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In addressing quality issues in an industrial, manufacturing or engineering context,
inherently non-negative measures of quality are often used. Statistical methodology for
reliability analysis is well developed, at least in the situation where the quality measure
is continuous. However, the quality measure may be discrete either through the method
of observation or the countable nature of the data.

There are very clear theoretical differences between continuous and discrete reliability
methods. For example the simple relationship between the failure rate function and the
reliability function in the continuous case does not hold in the discrete case. Also, some
naive statistical methods can be misleading in the discrete case. For example, a plot of
the empirical failure rate will always suggest that the failure rate eventually increases
even when the true failure rate is non-increasing.

The theoretical differences between continuous and discrete reliability methods are
highlighted. The basic properties of some discrete distributions that are potentially
useful for lifetime data analysis are presented and the general behaviour of the failure
rate function is investigated. Two exact distributions for an empirical failure rate
estimator of discrete lifetimes are proposed. The use of the two proposed distributions
is illustrated by introducing a new method, the failure rate control chart, to detect
departures from a constant failure rate. The properties of the proposed method and
other related tests are investigated by simulation.

In dealing with failure time data it is common that there are two or more failure modes,
the competing risks phenomenon. The observed data in such a situation will comprise
the failure times together with the relevant failure mode for each failure time. In trying
to understand the failure process it is reasonable to ask whether the failure modes are
acting independently. In the case of continuous failure times, it is well known that it is
not possible to answer this question with such data. This is the so-called identifiability
crisis in competing risks. However, when the failure times are discrete the hypothesis
of independence can sometimes be addressed. Crowder, in his Lifetime Data Analysis
paper of 1997, proposed a test in such circumstances, derived its large sample null
properties and illustrated its use on a medical data set.

The results presented by Crowder are summarised and corrected, and some potential
practical shortcomings of his test are discussed. Also, a modified version of the
Crowder test is proposed. Simplified forms of Crowder’s test statistic and its modified .
version are proposed. Finally, by recasting Crowder’s results in terms of classical
contingency tables, the relationship of his test to other tests of independence is
highlighted and the properties are investigated by simulation.
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Chapter 1

Review of Some Discrete Lifetime Distributions

Statistical methodology for reliability analysis is well developed, at least in situations
where the quality measure is continuous. However, the quality measure may be discrete
either through the method of observation or the countable nature of the data. There are
very clear theoretical differences between continuous and discrete reliability methods.
For example the simple relationship between the failure rate function and the reliability
function in the continuous case does not hold in the discrete case. In this chapter the
basic propertie”s of some discrete distributions that are potentially useful for lifetime
data analysis are discussed and the general behaviour of the failure rate function is

investigated.

1.1 Introduction

The statistical analysis of lifetime data is a very important field in many areas such as
engineering, biomedical, and social sciences where the time taken for an event from a
fixed time origin is of interest. Examples include time to failure of a component, time
to alleviation of symptoms after treatment and the time spent by a migrant worker in a
foreign country. In addition, inherently non-negative measures are often used when
addressing quality issues in an industrial, manufacturing or engineering context.
EXamples include the strength of cord, the depth of penetration of carbonation in

|
\
reinforced concrete and the time to failure of an electronic component. A natural '
approach is to model the quality measures parametrically using distributions that are

usually associated with survival analysis, even though the measures of interest may not

be times.




Lifetime data have other names such as time to event, time to failure, reliability, or
survival data. Usually the term reliability is used for engineering time to failure data.
Reliability can be defined as the ability to preserve the quality of performance of a
subject under given conditions for a given period of time. StatisticaHy, it can be defined
as the probability that a subject will perform its intended function without failure

beyond a certain time (Hoyland and Rausand, 1994, Lawless, 2003).

Statistical methodology for reliability is developiﬁg rapidly, especially for continuous
lifetimes even though most of the data available are in effect discrete. Discrete lifetimes
arise either through the method of observation or the countable nature of the data. Thus,
lifetimes may be continuous but measured discretely through grouping or rounding (e.g.
inherently continuous lifetimes that are only observed hourly, or strengths obtained
through testing using discretely increasing loads) or they may be genuinely discrete

(e. g.. where the failure time is the number of cycles to failure) (GrimshaW et al., 2005,

Lai and Xie, 2006, Lawless, 2003).

The distributions of lifetimes can be characterized by three functions that are uniquely
determined by each other (Hoyland and Rausand, 1994, Lee, 1992):
f (k) : The probability density (or mass) function, the probability of a subject failure at

time k , discrete, or in the short interval (k,k + Ak), continuous, per unit time.
R (k) : The reliability function, the probability of a subject survival beyond time & .
h(k): The failure rate function, the conditional probability of a subject failure at time

k , discrete, or the instantaneous rate of a subject failure at time & , continuous, given

that it did not fail before.

Here K , the underlying lifetime random variable, which need not be measured in
calendar time, is defined over the set of positive real numbers, /R*, in the continuous
case and over the set of positive integers, IN*, in the discrete case. The relationships

between the three above functions are summarized in Table 1.1.

There are clear theoretical differences between continuous and discrete reliability

methods. For example, the simple relationship between the failure rate function and the




reliability function in the continuous case does not hold in the discrete case

(Bracquemond et al., 2001, Xie et al., 2002).

Table 1.1: Summary of the relationships between f (k), R(k), and h(k).

Discrete
Continuous f®) R(k) h(k)
i k
- R(k-1)-R(k) | () I0-RG)
(k) y i<l k
B T e
> £ - [Tu-4G)
R(k) i=k+1 T
j‘:f (u )du - e—j.:h(u)du
ngk-)- Rk -1)-R(k)
2@ R(k -1) -
h(k) i=k
o d InR(k
[Crods | a2t ® -

The distribution of lifetimes can be characterized by three functions as we mentioned
before and in the next three sections, sections 1.2-1 4, we will discuss those functions
for the cases of continuous and discrete lifetimes. The basic properties of some discrete
distributions that are potentially useful for lifetime data analysis will be discussed in

section 1.5. Then, a discussion of this chapter will be presented in section 1.6.

1.2 The Probability Density (or Mass) Function

1.2.1 Continuous Lifetimes
The probability density function (pdf) of a continuous random variable X , f(k),1is

defined as

£ (k)= lim Pk <K <k +Ak)

) Ak —0 Ak

Vk elR*.




The cumulative distribution function is defined by F(k)=P(K <k)= _Lk f @w)du .

1.2.2 Discrete Lifetimes o
A random variable K is said to be discrete if it takes a finite number of different values

k,,k,,...k, or a countably infinite sequence of different values k,k,,k,,.... Thus, the

range of X is countable. From now on we will assume that K can take positive integer
values 1, 2, ... only. The probability mass function (pmf) of a discrete integer-valued

random variable X , f(k), is defined as
Fky=P(K =k) VkelN*.

The cumulative distribution function in the discrete case is defined by

F(k):P(Ksk)=iP(K;i).

i=1

1.3 The Reliability Function

The probability that a subject is still functioning beyond time # is defined as
R(k)=P(K >k) Vk 20.
This function is a non-increasing function with R(0)=1 and R(w0)=0.

In the case of continuous lifetimes, the reliability function, R(k), is a continuous

monotone decreasing function,

R(k)=1-F(k)=PK >k)=j:f(x)dx =1—j0kf(x)dx .

In the case of discrete lifetimes, R (k) is a non increasing left-continuous step function,

R(k)=1-F(k)=P(K > k)= i f(i)=1—Zk:f(i).

i=k+1




1.4 The Failure Rate Function

The failure rate, FR, function has other names such as the force of mortality, the age-
specific failure rate, the inverse of the Mills’ ratio or the hazard function. It is a non-
negative function. This function is useful in describing the way in which the
conditional probability of failure changes over time. It displays the risks of failure
associated with each point or interval of time given survival up to that time. When
studying risk in terms of failure rates, we can identify when events are more or less

likely to occur: peaks mean high risk and troughs mean low risk.

Typically a FR function will comprise some combinatiop of the following three
components: (a) an infant mortality component where the FR decreases from an initial
high value (b) a phase in which the FR function is flat so that failure tends to occur at
random (c) a wear out phase in which the FR increases with time due to aging.
Common choices of modelé for lifetime data have increasing (IFR), decreasing (DFR),
upturned bathtub shaped and bathtub shaped FR functions. The flat, or constant, FR
function model may be thought of as the boundary between the IFR and DFR models.
Examples in which these mbdels might be appropriate are: time from puberty to onset

“of a degenerative disease such as osteoarthritis (IFR), time to failure of a component
where the main risk of failure is in a burn-in period (DFR), time from transplantation to
rejection of the transplanted organ (upturned bathtub), and time to failure of system
(bathtub). The bathtub shaped FR is particularly appropriate in population studies
(Kemp, 2004, Lawless, 2003, Singer and Willett, 2003).

1.4.1 Continuous Lifetimes
The instantaneous rate of a subject failure at time & , given that it did not fail before is

P(k<K<k+Ak|K>k) _ f(k) _ _dIn[R(K)] __ R'(k)
Ak " R(k) de Rk’

#06) = i
The cumulative failure rate function is defined by H (k) = jok hw)du =-InR (k).

The FR function is additive for series systems. To see this (Tobias and Trindade, 1995),

suppose that we have a system that consists of » independent components in series




with R, (k) and h, (k) being respectively the reliability and the FR function of

component ; , then the system reliability is R (k) = H;Ri (k). So,

—1nR(k)=—lnHR (k)= Z InR, (k).

Therefore,

h(k)——[ InR (k)] = 27[—1nR,-<k)]=ih,»<k)-

i=]

1.4.2 Discrete Lifetimes
The probability of a subject failure at time & given that it did not fail before is

P(K=k)_ f(k) _Rk-1)-R(k)

Ry =P =k K = s RG=D . RG-D)

Thus, it is a conditional probability of a subject failure at time %4 given that it did not
fail by ¥ —1. It is bounded since it is a conditional probability. It cannot be a convex
function and hence cannot grow linearly, or exponentially (Bracquemond et al., 2001,

Xie et al., 2002).

) k
The cumulative failure rate function is H (k)= h(i)#-InR (k).

i=1

The FR function is not additive for series systems. To see this, suppose that we have a

system that consists of » independent components in series as in 1.4.1, then the system

reliabilify 1S R(k)= H;R . (k). However, the system FR function is

R (k) HRi(k) n R (k)

Ch(k)=1- =1-—1 =1-
*) Rk -1) ﬁRi(k—l) HR (k —

_1 H[l h, (k)] _ihi(k).




1.4.3 Alternative Definition for the Discrete Failure Rate
Since the cumulative FR in the discrete case is not the negative logarithm of the

reliability function, unlike the continuous case, a variant of the FR function has been

defined as the sequence {s(k)},  such that

H(k)=-InR(k)= is(l) = s(k)=-InR(k)+InR(k-1)=In Rgc(;)l) .

This is known as the Second Rate of Failure, SRF. The SRF is not a probability and is
unbounded. It can be convex, can grow linearly or exponentially, e.g. the SRF function
for the type I discrete Weibull distribution which will be defined in 1.5.4 can gr-ow.
linearly (Xie et al., 2002).

The two functions h(k) and s (k ) determine each other uniquely. Thus,

g RGk)
s(k)= m—R(k_l) In[1 ﬁ(k)]
or
h(k)=1-e=®,

Hence s (k) is increasing or decreasing if and only if (k) is increasing or decreasing

respectively (Xie et al., 2002, Bracquemond et al., 2001).

The SRF function is additive for series of systems, i.e. if we have a system that consists

of n independent components in series as in 1.4.1 with s, (k) being the SRF function of

component ; , then the system SRF function is

. - .k—.
sy =i 2EZD Ljse I 2D

=t =3 3 8.

i=l




1.5 Discrete Lifetimes

Discrete lifetimes arise either through the method of observation or the countable nature
of the data. Thus, lifetimes may be continuous but are measured discretely through
rounding or grouping, e.g. inherently continuous lifetimes that are only observed hourly,
or strengths obtained through testing using discretely increasing loads, or they may be
genuinely discrete, e.g. the number of cycles to failure for a unit that operates on |

demand, or the number of bearing rotations to failure.

Unthinking application of a continuous probability model to discrete data is potentially
misleading. Sometimes discrete models can be adequately approximated by continuous
models, e.g. approximating a binomial distribution by a normal one. However, the ‘
continuous model "approximation may be poor. For example, if a (continuous) gamma
distribution is fitted to discrete data or data that have been heayily rounded, then, for
example, the maximum likelihood estimator of the gamma shape parameter may be
seriously biased because of its sensitivity to 10w values (Kimber, 1980). Thus, it may
be advisable to use discrete models when the data available are discrete (Grimshaw et

“al., 2005, Hoyland and Rausand, 1994).

Of course, one can use interval censoring for grouped/rounded continuous observations.
“The geometric and negative binomial distributions are the discrete equivalents of the
exponential and gamma distributions respectively. It is easy to show that if we round
exponential observations to integer values, we obtain the geometric distribution for the
rounded observations (Balakrishnan and Nevzorov, 2003). So, likelihood based
inference for the geometric distribution is equivalent to that for the intervai censored
exponential distribution. However, we do not get this exact correspondence with, e.g.,

- the gamma and negative binomial distributions. Hence, in general “standard” discrete

models give different results from interval censored “standard” continuous models.

Bracquemond and Gaudoin (2003) give a comprehensive review of discrete lifetime
distributions. They give two criteria for selecting useful discrete lifetime distributions.
The first is based on simplicity, flexibility and the interpretation of parameters. The

second is based on the quality of parameter estimators. Here, we present some

probability distributions that are potentially useful for discrete lifetime data analysis,




some of which are recommended.by Bracquemond and Gaudoin (2003). The basic
properties of each distribution are given and the general behaviour of the failure rate

function is investigated.

1.5.1 Geometric Distribution
The random variable ¥ has geometric distribution with parameter p (0 < p <1) ifit has

the following properties:

fk)y=p1-p); k=123,.,
R(k)=(Q1-p)

hk)=p,

s(k)=—In(1-p).

It may be thought of as the number of trials to the first failure in a sequence of

independent Bernoulli trials, each with failure probability , . It is the only discrete

distribution that has the lack of memory property (no ageing, no burn-in) and hence a

constant failure rate.

The geometric distribution is the discrete equivalent of the exponential distribution, the
only continuous distribution that has the lack of memory property (Evans et al., 1993).
Thus, if we round exponential observations to integer values, we obtain the geometric

distribution for the rounded observations.
Let Y ~ exponential(4), so that f (y)=Ae ™ for y >0 and A >0. Therefore,

PY <=1-e",
P(1<Y <2)=e*(1-e7?),

PQ2<Y £3)=e*(1-e),

" P(k-1<Y <k)=e ¥ 1-e?).

Now take p =1-e™*, so that




P(k -1<Y <k)=p(1-p).
g |
So, likelihood based inferences forithe geometric distribution are equivalent to those for

the interval censored exponential distribution in this special case.

1.5.2 Shifted Negative Binomial Distribution
The random variable x is defined as the number of successes before the z # failure in a

sequence of independent Bernoulli trials with probability of failure pin each trial.

Thus, if X ,X,,...,X, are independent random variables from a geometric distribution

with probability of failure p , then le X, has anegative binomial distribution with

parameters z and p . So the negative binomial is the discrete equivalent of the gamma

distribution (Bracquemond and Gaudoin, 2003). More generally, the parameter z can
~ take non-integer values and in this case the distribution has no interpretation in terms of
repeated trials. However, it is useful in modelling count data. The negative binomial

distribution is defined as

x+z -1

! Jpz(l—p)";x=o,1,2,.... ‘

f(x)=(

The shifted negative binomial distribution is obtained by setting ¥ = x +1 where x

has a negative binomial distribution with parameters z and p . The shifted negative

binomial distribution is defined as

k+z -2

f(k)=( Jpz(l—p)"‘l; k=123,...

z —

The properties of the shifted negative binomial distribution are

k(i -2 :
R<k>=1—z[’ - ]pza—p)‘-l,

i=1
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k+z-2) | i

[ 1 )p (I-p)
hk)= . ,

k-1 _9

_Z[l +Z—1 JpZ(l p)z—l

E(i+z -2 X

(k)=-In I_Z:;( z -1 jpza -
s =— ; —

Note that when the parameter z is non-integer, the gamma function can be used to

calculate the factorial terms, i.e.

(k tz —2]=M where F(z)=ijz_le_xdx :
z -1 I'(k)'(z) 4\ 0

Also note that the FR function is monotone decreasing if z <1, monotone increasing if
z >1, and constant if z =1, since k reduces to the geometric distribution in this case

(Lawless, 2003).

\

The likelihood based inference for the negative binomial distribution is not equivalent

to those of the interval censored gamma distribution, e.g. let Y ~ Gamma(2, ), so that

f(y)=yp%?” for y >0 and f>0. Therefore,

P 51)=é‘”[e”—(1+ﬂ)],
P(<Y <2)=e[e’(1+B)-(1+28)],
P@2<Y <3)=eP’1+28)-(1+3)],

Pk -1<Y <k)=e™ [0+ -)B)-(1+k )],
which does not give negative binomial probabilities:

The failure rate of the gamma distribution tends to a limiting value 8> 0, the scale

parameter, as k — oo (Lawless, 2003). A similar result holds in the discrete case. It

11




turns out that the FR of the negative binomial distribution tends to a limiting value

p >0 as k — . For example, for a negative binomial distribution with z =2 we have

f(k)=kp*(1-p), so that

ﬁ ko ‘- ko i
R(k).=1—z,.=llpz(1—17) l=1—PZZ,.=11(1—F) :

d <« ; d [1- 1-p)*!
=l+p’—>  (1-p) =1+p’— p_d-p)
dp = dp | p V4

= (1-p) [A=p) +(k +Dp]=(-p) (1 +kp).

Hence,

_ S __ kp-p)” W
R(k-1) (1-p) {1+ -Dp} 1+(k -Dp

—>p as k > oo.

h(k)

Bracquemond and Gaudoin (2003) stated that the parameters of the shifted negative
binomial distribution have no practical interpretation and the distribution is appealing
only because it is the analogue of the gamma distribution. However, we can argue that
the parameters of the shifted negative binomial also have an interpretation, i.e. z is the

shape parameter, as with the gamma distribution, and p is the long term hazard.

Alternatively, p® is the probability of not surviving the first period or cycle.

1.5.3 Shifted Poisson Distribution
The random variable X has Poisson distribution with parameter A >0 if it has pmf

~-Ax
e "4 ; x =0,1,2,....

fx)=

x!

The shifted Poisson distribution is obtained by setting K =X +1 where x hasa

Poisson distribution with parameter 4. The shifted Poisson distribution has pmf

e—/llk—l -

f k)=

k=123,....

(kfnr




The properties of the shifted Poisson distribution are

k e—l/li—l
R(k)—l—; TR
h(k):e.-w-x/(k -)!_T(k, A=k -DI(k -L,4) Tk A):ij"-‘e-xdx
_SrelaT T(k)—(k -DC(k -1,4) ° ’ 2 ’
im (1 -D!
s(k)=-In T(k)-T(k,A) ]
T(k)—(k -DT(k -1,1) )

Note that the FR function, % (k) , is monotone increasing (Lawless, 2003). It increases

rapidly and tends to 1 as k — o . Gardiner and Kimber (1978) investigated the tail

behaviour of the Poisson distribution and have shown that for given 4 >0 and integer

x2A-1,
_Z.(x+1) :
x+1 x+2 x+l_-4
A e <P(X >x)< (x +2)A* e ,
(x +1)! x+2-)(x +1)!
© i -2
where P(X >x)= Z le'
i=x+l L2
Hence,

x+l -4
PX >x)~ (x+2A e as x > oo,
‘ (x +2-A)(x +1)!

Now, h(x)=P(X =x)/P(X 2x)=PX =x)/P(X Sx—l),then for large x

(x+2-4)_, A

hx)~ (x +2) x+2°

which tends to 1 as x — co. This result may trivially be adapted for the shifted Poisson

. case.

The Poisson distribution is the limiting form for some sequences of binomial, negative

binomial and hypergeémetric random variables. Also, it is used as a probability model




for the occurrence of rare events because of its many interesting properties

(Balakrishnan and Nevzorov, 2003).

1.54 Tyﬁe I Discrete Weibull Distribution |
Nakagawa and Osaki (1975) defined the type I discrete Weibull distribution, W, (a, ) .

It is a discrete equivalent of the continuous Weibull distribution. The type I discrete

Weibull distribution, W, («, £) , is defined as

CF)=a*Y —a*; 0<a<l, f>0andk =1,2,...,
R(k)=a"",
hk)=1-a*" ¢
s(k)=((k ~1 ~k*)In(a) .

Here o and S are the probability of surviving the first period or cycle and the shape

parameter respectively. The distribution reduces to the geometric distribution when

p=1.

The FR func;tion, h(k), 1s increasing for B >1, decreasing for 0 < 8 <1 and constant for

B =1. The limiting values of h(k) as k — oo are as follows:

0 if0<fg<l
Ch(k) > {1-a if f=1
1 it g>1

The parametérs of the type I Weibull distribution have practical meaning and the
distribution is simple and flexible with respect to the shape parameter, #. The
maximum likelihood estimation of the parameters is satisfactory except for very small

values of . The MLE of « is slightly biased, over estimated when o < 0.9 and under

- estimated otherwise. Also, the MLE of B is slightly biased as well (Bracquembnd and
Gaudoin, 2003).




1.5.5 Type III Discrete Weibull Distribution |
Padgett and Spurrier (1985) defined another discrete Weibull distribution, the type III

discrete Weibull distribution, W, (n, ) . It is flexible with respect to the choice of the -
shape parameter, £, and corresponds to the continuous Weibull distribution.” The type

III discrete Weibull distribution, W, (n, B) , is defined by:

k-1.p

.f(k):(l—e‘”kﬁ)e_"z"ﬂl w<f<w, n>0andk =1,2,..,

R(k)=e 2",
hk)y=1-e™"
s(k)=nk’ ,

where g is the shape parameter and 5 is linked with the probability of not surviving the
first period or cycle since f (k =1)=1-e7". The distribution reduces to the geometric

distribution when #=0.

The FR function, 4(k), is increasing for B> 0, decreasing for <0 and constant for

S =0. The limiting values of A(k) as k — « are as follows:

0 if f<0
h(k)—>{l-e™ if B=0.
1 if >0

The parameters of the type III Weibull distribution have prabtical meaning, but less
obviously than the type I distribution. The distribution is simple and flexible, but the

maximum likelihood estimation of the parameters is biased. The MLE of 5 is little
biased but the MLE seems to improve for large values of 5. Also, the bias in the MLE

of B is low except for very small samples (Bracquemond and Gaudoin, 2003).
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1.5.6 *S”’ Distribution
Bracquemond and Gaudoin (2003) proposed a discrete distribution, S (p,«), which is

equivalent to the “‘S’’ distribution proposed by Soler (1996) for the continuous case.

The distribution is defined by:

. k-l .
fK)=pl-a")[]JA-p+a'); 0<a<l, 0<p<landk =1,2,..,

R()=]J0-p+a'),
h(k)=p(1-a*),
stk)==In(1-p(-a*)) .

Here p and a are the probability that a failure occurs during a period or cycle and the
probability of surviving the first period or cycle givén that a failure has occurred -

respectively. The FR functidn, h(k), 1s increasing since « <1 and its limiting value is

p ak »>o.

The distribution is useful in modelling the lifetime of a device subjected to random
stress. It re&uces to the type III discrete Weibull distribution with =1 and 5 = —In(«)
if a shock occurs at each period or cycle, p =1. The parameters of the distribution have
some identifiability and numerical estimation problems which have not been solved.v
However, the distribution is simple and has an appealing practical meaning

(Bracquemond and Gaudoin, 2003).

1.6 Discussion
The statistical analysis of lifetimes is developing rapidly especially for continuous

lifetimes even though most of the data available are discrete. Discrete lifetimes arise

either through the method of observation or the countable nature of the data.

The simple relationship between the FR function and the reliability function in the
discrete case is being resolved by redeﬁning the FR as the SRF. Thus, the relationship
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between the SRF and the reliability function in the discrete case holds as the

relationship between the FR function and the reliability function in the continuous case.

The basic properties of some discrete distributions that are potentially useful for lifetime
data analysis are discussed. Also, the general behaviour of the failure rate function for

the given distributions is investigated.

The use of simple graphical methods to give some insight about the underlying
distribution of the data is natural in an early stage of a statistical analysis. In the next
chapter the empirical failure rate plot will be investigated. The geometric, negative
binomial and Poisson distributions will be used in this investigation but the Weibull

type I, Weibull type III and “S” distributions will not be used further in this thesis.




Chapter 2

Discrete Empirical Failure Rate

At an early stage pf a statistical analysis it is natural to use simple graphical methods to
summarise the data and to give some insight about the underlying distribution of the
data. In the case of discreté lifetime data a natural way to investigate the underlying
failure rate, FR, function is to use a plot of the empirical failure rate, EFR. In this
chapter we discuss some potentially undesirable features of the EFR plot and consider
some simple transformations to try to resolve this problem. We then derive some’
distributional results for points on the empirical distribution function, EDF, plot.
Finally, a simple smoothed version of the EFR plot is introduced and used to develop é

control chart to detect departure from a constant FR.

2.1 Introduction

The failure rate function of discrete lifetimes at time 4 1is the conditional probability of

a subject failure at time & given that it did not fail at an earlier time:

PEK=k).

sk =1,23,....
P 2k)

W) =P(K =k |K 2k)=

In a particular sample we observe the number of failures n,,n,,n,,... at times 1,2,3,...

and can calculate the EFR }2,,122,};3,... such that
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# failed at time k

sk =12,3,....
# at visk at time k

h, =P =k |K 2k)=

We have no control over the behaviour of the number of failures. The values of the
EFR are just estimated conditional probabilities that display the unique risk at each
point in time within a study period and they are very sensitive in describing patterns of

event occurrence (Singer and Willett, 2003).

The layout of discrete lifetimes in a particular sample is shown in Table 2.1. Here n, is
the number of subjects failed at time k , n; =n — z: n; 1s the number of subjects at

risk at time k and £k is the highest observed failure time in the sample. Note that

0<n,n,,.., n=n 2n; 2..2n; and the EFR for the highest observed failure time,

k., in the sample will equal 1 if there are no censored observations because n, =n;. .

Table 2.1: Data layout of discrete lifetimes.

Time | Number at Risk | Number Failed EFR
1 n =n n h =n,[n}
2 ny =n-n & }2\2:”2/”;
3 n; =n-—n,—n n, };3 N
=
k| n =n—an n, h, =n, /nk
k=1

In order to illustrate the EFR plot, samples of size n =25,50,100 and 200 were

simulated using SAS software version 9.1 from four discrete distributions and the EFR
plotted in each case along with the true FR function. The four distributions are:

Geometric with p =0.25 (flat FR), shifted Negative Binomial with p =0.25 and z =2
(gently increasing FR), shifted Negative Binomial with p=025and z =0.2
(decreasing FR) and shifted Poisson with mean 2 (FR that increases to 1). The EFR

plots are shown in Figures 2.1 - 2.4 respectively.
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Figure 2.1: The true FR and EFR for four data sets simulated from the geometric(0.25)
distribution.
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Figure 2.2: The true FR and EFR for four data sets simulated from the shifted negative-
binomial(0.25,2) distribution.
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These EFR plots suggest that broadly the EFR appears to follow the underlying FR
function for smaller values of £ . However, two situations emerge that make

interpretation difficult. First consider the situation where there are no “gaps” in the data

(that is, there are no zero frequencies for all k£ <k,). Then the fact that 7 .. =1 gives the

impression that the EFR is broadly increasing, even though the FR is not. Examples of
this behaviour are plots (1,2) and (2,1) of Figure 2.1. A second difficulty occurs for
some data sets where there are “gaps” for larger values of £ . Here the EFR may ,-
display a saw tooth pattern where the peaks tend to grow with & while the troughs are
necessarily constrained to be zero (sée plot (1,1) of Figure 2.1 and plot (2,1) of Figure
2.2), which tends to give the impression of a broad increase. Alternatively, for data
with isolated points, the EFR may drift far from the true FR for a large number of
consecutive k —values (see plots (1,2) and (2,1) of Figure 2.3 and plot (1,2) of Figure
2.4). The visual impact of these behaviours can make\ ihterpretation of the EFR plot
difficult. This issue was also noted in Kimber and Hahsford (1993) and Kimber (2007)

in the context of cricket scores.

Pathiyil and Jeevanand (2007) discussed the problem of estimating the reliability
measures of the geometric distribution in the presence of discordant or outlier
observations using Bayes point estimators. Here, we are interested in the behaviour of

the random variables H,H,,H,,..., where H, =N, /Nk+ , N, is the number of
observations failed at time ¥ ‘and N/ =N, + N, +... is the overall number of

observations at risk at time % .

Transformations are usually used to resolve the boundary problem and/or improve
distribution behaviour. In section 2.2 four transformations for the discrete EFR are
discussed. The mean and standard deviation of a distribution can be used to summarise
the distribution behaviour. The marginal probability function of the discrete EFR under
two formulations is investigated in section 2.3. A failure rate control chart, FRCC, to
detect departure from the constant FR is introduced in section 2.4. Finally, a discussion

of this chapter is presented in section 2.5.
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Figure 2.3: The true FR and EFR for four data sets simulated from the shifted negative-

binomial(0.25,0.2) distribution.
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Figure 2.4: The true FR and EFR for four data sets simulated from the shifted

Poisson(2) distribution.
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u'lh, L arcsin —:1i—— +arcsin 7 +1 .
2 n; +1 n; +1

Figure 2.8 shows the transformed EFR plots for the n = 25,50 and 100 cases of Figures

2.1-2.3. The plots reveal that the improved arcsine transformation has little effect on

the shape of the EFR.

2.2.5 Other Transformations
Of course one could try other transformations such as the empirical logit (Haldane,

1955). However, in view of the unpromising results obtained thus far, this approach

was not pursued further.

2.3 Properties of the Discrete Empirical Failure Rate

We will now study the behaviour of the EFR in more detail. In particular, we obtain the
- marginal probability function of the EFR for each & under two formulations. From

these results the corresponding means and standard deviations are then derived.

In a particular sample of size n we observed n, failures for k =1,2,...,k. with
ZZ;l n, =n where k, is the highest observed failure time in the sample. Let

n.=n- z: n, be the number of subjects at risk at time k. Then we may calculate

h, =n, [n; . To obtain the probability function of the EFR, we must be careful to avoid
the situation in which N} = 0. If we tried to find /4 _when n' =0, we would get /, =%

which is undefined. Hence, we need to find the probability function of H, | N; > 0.
A slightly different approach is that we are interested in the behaviour of the EFR given

that the largest observed failure time is k.. Let K _, denote the largest observed failure

time. Then, we find the probability function of H, |K =k..
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The two approaches descﬁbe the behaviour of H, but in two different ways. The
probability function of H, | N; > 0 tells uswabout the behaviour of H, for £ =1,2,...
across all “allowable” samples (i.e., these for which N, >0 so that &, 1s defined) but
the probability function of H, |K, =k. for £ =1,2,...,k.~1 tells us about the

behaviour of H, across all samples with the largest observed failure time £,.

2.3.1 The Probability Function of &, | N} >0

Let H, ,N, and N ‘denote the random variables corresponding to the observed
h,,n, and n} respectively. Then we now investigate the behaviour of H, [N} >0. In

what follows we shall assume that the sample size n (>1) is fixed and that there is no

censoring.

Proposition 2.1:
Let £ be the random variable whose failure rate we wish to estimate.

Let N, be the number of observations failed at time & (k =1,2,3,..).
Then, the empirical failure rate is defined as H ,=N,/N] where N; =N, +N, +..

The probability function of H, | N ;>0 is given by

n , - . '
( v]p{"(l—pl)" ! ifk =1
n, .

P(H, =5 N} >0)=" N
k Z (I-p,-p,) n+ me | Pu . Dy ksl
C 1-(1- D pz) n, \ P, l__pl_pz ‘

where p, =f (k)=P(K =k), p, =R(k)=P(K >k),

l-p,—-p,=F(k -1)=P(K <k -1),n, =0,1,2,...,n; ,n; =1,2,3,...,n and

Y is taken over all the equivalent fractions of n, /n;

* See Api)endix A.1 for the proof.
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2.2 Transformations for the Discrete Empirical Failure Rate

One approach to reducing the visual impact of certain aspects of a plot is to use a

transformation. In this section four transformations are used.

2.2.1 The Second Rate of Failure

The second rate of failure, SRF, transformation is not a probability and is unbounded as

discussed in chapter 1, section 1.4.3. The SRF is

Figure 2.5 shows the transformed EFR plots for the n = 25,50 and 100 cases of Figures

2.1-2.3. The effect of the transformation increases the visual impact and indeed when

S(k)=-In[1-h(k)].

i;k =1, then s (k)= . Infinite values have not been plotted. Clearly the SRF

transformation is unhelpful.

n=2%5

7.=350

n =100

Geometric Distribution

W omi &

Geometric Distribution

Wi cml

Geometric Distribution
W cml &

]
. /\V/ \

!

@ 2 4 @& 8
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poe 5 g 5

oo S5 g S

Figure 2.5: The SRF transformation of the FR and EFR for nine simulated samples.
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Example 2.1: , ‘
If n=4 from Geometric(0.25) and we would like to find the probability of

H, =05|N,>0 for k =1and k =2,thenfor k =1, p, =P(K =1)=0.25 and the

only possible value that H, can takeis 2/4. Thus,
. 2 ., 4 2 2
PH,=05|N">0)=P(H, =Z|N1 >0)= 5 0.25°(1-0.25)" =0.211.

For k =2, p,=P(K =2)=0.1875, p, =P (K >2)=0.5625 and the possible values

that H, can take are 1/2 and 2/4. Thus, |

' “ (44 2( 5\
P(H, =05|N; >0)= 0.25 : (0.1875) (0.5625)
1-0.25*\ 4 ){ 2)\0.5625 ) \ 0.25

N 0.25* (4)(2 (0.1875)1(0.5625)2
1-0.25* 1 2 ){1 L 0.5625 0.25

=0.067+0.079 =0.146 .

Proposition 2.2:

Given N, >0, then H, is an unbiased estimator of 4(k). Thus,

B, N7 >0=h(0) = O

where f (k)=P(K =k); the probability function of K ,
R(k -1)=P(K >k -1)=P(K 2k); the reliability functlon of K .

* See Appendix A.2 for the proof.

The plots in Appendix B illustrate the behaviour of P(H, =n, /n; |N} >0) for the

' geometric, negative-binomial and Poisson distributions. Figure 2.9 illustrates the

behaviour of P(H, =n, /n; |N; >0) for a sample of size n =100 from the geometric
distribution with p =0.25. For all these distributions, we found the shape of the
distribution of H, |N; >0 when the sample size » is not small to be bell Shaped but

with the pbssibility of spikes for ¥ >1. Those spikes are the result of accumulating the
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2.2.2 The Odds Ratio Transformation
Since the EFR is a conditional probability, the odds ratio compares the probability of

failure occurrence and the probability of no occurrence in any given failure time. The

odds ratio for the EFR is

The effect of the odds ratio transformation is small for small values of the EFR (Singer

and Willett, 2003). However, when };k is not small, the effect of the transformation
actually increases the visual impact and indeed when h . =1, then odds[h , ]=0. Figure

2.6 shows the transformed EFR plots for the n = 25,50 and 100 cases of Figures 2.1-

2.3. Infinite values have not been plotted. Clearly the odds transformation is behaving

in the same way as the SRF and is unhelpful as well.

n=295 n =50 n =100
Geometric Distribution Geometric Distribution Geometric Distribution
W cml & W cmlZ W cml &
: . T
1
ki 39
e
i
he e
3
Shifted Negative Binomial Distribution Shifted Negative Binomial Distribution Shifted Negative Binomial Distribution
L W cm I wnaamd W tel& ans2=d

\ o

Poe o o sn  weeOix o 5= < Poe O o S5 wwe Oam o =% < poetiu g s wewOum o 5=

Figure 2.6: The odds ratio transformation of the FR and EFR for nine simulated
samples.
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We have shown in Proposition 2.2 that

EH, N >0=—2" = pk).

Db, Tp,

Now, we find £ (H,2|N; > 0).

+ 2 k n ny
1_ _ n n nf n + & s
l_(l‘p1_p2) ny=ln, =0 i’lk nk I’lk pz l_pl—pz
p12 +nplp2(1_p1_p2)"’_l 3F‘2(l,la1_n;2a2;l_(l_p1_pz)_l) (2 1)
(P, +p,) - (I=(=p,=p) NP, +P)) ’

where ,F,(1,1,1-7r;2,2;1-(1- p, - p,)™") is the generalized hypergeometric function
(Andrews et al., 2001).

Now; for fixed » ,
p,—0ask >
p,>0ask 5o
and
(I-p,—p,)" ' ~1-(n=-1)(p,+p,) > lask > x
(l_pl_pz)n ~1-n(p, +p,)

Further (using Mathematica software version 6),

(n-1)
4

JF(LL1-n;2,21-(0-p, - p,) ) ~ 1+ (p,+p,)+0[p, +p,T. - (22)

Consequently, the first term of E(H,?| N > 0) is simply [h (k )]2 and the second term

is asymptotically equivalent to LZZ =h(k)[1-h(k)] forlarge k .
\ n(p; +p,)

Therefore, |

STD(H, |N; >0)~Jh(k)1-h(k)] as k —o0.
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2.2.3 The Log-Odds Ratio Transformation
The number of subjects at risk decreases as k¢ increases. Thus, the sample sizes may

become moderate to small and the sampling distribution of the odds ratio is highly
skewed in this case. Because of the skewness of the odds ratio and its being bounded
below by 0, an equivalent measure to the odds ratio can be used and that is its natural

logarithm (Agresti, 1996). The log-odds ratio or logit transformation for the EFR is

logit[};k] = log{odds[l;k]} = log[1 h"}; ] .

=

The log-odds ratios are unbounded estimates and symmetric about zero. The effect of

the transformation depends on the magnitude of the EFR values.

H=25 n=350 n =100
Geometric Distribution Geometric Distribution Geometric Distribution
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T
-
o
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- /
/
= : .
» 9l | - 2 32 4« 2 ¢ 7 ¢ 3¢ " 29w TSR '
poe o Dim TR WM o OImO SR K Poe s Crm T w8 o3 Oum OISR & Poe o:Oim o= wwe 5 Oux o 9
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Figure 2.7: The log-odds ratio transformation of the FR and EFR for nine simulated
samples.
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2.3.2 The Probability Function H, |K

Let H,,N,,N; and K, denote the random variables corresponding to the observed
h,,n,,n; and k. respectively. We now investigate the behaviour of 7 i | K o = k. fOr
k =1,2,...k.—1. Of course, we know that H, =1 since there are no censored

observations.

Proposition 2.4 _
Let ¥ be the random variable whose hazard we wish to estimate. -

- Let N, be the number of observations failed at time (k =1,2,3,...).
Then, the empirical failure rate is defined as H, =N, /N} where N; =N, +N,,, +...
The probability function of H, |K =k, Vk =1,2,3,....,k, -1 where k, >1 is the

highest observed failure time in the sample, is given by

(l’l Jplnl((l_pl)n—nl _(1_p]_p2)"—"1). lfk =1
n, 1-(1-p,)"
1 M nf-ng _ _nf-n n—n;
P(H, ="K, =k)= S PO AP)T " 2B P ey g gy
n, Sl -n ) -n))A-A-p,)")
R0 A e el 2 T S
n, \(n —nk)!(n - N A-1-p,)")

where n, =03172)-.-3n;-1 s }’l; =192""9‘n>p1 =P(K =k) » Dy =P(K Zk*) ?
=P(k <K <k.), p,=1-p,-p,-p; , ‘

> is taken over all the equivalent fractions of », /n; .

* See Appendix A.3 for the proof.

Proposition 2.5:

Given K =k.,then H, is not an unbiased estimator of (k). Thus, in general

E@H, |K,, —k)¢h( )mklefk_)l)

where f (k)= P(K =k); the probability function of K ,
Rk -1)=P(K >k —-1)=P(K 2k); the reliability function of K .

* See Appendix A.4 for the proof.




Figure 2.7 shows the transformed EFR plots for the n = 25,50 and 100 cases of Figures
2.1-2.3. As with the odds transformation infinite values are obtained when 4, =1. In

addition negative infinite values are obtained when 4, =0. Thus this transformation is

not useful.
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Figure 2.8: The arcsine transformation of the FR and EFR for nine simulated samples.

2.2.4 The Arcsine Transformation
Since we are dealing with proportions, the number of failures over the total number at

risk, a frequently used transformation that stabilizes the variance of the proportions is

the arcsine of the square root of the proportion,
u[l;k] = arcsin(\/Z) .

Since the number of subjects at risk decreases as k increases, an improved
transformation that takes into account the change in the number of failures over the total

number at risk has been suggested by Freeman and Tukey (Draper and Smith, 1998):
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The downward divergence in the mean and standard deviation of H, | K, =k, when '
k <k, (k.>1 )l at the tail of the data is caused by conditioning on the fact that the

highest observed failure time has EFR value equal to 1. We have noticed that the
downward divergence at the tail of the data is larger for the data thaf have wider range
of failure times with respect to the sample size, i.e., the standard deviations of
H,|N;>0,H, |K,_, =6and H |K_ =8 for the shifted negative binomial
distribution with parameters p =0.25, z = 0.2 and sample size n =25 are plotted in

Figure 2.16, the downward divergence in STD (H, | K, =8) is larger.

Proposition 2.6:
When k <k, (k.>1),

EH,|K,, =k)<E(H,|N;>0).
Proof: '

From Proposition 2.2,

)2 if £ =1
E(H,|N; = =
( kt k>0) h(k) pl lfk>1,
P tp;
where p, =P(K =k)and p,=P(K >k).
From Proposition 2.5,
. _ n-1 .
p o)) if k=1
1-(1-p,)
E(H, |K py =k ={—2 P20 QP =P 2P ey g o, -y,
pi+p,+p; (1-(1-p)")p,+p;Xp, + P, +P;)
Py _pz((l—pz) _(l_pl _lez) ) ik =k, -1
}p,+p2 - (py+p))0=(1-p,)")

where n, :0’1’2’”_’”,‘:_1 , n; =1’2,_'_,n » D =P(K =k) » Dy =P(K Zk*) s
=P(k <K <k.,)andp,=1-p, -p, - p,.
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Note that p, =P(K =k is the same in the two conditional means. p,=P(K >k) in
E(H,|N;>0)issameas p,+p,=P(K 2k.)+P(k <K <k.) in E(H, |K,, =k.)

when 1<k <k, -1 and same as p, = P(k >k.) when k =k, -1.

Now for k =1, clearly E(H, |K, =k,)<E(H,|N; >0)since 1-p,)""' >1-p,)" .
For 1<k <k.-1,since p,/(p,+p,) in E(H, |[N; >0) issame as p,/(p, +p, +p;) -
in E(H, |K,, =k.),clearly E(H, |K_,, =k.)<E(H, |N; >0) because of the
additional subtractionin £ (H, |K , =k.). Also, for k =k. -1, élearly |
E(H,|K,, =k.)<E(H,|N, >0) because of the additional subtraction in

E(H, |K,, =k.) since p,/(p, +p,) is the same in the two conditional means when

k =k,-1. Thus, in general,

EH,|K, =k)<E(H,|N;>0).

2.4 The Failure Rate Control Chart

The idea of the control chart was developed by Dr. Walter A. Shewhart in the 1920s. It
is a graphical tool that is used to distinguish between random variation and variation
resulting from some special causes in a process. In its simplest form the control chart
consists of a centreline and two control bounds. The centreline corresponds to the
average quality of a process performance over time and the control bounds correspond
to the variation from the centreline. There are two types of control charts: charts for
measurements such as temperature and charts for attributes such as defective or non- '

defective (Hines and Montgomery, 1990, Joglekar, 2003).

In a particular sample we observe n,,n,,n,,... failures at times 1,2,3,... and can

, calculate the EFR, ﬁl, };2 , };3,.... On the basis of the EFR, we are interested in testing if a

sample has a constant failure rate. The control chart will be used to distinguish between

a constant process, coming from a geometric distribution, and an increasing or
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decreasing one, coming from another distribution. "Thus, it may be used as a goodness-

of-fit test for the geometric distribution.

. The mean and standard deviation of the EFR distribution for a hypothesised geometric
distribution will be used to establish a failure rate control chart, FRCC. The centreline
of the FRCC is the mean of the EFR distribution and the two control bounds correspond
" to the standard deviation of the EFR distribution under the geometric assumption. If the
parameter of the geometric distribution is unknown, then it must first be estimated |

before the FRCC can be set up.

When studying risk in terms of failure rates, peaks, troughs and regions of spafse data
_ are typical. Kimber and Hansford (1993) used an exponeﬁtially smoothed version of
the EFR to overcome this type of problem. Here, we will use an exponentially
smoothed version of the EFR and compare the results with the results of the original

EFR.

2.4.1 Properties of the EFR for the Geometric Distribution
Explicit expressions for E(H, [N/ >0), STD(H, |N, >0), E(H, |K,,,, =k.) and

STD(H, |K,,, =k.) in the geometric case with parameter p are of interest.

From Proposition 2.1

s .
n -n .

[ ]pln'(l—pl)" ! ifk =1

n n s

PH, =—%|N;>0)=1 ' . ,

n, Z (1 pl ) [n+J(n;J(&]nk( P, ]m _—
I-(1-p, Pz) e J\ P2 l_pl_pZ

where p, =f (k)=P(K =k), p, =R(k)=P(K >k),

l-p,-p,=F(k -)=PK <k -1),n, =0,1,2,...,n; and n; =1,2,3,...,n

> is taken over all the equivalent fractions of n, /n; .

In the geometric case

=P(K =k)=p(-p)*"

=P(K >k)= > . pA-p)=(01-p).
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So,

[an"I(l—p)"'"l | ifk =1
n,

S e
m\m )\=p) \I=0-p)") o

| P(H,,:Z—UN;;O):J (
Z A-1-1-p)* ) )1-A-p) ™)™

k

Hence, by Proposition 2.2,
EH,|IN >0 =p Yk =123,..

Further, from (2.1) it follows that

2 20op) | it k =1
n
2+np(l—p)k3F;[:1}3}-—n;232;(1_(I:i)l—k)_l] ifk >1 '
- (1=-1-p)y")"A-0-1=-p)" 7))

p
EHZIN;>0)=

Therefore,
Var(H, |N, >0)=

pd-p) ifk =1

n . . .
np(1-p)* A=(1=p) )", E[LL1-n;2,2,(1-(1-p) )] k>
1-(1-1-p)*7)

For given values of n, k and p , the generalized hypergeometric function,
,F[1L,1L,1-n32,2; (1-(1-p)"*)™], can be evaluated using any mathematical soﬂware_

such as Mathematica.

Now, since the explicit form of STD (H, | N, > 0) is complicated when & > 1, because |

of the generalized hypergeometric function, a relatively simple linear transformation for

STD(H, |N; >0) versus k is of interest. We know that

STD(H,|N/ $0)=Vp(l—p)/n
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probabilities of the equivalent fractions of n, /n; for k >1. There are no spikes for

k =1 because there are no equivalent fractions of », /»; in this case.
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Figure 2.9: P(H, =n, /n; [N, >0) for the geometric(0.25) distribution with n =100
where y=E(H, |N; >0) and o =STD(H, |N] >0).

The standard deviation of /7, [N, >0 is

STD(H, [N} >0)=JE(HZ|N;>0)-[E(H, |N; >0,

where E(H, [N;>0)= > ZLP(H, =n, [n} [N} >0).

0<n, [nf<t g
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Now, in the geometric case Proposition 2.4 gives

PH, =2 |k, =k.)=
ny
[(n\p"a-py ™ (1-0-a-p) 7y ™) h
n)  1=0-0-p)7Y nET

n(p-p))" [((1—p)k y " —(a-p) —a-p))* ] ’

12 < if1<k <k.-1
n (g =n)n —n DY 1-A-(A-p)y )" )(1--p) )" |
o () (0os 35_1 )" (1"(1_kp_),k'_2)n_nk ik =k, -1 ‘
M ) =)A= (A= (= p) ) ]
\

where p, =P(K =k)=p(1-p)*", p,=P(K >k)=) "  p(-p)~' =(1-p),
ps=P(k <K <k)=(1-p) -(-p)*" and p, =1-p,-p,-p;,
> is taken over all the equivalent fractions of », /n; .

Hence,
l_<1_(l"p)"—)" if k=1
1-(1-(-p)*™)
E(H, |K e _ky=p 20D .((l_(l,_f))? 4 _(lk_(lhp) ;)n) if 1<k <k.-1
(1-a-a-py*y)(a-p) --p)*)
l_(1—p)(1—(1—(1—kp])'“‘2)") - ok k]
1-(1-Q1-p)*7) .
and
E(szleaxzk*)z )
p(1+(-Dp—(4,)" 4, +(-1)p)) T
n(1-(4,)") -
pz ((1_(Ak )n)((l_p)Zk. _2(1_p)k+k.)+(1_(Ak.)n)(l_p)Zk )
| () (a-p) ~a-p))
_nmp(-p) (4)" " Fl4] 2
1_(Ak.)n . '
_mp(-p) (4" (A-p)" = (-p)*) FIB] <k <kl
(1-¢4.)")(a-p) -a-p)*)
=P, p-p) (45,.) SRIC] Ckok
1-(4,.)" 1-(4,.)
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The mean and standard deviation of /, |N; >0 for the four lifetime distributions are

plotted in Figure 2.10. Note that the values of the conditional standard deviation for the

different sample sizes, » , tend to a limit as & increases.
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Figure 2.10: The mean and standard deviation of #, | N, > 0 for four lifetime
distributions.

Proposition 2.3:

STD(H, | N} > 0) ~ Jh(k)[1-h(k)] as k — .

Proof:

From Proposition 2.1,

o {l-p)y™ it =1
n 1
PH, =—%|N;>0)=1 " ni )
k Z (I_Pl_pz)nn n+ e || P Py ik =i
I=(=p,=p,)" i )\n, \p,) \1-p,—p,

where p, =f (k)=P(K =k), p,=R(k)=P(K >k),
Is py—ps = E{E -1 =P{XK £k -1} n; =0,1,2,..yn, and n; =1,.2.3,..5 ,

> is over all the equivalent fractions of n, /n; .
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where 4, =1-(1-p)* ™, 4, =1-(1-p)"" . 4,, =1-1-p)*7,

1
F[A]=,F[L,1,1-n;2,2;———1],
3 2[ ] 3 2[ ’ 1_(1_p)]_k]

_ kel 1 k-1

JF[B]= ELL1-n;2,2 472 (lkf) 1,

1-(1-p)

, 1 ‘

FE[C]=,F[,,1-n;2,2;——————].
JHIC]=LF] 1_(1_p)2—k.]

Therefore,

Var(H, | K, =k.)= «
[ p(-p)1-(4,)*(1-(1-p)*7) _pA-p)4)

. if k=1
n(1-(4,)") o (1-@y)
PrA-P* (A -4 )= mp(i-p)* (4, Fyl4]
(1-(Ak_)" )2((l—p)k -(1-p)* )2 1=
1= p)! 4 n=1(1— k+l 1= p)* '
‘< _np( p) k)n <( p)k —( pz )3F2[B] if 1<k <k.-1.
(1-,)")(a-p)* -a-p)*)
(- p) (1= (4, )" )(Ay,)" = (4,)")
(1_(Ak.)n)2 :
+”ZP (1—'p) : (Akz.)n— 3F‘2[C] if k =k*_1
1-(4,.)"

Figures 2.18 — 2.20 illustrate the behaviour of STD(H, [N/ >0), E(H, |K,,, =k.)

and STD(H, |K . =k,) respectively. As was noted before in 2.3.1, the values of

STD(H, |N} >0) for the different sample sizes tend to the limiting value \/p(1-p)
as k increases. The values of E(H, |K, =k.) for the different sample sizes start

close to each other, then as & increased they diverge and then they get closer for large

values of k¥ and tend to zero. The values of STD(H, | K, =k.) for the different
sample sizes start apart with smaller value of STD(H, |K ,, =k.) for the largest
sample size then as & increased the order of the values of STD (H, |K,, =k.)

reversed and then they decrease as k gets larger and tend to zero.

7
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Now, putting d/ /dp =0 gives the maximum likelihood estimator since the second

derivative, d*I/dp” , is negative which means that

2.5)

is the maximum value. Note that the MLE is equal to the moment estimator since

EK)= 1 (Hines and Montgomery, 1990).
p ,

2.4.3 Method v
Assuming that the data come from a geometric distribution with parameter p that is

being estimated using the MLE, the estimated true failure rate, h(k)=p =1/k , and the

standard deviation of H, | N >0 will be used to construct the FRCC.

The use of the control bounds assumes normality and the plots in Appendix B and C
indicate that the EFR values are approximately normally distributed for large sample

sizes apart from the spikes for £ >1. The centreline will be (k) = p since the

geometric distribution has constant FR. Two standard deviation control bounds
px2 STD (H,|N} > 0) will be used to detect any departure from a constant failure

rate where

STD(H, |N} >0)=

pd-p) if k=1
n .

| \/?zﬁ(l—ﬁ)" 1-0-A O ELLI-m220-0-p)")"T .
===’

Another FRCC can be constructed using the probability distribution of H, |K __ =k..

Two standard deviation control bounds H, | K, =k)x2 STD (H, |K,.=k)

will be used also to detect any departure from a constant failure rate.
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The FRCC will be applied to the values of the EFR, hj,4,,4,.,..., k,_, denoted FRCC1

when using the probability function of H#, | N >0 and FRCC2 when using the

probability function of H, |K . =k., and to an exponentially smoothed version of

~ ~ ~

them, k_,,k,,, h 35--s By, , denoted FRCC1s when using the probability function of

s1°7%525 s
H,|N/ >0 and FRCC2s when using the probability function of H, |K .. =k., fora

given data set in the same way using the mean and standard deviation of the EDF even
‘though the smoothed version will have a different true STD which is not obtainable
from our results. The exponentially smoothed version of the EFR values are given by
the formulas (Kendall and Ord, 1990)

};sl :I'Zl >
h, =ah, +(-a)h,_, V1<k <k,,

where 0 < a <1 is the smoothing factor.

. ~ 2
Here a is the value that minimizes the sum of squared errors, SSE = Z . (hsk - ﬁ) ,

where p is the MLE of the parameter of the geometric distribution. We restrict & to
lie between 0.1 and 0.9 in order to guard against very strong or very weak smoothing.
We further restricted the permissible values of a to be 0.1(0.1)0.9. On reflection, this
was needlessly restrictive, but in further work it would be simple to remedy this. Indeed

the choice of smoothing parameter will be re-considered in section 2.4.6.

The control bounds of the FRCC must be between 0 and 1. If a calculated upper bound
is greater than 1, then it will be set to 1. Also, if a calculated lower bound is less than 0,
then it will be set to 0. An EFR value at an observed failure time is considered to signal
if it falls on or outside the control bounds. If more than 5% of the values of the EFR or

the values of the smoothed version of the EFR signal, we can say that the data are

unlikely to have a constant FR. The rejection criterion here is set by trial and error and

will be justified via simulation.
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The plots in Appendix C illustrate the behaviour of P(H, =n, /n/ | K, =k.) for the

geometric, negative-binomial and Poisson distributions. Figure 2.11 illustrates the

behaviour of P(H, =n, /n; |K,,, =12) for a sample of size n =100 from the
geometric distribution with p =0.25. For all these distributions, we found the shape of
the distribution of #, | K, = k. when the sample size » is not small to be bell shaped

but with the possibility of spikes for ¥ >1. Those spikes are the result of accumulating

the probabilities of the equivalent fractions of », /n; for k >1. There are no spikes for

k =1 because there are no equivalent fractions of », /»n; in this case.

k =1, 4u=0.2499, 0=0.0433 k =2, 4=0.2498, 6=0.050 k =3, u=0.2497, 6=0.0579
. [ s =
5 \ 5 = =
: ‘\
o [ |
i I
: I
\
\
k =4, u=0.2496, c=0.0661 k =5, u=0.2495, ¢=0.0776 k =6, u=0.2493, ¢=0.090
E i‘; é j
k =7, p=0.249, 0=0.1045 k =10, 4=0.2458,0=0.1646 k =11, u=0.2422,6=0.1898
£y £y ::é £y i
£ flew g
i is 5
- ,dl”l’l.! il’l al

Figure 2.11: P(H, =n, /n; | K, =12) for the geometric(0.25) distribution with
n =100 where y=E(H, |K,, =12) and o =STD(H, |K =12).

max max
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Example 2.2:

A sample with 50 observations simulated using SAS software version 9.1 from the

georﬁetric(O.ZS) distribution is displayed in Table 2.2, along with n; and l;k .

Table 2.2: Simulated data for Example 2.2 along with »; and }:k .

k n, n: hk
1 13 50 0.26

) 2 6 37 - 0.16216
3 8 31 0.25806
4 6 23 0.26087
5 9 17 0.52941
6 2 8 - 0.25
7 4 - 6 0.66667
8 1 2 0.5
9 1 1 1

Now, E(H, [N >0)=p =%=0.28571. STD(H,|N; >0), EH, |K,,, =9) and

STD (H i | K o =9) are shown in Table 2.3. As an illustration, the calculations of

STD(H,|N; >0), E(H, |K 1, =9), STD(H, |K,,, =9) and the FRCC lower

bound, LB, and upper bound, UB, for £ =2 are as it follows:

For k >1, we have

— . 505(1-p)* (1-(1-p) ) *,F,[1,1,—49;2,2;(1 - (1= p)™*)']
STD(Hk lNk >O)=\/ p( p) ( ( pl 32 —~—=7 .
-(1-1-p) )

So,

1

50(0.28571)(0.71429)*(0.28571)* .. . 1,1,—49;"2,2;————-
( X )(_ ) E 12071497

1-0.28571%°

_ ]
STD(H,|N; >0)=

=0.07591.
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The standard deviation of H, | K, =k. is

max

STD(H, |K oy, =) =JEHZ K =k)—[E(H, | K py = k)T »
where E(H, |K o =k)= > ZPH, =n, [n] 1K\ =k.).

0<n; /n,:<l n;

The mean and standard deviation of H, |K =k, are compared to the corresponding

quantities for /7, | N} >0 for four distributions which are plotted in Figures 2.12 - 2.15

respectively. When k <k, (k. >1), the mean and standard deviation of H#, |K =k,
behave similarly to those of #, | N, > 0. They begin very close to the mean and
standard deviation of H#, |N/ >0, especially for large sample sizes and then they
diverge downward at the tail of the data.
n=15and k.=5 n=25and k.=17 n =100 and k.=12
E(H, |K,, =k.) comparedto E(H, |[N/ >0)

= ——

! 2 ‘é o i 2

5 cz g o= ‘g iz

max

T2

- e -y 3 ke

STD(H, |K,,, =k.) comparedto STD (H,

Figure 2.12: The conditional mean and standard deviation of the EFR distributions for
the geometric(0.25) distribution.
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Now, for 1<k <8, we have

U-5P(A-0-5))° ~0-0-5)")")
(1-0-a-p°)(a-p) ~a-5)

EH, |Kp=9=p

and

P*1-5)* ((4)” ~(y)°) 1= (4)®)  mpl-p) (4,)* F,[4]
(1-4A,)°) (a-5) ~-5Y) 1=(4,)"
50p(1-5) " 4,)* (1-p) " -(1-5)),F[B]
(1-,)")(a-p) -a-5))

STD(H, |K. =9)=

where 4, =1-(1-p)*7, 4,=1-(1-5)°,

JF[A4]=,F,[1,1,-49;2,2; - !

==

N8 1 AVt
JF[Bl=,F,[1,1,-49;2,2, d-p) (lA kl:) 1.
- 1-(1-p)

So,

0.28571(0.71429)° ((1 —0.71429%)* — (0.28571)50)
(1-(1-(0.71429)*) )((0.71429)* - (0.71429)° )

E(H,|K,, =9)=028571-

=0.28479,

A, =0.28571, 4, =1-(0.71429)" =0.93224,
N S
1-0.71429"

8 _ .
0.71429' ~0.71429, 1 100 1
0.28571

F[A]= F,[1,1,-49;2,2; 1=3.6104x107 ,

JF[B]=,F[1,1,-49;2,2;

and

STD(H, |K,, =9)=

0.285712(0.71429)" (0.2857150 -0.93224% )(1 ~0.28571%)
(1-(0.93224) )2 (0.71429% -0.71429° )2

. 50(0.28571)(0.71429)*(0.28571)* (3.6104 x10*)
1-(0.93224)%

50(0.28571)(0.71429)(0.28571)* (0.714293 - 0.714299)(1.23124>< 10%)
(1-0.93224)(0.71429* - 0.71429°)

S

=0.07561 .
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n=15and k,=4

n=25and k.=6

n=100and k, =8

E(H, |K,, =k.) comparedto E (H,

N[ >0)
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Figure 2.13: The conditional mean and standard deviation of the EFR distributions for
the shifted negative-binomial(0.25, 0.2) distribution.
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Figure 2.14: The conditional mean and standard deviation of the EFR distributions for
the shifted negative-binomial(0.25, 2) distribution.
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The LB for the FRCC1 using H, |N; >0 is
p—28TD(H,|N; >0)=028571-2x0.07591 = 0.13389
and the UB is |
p+28TD(H,|N; >0)=0.28571+2x0.07591 = 0.43753 .
The LB for the FRCC2 using H, |K =9 is
E(H,|K, =9)-28TD(H,|K, =9)=028479—-2x0.07561=0.13357
and the UB is

E(H,|K, =9)+28TD(H,|K,,  =9)=0.28479+2x0.07561=0.43601.

Table 2.3: The STD(H, |N; >0), E(H, | K, =9) and STD(H, |K,,, =9) for
Example 2.2.

k | STD(H,|N}>0) | E(H, |K,, =9) | STDH, |K,, =9)
1 0.06389 0.28507 0.06374

2 0.07591 0.28479 0.07561

3 0.09035 0.28436 0.08978

4 - 0.10785 0.28370 0.10673

5 0.12932 ' 0.28261 0.12705

6 0.15631 0.28066 ©0.15129

7 0.19112 0.27677 0.17931

8 0.23410 0.26871 0.20898

9 0.28022

Now, in order to find the appropriate };sk , we need to find the value of the smoothing

. ‘ ~ 2 .
factor o that minimizes the sum of the squared errors, SSE = Z . (hsk - ﬁ) subject to

the restrictions of « that have been imposed. Table 2.4 shows the minimum SSE is
when a =0.1 (though of course the unrestricted minimum could occur between 0 and

0.2). Thus, %, will be calculated such that 4, =0.26 and /&, =0.1k, +0.9%,_,
Vi<k <k,.

51




n=15and k,.=5

n=25and ke=5

n=100and k,=7

E(H, |K,, =k.) comparedto E(H, [N/ >0)
i. i i.
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STD(H, |K 4 =k.) compared to STD(H, |N; >0)
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Figure 2.15: The conditional mean and standard deviation of the EFR distributions for
the shifted Poisson(2) distribution.

S

e STD(H!N+ > 0)

== STD(H! Kmax= 6)

&0 STD(H ! Kmax=8)

Figure 2.16: The conditional standard deviation of the EFR distributions for the shifted
negative-binomial (0.25,0.2) distribution.
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Table 2.4: SSE for Examble 2.2.

>R

2 3 4 5 6 7 8 9

Byl
=

0.26 | 0.

162 | 0.258 | 0.261 | 0.529 | 0.25 | 0.667 | 0.5 1

Iy

h, SSE

0.26 | 0.

2501 0.251 | 0.252 1 0.280 | 0.277 | 0.316 | 0.334 | 0.401 | 0.021

0.2

0.26 | 0.

240 1 0.244 1 0.247 | 0.304 | 0.293 | 0.368 | 0.394 | 0.515 | 0.077

0.3

0.26 | 0.

231 10.239 1 0.245 | 0.331 | 0.306 | 0.414 | 0.440 | 0.608 | 0.154

0.4

0.26 | 0.

221 | 0.236 | 0.246 | 0.359 | 0.315 | 0.456 | 0.474 | 0.684 | 0.238

0.5

0.26 | 0.

2111 0.235]0.248 | 0.389 | 0.319 | 0.493 | 0.496 | 0.748 | 0.323

0.6

0.26 | 0.

201 | 0.235 | 0.251 [ 0.418 | 0.317 | 0.527 | 0.511 | 0.804 | 0.408

0.7

0.26 | 0.

191 1 0.238 | 0.254 1 0.447 | 0.309°| 0.559 | 0.518 | 0.855 | 0.492

0.8

0.26 | 0.

182 10.243 { 0.257 1 0.475 | 0.295 | 0.592 | 0.518 | 0.904 | 0.580

0.26 | 0.

1721 0.249 { 0.260 | 0.502 | 0.275 | 0.627 | 0.513 | 0.951 | 0.674

0.9

Table 2.5 shows the LB and UB of the FRCC using the probability functions of
H, |N/>0and H, |K =9 along with the results Qf FRCC1, FRCC1s, FRCC2 and

FRCC2s. Also, plots of the FRCC1, FRCC1s, FRCC2 and FRCC2s are presented in

Figure 2.21.
Table 2.5: The results of the FRCC for Example 2.2.
};' . | H |N;>0 |FRCC1 |FRCCls | H, |k, =9 | FRCC2 | FRCC2s
k 3 -

: k k LB |{UB |in|out|in | out| LB UB in | out | in | out
1 1026[026|016|041(1] 0 |1 0 |016 041 (1] 0 |1 0
2101610251013 |1044 2| 0 | 2 0 (013044 (2| O | 2 0
31026(025(0.10(047(31 01| 3 0 0100463 | 0 |3 0
4 1026(0251007(050(4 ] 0 | 4 0 |0071050(4| 0| 4 0
51053[028{003|054|5] 015 0 (00305415 015 0
6 1025028 0 |06016)] 0 |6 0 0 05816 0 | 6 0
710671032 0 (06717 0 {7 0 0 063 | 6| 1 7 0
81051033 0 [075(8] 0|8 0 0 069 | 7| 1 8 0
9 040| 0 |085(81!1 1 {9 0 -
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Table 2.6: Simulated data for Example 2.3 along with »; and ifk .

k n, ~ n; };k

1 6 50 0.12

2 12 44 0.27273
3 12 32 0.375

4 14 20 0.7

5 5 6 ~ 0.83333 .
6 0 1 0

7 0 1 0

8 0 1 0

9 1 1 1

Table 2.7: The STD(H, [N} >0), E(H, |K,, =9) and STD(H, |K, =9) for

Example 2.3.

k | STD@H, N} >0) | E(H, |K,, =9) | STDW#H, |K,,, =9)

1 0.0660 © 0.31886 0.0657

2 0.08046 0.31802 0.07980

3 0.09834 0.31672 0.09699

4 0.12071 0.31463 0.11782

5 0.14931 0.31110 0.14304
1 6 0.18728 0.30470 0.17272
‘ 7 | 0.23668 0.29244 0.20479
f 8 0.29130 ‘ 0.27054 ' 0.23376
| 9 0.34049

In order to find the appropriate i:sk , the value of the smoothing factor & was found in
the same way as for example 2.2. Thus, for this example & =0.2. So, ﬁsk will be

calculated such that 4, =0.12 and h, =02k, +0.8k,_, V 1<k <k..

Table 2.8 shows ﬁsk , the LB and UB of the FRCC using the probability functions of

H,|N;/>0and H, |K,,, =k. along with the results of FRCC1, FRCCl1s, FRCC2

and FRCC2s. Also, plots of the FRCC1, FRCCl1s, FRCC2 and FRCC2s are presented
in Figure 2.22.
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2.4.4 Simulation Study
In this section we investigate the performance of the proposed FRCC methods (FRCCI,

FRCC2, FRCC1s and FRCC2s), the Pearson’s chi-square test, Z; , and the likelihood

ratio test, x5 (Agresti, 2002) through a simulation study. The use of the chi-square
tests with small eXpected frequencies is controversial (Koehler and Larntz, 1980,
Roscoe and Byars, 1971). Here, the chi-square tests are applied directly without any

modification to the simulated data.

To estimate the true significance levels of the tests, samples of sizes 25, 50, 100 and 200
observations have been simulated from the geometric distribution with p =0.1, 0.15,
0.2; 0.25, 0.3 and 0.4 (flat FR). Also to estimate the true power of the tests, samples of
sizes 25, 50, 100 and 200 observations have been simulated from the negative binomial
distribution with parameters p =0.1, 0.15, 0.2, 0.25, 0.3, 0.4 and z =0.2, 2 (decreasing
and gently increasing FR respectively) and Poisson distribution with mean

A=115,2,2.5,3,4 (FR the increases to 1).

The simulated samples were generated using SAS software version 9.1. At a nominal
5% significance level the reject / not reject inference was made for each test procedure.
This was repeated 1000 times and the percentage of rejections was calculated for each

test to estimate the true significance level.

Table 2.9 shows the percentage of samples for which the geometric hypothesis is
rejected when simulating from the geometric distribution (significance) using the -
probability function of H#, [N,/ >0 and H, | K, =k.. The estimated si§niﬁcance
level of the FRCC for the EFR values, FRCC1 and FRCC2, is very large which means

that this method will not be useful. The estimated significance level of the FRCC for
the exponentially smoothed version of the EFR values, FRCC1s and FRCC2s, is

conservative whereas y2 and y. are liberal. Also, the estimated significance level of

FRCCls is slightly lower than that of FRCC2s. y} is very liberal, more so than 3 .

This may be due to the effect of the small expected frequencies.
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Table 2.9: Estimated significance of the FRCC methods, xﬁ and y? at the nominal 5%

significance level.

p =0.10 - p =0.15 p =020
Geometric Sample size Sample size Sample size
(p) 25 50 [ 100 | 200 | 25 50 | 100 | 200 | 25 50 | 100 { 200

FRCC1 100 | 100 | 100 | 100 | 99.8 199.9|99.0 | 99.2 | 98.2 | 98.0 | 98.1 | 96.9
FRCC2 | 100 | 100 | 100 | 100 | 99.9 | 100 | 99.1 | 99.6 | 98.5 | 98.6 | 98.3 | 97.8
FRCCls [ 09 {04 |05 (02 1209|0502 (1411 |09 |03
FRCC2s | 10 { 07 |05 (02 |14 | 10| 05103 |15 |12 |08] 04
)(ﬁ 43.9 1429|392 | 395|348 |32.7 323 |34.1|28.0|27.7]|272]299

72 | 46|53 |58 43|63 (63|75|58|68|84(77]76
p =025 p=0.30 p =040
Geometric | Sample size Sample size Sample size

(p) 25 | 50 | 100|200 | 25 | 50 | 100 | 200 | 25 | 50 | 100 | 200
FRCC1 |93.6 935935944865 |87.5187.1|87.4|70.8|70.0|70.7]|73.7
FRCC2 [949 (945|946 949 |88.1 |88.1|88.6(889|71.4|713|71.7|74.6
FRCCls |14 (23 |19 {13 |17 | 15|12 |20 |13 |08 |06 1.1
FRCC2s | 20 |24 |22 |13 |29 [25 20 |27 |46 |44 | 40 | 62

2

Xy 23.823.1253|23.6|20.6|19.821.8|21.9(157|152|17.1]|20.2
,1/12) 68 (75|72 |78 |78 |79 (75|78 |84 |82 ]| 71|90

On the other hand, Table 2.10 shows the estimated power of the tests at the nominal 5%
significance level. We first consider the tests based on FRCCl1s and FRCC2s. The
estimated powers were mostly rather similar except in a few situations where the
estimated power for FRCC2s was considerably higher than that of FRCCls; see for
‘example the negative binomival cases with z =0.2 and n =25. Thus, the test based on

FRCC2s may be preferable to that based on FRCCls.
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Table 2.10: Estimated power of the FRCC methods and y? at the nominal 5%

significance level.

Negative
binomial

(p,0.2)

»=0.10

p =0.15

p =0.20

Sample size

Sample size

Sample size

25

50 [ 100

200

25

50

100 .

200

25

50 | 100

200

FRCCls

64.1

92.4 97.1

99.6

41.6

79.3 197.8

99.5

25.0

58.8 1913

99.1

FRCC2s

85.1

97.8197.8

99.7

75.0

93.5]99.5

99.8

63.5

854 (973

99.8

X

50.4

87.1197.7

99.7

46.2

83.2 | 98.8

99.8

38.0

73.9 1959

100

Negative
binomial

(p,0.2)

p =025

"~ p=0.30

p =040

Sample size

Sample size

Sample size

25

50 | 100

200

25

50 | 100

200

25

50 | 100

200

FRCCls

14.8

40.4

77.3 .

98.0

8.6

24.6 | 58.4

90.1

3.1

8.0 | 24.9

52.1

FRCC2s

535

74.8 | 91.8

99.5

43.9

64.8 | 84.5

96.6

29.6

455 64.2

80.9

x5

32.8

64.0 | 90.8

99.8

274

54.7 ] 83.2

97.6

17.8

36.2

64.9

89.8

Negative
binomial

(p,2)

=0.10

p =0.15

p =020

Sample size

Sample size

Sample size

25

50 | 100

200

25

50 | 100

200

25

50 | 100

200

FRCCls

14.1

22 | 86

69.4

13.7

5.1 | 35.8

89.5

10.3

143 | 52.8

92.6

FRCC2s

14.1

22 | 85

68.9

13.7

5.0 | 356

89.4

10.3

13.87] 52.3

92.4

25

9.4

22.8 | 48.0

80.8

16.6

314 | 583

90.2

242

36.9 | 63.1

91.7

Negative
binomial

(p,2)

p =025

» =030

p =040

Sample size

Sample size

Sample size

25

50 | 100

200

25

50 ] 100

200

25

50 | 100

200

FRCCl1s

10.7

20.9 | 54.8

92.8

114

259|564

91.5

12.9

26.6 | 56.5

90.3

FRCC2s

10.7

20.1 | 543

92.8

10.9

25.5 | 56.1

91.3

12.0

26.2 | 55.8

90.3

2

Xp

25.8

37.0 | 62.9

923

26.6

36.2 | 60.9

91.8

23.1

31.3 | 54.9

84.0

Poisson

(4)

A=1

A=1.5

A=2

Sample size

Sample size

Sample size

25

50 | 100

200

25

50 § 100

200

25

50 | 100

200

FRCCls

18.8

43.7 | 853

99.1

43.6

80.7 1 99.1

99.6

62.6

9391995

99.5

FRCC2s

17.0

43.6 | 84.9

99.1

41.6

80.7 | 99.1

99.6

61.9

93.8 995

99.5

25

42.1

69.2 [ 95.2

99.2

42.1

69.2 | 95.2

99.2

78.0

98.6 | 99.6

99.7

Poisson

(4)

A=25

A=3

1 =4

Sample size

Sample size

Sample size

25

50 | 100

200

25

50 | 100

200

25

50 | 100

200

FRCCls

73.6

97.4 | 99.8

99.8

79.0

94.4 | 99.7

99.6

80.6

98.1 1993

99.3

FRCC2s

73.3

97.4 | 99.8

99.8

78.8

94.4 | 99.7

99.6

79.9

98.1199.3

99.3

2

Xp

78.0

98.6 | 99.6

99.7

92.9

95.199.7

99.6

95.5

98.2 1993

99.1
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then the STD (H, |N; >0) climbs smoothly to \/p(1—p) for large ¥ . We postulate a

straightforward approximation

STD(H, |N; >0)=n* % [p1-p)/n . (2.3)

Also, we postulate another approximation using (2.2),

2C-p) if k =1
n
\[np(l—p)k (A-1=p) A+ =DA-p)/4) .
1-(1-1-p) "

STD(H, |N, >0)~ .(24)

Figure 2.17 illustrates the performance of the two approximations compared to the

STD (H, | N, >0) for the geometric distribution with p =0.2 and 0.25 and sample
sizes n =50 and 100. The two approximations performed badly for small values of

k >1 and as k gets larger the performance of the two approximations improved but

approximation (2.4) becomes equal to STD (H, | N > 0) faster than approximation

(2.3) . Hence, we recommend the use of approximation (2.4) for large values of & .

p=020andn =50 p =0.20 and n =100
p=025andn =50 p=0.25andn =100

Figure 2.17: The standard deviation of & . | N >0, approximation (2.3) and
approximation (2.4) for the geometric distribution.
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Direct comparison between y; and the FRCC tests should be treated with caution since
x5 is slightly liberal and the FRCC tests ére conservative. However, in small sample

sizes FRCC2s outperforms y3 in the decreasing FR case, whereas y7 outperforms the

FRCC tests in the increasing FR case. The odd behaviour of FRCC1s and FRCC2s in
the case of the negative binomial with z =2 is due to the very slow increase in the EFR

values when p and n are small. When n =25, the regions of sparse data affected the

power results.

The estimated significance levels of the FRCC for the exponentially smoothed version
of the EFR Valués, FRCC1s and FRCC2s, are much lower than the nominal 5% |
significance level, especially for FRCCls. Also, the estimated powers for FRCCl1s and
FRCC2s were low for sample sizes of 100 or less, especially for samples with very slow
increase in the EFR values. Of course, the low true significance level may adversely |
affect the power of the test. Some further tuning of the control bounds or reduction of

the 5% signal requirement is needed.

Given these results it appears that further research into the FRCC tests may be

worthwhile, especially when a decreasing FR alternative is appropriate.

2.4.5 Application _
The FRCC for detecting departure from a constant FR is applied to two real data sets

that have been cited in Bracquemond et al. (2002). The first data set consists of
numbers of thousands of demands before failure of electromechanical devices dim'ng
mechanical reliability trials and is presented in Table 2.11. The second data set consists
of numbers of inspections between discovery of defects in an industrial process and is

presented in Table 2.12.

Table 2.11: Electromechanical devices data set.

112 15 15 15 15 17 18 18 19 20 20
22 22 23 23 24 25 25 25 29 31 32 32
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Table 2.12: Inspection data set.

2 1 9 1 3 2
1

1 4 4
9 5 18 14 7 17 3 1 4

1 1
4 3 11 26

Seven goodness-of-fit tests for the geometric distribution, Cramer-von Mises (W),
Anderson-Darling (4 ?), Kocherlakota and Kocherlakota (I?K\n ), Rueda, Perez-Abreu
and O’Reilly (ﬁOj ), Baringhaus and Henze (B/H\n ), Neyman smooth ( S 4'), and the

generalized Smirnov transformation (4, 2sr ), were applied to the two data sets by

Bracquemond (2002) and their results are presented here in Table 2.13.

Table 2.13: Results of the seven goodness-of-tests applied by Bracquemond et al.
(2002).

—— o~

Test an A nz KK R POn' BH S, A ;ST Conclusion.

Devices 0.925 1 4.685 | -1.975 | 0.154 | 34.939 | 23.301 | 5.897 | Reject
Inspection | 0.164 | 0.835 [ 1.168 | 0.038 | 3.571 |4.390 | 1.084 | Accept

The Pearson chi-square and likelihood ratio tests have p-values close to O for the
electromechanical devices data set, indicating that the data are not likely to come from

the geometric distribution. For the inspection data set they have p-values 0.08415 and

0.48581 respectively, indicating that the geometric hypothesis should not be rejected.

The FRCC for the two data sets are plotted in Figure 2.23. Figure 2.23 left illustrates
that for the electromechanical devices data 23% of the values fall outside the control
~ bounds for both FRCC1s and FRCC2s, indicating that the data are unlikely to come
from the geometric distribution. For the inspection data set, Figure 2.23 right, all the
values fall inside the control bounds of FRCC1s and FRCC2s, indicating that the
geometric hypothesis should not be rejected.
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Table 2.14 shows }fsk , the LB and UB of the FRCC using the probability functions of

H, |N;>0and H, |K,, =k, along with the results of FRCC1, FRCCls, FRCC2

and FRCC2s. Also, plots of the FRCC1; FRCC1s, FRCC2 and FRCC2s are presented
in Figure 2.24.

The results of the FRCC are similar to those of example 2.2. Thus, the results of using

the restricted and unrestricted smoothing factor a are the same for this example.

Example 2.5:
Using the simulated data in example 2.3, we would like to find the appropriate ﬁsk
subject to the unrestricted smoothing factor & that minimizes the sum of squared

errors. Thus, a =0.18467. So, };sk will be calculated such that };ﬂ =0.12

and i, =0.18467 h, +0.81533 h, , V1<k <k,.

Table 2.15 shows }fsk , the LB and UB of the FRCC using the probability functions of

H,|N/>0and H, |K,,, =k, along with the results of FRCCI1, FRCCIS, FRCC2
and FRCC2s. Also, plots of the FRCC1, FRCCls, FRCC2 and FRCC2s aré presented

in Figure 2.25.
Table 2.15: The results of the FRCC for Example 2.5.
; ; H, |N/>0 | FRCC1 | FRCCls | H, |K_ =9 | FRCC2 | FRCC2s
k s ,
* “ | LB UB |in|out|in |out | LB | UB |in|out|in | out
17012(012({019{045|0| 1 | O | 1 |019][045|0{ 1 | O | 1
21027|015/016|048 | 1| 1 | O] 2 |016 048 |1 | 1 |0 | 2
31038(019(0.121052 2| 1 [1 ]| 2 |012(051 (2| 1 |1} 2
4107 (028|008[056|2| 2 [2] 2 [008|]055{2| 2 |2] 2
51083[1039(0021062|2| 3 [3 ]| 2 |002[060(2| 3 |3 ]| 2
6| 0 [031] 0 |069]|2] 4 |4 2 0 |065{2| 4 |4 2
71 0 1026 0 [079|2]| 5 |5] 2 0 (07012 | 5 |5]| 2
8| 0 |021] 0 [090|2]| 6 | 6| 2 0 107412 | 6 | 6| 2
9 1 |]036| 0O 1 |27 |7 2 '
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Figure 2.18: The standard deviation of #, [N, >0 for the geometric distribution.
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Figure 2.19: The mean of H, |K , =50 for the geometric distribution.
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To investigate the properties of the smoothed FRCC with unrestricted @ a small

simulation experiment was run. Tables 2.16 and 2.17 show the estimated significance

and the estimated power of the smoothed FRCC methods at the nominal 5%

significance level for the restricted and unrestricted . The results for each

~ combination of sample size and distribution are based on 1000 replications.

Table 2.17: Estimated power of the smoothed FRCC methods at the nominal 5%
significance level.

Negative p =0.10 p=0.15 p=0.20
binomial Sample size Sample size Sample size
(£,0-2) [ 25 150 100 [200 | 25 | 50 [ 100 [ 200 | 25 | 50 | 100 | 200
Results of the restricted o
FRCCls | 64.1 | 924 | 97.1 | 99.6 | 41.6 | 79.3 | 97.8 | 99.5|25.0 | 58.8 | 91.3 | 99.1
FRCC2s | 85.1 | 97.897.899.7|75.0|93.5]99.5|99.8|63.5|854|97.3|99.8
' Results of the unrestricted «
FRCCls | 64.0 | 92.6 | 25.1 | 25.8 | 42.4 | 80.3 | 98.3 | 88.2 | 24.8 | 46.3 | 64.7 | 99.7
FRCC2s | 86.4 {29.5| 63 | 15.6]752|93.7|99.5|53.7(642| 99 [17.3]99.8
A=1 A=15 A=2
Poisson Sample size Sample size Sample size
(1) 25 | 50 [ 100 [200 | 25 [ 50 | 100 [ 200 | 25 | 50 | 100 | 200
Results of the restricted o
FRCCls | 18.8 | 43.7 [ 853 {99.1 | 43.6 | 80.7 { 99.1 [ 99.6 | 62.6 | 93.9 { 99.5 | 99.5
FRCC2s | 17.0 | 43.6 | 84.9 1 99.1 | 41.6 | 80.7 | 99.1 | 99.6 | 61.9 | 93.8 | 99.5 | 99.5
Results of the unrestricted o
FRCCls | 18.8 | 43.7 | 85.599.8 | 43.5| 80.7 | 98.7 | 100 | 63.0 { 93.7 | 99.9 | 100
FRCC2s | 17.1 | 43.6 | 85.1 | 99.6 | 41.5| 80.7 | 98.6 | 100 | 62.3 | 93.6 | 99.7 | 100

Cleariy, these simulation results indicate that the choice of smoothing parameter is

important in determining the properties of the method and that further work is needed in

this area.
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Figure 2.20: The standard deviation of H, |K , =50 for the geometric distribution.

2.4.2 The MLE for the Geometric Distribution
The geometric random variable K with parameter p has probability mass function

f(k)=p1-p)*"; k=1,2,3,...

The likelihood for a random sample & ,%,,...,k, from this distribution is

Lp) =T p-p)~' = p" = py> "

The log likelihood is
I(p)=nln(p)+(D_k, —n)In(1- p)
and
dl_n Q2k-n o dl__n Dk-n
dp p 1-p p*  p* (1-p)
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2.5 Discussion

In this chapter, the behaviour of the discrete EFR values is considered through its
probability function. The mean and standard deviation of the probability function of the

EFR are used to summarise its behaviour.

The probability function of H « [N >0 is obtained and H, | N, >0 is shown to be an

unbiased estimator of the FR function, A(k). Also, we obtained STD(H, | N, > 0) and

showed that it approaches \/A(k)(1—h(k)) for large values of k .

Another approach for obtaining the probability function of the EFR is to condition on
the fact that the highest observed failure time has EFR value equal to 1. The probability

function of H, |K ., =k. is obtained and its mean found to be bounded by the mean of |

H,|N; >0. Anexpression for STD(H, |K,, =k.) was also obtained.

A FRCC is developed using the mean and standard deviation of H, [N >0 and
H, |K_, =k. to detect departure from a constant FR. If more than 5% of the

exponentially smoothed EFR values fall outside the control bounds of the FRCC, then
we can say that the data are unlikely to come from the geometric distribution with

constant FR.

The FRCC approach seems to be promising but comprehensive investigations are
needed to turn this approach into a practical goodness-of-fit test for the geometric
distribution. In particular the conservative nature of the smoothed FRCC tests needs to
be addressed. Issues to be resolved are: choice of smoothing parameter, whether limits
other than 2 STD should be used and whether 5% of observations outside the limits is
the most appropriate cut-off for rejection of the geometric model. Also, all the results
hére have been developed for uncensored data and need to be generalized to include

censored data as well. This topic will not be discussed further in the thesis.
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Chapter 3
Crowder Test for Independence of Competing Risks with

Discrete Lifetime Data

In dealing with lifetime data it is common that there are two or more failure modes. The
observed data in such a situation will comprise the failure times together with the
relevant failure mode for each failure time. In trying to understand the failure process it
is reasonable to ask whether the failure modes are acting independently. In the case of
continuous failure times, it is well known that it is not possible to answer this question
with such data. This is the so-called identifiability crisis in competing risks (Crowder,
2001). However, when the failure times are discrete the hypothesis of independence
can sometimes be addressed. Crowder, in his Lifetime Data Analysis paper of 1997,
proposed a test in such circumstances, derived its large sample null properties' and
illustrated its use on a medical data set. In this chapter the results presented by Crowder
(1997) are summarised and corrected, and some potential practical shortcomings of his

test are discussed. A modified version of his test is then proposed.

3.1 Introduction |

~The so-called competing risks phenomenon is a common situation in reliability and
other areas involving lifetime data in which there is more than one failure mode, see
Prentice et al. (1978), Crowder (2001), Bedford (2005), Pintilie (2006), Liridqvist

(2007) and others. Thus, for each subject we observe the failure time and the mode or
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type of failure. For example, a car tyre can either wear until the tread depth is too low

for safe use, or fail catastrophically by puncturing.

One way of describing a competing risks situation with g risks, is by associating a
failure time K, i =1,2,...,g to eachrisk. These g failure times are called latent

failure times. In the presence of all risks, the observed failure time is the smallest of the
g failure times associated with the observed cause of failure and the other g —1 latent
failure times are not observable (Crowder, 1997). 1t is this set up that will be used

throughout the remainder of this thesis.

In understanding the failure process it is important to learn how the latent failure times
for the competing failure modes interact. In statistical terms that means modelling the
latent failure times and/or assessing the correlation between latent failure times. Thus,

let k,,k,,....,k, be the latent failure times that associated to each of the g risks then the

independence hypothesis for the competing risks can be stated in terms of the joint

reliability function, R (k,,k,,....k,)=P(K,>k,K,>k,,...,K, >k, ),as

- ‘ 4
Rk kynk ) =TT R, (k)),
where R (k;)=P(K, > k) is the marginal reliability function of kK, (Crowder,

2001).

- For continuous lifetime data it is not possible to model the latent failure times, the so-
called identifiability crisis in competing risks, see Tsiatis (1975), Crowder (1991),
Crowder (1994). Thus, the joint distribution of all failure times K, is not identifiable

from the joint distribution of the observed failure time and the cause of the failure. This
means that given a joint distribution, there is always a model with independent latent
failure times that can be constructed to fit the same joint distribution of the observed
failure time and the cause of the failure ( independent risks proxy model), the joint
distribution of the latent failure times is not uniquely determined by the joint
distribution of the observed failure time and the cause of the failure (Ng and Watson,
2002). ‘However, when the failure times are discrete, the hypothesis of indebendence_

can sometimes be addressed (Crowder, 1996).
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In section 3.2 basic characteristics and notations for the competing risks phenomenon
- are presented. The Crowder test for independence of competing risks with purely

discrete failure times is presented and discussed in section 3.3. A modified version of
the Crowder test is proposed in section 3.4. Finally, in section 3.5 a discussion of this

chapter is presented.

3.2 Basic Characteristics and Notations

A commonly applied approach to the competing risks phenomenon assumes that each

risk, 1,2,3,...,g , has a potential or latent failure time associated with it. Thus, a subject
at time K can experience any one of the g failure types, call it C. The pair (K,C) is
defined for each subject where K = min(K |, K ,,...,K ) can be continuous or discrete

and C which identifies the minimum XK, can be only discrete (Crowder, 2001).

In some cases more than one cause of failure can occur simultaneously. An obvious
way to deal with that is by allowing multiple causes of failure. Thus,

K = rhin(K 1Ky K, ) as before but C is defined as the failure configuration. For

example, if a subject fails from causes 1,2 and 3 simultaneously, we define

K =K,=K,=K, and C ={1,2,3}. Hence, the number of possible values that C can
take is 2¢ —1 (Crowder, 1997).

The joint distribution of the failure time, k, and the failure configuration (single or

multiple), C, can be presented in terms of the sub-distribution functions
F(k,c)=P(K<k,C=0),

-or equivalently by the sub-reliability functions
R(k,c)=P(K >k,C=c).

The marginal distribution of the failure configuration, C, is
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p.=P(C =c)=F(0,c)=R(0,c)=F(k,c)+R(k,c),
where p, >0 and Zcpc =1.

Note that F(k,c) is not a proper distribution function since it is equal to p, instead of 1

at k=c0.

‘The marginal reliability function of ¥ can be calculated such that
R(k)=) R(k,c).

For a subject of age &, the probability of failure from cause c is

P(C=c|K >k)=2t0)
R(k)

3.2.1 Continuous Lifetimes

The sub-density functions are

dF (k,c) _ —dR(k,c)
dk dk

fk,c)=

The sub-failure rate functions are

hik,c) =29
R(k)

Note that the denominator of A(k,c) is R(k) instead of R(k,c) to reflect its meaning as
a failure rate for a subject of age k£ fails in the next instant in time from cause ¢ in the

presence of all risks. The marginal failure rate function of X can be calculated such

that

h(k)=Y h(k,c).
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3.2.2 Discrete Lifetimes
The sub-density functions are

f(k,e)=P(K =k,C =c¢).

The sub-failure rate functions are

_ fko)
R(k-1)’

h(k,c)
Also, note that the denominator of A(k,c) is R (k) instead of R (k ,c) to reflect its
meaning as the probability of a subject failure at time & from cause ¢ given that it did
not fail before in the presence of all risks. The marginal failure rate function of ¥ can

be calculated such that

h(k)=Y h(k,c).

3.3 The Crowder Test of Independence of Competing Risks

The foilowing derivation of the test statistic of independence of competing risks in the
case of purely discrete data was developed by Crowder (1997). The derivation closely
follows Crowder’s paper and is here indicated by indented text. However, the paper
contains ambiguities and errors. In places where these occur comments in square

brackets have been added.

Let n,, be the number of subjects failed from cause ¢ at time & ; n,, be the
number of subjects censored at time & ; n;, =) n, be the overall number

of subjects failed at time & and let n;, = Z’k: . (n;, +n,) be the number of
subjects at risk at time &£ where £, is the largest observed failure time.

Then the nonparametric maximum likelihood estimator for the sub-failure
rate functions &, = h(k,c) is

ﬁkc ___n_/;C (k =1""akt))
nk.
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and for the marginal failure rate function 4, = h(k) we have
N _ n;.
(S

n.,

Now, the condition for independence of the competing risks is framed in
terms of the quantities

i =k (k,e) =L &)
R(k)

which are not the same as the sub-failure rate functions

_S k<)

TRk -1) .
for discrete lifetime data. Thus, in the case of discrete lifetimes |

I hkc
= >

h
ke 1—hk

' |
which are known as the sub-conditional odds functions. The estimates of |
h, are | }

|

N ) ~

i —_ hkc
ke l—};k

Also, given survival to time kb, the conditional odds for failure at time % is

h, _pr(K=k|K2k)
1-h, pr(K #k|K 2k)’

e =h(k)=3 h, =

Now, let

e —— . [The meaning of j ec is unclear]

Yee =T =
If w,, =1 for all multiple cause configurations, ¢, and £ =1,2,3,...,k., then

it satisfies the condition 4, = | &, V(k,c), anecessary and sufficient
ke e M ary

condition for the existence of an independent risks proxy model (Crowder,
1996).

Let ¥, =log(y,.) [¥,. hasnot been defined]. The test developed here is
based on the log-transformed 7, rather than i, to improve the asymptotic
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Figure 2.21: The FRCC plots for Example 2.2.

The results of FRCC1 show that more than 5%, 1/9x100=11%, of the EFR values fall

outside the control bounds, indicating wrongly that the data are unlikely to come from
the geometric distribution. Also, the same conclusion is achieved when using FRCC2,
1/8x100=13%. The results of FRCC1s show that none of the smoothed version of the

EFR values fall outside the control bounds, indicating that the data are likely to come
from the geometric distribution. Also, the same conclusion is achieved when using

FRCC2s.

Example 2.3:

A sample with 50 observations simulated using SAS software version 9.1 from the

Poisson(2) distribution is displayed in Table 2.6, along with »,” and l;k :

Now, E (H, |N;} >0)=,3=%=o.32051. The STD(H, |N} >0),

E (H, |K . =9) and STD (H, |K,, =9) are shown in Table 2.7. The calculations of

STD(H, |N;>0), E(H, |K,, =9) and STD(H, |K,,, =9) are as for example 2.2.
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normality approximétion.’ Assume that £, is finite, 4, > 0 V(k,c) and
h, <1 Vk < k.. Then standard asymptotic theory may be applied.

LetY, =(Y,,.,Y,,,-) beoflength d =2 —g-land ¢, (j =1,2,...,d)
be the multiple cause configurations. Then, a Wald test statistic of the form
W =YV 'Y isusedto testthe independence, whereY " =(¥",...Y,])

and V' =var(Y ). Since the Y, are asymptotically independent, the test
statistic will be

w=Y" v v'Y,.
Under the null hypothesis W — ., asymptotically.
Now, the covariance matrix ¥ has as its elements the covariances

cov(Y,.,Y ), where ¢ and b are multiple cause configurations and
k,l =12,..,k,. Using the delta method,

cov(Y,..Y ;) =cov{loglzc —Zlog}fkl.,logﬁ,b 4210gi@}

iec jeb

—cov(loghkc,logh,b) ZCov(loghkC,logh )

jeb
- Z cov(log Ek,. ,log h,b )+ Z Z cov(log }Tu ,log }?/, )
iec ’ iec jeb
H ¢ b ﬁ ¢, ﬁ i b 1»111
— — — —+
h hy Z,,:h hy; ;h g gé hy

‘where H kep = cov(ﬁke , if,b) . [1t is unclear whether the # terms in the last
line of the formula should be ] |

Let &,, denote the Kronecker delta, and let 67 denote the increment.
Using the delta method,

ﬁ =COV LCA };lb | ~E 6}:/\'6 + hkcah]\ 5};”, + h1b5};l
ke, lb l—hk’l h l-hk (1_hk)2 l_hl (1_h1)2

5]‘[ hlb Zb ch,lb + hkc Zc ch,lb + hkc hlb b ch,lb
(1 h)(1-h,) Hics 1-h, 1-h, (1-h)(A-h,)

»

where H,, , = cov(k,,,h,). [Itis unclear whether the » terms should be

h and the precise nature of the summations is also unclear]




Now, we need to calculate 7 The likelihood function can be expressed

ke.ib *
as

L= ﬁ{HhM”* A-h )™ }

c
So,

dlogL _n ni-ng, o4 d’logl _ {dbnkc +n;.—n;.}‘

dh,, ) P 1=, dh,.dh,, hkc2 a- hkv)2

. The —d*logL /(dh,dh,) canbe estimated as

5n+ 5cbnAkc + n;o_nA;o =5,nT é;cb + lA .
o n;Ohkcz n;-(l_hk)z e hkc (l_hk)

Note that the second term is absent for k£ =k%,.

Under the assumption that 4, >0 V(k,c), h, <1 Vk <k, and the
parameter set {4, } is finite, asymptotic likelihood theory is standard. Then,

};kc ~AN (hy  Hy ) Hyp = COV(hAkc ’hAzb) =6, (H, )>*,

where H, is the k, xk, [ sic ] matrix with (¢,b) entry
E (—d logL /dhkcdhkb) and (H,)® denotes the (c,b) element of its

inverse. So, we have

. S, 1-6,,.
Aclb 6kl(H )b where (H )cb_nko{};b +—fl‘}:

ke 1- k

or in a matrix form,

. | 1-6,
H, =n], {diag {Z‘l_}_}_l—}?.‘]k.xk.} where J, _, is a matrix of ones.
ke A

Thus,




Table 2.8: The results of the FRCC for Example 2.3.

el 2 ; H |N;>0 | FRCC1 | FRCCls | H, |K, =9 | FRCC2 | FRCC2s

. *-1te UB |[in|out|in |out | LB | UB |in | out | in | out
1 1012(0.12(0.19(045|{0 | 1 | O 1 {019|045|0| 1 | O 1
2 1027(015(0.16{048| 1| 1 |0 2 [016]|048 |1 ]| 1 Or e 2
31038(0.19(0.12(052 |2 1 1 2 103121051 121 1 1 2
4 07 ["030: 0.08:]%0:56 [ 29 22 | 2 [ 2 [:0.08u170.55:2 | 2°[ 2 2
51083({040(0.02({062 2| 3 {3 2 1002106012 3 |3 2
6 0 ([032] 0 |069|2] 4 |4 | 2 0 0652 | 4 |4 | 2
7 0 1025 0 10792 | 5 |5 2 0 U702 ] 515 -
8 0 |021] O |090|2]| 6 |6 ]| 2 0 074 |1 2| 6 | 6 | 2
9 1 1036 O 1 2f 17 2

FRCCls

S & A O

n

e
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Figure 2.22: The FRCC plots for Example 2.3.

The results of FRCC1 show that more than 5%, 7/9x100 =78%, of the EFR values fall

outside the control bounds, indicating that the data are unlikely to come from the

geometric distribution. Also, the same conclusion is achieved for FRCC2,

6/8x100 = 75% , and for the smoothed version of the EFR values, FRCC1s (

2/9x100 =22%) and FRCC2s (2/8x100=25%).
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Hence,

In reviewing the derivation of the covariance matrix ¥ , the notations used in
H.,= cov(h,,,h,) arenot clear. In particular, the summations DHeen > 2 Heen
and Zcb H,, , seem to be over the elements of the multiple cause configurations

¢ and b which is not correct. Also, the dimension of H, and its inverse are found to

be incorrect.

First, we need to correct the notations used for the 7 matrix. Let ¢ and » be the causes

of failure, single or multiple, and a, and a, be the multiple causes of failure only. Now,

Y,, =log(y,, ) where y,, = h,mv / H h,; , the multiplication here is over the single

causes, j , that form gq,. The covariance matrix ¥ has as its elements the covariances

cov(Y ,, .Y, ), where k,l =1,2,...k.. So,

l> m

ZZ S

ica, jza, h h,j

cov(Y,\q ,Y,q )=

§I> m

sy R Z
ica,

ka, ""la, jw“hkavhlj 14

Ry

where H, , =cov(h,,h,).

The summations here are over the single causes i and ;j that form q and g

respectively.

Now, in Crowder’s derivation H, o 1o, DS the following format

_ I Shy, L Sh,  h, Sk,
H,, , =COV{—h,—% e
R PO Y| 1- hk T=hy 1-h, (1-h,)

5A ’ hza,, Za‘ H ka, hkav Zav H ka, la, N hkq, h/a,, aa, H ka, la,
ol 1- h/ -l_hk (l—hk)(l_kl) .




Note that 1 and # are being used here but H ta Ja, =‘cov(lj : l?,a") so / should be

ka, *
used. Also, note that A, « o, 18 the covariance between the multiple causes only and it
should be the covariance between the singles, multiples or single and multiple causes of

failure. Thus, H ta 1o, ShOUld be H, . Now, to find the right indices of the
summations Z% Hy s zav H, , and zava" H,, , > weshould go back and find

out where the summations came from.

ka, Ja, ?

The first summation, za H is the result of E {54,, 6h,}, but h, = Zb h,, is the

overall failure rate from all causes, single and multiple, at time / , e.g. 5 =1,2,{1,2} in

the case of two failure modes. The second summation, Z% H is the result of

ka, ,la, °

E{6h,Sh, },but h ;= Zc };kc is the overall failure rate from all causes, single and

are the result of E {6%&_ 672,}

multiple, at time k4 . Also, the summations z% H,

where , = Zc h . and h, = Z , h,, are the overall failure rate from all causes, single

and multiple, at time £ and / respectively. Thus, the summations must be over all the
causes of failure, single and multiple, at the indicated failure time and not only over the

elements of the multiple cause configurations.- Thus,

— _ oy { + };11; Zb ch,/b + };kc Zc ch,lb + };kc};lb ZC Zb ch,lb }
) ke,lb 1— >

T =R )1-F) 1-4, b (A-h)(1-h)

where H,_, =cov(h, ,h,).

Note that the &, term in H,_, indicates that h, and A, are asymptotically independent

for k =1.

Now, we will consider the simple cases of the competing risks phenomenon, two and
three failure modes, to see the correct format of the covariance matrix ¥ . In the case of

two failure modes only, g =2, there are three causes of failure, failure from causéi,

failure from cause?2 or failure from the multiple cause configuration a = {1,2}. We

‘should have the following variance-covariance terms: var(/ i1), var(h, ), var(h ia) >
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cov(h, , k), cov(h, k), cov(};kz,};ka) . Thus, the dimension of the H, matrix
should be in this case 3x3. In the case of having three failure modes, the dimension of
the H, matrix should be 7x7. Hence, in general the dimension of the H, matrix is

m xm Where m =2¢ —1 is the maximum number of possible causes, single and

multiple, of failures that can be obtained from ¢ failure modes or types. So in the case

of having two failure modes only, g =2,

o 1-6,,
H, =n], Jtdiag{ Al }+T—;ﬁl‘4.}3x3},where J,,; is a matrix of ones.
ke e

Thus,
r . " A
n,u+ nk, nk, I’Zk.
h, 1-h, 1-h, 1-h,
+ + +
A n n n n
—_ ke ke ke ke
SE T A S A
— k2 k i
+ + + +
nko nko nk. nko
1-h, 1~h,  h, 1-h, |
Hence,
hkl(l_hk +hk2+hka) _ hkl k2 _ klhka
1- k+hk1+ k2+hka l_hk+hk1+hk2+hka l_hk+ s k2+hka
I_}—l 1 i kzhu hkz(l_ p t k1+hka) _ thhka L
k - + ~ ~ ~ A A A A~ ~ ~ ~ ~ ~ .
n,, | 1=h,+h +h,+h, 1-h +h +h , +h, 1=h, +h, +h,, +h,
_ Imhkl _ hkahkz hka(l_ k +hk1+hk2)
L l_hk+ kl+hk2+hka I_hk+ Th k2+hka l_hk+hkl+ k2+hka J
But h, =Y h,, =h,, +h,+h,, and hence
~ - A A A A
. ) hu" k1 _hkl k2 %1 ka
P A A ~ - A A
H/.— _n+ —th k1 hk2_ k2 T2
ke A A A A Y y
2
—hka k1 _hkath hka_ ka

§k1

Thus, H,= n—+{5cb};kc =(1 _5kk,)ﬁkc};kb} :

ko




Now, in the case of having three failure modes, g =3,

Hence,

A 1, ~ 1 r . »
Hkl = n_+{dlag(hkc)_ (1 - é‘kk,,) dlag(hkc) J7x7 dlag(hkc )} .

ke

Su (s 7 ;7
Thus, ch,lb =n_l\+l{5cbhkc _(1_51:1(‘ )hkchkb} *

ke

So, in general,

, o s A o
Hyp= cov(hy,,hy) = Iil {5cb by, —(1- S i hyy } .

ke

Therefore, the Crowder test for the independence of competing risks with discrete
lifetimes should, after making the above corrections to Crowder’s original derivation, be

in the following format:

Let n,_ be the number of subjects failed from cause c, single or multiple, at time £ ;

n,, be the number of subjects censored at time & ; n;, =" n,, be the overall number

of subjects failed at time &£ and let n,, = Z,k= . (n;, +n,) be the number of subjects at

risk at time ¥ where k. is the largest observed failure time.

So,
o = Pee  f = ko and b, = hkﬁ = e
c + k ke 1 o
By Pre My, Ty

Now, let y7,, =h,, / Hjeav }Tkj andY,, =log(y,, ) where g is a multiple cause

configurationandlet Y, =(Y .Y, ,...Y,, Y be oflength d =2¢ —g —1 where

a,(v =1,2,...,d) are the multiple cause configurations. So, when &, is finite,
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h, >0 V(k,c) and h, <1 Vk <k,, standard asymptotic theory can be applied. Then the
test statistic will be
w=Yryv vy,

which has asymptotic null distribution ;.

The covariance matrix ¥, has as its elements the covariances cov(Y,, ,Y,, ), Where
a, and a, are multiple cause configurations and £ =1,2,...,k,. Let ¢ and b be causes

of failure, single or multiple. Hence,

+ZZ ";f 3.1

hi, i e hyh,

covy , .Y, )~

*I’ T
*b m.

ka, ,ka, _
7 > S

ka, kav k

where H,, ,, =cov(h, b, ),

and
et 1 hkc ZCch,kb +hl.cb Zb ch,kb hkchkb ZC Zb ch,kb
Hy = 5V H e + - + ~ , (3.2)
(1-h,) 1-h, (1-h,)
A A 1 . -
where H,_ ,, = cov(l,,,hy,) =n—+{5cbh,w ~ (1= 8y Vi hyy |- (3.3)

ke

3.4 A Modified Version of the Crowder Test

Competing risks data have several failure modes or types and it is not unusual to have a
zero frequency for at least one of these failure modes at one or more observed failure
time. This need not be a sparse data issue or a problem that arises only in very small

samples. For example, suppose g =2 and the two causes of failure act in a strongly
dependent way, so that the failure mode {1, 2} is much more.common than the two

single failure modes. Then it is quite likely, even in a reasonably large data set, that at
least one of the single failure modes will have zero frequency at one or more observed

failure time.
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For such data, Crowder’s test statistic # is not computable. In his paper, Crowder
(1997) acknowledges this problem and in the treatment of his example uses the

following solution. He evaluates only those W, terms for which n,. >0 forall c,
calculates W on the basis of these ¥, only and reduces the degrees of freedom to dg ,
where g <k, is the number of computable /7, terms. This may result in a loss of power

or may even lead to potentially misleading results. This will be considered further in

chapter 4.

A modified version of Crowder’s test statistic can be applied by adding the classical

continuity correction of 0.5 to each n, . This at least ensures that a suitably modified
version of W, can always be calculated for all times with at least one failure. Let
ii,, =n, +0.5 be the number of subjects failed from cause ¢, single or multiple, at time

k plus the continuity correction; n,, be the number of subjects censored at time & and

let ny, =3 n, and ii;, =D " (n;,+n,)+05.

Then, the nonparametric maximum likelihood estimator for #,, is h =7, [#;,,and

for h, we have h MES / n,,. The estimates for the sub-conditional odds functions are

~

Now, let v, =hj, / I1,. A andY,, =log(y,, ) where q isamultiple cause

Jjea,

configuration and let ¥, = (Y~,m1 ,Y~,m2 , ""Y~kad Y be oflength d =27 — g —1 where

a,(v =1,2,...,d) are the multiple cause configurations. So, when £, is finite,

h;, >0 V(k,c) and h, <1 Vk <k,, standard asymptotic theory can be applied. Then

the modified Crowder test statistic will be

w="Y7VY,.

This has y, asymptotic null distribution.
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Figure 2.23: FRCC for Electromechanical devices data (left) and Inspection data (right).

Note that the results of the FRCC test for the two data sets coincide with those of
Pearson chi-square and likelihood ratio tests as well as the seven goodness-of-fit tests
that were applied to the data sets by Bracquemond et al. (2002) at the nominal 5%

significance level.

2.4.6 A Less Restrictive Choice of Smoothing Parameter
In 2.4.3 we commented that forcing a to take one of the values 0.1(0.1)0.9 may be too

restrictive. In this section we undertake an initial investigation of whether this is a factor
in the over-conservatism of the smoothed FRCC by using a value of « that is

unrestricted (other than lying between zero and one).
First we re-run Examples 2.2 and 2.3 with an unrestricted choice of « .

Example 2.4:
Using the simulated data in example 2.2, we would like to find the appropriate i;sk

subject to the unrestricted smoothing factor o that minimizes the sum of squared
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The covariance matrix ¥, has as its elements the covariances c‘ov(Y~k ,Y~ka' ), where
a, and a, are multlple cause configurations, ¢ and b are the causes of failure, smgle or

multiple, and k=12,..,k.. Applylng the delta method we get

H, H, Hi o H,
covy, Yy, ) ¥ = —ZA D DD I (3:4)
P By o0 By By ica, h) h . 5% I h,:ih,;
where I;kac,kb =cov(h, ,h},)

Then, applying the delta method again we get

ok = (1—}2;)2 1-h (1-h.)

7 1 {lec,kb Acz ch kb +hkbz ch kb hkchkbz Z kc kb }, (3.5)
where H, ,, = cov(h/ ,h,)-

Now, we need to calculate A, ,, . The likelihood function can be expressed as

4

ke
L =!—=[1{th fig, (1_h]:)ﬁ2.-n;.}-

So,

legL =_ﬁi_ﬂ;o—n;o and _dlegL = 6cbﬁkc +ﬁ;o_n;- .
dh, b, 1-K] dh i, |k (=)

The —d*logL /(dh].dh],) canbe estimated as

ﬁ: {gcbﬁkc + ﬁ;._”}f-. }:ﬁ; {5Acb+ 1,\ }
arh AL =Ry R a=RD

Note that the second term is not absent for & =k, since i} =n;./A}. <1V k <k,.

Under the assumption that 4;, >0 V(k,c), b, <1 Vk <k, and the parameter set {A, }

is finite, asymptotic likelihood theory can be applied to 4 1 - Thus,




errors. Thus, a =0.022734211. So, };sk will be calculated such that hl, =0.26

and h, =0.022734211h, +0.977265789 h, , V1<k <k,.

Table 2.14: The results of the FRCC for Example 2.4.

7 . H,|N; >0 | FRCC1 | FRCCls | H, |K,_ =9 | FRCC2 | FRCC2s
g : “ | LB | UB |in|out|in|out| LB | UB |in|out|in | out
1 1026/026[0.16[041|1| 0 [ 1] 0 |[016]041 |1 | 0 |1 | O
21016/026(0.13{044 (2| 0 |2 | 0 |0.13 /044 |2 | 0 |2 ] O
31026[026/010[047|3] 0 (3] 0 |010/046|3| 0 |3 | O
4 1026[026/0.07]050]4] 0 [4] 0 |007[{050|4]|] 0 4] 0
5(053/026[003[{054|5| 0 |5] 0 [003[054|5] 0][5]| 0
6 {025/026] 0 [060|6] 0 [6] O 0O [058|6] 0 []6]| 0
- p0a ezl 91061 71017 1.0 01063161 LiE7.] 0
8 105|028 0 [075|/8| 0 8] O 0 [069|7 |1 [8] 0
9 1 {029 O [085[8] 1 ]9 0

FRCC] FRCCls

= ower Scuc == _coer Soune s Srcorwo B emnag

EFR
EFR

EFR
EFR

Figure 2.24: The FRCC plots for Example 2.4.
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hl:c ~ AN (hl:c ’HI:c,kb )’ HI:c’,kb = QOV(};\;C ’};l:b) ~ (Hl: )Cb s

-~

where H, isthe m xm matrix where m = 2% —1 with (¢,b) entry ’
E (——d *log L /dh”,':cdh,:b‘) and (H)® denotes the (c,b) element of its inverse. Sé, we

have

H,:C’kb =(I—jlf )cb where (]-jl\’ s =7y 5:'1, + -lA,
hkc l_hk

or in a matrix form,

m

s 1 o
H, =7}, {diag{ Al }+ ~ mem} where J . is a matrix of ones.

Hence,
Ay = {diag(h},) ~ diag(h,) J,.., ding(hL.))
Thus,
H. ecov(li;c,ﬁ,:,,)=;1:%_—{5cbi$;c ~hLR)- (3.6)

3.5 Discussion

In this chapter two issues relating to the Crowder (1997) test for independence of
competing risks have been considered. First, some errors and ambiguities in Crowder’s
results were found and have been corrected. The corrections left the basic form of the
tést unchanged but changed some important details. Secondly, because of a practical
shortcoming of Crowder’s tesf statistic, a mbdiﬁed version of the test statistic has been

proposed.

The properties of the original (but corrected) Crowder test and the modified version will

be discussed later, starting with the special case of two failure modes in chapter 4.
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Chapter 4
Testing for Independence of Two Failure Modes with

Discrete Lifetime Data

In the interests of clarity and notational simplicity, the simplest case of the competing
risks phenomena, two failure modes, is considered. The relationship of the Crowder
test to other tests of independence is highlighted by recasting Crowder’s results in terms,
-of classical contingency tables. The properties of the Crowder test, the modified test

introduced in chapter 3 and other related tests are investigated by simulation.

4.1 Introduction

In chapter 3 we considered the test developed by Crowder (1997) and found errors in
his derivation. From now on what we shall refer to as the Crowder test statistic,

denoted by W , will always mean the corrected version of the test statistic.

In 4.2 we evaluate W in the special case of just two failure modes. A similar approach
is used in 4.3 to evaluate the modified test statistic W in this case. The familiar form of
W in this case suggests some other classical tests for indepéndence which are defined

in 4.4. The behaviour of the tests is then investigated by simulation and the results are

presented in 4.5. Notes on the behaviour of W are presented in 4.6. The chapter

concludes with a discussion in 4.7.
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Figure 2.25: The FRCC plots for Example 2.5.

The results of the FRCC are similar to those of example 2.3. Thus, the results of using

the restricted and unrestricted smoothing factor « are the same for this example too.

Table 2.16: Estimated significance of the smoothed FRCC methods at the nominal 5%
significance level.

p=0.10 p=0.15 p =0.20
Geometric Sample size Sample size Sample size
(p) 25 [ 50 [ 100 [ 200 ] 25 [ 50 [ 100 [ 200 [ 25 [ 50 [ 100 [ 200

Results of the restricted &

FRCCls |09|04(05]02]12]09(05]02)14]1.1(09]0.3
FREE2s |-1.00 N0 7 05| 02+ Ldey| 1107 10,5011 103 A3 [L2.] Q8% U4

Results of the unrestricted o
ERECIS | 045 Ir051:0:6 | 0.7 [ 1.1 1.1 0:65 O 120 5151 [n0:9=:0:5
FRCC2s. |[:2.54] 3.1.(3.8 | 4.7 | 4:6 || 56 |:5:6 | 6.9 ["59;(%61 | 76"} 71
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4.2 Evaluation of w

When there are two failure modes only, the simplest case of the competing risks
phenomenon, the data layout will be as shown in Table 4.1. The notation used in Table

4.1 is as follows:

n,,, 1,,, and n, are the number of subjects failed from cause 1, cause 2 and multiple
cause configuration a = {1,2} respectively at time £ ; n,, is the number of sﬁbjects lost
to view just after time & so their failure times are right-censored at time £, n,, =0
when there are no censored observations at time & ; n,;, =»" n,, is the overall number

of subjects failed at time £ , where ¢ is the cause of failure at time & ,i.e. ¢ =1,2,a and

n,, = Zlk:k (n;, +n,) is the number of subjects at risk vat time & .

Table 4.1: Data layout for two competing risks.

Time '
1 2 3 4 5 .. ko

Cause
1 My Ry, 1y ny gy ‘ e
2 n; Ry R Ny ns, N,
{1’2} nla nZa‘ n3a n4a nSa nkoa
Censored n, n,, ns, ny, ns, n.,
Observed . n,, n, ", ng, n,
At risk n, n,, n;, n, n;, n.,

We now evaluate W in this case. The nonparametric maximum likelihood estimator
for h, is h,, =n, [n}.,and for h, wehave h, =n;,/n}.. The estimates for the sub-
conditional odds functions are

Ry

by =k =Tk Wk =1, k. nl. >0,
1- 2 n,,—Nn,,

Hence,
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A

h n, (n,.—ng.)
o — ka . Cka\""ke ke
Vv, = i —= where n,,>0andn,,>0.

I | hy; ONOY)
jea :

Now, Y, =Y, =log(y,,) is ascalarsince d =2°-2-1=1. So,

Now, we need to calculate var(Y,). Let ¢ and b be causes of failure, single or

multiple, so using (3.3),

1 A ~ A
ch,}cb = Hkb,kc = F{é‘cbhlm -(1- 5kk,, )hkchkb} .
ke

Thus, if £ <k.,

. 1 A oA 7 a(n+. n,
Hka,ka =Var(hka) = e {hka _hkaz} =_—1£_—k—")’

1 A oA n.n
- = =] = _klka
Hka,kl—Hkl.ka_ +{ hklhka}— >
n,.,
Hka,k2=Hk2,ka=

1 ~ A n,.n
= - = _ By
Hk2,ki_Hkl,k2_ { hklhk2}_ *

Now, using (3.2),

i N 1 {H hlwz chkb+hkbz chkb hkchkbz Z chkb}
~ kc,kb

o (1_};1; )2 l_hk (1-
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and using (3.1),

A, d, . H q,. ..
Va-r(Yk) Var(Yk)~ _'\_ - L‘kaikj _ZAMA’“I*—ZZ;MLP
hka jea hkahkj iea by hy, icajea hkihkj
1 1 1
=t —+

Therefore,

2
n n n
. |:10g ka(nkn k)]}
k17%k2
W = 21

1 1 1 ’
e
Ry Ry My N =Ry,

a

where n,, >0, n,,>0andn,, >0.

Writing W :YZ;;WA, , we see that . |

2
|:10g(nka(n;- _nk_°))}
Rpny,

1 1 1 1
i
By Ry, Ry Wy =R,

W, =

turns out to be the log odds ratio test statistic in a 2x 2 contingency table (Agresti,
2002).

Example 4.1: Crowder (1997)

The data were collected in a study of the growth of organisms in catheters inserted on
~day 1, and then samples were taken from two sites in the equipment on day 2,3, .. .,7.,
The experiment was terminated after day 7. Thus, thé nominal times to infection are
1,2,...,6 days. Some of the times are censbred before the last day because the patient

. was removed for reasons unrelated to catheter infection. We follow Crowder (1997) in

assuming that a censored value at day k¥ means that the patient was at risk on days 1, 2,




..., k butnotondays k +1,k +2,.... The data and the 7, at each computable failure

time k are presented in Table 4.2.

The computation of the Crowder statistic in its simple form for the first failure time,

k =1, 1is as follows:

n. =ch1c =n,+n,+n, =2+7+11=20,

6 -
ny =Z(n;+n‘.,)=(20+35)+(29+104)+(21+55)+(6+19)+(5+9)+(3+28)=334,

i=1

.
lbg(‘nm(n,f—n;)j 1Og(11(334—20)) ?
Pt - 2x7 _ 41,1705

1 1 1 1 , 1 1 1 1
— —t
n, #n, #n, n.-n, 2 7 11 314

a

W, =

Table 4.2: Times to infection for 334 patients and the W, .

Time (days) 1 2 3 4 5 6

n,, 2 2 1 0 0 0
n, 7 7 5 3 2 2

n,, 11 20 15 3 3 1

n,, 35 104 55 19 9 28
n; 20 29 21 6 5 3

n;. 334 279 146 70 45 31
w, 41.1705 | 49.5833 | 27.5589

Note that /¥, is not computable for times 4, 5 and 6 because of the zero frequencies for

site 1. The resulting Crowder test statistic, W = Zzlek , 18 118.313 with 3 degrees of

freedom which gives strong evidence against the independence of infection occurrence

at the two sites.
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- Example 4.2: Simulatéd NB(0.1,2) data
The data comprise 35 independent pairs (k,c) that were generated using SAS software

version 9.1. The observed failure time, X , and the typé of failure, C, are determined as

follows:

Two samples with 35 observations each were simulated independently from the

negative binomial distribution, defined in 1.5.2, with parameters p =0.1 and z =2

denoted X, and X, respectively. There are two causes of failure, g =2, and so the

number of multiple cause configurations is d =2° ~2—-1=1. Then,

K =min(X ,X,),

1 ifK=X, andK =X,
C={2 ifK=X,andK =X, .
1,2} ifK =X, =X,

The data are displayed in Table 4.3 along with /¥, at each computable failure time # .

The computation of ¥, is as follows:

n,, :ch7'C =n,+n,+n, =2+1+2=35,

[ 5]

1 .
ny,=) n,=5+2+1+3+2+14+2+1+1+1+2+1+2+1+1=26,

i

]
~3

since there are no censored observations, n, =0V 7<i<21,

2
[log(ﬂva(}:ﬁ%”%)ﬂ [log(2(226_15)ﬂ2
W, = ner = X =4.52678.

7 1 1 1 1 1 1 1 1
—t——+
Ry Ry My

Conh-n, 21 2 21

Note that the Crowder statistic #, is computable only when k& =7 because of the zero

frequencies at other times. The resulting Crowder test statistic W is 4.52678 with 1
degree of freedom, which has a p-value 0.033, indicating wrongly that the independence
hypothesis may be rejected at the 5% significance level.
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Table 4.3: Simulated data for Example 4.2 and the ¥, .

kot | My | Py ng. | ni. W,
1 1 0 0 1 35
2 1 0 0 1 34
3 1 2 0 3 |33
510 4 0 4 | 30
70 2 1 2 5 | 26 | 4.52678
8| 2 0 0 2 |21
9 1 0 0 1 19
10| 2 1 0 3 18
11| 2 0 0 2 15
12 1 0 0 1 13
14 21 0 0 2 12
151.0 1 0 - 1 10
17| 0 1 0 1 9
18] 1 0 0 1 8
201 1 1 0 2 7
221 0 1 0 1 5
251 2 0 0 2 4
1261 0 1 0 1 2
291 0 1 0 1 1

4.3 Evaluation of 7 .

We now consider the modified Crowder test statistic /7 in the special case of two

failure modes. With ¢ =1,2,a where a = {1,2}, the estimate for 4, is

~ o n,, +0.5
R
° n/,+05

and for 4, is

AI nk—.
=T ——-
n;,+0.5

The estimates for the sub-conditional odds functibns are

Mo Me¥05 p k.
1-h, n;-n. +0.5

S|

’
ke
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Hence,

Iy
’
ka

Wka = L,
b,

Hjea

_(n,,+0.5)(n;.—n,. +0.5)

(n,, +0.5)(n,, +0.5)

Now, Y, =Y, =log(,,) is a scalar since d =22 -2-1=1. So,

Now, we need to calculate var(Y,). Let c and b be causes of failure, single or

multiple, so using (3.6),

Thus,

HIZa,ka = Var(hl;a) =
Hl:l,kl = var(h,,) =

HI:Z,kZ =var(h;,) =

! — ! —
Hka,kl _Hkl,ka -
H, ,,=H,,;,=

ka,k2 T k2,ka

' _ i _
HkZ,kl —Hkl,kZ -
Now, using (3.5),

1

rr?
ch,kb ~ s

(1-h;)’

1 /
ng. +0.5{ e

n;.+0.5
. s}

—i i} =

' ' _
ch,kb - Hkb,kc -

k2

1

m{};l:l _]':1:12}

ke

(A

1 ~
———— 15,k
n;,+o.5{ brke

~

—h

By}

_ (nk;, +0.5)(n;.-n,,)

(n{, +0.5)

9

_(n,,+0.5)(n;, —n, )

(n,. +0.

5)°

2

}: (n,,+0.5)(n;, —n,,)

(n;,+0.5)

_(n,,+0.5)(n,, +0.5)

(n{, +0.5)°

(1, +0.5)(n,, +0.5)

(n;, +0.5)°

(n;.+0.5)* -

'
ke kb

b

2

1 { ~ (n,, +0.5)(n,, +0.5)
Ty .0z _hklhk2}=_ H :
.. +0.5 '

'
ke kb

Y H
{ngc,kb-i_ kczc

I:c,kb +h1:b ZbH
1-h
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and using (3.4),

: ! H—r Hr
V) = var(l, ) vt 3 e 5 e 35

[ bl h] icajeah] h’
1 1 1

+ -+ -+ .
n,+05 n,+05 n,+05 n/ -n,. +05

Therefore,

l:log[(nka +0.5)(n;. —n;. +0.5) ’
. & (n,,+0.5)(n,, +0.5)
W=2— I 1 1

+ +  —
n,+05 n,+05 n,+05 n; -n_ +0.5

Example 4.3: Crowder (1997)
The modified version of Crowder’s test statistic, ¥ , is applied to the data of times to

infection for 334 patients that presented in example 4.1 and the results are presented in

Table 4.4.

Table 4.4: Times to infection for 334 patients and the W, .

Time(days) 1 2 3 4 5 6
ny, 2 2 1 0 0 0
N, 7 7 5 3 2 2
n,, 11 20 15 3 3 1
n,, 35 104 55 19 9 28
ng. 20 29 21 6 5 3
n;. 334 279 146 | 70 45 31
W, 44.4129 | 53.7485 | 32.4046 | 9.1296 | 8.2577 | 4.0224

For example, the calculation of 7, is as follows:
My =D, My =Ny +Ny+n,, =2+7+20=29,

6 .
ng. = (nj,+n,)=(29+104) +(21+55)+(6+19) + (5+9) + (3+28) =279,

i=2
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(n,, +0.5)(n,, +0.5) 25x7.5
1 1 1 1
+ + +
Ry +0.5 ny,+05 n,,+05 n;-n, +05

2 ' » )
[log[(nza +0.5)(n;, =, +0-5)H {log(20'5(279_29+0'5)ﬂ
W, = L

1. 1

1 1
25 7.5 205 2505

=53.7485 .

Hence W = Zi:an =151.976 with 6 degrees of freedom, leading to the same

conclusion as with W in example 4.1.

Example 4.4: Simulated NB (0.1,2) data
W is applied to the data simulated in example 4.2 and the results are presented in Table
45. =37 W, =17.02194 with 19 degrees of freedom, which has a p-value 0.588,

indicating that the independence hypothesis cannot be rejected at the 5% significance

level. Note that the conclusions based on W and W differ for this set of data.

Table 4.5: Simulated data for example 4.4 and the 7, .

kol By | My | Py, N O W,

1 1 0 0 1 35 12.09371
2 1 0 0 1 34 | 2.05423
3 1 2 0 3 | 33.10.63492
510 4 0 4 130 [0.73798
71 2 1 2 5 | 26 | 4.68509
8 | 2 0 0 2 | 21 [0.94791
9 1 0 0 . 1 19 | 1.33702
10 2 1 0 3 18 | 0.16830
111 2 0 0 2 15 | 0.63565
121 1 0 0 1 13 | 0.94709
14| 2 0 0 2 12 | 0.45814
15| 0 1 0 1 10 | 0.71398
17| O 1 0 1 9 10.62889
18] 1 0 0 1 8 |10.53964
201 1 1 0 2 7 10.01146
221 0 1 0 1 5 |10.2468
25 2 0 0 2 4 0
26| O 1 0 1 2 0
29| 0 1 0 1 1 |0.18104

92




4.4 Some Other Tests for Independence

In the case of only two risks of failure, it is clear from table 4.1 that at each observed
failure time ¥ we have a 2x2 contingency table. The layout of each table at each

observed failure time & is shown in Table 4.6.

Table 4.6: 2x2 contingency table at an observed failure time & .

Cause 1-
Yes No
Yes Pia %)
Cause 2
No Ny ne. =N,

The Crowder statistic /¥, at each observable failure time £ turns out to be the log odds

ratio test statistic in a 2 x 2 contingency table. Various test statistics can be used for
testing the independence in 2x 2 contingency tables. Since with this type of data there
may be cells with small or zero frequencies at some observed failure times, we will

consider Yates’ chi-square and Fisher’s exact tests as comparative test statistics.

4.4.1 Yates’ Chi-Square Test

Pearson’s chi-square statistic is often used as a test statistic for testing independence in
a 2x2 contingency table (Agresti, 2002). The use of Pearson’s chi-square test with .
small expected frequencies is controversial. Hence, a continuity-corrected version of it
was suggested by Yates (1934). In the present notation the corresponding statistic at

failure time £ 1s

ng. (l N (Mg, = 1) = ng i, |_”;o/2)

(g, + 1) (my, + 05, —n ), +n,)ng +ng, —n)

2 _
Xk =

The suggested correction for continuity overcomes the approximation of the discrete

probability by the chi-square distribution which is continuous. It has more effect when
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the expected frequencies are small but it is a good idea to apply it to all 3* testsin 2x2

contingency tables (Armitage and Berry, 1987).

In the present context we will be using y. = Zk Zs. Wwith degrees of freedom equal to

the number of & — values that allow z1. to be evaluated.

4.4.2 Fisher’s Exact Test
An exact test that is used to test the independence in a 2x2 contingency table is known

as Fisher’s exact test (Agresti, 2002). F isher showed that conditional on the marginal
totals being fixed the exact null probability of observing a table with frequencies set out

as in Table 4.6 is given by the hypergeometric probability

} + - + '
p_(”ka"’nsz(nkl"‘nk._nk.] Pio
Mia R . P T4

_(ny, + 1)\ (my, +n;, —n, ), +n,)n,,+n;, —n.,)!

+ + -
ne g ng tng M(n,, _nkf)!

In order to calculate the p-value for the observed data at each observed failure time & ,
the hypergedmetric probabilities of all tables with the same marginal totals as the
observed one must be calculated. Then the p-value will be the sum of all the
hypergeometric probabilities that are less than or equal to the hypergeometric
probability of the observed table (Armitage and Berry, 1987). The calculations of
Fisher’s exact test using a calculator are tedious even with small sample sizes, but
statistical software can calculate the significance of Fisher’s exact test even with large
sample sizes (Agresti, 2002). Here SAS software version 9.1 is used to calculate the p-

value for Fisher’s exact test.

In order to decide whether or not to reject the independence hypothesis we must
combine the p-value results for all ¥ — values. To achieve this we use a Bonferroni-
type approach. Let &’ be the number of k¢ values that form non-trivial 2 x 2 |
contingency tables, i.e. tables in which noné of the marginal totals is zero. Then the

null hypothesis is rej.ected at a nominal 5% significance if any of the observed p-values
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is less than 0.05/k’. Denote this test procedure by F. An alternative approach is to

replace 0.05/k’ in the above with 0.05/k. . Denote this test procedure by ¥ .

4.5 Simulation Study
In this section we compare the performances of the Crowder test (unmodified, # , and
modified, # ), the test based on Yates’ chi-square, 7 » and Fisher’s exact test, F and

F , using simulation in the special case of two failure modes.

4.5.1 Design to Estimate Significance
For data with no censored observations, let X, and X, be independent discrete random

variables on 0,1,2,3,.... The observed failure time, K , and the type of failure, C, are

determined as in Example 4.2.

For data with censored observations, let X |, X, and X, be indeépendent discrete

random variables on 0,1,2,3,.... ¥ and C are determined as follows:

K =min(X ,X,),

1 ifK=X,<X,andK #X,
c 2 if K=X,<X,andK #X,
|,y ifK=X,=X,<X,

r if K >X ;; r :removed /censored

For a given sample size » and for specified distributions for X', and X, (no censoring)
or for X, X, and X, (with censoring), » pairs (k,c) were generated using SAS

version 9.1. At a nominal 5% significance level the reject / not reject inference was
made for each test procedure. This was repeated 1000 times and the percentage of
rejections was calculated for each test to estimate the true significance level.

This procedure was carried out for n = 50,100,150,200,250 and 300 and for four
distributions with different FR shapes. The distributions used here are geometﬁc

p =0.1(0.05) 0.5 (flat FR), negative binomial with p =0.1(0.05) 0.5 and z =0.2
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(decreasing FR), negative binomial with p =0.1(0.05) 0.5 and : =2 (gently increasing
FR) and Poiséon with mean 1 =1(0.5)5 (FR that increases to 1).

4.5.2 Significance Results
The estimated significance probabilities of the test procedures at the nominal 5%

significance level for the above design are presented in Figures D.1 and D.2 of
Appendix D for samples with no censored observations and with censored observations
respectively. Every tick mark on the x-axes of the graphical representations
corresponds to the estimated significance for samples generated from the indicated

distribution with different parameter values and sample siZes in ascending order.

For samples generated from negative binomial distribution with no censored
observations, e.g. Figure 4.1, tick mark 1 corresponds to the estimated significance for

samples generated from NB (0.1,2) for X, and NB(0.1,2) for X, with n =50, tick

mark 2 corresponds to the estimated significance for samples generated from

NB(0.1,2) for X, and NB(0.15,2) for X, with n =50, ..., tick mark 45 corresponds
to the estimated significance for samples generated from NB (0.5,2) for X, and
NB(0.5,2) for X, with n =50, tiék mark 46 corresponds to the estimated significance
for samples generated from NB (0.1,2) for X, and NB(0.1,2) for X, with » =100, ...

and tick mark 270 corresponds to the estimated significance for samples generated from

NB (0.5,2) for X, and NB(0.5,2) for X, with n =300. For samplés with censored
observations, the samples for X, are generated from the same sample distribution of
X ,, e.g. tick mark 2 for samples generated from the negative binomial distribution with

censored observations corresponds to the estimated significance for samples generated
from NB (0.1,2) for X ,, NB(0.15,2) for X, and NB(0.15,2) for X, with n =50.
Table 4.7 shows the values of the distributions parameters associated with each tick
mark for n =50 . Tick marks 46 to 90 will have the same distributions as tick marks 1
to 45 but for » =100 and the same will apply to n =150 (91-135), n =200 (136-180),
n =250 (181-225) and »n =300 (226-270). .
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Figlires D.1 and D.2 show that W tends to be conservative in absolute terms and
relative to the other four tests. The only exception occurs with Poisson based situations

with 1 >4. W also tends to be conservative except for NB (p,z =2) based situations, "
where p isrelatively small, p =0.1 for X, and p = 0.1,0.15,0.2 for X', with all the
sample sizés. The test based on . is liberal for situations based on increasing_ FR
distributions, NB(p,z = 2) and P(A1). In particulaf the high estimated significances for
z, occur with failu.re modes that were generated based on sampling from |
NB (p,z =2) distribution with p =0.1 for X |, p ¥O.1,0.15,0.2,0.25 for X, when

n =50, p=0.1,0.15,0.2 for X, when n =100, p =0.1,0.15 for X, when

n =150,200,250, and p =0.1 for X, whén n =300. Also, the high estimated
significances occur with failure modes that were generated based‘on'sampling from the
Poisson distribution with 1 =3,3.5,4,4.5,5 for X , and X, when n =50, '
A=3.5,4,455 for X, and X, when n =100,150,200, and A =4,4.5,5 for X, and
X, when n =250,300. Note that the number of situations for which the high estimated
signiﬁcancé levels of 4 emerges decreases as the sample size increases. This scenario

happened for both types of data, with and without censoring. Figure 4.1 gives an
illustration of the NB (p,z = 2) based situations.

Tables 4.8 and 4.9 show that ail the estimated signiﬁcances of W for geometric and
negative binomial based samples, without or with censoring, are below 5%. For
Poisson based samples, 98.9% of the estimated significances are below 5% with 5.8%
being the maximum for samples with no censoring and 96.3% of the estimated
significances are below 5% with 7.3% beiﬂg the maximum for samples with censoring.
The estimated significances of F;sher’s exact test F are greater than those of £ for
most of the situations but all are 5% or below for all the four distributions. Howevqr,
the estimated significances of W are less than those of F for most of the generated
samples, as can be seen from the graphical representation, Figures D.1 and D.2 of

Appendix D.

98




As pointed out in section 4.2, a potential problem with the Crower test based on W is
that W is not always computable. This behaviour was tracked throughout the
simulation experiment. Indeed, the estimated significance levels for w7 plotted in
Figures D.1 and D.2 were calculated using those samples for which ' was
computable. For example, for samples with censoring, » =50 and based on
NB(0.5,0.2), W was computable for only 85 out of the 1000 simulated samples.
Figures 4.2 .and 4.3 show the percentages of samples, without and with censoring
respectively, for which W was not computable. Clearly, for many situations these

percentages are high.

In summary, the modified Crowder test and the tests based on Fisher’s exact test tend to

be conservative. The test based on y? is highly liberal in some circumstances and the

Crowder test cannot be used routinely because of computability problems.
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4.5.3 Design to Estimate Power _
For data with no censored observations, let X |, X, and U be independent discrete

random variables on 0,1,2,3,.... A model for dependent risks that is easy to simulate

and makes reasonable sense in practice is as follows:

Let
Y, =X,+U,
Y,=X,+U.

Note that cov(Y,,Y,) = var(U ) > 0, thereby giving positive correlation.

The observed failure time, K , and the type of failure, C, are determined as follows:

K =min(Y,,Y,),

| ifK =Y, adK #Y,
C =<2 if K=Y, andK #7,. ' |
(1,2} if K =Y, =7,

For data with censored observations, let X |, X,, X, and U be independent discrete

random variables on 0,1,2,3,.... K and C are determined as follows:

Y =X,+U,
Y,=X,+U,
Y,=X,+U,
K =min(Y,,Y,),
1 if K=Y,<Y,andK #Y,
2 if K=Y,<Y,andK %Y,
14,2} if K =Y, =Y, <Y,

|
r if K >Y,; r :removed /censored ‘

For a given sample size » and for specified distributions for X |, X, and U (no

censoring) or for X, X,, X, and U (with censoring), » pairs (k,c) were generated
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using SAS version 9.1. At a nominal 5% significance level the reject / not reject
inference was made for each test procedure. This was repeated 1000 times and the
percentage of rejections was calculated for each test to estimate the true power level.

This procedure was carried out in the same way as for the significance levels.

4.5.4 Power Results
The estimated powers of the test procedures at the nominal 5% significance level for the

above design are presented in Figures E.1 and E.3 of Appendix E for samples with no
censored observations and with censored observations respectively. The tick marks on
the x-axes of the graphical representations correspond to the estimated powers for
samples generated from the indicated distribution with different parameter values and
sample sizes in aséending order as for the estimated significances. For a reminder about
the tick marks see the discussion in section 4.5.2 and Table 4.7. The samples for U are

generated from the same sample distributions of X |, e.g. tick mark 2 for samples

generated from the geometric distribution with censored observations corresponds to the

estimated significance for samples generated from G (0.1) for X |, G(0.15) for X ,,
G(0.15) for X, and G (0.1). for U with n =50. The percentages of samples for which
W is not’comp'utable were tracked throughout the simulation experiment as for the

estimated significance and shown in Figures E.2 and E.4 for samples without and with

censoring respectively.

- Because of the weaknesses found in the null behaviour of the tests based on W _

(frequently not computable) and y; (some situations where the test is highly liberal),
the power results for these tests are of limited interest. Also, it is clear that F is more
powerful than #. Hence here we shall concentrate on the power comparison between

W and F.

Figures 4.4 — 4.7 show the estimated powers of W and F at a nominal 5% significance
level for all 4x270 situations without and with censoring. As a further illustration
Figures 4.8 and 4.9 show scatter diagrams of the estimated powers of W and F for

n =150 for each of the 4 distributions without and with censoring. Clearly, the
estimated power of W is usually greater than that of F even though the estimated

significance of W was less than that of F for most of the situations.
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4.6 Notes on W

The estimated significance levels of W were much lower than the nominal level of 5%
for most of the situations considered. One reason for this may be the use of the classical
continuity correction which adds 0.5 to each cell as a way of avoiding the computational
difficulties of Crowder test. This has the effect of e's‘sentially adding two observations
to each 2x2 contingency table. This may smooth the data too much, which may have
an influence on the test statistic (Agresti, 2002). Further we shall see in the following
chapters that as the number of failure modes increases, so the size of the contingency
tables increases and hence the continuity correction approach will in effect add more
than two observations to the data. For example, with three competing risks tables with
8 cells will be used and consequently four extra observations will be added by using the

continuity correction.

Whilst the classical continuity correction approach is a natural starting point, it should
be regarded purely as a preliminary approach. In further research it would be advisable
to try some other épproaches, with a view to making the test less conservative and
potentially increasing its power. One possible approach is an empirical one that is
similar to the adjustments used in plotting positions in, for example, probability and
related plots; see Barnett (1975), Cunnane (1978) or Waller and Turnbull (1 992).
Alternatively, by thinking of these extra observations as coming.f'rom a prior
distribution in a Bayesian approach, we might also consider different and possibly less
informative priors; see, for example, Galindo-Garre et al. (2000). Both of these
approaches in essence augment the data with additional and possibly non-integer

numbers of observations.

i
We now consider this idea further. To fix ideas, suppose that a fixed correction ¢, >0
is used on all cell frequencies in all tables (¢, = 0.5 in the original modification). A

natural approach is to take ¢, <0.5 so that there is less data augmentation. Some care is

needed here, however. For example, suppose a given cell frequency is zero. Then in

effect the correction term replaces the cell frequency by ¢,. If ¢, < 0.5, then the -
contribution to the variance term in the denominator will be 1/¢,. This will be large

and hence will dominate other terms in the denominator and lead to a small value of
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W, . This may make the test more conservative than with the original modification.

Therefore, it may be that correction terms for the numerator and denominator should be

different. A simple suggestion is first to use the ¢, correction to calculate the
numerator (and here ¢, =0.5 may be adequate as in Yates’ correction). However, to
calculate the denominator a possibly different correction ¢, >0 could be used on non-

zero frequencies but for a cell with zero frequency the contribution to the denominator

could be 1+ ¢, (with ¢, > 0) rather than 1/¢,. Here ¢, =0.5=¢, and ¢, =1 give the
original modification. In order to make the modified Crowder test less conservative, we

anticipate that a good choice of ¢, <1 will be particularly important.

A

4.7 Discussion

For clarity and notational simplicity, the Crowder test and its modified version have
been applied to the special case of two failure modes. It turns out that at each
observable failure time £ , Crowder’s test statistic is actually the log odds ratio test

statistic, a well known statistic for testing independence in a 2x2 contingency table.

By recasting Crowder’s results in terms of classical contingency tables, the properties of
the Crowder test and its modified version have been compared to other tests of
independence. The simulation studies reveal that the modified version of Crowder test
has better performance compared to the other tests for this type of data, especially for
large sample sizes. However, the conservative nature of the test, possibly due to the
over-smoothing inherent in the use of the continuity correction, needs to be investigated
fuﬁher before the test is used routinely in practice. Neverthg:less the modified veréion
of the Crowder test solves the computability problem of the original Crowder test and,
even with its over conservatism, is an attractive alternative to the other tests considered

here.

In the next chapter these results are generalized to the case of three failure modes.

111




Chapter 5
Testing for Independence of Three Failure Modes with

Discrete Lifetime Data

In this chapter the case of three failure modes is considered. The relationship between
the Crowder test and other tests of independence is highlighted by generalizing the
classical contingency table set up of chapter 4. The properties of the Crowder test, the
modified test introduced in chapter 3 and other related tests are investigated by

simulation.

5.1 Introduction

In chapter 4 we considered the special case of testing the independence of two failure
modes using the test developed by Crowder (1997). Here we generalize the

contingency table set up to the case of three failure modes.

In 5.2 and 5.3 we evaluate # and W in the case of three failure modes. Two classical
tests for independence in this special case are defined in 5.4. The behaviour of the tests

is then investigated by simulation and the results are presented in 5.5. The chapter

concludes with a discussion in 5.6.




5.2 Evaluation of

When there are three failure modes, the data layout will be as shown in Table 5.1. The

notation used in Table 5.1 is as follows:

irs Miygs My Mg s My » My, and n,, - are the number bf subjects failed from cause 1,
cause 2, cause 3 and the multiple cause configurations a, = {1,2}, a, = {1,3}, a, = {2,3}
and a, ={1,2,3} respectively at time & ; n « 18 the number of subjects lost to view just
after time & so their failure times are right-censored at time # , 7 » =0 when there are
-no censored observations at time « ; n,, = Zc n,, 1s the overall number of subjects

failed at time % , where ¢ is the cause of failure at time & , ie c= 1,2,3,a,,a,,a;,a,;

n;, = Zik (n;, +n,) is the number of subjects at risk at time # .

Table 5.1: Data layout for three competing risks.

Time | 2 | 3 4 5| . k.
Cause

1 , Ny 13 Ry s e
2 & 7y, 3 & s %
3 Ny My | M Nys N33 s
{1,2} ny,, My, Ry M4, Ry, My,
{1,3} Ny, 1y, ns,, Ry, Rs,, TR
{2,3} N, M, i, Ry, R, 1y,
{1,2,3} Mia, 720, M3, Pia, Psa, P,
Censored ny, ", ns,. ny,, ns, o,
Observed | m, Ny n, | om ns, Mo
At risk ny, n,, n, n,, ng, o

We now evaluate W in this case. The nonparametric maximum likelihood estimator
for h, is h, =n, /n}., and for h, we have h, =n;, /ni.. The estimates for the sub-

conditional odds functions are
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A ) n, -
h ==t Yk =Lk nl > ng
- ng.—n
& ke ke

Hence,
~ . B
n hy,, Ny (M. —1.)
. = — = where n,. >0andn,, >0,
kay }7 ‘ n.n k1 k2
Hjeal & FITk2
LY o _
A hka2 ny, (ng.—ng.)
Wig, = ——— 25— = where n,,>0andn,,; >0,
n,n
. 0 ‘
\ Hjea2 hk] 3
a . _
. hy,, M, (n;.—n;.)
Wy = —= where n,,>0andn,; >0,
H_ h,. R ol s
jeay W

h'. UNUYILEE
; k
jeay M

Now, Y,” =[Y,, Yy, Yy Y, 1=[logy,,) log,, ) log(¥,,) log(¥,,)] is of length

d=2"-3-1=4. So,.
w=yy'v'y,.

Now, we need to calculate the covariance matrix ¥, . Let ¢ and b be causes of failure,

\

}; n, (nf.—-n.)?

V5o, = b = toy (i ~ ) where n,,>0, n,,>0and n,, >0.
single or multiple, so using (3.3), -

1 R N
ch,kb =Hkb,kc =n_+{5cbhkc —(1_§kk.)hkchkb} .

ke

Thus, if k& <k.,

"
n n
— k ke
ch,kb - non.
AN ke kb
—{ s | ) ifcb
nk. nko
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Now, using (3.2),

=y | 1 };kc ZCch,kb +};kb Zb ch,kb + };kc};kb Zc Zb ch,kb

ch,kb +

ch,kb

T -k ) 1~k A-h )

Then, let q, and aq, be the multiple causes of failure only, so using (3.1),

H H H, H
~ ka, ,ka, ka, kj . ki ka, ki kj
COV(YkaV’Ykau)"'_A. = _ZA = ~ =~ +ZZL_"_
hkav ka, /% hkav g % hkihkau iea, jea, hkl.hkj
Thus,
1 1 1 1 h 0
var(Y ,, ) =—+ + +———— where n,,>0,n,,>0andn,, >0,
Kt Pra Mg Mo = Hy
1 1 1 1 ,
varY,, )=—+ + +———— where n,, >0, n,;>0andn,, >0,
iy Pz By P~
L.t 1 h >0, n,; >0 and n,, >0
varY ., ) = + + +——— where n;, >0, n;, and n,, )
ey Prs Mgy Mo 7.
1 1 1 1 4
var( , )=—+ +—+ +t—
Ny Mgy Mz Ny, By =Ry,
where n,, >0, n,, >0, n,; >0andn,, >0,
1 1
cov(ly, i )=—+——— where n,, >0,
ey P =1
1 1
cov(Y 4, Y 40 ) = +——— where n,,>0,
k2 P =P
1 1 2 '
cov(l .Y 4, ) =—+ +— — where n,,>0andn,, >0,
Rer Pya Mg — R,
1 1
cov(t 1, ¥ 10) = +———— where n,;>0,
k3 Mo T,
1 1 2
cov(Y 1, oY ) =—+ +— — where n,,>0andn,, >0,
Perw Py B =Ry
1 1 2
covYy ,, .Y 4,,) = + +———— where n;,>0andn>0.

k2 Bps M 7R




Therefore,
[ var(V,,)  cov¥,,.Y,,) covl,,.Y, ) cov(¥,. .Y, )
- cov(Y ;.Y 1) var(t',, ) cov(l'y, Yy, ) covlt . .Y ,,.)
.=

cov(¥ .Y, ) covl,, .Y, ) var(Y ., ) cov(Y ., .Y ,.)
_COV(‘Y kay ’Y ka, ) COV(Y ka, ’Y kay ) COV(Y kay ’Y ka, ) Var(‘Y kay )

and by calculating its inverse, we get

ke '
w=YY" VY, o>y asn >,

k=1

where g <k, is the number of observed failure times for which n,, >0 Vc.

Note that W can be written as W =ZZ;ka wherew, =y " v,7'v,. |

Example 5.1: Simulated NB (p,z =2) data

The data comprise 400 independent pairs (k,c) that were generated using SAS software
version 9.1. The observed failure time, K , and the type of failure, C, are determined as

follows: |

v

Three samples with 400 observations each were simulated independently from

NB(0.25,2), NB(0.25,2) and NB (0.40,2), defined in 1.5.2, denoted X, X, and X,

respectively. There are three causes of failure, g =3, and so the number of multiple

cause configurations is d =2° —3-1=4. Then,

K =min(X ,X,,X;),

1 ifKk =X,K#X,andK #X,
2 ifK =X,,K #X,andK =X,
3 ifK =X,,K#X, andK #X,

C=1{{,2} ifK =X, =X,andK %X,
1,3} ifK=X,=X,andK =X,
2,3} ifK=X,=X,andK =X,
{1,2,3} ifK =X, =X, =X,
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The data are displayed in Table 5.2 along with ¥, at each computable failure time % .

The calculation of , is as follows:

Ny =Y n, =Py Mgy Mgy + Py Mg, F Mg+ 1y, =17+1044942+4+8+2=02,

13
n,, =Zni‘, =92+87+68+32+114+9+4+2+4+1=310,

i=2
since there are no censored observations, n, =0 V 2<i<13,
n, (n,.-n,.
R O (e nz)_2><218_256471 w _ 4x218

T mmy,  17x10 T 17x49

=1.04682,

‘ > 2
Ve, =228 3 55018, 47, =ﬂ=11.41032,
©10x49 ¢ 17x10x49

,'var(YZa)—L+L+—1—+ +1 — =—1—+L+1+L—066341
n My My, ny-ny, 17 10 2 218

1 1 1 1 1,11 1
var| — +—+—+——=0.33382, var = —+—+——=0.24999,
varly,) = 17 49 4 218 ¥a0)= 0 49 8 218

vartt»,) = 1,1, 1 1, 4 sorss, cov(Y ,, ¥ 2az)=i+2L18_006341

17 10 49 2 218. 17

1
oVl 5, ¥ 5, ) = %+2—18- —0.10459, cov(¥ 5, ,¥ 5,.) =ﬁ+116+_2_21§ —0.16710,

Ll 002499, cov(r, Y, )=+t 2 _ 008841,
29" 218 A TAPTARST:
112

cov Y 442 =0.12958.
¥, 2"4) 10 49 218

cov(Y 20, Y 2‘13) =

So,

Y, =[log(2.56471) log(1.04682) log(3.55918) log(11.41032)]"

and

0.66341 0.06341 0.10459 0.16710
_10.06341 0.33382  0.02499 0.08341
2710.10459 0.02499 0.24999 0.12958 |
0.16710 0.08841 0.12958 0.69758
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Hence,

log(2.56471) T [ 1.68177  —0.205821 -0.539711 -0.276516][ log(2.56471)
log(1.04682) | | -0.205821  3.12798  —0.0516119 —0.337545 || log(1.04682)
log(3.55918) | | -0.539711 -0.0516119  4.60402  —0.719401 || log(3.55918)
log(11.41032) | | -0.276516 —0.337545 -0.719401  1.67618 || log(11.41032)

2

=11.748 .

Note that 7, is computable only when & =2 because of the zero frequencies at other

times. The resulting Crowder test statistic W is 11.748 with 4 degrees of freedom,
which has a p-value 0.0193, indicating wrongly that the independence hypothesis may

be rejected at the 5% significance level.

Table 5.2: Simulated data for Example 5.1 and the W, .

k Ry | By | My | P, nka2 ny,, Mg, n,:_ n;. Wk
1 |15 11 | 61 2 1 0 .0 90 | 400}

2 11711049 | 2 4 8 2 92 |310]11.748
3112113154 ] 0 4 | 4 0 87 | 218

4 | 7 8 | 44| 2 1 6 0 68 | 131
516 7 116] O 2 1 0 32 | 63

6 | 1 1 7 0 1 1 0 11 | 31

711 1 5 0 2 0 0 9 | 20

8| 1 0 3 0 0 0 0 4 | 11

91 0 0 1 0 0 1 0 2 7

10| O 0 4 0 0 0 0 4

13| 0 1 [0 0 0 0 0 1 1

Example 5.2: Simulated NB ( p.z = =2) data with censoring
The data comprise 400 independent pairs (k,c¢) that were generated using SAS

software version 9.1 as in the previous example but with censored observations
imposed. The observed failure time, X , and the type of failure, C, are determined as

follows:
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Four samples with 400 observations each were simulated independently from
NB(0.25,2), NB(0.25,2), NB(0.40,2) and NB (0.40,2) denoted X ,, X,, X, and
X , respectively. There are three causes of failure, g =3, and so the number of

multiple cause configurations is d =2° -3 -1 = 4. Then,

K =min(X ,X,,X,),

1 ifK =X,<X,,K #X,andK =X,
2 ifK =X,<X,,K#X,andK #X,
3 ifK =X,<X,,K#X,andK 2X,

1,2} ifK =X, =X,<X,andK #X,
11,3} ifK =X, =X, <X, andK #X,
2,3} ifK=X,=X,<X,andK %X,
1,2,3) ifK =X, =X, =X, <X,

r - ifK >X,; r:removed /censored

\

The data are displayed in Table 5.3 along with 7, at each computable failure time £ .

The calculation of /¥, is similar to the previous example but taking into account the

censored observations, n;, = ZL (g +m).
Note also that W, is computable only when & =2 because of the zero frequencies at

other times. The resulting Crowder test statistic W is 12.930 with 4 degrees of

freedom, which has a p-value 0.01176, giving the same conclusion as in example 5.1.

Table 5.3: Simulated data for Example 5.2 and the W, .

k| Py | Pea | Prs | Pka, | Pika, | Piay | P, | P n. | n. W,

115 ] 11 | 61 2 1 0 0 | 43 90 | 400

2114 8 | 42| 2 3 7 2 36 78 | 267 | 12.903

319 9 | 38 0 3 |4 0 |27 63 | 153

4 | 4 6 (20 O 0 4 0 7 34 | 63

51 2 0 9 0 0 0 0 5 11 | 22
161 0 2 0 0 0 0 1 6

71 0 0 1 0 0 0 0 1 1 2
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5.3 Evaluation of W

We now consider the modified Crowder test statistic W in the special case of three
failure modes. With ¢ =1,2,3,4,,4,,4;,a, where a, ={1,2}, a, ={1,3}, a, ={2,3} and

a, ={1,2,3}, the modified Crowder test statistic is

F N v T - 2
w —ZHYk V., Y, >y asn—oo,

where
Y =0 Yie, Vi Vo 1=[108(,,) log(,, ) log(y,, ) log(,, )]

s (4, +0.5)(n;. —n,.+0.5) . _(ny, +0.5)(n/. —n,.+0.5)

o T G 105,405 M (n, +0.5)(n,, +0.5)
2 _ (1y,, +0.5)(n;. —n ¥ 0.5) G = (Mg, +0.5)(n;. = ;. +0.5)°
ks (n,, +0.5)n,,+0.5) T (n,,+0.5)(n,, +0.5)(n,,+0.5)
and
var(Y;al ) cov(Y~kal ,Y~ka2 ) cov(Y~,ml ,Y;n3 ) cov(Y;al ,YNk;“ )
7o cov(Y~kaI ,Y~,m2) Var(Y~kaz) cov(YN,\,ﬂ2 ,Y~,ma) cov(Y;a2 ,Y~ka4)
* COV(Y~ka1 ’Y ~ka3 ) COV(Y~ka2 ’Y kay ) Var(Y kay ) COV(Y kay ’Y kay )
_cov(Y~kal Yie) cov,, Y,) cov, Y, ) var(¥,)
. 1 1 1
Var(Yka1 )= 1 + + +— - »
n,+05 n,+05 n,+05 n.-n.+05
~ 1 1 1
Var(Yka ) = 1 + + + " — s
*on,+05 n;+05 n, +05 n.-n.+05
~ 1
Var(Yka3) = 1 + + 1 + n 1_ D
n,+05 n,;+05 n, +05 n . -n.+05
- ~ 1 1 1 4
var(Y ,, ) = L +

+ + ,
n,+05 n,+05 n,;+05 n, +05 n/ -n. . +05
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1 : 1

1 ‘ 1
+
n,+05 n/ -n. +05

+— - )
n,+05 n. -n. +05

cov{l 4, Y 44,) = > cov(Y,, .Y kay) =

COVO;ka ’Y~ka )= 1 + 1 + + 2; s
T n,,+05 n,+05 n/ -n;. +05
s o 1 1
cov Y, )= + ,
Ve, ¥ 1) n,,+05 n/ -n,_ +05
COV(Y~ka ’YNka )= 1 + 1 + + 2_ s
O 405 n,+05 n.-n 405
s 1 1 '
cov(l ;.Y 4, ) = 2

+ + :
n,+05 n,+05 n/ —-n_ . +0.5

Example 5.3: Simulated NB (p,z =2)data

The modified version of Crowder’s test statistic, W , is applied to the data simulated in
example 5.1 and the results are presented in Table 5.4. For example, the calculation of

W, is as follows:

nL= M =Ry R, R, A, g, 1y, =15 +114614+2+1+0+0=90,

13 .
n,, Zn{, =90+92+87+68+32+11+9+4+2+4+1=400,
i=1

since there are no censored observations, n, =0 V 1<i<13,

. n, +0.5)(n,;. —n, +0.5 ) ) 2 ) .
t/71a=('“’ )y —my ')=2SX3105=4.35484,1//M=15x3105=0.48859,
' (n,,+0.5)(n,, +0.5)  15.5x11.5 *15.5%61.5
. 2
tﬁla=O'SX310'5=0-21951,V7M= 05x310.5" _ 4 207
* 11.5x61.5 ¢ 15.5x11.5x61.5
Var(Ylula)= 1 + l + 1 +— 1— '
" n,+05 n,+05 n, +05 n.-n +05
L S N SEN S I
155 11.5 2.5 3105
var(Y',, )=L+——1—+l+L=0.75066,
7155 61.5 1.5 3105
var(Y',, )=—1—+L+L+—l—=2.10644,
S 115 615 05 3105
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4

varlt, )= ——+——r L 4 L % 51062,
+© 155 11.5 615 0.5 3105
cov(¥, Y, )—L+ L _0.06774 cov(Y Y; )—i+ L _0.00018
@rle’ 155 3105 ’ W mT 115 3105 ’
covy, Y, )= it 2 _o1s791 cov(y’, .Y, )——+L—001948
7 e’ 155 115 3105 Tl 615 3105 ’
PR 1 1 2 '
cov J. )= + + =0.08722,
¥ V) 155 61.5 3105
cov(¥, .Y, )= L, 1, 2 =0.10966.

11.5 61.5 3105
So,
Y7 =[log(4.35484) 10g(0.48859) log(0.21951) log(4.39732)]
and

0.55469 0.06774 0.09018 0.15791
- 10.06774 0.75066 0.01948 0.08722
1710.09018 0.01948 2.10644 0.10966
0.15791 0.08722 0.10966 2.18062

Hence,

log(4.35484) ] [ 1.86887 —0.15218 —0.07206 —-0.12526[log(4.35484)

J7 _|108(0.48859) | | -0.15218 135097 ~0.00375 ~0.04283 || log(0.48859)
log(0.21951) | | -0.07206 —0.00375 0.478828 —0.01871 || log(0.21951) |
log(4.39732) | | -0.12526 —0.04283 —0.01871 0.470336 || log(4.39732)

=7.133.

The resulting modified Crowder test statistic is W = Z;LW,c =36.393 with 52 degrees

of freedom, which hés a p-value 0.78548, indicating that the independence hypothesis

cannot be rejected at the 5% significance level. Note that the conclusions based on

and W differ for this set of data.
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Table 5.4: Simulated data for Example 5.3 and the W, .

kol g | My | Mis | Paay | Paay | Piay | Pia, n., | ne. | W,

1115 ] 11 | 61 2 1 0 0 90 | 400 | 7.133
2117 |1 10 | 49 2 4 8 2 92 | 310 14.072
3112113 | 54 0 4 4 0 87 | 218 | 0.544
4 | 7 8 | 44 2 1 6 0 68 | 131 | 4.015
5 6 7 16 0 2 1 0 32 | 63 | 1.466
6 1 1 7 0 1 1 0 11 | 31 | 2.011
7 1.1 1 510 2 0| O 9 | 20 | 1.583
8 1 0 3 0 0 0 0 4 11 | 1.412
91 0 0 1 0 0 1 0 2 7 | 2.194
101 O 0 4 0 0 0 0 4" 1.509
131 0 1 0 0 0 0 0 1 1 0.453

Example 5.4: Simulated NB (p,z =2) data with censoring

W is applied to the data simulated in example 5.2 and the results are presented in Table

5.5. The computation of W is similar to the previous example but taking into account

the censored observations, n;, = Z,Lk (n),+n,). W= ZZ=1Wk =27.56127 with 28

degrees of freedom, which has a p-value 0.48787, giving the same conclusion as in

example 5.3.
Table 5.5: Simulated data for Example 5.4 and the 7, .

k| By | Mo | Mis | Paay | Pikay | Phay | Pkay | Py ng. | ng. W~k

11511 [ 61| 2 1 0 0 |43 90 | 400 | 7.1326
2 (14| 8 |42 2 3 7 2 |36 78 | 267 | 15.336
319 9 1381 0 3 4 0 |27 63 | 153 | 0.3283
41 4 6 (20} O 0 4 0 7 34 | 63 | 1.5772
51 2 0 9 0 0 0 0 5: 11 | 22 | 2.1480
6 | 1 0 2 010 0 0 1 6 [0.6772
710 0 1 0 0 0 0 1 1 2 10.3621
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5.4 Some Other Tests for Independence

In the case of having three risks of failure, it is clear from Table 5.1 that at each

observed failure time £ we have a 2x2x 2 contingency table. The layout of each table

at each observed failure time & is:

Cause 3
Cause 1 Cause 2 Yes No
Yes Ny, "
Yes »
No Pia, 3!
Yes nka3 N,
No :
No %) ni.—ng,

There are many methods available to test the mutual independence in 2x 2 x 2

contingehcy tables (Agresti, 2002, Zelterman et al., 1995). The Pearson chi-square test

and an exact test will be presented.

5.4.1 Pearson’s Chi-Square Test
In the present context, Pearson’s chi-square statistic at time & is

2

2 ' 2 2
2 _ (M, —€4a,) N (Mg, —€4a,) 4 (M0, —€4ay) + (Mg =€)

Xk +
€ ka, ) e kay € ka, € kay
2 2 2 + - 2
(=€) | (my—e,)”  (m—es)”  (n.—ng.—e;, )
v + + +
€ €2 €3 €
where
e = P10 P e = (TYROTS _ Ml o _ M a o
kay — +2 > Yhay T +2 > Yhkay T + 2 > “kay T + 2 >
n;, n,., n;. n,,
e = (TR TR é _ B a0 e .= WY RERIN e = YR WRUT!
k1T +2 >%k2 T +2 > Yk3 T +2 > Yh+- T +2
L n. n.. n,.,
o + -
Pitee =My, TRy T TRy By /=0y t Myt s+ 1 — 1y,
— | + -
Ppae S0, ¥R Tt By, = Ay TRy TR HR — 1,
—_— — . + -
Ppud TPy, TP, Ty TRz Bypg =Ryt A0 0, — 1.
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The statistic has 4 degrees of freedom and will be calculated for each failure time % .
The resulting chi-square values and the 4 degrees of freedom will be accumulated over

all the failure times to form the value of the test statistic

2 _ k2 2
)(P—Zkzl;(k —);(4q as n —» oo,

where g <k, is the number of observed failure times.

5.4.2 Exact Test of Significance
When the cells frequencies are small, there will be always uncertainty about the -

adequacy of Pearson’s chi-square statistic. An exact test of significance is described by
Zelterman et al. (1995) to test the mutual independence of 2x 2 x 2 contingency tables,

following the well known Fisher’s exact test in the 2x 2 contingency tables.

The exact likelihood of {#,_ } given the marginal totals is

¢

3
Hx=1nk-x !(n]:- —nkox )!
n;. !)ZHC n, ! ’

g TRy, 1y, and

P(n,, |n,., ’”;-) =

where n,,=n, +n, tn, +n,,n,=n

a,

Npy =Ny, TRy, 0, +1,5

In order to calculate the significance of an observed failure time, we have to calculate
the probabilities of all tables with the same marginal totals. Then the p-value for the
significance can be calculated by summing the probabilities that are not larger than the

probability of the observed table.

In order to decide whether or not to reject the independence hypothesis we must
combine the p-value results for all ¥ — values. To achieve this we use a Bonferroni type
approach. Let £’ be the number of k¢ values that form non-trivial 2x2x 2 contingency
tables, i.e. tables in which none of the marginal totals is zero. Then the null Hypothesis

is rejected at a nominal 5% significance if any of the observed p-values is less than

0.05/k".
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Table 4.7: Values of p and A associated with each tick mark for » =50 .

Tick G(p) NB(p,z =0.2,2) P(4)

Mark | X, BEEEEN X, BEEEE X, BEGE X, EEEEEN X SN X, B0
1 0.1 [SOsEN 0.1 OSSN 0.1 OSSN 0.1 [N 1 1 1 1
2 0.1 BORESN 0.15 jasiEs 0.1 SORSS 0.15 ERUS 1 (WIS 1.5 |
3 0.1 pesa 0.2 Fosie 0.1 mees 0.2 [Es 1 2 2 1
4 0.1 SN 0.25 ONE 0.1 BOSSE 0.25 B 1 R 2.5 [
5 0.1 [BEESs 0.3 R 0.1 BSOS 0.3 [EOEes 1 3 3 1
6 0.1 OSSN 0.35 BN 0.1 BUSSM 0.35 [N 1 [SSSSS 3.5 [
7 0.1 |04 )04 ]01]01]04]04]|0.1 1 4 | 4 |1
8 0.1 {045|045] 0.1 | 0.1 [0.45]0.45| 0.1 1 14545 ]| 1
9 0.1 [SEOESE 0.5 [OSEN 0.1 S 0.5 e 1 5 5 1
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When the sample size is large the calculation of the significance will take a long time to
finish. Hence, we should check the total number of tables in the complete enumeration
which depends on the sample size and the marginal totals in the observed table. If the
marginal totals are very close to 1 or to the sample size, the number of enumerations
will not be very large relative to the sample size. Otherwise, the number of
enumerations will be great especially if the marginal totals are close to half of the
sample size (Zelterman et al., 1995). Because of the excessive computing time that

would have been involved, this method was not used in the simulation study.

5.5 Simulation Study

<

The exact test of significance is preferable with small expected frequencies but as we
mentioned in the previous section if the sample size is large then the test will take a long
time to finish. Hence, in this section we compare the performances of the Crowder test
(unmodified and modified) and Pearson’s chi-square test using simulation in the special

case of three failure modes.

5.5.1 Design to Estimate Significance
For data with no censored observations, let X ,, X, and X, be independent discrete

random variables on 0,1,2,3,.... The observed failure time, K , and the type of failure,

C, are determined as in Example 5.1.

For data with censored observations, let X |, X,, X, and X, be independent discrete

random variables on 0,1,2,3,.... K and C are determined as in Example 5.2.

For a given sample size » and for specified distributions for X', X, and X, (no
censoring) or for X, X,, X, and X, (with censoring), » pairs (k,c) were generated

using SAS version 9.1. ‘At a nominal 5% significance level the reject / not reject
inference was made for each test procedure. This was repeated 1000 times and the

percentage of rejections was calculated for each test to estimate the true significance

level.
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This procedure was carried out for n = 50,100, 200,400,600 and 900 and for four
distributions with different FR shapes. The distributions used here ére geometric with

p =0.1,0.15,0.2,0.25,0.3,0.4 (flat FR), negative binomial with p =0.1,0.15,0.2,0.25,
0.3,0.4 and z =0.2 (decreasing FR), negative binomial with p = 0.1,0.15,0.2,0.25, 7
0.3,0.4 and z =2 (gently increasing FR) and Poisson with mean 1 =1,1.5,2,2.5,3,4

(FR that increases to 1).

5.5.2 Signiﬁcahce Results
The estimated significance probabilities of the test procedure at the nominal 5%

significance level for the above design are presented in Figures F.1 and F.2 of Appendix
F for samples with no censored observations and with censored observations
respectively. Every tick mark on the x-axes of the graphical representations
corresponds to the estimated significance for samples generated from the indicated

distribution with different parameter values and sample sizes in ascending order.

For samples generated from the negative binomial distribution with no censored
observations, e.g. Figure 5.1, tick mark 1 corresponds to the estimated significance for

samples generated from NB (0.1,2) for X,, NB(0.1,2) for X, and NB(0.1,2) for X,

with » =50, tick mark 2 corresponds to the estimated significance for samples

generated from NB (0.1,2) for X, NB(0.1,2) for X, and NB (0.15,2) for X, with

n =50, ..., tick mark 56 corresponds to the estimated significance for samples
generated from NB (0.4,2) for X,, NB(0.4,2) for X, and NB(0.4,2) for X 3 with

n =50, tick mark 57 corresponds to the estimated significance for samples generatéd
from NB(0.1,2) for X,, NB(0.1,2) for X, and NB (0.1,2) for X, with n =100, ...
and tick mark 336 corresponds to the estimated significance for samples génerated from
NB (0.4,2) for X, NB(0.4,2) for X, and NB (0.4,2) for X, with n =900 . For
samples with censored observations, the samples for X, are generated from the séme
sample distributions of X ,, e.g. tick mark 2 for samples generated from the negative

binomial distribution with censored observations corresponds to the estimated

significance for samples génerated from NB(0.1,2) for X, NB(0.1,2) for X,,
NB(0.15,2) for X, and NB(0.15,2) for X, with n =50. Table 5.6 shows the values

of the distributions parameters associated with each tick mark for » =50 . Tick marks
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Figure 4.1: The estimated significances of W compared to ' , 5} and F at the
nominal 5% significance level for samples with no censoring from NB (p,z =2) with
p =0.1(0.05) 0.5 and sample sizes 50 (plotted on the x-axis 1-45), 100 (46-90), 150
(91-135), 200 (136-180), 250 (181-225) and 300 (226-270).
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Tables 5.7 and 5.8 show that all the estimated significances of W for geometric and
negative binomial with decreasing FR based samples, without or with censoring, are
below 5%. For negative binomial with increasing FR based samples, 97.3% of the
estimated significances are below 5% with 82.3% being the maximum for samples with
no censoﬁng and 94.6% of the estimated significances are below 5% with 91.7% being
the maximum for samples with censoring. For Poisson based samples, 99.1% of the
estimated significances are below 5% with 7.7% being the maximum for samples with
no censoring and 98.8% of the estimated significances are below 5% with 10.8% being
the maximum for samples with censoring. The test based on W tends to be

* conservative for most of the situations especially for Poisson based samples in which all
the estimated significances are below 5% for samples with no censoring and 99.7% of
the estimated significances are below 5% for samples with censoring with 5.1% being
the maximum. However, the estimated significances of W are less than those of W for
most of the generated samples as can be seen from the graphical representations,

Figures E.1 and E.2 of Appendix E.

As pointed out in 5.2, a potential problem with the Crowder test based on W is that W
is not always computable. This behaviour was tracked throughout the simulation
experiment. Indeed, the estimated significance levels for W presented in Figures E.1
and E.2 were calculated using those samples for which 7 was computable. For
example, for samples with no censoring, » =50 and based on G (0.1), W was
computable for only 3 out of the 1000 simulated samples. Figures 5.2 and 5.3 show the
percentages of samples, without and with censoring respectively, for which # was not

computable. Clearly, for many situations these percentages are high.

In summary, the modified Crowder test tends to be very conservative and the Crowder

test tends to be conservative for most of the simulated samples but cannot be used

routinely because of computability problems. The test based on ;5; is liberal for most

of the simulated samples.
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Table 4.8: Summary for the estimated significances for samples with no censoring.

G(p) NB(p,z =02) | NB(p,z =2) P(1)

Test Min Min Min Min
<5% | % < 5% % <5% % <5% %
Max Max Max Max

0.1 0.4 1.1 0.4 0 1.8 0 1.1
W | <5% |98.9| <5% 99.6 | <5% | 88.5 | <5% |99.3
5.5 0.4 5.1 0.4 36.6 0.4 5:1 0.4
0 19.6 0 1.1 0 33.3 0 7.8
W | <5% | 100 | <5% 100 | <5% | 100 | <5% | 98.9
1.8 0.4 1.8 0.4 2 0.4 5.8 0.4
0 7.4 0 0.4 0 18.1 0 4.1
Xy | <5% | 100 | <5% 100 | <5% | 92.6 | <5% | 78.1
1.7 | 04 2.4 0.4 94.6 04 | 522 | 0.4
0 0.4 0.7 0.4 0 1.8 0.1 0.7
F | <5% | 100 | <5% 100 | <5% | 100 | <5% | 100
37 | 04 3.8 0.4 3.6 0.4 3907
0 0.4 0.5 0.7 0 7 0 1.1
F | <5% | 100 | <5% 100 | <5% | 100 | <5% | 100
3 0.4 2.5 1.1 2.7 0.7 3.3 0.4

Table 4.9: Summary for the estimated significances for samples with censoring.

G(p) NB(p,z =0.2) | NB(p,z =2) P(A)
Test Min Min Min Min
<5% | % <5% % <5% % | <5% | %
Max Max Max Max

0.1 | 0.4 1.7 0.4 0 1.1 0 1.5
W <5% [993 ]| <5% 73 | <5% | 84.1 | <5% | 99.6
53 | 0.4 9.8 04 | 367 | 04 | 55 | 0.4

0 5.9 0.2 0.4 0 20.7 0 8.5
W | <5% | 100 | <5% 100 | <5% | 100 | <5% | 96.3
25 | 0.4 3.5 0.4 42 04 | 73 | 04

0 0.7 0.6 0.4 0 4.1 0 2.6
| <5% | 100 | <5% 100 | <5% | 88.5 | <5% | 76.3
24 0704 3.8 0.4 95 0.4 53 | 0.4
b5 44 1.2 0.4 0 1.1 ol 1.5
F | <5% | 100 | <5% | 99.6 | <5% | 100 | <5% | 100
39 | 04 5 0.4 3.4 04 | 49 | 04
0.1 | 0.7 0.7 0.7 0 6.3 0 0.7
F | <5% | 100 | <5% 100 | <5% | 100 | <5% | 100
3.6 | 0.4 4 0.4 2.9 04 1371 04
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5.5.3 Design to Estimate Power
Since we have three failure modes, the power is calculated for two situations; for data

with two dependent failure modes and for data with all failure modes being dependent.

For data with no censored obsérvatjons, let X,, X,, X, and U be independent
discrete random variables on 0,1,2,3,.... Models for dependent risks that are eésy to

simulate and make reasonable sense in practice are as follows:

For samples with two dependent failure modes, the observed failure time, K , and the

type of failure, C, are determined as follows:

Let
Y,=X,+U, |
Y,=X,+U.

Note that cov(',,Y,)=var(U) > 0, thereby giving positive correlation.

Then,
K =min(X ,,Y,)Y,),
1 ifK =X,,K #Y, andK =Y,
2 ifK =Y,,K #X, and K #Y,
3 ifK =Y,,K #X, andK #Y,

C={{,2} ifK =X =Y,andK #Y,
1,3} ifK =X, =Y,andK =Y,
2,3} ifK =Y,=Y,andK =X,
{1,2,3) ifK =X, =Y, =Y,

For samples with three dependent failure modes, X and C are determined as follows:

Let
Y, =X,+U,
Y,=X,+U,
Y,=X,+U.

Note also that cov(Y,,Y,,Y,) = var(U ) > 0, thereby giving positive correlation.
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Then,
K =min(t,,Y,)Y,),

1 ifK =Y,,K #Y, and K =Y,

2 ifK =Y, K #Y, and K =Y,
3 ifK =Y,,K #Y, andK =Y,

C=4:{,2} ifK=Y,=Y,andK #Y,
{,3} ifK =Y,=Y,andK =Y,
{2,3} ifK =Y,=Y,andK #7,
{1,2,3} ifK =Y, =Y, =Y,

For data with censored observations, let X,, X,, X,, X, and U be independent

discrete random variables on 0,1,2,3,.... The observed failure ﬁme, K , and the type of

failure, C , are determined as follows:

For samples with two dependent failure modes, let

Y,=X,+U,
Y,=X,+U -
Then, 7
K =min(X ,Y,)Y,),
1 ifK=X,<X, K=Y, andK =Y,
2 ifK =Y, <X, K #X, andK #Y,
3 ifK =Y, <X,,K#X, andK 27,

{L2} ifK=X,=Y,<X,andK =7,
{1,3} ifK=X,=Y, <X,andK #7Y,
{2,3} ifK=Y,=Y, <X,andK #X,
{1,2,3} ifK =X ,=Y,=Y,<X,

r if K > X ,; r: removed /censored

\

For samples with all failure modes being dependent, let

Y, =X,+U,
Y,=X,+U,
Y,=X,+U,
Y, =X,+U.
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Figure 4.2: The percentages of samples with no censoring for which # is not
computable for sample sizes 50 (1-45), ... and 300 (226-270).
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Then,
K =min(,Y,JY,),

1 ifK =Y, <Y,,K #Y, andK %Y,
2 ifK =Y,<Y,,K #Y, and K #Y,
3 ifK =Y, <Y,,K #Y, and K 27,

{,2} ifK =Y,=Y,<Y,andK =Y,
14,3} ifK =Y, =7, <7, and K =7,
2,3} ifK =Y,=Y,<Y, andK #Y,
{1,2,3} ifK =Y, =Y, =Y, <Y,

r if K >X ,; r: removed / censored

.

For a given sample size »n and for specified distributions for X', X,, X, and U (no
censoring) or for X |, X,, X,, X, and U (with censoring), »n pairs (k,c) were
generated using SAS version 9.1. At a nominal 5% significance level the reject / not
reject inference was made for each test prdcedure. This was repeated 1000 times and
the percentage of fej ections was calculated for each test to estimate the true power level.

This procedure was carried out in the same way as for the significance levels.

5.5.4 Power Results
The estimated powers of the test procedures at the nominal 5% significance level for the

‘above design are presented in Figures G.1 and G.5 of Appendix G for samples with no
censored observations and Figures G.3 and G.7 for samples with censored observations.
The tick marks on the x-axes of the graphical representations correspond to the
estimated powers for samples generated from the indicated distribution with different
parameter values and sample sizes in ascending order as for the gstimated significance.
For a reminder about the tick marks see the discussion in section 5.5.2 and Table 5.6.

The samples for U are generated from thevsame,sample distribution of X, , e.g. tick

 mark 2 for samples generated from the Poisson distribution with censored observations

corresponds to the estimated significance for samples generated from P(0.1) for X |,
P(0.1) for X,, P(0.15) for X, P(0.15) for X, and P(0.1) for U with n =50. The

percentages of samples for which W is not computable were also tracked throughout
the simulation experiment and shown in Figures G.2 and G.6 for samples without

censoring and Figures G.4 and G.8 for samples with censoring respectively.
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Figure 4.3: The percentages of samples with censoring for which # is not computable
for sample sizes 50 (1-45), ... and 300 (226-270).
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Because of the weaknesses found in the null behaviour of the tests based on W

(frequently not computable) and 72 (liberal in most of the situations), the power results

for these tests are of limited interest. Hence here we shall concentrate on the power of

W,

Figures 5.4 and 5.5 show the estimated powers of W when only two of the three failure

modes are dependent, X, and X ,, at a nominal 5% significance level for all 4x336

situations without and with censoring. The estimated power is low for small sample
size but it improves in general as the sample size gets larger. The estimated power for
samples based on increasing FR is fluctuating even for large sample size. A direct
comparison between the tests used here, which should be treated with caution because
of the unsatisfactory significance performance, shows that the estimated power
fluctuations for the samples based on increasing FR are a general behaviour for all the
‘tests. W and W are acting similarly, as can be seen from Figures G.1 and G.3 of

Appendix G. The estimated power of y; also fluctuates but is generally higher.

Figures 5.6 and 5.7 show the estimated powers of W when all the failure modes are
dependent at a nominal 5% significance level for all 4x336 situations without and with
censoring. The estimated power improves as the sample size gets larger. The estimated
power for samples based on increasing FR fluctuates for small sample size as with the
two dependent failure modes and then improves as the sample size gets larger and the
fluctuation disappear. Clearly, the estimated power is larger than the estimated power
for samples with only two dependent failure modes and for larger sample sizes we get

100% estimated power for all the 4x56 situations.

In summary, the éstimated power for small sample sizes is low but improves as the
sample size gets larger.i The estimated power for samples with increasing FR and only
two dependent failure modes fluctuates even with large sample sizes but this behaviour
disappears for large sample sizes in the case in which all the failure modes are

dependent.
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5.6 Discussion

The modified Crowder test is mainly conservative with some minor exceptions for
samples based on increasing FR in which the estimated significance is very large. In
particular, the large estimated significance occur with samples based on the negative

binomial distribution with increasing FR where p is relatively small and on the Poisson

distribution where A = 4. The issues relating to the use of the continuity correction as

discussed in section 4.6 need to be addressed

Also,-for large sample sizes the estimated power of W is good when all the failure
modes are dependent. This is not the case for only two dependent failure modes
because of the strange behaviour for samples based on increasing FR even for large
sdmple size. A potential solution is to make use of the contingency table structure that
emerges and investigate dependence structures intermediate between complete
independence and dependence between all three competing risks. For example,
conditional independence and other models might be considered as in traditional log-
linear modelling of contingenéy tables, thereby giving the possibility of learning about

the dependence structure of the competing risks.

In the next chapter simpler forms of the Crowder test statistic and its modified version

are considered for the general case of ¢ competing risks.
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Chapter 6
Testing for Independence of Competing Risks with

Discrete Lifetime 'Data

L]

The Crowder and modified tests are considered here briefly with g competing risks.

Two numerical examples are presented when g =4.

6.1 Introduction.

As described in chapter 3, the computation of Crowder’s test statistic starts by

calculating the estimates of the sub-failure rate functions, 4, =n,, /n}. , the estimates
of the marginal hazard function, , =n;, /n;, , and the estimates of the sub-conditional
odds functions, &, = A, [-#,), for all failure times k =1,2,...,k.. Then for each
multiple cause configuration, q,, and k =1,2,...,k., we should calculate the quantities
Vie = th . / Hjea hikj andy,, ‘= log(,, )- Then for every pair of failure causes, single

or multfple, ¢ and b , we should calculate the estimates of the covariances

H,, , =cov(h,,h,) such that

ke kb

1 R A A
ch,kb =n—+{§cbhkc _(1_5kk.)hkchkb}'

ke
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Thus, it appears that the modified Crowder test has advantages over the other tests

considered here.
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Figure 4.4: The estimated powers of W and F for samples with no censoring from the
geometric distribution with p =0.1(0.05) 0.40, the negative binomial distribution with
p =0.1(0.05)0.40 and z =0.2 and with z =2 for n =50 (plotted on the x-axis 1-45),
100 (46-90), 150 (91-135), 200 (136-180), 250 (181-225) and 300 (226-270).
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Then substltute the H

ke kb

— _ 1 {H kcz HAcAb+hka H, hkchkbz Z Hl\ckb}
ke b T

H, , ~—
o (1_hk)2 I__hk'_ . (1- h)

which are then used to obtain

l> m

o 55 o

ki ka,, iea, jea, hkihkj

==
ica,

kav,ka,,_ZHka‘,
Y T T

k‘

This procedure should be repeated for every multiple cause to obtain the elements of the

covariance matrix ¥, . Then repeat for all £ =1,2,...,k.. Finally, we should substitute

all these estimates in the test statistic

_ ke T -1 2
w=y Y VY, >z an>o,

where d is the number of multiple causes,

g <k. is the number of observed failure times for which 7, >0 Vec.

" Hence, in the interests of efficiency, clarity and notational simplicity, simpler forms of
w and W in the general case for testing the independence of competing risks

phenomenon with g risks of failure are investigated. In 6.2 we evaluate % in the

- general case of g risks. A similar approach is used in 6.3 to evaluate the modified test

statistic W in this case. The chapter concludes with a discussion in 6.4.

6.2 Evaluation of

The data layout for the general case of competing risks phenomenon with g risks of

failure are presented 'in‘ Table 6.1. The notation used in Table 6.1 is as follows:

Mits Mizs Riss oo Tigs Mig s Meg > Myg ennp and m,, - are the number of subjects failed from

‘cause 1, cause 2, cause 3, ..., cause g and the multiple cause configurations aq, = {1,2},
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Figure 4.5: The estimated powers of W and F for samples with no censoring from the
Poisson distribution with mean A =1(0.5) 5 for » =50 (plotted on the x-axis 1-45), 100

(46-90), 150 (91-135), 200 (136-180), 250 (181-225) and 300 (226-270).
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Figure 4.6: The estimated powers of W and F for samples with censoring from the
geometric with p =0.1(0.05) 0.40, the negative binomial with p =0.1(0.05) 0.40 and
z =0.2 for n =50 (plotted on the x-axis 1-45), 100 (46-90), 150 (91-135), 200 (136-
180), 250 (181-225) and 300 (226-270).
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a,={1,3}, a,=4{2,3},...,and a, ={1,2,3,...,g} respectively at time % , where
d =2*% —g -1 is the number of possible multiple cause configurations, and as described
before in the previous chapters #,, is the number of subjects lost to view just after time

k' ng, =Y n, istheoverall number of subjects failed at time k , where ¢ is the

. . . ke _
cause of failure at time & , i.e. ¢ =1,2,3,..,¢,4,,4,,4;,...,a, and n;, = Zi:k (n;,+n,)

is the number of subjects at risk at time & .

Table 6.1: Data layout for ¢ competing risks.

Time
1 2 3 4 5 k.
Cause
1 m Ny, ny ny ng, o
2 o Ny, N3y ) s, %)
3 n Ry Ny U Ry L
g n ny, N, 4o n, L
{1,2} By, P 2a, My, Ry, ™ P,
{1’ 3} nlaz n2a2 nSaz n4a2 nSaZ nk.az
{1: g} nlag_, nZag,, nBag_l n4ag_, nSag_l nk.ag_,
{2a 3} nlag n2ag n3ag n4ag nSag nk.ag
{1’ 2:’g} nlad n2ad n3ad n4ad nSad nk.a,,
Censored n, n,, n,, ny, ns, .,
Observed | m | m | m | m | m n
. + +
At rlSk nlt n;o n3. n:- n;—o n/\'.o

Note that at each observed failure time a 2¢ contingency table can be constructed. The

nonparametric maximum likelihood estimator for 4, is &, =n, /n;, , and for h, we

have k, =n,/n;.. The estimates for the sub-conditional odds functions are
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Figure 4.7: The estimated powers of W and F for samples with censoring from the
negative binomial with p =0.1(0.05) 0.40 and z =2 and Poisson with mean

4 =1(0.5) 5 for n =50 (plotted on the x-axis 1-45), 100 (46-90), 150 (91-135), 200
(136-180), 250 (181-225) and 300 (226-270).
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Figure 4.8: The estimated powers of W and F for samples without censoring from the
geometric and negative binomial distributions for » =150.
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e n
— ke ke — . + -
h, =—H=—Tk vk =1,k nl>n;..

Let q, be a multiple cause of faﬂure and g, be the number of single causes of failure

that occur simultaneously to form q,, so

. i?k n, (nf,—n; )"
V/ka,, = al‘. =— Hn . (61)
hy; ki
ica, ica,

Now,Y," =[Y,, Y, - Y, 1=[logW,,) log(,,) - log(¥7,, )] is of length

d=2%8-g-1. So,

\
|
ke -
w=x 'Yy v'y,.
Now, we need to calculate the covariance matrix ¥, . Let ¢ and b be causes of failure,

single or multiple, so using (3.3), |

1 ~ ~ ~
ch,kb = Hkb,kc = _r{acbhkc - (- 5kk. )hkchkb} .

ke

Thus, if k <k,,

-
n n
_ )y ke
ch,kb - 1 n.n
iy | =~ ifc b
+ c +3
nk. nk-

Now, using (3.2),
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Cont. Figure 4.8: The estimated powers of W and F for samples without censoring
from the negative binomial and Poisson distributions for » =150.
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Figure 4.9: The estimated powers of W and F for samples with censoring from the
geometric, negative binomial and Poisson distributions for » =150.
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1-h, (1-h, )

N 1 {H hkcz chkb +hkbz HAcAb hkchkbz Z I\ckb}
N keas T _ >

*+zzH

h iea, jea,

the covariance matrix ¥’ p = [cov(Y va, Y ka )] iy has as its elements

covlt s, ¥, ) = e, + (g, —+1)(ga_" -1) N z 1 | (62

Mg, n,—n; ie(a,Na,) Py

and by calculating the inverse of V, , we get

ke -
w=x YV Y, >y an>w,

where d is the number of multiple causes,

g < k. is the number of observed failure times for which n,, >0 Vc.

Example 6.1: Simulated N5 (0.1,0.2) data
The data comprise 900 independeht pairs (k,c) that were generated using SAS software

version 9.1. The observed failure time, x , and the type of failure, C, are determined as
in Example 5.1 but with four independent competing risks, each with latent failure time

from the negative binomial distribution, defined in 1.5.2, with parameters p =0.1 and

z=0.2.

The data are displayed in Table 6.2 along with W, at each computable failure time % .
- In what follows the notation a, = {1,2}, a, = {1,3}, a, = {14}, a, = {2,3}, a, = {2,4},
.aé ={3,4}, a, ={1,2,3}, a, ={1,2,4}, a, = {1,3,4}, a,, ={2,3,4} and q,, ={1,2,3,4} is

used for multiple cause failures.
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Table 6.2: Simulated data for Example 6.1 and the 7, .

Time 1 2 3 4 5
e, 29 0 0 1 1
My 32 1 0 1 0
My 20 2 0 0 0
s 36 3 0 0 0
My, 46 1 0 0 0
Mig, 53 1 0 0 0
My, 45 3 0 0 0
My, 55 1 0 0 0
My, 33 1 1 0 0
M, 51 0 0 0 0
My, 72 1 1 0 0
My, 98 0 0 0 0
M, 94 0 0 0 0
Mg, 75 0 0 0 0
Mpa, 142 0 0 0 0
" 881 14 2 2 1
ny. 900 19 5 3 1
w, | 71.405
The computation of W, is as follows:
nL=Y n,=29+32+20+36+46+53+45+
55+33+51+72+98+94+75+142 =881,
5
np=>n;,=881+14+2+2+1=900,
i=1 .
n,=0V 1<i<13 since there are no censored observations,
+ —n-
;. = Mg (me—n)  46x19 094181, = 53x19 173621,
’ n,n, 29x32 *29%20
g =3 081807,y =219 _ 63231,
©29%36 " 32x20 |
g = g sagp7, . =209 aysg,
* 32x36 ¢ 20x36
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. 72x19? . 2
o =210 g 40043, 9, =—2X10 ) 05897,
" T 29x32x20 v T 20x32x36

. 4 1 2 R 2
o, =1 6519, 5, =221y 19513,
* 20x20x36 v 32x20%36
3
o, =—132X19 45990,
T 29%x32x20%36
var(YlaI')=—1—+ LIRS SV WD U S SR R S PTIT R

o M= Rn My m, 4619 29 32

var(t';, ) - 0.15598, var(r',, ) =0.13711, var(t',, ) =0.15206, var(Y,, ) =0.14196,
var(Y,, ) =0.15002, var(r, ) = 0.34015, var(Y]asi =0.31424, var(,, ) = 0.33343,
var,, )= 0.33289, var(Y ,, ) =0.62424, cov(, .Y, )=0.08711,

cov(¥ , .Y ,, ) =0.08711, V¥ |, ) = 0.08388 , cov(¥ ,, .Y, ) =0.08388,

oV ,, .Y 1, ) = 0.05263, cov(¥ ¥, ) =0.17100, ..., cov(¥, ¥, )= 0.42482,

So,

Y, =[-0.051 0.552 -0.110 0.490 -0.608 0.297 0.337 0.057 0.486 0.161 0.377]

and

[0.140 0.087 0.087 0.084 0.084 0.053 0.171 0.171 0.140 0.137 0.224]
0.087 0.156 0.087 0.103 0.053 0.103 0.190 0.140 0.190 0.155 0.242

0.087 0.087 0.137 0.053 0.080 0.080 0.140 0.168 0.168 0.133 0.220
0.084 0.103 0.053 0.152 0.084 0.103 0.187 0.137 0.137 0.187 0.239
0.084 0.053 0.080 0.084 0.142 0.080 0.137 0.164 0.133 0.164 0.217
V. =10.053 0.103 0.080 0.103 0.080 0.150 0.155 0.133 0.183 0.183 0.236
0.171 0.190 0.140 0.187 0.137 0.155 0.340 0.276 0.295 0.292 0.432
0.171 0.140 0.168 0.137 0.164 0.133 0.276 0.314 0.273 0.270 0.409
0.140 0.190 0.168 0.137 0.133 0.183 0.295 0.273 0.333 0.288 0.428
0.137 0.155 0.133 0.187 0.164 0.183 0.292 0.170 0.288 0.333 0.425
0.224 0.242 0.220 0.239 0.217 0.236 0.432 0.409 0.428 0.425 0.624 |

Hence,

w, =Y v, 'Y, =71.405.
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Note that /7, is computable only when k =1 because of the zero frequencies at other

times. The resulting Crowder test statistic W is 71.405 with 11 degrees of freedom,
which has a p-value close to 0, indicating wrongly that the 1ndependence hypothesis

may be rejected at the 5% significance level.

Example 6.2: Simulated ~NB (0.15,0.2) data with censoring
The data comprise 1200 independent pairs (k,c) that were generated as in Example 5.2

but with four independent risks and censoring. All four latent failure times and the
censoring time were drawn from the negative binomial distribution with parameters

p=0.15and z =0.2.

Table 6.3: Simulated data for Example 6.2 and the W, .

Time 1 2 3
n, 28 2 0
n,, 21 0 0
s 33 0 0
Py 25 1 0
M 58 0 0
i, 51 0 0
Mg, 66 1 0
i, 51 0 0
R, 56 1 0
. 57 0 0
i, 115 0 0
Py 103 0 0
M | 97 0 0

kg 123 0 0

P, 295 0 0
i, 14 1 1
n,. 1179 5 0
n. 1200 7 1
w, 25.305
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The data are displayed in Table 6.3 along with 7, at each computable failure time % .

The calculation of W, is similar to the previous example but taking into account the

. 7 -
- censored observations, n,, = Zi=k (n;,+n,).

Note also that /7, is computable only when & =1 because of the zero frequencies at

other times. The resulting Crowder test statistic W is 25.3054 with 11 degrees of
freedom, which has a p-value 0.0082, indicating wrongly that the independence
hypothesis may be rejected at the 5% significance level.

6.3 Evaluation of 7

We now consider the modified Crowder test statistic W in the general case of g failure
modes. With ¢ =1,2,...,g,4,,a,,....a, Where a,={1,2}, a, ={1,3}, ... and

a, ={,2,..,g} and d =2% — g -1, the modified Crowder test statistic is

5 N VT 2
W—ZkzlYk V., Y, > Xy asn—>o,

where
p

Y~kT =[Y~ka1 Yo Y~kn,, lia = [IOg(Vika,) IOg(‘;kaz) log(l;kad Nias
using (6.1),

. n, +0.5)(n’. —n;. +0.5)¢"
g o Ol OSE

Hje,,v (ny; +0.5)

and using (6.2),

V~k = I:COV(Y~kq, Y ~kau ):I dxd ’

O J, -1 -1
cov(lY , Y, ) = —2—+ (g““+ )Eg"" ) + _r .
Mg +0.5  n —n +05 7,0, +0.5
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" Example 6.3: Simulated NB (0.1,0.2) data

The modified version of Crowder’s test statistic, ¥ , is applied to the data simulated in

example 6.1 and the results are presented in Table 6.4.

The computation of W, is as follows:

Table 6.4: Simulated data for Example 6.3 and the W, .

Time 1 2 3 4 5
n,, 29 0 0 1 I
", 32 1 0- 1 0
n, 20 2 0 0 0
n,, 36 3 0 0 0
P 46 1 0 0 0
P, 53 1 0 0 0
P, 45 3 0 0 0
P, 55 1 0 0 0
» 33 1 1 0 | o
P, 51 | 0 0 0 0
T 72 1 1 0 0
T 98 0 0 0 0
T, 94 0 0 0 0
Mo, 75 0 0 0 0
- 142 0 0 0 0
" 881 | 14 2 2 1
n. 900 | 19 5 3 1
W, 47765 | 5.110 | 5.0817 | 0.958 | 0.766

= 1, =29+32+20+36+46+53+45+
55+334+51+72+98+94+75+142 =881,

5
D n;, =881+14+2+2+1=900,
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. n, +0.5)(n.—-n,_+0.5 i . A )
G _(ny X, —n ) _46.5x19.5 _0.94576, . _535x195 1 oh00

' (n,, +0.5)(n, +0.5) . 29.5x32.5 2 29.5%20.5
. 455x19.5 . 555%195 . 33.5x19.5

= XIT0 582401, 4, =222X02 11 60439, i =222X27 55068

Yia = 59.5%36.5 Ve T 355%205 Vi =35 5%36.5
2 1.5%19.5 N 72.5%19.5*
AL LR V) S Y 195" _1.4026s,

© 20.5x36.5 " 29.5%32.5%20.5
~ 98.5%19.5° 2 94.5%19.5> '
v, = X =1.07030, ¥, = X195 _j 62792,

"~ 29.5x32.5x36.5 >~ 29.5%x20.5%36.5

2 3

. 7555195 | eoss 142.5x19.5 14788,

YViao = 33 5%20.5%36.5 =29 5%32.5%20.5x36.5

1 1 1 1
= +—— +
46.5 19.5 295 325

var(t',, ) =0.13456, var(t',, ) = 0.14885, var(Y';, ) =0.13930, var(f',, ) =0.14688,

var(t',, ) = =0.13745, var(Y',, ) =0.15265,

var(t', ) =0.33237, var(t’,, ) = 0.30735, var(Y, ) = 0.32579, var(t',, )=0.32532,
var(t, )=0.60940, cov(t’, .Y, )=0.08518, cov(t',, .Y, ) =0.08518,
cov(t’, .Y, ) =0.08205, cov(y',, .Y, ) =0.08205, cov(Y,, .Y, ) =0.05128,

cov(t',, .Y\, )=0.16723, ..., cov¥',, .Y, ) = 0.41464,

So,

Y} :[—0.056 0.545 -0.194 0.485 -0.597 0.294 0.338 0.068 0.487 0.165 0.387]

and

[0.137 0.085 0.085 0.082 0.082 0.051 0.167 0.167 0.136 0.133 0.219]
0.085 0.153 0.085 0.100 0.051 0.100 0.185 0.136 0.185 0.151 0.237
0.085 0.085 0.135 0.051 0.080 0.080 0.136 0.164 0.164 0.130 0.215
0.082 0.100 0.051 0.149 0.082 0.100 0.182 0.133 0.133 0.182 0.233
0.082 0.051 0.080 0.082 0.139 0.079 0.133 0.161 0.130 0.161 0.212
¥, =]0.051 0.100 0.080 0.100 0.079 0.147 0.151 0.130 0.179 0.179 0.230
0.167 0.185 0.136 0.182 0.133 0.151 0.332 0.270 0.288 0.285 0.421
0.167 0.136 0.164 0.133 0.161 0.130 0.270 0.307 0.266 0.263 0.400
0.136 0.185 0.164 0.133 0.130 0.179 0.288 0.266 0.326 0.281 0.418
0.133 0.151 0.130 0.182 0.161 0.179 0.285 0.263 0.281 0.325 0.415
1 0.219 0.237 0.215 0.233 0.212 0.230 0.421 0.400 0.418 0.415 O;609J
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Hence,

W, =Y V'Y =47.765.

The resulting modified Crowder test statistic is W = ZZ:]Wk =59.681 with 55 degrees

of freedom, which has a p-value 0.309, indicating that the independence hypothesis
cannot be rejected at the 5% significance level. Note that the conclusions based on W

and W differ for this set of data.

Example 6.4: Simulated NB (0.15,0.2) data with censoring

W is applied to the data simulated in example 6.2 and the results are presented in Table

6.5.

Table 6.5: Simulated data for Example 6.4 and the W/, .

Time 1 2 3
" 28 2 0
n,, 21 0 0
7, 33 0 0
My 25 1 0
iy 58 0 0
T, 51 0 0
T 66 1 0
M, 51 0 0
e 56 1 0
- 57 0 0
e 115 0 0
e 103 | 0 0
e, 97 0 0
e, 123 | 0 0
- 295 | 0 0
Ry 14 1 1
. 1179 | 5 0
nr. 1200 | 7 1
W, 25.242 | 1.754 | 0.766
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The computation of W is similar to the previous example but taking into account the
censored observations, n;, =Y _ (n;,+n,). W = > W, =27.7622 with 33 degrees

of freedom, which has a p-value 0.725, giving the same conclusion as in Example 6.3.

6.4 Discussion

In this chapter we have discussed briefly the form of # and W in the general case. It
turns out that ® and W have simpler forms that are easier to work with and more

efficient. The simpler forms are illustrated on two examples with g =4.

§
-

In the next chapter an overview of the thesis and future work will be presented.
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Chap_ter 7

An OVerview and Future Work

In this final chapter an overview of the research findings will be presented and the
possible extensions will be discussed.

7.1 An Overview

Two topics are considered in this thesis: the discrete empirical failure rate and tests of

independence of competing risks with discrete lifetime data.

In chapter 1 some theoretical differences between discrete and continuous reliability
methods are highlighted. The basic properties of some discrete distributions that are
potentially useful for lifetime data analysis are discussed. Also, the general behaviour

of the failure rate function for these distributions is presented.

In chapter 2 a discussion of some potentially undesirable features of the EFR plot is
- presented. Some simple transformations aimed at resolving this problem are considered
but they turn out to be of little use. Some distributional results for the EFR are obtaiﬁed
together with results for the corresponding expected values and standérd deviations. A
control chart based on a suitably smoothed version of the EFR is proposed in order to
test the constant FR assumption. Versions of this method are investigated by simulation

and their properties compared with these of more traditional tests.
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In chapter 3 a method developed by Crowder (1997) to test the independence of
competing risks with discrete lifetime data 1s investigated. Crowder’s derivation
contains ambiguities and errors which have been clarified and corrected. Also, some
potential practical shortcomings of the test are discussed and a modified version of it is

proposed.

In chapter 4 the Crowder test and its modified version are applied to the special case of
two failure modes. The Crowder test statistic has a simpler form in this case and at each
observable failure time turns out to be the log odds ratio test statistic. By recasting
Crowder’s results in terms of classical contingency tables, the properties of the Crowder
test and its modified version have been compared to other tests of independence by
simulation. The simulation results suggest that the modified version of the Crowder test
performs promisingly in comparison with other tests considered, especially for large

sample sizes. However, it is of concern that it is conservative.

In chapter 5 the Crowder test and its modified version are applied to the special case of
three failure modes. Once again by casting the problem in terms of contingency tables
the form of the Crowder test and its modified version is simplified. A simulation study
is undertaken, showing that the modified test perfofms reésonably well when the three
failure modes are dependent. However, when only two of the failure modes are |

dependent, the test is much less impressive.

In chapter 6 the Crowder test and its modified version are considered for the general

case of g competing risks. The tests are demonstrated on two numerical examples

when g =4.

7.2 Future Work

The distributional results for the EFR are interesting but apply only to uncensored data.
Modification of these results to include censoring is a natural next step. The results
presented are marginal results and it may be of interest to generalise them to account for
the joiht behaviour of the EFR. This might allow a sharpening of the properties of the
FRCC, for example. There is future scope to investigate the FRCC to allow for
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censored observations. Moreover, the rather crude + 2 STD bounds often fall outside

the allowable range. So a refinement of these bounds, possibly using the second rate of
failure function transformation, may be Woﬂh considering. Further work is also needed
on the proportion of observations outside the bounds that constitutes a signal to try to
make the procedure less conservative. Likewise, the smoothing method used is rather
restrictive and may need to be relaxed. Finally, the current FRCC requires the whole
data set to be observed before it can be applied. An interesting alternative would be to

'develop a “real time” version that could be applied sequentially as data arrived.

The Crowder test statistic considered in chapter 3 and onward cannot be used routinely
because of computability problems. The modified version of the Crowder test statistic
overcomes the computability problems. It appears to have reasonable power with just
two failure modes but is very conservative. However, the results of chapter 5 suggest
that it performs less well in the case of g > 2 failure modes, especially when not all of
the failure modes are dependent. It may be that the contingency table structure to the
data will enable intermediate dependence structures (e.g. one failure mode independent
of two dependent failureAmodes, two failure modes conditionally independent given a
third) to be dealt with in a natural Way. This is a potentially interesting area for future

research.
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Appendix A:

A.1 Proof of Proposition 2.1:

n;

First note that the empirical failure rate, ﬁk =— , takes only rational numbers:
) "
ﬁk = n_i K
M 0 1 2 3 4 n-1 n
1 0 1
2 0 ) 1
3 0 A % 1
n; 4 0 iz % i 1
n-1 O | Yoo | Koo | oo | Jon | -+ | 1
n 0 A 7 7 v e O

. ~ o -~ .
N-N;=N-Njy-N, e Nea=Ny —Ny
N
N

Partition of failure times

Consider H,. Clearly }Zl =n—i =2 hence nH, ~ Binomial(n,p,); p, =P =1).
n

1

Now, consider H, for k£ >1.
We can find the marginal distribution of H, via the trinomial distribution.
Let p,=P(K =k), p,=P(K 2k +1)and 1-p, —p, =P(K <k -1).

Then (N,,N;,,) ~ Trinomial(n, p;, p,); Ny =N+ N, +....

Thus,

_ + _ - ne Tngy n-nj,-n
PN, =n,N,/,=n,)= " B 'pl Py (-p - py) T,
(n-ngy-n)in tng,!

— + +  _ "
where n, =0,1,2,..,n-n.,, , n,,,=0,1,2,.,nandn, +n;, <n
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~ n
— k +_ + . _ + R
Now, let 4, = —andn, =n, +n.,,;n, =0,1,..,n—-n/,,andn;, =0,1,.,n

~ ~ ~ n
— + + — + + ., _ + + _ k
=>n, =hn; andn;, =n;-hn ;n =01,..,n,n =0]1,.,7nand 0<h, = <1.
k

n!
(n=n)) i) = hyni)!
where 0< A, =2<1, n, =0,1,2,..,n] , n; =1,2,3,..,n and
n;
> is taken over all the equivalent fractions of n, /n; .

hinf

PH, =h ,N;=n})=) et p iRt (1 p

Now, we can obtain the probability function of H, , but we must be careful to avoid the
situation in which N, =0. This can be done by conditioningon N} > 0.
Now, N/ =N, +N,,, +...,s0if N; =0,then N, =0.

Note that N/ ~ Binomial (n,p, + p,) . Therefore

n -k + B n
P(N; =k)=[kj(p1+p2)k(l—p1—p2)" S PWN,>0=1-(1-p,-p,).
Thus,

n + h}n; n;’
P(H, =h N7 >0)=3 = pz) (”) Pl 2 P; J
1- (1 -p.)" \n{ )\ b n; )\ p, 1-p, - p,

A~ on,
where 0<h, =<1, n, =0,12,..,n;, n; =1,2,3,..,n and
' n
k

Z is taken over all the equivalent fractions of », /n; .

Hence,

n nhl n— nhl 1 —
(- pl) ifk =1
nh1

+ I;kn;' ng
y Lrpop) ("J 6 (&J (—pz J itk >1
1-(1-p,=p,)" \n; h.n; \ P 1-p,—-p,

A n_ )
where 0<h, =<1, n, =0,1,2,..,n , n; =1,2,3,..,n and
n
k

P(H, =h, |N;}>0)=:

b

D" is taken over all the equivalent fractions of n, /n}
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Note that #,n! =n, ,s0 P(H, =h, |N; >0) canbe written as

(njp{" A-p)"™ if k=1
n m
PH,=—%|N;>0)=1 . L ,
" d-p -p)" [ ](n;][ﬂ]k( P, .)k’ k>1
Zl (1-p,—p,)" \n; )\ n, \ p, l1-p,-p, vk
where p, _f (k) =P(K =k), p, =R(k)=P(K > k)

l-p,-p,=F(k -1)=P(K <k -1), n, =0,1,2,...,n; , n; =1,2,3,...,n and
Z is taken over all the equivalent fractions of », /n; .

A.2 Proof of Proposition 2.2:

EH,IN;>0=Y Y 2 p@, =:—‘;|NZ >0)

ni=1n, =0 My k
The distribution of H, |N; >0 is given in Proposition 2.1.

Now, for £ =1, clearly n]'-if1 ~ Binomial(n,p,) = E(H,)=p,. Therefore

EAO)

n ne_ n-n _ = = =
f(1>=P<H1=1>=[n)pl (=p)'™ = p and R(O)=1 = E(H) =p =% o~

For & >1,

- n, n; 2 n », nf
E(Hk|N >O)_1 (1 pl Eln;o”k( J[nkj[pzj (l_pl_pZJ

" 1
p(d-p,-p,) ((l_P1_p2)n lJz »
(1_(1—P1_p2)n)(}71+p2) P tp; |
_ P(X =k) _ P(K=k) _ fk)
" P(K =k)+P(K 2k +1) PK >k-1) R(k-1)

Hence, H, | N, >0 is an unbiased estimator of A (k).




A.3 Proof of Proposition 2.4:

First note that the empirical failure fate, ﬁk = n—i , takes only rational numbers:

n,
AL S , m
oo 0 1 2 3 4 n-1
1 0
2 0 %
3 0 . %
n; 4 0 Ya % Z
n-1 0 Joy | Koy | oy | M
n 0 y A A yA (n—% _

The range of failure times can be partitioned as the following:

k=1 1<k <k,-1 k=k,-1
o oo TS| —— — s
N] Nz N;. N_NI: Nk Nk+ N;" N—N,: Nk N;‘
e
_— ——
N} NY
N ~ ¥

First, we will find the probability function of the EFR for the case of # =1.
Let p,=P(K =1), p,=P(K 2k,)and 1-p,—p, =P(1<K <k.), where k. >1.

Then (N ,,N [ ) ~Trinomial(n,p,,p,) so that

. +
n=ny =i,

ng,
n!p'p," (-p,—p,)
n'n (n—n,—n.)!

P(N, =n1,N; =n; )=

where n, +n; <n.

~ n ~ n,. ~ ~
Now, leth, =— and h, =—"; n, =n, = n =nh and n, =n; h,_, where
n . ‘ )
~ nl
0<h =—-1<land n =0,1,2,.,n-1.
n

Note that n; =n,_ since there are no censored observations.
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Thus,
nk, ni Ry, n—nhy-nj,hy,
PG, =hH, =5, )="20 P2 (=P, =P) .
TR R ) Nnt ) =k, —n] k)
Now, };k. :n%’ so n; H, ~ Binomial(n,p,), where p,=P(K 2k,).

ng,

+ 7 _nt
Jpz"k.hk‘ (1 _pz)" ”/uhlmL

n n!p "l?.(l_p )”‘";‘ .
=>PH, =)= 2 2 =1-(1- .
(H, ) n;} ni Wn—n’)! (I1-p,)
< n!pznk‘(l—pz)"—nk‘ =1_(1_p )n
2) -

Thus, P(K . =k.) =)

+ o
ny, =1

n. W(n—n;)!

Hence,
1 n);l ((1 _ )n—nﬁl _ (1 _ _ )n—nl;l)
=n'p1 pl pl p2 1fk=1

P(H, =h|K,, =k. - — -
‘ (nh))(n —nk,) (1= (1~ p,)")

where Osﬁl =" <1and n =0,12,..,n-1.
n

Nexf, we will find the probability function of the EFR for the case of 1<k <k, -1.
Let p,=P(K =k), p, =P(K 2k.)and p,=P(k <K <k,), where k, >1.

Then (N, ,N,,,N /)~ Multinomial (n,p,,p,,p,) so that
y= Mol Py 3 Ampi—py mp) T
n tn; ng W n—n, —n,, —n;)! ’

.
=Ny,

P(N,=n,,N,,=n,,N/

where n, +n,, +n; <n.

~ n, ~ nk
_ k + _ ., +
Now, leth, =—~ , n. =n, +n,, +n, and h,_ = M Sy,
. ke

n,
o+ T et ot ot o+
=>n, =n;h, n, =n;-nh —n, h,_andn, =n;h,

n
k + _ _ +
—<1,n;=L2,.,n,n, =0,1,2,...,n/ -1,

where 0< 4, =
Ry

N n '
_ ke + . +
h, =—-=landn, =n, =12,.,n —n,.

Note that n; =n,_ since there are no censored observations.
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So,

. nihy M ”k -ni by —ni Ry (1 _ )n—n[
P(H, =hy N{ =n! H, =h,)="PI" P2 PaT Py
(nkhk)!(nk. k.)!(nk_ k k_"k. k.)!(n_nk)!

Hence, if 1<k <k, -1

ng-nihy n-nj

1 nihy nf —njhy 1— _ _
PH, =h, | Ky =k) =3 2 ((+p3+p2) il +)( P =P, np3)
(nh )l =n B ) (n—n)A-(1-p,)")
where0<ﬁ =2 <1, n, =0,1,2,..,n; -1, nf =1,2,..,n and
ng
> is taken over all the equivalent fractions of n, /n;

Now, we will find the probability function of the EFR for the case of k =k, 1.
Let p,=P(K =k)and p,=P(K 2k.), where k. >1.
Then (N, ,N ) ~Trinomial (n,p,,p,) so that

+
)""'k s

+ n! nh(l—“
P(N,=n, N} =n})= P "’2 ' '
ntng W(n— nk_nk)

where n, +n; <n.
)

A n ~ n,

. — Tk — * . R =nt -

Now, leth, =—- and &, =—; ; mL=n, =n; —n;
n; ng, —n,

+7 A A
=>mn, =n h, and n,_=nh, (1-h,),

A

where 0< A, ——<1 ,n, =L2,.,nand n, =0,1,2,....,n] -1.
ng

Note that n =n,_since there are no censored observations.

So,

nithy ik (1=k) n-njhy —njh,, (1=h, )
D, (1- D) -

~ ~ n!
Py P~
P(H, =h H,_=h )= . .
foTRT R Z(nh)'(nvz A=k ) n—nth, —nih, (1-F,))!

Hence,
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. . 1 nihy nk —njky 1— n—-ng
P(H, =y |K =)= 3 — L U=p=Po) ® ipg g, -,
' (nkh M(n, - khk)»!(n—nk)!(l—(l—pz)A)
where 0 < ﬁk =n—’i<1 , My =O,I,2,...,n;-1 , N, =1,2,..'.,n and
n,

D" is taken over all the equivalent fractions of n, /n;

Therefore,

(n1p(1-p,) ™ —(1=p, —p,)"™)
(nh)(n—-nh)!1-(1 —pz)" )

if £ =1

. ! nlh, + n;—n;hh,t
P(H, =h |K,, =k)=1{> n+ Py (Eps +1?73) “)p: :
(n h ) (n, —n h ) (n —nk)!(l—(l—pz) )

n-n;

if 1<k <k,-1,

Z n !p]"khkp;k_”khk (1 _pl _pz)”"’k

+7 + + + n if k =k'_1
(n h ) (n, —n,h ) (n—n)A-1-p,)")
where n, =0,1,2,..,n; -1, n; =12,..,n and
Z is taken over all the equivalent fractions of n, /n; .
Note that 4, n} =n, ,s0 P(H, =hAk |K .. =k.) canbe written as
np(=p) ™ ~U-pp )™y
n(n—n)i1-(1-p,)") :
1 " nf-n, _ nk —-ny n-ng
P, =" |k, =k)={F EE @2 " mDT TIPS ey g
ny n Mg —n ) n—n)1-(1-p,)")
! ng o ng-ng 1- _ n-ny
P J10 Il /Tt Y ST S
n M, —n ) (n-n)H)(1-(1-p,) )

Wherenk :0,1’2,'“’”;_1 s n; :1,2,...,7[ > Py =P(K =k) s Do =P(K Zk*) s
py=P(k <K <k.), p,=1-p,-p,-p, and

Z is taken over all the equivalent fractions of n, / n; .

A4 Proof of Proposition 2.5:

EH,|K,, =k)= ZZ’” P(H, = | =k.)

=lng =0 1 k
The distribution of H, | K, = k. is given in Proposition 2.4.
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57 to 112 will have the same distributions as tick marks 1 to 56 but for » =100 and the
same will be for n =150 (113-168), n =200 (169-224), n =250 (225-280) and
n =300 (281-336).

Table 5.6: Values of p and A4 associated with each tick mark for n =50.

Tick | G(p) and NB(p,z =0.2,2) P(4)
Mark | X, | X, | X, | X, | U X, | X; | X, |U

1 0.1 | 0.1 | 0.1 | 0.1 | 0.1 1 1 1 1
s 0.1 ] 0.1 ]0.15]0.15] 0.1 1 |1.5] 1.5 [t
3 0.1 [ 0.1 ] 02 | 0.2 §=E 1 2 2 1
4 0.1 { 0.1 |0.25(0.25 Sa= 1 |125]25 ¢
5 0.1 101]03]03]0.1 1 3 3 1
6 0.1 [ 01)04]04]0.1 1 4 4 1
7 0.1 10.15]0.15]0.15|0.15 1.5 [ 1.5 | 1.5 [EiES
8 0.1 [0.15] 0.2 | 0.2 [SGE 1.5, 2 2 [gES
9 0.1 {0.15]0.25 | 0.25 [SEES 2.5 | 2.5 [

1.5 3 3 [
1.5] 4 4 |15
2 2 2 [
2 125125 =
2 3 3 2
2 2

10 | 0.1 |[0.15] 03 | 0.3 [0.15
11 0.1 [0.15] 04 | 0.4 |0.15
12 1 01 | 02 ] 02 | 0.2 |88
13 | 0.1 | 0.2 |]0.25| 0.25 [0S
14 [ 01 ]02]03]03]02
15 1010204 ) 04] 02
16 | 0.1 |0.25]0.25]0.25]0.25

A
A

25125125 =

P [P P [ e R R RN O P ) O O 1) O O e 55 ) O | O [
7
W

17 | 0.1 |0.25| 0.3 | 0.3 [FOE25 251 3 3 S
18 [ 0.1 |025] 04 | 04 |[0.25 25| 4 4 125
19 [ 0.1 ] 03| 03 | 0.3 [S8s 3 3 3 3
20 {01 |03 ][04 0403 3 4 4 |3
21 01 | 04|04 |04 04 4 4 4 | 4

22 10.15/0.15]0.15]0.15]0.15
23 (0.15]0.15] 0.2 | 0.2 [EEE.

1.5 | 25 125

24 10.15|0.15]0.25|0.25]0.15 ES
25 |0.15]0.15] 0.3 | 0.3 R i3] 3 3
26 [0.15/0.15| 04 | 0.4 |0.15 1.5( 4 4 |15
27 [0.15] 02 | 0.2 | 0.2 [N 2 2 2 e
28 [0.15] 0.2 | 0.25 | 0.25 [SO= 2 125125 =
29 10.15] 02 ] 03] 03] 02 2 3 3 2
30 10.15]1 02 ] 04 | 04 | 0.2 2 B 4 | 2

31 10.15]0.25]0.25]0.25] 0.25 2.5 (25|25 g

el Ll e Ll e el e o e e S N S == s
Dhfhfhh|hh|hh |||l || h

32 [0.15]025] 0.3 | 0.3 EE=ES 2.95]--3 3 S
33 10.151025| 04 | 0.4 | 0.25 25| 4 4 |25
34 10.15] 03 | 0.3 | 0.3 FEES 3 3 3 3
35 1015103 104 |04 |03 3 - 4 13
36 {0.15] 04 |04 |04 | 04 4 -+ 4 | 4
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So,

Z (n 1)'P ((1-‘p1)n—n1 —(1—p] _p2)n—nl') if k =1
S (=D -n)A-(1-p)")
L nlpl (s p) T P

E(Hk |Kmax :k*):< r;ﬂ’lkZ:On:(nk —1)'(n;—nk)!(n—n;)!(l—(l_pz)n) ’

n ni-1 ' -n n-nj
Z . n!p™*p (1-p,-p,) _ ifk=k -1
[ =17 =0 g (n, =D'(n/ _~nk)!(” nk)!(l_(l_pz) )

1 n-1 R
1-(1-p,)
.y Py p1p2((1_p2) —(I-p,—P,—P;5)") if 1<k <k.—1,
P +p,tD; (I- (1 Pz) )(p1+p3)(p1+p2 +ps)
(pi+p,  (+p)1-(1-p,)")

wherenk=012 ont -1, nf=1,2,..,n,p, =P =k), P P(K >k.),
=P(k <K <k,)and p,=1-p,-p,-p;.

Hence, H, | X .. = k. is not an unbiased estimator of k(k).
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Cont. Table 5.6: Values of p and A associated with each tick mark for » =50 .

Tick | G(p) and NB(p,z =0.2,2) P(A)

Mark | X, | X, | X, | X, EES X, | X, X, | X, |U
37 {02102 (02|02 e 2 | 2 | 2 | 2 [
38 {02]02]025]/025 e 2 | 2 (25|25 @2
39 102 (02 (03 [03 s 2 | 2 | 3 3 [
40 {02 |02 (0404|102 2 |2 ]| 4] 4|2
41 102 [025]025(025 FEESs 2 | 2.5 | 2.5 | 2.5 &S
42 (02 (025/03 |03 ([025| 2 |25 3 3
43 102 [025] 04 [ 04]025| 2 [25] 4 | 4 |25
44 102103103 ]03]03]| 2] 3 3 3 B
45 10203040403 2| 3 4 | 4|3
46 [ 02 [ 04104 04|04 | 2 | 4| 4| 4|4
47 10.2510.25]025]0.25 R 2.5 | 2.5 [ 2.5 | 2.5 [
48 [025(025] 03 |03 [025|25]25] 3 3 e
49 [025(025] 04 | 04 |025]|25|25] 4 | 4 |25
50 [025] 03 [ 03] 03 [S. 25| 3 3 3 =
51 102503 |04 |04 |03 ]25]| 3 4 | 4 |3
52 1025/04 |04 |04 |04 25| 4 | 4| 4|4
53 103 ]03] 03] 03 js=. 3 3 3 3 [
54 |03 /03|04|04]03] 3 314413
55 103 04|04 |04 |04 | 3 | 4| 4| 4]|4
56 [ 0410404 |04[04]| 4| 4| 4| 4| 4

Figures E.1 and E.2 show that W tends to be very conservative in absolute terms and
relative to the other two tests with exceptions occurring when samples based on

NB (p,z =2) where p is relatively small and on Poisson where 4 =4. The estimated
significances that are a little high occur in particular with failure modes that ware
generated based on sampling from NB (p,z =2) with p =0.1 for X |, p =0.1 for X,
and p =0.1,0.15 for X', with n =200,400,600,900 for data with no censoring and
p=01for X,, p=01 for X,, p=0.1,0.15,02 for X, and p =0.1,0.15,0.2 for X,
with n =100, 200,400,600,900 for data with censoring. In those situations W was

either not computable for all the 1000 simulated samples or not computable for a very
large percentage with very large estimated significance. Also, for all those situations

z» has a large estimated significance but of course far smaller than those of # and

W . The estimated significances for W that are a little high occur also in particular

when the failure modes are generated based on sampling from the Poisson distribution
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Glossary

Terms that apply throughout the thesis:

Reliability

R (k)

f (k)

FR

h(k)

IFR

DFR

SRF

s (k)

MLE

The ability to preserve the quality of performance of a

subject under given conditions for a given period of time.

Reliability Function, the probability that a subject is still

functioning beyond time % .

The probability density (or mass) function.

Failure Rate, the number of failures experienced for a
subject divided by the number of subjects at risk at a given

time.

FR function, the instantaneous rate of a subject failure at a
specific time given that it did not fail before (continuous).
The probability of a subject failure at time k& given that it
did not fail before (discrete). '

Increasing Failure Rate..

Decreasing Failure Rate.

Second Rate of Failure, an alternative definition for the
discrete FR which has some properties in common with a

continuous FR.

SRF function at time k .
Maximum Likelihood Estimator.

The sample size.
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with 1 =4 for X, X, and X, with n =400,600,900 for which the estimated
significance of y; was also a little high. # tends to be conservative in most of the

situations but generally its estimated significance is larger than those of W . The test

based on y; is liberal for most of the simulated samples. Figure 5.1 gives an

illustration of the negative binomial based situations.

I_-—O— Modified Crowder =~ —O— Crowder

100 -

Estimated Significance
D
o

Distribution No.

E4— Modified Crowder —O— Pearson?‘

Estimated Significance

1 57 113 169 225 281

Distribution No.

Figure 5.1: The estimated significances of W compared to W and 2 at the nominal
5% significance level for samples with no censoring from the negative binomial
distribution with parameters p =0.1, 0.15,0.2,0.25,0.3,0.4 and z =2 for sample sizes
50 (plotted on the x-axis 1-56), 100 (57-112), 200 (113-168), 400 (169-224), 600 (225-
280) and 900 (281-336).
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G(p)

NB(p,z)

P(4)

Geometric distribution with parameter p .

Negative Binomial distribution with parameters p and z .

Poisson distribution with parameter A .

Terms that apply in Chapter 2:

ng

»}‘ >

>

=

sk

FRCC

FRCC1

FRCCls

FRCC2

The number of sul;jects failed af time & .

The number of subjects at risk at time & .
Empirical Failure Rate (EFR). | _

Aﬁ exponentially smodthed T/ersion of the EFR.

The highest observed failure time in a sample.

Failure Rate Control Chart, a new tool for detecting

departure from a constant FR.

A FRCC applied to the values of the EFR using the
probability function of H, [N/ >0.

A FRCC applied to the exponentially smoothed version of
the EFR values using the probability function of

H,|N/>0.

‘A FRCC applied to the values of the EFR using the

probability function of H, |K . =k..
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FRCC2s

A FRCC applied to the exponentially smoothed version of

| the EFR values using the probability function of

Hk I Kmax = k* °
Pearson’s chi-square test statistic.

Likelihood ratio test statistic.

Terms that apply in Chapter 3 onward:

Competing risks

Latent failure time

&q,

a,a,,a

u

S (ke)

h,, =h(k,c)

A common situation in reliability and other areas involving

lifetime data in which there is more than one failure mode or

type.
The potential failure time associated with each risk.
The number of risks.

The number of single causes of failure that occur

simultaneously to form a, .

The number of multiple cause of failure.

The cause, mode or type of failure configuration (single or

multiple) unless stated otherwise.

The multiple cause of failure.

The sub-density funcﬁon.

The sub-failure rate funétion_.
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Table 5.7: Summary for the estimated significances for samples with no censoring.

G(p) NB(p,z =0.2) | NB(p,z =2) P(A)
Test Min Min Min Min
<005 | % <0.05 % <0.05 % | <005 | %
Max Max Max Max
0 5l 0 1.2 0 16.2 0 11.9

W | <0.05 96.7| <0.05 | 96.7 | <0.05 | 55.2 | <0.05 | 100
103 | 0.3 6 0.3 100 | 1.4 | 44 | 03
0 86.3 0 13.1 0 66.4 0 [235
W | <005 ]100| <0.05 | 100 | <0.05 | 97.3 | <0.05 | 99.1
04 | 03 0.9 63 | 823 [ 03} 77 | 03
3.8 |03 2.9 0.3 5.1 g3 | 32 .03
7p | <005 | 83 | <005 | 423 | <005 | 0 | <0.05 |14.3
144 | 0.6 1.5 0.3 194 | 03 | 105 | 0.3

Table 5.8: Summary for the estimated significances for samples with censoring.

G(p) NB(p,z =0.2) | NB(p,z =2) P(A)
Tt Min Min Min Min
<0.05 | % <0.05 % <0.05 % | <0.05 | %
Max Max Max Max
0 5.4 0 15 0 05,1 0 11.9

w <0.05 [96.7| <0.05 872 | <0.05 | 443 | <0.05 | 99.7
113 0.3 6.1 03 100 15 5.1 0.3
0 78.9 0 1.5 0 50.6 0 21.1

W | <0.05]100 | <0.05 | 100 | <0.05 | 94.6 | <0.05 | 98.8
0.6 | 0.3 3 0.3 917 083} 108 103
3.7 | 03 3 0.3 3.3 0.3 3.5 0.6

z7 | <0.05 [ 13.1| <005 | 414 | <0.05 | 0.6 | <0.05 | 14
144 | 0.3 6.9 0.9 20.5 | 03 | 108 | 0.3
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The number of subjects failed from cause ¢ at time & .

The number of subjects censored or removed at time & .

The overall number subjects failed at time £ .

- The number of subjects at risk at time % .

The nonparametric MLE for the sub-failure rate function

h,, .

The nonparametric MLE for the marginal failure rate

function A(k).

The sub-conditional odds function.

| The noﬁparametric MLE for the sub-conditional odds

function #,_ .

Crowder’s test statistic.

A modified version of Crowder’s test statistic.

Yates’ chi-square test statistic.

Fisher’s exact test.
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100

1 57 133 169 225 281
Distribution No.

NB (p,z =0.2)
100
80
60
= 40
20
0
1 57 113 169 225 281
Distribution No.
NB(p,z =2)
100
80 -
60 -
=40 |
20 -
0
1 57 113 169 225 281
Distribution No.
P(4)

225 281

169
Distribution No.

Figure 5.2: The percentages of samples with no censoring for which W is not
computable for sample sizes 50 (1-56), ... and 900 (281-336).
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80
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20

%
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Figure 5.3: The percentages of samples with censoring for which # is not computable
for sample sizes 50 (1-56), ... and 900 (281-336).
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139




Estimated Power

1 57 113 169 225 281
Distribution No.

NB(p,z =0.2)
100
S 80
(o]
o 60
3
M 40
M 20
0
1 57 118 169 225 281
Distribution No.
NB(p,z =2)
100 7 - — _
o )
m 80 - - . o - 3 . 2
o 60 4 - . i _ o
o} 1
£ 40 4 = ) ) ‘ __ d Y 4} _ _
= .
wm NM W == m & | g4 T 9 I :
1 57 593 169 225 281
Distribution No.
P(4)
100
5 80 It
: 7t}
o 60 * * { <
b = |
2 40 *
» L2 yc $ &
W ® ®
1 57 113 169 225 281

Distribution No.

Figure 5.5: The estimated power of # at a nominal 5% significance level for samples
with censoring and two dependent risks for » =50 (plotted on the x-axis 1-56), 100 (57-
112), 200 (113-168), 400 (169-224), 600 (225-280) and 900 (281-336).

140




G(p)

100
80 -
60 -
40 -
20 |

oz

1 57 113 U_mmvmmao: No. 225 281

Estimated Power

NB (p,z =0.2)

100
80 -
60
40
20

Estimated Power

1 57 113 169 225 281

Distribution No.

NB(p,z =2)

100
80 FC

Estimated Power
S
o

20 L 2

0 e NN b

1 57 1138 169 285 281
Distribution No.

P(A)

100

80 ry &1

40 i
20 1#3

—
a
v

Estimated Power

1 57 113 169 225 281

Distribution No.

Figure 5.6: The estimated power of W at a nominal 5% significance level for samples
with no censoring and all the risks are dependent for » = 50 (plotted on the x-axis 1-56),
100 (57-112), 200 (113-168), 400 (169-224), 600 (225-280) and 900 (281-336).

141




G(p)

100

(o]
(&)

Estimated Power
N S (o)}
S o o

0 o
1 57 113 Distfution No. 225 281
NB(p,z =0.2)
100
g 80
(o]
o 60
3
é 40
45 20
i
0
1 57 113 169 225 281
Distribution No.
NB(p,z =2)
100
g 80 -
[e]
o 60
8
é 40 -
E 20
0
) 57 113 169 225 281
Distribution No.
P(4)
100 h
S g0
3
ch) 60 t' & 1
3
= 20
a2 4
0
1 57 113 169 225 281
Distribution No.

Figure 5.7: The estimated power of ¥ at a nominal 5% significance level for samples
with censoring and all the risks are dependent for » =50 (plotted on the x-axis 1-56),
100 (57-112), 200 (113-168), 400 (169-224), 600 (225-280) and 900 (281-336).

142




Appendix B:

Plots for the probability function of H, =n, /n; |N; >0 where u=E (H, |[N; >0)

and o =STD(H, |N; >0).
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P(H, =n, [n] |N,; >0) for the geometric(0.25) distribution with n=50
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P(H, =n, /n; | N, >0) for the negative binomial (0.25,0.2) distribution with n=15
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P(H, =n, / n, |N, >0) for the negative binomial (0.25,0.2) distribution with n=50
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P(H, =n, /n] |N; >0) for the negative binomial (0.25,2) distribution with n=15
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P(H, =n, / n; |N/ >0) for the negative binomial (0.25,2) distribution with n=50
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P(H, =n, /n} |N; >0) for Poisson (2) distribution with n=15
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P(H, =n, / n; |N; >0) for Poisson (2) distribution with n=50
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Appendix C:

Plots for the probability function of #, =n, /n; | K, =k. Where
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Figure D.1: Plots representation for the estimated significance for samples with no

censoring at the nominal 5% significance level.
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Appendix E

Figure E.1: Plots representation for the estimated power for samples with no censoring

at the nominal 5% significance level.
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Figure E.2: Plots representation for the percentage of samples with no censoring for
which W is not computable in Figure E.1.
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Figure E.3: Plots representation for the estimated power for samples with censoring at

the nominal 5% significance level.
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Figure E.4: Plots representation for the percentage of samples with censoring for which
W is not computable in Figure E.3.
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Figure F.1: Plots representation for the estimated significance for samples with no

censoring at the nominal 5% significance level.
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Figure F.2: Plots representation for the estimated significance for samples with
censoring at the nominal 5% significance level.
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Appendix G

Figure G.1: Plots representation for the estimated power for samples with no censoring
and two dependent risks at the nominal 5% significance level.
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Figure G.2: Plots representation for the percentage of samples for which W is not
computable in Figure G.1.
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Figure G.3: Plots representation for the estimated power for samples with censoring and

two dependent risks at the nominal 5% significance level.
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Figure G.4: Plots representation for the percentage of samples for which W is not
computable in Figure G.3.
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Figure G.5: Plots representation for the estimated power for samples with no censoring
and all the risks are dependent at the nominal 5% significance level.
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Figure G.6: Plots representation for the percentage of samples for which ' is not
computable in Figure G.5.
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Figure G.7: Plots representation for the estimated power for samples with censoring and
all the risks are dependent at the nominal 5% significance level.
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Figure G.8: Plots representation for the percentage of samples for which W is not
computable in Figure G.7.
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