement) and very small values

of the nonlinear stiffness term.

The above summary of publications listing numerous analytical approximate methods for
weak and strong nonlinear systems outlines advantages and disadvantages of almost all approaches
available today. However, this review is by no means complete. It is intended to give a selected
overview of schemes appropriate for the nonlinear problems encountered in later chapters of this

work.

2.4.2 Nonlinear transient response
Classical perturbation theory

Some of the results [190—194] arguably belong to the previous section since they resemble steady-
state response behaviour of the nonlincar system under consideration. However, most of the sys-
tems examined by Ariaratnam and Bauer are subjected to time-varying impulses. Unfortunately,
the Lighthill-Lindstedt-Poincaré perturbation method [31, 85] employed can only account for
weakly nonlinear systems and produces large errors if the nonlinear coefficients reach the same
magnitude as the largest linear one. Furthermore, the approach can only deal with unidirectional
excitation and the force magnitude must change smoothly over time. Srirangarajan and Srini-
vasan [195] presented a modified approach which allows for the inclusion of linearly damped sys-
tems. Applying the solution of the linear problem as a transformation function gives the original
nonlinear problem in a form for which Anderson’s UP [114] can be used. Results are derived for
cosine and exponentially decaying impulses, but compare poorly to numerical data (Runge-Kutta)
for dominant nonlinear parameters and excitation magnitudes. In [196] Sinha and Srinivasan pro-
posed time-displacement history approximations for moderately nonlinear systems with non-small
response amplitude and weakly nonlinear damping subjected to step excitation by employing UP.
For special sets of parameters, results of the amplitude attenuation curves compare well to nu-
merical integration data. However, comparison between single oscillation cycles shows much less

similarity.
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Extended perturbation theory

White [197] discussed the problem of nonlinearity occurrence in transient analysis experimental
data and the importance to know whether the nonlinear distortion is caused by genuine system
behaviour or simply errors in the experimental setup and data capture. Although the intention of the
paper lies in rasing awareness of the effects of nonlinearity, rather than presenting a comprehensive
analysis procedure, the overall approach remains questionable due to repeated application of linear
convolution techniques only justified by the fact that all nonlinear terms in the systems under study
are 4 to 5 orders of magnitude smaller than the largest linear term.

Similar to [196], Anderson [198] used his previously introduced UP for weakly damped
SDOF systems subjected to step function excitation. Although the method gives results with small
overall error, it is restricted to moderate nonlinearity and small excitation amplitudes. Beshai and
Dokainish [199] can prove that Bauer’s approximation [191-194] is valid only for very short
time intervals. By splitting the anticipated solution of the weak nonlinear stiffness-type oscillator
into a homogeneous and a particular integral part as used for linear systems, the authors obtain

reasonable results for weakly nonconservative, step excited systems.

Integral transformations

Based on a Volterra integral series [200], Sato and Asada [201] applied a multidimensional Laplacc
transform to obtain a frequency domain transfer function for the moderate nonlinear system. How-
ever, apart from the questionable fact of repetitive use of the linear transformation kernel!® def-
initely not applicable to non-weak nonlinear systems, the two main problems of the suggested
approach are due to association of variables in the complex transformation process (in fact, the
examples presented by the authors were based only on a two-term approximation due to compli-
cations in variable identification), and the inverse transformation from complex Laplace to real-
valued time domain, which largely relies on a numerical algorithm developed by Hosono [202].
Nevertheless, for half-sine wave external force application to small nonlinearity-amplitude oscil-
lators results compare well to Runge-Kutta data.

A similar approach was pursued by Chandra Shekar et al [203], where the authors employed
a regular perturbation technique to separate approximation terms of the same order and scparately
Laplace transform each linear differential equation. Results were obtained for SDOF systems
weakly nonlinear in both damping and stiffness terms and subjected to transient unidirectional
loading functions of various shapes. Although damping was allowed to reach moderate levels
(critical damping ratio up to 0.1), stiffness nonlinearity must be small. For a wide range of param-
eters results compare well to numerical data but the method breaks down near resonance points,

i.e. when excitation and response contain identical harmonic components of the same order.

911 general, the kernel of the Laplace transformation as a linear integral operation is the Dirac-impulse response of
the linear system.
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Differential transformation technique

An entirely different approach was employed by Abbasov et al [204]. In order to avoid difficul-
ties arising from the usage of integral transforms (Laplace, Fourier) for nonlinear problems!® a
differential approach is suggested based on the Taylor serics expansion and therefore termed Tay-
lor Differential Method or Taylor Differential Transform (TDT). The origin of the TDT remains
somewhat obscure until today. Most researchers in the western hemisphere claim Zhou [205] in-
troduced the method first. However, the Ukrainian scientist and engineer Pukhov published as
early as 1978 articles clearly laying out the fundamentals of the method [206-208]. There has

been much discussion about this issue in the past [204].

Although the method is relatively new, it is used across numerous fields in engineering; there
are several reasons for this. Firstly, due to its flexibility it allows for application to nearly all
known problems in nonlinear system analysis ranging from simple freely vibrating SDOF oscil-
lators showing well-studied, analytically formulated steady-state response pattern, to nonlinear-
dissipative nonautonomous systems with complex, explicitly time-varying excitation force result-
ing in highly transient response behaviour. Secondly, application of the TDT scheme is not limited
to SDOF oscillators only. In fact, although resulting algebraic equations become rather complex,
MDOF systems with many degrees of freedom can be treated likewise. Generally speaking, TDT
can be applied to any linear or nonlinear system regardless of whether differential, differential-
difference or integro-differential equations are involved. Thirdly, compared to many other methods
listed above, convergence of TDT is generally very good since it is an exact series approximation,
thus in case of poor convergence, including more terms of the series guarantees that the approxi-
mate solution reaches the exact unique solution of the system. This is a mathematically justified
inherit feature of the approach, not common for some of the schemes introduced above. Fourthly,
the ability to obtain both numerical (spectra) and analytic (power series or functional series) solu-
tions of the differential equations under study is one the most important advantages of the TDT.
Despite these excellent qualities of the method together with the fact that it can be employed for
solving a great diversity of problems, TDT has been used sparsely only in the past by a relative
small group of researchers. However, awareness of the method is continuously increasing in recent
years. Suitable examples are given in Chen and Ho [209] who used TDT to obtain nearly exact
eigenvalues for the classical Sturm-Liuoville problem, Bert {210] and Yu et al [211] who anal-
ysed the steady-state heat conduction in tapered fins and Chen and Ju [212] who solved transient

advective-dispersive transport problems employing differential transformation.

The analysis of strongly nonlinear dissipative sccond-order TVP using a single time step was
given in [212,213]. This must be seen as very basic approach and acceptable results are only ob-
tained if either a large number of terms in the approximation series are included or the time horizon
of interest is made small. Failure to do so leads to significant errors which have been unnoticed by
Chen and Wu [214] if compared to the exact analytical solutions available for the Duffing system

or measured against results obtained using other well-established numerical routines. However,

Usually, non-real valued integrals of the inverse transform are too difficult to be solved analytically.
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accuracy can be significantly increased by dividing the time domain of interest into an arbitrary
number of fixed-size sub-domains as shown in [215-217] for similar systems. In addition, compu-
tational efficiency is considerably improved by introducing an adaptive stepping algorithm rather
than constant time steps and ensuring the local error in each step does not exceed a given tolerance.
Successful implementations of this idea for autonomous differential systems have been introduced
by Jang et al [218] and Kurnaz et al [219].

Utilising the well-known fact that every higher-order differential equation can be written as
a coupled system of first-order equations Hassan {217] and Chen et al [220] obtained highly ac-
curate results for strongly nonlinear, harmonically excited dissipative systems having up to four
coupled differential equations. Although the error is significantly minimised compared to gener-
ally employed embedded Runge-Kutta algorithms, the method is computational more expensive
due to a constant time-stepping. The idea of an adaptive TDT routine for first-order autonomous
systems has been brought forward to by Jang et al {218] and Kurnaz et al [219].

Current research is concerned generalising the TDT to n-dimensional partial differential
equation problems [221] and the possibility of employing polynomial transformation in order to
increase accuracy of the Taylor approximation around a given point and thus significantly improv-

ing computational efficiency of the TDT algorithm for large time domain intervals [222-225].

2.5 Summary

The literature review presented in this chapter is quite comprehensive. Although by no means
exhaustive, the different aspects of nonlinear system dynamics covered in the thesis make it nec-
essary to incorporate such a vast range of publications. The study of the nonlinear SDOF system
is in itself a large subject and source of published work and methodologies, such as the Harmonic
Balance Method, the method of Multiple Time Scales, etc. Novel expressions for extreme value re-
sponse will be given in the next chapter, partially building on the results introduced in section 2.2,
In order to ensure existence and uniqueness of these new solutions for the non-Lipschitzian f

restoring force system the terminal behaviour as discussed in 2.3 must be ruled out. This is essen-
tial as otherwise one cannot defend the solutions obtained as being the only ones possible. Finally,
chapters 4 and 5 investigate explicit time-domain response expressions for nonlinear steady-state
and transient systems, thus referring strongly to publications listed in section 2.4. In particular, the
novel use of the Taylor Differential Transformation allows an algebraic set of equations to replace

the integration of a set of differential equations.
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CHAPTER

NONLINEAR AUTONOMOUS SDOF SYSTEMS
EXTREME VALUES OF THE TRANSIENT RESPONSE

3.1 Introduction

In this chapter the theorctical framework will be derived for obtaining particular single-valued re-
sponse parameters of nonlinear, conservative and autonomous single-degree-of-freedom systems
(SDOF). These include extreme (minimum/maximum) solutions for displacement, velocity and
acceleration as well as the fundamental oscillation frequency together with its higher harmonics
for representation in terms of trigonometric functions, where possible. There are no restrictions
regarding the nature of the non-dissipative nonlinear restoring force such as association to cer-
tain classes of fundamental functions [226,227]. The sccond-order differential system can have
arbitrary initial conditions, contrary to [3], and the excitation force does not have to be unidirec-
tional [7]. All results presented are in closed form, but cannot always be given explicitly. Further-
more, the well-known solutions for the linear oscillator are incorporated as special cases and can

easily be obtained by setting the appropriate nonlinear terms to zero.

The following section 3.2 describes the second-order, ordinary differential equation of mo-
tion of the general system under study. Well-known elements of the established theory of local
and global stability analysis for nonlinear systems will be introduced, which are relevant for the
specific types of oscillators considered in this chapter. This includes various theorems assuring the
existence and stability of closed orbits and associated fixed points as well as their interrelation. It
will be shown that for the specific autonomous system in question local stability analysis does not
give conclusive results and the theory of Lyapunov must therefore be used in order to facilitate a
global analysis. However, due to the very special nature of feasible Lyapunov function candidates

for the problem, LaSalle’s Invariant Principle becomes necessary to finally dispel remaining ambi-
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guity with respect to unstable domains in the phase plane of the planar system. Additionally, Morse
theory will be employed to prove orbital stability of the solution originating from the Hamiltonian
of the oscillator. Although large parts of section 3.2 contain a fair amount of formalism and might
be difficult to understand or to follow for the inexperienced reader, they are absolutely necessary
prerequisites for a complete analytical solution analysis of specific nonlinear examples presented
in section 3.4.

Novel closed-form expressions valid for autonomous conservative systems with arbitrary
restoring force are derived in section 3.3. A simplification of these general results ultimately leads
to solutions for special cases presented before elsewhere [3,7-9,11,41,228].

Subsequently, these new solutions arc verified in section 3.4 by examining two examples
of typical polynomial-type nonlinear restoring forces previously adopted and described in the
literature. The nonlinear term f)(u) = kg sgn(u) |u|’ has mainly been investigated by Timo-
shenko et al [3] and Bapat et al [8], but solutions were confined to either free vibration, zero
initial conditions or specially selected parameter values for the nonlinear function f. However,
the results presented in what follows are not tied to such restrictions and have therefore a much
wider range of application. Due to the mathematical nature of fi, i.¢. it fails to satisfy the important
Lipschitz condition, large emphasis is placed on establishing alternative theorems in section 3.4.1,
which clearly guarantee uniqueness of solutions for the nonlinear problem.

The second nonlinear force fy(u) = kqu + kg ud considered in 3.4 is the well-known and
extensively studied Duffing oscillator [4,15,18-21,39,40,82,83,169,229]. Due to the parameters
involved, there are three possible variations of f£(u) all having different response characteristics
and stability domains. Basic results for some versions of the Duffing system regarding existence,
uniqueness and phase plane stability can be found in [61, 92, 230], for example. Section 3.4.2
extends these results and gives precise criteria of stability for all three types for the most general
case of the conservative, autonomous second-order differential problem: non-zero initial values
and a constant right-hand side forcing term. To the author’s knowledge, such generalised results
have not been published previously.

Furthermore, based on enhanced solutions of Bapat et al [8] derived herein, expressions for
the phenomenon of multiple oscillation frequencies for certain system paramecter combinations
of both restoring forces are obtained. Similar predictions are stated elsewhere in connection with
analytical approximation schemes such as the method of harmonic balance, the method of Krylov-
Bogolyubov-Mitropolski or general perturbation techniques [15,17,139,142]. However, the results
presented in this work clearly prove that this multiplicity in terms of trigonometric functions is an
inherit feature of the nonlinear system itself, obtainable via the exact analytical solution using
special tabulated functions.

Finally, section 3.5 offers a brief summary and overview of all newly derived results and

attempts to show how these will be used in subsequent chapters.
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3.2 The equation of motion and stability considerations

The nonlinear equation of motion of a non-autonomous, dissipative SDOF system is given as an
initial value problem (IVP) of the form [231]

mii(t) + f (t,4(t),u(t)) = P(t) fom, Pot,u, i, i €R, t>0 (3.1)

where m is the oscillating mass, u(t), w(t), @(t) denote displacement, velocity and acceleration,
respectively, and f (¢, 4, u) represents the nonlinear restoring force due to any kind of damping
and clastic or nonclastic/plastic stiffness mechanism occurring in the system. The expression on
the right hand side can in its most simplest form be written as P(t) = gy x p,(t) where pg is the
constant force amplitude and p;(t) is a pure time-varying function. If the excitation is constant

with time then Eq.(3.1) reduces to the equation of motion for an autonomous system

mi(t) + f(’d(t),u(t)) =1pg. , (3.2)

Furthermore, letting f be independent of %.(t), i.e. f = f(u) is a function of the displacement only,

gives the equation of motion for an autonomous energy conserving system as

mii(t) + f(u) = po, (3.3a)
subjected to arbitrary initial conditions

u(t=0)=up and w(t=0)="1. (3.3b)

Using the substitutions u; = u and uz = % one can rewrite the second-order differential equation

(3.3) as a general first order system [92]
u=F(u;z) with u(t=0) =up (34)

where u = {uj ug ... um}T is the finite, m-dimensional state vector defined in u € R™, z the
vector of control or auxiliary parameters with dimension n, z € R, F the nonlinear vector field,
and ug the vector of initial conditions. With respect to (3.3a) it follows that u € [R2. It is important
to point out that in some cases the differential equation cannot be written as in (3.4). Instead, the

more general implicit form
F(u,;2) =0 , (3.5)

must be given since it is not always possible to solve (3.5) in terms of 11. However, derivation
of definitions, theorems and results presented in this and following chapters assumes that the
dynamical problem under consideration can be explicitly stated as in (3.4). Customising these

findings to the more general system in (3.5) can be a complex task [232].
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For autonomous systems the vector field F is a map in the state space such that
F:R*"xR"—-R™, (3.6)

and a solution u(t) of (3.4) is referred to in this work as a continuously differentiable function of

time ¢ satisfying [233]
t‘
u(t) = ug +/F(u(r)) dr. (3.7)
0

Equation (3.7), often referred to in literature as integral form of the solution of the IVP (3.4) or so-
lution in the sense of Carathéodory [234], clearly ensures dependency on the initial conditions w.
It is easy to see that (3.7) is derived from (3.4) by integration, hence both equations are equivalent.
Intuitively, if (3.4) is a C"-continuous vector function, any solution wu(¢) of the given vector field F
satisfying (3.7) is in general C"*! continuous. This statement is put on a rigourous mathematical
basis by the theorem of regularity [235].

An important property of an autonomous system is monotony of its solution. Since the field in

Eq.(3.4) consists of parallel vectors tangent to the solution (3.7) for all ¢ because F(¢,...) = F(...),

it is easily understood that for two solutions of (3.4) with

[us (to) || < {luz (to)|] this implies lar ()] < flua(B)] V1. 3.8)

3.2.1 Existence and uniqueness of equilibrium solutions and closed orbits

In order to derive the results presented in sections 3.3 of this chapter, a number of definitions and
assumptions for the general system in (3.4) have to be made, which are given in what follows.
First, because of (3.6), the oscillator (3.4) is invariant to shifts in the time origin and, due to the
translation property [230], if u(#) is a solution, then u (¢ + # ) is also a solution of (3.4) for any
arbitrary (1. Furthermore, (3.4) is assumed to have a nontrivial” periodic solution u(t) of least

finite period 7" > 0 such that
u(tg) =u(tg+71) 3.9

where u (tp + 1) # u(tg) for 0 < t < T Equation (3.9) as solution of (3.4) represents a closed
orbit I in the state space R™ [92]. Whether such periodic solutions do not exist for any given
oscillatory system in the two-dimensional state space IR? is established using Bendixson’s erite-

rion [236], which states that the divergence

V- F (u,z) (3.10)

DThe term nontrivial is employed to exclude constant solutions corresponding to stationary points. Such solutions
satisfy (3.9) but do not describe oscillation.
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of the field in (3.4) must change sign or stay equal zero if the trajectory of (3.4) is a periodic
orbit in the simply connected regior” D ¢ IR2. Bendixson’s criterion is a special case of Dulac’s

criterion [61] where the real-valued C!-continuous Dulac function G (u) is equal to 1. If
V(G (u) F(u,2)) (3.11)

is of constant sign and not identically zero in D, then (3.4) has no periodic orbit lying entirely in
the simply connected domain D. The proof for both theorems (3.10) and (3.11) is straightforward
since it simply bases on Green’s rule [58, 186]. Similar to finding a Lyapunov function for direct
stability analysis, see section 3.2.3 below, no general method exists for determining an appropriate
G (u) for a given two-dimensional set of differential equations. Examples where Eq.(3.10) is in-
sufficient to exclude the existence of periodic orbits and (3.11) must be used instead arc presented
in [92].

It is important to note that both criteria in (3.10) and (3.11) are only necessary but not suffi-
cient for the existence of closed orbits I',. Even if a given system fails to satisfy either of the two
conditions, one or more I'. can still exist. This incompleteness can be overcome by using one of
the key theoretical results’) in nonlinear dynamics, the Poincaré-Bendixson thcorem. A variety of

different formulations of the thcorem can be found in literature but the essence is summarised as

follows

Theorem 1 (Poincaré-Bendixson). Let R C R? be a compact, positively invariant set for
the flow F (u, z) of the continuous time (no map), autonomous and planar dynamical system
(3.4) and assume that r is a bounded orbit. Then, if R contains only ordinary points (no

equilibrium points), w () is a closed orbit of (3.4).

Informally, a region, domain or set is positively (negatively) invariant if trajectories beginning in it
are confined to it for all positive (negative) times. Furthermore, all compact sets in IR are closed®
and bounded® sets [238], and hence, the w-limit set (or cycle) w (7) of the orbit r is not empty,
i.e. at least one orbit exists. The idea of the Poincaré-Bendixson theorem is intuitively clear, its
proof, however, is rather complicated because of the topological statements involved [76]. There
are some remarks to be made considering the above presented formalism.

First, the simple example of the linear oscillator [239] emphasises the fact that Poincaré-
Bendixson assures the existence of a periodic orbit but not its uniqueness. In fact, a slightly mod-
ified version [231] concludes that the number of both critical points and periodic orbits in the

compact invariant set /2 remains unknown. Second, since the invariant region or set as well as

DA domain D is simply connected if, for every simplc closed curve €' in D, the inner region of ' is also a subset
of D. A simply connected region or domain can be smoothly contracted to a point [58]. Colloquially speaking, simply
connected means there are no "holes’ or *separate parts’ within D.

*The theorem rules out deterministic chaotic behaviour of continuous time planar (2-dimensional) system by limit-
ing the possibilitics of motion in the phase plane. In higher-order systems n > 3 Poincaré-Bendixson no longer applies
and chaos can emerge, see the Lorentz system [237] for example. However, for discrete time systems (maps) chaotic
behaviour is possible even in one dimension [238]. Furthermore, thcorem 1 does not account for terminal or non-
deterministic chaotic systems, which do not satisfy the Lipschitz condition (3.12).

YA set S € R™ is closed if and only if every convergent sequence {u,} with elements in S converges to a point in
S [58]. An example in R}: the closed interval of real numbers [a, b].

DA set S is bounded (above and below) ifthere is a ¢ > 0 such that ||u|| < eVu ¢ S.
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the orbit may be large, Poincaré-Bendixson is not a localised theorem although there might be
several sets [t; with 4 = 1,2, ..., 00 containing closed orbits in the entire phase space IR?. Third,

Bendixson’s/Dulac’s criterion and the Poincaré-Bendixson theorem only apply to generic two-
dimensional systems (n = 2) as considered in this work. A generalisation to higher-order systems
n > 2 is not realisable mainly due to the fact that the proof for the theorem relies on the Jordan
curve lemma® [230]. More reasons why Poincaré-Bendixson is not easily proven for higher-order
spaces R™ are given in [240] for C! flows in R3 and C* flows in IR%. Fourth, neither Bendix-

son/Dulac nor Poincaré-Bendixson can predict the existence of limit cycles’ (isolated periodic

solutions), rather than that of closed orbits, which becomes important in later chapters in the dis-
cussion of nonconservative systems. The fifth and last remark is concerned with the interrelation of
closed orbits and critical points as employed in the equilibrium counting of the index theory [242].
In short, the theory says that for every periodic orbit there exists at least one equilibrium point.
Depending on the nature of the equilibrium (saddle, node, centre, etc.), as will be established in

the following section 3.2.2, the orbit surrounding it is associated with a real number, the so-called

Poincaré index®.

In order to analyse the stability of stationary points at the centre of I},, and hence the closed
orbit itself, it must be guaranteed solution (3.9) does exist for every set of initial conditions
ug = {ug, uO}T and all feasible ranges of the parameters contained in the auxiliary vector z in
(3.4). Furthermore, the obtained solution has to be unique, i.e. it needs to be ensured (3.9) is the
only solution” of (3.4) for any given set of ug and z, which is not guaranteed by any of the above
given theorems.

As a first step it is supposed F (u, z) is continuous in u, from which it immediately follows
that u(t) is continuous due to the requirement in (3.7). Moreover, if F is a C function of all
three quantities ¢, u and z, then the associated solution u(t) of system (3.4) is also at least a
C™ function of ¢ and z [230], but in most cases u(t) is even '+, Usually, one would define
F (¢, u, z) continuous in u but piecewise continuous in ¢ where any solution u(t) could only
be piecewise differentiable with respect to ¢ [231]. This assumption for nonautonomous systems,
which makes it possible to include piecewise continuous time-varying input forces with multiply
occurring step-like properties, such as a (rectangular) impulse train, is examined in chapter 5.
However, returning back to the autonomous system in equation (3.4) it is easy to find an example
which proves that continuity alone does not guarantee a unique solution!? In fact, continuity of
F (u, z) in its arguments solely ensures that there exist at least one solution u(t) such that (3.7)

is satisfied [76]. Therefore, another condition must be imposed on (3.4), which can be found in

9The theorem states that a closed curve in R? which does not intersect itself separates IR? into two connected
components, one bounded and one unbounded [58].

7)Evely limit cycle is a closed orbit. The converse is, however, not true [241].

91f a critical point is classified as cither a node, focus or centre is has the index +1.

9)Uniqueness of solutions of the flow (3.4) ensures that the vector field F is sufficiently smooth and different trajec-
tories never intersect.

'O A much cited example in literature, which is somewhat similar to the nonlinear restoring forces used in this work,
is the continuous scalar system 7 = % in R" with the initial condition ug. It has for the special case of ug = 0 the two
non-unique solutions u1 (1) = 0 and ua(t) = ;£2.
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the Lipschitz theorem [230]. A vector-valued function'! is said to be Lipschitz(-continuous) in its

arguments, if
[F(u) -F@) <lu-yl, leER, I<oc (3.12)

where / is the Lipschitz constant. If the ficld F with scalar C' components is continuously differen-
tiable in u and OF / Ou exists for all u € D where D C IR™ as assumed above, then the left hand
side of (3.12) divided by the right for Au = u — y with Au — 0 represents the first derivative of

the vector field with respect to the R™-dimensional state space and can be rewritten as
|TF (u)|| <1 with (>0, (3.13)

where J is the Jacobian matrix of first partial derivatives [58]. In other words, for the second-order
system (3.3), in a phase plot of the field F versus its solution u(t), a straight line connecting any
two points'? of F must have a slope whose absolute value is smaller than, or equal to [. A simple
proof of Eq.(3.12) can be found in [61]. It is worth mentioning that Lipschitz continuity (3.12)
is a special case of the Holder condition [243] for o = 1. This is utilised for the derivation of

uniqueness theorems for differential systems which fail (3.12) in certain intervals of u.

Since equation (3.13) does not necessarily hold uniformly for all functions in the entire do-
main D C R™, it is advantageous to define local and global Lipschitz conditions®. The field
(3.4) is locally Lipschitz in the sub-domain Di,. C D if both, F and its first derivative ||J F (u)]|
are continuous on Dy, C D.If F and ||J F (u)|| are continuous on Dy, C D then F' is globally
Lipschitz if and only if ||J F (u)|| is uniformly bounded in Djjo1, [242]. Although the Lipschitz
condition is weaker than continuous differentiability [58], but stronger than continuity, mean-
ingful examples modelling real physical processes can be constructed, which are not globally
Lipschitz but do have unique global solutions [61,92]. Given this restrictive nature of the global
Lipschitz condition, a theorem can be established requiring (3.4) to be only locally Lipschitz, but

on the expense that one can assure there exists a compact'® subset S of the domain D C R”,
ug = u(tg) € 9, such that every solution uy(t) of (3.4) never leaves .S for all t > 4, [244].

According to Peano’s theorem [245], existence of a solution u(t) of (3.4) is ensured by simply

requiring the vector field F (u) to be continuous in the closed set
Dy={teR:tg<t<to+a; ucR":|[u—ng| < b} (3.14)

with u (¢g) = ug € D. However, it is generally preferred in literature to guarantce local/global
existence by using the local/global Lipschitz criteria presented above, together with a basic appli-

cation of the contraction mapping theorem, see [68,246], to prove both existence and uniqueness

"D The same applies to “ordinary’ functions, which are vector functions of dimension n. = 1.

D1t is assumed the field F is sufficiently smooth.

"WEven if [ exists for all points u; € D, it is not guaranteed it is uniform, i.e. has the same value across D.
9Every closed and bounded set in R™ is a compact set.
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altogether. This sometimes obscures the fact that Peano’s existence theorem also holds for non-
Lipschitz vector fields, for which the proof of uniqueness fails using (3.13) as will be seen in
section 3.4 of this chapter.

3.2.2 Stability in first approximation - the linearised system

For the equation of motion formulated in (3.3) the associated first-order system is

{7_"1} - { o \} with  ug = {“01} - 7f0} (3.15)
1y m(po — f(u1)) U2 o

as vector of the initial conditions (3.3b). The stationary points' of the nonlincar system, if (3.15)

has unique solutions, are obtained by setting &1 = 0 [92], hence

J— . _ uZ
0="F(u;z) = {71,;(290 B f(ul))} . (3.16)

The set of vectors ugq; with ¢ = 1,2, ..., n satisfying (3.16) are also called equilibrium or critical
points. Retaining only the linear terms of a Taylor series expansion of (3.4) around g ; leads to

the linearised system'> [230]
y=JFy , (3.17a)

where the matrix product

0 1
JF = { s J (3.17b)
— o fw) 0O

is derived using the Jacobian matrix J of first partial derivatives [58]. Together with its two eigen-

vahies A1, Ao
[ 1 0
A=t/ — —— f(u1), 1=1,2 (3.17¢)
m 6*u1
obtained from the characteristic equation
M —tr (JF) +det (JF) =0, (3.17d)
the eigenvectors X1, X2 of the matrix JF in (3.17b) are such that the algebraic equation

(JF—AiI)Xi:O (3.176)

1n order to simplify notation, it is sometimes practice in literature to shift the equilibrium points to the origin of the
phase space by a simple coordinate transformation y = y — Ugq,:. This is regarded as being of non-essential nature
for the Taylor approximation and has therefore not been followed in this work.
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is satisfied for each A; [58]

_{zl}_{ ; | =<0 _{ : \ 3.17
A P% _i —;%ai—lf(ul)f’ A P¥ ‘i— —%%f(ul)f' oA

Assuming a positive mass m, the sign of the first derivative of the nonlinear restoring force f (u)
is crucial for the local stability of the system around its equilibrium points. For a negative 0 f / Ouy
both ); are real and of opposite sign, therefore the associated equilibrium point is hyperbolic
(all A\; have nonzero real parts), in particular: a saddle [230]. If afl/aul > 0, all A; and x; are
complex with zero real part and ug is non-hyperbolic stationary point termed centre [230]. Linear
matrix algebra suggests that if f (1) = const at u; = ugq, equation (3.17c¢) yields A; ;5 = 0 and

therefore

1
X1 = {0} s Xg = 0. (318)

Since the eigenvectors x; of (3.17a) correspond to eigenspaces of the linear system which are in-
variant under the flow of the linear differential equation, so-called subspaces!® solution (3.18)
creates a one-dimensional vector space along the wu-axis. This implies that in the vicinity of an
equilibrium point ugq; rendering equation (3.17c) equal to zero, in this case called a degener-
ate fixed point, the linear system spans an equilibrium subspace rather than a single equilibrium
point [247]. It becomes immediately apparent that in such a case the linear analysis of system (3.4)

cannot decide on the stability of the nonlinear system and is therefore of limited use only.

The first rigorous approach towards defining stability in a general sense is due to Lyapunov
and his now famous definition [248], that any arbitrary point u is stable if the flow F (u, t) starting
at u (tg) stays sufficiently close to u for all time ¢ > ) as t — oo. The point u is then said to be
Lyapunov-stable. If this stability for the flow F also holds for negative time t < § ast — —oo, and
hence is therefore in fact independent of ¢, the point u is called uniformly Lyapunov stable. Fur-
thermore, a point w in the vicinity of a stable equilibrium point ug, is said to be quasi-asymptotic
stable, if the flow F (u,t) of u tcnds towards ug, as ¢ approaches infinity.!” And finally, any
point u in the phase space is called asymptotic stable if, and only if it is both Lyapunov stable
and quasi-asymptotic stable. It should be noted that all three definitions are easily applicable in
higher dimensions (n > 3). For the purpose of this work it is sufficient to consider the essence of
the theorems as given above. However, their proper mathematical definitions are given in [249]
for example. A last remark worth mentioning is that stability concerning fixed points of either the
nonlinear system or the linearised system is frequently called in literature as stability in the sense
of Lyapunov’ [237].

For attracting sets such as periodic orbits or limit cycles introduced earlier in this chapter, the

concept of Lyapunov stability as defined above must be modified, since two nearby points may

'6)Eigensubspaces are the linear equivalent of invariant manifolds described in section 3.2.4 of this chapter,
MFor this definition it is only important what happens in the limit as ¢ — oo. There is no need for u to 'stay close’
to ugq as g <t < oo.
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move apart due to phase lagging, where the angular velocity varies with the distance from the
periodic orbit'® [247]. Nevertheless, Lyapunov orbital stability, quasi-asymptotic and asymptotic
orbital stability can be defined [236] similar to the description above for single points in the phase
space. For this intent a manifold'” Y on a hyper-surface (n — 1 dimensional subspace in an n
dimensional phase space) is introduced, which is nowhere tangent to the orbit but intersected by
it transversely through the point wy. Then for any point u € T sufficiently near uy, the solution
of the flow F from (3.4) through wu at the arbitrarily chosen reference time %, = 0, will cross T
again at ¢g + T at a point II (u) near uy. This mapping u — II (u) of the phase flow solution
into the manifold T is called a return-map, or more well-known, a Poincaré-map [250] and plays,
apart from orbital stability considerations, an important role in analysing chaos [251-253]. Due
to the fact that from the stability analysis in the vicinity of a single point of an reduced-order di-
mensional phase space conclusions are drawn whether the entire nonlinear system is stable makes
the Poincaré approach a linear analysis as well. The theorems concerning the stability of periodic
solutions, such as closed orbits or limit cycles, is frequently termed in literature as ’stability in the
sense of Poincaré’ [237]2%

Numerous theorems in literature state precisely what influence the fixed-point stability solu-
tion of the linearised system (3.17a) has on the stability of critical points of the nonlinear system
in (3.15). For hyperbolic equilibrium points there are two important principles, the stable mani-
fold theorem [240] and Hartman-Grobman’s theorem [249], whereas the Shoshitaishvili theorem
applies to non-hyperbolic critical points [125,247]. From these it follows that fixed-points ugq of
the nonlinear system are locally stable or unstable (in a sufficient neighbourhood of wgg) if the
critical points of the corresponding linear system are asymptotically stable or unstable. For the
hyperbolic equilibrium point the stable manifold theorem proves that at 1g, the nonlinear system
has stable and unstable manifolds tangent to the stable and unstable eigenvector subspaces of the
linear system. Since this is not necessarily sufficient to prove asymptotic stability (or instability),
Hartman-Grobman is required to demonstrate that there exist a homeomorphism between open
sets in the vicinity of the equilibrium point ugq such that the nonlincar system (3.4) at ugq is
topologically equivalent to the linear system defined in (3.17a). It should be noted that it is pos-
sible, in some circumstances, to explicitly derive the stable manifold of the nonlinear system, if,
for example, the exact analytical solution of (3.4) is known or can be approximated using Picard’s
method of successive approximation, which is based for initial value problemns, as treated in this
chapter, on the fact that every solution of (3.4) is only a solution if it satisfies (3.7), see [76,255]
for example.

Unfortunately, for non-hyperbolic fixed points?") the qualitative behaviour of the nonlinear

"®This obviously excludes linear systems where the frequency of oscillation is independent of the amplitude and
hence of the radius of the closed orbit in the phase space.

A n-dimensional manifold has a precise and rigid mathematical definition, see [243] for example. Roughly speak-
ing, it behaves locally’ like a vector space, but *globally’ like a curved surface. Examples in lower-order dimensions
are the unit circle as a one dimensional manifold in R? and the unit sphere as 2D manifold in a 3D phase space.

 An equally important but less frequently encountered stability concept is due to Lagrange [254], which deals with
the boundedness of solutions.

DNon-hyperbolic critical points are sometimes in literature referred to as *equilibrium points where the linear system
has all eigenvalues on imaginary axes’, hence the real parts of all ); are identical zero.
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state equation (3.4) near the equilibrium point can be quite different from that of the linearised
equation. This is easily understood in view of the results due to perturbation of the linearised
system (3.17a) as shown in [68] for example, which classifics saddle fixed points as structurally
stable and centre points as structurally unstable since they do not persist even under small pertur-
bations.”? Hence, for non-hyperbolic points the linearised analysis cannot determine the character
of neutrally stable fixed points (centres) of the nonlinear system. Most commonly, it requires ei-
ther the presence of some kind of symmetry23) within the nonlinear field F from equation (3.4),
see [247], or the existence of an energy conserving-type function as will be shown in the next sec-
tion, to prove that a non-hyperbolic point remains structurally stablé® under perturbation of the

nonlinear system, and stable in the sense of Lyapunov and Poincaré as introduced in this section.

3.2.3 Global stability - Lyapunov function

In terms of direct stability”® it is assumed in this work, if not stated otherwise, that there exists
a function V (u;, ug) for the system in equation (3.4), which is at least (?-continuous, with the

properties of a first integral, such that the system can be represented by a Hamilton equation [96]

a ad
o= ——V (1 . by = — —V . 3.19
Uy E (u1,u9) , U s (u1,ug) (3.19)

That a function V' with such properties must exist for the system given in (3.15) is easily proven

by differentiating each equation in (3.19) with respect to the complementary variable

9, 8121 81’/,2
V(i = _—=-— 3.20
8ul 0U2 (UI7U2) 8u1 8U2 ’ ( )

which is together with (3.16) equal to zero. Hence, (3.20) is valid for all u = {u, u2}T with
u € R. Equation (3.19) for the definition of the Hamiltonian is fulfilled if V (1, u2) = V (u) is

chosen as the system’s energy function
1 4 177
Vi) =suy+=1|/ f(§ d—pou|, (3.21a)
2 m Ju

together with a scalar value of the system’s initial energy 1) (up) as introduced by the vector g

from equation (3.3b)

Votu) = 38+ - | [ £(6) d¢—pouo) . (3:21b)

DEven an infinitesimal small perturbation can render a centre to an unstable node.

) As in the nonlinear example in section 3.4.2.

Unlike Lyapunov and Poincaré definitions of stability the term ’structural stability’ has as underlying idea the
(small) changes (perturbations) of the defining differential system equations, which applies immediately to the bifurca-
tion of critical point solutions for the nonlinear system, see section 3.4. For example, nodes, foci and saddle equilibrium
points are said to be structurally stable since their qualitatively behaviour stays preserved under infinitesimal perturba-
tions, whereas centre fixed-points are not structurally stable.

2)The expression direct stability refers to the method of Lyapunov’s second theorem, since it is possible to analyse
the nonlinear system directly, i.e. without the necessity of a foregoing linearisation as in the previous section.
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3. Nonlinear autonomous SDOF systems - extreme values of the transient response

The second stability theorem of Lyapunov?® states precisely the conditions which make an

equilibrium point ugg of the nonlinear system (3.4) stable [230]

Theorem 2 (Lyapunov Stability Theorem). Let ugq = 0 be an equilibrium point of the
nonlinear system (3.4) with the m x n dimensional map F as defined in (3.6) and let L (u)
be a scalar function of u defined in some neighborhood D of vgg, which is at least Cl-

continuous such that

() Llugg) =0,

(ii) L(u)>0 in D — {ugq} (positive definite)

(iii) DpL(u) <0 in D — {upy} (negative semi-definite)
then ugq = 0 is a stable fixed point.

For the sake of convenience and simplicity of notation it is commonly assumed the equilibrium
under study is the origin ugq = 0. As mentioned earlier already, there is no loss of generality in
doing so since for any critical point ug, # 0 a simple coordinate transformation renders a new
system with upq = 0, sec [238] for example. The term Dr is a differential operator called the

orbital derivative?”)

DrL (u) = VL (u) - F (u) = aLal(IU) F (u) = 86,)1(1“) % = [ (u) (3.22)

which is identical to the time derivative of the Lyapunov function along a solution u(t) of (3.4).
Or in other words, as apparent from the term VL (u) - F (u) in (3.22), the orbital derivative is the
gradient projection of the Lyapunov function onto the vector field of the flow F. If in the above

theorem the third condition (7ii) is replaced by
DrpL(u) <0 (negative definite) , (3.23)

then ugq = 0 is asymptotically stable [230]. This will be used in section 3.4 to estimate the region
of attraction of a nonlinear system.

The major disadvantage of the otherwise ingenious stability approach by Lyapunov is the
fact that no general method exists to analytically construct a suitable function L (u). Although
various theorems have been established addressing the existence of L, see [256] for example, and
some procedures were developed deriving L for a few special systems®) [244], it largely remains
a trial-and-error process. For structural dynamical systems it is often suggested to use the energy
function as Lyapunov, although there are examples where this leads not necessarily to a function
with the desired properties as given in theorem 2 above [257]. It is clear to see that a vast range

of potential functions can be chosen to satisfy points (i) and (7i) since L (u) is independent of

2The theorems presented in the previous section 3.2.2 regarding the stability of arbitrary points of the flow F arc
generally referred to in literature as Lyapunov’s first theorems [241].
2Mn more recently dated literature D is referred to as Lic derivative [243]. Tt has a different notation for autonomous

systems.
B A frequently used and quite successful method for autonomous systems is known as the *variable gradient method’.
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3. Nonlinear autonomous SDOF systems - extreme values of the transient response

the actual dynamical system under consideration. The difficult part is to find one specific function
amongst the range of feasible ones which satisfy condition (777). This last condition, explicitly
defined in (3.22), clearly depends in an essential manner upon the system under study. However,
in the fortunate circumstance of a Hamiltonian oscillator the energy function not only can be used
to derive the equation of motion of the system [258], as seen in (3.19), it also serves for the purpose

of being utilised as Lyapunov function
Lu)=V{(u). (3.24)

Two important remarks with respect to the above stability definitions are worth mentioning.
First, it is important to note that Lyapunov’s second theorem as given in the form above can only
be applied to a global domain of interest since the proof for the theorem relies on the fact that both
points (ii) and (7ii) hold only on a compact domain (closed and bounded) of the phase space [242].
Secondly, it provides only sufficient but no necessary conditions for stability as can easily be
verified by applying theorem 2 to a simple viscously damped SDOF oscillator?? The first point
is addressed by adding a fourth condition to theorem 2, see [254], hence limiting the range of

feasible functions, which requires L (u) to be radially unbounded [58] such that
L(u)— o0 as lul| = . (3.25)

Applying jointly theorem 2 and equation (3.25) the Lyapunov function becomes globally stable, or,
with the more stringent third point from (3.23), globally asymptotically stable. The second remark
concerning the conditions of theorem 2 being sufficient but not strictly necessary is resolved by an

extension of Lyapunov’s theorem due to the Invariance Principle of LaSalle [238,259]

Theorem 3 (LaSalle’s Theorem). Let Q. = {u € R" | L (u) < C} be a compact set that is
positively invariant™® with respect to the solution u(t) of (3.4) and suppose that L () is a
continuously differentiable function L (1) : R — R such that Dp L () < 0in .. Further,
define Qy C §2 such that Qy = {u € Q.| DL (u) = 0}, that is Sy is the set of all points in
Q. where DpL (u) = 0, and let Q, be the largest invariant set in §y. Then every solution

starting in {. approaches S, as t — o,

In order to show that every solution u(¢) of (3.4) approaches the origin as time tends to infinity,
it is necessary to prove that the largest invariant set  C Qg is the origin itself. This can be
accomplished by showing that no other solution than the trivial one u(¢) = 0 can stay in ). A
rigorous proof of the theorem is given in [242]. The two important amendments of LaSalle to
the theorem of Lyapunov are the relaxation of conditions imposed on L (u). First, the Lyapunov

function is no longer required to be positive definite, only continuously differentiable. Secondly,

PFailure of a Lyapunov function candidate (trial function) to satisfy theorem 2 does not necessarily imply instability
of the oscillating system under consideration. It is merely a sign of an ill-chosen trial function and must always be
verified by further investigation using more precisc theorems, such as LaSalle and/or the stable manifold theorem, or
explicit phase plane plots.

A set § C R™ is said to be invariant with respect to the flow F (u,t) if any solution u (¢t =0) € S of F is
u(t) € S, forall ¢ # 0, t € R [260]. In other words, if a solution belongs to .S at some time instant (not necessarily
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the fact that theorem 3 is applicable to more general dynamic events other than (but including)
equilibrium points, such as closed orbits or limit cycles, makes it far more reliable. Two special
cases of LaSalle’s theorem®? can be formulated concerning the stability of the origin. The first one,
devised by Barbashin [262], clearly proves that if L (u) from theorem 3 is positive definite, then
the origin u = 0 is asymptotically stable. The second theorem, due to Krasovskii [256], slightly
extends this proof by assuming L (u)} is radially unbounded and therefore affirming the origin of

being globally asymptotically stable if, and only if it is locally asymptotic stable.

3.2.4 Integral manifolds and Morse theory

For scleronomic*® mechanical systems with a velocity-independent potential energy function as
given in (3.21) the Hamiltonian represents the total energy of the system. Since it can be derived
by a one-time integration of the equation of motion (3.3), it is also referred to as ’first integral” of
the system in (3.4). With the definition of the orbital derivative from above, equation (3.21a) leads
directly to

DpV (u) =0, (3.26)

and thus, the projection of the first integral along a solution u(t) of the flow F is zero, or in
other words, the Hamiltonian along u(t) is a constant. The fact that V' (u) = const defines so-
called level sets of the first integral (3.21) which constitutes of bundles of closed orbits termed
integral manifolds [260]. In the case of an autonomous system, they exist for all past and future
times (—oo < t < oc) and therefore are referred to as invariant sets. Utilising the theorem of
Liouville [241], which simply states that the phase flow F (u) of (3.4) is volume preserving® if
V (u) in (3.21) exists, the immediate consequence for Hamiltonian systems is that these cannot be
asymptotically stable in terms of the theorems given above.

Although the analysis of level sets for first-integral systems is in gencral not simple, even in
the two-dimensional case, their local behaviour in the vicinity of non-degenerate critical points can
be investigated using the Morse Lemma [242]. It follows either from (3.26), or from the Liouville
theorem in conjunction with (3.21), that the Hamiltonian oscillator has critical points w,; given

by the solution of
L _
grad V (uer) = VV (Urcr, uger) = {m (f (1) pO)} =0. (3.27)

Any of these points is called non-degenerate if it satisfies

HHV(Ul,craUZ,cr)H 75 0 (3283.)

3DBoth theorems have been established as specific cases and where proved before LaSalle formulated the Invariance
Principle. See [261] for details.

3 Time-independent constraints, see [263] for example.

391n the sense of non-dissipative.
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with H being the Hessian matrix of second order partial derivatives given as [58]
52
—_—, ith 4,7=1,2 2
;0 with 4,7 (3.28D)
in the case of planar oscillators. Hence, for the system in (3.15) equation (3.28a) becomes

1 9

—_— 0 )
m duy 7 (3:29)

(ul)

UL, er

with the value of V' (ug ¢r, 0) at Ucr s = {uq cr; O}T called critical value. Therefore, any equilibrium

point ug, obtained from (3.4) fulfilling (3.29) is either a saddle if

IHV] <0, (3.30a)
or a centre, if

IHV] > 0. (3.30b)

and therefore a locally isolated critical point [257]. Since both criteria in Eq.(3.30) are derived from
the Morse lemma,*® they correspond in their informational character to results obtained in the
linearised stability analysis in section 3.2.2 of this chapter. However, the fundamental advantage
of the Morse function concept compared to section 3.2.2 lies in the fact that fulfilling equation
(3.28) automatically guarantees the existence of the associated dynamical patterns, either centre
or saddle, in the nonlinear system. Contrary, in the linearised analysis all hyperbolic equilibrium
points are required to be asymptotically stable in order to exist in the nonlinear system, which is,

see the Liouville theorem above, not possible for first-integral systems.

However, for equilibrium points not satisfying Eq.(3.28), so called degenerate fixed points,
the Morse function theory is not applicable. In general, for n-dimensional systems with periodi-
cal solutions this can be overcome by starting off with the stable manifold theorem for periodic
orbits [68], which links stable, unstable and centre subspaces of the periodic orbit I}, to a certain
number of associated stable, unstable and centre manifolds of dimension (n — 1). In a second step,
the centre manifold theorem [264] is used to establish a one-to-one relation between the flow F and
the centre manifold as function of the orbit Iy, termed W (T',). The stable manifold of a periodic
solution (orbit or limit cycle) is associated with the Floquet multipliers® with modulus smaller
than one,*®) whereas the centre manifold directly connects to the one characteristic multiplier with

modulus equal to one [234], or in the autonomous planar case, both multipliers equal to one. It is

3 The associated Morse function of the nonlinear system from (3.4) is derived via Taylor expansion in the neighbor-
hood of the non-degenerate critical point uc from (3.29), and can therefore be only locally accurate.

3Floquet theory deals with linear differential systems having time-varying coefficients [239]. In nonlinear analysis it
is utilised as an explicit method, similar to equilibrium linearisation in section 3.2.2, for the approximation of perturbed
periodic solutions. The Floquet multipliers are the eigenvalues of the so-called monodromy matrix [265,266], which is,
roughly speaking, a transformation matrix that maps the solution vector u(¢) of (3.4) at time ¢ = 0 to another vector at
t = T, where T is the least period of the nonlinear system (3.4). Sce chapter 4 for details.

*For planar autonomous systems the modulus of one of the two eigenvalues of the monodromy matrix is always

equal to onc [179].
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important to differentiate between stable/unstable manifold concepts for fixed-point and periodic
solutions. Although very similar from a technical point of view, they are targeting fundamentally
different topological phenomena of differential dynamical system. For fixed points the manifolds
of the nonlinear system are derived from stability considerations of the eigenspaces of the locally
linearised system. For periodic solutions the manifolds of the nonlinear oscillator originate from
the analysis of a time-varying linear system along the orbit of the original nonlinear system and is
therefore implemented using Floquet-theory.

A special case of the manifold theorems for the planar phase space (n = 2) and certainly the
most basic tool for studying the stability (and bifurcation) of periodic orbits and limit cycles is the
Poincaré-map already mentioned in section 3.2.2 above. Further details are given in [230,237,249]
for example. In the same section it has been noted that Lyapunov’s concept of stability, originally
designated for fixed-point solutions, can be expanded to be used for periodic solutions alike. In
some special circumstances such as Hamiltonian or gradient systems it is not always necessary
to prove Lyapunov stability using Poincaré-mapping or the stable manifold theorem. A precise
definition of an invariant®” set for a periodic solution of (3.4) can be employed showing that if
the orbit of such a solution satisfies the criteria of the invariant set, it is (asymptotically) stable or
unstable, and hence the nontrivial periodic solution of (3.4) is (asymptotically) orbitally stable or
unstable. Such a definition can be given as follows, see [257] or [267,268] for example.

Definition 1. Considering the autonomous system in equation (3.4) where the flow F isa C
differentiable map F : S — R™ according to (3.6), let U C S be a closed invariant set of
(3.4) and define an e-neighbourhood of U by N, = {u € R™|dist (u,U) < e}. Then U is
stable if

u(tg) € Ns implies that u(t) € N, Vi>tg, (3.31)

that is, for each ¢ > 0 there is a & > 0 such that any solution u(t) starting in the neighbor-

hood N of U at t = ty stays in N for all t. The set U is called unstable if it is not stable. The

set U is defined asymptotically stable, if u (ty) € N implies that tlim dist (u(t),U) = 0.
—00

There are some remarks to make regarding the above stability definition. First, the domain S is
equivalent to the union of the state space with dimension R™ and the control vector space R™.
Secondly, the term dist (u, U) represents the minimum distance from a given point in the solution
trajectory u(t) of the flow to a point in the set U. Thirdly, it becomes immediately apparent that
the concept of § and ¢ neighborhoods bases on Lyapunov’s stability theory for fixed points since
definition 1 above reduces to Lyapunov’s first stability theorem [248] if U is a fixed point.

For the specific case of the invariant set U being the closed orbit I;. of a nontrivial periodic

solution wu,(¢) defined as

To={ueR™u=uy(t),0<t<T.}, (3.32)

31 As has been explained carlier, the term *invariant set’ is equally used for all dynamical entitics encountered in the
phase space which are constant in positive and negative time.
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where 1. is the period, then the orbit is either stable or unstable in the sense of Lyapunov by the

criteria given in definition 1. This leads finally to the definition of orbital stability [268]

Definition 2. A nontrivial periodic solution uy(t) of the system in (3.4) is orbitally stable if
the closed orbit T, in (3.32) generated by vy (t) is stable. The solution uy(t) is asymptotically
orbitally stable if I, is asymptotically stable.

Equation (3.21) describing the Hamilton’s system energy at all time can be rewritten for a planar

system as
|4 (u) = Viin (U‘z) + Vpot (ul) (3.33)
with the kinetic energy being a function of velocity only

m
Viin (u2) = = 3 (3.34a)

and the potential energy solely depending upon the displacement of the SDOF
Vpot (u1) = / f(€) d€—powr . (3.34b)
J Ul

A closer examination of Eq.(3.33) reveals certain characteristics of the nonlinear flow F (u) of
the Hamiltonian oscillator around its equilibrium points ug ;, irrespective of the fact whether the
system has any degenerate or non-degenerate critical points. It is casy to sce from (3.16) that any
system with an energy function given in (3.21) has fixed points at g, ; = {Ueq, ()}T with the total

energy
14 (qu) = V})ot (Ueq) (3.35)

since Viin is equal zero at ugg. Liouville’s theorem together with (3.26) implies that if the point

ug is an equilibrium point, the first derivative of (3.35) must be zero, hence

oV (u)
aU]

_ 8Vpnt (ul )
duq

=0. (3.36)

Ueq

UEq

Without explicitly knowing the exact structure of the potential energy function, ¥ can be ap-

proximated in a neighborhood of the fixed point ug, using a Taylor series

=~ 8Vpot (’IL] )

- 1 92Vioe (u
Voot (1) = Vpot (Ueq) + pot (u1)

(s =) 5 2

e Ueq

(11— teq)? + -

Jduq
(3.37)

Subsequent combination of both equations (3.33) and (3.37) together with the conditions from
(3.35) and (3.36) yields an explicit expression for the integral manifolds in the vicinity of the fixed
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point ugg ;

N=oo 1 glq) Vot

L (11— teq)" (3.38)
= ¢ ou” o

teq

1
14 (u()a pO) - Vpot (ueq) = "2- m u% -+

where the value of the otherwise independent function V' (u) is predetermined by initial conditions
uy and the applied force magnitude m, hence V (u) = V; (up) from Eq.(3.21b). The nature of the
extreme solution at the fixed point is determined by the first term in the series approximation of
(3.38), thus for &? Vpot/ﬁu% > 0 the energy function V' (u) has a stable (local) minimum at ugg,;,
and for 67 Voot / au’f < 0 an unstable (local) maximum. Tt is worth pointing out that the left-hand
side of (3.38) is a constant reflecting the difference in energy input into the system by initial
conditions and applied load and the energy required by the system to sustain periodic motion at
the equilibrium point upq; = {Ueq, O}T. In general, equation (3.38) is an algebraic curve of order
N. Depending on the value of /V each curve has a specified name [58, 180]. For N = 3,4 or 5,
for example, equation (3.38) becomes a cubic, quartic or quintic curve, respectively. As will be
seen later on in this chapter, section 3.4.2, a family of quartic curves, so-called Cassini Ovals,
becomes of special interest since they describe the integral manifolds of the conservative Duffing-
type oscillator. However, for certain restoring forces f (v) where higher-order derivatives are

small compared to the function values in an closed interval k4 where
Igq = [(1 — €)Ueq, (1+ e)ueq} , e 1 (3.39)
around the equilibrium point 1) = ueq, €.8.

dm flug)

s < |f (u)] (3.40)
1

du Ieq

terms with ¢ > 2 can be ignored in the approximation of Vo (1) in (3.38), thus giving

(uy — teq)? , (3.41)

with the specific constant Cy = 2 (V (a0, po) — Voot (ueq)). It is easy to prove that for a local min-
imum of (3.34b), (")QVPOt / (?/u,% > 0, and Cy > 0 equation (3.41) becomes an ellipse, but shrinks
for Cy = 0 to the stationary point itself. For the case Cy < 0 no oscillation is possible. Contrary,

in case of an unstable local maximum of the potential energy function with
8" Vpor [ Oui <0,

Eq.(3.41) represents for Cy > 0 a hyperbola with the major axis parallel to the wp-axis running
through the point u; = weq, and for Cy < 0 the major axis coincides with the u;-axis. For Cp = 0
equation (3.41) gives two straight lines crossing the 1w -axis at ueq. These are identical with the

asymptotes of the hyperbola for the two cases where () # 0. It is interesting to note that, assuming
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a linearisation of (3.33) around ug;, these two straight lines correspond to the eigenvectors of

the linear system. This can be shown as follows. Differentiating (3.34b) twice leads to

(‘;)zvpot _ df (ul)

ot 0. 3.42
ol Jur (3.422)

Rewriting (3.41) in its canonical form [186] and setting without loss of generality (§ = 1 gives

(11— 11eq)” + 5 =1 thus = LI d b=4/ 1 (3.42b)
——_—_— = = 1 a=,|=—— an = )
2 2 ! Of (uy ’
a b %ﬂl_l m

which results after comparison with (3.17f) for the eigenvectors xq, xo of the linearised system in

X1,2 = {ilg} (3.42¢)

a

and can be written as an linear function of 1 only valid in the vicinity of ugq = {ueq, O}T

+
ug (ug) = —a—b (U1 — Ueq) - ‘ (3.42d)

For ueq = 0 Eq.(3.424d) is perfectly identical to the equation for the asymptotes of the hyperbola

in its canonical form as given in (3.42b), see [58] for example.

In analogy, similar results arc obtained for the ellipse if df (u) / Ouy > 0 and Cp > 0.

Hence,

(ul - ueq)2 u% . - 1
(1—2 + 'b—2 =1 with a = —m (3433)
' dul

and b according to (3.42b) leading to complex eigenvalues and eigenvectors of the lincarised sys-

tem

) ‘
X192 = , (3.43b)
v {iﬁﬁ}

giving

ug (ug) = £1 P (11 — teq) - (3.43¢c)
i

Any chord through the center of an ellipse specifies a family of paralle] chords that includes the

tangents of the same slope. In fact, the mid-points of all these chords define another chord that is

the diameter conjugate to the first chord, see [269] for more details. The slopes of these two lines,

e and eg, respectively, crossing each other and the major axis of the ellipse at 1eq are determined
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by [160]

b\ ?
—erey = (—) 7 (3.43d)
a

which can be rewritten as
. b . b
+i./e1e9 = - leading to Veleg = Fi—. (3.43¢)
a

Thus, in casc of an non-hyperbolic cquilibrium point of the linearised Hamiltonian system from
Eq.(3.17), the eigenvectors of the linear system in the vicinity of a degenerated or non-degenerated
fixed point are identical to the slope of diameters of the invariant integral manifold ellipse in second
order approximation.*®

An important fact worth mentioning for the step excited system with p # 0 in (3.15) is the
phenomenon that despite predicted periodical solution the actual orbit of the SDOF shrinks to the
fixed-point solution obtained from the system’s equilibrium equation (3.16). This cmerges, apart

from the trivial case py = 0, ug = 0, only if the initial energy Vg (1up) in (3.21b) is equal to
Vv (u) + VW (uo) (3.44)

from Eq.(3.21a), thus V' (u) = 0. Under these circumstance the phase space hyperplane is tangent
to the ellipsoid V (u) from (3.21a) at its one and only global minimum. This can be the case, for

example, if the initial conditions are set such that
Uy = Ugq . (345

where ugq is obtained from Eq.(3.16) with pp # 0. The critical point ugq in the state space cor-
responds to the new static equilibrium due to the constant force g from (3.63). For the condition
in (3.45) the system in Eq.(3.15) does not oscillate. The restoring force f(u) in (3.3) does not
necessarily need to be nonlinear. In fact, using the linear SDOF system the phenomenon can be
explained by employing the exact analytical solution due to step excitation easily obtained using
Laplace transformation [270]

u(t) = ug cos (wnt) + !j—o (1 — cos (wnt)) (3.46)
with teq = po / ks as equilibrium solution and m, kg, w? = kg/m as step excitation magnitude,
linear stiffiess coefficient, and natural frequency, respectively. For the special case of 9y = teq NO
oscillation takes place in equation (3.46) and the linear system stays at rest at its new equilibrium

position Ueq.

®Sinee only terms with ¢ < 2 in (3.38) have been retained.
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3.3 Response parameters of conservative systems

Obtaining universal expressions for extreme values of displacement and velocity is not straight-
forward for the majority of restoring force-displacement relationships in the general differential
equation (3.2). A first integration with respect to u(t) reflects the energy balance of the conser-
vative system (3.3) as derived in section 3.2.3, which stays constant in the interval § < ¢ < oo.
Assuming that the velocity «(t) is equal to zero when the oscillator reaches its minimum or max-
imum displacement position Umin, %max, respectively, this leads to an algebraic equation, which
in certain cases can be transformed into a closed-form analytical expression for the extreme dis-
placement ug, = {Umin, Umax }- Separation of variables and a subsequent second integration with
respect to time and displacement on either side leads to an explicit expression for the oscillation
period of the periodically vibrating SDOF. In general, for arbitrary initial conditions, this gives
complex integral equations, but for a few particular cases of nonlinear restoring forces these ex-
pressions can be solved by mcans of special tabulated functions. A further simplification of initial

conditions allows for the reduction of these special functions to basic algebraic expressions.

3.3.1 Free vibration and impulse excitation

In case of py = O for the right-hand side of Eq.(3.3) the system undergoes free vibration. Contrary,
an idealised impulse excitation for an SDOF oscillator is given by the Dirac delta distribution

defined as [271]

, (OO if =1 ) ged]
St = tg) = i together with / §(t — to)dt = 1. (3.47)
—00

0 if t#t

Assuming only one single impulse during the response time interval under consideration, the time
of input t = iy can always be set such that f = 0. Introducing an amplitude magnification factor
ps, the right-hand side of Eq.(3.3a) becomes p5 6(¢) which together with (3.47) simply reads ps.
Standard textbooks [227] show for lincar systems with f(u) = k, u(l) frec vibration and unit

impulse excitation possess the same equation of motion
mii(t) + f(u) =0, (3.48)

but with distinct initial velocities. In case of ;p = 0, Eq.(3.48) is subjected to (3.3b), whereas for
ps 0(t) = ps the new initial velocity becomes ps / m + 1. The concept in [227] is easily extended

to restoring forces other than linear, since

At
i 1 = 3.49
AI%I_I}O A fluydt=0 (3.49)

holds even if df(u)/ du # const, i.e f(u) is nonlincar [270]. Therefore, viewing the impulse
excited system as the more general case of both types of oscillation, all expression derived in what

follows incorporate solutions for the freely vibrating system and can be obtained by setting 3
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equal to zero in the appropriate equations.

Integration of Eq.(3.48) with respect to u(t) using [3]

d ... 1.d (du®)?

leads to an expression for the system’s total energy in terms of kinetic and potential energy similar

to Eq.(3.21a) for the first-order system,

m .9

—u —l—/ flu)ydu—~Cy =0 (3.51a)
with the integration constant C obtained from Eq.(3.51a) att = 0

Cy, = 1; —+ uo / flw) du

(3.51b)

u=ug

The periodically shitting of total encrgy between kinetic and potential in Eq.(3.51a) as £ — oc
dictates zero velocity at values of extreme displacement and uex = {Uumin, Umax } can be obtained
from Eq.(3.51a) together with (3.51b)

/fu du‘ = r2n p§ —l—uo /f ) du
U=UEy

Contrary, as will be seen in section 3.3.2, minimum and/or maximum values of velocity, i.e.,

(3.52)

U=ug

ﬂEx = {'&mina ﬂmax} y (353)
do not generally occur at positions of zero displacement. If one supposes for the moment ¢nax
occurs at an arbitrary point of elongation, say g, With 1y € Ugx, that iS uyp lies within the
interval (umin, Umax), rearranging (3.51a) gives the velocity @ as a function of the time dependent

displacement u(t)

= % </ J(u) du

which reflects the non-parameterised or implicit form of the planar system’s response parameters
u1, uy. Hence, (3.54) is an explicit expressions for the solution trajectories of the field F in (3.4).

+ % —+ uo /f (u) du> , (3.54)

U=1ug

Fundamental function analysis suggest the first derivative of Eq.(3.54) at w = ,p, must vanish

2 1
=0=—= — I (uarb) G, (3.55a)
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with
~ ' m [ Ps )2 ) '
5Garp = / f(w) du +7 <E + uo> - / fu) du =4 - / f(u) du| , (3.55b)
u ug u Uarh u Uarh
which is only the case for all solutions of Lu(t) satisfying
J (tarn) = 0. (3.56)

Hence, ua, = 0, provided f(u) is a causal function® and extreme values of velocity are given

2 1 2 (v . (D5 2y 3
g = £/ — C? :i,/—</ * ) du+m<&+ﬂo> )z. (3.57)
m m \Jo 2 \m

If (3.57) represents global extreme solutions its second derivative at 14,,, must not be equal zero

1 2] a
:1\/; 2qa W)

Uarly Uarb

as

d?u(t)
du?

_1 _3
JGarg - f (/u'arb) 5G3r§ # O (358)

which holds true for both linear and nonlinear restoring forces f(u). It is easy to see that (3.56) cor-
responds to the equilibrium point solution of (3.4) and can equally be obtained from the gradient of
the Hamiltonian function V' (u) in Eq.(3.27) by setting the force magnitude g = 0. Finally, max-

imum values of acceleration g, = {iimjn, Umax} are obtained directly by modifying Eq.(3.48) to

yield

e, — — ff:) ’ (3.59)

where v is the corresponding value of the displacement when the acceleration takes its extreme
value. It is important to point out that for classes of nonlinear restoring functions f(u) with at least
one extreme solution other than tmin, Umax € UEx, a8 shown in Fig. 3.1, maximum acceleration

values dgx occur at uy 3 ug, With umin < s < Umax, Which satisfy the relations

4 f( =0 d ¢ 0 (3.60)
m u)| = an T (u)] #0. :

Ua Ua

Separation of variables in (3.51a) and subsequent integration between the interval

UEx = {umin: umax} = {'U (tmin) y U (tmax)} ) (361)

where {tmin, fmax} = tgx are the time points of extreme displacement, yields a general expression

MModelling of rheological (hysteresis) behaviour using the widely spread methods of serial or parallel arranged
structural stiffness and damping elements can lead to non-causal restoring force functions where zero displacement
accounts for system intermal forces and vice versa.
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for the nonlinear oscillation period of (3.48)

*Umax { ) )
Ts = V2m c , (3.62)
Upnin \/— [ flu)du+Cy

where limits of integration Umin, Umax are obtained from (3.52) and the index ¢ refers to the type

of the applied forcing function.

3.3.2 Step excitation

An idealised step excitation is modelled using a Heaviside function for the right-hand side of (3.3),

defined as [271]

(1 5 t>1
H(t —ty) = (3.63)
0 if t< to .
Thus, setting tp = 0 and py = poH (t), Eq.(3.3) becomes
mi(t) + f(u) = po, (3.64)

and integration with respect to u(t) expresses the SDOF system’s total energy in analogy to

Eq.(3.21a).
% 2(t) + /N,f('u) du — Cy = pou(t) (3.65a)

with the constant

Cy = fg b / fluydu| = pouo. (3.65b)
" u=ug
Values of extreme displacement are obtained from (3.65a) by setting u(t) = 0
/ flu)du (3.66)
U

—pouex = Ca.
U=UE,

Following the same approach which leads to Eq.(3.54), the velocity is given as a function of the

displacement
2 .
i) = — <p0u(t) —/ Flw) du+02> . (3.67)
u
First
da(t) a1y ) -3 '
o 0= m(po ~ (u,a,b)) e (3.68a)
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and second derivative with respect to u

dziq’g) #0# % <—d(—lf(u) . HG;E - %(po - f (YLarb))QHG;l%) (3.68b)
Uarh
where
1Garb = pou(t) — A f(uw) du o + CYy (3.69)
are only satisfied if
[ (tarp) = po, (3.70)

which resembles the displacement of Eq.(3.64) if i where a static loading. Hence, the step excited
SDOF oscillates around its static equilibrium displacement w4, = %eq due to the magnitude py of
the Heaviside function (3.63). This again is equivalent to the fixed-point solution of the first-order

system given in (3.16). Extreme values of velocity occur at « = teq. Thus, together with (3.67)

[2 3
Vg = £ — (poueq ~ ) fluw)du+ C’2> ) (3.71)

Minimum and maximum acceleration iigy = {Zimin, imax } are directly obtained from Eq.(3.64)

1
Ex = — — flu 3.72
iigx = —(po — f(ua)) (3.72)
with timax if po > 0, f(u) < 0 and @imin if po < 0, f(u) > 0. For restoring forces having values
Uy 7 UEy DU Unin < U < Umax 88 previously shown in Fig. 3.1, the peak acceleration is given by

equation (3.60).
Similarly to section 3.3.1 the nonlinear oscillation period is obtained from a subsequent inte-

gration of the system’s energy equation, Eq.(3.65a),

Th=Vom [ —— du , (3.73)
Urnin \/—j fu) du + pou(t) + Cy

With Umin, Umax from (3.66) and the index H referring to the excitation force function defined in
(3.63). The nonlinear frequency corresponding to the periods found in equations (3.62) and (3.73)

is given as the inverse of the period

fue = (3.74)

where 1" stands either for 75 or Ijj and is identical to the well-known definition for linear systems.
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3.4 Examples of nonlinear restoring forces

By selecting two typical nonlinear restoring forces, namely fi(«) and f2(u), the results derived
in the previous section 3.3 will be used to obtain analytical expressions of extreme values for
displacement, velocity and acceleration as well as oscillation frequencies for impulse (including
free vibration) and step excited systems. High-order embedded Runge-Kutta adaptive integration

algorithms are used for numerical comparison and verification of the analytical solutions.
341 fi(u) =kgsgn (u) |ul’
An asymmetrical,*” one-term polynomial-type restoring force with a constant coefficient ks
S1(u) = kgsgn(u) lul® bykg,u €R, b>0, kg#0 (3.75)

is shown in Fig. 3.2(a) for various values of the nonlinear exponent &. The first integral of equation

(3.75) with respect to the unknown displacement (t) yields

b+1
/f1 b+1“| (3.76)

which is casily proven by the inverse operation

(3“ /u fi(uw)du = kg u) % = kgsgn(u)|ul® . (3.77)

In order to obtain unique and conclusive results of extreme response values and oscillation
period, a stability analysis of the autonomous system in equation (3.3), as outlined in section 3.2 of
this chapter, is of fundamental importance. Although this can be accomplished in a variety of ways
after existence and uniqueness of solutions of (3.3) have been proven, it is commonly suggested to
start with obtaining the equilibrium points of the nonlinear first-order system as given in Eq.(3.15),
which is followed by an investigation of the local phase flow of (3.4) around these stationary
points. Basic steps of this so-called linearised analysis have been described in section 3.2.2. The
methods developed for such a local evaluation of equilibrium points are most widely applicable
to a vast range of nonlinear systems. Unfortunately, there are numerous cases where linearisation
of (3.4) leads to ambiguous results, and, as will be seen below, no decisive conclusions for the
behaviour of the nonlinear system can be drawn from the analysis of Eq.(3.17a) and thus making

a global nonlinear analysis necessary.

Although a nonlinear stability investigation can be used in a much larger domain of the flow
F compared to linear analysis, sometimes they are applicable to the entire phase space, their dis-
tinctive disadvantage lies within the fact of the limited range of feasible system configurations over

which they can be employed. Ultimately, in some rare circumstances when linear and nonlinear

“OWith respect to the ordinate (y-axis) in a cartesian coordinate system.
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approaches both fail, this leads to cumbersome trial-and-error examination, i.e. numerical integra-
tion, of complex and hardly manageable differential systems as a last resort of stability evaluation.
However, given the special case of conservative Hamiltonian systems as assumed in this chapter,
precise theorems exist allowing to formulate clear statements about the systems behaviour in the

entire phase space domain of interest.

3.4.1.1 Linearisation

Using Eq.(3.15) the second-order equation is rewritten as a system of coupled first-order differen-

tial equations with f(u) = f1 (w)

U U U .
{‘1} = {A , - b} : where u:{ 1} e R?, (3.78)
U9 Do — wisgn(uy) [ug) g

is the vector of initial conditions according to (3.3b), 5y = po/m are the mass-normalised force

magnitude, and the term

wl= %? = 4n? f2 (3.79)

is the natural frequency in rad/s and f, the natural frequency in Hz of the linear reference system.
The vector of control parameters comprises of 7, wﬁ, b € z. Therefore, the vector field is a map
in the phase plane such that F : R? x R® — R?. The stationary points of (3.78) are obtained

according to (3.16) yielding for an impulse load on the system in (3.78)
0
Upq,1 = {O} for pg = ps, (3.80a)

and in case of step excitation

( , )
o) ; Po
Upg2/3 = i‘*gn(ul) [ga sgu(ul)] } for po #0, (3.80b)

with the two solutions sgn(u1) > 0 — ugq2 and sgn(u;) < 0 — ugqa3 since sgn(uy) =1 if
po > 0and sgn(u;) = —1ifpg < 0. Thus, the system’s new equilibrium points due to step loading
are entirely defined by the magnitude of the applied force, whereas ugq1 remains equal zero
regardless of the value for ps. It is easily verified that all three solutions in Eq.(3.80) are identical

to Uarb from (3.56) and (3.70), respectively.

The vector field in (3.78) is C'-continuous in its scalar components and therefore, according
to Peano’s theorem from section 3.2.1, solutions u(t) in the sense of equation (3.7) do exist for
exponents b € R.. This can be understood as the cause for restricting b to the domain defined in

(3.75). Application of Bendixson’s criterion from (3.10) with

V- -F(u,z) =0 (3.81)
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suggests that possible periodic orbits for (3.78) may exist. With the first derivative of the restoring

force fi (w1) derived as

1 d 1
dLulfl(ul) =kp <d_ul- sgn(uy) uy|® + sgn(uy) d%tl |u1|b> =bkg g P (3.82)
the Jacobian matrix product from Eq.(3.17b) is given by
0 1
JF = . ' 3.83a
{—bwf‘l lug [P 0} ( )

together with two eigenvalues according to Eq.(3.17¢)

Mijg = £y —buwd Jug | (3.83b)

and eigenvectors

X1 = ! X = L (3.83¢c)
1= /\1 ) 2 = /\2 . .

Linearisation around the first stationary point ugq 1 from (3.80a) shows that this is a degenerate

equilibrium point with zero eigenvalues
A =M =0, (3.84)

and eigenvectors according to (3.18), which implicates that the entire phase plane would be fixed
and trajectories run parallel to the u;-axis [241]. Thus, in case of ug, ; the stability classification
for the nonlinear system remains unclear.

A different situation arises for the other two equilibrium points ug /3 given in Eq.(3.80b). In
order to ensure existence of the nonlinear force f in (3.75) for all possible values of displacement,
e.g. —00 < uy < 00, the exponent b is defined to be positive real-valued. Furthermore, making the
sensible presumptions of a positive mass m leaves only for the stitfness coefficient & the unre-
stricted R* space. For kg < 0 both eigenvalues in (3.83b) become Mya € R! and of opposite sign,
thus ug, »/3 are hyperbolic-class equilibrium points, or more precise, saddles. The corresponding
eigenvectors are given by (3.83¢) and define an unstable (x) and stable (x2) linear subspace.
This renders the linearised system (3.17a) unstable at both fixed points in forward and reversed
(negative) time.*") According to the stable manifold theorem from above, the stable and unstable
(or vice versa) manifolds of the nonlinear system (3.4) are tangent to the eigenvector subspace of
the linear system, and thus, together with the structure-preserving mapping of Hartman-Grobman,
see section 3.2.2, both stationary points ugg 5,3 of the nonlinear system are unstable if kg < 0.

On the other hand, setting kg > 0 but leaving the values of the parameter vector z from 3.4

D1n case of an unstable solution for a nonlinear system it is important to exactly define the space and time domain
of the instability. The same is true, however, in case of a stable solution.
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constant leads to two complex conjugate eigenvalues

and complex eigensubspaces spanned by the two vectors from (3.83c). Therefore, the linearised
system possess centres at the equilibrium points ugg 5,3 of the nonlinear system. Utilizing the
theorem of Shoshitaishvili together with the fact that fixed-point linear approximations having
eigenvalues with zero real part are structurally unstable, as mentioned above, the stability of the
nonlinear system at ugq 93 remains unknown when using the method of linearisation.

The problem of partly zero eigenvalues (one zero, one negative real) is discussed in Hale
et al [242] for a uncoupled first-order system with a similar right-hand side polynomial term as
in (3.78), although much less general since the exponent b is restricted to b > 1 and b € N. The
problem of the originally coupled systems is solved by introducing an augmented scalar function
via Taylor approximation (locally stable equilibrium) such that the system becomes uncoupled
and stability is proven by ensuring stability of one scalar differential equation of the uncoupled
system of equations. Unfortunately, this procedure assumes a certain structure of the coupled non-
linear differential system and application of the method to (3.78) gives for the auxiliary function

CY-continuity. Hence, no clear statement about local stability is possible.

Intuition suggests that for zero stiffness in equation (3.15) the SDOF system has no oscil-

lation. Mathematically speaking, for the marginal value of k3 = O the equilibrium from (3.80a)

becomes

Ugq,1 = {UBCF} ) uicr e R (386)

where —oo < wuj . < 0o corresponds to every single point on the u-axis of the phase space
diagram. Hence, every value of displacement u(t) is a fixed point as long as 1 = 0. As an im-
mediate result, for any initial condition 1 the SDOF remains fixed at ugq,1 with uf ., = ug since
this is already an equilibrium point. A very similar, but nontrivial case of non-oscillatory system
behaviour with kg > 0 and py # 0 duc to force balancing in the differential equation which will
be discussed below. As in here, the main criteria is a vanishing potential energy function, which
is indeed the case for (3.21a) if kg = 0. Therefore, with the kinetic energy not equal to zero, no
equilibrium solutions exist. The SDOF performs a linear translation with constant speed 1, also
referred to as rigid body mode [227]. In the case of k3 = 0 and pg # 0, the second differential
equation in (3.78) becomes equal to muy = pg, which, assuming 7 = const, gives a constant
acceleration of magnitude py / m. Repeated integration with respect to time leads to a linear func-
tion for the velocity uz(t) and a quadratic function (C*-continuous) in time ¢ for the displaccment
uy(t). Hence, u(t) grows without bounds as ¢ — 0o and equilibrium solutions for the system in

(3.78) lie at infinity as can be seen from Eq.(3.80b) by setting kg = 0.
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3.4.1.2 Nonlinear analysis

Since a nonlinear analysis for all three fixed-point solutions, ugq,; with 7 = 1,2, 3 becomes due
to results of the previous section inevitable, the energy function (3.21) of the system together with

(3.76) is written as

1 2
Vi(u) = 5 uj + ?7% Iu1|b+1 — Pour, (3.87a)
and
_ 1, wp b+l o
Vio(ug) = 5“02 + b1 o1 | — Do Uo1 (3.87b)

as energy due to the initial conditions according to Eq.(3.21b). It is easy to prove that (3.87a)
satisfies (3.19). Thus, V},(u) is the Hamiltonian of the nonlinear system in (3.78). It can therefore
be used in the nonlinear stability analysis as Lyapunov function with the orbital derivative as

defined in (3.22) equal to zero
DrVi,(u) =0, (3.88)

which has been predicted for general Hamiltonian systems in Eq.(3.26). First, the stationary point
Ugq1 = {0, 0} from (3.80a) of the oscillator in (3.15) due to impulse excitatiorf? with py = 0
is considered. Tt is easily verified that Eq.(3.28) is not satisfied for the degenerate critical point
up, 1 and usage of Morse’s theorem is inappropriate. Therefore, applying Lyapunov’s second
theorem from section 3.2.3 to equation (3.87a) leads to (i) Vy(ugq,1) = 0, (i) Vp(u) > 0 every-
where except at u = ugq,1, and (10)Dr Vy,(u) = 0 everywhere, see (3.88). Thus, (3.15) is stable
in the domain, but not asymptotically stable at ug, ;1. Global stability is casily ensured using (3.25)

above leading to the limit expression

lim Vp(u) =oc, (3.89)

al—o0

since Vy,(u) is radially unbounded for a monotonously growing vector norm ||u/|. Application of
the less restrictive LaSalle theorem, in order to prove asymptotic stability, gives for the positive
definite, C2 (Q,) continuous function in (3.87a) indeed a compact domain where

Q. = {u e R*|Vp(u) < C} (3.90)

with C' € R, C < co. But the fact of cquation (3.88) being valid in a domain D such that)
Q. C D, leads to

.=Qo, (3.91)

42 A5 agreed above, this includes free vibration of the system likewise.
n fact, if Vy,(u) is radially unbounded as given in (3.89), equation (3.88) holds for the entire phase space RZ.
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hence, there are largest invariant sets other than, but including, the origin in §. This becomes
“immediately apparent considering that if Eq.(3.88) holds, the Lyapunov function (3.87a) must
be constant along the trajectories of any solution u(t) of the system (3.78), as explained above.

Therefore, the solution curves in the phasc plane are given by

2
“Wh

ua]"! — Vi, o(uo) (3.92)

0=1ul+

T2 T
describing periodic orbits around the globally stable, but not asymptotic stable fixed point tgq,1
from (3.80a). It is not difficult to verify that the particular case above does not only hold for
non-degenerate stationary points but for Hamilton systems in general. This essentially proves that

nontrivial periodic solutions of autonomous systems cannot be asymptotic stable in the sense of

Lyapunov.

Given the case of constant right-hand side in the differential system in (3.78), equation
(3.80b) shows that ugq 2 = ugqs if po is changed into —py, thus both fixed points are symmetric
with respect to the uy axis and is sufficient to examine the stability of either of them. In here ugq 2
is chosen. The non-degenerate critical point satisfies (3.28a) and is together with (3.30b) cate-
gorised as the centre of the nonlinear system. Performing a coordinate transformation as described
in section 3.2.2 shifts ugq 2 into the origin of the phase space. Contrary to the stability analysis
of ugg,1 above, the conditions for Lyapunov’s second theorem are not met this time, including the
proof of non-asymptotic stability, due to the fact that V},(u) as given in (3.87) is not positive defi-
nite everywhere except at ug, = 0 as requested by item () in theorem 2. However, using LaSalle
instead does not require V,(u) to be positive definite and together with (3.92) global stability of
the two critical points ugg 9/3 is ensured. In fact, the trajectories as solutions of (3.78) are given
by an algebraic curve of order b + 1 similar to (3.92) but with an additional term accounting for

the step load magnitude py, thus

w
b+1

2
n

0=cuj+ g [T = Pour — Vi, 0(ug) (3.93)

Since Bendixson’s criterion from (3.10) with its application in (3.81) to the system (3.83)
does not rule out periodic orbits a priori , it is sensible to apply Poincaré-Bendixson in order to
conelusively establish the existence of periodic orbits. All three equilibrium points in (3.80) are
equally dealt with by assuming the fixed point which belongs to cach wg;, sec section 3.2.1
above, coincides with the origin®* A compact invariant domain R as required by theorem 1 is

defined by the annular region
R={ueR’|Cy <Vi(u) < Cra}, with Cr<Cra Cu,Ca €R (394

constructed from the intersection of two simple closed curves around the equilibrium point Ugq;

but with ug,; 2 2, hence R is closed, bounded and thus compact and contains ordinary points

*)This assumption has been used previously and is mathematically justified by a simple coordinate transformation.
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only. The outer boundary of R is given by V};(u) = Ciq and the inner by V},(u) = Cyy. It has
been shown above that the orbital derivative from (3.22) is the projection of the C function V,(u)
onto the solution of (3.4) or, in other words, onto the flow F of the phase plane. Therefore, if
DpVy,(u) < 0 on any boundary C, of Vy,(u), the flow points inwards, and, if DV (u) > 0 it
points out of the simply enclosed region. From fundamental relations of differential geometry
and topology it is obvious that a periodic orbit can only exist within R, if F points outwards
on the boundary C,q and inwards on Cys. Or, as in the case of Hamiltonian systems, the orbital
derivative is equal zero everywhere and hence, the flow is tangent to both curves V4 (u) = C;1 and
Vi (u) = Cyo for R € R and any solution u(t) can neither leave nor approach ugq; as t — oo.

Therefore, at least one periodic orbit must exist in the annular compact region defined in (3.94).

It is interesting to note that the application of Poincaré-Bendixson to first-integral systems
reveals one of the major shortcomings of the theorem itself. As shown above, cach solution u(t) of
(3.83) describes a trajectory in the three-dimensional function space of (3.87a) which corresponds
to a so-called level set of constant energy, either (3.92) or (3.93), and hence to a constant (. Since
there are infinite values for C, € R contained in the closed interval [C,1; Cyo] there is an infinite
number of periodic orbits contained in the compact region R. However, Poincaré-Bendixson can
only establish the existence of at least one of these orbits, but not whether it is unique or not; see

section 3.2.1 above.

In section 3.2.4 of this chapter various methods of stability analysis for periodic solutions
have been discussed, foremost of all Poincaré mapping and the theorem of stable and unstable
manifolds of periodic orbits. The apparent advantage of both methods is often attributed to their
nature of being explicit schemes for the evaluation of oscillating systems [241]. However, explicit
in this case implies that the exact analytical solution of the orbit, or a close approximation, must
be known in order to uniquely satisfy stability criteria associated with each method. Analytical
solutions for systems of differential equations can be obtained in a variety of ways. The most
obvious, although only applicable to a marginally small number of simple or well-posed problems,
is the search for one non-trivial exact solution u(t) of the flow ¥, which only needs to hold in
the phase space domain of interest D C IR™ and not in the entire feasible solution space R".
Approximate analytical solutions are attained using much celebrated perturbation techniques and
averaging methods for which a large body of literature exists. Some examples of classical texts
can be found in [31,127,272,273].

Instead of stable manifold theorems, a much simpler but equally effective approach in the
case of Hamiltonian systems can be derived by combining the results of the Poincaré-Bendixson
criterion with the definition of Lyapunov stability for periodic solutions given in section 3.2.4
above. By defining an invariant set 12 according to (3.94) and letting .1 approach C,. from below

and C'g approach C;. tfrom above such that

lim inf jlv—w]| ] =0, and lim inf |[v—w| | =0, (3.95)
Cr1—C, veCr Cro—Chr veC,
welCr weCrg
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where C,1,Crg > 0 and Cpq, Crs € R defines a new invariant set /. as
Ro={ueRVym)=C}, with C,€R, (3.96)

which is a subset of R, i.e. B, C R, and therefore compact and stable. Furthermore, together with
definition 1 from section 3.2.4, R, is equivalent to the periodic orbit T, defined in Eq.(3.32), which

originates from the solution*> u(t) of the associated C?-continuously differentiable function
Vi(u) = C; (3.97)

given in (3.87). Thus, every solution u(¢) of (3.78) satisfying (3.97) is in combination with defini-

tion 2 from section 3.2.4 orbitally stable.

3.4.1.3 Uniqueness

Derivation of the results above clearly establishes existence and stability of equilibrium points and
periodic orbits, both associated with periodic solutions of the differential system in (3.78). How-
ever, onc fundamental question remains: Is at least one solution of (3.78) satisfying dependency
on initial conditions according to (3.7) unique in its existence? Theory presented in section 3.2.1
suggest usage of the Lipschitz criterion in (3.13) to establish uniqueness of solutions. Continuity

of F and its first derivative
|TF|| = bw? fug 7 (3.98)

as given in (3.83a) is ensured in the entire phase space IR? since JF (u) does exist for all u € R2,

but because (3.98) is not uniformly bounded in R?,
lim |JF|| = +o0 Yu € R?, (3.99)
u— e

it follows that (3.83) is locally*® but not globally Lipschitz continuous as long as b > 1. Neverthe-
less, in conjunction with (3.98) a constant can always be found for any compact domain I} C R?

such that
Dy ={ueR*|JF| <} (3.100)

and therefore (3.78) is Lipschitz in D). Note that I is not limited in size in the phase plane, which
is essential for global stability in (3.89) above. Contrary, for 0 < b < 1 equation (3.98) becomes

unbounded at u = w; = 0, irrespective of the limit approach direction,

lim ||JF| = —o0, and lim || JF|| =40, (3.101)
u-——-0 u--+0

1t should be clear from the topological results presented in sections 3.2.2 to 3.2.4 that there is exactly one periodic
orbit for the solutions of (3.78) confined in the set as defined in (3.96).

*)For any compact subset S; C IR? of the phase space there exists a constant { such that (3.13) is satisfied. Therefore,
(3.83) is locally Lipschitz.
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and (3.78) is not locally Lipschitz in a neighborhood of u = 0.

The problem of discontinuous and non-Lipschitz right hand sides as in equation (3.4) has
long been known in dynamics, but was rigorously approached mathematically for the first time
in [66] by Filippov. Even then it took two more decades to reconsider Filippov’s work and make
first attempts to expand it. At present, various different methods for proving existence and stabil-
ity of such not well-behaving differential systems have been established and are currently under
critical discussion. It is beyond the scope of this work to give a concise and almost complete
overview of these new results since most of them unfortunately do not contain generalised state-
ments for uniqueness, which is the essential problem of the system in (3.78). However, some of
the approaches more suitable for the degenerate critical point of (3.78) are summarised under the
expression of terminal dynamics system and have been briefly acknowledged in chapter 2. A re-
markable and highly influential result has been presented by Bhat and Bernstein in [59], where
the authors examine a classical gradient system with a transcendental energy function and show
that the action integral has several extremal solutions and hence, Hamilton’s principle [258] cannot
uniquely determine the system’s phase space trajectory even in the absence of random disturbances
or noise.*”) This immediately implies that the existence of a Hamiltonian for the conservative sys-

tem such as (3.78) does not necessarily ensure the important property of unique solutions.

Single or scalar non-Lipschitzian first-order differential equations in the form of Eq.(3.75)
with kg = 1 and a constant value for the exponent b have been examined in [60, 274-277] for
example. Most of the first-order examples originate either from fluid mechanics or circuit systems
theory with a strong emphasis on process stabilisation for the latter. Application of results for one-
dimensional first-order equations to the system in (3.78) is not feasible by basic theorems [61]
since periodic solutions cannot occur in R'. Unfortunately the literature on second and higher
order systems is sparse. In [278,279] Jiang uses a flow generating equation similar to (3.78), al-
though with p = 0, to trace the trajectory of a bouncing particle. Despite being discontinuous the
system is still Lipschitz. Re-examining Hartman’s proposition [68] briefly mentioned in section
2.3 of the previous chapter, Robinson [280] introduced a method for phase spaces other than pla-
nar, i.e. R™ with n greater than 2, which establishes existence of the solution, but no uniqueness.
In [64] Bernis and Kwong analysed a third-order differential equation which is allowed to be dis-
continuous and, more important, does not satisfy the Lipschitz condition of (3.12). Unfortunately,
the theorems presented arc only valid for either positive or negative applied loading and nonzero
initial conditions. The authors Rios and Wolenski [281] established a theorem for strong invari-
ance, an expression used in the same context as the term invariant manifold above, for one-sided
autonomous Lipschitz systems where the vector field is separable into a single zone satisfying
(3.12) and a finite number of zones around it which do not. However, for a general attempt to
solve (3.78), where trajectories of the solution u(t) enter Lipschitz and non-Lipschitz zones with

each cycle performed in the phase space, such an approach is unacceptable.

In order to clarify and illustrate the problem of non-uniqueness together with the implica-

4Dn comparison to [51,53], where noise is an essential requirement for non-determinacy of the chaotic system.
P q
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tion it has for the analysis of the nonlinear flow F, a simplified form of (3.78) as given in [279]

considers the case

U= { 12 } with b= 1 kp =12 (3.102)
= =35> 8 = . .

_kﬂ "U,ﬂb % 2
It is easily seen that the above equation has at least two solutions. The problem can be significantly

generalised since (3.102) is a special case of the non-autonomous second-order equation
= — (bQ _ b) \“‘% -3 (3.103)

withb = 2 and kg = 6 (1)2 - b). If one assumes ¢ > 0, equation (3.103) possess the two solutions
ug, = 0 (trivial solution) and u(t)s, = —t°, the latter one becoming u(t)s, = —t2 for Eq.(3.102).
Additionally, by relaxing the previous assumption, a third solution ug,(t) = 0 for ¢ < 0 can be
found satisfying both (3.102) and (3.103) if the initial conditions at ¢t = § are equal to zero

u1(0) = ug(0) = 0, or u(0) =4(0)=0, (3.104)

respectively. In connection with standard results for ordinary differential equations, see theorem 13
in [282] for example, such non-uniqueness implies the cxistence of an infinite number of solutions
for the vector field in (3.78), all satisfying the initial conditions in (3.104).

As noted above, Bernis and Kwong [64], although not explicitly performed in the paper,
used Picard iteration [238] in connection with the contraction mapping theorem, which is also
the standard procedure for Lipschitz-continuous problems [241], to prove unique solutions for the
non-autonomous third-order equation % (t) = —t® z?(t). Values for /3 are allowed to be negative
as long as 3 > —(« + 1)/3, hence the problem is clearly non-Lipschitz. Due to the simply struc-
tured right-hand side of the system successive integration can be performed with relative ease.

As a consequence of the lack of suitable general theorems for establishing uniqueness of
solutions for (3.78) if 0 < b < 1, it can be seen as beneficiary to adopt a similar approach as [64]
above using Picard’s successive iteration method. This is justified for a number of reasons. First,
the method will establish whether a solution other than the trivial ones exist for different conditions
of the nonlinear flow such as zero initial values and/or zero excitation. Secondly, although a closed
form solution might not be obtainable, a series representation of u(t) can give valuable information
on the structure of an analytical solution. And thirdly, any approximation derived using the method
asymptotically approaches a feasible, existent solution of the nonlinear problem [257]. This is true

for both trivial and nontrivial solutions alike, as will be seen in what follows.

Picard’s method is based on the fact that every solution of (3.4) has to satisfy (3.7). Hence,
an approximate solution for the nonlinear flow F can be generated by repeated application of (3.7)

leading to a serics representation

t
ﬁjH(t):u0—|—/F(ﬁj(§))d§, with fo(t)=ug,  j=0,1,2,... . (3.105)
0
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Eventually, t1(t) approaches the exact solution of the flow (3.4) as j —— oo. As pointed out earlier,
in case of a non-Lipschitzian F, several solutions for the nonlinear problem can exist depending
on the initial values, and hence, there is no guarantee that (3.105) converges towards a nontrivial
solution of F' in all cases. The simple textbook example z = 2/ with z(t = 0) = zp = 0 and
the two solutions g, = 0 and z(¢) = 0 for t < 0, and x(t) = ¢ for ¢ > 0 clearly illustrates this.
Application of Picard’s formula leads to z;(¢) = 0 for all consecutive j € IN.

However, usage of (3.105) for the first-order differential system in (3.78) gives as first ap-

proximation for j = 0

¢
G(t) = uo + {”0 } . with  up= {“0} , (3.106)
At {

and A; = Py — w2 sgn(up) lug|®. All vectors of the approximate solution 0 (t) have the same
structure as in (3.78), thus @;(t) = {@;, GJ}T. Setting j = 1 and inserting (3.106) into (3.105)

leads to the second approximation

0t + 1 Apt?
fia(t) = uo + {fo T2l } , (3.1072)
Dot — wy Aa(l)
where
£ bt1 b+1
U ] U, t o
As(t) = / (ug + vo&)? dE = (o + ;O(b)+ N Yo (3.107b)
0

A subsequent integration with j = 3 becomes impossible in closed form with both the signum
and absolute value function in place in (3.78). Hence, assuming that w from (3.107a) should be

positive, it is required that

up, vp, ]70 > O, and A] > 0. (3.10821)
This is no loss of generality but implies for the step magnitude to be

Pg > wﬁug , (3.108b)
a constraint which is easily satisfied. It follows that

~ (’UO + lf)\() t) t— w?l A‘g(t)

u3(t) =up + 9 5 2 ! ) ) (3.109a)

pot—wn(uO+§U0t+gA1t>t
with the time varying function
/ t
Ag(t) = [ Ay (€) df = ———((u £ ity 3.109b
: 3(1) / 2 (&) d¢ b+ 1) ((Uo +vgt) ug ) ( )

0
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A second assumption becomes necessary in order to be able to proceed with analytical integration,
Taking into account (3.108a) and setting 7i3(¢) from (3.109b) to be either positive or negative

immediately lcads to the following two cases
. 2 L. o ~
(1) wiAs(t) > ug +ugt + §p0t —  sgn(uz(t)) = —1
. 1. .
(44) w2 As(t) < ug+vgt + 7 Po 2 —  sgn(Us(t)) =1. (3.110)

Since it is always possible to adjust all parameters in (3.110) in such a way that either of the
two cascs is true, the approach remains universal by choosing (i¢) for example. Hence, repeated

application of (3.105) together with (3.109a) gives

(/ 1~ wE o Lo, 14 42)\)
ﬁ4(t) =ug + (?'/O—i_ 2P0 L)t A—2n{’ (;LO+ 3’['0{’+ 12A1[' ) (311113‘)
pot— Wy A4(t)
where
¢
L 2 2 b
Ag(t) = / (uo + w06 + 5pod” — wids (f)) de. (3.111b)
0

Unfortunately, it is the above function for A4(¢) which makes it virtually impossible to obtain a
closed-form explicit expression for TGy (t). Nevertheless, with suitable further assumptions

(’l) 174(t) <0 — p0t<AC74 Vi, ﬁp_<_7()<00,
(i) Uy(t) >0 — pot> AC,4 Vi, 0t <y, (3.112a)
where
2 1 1 2
Aca=wit | uo+ é-'u()t-i- EAI t* ] — 2w (3.112b)

and ¢, such that the equation py = A¢ 4 is satisfied, Picard’s scheme can be continued until ; ()
with j > 3 reaches any desired accuracy. All integrals encountered along this way have to be
solved numerically. Without explicitly performing this rather simple task it should be clear from
the derived results above, the differential first-order system in (3.78) possess at least one nontrivial
solution for ug # 0, vg # 0 and pg # 0.

It still has to be ruled out that (3.78) does not exhibit signs of terminal behaviour discussed
in chapter 2 when passing through the degenerate point (0, 0). A simple examination of the phase
space trajectories of (3.78), which can be explicitly plotted using either (3.54) or (3.67), reveals
that the origin is only part of a periodic orbit if uy = vy = 0 and Py # 0. Thus, a nontrivial solution

can be obtained applying these conditions to (3.105) resulting in

0 3t ( b
iy (£) :{ } fip(t) = {2 }f)ot, B()=0, o @ gt (113
ot 1 272 2641
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and

(lt - B t2b+l\ w2 1

ag(t)=4¢* Bot, with B = -1 : 3.113b
4(%) il—G—.}%tQ bo " 252 (2b+ 1)(2b + 2) ( )

Once again, without questioning the general character of this approach, the first assumption for
approximating the displacement in case of zero initial conditions is derived forii, to be smaller

zero. This implies that all subsequent equations including (3.113b) are only applicable for times

t> [ = } i 3114
2 35, ) (3.114)
which is a negligible small time frame for the periodic system under investigation. For example, if
wn &~ Pg and b = 0.5, BEq.(3.114) gives t > 2.45s. It is easy to see that the opposite sign in (3.114)
leads to results for the time range 0 < t < tp, where tp, is the time as obtained from equation

(3.114). The next step produces with iy < 0, thus sgn(2y) [ts| = —y,

pot+ wh (t
(3.115a)
leads to
and
Bs(t) = Bipgt?. (3.115b)

The expression 4F;(...) stands for the Gaussian hypergeonietric function [109], see appendix B.1.
It should be noted that further analytical integration is possible, although omitted here, provided
that the necessary assumptions are made which simplify both the signum and absolute value func-
tion in (3.78).

The above derivation clearly shows that a nontrivial solution for u(1) exists even in the case
of zero initial conditions. Furthermore, if both initial conditions and excitation force are zero no
solution other than the trivial one can be obtained, since it follows from (3.113) that G(t) = 0 with
j=1,2,...,00. This result is of fundamental nature for the system (3.78) since it can be seen as
a newly derived prove of applicability of Okamura’s uniqueness theorem [67] for the nonlinear
flow in (3.78) if p = 0. In brief, the theorem states that given a continuous flow F (u) defined
in a domain D ¢ R? with (¢, ug) = (0,0) and F(uo(to)) = 0, and supposing the Lyapunov
function in equation (3.87a) exists and is (i) locally Lipschitz with respect to u at the origin,
satisfies (i) V (ug) = 0, (iii) V (u) > 0if |u| # 0, and (iv) the orbital derivative from (3.22) gives
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DV (u) <0 within the interior of D, then the IVP in (3.4) with (#y, ug) = (0,0) has only the
trivial solution u(?) = 0. It easy to verify that (3.78) complies with all of the above conditions and
therefore justifies the findings obtained from application of Picard’s method.

This leads to the conclusion, equivalently derived from Picard’s method and Okamura’s the-
orem above, that (3.4), although being non-Lipschitz, has only a trivial solution if @ = py = 0.
Therefore, if ug # 0 or py # 0 or a combination of both, then 11,41 (¢) as obtained from (3.105)

converges for j — oo to a nontrivial solution of the system (3.78).

It has become clear now that both trivial and nontrivial solutions exist and under what cir-
cumstances they occur. What remains still unanswered is the question if the nontrivial solutions
are unique. A suitable approach to this specific aspect of the non-Lipschitz problem can be found
in [63], arising from stability considerations for nonlinear electrical power systems [283]. The
standard notation of equilibrium points of the nonlinear flow as given in (3.16) has been ques-
tioned on several occasions [284,285]. Motivated by the fact that all time derivatives should be

zero at an equilibrium point of (3.4), Koksal [284] introduces the condition

F(j)(qu,i):O: i=1,2; j=1,2,...,00 (3.116a)
where
F(j)(u) - JF(j—l)(u) F(u), (3.116b)

which every stationary point ugg; must satisty. With F) = F, the above formulation clearly
includes the classical notation of (3.16) as a special case. Although the paper [284] is in parts er-
roneous, some mathematical statements are imprecise and the first theorem can be proved invalid,
the entire approach remains untouched. Venkatasubramaniam et al [63] formalised the concep-
tual idea of [284] and placed it on a more rigorous mathematical basis. Furthermore, the authors
established definitions for the existence and uniqueness of first-order, locally non-Lipschitz differ-
ential equations. They also introduced, independently of Zak [50, 60] and others [49,51,59], the
concept of terminal behaviour, although called "impasse behaviour’, where the impasse point of
order j = oo, obtained by successive utilization of (3.116), stands as a barrier for the continued
predictability of the oscillatory system’s trajectories. In other words, if the system passes through

such a point, all past knowledge about its velocity as a vector quantity*® is lost [55].

T
With F(U = {Fgl), Fél)} from (3.116) being identical to F in (3.78),
F (u,z) =F (u,z) , (3.117)

the second-order state space vector derivative according to [284] is together with (3.82) derived as

(-2 )
F@ = Jgr®O . 7@ = iFéa)} = { F2 } . (3.118)

—ugbw? lug |

1t is well known that a vector contains two items of information, direction and absolute value.

64



3. Nonlinear autonomous SDOF systems - extreine values of the transient response

Further, by using the basic definition |z| = x sgn(z) in [186] for x # 0 and the chain rule of

differential calculus [58], the expression

% g [P = %(Ul Sgn(ul))b—l
= (0= 1) " 5 (w1 )
= (b~ 1)sga(u) [~
= Ao(uy) (3.119)

is obtained, leading to

P2
FO® = _— 2 bot (D [ -
—bw; <u§ Ag(ur) + |wi|””" Fy )

By setting 7 = 4 in (3.116) the method is more involved yielding for the elements of the J acobian

(3.120)

3) - 3
or®  ar®

. Ju T
N N (3.121a)
oF®  ord)
Ouy Oug
with
0 o _ 0 O -
FurF = g B = bl gl = —usbef x(u)
0 @ 0 B
Gt = gt = bl (3.121b)
and

I

0 3 0 b—2
%Fé ) = —up bw?(b - 1)th1 sgn(uy) Jug|”" " — bw

9 0

2 ) Lo 12b—1
" Bur (wn sgn(uy) |u1]

—polwl) G219

where, using both product and chain rule [58],

7] b J . e
E sgn(u) w7 = sgn(uy) o ug [P
= (b= 2) ju '
= Asz(w1) , (3.121d)
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g 0
‘Ul‘% 2 %(sgn(ul) 161)

P o

ngn(ul) ug 27 = (2b — 1) sgn(ug)
1

— (2= 1) w2

= Bo(u1) , (3.121¢)

and Bj(u1) = sgn(uy) [ug |2b_1 leads to

O
Eu—lFé )= —2bw? (b 1) Ag(uy) - bwﬁ(wﬁ Ba(uy) — po AQ(UI)) (3.1211)
as well as
9 .3 2
%FQ = —21L2 bwn AQ(’LL]) . (3121g)

Substitution of (3.121) into (3.121¢), which together with (3.121b) and (3.121g) is inserted back
into (3.121a) leads after multiplication with F from (3.78), as defined in (3.116), to

2 4y |01
F(4>=bw§{ ; iz Aalta) =0 i+ B () , }(3.122)
—uj (b—1) As(u1) ~ ug (w? Ba(wr) + po Az (11) — 202 Ca(u1))

with Ca(u;) = (b — 1) |y ‘Qb—2. The authors in [286] provide a uniqueness theorem which takes
advantage of the fact that even if the flow of a system such as (3.78) does not satisfy the Lip-
schitz condition at a critical point v, = {1L1,C,,'u2,c,}T as given in (3.101) where u,, = uy, it is
still differentiable at u.,. By deriving the state space derivatives as shown in Eqs.(3.118), (3.120)
and (3.122), "better-behaving" higher-order functions are obtained which might be eligible to ful-
fill cquation (3.12). The fundamental difference to existing thcorems lies in the fact that only
the j-th order solution of (3.116) needs to satisfy the Lipschitz condition in order to guarantee a
unique solution u(t) of the flow F(1) = F of (3.117). This is a remarkable result and has been
demonstrated to work well for quite a wide range of first-order scalar and vector differential sys-
tems [63,283,286]. Unfortunately, in the case of (3.78) the problem is more complex. Obviously,

application of condition (3.13) to equation (3.118), which gives
HJF(2>H = b2 wh |y |2 (3.123)

is not bounded if u — u; = 0, and hence F® is not Lipschitzian either. The same applies to
HJF(3) , which is obtained using (3.121a) to (3.121g). In fact, it is easily verified, none of the
F@) with 5 = 1,2,..., 00 above satisfies either equation (3.12) or (3.13) from section 3.2.1. It is
now proposed in this work to use Peano’s theorem* [67] instead of the Lipschitz conditions to

prove uniqueness of order 7 solutions in (3.116). Before the theorem can be stated, the following

definition is needed:

_ . _ o T
Definition 3. Two vectors u,a € R" with u = {uq, ... JA,,,}T and @ = {u1,4s,...,%n}

*MThis should not be confused with Peano’s existence thcorem which simply requires continuity of the vector field,
sec section 3.2.1 of this chapter.
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are defined to be u < U, if and only if, w; < 4; for 1 < ¢ < n. The flow
T
F (t,u) = {F1 (tu),..., F, (t,u)} (3.124)

is defined non-decreasing in t if F (t;,u) < F (to, u) whenever (t,u) and (t2,u) are ele-

ments of the domain

D, = {t,a€IR,:t0 <t<tgta; ueR": Ju—ugf < b} (3.125)

whenever (t1,u) and (t1,0) € Dy and u < . Moreover, F (t,u) is quasi-nondecreasing
inuif for each i =1,2,... n the scalar components of the flow in equation (3.124) are
E; (t,u) < F; (t,u) whenever u < 0 and u; = 4;. If F (t, ) is neither non-decreasing nor

quasi-non-decreasing in 4, then it is non-increasing in u. Results for t are analogous.

With this definition of an increasing or decreasing vector field in mind, the theorem can now be

given as follows.

Theorem 4 (Peano’s Uniqueness Theorem). Let F (¢, u) be continuous in the closed set
D, non-increasing in u for each fixed t in the interval [ty, to + a|, and for all (t,u), (¢, 1)
in Dy the flow F satisfies

(F(t,w)~F(1,@)  (u-1) <0, (3.126)

then the initial value problem (3.4) has at most one n-dimensional solution in [, to -+ al.

It is easy to sce that F' of (3.78) is defined for all u € R? even if b < 1 and becomes only singular
if b < 0. This continuity of the system in (3.78) throughout the domain D} ensures that 1y = 1z
together with g = Py — w?2 sgn(u;) \ul|b is a non-increasing flow field in u = {u, ug}T for all
t € [0, 00). Application of (3.126) to the autonomous flow F? from (3.118) yields at the critical

point u = uw; = 0 given in (3.101)

— b+l
ﬂ@m%ﬁ:—ﬁ{ @l }. (3.127)

’LL% b "l_l,l‘b_l

Taking into account that the velocity varies with the square root of the displacement, see Eq.(3.67),
hence ug(t) o y/uy(t), the expression u3 b |@1]"~* in (3.127) is simplified to b |uy|°. This clearly
shows F(2) satisfies Peano’s condition in (3.126) for all @ € IR™. Letting the trajectory of the

solution @(¢) approach the critical point v = 0

i "l_l,li,b+1
_lim s =0, (3.128)
0—+0 !ul|

proves uniqueness of the second-order solution of the flow F (u) from (3.78) at y. This is identical
to the approach of Venkatasubramanian et al in [286], but the authors there require the higher-order
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solutions to satisfy the more stringent Lipschitz criterion of (3.12) and (3.13), respectively. How-
ever, here the same conclusions are reached using Peano’s condition for j-th order flows failing to
satisfy Lipschitz. Thus, since the order two solution F*) is also an order one solution, the fact that
equation (3.127) has a unique solution for the point u = 0, establishes uniqueness of solution for
the original flow because F = FO) according to (3.116). Finally, this provides uniqueness of both,
trivial and nontrivial solutions u (¢) starting at zero initial values u (%) = uy = 0 of the first-order
differential system in (3.78). In fact, it is a simple exercise to show that Peano’s condition not only
holds for (3.116) if j = 2, but equation (3.126) remains valid for all 5 € N and hence, F (w) = 0

is a strong solution of order o in the sense of [286].

Up to now, the above findings regarding existence and uniqueness of the non-Lipschitzian
vector field in Eq.(3.78) only take into account the flow F and its solution(s) u(#). If one assumes
for the results derived in this chapter that the system stays free of the effects of non-conservative,
non-smooth and non-autonomous restoring and applied forces, it is advantageous to consider the
Lyapunov function of (3.78) not only for stability analysis as performed above, but also for the
derivation of uniqueness statements for trajeetories of the flow in (3.78). This approach relies
mainly on one theorem and should therefore be seen as an alternative way of ruling out mul-
tiple solutions of nonlinear first-order differential systems, which have a scalar function of the
type given in (3.87) but otherwise fail to satisfy the local Lipschitz conditions at certain critical
points uer = {u1cr, ’UQ’C,—}T such as ug, = u; = 0. The theorem used in here is the lesser known
Brauer-Sternberger Uniqueness Theorem given in this case as a Perron-type formulatior® and
can be found in [67] for example. A slightly modified version more suitable for the problem under

consideration is given here.

Theorem 5 (Brauer-Sternberger’s Uniqueness Theorem). Let there be a function h(t,y)
which is continuous in an interval 1, = {t ceR:tg<t <ty + a}for y > 0, and for ev-
ery t, € .1, assume that y(t) =0 is the only differentiable function within the interval
Iy = {t ER:fh<t< tl} and continuous in ol = {t eR:tp <t < tl} Jor which

0 _y(t) —y(t)
- ta) = 1 AT 14 3.129
Jt Y+ ( 0) t—l>lvpto t— 1o ( )

exists and both of the following two conditions

a 7]
(i) Ey(t) =h(t,y@t) Vie 1y, and (i) y(to) = TRl (to) =0
(3.130)

hold. Furthermore, assume the field F (t,u) of Eq.(3.4) is continuous in D, from definition 3;
and there exists a Lyapunov function L(t,u — @) defined and continuously differentiable in

9 perron’s uniqueness theorem [249,287] is a generalisation of the uniform Lipschitz condition given in (3.12) for
first-order scalar cquations.
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Dy = { (t,Au): (t,u) € D, , (t,q) € D+} with Au = u — 1 such that
(ii)) L(t,0) =0, and (iv)/ L(t,Au)>0 if |Aul#0, (3.131)

and for all (t, Au) € Do with t # ty the orbital derivative from Eq.(3.22) yields
DrL(t, Au) = —a-L(t Au) + gL(f.Au) (F (t,u) — F (t,0)) < A(t,L(t, Au)).
) at ¥ au 3 b I — J ? ’
(3.132)

Then the initial value problem in (3.4) has at most one solution inyl ;.

It should be noted that the function h,(t, L(t, Au)) can be arbitrarily chosen as long as it satisfies
both (3.129) and (3.130). With Au = 0 in the above theorem it is easily verified that the Hamilto-
nian equation (3.87a) of the system in (3.78) complies with (iij) because V;,(0) = 0 for zero initial
values which is the case under consideration here. By setting u = w = 0 condition (iv) gives

5 |- )" +po; >0 for  |af #0, (3.133)

which is true for all @ € R? since according to equation (3.155) below, if

ug=0, po>0 then u >0V ¢ where te i (3.134)

2sen(—u1) |—-w | — p —
DpVy(-1) - (F (0) —F(ﬁ)) - {wgsg ( 1)_| 1 10} _ { 2 } .’

SN s b
—y wh sgn (i) |4
which can be simplified, assuming without loss of generality iy > 0 V t € I if pg > 0, to

= Uy (wgﬂ? + po) - wﬁﬂﬁ’

= 'L_L‘.'Z])OA (3135)

In order for h,(t, L, Au)) from (3.132) to conform with (i) in theorem 5 the following condition

niust be satisfied

d g, . d
n Vi(Au) = h(t, Vfl(Au)) = Ay %Aug—l— (wfl sgn(Auq) |/_\'u,1|b — po> 8_tAu1 (3.136)

where Au = {Auy, Aug}T = {uy — @y, ug — ﬂg}T and (9/_\u/(‘9t = {0A1,L1/5t, ()Aug/()t} .
With u being the critical point at the origin of the coordinate system, this simplifies in conjunction

with (3.134) to

8 d
s VA(AW) | =ay il + @2 (Wp 1 + po) (3.137a)
u=0
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or, together with the equation of motion (3.3) and dﬂg/ dt =1y = pg — w2 @l to

=2polz
= h(Vy(-1)). (3.137b)

It should be noted since (3.136) is continuous and differentiable, hence smooth within, 7, the

limit approéching to from the right in (3.129) exists. With @ ({ = 0) = 0 and therefore

8
—_— t = i
= Valt=0)=0 (3.138)

in Eq.(3.137a), condition (7i) in theorem 5 holds and thus, together with (3.137) equation (3.130)
is satisfied. Furthermore, since (7ii) and (7v) in (3.131) have been proven in (3.133) above, both
functions V,(Au) and h(Vfl(Au) ) are feasible in terms of the Brauer-Sternberger’s theorem. Fi-
nally, this allows for condition (3.132) to be written in conjunction with both, (3.135) and (3.137),

as
DrVy(—1) - (F(0) - F (i) < h(Vp(Au))
leading to the simple incquality
1<2, (3.139)

which holds for all u € D_ according to (3.125) with n = 2 in the case of system (3.78), despite
assuming pg > 0 in (3.134). For opposite signs, e.g. my < 0, the proof is identical.

As a last comment in this section on proving uniqueness for the solution (3.7) of the nonlinear
vector field in (3.78), one can comprehend how inappropriate the sole application of Lipschitz’s
condition (3.12) for the specific system in (3.83) is by a simply considering the following. It has
been shown in (3.115a) using Picard’s method that for zero initial conditions 1y = 0 the nontrivial
solution is only obtained if py # 0. In other words, whether closed orbit solution for (3.83) do
exist is simply determined by adding a constant to the differential terms in the system of nonlinear
equations. However, this constant vanishes entirely when using the condition as given in (3.13).
Hence, the sole difference between oscillation and no oscillation remains hidden from the classical

but too stringent Lipschitz criterion.

This finally concludes the proof of uniqueness for solutions with zero initial values of the non-
Lipschitzian system in (3.78), which has been achieved in two rather different approaches. Using
a recently suggested method by Koksal [284] for deriving higher-order equilibria, it was possible
to show that even if the j-th critical point does not fulfill the Lipschitz requirement as suggested
in [286], the trajectory passing through it has a unique solution if the nonlinear flow satisfies
Peano’s theorem. The second approach, being completely independent of the first, takes advantage

of the existence of a Lyapunov function for the system under consideration, which, together with
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the Brauer-Sternberger uniqueness theorem, can be utilised to establish unique solutions, if the
systems fails to be Lipschitz-continuous at specific critical points along the trajectories of the

nonlincar flow passing through these singularities.

3.4.1.4 Extreme response values

Impulse excitation. Maximum values of displacement in case of an impulse excited or freely

vibrating system are obtained from Eq.(3.51b) together with (3.76) and the simplified notation

U = uq and ¥ = ug

bs >2 kg b+1
—_— - 3.140
1 2 ( + 19 ) + 1 \u0| ( )

which leads for Eq.(3.52) to

1 s
b1 WT
ugx = sg0(UEx) {—+— Cl} (3.141a)
kg |

s0 that ugy = {Umin, Umax } Where umin < 0 and umax > 0. Hence, Eq.(3.141a) determines either
Umin OF Umax. Because the system oscillates around the equilibrium point %q = 0, see (3.56), the

complementary quantity is obtained from the relation

(3.141b)

Umin = —max -

Due to the restriction of feasible values for both, stiffness coefficient &3 > 0 and stiffness exponent

b > 0, see above, it follows for the constant (4 in (3.140)

Ci >0 Y ooug, g,p0 € R (3.142)
and Eq.(3.141a) will always yicld real-valued solutions. Substitution of (3.140) into (3.57) gives
extreme values for velocity. Since f;(u) becomes maximum at both boundaries ugy, i.e. there
are no other minima/maxima for f; () within the interval umin < u(t) < Umax, €quation (3.75)

substituted into (3.59) yields the expression for peak acceleration values

y kg
ilex = —— sgn(ugy) [uex|” (3.143)

since f1(u) is strictly monotonic for all b € IR. The oscillation period of the system in (3.78) is

obtained by applying (3.62)

Umax

1
e L's = vV2m /< """""" b L|b+l+('1) du (3.144a)

Umin

and must be rewritten as a sum of two integration intervals covering (tmin; 0) and (0; Umax )»
respectively, due to the singularity of the first derivative of the absolute value function lufatw = 0.

The first term of this sum is shifted into the positive real-valued domain Ry for the independent
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variable by substituting u(t) = —u(t), thus

0 ‘“min‘
— [y du= [ (.)7F da, (3.144b)
/ 0/

1“tmin|

[

and Eq.(3.144a), together with (3.141b) can be expressed as

Umax
.

2 du
Ts = — 2(b +1) / U >0 (3.144c¢)
£+ 6 > s max 2
! Wn R [ —ub+l 1 Cl,fl
where
k b+1
wﬁ = g , and Cl,fl = —-+— Ch. (3144(1)

m ktg

This allows for the definition of an oscillation frequency f, for an equivalent linear reference

system with b = 1 and identical mass and stiffness coefficient parameters defined as

fo= Yo (3.144c)
27

Equation (3.144c) can either be solved using available textbooks such as Byrd et al [288], or
algebraic manipulation software [289]. The first alternative is used below for the step excited
system where algebraic software cannot obtain a closed-form solution, whereas the latter method

gives in the actual case

2u 2(b+1) 1 1 1 wubtl
T = max N= -y -1 . —max 3.144
RO T, Cn 22T TIxb Cu (3-1441)

with 5F; (. ..) as hypergeometric function [109]. Comparing Eq.(3.144f) to (3.141a) in conjunc-
tion with (3.144d) and bearing in mind umnax > 0, gives

b+1
Mmax _ 1 (3.145)

Hence, (3.144f) can be simplified to [290]

f1T5 =

i1+
2 Umax 2(b + 1) g ( 1+b) ) (3.146)
e o VT

It should be emphasised that all of the above derived expressions are valid for b, i, © € R
with the only constraint from (3.75), b > 0 and k3 > 0, due to stability and existence reasons as

explained earlier in this section. Furthermore, by setting b = 1, Eq.(3.146) gives together with
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the well-known relation for the linear system
T ! (3.147)
§= - .

0T

Returning to Eq.(3.144c¢) and introducing a special case by setting b = 2 in (3.144¢) leads
to the possible predictions of multiple oscillation frequencies if the response of the SDOF system
with f1(u) is approximated in terms of trigonometric functions. It is obvious that the polynomial
discriminant Dj

D, = (— %) , (3.1484)

of the cubic cquation
—ud 4+ Cip, =0 (3.148b)

is always greater zero and hence, Eq.(3.148b) has one real and two conjugate complex solu-
tions [58]

. 1 . —
X1 = ¢ C1n = tmax, (2 = 9 ( ---- 1~ n\/g) tmax ; X3 =Xz (3.149)

This allows for the elliptic integral

Umax
2 1
g ls = V6 / -(—u—, Umax > 0, (3.150)
Wn AR/ —ud+ Cip,
to be rewritten in Legendre’s canonical form according to equation (B.11) and solved for using
case (243.00) in [288]
2
pls = —V6nF(¥, k), (3.151a)
Wn

where F(1), ) is the incomplete elliptic integral of the first kind with argument 1 and modulus &,

see appendix B, which are given as

0 = umi\/g, 52=%(2+\/§) , and cos(w)—_—2~\/§. (3.151b)
1t is easy to see that (3.151b) has multiple solutions

Yozy= U =D+ (=1 %o, j=1,3,5,...,n, k=1,2 (3.151¢)
as shown in table 3.1 with the fundamental one being

Py = arccos (2 — \/@ . (3.151d)
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Table 3.1 — Restoring force f1{u) = kgsgn(u1) [uq | - Impulse excitation: Multiple solutions for
oscillation period integral in equations (3.150).

’ - ()

1 1 Y1 = —ty
2 Yo = Yo

3 1 Y1 =27 — Yy
2 Yo =27+ 9o

5 1 Y3 =471 — o
2 g =47+ Yy

It is important to note that all ¢(]._ 2) in (3.151c) are projections of iy into the fundamental

solution domain 0 < 3 < 7 of the inverse cosine function in (3.151d). Therefore, the (0, 7)-in-

terval normalised j-th argument is given as

Dr 2y = Y-4) =1,3,5,....n (.151¢)
(J—%‘)_Tl—l’ J =190, IRLE) .
and together with the identity from [291]
Fimm+ ¢, k) = 2mK(k) £ F(¢, &) (3.1519)
equation (3.151a) can be rewritten as
1 6 .
Ts = £ nE (QK(K) . F(?f)o,/-f,)) j=1,2,...,n (3.152)

giving odd multiples of the fundamental oscillation frequency fy =1 / ¢ T's from Eq.(3.151a).

Results similar to Egs.(3.151a) and (3.152) are obtained if b = 3. Unfortunately, for b > 3, b € N,
the application of elliptic integrals is restricted to a limited number of special cases and their usage
is constrained in the same way as for (3.151a) and (3.152) to natural numbers for b only. Various
reduction methods for these so-called hyperelliptic integrals to ordinary elliptic integrals with a
polynomial of order not higher than four under the root of (3.150) can be found in [288,291, 292].

Step excitation. If the nonlinear SDOF system is excited by a m-scaled step load according to

Eq.(3.63), peak displacement values are derived from (3.66)

Juex " — % (b+ Dug — Cogy =0, (3.153a)
s
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where
Uex, Po, kg, b, Coy € R, and  kg,b>0, (3.153b)

together with

b+1 m . k b
F Cy and Cy = 7u(2)+ b+ﬁ1 lug| T oo (3.153c¢)

Coy =
from equation (3.65b). Using the definition for the absolute value |ue,| = ug, / sgn (ugx ) but bear-
ing in mind o0 < ug, < oo, and substituting ug, = up, Eq.(3.153a) can be transformed into

(b+1)
ks

U,IF’)H FApup — Coy =0, Ap =po , (3.154)
giving effectively two equations with the constraint of 4, > 0. All negative solutions for u, from
(3.154) are discharged. The maximum positive displacement amplitude %y.x > O is obtained with
" for the second term and the maximum negative amplitude unin < 0 with the "+" sign for A,.
From all real solutions of (3.154) the maximum positive is selected in both cases of F4, and
extreme values are given by Umax = up and umin = —up, respectively. If no positive solution can
be obtained from (3.154) for one of the two options of A,, than ugx = {Umin, Umax} is confined
to the range of either solely negative or positive values only.

Unfortunately, equation (3.154) can only be solved entirely analytically for a limited number
of special cases. If the full admissible range of the exponent bin (3.75) is required, one such case is
given if all initial conditions (3.3b) are equal zero. Hence, with G35, = 0 the solutions for (3.154)

become

1 Umax = Up,2, Umin = Up1 if pop >0
up1 =0 and up,2 = sgn(po) |Ap|® = _ .
Umin = Up,2; Umax = Up,1 ifpg <0

(3.155)

Another case of explicit analytical results for (3.153a) is given if b < 3, b € Nand G ¢, # 0.
Equation (3.154) then becomes a nonlinear third or fourth order expression solvable by algorithms
presented in [58, 160]. However, in order to take advantage of the full range of feasible parameter

values in (3.153a), equation (3.154) must be solved numerically [159,289].

From (3.71) follows for extreme values of velocity
9 k 3
. [ 2 2] b+1
UEy = :i: E (poueq - IH_—l |Ueq| + CQ) (31563)

where the new equilibrium point ueq is obtained by means of (3.70)

1
Po } ’ (3.156b)

Ueq = sgn(ueq) l:m
S e
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and sgn (ueq) must be chosen such that the term in brackets in (3.156b) is positive. It is obvious that
(3.156b) coincides with the new equilibrium point of the system obtained in (3.80) above. Since
the restoring force takes absolute maximum values |fi ()| at ugx = {tmin, Umax}» se€ Fig. 3.2,

peak values of acceleration are given by (3.72)

. 1
ligx = — (po — kg sgn(ugy) \uEX|b) . (3.157)

Inserting Eq.(3.76) into (3.73) yields an equation for the oscillation period

Umax
1 du
Ty = —+/2(b+ 1) . (3.158)
f1
“n Ui \/_ \’“\Hl + %Po u+Cygp

The entire domain of feasible values for ugy, is divided into positive and negative halves similar to
Eq.(3.154), and, assuming the most general case with tmin < 0, umax > 0, the integral in equation

(3.158) is rewritten as a sum

‘Unﬁn' Umax
lu 1
= + du . w>0, (3.159)

bh1 b+l
\/—ub*Ll — 2 pgu+ Coyy ) \/fubJrl + % pou+ Cag

ge

which incorporates the cases of Upin < Umax < 0, and 0 > umin > Umax by adjusting the integra-
tion limits accordingly. It is impossible to solve (3.158) analytically in its most general form as
given in Eq.(3.159) with b > 0, b € R. Therefore, the following three special cases have been
selected which yield closed-form expressions for the oscillation period of the nonlincar SDOF

system in (3.78).

(i) Zero initial conditions and b € R.: With 1y = g = 0 from Eq.(3.3) the integration constant
Co y, in (3.158) is zero. Without loss of generality it can be assumed Eq.(3.155) yields

UEx = {0 Umax} (3.1603)

with tmax > 0, and pg > 0 as necessary condition. Hence, the first integral in (3.159) be-

comes zero and ¢ Ty in (3.158) is obtained from

Umax p 2
du An = =206+ 1), (3.160b)

k)
W
3 \/u (—ub + lf—{fpg) n

which, after further algebraic manipulation, partial integration [289,292] and substitution of

e 1TH = Ag

Umax = Up,2 from (3.1595), leads to

Po i 160
7T = 2V Ay, E(b +1) (3.160c)

For the complementary case of ug, = {umin; 0} and umin < 0, the necessary condition of
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(ii)

po < 0 changes the sign of the second term under the square root of the first integral in
(3.159) into "+", and hence, with the second integral vanishing, Eq.(3.159) takes the same
form as (3.160b) but with |umin| as upper limit. Thus, Eq.(3.160c) is also the solution in this

case, but it must read

)
- T—O(b +1), or ‘—pi‘(b +1) since py <0 (3.161)

for the expression in brackets in (3.160c). By setting b = 1 in equation (3.160c) the linear

case can be obtained as demonstrated in (3.147) above.

b = 2 : With the nonlinear stiffness exponent equal to 2, the expressions under the square
roots in (3.159) are rendered as third-order polynomials and the initial conditions do not
necessarily need to be zero in order to obtain closed-form solutions for these ordinary el-
liptic integrals. With a cubic term in wu(t) each of the two polynomials in (3.159) has three

solutions. The nature of these two triples
f={&eRUC|i=1,23} ad x={xeRUC|i=123} (3.162)

is such that at least each one of them has one real-valued component, which is equal to the

upper limit of the respective integral
&1 = lumin] ,  and X1 = Umax - (3.162b)

The other two solutions are either real or complex depending on the nature of the polynomial

discriminant Dy

b+1 \° [Cap\?

Dy = ( ; Po> + (%ﬁ) : b, kg, po, Coy, € R, b, kg >0, (3.163)
A

see [58], and hence, on the sign and magnitude of the step force m. This makes it necessary

to consider both cases in [288], namely (£48.00) as above for D, > 0, c.g. one recal and

two conjugate complex solutions; and case (296.00) for D; < 0 with three real solutions of

either of the polynomials in (3.159) such that
£1>02>28>&, o x1>02x2>x3, (3.164)

obeying Vieta’s lemma in equation (A.8), together with Eq.(3.162b) for § and X, respec-
tively. Results for D, > 0 are already given in equation (3.151) above. Although the expres-
sion under the square root in (3.150) does not contain the linear term in w with the factor
(b + 1);1)0/kﬁ, see (3.158), Legendre’s canonical forms in case of one real and two complex

conjugate solutions according to B.2 are similar for both integrands in (3.159) and (3.150).
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(iii)

Contrary, if Dy < 0 the integral (3.159) yields

lel
/ i Fe (6, %) (3.1650)
= neFe (Y, K 165a
] \/ vvvvv ud k:—gﬁpo u+ Cag :
with
2 . — .
Ne = —— 2= u sin? ¢ = &1 . (3.165b)

? f“ - bl
V1 — &3 &1 — & §1— &
if o, = &1 = |uminl is the upper integration limit. The same result is obtained for the second
integral of the sum in (3.159) with x; = umax as upper limit if D, < 0. Finally, independent
of whether &, x;,7 = 1,2, 3 are all real or partially real and complex, the total oscillation

period is obtained as sum of the two parts in (3.159)

nTu = An (‘71.5':6 (4, £) + 1y Fy (9, h?)) - (3.166)
b = 3 : For quartic polynomials in Eq.(3.159) the approach for determiningg T}; is identical
to the above. Each polynomial has now four roots & and x; with ¢ = 1,...,4 leads again

to two meaningful combinations, i.e. two real, two conjugate complex or four real solutions,
depending on the sign of the discriminant I, of the reduced-order cubic resolvent polyno-
mial given in table A.2 of appendix A. With the set of parameters considered at the moment,

equation (A.6) must be written as

, b 2
Z/'3 +4Cop y — ( k—;l ])0) =0 : (3.167a)
with
4 5 /b1 \*
Ds = (,— Cz,fl) + k Pol - (3.167b)
3 kg

according to (A.1d). Provided all parameters involved in (3.167a) stay within their previously
defined domains of definition as given, for example, in (3.163), it has been shown in [270] to-
gether with the explicit solution for a third-order polynomial from [160], that (3.167a) never
possess three real-valued solutions of which one is positive and two are negative. This would
ultimately result in two pairs of complex conjugated solutions [58] for the primary quartic
equation under the square roots in (3.159), and hence, no real-valued upper integration limits,
neither tmin NOT umax would exist. This clearly shows how the physically impossible case is
ruled out mathematically by accurate definition of the feasible domains for all participating
parameters. Depending upon the nature of the solutions of Eq.(3.167a), either case (257.00)
for real-valued roots; or case (259.00) for partially real-valued and conjugate complex roots
of (3.159) must be chosen in Byrd et al [288]. Subsequently, the oscillation period of the

SDOF with stiffness cxponent b = 4 traversing between gy = {Umin; tmax} 1S given by
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summation of both parts of the interval, leaving exactly the same result as in Eq.(3.166).

It is worth mentioning that for the case 0 < tmin < Umax the first integral in (3.159) becomes
zero and flTH is obtained solely from the second integral evaluated at the limits (Unin; Bmax)-
Similarly, for umin < Umax < 0, equation (3.166) consists of ApmeFe (¢, k) only, with the first
term in (3.159) computed at lower and upper limits (|tmax| ; [tmin|)» respectively, and the second
integral in (3.159) equal to zero. These results are direct consequences from the non-negative
domain of solutions defined for Eq.(3.154) above.

As explained earlier, the usage of tabulated function for solving (3.158) is restricted to natu-
ral numbers for the nonlinear exponent b € N. Due to the extra term w(t) in Eq.(3.158) compared
to (3.144a), reduction of hyperelliptic integrals with (b > 3) to cases with at most quartic poly-
nomials under the square root becomes more complicated and reduces application of analytical
function tables even further to selected, special cases. For example, if b < 6 equation (579.00)
in [288] can be used, whereas for 4 < b < 12 case (118 — C) in [292] is applicable.

3.4.1.5 Shock spectra

Impulse excitation. By choosing an appropriate set of random parameters for the stiffness coef-
ficient kg, the excitation magnitude ps, as well the initial conditions g, 1o and mass m, the above
derived formulas can be examined visually. Figure 3.3 shows for an impulse excited system the

maximum displacement 1y, normalised to the linear static displacement s;at lin

Ymax where Ustat lin = Pﬁ , (3.168)

Y
Ustat,lin kﬁ

Uporm =

a type of scaling which is commonly used in shock spectra diagrams for linear systems, see [226,
293] for example. Similarly, Fig. 3.4 displays the nonlinear oscillation frequency £ according to
Eq.(3.74), normalised to the frequency f, of an equivalent linear system with b = 1

Joorm = I : (3.169)

Jn

Both figures feature identical system parameters with f, as independent variable. From first in-
spection the linear and nonlinear displacement response in figure 3.3 seem not to be very different
at all. However, whereas for small f,,, hence small stiffness coefficients kg, response for the entire
range of different wg is equal, the four lines separate as f; takes on higher values. Furthermore,
increasing nonlinearity from Fig. 3.3 (b) to (d) gives less distinguishable system responses due to
different initial displacement wy. This can lead to the false conclusion that, as b grows, all non-
linear responses become almost identical. This is clearly not the case as the normalised frequency
in figure 3.4 indicates. As expected, for the linear system in 3.4(a), the ratio from Eq.(3.169) is
equal to 1, irrespective of the change of stiffness k3. That this is not true for nonlinear systems
addressed in this work and has been discussed above. The way the nonlinear frequency changes
does not only depend on the initial energy of the system, and hence on the initial conditions, it

depends considerably on the system’s nonlinear stiffness coefficient Ay as well, and therefore on
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fn as the only free variable. Whereas for each b = const in Fig. 3.4(b) to (d) the nonlinear fre-
quency seems to be independent of vy for small values of the restoring force parameter kg, the
initial displacement gains more influence as ks increases. In fact, fy_ is directly dominated by the
initial displacement, since for 14y < 1 the ratio defined in Eq.(3.169) decreases and fy_ becomes
considerably smaller than its linear counterpart f,. Contrary, for ug > 1, fyo approaches f, and
the ratio fnorm becomes nearly one with increasing kg.

In summary, with the selected range of parameters for both figures 3.3 and 3.4, the system
gives comparable results in the linear and nonlinear case in terms of maximum response ampli-
tude umax for the lower end of the stiffness coefficient k5 as pictured in Fig. 3.3. However, the
nonlinear oscillation frequency differs considerably for systems with b > 1 from the linear case
shown in Fig. 3.4(a). Morcover, the total nonlincar system response, i.e. amplitude and frequency,
becomes incomparable for the upper end of the kg-range and is significantly different from be-

haviour exhibited by the linear reference system in graph (a) of both figures.

Shock spectra similar to those obtained for linear systems in [226,293] can be plotted using
the analytical results derived above and setting the conditions w), % in Eq.(3.3b) equal to zeros,
i.e. the system is at rest when the impulse is applied, thus u(0) = 0, ©(0) = ps/m. In this special
case the extreme displacement in Eq.(3.141a) can be normalised by the mass m in the nonlinear

system leaving a new Tgy m as function of ps, b and kg only,

1| b+1 p3|™ T
ugx = sgn(1Ex) e {m %} = sgn(uge) —2 (3.170a)
n

with the mass scaling factor due to impulse excitation

A S (3.170b)
e

and Tge,m = s {Umin; Umax}. Equation (3.170a) can be generalised further by scaling it to the

3|

linear static displacement from (3.168)

m _
UEx = Sgn(uEx) ﬁ Ustat,lin YEx,m,s (3.170c) .

together with

(27 fn)2 — (3.170d)

UEx,m,s = UEx,m -

Do

Simplifying the mass ratio in (3.170c) with the conditions for stable oscillations from Eq.(3.75)

ms.f = L—n = 'm”i—)l (3.170e)

ms
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allows one to rewrite the extreme displacement in its final normalised form as

UEx = Sgn(“Ex) s, 1, Ustat, lin UEx,m,s - (3.171)

The dimensionless displacement Tgy 1, s, Which is effectively the minimum/maximum dynamic
magnitude given in (3.141a) normalised to the SDOF’s mass m and the static displacement of
the equivalent linear system from (3.168), is plotted for various degrees of nonlincarity in the
shock spectra in figure 3.5. With given system parameters of m, p, kg and b, the equivalent linear

frequency

fo= S @ (3.172)
2r ¥y m
can be calculated. By following the appropriate straight line of gy in Fig. 3.5, Ugx m s is retrieved
and using Eq.(3.171) together with (3.170¢) and (3.168), the extreme (minimum/maximum) dis-
placement ug, is obtained.
In a similar manner the nonlinear oscillation period from Eq.(3.146) can than be expressed

in a mass and linear equivalent frequency normalised version as

{1+ -L.) ¢ o
LI T (3.173)
T ('2- + 1—+5> /o Jn

Ts =
f Ms  Dh

with Tg, m from Eq.(3.170a) and the mass ratio m/ Mg according to (3.170e). For any given kg
and m the value for f, is given by (3.172) and flT,5=m is obtained from the inverse of the ratio

INL / Ju in the normalised oscillation frequencies given in figure 3.6, thus

= fa
Ty = 22 (3.174)
e InL

Step excitation. Similar expressions are derived for step excitation. With G r; = 0 from equa-

tion (3.153¢) the mass-normalised maximum displacement Tg, , relates to ug. via Eq.(3.154)

1\F —1
umae = () A (3.1752)
m
and gives together with
m 1\% b1 1 —1 (27 fy)?
M, = — = m (-) =m'T  and AL, = AT IR (3.175b)
’ MH m " Po
for the maximum displacement
—1
Umax = 'Tn_H,fl Ustat, lin Ag,norm . (3176)
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_1
The dimensionless values for A2 . are plotted as shock spectra in Fig, 3.7 for various values
of b and different step load magnitudes . The equivalent lincar static displacement ugat in 18
similarly defined as in (3.168),

Ustat,lin = %‘ 3.177)

From (3.160c) follows for the oscillation period

T
it = 2 g7 x S (3.178)

Jn

where the mass normalising factor .77y 1, is denoted as

_ 1y3(371)
TTRH,f, = <;> (3.179a)
and the dimensionless, normalised nonlinear period

T m = Ju (3.179b)
Inu
is obtained from the results plotted in figure 3.8. By choosing the SDOF system parameters ran-
domly as m = 5.15kg, ks = 2.03314 x 10°N/m3, p = 10N and & = 3, for example, table 3.2
compares the maximum displacement tmax and both oscillation periods ¢ 7’5 and ¢ Ty for impulse
and step excitation of the system in (3.78). All valucs obtained from the closed-form solutions,
equations (3.141a), (3.146), (3.155) and (3.160c) were verified by numerical integration proce-
dures [1,157,294]. Results obtained using the slightly less accurate method of graphically derived
values from all four shock spectra given in Figs. 3.5 to 3.8 compare very well to values derived
from direct evaluation of the more complex analytical formulas given in this éhapter. Although
application of the spectra is limited to the range of system parameters for which they are plotted,
it is straightforward to extend all of the straight lines in each of the logarithmic-scaled plots of the

four figures in order to account for the desired domain of displacement and frequency values.

342 fao(u) = kyu + kgu®

The second nonlinear restoring force under consideration here is the well-known Duffing-type

geometrical nonlinearity
fo(u) = kg u(t) + kg u(t with ke, kg, u(t),t € R (3.180)
g 8

with k., kj being constant stiffness cocfficients. Since its first appearance in [4], Eq.(3.180) has
been extensively studied as part of various differential systems [8, 18, 82, 83,229,295]. A brief
overview of these findings has been cxamined in chapter 2. Key results of existence, uniqueness
and stability analysis will be presented in a similar layout as in section 3.4.1 above, followed by

novel analytical expressions for extreme values of response together with newly derived shock
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Table 3.2 — Comparison of SDOF system response resulls for closed form solution and shock
specira in case of impulse and step excitation. System defining values: mass m = 5.15kg, non-
linear stiffness coefficient ks = 2.03314 x 108N/m3, load magnitude p = 10N and nonlinearity
exponent b = 3. Linear static displacement %gtat in = 4.9185 X 107 6m, Equivalent linear oscilla-
tion frequency f, = 100Hz.

Impulse

s £y UEx,m,s flTrS,m Umax Umax flTé' flT(S

Eq.3.170¢)  Fig.35(c)  Fig.3.6(c) Eq.3.171) Eq(3.141a)  Eq.(3.173)  Eq.(3.146)

2.2694 190 0.4 0.0661m 0.0662m 0.5673s 0.5646s
Step
—1 —
MH,f, Ag.,norm flTH,m Umax Umax flTH flTH

Eq.(3.175b)  Fig.3.7(c)  Fig.3.8(c)  Eq.(3.176)  Eq.(3.155)  Eq.3.178)  Eq.(3.160c)

2.9822 1850 0.043 0.0270m 0.0271m 0.8032s 0.8101s

spectra for simple yet accurate response prediction of the SDOF system.

3.4.2.1 Linearisation

Using the previously introduced common substitution 1 = 1 and ug = % the second-order differ-

ential equation in (3.3) is transformed into the first-order system

U1 B U9 (3.181)
U T la 2 _ 2.8 '
2 ]70 \.()a U] ujﬁ ul

where w2 = kq / m, w% = kg / m and Dg = po / m. The natural frequency of a linear reference
system is introduced similar to (3.79) as f, and relates to (3.181)

5 k 1k
47T2f3:u]é: __(17 thus, fo= 7 —=. (3.182)
2m ¥V m

™m

Setting F (u) = 0 and py = 0 it is well known [249] the system in (3.181) has three solutions

which can be given in closed form using the second equation in (3.181)

p 1 k.
0=ug <uf + —) : where ky, = il , (3.183a)
l-",—y ka
hence,
( )
0 4. /- L
UEq,1 = {O} ; and Upq2/3 = i 0 ""} . (3.183b)
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It is easy to see that in case of k,, kg > 0 in (3.180), commonly referred to as stiffening spring
force, ugg 2/3 are complex and therefore no valid stationary points. Contrary, softening and snap-
through restoring forces with &, > 0, kg < 0 and k, < 0, kg > 0, respectively, and thus ky < 0,
allow for three equilibrium points of the oscillator. As defined in section 3.3.1 of the current
chapter the above case with py = 0 corresponds to both free vibration and impulse excitation

where the Dirac impulse is incorporated into the systems via the initial velocity.

For step excitation, i.e. pg # 0, the equilibrium points of oscillation must be obtained from

|
o:u{’+-l;u1—£—g, (3.184a)

with the solution discriminant Dy according to (A.1d)

D, = [ — 3+ m \* (3.184b)
* T\ 3ky 2 kg ‘

and three cases for D as given in table A.1. It is apparent from (3.184b) that the sign of the step
load magnitude py has no influence on the sign of D,, and hence the nature of equilibrium points.

This simply reflects the fact that all system responses are symmetrical with respect to the direction
of action of pg. If &y > 0 there will always be one real solution only, explicitly obtainable using

(A.2), hence

1
wy + U1 . _{ Dbo / E v !
UEq,1 = { } ) with w; = (m + DG) ) U1 = 3;6’)/ w1 ’

0
(3.185)

and two solutions with ug /3 € C. In case of softening or snap-through springs, i.e. k, < 0,up
to three real-valued solutions of (3.184a) are possible and can be obtained using (A.3) given in

appendix A. The linearised version of system (3.181) is derived from (3.17b)

JF = 0 ) L (3.186a)
—wi — Bwé u 0

leading to ecigenvalucs such that (3.17d) is satisfied

Aijp = £1/—w? — 3wiul, (3.186b)

and eigenvectors according to (3.17f)

1 1
— = 3.186
X1 {/\1} ; X1 {/\2} . ( ¢)

It becomes apparent that for ky, ks > 0 only centres can exist for the linearised system since
A1, Ag € C for all uy = ueq € R and therefore all ugq; in (3.183b) and (3.185) are classified as
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3. Nonlinear autonomous SDOF systems - extreme values of the transient response

Table 3.3 — Equilibrium points of (3.181) according to Eqs.(3.183) and (3.184) with appropriate
eigenvalues of the linearised system (3.186b).

hardening softening snap-trough
ko, kg >0 ko >0, kg <0 ko <0, kg >0
upg,1 = {0, O}T —  Ayp =t/ =0l
centre centre ‘ saddle
Po=0 T
1o other Ugq,2/3 = {ﬁ:,/j}g—w 0} — Ajpp= 2w2
equilibrium saddle centre
O=ui+gu—§,  upqi={eqi0}#0, i=123 (%)
o . 1 y3 Po_ 2 . .
1 real: ugq,1 > 0 1 real ift (W) < (2@) -3 3realif otherwise
po # 0 Az eCif: 3 wg ueZq)i < w;‘i A1,2 € Cif: lwg‘ < 3w§ uij
M2 €C — centre — centre
— centre A1,z € Rif otherwise A1,2 € R if otherwise
— saddle — saddle

non-hyperbolic equilibrium points. For k£, < 0 and py = 0 all three stationary points in (3.183)
can be centres as well as saddle equilibria. A complete summary of all possible cases is given
in table 3.3. It is worth noting that identical conclusions can be reached using Morse theory for
Hamiltonian systems as given in section 3.2.4. The majority of the above derived results regarding
stability of the lincarised system are well-known and are scattered across numerous publications.
However, to the authors knowledge, closer examination of constant right-hand-side excitation for
the system in (3.181) has only been considered sparsely. The need for a coherent and precise
approach as basis for the derivations to come in this section justifies the presentation of some of

the known results of the Duffing system given above.

3.4.2.2 Nonlinear analysis and uniqueness

Due to the incomplete picture of the true stability nature of (3.181) received by analysing the lincar

system in the previous section, a global approach is required. It is easy to verify that the energy

function

1 1 1
Vi, (u) = 3 ud + 3 w2 u? + 1 wjui - Pous (3.187)

resembles the Hamiltonian of (3.181) by using the definition in (3.19). Thus, (3.187) can be em-
ployed as Lyapunov function satisfying all conditions of theorem 2. Energy input due to initial

values ug is equal to

Vf270 (ug) = sz (u = uo) . (3.188)
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The proof for existence and uniqueness of (3.181) are easily obtained using Lipschitz’s condition
in (3.13) since together with (3.186a) a constant and finite ! can always be found. With Eq.(3.22)
for the orbital derivative being equal to zero, the level sets of solution trajectories for (3.181) are
constant as expected for conservative systems.

Stability and derivation of explicit solution of the freely vibrating oscillator have been the
subject of numerous publications, see [16—18] for examples. However, in the case of a non-zero
right-hand side of (3.3) the qualitative significant changes have received considerably less attention
in the literature and will therefore be derived and examined below using the theoretical framework
presented in sections 3.2.1 to 3.2.4. For the sake of consistency and duc to the fact that no coherent
description of all possible states of the freely vibrating system could be found in literature, key
results are revisited in the light of derivations introduced in this chapter and briefly summarised in

what follows.

For py = 0, i.e. no applied forcing, Figure 3.9 shows the system’s energy equation (3.187)
incorporating all four possible combinations of the parameter pair (k,, kg). The hardening-type
stiffness in (a) is a classical case of a Lyapunov function satisfying all conditions (3)-(iii) in theorem
2. With (3.187) being unbounded as |lu|| — oo, see (3.89) for comparison, ug, 1 from table 3.3 is
globally stable. Contrary for graph (b) which shows the softening-type spring. The non-degenerate
equilibrium remains only stable if the total initial energy is smaller than

1 2
w? u%cr + 1 w% uicr , (3.189)

DO —

Vf2>0(u0) < sz,cr(ucr) =

where 1, = ugg p/3 from table 3.3. Hence, global stability is not ensured since

lim Vy(u) =—-o0 (3.190)
lujl—o0
and the largest set of stable trajectorics is given as
Q. = {u € R*|Vj, (u) < Vi o (uer) } (3.191)

which is equivalent to a condition for all points of the flow in the phase space expressed by a

fourth-order algebraic equation
0 < [Vhp(W)| = Vg o(ue) (3.192)

bearing in mind that pp = 0 in V}, from (3.187). It is easy to see in Fig. 3.9 although (b) and (c)
share the same extreme points along the v -axis, the snap-through spring features global stability
independent of parameter values or initial energy levels. However, for V4, o(1p) > 0 a saddle-node
bifurcation takes place in system (c), where along with the stable equilibrium g, 2 from table 3.3
a second centre ug, 3 appears in the negative half-plane of the phase space and the trajectories of
the system start passing through the unstable saddle vgq; = {0, O}T instead of being tangent to
it as in the case of a single centre. With (3.187) violating condition (ii) in theorem 2, LaSalle’s

approach must be used again, since it is possible to find a positive constant C for any pointu € IR
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of the phase space such that
Qe = {u e R?|Vj,(u) < C} (3.193)

is a compact positively invariant set. With V4, (u) being unbounded, i.e. the limit in Eq.(3.190)
above gives +o0, the snap-through system is globally stable. It is worth noting that for any ini-
tial conditions up = upq /3 no oscillation can occur since the system has already acquired a
minimum-energy position.

Finally, graph (d) in 3.9 clearly shows that when both &, and kg < 0 there is no feasible

combination for a stable system (3.181).

In case of pg # 0 all energy tunctions in Fig. 3.9 change to distorted, non-symmetrical 2D
surfaces shown in figure 3.10. Although there is some similarity between both graphs in (a) of
Figs. 3.9 and 3.10, the new equilibrium point has moved to the right! if py > 0 and must be
obtained as solely real-valued solution of (3.184). As seen before in Fig. 3.9(a), the hardening
spring system also appears to be globally stable if subjected to step excitation. However, due to
the fact that (3.187) fails to comply with (7i) in theorem 2, LaSalle’s principle in theorem 3 must
be employed for the proof. Graph (b) underlines the fact that for k,, k3 < 0 the system remains

unstable despite an additionally introduced positive right-hand side.

The parameter pair (k, > 0, kg < 0) produces two scenarios shown in (c) and (d) of figure
3.10. For the first, no equilibrium point can be established since the applied step load is greater

than the critical loading

Po > Po.cr s (3.194)
which will be given for the case of zero initial values in section 3.4.2.3 below. It is important to
note that for analytical or numerical calculation of all three equilibrium points of the softening
oscillator the roots of equation (*) in table 3.3 can be used. However, for plotting the graph of
zero solutions for the original system in (3.181) the more precise variant

sgn(kq) 7o M s o g o .

sgn(kg) vl + 22—y — = = — (wiud +w?u - Py (3.195)

‘ [y sl Ikal( ¢ ¢ )
must be employed from which immediately follows that even if @y > po ¢, hence in numerical
integration method the system appears to be unstable, equation () still possesses three real roots.
This underlines the fact that the critical step load magnitude for the softening stiffness cannot be
established with the derivations above and further analysis as presented in the following section
3.4.2.3 is required. Finally, equation (3.195) also shows that the case of a single zero solution only

occurs if Dy = 0 but if py > the magnitude |pg| is already greater than g o, and stability is lost.

Dt is easy to verify that in case of a negative force magnitude py < 0 some or all newly emerging stationary points
of the nonlinear system would move into the opposite dircetion, However, depending upon the value of all initial
conditions ug, tio and their contribution towards the oseillators total energy Vi, 0(uo) these new cquilibrium points can
lie in the negative half-plane of the phasc space, hence ugq,; < 0 for some or all i.
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Only if D, < 0 are there three real solutions of which two are positive according to Vieta’s lemma
in (A.8),say ugq1 < 0 < ugq2 < ugq3 and the system can have one non-degenerate equilibrium
point at ugq2 with an energy function as shown in Fig. 3.10(d). Although it is clear to sce that
Uugy 2 must be smaller than the maximum displacement umax obtained from (3.197a), stability of
this solely feasible solution will be established after introducing further results in 3.4.2.3.

The last case considered here for stability analysis with i % 0 in (3.181) is shown in both
graphs (e) and (f) of Fig. 3.10 which depict the energy function for the step excited snap-through
system. From plotting (3.184a) with respect to 1 it becomes immediately clear that there exists
for pg > 0 (pg < 0) always one positive (negative) root only which ensures stability of the sys-
tem regardless of values for initial condition or applied loading. Unfortunately, no statement can
be made at this point whether the system trajectories can be classified as a homoclinic or hete-
roclinic orbits, which is the essential difference between (e) and (f) of figure 3.10. This is left to
section 3.4.2.3 below.

Although in general no definite stability conclusions can be drawn for marginally stable sta-
tionary points of the linearised systeni, see [230, 241], it should be noted that all results given

above by the nonlinear analysis are in agreement with implications presented in table 3.3 from the

previous scction.

3.4.2.3 Extreme response values

Impulse excitation. For free vibration and impulse excited systems the equation of motion is

rewritten according to (3.51a) with the constant C; from (3.51b) containing all initial energy and

the simplified notation u = 1w, @t = ug

myo . :
Cy = Z(2 (5 + 0)* + 2w ud + w% ué) (3.196)

where Pg = ps/m is the mass-normalised impulse magnitude. Extreme values of displacement

UEx = {Umin, Umax | arc¢ obtained using cquation (3.52), thus

2 4
W =P - —C1 =0, (3.197a)
k,q, kﬁ

which can be reduced to a second-order algebraic form by employing the substitution z = +# and

an explicit solution is obtained via standard procedures [186]

1 1 4 .
g =——=d, =+ —0C. 3.197b
1/2 e kf% + flfﬁ Ch ( )

Due to u = =-,/Z the substitution must be z > 0 which rules out z in (3.197b) for the hardening-

type stiffness. Therefore, if ky, kg > 0
1 1 4 . ,
UEx = L4/ — — + —2+—Cl, with Cy >0, (3.198)
: k. k: kg
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and no oscillation for zero initial values. Contrary, for &, > 0,kg < 0

+ L ! 4 C 3.199
(1 = — — — —( ‘
Ex |k:,y| k,%’ ;IC[-} 1 ( a)

which immediately enables one to derive the criteria for stable oscillation of the softening-type

stiffness system from the inner square root expression of (3.199a)

k
c, < k8l (3.199b)

.2 7
4k2

ensuring that z /9 € R and ug, = {0,0} if C) = 0. Since the constant C is a measure for the ini-

tial energy of the system, Eq.(3.199b) is equal to the condition in (3.189). The relationship between
both allows one to obtain the statement that no stable softening stiffness type system is possible if
C1 < 0, which is easily understood by examining Fig. 3.9(b). At the energy function minimum in
the vicinity of the origin all energy must be positive. It is only if the system leaves beyond the max-
imum stable orbit, which coincides with ug, o5 from above at points uy(t) = 0, that Vy, (u) takes

negative values. Since the oscillator is autonomous, hence V4, (¢, u) = Vj, o(ug) V t, a negative

C'1 means instability for (3.181) in case of k, > 0, k5 < 0.

Plotting the graph for the energy function (3.187) with snap-trough type stiffness parameters
ko < 0,kg > 0it is casy to show that Eq.(3.199b) gives exactly the difference of energy levels be-
tween the sinks at ugg 23 = {i 1/ |kl O}T and the unstable saddle at ugq1 = {0, 0} Noting
that the square root in (3.197b) is always positive in this case since the maximum negative value

for C4 is obtained from

d . 1
——Cy = — ko] w0+ kgud =0 tt =+ : 3.200a
duy i ko| wo + kg ug hus U T ( )
which reinserted into (3.196) gives
2
Crmae = — o — _ ko (3.200b)

Cdkg 4k’

the extreme displacement for positive initial vatues in (3.15) can be derived from (3.197b) consid-

ering the appropriate signs

1 /1 4
. — + |— 1+ ZC 3.200c
UEx \/}Cm{ k:g’ + k'/,/_’j 19 ( )

as long as the outer square root is greater than zero, hence, as long as

16 <o. (3.200d)
ks

This is exactly the energy limit which keeps the trajectory level sets inside of onc of the energy
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sinks in Fig. 3.9. For the special setup of C; = C nax the system switches instantaneously into the
ey T ' U

stable equilibrium upq 2 = {\/1 / 1yl 0} and no oscillation takes place. Contrary, for G; = 0

the minus sign in (3.200c) must be retained and the equation gives v, = {0, 0}, i.e. the systems

stays at its marginally stable saddle equilibrium. Finally, the case of

4
>0 (3.201a)
k[j

allows for oscillation in both half-spaces of the phase plane, positive and negative. Periodic orbits
occur with the origin as saddle and ug, 5/3 from (3.183b) as stable centres. The extreme displace-

ment is then given as

1 1 4
UEx = —+ 4/ +—C1. 3.201b

According to (3.54) the velocity of the system can be expressed as a function of the displacement

in an algebraic equation describing the trajectory of oscillation for a given energy level (4

N 2 1 2 4 ~
w? (u) = — Cy — w% u? — SWAY (3.202)

Maximum values g, of Eq.(3.202) are given at the respective stationary points ugq; as listed in

table 3.3, which leads for hardening/softening stiffness with ug,1 = {0, (J}T to

; ,
ey = £\~ C1 (3.203)

where according to (3.198) Cy > 0 V wug despite kg < 0. As mentioned above, the phase space
trajectories of the snap-through system if (3.201a) is fulfilled represent periodic orbits travelling
between more than one stable equilibrium point and maximum velocity values are either given in

(3.203) or obtained from (3.202) by setting v = ueq leading to
VAC kg + kol
ity = & YAC s+ ol (3.204)
muws V2

whichever yields the larger value. Contrary, if the initial energy level G is negative, i.e. C; <0,
equation (3.204) must be used because (3.203) would give complex, and hence unfeasible values.

The acceleration function is obtained by simply rearranging the equation of motion in (3.48),

thus
i(t) = —wlu(t) —wiul(t). (3.205)

It is casy to see that (3.205) has only for hardening-type systems with wﬁwﬁ > 0 one solution
for the extreme acceleration iigx = {imin, imax }> NAMELY at Umin, Wmax, respectively. For soften-

ing w2 >,w?3 < 0 and snap-through w? < O,w% > () restoring forces it is necessary to obtain
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following the approach in (3.60)

= w? +3wiu?, hence Uy = & 1 , (3.206)
Ua ' 3k,

d
— fa(u)
du

and clearly d2fo(u)/ du’ = 6 wgua # 0ifu, # 0, thus fo (u,) is an extreme solution. Depending
on the values for both parameters wé and w/% the minimum and maximum acceleration are obtained
by substituting either wmin, ¥max OF %a back into (3.205). It becomes apparent from (3.205) that
despite equal values for mass and stiffness coefficients all three systems have significantly different

peak accelerations.

Using (3.62) gives the oscillation period

du

P 7 ) (32073)
V—wiut =202 u? + 4G

15 = 2\/5/

UEy

which has to be normalised with respect to the first term under the square root similar to (3.197a)

in order to apply standardised cases of integration from Byrd et al [288]

JTs = 2v2 / = 4‘1“‘ — (3.207b)
wal \/—Sgn wi) ut — = ul + C
UEx d k», wQ
B

with the integration limits ugx = {Umin, Umax} as obtained in (3.198), (3.199a) and (3.200c) or
(3.201b) above. It is important to note that the expression under the square root in (3.207) is
identical to (3.197a), hence from basic calculus it follows, if the system has a real-valued set of
extreme displacement ug, = {min, Umax }» Which is the solution of (3.197a), then the integral in

(3.207) has no singularity within the integration limits3?

, i.e. for hardening and snap-through systems, the expression under the

In case of w?, = ‘w%
square root above can be rewritten in Legendre’s canonical form, see appendix B.2, if (3.197a) has

four real-valued roots,
(x1 —u) (u—x2) (u—x3) (u— Xq) xER, i=1,...,4 (3.208a)

together with the ordering condition

X1 > X2 > X3> X4- (3.208b)

Assuming x4 < 0 < 1 with 1 = Umax @and X4 = Umin the integration in (3.207) must be split

DFor the type of application considered in here it is sufficient for the integrand in (3.207) to have at least two real-
valued solutions which are associated with a physical meaning, the extreme displacement. However, this is no necessary
condition. By plotting (3.197a) it can easily be seen, equation (3.207) gives real values for the oscillation period even
in the case of all four roots of the integrand being complex.
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into
0 Umax
T,
79 150 = / L du+ / du (3.209)
2\/5 Um; ¢}

where an exact solution for the first terin is obtained using case (252.00) in [288] with the fol-

lowing constant values

2 (x1 — x2) (x3 — x4)
= ) v = 3.210
! V1 = xs) (x2 — xa) ) \/(X1 —x3) (X2 — x4) (3-2102)
and
sin g = —x4 (X1 — X3) . (3:210b)

x1 (x3 — X4)

The second term in (3.209) is solved for according to (257.00) in [288]. Both constants 77 and =
are equal to (3.210a), but (3.210b) becomes

x1 (x2 — Xx4) (3.210c)

Sin2 1/)2 = .
-x4 (x1 — x2)

The complete closed-form solution for the integral expression in (3.209) is then given by

2v/2 ,
s = 1o [F ) + )] (3.210d)
with F(¢;, k) according to [109,290] and appendix B. In the special case of positive initial values
for the snap-trough system, the extreme displacement ugx lies entirely within the positive half of

the phase plane, 0 < Umin < Umax, and (3.207) can be written as a single-term expression

T Umax X1
2 — lwg| = coodu= [ ... du. 3.211a
Qﬂl /3‘ t ( )
Umin X2

Applying again (257.00) [288] but with the lower limit equal to x2 gives

NG,
6 = 2 nF(, k) (3.211b)

wgl

with 7 and & from (3.210a), but

sin?y =1, (3.211¢)
hence, due to K(x) = F(%, k), see [290], Eq.(3.211b) simplifies to
2v/2
e 22 nK(x) . (3.211d)
? wal
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With the inverse function arcsin of (3.211c) being restricted to the domain of definition [160]

T T
—— << =
2 =¥ =72 (3.211e)
for the argument 1, it is easy to see that (3.211c) has multiple solutions at
%= 5T s =123 3211
]_(2‘7_1)2 j— ,,,...,n. ( f)

Using the previously introduced relationship in Eq.(3.151f) gives for (3.211b) in conjunction with

(3.2111) multiple oscillation frequencies

1 2v2 1
NG = ——, where (s i=
7 L 787 (25 — 1) jwgl

K(k) . (3.211g)

analytical solutions of the period in equa-

In case of the softening type stiffness w7} = — |w3
tion (3.207) are obtained in a similar manner as above. According to appendix B.2 the Legendre

form of the polynomial under the square root if there are four real-valued roots present now gives
(u—x1) (u— x2) (u—x3) (u—Xa) xi€R, i=1,...,4 (3.212)

and still enabling one to use (257.00) in [288] to yield either (3.210d) or (3.211d) together with
the constants in (3.210a), (3.210c¢) and (3.211¢). Furthermore, with the approach introduced in
(3.211e) and (3.2111), similar results for multiple oseillation frequencies of the nonlinear system

are obtained [270].

Step excitation. If the system in (3.181) has a non-zero right-hand side g # 0 the integration

constant containing all energy at { = { is given in (3.65b)
m .
Cy= Z(211%+2wiug+w§ué—4pou) (3.213)
and extreme values of displacement must be obtained from

114+k‘2:u2—4kl—‘?u——%02———0. (3.214)
Employing a commonly used method from [58] briefly described in appendix A.2, this algebraic
equation can be solved analytically. According to table A.2, if equation (A.lc), i.e. the reduced
form of the cubic resolvent term Eq.(A.6), has three real roots of which two are negative, then
the fourth-order equation (3.214) has only complex roots and therefore no physically meaningful

solution. By rewriting (3.214) in the form of (A.6)

) . ) . X 2 4dpg 4

e 2 D2 — — 2 = e _ — — R = — — C )

¥y +2Py + (P 4R)y QR =0, with P 2 Q Py o 2
(3.2152)
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the reduced third-order equation (A.1c) is obtained as
. 2
2PB+82+T =0, where S=—%—4R, and T:P(gR—%]ﬂ)—QQ.
(3.215b)

In conjunction with Eq.(A.1d) where D, = (5/2)® + (7/2)? and the requirement D; > 0 accord-
ing to table A.1, hence (5/2)* < (T/2)%if §/2 < 0, the following condition is derived

1024, 4
9(kykg)® °  T29KS
— 16 kG — 243 k2 K} — 432 k3 kg po — 291643 p2] < 0. (32150)

[GQ (1152 k2 kg — 2916 k3 + 15552 kg k3 po)

Although (3.215c¢) holds for all three types of (3.180), hardening, softening and snap-through
systems, instability occurs only for the second one with &, > 0, k3 < 0 as has been demonstrated
above. Hence, a true advantage for ruling out non-feasible systems is only given in that case
and (3.215¢) can be rewritten by substituting k3 = — |kg|. In the majority of practical situations,
stiffness parametcrs are given as a property of the oscillator. Equation (3.215¢) can then be used
to limit the initial energy input Ch or the applied step force magnitude . Or, in the case Cp and
po are given, the equation obtains parameters for stiffness coefficients k, > 0, kg < 0 in order to
yield a stable system. However, it should be noted that (3.215¢) is necessary and sufficient since
it prevents (3.215b) from having three non-multiple real-valued solutions, of which according to
Vieta’s lemma (A.8) two are negative and one is positive. This implies, that if (3.215b) has a single
real-valued root this must be positive, subjected to p > 0, which is the fundamental assumption

for the derivation of four complex roots of (3.214) above.

With the system in (3.181) at rest for ¢ = t; the initial energy (3.213) equates to G, = 0 and
(3.214) can be rewritten as third-order equation with one root equal to zero, i.e. tnin = 0,ifpp > 0

is assumed

. 2 4
W —u——py=0. (3.216)
IC,), kg

It is easy to see this is similar to equation (3.184a) which derives stationary points of system
(3.181). Hence, with (3.184b) there isa D, > 0 forall p, if ko, kg > 0 and (3.216) has exactly one
real solution max, which must be positive due to Vieta’s lemma [58], and two complex conjugate
T, W such that umay - T - T* = 4pg/kg. Values for um,, are obtained similar to (3.185) using the
scheme in A.1.

A different situation arises for softening-type restoring forces k, > 0, k3 < 0 since now three

real solutions are possible if Dy < 0 where

2 \° o\’
D, = — . 3.217
=(5) () 0217

is derived according to (A.1d). Similar to (3.195) above, the precise nature of solutions is revealed
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using

sgn(kq) Do (3.217b)

sgn(kg) u® + u—
/ kT Tkl

from (3.195) instead of (3.216) although for calculating all three roots of the problem both equa-
tions are valid with (3.216) being easier to analyse analytically. Setting (3.217b) equal to zero
gives together with pyp = 0 exactly three real-valued solutions, see (3.19%a) above. As iy > 0 in-
creases, the two roots in the positive half-plane eventually merge to a single one. At this point,
the applied force is equal to the critical force p r from (3.194). Increasing the force magnitude
further leaves the system with one remaining real, negative-valued root and two newly emerging
complex conjugate roots, which render the oscillator unstable. With equation (3.217b) having a
maximum on the positive u-axis at

2 2

-3u'+ — =0 Max = ,
uw” + — UM a; 3Tk,

(3.217¢)
|, |

the function value of (3.217b) at this point wuyax is equal to pg or. Hence, rearranging equation
(3.217b) where sgn(ks) = —1 gives an explicit expression for the critical force magnitude of the

softening-stiffness oscillator

1 /2 kg
mg:—yt,%, (3.218)
3V 3 k|2

for zero initial values, thus C = 0. If pg > pocr as in (3.194) the system is unstable. It is easily
verified that the condition of a multiple real-valued root on the positive u-axis requires [} = 0 in
(3.217a), see [58], hence (2/(3 \kﬂ)) - (2p0/k3> 2, and solving for pg yields (3.218). However,
the disadvantage of this approach is that an explicit expression for a1, remains hidden.

The last case to consider here in terms of extreme displacement values for the system in
(3.181) with py # 0 is the snap-through stiffness type. As has been shown in the previous sec-
tion 3.4.2.2, for the pair ky < 0, kg > 0 the nonlinear system is globally stable. For Cy = 0 the
energy function (3.187) has four roots u; with i = 1,...,4 and w, 1 = 0, of which three coincide
with solutions of (3.216), e.g. w:;, @ = 1, ..., 3, bearing in mind (3.216) has been simplified due to
ur,1 = 0. It is casy to show that for any combination of parameters k, < 0,k > 0, pg > 0 two
roots of (3.187) are negative, one remains zero (1 1), and one is always positive, say w4 for
example, which gives the maximum displacement of the system and is likewise obtainable from

Eq.(3.216). It is important to note that this only holds as long as D, < 0in (3.217a), hence

2 |k
p0<l\/z kol (3.219)
3V 3L 2
[ Fory

which is similar to (3.218) for the softening system?>3) Only then the energy function (3.187) of

33)Plotting the function in (3.217b) for the two cases ko > 0, ks < 0and ko < 0, kg > 0 shows that both are mirror
images of each other with u-axis as mirror axis.
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the snap-through system has one local maximum Vj, (umax, 0) > O at upax < 0 obtained as root
from (3.184a), and fwo local minima at uin1 < Unmax < 0 and 0 < Upin,2, respectively, which
are also solutions of equation (3.184a). The function values V;, (ugiy ;, 0) of both minima are
smaller than zero with one being a global negative extremum. Since the solution ynax of the
extreme displacement ug, = {0, umax} is obtained as the maximum positive root of (3.216), the
energy level set of (3.187), at which the orbital motion takes place, is equal to zero. With a local
maximum Vi, (Unax, 0) > 0 it is therefore casily understood that only by adding a constant value
to (3.187) this zero energy level of oscillation can be increased. Such a constant is given by G
defined in Eq.(3.213). However, the derived results in this paragraph are only valid if G = 0 and
therefore, for zero initial conditions, the step excited system in (3.181) cannot reach a heteroclinic
orbit as shown in Fig, 3.10(f), regardless the values and combinations of all involved parameters

ke, kg and pg.

Expressing the velocity as a function of the displacement according to (3.67) yields in con-

nection with the restoring force (3.180)

2

. , W —~
W =2Pgu — wiu? - 7’6 w420, (3.220)
where Cy = C, /m is the mass-normalised initial energy from (3.213). Extreme values of w(t)
occur when the trajectory passes through points in the phase plane which are in line with stable
equilibrium points. Hence, together with (3.71) gy = {tmin, tmax } are given at u = Ueq similar

to (3.204)

) - . 1 —

Uy = :l:\/on leq — WA UL, — awgugq +2C; . (3.221)
The extreme acceleration of the system is obtained from (3.72)

ligx = Po — Wi us — w3 Ul (3.222)

where for the hardening-type stiffness oscillator v, = wug,. For softening and snap-through restor-
ing force systems wu, must be obtained from (3.60), which equates in the special case of f(u) to
(3.206). Thus, depending on the actual values of g, w2 and w[% minimum and maximum acceler-
ation arc obtained using cither Umjn, Umax OF T Ua.

Finally, the period of oscillation can be given together with (3.73)

: 1
Ty =23 / v _ (3.223)
\/—w%u,4 —2wZul+4pgu+4Cy

UEx

where Ugx = {Umin, Umax } 1s gained from (3.216). The solution of the integral is very similar to
various cases examined above such as (3.151), (3.158) and (3.207). The sign change ofuf-, for
either hardening or softening systems is handled the same way as in equation (3.212).

In its most general version (3.223) will have two real-valued and two complex conjugate
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roots x1,x2 € R, x3, X4 € © and limits of integrations given as xy = umin < 0 < X1 = Umax-
Rewriting the expression under the square root according to (B.15) enables one to use (259.00)
in [288], thus

2v/2
A1 = —— nF(¥, k) (3.224a)
||
where
1 , , , ,
n = 1 ISVZ == (1 — - 2 3 52 = {7 — X 2 ¥2
=755, =00 —xp)" +xa, S5=0e-x)" + X5
2 2 - 42
2 (X3 — Xx4) 2 X3+ X4 9 (x1—x2)" — (51— 52)
) = - -, / = -, 5 = 224b
Xa 1 s Xb 5 K 15,5, € )

and cos 19 = —1. Due to the definition of 4 in [288] interchanging the integration limits of (3.223)

leads to cos#p = 1. Therefore, with the case given above the final solution for the argument is

cos? 1) =1. (3.224¢)
Similar to (3.211), this results in multiple solutions for 1 otherwise strictly defined in 0 < 4 < 7
only. In an extended domain k7 with k = 1,2,...,n the argument can take on discrete valués

Yk—1y = km, all of which must be normalised to the domain of ¢/ in order to be feasible. There-

fore,

k
‘l/J(k—l)—_—;ﬂH with k=1,2...,5 and j7=1,2,...,n. (3.224d)
It is easy to see that for every new j in (3.224d) there is only one new solution if & = 1. All other
values for 1, _1) are equivalent to the preceding step with j — 1. This allows for a simplification

of (3.224d) to

-

;= g (3.224¢)

and together with (3.151f) multiple solutions for I3 are obtained as

. v .
fz‘lH_—'K(n)7 .7:1’21'”7

= 7 n. (3.2241)
J lwgl

With the inverse of (3.224f) the oscillation frequency fy ; is derived as defined in (3.74).

3.4.2.4 Shock spectra

For free vibration or impulse excitation, equations (3.198), (3.199a), (3.200c) and (3.201b) give
explicit values of the extreme displacement ug, for all three possible combinations of the stiffness
coefficients ke, kg of the nonlinear system in (3.181). Similar to the example in section 3.4.1.5
these results can be used to establish plots of 1=, normalised to the extreme displacement of an

equivalent lincar system with identical values for all parameters but ks = 0, the so-called shock
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spectra. However, normalisation with respect to the nonlinear system’s mass m is difficult and it is
therefore suggested to base these spectra on initial values of energy (3 as derived in (3.196) rather
than the commonly used initial condition of displacement and velocity. Given the fact that
can effectively be split into three components due to displacement, velocity and impulse force;®
respectively. This has the distinct advantage of being able to separately link the influence of all
three of them on to the total extreme displacement of the system.

Similar rules apply to Eq.(3.207) for the nonlinear oscillation period1’s. With the last ex-
pression under the square root of (3.207b) representing a stiffness coefficient 4 and mass nor-
malised energy term

. c '
Cip= = (3.225)

2
“s

the period can together with wf, =kg / m be rewritten as
oTs=mls, (3.226)

where ;1’5 is solely a function of the stiffness coefficient ratio &, = kg/k, and C 3- Both meth-
ods for displacement and period normalisation allow for the set up of shock spectra similar to

figures 3.5 and 3.6 from section 3.4.1.5 above.

For the step loading excited oscillator the situation is slightly different. The fact that (3.214)
for the most general case of C; # 0, pg # 0 cannot be solved analytically does not necessarily
mean a shock spectra is unobtainable. Deriving ug, numerically and normalising it with respect
to the nonlinear system’s mass m and the static displacement of the linear equivalent oscilla-
tOr Ugtar,lin = Po/Ka yields diagrams analogous to figure 3.7, although less universally applicable
since mass-normalisation is confined to specific values for m. The majority of linear response
spectra for transient excitation modes are generally given with zero initial conditions for the sys-
tem under consideration [89,226,296] mainly due to two simple facts. First, it is not always pos-
sible to yield e¢losed-form solutions if complicated excitation function are considered. Secondly,
and most important, the principle of linear superposition is valid enabling one to consider maxi-
mum response values and initial conditions separately. Therefore, (3 = 0 in (3.214) leads directly
to (3.216), an analytical solution for ug, independent of the nonlinear oscillator’s mass m can
be derived and thus, linear static displacement normalised spectra similar to Fig. 3.7 are easily
obtained. Correspondingly, with C,=0in (3.223), the nonlinear oscillation period Ty due to
step excitation can be reformulated in the same manner as (3.226) above giving similar graphs of

normalised oscillation frequency as in figure 3.8 obtained for the system in section 3.4.1.

) This part is equal to zero in case of free vibration.
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3.5 Summary

In this chapter several new results were derived, which, to the author’s knowledge, have been pub-
lished for the first time. In section 3.2.4 the known fact has been used that for non-hyperbolic
unstable equilibrium points the linearised eigenspace is identical to the asymptotes of the hyper-
bola in the phase plane, in order to prove the principle is also valid for stable equilibrium points.
Retaining terms of up to order two from the same Taylor approximation, one can show that for the
stable fixed point the eigenvectors of the linearised system are identical to the slope of diameters
of the invariant integral manifold ellipse, irrespective whether the fixed point is degenerate or not.

The known framework of general expressions for extreme response values and the nonlinear
oscillation period for SDOF systems has been considerably extended in section 3.3.1. This al-
lowed the derivation of new analytical solutions for nonlinear conservative systems having either
f1 = kgsgn(u) |u|b or fo = ko u + kg u® as a restoring force. Although explicit expressions were
not obtained in all cases, these new results present a significant improvement compared to cur-
rently available solutions in the literature, mainly due to the following two reasons. Firstly, a
much wider range of nonlinear systems can be included and cases with nonzero initial conditions
and simultaneously constant right-hand-side forcing function can be treated, whereas previously
only one or the other was incorporated at any given time. Secondly, it has been explicitly shown
that multi-harmonic trial solutions used for various approximate analytical methods such as the
method of harmonic balance or various KBM schemes are justified since, depending on the type
of excitation, odd or even multiples of a fundamental nonlinear oscillation frequency are naturally

contained in the exact solution of the system if analysed using special functions.

Furthermore, utilising two rather different approaches, it has been proved for the strongly
nonlinear force f; that unique solutions do exist even in the case of values smaller than 1 for the
nonlinearity exponent b, where the system in conjunction with zero initial values fails to satisfy
the Lipschitz condition. Picard’s iteration method clearly indicated that only for the case of zero
initial conditions and zero forcing no other solution than the trivial one exist, but for any other
combination of either nonzero initial values or nonzero forcing magnitude the oscillator exhibits
only nontrivial solutions. However, it required the analytical approximate solution using Picard’s
scheme together with an extension of the multiple-equilibrium method from [284,286] to prove
that already the less stringent Peano uniqueness theorem instead of the more conservative Lip-
schitz condition as originally suggested in [286] is necessary and sufficient for uniqueness of the
nontrivial solution of the fi-type stiffness system. The second method, for reasons of reliability,
entirely independent of the first, involved both the nonlinear flow of the system and its Lyapunov
function. The lesser known Brauer-Sternberger theorem was somewhat modified to ensure the
modulation function h(t, L{t, Au)) for the nonlinear system’s Lyapunov function exists. By ob-
taining an inequality expression valid for the entire domain of definition of the Lyapunov function

in the phase space, uniqueness of both trivial and nontrivial solution were assured.

Results of extreme value solutions have been utilised to establish normalised shock spectra

for both of the nonlinear systems under study. However, due to the single-term nature of f mass
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normalisation is easier to perform and published shock spectra are therefore far more versatile.
Mass normalisation for f is not always possible and explicitly plotted spectra for the nonlinear
system are omitted. However, in both cases these spectra should only be utilised for approximate
calculations or pre-design stage studies. They are derived from analytical results given in sec-
tions 3.4.1 and 3.4.2, respectively, which are far more exact than any of the graphs in figures 3.5
to 3.8.
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Figure 3.1 — Nonlincar restoring force with extrema other than 1 gx = {%min; “max}. The labels
@min and amax mark the displacement at which the minimunymaximum acceleration occurs.
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Figure 3.6 — Nonlinear restoring force fq(u) - impulse excitation: Normalised oscillation frequency 1 / fle,m = fa / fa. The nonlinear frequency f is
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Figure 3.9 — Nonlinear restoring force fo(u) - free vibration/impulse excitation: Energy levels for different parameter ranges. (a) hardening, k ., k3 > 0, (b)
softening, ko > 0, kg < 0, (¢) snap-through, ko < 0, kg > 0, (d) unstable, ko < 0,kg < 0.
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3. Nonlinear autonomous SDOF systems - extreme values of the transient response
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Figure 3.10 — Nonlinear restoring force fa2(u) - step excitation: Energy levels for different
stiffness parameter ranges. (a) hardening, ko, kg > 0, (b) unstable, k., ks < 0, (¢) softening,
ko > 0,kp < 0, and pp > po,cr, (d) softening, ko > 0, kg < 0, and po < po,cr, (€) snap-through,
ko < 0,k > 0, and pg > po.cr, (f) snap-through, k, < 0,k3 > 0,and pg < po,er-
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CHAPTER

NONLINEAR AUTONOMOUS SDOF SYSTEMS
TIME DOMAIN SOLUTIONS

4.1 Introduction

The previous chapter cstablished, apart from explicit stability conditions, closed-form analyti-
cal cxpressions for obtaining the extreme responsc values of two autonomous nonlinear SDOF
systems. Applying these novel results, approximate analytical time domain solutions for the two
oscillators under study will be derived in this chapter.

Essentially, two different approaches will be presented. The first method relies on employing
a suitable one-term trial solution with an appropriate number of free parameters which arc ob-
tained from algebraic equations involving known extreme response values of the nonlinear system
similar to the collocation method.” The second approach, involving multiple-term approximation,
consists of two independent procedures. First, applying the well-established basic concept of varia-
tional methods a nonlinear least-square scheme is developed using the aforementioned single-term
collocation solution as a fundamental approximation, around which higher-order trial functions are
generated. Secondly, the previously introduced Picard iteration method utilised in section 3.4.1.3
to prove uniqueness of solutions for the f; (u) restoring force system, is successfully transformed
into a simple analytical approximation algorithm ultimately converging towards the exact solu-
tion. Both single and multi-term solutions account for step-excited SDOF systems. Under special
circumstances the system is allowed to possess nonzero initial conditions for displacement and

velocity.?

DIn a strict mathematical sense the collocation method is a projection method for solving integral and differential
equations in which the approximate solution is determined from the condition that the equation be satisfied at certain
given points. A precise definition is given in [58,297].

DA second-order non-massless dynamical system with an external nonzero (or constant) excitation force and zero
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4. Nonlinear autonomous SDOF systems - time domain solutions

The chapter is outlined as follows, Before deriving any approximation, section 4.2 presents
exact solutions for the freely vibrating Duffing” system in (3.181). Although the solutions for
either zero initial velocity or zero initial displacement are well-known, especially the former, it
is shown in sections 4.2.1 and 4.2.2 that all three instances of the oscillator, namely hardening,
softening and snap-through type systems can be described mathematically using only one single
Jacobian elliptic function regardless of the signs and values of k, and kg. This makes it possible
to find a new solution for the Duffing system, with general non-zero initial values incorporating a
phase delay as shown in section 4.2.3. The results of 4.2.1 and 4.2.2, including all linear second-

order homogencous differential systems, can now be obtained as special cases of this new solution,

Section 4.3 introduces single-term analytical approximations for both systems having either
fi(u) = kgsgn(u) lul® or fa(u) = ke u+ kgu?® as the restoring force. Influenced by the sign of
ko and kg, numerous trial functions @(t) are proposed in 4.3.1 modelling the exact but unknown
displacement function u(t) due to fo(u) with various degrees of accuracy. These solutions are
strongly dependent upon the method used for obtaining the free parameters in #(t). Two inde-
pendent numerical measures are defined, namely the average e,, and total e error, which make
it unnecessary to obtain a purcly numerical solution of the governing differential system through
direct integration in order to assess the quality of the approximation when any of the new trial
functions is used. Section 4.3.2 examines a newly developed procedure of approximating the os-
cillator’s acceleration ii(t), rather than its displacement function w(t), born out of the fact that no
suitable trial function was found for u(¢). Although this does not lead to a closed-form expression
for u(t), it is of considerable importance in interpolation of experimentally obtained acceleration
data. However, it also makes it necessary to define a new set of error measures denoted as average
€av,a and total eyor 5 acceleration errors for systems where the velocity and displacement are only

obtainable by numerical integration of an analytical approximation function®

The error introduced into the differential system, by using an approximation instead of the
exact solution, can be significantly reduced if the single-term trial function is replaced by a series
of functions. Starting with a variational approach based on the Galerkin method the procedure
is outlined in section 4.4. Subsequent modification, which allow for employing the appropriate
single-term solution from section 4.3 as a fundamental approximation, makes this new method re-
quire far less terms in the approximation series to notably minimise €, and eyo; than conventional
variational approaches.

Successfully utilising an integral solution method in the form of the previously introduced
Picard iteration scheme, a second, and from the variational approach independent, multiple-term
approximation procedure is established in 4.4.2 for both nonlinear systems with f(u) or fa(u).
Due to the special circumstances of the step excitation, such as single-signed displacement re-
sponse combined with zero initial conditions, highly accurate analytical solutions can be obtained

for f1(u) type systems if the nonlinearity exponent b belongs to the set of non-zero, non-negative

initial conditions always has nonzero initial acceleration.

HThe nonlinear restoring force containing the complete third-order polynomial with the displacement as independent
variable, €.g. feompi(u) = au+b u? 4 cu®, is generally not referred to as Duffing equation.

“This should not be confused with direct numerical integration of the governing differential system.
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4. Nonlinear autonomous SDOF systems - time domain solutions

integer numbers. For the Duffing type system, with restoring force f(w), the integral equations are
even easier to solve. This allows for the derivation of closed-form expressions for the step-excited

system having non-zero initial values of displacement and velocity.

4.2 Exact analytical solutions

The first-order Duffing system from section 3.4.2 of the previous chapter can be rewritten as an

equivalent second-order equation

i+ wiu+wiu® = 5@ (4.1a)
with the general initial conditions

u(t=0) = up, wt=0) =10 =g, -~ (4.1b)
and the constant values wi =ka / m, wé = kg / m, and Py = po / M.

4.2.1 Zero initial velocity

An exact analytical solution for the freely vibrating, hardening-type oscillator, i.c.pgp = 0 and

kw, kg > 0, subjected to
ug Z 0, and vg = 0, (4.2a)
was given by Davis [233] assuming a solution in terms of Jacobian elliptic functions’ [109,288]
u(t) = Acen(wyt, k) = Acn \ (4.2b)

where both, the nonlinear oscillation frequency wj and the modulus « are obtained by substituting

(4.2b) into (4.1) and equating coefficients of cn and cr® equal to zero [295],

2 42
wﬁA

wy = /w2 + wj A?, k=15 (4.2¢)
J

Since the system in (4.1) is conservative, all energy input at t = 0 due to 1 remains unchanged

and the oscillation amplitude is obtained as A = .

Together with the periodicity of the Jacobian cosine function given in [288] as 4 K(x) the
nonlinear oscillation frequency wy in rad /s relates to the period Ty derived in the previous chapter
as [298]

4K(x) 43
The ()

See also appendix B.3 for more details.
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4. Nonlinear autonomous SDOF systems - time domain solutions

where K(k) is the complete elliptic integral of the first kind [288], see B.3. In the linear case of
system (4.1), i.e. kg = 0, Eq.(4.2c) gives for the modulus x = 0, thus K(0) = 7 /2, which leads
together with fy. = 1/TyL for Eq.(4.3) to the well known result for the linear oscillator [228]

wy =27 fa, and  wu(l) = Acos(wyt), (4.4)

since en(wy t,0) = cos (wyt).

If the softening-type stiffness force in (4.1) with K, > 0, kg < 0 is subjected to identical
conditions (4.2), Chen and Cheung [295] suggested a Jacobian sine solution of the form

u(t) = Asn(wyt, k) .

Clearly, this solution violates the initial conditions in (4.2a) and is therefore invalid. Contrary
to the authors approach it can be shown that the solution of Davis in (4.2b) also holds for the
softening Duffing system and the conditions imposed on the solution in [295] are not necessary.
Hence, substitution of (4.2b) into (4.1a) yields both oscillation frequency and modulus as given in

(4.2¢). With kg = — |kg| this can be written as

2] 4,2

N 2| 2 {wﬁ} ug

wy = {jwi — \wﬁ‘ ug and Ke = —5r = 1K ke € C. (4.5)
w
J

From equation (3.199a) it follows that the maximum displacement for a stable softening system is

k
< 4.6
kgl (46

UEx = &

With pp = 0 in (4.1) all energy input into the system originates from uy # 0. Hence, for a stable
system it is required that uy < ugx. In the limit case of uy approaching ugx from below, both

oscillation frequency and elliptic modulus in (4.5) result in

lim w; =0, lim x, =100 with K(ioo) =0, (4.7a)

UQ—UEx wj—

with the oscillation period in (4.3) approaching infinity

—w2
4K< ”‘2_2@03))
Tae = lim ——2% 72 — o, where 0<v<w?, (4.7b)

vowho G Jwi — v

and thus, no oscillation can take place in the now unstable system. It should be noted that v
approaches w? from the smaller values since (4.7b) represents a single-sided limit due to a stable-
unstable domain transition. Clearly, with equation (4.5) the modulus . for the softening system
is purely imaginary. Although in general . can take any real or complex value, for application to
engineering problems its range is usually restricted to 0 < x < 1. This is not a necessary condi-
tion to be imposed on the solution parameters in (4.3) as suggested by Chen and Cheung [295].
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4. Nonlinear autonomous SDOF systems - time domain solutions

Equation (4.2b) perfectly satisfies the ODE in (4.1) with the initial conditions in (4.2a), despite
a complex valued modulus where « > 0. However, it is possible to express the complete elliptic
integral K(ix) with 0 < kK < oo in terms of a real-valued modulus using (B.23) in appendix B.3.
Therefore, equation (4.3) which denotes the relationship of wj with the analytically obtained os-

cillation period Ty from the previous chapter becomes

_ 4mK(s) 4.8)

w
! Thi

In order to use the real-valued modulus #; for the solution of (4.1a) the Jacobian cosine is rewritten
referring to (160.01) in [288] and hence, Eq.(4.2b) transforms into

u(t) = Acd (\/ 1+ r2wgt, /ﬂ) . / (4.9)

Finally, the snap-through system with k, < 0,kg > 0 and initial conditions from (4.2a) is
considered. The energy function of the two-well potential given in Fig. 3.9(c) clearly indicates the
existence of two qualitatively different solutions. Rewriting equation (3.200d), where the system’s

initial energy is defined in (3.196), leads to the inequality

2
uy < 4/ — . (4.10)
LA
If (4.10) is satisfied the system trajectories are closed periodic orbits around one of the two equi-
T _
librium points ugg2,3 = {j:\/ 1/ ky|, 0} given in (3.183b), depending on whether the initial
displacement g is positive or negative. It is therefore sensible to assume a solution similar to [295]

u(t) = Adn(wst, K) (4.11a)

where, after substituting (4.11a) into (4.1a) and equating all terms equal to zero, nonlinear oscil-

lation frequency and modulus are obtained as

1., . w2 |
wy = §w[§u5, K= 2—7?—. (4.11b)

From u(t = 0) = A it follows A = uy. Clearly, for the limiting case of (4.10). i.e. ug = /2/ |ky|,
the nonlinear frequency and modulus in (4.11b) become wy = |wa|, £ = 1, respectively, which
results for (4.11a) in u(t) = Asech (|w,|t). A plot of the hyperbolic secant function sech reveals
that no oscillation takes place and the system reaches the unstable saddle at usq1 = {0,0}T in
infinite time. The same result can be obtained from section 3.4.2.3, where ¢ I's converges to in-
finity as wg approaches \/W from the smaller values. If the initial displacement is chosen
such that ug = Ueq = \/—l—m , thus it corresponds to one of the systems’s equilibrium points
Upq2 = {Ueq, O}T from (3.183b), it was shown in the previous chapter that no oscillation takes

place. Indeed, with 1y = ueq equation (4.11b) gives for the modulus x = 0 and (4.11a) simplifies
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4. Nonlinear autonomous SDOF systems - time domain solutions

to u(t) = ug, hence the system stays at rest. Therefore, if

1 < un < 2
A% L ‘k“Y‘

For ug < 1/4/ky the modulus in (4.11b) becomes imaginary and (B.23) can be used to yield the

real-valued modulus x;. However, this requires (4.11a) to be changed into

u(t) = up nd(\/ 1+ Kr2wyt, m_) , (4.13)

with the function nd given in appendix B.3. It is worth mentioning that (4.11a) produces the

it follows that 0< k<. (4.12)

desired solution even if € C but explicit numerical calculation of the Jacobian elliptic function

might not be possible with the majority of available algorithms®

If equation (4.10) for the snap-through system is not satisfied any longer, i.e. 1 > \/2—/—\17\ ,
the system’s motion describes a closed orbit trajectory in the phase space. By examining Fig. 3.9(c)
in chapter 3 one might follow the approach of Chen and Cheung [295] and introduce a Jacobian
cosine solution similar to (4.2b) with adjusted parameters according to (4.2¢c), thus & = — lwi .
However, the versatility of Jacobian elliptic functions makes such an approach obsolete. It has
been shown in (4.12) above that for ug = /2/ |k,| the modulus & is equal to one. Hence, for
uy > \/m it follows that x > 1 and the original solution in (4.11a) with the Jacobian delta

function dn transforms into [290]
1
u(t) = ugen(Kwy t, ko) , where Kg = — . 4.14)
K

This is equal to the solution derived by the authors in [295] but has been obtained here by an
original algebraic manipulation without employing a new trial function. This simple but clegant

transformation is owed to the inherit features of Jacobian elliptic functions.

To summarise, the homogenised (fy = 0) snap-through system in equation (4.1a) subjected
to the initial values in (4.2a) can entirely be described by the single solution given in (4.11a) valid
for all values of the modulus 0 < kand x € R, C. Furthermore, the nonlinear frequency equation

(4.3) holds for all three system configurations, e.g. stiffening, softening and snap-through springs.

4.2.2 Zero initial displacement

It was shown in section 3.3.1 that a classical Dirac-impulse excitation can be applied to the system
in (4.1a) via initial conditions, even for the case of strongly nonlinear restoring forces. It can

therefore be regarded as important to find solutions for (4.1a) withpy = 0 subjected to

up =0, and v # 0. (4.15)

®The problem is discussed in more detail in appendix B.3.
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4. Nonlinear autonomous SDOF systems - time domain solutions

Surprisingly, this problem has so far not received much attention in the literature. Approximate
solutions have been given in [105, 107, 139] and closed-from results for coupled systems with
complex-valued stiffness are derived in [150, 153]. Unfortunately, none of the solutions are appli-
cable to the above problem of a general Duffing system with its three different types of restoring

force.
In searching for a feasible trial function which satisfies the differential equation subjected to

the initial values (4.15), the following solution is proposed
u(t) = B sn(wyt,k) = B sn, (4.16a)

where sn is the Jacobian sine function. Differentiation with respect to ¢ leads to velocity and

acceleration, respectively,
4(t) = Bwy endn, u(t) = -8B cu_? sn (KJZ cn? + d112) . (4.16Db)

Substitution of both equations (4.16a) and (4.16b) into (4.1a), bearing in mindpy = 0 and making

use of the relations [109]

kisn?+dn?=1 , sn?+em?=1 , 4.17)
leads to
Bwd —w} (14 #%)|sn+B[2w] 5 + B2w|sn® = 0, (4.18)

As shown before, setting the coefficients of sn and s equal to zero gives the non-trivial solutions

for both nonlinear oscillation frequency wy and modulus « similar to (4.2¢)

B2 wz
2 . _ . |_np2 =8
—wi, K = B ng. 4.19)

w3y = wg +
The constant B depends on the initial velocity condition 7, according to (4.16b) as B = w/wy,

which gives for wj a quartic solution reducible to the quadratic form

2
o o U .
2 - whz—wh5h =0, using s=w?,  z>0zeR. (4.20)

For f-w§|2 /4> ‘w%‘ vg /2 equation (4.20) has always at least one real solution, thus

2
) 'Wa|
H < 421
o 2 ‘k/’yi ( )

is a stability requirement for the softening system k, > 0,kg < 0, which can also be derived
using the energy based approach in (3.199b) with ¢} from (3.196). It is worth pointing out that
both equations (4.21) and (3.199b) neither apply to hardening nor to snap-through systems. The
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4. Nonlinear autonomous SDOF systems - time domain solutions

explicit solution to (4.20) is easily obtained from a standard reference [186] as

2 )2\ 2 2
Wy, —w Y

Discharging 2, due to the conditions in (4.20) gives for the oscillation period

w2 w2)? V2
wJ:\/Taq_\/(Z) +w%?0, (4.23a)

and the modulus from (4.19) can be rewritten as

w2 U2
_ B2 (4.23b)

"= 2 wf%

Both wj and & are linked to the results from chapter 3 via (4.3) and Eq.(4.23) apply to all three
system parameter configurations, namely Ay, kg > 0, ko > 0,kg < 0 and k, < 0,k3 > 0 with
condition (4.21) for the softening system. However, given the fact that  is complex for hardening

and snap-through systems since w% > 0, solution (4.16a) can be transformed into

u(t) = Z—O K,’l sd(\/ 1+ K2w;gt, m> ' 4.24)
J

using [288] with 1 and /i-ll according to (B.23). The initial conditions given in (4.15), which, as
mentioned before, also imply Dirac-impulse excitation, have a rather surprising consequence for
the snap-through system. Since Cj in (3.196) is always greater or equal zero, condition (3.200d)
fails and the oscillator responds for all initial and system parameter values with trajectories along
the heteroclinic orbit, i.e. around both equilibrium points g, /3 in (3.183b). Thus, extreme dis-
placement for snap-through systems due to impulse excitation can never be single-sign valued

even in the case of small force magnitudes.

4.2.3 General initial conditions

Comparison of the preceding results suggest that, similar to linear oscillating systems, the solution
for general nonzero initial conditions can be obtained by an oscillatory elliptic function with a
phase offset ¢ to compensate for the time delay between the initial displacement and velocity con-
tribution to the overall displacement amplitude A. Hence, a feasible trial function for the solution

of (4.1a) subjected to the initial conditions wy # 0, vy # 0 is assumed as
u(t) = A cn(wyt — @, k) = Acn (4.25a)
and the time derivatives

u=-wyAdnsn, and il = w? A((Z/{z — 1) en —2k° cnS) . (4.25b)
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Substitution of (4.25) into (4.1a) with §y = 0 and equating all coefficients of cn and cn® equal
to zero leads for all three cases, i.e. hardening, softening and snap-through stiffness forces, to
identical expressions for the oscillation period and modulus as given in (4.2¢), leaving only the

amplitude A and the phase @ as remaining unknowns. Bearing in mind that for distinctive times

K(x)
Wy

with n=1,23,... (4.26)

tmin/max =n

equation (4.25a) must yield +u,.x but the elliptic cosine function is bounded for all parameters

such that

-1 < enfwit—¢,r) <1 Vo owy bk, 4.27)

(4.25a) with £t = 0,
ugp = Acen(—g, &), vy = —wyjAdn(—p, k) sn(—p, k) . (4.28a)

Using the identities from (4.17) the initial velocity can be expressed as

4 . -
= g (=R el 1 —en(p) (428

where the elliptic function ¢n is substituted by 'UO/A from (4.28a) and (4.28b)
1 1 1
= | — 4 A% . 4.28¢
T A2<k7+‘ > (4.280)

Finally, together with the result for the modulus from (4.2¢) this leads to a quartic equation for the
oscillation amplitude
2 4
Aty AT (0 =0, (4.28d)
k., kg
with Cy from (3.196) in chapter 3. Comparison of (4.28d) with equation (3.197a) clearly shows
that A = umax as suggested. Setting cn(—, k) = cn(yp, k) the phase ¢ is obtained from (4.28a)

( = arcen (1—@, fi) (4.29)

A

where arcen is the inverse Jacobian elliptic cosine function [288].
For the special case of up = 0, vg # 0 from the previous section, (4.29) becomes ¢ = K(x)

and (4.25a) simplifies to [288]
u(t) = Acen(wyt — K(k), k) = Asn(wy t, k) = Asn, (4.30)

which is identical to (4.16a). Similar, the initial conditions wy # 0, vp = 0 imply that umax = o
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and (4.29) gives ¢ = arccn(1, k), which can be rewritten using the identity [288]

arcen(y, k) = arcsn (\/1 -2, K,) ) 4.31)

hence, ¢ = arcsn (0, x) = F(arcsin(0), k) = 0 and (4.25a) results in u(t) = Acn(w; ¢, 5), Which
is equivalent to Eq.(4.2b) in section 4.2.1. By setting k3 = 0 in (4.1a) it is clear that equation
(4.25a) also accounts for the linear system. With wj = w, and x = 0 from (4.2¢) the solution

above simplifies to

u(t) = Ajn cos (wa t — @) (4.32a)
where
9 '(,)[2) o
Aiin = ([ug + — , and ¢ = arctan < ) (4.32b)
Wy Uy Wy

correspond to the well-know constants of the linear system [228].

4.3 Single-term analytical approximations

Although it is desirable to obtain closed-form solutions for the autonomous system under study,
when given in its most general configuration of nonzero initial conditions and constant excitation
magnitude py # 0, there are significant mathematical difficulties to be overcome. When searching
for such exact solutions various single-term trial functions were examined, with the aim of de-
termining their unknown coefficients so that the governing differential equation of the nonlinear
system is satisfied for all time within the interval ¢ € [fy, tg + Tni]. For oscillatory systems as
(4.1) this leads to nonlinear algebraic transcendental equations and makes it difficult therefore to
find explicit solutions. This is especially so if some of the parameters to be determined are only
implicitly available, as is the case for the modulus « in the Jacobian elliptic function. However, it
will be shown in what follows that a number of these newly derived trial solutions do approximate
the system’s nonlinear response behaviour very well despite not satisfying the equation of motion
entirely.

The advantage of employing such empirically chosen functions clearly lies in the fact that the
process of deriving the analytical approximation does not need any functional analysis framework,
other than a simple collocation procedure. Unlike the case of general perturbation methods such as
Linstedt-Poincaré or various averaging techniques (KBM), which largely draw their mathematical
justification either from series expansion theory or the theory of parameter variation, single-term

approximations introduced here merely present a *natural” approach towards the problem.

4.3.1 fa(u) = kou + kgu?

The phase plane analysis in the previous chapter shows that the step-excited Duffing systems os-

cillates around the new equilibrium ug, »/3 depending on the sign of po. Hence, for the governing
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equation in (4.1a) subjected to zero initial conditions

ug =0, and mw =0 (4.33a)
a trial solution of the type

u(t) = Adn(wst—w,k)— B=Adn-B (4.33b)

is proposed. The term dn refers to the Jacobian delta function, see appendix B.3, and A, B are
unknown constants to be determined together with the oscillation frequency wj, the phase ¢ and

the elliptic modulus . The time derivative of (4.33b) yields
u(t) = —Awgk?ensn, and u(t) = A w?ﬁ;g dn (3112 - 0112> , (4.33¢)
then substituting into (4.1a) and using the identities in (4.17) gives

(W} A% - 203) Adn® —303 A Bdn® + (w2 — W] (2 - 5%) + 3w} B?) Adn
— wiB — w% B =pp. (434)

It is clear to see that utilising the previous method of equating all factors of the elliptic function in
(4.34) separately to zero does not lead to the desired solution. Therefore, (4.33b) must be regarded
as an approximation, not as an exact solution of the problem in (4.1a). The quality of the approxi-
mation can be significantly influenced by the way all unknown constants in (4.33b) arc obtained.
Two different approaches will be proposed in what follows. The first is rather simple and results
are good, but problems arise for certain ranges of parameters, especially in case of low nonlinear
stiffness ratios k, = kp/ko and small loading magnitudes py. Obtaining all constants of (4.33b)
using the second method is more involved but the results presented are much less in error and there

is no limitation on the range of the parameters involved.
Method 1. Comparison of (4.34) with (4.1a) at some time ¢ when dn = 0, due to quasi-static
loading” for example, shows that

B = ugq (4.35)

with ueq as the new oscillation equilibrium from (3.185). Given the condition of zero initial ve-

locity, i.e. % (f = 0) = g = 0, equation (4.33c) becomes in the non-trivial case of 4, wy, K # 0

The results derived in this chapter are only valid for steady-state system response. For conservative, externally
excited systems this is equal to the response observed at a finite time point when the transient influence of cross-
modulation between oscillator and applied force can be neglected. In the most general case, such as quasi-static loading
processes, this time point lies at infinity. It is therefore a fundamental requirement for a valid steady-state response so-
lution to comply with these time-domain "boundary" conditions of the system. Furthermore, the Jacobian delta function
only reaches zero for x > 1. Indeed, using [288] dn(w, ¢, 5) = en(xwy £, £1) where & > 1 and k1 = 1/k, it follows
that cn{w;j t, 1) = sech (w3 t), which becomes equal to zero for wy t — oo, and thus no oscillation takes places.
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equivalent to
en(—p, k) sn(—p, k) =0, (4.36a)

where ¢ is satisfying either

(4.36b)

(o = jK(K) jo=1,3,5,... — =0, or
igoS:jSK(m) js=0,2,4,... — sn=0.

It it easy to see that for ¢ = ¢, together with (4.33b) the relation between the two constants A and
B would yield

A=-B (4.36¢)

?

which produces an unfeésible solution, since the maximum oscillation amplitude of (4.33b) re-

mains smaller than predicted in [270], i.e. [teq| < Umax. Therefore,

0=, = K(k) , (4.372)
and the constant A cquates to
A = Umax + Ueq, (4.37b)

giving for the time-varying displacement u(¢) at values of wjt = 2jK(k) for the argument of
equation (4.33b) with 7 = 1,3, 5, ... a maximum oscillation amplitude of unax Which is identical
to results in [270]. The modulus % is obtained from the initial condition for the displacement
up = 0 from (4.33b), leading together with dn(—K(x) , k) =1 — x2, see [109] for example, to

2
0=Ay1—-k?-B, and thus /{.:\/1— <L> . (4.37¢c)

Umax + Ueg

The nonlinear oscillation frequency wy can be derived from the approximated governing equation

(4.34) by setting ¢t = 27 K(k) /wy with 7 = 0,1,2,.. ., thus

dn(2j K(k) — K(k), k) = /1 — &2 (4.38a)
and

_ /@ 438D

wy 0, ( )
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as a closed-form explicit expression, where
Q1 = Po+wiB+wiB® — wiA%q} + 3WiA’B g — (W2A + 3wWAB?) Va1
0y = A((z — &) ar - 2q§) (4.38¢)

with ¢ = (1 — fv)) Alternatively, wy is related to the nonlinear oscillation period from the previ-

ous chapter as

_ 2K(k)
wr = (4.39)

This establishes all constants introduced with the trial solution (4.33b). The difference between
(4.39) and (4.3) by a factor 2 originates from the double-periodicity of the delta function dn

compared to either Jacobian sine sn or cosine cn functions.

The main problem for the only modest approximation, when using the suggested method,
lies with the poor modelling performance of higher order derivatives of the displacement, espe-
cially acceleration. Substitution of t = Ty /2 = K(k) /w; into (4.33¢) should yield the maximum

acceleration iy according to (3.222). However, (4.33¢) above gives instcad

N ‘ B .
Umax = — Awf (1 - Z) = — Upmax wjy (4.40a)

where w? must hold for the initial acceleration condition ii(t = 0) = iy = Py obtained from the

equation of motion (4.1), thus

Uy = Ak2wi/1 — K2 (4.40b)

Supposing (4.33b) identically satisfies (4.1a), thus (4.33¢) is the exact acceleration solution for
the system, %o would be equal to Py. Despite this not being the case, and therefore o # Po and

Umax # 1imax, €quation (4.40) can be rearranged to yield

T = — i <“”‘ax + 1> A (4.40c)

Uegq

It is important to notice that umax can at most be twice as large as ueq, since both are obtained

from nearly identical equations, (3.216) and (3.184a), respectively, hence

kg ud + 2kqu —4dpgu =0 — Umax

kg U+ kau—pou=0 — Ueq (4.40d)

and the maximum displacement becomes tmax = 2 Ueq if kg = 0, which is the well-known result

for a step-excited linear system [299]. If k3 # 0 the maximum displacement will be in the range

Ueq < Umax < 2 Ueq , (4.40¢)
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and therefore, from (4.40c¢) it follows
24y < Umax < 3y, (4.401)

which is only feasible for selected parameter ranges. It is for these ranges where approximation
(4.33b) yields the least errors if used in conjunction with method 1. The fact that (4.40f) is not
uniquely satisfied for any combination of u?, w% and Py is casily verified by solving the nonlinear
system numerically using direct integration. However, the method given above is applicable to all

three types of Duffing systems without restrictions.

Method 2. The rather poor representation of higher-order derivatives of the displacement func-
tion using the previous method results in unacceptably large errors for considerable parameter
ranges, as will be seen in a subsequent error analysis in the next section. The main objective of the
second method is therefore to adjust all free variables of the trial solution (4.33) in such a way that
initial or minimum/maximum conditions of velocity and acceleration approximation are equally
satisfied.

Instead of obtaining the constant B by comparison of the governing equation (4.1) with the
approximation in (4.34), both constants A and B are derived using initial and maximum value
considerations of the expected solution. However, the phase ¢ must satisfy the same conditions
as given in (4.36b). Thus, considering (¢ = 0) in (4.33¢) it follows that ¢ = K(x) analogous
to the previous result. At ¢ = Ty /2, where Ty = 2 K(k) /wj according to (4.39) holds, the ap-

proximation in (4.33b) must yield the maximum displacement vnax from section 3.4.2.3, hence

Umax = A — B. (4.41a)
With the initial condition 1y = 0 and the identity for the Jacobian delta function in cases of odd
multiples of the argument K(x) from (4.37¢), equation (4.33b) gives

0=Adn(~K(k),x) — B=AY1— k2 - B. (4.41b)

Both equations lead to

A= o tmax (4.41¢)

V1—-k?2-1

where the modulus & is still unknown. With the initial acceleration i(t = 0) = i = po read-
ily available from the equation of motion (4.1a) if subjected to the assumed initial conditions in

(4.33a), the second time-derivative of the approximation (4.33¢) must satisfy

ig = Awls?V1 — k2. (4.42)

It should be noted that all conditions of the second method derived so far are valid for all three
Duffing-type oscillators. Now, for adjusting the approximation in (4.33b) to maximum acceleration
values the following two cases must be distinguished simply due to the condition of (3.206) which
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originates from (3.60). For hardening-type stiffness terms, the first case considered here, extreme
displacement values g, always coincide with extreme values for the restoring force in the system
as can be seen in figure 3.2, Thus, extreme displacement and extreme acceleration arc given at

multiples of half of the nonlinear oscillation period and (4.33c) is rewritten

fimax = 1 (t = ThL/2) = — AwIk? where = (4.43a)

according to (4.39), giving together with (4.41c¢) an implicit equation for the modulus x

_ — 4 Umax K(K,) . 2 . 4.43b
O_\/l——ch—l TNLh - tima (4.430)

which can be solved for x numerically using commonly available root finding algorithms [159,
289,294]. This allows for calculating all unknown terms A, B and wy in (4.33) by using (4.41c),
(4.41a) and (4.39), respectively.

In the second case of a softening system «? > O,w% < 0 and snap-through w? < 0, w% >0
the restoring force maximum displacement and extreme acceleration do not necessarily coincide,
depending on the specific parameter values for w2, w}% and Pg. In general, maximum acceleration
occurs at u, derived in (3.60), which simplifies for the Duffing oscillator to (3.206). Using the

displacement function (4.33b) this is written as
Ua =u(t =1t,) = Adn(wst, — K(k),x) - B, (4.44a)

and can be transformed into
1 Um B
ta = — {arcdn (£ re) + K(f‘i)} . (4.44b)
wy A

where arcdn is the inverse Jacobian delta function, sce appendix B.3, in order to obtain 4 after
making use of (4.39), (4.41c), (4.41a) and (4.42) for calculating wj, A, B and &, respectively.
Equation (4.44b) is then used for (4.33¢) leading to the approximation for iinax

fimax = Aw?s? dn(w; t, — K(k), &) [SllQ(UJJ ta — K(k), k) — cn?(wy ta — K(k) ,fi)} :
(4.44¢)

which represents at the same time an implicit equation for the modulus & in order to let (4.33¢)
yield imax at t = t, rather than iig at ¢ = 0. Note that apart from & all constants in (4.44c) are
known from (4.41c), (4.39) and (4.44b), respectively. In the special case of 1w = ug,, hence
ta = Tni /2, (4.44b) above is redundant and the modulus « is either obtained by equating (4.33c)
using iy and therefore employing (4.42), or to the maximum acceleration iimax by solving (4.43b),

whichever minimises the approximation error which will be introduced below.

A final note on establishing all constants for the hardening type system must be made. It might

seem unnecessary to use (4.39) for deriving the nonlinear oscillation frequency w since the same
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can be achieved by employing the condition for the initial acceleration value iy = Dy after the
modulus k has been obtained from (4.43b). However, due to the fact that equation (4.33b) is only
an approximation of an unknown exact solution for (4.1a) the choice of all free parameters in the
trial function heavily influences the approximation error and its distribution over one oscillation
period. In the case of determining wjy by using the exact result for the oscillation period Ty

obtained in the previous chapter this error is minimized.

4.3.1.1 Error estimation

Due to the fact that the approximations for displacement, velocity and acceleration in equation
(4.33) do not completely satisfy the governing differential equation (4.1a) for all ¢ € [0, o0],
a small error will remain. Fortunately, by simple analysis it has been shown [270] that this error
stays bounded for all parameters in (4.1a). If the trial function in (4.33) would be the exact solution

of the problem, the following must hold for all time ¢
R(t,u) = Ma(t) + ko ult) + kguP(t) — 1 =0 Vot (4.45)

where M = m/p, ko = ko /P, 7679 = kg/p represent normalisation with respect to the excitation
force magnitude p. However, since (4.33b) does not render (4.1a) equal to zero, substitution of
(4.33) into (4.45) leaves a time-dependent residual function R(t,w) # 0. The stability analysis in
the previous chapter showed that the step-excited Duffing system oscillates between [0, £nax],
where the sign of the maximum displacement depends on the sign of 5. Thus, for a constant force
the displacement response is always single-signed, either positive or negative for all ¢. This allows
for at least two possible definitions for an error measure of the residue R(f,u) # 0 due to the

approximating function (4.33b).

First, the mean or averaged error e,, is defined by integrating R(t,u) over one period of

oscillation

S|

T T
€ay = ! /R(t,u) dt = % <Tr7 u(t)’j + kbn/u(f) dt + Q /11,3(t) dt — T> . (4.46)
t 0 0
and normalised by the nonlinear oscillation period 7 = 7j.. Bearing in mind that the velocity of
the system is periodic within the interval [—Umax, Umax] it is easy to see that the term involving
4(t) on the right-hand side of (4.46) will vanish completely and hence, the average error is solely
given in terms of displacement. This makes (4.46) a very suitable indicator for evaluating the
quality of approximation for the displacement of the system (4.1a) without having to know first
and higher-order derivatives. However, it must be noted that ¢, leads to useful results only if

u(t) >0 or u(t) <0, thus sgn(u(t)) = const Vt. (4.47)

A second way of evaluating the overall approximation quality of equation (4.1) can be defined as
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the mean total error given by
1 ’ 1 7
ew =7 [ VIR WPdt= 5 [ IRt e, T=The, (448)
' 0

and takes into account all three dynamic quantities, namely displacement, velocity and acceler-
ation by transforming negative values into positive (square) and re-scaling them to the original
force level (square-root). Hence, (4.48) is a much tighter error measurement than (4.46) since no
averaging-out of positive and negative values for the velocity takes place. Equation (4.48) is valid
for all values of u(t), u(t) and i(t), i.e. none of the system’s response functions needs to satisfy a
condition similar to (4.47). However, no information is given by et on how the error is distributed
between all three quantities within the approximate system. It becomes immediately clear that the
main advantage of both definitions lies in the fact that no direct numerical integration solution
of the nonlinear governing differential equation needs to be established in order to evaluate the
quality of approximation for functions such as (4.33). It is therefore possible to assess any of the
trial functions employed with respect to its suitability for modelling (4.1), subjected to the initial

conditions in (4.33a), by two easily obtainable numerical values.

Together with (4.33) the individual terms of the right-hand side in (4.46) can be rewritten as

T
’ = —Ax’wysncn, (4.492)

u(t)

T
/11 )dt = (am—amK) BT, (4.49b)

0
T

3 3.2 . 42 3

w(t)dt = ———=|4 A°k* snen +6 A“BE (amk, k) — 2 BT w;
0/ QLUJ\/l—KQSHQ {{ (amic, )

<6AB‘ A3 (n — 2)) am + <A3 <m2 — 2) — 6AB2) amK}

1 — k2sn2? — 6 A2BE (amn, ) dn} ) (4.49¢)

where E (..., k) is the elliptic integral of the second kind and sn, cn, am are the Jacobian sine,

cosine and amplitude functions, respectively, with the following arguments

sn =sn(Twy — K(k), k) , cn = cn(Twy — K(k), k), (4.49d)
am = am(Twy — K(k),K) , amgk = am(—K(k),K) . (4.49¢)

Together with the nonlinear oscillation frequency wy given in (4.39) where Ty, = 7" and the mod-
ulus obtained either from equation (4.37c), (4.42), or (4.43b), the elliptic sinec and cosine in (4.49d)

simplify to

sn = sn(3K(k),k) = —1, and en = cen(3K(k),k) =0. (4.491)
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Using the fact that the amplitude function am (..., &) is defined as the inversc of the elliptic integral
of the first kind [291]

¢
Flo, k) = /1—d€—— — am(F(sing, k) , ) = ¢ (4.49¢)
0 ViTK

9
\/ 25in“ @

together with the definition of the sn and cn functions [288]
sn(z, k) = sin (am(z, k)) , en(z, k) = cos (am (2, k)) , (4.49h)
gives for (4.49¢) the special values of
3

am (3K(k) ,k) = %, am(—-K(k),&) = —=. (4.491)

This simplifies equations (4.49a) to (4.49¢) considerably yielding

u(z)‘ =0, ~ (4.50a)

/T'u(t) dt="T ( A”( - B) , (4.50b)

0

T ]
/u3(t) dt = —L (4K(%) B + 12 A%E(k) B + Am (42 (x* — 2) — 6132)) . (4.50c)
] '

The average error e,, of the approximation during one cycle of oscillation is now given by sub-
stituting all terms of (4.50) back into (4.46). Unfortunately, for the more complex equation (4.48)
of the total error ey no closed-form expression can be found if the approximation function in
(4.33b) is used. Thus, (4.48) must be solved numerically.

Results - hardening-type system. Results of the above analysis using the single-term approx-
imation from (4.33) for a hardening-type spring are shown in Figs. 4.1 to 4.4. Both, average and
total error are given in percent depending on the step excitation magnitude g and the nonlinear
stiffness ratio k. Four different linear stiffness coefficients &, = m (27 fn)? were selected with
fn = 0.5Hz, 5Hz, 50Hz, and 500 Hz, respectively, and a constant mass of m = 0.3 kg. Avcrage
and total crror in both figures 4.1 and 4.2 have been obtained using the simpler parameter approxi-
mation method 1 for the trial solution (4.33) whereas Figs. 4.3 and 4.4 were derived by employing
the more accurate second method.

For the first method the average error e, in Fig. 4.1 as a sole indicator of the displacement
approximation quality over one oscillation period yields for only very few combinations of  and
k- values of more than 5 %. An even smaller region in 4.1(a) shows average errors of up to 20 %,
which is clearly caused by small loading magnitudes in conjunction with low nonlinear stiffness
ratios for equivalent linear frequencies of f, = 0.5 Hz and f,, = 5 Hz, see both graphs in (a) and
(b). Beyond ranges of 0 < p < 20N and 0 < ky <15 in Fig. 4.1(a) the average error decreases
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rapidly below 2% in a strong monotonic fashion approaching zero for large loading levels and
highly nonlinear stiffness ratios. Similarly for Fig. 4.1(b) with an equivalent linear frequency of
fn = 5 Hz. For higher values of f,,, Fig. 4.1(c) and (d), e,y is more equally spread over the entire
range of py — k values and converges more slowly towards zero, but never exceeding in both
cases the relatively small values of 0.55% and 0.055 %, respectively, even in ’problematic’ re-
gions where pg = 0, &k, =~ 0.9 Virtually identical behaviour is observed for the total error of the
hardening-type spring in Fig. 4.2, Due to the definition of g4 in equation (4.48) levels are gener-
ally higher than for e,y, since averaging-out of positive and negative values for the velocity does
not occur. The four plots in Fig, 4.2 give an estimate of how well all three dynamic quantities of
the system, e.g. displacement, velocity and acceleration are approximated by the trial solution in
(4.33) using method 1 to obtain all unknown parameters. High total error levels of up to 20% are
limited to narrow pockets of small loading magnitudes and stiffiness ratios similar to the results
for the average error e, in Fig. 4.1, Comparison of figure 4.1 with 4.3 and figure 4.2 with 4.4,
respectively, clearly shows the higher overall accuracy of approximation when obtaining the trial
function (4.33b) parameters using method 2. For both &, and et values in Fig. 4.3 and 4.4 are

only fractions of those obtained by employing the first method shown in Fig. 4.1 and 4.2.

Despite the fact that the trial function in (4.33) is valid for all three types of Duffing restoring
forces as defined in (3.180), approximation of softening and snap-through type oscillators yiclds
unacceptable large error levels for both e,, and ey compared to the results of Figs. 4.1 to 4.4,
especially for low to moderate nonlinear stiffness ratios 0 < &k, < 30 and small excitation magni-
tudes in case of equivalent linear frequency systems with f, = 0.5 Hz and 5 Hz. For higher f, this
behaviour is less pronounced and both error measures e,, and ey reach similar levels as presented

above, especially for large values of k, and py.

4.3.1.2 Softening restoring force

Method 1 - Far from instability regions. Significant improvement to the shortcoming of the
trial function in (4.33b) for small values of load magnitude p and nonlinear stiffness ratio &, in
case of softening-type systems (k, > 0, kg < 0) can be made by introducing a second approxi-

mation of the form
u(t) = A[l - % ((:112(wJ t k) +sn(wyt — o, /‘.))} = A[l — % (cn2 —{-sni)] (4.51a)

with the time derivatives

u(t) = Awy (sncndn - sn, en, dng) (4.51b)

i(t) = Aw% ((dn2 — K2 8112> cn? — cnfg dni —sn?dn® + (52 cnfg + dnf,) snf,) (4.51c)

1t should be noted that there is no linear relationship between values selected for £, and the resulting error eay. The
fact that the maximum values for the average error relate to each other by the same factor of 10 as the linear equivalent
frequencies has been achieved by selecting appropriate ranges of both independent quantities 7o and %-.
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and abbreviations are as follows

pq=pq(wit,k),  pd,=pq(wit—¢,k), (4.52)

and pq stands for any of the Jacobian elliptic functions in (4.51), see also appendix B.3. Applying
the above approximation is especially advantageous for softening-spring type Duffing oscillators,
since their load level is restricted due to stability critcrions presented in the previous chapter and
combinations of moderate to high nonlinearity (k, > 10) but small magnitudes pp, for which
(4.33) is not very efficient, are more likely to occur in practice. However, (4.51) holds also perfectly
true for hardening-type springs, especially in cases where results obtained with (4.33) lead to

unacceptably high values for e, or eiot.

The elliptic sine function sn(0, <) = 0 together with both the zero initial displacement and
velocity ug = 0 and 7y = 0, respectively, makes it possible to obtain two solutions for the phase

lag ¢ from equation (4.51b)
0 =sn,cng,dng, (4.53)

which are identical to (4.36b). Hence, ¢ = K(x) and the trial function in (4.51) can together with
(B.24) be simplified to

u(t) = A[l - -;— (cn2 + cdg)} (4.54a)
u(t) = 1?11:); (dn* —k%+1) snen (4.54b)
i(t) = Awj [(1 — K2+ dn4) en? dn? —{(1 ~ &4 dn4) dn?

dn* (4.54c)

-+ (3fc2 -3+ (1114) K2 ch} SHQ:| .

With
1 Ti K&
[1 - = (ch—%—ch)} =1 at times p= 2N _J () , i=1,3,5,... (4.553)
2 2 995
the constant A is determined from (4.54a)
A = Umax - (4.55b)

As mentioned before, the point of maximum acceleration for the softening stiffness system does
not in general coincide with umax at ¢ = Ty /2. Analogous to (4.44) the time where @max OcCUIs

is designated %, and (4.54a) is written as

1 r -
Uy = A[l -3 (CHZ(WJ ta, ) + cd®(wy ta, h)):| , (4.56a)
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thus
0=2 (1 - “f) — en®(wy ta, k) — cd?(w) ta, k) (4.56b)

is an implicit equation for obtaining %, numerically. The modulus & for (4.56b) is obtained by
setting £ = 0 in (4.54c¢). Together with iy = Py as the initial value for the acceleration leads to

2 AN 2
0=A ( ,,K,(")> (<% = 2) + o, (4.56¢)
Ine

yielding « through numerical root-finding. Finally, inserting ¢, into the acceleration approximation

(4.54¢) having i (t;) = Umax gives

0= 13:5 { [dn6 —K2_ K2 (dn4 _{_52 _ 1) sn> +1] en? — [(11’16 n (HQ _ 1)2} sn2} .
(4.56d)

as a new equation for the modulus », where the acceleration trial function (4.54c) is now adjusted
to the maximum acceleration value iimay instead of the initial value iy = Py in order to minimise
approximation errors. It must be mentioned that for low ratios of Dy /timax, i.€. the maximum
acceleration from (3.206) is substantially higher than the initial, steps in equation (4.56b) and
(4.56d) must be repeatedly applied in order to yicld acceptable error levels, Thus, with the new
modulus from (4.56d) a more accurate displacement approximation is obtained, hence a more
accurate ¢, can be calculated from (4.56a) giving in turn a new « from (4.56d). Obviously, this
iterative procedure converges to the exact approximation value defined by the smallest possible

error introduced into (4.1) due to the trial function in (4.54)

For the special case of t, = Ty /2, i.e. extreme acceleration values do coincide with values
of extreme displacement at half period, steps (4.56a) to (4.56¢) above can be ignored and the

modulus x is directly obtained from (4.54¢), which simplifies for wy ¢t = K(&) to
limax = Awj (k2 = 2) , (4.57a)
thus, giving the implicit equation

X 2 .
0= (2 K(H)) (HQ _ 2) _ Umax (4.57b)

Umax

from which & is obtained using previously introduced numerical methods [159,289].
Substitution of (4.54) into (4.1) and integration over one period leads to

T
)| =0, (4.58a)
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T 4
/u(t) dt = ——5— [E(am(~K(x) , )) — E(am(3K(x) , 5))
0

+ E(am (4K (k) , k) — 4&2K(m)] . (4.58b)

Together with the definition for the nonlinear oscillation frequency «y in (4.39), the identities in
(4.491) and the relation am (4K(x) , k) = 27 from [288], the integral of the displacement function
in (4.58b) can be reduced to

T

) 1
/ u(t)dt = ) ATn . (4.58¢)
0

Unfortunately, a closed-from solution for the third integral in (4.46) involving ©(¢) cannot be
established if the trial function (4.54) is employed and its value must be determined numerically.
The average error introduced by the approximation into the system can now be obtained from

rewriting (4.46) as

T
I A 243 [ Ly o 20 1? -
e = 7 <§%Afm +wiA 0/[1 ~ 5 (en* +cd )] -7, (4.59)
with T = Ty, . Finally, the total error ey is obtained by substitution of (4.54) into definition (4.48)

and subsequent numerical integration.

Using the trial function in (4.51) for a softening-type Duffing stiffness both approximation er-
ror measures e,, and egor are given in percent in Figs. 4.5 and 4.6. Due to stability restrictions only
specific combinations of step force magnitudes gy and stiffness ratios ky are feasible. Selection
of non-feasible parameter values immediately leads to an unstable system. Similar to the results
for hardening-type oscillators presented above, the approximation errors for the entire range of
selected values for py and k., decrease significantly with larger values for the linear stiffness co-
efficient k,, which is obtained by setting &, = (27 fa)?m and successively increasing f, from
0.5 Hz to 500 Hz using the factor of 10 for graphs (a)-(d) of both figures. However, contrary to
Figs. 4.1 and 4.2 larger values for e,, and e, occur now for moderate values of py and k., which

in the case of softening systems coincide with regions close to unstable solutions.

A very similar outcome has been observed when applying (4.33) to hardening-type oscilla-
tors, thus improving solutions for method 1 pictured in figure 4.1 and 4.2 significantly, but omit-
ted here for the sake of clarity. Nonetheless, it follows from these results and the results for the
softening system presented above that the purpose of introducing (4.51) for modelling specific
areas where the approximation in (4.33) failed to give acceptable results has been achieved. For
combinations of small loading and low to moderate stiffness ratios both errors gy and eto: stay
significantly below values obtained with the trial function (4.33), due to differences in the shape
of the two approximation solutions (4.33) and (4.54) respectively. However, results obtained from

(4.54) for the hardening-type system fail to reach similarly low error levels realised with the sec-
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ond method of the previous section shown in Fig. 4.3 and 4.4.

Method 1 - Close to instability regions. [t becomcs apparent from both figures Figs. 4.5 and
4.6 that results for the softening oscillator having parameters which render the system close to
instability are far from satisfactory. This is especially striking if compared to the acceptable results
for the hardening system in Figs. 4.3 and 4.4. Remedies for the softening system, such as to adopt
the trial function (4.33b) when p and k- are far from highly erroneous regions, i.e. from parameter
ranges just before the systems becomes unstable, do work but lack the required efficiency.

A closer look at the causes leading to unacceptable values for e, and ey suggest a funda-
mental qualitative shape change in the system’s response functions for displacement, velocity and
acceleration if stiffness and load parameters originate from the yellow and red coloured regions
of Figs. 4.5 and 4.6. These areas have a feature in common, namely that extreme values for dis-
placement and acceleration do not occur at the same time ¢ = Iy /2. Thus, due to the limited
ability of the displacement trial function (4.54a) to model the shape of the exact solution accu-
rately enough, calculation of ¢, to the required precision fails despite the capability of the iterative
procedure in (4.56). The only successful route lies in establishing a new trial function. Fortunately,
the above approximation in (4.54) proves very versatile and a change of power for the Jacobian
cosine delivers a substantially less error-laden response approximation, which is only effective for
the softening system sufficiently close to instability. Whether this criterion is fulfilled for the os-
cillator in (4.1) is easily a priori verified using (3.219) derived in the previous chapter. The term
sufficiently close’ stands for an estimated relative difference margin of up to 10 % for both &, and
pg as obtained from (3.219).

The modified trial function is given as

N Lo 4, 2
u(l) = A[l ~3 (c,n +cd )} (4.60a)
A
u(t) = a{; (2 dn*en? —k% + 1) snecn (4.60b)
dn

i(t)y=A w%{Q (dn2 —K2 an) en* —6 dn?sn® cn?
) (4.60c)

~ dn? [(Kg — 1) en® + (6 on® +4% - 1) SnQ}

with A = Umayx, la, ua and x analogous to cquétion (4.55) and the iteration scheme in (4.56),
respectively. Results for the above solution have not been plotted here explicitly, but it can be
stated that both average and total error are well below the levels shown in Figs. 4.5 and 4.6 for the

narrow 10 %-band close to unfeasible combinations of @y and £,,.

Method 2 - Generalised solution. Both approximation (4.54) and (4.60) produce reasonable
results if all involved parameter are not only within their required limits, but well away from
any overlapping areas where either (4.54) or (4.60) could be used. Since it is impossible to give
a clear definition of such a boundary in terms of zy and k., values for these two regions other

than by calculating the approximation errors &, and ey using both formulas simultaneously, it
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is desirable to have a single solution for the softening system which can be applied to all feasible
combinations of load magnitude and stiffness ratio. Such a general solution is presented in the

following paragraph.

In order to prevent above mentioned approximation errors arising from explicitly calculat-
ing the time t,, only the terms u (t = TnL/2) = Umax, 4(t = 0) = g and i (T /2) = Umax are
considered. Thus, with three known constants the same number of unknown parameters can be
included in a feasible trial function obeying the initial conditions in (4.33a), which effectively are
boundary conditions since u (fp) = ug = u (to + Ini) and @ (tg) = 4o = @ (to + Ine)-

The newly proposed approximation is given as
u(t) = A(l —dn"(wyt, k) = A(1l - dn") v eR (4.61a)
where A4, v, wy and k are unknown constants to be determined. Together with its time derivatives

u(t) = Av k*wysnendn?™? (4.61b)

i(t) = Av s*wi dn” 2 [C112 dn? — ((1/ —1)x%en? 4 dn2) snz} (4.61c)
the test function (4.61a) can be inserted back into the governing equation (4.1) yielding

Auw'f (1/ +rRE(1—v)— l) dn*"2 +A (1/2(4}? (H,Z — 2) — wi — 3w%A2) dn”
+3 A3w[23 dn?” —Agwg dn® +Avw? (v+1)dn" 2+ 402 + A3wg =po. (4.62)

It is not possible to select an appropriate v such that the system of equations originating from the
requirement that all coefficients of the Jacobian delta function dn with its various exponents in

(4.62) must be equal to zero for all time ¢. For example, if v = 1 Eq.(4.62) results in
go+ g1 dn +¢ dn? 4¢3 dn® =0 (4.63)

where g = —po + Aw? + A3w§, g = A (w% (RQ - 2) —w? -3 Azw%), g =3 A%J% and
Gu=A (2(4}3’ — A:’w%). It is easily verified that the system ¢; = 0 with j = 1,...,4, has no so-
lution. Since from (4.62) it follows that this is true for any v € IR, the trial function in (4.61)
is only an approximation and not the exact solution of (4.1a). Employing the threce known ex-
pressions for displacement and acceleration, namely tmax = u (¢ = Tn1/2), tip = i(t = 0) and
timax = @ (t = T /2) as introduced above, the following algebraic system is obtained

umox = A (1 - (1~ 2)%) (4.642)
iy = Av r2w? (4.64b)
Umax = — Av chwg (1 — 14,2) 7 (4.64c¢)

Re-arranging (4.64a) and insertion into (4.64¢) immediately leads to an expression for the dis-
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placement oscillation amplitude

A= tm (4.65a)
1+ Loae
With
tig
(4.65b)

V=" 7
e (4

NL
equation (4.64a) becomes an implicit expression for the modulus

i

0= A{l — (1- k2 I } — Umax (4.65¢)

where x must be obtained iteratively. It is important to note that for vast ranges of feasible param-
eter combinations f,, k- and Dy the modulus in (4.65c) will be complex-valued, i.e. K = v € C
with kg = kR + 1 k1 and g, k1 € R, see appendix B.3. This in turn implies for the nonlinear
oscillation frequency wy € © since the complete elliptic integral in (4.39) is complex as shown
in Fig. B.1. Moreover, with a complex exponent v due to (4.65b), the displacement response be-
comes u(t) € C for all . In this general case only ?R{u(t)} is sclected since :“9{u(t)} does not
contain any valuable information regarding the system’s response behaviour. Only if « possess a

zero real part, i.e. kg = 1k, equation (4.61) can be rewritten [109] as

u(t) = A (1~ nd(v/1+ w2 w; ts)) with K1 = ﬁ (4.66)

and nd as the inversc clliptic delta function, which is rcal-valued in the entire interval of one cycle

t € [to, to + Tl

Unfortunately, neither of the measures defined in (4.46) and (4.48) describing the error of the
approximation (4.61a) can be given in closed-form. Both have to be calculated using numerical
intcgration procedurcs and arc shown in Fig. 4.7 and 4.8 for the same range of system parameters
previously selected for method 1 above. The results clearly underline the improved performance
of the trial function (4.61) compared to (4.54) which is shown in Fig. 4.5 and 4.6. With the average
and total error of the second method being fractions of the values obtained from method 1, it is

clear that the trial function in (4.61) has a significantly higher approximation accuracy then (4.54).

In order to get a better understanding of what certain values of the measures &, and eiot
imply for the approximation quality of all three response functions, namely displacement, velocity
and acceleration, time histories have been calculated using the previously defined trial functions
along with numerical exact solutions from high-order Runge-Kutta algorithms. Figure 4.9 shows
results for hardening and softening spring types employing method 1 in both cases with specially
selected parameter combinations of gy and &, such that average and total error are large. With
fo = 0.5Hz method 1 for hardening Duffing oscillators fails for small values of force and stiff-
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ness ratio, hence pg = 0.1 N and £, = 3 m?2 were chosen. Resulting error values are ¢y = 15.7%
and e;o; = 24.9%. For the softening stiffness system py = 0.2N and &, = —16 m? were selected
presenting a set of parameter close to instability. Results are &, = 14.5% and e;o: = 35.8%. It
is interesting to note that despite such rather high errors the approximation of u(t) in Fig. 4.9(a)
can still be termed satisfactory, compared with various results in literature for equivalent sys-
tems [191,203]. However, the plots for velocity and acceleration clearly indicate the shortcomings

of the trial functions to accurately model the higher-order derivatives.

Application of method 2 to both hardening and softening Duffing systems produces a max-
imum average error of 0.0098% shown in Fig. 4.7(a) and a total error of 0.11% pictured in
4.8(a). A comparison with numerical results for such a softening system having = 0.2 N and
k, = —16 m? is displayed in figure 4.10(a) for displacement, velocity and acceleration. The time-
varying approximation residue R(t) defined in (4.45) which forms the basis for obtaining &, and
Etot 18 given in Fig. 4.10(b) below. It becomes clear that simple integration of R(t) leads to a net
area for the average error significantly smaller than the one which is obtained from integrating

R2(t) for the total error.

At this point it is necessary to make an important comment on the symbolic-numerical imple-
mentation of both approximations in (4.33b) and (4.61). Apart from not being able to handle com-
plex values for the argument wy ¢ or the modulus & of elliptic integrals or Jacobian functions, the
limited number of significant digits in the numerical software package MATLAB makes it impos-
sible to derive previously pictured error levels &, €io; as small as 10712% shown in Fig. 4.7 for
example.” It requires the combined symbolic-numerical high-accuracy calculation environment
of MATHEMATICA® or MAPLE®!? with an adjustable, problem-specific working precision' ) to

obtain these results.

4.3.1.3 Snap-through stiffness force
It has previously been suggested [270] to use

u(t) = Aen”(wyt ~ @, k), with veR (4.67a)

as a trial function for snap-through-type Duffing systems where &, < 0 and kg > 0. The unknown
constants A and ¢ are easily derived using the initial values from (4.33a) as tmax and K(x),

9 Although the smallest positive floating-point number in MATLAB® is two bits less than 27192% (one bit is needed
for the 2 and the second one for the sign), i.e. 271022 ~ 2.2251 E—308, it is the limited ability in representing adjacent
double-precision values. For MATLAB® this value can be determined using the function eps (x) and ranges on a
standard 32-bit system (normal PC or PC cluster) between -15 to -16 decimal points of x.

"™ Various test runs clearly showed large differences in the computational time between both programs required for
obtaining results of equal precision. On average, MATHEMATICA® was five to seven times faster than MAPLE® and has
therefore been chosen for application to the problem.

'"UFor the numerical solution of the implicit modulus functions the working precision was set to 30 giving about 25
significant digits. For the integration of both error functions ea, and ewr working precision was 25 and therefore about
ten significant digits higher then in an equivalent MATLAB® routine.
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respectively. Together with the derivatives for velocity and acceleration

w(t) = — Avwyen” tsndn (4.67b)

i(t) = Avw?en” 2 [(K‘,Z sn? — (1112) en? + (v — 1) sn? dnﬂ (4.67¢c)

the following algebraic expressions are given for ) =

u(to) =0, () =0""Avw/1-k2, iiltg)=-0""2Avu?(v-1)(s*-1).
(4.68a)

Similar, if t; = Ty /2
uw(ty))=A, u(t1)=0, i(t)=-Avw?. , (4.68b)

In order for the trial function (4.67a) to adhere to the initial conditions in (4.33a) the real expo-
nent must be v > 1 so that 4 (¢y) = 1. Moreover, to yield a stable solution for £ € [fg, Ty ], the
unknown parameter must satisfy v > 2 since (V"2 = oo if ¥ < 2. However, given v # 2 the ap-
proximated system will possess zero initial acceleration which contradicts (3.222). This leads to
the conclusion that (4.67) with v > 2 should only be used for snap-through systems with small
stiffness, moderate excitation force and large mass values as this will guarantee large ratios of
Umax/1(0), i.e. the error introduced by the approximation failing to satisfy the initial acceleration
condition (4.68a) is kept to a minimum. Even in the case of v = 2, results obtained in [270] for
low nonlinear stiffness ratios k&, < —50m~2 and small loading levels pp < 100 N show unaccept-
able error levels of up to 80 % for e,, and more than 100 % for eio:. Only for selected parameter
ranges of f, = 5, 50 Hz and large values for both k, and py, levels of average and total error ap-
proach regions of 1 % and below. This leaves (4.67) as unsuitable for a single-term approximation
of snap-through Duffing systems.

Far more accurate results are obtained using equation (4.61) above. All three unknowns A, v
and « are obtained from the algebraic set (4.64) according to (4.65). Results for average and total

error of this approximation, e,, and e, respectively, are given in Figs. 4.11 and 4.12.

4.3.2 f1(u) =kgsgn (u) [u|’

Examining the restoring force characteristic of fj(u) for various values of b as given in figure 3.2
indicates significant differences in the qualitative response behaviour of the SDOF system de-
pending on whether b belongs to one of the two intervals b = & € (0,1) or b = by € (1,00),
respectively. In the first case, especially for u(t) > 1, small changes in applied force magnitudes,
assuming zero initial conditions, result in large amplitudes of oscillation. Contrary, the response
behaviour is reversed, i.e. large external forces producing only small changes in displacement,
if b = by, especially for u(t) > 1. It is easy to verify using numerical solution procedures that
compared to kg and m the influence of the parameter b dominates the response characteristics of

the displacement, velocity and acceleration, independent of values for . Therefore, unless stated
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otherwise, only changes of b are considered in what follows and all obtained results are applicable

" to the entire range of feasible values for kg, m and py.

4.3.2.1 Acceleration approximation

It proves difficult to find a suitable one-term approximation for systems of the first category with
b = b; making usc of Jacobian elliptic functions. Reasonable average and total error levels are
possible using the trial function in (4.61) if b stays within the interval 0.8 < b < 1 independent
of whether (4.65¢) possess multiple real or complex valued roots.!?) However, if b <« 1 equation

(4.61) becomes unsuitable as accurate description of the displacement.

It is interesting to note that for such small values of b the acceleration of the nonlinear oscil-

lator can be approximated using the elliptic cosine function
ii(t) = (iig — fimax) [1 = en”(wyt — ¢, n)] + dimax (4.69)

where v, wy, ¢ and k are yet unknown. From initial conditions for the accelerationﬁ(t =0) = o

the phase must yield ¢ = K(x) and according to (B.25) cquation (4.69) can be rewritten as

ii(t) = (ilmax — ii0) [V/1 — w2sd(wyt, )| +iio = A[V1 — s2sd| +B. (4.70)

Clearly, if ¢ = 0 Eq.(4.70) results in iy and for ¢ = T /2 it gives timax thus satisfying the time
domain "boundary’ conditions of the half-interval [#), ty + Tni/2]. All methods previously intro-
duced in this chapter utilise, apart from the acceleration, known values of extreme displacement
and velocity to establish the unknown constants given by the trial function. However, finding an
analytical solution for velocity and displacement by integrating (4.70) is only possible for intcger-
valucd exponents, i.e. ¥ € N, but numerical trials with various parameter combinations strongly
suggest that v should be real.

Nevertheless, since differentiating (4.70) with respect to time is possible and yields smooth
functions,'? the following approach is suggested. Rather than obtaining » and & by comparison of
extreme response values with distinctive values of the approximation functions for displacement
and velocity, identical orders of derivative of the acceleration in (4.70) and the system’s governing
differential equation are used instead. Substitution of (3.75) into (3.3) and obeying both initial
conditions identical to (4.33a) together with the restriction on the step excitation function p > 0

leads to the simplification

i(t) = Po — wj ub(t), where Py = Po Wi = 6 p>ao. (4.71)
m’ m

since u(t) > 0 for all ¢ € [0,Tn(]. The first derivative of (4.71) with respect to time is readily

"D Different values for the modulus x result in a qualitative change of shape of the elliptic function. Hence, for cases
of non-unique solutions of the implicit modulus equation it is possible to chose & such that e,y and eio are global
minima.

"FContinuous and no singularities in the interval under consideration ¢ & [0, Ta]-
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obtained as

d . . (1 2 b—1.
Eu(t) = i) = —bwzu’T . (4.72a)

Subsequently, second, third and fourth derivatives are given as
i® = — b ut (b - 1) i +u i, (4.72b)

i® = —budub? {'u‘ w4 (b—1) u{(b -+ 3u~il}} ; (4.72¢)

and

i@ = pwdub* {—u(@ ut = (b—1) {(b —3)(b-2)ut+6(b-2uiti
(4.72d)

+4u? 0l + 3u? ilz}} ,

respectively, with % = 41 and w® = (®. Together with the derivatives of (4.70) given in ap-
pendix B.3.3 this leads to four equations which are evaluated at two different time points 4 = 0
and ty = Ty /2 ensuring the trial function matches with values for maximum displacement and

acceleration. Hence, for ¢t = t; Egs.(4.71) and (4.72) result in

(1) _ () _ \
tl_lg_lg i (t1) 00 tEIJIrlo i (t) = 4+ oo (4.73a)

() _ o (4) _ .
tli.lilou (t1) e tngrrlOu (t1) = +00. (4.73b)

Although both displacement w(¢) and velocity () approach zero as ¢ — +0, the expression '~
with 2 =1,...,4 and b < 1 has a higher rate of convergence, thus approaches zero faster from
larger to smaller values of ¢. Although more difficult to derive, exactly identical results are ob-
tained from the four derivatives in equation (B.28) clearly ensuring that the approximation satisfies
the boundary conditions’ of the time-domain as an essential requisite for error minimisation. At

t = TwL cquation (4.72a)-(4.72c) evaluate to

iV (t) =0, 4P () = —bwiullimax, 4 (t2) =0, (4.74a)
whereas (4.72d) yields

e (t1) = bw% ufn_aﬁ [bw% ufnti Umax — 3 (b — 1) urznax uﬁm} . (4.74b)
Similar results are given for equation (B.28) at

iM=0, i®=-Avw}, W® =0, i®=Avu](4s?+3v-2). (4.75)

Equating now derivatives of the same order from both (4.74) and (4.75) gives exactly two equations

for the two unknown parameters » and x, which can be rearranged to yield an implicit expression
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for the modulus

G (2K(m))2

T

3G
e

4K* 4

- 2} —Gy=0 (4.763)

with

Gy = bw} i limax, Go = bw% ul? (b w% St 2 dimax — 3(b — 1)ud,, ilﬁm) ,  (4.76b)

the exponent v as

G

- 7L 4.7
Awy’ (4.76¢)

v
and the nonlinear oscillation frequency wy according to (4.39). In general, for small values of v
the modulus obtained from (4.76a) by numerical root-finding is purely imaginary and transforms

together with (B.27) into an elliptic sine function
. ’ v
u(t) :A[/{lx/l —I{QSII(wJL\/l—FIiQ,I{l)} + B 4.77)

with x; and l’\',ll according to (B.23b). Unfortunately, it is not possible to analytically integrate
the acceleration approximation (4.70) in order to yield a closed-form solution for velocity and
displacement of the nonlinear oscillator in (3.78). However, by ensuring the error introduced into
the system due to (4.70) remains at a minimum, time domain results for %.(¢) and u(t) can always
be derived using numerical integration similar to the process of analysing experimentally obtained

acceleration data.

It is worth mentioning that (4.70) not only holds for b € by but also for values of b signifi-
cantly larger than one, i.e. b € byy. Errors do not significantly increase for exponent values up to
b ~ 10. Using the acceleration approximation function in (4.70), both error measures defined in
(4.46) and (4.48) would require time history data for velocity and displacement by numerical in-
tegration. Although high accuracy is possible by choosing small enough time steps, the approach
is prone to introduce further numerical errors which is especially undesirable in connection with
such highly sensitive ecquations as (4.46) and (4.48). It is therefore suggested to adopt two slightly

modified versions of e,, and ey defined as average and total acceleration error

fo+Tne Tat
Cava = = w(t) dt = u(t) =0, (4.78a)
l INL to=0
to 0
1 The
ara = 7— [ li®)] dt #0. (4.78b)
TNLtoEO

respectively, where for the latter one the finite value of the integral has to be known, from a

numerical differential solver algorithm, for example, in order to be able to judge the approximation
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Table 4.1 — Modified average and total error e,y 5 and eror,2 s given in equation (4.78) for the
acceleration approximation (4.70) in comparison with results from a Runge-Kutta (4,5) embedded
pair algorithm analysis. System parameters: f,, = 5Hz, m = 0.3 kg, w, = 27 fu, kg = mw?, and

Py = 200 N.
b e T eve | e ®K) | eos | Crona (RK)
in [m] in [s]

0.05 1.037E-3 2.003E-2 3.69E-2 0.0 595E-1 6.30E-1
0.1 5.129E-2 1.008E-1 3.19E-1 0.0 5.89 6.19

0.5 1.027 2.220E-1 8.45E-1 327E-15 5.62E+1 S570E+1
0.95 1.336 2.021E-1 547E-1 1.07E-15 829E+1 829E+1
0.99 1.348 2.004E-1 1.03E-2 1.17E-15 845E+1 845E+1
1.5 1.418 1.829E-1 1.94E-1 1.01E-16 994E+1 9.93E+1
3 1.393 1.600E-1 6.58E-1 1.40E-15 1.18E+2 1.18E+2
10 1.222 1.293E-1 7.02 5.85E-17 1.36E+2 1.37E+2
30 1.107 1.179E-1 8.26 441E-12 1.38E+2 1.43E+2

quality. However, with the condition that e,, , must be equal to zero there is one independent

measure given.

Application of (4.78) to (4.70) for various different values of b is given in table 4.1 together
with the maximum displacement umay, oscillation period Ty and average and total acceleration
eITOTS, €ay,a, Ctot,a, FESpectively, from a corresponding numerical integration procedure (Runge-
Kutta). Clearly for the interval of 0 < b < 1, for which equation (4.70) was initially developed,
the average error e, , stays below one. Although it should be close (or equal) to zero, similar to
€av,a (RK) from the numerical integration, the approximation in case of €y, = 8.45E-1 origi-
nating from b = 0.5 is still very accurate, as shown in figure 4.13 for the normalised acceleration
1i(t)/iimax. Moreover, even for b = 30 with e,, o = 8.26, a case where the value for the exponent
b lies significantly outside the anticipated range, approximation (4.70) follows the exact numeri-
cal solution very closely, see Fig. 4.13. The last two columns in Table 4.1 suggest that the total
area under both acceleration functions, obtained using either (4.70) or the RK-scheme, are al-
most equal. Hence, as an additional sign of versatility, the single-term approximation accounts for

energy equality with respect to the exact solution.

It is worth noting that the above solution is also applicable if p < 0 but all initial values

remain zero ug = g = 0. In this case the system (3.78) is simplified analogous to (4.71) yielding
e . k
() = Bl (8) = Pt where e = 22wt =52 s, @)
' m m

and 4 () > 0V t. The actual displacement is obtained from u(t) = —uy(t), thus u(t) < 0Vt.
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4.3.2.2 Displacement approximation

Cases with practical design relevance show a nonlinearity exponent within the interval 1 < b < 10
is quite common [87]. Thus, with b € by the displacement trial function for the nonlinear system
in (3.78) is given by (4.61) with the constants according to (4.64) and (4.65). It is interesting to

note that a similar approximation
u(t) = A[IIdV(WJ t,K) — 1} veR, (4.80)

involving the inverse Jacobian delta function nd leads to identical results as (4.61). Since now
displacement is approximated and closed-form solutions for velocity and acceleration are easily
obtainable by differentiation, see (4.61b)-(4.61c), error measures as defined in (4.47) and (4.48)
can be employed without the threat of introducing further numerical uncertainties. With the residue

R(t, 1) as the time-varying function
R(t,u) = Mii(t) + kg sgn(u(t)) [u(t)® — 1 (4.81)

and 71 = m/po, EZ = kg/po the average error according to (4.46) is given as

o =Fy [ sen(u)jul” at, (4.822)
to‘EO

which can be simplified due to u(t) > 0Vt € [ty, T ]

Ty
eav = Akg / (1-— dn”)b dt. (4.82b)
to=0

Similarly, ey is obtained using (4.48) together with R(¢,u) from (4.81). Contrary to equation
(4.49) in the previous section, it is now impossible to give a closed-form solution of gy in case of
the trial function (4.61) since no analytic integral can be found for an arbitrary exponent v € RR.
Therefore, employing simple numerical integration results for &, and ey are given in Table 4.2

for various different values of the governing equation exponent b.

Table 4.2 suggest that if b stays within the interval 0.5 < b < 3 the average and total error
approach levels similar to the ones obtained in section 4.3.1.2 by employing the same trial func-
tion (4.61), thus the quality of approximation for the nonlinear oscillator with f(u) as restoring
force is equal to results shown in figure 4.10 for the softening Duffing system. In case of b < 0.6
orb> 8, both e,, and e increase significantly and well beyond acceptable levels. Similar un-
satisfactory values are shown in Figs. 4.5, 4.6, which have been obtained with the trial functions
in (4.51) and (4.60). Both are partially unappropriate for certain parameter combinations of
and k., and time-history results for high levels of errors are given in figure 4.9. However, a direct
comparison of Figs. 4.9 and 4.14 shows that despite the total error as an quality indicator of the

overall approximation being four times larger for the f; () system in the marginal case of b = 8,
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Table 4.2 — Restoring force f1(u): Average ey, and total ey error from (4.82) for the displacement
approximation using the trial function in (4.61). System parameter values: f,, = 0.5Hz, m = 0.3 kg,

wy = 27 fn, kg = mwﬁ, and pg = 0.1 N.

b .“max Um .TNL o v €av Ctof
in [m] Uea in [s] in [%)] in [%)]

0.6 | 7.724E-3 | 2.189 | 0.804 —15.203 3.063E~1 |7.991E-1 [2.654

0.8 | 3.019E-2 | 2.085 | 1.436 —12.303 1.311 4941E-1 |1.711

1.2 | 1.146E-1 | 1.929 | 2.469 |0.9343—10.4964 —13.069E~1 |3464E-1 [1.298

2.5 4257E-1 | 1.651 | 4.007 12.623 8.878E—-1 |3.075E-1 |[1.411

4 6.411E-1 | 1.495 | 4.564 19.779 6.066E~-1 |2.018 1.293E+1
5 7267E-1 | 0.508 | 4.729 11931E+1 5433E-1 |5.181 3.686E+1
8 8.617E-1 | 1.316 | 4.931 11.138E+2 4392E—1 |1461E+1 |1.359E+2

€.2. eror = 35.8% versus eyr = 135.9%, the trial solution (4.61) follows the exact numerical one
very well compared to the clearly unacceptable results in 4.9(b)-(c) for the higher-order deriva-
tives, i.e. velocity and acceleration. This is entirely due to the fact that approximation method
1 for hardening systems, see section 4.3.1, and Egs.(4.54), and (4.60) for softening systems is
largely unsuitable for modelling displacement derivatives given the chosen parameter combination
of Fig. 4.9. This inability, of course, was the motivation for including figure 4.9 in the first place.
Contrary, with the trial function in (4.61) errors are equally distributed between displacement and

its derivatives.

4.4 Multiple-term analytical approximations

Although the single-term trial functions in (4.33b) and (4.61) prove very versatile, i.c. they can
be used for various systems with entirely different nonlinear restoring forces and at the same
time deliver highly accurate approximations of the exact solution, there are further possibilities
to significantly enhance these results. Using equation (4.61) as a basis, the next section 4.4.1
introduces a variational method for defining the unknown exact solution as a weighted sum of basic
approximation solutions. By adding one pair of newly derived, modified trial functions from (4.61)
the average and total error can be noticeably reduced. However, an entirely different approach
leading to equally high-accuracy results is given in section 4.4.2, employing Picard’s analytical

approximation method introduced in the previous chapter.

4.4.1 Variational methods

Using the method of Galerkin [300] an approximation(t) of the exact displacement solution u(t)

is assumed

N
u(t) = (k) = olt) + D ciy(t) (4.83)
i=1
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where ;(t) with ¢ = 0,1,2,..., N are known trial functions and ¢; are yet unknown constants,

such that the weighted integral

.

/ W) RS dt=0,  REG§) =@+ F@) -1 (4.84)

T
of the second-order system (3.3) becomes equal to zero in the domain 7 between the two pre-
scribed boundaries [fy, to + T ]. Force-normalised mass and stiffness are given as i = m/pg
and f(u) = f(u)/po, respectively. All functions v;(¢) withi = 1,2, ..., N have to satisfy the ho-
mogeneous boundary conditions in 7, whereas #y(t) is required to fulfil specified (or prescribed)
conditions at the interval borders fy and ¢y + Ty . With the Bubnov-Galerkin method, usually only
referred to as Galerkin method,'®) the weighting function w(t) in (4.84) is equal to the set of trial
functions ¥;(t) with ¢ = 1,2, ..., N, leading to IV integral equations of the form (4.84) for exactly

N unknown weighting coefficients ¢

to+Thi
Gi(OR(, T, ) dt =0 i=1,2,...,N. (4.85)
to

where the acceleration approximation function is given as

d2u

N
U= 2 Po(t) + Z cidi(t) . (4.86)
i=1

Both the quality of approximation and the fact that approaches the exact solution u(t) as N — 00

depend on various different conditions [95-97]

(i) Continuity: Each ;(t) with 4 = 0,1,2,..., N must be n-times differentiable for all time ¢

within the interval (f, to + T ), where n is the order of the governing differential equation.

(ii) Boundary conditions: Each +;(t) with ¢ > 1 must satisfy the homogeneous form of all spec-
ified boundary conditions, whereas v(t) must satisfy all non-homogenous conditions at &

and tg + T associated with the differential equation.

(iii) Independency: All v;(t) must be a set of complete and lincarly independent and continuous

functions.'”

Rewriting the sum of trial functions (4.83) in matrix notation

alt) =Pe (4.87a)

' Bubnov-Galerkin is a special casc of the morc general Petrov-Galerkin method where trial function and weighting
function do not necessarily belong to the same function space [301].

'The condition is sometimes ill-formulated requiring (1) to be an orthogonal function set. This it not nccessary
at all to ensure that %(t) converges towards the exact solution, It only guarantees sparse algebraic matrices used for
obtaining the unknown cocfficients ¢;.
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where

Y=t = {go(t) ¥1(t) ... vnt)}, and c={1 ¢ e ... CN}T 4575)

gives together with (4.85) and (4.84) for the general system in (3.3)

to+The
hit) (Ape+ f(Ppe)—1) =0 i=0,1,2,...,N, (4.88)

to

or in a more compact form
lym c+ lbk(c) lj)p =0 (4893)

with {g = 0 and

T e Ty

yo=m [ VTP dt, Ple)= [ vTf(e)dt, p,= [ pTdt.  (4.89b)
/ / -]

For the special case of 1y = vg = 0, py > 0 the nonlinear SDOF system in (3.78) simplifies to

equation (4.71) and the stiffness term in (4.89b) is rewritten as

Ty

(e =F5 [ 9T (o) dr. (4.90)
0

Together with the definition of the displacement approximation in (4.87) it becomes immediately
apparent that 1y (c) can only be obtained if b € N, i.c. b is an integer. Otherwise the unknown co-
efficients ¢; are inseparable from the displacement functions 93 (¢) and the entire integral remains

undetermined.

4.4.2 Picard iteration

The iteration scheme introduced by Picard [302,303] for first-order ordinary differential equations
has been used in section 3.4.1.3 of the previous chapter to prove uniqueness of the solution of
the nonlinear oscillator in (3.78). It has been pointed out that the method can be used to establish
a series approximation which converges towards the exact solution of the differential system!®
Although deriving a closed-form expression from such an integral series is only feasible in a
limited number of nonlinear systems [246], it is possible to obtain a simple iterative scheme ap-
plicable to the more complex oscillator in (3.78). Ultimately, this leads to intricate, but analytical,
approximate solutions. Depending on the number of leading terms contained in the series these

expressions asymptotically approach the exact solution.

' Picard iteration is also valid for linear oscillators, see [241] for example.
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Table 4.3 — Picard-Iteration f) (u) restoring force: Indexing mechanism for @ 11 (¢) and Bjy1(t).

Index 7=1,3,5,...,0dd j=2,4,6,...,even
511(0) = { 20t = Biaa (D) } { £ = Biyalt) }
Pol —wj Bj_a(l) Pot —wj By (1)
¢ VN b
Bii(t) = [ B;(&) d¢ [ (3P0 — w3 B;(©)) ¢

0 0]

4.4.2.1  f1(u) = kgsgn (u) lu|?

For the special case of uy = 1y = 0 and pg > 0 the (j + 1) order approximation to the system in

(4.71) using the general term in (3.105) is given as

t
- i (t) i (€)
Bea(t) = { ,}=/ {A e @91)
Uj41(t) 4 PO_W[;’Uj(é) v
thus leading for j = 0,1,2 to
i :{ 0 } iy = {%ﬁotQ} R P { 2P0 t? } , (4.92a)
Pot pot ) Pot —wj Bi(t)
where
R NP 270 ph
Bt = [ (5me) =20 4.92b
1) 0/ ~Fo S (4.920)

Explicitly writing the approximations for j = 3,4, 5, hence

ﬁ4:{%ﬁot2-wé&<t>} ﬁ_z{%ﬁoﬂ—wéw} ﬁﬁz{%ﬁoﬂ—wﬁw}
Pot—w?Bi(t) |7 Pot—wiBs(t) |’ Pot — wj Bs(t)
(4.92¢)

respectively, where

t‘ t‘ b t;
Ba(t) = [ Bu©)d€, Bo(t) = [ (3me - Bate)) d6. Balt) = [ Bule)ae,
0
’ ’ (4.92d)

clearly reveals the indexing mechanism behind every 14 (t) and B;,1(t) shown in table 4.3. By
choosing a sufficiently high number of terms j = 1,2,3, ..., N with N > 10 the displacement-
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velocity function vector fi;11(t) can be approximated in the entire interval ¢ € [ty, to + Ti].!”

However, due to symmetry of the time-history solution with respect to 1/2 of the nonlinear oscil-
lation period Ty it is sufficient to model ti(¢) within ¢ € [ty, g + 1/2 Ty ]. Thus, accurate results

are available with significantly less terms in the series of table 4.3, i.e. NV < 10.

It must be pointed out that closed-form analytical expressions for the integral functions 5
from (4.92d) for arbitrary b € IR are only available up to j = 4. For higher-order approxima-
tions the expressions in Table 4.3 become too complicated to be solved analytically despite us-
ing powerful manipulation software.!®) Nevertheless, it is always possible to obtain results for
Bj;(t), j > 4 by numerical integration. In choosing the step-size of such a summation appropri-
ately (adaptive stepping), the numerical error introduced by the integration can be significantly
minimised [159,294].

For the case of b € N and 7 > 5 it is almost impossible to derive results for B; entirely
by hand. However, using MATHEMATICA® or MAPLE® the task can be eased considerably.!®)
Table 4.4 gives the total error”® in percent for the iteration series (4.91) containing eight, temn,
twelve and fourteen terms, respectively. Results clearly show that with a larger number of leading
series terms the approximation quality is steadily improved reducing go; with @t4(t) significantly.

It must be taken into account that vast computational effort has to be put into obtaining the
integrals according to Table 4.3. However, once analytical expressions for all 55(t) are derived,
only a small amount of resources is required for calculating the state vector 1y at any desired

time point t € [tg, tg + T if compared to pure numerical integration of the differential system

imation series with ey =5.013 E-2 % and compared to the one-term displacement solution in
Fig. 4.14, this effort is clearly justified.

Identical results are obtained for values of b < 10 with 5 = 10 independent of @ and kg.
However, for 10 < b < 20 the number of terms in 4.3 must be increased to j &~ 14 thus raising
computational costs significantly. Beyond & = 20 the iteration process becomes difficult to handle
due to the number of series terms involved in the approximation, which must increase to 20 and
more in order to guarantee total errors smaller than 0.1 %. Even with the help of the above men-
tioned manipulation software, obtaining all B;(t) is extremely resource demanding and virtually

impossible using a single-PC modelling environment.

M Egsentially, Picard iteration is an integral-type approximation and can be seen as the counterpart to differential
approximations such as Taylor series. Nevertheless, the approximation must be developed around a fixed point, ¢.g. wo.
Low-order series in both cases assure satisfactory results only in the close vicinity of ug.

MapLEY and MATHEMATICA® performed equally well in obtaining the closed-form of Bs(t). However, since its
predecessors B; with j = 2,3 are bounded to various assumptions for the upper limit ¢ such as ¢ < Thi /2, it is not
always possible to check convergence of the subsequent solution, thus individual results may vary.

l"”Comparcd to hand calculation this is a matter of minutes. Nevertheless, it must be mentioned that despite being
of simple polynomial form, expressions for B;(t) with 6 > j > 14 are several pages long and nced up to 465 minutes
evaluation time per expression (b = 6, j = 14) on a Pentium 4 (3.4 GHz) processor PC.

) Average eay and total error eeor were almost identical.,
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Table 4.4 — Picard-Iteration fy(u) restoring force: Total error ey in percent for four different
numbers of leading terms in the approximation series (4.91). System parameter values: f,, = 0.5 Hz,
m=0.3kg, wn =27 n, kg = mwﬁ, and pg = 0.1 N.

[ as | we® | an@® | 6w

7.792E~1 5.953E-2 3.156E-3 1.997E-4
8.338E-1 5.921E-2 2.994E-3 1.523E-4
8.452E-1 5771E-2 2.701E-3 1.216E-4
8.211E-1 5.611E-2 2.634E-3 1.101E-4
8.034E-1 5.013E-2 1.886E-3 7.885E-5

O L AW N o

4422 fo(u) = kou + kg'u,s

In a strictly similar manner Picard (3.105) gives for the (j + 1) order approximation for the Duff-

ing oscillator in (3.181) with ug = g = 0 and pg > 0

t
() = {/I.Lj“({')} = / {A e } dé 4.93)
Wi () \Po = wauy(€) — wius(€)
thus leading for 7 = 0, 1, 2 to almost identical equations as given in (4.92). However, careful ex-
amination of the Duffing system’s response shows that the condition p > 0 is not necessary. Fur-
thermore, due to the fact that iteration equation (4.93) has integer-valued exponents and is at most
of order three, integrals involved are far more likely to be solvable than for (4.92) where b € N is
unrestricted. It is therefore possible to obtain an analytical approximation for step excitation and
non-zero initial conditions. Although deriving expressions of such a solutions is a very laborious
process and impracticable without appropriate software, usage of the Picard iteration procedure
guarantees convergence of the approximation series toward the exact solution if a sufficiently

large number of leading terms is included.

With the general expression from (3.105) equation (4.93) for the system in (3.181) subjected

to ug # 0, tg # 0 is rewritten as

¢
_ fuo 3 () } d 4.94
j+1(2) {llo} + / {ﬁo —wiu;(€) — W%'LLS(@ & e

0 J

leading for j = 0,1 to

’[Lot
ul(t) = Up + ~ 9 9 3 3
t (po — Wy — W;BUE))

(. [/)\_o 2 2 2 )|
Bo(t) =ug+ § W TT e Ml mG RO (4.952)
Pot — u)&Cl (t) - wﬁDl (t)
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where
1 t
UO U/O . . 3
A = o , By = 2 ,Cr = /’U.() +u9€ dE, Dy = / (UQ + U €) d¢, (4.95b)
- 0 0
and thus,
L. 5 2 3 L ¢
Cy=t uo+§u0t ., Di =t u0+f uouo—#—f uOu +?2‘ u0>. (4.95¢)

For j = 2, 3 equation (4.94) can be expressed as
ot + 3 Pot? — wl Ag(t) — w} Bg(t)}
(Bot — w2 Ca(t) — wj Da(t)) ’

gt + 5 Po t? — wh Aa(t) — wj Ba(t)} (4.95d)
(Pot — w2 Cs(t) — wi Ds(1))

ﬁ3(t) =ug+ {

ﬁ4(t) =ug + {

with

A= [ O de, Bat) = [Dig) ae. Aty = [ Ca(6) de.
0 0

0
t

Cs(t) :/Uo-’-’dog-’-%ﬁogQ -szl(g) ~W%B1(€) d¢&,

[
LS

3
Dy(t) = / (w0 + o€ + %1’7‘0 £ -2 A -BBO) dE, . (4.95¢)
0

This clearly reveals the methodology behind the indexing mechanism and the (j + 1) solution is

given as

gt + 2 Ppt? — w2 A; — w? B; ,
ﬁj+1(t)=uo+{ A j=1,23...,N (4961)
(pot—waCj—w D7)

together with

t
At = [ G€)de, Byl = //j<5>d£,
0

0

Cia(t) = /U0+u0g+%p0€ —wi Aj(€) — wi B;(€) d &,

j 3
Dt / o + 1ip £ + -pog — W2 A (€) — W B.,-(g)) ae. (4.96b)
0

Results of total error ey for a hardening stiffiiess-type Duffing system are given in table 4.5.
Despite being casier to solve than the equations in table 4.3, the iteration procedure (4.96) re-
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Table 4.5 — Picard-Iteration for Duffing system - hardening spring k ,, > 0, ks > 0: Total error €t
in percent for four different numbers of leading terms in the approximation series (4.96). Initial con-

ditions: up = 0.35 m and &y = 1.25m/s. System parameters: f,, = 0.5 Hz, m = 0.3 kg, wy = 27 fn,
2

ko = muws, kg = ky ko

Po ‘ ky H Ug () [ U1o(f) ‘ u1p(t) ‘ Ui4(t)
1.0 1.0 11.995 2.221 1.004E-1 5.447E-3
500.0 1.0 9.332 1.764 8.541E-2 2.001E-3
1.0 50.0 9.547 1.923 9.141E-2 3.112E-3
500.0 50.0 7.844 1.188 7.844E-2 1.012E-3

quires significant resources especially for iy4(f) and larger terms. But as stated for the results
in Table 4.3, once the closed-form analytical approximation expression is obtained its evaluation
needs only very little effort using the appropriate software. A comparison of both tables 4.5 and
4.4 shows quite significant differences between the quality of approximation with (4.96) demand-
ing far more terms than the scheme in Table 4.3. This must be attributed to the fact that the first
accounts for a solution involving non-zero initial conditions which result in more complex time-
history response function.

A plot of the normalised response values for displacement, velocity and acceleration together
with the respective error yields graphs very similar to Fig. 4.15 shown for the f (u) restoring force

system but have been omitted here.

4.5 Comparison to direct numerical integration methods

The main purpose of this section is to relate the accuracy, quality and computational cost of various
analytical approximations derived in this chapter to solutions generically obtainable using numer-
ical direct integration algorithms, so-called explicit first-order ODE solvers?!) The mathematical

background of the most simplest of these routines dates back to Newton, Euler and Gauss who used
them for root-finding and the solution of nonlinear algebraic equation systems [245,246]. Building
on these ideas, by considerably improving accuracy and stability, and establishing new methods
which are significantly faster and more accurate while at the same time making optimal use of
available computational resources, a large number of algorithms are readily accessible today. An
overview of state-of-the-art implementations is given in [304,305]. Concerning the methods used
for comparison to analytical solutions in this work the MATLAB® reference manual [294] and the

well-known routines of Press et al [159] are important sources.

Throughout the preceding sections of this chapter newly derived solutions and numerical data
have already been compared on various occasions. However, little has been said so far about their

individual implementation in order to procure results having the anticipated or required accuracy.

D Although briefly mentioned in equation (3.5) implicit problems are not considered in this work.
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Given the fact that all differential problems in here are neither implicit nor stifl 22) it is pos-

sible to choose from a wide range of suitable routines. In fact, for the special system of two
autonomous first-order equations (3.15) algorithms in [159] are very similar to MATLAE imple-

mentations and therefore only the latter ones are considered in what follows.

The initial value problem can be solved using one of three different routines on offer’?)
Firstly, ode45, a (4,5)-pair embedded Runge-Kutta (RK) algorithm implemented according to
Dorman and Prince, see [156, 157]. Secondly, ode23, its (2,3)-pair equivalent after Bogacki-
Schampine, and thirdly, ode113, a variable order (1.-13.) predictor-corrector (PECE) Adams-
Bashforth-Moulton solver. With ode45 being the general purpose method, the pair in ode23
is orders too low to yield accurate enough results for the problem under consideration and has
therefore been discharged. Similarly, with ode113 giving results only one order of magnitude
more accurate than ode4 5, but significantly increasing calculation time, the (4,5) pair RK routine

was the solver of choice.

Calculating average and total error of the RK time series system response using Eqs.(4.46)
and (4.48) it is possible to compare the effects of various error tolerance settings for ode45 with
data obtained from the analytical approximations presented in this chapter. Due to the fact that
first-order solver routines give only displacement and velocity but both e, and ey require also
acceleration-time history, numerical differentiation must be used. At this point it is important to
mention that internal MATLAB® routines are completely insufficient for this task and a five-point
numerical differentiating algorithm using local cubic polynomial fif¥ was employed.

The ode45 solver algorithm provides essentially two control parameters in order to influence
the solution accuracy. Firstly, the relative error tolerance Re1Tol with the default value of 1073
applies to all components of the solution vector u(t) = {u(¢), u(t)}T. Colloquially speaking, it
is a measure of the error relative to the size of each part of u(t). The second parameter is the
absolute error tolerance AbsTol which is set to 1076 by default. It applics to the individual
components of u(t) and can be seen as threshold below which the value of the parts «, i; of
u at the discretised time point #; becomes unimportant. Roughly expressed, AbsTol determines
the accuracy when the solution approaches zero. Bearing in mind these interrelations between
RelTol and AbsTol it becomes apparent that significant gains in solution accuracy can only be

achieved by simultaneously decreasing values for both tolerances.

Results for the Duffing system (3.181) with hardening-type stiffness k, > 0,kg > 0 are
listed in table 4.6 and must be compared to Fig. 4.3 and 4.4. Clearly, for ode45 for default recom-

A system of ordinary differential equations is said to be ’stiff’ if during the numerical integration process, after
a period of slow changes, large and sudden changes in the solution vector occur despite continuous use of small time
steps. Any attempt to increase the integration step in order to reduce calculation time results in a sharp increase in the
error. However, specially developed solver algorithms can obtain high-accuracy solutions while maximising the step
size during appropriate time intervals. For autonomous system there exist a number of criterions in order to determine
whether a differential system is stiff [297].

PIMATLABY v.7.0.4 build number 29-01-2005.

) The code nd5p . m from the MATLAB CENTRAL file exchange server has been used. The author is Dr. YangQuan
Chen. See http://www.mathworks. com/matlabcentral/fileexchange/.
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4. Nonlinear autonomous SDOF systems - time domain solutions

Table 4.6 — Duffing system fa(u) = ko u + kg u® - nonlinear hardening spring ko, > 0, kg > 0O:
Average e,y and total error eor in percent for MATLAB® ODE solver ode45. System param-
eters: fn =0.5Hz, m =0.3kg, wy =27fn, ko =m wﬁ, kg = k~ kq. Default error tolerances:
RelTol =1.0E-3, 2bsTol = 1.0E-6.

po =1.0N, k, =1.0N/m? po =500N, k, =50N/m?

RelTol AbsTol

e (B | e %) e [ | ewr [%]
1.0E-3 1.0E-6 1.025E-2 3.116E-2 1.565E-2 2.932E-2
1.0E-5 1.OE-8 2292E-4 1.335E-3 1.895E-4 9.221E-4
1.0E-7 1.OE-10 7.132E-7 3.039E-5 6.995E-7 3.001E-5
1.0E-9 1.0E-12 4.664E-8 7.094E-6 2.445E-8 2.221E-6

mended values of Re1Tol and AbsTol the analytical approximation in (4.41) yields more accu-
rate results than the MATLAB® routine. Even for moderate tolerances such as Re1Tol = 1.0E-5
and AbsTol = 1.0 E-8 the total error ey = 9.221 E-4 for kg = 50 N/m2 and pp = 500 N is sig-
nificantly higher than shown in Fig. 4.4. It is only for stringent tolerance values, and therefore a
noticeable increase in calculation time, that results using the numerical RK algorithm give distinc-

tive lower average and total errors.

Similar conclusions can be drawn by analysing results for fj () restoring force systems in
Table 4.7. Compared to Table 4.4 showing error values for various orders of the Picard iteration
series, e,y and eyt from ode4 5 with default settings for Re1Tol and AbsTol are up to four
orders of magnitude higher than obtained from the analytical approximation. Moreover, by setting
both tolerances in the numerical routine to their smallest possible value of 2.2 E~ 14 and 1.0E-35,
respectively, ode4 5 arrives at its limits for calculating the average and total errors. No significant
improvement beyond these values is possible. Interesting enough, results for the total error gqr of
both methods differ in this case in relative value®> only marginally. But with having included only
14 terms in the Picard series, the analytical approximation holds a huge potential for even higher

accuracy.

A final comment regarding the above presented comparison between the two methods must
be made. It is evidently that purely numerical algorithms are able to obtain results with an ac-
curacy far beyond the reach of any of the single-term trial functions and, even in case of Picard-
iteration, RK can surpasses analytical approximate results with appropriate error tolerance settings
as seen in both tables 4.6 and 4.7. Although, in theory, the Picard-method is guaranteed to ap-
proach the exact solution, hence leaving zero average and total errors, its practical usability for the
two SDOF systems having fi (u) and fo(u) restoring force is limited to less than 12 terms in the
approximation scrics if average computational resources are assumed?® However, the absolute

error plot shown in figure 4.15 clearly indicates that for a 10-term analytical approximation with

B)Compared in an absolute-value sense both numbers give a difference of almost 5.6 E — 5. However, normalised to
the response functions of displacement, velocity or acceleration this value is significantly smaller.
2 Generic PC modelling environment with single-core Pentium 4 processor or equivalent.
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4. Nonlinear autonomous SDOF systems - time domain solutions

Table 4.7 — Restoring force f1(u) = ks sgn(u) ju\b: Average e,y and total ey error (4.82) in per-
cent for the nonlinear oscillator in (3.78) using the MATLAB™ ODE solver ode45. System pa-
rameter values: f, = 0.5Hz, m = 0.3kg, w, = 27f,, kg =m w2, and pg = 0.1 N. Default error

tolerances: RelTol = 1.0E-3, AbsTol = 1.0E-6.

b=0.6 b=8
RelTol AbsTol ‘ ear [%] ‘ et [%] en [%] ‘ eron [%}
1.0E-3 1.0E-6 9.673E-3 5.677E-2 4.931 7.985
1.0E-5 1.0E-8 5.241E-4 9.232E-4 3.759E-2 5492E-1
1.0E-7 1.0E-10 5.676E~5 1.853E-4 1.033E-5 1.078E-3
1.0E-9 1.0E-12 5.287E-6 9.583E-5 3.242E-8 5.141E-5
22E-14 1.OE-35 5.239E-6 9.367E-6 1.101E-12 2.446E-5

€av & €or = 5.013 E-2 the values for the displacement-time history differ at a single point by less
than 2.0 E—4 % compared to numerically obtained data, which is, in this case, a high-precision
simulation with MATHEMATICA® giving a total error of e, = 1.32 E~35 and can therefore be
regarded as exact solution. Despite the evidently large differences for &, and eio1 between the two
solutions the approximate results are more than satisfactory. Although explicit plots have been
omitted, very similar statements can be made for the single-term analytical approximations in

section 4.3.

4.6 Summary

Extreme response values for two nonlinear SDOF systems with polynomial-type restoring forces
fi(u) = kgsgn(u) |u\b and fa(u) = ko u+ kgu®, respectively, subjected to different forms of
time-independent transient loading have becn obtained for all feasible sets of system parameters in
the previous chapter. By employing this combination of partially well-known and partially novel
results, new time-domain analytical exact and closed-form high-accuracy approximations were
derived in this chapter.

It has been shown in section 4.2.1 that only one elliptic function is required for exactly satis-
fying the governing differential equation of both hardening and softening Duffing systems clearly
disproving recently published results [295]. Furthermore, the very same was demonstrated for
the snap-through system despite the complicacy that the oscillator exhibits significant qualitative
differences in its response depending on the initial energy input level. Although a few exact solu-
tions for ug # 0 and g = 0 initial conditions are well established in the literature for the Duffing
system, a previously unpublished rigorous mathematical approach has been presented between
the newly defined more general solutions and specific domains of stability, as well as precisely
described invariant sets of energy entirely depending on genuine system parameters and initial
conditions,

Application of Eq.(3.49), which allows one to rewrite a Dirac-§ impulse excitation as nonzero

initial veloeity condition even in the case of strongly nonlinear restoring force, makes it crucial to
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4. Nonlinear autonomous SDOF systems - time domain solutions

obtain solutions for the Duffing system subjected to uy = 0, 149 # 0. Following a similar approach
as for nonzero initial displacement, the nonlinear oscillation frequency w«y must be obtained from
an implicit quartic equation for which an explicit solution can be retrieved using standard text-
books. The derived exact analytical solution is valid for all three instances of the oscillator and not
restricted to any constraints other than stability.

Combining the results of both section 4.2.1 and 4.2.2, a new closed-form solution for the
impulse excited Duffing system subjected to general nonzero initial values has been presented
in 4.2.3 rendering both previously obtained solutions, including those for any linear systems, as

special cases.

It has been shown throughout the current chapter that finding exact analytical expressions
for homogeneous general nonlinear systems can be very difficult, sometimes even impossible?”
Attempts of establishing closed-form solutions for the oscillator’s response parameters u(t), 4(t)
and i(t) for the same system in its nonhomogeneous form leads very often nowhere. It is there-
fore of vital importance to establish analytical approximations modelling the exact, but unknown,
solution of the system as accurately as possible and, ideally, over the entire range of feasible sys-
tem parameters and initial conditions. Sincc there are various mathematical approaches possible,
single-term solutions presented in section 4.3 should be seen as a realisable and a beneficial first
step on the way towards a more general class of nonlinear systems approximations.

Various different displacement trial functions have been suggested for the incomplete Duff-
ing oscillator in section 4.3.1, originating from the fact that all three instances of the polynomial
restoring force fo(u) show large qualitative differences in their response behaviour. Some of the
trial functions are only capable of delivering recasonable results for narrow ranges of &, kg and po,
whereas others do not have any restrictions apart from ensuring global stability of the dynamical
system when selecting the system parameters. A complete mathematical definition of the error
introduced by the trial function enables rigorous checks of the approximation quality to be made.
Subsequent comparison of these error measures, with results obtained from high-accuracy direct
numerical integration procedures, show very good performance of the newly proposed approxi-
mate solutions.

Due to the fact that no suitable displacement modelling function was found for the f(u)
oscillator, section 4.3.2 successfully introduced an equivalently efficient approximation procedure.
Instead of trying to match the displacement u(¢) and bearing the risk of failing to accurately render
highér—order derivatives, the system’s acceleration was chosen directly for modelling. Although
this results in the lack of closed-form solutions being available for either velocity or displacement,
the procedure can be regarded as important in approximating experimentally obtained acceleration
data. A comprehensive numerical analysis clearly shows that only small approximation errors exist

for vast ranges of system parameters.

The main objective of section 4.4 is the significant improvement of the system’s approximate

response solutions for those parameter combinations which render application of the single-term

I A good example is the SDOF oscillator with f; (u) as restoring force. It is only for very few selected cases such as
b =2, 3 or 5 that analytical solutions can be obtained if the system possess a zero right-hand side [43].
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4. Nonlinear autonomous SDOF systems - time domain solutions

trial function unsuitable. By employing a nonlinear least-square method derived from a modified
Galerkin approach, together with the previously obtained single-term function as a fundamental
approximation, the average and total error mcasures are substantially reduced. An additionally
introduced weighting function emphasises regions within the single-oscillation cycle time-domain
interval which show the largest error levels when using the one-term approximation only, thus
making the method more efficient than a conventional variational approach [96,97,300,306].

An entirely independent method is given with the Picard iteration procedure in section 4.4.2.
Although it is for the f;(u) restoring force systems only, applicable to cases where the displace-
ment function is single-signed, closed-form analytical series expressions are obtained converging
towards the exact solution of the nonlinear problem. The procedure proves more versatile in the
case of Duffing systems. The fact that the equation of motion integrals of the step-excited f(u) os-
cillator are easier to solve than for f; (u) systems allows for inclusion of nonzero initial conditions
of displacement and velocity. Given the very good agreement with results obtained from conven-
tional high-accuracy direct numerical integration, the entire approach has the only disadvantage of
requiring powerful algebraic manipulation software in order to explicitly solve the integral series

expressions.

It is important to note that all of the approximation methods introduced in this chapter are
applicable to a wide range of similar, polynomial-type nonlinear restoring forces. The fact that
certain procedures are only used in conjunction with either f(u) or fa(u) is dictated by the need

of avoiding unnecessary repetition.
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SUOLNJOS UIBUIOP SWL - SWIISAS JOS SNOWOUOINE IESUIUON “f



LST

kglku

k4

Nonlinear stiffness ratio k

(=]

100 2060 300 400
Step magnitude P, [N]

a
=]
=]

kplk

Y

Nonlinear stiffness ratio &

0 200 400 600 800
Step magnitude P, [N]

500

1000

(b)

o
LM
-
(=2
L>-1

100

a

& <D (>3
=] =] (=

N
(=]

Nonlinear stiffness ratio ky = kBI k

200 400 600 800
Step magnitude P, N]

(=]

(d)

a

=kplk
w W
S &
S ©

k4

nN
[2a]
=]

200

Nonlinear stiffness ratio k

o

500 1000 1500 2000 2500 3000
Step magnitude P, [N]

3500

1000

4000

Figure 4.2 — Nonlinear hardening spring (k, ks > 0): Method 1 - total error e, in percent for different linear stiffness coefficients ko = 472 f2m of the
constant excitation force approximation. (a) [, = 0.5Hz, (b) f, = 5Hz, (¢) f, = 50 Hz, (d) [, = 500 Hz. Parameter values: mass m = 0.3 kg.

suonNJOS UIewIop i} - SUWaSAS JO(IS SNOUWIOUoINg IzauijuUON “p



81

@

40

Nonlinear stiffness ratio ky = kﬂ 1k

(=]

100 200 300 400
Step magnitude Py [N]

5.e-7 1.e-6

Ik
o

B
®
=)

Y

Nonlinear stiffness ratio k_=k

0 200 400 600 800
Step magnitude P, [N]

500

1000

o

Nonlinear stiffness-ratio ky= kﬂ Ik

3

=kalk

Nonlinear stiffness ratio k

Y

23
=]

=23
(=

40

N
(=]

(d)

w
13,
o

7.5e-6 1.e-5

500

200

1000

400 600 800 1000
Step magnitude P, [N]

1500 2000 2500 3000 3500 4000
Step magnitude P, [N]

Figure 4.3 — Nonlinear hardening spring (kq, ks > 0): Method 2 - average error ¢,, in percent for different linear stiffness coefficients ko = 47? f2m of the
constant excitation force approximation. (a) f,, = 0.5 Hz, (b) f,, = 5Hz, (¢) f,, = 50 Hz, (d) f,, = 500 Hz. Parameter values: mass m = 0.3 kg.

SUOLINJOS UIBLIOP S} - SWRISAS JO(IS SNOWoUoIne IBdUIJUON b



65T

=kplk

Y

Nonlinear stiffness ratio ky= kB Ik

x
o
®
©
[}
0
£
@
it
©
1]
£
c
<]
z

0 100 200 300 400 500 0 200 400 600 800 1000

Step magnitude P, [N] Step magnitude P, [N}
(c) (d)
1.e-6 5.e-5 1.e-5 5.e-5 2.e-7 4.e~7 6.e-7 8.e-7 1.e-6

00

1

-

@
o

kBIk
@©
S
kplk

Y
Y

[
=3

=
(=3
(=]

Nonlinear stiffness ratio k
Nonlinear stiffness ratio k
@
[=]

(2]
=]

(=]

0 200 400 600 800 1000 0 500 1000 1500 2000 2500 3000 3500 4000
Step magnitude Py [N] Step magnitude P, [N]

Figure 4.4 — Nonlinear hardening spring (kq, kg > 0): Method 2 - total error e, in percent for different linear stiffness coefficients ko = 472 f2m of the
constant excitation force approximation. (a) f,, = 0.5 Hz, (b) f,, = 5Hz, (¢) f,. = 50 Hz, (d) f,, = 500 Hz. Parameter values: mass m = 0.3 kg.

SUOINJOS UIBUIOP SUII) - SWIBISAS JOS SNOWOUOINE IB3UI[UON b




091

[

unstable

Nonlinear stiffness ratio kY = kl&’ k

0.2 03 04 i 06
Step magnitude 2, [N]

«

&

unstable 1

A
=]

Nonlinear stiffness ratio k1= kBI k
'
N
<]

0 1000 1500 2000
Step magnitude Py {N]

a

Nonlinear stifiness ratio k = kﬂl k

=kulk

Nonlinear stiffness ratio k

unstable

10 20 30 40 50 60
Step magnitude 2 [N]

0.002 0.004 0.006  0.008 0.01 0.012

unstable

05 1 15

Step magnitude p, x 10° [N]

Figure 4.5 — Nonlinear softening spring (ko > 0, ks < 0): Method 1 - average error e,, in percent for different linear stiffness coefficients ko = 42 f2 m of
the constant excitation force approximation. (a) f, = 0.5 Hz, (b) f,, = 5 Hz, (¢) [» = 50 Hz, (d) f, = 500 Hz. Parameter values: mass m = 0.3 kg.

SUONNJOS UIBWIOP SWI} - SWSISAS JO(IS SnOWouoIne JeaulfuUoN “p



191

n

ﬂlk

T

unstable

Nonlinear stiffness ratio k_ = k.

0.2 03 04
Step magnitude P, [N]

05

0.8

o

=k [k

1

unstable

Nonlinear stiffness ratio k
1
B
[=]

1000
Step magnitude p, [N)

Figure 4.6 — Nonlinear softening spring (ko > 0, kg < 0): Method 1 - total error e, in percent for different linear stiffness coefficients k 4

@

unstable

Nonlinear stiffness ratio k_’ = kBI k

20 30 40 60
Step magnitude P, N]

1

unstable

Nonlinear stiffness ratio k_= kpl k

05 1
Step magnitude p,x 10° [N)

15

constant excitation force approximation. (a) f, = 0.5Hz, (b) f, = 5Hz, (¢) f. = 50 Hz, (d) [, = 500 Hz. Parameter values: mass m = 0.3 kg.

= 4n% f2m of the

SUOLINJOS UIPWIOP SWI] - SWISAS JO(IS SNOWOUOINE JEaUI[UON b



91

(a) s

1.0e-12 1.0e-10 . g i 1.0e-2

]

unstable

Nonlinear stiffness ratio k = kﬂ Ik

0 0.1 0.2 03 04 05 0.6
Step magnitude p, IN)

]

unstable

Nonlinear stifiness ratio k1 = kﬁl k

500 1000 1500

Step magnitude Py [N]

1.0e-12 1.0e-9 1.0e-6 1.0e-3

a

unstable

Nonlinear stiffness ratio k = kl!’ k

20 30 40 0 60
Step magnitude P, [N}

(d)

1.0e-10 1.0e~-4

@

= -80

=k, /k

b

-60 unstable

Nonlinear stiffness ratio k
t
-
o

0.5 1
Step magnitude p, x 10° [N]

15

Figure 4.7 — Nonlinear softening spring (ko > 0, kg < 0): Method 2 - average error e,, in percent for different linear stiffness coefficients ko = 472 fZ m of
the constant excitation force approximation. (a) f,, = 0.5Hz, (b) f» = 5Hz, (¢) f, = 50Hz, (d) f, = 500 Hz. Parameter values: mass m = 0.3 kg.

SUOLINJOS UIBWIOP UL} - SWSAS JO(IS SNOWOUOINE JB3UIJUON b



€91

1.0e-3 1.0e—-1

L

unstable

Nornlinear stiffness ratio k = kB 1k

0.2 03 04 . 06
Step magnitude P, IN]

Blk
!
-]
=]

Y

3

unstable

-20

Nonlinear stiffness ratio k =k
A
o

1000 1500 2000
Step magnitude Py N]

1.0e-4 1.0e-2

L

unstable

Nonlinear stiffness ratio k1 = kB Ik

20 30 40 60
Step magnitude P, [N]

(d)

1.0e-3

b

unstable

1
N
(=]

Nonlinear stiffness ratio k =k_/k
A
(=]

0.5
Step magnitude p,, x 10° [N}

Figure 4.8 — Nonlinear softening spring (ko > 0, k3 < 0): Method 2 - total error e in percent for different linear stiffness coefficients k, = 472 f2 m of the
constant excitation force approximation. (a) [, = 0.5 Hz, (b) [, = 5Hz, (¢) [, = 50 Hz, (d) f,, = 500 Hz. Parameter values: mass m = 0.3 kg.

SUONINJOS UIBWIOD UL} ~ SWAISAS JOS SNOWOUOINE IESUIJUON b
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(a)

Normalised displacement u(t) / u

d !
0 0.25 0.5 0.75 1
Normalised time tITNL

(b)

Max

Normalised velocity v(t}/v.

-1.25

Max

Normalised acceleration a{t)/a

-2 L
0 0.25 0.5 0.75 1
Normalised time tITNL

Figure 4.9 — Direct comparison of exact numerical solution (Runge-Kutta) and single-term ap-
proximation using method 1 for maximum levels of average and total error. Hardening-type system:
eav = 15.7%, ewor = 24.9%. Softening-type system ea, = 14.5%, eror = 35.8%. Line types: — ex-
act, — - — - — single-term. Normalised response for (a) displacement, (b) velocity, (¢} acceleration.
Parameters: f, = 0.5Hz, ko = 4m 72 f2 and m = 0.3 kg. Blue lines: hardening-type spring with
po = 0.1N, ky = 3m?. Red lines: softening-type spring with po = 0.2 N, ky = —16 m?,
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proximation using method 2 for maximum levels of average and total error, e 5, = 0.0098% and
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Parameters: f, = 0.5Hz, ko = dm72f2 and m = 0.3 kg. Softening-type spring with pg = 0.2 N,
ky = —16mZ.
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Figure 4.13 — Direct comparison of exact numerical solution (Runge-Kutta) and single-term accel-
eration approximation using equation (4.70) for maximum levels of average and total acceleration
error. Normalised acceleration ii(t) [iimax. Cases: b = 0.5 with e,y ,» = 8.45E—1 and b = 30 with
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Figure 4.14 — Direct comparison of exact numerical solution (Runge-Kutta) and single-term dis-
placement approximation for the system in (3.78) with b = 8 using equation (4.61) for maximum
levels of average and total error according to table 4.2, e,, = 14.61% and ewr = 135.9%, respec-
tively. Normalised response for displacement u(t) [umax, velocity 1(t) = v(t)/timax, and accelera-
tion i(t) = a(t)/imax- Line types: —— exact, — — — single-term. Parameter values: f, = 0.5 Hz,
m = 0.3kg, wn = 27 fn, kg = mw?, and po = 0.1N.
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Figure 4.15 — Direct comparison of exact numerical solution (Runge-Kutta) and 10-term Picard
iteration summation for the system in (3.78) with b = 8 using the iteration procedure in table 4.3
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(a) Normalised response for displacement u(t)[umax, velocity u(t) = v(t)/Umax, and accelera-
tion 4(t) = a(t)/tmax. Line types: —— exact, — — — single-term. (b) Absolute error for dis-
placement u(t) — %(t), velocity %(t) — %(t) and acceleration @(¢) — 2(t). System parameter values:
fn =0.5Hz, m = 0.3 kg, wy, = 27 fy, kg = mw?, and py = 0.1N.
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CHAPTER

NONLINEAR NONAUTONOMOUS SDOF SOLUTIONS

5.1 Introduction

The previous chapter clearly revealed that complete analytical solutions for the Duffing system
can only be found under special circumstances such as total energy conservation and periodic os-
cillation.” Moreover, in case of the restoring force f;(u) it was completely impossible to obtain
a closed form solution expression even under such stringent specifications. To the authors knowl-
edge no such expressions have been published elsewhere yet? The promising attempt of integral
approximation series given in section 4.4 quickly produces expressions too difficult to solve if em-
ployed for more general conditions such as damped oscillation or time-dependent applied forcing.
Although the method is determined to converge to the exact solution of the linear or nonlinear
system, its practical use is of limited value and confined to only a very small number of special
cascs.

This makes it necessary to derive a more generalised mathematical method which efficiently
solves a large variety of nonlinear problems and is not restricted to extensively simplified, special
cases. It would be desirable if the method would be applicable to high-order differential equations
and first-order systems alike. In the very likely circumstance it cannot produce closed-form so-
lutions, the approximate expression should ideally converge to the exact solution of the problem.
Furthermore, it would be especially advantageous if the method is analytical or at least semi-
analytical in nature, thus providing ways of analysing the problem with a unique mathematical

insight. This presents a comprehensive list of essential requirements which scem hard to satisfy by

DThis does not exclude transient forced systems. It has been shown in section 3.3 that an ideal impulse excitation can
be modelled using modified initial conditions and thus resulting in periodic response behaviour. However, the autonomy

of the oscillator is essential.
BOnly for the special case of b = 2 exists an analytical solution for a SDOF system [43].

170



5. Nonlinear nonautonomous SDOF solutions

a single method. However, an extensive literature research suggested that the Taylor Differential

Transformation (TDT) might represent such a versatile approach.

The method furnishes an analytical-approximate way of solving systems of differential equa-
tions®) using simple transformation laws, avoiding the necessity of directly finding a solution for
the original linear or nonlinear problem. The equations of the physical system are rewritten as
a functional series, which approaches the exact solutions as the number of terms in the series
tends towards infinity. All unknown series coefficients are determined by differential spectra ob-
tained from basic domain transformations of the original differential equation considering initial
or boundary conditions. In this chapter the TDT is applied to nonlinear first and higher order sys-
tems similar to equation (3.15) having either fi(u) or fo(u) as the restoring force. Additionally,
viscous damping and transient external forcing are considered. The application to first-order sys-
tems exploits a more generic adaption of the approach especially with respect to solving MDOF
systems. In comparison, as will be seen in what follows, treatment of ordinary n-order differential
equations can involve significantly more complex transformation operations. However, results are
completely identical and both versions of the TDT are easily implemented in machine executable
routines, but in terms of computational efficiency, using the n-order system transformation signif-

icantly speeds up calculations.

In order to explicitly show accuracy and efficiency of the new method, when compared to
established but purely numerical solution algorithms, the conservative autonomous Duffing system
is analysed since this allows for direct verification with exact closed-form solutions from chapter 4.
However, it will also be shown that an equally effective error analysis methods exist by simply
substituting the system’s response parameters back into the governing differential equation and
calculating a time varying residue. Since displacement, velocity, and acceleration obtained by a
N-term TDT are not the exact values, the size of the residue indicates the absolute error of the
approximation. Although this requires an accurate expression for the second time derivative of the
unknown parameter,® the method is easily applicable to the majority of nonlinear cases where no
exact solutions can be obtained and reliable error estimation tools are lacking. However, it will
be shown in section 5.2.1 that even if an analytical expression exist, round-off and approximation
series representation errors can have tremendous negative effects on the numerical implementation
accuracy.”) This can lead to a wrong relative error between ’exact’ and analytically approximated
results and subsequently to a biased judgement of the approximate solution performance. Using
the newly proposed residue method instead such a situation cannot arise, since all response data is
of equal absolute numerical error and the residue must always tend towards zero.

Rewriting the coupled system of n first-order differential equations as a single ODE of order
n significantly reduces calculation time of the TDT implementation, additionally performance is

gained by deriving a time-step normalised version of the new method. Although the procedure is

3 Application to highcr-order differential problems is automatically ensured since every n-order cquation can be
rewritten as a system of n first-order equations [235]. )

“1n case of displacement as obtained from structural oscillation this is the acceleration ii(t) = & u(t)/a 2.

This refers to the specific example of the recursive Laden-Transformation [109, 288] in MatLAB® [294] for ap-
proximating Jacobian clliptic functions and values of elliptic integrals.
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5. Nonlinear nonautonomous SDOF solutions

not as easily applicable to MDOF systems as the transformation of n coupled equations, it presents

a remarkable increase in computational speed for the solution of the simple SDOF oscillator.

By extending the TDT to dissipative, linear and nonautonomous SDOF systems reveals sig-
nificant advantages of the method over currently available numerical routines such as embedded
Runge-Kutta and Adam-Bashford predictor-corrector algorithm [294]. The linear oscillator has
been chosen for performance and accuracy comparison, since its highly transient response be-

haviour can be described using a closed-form analytical expression [270].

Finally, section 5.2.3 combines all previously derived results of the chapter to obtain novel cx-
pressions for the response prediction of highly transient, dissipative, nonlinear SDOF and MDOF
oscillatory systems. Since no exact analytical solution exists, both methods namely Runge-Kutta

and Taylor Differential Transformation are compared using the earlier introduced residue ap-

proach.

5.2 Application of the Taylor Differential Transformation (see also

Appendix C)

Considering equation (3.15) with f (u;) = f1 (u3) and pg = 0, the first-order system equations

S R _.2.3[ "
Uy Wy, U1 wﬁ Uy

Analytical exact solutions for the autonomous conservative oscillator (5.1) are available in chap-
ter 4. Every term of the first-order differential systems (5.1) can be transformed into a discrete-

valued spectral domain, the so-called K -domain, employing the rules of the Taylor Differential

arc

Transformation in table C.1. Thus,

D {ur} = Us(k), D{us} = Us(k), D{whur } = w2 Us(k), D {whud} = f U1V (h),

D{in}=(k+1)Ui(k+1), D{u}=(k+1)Usk+1), (5.2)
where D {...} is the differential transformation operator from (C.2b). Dividing the time interval
of interest in i = 1,2, ..., n sub-intervals according to figure C.1, hence Iy € [ty, 1o + H| where

ti_1 <t < t;, leads for the differential system in (5.1) to the following coupled algebraic equations

in the associated K -domain

Ua(k+1) _ 1 Ua,i(k) . . for k=0,1,2,..,00, (53a)
Uik +1) k+1 | —w2Uitk) —wi U (k)

with the initial conditions Uy 1(0) = ug and Uy 1 (0) = 1p. In a more compact notation this gives

1
U;(k+1) = Tl g(Ui(k)) , where U1(0) = up, (5.3b)
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and g(Ui(k)) is a function of U ;(k) and Uy ;(k). Both mass-normalised stiffness constants

Wo = /ka/m, wg = \/kg/m have previously been introduced and Uh ;(k), Uz (k) are the K-
domain transformations of displacement w; () and velocity uy(t), respectively, for every time-step

i according to the basic mathematical operations in table C.1. The expression U{ } ) denotes a

triple convolution and is obtained as
UL (k) = Uyi(k) ® Uni(k) ® Upi(k) = Upi(k) © z Usi(p) Uik - p)
p=0

= Uyi(k) ® U{Q} ZU“ UfL} —q). (5.4)

Together with (C.4b) the exact analytical solution in the 4-th time step A for the original problem

in (3.15) is given as
}: (t — )" Uy(k) where = [t;i_1,t] . (5.5a)

Obeying the condition for the initial values at every interval /;, see equation (C.4c), the solution

for system (3.15) at each grid point ¢, = Zj‘:o h; is obtained from
w (t=t;) = g ( Z hEU;(k By =t; — ti_ . ' (5.5b)

Finally, the closed-form overall solution for ¢ € [ty, tg + H] is the set of 7 sub-interval solutions

)

(
i=1,2,. } (5.6)

u(t):i ‘Vz‘-—t E{fo—FZh],fo—i—Zh]

7=0

Both, efficiency and accuracy of the new TDT method if compared to well-established purcly
numerical approaches such as embedded Runge-Kutta (RK) algorithms [1,2,156,157,307] can be
examined in two possible ways. Obviously, if exact analytical solutions for the differential system
under study are available, it is straightforward to directly compare dynamic response results pro-
duced by the different algorithms. But without a closed-form solution such an explicit course is not
possible. Moreover, for nonconservative systems a total energy comparison strategy as performed
in the previous chapters cannot be applied. Instead the fact is used that all data obtained from ei-
ther TDT or RK must still satisfy the differential equations, from which they have been obtained,
for all time ¢ within the solution interval ¢ € [ty, ty + H|. Thus, reinserting displacement, velocity
and acceleration derived for the structural system in (3.15) back into the governing second-order
differential equation (4.1) will yield a residue R(t) # 0, since results from both TDT and RK do
not coincide with the exact solutions. Clearly, the method which produces the smallest absolute

R(t) must be the more accurate one.

Unfortunately, a major disadvantage arises when using this approach with the system of two
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coupled, first-order equations as given in (5.3), since verification of results by reinserting them into
(4.1) requires a solution for the SDOF acceleration (). One way of obtaining #(t) is a straight-
forward numerical differentiation of the wp(t) data from (5.3a). This, however, is very prone to
numerical errors. Satisfactory results of equal accuracy as the time histories for v (¢) and wuz(¢),

directly obtained from the differential transformation, can only be achieved by high-order inter-
polation and very small time-stepping of the discrete numerical values solution vector for ().
A second and more accurate way of obtaining ii(t) follows from incorporating all three response
parameters, namely displacement, velocity and acceleration into the solution of the differential sys-
tem. Although, to the authors knowledge, this simple yet efficient method of comparison has not
been used in literature so far, results obtained compare cxcellently to analytically derived data®

Thus, the second-order equation (4.1) is once more differentiated with respect to time, yielding
U(t) + wha(t) + 3w ) ud(t) = 0 (5.7a)
with an additional, third initial condition
it =0) =1y = —w;ug — wj ul (5.7b)

given that py = 0. Rewriting (5.7a) as coupled first-order system is straightforward

(w) s )
{uQ } = { 3 } : (5.8)
Lus) - w2 — 3w? 5 U2 u%)

with u1 (£ = 0) = ug, ua(t = 0) = g, and u3(t = 0) = g and has u,(t) with p = 1,2, 3 as solu-

tions. Together with the governing cquation the residue R(¢) is then obtained as
R(t) = uz(t) + wiug + wg us . (5.9

Transformation of system (5.8) into the TDT K -domain, see appendix C, gives for the i-th interval
ti_g <t <t;withi=1,2,...,n along the time grid the following algebraic system

(Uri(k+1)) Us,i(k) ,
UQZ (k+1) } { Us.(k) }  k=0,1,2,...00, (5.10a)
(k+1)) L—w2 Uni(k) — 3w3 UM (K) )
with the convolution
Ul (k) = Upi(k) ® U“} Z Unila) ULS (k= ), (5.100)

and the expression Ul{“j} (k) from equation (5.4). The initial conditions are given as U] 1 (0) = wo,

91n those rare cases where closed-form solutions are available. However, the method works for all diffcrential sys-
tems, either linear or nonlinear, independent of the analytical or numerical solution procedure.
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Us,1(0) = 1o, and Uz 1 (0) = 1ig, thus rewriting (5.10a) in a more compact form similar to (5.3b)
above leads to
1

U;(k+1) = p— g(Uq(A)) , where Up(0) = ug. (5.10¢)

For the unforced Duffing oscillator”? with general initial conditions
ugy =ug #0, wpg =1 #0, (5.11)

and thus g # 0, a closed-form solution has been derived in equation (4.25). Inserting these ex-
pressions into (5.9) leads to R(t) = 0 for all ¢t = [ty, 19 + AT| where AT is the time interval of
interest. In practice, due to numerical errors, this is not always the case and the accuracy with
which R(t) for the analytical solution can be established heavily depends on the computational
environment.®) This fact reveals the two significant advantages of using the residue from (5.9)
as a benchmark for comparing both methods TDT and RK instead of solely examining the error

between the exact analytical and approximate solution:

(1) The residue of the governing differential equation can always be obtained, independent of

whether exact analytical solutions are available or not.

(2) Calculating the exact solution, if it exists, at discrete time-points is subject to round-off er-
rors. Therefore, subtracting from it the approximate solution results produces an error indi-
cator which is biased twice as much by numerical errors than the residue of the associated
differential equation. The theoretical value of R(t) is fixed to zero forall ¢ € [4,tq + AT]

regardless of the computational precision of the environment.

An important remark must be made here regarding the above concept. If the differential system sat-
isfies the Lipschitz condition in (3.13), or the condition applied to (3.133) resulting from theorem
4 and 5 in chapter 3 for non-Lipschitzian oscillators, then there is no possibility that the approx-
imating method, either TDT, RK or others, diverts to a non-unique branch of the n-dimensional
solution space of the differential system, which might satisfy the equation for R(t) but is not
feasible. In other words, if the system possesses a unique analytical solution, although it cannot
be obtained, the numerical approximation will follow exactly the same solution trajectory in the
corresponding n-dimensional phase space with n being the number of unknown state variables.
This follows directly from basic principles of existence and uniqueness [234] and bifurcation the-
ory [125].

5.2.1 Nonlinear autonomous systems

The error between the exact analytical solution from equation (4.25) and a MATLAE’ variable
order predictor-corrector (PECE) Adams-Bashforth-Moulton routine (ode113) is given in fig-

ure 5.1(b) forall three response variables, namely displacement 24 (t) — (O), velocity us(t) — (0)

MZero right-hand side. The case of Dirac-delta excitation is included in the analytical solution.
HThis has been discussed to some extent in chapter 4.
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and acceleration u3(t) — ({). The distance between two identical symbols marks the size of a
time step used in the adaptive algorithm. For a time interval of Iy, = [0,0.1469 s] marking ex-
actly one oscillation cycle 292 steps have been used. Smallest, largest and average step size are
3.141 E-10, 5929 E-4, and 5.047 E-4 seconds, respectively. Calculation time on an almost idle
64-bit AMD Athlon 3.2 Ghz cluster node was on average 0.56s for the system of three coupled,
first-order differential equations in (5.8).

Figure 5.1(a) shows the corresponding time history for one oscillation cycle with normalised
magnitude obtained from the exact analytical solution in (4.25). The far greater distance between
identical symbols originates from the adaptive differential transformation approach for the system
of three algebraic equations in (5.10). The error of the method compared to the exact solution is
given in figure 5.2(a). Clearly, for the same interval Ty_ of 0.1469s only 11 steps were neces-
sary with an average of 1.341 E-2 scconds. Smallest and largest time step were 5.911 E-3 and
1.648 E-2 seconds, respectively, with the first one due to the fact that the computation was re-
stricted to 0 < ¢t < T\, and not due to accuracy iterations as in the RK routine. Although 110
terms have been used in the algebraic-approximate solution series (5.5a), computation time was
on average only 0.24 s, 43% of the time required for the RK solver. Furthermore, accuracy of the
new TDT approach is orders of magnitude higher if compared to RK by using either the exact
solution shown in Fig. 5.2(a) or the governing ODE residue R(t) from Eq.(5.9) in 5.2(b). A closer
examination of both graphs (a) and (b) in figure 5.2 reinforces the application of the residue method
as a valuable accuracy benchmark. While the error in Fig. 5.2(a) appears to increase lincarly, fig-
ure (b) suggests the contrary: data from the TDT algorithm in the last quarter of the normalised
one-cycle time interval 0 < ¢/Ty < 1 satisfies (5.9) more accurately than the numerical approx-
imation of the exact analytical solution. A direct comparison of obtained data within the scalable
working precision environment of MATHEMATICA® shows that, due to the limited floating-point
arithmetics threshold of MATLAB?®, results for Jacobian elliptic function approximations do not co-
incide with more exact data derived using MATHEMATICA® algorithms.”) Therefore, in numerical

computation one should not expect the anticipated exact’ solution to be the definite benchmark.

The differential transformation method with the spectrum defined in (C.2b), inverse transfor-
mations according to (C.3) and subintervals from (C.4a) has recently been used by a number of
authors [217,219,220] to solve first-order differential systems and the procedure has been imple-
mented in this work for the autonomous Duffing oscillator in equations (5.3b), (5.5) and (5.6) solv-
ing the system in (5.8). However, given the definition of the time interval i = t; — t;—; in (C.4)
and the resulting fact that all spectra at t; are obtained according to (5.5b), lets U(k) — oo if &
approaches values significantly larger than 1. This is easily demonstrated supposing 4 =0.002s,
thus, with £ =110 the expression h,ff from (5.5b) yields 1.298 E-297, which is just above the value
of 2.225 E-308, the smallest positive floating-point number obtainable in MATLAE® [294]. Un-
fortunately, the number of terms in the approximation series (5.5) is therefore restricted due to the

resource limits of the computational environment.

This can easily be avoided by normalising each time interval to # € [0, h;]. The spectra from

9S¢ee the diseussion in chapter 4.
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(C.2b) are then defined as

hE [oFu(t
U, (k) :% [(8‘;5 )Lto = D{w()}, (5.12a)

and the time-domain solution is obtained from

N L k
wt) =3 (ﬁ) Uik) = DL {Ui(k)} where ;= [0, hi] , (5.12b)
k=0 g
thus
N .
u; (hy) =Y Us(k), (5.12¢)
k=0

and the response parameters w; along the time grid in Fig. C.1 are simply a summation of the
K -domain spectra U; (k) for every time step h;. Furthermore, with h; < 1 equation (5.12a) as-
sures that all U;(k) approach zero as k — oo. With a new definition for the K-domain spectra,
transformation rules given in table C.1 are no longer valid. Since the time ¢ is now normalised with
respect to the upper limit of the interval, i.e. ¢/k;, the time step h; must under specific circumstance
be included in the transformation process. Table 5.1 shows the basic mathematical operations for
the spectra defined in (5.12) and should be compared to table C.1.

Finally, both equations (5.12a) and (5.12b) require the algebraic system given in (5.10c) to

be changed into

hi

Uik +1) = 7=

g(Ui(k)) , where U1(0) = ug, ‘ (5.12d)

and the step size control condition in (C.10) must be adjusted by replacing the spectra vector
X, (N + s) with

A (5.13)
]1£N+6)

The significant difference of the new formulation compared to (5.5) is shown in Fig. 5.2(b). Not
only is the ODE residue up to one order of magnitude smaller, the entire interval has been calculate
using only 6 time steps instead of 11 and therefore at about 70 % of the time required for the
method using non-normalised spectra C.2. However, this can still be improved as will be seen in

the next paragraph.

The purpose of rewriting (5.7) as a system of three differential equations was to demonstrate
the ability of the TDT method to solve MDOF systems which cannot be reduced to single n-order
differential equation. However, in dealing with SDOF systems additional computation time can
be saved in directly transforming the n-order differential equation into the K -domain and solving

only one algebraic equation instead of n. Application of table 5.1 to the third-order equation in
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Table 5.1 — Basic differential transformation relations between the two domains for the interval
time normalised spectra definitions in equation (5.12) [216].

Original function g(t) Transformed function G(k) = D {g(t)}
1 sthy= L 1T k=0
0 if k#0
t hi 5(/€ — 1)
tr no(k —r), re’z
z(t) £ y(t) X(k) £ Y(k)
az(t) aX (k)
z(t) y(t) X(k)y@Y(k)=ro X)) Y (k-1)
z(t) X(E)-X(k)oY (k) _ X(k)- Z, XY (k1)
ult Y (0) - )
dva(t) | ko) .
dev ‘tE[O,h,;] (’l k') X(k+v)
et (Ah)®

k!

(5.7a) results together with the new definition from (5.12) in

h3k| ‘2/’\:—}‘1

Ui(k-}--g) (k+3) .

Ui(k +1) + 3w} (%iU (k + 1)) (U{Q}( ))}
(5.14a)

where U{ }( k) is obtained in a similar way as in (5.4). An explicit expression for the convolution

is given by

k
(khiU(k“)) 2 (U ) = ;Z(k—qﬁ) Uk —q+ 1) UB(q),  (5.14b)
y 2

and initial values for the spectra U} in the first time step if £ = 0 are obtained using the differen-
tiation rule in table 5.1, thus
hz

Ul(O) = Up, Ul(l) = hl ’[Lo y U1 (2) = 7 ’UO (5.140)

However, a serious problem arises in accurately determining the initial conditions for all subse-
quent intervals h; with < = 2,3, ... due to the fact that the inverse transformation (5.12b) delivers
only the zeroth derivative of the governing equation. In case of (5.7a) this is the displacement
u;(t), which at the end of each step A is obtained from (5.12c), hence Up(0) = w; (h1). However,
Uy(3) in (5.14a) if k = 0 also depends on U, (1) for which no initial values arc available. The op-
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tion of numerical differentiation of the data for v (¢) must be ruled out due to accuracy issues.!?

It should be noted that if the approach is used for a single time step i = H covering the entire

interval of interest, the problem does not arise. Chen and Wu [214], for example, have transformed
the simpler second-order equation (4.1) and derived results for response using 12 elements and onc
single time step. Unfortunately, the authors have not compared their results to the available exact
solution and significant discrepancies remain unnoticed. Jang et al [216] have used the approach
for multiple time steps, but fail to derive an exact solution on how to obtain the initial conditions

for every step h;.

In order to overcome the lack of initial values for each subsequent time step A, it is therefore
suggested to directly differentiate the time-domain solution in (5.12b) with respect to ¢, thus

a 1 Y k-1 0? 1 ¥ £\ 2
(’ﬁt i; ( ) (k) ()L2 h?;) h,z- (k)
(5.15a)
and to obtain the initial conditions for each interval 7 from
N
(b = 0) =1 (t_1 = hz‘—l) = k Ui_l(k) , and
hi-y k=0
iy (t; = 0) = i1 (tiy = hi_1) Z kE(k—~1)U;1(k), (5.15b)
z 1 k=0

respectively. Implementation of Eqs.(5.12) to (5.15) is straightforward. The accuracy of the results
obtained with (5.14a) remains unchanged compared to the coupled algebraic system in (5.10),
but overall computational time for one oscillation decreases significantly from 0.168s to 0.075
seconds, a speed increase by more than 200 %. Compared to the variable order Runge-Kutta al-
gorithm odel113 () solving the first-order system in (5.8) means the routine with equation (5.14)
requires less than 15 % of the time needed by the MATLAB® predictor-corrector algorithm. A brief

summary is given in table 5.2.

5.2.2 Linear nonautonomous systems

Results of the previous section clearly show the good performance of the TDT in modelling the
steady-state response behaviour of autonomous nonlinear systems when compared to convention-
ally employed, purely numerical algorithms. In order to examine the capability of the method in
dealing with highly transient external forcing, a linear SDOF system subjected to blast wave load-
ing [308-311] is chosen. Results from the TDT method will be compared to a recently published
analytical solution for linear systems by the present author [270]. Despite the fact that a SDOF
oscillator is investigated and (5.15) would be most suitable, the third-order governing equation

will be rewritten as a system of coupled first-order equations, since accuracy of both approaches

"DThis would imply extensive data re-sampling with a large number of equally spaced points in order to achieve
recasonable accuracy.
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Table 5.2 — Efficiency comparison of different routines for solving the third-order differential equa-
tion (5.7) for the system values given in both figure 5.1 and 5.2. Algorithm parameters and error
tolerances are identical.

Algorithm odel13  Egs.(5.10)/(C.2)  Eqgs.(5.10)/(5.12)  Eqs.(5.14)/(5.12)
Time Steps 296 11 6 6

Total Time 0.563s 0.243s 0.168s 0.075s

% of odel13 100 % 43 % 30% 13%

in (5.8) and (5.14) are identical, provided that in both cases the newly defined normalised spee-
tra (5.12) are used.!” Thus, with k, =0 and the time-domain excitation function of a typical

Friedlander blast profile [311]

/ t _a 2, o T t _ oy
p(t) = po kl——)aa tdt, — ;;(t):yj(t)=£[1+a(l——ﬂ@ ta” (5.16)
tq s ty tq

equation (5.8) is rewritten in its nonconservative version

() f uy ) (w(©) (o)
. sug = Suz(0) p = .
iu;)} izti [at—1)—1]e %dt —2fwauz — w2 uy )? " tz(g) )} i%)}

a

(5.17)

with Py = po/m as mass-normalised force magnitude, the damping ratio £ = ¢/2y/km and the
constant ¢ as viscous damping coefficient [228]. It is worth noting that both initial values for dis-
placement and velocity do not need to be zero in order to be able to apply the TDT. This limitation
is only necessary for the exact closed-form solution of (5.17) by means of solving its second-order
counterpart [270]. Using the fundamental operations from table 5.1, the differential system (5.17)
is subjected to a transformation for every interval ¢ € [0, h;] according to the definition of the
spectra in (5.12), and thus is piecewise defined in its original time-domain. Unfortunately, this is
not the case for the excitation function p(t) and its derivative p(¢) but can be accomplished by

rewriting (5.16)

4
ti+ 22 i ;
Pt =po |1 —2 | o Bl ) (5.182)
d

D The only difference berween both approaches lies in the computational speed as can be seen in table 5.2.
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leading for the first derivative to

0 i (s . -2t 7" Ty —
th(,. ) = pi(t) =Z;—Sce td(t PR 1> [ <t +Zh7 1) — tq( 1+a)]

_Po
t2

(21,6 (t) 22,6 ()] - (5.18b)

Clearly, if t; = 0 Eq.(5.18a) gives the force magnitude at the time point ¢ = h -+ ...+ h;—1, and
if t; = h; then (5.18a) becomes p(t) = p(t = lu + ... + h;). Transformation of (5.18b) into the

spectral domain using table 5.1 is rather straightforward

Bi(k) = D {pi (1)} = 3 (Z14(k) ® Za(k)) (5.198)
d
where
t& 1]1_7 1 k
Z1:(ky="D ty (ti"'ZJ 0" 1) _& - = (_ & hi) 7 (5.19b)
' k! ta
and
( i )
Zoi(k) = iat + O"Z hy_y —tq(1 + (y)}
j=1
=ah;é6(k—1)+ <(X2h] 1 —td(1+a)> 5(k), (5.19¢)
7=1
thus

Together with (5.19) the differential system in (5.17) is rewritten in the K -domain

(Ui(k+1)) ( Us,i(k) |
UQZ b+ 1= 5o L Us,i(k) P B ==C
(Us,i(k+1)) LP(k) — 2w Usi(k) — wilz (k) )

(5.20)

and initial conditions are given as Uj(0) = ug. Solving (5.20) leads together with definition
(5.12b) to the time-domain solution for displacement, velocity and acceleration as shown in fig-
ure 5.3(a). The error when comparing the exact analytical solution for the nonconservative sys-

tem [270] with the MATLAB® RK routine ode113 is given in Fig. 5.3(b) and for the approximate
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- 5. Nonlinear nonautonomous SDOF solutions

analytical TDT approach above in figure 5.4(a). With only 7 time steps and a total calculation
time of 0.172s the TDT delivers with more than twice the speed results which are up to 2 or-
ders of magnitude more precise than compared to the ode113 RK method (0.351 s). Indeed, fig-
ure 5.4(b) clearly indicates that solutions from Eq.(5.20) satisfy the governing differential equation
with equal accuracy as the exact closed-form expression [270] provided the number of terms in

series (5.12b) is large enough.

5.2.3 Nonlinear nonautonomous systems

So far the Taylor Differential Transformation has been successfully applied to strongly nonlinear,
autonomous systems in section 5.2.1 and linear but nonautonomous, highly transient coupled dif-
ferential equations in section 5.2.2. By appropriately combining the expressions derived in both
sections it is possible to obtain analytically approximate solutions for the response behaviour of

transient, nonlinear, dissipative SDOF and MDOF systems.

The differential equation under consideration is given by the generalised version of the non-
linear oscillator (5.8) having the arbitrary restoring stiffness force f (v ), and the nonautonomous,

viscously damped system in (5.17), thus

I(Q'Ll]l ! U9
. -~ 1 9
{uz } = { ug } pt) = — = (1) (5.21a)
(s ) (B(t) — 2w, ug — % % Fluy))
subjected to the general initial conditions
| T ~ T
w = {w1(0) u(0) uz(0)} ={uo w0 HO)+il0} - (5.21b)

In casc of the Duffing oscillator f (u) = fo(u) = ko u(t) + kg uS(t) the first derivative of the

stiffness restoring force equates to the cxpression from (5.7a)
— — falu) = w2 a(t) + 3w/3 w(t) u?(t). (5.22)

Similar, for f (1) = fi(u) = ks sgn(u) luib this results together with equation (3.82) in

19 2 . b—1
E a‘f](u) = wﬁbu(t) |u(t)| . (523)
Based on definition (5.12) for the time step normalised spectra, the K -domain transformed system

of (5.21) is given as

(Ull(lﬁ—l ] Us,i (k) !
J(k+ 1) } k s { Us (k) } , (5.244)
LUS, k+1)) UBi(k) — 2€wa Us (k) — 52 D { f1/2(w) })
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together with the mass-normalised force from (5.21a)

= E+1,_ (= E+1 10 :
Pk = 5= DB} = 5= D {2 a0} (5.24)

which equates in the special casc of the Friedlander blast profile (5.16) toP( ') from (5.20). The

stiffiiess expressions from Eqs.(5.22) and (5.23) become

10
{m ot fQ(u)} = wo Us;i(k) — 3 U{d}( k), (5.24¢)

and

1 0 .
D{Ea_f’(“)}:b”é(%(’“) QUi k) = WZUh Uit k—q), (5.240)

respectively, with Ul{g}(l\,) according to Eq.(5.10b) and the expression U{b l} ) derived from
equation (5.23) as

Ul k) = U0 @ UL (k) = U1k @ Uik @ UL k),
:\UM(/«)\@...@Ul{z‘”(k), 1<r<b—1, reN
b—1 ]
=TI 1Uwa(k)" - (5.24¢)
r=1

Obviously, the force transformation in Eqs.(5.18), (5.19) and (5.24) are generalised cases of the

more simple step function excitation presented so far in literature [216,217,220].

Normalised response parameters of (5.21) obtained from solving the algebraic system in
equation (5.24a) with respect to the adaptive stepping condition in (C.10), including the normali-
sation from (5.13), are shown in both figures 5.5 and 5.7. Displacement and velocity in comparison
with the time history of the blast excitation function are given in Fig. 5.5(a) and (b), respectively,
were the dots (e) indicate time points ¢ along the descritisation grid. Acceleration due to the
highly transient forcing function (5.16) is shown in Fig. 5.7(a). With a total of 44 steps the TDT
method took 1.04 seconds compared to 7491 steps and 2.23 seconds for the ode113 RK routine.
Clearly, as can be seen in Fig. 5.7(b), with less than half of the computation time and a fraction
of required intervals the TDT delivers results two orders of magnitude more precise than the most

accurate RK MATLAB" routine available.

It is necessary here to add one last final comment regarding accuracy and precision of the
numerical implementation of the TDT algorithm. With an adaptive stepping technique, other than
the method of calculating h; ¢, in equation (C.10), one can establish even more accurate results
within the same precision environment, e.g. MATLAB®. The only reason for not increasing the
number of series approximation terms N beyond a value of 75, in case of system (5.21) with the
parameters in Figs. 5.5 and 5.7, are due to (C.10) in connection with the substitution from (5.13)
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3. Nonlinear nonautonomous SDOF solutions

where the denominator of the term in brackets in equation (C.10) quickly exceeds the smallest
double precision number possible in MATLAB®.!?)

Introducing a different error prediction scheme it is possible to circumvent such memory allo-
cation deficiency due to 16 bit data processing. One approach suggested here would be to calculate
the spectra U, ;(k) for each time step h; up to order N + AN where AN <« N and obtain two
different time-history approximation series according to (5.12b). Naturally, the N + AN results
are more accurate and substitution of both solutions into the governing ODE indicates the error
between both approximations. If the local error for the N-term series is greater than a globally
specified tolerance e, the time step 7; is adjusted. Since no information is given by how much
the new time step must be changed, this is a rather crude technique which under special circum-
stances can significantly increase computational costs. On the other hand, results obtained with the
stepping prediction in (C.10) are already very accurate within the MATLAE® environment, if one
takes into account that the smallest possible difference between two floating-point values is always
greater than 2.225 E- 16. Thus, errors below this margins cannot be accurately detected without
a certain degree of randomness. Additionally, the TDT gcheme presented above is optimised for
minimum resource usage and versatility especially with its application to MDOF systems in mind.
It cxhibits a significant enhancement in computational speed while at the same time delivering

results orders of magnitude more accurate than any other currently available routines.

5.3 Summary

Considerably modifying and extending a recently developed method, called the Taylor Differen-
tial Transformation (TDT), novel analytical-approximate solutions for various types of differential
equations have been obtained in this chapter. The method was applied to the conservative au-
tonomous Duffing oscillator which possess an exact closed-form solution derived in the previous
chapter. Results of the TDT were found to be orders of magnitude more accurate than data ob-
tained from widely spread, currently utilised but purely numerical approaches, while at the same
time significantly reducing calculation time and computational resource usage. The very same
conclusions can be drawn when applying the TDT algorithm to highly transient nonconservative
systems, as shown for the linear SDOF subjected to blast excitation.

In order to be able to correctly assess performance and accuracy of any non-exact semi-
analytical solution method for single or systems of differential equations, an error residue was
defined as a simple time-varying remainder unequal to zero which left over from substituting all
non-exact response parameter solutions back into the governing differential equation. The smaller
the residue the more accurate the approximate solution. Employing this new benchmark was found
to have several advantages than the more generally used direct comparison with analytical exact
solutions. Its excellent versatility and content has been shown for the nonlinear conservative Duff-
ing system as well as the linear viscously damped transient oscillator.

Extending the TDT method, new and previously unpublished semi-analytical time-domain

'D1n general, this depends on the computer architecture. For a commonly used PC based environment this is given as
2.2251 E~308, see the discussion in chapter 4.
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5. Nonlinear nonautonomous SDOF solutions

solutions have been formulated for highly transient, nonconservative SDOF and MDOF systems
possessing one of the two geometrical nonlinear restoring stiffness forces examined in this work.
Due to the lack of closed form solutions for the systems the time dependent residue was used as
benchmark. Compared to currently available routines the TDT method leads to results significantly
more accurate and therefore closer to the exact solution, while at the same time notably reducing

usage of computational resources.
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Figure 5.1 — Comparison between Runge-Kutta and Taylor Differential Transformation - nonlinear
autonomous system - Duffing oscillator: (a) Analytical time-history solution of normalised response
parameters Zex(¢)/Tmax. (b) Normalised absolute error (xex(t) — zri (£)) /Tmax for the RK algo-
rithm ode113 with RelTol =1.0E-13 and AbsTol =1.0E-15. The expression z stands for
one of the response variables of the oscillator, either displacement %(¢), velocity i(t) or accelera-
tion @(t). Legend: O - w(¢), 0 - @(t), and - i(t). System parameters: mass m = 0.3 kg, fn = 5 Hz,
Wn = 27 fa, ko = mw2, ky = 100N/m?, kg = k., kq. Initial values: ug = 0.15m, 29 = 1.25m/s.
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Figure 5.2 — Comparison between Runge-Kutta and Taylor Differential Transformation - nonlinear
autonomous system - Duffing oscillator: (a) Normalised absolute error (2 gx(t) — 21p7(t)) /ZTmax
for the TDT algorithm using the algebraic system in Eq.(5.10). Transformation parameters: number
of series elements NV =110, adaptive stepping tolerance according to Eq.(C.10) with ¢ = 1.0 E-350.
The expression x stands for one of the response variables of the oscillator, either displacement
u(t), velocity u(t) or acceleration i(t). Legend: © - u(t), O -u(¢), and ¢ - i(t). (b) Governing
differential equation residue R(t) from (5.9). —— numerical implementation of exact analytical
solution, — — ——TDT (n=11), — - — - — TDT normalised (n=6), - - - - RK (n=292). System
parameters: mass m = 0.3 kg, fn = 5Hz, w, = 27 fy, ko = mwﬁ, ky =100 N/m?2, kg = ky kq-
Initial values: ug = 0.15m, 29 = 1.25m/s.
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Figure 5.3 — Comparison between Runge-Kutta and Taylor Differential Transformation - /in-
ear nonautonomous dissipative system - blast excitation: (a) Analytical time-history solution
of normalised response parameters Zgy(t)/Zmax. Normalised force function — - — . — p(t)/po-
(b) Normalised absolute error (zg«(t) — zrk(t)) /Zmax for the RK algorithm odel13 with
RelTol =2.3E-14 and AbsTol =2.25E-16. The expression z stands for one of the response
variables of the oscillator, either displacement u(t), velocity u(t) or acceleration i(t). Legend:
O-u(t), J-u(t), and O - i(t). System parameters: mass m = 0.3kg, fn = 50Hz, w, = 27/,
ko = mw?, ky=kg =0, ¢ =10N -s. Initial values: 1y = g = 0. Applied load: po = 1kN,
ta = 1/(10 fu)s, o = 0.6.
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Figure 5.4 — Comparison between Runge-Kutta and Taylor Differential Transformation (TDT)
- linear nonautonomous dissipative system - blast excitation: (a) Normalised absolute error
(zex(t) — 2707(t)) /Zmax for the TDT algorithm using the algebraic system in Eq.(5.20). Transfor-
mation parameters: number of series elements N = 160, adaptive stepping tolerance according to
Eq.(C.10) with ¢ = 1.0 E-120. The expression x stands for one of the response variables of the os-
cillator, either displacement u(t), velocity () or acceleration #(t). Legend: O - u(t), O - ©(t), and
O - 4i(t). (b) Governing differential equation residue R(¢) from (5.9). —- numerical implementation
of exact analytical solution, — - — - — TDT normalised (n=7), — — — — RK (n=250). System pa-
rameters: mass m = 0.3kg, fn = 50Hz, wy, = 27 fp, ko = mwﬁ, ky =kg=0,c=10N - s. Initial
values: ug = g = 0. Applied load: pg = 1kN, t5 = 1/(10 f,) s, &« =0.6.
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Figure 5.5 — Taylor Differential Transformation - nonlinear, nonautonomous dissipative system
- blast excitation: Time history for TDT solution with adaptive stepping: n=44 time steps (o) h ;.
Blue lines: (a) Displacement. (b) Velocity. — - — - — Red line: Blast wave excitation. Sys-
tem parameters: mass m = 0.3kg, fn = 5Hz, wy, = 27 fy, ko = mwg, ., = 1000, kg = ky kq,
¢ = 10N - s. Initial values: up = %y = 0. Applied load: pg = 1kN, t5 = 1/(10 f,)s, @ = 0.6.
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Figure 5.6 — Taylor Differential Transformation - nonlinear, nonautonomous dissipative system
- blast excitation: Time history for TDT solution with adaptive stepping: n=44 time steps () i ;.
— Blue line: Acceleration. — - — - — Red line: Blast wave excitation. System parameters: mass
m = 0.3kg, fo = 5Hz, wn = 20 fa, ko = mw2, k, = 1000, kg = k., ks, c = 10N - s. Initial val-
ues: ug = ug = 0. Applied load: pg = 1kN, ty = 1/(10 fu)s, a = 0.6.
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Figure 5.7 — Runge-Kutta and Taylor Differential Transformation comparison - nonlinear, nonau-
tonomous dissipative system - blast excitation: Govemning differential equation residue R(t) from
Eq.(5.9). Transformation parameters: number of series elements NV = 75, adaptive stepping toler-
ance according to Eq.(C.10) with ¢ = 1.0E-25. RK algorithm ode113 with RelTol =2.3E-14
and AbsTol =2.25E-16. —— TDT normalised (n=44), — — — — RK (n=7491). System pa-
rameters: mass m = 0.3kg, fn = 50Hz, wy = 27 fn, ko = mw?, ky = 1000m~2, kg = k ka,
¢ = 10N -s. Initial values: ug = 129 = 0. Applied load: po = 1 kN, tg = 1/(10 f)s, a =0.6.
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CHAPTER

CONCLUSIONS AND FUTURE RESEARCH

6.1 Conclusions

This work has been aimed at gaining increased understanding of the complex dynamical processes
involved in describing the response of geometrically nonlinear structural oscillators, by employing
and appropriately modifying established concepts of nonlinear dynamical system theory. Based on
well-known results for the extreme response prediction of two polynomial-type restoring forces,
namely fi{u) = kg sgn(u) |'u,[b and fo(u) = ko u + kgu3, new expressions for a wide range of
Hamilton systems under more general conditions regarding initial values and applied excitation
have been derived. These new results have been employed for simple shock response spectra,
which can immediately be deployed for practical response prediction. Novel formulations for the
autonomous SDOF oscillator produced new analytical results for the problem of multiple har-
monic oscillation frequency components, previously obtained by numerical Fourier transform and
reported elsewhere.

Both systems investigated were subjected to a comprehensive uniqueness and stability in-
vestigation. Employing conventional methods of nonlinear dynamical system analysis, it has been
shown that similar to the association of an hyperbola with the canonical form of a planar Hamilton
system in the vicinity of an unstable equilibrium point, the eigenvectors of the linearised system
at a stable fixed point corresponds to the slope of diameters of an elIipse which is equivalent to the
invariant integral manifold of the Hamiltonian system.

The first restoring force f(u) being single-term and of polynomial nature, with a real but
positive exponent b, fails to satisfy the Lipschitz criteria for 0 < & <« 1. This interesting but rare
phenomena has not received much attention in literature and no results existed for the restoring
force considered here. Using two independent approaches, uniqueness of the non-trivial solutions
for f1(u) was established. The first method adopted Picard iteration combined with recently pub-
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lished results for so-called terminal systems. The important difference, however, lies in the fact
that Peano’s theorem was found to be sufficient in order to establish a valid uniqueness condition.
Previously, the system had to be brought into a form such that the j-th derivative of the phase
flow satisfies the Lipschitz theorem. For an autonomous conservative oscillator having f () this

is impossible. Clearly, the approach suggested here avoids this problem.

Recently published results predicting steady-state, nondissipative time domain behaviour for
the Duffing-type restoring force fy(u) have been corrected and generalised. It was shown that
for the autonomous SDOF system only a single one-term expression containing Jacobi elliptic
functions is necessary in order to account for the response behaviour exhibited by the entire range
of possible restoring forces, e.g. stiffening, softening and snap-through. Newly introduced closed-
form approximate solutions modelling the steady-state time domain response of both systems,
either single or multiple term, produce excellent results if compared to generally employed Runge-
Kutta (RK) direct numerical integration schemes. Accuracy of the new solutions is good even for
tight error tolerances of the numerical algorithm. Although these improvements are eventually
outperforined by RK routines, if admissible error limits in the numerical computation are set to
the feasible minimum values the novel analytical expressions provide valuable tools for studying
the complex response behaviour of nonlinear systems, since they allow for a unique mathematical
insight.

By adopting a modified Galerkin approach results of these newly introduced single-term ex-
pressions were considerably improved, especially for ranges of parameter combinations exhibiting
unacceptable large approximation errors. Despite containing an empirically derived element, thus
lacking consistent mathematical robustness, the new variational solutions are easily applicable
while at the same time the error decreases by a factor of almost 2. A second method for obtaining
explicit time-domain solutions for autonomous systems having either f(u) or fa(w) is based on
Picard iteration. Unfortunately, for fj () it is only possible to establish a limited number of terms
in the approximation series, thus not significantly improving results obtained from the modified
Galerkin algorithm. The reason for this constraint lies in the fact that even powerful algebraic
manipulation software cannot solve the complex and difficult integral expressions arising from the
iteration scheme. Contrary, for the Duffing-type oscillator circumstances were more promising and
previously obtained results from a variational approach were substantially improved using Picard

iteration.

A significant step towards adequate analytical-approximate solutions for highly transient,
nonautonomous dissipative SDOF and MDOF systems has been introduced with the extension of
a differential transformation technique, called the Taylor Differential Transformation (TDT). This
exact solution method has been applied to blast wave excited systems to yield previously unpub-
lished structural response results for both restoring forces fi(u) and fa(u). Two slightly different
variants of the method were presented, allowing either for easy augmentation to MDOF systems
or considerably increasing computational performance of the solution algorithm. Comparison to
established Runge-Kutta procedures shows clear advantages of TDT routines with respect to both

accuracy of results and speed of computation.
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6.2 Future research

It certainly comes at no surprise that despite the modest range of newly introduced and gener-
alised solutions, significant improvements for a number of aspects remain. Considerable effort is
required to verify whether the proposed method of establishing uniqueness for non-Lipschitzian
systems, which uses Peano’s theorem, is also appropriate for other than polynomial nonlinear
restoring forces exhibiting singularities of the phase flow’s first derivative at stable equilibrium
points. Furthcrmore, it would be of intercst whether application of the method to nonconservative
systems, either dissipative or absorptive, leads to similarly well-defined results as in the case of
Hamiltonian systems.

The advantages of single and multiple term time domain approximate solutions over gener-
ally employed numerical methods have clearly been highlighted. But ranges of parameter com-
binations exist, although small and isolated, which do not allow for application of these results.
Future research can be targeted at identifying mathematical reasons for this shortcoming and,
eventually, provide expressions which cover the entire domain of feasible system parameter val-
ues. Staying with Jacobian elliptic functions but introducing a time varying modulus k = x(t)
might open new ways for predicting the response behaviour of conservative but nonautonomous
systems. The very same method in connection with an exponentially decaying term can potentially
be used for modelling the generally encountered nonlinear amplitude-frequency relationship, here

in particular for ’simple’ linearly nonconservative but autonomous oscillators.

The real potential of the Taylor Differential Method is still to be examined in current re-
search. Previously unpublished results presented in this work for a large class of nonlinear, nonau-
tonomous and dissipative systems significantly strengthens the method’s reputation for nonlinear
dynamic analysis. Very few results exist in the literature concerned with elementary forms of non-
linear damping for SDOF systems. Further research is necessary to deal with far more complex
models of nonlinear stiffness and damping. New transformation rules must be established, allow-
ing analysis of systems containing various advanced functions such as polynomials with non-
integer exponents or fractional derivatives. Using the results given for SDOF systems here, the
application of the TDT method to space-discretised MDOF systems is easily performed by simply
extending the first-order differential system from 2 to n equations. The outlined transformation

process is identical.
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APPENDIX

ANALYTICAL ROOTS FOR HIGHER-ORDER POLYNOMIALS

A.1 Third-order polynomials

Only a limited number of procedures are available for solving cubic algebraic equations explicitly
and analytically. A very robust and straightforward method is Cardan’s algorithm described in [58].

A brief outline is given in what follows.
Making use of the substitution
r
y=2z+ 3 (A.la)
the general third-order equation

B rrt+sr+t=0 (A.1b)

is rewritten in its reduced form

¥ +py+q=0 (A.1¢)
where
3s— 12 213 pyg P\ 3 q\2
) = 3 = s T 5 t7 3 s — | 5 <_> Ald
P 3 1= 3" and, D (3) A2 (A-1d)

with the sign of D and the nature of z (real or imaginary) determining the number of solutions of

(A.1b) as shown in Table A.1. It becomes clear that Eq.(A.1c) has at least always one real solution
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A, Analytical roots for higher-order polynomials

Table A.1 — Nature of possible solutions for y from equation (A.1c) depending upon the sign of
D, as given in Eq.(A.1d), see [58].

reR ’ zeC
D, >0 one real one real, two conjugate complex
D, <0 three real three real

Dy,=0 onc real, two double real, or one real, two double real, or

triple real (if p = ¢ = 0) triple rcal (if p = ¢ = 0)

which is determined by

yp=w-+v (A.2a)
together with
w={=2 4D, and wv=-L1. (A.2b)
2 3w
The two remaining solutions, being complex in the case of D, > 0, arc obtained as
w+v w-v, ’ w—v., £
vy = — +w vn\/g’ yha:_uH-v_w vn\/g, (A.20)

2 2 i 2 2

4

respectively. Worth noting here is the fact that for D, < 0 Eq.(A.2b) seems to contradict Table A.1
since w becomes complex. However, this must be seen as an integral part of the solution process

and can be circumvented by introducing [58]

Z g :
Pp = \/—5% and oS p = —ﬁ (A.3a)
2

which leads to three real solutions for (A.lc) in the case of D; < 0, given as
1
Yk = 23/ppcos [5 (pp+2m(k - 1))} , with (k=1,2,3). (A.3b)

The variation of ;. for 0 <y, < 2r is shown in Fig. A.] and illustrates that the amplitude of
any solution yj is very much dependent upon ,, i.c. the ratio of ¢ to p but, unfortunately, is not

ordered by absolute size in any way with either increasing or decreasing index k.

Finally, rearranging the substitution made at the beginning in Eq.(A.1a) the solutions for the

original problem (A.1b) are obtained as

T ,
:cj:yj—g, (j=1,2,3). (A.4)
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A. Analytical roots for higher-order polynomials

Real solutions for third-order polynomial.

© © o o
N B OO O

-0.2

Amplitude cos[¢/3 + 2n(k—1)/3]
-
—_ -] [o)] E-N o

Figure A.1 — Oscillation of the solutions for y with 0 < ¢, < 27.

A.2 Fourth-order polynomials

A nonlinear fourth-order algebraic equation
azt+bad +er’+dr+e=0,

can be rewritten in its reduced form
y4+py2+qy+r:0

using the substitution [58]

a,bye,de €eR; a#0 (A.5a)

(A.5b)

(A.5¢)

Table A.2 — Nature of possible solutions for y depending upon the solution of the cubic resolving
term, sce [58]. Aecording to Vieta’s theorem the product of 212023 = ¢* of all roots z1, 2, z3 must

be positive.

cubic resolving term

fourth-order equation

all roots real and positive
all roots real, one positive, two negative

one root real, two conjugate complex

four real roots
two pairs of conjugate complex roots

two real, two conjugate complex roots
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A. Analytical roots for higher-order polynomials

The nature of all solutions of (A.5b) depend upon the solution behaviour of the equivalent cubic

resolving term [58]
S+2py’+ (PP —dr)y—¢* =0, (A.6)

which can be solved for using Eq.(A.1c) to (A.4). The solutions to (A.5b) arc subsequently ob-

tained with

(Vz1 — Va2 + V73)
(—Vz = Ve — Vz3) - (A7)

1 )
y1=§(\/z_1+\/2_—\/2—3), Yo =
1
y3=§(—\/5+\/5+\/5)= Ys =

= o] =

It should be noted here that in addition to the signs given in (A.7) all roots,/z; have to be chosen

in a manner to comply with Vieta’s Lemma [58]

nzE=q. (A.8)
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APPENDIX

ELLIPTIC INTEGRALS AND RELATED FUNCTIONS

B.1 Hypergeometric and Gamma functions

The Gauss’ hypergeometric function ,F; (.. .) has a series expansion of the form [58]

(e8]

N ar by
oF1(a,b;c ) = 2) il (B.1)

and is a special case of the generalised hypergeometric series [109]

o ™ (al)m—(av)m . (B-2)

Fular,as,...,ay¢1,. .., cusx) = Z —
v 4 E] 3 y YU 3 3 Uy — 777,! (Cl),,n...(cw),,n

The series in (B.1) satisfics the differential equation
z(l —2)y"(z) + [c — (a+ b+ 1))y (z) = aby(z) B.3)
and terminates if either a or b is equal to a negative integer or zero. For the case of
R{a+b—c} <0, (B.4)

(B.1) converges absolutely throughout the entire unit circle [290], i.e. a solution to the specific
problem exists. The function 4F;(...) can be written in terms of an integral representation [289]

1
oF1(a,b;cz) = T 5 (b)l—l"‘((Cc)— ) /fb_l (1= (1—¢ez)™ d¢, (c>a>0)

0
(B.5)
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B. Elliptic integrals and related functions

where I' (. . .) is the Gamma function defined as [58]

nln®-1 z€R,

?

L) = I e T T

In the special case of z > 0 this simplifies to

o
I'(z) = /e_’g'zﬁ‘“’_] dd.
0

r¢{0,—1,-2,-3,..

3.

(B.6)

(B.7)

For a certain range of specific values of a, b and ¢ the hypergeometric function in Eq.(B.5) can be

represented in terms of elementary functions [290], for example

113 22
2F1 (5 505 %—) = ? arcsin(z) .

B.2 Legendre form
Any third-order algebraic polynomial equation
—*+ Az + Bz +C = PU
can be transformed into Legendre’s canonical form [58]

Pl = (a —2)(z - b)(x —¢)

with
A=(a+b+c)
B=-ab+re)-bc
C=uabc,

(B.8)

(B.9)

(B.10a)

(B.10b)

and a, b,c € R are the roots of the equation P13 = 0. In case this yields only one real-valued and

two conjugate complex roots, (B.9) is rewritten as
73[3}:(a—3:)[(:£—01)2+c§], aceR, bceC

with

b+ec
1= 2 )

(b—o)?®
s

and =

Similarly, a fourth-order polynomial

AP L B2+ Cr+ D =PH
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B. Elliptic integrals and related functions

can be transformed into
P = (a—2)(z—-b)(z - )z —d), (B.13a)
where

A=a+b+c+d

B=—-a(b+c+d)—blc+d)—cd

C=albc+bd+cd) +becd

D= —-abed, (B.13b)

and a, b, ¢, d are the roots of (B.12), thus P =0.1f
2+ A2+ B2+ Cz+ D, (B.14a)
then

A=—-a—-b-c—d

B=a(b+c+d)+blc+d)+cd

C=a(~bc~bd—-cd)—bcd

D=abed. (B.14b)

Both transformations assume four real-valued roots of 7%, For the case of a,b € Rand ¢,d € C,

i.e. two real and two conjugate complex solutions of P* = 0, equation (B.12) is rewritten as

P = (2 —a)(z _ b) [(a: — )+ Cﬂ =(rx—a)(b—2x) [('1: —e)t 4 cﬂ (B.15a)
with

, 1 ) 1

] = ~Z(cfd) and cp = E(c—}-d) . (B.15b)

B.3 Elliptic integrals and Jacobian elliptic functions

The integral [58]

. 1

[ = /R(x, [a,oa:‘l+a1;1:3+a2332+a3$+a4]2> (B.16)
is called an elliptic integral”) if the equation

aat+aa’ e’ +azr+an=0, (a,m #0) (B.17)

DThe name originates from a special example where an integral of this type occurs in the rectification of the arc of
an ellipse, see [288].

222



B. Elliptic integrals and related functions

has no multiple roots and if R is a rational function of x and the square root

\/(zo 4oz +onz?+aze+ aq. (B.18)

Using different methods of substitution it is always possible to express a very few types of equation
(B.16) in terms of elementary functions” but certainly all variants of (B.16) in terms of three
fundamental integrals [288], the so-called incomplete (or normal) elliptic integrals of first F(¢, &),
second E (¢, k) and third P (¢, n, ) kind in Legendre’s canonical form [58]. The inversion of the

first kind of elliptic integrals leads to the elliptic functions of Abel, Jacobi and Weierstrass [109].

Because of the various definitions established in literature, and the resulting incompatible
conversions of the three forms of F(¢, x), E (¢, ) and P (¢, n, &), a brief overview of elliptic
integrals and Jacobian elliptic functions as used in this work is given in what follows. The em-
ployed versions represent the most commonly used forms found in numerous standard reference
books [58,109,288,292],

y ¢
Flo,k) = O/ 1= $2)c(112:_ K227) :o/ - ;iinQ o (B.19a)
E (¢, %) = [ o) o :f 1 — w2sin? (9) 40 (B.19b)
J \/(1 2%) (1 — K%22) /
/ dx
P gm ) = 0/ (1+na2) /(1 — 22) (1 — k232)
¢
N / (1 + nsin? (/ﬁ))dﬁl — k2 sin? (19) (B.15¢)

0

with the modulus s usually defined between 0 < x < 1. The transition from the form with x to
sin ¢ is done using the substitution 2 = sin ¢. For ¢ = 7/2 all three expressions in equation (B.19)

simplify to their associated complete form, thus

F(r/2,k) = K(k) , E(r/2,x) = E(x) , and P(r/2,n,k)=P((n,K).
(B.20)

The reversed problem of (B.19) was studied by Jacobi and Abel, who defined the inverse

functions
y = sin (¢) = sn(F, k) and ¢ =am(F, k) (B.21)

as sine amplitude F and amplitude F. Similarly, two other functions are derived as cosine amplitude

JElementary functions are algebraic, trigonometric, inverse trigonometric, logarithmic and exponential functions.
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B. Elliptic integrals and related functions

y =cos (¢) = en(F, k) and delta amplitude \/1 — k2 sin? (¢) = dn(F, &), see [288,290] for de-
tails. The quotients and reciprocals of sn, cn and dn used in here follow Glaisher’s notation [233]

1 1 1

ns = —, nc=—, nd = —, (B.22a)
81 cn dn

SCEE, cszfﬂ, dszg, (B.22b)
cn sn sn

sdzﬂ, cdzgi, dczdj. (B.22¢)
dn dn cn

where all expressions have argument F and modulus «. This gives in total twelve Jacobian elliptic

functions.

Against common belief, the modulus » must not necessarily lie between zero and one. All
threc integrals (B.19) arc also defined for negative real and even complex-valued x. However, var-
ious numerical software packages and general available algorithms are only capable of handling
both, elliptic integrals and elliptic functions for 0 < s < 1. Typical examples include freely avail-
able routines [312,313] as well as commercially maintained programs, most notably MATLAFE’,
see [294], and algorithms given in [159]. Two applications which can be used to obtain results
for (B.19) and (B.22) if k € C arc MAPLE® [314] and MATHEMATICA® [289], with the latter one
being extensively employed here.

It is usually possible to transform an elliptic function expression having a purely imaginary
modulus i« with x € R into an equivalent elliptic expression with real-valued modulus « [109,
288,290]. For the elliptic integral of the first-kind, repeatedly employed throughout this work, a

suitable relation for such a modulus transformation is given as equation (160.02) in [288]
Flp,ix) = fi;F(ﬁ, K1) (B.23a)

where

1 <2 < ’
sin (8) = Vits SinQOJ , ’“:\/ﬁ’ ky=+/1—k2.  (B23b)

1+ k2 sin? ©

By setting ¢ = 7 /2, which leads to 8 = 7/2, the associated complete integral is derived as

K(ir) = i K(k1) . (B.23c)

In fact, there are two transformations contained in (B.23). First, the factor 1 < x < oo of the imag-
inary unit i = +/—1 is changed into 0 < x; < 1. Secondly, the argument ir; is transformed into
the real-valued #7 with the elliptic integral function being adjusted accordingly by multiplication
with the complementary modulus "?,1-

Unfortunately, for the more general case of a complex-valued modulus s = xgr + 1 k1 where
KR, K1 € R no such transformation is possible and values for both elliptic integrals and Jacobian

functions must be obtained using series approximation. Very few articles exist regarding the imple-
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B. Elliptic integrals and related functions

mentation of these approximations for elliptic integrals [315-317], but to the author’s knowledge
none were obtainable for Jacobian elliptic functions. Figure B.1 shows real and imaginary parts of
the complex valued complete elliptic integral K(x¢) whereas B.2 shows the real-valued complete

integral for real and imaginary modulus & and ik, respectively, according to (B.23c).

B.3.1 Addition formulas

Together with the addition formulas in [109,288] the Jacobian sine function having the argument

x — K(k) is expressed as

sn(z) cn(K) dn(K) — sn(K) en(z) dn(z)

K N K ‘ ‘ B.24
sn(z — K(k), k) = sn(z — K) T~ r2sn?(2) sn2(K) (B.24a)
which simplifics using the special values sn(K) = 1, en(K) = 0 and dn(K) = (“,1)2 to
_ - cn(x) dn(z) v (B.24b)

1 — k%sn?(x)

. . 2
and the denominator together with si?(z) = 1 — cn?(z) and dn®(x) — x2? en?(z) = (m) can be

rewritten to yield

_ =) _ cd(z). (B.24c)

A similar addition formula gives for the cosine function
en(z — K(k),8) =1 - k2 sd(z, k) . (B.25)

B.3.2 Imaginary modulus transformation

For a purely imaginary modulus sg = ik, x € R the following transformation formulas for the

basic Jacobian functions can be given [288,290]
sn(z,ik) = 5'1 sd (x\/ 14 K2, fcl) , cn(z,ik) = cd (x\/ 1+ K2, f‘-‘&) , (B.26a)

and

dn(z,ik) = nd (:c\/ 1+ &2, fﬂ) , (B.26b)

with x1 and hf’l from (B.23b). This leads for the extended function sd from (B.22) to

+ sd ’ p
sd(z,ik) = Ky S—; = Ky sn(z\/ 1+ K2, m) . (B.27)
st
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B. Elliptic integrals and related functions

B.3.3 Derivatives

Differentiation of Jacobian functions is usually straightforward except for inverse problems. Im-
portant references are [109, 233, 288, 290, 292] which cover almost all possible cases. The trial
function in (4.70) is not particular difficult but laborious. With ‘

:, t . 1 ) v
du(t) = g = AV (\/1 — K2 sd) endn = % endn (B.28a)
$

dt sd

as the first derivative, where all Jacobian functions have argument wy t and modulus &, the second,

third and fourth derivative of the approximate acceleration are given as

i = —a“o;—;j—z [(/-;2 sn?+v — 1) cn? + (/{2 — 1) snﬂ (B.28b)
sd“dn

3
£3) = QWICn T 202 Y ond o (3, — 22,92 1) .2
1 = — = |4k“ (k“ —1)sn*+ (3v — 2) (K en® +K 1)sn
! 511*5d113[ ( ) ( )< )

+v-2)(v-1) 0112] ,

=(4) _ pwien 1 5, 9y and -~ Ve en2 Y N(1 4
I 7355 By = 2)sn* +2 (v — 1)(Bv — 4)x“sn” + (v — 3)(v — 2)(v — 1)|en
sn* dn
+2 <n2 - 1) sn? (2&4 sn 462 (11v —4)sn? +30° = Tv + 4) cn?
+ (/-52 — 1)23114 (4/{2 sn? +3v — 2)} ,
(B.28d)

respectively.
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(a)

K(ix) 2

Modulus k

(b)

1 AN

K(ik)

e

-20 -10 0 10 20
Modulus x

Figure B.2 — Real-valued complete elliptic integral of the first kind for real and imaginary modulus.
() K(x), (b) K(ir).
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APPENDIX

DIFFERENTIAL TRANSFORMATION METHODS

C.1 Taylor Differential Transformation

If 2(t) is an analytical function in the time domain interval & = [Ty, T3], then it will be continu-

ously differentiable with respect to ¢

Oz (t)

forall t =t; with7 = 1,2, ..., 00, thus ¥(¢, k) = ¥(4;, k), where k belongs to a set of nonnegative

integers, denoted as the X domain [213]
K={keN:0<k<}. (C.1b)
Defining the spectrum [208]

X0 = My | LI €10

t=to

makes is possible to express z:(t) as an exact analytical series at the point

o L&t X&) ,
z(t) = E(E,;TM(M’ g(t) # 0, M(k) #0, (C.1d)

where ¢(t) is the kernel corresponding to z(t) and M (k) takes the role of a weighting factor [214].
For the purpose the differential transformation is used in this thesis both parameters are set to
g(t) =1and M(k) = H’“/k!, respectively, with H designating the upper bound of the time in-

terval of interest [tgy, Lo + H|. Combining (C.1¢) and (C.1d) gives the inverse transformation from
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C. Differential transformation methods

Table C.1 — Basic differential transformation relations between the two domains if spectra defini-
tions according to (C.2) are used [213]. .

Original function g(t) Transformed function G(k) = D {g(t)}
if k=
1 Sy = b ! 0
0 if k#0
t d(k—1)
tr §(k—r), rez
z(t) £ y(t) X (k) £Y(k)
az(t) aX (k)
z(t) y(t) X(k)®Y(k) =T/ XY (k—1)
z(t) X(E)-X()RY (k) _ X(k)— E, X(1) Y(k—=1)
o) Y10) = ©)
Seal) (k) X ( -+ 1)
at a®
e "

the K -domain back into the domain of the original problem”

oo ,Igl_ oo
x(t)zlg)%{aatf)k:t (t — to) :Z ) (t—to) = DU{X(k)} (C.2a)

with a modified spectra from (C.1c¢)

k
X(k) = kl' [ddti )Lt = D{x(t)} . (C.2b)

The unknown function z(t) can then be obtained as finite-term Taylor series approximation
N
Z t e t[) + RD'I‘(t) ’ (C-3)

where the number of terms NV is sufficiently large so that the reminder R, (t) of order NV + 1 can
be neglected, thus Ry () = 0. Table C.1 lists the fundamental relations between the domain of

the differential problem and spectral domain K.

For most practical applications the interval [fy, fy + H| is not necessarily small and a satisfy-
ing approximation around the point # for the entire interval requires a large value for N in (C.3).
It is computational more effective [222-225F) to split the entire domain Iy = [tg, tp + H] into n

V1t is easy to see that Taylor differential transformation is not limited to problems in the time domain. The indepen-
dent variable of the original differential problem can belong to any domain. Examples for space descritisation are given
in [209,210,219].

DFor highly transient response behaviour as exhibited by a shock excited system, the base polynomial transforma-
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C. Differential transformation methods

sub-intervals as shown in figure C.1. For all time ¢ in every interval %(7)

i—1 i
tCIr(d) = to+2h]~, to+2h_7J with ,7=123,....,n (C4a)
j=0 §=0

there exists a solution z;(t;) C z(t) for every interval h; = t; — t; 3
N
a(t) = wit) = Y (t— )" Xi(k) where  t=I7(3). (C.4b)
k=0

The end conditions of the actual 7 interval are the initial conditions of the 7 + 1 time interval with

t; <t <ty
N
ziv1 = t) = a2 (hy) = Z th.i(k,) . (C.4c)
k=0

The overall solution function z(t) for the entire interval fr = [tg, to + H] is an ordered set of all

sequentially obtained z; (¢;) such that
x(t) = {z1 (t1) , 22 (t2) ..., & (ti), ..., &n (tn) ; 1 € N} . (C.4d)

Instead of defining a fixed time step %;, accuracy and speed of the method can be both signifi-
cantly increased by introducing adaptive stepping techniques. Several different implementations
for various numerical time-stepping schemes such as Runge-Kutta or Adam-Bashford algorithms
exist [156,318-320], all using the same approach of keeping the local error in each time step be-
low permissible bounds and thus minimising the global error of the entire computation. Although
in general the global error of a numerical method cannot be determined [159,304], both local and
global errors are strongly related to cach other [321]. Following Jang et al [218], Chen et al [215]

and introducing an ideal difference equation
Git1 (tiv1) = gi (ts) + by @ (ts, 9, hi) (C.5)

where g; is the approximation of the unknown function g(t) in the 4-th time interval, /; is the step
size and @ (¢;, g;, h;) is an increment function solely defined in terms of ¢, g; and h; and has the
property that for any given tolerance ¢ > 0 a minimum value for #; is used ensuring the global
error does not exceed €. In order to expand the idea of [215,218] it is now assumed that both ¢

and x; are vector functions with m clements. Thus,

T T
gvz(fz:)z{gz:,l Gi2 o Gid e gi,m} >X7:(t¢):{'$,:,1 T3 e Til o e fzt,m} ;
(C.6)

tion suggested by Golovin and Stoukatch [223] does not yield significant improvement and is certainly not worth the
additional computational effort. However, for rather slowly varying systems the method works well.
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leading to

maxo<i<n % — gill <e€. (C.7)
where n € N from equation (C.4a) stands for the number of time domain sub-intervals. It is well
known from the error estimation of the Taylor method that under suitable differentiability condi-
tions the method of order p has local error O(hf“) and global error O (k) [76,322]. With two

separate differential transformations of x; only distinguished by their approximation error

. rp +1,
Xit+1 (t7;+1) = X; (ti) + h; @ (ti,xi, h7) + 0 (h;r) s with r= (C.8)
p+qg+1
two inequalities can be formulated
i (86) — g (8) | < @p Y™, and || xi(8) — & (8) || < Qg AT, (C9)

depending on whether » = p+ 1 or 7 = p + ¢ -+ 1, respectively. Both equations in (C.9) are sat-
isfied for all relevant time steps /z; but only specific values of (), ;. Expressing the factor Qp as
function of the truncation error resulting from the p + ¢ + 1 approximation and the exact approx-

imate solution g; gives the result of [218] generalised to a system of functions

1
N
3
= (C.10)
S X (N +s) !

s=1

hi,cr <

Hla‘xlil,gm

where X;(k) is the K-domain spectrum vector of the continuous-time vector function x (#;) at
the i-th subinterval. Although satisfactory results can be obtained by setting the arbitrary constant
W =1, see [217,218], the iteration process for finding the critical time step A ., it is computa-
tional more efficient if

N
W > 10 W eN. (C.11)

232



C. Differential transformation methods

to+ H

Figure C.1 — Subintervals of time domain H.
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