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Chapter 1

Introduction

We first look at Puchsian groups. To understand what these are we look
at hyperbolic geometry. One model of the hyperbolic plane is the upper
half-plane model. The underlying.space of this model is
H = {z £ C I Im(z) > 0}

The group of conformal automorphisms of the upper half-plane is iso-
morphic to
PSL(2,R)=SL(2,R)/{±7}
where

SL(2,R)= { ( a b
d]\a,b,c,deR,ad-bc =

The isomorphism is obtained by letting A e SL(2,R) act as a Mobius trans-
formation

az+b
cz+d'

A Fuchsian group is a discrete subgroup of PSL(2,R).

To begin with we study the modular group and its subgroups, particu-
larly concentrating on congruence subgroups of low index. We then extend
this work to some Hecke groups in chapter 5.

The modular group is PSL(2,Z). It is isomorphic to the triangle group
(0; 2, 3, oo) which has a presentation
{x, y, z | x2 — y3 = xyz = l}.The quotient space H / PSL(2,Z) is referred
to as a modular triangle.
The problem which we concentrated on was finding all the subgroups of low
index (< 10) in the modular group and determining which were congruence
subgroups.
Any subgroup G of PSL(2,Z) containing a principal congruence subgroup
F(JV) is called a congruence subgroup. This is when a principal congruence



subgroup is defined as

The least N such that G > T(N) is called the level of G.
This idea is generalised to Hecke groups in chapter 5, where we show that
H5 contains non-congruence subgroups.

With the idea of cusp widths we can generalise the concept of level as
below.

Definition A A cusp is a fixed point of a parabolic element.

Definition B The cusp width of a particular cusp (i.e. a point at oo) in
the quotient space H / Fi (where Fi is an arbitrary modular subgroup) is
the number of modular triangles within the quotient space that touches the
cusp.

Definition C Let Fi be an arbitrary subgroup of finite index of the mod-
ular group. The geometric level of Fi can be denned to be the l.c.m. of the
cusp widths of the quotient of the upper half-plane by Fi.

Wohlfahrt brought these two definitions together by proving the follow-
ing theorem.

Theorem(Wohlfahrt) Let N be the geometric level of a modular sub-
group Fi. Then Fi is a congruence subgroup if and only if it contains T(N).

We also study the dessin d'enfants of the coset permutation representa-
tions of these subgroups of the modular group. These pictorially show the
permutation of the cosets. Conjugate subgroups give isomorphic dessins so
non-isomorphic dessins give non-conjugate subgroups. Dessins with differ-
ent structures therefore show the quotient groups of our Hecke group by
different non-conjugate noh-isomorphic subgroups.

We then look at Hecke groups. We know that the modular group is
discrete and is generated by R(z) = z + 1 and S = =£-. Hecke extended
this by going on to look at when groups generated by R\{z) = z + X and
Si(z) = =Y are discrete.
He found in a paper published in 1936 [3] that they were discrete if and only
if
(i) A = 2cos^ for some integer q > 3, or
(ii) A > 2.
In the first case we find that Si2 = {SiR\)q — 1. We denote this group
by Hq and it is isomorphic to the free product C2 * Cq. H3 is the modular



group. ' .
In this thesis we concentrated on H5. We once again looked at the subgroups
of low index. During our studies we used two main methods. These being:
(i) The permutation method
(ii) Arithmetic methods
The description of these techniques follows in chapters four and five.

The main result is in chapter six where we find a non-congruence sub-
group of finite index in H5. We do this by extending work done in the
modular group.

In the modular group we can use three lemmas to show that there ex-
ists a normal subgroup N of the modular group F which is of finite index
and contains none of the principal congruence subgroups T(N). The three
lemmas are listed below:

Lemma One Let Zjv be the ring of integers mod N, and let PSL(2, Zj\r)
be the group of Mobius transformations with a,b,c,d 6 Zjv- Then the
quotient group T/T(N) of the iVth principal congruence subgroup in the
modular group is isomorphic with PSL(2,

Lemma Two The only nonabelian quotient groups that can appear in a
composition series of PSL(2,ZN) are the groups P5L(2,ZP), where p is a
prime number.[This implies p > 5, in which case PSL(2,Zp) is simple.]

Lemma Three The alternating group An on 11 symbols is a quotient
group of the modular group, and An is not isomorphic with any group
PSL(2,ZP) = T/T(p).

We go on to extend this proof into H5 and from this process we prove
our main result which is as follows.

Main Result There is a non-congruence subgroup of index 11 in H5.

In the appendix we look at subgroups of low index in H5 and their
corresponding transitive permutation representations. In doing so we find
epimorphisms from H5 onto An which are of great interest in our work.



Chapter 2

Hyperbolic geometry and
Fuchsian groups

The results in this chapter can be seen in chapters 4 and 5, Jones and
Singerman, Complex functions [9].

2.1 Hyperbolic geometry

2.1.1 Models of the hyperbolic plane

By a model, we mean a choice of underlying space, together with a choice
of how to represent basic geometric objects, such as points and lines, in this
underlying space.

2.1.2 The upper half-plane model

The underlying space of this model is the upper-half plane in the complex
plane, denned to be

I = { z 6 C\Im{z) > 0}

We use the usual notion of point and of angle that H inherits from C and
we define hyperbolic lines to be the intersection of H with a Euclidean line
in C perpendicular to the real axis or the intersection of H with a Euclidean
circle centred on the real axis.

The metric ds of hyperbolic geometry is defined on ̂  and is given by
the formula

, 2 \dz\2

as = — x - w i th z — x + yi
2T

We also have t h e formula
dxdy

dA = .
y2

for infinitesimal hyperbolic area.



2.2 The group of automorphisms of the upper half
plane

Let SL(2,R) be the group

SL{2, R) = { ( a
c
 b

d J \a,b,c,deR,ad-bc = l}

Dividing this by its centre {±/} we get the group

PSL{2,R) = SL{2,R)/{±I} ,

PSL(2,IR) is the group of automorphisms of the upper half-plane. It acts on
the upper half-plane as the transformations

They are orientation preserving hyperbolic isometries.

Theorem 1 (i) PSL(2, K) is transitive on <2f.
(ii) PSL(2,R) is doubly transitive on R U {oo}.

Proof (i) Let ai + b e <fr, so that a > 0. Then if T(z) = az + b, T G
PSL(2,R) and.T(i) = ai + b. Thus the orbit of i under the action of
PSL(2,R) is <% and so PSL(2,R) is transitive on ty.
(ii) If a, b G R, a > b then if S(z) ~ jf^|, 5 e PSL(2, R) maps the ordered

pair (a,b) to (0,po). Also z —» ~ maps (0, co) to (oo,0) and z —+ z + b
maps (0, oo) to (b, oo). It follows that the orbit of (0, oo) under the action
of PSL(2, R) consists of all ordered pairs (a, b), (a, b G R U {oo}, a ^ 6), so
that PSL(2, R) is doubly transitive on R U {oo}.

2.2.1 The elements of this group

LetT(z) = ^ , a,b,c,deR, A = ad-bc>0
The elements of this group can be classified according to the value of

their trace as follows: If \a + d\ =2 then we say that T is 'parabolic, if
\a + d\ > 2 then we say that T is hyperbolic, and if \a + d\ < 2 then we say
that T is elliptic.

These have different geometric properties. A parabolic element acts with
a single fixed-point on the boundary of fy, a hyperbolic element acts with
two fixed-points on the boundary of W, and an elliptic element acts with
one fixed point on ^ .



2.3 Riemann surfaces

We will now go on to look at Fuchsian groups; these are discrete subgroups
of PSL(2,R). A reason for our interest in these subgroups is that every
connected Riemann surface may be obtained from one of the three simply
connected Riemann surfaces which are the sphere, the plane, and the upper
half plane. They are obtained by factoring out by a discontinuous group of
one of the automorphism groups of these surfaces. In the following theorem
we show that with the exception of four simple cases all Riemann surfaces
are obtained by factoring out a Fuchsian group from the upper half plane.

Theorem 2 (see reference[9], p.213) If S is a connected Riemann sur-
face not conformally equivalent to the sphere S, the plane C, the punctured
plane C\{0}, or a torus C\f2, then S has universal covering space S — ^ , t h e
upper half-plane, and S is conformally equivalent to ̂ / G for some subgroup
G of PSL(2,R) acting discontinuously on <%.



2.4 Fuchsian groups

Identifying the matrix ( a ) of PSL(2,]R) with the point (a, b, c, d) of M.4\ c a J
we can view PSL(2,]R) as a topological space with topology inherited from
the topology of M4. In this way PSL(2,R) becomes a topological group and
we define a discrete subgroup f2 of it to be a subgroup with the property
that there is a neighbourhood U in PSL(2,1R) of I the identity matrix such
that unn = {/}.

Definition A Fuchsian group is a discrete subgroup of PSL(2,IR).

The modular group The modular group is an example of a Fuchsian
group. It consists of the elements defined below.

bj\a,b,c,deZ,ad-bc=l}
d

PSL{2, Z) = SL{2, Z)/{±J}

2.4.1 Properly discontinuous

Let G be a group of homeomorphisms of a topological space Y. Then G
acts properly discontinuous on Y if each point y S Y has a neighbourhood
V such that if g(V) D V ± 0 for g € G, then g(y) = y.

Theorem 3 (i) Let T be a subgroup of PSL(2,K). Then T is a Fuchsian
group if and only if F acts properly discontinuously on ̂ .

(ii) Let F be a Fuchsian group and let p £ ^ be fixed by some element
of F. Then there is a neighbourhood W of p such that no other point of W
is fixed by an element of F other than the identity.

Theorem 4 Let F be a subgroup of PSL(2,1K). Then F is a Fuchsian group
if and only if for all z £ fy, Fz , the F - orbit of z, is a discrete subset of fy'.
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Chapter 3

Fundamental regions

The results in this chapter can be seen in chapter 5, Jones and Singerman,
Complex functions [9].

3.1 Fundamental regions

F is a fundamental region for F if F is a closed set such that

(ii) F C\T(F) = 0, for all T £ V \ {I}, where F is the interior of F.

The Dirichlet region Let F be an arbitrary Fuchsian group and let p £
fy be not fixed by any element of F \ {/}. Such points exist by theorem 3
(ii). We define the Dirichlet region for F centred at p to be the set

DP(T) = {z £ <fr | p(z,p) < p(z,T(p)) for all T 6 F}

By the invariance of the hyperbolic metric under PSL(2,R) this region can
also be defined as

Dp(r) = {z£& \ p(z,p) <p{T(z),p) for all T e F}

Theorem 5 If p is not fixed by any element of F \ {/}, then DP(T) is a
connected fundamental region for F.

Example If we take F to be the modular group then we find that D^i — F
(k > 1) where

See the following picture.

11



3.1.1 Locally finite

Definition A fundamental region F for a Fuchsian group F is called locally
finite if every point a E F has a neighbourhood V(a) such that V(a)r\T(F) ^
0 for only finitely many T G F.

Theorem 6 A Dirichlet region is locally finite.

3.1.2 Congruence of sides

Let s be a side of a Dirichlet region F for a Fuchsian group F. If T G F \ {/}
and T(s) is a side of F then s and T(s) are called congruent sides.

There cannot be more than two sides in a congruent set.

Theorem 7 Let {Tj} be the subset of F consisting of those elements which
pair the sides of some fixed Dirichlet region F. Then {Tj} is a set of gener-
ators for F.

Example (The modular group) The two vertical sides of the Dirichlet
region found above can be paired using the transformation z —> z + 1.
The part of the boundary consisting of a segment of the unit circle consists
of two sides split by the fixed point (namely i). These can be paired using
the transformation z —> =^-. Therefore Theorem 7 implies that the modular
group is generated by z —> z + 1 and z —> =^. >

12



3.1.3 Presentations of Fuchsian groups

The most general presentation of a Fuchsian group F with a fundamental
region of finite area is

{xi,... ,xr,ai,bi,... ,ag,bg,pi,... ,ps | a:™1 =
x™* = ... = x?r = n f = 1 [a i ; bi]Wj=lXjU%=1pk = 1)

where
xi,. • •, xr are elliptic elements, en, 6 1 , . . . , ag, bg are hyperbolic elements, and
Pi, • • • ,ps are parabolic elements.

We then say F has signature (g; mi,ni2, • • •, mr; s)

3.1.4 A triangle group

A triangle group is denoted by (I, m, n) where l,m,n are positive integers
or 00. It is a Fuchsian group with signature (0;l,m,n;—) and it has a
presentation

{x, y,z\xl = ym = zn = xyz = 1}

When an elliptic element has infinite period it is a parabolic element. A
parabolic element generates an infinite cyclic group. For instance z —> z + 1
would be an example of a parabolic element in the modular group. These are
easily recognised when looking at the quotient space of a Fuchsian group by
the generators pairing the sides joined by cusps (or vertices of zero angle that
lie on the boundary of H). A triangle group (I, m, 00) has the presentation

{x, y, z I xl = ym = xyz = 1}

For a geometric interpretation of the triangle group (I, m, n) we consider
a triangle T with angles j , ̂ , ^ in a space X where X is either the sphere,
the Euclidean plane, or the hyperbolic plane.

The group generated by the reflections of X in the sides of T has a
subgroup of index two, consisting of all the orientation preserving transfor-
mations, isomorphic to (l,m,n).

The integers (/, m, n) determine completely the underlying space X,
namely X is:
(i) The sphere iff} + ^ + ^ > l
(ii) The Euclidean plane iff ± + ^ + 1 = 1
(iii) The hyperbolic plane iffj + ^ + ^ < l

Seeing the modular group as a triangle group we get an isomorphism
F = (2,3,oo) (where F is the modular group). We can see this from the
earlier fundamental region.

13



3.1.5 The hyperbolic area of a fundamental region

Theorem 8 Let F\, F2, be two fundamental regions for a Fuchsian group
F. Suppose that the boundaries of F\, F? have zero hyperbolic area. Then

Now looking at the area of the Riemann surface produced by a Fuchsian
group and using the Gauss-Bonnet theorem we prove the following.

Theorem 9 Let F have signature (g;mi,...,mr).
If F is a fundamental region for F whose boundary has zero hyperbolic

area then
1

i=i

Theorem 10 If g > 0, rr%i > 2 are integers and if

then there exists a Fuchsian group with signature (<?; m\,..., mr).

Theorem 11 If F is a Dirichlet region of a Fuchsian group F with <% \T
compact then fi(F) > ^j-. If fi(F) = ^- then F is a triangle group with
signature (0;2, 3, 7).

Theorem 12 Let F be a Fuchsian group and A a subgroup of index n. If

F = ATi U AT2 U . . . U ATn

is a decomposition of F into A-cosets and if F is a fundamental region for F
then
(i) Fi = Ti(F) U T2(F) U . . . U Tn(F) is a fundamental region for A,
(ii) if /i(F) is finite and the H-area of the boundary of F is zero then•m-*-

14



Chapter 4

The permutation method
and arithmetic methods

4.1 Subgroups of Fuchsian groups and finite per-
mutation groups

The following theorems are obtained from a paper written by D. Singerman
entitled Subgroups of Fuchsian groups and finite permutation groups. This
can be seen as number 15 in my list of references.

Theorem 13 (Singerman [15]) Let F have the signature (g; mi, m,2,..., mr; s).
Then F contains a subgroup Fi of index N with signature
{g';nn,ni2, • • • ,niPl,... ,nri,nr2, • • • ,nrpr;s')

if and only if
(a) There exists a finite permutation group G transitive on N points, and
an epimorphism 9 : F —• G satisfying the following conditions:
(i) The permutation 0(XJ) has precisely pj cycles of lengths less than rrij,
the lengths of these cycles being ^ - , . . . , H±i-

(ii)If we denote the number of cycles in the permutation #(7) by 6(7) then

(k) (F) = N (where F,Fi are fundamental regions of F and Fi respectively).

Let G be a finite permutation group which acts transitively on N points
and which is a homomorphic image of a triangle group (0; I, m, n). Then G
has generators a, 6, c obeying the relations

a1 = bm = cn = abc = 1

Let t he p e r m u t a t i o n a have Xu u-cycles (u = 1, 2 , . . . , / — 1), b have (j,v v-

cycles (v = 1, 2 , . . . , m — l ) , a n d c have uw tt)-cycles (w = 1 , 2 , . . . , n — l ) . T h e n

we have

15



Theorem 14 (Singerman [15]) There exists an integer g > 0 such that

( — 1 m—1 n—1 1 1 1

a,-2+EMi-2,+5; /1.(i-i)+E^(,-H,.W(i-l-l-l)

4.2 Homogeneous and inhomogeneous groups

Let Fi be a subgroup of the homogeneous group SL(2,Z). The map

induces a homomorphism of Fi onto a subgroup

of the inhomogeneous modular group PSL(2,Z). This homomorphism has
the kernel ± / if —I 6 Fi, and is an isomorphism if —I ̂  Fx

4.3 Congruence subgroups of the modular group

The principal congruence group is denned to be

Any subgroup G of the modular group F containing a principal congru-
ence subgroup F(iV) is called a congruence subgroup, and the least N such
that G > F(7V) is called the level of G.

Some examples of congruence subgroups are: \

e'r\a = d= lmodN, c = OmodN}

M G T | c = OmodN}

T°(N) = {(Q
C ^ G T | 6 = OmodN}

F°(7V) = {(a bA eT\b = c = OmodN} ""'••

defined for any positive integer N.

We can now see that the following inclusion holds for any positive integer:

<ro( iV) < F

16



If N > 2, for the indices (in the inhomogeneous modular group) of the
above inclusions we have the formulae:

| r : T(N) | = ^

I r -. rg(jv) |= ^ a = f uplN(i -1)

and

| r : ro(2) |= 3, | r : rx(2) |= 3, I r : r(2) |= 6, and I r : rg(2) |= 6.

The products in these equations run over the distinct prime divisors of N.

A well known isomorphism is:

PSL(2,ZAr) S T/T(N)

Specific examples of these groups are:

PSL(2,Z2) £ S3, PSL(2,Z3) = A4,

PSL(2,Z4) = 54,PSL(2,Z5) S A5

where i5n, An are the symmetric and alternating groups on n points.

Example We can prove that PSL(2,Z2) is isomorphic to S3 by calculating
the multiplication table of PSL(2,Z2). By identifying specific elements of
PSL(2,Z2) with specific elements of S3 it is easy to see that the structure of
PSL(2,Z2) is the same as that of S3.
In the table below we use the following notation for the matrices of PSL(2,Z2).

1 0 \ _ / 1 1 \ _ / 0 1

1 0 A ( 1 1 A ( 0 1
a5 =

17



e

0>2

(14

a5

e
e

ai

a-i

03

(Z4

ai

ai
e
as
04

«3
a2

«2

a2

03

04

a5
e
ai

03

«3

a2

a\
e
a5
CL4

0,4

<24

a5
e
ai

a2

«3

«5

as
a4
03

a.2

0-1

e

The multiplication table of PSL(2,Z2) .

By reordering these elements we can clearly see the isomorphism between
the two groups.

e
a-2
04

03

a\
a5

e
e

a.2
04

13

ai

a5

O2

«2

04

e
a5
a3
ai

a4
(24

e
02

ai

a5
«3

az
a-%
ax
a5
e
G2

04

ai

ai

a5
03

CI4

e
«2

a5
a5
^3
ai

a2
04

e

This table is identical to the multiplication table of S3. Therefore know-
ing that S3 — < a, b\a2 = b2 = (ab)3 = 1 > we can find the isomorphism
a —> 0 2 , b —> <i3.

18



Example: Looking at Theorem 13 As shown in Singerman's theorem
we can describe (conjugacy classes of) subgroups T\ of the modular group
in terms of transitive permutation representations of the modular group.

If we look at the fundamental region of F(2) (which is later illustrated
more thoroughly)and we number the modular triangles we can see this in
action. The permutations are as follows:

y = (1,4,6X3,2,5)

The permutation X being induced by E = I ) and the permutation

Y being induced by V =
- 1 0

By calculating

XY = (1,3X2,6X4, 5X1,4,6)(3,2,5) = (1,2)(3,4)(5,6)

we can determine that this modular subgroup has three conjugacy classes
of parabolic cyclic subgroups.
We can also see that its presentation is < a, fo| >= i*2> the free group
on two elements.

19



4.3.1 The cosets of some congruence subgroups

Let A,B be two elements of the modular group F as shown below

*=(a 5V=f°; i
\ c d J \ c d

then I.Ivrissimtzis proved the following theorem in his thesis (see reference
[7])-
Theorem 15 (Ivrissimtzis [7]) Let TV be a positive integer. The matri-
ces A, B belong in the same coset of
(i) F0(TV) if and only if ad - ca! = OmodN
(ii) T\{N) if and only if a = a'modN, c = c'modN or a = —a'modN,
c = —c'modN
(iii)r(TV) if and only if a = a'modN, b = 6'modN, c = c'modN, d = d'modN
or a = -a'modN, b = -6'modN, c = -c'modN, d = -d'modN

An application Using both Theorem 13 and Theorem 15 we can look
at the fundamental region for F(2). Seeing how different matrices relate to
different sections of the region as illustrated below.

20



An interesting theorem related to the fundamental regions of subgroups
Fi of the modular group F which illustrates the above example is

Theorem 16 (Hoare and Singerman [4]) There exists a fundamental
region i*\ for Fi which is constructed from modular triangles in such a way
that every pair of them can be connected by a chain of modular triangles
with a common side. This fundamental region Fi is simply connected.

The system of inequivalent cusps for the homogeneous principal
congruence subgroup T(N) (This result can be seen as theorem 8, in
chapter 4, Elliptic modular functions [14].)

Theorem 17 If N > 2, the number cr^N) of inequivalent rational cusps
for T(N) is equal to one half the number of pairs (o, b) incongruent modN
with (a, b, N) = 1. If TV = 2, croo(N) is equal to the number of these pairs.

Example When we apply theorem 17 to N = 12 we find the following
incongruent pairs.
(0, l),(0, 5),(0, 7),(0, 11),
(1, 0),(l, 1),(1, 2),(1, 3),(1, 4),(1, 5),(1, 6),(1, 7),(1, 8),(1, 9),(1, 10),(1, 11),
(2, 1),(2, 3),(2, 5),(2, 7),(2, 9),(2, 11),
(3, 1),(3, 2),(3, 4),(3, 5),(3, 7),(3, 8),(3, 10),(3, 11),
(4, 1),(4, 3),(4, 5),(4, 7),(4, 9),(4, 11),
(5, 0),(5, 1),(5, 2),(5, 3),(5, 4),(5, 5),(5, 6),(5, 7),(5, 8),(5, 9),(5, 10),(5, 11),
(6, 1),(6, 5),(6, 7),(6, 11),
(7, 0),(7, 1),(7, 2),(7, 3),(7, 4),(7, 5),(7, 6),(7, 7),(7, 8),(7, 9),(7, 10),(7, 11),
(8, 1),(8, 3),(8, 5),(8, 7),(8, 9),(8, 11),
(9, 1),(9, 2),(9, 4),(9, 5),(9, 7),(9, 8),(9, 10),(9, 11),
(10, l),(10, 3),(10, 5),(10, 7),(10, 9),(10, 11),
(11, 0),(ll, l ) ,( l l , 2),(11, 3),(11, 4),(11, 5),(11, 6),(11, 7),(11, 8),(11, 9),
(11, 10),(11, 11).
There are 96 pairs and so F(12) has 48 inequivalent cusps by the above
theorem.

21



4.4 Wohlfahrt's result

A parabolic element L of the modular group can always be written in the
/ 1 1 \ m

form ±A~l I I A where A is a matrix within the modular group

and A.~xoo is a parabolic fixed point of the induced transformation. In this
form, m is a rational integer, not zero and uniquely determined by L. The
modulus | m \ of m will be called the amplitude of the parabolic matrix L.
If a subgroup Fi of the homogeneous modular group contains parabolic
elements P their fixed points are called cusps. If we take £ to be a cusp
of a modular subgroup Fi then the subgroup of Fi, generated by —I and a
certain parabolic element P, contains all the matrices in Fi with fixed point
£. The element P cannot be uniquely determined by Fi and £ but the choice
is limited to ±P,±P~1 of a common amplitude m. This common amplitude
is equivalent to the width of the cusp in the quotient of the upper half plane
by this modular subgroup. The width of a cusp is the number of modular
triangles in the quotient space that touch this cusp.
All equivalent cusps have equal cusp widths. "

Definition Let Fi be any subgroup of the modular group and denote
C(Fi) to be the subset of all cusp widths of Fi in the set Z. If C(Fi) is
nonempty and bounded in Z, the lowest common multiple of all the numbers
in C(Fi) is a number m € Z and will be called the level of Fi. If C(Fi) is
empty or unbounded, the level of Fi is defined to be the number zero.

Example A normal subgroup Fi of finite index of PSL(2,Z) has just one
class of cusps and so C(Fi) has just one element. This is illustrated by
looking back at the diagram of the fundamental region of F(2). There we
see that all of the cusps have width two and therefore the level of this group
is two.

Looking at subgroups We can now begin to see how theorem 13 works
in terms of parabolic elements. When we look at subgroups of the modular
group we see that the cusp widths of the subgroups are equivalent to the
length of the cycles in the coset permutation representation of the parabolic
element. Therefore the lowest common multiple of these cycle lengths is the
level of the subgroup.

Theorem 18(Wohlfahrt, An extension of F.Klein's level concept
[17]) Let m be the level of a modular subgroup Fi. Then Fi is a congruence
subgroup if and only if it contains F(m).
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Theorem 19(Wohlfahrt, An extension of F.Klein's level concept
[17]) Let Fi be a subgroup of the modular group of index // < 6. Then Fi
is a congruence subgroup.

4.5 Dessins d'enfants

If we let G be a triangle group then dessin d'enfants can be thought of as:

1.Drawings (structured in a manner consistent with G) on con-
nected orientated surfaces,

In these terms a map or dessin is an embedding of a graph G' in a surface
S such that the components of S-G' are simply connected. As the graphs
become more complex we often require a surface with genus greater than
zero to achieve this. From this we acquire the genus of our subgroup.

2.Subgroups of G,

The stabilizer of a dessin is a subgroup of G. It consists of group elements
that leave the dessin unchanged.

3.Transitive permutation representations ,of G, along with a
choice of basepoint.

The transitive permutation representation of G corresponding to a sub-
group G\ < G is the permutation of the cosets of G\ in G. We will describe
the coset representations of subgroups of the modular group using the fol-
lowing notation.
Let

1 1 \ / 0 - 1 \ / 1 1
O J ' 7 M = \ O I

where the following relation is satisfied

7o = 7i = 7o7i Too = 1

in G. This is the complete set of denning relations in our group and so to
obtain a transitive permutation representation of G, we need only choose
transitive permutations CTQ, O\, U^O that satisfy the above relation. Dessin d'
enfants then go onto represent these permutations pictorially.

In the dessin d'enfants we number each of the darts in our diagram.
Then:
1. The edges relate to o\
By transposing any two numbered darts which lie on the same edge we ob-
tain our permutation G\ (the other darts remain constant).
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2. The vertices relate to <TO
By rotating our numbered darts anticlockwise around the vertices (i.e. where
the edges intersect) we obtain our permutation uo-
3. The faces relate to a^
By the combined effect of the two actions in 1 and 2 we obtain the permu-
tation (Too.

Example As an example we look at the permutations and dessin of the
coset representation of To (2) as a subgroup of the modular group.
The permutations are <7o = (1,2,3), o\ = (1,2)(3), and a^ = (1)(2,3).
They have the dessin below:

Using theorem 13 we can deduce from the permutations in this example that
Fo(2) (conjugate to the stabiliser of a point) has the signature (0; 2, oo, oo).

4.5.1 Imprimitivity

Let 17 be a set. A partition of Q is a set P of nonempty disjoint subsets of
Q whose union is Cl. We use Part(fi) to denote the set of partitions of Q.
Now suppose that G is a group which acts transitively on 0. Then a system
of imprimitivity for G on 0 is a partition B whose members are permuted
by G. We denote the set of systems of imprimitivity for G on Q, by ImpQ(Q,).

Definition We define a map $i from 7mpc(Q) to subgroups of G by say-
ing that, for B G Impci^l), $i(-B) is the stabiliser of the member of B
containing 1.
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We also note the following definition.

Definition A permutation group G acting on a set fi is called primitive
if G preserves no nontrivial partition of fl.

Using this definition we can use the following theorem on the above
example.

Theorem 20 If G is transitive on the set O, then G is primitive on ft if and
only if for each a e fl, Ga is a maximal subgroup of G. Here Ga = Stabc{o:)
is the stabiliser of a G £1.

We can therefore see that in the above example we must be looking at
a maximal subgroup. This theorem also comes in very handy when we are
building our table of subgroups at the end of this chapter.
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4.6 Calculations

We will use some of the above results to study subgroups of low index in
the modular group.

Example 1 (applying the theory of imprimitivity) A subgroup of
index eight in the modular group has a coset permutation representation
generated by:
£7 = (1,2)(3,4)(5,6)(7,8),
V=(l,3,5)(4,6,8)(2)(7).
Two systems of imprimitivity of these permutations are the partitions:
(i) a = {1,8}, b = {2,7}, c = {3,4}, d = {5,6}.
These blocks are permuted by the generators as follows:

£=(a , b)(c)(d), '
V=(a,c,d)(b).
(ii) a ' = {1,3,5,7},*/= {2,4, 6,8}.
These blocks are permuted by the generators as follows: -
£=(a',b'), ' •• •
V=(a')(b').
Therefore our original group of index 8 in the modular group (represented
by the permutations above) lies in a subgroup of index four in the modular
group (represented by the permutations found in (i)) and a subgroup of
index two in the modular group (represented by the permutations found in
(ii)). The dessins are as below:

b1
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Example 2 (finding non-congruence subgroups of index 7 in the
modular group) As we know, seven is the lowest index that a non-
congruence subgroup can have in the modular group (Wohlfahrt, An ex-
tension of F.Klein's level concept [17]).
For index seven in the modular group we have the following permutation
representations for the cosets of four non-conjugate subgroups:
X = (1)(2, 3)(4, 5)(6, 7), Y = (1,2,4)(3,5,6)(7), XY = (1, 2,5)(3,4,6, 7)
X = (1)(2, 3)(4, 5)(6, 7),Y = (1,2,4)(3)(5,6,7),XY = (1, 2,3,4,6, 5)(7)
X = (1,2)(3, 5)(6, 7)(4), Y = (1,2,3)(4,5, 6), XY = (1, 3,6, 7,4, 5)(2)

These subgroups have geometric levels 12, 6, 6, and 10 respectively.
Therefore to be congruence subgroups (by Wohlfahrt's Theorem) they must
contain T(12), T(6), T(6), T(10) respectively. The indexes of T(12), T(6),'
F(6), F(IO) within the modular group are 576, 72, 72, and 360 respectively
(by the before mentioned formula). For these to lie in our four subgroups
the indexes must be divisible by seven. These numbers are not divisible by
seven and so these subgroups(the stabilisers of one in these four permutation
representations) must be non-congruence.

5 / 4
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A table of all the coniuaacv classes of conaruence subgroups of index < 10

to
00

(4,0)D| |(8,0)A|
(6,0)C

(2,0)A=r- r^2

ro(4)
"fi(4)

(2,0)C=r(2)|

|(2,0)C = r(2)| /

R4g
(6,0)A| |(6,0)C|

(6,1)A=r

(3,0)A =
2,

l(3,0)C|
2/ 3

(6,0)B| |(6,0)D|
(6,1)A=r



In this table the first number before the letters distinguishing the groups
tells you their level and the second number indicates the genus of the group.
The numbers which lie on the lines that join the group boxes are the indices
(i.e. the index of the lower group to the group it is joined to above). Using
calculations we have been able to identify some of the groups. Many of these
groups have been defined previously in this thesis. The groups which are as
yet undefined are the following:
(a)F .
This is the commutator subgroup of the modular group, i.e. the subgroup
generated by the commutators of its elements, that is
P = < g-lh-lgh\g, h G F >.
(b)r2

This is the power subgroup generated by the squares of the elements of F.
(c)F3

This is the power subgroup generated by the cubes of the elements of F.
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4.7 Some sample calculations performed to obtain
the table

Calculation 1 There are only two possible coset permutation representa-
tions for a subgroup of index 3 in the modular group. These being:
1. X = (1)(2)(3), Y = (1, 2, 3) where XY = (1, 2, 3)
2. X = (1, 2)(3), Y = (1, 2, 3) where XY = (1, 3)(2)
As you can see only one of these has level 2 and so this must be the coset
permutation representation for Fo(2) (or equivalently Fi(2)).

Calculation 2 There is only one possible coset permutation representa-
tion for a subgroup of index 5 in the modular group. This is:
X = (1)(2, 3)(4, 5), Y = (1, 2, 4)(3)(5) where XY=(1, 2, 3, 4, 5).
This must be a congruence subgroup due to Wohlfahrt's result.

Calculation 3 We know that F(2) lies in F0(2) (or equivalently Fx(2))
therefore the coset permutation representation in calculation one must be
a system of imprimitivity of the coset permutation representation of F(2).
By calculations (finding all the possible dessins on six points) we find that
there is only one subgroup of index six in the modular group which is of
level two. This is:
X = (1,4)(2, 6)(3, 5), Y = (1,2, 3)(4, 5,6) where XY = (1, 5)(2,4)(3, 6).
Splitting this into the following partition:

we find that these blocks are permutated as follows by the permutations
above.
X = (A)(B, C), Y = (A, B, C) ' . .
We can easily see that these are the same permutations as in calculation
one. Therefore X and Y must be our coset permutation representation for
r(2).

Calculation 4 There is only one coset permutation representation of in-
dex six in the modular group which has level five. This is:
X = (1)(2)(3, 4)(5, 6), Y = (1, 2, 3)(4, 5, 6) where XY = (1, 2, 3, 5, 4)(6).
Therefore this must be the coset permutation representation of Fo(5).

A lot of my work was finding all the possible dessin d'enfants which have ei-
ther one or three lines touching each vertex (i.e. which represent subgroups
of the modular group).
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Chapter 5

Hecke groups

We will now move onto to look at Hecke groups and try to see how we can
generalise the above ideas in these groups.
Consider the group generated by z —> ̂  and z —> z + A.
Hecke (see reference [3]) showed that these groups are discrete if either:
1. A> 2
or *
2. A = 2 cos | where q € N, q > 3.

The groups of type two are isomorphic to the triangle groups (2, q, oo).
We will be concentrating of the groups of type two. These are Hecke groups
of the first kind, where the limit set is dense in the reals. The second kind
occurs when A > 2. We let H(Xq) or Hq denote the Hecke group of type
two generated by z —• ̂  and z —+ z + Xq where Xq = 2 cos ̂ .

An example of a fundamental region of one of these Hecke groups (i.e.
H(y/2)) is shown below. This can be easily generalised.

-1/V2 1/V2

The fundamental domain of Hh/2)
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5.1 Examples of Hecke groups

If we take q = 3 in the second case then we have H(l) known to us as the
modular group.

If q = 4 we have H(y/2). In this group there are two types of matrices.
The two types are

,„ , ) and I ,_ I where a,b,c,d £ Z and the determi-
Cy/2 d J \ C dy/2 J

nants of all of these matrices equals one (i.e. ad - 2bc = 1 in the first case
and 2ad - be = 1 in the second case).

We can prove that all of the elements of H(y/2) lie in these two sets of
matrices by first observing that both of our generators are of one of these

two forms. For example I J is in the first set and I J is in

the second. We will now look at what effect each of our generators has on
an arbitrary member of both of these sets.

a . by/2 \ f 1 V2 \ _( a (a + b)y/2
cy/2 d J \ 0 1 J ~ \ cy/2 2c + d

a by/2 W 0 1 \ _ / by/2 a
cy/2 d J \ -I Q J ~\ d cy/2
ay/2 b \ / 1 y/2 \ _ / ay/2 2a+ b

C dy/2 J \ 0 1 ) ~ V C {c + d)y/2
ay/2 b \ ( 0 1 \ = / 6 aV

c dy/2 J \ - 1 0 J ~\ dy/2 c
As the generators of the Hecke group have determinant one and as det A
det B = det AB, all the matrices of the Hecke group have determinant one.
Therefore the generators do not move the matrices outside these two sets
and so our proof is complete.
To be specific what we have just proved is

where He(y/2) consists of the matrices I ,_ ' , I with a determi-
Y Cy/2 d J

nant of one. The reverse inclusion can be proved. Therefore He(y/2) and

He(y/2) I i n ) a r e t w o cosets of this Hecke group.

If q = 6 we have H(y/3). In this group we see a similar pattern to H(y/2).
There are two types of matrices. ^
The two types are

.„ , ) and I , .„ 1 where a,b,c,d G Z and the determi-
Cy/6 d J \ c dy/6 J
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nants of all of these matrices equals one (i.e. ad - 3bc = 1 in the first case
and 3ad - be = 1 in the second case).

and H(y^S) are commensurable in the wide sense with the modu-
lar group (see 5.2) and so once we have information about subgroups in the
modular group it is relatively easy to extend it to these two Hecke groups.
It is however more difficult to find out information about the subgroups of
the Hecke group where q = 5.

5.2 Working with commensurable Hecke groups

Definition A pair of subgroups H\ and H2 of a group G are commensu-
rable in the wide sense if there exists g € G such that (g~1Hig) D #2 is a
finite index subgroup of both g~lH\g and H2 (when g is trivial, we say H\
and H2 are commensurable).

The following examples show how we can use information we know about
subgroups of the modular group to obtain information about subgroups of
the Hecke groups where q — 4 and q — 6.

Example 1 If we let m = 2 or m = 3 then we can calculate

( m ~ 0 \ / a b(xm) \ / mi 0 \_ f a xb^/m
0 m? J \ c d J \ 0 mTT j \ cVm d

where 1 6 Z .

Therefore the modular subgroups F° (mi) produce the subgroups I ,

I .„ Y I in H4 and H6 respectively (where i e Z ) .
y Cy/6 d J

The even subgroups of the Hecke groups H4 and H6 are all the matrices
\ ( \

0/

rx, r ( a W2 \ j ( a W% \ x- 1 rro. *

of the form . , and .„ , respectively. I herefore as
y Cy/2. a J \ c^/6 a J

you can see above by conjugating F°(2) we can obtain the even subgroup of
H4 and by conjugating F°(3) we can obtain the even subgroup of H®.

The even subgroups have index two in the Hecke groups. F°(2) is of
index 3 and F°(3) is of index 4 in the modular group.

33



Example 2 Looking at principal congruence subgroups within the modu-
lar group we conjugate specific examples of them to obtain the corresponding
subgroups in the Hecke groups as below.

( m i

{ °
where x £

l

Z.

°. 1m< j
( a(mx) + 1
y c(mx)

b(mx)
d(mx) +

/ m4

V o

However H{\^) is not commensurable with the modular group (S.Katok,
reference[10]) and its elements are much more difficult to describe.

Some information we do know about H(As) is:
(i) Z[As] is a principal ideal domain.
(ii) The set of cusps of H(A5) is Q(A5) U {oo}.

The two methods for working out the subgroups of the H(As) which we
have used extensively are:
(a) The permutation method
(b) Arithmetic methods

5.3 The permutation method

We looked at this method in chapter 4 (in particular 4.1, 4.5, 4.6, 4.7, and
the examples in 4.3). We will now go on to use this method in H5. Using
the permutation method we obtain the results shown in the appendix.
We arrived at these results by using dessin d'enfants and coset permutation
representations.

The level of a subgroup of a Hecke group As part of our results we
obtain levels of our subgroups of H5. We should therefore take the time
here to explain exactly what level means in these cases. Here instead of
looking at modular triangles to obtain our level we use instead fundamental
regions of the specific Hecke group we are studying (see the opening page
to chapter five). In our case this will be the fundamental region of H5.
Once we find a subgroup of H5 we then go onto to observe how many of the
fundamental regions of H5 touch each cusp in our fundamental region of the
subgroup we have found. The numbers we obtain here are very similar to
the cusp widths we defined in the case of a modular subgroup. Similarly to
the modular group we now take the lowest common multiple of all of these
numbers to obtain our geometric level.

0 \_ f a(mx) + 1
\ cmx^/m dmx +1
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We will now go onto to look at an example of the calculations carried
out.

Example The coset permutation representation of one of these subgroups
is:

y = (l,2,3 )4,5)(6,7,8,9,10)
XY = {1,5,8,10,11,6,3,4,2, 7)(9)

We can therefore deduce that the signature is (1;2, 5, oo, oo). We can
also see that
a = 10
0 = 11 .
where a is the level of our subgroup and f3 is the index of our subgroup in
H5

The dessin d'enfant for this subgroup is as below:
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5.4 Arithmetic methods

When we talk about using arithmetic methods we mean looking at congru-
ence subgroups, etc. We discussed this method previously in chapter 4 (in
particular 4.3 and 4.4). We have to approach this slightly differently in H5.
To implement this method we first need to define what we mean by a con-
gruence subgroup (i.e. how principal congruence subgroups translate across
to Hecke groups).

Congruence subgroups in Hecke groups If we let / be an ideal of
Z[Ag] then we can define

PSL(2,Z[\q],I) = {( a
c M ePSL(2,Z[\q])\a-l,b,cd-leI}

We define P5Li(2,Z[Aq], 7) and PSLo(2,Z[\q],I) similarly. For these we
require a — l,c,d — 1 G. I and c G I respectively.

Our principal congruence subgroup is as below:
= PSL(2,Z[\q],I)nHi .
and Hl{I) are similar.

Now, clearly #<?(/) < H\{I) < H${I) < H*.

I.Ivrissimtzis proved the following theorem in his thesis (see reference

[7])-

Theorem 21 If p is a prime then any proper principal congruence sub-
group of Hp is torsion free.

Proof Hp is generated by R(z) = -^-, S(z) = z + \p, obeying only the
relations R2 = (RS)P — 1 (where p is a prime). We write T = RS. Then, as
Hp is a Fuchsian group, the only elements of finite order are conjugates of
R, or conjugates of powers of T. If a principal congruence subgroup Hp(l)
contains an element of finite order, then as Hp(l) is normal, it must contain

R or a power of T. If it contains R = ± I 1, then R = I

mod I. Thus l e i , and so I = Z[AP], and HP{1) = Hp. If the principal
( 0 - 1 \

congruence subgroup contains a power of T = ± I . then as p is a
\ 1 A Jprime it must contain T itself. Therefore as above, T 6 HP(T) implies that

1 € I, so that I = Z[AP] and HP(I) = Hp. The theorem above has therefore
been proved true.
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From this theorem we can observe using theorem 13 (shown earlier) that
the index of any proper principal congruence subgroup within H5 must be
divisible by ten. This is because for our subgroup to be torsion free neither
of the permutations X or Y can have a fixed point and so our index must
be divisible by both 2 and 5. Therefore the index must be divisible by ten.
This is where X and Y are permutations induced by right multiplication of
the cosets of the generating elements of orders 2 and 5.
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Chapter 6

Looking for a
non-congruence subgroup

6.1 Proof with the modular group

In the modular group we can use three lemmas to show that there exists
a normal subgroup N of the modular group V which is of finite index and
contains none of the principal congruence subgroups T(N). (These lemmas
can be seen in chapter 3, Noneuclidean tesselations and their groups, Magnus
[13].) The three lemmas are listed below:

Lemma One Let Z^ be the ring of integers mod N, and let PSL(2,
be the group of Mobius~transformations with a,b,c,d S Zjv- Then the
quotient group T/T(N) of the iVth principal congruence subgroup in the
modular group is isomorphic with PSL(2, ZJV) (This can be seen as theorem
6.9.3 and corollary 6.9.4 in Jones and Singerman, Complex functions [9]).

Proof Looking at SL(2,Z)= {( a ) \a,b,c,d € Z,ad - be = 1}. Let
\ c a J

a,b,c,d be integers representing residue classes mod N such that ad — be =
lmodN. Then there exist integers a', b', c', d' such that
a = a'modN, b = b'modN, c = c'modN, d = d'modN, old' - b'c' = 1.
From this it follows that the natural mapping of SL(2,Z) into SL(2,Zjv) is
a surjective mapping.
Let g be the greatest common divisor of a and b, and let a* = - and b* — -.
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Then there exist integers c*, d* such that
a*d* - b*c* = 1.
We have

a b \ f a* b* Y1 f a " 0
c d ) \ c * d * ) = { c " d

Now let a"d" = 1 + kN and (c" - k)d" = t. Then

and the matrix
a' b' \ _ ( 1 0 \ / a" N \ ( a* b*
c' d! ) ~ \ t 1 ) \ k d" )\c* d*

contains the elements a', b', c', d' which we wanted to find. Therefore our
mapping has been proved to be surjective and so by using the well known
formula

(where Inuf> = PSL{2, ZN), G = T, Ker<t> = T(N))
we complete our proof.

(See exercise 61, Jones and Singerman, Complex functions [9])

Lemma Two The only nonabelian quotient groups that can appear in a
composition series (see section 6.1.1) of PSL(2, Z*N) are the groups PSL(2,1ip),
where p is a prime number.[This implies p > 5, in which case PSL(2, Zp) is
simple.]

Proof We show that SL(2, Zjv) is the direct product of the groups SL(2, Zg),
where q denotes any one of the distinct prime powers qv = p%v the product
of which equals N. Let again a, b, c, d be integers representing residue classes
mod N, such that ad — be = 1 mod N, and let au, bv, cv, dv be integers such
that
a = av mod qv, b = bv mod qv, c = cu mod qu, d = dv mod qu,
av = \ mod q^, bu = 0 mod qp, cv = 0 mod q^, dv = 1 mod 9M for /i ^ î .
According to the Chinese remainder theorem, the au, bv, cv, du exist and
are uniquely determined mod N. Let

Then the product M of the M^ has the property to be congruent Mv mod
qv for all v, regardless of the arrangement of the factors. Therefore,

M = ( a b.) mod N.\c d J
Since ad — bc = avdv — bvcv = 1 mod qu, we have a unique decomposition of
the elements of SL(2, ZJV) into a product of pairwise commuting matrices
Mv which define elements of SL(2,Zqi/). Therefore SL(2, ZJV) is indeed the
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direct product of the SL(2,ZQv), and a quotient group that appears in the
composition series of PSL(2,ZN) must also appear as a quotient group in a
composition series of an SL(2,Zg). Next we show that the quotient groups
of a composition series of SL(2, Zg) are all abelian, with the possible excep-
tion of PSL(2, lip), which is the quotient group-of SL(2, Zp) with respect to
its centre. The proof is based on the remark that SL(2, Zpi/+i) contains a
normal abelian subgroup Nv whose quotient group is SL(2, lip*), where Nv

consists of the matrices Pv defined by

in which \,p,a are representatives of residue classes mod p. Prom direct
calculations we see that the Pv form an abelian group of exponent p and
rank 3 which is normal in SL(2, ZpW+i), and that M~XM* is a matrix of the
type of Pv if M,M* G SX(2,Zp*+i) and M = M*modpv. This completes
the proof.
To prove lemma three we require the following theorem.

Theorem 22 (see reference [16], p.34) A primitive group which con-
tains a transposition is isomorphic to Sn. A primitive group which contains
a 3-cycle is isomorphic to An or Sn.

Lemma Three (see reference [13]) The alternating group An on 11
symbols is a quotient group of the modular group, and An is not isomorphic
with any group PSL(2,ZP) = T/T(p).

Proof We observe first that the simple group An cannot be isomorphic
with any group PSL(2, Zp), because the latter group is known to be of order
p(p2-l)/2, and p is the greatest prime number dividing its order. Since 11
is the greatest prime number dividing the order of An, we would have p =
11. But An has order l l ! /2 which is larger than l l (H 2 - l ) /2 . Now we show
that An is a quotient group of the modular group PSL(2, Z). To prove this,
we merely have to show that An can be generated by an element X of order
two and an element Y of order 3. We choose
X = ( l , 5)(6, 7)(8, 10)(9, 11),
Y = (1, 2, 3)(4, 5, 6)(7, 8, 9). Then
YX = (1, 2, 3, 5, 7, 10, 8, 11, 9, 6, 4).
Since YX is an eleven-cycle, the group generated by X,Y is certainly tran-
sitive. Since 11 is a prime number, the group is also primitive. If we can
show it contains a three- cycle, it must be An or Sn, according to theorem
22. Since X,Y G An we merely have to compose a three-cycle out of these
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permutations to complete the proof of lemma three. Now
Y-lXY = (2, 6)(4, 8)(7, 11)(9, 10),
YXY^X = (1, 5, 11, 10, 6, 7, 8, 9)(3, 4),
[YXY'^Xf = (1, 6)(5, 7)(8, 11)(9, 10),
Z = Y^XYiYXY^X)4 = (1, 6, 2)(4, 11, 5', 7, 8).
Therefore Z5 = (1, 2, 6) is a three cycle and our proof is complete.

6.1.1 The Jordan-Holder Theorem

An important result that is used in the proof above is called the Jordan-
Holder Theorem. To understand this theorem we must first define what we
mean by a composition series.

Definition Every finite group G of order greater than one possesses a
finite series of subgroups, called a composition series, such that
e < Ts < • • • < T2 < Ti < G,

where Tj+i is a maximal normal subgroup of T, and T <]G means that T is
a normal subgroup of G. A composition series is therefore a normal series
without repetition whose factors are all simple. The quotient groups G/Ti,
T1/T2, • •., Ts_i/Ts, and Ts are called composition factors of G.

The Jordan-Holder Theorem The composition quotient groups belong-
ing to two composition series of a finite group G are, apart from their se-
quence, isomorphic in pairs. In other words, if
e C Ta C • • • C T2 C Ti C G
is one composition series and
e C Kt C • • • C K2 C Ki C G

is another, then t = s, and corresponding to any composition quotient group
i, there is a composition quotient group Tj/Tj+i such that

The kernel of the homomorphic mapping from the modular group F
to An provides us with a non congruence subgroup because the simple
group An cannot appear as a quotient in a composition series of any group
T/T(N).

We can generalise this proof to H5.
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6.2 Proof extended to H5

We now begin to think about how to extend this proof to H5.
For any ideal / of Z[Ag], H

q(I) is the kernel of a natural homomorphism
p : Hq —> PSL(2, Z[\g]/I). Thus each principal congruence subgroup of Hq

is normal and of finite index.
This is equivalent to lemma one in the previous proof therefore lemma one
holds. When we look at lemma two and how its proof works we see that
lemma two follows through similarly to before as we are working with a
Euclidean domain and so primes factorization works in a similar way. We
are therefore left with lemma three to look at.

In a paper by Lang, Lim, and Tan (see reference [11]) they prove the
following result.

Corollary (Lang, Lim, and Tan [11]) Let p be the positive rational
prime that lies below the prime ideal (T) of Z[As]. The indices of the con-
gruence subgroups of H5 of level (r) are given by

p
2
3
5

= ±3(modlO),^3
= ±l(modlO)

(r)

(r) = (2)
(r) = (3)

(r) = (2 + A5)
(r) = (p)
(r) ^ (P)

[Hb : Hb(r)]
10
60
60
a
b

[H> : tfi°(r)]-
5

20
12

(P4 - l)/2
(P2 - l) /2

[#b : tfoV)]
5
10
6

P2 + 1
p + l

where a = ±(p2 - I)p2(p2 + 1) and b - \{p - l)p(p + 1)

Looking at the results in the appendix (at the end of my thesis)
In the appendix we look at subgroups of low index in H5 and their cor-
responding transistive permutation representations. We see epimorphisms
from H5 onto various finite permutation groups. By the coset permutation
representations we find we can see that An is a quotient group of H5. In
fact using GAP we are able to deduce that there are up to automorphisms
of An, 160 epimorphisms from H5 onto An in the appendix. The represen-
tatives of these are indicated by stars in their first column.
One specific example of these epimorphisms is:
X =(1, 10)(5, 7)(2, 8)(9, 11)
Y =(1, 2, 3, 4, 5)(6, 7, 8, 9, 10)

We can see that this system is primitive by observing that it cannot
have any systems of imprimitivity as 11 is prime(see section 4.5.1). Using
theorem 22 and calculating the equation below we can see that these per-
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mutations do indeed generate An-
By calculation we get
( ) ( , , )
for the above permutations. Therefore since both X and Y lie in An they
must generate this group.

We can easily see that An does not have the same index as any of the
principal congruence subgroups mentioned in Lang, Lim, and Tan's corol-
lary. This can be seen because 11 is the greatest prime that divides the
order of An. However neither 10 or 60 are divisible by 11. As for the
other indexes the p used to calculate these is the greatest prime integer that
divides the indexes and if we substitute p = 11 into these formulae we get
(10 x 11 x 12)/2 = 660 and (120 x 121 x 122)/2 = 885720. The order however
of An is ll!/2 = 19958400 and this is not the same as either of the above
so we can see that An is none of the groups mentioned in the theorem by
Lim, Lang, and Tan. Therefore the kernel of the epimorphism from H5 onto
An gives us a non-congruence subgroup (in the same way as before). By
combining all our work we can deduce our main result which is as follows.

Main Result There is a non-congruence subgroup of index 11 in H5.
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Chapter 9

Appendix

In the following table we look at subgroups of low index in H5 in the form of
their corresponding transitive permutation representations. We see epimor-
phisms from H5 onto various finite permutation groups.The representative
160 epimorphisms from H5 onto An that we discussed in section 6.2 are
indicated by stars in their first column (i.e. next to the index figures).

Index
2

5

5

5

5

5

5

Permutations
X = (l,2)
Y = (1)(2)
X = (l,2)

Y = (1,2,3,4,5)
X = (l,3)

Y = (1,2,3,4,5)
X = (l)(2)(3)(4)(5)

Y = (1,2,3,4,5)
X = (l,2)(3,4)
Y = (1,2,3,4,5)
X = (l,3)(4,5)
y = (1,2,3,4,5)
X = (l,3)(2,4)
Y= (1,2,3,4,5)

Signature

9 = (0;5,5,oo)

g= (0;2,2,2,oo,cx))

g = (0; 2,2, 2, oo, oo)

g = (0 ; 2, 2,2,2,2,oo)

g= (0; 2, 00, 00, 00)

g = (0; 2, 00, 00, 00)

5=(l;2,oo)

Level
2

4

6

5

3

2

5

Para, cycle lengths
2

4,1

3,2

5

3,1,1

2,2,1

5
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6

6

6

6

6

6

6

6

6

6

7

7

7

7

7

7

7

7

8

8

X = (l,6)
y = (1,2,3,4,5)
X = (l,2)(3,6)
y = (1,2,3,4,5)
X = (l,2)(4,6)
y = (1,2,3,4,5)
X = (l,2)(5,6)
y = (1,2, 3,4, 5)
X = (l,3)(2,6)
y = (1,2,3,4,5)
X = (l,3)(4,6)
y = (1,2,3,4,5)
X = (l,3)(5,6)
y = (1,2,3,4,5)

X = (l,2)(3,4)(5,6)
y = (1,2,3,4,5)

X = (1,3X4,5X2,6)
Y = (1,2,3,4,5)

X = (l,3)(2,4)(5,6)
Y = (1,2,3,4, 5)
X = (4,6)(5,7)
y = (1,2,3,4,5)
X = (5,6)(3,7)
y = (1,2,3,4,5)

X = (l,2)(4,6)(5,7)
y = (1,2,3,4,5)

X = (l,3)(4,6)(5,7)
y = (1,2,3,4,5)

X = (2,3)(4,6)(5,7)
y = (1,2,3,4,5)

X = (l,2)(5,6)(3,7)
y = (1,2,3,4,5)

X = (l,4)(5,6)(3,7)
y = (1,2,3,4,5)

X = (2,4)(5,6)(3,7)
y = (1,2,3,4,5)

X = (l,6)(2,'7)(3,8)
y = (1,2,3,4,5)

X = (l,6)(2,7)(4,8)
y = (1,2,3,4,5)

5 =(0; 2,2,2,2,5,oo)

g = (0 ; 2, 2, 5,00, 00)

5 = (0; 2, 2, 5, 00, 00)

g = (0; 2, 2, 5, 00, 00)

5 - (0; 2, 2,5, 00, 00)

g=(0;2,.2,5,oo,oo)

g = (0; 2,2,5,00, 00)

3 = (0; 5, 00, 00, 00)

5 = (0; 5, 00, 00, 00)

g= (1;5, 00)

5 = (0;2,2,2,5,5,oo)

g = (0; 2,2, 2,5,5, 00)

5 = (0; 2,5, 5,00, 00)

g = (0; 2, 5, 5, 00, 00)

g = (0; 2,5,5,00, 00)

5 = (0;2, 5,5, 00,00)

g= (0; 2, 5, 5,oo,oo)

g - (0; 2, 5,5,00, 00)

g = (0; 2, 2, 5,5, 5, 00)

5 = (0; 2, 2,5, 5,5, 00)

6

5

5

5

3

4

4

4

6

6

7

7

6

10

6

6

12

12

8

8

6

5,1

5,1

5,1

3,3

4,2

4,2

4,1,1

3,2,1

6

7

7

6,1

5,2

6,1

6,1

4,3

4,3

8

8
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8

8

9

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (l,2)(3,6)(4,7)(5,8)
Y = (1,2,3,4,5)

X = (l,3)(2,6)(4,7)(5,8)
Y = (1,2,3,4,5)

X = (l,6)(2,7)(3,8)(4,9)
Y = (1,2, 3,4, 5)

X = (l,6)(2,7)(3,8)(4,9)(5,10)
Y = (1,2, 3,4, 5)

X = (l,6)(2,7)(3,8)(4,9)(5,10)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l)6)(2,8)(3,7)(4,9)(5,10)
y = (1,2, 3,4, 5)(6,7,8,9,10)

X = (l,6)(2,9)(3,7)(4,8)(5,10)
Y = (1,2, 3,4,5)(6,7,8,9,10)

X = (l,6)(2,7)(3,10)(4,9)(5,8)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(2,8)(3,7)(4,10)(5,9)
y = (1,2, 3,4, 5)(6,7,8,9,10)

X = (l,6)(2,8)(3,10)(4,7)(5,9)
y = (1,2,3,4,5X6, 7,8,9,10)

X = (1,6X2,10X3, 9X4, 8X5, 7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,2)(3,4)(5,6)(7,8)(9,10)
y = (l, 2,3,4,5)(6,7,8,9,10)

X = (l,2)(3,4)(5,6)(7,8)(9,10)
y = (1,3,2,4,5)(6, 7,8,9,10)

X = (l,2)(3,4)(5,6)(7,8)(9,10)
y = (l,3,4,2,5)(6,7,8,9,10)

X = (l,2)(3,4)(5,6)(7,8)(9,10)
y = (l,3,2,4,5)(7,9,8,10,6)

A- = (l,2)(3,4)(5,6)(7,8)(9,10)
y = (1,3,4,2,5X7,9,10,8,6)

X = (l,2)(3,4)(5,6)(7,8)(9,10)
y = (l,3,2,4,5)(7,9,10,8,6)

X = (l,2)(3,8)(4,9)(5,10)(6,7)
y = (1,2,3,4,.5)(6,7,8,9,10)

X = (l,2)(3,8)(4,9)(5,10)(6,7)
y = (l,3,2,4,5)(6,8,7,9,10)

g = (0;5,5,5, oo,oo)

g = (0; 5, 5,5, oo, co)

g= (0; 2, 5,5,5,5,oo)

g = (0; 5, 5,5,5,5, 00)

9 = (2; 00)

5 = (1; 00, 00, 00)

9 -(2; 00)

g = (1; 00, 00, 00)

g= (1; 00, 00, 00)

g = (2;oo)

g - (0; 00,00, 00, 00, 00)

g = (0; 00, 00,00, 00, 00)

0 = (1; 00, 00, 00)

g = (0; 00,00, 00, 00, 00)

9= (2; 00)

g = (0; 00, 00, 00, 00, 00)

g = (1; 00, 00, 00)

g= (1; 00,00, 00)

g = (1; 00, 00, 00)

7

15

9

10

10

4

10

6

6

10

2

6

8

10

10

4

14

8

12

7,1

5,3

9

10

10

4,4,2

10

6,2,2

6,2,2

10

2,2,2,2,2

6,1,1,1,1

8,1,1

5,2,1,1,1

10

4,2,2,1,1

7,2,1

8,1,1

4,3,3
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10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (l,2)(3,8)(4,9)(5,10)(6,7)
y = (1,3, 2,4, 5X6,7,8,9,10)

X = (1,2X3,10X4,8X5,9X6,7)
Y = (1,2, 3,4,5X6,7,8,9,10)

X = (l,2)(3,10)(4,8)(5,9)(6,7)
Y = (1,3,2,4,5)(6,8,7,9,10)

X = (l,2)(3,10)(4,8)(5,9)(6,7)
y = (l,3,2,4,5)(6,7,8,9,10)

X = (l,2)(3,10)(4,9)(5,8)(6,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,2)(3,10)(4,9)(5,8)(6,7)
y = (l,3,2,4,5)(6,8,7,9,10)

X = (l,2)(3,10)(4,9)(5,8)(6,7)
y = (l,3,2,4,5)(6,7,8,9,U0)

X = (l,2)(3,9)(4,8)(5,10)(6,7)
y = (1,3, 2,4, 5X6,8, 7, 9,10)

X = (l,2)(3,9)(4,8)(5,10)(6,7)
y=(l,2,3,4,5)(6,7,8,9,10)

X =.(l,2)(3,9)(4,"8)(5,10)(6,7)
y = (l,3,2,4,5)(6,7,8,9,10)

X = (l,2)(3,9)(4,10)(5,8)(6,7)
y = (l,3,2,4,5)(6,7,8,9,10)

X = (l,2)(3,8)(4,10)(5,9)(6,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,2)(3,8)(4,10)(5,9)(6,7)
y = (1,3, 2,4, 5)(6,8,7,9,10)

X = (l,2)(3,8)(4,10)(5,9)(6,7)
y = (l,3,2,4,5)(6,7,8,9,10)

X = (5,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)
y = (1,2, 3,4,5)(6,7,8,9,10)

X = (l,7)(5,6)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,10)
y = (l,2,3,4,5)(6,7,8,9,10)

g = (1; 00,00,00)

g = (1; 00, 00, 00)

9 =(2; 00)

g = (1; 00, 00, 00)

g — (0; 00, 00, 00, 00, 00)

9 =(2; 00)

g= (1; 00, 00, 00)

9 = (2; 00)

g — (0; 00,00, 00,00, 00)

g = (1; 00, 00, 00)

g — (l;-bo, 00, 00)

g — (0; 00, 00,00, 00,00)

g = (1; 00, 90, 00)

g= (1; 00, 00, 00)

g ={0; 2,2, 2,2, 2,2, 2,2, 00)

g = (0; 2, 2,2,2, 2,2, 00, 00)

5 = (0; 2,2, 2, 2, 2, 2,00, 00)

3 = (0; 2, 2,2, 2,2,2, 00, 00)

5 = (0.; 2, 2,2,2,2,2, 00, 00)

g= (0; 2, 2, 2, 2, 00,00, 00)

6

8

10

6

4

10

14

10

6

6

20

6

4

14

10

8

21

12

5

6

6,3,1

8,1,1

10

6,3,1

4,2,2,1,1

10

7,2,1

10

3,3,2,1,1

6,3,1

5,4,1

3,3,2,1,1

4,4,2

7,2,1

10

8,2

7,3

6,4

5,5

6,2,2
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10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (l,6)(5,7)(2,9)
Y = (1,2,3,4,5X6,7,8,9,10)

X = (1,6X5, 7X3,10)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(3,9)
Y = (1,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)
Y = (1,2,3,4,5)(6, 7,8,9,10)

X = (2,8)(l,10)(5,7)
-F = (1,2,3,4,5X6,7,8,9,10)

X = (3,8)(l,10)(5,7)
y = (l,2,3,4,5)(6, 7,8,9,10)

X = (3,8)(2,10)(5,7)
Y = (1,2,3,4,5)(6,7,8,9,10)

X = (4,8)(3,6)(5,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (4,8)(l,9)(5,7)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(4,9)(l,7)(5,8) •

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(4,7)(l,6)(5,8)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(l,7)(4,6)(5,8) •

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(l,7)(5,6)(4,8)

y = (l,2,3,4,5)(6, 7,8,9,10)
X = (2,10)(l,8)(5,6)(4,7)

y=(l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(l,8)(5,7)(4,6)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (4,10)(5,8)(l,7)(2,6)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,10)(5,8)(4,7)(2,6)

y = (l,2,3,4,5)(6,7,8,9,10)-
X = (5,10)(l,8)(4,7)(2,6)

Y = (l,2,3,4,5)(6,7,8,9,10).
X = (4,10)(l,8)(5,7)(2,6)

y = (l,2,3,4,5)(6, 7,8,9,10)

g = (0; 2, 2, 2, 2, oo, oo, oo)

g= (0; 2, 2, 2, 2, 00,00,00)

g =(0; 2,2, 2,2, 00, 00, 00)

g =(0; 2,2,2, 2,2, 2, 00, 00)

ff-(0;2,2,2,2,2,2,oo,oo)

5 = (0; 2,2,2,2, 00, 00, 00)

g= (0; 2, 2, 2, 2, 00, 00,00)

5 - ( 0 ; 2,2,2,2, 00, 00,00)

5 =(0; 2,2, 2,2, 00, 00,00)

5 =(0; 2, 2, 2, 2, 00, 00,00)

g = (0; 2, 2, 00, 00,00, 00)

5-= (1; 2, 2,oo,oo)

g= (1; 2, 2, 00, 00)

5 =(1; 2,2, 00, 00)

5 = (1; 2,2,oo,oo)

g= (1; 2,2, 00, 00)

3 = (0; 2,2, 00, 00, 00, 00)

g =(1; 2,2, 00,00)

• 5 =(1; 2, 2, 00, 00)

3 = (1; 2,2, 00, 00)'

30

30

4

12

5

12

12

12

4

4

4

8

8

12

8

12

6

5

.21

21

5,3,2

5,3,2

4,4,2

6,4

5,5

4,3,3

4,3,3

4,3,3

4,4,2

4,4,2

4,2,2,2

8,2

8,2

6,4

8,2

6,4

3,3,2,2

5,5

7,3

7,3
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10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (5,10)(l,8)(2,7)(4,6)
y-(1,2,3,4,5X6,7,8,9,10)
X = (5,6)(l,8)(2,7)(4,10)

y = (1,2,3,4,5X6, 7,8,9,10)
X = (5,6)(2,8)(4,7)(l,10)

y = (1,2,3,4, 5)(6,7,8,9,10)
X = (l,6)(2,8)(5,7)(4,10)

y = (1,2, 3,4,5)(6,7,8,9,10)
X = (l,6)(2,8)(5,10)(4,7)

y=(l,2,3,4>5)(6,7,8,9,10)
X = (l,7)(2,8)(5,10)(4,6)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(2,8)(4,10)(5,6)

y = (l,2,3,4,5)(6,7,8,9,10)
. * = (1,2)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (3,4)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(5,7)(6,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(5,7)(8,9)

y = (1,2,3,4, 5)(6,7,8,9,10)
X = (3,4)(5,7)(6,10)

y = (l>2,3,4,5)(6,7,8,9,10)
X = (2,3)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (3,4)(5,7)(9,10)

y=(l,2,3,4,5)(6,7,8,9,10)
A- = (2,3)(5,7)

y = (1,2,3,4,5)(6, 7,8,9,10)
A" = (l,2)(3,4)(5,7)(6,10)

y=(l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(3,4)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(3,4)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(2,3)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)

g = (0; 2,2,00,00,00,00)

g =(1; 2,2,00, 00)

g = (1; 2,2,00, 00)

g= (1; 2, 2,oo,oo)

<? = (!; 2, 2,00, 00)

g = (1; 2, 2, 00,00)

g = J[1; 2,2, 00,00)

<7=(0;-2,2,2,2,2,2,oo,oo)

5 = (0; 2, 2,2, 2,2, 2, 00,00)

5 = (0; 2,2,2, 2, 00, 00, 00)

g = (0; 2,2,2,2, 00,00, 00)

g = (0; 2,2, 2,2,00, 00, 00)

5 - (0; 2,2,2,2, 00, 00, 00)

g = (0; 2,2, 2,2, 00, 00, 00)

5 = (0; 2,2,2,2, 00, 00, 00)

5 = (0; 2,2,2,2,2,2, 00, 00)

5 = (0; 2,2, 00,00, 00, 00)

g = (0; 2, 2, 00, 00, 00, 00)

g = (0; 2, 2,00,00,00, 00)

g = (0; 2,2, 2,2, 00, 00, 00)

6

8

6

8

21

8

5

9

9

8

8

8

8

8

8

9

7

7

7

14

3,3,2,2

8,2

3,3,2,2

8,2

7,3

8,2

5,5

9,1

9,1

8,1,1

8,1,1

8,1,1

8,1,1

8,1,1

8,1,1

9,1

7,1,1,1

7,1,1,1

7,1,1,1

7,2,1

52



10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (l,6)(3,4)(5,7)

y = (1,2,3,4,5X6,7, 8,9,10)

X = (l,6)(2,3)(5,7)(9,10)

Y = (1,2,3,4,5X6, 7,8,9,10)

A" = (l,6)(2,4)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(2,4)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(2,4)(5,7)(8,10)

y = (l,2,3,4,5)(6,7,8,9,10)

A- = (l,4)(2,6)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(2,6)(5,7)(9,10)

y = (l,2,-3,4,5)(6,7,8,9,10)

A- = (l,4)(2,7)(5,6)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(2,7)(5,6)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(2,7)(5,6)

y = (l, 2,3,4,5)(6, 7,8,9,10)

A" = (1,4X2,6X5,7X8,10)
y = (1,2,3,4,5)(6,7,8,9,10)

A" = (l,4)(2,7)(5,6)(8,10)

Y = (1,2,3,4,5)(6,7,8,9,10)

X = (l,6)(2,4)(5,7)

y = (l,2,3,4,5)(6,7,8,9,.10)

X = (2, 6X5,7X8,10)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(2,6)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)

A- = (l,3)(2,7)(5,6)(8,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(3,4)(5,6)(8,10)

y = (l,2,3,4,5)(6,7,8,9,10)

A- = (l,6)(2,3)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(3,4)(5,7)(9,10)

y.= (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,6)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)

g = (0; 2,2,2,2, oo, oo, oo)

g= (0;2, 2, 00,00,00,00)

g = (0; 2,2, 00,00, 00, 00)

g = (0; 2,2,00,00,00,00)

g = (0;2,2, 00,00,00,00)

(/=(l;2,2,oo,oo)

g = (1; 2,2, 00, 00)

5 =(1; 2,2,00, 00)

5 = (1; 2, 2, 00,00)

g =(1; 2, 2, 2,2, 00)

5 =(1; 2,2,00,00)

(/=(l;2,2,oo,oo)

0 = (0; 2,2, 2,2, 00, 00,00)

5 =(0; 2,2,2,2, 00,00, 00)

5 =(1; 2, 2, 2, 2, 00)

g= (1; 2, 2,00,00)

g = (0; 2, 2,oo,oo,oo,oo)

5 = (0;2,2,oo, 00,00,00)

5 = (0; 2, 2,00,00,00,00)

5 =(1; 2, 2, 2,2, 00)

14

6

.10

10

4

9

9

9

9

10

8

8

6

30

10

8

12

6

6

10

7,2,1

6,2,1,1

5,2,2,1

5,2,2,1

4,2,2,2

9,1

9,1

9,1

.9,1

10

8 OO, Z

8,2

6,2,2

5,3,2

10

8,2

4,3,2,1

6,2,1,1

6,2,1,1

10
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10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (2,6)(3,4)(5,7)

y = (1,2, 3,4, 5)(6,7,8,9,10)

X = (2, 6X5,7X9,10)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)(8,9)

Y = (1,2,3,4, 5)(6,7,8,9,10)

X = (2,6)(l,3)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,6)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(3,4)(5,8)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(3,4)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,7)(5,6)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(3,4)(5,6)

y = (l,2,3,4;5)(6,7,8,9,10)

. X = (l,3)(5,7)(6,10)

y = (1,2, 3,4, 5)(6,7,8,9,10)

X = (l,3)(5,7)(9,10)

.y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)(6,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)(8,9)

y = (l,-2, 3,4, 5)(6, 7,8, 9,10) •

X = (l,4)(5,7)(6,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)

y = (1,2, 3,4, 5)(6,7,8,9,10)

• g = (0; 2,2, 2,2, ex,, oo, oo)

g = (0; 2,2, 2,2, oo, oo, oo)

g = (0;2,2,2,2,oo,oo,oo)

g= (1; 2,2,oo,oo)

5 = (1; 2, 2,oo,oo) .

g = (0; 2, 2, 00, 00,00, 00)

g = (0; 2, 2, 00, 00,00, 00)

g= (1; 2, 2,2,2,00)

3 = (0; 2,2,2,2,oo,oo,c»)

5 = (0; 2,2, 2,2,00, 00, 00)

5 = (0; 2,2,2,2, 00, 00,00)

9 = (0; 2,2, 2,2, 00, 00, 00)

5 = (0; 2,2, 2,2, 00, 00, 00)

g =(0; 2,2, 2,2, 00, 00, 00)

9 = (0; 2,2,2,2,00,00,00)

9 = (0; 2,2,2, 2, 00, 00, 00)

g =(0; 2,2,2,2, 00, 00,00)

ff= (0; 2,2, 2,2, 00,00, 00)

9 = (0; 2,2,2, 2,2,2, 00, 00)

5 = (0;2, 2,2,2,2, 2,00,00).

6

6

6

9

9

15

15

10

6

14

14

14

14

14

14

6

6

6

8

8

6,3,1.

6,3,1

6,3,1

9,1

9,1

5,3,1,1

5,3,1,1

10

6,3,1

7,2,1

7,2,1

7,2,1

7,2,1

7,2,1

7,2,1

6,3,1

6,3,1

6,3,1

8,2

8,2
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10

10

10

10,

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (l,4)(5,7)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(2,4)(5,7)(6,10)

y = (1,2,3,4,5X6,7,8,9,10)

Jt = (1,3X5,7X6,10X8,9)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(8,9)
F = (l,2,3,4,5)(6, 7,8,9,10)

X = (2,7)(5,6)(9,10)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(2,7)(5,6)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
A- = (l,3)(2,7)(5,6)(9,10)

y = (l,2,3,4,5)(6, 7,8,9,10)
X - ( 2 , 7) (5, 6) (3,4) (8, 9)

y = (1,2,3,4,5)(6, 7,8, 9,10) •
A" = (2,7)(5,6)(3,4)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,3)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(3,4)

y = (l,2,3,4,5)(6,7,8,9,10)
A- = (l,7)(5,6)(2,3)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(2,3)(5,6)(8,9)-

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(3,4)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,4)

y = (1,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,4)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,4)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(l,6)(5,7)(3,4)

y = (l,2)3,4,5)(6,7,8,9,10)
X = (2,9)(l,6)(5,7)(3,4)

y = (l,2,3,4,5)(6,7,8,9,10).
A- = (2,9)(l,6)(5,7)(8,10)

y = (1,2,3,4,5)(6,7,8,9,10)

5 =(0; 2,2, 2,2, 2,2,oo,oo)

g = ( 1 ; 2,2, 00, 00)

g = (0; 2, 2, 00, 00, 00, 00)

g= (0; 2,2,2,2, 00, 00,00)

<7=(0;2,2,2,2,oo,oo,oc)

fl=(l;2,2,oo,c»)

g= (1; 2,2, 00, 00)

g = (0; 2,2, 00,00, 00, 00)

g = CO; 2,2, 00, 00, 00, 00)

g =(0; 2,2,2,2, 00,00,00)

g - ( 0 ; 2, 2, 2,2, 00,00, 00)

• 5 = (0; 2, 2, 00, 00, 00,00)

5.= (0; 2,2, 00, 00, 00, 00)

3 = (0; 2, 2,00, 00, 00,00)

g =(0; 2,2, 2,2, 00, 00,00)

5 = (0; 2, 2, 00, 00, 00, 00)

3 = (0; 2,2, 00,00, 00, 00)

3 = (0; 2, 2, 00, 00, 00,00)

g = (0; 2,2, 00,00,00, 00)

5 =(1; 2, 2, 00, 00)

21

9

6

20

20

9

9

15

15

20

20

4

4

4

30

12

12

10

12

8

7,3

9,1

6,2,1,1

5,4,1

5,4,1

9,1

9,1

5,3,1,1

5,3,1,1

5,4,1

5,4,1

4,4,1,1

4,4,1,1

4,4,1,1

5,3,2

4,3,2,1

4,3,2,1

5,2,2,1

4,3,2,1

8,2
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10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

X = (3,10)(l,6)(5,7)(2,4)
Y.= (1,2,3,4,5X6,7,8,9,10)
X = (3,10)(l,6)(5,7)(8,9)

Y = (l,2,3,4,5)(6,7,8,9,10)
A- = (l,6)(5,7)(2,4)(3,9)

Y = (1,2, 3,4,5X6, 7,8,9,10)
X = (l,3)(2,4).(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9r10)
X = (l,3)(5,7)(6,8)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(2,4)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,.10)
X = (2,4)(5,7)(6,10).(8,9)

y = (I,2,3,4,5)(6,7,8,9,10)
X = (2,4)(5,7)(6,8)(9,10)

Y = (1,2, 3,4,5)(6,7,8,9,10)
X = (l,4)(2,3)(5,7)(6,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(6,10)(8,9)

y = <l,2,3,4,5)(6,7,8,9,10)
A" = (l,4)(5,7)(6,8)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
A- = (l,4)(2,3)(5,7)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(2,4)(5,7)

Y = (1,2,3,4, 5)(6,7,8,9,10)
X = (l,4)(2,3)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,10)(l,3)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(2,7)(5,10)

y=(l,2,3,4,5)(6,7,8,9;10)
X = (2,7)(5,10)(3,4)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(2,7)(5,10)(8,9)

Y = (1,2, 3,4,5)(6,7,8,9,10)
X = (l,4)(2,7)(5,10)(8,9)

y=(l,2,3,4,5)(6,7,8,9,10)
A- = (l,3)(2,7)(5,10)(6,8)

y = (l,2,3,4,5)(6,7,8,9,10)

g = (1; 2,2,oo,oo)

g= (0; 2,2, 00, 00, 00, 00)

g = (1; 2, 2, 00, 00)

g = (1; 2, 2, 00,00)

g = (0; 2,2, 00, 00, 00, 00)

g= (1;2, 2, 00,00)

g = (0; 2,2, 00, 00, 00, 00)

g = (0; 2,2,00, 00, 00, 00)

g = (0; 2,2, 00, 00, 00, 00)

g= (0; 2,2, 00, 00, 00,00)

g = (0; 2,2, 00, 00, 00, 00)

g = (0; 2,2, 00, 00, 00, 00)

g = (1; 2, 2, 2, 2, 00)

5 = (0; 2, 2,2, 2, 00, 00, 00)

0=(l;2,2,2,2,oo)

g =(1; 2, 2, 2,2, 00)

5 = (0; 2,2, 00, 00, 00, 00)

5 = (1; 2, 2, 00,00)

5 = (1; 2, 2,oo,oo)

5 = (1; 2,2, 00,00)

8

12

8

9

10

9

6

10

6

15

12

6

10

14

10

10

4

9

9

12

8,2-

4,3,2,1

8,2

9,1

5,2,2,1

9,1

6,2,1,1

5,2,2,1

6,2,1,1

5,3,1,1

4,3,2,1

6,2,1,1

10

7,2,1

10

10

4,4,1,1

9,1

9,1

6,4
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10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

10

11*

11*

X = (l,3)(2,7)(5,10)(6,9)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,10)(l,4)(6,9)

y = (1,2, 3,4, 5)(6,7,8,9,10)
X = (l,10)(5,7)(2,8)(3,4)

y = (l,2,3,4,5)(6,7,8,-9,10)
X = (l,10)(5,7)(2,8)(6,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(l,3)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,3)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,3)(6,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,3)(6,8)

y = (1,2,3,4,5X6,7,8,9,10)
X = (2,10)(5,7)(3,4)(8,9)

y=(l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(3,4)(6,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,4)(6,9)

y = (l,2)3)4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,4)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(3,4)

y = (1,2,3,4, 5)(6,7,8,9,10)
X = (2,7)(5,10)(3,4)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,10)(5,7)(3,8)(2,4)

y = (1,2,3,4,5X6,7,8,9,10)
X = (2,6)(5,7)(4,9)(8,10)

y=(l,2,3,4,5)(6,7,8)9,10)
X = (l,2)(3,6)(5,7)(4,8)

y = (l,2)3,4,5)(6,7,8,9,10)
X = (l,9)(5,7)(4,8)(6)10)

y = (1,2,3,4,5X6,7,8,9,10)
X = (1,11)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,ll)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)

5 = (1; 2,2, oo.oo)

p =(1; 2,2, oo.oo)

g = (0; 2,2, oo, oo, oo, oo)

g = (1; 2,2,oo,oo)

5 = (1; 2,2,2,2,00)

g = ( 1 ; 2,2, 00, 00).

g = (1; 2,2, 00, 00)

g = (1; 2,2, 00, 00)

g = (0; 2, 2, 00,00, 00, 00)

g = (1; 2, 2, 00, 00)

5 =(1; 2,2, 00, 00)

g = (1; 2, 2,2,2, 06)

2 =(0; 2,2,2,2, 00, 00,00)

5 =(0; 2, 2,2, 2, 00, 00, 00)

5 = (1; 2,2, 00, 00)

g= (1; 2,2,00, 00)

5 = (0; 2,2,00,00, 00, 00)

3 = (0; 2,2, 00, 00, 00, 00)

5 = (0; 2,2,2, 2,2,2, 2,5, 00)

5 - ( 0 ; 2, 2, 2, 2,2, 2, 2, 5, 00)

5

12

3

12

10

9

12

5

4

9

5

10

20

20

21

21

12

12

11

11

5,5

6,4

3,3,3,1

6,4

10.

9,1

6,4

5,5

4,4,1,1

9,1

5,5

10

5,4,1

5,4,1

7,3

7,3

4,3,2,1

4,3,2,1

11

11

57



11*

11*

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

X = (3,ll)(5,7)

y = (1,2,3,4, 5)(6,7,8,9,10)

X = (4,ll)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(2,ll)

F = (1,2,3,4, 5)(6,7,8,9,10)

X = (l,6)(5,7)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (5,7X2,6X1,11)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (5,7)(2,6)(3,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (5,7)(2,6)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (5,7)(2,6)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (5,7)(2,6)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X=.(5,7)(2,6)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (5,6)(2,7)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (5,6)(2,7)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (5,6)(2,7)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (5,6)(2,7)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (5,6)(2,7)(l,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (5,6)(2,7)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (5,6)(l,7)(4,ll)

y = (1,2, 3,4, 5)(6,7,8,9,10)

X = (5,6)(l,7)(2,ll)

y = (l>2,3,4,5)(6,7,8,9,10)
X = (5,6)(l,7)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

g =(0; 2, 2, 2,2, 2,2,2,5,oo)

3 =(0; 2,2,2,2, 2,2,2,5,oo)

5=(0;2,2,2,2,.2,5,oo,oo)

g = (0; 2,2, 2, 2,2, 5, 00,00)

0=(O;2,2,2,2,2,5,oo,oo)

g -(0; 2,2, 2,2, 2, 5, 00, 00)

3 =(0; 2,2,2,2,2,5, 00, 00)

g -(0; 2, 2,2,2,2,5, 00, 00)

3 =(0; 2, 2,2, 2,2, 5, 00,00)

9 - ( 0 ; 2,2, 2, 2,2, 5, 00,00)

3-(0; 2,2, 2,2,2,5, 00, 00)

3 = (0; 2,2,2, 2,2,5, 00,00)

g =(0; 2, 2,2, 2,2, 5, 00,00)

.9= (0; 2,2, 2,2,2,5, 00,00)

3 =(0; 2,2,2,2,2,5, 00, 00)

3 =(0; 2, 2,2, 2,2, 5, 00,00)

g = (0; 2,2, 2,2,2,5, 00,00)

3 = (0; 2,2,2, 2,2,5, 00, 00)

3 = (0; 2,2,2, 2,2, 5,00,00)

3 = (0; 2,2, 2,2,2, 5, 00,00)

11

11

18

18

18

28

24

24

24

24

24

28

28

28

30

28

30

30

30

30

11

11

9,2

9,2

9,2

7,4

8,3

8,3

8,3

8,3

8,3

7,4

7,4

7,4

6,5

7,4

6,5

6,5

6,5

6,5

58



11*

11*

11*

11

11*

11*

11*

11*

11

11*

11*

11*

11

11

11

11

11

11

11*

11*

X = (2,10)(l,6)(5,7)(3,ll)
y =-(l>2,3,4)5)(6)7,8,9)10)

X = (2,10X1,16X5, 7X4,11)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(2,9)(3,ll>

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,.6)(5,7)(2,9)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,9)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(3,10)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(3,10)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(3,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(3,10)(2,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(3,9)(2,ll)
Y = (1,2,3,4,5)(6, 7,8,9,10)

X = (l,6)(5,7)(3,9)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (5,7)(l,ll)(2,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (5,7)(2,10)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (5,7)(2,10)(4,ll)

y = (l,2,3,4,-5)(6,7,8,9,10)

X = (5,10)(2,7)(l,ll)
y = (l,2,3,4,5)(6;7,8,9,10)

A- = (5,10)(2,7)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(4,ll)

y=(l,2,3,4,5)(6,7,8,9,10)

X = (l,10)(5,7)(2,8)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,10)(5,7)(2,8)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

g= (0; 2,2, 2,5,00,00,00)

g= (0; 2,2, 2,5,00, 00,00)

g = (0; 2,2, 2,5,oo,oo,oo)

g = (0; 2,2, 2,5, 00, 00, 00)

g = (0; 2,2, 2,5,00, 00,00)

g = (0; 2,2,2,5, 00, 00,00)

g = (0; 2, 2,2, 5, 00,00, 00)

g = (0; 2,2,2,5, 00,00, 00)

3 = (0; 2,2, 2,5,00, 00, 00)

9 = (0; 2,2,2,5, 00, 00,00)

9 - (0; 2,2,2, 5, 00, 00, 00)

9 = (0; 2,2,2,5,co,oo,oo)

g = (0; 2, 2,2, 2,2,5,00,00)

5 = (0; 2, 2, 2, 2,2,5, 00,00)

<? = (0;2,2;2,2,2,5,oo,oo)

9 =(0; 2, 2,2, 2,2, 5,00,00)

g =(0; 2,2,2,2,2,5, 00,00)

5 = (0; 2,2,2,2,2, 5, co, 00)

9 = (0; 2, 2,2, 5, 00, 00, 00)

g= (0; 2,2,2,5, 00,00, 00)

14

14

6

6

20

6

6

6

6

20

20

20

30

28

28

30

30

30

12

12

7,2,2

7,2,2

6,3,2

6,3,2

5,4,2

6,3,2

6,3,2

6,3,2

6,3,2

5,4,2

5,4,2

5,4,2

6,5

7,4

,7,4

6,5

6,5

6,5 .

4,4,3

4,4,3
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11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11

11

11

11

11

11

11

11

11

11

X = (l,10)(5,7)(2,8)(4,ll)
y = (1,2, 3,4,5X6,7,8,9,10)

X = (1,10X5,7X2,8X3,11)
y = (1,2, 3,4, 5)(6,7,8,9,10)
X = (l,10)(5,7)(3,8)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,10)(5,7)(3,8)(2,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(3,8)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A" = (2,1OX5,7)(3,8X1,11)
y = (1,2,3,4, 5)(6,7,8,9,10)
" A = (3,6)(5,7)C4,8)(1,11)
y = (l,2,3,4,5)(6,7,8,9,10)
A = (3,6)(5,7)(4,8)(2,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
A = (l,9)(5,7)(4,8)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
A- = (l,9)(5,7)(4,8)(6,ll)

y = (1,2, 3,4,5)(6,7,8,9,10)
A = (l,6)(5,7)(4,8)(3,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A = (l,6)(5,7)(3,8)(4,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A = (l,6)(5,7)(3,8)(4,9)(2,ll)
y = (1,2,3,4,5)(6, 7,8,9,10)

A = (2,10)(l,7)(5,8)(4,6)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)"

A = (2,10)(l,7)(5,8)(4,6)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A = (l,6)(5,8)(4,7)(3,9)(10,ll)
y=(l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(4,7)(l,8)(5,6)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A = (2,10)(l,8)(5,6)(4,7)(9,ll)
y = (1,2, 3,4, 5J(6,7,8,9,10)

A = (2,10)(l,8)(4,6)(5,7)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A = (2,10)(l,8)(4,6)(5,7)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

g = (0; 2, 2, 2, 5, oo, oo, oo)

9 = (0;2,2,2,5,oo,oo,oo)

g = (0; 2, 2,2, 5, oo, oo, oo)

g = (0;2, 2,2,5, 00,00,00)

g = (0; 2,2,2,5, 00, 00, 00)

g = (0; 2,2, 2, 5, 00, oo, 00)

g = (0; 2,2, 2, 5, 00, 00, 00)

g - (0; 2, 2,2,5, 00, 00, 00)

g= (0; 2,2, 2,5, 00, 00,00)

g= (0; 2, 2, 2, 5, 00, 00, 00)

g= (0; 2, 5, 00, 00, 00, 00)

g = (1; 2,5,00, 00)

g= (1; 2, 5,oo,oo)

5 = (1; 2,5, 00,00)

g- (1; 2,5, 00, 00)

5 = (1; 2, 5, 00, 00)

3 = (1; 2,5, 00, 00)

5 = (1; 2, 5,oo,oo)

g= (1; 2, 5,oo,oo)

3 = (1; 2, 5, 00, 00)

15

15

12

15

12.

15

20

20

20

20

10

18

18

18

18

30

18

18

28

28

5,3,3

5,3,3

4,4,3

5,3,3

4,4,3

5,3,3

5,4,2

5,4,2

5,4,2

5,4,2

5,2,2,2

9,2

9,2

9,2

9,2

6,5

9,2

9,2

7,4

7,4
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11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

X = (l,6)(5,7)(4,8)(3,10)(9,ll)

y = (1,2,3,4,5X6,7,8,9,10)
X = (l,7)(5,6)(4,9)(3,8)(10,ll)

Y = (1,2,3,4, 5)(6,7,8,9,10) •

X = (2,6)(5,10)(l,8)(4,7)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,10)(l,8)(4,7)(9,ll)

y = (1,2, 3,4,5)(6,7,8,9,10)

X = (2,6)(4,10)(5,7)(l,8)(9,ll)

y = (l,2,.3,4,5)(6,7,8,9,10)

X = (2,6)(l)8)(4,10)(5,7)(3,l.l)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(l,8)(5,10)(4,6)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(l,8)(4,10)(5,6)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,8)(4,7)(5,6)(l,10)(3,ll)

y=(l,2,3,4,5)(6,7,8,9,10)

A-.= (l,9)(4,8)(5,7)(3,6)(10,ll)

y = (l,2,3,4-,5)(6,7,8,9,10)

X = (l,6)(2,8)(5,10)(4,7)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,10)(2,8)(4,7)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,8)(5,7)(4,10)(3,6)(2,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,9)(l,8)(5,7)(4,6)(10,.ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (1,2X3,11X5,7)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,2)(4,ll)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (1,2)(6,11X5, 7)

y = .(l,2,3,4,5)(6,7,8,9,10)

X = (l,2)(10,ll)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,2)(9,ll)(5,7)

Y = (1,2,3,4,5)(6,7,8,9,10)

A- = (l,2)(5,7)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

g = (0; 2, 5, oo, oo, oo, oo)

g = (1; 2,5,oo,oo)

g = (1; 2,5, 00, 00)

g = (1; 2,5, 00, 00)

g= (1; 2,5, 00,00)

g = (1; 2,5, 00,00)

g= (0; 2,5, 00, 00, 00, 00)

g = (1; 2, 5, 00, 00)

g = (0; 2, 5, 00, 00,00, 00)

g = (1; 2,5, 00, 00)

g = (1; 2,5, 00,00)

g = (1; 2,5, 00,00)

g = (1;2,5, 00, 00)

g= (1; 2,5, 00, 00)

g = (0; 2, 2,2,2,2,5, 00, 00)

g =(0; 2,2, 2,2, 2, 5, 00,00)

5 =(0; 2,2,2,2, 2,5, 00, 00)

9 = (0; 2,2, 2,2, 2, 5, 00,00)

<7 = (0; 2,2, 2,2, 2, 5, cx>, 00)

g=(0;2,2,2,2,2,5,oo,oo)

12

30

24

28

24

28

12

18

12

18

28

24

18

30

10

10

10

10

10

10

4,3,2,2

. 6,5

.8,3

7,4

8,3

7,4

4,3,2,2

9,2

•4,3,2,2

9,2

7,4

8,3

9,2

6,5

10,1

10,1

10,1

10,1

10,1

10,1
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11

11

11

11

11

11

11*

11*

11*

11*

11*

11*

11*

11*

11

11

11

11

11

11

X = (3,4)(2,ll)(5,7)
r=(l,2,3,4,5)(6,7,8,9,10)

X = (l,ll)(3,4)(5,7)
Y = (l,2,3,4,5)(6,7,8,9,10)

X = (3,4)(5,7)(6,ll)
y = (1,2, 3,4,5X6,7,8, 9,10)

X = (3,4)(5,7)(10,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (3,4)(5,7)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (3,4)(5,7)(8,ll).
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(6,10)(5,7)(4,ll)
Y = (1,2, 3,4,5X6, 7,8,9,10)

X = (1,2X3,11X5,7X6,10)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(5,7)(6,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(5,7)(6,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(3,ll)(5,7)(8,9)

y = (1,2,3,4, 5)(6,7,8,9,10)
X = (1,2X5,7)(4,11)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (3,4)(5,7)(6,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (3,4)(5,7)(6,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,3)(5,7)(l,ll)
y = (1,2,3,4, 5)(6,7,8,9,10)

X = (2,3)(5,7)(4,ll)
y = (1,2, 3,4,5)(6,7,8,9,10)

A- = (2,3)(5,7)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,3)(5,7)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X.= (2,3)(5,-7)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,3)(5,7)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

S = (0;2,2,2,2,2,5,oo,oo)

g =(0; 2,2,2,2, 2,5,oo,oo)

g = (0;2,2,2,2,2,5,c»,oo)

g = (0;2,2,2,2,2,5,oo,oo)

g = (0; 2, 2,2, 2,2,5,oo,oo)

g = (0; 2,2, 2,2, 2,5, 00, 00)

g = (0; 2,2, 2,5,00,00,00)

0=(O;2,2,2,5,oo,oo,oo)

g = (0; 2, 2,2, 5, 00,00, 00)

5 =(0; 2, 2, 2,5,00, 00,00)

g = (0; 2,2,2, 5,00,00, 00)

5 = (0; 2, 2, 2,5, 00,00, 00)

5 = (0; 2,2,2, 5,00, 00, 00)

5 = (0; 2, 2,2,5, 00,00, 00)

g= (0; 2, 2, 2, 2,2,5, 00, 00)

3 = (0; 2, 2,2,2, 2,5, 00,00)

g =(0; 2,2, 2, 2,2,5,00, 00)

5 = (0; 2, 2,2,2, 2,5, 00, 00)

g =(0; 2,2, 2, 2, 2,5, 00, 00)

5 = (0; 2, 2,2,2,2,5, 00, 00)

10

10

10

10

10

10

9

9

9

9

9

9

9

9

10

10

10

10

10

10

10,1

10,1

10,1

10,1

10,1

10,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

10,1

10,1

10,1

10,1

10,1

10,1
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11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11

11

11

11

11

11

11*

11*

11*

11

X = (2,3)(l,ll)(5,7)(9,10)
r=(l,2,3,4,5)(6,7,8,9,10)
X = (2,3)(4,ll)(5,7)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(3,ll)(5,7)(9,10)

y = (l,2,3,~4,5)(6,7,8,9,10)
X = (l,2)(4,ll)(5,7)(9,10)

F = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(6,ll)(9,10)(5,7)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(5,7)(9,10)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,ll)(5,7)(3,4)(9,10)

F = (l,2,3,4,-5)(6,7,8,9,10)
X = (3,4)(5,7)(2,ll)(9,10)

y = (1,2,3,4, 5)(6,7,8,9,10)
X = (3,4)(5,7)(6,ll)(9,10)

y = (li2,3,4,5)(6)7,8,9,10)
X = (3,4)(5,7)(8,ll)(9,10)

y = (l)2)3,4)5)(6,7,8,9,10)
X = (l,2)(3,4)(5,7)(6,10)(8,ll)

y = (l)2,3,4,5)(6,7,8,9,10)
X = (l,2)(3,4)(5,7)(6)10)(9,ll)

y=(l,2,3,4)5)(6,7,8,9,10)
X = (l,2)(3,4)(5,7)(9,10)(8,ll)

y = (1,2, 3,4,5X6,7,8,9,10)
X = (l,2)(3,4)(5,7)(6,ll)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(3,4)(5,7)(8,9)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,2)(3,4)(5,7)(8,9)(6,ll)

y=(l,2,3,4,5)(6,7,-8,9,10)
X = (l,6)(5,7)(2,3)(4,ll)

y = (1,2, 3,4,5)(6, 7,8,9,10)
X = (l,6)(5,7)(2,3)(10,ll)

y = (l,2)3,4,5)(6,7,8,9,10)
X = (1,6X5, 7X2,3X9,11) •

y = (l,2,3,4,5)(6,7,8,9,10)
A- = ( l ,6) (5 ,7) (2 ) 3)(8 , l l )

y = ( l ,2 ,3 ,4 ,5) (6 ,7 ,8 ,9 ,10)

g= (0; 2,2,2, 5,00,00,00)

g= (0; 2, 2, 2,5,00,00, 00)

g= (0; 2, 2, 2,5,00,00, 00)

g = (0;2,2,2,5,00,00,00)

g = (0; 2, 2, 2, 5, 00,00, 00)

g = (0; 2, 2, 2, 5, 00,00, 00)

g= (0; 2, 2,2,5,00,00,00)

g = (0; 2,2,2, 5,00, 00,00)

5 =(0; 2,2,2,5,oo,c», 00)

5 = (0; 2, 2,2, 5, 00,00, 00)

g = (0; 2, 5, 00,00, 00, 00)

g = (0; 2,5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2,5, 00,00, 00,00)

g = (0; 2,2,2, 5,00, 00,00)

5 = (0; 2,2,2, 5,00,00, 00)

3 = (0; 2, 2, 2,5, 00,00, 00)

g = ( 0 ; 2, 2, 2,5,00, 00, 00)

9

9

9

9

9

9

9

9

9

9

8

8

8

8

8

8

8

8

8

8

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

9,1,1

8,1,1,1

8,1,1,1

8,1,1,1

8,1,1,1

8,1,1,1

8,1,1,1

8,2,1

8,2,1

8,2,1

8,2,1
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11

11*

11*

11*

11

11

11

11

. 11

11

11

11

11

11

11

11

11

11

11

11*

X = (l,6)(5,7)(3,4)(10,ll)
y = (1,2,3,4,5X6,7,8,9,10)
X = (l,6)(5,7)(3,4)(9,ll)

Y = (1,2,3,4,5X6, 7,8,9,10)

X = (1,6X5,7X3,4X8,11)
y = (1,2, 3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(3,4)(2,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(2,3)(4,ll)(9,10)
• y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(2,3)(9,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,4)(9,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (i;6)(5,7)(2,4)(3,ll)(9,10)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,4)(8,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,4)(8,9)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,4)(8,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(2,6)(8,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(2)6)(8,9)(3,ll)
y = (1,2,3,4, 5)(6,7,8,9,10)

X = (l,4)(2,6)(5,7)(9,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(2,6)(9,10)(3,ll)
y = (1,2,3,4,5)(6, 7,8,9,10)

X = (l,4)(5,6)(2,7)(8,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A- = (l,4)(5,6)(2,7)(8,9)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,6)(2,7)(9,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,6)(2,7)(3,ll)(9,10)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,6)(2,7)(3,ll)

y = (l)2,3,4,5)(6,7,8,9,10)

5 = (0; 2,2, 2, 5, oo, oo, oo)

g= (0; 2,2, 2, 5, oo, oo, oo)

g= (0; 2, 2, 2, 5, oo, oo, oo)

g = (0; 2, 2,2,5, oo, oo, oo)

g = (0; 2, 5, oo, oo, oo, oo)

3 = (0; 2, 5, 00,00,00,00)

3 = (0; 2, 5, 00, 00,00, 00)'

g = (0; 2,5, 00, 00, 00, 00)

g = (0; 2, 5, 00,00, 00,00)

g = (0; 2, 5, 00, 00,00, 00)

g = (0; 2,5, 00, 00, 00, 00)

3 = (l;2,5,oo,oo)

3 = (1; 2,5, 00,00)

3 = (1; 2, 5, 00, 00)

3 = (1; 2, 5, 00, 00)

3 = (1; 2, 5, 00, 00)

3 = (1; 2, 5,oo,oo)

3 = (1; 2,5, 00, 00)

3 = (1; 2,5,00, 00)

3 = (1; 2,2, 2,5, 00)

8

8

8

8

14

14

6

30

6

30

12

10

10

10

10

10

10

10

10

11

8,2,1

8,2,1

8,2,1

8,2,1

7,2,1,1

7,2,1,1

6,2,2,1

5,3,2,1

6,2,2,1

5,3,2,1

4,3,2,2

10,1

10,1

10,1

10,1

10,1

10,1

10,1

10,1

11
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11*

11*

11*

11

11

11

11

11*

11

11*

11*

11*

11*

11*

11*

11*

11*

11*

11

11

X = (l,4)(5,6)(2,7)(10,ll)
y = (1,2,3,4,5X6,7,8,9,10)

X = (1,4X5,6X2,7X9,11)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,6)(2,7)(8,ll)

y=(l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(2,6)(8,10)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(2,6)(8,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10) "

X = (l,4)(5,6)(2)7)(8,10)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,6)(2,7)(8,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(2,4)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(2,4)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,6)(5,7)(2,4)(8,ll)

y = (1,2, 3,4, 5)(6,7,8,9,10)
X = (l,6)(5,7)(2,4)(9,ll)

y=(l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(8,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(l,ll)(8,10)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(8,10)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
A- = (2,6)(5,7)(8,10)(3,ll)
y = (1,2, 3,4, 5)(6,7,8,9,10)
A- = (2,6)(5,7)(l,4)(3,ll)

y = -(l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(l,4)(10,ll)
y=(l,2,3,4,5)(6,7,8,9,10) '
X = (2,6)(5,7)(l,4)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(l,4)(8,ll)

y=(l,2,3,4,5)(6,7,8,9,10)
X = (5,6)(2,7)(l,3)(8,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

5=(l;2,2,2,5,c»)

g =(1; 2,2,2,5,oo)

5=(l;2,2,2,5,c»)

g= (1;2, 5, 00,00)

g = (1; 2, 5, 00, 00)

g= (1; 2, 5, 00,00)

g= (1;2, 5, 00,00)

g= (0; 2,2,2, 5, 00,00, 00)

g = (0;2, 2, 2, 5,oo,oo,oo)

g = ( 0 ; 2,2, 2, 5,00,00, 00)

g = (0; 2, 2,2, 5, 00,00, 00)

(7 = (0; 2, 2," 2,5,00, 00; 00)

g= (0; 2,2,2, 5, 00,00, 00)

5 = (0; 2, 2, 2,5,00, 00,00)

<?=(0;2,2,2,5,oo,oo,oo)

5 = (1; 2, 2,2, 5, 00)

0=(l;2,2,2,5,oo)

g= (1; 2,2,2, 5,00)

5 = (1; 2, 2, 2,5,00)

g= (1; 2,5, 00,00)

11

11

11

18

24

18

24

14

6

14

14

15

20

6

6

11

11

11

11

24

11

11

11

9,2

8,3

9,2

8,3

7,2,2

6,3,2

7,2,2

7,2,2

5,3,3

5,4,2

6,3,2

6,3,2

11

11

11

11

8,3
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11

11

11

11

11

11

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

X = (2,7)(5,6)(l,3)(4,ll)(8,10)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(l,ll)(3,4)(8,10)
y = (1,2, 3,4, 5)(6,7,8,9,10)

X=.(2,7)(5,6)(3,4)(8,10)(9,ll)
y = (1,2, 3,4,5X6, 7, 8,9,10)

X = (l,6)(5,7)(3,4)(2,ll)(9,10)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(2,3)(8,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(l,3)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(l,3)(9,ll)

y = (l,2,3,4,5)(6,7,-8,9,10)
X = (2,6)(5,7)(l,3)(4,ll)

y = (1,2, 3,4, 5)(6,7,8,9,10)
. X = (2,6)(5,7)(l,3)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
A- = (2,6)(5,7)(3,4)(10,ll)
y = (.l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(3,4)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(3,4)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (5,7)(2,6)(l,ll)(3,4)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(9,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,1.0)
X=(2,6)(5,7)(l,ll)(9,10)
y = (1,2, 3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(3,ll)(9,10)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(9,10)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(8,9)(10,ll)
y = (1,2, 3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(4,ll)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,6)(5,7)(3,ll)(8,9)

y = (l,2,3,4,5)(6,7,8,9,10)

g = (1; 2,5,oo,oo)

g= (0; 2,5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00,00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

. • g =(1; 2, 2, 2, 5, 00)

g= (1; 2,2,2,5, 00)

g =(1; 2,2,2,5, 00)

(7= (1; 2, 2, 2, 5, 00)

5 = (0; 2,2, 2,5, 00, 00, 00)

g = (0; 2,2, 2, 5, 00, 00, 00)

3 = (0; 2, 2,2, 5,00, 00,00)

g = (0; 2,2,2,5, 00, 00, 00)

5 = (0; 2,.2, 2, 5, 00, 00, 00)

g =(0; 2, 2,2, 5, 00, 00,00)

3 = (0; 2,2,2,5, 00, 00, 00)

g = (0; 2,2, 2, 5, 00,00, 00)

3 = (0; 2, 2,2, 5, 00, 00,00)

3 = (0; 2, 2,2,5, ex), 00, 00)

3 = (0; 2, 2, 2, 5, 00, 00, 00)

18

30

12

14

,14

11

11

11

11

21

21

21

12

21

12

21

21

21

21

21

9,2

5,3,2,1

4,3,3,1

7,2,1,1

7,2,1,1

11

11

11

11

7,3,1

7,3,1.

7,3,1

6,4,1

7,3,1

6,4,1

7,3,1

7,3,1

7,3,1

7,3,1

7,3,1
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11*

11

11

11

11

11

11

11

11

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

X = (2,6)(5,7)(8,9)(l,ll)

F = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)(l,3)(8,9)(10,ll)

Y = (1,2, 3,4,5)(6, 7,8,9,10)

X = (2,6)(5,7)(l,3)(4,ll)(8,9)

F = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)(l,3)(9,10)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)(l,3)(9,10)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)(l,ll)(3,4)(8,9)

r-(l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)(3,4)(8,9)(10,ll)

y = (l,2,3,4>5)(6,7,8,9,10)

X = (2,6)(5,7)(3,4)(9,10)(8,ll)

F = (l,2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7j(l,ll)(3,4)(9,10)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(l,3)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,6)(2,7)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,6)(2,7)(9,ll)

F = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,6)(2,7)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(l,ll){3,4)

y = (l,2,3,4)5)(6,7,8,9,10)

X = (2,7)(5,6)(3,4)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(3,4)(9,ll)

y = (I,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(3,4)(8,ll)

y = (1,2, 3,4,5)(6, 7,8,9,10)

A- = (l,3)(5,7)(6,10)(4,ll)

y = (l,2,3,4,5)(6,7)8,9)10)

X = (l,3)(5,7)(6,10)(2,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

.X = (l,3)(5,7)(6,10)(8,ll)

y = (l,2,3,4,5)(6)7,8,9,10)-

g = (0;2,2,2, 5,oo,oo,cx))

g = (1; 2,5,oo,oo)

g = (l;-2,5, 00,00)

5 = (1;2, 5, 00,00)

g = (1; 2, 5,oo,oo)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2,5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

5 = (1; 2, 2,2,5, 00)

3 =(1; 2,2,2,5,oo)

g =(1; 2, 2, 2, 5,00)

g =(1; 2, 2, 2, 5, 00)

g=(0; 2,2, 2,5, 00,00, 00)

g = (0; 2, 2,2,5,00,00, 00)

g =(0; 2, 2, 2, 5,00, 00, 00)

5 = (0; 2,2,2,5, 00,00, 00)

g= (0; 2,2,2, 5,00,00,00)

5 =(0; 2, 2, 2, 5,00, 00, 00)

g= (0; 2,2,2, 5,00,00, 00)

12

10

10

10

10

20

6

6

20

11

11

11

11

21

21

21

21

8

21

8

6,4,1

10,1

10,1

10,1

10,1

5,4,1,1

6,3,1,1

6,3,1,1

5,4,1,1

11

11

11

11

7,3,1

7,3,1

7,3,1

7,3,1

8,2,1

7,3,1

8,2,1
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11

11*

11*

11*

11*N

11

11*

11*

11*

11

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

Y --

Y ~

Y -

Y ~

Y =

y
X__

YX=

Y-

Y-

Y-

Y-

y =

Y =

Y =

Y =

Y
X

=

YX=

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

= (1 ,

r

2,
c

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

3,4

3,4

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

3,4,

5) (6

5X6,

5X6,

5X6,

5X6,

5) (6,'

5) (6,'

5) (6,'

5X6,

5) (6,

5X6,

5) (6,

5) (6,

5) (6,

5)(6,

5)(6,

5)(6,

5)(6,'

5) (6,'

5) (6,'

10
7,

n;
7,
10)
7,
10)
7,
10)
7,

9)
7,

9)
7,

9)
7,

9)(
7,
10)
7,
10)
7,i
10)

7,S
10)

10)

7,*
10)

7,?
10)

7 A
10)

7,f
9)(
7,{

9)(
7,«
9)(
7,?

8,9,

8,9,

8,9,

8,9,

5,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

3,9,

5,9,

10)

10)

10)

11)
10)

11)
10)

1)
10)

1)
10)

1)
10)

11)
10)

11)
10)

10)

LI)
10)

LI)
10)

11)
10)

LI)
10)

LI)
10)
LI).
10)

10)

1)
10)

1)
10)

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

9 =

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

(0;2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

2,

5, oo,

5, oo,

5, oo,

5, oo,

5, oo,

5,oo,

5, oo,

5, oo,

5, oo,

5, oo,

5, oo,

5, oo,

5,oo,

5,oo,

5, oo,

5,oo,

5, oo,

5, oo,

5,oo,

5, oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo,

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

oo)

8

8

8

21

8

8

21

8

8

8

21

8

8

8

8

21

8

21

8

8

Q O

s o
», z,

8,2,

7,3,

8,2,

8,2,

7,3,

8,2,

8,2,

8,2,

7,3,

8, Z,

8,2,

8,Z,

8,2,

7,3,

8,2,

7,3,

0, Z,

8, Z,

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1
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11

11*

11*

11*

11*

11*

11*

11*

11*

11

11

11

11

11

11

11

11

11

11

11

X = (2,4)(5,7)(8,9)(10,ll)
y = (1,2,3,4,5)(6,7,8,9,10)

X = (1,4X5,7X6,10X8,11)
y = (1,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(6,10)(2,ll)
y = (l,2,3,4>5)(6,7,8,9>10)
X = (l,4)(5,7)(6,10)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(6,10)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(9,10)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(9,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(9,10)(3,ll)
y = (1,2,3,4, 5)(6,7,8,9,10)
X = (l,4)(5,7)(9,10)(2,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(8,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(8,9)(6,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(8,9)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(8,9)(2,ll)

y=(l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(5,7)(6,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(5,7)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (1,3X5,7X9,11)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,7)(8,.ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,7)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

Jf = (1,3)(5,7)(2,11)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,ll)(2,4)(5,7)
y = (l,2,3,4,5)(6,7,8,9,lO)

g = (0; 2,2, 2, 5, 00,00,00)

g = (0; 2,2,2, 5, 00, 00, 00)

g = (0; 2,2,2,5, 00, 00,00)

g = (0; 2,2,2,5,oo,oo,oo)

g= (0; 2,2, 2,5, 00, 00, 00)

g = (0; 2,2,2, 5, 00, 00, 00)

g= (0; 2,2,2, 5, 00, 00,00)

g.= (0; 2,2,2, 5, 00, 00, 00)

g = (0; 2, 2,2,5, 00, 00, 00)

5 = (0; 2,2, 2,5, 00, 00, 00)

5 = (0; 2,2, 2,5, 00,00, 00)

5.= (0; 2,2, 2,5,00, 00, 00)

g= (0; 2,2,2,5, 00,00,00)

<? = (0; 2, 2, 2, 2, 2, 5, cx>, 00)

5 = (0; 2, 2, 2,2,2, 5, 00,00)

5 = (0; 2,2,2, 2,2, 5, 00, 00)

g = (0; 2,2,2, 2,2, 5,00,00)

ff= (0; 2, 2, 2, 2,2, 5, 00, TO)

5 =(0; 2, 2, 2,2, 2,5, 00, 00)

5 = (0; 2,2,2,2,2, 5, 00,00)

8

21

12

12

21

21

21

12

12

21

21

12

12

18

18

18

18

18

24

18

8,2,1

7,3,1

6,4,1

6,4,1

7, 3,1

7,3,1

7,3,1

6,4,1

6,4,1

7,3,1

7,3,1

6,4,1

6,4,1

9,2

9,2

9,2

9,2

9,2

8,3

9,2
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. 11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11*

11*

11*

11

11*

X = (2,4)(5,7)(3)il)

y = (1,2,3,4, 5)(6,7,8,9,10)

X = (2,4)(5,7)(6,ll)

y = (l,2,3,4,5)(6,7)8,9,10)

X = (2,4X5,7X10,11)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(6,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

A- = (l,4)(5,7)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(3,ll)

y = (1,2,3,4,5)(6, 7,8,9,10)

X = (1,4)(5,7X2,11)

F = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,4)(5,7)(6,10)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,4)(5,7)(6,10)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(4,ll)(5,7)(6,10)(8,9)

y='(l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,7)(6,10)(8,9)(2,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7X5,6X8,9X10,11)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(8,9)(l,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(8,9)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(8,9)(3,ll)-

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,6)(9,10)(l,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

5 = (0; 2, 2,2, 2,2,5,oo,oo)

g =(0; 2, 2,2,2,2,5,oo,oo)

g = (0;2,2,2,2,2,5,(X),oo)

g= (0; 2,2,2,2,2,5,oo,cx>)

g= (0; 2, 2, 2, 2, 2,5,00, 00)

g= (0; 2, 2,2, 2,2, 5, 00, 00)

<? = (0; 2,2,2,2,2,5, 00,00)

ff=(0;2,2,2,2,2,5,oo,oo)

g =(0; 2, 2,2,2,2,5, 00, 00)

5 = (0; 2,2, 2,2, 2,5, 00, 00)

5 = (0; 2, 2,2, 2,2, 5, 00, 00)

g = (1; 2,5, 00,00)

5 = (1; 2, 5,oo,oo)

3 = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2, 2, 2,5,00,00, 00)

5 = (0; 2,2,2,5, 00, 00, 00)

g = (0; 2, 2, 2,5,00,00, 00)

5 = (0; 2,2,2,5,00, 00, 00)

5 = (0; 2, 2,2,5,oo,oo,oo)

24

18

18

18

18

24

24

24

24

28

28

10

10

14

6

12

12

5

5

12

8,3

9,2

9,2

9,2

9,2

8,3

8,3

8,3

8,3

7,4

7,4

10,1

10,1

7,2,1,1

6,3,l,r

6,4,1

6,4,1

5,5,1

5,5,1

6,4,1
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11

11*

11*

11

11

11

11

11

11

11

11

11*

11*

11*

11*

11*

11*

11*

11*

11

X = (2,7)(5,6)(9,10)(4,ll)
y = (1,2, 3,4, 5X6,7,8, 9,10)

X = (2, 7X5, 6X9,10X3,11)
Y = (1,2, 3,4, 5)(6,7,8,9,10)
X = (2,7)(5,6)(9,10)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(8,9)(l,3)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(l,3)(8,9)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(l,3)(9,10)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(l,3)(9,10)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(3,4)(8,9)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(3,4)(8,9)(l,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(3,4)(9,10)(l,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,6)(3,4)(9,10)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X=.(l,7)(5,6)(2,3)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
Jf = (1,7)(5,6)(2,3)(9,11)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,3)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
A- = (l,7)(5,6)(2,3)(4,ll) ,

y = (1,2, 3,4, 5)(6,7,8,9,10)
X = (l,7)(5,6)(3,4)(2,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(3,4)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
A- = (l,7)(5,6)(3,4)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(3,4)(10,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,3)(9,10)(8,ll)

y = (1,2, 3,4, 5)(6,7,8,9,10)

g = (0;2,2,2,5,cx),oo,oo)

5 = (0;2,2,2,5,oo,c»,oo)

g= (0; 2, 2,2, 5,00,00,00)

g = (1; 2, 5, 00, 00)

g = (1; 2,5, 00,00)

g= (1;2, 5, 00,00)

g = (1; 2, 5,00, 00)

g = (0; 2,5, 00, 00, 00, 00)

3 = (0; 2,5, 00, 00,00, 00)

g = (0; 2, 5, 00, 00, 00, 00)

g = (0; 2,5, 00,00, 00, 00)

g= (0; 2,2, 2, 5,oo,oo,oo)

g = (0; 2, 2,2, 5,00,00, 00)

fl = (0;2,-2,2,5,oo,oo,oo)

g - ( 0 ; 2,2,2, 5,00, 00, 00)

g - ( 0 ; 2,2,2, 5, 00,00, 00)

5 = (0; 2,2, 2,5,00, 00, 00)

5 = (0; 2,2, 2, 5,00, 00, 00)

3 = ( 0 ; 2, 2, 2, 5, 00, <x, 00)

3 = (0;2, 5,.00,00, 00,00)

5

5

12

10

10

10

10

6

6

6

6

12

12

12

5

5

12

12

12

20

5,5,1

5,5,1

6,4,1

10,1

10,1

10,1

10,1

6,3,1,1

6,3,1,1

6,3,1,1

6,3,1,1

6,4,1

6,4,1

6,4,1

5,5,1

5,5,1

6,4,1

6,4,1

6,4,1

5,4,1,1
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11

11

11

11*

11*

11*

11

11

11

11

11

11

11

11

11

11

11

11

11

11

X = (l,7)(5,6)(2,3)(9,10)(4,ll)
F = (1,2,3,4, 5)(6,7,8,9,10)

X = (l,7)(5,6)(2,3)(8)9)(10,ll)
Y = (1,2,3,4,5)(6, 7,8,9,10)

X = (l,7)(5,6)(3,4)(9,10)(2,ll)
F^(l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,4)(3,ll)

F = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,4)(10,ll)
y = (1,2, 3,4, 5X6,7,8,9,10)
X = (l,7)(5,6)(2,4)(8,ll)

Y = (1,2, 3,4,5)(6, 7,8,9,10)
X = (l,7)(5,6)(2,4)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,7)(5,6)(2,4)(8,9)(3,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (l,7)(5,6)(2,4)(8,9)(10,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (l,7)(5,6)(2,4)(9,10)(3,ll)
y = (l,2)3,4,5)(6,7,8,9,10)

X = (l,7)(5,-6)(2,4)(9,10)(8,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(l,6)(5,7)(3,4)(8,ll)
y = (l,2,3)4,5)(6,7,8,9,10)

X = (2,10)(l,6)(5,7)(3,4)(9,ll)
y = (l,2>3,4,5)(6>7,8,9,10)

X = (2,9)(l,6)(5,7)(3,4)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,9)(l,6)(5)7)(3,4)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,9)(l)6)(5)7)(8)10)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,9)(l,6)(5,7)(8,10)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l)6)(5)7)(3,10)(2,4)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (1,6)(5,7)(3,1O)(2,4)(9>11)
y = (l,2,3,4,5)(6,7,8)9,10)

X = (l)6)(5,7)(3,10)(8,9)(4,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

g= (0; 2, 5, oo, oo, oo, oo)

g = (0; 2, 5, oo, oo, oo, oo)

g= (0; 2, 5, oo, oo, oo, oo)

g = (0; 2, 2, 2,5, oo, oo, oo)

g = (0; 2, 2,2,5, oo, oo, oo)

g = (0; 2, 2,2, 5, oo, oo, oo)

g = (0; 2,2,2, 5, oo, oo, oo)

g = (0; 2, 5, oo, oo, oo, oo)

g = (0; 2,5, oo, oo, oo, oo)

g= (0; 2,5, oo, oo, oo, oo)

g= (0; 2, 5, oo, oo, oo, oo)

g= (0; 2,5, oo, oo, oo, oo)

g = (0; 2, 5, oo, oo, oo, oo)

g= (0; 2,5, oo, oo, oo, oo)

g = (0; 2,5, oo, oo, oo, oo)

g= (1; 2,5,oo,oo)

5 = (1; 2, 5, 00, 00)

g= (1; 2, 5,oo,oo)

g= (1; 2,5,00, 00)

g= (0; 2,5, 00, 00, 00,00)

20

20

20

15

6

6

6

12

30

12

30

6

6

4

30

18

18

18

18

30

5,4,1,1

5,4,1,1

5,4,1,1

5,3,3

6,3,2

6,3,2

6,3,2

4,3,3,1

5,3,2,1

4,3,3,1

5,3,2,1

6,2,2,1

6,2,2,1

4,4,2,1

5,3,2,1

9,2

9,2

9,2

9,2

5,3,2,1
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11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

11

X = (l,6)(5,.7)(3,10)(8,9)(2,ll)
y = (1,2,3,4,5)(6,7,8,9,10)

X = (1,6X5, 7X3, 9X2,4X10,11)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,6)(5,7)(3,9)(2,4)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,4)(5,7)(9,10)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,4)(5,7)(9,10)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(5,7)(6,8)(9,10)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10).

X = (l,3)(5,7)(6,8)(9,10)(2,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = {1,3)(2,4)(5,7)(8,9)(6,11)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,3)(2,4)(5,7)(8,9)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)(6,10)(8,9)(l,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,4)(5,7)(6,10X8,9)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

A- = (2,4)(5,7)(6,8)(9,10)(l,ll)
y = (1,2, 3,4,5)(6, 7,8,9,10)

X = (2,4)(5,7)(6,8)(9,10)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(2,3)(5,7)(6,10)(8,ll)
.y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(2,3)(5,7)(6,10)(9,ll)
y = (l,2,3,4,5)(6;7,8,9,10)

X = (l,4)(5,7)(6,10)(8,9)(2,ll)
•y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(5,7)(6,10)(8,9)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

•X = (l,4)(5,7)(6,8)(9,10)(2,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(5,7)(6,8)(9,10)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,4)(2,3)(5,7)(8,9)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

g = (0; 2,5, oo, oo, oo, oo)

5 = (1; 2,5,oo,oo)

g = (1; 2, 5, 00, 00)

g= (l;2,5,oo,oo)

g= (1; 2, 5,oo,oo)

g= (0; 2,5, 00, 00,00, 00)

g = (0; 2,5, 00, 00, 00, 00)

g= (1;2, 5, 00,00)

g = (1;2, 5, 00,00)

g= (0; 2,5, 00, 00, 00, 00)

g = (0; 2,5,00, 00, 00,00)

g = (0; 2,5,00, 00, 00, 00)

g = (0; 2,5, 00, 00, 00, 00)

g — (0; 2,5, 00,00, 00, 00)

g= (0; 2,5, 00, 00, 00, 00)

g= (0; 2,5, 00,00, 00, 00)

g= (0; 2,5, 00, 00, 00, 00)

g= (0; 2,5, 00, 00,00, 00)

g = (0; 2,5, 00, 00,00, 00)

g = (0; 2,5, 00, 00, 00, 00)

4

18

18

10

10

6

30

10

10

14

6

6

30

14

14

20

20

4

4

14

4,4,2,1

9,2

9,2

10,1

10,1

6,2,2,1

5,3,2,1

10,1

10,1

7,2,1,1

6,3,1,1

6,2,2,1

5,3,2,1

7,2,1,1

7,2,1,1

5,4,1,1

5,4,1,1

4,4,2,1

4,4,2,1

7,2,1,1
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11

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11*

11

11

11

X = (l,4)(2,3)(5,7)(8,9)(10,ll)
y = (1,2,3,4,5)(6,7,8,9,10)
X = (l,3)(2,4)(5,7)(6,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (l,3)(2,4)(5,7)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,lO)
X = (l,3)(2,4)(5,7)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10j
X = (l,3)(2,4)(5,7)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (1,4X2,3X5,7X6,11)

y = (1,2,3,4,5)(6, 7,8,9,10)
X = (l,4)(2,3)(5,7)(10,ll)
F = (l,2,3,4,5)(6,7,8,9,10)
X = (l,4)(2,3)(5,7)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (1,4X2,3X5,7X8,11)

y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,10).(l,3)(4,ll)
Y = (1,2, 3,4,5)(6, 7,8,9,10)
X = (2,7)(5,10)(l,3)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7X5,10X1,3X9,11) '
y = (l,2,3,4,5)(6,7,8,9,10)
A- = (2,7)(5,10)(l,3)(6,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,4)(3,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,4)(8,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,4)(6,ll)

y = (1,2, 3,4, 5)(6,7,8,9,10)

X = (2,7)(5,10)(l,4)(9,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(3,4)(8,9)(l,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,3)(8,9)(4,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,3)(8,9)(6,ll)

y = (l,2,3,4,5)(6,7,8,9,10)

g = (0; 2, 5, oo, oo, oo, oo)

g =(1; 2,2,2,5,oo)

g =(1; 2, 2, 2,5, 00)

S.= (l;2,2,2,5,oo)

g = (1; 2, 2, 2, 5, 00)

g = (0; 2,2, 2, 5, 00, 00, 00)

g = (0; 2, 2, 2, 5,00, 00, 00)

5 = (0; 2, 2,2,5, 00,00,00)

g = (0; 2, 2,2,5, 00, 00, 00)

S=(l;2,2,2,5,oo)

5 =(1; 2,2, 2,5, 00)

g= (1; 2,2, 2,5, 00)

5 = (1; 2, 2, 2, 5, 00)

5 =(1; 2,2,2,5, 00)

<7=(l;2,2,2,5,oo) .

g=(l;2,2,2,5,oo)

g =(1; 2, 2,2, 5, 00)

5 = (0; 2,5, 00, 00, 00,00)

5 = (1; 2,5, 00,00)

g = (1; 2,5, 00, 00)

14

11

11

11

11

8

8

8

8

11

11

11

11

11

11

11

11

20

10

10

7,2,1,1

11

11

11

11

8,2,1

8,2,1

8,2,1

8,2,1

11

11

11

11

11

11

11

11

5,4,1,1

10,1

10,1
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11

11

11

11

11

11

11

11

11

11

11*

11

11*

11*

11

11

11

11

11

X = (2,7)(5,10)(l,4)(8,9)(3,ll)
Y = (1,2, 3,4,5X6,7,8,9,10)

X = (2,7)(5,10)(l,4)(8,9)(6,ll)
Y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,3)(6,8)(4,ll)
y=(l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,.3)(6,9)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,3)(6,9)(8,ir)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,7)(5,10)(l,4)(6,9)(3,ll)
y = (1,2,3,4,5) (6, 7-, 8, 9,10)

A- = (l,10)(5,7)(2,8)(3,4)(6,ll)
y=(l,2,3,4,5)(6,7,8,9,10)

A- = (1,1O)(5>7)(2,8)(3,4)(9,11)
y = (l,2,3,4,5)(6,7,8,9,10)

•X = (l,10)(5,7)(2,-8)(6,9)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (1,1O)(5,7)(2,8)(6>9)(4,11)
y=(l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,3)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,3)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,1O)(5,7)(1,3)(9>11)
y=-(1,2,3,4, 5X6,7,8,9,10)

X = (2,10)(5,7)(l,3)(6,ll)
.y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)(l,3)(8,9)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)(l,3)(8,9)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)(l,3)(6,9)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)(l,3)(6,9)(8,ll)
y=(l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)(l,3)(6,8)(4,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

g= (1; 2,5,oo,oo)

g = (l;2,5,oo,oo)

g= (l;2,5,oo, 00)

g = (1; 2, 5, 00,00)

3 = (l;2,5,oo,oo)

g= (1; 2,5, 00, 00)

g = (0; 2,5,oo,oo,oo,oo)

g = (0; 2,5,00, 00, 00,00)

g= (1; 2; 5, 00, 00)

g= (1; 2,5,00, 00)

p=.(l;2,2,2,5,oo).

•5= (1; 2,2, 2,5, 00)

g= (1; 2,2, 2,5, 00)

g =(1; 2, 2, 2, 5, 00)

3 = (1;2, 5, 00,00)

3 = (1; 2, 5, 00,00)

g = (1; 2,5, 00,00)

3 = (1; 2,5, 00, 00)

3 = (1; 2, 5,oo,oo)

10

10

28

30

30

28

12

12

30

30

11

11

11

11

10

10

28

28

30

10,1

10,1

7,4

6,5

6,5

. 7,4

4,3,3,1

•4,3,3,1

6,5

6,5

11

11

11

11

10,1

10,1

7,4

7,4

6,5
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11

11

11

11

11*

11*

11*

11

11*

11

11*

11*

11*

11

11*

11*

11

11

11

X = (2,10)(5,7)(3,4)(8,9)(l,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)(3,4)(6,9)(l,ll)
y = (1,2,3,4,5)(6,7,8,9,10)

A- = (2,10)(5,7)(3,4)(6,9)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (2,10)(5,7)(l,4)(6,9)(3,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,4)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,4)(3,ll)
y = (1,2, 3,4,5X6, 7, 8,9,10)
X = (2,10)(5,7)(l,4)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(l,4)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(3,4)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(3,4)(l,ll)
y = (l,2,3,4,5)(6,7,8,9,.10)
X = (2,10)(5,7)(3,4)(9,ll)
y = (1,2, 3,4,5)(6,7,8,9,10)
X = (2,10)(5,7)(3,4)(6,ll)
y = (1,2, 3,4,5)(6,7,8,9,10)
X = (2,7)(5,10)(3,4)(8,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,10)(3,4)(6,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X = (2,7)(5,10)(3,4)(l,ll)
y = (l,2,3,4,5)(6,7,8,9,10)
X=.(2,7)(5,10)(3,4)(9,ll)
y = (1,2, 3,4,5)(6,7,8,9,10)

X = (l,10)(5,7)(3,8)(2,4)(9,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,10)(5,7)(3,8)(2,4)(6,ll)
y = (l,-2,3,4,5)(6,7,8,9,10)

X = (2,6)(5,7)(4,9)(8,10)(l,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

g - (0; 2, 5, oo, oo, oo, oo)

g= (1; 2,5,oo,oo)

g= (l;2,5,oo,oo)

g= (1;2, 5, 00,00) .

g=(l;2,2,2,5,oo)

g =(1; 2, 2,2, 5, 00)

g =(1; 2,2,2, 5, 00)

g =(1; 2, 2,2, 5, 00)

5 = (0; 2,2, 2, 5, 00, 00, 00)

-5 = (0; 2,2, 2, 5, 00, 00, 06)

p = (0; 2, 2, 2, 5, 00, 00,00)

g = (0; 2, 2, 2, 5, 00, 00, 00)

5 = (0; 2, 2, 2, 5, 00, 00, 00)

g = (0; 2, 2, 2, 5, 00, 00, 00)

g = ( 0 ; 2, 2,2, 5, 00, 00, 00)

5 = (0; 2, 2, 2, 5, 00, 00, 00)

3 = (l;2,5,oo,oo)

p = (1; 2, 5, 00,00)

g= (1;2, 5, 00,00)

20

10

10

30

11

11

11

11

12

5

12

5

12

5

12

12

24

28

28

5,4,1,1

10,1

10,1

6,5

11

11

11

11

6,4,1

5,5,1

6,4,1

5,5,1

6,4,1

5,5,1

6,4,1

6,4,1

8,3

7,4

7,4
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11

11

11

11

11

X = (2,6)(5)7)(4,9)(8,10)(3,ll)
Y = (1,2,3,4,5)(6, 7,8,9,10)

X = (l,2)(3,6)(5,7)(4,8)(9,ll)
Y = (1,2, 3,4,5)(6,7,8,9,10)

X = (l,2)(3,6)(5,7)(4,8)(10,ll)
y = (l,2,3,4,5)(6,7,8,9,10)

X = (l,9)(5,7)(4,8)(6,10)(3,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

X = (l,9)(5,7)(4,8)(6,10)(2,ll)
F = (l,2,3,4,5)(6,7,8,9,10)

g= (1; 2,5,oo,oo)

g= (0; 2, 5,oo,oo,oo,oo)

g - (0; 2,5, 00, 00, 00, 00)

g = (0; 2,5, 00,00, 00, 00)

g = (0; 2,5,00, 00, 00, 00)

24

30

30

30

30

8,3

5,3,2,1

5,3,2,1

5,3,2,1

5,3,2,1

Table 9.1: Subgroups of H5 up to and including index eleven
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