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ABSTRACT 
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by Fabrice Castres 

An inverse technique for determining the mode amplitudes generated by turbofan in­

lets both for tonal and broadband noise is proposed using pressure measurements made 

in the near-field. The motivation of this research is to make use of the Turbulence Control 

Screen (TCS). This TCS offers a useful platform for locating microphones to implement 

a non-intrusive inverse technique since it is often fitted to aero-engines during ground 

testing to remove the integrated flow. The knowledge of such modal content is very useful 

for characterizing source mechanisms of broadb8:nd noise and for determining the most 

appropriate mode distribution model for duct liner predictions and for sound power mea­

surements of the radiated sound field. The near-field sound pressure radiated from a duct 

is modelled by directivity patterns of cut-on modes. The resulting system of equations 

is ill-posed and it is shown that the conditioning of the inverse problem, which depends 

greatly on the positions of the microphones, is important in assessing the sensitivity of 

the modal solution to measurement noise and thus the modal reconstruction accuracy. 

An optimal array geometry for robust inversion is investigated. It is then shown that 

the presence of modes with eigenvalues close to a cut-off frequency results in a poorly 

conditioned directivity matrix. A physical interpretation of the Singular Value Decompo­

sition (SVD) of the directivity matrix throws light on the understanding of the issues of 

ill conditioning as well as the detection performance of the radiated sound field by a given 

sensor array. The detection of broadband modes generated by a laboratory-scaled fan in­

let is performed using the optimal array geometry. This experiment provides a milestone 

for detecting modal content of broadband noise produced by real fan inlet engines. 
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Chapter 1 

Introduction 

1.1 The need for modal analysis in engine ducts 

The increasing interest in trying to control the sound emissions from aircraft has been 

motivated by an increase in air traffic and more stringent noise regulations imposed to 

reduce its impact on communities located near airports. The understanding and reduc­

tion of noise produced by commercial aircrafts at take-off and landing is a real engineering 

challenge. Research effort has been focused on individual noise sources on the engine such 

as the jet noise radiated from the exhaust nozzle and fan noise radiated from the by-pass 

and inlet ducts. The noise sources on a turbofan engine are shown in figure 1.1. The 

interest in this thesis is the measurement of the modal distribution of the noise produced 

by a turbofan engine and radiated from the inlet. The thesis is primarily concerned with 

broadband noise although the technique applies equally to tones. 

The noise radiated from a turbofan inlet has been extensively measured by engine man­

ufacturers. The noise produced by the fan may be categorised into two types: 
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1.1 The need for modal analysis in engine ducts 1 Introduction 

1. Tonal noise: Characterised by a number of narrow band peaks in the power spec­

trum 

2. Broadband noise: Characterised by a smooth continuous spectrum over a wide 

frequency band 

.. 
\ 

, ~_ inlet duct 

- .-J-~~~~~~ ~-~..., -

radiatien-·-·_ -_ · 

--
I nacelle -, 
t 

radiation 

radiation 

Figure 1.1 : Sketch of high-bypass ratio turbofan engine [1] 

1.1.1 Tonal noise 

Fan tonal noise is a deterministic signal which is related to the shaft rotation frequency 

O. At subsonic tip speeds, it is generated by the interaction between the rotor wakes and 

stator vanes or struts [2]. The sound field propagates along the duct as a superposition of 

transverse mode shape patterns that rotate about the duct axis at their circumferential 

phase speed. 

These tones occur at multiples s of the Blade Passage Frequency (BPF) and depend upon 

the number of rotor blades B and the number of stator vanes V. The modes generated at 
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the 8 th BPF have a characteristic spinning structure ~ ejwt-jm(J = ejsBD.t-j(sB+qV)(J where e 
is the polar coordinate inside the inlet and q is any integer value [-00, ... ,0,1,2, ... , +00]. 

At supersonic tip speeds, the tones occur at harmonics of the shaft rotation frequency 

and is called buzz-saw noise. Here, the modes are of the form ejs(D.t-(J). 

1.1.2 Broadband nOIse 

While tonal noise has been extensively investigated and reduced significantly by the ap­

plication of liners on the inlet wall, the source mechanisms of broadband fan noise are 

poorly understood. Three principal mechanisms of fan broadband noise have been iden­

tified [3], [4] as follows: 

1. Rotor wake and stator interaction noise 

The turbulent wakes shed by fan rotor impinge on the stator vanes downstream 

2. Rotor blade and boundary layer interacting with the trailing edge flow 

noise 

Turbulence on the rotor blade boundary layer interacts with the blade trailing edge 

3. Inlet boundary layer turbulence-rotor tip interaction 

The duct wall and hub boundary layer interacts with the tip of the fan blades 

Knowledge of the modal content of the broadband noise generated by ducted fans is very 

useful in characterising these source mechanisms, for determining the most appropriate 

mode distribution model for duct liner predictions, and for sound power measurements 

of the radiated field. This thesis discusses one such technique. We first review previous 

attempts at deducing the mode amplitudes of the broadband noise field. 
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1.2 Literature review 

The first experimental techniques to determine the modal distribution of the radiated 

sound field were first carried out at the tonal frequencies since these were once the domi­

nant sources in the engine. In recent times, improved liners in the engine inlets and bypass 

sections, modern fan blade configurations and cut-off design of the fan rotor and its stator 

(to prevent propagating interaction modes) have become standard noise control solutions. 

As greater reductions in the levels of the tones were achieved, the broadband sound field 

has become more important. It is now regarded by some as the most important noise 

source in modern aero engines. However, it is only in the last 10 years that techniques 

concerning the detection of broadband modes radiated by a turbofan inlet have been 

addressed. This is perhaps because such techniques require the use of a large number 

of microphones resulting in a large number of simultaneous acquisition channels. These 

have only been available fairly recently. This section reviews the measurement techniques 

proposed in the literature in order to determine the modal content of noise propagating in 

a ducted fan. The challenge of mode detection is to implement a non-intrusive technique 

that does not disturb the sound field to be measured, which allows the determination of 

tonal, as well as broadband, mode amplitudes. 

1.2.1 Rotating circular microphone array 

Sutliff et al [5] has investigated the use of a rotating rake microphone array to measure 

the inlet and exhaust duct modes on a full-scale turbofan engine at the first three blade 

passing frequencies (i.e. s = 1,2,3). At the inlet, the rake is situated near the throat of 

the inlet duct and is rotated about the duct axis. The rotating rake rotates at speed 0 

that is at an exact fraction of the rotor speed (i.e. n = TO). At the exhaust, the rake 

was located at the exit plane of the bypass duct, again rotating about the duct axis. The 

position of a microphone is given by e = Ot and the signal produced by a given spinning 
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mode is therefore proportional to ej (sB-m/r)r2t and is thus shifted away from the sth BPF. 

The degree of this Doppler shift depends on the spinning mode order and the angular 

speed of the rotating device [6]. The spectrum at the sth BPF contains a cluster of closely 

spaced tones. The synchronisation of the rake speed with the rotor speed must be very 

precise to be able to resolve the Doppler shift of the measured pressures and relate them 

to the spinning mode amplitudes. Furthermore, since the microphones are mounted on 

the rotating rake, noise due to vortex shedding at the inlet and due to wake formation 

at the exhaust is produced. The measurements made using the rotating rake method 

thus intrudes inside, and therefore may affect, the sound field. The use of windscreens 

on all the microphones on the inlet and the exhaust side helps to reduce the effects of 

this extraneous noise source at the inlet and exhaust. Another feature associated with 

the rotating rake is the complexity involved in fitting the rake in the inlet and exhaust 

ducts. While mounting the rake on the exhaust is relatively easier, the mounting on the 

inlet side is more complicated, particularly when the inlet is enclosed by an Inlet Control 

Device (ICD). Note that there is no clear extension of this technique to broadband sound 

fields. 

Sutliff et al conducted measurements on a full-scale TFE 731-60 turbofan engine to detect 

the duct modes using the rotating rake microphone array to obtain the modal spectrum 

for the first three fan harmonics in the inlet and in the exhaust. The mode amplitudes 

were deduced by fitting, in a least squares sense, the modelled pressures to the measured 

pressure data. The fan has 22 rotor blades and 52 stator vanes and a speed which ranges 

between 6000-10000 rpm. 

1.2.2 Circular hoop microphone array 

Thomas et al [7] has performed mode detection of the tonal noise radiated from a turbo­

fan inlet with a microphone array on a circular hoop. The circular hoop, whose diameter 

is much larger than the fan diameter (about 6 times the fan diameter), is situated in 
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the far field and the microphones are placed along a radial line originating from the duct 

centre. In addition, the hoop was mounted on a rail with its axis coincident with that of 

the fan to move it axially to enable the sound field measurements at different axial po­

sitions. Most importantly, unlike the rotating rake method, the circular hoop method is 

totally non-intrusive. Far field azimuthal directivity patterns radiated from the inlet can 

be measured by simply rotating the hoop through a number of discrete angular distances. 

The measurements were acquired at the various azimuthal and polar positions in different 

sequences. 

The authors first tried their modal analysis technique on a 30cm scale model of a turbofan 

engine with 16 rotor blades and 40 stator vanes, with a tip speed of 300 m/s. The acoustic 

field was measured at a constant fan rotation speed with a 16-microphone array uniformly 

located on the circular hoop. At one axial station, the hoop was rotated in increments of 

0.5 degrees for a total of 46 azimuthal distances. The measurements were extended to 14 

such axial stations. 

The analysis carried out by Thomas et al [7J and extended by Farassat [8J consisted of 

applying Fourier analysis of the far field pressure in the azimuthal direction to deduce 

the spinning mode amplitudes. The radial modes within each spinning mode were de­

duced by inverting a system of linear equations relating the pressure measurements to the 

mode amplitudes. The conditioning of the matrix to be inverted was assessed and some 

regularisation guidelines were proposed to minimise the errors introduced by the poorly 

conditioned matrix. Their technique was demonstrated to reliably deduce azimuthal di­

rectivities and detect mode amplitude distribution at the tones. However this technique 

requires an extensive number of measurements that is roughly twice the total number of 

propagating modes to be inverted and is only feasible for tonal noise. It does not readily 

allow for the inversion of broadband mode amplitudes. 
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1.2.3 Far field microphone array 

Lewy [9] has investigated the problem of deducing the modal amplitudes of the acoustic 

field generated by a ducted turbofan using far field pressure measurements. The basic 

idea was: at a given frequency, to calculate a far field directivity due to the propagating 

modes assuming unit mode amplitudes. The maximum computed Sound Pressure Level 

(SPL) for each mode is adjusted to the maximum measured SPL at the main radiation 

angle. This fit corresponds to minimising a parameter (J" which is given in dB as follows: 

This fit does not account for the phase differences between the computed and measured 

modal pressures. The method was verified with the use of data from the RESOUND tests 

made by Rolls Royce in its Antsy Noise Compressor Test Facility (ANCTF) [10]. The 

number of modes that radiate is greater than the number of measurements made during 

the tests. A limited number of modes are then selected according to a priori knowledge 

of the sources generated at the tones. Although spinning modes, which reliably fit the 

sound field measured during the tests, are determined this solution has the disadvantage 

that it requires an a priori knowledge about the mode distribution solution and therefore 

can only be applied to tonal noise. A corresponding lack of information about broadband 

noise suggests that it cannot be readily extended to this noise source. 

In a private communication with the author, it was agreed that the modal solution is 

not unique using conventional directivity measurements and that mode detection is not 

improved if the conditioning of the inversion is not investigated. The author also agreed 

that a special array of microphones is the best way to solve the problem of non-uniqueness 

of the solution. 
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Figure 1.2: Rolls Royce Trent 800 outdoor static engine test using a TUrbulence Cont rol 

Screen 

1.2.4 Thrbulence Control Screen (TCS) microphone array 

Another approach for determining the amplitude of modes radiated from a turbofan inlet is 

that proposed by Lan et al [11]. They adopted an innovative approach for mode detection 

that uses pressure measurements on the TUrbulence Control Screen (TCS). They designed 

a microphone array distributed over the surface of the TCS. The TCS is an acoustically 

transparent surface used to remove the ground vortices and incoming turbulence at the 

inlet during ground testing on test bed, and is shown in figure 1.2. The TCS array 

has several advantages over other measurement techniques in that it is generally non­

intrusive and easy to implement in full-scale engine t ests. The microphone array can be 

permanently installed on a TCS to provide modal information for a variety of engines 

and inlet configurations. Lan et al distributed an array of 40 microphones over the TCS. 

The array configuration consisted of four rings of 10 non-uniformly spaced microphones 

in each ring. The measured pressure data p were related to the mode amplitudes a 
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via a directivity matrix D. Their approach was to ascertain, by computer simulation, 

microphone positions on the TCS for which the directivity matrix becomes orthogonal 

(i.e. DHD = I). In effect, this allows each microphone to sense only one mode. The mode 

amplitudes are then determined from the pressure measurements p and the Hermitian 

transpose of D, i.e. 

a=DHp 

Lan et al applied this technique to the first two blade passing frequencies of a 16-bladed 

rotor combined with 30 stator vanes. Few modes are cut-on at these frequencies. Whilst 

the number of microphones required in this approach is larger than the number of modes to 

be inverted, the method has the significant disadvantage that these microphone positions 

are difficult to identify at any single frequency and probably impossible to obtain over 

a band of frequencies. The author has had the opportunity to discuss with Lan about 

his technique. It was agreed that such a microphone array, which leads to an orthogonal 

transfer matrix, is difficult obtain due to the complexity of the modal radiation patterns. 

1.2.5 Microphone array wall-flush mounted 

Another type of technique that has been investigated extensively consists of measuring the 

sound field propagating through the duct by the use of wall-flush mounted microphones. 

An arrangement of the microphones in a ring allows the circumferential dependence of the 

modal information to be determined. The use of additional rings of microphones enables 

the radial modes to be determined in each spinning mode. 

Recently, based on the same principle, Enghardt et al [12] presented a new experimental 

technique using an in-duct microphone array to calculate the in-duct transmitted sound 

power for tones and broadband noise. The technique uses the modal distribution in­

verted from pressure measurements at the duct wall. The method requires cross-spectral 

measurements to be made between a number of microphones and a single reference mi-
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crophone. The pressure cross-spectra inside the duct can be modelled in terms of the 

constituent modes via a transfer matrix which can be inverted to deduce the mean square 

mode amplitudes. An essential assumption made in the technique is that individual 

modes are mutually uncorrelated. Furthermore, the matrix established for modal inver­

sion may be poorly conditioned and extraneous noise contaminating the measurements 

will be greatly amplified in the modal solution. Enghardt et al [12] regularised the solu­

tion by discarding small singular values but this is done at the expense of external errors 

introduced by discarding some of the information. The author has discussed with Eng­

hardt about his technique and found out that the system of equations considered is not 

positive definite such that negative mean square mode amplitudes can be obtained. It 

was concluded that the implementation of an iterative least-squares solver is required to 

give positive mean square mode amplitudes. The technique was applied to a single-stage 

compressor comprising a 24 bladed fan and 17 stator vanes. An azimuthally traversable 

duct section is attached downstream of the rotor. The mode detection is performed us­

ing 8 microphones installed in the moving duct section and traversed over 36 azimuthal 

positions. A fixed wall-flush mounted microphone was used as a reference sensor. The 

sound power deduced from the modal analysis was compared with that obtained from the 

ISO 5136 standard. The estimate obtained from the mode detection method was found 

to over-predict the SWL by 2dB. However, this discrepancy could be due to inaccuracies 

in the ISO standard as from the mode detection technique. 
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The mode detection techniques discussed above may be summarised in table 1.1. This ta-

Technique Tones Broadband Intrusive Robustness 

Rotating circular array [5] J x J x 

Circular hoop array [7] J x x J 
Far field array [9] J x x x 

TCS array [11] J x x x 

Wall-flush mounted induct array [12] x J J x 

Table 1.1: Summary of the mode detection technique 

ble suggests that there is no single technique that allows the robust inversion of broadband 

mode amplitudes. 

1.3 Aims, objectives and original contribution of the 

thesis 

The previous section has highlighted the lack of a robust technique for the inversion of the 

mode amplitudes in a turbofan inlet sound field. The aim of this thesis is to investigate 

the use of inverse techniques to determine broadband mode amplitudes in a duct from 

measurements of the near field radiated sound pressure. The motivation of this research 

is to make use of a TCS, as suggested by Lan et al of Boeing to mount microphones 

for near field pressure measurements (as shown in figure 1.2). The great advantage of 

using the TCS to position the sensors is that it offers a platform from which all modes 

can be deduced simultaneously, unlike the other mode detection techniques discussed in 

section 1.2. Although a TCS is used, in both the technique proposed by Lan et al and 

the inversion technique described in this thesis, they are fundamentally different. 

In this thesis, emphasis is placed on the conditions on the sensor distribution necessary 

for a robust and accurate inversion. The detection performance of a given sensor array is 
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investigated and the design of a microphone array which satisfies best these requirements 

is specified. Unlike Farassat [13], who used a far field prediction model for the acoustic 

pressure radiated by the inlet, a forward model must be computed to account for the near 

field radiation since the TCS employed by engine manufacturers has a diameter of 3m 

and is therefore likely to be in the near field at most of the frequency range of interest. 

The original contributions of this thesis are as follows: 

• A microphone arrangement on the TCS that allows minimal sensitivity of the modal 

solution to noise during measurements is investigated. Some guidelines on the design 

of a sensor array which offers a good coupling with the radiated sound field are given. 

• The frequency-dependent behaviour of the inversion robustness and accuracy of a 

given microphone array is presented. It is shown that inverting the mode amplitudes 

close to the cut-on frequencies is fundamentally very different. 

• The detection performance of the microphone array in reconstructing mode ampli­

tudes is analysed and the effect of the measurement noise upon the inverted mode 

amplitudes is investigated. 

• Regularisation methods for improving the inversion accuracy at frequencies close 

to the modal cut-on frequencies are investigated and some guidelines for choosing 

optimal regularisation parameters are given. 

• Tonal and broadband mode amplitudes are determined in an experimental rig and 

compared with the results from an in-duct mode detection technique. 

• The level of coherence between different mode amplitudes is presented for the first 

time. 

• Alternative methods based on Fourier analysis which aim at determining the mode 

amplitudes from the reconstructed velocity distribution are presented. 
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1.4 Outline of thesis contents 

Chapter 2 describes the theoretical background of sound propagation and derives the 

model for sound radiation from a semi infinite, hard-walled, baffled ducts based on the 

1 st Rayleigh integral. The numerical integration is performed to compute near field direc­

tivity functions, which are then compared with the directivity functions computed from 

the well-known far field approximation. 

Chapter 3 investigates the least-squares inversion of mode amplitudes for both tonal and 

broadband radiation. This inverse technique requires a number of microphones greater 

than the number of modes that can radiate but makes no a priori assumption about the 

solution. The importance of the inversion conditioning is defined and discussed in order 

to assess the robustness and accuracy of the technique. Numerical simulations are per­

formed to investigate the influence of sensor positioning on the robustness and accuracy 

of the modal inversion. 

Chapter 4 presents an analysis of the ill-conditioning at frequencies close to the modal 

cut-on frequencies. The analysis of radiation problems using the SVD have been exten­

sively investigated [14-19] by expressing the radiated pressure in terms of the velocity 

distribution on the source plane and a Green function matrix. In this thesis, the radia­

tion problem studied consists of expressing the radiated pressure in terms of the mode 

amplitudes over the duct exit cross-section and the modal directivity matrix. A physical 

interpretation the Singular Value Decomposition of the modal directivity matrix is there­

fore presented to throw light on the understanding of the issues of ill-conditioning as well 

as the detection performance of the radiated sound field by a given sensor array. 

Chapter 5 discusses different methods of improving inversion robustness by means of reg­

ularisation. Some guidelines are given on the choice of various regularisation parameters 

for reducing overall levels of errors. 

Chapter 6 presents the details of a Finite Element/Infinite Element model of sound radi­

ation from a fan inlet, which accounts for the sound radiation from more complex duct 
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geometries such as the fan inlet used for the experimental measurements described in 

chapter 7. The effects of the flange and lip on modal sound radiation are discussed. 

Chapter 7 describes the experimental set-up and procedure undertaken during the lab­

scale experiments aimed at validating the theory and principles of the inverse techniques. 

The experiment involves TCS measurements of the pressure radiated from a 9-bladed fan 

under nearly free field conditions using 110 microphones. 

Chapter 8 presents the results deduced from the experiments such as the power radiated 

from the inlet. The mean square broadband mode amplitudes detected by the TCS arrays 

are compared with those deduced from an induct wall-flush mounted microphone array. 

The modal coherence function between the broadband mode amplitudes is presented. 

Finally, chapter 9 introduces a different approach to inverting the mode amplitudes based 

on Fourier analysis of the radiated sound field. 

:r. o , 

.: " 
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Chapter 2 

Acoustic field radiated from a baffled 

duct 

The study of the wave equation in infinite ducts of circular shapes based from the Kirchhoff 

approximation theory is very useful to engine designers both quantitatively and qualita­

tively. This theory has been used in many basic papers [2], [20] and [21] and enables to 

understand many useful results in duct propagation if one wishes to explain some aspects 

of engine noise. This section introduces the theoretical background to sound propagation 

and radiation from a semi-infinite, hard-walled duct. It first presents the modal theory of 

propagation within a circular duct. Modal behaviour for a hard-walled duct is discussed. 

The sound field radiated from the duct is then studied in detail. Well-known results in 

duct acoustics are then derived and described such as the mode cut-off concept, the angle 

of the radiation lobe at peak directivity. 
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2.1 Sound-field within a circular duct 

The sound pressure wave that propagates in a fluid with no external sources must satisfy 

the wave equation at any position f's within the duct: 

where the operator 

( \7
2 - :2 g;2 ) Pd (f's, t) = 0 

D -- -- a - U·\7+­
Dt at 

(2.1.1) 

(2.1.2) 

is the material derivative operator and 0 is the velocity field of the flow within the duct 

and c is the speed of sound in the fluid. 

The sound field that propagates along the duct can be decomposed into modes, the 

properties of which depend on the geometry ofthe duct (constant or varying cross-section), 

the nature of the wall (hard-walled or lined ducts), and on presence or not of flow. The 

form of these modes is now discussed. 

If no flow is present within the duct, the wave equation 2.1.1 reduces to 

(2.1.3) 

If the sound waves are assumed to be harmonic, i.e. Pd (r-;' , t) = Pd(r-;')ejwt
, the complex 

pressure Pd(r-;') satisfies the Helmholtz equation 

(2.1.4 ) 

where k is the free space wavenumber. 

The position r-;' of equation 2.1.4 is expressed in the cylindrical coordinate system (rs, Os, zs), 

representing respectively the radial, polar and axial directions. In order to solve equation 

2.1.4 for a cylindrical duct the method of separation of variables is used. The pressure is 

written in the form 

(2.1.5) 
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Thus equation (2.1.4) becomes 

(2.1.6) 

R//(r ) 1 R'(r ) 1 8//(8) Z"(z ) -..,._s.,- + ___ s_ + _ s + s = _k2 

R(rs) rs R(rs) r; 8(8s) Z(zs) 
(2.1.7) 

where the primes and the double primes are used to denote the first and second derivatives 

with respect to their dependent variables. 

First, the only term in equation 2.1.7, which depends on Zs is Z;~~)) must therefore be 

constant to satisfy equation 2.1.7. Thus 

(2.1.8) 

The solution to equation 2.1.8 is 

(2.1.9) 

Equation 2.1.7 is 

(2.1.10) 

Again ~~~)) is the only term in equation 2.1.10 which depends on 8s and must therefore 

be constant to satisfy equation 2.1.10, 

(2.1.11) 

The solutions to equation 2.1.11 are of the form 

(2.1.12) 

From equation 2.1.11, m must take integer values due to the periodicity of the sound 

field in the 8s-direction. The radial solution may be found by multiplying equation 2.1.10 

by R(rs)jr; to give 

(2.1.13) 
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where /'l,mn = Jk2 - k; is the modal radial wavenumber and is chosen to satisfy equation 

2.1.14. Equation 2.1.13 is the Bessel's equation, whose solution satisfies following the 

hard-walled boundary condition 

=0 (2.1.14) 
rs=a 

This is written as follows 

(2.1.15) 

Jm(/'l,mnrs) is the Bessel function of the first kind and order m. The general solution to 

equation 2.1.4 is written as a combination of modes, each of which possesses a particular 

spatial pattern described by the mode shape function wmn(rs, as) as shown in figure 2.1. 

This solution is written as follows 

+00 +00 

P (r a Z) '" '" a ,Tr (r a )e-jkVl-OI?nnZs d s, s, s = ~ ~ mn ':!! mn s, s (2.1.16) 
m=-oo n=l 

The term amn in equation 2.1.16, of fundamental importance in this thesis is the cut-on 

ratio defined as 
/'l,mn 

amn=T (2.1.17) 

The propagation characteristics of the modes are determined by the axial wavenumber 

kz, which from equation 2.1.17 can be written as 

(2.1.18) 

Two separate situations can thus be deduced 

• amn :::; 1, (i.e. /'l,mn :::; k), the axial wavenumber is real kz = kJ1 - a;'n 

Here the mode propagates along the duct without attenuation and energy is trans­

ported to the far-field. The mode is said to be cut-on 

• amn > 1, (i.e. /'l,mn ~ k), the axial wavenumber is purely imaginary kz = - j k J a;'n - 1 

The mode decays exponentially along the duct and no energy is transported to the 

far-field. The mode is said to be evanescent and decays exponentially. 
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At any given frequency, therefore, there will be a finite number of propagating modes. The 

duct can be regarded as low-pass filter that only allows modes whose natural frequency 

is below the driving frequency to propagate. In this study only cut-on modes will be 

considered. 

The mode shape function Wmn(Ts) es ) in equation 2.1.16 is orthonormal over the duct 

cross-section and satisfies the following condition 

m,n i= p,q 
(2.1.19) 

m,n = p,q 

Using the orthogonality property of Bessel functions, it may be shown [22] that 

,T, ( e) - 1 J ( ) -jmB. '!'mn T s , s - ~ m ,,"mnTs e 
yAmn 

(2.1.20) 

where the mean square amplitude of the cross-duct mode is 

(2.1.21) 

The integer m denotes the spinning mode number and determines the number of radial 

lines while the second integer n denotes the radial mode number and determines the 

number of nodal lines. The term amn is the complex modal amplitude for each (m, n) 

mode pattern that is determined by the source distribution. The radial wavenumber ""mn 

is determined by the hard-walled duct boundary conditions stated in equations 2.1.14, 

which implies that the radial component of the fluid particle velocity at the duct wall (i.e. 

Ts = a) must vanish. This leads to values of ""mn given by 

., 
Jmn 

""mn=­
a 

(2.1.22) 

where j:nn denotes the nth stationary value of the Bessel function of the first kind and 

order m and is called the modal eigenvalue. Figure 2.1 shows the real part of different 

mode patterns that are retained as the wave travels along the duct. It should also be 

noted that n = 1 is the minimum allowed value of n, such that the plane mode is the 

mode (0,1). 
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Mode (0, 1) Mode (0, 2) Mode (0 , 3) 

Mode (2, 1) Mode (2, 2) Mode (2 , 3) 

Mode (3 , 1) Mode (3 , 2) Mode (3 , 3) 

Mode (4,1) Mode (4, 2) Mode (4, 3) 

Figure 2.1: Isometric view of the real part of different mode shape functions travelling 

along a duct 
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2.2 Sound field radiated from a duct 

This section presents the theory of sound radiation from a flanged duct in the absence of 

flow. Note that the effect of uniform flow on the radiation can be induced by a coordinate 

transformation. The presence of flow, which is subsonic within a turbofan inlet, will 

slightly increase the number of cut-on modes and will also alter the modal directivity 

patterns detailed in this section. 

2.2.1 The Rayleigh integral 

If reflections at the duct termination are neglected, the pressure field in a cylindrical duct 

of radius a at a single frequency can be expressed as the sum of modes or characteristic 

functions travelling in the positive z-direction (i.e. figure 2.2). The pressure is written as 

in equation 2.l.16. 

The sound field generated by the fan and propagated along the duct to the open end at 

Zs = Z = 0 radiates both into the near field and the far field. The non-uniform velocity 

distribution across the duct opening can be determined by applying the momentum equa­

tion to equation 2.l.16 and the radiated sound field is computed through the Rayleigh 

integral defined as follows 

(2.2.1) 

where uz(rs, ()s) is the normal velocity distribution across the opening surface. This 

source term must be sampled with care for numerical evaluation of equation 2.2.1 as it 

will be discussed further. 

Figure 2.2 shows the position vector r expressed in a spherical coordinate system (r, () , t.p ) 

with origin the centre of the duct opening and representing respectively the radial, az­

imuthal and polar directions. The vector h represents points in the radiated sound field 

from an elemental volume source located at a position f's from the duct opening centre. 
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Namely, 

r = r sin 1p cos Be: + r sin 1p sin Be-;; + r cos 1pe-; (2.2.2) 

(2.2.3) 

(2.2.4) 

Thus an expression for the distance of the point in the radiated sound field from each 

Figure 2.2: Cylindrical coordinate system for duct propagation analysis and spherical 

coordinate system for radiation analysis 

volume source can be found by writing the magnitude of the vector defined in equation 

2.2.4. 

2 ........ 
h = h·h 

(2.2.5) 
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so that the distance between each individual source element and each radiated point 

h(rs, es Ir, r.p, e) is given by 

( 

2 ) 1/2 

h = r 1 + (~) - 2~ sinr.pcos(es - e) (2.2.6) 

Equation 2.2.1 assumes that the reflection from the duct opening is negligible that is 

a reasonable approximation for most modes considered in this study except those near 

cutoff. The fluid particle velocity normal to the duct opening U z is defined as 

j ap 
U z =--

wpaz 
z=o 

(2.2.7) 

This can be found by introducing equation 2.1.16 into equation 2.2.7 

(2.2.8) 

The radiated pressure may be written as a basis of modal directivity factors Dmn weighted 

by their modal amplitudes 

+00 +00 

p(r, e, r.p) = L L amnDmn(r, e, r.p) (2.2.9) 
m=-oo n=l 

Introducing equation 2.2.8 into equation 2.2.1, the total radiated pressure is written as 

k +00 +00 r -jkh 

p(r, e, r.p) = j 27r L L VI - a~namn Ie, Wmn(rs, eS)Trsdrsdes 
m=-oo n=l S 

(2.2.10) 

Therefore, the modal directivity factor Dmn is given by 

k 1 e-
jkh 

Dmn(r, e, r.p) = j~Vl - a~n wmn(rs, eS)-h-rsdrsdes 
27r s 

(2.2.11) 

The integral term of equation 2.2.11 can be numerically evaluated using the Newton-Cotes 

(2.2.12) 
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2.2 Sound field radiated from a duct 2 Acoustic field radiated from a baffled duct 

where wrnr and wene are weighting coefficients that correspond to the order of numerical 

integration and, Nr and Ne are the number of points to perform the integration for rs and 

es respectively. For example, the 2-point closed extended rule also known as the extended 

trapezoidal rule or Romberg integration uses the following weighting coefficients 

w = [1/2 1 1 ... 1 1 1/2] (2.2.13) 

A number of 100 points in each direction is used to sample the source plane with this 

order of integration. 

2.2.2 Far field approximation 

This section discusses the sound radiation properties in the far field and compares them 

with that of the near field. As detailed in section 2.2.1, the Rayleigh integral which ac­

counts for the duct outlet as a source plane to radiate sound, may be computed numerically 

and provides a solution for the near field. However using a second order approximation, 

it also provides an analytic solution for the far field which allows an insight into some 

important properties of mode radiation. Furthermore, this solution will also be important 

in mode detection since it will help uncover the nature of the instability of the inverse 

problem. Finally, the far field approximation allows a Fourier relationship between source 

distribution across the duct opening and the radiated field, namely the Rayleigh integral 

defined in equation 2.2.1, to be expressed as a spatial Fourier transform or more particu­

larly a Hankel transform. 

A far-field second-order approximation (r » rs) can be found from equation 2.2.6 and 

neglecting terms of order 2 

( )
1~ 

h = r 1 - 2 ~ sin 'P cos (e s - e) (2.2.14) 

If one uses the expansion series 

)
1/2 1 1 2 (1 - x = 1 - -x - -x - ... 

2 8 
(2.2.15) 
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2.2 Sound field radiated from a duct 2 Acoustic field radiated from a baffled duct 

and eliminates the higher-order terms, the distance h can be expressed as 

(2.2.16) 

Equation 2.2.16 can then be introduced into equation 2.2.11 and an analytic solution for 

the modal directivity factor in the far-field may be derived as in appendix A. The result 

is given as follows 

..jl - 2 -jkr . 

D ( e ) - 'm+l amne -jme asmcp J ( )J' (k . ) mn r, , cp - J ~ --e 2 . 2 m K,mna m a sIn cp 
VAmn r a mn - sm cp 

(2.2.17) 

k..jl - 2 -jkr 2 
D (r e U») = J.m+l amn _e _e-jme~ 

mn , , r ..j Amn r 2 

[
i;',(K,mna) - 2m Jm(K,mna)Jm+l(K,mna) + J!+l(K,mna)] 

K,mna 

(2.2.18) 

Here, J:n (x) is the the first derivative of the Bessel function of the first kind with respect 

to its argument given in [23J. 

Equations 2.2.17 and 2.2.18 for the far field modal radiation enlightens some important 

characteristics of single mode radiation which are also likely to be present in the near 

field. 

• The polar angle of the main radiation lobe is CPpeak = sin-1 amn-

• Modal radiation becomes progressively weaker as amn f---+ 1 and tending to vanish 

exactly at cutoff. 

• Polar angles of the radiation nulls are located at CPnull = sin-1 ami with i =1= n. 
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2.2 Sound field radiated from a duct 2 Acoustic field radia ted from a baffled duct 

• Polar angles of side lobes occur roughly mid-way between the angles of the radiation 

nulls and increase roughly as t he frequency squared . 

• Only the axisymmetric modes (i.e. m = 0) have non-zero radiated pressure in, the 

duct axis (i. e. r.p = 0) and t he plane wave mode is the only mode have it s main 

radiation lobe along the duct axis. 

The solutions of equations 2.2.12 and 2.2 .13, valid for t he near field, are now compared 

with the far-field analytical solutions of equations 2. 2.17 and 2.2. 18. Figures 2.3 shows 
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- Num~rkal wi Ul ion 
- An.:lllit-wlulion 

60 

20 

rar Ficld 
1P10r-__ 

· 20 

-40 

.80'-------,,':;_., - - ",-;;-, -~,,""" -~,,""" -~,,""" --'" . 
Radial distance r (m) 

Radiated pressure for mode (2.3) at main radiation lobe 
8O'---~~-~~~~~_~N="m'~'K"~~~"'~~ 

- An:,j",ic wiullOll 

10" 10° 10' I O! ,,' ". 
Radial distance r (m) 

Radiated pressure for mode (1.1) il l main radiation lobe 

- Numcncalwiul lOfl 
- ,\ M I ,il:-Ml!uuhn 

10" 10° 10' '0' ,,' ,,' 
Radial distance r (m) 

R:ulialcd pressure for mode ( 13.2) at main radim illll lobe 

- Numcrlc;olMJ lulk", 
- 1\11:11110:.011111,., 

· 20 

FllrFicld 
11'1 .40 

· 60 -

. 80r------4 

· 100 

. ,20'-----~,,':;-_, -~"..,.., ~~"..,.., -~,,-:-, -~,,-:-, ---'" , 

Radial distance r (m) 

Figure 2.3: Modulus of the radiat ed pressure at main radiation lobe with radial dist ance 

from duct outlet at ka = 20 (a) mode (0 , I ), (b) mode (1 , 1), (c) mode (2 , 3) , and (d) 

mode (13, 2) 

the absolute part of the radiated pressure in dB for both t he analytic and numerical 

solut ions for t he four modes on their respective main radiation lobes at ka = 20 plotted 
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2.2 Sound field radiated from a duct 2 A coustic field radiated from a bam d duct 

versus the radial distance on a logarithmic scale. The same comparison at ka = 30 i 

shown in appendix A. First it is posssible to note that as expected the analyti solut ion 

decreases with increasing distance in a l / r fashion. The numerical solut ion converges to 

the analytic at a distance that slightly increases with frequency. This distance for which 

both solutions converge indicates the far field for a particular mode and at a part icular 

frequency, and also indicates that the TCS radius is more than likely to be in t he near 

field for all cut-on modes at frequencies of interest (i. e. 15 < ka < 30). As the aim 
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Figure 2.4: Directivity patterns for SPL at ka = 20 (a) mode (0, 1) , (b) mode (1 , 1) , (c) 

mode (2 , 3), and (d) mode (13 , 2) 

of this research is to perform the acoustic inversion for mode decomposit ion and source 

characterisation of the sound field within the inlet by use of microphones on the TCS, the 

analytic solution is therefore not valid. The numerical integration is then appropriat e t o 

model the sound pressure if the pressure field is to be measured at the TCS. Figures 2.4 

shows the directivity patterns of the four modes above for the Sound Pressure Level (SPL) 
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2.3 Fourier relationships 2 Acoustic field radiated from a bafHed duct 

in dB, at ka = 19.9. The directivity patterns of the same four modes modes at ka = 30 

is shown in appendix A. It is first possible to note that the modal radiation propertit's 

discussed above for the analytic solution are encountered on these figures; that all non 

asymmetric modes have zero SPL on the duct axis (i.e. r.p = 0), and that as frequency 

increases and modes are becoming increasingly cut-on the principal lobe of radiation shifts 

towards the axis and the number of side lobes increases. Figure 2.4 also shows that the 

near-field solution satisfies these modal radiation properties, with the major difference 

that local pressure minima are found instead of pressure-nulls. This may cause some 

problems in separating different modes when estimating their amplitudes by inversioll. 

The next chapter will investigate the issues that have to be taken into account when 

performing such an inversion. 

2.3 Fourier relationships 

This section presents an alternative interpretatioll of the Rayleigh integral defined in 

equation 2.2.1. The far field approximation of equation 2.2.1 can be expressed as a 

spatial Fourier transform (also known as a wavenumber transform) of the particle velocity 

distribution over the duct cross-section. This Fourier transform can in turn be written in 

the cylindrical coordinate system and becomes a Hankel transform. 
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2.3 Fourier relationships 2 Acoustic field radiated from a baffled duct 

In the far field r > > r s , 

h = If- fsl 

=r 

(2.3.1) 

Since Zs = a 
1 

........ 1 x y r - rs ~ r - -Xs - -Ys 
r r 

(2.3.2) 

In the far-field, k and r are in the same direction so that 

k r 
(2.3.3) -

k r 

thus ~ = kk and ~ = k;: and the exponential term in equation 2.2.1 can be written as 

-jkh -jkr 
_e _ ~ _e _ej(kxxs+kyys) 

h r 
(2.3.4) 

The radiated pressure field given by equation 2.2.1 can therefore be rewritten as 

(2.3.5) 

where Uz (kx, ky) is the Fourier transform of the axial velocity distribution on the duct 

outlet and II (xs) and II (Ys) are window functions defined as 

Xs tf:. [0, a] 

Xs E [0, a] 
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2.3 Fourier relationships 2 Acoustic field radiated from a baffled duct 

The radiated sound field is therefore the spatial Fourier transform of the given source field 

at the duct outlet. The analysis of the source distribution (i.e. the axial velocity at thl' 

outlet) in the wavenumber domain merely gives the information of sound radiation. The 

relationship introduced by this far field approximation leads to some precautions that 

need to be taken into account. Windowing in each spatial dimension as can be seen ill 

equation 2.3.5 will introduce smearing effects in the wavenumber domain. The choice of 

accounting only cut-on modes which seems to be a reasonably good approximation will 

similarly introduce smearing effects in the spatial domain and create a source of errors 

when inverting for the mode amplitudes. 

Now since the source distribution lies in a cylindrical geometry, it may be possible to use 

a cylindrical coordinate system using the following transformations 

(2.3.7) 

(2.3.8) 

the Fourier transform of the surface velocity given in equation 2.3.5 becomes 

211" 00 

U (k e) - J J u (r e) ejkrrs sin((ls-(l)r dr de z n - z s, s s s s (2.3.9) 

o 0 

Since the velocity distribution in periodic in 27f, it can be written as a Fourier series 

expansion of the form 
+00 

U z (rs, es ) = L U m (rs) e-jm(ls (2.3.10) 
m=-oo 

Substituting equation 2.3.10 into equation 2.3.9 yields 

+00 211" 00 • 

Uz (kn e) = L J J Um (rs) ej(krrssin((ls-(l)-m(ls)rsdrsdes 

m=-oo 0 0 

(2.3.11) 
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2.3 Fourier relationships 2 Acoustic field radiated from a baffled duct 

Using the integral representation of the Bessel function 

27r 

271" 

Jm (Z) = 2~ J ej(z sin (-m()d( 

o 

(2.3.12) 

allows the integral term J ej(krrs sin((}s-(})-m(}s)dOs to be written as the following by making 
o 

the substitution Os = (s + 0 

27r 

e-jm() J ej(krrssin(s-m(s)d(s = 27r e-jm(} Jm (krrs) (2.3.13) 

o 

Therefore the Fourier transform can be written as 

+00 
U z (kn 0) = 27r L Umm (kr ) e-

jm
(} (2.3.14) 

m=-oo 

where 

(2.3.15) 

Equation 2.3.15 is the Hankel transform of order m of the mth Fourier component of the 

radial surface velocity distribution. 

." t 
::,., "0"'. 
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Chapter 3 

Inverse problem 

This chapter introduces the method for estimating modal amplitudes by inversion of 

acoustic measurements made over the TCS. The important issues related to the robustness 

of the inverse problem are discussed. It is shown in this chapter that the stability of the 

inversion depends strongly on the positioning of the microphones on the TCS. Computer 

simulations are performed to identify the optimal array geometry over the TCS in terms 

of the number and the position of sensors that affords the most stable inversion. 

3.1 Mode amplitude estimation 

The pressure field radiated in the near field of a flanged semi-infinite duct can be estimated 

from the Rayleigh integral presented in equation 2.2.1. This Kirchhoff approximation used 

for the flanged duct solution does not require the complexity of Wiener-Hopf factorisations 

and contour integrals found in the unflanged duct solution and will be sufficiently accurate 

as a first approximation to the modal directivities from a ducted turbofan engine. 

Measurements of the sound radiation from a turbofan inlet, as stated by equation 2.2.10, 
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3.1 Mode amplitude estimation 3 Inverse problem 

can be formulated in the following general form 

1 input x system dO = output (3.1.1) 

In this formulation, the forward problem is to compute the output given the input and the 

mathematical description of the system. The goal of the inverse problem is to determine 

the input that gives rise to the measurements of the output. An inverse problem is often 

ill-posed in the sense that the inverted solution may be highly sensitive to changes ill 

the measurement data. The classical example of a linear ill-posed problem is a Fredholm 

integral equation of the first kind with a square integrable Kernel [24J. This is relevant 

to the Rayleigh integral computation of duct radiation mentioned above, which can be 

written in the generic form of equation 3.1.1 as 

10
k 

a(k)D(k,x)dk=p(x) (3.1.2) 

where the right-hand side p and the Kernel D are known functions while a is the unknown 

sought solution. The Kernel D is given exactly by the mathematical model while the 

right-hand side typically consists of measured quantities and is only known with certain 

accuracy at a finite set of points Xl, ....... ,XK. 

The forward problem of equation 3.1.2, at a single frequency, can be written in matrix 

notation as follows 

Da=p (3.1.3) 

where 

• pECK is a complex vector of the radiated pressure field measured at K model 

sensor outputs. 

• a E CL is a complex vector of modal amplitudes for L modes. 

• D E CKxL is the directivity matrix and contains the radiation directivities of L 

modes at K sensor outputs in the radiated field at the TCS. 
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3.1 Mode amplitude estimation 

When written in full equation 3.1.3 becomes 

DKl (W) DKL (W) 

3 Inverse problem 

Pl(W) 
P2 (W) 

PK (W) 

(3.1.4) 

Note that for the general case K > L, the system is said to be overdetermined (i.e. there 

are more sensors on the TCS than significant radiated modes). A particular case is when 

the number of sensors is made equal to the number of radiated modes (i.e. K = L) for 

which the directivity matrix is square. Now if p denotes the vector of measured pressures 

at the K sensor outputs, it can be related to the modelled vector of pressures p by an 

error vector n whose components represent the noise on the error sensors and modelling 

errors. Thus, 

p = Da+n (3.1.5) 

We seek the vector of modal amplitudes a that ensures the best fit of the modelled pressure 

field p to the measured data p. In order to deduce this solution, the minimisation of the 

sum of the squared errors (,residuals') between the measured sensor outputs and the 

model sensor outputs will be performed (i.e. min lip - Dall;). This method is called the 

'least-squares' solution. 

In this case the complex error vector can be written as 

n = p-p = p -Da (3.1.6) 

The least-squares solution minimises the following cost function 

K 

J = Link (w)12 = nHn (3.1.7) 
k=l 
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3.2 Mode amplitudes for broadband sound field 

such that 

f)J = 0 
f)a 

3 Inverse problem 

(3.1.8) 

The optimal estimate of the modal amplitudes vector that minimises this cost function, 

which is a Hermitian quadratic function of the vector of complex amplitudes a, is derived 

in appendix B and is found to be 

aD = [DHD r 1 
DHp 

=D+p 

where D+ is the pseudo-inverse of the directivity matrix D. 

(3.1.9) 

Note that when the number of sensors is made equal to the number of radiated modes 

(i.e. D is square), the solution reduces to aD = D-1p. This is the minimum requirement 

for the inversion to be performed as in the case of an underdetermined system (i.e. the 

number of sensors is lower than the number of radiated modes K < L), no solution exists 

for the modal amplitudes vector unless some further constraint is introduced. 

3.2 Mode amplitudes for broadband sound field 

Turbofan inlets produce sound field which comprises two components. The first one is 

the tonal component of the sound field made of tones which are produced by rotor/stator 

interactions [2]. These tones are characterised by peaks in the sound power spectrum 

radiated from the inlet and occur at frequencies which are multiples of the Blade Passage 

frequency Bn, where B is the number of blades and n the shaft frequency. At these 

frequencies, the modal analysis of the least-squares solution detailed in section 3.1 is 

valid. The second component denotes the broadband sound field, which occur at any 

other frequencies, and is produced by more complex mechanisms. Broadband sound field 

produce random signals which will be assumed to be ergodic in this research. For this 
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3.3 Condition number of modal directivity matrix 3 Inverse proble111 

reason, the least-squares solution needs to be applied to spectrum analysis in order to 

give estimates that characterise such random signals. The power spectra and the cross 

spectra which, define how the pressure signal of a microphone is related with itself and 

with the signal of another microphone at another instant, are defined respectively. These 

spectra can be arranged into the cross spectral matrix which, for the modelled pressure 

is given by 

. 1 [ H] Spp = 11m TE pp 
T>->oo 

(3.2.1) 

E [J in equation 3.2.1 is the expectation operator. Introducing equation 3.1.3 into equa­

tion 3.2.2 yields 

(3.2.2) 

where Saa is the cross spectral matrix of mode amplitudes defined by 

. 1 [ H] Saa = 11m TE aa 
T>->oo 

(3.2.3) 

If we substitute equation 3.1.9 into equation 3.2.3, the least-square estimate of the mode 

amplitude cross spectra is then given by 

Saa = lim 2. E [D+f>f>H (D+) H] 
T>--->oo T 

(3.2.4) 

= D+Spp (D+)H 

where Spp is the matrix of measured pressure cross-spectra as defined in equation 3.2.1. 

Note that the diagonal elements of the above matrix represent the least-square estimate 

of the mean square mode amplitudes. 

3.3 Condition number of modal directivity matrix 

The underdetermined system (with more modes than sensors) mentioned at the end of the 

previous section is an extreme case and will not be studied further in this thesis. In this 

case, there will not be sufficient numbers of sensors to obtain the information to invert 

38 



3.3 Condition number of modal directivity matrix 3 Invel"se proble111 

for all the modes present. However, similar problems to an underdetermined system mn)' 

arise in the overdetermined case because of inappropriate measurement locations or Ull­

favourable acoustical conditions. If, for example, radiation patterns of different radiated 

modes are similar, particularly if their main radiation lobes are at the same polar angle, 

their effect on each of the sensors will therefore also be similar. This leads to redundant. 

information, which gives a system of equation 3.1.3 of similar mathematical form to that 

in the underdetermined case. The exact least-squares solution to this problem is still 

mathematically defined, as in equation 3.1.9, but the modal information detected is made 

very sensitive to the presence of noise. The reason for this sensitivity is that two columlls 

in the directivity matrix D are very similar. Such a matrix is said to be 'ill-conditioned'. 

Similar ambiguity may also arise in another way, which affects the positioning of the mi­

crophones on the TCS. Indeed, two microphones that are at the same position, or placed 

very close together, will lead to rows in the directivity matrix D being very similar and 

thus to ill-conditioning of the system. Just as important is when the matrix elements 

have a very large dynamic range, which occur close to cutoff as we will show in chapter 4. 

We will show in this chapter that the stability of the inverse problem strongly de­

pends on the coupling between modes and sensors. It is therefore important to evaluate 

the sensitivity of the modal amplitude vector estimate to small perturbations n in the 

measured pressure, for example, due to measurement noise. A suitable parameter for 

evaluating this sensitivity is the condition number of D. This section discusses how the 

condition number quantifies the sensitivity of the system, which is then used to identify 

sensor arrays on the TCS that afford robust inversion. 

The condition number places a bound on the solution inaccuracies e due to inaccuracies 

n in p (error of measuring of Pij, i.e. noise). 

The condition number for a rectangular matrix D E CKxL is defined to be 

(3.3.1) 
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3.3 Condition number of modal directivity matrix 3 Inverse problem 

where II 112 denotes the 2-norm operator applied to a matrix or a vector. 

Deviations n produce small deviations e in the solution. According to equation 3.1.3 

p+n=D(a+e) (3.3.2) 

Multiplying out and introducing equation 3.1.9 gives 

(3.3.3) 

The 2-norm of a matrix A is defined to be [25] 

(3.3.4) 

A useful property of the matrix 2-norm [25] for any matrices A and B is that 

which in equation 3.3.3 leads to the inequality, 

and (3.3.5) 

Therefore, one can write 

(3.3.6) 

Introducing equation (3.3.1) into equation (3.3.6) yields the important inequality 

(3.3.7) 

This important and well-established result demonstrates clearly that the sensitivity of 

the solution for a is determined by the condition number of the matrix D to be inverted. 

Thus a large condition number will greatly amplify small perturbations in p (i.e. noise). 

In practical terms, contaminating noise will have disproportionately large effect on the 

solution for the modal amplitudes vector a if the matrix is 'badly conditioned', i.e. if 

it has a large condition number /'1., (D). In other words, /'1., (D) bounds the relative error 

in the solution from the relative error in the measurements. The acceptable value of 
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the condition number is subjective and will depend on the level of the noise that conta­

minates the measurements and the resulting error in the mode amplitudes reconstruction. 

If the noise and the pressure signals are uncorrelated, Spp can be related to the mod­

elled pressure cross-spectral matrix Spp and the matrix of noise cross-spectra Snn as 

(3.3.8) 

The presence of errors in the modal cross-spectral matrix, See, which using equation 3.3.3, 

may be written as 

A + A (+)H See = D Snn D (3.3.9) 

It may be shown [18] that 

(3.3.10) 

Equation 3.3.10 is the equivalent for broadband noise to equation 3.3.7 for tonal noise. 

In conclusion, the condition number of the directivity matrix bounds the error in the 

solution from the error found in the measurements both for tonal and broadband noise. 

3.4 Reconstruction accuracy parameter 

Whilst equation 3.3.7 is important for specifying bounds on the accuracy of the inverted 

solution Ilell / Iiall, it cannot quantify the precise value of this error due to measurement 

noise at the sensors. For this purpose we define a reconstruction accuracy parameter, 

which evaluates the error found in the solution, as follows 

(3.4.1) 
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The 'noise' vector generated at the sensor array during the simulations performed in this 

chapter is obtained for a given Signal to Noise Ratio (SNR) as follows 

lO-sfoR IIpI12 ejif> 
n= ----~~~--

JK 
(3.4.2) 

where ¢ is a vector of randomly distributed phase angles. From equation 3.4.2, and the 

fact that the inverted mode amplitudes vector a is written as the sum of the original 

mode amplitude a and the solution error vector e, a single value that quantifies the global 

reconstruction accuracy in dB is defined here as follows 

( Ile112) 
rJ = 20 10glO (co) = 20 10glO IIal12 

(3.4.3) 

The effect of the randomly generated noise of equation 3.4.2 on the modal informatioll 

radiated from the inlet varies with the phase angle distribution. The noise vector is 

. generated 2000 times and the mean value of the reconstruction accuracy is computed 

from this ensemble. Numerical simulations carried out on rJ and on fJ defined in section 

3.7 will refer to their mean values from here on. 

Unlike the condition number, which does not require a a priori solution, the reconstructioll 

parameter allows to assess the inversion accuracy only if the original solution is known. 

While this parameter will not be useful when the mode amplitudes are inverted from 

experimental data, it is still useful for simulations when the original solution is known. 

It is important to note that, throughout this thesis, simulations involving reconstruction 

accuracy, as well as the modal error discussed in section 3.7 are performed with noise 

contaminating the pressure measurements such that the SNR is 20dB. 

3.5 The effect of sensor positioning on inversion ro-

bust ness and accuracy 

It has been shown in chapter 2 that the pressure radiated from the duct at a single 

frequency may be expressed as a summation of modes, each of which possesses its own 
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directivity pattern. When calculating the directivity matrix D, it is essential to take into 

account all dominant modes present in the radiated field. Because each mode possesses it 

different radiation pattern and efficiency, it is possible to see that the positioning of the 

microphones on the TCS will have a significant effect on how well the detection of these 

modes can be performed. The effect of the positioning of microphones on the TCS upon 

the parameters fi:(D) and 7] is therefore investigated such that the most useful information 

of each mode is extracted. It is essential to devise a sensor array, which would couple 

best with the modal information radiated from the inlet. Such a sensor array is difficult 

to obtain since the cut-on ratio of each mode, which indicates the location and efficiency 

of the main radiation lobe, varies with frequency. However, some guidelines about the 

positioning and the number of microphones on the TCS for robust and accurate inversion 

are discussed in the following sections. 

3.5.1 Random distribution of sensors on the TCS 

The importance of sensor positioning on the TCS array for good coupling with the moda'! 

radiation has been discussed. As a first attempt to identify array geometries that afford 

good conditioning of the directivity matrix, a study of the influence of sensor positioning 

upon the condition number and the reconstruction accuracy parameter is now carried 

out. Computer simulations are performed to evaluate the sensor array performance in 

terms of robustness and accuracy. As a preliminary study, the behaviour of both fi:(D) 

and 7] is investigated for randomly distributed microphones over the TCS.The simulations 

are performed for sets of 2000 realisations of randomly distributed sensors at ka = 10, 

ka = 15 and ka = 20 respectively for different numbers of sensors. The mean value and 

the standard deviation of the condition number fi:(D), denoted by f.L~ and 0' ~ respectively, 

are computed alongside the mean and the standard deviation of 7] denoted by f.LTJ and O'TJ' 

Figure 3.1 shows f.L~, O'~, f.LTJ and O'TJ plotted against K/L at ka = 20. The results for 
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3.5 Importance of sensor positioning 3 Inverse problem 

frequencies ka = 10 and ka = 15 are given in appendix E. This figure clearly indicates 

that the condition number and the reconstruction accuracy are significantly improved by 

adding a few more microphones than the total number of cut-on modes accounted by th 

inversion. For numbers of sensors K corresponding to K/ L ~ 1.3, the mean value and th 
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Figure 3.1: (a) Mean value and (b) standard deviation of K;(D ), (c) Mean value and (d) 

standard deviation TJ at ka = 20 of 2000 randomly distributed sensor arrays 

-- gives the minimum and maximum values of f-ln, and f-lTJ 

standard deviation cease to have significant improvement for both the condition number 

and the reconstruction accuracy parameter. Very little improvement in the inversion 

robustness and accuracy is made at a high cost of microphones on the TCS. This study 

reveals that the number of microphones used for t he computation of mode amplitudes has 

an important influence on the inversion robustness and accuracy. At a given frequency, 
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the TCS array devised for this inverse technique will therefore employ a number of sensors 

such that K/ L ~ 1.3. This study, however, does not provide any guidelines relating to 

particular array geometries. 

3.5.2 Structured array geometry on the TCS 

In this section several well-ordered arrangements of sensors over the TCS are investigated. 

in order to assess the effect of array geometry on the conditioning of D and the inver­

sion accuracy. Computer simulations of the directivity matrix D for various sensor array 

geometries are performed and the variations of its condition number as well as the recon­

struction accuracy are examined. This investigation is carried out with the following five 

types of sensor array geometries 

1. Ring arrays: rings of microphones placed over the TCS 

2. Star arrays: cluster of arcs of microphones invariant in the azimuthal direction 

3. Spiral arrays: microphones arranged in a spiral originating from the centre of the 

TCS 

4. Star-fish arrays: same cluster of arcs of microphones as in star arrays but varying 

in the azimuthal direction 

5. Geodesic sensor arrays: uniform distribution of microphones over the TCS each of 

which occupying an equal surface area 

On the array geometries 2, 3 and 4, the microphones are either uniformly or piecewise 

distributed. For a given number of microphones L, the piecewise distribution is arranged 

to satisfy the following distribution in the polar direction 
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• 57 %, cp E [150 ,800
] 

• 33 %, cp E [800
, 900

] 

Such a piecewise distribution is chosen for two reasons: limiting the concentration of 

microphones close to the axis (i.e. cp E [00, 150]) which aims at preventing redundant 

measurements over this section of the TCS while a high concentration of sensors at edges 

of the TCS (i.e. cp E [800 ,900
]) is ought to enhance the modal information close to the 

sideline of nearly cut-off modes. This is an attempt of detecting these modes which radiate 

weak acoustic energy. An illustration of the types of arrays investigated is shown in figure 

3.2. 

3.5.3 Ring Arrays 

Ring arrays consists simply of rings of microphones arranged concentrically around the 

TCS axis. Each ring possesses a different number of microphones. The behaviour of the 

condition number at ka = 20 versus the number of rings for different K / L ratios is shown 

in figures 3.3(a) and 3.3(b) and that of the reconstruction accuracy in figures 3.3(c) and 

3.3 (d). This simulation is performed for 3 different numbers of microphones. These figures 

indicate that K:(D) is extremely large, i.e. of the order of 1015 , when there is not a sufficient 

number of rings over the TCS. When the number of rings is comprised between 7 and 

9 the inversion robustness and accuracy are significantly improved as shown in figures 

3.3(b) and 3.3(d). The condition number is of order 103 at the best when K/ L < 2. 

Despite this improvement, it is clear that rings of microphones over the TCS do not allow 

robust and accurate inversion and that several sensors detect similar modal information. 

This is due to the fact that this type of arrays has insufficient microphone coverage over 

the polar angle and thus cannot detect the modal information independently, especially 

at high frequencies (i.e. ka > 20) when the spreading of mode radiation becomes more 

concentrated over the polar angle. 
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6 Ring array 

uniform 5 Spiral array 

uniform 6 legs Star array 

uniform 6 legs 
Starfish array 

10 Ring array 

uniform 10 Spiral array 

uniform 10 legs Star array 

uniform 10 legs 
Starfish array 

3 Inverse problem 

v 5 Geodesic array 

piecewise 10 Spiral array 

piecewise 10 legs Star array 

piecewise 10 legs 
Starfish array 

Figure 3.2: Illustration of sensor array geometries investigated 
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Figure 3.3: (a) , (b) K:(D ) and (c), (d) 'r/ for Ring arrays 
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3.5 Importance of sensor positioning 

Figures 3.4(a) and 3.4(b) show the condition number and the reconstruction a curacy 

(a) 104 (b) ' 300 
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K(D)103 
'TJ 
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Figure 3.4: (a) K( D) and (b) 'TJ versus K/ L for Ring arrays of - 7 rings, - 9 rings 

respectively versus K / L for sensor arrays with 7 and 9 rings. It is shown that ring arrays 

requires a total number of microphones on the TCS corresponding to K / L > 1.3 in order 

to obtain a condition number of the order of 103 . For number of sensors below that ratio 

the condition number is significantly higher and the modal inversion becomes impractically 

sensitive to errors in the pressure measurements. The reconstruction accuracy parameter 

is typically OdB which, suggests that , from the original errors in the measurements (i .e. 

SNR=20dB), a loss of 20dB of accuracy is found in the solution. 

3.5 .4 Star Arrays 

Star arrays favours spreading microphones over the polar angle and forms a cluster of 

arcs invariant with the azimuthal direction. The number of legs of the st ar is then varied 

over the TCS. Unlike ring arrays, these arrays involve a broad spreading of microphones 

over the polar angle. However, this is achieved at the expense of only a few azimuthal 

locations covered by these Star arrays. The variation of K(D ) and 'TJ with the number of 

legs are presented in figures 3.5(a), 3.5(b) and 3.5(c) , 3.5(d) respectively. These figures 

show that both the uniform and piecewise star arrays do not allow robust and accurate 

49 



3.5 Importance of sensor positioning 3 Inver e problem 
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Figure 3.5: (a) , (b) K;(D) and (c), (d) TJ for uniform and piecewise Star arrays 

- K/L = 1.26, - K/L = 1.5 and -K/ L = 2 
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inversion. The condition number is very large in most cases (i. e. of order 1016) and th 

reconstruction accuracy parameter is extremely low when the number of legs on the TCS 

is very low. Although t here is a strong dependence of the modal radiation over the polar 

angle , it is also very important to spread microphones in the azimuthal direction in order 

to resolve modes independently from each other. 

Figures 3.6(a) and 3.6(b) show ,..;(D) and rJ , respectively, for a 19-1eg Star array. It is 

(a) (b) 90,----.----r---.---,---, 

(dB) 

,..;(D) 

K 
T 

1.6 

80 

70 

1.8 2 

Figure 3.6: (a) ,..; (D) and (b) rJ for a 19 leg Star arrays 

1.2 

--Uniform distribut ion and --Piecewise distribution 

1.4 
K 
T 

1.6 1.8 2 

only possible to obtain condition numbers of the order of 104 when the number of sensors 

corresponds to K / L ~ l.3 as well as a loss of accuracy of 50dB from the original SNR. 

The results presented in sections 3.5.3 and 3.5.4 require the spreading of sensors in both 

polar and azimuthal angles for a robust and accurate inversion. These two conditions are 

fulfilled by the next two array geometries. 

3.5.5 Spiral Arrays 

Spiral array geometries form spiral of microphones over the TCS, the number of which may 

be varied. This geometry features a wide spread of sensors over the polar and azimuthal 
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directions. While the previous array geometries produced extremely large condit ion num-
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Figure 3.7: (a) , (b) K;(D ) and (c), (d) 'TJ for uniform and piecewise Spiral arrays 

- K / L = 1.26, - K/L = 1.5 and - K/L = 2 

bers and poor reconstruction accuracy, spiral arrays are observed to considerably enhance 

the direct ivity matrix conditioning, as shown in figure 3.7, for both uniform and piecewise 

distribut ions. Spiral arrays lead to condition numbers of order 102 at best and only a loss 

of accuracy of 10 to 5dB compared to the original SNR. Comparatively large fluctuations 

of K;(D ) and 'TJ with t he number .of rotations may be observed. These fluctuations may be 

explained by the fact that as the number of spirals is increased, the sensors are shifted to 

a radiat ion angle that is not well coupled to the modal information. This sensit ivity to 

number of spirals effect may be great ly reduced by just adding extra microphones. Note 
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also that piecewise distributions do not offer any improvements in the inversion condi­

tioning and accuracy. A sufficient highly number of spirals over the TCS offer a good 

microphone coverage of the TCS angles corresponding to the main lobes of nearly cut-off 

modes. 

Figures 3.8(a) and 3.8(b) show the condition number and the reconstruction accuracy for 
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Figure 3.8: (a) K;(D) and (b) 'TJ for a 10 rotations Spiral arrays 

--Uniform distribution and --Piecewise distribution 

a 10-rotation spiral array versus K / L. Poor accuracy and robustness are observed for 

3 numbers of sensors on the spiral arrays. The shift of sensors in the polar direction to 

obtain a 10 spiral array with a particular number of sensors can uncouple the sensor array 

to the radiated modal information. 

3.5.6 Star-fish Arrays 

Star-fish arrays, as star arrays, have a cluster of arcs of microphones that offer good 

microphone coverage in the polar direction but arcs vary with the azimuthal direction. 

This geometry, unlike star arrays, has therefore the advantage of possessing a wide spread 

of sensors over both the polar and azimuthal angles. As for the spiral arrays in section 
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Figure 3.9: (a) , (b) /-i;(D) and (c), (d) rJ for uniform and piecewise Starfish arrays 

- K/L = 1.26, -K/L = 1.5 and -K/L = 2 
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3.5.5 , the star-fish arrays allow condition numbers of order 102 and losses of reconstruction 

accuracy of 10 to 15dB from t he original SNR. Likewise, star-fish arrays offer a good 

coverage of the TCS section of nearly cut-off modal radiation, since the piecewise arrays 

do not enhance the inversion conditioning. Figures 3.10(a) and 3.10(b) show the behaviour 
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Figure 3.10: (a) K(D) and (b) 'Tl for a 10 rotations Starfish arrays 

-- Uniform distribut ion and -- Piecewise distribution 

of the condition number and the reconstruction accuracy parameter for a 20-leg star-fish 

array. This confirms that a large number of legs used on the TCS offers an even spreading 

of microphones in both polar and azimuthal and therefore results in robust inversion as 

well as more accurate inversion. Such a sensor positioning prevents errors found in the 

pressure measurements to have disproportionate effects on the solution accuracy. 

3.5.7 Geodesic sensor arrays 

This section details the sensor array geometry that leads to the best conditioning of the 

inverse problem and hence an accurate reconstruction of mode amplitudes. As discussed 

in section 3.5.2, increasing the number of microphones above the number of cut-on modes 

greatly improves t he conditioning of the inversion. The more microphones used, in general, 

the more robust the inversion. However, the cost and the implementation of using many 
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hundreds of microphones may be prohibitive. It is therefore important to examine the 

number of microphones that allows the best trade-off between robustness, accuracy, and 

the number of sensors. The computer simulations in sections 3.5.3, 3.5.4, 3.5.5 and 3.5.6 

have found that an even spreading of microphones over both the polar and azimuthal 

directions allows good coupling to the modal information radiated from the inlet with a 

save of sensors. Following these guidelines, geodesic sensor array geometries have been 

designed. The motivation of this last sensor geometry also comes from the structure of 

the TCS used by Rolls Royce to remove turbulence during ground testing, as shown ill 

figure 1.2, which has the geometry of an irregular geodesic sphere. A perfectly uniform 

distribution of sensors over a spherical surface (i.e. spheres or domes) is that of the 

vertices of a geodesic dome. Geodesic domes were first introduced and patented by Fuller 

(a) 

(b) 

v = 3-geodesic 
sensor array 

~ 

Figure 3.11: Illustration of geodesic structure for Geodesic sensor array 

111 1954 and discussed in [26J. The geodesic structure is a polyhedron, also denoted 
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as a platonic solid, the vertices of which are inscribed within a sphere. The design of 

various geodesic structures may be found in [27]. The geodesic array investigated here 

is based on an icosahedron, (i.e. 20 face polyhedron) the faces of which are made up 

by isosceles triangles of similar surface area. The arrangement of microphones are given 

by the positions of the vertices of that geometry, which enables to define facets of equal 

surface area. At each increment of v a number of new vertices are produced by pushing 

out to the radius of the sphere intermediate points found on each edge. A geodesic sphere 

of frequency v = 3 is illustrated in figure 3.1l(a). However such sensor array can only 

be implemented at a limited number of microphones which varies as the square of the 

geodesic frequency v. The hemispherical array with a geodesic geometry is built from the 

half of a given v-geodesic sphere. 

The number K of sensors is given by 

K = 10v
2 + 2 
2 

vodd 
K _ 10v2 + 2 5v 

- 2 + 2 v even (3.5.1) 

At ka = 20, a geodesic array of frequency v = 5 and v = 6 with 126 and 196 microphones 

respectively satisfies the requirement of K/ L ~ 1.3 and are considered here. 

The condition number of D corresponding to this geometry at this frequency is signifi­

cantly smaller than that found with the Spiral and Starfish arrays. It is found /'l:(D) = 49 

and f\:(D) = 25 for geodesic sensor array of frequency v = 5 and v = 6 respectively. The 

reconstruction accuracy deduced from these two geodesic sensor arrays is found to be 

-10dB and -15dB respectively. Remembering 20dB SNR, this therefore leads to a loss of 

accuracy of 10 and 5dB. 

3.6 Robustness and accuracy over a frequency band 

An important consideration in designing a TCS array for mode detection concerns its 

robustness and accuracy over a band of frequencies. The condition number /'l:(D) and 
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the reconstruction accuracy rJ are examined over the band of frequencies 10 < ka < 20. 

Figures 3.12(a) and 3.12(b) show the variations of n;(D) with frequency and figures 3.12(c) 

and 3.12(d) the variations of rJ for the 1/ = 5 and 1/ = 6-geodesic sensor arrays respectively. 

A series of peaks are observed to coincide with the modal cut-on frequencies. Figur s 

3.12(b) and 3.12(d) are magnified versions of figure 3.12(a) and 3.12(c) for fr quenci s 

14 ::; ka 2: 16 and 17 ::; ka 2: 19 respectively. The inversion conditioning and accuracy 

are significantly poorer at frequencies in the vicinity of cut-on frequencies, as indicated by 

black dotted lines. The noise present in the measurements leads to subsequent inaccuracies 

in the solution at these frequencies. This reason will be discussed in chapter 4. 
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Figure 3.12: (a) , (b) n;(D) and (c) , (d) rJ versus frequency for - 1/ = 5 geodesic array 

and -- 1/ = 6 geodesic sensor array 
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Figure 3.12(c) also shows that the reconstruction accuracy tend to levels similar to 

that of the SNR at low frequencies when the number of cut-on modes accounted by 

the inversion is much lower than that of the number of sensors. The reason for this 

will be discussed in chapter 4. Note that between cut-on frequencies, the reconstruction 

accuracy only differs from a few dB between the 2 geodesic sensor arrays discussed ill 

these simulations. This indicates that increasing the number of microphones (i.e. 70 

microphones added on the TCS for the v = 6-geodesic array) does not enhance greatly the 

inversion accuracy and therefore demonstrates that geodesic arrays offer a good coupling 

between sensor positioning and complicated modal information radiated from the inlet. 

The v = 6-geodesic array only allows robust and accurate inversion at higher frequencies 

(i.e. ka ~ 20). Figure 3.12 reveals that modes close to cutoff are therefore problematic 

to invert with accuracy and robustness. This issue will be discussed in the next chapter. 

3.7 Modal inversion error 

Although the reconstruction accuracy parameter provides an insight into the accuracy 

and robustness of how a TCS-based sensor may invert for mode amplitudes, it does not 

provide information about the level of accuracy performed by the inverse technique and 

the error arising from each individual mode. We may investigate the distribution of error 

across the spectrum of modes if we define the modal error as 

(3.7.1) 

where ai and ei are the ith mode amplitudes and modal error. 

The reconstruction accuracy parameter rJ provides a global measure of reconstruction 

accuracy averaged over all modes. The error in individual modes as defined in equation 

3.7.1 is now investigated. This provides an insight into the accuracy with which modes are 
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inverted independent ly and to understand which particular modes are causing inver ion 

inaccuracies found in figure 3. 12(b). Figures 3. 13 ( a) and 3. 13 (b) show the modal error 
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Figure 3. 13: Modal error fi (a ) at 19.885 and (b) at ka = 19.88 

• v = 5-geodesic array and • v = 6-geodesic array 

obtained from the inversion at frequencies ka = 19.885 and just before ka = 19.88, 

respectively, plotted against t he cut-on ratio. The frequency ka = 19.885 coincides with 

a cut-on frequency. Although t hese ' two frequencies are very close, they differ in one 

important respect since the frequency ka = 19.88 is far from the previous cut-on frequency. 

These two frequencies are chosen to ensure t he study at a cut-on frequency and away from 

a cut-on frequency. For ease of presentation, cut-on ratios with a negative sign denote 

negative spinning mode number. It is possible to observe that t he modal errors across the 

spectrum of modes is very similar between the two frequencies shown in figure 3.13, with 

many modes having an inversion error of t he same order as that of the SNR. The important 

difference between figures 3. 13(a) and 3. 13(b) is t he additional two modes just cut-on at 

ka = 19.885, which are cut off at ka = 19.88. For these two modes, lamnl = 0.999, the 

modal error is found to be fi ~ 20dB. At frequencies in the vicinity of cut-on frequencies , 

therefore, the global reconstruction accuracy parameter rJ is a misleading indicator of 

inversion accuracy. Extremely large errors within t hese two modes are found to be around 

40dB greater than t hat in most of the modes inverted. At ka = 19.88, just before the cut­

on frequency, the range of errors across the spectrum of modes is found to be of around 
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12dB. Therefore, this confirms that modes close to cutoff are responsible for the large 

reconstruction inaccuracies found in figures 3.12(c) and 3.12(d). 

3.8 Conclusion 

This chapter has discussed the importance of the conditioning of the directivity matrix 

prior to inversion of mode amplitudes in order to limit disproportionate effects of conta­

minating noise on the solution. The effect of the positioning of microphones on the TCS 

upon the parameters A:(D) and TJ has been therefore investigated in order to extract the 

most useful information of each mode. It has been shown that optimal coupling between 

modal radiation patterns, which form the core of the sound field, and sensor positioning, 

plays an important role in allowing a robust and accurate mode detection from inverse 

techniques. Some guidelines for the design of an optimal array geometry on the TCS 

have been made. Although modal information radiated from the inlet has a strong dc:­

pendence on the polar direction, it has been proven that covering the TCS by sensors 011 

both the polar and the azimuthal angles is essential to enhance the conditioning and the 

accuracy of the inverse problem. The study of chapter 2 showed that the modal cut-Oll 

ratio determine the main polar lobe of radiation. As the number of mode increases with 

frequency, the main radiation lobe of each are getting closer from one another and tending 

towards the duct axis. The resolution of modes with similar cut-on ratio is made from 

spreading of microphones over the azimuthal position. Finally, it has been shown in this 

chapter that measurement noise greatly contaminates modes close to cutoff and therefore 

damages their detection. These nearly cut-off modes strongly affect the robustness and 

accuracy of the full inversion. Chapter 4 investigates this problem and shows that it ic:; 

inherent to the sound field radiated from the inlet and very little that can be done to get 

significant improvement without external numerical treatment. A broad distribution of 

sensors in both polar and azimuthal angles is required for robust inversion. Spiral and 
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star-fish arrays with sufficient high number of rotations and branches satisfy this crite­

rion. The geodesic array geometry, which offer an even spreading of microphones over the 

TCS, also seem to couple best the modal information since the best condition numbers 

and reconstruction accuracy parameters are achieved by this array geometry. 

'.r :; 

, . -~' ' .' : ,: -.. 

) , 
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Chapter 4 

Interpretation of the modal inverse 

problem by Singular Value 

Decomposition 

(SVD) of the modal directivity 

matrix 

This chapter investigates the link between inversion robustness, accuracy and the presence 

of nearly cut-off modes. The Singular Value Decomposition (SVD) is introduced as a 

powerful tool for dealing with matrix inversion that enables a better understanding of the 

characteristics of the ill-conditioned directivity matrices discussed in section 3.3. It is also 

shown to be essential for describing how the condition number quantifies the sensitivity 

of the inversion and identifies the cause ill-conditioning. 
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4.1 SVD of the directivity matrix 

The SVD of the modal directivity matrix D is a useful means of analysing the coupling 

between the modal distribution and the sensor position. The SVD technique essentially 

factorises the matrix into a product of two square unitary matrices and diagonal matrix. 

Any directivity matrix D can be decomposed into the following form 

(4.1.1) 

where U E CKxK and V E CLxL are unitary matrices and :E E ~KXL is a diagonal 

matrix, which for an overdetermined system K > L is given by 

0"1 o 

~= (4.1.2) 

o o 

First consider the Hermitian matrix DHD, whose inverse is required in the least-squares 

solution of equation 3.1.9. Using equation 4.1.1 and the unitary properties of U and V 

(4.1.3) 

DHD can be written as 

(4.1.4) 

Comparison of equation 4.1.4 with equation 4.1.1 implies that the diagonal matrix :ET:E 

contains the real and nonnegative eigenvalues of the matrix DHD of size L x L and that 

the unitary V matrix contains its corresponding eigenvectors. For a matrix D of rank N 

(i.e. with N < L), if these eigenvalues are arranged in descending order, 

(4.1.5) 
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4.1 SVD of the directivity matrix 4 Singular Value Decomposition 

it then follows that the elements of 1; are the square root of the corresponding eigenvalues 

of the matrix DHD, that is (Ji = ..;5:;. These are called the singular values of the directivity 

matrix D. The rank of the matrix D is equal to the number of its non-zero singular values 

in equation 4.1.2. If, for example, D had N non-zero singular values, so that (IN+l, ... ,(JL 

are zero (i.e. see equation 4.1.5), then D would be rank deficient and no solution would 

be available for ao. 
It is interesting to note that similar to equation 4.1.4, DDH can also be expanded as 

(4.1.6) 

so that the diagonal matrix 1;1;T contains L non-zero eigenvalues of the matrix DDH of 

size K x K and K - L zero elements. 

Using the properties ofthe unitary matrices V and U of equation 4.1.3, the pseudo-inverse 

of the directivity matrix, given by equation 3.1.9 may be expressed in terms of U, 1; and 

Vas follows 

(4.1.7) 

where 1;+ is the pseudo-inverse of 1; and can be written as 

l/(Jl 0 0 0 

0 1/(J2 

1;+ = (4.1.8) 

0 0 l/(JL 0 0 

Substituting equation 4.1.7 into equation 3.1.9 gives the optimal estimate of the modal 

amplitudes vector in terms of the eigenvectors and eigenvalues of D as 

(4.1.9) 

Inspection of equation 4.1.8 shows that any zero or very small singular value (Ji will 

result in extremely large elements of the matrix 1;+. This is extremely undesirable as 

demonstrated in the next section. 
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4.2 Interpretation of the inversion conditioning in 

terms of singular value distribution 

Section 3.3 has shown that the conditioning of the directivity matrix to be inverted for the 

estimation of the mode amplitude vector ao is related to its condition number. Appendix 

C shows that the condition number r;;(D) may be related to the minimum and maximum 

singular values of the matrix D, O"min and O"max respectively, as follows 

r;; (D) = O"max 

0" min 
(4.2.1) 

Equation 4.2.1 shows that the presence of singular values that tend to zero will cause the 

condition number to tend to infinity and hence will reduce the robustness of the inversion. 

Moreover, the behaviour of the singular value distribution also characterises the type of 

ill-conditioning of D. Two classes of ill-conditioned problems typically encountered in 

inversion problems [28] can be determined from the 'shape' of the singular value distrib­

ution, as illustrated in figure 4.1. 

The first class of problems arises from rank-deficiency problems that are characterised 

by a cluster of small singular values separated from the large values by a well-determined 

gap. This kind of singular value spectrum is illustrated in blue in figure 4.1. This im­

plies nearly linear combinations between some of the rows or columns of the matrix D. 

The directivity matrix in this case contains almost redundant information. As outlined 

in chapter 3 the design of an TCS array can be optimised to avoid modal information 

redundancies. 

Another class of problems arises from ill-posedness that result from the discretisation of 

ill-posed problems defined in equation 3.1.2, such as the Rayleigh integral for the mode 

detection problem. In this case, all singular values on average gradually decay to zero. 

This kind of singular value spectrum is illustrated in red in figure 4.1. Since there is no 

well-defined gap in the singular value spectrum, there is no notion of a numerical rank 

for D. The goal is to define another cost function from that defined in equation 3.1.7, 
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Figure 4.1: Illustration of singular value spectra 

which consists of applying an additional constraint on the solution such that it minimises 

the residual norm 11f> - pI12 and t he norm of the expected computed solution. Several 

approaches to the stabilisation of the optimal estimate of the modal amplitudes vector 

will be considered in chapter 5. 

4.3 The simple case of the inversion of a few modes 

from pressure measurements at few microphone 

positions 

Prior to investigating how the SVD relat es to the ill-conditioning of D , it is enlightening to 

study the simple case of invert ing for two or three modes with two or three microphones. 

This will allow the analytic examination of the relationship between modal radiation and 
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4.3 Simple analytic case 4 Singular Value Decomposition 

microphone positions on the condition number fi:(D), and hence more clearly understand 

the results found in the chapter 3. This analysis uses the analytic solution for far-field 

modal radiation detailed in appendix A, given by equations 2.2.17 and 2.2.18. 

First recall that the radiated pressure for a single mode is related to its amplitude amn at 

the termination of the duct by a modal directivity factor Dmn given by equation 2.2.9 

Pmn (ka, r, B, <p) = amnDmn (ka, r, B, <p) (4.3.1) 

The far-field modal directivity factor Dmn is given by equation A.21 when the microphone 

is off from the main radiation lobe (i.e. a~n -=1= sin2 <p), and may be expressed in the form 

where 
-jkr 

fmn (ka, r) = jm+l_e - ::-Jm (fi:mna) 
r yAmn 

4.3.1 Two modes and two sensors 

(4.3.2) 

(4.3.3) 

For simplicity we first assume that only two modes are present and their radiation mea­

sured by two microphones. The pressure can then be related to the mode amplitudes 

by 

[ :: ] = [~:: ~::] [:] (4.3.4) 

Since it has been shown in section 4 that the eigenvalues of the matrix G = DHD are 

found to be the square of singular values of D, the condition number can be written as 

where Amin and Amax are the eigenvalues of the matrix DHD. 

The matrix G = DHD is written as 

[ 
Gl1 G12] [ D~l Dl1 + D21 D21 

G21 G22 = D~2Dl1 + D22D21 

68 

D~l D12 + D21 D22 ] 

D~2D12 + D22D22 
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whose eigenvalues are deduced from 

det (G - AI) = 0 

Solving for A, the condition number can be written in the form 

where 

fl;(D) = 
1 + Vl- 4A 

1- Vl- 4A 

A _ GllG22 - GI2G2I 

- (Gn + G22 )2 

(4.3.7) 

(4.3.8) 

(4.3.9) 

fl;(D) t-t 00 for A t-t 0, i.e. when Gll G22 - GI2G2I t-t 0 since the denominator of equation 

4.3.9 cannot go to zero. If the sensors are located at (<PI, BI ) and (<P2, BI + LlB), equation 

4.3.9 can be written using equation 4.3.2. 

Thus A = 0 when 

(4.3.10) 

where Hmlm2nln2 (ka, <PI, <P2, e) written in full is a complicated factor, which involves com­

binations of Bessel functions whose details are unimportant for the purpose of this analy­

sis. The factor H can only equal zero due to an unfortunate and unlikely choice of modes 

and sensor positions. The sensors at these locations are therefore said to be not well­

coupled with the modes. This may be prevented by designing an appropriate TCS sensor 

array as investigated in chapter 3, and by employing more sensors than modes. 

Equation 4.3.10 demonstrates clearly that the condition number tends to infinity if at 

least one mode is excited at frequencies close to the cut-on frequency, i.e. Ctmn ~ 1. In 

this case, a robust inversion may not be performed regardless of where the microphones 

are positioned. 

If at least one of these two modes is excited close to its cut-on frequency, say Ctl ~ 1, 

A « 1, and the denominator of equation 4.3.8 may be approximated by 

J 1 - VI - 4A ~ v'2A (A « 1) (4.3.11) 
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4.3 Simple analytic case 4 Singular Value Decomposition 

The condition number in this limit converges to 

R-A 1 
J1:(D) f--+ -- >=::;j-

A VA (A f--+ 1) (4.3.12) 

From equation 4.3.10, the condition number at frequencies close to a single cut-on fre­

quency behaves as 

J1: (D) f--+ Bdka) 
. /1 - 0:'2 V .1 

(4.3.13) 

where B1 is a complicated factor involving combinations of Bessel functions and is a slowly 

varying function of frequency. 

However, in practice, cut-on frequencies of the non axi-symmetric modes (i.e. m =1= 0) 

occur in pairs such for every (m, n) mode there is a corresponding (-m, n) mode with 

identical cut-on ratio O:'mn. In this case, the lowest number of sensors and modes which 

incorporates the behaviour of J1:(D) in the vicinity of a cut-on frequency containing such 

a pair of modes is three. 

4.3.2 Three modes and three sensors 

The details of the inversion of three modes by three microphones at a cut-on frequency 

are given in appendix D. It is shown that the behaviour of the condition number of D 

for three modes and three sensors, where two modes with identical cut-on frequencies 

and cut-on ratios O:'mn are excited at frequencies close to these cut-on frequencies, varies 

according to 

( 4.3.14) 

This expression is identical to equation 4.3.13 but with a different factor B. 

Even though this analysis is carried out in sections 4.3.1 and 4.3.2 for the inversion of a 

few modes, equations 4.3.13 and 4.3.14 also apply at frequencies close to a modal cut-on 

frequency while inverting for a much larger number of modes using a greater number of 
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4.3 Simple analy tic case 4 Singular Value Decomposition 

microphones. It is interesting to note that such behaviour of the condit ion number K:(D ) 

is affected only by the presence of the pair of modes closest to cutoff. The TCS sensor 

K: (D ) 

1 o°'-------'------'--~ _ ___'_ __ __'__ _ ____..J 

11 11.5 12 12.5 13 13.5 14 
ka 

Figure 4.2: Asymptotic behaviour of the condit ion number at the cut-on frequencies 

geometries, discussed in chapter 3, that aims to give good coupling between the modes 

and the sensor posit ions will not allow robust inversion at frequencies close to a cut-on 

frequency. The ill-condit ioning t hat arises due to the presence of nearly cut-off modes is 

t herefore the most problematic, part icularly at high ka , when the modal density is high 

and the likelihood of at least one mode being close to cut-off is high. T his likelihood is 

addressed in section 4.4 

The variation of the condit ion number with frequency for the v = 6-geodesic sensor array, 

already shown in figure 3.12, is reproduced below in blue in figure 4.2. Also shown in 

red is t he function defined in equations 4.3 .13 and 4.3 .14 where B is chosen such that 

the function fits with K: (D) . The asymptot ic function (1 - a~nrl/2 is found to be in 

very close agreement with the exact variation of K:(D ) at frequencies in the vicinity of the 

cut-on frequencies . 

The presence of modes that are just cut-on is therefore critical for the condit ioning of the 

directivity matrix. These modes radiate inefficiently and t hus their detect ion is great ly 

affect ed by noise contaminating the measurements. Techniques aimed at enhancing the 
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conditioning of D by int roducing some further constraints on the solut ion will be di cuss d 

in chapter 5. 

K(D) 

1\ \ -

10° 
10 

,\ \ 
\ '\ 

12 

\ \ \ \ \ 
\ \ 

14 ka 16 18 20 

Figure 4.3: Behaviour of the 'minimum' condition number. The function 'ka' follows t he 

overall variation between the cut-on frequencies 

4.4 Frequency dependence of the 'minimum' condi-

tion number 

In this section we investigate the behaviour of K(D) between cut-on frequencies. In the 

absence of flow, the number of modes L with cut-on frequencies below a frequency ka is 

approximately given by [29] 

1 (1) 2 L (ka) ~ "2 ka + "2ka (4.4. 1) 

The number of propagating modes within a unit frequency band is therefore given by 

l (ka) = L (ka + 5ka) - L (ka) ~ ~ ~ ka 
5ka d (ka) 

( 4.4.2) 

It therefore follows that the average frequency separation between adj acent cut-on modes 

is 
1 

~ka~­
ka 
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4.4 Minimum condition number 4 Singular Value Decomposition 

Consider a single mode excited at its cut-on frequency, ka = f'l,mna, such that a (ka) = l. 

Its cut-on ratio at the next average cut-on frequency ka + f1ka, from equation 4.4.3 

therefore becomes 

) 
f'l,mna 1 

amn (ka + f1ka = k f1k ~ 2 
a + a 1 + (l/ka) 

( 4.4.4) 

At high frequency (ka > > 1), the cut-on ratio amn ofthis least cut-on mode will therefore 

also remain close to unity as frequency is increased and therefore also contribute to the 

poor conditioning of D. Substituting equation 4.4.4 into equation 4.3.14 gives 

(4.4.5) 

A series expansion of f'l,(D) in ka, to leading term, is of the form 

( 4.4.6) 

The function given by equation 4.4.6 is shown in figure 4.3 and is on close agreement with 

the variation of the 'minimum' value of K:(D) with a value of B3 that depends on the 

sensor positioning. This lower bound value is observed to increase over the whole range 

of frequencies shown in figure 4.3. The function given by equation 4.4.6 clearly shows 

that the overall increase is due to an increase of modes to be inverted while the number 

of sensors remains fixed. 

The singular value analysis of the directivity matrix has been shown to be useful in under­

standing the essential problem of mode inversion in the vicinity of the cut-on frequencies. 

It is also useful in finding a compromise that provides the best trade-off between robust­

ness and accuracy. The interpretation of the singular values and singular vectors afforded 

by the SVD is discussed below. It will provide a diagnosis of how well the TCS array 

is coupled with the radiated sound field and what modal information is sensitive to the 

presence of external noise measurements following inversion. 
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4.5 Interpretation of the SVD 4 Singular Value Decomposition 

4.5 Interpretation of the SVD of the Directivity 

matrix 

Recall that using the SVD of D, the vector of radiated pressures p at the TCS can be 

expressed as 

(4.5.1) 

Now using the unitary property of the matrix U (i.e. UHU = I), pre-multiplication of 

this equation by U H results in 

(4.5.2) 

Multiplying a vector quantity by either one of these unitary matrices U or V is equivalent 

to applying a transformation, which enables the investigation inherent of the properties 

of this quantity in terms of another set of basis functions. If we define the vector of 

transformed complex pressures as 

(4.5.3) 

and the transformed set of amplitudes as 

(4.5.4) 

equation 4.5.2 shows that 

(4.5.5) 

Thus the vector of transformed mode amplitudes is related to the vector of trans­

formed acoustic pressures by the singular values of the directivity matrix. The vector 

of transformed mode amplitudes and the vector of transformed pressures are both linear 

combinations of their respective original vectors, namely the vectors of mode amplitudes 

and of pressure measurements. The unitary property of U and Venables the investigation 

of the radiated pressures and mode amplitudes into another set of basis functions [14], [30] 

and [18] which is also an essential property of Fourier wavenumber transforms (spatial 
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Fourier transforms). These transformed vectors depend on the TCS sensor array and 

therefore determine how the modal distribution over the duct outlet cross-section is cou-

pled with the radiated sound field detected by the TCS sensor array. 

Following equation 4.5.5 the right singular vectors contained in the unitary matrix 

V possess information about the modal distribution over the duct outlet cross-section. 

Similarly, the left singular vectors contained in the unitary matrix U possess information 

relating to the radiated sound field. It should be noted that, at a single frequency, the 

transformation process associated with the SVD is dependent upon the geometry of the 

TCS array. In other words, the elements of U and V are thus entirely determined by mode 

distribution/TCS sensor coupling. The mapping of the mode distribution over the duct 

outlet cross-section into the radiated sound field performed by equation 4.5.5 is related 

by the real singular values and quantifies this coupling. It will therefore be important 

to investigate the behaviour of the singular values as well as the right and left singular 

vectors of the directivity matrix, for the various TCS arrays. The former determines the 

efficiency of each transformed mode in the radiated field detected by the TCS while the 

latter specifies the modal content of these transformations. 

Equation 4.5.5 shows that the transformed acoustic pressures, given by the column vectors 

of the unitary matrix U, result from L different transformed mode amplitudes. Each of 

these transformed mode amplitudes is weighted by its associated singular value and forms 

a basis of acoustic modes defined by the column vectors of the unitary matrix V, as shown 

in equation 4.5.6. Since the singular values are sorted in decreasing order, most of the 

radiation informations detected by the TCS sensor array are found within the singular 

vectors associated with high singular values. If Vi denotes the ith column vector of the 

matrix V, the ith transformed mode amplitude is given by 

L 

(4.5.6) 

Each transformed mode amplitude iii is therefore a linear combination of acoustic modes. 
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Its associated singular value indicates how well ai is detected by the TCS array and its 

associated right singular vector Vi quantifies the content of acoustic modes. In other 

words, the TCS sensor array detects most strongly acoustic modes that are dominant 

within right singular vectors associated with large singular values. Conversely, acoustic 

modes principally found within right singular vectors assQciated with small singular values 

will not be strongly detected. Section 4.2 showed the influence of singular values in the 

conditioning of the directivity matrix. Inspection of the right and left singular vectors 

provides a more complete analysis of the inverse problem as it will determine which 

acoustic modes are sensitive to measurement noise and those which are not. 

4.5.1 Singular value distribution 

In this section we provide an interpretation of the singular values of D. The singular 

value analysis can be performed to give an expression for the radiation efficiency. This is 

done by recalling that the total mean radiated acoustic power is given by 

(4.5.7) 

where p and c are the air density and speed of sound and oA is the average surface area 

defined by a single microphone on the TCS. 

Using the relationship between the acoustic and transformed pressures p = Up and the 

unitary properties of the matrix U leads to an expression for the radiated power 

(4.5.8) 

Equation 4.5.8 is analoguous to a Parseval's theorem in sprectral analysis. Introducing 

equation 4.5.5 into equation 4.5.8 gives 

w = -l-aH:ET:EaoA 
2pc 

L 

= oA '" (J?l aiI 2 

2pc {;;t ~ 
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Equation 4.5.9 suggests that the sound power can be expressed as the sum of the acousti 

powers W i of L transformed modes 

(4.5.10) 

['he singular values are therefore directly related to the radiation efficiency of t he trans­

formed mode 
2 2pCWi 

(J. = -'--..."..--
t lail28A 

(4.5 .11) 

Small singular values are therefore related with inefficiently radiating transformed modes. 

Figure 4.4(a) shows the variation frequency of the 3 largest singular values. These max-

(a) ,------.----.~------.,.....-____, (bp o' 

3 
10° 

10-' 

2 10-2 

(J 

10-3 

10'" 

10-5 

10-6 

10 20 4 6 8 10 l~a 14 16 18 20 
ka 

Figure 4.4: Variation with frequency of (a) the 3 largest singular values and (b) the 

smallest singular value for a geodesic sensor array 

imum singular value describe the radiation efficiency of transformed modes and have 

similar trend to the radiation efficiency of acoustic duct modes as shown in Morfey [20J. 

On the other hand, the variation with frequency of t he smallest singular value shown in 

figure 4.4(b) has a totally different behaviour. This singular value decreases significantly 

at cut-on frequencies. This clearly demonstrates that this minimum singular value is re­

sponsible for the large order of magnitudes of the condition number at cut-on frequencies 

as shown in figure 4.2. The radiation efficiency of the transformed mode associated with 

this singular value is indeed very low at cut-on frequencies. 
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The distribution of singular values is important in determining which 'modes' dominate 

the sound field detected by the TCS array. Robust inversion would be achieved if all 

transformed modes were detected by the TCS array with equal efficiency. Ideally, from 

equation 4.2.1, one would expect the singular values to be all equal for a well-conditioned 

directivity matrix so that it results in a condition number of unity (the smallest theoret­

ical value of K). Figure 4.5 shows the spectra of singular values of the modal directivity 

matrix resulting from a spiral, a star-fish and a geodesic sensor arrays respectively at a 

frequency of ka = 20. These spectra display a gradual decay of singular values followed 

by well-defined gap followed by very small singular values. Thus figure 4.5 displays both 

types of ill-conditioning mentioned in section 4.2. 

The discretisation of the duct inlet cross-section in one hand and that of the TCS array 

on the other hand is responsible for such decay of the singular values distribution. This 

gradual decay is observed for the first 80 singular values. Here, the geodesic array shows 

a slower decay, especially within the 10 highest singular values, than that arising from the 

spiral and star-fish arrays. Since modal information detected by a TCS array is contained 

within the singular vectors, which in turns are weighted by the singular values, one can 

therefore deduce that broader modal information is detected by the geodesic array com­

pared with that detected by the star-fish and spiral arrays. 

In the range of small singular values i > 80, the rate of the decay is increasing to reach a 

sudden gap in magnitude for the last singular values. The small singular values from the 

star-fish array decrease at a faster rate than those of the spiral and geodesic arrays. The 

geodesic array gives rise to slowly decreasing small singular values. Inspection of figure 

4.5 shows that the singular value (TI07 from the geodesic array is of the same order as 

(TlOO and (T94 from the spiral and star-fish array respectively. Since singular values define 

the level of contribution of their corresponding singular vectors, each of which has the 

potential of modal information detected by the sensor array, one can again expect the 

geodesic array to detect broader modal information than spiral and star-fish arrays. 
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-'.IIt, .... . , , . 
•• • 

• • • 
• • 
•• -
• 

1 0 20 30 40 50 60 70 80 90 1 00 11 0 
1 

Figure 4.5: Spectra of singular values at ka = 19.885 for • Uniform 20 leg star-fish 

array • Uniform 10 rotation spiral array • v = 5 geodesic array 

One of the various scheme for enhancing the conditioning of D discussed in chapter 5 

consists of discarding small singular values. This common method of improving inversion 

robustness introduces some inherent inaccuracies into the reconstructed solution. T he 

size of this error increases with the number of singular values discarded. Consequently, a 

fiat singular value spectrum is therefore desired in order to reduce the need of discarding 

many singular values. It is therefore possible to see from figure 4.5 that discarding only 

2 singular values from the geodesic array enhances greatly t he condition number while a 

greater effort corresponding to around 25 singular values discarded is required to achieve 

the same improvement for star-fish and spiral arrays therefore introduces larger inaccu­

racies . This again underlines the importance of sensor positioning for robust inversion at 

the cut-on frequencies. 
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4.5.2 Interpretation of the right singular vectors 

Equation 4.5.6 shows that the transformed mode amplitudes iii'S possess a particular 

content of acoustic modes, specified by the right singular vectors Vi'S. Each element ph 
of the ith singular vector Vji quantifies how much an acoustic mode is contained in the ill! 

transformed mode, which in turn is weighted by the singular value (Ji. Thus, dominant 

acoustic modes associated with the first singular vector (i.e. high values Vjl) are the 'best' 

detected modes by the TCS array unless other acoustic modes are found present in many 

singular vectors associated with the next high singular values. 

Since V is a unitary matrix, each column vector satisfies 

L 

Ilvill; = L VjiV;j = 1 (4.5.12) 
j=l 

so that IVij 12 quantifies the fractional contribution to the ith singular vector by the ;th 

acoustic mode. 

Figures 4.6 and 4.7 show the first 9 and last 9 singular vectors Vi plotted against the 

cut-on ratio amn respectively. The v = 5 and v = 6-geodesic sensor arrays are shown in 

blue and red respectively in figures 4.6 and 4.7. Again, for clarity of presentation, modes 

with negative spinning mode numbers are identified by a negative cut-on ratio. 

It is clear that the content of singular vectors associated with the largest singular val­

ues comprise mostly of well cut-on modes (i.e. lamnl < 0.5). Modes close to cutoff 

(i.e.lamnl > 0.8) , however, are found in the singular vectors associated with small sin­

gular values (i > 80). This is particularly true for the singular vectors associated with 

the pair of smallest singular values shown in figure 4.5. They contain only the two modes 

that are just cut-on at this frequency (i.e. lamnl ~ 1). This confirms the presence of 

near cut-off modes as being responsible for high condition numbers, and hence the cause 

of the difficulty in inverting for all modes with accuracy in the presence of noise. One 

can also observe from figures 4.6 and 4.7 that only a few acoustic modes are contained 
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Figure 4.6: First 9 right singular vectors against amn at ka = 19.885 

• v = 5-geodesic array • v = 6-geodesic array 
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Figure 4.7: Last 9 right singular vectors against amn at ka = 19.885 

• II = 5-geodesic array • II = 6-geodesic array 
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within each right singular vector. Although the geometry of 1/ = 5 and 1/ = 6-geod sic 

sensor arrays follow the same distribution of microphones over the TCS but wit h a larger 

number of microphones for the latter , the modal content of each singular vector differ 

between the two arrays. Considering equation 4.5.2 , one can clearly see that these right 

singular vectors determine, which acoustic modes may be reconstructed with robustness 

and accuracy by a particular array. Figures 4.8(a) and 4.8(b) are magnified graphs for 
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Figure 4.8: Magnified content of right singular vectors against Q mn for geodesic sensor 

arrays • 1/ = 5 geodesic arrays • 1/ = 6 geodesic arrays 

the content of acoustic modes of the singular vectors VI and V104 respectively for 1/ = 5 

and 1/ = 6-geodesic sensor arrays. Although only a few acoustic modes are contained in 

these singular vectors , figures 4.8(a) and 4.8(b) exhibit well-ordered behaviour. Similarly 

to figures 4.6 and 4.7, the singular vectors associated with large singular values contain 

well cut-on acoustic modes while singular vectors associated with the smallest singular 

values contain nearly cut-off modes. 

Figures 4.9 and 4.10 show the content of acoustic modes plotted against spinning and 

radial mode numbers (m, n) within the right singular vectors associated with the largest 

and smallest singular values respectively for a 1/ = 6-geodesic array. These figures show a 

high degree of symmetry between different pairs of right singular vectors . It is interesting 

to note that these pairs are formed from two consecutive right singular vectors and are 
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4.5 Interpretation of the SVD 4 Singular Value Decomposition 

shown in blue and red (i.e. see figures 4.9(b) and 4.9(c) for example). The acoustic modl's 

within these pairs are found to be identical but with the spinning mode number of these 

modes reversed in sign. This property follows from the symmetry of the directivity matrix 

D, in which for every term with the factor e- jm(} (i.e. m =I- 0), there is an equivalent term 

ejm(}. Equivalently, this pairing could also be written in terms of sin e and cos e. This ex­

plains the pairing of the right singular vectors presented in figures 4.9 and 4.10. The pair 

of singular vectors (V2,V3), (V4,V5), (V7,V8), (V7,V8) (VlObV I02), (VI03,V104), (V105,VI06) 

and (V108,VI09) exhibit these characteristics. Conversely, some singular vectors appear to 

be unique and do not possess this feature. This is the case for Vb v6, and VI07, which 

contain axisymmetric acoustic modes (i.e m = 0). It can therefore be deduced that sin­

gular vectors that contain axisymmetric modes are unique. 

Figure 4.5 also shows that only the modes (-13,2) and (13,2), which are least cut-on at 

ka = 20 (i.e. CYmn = 0.9996), are present within the singular vectors associated with the 

two smallest singular values. It was shown in section 4.5.1 that only these corresponding 

singular values are responsible for abrupt increase of the condition number. This feature 

therefore confirms the results found from simulations in section 3.6 and the analytic ex­

pression for the condition number in section 4.3. Since the radiation due to these two 

modes is weak, it is clear that discarding the very small singular values shown in figure 

4.5 is unlikely to affect the accuracy of the inversion and would enhance greatly its con­

ditioning. Some other forms of regularisation may also be more effective for other sensor 

geometries that lead to different singular value spectra and different right singular vec­

tors. Various forms of numerical treatment for stabilising the solution will be discussed 

in chapter 5. 

The right singular vectors contained in V possess information about the modal distribu­

tion over the duct outlet cross-section. By analogy with equation 4.5.6, the TCS sensor 

array detects a set of transformed mode shape functions over the duct outlet cross-section 
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which may be defined as follows 
L 

;jJi = L Vij *'l/Jj 

j=l 

4 Singular Value Decomposition 

(4.5.13) 

The ith transformed mode shape function is a linear combination of the L cut-on mode 

shape functions over the duct cross-section. The transformed mode shape functions repre­

sent the modal distribution over the duct outlet cross-section detected by an arrangement 

of microphones over the TCS. From equation 4.5.5, each of these transformed mode shape 

functions are weighted by their singular values representing their radiation efficiencies such 

that the most dominant mode shape function detected by the TCS array is 'l/Jl and the 

weakest is ;jJL. The real part ofthe transformed mode shape functions of equation 4.5.13 is 

observed in figures 4.11 and 4.12 in order to describe better the oscillations of these modes. 

The dominant and weakest transformed mode shape functions are shown on the left-hand 

side of figures 4.11 and 4.12 respectively. The radiation characteristics of the transformed 

modes i = 1, 2 and 4 exhibit monopole, dipole and quadrupole behaviours, whereas i = 7 

has properties of higher order radiation. These modes are associated with the largest 

singular values and hence radiate with greatest efficiency. Conversely, the transformed 

modes i = 103, 015, 107 and 109 exhibit very high order radiation and therefore radiate 

very inefficiently. 

4.5.3 Interpretation of the left singular vectors 

The transformed radiated pressure Pi defined by equation 4.5.3 are formed from a linear 

combination of pressure measurements determined by the left singular vectors Uj as follows 

(4.5.14) 

From equation 4.5.5, they describe how the TCS sensor array is coupled to the acoustic 

modes. From equation 4.5.14, the lh element of a left singular vector Uj determines how 

much radiation information of the lh acoustic mode is found within the ith transformed 
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Figure 4.11: Real part of transformed mode shape functions (left hand-side) and trans­

formed (right hand side) acoustic pressures associated with large singular values 
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Figure 4.1 2: Real part of transformed mode shape functions (left hand-side and trans­

formed (right hand side) acoustic pressures associated with small singular values 
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pressure Pi. Because the use of a geodesic sensor array comprises a uniform distribution of 

microphones over the TCS, these left singular vectors may be interpreted as a new set of 

radiation modes. From equation 4.5.5 the transformed pressure are directly related to the 

transformed mode amplitudes by the singular values. It is therefore possible to compare 

the radiation of acoustic modes with the radiation of transformed modes. Although the 

SVD of an overdetermined directivity matrix (i.e. L cut-on modes at K sensors, K > L) 

results in K left singular vectors, only L of these vectors are relevant to describing tlw 

coupling between mode distribution and sensor positioning over the TCS. The left singular 

vectors represent the modal radiation detected by the TCS array. The contribution of 

these transformed mode shape functions are represented by the transformed pressures, 

prescribed by the left singular vectors Ui'S and are shown on the right-hand side of figures 

4.11 and 4.12. From figures 4.11 and 4.12, it is possible to observe a close relationship 

between the transformed mode shape functions defined in equation 4.5.13 and the left 

singular vectors u/s contained in the unitary matrix U. 

4.6 Conclusion 

This chapter has discussed the importance of the SVD as a powerful tool for solving the 

inverted mode amplitudes vector by diagonalizing the directivity matrix D to be inverted. 

It has shown that the SVD is essential for describing how the condition number evaluates 

the sensitivity of the system and determines the nature of the conditioning. An analytical 

study showed the asymptotic behaviour of the condition number over a broad band of 

frequencies and showed that modes with a cut-on ratio CYmn of unity are responsible for 

the degradation of the inversion robustness in the vicinity of the cut-on frequencies. The 

right and left singular vectors Ui'S and Vi'S computed from the SVD of the directivity 

matrix D allowed to diagnose the coupling between the modal distribution over the duct 

outlet cross-section and the sensor positioning over the TCS. It was shown that the right 
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and left singular vectors determine the mode distribution on the source plane and tlll' 

mode radiation detected by the TCS sensor array respectively. Some consecutive right. 

singular vectors showed a high degree of symmetry in their modal content such that they 

formed a pair of identical modal content but with the spinning mode number m of these 

modes reversed in sign. Conversely, some right singular vectors, which contain axisym­

metric modes (i.e. m = 0), do not possess this feature and are said to be unique. 

More importantly, the inspection of singular vectors also showed that well cut-on modes 

are found within singular vectors associated with high singular values while modes close 

to cutoff are contained within singular vectors associated with small singular values. It 

can thus be deduced that the inversion of well cut-on modes is likely to be less damaged 

by the presence of external noise measurement than that of modes close to cutoff. More 

particularly, modes with a cut-on ratio of unity were only found within singular vectors 

associated with the smallest singular values, responsible for the ill-conditioning, therefore 

agreeing with the fact that least cut-on modes damage considerably the inversion robust­

ness. 

Finally, the SVD provided the analysis necessary to understand why ill-conditioning arises 

in the mode inversion problem and enlightened the need of external numerical treatment 

to be applied on the directivity matrix D which consists of constraining the solution to 

enhance inversion robustness. Again the SVD will playa central role in finding the best 

trade-off between robustness and inaccuracies that such constrain will introduce. This 

numerical treatment is denoted as regularisation and its various schemes will be discussed 

in the next chapter. 
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Chapter 5 

Methods for improving inversion 

robustness 

The previous chapter has highlighted the conditioning of D as a fundamentally important. 

issue on the robustness of the inversion technique. The sensitivity to errors in the inverted 

solution caused by noise in the measurements or by modelling errors is quantified by the 

condition number. As discussed previously, it is essential that the condition number is 

reduced as far as possible by finding appropriate sensor positions on the TCS. 

The study in chapter 3 on the sensor positioning and its effect on the conditioning has 

shown that the condition number may be significantly lowered if one considers carefully 

the positions of microphones on the TCS and employs a number of microphones higher 

than the number of modes to be inverted. However, it was shown in chapter 4 that thes(~ 

precautions did not necessarily lead to good conditioning for robust mode reconstruction 

to be performed at the cut-on frequencies. Section 4.3 has shown that the presence of 

nearly cut-off modes damages dramatically the conditioning of the directivity matrix D 

and in the meantime leads to substantially large solution norms. This may be prob­

lematic particularly at high ka when the modal density is high and the likelihood of 
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5.1 Removal of modes close to cutoff 5 Regulal'isatioll 

at least one mode being close to cutoff is high. In this case, some external numerical 

treatments are therefore required to stabilise the solution. Such regularisation schemcs 

introduce additional constraints on the solution and thus allow some tighter perturbation 

bounds [31, 32J. This prevents disproportional effects from measurement perturbation 011 

one hand but leads, on the other hand, to a degrading effect upon the solution accuracy 

because of these additional constraints. A trade-off between conditioning and mode re­

construction accuracy will have a key role in choosing parameters that will configure the 

regularisation technique. 

This chapter investigates different schemes for regularising the directivity matrix D and 

discusses their effect that arises on the conditioning and reconstruction accuracy of the 

modal amplitude inversion. The first scheme consists of modifying the original forward 

problem by simply removing the modes that are very close to cutoff. The second scheme 

uses the original forward problem considered in the previous chapters and discards a 

number of the very small singular values responsible for the high condition number. The 

last scheme uses Tikhonov regularisation methods, both in its standard and general form, 

which is one of the most conventional stabilising methods in inverse techniques. 

5.1 Removal of modes close to cutoff 

Chapter 3 has shown that the conditioning of the directivity matrix is very poor in the 

vicinity of the cut-on frequencies. Chapter 4 has proven, by the study of a simple analytical 

case, that the condition number varies as (1 - Q6r1
/

2 with Qo ~ 1. The inverse problem 

stated in equation 3.1.9 is modified by simply removing in D the elements due to modes 

close to cutoff. This yields the solution of the reduced inverse problem 

(5.1.1) 
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where Dr is the directivity matrix glVen in equation 3.1.4 with the column vector 

associated with the modes close to cutoff removed, whose condition number is signifi antly 

reduced compared to the original directivity matrix D . The least square estimate is th n 

given by 

~ _ [ <ired j aO -

o 
(5.1.2) 

This methods is first studied at a cut-off frequency, namely ka = 19.885, and t hen inves­

tigated over a band of frequencies (10 :::; ka :::; 20) and is applied with the v = 5-geodesic 

array. 

Figures 5.1(a) and 5.1(b) show the variation of the condition number K,r of this reduced 

directivity matrix and the reconstruction accuracy 'T}r for a measurement SNR of 20dB 

respectively, versus the number of cut-on modes is removed Q. It is important to note 

that Q increases with decreasing cut-on ratio. A sharp improvement , for both arrays , 
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Figure 5.1: Condition number (a) and reconstruction accuracy (b) with number of cut-on 

modes removed for a v = 5-geodesic array 

is achieved in both robustness and accuracy when two modes are precluded from the 

directivity matrix prior reconstructing the mode amplitudes. Since the first two modes 

removed in this simulation are modes closest to cutoff, it confirms the essential problem 

encountered with nearly cut-off modes as discussed in chapters 3 and 4. The fact that 

both robustness and accuracy are enhanced when these two modes are not taken into 
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account during the inversion process suggests that their presence may be neglect ed. A 

gain of accuracy of 14dB is achieved when these two modes are omitted. 

At this frequency of ka = 19.885, only two modes have a cut-on ratio Q m n ~ 0.99 whil it 

is necessary to go up to Q = 5 in order to remove all modes with a cut-on ratio Q mn ~ 0.98. 

As expected, the condit ioning is slightly improved when Q > 2, but this improvement is 

not accompanied by additional accuracies in the solution. Information contained in th 

modes ,0.98 ~ Q mn :S 0.99 contribute within some limits to the original problem since a 

loss of accuracy of 2 or 3dB is observed when subsequently removed. Figure 5.2 shows 
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Figure 5.2: Modal error for near cut-off removal technique with a v = 5-geodesic array 

the error found within each mode when modes with Q mn ~ 0.99 (blue circles) and with 

Q mn ~ 0.98 (red stars) are removed. The results are compared with the original solution 

(black diamonds). The removal of 2 modes closest to cutoff mainly improves the large 

inaccuracies found in these two modes. 

Figures 5.3(a) and 5.3(b) show the variation of the condition number K,r and the recon­

struction accuracy 'T}r with frequency ka for Q = 2 and Q = 5. Also shown is the original 

solution with all modes included, i.e. Q = o. All peaks in K, and 'T} at the cut-off frequen­

cies are now suppressed when only cut-on modes with Q mn ~ 0.99 are discarded. In the 

vicinity of the cut-on frequencies, when the modes for which Q mn ~ 0.98 rather than 0.99 
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Figure 5.3: (a) /'i,r and (b) TJr versus ka for a l/ = 5-geodesic array 

-- -- Q = 0 - Q = 2 and - Q = 5 

are removed, accuracy is lost. When all cut-on modes with amn ~ 0.98 are not accounted 

for the inversion, the condit ioning is further improved with most peaks in the condition 

number spectrum suppressed by typically 10dB. The reconstruction accuracy observed 

for Q = 2 is not enhanced between cut-on frequencies. This result further confirms the 

fact that only modes in the very vicinity of a cut-on frequency is critical for inversion 

robustness and accuracy. The removal of modes with a cut-on ratio not sufficiently close 

to unity clearly damages the reconstruction accuracy, not only at the cut-on frequencies 

but also at frequencies in between. Therefore, the presence of these modes indicates a 

significant contributi'on to the radiated sound field that cannot be neglected. In summary, 

modes with amn ~ 0.99 should not be included in D . 

5.2 Truncated Singular Value Decomposition 

The second scheme of regularisation investigated in this chapter consists of performing 

the inversion of all cut-on modes and t hen discarding the L - Q smallest singular values , 

where Q here denotes the number of discarded singular values. The solution is then 
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written as 

(5.2 .1) 

where :Ei is defined in equation 4. l.8 wit h the terms (l / O"L - Q+1 , . . . , 1 / O"L - 1 l / O"L ) et 

equal to zero. The condit ion number which bounds the inversion accuracy is now given 

by 
O"max 

K,T = -- (5.2 .2) 
O"L-Q 

Clearly, t his scheme and the previous one are closely related since it was shown in 

chapter 4 that singular vectors associat ed wit h the smallest singular values contain a 

single dominant mode which is increasingly more cut-on for increasing singular values 

index. As t he magnit ude of the singular values increases, the number of dominant modes 

contained within associated singular vectors generally increases from 2 to 3. Figures 

5.4(a) and 5.4(b) show the variation of K,T and rJT against the number Q of singular 

values discarded respectively and are compared with K,r and rJr against the number Q of 

cut-on modes removed. These figures clearly demonstrates that discarding t he 2 smallest 
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Figure 5.4: Condit ion number (a) and reconstruct ion accuracy (b) versus the number of 

singular values discarded ---- shows t he comparison wit h the mode discarding method 

singular values is equivalent to discarding the 2 modes closest to cutoff prior inversion 

since both K, and rJ remain unchanged : This confirms again that t hese 2 smallest singular 

values are associated wit h singular vectors containing the 2 modes closest to cutoff. As 
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the number of singular values to he discarded increases , modal information contained in 

the corresponding singular vectors have not been entirely discarded when 2 < Q ::; 6 sin 

inaccuracies increases at a slower rate. A small part of this modal information may be 

found in singular vectors of index greater than 5. 

Figure 5.5 shows the error within each mode when 2 or 6 singular values are discarded 
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Figure 5.5: Modal error for singular value discarding with a v = 5-geodesic array 

(blue circles and red stars respectively). The results are compared with the original 

solution. The truncation of the singular values leads to a similar effect on the modal error 

to the removal of nearly cut-off modes method shown in figure 5.2. Inaccuracies on the 

pair of modes close to cutoff are prevented and the reconstruction of a few modes of cut-on 

ratio 0.4 ::; amn ::; 0.8 is slightly enhanced. It is also possible to observe when 6 singular 

values are removed from the inverse problem, the reconstruction of modes of cut-on ratio 

amn ~ 0.98 is slightly poorer, which suggests that the singular vectors associated with 

these singular values contained some information about these modes. Again, only very 

small singular values should be removed from the original inverse problem since a loss of 

accuracy is found for very little enhancement of the inversion robustness. 

Figures 5.6 ( a) and 5.6 (b) show the conditioning and the reconstruction accuracy versus 

the non-dimensional frequency ka when 2 and 6 singular values are removed from t he 
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original singular value spectrum. It is shown that the inversion is made more robust 

when singular values are discarded but at the expense of a loss of reconstruction accuracy 

at frequencies away from cut-on frequencies. It is shown that increasing the number of 

discarded singular values causes poorer inversion accuracy, both at , and between , cut-on 

frequencies. This method is effective at the cut-on frequencies when the smallest singular 

values are discarded. By contrast, the mode discarding method scheme affects only the 

frequencies close to the cut-off frequencies as shown in figure 5.3. 

5.3 Tikhonov regularisation 

This section discusses one of the most common methods of regularisation. The Tikhonov 

regularisation consists of adding to the original scheme of least-squares estimation an 

additional constraint on the size of the solution. This can be summarised as follows 

(5.3 .1) 

where {3 is a specified weighting factor and often called the Tikhonov parameter. The 

regularising matrix R describes some measure of the norm of the solution and is termed 
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the discrete smoothing norm. If the constraint is applied uniformly to the solution, R = I 

is the identity matrix. The Tikhonov regularisation scheme is then said to be in standard 

form. But the constraint may be applied with different weighting factors across the 

solution if R is a diagonal matrix. The Tikhonov regularisation scheme is then said to be 

in its general form. It was found in chapter 4 that modes close to cutoff are associated 

with the smallest singular values and hence the cause of poor conditioning. As an attempt 

to improve the conditioning, two diagonal regularisation matrices R that aim to introduce 

a larger constraint on modes close to cutoff are investigated in this section. 

5.3.1 Regularised mode amplitudes estimation 

The Tikhonov regularisation scheme given by equation 5.3.1 minimises the 'residuals' plus 

a weighted form of the size of the solution specified by 

y = Vf3Ra (5.3.2) 

Thus the cost function to be minimised in this method is then defined by 

J{ P 

J = ~ Indw)12 + ~ IYk (W)12 = nHn + yHy (5.3.3) 
k=l k=l 

It is important to note the dimensions of D E CKxL and R E CLxL . Therefore the 

modal amplitude vector that minimises this cost function can be found using a similar 

derivation to that given in section 3.1 for the 'least-squares' solution, namely EJJ / EJa = o. 

Introducing equation 3.1.6 and equation 5.3.2 into equation 5.3.3 leads to 

J = aHDHDa - pHDa - aHDHp + pHp + (3 aHRHRa 

= aH (DHD + (3RHR) a - pHDa - aHDHp + pHp 

(5.3.4) 

Similar to appendix B for the unconstrained 'least-squares' solution, one can define G = 

DHD + (3RHR, b = _DHp and the real scalar quantity c = pHp. Equation 5.3.4 

100 



5.3 Tikhonov regularisation 5 Regularisatioll 

then becomes identical to equation B.7. The solution may again be written in the form 

of equation B.18, which in turn leads to the optimal estimate of the regularised modal 

amplitudes vector given by 

aR = [DHD + ,BRHRJ -1 DHp 

=D#p 

where D# is the regularised inverse of the directivity matrix D. 

(5.3.5) 

Note that when the Tikhonov regularisation scheme is in its standard form (i.e. R is 

simply the identity matrix), the solution reduces to 

(5.3.6) 

As in section 4.1, we now consider the Generalised Singular Value Decomposition (GSVD) 

of equation 5.3.5 as a means of interpreting its behaviour. 

5.3.2 Generalised Singular Value Decomposition 

The GSVD of the matrix pair (D, R) is a generalisation of the SVD in the sense that the 

main objective is to factorise both matrices into a unitary, a nonsingular and diagonal 

matrices and that the generalised singular values extracted from this operation are essen­

tially the square roots of the generalised eigenvalues of the matrix pair (DHD, RHR), 

hence its name. The matrix pair involved in Tikhonov method, namely the directivity 

matrix D and its regularising matrix R can be decomposed as follows 

D = U:EX-1 (5.3.7) 

and 

R=VMX-1 (5.3.8) 

where 
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• U E CI<xL is unitary 

• V E C
LxL is unitary 

• X E C
LxL is nonsingular 

• :E E C
LxL is diagonal 

• M E C
LxL is diagonal 

and :E and M are diagonal matrices given by 

(5.3.9) 

whose diagonal elements satisfy (J'; + J.L; = 1 and are ordered such that 

(5.3.10) 

If one considers the Hermitian matrices DHD and RHR it can be readily shown that 

(5.3.11) 

Defining the generalized singular values Ii of the matrix pair (D, R) as the ratios 

(5.3.12) 

so that they appear to be arranged in ascending order, it can be seen that I; are the gen­

eralised eigenvalues associated with the matrix X containing the generalised eigenvectors 

of the matrix pair (DHD, RHR). 

Note that there is a difficulty of notation between the SVD and the GSVD because the 

matrices U and V and the elements of:E in the GSVD of (D, R) are different from their 

respective counterparts in the SVD of D. However, when the Tikhonov regularisation 

scheme is in its standard form (i.e. equation 5.3.6), U and V of the GSVD are identical 

to that of the SVD and the generalised singular values of (D, R) are identical to the 

singular values of D, except for the reverse ordering of the singular values and vectors. 
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The latter remark is obvious as the standard form does not indeed involve any regular­

ising matrix R, hence the SVD remains in that particular case the appropriate tool to 

diagnosing the cause of ill-conditioning. It is also important to bear in mind that even 

for the general form of regularisation, the generalised singular values will have a similar 

variation to that of the ordinary singular values. Because the very small singular values 

of D will have a dramatic effect on the conditioning as shown in equation 4.2.1, one can 

readily deduce that the main objective of regularisation will be a matter of identifying 

erroneous SVD components and to suppress somehow these singular values in order to 

prevent them from being very small, leading to very high condition number. In order 

to better understand what regularisation does and how the action of filtering is carried 

out, it is useful to develop in more details the regularised solution in both standard and 

general forms and to introduce the notion of filter factors. 

5.3.3 Regularised solution in standard form 

Tikhonov regularisation in standard form does not involve modifying the basis vectors 

originating from the directivity matrix D. As a result, it does not involve the use of the 

GSVD. First recall that the regularised solution in its standard form is given by equation 

5.3.6 and that the use of the SVD of D from equation 4.1.1 yields 

(5.3.13) 

Multiplying to the left both sides of equation 5.3.13 by VH gives 

(5.3.14) 

Therefore the regularised solution can be written as 

(5.3.15) 
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The property of diagonal matrices allows us to multiply by :ET and :E-1 without altering 

equation 5.3.15 

aR = V:E-1 (:E2+,8If1 :E2U Hp 

aR = V:E-1AUH p (5.3.16) 

where A = (:E2 +,8 I) -1 :E2 is a diagonal matrix whose elements are the filter factors from 

the Tikhonov filter function given as follows 

O'? 1 
f (O'i) = 0'; ~,8 = 1 + ,8/0'; (5.3.17) 

Thus the regularised solution is rewritten in terms of these filter factors as 

L H~ 

aR = L f (O'i) u i P Vi 
i=l O'i 

(5.3.18) 

The Tikhonov filter penalises vectors which are associated with O'i «,8. Tikhonov reg­

ularisation therefore damps the singular vectors which are associated with very small 

singular values. Now the product of the two diagonal matrices of equation 5.3.16, :E-1 

and A, yields another diagonal matrix. The regularised solution can thus be written in 

terms of the SVD of the directivity matrix D as 

(5.3.19) 

where :E# E C LxK is the regularised inverse of :E given by 

o o . o 
o 

:E# = (5.3.20) 

o CTf+f3 0 . o 

Pre-multiplying both sides of equation 5.3.19 by VH gives the regularised transformed 

modes in the form 

(5.3.21) 
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5.3.4 Regularised solution in general form 

In addition to filtering out erroneous singular values, the main purpose of Tikhonov 

regularisation in general form is to modify the set of basis functions originating from the 

directivity matrix D. As a result, the use of the GSVD is at the core of a diagnosis tool for 

revealing which radiated field components are not appropriate for the desired regularised 

solution. First recall that the regularised solution in its general form is given by equation 

5.3.5 and together with the use of the GSVD of the matrix pair (D, R) of equations 5.3.7 

and 5.3.8, yields 

(5.3.22) 

Multiplying to the left both sides of equation 5.3.22 by X H gives 

(5.3.23) 

Therefore the regularised solution can be written as 

(5.3.24) 

Again, the property of diagonal matrices allows us to multiply by ~T and ~-1 without 

altering equation 5.3.24 

aR = X~-l (~2 + ,BM2) -1 ~2UHp 

aR = X~-lAUHp (5.3.25) 

where here A = (~2 + ,BM2)-1 ~2 is a diagonal matrix whose elements are the filter 

factors from the Tikhonov filter function given in terms of the generalised singular values 

as follows 
1 

(5.3.26) 

Thus the regularised solution is rewritten in terms of these filter factors as 

(5.3.27) 
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Again, in a similar fashion to the standard form Tikhonov filter, the general form Tikhonov 

filter penalises vectors associated with "fi «: (3 such that Tikhonov regularisation damps 

generalised singular vectors that are associated with very small generalised singular values. 

Now the product of the two diagonal matrices of equation 5.3.25, :E-I and A, yields 

another diagonal matrix. The regularised solution can thus be written in terms of the 

GSVD of the directivity matrix D as 

(5.3.28) 

Since the generalised singular values "fi are defined in equation 5.3.13, :E# E C LxK is the 

regularised inverse of :E given by 

1'1 o o 

(5.3.29) 

O'L( 1'£ +.8) 
o o 1L 

In this case, the pair of parameters (O'i' (3) together forms the filter coefficients that sup-

press small generalised singular values "fi. 

For a L x L matrix R, pre-multiplying both sides of equation 5.3.28 by X-I gives the 

transformed mode amplitude vector in the form 

(5.3.30) 

where aR = X-Ian and p = UHf> are the regularised transformed modes and transformed 

pressures vectors respectively. 
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5.3.5 Perturbation bounds for the constrained least-squares so­

lution 

Unlike the unconstrained least-squares estimate, Tikhonov regularisation essentially mod­

ifies the inverse problem such that the solution given by equations 5.3.5 and 5.3.6 involves 

terms other than the Directivity matrix D. A different parameter that bounds the errors 

in the constrained least-squares solution from the noise found in the pressure measure­

ments is therefore required. Research on perturbation bounds for the regularised solution 

have been extensively carried out and derived for the standard and general-form Tikhonov 

regularisation by Schock [33], and Hansen [31,32]' respectively. 

If (3 E [O"l,O"L], aR denotes the regularisation solution for the unperturbed constrained 

problem, i.e. [DHD + (3RHRJ -1 DHp, and aR the regularisation solution for the per­

turbed problem of equation 5.3.6, the condition number related to standard-form Tikhonov 

regularisation when the pressure measurements only are perturbed, may be shown to sat­

isfy the following relationship [33J 

(5.3.31) 

where /'i,f3 is defined as follows 

(5.3.32) 

Similarly, it may be shown [31,32J that the condition number /'i,R for the general-form 

Tikhonov regularisation satisfies the following relationship 

where /'i,R is defined as follows 
IIDIIIIR-1

11 

/'i,R = 2ve 

(5.3.33) 

(5.3.34) 

The behaviour of /'i,f3 as well as /'i,R is investigated in the next section as the function of 

the Tikhonov parameter (3. Computer simulations are also performed in order to choose 
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this parameter that satisfies the best trade-off between the minimisation of residual error 

and that of the error induced by the regularisation. 

5.3.6 GSVD Analysis 

It was shown in chapter 4 that the singular values of D play an important role in deter­

mining which singular vectors, and thus acoustic modes, are sensitive to noise. Singular 

vectors associated with the smallest singular values, when inverted, are responsible of the 

large bias the noise can generate upon the size of the solution. It was also demonstrated 

that, in an ideally conditioned directivity matrix, the singular value spectrum would be 

perfectly flat and the solution would be maximally robust to measurement noise. 

Two regularising matrices R are now investigated in order to 'flatten' the singular value 

spectrum and make the solution more stable. The first regularising matrix Rl is the 

diagonal matrix defined as 

1 
1-a r 
o 

o 

o 
1 

1-a§ 

o 

1 
I-at 

(5.3.35) 

Following earlier work, the motivation of this regularising matrix is to incorporate a prioTi 

knowledge of the solution which takes into account the radiation efficiency parameter of 

each individual acoustic mode. The second regularising matrix is a slight variant of the 

first one defined as 

1 0 0 

0 1 

R 2 = (5.3.36) 

0 1 
I-at 
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The diagonal elements of R2 associated with modes with a cut-on ratio Q mn < 0.99 ar 

unity and the remaining elements are identical to t hat of R I . 

The general form of Tikhonov regularisation aims at 'flattening' the singular value spe -

t rum as well as at modifying the basis of vectors. It was shown from equation 5.3.30 that 

the vectors contained in the matrix X- I from the GSVD of (D , R) has the same role in the 

regularised least-squares solution as the vectors contained in the matrix V H from the SVD 

of D in the unconstrained least-squares solution. Notice that these vectors do not form 

any longer an orthonormal basis. Figure 5.7 shows the spectrum of generalised singular 

values 1i resulting from the GSVD of pairs (D , R I ) and (D , R 2 ) respectively, the order 

of which is reversed to make the comparison with t he singular values (Ji of D. Figure 5.7 

. 
10 ' ---. -......... ......... ....... .. --......... ... --... -. . 

y. 
1 

10-2 L-----'-_---'--_---'---_---'---_-'---_'------'-_ ---'--_---'---_ ---'-------' 
o 10 20 30 40 50 60 70 80 90 100 11 0 

1 

Figure 5.7: Spectra of singular values of: • D , • (D , R I ), and • (D , R 2 ) 

shows that the generalised singular values of (D, R 2 ) has an identical behaviour to that of 

the singular values of D except for the two smallest singular values which are associated 

with the acoustic modes of cut-on ratio Q mn > 0. 99. This is not surprising since R2 differs 

from the identity matrix only for these modes. A description of the filtered singular val­

ues, once the constraint parameter f3 is applied, is given in the next section. The vectors 
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contained in the matrix X-I determine the transformed modes and are shown alongside 

the unitary vectors of U H in figures 5.8 and 5.9 for the GSVD of (D, R2). Note some 

strong similarities between the transformed modes and the pressures of the unconstrained 

least-squares solution and that of the regularised least-squares solution when these figures 

are compared with figures 4.11 and 4.12. The important difference between these regll­

larised transformed modes and pressures from the original basis of singular vectors is ill 

their differing orders of magnitude. 

5.4 Optimal constraint parameter for regularised mode 

amplitudes 

This section discusses the choice of the optimal regularisation scheme which consists of 

finding the optimal pair of parameter ((3, /-Li) that renders the solution more stable. The 

perturbation bound plays an important role in assessing the inversion robustness. How­

ever, reconstruction accuracy is another important parameter to take into consideratioll. 

As the efforts of constraining the solution increase in order to seek a stable solution, tlw 

chances of errors between the reconstructed and the original solutions also increase. It 

is therefore necessary to consider a regularisation scheme that best satisfies a trade-off 

between stability and accuracy. Since Tikhonov regularisation aims at minimising both 

the residuals and the norm of the solution, another trade off between the error due to 

regularisation and the error due to noise measurements is to be considered. The L-curvc 

helps in determining this trade-off. 

Figure 5.10 shows the variation /'l,f3, /'l,Rl and /'l,R2 and their respective reconstruction accu­

racies plotted against the constraint parameter (3. It shows that values of (3 of order 10-2 

are required for the standard form of Tikhonov regularisation as well as for the regularis­

ing matrix RI to improve the stability of the modal inversion, while lower values of (3 are 
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~e { ;(;109 } 

~e { ;(;108 } 

Figure 5.8: Real part of transformed mode shape functions (right HCloJLLU-' ':HLL\:; 

formed acoustic pressures (left hand side) associated with large singular values from the 

GSVD of (D , R 2 ) 
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~e {U5} 

Figure 5.9: Real part of transformed mode shape functions (left hand-side and t rans­

formed acoustic pressures (right hand side) associated with small singular values from t he 

GSVD of (D , R 2 ) . 
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Figure 5.10: Conditioning and reconstruction accuracy for Tikhonov regularisation 

-- K,j3 and 77 j3 -- K,Rl and 77R2 and -- K,R2 and 77R2 

required for the regularising matrix R 2 . It is interesting to note that t hese perturbation 

bounds become smaller upper-bounds when (J is of the same order of magnitudes as that 

of the smallest singular values, as shown in figure 5.10(a). The condit ion numbers for 

these regularisation schemes are now reduced to the order of 101 . This reduction repre­

sents a significant improvement when compared with the condit ion number K,( D ) of the 

unconstrained least-squares problem shown in ----in figure 5.10(a). 

As already mentioned at the beginning of this chapter , additional errors are introduced 

by the regularisation schemes. It is therefore essential to assess the residuals errors and 

regularisation errors upon the solution accuracy in order to choose t he optimal regularisa­

tion parameter (J . The first analysis carried out and shown in figure 5.11(a) is concerned 

with analysing the variation in reconstruction accuracy against the condit ion numbers 

when {J is varied. This (K, - 77) analysis provides a quantitative information relating to 

the trade-off between the overall reconstruction accuracy and the sensitivity of the com­

puted solution to the presence of noise in the pressure measurements. It is shown that 

sensitivity and accuracy can be improved for all three schemes by increasing {J up until 

0.2. Above that value the accuracy ceases to improve. This suggests that errors due to 

regularisation are greater than the residual errors lip - Dall . The optimal regularisation 
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parameter (3 that satisfies the best trade off between the overall reconstruction accura y 

and the measurement noise sensit ivity is shown by a marker in figures 5.11(a) and 5.11(b) 

and represents {3 values of 0.1 , 0.14 and 0.194 for the standard-form and the 2 g n ral­

form Tikhonov regularisation schemes investigated, respectively. 

A more qualitative analysis may be performed with the L-curve to assess the amount 

(dB) 2 
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-2 

-4 

-6 

'T} -8 

-10 

-1 2 

-14 

(a) -1~oO 10' 10' 103 10' 10' 106 (b) 10°'-~------~2~-----' 
K, IIp- Dall 

Figure 5.11: Reconstruction accuracy against condition number (a) and L-curve (b) for 

Tikhonov regularisation --R = h --R = Rl and --R = R2 

of errors in the solution due to t he presence of noise measurements and level of regular­

isation. The L-curves corresponding to each regularisation scheme are shown in figure 

5.11(b). In the general case (R =I IL ), the error in the solut ion is given by 

a - aR = D +p - D # f> 

(5.4.1) 

The final result may be written as 

(5.4.2) 

Here A is a diagonal matrix whose elements are the filter factors given by equation 5.3.26. 

Alternatively, this error may be written in terms of the filter factors defined in equation 

5.3.17 

(5.4.3) 
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This error consist of two components. One is the perturbation error D#n due to the llOiSt' 

measurement n and the other is the regularisation error a - D#p due to regularisatioll 

of the noise free measurement p. When very little regularisation is introduced (/3 « 1), 

most of the filter factors of equation 5.3.17 are approximately unity and the error in the 

solution is dominated by the residuals found in D#n. This situation corresponds to the 

vertical part of the L-curve, where IIRaRI12 is very sensitive to changes in the regularisatioll 

parameter (3. Conversely, when a large amount of regularisation is introduced, then most 

filter factors are small U(ri) « 1) and the error in equation 5.4.3 is dominated by the 

regularisation error a - D#p. This situation corresponds to the horizontal part of the L­

curve where the residual norm 11f> - Dal12 is very sensitive to changes in the regularisatioll 

parameter /3. In this way, the L-curve clearly displays the trade-off between minimising 

the residual norm and the constraint applied on the solution. 

This trade-off is found in the region defined by the L-shaped corner of the L-curve showll 

in figure 5.11 (b). For given pressure measurements f>, there is obviously an optimal 

regularisation parameter that balances the measurement noise and the regularisation error 

in aR and is shown by a diamond in figure 5.11 (b). It is also seen from this figure that the 

regularisation parameter that satisfies the trade-off between reconstruction accuracy and 

noise sensitivity is found in the part of the L-curve which corresponds to an overall error ill 

the solution dominated by the error due to regularisation for each regularisation scheme. 

A significant amount of regularisation is required in order to reduced the sensitivity of the 

modal solution to measurement noise. However, the regularisation scheme that involves 

the regularising matrix R2 and a parameter /3 which balances the error due to noise) 

and regularisation allows for an accurate and robust inversion. This scheme presents the 

particularity of having larger constraint on modes close to cutoff than on well cut-on 

modes. 

Figures 5.12 shows the conditioning and the reconstruction accuracy plotted against ka for 

the 3 regularisation schemes used with their optimal regularisation parameter found from 
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the (K, - 'TJ) analysis. It is shown that significant improvement in the inversion robu tnes 

and accuracy can be achieved at the cut-on frequencies. The regularisation s heme using 

R2 is seen to provide a highly robust inversion with similar reconstruction accuracy as 

that of t he ones using h and R I . Condition numbers of order 2 to 3 can be achieved over 

the whole range of frequencies studied here. The regularisation scheme which imposes 

most constraint on the modes close to cutoff minimises the residuals without constraining 

exclusively radiation that contains important information from efficient modes. 
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Figure 5.12: (a) K, and (b) 'TJ versus ka for a lJ = 5-geodesic array ---- no regularisation 

- (R = IL , f3 = 10-1 ) , - (R = R I , f3 = 1.4. 10- 1 ) and -(R = R 2 , f3 = 1.94 .10- 1 ) 

5.5 Comparison between the different methods of reg-

ularisation 

Figures 5.13(a) and 5.13(b) show the condit ion numbers and the reconstruction accuracy 

parameters at the cut-on frequencies respectively and allow a comparison of the cut-on 

mode discarding, the singular value discarding and the Tikhonov regularisation techniques 

in terms of robustness and accuracy. It is shown that these schemes are essentially similar 

within a few decibels in terms of reconstruction accuracy. However it is interesting to note 
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that the Tikhonov regularisation t echnique using R = R2 and (3 = 1.94 . 10- 1 a hiev 

much more robust inversion than the other schemes. During the experiments, w can only 

have access of condit ion number which bounds the perturbation in the solution from the 

measurement noise and thus allows to assess the performance of the inversion te hniqu . 

Therefore the Tikhonov regularisation technique shown here turns out to be very useful 

and will be applied on the experimental data. 

(a) 10~0 11 12 13 14 15 16 17 18 19 20 (b) -1~'::-0 ~11'--1:'-::2 ----"'1 '::-3 ~14'--1:'-::5'--1'::-6 --:':17=--1:'::8--:1'::-9 ----:'20 

ka ka 

Figure 5.13: (a) /'\, and (b) 17 at cut-on frequencies for a l/ = 5-geodesic array 

• 2 Nearly cut-off modes discarding, • 2 singular values discarding and 

• Tikhonov regularisation (R = R 2 , (3 = 1.94 · 10-1) 

5.6 Conclusion 

In this chapter different methods for improving inversion robustness and accuracy at 

the modal cut-on frequencies have been investigated. Although, in practice, the recon­

struction accuracy parameter remains unknown when the inversion is performed from 

experimental data, the computer-based simulations of this parameter have been useful 

to control if these regularisation techniques perform accurat e solution while reducing t he 

sensitivity to noise measurements. It is seen that the inversion robustness as well as the 
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reconstruction accuracy can be significantly enhanced at the cut-on frequencies for the 

regularisation techniques investigated. It is also shown that these techniques performed 

on geodesic arrays, which were found to couple best with the modal information radiated 

from the inlet, are efficient only at the cut-on frequencies. The study on sensor geometry 

is therefore essential in implementing a robust and accurate modal inversion away frolll 

the cut-on frequencies. It was shown in chapter 3 that geodesic sensor arrays can almost 

achieve reconstruction accuracy of order that of the SNR found in the pressure measure­

ments at these frequencies. The regularisation techniques studied in this chapter cannot, 

enhance the inversion accuracy any further because the residual error is then minimised 

at the expense of inaccuracies introduced by these techniques. 

However, a robust and accurate modal inversion cannot be performed at the cut-on fre­

quencies. The regularisation techniques, especially the Tikhonov scheme using the matrix 

R2 of equation 5.3.36, are found to be very efficient in minimising the influence of the 

residual error upon the modes close to cutoff. Robust modal inversion can therefore be 

performed with improved accuracy at the cut-on frequencies. 
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Chapter 6 

Finite Element /Infinite Element 

Radiation Model 

Chapter 3 has shown that an essential aspect of the inversion procedure proposed in this 

thesis is the accurate modelling of the modal directivity factor. The numerical integration 

of the Rayleigh integral as discussed in section 2.2.1 provides a simple model of the sound 

radiation in the near field from a flanged duct. This model was used so far as a first 

approximation to simulate the essential radiation properties of acoustic duct modes and to 

investigate the issues that arises in the reconstruction of mode amplitudes from inversioll 

of sound pressure measurements on the TCS. However, actual duct inlets have complex 

geometrical features that cannot be modelled with sufficient accuracy using the Kirchhoff 

approximation. In this chapter, a numerical model using a finite element (FE) and infinite 

element (IE) analysis is performed to compute the sound field radiation from a duct intu 

an unbounded domain. The commercial software ACTRAN is used to perform such an 

analysis. The effect on the radiation of the bellmouth as well as the effects of removing the 

flange at the inlet exit, that are not accounted for with the numerical Rayleigh integral 

are now incorporated. This chapter discusses the method used to perform the FE/IE 
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model, details of the various meshes carried out, and presents the results obtained for 

the modal radiation. These are then compared with that obtained from the numerical 

Rayleigh integral. 

6.1 FE lIE analysis procedure 

A FE/IE analysis of sound propagation and radiation using Actran generally involves a 

four step procedure, which can be summarised as follows: 

• Step 1 Creation of a finite mesh of the surrounding acoustic domain 

• Step 2 Definition of material properties and boundary conditions 

• Step 3 Creation of an Actran input file, which is run in batch mode and converted 

into output files 

• Step 4 Post-processing of the output files to investigate the results 

6.1.1 Creating a FE/IE mesh 

It was shown in sections 2.1 and 2.2 that sound propagation within a duct (i.e. equation 

2.1.16) and its sound radiation (i.e. equations 2.2.17 and 2.2.18) define an axisymmetric 

problem with a spatial dependence in the azimuthal direction of the'form e- jm
(). The 

solution of the 3D problem may therefore be obtained from a 2D mesh accounting for 

the polar dependence only. The acoustic domain near the source is then modelled by a 

2D mesh with acoustic finite elements and the entire unbounded domain is modelled by 

acoustic infinite elements. Infinite elements are a special type of elements modelling the 

sound radiation beyond the finite element mesh and are materialised by their faces at a 
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finite distance defined by the FE/ IE interface. The discretisation of t he mesh depends on 

the frequency studied, such t hat the element length le satisfies 

A 
l <­e - 8 (6.1.1) 

where A is the free-space wavelength. A mesh refinement is carried out in the area of the 

duct termination especially around the duct lip (e.g. t he bellmouth). In this region, the 

element length satisfies 
A 

l <­
e - 16 (6.1.2) 

Such size of elements is necessary to model lip or unfianged effects [34] accurately but 

increases the computation time, which is compensated for by the 2D meshing. Anoth r 

requirement to improve accuracy of computation is the choice of quadrangular , rath r 

than triangular, elements. Quadrangular elements are a type of element t hat uses a 

quadratic polynomial, which tends to reduce pollution effects while keeping the same 

number of degrees of freedom and therefore allows a good trade-off between accuracy and 

computational time [35] , [36] . This element topology is formed by 8 nodes and is shown 

in figure 6.1(a). Sound radiation beyond the domain modelled with finite elements is 

(a) (b) 

8 nodes quadrangular finite element 3 nodes linear infinite element 

Figure 6.1: Finite Element and Infinite Element topology 

then modelled by a layer of infinite elements, which is placed along the free external faces 
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of the acoustic finite element mesh. In order to complete the FE/IE interface, the IE 

topology used is the line element, which like the FE uses a quadratic polynomial. These 

are formed by 3 pre-existing nodes and are shown in figure 6.1 (b) from the finite element 

free external faces. The sound field in each infinite element is modelled by a multipok 

expansion of the following form 

(6.1.3) 
n 

where n is the infinite element radial interpolation order. Since the radiation is computed 

in the near-field, the FE domain is small, and so the sound field in the IE domain cannot 

be approximated by a low order multipole expansion. Therefore a high radial interpolation 

order (i.e. n = 15) is adopted. 

6.1.2 Defining material properties and boundary conditions 

Material properties characterising the acoustical behaviour of FE must be assigned to the 

mesh. The acoustic fluid assigned to the FE mesh, namely air at room temperature, is 

characterised by the following parameters: 

• Density p 

• Speed of sound c 

• Heat capacity at constant pressure Cp 

• Heat capacity at constant volume Cv 

The boundary conditions for this problem are that of a hard-walled duct with the cor­

responding mode shape functions distributed over the duct outlet cross-section. This 

boundary conditions then couples the acoustic FE mesh with the modal component of 
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incident duct modes as defined in equation 2.1.16 with unit pressure mode amplitudl'. 

Similar to the FE/IE interface, this modal basis is assigned onto 3 node linear elements 

placed along the free external faces of the acoustic FE mesh. 

Finally, the results will be computed at field points created by nodes within the acoustic 

IE domain, which are equally spaced along a polar arc at 1m away from the inlet. These 

field points must be thought of as virtual microphones at which the software Actran 

calculates and stores relevant output quantities. 

6.1.3 Mesh generation 

The mesh data (i.e. node and element ID's) discussed in section 6.1.1, and the parameters 

detailed in section 6.1.2, are defined in an input file. The input file used by the software 

Actran is an ASCII file made of many different section or sub-section types that arc 

denoted as data blocks and contains all the necessary information for the calculation 

performed by the software Actran. 

6.2 Results for the FE/IE solution 

6.2.1 Validation of the FE/IE procedure 

A mesh for a flanged duct was created following the procedure detailed in the previous 

section to compute the radiated sound field with Actran and is shown in figure 6.2. In 

this simulation the duct radius was set to a = 0.315m and the radial distance from the 

centre of the duct exit cross-section was set to r = 1m. Polar directivities at ka = 15 

for all cut-on modes are computed with the FE/IE mesh and are compared with those 

computed from the numerical evaluation of the Rayleigh integral detailed in chapter 2. 
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Figure 6.2: Finite Element/Infinite Element mesh for a flanged duct 

This comparison for various modes of different cut-on ratios is shown in figures 6.3 and 6.4 

and allows the validation of the procedure detailed in section 6.1 prior to modelling more 

complex geometries. Good agreement between the two solutions both in magnitude and 

phase is generally observed, especially for the modes that are well cut-on cxmn < 0.8. For 

modes close to cutoff, i.e. CXmn > 0.8, significant differences in the polar directivities are 

observed in amplitude and phase. 

The reasons for these differences arise from the fact that the numerical integration of 

the Rayleigh integral does not account for reflection and refraction at the duct termina­

tion (i.e. see equation 2.1.16), while these effects are necessarily included in the Actrau 

solution. The energy carried by well cut-on modes is radiating with no reflection, and 

refraction effects at the duct exit shoulder is negligible as the energy is mainly radiating 

near the duct axis. As a result the FE/IE solution agrees well both in magnitude and 

phase with the prediction obtained from the Rayleigh integral. As cut-off is approached, 

the duct termination becomes more reflective and refractive. The differences between the 
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Figure 6.5: Finite Element/Infinite Element mesh of the experimental inlet with flange 

two solutions become more apparent. Additional side lobes appear in the magnitude of 

polar directivities under the influence of these effects. The radiation thus become more os­

cillating in the polar direction. Phase shifts are also observed. However, these differences, 

are not significant. Therefore the FE/IE solution is consistent with the solution from the 

numerical computation obtained using the Rayleigh integral in the range of condition ill 

which they should agree. 

6.2.2 The Actran solution for a flanged duct with lip 

The modal inversion technique implemented to the sound field radiated from a lab-scale 

fan inlet requires a FE/IE model of the inlet geometry. This fan inlet has a lipped exit 

which modifies the characteristics of sound radiation compared with that in the previous 

section for a flanged duct. In order to understand the influence of the lip on sound 
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radiation, an FE/IE model of the inlet with a flange was performed as shown in figure 

6.5. The polar directivities deduced from this model are compared with the duct with 

sharp edge shown in figure 6.2. This comparison for the modulus and phase of these 

polar directivities D is shown in figures 6.6 and 6.7 respectively. Figures 6.6 and 6.7 show 

that the lip has a significant effect on the sound radiation, particularly for modes close to 

cutoff. The influence of the lip on sound radiation for well cut-on modes (i.e. (Xmn < 0.5) 

and modes approaching cutoff has been analysed by Rice [37]. The main results of this 

analysis is described below. 

From the theory developed in chapter 2, the angle ~z of the normal of the wave front 

with the duct axis which denotes the phase velocity can be readily found by 

(6.2.1) 

Figure 6.6 shows that the main radiation lobe of well cut-on modes tends to shift away 

from the duct axis while the side lobes are smoothed out. Radiation energy from the maiu 

radiation lobe seems to have been transferred to the troughs of radiation of the straight 

duct. 

As cutoff is approached (i.e. (Xmn > 0.5), the main lobe ofradiation tends to shift towards 

the duct axis. This shift increases for modes excited closer to cutoff. At cutoff, a mode 

propagates in a straight inlet with an angle ~z ;::::: 7r /2 which can be seen to bounce back 

and forth between the duct walls before radiating. The growing radial dimension of th(~ 

bellmouth as the mode propagates causes the cut-on ratio (Xmn to decrease. This mode 

progresses in the bellmouth with a phase velocity which decreases gradually towards the 

duct axis until the phase velocity angle equals the bellmouth wall slope. The pressun~ 

wave is no longer constrained by the bellmouth and escapes in the near field. 

Finally, the lip enhances the side lobes observed in figure 6.3 and become more important 

than the main radiation lobe. 
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6.2.3 The Actran solution for an unflanged duct with lip 

The FE/IE of unflanged inlet was performed using the mesh shown in figure 6.8. The 

polar directivities deduced from this model are compared with the model of the lipped 

duct with flange shown in figure 6.5. The modulus and phase of these modal directivities 

Figure 6.8: Finite Element/Infinite Element mesh of the experimental inlet without flange 

D are shown in figures 6.9 and 6.10 respectively. This comparison shows that the flange 

has a very small effect on the near-field radiation for all modes irrepsective of a mn . As 

expected, diffraction effects allowed by the unflanged model acts principally upon modes 

close to cutoff at polar angles around the side lines. As a result, it can be observed that 

the acoustic energy has been transferred in the rear arc. 
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Figure 6.10: Comparison of phase of polar directivities D at ka = 15 between the flanged 
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6.2.4 Inversion robustness and accuracy for t he unflanged lipped 

inlet 

This chapter is concluded wit h an investigation into the variation with fr quency of /'i, (D ) 

and 'r/ when the FE/ IE radiation model for the unflanged fan inlet of figure 6. is used 

to compute D . Figures 6. 11 (a) and 6.11 (b) show /'i, (D ) and'r/ versus ka respectively for 

the unflanged inlet when the sensors are arranged in a LI = 5-geodesic array. The result s 

presented in this figure are consistent with those found in sect ion 4. 1 for the flanged duct , 

which supports the use of the flanged-duct model for analysis in the previous chapters. 
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Figure 6.11 : Condition number (a) and reconstruction accuracy (b) versus frequency for 

the experimental unflanged inlet using a LI = 5-geodesic array 

In conclusion, the directivity matrix D computed by a FE/IE analysis with Actran 

leads to t he same behaviour of the condit ion number /'i,(D ) as well as the same modal 

inversion accuracy over a wide range of frequencies. This confirms that the numerical 

investigation carried out in the previous sections using the Kirchhoff approximat ion is 

valid for more realistic duct geometries. Furhtermore, it is also interesting to note that 

Actran is capable in dealing with flow. Therefore the same analysis could be readily 

performed to model the modal directivity functions in the presence of flow . 
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Chapter 7 

TCS Near-field measurements 

In this chapter we describe the lab-scale experiments aimed at validating the theory and 

principles presented in earlier chapters. Results from the experiment are presented in 

chapter £. 

7.1 Experimental Set-up 

A scale-model TCS was used to mount sensor in order to measure the sound field radiated 

from an industrial fan rig. The experiments took place in the Doak laboratory at the 

Institute of Sound and Vibration Research (ISVR), which is a semi anechoic chamber 

that enables measurements of the acoustic radiation from the inlet to be made under 

nearly free-field conditions. 
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7.1.1 Fan rig 

The duct surrounding the fan is made from steel of radius a = 0.315m. The fan compris 

9 blades and is situated a distance of 0.84m from the duct exit. The maximum rotational 

speed of the fan is 50Hz, which produces an axial flow speed of JvI ~ 0.1. The fan rig and 

the fan blades are shown in figure 7.1(a) and 7.1(b) respectively. 

(a) (b) 

The steel-walled fan inlet The 9 bladed fan 

(c) 

Inlet with bellmouth 

and hemispherical rig 

Figure 7.1: The steel-walled fan inlet used during the experiment 

The duct wall has a series of small holes that allow rings of wall-flush mounted micro­

phones to be inserted for in-duct modal analysis. A single ring of 24 microphones is used 

to perform a spinning modal decomposition by way of validating the mode amplitudes 

inverted from the TCS pressure measurements. 

A wooden bellmouth with dimensions given in chapter 6 and shown in figure 7.1(c) is 

fixed to the end of the duct to model the acoustic behaviour of the lip usually present in 

the t urbofan inlets of real aircraft engines. The lip is a smooth wooden varnished surface. 

It has been shown in chapter 6 that t he bellmouth modifies the modal radiation charac-
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(a) 

TCS mounted in near-field 

of inlet by a crane 

(b) 

Microphones 

mounted on the TCS 

(c) 

Close look of a microphon 

clipped on the TCS 

Figure 7.2: Experimental set-up of microphones on the laboratory-scale TCS 

teristics compared with that when it is absent and hence it is important to incorporat e 

this effect in the experimental duct. 

7.1.2 Scale-model TCS array 

A hemispherical wire-frame made from a series of steel bars bent into an arc and posi­

tioned at every 15°, both in the polar and azimuthal angles, is used to simulate the T CS. 

In order to achieve a finer positioning of the microphones, strings are stretched over the 

rig at every 5° in both angles, as shown in figure 7.1(c). The TCS is mounted at the inlet 

exit by a crane as shown in figure 7.2(a). The TCS is of 1m radius which corresponds to 

a ratio r / a of 3.2. The TCS used on real engines corresponds to a ratio r / a of 6. The 

model TCS is therefore located slightly closer in the near field than that of a full-scale 

TCS. 

The acoustic measurements are made using Briiel & Kjaer Falcon 1/4/1 microphones 

mounted on pegs for affixing them to the strings and bars of the TCS. The microphones 
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are arranged such their diaphragms face the inlet centre. The dimensions of th p g 

and bars are significantly smaller than the maximum wavelength of inter st and should 

therefore not affect significantly the sound field . The mounting of microphones on th 

TCS is shown in figures 7.2(b) and 7.2(c) . 

Four sensor array geometries are investigated. These are: 7 ring, 7 leg star-fish and 5 

rotation spiral sensor arrays of 110 microphones, and a v = 4-geodesic sensor array of 91 

microphones. As a way of independently verifying the modal amplitude estimates from 

the TCS array, modal analysis was performed of the in-duct sound field using in-du t 

microphones mounted within plastic holders and inserted within holes found in the duct 

wall and arranged in a ring. Signals captured by the microphones are then fed into four 

ISVR custom-built pre-amplifiers each comprising 33 input channels. The cabling of th 

microphones is shown in figures 7.3(a) and 7.3(b). For reasons of practicality, micro­

phone cables are tied in groups of five prior to connecting to amplifier input channels as 

shown in figure 7.3(a). Amplifiers outputs are then connected to two SONY SIR 1000 

digital recording systems with 64 channels each. These are synchronised to 'record signals 

simultaneously on DAT magnetic tapes (i.e. see figure 7.3). 

(a) 

Microphones connected 

to 'amplifiers 

(b) 

Close look of 

amplifier connections 

Figure 7.3: Experimental hardware 
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7.2 Power Spectrum Estimation 

Broadband sound fields produce random signals which are then discretised by the AID 

card. These random signals are assumed to be ergodic. The autocorrelation Cxx and the 

cross-correlation Cxy functions, which determine how a random signal x( n) is related with 

itself and with another random signal y( n) at another instant respectively, are defined as 

N-JmJ-l 
Cxx (m) = 11 2: x (n)x* (n + m) 

n=O 
N-JmJ-l 

Cxy (m) = 11 2: x (n)y* (n + m) 

(7.2.1) 

n=O 

where N is the total number of samples in a single data sequence. 

The auto-power and cross-power spectra are the Fourier transforms of the above autocor­

relation and cross-correlation functions and are defined as follows: 

N-l 

Sxx (w) = 2: C xx (m) e-jmw = 11 IX (w)12 
m=-(N-l) 

N-l 

Sxy (w) = 2: C xy (m) e-jmw = 11X (w) y* (w) 
m=-(N-l) 

(7.2.2) 

where X (w) and Y (w) denote the Fourier transform of x(n) and y(n) respectively. For 

a given random process, the parameters defined in equations 7.2.1 and 7.2.2 are also 

random processes. An estimate of these parameters, say a, averaged over the sequence of 

N samples satisfies the following: 

as N 1--+ 00 (7.2.3) 

where Band 0"& are the bias and the variance of the estimator respectively, defined as 

B = a - E[a] (7.2.4) 

and 

(7.2.5) 

Ideally, we wish to compute an unbiased estimate of these parameters such that their 

mean value /1& and variance 0"& converge to the ensemble averaged true values /1a and O"a. 
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Such an estimator is said to be consistent, if as N f-) 00, the bias B and the varian('(' 

()~ both tend to zero. It may be shown [38], [39J that the Fourier transforms of the auto 

or cross-correlation defined in equation 7.2.2 are not consistent estimates of the POWl'l" 

spectrum since the variance does not approach zero as the record length N increases. It is 

then necessary to compute another estimate of the power spectrum as first introduced by 

Welch [40J. The data record is sectioned into K = N / M segments of M samples, defined 

as 

x(i)(n) = x(n + iM - M), o ::; n ::; M - 1, 1 ::; i ::; K (7.2.6) 

A Hanning window w(n) is applied directly to the data segments before computation of 

the power spectrum. A modified power spectrum is performed on each segment i to give 

K power spectra as follows 

where 

and 

S~x (w) = ~u 1 Xi (w) 12 

S~y (w) = lIiuXd w) f:* (w) 

Xi (w) = Xi (w) * W (w) 

fi (w) = }Ii (w) * W (w) 

M-l 
1 ~ 2 u= M LJlw(w)1 

n=O 

(7.2.7) 

(7.2.8) 

(7.2.9) 

and W (w) is the Fourier transform of the Haninng window w(n). The smoothed auto 

and cross-power spectrum Sxx (w) and Sxy (w) are given by 

K 

Sxx (w) = k 2: S~x (w) 
i=l 
K 

SXy (w) = 1< 2: S~y (w) 
i=l 

(7.2.10) 

The calibration of the microphones as well as the modal decomposition from external and 

in-duct microphones detailed in chapter 8, will be obtained from spectra computed using 

equation 7.2.10. 
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7.3 Experimental Procedure 

This section details the experimental procedure involved in setting up the TCS sensor 

array and acquiring measurements of the broadband radiated sound field. This involves 

the simultaneous measurements of the 110 sensors arranged on the TCS. 

Each spectrum is formed from the acquisition of 60 seconds of data. The signals are 

discretized at a sampling rate of 12kHz. The data sequence is divided into 1500 segment~ 

of 43 ms on which a 512 point Fast Fourier Transforms (FFT) is performed to compute 

the power spectrum using equation 7.2.7. If fs = 12kHz denotes the sampling frequency 

and N w = 512 the window length, the frequency resolution is then 

which corresponds to 

6.f = ~ = 23.44 Hz 
Nw 

271'a6.f 
6.ka = = 0.1364 

c 

(7.3.1 ) 

(7.3.2) 

This allows the estimation of the power spectra at 257 different frequency bins over the fre­

quency range 0 to 6kHz. Anti-alias filters built into the SONY SIR 1000 digital recorders 

prevents aliasing of high frequency components above the Nyquist frequency. 

Since the amplifier channels may have a different frequency response, care is taken to 

ensure that each sensor remains connected to the same amplifier channel for all measure­

ments after calibration. Broadband noise produced by the fan at speeds varying from 20 

to 50Hz at 10Hz increments is measured by the 4 sensor array geometries discussed ill 

section 7.1. Before measurement, however, it was necessary to calibrate the microphones. 

This procedure is discussed in the next section. 
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Figure 7.4: Experimental rig in operation 

7.4 Microphone calibration 

The TCS sensor array for measuring the broadband sound field requires microphones that 

are calibrated both in magnitude and in phase. The TCS sensors are calibrated relative t o 

a reference microphone which will be used as a common phase r.eference and will later be 

mounted on the TCS axis. This is done by measurements of the transfer function between 

a calibrated reference microphone and each microphone on the TCS using a loudspeaker 

driven by a white noise signal. 

The transfer function between the ith microphone Xi and the reference signal Xl ' is defined 

here as 

Hi (w) = ~X I Xi (w) 
S X I X I (w) 

(7.4.1) 

The pressure Pi (w) corrected for magnitude and phase relative to the reference micro-

phop.e may be computed from 

(7.4.2) 
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where Pi (w) is the pressure spectrum at the ith microphone. The power spectrum estimate 

with the sensor sensitivities removed is given by 

(7.4.3) . 

where SPiPi (w) is the power cross-spectrum estimate of the pressure signal between the 

ith and lh microphone on the TCS. 

It was found to be important to calibrate the in-duct microphones in-situ since they 

are mounted within plastic holders prior insertion into the holes in the duct wall and 

their sensitivities were found to change during insertion. In order to do so, a reference 

microphone is flush mounted onto a flange and the loudspeaker is directly placed onto the 

reference microphone with an insulating layer to prevent any cavity resonances. Again 

pressure measurements were made relative to a reference sensor by the use of a transfer 

function Ho (w) between the loudspeaker signal Xl and the calibrated reference microphone 

signal xo, 

(7.4.4) 

The loudspeaker is then placed onto each microphone placed inside the duct and the 

transfer function between the loudspeaker signal and any in-duct microphone signal can 

be measured 

(7.4.5) 

By defining the corrected pressure spectrum 

(7.4.6) 

the cross power spectrum estimate made relative to the reference calibrated microphone 

is given by 

(7.4.7) 

Modal inversion results obtained using this measured data is presented in the next chap­

ter. 
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Chapter 8 

Experimental Results 

In this chapter, the inverse technique for deducing the amplitudes of the modes radiated 

from the engine duct, including schemes for stabilising the solution, is applied to exper­

imental data. The sound power radiated from the fan inlet and the coherence function 

between different modal amplitudes will also be presented. 

8.1 The cross-spectral matrix of radiated acoustic 

pressure 

Broadband sound field generated by a ducted fan produces acoustic energy distributed 

over a band of frequencies. The information detected by the sensors of the array is 

quantified through the auto and cross-power spectra of the measured pressure fluctuations. 

The power spectra between any two microphones are computed using the Welch estimator 

[40J as detailed in section 7.2, and are adjusted to account for differences in microphone 

sensitivities by equations 7.4.3 and 7.4.7. 

As shown in chapter 3, the inversion procedure for computing the cross spectral matrix 
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of mode amplitudes requires the measurement of Spp defined as the cross-spectral matrix 

of measured pressures in the analysis frequency bandwidth 6.w by 

SPIPI (w) SfJKpl (w) 

Spp (w) = Spjpj (w) (8.1.1) 

SPIPK (w) SPKPK (w) 

The diagonal of this matrix represents the mean-square pressure radiated from the fan 

inlet. Off-diagonal terms of the matrix defined in equation 8.1.1, appropriately normalised, 

provide an indication of the level of coherence between any two microphones. 

8.1.1 Spectrum of sound power 

By making the usual far-field approximation and using the property of the geodesic array 

that each microphone occupies an equal surface area of 6.A = 21rr2 / K, the spectral 

density of sound power radiated from the fan inlet is given by 

(8.1.2) 

The sound power radiated from the inlet at the four fan speeds, measured by the geodesic 

sensor array, is plotted in figure 8.1 against the dimensionless frequency ka. Peaks in the 

spectrum are found to occur at multiples of the Blade Passage Frequency (BPF), which 

corresponds to 180, 270, 360 and 450Hz (i.e. ka =1.05, 1.57, 2.1 and 2.62) for the fan 

speeds 20, 30, 40 and 50Hz, respectively. However, apart from the first tone in each 

spectrum with a level of 10dB above the broadband level, the peaks of subsequent tones 

are only about 5 dB above the broadband level. These tones also have a significant 

frequency bandwidth of around 60Hz. These peaks therefore correspond to pseudo-tones 

that are most likely due to the interaction between the upstream flow distortion and the 
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Figure 8.1: The power radiated from the fan inlet and measured by the geodesic sensor 

array for fan speeds 20 , 30, 40 and 50Hz 

fan blades. Here, the frequencies of these peaks are referred to as tones to distinguish 

them from the frequencies at which purely broadband noise occurs. Finally, Signal to 

Noise Ratios (SNR) of 25 and 30dB are found for t he fan speeds 20 and 30Hz while 

40 and 45dB SNR is achieved for the 40 and 50Hz fan speeds. The latter fan speeds 

therefore allows reasonable SNR levels at high frequencies (i.e. ka ~ 10). To maximise 

the SNR, and hence minimise the sensit ivity of the solution to noise, the modal inversion 

is performed at the 40 and 50Hz fan speeds. 

Figure 8.2 shows the behaviour of t he condition number of D computed from the FE/IE 

computation for the three arrays used during the experiments . As already shown in 

chapter 3, figure 8.2 confirms the fact t hat the geodesic array leads to better conditioned 

inversions at frequencies between the cut-on frequencies by a factor of approximately 2 

to 3 than the other two arrays under investigation. 
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Figure 8.2: Condit ion number versus frequency for t he t hree experimental arrays 

The inversion procedure described in section 3.2 will now be performed at the following 

t hree frequencies in the frequency bandwidth of .0.ka=O.1364. 

1. Broadband noise: 

ka = 9.65 and ka = 13.78, frequencies at which broadband sound field dominates 

2. BPF: 

ka = 12. 28 and ka = 12.82, corresponding to 6th BPF at 40Hz fan speed and 5th 

BPF at 50Hz fan speed, respectively 

3. Modal cut-on frequencies: 

ka = 12.93 and ka = 14.12, corresponding to the cut-on frequencies of the (±7, 1) 

and (± 8, 1) modes, respectively. 

At t hese frequencies , the condit ion number of the matrix D for t he three sensor arrays 

is given in table 8. 1. We now consider the cross spectral matrices of pressures 8pp and 

8pp defined in section 3.2 formed directly from the measured pressures and that obtained 

from the reconstructed mode amplit udes , respectively. Comparison between the two gives 

an indication of t he quality of t he inversion. The variat ion of the mean square pressure 
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Frequency Geodesic array Uniform array Spiral array 

ka K(D) K(D) K(D) 

9.65 2.36 3.45 5.13 

12.28 3.52 3.95 6.7 

12.82 3.6 8.71 8.51 

12.93 1746 2623 4050 

13.78 3.88 17.57 12.12 

14.11 1135 1430 2196 

Table 8.1: Condition number K(D) at different frequencies for the 3 sensor arrays 

over the TCS can be normalised by 

(8.1.3) 

such that ~ fA Q dA = 1. 

The dimensionless mean square pressure computed from the measured pressure data is 

denoted by Q. The dimensionless mean square pressure Q computed from the recon­

structed mode amplitudes makes use of Spp computed from the diagonal elements of the 

matrix given in equation 3.2.2 with Saa given by equation 3.2.4. 

Figures 8.3 and 8.4 show. colour maps of Q and Q obtained from the geodesic array 

measurements at the three frequencies 1, 2 and 3 listed above. These figures show the 

mean square pressure variation over the hemispherical surface of the TCS as viewed along 

the duct axis. Comparison between Q and Q allows an assessment of the residual error, 

i.e. 11f> - pil resulting from modelling errors and errors due to noise on the sensors. Good 

agreement between Q and Q can generally be observed. Agreement of 3dB or less is 

achieved across the surface of the TCS at most frequencies. An exception is at the cut­

on frequencies where differences of 6 to 8dB are observed in the sideline directions (i.e. 

cp E [80 0
, 900 J). This confirms that the errors generally occur in the near cut-off modes. 

The mean square pressure variation may therefore be reconstructed to within 3dB of the 
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Figure 8.3: Normalised mean-square pressure representation over the TCS hemispherical 

surface looking from above at (a),(b) ka = 12.82, (c),(d) ka = 12.28 and (e),(f) ka = 9.65 
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Figure 8.4: Normalised mean-square pressure representation over the TCS hemispherical 

surface looking from above at (a) ,(b) ka = 12.95, (c) ,(d) ka = 13.78 and (e),(f) ka = 14.12 
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actual pressure at most frequencies studied here, suggesting that the modal amplitudes 

should be inverted to the same level of accuracy for arrays with good conditioning. 

8.2 The mean square mode amplitudes inverted from 

TCS measurements 

The matrix of mode amplitude cross-spectra of equation 3.2.4 at frequency w is given by 

Blillil (w) B liLal (w) 

Saa (w) = Blijlij (w) (8.2.1) 

BlilliL (w) BliLliL (w) 

The diagonal of this matrix represents the mean square mode amplitudes a~n in the 

analysis frequency bandwidth. 

8.2.1 Comparison between the mean square mode amplitudes 

inverted by 3 TCS sensor arrays 

Figure 8.5 shows the mean square mode amplitudes at six different frequencies between 

ka = 9.65 and 14.12 inverted from the three TCS sensor arrays (plotted against their 

cut-on ratio amn ). At anyone frequency, the inverted mode amplitudes are observed to 

differ by less than 6 dB between the various arrays. The consistency of the inverted mode 

amplitudes from the three different arrays gives confidence in the inversion results. At the 

cut-on frequencies ka = 12.95 and ka = 13.78 in figures 8.5(d) and 8.5(e) respectively, the 

nearly cut-off modes, i.e. amn > 0.99, are considerably over-estimated by the inversion 
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procedure, as expected from the theoretical study of the modal error in chapter 3. The 

regularisation procedure necessary to enhance robustness of these inversion results at 

these cut-on frequencies, as discussed in chapter 5, is presented in the next section. 

Further evidence for the plausibility of the inversion results for the modes not too close 

to cutoff is that their a-distribution appears to follow reasonably well an 'equal energy 

per mode' model. This model is widely used for representing the mode distribution in fan 

broadband noise. Joseph et al in [41] has investigated this mode amplitude distribution 

source model, in which all cut-on modes carry equal power and shown that, for zero flow, 

-2- LV 
amn = PC-=--r==~= 

SJ1- a~n 
(8.2.2) 

where LV is the time-averaged acoustic sound power carried by each cut-on mode at the 

frequency of interest. Equation 8.2.2 is plotted as ----in figure 8.5 and appears to follow 

reasonably well the trend of the mode amplitudes with amn inverted using the geodesic 

sensor array. The regularisation procedure discussed in chapter 5 will now be applied to 

the experimental data in order to improve the quality of the inversion of the modes near 

cutoff. 

8.2.2 The effect of regularisation on the inversion results 

Regularisation techniques detailed in chapter 5 can help considerably in producing a stable 

solution in the presence of noise for the near cut-off modes. Tikhonov regularisation ill 

its standard form, as well as in its general form using the matrix R2 defined in equation 

5.3.36, is applied to the broadband experimental data. The mode amplitude cross spectral 

matrix SaRaR obtained from the constrained inversion can be obtained by substituting 

the regularised Tikhonov solution aR of equation 5.3.5 into equation 3.2.3, 

(8.2.3) 
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Figure 8.6: (a) and (b) Perturbation bound versus (3, (c) and (d) L-curve for broadband 

sound field at ka = 12.95 and ka = 14.12 

-- - -No regularisation --R = I --R = R2 with the geodesic sensor array 

A generalisation of the L-curve t echnique studied in chapter 5 is used to determine 

the regularisation parameter (3 that satisfies the best trade-off between the residuals and 

the errors introduced by constraining the solution. From equation 3.3.8 , if the inlet sound 

field is not correlated with the external noise measured by the sensors, the norm of the 

residuals is given by IISpp - DSaaDHI12 while the norm of errors int roduced by constrain­

ing the solution i.s II RSaaRHI12. 

Figures 8.6(a) and 8.6(b) show the variation of ri,{3 and ri,R with the regularisation para­

meter (3 at the cut-on frequencies , ka = 12.95 and ka = 14.12. A horizontal dashed line is 

used to denote the value of ri,(D) for the unconstrained case. It is shown that in this case, 
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the minimum ,8-value for the /'l,fJ and /'l,R to be improved is ,8 ;:: 10-5 . Figures 8.6( c) and 

8.6(d) show the L-curves for ka = 12.95 and ka = 14.12 applied to the broadband sound 

field resulting from both the standard form R = I, and the general form of Tikhonov reg­

ularisation R = R 2 . Using the assumption that the noise and the fan inlet measurements 

are uncorrelated, as given by equation 3.3.8, the error in the solution can therefore be 

written as follows 

(8.2.4) 

Substituting equations 3.2.2 into equation 8.2.4 and using the SVD of D and the GSVD 

of (D, R) detailed in chapter 5 lead, respectively, to the error due to the standard form 

and the general form of Tikhonov regularisation respectively as 

(8.2.5) 

and 

(8.2.6) 

where A is the diagonal matrix with the filter factors of equations 5.3.18 and 5.3.27 as 

diagonal elements. It can be readily seen from equations 8.2.5 and 8.2.6 that, in the 

case of broadband noise, the errors due to regularisation are controlled by the elements 

of the matrix VA V H and XAXH , which represents the filtered modal components (i.e. 

Ai = CTl/CT;+,8 and Ai = I; l-'d+,8 respectively), while the term D#Snn (D#)H represents 

error due to the presence of background noise in the measurements. When very little regll­

larisation is introduced, most of the filter factors tend to unity so that VA VH 
f---t h. The 

errors are then dominated by D#Snn (D#)H. The solution is said to be undersmoothed. 

This corresponds to the uppermost part of the L-curve while the rightmost part corre­

sponds to the oversmoothed solution (i.e. ,8 > > Ii) when the filter factors are small. 

Figures 8.6(c) and 8.6(d) show that the general form of Tikhonov regularisation using 

R2 displays a sharper corner on the L-curve. This regularising scheme allows a sharper 

trade-off between the minimisation of the residuals and that of the errors introduced 

by the constraint applied to the solution. In this scheme, a regularisation parameter of 
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Figure 8.7: (a) Comparison of mean square mode amplitudes between unconst rained and 

constrained solutions at ka = 12.95 ~ No regularisation • R = I • R = R2 with 

the geodesic sensor array, (b) magnified version of ( a) 

(3 = 8.5 . 10- 5 for ka = 12.95 and ka = 14.12 coincides with the L-curve corner and 

hence satisfies this trade-off. The resulting regularised and unconstrained solutions are 

compared in figures 8.7(a) and 8.7(b) for ka = 12.95, where 8.7(b) is identical t o 8.7(a) 

but plotted over a smaller scale. The application of regularisation is seen to affect only 

the two modes very close to cutoff. This is because they are filt ered out and hence t hey no 

longer give rise to large solut ion norms in the unconstrained case. Figure 8. 7(b) confirms 

the fact that the influence of regularisation upon other modes of cut-on ratio C\(mn ~ 0.99 

is negligible. This confirms again t hat the modes close to cutoff are therefore responsible 

for large solut ion norms. Note t hat similar results are found at the other cut-on frequency 

of ka = 14.12. 

Figure 8.8(a) shows an example of the variation of K,{3 and K,R with the regularisation 

parameter {3 at ka = 13.78, which is well away from a cut-on frequency. It shows that 

a greater regularisation effort is required than that at the cut-on frequencies in order to 

improve K,{3 and K,R . Now required (3 are values of order 10-1 to obtain a t ighter bound on 

the modal solution errors t han K,(D) already provides in the unconstrained least squares 

solut ion. This is due to the fact t hat the directivity matrix D inverted at these frequencies 
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Figure 8.8: (a) Perturbation bound versus j3 -- -- No regularisation and (b) L-curve for 

broadband sound field at ka = 13.78 . 

--R = I --R = R2 with the geodesic sensor array 

is very well condit ioned, i. e. K,( D) <4, for the geodesic sensor array and therefore pos­

sesses small singular values of order 10-1
. Section 4.5. 1 showed that the singular values 

were proportional to t he radiated power of each of the transformed modes. The modal 

information associated with these smallest singular values may still have a relative impor­

tance to the overall radiated sound field at ka = 13.78 and therefore may not be filtered. 

Figure 8.8(b) shows the L-curve for the two Tikhonov regularisation schemes investigat d. 

No significant differences are observed and more importantly, no shoulders appear on the 

graph of figure 8.8(b) suggesting that the residual errors can only be minimised at the 

expense of regularisation errors. Again, a slow rate of decreasing singular values in D is 

responsible for the absence of 'knees' in the L-curve. There is therefore no real trade-off 

between the minimisation of the residuals and the errors introduced by regularisati.on. 

The improvement in reducing the residuals is compensated for by the errors introduced 

by regularisation. This confirms that the application of regularisation is not beneficial at 

frequencies away from the cut-on frequencies. Thus, the 'well-condit ioned' inverse prob­

lem arising from the geodesic array at this frequency cannot be improved any further. 

Figures 8.9(a) and 8.9(b) show the inverted mean square mode amplitudes following regu-
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larisation at the cut-on frequencies, ka = 12.95 and ka = 14.12 respectively. They can be 

compared wit h figures 8.5(d) and 8.5(f) with no regularisation applied. It can readily be 

observed that the mode amplitudes for the nearly cut-off modes, which are over-estimated 

in figures 8.5(d) and 8.5(f), now follow the 'equal energy per mode' moc1,el much more 

closely, suggesting that these new results are much closer to their actual values than when 

regularisation is absent. 

8.2.3 Mean square mode amplitudes inverted from the geodesic 

sensor array 

As an alternative representation of the inverted mode amplitude, figure 8.10 shows the 

mean square mode amplitudes on a colour scale, deduced from the geodesic sensor array, 

for the 3 frequency cases (I) , (2) and (3) , plotted against their spinning and radial mode 

number m and n. In general , the mean square mode amplitudes are observed to vary by 

no more than 10 to 12dB. As in figure 8.5, modes near cutoff, i. e. those along the edge 

of the modal triangle , have greatest amplitude. Another interesting observation is that 
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co-rotating modes, m > 0, generally have a slightly higher amplitude than contra-rotating 

modes relative to the direction of the fan rotation. This phenomenon is well-demonstrated 

for fan broadband noise, for example by Ganz et al [42J. However, this phenomenon is 

anticipated to be weak in the laboratory fan rig due to relatively slow rotation speed of 

the fan. 

8.2.4 Modal coherence function 

The modal coherence function, which quantifies the degree of statistical inter-dependence 

between two modes o'i and o'j, can be defined as follows: 

(8.2.7) 

and has the property 0 :::; 'Yaiaj 2=: 1. 

It is often assumed that the modes generated in an engine duct, in the broadband part 

of the pressure spectrum, are incoherent. To the author's knowledge no experimental 

evidence to support assertion is available. Figure 8.11 shows the modal coherence function 

of equation 8.2.7 computed from the geodesic sensor arrays at the frequencies investigated 

previously in section 8.2.1. Note that 'Yaiai = 1. These values have been omitted frolll 

the figure to aid clarity of presentation. The modal coherence is generally found to be 

less than 0.2 for most of the modal combinations at all frequencies investigated. An 

exception occurs at ka = 9.65 where a few modes exist with a coherence greater than O.G. 

Note that no significant coherence values between any modes is observed at ka = 12.28 

and ka = 12.82 corresponding to the 5th and 6th BPF's at 40Hz and 50Hz fan speed 

respectively. The absence of good modal coherence at these pseudo-tones is essentially 

due to the fact that the peaks observed in figure 8.1 are not pure tones created by rotor­

stator interaction but the result of an interaction between upstream flow distortion in 

the duct and the fan blades. It also possible that coherence levels may be improved by 

reducing the analysis bandwidth, which is currently !::J..ka =0.1364. 
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8.3 The mean square mode amplitudes deduced from 

in-duct modal analysis 

In order to provide independent validation of the mode amplitude inversion results ob­

tained using the TCS measurements, a single ring of 24 wall flush-mounted microphones 

is used in the duct to perform a spinning modal decomposition. This measurement only 

allows the determination of amplitudes of each spinning mode number at the duct wall 

and not individual radial modes. The maximum spinning mode number mmax that can 

be inverted from the 24 microphones according to the sampling theorem is mmax = 11. 

In the present duct, this allows the determination of the amplitudes of all cut-on modes 

up to ka = 13.8. The cut-off frequency ka = 14.12 studied in the previous sections is 

therefore not investigated in this section. Comparison will also be made at the cut-on 

frequency ka = 11.35. 

At a single frequency, the in-duct pressure field at the ith microphone may be written as 

+M 
P(Bi) = ~ ame-jm(}i (8.3.1) 

m=-lv! 

where am are the pressure mode amplitudes at the duct wall. Comparison of equation 

8.3.1 with equation 2.1.16 allows the amplitudes am to be related to the mode amplitudes 

+N () 
"""" Jm Kmn a 

a m = ~amn ~ 
n=l V ilmn 

(8.3.2) 

where M and N are the maximum and spinning and radial mode numbers cut-on at a 

given frequency. Inverting equation 8.3.1 and taking the expectation E [a~], the mean 

square mode amplitudes at the ring of microphones is given by 

(8.3.3) 
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where Spp (Bi' B j, w) is the cross-spectrum of measured pressures between any two nu­

crophones located at Bi and Bj at the duct wall. Assuming incoherent radial modes, as 

demonstrated in figure 8.ll, the mean square mode amplitudes at the in-duct microphones 

can readily be compared to that from the TCS microphones by the following relationship 

(8.3.4) 

Figure 8.12 shows a comparison between the mean square mode amplitudes computed 

from the in-duct measurements and those from the geodesic array computed using equa­

tion 8.3.4, expressed in dB relative to arbitrary units. To allow a clearer comparison, 

vertical arrows are used to connect two data points at the same m-value. Note that 

Tikhonov regularisation using R2 is applied to the modal solution inverted from the TCS 

pressure measurements at the cut-on frequencies, namely at ka = 11.35 and ka = 12.95. 

Figure 8.12 shows generally good agreement between the two mode amplitude estimators 

to within 6dB, with many amplitudes found to agree to within 3dB or better. The largest 

differences between the two techniques are fouJ?-d in the high order spinning mode numbers 

at ka = 9.65 where a difference of about lOdB is found for the modes m = -7, m = -6 

and m = -5. The results found in figure 8.12 provides experimental validation of the 

TCS-based inverse technique. 
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Chapter 9 

Fourier methods for mode amplitude 

estimation 

In this chapter we explore the inversion procedure proposed by Kim and Nelson [43], 

which allows the particle velocity to be inverted from the radiated pressure field with 

unity condition number as an intermediate stage in inverting for the mode amplitudes. In 

the previous chapters, the pressure radiated to the TCS was expressed in terms of modal 

directivity functions, which allowed the measured pressure data to be inverted directly 

to deduce the mode amplitudes. In this chapter, we investigate an alternative approach 

for the estimation of mode amplitudes based on Fourier analysis of the sources over the 

duct cross-section. It consists of first inverting the measured pressure data for the par­

ticle velocity distribution over the duct cross-section. The mode amplitudes can then be 

deduced from the particle velocity distribution using the orthogonality properties of their 

mode shape functions. The basis for the technique is the Fourier relationship between the 

radiated pressure on the TCS to the axial particle velocity distribution over the duct out­

let [44] as outlined in section 2.3. Using appropriate sampling of source distribution and 

of sensors on the TCS, the discretised Rayleigh integral becomes equivalent to a Discrete 
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9 Fourier methods 

Fourier Transform relationship, as shown by Kim and Nelson [43]. This method reviewed 

in section 9.1 leads to inverting a Fourier matrix for the particle velocity distribution. 

This Fourier matrix has singular values that are all unity and thus the condition number 

is a minimum of exactly unit. It will be shown in section 9.1 that this Fourier relation­

ship, valid for far-field approximations, holds within a limited range of spatial resolution. 

Section 9.2 will show that the mode amplitudes can be readily deduced from the Hankel 

transform of the reconstructed particle velocity distribution. An optimal robustness in 

the solution is thus obtained. However, a fundamental issue that arises is whether this 

information is sufficient to obtain accurately the mode amplitudes. An overview of the re­

lationship between radiated pressure p, velocity distribution u and duct mode amplitudes 

a is given in figure 9.1. In this figure, the matrix G is the transfer matrix relating the 

modelled pressure to the source distribution and under particular conditions is propor­

tional to a Fourier matrix. This chapter investigates a different method by first deducing 

the particle velocity distribution using the right-hand side of figure 9.1 meanwhile taking 

care to satisfy the best trade-off between accuracy and robustness. 

TCS modelled pressure 
p 

a = H-1u 
a :!:(================:;:~ U 

Mode amplitudes u = Ha Source distribution 

Figure 9.1: Different methods for inverting the mode amplitudes 
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9.1 Sampling requirements for DFT 9 Fourier methods 

9.1 Source and TCS sampling requirements for DFT 

First recall the Fourier relationship between the far field pressure and the velocity distri­

bution over the duct cross-section exit U z (XS) Ys) given in equation 2.3.5 as 

e-
jkr 1+00 1+00 

. p (r, e, ¢) = jpck-
r

- -00 -00 U z (Xs, ys) eJ(kxxs+kYYs)dxsdys 

. e-jkr 

= Jpck--Uz (kx, ky) 
r 

(9.1.1) 

where Uz (kx, ky) is the spatial Fourier transform (or wavenumber transform) of U z (xs, Ys). 

A discrete Fourier Transform (DFT) can relate the sampled source distribution and the 

radiated far field. Kim and Nelson propose an array that allow the sampled velocity 

distribution to be deduced from the measured pressure by the inverse of a Fourier matrix 

with unit condition number, whose inversion is therefore optimally robust. 

9.1.1 Sampling source distribution and projection of sensors on 

a Cartesian grid 

Kim and Nelson [43] suggest arranging microphones in the far field such that the projection 

of the inter-sensor spacing on the source plane is constant, as in figure 9.2. Since k and r 
have the same direction in the far-field, we have 

{ 

kx = k sin 'P cos e 
ky = k sin 'P sin e { 

Xm = r sin 'P cos e 
Ym = r sin 'P sin e 

(9.1.2) 

where Xm and Ym denote the positions of the projected sensors onto the source plane and 

kx and ky denote the respective components of the wavenumber vector. 

Introducing equation 9.1.2 into equation 9.1.1, the far-field pressure at each sensor may 

be written as 

(9.1.3) 
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z 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
• • • • • • 

• 

Figure 9.2: Schematic of a hemispherical array and its projection onto the rectangular 

source plane 

In order to transform this Fourier integral into a DFT, appropriate sampling of the axial 

velocity distribution and appropriate distribution of sensors on the TCS is required. As 

shown in figure 9.2, the velocity is sampled over a rectangular grid at equal increments 

6.xs and 6.Ys in both directions. The velocity for is assumed to be zero for the positions 

on the grid which rs > a. Using the properties of the Dirac delta function, equation 9.1.1 

becomes 

U, (k., ky) ~ 1:00 1:00 

Jj"~oo u, (x" y,) 8 (y, - q£..y,) ) 

8 (xs - p6.xs) ej(kxxs+kyYs)dxsdys (9.1.4) 

which reduces to 

+00 +00 
Uz (kx, ky) = 2:= 2:= U z (p6.xs, q6.ys) ej(kxpt:.xs+kyqt:.ys) (9.1.5) 

p=-oo q=-oo 

Sampling the source plane at P equally spaced position in the x-direction and Q points 

in the y-direction over the interval (-a ~ Xs ~ a, -a ~ Ys ~ a) corresponds to sampling 
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increments of 
2a 

.0.xs = -p 

with sampling positions defined by 

2a 
.0.ys = Q 

( 
.0.Xs) xsp = - a - -2- + p.0.xs p = 0, ... P-1 

( 
.0.Ys) Ysq = - a - 2 + q.0.ys q = 0, ... Q-1 

9 Fourier methods 

(9.1.6) 

(9.1.7) 

The Fourier transform of the sampled velocity distribution is then given as 

P-1 Q-1 

U
Z 

(kx, ky) = L L U
z 

(xsp , Ysq) ej(kx p.6.xs+ky q.6.ys) 
p=O q=O 

(9.1.8) 

Since the spatial frequency ranges between [- Ix' Ix] and [- I y' Iy] in each direction 

respectively, the DFT evaluates equation 9.1.8 at P and Q values in each component of 

the spatial frequency at the following wavenumber increments 

271" 
.0.ky = Q.0. 

Ys 

The DFT of the axial velocity distribution is then written as 

(9.1.9) 

(9.1.10) 

Similar to equation 9.1.8, the Fourier integral given in equation 9.1.3 is then written as 

P-1 Q-1 

U
Z 

(kx, ky) = L L Uz (xsp , Ysq) ej~(Xrnp.6.X8+ymq.6.Y8) (9.1.11) 
p=o q=O 

Following Kim and Nelson, the sensors are distributed such that their projection Xm and 

Ym are spaced at intervals .0.xm and .0.Ym respectively, 

L 
Ym = v.0.Ym = v 2 

Q 
(9.1.12) 

Equation 9.1.11 then becomes 

P-1 Q-1 

UZ (p,.0.kx, v.0.ky) = L L Uz (x sp , Ysq) ejH~Lx.6.x8+~ Ly .6.y.) (9.1.13) 
p=o q=O 
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In order for equation 9.1.13 to be equivalent to the DFT relationship of equation 9.1.10, 

we must have 

(9.1.14) 

Equation 9.1.14 is the sampling condition which allows the far-field pressure at the sensors 

to be expressed in terms of a DFT of the velocity distribution sampled over the duct inlet 

cross-section on a Cartesian grid. This can be written in matrix form as follows: 

p=Gu=gWu (9.1.15) 

where 9 = jpcke-jkr Ir. 
W is the K x K matrix for the two dimensional Fourier transform given by 

[w] [w] [w] [w] 
[w] WK [W] wi< [W] Wf-l [W] 
[W] wi< [W] Wk [W] w~K-l) [W] 

W= (9.1.16) 

[W] wf-2 [W] W~K-2) [W] W}{-2)(K-l) [W] 
[W] Wf-l [W] w~K-l) [W] w}{-l)(K-l) [w] 

where 
1 1 1 1 

1 WK w 2 K-l 
K w K 

1 w 2 w 4 2(K-l) 
K K w K 

W= (9.1.17) 

1 K-2 
w K 

2(K-2) 
w K 

(K-2)(K-l) 
w K 

1 K-l 
w K 

2(K-l) 
w K 

(K-l)(K-l) 
w K 

and WK = ej27r / K . 

It is important to note that equation 9.1.15 is only valid when the sound field is sampled by 

~xs and ~ys given by equation 9.1.14. The interest of such a relationship lies in the fact 
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that the transfer matrix H relating the radiated pressure to the source distribution has a 

unity condition number since all the singular values of Ware unity [25]. When tlxs =I 2r 

x 

and tlys =I 2r
, the transfer matrix H differs from Wand its condition number will 

y 

consequently increase. When the projection of the sensor array onto the source plane is 

made a square with dimensions equal to the diameter of the TCS [43], Lx = Ly = L = V2r 
and the hemispherical sensor array shown in figure 9.2 consists of P x P sensors, the 

optimal sensor spacing is given by 

V2 
tlxs = tlys = -A 

2 
(9.1.18) 

Equations 9.1.14 and 9.1.18 specify the spatial resolution of the source distribution over 

the duct cross-section. These limitations are frequency dependent. The extraction of 

mode amplitudes from the velocity distribution sampled according to equation 9.1.18 is 

discussed in section 9.3. 

The sound field that propagates in a duct comprises modes that have cylindrical charac­

teristic behaviour. It is therefore interesting to investigate the sampling of the velocity 

distribution as well as the projection of sensors on a polar grid. 

9.1.2 Sampling source distribution and projection of sensors on 

a polar grid 

Equation 9.1.1 specifies the 2D Fourier transform relationship between p and U z providing 

the source distribution lies over a rectangular region. However, the geometry of the source 

distribution over the duct inlet is circular and the far field pressure is proportional to the 

Polar Fourier Transform of U z as given by equation 2.3.9 

211" 00 

Uz (kn e) = J J U z (rs, es) ejkrrssin((}sH)rsdrsdes 

o 0 

(9.1.19) 

The velocity distribution and the projection of sensors onto the source plane are now 

sampled on a polar grid as shown in figure 9.3. 
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Unlike section 9.1.1 , This section shows that there is no equivalent unique sampling crit e-

Figure 9.3: Schematic of a hemispherical array and its projection onto the circular source 

plane 

rion which would satisfy a discrete version of equation 9.1.19. It was shown in section 2.3 

(i. e. equation 2.3.14) that equation 9.1.19 may be written as the Fourier series expansion 

+00 
Uz (kr, e) = 27r L Umm (kr) ejmO (9.1.20) 

m=- CX) 

The coefficients Umm (kr) are the Hankel t ransforms of order m of the m th Fourier com­

ponent of the radial surface velocity distribution given by equation 2.3.15 

(9.1.21) 

Algorithms for comput ing discrete Hankel transforms can be found in t he literature [45] , 

which essent ially involve variations of one dimensional Fourier transforms. 

Since for kr 2: 0 and rs E [0; a], t he term rsJm (krrs) in equation 9.1.21 is an even function 

for m even and an odd function for m odd, we can write 

(9 .1.22) 
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Using the integral identity for Jm (krrs), 

1 j7r/2 . . j j7r/2 . . 
J m (z) = - cos me eJ z sm e de - - sin me eJ z sm e de 

7r -7r /2 7r -7r /2 
(9.1.23) 

where the second integral vanishes for m even while the first integral vanishes for m odd, 

the Hankel transform in equation 9.1.22 becomes 

(m even) 

(m odd) (9.1.24) 

N ow defining the quantity, 

cI>m (rJ) = ~ j+oo U m (rs) rs ejTJrsdrs 
27r -00 

(9.1.25) 

which is a Fourier transform of Um (rs) rs, the Hankel transform of equation 9.1.24 is now 

written as 

Umm (kr) = j7r/2 cI>m (kr sin es) cos mes des (m even) 
-7r/2 

- j7r/2 
Umm(kr) = -j cI>m(krsines)sinmesdes (m odd) 

-7r/2 

(9.1.26) 

The function rsum (rs) is even for m even and odd for m odd, implying that cI>m is even 

and odd for m even and odd respectively. This in turn implies that for m even or odd, the 

integrands in equation 9.1.26 are even. This property enables the intervals of integration 

in equation 9.1.26 to be halved. Thus, 

Umm(kr) = 217r/2 cI>m (krsines) iRe {e- jmes } des m even 

=2j 17r/2cI>m (krsines) SSm {e-jmOs} des m odd (9.1.27) 

In order to express equation 9.1.20 in terms of DFT relationships, the coefficients Umm (kr) 

of equation 9.1.20 must be written in terms of the DFT as shown by equation 9.1.25. 

Sampling in the radial direction at increments of !J.rs, 

1 j+oo +00 . 
cI>m (rJ) = 27r Um (rs) rs L 6 (rs - p!J.rs) eJTJrsdrs 

-00 p=-oo 

(9.1.28) 
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which gives 
1 +00 

cI>m (7]) = 271" L: Um (ptlrs) ptlrseJ''1Pt:..rs (9.1.29) 
p=-oo 

and assuming P points of non-zero source strength in the interval [0; a], the sampling 

points are defined at each increment tlrs = alP 

tlrs 
rsp = ptlrs + -2- p = 0,1, ..... , P - 1 (9.1.30) 

equation 9.1.28 becomes 

P-l 

cI>m (7]) = 2~ L: Um (rsp) rspej
7]
p

t:..rs 
p=o 

(9.1.31) 

Now the DFT of equation 9.1.31 is evaluated at all q values tl7] = 7]sl P, q = 0,1, ..... , P-1 

where 7]s = 271"1 tlrs 
P-l 

if,. ( A ) _ 1 L: ( ) j21rl!.9. '±'m qU7] - - Um rsp rspe p 
271" 

p=O 

(9.1.32) 

Since rm denotes the radial position of the TCS sensors projected onto the source plane, 

it is straightforward to see that rm = rsin'P. Since kr = ksin'P = krmlr, evaluating 

7] = kr sin e s at discrete values thus involves sampling r m at equal increments tlr m = riP 

(i.e. see figure 9.3). The increment at which equation 9.1.31 is evaluated is given by 

Thus equation 9.1.31 for the discrete Hankel transform of U m (rs) becomes 

P-l 

cI>m (qtl7]) = 2~ L: Um (rsp) rspejq!p sinOspt:..rs 
p=o 
P-l 

cI>m (qtl7]) = 2~ L: um(rsp) rspej21r7Jsin8tt:>.rB 
p=o 

(9.1.33) 

(9.1.34) 

In order for equation 9.1.34 to be equivaient to a DFT, (i.e. equation 9.1.32), the function 

U m (rs) to be Hankel transformed in equation 2.3.15 needs to be sampled at non uniform 

increments of 
A 

tlrs =-­
sin es 
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The optimal sampling of the source distribution in the radial direction therefore depends 

on the polar coordinate Bs. Equation 9.1.35 suggests that there is no unique sampling 

criterion on the radial direction for the Discrete Hankel Transform that are exactly anal­

ogous to that of equation 9.1.14 for rectangular source geometries, in which the radiation 

matrix has a unit condition number. Therefore, the sampling of the source distribution 

on a polar grid does not provide a DFT relationship between the far field pressure and 

the velocity distribution. 

9.2 Mode amplitudes from Hankel transforms 

In this section we investigate the feasibility of deducing the mode amplitude distribution 

over the duct inlet. The source distribution on the duct cross-section can be related to 

mode amplitudes by rewriting equation 2.2.8 

(9.2.1) 

where \limn (rs, Bs) is the mode shape function defined in equation 2.1.20. Multiplying 

both sides of equation 9.2.1 by the complex conjugate of the mode shape function and 

integrating over the duct cross-section gives 

Therefore the mode amplitudes are given by 

where Xmn is 

pc~ 
Xmn=SV~ 

For a particular mode (mo, no), equation 9.2.3 can be rewritten as 

amana = Xmana 127r {1°O U z (rs, Bs) II (rs) Jma (~manars) rsdrs } ejma8sdBs 
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9.2 Mode amplitudes from Hankel transforms 

where II (rs) is defined as 

n(r,) ~ { ~ rs ~ [ 0 ; a 1 

rs E [ 0 ; a 1 

9 Fourier methods 

(9.2.6) 

Note that U z (rs, ()s) denotes the axial velocity multiplied by the above window function 

for ease of notation. Introducing equation 2.3.10 into equation 9.2.5 yields 

(9.2.7) 

Since the integration over ()s vanishes when m i= mo and equals 27f when m = mo, the 

amplitude for any mode (m, n) can be recovered from the source distribution over the 

duct outlet as 

(9.2.8) 

Thus, similar to equation 2.3.15 

(9.2.9) 

Equations 9.2.8 and 9.2.9 show that the mode amplitudes may be obtained from the 

Hankel transform of order m of the radial velocity distribution evaluated at kr = K,mn. 

The Hankel transform of the radial velocity distribution is related to the Fourier transform 

of the axial velocity distribution in polar coordinates by equation 2.3.14. Since equation 

2.3.14 is a Fourier expansion, the Hankel transforms of the radial velocity distribution of 

order m given by equations 2.3.15, and more particularly by equation 9.2.9, are simply 

the Fourier coefficients of this Fourier Series 

(9.2.10) 

In discrete form, equations 2.3.14 can be rewritten as 

+mmax 

Uz (kr' ()) = 27f L Umm (kr) eimO (9.2.11) 
m=-mmax 
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where mmax is the maximum spinning mode number cut-on under consideration. Let 

q = m+mmax and Q = 2mmax+ 1, equation 9.2.11 can be rewritten for ease of computation 

as 
Q-1 

Uz (kn e) = 21f L Umm (kr) ej(q-mmax)O (9.2.12) 
q=O 

Sampling in the azimuthal direction as ep = p21f/Q with p = 0,1, ... , Q - 1, equation 

9.2.10 can be rewritten as 

Q-1 

Umm (kr) = L Uz (kn ep ) e-j(q-mmax)Op (9.2.13) 
p=O 

If the sampling criterion given by equation 9.1.14 is satisfied, the Fourier transform of the 

velocity distribution can be computed exactly from the radiated pressure as in equation 

9.1.15 for sets of wavenumber components (kx, ky), which from equations 9.1.9 and 9.1.18 

is given by 

(9.2.14) 

It is however required to interpolate the data provided by Uz (kx, ky) such that a new set 

of wavenumber components (kx, ky) corresponds to ep given as in equation 9.2.13. The 

wavenumber components kr are freely chosen and will therefore be evaluated at the values 

of the radial wavenumber of each mode (i.e. kr = K,mn). 

9.3 Mode amplitudes from discretised velocity dis-

tribution 

Kim and Nelson [43], as reviewed in section 9.1.1, have shown that the particle velocity 

distribution over the duct outlet can be inverted from the radiated pressure with optimal 

conditioning sampled at ),,/2 in the two orthogonal directions. We now attempt to use 

this sampled velocity to deduce the mode amplitudes. This section discusses the different 

methods for determining the mode amplitudes from the source distribution. 
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9.3.1 Mode amplitudes matching the source distribution 

The first method consists of inverting for the source distribution according to equation 

9.1.15, 

(9.3.1) 

The source distribution u can then be related to the mode amplitudes a by 

u=Ha (9.3.2) 

where H is a K x L matrix, which relates the particle velocity distribution to the mode 

amplitudes as described in the section 9.2. The velocity distribution found from equation 

9.3.1 may be written as the sum of the exact velocity distribution over the duct outlet 

plus errors due to either noise or modelling imperfections. In this case, the complex error 

vector can be written as 

n=u-u=u-Ha (9.3.3) 

Minimising the cost function defined as the sum of the squared errors of equation 3.1.7, (i.e. 

min Ilu - Hall;), the least square estimate of the mode amplitudes vector that minimises 

this cost function is given by 

(9.3.4) 

Introducing equation 9.3.1 into equation 9.3.4, the mode amplitudes can be deduced from 

the radiated pressure via the product of two matrix inversions 

(9.3.5) 

Although the solution to equation 9.3.5 optimises the errors found in the velocity dis­

tribution, the choice of the cost function is useful because the matrix G is optimally 

well-conditioned, i.e. 11:( G) = 1. The advantage of this approach is that G is proportional 

to a Fourier matrix and of unit condition number so that as long as the sampling criterion 

given by equation 9.1.14 is satisfied, the inverted vector of source distribution u is robust 

to any errors found in the pressure measurements. However the accuracy in inverting the 
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source distribution for the mode amplitudes may not be sufficiently high. As previously 

mentioned, an overdetermined system is required if the mode amplitudes are to be accu­

rately detected. From equation 9.1.18 we can deduce the number P and Q of non-zero 

source strengths in the x and y directions respectively. 

V2 
P = Q '5: -ka 

1r 
(9.3.6) 

Since the matrix G is square, the number of sampling points equals the number of sensors 

on the TCS. Therefore the number of sensors, which depends on frequency, required with 

that technique is 
2 2 

K = PQ '5: 2" (ka) 
1r 

(9.3.7) 

The number of cut-on modes also depends on frequency and is given by 

1 (1)2 1 L> -ka + -ka > - (ka)2 
- 2 2 - 4 (9.3.8) 

The ratio of the number of sensors required to deduce u with unit condition number to 

the number of modes to be inverted is therefore given by 

K 8 - < -< 1 L - 1r2 -
(9.3.9) 

Thus the method for inverting with unit condition number the source distribution over 

the duct outlet from pressure measurements, and then inverting for the mode amplitudes 

requires approximately 80% less sensors than modes. It is therefore not possible to deter­

mine a from p via u with optimal conditioning. It is thus necessary to invert for 'sources' 

over the duct outlet that is finer than the ),,/2 optimal resolution limit identified by Kim 

and Nelson. However, this is only done at the expense of increasing conditioning since the 

matrix G will no longer be related to the Fourier matrix and hence its condition number 

will be greater than unity. 
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9.3.2 Mode amplitudes matching the pressure measurements 

This section describes another method of deducing the mode amplitudes based on similar 

principles to that in section 9.3.1 but the solution is now fitting in the least squares sense 

the pressure data. The radiated pressure may be related to the mode amplitudes by 

p=GHa (9.3.10) 

such that D = GH. Now minimising the cost function resulting from the least square 

solution given in appendix B gives the optimal mode amplitude vector estimate via a 

single matrix inverse 

a = [GH]+p (9.3.11) 

Because of the underdetermined system, the same trade-off between robustness and accu­

racy required in the previous section needs to be satisfied. This method features the ad­

vantage of minimising the errors found in the pressure measurements whereas the method 

described in section 9.3.1 minimises errors found in the source distribution, which can 

only be useful if G is well-conditioned. 

9.4 Conclusion 

Alternative methods for mode determination in a cylindrical environment have been pre­

sented in this chapter 9. These methods based on far-field approximations use Fourier 

properties to express the radiated pressure field in terms of the source distribution at the 

inlet cross-section. This allows the reconstruction of the source distribution at the exit 

cross-section with an optimal minimisation of noise in the pressure measurements. This 

method requires, however, a underdetermined system of equations which may not be suf­

ficient for an accurate determination of mode amplitudes from the reconstructed velocity 

distribution. The work undertaken in this chapter has not been completed. Numerical 
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9.4 Conclusion 9 Fourier methods 

simulations could be performed to support the evidence that more sensors are required for 

an accurate determination of the mode amplitudes which in the same time will damage 

the optimal conditioning that these methods offer. These simulations will allows us to 

determine the best trade-off between conditioning and reconstruction accuracy. Further­

more, the mode amplitudes deduced from these methods require the interpolation of the 

reconstructed velocity to compute its Hankel transform which also introduces a source 

of errors. Therefore numerical simulations could be carried out in order to optimise this 

interpolation such that minimum errors are introduced. 
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Chapter 10 

Conclusion 

An inverse technique for determining the mode amplitudes of a circular hard-walled duct 

using pressure measurements made in the radiated near field has been described. This 

technique may be applied on turbofan engines with the use of the TCS during ground 

testing for mounting microphones. Although the technique presented in this thesis was 

expressed in terms of a simple model of a hollow duct with no flow, the technique remains 

valid for a more realistic model of an engine inlet with the presence of flow and liners. 

The technique uses a directivity matrix D which is inverted to compute a least-square 

estimate of the mode amplitudes both for tonal and broadband sound field. 

10.1 Robust sensor array for accurate modal inver-

. 
Slon 

The influence of sensor positioning on inversion robustness and accuracy was investigated 

by means of computer simulations. Generally, this investigation showed that two essen­

tial requirements had to be satisfied in order to obtain a good estimate for the mode 
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amplitudes: 

1. The number of microphones used in the inversion is at least 1.3 the number of cut-on 

modes to be inverted 

2. A uniform spreading of the microphones in both the azimuthal and polar directions 

A sensor array geometry was designed from these requirements and was shown to couple 

best with the modal information radiated from the inlet. This array geometry, which 

resembles a geodesic sphere, is referred to as a 'Geodesic array' and has the fundamental 

property that each microphone occupies an equal surface area on the TCS. It was shown 

that the inversion performed by this array geometry leads to levels of solution errors that 

are of the same order of magnitude as the SNR acquired during the measurements. The 

reason for .this has been explained. 

10.2 Analysis of the modal inversion 

An analytical study of the behaviour of the solution robustness was carried out. It showed 

that measurement noise affects strongly the solution at frequencies in the vicinity of the 

modal cut-on frequencies. At these frequencies, it was shown that the presence of nearly 

cut-off modes are responsible for large inaccuracies in the modal solution. 

A physical interpretation of the SVD of the directivity matrix D was presented that en­

abled an understanding of the cause of the ill-conditioning at these frequencies. The SVD 

allowed the analysis of the modal radiation problem to be carried out into another set of 

basis functions. The singular values were interpreted as a measure of radiation efficiencies 

of the transformed modes and the singular vectors were found to determine the content 

of acoustic modes within these transformed modes. The efficiently radiating transformed 
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modes associated with large singular values were found to contain well cut-on modes, 

while very inefficiently transformed modes associated with the smallest singular values 

contained nearly cut-off modes. The latter were shown to be responsible for large inac­

curacies found in the solution. The SVD analysis also allowed the determination of the 

detection performance of the radiated sound field by a given sensor array, which may be 

of interest if one is to design an array to detect particular modes generated by a particular 

source mechanism in the engine inlet. 

10.3 Robustness and accuracy improvement of the 

modal inversion 

Methods for improving inversion robustness and accuracy were devised and investigated. 

They were shown to be effective when applied to geodesic sensor arrays at frequencies 

in the vicinity of the cut-on frequencies. It was found that regularisation was limited in 

enhancing the solution accuracy at the frequencies at which the inversion was already 

well-conditioned. The errors which resulted from the various constraints imposed on the 

solution were found to be greater than the minimisation of the errors due to the residuals. 

Consequently, the design of a geodesic array geometry offered the most efficient way to 

obtain the lowest overall solution inaccuracies. The additional constraints introduced by 

regularisation were found to have a considerable effect on the large inaccuracies found 

at the frequencies around the cut-on frequencies. It was shown that good reconstruction 

accuracy was achieved if the constraints were applied mainly to the nearly cut-off modes. 

The use of geodesic sensor arrays were found to allow accurate mode amplitude with a 

minimal amount of regularisation required. 
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10.4 Laboratory-scale fan inlet TCS measurements 

The modal directivities of a laboratory-scale fan inlet were modelled using a FE/IE analy­

sis, which included the lip effect. Although only small differences in magnitude and phase 

were introduced by the presence of the lip, the low values of condition number obtained 

with the geodesic sensor array remained unaltered between the cut-on frequencies. The 

experimental pressure measurements were conducted in nearly free field conditions on 

the laboratory-scale fan inlet using a hemispherical structure to mount the microphones. 

Broadband noise was measured and a cross-spectral matrix of pressure measurements 

was computed. The sound power radiated from the inlet comprised tones at multiples of 

the BPF. These tones occurring at the blade passing frequencies correspond to distortion 

tones with a significant bandwidth. The estimated mean square mode amplitudes were 

plotted against their cut-on ratio. The distribution of the mode amplitudes was found 

to closely follow a model in which there is equal energy per mode. The modal inversion 

from the geodesic sensor array was compared with the results from conventional spinning 

mode decomposition using a ring of in-duct microphones. Results for the spinning mode 

amplitudes were found to agree to within 6dB, with many of the modes found to agree 

to within 3dB or less. The inverse technique also allowed an estimate for the modal co­

herence function, which measures the level of statistical inter-dependence between any 

two modes. Small coherence functions were observed between most of the modes at most 

frequencies. The absence of modal cross coherence at the pseudo tones indicates that the 

sound field generated by the fan inlet is essentially broadband. To the author's knowledge, 

this information has not been possible before. 
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10.5 Future work 

The inverse technique using phased array measurements in the near field, with micro­

phones arranged in a geodesic geometry, has enabled a robust detection of mode am­

plitudes generated within the fan inlet with an accuracy of similar order to that of the 

measurement SNR level over a large band of frequencies. This measurement technique 

which allows for the first time an accurate estimate of broadband mode distribution, is a 

stepping-stone for a better understanding of source mechanisms of broadband fan noise 

and forms an essential tool in developing strategies to control the sound field radiating at 

the inlet of the engine. 

However, there is significant scope for improving the accuracy of the technique. A forward 

problem which models the effects of realistic flows as well as the presence of liners within 

the inlet could be implemented. Such forward problem would increase the number of 

cut-on modes. The robustness and accuracy of the inverse problem will then have to be 

studied. The unique microphone spreading of geodesic sensor arrays allows good detection 

of complicated modal radiation patterns. Therefore, further investigation of other classes 

of geodesic geometry [27] could allow a better coupling of the TCS sensor array with the 

modal information radiated by the inlet with different flow and liner configurations. 

A detailed investigation of the effects of the TCS structure on the sound field is also to 

be carried out. The diffraction effects of the steel bars from the laboratory-scale TCS rig 

would certainly need to be controlled by applying some absorbent material over the entire 

hemispherical surface. 

Furthermore, the procedure detailed in this study is also to be validated against full-scale 

static engine tests. This would convince engine manufacturers to perform such type of 

measurements to gain some knowledge of the noise produced by their aircraft engines and 

hence develop new designs which would enable considerable reduction of noise emission. 

Finally, other measurements using the TCS array in the near field could be performed such 

as beamforming for source localisation or near-field holography to determine quantitative 
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aspects of the sources of sound at the inlet of the engine. 
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Appendix A 

Far field analytical solution 

Using the assumption of equation 2.2.16 and introducing equation 2.1.20 into equation 

2.2.11, the far-field modal directivity factor can be approximated as 

J·k-Jl - a2 e-j(krnnzl+kr) 1 
D (r e cp) = mn 1 ('" r )e-jm()sejkrssillrpcoS(()s-()dS 

mn , , ~ 2 m mn s 
y l1.mn trr s . 

(A.l) 

The integral term above is now to be solved 

(A.2) 

Consider first the integral with respect to es . 

(A.3) 

First of all, it may be shown that the Bessel function can be written in power series for 

mas: 
_ 00 q (~z)m+2q 

Jm(z) - I)-I) I( )1 
q=O q. m + q . 

(A.4) 

and that 

(A.5) 
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A Far field analytical solution 

If one considers the exponential term e!z(t-l/t) = e!zte-!z/t and one expands it as 

[ 
1 1 (1 2 1 1 3 1 [1 1 (1 /)2 1 1 )3 1 1 + - zt + - - zt) + - ( - zt) +... 1 - - z / t + - - z t - - ( - z / t + ... 
2 2! 2 3! 2 2 2! 2 3! 2 

These two convergent series when multiplied to each other leads to terms involving to, tl, 

t2 tn d t-1 t-2 t-n , ... , an , ,... . 

If one considers only terms involving to and tl, one finds, respectively, the following 

Z2 Z4 Z6 
1--+ - + ... 

22 24 . 2! . 2! 26 . 3! . 3! 
z Z3 z5 
----+ -2 23 . 2! 25 . 3! . 2! ... 

and can be identified as the power series of equation A.4 namely lo(z) and 11 (z). 

Generalising for all m, one finds lm(z) and l_m(z) are the coefficients of terms involving 

tm and rm. Therefore, 
+00 

e!z(t - rl) = L tml m(z) (A.6) 
m=-oo 

If one writes in the above exponential index t = eJfis, one gets e!z(ei8s-e-i8s) = ejz sin Os . 

Then from equation A.6 

and from using the property of equation A.5 

+00 +00 
ejzsinOs = lo(z) + 2 L 12m (z) cos 2mes + 2j L 12m- 1(Z) sin(2m - l)es (A.7) 

m=l m=l 

If one substitutes es by ~ - es in equation A.7, then 

+00 +00 
= lo(z) + 2 L( _l)m 12m(z) cos 2mes + 2j L( _l)m+l 12m- 1(Z) cos(2m - l)es 

m=l m=l 

+00 

= lo(z) + 2 L jm lm(z) cosmes (A.8) 
m=l 
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Thus the exponential term in equation A.3 can be expanded as in equation A.8 to give 

+00 
ejkrs sin <pcos(I1s-I1) = Jo(krs sin <p) + 2 L jm Jm(krs sin <p) cos m(Bs - B) (A.9) 

m=l 

Introducing equation A.9 into equation A.3 leads to 

+00 
= 27f LjmJm(krssin<p)(cosmB - jsinmB) 

m=l 

+00 
= 27f LjmJm(krssin<p)e-iml1 

m=l 

Substituting equation A.10 into equation A.2 yields 

27fjme- j ml1s l a 
Jm (K,mnrs) Jm(krs sin <p )rsdrs 

(A.I0) 

(A.ll) 

The above Bessel functions Jm(K,mnrs) and Jm(krs sin <p) are solutions of Bessel equations 

of the form 

(A.12) 

(A.13) 

A.12· cPl-A.13· cP2 gives 
Ts Ts 

(A.14) 
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A Far field analytical solution 

As cpl(rs) and CP2(rs) are solutions of Bessel equations A.12 and A.13, they can be respec­

tively written as Jm (K,mnr s) and Jm (kr s sin <p). Then integration of equation A.14 for all 

rs leads to 

(A.15) 

Using the following recurrence formula 

(A.16) 

and equation A.15, equation A.ll can be rewritten 

(A.17) 

This result is only valid for (K,mn? =1= (ksin<p)2. When (K,mn)2 = (ksin<p)2, the integral 

term of equation A.ll becomes 

'm _jmfJ
a2 

[/2( ) ( m
2 

)J2 ( )] 21fJ e "2 Jm K,mna + 1 - (K,mn a)2 m K,mna 

= 21fjme-
jmfJ

a2 [~Jm(K,mna) - Jm+I(K,mna) + (1 - ( m
2 

)2) J'/n(K,mn a)] 
2 K,mna K,mna 

= 21fjme- jmfJ
a2 

[J'/n(K,mna) - 2m Jm(K,mna)Jm+1(K,mna) + J'/n+1(K,mna)] (A.lS) 
2 K,mna 

Introducing equation A.17 and equation A.lS into equation A.l leads to the far-field 

pressure to be written as 

k - /1 - a 2 e-j(krnnzl+kr). a 
D ( e ) - 'm+1 V mn -)mfJ 

mn r, ,<p - J ~ e -2=---(:--k-' ---:)-:-2 
V l1-mn r K,mn - sIn <p 

[K,mnJm(ka sin <p)Jm+1 (K,mna) - k sin <pJm(K,mna)Jm+1(ka sin <P)] 

(A.19) 
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A Far field analytical solution 

• K;~n = (ksin<p)2 

Equation A.20 represents the analytic solution for directivity factor in the far field on 

the main radiation lobe. Elsewhere, the directivity factor is computed by equation A.19. 

Using the recursive relation in equation A.16 and the hard wall boundary condition of 

equation 2.1.14, equation A.19 may take a useful reduced form 

," . ~' : 
" i:" 
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Appendix B 

Least squares solution 

The forward radiation problem from a semi-infinite flanged duct allows the modelled 

radiated pressure for a single mode to be written as the product of a modal directivity 

pattern and a mode amplitude. Since the total pressure may be expressed as a modal 

basis, it can be written in matrix notation as follows 

Da=p (B.1) 

However, in practice, the measured pressure is always contaminated by measurement 

noise. In order to take into account the effect of this contaminating noise, the measured 

pressure p may be written as the sum of the modelled pressure vector p and an error 

vector n 

p = Da+n (B.2) 

In this case the complex error vector can be written as 

n=p-p=p-Da (B.3) 

In order to deduce the vector of mode amplitudes a that ensures the best fit of the 
, 

modelled pressure field to the measured data, the minimisation of the sum of the squared 
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B Least squm'es solution 

errors (,residuals') between the measured sensor outputs and the model sensor outputs is 

required, This vector is called the least squares solution and satisfies 

min lip - Dall; (B.4) 

which, equivalently may be written as 

K 

J = L Indw)12 = nHn (B.5) 
k=l 

In order to find the modal amplitude vector that minimises this cost function, the deriva­

tives of the cost function with respect to each element of the modal amplitude vector are 

to be evaluated and to equal zero. Namely 

aaJ 
= (a a J , aa J , ... , aa J ) T = 0 

a al a2 aL 
(B.6) 

Introducing equation B.3 into equation B.5 leads to 

(B.7) 

If one lets the matrix G be DHD and Hermitian (must thus have real elements along 

its principal diagonal), the vector b be _DHp and the real scalar quantity c be pHp, 

equation B.7 can be identified as the general quadratic Hermitian form [46] defined as 

follows 

(B.8) 

Because of the Hermitian property of G (i.e. G H = G or G* = G T ), the first term in 

equation B.8 can be shown to be equal to its complex conjugate as follows 

and therefore to be a real scalar. 
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B Least squares solution 

The third term in equation B.8 can be expressed as follows 

= (aH )* b* 

= [aHb]* 

Thus, the second and third terms in equation B.8 sum to give a real scalar as 

(B.9) 

From this, one can see that the cost function to minimise is a real scalar which agrees 

with its definition (i.e. 2:: [e[2). 

The general Hermitian quadratic form may be expressed as a function of entirely real 

quantities by defining the real and imaginary parts of a, G and b such as 

(B.10) 

Again since G is Hermitian, G r = G;, G i = -GT and from equation B.9, the general 

Hermitian quadratic form can be expanded as 

J = (a; - jan (G; + jGn (a; + jan + 2a;br + 2aTbi + c 

= a;Grar - ja!Grar + ja;Grai + a!Grai + ja;Giar + a!Giar 

(B.ll) 

This real scalar quantity can now be differentiated with respect to each of the real and 

imaginary components of the modal amplitude vector a. 

~~ - (!~1' :~2 ' ... , a~~L) T 
;~ (::1' ::2' ... , !~L) T 

197 



B Least squa.res solution 

Using two properties of such derivatives for entirely real x, y and real symmetric B [25] 

(B.12) 

the cost function may be differentiated with respect to the real and imaginary parts of a 

to give 
8J 
~ = 2Grar - 2Giai + 2br 
uar 

8J 
~ = 2Grai + 2Giar + 2bi 
Uai 

A complex gradient vector w is now defined by the following equation 

8J .8J 
w=-+J-

8ar 8ai 

Using equations B.13 and B.14, the complex gradient vector w can be written 

w = 2(Ga+ b) 

(B.13) 

(B.14) 

(B.15) 

(B.16) 

If G is positive definite (i.e. aHGa > 0), the cost function J will have a unique global 

minimum when the complex gradient vector w is set to zero 

Gao + b = 0 (B.17) 

leading to 

(B.18) 

Substituting expressions for G and b into equation B.18, the optimal estimate of the 

modal amplitude vector that minimises this cost function is found to be 

ao = [DHDr
l 

DHp 

=D+p 

where D+ is the pseudo-inverse of the directivity matrix D. 
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Appendix C 

The condition number 

From the definition of the 2-norm matrix 

(C.1) 

where u is any vector of unit 2-norm (i.e. IIul1 2 = 1). The square of the 2-norm above 

can be written in terms of the dot product 

(C.2) 

Thus 

(C.3) 

Consider the function h (u) = uHDHDu - AUHU for any real scalar A. The expression 

uHDHDu is maximised, as required by equation C.3, when the differential of h with 

respect to u equals zero, i.e. 

8h 
-8 = 2 (DHD) u - 2AU = 0 
·u 

(C.4) 

which leads to 

(C.5) 
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C The condition number 

Equation C.5 can be identified as the eigenvalue problem equation. Therefore, the A's are 

the eigenvalues of the symmetric matrix DHD, which is the matrix appearing in the least 

square solution 3.1.9. 

It therefore follows that 

(C.6) 

where Amax is the maximum eigenvalue of the matrix DHD. 

Since it was shown in section 4 that the singular values a of the modal directivity matrix 

D are the square root of the eigenvalues A of DHD (i.e. see equation 4.1.4), 

(C.7) 

Similarly it may be shown that 

jjD+jj =_1 
2 amin 

(C.8) 

where a max and amin are the maximum and minimum singular values of the matrix D 

respectively. Introducing equations C.7 and C.8 into equation 3.3.1 enables the condition 

number of the directivity matrix to be expressed in terms of its maximum and minimum 

singular values as 

i'1: (D) = a max 

amin 
(C.9) 
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Appendix D 

Asymptotic behaviour of the 

condition number for the inversion 

of 3 modes by 3 microphones at a 

cut-on frequency 

Consider the inversion of three modes by three microphones with at least the pair of 

least cut-on modes at a cut-on frequency. These least cut-on modes have a cut-on ratio 

al = a2 = ao ::;:;j 1. For this problem the directivity matrix D is then given by 

Jl- a6F ll Jl- a6 F 12 F13 

Jl- a6 F 21 Jl- a6 F 22 F 23 (D.l) 

Jl- a6F 31 Jl - a6F32 F33 

where Fij is a factor which is written from equations 4.3.2 and 4.3.3 for the mode j at 

microphone i. 

If these factors are combined as the following 
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D Asymptotic behaviour of the condition number 

and one lets 1'0 = Jl - a~, the matrix G defined by equation 4.3.6 is now written as 

I'SHI I'SH4 1'0Hs 

I'SHt I'SH2 I'OH6 

1'0H; 1'0H~ H3 

The eigenvalues of this matrix are found from equation 4.3.7, namely 

det (G - AI) = 0 

which leads to the following cubic characteristic equation 

where 
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D Asymptotic behaviour of the condition number 

are factors that are independent of 10. In order to study how the behaviour of the 

condition number is influenced by the pair of least cut-on modes it is necessary to find an 

approximate solution for the eigenvalues when aD f--+ 1 or consequently when 10 f--+ O. It 

is therefore necessary to expand the solution of equation D.4 in to a regular series in 10 

(D.5) 

Introducing equation D.5 into equation D.4 and solving for the terms of order 0 (Jg) 

yields 

The coefficients of order 0 (/g) for the three eigenvalues are 

).0 = 0, 0, H3 

Equation D.4 is now solved for the terms of order 0 (15) 

The coefficients of order 0 (15) for the three eigenvalues are given by 

\ _ K 1).0 + K3 
Al -

3).0 - 2H3 

(D.6) 

(D.7) 

(D.8) 

(D.9) 

The maximum and minimum eigenvalues on second order approximation (i.e. 0 (1'5)) are 

found to be respectively 

\ H KI H3 + K3 2 
Amax = 3 + H3 10 

Kl 
).min = - 2H3 

When 10 f--+ 0, one can deduce from the above equation 

).max ;::::J _ 2Hj2 + 0 (1) 
).min KIlO 

(D.10) 

(D.11) 

Therefore the behaviour of the condition number of the directivity matrix at cut-on fre-

quencies is given by 

(D.12) 
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Appendix E 

Inversion robustness and accuracy 

for random sensor arrays 

.. ,-.' .... 
. J::: [<', fl' 

, ! 

; :; ,~ 
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Figure E.l: (a) Mean value and (b) st andard deviation of K;(D ), (c) Mean value and (d) 

st andard deviation fl at ka = 10 of 2000 randomly distributed sensor arrays --gives the 

minimum and maximum values of J.L K, and J.L71 
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