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Unique, polarization sensitive, effects of exciton-polaritons in semiconductor microcav-

ities are examined theoretically in both the linear and non-linear regimes. In the linear

regime the energy splitting between transverse electric (TE) and transverse magnetic

(TM) polarized modes is shown to allow for the direct excitation of vortices and the sep-

aration of polariton spin currents via the optical spin Hall effect. Vortices also appear

naturally when polaritons undergo elastic (Rayleigh) scattering in a disordered poten-

tial or they can be artificially implanted using multiple optical beams. In the non-linear

regime, the effects of polariton-polariton interactions are modeled in the framework of

the mean-field approximation, using the (spin-dependent) Gross-Pitaevskii equations.

The results from these equations are shown to complement recent experimental mea-

surements of the degenerate polariton parametric oscillator, where it is shown that

the microcavity can act as a polarization sensitive optical switch. Furthermore, the

polarization multistability is shown to give rise to the formation of polarized patterns

from uniformly polarized excitations and allow new applications of microcavities includ-

ing spin memory elements and optical circuits. Finally, the behaviour of a localized

polariton condensate is examined in a magnetic field.
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Chapter 1

Introduction

Many properties of solid-state systems are described from the behaviour of their ele-

mentary excitations above the ground state. In semiconductors with a direct interband

optical transition, the lowest energy elementary electronic excitations are formed from

the attraction of excited electrons and holes that gives rise to bound electron-hole pair

states. The behaviour of the electron-hole pair is frequently considered by its collective

motion in terms of a quasiparticle known as an exciton [1], that is, an exciton is a

Coulomb correlated motion of electrons and holes. Although the-exciton is a neutral

particle and does not carry current, it does carry spin or polarization. Excitons can be

detected experimentally by their effect on the absorption spectra of semiconductors;

namely, strong peaks appear below the band-gap energy, above which there is a con-

tinuum of absorption.

One can distinguish between two different types of excitons: Prenkel and Wannier-

Mott excitons, which differ in the theoretical model used in their description. Frenkel

excitons originate from excited molecular states coupled by a crystal potential. The

interaction between molecules allows an excited molecule to induce an upward transi-



tion in a neighboring molecule, whilst de-exciting itself. The excited state (the exciton)

travels in an excitation wave, similar to a sound wave. In the model of Prenkel exci-

tons [2], the coupling between neighboring molecules is assumed to be weak compared

to the interaction between electrons and holes. The model of Frenkel excitons is ap-

propriate for organic materials, in which excitons have a typical binding energy of the

order of lOOmeV and a typical spatial size (Bohr radius) of the order of a few angstroms.

In inorganic semiconductors, the interatomic coupling dominates over the Coulomb in-

teraction of electrons and holes (a large dielectric constant tends to screen the Coulomb

interaction between electrons and holes). In this regime the electron and hole are sep-

arated by many inter-atomic spacings and the model of Wanier-Mott excitons is ap-

propriate. A simple treatment of one conduction band electron interacting with one

valence band hole via the Coulomb potential is given by the Hamiltonian:

h2 _o ft2 _o „ e.2

Eg~ .._: ^ , (1.1)
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where me and rrih are the electron and hole masses respectively, Eg is the bandgap

energy, e is the electron charge, et, is the dielectric permittivity, and,re and f̂  denote

the positions of the electron and hole respectively. Defining the electron-hole separation

asr = re — ?h and the position of the electron-hole center of mass R = W e ^ y yields

the Wannier equation:

where m x = me+m,h is the exciton effective mass, fieh = ™e^£, *s ̂ ne reduced effective

mass, ipyiRjf) is the exciton wavefunction, Ev(k) is the exciton energy, which depends

on the quantum number v and the wavevector associated with the exciton translational

motion, k. The translational motion of the exciton can be separated leaving an equation



mathematically equivalent to the Schrodinger equation for the hydrogen atom. Hence,

in analogy to the hydrogen atom problem [3], the energy levels are given by:

where the Is exciton binding energy (or exciton Rydberg) is:

The binding energy of Wannier-Mott excitons ranges from a few meV to a few tens

of meV. The typical size (Bohr radius1) of Wannier-Mott excitons varies from tens to

hundreds of angstroms.

It is well-known that the statistics of particles is determined by their spin. Conduction

band electrons (with s-symmetry) have a net spin projection (total angular momen-

tum) equal to J | = ± | , whilst valence band holes (with p-symmetry) have a net spin

projection equal to J% — ±5 for "light" holes and j j ± | for "heavy" holes. Electrons

and holes are Fermions, that is, they carry half-integer spin and they obey Fermi-Dirac

statistics. Excitons, however, are composite particles carrying integer spin, that is,

they are (composite) bosons and obey Bose-Einstein statistics. They can be described

as a weakly interacting Bose gas [4, 5] at low densities2.

For many devices based on semiconductor systems the interaction between light and

matter plays a crucial role. It is therefore important to consider the effect of light

on the elementary excitations of the system, in other words the coupling of light to

1The Bohr radius is given by as = Cfrfi 2 and defines the characteristic size of the Is exciton

wavefunction: ip\{R,r)) = ^y=- e , °B , where V is a volume normalization constant.

The low density limit corresponds to n <C -77, where n is the exciton density, OB is the Bohr radius,
aB

and D is the dimensionality of the system.



excitons. Theoretically, the effects of light-matter coupling can result in new quasi-

particles, now called exciton-polaritons, which were originally proposed by Hopfield [6]

and Agranovich [7]. However, in bulk inorganic semiconductors the strength of the

light-matter interaction is usually weak such that the light-matter interaction can be

treated as a perturbation to the original exciton quasiparticle.

Decades after the discovery by Hopfield and Agranovich, with advances in semicon-

ductor growth technology, researchers were able to fabricate structures in which the

elementary excitations could be confined. By sandwiching a thin slice of one semicon-

ductor material between layers of higher band-gap material it was possible to confine

excitons within the middle slice, in a planar structure known as a quantum well. Light

can also be confined in a composite structure by adding mirrors to the end faces of the

quantum well structure. The most interesting effects arise when the mirrors have very

high reflectivity which can be obtained by using distributed Bragg reflectors (DBRs).

DBRs are composed of alternating layer's of high and low refractive index material with

a layer thickness equal to one quarter the wavelength of the light intended to be re-

flected3. The mirrors create a semiconductor microcavity - a miniature version of the

Fabry-Perot cavity formed with metallic mirrors - that confines light. Although the

idea that a confining device for light could modify the properties of systems showing

an optical resonance has been around since the work of Purcell [8], the study of the

effect of light confinement on the exciton resonance in planar microcavities began only

in the 1990s [9]. Intuitively one expects that since a given photon of light is reflected

hundreds of times before escaping the cavity, the probability for it to interact with

an exciton is hundreds of times greater than in stand-alone quantum well structures

Typical Bragg mirrors display a reflectivity exceeding 99% over a spectral range of around lOOmeV.



without mirrors4. When the quality factor5 of the mirrors is high enough, it is possi-

ble to enter a so-called strong-coupling regime [11]. In this situation the dispersion of

the elementary excitations, the cavity polaritons [12], are dramatically modified such

that a double peak resonance appears in the reflectivity spectrum. Cavity polaritons

continue to demonstrate novel effects fifteen years on since the discovery of the strong

light-matter coupling, and there is an entire research community dedicated to the study

of light-matter coupling in these nanostructures [13, 14, 10].

The true richness of polaritons stems from their highly interacting nature, which is

derived from their excitonic components; excitons undergo elastic collisions with one

another mediated by strong Coulomb forces. However, polaritons offer unique dif-

ferences to excitons such as an extremely light effective mass (~ 10~4x the exciton

effective mass) and a characteristic non-parabolically shaped dispersion. Furthermore,

their coupling to external optical fields allows the direct experimental measurement

of their (time-dependent) distributions in both the real space of the microcavity plane

(near-field detection) and reciprocal space (far-field detection). The effects of polariton-

polariton scattering have been demonstrated by the parametric scattering from magic

angle6(see figure 1.1) by several experimental groups [15, 16, 17, 18, 19, 20]. Parametric

Usually the structure is grown such that the quantum wells are positioned at the antinodes of the

electromagnetic standing wave (cavity mode) to maximize the light-matter coupling.
5The quality factor, Q, is defined as the ratio of a cavity mode frequency, uic, to its linewidth

(FWHM), 5bJc- The Q-factor is a measure of the rate at which optical energy decays from within the

cavity [10]. Equivalently the exponentially decaying photon number has a lifetime given by Tc = Q/uc-
6The angle of incidence of an optical pump determines the in-plane wavevector at which polaritons

are excited. At the magic angle, lower branch polaritons are excited at an in-plane wavevector such that

an exact energy-momentum conserving two-body scattering process is allowed in which one polariton

scatters to the bottom of the lower polariton branch and the other polariton scatters to twice the pump



scattering has also been observed in other configurations [21], such as the degenerate

configuration [22] in which initial and scattered polaritons all have the same energy

(but in-plane wavevectors oriented in different directions).
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Figure 1.1: a) The in-plane dispersion of the cavity photon (dotted curve) and exciton

state (horizontal line). Due to strong light-matter coupling the true excitations of

the system are cavity polaritons with dispersion shown by the solid curves. In the

parametric scattering experiments of cavity polaritons, polaritons are excited near the

point of inflection of the lower polariton branch and observed to elastically scatter to

the zero in-plane momentum state and a higher momentum state, b) The energy-

wavevector emission distribution (dispersion) under a continuous wave excitation, c)

The emission distribution in reciprocal space (far-field emission). Panels b) and c) were

calculated numerically using the Gross-Pitaevskii (mean-field) equations (equations 2.6

and 2.7), which are used to model several other experimental configurations throughout

this thesis.

In fact the original demonstration of parametric scattering [15] demonstrated signifi-

cantly more than just the fact that polaritons interact strongly; the parametric scat-

tering of polaritons is strongly stimulated by the final state population. This effect

was attributed to the bosonic nature of polaritons7. Aside providing a micron-sized

in-plane wavevector. The magic angle is sometimes called the phase-matching angle.
7In the context of the mean field equations the bosonic stimulation is related to parametric mem-

6



parametric oscillator [18, 24], it is the bosonic nature of polaritons that has made them

most notorious, both as a distinctive many-body system for fundamental research and

a system promising great technological applications. Perhaps the most frequently dis-

cussed phenomenon at recent conferences is the Bose-Einstein condensation of polari-

tons, which leads to the polariton laser [25, 26]. In Bose-Einstein condensation (BEC)

a macroscopic number of particles collect in the same state and can be collectively

described by a single coherent wavefunction. Such an effect is only allowed for particles

with integer spin and requires some combination of low temperature and a minimum

particle density. The first condensates were experimentally realized in 1995 using di-

lute alkali atom gases cooled to temperatures of 2/iK or lower [27, 28]. Given the

difficulties of reaching such low temperatures attention then turned to the realization

of condensates at higher temperatures by using particles of lower mass. Indeed excitons

in semiconductors carry a much lower effective mass than atoms and much of the at-

tention of the solid-state community turned to the condensation of excitons at the end

of the 20th century. However, even though excitons only required an experimentally

modest temperature of about IK for condensation, the temperature of excitons often

greatly exceeded the temperature of the semiconductor lattice; the lifetime of excitons

(before electron-hole recombination) tended to be smaller than the time required for

photo-excited excitons to cool to the lattice temperature and the BEC of excitons [29]

remained elusive. The scientific advancement required for exciton BEC was the use of

indirect excitons8 in coupled quantum wells. Due to the increased spatial separation of

electrons and holes in such a system the exciton lifetime was increased [29, 30]. Fur-

thermore the use of a quasi-2D structure offered a cooling rate sufficiently faster than

ory [23]. • . • • • • '

8Indirect excitons are bound states of conduction-band electrons in one quantum well and valence-

band holes in an adjacent quantum well.



in bulk systems to observe condensation [31].

Given that polaritons have an effective mass roughly four orders of magnitude lighter

than excitons, they are expected to form Bose-Einstein condensates at much higher

temperatures [26, 13], even up to room temperature in some materials. The Bose-

Einstein condensation (BEC) of polaritons is a manifestation of their bosonic nature,

where a macroscopic number- of polaritons collect in the same coherent state. The first

experimental evidence for this effect has appeared in the last few years [32, 33, 34, 35].

Associated with the formation of a condensate is the appearance of an order parameter,

given by the complex expectation value of the polariton annihilation operator. In mi-

crocavities the order parameter has two polarization components and the appearance

of the order parameter is thus evidenced by the buildup of a net polarization. This

polarization, which is theoretically expected to be linear [36, 37]9, has been experimen-

tally detected [39].

In recent years, research has also focused on the BEC of other quasiparticles in other

solid-state systems, such as: magnon [40] and phonon [41] condensation; and exciton

condensation in electron-electron bilayers under strong magnetic fields [42]. However,

few systems offer a clear technological application. Particular interest lies with polari-

ton condensates in semiconductor microcavities since, once condensed, the polariton

condensate can emit coherent light giving rise to polariton lasing [43, 44, 45, 46]. The

polariton laser is expected to demonstrate a very low threshold since no population
9The linearly polarized condensate corresponds to the paramagnetic phase discussed theoretically

for exciton condensates [38], which develops as a result of the spin dependence of interactions between

quasiparticles (excitons or polaritons).



inversion is required for optical amplification, rather, the requirement for polariton

lasing10 is that the relaxation of polaritons to the ground state is faster than their

radiative decay time [26].

Other applications of semiconductor microcavities arise when considering the polar-

ization degree of freedom of polaritons [47, 48, 49]. In analogy to how the spin of an

electron carries a quantum bit of information, the spin of an exciton-polariton can be

used to code information. Given that exciton-polaritons also demonstrate a long co-

herence length [50] and interact strongly, they could lead to a whole new range of spin

optoelectronic devices [47]. The polarization structure of polaritons is derived from the

spin structure of their constituent excitons, which is derived from the spin structure of

electrons and holes [10, 14].

Whilst in bulk samples the light and heavy holes are degenerate (at zero wavevec-

tor), the confinement in quantum wells lifts this degeneracy so that the energy levels

of heavy holes lie higher than those of light holes [10]11. The lowest lying (in energy)

exciton states are thus formed from electrons and heavy holes. The heavy hole exciton

states have a total spin projection equal to Jz = ±1,±2. Recalling that the photon

carries a spin of 0 or ±1 and that spin is conserved during photoabsorption and emis-

sion, excitons with spin equal to ±2 cannot couple directly to light. For this reason
10 Although the physical structure of the polariton laser is identical to a vertical cavity surface emitting

laser (VCSEL) the two devices rely on different mechanisms to generate coherent light. VCSELs operate

in the weak coupling regime and require a population inversion to cause the stimulated emission of light;

the advantage of weak light-matter coupling in this system is to reduce the radiative lifetime of excitons

and accelerate the stimulated emission. Polariton lasers operate in the strong coupling regime and rely

on the formation of a polariton condensate but do not require population inversion.
11 The light hole/heavy-hole splitting is comparable or even larger than the exciton binding energy,

which allows one to neglect valence-band mixing effects [51].



they are called dark states, whilst the exciton states with spin equal to ±1 are called

bright states. Furthermore the bright and dark states are also split in energy [52],

which suppresses exciton-exciton scattering to these states.

For the bright exciton states, the spin polarization imparted by optical excitation does

not last forever. The spin relaxation of excitons is derived from the mechanisms of

spin-relaxation of their constituent holes and electrons. Three main spin relaxation

mechanisms exist for the free carriers in non-magnetic semiconductors: the Elliot-

Yaffet, D'yakonov-Perel, and Bir-Aronov-Pikus mechanisms [10]. The Elliot-Yaffet

mechanism [53] is caused by the mixing of the different spin wavefunctions in the kp

interaction (for carriers with non-zero wavevector). In quantum wells this effect plays

a major role in the spin relaxation of holes and it can induce transitions between the

bright and dark exciton states, that is, Jz = ±1 ^5 Jz = =F2. The D'yakonov-Perel

mechanism [54] relies on the spin splitting of the conduction band in quantum wells lack-

ing a center of inversion symmetry. The asymmetry can come from the crystal structure

in non-centrosymmetric crystals (in which case the spin relaxation is described by the

Dresselhaus field [55]) or an asymmetric structure of a quantum well caused by alloy

variations or external electric field (in which case the relaxation is described by the

Rashba field [56]). The D'yakonov-Perel mechanism is dominant for electrons and also

leads to transitions between the bright and dark exciton states: Jz = ±1 ^ Jz — ±2.

The Bir-Aronov-Pikus mechanism [57] involves the spin flip exchange of electrons and

holes. Due to the increased overlap between electrons and holes in the bound exciton

state, the efficiency of this mechanism is enhanced for excitons. The exchange interac-

tion can be divided into "short-range" and "long-range" parts [58, 59]. The short-range

part couples light and heavy holes, but is suppressed in quantum wells due to their en-

10



ergy splitting.

It has been shown that the dominant mechanism of polariton spin relaxation in mi-

crocavities is the Bir-Aronov-Pikus mechanism [58]. For this reason the dark states

are neglected in this thesis and the spin structure of polaritons can be considered as a

two-level system. The long-range part of the exchange interaction leads to an energy

splitting between excitons having a dipole moment parallel and perpendicular to their

wavevector. The absolute value of this longitudinal-transverse splitting depends on the

polariton in-plane wavevector [60]. In microcavities the longitudinal-transverse split-

ting is greatly amplified due to the coupling with the cavity mode, which demonstrates

an energy splitting in transverse electric (TE) and transverse magnetic (TM) polariza-

tions [61, 62]. The splitting can be calculated using the transfer matrix approach. [62].

The TE-TM splitting turns out to have a rather intricate effect on the reorientation

of polariton spins, which allows interesting polarization sensitive effects to appear even

in the linear regime, where polariton densities are low such that polariton-polariton

interactions are negligible. The intricacy follows from the fact that polaritons traveling

in different directions in the plane experience a rotation of their spins in different di-

rections [63]. This can lead to the generation of spin currents of polaritons [64] as well

as vortex patterns in both the phase and polarization structure of resonantly excited

polariton condensates [65]. These effects are covered in chapters 2 and 3.

Further polarization sensitive phenomena arise when considering non-linear effects in

semiconductor microcavities, arising from the polariton-polariton interactions. Assum-

ing that polaritons can be treated as bosons [5, 66] and recalling that the coherence

11



time of polaritons exceeds their lifetime [50], polariton-polariton interactions can be

modeled in the framework of the mean-field approximation, using the (spin-dependent)

Gross-Pitaevskii equations [37]. Such equations have been widely used for the descrip-

tion of the dynamics of atomic BECs [67, 68, 69]. Mathematically, the GP equation is

equivalent to the nonlinear Schrodinger equation. It describes a variety of intriguing

\ phenomena in nonlinear media, such as vortex formation [70], self-focusing and soliton

propagation [71]. In the context of cavity polaritons the Gross-Pitaevskii equations

were originally used, in a spinless model, to describe the suppression of Rayleigh scat-

tering by impurities [72]. This effect can be attributed to the renormalization of the

dispersion of elementary excitations and an associated supernuid transition in the sys-

tem [37]. The energy shifts associated with the renormalization of states also allows

a bistablity [73, 74, 75] of near-resonantly pumped cavity polariton states, in which

more than one field distribution is possible depending on the history of the system.

The energy shifts also have important consequences for the stability of the parametric

oscillator [73, 74, 76], in which case the non-linear Schrodinger equation is again useful

for calculating the dynamics of field distributions [77, 78].

Further interesting effects in semiconductor microcaviies arise from the interactions

between polariton spins. In addition to the TE-TM splitting, a further mixing of the

linear polarizations appears due to the polariton-polariton interaction, which depends

on the spin orientation [36]. Namely, the interaction of polaritons in triplet configu-

ration (parallel spin projections on the structure growth axis) is different from that of

polaritons in singlet configuration (antiparallel spin projections). The spin-dependent

polariton coupling strongly affects the predicted supernuid properties of the polariton

system [37, 79, 80] and leads to remarkable nonlinear effects in polariton spin relax-

12



ation, such as self-induced Larmor precession and inversion of the linear polarization

during the scattering act [49, 81].• The inversion of polarization during the scattering

act has been shown, experimentally and theoretically, to allow the construction of a

polarization sensitive optical gate [82]. This is the subject of chapter 4, in which theo-

retical results from the solution of the spinor Gross-Pitaevskii equation are compared

to the results from recent experiments.

An appreciation of the polarization degree of freedom of polaritons reveals that the

bistability [73, 74, 75], which appears in the spinless case, is extended to a multista-

bility [83], in~which the polariton fields can have four possible stable configurations

for a suitable pump power and pump detuning from the bare polariton eigenenergy.

The multistability allows for the appearance of polarized domains in real space, since

different regions in space can exist in different states. The different states can have dif-

ferent polarizations, which therefore allows the formation of polarization patterns from

a uniformly polarized excitation. These polarization patterns are covered in chapter 5,

where it is also shown how the switching of domains using additional pulses of optical

excitation allows for the development of a spin memory element. Furthermore the in-

plane propagation of polaritons can allow the spreading of domains in the plane of the

microcavity, providing that a suitable pump intensity is maintained. This spreading

can be controlled along channels by the patterning of the potential experienced by po-

laritons, which allows for the construction of optical circuits in the microcavity plane.

The interaction of spreading domains is polarization sensitive, which allows for logical

gates to be developed, providing a signal-processing mechanism for the optical circuits.

A final method of imposing a splitting of different polarized polariton states, hence

13



creating spin sensitive behaviour, is to apply a magnetic field. Whilst the spin sensi-

tivity is derived simply from the Zeeman splitting of exciton spin states, it is worth

noting that the magnetic field can have (spin independent) effects on the electron-

hole orbital motion. For weak magnetic fields, when the cyclotron energy12 is weaker

than the exciton binding energy, the exciton structure remains close to that of a bound

hydrogen-like electron-hole state. The magnetic field causes only a slight energy shift of

the exciton energy levels (Langevin diamagnetic shift [84]). For excitons with non-zero

in-plane wavevector, their motion through the magnetic field results in an additional

energy shift associated with an apparent electric field in the center of mass frame. Un-

der high magnetic field, the exciton state is determined by the Landau levels in the

magnetic potential, rather than the hydrogen-like levels of the Coloumb potential. In

this regime, the regime of magnetoexcitons, the shape of the exciton dispersion can be

strongly modified [84]. In the case of exciton-polaritons an external magnetic field has

also been shown to enhance the exciton-photon coupling energy [85, 86].

In chapter 6 the Zeeman effect of a magnetic field on a localized, thermalized, polariton

condensate, created by non-resonant excitation, is examined and polarization resolved

emission spectra are calculated. Here it is seen that the polariton-polariton interactions

can cause a quenching of the Zeeman splitting. Furthermore it is shown that the

circular polarization degree of a localized condensate with a finite number of particles

increases as a function of the magnetic field with a step-like behaviour. The width of

each polarization step is fixed by the polariton-polariton interaction constants and the

number of steps is fixed by the number of polaritons in the condensate.

The cyclotron energy is denned as Ec = heB/{^ehc), where B is the magnetic field stength.

: 14



Chapter 2

Excitation of Vortices

The creation and evolution of vortices in atomic Bose-Einstein condensates (BECs) has

attracted much attention [87, 88] since the experimental realization of a dilute atomic

BEC [27] just over a decade ago. It is no coincidence that vortices are at the heart of our

understanding of superfluidity, forming spontaneously in type II superconductors [89]

and superfluids [90, 91]. In atomic BECs vortices can be optically created using light

modes with orbital angular momentum (Laguerre-Gaussian modes [92]) and exploiting

the recent technology of ultraslow light pulses to couple light and matter fields [93].

Vortices written by light fields are stored in the atomic condensate and can later be

re-written back onto light fields.

The high temperature BEC of polaritons in semiconductor microcavities has now been

reported by several groups [32, 33, 34], Experimental evidence for vortices [94] in

polariton condensates and superfluidity [95] is at a very early stage; the superfluidity

in polariton systems has been discussed theoretically [72, 37]. Fortunately, vortices

can be generated in semiconductor microcavities before the superfluid phase transition

is observed. In this chapter it is shown that a unique fine structure of polaritons in

15



microcavities allows for a very simple mechanism of exciting vortices using conventional

circularly polarized light beams having zero orbital angular momentum. Other options

for direct vortex excitation are based on the superposition of multiple coherent beams.

The evolution of vortices is described in the framework of the mean-field approximation.

2.1 TE-TM splitting

It is well known that the transverse electric (TE) and transverse magnetic (TM) normal

modes of a cavity are non-degenerate for finite in-plane wavevectors. Polaritons also

possess a polarization dependent TE-TM energy splitting [61], which can strongly af-

fect the polarization structure of propagating polariton condensates [37]. The value and

sign of the TE-TM splitting is dependent on the detuning between the cavity photon

mode and the central stop band frequencies of the Bragg mirrors in a semiconductor

microcavity, and can be varied in large limits as shown in reference [61]. The in-plane

dispersion of polaritons can be represented by a two oscillator model, which is explained

in Appendix A. The dispersion of polaritbns is plotted in figure 2.1a, along with the

TE-TM splitting1 in figure 2.1b.

Since the TE and TM linear polarized polariton eigenstates oscillate at slightly different

frequencies, and the definition of TE and TM is dependent on the angle of the in-plane
1The TE-TM splitting is modeled phenomenologically by the use of different effective masses, mt and

mi, for TE and TM polarized cavity photons respectively (the splitting of excitons is negligible). This

treatment can be used to fit the dispersion and TE-TM splitting to that measured experimentally [61]. A

more elaborate description of TE-TM splitting is not expected to gain any further insight. Furthermore,

all the effects derived from TE-TM splitting presented in this thesis involve the excitation of polaritons

with the same magnitude of in-plane wavevector, such that the specific dependence of the TE-TM

splitting on the magnitude of the in-plane wavevector cannot generate any effects.
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Figure 2,1: a) The dispersion of photons and excitons (gray) and polaritons (black) for

an exciton-photon coupling energy of 5.1meV. The TE-TM splitting of the photon is

modelled by the different effective masses of TE and TM branches: mt = lCT5me and

mi = 0.95mt where me is the free electron mass, b) The parabolic TE-TM splitting of

the photon causes a TE-TM splitting of the lower (solid) and upper branch (dashed)

polaritons..

wavevector, we might expect some structure when examining the phase of a mixed state

of TE and TM polarizations.

2.2 Linear Model

In this section a simple analytic model is used to show that the TE-TM splitting can

cause an initially circularly polarized polariton distribution to form a phase vortex in

the cross-circular polarization [65], characterized by a phase singularity around which

the phase changes by 4TT. This linear effect is a general property of all planar cavities,

not only those with quantum wells, and could be useful for creating light modes with

angular momentum. A vortex structure also appears in the linear polarization pat-

tern [65].
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Consider a lower polariton state characterized by the in-plane wavevector k rotated

by an angle cfr with respect to the x—axis. A circularly polarized state is a linear

combination of TM and TE eigenstates, given by:

(2.1)

(2.2).

\
-te

where M is the unitary matrix used to transform from the basis of circular polarizations

to that of linear TE and TM polarizations. The evolution of the initial state in the

circular basis is:

>+(*)
= M- l

= e
COS

(2.3)

\
ie2^ sin (

where L>TM
 an(^ UTE are the frequencies of the two eigenstates and r accounts for the

life-time of polaritons. From equation 2.3 we see that the phase of the cross-circularly

polarized component (•;/'_) is angle dependent. So far we have only considered a single

state with wavevector k. To obtain the field distribution from multiple wavevector

states we should take the convolution integral with a pump distribution, f(k,4>,t),

representing the optical excitation of polaritons:
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where 8 is the angle between the radius vector f and the x—axis. For simplicity let us

consider excitation by a delta function pulse f(k, (j),t) = A5(k — kp)8(t). This gives:

\

—2TXAkpe
l

x (2.5)

\
-ie2i8J2(kpr) sin

where Jn denotes the nth order Bessel function of the first kind. The amplitude and

phase of * + and ^_ are plotted in figure 2.2. It shows that the phase of the cross-

b
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Figure 2.2: Plots of the absolute values of \&_|_ (a) and *_ (b) for kp = 435mm 1. Note

that the gray-scales are not the same; the cross-circular component is much weaker

(depending strongly on the value of the TE-TM splitting at kp). c) The phase of ^_

changes by 4n around the origin. The phase of * + is not dependent on the angle of k.

circular component changes by 4?r around the origin. In other words we have found a
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vortex of winding number 2. Note also the role of oscillatory terms in equations 2.3

and 2.5: they describe the beats between the two spin states of polaritons. Initially, all

polaritons lie in the spin-up state and there is no vortex. After a quarter of the period

T = -——— all polaritons lie in the spin-down state and the vortex appears. Another

quarter period later polaritons return to the spin-up state and the vortex disappears.

At the intermediate time t = .j the polaritons are linearly polarized. From equation 2.3

one can deduce that the direction of the linear polariton (which lies in the microcavity

plane) is dependent on the direction of the in-plane wavevector, <fi. Hence if we were

to excite a ring of states in reciprocal space we would obtain a vortex like pattern

in the field distribution as sketched in figure 2.3. Since the real-space distribution

ky

Figure 2.3: The linear polarization vortex. Arrows indicate the direction of the linear

polarization along the circle k = kp after a time t = •<%-—^—y.

(equation 2.5) has an analogous dependence on the direction of the real-space vector,

6, one could also expect vortex patterns to appear in the polarization distribution in

the real-space of the microcavity plane.
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2.3 Non-Linear Model

In this section a numerical model is used to include the effects of polariton-polariton

interactions and the finite extent of any realistic pulse in space and time. The model is

based on the Gross-Pitaevskii equations (see Appendix B), which are a familiar tool for

the treatment of dilute Bose-gases [96, 97, 98]. For a coherent ensemble of polaritons

the set of coupled spinor Gross-Pitaevskii equations is written (in the basis of exciton

and photon fields2):

^ i-^Xi (2-6)

(2.7)

Equations 2.6 and 2.7 are obtained by the mean field treatment, valid at low temper-

atures and densities where the thermal and quantum depletion of the condensate has

only a small effect. The theory also assumes that excitons behave as bosons, which

is relevant for low exciton densities [66, 5].. Xi a n ( i 'Pi ajce wavefunctions representing

the excitonic and photonic components of the upper and lower branch polaritons. The

index i can take the values + or —, representing the two circular polarizations. The op-

erators T x and T* are the kinetic energy operators of uncoupled excitons and photons,

which have parabolic dispersion with effective masses mx and m^:

\

T x = - -
+ dvv 0dyy

2m v ,
X ' 0 dxx+dyy J

(2.8)

2In the appendix the Gross-Pitaevskii equations are derived for a general system of weakly interact-

ing spinor bosons. Here the particles are excitons and they should be coupled to a linear Schrodinger

equation for photons. An equivalent description can be made using the basis of lower and upper branch

polaritons, which is carried out in later sections of this thesis
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dXx + dyy C (dx — idyY

2 m . I , I <2'9):

, (ax + lay) axx + aTO

The energy scale has been chosen such that the energy of the photons is zero at zero

in-plane wavevector and consider the case where there is no detuning between the ex-

citon and photon modes. The parameter £ allows for a (parabolic) TE-TM splitting of

the photonic component in the microcavity (we neglect the much smaller splitting of

the excitonic component [47]).

The coupling between excitons and photons is described by the Rabi splitting of the

cavity, 2V, which is related to the quality factor and the exciton decay rate [13, 99].

The non-linear terms in equation 2.6 describe Coulomb interactions between the exci-

tonic components where a\ describes the strength of scattering between polaritons in

triplet configuration (parallel spins) and «2 describes the strength of scattering between

polaritons in singlet configuration (anti-parallel spins). Non-linearity can also arise in

semiconductor microcavities due to saturation of the light-matter coupling, however

it has been shown that the strength of such non-linearity is more than an order of

magnitude weaker than the exciton-exciton scattering [75]. In equation 2.7 the term

fi(x,t) represents the pumping of the microcavity by an external optical field. For a

coherent Gaussian pump pulse exciting the lower polariton branch at the wavevector

kp and energy Ep at time tp the pump in reciprocal space is:

Mk,t) = Me-^l*- B (2.10)

ELP{k) -Ep-iT

Ai represent the" amplitudes of the two circular polarizations of the pump pulse. Afc

and Ai define the width of the pump in reciprocal space and time, respectively. ELp{k)

is the bare dispersion of the lower polariton branch, which is calculated by finding the
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eigenvalues of the linear Hamiltonian (without interaction terms) in the exciton-photon

basis (Appendix A). The fraction Y/ \ELp(k) - Ep - iY)j.is the linear susceptibility

of a system of Lorentz oscillators where Y is the homogeneous oscillator (HWHM)

linewidth [5]. The susceptibility models the response of the internal cavity field to the

external light. The response is a maximum at the point in reciprocal space where the

pump energy is resonant with the lower polariton branch. In equation 2.7 the pumping

term f(x,t) is the inverse spatial Fourier transform of f(k,t). Finally, rx and T<J,

are the lifetimes of the excitonic and photonic components, which phenomenologically

account for the incoherent scattering with phonons and radiative decay of polaritons

respectively.

Equations 2.6 and 2.7 completely determine the dynamics of interacting polaritons

once initial wavefunctions and pumping terms are defined. In previous work, the po-

lariton dynamics from a linear pulse pump was studied [37] using similar equations,

where cloverleaf patterns of intensity in the cross-circular polarization were shown to

be in good agreement with experimental results [100, 101]. Here we focus on the case

of excitation with a circularly polarized pump pulse (̂ 4+ = 1, A_ — 0) with broad

spread in wavevector tuned slightly (0.35meV) above the bottom of the lower polariton

branch. Although the pump is centered at kp = 0 (normal incidence) it is resonant

with the lower polariton branch along a ring (k = 435mm"1) in reciprocal space with a

radius set by the pump energy. Equations 2.6 and 2.7 were solved numerically (using a

fifth-order Adams-Moulton-Bashforth procedure [102]). The behaviour of the photonic

wavefunctions is plotted figures 2.4 and 2.5; the photonic wavefunctions are directly

accessible experimentally3, whilst the excitonic wavefunctions demonstrate an identical

Because of the weak but still finite transmissiyity of the cavity mirrors, the internal cavity field
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Figure 2.4: Plots of the absolute values of the photonic wavefunction squared, \4>i\2,

at different times for the co-circular (left) and cross-circularly polarized components

(right). The pulse was centered at tp = Ops and had widths: At = lOps and AL =

2/Ak = 10//m (i.e., Ak = 200mm"1). Other parameters: kp = 0, Ep = -4.75meV

(with respect to the exciton energy), V = 5.1meV, F = O.lmeV, £ = 0.025, rx = 50ps,

r^ = 3.3ps, «i = 5 x 10~°meV mm2, a.2 = —O.lai (the same parameters used in [37]),

mx = 0.22me and m^ = 10"5me.

behaviour.

The appearance of expanding rings in the distributions should be expected since we

are exciting a ring in reciprocal space, corresponding to states with non-zero group

velocity. In the cross-circular polarization there is again a phase singularity and vortex

couples directly to the external luminescence [103].
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Figure 2.5: Plots of the phase of the photonic wavefunction, arg((fo), at 7.5ps after the

arrival of the pulse for the co-circular (left) and cross-circular (right) polarizations.

of winding number 2 (in agreement with the analytical linear model). The expanding
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Figure 2.6: (Color) The intensity of the photonic wavefunction, \4>i\2, in the co-circular

(left) and cross-circular (right) polarizations for different values of a\ at 15ps after the

peak of the excitation pulse. We keep the relationship «2 = —O.l

polariton rings are influenced significantly by the polariton-polariton interactions as

shown in figure 2.6 where the cross sections of the wavefunctions along the x-axis for

different values of the scattering parameter, a\, are plotted. In the absence of polariton-

polariton interactions (a\ = 0) a ring is observed in both circular polarizations. As a\

increases the intensity of the wavefunctions increases slightly (formally an increase in

the interaction constants is identical to an increase in the pump amplitude) but as the
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interaction constants increase further the intensity decreases, and the wavefunctions

spread due to the repulsion of polaritons in real space. Also note that as a.\ increases

we observe a central peak in the co-circular distribution instead of a ring. This is due to

the larger (time-dependent) blueshift of the system when a\ is increased, which results

in the resonant excitation of a smaller ring in reciprocal space. In real space one can

also observe the appearance of darker rings within the brighter ring in cross-circular

polarization as a.\ is increased from zero. Such structures seem similar to dark ring

solitons, which are known to appear in the equilibrium scalar Gross-Pitaevskii equa-

tions and similar non-linear Schrodinger equations [104, 105]. The incoherent polariton

scattering, introduced via dissipative terms in equations 2.7 and 2.6, does not affect

the appearance- of the vortices, whilst it does influence the intensity of polarized light

emitted by the cavity.

To examine the linear polarization structure of the polariton fields, when excited in

this way, one can calculate the linear polarization degree:

2 ~ I ^ J / I 2 _ <t>*+4>-+ 4>*-<t>+
Px . = (2.11)

where <px and <fiy represent the cavity photon fields in a basis of linear polarizations, (j)+

and (f>- represent the cavity photon fields in the basis of circular polarizations (used

in equations 2.6 and 2.7). In figure 2.7 the linear polarization degree, px, is plotted,

corresponding to the same fields as shown in figure 2.4. A vortex structure in the linear

polarization distribution can be seen4, which corresponds to the prediction of the linear

model in section 2.2.
4Vortex structures in the linear polarization pattern have now also been predicted in reference [106]

under excitation at normal incidence, although here the pattern formation depends on the influence of

TE-TM splitting on the parametric scattering of polaritons.
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Figure 2.7: Linear polarization degree, px, of the same fields shown in figure 2.4.

2.4 Excitation of Vortex Lattices

Vortices can also be excited in semiconductor microcavities without the use of TE-TM

splitting but by using multiple optical pumps. It is sufficient to excite the system

with three pumps with different wavevectors, which generates a vortex lattice in the

combined optical pumping field (see figure 2.8). If the polarization of all the exciting-

pulses is identical, then phase vortices appear with the phase of the polariton field

changing by ±2TT around each vortex core, that is, the lattice is composed of vortices

and antivortices with winding numbers of +1 and —1 respectively. These are the

simplest topological defects that can be created in a purely circularly polarized field.

In linearly polarized fields it is possible to excite half-vortices, around which the phase

changes only by n but a change in the polarization prevents any discontinuity [107].

For example, half-vortices appear if the three excitation pulses are TE polarized.

If we consider the excitation by a pulse with finite duration then the evolution of the

vortices in the lattice after the pulse has decayed can again be studied using the Gross-

Pitaevskii equation5. In figure 2.9 an attraction between vortices and anti-vortices is
5Since the pump in-plane wavevector is small, a parabolic dispersion of lower polaritons was assumed

(by changing to the polariton basis instead of the exciton-photon basis this allowed simplification of

the problem by ignoring the unexcited upper polaritons), characterized by an effective mass equal to
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Figure 2.8: a) Vortices can be artificially excited using three coherent pumps with

different in-plane wavevectors. b) A lattice of vortices appears in the phase profile of

the pump field in real space. The three pumps have the same energy and absolute

wavevector, however their wavevectors are oriented at 120° to each other. The three

pumps are co-circularly polarized. The lattice is not uniform in intensity since each

pulse is taken as a Gaussian in space (to be experimentally appropriate). Contours

illustrate the intensity profile caused by interference of the pulses. Note that vortices

only appear where the intensity is zero. Parameters: pump in-plane wavevector, kp —

eS.emm"1, Ak = 23.6mm"1 (corresponding to a spot size (FWHM) of = 100/zm.

observed. This attraction between vortices with opposite winding numbers is a linear

effect, not requiring polariton-polariton interactions and leads to the distortion of the

vortex lattice. When vortices and anti-vortices meet they annihilate each other leaving

no defect in the phase profile. Vortices far away from the center of the lattice are the

first to recombine.

The lifetime of vortices in the center of the lattice can be increased by using a larger

vortex lattice containing more vortices (see figure 2.10). Since vortices in the center

of the lattice are the last to recombine they will live longer if there are more vortices

near the edge of the lattice to recombine before them. The size of the vortex lattice

xlO the free electron mass.
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Figure 2.9: Evolution of the vortex lattice after formation by a three-beam circularly

polarized, pulsed excitation. The phase of the polariton field is represented by hue;

the contour lines represent intensity. The times indicated are the times after the pulse

arrival time. Parameters: r = lOOps, ai = 0, At = 5ps, Ep = 0.0165meV (here the

energy scale was chosen to be zero at the bottom of the lower polariton branch and Ep

is resonant with the polariton branch).

is determined by the absolute in-plane wavevector of the pulses and their spot-size.

Figure 2.10 also compares the behaviour of vortices in the linear and non-linear regimes.

Apart from some relative changes in the phase caused by blueshifts of the polariton fields

in the non-linear regime, no major differences were observed between the linear and

non-linear regimes. The vortices are slightly wider spaced in the non-linear regime, but

this is an expected consequence of a global expansion of the whole polariton distribution

caused by the repulsive interactions.
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Figure 2.10: Evolution of vortex lattices in the linear (top row) and non-linear (bottom

row) regimes. The spot-size was chosen to be much larger (FWHM= 500/j.m.) than in

figures 2.8 and 2.9 to create a larger number of vortices and keep the interior of the

lattice more stable.

2.5 Vortices from a Disordered Potential

That the overlap of three waves propagating in different directions is sufficient to gener-

ate vortices in a 2-dimensional coherent field suggests that the scattering of polaritons

with disorder would also create vortices. In microcavities disorder inevitably arises

from alloy and thickness variations in the material structure. It is known that polari-

tons scatter elastically with disorder so as to change the direction of their wavevec-

tor [108, 109, 110]. The disorder can be treated theoretically by the introduction of a

random potential into the Gross-Pitaevskii equation. The disorder can be characterized

by a correlation length and a root mean squared amplitude [111].

Results obtained numerically from the Gross-Pitaevskii equation are shown in fig-
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ure 2.11. They demonstrate that the coherent scattering of polaritons with disorder can

indeed generate vortices and antivortices. A complex time dynamics of the polariton

field is also apparent in which vortices and antivortices can be observed to appear in

pairs, move, and recombine. Whilst it is possible for a vortex to recombine with the

same antivortex that it was initially created with, it can also recombine with a different

antivortex. Only vortices with winding numbers equal to ±1 were observed in these

calculations.

2.6 Summary

Vortices can be artificially generated in coherently pumped condensates by exploiting

the nature of the TE-TM splitting, scattering polaritons with disorder or using multiple

excitation beams. In all these cases the vortices form due to linear effects and do not

require polariton-polariton interactions. These vortices do not require a transition to

a superfluid state of polaritons. Whilst the experimental observation of vortices would

represent the existence of a coherent field that could be associated with a polariton

condensate, their creation and recombination is not necessarily a sign of the Kosterlitz-

Thouless phase transition [112].

In the case of sections 2.2 and 2.3, it should be noted that the process of vortex forma-

tion conserves the total angular momentum of photons. The input photons have a spin

of +1 (they are circularly polarized) and zero orbital angular momentum (the pump

beam is a Gaussian with no phase singularity). The TE-TM splitting causes coupling

to the cross-circular polarization. The photons of the cross-circularly polarized field

have a spin of —1. This change of spin must be balanced somehow to fulfill total an-

gular momentum conservation. Although it has been shown that the spin of photons
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Figure 2.11: Vortices generated from the scattering of polaritons with a disorder po-

tential (circularly polarized excitation). Parameters: r — 20ps, kp — 65.6mm"1,

Afc = 47.1mm"1 (corresponding to a FWHM of 50/um), Ep — -2.54meV (resonant

with the lower polariton branch). The dispersion of polaritons was calculated from a

two-oscillator model (Appendix A) in which the Rabi splitting is 2V = 5.1meV and the

cavity photon effective mass, m^, is xlO~5 the free electron mass. The disorder po-

tential was characterized by a root mean squared amplitude of O.lmeV and correlation

length 5/im.

can be transferred to birefringent waveplates [113], there is no optical anisotropy in the

microcavity under consideration. The spin of photons transferred to the cross-circular

polarization must therefore be converted to their orbital angular momentum, which
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corresponds to the generation of the vortex with winding number 2. Recently, such

a transfer of the spin of photons into orbital angular momentum has been demon-

strated experimentally in inhomogeneous anisotropic media [114] and tightly focused

laser beams [115] in homogeneous isotropic media. However, the spin to orbital angu-

lar momentum transfer predicted in semiconductor microcavities is unique from these

phenomena: it requires neither spatial inhomogeneity or anisotropy; nor does it rely on

the coupling into the longitudinal polarization of light (as in the case of tightly focused

laser beams [115].

The Gross-Pitaevskii equations were used to describe the dynamics of interacting po-

lariton condensates and can be used to study the evolution of vortices. In section 2.3

the appearance of spreading ring-like structures was derived from a single pulsed exci-

tation oriented at normal incidence. Although the theory is identical, these rings are

not the same as those studied in reference [37] in which the system was excited reso-

nantly at the bottom of the lower polariton branch. In this chapter the pump initially

excites a ring in reciprocal space, not a Gaussian, and expanding ring-like structures do

not require non-linearity. The observation of spreading rings from an initial Gaussian

wavepacket requires strong non-linear interactions and has been suggested as a signa-

ture of superfluidity [37].
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Chapter 3

The Optical Spin Hall Effect

The spin Hall effect consists of the generation of an electronic spin current perpen-

dicular to the charge current flow. Thirty-five years after its prediction by Dyakonov

and Perel [116], it is still the focus of experimental and theoretical investigations and

constitutes one of the most remarkable effects of spintronics. Spin Hall effects can

occur due to the spin-dependent scattering of electrons by charged impurities or other

defects [117], or due to spin-orbit effects on the carrier energy dispersion [118, 119].

Owing to scattering and dephasing in electronic gases, it is however difficult to ob-

serve spin Hall effects and they were demonstrated for the first time only a few years

ago [120, 121, 122, 123]. Although it is possible to build spintronic devices using elec-

trons in semiconductors [124], a preferred situation might be the use of neutral particles

as spin carriers, which may overcome the problem of dephasing.

Recently an effect analogous to the electronic spin Hall effect was predicted [63] and

experimentally observed [64] to occur in semiconductor microcavities. Here, the spin

currents are carried by neutral particles, exciton-polaritons, and can propagate over

distances of the order of 100/j,m [64]. The spin separation takes place owing to a com-
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bination of elastic scattering of polaritons by structural disorder and the directional

dependent influence of TE-TM splitting on scattered polaritons. The polaritons are

initially excited by a linearly polarized laser and the orientation of the laser polariza-

tion can be used to control the sign (±) of the spin currents. The effect was called the

optical spin Hall effect (OSHE).

In this chapter the OSHE is explained qualitatively using the model of pseudospin

precession (sec. 3-1). A numerical model of the experiment is presented (sec. 3.2),

which extends the previous work [63] by accounting for multiple polariton scattering to

all orders. The results from the numerical model are comparable with the experimental

results of reference [64].

3.1 Pseudospin Precession

To qualitatively understand the OSHE it is useful to introduce the pseudospin vector,

which is a 3-component vector that fully characterizes the polarization of a given po-

lariton state. The vector is analogous to the Stoke's vector for light and indeed such a

vector can be introduced for any two-level system. For a coherent state the pseudospin

vector lies on the surface of the Poincare sphere and has components given by:

Sx = ip*+ip- + Tpttp+ -Sv = ii/>+il>-- rl>*-il>+

' . , . (3-1)
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where ip+ and V>- represent the two spin components of the polariton wavefunction1 and

the length of the pseudospin vector is So • The pseudospin vector is particularly useful

for keeping track of the polarization when it is influenced by the TE-TM splitting [61] in

the microcavity. This is because the effect of the TE-TM splitting can be represented by

an effective magnetic field, £1, acting on the pseudospin [58]. If we describe a polariton

state with a given wavevector by a two component wavefunction, ty+,i/;-), then the

effect of TE-TM splitting is accounted for by the 2 x 2 Hamiltonian matrix:,

H = T + - | a . n (3.2)

T is the kinetic energy operator, which should reproduce the non-parabolic dispersion

of (lower-branch) polaritons. a is the Pauli matrix vector. The effective magnetic field,

f2, causes the polariton pseudospin vector of the polariton state to precess in analogy

to the way that a real magnetic field causes the electron spin to precess (see figures 3.1

a and b). Indeed the Hamiltonian (equation 3.2) has the same form as the Hamiltonian

describing the spin splitting of the electron conduction band in asymmetric quantum

wells, in which case the effective magnetic field is known as the Rashba field. Spin

precession caused by the Rashba field was predicted to lead to the so-called intrinsic

spin Hall effect [124] of electrons and the OSHE can be thought of in similar terms.

However, the effective magnetic field for polaritons takes a different form than the

Rashba field for electrons. For polaritons the effective magnetic field lies in the plane

of the microcavity and has a unique dependence on the direction of the polariton

wavevector [63], k = (kx,ky):

o ALT(k) (fcg - fcg) o _ ALT(k) 2kxky

1In this chapter only lower-branch polaritons are accounted for since upper branch polaritons are

not excited under the considered conditions.
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defines the LT splitting in meV. Since polaritons travelling in different di-

rections experience different effective magnetic fields, their spins precess in different

directions. Thus if we excite a distribution of polaritons traveling in different direc-

tions that are initially linearly polarized, they will develop different spin polarizations

depending on their direction of travel (see figure 3.1c).

To excite the required initially linearly polarized distribution of polaritons one can

exploit the disorder that occurs naturally in semiconductor microcavities. It is well

known that polaritons can scatter elastically with disorder [108, 109, 110] (the process

is often known as Rayleigh scattering). This means that if we excite polaritons at a

given (finite) wavevector, they can redistribute around an elastic (equal energy) circle

in k-space (see figure 3.2). Without the OSHE these polaritons would remain linearly

polarized, that is, scattering with disorder alone conserves polarization. However, the

OSHE causes the elastic circle in k-space to become spin polarized according to fig-

ure 3.1.

3.2 Multiple Polariton Scattering

In this section a numerical model is used to describe the Rayleigh scattering of polarized

polaritons under the influence of LT-splitting. The results of the model can be compared

to recent experimental results [64]. The model is based on the solution of the (two-

component) Schrodinger equation in the presence of a random disorder potential:

\ / \ / . \

= H dk'. (3.4)

The Hamiltonian has already been defined in equation 3.2. F(k) represents the effect

of disorder and allows polaritons to undergo Rayleigh scattering. To account for the

disorder in the system two potential fields in real space Vc(x) and Vx(x) are introduced
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Figure 3.1: Direction-dependent evolution of the pseudospin vectors, (a) Initially the

pseudospin lies in the x-direction (purple arrow), representing a horizontal linearly po-

larized state. If the effective magnetic field representing the LT splitting lies in the y

direction (orange arrow) then the pseudospin rotates until it is parallel to the z axis

(red arrow); the initial linear polarization becomes a <x+ polarization, (b) If the effec-

tive magnetic field lies in the opposite direction, then the pseudospin is rotated until it

is antiparallel to the z axis (blue arrow) and the state becomes CT_ polarized instead,

(c) Although the effective magnetic field (orange arrows) always lies in the microcav-

ity plane, its direction is dependent on the angle of the wavevector. The evolution of

pseudospins is therefore anisotropic and an initially linearly polarized distribution of

polaritons around an elastic circle in k-space will become spin polarized in different

directions. Red arrows represent a+ polarizations; blue arrows represent CT_ polariza-

tions; purple arrows represent linear polarizations.
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Figure 3.2: Polaritons excited with a finite wavevector scatter elastically with disorder

to form an elastic circle in reciprocal space. This process conserves polarization so that

a linearly polarized laser would create a linearly polarized ring (if not for the influence

of the LT-splitting and the OSHE).

corresponding to the disorder experienced by photons and excitons respectively. Each

field is a random (stochastic) field characterized by root mean squared amplitudes, Ac

and Ax, and Gaussian correlation lengths, ac and ax- The procedure for generating

such potentials was the same as in Ref. [Ill], in which a collection of Gaussian functions

at different points in space are superimposed with random weights (the correlation

length defines the width of the Gaussian functions). V(k) is the sum of the Fourier

transforms of Vc(x) and Vx(x) weighted by the Hopfield coefficient functions (see

Appendix A) for photons and excitons. The disorder given by this weighting is plotted

in figure 3.3 in real space, given by the inverse Fourier transform of V(k). Equation 3.4

can be used to determine the evolution of an initial distribution of polaritons, which is

chosen to represent the distribution of polaritons injected directly by an external laser
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Figure 3.3: The disorder potential experienced by polaritons, V(x), is the inverse

Fourier transform of V(k). The color scale is in meV. Ac = 0.20meV, Ax = 0.14meV,

&C = lfim, ax = lOnm.

pump:
\

= - (k-k p ) 2 L 2 /4 . iT
ELP(k) ~Ep-iT

(3.5)

To avoid calculating the time dynamics of the oscillatory pumping field the energy

scale was redefined (when calculating ELPQL)) SO that Ep=0. In the linear regime

the amplitude of the pump is not important so one can choose (A+,A_) = (1.1)

for an x-linearly polarized pump and (A+,A-) = (1,-1) for a y-linearly polarized

pump. Equation 3.4 can now be solved numerically using a time propagation method

to yield the evolution of the polariton fields in reciprocal space. Note that the polariton

fields are easily obtained in real space using an inverse Fourier transform. In order to

calculate the stationary (but non-equilibrium) distributions of polaritons it is necessary

to perform time averaging when calculating field intensities:

|-̂ ;_j_(i)| e 'Tdt, (3-6)

where r is the polariton lifetime. The circular polarization degree is then defined as:

Pz =
I+ + I-
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Note that this is the same as the average z-component of the pseudospin vector nor-

malized by its average length; pz = (Sz) / (So). Calculation of the circular polarization

degree in k-space gives the results shown in figure 3.4. We can clearly observe the

OSHE expected from the model of pseudospin precession - different circular polariza-

tions develop in different quadrants of the elastic circle. Note that by rotating the

linear polarization of the pump, between TE and TM, the sign of the spin currents can

be inverted. Figure 3.4 also shows that the theory is in good agreement with results

obtained experimentally (reference [64]).
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Figure 3.4: The time averaged total intensity (a) and circular polarization degree (c) in

k-space for the case of excitation with an x-polarized (TM) pump, (b, d) a y-polarized

(TE) pump. Polaritons scatter elastically with disorder to form an elastic circle in

k-space. This process alone conserves polarization, however the influence of the LT-

splitting causes circular polarizations to develop in different directions. Parameters:

kp — 1560mm"1, ALT = 0.05meV, T = 0.2meV, r = lOps, L = 42/im (corresponding

to FWHM= 50/im), Ac = 0.20meV, Ax = 0.14meV, ac = l/^m, ax = 10nm. The

polariton dispersion, ELP(\C), was calculated using a two coupled oscillator model [125],

in which photon and exciton masses were 3 x 10~5 and 0.22 times the free electron mass

respectively. The Rabi splitting was 5.1meV and the photon-exciton detuning was

0.3meV. The theoretical results can be compared to the circular polarization degree

measured experimentally (from far-field imaging), under TE (e) and TM (f) polarized

excitation (these figures were reproduced from [64]).
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The polariton intensity and circular polarization degree were also calculated in real

space in figure 3.5. Here it is observed that there is an associated separation of spin

currents in real space, which is not immediately obvious given the possibility of multi-

ple polariton scattering. Again good agreement between theoretical and experimental

results can be obtained.

Figure 3.5: The time averaged total intensity (a) and circular polarization degree (c) in

real space for the case of excitation with an x-polarized (TM) pump, (b, d) a y-polarized

(TE) pump. The OSHE causes a generation of polariton spin currents that propagate

in different directions in real space, (e) shows the circular polarization degree measured

from a near field imaging experiment (reproduced from [64]) with TM polarized pump.
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3.3 Summary

The optical spin Hall effect allows the generation of spin currents in semiconductor

microcavities from a linearly polarized excitation (which excites an equal population

of the two spin components). The spin currents are carried by electrically neutral

particles, exciton-polaritons, which are furthermore subject to bosonic statistics. This

represents two significant advantages when compared to the electronic spin Hall effect:

there is no fast dephasing (caused by very strong Coulomb repulsion in the electronic

case) and there is the potential for making superfiuid [72, 37, 95] spin currents. Indeed

the spin currents are observed to propagate over distances larger than

Further work is needed to understand the OSHE in the nonlinear (high pump inten-

sity) regime. Also, the description of polaritons in terms of a wavefunction assumes a

perfectly coherent field. A more accurate description of polaritons would involve the

polariton density matrix. The study of the influence of incoherence upon the OSHE is

also a theme of future research.
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Chapter 4

Interference of Polariton

Condensates

The coherent control of quantum dynamics is a key step toward many novel applica-

tions including, for example, the manipulation of photochemical reactions [126], the

measurement of atomic refractive index using Ramsey fringes [127] and the construc-

tion of quantum logic gates [128]. Aside being the signature of the wave-like nature of

matter, interference is a powerful tool for studying the properties of material' systems

such as excitons in quantum wells [129]. With the recent experimental confirmation of

Bose-Einstein condensation (BEC) in semiconductor microcavities [32, 33, 34, 35], the

use of interference of coherent matter states to construct new devices becomes a real

possibility.

In recent experimental work, a degenerate OPO based on a microcavity has been stud-

ied [22]. The cavity was pumped by two continuous wave lasers having the same energy

but opposite in-plane wavevectors. A strong signal appeared in orthogonal directions

on an elastic circle (illustrated in figure 4.1a) in reciprocal space. The signal beams
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were shown to be well correlated in intensity. Furthermore, since in this configuration

signal and pump states have the same energy and significant photonic fraction, much

longer coherence times are expected than in the conventional microcavity OPO [15, 19].

However, the preferential scattering to orthogonal directions is unexpected from classi-

cal arguments of energy-momentum conservation alone1, which are able to qualitatively

explain the angular distribution of scattered polaritons in other two-pump excitation

OPO schemes [21].

Figure 4.1: Illustration of elastic scattering between two polaritons generated reso-

nantly by pumps with equal and opposite wavevector. (a) the polariton dispersion; (b)

the elastic circle in reciprocal space. Instead of being scattered uniformly around the

elastic circle, as indicated by the lightest spots in (b), the theory predicts a preferential

scattering to the wavevectors perpendicular to the pumps.

Indeed, all the scattering trajectories shown in figure 4.1b are equally allowed by

energy-momentum conservation laws and the scattering matrix element can be assumed

wavevector independent to a good accuracy [49, 72, 77, 37]. Rather, the comprehen-

sion of this symmetry breaking of scattered polaritons requires a theory that takes into
lfThe TE-TM splitting was measured to be negligible at the point of excitation on the sample [22].

Therefore the results cannot be related to TE-TM splitting even though this may have seemed a possible
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account the wave-like nature of interacting polaritons. In this chapter such a theory

is presented, which also accounts for the polarization degree of freedom of polaritons.

The theory is based on the Gross-Pitaevskii equations, used previously in chapter 2.

Initial results of the theory were in agreement with the experimental results, serving as

a verification of the theory when applied to other situations. Further theoretical study

revealed that the scattering of polaritons between the two pumps is governed by their

relative polarization, so that a polarization controlled optical gate of a micron size can

be realized. This prediction was later confirmed by new experimental results [82], also

shown in this chapter. -

Typical optical gates rely on material non-linearities to function; changes in the re-

fractive index of a material caused by one light beam can be used to modulate the

intensity of another. However, nonlinear coefficients in materials are generally small

and many designs require high powers to function. In recent years, resonant-enhanced

nonlinear effects in photonic crystals [130] and microring resonators [131, 132, 133] have

been used to increase signal intensities by several orders of magnitude. However, due

to the strength of polariton-polariton scattering, devices based on the non-linearity in

semiconductor microcavities could demonstrate even faster response times and lower

thresholds than existing devices.

4.1 Theoretical Model

As in section 2.3, a coherent ensemble of polaritons is described by two coupled wave-

functions, Xi a n d <f>ii which represent excitons and photons in a microcavity respectively.

However, since in the experiment [22] under consideration, illustrated in figure 4.1, only

linearly polarized excitation and detection are used it is convenient to work in the basis

47



of linear polarizations2; in this chapter the index i — (x,y). Furthermore since no

TE-TM splitting was detected in the experiment the linear Hamiltonians are diagonal

(equations 2.8 and 2.9) allowing the set of coupled Gross-Pitaevskii equations to be

written as [37]:

Xx - Vl

ihlh = -^rXy + v<t)y+ v° d^l2 + fei2) xv- Fl (lxyl3xv + xlxl) - £xy,
X. A

(4.1)

= >v + Vxy + f y ^ ^ + fb>y(s>^

fi(x,t) represents an optical pumping, which for two coherent, counter-propagating,

continuous wave, Gaussian pumps is given by the Fourier integral:

Mx, t) = A, 7 / e-W*_V ^ _ _ I (4.3)

where Ax and Ay define the amplitudes of the two linearly polarized components of

the pump. Ep is the pump energy, kp and — kp are the pump in-plane wavevectors, L

defines the width of each laser spot in real space and T defines the linewidth. E^pik) is

the bare dispersion of the lower polariton branch. The pump energy should be chosen

higher (0.05meV in our calculation) than the energy of the bare lower polariton branch

to compensate for the energy renormalization (blue shift) caused by forward scattering

processes [74, 134]. It is assumed that both pumps have the same energy, amplitude

and phase. The pump wavevector is chosen to be much less than the magic angle for
22However, it should be noted that when considering the speed of numerical calculations the circular

basis is more efficient.

48



single pump optical parametric oscillation.

The new interaction parameters, VQ and V\, are related to those in the circular basis

(used in chapter 2) by VQ = a.\ and V\ = {a.\ - 0:2) /2. Since the form of the non-

linear terms was originally derived from a Hamiltonian written in second quantized

form (see Appendix B), the term |Xx|2Xx in the first equation represents the polariza-

tion conserving interaction between two x-polarized states, that is, this term originates

from a term in the Hamiltonian like '&x^t:
1&xi>x. This process occurs with strength

VQ — V\ = ai+a2 _ N o t e that an interaction between two x-polarized states that con-

verts to the y-polarization is described by the term XyXx, which appears with strength

V\. However, to observe any scattering from the x-polarization into the orthogonal

y-polarization some distribution of polaritons in the y-polarization must exist already

or be excited by other means.

For this reason a Langevin noise [23] term, fb(x,t), has been added to the equations.

This term is taken as a random white noise with no correlation between each point in

space and time. This term models the vacuum quantum noise and the noise due to

Rayleigh scattering. The magnitude of the fluctuations are taken to be much smaller

(xlO~4) than the intensities used. The steady-state (quasi-equilibrium) polariton dis-

tribution under continuous-wave excitation is not dependent on the magnitude of the

fluctuations, provided it is small.

Equations 4.1 and 4.2 completely determine the dynamics of interacting polaritons once

initial wavefunctions and parameters are denned. Theoretical results can be obtained

numerically using an Adams-Bashforth-Moulton method. [102]. The initial wavefunc-
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Figure 4.2: Far field images in the case of co-linear, horizontally (x) polarized pump

beams, a) Experimentally measured horizontally (x) polarized intensity. The CCD

detector is deliberately saturated in order to detect any weak emission along the vertical

axis, b) Theoretically calculated horizontally (x) polarized intensity, obtained from a

time integrated Fourier transform of fa. c) Experimentally measured vertically (y)

polarized intensity, d) Theoretically calculated vertically (y) polarized intensity. The

intensity scale in b) is saturated so that it is the same as the one in d); the maximum

intensity in b) is actually x400 larger than that in d). Parameters used in theory: mx

— 0.22 me, m<p = 10~5 me (me is the free electron mass), Q = 2.55 meV, \kp\= 390

mm"1, Vo = 1 x 10"6 meV mm2, V\ = 0.55V0, r x = lOOps, r0 = 4.7ps, \Ax,Ay =

160meV mm"1, T = 0.2meV, L = 34/jm, Ep = ELP (kp) + 0.05meV. The experimental

figures are reproduced from [82] and details of the experiment can be found therein.

tions are set to zero and the time evolution is calculated over 2000ps, during which the

fields reach a stationary state. In figure 4.2 the results of the theory are compared with

experimental results from [82] obtained at a pump intensity of 40mW, for the case of
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co-linearly polarized pumps. There is strong scattering to the wavevectors perpendic-

ular to the pumps' (accompanied by a change of linear polarization).

This effect is interpreted as an interference effect [82]. For the scattering of a pair of

polaritons from the quantum states i and j into the quantum states m and n there exist

multiple channels. In particular, the polariton i can scatter into the state m or into

the state n, whilst the polariton j scatters into the state n or m, respectively. These

two processes have different amplitudes, in general, which may cause both constructive

and destructive interference. In the particular case of scattering to +90° and —90°

their amplitudes coincide because of the symmetry of the two scattering paths. This

causes constructive interference, which makes the scattering at right angles preferential

for polaritons with identical linear polarizations. The detailed microscopic theory of

polariton-polariton scattering requires accounting for various exchange mechanisms (i.e.

hole, electron and photon exchanges) and is quite complicated. At present, it has only

been constructed for the polarization-less case [135].

Figure 4.3a shows the angular distribution of polaritons around a circle in reciprocal

space with radius equal to the pump wavevector. Even though the scattered fields

develop from the random Langevin noise term they are almost exactly symmetrical.

The results do not have any significant dependence on the particular realization of the

Langevin noise used in calculations. Note that the intensity of x-polarized polaritons

is finite at the signal states, although much weaker than the y-polarized component.

Figure 4.3b shows the time evolution of the intensity at the pump and signal states.

For the parameters used the gate switches on between 1000 and 1500ps after the switch

on of the pumps. By 2000ps the fields have reached a stable configuration. No para-
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Figure 4.3: a) Distribution of the x-polarized intensity (solid curve) and j/-polarized

intensity (dashed curve) after 2000ps around a circle in reciprocal space with radius

equal to the pump wavevector. b) Time evolution of the pump states (upper solid

curves) and signal states (lower dashed curves). Note that both pump and both signal

states are plotted, however due to the symmetry of their evolution the two curves

representing each pump as well as the two curves representing each signal overlap and

cannot be distinguished.

metric oscillations were observed for these parameters. However, other parameters can

in principle allow parametric oscillations.

The distribution of polaritons in the plane of the microcavity obtained numerically is

plotted in figure 4.4. Interference fringes appear in both the x and y polarizations, as

we should expect since their k-space distribution is composed of counter-propagating

waves.

4.2 Polarization Controlled Optical Gates

In the case of cross-linearly polarized pumps the parametric scattering is suppressed in

both theoretical calculations and experimental results (see figure 4.5). In Ref. [82], this

suppression is interpreted as a consequence of the symmetry of the polariton pseudospin
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Figure 4.4: Distribution of the x-polarized intensity (a) and y-polarized intensity (b) in

real space calculated from inverse Fourier transforms of the fields plotted in figures 4.2c

and d.

vector (see figure 4.6). The pseudospin vector is defined in terms of the circularly

polarized wavefunctions in section 3.1. From the wavefunction components written in

the linear basis, the pseudospin components are:

SX = |4»x|2 ^ \<f>y

Sz=i

= C ^ y + <t>l<t>x

5n = (4.4)

They are analogous to the components of the Stokes vector representing the polarization

of classical light.

In the case of co-polarized pumps (figure 4.6), the symmetry of the pseudospin is

already broken allowing preferential directions of the pseudospin to develop from po-

laritons scattered from the two pumps. The inversion of pseudospin upon scattering to

the orthogonal directions corresponds to a change of linear polarization by 90° (from

x to y) and can be considered as a consequence of the difference in sign between

polariton-polariton interaction constants in singlet and triplet configurations as dis-

cussed in [49, 136, 137]. Similar polarization rotations were also observed upon para-

metric scattering in magic angle configuration3 and predicted theoretically in other

Whilst a linearly polarized pump was found to generate an idler in the cross-linear polarization,
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Figure 4.5: Far field images in the case of cross-linearly (x and y) polarized pumps,

a) and c) show the experimentally measured intensity in the x and y polarizations, b)

and d) show the corresponding results from theory. All intensity scales are saturated

to detect any weak scattering. The experimental figures are reproduced from

configurations [142].

the signal was oriented with a polarization at 45° to the pump's [138]. However, the signal was initially

seeded by a circularly polarized pulse so that the results are not directly comparable to the the excitation

scheme considered in this chapter. Nevertheless the results of these experiments were described by a

phenomenological model [139, 140] in which the scattering between polaritons of opposite spins is much

weaker than the scattering between polaritons with parallel spins (allowing for a relatively large value of

Vi). Note that although in other experimental work the scattering between anti-parallel spins appeared

more efficient [141], it was not clear if this was a consequence of the energy splittings between the spin

polarizations, which alter their relative absorption as well as the resonance conditions of any scattering

processes. Finally, in 2006, an experimentally measured 90° rotation of the linear polarization upon

parametric scattering was attributed to a difference in sign of polariton-polariton interaction constants

in triplet (parallel spin) and singlet (anti-parallel) configurations [81].
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Figure 4.6: The variation of the normalized (time-averaged) pseudospin vector,

(Sx/So,Sy/So,Sz/So), around a circle in reciprocal space with radius equal to the

pump wavevector, obtained from the numerical solution of equations 4.1 and 4.2. (a)

Co-polarized pumps; (b) Cross-polarized pumps. The pseudospin is not completely in-

verted at the signal state location; some polaritons appear in the signal direction that

are co-polarized with the pump.

Figure 4.6b) shows that in the case of cross-polarized pumps there can be no pref-

erential direction of the pseudospin of the signal states [82]. From this we could expect

the suppression of scattering to the signal states. It should be stressed that this effect

is not linked to the difference of interaction constants and persists at any value of c*2 •

Noting the sensitivity of the scattering to the relative polarization of the input beams,

one can see that the microcavity behaves as an all-optical XNOR (exclusive-NOR)

logic gate, that is, a binary logic gate that outputs 'true' if its two inputs are the same

and outputs 'false' if its two inputs are different. All-optical XNOR gates are critical

in several applications, including: optical packet address recognition, data compari-

son, optical generation of pseudorandom patterns and encryption. Existing designs of

optical XNOR gates, based on semiconductor micro-ring resonators [143] and semi-

conductor optical amplifiers [144, 145], tend to rely on the linking of more than one
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individual elements or gates. The inclusion of the whole gate in one element, a semi-

conductor microcavity, could allow the construction of optical circuits on smaller length

scales.

As already mentioned, the model ignores the TE-TM splitting of polaritons as it was

not significant in the corresponding experiment. In fact the TE-TM splitting would still

allow exact energy-momentum conservation for the process demonstrated in figure 4.1a,

if accompanied by the rotation of linear polarization that has-been observed. However,

at intermediate scattering angles (not equal to 90°), the TE-TM splitting would lead to

a slight energy-momentum mismatch with the bare eigenenergy of the lower polariton

branch. In this sense the TE-TM splitting would enhance the demonstrated behaviour

as a mechanism for logic gates.

In the experimental work [82] the optical gate required a threshold power of 9mW

(~ lkW/cm2 for the spot-size used). Although the response time obtained numerically

was about 1000-1500ps, this value would be sensitive to the spontaneous scattering

(with disorder and phonons) that provides an initial seed for the non-linear scattering

processes. It is likely that the response time can be improved by altering the disorder

and temperature in the microcavity.

Figure 4.7 shows results obtained for relative orientations of the pump polarizations

intermediate between the co- and cross-polarized cases. For these parameters, it can be

seen that the optical gate is rather tolerant to misalignment of the input linear polar-

izations; the gate still switches on if there is a misalignment in the linear polarization

of TT/10 radians.
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Figure 4.7: Rows show results for angles between the linear polarizations of the pumps

equal to TT/10, 2TT/10, 3TT/10 and 4TT/10 radians, respectively. The polarization of the

right hand pump is kept fixed (in the x—direction), whilst the polarization of the left

hand pump is varied. The left hand plots show the x—polarized intensity; the center

plots show the y—polarized intensity; the right hand plots show the direction of the

pseudospin vectors around a circle in k-space of radius equal to the pump wavevector.

The parameters used were the same as in figure 4.2.
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4.3 Summary

The degenerate polariton parametric scattering between two pumps is strongly influ-

enced by their relative polarization. In the case of co-polarized pumps there is strong

scattering, whilst in the case of cross-polarized pumps there is no such effect. The

observed effect is a manifestation of the interference between coherent polariton fields.

This allows a semiconductor microcavity to function as a polarization controlled solid-

state optical gate, as demonstrated in this chapter. The design offers the advantage

over another recent design of optical gate in microcavities [146] that all states are reso-

nant with the lower polariton branch (the use of resonant excitation allows lower power

requirements).

The two beam scattering scheme studied in this chapter was originally devised to cre-

ate quantum correlated polariton modes. Theoretically the amplitude quadratures of

parametrically scattered polariton fields are strongly correlated [147, 148], however in

the magic angle parametric scattering configuration such correlations are difficult to

measure due to the low photonic fraction of polaritons scattered to the idler state at

high in-plane wavevector [149]. In the degenerate parametric scattering scheme the

signal states can both have a high photonic fraction. However, experiments using this

scheme were still unable to uncover the predicted quantum correlations [103]4 due to

uncorrelated scattering around the ring caused by scattering with disorder or acoustic

phonons [150]. Nevertheless, the high strength of polariton-polariton interactions and

4 Note that although the Monte-Carlo modeling of polariton-polariton scattering presented in refer-

ence [103] enables the study of quantum correlations it was not successful in reproducing the experi-

mental results presented in this chapter; unlike the Gross-Pitaevskii equations the Monte-Carlo method

did not reproduce a preferential scattering to orthogonal wavevectors.
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possibility of polariton squeezing [151] still suggest great promise for polariton quan-

tum optics. In an ideal scheme both pump and signal states should have high photonic

fractions, signal states should have equal energies, and scattering mechanisms that

produce uncorrelated polaritons iri the signal state (particularly from the pump state)

should be suppressed. In figure 4.8 a scheme5 in which the microcavity is excited at

the bottom of the lower polariton branch and the bottom of the upper branch is illus-

trated and demonstrated using the Gross-Pitaevskii equations6. Whilst the mean-field

approximation is insufficient for the study of quantum correlations, it does demonstrate

that the considered scattering scheme is possible, which could allow microcavities to

be applied to quantum information. The extension of the theory could be a topic of

future research.

5This scheme is similar to the reverse of the scattering mechanism studied by [152, 153], however

the presence of the detuning between the exciton and cavity photon modes allows all states involved

to have an experimentally detectable photonic fraction (of at least 0.25).
6In principle the signal states could even be tuned to the biexciton resonance allowing an enhanced

strength of polariton-polariton interactions between polaritons with opposite spins [154]
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Figure 4.8: a) A four-wave mixing scheme in which polaritons are resonantly pumped

at the bottom of the lower and upper polariton branches. According to the Gross-

Pitaevskii equations, signal states develop on the lower polariton branch with a non-

zero in-plane wavevector (b), corresponding to a ring in k-space (c). Note that pump

polaritons cannot directly scatter to the signal states via interactions with phonons or

disorder, suggesting that such a scheme could generate strong quantum correlations in

the signal states.
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Chapter 5

Spin Rings, Optical Memory

Elements &c Polariton Neurons

The ability to control localized states in non-linear optical systems has attracted the at-

tention of scientists for many years due to potential applications in optical storage and

optical processing [155, 156, 157]. The presence of bistability in these systems allows

individual parts of a patterned field to be switched on and off by the application of short

laser pulses [158, 159]. Such control has been experimentally demonstrated in semi-

conductor microresonators, which exhibit small size and fast response times [156, 160].

However, most existing systems require large threshold powers to observe bistability

due to rather weak non-linearity.

Cavity polaritons in semiconductor microcavities constitute a highly non-linear system,

and indeed it has been experimentally demonstrated that a system of cavity polaritons

can exhibit bistability [75, 161]. Here the bistability appears due to a detuning between

a cw pumping field and the bare polariton branch energy1. The forward scattering [74]

Bistability can also occur in micocavities due to saturation of the exciton oscillator strength at very

61



! • J

of polaritons causes a blueshift which brings the polariton energy into resonance with

the pump to cause a sudden increase in the polariton population. Theoretically, bista-

bility is particularly important in the analysis of the optical parametric oscillator, upon

which several recent studies have focused [73, 74, 76].

It was recently shown that the polariton system actually exhibits a multistability rather

than a bistability, when one considers the polarization degree of freedom [83], that is,

under a given set of conditions there can be four stable configurations. We can therefore

expect some unique results when considering the stable configurations of polarized

spatial polariton structures. In this chapter the influence of multistability on localized

polariton states is studied. A simple experiment is proposed that would demonstrate the

existence of the polarization multistability predicted in reference [83], which at present

remains a theoretical concept. It is also shown that, if the polarization multistability
*v

exists, it would allow the construction of a spin memory element suitable for optical

data storage. Furthermore the time evolution of different polarized domains can be

controlled along polariton "neurons", which in principle allow for the construction of

optical circuits. •

5.1 Polarization Multistability &c Spin Rings

The polarization multistability and hysteresis can be understood qualitatively as fol-

lows. Let us consider a quantum microcavity resonantly driven at k = 0 by a continuous

wave laser beam with circular polarization degree:

P — P
tf>v,mP — 1 ± (5 1)

high densities [162, 163]. Evidence that thermal heating can also lead to nonlinearity and bistability

has also been reported [164].
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where P+ and P_ represent the intensities of the a+ and CT_ components of the pump

respectively. The polariton wave function ipa satisfies the driven spinor Gross-Pitaevskii

(GP) equation 2, which is derived for the time dependent case in Appendix B. For

now, we will consider the behaviour of a single driven polariton state in the absence

of LT-splitting or a magnetic field. In the stationary regime, the GP yields a cubic

equation for the dependence of the internal intensities na = \ipcr\2 on the intensities of

the pump [83] (see equation C.5 in Appendix C for a derivation):

2 t2

a\ 'v~a) 4r2 - * < 7 )

where a = ±, r is the polariton lifetime, Ep is the cw pump energy, EQ is the bare

lower polariton energy and «i(2) is the matrix element of polariton-polariton interac-

tions in the triplet (singlet) configuration, respectively. It is worth reminding oneself

that polariton-polariton interactions are strongly anisotropic \(X2\ <S u\ [51, 165, 136].

In equation 5.2 the polariton fields were rescaled so that only the ratio of «2 to a.\ is

significant. If we suppose that «2 = 0, then the behavior of a+ and a- polarizations

become independent and the internal intensity of each component is given by an S-

shaped curve3, as shown in figure 5.1 (a). The S-shaped curve represents a hysteresis

loop, analogous to the magnetization curve of ferromagnetic materials, which is a char-

acteristic, of a system in which the response at a given time depends not only on the

current input but also on its history. The middle branch of the S-shaped curve (dashed

2From now on we will only consider excitation of lower branch polaritons. By working in the

polariton basis instead of the exciton-photon basis this simplifies the problem since upper polaritons

can be neglected. Although the change of basis should introduce a dependence of the interaction

strengths on the in-plane wavevector, this dependence is smooth and can be neglected [23] provided

the polaritons are not distributed over a wide range in reciprocal space.
3The appearance of the bistability requires that the pump energy is tuned above the bare lower

polariton branch energy by ,an amount Ep — Eo > V^H/r [74].
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line in figure 5.1 (a)) turns out not to be stable [74] so the polariton population is always

found to lie on parts of the curve with positive gradient (solid curves). The stability of

different parts of the S-shaped curve is studied in more detail in Appendix C.

„ b

h U

Figure 5.1: (a) The spinor polariton population, na, as a function of pumping intensity,

Pa, for a single polariton state. With increasing intensity, the population, na, jumps

when Pa = Pi to the upper branch of the bistability curve, (b) Gaussian pump profile

showing the o+ polarized intensity (black) and <r_ intensity (grey). When Pa is greater

than Pi (solid part of curves), na lies on the upper branch of its bistability curve,

otherwise (dashed part) it lies on the lower branch, a? — 0.

When an external pump is switched on, na initially lies on the lower branch of its

bistability curve if Pa is less than Pi. As Pa is increased there is a jump in na at the

point Pa = Pi, corresponding to the transition to the upper branch of the bistability

curve. If one then starts to decrease Pa, the transition back to the lower branch of

the bistability curve occurs at the intensity Pa = P?. Crucially, because the a+ and

a- fields can lie on the same or different branches of the bistability curve, the system

can support four stable configurations thus demonstrating multistability. There is an

associated hysteresis not only in the total intensity of the internal field but also in its

circular polarization degree [83].

64



Since the polariton field at different points in space can exist in different stable con-'

figurations it is possible to realize patterns in both the intensity and polarization. For

example, let us consider a cw Gaussian pump, with slightly positive circular polariza-

tion degree, oriented at normal incidence. The dynamics of the system is described by

the driven spinor GP equation:

b<j+Po(?,t)e~iEvtlh, (5.3)

where the a polarized internal cavity polariton field4, ipa, depends on the spatial co-

ordinate, r. The kinetic energy operator EIP represents the dispersion of the lower

polariton branch (the operator depends on the Laplacian operator, V). The pump field

is given by pCT(r, t) = Aae~r IR , where Aa are the peak amplitudes.

To understand the situation qualitatively we first consider the case a?. = 0, 0 < pg"mp <g;

1, and neglect the kinetic energy term, that is, we assume an infinite polariton effective

mass. In this limit there is no spreading of particles in real space and the polarization

dynamics at a given point depends only on the pump intensity at that point. This

allows a simple analytical consideration of the polarization distribution in real space

using equation 5.2. The intensity profile, Pa{r) = \pa(r)\2, of the pump is illustrated

in figure 5.1 (b), where the black and gray curves show P+(r) and P~(r) respectively.

Close to r = 0 the intensity of the pump is large enough such that both n+ and n_ lie

4The polariton field, il)a(r),As related to the exciton and photon fields used in previous chapters by:

^ ( k ) = C(k)4>CT(k) + X(k)xCT(k), where C(k) and X(k) are the Hopfield coefficients (see Appendix A)

and i/v(k) is the Fourier transform of ipa(r)- Since the extent of the polariton fields in reciprocal space,

ipa{k), considered in this chapter are narrow, the variation of the Hopfield coefficients with the in-plane

wavevector, k, can be neglected.
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on the upper branch of their bistability curves. In this case the circular polarization

degree would be small. However, beyond

(5-4)

the intensity of P- is too small for n_ to be on the upper branch. Hence we expect

a region of strong circular polarization, since n + remains on the upper branch. This

region continues until the point

' < 5 5 )

beyond which P+ is also too small for n+ to be on the upper branch and we again

have a low circular polarization degree. In other words we expect a strongly circularly

polarized ring (spin ring [166]) to appear in the spatial emission pattern, starting from

r = TS and finishing at r = rf.

The finite effective mass of polaritons should lead to the spreading of the spin polarized

ring in real space. To accurately account for this effect we can return to equation (5.3)

and solve numerically using a time propagation method. To minimize the number of

parameters in the model let us consider a parabolic dispersion (this is still realistic

since we consider excitation at k = 0) described by an effective mass m. The results

are shown in figure 5.2.

We can clearly see that a ring of circular polarization appears in real space (5.2b) and

there are associated step-like changes in the total intensity (5.2a) caused by changes

of na between upper and lower branches. However, we notice that the size of the ring

has expanded after the initial switch on of the pump (figures 5.2(c-d)). When one

examines the profile of the ring (figure 5.2(e)) after some time, one finds that the ring

66



appears with greater radii than those predicted by equations 5.4 and 5.5. This is also

the case when a.i = 0 (see figure 5.2(f)) although we see that in the case of infinite

polariton effective mass the ring does form where we expect from equations 5.4 and 5.5.

The increase in the ring radii is due to the propagation of polaritons in real space,

which tends to smooth out the density distribution. Although the ring may initially

form as we expect with external radius 77, the propagation of polaritons means that

the region immediately beyond r$ will also switch to the upper branch (for the <r+ com-

ponent) . Once this region has switched the further propagation of polaritons allows the

next region to switch and so the ring expands. However, the radius of the ring cannot

continue to expand forever since eventually we reach the point where P+ = P2. Beyond

this point there is no upper branch for the the n+ field to switch to. Exactly the same

account holds true for the <r_ polarization and the end result is that the ring radii are

shifted to a larger distance. The shifted distance does not depend on the effective mass

of polaritons; changing the effective mass only changes the time required for polaritons

to obtain the shifted radii (for infinite effective mass the time is infinite). The shifted

radii are given by similar equations to equations 5.4 and 5.5 with the difference that

Pi is replaced by Pi. figure 5.2(f) shows that for a-i = 0 the ring appears with radii

given by Pa = P2 in the case of finite effective mass.

Elastic parametric scattering to higher wavevector states was not observed in the nu-

merical calculations [106]. Although such scattering is automatically accounted for by

the Gross-Pitaevskii equations, the parameters are parametrically stable (at least in

the region inside the outer radius of the spin ring), which is checked in Appendix C

using the methods used in references [74, 76].
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Ring like profiles in intensity, resulting from excitation with a Gaussian pulse, have

been observed in non-linear optical systems such as bistable semiconductor resonators

with a fast electronic nonlinearity [160]. In semiconductor microcavities domains of

different intensity were reported experimentally [75], however they were related to a

wedge shaped sample. Polarized patterns, such as spin rings, that form from a uni-

formly polarized excitation have not yet been observed experimentally. They would

offer a clear evidence for the existence of polarization multistability in semiconductor

microcavities. .
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Figure 5.2: Polariton field caused by excitation with a Gaussian pump with pPump = 0.1.

a) the total intensity of the polariton field in a 0.25 x 0.25mm area in real space

at t = 500ps (when quasi-equilibrium is established), b) the corresponding circular

polarization degree, c) the time dependence of the total intensity of a radial slice in

real space, d) time dependence of the circular polarization degree. Parameters used for

a-d: r = 3ps, a 2 /« i = -0 .1 , Ep - ELP(0) = OAmeV, R = 0.17mm, m — 10~4 x me

(me is the free electron mass). The pump is switched on at t = bOps. e) cross section

of the fields (at t = 500ps) showing n+ (solid line) and n_ (dashed line) for the case of

finite (black) and infinite effective mass (grey). Vertical lines show the radii at which

turning points in the S-shaped curves (shown by spots in figure 5.1(b)) occur. These

can be calculated from equation 5.2 or by using a diagram like figure 3 in Ref. [83]. f)

the same as e) but for the case c*2 = 0.
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In realistic microcavities, polaritons are subject to a static disorder potential arising

from cavity width and alloy variations. To check the effect of disorder on polariza-

tion patterns a disorder potential [111] was introduced into equation 5.3. The result

is shown in figure 5.3. Although the disorder distorts spin rings, they should still be

observed in experiments.

1

0.5

0

-0.5

1

Figure 5.3: Total intensity (a) and polarization degree (b) of a spin ring in a 0.25 x

0.25mm area in real space. The parameters used were the same as in figure 5.2 but

including a disorder potential with a Gaussian correlation length of 2fim, and a root

mean squared value of 0.15meV.

It is also straightforward to consider the interaction of two overlapping spin rings using

the Gross-Pitaevskii equations. Figure 5.4 shows the result of overlapping elliptically

polarized Gaussian beams with either identical or opposite circular polarization degrees.

The midway point between the spin rings is strongly circularly polarized if the rings are

co-polarized, yet it is linearly polarized if the rings have opposite circular polarization

degrees.

5.2 Polarization Control of Localized States

For practical applications, such as optical data storage, it is useful to be able to switch

between the stable states in a system [157]. We now consider an experiment that can
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Figure 5.4: Intensity of overlapping identically (a) and oppositely (b) polarized spin

rings in a 0.4 x 0.2mm region in space, (c) and (d) show the corresponding circular

polarization degrees. The parameters used were the same as in figure 5.2 but including

a disorder potential with a Gaussian correlation length of 2fj,m and a root mean squared

value of 0.15meV.

switch between the different stable polarization states using various pulses. A localized

polariton state can be created and maintained using a cw linearly polarized Gaussian

beam with intensities P2 < Pa < Pi- In this case both n+ and n_ lie on the lower

branch of the bistability curve after the pump is switched on (at t = 50ps in our calcu-

lation). The excitation with successive pulses of a+ and cr_ polarizations (at t — 550ps

and t — 1050ps respectively) is considered. These pulses are chosen to be in phase

with the cw pump. They are able to independently switch n+ and n_ to the upper

branch of the bistability curve. One can then apply pulses of <J+ and <r_ polarizations

(at t = 1550ps and t = 2050ps respectively), which are out of phase with the cw pump.

The application of a pulse Pa that is out of phase causes the na component to return

to the lower branch. The full sequence of results is shown in figure 5.5.

In this way the full control of the polarization of a localized Gaussian state using various

switching pulses can be achieved. In our calculations the response time is less than lOps.
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Figure 5.5: Temporal dynamics of the total polariton intensity (a) and circular po-

larization degree (b) in real space for a polarization switching experiment. A linearly

polarized Gaussian pump is turned on at t = 50ps. Pulses arrive at 550ps, 1050ps,

1550ps and 2050ps; with cr+, <r_, a+ and a- polarizations respectively. The first two

pulses are in-phase with the cw pump; the second two are out-of-phase. The other

parameters were identical to those used in figure 5.2.

Note that the threshold power to observe such an effect should be much smaller than

that required in conventional non-linear optical systems [158]; due to the strength of

the exciton-exciton interaction, the threshold power required for observing bistability

in a quantum microcavity is estimated to be 4 orders of magnitude lower

5.3 Polariton Neurons &: Optical Circuits

The spreading of polarized domains evidenced in section 5.1 when considering the ef-

fect of finite polariton effective mass on spin rings represents a mechanism for polarized

signals to be conducted in the plane of a semiconductor microcavity. It is shown in

this section that this spreading can be confined along channels or "neurons" by appro-

priate structuring of the potential experienced by polaritons, within limits achievable

by current nanostructure growth technology. Furthermore due to the interaction of
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polaritons with opposite spins it is possible to realize binary logic gates operating on

the polarization degree of freedom, when channels merge. In principle, multiple gates

can be integrated together to form an optical circuit contained in the plane of a single

semiconductor microcavity.

Consider a semiconductor microcavity that is patterned such that polaritons experience

the potential shown in figure 5.6b. This can be achieved by variation of the cavity

width [167], applying stress [168] or putting metals on the surface of the cavity [34].

The dynamics of polaritons, treated in the mean-field approximation, are described by

the spin dependent Gross-Pitaevskii equation:

+PAr,t)e~iE»t/h, (5.6)

which differs from equation 5.3 only by the added potential term, W(r). Equation 5.6

is solved numerically (with finite effective polariton mass) to model the excitation of

the system in figure 5.6b with a broad, <r+ polarized, Gaussian, cw pump. To exhibit

hysteresis effects (figure 5.6a), it is again assumed that the pump energy is tuned greater

than h\f\2>)/T above the polariton eigenenergy (bare polariton branch energy) in the

region where. W(r) = 0. Due to the larger pump-eigenenergy detuning, hardly any

polaritons are excited in the region outside the channel. The pump power is chosen such

that we are in the bistable regime (vertical grey line in figure 5.6a). The evolution of the

polariton intensity in space is calculated following excitation by a (<x+ polarized) pulse

near one end of the channel. This excitation locally switches the polariton intensity to

the upper branch of the S-shaped curve.
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Figure 5.6: a) Hysteresis of the polariton population driven by a circularly polarized

pump. The vertical grey line indicates a cw pump power at which the system is mul-

tistable. Parameters: Ep — EQ = lmeV, r = 3ps. b) Polariton potential profile, W(r),

in real space.

The results (figure 5.7) show that after the pulse has decayed, successive regions of the

channel switch to the high intensity state. This propagation of the signal continues

around corners in the channel, allowing a way of creating wires for optical circuits in

the microcavity plane. The switching mechanism is analogous to the optical switching

waves observed in bistable semiconductor microresonators with fast electronic nonlin-

earity [160]. Note that polaritons themselves do not move the whole distance from one

end of the channel to the other; rather it is the switching of successive parts of the

channel caused by very short propagation of polaritons that results in a long signal

propagation. In this sense the channel bears a loose analogy to biological neurons.

Since we do not rely on single polaritons traveling the full length of the channels, the

short lifetime of polaritons does not limit the length of signal propagation.

The signal propagation speed is dependent on the mean square group velocity of the

excited polaritons and strongly depends on the intensity of the driving cw field. For

the parameters used in 5.7 it is 1.8 x 106 m/s. The signal propagation speed could be
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Figure 5.7: Spatial polariton intensity profile at different times relative to the pulse

arrival time. The polariton lifetime was r = 3ps and the polariton dispersion was

calculated with a two oscillator model in which the exciton-photon coupling energy

was 3meV and the photon effective mass was xlO~5 the free electron mass. Both the

cw pump and pulse correspond to optical fields at normal incidence, that is, they have

Gaussian distributions in reciprocal space centered at zero in-plane wavevector. The

pumps are tuned lmeV above the bare polariton eigenenergy.

enhanced by driving the system with a finite in-plane wavevector - however this would

introduce a dependence of the signal propagation speed on the neuron in-plane direc-

tion. It is also worth noting that in principle the containment of polaritons in channels

could also be achieved by patterning the driving cw field instead of structuring the

potential. Any method of changing the pattern of the driving cw field would then also

change the network of channels of polaritons created in the microcavity.

To have any use for practical application in the form of a circuit a logic gate must
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be developed and implemented at points where polariton neurons join. It turns out

that by using the polarization degree of freedom of polaritons, the nature of their spin

dependent interactions naturally allows such logic to occur when polariton neurons

join. The join is straightforward to achieve (at least theoretically) by restructuring the

potential experienced by polaritons. The system is again excited by a broad Gaussian

cw pump, which is now elliptically polarized with a bias towards the a+ polarization.

The two input channels are independently excited by either cr+ or <r_ pulses. In Fig. 5.8

the circular polarization degree, pz, is plotted in real space for the case of oppositely

polarized inputs (left column) and the case of two o_ inputs (right column).

When the signals of polariton neurons firing with opposite spin polarization overlap

only the a+ signal continues. This is due to the bias of the cw background field toward

cr+ and a negative value of 0:2- This means that the system behaves as an OR logic

gate from which the output is <r+ polarized if either input is a+ polarized (alternatively

we would have an AND gate if the background cw field had opposite pc).

For the parameters used in the device of figure 5.8 an uncertainty in the arrival time of

pulses of at least lOps is allowed (note that this is 10% of the device operation time).

The uncertainty can be estimated as the difference in arrival time at the junction of

<7+ and CT_ polarized signals when triggered simultaneously. The allowed uncertainty

can be increased by adjusting the relative intensities of the cw 0+ and cr_ components

(to alter the propagation speed of <r+ and a- signals) or by increasing the distance

between the excitation points and the junction.

The power requirements of the cw optical pump would make up the majority of the
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Figure 5.8: Circular polarization degree, pc, in a region where two polariton neurons

merge, at different times relative to the pulse arrival time. In the left column the system

is excited with oppositely circularly polarized pulses; in the right column it is excited

with two CT_ polarized pulses. Q2 = —0.5ai.

power consumption of the device. Note that in Ref. [75], hysteresis was observed in

GaAs based microcavities using a power of 2.8mW. In microcavities with a larger

exciton-exciton interaction strength (e.g., GaN based microcavities suitable for room

temperature operation) lower power requirements could be achieved. Furthermore the

required pump power is sensitive to the polariton lifetime, which can be increased by

using higher Q-factor cavities.
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5.4 Summary

It has been demonstrated theoretically that rings of strong circular polarization (spin

rings) can be realized in semiconductor microcavities by using a spatially inhomoge-

neous but uniformly polarized continuous wave laser excitation [166]. The radius of

these rings agrees with simple analytic calculations. The experimental observation of

the rings would demonstrate the existence of polarization multistability in semicon-

ductor microcavities. Using various pulses, the polarization multistability, allows one

to switch the polarization of a localized polariton state. Such control could form the

basis for an optical data storage device. An array of optical memory elements would be

straightforward to produce by interfering 3 Or more cw pump fields to create a lattice

of localized states (as done for the creation of vortex lattices in chapter 2).

In studying the formation of spin rings it was found that the short range propagation

of polaritons enables the successive switching of neighboring regions in space from the

lower branch of the hysteresis curve to the upper branch (providing the cw intensity

remains at a level for two branches to exist). Such switching can be confined to a

channel or polariton neuron to provide a mechanism of controlled signal propagation in

the microcavity plane. The signal propagation distance can be much longer than the

distance a single polariton can travel before it decays (the distance is limited by the

extent of the background cw field, which must have sufficient intensity at a given point

for a bistability/multistability to exist). By using the polarization degree of freedom

as a basis for coding information, binary logic gates can be constructed simply by the

joining of polariton neurons. This gives us the opportunity to build optical circuits, in

which multiple elements are integrated within a single microcavity structure.
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Chapter 6

Magnetic Field Effects:

Polarization Steps

Like excitons, polaritons have a magnetic moment, which is aligned with their spin

vector. For this reason the energies of polaritons can be modified by a magnetic field

and a Zeeman splitting can appear. This splitting alone is enough to have consequences

for the polarization dependence of a polariton system, however further subtleties arise

when considering the non-linear effects of polariton-polariton interactions. In this chap-

ter the polarization of a localized polariton condensate is considered, when under the

influence of a magnetic field.

In contrast to previous chapters where resonant (or near-resonant) optical excitation of

the system was considered, here it is assumed that the optical excitation has sufficient

energy to generate unbound electron-hole pairs (corresponding to the experimental sit-

uation [32, 33, 34]). The scattering of the electron-hole pairs with acoustic phonons

allows their relaxation into bound exciton-polaritons, however this scattering preserves

neither the spin or coherence of the original optical excitation. It is the interactions
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between polaritons, which allow the condensation of polaritons into a macroscopically

occupied state with well-defined polarization. Due to the spin-anisotropy of polariton-

polariton interactions, the condensate is expected to spontaneously develop a linear-

polarization [36].

An applied magnetic field has a prominent effect on the polarization of a polariton

condensate [79]; there is a competition between the magnetic field that favors a circu-

larly polarized system (due to the Zeeman energy, if the field is oriented perpendicular

to the microcavity plane) and the polariton-polariton interaction that favors a linear

polarization. In weak magnetic fields this competition is resolved in the formation of an

elliptically polarized superfluid and the complete suppression of the Zeeman splitting.

Only when the magnetic field exceeds a critical value does the polarization become

circular and the Zeeman splitting appears.

The formation of localized polariton condensates has been observed, both in ran-

dom [32, 39, 169] and artificially prepared [33] traps. Localized polariton condensates

were also created by resonant optical excitation in a planar microcavity having a sub-

micron scale potential disorder [78] and the possibility of creating polariton condensates

in micropillar rhicrocavities is an area of active research [170].

In this chapter the effects of a magnetic field on such a finite-sized polariton system, or

a "polariton dot", are analyzed [171]. The dot can contain a small number of polari-

tons, N. It is assumed that polaritons behave as ideal bosons and that the temperature

is low enough such that they occupy the same orbital quantum state, i.e., they form

a condensate within the dot. For simplicity, the field effect on the orbital motion of
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elections and holes, which results in Landau quantization, is ignored. This effect has

been considered in detail in reference [84]. It is not sensitive to the spin or polarization

of polaritons, which is the focus of the present work. On the other hand, the Zeeman

effect is fully accounted for. Each polariton can be characterized by a g-iactor given

by the exciton g-factor, renormalized to account for the Hopfield coefficients [99, 66].

Experimentally, the magnetic field effect on the linear optical response of polaritons

has been studied in detail [85, 86], however, no experimental results on polariton BEC

under magnetic field have been reported so far.

6.1 The polariton dot in a magnetic field

The Hamiltonian of the model system is:

, (6.1)

where the energy of non-interacting polaritons at zero magnetic field is taken to be equal

to zero, a = ± is the pseudospin index defined in such a way that N+ is the number

of polaritons with spins parallel to a magnetic field and N- = N — N+ is the number

of polaritons with spins antiparallel to the field. The bare Zeeman splitting is given

by 2fi = gusB where B is the applied magnetic field, g is the polariton g-factor, and

HB is the Bohr magneton. a.\ and 0:2 are the polariton-polariton interaction constants

in triplet (parallel spins) and singlet (anti-parallel spins) configurations, respectively1.

The Hamiltonian (6.1) is already diagonal and the energy levels E = E(N,N+) can be

labeled by two quantum numbers, N and N+. These levels are shown in Fig. 6.1.

xThe constants ct\ and 0.2 are related to the parameters Co and U\ used in reference [79] as a\ = Uo/A

and Q2 = (Uo — 2Ui)/A, where A is the effective area of polariton dot.
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Figure 6.1: Dotted lines show the energy levels for an even (a) and odd (b) number

of particles. The energy levels are labeled by the number JV+. Solid lines show the

ground state. We used the parameters a\ = 4.8meV (assuming the dot has a diameter

of about lOOnm, i.e., the dot is 20 tinies smaller than the one in reference [39]) and

a2 = -O.lai (reference [37, 136]).

It can be seen from figure 6.1 that there are abrupt changes of the ground state of the

system as the field is increased. Each abrupt change corresponds to the reorientation

of one polariton pseudospin, which increases the number N+ by one. For an even

total number of polaritons, the ground state does not change at very low fields and

N+ = N/2. Then at Q = (ai - a2)/2 the state with N+ = {N/2) + 1 obtains a low

enough energy to become the ground state. Next, at f2 = 3(ai — 02)/2, the state with

iV_|_ = (N/2) + 2 becomes the ground state, and so on, until all polaritons align their

spin (N+ = N) at the critical field Bc given by:

= -(N - - a2). (6.2)

A similar behavior appears for an odd number of polaritons, however the values of the

field at which changes occur are shifted by (ai — 02)/2. The critical field, when all

polariton spins are aligned, is still given by equation (6.2).

82



The ground state energy decreases linearly with the field, but each change in JV+ causes

an abrupt increase in the magnetic susceptibility (see figure 6.1). The overall decrease

for Cl < Q,c is close to parabolic for large values of N. For f2 > Q.c the ground state

energy is given by:

N(Nl). . (6.3)

These changes of the ground state lead to steps in the circular polarization degree pc,

which is defined as:

I ^ ^ L (6.4)

Here the brackets indicate averaging over different states of the polariton system. First

we consider the case of a fixed number of polaritons in the dot and assume that po-

laritons are in quasi-thermal equilibrium with an effective temperature, T. In this case

the averaging is performed with a usual Boltzmann distribution, i.e., the probability to

observe the state with energy E(N, N+) is:

p(N+) = Z-1e-E^N'N^kBTl (6.5)

Here Z is the partition function found from the normalization ~^2N p(N+) — 1. The

polarization steps are shown in figure 6.2. Note that the low-field susceptibility is

sensitive to the total number of particles. At low temperatures it is close to zero for an

even number of polaritons, and it is described by the spin-1/2 Brillouin function for an

odd number of polaritons.

There is an interesting analogy between the polarization steps considered in this chap-

ter and the magnetization steps observed in the magnetization curve of II-IV dilute

magnetic semiconductors in high magnetic fields (see, for example, reference [172] and

references therein). The magnetization steps appear due to the change of the ground

83



a Pc N=4 b Pc
.4.2K 1

-20K '

A °-8

*Z& 0•6^
I 0.4

0.8 \ |
0.6
0.4 +
0.2

v-
0.2

N=5
4.2K
20K

Figure 6.2: The dotted black line shows the circular polarization degree, pc, at T = 0

for an even (a) and odd (b) number of polaritons. The solid lines correspond to the

finite temperatures 4.2K (black) and 20K (grey).

state of antiferromagnetic pairs of Mn2+ ions. At small fields the ground state of a

Mn2 +-Mn2 + pair has a total spin 5 = 0 and its projection Sz = 0. The magnetization

steps correspond to the subsequent changes of the ground state to S — 1, Sz = — 1,

then to £•= 2, Sz = —2, etc., with increasing magnetic field, until the fully polarized

state with S = 5, Sz = — 5 becomes the one with the lowest energy. It should be noted,

however, that the Hamiltonian's of these systems are different. In particular, they have

different numbers of eigenstates. There are N + 1 states in the case of a polariton dot,

and (N + 2)(N + 2)/4 states in the case of two N/4 spins.

As in the case of magnetization of antiferromagnetic pairs [173], there are several mech-

anisms of broadening of polarization steps apart from the temperature broadening.

Below we consider two most important ones. Namely, these are the finite polariton

life-time rv and fluctuations of the number of polaritons within the dots. Note that the

finite life-time is not negligible even if H/TP is much less than the polariton-polariton

interaction constants. This is because each step corresponds to the crossing of two

levels with different circular polarizations, and the broadening of polariton levels is

certainly important in the vicinity of the crossing points. The effect of fluctuations of

84



the polariton number is^more interesting. The positions of the steps depend only on

the parity of the number of polaritons N, so that both even and odd steps are expected

to be observed. On the other hand, the amplitude of each step is inversely proportional

to N or N + 1 for an even or odd number of polaritons, respectively. Therefore, fluctu-

ations in TV also produce an additional broadening of the steps as a result of statistical

averaging.

6.2 Photoluminescence in a magnetic field

The presence of polarization steps discussed in the previous section is reflected in the

photoluminescence (PL) spectra of the polariton dot. In a typical PL experiment the

polarization dependence of the energy of photons emitted from the dot is observed.

The energy of the photon depends on the initial state of the polariton system and can

be written as

Hto = ftu0 + AEa, (6.6)

where UIQ is the bare single polariton frequency,

i

AE+(N,N+) = E(N,N+) - E(N -l,N+- 1), (6.7a)

l,N+). _ (6.7b)

The energy differences AEa are shown in figure 6.3. It is seen that there is a pronounced

suppression of the Zeeman splitting of the emission from the ground state for magnetic

fields below the critical field, fic. A noticeable Zeeman splitting remains, however, for

the excited states. Therefore, it is important to analyze the behavior of PL lines at a

finite effective temperature.
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Figure 6.3: Black and grey lines show the energy changes, AE- and AE+, for the

emission of a photon with <r_ and a+ polarization respectively. Solid lines represent

the energy changes from the initial ground state, whilst dashed lines show the possible

energy changes from excited states, (a) An even number of polaritons in the initial

state; (b) an odd number. Each transition is labeled by the initial value of N+.

To calculate the emission spectrum we should introduce a linewidth broadening denned

by F = h/rp. Then, the probability of the system to emit a cr-polarized photon with

energy TWJ = HUJQ + e is:

"'" ^ 2
£ ) 2 + r 2 - ' (6-8)

The PL spectra obtained from equation 6.8 are plotted in figure 6.4.

When Q is an integer multiple of {a.\ — Q!2)/2 and f2 < fic, peaks in the <r+ and cr_

emission overlap, i.e., for special values of the field there is complete suppression of

the Zeeman splitting. From figure 6.3 one can see that at these values of f2 there is a

crossing of the possible &+ and a_ emission energies. Furthermore, at these values of

f2, there are two initial states that are highly occupied with equal probabilities. For

this reason there are two peaks in the emission spectra of figures 6.4c (for both the
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Figure 6.4: PL spectra of a+ emission (solid curves) and <r_ emission (dashed curves)

for an even (left) and odd (right) fixed number of polaritons for different magnetic fields.

To illustrate the screening of the Zeeman splitting, grey curves show the spectra in the

absence of polariton-polariton interactions. The parameters: T = 20K, F — lmeV,

were used.
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a+ and <r_ cases) and 6.4g (for only the a+ case) appearing with equal intensities.

Above the critical field, fi > Oc, the intensity of the <r_ emission decreases as almost

all polaritons are in the a+ state. The splitting between the <r+ and a_ emission peaks

increases above flc as the emission energies separate according to figure 6.3.

6.3 Photoluminescence for a variable number of polari-

tons

In reality the number of polaritons in the dot can fluctuate due to the spontaneous

and stimulated scattering of polaritons into the dot and their radiative escape, so that

one should average the PL spectra over N as well. In general, the statistics should

depend on the excitation conditions. Here it is assumed that the polaritons are at

thermal equilibrium and one can introduce an effective chemical potential, fi, so that

the distribution is given by

K (6.9)

where ZQ is the grand partition function.

An important effect due to fluctuations of N is the change in the parity of the polariton

number. Polarization steps are expected to be observed for fluctuating N as well, but

they should represent a superposition of steps for even and odd N. This way the width

of each step becomes (ct\ — 0,2)/2, i.e., a half of the width of the step for the fixed AT

case. To evidence these "half-steps" one should operate with small dots containing a

low number of polaritons. The PL spectra for a fluctuating number of polaritons are

shown in figures 6.5, 6.6 and 6.7. . The left hand column of plots show the results for the

case T = 20K, which can be compared to the left column of figure 6.4. For some values
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Figure 6.5: u+ (solid curves) and cr_ (dashed curves) PL spectra for a fluctuating

number of polaritons. /j, is chosen so that on average there are 4 polaritons in the dot.

Left column: T = 20K, Right column: T = 40K. Grey curves show the spectra in the

absence of polariton-polariton interactions. T = lmeV.

of magnetic fields faint additional peaks can be observed in figure 6.5 corresponding to

the mixing of states with different numbers of polaritons. The mixing is more obvious
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Figure 6.6: As figure 6.5 but showing the recovery of a screened Zeeman splitting under

high magnetic field.
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Figure 6.7: PL spectra for a fluctuating number of interacting polaritons. ji is chosen

so that on average there are 4 polaritons in the dot. Left column: a+ emission, Right

column: <r_ emission.

for the case T = 40K (see the right hand column of plots in figure 6.5). Note that, in

the case of varying numbers of particles, a+ and <r_ emission spectra still overlap when

f2 is an integer multiple of {ot\ — «2)/2 and D. < Clc. Also, at these values of the field

there are pairs of peaks in the emission spectrum appearing with equal intensities. As

in the case of a fixed number of polaritons, this is caused by two different initial states
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having the same probability of occupation. Note that this is in sharp contrast to what

we would expect if there were no interactions, in which case only single peaks appear

in the spectra (since the emission energy does not depend on the particle number) but

with a large energy splitting and intensity difference between <x+ and <r_ polarizations.

Although there is no well-defined critical field for a fluctuating number of polaritons,

the Zeeman splitting is no longer sufficiently suppressed by polariton-polariton interac-

tions at high magnetic fields (see figure 6.6). Also, at high magnetic fields, the intensity

of the a- emission decreases as almost all polaritons are in the <r+ state. Since the ef-

fect of polariton-polariton interactions is to suppress the Zeeman splitting, the intensity

of a_ emission is stronger than that which we would expect if there were no interactions.

It should be noted that there are a relatively small number of peaks seen in the PL spec-

tra compared to what one could expect to observe due to the large number of possible

transitions that occur in the case of a fluctuating number of polaritons. This happens

because of the small value of the interaction constant CK2 that defines the weak attraction

between polaritons with opposite spins. In the absence of this attraction, the frequency

of a luminescence line in the <r+ spectrum is defined solely by the initial number, JV+,

of spin-up polaritons and this frequency is independent of the total polariton number,

N. Similarly, all transitions with a fixed difference N — N+ contribute to the same

line in the <r_ spectrum. The finite value of a.2 results in a fine structure of each peak.

This fine structure, however, is not seen in figure 6.5 due to strong life-time broadening.

To show this fine structure, the PL spectrum for a much longer polariton life-time is

plotted in figure 6.8. One can see the satellite emission around e « lOmeV. The faint
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peaks group to form each emission line. In particular, the faint peaks in the cr_ spectra

appear due to the transitions from the states (N,N+) = (3,0), (4,1), (5,2), (6,3),

(7,4), etc. These states have probabilities of occupation equal to 0.001, 0.020, 0.068,

0.056, and 0.012 respectively for the case T = 40K. The emission energies which arise

from these states are
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Figure 6.8: a+ (solid curves) and CT_ (dashed curves) PL spectra for a fluctuating

number of polaritons and V = O.lmeV. fj, is chosen so that on average there are 4

polaritons in the dot. a) T = 20K, b) T = 40K.

6.4 Conclusions

To summarize, due to the interactions between polaritons the Zeeman splitting of cir-

cularly polarized states in a magnetic field is suppressed below a critical magnetic field.

The critical magnetic field is governed by the number of polaritons and the difference

between polariton-polariton interaction constants in triplet and singlet configurations.

Below the critical magnetic field, the suppression of Zeeman splitting is accompanied

by step-like increases in the circular polarization degree of a localized polariton con-

densate as the magnetic field is increased. For a fixed number of polaritons the width

of each step is AB = (a\ — O^V^M-B)- The values of the field at which steps ap-

pear depend on the parity of the total polariton number, N, so that the step width is

halved when fluctuations in N are present. The suppression of Zeeman splitting and
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polarization steps can be evidenced in magneto-PL experiments. Such an observation

would be an important proof of the formation of macroscopically occupied polariton

states or polariton condensates. The <x+ and <r_ emission spectra were calculated for

a fluctuating number of polaritons in the condensate at finite temperature, assuming

thermal distributions.
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Chapter 7

Conclusion

Polaritons in semiconductor microcavities represent an interacting many-body system,

which can be excited and experimentally examined through coupling to external op-

tical fields. The majority of recent research activity has focused on the parametric

scattering and Bose-Einstein condensation of polaritons, which leads to applications as

micron-sized optical parametric oscillators and polariton lasers. Whilst these devices

are highly promising in their own right, it does not seem that they represent the full

ability of semiconductor microcavities.

In this thesis effects specific to the polarization degree of freedom have been studied the-

oretically. Even in the absence of polariton-polariton interactions, in the linear regime,

the TE-TM splitting allows unique patterns in the phase and polarization degree of

polariton fields to develop. The excitation of a microcavity with polarized light, in

general results in a mix of TE and TM modes being excited. The fact that these modes

oscillate at different frequencies can result in changes in the polarization, when mea-

sured in the same.basis as the input light. The appearance of vortices under a circularly

polarized pump in the cross-circular polarization represents the conversion of spin to
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orbital angular momentum in a homogeneous isotropic medium (chapter 2). The effect

of TE and TM splitting can be represented as an effective magnetic field operating

on the polariton pseudospin vector (which fully characterizes the polarization). Since

the direction of the effective magnetic field depends on the direction of the in-plane

wavevector, the pseudospins precess in a direction depending on their wavevector. This

allows the generation of propagating spin currents in the microcavity plane via the

optical spin Hall effect (chapter 3).

In the non-linear regime, polariton behaviour was theoretically modeled using the

Gross-Pitaevskii equations. In a situation where polaritons are coherently driven, good

agreement between theoretical and experimental results has been obtained in conjunc-

tion with the demonstration of an all optical polarization-controlled logic gate (chap-

ter 4). The description of the logic gate cannot be made using classical arguments of

energy-momentum alone; the polariton-polariton scattering seems highly sensitive to

the interference of polariton fields. The Gross-Pitaevskii theory can also be used to

describe the polarization multistability that has been predicted to occur in semiconduc-

tor microcavities. The polarization multistability is expected to allow the formation of

polarized domains in the real space of the microcavity plane, which should be exper-

imentally observable in the form of spin rings under a uniformly polarized Gaussian

laser pump (chapter 5). The spin rings can form even in the presence of disorder. The

switching between different stable states allows the realization of optical memory ele-

ments. The in-plane propagation of polaritons allows the expansion of a domain region

once excited. Such expansion can be confined along channels or "polariton neurons",

which can be linked together to form logic gates, suitable for an optical circuit.
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In chapter 6 the behaviour of polariton condensates in a magnetic field has been ex-

amined. The effect of the interplay of polariton-polariton interactions and the Zeeman

splitting on the observable magneto-ph'otoluminescence spectra has been calculated,

assuming a condensate in thermal equilibrium.

Following over fifteen years of intense research, new effects continue to arise in semi-

conductor microcavities. The field is still very much alive with theoretical predictions

such as polarization multistability, superfluidity and polariton quantum correlation cur-

rently under experimental investigation. One can only imagine so far as to where such

discoveries would take us.

The main original results of this thesis can be summarized as follows:

1. The prediction of the occurrence of phase and polarization vortices as a conse-

quence of the TE-TM splitting.

2. The description of the optical spin Hall effect accounting for coherent multiple

polariton scattering to all orders.

3. The prediction of polarization controlled optical gates, which was quickly con-

firmed experimentally.

4. The proposal of optical circuits based on the control of polarized polariton do-

mains.

5. The polarized optical emission specific to a polariton condensate in a magnetic

field.
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Appendix A

Polariton Normal Modes

The unique physics of semiconductor microcavities begins with the strong coupling be-

tween photons and excitons. For excitons with a Bohr radius considerably larger than

the lattice constant, the energy levels of exciton states are given by the solutions to

the Wannier equation, in the low-excitation density regime [5]. In quantum wells the

energy levels of bound exciton states are given by Eu = -—E(-' $ where EQ is the bulk

exciton binding energy and n is a quantum number. Given that EQ = 4.8meV in GaAs

and EQ — lO.OmeV in CdTe, the lowest lying ls-exciton state is separated from the

next level by 17.1meV in GaAs and 35.6meV in CdTe. This energy separation is suffi-

cient, such that in most strongly-coupled1 microcavities it is only necessary to consider

the coupling of the ls-exciton state to light (most experiments use laser optical exci-

tation with narrow linewidths of 0.2 — lmeV). For this reason a simple two-oscillator

model is suitable for the description of polariton states. In analogy to the way in which

two pendulums exhibit new normal modes when they are coupled together, the cou-

1The strong coupling regime regime holds if IV > ̂ - + ~, where V is the exciton-photon coupling

strength and r^ and TX are the cavity photon and exciton lifetimes respectively. The transition between

the weak and strong coupling regimes [163, 174] as well as their coexistence [175] has been studied

experimentally.
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pling of photons and excitons generates new eigenstates, which are the polariton states.

To derive the polariton dispersion in the case of non-interacting polaritons (the bare dis-

persion) we begin by writing the second quantized Hamiltonian density in the exciton-

photon basis [5, 176, 66, 177, 23]:

Ex(k) V

V E^k)

-V[ xT(*0<K*0 + <f>Hk)x(k) ) , (A.I)

where x^(k) and $(k) are the exciton and photon creation operators; x(fc) and </>(k)

are the corresponding annihilation operators, k is the component of the quasiparticle

wavevector in the microcavity plane. It is assumed that excitons and photons only

couple if they have the same in-plane wavevector. In other words, for each wavevector,

we are dealing with the coupling between two states which was studied by Rabi [178]

using an identical Hamiltonian. The model is also analagous to the Jaynes-Cummings

model for an atomic transition coupled to a single cavity mode [179].

Ex(k) and E^k) represent the energy of uncoupled excitons and photons, which depend

on the in-plane wavevector, k. V is a coupling constant between excitons and photons,

which is assumed to be independent [176] of the in-plane wavevector2. Due to the

analogy between the Wannier equation and the Schrodinger equation for the hydrogen
2This is a good approximation for TE polarized modes since the in-plane component of a TE

polarized electric field is independent of the in-plane wavevector. However, the in-plane component of

a TM polarized electric field scales as ~ cos 6 where 9 is the angle of incidence. Since only the in-plane

component of the electric field couples to the dipole moment of heavy-hole excitons in a quantum

well [180], the effective coupling constant also scales as ~ cos 9 for the TM polarized cavity mode.

The difference in the coupling strength of TE and TM polarized modes affects the TE-TM splitting of
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atom, the dispersion of excitons is parabolic [5], described by some effective mass, mx

and a constant A:

To a good approximation, the in-plane dispersion of the cavity photon is also parabolic:

This is a consequence of the confinement by the microcavity3 and results in the unique

dispersion of microcavity polaritons when compared to polaritons in semiconductors

without light confinement. Choosing an energy scale with origin at the bottom of the

photon branch, A represents a detuning between the exciton and photon modes that

is present in the design of many microcavities.

A pure eigenstate of the system is defined by:

H(k) = E(k)ft(k)ip(k), (A.4)

where ffl(k) and ̂ (k) are the creation and annihilation operators corresponding to a

pure (polariton) state. These operators are related to the exciton and photon operators

polariton modes. In chapters where the TE-TM splitting is important it is modeled phenomenologically

to match that measured in experiments [61]. The results presented in this thesis do not depend on the

mechanism that provides TE-TM splitting, or its exact dependence on k. No further insight is expected

from a more detailed account of TE-TM splitting or by including the dependence of V on k.

3If the total wavevector is fco then the cavity photon dispersion is E = ^ fco- Let kz be the component

of fco perpendicular to the cavity. For high reflectivity mirrors the longitudinal photon modes of the

microcavity are quantized. The narrow-linewidth laser excites only a single longitudinal mode, which

has wavevector kz^> k since the length of the microcavity is relatively small. This allows us to Taylor

expand ko = y/k'i + k? = kzy/1 + (k/kz) ~ kz + £r- revealing the parabolic dispersion. We define our

energy scale such that ~^- = 0.
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by coefficients A(k) and B(k): . ,

^(fc) = A(k)x(k) + B(k)4>(k) (A.5)

which satisfy the condition:

A2(k) + B2(k) = l. (A.6)

The eigenstates are superpositions of the photon and exciton states. If the system is

prepared in a photonic state, then over time there will be a Rabi oscillation between

photon and exciton states. This gives rise to a commonly quoted picture of a polariton

as the sequence of processes in which a photon is absorbed to create an exciton, which

then decays back into a photon, which is then reabsorbed, and so on.

It is assumed that exciton, photon and polariton operators obey bose commutation

relations (whilst exact for photons, this is an approximation for excitons and polaritons,

which is valid in the low density limit [5, 125]):

i. . (A.7)

All other commutators are zero. We now evaluate the commutator [i/j(k),H(k)] once

using equation A.I and once using equation A.4 (dropping the k dependence to make
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the equations more compact):

, H] = $Eftx(> - Eftipip = Exj) = E (Ax + B$] (A.8)

H] = (Ax + Bj>) (Extfx + E^4> + V (xf0

V (x^ + fix)) (AX

= AEX

= AExX + BE^ + V(BX + A$) (A.9)

Comparison of the coefficients of x a n d 4> in equations A.8 and A.9 yields:

AE - AEX - BV = 0 (A. 10)

BE-AV- BE^ = 0 • (A.ll)

The solutions to these equations give the eigenenergies of two eigenstates of the system:

v 2 )

The two eigenstates are known as the upper and lower polariton states denoted with

creation operators ^up(k) and V>z,p(fc) respectively, which have energies Eup(k) and

ELp(k) given by the plus and minus signs in equation A.12. A general state of the

system is a superposition of the two polariton eigenstates and in the polariton basis

the Hamiltonian takes the diagonal form:

ELP{k) 0 ' '
(A.13)

0 Eup(k) j \ i>up(k) ,

The coefficients A(k) and B(k) can be written in terms of the polariton branch energies
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using equation A.10 or A.11 together with the normalization condition (equation A.6):

A(k) = V (A.14)
y/(E(k)-Ex(k))* + V*

B(k) = V

Note that the coefficients A(k) and B(k) are different for the lower and upper branch

(E(k), given by equation A.12, depends on whether a plus or minus sign is used). It is

common to define the Hopfleld coefficients [5, 125], X(k) and C(k), as A(k) and B(k)

evaluated with the lower polariton branch dispersion, respectively:

X =- , V (A.16)
y/{ELP-Exr + V

r= v (A.17)

Then, the polariton operators are given by:

j>Lp(k) =x(k)x +

iup(k) =C(k)x -

Note that, like A(k) and B(k), the Hopfield coefficients satisfy the condition:
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Appendix B

Spinor Gross-Pitaevskii Equation

The Gross-Pitaevskii (GP) equation describes the behaviour of weakly-interacting bosons

and is a fundamental equation in the many-body physics of atomic Bose-Einstein con-

densates [68, 69]. It describes a variety of intriguing phenomena in nonlinear media,

such as vortex formation [70], self-focusing and soliton propagation [71]. Strictly speak-

ing, the equation is only valid at T = 0 since all particles are assumed to be condensed

in the same state. The scalar version of the GP equation was originally derived inde-

pendently by Gross [96] [97] and Piteavskii [98] in 1961.

In this appendix the spinor GP equation for a system of bosons, which are constrained

to have one of two spin projections (±), is derived. This situation corresponds directly

to a system of excitons in quantum wells that can couple to light, or polaritons. The

derivation consists of writing down Heisenberg's equation, applying the Bose commu-

tation rules to the field operators and then making the mean-field approximation. Note

that an alternative derivation is possible using a variational approach in which the free

energy of the system [67] is minimized by the condensate wavefunction.
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We begin by separating the Hamiltonian for a system of bosons into a linear and
t

nonlinear (interacting) part:

H = Ho + Hint- (B.I)

Ho is the linear part of the Hamiltonian, which can be written in the framework of
J

second quantization as:

(B.2)

Here i and j are spin indices that can take the values ±. ^\(x) and $i(a:) represent

the creation and annihilation of a particle with spin i at the point x, respectively. The

matrix operator Tjj represents the kinetic energy and potential energy of the particles.

In general the linear eigenenergies of the two spin components can be split (for example

by a magnetic field) or mixed (for example by a longitudinal-transverse splitting), which

is why we have written the kinetic operator as matrix.

The interaction part of the Hamiltonian is:

a2 [&+(x)*UZ)*+(x)*-(x)<®- (B-3)

This Hamiltonian represents two-body scattering processes in which spin is conserved.

In general, the strength of interaction between parallel spins (triplet configuration) and

antiparallel spins (singlet configuration) can be different, which is why we should in-

troduce two constants of interaction, a\ and a.2- In general the interaction constants

depend on the transferred momentum, q, in the scattering event. For quantum well

excitons however, for q <C j ^ - such variation is expected to be small1 [51, 149], where

1The neglect of a dependence of the interaction strength on the transferred momentum is equivalent

to the zero-range interaction approximation [181]
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\2D is the two-dimensional exciton Bohr radius (as 5.8nm in GaAs quantum wells).

Furthermore, since the distributions of polaritons considered in this thesis usually have

the same magnitude of in-plane wavevector, the specific dependence of cx\ and a2 on

the in-plane wavevector is not expected to change the results. In general the interaction

constants can be complex, corresponding to excitation induced dephasing, however it

has been shown that excitation induced dephasing is negligible for excitations below

the bare exciton energy level [182] and the imaginary parts of both a.\ and a2 are small

for lower branch polaritons, provided their in-plane wavevector is not too large [137].

Typically one has a i > \a2\ [51, 81, 183] and a2 < 0 [137, 37, 81] for lower branch

polaritons in semiconductor microcavities. This represents a repulsion between excitons

with parallel spins, which is caused mostly by the exchange interaction [51]. For excitons

with antiparallel spins, the exchange interaction leads to transitions between polaritons

and the dark exciton states (with projections of total angular momentum on the growth

axis equal to ±2). However due to the large energy difference of such scattering,

the exchange interaction of antiparallel spins is suppressed [184]. The interaction of

antiparallel spins is thus dominated by the attractive Coulomb force, which allows the

formation of bound (bipolariton) states at certain energies [185, 154].

The evolution of the field operators is given by Heisenberg's equation:

),H0] + [*±(x'),Hint] . (B.4)
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We recall that the bose field operators satisfy the bose commutation rules:

= 0 (B.5)

Concerning the linear part of the Hamiltonian we obtain:

' m . _ ^>UT)T 1^1, (r)^i(r')dr
J

f / ~ -~+ \ - ^
J \ 3 JJ

(B.6)

The non-linear (interaction) Hamiltonian gives:

-a2 &+(

*+(f )H int

* ( f

/ *!(.(f)

*+(f) /'

/ *l(x)*+(x)*_(x)5(x' - x)dx

$ ) + a2*L(f )*+(f )*-(x/). (B.7)
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Similarly, for the other component:

(f)*_(f )*+(f). (B.8)

Following Bogoliubov [186]- we construct the Bose field operator in terms of a mean

field term tpi(x') — (*£>i(x')\ and a fluctuation operator ^(a; ' ) :

* i(x ') = Vi(^) + *i(5'). > (B.9)

The mean field term can be considered as the order parameter of the system. In

the mean field approximation the fluctuation term is neglected and the Heisenberg

equations reduce to the GP equations:

where the spatial dependence of the fields has been removed from the notation for com-

pactness. Neglecting fluctuation terms corresponds to neglecting any non-condensed

particles in the systems. Although the GP equation is mathematically equivalent to

the non-linear Schrodinger equation, it should be noted that the Schrodinger equa-

tion is an exact equation for the coherent wave function, whilst the GP equation is

an approximate equation for the condensate order parameter [187]. The condensate

order parameter can be considered as the wavefunction describing the condensed frac-

tion of particles in the system. For microcavity polaritons the description in terms of

the Gross-Pitaevskii equations is relevant for a coherent distribution of polaritons that

could be formed directly from a coherent optical excitation of through spontaneous

Bose condensation [188].

To describe the behaviour of interacting polaritons in semiconductor microcavities

the GP equation as written in equation B.10 is insufficient since it describes the behav-

iour of an equilibrium system; in semiconductor microcavities polaritons are typically
>
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excited by a coherent external optical field and they can decay by escape of photons

through the Bragg mirrors or exciton recombination. Following reference [72] we intro-

duce the effect of a driving laser field by an additional term in the Hamiltonian (which

should be added to equation B.I):

The functions f+(x,t) and /_(a?,t) determine the distributions in space and time at

which particles are created with spins up and down respectively. For a semiconductor

microcavity they should be proportional to the left and right circularly polarized clas-

sical laser fields and the susceptibility of the microcavity. The addition of this term

in Heisenberg's equation results in an additional driving term in the GP equations. A

term corresponding to particle decay can also be inserted phenomenologically, following

references. [72, 75, 189, 190]:

Here r is the particle lifetime. This description of the cavity losses is equivalent to the

quasi-mode coupling considered in reference [23] in which the microcavity modes are

coupled to a continuum of external radiation modes. This description is valid for high

reflectivity mirrors [23].
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Appendix C

Stability of driven polariton

modes

This appendix contains a linear stability analysis of the S-shaped hysteresis curve in

chapter 5. Using the same methods as in reference [74, 76], it is shown that the middle

branch of the hysteresis curve is unstable. Furthermore, it is shown that the parametric

scattering of polaritons to higher wavevectors from a monochromatic pump oriented

at normal incidence is supported at some points on the lower branch of the hysteresis

curve. However, such parametric scattering is not supported when the polariton pop-

ulation lies on the upper branch, for the parameters used in chapter 5.

The excitation of a single driven mode in reciprocal space is described by the Gross-

Pitaevskii equation (equation B.12):

^ = (ELP(k) -
\ 2

at

where pa — pafi = e1^^ represents an optical pumping with energy Ep and the fields

were re-scaled such that only the ratio of ct2 and a.\ is important. Although equation C.I
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applies equally well to any single driven mode in the microcavity, we implicitly have

the k — 0 mode in mind (the mode driven by an optical field at normal incidence).

Coupling between modes is neglected since we are interested in the direct non-linear

response of the considered mode to the optical field. The stationary solution is given

by:

i>* = \ip*,o\e-iEPt/h. (C.2)

Substituting this form of the fields into equation C.I removes the time dependence of

the problem:

( ^ l ^ l 2 ) ip+P (C.3)

EQ is the bare lower polariton branch energy (implicitly at k = 0). Rearranging and

multiplying each side by its complex conjugate:

(C.4)

(C.5)

where Pa = |pCT,o|2 and na — |Vv,o|2 are the pump and polariton intensities in the a

polarization respectively.

For simplicity let us consider the scalar case in which the fields are purely spin

polarized (the spinor case has been considered in Ref. [191]). The relationship between

the polariton population, n, and pump intensity, p, is plotted in figure C.la. The

stability of any state on this curve is determined by considering the spectrum of small

excitations with energy, E, and in-plane wavevector, k, of the form [74]:

^ = e-iEpt/h (\fo\-\. ue-i(kx-Et/h) + V*ei(kx-E*t/

Note that since the pump has zero in-plane wavevector the wavevectors of the exci-

tations are necessarily equal and opposite. Substituting the trial solution into equa-
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tion C.I and keeping terms up to first order in u and v gives:

\2U + IP%V = 0 (C.7)

ELP(k) -Ep-E*-^v* + 2|T/>0| V + Vo«* = 0 (C8)

These coupled equations yield the eigenvalue problem:

V J

= 0 (C.9)

The eigenvalue, E, is given by the condition that the determinant of the first matrix

on the left vanishes. This gives:

E = ~ ± yJ(ELP(k) -Ep + 2|p|2)2 - |P|4 • (CIO)

If the energy, E, has a negative imaginary component then the state is unstable: in

such a case the solution given by equation C.6 grows exponentially with time. The

real and imaginary parts of E given by equation C.10 are plotted in figures C.lb-g

for the polariton intensities indicated in figure C.la. In the case of very low polariton

populations (figure C.lb), the hysteresis curve is stable. At k = 0 the eigenenergy,

E, corresponds to the difference between the pump energy Ep and bare lower polari-

ton branch energy, ELP(0). Thus the fluctuations represent excitation of polaritons

at the bare lower polariton branch (as well as the parametric scattering to the energy

Ep + Ep — ELP(0)). However these fluctuations are damped out due to apositive imagr

inary component of E. At larger polariton populations (figure C.lc), still on the lower

branch of the hysteresis curve, a fluctuation in the k = 0 state is stable. However, there

is a parametric instability appearing for fluctuations with higher wavevectors given by

the negative imaginary parts of E. This corresponds to scattering of polaritons from
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the pump to higher wavevector states. Note that for wavevectors at which E has a

negative imaginary part, the real part of E is always zero. This means that the states

to which parametric scattering occurs have the same energy as the pump, which we

should expect from energy conservation requirements.

For polariton populations, on the middle branch (figures C.ld,e) of the hysteresis curve,

the system is unstable to a k = 0 fluctuation. It is not possible for the system to

remain in a state on the middle branch since the polariton field should grow expo-

nentially. At higher polariton populations (figures C.lf,g), on the upper branch of the

hysteresis curve, the system is always stable to the k = 0 fluctuation as well as other

finite wavevector fluctuations. In this region there is also a continuous increase in the

blueshift of the re-normalized states as the pump intensity is raised further. The range

of fluctuation wavevectors for which the k = 0 mode of given intensity is stable or

unstable is shown in figure C.lh.

The Gross-Pitaevskii equations used in chapter 5 account for all parametric scattering

processes, whether they are stable or parametrically unstable. Hence, from the results

in chapter 5 one can conclude that parametric scattering processes do not prevent

spin ring formation. Indeed, as shown in this appendix, the parametric scattering is

suppressed once the field at k — 0 has jumped to the upper branch of the hysteresis

curve; it is only possible for parametric scattering to occur in the region just outside

the spin ring, where the intensity is low.
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Figure C.I: a) Dependence of the polariton population of a single driven state on the

pump power. The solid part of the curve indicates the stable regions; the dashed part

indicates unstable regions. For each of the coloured points, the real (solid curves)

and imaginary (dashed curves) parts of the eigenenergy, E, are plotted in (b-g). h)

The stable (dark grey) and unstable (light grey) regions depend on both the polariton

population and in-plane wavevector.
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