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This thesis is concerned with the situation in which there are several competing linear
models for describing the dependence of a response on a set of explanatory variables.
The aim of the thesis is to produce methodology by which experimental designs may be
selected that allow discrimination between the possible models and enable a model to be
chosen that is as close as possible to the ‘true’ model. A Bayesian decision theoretic
framework will be used for model selection and choosing an experimental design. The
Bayesian approach allows prior information from previous experimentation to be used in
the selection of a design and provides a means by which a model may be selected from a
set of competing models.

In this thesis, the Penalised Model Discrepancy (PMD) criterion for selecting an
experimental design is introduced. The criterion is first applied to the situation of
screening experiments, where little prior information is available. Good designs under
the PMD criterion are found for several model spaces which may be used for screening
experiments. The MD, HD and F criteria are existing Bayesian criteria from the
literature for selecting experimental designs for model discrimination; a comparison
between these and the PMD is made via examples and a simulation study. The
sensitivity of the PMD criterion to the choice of hyperparameters of the prior
distribution is also investigated. The PMD criterion is then applied to the selection of
follow-up runs after an initial experiment, using examples from the literature. For one
example, a comparison is again made to the F, MD and HD criteria. For another
example, the effect of the choice of initial design on the follow-up runs selected is
investigated. Follow-up runs for a tribology experiment carried out in the School of
Engineering Sciences at the University of Southampton were chosen using the PMD
criterion. The results and analysis of this experiment are presented, as well as details of
how the follow-up runs were chosen.

In some situations, especially when interaction terms are considered, the space of possible
models can become very large. As a consequence, evaluating the PMD objective function
can become very computationally expensive. Methods for reducing the computational
burden of evaluating the PMD objective function are investigated, and used to select
good designs for large model spaces. Methodology for improving the accuracy of the
evaluation of the HD and MD objective functions for large model spaces is also given.
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Chapter 1

Introduction and Overview

In this chapter the concepts of the linear model, design of experiments and Bayesian
inference are introduced. We then review some of the existing literature on Bayesian
experimental design, in particular, approaches to the problem of model discrimination.
The types of models and prior distributions for their parameters to be used throughout
this thesis are described. Finally, the overall aims and specific objectives of the work are

stated, and an overview of the thesis is given.

1.1 The Linear Model and Bayesian Inference

1.1.1 The Linear Model

Suppose that we wish to model the dependence of a n x 1 response vector Y on a set of
p explanatory variables. Let X be an n x p matrix, where X;; is the value of the jth

explanatory variable at the ith data point. Then a linear model for the dependence of Y

on X is given by:

Y = X3 +e,

. . . . iid .
where 3 is a p-dimensional vector of regression parameters, and € ~ N (0, 0?) is an

n-dimensional vector of random error terms. The mean responses given by the model at

the n data points are held in the vector X3. The differences between the means and
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observed responses is modelled by the terms in €.

1.1.2 Bayesian Inference

In classical inference, the parameters © associated with a statistical model f(y|0) are
treated as having a fixed, albeit unknown, value. Once data are obtained, 8 may be
estimated (by using maximum likelihood estimation, for example), and point hypotheses
about the parameters may be tested. In the Bayesian framework, 6 is instead treated as
a random variable. Before data are available, a prior distribution f(@) represents the
current beliefs and knowledge about the parameters. Upon observation of the data y,

this distribution is updated to a posterior distribution f(8|y) via Bayes theorem:

__f(6)f(vIf)
f@ly) = W (1.1)
©

For parameters taking discrete values, the integral in equation (1.1) is replaced by a

summation.

1.1.3 Bayesian Inference for Linear Models

In this thesis we will consider the situation where there are M > 2 competing linear

models of the form

T mi: Y =X;8,+e;, i=1,..., M, (1.2)

where 3, is a p;-dimensional vector of regression parameters, X; is the n x p; model
matrix for model m; and ¢; %N (0,02) is a n-dimensional vector of random error terms.
In a Bayesian framework, each model is given a prior probability P(m;) and prior
distributions are assigned to the model parameters (3; and o2. Bayes’ theorem is used to
obtain posterior model probabilities and parameter distributions after data y have been
observed.

A commonly used prior for the joint distribution of 3; and ¢? is a Normal
Inverse-Gamma distribution. This is a conjugate distribution for the linear model
described in Section 1.1.1. Details of this distribution may be found in O’Hagan and

Forster (2004), chapter 11. We assign an inverse-gamma, prior distribution to o2, which
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does not depend on . That is,

F(02) = %‘(%(a%)*% exp(~a/(202), (1.3)

or ;12' ~ Gamma($, g), where a and d are hyperparameters. Given model m; and the
value of af, the conditional density of 3, is N(g;,02V,), where u, and V; are the
pi-dimensional prior mean and the p; x p; prior variance-covariance matrix, respectively,

for model m;. The posterior distributions are of the same family:

1 g
}?|Y,mi ~ Gamma (%, %—) , (1.4)
IBiIJz?’Y’mi ~ N(NI’UV:) (15)
where
Vi o= (VT4 XIX)! (1.6)

pio= Vi(Vilm+Xy)

o = a+ WV Yy - (W) (V)

d = d+n.

Model Probabilities

For i = 1,...,M a probability that model m; is the true model is assigned. This prior

probability is denoted by P(m;). These probabilities may be updated to posterior

probabilities using Bayes’ theorem:

P(m;) f (y|my) (1.7)

P(mily) = ZP(mj)f(Y!mj)
j

where, under (1.4) and (1.5), the marginal likelihood of the data y given model m; is

[Vi[2a?/2D(d" /2)

flylms) = (1.8)

[Vi[!/? () /2T (d/2)m™/2
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These model probabilities can be used to calculate the marginal posterior probability
that a factor is active. The definition of an ‘active’ factor or effect differs across the
literature, see, for example, Box and Meyer (1986). In this thesis an active effect is
defined as being one of a non-negligible magnitude; an active factor is one that is
involved in one or more active effects. The marginal posterior probability that factor j is
active is given by > P(myly).

1:jEM,

Choice of Hyperparameters

The values used for the hyperparameters a, d, p, and V; should reflect prior beliefs about
the parameters 3; and o;. If little prior information is available, an noninformative prior
should be used. If data are available from a previous experiment, as in the examples in
Chapters 4 and 5, then a natural method of finding a prior distribution for use in future
work is to start with an noninformative prior, then update it to a posterior distribution
given the data to produce a more informative prior for subsequent experiments.

Using p; = 0 is a neutral choice of prior mean for 3, and reflects the fact that we do not
know the direction of the effects, so view each component of 3 as equally likely to be
positive or negative. If we have no prior information about correlations between the
distributions of the components of 3,;, we should make V; a diagonal matrix, as the
parameters are viewed as independent a priori. As we do not know the magnitude of 3,,
we might assume that we should make the numbers on the diagonal of V; as large as
possible, corresponding to a ‘flat’ prior on 3. However, if we do this, smaller models will
be favoured too strongly. Suppose V; = Al,, where p; is the number of terms in model
m;. Then, as A — oo, VI — (X!{X;)~! and [V,| = AP* - co. Hence using (1.8),
f(ylms)/ f(y|m;) — 0 if p; < p;. So for large A, the posterior probability will
automatically be greatest for the smallest models. This effect is an example of Lindley’s
paradox (Jeffreys, 1939), which shows that a diffuse prior can lead to a Bayesian analysis
favouring a smaller model when a classical likelihood ratio test would have rejected this
in favour of a larger model. To stop this from happening, we can either use \; = )\(1)/ P
for some constant Ag, or use A = 1 for all models. As the intercept term is present in all

models, it is possible to put a large prior variance on this term without causing problems

with the relative probabilities of models with different numbers of terms. We also need
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to select @ and d, the hyperparameters of the inverse-gamma prior distribution of criz.
The mean of the distribution in (1.3) is a/(d — 2) for d > 2 and its variance is

202/ ((d — 2)%(d — 4)) for d > 4. Hence, if we want a prior distribution with finite mean
and variance for o2 we should use d > 4 and choose a and d to give a reasonable mean
and variance for the distribution of 2. The effects of changing a and d are discussed in
Section 3.3.4. Alternatively, we can use an improper prior distribution for ¢2. For

example, using a = 0,d = 0 gives the improper prior distribution f(0?) x o~2.

1.2 Design of Factorial Experiments

Experimental design to investigate several variables involves selecting a set of
combinations of values, or levels, of factors at which to perform experimental runs.
When the factors are qualitative or are limited to a fixed number of levels, factorial or
fractional factorial designs are often used. If f factors are investigated in the
experiment, with factor ¢ having k; levels, then a full factorial design consists of all H k;
combinations of the factor levels. A fractional factorial design uses some subset of ’cilze1
available runs from a full factorial design. A regular fractional factorial design is one
that is generated by a defining relation, which can be interpreted as a set of equations
that must be satisfied by the factor levels in every row of the design. For factors with
two levels, the fractional factorial design generated by a defining relation consists of all
possible combinations of factor levels +1 that satisfy the defining relation. In these
designs, the correlations between factorial effects (main effects and interactions) are

either 0 (uncorrelated) or 1 (total aliasihg). There is no partial aliasing between factorial

effects; see, for example, Box, Hunter and Hunter (2005), Chapter 6.

Example For five factors, A...E, each at two levels, denoted by -1, 1, a quarter (25-2)
regular fraction is defined by I = ABCD = ABE. This fraction has the 8 runs shown in
Table 1.1.

In this example, the mean is aliased with the four-factor ABCD interaction, and the
three-factor ABE interaction. The main effects are totally aliased with two and three

factor interactions, for example A with BE and BCD. Some two-factor interactions are

also aliased together, for example AB with CD. The resolution of a design is the length
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Table 1.1: The 25-2 design defined by ] = ABCD = ABE.
A B C D E

1 1 1 1 1
1 1 -1 -1 1
1 -1 1 -1 -1
1 -1 -1 1 -1

-11 1 -1 -1
-11 -1 1 -1
-1 -1 1 1 1
-1 -1 -1 -1 1

of the shortest word in its defining relation. For example, the design shown in Table 1.1
has resolution III because the shortest word in the defining relation (ABE) contains
three factors.

Regular factorial and fractional factorial designs of resolution III or higher are examples
of main effects orthogonal designs. These are designs in which the columns containing
the values of the factors are all orthogonal to each other. An advantage of using a main
effects orthogonal design is that the least squares estimators of all the main effects are
uncorrelated.

Irregular fractions have no defining relation and may allow estimation of main effects and
lower order interactions in fewer runs than a regular fractional factorial design. The most
well known are the designs of Plackett and Burman (1946) which are used for estimating
main effects when interactions are believed to be negligible. For 2-level factors, Plackett
and Burman designs may be constructed for any number of runs that is a multiple of
four, unlike full and fractional factorial designs, for which the number of runs must be a
power of two. A complete catalogue of two-level main effects orthogonal designs in 12, 16

and 20 runs was provided by Sun, Li and Ye (2002), and was found by computer search.

1.3 Design for Model Discrimination

Consider the situation in which there are M competing linear models of the form given
in equation (1.2). The problem is how to choose, by experiment, a model m* from the
set of models M under consideration which provides the ‘best’ approximation to the

observed response. Throughout this thesis, this best model is called the ‘true’ or
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‘correct’ model.

Several criteria have been proposed for selecting designs for the purpose of discriminating
between a set of possible models to describe the relationship between a response and a
set of explanatory variables. In this subsection we briefly describe the main non-Bayesian
approaches to this problem. A review of Bayesian criteria will be given in Section 1.3.1.
The model discrimination capability of the search designs of Srivastava (1975) is
measured by a criterion called resolving power. For discriminating between M = 2
models, the T-optimality criterion was introduced by Atkinson and Federov (1975a).
This criterion is based on maximising the residual sum of squares for the alternative
model, given the known ‘true’ model. Atkinson and Federov (1975b) generalised this
criterion to allow several competing models. A different approach using criteria based on
the Subspace Angle and Expected Prediction Difference, was recently introduced by
Jones, Li, Nachtsheim and Ye (2007). These criteria aimed to select designs where
differences between the fitted values from the M models are as large as possible. The
subspace angle of a pair of models is a measure of the closeness between the spaces
spanned by their model matrices for a given design. To select a design, Jones et al.
(2007) defined two criteria based on the subspace angle: either to maximise the
minimum out of the subspace angles between pairs of models in M, or to maximise the
average subspace angle over all pairs of models in M. The expected prediction difference
between two models is the expectation of the squared magnitude of the difference
between the fitted values of the two models, where the response is normalised to lie on
the unit sphere. As with the subspace angle, Jones et al. (2007) defined two criteria - the
minimum and average expected prediction difference over all pairs of possible models.
Agboto, Li and Nachtsheim (2006) evaluated the designs in the catalogue of Sun et al.
(2002) under a variety of model discrimination criteria, including the expected prediction

difference.

1.3.1 Bayesian Experimental Design for Model Discrimination

A comprehensive review of Bayesian experimental design was given by Chaloner and
Verdinelli (1995). In a Bayesian framework, experimental design may be approached by

using decision theory. There are two decisions to be made: firstly, the choice of design to
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use and secondly an inferential decision based on the outcome of the experiment, such as
the choice of a model or estimators of the model parameters. Lindley (1972) followed
this approach, and suggested selecting a design d to maximise the expected utility of the
final inferential decision § chosen from set of possible decisions A. That is, to choose d,

from the set of designs under consideration D, to maximise

U() = [ max [V(6,6,4.3)16ly, (v \d)day, (1.9
Yy o

where 8 is the vector of unknown model parameters. Using utility functions based on the
accuracy of parameter estimates or the gain in Shannon information on the parameters
leads to the Bayesian A- and D- optimality criteria respectively (see Chaloner and
Verdinelli (1995) for references). A more model-robust approach was implemented by
DuMouchel and Jones (1994) using Bayesian D-optimality and a particular choice of
prior where a distinction is made between terms which must be estimated in the model
(primary) and those which may possibly need to be included (potential).

There are several existing approaches to producing designs for the purpose of model
discrimination in a Bayesian framework. Box and Hill (1967) introduced the D (for
discrimination) criterion, based on maximising the expected Kullback-Leibler distance
(see, for example, Chaloner and Verdinelli (1995)) between the predictive densities of
pairs of competing models. We refer to this criterion as MD, following Meyer, Steinberg
and Box (1996), who used this criterion for the selection of follow-up designs.

The MD criterion selects a design that maximises

F(Y|m;)
MD= Y P(m)P(my) [ f(YIm;)log{ ot | dY. (1.10)
0<iAz<m " m/ e (f(YImj))

The objective function (1.10) is the expected Kullback-Leibler distance between the
prior predicted densities of models m; and m;. For a normal inverse-gamma prior
distribution, the prior predictive distribution under model m; of the response in future
experiments with model matrix X; is Y ~ N (Yi, a;%;) where Y, = X;u;, and

2 = I+ X;V;X] (see O’'Hagan and Forster 2004). Meyer et al. (1996) showed that, for a

normal inverse-gamma prior, the MD objective function can be written as
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MD = > P(m;)P(m;)

0iF#j<m

x {nttr (z;lzi) +d [(YZ. - Y= (Y, - Yj)/ai] } .

—~— N

(1.11)

A further development of the work of DuMouchel and Jones (1994), is the F criterion
suggested by Jones and DuMouchel (1996) for use in 'model discrimination. It aims to

find a design that maximises

F=|Vg' +X;X;|[Vol,

where
Vo= EP(mi)Vei + Ep(mi)(ﬂez‘ — o) (Bei — Bo)'s Bo = EP(mi)”ei'
i i i

For a model m;, the matrix Vy; is the prior variance-covariance matrix expanded to
include all possible model terms, with zero entries in rows and columns that represent
terms not included in the model. Likewise, p,; is g, the prior mean for model m;, with
extra zero entries for terms not in model m; and Xy is the model matrix for the full
model containing all possible terms. The criterion is related to the Bayesian
D-optimality criterion for a ‘super-model’ that contains all possible terms, which is to
maximise |V;1 + XX |, where V is the prior variance-covariance matrix for the model
containing all possible terms.
The HD criterion of Bingham and Chipman (2007) is similar to the MD but based on
Hellinger distances, which gives the advantage of an upper bound on the objective
function. The HD criterion is to maximise

HD =) P(mq)P(m;)H(fi, f;)

i<

where f; is the prior predictive distribution of new observations under model m;. The

Hellinger distance between two densities f;, f; is given by

(£ = [ = 50y =22 [(15)2ay.
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For a linear model, we can write [(fif;)'/2dY in closed form as

. . & 1 N L1 ! -1 &
Y=Y | YE; ' sy, | ZY, -l xt sy, 7Y
SO i SOl A M = o = T A
€xp (( Zar  + T 24 % T T e T 24 5a T T
2:_1 271 1/2
S 4 22
2a; 2a;

|23 [1/4a; 2, |1/4
For a derivation of this result when the prior means are non-zero, see Appendix A.

1.4 Aims and structure of the thesis

The overall aim of this thesis is to develop methodology to select experimental designs
for the purpose of model discrimination within a Bayesian framework. This specific

objectives are:

e To formulate a design selection criterion which reflects our objectives in model
discrimination, and which is consistent with a Bayesian decision theoretic approach

to model selection.

e To investigate methodology for efficient evaluation of experimental designs under
this criterion, and to enable us to search for good designs under the proposed

criterion.

e To apply the criterion to examples involving different sets of possible models, with
differing levels of prior information. Specifically, we will apply the criterion to the

selection of screening designs, follow-up runs and to a real example.

e To compare the use of the criterion to that of other criteria from the literature for

a variety of examples.

In Chapter 2, we define the Penalised Model Discrepancy (PMD) criterion for design
selection and describe methodology for evaluating our objective function and searching
for good designs. In Chapter 3, we consider the problem of choosing designs for

screening experiments for a variety of model spaces. We compare the use of the criterion

to the MD, HD and F criteria from the literature. In Chapter 4, we apply the PMD
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criterion to an example from the literature, where follow-up runs must be chosen to
build on information from an initial experiment. We again compare our criterion to the
MD, HD and F criteria. In Chapter 5, we apply similar ideas to the selection of
follow-up runs for an experiment in tribology. Finally, in Chapter 6 we investigate

approaches to the high computational burden that arises when large model spaces are

used. Conclusions, a summary and ideas for further work are presented in Chapter 7.




Chapter 2

The Penalised Model Discrepancy

Criterion

In this chapter we describe the approach taken to Bayesian model selection. This leads
to the formulation of an objective function for comparing designs and a criterion for

design selection, given in Section 2.2. The implementation of our criterion is discussed in

Section 2.3.

2.1 A Decision Theoretic Approach to Model Selection

Suppose that data, y, are obtained from an experiment that uses design d,, € D(n),
where D(n) is the set of all n-point exact designs. Then prior model probabilities P(m;)
are updated to give posterior model probabilities P(m;|y, d,) via (1.7) and parameter
distributions f(8;, o?|y, dn, m;) via (1.1). '

We define a loss function L(i,7) to be the loss incurred in selecting model m; when
model m; is true in the sense described in Section 1.3. We choosé a model m; which

minimises the expected loss

E(L(i, j)ly,dn) = Y _ P(m;ly, dn)L(i, 5), (2.1)
J

which is known as the Bayes risk; see for example, Berger (1985). The simplest form of

13
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loss function is a loss of 1 for choosing an incorrect model, and a loss of zero for choosing

the correct model, i.e.

L(i,j)=01if i = j and L(¢,5) = 1 otherwise. (2.2)

This loss function leads us to always select the model with highest posterior probability.
The loss function used to select a model in this thesis is constructed by assigning a loss
of 1 to every model term from the true model that is not present in the selected model,
and a loss of ¢ for every extra term in the selected model that is not in the true model.

This loss function is defined by
L(,7) =1 S\ Si | +¢| S\ S; |, (2.3)

where S; is the set of terms in the selected model m; and |S| denotes the size of the set
S. We call this the Penalised Model Discrepancy (PMD) loss function. An advantage of
the PMD loss function is that it has simple interpretation when ¢ = 1 as the actual

number of terms by which the chosen model differs from the true model.

2.1.1 Formulation of the Expected Loss

As described in Section 2.1, a model is selected that minimises the expected loss. For the
loss function (2.3), the expected loss from selecting model m;, given the data y obtained

using design dy, is

M M M
B; (LG, )ly, dn) = Y p(myly)L(i,5) = Y _ p(myly) [ S;\ Si | +¢ Y p(myly) | Si\S; |
a le . (2.4)
We now reformulate (2.4) as a function of the probabilities of individual terms being
present in the model. This reformulation will be used in later chapters to gain
understanding of which particular terms are included in the chosen model.

The number of terms in m; that are not in model m; can be expressed as :

|Si\Si|= D It eS)HIEES),
Les
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. :
where S = |J S; and I(£ € S;) = 1 if term £ is in model m;, and 0 otherwise
i=1

(j=1,...,M). Then

M M
D opmyly) S\ Sl = D _p(msly) Y I(¢€S)IEeS;)

j=1 i=1 eS8

M
Y It ¢ S)) plmsly)I(L e S;)
£eS 7=1

= > I(¢Sptly).

Les

If

M

Here, p(Lly) = > p(m;|y)I(£ € S;) is the posterior probability that model term £ is
i=1

present in the true model; see, for example, Box and Meyer (1986).

Applying a similar argument to the second summation in (2.4) gives

M
Y p(mly) | S\ S; |=Y_I1(£€S)[1—plely)]. (2.5)

j=1 Les
Hence from (2.5) and (2.5), the expected loss is

M
E(LG,j)ly,dn) = Y _p(m;ly)LG,5) = > {1 ¢ S)p(lly) + cI(£ € S;) [1 — p(ely)]} -
j=1 es
(2.6)
For some choices of model spaces, this equation can provide insight into how the model
selected relates to the posterior probabilities of the individual model terms. Define

T C S to be the set of terms such that
LeT < p(tly) > c[l —plely)],

for a chosen penalty c, that is, p(¢|y) > 5. Then, provided that

T =25, forsomel<i<M, (2.7)

S, will contain the terms of a model that minimises the expected loss (2.6). The value of

this loss is then

> " min {p(fly),c[1 — p(£ly)]} . (2.8)
eSS
The condition (2.7) applies for any prior distribution which gives non-zero prior

probability to models composed of any subset of terms of S, for example, relaxed weak

heredity, see Chipman (1996), and Chapters 3 and 4 for definition and discussion.

fI
j
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2.2 Design Selection

The most general formulation of the criterion we use to select a design is to minimise the

average expected loss of the model chosen, given the data, that is to minimise
Bvia, (min B [L,5)ly, ] ). 29)

This expression is equivalent to equation (1.9) of Chapter 1 (see, also, Chaloner and
Verdinelli, 1995) and can be applied to any choice of loss function. Throughout this
thesis we restrict attention to the criterion with loss function (2.3), and this leads to our
new criterion for obtaining designs.
Definition: The Penalised Model Discrepancy (PMD) optimal design over the set D,, of
n-point designs is

d; = a,r%)min Eyid, (miin E; [L(i,9)]y, dn]> , (2.10)

where L(i, j) is defined in equation (2.3).

An advantage of this criterion, compared with alternatives discussed in later chapters, is
that it has straightforward interpretation: For the special case when ¢ = 1, the expected
loss in (2.3) may be is interpreted as the expected number of terms by which the chosen
model differs from the true model. If ¢ # 1, the objective function is a weighted sum of
the expected number of additional terms and missing terms compared to the true model.
The use of a value of ¢ < 1 means that the inclusion of extra terms in the model is
penalised less harshly than the omission of important terms, as a model with extra terms
is still a ‘correct’ model for predictive purposes. This enables us to retain model terms if
we do not have strong evidence that they are inactive, which may be necessary,
particularly in the early stages of experimentation. Conversely, use of ¢ > 1 would
encourage the selection of a simpler model, possibly missing more active terms. This is

further discussed and illustrated in Chapter 3.

2.3 Implementation

In this section we describe how the PMD criterion has been implemented in software,

which is written in C. The PMD objective function cannot be calculated analytically,

hence simulation is used to evaluate it. Further, as an exhaustive evaluation of all
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possible designs cannot be made, a search algorithm is used to find good designs. For
other computation required for this thesis, we have used R (R Development Core Team

2008).

2.3.1 Evaluation of the Objective Function

In each simulation, we generate a data set from the prior predictive distribution of Y,
calculate the posterior model probabilities, and select the model with the lowest
expected loss. The losses incurred due to the models selected are averaged over a large
number, s, of simulations to evaluate the objective function. The algorithm used to

evaluate the objective function is:

1. Calculate the parts of the posterior model probability that do not depend on y.
We have, from Chapter 1, Section 1.1.3 that this probability involves y only
through the term a, given by

af = a+ pl(V; = VIIVIV Y + vy (L, — X ViX)y: — 2y X ViVt
In this expression we may calculate V7, 2X; ViV~ a1, — X, VX! and
at (Vi = VIV,
for each of the models before we begin the simulation.

2. Generate n x 1 vectors Zy, (k = 1,...,s) each containing independent N (0, 1)

deviates.

3. Draw a random sample of s models from M using probability sampling in
conjunction with the prior model probabilities P(m;), for i =1,..., M. This
sample provides a set of ‘true’ models from which data sets are generated. Without

loss of generality, label these models, which may not be distinct, as w1, ..., us.
4. Generate values for the variances o (kK =1,...,s) independently from an
IG(a/2,d/2) distribution.

5. Obtain values of the regression parameters ,Biim for the kth simulation
(k=1,...,s) as random draws from the prior distribution N (uuk,a,%Vuk), where

My, and V,, are the prior mean and variance respectively of model uy.
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6. Create n x 1 vectors of values of Y defined by

Yi = X, B0 + 0rZy,
for k=1,...,s, where X, is the n x p,, model matrix for model uy.

7. For k=1,...,s, start from the original prior distributions P(m;), f(8;, c|m;), and
calculate the posterior model probabilities P(m;|Yy) for ¢ = 1,..., M using Bayes’

theorem, see equation (1.7).

8. Find the expected loss of the model chosen by calculating ) L(3, j) P(m;|y) for
J
t=1,...,M and taking the lowest value obtained.

9. Calculate the average expected loss over the s chosen models selected from the s

simulation runs.

In step 8, computational savings may be made in one of two ways:

First,

i arrange the models in order of prior probability,

ii calculate the expected loss for the first model in this list in the usual way.
iii for each subsequent model, add up the terms in the expression (2.1) until

e cither the expected loss becomes greater than that of the current best model, in

which case we move on to the next model, or

¢ all terms of the sum have been included and the expected loss is still lower than
that of the best model, in which case the model currently under consideration is

now the best.

Alternatively, provided condition (2.7) holds, the expected loss of the model selected can

be found from equation (2.8).




CHAPTER 2. THE PENALISED MODEL DISCREPANCY CRITERION 19

2.4 Searching for Designs

We use a modified Fedorov Exchange Algorithm (MFEA, Cook and Nachtsheim, 1980)

to search for good n-point designs under the PMD criterion. The algorithm works as

follows:

1. A set of N candidate points is created, from which the rows of the design may be
chosen. For example, if we are dealing with f factors, each at two levels, we may
allow all possible combinations of the factor levels, giving a candidate list of 2/

points.

2. Start with an n-point design consisting of points randomly selected, with
replacement, from the candidate list. Evaluate the objective function for this

design.

3. For the first design point, form a new design by exchanging this point with the
first candidate point. Evaluate the objective function for the new design formed. If
this value is lower than before the exchange was made, keep the new point in the
design and record the objective function value as the best obtained so far.
Otherwise, do not retain the exchange. Repeat the procedure for the /th candidate

point (I =2,...,N).
4. Repeat step 3 for the ith design point (i = 2,...,n).

5. If an improvement in the value of the objective function exceeding €, where € is
some pre-determined small number, has been achieved through step 3, retain this
design and repeat the process from step 3. If a sufficient improvement is not

obtained, stop and return the current design.

In practice, several tries of the algorithm are made from random starting designs and the

best design found is selected. This is to try to overcome the problem of the search

becoming stuck near a local optimum.
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2.4.1 Adaptive Simulation Size

We refine this algorithm by the use of an adaptive simulation size. In the early stages of
the search, the differences between designs are expected to be larger than at later steps
when the algorithm is approaching a local minimum. Hence, a small simulation size may
be sufficient for the first few steps of the search, but a larger simulation is required later
to give sufficient precision in our estimate of the objective function to discriminate
between designs in the presence of Monte Carlo error. An adaptive sample size was also
used in the simulated annealing algorithm of Muller, Sanso and De Iorio (2004).

Let Ry (for Bayes risk) be the expected loss (2.1) given the current design, at the kth
step of our search. This is a random variable and, at the kth step, a random sample of
values of Ry values is used to estimate E(Ry), the objective function, by the sample
mean, Rj. Let s; be the sample size used at the kth step of the search. At the (k+ 1)th
step, the search moves to a new design if the estimated objective function for the new
design is lower than that for the current design, that is, if Rxyy < 71, where 7 is the
observed sample mean. Suppose that § is the decrease in value of the objective function
observed on the last occasion on which a move was made to a new design. Then, at the
kth step we would like to be able to detect a change of magnitude § with reasonable
probability in the presence of the Monte Carlo variation in Ry,1. Hence, if

E(Ry41) = Tk — 6, we require that
P(Rpy1<7) > 1—a. (2.11)

The variance of Ry, is unknown and is estimated by the sample variance, vy, from the
kth simulation. By the Central Limit Theorem, Ry, is approximately distributed as

N(E(Rg+1),Vk/sk+1). Hence, (2.11) is satisfied provided that

>1-q,

()
Vk/Sk+1

where @ is the standard N (0, 1) cumulative distribution function. Thus, we require

(@’1(1—01))2
skt > | ——5— ] v

Therefore, at each step of the search, we set si1 to be the smallest integer to achieve

this.
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2.5 Summary

In this chapter we have described the Bayesian decision theoretic approach taken to
model selection in this thesis. The new design criterion proposed (the PMD criterion)
follows naturally from minimising the expectation of the expected loss of the model
chosen and has the advantage of having a straightforward interpretation. It is not
possible to calculate the objective function analytically, so a method for its estimation
has been proposed using simulation. We have also given the steps of the Modified
Fedorov Algorithm that is used in this thesis to find good designs by search, and
described some methods of making computational savings which have been incorporated

into the algorithm.




Chapter 3

Screening Experiments

3.1 Introduction

In this chapter we consider experiments where the aim is to identify active effects from a
large number of possible effects. Typically these experiments take place early in an
investigation when there is not much prior information available. Hence non-informative
priors will be used in the analysis of the results. First, in Section 3.2, we investigate the
designs of Sun et al. (2002) (known as ‘main effects orthogonal designs’) for a very
simple model space in which each model has only main effects and a mean. In later
sections, interactions are introduced. In Section 3.3 the model space is composed of
models with all main effects and exactly one interaction. The sensitivity of the designs
to the hyperparameters of the prior distributions is investigated in Section 3.3.4. In
Section 3.4 models containing any subset of main effect and interaction terms are
permitted. For this model space a comparison is made between the designs selected
under the PMD criterion and the designs selected under criteria from the literature.
Finally, in Section 3.4.6, an evaluation is made of the designs selected under the PMD
criterion and three criteria from the literature defined in Section 1.3 in terms of several
indicators of their capability of selecting a ‘correct model’.

Throughout this chapter, unless otherwise stated, the hyperparameters for the prior
distributions of 3 and 0?2 are a = 200,d = 15, 4 = 0 and V,; = I,, (The hyperparameters

are introduced in Section 1.1.3 and the sensitivity of the PMD criterion to the values

22
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used is investigated in Section 3.3.4). These values of a and d give a mean for the prior

distribution of o2 of around 15.

3.2 Main Effects Only Models

We first investigate designs for a very simple model space composed of models that may
contain any subset of main effect terms. To assign probabilities to each possible model,
it is assumed that each main effect is included independently with prior probability
p=0.5. A modified Fedorov exchange algorithm search (Section 2.4) was used to find
designs for f = 5,6, 7,8 factors and run sizes from f + 1 to 16. Note that for f + 1 runs
the designs are saturated for the largest model.

Figure 3.1 shows the value of the PMD objective function for the designs obtained
plotted against the different numbers of runs investigated. For each number of factors,
the objective function values for the best design found at each number of runs are
connected by a line. For numbers of runs for which a main effect orthogonal design
exists (8, 12 or 16 runs), these designs were the best found under the PMD criterion.
This figure shows how the value of the PMD objective function decreases as the number
of runs increases, and increases with the number of factors. For 5 and 6 factors, the
objective function decreases most rapidly as the number of runs increases up to 8, the
first available orthogonal design. For all numbers of factors shown, especially 7 and 8,
there is a sharper decrease in the value of the PMD objective function between 11 and
12 runs than from 12 to 13 runs, showing the benefit of an orthogonal design, and the

relative lack of improvement from using one more run than needed for an orthogonal

design.

3.3 Models Containing All Main Effects and one Two-factor

Interaction

Another simple model space was examined by Li (2005) who assumed that all main
effect terms are known to be active, and there is possibly a single active two-factor

interaction. The main objective of the experiment is to detect this interaction. The
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Figure 3.1: Value of the PMD objective function vs run size for 5, 6, 7 and 8 factor designs
using models containing main effects only.
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model space, M, is composed of models

/
ma; : E(Y) = fo + Zﬂm + BijTiT, (3.1)
1=1

for¢,7 =1...f;1# j, i.e. the set of models with all f linear effects and one interaction.

We assume that all models are equally likely to be ‘correct’ and assign P(m;;) = |M|~L.

3.3.1 Ranking of Main Effects Orthogonal Designs Under Four Criteria

The 16-run main effects orthogonal designs of Sun et al. (2002) for 3 to 9 factors were
ranked under each of the PMD, F, MD and HD criteria. The top ten designs under each
criterion are given in Table 3.1, using the design labels of Sun et al.. The full factorial
designs and regular fractional factorial designs are indicated in the table.

For 3 to 5 factors, 16 runs are sufficient to allow full factorial or resolution V' regular
fractional factorial designs that have all main effects and interactions clear of each other
and this design is ranked highest by all the criteria. The best main effects orthogonal
design for 3 factors is two replicates of the full factorial. For 4 factors, the best design is
the full factorial and for 5 factors the best is the 25, half fraction ABCDE = I.

For 6 to 9 factors, where the regular design has some interactions completely aliased
with other interactions or main effects, the PMD criterion does not rank regular designs

highly. In contrast,
e the MD criterion selects a regular design for all numbers of factors.

e the F criterion selects a regular design for 6 to 8 factors, with a regular design

ranked second best for 9 factors.

e The HD criterion selects regular designs for 6 to 8 factors but the regular design is

only ranked sixth for 9 factors.

The disagreement between the designs selected using the PMD criterion and the other
criteria becomes more pronounced for larger numbers of factors. Figure 3.2 shows the
rank correlation between the objective function of the PMD and those of each of the
other criteria for the set of 16 run orthogonal main effects designs for 3 to 9 factors. This

plot indicates that designs that are good under the other criteria are not necessarily
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Table 3.1: Ranking of 16-run main effects orthogonal designs of Sun et al. (2002) for
3-9 factors under four criteria, using models containing all main effects and one 2-factor
interaction. *Full factorial, {Regular design.

# factors 3 4 5 6
Criterion PMD F MD HD PMD F MD HD PMD F MD HD PMD F MD HD

Ranking 1 2* 2* 2* 2* 3* 3* 3* 3* 47 47 47 47 13 5T 57 5f
2 3 3 3 3 4 4 4 4 5 5 3 5 19 8 8 8
3 1. 1.1 1 5 5 2 5 8 3 5 3 20 13 41 13
4 - - - - 1 2 5 2 7 8 7 7 24 4t 14 19
5 - - - - 2 1 1 1 10 7 8 8 22 14 13 14
6 - - - - - - - - 11 10 2 10 6 19 19 12
7 - - - - - - - 2 2 10 11 23 6 6 20
8 - - - - - - - - 6 11 11 9 26 12 12 24
9 - - - - - - - - 3 9 9 2 271 24 7 22
0 - - - - - - - - 9 6 6 6 7 20 15 A4f

# factors 7 8 9

Criterion PMD F MD HD PMD F MD HD PMD F MD HD
Ranking 1 32 67 67 67 68 67 61 61 71 25 47 25
2 49 12 12 12 67 18 18 18 36 4t 25 53

3 55 28 28 28 39 42 4 42 79 53 17 &4
4 53 32 5 32 77 77 26 77 70 17 53 44
5 43 21 11 49 66 48 17 41 32 84 5 17
6 54 33 22 33 72 17 48 48 82 44 44 4f
7 27 11 33 21 42 4 77 67 77 5 3 71
8 45 5 32 31 36 26 42 68 69 65 84 83
9 30 22 21 55 73 41 41 17 68 22 12 T4
10 50 49 49 36 74 40 12 76 84 10 10 55

good under the PMD criterion. For example, the highest ranked design under the F
criterion for each of 6 to 9 factors are ranked 24, 53, 80 and 82 under the PMD criterion
out of the 27, 55, 80 and 87 designs evaluated respectively.

The reason the difference between the F and PMD is that the two criteria have different
objectives. The PMD criterion is aimed that discriminating between models, and so
chooses designs with minimal aliasing of the terms that vary between models, i.e. the
interaction terms. The F criterion selects designs which enable precise estimates of
individual terms, particularly those with high prior probability, i.e. the main effects

terms, even though good estimates of these terms are not directly useful in

discriminating between the models.
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Figure 3.2: Correlation between the ranks of 16-run main effect orthognal designs under
the PMD criterion and the ranks under each of the F, MD and HD criteria.




CHAPTER 3. SCREENING EXPERIMENTS 28

main effect

orthogonal design o
— |+ design from search o

o
osi

o ©
2

1.6

12 14

PMD
1.0

0.8

0.6

0.4

Number of factors

Figure 3.3: Values of the PMD objective function for all the 16-run main effect orthogonal
designs together with designs found by algorithmic search.

3.3.2 Non-orthogonal designs

An MFEA search was run for designs of 16 runs in 3,...,9 factors, and repeated 20
times for each number of runs. For 3 to 5 factors, it was not possible to improve on the
best main effects orthogonal design. For 6, ...,9 factors, it is possible to make an
improvement compared to the best main effects orthogonal design. Figure 3.3 shows the
PMD values of all main effects orthogonal designs for 3,...,9 factors, with a line
connecting the best for each number of factors. Also plotted are the PMD values for the
designs returned from 20 tries of the Modified Federov Exchange Algorithm at each

number of factors.

3.3.3 Explanation of Results

For 3-5 factors, the best main effects orthogonal design has not only main effects

orthogonal to each other, but also all effects (main effects and 2-factor interactions) are
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orthogonal to each other. It is for these numbers of factors that no improvement on the

best main effects orthogonal design was found with an unrestricted search. Such designs
do not exist for greater numbers of factors in 16 runs.

For 7-9 factors, the best design found did not have main effects orthogonal, but did have
all main effects orthogonal to all 2-factor interactions. For 6 factors, designs with this

property were returned as local optimum designs, but were not the overall best found.

3.3.4 Sensitivity
Prior Model Probabilities

To assess the sensitivity of the design ranking to changes in the prior information,

suppose that we have 7 factors. Suppose also that models my; (j =1...7), i.e. those

containing an interaction involving the first factor, are considered to be more (or less)

likely, a priori, than the other models. There are 15 models that do not include an

interaction involving factor 1, and 6 models that do include an interaction involving

factor 1. The wholé model space consists of these 21 models and 1<Z<7 P(my;) = 1.
<i<g<

Hence we may incorporate such prior information by setting

1 le%

—_ 5,7 =2,... < 75 )=—,7=2,...,7(0<
157 6 1,7 , , 7, 1< 7 P(mlj) 15-{—601’] ) ’ ( —-—a)

p(my;) =

where m;; is defined in (3.1). The prior probabilities of all models are equal when o = 1.
Figure 3.4 shows the changing performance of three designs as o varies from 0 to 4. We
observe that the relative performance of the designs may change, especially if we have
strong prior information on which models are more likely to be true (o near 0 or a > 1).
For example, the red line corresponds to a design for which at least one of the models
my; (j = 2...7) is indistinguishable from one or more models m; (4,5 =2...7; i < j),
when all models are assigned the same prior probability and the Normal-Inverse Gamma
prior distribution, defined in Section 1.4 is used for the model parameters. Hence,
although this design is poor when o = 1, it is more useful when prior information
indicates which of two sets of models is more likely.

The green line corresponds to a design where models that are indistinguishable under
uniform prior information are only of the type m;; (4,5 =2...7;4 < j); this design

becomes more useful if the prior probability is concentrated on the first 6 models (a > 1).
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Figure 3.4: PMD values for three 16 run main effect orthogonal designs in 7 factors
evaluated for 0 < a < 4

The results indicated in black correspond to a design which enables discrimination
between all the models; it is a good choice for all «, although a more informative prior
will improve its performance.

All 55 16-run main effects orthogonal designs in seven factors are displayed in the plot in
Figure 3.5. In addition to the colour coding described above, designs shown in blue have
pairs of indistinguishable models where the interactions of neither model involves the
first factor and has indistinguishable pairs where exactly one of the models has an
interaction involving the first factor. The objective function of these designs behaves
similarly to a combination of the red and green lines.

The grey lines in the figure represent designs that also have pairs of indistinguishable
models each of which contains an interaction term involving the first factor, in addition
to the types of pairs that are not distinguishable for the designs in blue. These perform
poorly for all values of «.

Finally, for the designs corresponding to the yellow lines, there is at least one pair of
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Figure 3.5: PMD values for the 55 main effects orthogonal designs for 7 factors in 16 runs
evaluated for 0 < o < 4.

indistinguishable models which have interactions involving the first factor. Also, there is
at least one pair of indistinguishable models with neither interaction involving the first
factor. Finally, there are no pairs of indistinguishable models such that one model has
an interaction involving factor 1 and the other does not. The objective function for these

designs stays near the middle of the range of the range as « varies.

Prior Variance-Covariance Matrix (1)

We also assessed the sensitivity of the objective function to changes in the prior
variance-covariance matrix. We evaluate the objective function for all 16-run orthogonal

designs in 7 factors, using the prior distributions given in Section 3.1, except that

> IgO’
0] A

that is, the prior variance of g, the coefficient of the interaction term, equals A. We

evaluated and ranked the designs using the PMD objective function for 10 different
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values of A, at intervals of 0.2 from 0.2 to 2. We found that the best design remained the
same for each value of A and that two designs were always ranked second or third,
although their order varied with A\. However, the relative ranking of other designs varied
a lot as A was changed, for example, design 6 was ranked 30th for A = 1, but 15th for
A=0.2

To .investigate why the ranking of designs changes over the range 0.2 < A < 1, we have
plotted in Figure 3.6 the number of pairs of models which are distinguishable (i.e. will
not always have identical posterior probabilities) when given equal prior probabilities
and the same prior parameter distribution, against

>, s (3.2)

1<i<8<;5<29

on the vertical axis. Here Sizj = ((X'X);;)? where X is the model matrix for a model
including the intercept, the 7 main effects and all 21 2-factor interactions between them
and (X'X);; denotes the (¢, 7)th element of (X'X). In expression (3.2), ¢ denotes the
intercept or a main effect term and j is an interaction, the expression measures the
extent to which a design has aliasing between interactions (which vary between models)
and other effects (which are included in all models). We observe that for designs whose
ranking improves as X increases, there is a lot of aliasing between interactions and other
effects, relative to the other designs with a similar number of distinguishable models.
This is because for small A, the magnitude of the interaction effects generated is small,
and hence will not greatly increase the probability of the true model when it is partially
aliased with another effect in the same model. However, as A increases, the magnitude of
the interaction effect increases and so the probability of the model containing that effect
will be increased even when aliasing is present.

In this case, the same design would be chosen for all A in the range studied. However,
these results show that, in general, an incorrect prior specification of the relative sizes of
effects common to all models and those which vary between models might lead to the

choice of an inappropriate design.
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Figure 3.6: Features of designs leading to a change in ranking as A varies.

Prior Variance-Covariance Matrix (1)

We now investigate a second form of prior variance-covariance matrix, namely V. = AL
As before, we use the values of A at intervals of 0.2, from 0.2 to 2, and evaluate the PMD
criterion for the 55 orthogonal 16-run designs in 7 factors. The value of A changes the
sizes of the model parameters relative to the random errors, as B|o ~ N(0,02V) and
€~ N(0,0?)

For each value of \, we ranked the designs from 1 (best, i.e. lowest PMD) to 55 (highest
PMD). The results for the six designs with most improved ranks, the six that worsen in
ranking the most, and the three best designs, are shown in Table 3.2.

An indication of why the ranking of some designs changes with A is given by the

Sizj = (X Xij)2, (i # j) values, which show the extent of aliasing between effects in the
design, and which may equal 0, 64 or 256 for these designs. As an example, compare
designs 10 and 45. Design 10 has Sfj = 0 for a large number of pairs %, j, which enables
discrimination between models containing these effects even when random error is large
compared to the effect sizes. Design 45, on the other hand, has partial aliasing between
many effects, so is less useful than design 10 for low values of A\. However, for large A,

models which have partially aliased effects may be better discriminated, but those with
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Table 3.2: Change in ranking of designs under PMD with increasing effect size relative to
error

Design no. 41 50 45 42 51 52
Ranking for A=0.2 50 15 22 37 27 35
Ranking for A = 2 42 7 9 20 8 12

#Siz- =0 656 680 668 662 644 644
#52 = 64 144 132 144 144 168 168
#Sf]j = 256,17 #£ j 12 0 0 6 0 0

Design no. 19 10 7 30 31 11

Ranking for A=0.2 12 9 20 5 19 18
Ranking for A = 2 25 21 31 13 26 24

#S2 =0 710 728 746 710 686 728

#52 =64 9 72 48 96 120 T2

#5;; = 256, # j 6 12 18 6 6 12
Design no. 32 49 55

Ranking for A=02 1 2 3
Ranking for A = 2 1 2 3

#S2 =0 692 680 686
#52 =64 120 132 126
#5% = 256,i # j 0 0 0

full aliasing (.5’12] = 256,17 # j) are still indistinguishable, so the ranking of designs such as
10 worsens. The three best designs were included in Table 3.2 for comparison. These
designs have no full aliasing and less partial aliasing than most other designs, and are

also good under the Expected Prediction Difference criteria of Li (2005).

Hyperparameters of the prior distribution

The value of the PMD criterion for a design is invariant to the scale parameter, a, of the
prior distribution of o, provided we are using zero means for the prior distributions of
parameters. To show this, let us follow the steps of our computer code. First, we select
models at random from the prior distribution, then, for a given model, we generate
random values of ¢2 = % where 1) ~ x%. We then generate the other model parameters
from the prior distribution 8 ~ N(m, 0*V) by 8 = 0Czg -+ m, where z, is a
p-dimensional vector of N(0,1) random deviates and C is the Cholesky decomposition of
V such that C'C = V. We generate samples of y as zo + X8 where z is an

n-dimensional vector of N(0,1) random deviates and X; is the model matrix of the true

model. Then, for m =0, y = o(z + X:Czp) and, if a] is the value of a* obtained for
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model ¢,
ai = a+y I~ XV'X,)y (33)
= a+0%(z+ X;Cz) (I, — X; V*X';)(z + X;Czp) (3.4)
= a+ %(z +X,Czo) (In — X;V*X;)(z + X;Cazo). (3.5)

The likelihood given model i, is

[ ViY2ad2T (a0 /2)
[V [1/2an/2T(d/2)

GO

f(yli)

where d* = d + n. The part of the likelihood that depends on a is

a¥?(a7)~% /2 = 20T /2 [1 4 y~Y(z + X,Cz0) (I, — X;V*X'3)(z + X, Cz0)] "¥/*.
Hence there is a common factor of a(4=9")/2 in all model likelihoods, which cancels when
we calculate the posterior model probabilities. Therefore the PMD value is independent
of a when the prior means of the regression parameters are 0.
The effect of the shape hyperparameter, d, appears to be small enough to not really
affect the value of the PMD criterion or the ranking of designs. If we use the same V for
all models, then the part of the likelihood that differs between models is |V;‘|% (a} )‘T*
We may divide all likelihoods by (%)% without changing the posterior model
probabilities, to get

vika+ D)%, (3.6)
where

T = (Z -+ XtCZo)/(In - XiV*X’i)(z + XtCZO)-

If we assume that ¥, a random variable, is close to its modal value of d + 2, then (3.6) is

approximated by
Ti
d+2

Using the fact that (1 + Z)" — €% as n — oo, (3.7) has a limit, as d — oo, of

V(1 + % 3.7)

[V*|2eT/2,

For the 11 orthogonal designs for 5 factors in 16 runs, we evaluated the PMD criterion

for d = 5,10, 15,20,25. Also, we generated random normal residuals z,zg and random
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Figure 3.7: PMD value for 11 designs, repeated for 5 values of d.

selections of true models t. These were used to calculate r; and e "/2 for all models. In
this model space, L(i,j) = 2 for i # j, so our selected model is that with the highest
posterior probability. Hence, as the prior model probabilities are equal, we were able to
obtain an approximation to the PMD value for a design as d — co by calculating the
mean of
) max{|Vi|zer )
Vil

i

(3.8)

over 50 000 simulations.

The results are shown in Figure 3.7. Each group of five points gives the PMD values for
a design at each of the five values of d that we used. The horizontal line through the
group is the value obtained for the limit (3.8) for that design. We see that, even for
small d, the PMD value is close to the asymptotic limit. Although the individual values
of |V;“|%e‘”/ 2 for the models may not be close to the corresponding values of (3.6), the
ratio used to obtain the model probabilities does appear to converge quickly as d

increases.
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Summary of Sensitivity Analysis

We have investigated the sensitivity of the PMD criterion to the prior model
probabilities and hyperparameters of the prior distribution for a model space consisting
of models involving seven factors that contain all main effect terms and one 2-factor
interaction. In all cases, 16-run main effects orthogonal designs were evaluated and the
best design remained the same despite the different prior distributions used. Firstly, the
prior model probabilities were altered so that models containing an interaction involving
the first factor were more or less likely than the others. For most designs, the PMD
objective function was highest when all models had equal prior probability. However, the
PMD objective function for designs with aliased pairs of interactions that did not involve
the first factor increased as the prior probability for the indistinguishable models was
increased. For all prior model probabilities studied, the best two designs remained the
same. The sensitivity of the criterion to the prior variance-covariance matrix was
investigated by changing the magnitude of the interaction term in comparison to the
main effects. If the interaction was larger than the main effects, then designs that had
fewer indistinguishable pairs of models were ranked more highly, even if they had partial
aliasing between main effect and interaction terms. We also tried multiplying the prior
variance-covariance matrix by a constant, to change the relative magnitude of the model
coeflicients and the error term. If the error was large, the designs with the least partial
aliasing were more effective, whereas, with small error, minimising the number of totally
aliased interactions was more important. Over the ranges studied, the best three designs
remained the same. The scale hyperparameter, a, does not affect the value of the PMD
objective function if the prior means of the regression coeflicients are zero. The shape

hyperparameter, d, also appears to have little effect on the PMD objective function.

3.4 Models containing any Subset of Main Effect and 2-factor

Interaction Terms.

Bingham and Chipman (2007), in their work on the HD criterion, use a model space
.where any subset of the possible main effect and 2-factor interaction terms is permissible

- marginality is not enforced. If p is the prior probability that a main effect term is
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present, then 2-factor interaction terms are included with probability

po =0.01p, p1 = 0.5p, or po = p (3.9)

given the presence of 0,1 or 2 respectively of the main effect terms of the factors
involved. Bingham and Chipman give a formula to find the value of p that gives a
specified expectation of the number of active effects. Bingham and Chipman applied
their criterion to this model space for two examples: 5 factors in 12 runs and 6 factors in
16 runs. For 5 factors,Bingham and Chipman chose p to be 0.429, and their formula
gave an expectation of about four active effects. For 6 factors, the value of p used was
0.410 (giving about five active effects expected). Because of the large size of the model
space, Bingham and Chipman approximate their objective function by using a subset of
the models with greatest prior probability. They used 40 models for searches and 400
models for the final evaluation of designs.

We will compare the F, HD, MD and PMD criteria on both examples. We will also use
400 models for the final evaluation, and investigate the use of different numbers of
models in our searches. An investigation of the sensitivity of the objective function to the
values of p and c is presented, as well as the results of simulation studies which indicate
the performance of the designs for different loss functions. Finally, we investigate the set
of 16-run main effects orthogonal designs for each of 3 to 9 factors, and evaluate each of

these under all four criteria, using the 400 models with highest prior probability.

3.4.1 Obtaining the subset of models with highest prior probability

We use a model space where a model may have any combination of main effects and
2-factor interactions. For f factors, this space contains 2/ +(1) models. Even for
moderate f, this number can be very large, for example, for 9 factors there are over

3.5 x 1013 models. This means that we cannot obtain the subset of models with highest
prior probability by simply calculating the probability for every model and sorting the
models accordingly. However, we may use the fact that many models have equal prior
probability to obtain the top 400 (for example) models. Suppose a model contains m
main effect terms and, respectively, ig,4; and {2 interaction terms for which 0,1 and 2 of

the factors involved have the corresponding main effect term in the model. The prior
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probability for such a model is

p™(1— p) ~™(0.01p)" (1 — 0.01p)("2™) 10 (0.5p) (1 — 0.5p) ™ "™ i1pi2(1 — p) (3) 72,
(3.10)

provided 0 <m< f,0< 14 < (f_zm), 0<uu<m(f-m)and 0< iy < ('2”) The number
of models with the same values of m, ip,%; and i3, and hence the same prior probability,
is ( 7{1 ) (f Z_Om) (m(’;;m)) ((Z)) We also use the probabilities (3.9) of Bingham and
Chipman. We are therefore able to define classes of models with the same prior
probability, and rank these classes according to the size of this probability. The number
of classes is much smaller than the number of models. For example, there are 7582
classes for 9 factors. Starting from the class with highest probability, we use the
minimum number of classes necessary for the inclusion of at least 400 models. For each
class, it is possible to identify all the constituent models and their probabilities, and so

obtain a list of the models of highest prior probability. This may be truncated at the

desired number of models, and the probabilities then standardised to sum to 1.

3.4.2 A further look at the prior model probabilities

The classes of models that make up the 447 models with highest prior probability for 6
factors with p = 0.410 are given in Table 3.3. The relative probabilities of the models
raises some questions about whether the prior model probabilities accurately represent
our beliefs about which models are more likely. For example, models with

m = 1,19 = 0 = 43,43 = 1 have higher prior probability than models with

m=2,ip =101 =iy =0, ie. P(I+ A+ AB) > P(I+ A+ B). This is in apparent
disagreement with Bingham and Chipman’s assumption of effect hierarchy, that
lower-order effects are more likely to be important than higher-order effects. This occurs
because, given the main effect terms of both A and B (but no other main effect term)
are present in the model, there is a fairly high probability for each of the models
I+A+B,I+A+B+AB,I+A+ B+ AX, I+ A+ B+ BX (where X represents any
factor other than A or B). However, if A is the only main effect term present, only I+ A

and models of the form 7 + A + AX have any sizeable probability. To remove this

problem, we suggest two possibilities (a) using a prior with strong heredity, that is, an
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Table 3.3: Composition of 447 models with highest prior probability for 6 factors

Model Probability Number of models

3
g.
o~
S

S

0 0 0 0 0.040 1
1 0 0 0 8.9 x 1073 6

1 0 1 0 2.3 x 1073 30
2 0 0 O 1.9 x 1073 15
2 0 0 1 1.3 x 1073 15
1 0 2 0 5.9 x 1074 60
2 0 1 0 4.8 x 1074 120
3 0 0 0 3.6 x 1074 20
2 0 1 1 3.3 x 1074 120
3 0 0 1 2.5 x 1074 60

Table 3.4: Composition of 447 models with highest prior probability for 6 factors, p;=0.1.
Model Probability Number of models

3
os.
-
=
S

0 0 0 O 0.040 1
1 0 0 0 0.023 6

2 0 0 0 8.4 x 1073 15
2 0 0 1 58 x 10~3 15
3 0 0 0 2.0x 103 20
3 0 0 1 1.4 x 1073 60
1 0 1 0 9.8 x 10~ 30
3 0 0 2 9.5 x 1074 60
3 0 0 3 6.6 x 104 20
2 0 1 0 3.6 x 1074 120
4 0 0 O 3.0 x 1074 15
2 0 1 1 2.5 x 1074 120

interaction term may only be included if both main effect terms in the factors involved
are included, or (b) reducing p; from the current value of 0.5p. For example, the top
classes of models when p; = 0.1p are given in Table 3.4. The ordering of the models by

prior probability is now more intuitively reasonable.

3.4.3 5 factors in 12 runs

For 5 factors in 12 runs, the HD-optimal design is a Plackett-Burman design, which is
orthogonal in the main effects. For the PMD, MD and F criteria, a different design is
chosen, which is given in Table 3.5. This design is not balanced, however the columns

representing the first four main effect terms are orthogonal to each other.

For 6 factors in 16 runs, the HD-optimal design is design 13 from the list of orthogonal
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Table 3.5: The best 12 run design in 5 factors found under the PMD, MD and F criteria
for Bingham and Chipman’s model space

-1 -1 -1 -1 1

-1 -1 -1 1 -1

-1 -1 1 1 1

-11 -1 1 1
-11 1 -1 -1
1 -1 -1 -1 -1
1 -1 -1 1 1
1 -1 1 -1 1
1 -1 1 1 -1
1 1 -1 -1 1
1 1 -1 1 -1
1 1 1 1 1

main effects designs from Sun et al. This is also the best design found under the F
criterion, and is the best design from this list under the PMD criterion. The strengths of

this design are

1. As an orthogonal main effects design, all main effect terms may be estimated

independently.

2. It has no pairs of effects (main effects or interactions) totally aliased, one of nine

orthogonal main effects designs with this property.

3. Of these nine designs, this one has the joint most pairs of main effect and
interaction terms orthogonal to each other (78 out of 90 possible pairs, the joint
most with design 19). Out of all possible orthogonal main effects designs, only one

has all these pairs orthogonal to each other, the 2?{,2 fraction (design 5).

4. Design 13 has more pairs of interactions orthogonal to each other (93 out of 105)

than design 19 (87 out of 105).

Under the MD criterion, however, the best main effects orthogonal design is the
resolution I'V regular design. This is also the best design returned by a search under this

criterion. The second and third best designs under this criterion also have total aliasing

between pairs of 2-factor interactions.
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In Figure 3.8, we have plotted the ranks of the 6 factor 16 run main effects orthogonal
designs under each of the four criteria against each other. Designs denoted by a ‘+’ do
not have any pairs of terms totally aliased. The PMD criterion completely splits the
designs, so that the nine designs with this property are ranked 1,...,9 under the PMD
criterion, out of the 27 designs. The regular fractional factorial designs in 16 runs and 6
factors are marked by a ‘*’. The regular designs are the 2?1—12 design defined by
I=ABC=ADEF, which is ranked second under the F criterion, and third under the MD,
but only 23'd under the PMD criterion, and the 2?‘",2 design defined by

I = ABCD = ABEF, which is ranked 15t under the MD criterion.

The worst design under all four criteria, design 1, is two copies of a 2?1_13 fraction.

3.4.4 Results of Design Searches

In addition to evaluating the main effects orthogonal designs under our criterion for this
example, we also run searches, using differept numbers of models to evaluate the
objective function, performing 20 searches for each set of models. Figure 3.9 shows the
PMD objective function for various designs, evaluated using 400 models. The upper part
of Figure 3.9 shows that all the searches consistently find designs that are better under
the majority of the main effects orthogonal designs. The lower part of the figure shows
the results of the same searches, but focuses on the designs with lower values of the
PMD objective function. In this figure, it can be seen that the best design found by a
search using 40 models to evaluate the objective function is slightly worse than the best
main effects orthogonal design. The searches that used 100 or 400 models to evaluate the
objective function found designs that had slightly lower values of the PMD objective

function than the best main effects orthogonal design.

3.4.5 Sensitivity

We observe the effect of using a different value of p to give different prior model
probabilities. This is shown in Figure 3.10, where each line corresponds to one 16-run

main effects orthogonal design in 6 factors. We see that, although the value of the PMD

objective function increases with p, as with a greater p a greater number of models have
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Figure 3.10: The effect of changing p on PMD objective function for 16 run 6 factor main
effect orthogonal designs.

a reasonable prior probability, the ordering of the designs remains about the same. In

particular, the best design remains constant over this range.

We also test the sensitivity of our criterion to changing the value of ¢. We may use a
different value of ¢ depending on whether we are interested in building a parsimonious
model or not discarding factors that may have an important effect. Altering ¢ between

0.25 and 4 gives no real change to the ranking of the main effects orthogonal designs -

the top fifteen remain in exactly the same order. Designs returned from searches can
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improve on the best main effects orthogonal design, with different designs having the
lowest PMD objective function value when c is less than or greater than 1.

We can generalise our loss function to allow a different value of ¢ to be used for main
effect or interaction terms, so that our loss function may more accurately reflect the
experimenter’s interests. We let ¢; = 1 be the loss for wrongly including a main effect
term and cz be the loss for wrongly including an interaction term. Twenty searches were
performed at each of co = 0.25,0.5,2 and 4. All the designs found, in addition to the
main effect orthogonal designs, were evaluated using cs = 0.25,0.5,1,2 and 4. Out of
these designs, the main effects orthogonal design 13 was the best at all values of ¢y used;
the searches did not manage to improve upon this design. The second-placed design
changed as ¢y is altered. For ¢ = 0.25, the main effects orthogonal design 19 is second
best, however, when ¢y > 1, a better design was one that was found in a search using

¢z = 4, which has less partial aliasing between the interaction terms.

3.4.6 Comparison via Simulation Studies

We would like to see how effective the designs chosen by the various criteria are for the
task they are chosen to do - i.e. selecting a model. The analysis corresponding to use of
a design selected by the PMD criterion is to choose the model that minimises the

expected loss function (2.4) using the posterior model probabilities provided by our data.

Although no analysis is explicitly given for the other criteria, one sensible analysis is to
select the model with highest posterior probability.

To evaluate the performance of a design, we simulate 10000 models from the priors and
generate responses from these models. Four methods are used to select a model based on

the posterior model probabilities:
1. Select the model that minimises the PMD loss (2.1) using c=1.

2. Select the model with highest posterior probability, equivalent to using a 0-1 loss

function.
3. As (1) but using ¢=0.5.

4. Select the model that minimises the expected value of the squared number of terms

difference between the true and selected models (squared PMD loss).
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For each of these methods of model selection, we find the percentage of time that the
correct model (the one that was used to generate the data) is selected, the average R?
value of the model selected, the average number of terms that are incorrectly included or
excluded and average number of terms that the chosen model is wrong by compared to
the true model.

For 12 runs in 5 factors, the HD criterion selects a Plackett-Burman design. A different
design is chosen for the PMD, F and MD criteria. Table 3.6 shows that the
Plackett-Burman design performs better in either method of model selection, selecting
the correct model more often when using the model with highest posterior probability,
and a model with lower PMD loss when using this method of model selection.

The best 16 run main effects orthogonal designs for 6 factors differed for the four criteria.
Design 13 was best for the PMD, MD and HD criteria, whereas design 5 would be
selected under the F criterion. The second placed designs were 19 under PMD and HD, 4
under F and 8 under MD. The results of a simulation on these five designs are displayed
in Table 3.7. The searches under the PMD criterion described in Section 3.4.4 found
some 16-run, 6-factor designs with a lower PMD objective function value than the best
main effects orthogonal design. The results of a simulation on the best three of these
designs are shown in Table 3.8. The simulation shows that these designs perform slightly
better at model selection than the best main effects orthogonal designs. We also evaluate
all the other 16 run 6 factor main effect orthogonal designs in the set provided by Sun et

al. (2002), using this simulation. These designs are then ranked on their performance in

the simulation, according to the proportion of time that the correct model was selected,
when selecting the model with highest posterior probability and also the average PMD
loss of the model selected when selecting a model to minimise this loss. Table 3.9 shows
the rank correlation between simulation performance and the four design criteria, where
the simulation is based on either selecting the model with highest posterior probability

or the model that minimises the PMD loss function. The PMD and HD criteria correlate

more strongly with the performance in the simulations than the MD and F criteria.




Table 3.6: Performance of 5 factor 12 run designs in simulation study. % correct denotes the % of times that the model selected

by each of the four methods was the same as the model used to generate the data.

Performance Measure Design
F-optimal Plackett- Plackett-
Burman 1 Burman 2

% correct, PMD loss (c=1) 47.35 47.09 47.21
% correct, 0-1 loss 48.2 47.9 48.0
% correct, PMD loss (c=0.5) 44.41 44 47 44.53
% correct, squared PMD loss (c=1) 45.46 45.04 45.14
Mean R?, PMD loss (c=1) 0.71 0.71 0.71
Mean R2?, 0-1 loss 0.7 0.71 0.71
Mean R?, PMD loss (c=0.5) 0.73 0.73 0.73
Mean R? squared PMD loss (c=1) 0.71 0.71 0.71
Average modal posterior model probability 0.48 0.48 0.48
Mean terms wrong by, PMD loss (c=1) 0.8 0.82 0.81
Mean terms wrong by, 0-1 loss 0.81 0.83 0.83
Mean terms wrong by, PMD loss (c=0.5) 0.84 0.86 0.86
Mean terms wrong by, squared PMD loss (c=1) 0.81 0.83 0.82
Mean terms incorrectly included, PMD loss (c=1) 0.14 0.14 0.14
Mean terms incorrectly included, 0-1 loss 0.14 0.16 0.16
Mean terms incorrectly included, PMD loss (c=0.5) 0.28 0.29 0.29
Mean terms incorrectly included, squared PMD loss (c=1) 0.15 0.15 0.15
Mean terms incorrectly omitted, PMD loss (c=1) 0.66 0.68 0.67
Mean terms incorrectly omitted, 0-1 loss 0.67 0.68 0.67
Mean terms incorrectly omitted, PMD loss (c=0.5) 0.56 0.58 0.57
Mean terms incorrectly omitted, squared PMD loss (c=1) 0.65 0.68 0.67
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Table 3.7: Performance of designs 4,5,8,13,19 (16 run, 6 factor main effects orthogonal designs) under each criterion from simulation.

Design Number

Performance Measure, method of model selection 4 5 8 13 19

% correct, PMD loss (c=1) 46.86 49.38 53.76 55.23 55.37
% correct, 0-1 loss 48.56 51.02 54.72 55.77 55.99
% correct, PMD loss (c=0.5) 45.51 49.18 5246 53.44 53.41
% correct, squared PMD loss (c=1) 43.58 4538 51.29 53.46 53.54
Mean R?, PMD loss (c=1) 0.68 0.67 068 0.69 0.69
Mean R2, 0-1 loss 069 069 069 0.69 0.69
Mean R?, PMD loss (c=0.5) 0.7 07 071 07 071
Mean R? squared PMD loss (c=1) 065 0.63 067 069 0.69
Average modal posterior model probability 049 051 054 056 0.56
Mean terms wrong by, PMD loss (c=1) 091 0.8 069 063 0.63
Mean terms wrong by, 0-1 loss 097 0.85 0.7 0.64 0.64
Mean terms wrong by, PMD loss (¢=0.5) 095 08 072 066 0.66
Mean terms wrong by, squared PMD loss (c=1) 092 08 07 064 0.64
Mean terms incorrectly included, PMD loss (c=1) 021 015 012 0.1 0.1

Mean terms incorrectly included, 0-1 loss 0.26 0.2 0.14 011 0.12
Mean terms incorrectly included, PMD loss (¢=0.5) 035 028 022 0.2 0.2

Mean terms incorrectly included, squared PMD loss (c=1) 0.18 0.11 0.1 0.1 011
Mean terms incorrectly omitted, PMD loss (c=1) 0.71 067 057 053 0.53
Mean terms incorrectly omitted, 0-1 loss 0.71 0.64 056 053 0.53
Mean terms incorrectly omitted, PMD loss (¢=0.5) 061 058 05 046 046
Mean terms incorrectly omitted, squared PMD loss (c=1) 0.74  0.73 0.6 0.54 0.54
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Table 3.8: Performance of best three 16-run designs found for 6 factors, from simulation.

Design

Performance Measure, method of model selection Found #1 Found #2 Found#3
% correct, PMD loss (c=1) 55.31 55.11 55.05
% correct, 0-1 loss 55.8 55.69 55.63
% correct, PMD loss (¢=0.5) : 53.38 53.18 53.25
% correct, squared PMD loss (c=1) 53.61 53.32 53.34
Mean R?, PMD loss (c=1) 0.69 0.69 0.69
Mean R2, 0-1 loss 0.69 0.69 0.69
Mean R2?, PMD loss (c=0.5) 0.7 0.7 0.7
Mean R? squared PMD loss (c=1) 0.69 0.69 0.68
Average modal posterior model probability 0.56 0.56 0.56
Mean terms wrong by, PMD loss (c=1) 0.63 0.63 0.64
Mean terms wrong by, 0-1 loss 0.64 0.64 0.65
Mean terms wrong by, PMD loss (¢=0.5) 0.66 0.66 0.67
Mean terms wrong by, squared PMD loss (c=1) 0.64 0.64 0.65
Mean terms incorrectly included, PMD loss (c=1) 0.1 0.1 0.1
Mean terms incorrectly included, 0-1 loss 0.11 0.11 0.12
Mean terms incorrectly included, PMD loss (c=0.5) 0.2 0.2 0.2
Mean terms incorrectly included, squared PMD loss (c=1) 0.11 0.11 0.11
Mean terms incorrectly omitted, PMD loss (c=1) 0.53 0.53 0.54
Mean terms incorrectly omitted, 0-1 loss 0.53 0.53 0.53
Mean terms incorrectly omitted, PMD loss (c=0.5) 0.46 0.46 0.47
Mean terms incorrectly omitted, squared PMD loss (c=1) 0.53 0.54 0.54
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Table 3.9: Spearman’s rank correlations to compare the rankings under each criterion with
those from the simulation study, for the 16 run 6 factor main effect orthogonal designs of
Sun et al. (2002).

Method of model selection
Criterion Highest Posterior Probability PMD loss

F 0.44 0.47
PMD 0.98 0.98
MD 0.33 0.36
HD 0.90 0.91

3.4.7 Choice of ¢

Our simulation studies may also give us some insight into the effects of changing ¢, and
some guidance on values of ¢ that could be used. Figure 3.11 shows the results of a
simulation done on main effects orthogonal design 13 using the top 400 models for

p = 0.410. Although the full set of models for this value of p gives the expected number
of effects as 5, in this reduced set the expectation is about 2.21.

It can be seen that the losses due to the two types of error are not evenly balanced for
¢ = 1 - many more terms are incorrectly omitted than are spuriously included. This is
due to the high prior probability of models with small numbers of terms and a lack of
information on which terms are active provided by the design. Using a value of ¢ = 0.334
(calculated from the simulation) gives, on average, an equal number of terms (0.377)
incorrectly missed or included. The total number of terms wrong is therefore on average
0.754, compared to 0.625 for ¢ = 1.

Because the average number of model terms is 2.21, and there are 21 possible model

terms (not including the intercept), the average number of terms wrong is

2.21P( Term not included | Term is in true model ) + (3.11)

(21 — 2.21) P( Term included | Term not in true model ).

Using ¢ = 0.334, the two terms in this sum are equal. If, however, we would like the two

conditional probabilities to be equal, we should use ¢ = 0.082 (from simulation), which
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Figure 3.11: The number of terms incorrectly included or excluded as ¢ changes, from
simulation, for main effect orthogonal design 13.
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gives

P( Term not included | Term is in true model ) = (3.12)

P( Term included | Term not in true model ) = 0.092.

This is the intersection point in Figure 3.12, which shows how the conditional
probabilities of incorrectly including or not including a term vary with c. If are ‘equally
interested in avoiding both types of error’, the intuitive choice of ¢ = 1 may in fact be
too high, depending on what we mean by this statement. The values of ¢ given here are
specific to this design and set of models. However, they may be determined using the
posterior model probabilities obtained when simulating to evaluate the PMD objective
function, so do not require much additional computational expense.

Alternatively, if there are actual financial losses associated with missing or incorrectly
including terms, these can be used to set ¢. For example, retaining spurious terms in our
model means that future experiments will require more runs to enable the extra
parameters to be estimated. However, omitting a term may mean that possible process
improvements may be missed, which has associated financial cost. We should then set ¢
to be the cost, per term, of the extra runs required in future experiments divided by the
expected cost, in terms of not being able to optimise the response, of missing a term

from the model.

3.4.8 Main Effects Orthogonal Designs in 3 to 9 factors.

For each of f = 3,...,9 factors, we obtain the 400 models with highest prior probability,
using p such that the expected number of active effects is f — 1. Using this model space,
with the corresponding probabilities re-standardised to sum to 1, we evaluate the 16-run
main effects orthogonal designs in the catalogue provided by Sun et al., under all four
criteria. The ranking of the designs under each criterioﬁ is given in Table 3.10.

When three to five factors are used, a regular design is best under all four criteria, as in
the previous example (see Table 3.1). For six to nine factors, the best designs under the
PMD and HD criteria are similar, and the designs ranked highly by the F criterion are
also ranked highly under the MD. However, designs that are good under the PMD and
HD criteria do not usually rank highly under the F and MD criteria.
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Figure 3.12: The probability of terms being incorrectly included or excluded as ¢ changes,
from simulation, for main effect orthogonal design 13.
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Table 3.10: Ranking of 16-run main effects orthogonal designs in 3 to 9 factors under all
four criteria, using Bingham and Chipman’s model space *Full factorial, {Regular design.

Number of 3 4 5 6
factors PMD F MD HD PMD F MD HD PMD F MD HD PMD F MD HD

Ranking 1 2* 2* 2 2 3* 3* 3* 3* 4f 47 47 47 13 13 57 13
2 3 3 3 3 4 4 4 4 5 5 3 5 19 4 8 19
3 1 11 1 5 5 2 5 7 8 5 7 24 14 4t 8
4 2 2 5 2 8 7 7 8 20 8 14 24
5 1 1 1 1 10 10 8 3 22 6 13 20
6 11 3 2 10 23 19 19 14
7 3 2 10 11 18 24 6 22
8 9 11 11 9 26 5 12 23
9 2 9 9 2 27 20 7 12
10 6 6 6 6 8 15 24 18
Number of 7 8 9

factors PMD F MD HD PMD F MD HD PMD F MD HD
Ranking1l 32 12 61 32 67 61 6f 77 76 47 47 84
2 49 6 12 49 68 18 18 42 84 25 25 83

55 28 28 28 72 4 4 67 8 53 53 65
53 32 5 55 77 77 17 68 74 17 17 76
43 21 11 53 76 42 77 76 75 84 84 74
54 11 33 43 42 17 48 61 65 44 10 75
39 33 32 33 50 48 26 79 72 22 5 86
50 5 22 21 71 26 42 50 73 32 32 72
45 22 21 54 70 12 12 41 8 5 22 66
52 49 49 31 69 58 58 71 66 10 44 87
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3.5 Summary

In this chapter, we have investigated the use of the PMD criterion for selecting designs j
for screening experiments. Three model spaces that could be used in a screening

situation have been tried, allowing either main effects only, all main effects plus one

2-factor interaction, or any subset of main effects and 2-factor interactions. For the

model space consisting of models containing any combination of the main effect terms,

we have run Modified Federov Algorithm searches for various numbers of factors and

runs. For numbers of runs where main effects orthogonal designs are available, these are

the best designs found under the PMD criterion for this model space.

The model space consisting of models that contain all main effect terms plus exactly one

2-factor interaction was investigated, by ranking the set of 16-run main effects orthogonal
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designs in 3 to 9 factors and comparing this to the MD, HD and F criteria. Searches for
good 16-run designs were also run, and for 6 or more factors, it was possible to find
non-orthogonal designs that performed better than the best orthogonal design. For this
model space, we have also shown how changing the parameters of the prior distribution
affects the objective function and the ranking of main effect orthogonal designs.

Finally, we use a much larger space of possible models, allowing any combination of main
effect and interaction terms, as used by Bingham and Chipman (2007). This model
space is approximated by using a subset of models with high prior probability. The
16-run main effect orthogonal designs in 3 to 9 factors are evaluated and ranked, and the
results compared to those for the MD, HD and F criteria. We notice that agreement
between the rankings of designs under the four criteria lessens as the number of factors
is increased. Simulation studies have been used to evaluate the performance of designs
chosen under the four criteria against several indicators of suitability for model selection.
The studies show that the PMD criterion agrees closely with the performance for the
design in model selection, as does the HD. For the examples used in the simulation
study, the four cfiteria select quite similar designs. There were only small differences in
the performance of the designs in the simulation study. If an example was found where
very different designs were selected by each criterion, a simulation study could provide
useful information about the strengths and weaknesses of designs selected using each
criterion. The simulations also gave an indication of what values of ¢ should be used,
and suggest that using ¢ = 1, though intuitive, may be too large if we are equally

interested in identifying active effects and omitting inactive effects from our model.




Chapter 4

Follow-up Experiments

In this chapter we investigate the use of the PMD criterion in the practical situation
where prior information is available from an initial experiment of n runs and it is desired
to select a further n* follow-up runs that provide as much further information as possible
to enable better discrimination between the models. Following Meyer et al. (1996), an
injection moulding example from the literature is used to make a comparison of the
PMD criterion with the MD, F and HD criteria, which were defined in Section 1.3.1.
The performances of various different designs under each of the four criteria are
compared, and underlying reasons for the choice of particular designs are discussed. A
second example on a chemical reactor, where data from a full factorial is available, is
used to investigate the sensitivity of our methodology to the choice of design for the
initial experiment. In addition, the results from the analysis are used to compare the
conclusions from a PMD design with those from an MD design (given by Meyer et al.
1996). Throughout this chapter we have made use of the R package BsMD (Barrios
2004) for producing graphs of factor probabilities, evaluating the MD objective function

and searching for good designs under the MD criterion.

4.1 First Example

Box, Hunter and Hunter (1978) described an experiment for an injection moulding

process, where 8 factors were varied - see Table 4.1. The aim of the experiment was to

57
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Table 4.1: Design and Results for the Injection Moulding Example from Box, Hunter and
Hunter (1978, p398)

A B CDE F G H y
-1 -1 -1 1 1 1 -1 1 140
1 -1 -1 -1 -1 1 1 1 168 Factors
-1 -1 - - :
-1l -l 1180y rould Temperature
1 1 -1 1 -1 -1 -1 1 154 .
B Moisture Content
-1 -1 1 1 -1 -1 1 1 276 :
C Holding Pressure
1 -1 1 -1 1 -1 -1 1 240 . :
D Cavity Thickness
-11 1 -1 -1 1 -1 1 274 E Booster P
11 1 1 1 1 1 1 226 o . N
1 1 1 -1 -1 -1 1 -1 223 YO e
G Gate Size
11 1 1 1 -1 -1 -1 171 H Screw Speed
1 -1 1 1 -1 1 -1 -1 215 P

1 -1 1 -1 1 1 1 -1 175
1 1 -1 -1 1 1 -1 -1 159
1 1 -1 1 -1 1 1 -1 219
1 -1 -1 1 1 -1 1 -1 167
1 -1 -1 -1 -1 -1 -1 -1 203

Response
y  Shrinkage (%).

identify those factors that had an important effect on the percentage shrinkage in an
injection moulding process. The design used for the experiment was a 2’13-",4 fractional
factorial design, with generators [ = ABDH = ACEH = BCFH = ABCG.

Meyer et al. (1996) analysed the results of this experiment using a Bayesian approach,
discussed below, and subsequently found a follow-up design using the MD criterion of
Box and Hill (1967), defined in Section 1.3.1. The set of possible models they considered

was all linear models which contain
i any subset of factor main effects and also

ii all possible 2- and 3-factor interactions between those factors whose main effects are

included in the model.

The automatic inclusion of interactions in a model in (ii) is known as ‘effect forcing’.
Meyer et al. used prior probabilities which differ slightly from those in Section 1.1.3.

These prior distributions will be used in this chapter. The prior model probabilities are

calculated under the assumption that each factor has the same probability p of being
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Table 4.2: Posterior model probabilities for the initial experiment

Model Number Factors in Model Posterior Probability

m C 0.0002
ma CE 0.0004
m3 ACE 0.2356
my ACH 0.2356
ms AEH 0.2356
me CEH 0.2356
my ACEH 0.0566

active, independently of each other, so that
P(m;) = pf(1—p)* %, (4.1)

where f; is the number of factors in model m; and k = 8 is the total number of factors.
Meyer et al. used p = 0.25. An improper prior for the overall mean o and standard
deviation o is used, so that f(Bo,0) o< o~!. This is equivalent to using values of a = 0
and d = —1 for the hyperparameters in the inverse Gamma distribution, and allowing
the prior variance of By to tend to co. The rest of the coefficients in 3; are given Normal
prior distributions with mean 0 and standard deviation o, where 7 is a scaling
parameter estimated by Meyer et al. to be 2 from the data. As in Chapter 1, the

posterior distribution for model m; is still a Normal Inverse Gamma distribution, with

-1

Vi = iz ° + XX, (4.2)
Y\o 1,

w = ViXly ' (4.3)

af = yy-— () (V) e

d = n-1.

From the results of the initial experiment, seven models were found to account for

99.98% of the posterior probability, as shown in Table 4.2. All these models contain only

factors A,C, E and H. The aliasing scheme of this design (in particular the relation
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Table 4.3: Posterior means for the model parameters in 3-factor models after the initial
experiment (reproduced from Meyer et al. (1996))

Parameter Posterior Mean

I 19.75
A = CEH -0.17
C = AEH 1.364
E = ACH -0.94
H = ACE 0.297
AC =EH 0.223
AE = CH 1.14
AH = CE -0.149

I = ACEH) and the effect forcing prior distribution result in models ms3, ..., mg being
indistinguishable in that they have the same posterior model probabilities. This is
because models mg, . .., mg have the same model matrix X but with columns assigned to
different explanatory variables. Hence the parameters have the same posterior
distributions but are attributed to different effects in each model. The posterior means
for the regression parameters in the three-factor models are also identical, but assigned

to different effects. These are summarised in Table 4.3.

4.1.1 Searching for Follow-up Runs

As models containing only factors A, C, E and H account for virtually all the posterior
probability, following Meyer et al. (1996), we searched for a set of n* = 4 follow-up runs,
from a list of candidate points composed of all combinations of these factors at levels +1.
The points in the candidate list are given in Table 4.4 together with numerical labels.
Note that points 1-8 are combinations of levels of the factors A, C, E, H which have
already been run in the initial 8 factor experiment. It is assumed that the remaining four
factors are inactive, and can be set to some convenient level in the follow-up runs. As an
alternative to the Bayesian criteria discussed here, there are also frequentist methods for
selecting follow-up runs. For example, Box et al. (1978) construct a follow-up design for
this experiment using the methods of Daniel (1962) to algebraically remove the aliasing
between pairs of effects. The semi-foldover, or % designs of John (1971) are another way

to augment a half fractional factorial design without using all the runs required to
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Table 4.4: Candidate points for the injection moulding experiment

Point Number A C E H

1 -1 -1 -1 41
2 -1 -1 1 1
3 -1 1 -1 1
4 -1 1 1 -1
5 1 -1 -1 1
6 1 -1 1 -1
7 1 1 -1 -1
8 1 1 1 1
9 -1 -1 -1 1
10 -1 -1 1 -1
11 -1 1 -1 -1
12 -11 1 1
13 1 -1 -1 -1
14 1 -1 1 1
15 1 1 -1 1
16 1 1 1 -1

complete a full factorial. The three best sets of follow-up runs under the M D criterion

were found by Meyer et al. to be (9,9,12,15),(9,12,14,15) and (9,11, 12,15).

4.2 Comparison between the PMD and MD Criteria

The PMD criterion, defined in Section 2.2 with ¢ = 1, and the search algorithm outlined
in Section 2.4 were used to find sets of four follow-up runs to compare with those of
Meyer et al. (1996). The prior distributions for the models and parameters were taken to
be the posterior distributions from the analysis of the initial experiment of Meyer et al.
Table 4.5 gives the best sets of four follow-up runs we found. Also shown are the values
of the PMD and MD objective functions for the best follow-up designs under each of the
criteria.

The table shows that the best follow-up designs differ. However, the best design under
PMD is the third best under the MD criterion. The best three designs under the PMD
criterion consist of four distinct design points. This contrasts with the best design under
the MD criterion, which has a point repeated. For both criteria, the best follow-up

designs contain only points which were not included in the initial design, which has
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Table 4.5: Best sets of four follow-up runs for the objective function values under the MD
and PMD criteria; for design point labels, see Table 4.4

Found under MD criterion

Runs MD PMD
991215 857 0.080
9121415 84.4 0.054
9111215 83.6 0.041

Found under PMD criterion
Runs MD PMD
9111215 83.6 0.041
11121516 47.2 0.042
10111215 504 0.044

I = ACFEH as a defining contrast. Thus they have the main effect of A completely
aliased with the interaction —C EH, which is the ‘reverse’ of the aliasing in the design
used in the initial experiment. When we analyse the follow-up experiment, using the
posterior from the initial experiment as a prior, we are effectively analysing a 20-run
experiment. Therefore adding four points from a complement of the initial design breaks
the aliasing in the initial design. This means that the follow-up runs provide information
on which effects in a pair of effects that were aliased after the initial experiment is in the
true model. For example, analysis of the data from the initial experiment gives a
comparatively large positive posterior mean (Table 4.3) for the parameter corresponding
to C = AEH in the equivalent 3-factor models labelled ms, ..., mg in Table 4.2. For all
the designs in Table 4.5, the points at which C = 1 will have AEH = —1 (where AEH
denotes multiplication of columns in Table 4.4) and vice-versa. Suppose also that higher
values of the response, Y*, are obtained at the runs of the follow-up experiment at
which C = 1. Then the posterior mean from the follow-up runs will remain positive for
C in those models which contain C, and will move towards zero for AEH in the models
containing this term. Hence, the posterior probability will be increased for models that
contain C and will be decreased for those containing AEH.

Some insights can be gained into how the results under the PMD criterion with ¢ =1
relate to those obtained from the 0,1 loss function (Equation 2.2). From the results of

the initial experiment, the four most probable models all differ from each other by
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exactly eight terms. This can be seen from Table 4.2 when the impact of effect forcing is
taken into account. Therefore, the expected loss for one of these models after the
follow-up experiment will be approximately 8 times the sum of the posterior probabilities
of the rest of models ms, ..., mg in Table 4.2. Hence, if the total of the posterior
probabilities of the other models is negligible, then the minimum value of (2.1) is

min E(L(m;,m;)[Y) = min Y P(my|Y)L(m;,m;)
meM

2

6
jig, > POmY)L(m, m)
]:

= 3211‘1;16 8;P(mj|y)
J#i

- 8 {1 — max [P(mily)]} :

This indicates that our approach will, for this example, give similar results to choosing
the model with highest posterior probability, that is, the model found using the 0,1 loss
function.

In order to provide a more general comparison of the PMD criterion with that of Meyer
et al. (1996), we randomly generated four-point follow-up designs from the list of
candidate points (Table 4.4), and evaluated and ranked them under both criteria. The
results are plotted in Figure 4.1. This figure also includes the ranks of all designs
composed of four distinct points that were not included in the original design. The
colours identify the number of new points used (that is, not in the initial design), and
different plotting characters show the number of distinct points in the design.

The plot indicates a general trend that designs which are good under one criterion tend

to be good under the other (rank correlation = 0.92). We observe from the evaluated

designs that, designs which perform well under the PMD criterion are those which have
four distinct points. This is not necessarily the case for the MD criterion. For both

criteria, the better performing designs contain no points that are replicates of the runs in

the initial design.
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Figure 4.1: Ranking of MD vs PMD objective function values for random sample of four-
point follow-up designs formed from candidate points in Table 4.4, plus all designs formed

of four distinct new points.
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4.3 Comparison between the PMD and F Criteria.

In the discussion of the Meyer et al. (1996) paper, Jones and DuMouchel proposed an
alternative to the MD criterion, called the F criterion (described in Section 1.3.1). In
Figure 4.2 the rankings are plotted for the same set of designs as in Figure 4.1 under the
PMD and F criteria. The plot indicates a slightly stronger relationship between these
criteria (rank correlation = 0.94) than between the PMD and MD. It is clear that the
best designs under both criteria are those formed entirely of distinct points which are
not present in the first stage design.

Figure 4.2 shows that some designs perform poorly under the PMD criterion compared
to other designs with the same number of new and distinct points, and a similar F value.
These tend to be designs that have either A assigned level 1, or H assigned level -1 for
each of the new design points. For example, the design ranked 66th under the F criterion
and 280th under the PMD criterion consists of candidate points 13,14,15 and 16 from
Table 4.4, and has factor A set to level 1 at all four points. These sets of follow-up runs
are plotted in red in Figure 4.3, and can be identified as being above and to the left of
the trend line in Figure 4.2. These are obviously undesirable in terms of estimating the
associated main effects. Also such a follow-up design may lead to main effect terms
cancelling with 2-factor interactions and making their partially aliased joint effect close
to 0, so that it is hard to tell if either effect is important. Designs with either A set to 1
for all points or H assigned level -1 for all points perform badly even when compared to
other designs with one factor kept at a constant level. If a follow-up design has, for
example, A equal to 1 at all points, then the columns of the model matrix representing
the terms C and AC will be identical, as will be the columns for E and AE, and the
columns for H and AH. The confounding between the terms for F and AE, and
between H and AH give rise to cancelling. The prior means for the coefficients of E and
AE in the three-factor models are -0.94 and 1.14 respectively (refer to Table 4.3 for the
prior means of the effects at the second stage). Therefore, if A is set to level 1, the
average difference between the expected response at the high and low levels of E will be
2 x (—=0.94 + 1.14) = 0.40, much less than the 2 x ~0.94 = 1.88 it would be without the
cancelling with the AE interaction.

Table 4.6 shows the difference between the expected response at the high and low levels
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Figure 4.2: Ranks under F and PMD criteria for a random sample of designs formed from

candidate points in Table 4.4, plus all designs formed of four distinct new points.
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Figure 4.3: Ranking under F and PMD Criteria for the Set of Designs used in Figure 4.2.
Designs in Red have either A set to 1 or H to -1 for all new points.
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Table 4.6: Apparent sizes of effects for follow-up designs with different terms aliased.

Aliasing | Difference in X3 between high/low values of factor.
A C E H | Average Absolute Value

A=1 -0.34 | 3.16 | 0.40 | 0.32 1.06

A=-1 -0.34 | 2.28 | -4.16 | 0.88 1.92

C=1 0.10 | 2.72 | -2.16 | 2.88 1.96

C=-1 -0.78 | 2.72 | -1.60 | -1.68 1.70

E=1 194 | 244 | -1.88 | 1.04 1.82

E=-1 -2.62 | 3.00 | -1.88 | 0.16 1.92

H=1 -0.62 | 5.00 | -1.44 | 0.60 1.92

H=-1 -0.06 | 0.44 | -2.32 | 0.60 0.86

of each factor, due to the main effect and aliased interaction terms, for having each
possible aliasing of a main effect with the mean. Designs for which A is equal to 1, or H
to -1 lead to these differences being small, on average, so detecting the presence of main
effect terms is more difficult, leading to greater uncertainty and a higher PMD value.
This is reflected in the ranks of these designs under the PMD criterion, but not as much
under the F criterion. Example of such designs are the two designs with four distinct
new points that are separated from the rest in Figure 4.2, ranked 66 and 82 under the F

criterion but 280 and 302 respectively under the PMD.

4.4 Comparison to the HD criterion.

We use the same set of randomly chosen designs as before to compare the HD with the
PMD criterion, see Figure 4.4. The rank correlation is 0.97 for these two criteria, the
strongest correlation with PMD of all the criteria. The HD criterion selects the same
best design as the PMD criterion, and, in contrast to the MD and F criteria, designs
with A set to 1 or H set to -1 at all new points are given a low ranking, as under the

PMD criterion.

4.5 Second Example

A second example of selecting follow-up runs to build on the information from a
first-stage experiment was also investigated by Meyer et al. The example uses data from

a 2% full factorial experiment involving a chemical reactor, described by Box et al.
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Figure 4.4: Ranking of HD vs PMD objective function values for random sample of four-
point follow-up designs formed from candidate points in Table 4.4, plus all designs formed
of four distinct new points.
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Table 4.7: Top 10 models after first stage for second example, as giveﬁ in Meyer et al.
(1996).

Probability Model

0.231 I

0.134 IB
0.075 ID
0.070 IA

0.055 IADAD
0.055 IABAB
0.035 IBDBD
0.052 I1E
0.051 IC
0.032 IB CBC

(2005). The eight runs are a 2?;12 design with defining relation I = ABD = ACE.
Meyer et al. used the MD criterion to select a four-run follow-up design with points
chosen from the full factorial. The responses obtained at these points in the actual
experiment are known. Hence this example has the advantage of allowing an indication
of how the design would have performed in practice to be gained. The results from the
initial 8-run experiment and four follow-up runs may also be compared to those from

using all 32 runs.

4.5.1 Initial Experiment

The prior distributions of models and parameters are set up as in Section 4.1 except that
in order to make a direct comparison with the results of Meyer et al. (1996) the value

~ = 0.4 was used. In the analysis of the first eight runs, weak evidence was found for
factors B, D and E being active, but it was inconclusive. The top 10 models are given in
Table 4.7 and the effect probabilities in Table 4.8.

Unlike our first example, there is insufficient evidence to justify dropping any of the
factors. We made 20 tries of the search algorithm described in Section 2.4 for a 4-run
follow-up design under the PMD criterion. The five best follow-up designs, together with
the best five under the MD criterion (from Meyer et al., Table 8) were then evaluated

under each criterion. Table 4.9 lists the follow-up points together with the values of the

two objective functions. The labels of the 2° = 32 possible design points are given in
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Table 4.8: Effect probabilities from the runs of the 2?-;[2 initial experiment in the second
example

Effect Probability

I 1
A 0.27
B 0.38
C 0.17
D 0.29
E 0.17
AB 0.10
AC 0.04
AD 0.10
AE 0.04
BC 0.07
BD 0.10
BE 0.06
CD 0.05
CE 0.04
DE 0.05
ABC 0.02
ABD 0.03
ABE 0.02
ACD 0.02
ACE 0.01
ADE 0.02
BCD 0.02
BCE 0.01
BDE 0.02
CDE 0.02

Appendix C.

It can be seen from the table that there are no designs that are in the top 5 under both
criteria. However, designs that are good under one of the criteria are generally good
under the other. Figure 4.5 shows the PMD and MD objective functions for 500 designs
randomly selected from the 32 candidate points. There is a strong correlation (-0.8)

between the two objective functions; all the designs listed in Table 4.9 are in the top 2%

of all possible 4-run designs under each of the criteria.
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Table 4.9: Best follow-up runs for the second example under the PMD and MD criteria
Search Criterion Follow-up runs PMD MD

PMD 241012 1.951 0.549
PMD 25 26 27 28 1.955 0.529
PMD 41012 18 1.957 0.545
PMD 18 20 26 28 1.961 0.504
PMD 9101227 1.966 0.560
MD 41011 26 1.972 0.615
MD 41011 28 1.975 0.610
MD 410 26 27 1.967 0.608
MD 4101227 1.971 0.606
MD 4111226 1.975 0.603

4.5.2 Performance of the PMD and MD-optimal follow-up designs

In this subsection, we follow Meyer et al. (1996) in evaluating designs for this example by
comparing the conclusions from the Bayesian analysis of the follow-up runs with those
found from the PMD criterion and also from the analysis of the full data set for the 25
experiment. Analysis of the full 2% experiment gives posterior probabilities close to 1 for
the factors B, D and E and near zero for the others. The MD-optimal design gives each
of these factors a probability greater than 0.6 of being active, whilst A and C each have
probabilities less than 0.2, giving broad agreement with the results from the full data set.
The posterior probabilities of the factors using the MD-optimal design, and the two best
designs under the PMD criterion are shown in Figure 4.6, together with the probabilities
obtained by using the first eight runs only (that is, the initial design). The two best
designs under the PMD criterion both give higher posterior probabilities for factors B, D
and E than for A and C, although the results are less conclusive than for the
MD-optimal design.

The ten models with highest posterior probability using the MD-optimal and each of the
two designs found using the PMD criterion are given in Tables 4.10-4.12.

A more detailed summary of the distribution of models and parameters after the first
stage may be found in Table 4.13. In addition to the posterior probabilities of all model
terms, we have also sampled from the model-averaged posterior distribution for the
regression parameters, using methodology described in more detail in Section 5.6. From

this we have obtained the mean of each component of 3, given that it is included in the
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Figure 4.5: PMD and MD objective function values for 500 randomly selected designs for
the second example

model, and a 95% credible interval for its value, formed from the 2.5 and 97.5 percentiles
of the sampled values. This is an interval, in this case centred on a parameter’s marginal
posterior median, for which the probability that the parameter lies within it is 0.95. The
credible intervals for all terms (except the intercept) contain zero. However, for several

of the parameters the credible interval are not centred close to zero, and contains values

of much higher magnitude on one side of zero than the other. For example, the evidence

suggests that coeflicient of B is positive.







