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We introduce a new class of weak curvature singularity with the critical feature that, al-
though the curvature may be unbounded on approach to the singularity, the curvature

remains square Lebesgue integrable.

Previous work lodking at analogous singularities in the context of Yang-Mills gauge
theory, suggests that a two-dimensional singularity, with square Lebesgue integrable cur-
vature, will have a connection approaching that of a flat connection on approach to the
singularity. By considering a 2-dimensional, timelike and static, weak singularity and by
treating General Relativity as a.gauge theory, we are able to apply these methods to grav-

itational singularities. We show that

1. A limit holonomy exists and is independent of position on the singularity
2. The connection tends to the conical connection in an L# Sobolev norm

3. The metric tends to the conical meti‘ic n an L% Sobolev norm

In the final chapter we review previous work on the use of Colombeau’s theory of gen-
eralised functions in describing the curvature of conical spacetimes as distributions. Using
the results stated above, we are able to extend this work to a class of weak curvature singu-
larities. We show that the distributional part of the curvature of a weak, two-dimensional,
timelike and static, curvature singularity is associated (in the sense of Colombeau algebras)
to the distributional curvature of a 4-dimensional cone, which may be described in terms

of 2-dimensional delta functions.
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Conventions

Throughout this thesis we shall adopt the following conventions.

The letters a through to h will be used for space-time indices, letters i to n will be used
for Lie algebra and Lie group indices and Greek letters o, 3, etc... will be used for indices

of the Lie algebra so(3).

The different types of derivative are given in the following way.

Ordinary derivative d

Partial derivative & or
Exterior derivative d
Covariant exterior derivative D

Space-time covariant derivative V or. ;

We shall use ¢; for i € N to denote generic constants. Unless otherwise stated it can be
assumed that any ¢; in a theorem or proof will not necessarily be the same when written

again in a different theorem or proof.

As in [53] we shall sometimes refer to w as a differential p-form and sometimes we refer to
Way..ap 88 the p-form. The distinction is not important since the index structure of differ-
ential forms is trivial. It will be clearly indicated where necessary when an index-free letter
represents a function and when that letter represents a differential form written without

coordinate indices.

If we have an object with Lie algebra or Lie group indices we distinguish between the full
object and just one particular Lie algebra or Lie group component of the object by the use

of the normal notation and the normal notation with a check mark above it respectively.

i



For example, Aza is the Lie algebra valued connection 1-form and /Vléa is the (i, 7)th scalar

valued 1-form component of A% .

In Chapter 4 when we write e* where u is a matrix (in the Lie algebra so(3)) we mean to
interpret the exponential as an expansion. i.e.
2 8 A

u _ v, v v
e —Id+u+2+3!+4!+...

In Chapter 3 and Chapter 4, if a Sobolev norm is written without reference to a domain
it is to be taken over, then it is assumed that the Sobolev space is to be taken locally. For

example, we may shorten A & L%,Ioc to just A € L2,

iii



Nomenclature

We include a list of some of the notation used in this thesis which has not been explained in
the ‘Conventions’ summary. We omit notation for the standard Lie groups and Lie algebras

which are listed in Appendix A.1. Notation given for one chapter will have the same meaning

in following chapters unless stated otherwise.

Chapter 1

G Einstein tensor Tup Energy-momentum tensor

{t,r,0,z} Cylindrical polar 27(1 — A) Angular deficit of a cone
coordinates

Chapter 2

M Manifold Gab Metric

m Mass of black hole M Cauchy completion of M

oM Complement of M in A/ I Metric connection

.M Tangent space of M Cabed Weyl tensor
at p LM Frame bundle

Repea Riemann tensor [X] Equivalence class of X

Lé Lorentz transformation Wy Connection 1-form on

7 Soldering 1-form bundle at p

e Basis of vectors A Dual basis of 1-forms

G Positive definite metric II Projection from bundle
on LM to base space

cr Space of r times o Loop space of a path A
differentiable functions K Closed path

Hol(E(0),x) Holonomy of & o Volume element

K Gaussian curvature Qap Curvature 2-form

v
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1
Sj

Chapter 4
SO(3)
Q

Region homeomorphic
to a disk
Geodesic curvature

Subspace of R*

Bundle space
Yang-Mills curvature
2-form

A gauge

Pullback of s

Action

Holonomy
2-dimensional singularity
Neighbourhood of &

A gauge transformation
Basis element

The holonomy number
Sets of open balls

A specific gauge

transformation

A specific Lie group
The bundle space with
gauge groﬁp SO(3)
Proper orthocronous
Lorentz subgroup
Frame of basis vectors
Gauge transformations
A path in the manifold
Figenvalues

Metric

£

Sx

Al

Jja

%o
Ny
)‘7‘7 Hr

m(N)

Path ordered exponential
operator
Sobolev space

L% Sobolev norm

A Lie group
Yang-Mills connection
1-form at ¢
Pushforward of s
Gauge dependent connection
1-form in Yang—Mﬂls
Conjugacy class of J,
Point on the singularity
Neighbourhood of 3
Paths in the bundle
Path in the manifold
Prototype of a flat
connection 1-form

A cut-off function

The limit of sasr — 0

The Lie algebra of SO(3)
Lorentz group

Ricci rotation coefficients
Gauge dependent

connection 1-form

Dual basis of covectors
(Prototype) connection 1-form
of a flat 4-d cone

Levi Civita connection

Measure of a set V



Chapter 5
G

g
?

En (R™)
G(R™)

)

Ry

Gravitational constant
Rotation produced by holonomy
A test function

The subalgebra of £(IR™)

The Colombeau algebra
Algebra of generalised numbers
Associativity relation

between elements of C

and real complex numbers
Curvature density
Non-singular part of the

curvature away from origin

vi

D, Ay, Ag

£(R)
N (R™)

. E>EM3I

&

hab

Spaces of C'*° functions
with compact support

An algebra

The ideal of & (R*)
Pointwise values of £(R"),
Eyr(R") and NV(R?)
Associativity relation
between elements of the
Colombeau algebra
Singular part of the metric

Mass per unit length



Acknowledgements |

I would like to thank my PhD supervisor Professor James Vickers for his inspiration, assis-

tance and patience throughout the last three years.

I would also like to thank my PhD advisor Dr Carsten Gundlach, my colleague David

Hilditch, my father Chris Ronaldson and all my family for their continued support.

Finally, T am extremely grateful for the love, patience, advice and cooking provided by my

wife, Kelly.

Vil



Chapter 1

Introduction

A singularity in General Relativity is a point at the edge of a space-time where causal
geodesics come to an end. An object traveling along such a geodesic has a point beyond
which it has no past and/or a point beyond which it has no future. Singularities have
attracted much interest over the last fifty years, but the task of understanding such phe-
nomena has not been without obstacles since the nature of singularities prevents their direct
observation, as proposed by the cosmic censorship hypothesis [33, 38]. However, properties

can be deduced by the effect they have on the surrounding space-time.

Einstein’s field equations, given by Gy, = 87GT,; are the basis from which we understand
General Relativity. The meaning of these equations and the effect of gravitation have been

summarised by the theoretical physicist John Wheeler:
“Space tells bodies how to move and bodies tell space how to curve.”

Where there exists a massive body in space-time, the curvature of the space-time around

that body will be increased.

Curvature singularities can be thought of as an extreme of this situation. As we approach a
curvature singularity the curvature becomes unbounded. For example we consider the case

of the Schwarzschild solution, with line element

ds® = (T — 2m> de? — ( r ) dr? — r2d9® — r? sin® 0d¢? (1.1)
7 r— 2m

The effect is that the gravitational attraction, resulting from the distortion of the geome-

try of the space-time around the singularity, becomes so strong that, at a certain distance



from the singularity, not even light can escape. At this distance we have what is known
as an ‘event horizon’. The region which the event horizon bounds is defined to be a ‘black
hole’. According to the cosmic censorship hypothesis all (generic) curvature singularities

are hidden behind an event horizon in this way.

However, not all gravitational singularities are black holes. An important class of such
singularities is given by cosmological or big-bang singularities such as that given by the

Friedmann solution with line element

ds? = dt? — R*(¢t) (1—1——2—er +r2d#% — r? sin? 9d¢2> (1.2)
— KT

where R(t) is a scale-factor found by solving Friedmann’s equation. This space-time is sin-

gular at ¢ = 0 where R vanishes.

Another class of singularities which do not have event horizons is given by quasi-regular sin-
gularities. A quasi-regular singularity does not have this rapidly increasing curvature [12]
and in fact the curvature is bounded as measured in a parallely propagated frame. The
curvature is well-defined in the neighborhood but not at the singularity itself, which is not
a point of the space-time manifold. The standard model for a quasi-regular singularity is
the 4-dimensional cone. Our intuitive understanding of the familiar two-dimensional cone
shows that at any point away from the singularity, although the cone may be curved, locally
the cone is flat (i.e. has zero curvature). Likewise we see that at the point of the cone, we

cannot describe the curvature and the point is degenerate.

For the four-dimensional cone the singularity is not a point but a 2-dimensional surface. If
coordinates on the singularity are given by (¢, z) then for each point (¢1,21) the coordinates

in the surrounding cone are (r,#). The line element of the four-dimensional cone is

ds® = dt* — dr® — r2 A%df* — d2? (1.3)

Although all quasi-regular singularities have an undefined curvature, the integral of the
curvature over a neighborhood of the singularity is defined. We find the curvature can be
described using a distribution [49]. The holonomy of a closed path is given by the integral
of the connection around the path, which may also be given in terms of an integral of
the curvature over the spanning surface. Using Gy = 8mKT,; and the holonomy, we can

measure the integral of the corresponding energy-momentum tensor at the singularity. The



idea of a distributional curvature at a quasi-regular singularity is covered extensively in [49]

and in Chapter 2.

In the past singularities have often been considered to be exceptions to many of the laws
~and theorems governing space-times. By providing a distributional solution to Einstein’s
equations for quasi-regular singularities we can work with them in much the same way that
we do for point and line charges in electromagnetism. This enables one to regard them as

interior points of the space-time (see [5] for details).

In this thesis we will focus on a class of singularities for which the singularity is stronger
than for quasi-regular singularities but for which the curvature is locally square integrable.

We will refer to this class of singularities as weak curvature singularities.

The goal of this thesis is to extend the holonomy analysis to include weak
curvature singularities. This is used to find a description of the connection
and metric in the neighbourhood of the singularity. The method of Colombeau

algebras is then used to calculate the distributional curvature of the singularity.

In Chapter 2 we provide a brief review of singular space-times and key concepts regarding
completeness, distributional curvature and holonomy. We also introduce some important

concepts from analysis such as Sobolev spaces.

We often think of General Relativity by considering a metric; and an explicit form for
the metric is obtained by making a coordinate choice. Instead we will think of GR as a
gauge theory by looking at connections on the orthonormal frame bundle. This allows us
to make comparisons with Yang-Mills theory where similar holonomy dependent theorems
have been developed, also with the restriction that the curvature is square Lebesgue inte-
grable [39, 40]. In Chapter 3 we briefly describe the gauge theory formalism for Yang-Mills
fields and then review two theorems of particular interest in [39] which tell us how, as we
radially tend towards the singularity, the geometry of the Yang-Mills field in a neighbor-

hood of the singularity increasingly resembles the geometry of a space with a flat connection.

Our aim is to take these theorems and adapt the method of proof so they apply in General

Relativity. This shows that we can describe the curvature at a weak curvature singularity



in much the same way as a conical singularity. Chapter 4 details the main results of this
thesis, with a complete proof, at the expense of some repetition of material from the pre-
vious chapter. In the GR case we have a metric as well as a connection and this enables us

to obtain a description of the limiting geometry in terms of the metric.

In Chapter 5 we review work from the last two decades on generalised functions and
Colombeau algebras and look at succesful efforts to find the distributional curvature of
a four-dimensional conical singularity. We then use a similar method to establish an ex-

pression for the distributional curvature of a weak curvature singularity.



Chapter 2

Singularities in General Relativity

2.1 What is a singularity?

A singularity is an exceptional point in space-time with which we must take especial care
when applying the laws of physics. Singularities are best described by the effect ‘they have
on the surrounding geometry of a space-time and so perhaps a better question would be
to ask, “where is a singularity?”. If we consider a space-time to be described by the pair
(M,g), a ﬁanifold and a metric, then we realise that singularities cannot exist within a
space-time. The differential geometry of the manifold and the metric cannot describe such
an unnatural point as a singularity and so we say that singularities exist at the boundary

of space-time.

A familiar singularity is that of the Schwarzschild solution. This singularity exists within
an event horizon and so is causally separated from any external observer. We understand
that the curvature increases to infinity as we approach the singularity. However, we also
note that at a distance of 2m away from the singularity (where m is the mass of the black
hole in geometrised units) the metric in Schwarzschild coordinates is undeﬁﬁed. This may
compel us to believe there exists a singularity at r = 2m. However, the singularity here
is due to the particular choice of coordinates we have used to describe the Schwarzschild
solution, and in fact r = 2/m is not a true singularity. We call such phenomena, ‘coordinate

singularities’.

Another problem which may arise in trying to identify singularities is with our notion
of a limit. Since singularities do not reside in any space-time, one way to measure their

properties is to take limits as we approach the singular point. If our space-time has a fixed



background metric and/or the metric is positive definite then this is not a problem, as
we have a clear understanding of distance and hence the shortest distance between points.
Hence, when dealing with electro-magnetism which is usually described by modeling it in

Minkowski space-time (which has a fixed background metric), we do not have problems

?
in taking limits on approach to singularities. In General Relativity the metric also has

Lorentzian signature and hence (in this thesis) has the sign convention

However, without a fixed positive definite background metric we have no obvious way to
measure distance. Instead we regard singular space-times as ones which are in some sense
incomplete and also cannot be extended to make them complete. We first look at various

definitions of completeness, and show how to attach a boundary to incomplete space-times.

Cauchy completeness

We start by looking at the concept of Cauchy completeness. We say that a metric space
(M, d) is Cauchy complete (m-complete) if all Cauchy convergent sequences of points con-

verge to points also within the space. A sequence of points (z,) is Cauchy convergent if

Ve>03 N, eN such that V n,m > N, d(xn,zTm) <€ (2.1)

If one has a Cauchy sequence that does not converge to a point in M then this indicates the
space 1s not complete. By working with equivalence classes of such Cauchy sequences one
can attach some additional ideal points to the space M to obtain the Cauchy completion M
(see for example [1]). The boundary points M := M\ M form the boundary of the space.
However, since we have no natural way to measure the distance between z, and z,, we find

this to be an inadequate way of identifying boundary points in GR.

Geodesic completeness

An alternative notion of completeness more suitable for the GR case is provided by geodesic

completeness. A manifold is geodesically complete (g-complete) if all geodesics are of infi-



nite length and never leave the manifold.

Geodesic completeness and Cauchy completeness are interchangeable ,WheIi dealing with a
space with a positive definite metric (by the Hopf-Rinow theorem, see for example [10]).
However, for a metric of Lorentzian signature, g-completeness still makes sense where m-
completeness does not. An affinely parameterised geodesic is a C? curve, p: ¢+ u(t) € M

through a space-time satisfying the geodesic equation given by

d2ua . dub duc _

SE e X 2.2
gz T g (22)

If there is a value beyond which the affine parameter ¢ cannot be extended the geodesic is
incomplete. A smooth curve is a geodesic if the tangent to the geodesic is parallely trans-
ported along itself. Parallel transport preserves norms and it is the norm of the tangent
vector to the geodesic that determines if the geodesic is timelike, spacelike or null. Hence
geodesics always remain either timelike, spacelike or null. For the case of timelike geodesics
we have time as our parameter. Massless particles (e.g. photons) travel along null geodesics
and particles with mass can travel along timelike geodesics. Hence, it seems satisfactory to
say that should a manifold of an inextendible space-time feature a non-spacelike geodesic
which is incomplete, then that space-time has a boundary point at the point of incom-
pleteness. However, Geroch [16] has constructed an example of a rocket-ship with bounded
acceleration which could leave a g-complete space-time at a point which we must consider
to be a boundary point. Hence geodesic completeness does not necessarily imply that the

space-time is without boundary.

Instead of just g-completeness it seems natural to demand that a space-time without a
boundary is complete for all non-spacelike curves; that is to say, containing no non-spacelike
curves which are either future or past incomplete. This leads us onto our next definition of

completeness.

Bundle completeness

In Riemannian geometry (where we have a positive definite metric g) we define d(p, q) as
the length of the shortest of the curves 7 : ¢ — 7(¢) joining p € M to ¢ € M where 7y is

continuous and twice piecewise differentiable. We write this explicitly as



tr.0) = int [ Vst ) 23

This gives us the arc-length of the geodesic. In GR affine parameters give the arc-length of
(timelike) geodesics. Generalised affine parameters (GAPs) measure the length of any path.
We again consider a parameterised curve p : ¢ +— u(t) (although not necessarily geodesic)
through a point p € M. We choose a basis (ef) for T,M the tangent space at p and then
look at the tangent space for the entire curve, T,y M. By parallely propagating (e2) along
p we obtain a basis (ef (¢)) for T, M for each t. The tangent vector can be expressed using

this basis by

Ve(t) = Vit)el (t) (24)

We define the GAP u to be

u= / (Vi(t)Vj(t)dij)% dt (2.5)

Note that u is not uniquely defined by p, but also depends on the initial choice of basis
ej for T, M. However, if there is a value for a GAP for a curve beyond which it cannot
be extended then it can be shown that this will be true for all GAPs of that curve. Hence
whether or not a curve can or cannot be extended does not depend on the initial choice of
basis but only on p. If there exists a value beyond which the GAP cannot be extended then
such a curve is b-incomplete. We describe a space-time as being b-complete if it permits
no such incomplete curves and b-incomplete otherwise. We note that since a b-complete
space-time contains only b-complete curves, all geodesics must also be complete and hence

b-completeness implies g-completeness.

The b-boundary

Since the singularity lies outside the space-time, we would like to define its location in
another space so it is more than a conceptual position. To do this we can consider various
ideas such as the a-boundary [37] (abstract boundary), b-boundary [35] (bundle boundary),
c-boundary [17] (causal boundary) or the g-boundary [15] (geodesic boundary). In this
thesis we consider the b-boundary, the construction of which involves Cauchy sequences

and bundles.



Cauchy sequences

In general, if we have a metric space (M, d), we say M is complete if all Cauchy convergent
sequences are convergent to a point in M. If M is not complete then we look at M, the
space of equivalence classes of Cauchy sequences on M, where two sequences are equivalent
if they converge to the same point. We can identify elements of M with points, not all of

which lie in M. We call M the Cauchy completion of M. We define the boundary of M as
OM = M\M (2.6)

Now we wish to apply this method to model singularities. We choose a space-time (M, g)
where g is C? and look at a completion of M by adding ideal points to get M. The
singularities are located at the boundary OM = M\ M. However, since we are not using a
positive definite metric, it is not possible simply to use the Cauchy completion of . To
continue we shall need to construct a positive definite metric on the bundle space above

the manifold.

Frame Bundles

Any point z in a manifold M, which we shall take to be four dimensional, can be mapped
to Ly M (a set of 4 linearly independent vectors at the point z) which lies in LM, the frame
bundle.

M— LM

T Ly M ' , (2.7)

The fibre above a point z on a manifold is the set of all points in the bundle which project
down onto z. In LM the fibre is a space of sets of four linearly independent vectors. A point
in this space could be (X¢, X¢, X§, X¢). We can transform from this point to any other
point in the space (Y, Y, Y, Y2) by means of a matrix L € GL(4,R) where GL(4,R) is

the group of 4 x 4 invertible matrices with elements in R.

Y = LIX? (2.8)

We say that X ~ Y <= Y = LX and we find that X is equivalent to all points in
Ly M. Hence we can project any point X in the space to [X], the equivalence class of X.

We identify [X] with .

We now have a way to take LM to M



- — M

X = [Xl=¢2 (2.9)
We now use the soldering 1-form and the connection 1-form to put a positive definite metric
on LM and hence give it the structure of a metric space.
The soldering 1-form (or canonical 1-form)

We have a projection from the frame bundle LM to the manifold M

II:LM— M (2.10)

The derivative of the projection, DII maps the tangent space of LM to the tangent space
of M

DII: T(LM) - TM (2.11)

We now define the soldering 1-form ¢ as a map from the tangent space of LM, at the point
p€ LM, to R

w: T,(LM) — R* (2.12)

Suppose v € T,(LM) is a vector in the tangent space to the point p € LM such that
[I(p) = z. We let

DIL, : T,(LM) — T.M

v = DIly(v) (2.13)

We can think of elements of LM as being given by a frame and a point in M. So p =
({e#}2_4, z) and we can look at the components of DIL,(v) using the frame {ef}3_; at the

point p, i.e.

(DI (v))* = Wef (2.14)

7

and we use this W* to define the soldering 1-form, so that ¢(v) = we.

10



Definition 2.1 The soldering 1-form ¢ is defined by its action on the tangent space to the
bundle LM at a point p= ({e?}3_,,z) € LM

o:T(LM) — R*

v = (DILO)* (1), =W = (Wo, Wi, w2, w?) (2.15)

where (e71)4, also written %, is the dual basis to e and so 9%el = 62,

See Appendix A.3 for more on duals of differential forms.

If ¢(v) = 0 then W = 0 and so DII,(v) = 0. This implies v € T, L M provides a zero tangent
vector at the point z. The converse of this argument is also true and so we have ¢(v) =0
if and only if v is ‘vertical’ in LM . That is to say, a vertical v represents a change in the
frame direction on the manifold but not a change in position. We define V,, C T,LM to be

the space of all vectors in T,,LM that are vertical in LM .

The connection 1-form on the bundle

Let gl(4,R) be the real vector space equal to the set of all left-invariant vector fields on the
Lie group GL(4,R), where GL(4,R) is the Lie group of 4 X 4 matrix transformations acting
on fibres of LM. We call gi(4, R) the Lie algebra of the Lie group GL(4,R) (Lie groups, Lie
algebras and left-invariance are discussed in Appehdix A.1). The Lie .group action moves
points in the bundle along the fibre and so the vector field A* which is tangent to the
orbit under this action is also tangent to the fibre. We call A* the fundamental vector field

corresponding to A € gl(4,R). The map from A to A* is denoted by ¢ where

s:gl(4,R) — X(LM) (2.16)

and X(LM) is the space of vector fields on LM. We note that ¢ is a Lie algebra homomor-

phism given by

<([4, B]) = [s(4),5(B)] (2.17)

where [,] denotes the bracket in the Lie algebra gl(4,R) on the left-hand side and the Lie

bracket between vector fields on the right hand side (see for example [27] for more details).
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We now define the connection 1-form w on the bundle LM . We write w in order to dis-
tinguish this gauge independent connection 1-form from the gauge dependent connection

1-form w on M which is used later in this thesis.

Definition 2.2 The connection 1-form w,, at a point p € LM s defined to be a gl(4,R)-

valued ome-form on the bundle LM that satisfies the following conditions
1. w,(A*")=A VpelLM, Acgl(4R)
2. (Rgew)p(v) = Adg-1(w,(v)) , Voe T,LM
Where (Ry-w)p, = wyg”, the right action of g* on w, and the adjoint map Ad, : LM — LM

is defined for each f € LM by

Ady(f):=gfg™ (2.18)

We say that v € T,LM is horizontal if and only if w, (v) = 0. A horizontal vector v repre-
sents a change in the frame position on the manifold corresponding to parallel propagation
with respect to the connection w. We define H, C T,LM to be the space of all vectors in

T,LM that are horizontal in LM.
From our definitions of V}, and H, we have [35]

T,LM =V, & H, (2.19)

The metric on LM

We may now use the soldering 1-form ¢ and the connection 1-form w to define a symmetric

covariant tensor of rank 2 on LM.

Definition 2.3 G is a covariant tensor of rank 2 defined by

G:T,(LM) x T,(LM) — R

(m,n) = p(m)-e(n) +w,(m) wy(n) (2.20)

where

p(m) - p(n) = p(m) e(n)’d;, (2.21)



wp(m) - wpln) = w, ()i, () b6 (222)

and ¢(m)* are the components of ¢(m) € R* and gp(m)j- are the components of w,(m) €

gl(4,R).
Proposition 2.4 G is a positive definite melric on LM.

Proof

We observe that

G(m,m) = o(m) - p(m) + w,(m) - w,(m) >0 (2.23)
and
G(m,m) = 0
= p(m)- p(m) +w,(m) w,(m) = 0O
< ¢(m)=0 and wy(m)=10

and so m is both vertical and horizontal. Since H, NV, = {0} [35], we therefore know that

m = 0. So

G(m,m)=0 < m=0 (2.24)

Hence the metric G satisfies the requirements of a positive definite metric on LM. O

The positive definite metric G endows LM with the structure of a metric space. This gives
us a way to measure the b-length (bundle length) of a path in LM and hence we can now

look at LM, the Cauchy completion of LM. The transformation

GL(4,R) x LM — LM

(Li,X8) w Lixg=ve (2.25)

is uniformly continuous and so the transformation extends to GL(4,R) x LM — LM
(see [48]). The projection II takes elements of LM to M by identifying [X] with z as before,
and this is how we define the completion of M. In the same way that M ~ LM/GL(4,R),
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we define M = LM /GL(4,R).
With the projection

0:LM — M (2.26)
we can now define the b-boundary, 9M = M\ M. Note that the b-boundary should be used
with caution as it is not without problems. For example, a topological manifold must, by
definition, be Hausdorff and yet it has been shown that the b-boundary is non-Hausdorff

([4] and more recently [41]).

Extensions

Let us now consider a space-time that is half Minkowski space; that is to say, identical
to Minkowski space but only defined for 0 < z < oo. Any point at £ = 0 is a bound-
ary point but these boundary points are not singular because we have not considered a
full inextendible space-time. In some sense, our choice of space-time was simply not large

enough. We can extend the space time to include z < 0 and in particular the points at z = 0.

We now provide the following definition and proposition regarding extendibility which are

stated and proved in [4].

Definition 2.5 An extension of a space-time (M, g) is an isometric imbedding 6 : M —

M', where (M',g') is a space-time and @ is onto a proper subset of M.

If a space-time has an extension then it is termed extendible. The following result demon-
strates that extendible space-times are timelike g-incomplete (and hence also timelike b-

incomplete).

Proposition 2.6 If M has an extension 8 : M — M’ then there is an incomplete timelike

geodesic v in M such that 6 oy is extendible.

We will use extendibility to determine if the point of incompleteness is a singular or regular
boundary point. Let us consider a g-incomplete timelike geodesic . Suppose there is an

isometry @ of the space-time (M, g) into a larger space-time (M’,¢') where v now has an
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endpoint p € M'\0(M). If the Riemann tensor of (M', ¢') is C” then (M, ¢') is a C" exten-
sion of (M, g). If (M’,¢’) is C” at p then v is said to terminate at a C” regular boundary
point. If there is no isometry ¢ for which the space-time (M, ¢') admits a point p which is

the endpoint of -, then the boundary point is singular.

In the example of half Minkowski space above we now realise that the points on the line
z = 0 are regular boundary points.
2.2 Classification of singularities

Ellis and Schmidt [12] gave a flow-chart describing the general way in which one classifies

singularities, a modified version of which is reproduced here (Figure 2.1).

Boundary point of space-time

; Regiular boUhdar‘y point Singular bbundéry point .

g CurVature singmaritf ‘ Qua‘si—re’kgku‘lar sir})guiaritjf

Non-scalar singularity - Bcalar singuiarity

Figure 2.1: A simple flow-chart to classify singularities.

The first step towards classifying a singularity is to ensure that a candidate boundary point
is indeed a singﬁlarity. We recall that if a boundary point is singular then there is no
extension to the space-time which includes the boundary point. If all inextendible paths
are b-complete then the space-time has no singularities. However, if a boundary point is
accessible only by spacelike curves it is not clear that this represents a physical singular-
ity since it cannot be reached by a material particle (which travels along timelike or null
curves). Hence we regard non-spacelike b-incompleteness of an inextendible space-time as

a sufficient condition for the presence of a physical singularity.

Once we have established that our boundary point is singular we then observe how the
curvature behaves as we increase the parameter ¢ of a path ~y(¢), which terminates at the

singularity.



If any of the components of the curvature tensor are unbounded as we parallely propagate
a basis along a b-incomplete curve that terminates at a singularity, then we say that the

singular point is a parallely propagated curvature singularity.

[f any of the scalar polynomials in gup, Cypeq (the Weyl tensor) and Rgpeq (and their deriva-
tives) are unbounded on the incomplete curve, then the curve terminates at a scalar poly-
nomial curvature singularity, an example of which is given by the Schwarzschild solution in

spherical polar coordinates where we find that the quantity

48m?

abed
C =%

Cabed (2.27)

is divergent on approach to the singularity (r — 0). We call such quantities scalar invari-

ants since they remain the same in all coordinate systems.

We note that parallely propagated curvature singularities and scalar polynomial curvature
singularities are sometimes respectively shortened to curvature singularities and scalar cur-

vature singularities.

If the Riemann tensor tends to finite limits in some orthonormal frame along (t), but not
in any such frame parallely propagated along -y(t), we have a particular class of non-scalar

singularity called a whimper or intermediate singularity [26].

If the curvature tends to a limit in a parallely propagated frame along all paths on approach
to the singularity then we have a quasi-regular singularity. If the curvature is unbounded
on approach to the singularity but remains in L? then we have a weak singularity. These

last two singularities are of particular interest to us and will be discussed further below.

Quasi-regular singularities

A quasi-regular singularity arises when the curvature tensor components (when measured
in a parallely propagated frame) tend to a well-defined limit along all curves terminating
at the singularity. It is not so much the singularity which is imposing itself on the space-
time, more that the singularity is a natural result of the topology of the space-time. As
discussed in the introduction to this thesis, the prototype for a quasi-regular singularity is

the four-dimensional conical singularity given by the line element
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do? = dt* —dr? — A%r%d6% - dz? 0<f0<2r A£1 (2.28)

the metric of which is a direct product of the metric for the two-dimensional cone and the

metric for two-dimensional flat space-time (ds® = —dt? + dz?). If we set § = Af we obtain

do? = dit? —dr® —r%d0? —d2®>  0<6 <27A (2.29)
We now show why the two-surface given by r = 0 is a quasi-regular singularity in the case
of a four-dimensional cone. Since the metric given in (2.29) is flat then the components of
the curvature tensor in a parallely propagated frame are necessarily well behaved. Points
on the surface 7 = 0 therefore cannot be points of a curvature singularity. If we have a
circle around any regular (in the sense’of being non-singular) point, then the ratio of the
circumference of the circle to its distance has a limiting value of 27 as the radius tends to
zero. This is not the case for a four-dimensional cone at r = 0 where the ratio is in fact
27 A and so, while not a curvature singularity, points on the surface 7 = 0 can also not be

thought of as regular. Instead such a surface is a quasi-regular singularity.

To understand the geometry of the four-dimensional conical space-time it is best to consider

the space-time of a two dimensional cone with line element

do? = dr? + A%r%dg? 0<0<2m (2.30)

where we will assume 0 < A < 1. We can take this cone and cut a slit from its point in
a straight line away from the point. We then ‘unravel’ the cone to have a manifold with a
section missing from it (see Figure 2.2). The angle of the section is 27 (1 — A). As we would
expect, we see that this space is analogous to Minkowski space-time. At all non-singular

points on a cone the metric is locally flat.
We now let § = A and so (2.30) becomes

do® =dr? +r%d6? 0<0<2rA (2.31)

Taking & = rcos§ and § = rsind for 0 < § < 27 A we have

do?® = dz? + dij? (2.32)

This is the same as Minkowski space-time but with a wedge taken out since 0 only varies

between 0 and 27A. We identify the two lines @ = 274 and # = 0. But this now implies
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Figure 2.2: The first diagram illustrates the construction of a cone from Minkowski space. Both diagrams
show how parallel geodesics on a cone do or don’t meet depending on whether the apex of the cone is or is

not between the two lines.

that a geodesic will have a kink as it passes over this line of identification. It will be focused
more towards the singularity at » = 0. If we fold this space into a cone, it will be a smooth

regular cone except along the line of identification where any grid drawn on the original

I

Minkowski space will have a kink in it. Along this line on the cone the coordinates are

singular but the space-time is not.

If we draw two parallel lines which both pass the singularity on the same side, then the lines
will never meet. However, if we take parallel lines either side of the singularity, then we see
that the lines do meet and hence there must exist a non-zero curvature at the singularity.

This is also illustrated in Figure 2.2.

2.3 Distributional curvature

In General Relativity the naive expectation of the requirement to find the curvature of a
space-time is for the metric to be C?. This is because the equation for the curvature in terms
of the metric has first and second order derivatives of the metric. On closer examination we
find that the metric need only be C?~, meaning that the metric is C' and its first deriva-
tives satisfy the Lipschitz condition. However, to satisfy the contracted Bianchi identities
and hence the conservation of the energy-momentum tensor (from Einstein’s equation) we

require higher differentiability.

Findings in [18] indicate that we can circumvent this problem by interpreting the curvature
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as a distribution (see Appendix A.5 for more on classical distribution theory). However, the
curvature tensor is a non-linear function of the metric and its first two derivatives which
means we cannot simply take weak derivatives and then multiply terms. This in turn implies
that we cannot just lower the required differentiability of the metric to include a broader
class of space-times as in general we cannot interpret the curvature as a distribution in this
case. However, Geroch and Traschen have set out conditions [18] on a metric for it to be
considered ‘GT-regular’ and for which the required products make sense as a distribution
and hence for which the components of the curvature are well defined as a distribution.
They later deduced that GT-regular metrics can only have their singular support on a
submanifold of codimension one. This final condition clearly rules out conical singularities
having a GT-regular metric. However, a non-linear theory of generalised functions has been
proposed by Colombeau [8, 9] to circumvent this problem and is discussed in detail in

Chapter 5.

More recently Garfinkle [14] has studied a wider class of semi-regular metrics, which contains
the class of GT-regular metrics, whose curvature makes sense as a distribution. Garfinkle

defines a metric g, to be a semi-regular metric provided that

=

. gap and ¢ exist almost everywhere and are locally integrable
2. The weak first derivative of g, exists

3. The Christoffel tensor I, is locally integrable

4. I‘Z[b]I‘Z}C is locally integrable

Hence weak curvature singularities are not necessarily semi-regular since no assumption is
made about the behaviour of the metric and so there is no guarantee that Garfinkle’s first

condition is satisfied.

In the next section we discuss a heuristic method to determine distributional curvature at
a conical singularity by considering its holonomy. In Chapter 5 we shall use this holonomy
method in combination with Colombeau’s theory to find the distributional curvature of

conical and weak singularities.
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2.4 Holonomy

What is holonomy?

Figure 2.3: A diagram to illustrate holonomy on the 2-dimensional surface of a sphere.

An easy way to gain an initial understanding of holonomy is to consider the 2-dimensional
surface of a sphere. We take a vector at a point a and parallely transport it along one
of the great circles passing through « until we reach a point b. We then transport along a
different great circle passing through b until we reach a point ¢. We then parallely transport
along the great circle which connects ¢ and a until we are back where we started at a. We
compare the directions of the initial vector and the final vector and the rotation required to

take one to the other tells us the holonomy around a closed path on the surface of the sphere.

The way we will calculate holonomy in more complex geometries is by comparing initial and
final frames. Let us consider a closed path x;. Any frame propagated completely around
the path will be related to the initial frame by a GL(n,R) transformation. For GR we use
a metric connection and orthonormal frames, so that the holoﬁomy is an element of the
Lorentz group. The holonomy is the rotation which takes the initial frame to the frame
after it has been completely parallely propagated around a closed path. We’ include a more

formal definition similar to that given in [55].

Definition 2.7 (Holonomy of a closed curve) Let x : [0,1] — M be a closed curve in
the manifold M. Suppose that the frame E(s) at point x(s) is defined by parallely propa-
gating E(0) around k, then the holonomy of k, Hol(E(0),x) is defined to be the GL(4,R)

transformation such that
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E;(1) = Hol(E(0), k)] E;(0) (2.33)

The holonomy of a singularity in General Relativity

Let us take a manifold M which has a singular boundary which is a surface of codimension
two. We consider a b-incomplete path in this space A : [0,1) — M which terminates at
a point on the singularity. We define the loop space By of A to be the set of C' maps
p oo [0,1] x [0,1) — M such that u’(O,t) = pu(1,¢) = A(t) and the b—length of the s-
parameterised (¢ fixed) closed path u(s,t) = us(s) tends to zero as t tends to 1. The
b-length of a path, as shown earlier, is the length of the lifted path measured in the frame
bundle LM, so to find the b-length of i we first perform a ‘horizontal lift’ taking p:(s) into
LM to fi : [0,1] — LM by parallely propagating a frame E;(0) at p:(0) along p:. The loop

space 3y is composed of closed paths encircling the singular point and the act of increasing

t 1s to ‘tighten the noose’ around the point.

If we lift the loop u; into the frame bundle then the path 7i; is no longer closed. The path
starts and finishes at the same fibre but not the same point, since position in LM indicates
both the position and direction of the parallely propagated frame in M. The holonomy is
the rotation which the frame has undergone to get from its initial orientation to its final
orientation and so looking at this in LM, it is the group element Hol(F;(0), u;) € GL(4,R)
taking 7(0,t) to i(1,t). The limit holonomy is found by taking the limit of Hol(Z(0), 1)

as ¢ tends to 1. We provide a formal definition

Definition 2.8 (Limit holonomy for a loop space) Let A : [0,1) — M be a b-incomplete

curve and B be the loop space consisting of the C* maps p: [0,1] x [0,1) = M such that

1.p(0,8) = p(1,t) = A(t)

2. The b-length of pu(s,t) = us(s) tends to zero as t tends to 1.

Then the limit holonomy of the loop space By, where it exists, is defined to be

Hol(0) = %1_{% Hol(E¢(0), pt) (2.34)

We shall now use the holonomy method to calculate the integrated curvature at conical
singularities as shown in [49]. We first consider the Gauss-Bonnet theorem (for a region

with boundary), that states that for a regular 2-dimensional Riemannian manifold,
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/ Kdo =27 —/ Kqds (2.35)
U ou

where o is the volume element, K is the Gaussian curvature, U is a region homeomorphic to
a disk and U is the boundary of U. The geodesic curvature x, is the norm of the geodesic

curvature vector VT', so that

9(VoT,VrT) = k. (2.36)

where T is the vector tangent to dU. Since U in our case contains the conical singularity
we can regard the right hand side of (2.35) as defining the integrated curvature of the

singularity. Vickers has shown [47] that we can rewrite (2.35) in the more relevant form

exp/ Q=1L (2.37)
U

where ) is the curvature 2-form taking values in so(2) and L is the rotation matrix which
describes parallel propagation around U and represents a rotation through 27(1 — A) no
matter how small U is, as long as it contains the origin. As we make U smaller we can see

that in the limiting case the conical singularity will have delta function curvature.

We can generalise (2.37) for four dimensions to the equation

L= Pexp (/U Q) (2.38)

where Pexp is a path ordered exponential operator (as given in [47]), L is the Lorentz
transformation relating an initial orthonormal frame to one obtained by parallel propaga-

tion around AU and € is the curvature 2-form of U.

We now have an equation (2.38) which relates curvature to holonomy and vice-versa. We
may extend this to the distributional setting and use it heuristically to relate the dis-
tributional curvature to the limit holonomy. However it remains to show that it makes
mathematical sense to describe curvature as a distribution in this way. In Chapter 5 we
demonstrate how Clarke, Vickers and Wilson [7] show that curvature can be thought of as
a distribution by using the Colombeau algebra (as described in [8, 9]). They then apply
the results of the above holonomy method to find the distributional curvature and energy-

momentum tensor of a conical singularity.
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The aim of this thesis is to apply the above ideas to a wider class of singularities for which
the holonomy is defined. This will require the curvature to (at least) be integrable. The
main condition we will use is that the curvature is square integrable in a neighbourhood U

of the singularity in the sense that

/ 02 < C < (2.39)
U

We will later include an additional condition on the gauge dependent connection 1-form.
What it means to ‘square the modulus’ of a Lie algebra valued 2-form will be discussed in
detail in Section 2.6. We will call curvature singularities with curvature that satisfies (2.39)

‘weak curvature singularities’.

We now have the motivation for the next chapters to find the holonomy of different geome-

tries featuring weak singularities in both Yang-Mills theory and General Relativity.

2.5 Results from the holonomy method for quasi-regular sin-
gularities

We briefly discuss the main results from Vickers [49] for quasi-regular singularities. The

theorem is restricted to singularities with bounded curvature on approach to the singular-

ity and is obtained in a similar fashion to that used in the next chapter for singularities

in Yang-Mills. We wish to extend the results obtained in [49] to weak curvature singular-

ities. We include here a simplified version of the theorem and the physical and geometric

significance of its results in order to show the sort of results we hope to obtain in Chapter 4.

Theorem 2.9 Let 3 be a (timelike) two dimensional quasi-regular singularity and let L,
be the holonomy obtained by parallel propagation around a loop of radius r round a point

p E X, then
1. The limit holonomy lim,_,g L, = Ly exists
2. The tangent space to X is a fized point of Lg
3. Lg is independent of p

The first result implies that the quasi-regular singularity locally looks like a conical singu-

larity. The second tells us that the axis of rotation about which we establish the holonomy
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is parallel to the singularity and the second result combined with the first result informs
us that the singularity has a similar geometric structure to a cosmic string. The third re-
sult implies that the angle of the cone is the same no matter which point we take on the
singularity and that the integral of the curvature and hence the distributional energy mo-
mentum tensor of the ‘string’ are conserved. The second and third results also tell us that
the singularity is totally geodesic (i.e. geodesics in the submanifold X are also geodesics
in the manifold). The notion of totally geodesic makes sense in this context since for such
a quasi-regular singularity we may use the b-completion of tensor fields on M to obtain

tensor fields on M (see [49] for details).

Unruh et al. [46] have obtained similar results modelling cosmic strings on conical singu-
larities, with particular focus on those models with angular defecit smaller than 7. They
show that an idealized cosmic string with conical angular defecit A¢ must be straight in
the sense that the one-currvature x of a parallel curve at a small, constant distance d from

the string tends to zero with d according to

) (2.40)

where

= (1 _ ?_f) o (2.41)

and a is a characteristic global length associated with the loop. They also show that the
divergence of the Riemann tensor is weak enough to preserve integrability of the Riemann
curvature for positive angular defecits. They use this to show that the cosmic string’s shape

and orbit are geodesics of the spacetime.

More precisely, they consider the history of the idealized string to be a timelike two-space
S.:, whose points are conical singularities of the space-time. They show that S,; is totally
geodesic if the Ricci tensor is bounded near S,;. Space-time geodesics orthogonal to S, at
a point @) sweep out a spacelike two-space Sz, having a conical structure at the point Q
where it intersects S,;. One can then select any intrinsic geodesic L; of S,;, parametrised

by proper distance ¢t and with tangent
dx®

- 2.42
ul = — (2.42)
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Unruh et al. then prove that L;, as a locus of conical singularities of the four-metric, must

be a geodesic.

2.6 The Sobolev spaces L7(X)

We include a discussion on Sobolev norms and spaces, since they will be used extensively

in the following chapters.

The standard context for consideration of Sobolev spaces is for functions f : R* — R in
Euclidean space. We define the L% norm of f over an arbitrary domain A C R” in the

following way.

Definition 2.10 Let f : R* — R and let A C R*. The Lg norm of f over A is ||fl|zp(a)

where p is a positive real number, q is a non-negative integer and

~~~
bo
>~
[N

~—

Here a is a multi-indez with dimension n and 0 is the usual partial derivative but taken in

the weak sense (as defined in Appendiz A.5).
We now define the Sobolev space Li(A).

Definition 2.11 Lg(A) is a space of functions such that || f||1z(4) < 0o for all f € Lg(A)

and 0°f is a measurable function for all 0 < |a| <gq.

Note that in the case of compact A, f € C9(A) implies that f € LE(A), although the con-
ditions in Definition 2.11 are weaker since we allow weak derivatives of f provided 0°f is

a measurable function, and [|f||zz(4) is finite.

The ‘L’ used to denote a Sobolev space comes from the French mathematician Henri
Lebesgue and it is in reference to him that we say that L?(A) is the set of all functions on
A which are square Lebesgue integrable. Note that unless it is unclear in what domain the

Sobolev space lies we shall adopt the convention of shortening || ||zz4) to || {|zz-

In a similar way to that found in [20] we define Sobolev norms for space-times with metrics

that are not necessarily flat. We first take a positive definite background metric &, on the
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manifold. The physical space-time as given in the following chapters will be Lorentzian
and contain a singularity and so while the introduced background metric is unphysical, it

nevertheless provides a method to measure magnitudes and volumes of physical objects.

Definition 2.12 Let h be a scalar function in an n-dimensional space-time (M, g) and
let A C M. The LY norm of h over A is HhHLg where p is a positive real number, g is a

non-negative integer and

1
IS
= [ > 1venrdo (2.44)
A 0<lal<q

Here do is the volume element induced by the positive definite metric &4 on M. The operator

V is the covariant derivative with respect to g and o is a multi-indez with dimension n.
Note that this thesis follows the notation in [39] in that 37—, [V*A[P will sometimes be
shortened to | V(M A|P.

We now look at Sobolev norms of non-scalar functions with space-time components.

Definition 2.13 Fori,j € N let K“l'”aibl”_bj be a function in an n-dimensional space-time
(M,g) and let A C M. The L norm of K over A is K |{zz where p is a positive real

number, q is a non-negative integer and

RS L

1K gz = /A > |IV¥KPdo (2.45)

0<]el<q

We define the magnitude norm | | by

B[P = KOy KO0 ey bae €00 8009 (2.46)

We shall choose our background metric to be locally flat so, when using Cartesian coor-
dinates, we can take all the covariant derivatives to be partial derivatives. That is to say,
we let &4 X 45, where * indicates a coordinate dependent equality (the flat metric is

different depending on what coordinates we are in).

For an example of a Sobolev norm on a coordinate indexed object we can consider [y, a

differential 1-form. [ € L? requires that
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1
2

M= [ 3 vevenetas | <o (2.47)

0<fei<t
In gauge theory one also considers scalar functions taking values in the Lie group or its Lie
algebra, elements of which we can think of as square matrices. Here we define the Sobolev
norm in the same way as for Definition 2.10 but we now extend our definition of the modulus
| | to accommodate Lie indices, as given in [34]. Below, the raised 1 indicates the complex

conjugate of the transpose (also known as the Hermitian conjugate).

Definition 2.14 Let H be an object taking values in o Lie algebra or Lie group. We think

of H as being matriz valued. The modulus of H is

|H|? = Tr(HHT) (2.48)
or in indez notation

i e i pptd — -y
|Hi? = GFHHT, = HiH =) |Hi? (2.49)
where I:I]‘ denotes the particular § component of the matriz 1'17]Z and so the operator | | in
the instance on the right hand side of (2.49) is just the standard scalar modulus defined in

the usual way for real and complex numbers.

As an example we consider a Lie group valued object gé (which shall be described in the

next chapter as a gauge transformation) where

g: M — SU(2) (2.50)

g € L2 requires that

[SIE

lg5ll 3 = /Z D |vegifde | < oo (2.51)

0<]ef<2 4.5
The above definitions naturally lead on to a consideration of Sobolev norms of additional
objects which are used in gauge theory, functions with both space-time and Lie indices. In
this case the definition of a Sobolev norm is analogous to Definition 2.13, but we now define
the modulus of an object with both space-time and Lie indices. To define the modulus we

will make use of both (2.46) and (2.49).
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Definition 2.15 The modulus of an object J taking values in o Lie algebra or Lie group

and with m raised and p lowered space-time indices 1s defined by

‘J]l_al...amblmbp“z

iay... FIC1...Crm bid bod I
- J;al amb1...bp']]1.Cl ‘ d1..‘dp§a161 te gamcmf S 5 i (202)

In the next chapter we discuss the Yang-Mills connection 1-form Aé.a but we show here a
Sobolev norm of this connection as a useful example of a mixed indexed object. 4 € L2

only if

B[

Ayl = / S Vel o
0<al<1
1

— (/ AL ? + |67V AL, 2 + 62V AL, 17 + 165V p AL, + 52VbA§-a|2da>

< (2.53)

where we have also illustrated how we take the covariant derivative with the multi-index a.

Finally we define the local Sobolev space Lz loc(A\) for non-compact regions by saying that

fe Lg}lOC(A) if V@ f is a measurable function for all 0 < |a| < g and for all compact subsets

C of A we have

(@1 ...Qmm
Hj}al by...bn HL;’,IOC(A)

3 |

— / Z ‘va']jz:al...amblmbn [pdo_ < 00
< 0<lai<e

Chapter summary

In this chapter we reviewed some of the important background material needed for this
thesis, such as different methods of defining singularities. We also introduced more com-
plex ideas such as quasi-regular and weak curvature singularities, distributional curvature,

a definition of a positive definite metric on the frame bundle and its use in the construction

of the b-boundary.

We also showed how the holonomy around a singularity could be used to find the distribu-

tional curvature of the singularity and discussed how previous work by Vickers [49] applied
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this method for conical singularities.

Finally we introduced Sobolev spaces, which play a crucial role in the following chapters.
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Chapter 3

Singularities in Yang-Mills theory

In this chapter we show a method for analysing weak curvature singularities in Yang-Mills
theory given by [39] whose GR analogy in Chapter 4 is used to understand the properties

of certain curvature singularities.

Although in general the curvature diverges on approach to a singularity, it is possible to
assign a distributional curvature in some cases. This method has been used by Vickers [49]
to gain an insight into quasi-regular singularities but the restrictions needed (i.e. curvature
tending to a limit in a parallely propagated frame) are too strong for curvature singularities.
It is our intention to find a method to examine the properties of certain weak curvature
singularities, those singularities whose curvature is square Lebesgue integrable. Sibner and
Sibner [39, 40] and Rade [34] show two ways to classify singular Sobolev connections in
Yang-Mills gauge theory by examining the holonomy around the singularity. One of the
requirements of the Sibners’ method is square Lebesgue integrability of the curvature. This
has led us to believe that the method is transferable to General Relativity with a similar

requirement. We discuss how this might be done in the next chapter.

Réade tactfully comments [34] that the main proof in Sibner and Sibner [39] “is hard to
follow”. In actual fact, while the theorems are useful for mathematicians and physicists
working with Yang-Mills theory, as well as having an analogous application in GR (given in
this thesis), the presentation of the proofs is not only lacking in detail but is also incorrect
in many places. In most cases the errors seem likely to have been made in the final stages
of writing the paper and are typographical and hence do not result in a need to modify the
proofs or theorems. Instead it has been necessary to locate and correct the errors in indi-

vidual places. Because of the lack of detail given in [39], this has been a quite difficult and
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tedious process and is probably the cause for Rade to have presented his alternate approach.

We start by looking at Yang-Mills fields on Minkowski space for which there exist Minkowski

coordinates (¢,z,y,z) such that the métric is

Yab = Tab (3.1)

For the purpose of calculating norms we will also use a positive definite background metric

which is given in these coordinates by

Eab 2 ap (3.2)

Note that the choice of Minkowski coordinates is not unique so that this prescription does
not define the background metric &, uniquely. However, none of the results depend on the

particular choice of background metric (up to a change in constants).

The goal of this chapter is to look at fields which are singular on a smooth 2-dimensional
how how we find the holonomy around 3. We then demonstrate two
important theorems. The first will show that for smooth local curvature and connection
in the neighbourhood of a singularity a limit holonomy exists and is independent of posi-
tion on the singularity. The second theorem shows that by looking at smaller and smaller
closed paths around the singularity, we see that the L? norm of the difference between the
connection and a flat connection goes to zero. Hence as one approaches the singularity, the

field looks more and more like a singular Yang-Mills field with a locally flat connection.

Much of the process for establishing the two main theorems of this chapter is directly
analogous to the process we shall be using in the next chapter and so the technical details of
the proofs shall be reserved for the General Relativity counterpart. Introductions, methods,
proof outlines and most theorems, corollaries and lemmas will be presented in both chapters,

at the expense of some repetition.

Yang-Mills gauge theory -

Current understanding of physics is that there exist four natural forces; gravitational, elec-
tromagnetic, weak nuclear and strong nuclear. The basic foundation of all but the first of
these forces lies in gauge theory. Gauge theories are a class of physical theories based on the

concept that symmetry transformations can be performed locally as well as globally. Most
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physical theories are characterised by Lagrangians which are invariant under certain trans-
formations - those that are identically performed at every point in the space-time; we say
that the Lagrangians have global symmetries. Gauge theory extends this idea by requiring
that the Lagrangians must have local symmetries as well. Local symmetry transformations
can be performed in a particular region of space-time without affecting what happens in

another region.

An example of a local gauge symmetry is that in electromagnetic theory, a gauge transfor-
mation of the vector potential A leaves the electromagnetic field tensor F' unaffected. The
local gauge transformation is given by A — A+ df. However, F' and A are related by the

equation

F=dA (3.3)

so that F — d(A+df) = dA = F since d* = 0. Hence both A and A+df lead to the same
field strengths (see for example [30]).

An example of a global gauge symmetry is the Lorentz invariance of Maxwell’s equations.
Elements L of the Lorentz group are global gauge transformations and gauge transform

the electromagnetic field tensor in the following way

Fab = chLZLg (3'4)

Hence if Fyp is a solution of Maxwell’s equations then F,4 is also a solution (since it is the
a q

same solution but in different coordinates).

In general gauge theory is the study of connections on vector bundles with the action of Lie
groups. A choice of gauge in a space-time provides an element of the bundle at each point
in a manifold. A gauge can thus be seen as a section though the bundle which associates
a unique point in the bundle with a unique point on the base manifold. A gauge trans-
formation is a transformation between two sections. Gauge theory provides an abstract
mathematical description of various different Yang-Mills fields such as the strong and weak

nuclear forces.

We now introduce some of the key concepts for Yang-Mills theory.
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The bundle

Definition 3.1 A bundle is defined to be a triple (P, 11, M) where P and M are topological
spaces and I1: P — M is a continuous map. The space P is called the bundle space of the
bundle. M 1is the base space of the bundle. The map II is the projection and the inverse
image 11~ ({z}) is the fibre over z € M.

We note that in all existing applications in physics the bundles that arise have the special
property that the fibres TI=*({z}), = € M, are all homeomorphic to a common space F
known as the fibre of the bundle. These bundles are said to be fibre bundles.

Definition 3.2 If G is a Lie group then a right G-space is a manifold P equipped with an

action by G in such a way that any g € G acts on P on the right.

Definition 3.3 A bundle (P,1I, M) is defined to be a G-bundle if P is a right G-space and
if (P,II, M) is isomorphic to the bundle (P, p, P/G) where P/G is the orbit of the space of
the G-action on P and p is the projection p: P — P/G.

TT A 7

Definition 3.4 If G acts freely on P then (P, 11, M) is defined to be a principal G-bundle,

and G is then called the structure group of the bundle.

Let (P,II, M) be a principal fibre bundle over the manifold M with structure group G and
projection IT: P — M. Given z € M then IT7!(z) is a closed submanifold of P which is
diffeomorphic to G and is called the fibre at z. The group G acts freely on P on the right

R:PxG — P

(u,9) = wug= Ryu (3.5)

For every open ball U € M we can look at II71(U) € P. There exists a homeomorphism ¢
which takes TI"1(U) to U x G which is part of the product bundle space (M x G) which

we call the trivial bundle.
We define a Yang-Mills theory to follow from a functional of the form

I:/ FloF%d's (3.6)
M

where F}ab is the curvature 2-form of a principal fibre bundle with arbitrary Lie fibre group,

G.
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For our description of Yang-Mills theory we will take P to be a principal, SU(2)-bundle over
Minkowski space M. The use of the Lie group SU(2) provides a special case for Yang-Mills
theory but it has all the features of more general gauge groups (e.g. it is non-Abelian) so

we use it as an illustration and a vehicle for showing concrete calculations.

The connection

From Chapter 2 we already understand the concept of a gauge independent connection

1-form on the bundle LM

w, : Tp(LM) — gl(4,R) (3.7)

where p € LM.
In Yang-Mills we have the connection 1-form A, on the bundle P

Ay TP — su(2) (3.8)

where ¢ € P.
We can now choose a gauge o (also known as a section) through the bundle

c:M— P (3.9)

noting that IT-o : M — M is the identity map on the manifold but -1 : P — P is not the
identity map on the bundle. This arises because o is injective and II is surjective (neither

are bijective).
The pushforward of ¢ is given by the derivative of ¢

0ot ToM — Ty P (3.10)

for any z € M. If X € T, M then we can define 0* A, the pullback of o on 4, in terms of

the pushfor\;vard

(O'*Aq) (X) =4, (0.(X)) (3.11)

Using the gauge o we can now define the gauge dependent connection 1-form 4 on M.
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Definition 3.5 The pullback of o acting on the gauge independent connection 1-form A,
s defined to be the gauge dependent connection I1-form A, with elements taking values in

the Lie algebra su(2), such that

A:T,M — su(2)
X = (AX)) = XA, (3.12)

From here onwards reference to the ‘connection 1-form’ always pertains to the gauge de-

pendent connection 1-form, unless otherwise stated.
We now consider a Lie group valued function s such that

s: M — SU(2) (3.13)

We use s to make a gauge transformation on o to a new gauge & in the following way

~~
(4]
-
H

S

Ro=¢: M- P

Fan

In this new gauge we now define a different connection 1-form on M

A=A (3.15)

As a consequence of (3.11), (3.14) and (3.15) we now have a relationship between A and A,

given by

A=6"A=(Ryo)*A=stAs+ s 1ds , (3.16)

Two connection I-forms A and A are gauge equivalent if there is a gauge transformation

s: M — SU(2) such that for all z € M (3.16) is satisfied. More explicitly
Ay = ((s(@) AR (s(2)); + ((s(2) Tk (d(s(2))a (3.17)

In the future we will shorten this and similar expressions to A;a = (s_l)iAfasé+(3‘1)i(d5)?a

or just A = s71As + s~'ds and remember, when omitting z, that gauge transformations

vary with position on the manifold.



We now consider the exterior covariant derivative D = d + A, as given in [23] (note,
in accordance with the custom in Pure Mathematics, D is referred to as the connection
n [23]). Here d is the exterior derivative of the space-time part and A is the Lie algebra
valued connection 1-form. The exterior covariant derivative acts on some Lie algebra valued

scalar ozé- in the following way.

Doz; = a Ldz® +Aka ]d:z,
or (Da)j, = ofo+Ag.0f (3.18)
and acts on a Lie algebra valued p-form ﬂ;al__.ap like
(Dlg)jal ap = (_1)17,6;[&10?’[)} + A}’C[b’ﬁfj‘alap} (319)

The curvature

We can now define the curvature 2-form in Yang-Mills.

Definition 3.6 The curvature 2-form F on M has elements which take values in su(2)

and s antisymmetric on its spacetime indices

F:T,MxT,M — su(2)

(X%,Y") = XY'F, (3.20)
and is defined by its relation to the connection I-form as given by
F=DA= = dA+[AA]
or
;ab = 2A§'[b,a] + A};aAéjb - ?ché‘ca (3‘21)
Note that this has the analogue R%,_; = 2P§[d,c} + ey, —T9,T';, in General Relativity.

An important feature of the curvature F is that it transforms homogeneously under a gauge

transformation (unlike the connection A).

Lemma 3.7 If F = dA + [A, A] and F=di+ [fl,fi] and A and A are gauge equivalent,
then F = s~ 1Fs.
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Proof

F = dA+[A 4]
= Al - AL+ AL AR - AL A
= (i ahst + (s —1>zs§,b),a— (78RS + (7 keha)
(AT + (57 )isf) (7 ADsE + (s71)hst, )
— (s )i AT sy + ( Skb ( pA§a$§’ + (s™ )§5§,a>
= (sTiAfasi — (s7)iA LS+ (5T AR ARy st — — (s h AR AL s
= s'Fs O (3.22)

Hence F' is homogeneous under a gauge transformation.

Corollary 3.8 Connections that have zero curvature in one gauge transform to connections

that have zero curvature in another gauge. We call these connections, flat connections.

The action in Yang-Mills theory is given by

I:/ Tr(F A *F) (3.23)
M

where # is the Hodge star operator as described in [31]. Since F' transforms homogeneously
we know that the Yang-Mills action is gauge-invariant. In index notation we can rewrite

(3.23) as

1 .
1= / FiF®d's (3.24)
M

Minimising the action gives the source free Yang-Mills equations D * F' = 0.

The electromagnetic action

I= / FpFod s (3.25)
M

is one specific example of the Yang-Mills action of (3.24) for which the gauge group is U(1).
The Yang-Mills equations are then simply V - F = 0 which is equivalent to the Maxwell’s

equations

V-E=0 and VxB=EFE (3.26)

where B is the magnetic field, E is the electric field and E is the derivative of E with

respect to time.
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3.1 The holonomy method in Yang-Mills

We now set out the general method by which we establish the existence of limit holonomy
around a weak singularity in Yang-Mills theory. Note that our terminology differs from that
in [39] where holonomy is treated as being the conjugacy class [J,] of phase factors J;.. This
is the gauge invariant approach. We will simply consider J. to be the holonomy but bear
in mind that this holonomy will change depending on what gauge we are in. As we shall
show later, if a connection A has holonomy J, (forming the conjugacy class [J;]), then if
we gauge transform A, the new holonony will also be conjugate to J, and thus will be in

the same conjugacy class [J,] although the holonomy itself will not necessarily be J;.

Conditions on the connection and curvature

We first discuss the geometry of the space in which we carry out the method and then give

some preliminary conditions on the curvature and connection forms.

The manifold M we are to work with is 4-dimensional with a 2-dimensional smoothly
ike, orientable, connected singular set ¥ € M. We let coordinates on the
singular 2-surface be (u,v). For each point on the singularity we then look at flat space-like

2-planes which are normal to the singularity at that point.

Figure 3.1: A diagram showing the singularity ¥, the e-neighbourhood N, a point on the singularity 2o

and the disk Ny which is normal to ¥ at X¢.

Since the singularity is not necessarily a plane we must ensure that our normal planes, for

each point on the singularity, do not intersect. For this purpose when we look at normal
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planes to the singularity we do so only within a ball of radius €, where ¢ is sufficiently small
that the normal plane does not intersect other normal planes (normal at different points on
the singularity) within the ball. We label this e-neighbourhood of the singularity, N. For ¢
sufficiently small, N is locally a product of & with a normal disk (see Figure 3.1). We then
look at a given point on the singularity %y and its corresponding small disk Ny which lies
in the plane normal to ¥ at 2g. Since the metric on this 2-plane is flat and positive definite,

there exist coordinates such that the metric is given by

ds? = dr® + r2de? (3.27)

and so points on the normal plane to each point on the singularity are given by the polar

\

coordinates (r,8).
We let X = N\Z and Xy = Ng\%g.
We require A € L%’IOC(X ) as one of our conditions and call such a connection a ‘Sobolev

connection’. As shown in Chapter 2, A € L% 1oc (X)) means that VA is a measurable function

for all 0 < |a| < 1 and for all compact subsets C of X we have from (2.53)

W=

a0 = | [ 3 17odilis | <o (329
’ € o<lai<1

We also demand that the curvature 2-form F belongs to L?(IV), which is equivalent to the
requirement that the Yang-Mills action I is finite. Note that /€ L (X) is an immediate
consequence of the formula F = dA + [A, A] and using the Sobolev imbedding L} — L*
on A € Liloc(X) (see Appendix B.1 and [1]). However we also require the stonger global
condition F € L%(X) (not simply L2 (X)) in some of the proofs and so we impose this as

loc

an additional requirement.

Holonomy around the singularity

We now find the holonomy around the singularity.

We take a particular point on the 2-dimensional singularity and consider the normal (r,0)
plane. We look at the singularity and a closed path given by () in the manifold, starting

at a point z € R*. The path encircles the singularity at distance r. As ¢ increases we move
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along the path. 7, (and later also A,, u, and g,) is an object that depends on r, but r is

fixed unless otherwise stated.

We consider the bundle above the manifold which is locally SU(2) x Xy where each point
in the bundle represents an element of the Lie group SU(2) at a point in the manifold Xj.
The global structure of the bundle may be more complicated but since we are only looking
at an open ball around a singularity, we need only consider local structure. A projection, II,
takes points in SU(2) x Xy to Xg. The projection discards information about the element
leaving only its position. The fibre above y € Xj is the set of all points o € SU(2) x X,
such that IT(«) = y. The fibre represents all possible SU(2) group elements at a point in Xj.

We let v, (6) be the projection of a particular path A, (0) in SU (2) x X which describes the
parallel propagation of a basis element E®. The path A,(f) contains not only the informa-
tion of the position of the path v,(6) in the manifold but also the information of how the

element is propagated around this path.

Now consider a reference section (or gauge choice) through SU(2) x X, passing through
the point A,(0) which projects down to z € Xo. On this plane we draw, starting at A-(0),
the closed .path which projects down to ~, and we shall call this path u,(#). Since p,(6) is
a closed path, we know that u,(0) = u,(27). Note also that pu,(6) and A.(6) both lie on the

same fibre above ~,(6) for each 6.

There is a gauge transformation g : M — SU(2) such that for each 8 we have g.(f) €
SU(2) : SU(2) — SU(2), that takes u,(0) to A(9). i.e.

A(8) = Ry oy1e (6) (3.29)
Since pr(0) = A (0) we have g,(0) = I.
We now wish to establish a first order differential equation for the gauge transformation
g-(0) in terms of the connection 1-form A. The solution of this equation at 6 = 27 will give

us the holonomy around the singularity.

Let v%(s) = (7, s, up, vo) be a closed path in the manifold around a point on the singularity

(ug,vo) at a fixed distance r. We consider a point in the fibre, E. The gauge transformation
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gr takes E to the point E, where E is the result of parallel propagation of E along the path

7. We have

B} = gf B} (3.30)

Since we are applying parallel propagation we have

DrEf =0 (3.31)
where
dy*(s)
@ — = (50' 332
T = ; (3-32)
We now evaluate (3.31).
DrES = 0

Dr(gfEf) = 0
(Drgh)EE +g;DrEf = 0
TeE2D.gf + gfT°D.E} = 0

TEfgE. + gFT°A] B = 0

ke
0§ELgl, + 0§gr AL ES = 0
Efgly+ gi AL, ES = 0

1l - j 1l
E laEggf’g—kng{wE;‘E Lo =0

Shofe + 9f Aeds = 0
gotoidls = 0 O (3.33)
Which we can write as
dgr
Apgr =0 3.34)
a0 + Aggr (

since g, for fixed r depends only on 4 so %% = Q%.

Since pr(0) = A-(0), our initial point is the identity and we have the initial value problem

dgr

=0 -(0) =1 3.35
10 + Agg ; 9-(0) (3.35)
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the solution of which would be obtained by finding the integral of a path ordered exponen-

tial as given in [55].

The transformation taking the initial point at & = 0 to the final point at § = 27 is the
holonomy which we now define as g,(27) = J,. If it exists, the limit holonomy J° of the

singularity is the limit as r tends to zero of J,.

Later in this chapter we shall prove that this limit holonomy exists for the given conditions

on the connection and curvature.

Properties of holonomy

The proofs of the two critical theorems in this chapter rely on various properties of holon-

omy, connections and, in particular, flat connections which we include below as lemmas.

We first define conjugacy for a group G.

Definition 3.9 Two elements a and b of G are conjugate if there exists some ¢ € G such

that a = ¢ Lbe.

We would like to show that [J;], the conjugacy class of J;, is gauge invariant and we express

this in the following lemma.

Lemma 3.10 If g, and g, are two solutions of (8.85), for gauge equivalent connections

D =d+A4 and D =d+A4, then g.(27) and §,(27) are conjugate in SU(2).

Proof

We let s : Xg — SU(2) be the continuous gauge transformation between A and A. The
connection A in the new gauge is given by A = s71As+ s ds. We are always taking gauge
transformations at different points on the same path v and so we shall simplify s(v(f)) to

just s(6). Since v,(0) = v, (27) we have s(0) = s(2n). (3.35) now becomes

g -1 — ~ ~
dgr d = . =T 3.36
+ (s Ags + s ) g 0 a-(0) (3.36)

Now, substitute the function g-(0) = s(6)§-(8)s~1(0) into (3.35)
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d

T (sgrs7H0)) + Agsgrs™H0) = 0
ds . _,4 dgr _4 T
degrs (O)+sd95 (0) + Agsgrs—(0) = 0
_,ds dg, - _
148 . T 1 A
d@gr + 70 + s "Agsgr = 0
dgy, 1 _1ds\ .
kil — 3.
57 +<s Ags + s d@)gr 0 (3.37)

and so s(0)g,(0)s~1(0) solves (3.35) in the original gauge. Hence, by uniqueness

o (@) = 5(6)3(6)s7H0)

= g,(2m) = s(27r)§r(27r)s_i(27r) O (3.38)

We note that Lemma 3.10 holds if A is related to A by a ‘weak’ gauge transformation
s € ngloc’ which need neither be smooth nor continuous [39]. Hence if A is weakly gauge
equivalent to a connection A for which [J] has a limit, then the limit holonomy for A also

exists and belongs to the conjugacy class [.J).

We now wish to show that if the connection were flat, then the conjugacy class of the

holonomy, [J;], would be a homotopy invariant and hence independent of r.

Lemma 3.11 If D =d+A describes a flat connection then the associated conjugacy class

of the holonomy is homotopy invariant.

Proof

The proof shall consider three cases.

Case 1

We look at two homotopic closed paths around the singularity, 71 and -, which start
(and hence finish) at the same point. We wish to show that for a flat connection, the
holonomy generated by these loops are the same. The holonomy of a closed path is related
to the exponential of the integral of the curvature over the region enclosed. Since each path
encircles the singularity, where the curvature is undefined, we instead look at the region

enclosed by the path vy 1y, This region does not encircle the singularity and so the integral
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of the curvature over this path is zero. Therefore the exponential is the identity and hence
we have, where Hol(E/(0,v1)) is the rotation generated by parallely propagating a frame

around 1

(Hol(E(0,7%))) THol(E(0,1)) =1 = Hol(E(0,71)) = Hol(E(0,72)) (3.39)

and hence the holonomy of a loop does not change when the loop is continuously deformed

as long as the two loops share a point.

Case 2

Let us consider two loops A and B around a singularity which do not intersect each other.
We take a loop C around the singularity with the particular feature that it intersects A and
B in exactly one place each. From Case 1 we know that loop A has the same holonomy up
to conjugacy as loop C and likewise that loop C has the same holonomy up to conjugacy

as loop B. Hence A and B have the same holonomy up to conjugacy.

Case 3

We must also consider the case where two loops A and B around a singularity intersect
each other in multiple places. Once again we choose a third loop C around the singularity
which does not intersect either loop. Now from Case 2 we know that A and C have the
same holonomy up to conjugacy and also from Case 2 we know that B and C have the

same holonomy up to conjugacy. Hence A and B have the same holonomy up to conjugacy.

These three cases combined show that if we have a flat connection then the conjugacy class

of the holonomy is homotopy invariant. [

Lemma 3.12 There is a unique correspondence between conjugacy classes of holonomy

and flat connections.

As we have shown before, conjugacy classes of holonomy are conjugacy classes in SU(2).
For positive values of § we can uniquely describe conjugacy classes in SU(2) by their trace

(since the other matrix invariant is the determinant, which is always one) which will be
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between -2 and 2. To uniquely describe any one conjugacy class in SU(2) we use its diagonal

representative of the form

e—27m"m, 0
. méeR (3.40)
0 eme
The prototype of the flat connection is given by
) im0 R
A = df = mudf m e R (3.41)
0 —im
where
. i 0
1= (3.42)
0 —

—imb
e 0
gr = (3.43)
0 eimﬂ

We know from Lemma 3.11 that the solution of (3.35) is homotopy invariant for flat bundles
and so in this case g, () = ¢(9). Hence the holonomy of the prototype of the flat connection
is

—2mim 0

9(2m) = (3.44)

0 627r71m

which is equal to the diagonal representative of the conjugacy class given by (3.40). Note
that two different values of m which are separated by integer values, will yield the same
diagonal representative. Hence there is a unique correspondence between flat connections

(modulo 1) and conjugacy classes of holonomy. O

Lemma 3.13 Ifm; = mg+n, n € Z, then there exists a gauge transformation g such that

g T AL+ gt dg = A where

| mi 0 ' ima 0O
A= ™ d A= | dé (3.45)
0 —m 0 —ima
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Proof

Take

g(6) = - , (3.46)
O e—lTL

Since g and A% are diagonal, g 1Abg = A% So gauge transforming A with this g(0) it
follows that

: m 0 e ine? 0
Ay +gldg = ’ do + ‘ | as
0 —img 0 el 0 —ine~
e 0 in
= + dé
0 —img 0 —in
t(me +n 0
_ [ ) do
0 —i(mg + 71)
m 0
— ' ) do
0 —iml )
= A , (3.47)
and hence Ag and Ag are gauge equivalent. 0
We note that since n is an integer, we have
€2i7rn 0
g(2m) = 4
0 e—217m
= I (3.48)

Lemma 3.14 If m 4s an integer then D is gauge equivalent to d.

Proof

From Lemma 3.13 we know that A4} and A"’2 are gauge equivalent and hence so are Di =

d+ A!”1 and Dy =d + Ag. Since m; is an integer we can choose m to be m; also and hence

mQ—:O.
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— A = df =0 (3.49)
0 —i0

Hence Dy = d. Therefore D; =d + Ag is gauge equivalent to d. [ °

From this it can be seen that, locally, flat bundles can be indexed by m, which we shall call

the holonomy number, belonging to the finite interval

0<m<1 (3.50)

Lemma 3.15 If f(2m) and h(2m) are two conjugate elements of a group and f(0) =
h(0) = 1d then there ezists a continuous periodic k(0) in the group such that f(0) =
E~Y(0)R(0)k(2m) which provides the conjugacy at 6 = 2.

Proof

Since f(27) and h(27) are conjugate, we know that there is an element of the group a

1.~
e

o nd

Toup element (9

~

a5

S oo N N AT s s :
such that f(27) = a *h(27)a. Now let a be the specific value for t

ag

when 6 = 27, so a = k(27). Since we have k(27) = h(27)k(27)f 1 (27), we now define
k(f) for each value of 0 as k(0) = h(0)k(27)f~1(6). Since h(0) = £(0) = Id we know that
k(0) = Idk(2m)I1d~! = k(27) and so k is continuous and periodic.

Lemma 3.16 Let D = d + A be a flat connection with holonomy m. There is a gauge in
which D = d + A® where

A" = 9 (3.51)

Proof

From Lemma 3.12 we know that the holonomy g(27) of the flat connection A will be conju-
e—27rim .
gate to the holonomy ¢°(27) = of the prototype of the flat connection
0 eZm’m
A’ From Lemma 3.15 we know that the conjugacy is provided by a continuous periodic

k(0) such that ¢°(8) = k1 (0)g(0)k(2x) which we rewrite as

g=kg’ k™ (2n) (3.52)

remembering that the non-constants are functions of 6.
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me

For our original flat connection A we have % + Agg = 0. Using (3.52) we now get

i(kgbk_l(%r)) + Ag(kd kI (2m)) = 0

do |
%g’vk—l(zw)w%k-l(zw)+Agkgbk—1(27r) = 0
%gb+k%+Agkgb -0

Cﬁi—g;ﬂk-lAng—l%)gb = 0 (3.53)

Since ¢’ is the solution for the prototype of the flat connection

dg’ .
7+ Alg® =0 (3.54)

we have by uniqueness

i _

k—l A k_—l
Agk + 10

Al (3.55)

Hence there exists a gauge transformation k, which takes a flat connection A to the proto-

type of the flat connection 4°. O

We have now established important lemmas concerning flat connections and holonomy but
we have yet to show that the limit holonomy given by lim,_,q J, = J® exists. The aim of

the next section is to be able to state that

“lim,_,o[J,] = [J] exists for almost all P € %, and is independent of P.”

3.2 Existence of limit holonomy

The theorem below gives sufficient analytic conditions for the limit holonomy condition to

be satisfied.

Theorem 3.17 (Sibner and Sibner) Let N be a normal e-neighbourhood of the 2-dimensional
submanifold ¥ of a 4-manifold M. If D =d+A with A € L} |, (N\Z) and F € L*(N) then
locally, there is a gauge in which the components of A have a limit in X with, in particular,
Ap — mi almost everywhere. The holonomy limit of D at 3 ezists and is independent of

the normal plane to the singular 2-surface.
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Overview of proof

There are three key statements we wish to prove.

, im0
A) There exists a gauge such that A4y — as 7 — 0.
0 —im

B) The limit holonomy exists at .

C) The limit holonomy is independent of the point at which we take the normal plane to

the singularity.

We first gauge transform the connection into the radial gauge where A, = 0. We then
look at the 6 component of A and show that lim,_,qg Ag = Cy where C = Cydf is a flat
connection. We know from Lemma 3.16 that any flat connection is gauge equivalent to

another flat connection

. / im0 fo e
A = do for some 0 < m < 1 (3.56)
0 —im
and m classifies the gauge equivalence class. So there is an s such that s7'Cs+s7'ds = A
and since C and A’ depend only on 6, so too does s. We then gauge transform A with s to

get A=5"1As + s 1ds. We know that since s only depends on 8

P ds ds
i = lim (s~ o) =510 = 3.57
Tlgl%Ag }1_1)1(1)(5 Ags+s dQ) s Cys+s 70 (3.57)
and
lim Agdf = lim(s™14s + s~1ds) = A° (3.58)
r—0 r—0
Hence, by first gauge transforming to the radial gauge and then gauge transforming using
m 0
s we find that there exists a gauge such that Ag — as r — 0.
0 —im

CA

gr solves (3.35) for D = d + A and g, is the solution for D = d + A. Since D is gauge
equivalent to D we can apply Lemma 3.10 to show that g,(27) = J; and §,(27) = Jr are
conjugate in ST/ (2). We know that §,(27) = J, depends only on Ag and having shown that

lim, 0 Ag = A° we can then apply Lemma 3.12 to deduce that lim,_g J. = J exists. Since
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J; and J, are conjugate, we know that [J,] = [J,] and hence that lim,_,o[J;] = [J] exists.

UB

Having established a limit holonomy for one point P on the singularity, we then show that
this limit does not change if we choose a different point on the singularity, say P'. We first
change the coordinates on the singularity so that P and P’ both lie on the line v = wy.
We then show that the difference between the holonomy at P and the holonomy at P’ is
bounded by an expression which we know tends to zero as r tends to zero. Hence the limit
holonomy is independent of the point at which we take the normal plane to the singularity.

tcC

The detailed proof of Theorem 3.17 has a direct analogy to the proof in the GR case and

so is included in Chapter 4 but not here.

3.3 Similarities to a flat connection as r — 0

In this section we bring together ideas needed for the second main result of {33]. We first

consider the set of connections AP where p > 2

AP = {D = d+ A4 € 1, (Xo)and F € LP(No)} (3.59)

1,loc

In the previous section we have demonstrated the existence of limit holonomy for D € A2

It follows from Theorem 3.17 that if D € AP then
“A limit holonomy exists and is given by the real number m as shown in (3.50)”. (Hyp,)

We call the above m-dependent holonomy condition (H,,). If we know that (Hp,) is satisfied
for a connection in AP then we can find a prototype of the flat connection A" = midf which

shares the same holonomy.
We introduce a new space L} . where T is a flat connection. A 1-form ¢ is in L% , if

iKhzz = I¢lze + IV rdlze = IKhze + 1A + [¢ XTI < oo (3.60)

We now give the main result for this section.

Theorem 3.18 (Sibner and Sibner) There ezists a constant k > 0 such that, for D €

A? with 1 Fll2(nvg) < K there is a real number m (with corresponding flat connection A =
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mid0) and a gauge in which D =d+ A with A— A" € L? ,(Ny). Moreover, for some constant
c,

JA— 4z | < CYF|ge (3.61)
1,A

We already know from Theorem 3.17 that locally there is a gauge in which the components
of A have a limit at the singularity with Ag — mi almost everywhere. Theorem 3.18 states

that the L2

1 b (Np) norm of the difference between the connection A and the flat connection

A is less than or equal to a constant multiplied by the L? norm of the curvature F. By
taking the curvature over smaller and smaller regions around the singularity we can make
this term go to zero. Hence on approach to the singularity we find that A tends to 4. In
other words, for any given connection, there is a gauge in which this connection is, near
the singular 2-manifold, asymptotic to a flat connection A = midf. This is stronger than
the statement from Theorem 3.17 since it involves all the components of A (not just the ¢

component).

All connections in AP have a holonomy number m, telling us which conjugacy class the
holonomy of the connection belongs to. Since all these connections with corresponding m
are asymptotic to the same A’, the holonomy number m € R provides a useful way to

classify connections in AP,

We now define AP . a subset of A?, to be used in the proposition below.

Afn,k ={D € AP|||F||;> < kand (H,,) holds} (3.62)
The main technical result of this section is

Proposition 3.19 Let p > 2. Then there ezists k and é, and an ezplicit flat connection I'

with holonomy m, such thatkifD c AP | then there exists a gauge in which D =d+A4 and

m,k?

IA - PHL‘{’F(NO) S e F ey, 2<g<p (3.63)
In Chapter 4 we will then show how Proposition 3.19 leads on to Corollary 3.20:
Corollary 3.20 Let p > 2. There exists a gauge in which D =d+A € Afn:k with A — A® €

L‘tll,Ai’ (No) and

A= Alps o) < ellFllzagrey, 2<a<p (3.64)
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As shall be demonstrated in Chapter 4, from Corollary 3.20 we can then show Theorem

3.18.

Overview of Proof of Proposition 3.19

To prove Proposition 3.19 we will need to show that there does exist a flat connection
such that in a particular gauge the inequality in (3.63) is satisfied. We now provide a brief
overview of the proof. Once again, the proof of Proposition 3.19 has a direct analogy to the

proof in the GR case and so the details of the proof are included in Chapter 4 but not here:

For open balls B, we can perform a gauge transformation such that in these balls the

following properties hold for the gauge transformed connection 1-form A°.

dx A% = 0 (3.65)
1A% 2o,y < KlF| La(Ba), 2<g<p (3.66)
;/ A2dV =0 (3.67)

VOl(Ba) B o '

We call this gauge the Coulomb gauge for short since (3.65) is the Coulomb property for

differential forms.

We construct a composite gauge transformation g using cutoff functions such that in two
overlapping balls which are adjacent in the # direction the transformation g will continu-
ously change from the gauge transformation which makes A Coulomb in one ball to the
gauge transformation which makes A Coulomb in the other. The composite gauge transfor-
mation is the result of a careful composition of many gauge transformations, the first acting
on all balls except the first and then each successive one acting on smaller and smaller re-

gions going around the singularity.

Note that this gauge transformation does not patch together the gauge transformation
needed to make A Coulomb in the last ball and that needed to make A Coulomb in the
first ball and so is not continuous at § = 0 = 27. Hence the composite gauge transforma-
tion is non-global. We look at the gauge transformation which bridges the discontinuity.
We take the Coulomb connection at § = 0, undo the gauge transformation that made the

connection Coulomb in the first ball and then make the gauge transformation that makes
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the connection Coulomb in the final ball. We call this gauge transformation s.

The complete non-global composite gauge transformation will also patch together overlap-
ping balls in the radial direction and in both directions spanning the singular 2-surface. In
this new gauge A will either be Coulomb or ‘close’ to Coulomb everywhere, the ‘closeness’

being bounded by a cutoff function and its derivatives.

We know from Theorem 3.17 that the limit holonomy of D = d + A at the singularity
exists. If we have a global gauge and the origin is a regular point then the limit holonomy
is trivial. In our case we start with a global gauge and a singular origin. We use Taubes’

theorem (and property 1. above) to establish that lim,_,g s = s exists.

We have shown earlier in this chapter how we can use parallel propagation to establish a
non-global corﬁposite gauge in which the limit ‘jump’ is the limit holonomy. We will call
this the holonomy gauge. We will force our new non-global composite gauge to look like
the holonomy gauge in the limit as r tends to zero. Hence they will have the same limit
‘jump’. Since the limit as r tends to zero of the jump in the holonomy gauge is the limit
holonomy, we know that the limit as  tends to zero of the jump in the composite gauge is
also the (same) limit holonomy. Hence the limit holonomy for the connection A is so. This
is proved by ’ﬁrst showing that sq is the limit holonomy of a constant flat connection Ag

and then showing that A and A have the same limit holonomy.

Also from before we know that any flat connection is gauge equivalent to A’ = mad@ for

some m € R We say that our flat connection has holonomy number m.

To get the final requirement to show (3.63) we must first, before applying the gauge trans-
formation g, have changed to a radial gauge (so 4, = 0) and we can then find that we have

a bound on |4 — Ay re.

One final obstacle to proving Proposition 3.19 is that we require that our composite gauge
transformation be global. We use another cutoff function to make the composite gauge
transformation continuous and periodic and hence global. Since we are now using a differ-
ent global gauge transformation, some more calculations are required before we establish

the final result that HA—I‘HL%(NO) < ¢ F|ze. Then since D € A? , we have proved
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Proposition 3.19.

Chapter summary

In this chapter we have introduced Yang-Mills gauge theory and explained the concepts of
limit holonomy in this context. We gave the important definitions and lemmas which are
crucial for the proofs of the two main theorems of Sibner and Sibner [39]. The proofs are
summarised but we delay giving all the details of the proofs until the next chapter, where

the analogous results are established in the context of General Relativity.

The purpose of this chapter has been to show that for certain 2-dimensional singularities,

with connection in L2, (X) and curvature in L2(N), a limit holonomy exists which is the

same at all points on the singularity. We then went on to show that the connection tends in

L2 (X) to that of the prototype flat connection A’. In the next chapter, the latter result

1,AP
will be the key to showing that the metric of a weak singularity tends to that of a conical

metric.



Chapter 4

Weak Curvature Singularities in

General Relativity

In Chapter 2 we have discussed quasi-regular singularities. These are singularities that have
the particular feature of curvature tending to a limit in a parallely propagated frame. It has
been shown that the holonomy around a 2-dimensional timelike quasi-regular singularity
can be calculated and then used to establish a distributional value for the curvature at the

singularity [49].

In this chapter we wish to find a holonomy method for weak curvature singularities for
which curvature can be unbounded on approach to the singularity; but has the particular
constraint that the curvature is in L?, i.e. the integral of the square of the modulus (as
given in Chapter 2) of the curvature is bounded. In the previous chapter we demonstrated
a holonomy method used in Yang-Mills theory [39] where we had the corresponding con-
straint that the curvature is in L?. We now wish to apply this holonomy method from

Yang-Mills to a method for General Relativity to be applied to weak singularities.

We will look at 2-dimensional timelike weak singularities given by 2. As in Chapter 3 we
will first show that there exists a limit holonomy. We will also show that this limit holonomy
acts in a surface transverse to the singularity. The second main theorem of the chapter will
show how, in the limiting case, the connection tends to that of the flat 4-dimensional cone,
as used to model such quasi-regular singularities. In addition we find that the metric also

tends to that of the 4-dimensional cone.

In Chapter 5 we will go on to show that these findings enable us to compare weak curvature
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singularities with quasi-regular singularities. Methods used by Wilson and Vickers [49, 55]
for quasi-regular singularities (based on Colombeau algebras) can then be applied, enabling

us to find distributional curvature of weak curvature singularities.

The usual way of describing a space-time is to look at how a metric describes distance
between points, located by a choice of coordinates. Instead of thinking of tensors in a coor-
dinate basis we can look at tensors with respect to an orthonormal frame. Instead of using
the metric to derive the Christoffel connection, we find the Ricci rotation coefficients (see
Appendix A.2), again using a frame. This gives us a local description of the connection on
the frame bundle and hence a description of GR as a gauge theory on the frame bundle,
with the Lorentz group as fibres. This way of thinking allows comparisons between GR and
Yang-Mills theory and is our first step to using [39] to understand weak curvature singu-

larities in GR.

Let t be the time coordinate corresponding to the static Killing vector T so that the hy-
persurfaces which are orthogonal to T' are given by ’t equal to a constant. Let >, be the
intersection of 3 with the hypersurface ¢ = ¢g. Then %, is a curve in a 3-dimensional space.
We now introduce cylindrical polaf type coordinates (r,6,z) in a neighbourhood of Xz on
the 3-dimensional space such that z is a coordinate along the singularity, r gives the radial
distance from the singularity and 6 is an angular coordinate. The precise definition is given
below and is similar to that of Unruh et al. [46], who also looked at a class of singularities

for which the curvature was unbounded but only diverged slowly.

We let z be some coordinate such that the z =constant surfaces are transverse to X, so
that » parameterises points on the singularity (see Figure 4.1). We now look at a fixed 2-
surface Sy, 4, glven by ¢ =ty =constant and z = zp =constant. We let r give the geodesic
distance of points in zg from the singular point in Sy, ,,) and we let 6 be a coordinate
which is constant along such geodesics and is 27-periodic in 6. Note however, this does
not fix 6 uniquely. Furthermore, for # to be well defined we need to be in a sufficiently
small neighbourhood to ensure that geodesics are unique. This will determine the size of

our e-neighbourhood.

We may do this on any such 2-surface for different values of z and all we require is that

the 6 coordinates fit together smoothly (that is to say if 4(f) is a smooth curve, 6(f) is a



Figure 4.1: A diagram showing the cylindrical polar type coordinates around the singualrity & and the

surface z = zp transverse to 2.

smooth function).

Thus (¢,7, 6, z) give coordinates in the neighbourhood of the singularity so that ¢ and z give

iven by r = 0) and (r, )

g

give polar type coordinates on 2-surfaces transverse to the singularity.

At this stage it is important that we also highlight the differences between gauge theory

for Yang-Mills and for General Relativity.

The bundle and connection in GR

In Yang-Mills theory we considered a connection on an SU(2) bundle. In formulating Gen-
eral Relativity as a gauge theory we take the bundle to be OM (the bundle of orthonormal
frames) with gauge group the Lorentz group L = O(1,3). The analogue of the Yang-Mills
connection 1-form A; = Aé’-ada:“ (taking values in su(2)) is provided by the connection

1-form

u; = yékﬁgdma (4.1)

which takes values in the Lie algebra [ of the Lorentz group. Here 9%(z) are dual to the
frames ef(z) and 'y]i-k are the Ricci rotation coefficients (see Appendix A.2 for details of this

and Cartan’s description of the connection).
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Cartan’s description provides us with many of the properties and identities involving the
connection 1-form and the Ricci rotation coefficients, which will be used later in this thesis.
We recall from Chapter 2 an alternative description of the connection in terms of a 1-form

w on the bundle OM taking values in [.
We can now choose a section o (also known as a gauge) through the bundle

c:M— OM (4.2)

Let w = o*w be the pullback of w under the section 0. Then w is a 1-form on M taking

values in [ which give the (gauge dependent) connection 1-form on M. Hence w is a map

w:T, M — |

X e (wX)h = X%, (4.3)

Note this is related to the definition (4.1) given by Cartan’s description through

Wi = Vi 0h (4.4)

From here onwards reference to the ‘connection 1-form’ always pertains to the gauge de-

pendent connection 1-form on M, unless otherwise stated.

The curvature

Instead of the curvature 2-form FJZ = F}abd:z:“ Adz® € su(2) in Yang-Mills, we now use the
curvature 2-form Q; = Qjabdza Adzb = %R“bcd%e?d:cc Adz?® € [ where R%, , is the standard

Riemann curvature tensor.

Definition 4.1 The curvature 2-form Q on M has elements which take values in I and is

antisymmeltric on its spacetime indices

O T,Mx T, M — |
(XYY = XV, (4.5)

and is defined by its relation to the connection I-form as given by
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Q= dw + [w, w] (4.6)

or

3 _ 3 3 k ; k
Qiap = 2wl ) + Whewsp — Wiy, (4.7)

In the proofs of Theorem 3.17 and Theorem 3.18 we made use of the fact that SU(2) is
compact. Tt is important to note that the Lorentz group is not compact and it is unclear
whether or not compactness is a requisite for the proof of these theorems. This will be the
subject of discussion at the end of the chapter. Instead we shall, for the purposes of this

thesis, restrict our application of the holonomy theorems to static space-times.

The bundle and connection for static space-times

For static space-times we know that there is a timelike Killing vector 7" which is orthogonal
to a spacelike surface. We will choose an orthonormal basis adapted to this description in
order to reduce a bundle OM to the bundle @ with gauge group SO(3) (which is compact).

This construction is described below.

We choose @ to consist of frames (e?) such that the zeroth vector points in the T direction.

If ¢ and €% are two orthonormal frames such that both ef = 7o and & = T then

e = LZe? (4.8)
where
1 0 0 0
. 0 a b ¢
L= (4.9)
0 de f
0 g h 1
and
a b ¢
Gi=|d e f | €50(3) (4.10)
g h 1

Hence we have an action



SOBYxQ — @
(m,e) +— & (4.11)

We therefore consider the bundle @ with gauge group SO(3). We now show that the con-

nection on OM induces a connection on Q).

Let ¢ be a basis for our space-time with % the corresponding dual basis. Then we can
choose ej to be the basis vector pointing in the T direction and es, with o = {1,2,3}, to be
the three other vectors of the basis, all orthogonal to the T direction. Since the space-time
is static, all the hypersurfaces orthogonal to the timelike Killing vector are identical and
we may choose 95 to be the same for all ¢. Hence parallel propagation in the ef direction

leaves the ¥ covectors fixed. Thus

Ve, 8 =0 (4.12)

From here we can proceed to show that w® = wg = 0. We start with (4.12)

Ve d* = 0

=39 = 0

where ﬂk are the Ricci rotation coefficients as given in Appendix A.2. We know that,

because the metric connection is torsion free,

Veiej - Ve]‘ € = [eia e]] (414)
Hence 7;:,: — 7};j = i ;» Where C,i ; are the structure constants of the Lie algebra [22] defined
in terms of the basis vectors,
Cheei = [ej, ex] (4.15)
We are inferested in the term
C(()lﬁ = <[30> 6,3]7 79&) (ﬁ = {17 2, 3}) (416)

Since we are in a static space-time we can apply the hypersurface orthogonality condition

which shows that [eg, eg] o % and hence we can show that
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w = 0

=0 = 0
=5 = 0 (from (4.13))
— 89 = 0
= uwi =0 (4.17)

From the symmetry of (A.21) we can further deduce that w? = 0.

Since w? = wg = 0 the only non-zero terms in the connection are wg. Furthermore
5a'ng = _naiwé
= —waﬂ
= wﬂa
= 754
Thus
Waﬂ = _wﬂa (4.19)

We now want to look at how w§ transforms under a gauge transformation. In General
Relativity the standard symbol for the metric is g and so in this chapter the GR analogue
of the gauge transformation previously denoted as g in Chapter 3 will be G. Hence a gauge

transformation is a map

G:M — SO(3)

x o G (4:20)

This induces a map on the frame {ej} given by the corresponding L§ through (4.8) and

(4.9). The connection in the new frame is

& = (L7l L + (LTHH(AL)] (4.21)
However, L8 =1, Ly =0, Lg = 0 and L§70 = 0 (since the space-time is static) so that

(4.21) reduces to

61



0f = (G N)sw{Ly + (G7H2(dG)] (4.22)
Hence we may regard w as an SO(3) connection on the bundle Q. From now onwards w
will represent this induced connection on () rather than the connection on OM.
The curvature

We now define the curvature 2-form for our restricted bundle.

Definition 4.2 The curvature 2-form Q on M has elements which take values in so(3) and

s antisymmetric on its spacetime indices

Q:TMxT,M — s0(3)

(XY » XY'Q5, (4.23)

and is defined by its relation to the connection I-form as given by

= dw+ [w,w] (4.24)

or

Q;-ab = 2w o + wf;awgb — WhWh, (4.25)

Comparing to (4.7) we see that for a static space-time Q) = Q& = 0 and §25 are just the

(e, B) components of Q;’-ab since wl = w§ = 0. Hence

1
Qgcd = §Rgcd19aae% (426)

where Rf , is the usual Riemann curvature of the static space-time.

4.1 The holonomy method in General Relativity

We now set out the general method by which we establish the existence of a limit holonomy
around a weak singularity in General Relativity. By partially following the convention in the
previous chapter we shall label the neighbourhood of the singularity N and the complement
of the singularity in N we shall label X (ie. X = N\X). We also relabel our transverse

2-surface S, o) as No. We define Xy = NO\Z(to,zo) the complement of the singular point
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in the transverse surface Ng = S )

E(t

I
0,20)

%,1oc(X) as one of our conditions. As shown in Chapter 2, w € L%IOC (X)

We require w € L
means that V®w is a measurable function for all 0 < |a| < 1 and for all compact subsets C

of X we have from (2.53)

[N

o = / SO e Pdo | <o (4.27)
C

0<jal<

lwgall 22

1,loc

Since we are working locally we will for convenience take the positive definite background

metric £, to have line element

Eapda®da® = dt* + dr? + r2d6? + dz? : (4.28)

where ({,r,0,z) are the coordinates in the neighbourhood of the singularity introduced at
the beginning of this chapter. However, we find that the results of this thesis are not sen-

sitive to this particular choice of positive definite metric.

We also require Q € L?*(N). Note that Q € L2 (X) is an immediate consequence of the
formula Q = dw + [w,w] and using the Sobolev imbedding L? — L* on w € L%;IOC(X) (see
Appendix B.1 and [1]). However, as in the previous chapter, the proof requires the stronger

condition Q € L#(X) and so we impose this additional requirement.

Holonomy around the singularity

Below, with the aid of Figure 4.2 we first set out the general method by which we establish
holonomy around a singularity in General Relativity and then show the algebra involved in

the process.

We take a particular point on the 2-dimensional singularity and consider the transverse
(r,0) surface (for the diagram we suppress dimensions tangent to the singularity). We take
a closed path x,(0) in Xy, around the singularity at distance r, beginning and ending at
the same point z € Xy. The path x, (and later also A, u, and G,) depends on r, but r is
fixed unless otherwise stated. We shall take a frame on x, and parallely propagate round
the path until the location of the frame is the same, but the direction is related to the

original by a gauge transformation.
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We consider the bundle above the manifold (see Figure 4.2) which locally is given by
SO(3) x Xo. The global structure of the bundle is that of Q but, since we are only looking
at an open ball around a singularity, we need only consider local structure. A projection, II,
takes points in SO(3) x Xy to Xy. The projection discards information about the element
leaving only its position. The fibre above y € Xj is the set of all points « € SO(3) x Xp
such that II(c«) = y. The fibre represents all possible SO(3) group elements (and hence all

frames in Q) at a point in Xj.

G x Xy

reference
section

Figure 4.2: A diagram showing how we establish holonomy of a singularity, using the (local structure of

the) bundle Q.

xr(0) € M is the projection of a particular path A.(9) € SO(3) x Xp. This path in the
frame bundle details the transformation of the parallely transported frame ey, indicating
position on the path x,(8) in the manifold and how the frame is propagated around this
path. We now consider a reference section through SO(3) x X, intersecting the point A (0)
which projects down to z € Xj. A section through the frame bundle can be seén as a choice
of gauge, with SO(3) transformations between gauges taking one section to another. On
this plane we draw, starting at A-(0), the closed path which projects down to x, and we

shall call this path u,(8).
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Since u, () is a closed path, we know that 1. (0) = u-(27). This path corresponds to a frame
rotating around yx, which, on returning to z has the same direction as when it started. We
note that p-(8) and A.(#) both lie on the same fibre above x,(8) for each #. The fibre above
y € M is the set of all points o € @ such that II(¢) = y and represents all possible frame

configurations at a point in M.

There is a gauge transformation G : M — SO(3) such that for each § we have G,(f) €
S0O(3) : SO(3) = SO(3), that takes p,(8) to \-(0). i.e.

Since p,(0) = A.(0) we have G.(0) = I. We let G,(27) = J,, and the limit as r tends
to zero of G,(27) is J’, the holonomy of the singularity. We would like to show that the
holonomy limit

lim J, = .J° (4.30)

r—0

is well defined and this is given by Theorem 4.8.

As in the previous chapter we now wish to set up a differential equation containing the

gauge transformation G and the connection 1-form w.

We take an initial frame to be the basis €%, which lies on a path x*() = (to, 70,09, 20)
around a point on the singularity (¢, 20) at a constant distance (rg). We look at the gauge
transformation G which takes e to the frame & which is e parallely propagated around the

path x. So we have

&5 = Ggel (4.31)

Since we are looking at parallel propagation we have

VTég =0 (4.32)
where
dx®(s)
T(l — — 6(1 433
ds o ( )



We now evaluate (4.32).

Vr(G%el) = 0

(VrG3eq + G5Vrey = 0
T°Gj5 eq + GGTVeey, = 0
05G G o+ G3T %NV er, = 0

see Appendix A.2
a

et OET et = 0
dGa Gng .
(‘%* ) o = 0
since e is invertible
a’Ga Cpag
dGB
Q _
dG%
—FHugs = 0 O (4.34)
In index free notation we write
dG
el - 4.35
a0 + wyG =0 ( )

Since 4,(0) = A, (0) we know that the initial frame is at # = 0 and so we obtain the initial
condition G(0) = I. We now have an initial value problem which has a solution given by a

path ordered integral.

% +wgG =0 G(0) = (4.36)

Properties of holonomy

The proofs of the two critical theorems in this chapter rely on various properties of holon-
omy, connections and, in particular, flat connections which we include below as lemmas.
We first note that the definitions of gauge equivalence and conjugacy for our connection w

and curvature Q are analogous to Lemma 3.7, Corollary 3.8 and Definition 3.9 in Chapter 3.

We wish to show that the conjugacy class [J;] of the holonomy J, = G(27) is gauge inde-
pendent, i.e. that the transformation from the initial element to the ‘2m-evolved’ element

will always have the same ‘magnitude’ of rotation, although the actual transformation will
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change depending on the initial frame.

If G, is the solution of (4.35) for connection w, then G, is the solution for connection G.
Let w and @ be gauge equivalent. That is to say there exists some gauge transformation
s: X — @ such that & = s7lws + s~ 'ds. Since x;, is a closed path we have s(0) = s(27).
In the new gauge we have

dG

— G = 4.37
70 + WG =0 ( )

which we can rewrite using the connection of the original gauge as

@+ IS L
df YOS g

) G=0 (4.38)

(4.35) and (4.38) are two equations with three unknowns (for a given s) and so any solution
relating G with G without the w terms must satisfy both (4.35) and (4.38). If we let

G = s71Gs(0) then (4.38) becomes (4.35)

d(s_ld(;s(o))v%s wys + 8 13—;)3_16?3(0) =0
dfi;a (0) + s 12—35(0)+
+5 twyssT G (0) +s_1%371G5(0) = 0
sd291G+%+w9G+ Z—;s—lG -0
d(sje_l)a+%+wga -0
Z—g—i-ng =0 (4.39)

and so by uniqueness we have G = sGs~1(0). Since we know that s(0) = s(27) we have

G(27) = s(2m)G(27)s ™ (27) (4.40)

and so
J, = G, (27) = s(2m) G, (2m)s ™1 (270) = s(27) Jrs 71 (2n) (4.41)
and hence we have

Lemma 4.3 If G and G are solutions of (4.85) for gauge equivalent connections w and &

then J, and J, are conjugate in SO(3); and so [J;] is gauge invariant.
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Lemma 3.11 in Chapter 3 has a direct analogy to the GR case and so is not reproduced here,
but we recall that if the connection were flat, then the conjugacy class of the holonomy,
[J], would be a homotopy invariant and hence independent of r. Hence for conical singu-
larities the holonomy does not change with distance from the singularity, because of the
flat (local) topology of the 4-dimensional cone. However, for weak curvature singularities,

the holonomy is dependent on position away from the singularity.

In the next two sections we shall provide two theorems. We first want to show that if we
let r tend to zero then the limit holonomy exists; it follows immediately from Lemma 4.3
that if the limit holonomy exists in one gauge, then it will exist in all gauges obtained by
smooth gauge transformations. We note (from [39]) that Lemma 4.3 still holds if w and @
are related by a weak gauge transformation s € L%’IOC. This means that if w is weakly gauge
equivalent to a connection & for which [J] has a limit, then [J] also has a limit. The second

result we wish to show is that, as we let  tend to zero, we find that the connection tends

to that of a conical singularity as measured in an L? norm.

Using a similar method to that given in [21] and making use of Appendix A.2, we shall now
find the prototype for a flat conical connection 1-form by starting with the line element for

a four dimensional cone

ds® = dt? — dr® — r? A%d9? — d2? (4.42)

where 0 < A < 1 provides the angular deficit of the cone 27(1 — A). We shall temporarily

suppress use of space-time coordinates in our calculations and let

ds? = pi 99’ (4.43)

where we shall choose p;; to be the Minkowski metric Diag(1, —1,~1,~1) and ¥ is the

basis of one-forms

P =dt Y=dr P=rAdd 9 =dz O (444)

We wish to find the associated flat connection 1-form «’ and so we first establish some

syminetries from the equation



We find that wbé- = 0 for all ¢ = 5 and that cu”; = —wbz for all 1 # j # 0 # i. Hence the

prototype will have the form

0 A B (C

b A 0 D FE
W =

B -D 0 F

¢ -E -F 0

where each A...F is a 1-form. It follows that dd° = d9! = d93 = 0. We also have

092
2 a b a
R L
_ 093,
= 00 b n g
or
1
= A9 A (—0?
(")

r

1
= 9 A2 (4.46)
T

We now use the equation d9* = —wac A UF (again from Appendix A.2) and find that

AN +BAPP+CA® = 0

AN +DASP+EAS = 0

BAL —DASF +FAP = —3191/\192
T

CAP —EANS —FAS? = 0 (4.47)

Solving these simultaneous equations gives us, for some constant ¢

W= (4.48)

c#? 0 —c® 0
From before we know that connection 1-forms in static space-times are such that wf =
w? = 0 and so we choose ¢ = 0. Finally we recall that 9% = rAdf and so we have our

prototype for the flat connection
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g = Tdo (4.49)

o o o o

o N O o
o

o o o o

Lemma 4.4 There is a unique correspondence between conjugacy classes of holonomy and

flat connections.

As we have shown before, conjugacy classes of holonomy are conjugacy classes in SO(3).
Elements of the same conjugacy class for the group GL(3,[R) have three invariants under

conjugacy. For a matrix B € GL(3,R) with eigenvalues A1, Ao, A3, these invariants are

M A+ A3 = Invy(= TrB)
)\1)\2 + )\1)\3 + )\2)\3 = II’lVQ

AMAgAg = Il’lVg(: detB) (450)

However, we are effectively using SO(3) (since the ¢ component is unity) which has the
two restrictions that det B = 1 and BBT =Id. To find the eigenvalues of a 3 x 3 matrix
one must solve a cubic equation, a solution of which must be real. Since the transformation

represented by an SO(3) element is length preserving we have that the real eigenvalue is 1.

If the other eigenvalues are real too, they must also be +1. Since det B = Invy = 1, we
know that either Ay = Ay = A3 = 1 or, without loss of generality (invariants are symmetric),

A1 =1, = A3 = —1. In both cases Invy = Invs,.

If the other eigenvalues are non-real then they are complex conjugate to one another, so
the real eigenvalue is Ay = 1 and the complex eigenvalues are (since AjAaAg = 1) Ay = el

and A3 = e~**. We find that once again Inv; = Invs.
Since Invz = 1 and Inv; = Invy for all elements of SO(3), we can uniquely describe a pair

of conjugacy classes in SO(3) by their trace (which will be between 0 and 4), where one

conjugacy class is identical to the other except has the opposite orientation (i.e. represents
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rotations in the opposite direction). To uniquely describe any one conjugacy class in SO(3)

we use a representative of the form

1 0 0 0
0 cos2mA sin27A 0
0 —sin27A cos27rA 0O
0 0 0 1

The prototype of the flat connection is given by

00 0 0

Vi 00 -A 0
0A 0 O
00 0 0

The solution of (4.35) where wy = o’y can be found.
oG" i aGg HG} )

9] AG; =0 and %G, 0 Vj
Bp TACITY and gy =0 W

Solving these simultaneous equations shows us that Gé‘ is of the form

C1 Co C3g C4
Hy H, H3z H,
Ji S Jg Jy

Cs C¢ C7 (g

(4.51)

(4.52)

(4.53)

(4.54)

where ¢; ... cg are real constants, H; = m; sin A0 — n; cos A9, J; = m; cos Af + n;sin AG and

m,; and n; are real constants.

We can determine all of the above constants by noting that at § = 0 we have Gé =Id. The

solution of (4.35) is

1 0 0
0 cosAf sinAf
0 —sinAf8 cos Af
0 0 0

= o o O



It is easy to see from (4.55) that these gauge transformations represent rotations in the

surface transverse to the (t, z) singularity.

We know from Lemma 3.11 in Chapter 3 that the solution of (4.35) is homotopy invariant
for flat bundles and so we can confirm that G;(@) is also independent from r. Hence the

holonomy of the prototype of the flat connection is

1 0 0 0
0 cos2mA sin27A O
0 —sin27A cos2rd O
0 0 0 1

Gr) = (4.56)

which is equal to the representative of the conjugacy class as given by (4.51). Note that
two different values of A which are separated by integer values, will yield the same repre-
sentative. Hence there is a unique correspondence between flat connections (modulo 1) and

conjugacy classes of holonomy. O

Lemma 4.5 If Ay = As +n, n € Z, then there exists a gauge transformation G such that
G LG + G71dG = W} where

0 0 0 0 0 0 0 0
0 0 -4 0 , 0 0 -4 0
W= ' do Wb = 2 do (4.57)
0 A 0 0 0 A, 0 0
0 O 0 0 0 0 0 0
Proof
Take
1 0 0 0
0 cosnmnf —sinnfd 0O
G(O) = (4.58)
0 sinnfd cosnd O

0 0 0 1

We note that G~ 'w)G = wh. So gauge transforming wi with this G(8) it follows that
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0 0 0 0
b 1 0 0 -4 0
wy+ G dG = de +
0 A 0 0
0 0 0 0
1 0 0 0 0
0 cosnf sinngd O 0 —msinnf —ncosnfd 0O "
0 —sinnd cosnf O 0 ncosnf —nsinnt 0
0 0 0 0 0
[0 0 o0 o0 00 0 0)]
0 0 -4 0 00 —mn O
= + de
0 A, 0 O 0On 0 O
\0 0 0 0 0 0 0 0/
0 0 0 0
0 0 -4 0
= de
0 A4 0 0
0 0 0 0 )
= (4.59)
and hence wbl and wg are gauge equivalent. O
We note that since n is an integer, we have
1 0 0 0
0100
G(2n) = dg =1 (4.60)
0010
0001

Lemma 4.6 If A is an integer then D is gauge equivalent to d.

Proof

From Lemma 4.5 we know that wg and w% are gauge equivalent and hence so are D1 = d+ wbl
and Dy =d+ wg. Since A; is an integer we can choose n to be A; also and hence Ay = 0.

Therefore

wy =0 (4.61)

73



Hence Dy = d. Therefore D1 =d + wi is gauge equivalent to d. O

Lemma 4.7 Let D =d+w be a flat connection with holonomy A. There is a gauge in which
D =d+4w” where

00 0 0
b 00 -4 0 | ,
W = | do (4.62)

0A 0 0

00 0 0

Proof

From Lemma 4.4 we know that the holonomy G(27) of the flat connection w will be con-

jugate to the holonomy

1 0 0 0

b 0 cos2mrA  sin274 O
G’ (2m) = (4.63)

0 —sin2mA cos2mA O

0 0 0 1

of the prototype of the flat connection w’. From Lemma 3.15 we know that the conjugacy
is provided by a continuous periodic k(8) such that G*(6) = k~1(6)G(6)k(27) which we

rewrite as

G = kG k™ (27) (4.64)

remembering that the non-constants are functions of 6.

For our original flat connection w we have % + wgG = 0. Using (4.64) we now get

i(kak‘l(Zw))+wg(kak“1(27r)) = 0’

do
%Gbk_l(%) + k%%k_l(%) + wgkAGbk_1(27r) = 0
ZSGb + k‘%b +wgkG = 0
C;—C;b + (K wek + k'l%)G"’ =0 (4.65)

Since G’ is the solution for the prototype of the flat connection
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dG’

o+ whG’ =0 (4.66)
we have by uniqueness
dk |
E~twgk + k—l(—jg = uh (4.67)

Hence there exists a gauge transformation %, which takes a flat connection w to the proto-

type of the flat connection w®. O

We have now established important lemmas concerning flat connections and holonomy but
we have yet to show that the limit holonomy given by (4.30) exists. The aim of the next

section is to be able to state that

“lim, 0[J,] = [J] exists for almost all P € ¥, and is independent of P.”

4.2 Existence of limit holonomy
We now state and prove the theorem governing existence of limit holonomy.

Theorem 4.8 Let N be a transverse e-neighborhood of the 2-dimensional submanifold &
of a 4-manifold M. If w € L%, (N\Z) and Q € L%(N) then the holonomy limit ezists at 2.
Locally there is a gauge in which the components of w have a limit at & with, in particular

wyp — wg almost everywhere, where the flat connection of the 4-d cone is given by

0 0 0 0
D 00 A0
0 -A 0 0
0o 0 00

Overview of proof

There are three key statements we wish to prove.
A) There exists a gauge such that wg — w% as r — 0.

B) The limit holonomy exists at .



C) The limit holonomy is independent of the point at which we take the surface transverse

to the singularity.

We first gauge transform the connection into the radial gauge where w, = 0. We then look at
the f component of w and show that lim,_,qwy = Cy where C' = Cydf is a flat connection.
We know from Lemma 4.7 that any flat connection is gauge equivalent to another flat

connection, specifically

0 0 0 0

. o o a0
W = db (4.69)

0 -4 0 0

0 0 0 0

and A classifies the gauge equivalence class. So there is an s such that s~1Cs+ s~ 1ds = o’
and since C and o’ depend only on 0, so too does s. We then gauge transform w with s to

get & = s7tws + s71ds. We know that since s only depends on 6

o N _pdsy _1ds
}1_1;1’(1) (g = }51(1)(5 wes + 8 @) =5 'Chps+ s 20 (4.70)
and
lim &pdf = lim (s ws + s 71 ds) = o’ (4.71)
r—0 r—0

Hence, by first gauge transforming to the radial gauge and then gauge transforming using
s we find that there exists a gauge such that wy — wz as 7 — 0.

A

G, solves (4.36) for D = d + w and G, is the solution for D = d + @. Since D is gauge
equivalent to D we can apply Lemma 4.3 to show that G, (27) = J, and éT(ZW) = J, are
conjugate in SO(3). We know that G,(27) = J, depends only on @y and having shown that
lim, o &g = w” we can then apply Lemma 4.4 to deduce that lim,_q j, = J exists. Since
J, and J, are conjugate, we know that [J,] = [J,] and hence that lim, ,[J,] = [J] exists.
B

Having established a limit holonomy for one point P on the singularity, we then show that
this limit does not change if we choose a different point on the singularity, say P'. We first

change the coordinates on the singularity so that P and P’ both lie on the line ¢ = .
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We then show that the difference between the holonomy at P and the holonomy at P’
is bounded by an expression which we know tends to zero as r tends to zero. Hence the
limit holonomy is independent of the point at which we take the surface transverse to the
singularity.

oc

Proof

The proof is divided into many steps Which we shall discuss individually in detail.

We wish to show that there exists a gauge transformation such that the radial component
of the connection term, w,, disappears. Let G be the gauge transformation which is the

solution of

dG .
TG =0 (4.72)

We would like to show that w € L?, _ implies that G € L%, .

Joc
We have in (4.72) a first order ODE for the gauge transformation, but only in the r-direction.
All the large changes around a singularity happen on approach to the singularity (i.e. by
decreasing r). In the case of a flat or near flat conical singularity changes induced by deriva-
tives of the gauge transformation in the 8, ¢t and z direction are small and smooth. If we
vary parameters smoothly then the solution will also change smoothly. Therefore we can
assume that any gauge transformation will be bounded in the non-r directions allowing us

to focus solely on proving the boundedness of G in the r direction.
We are only considering the Lie algebra and Lie group valued r-components of (4.72). We

. perform the following calculation treating the matrices as scalars. The results found for

scalars also work for matrices. Let us simplify the notation in (4.72) to
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G = —wG
= G = (~uG)
= —wG—uwG
= —w,G —w (~w,G)
= WG - uw@ (4.73)

2

where / denotes taking the derivative with respect to . We wish to show that w, € LY oc

implies that G € L%,loc' We start by looking at the square of the Lg)loc norm of G.

G311z, = / > veGyfde
0<]el<2

= /|G;2+5gvaG;|2+5g5£vb(vaGg) 240 (4.74)

We know that VQGE = BaGfi = G% .+ However, we must take care with the second covariant
derivative VbVaG; = Vb(Gg:a) = Gfmb — I‘Zbei’C where I'¢, is the background metric

connection. We find that

§262Vy(VaGs) = G, — T5,GG . = G” (4.75)

This is because the T'S. terms for the 4-d cylindrical polar flat metric are zero for each c.

Hence

IG51I7; = / G712+ |G+ |G?do (4.76)

Since GGT =1d it follows that

G5l < 1 ¥ €p
:>Z|G’2>|2 < oo
&8
= G4 < (4.77)

Hence we know that G is bounded (so |G| < ¢ for some constant ¢) and so

/G”|2+|G’|Q+G2do = /wﬁG2—2w3wiG2+w42G2+w3G2+|G2do

< 02/|w§|—2w3w;+lw;2+w3|+1da (4.78)
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From w, € Liloc we know that [ |w?| + lw!?|do is finite.

We now apply the Sobolev Imbedding Theorem to our problem following Appendix B.1
very carefully. We let the domain = (called © in the appendix) be a 4-D subset of R?* in
the neighbourhood of the singular set N\X. Using the notation of Appendix B.1, so far we
have £k = n = 4. Now since w, € Liloc we want to take p =2 and j + m = 1. To satisfy the
initial restrictions of Case A, we must have 2m < 4 and 4 — 2m < 4 < 4. Simplifying this
it follows that 0 < m < 2 or m = 1 and hence 7 = 0. We can now extract results from the
theorem and in particular from (B.3)

l loc(N\E) - Lq

loc

(N\Z), 2<qg<4 (4.79)

So by taking an imbedding into a different space and taking g to be 4, we can see that
[|wi|do is also finite. Going back to (4.78) we see that it only remains to show that

[|wiwlldo < oo

/|w2|+w da<oo:>/|w \do < oo (4.80)

4

Let us say that w?w! > w? and w?w! > w!.”. This implies that ! > w? and w? > w.

which is a contradiction. Hence w?u/. < w? and/or ww, < w!?. This implies [ |w?wl|do <

[ |whldo < oo and/or [ |wlwl|do < [ |wl?|do < oco.
Therefore

/wzw;da <0 (4.81)

Hence

cZ/w;ﬂ ot | 4+ W2+ WP+ 1doe < oo
:>\/G”|2+G’|2+G|2da < oo

— G € L}, O (4.82)

and so we know that

we Ll Joc = G € LQ Jloc (4'83)
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Since the neighborhood N of ¥ is locally a product we can apply a consequence of Fubini’s

theorem (see Appendix B.2)

‘ G e LiN)

:>/ G2+ |0G|* +|8(0G) 2d'z < oo
N

:>/ |G|2 +|0G|* + |8(8G)|*d?z < oo almost everywhere
No

= G € L3(Ny) almost everywhere (4.84)

where Ny is the surface transverse to the singularity. We now return to the Sobolev Imbed-

ding Theorem and look at Case C from [1] (once again, refer to Appendix B.1).

Our domain is Ny so n = 2. Let us choose m = p = 2 which satisfies the requirement for

Case C, that mp > n. And so we have

12, (4.85)

and hence

I (4.86)

Therefore, since we have from Fubini that G € L2(Np), we can imbed G into a space of
continuous functions and therefore G is continuous in almost all transverse surfaces. The
obvious periodicity from using polar coordinates tells us also that G is periodic in 0 with

period 27,

We now let w and & be related by the gauge transformation . Hence

o = G luwG+ GG

d
5 = GluG+c
dr

= G (ﬁ + wTG)
dr
=0 from (4.72) (4.87)

We can see that in this gauge &, = 0 and so we have put w into a radial gauge. Since w € r?

and G € L3, we know that & € L?. We now re-label @ as w.
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We have by definition,

Doy = 25y, + Wiawgy — W5, (4.88)

and since w, = 0 in the new radial gauge, we have

g = 2wpg,) +whwiy — wiwi,
= wgeﬂ, — (.Ugv.,‘g + O — 0

23
= Yo

Hence Qrg = %UQ (4.89)
T .

We take wy to be a Fourier series with complex coefficients a,, and so in a Fourier series

expansion

o0

wg= Y an(r)e™ (4.90)

n=—oo
We now note, again from Fubini’s theorem, that € is in L? on almost all transverse surfaces.
We note that 2 is piecewise continuous with periodicity 27 and so we can apply Parseval’s
equality (see Appendix B.3) for complex coefficients. We take a transverse surface at (uo, vp)
and use Parseval’s equality, (4.89) and the knowledge that when integrating between r; and

ro we have rq <r

ng
Q0
Or »r49
o0
aan ind
o in = 0
Z 87‘6
n=—0c
[oe} 2 :
da, 9
— = Q|“do
> % [
n=—o
rg X 2 )
/ 3 Gan " g // Q[2dr do
71 n=—oo 87" ) T1
T2
< // Q2= drds
1 T1
rg da 2 ’ I
= —| dr < c// Q?rdrdd O (4.91)
or "

™1 pn=—00
We let r,, be a sequence of radii tending to zero. We let wg(r) = wy, withm = {0,1,2,...}.
We would like to show that for all € > 0 there exists N € N such that |wy, — wp| < € for all

m,p > N and hence that w,, is a Cauchy sequence. Let us take
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[e¢] o0

VAN

- an(rl)”

w —wy| = Z an (r)e™ — Z an(r))e™
n—=—oo n—=-—oo
o)
= Z e (an (g —an(rl))‘
o)

o0

=
= Z an (k) — an(r1)] (4.92)

and applying Parseval’s theorem again it follows that

2 .
/0 lwp — wy|*df < Z lan (Tg) — an ()2 (4.93)

n=—oo

Now let 7y, = r; + drg;. Using the Fundamental Theorem of Calculus it follows that

TR G, ()

4.94
g 4T (4.94)

on(re) = anr) + |

71

/ " 0enn) g,
- or
dan (1)

Tk
< |
" or

Now we use Hoélder’s inequality with p = 2 (see Appendix B.4) to get

an(rk) — an(r)| =

dr (4.95)

Tk Qap(r)
an(ri) — an(r)| < / 1. 9enln) g
- or
da, (r
< e 2o

Oan(r)
or

L 2 3
Tk P Tk
= ( / 12dr> / d7~>
Ty T1
1
- 2 2
T

dan(r)
or

Hence

2

“19on(r) 4 (4.97)

or

lan(ri) — an(m)? < 2 / '

Tl

and using (4.91) it follows that
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oa‘ Th oo‘ 8 . 2 Th
N7 Jan(re) — an(r)? SCQ/ S0 G SCS// Q2rdrds (4.98)
n=—0oo Tl n=—oc Tl
From (4.93)
2m Tk
/ wi — wi|?df < e3 // Q|*rdrdd (4.99)
0 n

Since ry is a sequence of radii tending to zero we see that as r; approaches 7, the right

hand side of (4.99) tends to zero. Hence

2m
lim |wy (i) — wa(ry)?dd = 0
k= 0
2m 2
:>/ (lim |w9(7“k)—w9(m)|> g = 0
0 k,l—)oo
= lm |wy(rk) —wal(r)] = 0 almost everywhere
k,l—o00

since if the integral of the square of a function is zero then the function can only be non-zero

0

on a set of measure zero. Hence wg(ry,) = > o~ _ aﬁ(rm)emg

is a Cauchy sequence almost

everywhere. [J

The Cauchy Convergence Criterion states that a sequence in RP is convergent if and only
if it is a Cauchy sequence. We have shown that the Fourier series above forms a Cauchy

sequence, so the sequence converges to a limit. The limit of (4.90) as r tends to zero is

Cy = i ar,(0)e™ (4.100)

n=—0ocdo

We have a connection 1-form which only has non-zero coefficients for df and that coefficient

depends only on 8. Hence the curvature 2-form given by the connection C' = Cpdf is

Q3 = Chap— Chpe+ C;“acgb - C;ch”a
= OB — Chss+ 05035 — C50 03
=0 : (4.101)
Hence the 1-form C = Cydf defines a flat connection on the transverse surface through

(th zo)

Lemma 4.7 states that any flat connection is gauge equivalent to another flat connection,

which is given by the prototype for a flat connection w’. Therefore we have
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sT10s + 571 ds = o’ = whdb (4.102)

for some s. Since C and w” only depend on 6§ we know that s only depends on §. By varying

t and z we find that the extended s is still independent of r for all of X.

Now we return to the connection w for which we have gauged away the radial component

(wr = 0) and gauge transform by s to obtain

=35 lws+s ds (4.103)

Since s is independent of r, we still have &, = 0. So now, just as before for wy, we have the
inequality (4.91) for the Fourier coefficients of &y and so likewise @y converges to a limit as

r — 0. However

k ds
T -1 —188
Tll_r%wg = rh_r% (s wys + s d@)
= s Mlim wy)s + _1§
Y / de
ds
= s7! -1 4.104
s Cps + s pT ( )
and
Im @gdf = limo
r—0 r—0
= lim (s_lws + s_lds)
r—0
= s (limw)s+s'ds
r—0
= s 'Cs+s ds
— (4.105)

From Lemma 4.3, since g, and §, are solutions of (4.36) for gauge equivalent connections
D=d+wand D =d+ &, we know that ¢,(27) = J, and §,.(27) = J, are conjugate in
SO(3). We Know gy (21) = J, depends only on @y(r). As r — 0 we have & — w”, hence
lim,_,0 J, = J exists. The conjugacy class [J,] of J, is gauge invariant and so [J.] = [Jr).

Hence the solution of (4.36) at 6 = 27 converges and the limit holonomy condition exists. [

The existence of limit holonomy can be shown for any (t,z) but it remains to show the

limit is independent of the actual values ¢t and z take. We let two points, P, and P be
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points on the singularity. We change the coordinates ¢ and z to ¢ and % in such a way
that one of the two coordinates denoting position on the singularity is the same for both
points, i.e. P = (%y,%) and P = (fy,%). We can now consider a sequence of cylinders
Cr, = {(EO,Z, ri,0)|21 <2< 2,0<6< 27r} as r; — 0. We recall that Q € L*(N) and so,
again as a consequence of Fubini’s theorem, we can separate the df and dr components and

be left with a finite integral over the 8 and z directions

27 Zo
/ / 1Q|?r;dzdf = // Q2dS < o0 almost everywhere (4.106)
0 Z1 CTi

where dS = dZrdf. Hence

lim ri// 1Q/?dS =0 (4.107)
r:—0 C”

We now choose a particular gauge so that w; = 0 and, referring back to (4.88) and (4.89),

we obtain %“éﬂ = {3 in an analogous way. Integrating ;9 with respect to Z between z;

and Z; we obtain

4 rz
|wo(Z2, %0, 76, 8) — wy(1, 70,74, 0)| = | [
21

2
Qzpd7|

Zg
< / Qs9|dZ (4.108)

1
We know that |Q[2 = \Q§Gb|2 = Qéabﬂécdfacfbd where £, is the positive definite background

metric in 4-D cylindrical polar coordinates. Hence |Q2|? is equal to the sum of positive
definite terms one of which is = |Q39|%. Therefore =|Q:4|? must be less than or equal to
riITE &

Q|2 and so |Q2z4] < 74|€2|. Now continuing from (4.108) we have

~ 22
’w9(227£01Ti79) —(.Ug(gl,'t[),’f'i,e)‘ < Ti/ ‘Qld‘%
Z

5 2
Z2
s (o, 70, 0) — w1, oy B) 7 < 72 (/ |Q|dz>

using Holder’s inequality

kr?

Zo
2 ["iopa:
1

2 2 Zo
/ |wy(Za, t0, 74, 0) — wy(Z1, 50,74, 0)[2d0 < krf/ / |Q)2dzdo
0 0 Z1

_ m// QP2dS
o

using Holder’s inequality

2m 2
:>(/ w,,(zz,fo,ri,e)—wg(zl,fo,ri,e)w) < Kn// Q%2dS  (4.109)
0 Cr;

IA
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We let G1 and Gy be solutions of (4.36) at » = r; in the surfaces transverse to the singularity

at (#1,%) and (%,%;) respectively. So

dGq
Wvae(zl,to,Tu@)Gl = 0, G1(0) =1
dGy . . ’
= Wvae(zz,to,n,@)Cﬁ = (wy(Z2,t0,74,0) ~ wp(21,%0,73,0))G1
G, o o
= WG + wG(ZZJt(])T’He) = Cdg(ZQ,tO,T'i,g) - (dg(Zl,tO,T‘i,e)

2m dGq 2 - _
:>/ —G + wp(Z2,10,74,0)|dO = / wg(Z2,t0, 74, 0) — wy(Z1, to,7i,0)|d0
0

3
(Kn / / |Q|2dS) from (4.109)
o

<
We know that
d -
& + wg(ZQ,to,’l“l 0)Gy =0 = wg(ig,to,m,g) = —@GQ_I (4.110)
df df
So
K'f'// IQ}ZdS 2 > /271- dGlG 1 dGQG 6
") e, = Jo | do do *
29 -1
= / @G_ +Go 4G, do (Leibniz’s rule)
0 d& )
2 dG,  dGy1
= Go (G == + —2-G1)G1'| df
/0 G2 5 g GG
om d dG_
= [T+ )| |G do
0 df
m dG1 da;t
> -1 2
> C . G, 90 20 Gy d@‘
= C|G;'(2m)G1(27) — G57(0)G1(0))]
= C|Gy'(2m)G:(27) - I| since G1(0) = G2(0) =
Hence

) ’ —0 (4.111)

ClG5 (2m) Gy (2m) — I < (Kr//

This proves that as r; — 0 we have that G1(27) = G2(27) and hence the holonomy limit is

the same at P and P,. O
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We now show that the directions tangent to the singularity are left invariant by the holon-
omy. Since the space-time is static we know that the holonomy is a rotation keeping the
T direction fixed. Hence the t-direction of the singularity remains fixed. We thus need to

show that the z-direction is also invariant.

We therefore work at a fixed time ¢y and look at directions tangent to X;,. To show that these
directions remain invariant we adapt the method of [6]. However, rather than considering
fixed loops surrounding a thick cosmic string, we will consider a family of loops surrounding
the singularity. We may use the method in [6] since the curvature diverges more slowly
than the lengths of the loops tends to zero. We start by considering a map A(r, 6, z) which

parameterises a solid cylinder in a neighbourhood of some point on the singularity. Let

A (0,1] x [0,27] x [0,1]

J

— NﬂEto

(r,0,z) = Xr, 0,2) (4.112)
be a map with the following properties (see Figure 4.3)
1. Arz(0) := A(rf, 2) is a family of loops with A, ,(0) = A, . (27)
2. The length of A, -+ 0asr — 0

3. The curves r — A(r,0,z) for fixed 6 and z are curves which tend to points on the

singularity as 7 — 0

4. The curves z — A(r, 6, z) for fixed r and 6 are geodesics

Let €¥ be a frame at the point A(1,0,0). We first parallelly propagate this in along the
curve A(r,0,0) and then around each of the loops A, ¢(f). Finally we propagate it along the

curve z + A(r,0,z) to obtain a frame at each of the points on the cylinder.

We now consider tangent vectors to the cylinder » = const. with coordinate components

OAY N2
a _ a_ 7 4.113
X e and Y 29 ( )

We can rewrite X with frame indices by contracting with the dual frame 9%,
Xt = X9t (4.114)
By parallely propagating the frame around A.g we then have
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Figure 4.3: A diagram showing the map .

X(r,27m,0) = 9 (r,27,0)X%(r, 0, 0) (4.115)

Let Rg(r) be the holonomy around 3 such that

e2(r,0,1) = RI(r)e%(r,0,0) (4.116)

Hence

9% (r, 2m,0) = Rj(r)94(r,0,0) (4.117)

where R;(r) is the inverse of R;(r) Therefore

Xir,0,1) = 94(r,0,1)X%(r,0,0)

= Ri(r)9i(r,0,0)X(r,0,0)

= R;(T)Xl(T‘,U,O) (4.118)
Hence
|R(r)X(r,0,0) — X(r,0,0)], = [X(r,0,1) = X(r,0,0)]
27
= VdeG‘
0
27
< / VyX|db (4.119)
0

Since the connection is torsion free and X and Y are surface forming
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Vx¥ - VyX = [X,Y] =0 (4.120)

Hence

_ 2m
R(r)X(r,0,0) — X(r,0,0)| g/ VxY|do (4.121)
0

We now estimate |VxY|. Since the curves z +— A(r,6,z) are geodesics the equation of

geodesic deviation gives

vyt
— = R X XY (4.122)
Solving this equation using the Green’s functions for ZZ; =0 gives

B . . z . .
Vi(r6,2) = ZYZ(T,9,1)+(1—Z)YZ(T,9,0)+(Z—1)/ 2R, 6, #) XI XY
0

1 _ ' ‘
+z/ (2 = 1) R}y (r,0,2") X? X Y de (4.123)

v’ . ; ; ! ; ;
d—x(r, 6,0) = Y'(r,0,1) — Y(r,6,0) +/0 (' = D) Riy(r, 0, 2) X X Ydd! (4.124)
Since Vyel =0, dd—l;i(r, 6,0) gives the frame components of V xY*#(r,6,0) and hence

- N . 1 . . .
VxYi(r,0,0)| < [Yi(r,0,1)| + [Yi(r,0,0)| + [ (2 — 1)L, (r,0,2)XIXFYYdz (4.125
! I 1kl
0

substituting into (4.121) and using the fact that 0 < 2’ — 1 < 1, then gives

o ' 2r
R(r)X(r,0,0) — X(r,0,0)] < / Yi(r,o,1)|de’ +/ Yi(r,0)|d6
0 0
2 pl . .
+/ / |Rip(r, 0, 2") XIX*Y!|dz'de’  (4.126)
o Jo
To estimate (4.126) we use the fact that the length of the loops given by r = const. are
O(r) as 7 — 0. Hence we have

Yi(r,0,2)| < kr (4.127)

Hence the first two terms on the right hand side of (4.126) tend to zero as r — 0. To

estimate the final term we write
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X' =fX!,  Vi=gV? (4.128)

where X* and ¢ are unit vectors as measured by the background metric. Then by the

construction of A we have

fl < e and lgl < cor (4.129)

Then

| R XIXFY!| < g Ry XIXMY Y r (4.130)

However the curvature is in L? so that

27 T
/ / | R XTI XFY Prdrds < oo ' (4.131)
0 0

Hence |R§kl)2j)2k}71\2r diverges more slowly than % Thus JR;'.MXJ')A(’“Y” diverges more
slowly than 1 so that IRé-leij?llr tends to zero as r tends to zero. Hence by (4.130) we

have

Ry X X*Y!| -0 as  r—0 (4.132)

Hence

r—0

27 1
lim / | Ry (r, 6/, 2)) XTI X*Yd2' a0’ = 0 (4.133)
0 0

Thus taking the limit as r — 0 in (4.121) we have

lim |R(r)X(r,0,0) — X(r,0,0)] =0 ’ (4.134)

r—0
But as r tends to zero, X (r,0,0) is tangent to the singularity and R(r) — R, the holonomy
of the singularity at z = 0. Hence we must have that the tangent directions to the singularity

are invariant under the limit holonomy as claimed.

4.3 Similarities to a flat connection as r — 0

In this section we bring together ideas needed for the second main result of [39]. We first

consider the set of connections WP where p > 2

WP = {D = d+wlw € I?, (Xp) and Q € LP(NO)} (4.135)
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In the previous section we have demonstrated the existence of limit holonomy for D € W2,

It follows from Theorem 4.8 that if D € WP then
“A limit holonomy exists and is given by the real number A as shown in (4.51)”. (Ha4)

We call the above A-dependent holonomy condition (H4). If we know that (H4) is satisfied
for a connection in WP then we can find a prototype of the flat connection «w” which shares

the same holonomy.
We introduce a new space L y where T is a flat connection. A I-form  is in L7  if

I<ilze = [I<ze + IVrdlize = Iz + 1S + [¢, Yl < 00 (4.136)

We now give the main result for this section.

Theorem 4.9 There exists a constant k > 0 such that, for D € W? with |Q2(vg) < k
there is a real number A (with corresponding flat connection w°) and a gauge in which

D =d+4w with w —w’ € Liw‘v(NO)' Moreover, for some constant C,

Jo =iz < ClQllLe (4.137)
l,wb

We already know from Theorem 4.8 that locally there is a gauge in which the components
of w have a limit at the singularity with wy — «” almost everywhere. Theorem 4.9 states
that the Liw*’ (Np) norm of the difference between the connection w and the flat connection
w® is less than or equal to a constant multiplied by the L? norm of the curvature Q. By
taking the curvature over smaller and smaller regions around the singularity we can make
this term go to zero. Hence on approach to the singularity we find that w tends to w’. In
other words, for any given connection, there is a gauge in which this connection is, near
the singular 2-manifold, asymptotic to a flat connection w’. This is stronger than the state-

ment from Theorem 4.8 since it involves all the components of w (not just the § component).

All connections in WP have a holonomy number A, telling us which conjugacy class the
holonomy of the connection belongs to. Since all these connections with corresponding A
are asymptotic to the same w’, the holonomy number A € R provides a useful way to

classify connections in WP.

We now define W/ ., a subset of WP, to be used in the proposition below.
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Wi = {D € WPI||Q|12 < kand (H4) holds} (4.138)

The main technical result of this section is Proposition 4.10 which leads on to Corollary

4.11 which then implies Theorem 4.9.

Proposition 4.10 Let p > 2. Then there ezists k and ¢, and an ezplicit flat connection I’
with holonomy A, such that if D € W:;L_k, then there exists a gauge in which D =d+w and

&= Tllzs vy < ElQ0 sy 2< g <p (4.139)

We now wish to show a corollary of the above proposition featuring a similar inequality to

(4.139) but for the prototype of the flat connection w’.

Corollary 4.11 Let p > 2. There ezists a gauge in which D —=d+w with w—w’ € Liwb (No)

and

o=l o) < gy, 2< a < (4.140)

Proof

Since I' is a flat connection, we know from Lemma 4.7 that there is a gauge in which I
is given by . In the limit as 7 — 0 both these connections are given by aydf for some
constant ae (see (4.250)). Hence I' and w’ are related by a gauge transformation G with

the property that lim, ,q G =Id and lim, ,odG = 0. Now

| — JHLL,J(NO) = [jw = &’ ||paqng) + | Vs (w — wb)HLq(No)
= G706 — GG ey + ldw + [w, '] o)
= a|@ — Dllzawg) + [A(GTL0G) + Gl G — GGG Lo
= clld = Tllzeqve) + |G (A + &1 — T'@) Gll vy

+H|dGT 106 + G wdGl o)

< e (& = Tllzawvg) + IVe(@ = D)l agave))
+|dG G + G wdG o)
= ald =Tl vt |—G~1 GG @G + G wd G| Lo (o)
< Ol poq) + II-GTHAGETI0G + G wdG| (v (4.141)
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Since dG — 0 as r — 0 for sufficiently small Ny, we may ignore the second term at the

expense of an increase in the constant C. Hence

Is;

o — wbHLiwb(Ng) < Ol za(vo) O (4.142)

We now wish to show that Corollary 4.11 implies Theorem 4.9,

Let us take a connection 1-form @ € Lff loc- We can approximate @ by a smooth sequence

Qz, l22(vy) < & (uniformly bounded). Since the &; are smooth we have that

w; such that
w; € Lzlj,loc for p > 2. For each j we can apply Corollary 4.11. Hence for each l~)j =d+w;

we know there is a gauge such that D; = d + w; in which

lJwj — w]b'HL‘i vy Selllizevgy p>2 2<g<p (4.143)

J

where w;'-

approximates «’ and w; approximates w. We take limits as j — oo and see that

a subsequence of w; — wg converges weakly in L? to some w — wi(’x,. This means that the

integral given by [|w; — w;HLf _, (o) converges to the integral given by [lw — w?x’HL?,ww (Vo)
“j

Since D; = d + @; can be gauge transformed to D; = d + w; for each j, there exists a

sequence s; € L3, (Xo) such that

s;1®j5j + sj_ldsj» = wj (4.144)

It follows (see [39]) that a diagonal subsequence of {s;} converges weakly to s € Lg,loc'
Hence as 7 — oo we have

sgldjjsj- + sj_lde =w; — slost+sTlds=w (4.145)
A remark earlier in this chapter states that Lemma 4.3 holds if w and @ are related by such
a weak gauge transformation. Hence the holonomy J, of w is conjugate to the holonomy Jr

of & ([J] = [J]).

From before, we know there is a constant & > 0 such that D =d+ & with D € W? and
19 z2(n,) < k. Using s we know there is a gauge such that for some flat connection W

(given by an A € R) we have w — w’ € Liwb (No) and
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12 (4.146)

o=z | < ClR

Hence we have proved Theorem 4.9.

The remainder of this section is concerned with the proof of Proposition 4.10. We first
include an overview of the proof and then the full proof. Concepts and theorems by Taubes

that appear here without reference are those that originally appeared in [39].

Overview of Proof

To prove Proposition 4.10 we will need to show that there does exist a flat connection such
that in a particular gauge the inequality in (4.139) is satisfied. We now provide a brief

overview of the proof.

For open balls B, we can perform a gauge transformation such that in these balls the

following properties hold for the gauge transformed connection 1-form w®.

d*w*=0 (4.147)
||W0HL‘{(BQ) < K zeBa)» 2<g<yp (4.148)
L / WAV =0 (4.149)

Vol(B,) /g v

We call this gauge the Coulomb gauge for short since (4.147) is the Coulomb property for

differential forms.

We construct a composite gauge transformation G using cutoff functions such that in two
overlapping balls which are adjacent in the 6 direction the transformation G will contin-
uously change from the gauge transformation which makes w Coulomb in one ball to the
gauge transformation which makes w Coulomb in the other. The composite gauge transfor-
mation is the result of a careful composition of many gauge transformations, the first acting
on all balls except the first and then each successive one acting on smaller and smaller re-

gions going around the singularity.

Note that this gauge transformation does not patch together the gauge transformation

needed to make w Coulomb in the last ball and that needed to make w Coulomb in the
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first ball and so is not continuous at # = 0 = 27. Hence the composite gauge transforma-
tion is non-global. We look at the gauge transformation which bridges the discontinuity.
We take the Coulomb connection at § = 0, undo the gauge transformation that made the
connection Coulomb in the first ball and then make the gauge transformation that makes

the connection Coulomb in the final ball. We call this gauge transformation s.

The complete non-global composite gauge transformation will also patch together overlap-
ping balls in the radial direction and in both directions spanning the singular 2-surface. In
this new gauge w will either be Coulomb or ‘close’ to Coulomb everywhere, the ‘closeness’

being bounded by a cutoff function and its derivatives.

We know from Theorem 4.8 that the limit holonomy of D = d + w at the singularity exists.
If we have a global gauge and the origin is a regular point then the limit holonomy is trivial.
In our case we start with a global gauge and a singular origin. We use Taubes’ theorem

(aﬁd property 1. above) to establish that lim, g s = s exists.

We have shown earlier in this chapter how we can use parallel propagation to establish a
non-global composite gauge in which the limit ‘jump’ is the limit holonomy. We will call
this the holonomy gauge. We will force our new non-global composite gauge to look like
the holonomy gauge in the limit as r tends to zero. Hence they will have the same limit
‘jump’. Since the limit as r tends to zefo of the jump in the holonomy gauge is the limit
holonomy, we know that the limit as r tends to zero of the jump in the composite gauge is
also the (same) limit holonomy. Hence the limit holonomy for the connection w is sg. This
is proved by first showing that sy is the limit holonomy of a constant flat connection we

and then showing that ws, and w have the same limit holonomy.

Also from before we know that any flat connection is gauge equivalent to w’ = mid@ for

some m € R. We say that our flat connection has holonomy number m.

To get the final requirement to show (4.139) we must first, before applying the gauge trans-
formation G, have changed to a radial gauge (so w, = 0) and we can then find that we have

a bound on ||w — weo||zae-

One final obstacle to proving Proposition 4.10 is that we require that our composite gauge



transformation be global. We use another cutoff function to make the composite gauge
transformation continuous and periodic and hence global. Since we are now using a differ-
ent global gauge transformation, some more calculations are required before we establish
the final result that ||& — PHL‘{YF(No) < &/ Q|ze. Then since D € w} , we have proved Propo-

sition 4.10.

Proof of Proposition 4.10

We cover the space Xy = No\Xg by a countable collection of balls. We note that on each
ball we have a Coulomb gauge, as given by Uhlenbeck [45]. In this gauge the L3 norm of
the connection form can be estimated by the L? norm of the curvature. We cover Xy by
balls B, in which the Coulomb gauge is given by the following strengthening of the theorem
from [45] (see [39])

Theorem 4.12 For K sufficiently small, there is a gauge in which D = d+w® € WP with

dxw® = 0 (4.150)
lw*lza(m,) < Kl za(sa), 2<qg<p (4.151)
1
aqy = 4.152
VolB, /a“’ v 0 (4.152)

Proof

(4.150) and (4.151) are proved in [45] and so we know there exists some w® such that
d*w® = 0 and HWOHL‘{(BQ) < K| za(p,) with 2 < ¢ < p. We now look at the sequence wy, =
e~ U we¥n +du,, where each w; is gauge equivalent to w® under the the gauge transformation

using s; = e*. We let u, have the property that

Ay = e " w®, duy_q]e" 1 ‘ (4.153)

We now solve (4.153) to get the particular solution such that [ dundV = — [, e i twetndV,

where the integration here is on each space-time component of the 1-forms.
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Aup = *d*duy, = e """ w® du,_1]e“r!
dxdup, = e " (dup— *w® —*w¥duy,_1)e""!
wdu, = —e " lxw%" ! is one solution
duy, = —g Unly®ein-1

/ du,dV = —/ e trlwletnmidy (4.154)

From [39] we have that u, converges to u and so w, converges to w = e %w’e* + du. We

see that (4.153) and (4.154) become

Au = e *[w® dule* (4.155)
/ dudV = — / e LwetdV (4.156)
o Ba

We should now look at (4.155) in more detail

Au = e “[w° dule”
(Aw)f = (e7)3g" [(W)aldu)yy — (du)h s (w)h,](e")]
where § is the background metric. Since g%/ = (5}]: g% = —ebdfea, . we have
(Au)g = —(e7)5e Vet ql(w)ha(du)ys — (du)y (w°)5al(€")]

(s dw) = o (e el (W) (du)ly — (du)ly (w)a] (€)])
— (@ dwfy = —( )5 el aldu)y — (du) (%) 5] ()
= (e (W)l () hea — () iapealdu)ly ) ()]
= (&) () (Vg — (k) ) ()]
sdxdu = e %(du* w® — +wdu)e (4.157)

We now use (4.156) and (4.157) to check that w satisfies each of (4.150), (4.151) and (4.152).

dxw = dx* (e “we" + du)
= d(e " *w’") + dx*du
= —e "duxw’e" + e Vd* we’ + e ¥ x wdue" + d * du
= —e "duxw®e” + e " * widue + e *(du * w® — *w’du)e”

= 0  [O(4.150) (4.158)
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It can be seen from an earlier result (4.83), that HunHLg(BQ) <

s YCX
w HL%(B@ and hence also

1 ’ Ya ! ~ 1 T
that HUnHLg(BQ) < Jlw*lz9(p,)- Since un converges to u we have

lwllzzp,y = lle™ w’e" + duf|2(g,)
< lleT w12 my) + 1 dull Lz (s, (triangle inequality)
< alwlizm,) + lullze,y  (since w € L3)
< collw®llpy (s,
< 2By
— ol < Ol D151 (4.159)

1 1 —u, o
VolB. /Bade = VolB., (/Bae w'e dV+/adudV>

1 _ u PN
— U, © _ (71 ’u.d
VOIBQ(/BQe w’e'dV /e w’e V)

0 D(4.152) (4.160)

Hence there is a gauge in which D = d 4+ w® satisfying all three Coulomb conditions as

required.

Proposition 4.13 Under a constant gauge transformation e®, all three Coulomb results
continue to hold.
Proof

Let w® be Coulomb so we already have d* w® =0, [|w*|izs(p,) < k@ 9(p,) for2<g<p

and VG%TBZ fBa w®*dV = 0. Then

w = e %"
xw = e Pxwe?
dvw = dle”?*xw%?)

sd*xw = 0 (4.161)
and
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—a, &0 _a

w = e %%
lwlizam,y = e w"| ez,
< cllwlzez, (since e is constant)
cllwllizeay < cll€ires,) for2<g<p (4.162)
and
w = e “w’

1 1
d‘ 7 (43 o _a ;!‘ 7
VOlBa /Ba “ VOlBa /B& ¢ v

—a 1 (03 a
= e VolBa/Baw dVe

1
: v = 0 4.163
"VolBg /g, " 0 (4.163)

Hence we have some gauge freedom since the connection w® is not uniquely specified.

We now look at the covering as constructed in [39] and then look at the composite gauge

transformation over the balls surrounding the singularity.

The global covering

Assume that {B,} is an open covering of Xy, which contains a subcovering {U,} which we
now define. We allow our two dimensional (local) singularity g, to be diffeomorphic to a
square in R?. The points in the balls U, are determined by three parameters contained in
o= (n,l,z) wheren € N, [ € N (I <7) and z is a point of £y lying on the standard square

lattice A,, of side length 2="~!. The open ball U, consists of all points restricted as follows:
27" 2<r<2™
2. << Z(1+2)
3. y belongs to the open square centered at z of the length 277

For each point on the square, the ball U, is a section of an annulus. For any connection
w, there exists a gauge transformation h, such that w® = hZtwh, + h;'dh, is a Coulomb

connection in /.
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If UaNUg # 0 then we can gauge transform w® to w? by first undoing h, and then applying
hg, i.e. gauge transform by h;'hg (since both ho and hg are defined in U, N Us) as we now

show.

 hgthaw®hothy + by thad(hg )

= hg' ha(hg wha + h3'dha)hg hs + hy ha(dhg Y hg + b hahy ' (dhs)
1 oo _ _ _ _

= hp'whg +hg'dhehy by + hy hadh by + Byt dhyg
= hy whg+ hy'dhohy hg + by hadhy by + byt dhyg
= hglwhg + hy'd(hohy )hg + hy dhg
= hy'whg+hg'dhg |
= o (4.164)

We let hylhg = e* and for points z € U, N Uz we have a gauge transformation (leaving z

unchanged)

e =h3t hg: (UaNUs) x SOB) — (UaNUg) x SO(3)
 (5,8) = (z,(hg' - hp)G) = (z,e"G)  (4.165)

where, u € so(3).
From before we have

HUHL‘;(BQ) < ||| pa(m,) (4.166)

Since {B,} is an open covering of X, which contains a subcovering Uy, we know that Bq
is the smallest ball containing U, and so ||ullzs(y,) < ¢l za(v,) also. Hence on Us U Up,

for a point P lying in U, N Ug we have
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1 1
gﬂu — u(P)|zew,uvy) + EHVUHL‘I(UQUU[;) + [IV(Vu)ll e, o)

1
= gl = ulPllzewaouy) + IV (v = w(P))]| ooy + IV (V(u = u(P) | 2owarvy)

I

Q

=3
|
£

(P)]| LY(UaUU,) (where C' is a constant dependent on d)

IA

C (Il zgwaum) + 1P zg raows) )

el gy + g0 = Nl oty + 1aCP) g 0oy

Il

o
C (Il ey + vl rgy)  (since P e Vanp)
o

< C([19lzowa) +1Qzawy)) (4.167)

Hence we have
Corollary 4.14

1 1
Sl = w(P)lzs + 51Vl + [ V(Tlzs < € (100a00) + [Vpaeyy)  (4168)
on Uy U Uy, where P lies in Uy, N Up, and d is the larger of the diameters of the two balls

By and Bg.

We note that d is the maximum distance between the fixed point P € U, N U ‘and any

other point in U, U Up.

The composite gauge transformation

The non-Abelian nature of SO(3) means that we cannot glue more than two local gauges
by a cutoff function. We glue together regions of Xy which are related to one another by
transformations as detailed above. We first glue together the eight regions as related by
increasing ! by one from 0 to 7 (keeping z and n constant). This will give us a complete
annulus around the singularity. Now we glue together those annuli which are related to
each other by a shift of one on the square lattice A,, creating what we can think of as a
thick walled cylinder.! We finally glue together regions related to each other by increas-
ing n by one, which effectively fills out the ‘cylinder’ radiaHy so that it is a solid object

and we have covered all of Xj. This will produce a multi-valued gauge in the sense that

G(r,2my) # G(r,0,y).

!The analogy to a cylinder would be correct if the singularity was one-dimensional. However, X is two-

dimensional.
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We use a number of cutoff functions to glue together local gauge functions. Each cutoff
function yields a value of 0, 1 or some real number between 0 and 1 for all locations in Xj.
What value a cutoff function takes between 0 and 1 is not required in the proof, except for
determining derivatives (which we address in Appendix A.4). It is sufficient to know that
the cutoff function is smooth between A = 0 and A = 1. We begin by looking at overlapping

regions around the annulus. We start with the function

=N

At) = (4.169)
0,

s
o>|=1
A
o~
IN
[\-]
=)

and we let A;(0) = A(0 — %l) be periodic in § of period 27.

[
2

L
0,

A(0) =

L<pg< &+
- 116 (4.170)

3

3
1

SN

|

<o<T, +I2l <o < 2n

(2]

With n and z fixed we now define a gauge transformation on the entire annulus Uz7:0 Utn )

by

hn,az‘U(n,l,a:) = h(n,l,a:) eXp(Alul)
' fis ml
_ Pngayexplw), T <0< E+5 (4.171)
P z); 0<6<Z, 3T <pcor
where expu; = h(_nlyl’m)h(ml—l,m)- So we can rewrite (4.171) as
Png-tay §SOS T+ Y -
hn,z‘U(n,l,m) = (l=tay B llﬁ : (4.172)

h(n,l,m)a 0<6< %, % + %l‘ <0< 27

We will use (4.172) to tell us how, for every value of [, we can glue the gauge to its adjacent

gauge on the annulus.

We now define the cutoff function used to glue together a pair of overlapping annuli on
the singularity. We move along the singularity from a point (x7,z2) on the lattice A, to a

neighboring point ' = (1, 2o — 2~ ™). Our cutoff function is

1, y<azg—2 (D)
Ay) = v (4.173)

07 yZIQ
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We let u(n,z,z’) be defined by expu(n,z,z') = h;}chmm/. Then on U z) 0 Unyier) Our

global gauge transformation is given by

hn = hpeexp(A(y)uln, z,2'))
hngexpu(n, z,2'), y < zp— 2~ 04D
hn,za Yy > Ty

oy <=z —2_(”+1)
— e Y= (4.174)

bz, Y > Ty

(4.174) tells us how, for every value of z, we can glue the local gauge of the annulus to
all annuli up our ‘cylinder’ (note that in contrast to the first cutoff function, this one is
dependent on another variable n). Since the singularity is two dimensional, we must define
an analogous transformation addressing overlapping regions on the singularity with squares

centred at (z1,z2) and (z1 — 2_(”+1>,z2).

Finally we establish the cutoff function used to glue ytogether the ‘cylinders’ of different
inner and outer radii by looking at overlapping regions U, ;) and Upny1,0)- Our final

cutoff function is

0, r <2 (ntD)
A(r) = = (4.175)
1, r> 39—(n+1)

3]

we now define G = h, exp(Au) on the appropriate intersection where expu = Ay thpt1. So

B, r < 27040

hnexpu, 7> %2_("“)

P, r < o~ (n+1)

_ (4.176)

hny1, 72 %2_(”+1>

and this tells us how, for each pair of radii, we can glue the local gauge of the ‘cylinder’ to

that of the next larger or smaller radius cylinder.

We now show in detail how to construct the composite gauge transformation by using the
above cutoff functions. It is sufficient to show how this is done just in the 6 direction since
this is where we will address the complication arising from G being discontinuous at § = 27.

Analogous algorithms are carried out for the the radial and parallel to singularity directions.
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In a ball Un,,z) the gauge transformation P(n,.z) takes some connection w to wmh?) where

w(™k) is Coulomb.
We refer back to (4.170), (4.171) and (4.172) and let

ehl-1,1) — (hn,xlU(n,l—l,z))_l (hn,zz‘U(n,l,x)) (4.177)

and so on Uy 1-1,0) N Upn1.2)

- Id mlog<my L
-1, = (hn7E|U(n,l—1’g;)) 1 (h | (n,z,g;)) _ ml < l16
h(nz Lohnley T <O<T ]
(4.178)
For reasons that shall become clear later we extend e“¢-10 over all X = S\N
- 7l T
h(nz 1,x) (TL,l,:n) OSQST_Z
- 7l T 7l 31
h(nl 2,z) (TL,l,:D) Z_ZSQSZ—E
her— _ -1 B - _ 7T ]
el-1,0) = (h , (n,l—l,z)) (hn,a:IU(n,l,a:)) = h(nl 1g;)h(n,l,:n) Zl ~ << Zl
™ 7l T
1d Zl <o < T T 1g
" wl 37
\ h(nl 1,x) (n,l,m) Z—l_ﬁ <@ <2r
(4.179)

We see above that the function over all § is multi-valued at %l and %l — 4. From (4.179) we

have on U?:l U(n,i,a:)

Id T gy T
u -1
eti-1n = (hn,a:|U(n,l—1,a:)) (hﬂ;I‘U(n,Z@)) — 1 7:? . 7 16
h(nl 13:)h‘(n,l,:r) T+ < 0 < 27w
(4.180)
Since neither 7 ! nor Tt — 4 are in UZ 1 Utn,i,z), we are not affected by the fact that the cutoff

function is multi-valued.

On Upni-12) N Un,e) we can get from wmi=12) o (1) via the gauge transformation

given by e¥(-1D

(n,l-1,z) ol < B < ) + =
e~ bU-10) (Ml =1a) guu-10y 4 dug_1y) = v 4 -4 16 (4.181)

L l 4 37 ml 4 T
G0 gy <9< 4]
Let us, for example, look at this gauge change for [ = 1. On U, ,0,2) N Un,1,2) We can get

n,0,x)

from w' to w(™L%) via the gauge transformation given by e“©b
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wm0z) = 5m
w <f< .
e—u(\O,l)w(ﬂ,O:fE)eu(Oyl) —+ dU(O 1) = ( ) 4 — 16 (4182)

s n,1,z 7 i

w 6 <<%

Constructing the composite gauge
(Since we are only currently looking at gluing the balls in the angular direction, we shall

abbreviate Uy, 4) to Uy, w™b) to Wt and hn,z) t0 1)

We start by gauge transforming some connection w to w® by Ag everywhere. So in Up, w’

is Coulomb. Now we apply the following algorithm:

1. On Uy N U7 we use €*©D to take w® to w'
2. Extend e“©1 to act on all U?:o Ui\Up

3. (a) In Up\U; the connection is w°
(b) In Uy N U; the connection is w® changing to w!

(¢) In (I 6 U\ \ 7y and at 6 = 27 the connection is w!
We then repeat the algorithm for successively larger values of [

1. On U; NU; we use €412 to take w! to w?
2. Extend e“(:2 to act on all U?:o Ui\(Up U T")

3. (a) In Uy\U; the connection is w®
(b) In Uy NU; the connection is w® changing to w!
(c) At 6 = I the connection is w!

(d) In Uy N U, the connection is w! changing to w?

(e) In (U?:o Ui> \(Up UU) and at § = 27 the connection is w?

1. On U;_; N U; we use e“(-1Y to take L to wh
2. Extend e“¢-11 to act on all U?:o Ui\(Ui;é Us)
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a) In Ug\U;p the connection is w®

3.
(b) In U;—1 NU; the connection is w*~! changing to w* for all 1 <4 <

(c) At 8 = ﬂj;ill the connection is w? for all 1 < j < [

)
)
)
)

(d) In (U?:o Ui) \(Ul o Ui) and at 6 = 27 the connection is !

Finally, for [ =7
1. On Ug N U7 we use e to take wb to w’

2. Extend e“®? to act on all U?:o Ui\(U?:o U;). Note that U?:o Ui\(U?:o U) =0

3. (a) In Up\U; the connection is w®
(b) In U;—; NU; the connection is w'~! changing to w? for all1 <7< 7
(c) At 0= W(jjl the connection is w’ forall1 < j < 7

7=0

(d) In ( 6 Ui> \(US_y U) and at 6 = 27 the connection is w’. Again, note that
U?:O UZ\( 7?:0 Ul) = (Z)

Looking at point 2. above for | = 7 we see that we are no longer extending the gauge
transformation and so we stop here. Importantly, we do not continue this algorithm for the

intersection U; N Uyp.

To summarise: We start in one gauge and look at overlapping balls U; around the singu-
larity. As we cross into a new section we make a continuous gauge transformation into a
different gauge. We do this as we enter a new ball all the way up to Us N Uz. Since these
gauge transformations are all continuous, we can compose them all into one continuous
gauge transformation G (note that w|g_o, # lim,_,o+ w|p—; and so we do not have conti-
nuity as we go across § = 271 = 0). When we gauge transform in an intersection, as we are
changing from w'~! to w?, the connection is not Coulomb in the in-between stages. However,
as shall be discussed later, the deviation of the connection is controlled by the first and

second derivatives of A for which we have estimates on upper bounds (see Appendix A.4).

We have established that e“(¢-1.0 = (A, (n,z—1,m))_1(hn,le(nJ,m)) takes w(™i=1:2) 4o (mhe)

in the region Uy, 11 4)NUn, o)- The equivalent result for the entire space is eUlimbe), (mpy)] =
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(g\U(n?[,m))_l(giU(m)p:y)) taking w(®H®) to w(™P¥) in the region Utnie) NV U(mpy) Where ei-

ther m=norn+1,p=1lorl+1andy= (z1,22), (21,29 — 2_(”+1)) or (z1 —2‘(”“)7:52).

We include a summary of the effect of each component gauge transformation in the region

Utn,1.2):
P(n 1z takes any connection w to w(h) (which is Coulomb in Uniz)

Pz takes w to w™ 1% in some regions and w(™b2) in others. In all remaining transitionary

regions the connection is not Coulomb.

By takes w to w(™=12) ) (mba) g, (ml=127 - (L) or some smoothly changing non-Coulomb

connection (dependent on region).

G takes w to w(n:l_lax)’ w(nva)’ w(nyl_lnxl)’ w(TL,l,iE,)’ w(n+lal_1vx), w(n+l=l:fr)’ w(n+1’l_1:a:’)’

w(n 1L or some smoothly changing non-Coulomb connection (dependent on region).

eu[(n,l,z)a(mypqy)] = (G‘U(n,l’l-))_l(G‘U(
Um,p) 7 0-

m’p,y)) smoothly takes w(mhe) 1o o (MPY) where Utn,t,o)"

By composing the above functions and their inverses we construct the composite gauge

transformation. In this gauge we rewrite w as w.

As noted earlier, constant gauge transformations are not uniquely specified and we can use
this gauge freedom to choose a particularly simple form for » in the regions of overlapping
balls in the @ direction. We extend this notion to include radial directions and directions

parallel to the singularity and have the following lemma.

Lemma 4.15 In the region Uy N Us, where B = (n/,I',2’), we can choose the function u

such that uw(P) =0 if any of the below conditions apply
I.n=n,z=2 andl=0'+1with1 <I'<7
2. n=n',1 =1 and z and z' are adjacent on the square lattice Ay

3. n=n"4+1,1=0andz =12
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That is to say, if U, and Uy differ by one or more of either a rotation of 7, a displacement
of 1 on.the grid A, or a radial skew by a factor of two, then the function v at any point P in
Ua NUp is zero. Of importance is that I’ < 7 and so u(P) cannot be zero in an intersection
where I' = 7. This is because no matter what gauge we take, we can never make the gauge

‘match up’ in the region Uy N Us7.

The effect of Lemma 4.15 is to choose our non-global composite gauge to look like the
holonomy gauge (achieved by parallel propagation) in the limit as r tends to zero. This will -

later be used to establish the limit holonomy.

We recall that each of the w’s occurring on an intersection of two balls belongs to L for
g > 2. We now note that each ball U, has a boundary which does not consist of slits or
cusps and in fact is Lipschitz continuous (see Appendix B.5). This means we can apply
Sobolev’s Lemma (as given in Appendix B.6) where N = 4, m = 2 and ¢ > 2. Henée

N < mg and for all u € L we have

lullzee < Cllullzg < el Lo wauvy) (4.183)

Hence all u’s occurring on an intersection belong to L.

From Theorem 4.14 and Lemma 4.15, for all intersections not involving [ =0 and [ = 7 we

have the following equation which will be important later in this chapter.

1 1
Zllullze + =lIValize + [IV(Va)l|ze < const(||.Fl| e wauu)) (4.184)

We refer back to our previous definition of the composite gauge transformation G =

hn exp(Au) and rewrite it in full in terms of its cutoff functions.

G = hin0) exp(Nwy) exp(A(y)u(n, z,z") ) exp(Au) (4.185)

In Appendix A.4 we show that we have upper bounds on the cutoff functions and their first
two derivatives and we know that each u is bounded in the manner described in (4.184). We
also know that the L2 norm of the gauge transformation A, ; ,), used to make a connection
Coulomb in Uy, 1,4), 18 itself less than or equal to a constant times the L? norm of Q (as we
saw in the proof of Theorem 4.12). From this we can deduce that on an intersection not

involving # = 0 and 6 = 2, the 1-form k = G~1dG € LY behaves like
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lellze < const Q| za(, L) (4.186)

We have used the non-global composite gauge to glue together Coulomb gauges using cutoff
functions. In this gauge we still require the second Coulomb condition on the connection,
(4.151), to hold. If the condition holds without cutoff functions (i.e. in the Coulomb case)
Q

then it will hold with cutoff functions up to a larger constant coefficient of 12. We can
make the effect of the As arbitrarily small by using the previously discussed gauge freedom.
Hence

Q

&l e < € 2o | (4.187)

At 6 = 27 we use G to gauge transform from w(™7%) to W% by s = G(r, 21, y) " G(r,0,y).

We now look at the two values of G given by Go = G|Upn,0,5) and G7 = G|U74)- The

transformation used to gauge transform from w® to w” is defined to
U(n,x) {U(n,O,:r) N U(n,?,z)}‘ It remains to identify three important features of this trans-
formation and we shall go through these in turn. We first show s has a pointwise limit
as r tends to zero and we identify this limit with the holonomy. We then use a carefully
normalised local radial gauge to show that the connection satisfies good curvature related
estimates. From this we can modify s to obtain a global gauge in which the connection form

satisfies the inequality of Proposition 4.10.

We define a ball parameterised only by = and n which we shall call V = Vn, z] = {(r,0,9)}

where -

3o9—n T9—n

§2 <T<§2
s T
—-8‘<9<§

y belongs to the open square centered at z of side length %2“”

We let Q[n, z] be the collection of all indices a = (n’,I',z') such that the intersection of
U, and V is non-empty. We let the union of all of these non-zero V-intersecting U,s be
Win, z]. We let X[n, z] be the union of all W|n', z]s where n’ > n. Finally we let the point

Pln,z] = (2_(”+1), 0,z). So in equation form
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Win,z] = | Us

ael)
Xn,z] = |J W, 2]
n'>n
Pln,g = (2—(”“),0,35) (4.188)

Using this we can apply the following theorem:

Theorem 4.16 The gauge transformation s obeys the inequalities

(a) sup HS(T‘,Q,Q) - S(P[Tl, IDH < c|IQw||L2(W) (4189)
(r.0,y)eV
(b) lS(P[TL, ID - S(P[nluﬂrl])‘ < cHQwHL%X[n,z]UX[n’,a:’}) (4'190)

Part (a) states that the least upper bound in V of the norm of the difference between s
and s(P) is bounded above by a constant times the L? norm of Q (the curvature for a

connection w) in the region W, the unity of all the V-intersecting balls U,.

Part (b) states that the norm of the difference between s at two different points, P[n, z]
and P[n',z'] is bounded above by a constant times the L? norm of , in the region given

by the union of X[n,z] and X[n’, z'].

Proof (a)

The way to prove (4.189) is to show first that the gauge transformation s = G5 Gy has a
limit as one tends to the singular set or, in other words, that s is continuous as n tends
to infinity. The standard way to show continuity would be to use Morrey’s lemma [32] (see

Appendix B.7) to show that s is Holder continuous (see Appendix B.8).

If we take ¢ = 2 for Theorem 4.14 then we find that 1||Vul[z2 < K(|Ql 2w+ Q2 w,)) <
oo and hence [ |0u|*do is bounded and we can use Morrey’s lemma (for p = 2). If we had
taken any higher values of ¢ then we could not bound [ |fu|Pdo since we only know that
Q € L% Note that u € L} and hence, when ¢ = 2 we have u € L3; this in turn implies that
u € L? satisfying another condition of Morrey’s lemma. However we have the requirement

that ¢ > 2 in order to apply Sobolev’s lemma to show that the w’s in the intersection
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Ua NUg belong to L*. Hence the problem must be solved in a different fashion.

If we let €2 be in L for » > 2 then we can now use Theorem 4.14 for higher values of g
(up to and including ) in order to get the initial conditions required for Morrey’s lemma,
in the same way as before. With ¢ > 2 we can now still use Sobolev’s Lemma. However,
this has the drawback that our condition on the curvature is now even stronger ahd hence

Theorem 4.9 is less versatile.

Instead we shall show that s is continuous by using a proof given by Taubes in the appendix

of [44]. The method is quite complex but we include here a summary of the procedure.

Our aim is to show that a gauge transformation from a Coulomb gauge to another Coulomb
gauge is continuous. The way we do this is to use the fact that the Laplacian of a gauge
transformation s is L where L depends only on s and the two connection 1-forms (no deriva-
tives are involved). We mollify this expression, divide by a potential, integrate by parts,

"~ and then show that the remaining potentials are continuous functions.

For two connection 1-forms a and b related by the gauge transformation s in an open ball

U we have the equation -

a=sbs '+ sds™? (4.191)

(analogous to our gauge transformation equation) and the first Coulomb condition that
d+*a = dxb = 0. We note that even though we are considering connections in the nomn-
global composite gauge, which is not in general Coulomb, the Coulomb properties hold since
in the region we are currently working, Uy N Uy, the Coulomb gauge and the non-global
composite gauge are identical (the cutoff functions are not used in this intersection). From

this Coulomb condition and (4.191) we have

*d*ds = sb-b—2a-sb+a-as (4.192)

We now use a standard mollifier j. on both sides of (4.192). A mollifier is a smooth function
with special properties, used to create sequences of smooth functions approximating non-

smooth functions.

d*d(je+s)(y) = (Ge*L)(y) atye Uc (4.193)
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where L is the RHS of (4.192) and x indicates a convolution. We consider the cut-off function

— 179;
() = 1 |z -y < zdist(z,0U) (419

0 |z —y|> ldist(z,00)

and multiply both sides of (4.193) by |z—y|725%(y) and then integrate the resulting equation

over U using the Green’s function for A = xd * d to get

(e s)z) = 2n° /U (e * D)@z — 5|26 (y)d*y

dlx — * 18%
+2r” / (Je * 5)(y) <2d5$ z 'y3| 4P 2) dy  (4.195)
U lz-yP® lz—y

We note that the first part of the RHS is what we would have if the convolution (7, * L)

was not a mollification and was simply L.

Taubes proves that for e = 0 the RHS of (4.195) defines a continuous function from U to
M,, and hence the LHS, (j. * s)(z), does the same for e = 0. He does this by splitting the
RHS into two terms s§(y) and s5(y). We find that s§(y) is continuous from a lemma stating

that for any function v we have

Lemma 4.17 (Taubes) The map hy : U x LY(U) — R defined to be

ho(z,v) = 27r2/

v(y) <2dﬁzd|m —yl _ drdp” ) diy (4.196)
U

lz—y|> |z —yl?

18 jointly continuous.

The proof that s$(y) is continuous is more complicated than the proof for the continuity of
s5(y). We establish that the e = 0 limit of s exists as a map s; : U — M, and then that
the map hy : U x (L1 N L®) x5 L3(U) — R, defined as
hi(z,u,v,w) = / Tty (4.197)
vlz—yl

is well defined and has the properties given by the lemma below.

Lemma 4.18 (Taubes) The map hi, above, is continuous on its domain
K =U x (L' N L) xy L3(U) (4.198)
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Hence s§(x) and thus the entire RHS of (4.195) is continuous for e = 0.

p

Since je * s converges strongly to s in Lj

(U) for any 1 < p < oo (which we are in) we know
that the gauge transformation s is continuous and hence on the intersection of the first and

seventh coordinate patches s has a limit as we tend towards the singular set.

Having shown that s is continuous we now wish to finish the proof of part a) of the theorem,
in order to prove part b) which will tell us how s tends to sg. As we have shown in (4.183),
|uljree < el|Q|zs v uvy). We Tecall that s is dependent on h € L3 and exponentials of u.
Since s is continuous we know that this dependence is also continuous and from this we can

show that supy ||s — s(p)|| is bounded above as in Theorem 4.16. O

We now look at the proof of the second part of Theorem 4.16

Proof (b)

The proof of (b) comes by using (a),

[s(P[n,a]) — s(P[n',2')| = |s(Pln,a]) —s(P) — (s(P[n',2'] - s(P))|
< [s(Pln,a]) = s(P)] + |s(P[n', 2']) — s(P)]
< 81‘1/P|5(P[ﬂ7$]) —s(P)| + sup |s(Pln’,2"]) — s(P)
< allQullrewiney) + 2l Qull 2w e
< el e (Xn,zpux i) (4.199)

We can go from the fourth to the fifth line because W{n,z] U W|n/,2'] is smaller than
Xln,z] U X[n', ']

Part (b) shows us that as we increase n and n' to infinity the region X[n,z] U X[n', 2]
will shrink to only the U, balls intersecting the shrinking region V around the singularity.
V will certainly be shrinking not just radially but also oh the singularity since, as n in-
creases, the side length of the square on the singularity equal to g2‘” is also shrinking. So
as n — oo the sequence {s(P[n,z])} converges to some pointwise limit so € SO(3). This sg
in SO(3) is independent of the value of z we choose, since s is not affected by position on
the singularity, but only the size of the open square around that position. The size of the

" open square is not dependent on z but on n.
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The limit as r tends to zero of the jump in the holonomy gauge is the limit holonomy and
so, from Lemma 4.15, we have an indication that the limit as r tends to zero of the jump
in the composite gauge is also the (same) limit holonomy. The proof that the limit sq can

be identified with the limit holonomy of w is as follows.

First we wish to show that sg is equal to the holonomy J, of a constant flat connection wy,.
Since sp is a constant it can be rewritten as exp(—2mas,) Where ay is a constant matrix.
It follows from the discussion at the end of Section 4.2 that a., takes values in so(3). Now
let us look at some constant flat connection we = asdf. We can work out the holonomy,
G(2m), of wy by solving

dG

95 G = | 4.200
7 +a 0 ( )

We find the holonomy J,, of this constant flat connection wy, is G(27) = exp(—27aco)-
Hence sp = J. Up to a choice of gauge, wy is the flat connection to which we will show our
connection w will asymptotically tend. More precisely, we will show w tends to a prototype

flat connection which is gauge equivalent to we.

We now wish to show that w., and w have the same limit holonomy. To do this we need

the following lemma which will also be crucial to the proof of Proposition 4.10.

Lemma 4.19 In any ball B,, a point P may be chosen and a radial gauge (w, = 0) found,

in which wW(P) = Weo = aoodf and the inequality,

12| wp — aoollze + 77wz llze +r Hwillze < ¢|Qze for g > 2 (4.201)

is satisfied.

We use the above lemma to show that an initial gauge can be chosen such that the connec-
tion in the composite gauge tends to the constant flat connection we, as r tends to zero.
Hence wo, and w have the same limit holonomy. From before we know that sq is equal to
Joo, the holonomy of wae. This concludes the proof that so can be identified with the limit

holonomy of w. O
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Proof of Lemma 4.19

From before we know that there exists a radial gauge such that lim, ,gw = we almost

everywhere. If w' is related to w by a gauge transformation G’ then

W =G WG + GG (4.202)

and

!
W (P) = G w,(P)G' + G"laa£ (4.203)
zZ

If we let G’ be the solution to the equation

— +w:(P)G =0 (4.204)

which is G' = e79=(P)% then it follows that w!(P) = 0. If we then transform «' further

using the gauge transformation G = e~“*(P)* then we have a new radial gauge

W' = ewé(P)t [emz(P)zwe—wz(P)z _ wz(P)e—wz(P)zdzJ e—wQ(P) _ ew;(P)twé(P)e—wé(P\)tdt
(4.205)

which still satisfies w) (P) = 0 but also wj' (P) = 0. We now work in this gauge and so restrict
the notation w” to w. We now make a constant gauge transformation to fix wy(P) = Geo.
Since w, = 0 it follows that %ﬂ = Q4. Now we integrate both sides of this equation with

respect to r (using a dummy variable p) between r(P) and r to get

(W — loo| < / “Qp9|dp (4.206)
p=r(P)

and since here 7(P) < p < r we have

or ~ el < [  Aidp (4.207)
p

:7"(

Now we use (4.207) and Holder’s inequality.
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We — ool < / p|QUdp
p=r(P)
< U ey 1ol e
‘ . i ¢
= (/ 1dp> (/ Iinqdp)
p=r(F) p=r(F)
e [ d
— (r—r(P)" (/ |pmdp>
p=r(P)
< 7 ( / poqup>
p=r(P) ’
wp — acel? < 797 / 10Q|%dp (4.208)
p=r(P)

Now we integrate over the volume of a ball B, with radius r. Nothing significant is hap-
pening in the z and ¢ directions and any integral over 6 is bounded so (introducing a multi-
plicative constant) we only need to look at the integral in the radial direction, remembering

to introduce the additional » when integrating over the area. So we have

/wg—aooqdr < /rq_1/ 2| 9dprdr
p

=r(P) |
— /Tq/ ( )Ipﬂ|qdpd7‘ (4.209)
p=r(P

Now using integration by parts we obtain

A

< P dp— [T ey
Wy — Ago|ldr < / dp—/ T T
JR i), e T

ra+1 T
< pdp
g+1 /p:r(P) o5
' 1
% g+1 T q
= (/ |wp — aooida> < cra (/ ]pQ[qdp) (4.210)
p=r(P)

Now we use integration by parts again

/ P dp = [pq/qup} —q/ pq‘ldp/lﬂqdp
p=r(P) p=r(P) p=r(P)

< gr-re) [
p=r(P)
< rq/ 1©29dp (4.211)
p=r(P)
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So (4.210) becomes

l T
</ |wp — aooqdr> < er'e (rq/ |2/%dp
p=r(F)

1
4+ T q
= e (/ 19)%dp (4.212)
p=r(P)

However, ¢ > 2 implies that _2_qu_1 > 2 and since r is small, we know that

E=

AN

2g+1
29+1 9

ra <r (4.213)

and so (4.212) becomes

([1or—oniar)’ < o
\/'6 oold/ - —p) )

= 17 %|lwp — aco|ze

A
3
(v}
TN
b\

A
o
2
g

(4.214)

With a similar method we can obtain estimates on w, and w; thus concluding our proof for

Lemma 4.19. O

When we refer to performing the composite gauge transformation on the connection, we
mean that we apply the composite gauge transformation on the connection in the radial

gauge.

We let w represent the connection 1-form in the radial gauge of Lemma 4.19 in the ball
containing Uy = Uy ¢ 1), 1.€. the ball over the sector 0 < § < 5. We let wp be the connection
1-form in the Coulomb gauge on this same ball. The gauge transformation h takes w to wy

using the equation dh + wh = hwy. We can rewrite this as (remembering that w, = 0)

oh oh oh oh
- “r it t =
50 dg + P dz + 9t dt + o dr + wghdf + w,hdz + wihd

htwad® + hwo,dz + hwoedt + hwordr (4.215)
Taking coefficients of df
% + wph = hugg (4.216)

Let h = e%°?h. This implies
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- oh - _
aoc_eawgh%—e““’g%%—wgea‘”gh = e*%huwog

~ oh ~ .
= Qoch + —= +wgh = hwy

d6
ok - -
= % = hwos — (a0 + wg)h
o~ 6 —~ ~
=k = [ Bs)una(s) = (ass + cnls))ls)ds
e}
+I+ f(z,t,7)
and so
_ 9
h = eaoogh, = eaooﬁ I + / e—aoog[hwoa — (aoo + (_ug)h]d@ + f) (4217)

¢

We now use a result from measure theory (see [39]) which states that there is a point @ € Uy

with 0 < 8g < % such that

2)|w — weo |4
/ |w — weo|frdrdzdt < | :OHLq(UO) (4.218)
UoN(8=6g) )
With @ defined this way and f(Q) = 0 it follows that
6
\Vf] < const § (lwz] + [wil) (7,09 2.) +/€ (lwo| + lws| + |wy| + r|2]d6) (4.219)
Q

We then take LY norms and use the measure theoretic fact above, Theorem 4.14 and the

Poincaré inequality (see Appendix B.9) to get
Lemma 4.20 Let h be the gauge transformation on Uy from the radial to the Coulomb

gauge. Then, h = e*=%(T + Ry) where, for ¢ > 2

HROHLq(UO) < CT?HQHLq(UO) (4.220)

for some remainder term Rp.
An analogous computation for the ball U7 = U(n, 7,z) gives us an expression for the gauge
transformation & from the radial gauge to the Coulomb gauge

k= e2=0=27)(T + Ry) ' (4.221)

with

HR7HLq(U0) < CTQHQHLQ(UO) - (4.222)
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Returning to the transformation s = GO_IG7 = h~ 'k we can rewrite it in terms of e72"%o

and the remainder functions

-1
(eawe(I + Ro)) oo (0=2m) (1 4 Ry)
(I_*_RO)—le—aooﬁeaoQGe—Qwaoo (I+R7)

(I + Rg)~te™m%= (I + Ry) (4.223)

Now we define the set N = {z € Uy N Uy||R7(z)| > 1} and let m(N) be its measure. Then

m(N)

N

N

IN A A

IN

/dar
N

/ |R7(z)|dz  since |R7(z)| > 1
N
Ry (z)|%dz

N
| R7 ()| o)
| Rr

(.’E HLQ(UT))Q since U7 2 U7 N Uo
q

eyl \
85|l Le(U7))

Cr290(1) since ||| za(zr,) tends to 0 (4.224)

Since 7 is small and g > 2 we have m(N) < Cr%o(1). One can approximate the measure

of the intersection of the two balls Uy and Us to be r* and from this we know m(N) <

Im(UonUy) ~ r*. I welet V = (UgNU;)\ NN then we see that V' = {z € UpNU7||R7(z)| < 1}

1

so |Ry| < 1 on V. Since m(V) + m(N) = m(Up N Uy), if m(N) < 5m(Uy N Uy) then

m(V) > %m(Ug N Uz). The average value over V of |Ry(P)|? is given by

and so we can find a point P € V such that

and hence

fvﬁgjdx (4.225)
| Ro(P)|? < f‘ﬁ# (4.226)
Ra(P) < SO (1.227)

Since P € V we know that R7(P)| < 1. By taking the gth root of (4.227) and then applying

Lemma 4.20, we have
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Lemma 4.21 There exists a point P in Uy N Ur and a constant C such that

< 20729 | ze )
m(Ug M U7)

| Bo(P)] and  |R7(P)| <1 (4.228)

1
g

We now look at P = P[n,z], the point of Uy N U7 given by Lemma 4.21 and the gauge
transformation s = sge¥ = GO_IG'7 on U o,2) N Un72) Where ¢ € Li and 2 < ¢ < p. Since

s is on U o,2) N Un7,2) We can use Theorem 4.14 to get

IA

IV (V)llze +r [ Vebllze + 7729 o 121 2 o)

AN

— HV(V'I,D)”LQ +T'_1HV’I,D||LQ ~ HQHLQ(UQQU'z) (4229)

We shall use this result later for Proposition 4.22.

We now observe that for small r we can use a Taylor series expansion on (I + Ro(P))™! to

get

(I + Ro(P))~! =1 — Ry(P) + higher order terms (4.230)

Let us call the higher order terms, H. We know that by taking a sufficiently small space

near to Ro(P) we have that [H| < Ry(P). So now let

(I +Ry(P))™t =1— Ry(P) (4.231)

where

Ry(P) = Ro(P)—-H

< Ro(P)+ Ro(P)
= |Ro(P)| < 2|Ro(P)] (4.232)
Now we use (4.223) and (4.231) to get
s(P) = (I+ Ry(P)) e ?"% (I + R7(P))
= e oo (] — Ry(P))(I + R7(P)) (4.233)

We let s = spe? so we have
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s(P) = spe?F) = ¢72m0 (T — Ry(P))(I + R+ (P)) (4.234)

The remainder terms vanish from the point we expand about, so Ry(0) = R7(0) = 0 and

we know that

5(0) = e 24 = g (4.235)

s0, using (4.232) and the inequality |R7(P)| <1 from Lemma 4.21, it follows that

e} = I— Ry(P)R:(P)— Ro(P) + Rr(P)

17— e"P)| = |Ro(P)Ry(P)+ Ro(P) — R¢(P)]
< |Ro(P)Re(P)+ Ro(P)|
< 2Ry(P)]
< 4|Ro(P)| (4.236)

Now let e¥F) = I + W. Then

I-1-W| < 4R(P)

— [W| < 4|Ry(P)| (4.237)

[ In(I+W)| < 2|W| for all values of W except when —1 < W < p =~ —0.797 (considering just
the one dimensional case for illustrative purposes). However, since we know that |W| < 4|Ro|
we can see from Lemma 4.21 that if we are considering UyNUs close enough to the singularity

we can ensure that [WW| < 0.797. Hence,

WP = [In{I+W)]

IN

2|W|

< 8|Ry| (4.238)

So now using Lemma 4.21 again we have the result

% (P)]

IA

8| Ro|
Cr2(|92| s (s

)

I
(m(Us NU7))e
Cr2( Q| Lewouy) (4.239)

IA

IA

(m(Up N U?))é
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We now combine (4.229) and (4.239) to get

Proposition 4.22 The gauge transformation s = sge¥ = G51G7 on Unoz) N Un7a)s

where ) € L1, 2 < q < p, and obeys the inequalities,

Q

wipy < i,

(m(Uy N Uy))e

IV(V)lzs +r Ve <

Le(UpUUx)

where P = Pn,z] is the point of Uy N U7 given by Lemma 4.21.

From Proposition 4.22 we can see that since |¢)| approaches zero in the limit we have
e¥ =Id in the limit. Hence s = sge? tends to sq as we would expect. We now have all the
requirements to calculate the inequality in (4.139) except that the gauge transformation G
is not global as a result of using the composite gauge transformation which is discontinuous
at § = 0 = 27. We use the following cut-off function to modify the non-global composite
gauge to be global in such a way that the required inequalities for w and x are preserved

up to constants.

1 86=0
AB) = (4.240)
0 6>1%

Now, instead of G we shall have our new global gauge transformation G = Gs* where G is
identical to G except in the region U, 0,0) N Un,7.7). In this region we use s = G0_1G7 and
the cutoff function and observe that
soy=2 7 770 (4.241)
Gy 0>%
Now let @ = G~'wG + G~'d& and # = G~1dG. We wish to show that the L{ norms of
both of these objects in this global gauge are bounded above by c||||ze (this is the only

Coulomb property we still require at this stage).

Recall that & is the original connection gauge transformed once into the radial gauge and

then into the non-global composite gauge. We know that [[w|/ ¢ < c|[£2]|ze and hence
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[0l = lls™os* + s d(sY) s

< arllllgs + () s
< o Qe + |l so)VAlLgg + s [$VAN g + AV
< €|l (4.242)

In the above calculation we make use of Proposition 4.22 and bounds on the cutoff function
and its first two derivatives, obtained in a similar manner to Appendix A.4. Note that it is
only necessary to apply Proposition 4.22 in the region Uy N Uy since elsewhere G = G and

so ||l < ClIQ|ze anyway.

We had before that ||x|| ¢ = HG_ldGHLclz < ||| zq. Hence

&l = 164Gl

I(In ) VA + AV + s ks g

IN

(0 8)V A zg + AVl e + el 5] g

< cflQflze (4.243)

We now deduce some important results to assist in our final calculation

1. wy is a flat connection which implies that I' = G lw G+ G1d@ is a flat connection.

2. Since T is a flat connection we know that its curvature Qr = dl' + [[,T] = 0

ldwllze = [[{(dw)gepllze

- ngb,a - wga,b| La

< wgbelle + llwfeplle

2]|wBpallze

= QHCr)wHLq

4. We wish to show that

10Tze < cfl@lzel T (4.244)

1
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To show this we will first look at the case where w and T" are scalars.

) 1

16T e = </(Df‘|qda>q
1
— ([ 1etiroae)”

1
(&9 z2]|T| 2do) e (Holder’s inequality)

(/@2%50)% (/|P‘|2qda> % (4.245)

By the Sobolev imbedding theorem (see proof of Theorem 5.23 in [1]) we know that

(VAN

Il

if mp<mnandp<r <-"E— then
n—mp

/wrdz < llwlly, (4.246)

for some scalar w, constant k. Hence

16T [ze < cl|@]l e IT]l e (4.247)

As a result of the flat background metric and the construction of the Sobolev norm
as shown in Chapter 2, it can be shown that (4.247) applies in the non-scalar case

also. Hence we know that

@, Tze < 2[or e
< ol pellT
< o @llpgllG woo G + Al s
< ooll@] o (|G~ wooGll e + 1A Le)
< el @llpe + ol @l e llR]] 2o
< cl|Qf e + 5] QiZe
< cal|Qlpe + cs]1$2/ e
< <9 Lo (4.248)

We now finish the proof of this section by applying the above results and Lemma 4.19. We

introduce C as a finite set of as such that |J ., Ba forms a covering space for Np.
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|6 =Tz, = Il&~Tllze +[IVr(® - I)s
= & "Dl +[d@-T)+[0—-T,Tl
= &~ Tllze + o + [&,T1 = (dT + [I, 7)o

= |GG ~ G woeG 1 + A + @, 17 s

< G (w = weo)Gllze + 1dé Lo + [|[@,T] | e
< eoflw — wosllze + 2[00 La + 1|2l 2o
< o (ZHW_WOOHL‘Z(BQ)) + 3| @l g + el ze
a€eC .
< cal|Q 2 + 5[/ e
< |9z (4.249)

Since D € Wf;,k ={D=d+uwlwe LZIJ,IOC(XO)7Q € LP(Np), ||| z2 < k and (H4) holds} we

have thus shown Proposition 4.10. I' is given by A in the composite global gauge and has

a limit given by

lim T = asodf (4.250)

T3
Hence, as previously shown, we obtain Corollary 4.11 by noting that in the limit I' = adf
is a constant flat connection and so is gauge equivalent to w’. Corollary 4.11 then leads on

to Theorem 4.9. O

4.4 Limiting behaviour of the metric

We have established Theorem 4.9 demonstrating that the connection is asymptotically the
same as the connection of a 4-dimensional cone. We would now like to establish the following

theorem relating the metric with the metric of a four dimensional cone.
Theorem 4.23 There ezist coordinates such that the metric g satisfies

lg=llzz _, ooy < ClI 2y (4.251)

where ' is the metric for the four-dimensional cone and the L; b TIOTTL IS where the

covarianl derivatives are taken with respect to the conical metric.
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Proof

Let us first consider the 4-dimensional conical space-time, with angular deficit 27(1 — A)
and connection 1-form . We look at a point zo away from the singularity which we can

say is zg = (0,79, 0,0), without loss of generality. We choose a dual basis at zg to be

100 0

- 0100

P (z0) = (4.252)
0010
000 1

We Fermi-Walker transport [20] ¢”; (%) using the metric connection I'?, first in along the
radial line @ = 0, then around a loop (for each value of ), then in both the ¢t and z directions.
Note that we employ Fermi-Walker transportation since the lines along which we propagate
are not geodesics and hence parallel propagation will not preserve orthogonality of the
dual basis. Since we have used the metric connection we know that the coframe remains

orthonormal. This will give 9°;, (t, 7,0, z) = ¢°,,. We note that 975 (t,r, 2, z) # 92 (t,r,0,2).

ba

However, there exists an element of SO(3), L’3(t,r,z) = L’y such that
g B

9 (¢, 7,27, 2) = ngﬁbf(t,r, 0,2) (4.253)

Since ¢ is orthonormal, the flat metric ¢’ (¢, 7,6, z) is given by

; a B
P = Nap® o 0", (4.254)

where 7,4 is the Minkowski metric. Hence ¢ (7,21, 2) = g° 4 (£, 7,0, 2).
Now we consider the space-time with connection 1-form w. We choose a dual basis 9§ (o)
at the point zq and Fermi-Walker transport in an analogous way to the above, using the
metric connection I', to get the coframe ¥%(t,7, 0, 2) = 9%. However we choose the initial
coframe in such a way that

lim 92 (0, 7,0,0) = lim ¢°; (0,7, 0, 0) (4.255)

r—0 r—0

Then in the same fashion as before we find the SO(3) transformation L such that

9% (¢, 27, 2) = L§I5 (t,7,0, 2) (4.256)

and we also have
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Gab = Nap?29) (4.257)

We now want to show that ||gay — 6%, ||z < K[|€|z2. We first define h§(t,r,0,2) = kg by

92 = hgo"’ (4.258)
— 6% — 0 = B — 00 = (hS — 63)9" (4.259)

Hence
198 = 9", |22 < c|[h§ — 6§z (4.260)

We now let 92(¢,r,6,z) be a global section in the global composite gauge § from before,

such that

9% = pgol (4.261)

[20] we know the definition of the Fermi-Walker derivative of a vector and from this

it is not hard to deduce the Fermi-Walker derivative of a 1-form

Vewt, = Vi, + ﬁdgachTch - ﬁdgacTCvTTd (4'262)

Since we are applying Fermi-Walker transport it follows that

VeEwde =0 (4.263)

Using previous methods to find (4.35)we can derive a similar expression

Pe g — piwhy = €930 (T°VLT? — TV T*) (4.264)

In the same way we let

9 = qggg (4.265)

We find that

a5 — 05 o = &30 4 Ghe (VT — TOVLT) (4.266)
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Note that using Gronwall’s inequality (see Appendix B.10) we see that even if p and ¢ were
elements of the full Lorentz group (as opposed to the subgroup SO(3)), they would still be
bounded. From (4.258) we have

— b0
193 = hgﬁ .

In coordinate free notation we write h = pg~'. This implies

dh dp _, | dg!
0~ ol TP
dp —1 —1dq -1

= 44 —pe5pa |
= plwp — wh)g ™ + g(&, Twebeq™ " — ¢’ (6, T)whdeqg ™" — g(&, ewpds)9pq "

+¢" (&, ewy95)95q~ " (from (4.264) and (4.266)) (4.268)

Reverting back to using indices we have

dhe
do

. s
= p‘i(wzg—w”w)q 1“+(gac Goc)Ena 195w’ g (TC0F — eG05)

+9acEdy (w )(Tcaﬁ e595)q ™, (4.269)

It can be shown that

Gab — 0y = Naph (hS = 69)" )6} + 10502 (hS — 62)9° 70", (4.270)

Hence, since &, 9, 9°, 0, o’, T, e, ¢~* and § are bounded we can rewrite (4.269) as

dh?
Y= p*w! ) )q_15+C7§(w bﬂ

where CJ and Dy are bounded tensors. Integrating both sides and choosing the constant

of integration to be the identity matrix I we have, on suppressing indices,
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h

= h-1
= |h -]
|h — I}

Hence

IA

IA

g4
I+/ p(wb—w)q_1+C(wg—w)+D(h~I)d¢
=0

[ a .
/ Pl — w)g~ldg + / (e — w)dg
=0 ¢=0
g
+ [ Dh-Dde
$=0

g [0
/ p(wb—w)q_l|d¢+/ C(w’ — w)|de
#=0
4
+ D|(h —I)|d¢
¢=0

4 4
c1/ o’ —w|d¢+CQ/ \h— I|d¢
¢ =0

=0 p=
(Using Gronwall’s Lemma)

6
c1eczg/¢ w’ — wl|de

=0

9 '
cs/ |’ — w|de
$=0

2
b — 17

IN

o)
2 (.L)b — W
& (/M! |d¢>

27
27mey / |’ — w|?d (Holder's inequality)
0

I

:///TI h = IPrdrdzdt < 2mcs|o’ — w2,
. Tlrzo
= ///0 /'r:0 \h = I)?rdrdfdzdt < 4mcy|lw® — wl|7, (Integrating WRT 6)
= |h=1lf. < 4r’cyfw’ - v}
= |h—Illp2 < 2melle’ — w| e
— -2 < clle’ —wlpz  (from (4.260)
= |9 -z < es)Qlz (from Theorem 4.9) (4.272)
We now return to the metrics
9 = allzz = (1eg 958 — nogd 0% o2

IN A

IN

) b8 0B a B
Hnaﬁﬁgﬁf - naﬁﬁgﬁbb + naﬁﬁgﬁpb - 7'/aﬁlstbalstbb HL2

b8 bo be opf
HT/Oéﬁﬁgﬁg - naﬁﬁgﬁ b HL2 -+ ”77aB79379 b naﬁﬁ a'ﬁ‘b HL2
QY (a3
o[58 = 95 |52 + |68 — 8¢ | 2

c3|[€2| 2 (4.273)
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Since we wish to estimate |{g — ¢’ HLi o the covariant derivatives are taken with respect to
the connection of the conical metric. in order to simplify the calculations we make a change
of coordinates to quasi-Cartesian coordinates so that ga 2 Tap, the connection vanishes
and the covariant derivative is simply the partial derivative. The effect of this coordinate

change is to treat the conical space-time as being Minkowski space but with a sector of

angle 27 (1 — A) missing (see Section 2.2).

We now determine inequalities for the first and second derivative terms making up the L3

norm of g — g’
In quasi-Cartesian coordinates we have

lwlirz + lldwllz2 < ClIQ] 2 (4.274)

If an object is in L? then its components will also be in L? and so

ITz2 + AT 2 < CQ 2 (4.275)

The metric is related to the connection I' by the equation

Jabe = 29a(aT e (4.276)

Hence taking line integrals we have

Gab = ggb +/Qdal‘§cda:c+ /gdbl‘ﬁcdmc (4.277)

where ggb is a constant of integration. Taking the sup norm of both sides shows us that

gap) < 102 +2 / Gaal T |2 (4.278)

Using the equivalence of norms, we can now let the norm be the magnitude norm defined

in Section 2.6. We can then apply Gronwall’s inequality (see Appendix B.10) and hence

|9ab] < |gop] exp (Z/chdmc) (4.279)

Since we are taking norms locally we know that
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= lga| < o0 (4.280)
From (4.276) we now have
gabel = 2ga@Th.|
< T

= lldglize < cfT|ze

= |ldgllez < CllQlz (4.281)

Now we establish an inequality for the second derivative of g.

Gabe = gaaTi + 9T
[gab,ce.| = gda,,ergc + gda,rgc,e + gdb,ergc + gdbrgc’e
= |(g7aTL, + 97aT5)TE + 9aaT. .
+(g7aTf, + 9T )T, + g T2, | (4.282)
Since |g| is bounded we know from (4.275) that
98Tz < e[0T z2 < G392 (4.283)

Again since |g| is bounded and applying the sub-multiplicativity property of (4.247) we

have

19722 < eaiE%] 12 < es|Tll g2 Tllzz < CallQ122 < G52 2o (4.284)
for a small enough region around the singularity. Hence
|d%gl|ze < Cullwl|2 (4.285)

and finally
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lg — QbHLf (M) < Ol L2 vy (4.286)

as required.

Chapter summary

In this chapter we discussed the details of the conditions for a weak curvature singularity
in order that we might find analogous theorems in General Relativity to those found in
Chapter 3. As well as the connection 1-form being in Liloc( X') and the curvature being in
L?(N), we imposed the additional condition that the space-time is static. This has the effect
that the Lorentz transformations are restricted to rotations (see the discussion below) and

hence the gauge group is SO(3). We discussed properties of holonomy and then constructed

the locally flat connections which in the GR case are given by the four-dimensional cones.

We stated and proved the GR analogue of the two main theorems from Sibner and Sib-

ner [39]. These theorems state that

1. Limiting holonomy exists for weak curvature singularities and is identical at all loca-

tions on the singularity.

2. As r tends to 0, the L% .» (Vo) norm of the difference between the connection w and

the conical connection w’ is bounded by the L?(Np) norm of the curvature.

The proof of Theorem 3.18, in particular, is complex and required considerable patience

and time to complete due to the brevity and inaccuracy of the proof offered in [39].

In the GR case there were two new issues which required additional attention. Firstly, at
the end of the proof of Theorem 4.8 we needed to show that the existence and invariance
of the limit holonomy meant that the axis of the rotation of the holonomy agreed with
the direction of the singularity. Secondly, in GR the connection is given by the metric. We
were able to use the results of Theorem 4.9 to show that the metric of the weak curvature

singularity is close to that of a conical singularity. More precisely we showed that

3. As r tends to 0, the Lg - (Np) norm of the difference between the metric g and the

conical metric g* is bounded by the L?(Np) norm of the curvature.
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This property is required for our work in the next chapter.

We now offer two discussions on issues relating to this chapter.

Using the full Lorentz group

Earlier in this chapter we explained that it is necessary to take a Lie subgroup SO(3) of
the Lorentz group as the gauge group for our bundle space. The reason behind this is that
it is not certain whether or not boundedness of the Lie group elements is required in order
for the main results of this chapter to hold. For example, in our proof of (4.78) we certainly

require G to be bounded.

In the case of a 2-dimensional and timelike quasi-regular singularity, where the full Lorentz
group is used as the gauge group, the holonomy is a rotation and not a boost. So one might
expect our theorems to apply to 2-dimensional and timelike square integrable singularities
with the Lorentz gauge group, since we would also expect holonomy to be a rotation and

hence bounded. In which case the G from (4.78) is bounded anyway.

Use of the Lorentz group could allow for the consideration of non-static space-times and
hence a considerably larger scope for application of Theorem 4.8 and Theorem 4.9 to Gen-

eral Relativity.

However, even if it was not possible to show that the elements of the group remained
bounded, it might be possible to prove Theorem 4.8 and Theorem 4.9 with a weaker con-

dition.

An alternative proof?

In [39] the Sibners offer an alternative proof for (the Yang-Mills analogue of) Theorem
4.9 using a separate theorem of Taubes. The idea they propose is to go directly to the
critical Sobolev case of p = 2 in Theorem 4.9 and hence bypass some of the later lemmas
in their paper as well as Proposition 4.10 and Corollary 4.11 (since these are concerned
with lowering p > 2 to p = 2). However, the method relies on the application of Theorem
4.16 which we have deduced can only be applied in relation to LP norms of {2 where p > 2.

This ultimately comes from the fact that u € L™ only ifu € LI for g > 2 (Sobolev’s lemma).
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For the alternate proof to work we would perhaps have to approximate u € L% by a sequence
of smooth u € Lg in a similar fashion to the method shown to derive Theorem 4.9 from

Corollary 4.11.
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Chapter 5

Distributional Curvature

In this chapter we shall discuss how the findings of the previous chapter, regarding the
metric of a weak curvature singularity, allow us to calculate the distributional curvature of
the singularity. We have shown that the L3 norm of the difference between the metric of a
conical singularity in four dimensions (4-cone) and the metric of a weak singularity tends to
zero on approach to the singularity. We therefore expect that the distributional curvature
and hence also the energy momentum tensor of these two classes of singularity will show a

similar relationship.

As previously noted, the 4-cone is a relatively simple example of a quasi-regular singu-
larity. We showed in Chapter 2 a heuristic method used in [49] to find the distributional
curvature of a 4-cone, by calculating the holonomy around the two dimensional singularity.
Clarke, Vickers and Wilson have shown a rigorous method [7, 55] to verify the value of the
distributional curvature. The process used (and summarised in this chapter) is to regard
the singularity as a distributional solution to Einstein’s equations by using Colombeau’s

non-linear theory of generalised functions [8, 9] to describe the space-time geometry.

From the distributional curvature of the 4-cone found using the holonomy method, it follows

that the related energy-momentum tensor is of the form

Tf = T7 = wps® (5.1)

where 6(?) is a two-dimensional delta function with compact support, 4 = 8/ (4G (2% — f)),
G is the gravitational constant and £ is the rotation provided by the holonomy. The energy-
momentum of the form in (5.1) is precisely the form of the energy momentum tensor of a

cosmic string in the thin string limit. We shall explain what this means below.
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Cosmic strings are considered to be topological defects in a space-time, formed when dif-
ferent regions of space-time undergo thermodynamic phase transitions, resulting in domain
boundaries between the two regions when they meet. They have immense density and so

represent significant gravitational sources.

Cosmic strings, for which the thickness of the string tends to zero, can be modeled by 2-
dimensional, timelike quasi-regular singularities (for example, the 4-cone, as shown above).
This ‘thin string’ model is not an exact physical model of a cosmic string since they do
have a small but non-zero thickness. However, it has been shown that the thin string limit
is a good estimate since almost all of the matter is confined to a region with the thickness
of the Higgs Compton wavelength [24, 52]. Further validation that the thin string model is

an accurate estimate can be found in [49].

By looking at a suitable class of weak curvature singularities instead of quasi-regular singu-
larities we find that we get the same energy-momentum tensor from a distributional point

of view. Hence weak singularities also display properties of cosmic strings.

In Section 5.1 we review the methods used to construct the generalised Colombeau alge-
bra [7]. In Section 5.2 we review previous successes in finding the distributional curvature
of a standard conical singularity [7, 42] and also for variations on the four-dimensional
cone [55]. In Section 5.3 we extend this work to find the distributional curvature of a weak

curvature singularity.

5.1 Construction of the Colombeau algebra

In this section we include the full technical details of the construction of the Colombeau

algebra and then briefly summarise the process and its application.

We start by defining the following sets of functions.

® e DR") <= @€ (C*™ and ® has compact support

®ec AR <= &eDR") and O(x)dx = 1
Rn

b e A (RY) > &€ AR and / S)xidx =0 (1<i<q (52
Bn
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where i is a multi-index such that x' = (z!)%(z?)"...(z™)" where i, € N and |i| =

11 +142 +... + 4. We define the n-dimensional é-function as having the property

5 (x)dx = 1 | (5.3)
RTL

Let & € Ap(R"), then the e-parametrised function ®.(x) = }n@(f) (0 < e < 1) is known
as a model d-net and is also in Ag(R™), although with a smaller support and larger amplitude

than ®. For a locally integrable function f : R* — C we can look at its smoothed function

f such that

f@ux) = | flx+wdiwdu= | Fu)d(u-x)du (5.4)

Hence

~ 1 u
Letting £ = v we have
F(®,x) = / f(x+ev)®(v)dv (5.6)
In the case where f is continuous we therefore have
txg /(&%) = [ F@(v)dv = £ (5.7

which justifies the use of the term delta-net to describe @..

Definition 5.1 The function R is an element of the algebra E(R™) iff

R: A(RY) xR* — C

(®,x) — R(P,x)

and for fized ®, Bg € C*° where ® € Ay(R™) and

B@:Rn — C

x — Bg(x)= R(®,x)
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Definition 5.2 The function R is an element of the moderate subalgebra Epr(R™) of E(R™)
iff for all K CC R" and for all i € N*, there is some N € N such that: If ® € Ax(R™)

there exists ¢, > 0 such that

sup |L R(®,,x)| < ce™V (0<e<n) (5.8)
xeK

Note that =¥ increases as a polynomial of %, not an exponential. A feature of this sub-
algebra is that if Ry, Ry € Ep(R™) then the product R Ry does not coincide with usual
multiplication of C'°° functions. If we have a smooth function f, we can map this into an

element of £37(R™) in two ways. We can leave it unchanged by using

f(@e%) = £(x) | (5.9)

or smooth the function by using

f(®e,x) = f(x+u)®(u)du (a generalised function) (5.10)
RTL

where f and f are both in x(R*) and ®, € A,(R"). However, on one hand we have

~ J—

F3(®,%) = f(®,%) - §(,%) = (f9)(®, %) (5.11)

and on the other

- —

F3(@,%) = f(®,%) - §(D,%) # (f9)(®,%) (5.12)

We would like to be using f as our approximation but we would also like the multiplica-
tivity property of (5.11). We will bunch together the two representations by letting f~f
for all ®, so there is just one regularisation of f given by the equivalence class | f], which
we will show belongs to a differential algebra, namely Colombeau’s generalised function

algebra [8, 9].
Before constructing our equivalence relation we must first look at the ideal A/ (R™) of the
subalgebra &£y (R"). |

Definition 5.3 The function R is an element of the ideal N (R™) iff for all K CC R" and
for alli € N*, there is some N € N and some increasing and unbounded sequence {7q}qen

such that: If & € Ay(R"), for ¢ > N, there exists c,n > 0 such that
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sup [0 R(®,x)| <ce™ ™ (0 <e <) (5.13)
xeK

The important point here is that for sufficiently large g, €~V tends to zero.

Proof that N (R") is an ideal

If g € N(R") then g and all its derivatives are less than or equal to cie% V. If f € &y

then f and all its derivatives are less than or equal to cpe™. Hence
fog<aod VeV = 2N
(fo)'=fg+fg < crea€ ™ fociepe TN = 2pqem 2N
(f9)" = (f'g+19) =f'g+2f'd +fg" < dezd™* ete (5.14)

So letting 2N = N’ we see that if ¢ € N(R") and f € £y (R™) then fg € N(R") which is

the property of A/(R") being an ideal. [

We now wish to show that f — f € N(R"). Let us look at the 1-D case, which has a result

analogous to the higher dimensional result.

f—-f = /Rf(m—i-u)Qe(u)du—f(m)
’LL2
= [ (s@+ o)+ S +
R

(g+1)!

= / F(z)Pe(u)du + / (q“q:i)! £ (2 4 0u)Po(u)du ~ f(z)  since ¢ € A (RY)

f(q+1)(a: + 9u)> O (u)du — f(z) (0<6<1)

udtt
= f(a)+ /R o+ O )du — £ (a)

udtl 1_ru
— (g+1) ot N s
/R(q—i-l)!f (m+9u)€®(e)du

g+1
= 71 /R (—qUTl)—!f(Hl)(I + €6v) P (v)dv letting v = %

—  (aFIEN-N Lﬂf(‘ﬁ‘l)(m + €0v) P (v)dv
B g (g + 1!

cela where 7 =¢+ 1+ N (5.15)

A

Since ®(v) is of compact support and the function is finite everywhere, the integrand on

the penultimate line is bounded by a constant. From (5.15) we see that f- fe N(EY).
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‘We now define our equivalence relation.
Definition 5.4 Let Ry and Ry be in Ep(R™), then Ry ~ Ry iff R — Ry € N(R").

From the previous result we get that f ~ f as required. The equivalence classeé formed
under this relation are elements of the quotient set %‘4(%‘%. Let us look at two elements of
0 which we shall call [R] and [By]. Let a,b € £y (R") such that a € [Ry] and b € [Ry]

and let n; € N (R") Vi € N. Then a = Ry — ny and b= Ry — no. So

ab = (Rl - nl)(RQ — TLQ) =R1Ry — Rins —n1 Ry +nina (5.16)

Since ny,ng € N(R™) and Ry, Ry € £y (R™) we have Ring,ni Re € N(R") and also ning €
N(R™) since N (R") C Ex(R™). Hence

ab=R1Rys —n3 < RiRy—ab=n3 <« Ri1Ry ~ab (5.17)

Therefore if a € [R;] and b € [Rp] then ab € [R;Rs] and so we still have the required
closure group property. We let %%g%l = @G, Colombeau’s generalised function algebra. G is
a differential algebra which means we can differentiate and take products of elements in a
well defined manner. To find the generalised function corresponding to the product of two
distributions or a distribution and a continuous function, we take the equivalence class of
the product of the two smoothed distributions or the product of the smoothed distribution
and the smoothed continuous function respectively. Hence, if we can express the metric as
a generalised function (an element of G} then we can express the curvature as a generalised

function.

Later in this section we shall be interested in generalised functions which in some way
correspond to distributions. This correspondence shall be defined using a notion of weak

equivalence which we shall now derive, following the program outlined in [7].

We would like to understand what it means to take the integral of a generalised function.
In an analogous way to that done before we will first define a new algebra, sub-algebra and
ideal space which are in effect pointwise values of the spaces &(R™), Ex(R™) and N (R?)

respectively.

Definition 5.5 The algebra £ 1s defined to be the set of functions

B: A4 (RY) —C (5.18)
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Definition 5.6 The subalgebra £y is the set of all B € £ such that there exists an N € N

such that if ® € An then there ezists c¢,n > 0 such that

B(@)| <ce™™  (0<e<n) (5.19)

Each element R € £3,(R") is, for a test function ®, a representative for a corresponding

generalised function G = [R(®,x)] € G(R"). The function

pr: A — C

> R(®,x)dx (5.20)
R™ ’

is an element of £yps. If Ry and Ry are representatives for the same G, then pg, and pg,

differ by a function belonging to the ideal Z of the algebra £,s.

Definition 5.7 The ideal T of the algebra Epy is the set of functions p such that there is
some N € N and some increasing and unbounded sequence {~q }qen such that if @ € Ay (R")

for g > N then there exists ¢,n > 0 such that

(@) <V (0<e<n) (5.21)

The equivalence class obtained from the quotient of £y and T is independent of which
representative we take of the generalised function G and we think of this quotient as being
the value for the integral of G. We define elements of this quotient to be generalised complex

numbers.

Definition 5.8 The algebfa of generalised numbers is defined to be

=~ &M
C—I

For any z € C we can look at the constant function p,(®) = z. The equivalence class [p;]
of this function is a generalised complex number. Hence for any classical complex number

we can associate a generalised complex number.
Definition 5.9 z € C is associated to z € C if there is a representative p € Ey of Z such

that for ® € Ay(R") and with a large enough q € N,

lim p(®,) = 2z (5.22)

e—0
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Tf z € C is associated to z € C then we write # - 2. Note that if Z - z then it is
not necessary that z is the equivalence class [p,]. We now define association between two

generalised complex numbers.
Definition 5.10 z, z € C are associated to each other if and only if 7 — Z + 0 € C.

In a similar way we can now define weak equivalence (or association) between elements of

the Colombeau algebra.

Definition 5.11 If G1,G2 € G(R™) then Gy is weakly equivalent to Gy if and only if for
each ¥ € D(R™),

A (G (x) — Gy () U(x)dx - 0 € C cED

Weak equivalence between (7 and G is written G ~ Gs.
Finally we say that a generalised function G corresponds to a distribution T if G = T.

The key point about a Colombeau algebra is that it takes a non-smooth function f(x) and
embeds it uniguely into the algebra as a smoothed function f(x, ®.). However, in doing so,
the smoothed function is no longer simply a function of x, but also of the e-parameterised
kernel, @.. For fixed @, f is a 1-parameter family of smoothed functions. Since the embedded
objects are smooth we can now perform calculations involving differentiation, multiplica-
tion and addition with other elements of the Colombeau algebra and still have a resulting

answer in the algebra.

To return the function from the algebra to the set of distributions we use association. We
consider how the smoothed function acts on a test function ¥ € D. If the limit as € — 0 of
this integral is independent of @, but agrees with the action of some distribution T' acting

on ¥, then we say that the algebra element is associated to that distribution.

5.2 Distributional curvature of a conical singularity

Many alternative methods have been used to determine information about cosmic strings.
Vilenkin [50] deduced, using a weak field theory, that the exterior metric of a cosmic string

is the 4-dimensional conical metric. Gott [19] and Linet [28] came to the same conclusion
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by starting with the conditions on the energy-momentum tensor “T} = T7 and T = 0 for
other components” and deducing the exterior metric which gave rise to such conditions.
Vilenkin [51] and Vickers [49] used the Nambu action and then the four dimensional La-
grangian action to calculate the energy-momentum density of the string, but from this it is

quite hard to obtain the metric.

Using the Colombeau algebra, Clarke, Vickers and Wilson [7, 55] found the distributional
curvature for a conical singularity, determined a precise energy-momentum tensor and hence
calculated the mass per unit length of a cosmic string. Wilson [55] has also applied these
methods to other quasi-regular singularities including conical non-flat singularities (for

specifically behaving curvature) and also conical singularities with variable angular deficit.

In previous chapters we have shown that a suitable class of weak curvature singularities
asymptotically agree with conical singularities as r — 0. Hence we expect the singular part
of the energy-momentum tensor provided by a weak curvature singularity to be associated

to the distributional energy-momentum tensor for a cosmic string.

We start by reviewing the calculation of the distributional curvature of a cone. ’Following
the method in [55], we determine distributional curvature (density), first for a 2-D cone and
then for a 4-D cone. We first notice that in both cases, since the Geroch-Traschen condi-
tions [18] are not saﬁsﬁed we cannot immediately recognise that Rgp.g can be interpreted

as a distribution.

Since the cone does not satisfy the GT-regularity conditions, we cannot calculate the dis-
tributional curvature directly. One approach is to replace ga by a family of smooth metrics
QZbe' We could now try to calculate the curvature Rgpqq, of ggbe for fixed € and then take
the limit of Rgpeq, as € — 0, as has been attempted in [2, 18, 29]. By making a suitable
choice of smoothing, the limiting curvature can be used to recover, for example, the Ricci

scalar

R = lim R, (5.24)
e—0
However, it has been demonstrated that this type of method is only applicable in certain

situations [18] and in the case of the 4-cone ultimately yields different answers for the mass

per unit length of the cosmic string.
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The advantage of using the Colombeau approach is that one has a canonical embedding of
non-smooth objects into the algebra. We embed the metric into the Colombeau algebra by
taking a representative of the family of smoothed metrics (given by an equivalence class).
In the algebra we can now perform the necessary calculations to find a representative of
the curvature density. To get back to the level of distributions we are then required to use
the relationship of weak equivalence (or association). We now outline the calculation for
the case of a two dimensional cone (see [55] for details). We start by looking at the metric
for the 2-cone in Cartesian coordinates. This avoids any confusion which may arise when
distinguishing between coordinate and actual singularities. We then split the metric into

singular and non singular parts

1 1
Gy = 5 (1= A)hap + 5 (1 + 4%)3gs (5.25)
where
:cz—gz 2y
‘ ( x2+y2 . Iz+y2 \
hey = (5.26)

\ 2zy 3{2—12/
1.2_1_:‘/2 z2+y2

we then smooth ga using a model d-net ® € A;(R?) to find the family of smooth metrics

G () = [ oulh A= 2,10 = ) A (5.7

where ® has a radius of

Ry =sup{(m2+y2)% |®(z,y)| > O} (5.28)

Due to the nature of ®, the smoothed metric will belong to the algebra £pr(R?). We note ‘

that

1 1
Gu, = 51+ &80 + Z(1 = A%, , (5.29)

and so we need only evaluate ﬁabf. Wilson shows that

- Ca+Ce2 +Cr2 O+ CgZ + Co¥ 242
hop, = ! O Te ° Se Ve —i—O(m 4;'9) (r < €Rp)
C5+Cg%+CgE —C4—C6%—C7% €

€

s, = | TV s 40 T (r > eRp) (5.30)

2 g+1

2z —z?
T TR Py
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where the C} are constants.

.Since ggbi is as an element of £, (R?), we can embed into the Colombeau algebra G by taking
the representative [g};b} € G as described in Section 5.1. Working in the Colombeau algebra,
we can now calculate the representative Ricci scalar R, from §gb£ in the usual manner.
Note that we wish to regard the dirac delta 6(*) as a scalar density (so that it is dual to a
function) and we therefore choose to calculate the Ricci scalar density Re\/ﬁ rather than
the Ricci scalar. The Ricci scalar density RE\/EE gives a representative of the equivalence
class [R\/?] in G. To return from the Colombeau algebra to the space of distributions,

Wilson demonstrates that for each ® € C*° with compact support

e—0

lim/ \/S: (z,9)¥(z,y)dzdy = hm 47r(1 — A)6D U (z, y)dzdy (5.31)

This shows that

Hence we have our associated curvatiire
can be done either by evaluating the integrals directly or by using a holonomy (Gauss-
Bonnet) argument. We note that since we are taking limits as € — 0 we make good use of

approximations involving e.

The important point of this method is that, by using the Colombeau algebra, we can take
the curvature of the representative of the metric to find the representative of the curvature
of the metric. Note also that since weak equivalence is independent of the representative
in €y, the right hand side of (5.32) is also independent of both & and the representative
we take for G. This shows that at the level of weak equivalence the curvature of the 2-

dimensional cone is uniquely given by 47 (1 — 4)6(),

For the 4-D case the calculations are very similar and we find that for the full smoothed
Riemann density tensor, the only non-zero component is [ngy —g*] =~ 27 (1 —A)5(2), as we
expected from our heuristic holonomy method in Chapter 2. By a simple contraction on the
components of the Riemann tensor we obtain the distributional mixed energy-momentum

tensor density, with non-zero components

T/ -3] = 1121/~ 5] ~ —2m(1 — 4)6@) (2,y) (5.33)
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Wilson then calculates the mass density per unit length of the cosmic string to be [i(t, z)] ~

27(1 — A).

Variations on the 4-dimensional cone

Physical models of a cosmic string are likely to require a model less simple than that of a 4-
dimensional cone. Clarke, Wilson and Vickers (7, 55] have proposed a number of alternatives

to the conical metric

ds® = dt* — dr? — A%r2d¢? — dz* (5.34)

two of which we briefly discuss. Note that the convention in [7, 55] is to adopt the Lorentzian

sign convention Diag(—1,1,1,1), but this has no significant effect on any results.

Firstly, the constant A can be considered to be a function A(¢, z). The metric

ds? = dt* — dr? — A2(t, 2)r?d¢? — dz? (5.35)

describes a conical metric but with a variable deficit angle dependent on what point of the
singularity we are looking at. Note that the above metric does not describe a quasi-regular
singularity but, with significance to this thesis, it does describe a spacetime with square
Lebesgue integrable curvature. Wilson [55] shows that the distributional part of the energy-
momentum tensor behaves like a cosmic string with a mass per unit length that changes

with position on the string.

If we introduce a perturbation of a conical metric that vanishes sufficiently fast as we ap-
proach the axis we would still expect to be able to calculate the distributional curvature
using a method similar to that of a cone. We first embed the components of the metric
into the Colombeau algebra and then calculate the generalised function curvature density
Rabcd\/—_g. This curvature density will have both a distributional contribution from the
axis of the perturbed cone and a regular contribution from the metric. By subtracting the

regular part from R“bcd —g we obtain the contribution from the axis.
Wilson demonstrates the procedure for the special case of a metric given by

ds? = di? — dr® — A2r2(1 4 k(r))d¢? — dz* (5.36)
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where the term k(r) is a perturbation function of r that is O(r?) and can be thought of as a
C® function of the Cartesian coordinates. He shows that the resultant Riemann curvature

density has both a distributional and a regular component. The non-zero part is given by

(R, \/—§] = R, /=g + 27(1 — )63 (z,y) (5.37)

The significance to our work of this last model is in the derivation of the curvature. We use
a similar method and in fact find that the curvature of a weak singuaraity has the same
distributional and regular contributions as given by (5.37). We discuss this in the following

section.

5.3 Distributional curvature of a weak singularity

We now apply the previous results from this chapter and Chapter 4 to calculate the curva-
ture of a weak singularity. We show that the distributional part of the curvature is identical
to that of the conical singularity and that at the singularity, weak and conical singularities

have the same curvature. This follows from the theorem for this section which we now state.

Theorem 5.12 In Cartesian coordinates for QZb: a weak curvature singularity has a dis-

tributional curvature

[R,,\/—3] = R, /=g + 2m(1 — A)6 3 (z, ) (5.38)

and for the other components

[R® /=3 = R®_ ;\/—g (5.39)

where R is the non-singular curvature away from the origin.

Note that in the conical case, R is zero. .

Proof of Theorem 5.12

We first consider comparisons between the conical and weak singularities in the two dimen-
sional case. The metric for both singularities will have coordinate singularities at r = 0 in

polar coordinates so we use Cartesian coordinates to avoid confusion.

As before we write the metric for the conical singularity by splitting it into regular and

singular parts
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, 1 1
gy = S+ A%y + 51— A%)hgp (5.40)

We now do the same for a weak singularity

1 1 .
Gap = 5(1 + A6y + 5(1 — AN hg (5.41)

for some hq;. We smooth both metrics with a function ® € A1 (R?) such that

Gseles) = [ gl o)@elu 5,0~ y)duds (5.42
Bure(ny) = /R 00 ()8l — 2,0 — y)dud (5.43)

‘We recall that
O (u—z,0—9y) = 61—2@ (%(u—x,’u— y)) (5.44)'

Letting (s,t) = (1/€)(u — z,v — y) we have

Buclon) = [ dalotesy+e)ls, tydsde (5.45)
’.RZ
Also, since
/@(s,t)dsdt:I (5.46)
RZ
it follows that
o(w9) = | dalmn)®(s,t)dsat (5.47

Hence,

ga,E(Qf,y) - gE)zb(‘Tay)‘ = /R4 (ga(I +es,y+ Et) - ggb(m7y)) @(Sat)d'Sdt‘

~b 4
= ’gab,e ~ Gop| = O(e)

where O(¢) is a function of € that tends to zero as € — 0. Similar estimates apply for the

first and second derivatives provided ® € A, for ¢ > 2. We also have

‘gab,e - gabi = O(G) (548)
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and again similar estimates for the first and second derivatives apply. It follows that

|3abe = 9all 23 = O(e) 1Gab,e = gabll 22 = O(e) (5.49)

From Theorem 4.23 we know that

lg—g HL? (@) < CHRHLZ (B(a)) (5.50)

Hence

- ~ b, b =b
13 = Gellrzay = Nge—9+9—9 +9" = Gllzmay

IN

19 — gl Lz (Ba)) T 119 — gb”L%(B(a)) +1lg" = &l 250
< GillRllrz(pay + O(e)
< Ofa) + 0(e) (5.51)

Hence considering the formula for the curvature in terms of the connection and the metric,
and employing an argument similar to that used to prove Theorem 4.9, we find that for

any fixed function ® € A; (R?)

A
o
&
+
pS
o

| (R - B fddsay
B(a)

= lim /B (Ren/Ge — \/g: Yodzdy] < Ofa) (5.52)
From the results of [55] given earlier we know that
lim Ry g2®dzdy = 4m(1 — A)@(0,0) = / Ar(1 — AP ddzdy (5.53)
€0 JB(a) B(a)
Hence from (5.52) we have
lim / (Rer/Ge — 47(1 — A)6Pbdzdy| < O(a) (5.54)
e—0 B(a) .

We now let U be the support of ® where we have chosen a such that B(a) C U. We recall
that Rev/Ge ~ R\/g and so, from the definition of weak equivalence we know that
=0 (5.55)

lim
e—0

/ (Rev/7e — Fn/0) @dzdy
U\(0,0)

Finally, we show that the following limit is zero

149



i / (R VG — Ry — 41~ A)a@) @dmdy’ (5.56)
e—0 B2

— lim / (RE\@ — Rg—4m(1 — A)5<2>) @d:cdyl
e—0 U

= lim / (Rt\/i - Rﬁ) ®dzdy
U\B(a)

e—0

+/ (RE\/i— R\/g — 4r(1 — A)d(?‘)) ddzdy
B(a)

Since (5.56) is independent of a we can write

lim
e—0

/ (ReV/e — Bvg - 471 —A)é(z)) Bdzdy
/ (R VG - R\/§> Sdady
U\B(a

= lim lim
a—0e—0

+/ (R VGe— R/g —4m(1 - A)5(2>) ddzdy
Bl(a

|
< :ell—l;% /U\OO kR VGe — R\/_) @dwdy’ (5.57)
. . =~ - _ (2) i BT :
+igr%)gg% /B(a) (RE\/; 4m(1 — A)d )@dx‘dy +i51%)J[B(a) R\/g®dzdy

From (5.55) we know that the first integral vanishes. Likewise, from (5.54) we know the
second integral vanishes. Finally, since R is the regular part of the curvature, we know that

the third integral vanishes. Therefore

lim
e—0

/ (R /G — B\/g — 4m(1 - A)6(2)> @dmdy‘ =0 o (5.58)

Again from the definition of weak equivalence we find that

[R\/g] =~ Ry/g + 4m(1 — )P (z, y) (5.59)

Using similar methods to those found in Chapter 5 of [55] we can then extend this result

to the four dimensional case.

[By/=8] ~ B™y/—g + 21(1 — A)5P (2,y) (5.60)
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Chapter summary

Heuristic arguments suggest that the curvature of a conical singularity is given by a delta
function. Howéver7 the metric does not lie in the class of GT-regular metrics and therefore
one cannot simply use classical distribution theory to calculate the curvature. An alter-
native approach is to regularise the metric through some smoothing procedure. However,
as shown by Geroch and Traschen, this method also has a number of difficulties and in
particular, different smoothings provide different answers. Because of this we followed [55]
and applied a method involving the use of Colombeau’s algebras (see Section 5.1 for a full

description of these).

We embed the metric into the Colombeau algebra by taking a representative of the family
of smoothed metrics. In the algebra we can now perform the necessary calculations to find a
representative of the curvature density. To get back to the level of distributions we are then
required to use the relationship of association. For the cone we find that the Colombeau
distributional curvature density is associated to a delta function which is exactly the result

expected from the holonomy method given in [49].

We then briefly discussed using similar methods for finding the distributional curvature of
metrics which represent a perturbation of a conical metric. We then recalled the results
from Chapter 4 which show that a weak curvature singularity looks like a cone close to the
singularity. We combined the previous results of this chapter for calculating the distribu-
tional curvature of the cone, with the results from Chapter 4, to calculate the distributional
curvature density of a weak singularity. In doing so we confirmed the expected result, that
weak curvature singularitiés have a regular part given by the regular part of the metric and

a singular part with a distributional curvature equal to that of a 4-dimensional cone.
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Chapter 6

Conclusions

The objective of this thesis has been to find the distributional curvature of weak cuirva—
ture singularities, those singularities with the property (amongst others) of having square
Lebesgue integrable curvatufe. We examined theorems from Yang-Mills gauge theory and
derived analogous theorems for General Relativity. These theorems state that weak singu-
larities have a limit holonomy and also have connection and metric tending to that of a
conical singularity as r — 0. We then considered known results for the distributional cur-
vature of a conical singularity and demonstrated that this is the same as the distributional

part of the curvature of a weak singularity.

Summary

Siﬁce this thesis concerns singularities, ‘in Chapter 2 we included a brief review of modern
understanding of some crucial concepts such as “what a singularity is” and “where a singu-
larity is”. In defining a singularity we introduced the ideas of Cauchy, geodesic and bundle
completeness. We found that the metric and manifold alone are inadequate tools to describe
the location of a singularity and so in this thesis we chose to adopt the method of locating
singularities on a b-boundary. We showed how constructing the b-boundary requires the
establishment of a positive definite metric on the frame bundle using both the canonical

and connection 1-forms in order to find the Cauchy completion of the frame bundle.

We then went on to classify different types of singularities and in particular looked at
quasi-regular singularities. We then introduced the idea of distributional curvature as a
way of describing curvature at a singularity. The concept of holonomy was explained and

we showed how holonomy can be used to measure distributional curvature of a singularity.
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As an illustration of some of the results that have been found for quasi-regular singularities

using the holonomy method we summarised the main findings in [49].

Next we introduced the particular type of singularity with which we are concerned, the
weak curvature singularity. The curvature of the space-time may approach infinity towards
a weak singularity but is, however, square Lebesgue integrable everywhere. Hence a distri-

butional curvature can be assigned at the singularity.

This thesis relies on the use of Sobolev spaces and norms and so a detailed explanation was
given, particularly on how to take Sobolev norms of objects with space-time and/or Lie

group or Lie algebra indices.

In Chapter 3 we considered the work of Sibner and Sibner [39] in Yang-Mills gauge theory.
We first introduced Yang-Mills theory and then showed the method by which the Sibners
demonstrated the existence of limit holonomy at all points on a singular 2-surface. [t was
demonstrated that this limit holonomy is independent of the limiting point on the singular-
ity. The remainder of Chapter 3 was concerned with the second main result of Sibner and
Sibner which showed that, in a neighbourhood of a singularity, the L# norm of the differ-
ence between a connection and some constant flat connection is bounded by the L? norm
of the curvature. Any connection has a corresponding flat connection to which it tends in’
the limit. This connection and flat connection share the same limit holonomy. Many of the
details of the proofs were omitted particularly where a directly analogous proof was applied

in the case of General Relativity in Chapter 4.

In Chapter 4 we adapted the theorems shown in Chapter 3 to be applicable to certain
static space-times in General Relativity which have 2-dimensional and timelike, weak cur-
vature singularities. We showed the important differences between the Sibners problem in
Yang-Mills and our problem in GR. Most notably Wé discussed the gauge group SO(3), a
subgroup of the Lorentz group, assigned to our bundle space and demonstrated that the
connection 1-form w§ and the curvature 2-form Q; take values in the Lie algebra so(3) of

SO(3). We also provided the construction of the prototype flat connection, which for GR

is the flat 4-dimensional cone.

We included the full details of the proofs needed to establish Theorem 4.8 and Theorem 4.9.

153



We also showed two more results integral for our problem in GR. The first used work done
in [6] to show that the axis of rotation of the holonomy agrees with the singularity. The
second showed that it is not just the connection which tends to a flat conical connection on
approach to the singularity, but also the metric which tends to the metric of the flat cone.

This last result ultimately allows us to find the distributional curvature of a weak singularity.

In Chapter 5 we gave a detailed explanation of Colombeau’s theory of generalised functions
and then summarised a method given in [55] to find the distributional curvature of a conical
singularity. We briefly discussed further work in [55] to find the distributional curvature of
a perturbed conical singularity. We then applied a similar method to calculate the distri-
butionai part of the curvature of a weak singularity to be the same as the distributional

curvature of a conical singularity.

By extending previous results for conical singularities, to include weak curvature singular-
ities, we have increased the size of the class of singularities which possess curvature that
can be described using a distribution. By treating these singularities as a distributional
solution of Einstein’s equations we can consider them, at least in some sense, to be part
of the space-time. This will enable physicists to work with singularities in a considerably

more rigorous fashion.
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Appendix A

Relevant methods and properties

A.1 Lie groups and Lie algebras

We define a Lie group using the definition in [22].

Definition A.1 A Lie group G is a group in the usual sense but is also a differentiable

‘manifold with the properties that taking the product of two group elements, and taking the

inverse of a group element, are smooth operations. Specifically the maps

u:@GxG — G

(g1,92) — q192

and

@ = @

g = g
are both C°.

Some examples of Lie groups are:

The general linear group |

GLn(R) = {A € M,(R)|detA # 0}

The special linear group

(A1)

(A.3)



SLp(R) = {4 € M,(R)|detA = 1} (A.4)
The orthogonal group
O(n) = On(R) = {4 € Mp(R)|ATA =T} (A.5)
The special orthogonal group
S0(n) = SO, (R) = {4 € O(n)|detA =1} (A.6)

The unitary group (where A* = F, the transpose of the complex conjugate of A)

U(n) = Up(C) = {A € M,(C)|A*A = I} (A7)

The special unitary group

SU(n) = SUL(C) = {A € U(n)ldet A =1} (A.8)

The right and left translations of a Lie group G are diffecmorphisms of G labelled by the

elements g € G and defined by

R;:G—=G L,:G—G
g —dyg g —gq (A.9)

Isham [22] defines a vector field X on a Lie group G as left-invariant if it is Lg-related to

itself for all g € G. That it is to say

Ly, X=X forallge G (A.10)

To every Lie group G, we can associate a Lie algebra g, the set of all left-invariant vector
fields on G, whose underlying vector space is the tangent space of G at the identity element.
g completely captures the local structure of the group since there is a one-to-one association
between one-parameter subgroups of the Lie group and its Lie algebra (see page 166 in [22]

for details). Lie algebra indices are given by lower case letters.

As an example of a construction of a Lie algebra let us consider g in the group SO(3)
(rotations in 3 dimensions), with g(0) = I. Here § is the Euclidean metric and g is the

derivative of g with respect to t.
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G156l (1) = 6u

L0890 () + gk (D850 () = 0

3k (0)d:597 (0) + g£ ()65 (0) = 0
3 (0)6 + 8rigi(0) = 0 (A.11)

Now let ¢(0) = B € so(3). Lowering the indices we get

By + By =0 (A.12)

so B is anti-symmetric. Note that this lowering of indices will be different when we work

with the Lorentz group and Minkowski metric. The basis for so(3) is e; where

0 10 0 0 1 [ o
ee=| -1 0 0 e=1| 0 0 0 (A.13)
0 0 0 -1 00 ~1 0

We say that a matrix C takes values in the Lie algebra so(3) iff C' can be composed from

a linear combination of e;, e, and e,

A.2 Relating basis vectors to connection 1-forms

Once we have chosen the metric on a manifold, then we can choose the basis vectors
from which the metric is derived such that their inner products are constant. If we let
{9%,i =0,1,2,3} be the basis of one-forms (the dual of the basis of vectors {e;,7 = 0,1,2,3})

then the metric is

ds® = p;;097 (A.14)

where p1;; is a matrix of constants. In GR we often take p;; to be the Minkowski metric 7;;.
We note that ¥ is a 1-form and so could just as well be written ¢%dz® The covariant
derivative of ¢ in the e; direction is a 1-form and hence is a linear combination of the 9.

We may therefore write [21]

eV I = —} 0% (A.15)
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The scalars 'yij (since 4, k, j are numerical labels) are the Ricci rotation coefficients and

determine the connection. Also, since g“‘bﬁZﬁg = p* — that is to say, the ¥ have constant

inner product ¥ — and since the ¢/ form a basis dual to the e;, we have 19% ¢ = dp (and

also ﬁﬂef = 55) From this we have the following

Vst = 0
Vedied = 0
PiVeel = —elv.
S0, Vee] = —eleiV. 0,
JjraYc 1%j¥VecYa
‘ b b k
ej0aVee; = €Y,
i_c a _ a,j ,qi
ﬁbekvcei = ejlyik’ﬁb
c a _ | a
eiVee; = Tipej

We can contract both sides of (A.15) with g®d7" to find

g oSV A,

—> g0 eV B, + g} eV Y

= gUITEEV I + g eV Y
= g“‘bejvc(ﬁflﬁg")

— e;vc(gabﬁgﬁgn)

m

= ejvcui

=0

S ,Y(ij Mm)k

We now define (suppressing space-time indices) the connection 1-forms w}'c by

i __ i .qj
Wi = ’ij’ﬁ

For the GR case we could now write {A.17) as
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= - (’Y}ij/i

—g® I 0%
— k™

— ™ —

- (’ﬁ;jumk + mir}u““)
reverse Leibniz

- (’ﬁ;jumk + 7;?;-#““)
since Veg®® =0

- (’ﬁ;jum’“ + 77!}#“)
— (’ﬁ;jum’“ + 7;29‘-#““)
since u* are constants

mk -+ ,Y}ZT;MZIC>

0

(A.16)

(A.17)

(A.18)



Nikwt + njgwf =0 (A.19)

which tells us that w§ takes values in the Lie algebra of the Lorentz group.

The Ricci rotation coefficients may be used to obtain an expression for the coordinate

components of the connection

w;ﬁ#f = 7’;;&92192 i =T (A.20)

where I" denotes the standard Levi-Civita connection.

The connection 1-forms wt also contain the information about the connection and by (A.17)

they are skew-symmetric if an index is raised by %, as is shown here

W™ = ™
- % (”i“mk + i u““) = %m (ﬁjﬂmk . Mik)
— Wl pm™E = ﬁjy(ikjlum)k
— Wit = 0 O : (A.21)

Now from (A.15), if we contract both sides with ﬁg we find

SV = 90k
= 65V 0L = —wi, ok
= Vydt = —wi ok (A.22)

We now skew this on [a, b], and then revert to index free notation

Vi, = —whyle
= Vi~ Vol = —wiyd +wi,
—> Oy, — 0,0}, = —wiyOh + whah
= dt = —wiAgF (A.23)

(A.23) is called the first structure equation.
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A.3 Duals of differential forms

It is important to understand that a dual of a differential form (or Hodge dual) is different

from the dual of a vector space.

Let w be a p-form on an n-dimensional oriented manifold with metric g.;. We define the

dual *w, of w by

1
- Hw#luzu.#pelul...lupl/l‘..lln;p (A24)

where €,,.. ., is the natural volume element on A, the totally antisymmetric tensor field

*Wp, V3...Vn_p

which satisfies

ebre, i = (=1)°nl (A.25)

and

f 0 signature of g, is non-negative

5= i
i 1 signature of g, is negative

It can be seen that the dﬁal of a k-form in n dimensions is an n — k-form. For example, in

Chapter 3 the curvature F' = %Fabdma Adz? is a 2-form and *F is the dual of I written as

(+F)ab = €45 Feg (A.26)

where

1 even permutation of 0123

€abed = 0 repeated entry (A.27)

—1 odd permutation of 0123

A.4 Estimating derivatives of the cut-off function A

This appendix relates to the cutoff functions used in Section 4.3 and should be read with

reference to that section.
We show that for our cutoff functions A we have

VAl < cd™! (A.28)
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recalling that d is the larger of the diameters of the two balls B, and Bz. We will show
how to estimate the cutoff function in the radial direction A\(r). Analogous estimates may

be found for the cutoff functions A(y) and \;(6). We begin with

Ar) = : (A.29)

H
5
IV
wofg?

where g = 2- (1),

We wish to define the function in the region a < r < 3¢ in such a way that A(r) is smooth.

We first note that

-1

e -7 (A.30)

iszeroat r =@ and r = 32—“ and positive in between, so this is a good start for a function

for the gradient of A. A little thought shows us that we can now write A as

0 r<a
Ar) = Cf e(I o) e(”‘_) dr a<r < 22
3
| 1 r>
where the constant C is defined as
3a ) 1 -1
2 _
C= er-a)Z =% g (A.31)
a
With this definition
0 r<a
_ —1
IVAr)| =< Cet=ae-%7 g<pr < 38
3a
0 r > —Q‘i

We now wish to find the maximum of [V by looking at its derivatives. After some calcu-

lations we obtain
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8|V o
OVAl _ —{ 20eTeP b %)2((_1 + 1)3) a<r<it

or r—a)® © (r—3a
0 r > 37“
So the maximum of |V )| is when
=1 =l 1 1 3a
r—a)? g (r— )2 = =
2Ce(r-a)2elr=% ((r—a)3+(r—%—“)3> =0 for a<r< 5 (A-?’2)

From (A.32) we have

0 - 1,1
(r—a)® (r 37“)3
= (r—?;—a)g—l-(r—a)?’
_ 03 15ar®  39a*r  354°
2 4 8
Y = %a (A.33)
So
max |VA(r)| = [VAC )| = Ceat = Ce= @ (A.34)

The maximum possible diameter of the ball will be less than the outside arc-length added
to the difference between the radial distance of the outside edge and the radial distance of

the inside edge from the singularity. So

d < gr" Lo g2

= (2r+3)27"?
2n+2

2 + 3
To show that [V | < ed™! we will first show that [V | < 37:23 For this we shall use a proof

by contradiction. Suppose |VA| > 22n13 Then
2n+2

2r 4+ 3
= 27y > 2" —InC(27 +3)

Ce_ (22n+7)

— InC(2r +3) > In2"2 422077 (A.36)
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Let

e(r:a)Qe(T_T)Q — f(’l“) (AS?)

Then

C = (/a%f(r)dr) h (A38)
I (9a) =f <1la> = %t (A.39)

(in the region

We calculate that

|

Since f is monotonic increasing for r < 5 and monotonic decreasing for r >

Iy}

a <r < 3) we know that

fryzenf v Por Bl (A.40)

Therefore the integral jTﬂ F(r)dr is greater than the area of the rectangle with sides & <
=640

—

r< 4 and 0 < £(r) < exp(722)

S (9)
4

(2271.1—9) 2—TL 3

e
Kh
=
Qu
3
v

5
es

— O < 7 @T)gn+3 (A.41)

The right hand side decreases as n increases so we find that the maximum of the right hand

side is when n = 0, the smallest value of n we can take. Therefore we know that

= InC(2r+3) < In8 9 5 (27r—l—3)

2560
= In8(2r +3) — =~
< —280 (A.42)
Going back to the right hand side of (A.36) we observe that
InC(2m +3) > In 2" 2 4 227 > Ing 4 27 > 128 (A.43)
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and so we have a contradiction, which proves that [V())] < £ < cd~! for any constant

c> 1.

The calculation to show that |[V(VA)| < ed? is more complex but is done in a similar way
p

to that used above.

A.5 Distributions

We now provide a brief review of distributions. For the sake of simiplicity we look at func-

tions in one dimension. Analogous results exist in higher dimensions.

Let us consider the following function f, mapping R to R, where v € RT, the set of positive

real numbers.

j 20(1 — az) «c0,1/q]

(A.44)
L 0 z ¢[0,1/a]

fla) =

We see that for all & € R the integral is 1. We can increase « to any real number we wish
and still we have a bounded function. However, if we take the limit as o — oo then we
have a function which yields 0 at all points except one (the origin) where it is undefined.
However, although the function is undefined at zero, the integral is still 1. In the limit as
a — oo, we call this type of function a distribution. An underlying idea for distributions is
that if a function has a certain property then so too might the limit of the function to the

distribution.

Distributions are objects like §-functions. The way they are defined classically is as dual
spaces to some function space. If we let o be a distribution, then « is a map from functions
f to real numbers. We call f a test-function and the set of test-functions D. Likewise the

set of distributions is D’.

aeD febD

<o, f> = celR (A.45)

Usually we take distributions to be dual to the space of functions f where the f are smooth

and of compact support. The support of a function is those elements which are not mapped
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to zero. Compact means closed and bounded for subsets of R, so f vanishes outside some
finite interval. We can imbed an ordinary function in the space of distributions in the follow-
ing way (for one dimension). Given an ordinary function g in R we define the corresponding

distribution g € D' by

< g, f>= /_00 f(x)g(z)dz =ce R (A.46)

We label the imbedding operation ¢ : LllOC —— D', where Llloc is the space of locally inte-

grable functions.

Now we define §', the weak derivative of g, as follows. First we suppose that g is differen-
tiable. Then we set (§)' = (¢'). We bear in mind that since f has compact support, it is

zero at +oo.

(@.6) = (d.1)

_ gdz Integration by parts
/ y P
. -0
oo
— g, - [ fds
-0

= —/_OO f'gdz
—{g, f") (A.A4T)

Even if g is not differentiable, we can still define the weak derivative

(@) =-(af") (A.48)

<a',f> =—(a,f) (A.49)

For more on distributions see [13].
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Appendix B
Definitions, lemmas and theorems

B.1 The Sobolev imbedding theorem

We now state, without proof, the parts of the Sobolev Imbedding Theorem, as given in [1},
which are relevant to this thesis (notation is changed from [1] to remain consistent with
this thesis). An imbedding is a homeomorphism of one topological space to a subspace of
another topological space. The whole of the theorem applies to many different cases. We

state only those cases relevant to the work in this thesis.

Let Q be a domain in R* and let QF be the k-dimensional domain obtained by intersecting
with a k-dimensional plane in R?, 1 < k < n. (Thus Q™ = Q.) Let j and m be non-negative
integers and let p satisfy 1 < p < o0.

There exists the following imbeddings:

Case A: Suppose mp < nand n —mp < k < n. Then

kp
@) 2 O, p<o< (B.)
and in particular,

P rq np 9
Lj—f’m(Q)_—)Lj(Q)? psqs n_mpa (B )

and taking 7 = 0 we get

np

p g <g< B.3
L@ = L3Q),  p<g<— 0 (B.3)

166



Case C: Suppose mp > n. Then

F Q) = Q) (B-4)

B.2 Fubini’s theorem

Following the description in [54] we state Fubini’s theorem for R? .

Suppose that f € L'(R?). Then

Lt = [ ([ sena)as 5

We interpret (B.5) as meaning that

exists and equals

|, 1@ty (B.5)

As a consequence of (B.5) we can see that if f(z,y) = g(z)h(y) then

/sz(m,y)d(myy) :/Rg(.'li)d:z;/Rh(y)dy < o0 (B.9)

B.3 Parseval’s equality

Parseval’s equality states that for a continuous function f, of period 27, with Fourier

coefficients ay and b, we have

1 oo
/!f2d9: 5a§+2(aﬁ+b,€) (B.10)
n=1

where
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ap = — /QF f(6) cos(n8)de (B.11)
0

v

and

b, = — " f(8)sin(nd)do (B.12)

™ Jo

Parseval’s theorem also applies for Fourier series with complex coefficients. i.e. for

e o]
FO) = > cre™ (B.13)
n=—co
where
1 27 ) )
Ch = — f(6)e ™dg (B.14)
27T 0
we have

/ f2de =3 1 (B.15)

n=—co

B.4 Holder’s inequality
Holder’s inequality states that if 1 < p < oo and %—Fz% = 1, then for two functions f € LP(Q)
and g € L? (Q) we have

/Q F(@)g(@)ldz < | Fl1zo gl o (B.16)

B.5 Lipschitz-continuous subsets

A function f such that

(@) - fy)| £ Clz -y (B.17)

for all z and y, where C' is a constant ihdependent of z and y , is called a Lipschitz function.

For example, any function with a bounded first derivative must be Lipschitz.

A subset is Lipschitz continuous if the boundary of the subset is Lipschitz continuous. In
simpler geometric terms this means that the boundary can have corners but not cusps or

slits.
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B.6 Sobolev’s lemma

Let © be an open Lipschitz-continuous subset of B and let g € Rwith1 <g < oo and

m € N. Then there is a constant C such that for all v € LI,

luflzee < Cllull g, - (BIg)

for N < myg.

B.7 Morrey’s lemma
Let u € LY(Bgr(zo)), 1 < p < n, and suppose that there are constants g > 0 and v > 0

such that

[ jowrds < (Gyrre, 0 <r<s=R-fo-x (8.19)
B, (z)

for every ball B,(z), z € Br(zo). Then u € C[B;(z¢)] for r < R and

4 {_n_ ~1 é
) —u(e) | < S8 E e sl sl < (8.20)
where V,, is the volume of the unit-ball.
B.8 Hodlder continuity
Let (M,d;) and (N, dy) be two metric spaces. If a function f : M — N, satisfies
do(f (2), f(y)) < kda(z,9)* (B.21)

for some constants k > 0, & > 0 and all z and y, it is said to be Holder continuous. The
number « is called the exponent of the Holder condition. If & = 1, then the function satisfies

a Lipschitz condition.

B.9 The Poincaré inequality

For all u(z) € L¥(Q) and 1 < p < n, 0 < g < np/(n — p), if Q is a bounded Lipschitz

domain then the function u satisfies the (g, p)-Poincaré inequality
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where (' is some constant.

B.10 Gronwall’s lemma

If, for tg <t <11, ¢(t) > 0 and 9(¢) > 0 are continuous functions such that the inequality

t
o) <k+L | ¥(s)p(s)ds (B.23)
to
holds on g <t < ¢1, with k and L positive constants, then

t

$(t) < kexp <L w(s)ds) (B.24)

to

onty <t<i.

170



Bibliography

1]
2]

R. Adams: “Sobolev spaces”, Academic Press (1975)

H. Balasin and H. Nachbagauer: “What curves the Schwarzschild geometry”, Class.
Quantum Grav., 10, 2271-2278 (1993)

Y. Choquet-Bruhat and C. DeWitt-Morette, with M. Dillard-Bleick: “Analysis, man-
ifolds and physics”, North-Holland (1982)

C. Clarke: “The analysis of space-time singularities”, Cambridge Lecture Notes in

Physics, Cambridge University Press (1993)

C. Clarke: “Generalized hyperbolicity in singular spacetimes”, Class. Quantum Grav.,

15, 975-984 (1998)

C. Clarke, G. Ellis and J. Vickers: “The large-scale bending of cosmic strings”, Class.
Quantum Grav., 7, 1-14 (1990)

C. Clarke, J. Vickers and J. Wilson: “Generalized functions and distributional curvature

of cosmic strings”, Class. Quantum Grav., 13, 2485-2498 (1996)

J. Colombeaw: “New generalized functions and multiplication of distributions”, North-

Holland Mathematics Studies, vol 84, North-Holland (1984)

J. Colombeaw: “Multiplication of distributions”, Lecture notes in mathematics, vol

1532, Springer (1992)

E. Curiel: “The analysis of singular spacetimes”, Proc. Phil. Sci., 66, 119-145 (1999)
R. D’Inverno: “Introducing Einstein’s relativity”, Oxford University Press (1992)

G. Ellis and B. Schmidt: “Singular space-times”, Gen. Rel. Grav., 8, 915-953 (1977)

F. Friedlander: “Introduction to the theory of distributions”, 2nd ed., Cambridge Uni-
versity Press (1998)

171



[14]

[24]

[25]

[26]

[27]

[28]

D. Garfinkle: “Metrics with distributional curvature”, Class. Quantum Grav., 16, 4101-

4109 (1999)

R. Geroch: “Local characterization of singularities in General Relativity”, J. Math.

Phys., 9, 450-465 (1968)

R. Geroch: “What is a singularity in General Relativity”, Ann. Phys., 48, 526-540
(1968)

R. Geroch, E. Kronheimer and R. Penrose: “Ideal points in space-time”, Proc. Roy.

Soc. London Ser. A, 827, 545-567 (1972)

R. Geroch and J. Traschen: “Strings and other distributional sources in General Rel-

ativity”, Phys. Rev. D, 88, 1017-1031 (1987)

J. Gott: “Gravitational lensing effects of vacuum strings: Ezact solutions”, Ast. J.,

288, 422-427 (1985)

S. Hawking and G. Ellis: “The large scale structure of space-time”, Cambridge Univer-

sity Press (1973)

L. Hughston and K. Tod: “An Introduction to General Relativity”, Cambridge Univer-
sity Press (1990)

C. Isham: “Modern differential geometry for physicists”, World Scientific (1989)

A. Jaffe and C. Taubes: “Vortices and monopoles”, Progress in Physics, vol 2,

Birkhauser (1980)
T. Kibble: “Topology of cosmic domains and strings”, J. Phys. A. 9, 1387-1398 (1976)

D. Kini: “Weak singularities in general relativity”, Ph.D. Thesis, University of

Southampton (1997)

A. King: “New types of singularity in General Relativity: The general cylindrically
symmetric stationary dust solution”, Commun. Math. Phys., 88, 157-171 (1974)

. . . . . o
M. Kunzinger, R. Steinbauer and J. Vickers: “Generalised connections and curvature”,

Math. Proc. Camb. Phil. Soc., 189, 497-521 (2004)

B. Linet: “The static metrics with cylindrical symmetry describing a model of cosmic

strings”, Gen. Rel. Grav., 17, 1109-1115 (1985)

172



129]

L

J. Louko and R. Sorkin: “Complez actions in two-dimensional topology change”, Class.

Quantum Grav., 14, 179-204 (1997)

D. Martin: “Manifold Theory”, Ellis Horwood Limited, Chichester (1991)

C. Misner, K. Thorne, J. Wheeler: “Gravitation”, W.H.Freeman, New York (1970)
C. Morrey: “Multiple integrals in the calculus of variations”, Springer (1966)

R. Penrose: “The question of cosmic censorship”, Chapter 5 in “Black Holes and Rel-

ativistic Stars”, R. Wald (editor), University of Chicago Press (1994)

J. Rade: “Singular Yang-Mills fields”, Local theory II., J. reine angew. Math., 456,
197-219 (1994)

B. Schmidt: “A new definition of singular points in General Relativity”, Gen. Rel.
Crav., 1, 269-280 (1971)

L. Schwartz: “Sur limpossibilité de la multiplication des distributions”, C. R. Acad.

Sci. Paris, 259, 847-848 (1954)

S. Scott and P. Szekeres: “The abstract boundary — a new approach to singularities of

manifolds”, J. Geom. Phys., 18, no.3 223-253 (1994)

S. Shapiro and S. Teukolsky: “Formation of naked singularities: The violation of cosmic

censorship”, Phys. Rev. Lett., 66, 994-997 (1991)

L. Sibner and R. Sibner: “Classification of singular sobolev connections by their holon-

omy”, Commun. Math. Phys., 144, 337-350 (1992)

L. Sibner and R. Sibner: “Singular sobolev connections with holonomy”, American

Math. Soc., 19, 471-473 (1988)

F. Stahl: “Degeneracy of the b-boundary in General Relativity”, Commun. Math. Phys.
208, 331-353 (1999)

R. Steinbauer and J. Vickers: “The use of generaliéed functions and distributions in

general relativity”, Class. Quanturfl Grav., 23, R91-R114 (2006)

C. Taurbes: “The ezistence of multi-monopole solutions to the non-abelian, Yang-Mills-
Higgs equations for arbitrary simple gauge groups”, Commun. Math. Phys., 80, 343-367
(1981)

173



[44]

[45]

[46]

[51]

[52]

C. Taubes: “Path connected Yang-Mills moduli spaces”, J. Diff. Geom., 19, 337-392
(1984)

K. Uhlenbeck: “Connections with LP bounds on curvature”, Commun. Math. Phys.,

83, 31-42 (1982)

W. Unruh, G. Hayward, W. Israel and D. McManus: “Cosmic-string loops are straight”,
Phys. Rev. Lett., 62, 2897-2900 (1989)

J. Vickers: “Generalised cosmic strings”, Class. Quantum Grav., 4, 1-9 (1987)

J. Vickers: “Quasi-regular singularities and cosmic strings”, Class. Quantum Grav., 7,

731-741 (1990)

J. Vickers: “Singularities, distributional curvature and cosmic strings”, Rend. Sem.

Mat. Univers. Politecn. Torino, 50 (1992)

A. Vilenkin: “Gravitational field of vacuum domain walls and strings”, Phys. Rev. D,

23, 852-857 (1981)
A. Vilenkin: “Cosmic strings”, Phys. Rev. D, 24, 2082-2089 (1981)

A. Vilenkin: “Cosmological density fluctuations produced by vacuum strings”, Phys.

Rev. Lett. 46, 1169-1172 (1981)
R. Wald: “General Relativity”, The University of Chicago Press (1984)
A. Weir: “Lebesgue integration and measure”, Cambridge University Press (1973)

J. Wilson: “Regularity of azisymmetric space-times in General Relativity”, Ph.D. The-

sis, University of Southampton (1997)

174



