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A detailed overview of the HEART code is given. This code models radiative transfer
of any photon distribution in a plasma of any geometry containing any electron
distribution, where the photon and electron distributions evolve simultaneously. All
relevant physical processes are included, and applications include modelling the inner
regions of X-ray binaries and AGN.

An investigation into the capabilities and accuracy of HEART forms the major part
of this thesis. HEART is tested for a simple case of a spherical electron plasma where
only Compton scattering is modelled and the evolution of the electron distribution
is disabled. Tests are done by comparing the output spectra from HEART to the
XSPEC model compTT, as well as by using HEART to fit observational data from
Cyg X-l. Several additions to the code are also included, some of which are used in
the testing process.

A limited range of parameters is found to be modelled accurately, and an in-
vestigation is included into extending the valid parameter range by including an
anisotropic treatment of Compton scattering. HEART is, however, also found to
be computer intensive, making it unsuitable for routine spectral fitting. The focus
is therefore moved to the capability of HEART for modelling dynamic situations,
which is a potential strength of HEART, and may determine whether improvements
to the spectral fitting of HEART are worthwhile.

Although the framework of HEART allows for dynamic modelling, several mod-
ifications are required to implement it. These modifications are implemented and
tested by modelling two distinct dynamic situations: a state transition in an X-ray
binary and an X-ray burst on the surface of a neutron star. HEART is found to
be capable of varying the steady-state parameters from one steady-state to another,
but it is not capable of modelling electron heating, reprocessing and energy balance,
and it is restricted to modelling very short physical timescales.

The limitations discussed above, combined with further technical limitations dis-
cussed in this thesis, lead to the conclusion that HEART is not suitable for further
use without complete restructuring.
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Chapter 1

Introduction

1.1 X-ray Binaries

X-ray binaries are binary systems where one of the objects is a compact object (a

neutron star or black hole candidate) and the other is a donor star. These are called

the primary and the secondary respectively. As the name suggests, X-ray binaries

emit radiation in the X-rays and their X-ray spectra are much studied, but they also

emit broadband radiation, including UV, optical and sometimes extending down to

radio emission.

The geometry of X-ray binaries and the mechanisms behind their emission are not

fully understood. Understanding the physics of X-ray binaries is important as black

. hole X-ray binaries (BHXBs)l provide a laboratory for probing general relativity in

strong gravitational fields. Understanding the physics of BHXBs may also improve

our-understanding of supermassive black holes and active galactic nuclei (AGN). The

supermassive black holes in AGN are expected to behave similarly to the galactic

stellar mass black holes in X-ray binaries (see section 1.4). X-ray binaries also play

a part in both stellar evolution and the evolution of binary systems.

X-ray binaries are classified into two types: low mass and high mass X-ray
1 BHXBs is used here to refer to X-ray binaries where the compact object is a black hole candidate.

This classification is usually made when the mass of the compact object is greater than 3M© or the
behaviour of the binary is similar to that of other BHXBs.
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binaries (LMXBs and HMXBs respectively). In LMXBs, for example Aql X-l, the

secondary is less massive (< IMQ) and provides matter for the accretion on to the

compact object by overflowing its Roche lobe. HMXBs, for example Cygnus X-l

(Cyg X-l), include a more massive secondary, usually a massive O/B star (> 1OM0),

and accretion occurs through the stellar wind of the secondary. The properties of

the region near the compact object is similar in both cases, however. An accretion

disc forms around the compact object in both LMXBs and HMXBs, which heats

due to frictional dissipation of gravitational energy, and releases soft X-rays. Some

of these soft X-rays are upscattered to hard X-rays and gamma rays, forming typical

spectra which are discussed below.

BHXBs are observed in two main states which are classified according to their

X-ray spectra: the low hard state (LHS) and the high soft state (HSS). Typical LHS

and HSS X-ray spectra are shown in figure 1.1. Several other states are defined

in the literature, sometimes with contradictory definitions, but three other states

are generally accepted: the quiescent state, the very high state (VHS) and the

intermediate state (IS). Definitions vary somewhat, and those given here are based

on the review by McClintock & Remillard (2004).

The LHS X-ray spectrum is dominated by a power-law component with spectral

index 1.5 < F < 2.1 and a high energy cut-off at > 100 — 200 keV. Sometimes a

weak, soft blackbody component is also observed which is probably blackbody emis-

sion from the accretion disc (at < 0.1 keV)., Several mechanisms for producing the

dominant power-law component have been suggested, but inverse Compton scatter-

ing of the disc photons by thermal electrons, referred to here as Comptonisation, is

most widely used. This explains the high energy cut-off at ~ 3kTe where k is the

Boltzmann constant and Te is the electron temperature. An additional reflection

component has also been observed in the LHS, especially in systems viewed close to

face on (DiSalvo et al., 2001). This component probably consists of Comptonised

photons which have been reflected and reprocessed in the accretion disc, and is

discussed further in section 3.1. Another distinguishing feature of the LHS is the
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Figure 1.1: Typical spectra of Cyg X-l in the low hard state (a) and the high
soft state (b) (taken from Zdziarski & Gierliiiski 2004). The solid black line
shows the overall spectrum, the green dashed line is the blackbody spectrum
from the disc and the blue shorter dashed line is the Comptonised radiation by
thermal electrons in (a) and nonthermal electrons of a hybrid distribution in (b).
Two additional components are included here. The red dotted line is reflection
from the disc, which is discussed further in section 3.1, as well as the Fe Ka
fluorescence. The cyan dot-dashed line shows an additional soft excess, probably
due to Compton scattering in a region physically distinct to the thermal plasma
in (a) and Compton scattered photons by the thermal part of a hybrid electron
distribution in (b).
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presence of persistent radio jets (Fender, 2001; Fender et al., 2004).

The X-ray spectrum of the HSS is dominated by a soft blackbody at ~ 0.7-

1.5 keV, probably from an accretion disc. This is well described by the thin disc

model by Shakura & Sunyaev (1973). We also observe a high energy power-law tail

with spectral index F > 2 and no observed high-energy cut-off, which is probably

caused by Comptonised disc photons scattered by a hybrid electron distribution. A

reflection component is again observed, and any radio jets are quenched when the

HSS is entered (Fender et al., 1999, 2004).

The quiescent state is very similar to the LHS, but at a much lower luminosity.

This is the state in which most BHXBs spend most of their time (McClintock &

Remillard, 2004).

The VHS is defined similarly to the HSS, but with a very steep power-law F > 2.4

and quasi-periodic oscillations (QPOs) present in the X-rays (0.1-30 Hz). Alterna-

tively, if there are no QPOs, the spectrum is still classified as being in the VHS if

the power-law contributes more than 50% of the total flux.

For the purposes of discussing jets in the VHS, following the discussion of Fender

et al.'(2004), it is useful to further classify the VHS into the 'hard' VHS and the

'soft' VHS. If the VHS occurs between a transition from the LHS to the HSS, then

the transition is from the LHS to the 'hard' VHS, to the 'soft' VHS, and finally to the

HSS. In the 'hard' VHS the persistent jet of the LHS continues to exist, but as the

'hard' VHS becomes the 'soft' VHS, possibly at the peak luminosity^ a relativistic

jet is emitted, creating a shock region as it collides with the persistent and slower jet

of the LHS. An optically thin radio flare is observed, and if this transition is made

multiple times without transition to the quiescent state, such as in GRS 1915+105,

multiple radio flares are observed. When the source reaches the 'soft' VHS followed

by the HSS the jet is quenched as noted above.

The IS is associated with transitions between the quiescent state, LHS, HSS

and VHS and the X-ray spectrum consists of combinations of the characteristic

components described above. For example a strong soft blackbody component may
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be combined with a significant hard component. Transitions are observed at a range

of different luminosities which has given rise to different classifications within the

intermediate states. Zdziarski & Gierliriski (2004) define the IS spectrum as a high

energy tail originating close to the peak of the blackbody component. The IS and

VHS are treated as one with respect to their jet properties in Fender et al. (2004).

m

Very High State

High State

0.09

Intermediate State

Low State

0.5

0.08

0.01

Quiescent State

Figure 1.2: Possible geometries of the disc and corona in the 5 different states
(figure taken from Esin et al. 1997). The solid lines represent a thin disc and
the dots represent an ADAF,' with denser dots representing a denser ADAF. As
mass accretion rate (m) increases, the ADAF becomes more radiatively efficient
and therefore more luminous (a transition from the quiescent state to the LHS).
The thin disc starts to extend further inwards at a critical mass accretion rate
(the IS). As the mass accretion rate increases further, the HSS is reached and
the disc extends down to the innermost stable orbit and the ADAF becomes
a weak corona above it. The VHS is similar to the HSS, but with a stronger
corona.

Several geometries of the inner regions of BHXBs have been suggested and mod-
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elled to explain the different states. The HSS is modelled well by an optically thick,

geometrically thin disc (Shakura & Sunyaev, 1973), but the LHS is more challenging

to model. Haardt & Maraschi (1993) model two plane-parallel slabs: one cold, ther-

mal layer emitting blackbody seed photons and one optically thin, hot slab where the

seed photons are Comptonised. Alternatively, Poutanen k, Svensson (1996) model

a thin blackbody disc with a Comptonising plasma of hemispherical, cylindrical or

pillbox shape above it. They also discuss the possibility of modelling several smaller

plasma regions in the form of active regions. These and other such models are

discussed in more detail in section 1.5.

Narayan k, Yi (1994, 1995) develop a model of advection-dominated accretion

flow (ADAF) which is first applied to the quiescent state only (Narayan et al.,

1996), but is later extended and applied to several sources in different states. It is,

for example, used to explain all the five states except the VHS in an outburst of the

soft X-ray transient Nova Muscae 1991 (Esin et al., 1997), as well as the LHS and

IS of Cyg X-l, a transition from the quiescent state to the LHS in GRO J0422+32

and the LHS, HSS and VHS in GRO J1719-24 (Esin et al., 1997).

The geometries suggested for the five different states are shown in figure 1.2 (Esin

et al., 1997). The quiescent state occurs at low mass accretion rates and is explained

by a thin disc (Shakura & Sunyaev, 1973) with an inner radius far from the compact

object, contributing almost negligibly to the spectrum. An ADAF exists between

the thin disc and the compact object. The low mass accretion rate causes a low

gas density in the ADAF, and hence inefficient cooling by bremsstrahlung. Thus

most of the energy in the ADAF is stored as kinetic energy and accreted into the

black hole rather than being radiated away, explaining the low luminosities of the

quiescent state.

At higher mass accretion rates the ADAF becomes more radiatively efficient

and therefore more luminous, while the geometry remains fairly unchanged. This

corresponds to the LHS. As the mass accretion rate increases further, beyond a

critical rate, the disc starts to extend closer to the compact object and the ADAF

6
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shrinks. This process occurs during the IS. The HSS is associated with a high mass

accretion rate, where the thin disc extends to the innermost stable circular orbit

(ISCO) and the ADAF turns into a weak corona above the disc. The VHS consists

of the same thin disc as the HSS (extending to the ISCO), but with a more dominant

corona, though this state is not as well described by the ADAF model.

The main mechanism for upscattering disc photons to higher energies in all the

models discussed above is inverse Compton scattering in a hot, thermal electron

gas, but other possibilities have been suggested. The synchrotron model by Markoff

et al. (2001) uses jet emission to describe the broadband spectrum in the LHS.

Synchrotron radiation dominates all wavebands, though inverse Compton scattering

may contribute towards the X-ray emission. The radio emission originates in the

extended jet, as is the case in Comptonisation models, but the X-ray emission is

dominated by optically thin synchrotron emission from the base of the jet. The

high-energy cut-off is determined by cooling losses. Other models, in addition to

those described here, are discussed in more detail in the review by Done et al.

(2007). ;

1.2 Variability

In addition to spectral information there is a wealth of temporal information avail-

able for BHXBs, as they vary both on very short timescales (down to less than a

millisecond, see van der Klis (2004) for a review) as well as longer timescales (~

years). Evolution between the states described above is an example of long term

variability, and although we have models which describe each individual state well

(as described above, see also section 1.5) the process which initiates these changes

is not well understood.

The typical evolution of BHXB outbursts through the different states is illus-

trated well on a hardness-intensity diagram, for example in Fender et al. (2004)

where the simultaneous jet evolution is also indicated. A schematic of the typical

shape of such a plot is shown in figure 1.3 (Kording et al., 2006). The y-axis repre-
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Jet quenched -*~i

IMS = Intermediate State

Hardness

Figure 1.3: A schematic of the evolution of X-ray binaries during a typical
outburst in a hardness-intensity diagram. This figure is taken from Kording
et al. (2006). A BHXB usually follows the arrows on the diagram during an
outburst, but sometimes diverges on the additional paths shown. For example
GRS 1915+105 often circles the top left hand corner.
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State
LHS
HSS
VHS/IS
quiescent state

General features
flat-topped BLN
weak power-law noise
components from the LHS and HSS
similar to LHS

Special features
low characteristic v\>
n/a
strong 3-12 Hz QPOs
smaller characteristic v^

Table 1.1: An overview of the alternate definitions of X-ray binary states based
on timing properties rather than spectral properties. Here Vb refers to the break
frequency, see the text for more details.

sents the bolometric X-ray luminosity, for example the count rate, while the x-axis

represents the hardness ratio, a measure of how dominant the power-law component

is over the blackbody bump, for example (6.3-10.5 keV count rate)/(3.8-6.3 keV

count rate). The radio luminosity is also indicated in figure 1.3 in terms of when a

jet is usually observed. All BHXBs seem to follow similar patterns on the hardness-

intensity diagram as they evolve between states, so any consistent model of BHXBs

must explain the evolution along this path on the hardness-intensity diagram as well

as the presence or not, as appropriate, of a jet. In other words, it is insufficient to

model the spectra of BHXBs, their spectral evolution in time must also be modelled.

Short term variability in BHXBs is characteristic of the different states described

in section 1.1 and can be used to make alternative definitions of these states, as was

partially done in the definition of the VHS above by using QPOs. An overview is

given in table 1.1. Following the definitions given in van der Klis (2004) we observe

strong (up to ~ 50%) flat-topped band-limited noise (BLN) with a low characteristic

break frequency (typically i/j, ~ 0.01 Hz) in the LHS (i.e. the power density, Pu, is

approximately constant below Ub and then becomes a power-law), whereas the HSS

shows weak (< 3%) power-law noise (the power density is a power-law, Pv oc i/~a,

where 0 < a < 2). As mentioned above we observe strong 3-12 Hz QPOs in the VHS,

but there are also similar components to those in the LHS and HSS. Weaker BLN

than in the LHS which also extends to higher frequencies (up to ~ 10 Hz) is observed,

and there is stronger power-law noise than in the HSS with rapid transitions between

these components. The quiescent state is similar to the LHS but with a smaller Ub,
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sometimes as low as ~ O.OOOlHz, and the IS is similar to the VHS. (This is a very

brief and by no means complete listing of short term X-ray variability in X-ray

binaries. See van der Klis (2004) for a review.)

As with spectral observations, several models have been developed to explain

the variability in the different states. Spectral and temporal information should be

combined in future models to increase our overall understanding of X-ray binaries

by combining all the available information. A complete model must, as noted above,

describe both the spectral and temporal aspects of X-ray binaries. This is carried

out in the review by Done et al. (2007), where an extended ADAF model is used

to explain the spectra, state changes and variability in both black hole and neutron

star X-ray binaries.

1.3 Neutron star X-ray binaries

I have mostly discussed BHXBs above, but extensive spectral and temporal studies

have also been carried out on X-ray binaries where the compact object is a neutron

star, and different types and states are classified. I do not go into detail here, see

van der Klis (2004) for a review. The main difference between neutron stars and

black holes is that neutron stars have a surface whereas black holes have an event

horizon. Because of this, the occurrence of X-ray bursts is one way of classifying a

compact object as a neutron star, though the lack of X-ray bursts is not a sufficient

indicator of a black hole. X-ray bursts occur when accretion of matter from the

donor star builds up enough pressure on the neutron star surface for nuclear fusion

of hydrogen and helium into heavier nuclei. This is an explosive event, and its energy

is finally emitted as X-rays from the neutron star surface (Lewin et al., 1993), usually

lasting of the order of seconds to minutes.

Overall, however, the behaviour of neutron star X-ray binaries is very similar

to that of BHXBs, so much so that it can be difficult to distinguish between them.

Some types and states of neutron star X-ray binaries have been associated with

different states of BHXBs with mass accretion rate being the determining factor of

10



Chapter 1 • Introduction

the state, though possibly scaled by mass in some way (van der Klis, 1994).

Both the neutron star surface and the black hole event horizon are at a distance of

the same order from the compact object, thus the regions I have described here, i.e.

the accretion disc-and corona, are probably the same for all X-ray binaries. Models

describing accretion in BHXBs are also applied to neutron star X-ray binaries. The

ADAF model (Narayan & Yi, 1995), for example, considers accretion near neutron

stars as well as black holes, though the lack of an event horizon in neutron stars

through which kinetic energy can be 'lost' poses somewhat of a problem.- This

energy must be released at some point, possibly after accreting onto the surface of
1 the neutron star.

Done & Gierliflski (2003) compare state transitions in both BHXBs and neutron

star X-ray binaries and find that the same physical processes describe both, but

with the difference in geometry taken into account. Seed photons are provided by

the surface of the neutron star as well as the accretion disc, and the boundary layer

is included. A boundary layer exists between the accretion disc and the surface of

neutron stars where the difference between the angular momentum of the inner disc

and that of the surface of the neutron star is radiated away to allow accretion onto

the neutron star. In black holes this angular momentum disappears through the

event horizon. In general, with a possible modification of the geometry, accretion

disc/corona models can be applied both to BHXBs and neutron star X-ray binaries.

1.4 Supermassive black holes

I have only discussed stellar mass black holes above, but supermassive black holes

also exist at the centres of galaxies. If a significant amount of matter accretes onto

the central black hole., radiating as it does so, then we call these systems active

galactic nuclei (AGN). The dissipation of gravitational energy near supermassive

black holes is in some cases so great that the optical radiation from the nucleus

outshines the stars in the parent galaxy by more than a factor of 1000 (Longair,

2004).

11
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The same physical processes and geometries that describe black hole X-ray bi-

naries (BHXBs) are thought to apply to AGN, with a mass scaling factor. Black

holes are, after all, fairly simple objects, in that they are fully described by only two

parameters: mass and spin. Black holes can also have charge, but this is quickly

neutralised by accretion of oppositely charged material. This is due to the electro-

magnetic force being much stronger than the gravitational force. Several models

have been successfully applied both to X-ray binaries and AGN, for example the

ADAF model described above has been applied to several X-ray binaries as well as

Sgr A* (Narayan et al., i995) and the nucleus of NGC 4649 (an elliptical galaxy)

(Quataert & Narayan, 1999). Also Haardt & Matt (1993) (an extension of Haardt

(1993), see section 1.5) discuss the implications of their model on the X-ray polar-

isation of both X-ray binaries and AGN. Due to the longer evolution time-scales

and greater distances to AGN they are more difficult to observe, but if they behave

as stellar mass black holes, then BHXBs provide a convenient testing ground for

theories relating to AGN.

Several comparisons have been made between BHXBs and AGN to justify that

AGN are scaled-up versions of BHXBs. State transitions have not been observed

in AGN, but if time-scales scale linearly with mass, then state transitions in AGN

would take ~ millions of years and so cannot be observed on human-accessible

timescales. It is possible, however, that different classifications of AGN correspond

to AGN in different states similar to those described above for BHXBs. For example

Ho (2005) compares the ADAF model for LHS BHXBs to low-luminosity AGN in

nearby galaxies, Pounds et al. (1995) discuss the similarity between the narrow-line

Seyfert galaxy RE 1034+39 and the HSS of galactic BHXBs and Maccarone et al.

(2003) further compare radio-quiet AGN to HSS X-ray binaries, to name but a few.

The hardness-intensity diagrams described in section 1.2 can also be gener-

alised to include AGN by plotting Lp + LPL against LPL/{L£> + LPL), a disc frac-

tion/luminosity diagram (DFLD) (Kording et al., 2006). Such a diagram is shown

in figure 1.4. Here LD is the disc luminosity (soft X-ray luminosity for BHXBs and

12
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Figure 1.4: A disc fraction/luminosity diagram taken from Jester et al. (2006).
The contours represent the average radio loudness' of the quasars in this sample,
see Jester et al. (2006) for more details.

UV luminosity for AGN) and Lpi is the luminosity of the power-law component

(hard X-ray luminosity for BHXBs and X-ray luminosity for AGN). If the luminos-

ity of both these components scales similarly with mass then there is no dependence

on mass in a DFLD. Thus instead of plotting the evolution in time of individual

sources, as in the hardness-intensity diagrams, a large sample of sources in different

states is plotted. The authors find good agreement between the DFLD of a large

sample of AGN and of a simulation of BHXBs, strengthening the theory that AGN

are upscaled versions of the black holes in galactic BHXBs.

Yet another indicator of the similarities between BHXBs and AGN is the funda-

mental plane of black hole activity (Merloni et al., 2003; Falcke et al., 2004; Kording

et al., 2006). The X-ray luminosity, Lx, radio luminosity, LR, and black hole mass

are correlated and create a fundamental plane when plotted. This correlation ex-

tends from supermassive black holes in AGN to stellar mass black holes.

Also the variability of BHXBs and AGN show similar characteristics. The break

13
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frequency discussed in section 1.2 is also observed in AGN, and McHardy et al.

(2006) find a relationship between the break frequency, the mass of the black hole

and the mass accretion rate which is valid both for AGN and BHXBs.

Models developed to describe X-ray binaries can therefore also be applied to AGN

and vice versa. Similarly to neutron stars, however, an adjustment in geometry may

be necessary. An accretion disc wind, expected from the colder discs in AGN, may

make a significant difference to AGN spectra (Done & Gierliriski, 2005).

1.5 Other codes

I have given a qualitative introduction to the current models describing the geome-

tries and processes of X-ray binaries and AGN. above, but much quantitative work

has led to the development of these ideas. For example, the spectral shape created

by multiple Compton scattering events of soft photons in a thermal electron plasma

is used frequently above, but is not trivial to calculate. More such modelling is

required to develop the current models further and find observable signatures to dis-

tinguish between them. I present such a model in this thesis, and here I give a short

introduction to existing models, using both analytic approaches and Monte Carlo

simulations, which are devoted to modelling the physical processes which dominate

the spectra from X-ray binaries and AGN. A summary is given in table 1.2.

Ah early analytic approach to predicting the Comptonised spectrum of soft seed

photons propagating through a hot plasma is presented in Sunyaev & Titarchuk

(1980), where they split the problem into two. First they consider an instantaneous

flash of photons occurring at the centre of a source at time t = 0. The luminosity

of the flare is described by the delta function S(t). By solving the photon diffusion

problem in the source they obtain P(t), the distribution of photons over their es-

cape times. Secondly they solve the stationary Kompaneets equation in an infinite,

homogeneous medium of non-relativistic, thermal electrons to obtain the Compton

scattered spectrum, I(u,t), at time t, given an initial spectrum Io(u,t = 0), where

v is frequency. By combining these two results, ^ = I(u,t)P(t), they obtain the

• ' . • • • . 1 4
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Model
Sunyaev & Titarchuk (1980)
Pozdnyakov et al. (1983)
Titarchuk (1994); Hua & Titarchuk
(1995) ,
Zdziarski (1985) :

Skibo & Dermer (1995)
Haardt•.& Maraschi (1991); Haardt
(1993); Haardt & Maraschi (1993)
Poutanen & Svensson (1996)
Coppi (1992)
Stern et al. (1995a)

Method
A

. A/MC
A . •

A
MC
A/MC

A .
A :

LPMC

Processes
c
c
c

c,b,s,p
c,b,p
c,p,r

c,b,p,r
c,b,s,p,r,t
c,b,s,p,r,t

Validity
r » l , O < 0 . 2
r > 2
r > 0 . 2 , 6 < 0 . 3

l,4<r<2.5

r < l

r<0.7 .

Table. 1.2:.' A summary of the radiative transfer models discussed here. The
symbols used are as follows: A = analytic, MC = Monte-Carlo, LPMC = large
particle Monte Carlo, c = Compton scattering, b = bremsstrahlung, s = syn-
chrotron radiation, p = treatment of pairs, r = reprocessing, t = treatment of
evolution in time. Validity ranges are given where they are available in the liter-
ature, either through comparisons to other models or by specific approximations
used in a model. More general limitations apply to other models, for example
Coppi (1992) uses escape probabilities, and Stern et al. (1995a) is limited by
run-times. More details are given in the text.

emitted spectrum at time t if an instantaneous flare occurred at the centre of the

source at time t = 0. This result is useful for modelling X-ray bursts, for example.

In order to calculate the emitted spectrum of a source with constant photon input at

the centre, rather than a delta function, such as an accretion disc in X-ray binaries

provides, the authors integrate \f over time, F{y) =.f£°I(i/,t)P(t)dt. If the 'flare'

has been on constantly, then the emitted spectrum is the sum of the spectra emitted

due to a flare at all times from 0 to oo. Hence we have an analytic expression for

the Comptonised spectrum of a non-relativistic {kTe -C me2 where m is the electron

mass and c is the speed of light in a vacuum), thermal electron plasma where seed

photons originate at the centre of a source. Due to the use of the diffusion approx-

imation, this treatment is only valid for high Thomson optical depth (r » 1) and

combined with the lack of a relativistic treatment, its uses in interpreting data are,

however, limited (Skibo & Dermer 1995, Titarchuk 1994).

Pozdnyakoy et al. (1983) extend the range of the Sunyaev & Titarchuk (1980)
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approach to be valid at lower optical depths (r ~ 2). Sunyaev & Titarchuk (1980)

solve the following Kompaneets equation:

- •

k On the left is the differential Kompaneets operator with the first term in the

brackets representing the Doppler effect and the second the recoil effect of Compton

scattering. Induced processes are not included. The first term on the right represents

photon diffusion out of the source and the second describes a source of seed photons,

f(x). Also,

9 9
7T me

^ 2

for a spherical plasma source. Using Monte Carlo simulations, Pozdnyakov et al.

(1983) obtain a correction to equation 1.2 and the equivalent equation for a disc

geometry, with the spherical case being corrected to

7 4

This is related to the spectral index a by

(1.4)

More recently Titarchuk (1994) includes relativistic corrections to the model by

Sunyaev &; Titarchuk (1980). as well as extending the model's validity to low optical

depths (r < 1). While maintaining the same approach, i.e. solving the diffusion

equation and the Kompaneets equation for an infinite, homogeneous medium and

combining the two, Titarchuk (1994) includes Klein-Nishina effects. Compton scat-

tering becomes decreasingly efficient as the electron temperature increases, causing

the high energy tail of the spectrum to steepen with the inclusion of this effect.

Titarchuk (1994) also argues that the diffusion approximation is valid at low as well

16
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as high optical depths, as the X-ray spectrum at high photon.energies is created by

photons undergoing many more scatterings than average. These photons must be

travelling along the longest escape route, i.e. along a diameter in a sphere'or parallel

to the disc in a disc geometry, though they are no longer isotropic, but collimated

instead. He modifies the diffusion coefficients for the collimated case and proceeds as

before, creating a model more applicable to the situations in X-ray binaries, which

are thought to contain plasmas of lower optical depths.

Hua & Titarchuk (1995) further extend these modifications and compare their

results to Monte Carlo simulations (see also Skibo & Dermer 1995 for comparisons

to Monte Carlo simulations). Although the agreement is good, improvements could

still be made. Important physical processes such as bremsstrahlung, synchrotron

radiation, pair production and annihilation, Coulomb interactions and reprocessing

and reflection are neglected in all the models discussed above.

Various models have been developed which take into account some of these ad-

ditional processes. Skibo & Dermer (1995) include mildly felativistic (© = ĵ|& < 2)

thermal plasmas in pair balance, where the particles are distributed uniformly in

•a spherical geometry, in their Monte Carlo simulations. Their model includes an

external source of seed photons (assumed to be either monoenergetic or blackbody)

in addition to seed photons created by electron-ion, electron-electron and electron-

positron bremsstrahlung, and the distribution of directions of the photons is mod-

elled. They find that bremsstrahlung becomes important when r > 1 and © > 1.

Skibo & Dermer (1995) also compare their model to the models by Sunyaev &

Titarchuk (1980), Hua & Titarchuk (1995) and Zdziarski (1985), and recommend

using the models of Sunyaev & Titarchuk (1980) only for r > 2,0 < 0.2, Hua &

Titarchuk (1995) for r > 0.2,9 < 0.3 and Zdziarski (1985) for 1.4 < T < 2.5, where

F is the spectral index.

Zdziarski (1985) includes a detailed study of pair balance, modelling pair produc-

tion, annihilation and escape for a relativistic thermal plasma of electrons, positrons

and protons in a spherical geometry. Synchrotron radiation is considered as a pos-

17
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sible source of photons in addition to a standard blackbody, and bremsstrahlung is

calculated separately and dominates the spectrum if relevant. The radiative transfer

is treated less accurately, however. He uses the fact that multiple Compton scat-

tering events of photons by thermal electrons produce a power-law up to hu ~ kTe,

with the spectral index given in Sunyaev & Titarchuk (1980), and corrected to be

valid for mildly relativistic electrons. This is true when the emitted spectrum is in-

dependent of the seed photons, which occurs when the average number of scattering

events, which is approximately r2, is much greater than one (Sunyaev & Titarchuk,

1985). The seed photons 'forget' their origin after a sufficient number of scattering

events. A somewhat ad hoc exponential cut-off is modelled at hu ~ kTe and a Wien

spectrum is used to model energies hu > kTe where the photons are in thermo-

dynamic equilibrium with the electrons. This model is compared to Monte Carlo

simulations in Zdziarski (1986).

Haardt & Maraschi (1991) use the analytic treatment of Zdziarski (1985) in

addition to Monte Carlo simulations to model reprocessing and reflection in the

disc, introducing a two-phase geometry of coupled plane-parallel slabs: the hot,

Comptonising phase and the cool disc. Some Comptonised photons from the hot

phase hit the disc and are either reprocessed in the disc to contribute to its thermal

radiation or downscattered in the upper layers of the disc and reflected, creating a

characteristic reflection bump at approximately 10-300 keV. The model includes pair

production, annihilation and pair balance, and the authors also note the importance

of including the anisotropy of Compton scattering.

The analytic treatment of the anisotropy of Compton scattering from Haardt &

Maraschi (1991) is extended in Haardt (1993). The spectrum is written as

.. l>*S f c . . (1.5)
k

where pk is the escape probability and Sk is the photon spectrum in an infinite,

homogeneous medium after k scattering events. The author then computes pk for

all A; and the evolution from Sk to SVt-i- Isotropic conditions are assumed, but

18
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dimensionless coefficients taking into account the degree of anisotropy give 'effective'

values for the temperature and angular patterns of scattering events, allowing the

angle between the photon and electron trajectories to be taken into account for

individual scattering events.

The geometry of the system is modelled by weighting the escape probability de-

pending on which direction the photon is travelling in. For example, in the slab

geometry considered here a photon travelling parallel to the disc has a smaller es-

cape probability than one travelling perpendicularly to the disc. This treatment

requires that the energy and angular distributions of the input photon distribution

are separable, i.e. So(x,fi) = So(x)Uo((j) where SQ is the input photon spectrum, x

is the photon energy and /x is the cosine of the angle between the photon direction

before scattering and the normal to the slab.

Only the anisotropy of the first scattering event is considered, and only relativis-

tic Maxwellian or monoenergetic electron distributions are treated, but the method

can, in principle, be extended to include the anisotropy in higher order scattering

as well as other electron distributions. Using this procedure, the authors compute

different spectra for different viewing angles, emphasising the importance of this

feature in a model. The model of Haardt Sz Maraschi (1991) is then improved on

in Haardt & Maraschi (1993) using this improved analytic treatment from Haardt

(1993).

The models described so far are limited by the plasma geometries (slab and

spherical) and the electron energy distributions (relativistic Maxwellian and mo-

noenergetic) they model. Poutanen & Svensson (1996) include the capability of

modelling active regions of cylindrical and spherical geometries, i.e. several small,

spatially separated plasma regions located above the disc as opposed to one large

one, as well as the single corona geometries described above. They model brems-

strahlung, pair production, annihilation and pair balance as well as reprocessing

and reflection in the disc and the polarisation and angular dependence of inverse

Compton scattering and reflection. The model is, however, limited to modelling rel-
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ativistic Maxwellian electron distributions and coronae of uniform temperature and

density distributions. It is a one-dimensional code, so any corona must be collapsible

to one dimension. It is also only valid for fairly small optical depths (r up to ~ 3

depending on geometry and plasma temperature).

All the above models simulate steady-state situations, but there is a considerable

amount of variability data available in addition to spectral data (see section 1.2).

It is therefore desirable to construct, models that can combine predictions for the

spectra of Comptonising plasmas with a treatment of their temporal variability. As

noted earlier, it is important to combine all the available information, both spectral

and temporal, to develop consistent models describing X-ray binaries.

Coppi (1992) models time-dependent situations by changing the particle injection

rate and considering the relaxation time-scales of the various particles. He models

pair plasmas with hybrid electron-positron distributions and includes a treatment

of bremsstrahlung and synchrotron radiation. This is done analytically using the

kinetic equation, so changes in the particle injection rate occur instantaneously

throughout the plasma, and homogeneous and isotropic conditions are assumed.

Stern et al. (1995a) also present a model which is capable of simulating dy-

namic situations. They use a Large Particle Monte Carlo code, a Monte Carlo code

operating on large particles (LPs). Each LP represents a number of particles of

the same type and properties, for example one LP may represent electrons all with

the same position, momentum, direction of motion and energy. These LPs can be

used to create flexible coronal geometries, including inhomogeneous plasmas and

hybrid electron distributions. Photons, electrons, positrons, protons, neutrons and

He nuclei are modelled and their interactions include Coulomb interactions, syn-

chrotron radiation and self-absorption, Compton scattering, pair production, an-

nihilation, reflection and reprocessing (and more). Interactions between the LPs

are determined by their mean free paths and interaction probabilities, and are cre-

ated/removed/moved accordingly. Transfer of particles within the corona is thereby

treated naturally and so there is no need to use escape probabilities. Particles can
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also interact with particles they created earlier in the simulation, thus the model

is non-linear. Angular treatments are included and different spectra for different

viewing angles can be produced. This model is compared to the model by Poutanen

& Svensson (1996) in Stern et al. (1995b) and used to model active regions. These

two models are also used to compare the active regions geometry to the slab geome-

try of Haardt & Maraschi (1991) in relation to observed characteristics of Seyfert 1

galaxies. The code is developed further and used for dynamic modelling in Malzac

& Jourdain (2005), modelling of bulk motion of the plasma in Malzac et al. (2001)

and modelling an inhomogeneous plasma in Merloni et al. (2006).

1.6 The High Energy Astrophysical Radiative Transfer

Code

I present a new code in this thesis, the High Energy Astrophysical Radiative Trans-

fer code, hereafter the HEART code. As developed by Collins (2004), it models any

electron energy distribution within the plasma, with the full range of subrelativistic

to ultrarelativistic electrons. The electron distribution can be spatially inhomoge-

neous and there is little restriction on the geometry of the plasma. Bremsstrahlung

and synchrotron radiation are included, as well as inverse Compton scattering, both

as sources of soft seed photons and as cooling mechanisms for the electrons. Coulomb

interactions are also modelled, and external seed photons of any distribution may

be injected. Any electron temperature can be modelled as relativistic and Klein-

Nishina effects are included, and in principle the model allows for any optical depth.

HEART also has potential for timing analysis, as the evolution of the electron and

photon distributions are modelled with time as well as in a steady state.

In its current form the HEART code does not treat anisotropic Compton scat-

tering, the creation and annihilation of electron-positron pairs, electron transport,

energy balance or reprocessing. On testing the HEART code in a simple case,

these limitations, amongst others, are found to significantly restrict its applicability.
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As several codes exist which model radiative transfer successfully with significantly

fewer limitations, as well as faster than HEART, a complete restructuring of the

code is required if it is to be used.

Chapter 2 is devoted to an introduction to the HEART code as developed by

Collins (2004). The further developments I have introduced are described in chapter

3. Using these additions,' the code is tested and compared to the analytic work of

Titarchuk (1994) in chapter 4, as well as being used to fit observational data from

Cyg X-1 in the LHS and the HSS. Throughout chapter 4 the code is limited to basic

spectral fitting to allow for simple testing and comparison to previous work, and I

discuss the applicability of HEART in this context. Modelling of dynamic systems is

a potential strength of HEART and is developed and tested in chapter 5, as a state

transition from the HSS to the LHS and an X-ray burst in Aql X-1 are modelled.

Several limitations in the structure of HEART become apparent throughout this

work, and these are discussed in chapter 6. I conclude in chapter 7 by highlighting

the key issues and limitations of the code.
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Introduction to the HEART

code

The HEART code models radiative transfer of soft photons in a region of arbitrary

geometry containing hot electrons, hereafter referred to as the corona. The corona

is divided into independent cells, between which photons, but not electrons, are

exchanged, and additional seed photons .originating outside the modelled region

may be added. HEART can, in principle, be applied to X-ray binaries and AGN to

explain their spectra and evolution over time. In this case soft photons are emitted

from the accretion disc, before traversing a corona of some given geometry and

electron composition.

Several physical processes are modelled in the corona, including inverse Compton

scattering, bremsstrahlung, synchrotron radiation and Coulomb interactions. This

chapter is dedicated to giving an overview of the HEART code as created by Collins

(2004). The current form of the code is developed further and then tested. A

discussion of the results of this testing and the limitations of HEART are given in

chapter 6.
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Figure 2.1: The cell structure of a spherical corona with a diameter of 6 cells.
Only one hemisphere is shown and modelled. This figure is taken from Collins
(2004).

2.1 Overview of the code

The first part of the model involves constructing the corona. Cubic cells are used

to construct the required geometry with which practically any 3D shape can be

approximated. To reduce computation time, only geometries which have at least

one plane of symmetry, for example a circular accretion disc in a spherical corona,

can be modelled, so that it is only necessary to model half the corona. Figure 2.1

shows how HEART approximates a spherical corona with a diameter of 6 cells. If

an accretion disc below the hemisphere is modelled, then 24 cells are adjacent to the

disc into which multicolour blackbody radiation can be injected (see section 2.2.4).

These are called injection cells.

When the cells are created at the start of a simulation they are each linked to

their neighbouring cells so that photon distributions can be transferred from one cell

to the next. Cells are initially created upwards from the centre to the desired height,

and then outwards perpendicularly to the required width at the top. The rest of

the highest level is then filled. The next level down is created in a similar way using

existing links to link the new cells to the cells above them. This process, illustrated

in figure 2.2, introduces some constraints on the geometry of the modelled plasma,

for example geometries with hollows cannot be constructed. However, hollows can,
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Figure 2.2: A depiction of the algorithm used for constructing the corona.
Cells are initially created upwards from the centre to the desired height, and
then outwards in two perpendicular directions to the required width at the top.
The rest of the highest level can then be filled in. The next level down is created
in a similar way using existing links to link the new cells to the cells above them.
This figure is taken from Collins (2004).

in principle, be created by introducing empty cells1.

After the corona has been constructed in the desired geometry, electron distri-

butions are injected into each cell. These distributions are discretised into (usually

logarithmically spaced) energy bins and are given by the number of electrons in

each energy bin. These usually represent a thermal and/or power-law distribution

(see section 2.2.1), though any distribution can be modelled using this discretised

representation.

Seed photon distributions, for example a multi-colour blackbody from an accre-

tion disc, though any distribution is possible, are then transferred into each injection

cell, for example into those cells neighbouring the accretion disc in a disc geome-

try (see section 2.2.4). Initially all photons in a disc geometry travel upwards, but

after scattering within cells, six directions are modelled, and each cell contains six

corresponding photon distributions travelling in six directions through the cell2.

Each distribution travels in one of the directions parallel to the sides of the cell and

*I implement this later. See section 3.3
2This significantly limits the geometries HEART can model in a physical way, see section 6.2 for

more details.
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scattered photons are distributed equally in each of these directions3. The photon

distributions are discretised similarly to the electron distributions with an intensity

representing the number of photons in each energy bin. The energy bins for the pho-

tons are also usually logarithmically spaced, but this is independent of the spacing

of the electron bins.

By design only one scattering event per photon is possible in any given cell, and

therefore the optical depth of each cell must be considerably less than unity. An

optically thick corona must be modelled by several cells.

The radiative processes are calculated in every cell (as described in section 2.2)

for every timestep. A timestep is denned as the time taken for light to cross a single

cell, i.e.

width of cell /n .
timestep = , (2.1)

c

and so a photon travelling through a cell without interaction with an electron

travels from one cell to the next in each timestep without changing its properties.

As photons can only travel in any of the six directions parallel to the sides of a cell,

a photon crosses a cell in exactly one timestep.

The kinetic equation and Coulomb interactions determine the electron distribu-

tions in each cell for every timestep, and electrons may be injected as well as escape.

In this way, the electron and photon distributions evolve simultaneously in every

cell in each timestep. This functionality allows the calculation of self-consistent and

time-dependent4 situations.

Finally, photons leaving the corona through cells with surfaces not occupied by

neighbouring cells or the disc are added to the output flux. Note that it takes

photons a few timesteps to reach the outermost cells, at least 3 timesteps in figure
3For relativistic electrons, scattering in the direction of motion of the electron is significantly

more likely than any other direction. An isotropic electron and photon distribution is assumed in
each cell, and a resulting isotropic scattered photon distribution is also assumed. This restricts the
validity of the modelled inverse Compton scattering, especially in situations where there is bulk
motion of the electrons through the corona.

4I have made some necessary modifications to model time-dependent situations. See chapter 5.
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2.1. Hence the observable flux from the corona needs a few timesteps to establish

itself in a steady state. Further constraints arise in the simulation of an optically

thick corona where photons may be scattered many times before escaping from a

surface cell (see section 4.1).

2.2 Physical Processes

The physical processes modelled in the corona are bremsstrahlung, synchrotron ra-

diation, Compton and inverse Compton scattering and Coulomb interactions, and

the.electron distribution in individual cells evolves in time as determined by the

kinetic equation. This includes all physical processes likely to be occurring in the

corona enveloping the accretion disc of X-ray binaries as well as AGN up to a photon

or electron energy of 511 keV when pair production and annihilation also become

important.

I describe the processes within a single cell first. In particular, I start with

the electron distribution, as electrons are confined to a single cell. The radiative

processes are then described.

2.2.1 The Kinetic Equation

An electron distribution is modelled in each cell, with the combined electron dis-

tributions of all the cells making up the electron distribution of the corona. The

evolution of the electron distribution under the influence of the local radiation field

(see section 2.2.3) in each cell is given by the kinetic equation (e.g. Ghisellini et al.

1988) in the form of a Fokker-Planck equation,

where n7 is the number of electrons with energy jmec
2 (me is the rest mass

energy of an electron), 7 = l / \ / l — P2 and f3 is the particle velocity divided by c.

= A(7) — #(7) f 7 +% ) where p•= y/j — 1, the electron momentum. T(j),
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and A(7) are discussed below, but in short they- are the sink function, the

induced energy gains and losses (see equation 2.5) and the cooling rate due to free

energy losses (see equation 2.6) of the electron distribution respectively. Q{~i) is an

optional source function, and is modelled by injecting a given electron distribution.

The thermal component of the injected electron distribution is described by the

relativistic form of the Maxwell-Boltzmann equation (Synge, 1957), where n7 is the

number density per unit time of injected electrons with energy 7mec
2,

nP.

where 0 e = kTe/mec
2, k is the Boltzmann constant and Ki is the modified

Bessel function of order 2. ne is the total electron number density injected per unit

time, independent of electron energy, and is set by the user (see section 2.3).

The power-law component is modelled by

n7 = n07~9, (2.4)

where no = ne(q — 1) and q is the power-law index. ne is defined as above and

is also set by the user (see section 2.3). The calculation of the kinetic equation,

equation 2.2, may be disabled and the electron evolution not modelled. In this

case n7 is the number density of the electrons with energy jmec
2 without the time

dependence.

HEART models the electron distribution in each cell by creating a number of

energy bins and determining the number density of electrons per energy bin. This

allows any electron distribution to be modelled, not only a hybrid thermal and

power-law distribution.

T(7) in equation 2.2 is the sink function and is determined by an optional escape

timescale. If T(j) = 2At, where At is the length of one timestep, for example, then

the number density of each electron energy bin from the previous timestep is halved

and subtracted from the current electron distribution in each cell, equivalent to an
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electron escape timescale of two timesteps. The escape time5 is set by the user, see

section 2.3.

Apart from Q(j) and T(j), the rest of equation 2.2 describes the evolution of the

electron energy due to radiative processes. H(j) accounts for photon absorption and

A(7) accounts for the electron energy losses due to the radiative processes modelled.

These are given by

and

-75-7c-7B. (2.6)

Here j v s and jUB are the synchrotron and bremsstrahlung emissivity, denned

in sections 2.2.3.1 and 2.2.3.2 respectively. 7s, 1B and 7c are the synchrotron,

bremsstrahlung and Compton cooling rates defined in sections 2.2.3.1, 2.2.3.2 and

2.2.3.3 respectively.

The kinetic equation (equation 2.2), is solved numerically in every timestep for

each cell using the Chang-Cooper method (Chang & Cooper, 1970). Park & Pet-

rosian (1996) found this scheme to be the most accurate and efficient algorithm for

.this purpose. The solution method requires the discretisation of the energy distri-

butions of both the photons and the electrons. The bin size and number can be

chosen freely in HEART, but logarithmically spaced bins are most convenient for

power-law distributions. •

2.2.2 Coulomb interactions

As well as evolving due to radiative processes, electron injection and escape, the

electron distribution evolves due to Coulomb interactions. This is similar to brems-

strahlung, but operates between individual electrons and the net electric field of

5The escape time may depend on the individual electron energy, a feature I added. See section
3.4. . ' . '•
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: the electron distribution as a whole. It is a non-radiative energy exchange with the

overall effect of thermalising the electron distribution. The treatment of Nayakshin

Sz Melia (1998) is used, denning a kinetic equation of the form

_ [O(7) n 7 ) n 7 ] + _
2

= _ [O(7) n 7 ) n 7 ] + _ [O(7)n7], (2.7)

where 0.(7) =< 7 > is the mean energy exchange and .0(7) = ^ < (A7)2 > is

the dispersion of the energy exchange. The corrected version given in Blasi (2000)

is used (see appendix A.I).

Coulomb interactions often operate on faster timescales than the other physi-

cal processes modelled, and hence they can thermalise electron distributions on a

timescale tc shorter than a typical timestep in HEART, At. In order to model

the thermalisation process accurately with sufficient time resolution, the Coulomb

coefficients are calculated and the Fokker-Planck equation solved (equation 2.7) as

many times as required within At to ensure tc<(At/20). This sub-division of the

timestep is only calculated if necessary, i.e. in cases of high electron density when

Coulomb interactions become very efficient. The other radiative transfer coefficients

in equation 2.2 are not re-calculated for each sub-time-step, tc.

2.2.3 Radiative Processes

I now describe the radiative processes arising from interactions between the electrons

and the photon field. As for the processes described above, these are calculated in

each cell for every timestep. Photons travel in one of the six directions parallel to

the sides of a cell (see section 2.1), and each of these six photon distributions is

modelled individually in each cell. Isotropic conditions are assumed for the electron

population in each cell, and so the radiative emission from each process is locally

emitted equally in each of these six directions. This assumption does not force the

corona as a whole to be homogeneous as different cells can contain different electron

and photon distributions.

Similarly to the electron distribution (see section 2.2.1), the photon distributions
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are modelled by assigning an intensity of photons to discrete energy bins covering

the total modelled photon energy range. This allows us to model any spectrum that

may arise. As each process is calculated, the emitted (or absorbed or scattered)

intensity is added to (or subtracted from) the total intensity of each energy bin for

each of the six photon distributions.

Synchrotron radiation, bremsstrahlung, Compton and inverse Compton scatter-

ing are modelled similarly6. From the principle of detailed balance the radiative

transfer equation for each process can be derived (Rybicki &; Lightman, 1979) and

applied to each photon distribution,

Iv[rv) = Sv{l-e-rv)i . (2.8)

where Iv is the intensity at frequency v. In HEART this is the intensity of

photons in a particular energy bin determined by v. TV is the optical depth and

Sv — ZV/K-V is the source function, where ev and KV are the emission and absorption

coefficient for a given radiative process respectively. In general the single particle

emissivity, j v , is

= hunipvau, (2.9)JV dtdv

where riiP is the number density of particles available for interaction, v is their

speed and av is the interaction cross-section. E is energy and h is the Planck

constant. The emission coefficient can then be found,

where n7 is the number density of particles with energy jmec
2. V is volume and

is solid angle. The absorption coefficient is

«j/ = / n7aud'y. ; (2-H)

Annihilation is not modelled as positrons are not modelled.
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By specifying the interaction cross-section and emissivity for synchrotron radi-

ation, bremsstrahlung and Compton scattering separately, these equations can be

used in each case.

2.2.3.1 Synchrotron Radiation

Equation 2.8 is used to model synchrotron radiation, where j u , as denned by equation

2.9, can be expressed as (Rybicki & Lightman, 1979)

4iremc

where B is the magnetic field strength, a is the pitch angle between the velocity

of the electron and the magnetic field line and eo is the electric permeability of free

space. The spectral shape of the single electron emissivity is described by Fs(x),

with x = v/vc. The critical frequency of synchrotron radiation, uc, is denned below.

KU, as given by equation 2.11, can be found by using the absorption cross-section in

the Thomson limit (/«/<C mec
2),

Fs{x) is implemented in the HEART code as

/•oo

= x Ks(z)dz, (2.14)
Jx 3

where vc = (372)/(2/3)z/flsin(a) is the critical frequency at which most of the

radiation is emitted, ug = (eB)/(2-rnne) is the gyro frequency and ^5/3(2) is the

modified Bessel function of the second kind of order 5/3. The solution of equation

2.14 is split into 5 different regimes:

1. relativistic electrons (7 > 2)7 in the limit J ; « 1 , : .

2. relativistic electrons (7 > 2) in the limit I > 1 ,
77 = 2 corresponds to an electron of 2 times the electron rest mass energy, i.e. a kinetic energy

of 511 keV.
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3. relativistic electrons (7 > 2) for all other values of x,

4. non-relativistic electrons (7 < 2) where v > ug,

5. non-relativistic electrons (7 < 2) where v < vg.

In all cases we average over a uniform pitch angle distribution.

In the limiting cases 1 and 2, F$(x) can be expressed quite simply as

x ; x» 1, (2.16)

respectively, where F is the gamma function. These are used to calculate j v in

the code as long as they are at least 99% accurate. In case 3, equation 2.12 can be

solved exactly to give (Ghisellini et al., 1988)

— y.A \Ki{xi)K,{x{) \
€.Q C L ^ ^ 0

- \xx \K,_{XI? - Kk(Xl)
2} ) , (2.17)

0 L 3 3 JJ

where Xi = u/

Case 4 is used for mildly relativistic electrons (7 < 2). Here equation 2.12 can

be written (Ghisellini et al., 1988)

^ { M ^ } (2.18)

where

Finally in case 5 the emission coefficient is assumed to be zero. This is a reason-

able assumption as the power emitted varies as 72 (Rybicki k, Lightman, 1979), and

so electrons at low energies emit negligible amounts of radiation in comparison to
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higher energy electrons. Because v < ug, the radiation is also emitted at frequencies

much lower than normally observable.

The synchrotron cooling rate, 7s, used in equation 2.6, is determined by noting

that, for a single electron (Rybicki & Lightman, 1979),

(2-20)

where Us = B2/(2^LQ) is the magnetic field energy density and cr? is the Thom-

son cross-section for an electron. This is integrated over an isotropic pitch-angle

distribution of the electrons to give (Rybicki & Lightman, 1979),

2.2.3.2 Bremsstrahlung

As for synchrotron radiation, bremsstrahlung emission is calculated using equation

2.8 in each cell, for every timestep. Only electron-electron bremsstrahlung is mod-

elled as HEART only follows the evolution of electrons. Using equation 2.9, the

emissivity of a mildly relativistic electron (1 + ^ ^ < 7 < 2) interacting with other

mildly relativistic electrons is

ji/,mr(7) = hvcne,mr<yv,mr{l), (2-22)

and the emissivity of an ultra relativistic electron (7 > 2) interacting with either

a mildly relativistic electron or another ultra relativistic electron is

iv,ur{l) = hvc(netrnT + 2ne,ur)crViur(i)- (2-23)

Note that the emission from ultra relativistic electrons interacting with each

other is twice as large as that of ultra relativistic electrons interacting with mildly

relativistic electrons (Zdziarski et al., 1990). The emissivity and absorption coeffi-

cients are then
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hue r nur

LA
rlmax "]

i r + 2Trur) / n^ovurdn\ (2.24)
' hur J

and

2rT;Ur) y _2_(7pOr l / ) t t r)d7 | (2.25)

using equations 2,10 and 2.11 respectively. av;Ur and ovjTW. are the interaction

cross-sections and are given below in the mildly relativistic (Gould, 1980) and ultra

relativistic (Zdziarski et al., 1990) cases respectively,

7(1 - C 4 ) 2 + 3(l - C 2 ) 4

where af is the fine-structure constant and £ = 1 — (fey)/'(iymec
2).

The interaction cross-section is assumed to be zero for non-relativistic electrons

because the contribution from such low-energy interactions is negligible in the fre-

quency ranges modelled.

The bremsstrahlung cooling rate, 7 B , used in equation 2.6, is given by

- 7 B = —: A^T,mr / v<Tv,mrdv] ; if 7 < 2, (2.28)
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" r + 2r T , u r ) / -u<TVtWdv]- ;if 7 > 2. (2.29)

2.2.3.3 Compton Scattering

Each of the six photon distributions in each cell may undergo Compton and inverse

Compton scattering in each timestep. Equation 2.8 is not used directly in this case,

however, as there is no equivalent absorption process. We assume instead that the

Comptonising region is optically thin (TV <C 1) and so equation 2.8 can be simplified

to

Iv = lev, (2-30)

where I is the distance travelled by the photon. This assumption sets a limit on

the size of an individual cell in HEART (see also section 2.1) as each cell must be

small enough to contain only an optically thin part of the corona8. In the case of

Compton scattering KW is not needed, and

IUl =w / n7xFc(x)d7JV0—^, (2.31)

I'V0=IUQ-w / njXFc(x)d7Iv0-± (2.32)

where the emission coefficient is

eUl= / n7xFc(x)d7/ ,0—~-. (2-33)

Equation 2.31 is the distribution of scattered photons which is added to the

photon distributions, and equation 2.32 describes the removal of photons which

have undergone scattering. Here x = ^i/(472fo), w is the width of a cell, UQ is

the frequency of the photon before the scattering event and v\ is the frequency

8It thereby also limits the total optical depth HEART can model as increasing the number of
cells modelled increases the run-time of the code. This is discussed further in section 4.4
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afterwards. The photon redistribution function, xFc(x), is calculated for three

different cases

1. mildly relativistic electrons (7 < 10) interacting with high-energy photons

(fc>10-2),

2. mildly relativistic electrons (7 < 10) interacting with low energy photons (k <

10~2) and

3. relativistic electrons (7 > 10),

where k = jhuo/(mec
2). The equations for the photon redistribution function in

each case can be found in Appendix A.2. Note here that the anisotropy of Compton

scattering is not taken into account. This is discussed further in section 3.5.

The Compton cooling rate, 7 c used in equation 2.6, is given by (Blumenthal &

Gould, 1970)

- lc= - ^ f { IZ^I^Fcix)^. (2.34)
mec

2 J J vx VQ

2.2.3.4 Cooling electrons

These radiative processes contribute to cooling the electrons, so in the absence of

heating effects for the electrons, the kinetic equation eventually causes a pile-up of

electrons in the bin with the lowest energy. To avoid the numerical problems with

this effect, electrons are artificially removed from the lowest energy bin. Whenever

the number of electrons in the lowest energy bin exceeds the number in the adjacent

energy bin, it is set equal to that in the adjacent energy bin. This is relevant only

for evolving electron distributions, which are not generally described by a purely

thermal or power-law distribution.

2.2.4 Seed photons

I have described the emission and scattering processes occurring in each cell of the

corona, irrespective of geometry and surroundings. In the case of a corona in the
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vicinity of an accretion disc, however, there is an external source of seed photons, and

this is also modelled in HEART. Possible situations include a single or multi-colour

blackbody spectrum at a given maximum temperature injected upwards/downwards

from an accretion disc surrounded by a corona or injected sideways into a geomet-

rically thick corona surrounded by a thin disc, similar to the ADAF described in

section 1.1. • .

The Planck formula is used to model the blackbody spectrum,

where TBB is the blackbody temperature. In order to simulate a multicolour

blackbody spectrum from the disc, a superposition of blackbody spectra of temper-

atures TBB,T is modelled, where TBB varies with disc radius, r, according to (Prank

et al., 1992)

3

TBB'r = 0M8X[~\ X

. where tmax is the temperature of the disc at radius rjn, which is the inner disc

radius closest to the accreting compact object. The disc is hottest at r;n and the

temperature decreases with increasing radius. This is modelled in HEART by in-

jecting different blackbody distributions into the injection cells depending on their

location relative to the centre of the disc. In cases where the disc temperature varies

significantly over the width of a cell, the temperature is discretised further.

Emission from any part of the disc not covered by the corona contributes directly

to the total flux emitted by the system. In this case, the flux emitted by the

uncovered part of the disc is adjusted according to the system's inclination angle.

In real systems, some of the uncovered disc radiation will enter the corona, but as

only the six directions parallel to the sides of a cell are modelled here, uncovered

disc photons cannot enter the corona. This limits the geometries HEART can model

in a physical way, see section 6.2 for a discussion of this.
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2.3 Running the code

I have given a detailed description of the physical processes modelled in HEART

as created by Collins (2004), including the equations used to model the radiative

transfer and the expressions for the terms in the kinetic equation (equation 2.2)

governing the electron evolution. I now outline the parameters and settings files

which are the user input to HEART, and which determine some of the parameters

in the equations in this chapter as well as more technical details like the runtime of

the code.

The parameters file is where the physical input parameters are given, for example

the parameters of the thermal and power-law electron distributions to be injected

into cells and the temperature of the disc. Table 2.1 lists these parameters and

gives some typical example values. The parameter 'model' refers to the geometry of

the system. Here the external corona model is used, which is a hemisphere over a

circular multi-colour disc (as described in equations 2.35 and 2.36). Other models

include ECorona_SCD, which is the same as ECorona but with a blackbody disc (a

single colour disc), ICorona, which is the internal corona model where the corona

is a hemisphere at the centre and the accretion disc surrounds it, Cube where the

corona is a cube and other similar geometries. Any geometry can be modelled, but

these geometries, which are described in more detail in Collins (2004), have been

implemented as parameters for ease of use.

nu_min and nu_max are the minimum and maximum photon frequencies mod-

elled respectively, and similarly gamma_min and gamma_max are the minimum and

maximum Lorentz factors of the modelled electrons (see equation 2.2). w is the

width of the corona, D is the distance of the observer to the accreting object and

M_bh is the mass of the accreting compact object. NJH is the galactic absorption

due to neutral hydrogen and B the magnetic field strength, neither of which are used

in the remainder of this thesis.

n_e and kT_e are the thermal electron parameters ne and kTe as defined in

equation 2.3 and Q_e and q are the power-law electron parameters ne and q as defined
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HEART parameters
model
nu_min (Hz)
nujnax (Hz)

gamma_min
gamma_max
w (m)
D (pc)
M_bh (M0)
N_H (cm-2)
B(T) .
n_e (m 3)
equivalent Tth
kT_e (keV)
Q_e (m-3)
equivalent rp

q
tJnj
t_esc t-cross-1

kT_max (keV)
r_min (Schwarzschild radii)
r_max (Schwarzschild radii)
i(°)

example
ECorona
1 x 1016

1 x 1022

1
1000.0
3 x 106

2000
5,0
0
0
2 x 1022

2
50.0
0.12 x 1022

0.12
•3.0
0.0
0.0
0.1
3
100
65.0

Table 2.1: The input parameters to HEART.

in equation 2.4. The optical depth of the thermal and power-law distributions are

also given, rtu and rp respectively, though they are not input parameters to HEART.

The time dependence of n_e and Q_e is taken care of by converting to m~3 t.cross"1

when electron evolution is modelled according to the kinetic equation (2.2). t_inj

and t_esc set the injection rate and escape time of the electrons, respectively. Setting

these to 0 gives continuous injection throughout the run and no escape. kT_max

converted to Kelvin and r_min are tmax and rjn in equation 2.36 respectively, i.e.

kT_max is the maximum temperature at the inner disc radius closest to the accreting

object, r_min, and r_max is the radius of the outermost part of the disc. The

inclination angle i is only relevant if part of the disc is exposed in which case the

effective area is calculated for directly observed disc emission.

More technical values like the run-time, number of cells and number of bins to
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discretise the electron and photon distributions into are given by the settings. A full

list of settings with examples is given in table 2.2. sim determines whether to run a

simulation for a given number of timesteps, sim = Normal, or whether to terminate

after reaching equilibrium, sim = Eq (see section 4.1). If sim = Normal, the number

of timesteps is set by t_max given in units t.units. Here t_units is t.cross, the time

taken for light to cross the diameter of the corona, and the number of cells along the

diameter of the -corona is R_cells = 24. This simulation will run for the number of

timesteps taken for light to cross the width of the corona 10 times, i.e. 240 timesteps

in this example. If sim = Eq, HEART will terminate after equilibrium is reached or

after 240 timesteps, whichever is shorter. Equilibrium is reached when the spectrum

changes by less than a specified percentage, usually around 1%, in each energy bin

between two timesteps. See section 4.1 for a more detailed discussion of equilibrium

conditions.

R_cells = 24 creates a 3604 cell corona in the ECorona model. It is important

to ensure that R_cells is sufficiently large for the seed photons to be binned finely

enough to approximate a disc where temperature changes continuously with radius,

as well as the optical depth in each cell being -C 1 (see section 2.2.3.3). R_electrons

and R_photons sets the number of energy bins for the discretised electron and pho-

ton distributions respectively, and if no_bremsstrahlung, no_kinetic_equation and/or

no_compton are included the relevant process is disabled. Bremsstrahlung and the

calculation of the kinetic equation are disabled throughout unless otherwise stated.

It is possible to disable any physical process9.

The form of the output is also set by the user, but I do not go into detail here.

Throughout the following work output is usually obtained by writing the numerical

data to a file10 rather than using the plots produced by HEART as described in

Collins (2004). This is a more flexible form of the output, as the data can then be

exported to plotting programs such as Matlab and manipulated as necessary.
9This also applies to processes added later in this work.

10Output to a file rather than directly to plots is a feature I.added. Any changes mentioned in
this chapter that I have made are noted in footnotes (there are four), the entirety of the rest of the
chapter is a description of HEART as discussed in Collins (2004).
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HEART settings
sim
t_max
t_units
R_cells
R_electrons
R_photons
physical processes

example
. Normal
10
t_cross
24
96
96
no_bremsstrahlung
no_kinetic_equation
no_compton

Table 2.2: The HEART settings.

I refer to the parameters described above in later chapters as I add to them with

additional features in chapter 3, compare HEART to the analytic model of Titarchuk

(1994) and fit data in chapter 4 and use HEART for variability studies in chapter 5.

Unless otherwise stated, the example values for the parameters and settings given in

tables 2.1 and 2.2 are used throughout, except for the run-time which is determined

as discussed in section 4.1. Bremsstrahlung and synchrotron radiation are disabled

throughout, and electron evolution, i.e. the calculation of the kinetic equation, is

only modelled in section 3.4 and chapter 5.
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Further developments to

HEART

Although the HEART code described in section 2 aims at modelling fairly complete

physical situations self-consistently in a flexible setting, a few important processes

are lacking1. One process observed in X-ray binary and AGN data, and not pre-

viously modelled by HEART, is reflection and reprocessing of scattered photons in

the disc. Including this process can change the spectral index of the Comptonised

component of the spectrum, as for example in Seyfert galaxies, where the accepted

typical spectral index changed from 0.7 to 0.9 when reflection was added (Pounds

et al., 1990).

Another feature which allows for more physical simulations is the capability of

injecting inhomogeneous electron distributions in the corona. Previously electron

distributions in each cell evolved independently and could therefore evolve into an

overall inhomogeneous corona, but it was not possible to model an inhomogeneous

corona initially, or to inject an inhomogeneous corona in each timestep. This allows,

for example, coronae with hollows or cpronae which gradually thin rather than reach

a sudden outer boundary to be modelled.

One of the major weaknesses of HEART in its current form is the lack of treat-
1On testing, it is found that HEART does not achieve this aim. See chapter 6 for a discussion.
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merit of anisotropic Compton scattering. The probability of undergoing scatter, the

energy transfer and the direction of the scattered photon all depend on the initial

photon and electron trajectory. Including a fully anisotropic treatment of inverse

Compton scattering would require too significant a reworking of HEART to be im-

mediately feasible. However, here I describe the implementation of an approximation

to an anisotropic treatment of Compton scattering. I discuss these developments in

this chapter.

3.1 Reflection and Reprocessing

The contribution from reflection of Comptonised photons on cold matter (usually

assumed to be the disc) to the X-ray spectrum from AGN is suggested in Light-

man & White (1988) and Guilbert & Rees (1988). This is investigated further in

George & Fabian (1991), where a Monte Carlo code is developed to compare the

effects of reflection to observed spectra from AGN and X-ray binaries. Reflection

from the disc has subsequently been much discussed in the literature, for example

Done & Nayakshin (2001) discuss the reflected component in the context of lumi-

nous magnetic flares illuminating the disc, and fit their model to data from Cyg

X-l and Nova Muscae in the LHS. Including the reflected component changes the

underlying physical model, as in the example of Seyfert galaxies given above, and

the reflected component is now often included when fitting observational data, so it

is an important inclusion in any spectral modelfor AGN and X-ray binaries.

It is not known exactly where the reflection occurs, but one possibility is that

scattered photons are being reflected at the surface of the accretion disc. For exam-

ple Haardt & Maraschi (1991, 1993) model a two-phase geometry (a disc and corona,

each of slab geometry) where the two phases are coupled and reflection and repro-

cessing in the disc are modelled (see section 1.5). Certainly if such a disc is present

then reflection and reprocessing in the disc will occur, so this process should be

included in HEART for completeness. We can then learn more about the geometry

of these systems and, for example, whether there is additional reflection occurring
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elsewhere, external to the system, which cannot be explained by reflection in the

accretion disc.

Reflection and reprocessing in the disc are caused by the fraction of scattered

photons travelling towards the disc where they are either reflected or absorbed de-

pending on the photon energy. High energy photons, where Klein-Nishina effects

are important (hu 3> mec
2), have a low interaction probability with the disc mat-

ter and therefore travel far into the disc before being absorbed and contributing to

the heating of the disc, i.e. they are reprocessed into thermal disc emission. Low

energy photons also contribute to heating the disc as they are absorbed effectively

by the matter in the disc. The rest of the photons, where the scattering opacity is

greater than the absorption opacity, create the characteristic reflected component

at ~ 10 — 300 keV, as they undergo Compton scattering near the surface of the disc

and escape with a lower energy than they entered with (Lightman & White, 1988).

An iron line at 6.4 keV is usually observed in addition to the reflection compo-

nent, and information about the geometry of the system can be deduced from the

width and strength of this line. Firstly, the Fe Ka line implies the presence of cold

matter, where neutral iron can exist. Secondly, its strength gives an indication of

the abundance of neutral iron in the system, which is usually compared to the solar

abundance. The width of the Fe Ka line is also important, as relativistic smearing

occurs near the black hole, widening the line. Thus it is an indicator of how close

to the black hole the cold matter, usually the accretion disc, extends. In an ADAF

model, a narrower Fe Ka line is expected, as the disc truncates far from the disc, but

in the geometry modelled here the disc extends into its innermost stable orbit, and

so a wider Fe Ka line is expected. The normalisation of the reflection component

should also decrease with the smaller disc of the ADAF model. The iron line, as

well as the reflected component may, however, be distorted by Comptonisation of

the photons as they traverse the corona (see section 3.3.1). A treatment of the iron

line is, however, too complex to include in HEART at this stage as the composition

of the disc is not modelled.
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,In HEART the reflected spectrum is calculated in every timestep in every cell

neighbouring the disc (in every injection cell). The reflected photons are then added

to the disc emission in the following timestep and the temperature of the disc can

be modified locally to account for any absorbed and reprocessed photons. The disc

temperature is not adjusted due to absorbed photons in the work presented here,

however, as the structure of HEART is unsuitable for modelling the coupling of the

disc and corona. This is discussed further in chapter 6.

3.1.1 Reflection in HEART

In HEART, only photons travelling downwards in the injection cells need be con-

sidered for reflection as only 6 directions are modelled, and any reflected photons

are added in the upwards direction with the disc emission. This is a massive ap-

proximation as reflected spectra have a distribution of directions depending on the

photon energy and angle of incidence (Magdziarz & Zdziarski, 1995). Reflection is,

for example, more efficient at grazing angles as these photons penetrate less deeply

into the disc (Matt et al., 1991). The current form of HEART is, however, unsuitable

for including these directional effects as only six photon directions are modelled. It

is also unnecessary to model the directional dependence of the reflected distribution

while the anisotropy of Compton scattering is not treated. HEART cannot produce

different spectra for different viewing angles anyway, and reflected photons may un-

dergo scattering in the corona and may consequently change direction again. Hence

reflection is only calculated in injection cells for the downward photon distributions.

I use the analytic treatment of Lightman & White (1988) (which agrees well

with Monte Carlo simulations) to determine the reflected spectrum in each injection

cell. They model the reflection of monoenergetic photons incident on a semi-infinite,

plane-parallel medium of cold electrons (« 10 eV). As the disc is not modelled di-

rectly in HEART, the assumptions relating to the disc simply add to the assump-

tions of HEART. These are reasonable assumptions for a cold, optically thick disc.

HEART models a distribution of photons over energy, but as the photon distribution
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is discretised we actually model several monoenergetic photon distributions, one for

each energy bin.

The reflected spectrum is given by (Lightman & White, 1988),

fx°.
SOut= G(x,xo)Sin(x0)dx0, (3.1)

Jx

where Sout is the reflected spectrum, Sin is the spectrum of photons incident

on the disc, x = ~^ and the Green's function, G(x, xo), is the probability per

unit energy that a photon incident on the disc of energy xo is reflected at energy x.

Consider a fixed x, the energy at which a photon is reflected. All incident photons

(of energies XQ>) from x = XQ up to x equal to the greatest energy modelled make

contributions to the reflected spectrum at x, and these contributions are summed.

We require XQ > x, because photons are not allowed to gain energy from the disc

(only Compton scattering, not inverse Compton scattering, is considered in the disc).

Equation 3.1 can be solved quite easily in the case where hv < 15 keV, as it

can be assumed that Compton scattering is completely elastic (electron recoil can

be neglected). It can then be shown that (Lightman Sz White, 1988),

Sout(x) = ^—^Sin(x), (3.2)
1+62

where e = KV/(KV + Kes), KV is the free-free opacity and Kes — 0.4 cm2g~1 is the

Thomson scattering opacity. nv is approximated to nv = CKesx~3 where C = 10~5

for hv > 10 keV, assuming cosmic abundance material. For hv < 10 keV, KV can be

calculated using Table 2 in Morrison & McCammon (1983) of the cross-section of

hydrogen at different energies between 0.03 and 10.0 keV. The opacity is then given

by (Rybicki & Lightman, 1979),

KV = , . (3.3)

P

where p is the mass density and so n/p is Avogadro's number divided by the

molecular weight of hydrogen.
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For hu > 15 keV elastic Compton scattering is no longer a valid assumption

and it is instead assumed that the Green's function can be written as (Lightman &

White, 1988),

G(x,x0) m W(x,xo)Ges(x,xo), (3.4)

where , .

(3.5)

The constant C is defined as above (C = 1CT5 for hv > 10 keV) and Ges(x,x0) is

calculated according to White et al. (1988), where Monte Carlo simulations are used

to approximate the Green's function analytically. Using the conversion G(x, xo) =

x~2G(Ay, yo), where y = 1/x and Ay = y — yo> w e have

G(Ay,yo) =

, if Ay < 2

4(Ay)-3/2(Ayc/Ay)Q, if 2 < Ay < Ayc ' (3.6)

_ A(Ay)-3/2, if Ayc < Ay,

where Ayc = 103 — yo and
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A = 0.56 + 1.12y^a785 - 0.34y-L04,

a = -O.30yo-a51+0.06yo-a824 ,

0 = 0.37-1.0yg-85,

1 — U1

B(A,a,(3) = ( ^ ) 1 / 2 , if a ^ - \

I S E , tf Q = ,

(3.7)

Integrating equation 3.1 then gives the reflected spectrum.

In HEART, Sin in equation 3.1 is the photon distribution travelling in the down-

ward direction in each injection cell in each energy bin, while Sout is the reflected

distribution added in the upward direction in the following timestep. For energies

hv > 15 keV the Green's function (equation 3.4) is calculated for every energy bin

combination where XQ > x. Equation 3.1 is then integrated numerically using the

existing discretisation of the photon distribution (see section 2.1), and a character-

istic reflected bump between ~ 10 - 300 keV is created. This is demonstrated in

figure 3.1 in section 3.1.3.

3.1.2 Absorption in the disc

This is not modelled in a physical way in HEART and the inclusion of the following

implementation causes great problems in HEART, as is discussed in chapter 6. The

structure upon which HEART is built does not allow for a better implementation,

however, so it is described here, but not used throughout this work.

The photons incident on the disc which are not reflected, are absorbed and
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reprocessed into thermal disc emission in real systems. Previously the disc emission

was calculated only at the start of the code according to a fixed disc temperature,

and the same distribution was added in every timestep. Including absorption in the

disc, however, means that the disc emission may change locally between' timesteps,

so it is not sufficient to calculate it only once at the start. To prevent the code

from running much slower the disc emission is only recalculated if enough energy

is absorbed to change the local disc temperature noticeably, but it is possible to

recalculate it in every timestep.

The energy absorbed by the disc is the total energy incident on the disc minus

the total energy reflected away from the disc, and the new blackbody temperature,

•I-rep —
(absorbed flux + CTT4)I4

a J ' (3'8)

where T is the temperature of the disc as described in equation 2.36 (due to

gravitational dissipation and friction) and a is the Stefan-Boltzmann constant.

In order to keep track of the local temperature of the disc I create a layer of disc

cells on the surface of the disc with links to their neighbouring corona cells. The

initial temperature of each disc cell is given by equation 2.36 using the radius of the

midpoint of each cell. It is then possible to change the temperature of a single disc

cell, i.e. a single discretised area of the disc, according to the photons absorbed by

that area of the disc. The temperature of each disc cell then determines the disc

emission into its neighbouring corona cell in the following timestep.

Electron transport is not modelled in HEART, and thus no consideration is given

to any coupling between the electrons in the corona and the disc. As mentioned

previously, modelling absorption in the disc as described here, and thus the coupling

between the corona and the disc, leads to considerable problems in HEART. It

is disabled throughout this work, including the simple tests in chapter 4 and the

dynamic runs in chapter 5, even when the reflected component is modelled. The

effect of including absorption, and thereby heating of the disc, to the results in
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chapters 4 and 5 is discussed in section 6.1, where the problems this causes in

HEART are also discussed.

3.1.3 Demonstrating the reflection component in HEART

Reflection is more easily demonstrated in the HSS of X-ray binaries than the LHS

when using the ECorona model (a hemispherical corona of covering fraction 1) since

the reflected photons are subject to the same scattering probabilities as the disc

photons. In the LHS the photons undergo enough scattering events (the average

number of scattering events ~ r2 >> 1) for the output spectrum to become indepen-

dent of the input spectrum (Sunyaev & Titarchuk, 1985). Thus including reflection

makes little difference to the output spectrum. This is discussed further in section

4.3.1 where HEART is used to fit data of Cyg X-l in the LHS.

A typical HSS is appropriate to demonstrate the reflected component in HEART.

I use similar parameters to the best fit of HEART to data from Cyg X-l in the HSS

from section 4.3.2, with a purely power-law, static electron energy distribution (n_e

= 0 m~3) with parameters Q_e = 0.12 x 1022 and q = 4.1, equivalent to an optical

depth of TP = 0.12. Thus evolution of the electron distribution is not modelled and

the calculation of the kinetic equation is disabled. The disc temperature is kT_max

= 0.4 keV and the disc extends to the outer edge of the.corona. The rest of the

parameters are listed in table 2.1, where they are also explained.

In figure 3.1 the output spectra from HEART with and without reflection.are

compared, and the reflection component as it leaves the disc, before traversing the

corona, is also shown separately. Reprocessing of absorbed photons to thermal

radiation in the disc is not modelled. The reflected component shows the expected

characteristic bump between ~ 10 — 300 keV, and the difference it makes to the

output spectrum in this energy range is small, but evident. With an optical depth

of 0.12 not many photons are expected to scatter towards the disc and reflect so

a small contribution from the reflected component is expected. Also, the reflected

component shown in figure 3.1 should not change much after traversing the corona.
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HEART with and without reflection

10"
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with reflection
without reflection
the reflected component
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energy (keV)

Figure 3.1: HEART with and without reflection implemented. Reprocessing
of absorbed photons into thermal disc emission is not modelled. The reflected
component, as it leaves the disc before traversing the corona, is also shown
separately.

The reflection component is used in section 4.3.2 to fit data from Cyg X-l in the

HSS.

3.2 Full reflection

Now that the photons incident on the disc are being treated more accurately with re-

flection (previously they were simply deleted from the model, now only the absorbed

photons are deleted) it is worth considering what happens to downward travelling-

photons where there is no disc. There is no necessity for the disc to extend out to

the edges of the corona. For example, we may wish to model a sphere with central

injection at a point rather than the extended injection of a disc. This is done in

section 4.2 to approximate the analytic model by Titarchuk (1994).

In order to determine how to treat photons escaping the corona in a downward

direction (those not incident on a disc), consider the fact that only half the corona

is modelled and it is assumed to be symmetric. (This decreases the run-time of the
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code. In the case of a sphere for example, a hemisphere is modelled, see section 2.1.)

Consider a photon, i/m, leaving the modelled half of the corona in the downwards

direction, where there is no disc separating the modelled half from the unmodelled

half. By symmetry there is a photon, uum, in the unmodelled half of the corona

with the same energy as photon um, and which is travelling upwards and escaping

the unmodelled corona. It will enter the modelled half of the corona at the same

time as photon um escapes the modelled half and enters the unmodelled half. To

simulate this I simply reflect the photon escaping downwards, photon um, and add it

to the upwards distribution in the next timestep without changing its energy. This

is illustrated in figure 3.2. I refer to this as full reflection hereafter.

Full reflection causes a greater scattering component in the spectrum (for the

same optical'depth) than the version where downward photons were simply deleted

at the corona boundary. Not only does it cause more scattering events in general

as the average photon escape time is increased, but this applies mostly to photons

which have already gained energy due to scattering. Photons must have undergone

at least one scattering event to be returning to the disc, i.e. travelling downwards

in the ECorona geometry considered here. These then have the chance to scatter

again and are eventually added to the spectrum rather than lost.

In figures 3.3 and 3.4 I compare HEART with and without full reflection (as

for all physical processes in HEART it is possible to disable full reflection) to the

analytic model by Titarchuk (1994) as it appears in XSPEC version 11.3.2.t as

model compTT. This is a widely used and tested model, but is limited to modelling

only Compton scattering with no electron evolution in a homogeneous, spherical

or slab geometry. Within these limitations, HEART should agree with compTT.

I approximate the central injection of photons in a sphere used in compTT by

modelling a very small accretion disc in HEART. The maximum disc temperature

is 0.1 keV, the electron distribution is purely thermal at 50 keV and optical depths

of rth = 0.5 and 1.5, corresponding to n_e = 0.5 x 1022 m~3 and 1.5 x 1022 m"3,

in figures 3.3 and 3.4 respectively are considered. For a full list of parameters see
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UM

Figure 3.2: A schematic demonstrating reflection and absorption in the disc
and full reflection. Seed photons are emitted from the red disc and interact with
electrons in the corona, which is modelled within the volume delineated by the
cyan line. The black hole is the blue dot at the centre of the red disc. Photons
may scatter in the corona and return to the disc, and two downwards arrows in
this schematic represent two such photons. The orange one, which is incident on
the disc, may be absorbed or reflected. Absorption is demonstrated by the red
dot on the disc labelled A and is not modelled in HEART. These photons are
lost from the system. Reflection is demonstrated by the black arrow labelled R.
In HEART a distribution of photons is incident on the disc, only some of which
are reflected, hence the reflected arrow is smaller than the incident arrow. The
energy distribution of the reflected photons has also changed.
The pink arrows demonstrate full reflection. The full, downward arrow (labelled
M and referred to as um in the text) is leaving the modelled corona as it is
travelling downwards, but is not incident on the disc. By symmetry, the broken,
pink arrow (labelled UM and referred to as vum in the text) exists. The photon
represented by the broken pink arrow will enter the modelled corona as the
photon represented by the full pink arrow leaves the modelled corona. This is
modelled by reflecting the photon represented by the full pink arrow in the lower
modelled corona boundary, i.e. in the lower cyan line.

54



Chapter 3 Further developments to HEART
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Figure 3.3: HEART with and without full reflection compared to compTT.
The maximum disc temperature is 0.1 keV, the electron temperature is 50 keV
and the optical depth is 0.5. The electron distribution is purely thermal and
does not evolve, i.e. the calculation of the kinetic equation is disabled.

table 2.1 in section 2.3. The evolution of the electron distribution is not modelled

and the calculation of the kinetic equation is disabled.

It is evident that including full reflection in HEART agrees better with compTT

in both figures. The spectral slopes of compTT and HEART at high photon energies

with full reflection included are consistent with each other, whereas HEART with-

out full reflection underestimates the effect of inverse Compton scattering in this

geometry. The disc component in HEART is not quite consistent with compTT, but

the disc in HEART is a slightly extended multicolour disc, whereas in compTT pho-

tons with a blackbody spectrum are injected from a central point source. Further

comparisons between HEART and compTT are made in section 4.2.
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Figure 3.4: HEART with and without full reflection compared to compTT.
The maximum disc temperature is 0.1 keV, the electron temperature is 50 keV
and the optical depth is 1.5. The electron distribution is purely thermal and
does not evolve, i.e. the calculation of the kinetic equation is disabled.

3.3 Inhomogeneous electron distributions

Previously in HEART it was only possible to inject the same electron distribution

into each cell2, specified by the global parameters temperature, power-law index

and thermal and power-law density (see section 2.3). Due to the discretised repre-

sentation of the electron distributions in HEART, any electron distribution may be

stored, and the electron distributions, which evolve independently in each cell, may

previously have evolved into an overall inhomogeneous corona. The parameters used

to inject and/or remove electrons, however, were global for all cells.

Thus the structure of HEART is compatible with modelling inhomogeneous coro-

nae, a feature few other models share. Most other models, for example those of Sun-

yaev & Titarchuk (1980) and Titarchuk (1994) (see section 1.5) model only static,

homogeneous coronae, though Poutanen &; Svensson (1996) and Stern et al. (1995b)
2Electrons are injected into the corona at the start of a simulation. Depending on whether the

calculation of the kinetic equation is enabled, the electron distribution may then remain constant,
or it may evolve, in which case a time-dependent injection rate is used (as discussed in section
2.2.1).
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model some inhomogeneous situations. As this is a particular strength of HEART,

and as inhomogeneous coronae are instinctively more physical, it is a feature worth

extending to its full capability.

Any inhomogeneous geometry can be modelled within the limitations of the cell

structure of HEART, and a simple example is given here. One situation which

is more physical than a homogeneous corona with a sudden outer boundary is a

corona which gradually thins, or a corona which cools with increasing radius. These

geometries can be .modelled by decreasing the electron density and temperature

respectively with increasing radius3. I add the possibility of varying the injected

electron distribution as a function of position inside the modelled region according

to

[scaling factor]'• i- •-i i 11 i i v ii [scaling factor]
individual cell parameter = global cell parameter x ,

|_ radius J

(3.9)

where the scaling factor and index are chosen to give the desired variation of the

parameter with radius. Both the density of the thermal and power-law distributions

can be varied in this way, as well as the temperature of the thermal distribution and

the index of the power-law distribution, and different scaling factors and powers

can be given for each. Thus a static, inhomogeneous corona can be modelled, or if

electron evolution is modelled, then Q(~f), the source function in the kinetic equation

(equation 2.2) describing the electron evolution, can change as a function of radius.

This enables the modelling of, for example, increased heating of the electrons with

decreasing radius.

Rather than using global parameters describing each of the four electron pa- •

rameters, the four electron parameters are now stored separately in every cell and
3This implementation would be more flexible if the electron parameters varied with x, y and z

rather than the radius, where x, y and z are a Cartesian coordinate system centred on the black hole
with the disc on the z=0 plane. The example given here is easily extendible to such a system, but
the simpler example given here, where the electron parameters depend only on radius, illustrates
the general principle.
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Inhomogeneous spectra compared to the homogeneous case
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inhomogeneous case 1, x = 2.08
inhomogeneous case 2, x = 2.56
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Figure 3.5: A comparison between homogeneous and inhomogeneous coronae
in HEART. The parameters for the different cases are given in table 3.1.

can take different values in each cell. The scaling factor and power remain global

parameters, however. It is also, of course, possible to disable this feature and return

to using only global parameters, as it is possible to disable each of the physical

processes (shown in table 2.2).

Spectra created using inhomogeneous and homogeneous coronae are compared in

figure 3.5. The homogeneous spectrum is from a typical LHS (the same as in section

4.3.1 where HEART is used to fit Cyg X-l data in the LHS) with a static, purely

thermal electron distribution. Thus the evolution of the electron distribution is not

modelled and the calculation of the kinetic equation is disabled. The parameters

are listed in table 4.1 (kT_max = 0.08 keV and n_e = 2.2 x 1022 m~3, equivalent

to an optical depth, r^, of 2.2), where they differ from those given in table 2.1.

The two inhomogeneous spectra, case 1 and 2, have similar parameters, but n_e

varies with radius according to equation 3.9. Two new parameters are introduced,

rad_scale_n_e and alpha_n_e, the scaling factor and a in equation 3.9 respectively.

These parameters, as well as n_e, are listed in table 3.1.
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parameters
n_e (m~3)
rad_scale_n_e
alpha_n_e
equivalent rth

homogeneous
2.2 x 10'""
n/a
n /a
2.2

inhomogeneous (1)
8 x 1022

6250
0.3
2.08

inhomogeneous (2)
8 x 1022

12500
0.3
2.56

Table 3.1: The parameters used (where different to those listed in tables 2.1
and 4.1) to model spectra from a homogeneous and two inhomogeneous coronae,
referred to in the text as case 1 and case 2.

The settings used are summarised in table 2.2. The corona has a diameter of

3 x 106 m, or 24 cells, so the width of a cell is 125,000 m and the radius of midpoint

of the innermost cell is 62,500 m. Hence n_e in the innermost cell is 4.0 x 1022 m~3

in case 1 and 4.9 x 1022 m~3 in case 2, corresponding to optical depths of 0.33 and

0.41 respectively. Coronae with these parameters throughout would correspond to

radial optical depths of r^ = 4 and 4.9 respectively.

The radius of the midpoint of the outermost cell is 1,437,500 m so n_e is 1.6 x 1022

m~3 and 1.9 x 1022 m~3 in the outermost cell for case 1 and 2 respectively, corre-

sponding to optical depths of 0.13 and 0.16v Coronae with these parameters through-

out would correspond to radial optical depths of rth = 1-6 and 1.9 respectively. To

summarise, the optical depth of the corona decreases from 0.33 (0.41) to 0.13 (0.16)

in case 1 (case 2), creating a gradually thinning corona. The optical depth of each

cell in these two cases in plotted in figure 3.6.

The overall optical depth in all three cases (one homogeneous case and two

different inhomogeneous cases with decreasing n_e) is similar, and so it is perhaps

not surprising that there is little to distinguish between their spectra in figure 3.5.

This would have been a better comparison had the optical depth been the same in

all three cases. With such little difference in the spectra, and given the limitations of

the model and observational data, however, it seems unlikely that these geometries

can be distinguished between based on spectral information. This simple example

is encouraging for the applicability of homogeneous models, but also implies that

other methods and information may be necessary to determine the geometry of such
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Figure 3.6: A plot of how the optical depth in each cell changes with radius
in the two inhomogeneous cases discussed here, with parameters given in table
3.1.
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systems.

With this modification in place, however, HEART is more easily adaptable to

exploring a wider variety of coronal geometries, not only smooth variations with

radius. Although including a great variety of inhomogeneous geometries as parame-

ters becomes messy (see section 2.3 for examples on existing geometries specified as

parameters), it is now a trivial matter of changing a few lines of code to model prac-

tically any inhomogeneous three-dimensional geometry of the corona. The crucial

modification to the HEART code was the capability of each cell to store different

electron parameter values.

Another geometry often considered is that of several localised active regions

injecting energetic electrons locally, rather than a.single homogeneous, spherical

corona, see for example Poutanen & Svensson (1996) and Stern et al. (1995b). Such a

geometry can be modelled in HEART using a random number generator in each cell,

or group of cells, to determine whether an electron distribution should be injected

or not. We can then compare a homogeneous geometry with one of active regions,

as done above for a radially thinning corona, but in this case we can also compare

an inhomogeneous, time-averaged, varying geometry to a homogeneous, static ge-

ometry. This enables the evaluation of how appropriate comparisons are between

modelled spectra and observed spectra which are integrated over long time-scales.

In the case of active regions, there is also information in the temporal variability

it causes4 in addition to the spectral information, which provides more comparison

possibilities to observed data.

In figure 3.7 a homogeneous corona (the same as above) is compared to a corona

with active regions created randomly in the first timestep. Subsequently their prop-

erties remain fixed for the duration of the simulation. The evolution of the electron

distribution is not modelled and the calculation of the kinetic equation is disabled,

so the electron distribution does liot change from the initial configuration. I refer
4This is a small preview of chapter 5, where HEART is modified and used to model variabil-

ity. Details of how lightcurves are created and how the electron distribution is changed between
timesteps are given there.
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HEART spectra with a homogeneous corona and a corona with active regions

10"

- homogeneous corona
- constant active regions

10 10' 10'
energy (keV)

Figure 3.7: The spectra from a homogeneous corona and a corona with random
active regions injected initially and then kept constant.
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to this geometry as one of constant active regions hereafter. A corona with a 12 cell

diameter is used here to model larger active regions, and the parameters used for the

active regions are listed in table 3.2. The probability of electron injection into each

cell is 0.5, and the electron distribution is purely thermal. Combined with a value

of n_e twice that of the homogeneous case this gives a comparable optical depth to

the homogeneous case, and the overall spectral shapes are similar. This particular

configuration of the corona has a lower optical depth along the normal to the disc

(see table 3.2), thus it is not surprising that the disc emission seen at low photon

energies contributes more to the inhomogeneous case. Again the homogeneous and

inhomogeneous spectra do not differ significantly, so spectral information seems to

be insufficient to distinguish between the two geometries. This example is, how-

ever, not very different to the homogeneous case, as the covering fraction probably

remains 1 and all the photon distributions travel through approximately the same

optical depth as the homogeneous case in total. More investigation is required to

draw any conclusions.

3.3.1 The reflected component in a corona of active regions

A possible way of distinguishing between a homogeneous corona and one of active

regions using only spectral information is by comparing the signature of the reflected

component (as described in section 3.1) in the spectra of the two different coronal

geometries. When fitting data from Cyg X-l in the LHS in section 4.3 I find that the

reflected component has to be added separately to the HEART model in order to fit

the observed data, because the HEART spectrum does not show a reflection feature

whereas such a feature is present in the data. This is discussed more fully in section

4.3.1, but, in brief, it is because the seed photons in HEART undergo sufficient

scattering events (the average number of scattering events is of order r2 ;§> 1) to

'forget' their origin. Hence disc photons and reflected photons are no different when

they emerge from the corona and contribute to the output spectrum.

One possible reason why the reflection signature is prominent in the data, but
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HEART spectrum with an inhomogeneous corona showing the reflected component separately

- constant active regions
reflected component

1 0 " 10' 10'
energy (keV)

Figure 3.8: The spectrum of a corona made up of random active regions
initialised at the start, with the reflected component, as it leaves the disc, shown
separately. This reflected component is not added directly to the final output,
but is Comptonised as it progresses from the disc, through the corona before it
is added to the final output.
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not reproduced by HEART, is that HEART models a time-averaged, homogeneous

corona, whereas in reality the coronal geometry may be more similar to the active

regions geometry described above. In such a geometry some reflected photons may

emerge unscattered through a volume of very small optical depth, even though

the average optical depth is higher. The reflection signature is, however, no more

prominent in the corona of constant active regions than in the homogeneous case

presented here, as is shown in figure 3.7, so initially this suggestion has failed.

The reflected component from the corona of constant active regions is shown

separately in figure 3.8, as well as the overall spectrum. The reflected component

shown is the reflected spectrum as it leaves the disc. It is then Compton scattered

as it traverses the corona, before being added to the final output. The part of the

spectrum which traverses the corona unscattered is • significantly weaker than the

overall spectrum in this geometry, and thus is not detectable as a distinct spectral

component. Thus the above suggestion, that the unphysical, homogeneous geometry

of the corona in HEART prevents the reflected spectrum from being visible, may

still be valid, but more investigation than this one example is required.

Petrucci et al. (2001) investigate the effects of Compton scattering on the re-

flected spectrum in a slab geometry. This is an extreme case, as the covering frac-

tion is 1, but the covering fraction is also 1 in the hemispherical-ECorona model

of HEART. The authors study the effect of varying the optical depth and temper-

ature of the corona and the inclination angle of the system (and thus the depth

of the corona along our line of sight) on how much difference Comptonisation in

the corona makes to the reflected spectrum. Coronal optical depths up to 0.9 are

considered, which is considerably lower than the case considered here (r ~ 2), but

within the range of optical depths they consider (r = 0.1 — 0.9) the authors find that

the reflected spectrum hardens and deviates more from its original shape as optical

depth increases. In the case of r = 0.9 and high electron energies (> 100 keV)

the shape of the Comptonised reflected spectrum approximates the shape of the

continuum. Although the electron temperature in the above example from HEART
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paxameters
n_e (m~3)

T~th,disc

1~th,normal
kT_max (keV)
R_cells

homogeneous
2.2 x 10'22

2.2.
2.2
0.08
12

constant active regions
4.4 x 102'2

2.9
1.46
0.08
12

varying active regions
4.4 x 1022

n/a
n/a
0.08
12

Table 3.2: The parameters used (where they differ from those given in table
2.1) to model spectra from a homogeneous and two inhomogeneous coronae, one
with constant active regions and the other with varying active regions. Tth,disc
and Tth,normai a r e the radial optical depth parallel to the disc and normal to the
disc respectively. The optical depth in the case of varying active regions changes
in each timestep, but the electron distribution is purely thermal throughout and
does not evolve according to the kinetic equation.

is only 50 keV, the higher optical depth makes it reasonable to suppose that after

Comptonisation the reflected spectrum in HEART approximates the continuum.

It may be possible to construct a corona with such a geometry that the average

optical depth gives an overall spectrum that fits the observed data, but that also

allows through a stronger reflected component. For example an inner corona near

the black hole may illuminate the outer disc, where the outer disc is not covered by

the corona. Such a geometry cannot, however, be modelled in HEART, as directions

other than the six parallel to the sides of a cube are required for photons leaving

the corona to hit the disc (see section 6.2 for a discussion on such geometries which

are not modelled in HEART). This is a possible future improvement to the spectral

fitting done in section 4.3.1, but is not expanded on here for reasons discussed in

section 4.4 and chapter 6.

3.3.2 Variability in a corona of changing active regions

In a geometry of active regions we also have temporal information. In figure 3.9

the lightcurve (after the system has 'settled', see section 4.1) is shown from another

simulation. The parameters are the same as for the constant active regions above,

but in this case the active regions may change in every timestep rather than being

fixed at the start. In other words, in each timestep electrons are injected into a

66



Chapter 3 . Further developments to HEART

Lightcurve while active regions are varying in the corona

100 150 200 250
timesteps

300 350 400

Figure 3.9: A lightcurve showing the varying bolometric flux as the active
regions in the corona change in every timestep.

randomly chosen subset of cells, and removed thereafter. No other electron evolution

is modelled, i.e. the calculation of the kinetic equation is disabled. The probability

for a cell to receive electrons in any given timestep is 0.5. It is shown in the lightcurve

that the bolometric flux varies by a factor 2 over the duration of the simulation as

the active regions change. The spectra with the highest bolometric flux and two of

the spectra with the lowest bolometric flux, one with a low soft bump and the other

with a low hard tail, are shown in figure 3.10, as well as the homogeneous case and

the (renormalised) integrated spectrum over the whole simulation (after allowing

the spectrum to 'settle', see section 4.1).

The integrated spectrum is almost identical to the homogeneous spectrum. So,

as well as spectral information being insufficient to distinguish between a homoge-

neous geometry and one of active regions, it seems it is also insufficient to distinguish

between homogeneous, static models and varying, time-averaged models where the

observed spectra are integrated over long timescales. This is encouraging for ho-

mogeneous, static spectral models, though steady-state models are inadequate if
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Integrated and homogeneous spectra and extreme high and low bolometric flux spectra

10 -

10"'

integrated spectrum
extreme high
extreme low 1
extreme low 2
homogeneous

10" 10"
energy (keV)

10'

Figure 3.10: A comparison of the (renormalised) integrated spectrum of vary-
ing active regions with a homogeneous corona, as well as with the spectrum of
the highest bolometric flux and two spectra of the lowest bolometric fluxes oc-
curring during the simulation. The renormalised integrated spectrum is barely
visible underneath the homogeneous spectrum as they are almost identical in
shape. The actual normalisation of the integrated spectrum is much higher than
the other spectra, as it is a sum of the spectra in each timestep, as opposed to
the flux from a single spectrum. It is renormalised in order to better compare
its shape to the single timestep spectra.
The different extremes can be explained by a corona with electrons in more than
half the cells storing a lot of energy, which is suddenly released when a new con-
figuration is randomly chosen where less than half the cells receive electrons.
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the object is changing systematically during the integration time-scale, for example

during a state transition. It must also be borne in mind that the properties of the

corona may change rapidly, which is not captured by a steady-state model, and

considering the extremes between which the spectrum changes in figure 3.10, the

capability of static, homogeneous models to describe the physical detail of a source

may be limited.

The reason for the large difference in output flux between different timesteps,

shown in figure 3.10, is explained by the difference in overall optical depth of the

corona between timesteps. On average, half the cells will receive electrons in each

timestep, but this is not true in a given timestep. Because the probability for a given

cell to receive electrons is 0.5, rather than half the cells receiving electrons in each

timestep, a different number of cells will receive electrons in different timesteps. In

timesteps where more than half the cells are filled with electrons the corona stores

more energy, which is then released quickly in a timestep where fewer than half the

cells receive electrons.

For technical reasons5 the corona is changing on unphysical timescales in this

simulation (1 timestep = 4.2 x 10~5 s), but similar behaviour is expected on longer

timescales. In a simulation where active regions vary more slowly, the system will

more closely approach a steady state between changes, but as the steady state in

figure 3.7 and the varying spectra in figure 3.10 are comparable this should not affect

the result significantly.

Although spectral information is insufficient to distinguish between a steady,

homogeneous geometry and one with random active regions when the integration

time is long, there is often additional temporal information which may be more

useful. More physical simulations and comparisons to temporal data could verify

whether modelled active regions produce the same variability as real sources. For
5The timestep can only be increased by decreasing the number of cells in the corona, as a timestep

is defined to be the time light takes to cross one cell (see equation 2.1). Decreasing the number of
cells leads to greater inaccuracies in the modelling, however, and so the only way of modelling a
longer time-scale is by running the code for longer, but the code already takes a very long time to
run (see discussion in section 4.4).
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example Done & Nayakshin (2001) suggest that it may be possible to distinguish

between the ADAF model described in section 1.1 and a corona created by magnetic

flares, similar to the active regions described here, by the different variability created

by the reflected component in the two different geometries. Distinguishing between

these two geometries based on their spectra is difficult without more sophisticated

models of the reflected component, which take into account the vertical structure of

the disc (Done & Nayakshin, 2005).

A significant extension to HEART would be necessary to do this exact compar-

ison, which is beyond the scope of the current work, but this is a demonstration of

how HEART can be used to study variability in combination with spectral informa-

tion. This is investigated further in chapters 5 and 6.

3.4 Energy-dependent removal of low energy electrons

Another feature of the electron distribution that can be improved on is the artificial

removal of electrons. In the absence of heating effects for the electrons, the kinetic

equation eventually causes a pile-up of electrons in the bin with the lowest energy due

to the electron cooling processes described in section 2.2.3. To avoid the numerical

problems with this effect, electrons are artificially removed from the lowest energy

bin. Whenever the number of electrons in the lowest energy bin, Ni, exceeds the

number in the adjacent energy bin, Nsi, i.e. whenever Ni > Nsi, Ni is set equal to

Nsi.

Sometimes it may be necessary to remove low energy electrons faster than high

energy electrons, for example in the HSS where a power-law electron distribution de-

scribes the spectrum well, but the thermalisation process of the electrons (Coulomb

interactions) prevents the establishment of a long-lived power-law distribution in

individual cells.

Previously all electrons escaped as part of the kinetic equation (equation 2.2),

which can be represented as,
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Parameters
kT_max (keV)
Q_e (m~3) t.cross"1

equivalent injected rp

q • -

t_esc t-cross"1

t-inj
t_esc_threshold (7)

Energy-dependent
0.39
2e22
0.08
3.5
0.8
0.0
2.0

Energy-independent
0.39
2e22
0.08
3.5
0.8
0.0
n/a

Table 3.3: The parameters used to compare energy-independent and energy-
dependent electron removal. t_esc_threshold is T^ in equation 3.11 given in terms
of 7, and the other parameters are denned in section 2.3.

n -
" 7 2 —

(3.10)

where n72 is the new electron distribution in the next timestep, n7l is the old

electron distribution from the current timestep and tesc represents the number of

timesteps required for n72 to escape (tesc is given as a parameter, see section 2.3).

In order to allow electron escape times to depend on energy to counteract fast

thermalisation, rather than this energy-independent escape rate, I add the following

escape equation,

t _
esc'new ~

_ ^esc,old

exp(l — 5?-)

where teSc,new is the. new value of tesc used in equation 3.10, tesCtOid is teac given

as a parameter (see section 2.3) and Th is a threshold value in 7. Electrons where

7 = Th escape as described in equation 3.10, but electrons where 7 < Th escape

faster and electrons with 7 > Th escape more slowly.

This is modelled in addition to the removal of excess electrons in the lowest

energy bin whenever Ni > Nsi.

Energy-dependent electron removal is demonstrated in figure 3.11, where it is

compared to energy-independent electron removal. The parameters used are listed

in table 3.3 (where they are different from the values given in table 2.1), and in this
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Typical HSS spectra with both energy-dependent and energy-independent electron removal

10"'° •

10"" -

10"

\

Energy-independent electron removal
Energy-dependent electron removal

10" 10' 10
energy (keV)

Figure 3.11: Spectra of a typical HSS demonstrating the difference be-
tween energy-dependent electron removal and energy-independent electron re-
moval. The spectral bump created by the thermalised electrons in the energy-
independent version can be seen clearly, preventing a flat power-law spectrum.
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case electron evolution according to the kinetic equation is modelled6. Including

energy-dependent electron removal gives a smoother power-law tail, and the bump

created by the thermalised electrons in the energy-independent case is seen clearly.

This is a technical feature, however, necessary due to the discretisation used

in the code, and is not comparable to a physical situation. Two different ways of

dealing with this technical issue are compared here without being based on a physical

explanation. The physical implications of the technical treatment should, however,

be considered, whichever version is used.

3.5 Anisotropy of Compton scattering

One of the greatest weaknesses of HEART is the lack of treatment of the anisotropy

of Compton scattering, as the scattering angle, the probability of a scattering event

and the energy transfer depend on the interaction angle of the photon and the

electron (Blumenthal & Gould, 1970). Isotropic conditions are assumed inside each

cell in HEART when using equations 2.31 and 2.32 to calculate the intensity of

scattered photons. This is a valid assumption, at least initially, for the electrons,

as long as we do not wish to model bulk motion, but all the photons are initially

travelling upwards, and later different numbers of photons travel in each of the six

modelled directions, a potentially highly anisotropic situation. Initially photons

are more likely to continue upward or be back-scattered in the downward direction

rather than scatter into a given sideways direction. More than l/6th of the scattered

photons should continue upwards, more than l/6th should back-scatter and less than

4/6th should be side-scattered, though this is strongly energy-dependent. While at

low photon energies (scattered photon energy ~ 0.04 keV) the l/6th approximation

is quite good (~ l/5th should forward-scatter and ~ l/5th should back-scatter,

see equation 3.12), the anisotropy effect becomes more important with increasing

photon energy (~ 70% of scattered photons at ~ 40 MeV should forward-scatter).
6Electron heating is not modelled in HEART, but rather injection of hot electrons and removal

of colder electrons. This is not physical, and the parameters given in table 3.3 do not refer to the
equilibrium electron distribution. This is discussed further in chapter 6.
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HEART is not suitable for including a full anisotropic treatment of Compton

scattering for two main reasons. Firstly, the restriction of only modelling six di-

rections limits the usefulness of any angular treatment that can be implemented.

Including an anisotropic treatment of Compton scattering may improve spectra to

an extent within the framework of the six direction restriction, but this restriction

may be too great to improve the spectra sufficiently. Also, one of the most useful

outcomes of including an angular treatment would be to model spectra dependent

on viewing angle. This may even be necessary for accurate spectral fitting (Haardt

& Maraschi, 1991; Haardt, 1993; Haardt &; Maraschi, 1993; Stern et al., 1995a,b;

Poutanen & Svensson, 1996). Strictly speaking, with the six direction restriction it

is only possible to model spectra of inclination angles 0° and 90°.

Secondly, if the anisotropy of Compton scattering is to be taken into account, the

scattering cross-sections used throughout the Comptonisation calculations must be

changed as well as the structure in which information about the photon distributions

is kept. More information must be stored, for example a larger number of directions

for photons to travel in, and each scattered photon must be linked with its pre-

scattered energy state to allow the accurate determination of its path after scattering.

In essence, if HEART is to model the anisotropy of inverse Compton scattering

accurately, it must be modified significantly, including the basic structure upon

which it is built. For example, more photon directions could be modelled by changing

the shape of a cell from a cube to a structure with more sides which still tessellates.

The algorithm for building the corona and linking the cells would have to be re-

worked, and this would increase the run-time of the code. Another possibility is

to model several photon directions within a cubic cell, but this introduces an error

in the photon propagation time. Photon distributions necessarily propagate from

one cell to the next in one timestep because of the distribution storage system in

HEART. The maximum error would occur for photons travelling along the diagonal,

which would travel a factor of \/2 too fast. In either case, taking these effects into

account would increase the run-time of the code.
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Before attempting to make such significant changes, we must be sure that they

are both feasible and necessary. It is only worth reworking HEART in this way if

HEART is suitable for the fitting of spectra with long integration times, and if the

anisotropy of Compton scattering can be implemented satisfactorily. The suitability

of HEART to spectral fitting in this sense is discussed in chapter 4, but to summarise,

it is not practical to use HEART routinely for fitting of steady-state spectra due to

its long run-times and limited reliable parameter range7.

Nevertheless, it is worth investigating how much difference the inclusion of an

anisotropic treatment of Compton scattering is likely to make to the angle-averaged

spectrum, and whether a slightly better approximation than the assumption of

isotropic scattering could improve the spectra for more accurate variability mod-

elling. I have implemented an approximation to an anisotropic treatment of inverse

Compton scattering, which I refer to as 'directionality' hereafter. The cell structure

and restriction to six directions remain unchanged, and the scattering cross-sections

assuming isotropic conditions are still used, but I have modified the fraction of

scattered photons being scattered into each possible direction, rather than always

assuming l/6th. This approach should be viewed as the simplest conceivable mod-

ification towards an implementation of anisotropic scattering. It also allows test

modelling of extreme situations, for example 100% forward scattering, to gauge how

significant an improved treatment is likely to be.

Given that a photon has undergone scattering to a pre-calculated energy (deter-

mined by the equations in section 2.2.3.3 assuming isotropic conditions), I determine

the scattering angle depending on which direction it came from and its pre-scattered

energy according to Lei et al. (1997)

(3.12)

where (?KN,U is the Klein-Nishina differential cross-section of a free electron at

rest in the case of unpolarised radiation, r® is the classical electron radius, 8 is the
7Further limitations are discussed in chapter 6.
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scattering angle (the angle between the initial photon trajectory before scattering

and the scattered photon trajectory) and

F1' 1
6 = ( 3 1 3 ^EQ

 = 1 + (£0/mec2)(l - cos0)' . ; ( 3 '1 3^

where E' is the energy of the scattered photon and EQ is the photon energy

before scattering.

In the case of the cubic cells in HEART, equation 3.12 is calculated for three

different cases: forward-scattering, back-scattering and side-scattering. A photon

is equally likely to scatter into any of the four sideways directions, hence it is only

necessary to calculate the probability of scattering into one of the sideways direc-

tions. Scattering is assumed to occur at the centre of a cell, thus the probability of a

certain photon direction after a scattering event is given by integrating equation 3.12

over the solid angle, Q, containing the face of the cube that the scattered photon

travels towards. This is a large approximation, as is illustrated in figure 3.12, but is

necessary due to the fact that only six directions are modelled.

For example, consider a photon entering the cell from face B in figure 3.13. To

calculate the probability of forward-scattering I integrate equation 3.12 over the

solid angle containing face F. The probability of back-scatter is calculated using the

solid angle containing face B and the probability of side-scatter is calculated using

the solid angle containing any of the other four sideways faces.

Assume that the scattering event occurs at the origin upon which a cube with

sides of length 2a is centred in Cartesian coordinates. Consider forward-scattering

only, into a cube face on the plane z = a, and refer to figure 3.14. From equation

3.12 the scattering cross-section is

where e/, 6f and dd are calculated below. In figure 3.14 the origin, 0, is at

the centre of the cell where the scattering event occurs. Only the face into which
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D /

s

Figure 3.12: A two-dimensional illustration of one of the approximations
caused by modelling only six directions. Scattering is assumed to occur at
the centre of the blue cell, i.e. at the purple dot. The purple lines represent the
photon paths modelled by HEART, whereas the red line represents a possible,
physical photon path which is not modelled by HEART. In HEART, a photon
travelling along the red line is transferred into the neighbouring green cell la-
belled 'S', and thus integrating the Klein-Nishina differential cross-section over
the solid angle containing each face of the cube gives the probability of scatter
into the neighbouring cell sharing that face, as described in figure 3.14. As is
clear from this diagram, however, a photon travelling along the red line actually
spends very little time in cell 'S', and would more accurately be transferred to
the cell on the diagonal, cell 'D'.

77



Chapter 3 Further developments to HEART

F
B

Figure 3.13: The faces of a cell in HEART. The near face is labelled 'F' and
the far face is labelled 'B'. For example, if a photon enters the cell through face
B and forward scatters at the centre of the cell, then it will subsequently leave
the cell through face F.

Figure 3.14: Calculating the solid angle containing the face of a cube in Carte-
sian coordinates.
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forward-scattering occurs is shown, and this is the face I compute the solid angle for.

This face is located on the plane z=a, so the centre of the face is at point (0,0,a),

point C in figure 3.14. The vector joining the origin O to point C, OC, represents

the direction of the photon before scattering, and the vector joining the origin O

to a random point -X(x,y,a) on the cube, face, OX, represents the direction of the

photon after scattering. 9f is as marked in the figure, the angle between the initial

photon trajectory and the scattered photon trajectory.

Now consider the right-angled triangle in figure 3.14. The hypotenuse, h, is equal

to the length of OX, call it 77, hence h = r/ = y/(x2 + y2 + a2). The adjacent is

equal to a as O and C are fixed, and the opposite, op, is the length of CX on the

z=a plane, so op = \J{x2 + y2). Therefore sinOf = y' x2 + y2/rj and ef is as in

equation 3.13 but with cos 6 = cos 9f = a/rf.

dCl can easily be derived for the face of a cube, and I follow the method from

Weisstein (2008) here. The solid angle is defined as

where n is a unit vector from the origin, da is a small area on the surface Q, of

a unit sphere and r -is the radius of a from the origin. To find the solid angle of the

face of a cube with sides of length 2a, consider again the face in a Cartesian x,y,z

coordinate system which is located on the z plane, z = a, with the cube centred

on the origin. Notice that n • da = cos 9dxdy where 6 is the polar angle (the angle

between the perpendicular to the area of the face of the cube and the perpendicular

to the small area da on a unit sphere) and that r = yf (x2'+ y2 + a2). Then

==dxdy (3.16)

and since cos 8 = air *
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hence

. [x2 + y2 + a2)3/2

A similar calculation can be done for side-scattering,

rs = V(x2 + a2 + z2) (3.19)

=^{x2 + a2) (3.20)

cos# = - (3.21)
r

[X2 + a2

and for back-scattering,

7 9N,/9
+ y2 + a2)3/2

(3.23)

(3.24)

(3.25)

(3.26)

Now the number of scattering events in the forward direction is necrfl where

ne is the number density of electrons and I is the distance travelled by a photon,

thus the total number of scattering events is neafl + neai,l + Aneasl. Therefore the

probability of forward-scatter, pf, is

Pf = n-^l = 2 (3.27)
1 nel<7f + nelab + knelos af + ab + 4as

and similarly for back and side-scattering: By normalising the scattering cross-

sections I obtain the probability of scattering into each cube face.

It is only necessary to calculate these cross-sections once at the start of the
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code for every modelled photon energy. The same values can then be used in every

timestep when calculating the photon direction after each inverse Compton scat-

tering event. In HEART the scattered distribution (equation 2.31) and the pre-

scattered distribution (equation 2.32) are calculated separately, i.e. the scattered

distribution, v\ is calculated and added to the photon distribution, at which point

the scattered photons exist twice because the photons VQ which scattered to v\ have

not yet been removed. These photons {VQ) are 'absorbed' separately using equation

2.32. Because of this procedure it is not possible to link a scattered photon with its

pre-scattered energy in HEART. This introduces a complication as the direction of

the scattered photon depends on its pre-scattered energy, UQ. I make an approxima-

tion, which is most easily described by considering a specific photon distribution.

Consider a given cell, and consider the photon distribution, \&, entering the cell

from face B in figure 3.13 at the start of a timestep. Some of the photons in \&

undergo scattering, call them \I/o> and call the scattered distribution \&i. I wish to

find the proportion of \&i which is scattered forwards (into face F), backwards (into

face B) and sideways (into one of the other, sideways faces). This proportion must be

independent of the pre-scattered energy as the pre-scattered energy is unknown, so

that the same proportion can be applied to ^ i over all energies. Now consider only

forward-scattering. To find the proportion which forward-scatter, \&o,for) I multiply

the intensity in each energy bin of \I/o by the energy-dependent probabilities of

forward-scattering calculated in 3.12,

I convert to photon number to avoid high energy photons being weighted more

than low energy photons later, thus ^ro,for(l/) gives the number of forward-scattered

photons in each pre-scattered energy bin. In order to remove the dependence of

\I/o,for on energy I sum over energy. The total number of photons coming from face

B and scattering into face F, ^ B F is
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Similarly, I find the number of photons coming from face B which back-scatter

into face B, ^ B B and side-scatter into the other faces, 4\[>BS- I then normalise to

obtain energy-independent probabilities of forward-scatter, pj, back-scatter, pt,, and

side-scatter, ps:

£ =

Pb =

Pf =

Ps =

Aps = 1 • (3.30)

The factor of 4 enters because there are four sides into which photons can side-

scatter. These probabilities are then applied to the scattered distribution, \I>i, over

all energies, to determine what fraction of the scattered photons continue in each

direction, rather than l/6th in each.

When this has been done for the photons coming from face B, it is also done for

the photons coming from the other faces, and the contributions from each photon

distribution to each direction are added. For example photons leaving through face

F are those which forward-scattered from B, back-scattered from F and a quarter

of those which side-scattered from each of the other faces. This is then repeated for

every cell. This treatment is similar to assuming that a given scattered photon was

scattered proportionally from all the pre-scattered photons calculated in equation

2.32.

Using an average probability over energies in this way causes low energy pho-

tons to have too great a probability of forward-scatter in HEART, and high energy
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photons to have too small a probability of forward-scatter. These probabilities are

re-calculated in every timestep, and so, as the energy of the overall photon distribu-

tion increases, the probability of forward-scatter also increases.

Although this approximation is an improvement on the l/6th assumed previ-

ously, it is still a weak treatment of the anisotropy of Compton scattering. Each of

the six distributions in each cell is now treated individually, however, so HEART

is in a better form to deal with anisotropic scattering events should such a modifi-

cation be required in future. It is also easy to change the probabilities of forward,

back and side-scatter to any required value, to gain a better understanding of how

much difference modelling the anisotropy of inverse Compton scattering makes to

the angle-averaged spectrum of HEART, within the current restrictions.

3.5.1 Results of the new approximation to anisotropy of Compton

scattering

A comparison of HEART to compTT is made in section 4.2, and this new treatment

of directionality is included and discussed there, but only for the case where electron

evolution is not modelled, i.e. the calculation of the kinetic equation is disabled. I

include a short summary here.

Including directionality increases the range of parameters over which HEART can

be used to include high Compton y parameters (defined in section 4.2) in excess of 15.

Without directionality HEART is valid for low Compton y parameters < 3, and in

this case the l/6th approximation is better. Figures 4.4, 4.5, 4.6 and 4.7 demonstrate

the parameter range over which directionality should be used. It is particularly

evident in figure 4.5 how the scattered photon component is underestimated with

directionality and overestimated without directionality for high optical depths.

This new approximation has made a significant difference to the output spectra,

showing that the treatment of anisotropy in Compton scattering changes the angle-

averaged spectra from HEART significantly. It is possible that including a more

complete treatment would significantly extend the applicability of HEART. It is
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also possible, however, that the reason HEART only agrees with compTT for low

Compton y parameters is that the optical depth per cell is too high in the case of

high Compton y parameters, and so does not comply with the restrictions imposed

to ensure that the radiative transfer is modelled accurately. Currently, however,

a basic form of HEART can be used for restricted parameter ranges discussed in

section 4.2.
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Testing HEART

The HEART code includes several physical processes and features described in the

previous chapters. Simple checks are made throughout in Collins (2004) and in the

figures in chapter 3, to ensure that the HEART output is sensible and qualitatively

as expected, but HEART has not yet been properly tested or applied to explain real

data.

I test the HEART code by comparing it to the analytic model by Titarchuk

(1994), and by fitting observed X-ray spectra of Cyg X-l in the LHS and the HSS.

The analytic model is widely used and tested in the literature (see for example Hua

& Titarchuk (1995) and Skibo & Dermer (1995) for comparisons to Monte Carlo

codes), but is very limited in that it only describes steady-state configurations in

homogeneous spherical and slab geometries. HEART should, however, agree with

the analytic model under these limited conditions. As the observed spectra are

obtained from observations with long integration times, I model a stationary config-

uration of the accretion disc and corona without an evolving electron distribution,

i.e. the calculation of the kinetic equation is disabled, to allow the comparison with

both the analytic model and the observed spectra. This also allows the testing of

HEART in its most basic form.
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4.1 Practical Considerations

Before testing and using HEART some practical considerations are necessary. 'Equi-

. librium' is detected within the code by comparing the output spectra of two consec-

utive timesteps. If they agree with each other within a user-specified tolerance, then

the code assumes that a steady state has been established. Here I use an analytic

estimate combined with a simple Monte Carlo code to set a number of timesteps

(sim = Normal, see section 2.3) to avoid an apparent equilibrium being reached too

early. While the photons undergoing multiple scattering events make little difference

to the output of each consecutive timestep, their summed effect is significant over a

large number of timesteps, making equilibrium conditions difficult to implement in

the case of a corona with high optical depth.

The analytic estimate is valid only in optically thick cases, and is described in

appendix A.3. The Monte Carlo code is valid for all optical depths, and calculates

an escape time estimate. I use the same cell structure as the corona in HEART in

the Monte Carlo code, and scattered photons are equally likely to scatter into any of

the 6 modelled directions. The probability of undergoing scatter is equal in all cells

and is set initially by an optical depth given by the user. No energy dependence is.

modelled, though a fraction can be specified to multiply the scattering probabilities

by, to mimic the decreasing scattering probability, with increasing energy. A specified

number of photons, usually ~ 1000, are then followed as they traverse the corona

one by one, and the code outputs the maximum number of timesteps any photon

required to escape, where a timestep is as defined in HEART (see equation 2.1).

This is a fairly crude estimate, but gives a good starting point.

After obtaining estimates from appendix A.3 and this Monte Carlo code, I run

HEART for the maximum estimate for the number of timesteps, and also for twice

as long to ensure that the code reaches a steady state. If the spectrum is identical

in these two runs, then I assume that I can safely use the number of timesteps

suggested by the estimates described above. This method is used throughout my

work, and I find that my crude estimates of the required number of timesteps is
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always sufficient.

4.2 Comparison to an analytic model

With these practical considerations, I now compare the output of HEART with the

analytic model of Titarchuk (1994) as implemented in XSPEC version 11.3.2.t as

model compTT. To approximate the conditions assumed in the compTT model, a

spherical corona with central injection of blackbody seed photons, I continue to use

the ECorona model (see section 2.3), a spherical corona with an accretion disc, but

with a very small disc to approximate only central seed photon injection. The solu-

tion of the kinetic equation in individual cells is disabled as compTT assumes a static

electron energy distribution. Thus the electron density parameter in equations 2.3

and 2.4, n7, refers to the actual electron density and not the time-dependent density

of electron injection. Bremsstrahlung, synchrotron radiation and reprocessing in the

disc are also disabled.

3604 cells (corresponding to a 24 cell diameter of the corona) are used to construct

a hemisphere and the corona is assumed to be symmetric. Pull reflection is modelled,

so photons propagating out of the modelled hemisphere through its circular cross-

section are reflected back into the modelled region as, by symmetry, they correspond

to photons entering the modelled hemisphere from the unmodelled hemisphere (see

section 3.2). A purely thermal electron distribution is modelled in each cell (Q_e =

0 m~3, see section 2.3), and does not evolve.

Parameters within the applicability region given by Skibo & Dermer (1995) for

the compTT model are used. The HEART and compTT spectra are plotted in fig-

ures 4.1, 4.2 and 4.3 for optical depths rth = 0.5,1.5 and 5, for electron temperatures

50 and 100 keV and for maximum disc temperatures of 0.1 and 0.3 keV.

The slopes of the Comptonised spectra are consistent between HEART and

compTT at low optical depth, up to r ~ 2, and at electron temperatures up to

~ 100 keV for both disc temperatures. Equivalently, the models agree for the non-

relativistic Compton y parameter Z/NR = (4fcT/mc2)Max(r, r2) < 3. The models
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HEART and compTT at max disc temperature 0.1 keV and electron temperature 50 keV

H E A R T , T = 0.5

compTT, x = 0.5

HEART, T = 1.5

compTT, T = 1.5

HEART,x =

compTT, t = 5

10 10'
energy (keV)

10 10

Figure 4.1: Spectra from HEART and compTT for optical depths rth — 0.5,
1.5 and 5 with a maximum disc temperature of 0.1 keV and electron temperature
50 keV.
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Figure 4.2: Spectra from HEART and compTT for optical depths rth = 0.5,
1.5 and 5 with a maximum disc temperature of 0.1 keV and electron temperature
100 keV.
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HEART and compTT at max disc temperature 0.3keV and electron temperature 50 keV
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Figure 4.3: Spectra from HEART and compTT for optical depths rth = 0.5,
1.5 and 5 with a maximum disc temperature of 0.3 keV and electron temperature
50 keV.

are not expected to match exactly as the approaches are quite different, but two

possible reasons for the significant discrepancy at large optical depths are easily

deduced from the limitations of HEART. Firstly, the optical depth per cell, rceu,

must be much smaller than 1 for equation 2.30 to be valid. Here, rceu = 0.04 in the

examples where the radial optical depth, rth, is 0.5, but rceu = 0.4 when the radial

rth = 5. Thus the approximation used to model Compton scattering is only valid

for small radial optical depths, the cases where HEART agrees well with compTT.

The only way of modelling a radial optical depth of 5 with a sufficiently small rceu

for this approximation to be valid, is by modelling more cells. A corona diameter,

R_cells, of significantly more than the 24 cells used here is necessary, but that is

prohibitively computer intensive. Thus HEART is limited to modelling small radial

optical depths by the combined limitations of rceu -C 1 and R_cells < 24.

A second possible reason is that the lack of treatment of the anisotropy of inverse

Compton scattering in HEART contributes to HEART overestimating the scattered
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HEART vs compTT with and without directionality, tau = 1.5, kT_max = 0.1, kT_e = 50

disabled directionality
directionality on
compTT

10" 10'
energy (keV)

10"

Figure 4.4: Spectra from HEART with and without directionality and compTT
for optical depth rth — 1-5 with a maximum disc temperature of 0.1 keV and
electron temperature 50 keV.

photon distribution for high optical depths and electron temperatures. As the pho-

tons gain energy they become more likely to undergo forward-scatter (with minimum

energy transfer) and escape the corona faster than HEART predicts.

The high (relativistic) Compton y parameter case, yn = lQ(kT/mc2)2Max(T, r2)

> 15 can be improved on by including the new approximate treatment of anisotropy

of Compton scattering, 'directionality', described in section 3.5. Figures 4.4, 4.5,

4.6 and 4.7 show a comparison between compTT, HEART with directionality and

HEART without directionality. The approximation of scattered photons being

equally likely to undergo scattering into any of the faces of the cell works better

for yNR 5̂ 3, but for yn > 15 including directionality is a better approximation.

Low energy photons are more likely to forward-scatter and escape than they should

be with directionality on, hence the deficiency of scattering events in the low optical

depth case. Where scattering events are more likely and photons are scattered to

higher energies (i.e. at higher optical depth), however, this increased probability of
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HEART vs compTT with and without directionality, tail = 5, kT_max = 0.1, kT_e = 50

5 10"
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10"
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disabled directionality
directionality on

compTT

10" 10" 10'
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Figure 4.5: Spectra from HEART with and without directionality and compTT
for optical depth rth = 5 with a maximum disc temperature of 0.1 keV and
electron temperature 50 keV.
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Figure 4.6: Spectra from HEART with and without directionality and compTT
for optical depth rth = 5 with a maximum disc temperature of 0.1 keV and
electron temperature 100 keV.
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10'
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HEART vs compTT with and without directionality, tau = 4, kT_max = 0.1, kT_e = 150
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— compTT
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Figure 4.7: Spectra from HEART with and without directionality and compTT
for optical depth rth = 4 with a maximum disc temperature of 0.1 keV and
electron temperature 150 keV.

escape is necessary. For Compton y parameters between yNR ^ 3 and yn < 15,

including directionality underestimates the scattering component whereas using the

l/6th approximation overestimates the scattering component (as in figure 4.5). A

better treatment of anisotropic Compton scattering is required. Using this new ap-

proximation of the anisotropy of Compton scattering changes the output spectra

significantly, however, and so including an improved treatment of this anisotropy

may provide sufficiently accurate spectra, though the requirement that Tceu <C 1

must also be included.

The greater soft excess in the HEART spectrum is due to a slightly extended

multicolour disc in HEART compared to a central blackbody in compTT. The ex-

pected high energy cut-off at ~ 3kTe, where kTe is the temperature of the thermal

electron distribution, is seen in both models.

It is not ideal that different treatments are necessary for different values of y, or

that only low and high values of y are modelled well, but for the purposes of fitting
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data from X-ray binaries the expected fitting parameters (yNR ^ 3) lie within the

region where HEART agrees well with compTT.

4.3 Comparison to data from Cyg X-l in the low hard

state and the high soft state

After comparing HEART to the analytic model of Titarchuk (1994), the next test

is to apply HEART to fit observational data. I use HEART to fit Cyg X-l data

in the LHS and the HSS. No attempt is made to improve on previous fits, only to

demonstrate the capability of HEART to fit observed data with reasonable physical

parameters. This is done for testing purposes only, and a discussion of how suitable

HEART is for spectral fitting is given in section 4.4. For simplicity, and for ease of

comparison to previous spectral fitting of the same data, a spherical, static, homo-

geneous electron corona is used, and only inverse Compton scattering of multicolour

blackbody photons injected from an underlying disc (as described in section 2.2.4) is

modelled. As above, evolution of the electron energy distribution is- disabled. Thus

HEART is being used with similar capabilities to compTT within its restricted pa-

rameter range, for the purposes of fitting this data and is, again, being tested in its

most basic form.

Cyg X-l was observed by BeppoSax on May 3rd and 4th 1998 (DiSalvo et al.,

2001) in the LHS and on 22nd June 1996 (Frontera et al., 2001) in the HSS, and

HEART is used to fit this data. I use XSPEC version 11.3.2.t to analyse the fits,

where the HEART output is implemented as a table model. A multiplicative con-

stant allows different normalisations for different instruments allowing for uncertain-

ties in the absolute calibrations of individual instruments. The reflection component

and fluorescent iron line are added separately in the LHS using the XSPEC models

reflect by Magdziarz Sz Zdziarski (1995) and a Gaussian respectively. In the HSS

HEART models the reflection component, and a Gaussian is used to fit the iron line.

This different treatment of the two states is discussed in sections 4.3.1 and 4.3.2,
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but in both cases the reflection component is added without modelling the heating

of the disc caused by the absorbed photons, i.e. the coupling of the disc and corona

are not modelled. This is therefore not a self-consistent model.

A full list of HEART parameters and settings is given in tables 2.1 and 2.2

respectively, and the best fit parameters are given in table 4.1 for both states where

they differ from those given in table 2.1. The parameters which are the same for both

fits are discussed here, and the ones which differ between the states are discussed

in sections 4.3.1 and 4.3.2. I model a spherical corona covering an optically thick,

geometrically thin disc (the ECorona model). Photons of frequency 1.0 x 1016 —

1.0 x 1022 Hz (0.0414 keV - 41 MeV) are modelled, covering a significantly broader

band than the observational data, and electrons with 7 = 1 - 1000 are modelled,

including a range of nonrelativistic to highly relativistic electrons. The diameter

of the corona is 3 x 106 metres, although this is somewhat arbitrary and the total

optical depth is more important. The fitting algorithm of XSPEC is used to set

the overall normalisation and the model phabs determines absorption by neutral

hydrogen. Hence the distance assumed for Cyg X-l, 2 kpc, is not important, and

galactic absorption is set to 0 in HEART itself. The mass of the black hole in Cyg

X-l is assumed to be 5 M© which is within the range given in Herrero et al. (1995).

The exact number used is not crucial as it is only used to provide a scaling factor for

values given in Schwarzschild radii. I model only inverse Compton scattering and

reflection (without absorption and heating in the disc), so I assume no magnetic

field (B = 0), and bremsstrahlung and electron evolution by the kinetic equation are

disabled. Hence the electron distribution remains the same in each cell throughout

the simulation, and n_e and Q_e represent actual electron densities rather than time-

dependent injected densities.

j

4.3.1 Cyg X-l in the LHS

The best fit parameters to the LHS data are listed in table 4.1 and the range of

parameters used in determining this best fit is listed in table 4.2. Only thermal
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HEART parameters
n_e (m~3)
(equivalent to rth)
kT_e (keV)
Q-e (m-3)
(equivalent to TV)
q
kT_max (keV)

The LHS
2.2 x 1022

2.2
49.6
0
0
0
0.08

The HSS
0
0
0
0.12 x 1022

0.12
4.1
0.39

Table 4.1: The best fit parameters of HEART for the LHS and HSS data. n_e
and kT_e are the thermal electron parameters ne and kTe as denned in equation
2.3 and Q_e and q are the power-law electron parameters ne and q as denned
in equation 2.4. kT_max converted to Kelvin is tmax at rjn in equation 2.36.
Note that the evolution of the electron distribution is not modelled and the
calculation of the kinetic equation is disabled.

HEART parameters
n_e (m~3)
corresponding rth
kT_e (keV)
Q-e (m-3)
corresponding rp

q
kT_max (keV)
r_max (Schwarzschild radii)

The LHS
2 x 1022 - 4 x 1022

2-4
45-65
0
0
0
0.01-0.2
5-100

The HSS
0
0
0
1.24 x 1017 - 3.3 x 1022

1.24 x 10~5 - 3.3
1.1-4.5
0.01-0.8
10-100

Table 4.2: The range of parameters used in HEART for the fitting of observed
Cyg X-l data.

electrons are modelled, with n_e = 2.2 x 1022 (see equation 2.3), equivalent to a

Thomson optical depth of Tth = 2.2 along the radius, and temperature kT_e =

49.6 keV, producing a photon index of 1.75. The seed photons have a maximum

blackbody temperature of 0.08 keV (kT_max = 0.08 keV) at the inner disc radius.

The corona covers the disc fully in this model. Therefore any photons reflected

by the disc are subject to the same Comptonisation as the directly injected photons. .

Because the optical depth is fairly high (the average number of scattering events

~ T2 S> 1), the scattered spectrum is almost independent of the properties of the

seed photons (Sunyaev & Titarchuk, 1985), which means that a distinct reflection

component is not produced in the HEART output. However, the data show evidence
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XSPEC parameters
LineE (keV)
Sigma (keV)
nH (xl021cm-2)
reLrefl
redshift
abund
Fe_abund
coslncl
reduced x2

The LHS
6.54 +/- 0.284
6.06xl0~4 +/-6.12
4.46 +/- 0.441 xlO"2

3.92 +/- 3.04
0
13.0 +/- 8.77
5.58xlO"3 +/- 3.96
5.00xl0~2 +/- 0.716XHT1

2.1

The HSS
6.20 +/- 0.111
0.972 +/- 0.532X10-1

4.96 +/- 0.231 xHT2

n/a
n/a
n/a
n/a
n/a
2.0

Table 4.3: The best fit parameters of the XSPEC models used (gaussian, phabs
and reflect).

for such a component. I model this component using the output of HEART as the

input for the XSPEC reflection model reflect (Magdziarz Sz Zdziarski, 1995). I also

add a Gaussian profile to model the fluorescent iron line (see table 4.3 for a list of

XSPEC parameters, including the value for nH).

Because of this, and also because reprocessing and energy balance are not mod-

elled, the HEART model spectrum is not self-consistent. Three possible scenarios

may explain the need for a separate reflection component:

1. Cold matter external to the corona is reprocessing photons from the corona,

for example the companion star. In Cyg X-l the solid angle subtended by

half the companion star covers approximately 5% of the 2K solid angle of the

hemisphere above the disc, so in an isotropic situation 5% of emitted photons

should be reflected by the companion star. This is sufficient for a possible

observable effect, though it is a rough estimate.

2. The corona is not homogeneous or static, but rather lumpy and evolving, and

so at times photons escape unscattered from the disc and at other times they

travel through regions of even higher optical depth than modelled here. The

HEART corona contains a time averaged electron distribution, which does not

allow the reflected component through unscattered1.
1A limited investigation into this scenario is discussed in section 3.3.1, where a corona of active
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LHS parameters
nH (xlO21cm~2)
kT_max (keV)
photon index
kT_e (keV)

HEART
4.46
0.08
1.75
49.6

DiSalvo et al. (2001)
~ 7.0
~ 0.12
~ 1.6
~ 90

Table 4.4: HEART parameters compared to the best fit parameters in DiSalvo
et al. (2001) for the LHS of Cyg X-l.

3. The geometry is completely different to; that modelled here, such that the

corona does not fully cover the disc. Parts of the disc are not obscured by

the corona, and any reflected photons may escape the system without further

scattering2.

This model gives a reduced %2 of 2.1 in XSPEC, and the best fit is shown in

figure 4.8 with the A% deviation plotted in figure 4.9!. The best fit parameters are

compared to those of DiSalvo et al. (2001) in table 4.4. The parameters from DiSalvo

et al. (2001) are an approximate single representation of the four models they use,

as the parameters do not vary much between models. This comparison shows that

HEART fits the data with the same general physical properties as DiSalvo et al.

(2001). The disc size is also consistent, as the disc in HEART (extending to 3

Schwarzschild radii) is within the range found by DiSalvo et al.;(2001). HEART

does not really constrain this, however, as the emission from the outer disc is much

weaker than that from the inner disc.

DiSalvo et al. (2001) include a second soft component which improves the fit and

which I have not modelled, though HEART could model such a component either

as a second blackbody or as an additional or ^hybrid electron population. With

the fairly high reduced x2 obtained here it seems a sensible attempt, but I do not

improve on the fit here. This is discussed further in section 4.4 after the fit to the

HSS data is discussed in the following section.

regions is modelled. The reflected component is no more prominent in the active regions geometry
than the homogeneous geometry, but only one example is considered. More work is required to
draw any conclusions as to the validity of this scenario.

2This cannot be modelled by HEART and is discussed further in section 6.2
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unfolded spectrum
lecs_60XY.pha mecs23_30XY.pha sys5_pds_256.pha hp_tot.pha

6 -
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channel energy (keV)

4-Fab-200BIS:39

Figure 4.8: The best fit to the LHS data using the HEART model in XSPEC
as well as a Gaussian iron line and the reflect model. The spectrum of the
Comptonised component is shown separately in addition to the overall spectrum,
and so the contribution from the reflected component is seen clearly between
~ 10 - 200 keV.

60XY.pha mecs23_30XY.pha sys5_pds_256.pha hp_tot.pha
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Figure 4.9: Ax for the best fit to the LHS data in XSPEC.
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4.3.2 Cyg X-l in the HSS

A static distribution of only power-law electrons (i.e. n_e = 0 m~3) are modelled in

the HSS as there is no observable high energy cut-off, and the best fit parameters

are listed in table 4.1 with the fitting range of the parameters used to determine this

best fit in table 4.2. Thus the evolution of the electron distribution is not modelled

and the calculation of the kinetic equation is disabled. The index of the power-law

distribution is q = 4.1. This should give a photon index (q + l)/2 = 2.5 (using the

best fit values of q before rounding to 4.1) in the Thomson limit (Blumenthal &;

Gould, 1970), which is close to the photon index I obtain of 2.4. The density of the

electron distribution is given by Q_e = 0.12 x 1022 m~3 (Q-e is ne in equation 2.4),

giving a radial optical depth of rp = 0.12. The blackbody emission from the disc

dominates with a maximum temperature of kT_max = 0.39 keV at 3 Schwarzschild

radii. The disc extends in to the ISCO at 3 Schwarzschild radii, which is consistent

with the findings of Frontera et al. (2001), and extends out to 100 Schwarzschild

radii. As explained in section 4.3.1, I cannot constrain the size of the disc.

Since the optical depth is much smaller in this case than in the LHS, HEART

is used to model the reflected component, so there is no need to add it separately

in XSPEC. This does not make the model self-consistent, however, as absorption

in the disc is not modelled, similarly to the fit to the LHS. More details of the

reflected component modelled by HEART is given in section 3.1.3 where the reflected

component is also shown separately in figure 3.1. A Gaussian is, added to represent

the iron line. The best fit values for nH and the Gaussian are listed in table 4.3.

This fit gives a reduced x2 = 2.0 in XSPEC and is shown in figure 4.10 with the Ax

deviation plotted in figure 4.11.

Prontera et al. (2001) fit this data using the model of Coppi (1992), where a

steady-state hybrid electron distribution is used. HEART produces the same gen-

eral features as Frontera et al. (2001) with similar values for the maximum disc tem-

perature, photon index and galactic absorption. These parameters are compared in

table 4.5. As for the LHS, it is possible that using a hybrid electron distribution in
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unfolded spectrum

lecs_soft.pha hp_soft.pha pds_soft.pha

channel energy (keV)
Mr 5-Mar-2006 0535

Figure 4.10: The best fit to the HSS data using the HEART model in XSPEC
as well as a Gaussian iron line.

HSS parameters
nH (xlO21 cm"2)
kT_max (keV)
F (photon index)

HEART
4.96
0.39
2.4

Frontera et al. (2001)
6.0
0.37
2.8

Table 4.5: The best fit HEART parameter values for the HSS compared to the
best fit values found by Frontera et al. (2001).

HEART would produce a better fit, but I do not attempt that approach here. This

is discussed further in section 4.4.

4.4 Conclusions to the testing of HEART

I have now tested HEART by comparing it to the analytic model by Titarchuk (1994)

and using it to fit Cyg X-l data, and the results are mixed. HEART agrees well with

compTT for y^R ^ 3, and it agrees reasonably for yn > 15 when directionality is

included. HEART fits the Cyg X-l data reasonably within these limited boundaries

in its most basic form, where electron evolution and reprocessing are not modelled.
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delta x
lecs_soft.pha hp_soft.pha pds_soft.pha

channel energy (keV)
Ksr 5-MST-200S09

Figure 4.11: A% for the best fit to the HSS data in XSPEC. The large devi-
ation at ~ 5 keV is probably due to the Gaussian not modelling the iron line
accurately.

It is possible that by including the extra components described above, a second

thermal electron distribution in the LHS and a hybrid electron distribution in the

HSS, I would obtain considerable better reduced x2 fits. There are significant ob-

stacles to doing this successfully, however, one of which is the run-time of HEART.

With current computer technology HEART is too computer intensive to be used

successfully for spectral fitting. A typical homogeneous run where electrons do not

evolve and with sufficient resolution takes ~ 6 hours on a dual 2.2 GHz Opteron

processor with 6 GB memory, and 81 runs are needed for a single multiparameter fit

where four parameters are varied between three values each. The number of neces-

sary runs and multiparameter fits grows quickly when extra parameters are added.

With such timescales it becomes infeasible to use HEART, routinely for spectral

fitting, especially as its reliable parameter range is also limited. There are several

fast fitting models available which fit observational data within its error bars for. a

greater parameter range than that over which HEART has been shown to be valid.
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Even if it were reasonable to use HEART for spectral fitting, an improved fit

to the data should include energy balance and the coupling of the disc and corona

through reprocessed flux in the disc. With this included, the ECorona geometry

modelled by HEART in the LHS will produce a significantly different spectrum

which does not fit the data, as discussed in section 6.1.

A potential strength of the cell-structure of HEART is the simultaneous mod-

elling of the photon and electron energy distributions evolving in time, making it

suitable for modelling variability. Few other models are available which model spec-

tra in addition to their evolution in time, and variability models are less dependent

on very accurate spectra. HEART may therefore be better suited to modelling vari-

ability, and it is better to focus on investigating this feature than attempting to

obtain perfect fits to the Cyg X-l data above with a model which cannot practically

be used for routine spectral fitting. The above tests show that HEART models the

general spectral features sufficiently well within the parameter boundaries yNR i$ 3

and yn > 15 in static situations, and it may be possible to extend HEART to model

spectral evolution in time within these boundaries. This is investigated in chapter

5 and discussed further in chapter 6.
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Using HEART to model

dynamic systems

On testing HEART in the previous chapter I find that HEART is unsuitable for

spectral fitting, but may have potential for modelling dynamic systems, thus com-

bining spectral and temporal information. Simultaneous modelling of spectra and.

their evolution in time is often not included in other models of the physical processes

which dominate the spectra from X-ray binaries and AGN. For example, the evolu-

tion of the electron distribution is not modelled in compTT, and it is therefore not

possible to model the effect of the radiative processes on the electron distribution

and the consequent effect on the spectrum. In principle, electron evolution can be

modelled in the cell-based structure of HEART, though there are problems with this

in the current form of HEART. This is discussed in chapter 6. Combining all avail-

able data, both spectral and. temporal, is important in furthering our understanding

of these systems, as discussed in the introduction (chapter 1).

While the structure of HEART allows for the modelling of evolving systems, as

the evolution of the electron and photon distributions is modelled in every timestep,

HEART is not immediately capable of modelling interesting dynamic situations. The

version of HEART described in chapter 2 does not, for example, allow parameters

to change with time. Thus only the evolution until a steady state is reached, with
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a single parameter set, can be modelled, after which the simulation remains in

equilibrium and the output spectrum remains unchanged.

For example, if state transitions are to be modelled, the physical parameters

must be allowed to change. The disc may cool and/or recede as a transition is

made from the HSS to the LHS, and the corona may become denser with a greater

proportion of thermal electrons than in the HSS. In order to model this physical

evolution of the system, the physical parameters must also evolve.

In this chapter I describe the necessary modifications of HEART to enable the

modelling of evolving systems. Two dynamic systems are then modelled, a state

transition from the LHS to the HSS in a BHXB and an X-ray burst on the surface

of a neutron star, with the aim of testing these additions, and investigating the

capability of HEART for dynamic modelling.

5.1 Modifications to the code

In order to study the variability of a system evolving in time, the spectral output

previously produced by HEART is insufficient. A more flexible form of.output

is necessary in order to produce, for example, lightcurves and hardness-intensity

diagrams (HIDs). The numerical spectral data and data describing the electron

distribution in every timestep is therefore output to a file. This file can then be

imported into a plotting program while maintaining full flexibility of producing

different plots.

For example, a simple Matlab program imports HEART data and produces a

lightcurve by summing the spectrum from each timestep over energy to produce

a single bolometric flux per timestep. It is then easy to only plot portions of the

lightcurve. For example the part of the lightcurve which is created before the system

has 'settled' (as discussed in section 4.1) is usually of no physical interest and is best

not included. The lightcurve shown in figure 3.9 is an example of a lightcurve

produced in this way. A lightcurve can easily be modified to sum only over certain

energy ranges to produce separate hard and soft lightcurves, as is done in section

104



Chapter 5 Using HEART to model dynamic systems

5.3.

HIDs are plotted similarly. The output flux in given energy ranges is summed

for each timestep, producing a value for the soft flux, the hard flux and the total

flux for every timestep. The hardness ratio, (hard flux)/(soft flux), is then plotted

versus the total flux for every timestep, and so the system's evolution on the HID

is displayed. Examples of HIDs with different energy ranges, produced in this way,

are shown in figures 5.3 and 5.4.

5.1.1 Changing parameter values during a simulation

The parameters which describe the injected electron distribution (see section 2.3)

were previously set at the start of a simulation, where the electron distribution was

calculated and then used throughout. In order to change the parameter values de-

scribing the injected electron distribution as the simulation progresses, I create a

function within the time loop which recalculates the injected electron distribution

at the start of every timestep, if required. Distinct individual electron distribu-

tion parameters are already stored within each cell (see section 3.3), so, in addition

to initially injecting different electron distributions into each cell, an evolving, in-

homogeneous electron corona can be modelled by specifying a different parameter

evolution path in each cell.

These parameters describe the evolution of the injected electron distribution

from one timestep to another. Electron distributions also evolve during a timestep,

however, according to the kinetic equation (equation 2.2). These two types of evolu-

tion combine as follows. The injected electron distribution changes instantaneously

between timesteps according to user-specified parameter changes, providing a differ-

ent source term in the kinetic equation in each timestep. The electron distribution

in a cell then evolves according to the kinetic equation during a timestep, with this

new source term. If the injected electron distribution is then kept constant, the cal-

culation of the kinetic equation causes the electron distribution in each cell to evolve

to a new steady state. Thus the evolution of the actual electron distribution in each
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cell occurs more slowly than the changes in the injected electron distribution. This

allows the evolution between two spectra, produced by two distinct steady-state

„ electron distributions, to be modelled1. Alternatively, if the electron distribution

does not evolve during each timestep, i.e. the calculation of the kinetic equation is

disabled, then the electron distribution in each cell is changed instantaneously to a

different. distribution.

The flexibility in changing the electron parameters is great. It is, for example,

possible to only recalculate the injected electron distribution in certain timesteps.

This can be used to allow the.system to reach a steady state before the parameters

start varying, producing a more physical simulation. The system may then reach a

second steady state before introducing further parameter changes.

There is also little limitation in the way in which the electron parameters may

change. The changes may depend on time, for example the electron temperature
t

may be proportional to the timestep. So in. timestep 2 the temperature may equal

2*kT_e, whereas in timestep 3 the temperature may be 3*kT_e, where kT_e is an

initially specified electron temperature. Alternatively, the electron parameters may

follow a pre-specified pattern. The temperature may, for example, increase by 0.1

keV in one timestep and by 0.01 keV in the next. Single, instantaneous changes are

also possible. The injected electron distribution in each cell is treated individually,

so there is no restriction for the parameter changes to be the same in all cells.

An example is given in section 5.2, where the power-law component of the in-

jected electrons decreases linearly over 31 timesteps (timesteps 100-131), while the

thermal component increases linearly over only 5 timesteps (timesteps 127-131).

This is done after allowing the system to reach a steady state for the first 100

timesteps.

Output spectra depend on the injected seed photon distribution as well as the

injected electron distribution. The disc must be allowed to cool to evolve from the

HSS to the LHS. To implement the evolution of the disc temperature in HEART,
1As electron heating is not modelled, the steady-state electron distributions are not physical.

See chapter 6 for more details.
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a feature added when expanding the code to include reflection and reprocessing in

the disc (see section 3.1) is used. The seed photon distribution can be recalculated

in every timestep for disc cells, if the photons absorbed by the disc change the disc

temperature locally. This is not modelled due to the problems it causes, which are

discussed in chapter 6, but here this recalculation is used whenever a new tempera-

ture of the disc is required. Equations 2.35 and 2.36 are used for this recalculation,

so only the maximum temperature of the disc, the value of kT_max (see section 2.3),

can be changed.

For example, in the state transition from the HSS to the LHS, the maximum

disc temperature, kT_max, is decreased by 0.01 keV per timestep from 0.39 keV in

the HSS to 0.08 keV in the LHS. This change starts at timestep 100, when a steady

state has been reached, and kT_max remains at 0.08 keV once this temperature is

reached. The parameter kT_max can be varied at any timestep(s) and between any

values required in any specified manner.

It is not currently possible to change the size, or -the inner and outer radii,

of the accretion disc during a simulation, or to dictate local changes to the disc

temperature. The local disc temperature is always determined by the temperature

at the inner radius, kT_max, and local absorption of photons. Such changes require

more modifications to HEART, but the framework is written and so these additional

features should be easily included if required.

Such modifications could be used to model the scenario described by the ADAF

model during state transitions. In section 5.2, however, the disc temperature, rather

than the inner disc radius, is changed to model a state transition. This provides

starting and end points for the state transition, as they can be based on the HEART

model fits to data from Cyg X-l in the HSS and the LHS in section 4.3. The disc

extends in to 3 Schwarzschild radii in these fits in both states.

One other modification to the injected seed photon distribution is made, in

order to simulate an X-ray burst in section 5.3. A second blackbody or multi-colour

disc distribution may be added during a given set of timesteps. The parameters
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of this second seed photon distribution, i.e. the maximum temperature, the inner

and the outer radii, are specified in the parameter file similarly to the original

seed photon distribution (see section 2.3). An additional normalisation parameter,

factor_2, is added, and its purpose is discussed later in section 5.3. The two seed

photon distributions are then added in the relevant timesteps and treated as one,

reverting back to the original seed photon distribution if required.

It is unnecessary to allow any other parameters to vary during simulations for

the purposes of the current work. There is no need to vary non-physical parameters,

for example the maximum and minimum photon and electron energy modelled, and

it is unphysical to vary some parameters, for example the mass of the source and the

distance from the observer to the source. Bremsstrahlung and Coulomb interactions

are not determined by user-specified parameters, but vary as the electron and photon

distributions vary. The only other parameter which it might be useful to vary is the

magnetic field strength, but as HEART has yet to be applied to any situation where

the magnetic field is considered, this is not included here.

5.2 Modelling a state transition

To demonstrate the capability of HEART to combine spectral and temporal mod-

elling, and to test the features described above, a state transition from the HSS to

the LHS is modelled. HEART is in its early stages of temporal modelling, and so

no attempt is made to model a specific observed state transition, with spectral and

temporal fitting throughout. Such an exercise could, in future, aid in distinguishing

between different suggested geometries before, during and after state transitions,

by comparing both spectral and temporal model information with observed data.

Understanding which physical parameters must change, and in what way, to initiate

a state transition could aid models for the driving mechanism of state transitions,

something which is still a matter of debate. This is, however, considerably beyond

the scope of the current work, where the evaluation of the capability of HEART to

do such modelling is the focus.
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HEART parameters
n_e (m~3)
kT_e (keV)
equivalent Tth
Q_e (m-3)
equivalent rp

q
tJnj
t_esc t_cross-1

value
7 x 1(F
30.0
2.1
0.6 x 1022

0.6
3.5
0.0
0.3

Table 5.1: The electron .parameters used to model the steady-state HSS and
LHS spectra with the calculation of the kinetic equation included. This gives
a very similar scenario to the best fit static models in section 4.3. Electrons
are continuously injected, and may escape in the length of time it takes light to
cross 0.3 times the width of the corona (equivalent to the length of 7.2 cells).
Definitions of the parameters are given in section 2.3.

The injected seed photon and electron distributions are changed to simulate a

state transition. A model based on the best fit HEART parameters to the HSS

data is used initially, and the parameters are then gradually changed to those of

a model based on the best fit HEART parameters of the LHS data. These best

fit parameters are listed in table 4.1, but can not be used directly. The evolution

of the electron distribution as calculated by the kinetic equation (equation 2.2)

is disabled in the HEART best fits to the HSS and LHS observational data in

section 4.3. As an evolving system is modelled here, electron evolution must be

included, so new steady-state HEART models describing the HSS and LHS data are

used, which include the evolution of the electron distribution as calculated by the

kinetic equation. Thus here the electron density parameter in equations 2.3 and 2.4,

n7, refers to the electron density injected per unit time. Electron evolution is not

treated in a physical way in HEART, however, as the only way of heating electrons

is by injecting more high-energy electrons, and the only way of preventing this from

causing an extremely high optical depth is by removing electrons from the system.

The parameters given in table 5.1 are therefore not very meaningful, as they do not

describe the steady-state electron distribution. This problem is discussed in more

detail in chapter 6, and including the calculation of the kinetic equation here, and

109



Chapter 5 Using HEART to model dynamic systems

thus the evolution of electrons, should be seen as a test of a simple implementation

of electron evolution in a dynamic simulation.

, The steady-state models are very similar to the static ones of section 4.3, as

they are set up to be, with only the electron parameters being different2. The new-

electron parameters are listed in table 5.1, but, as mentioned before, these do not

describe the steady-state electron distribution and are not physically meaningful.

The spectra produced by the static models from chapter 4 and the steady-state

models presented here, i.e. with and without the calculation of the kinetic equation,

are extremely similar, so no more detail is included here.

As no direct transition "was ever made by Cyg X-l from the HSS observed data

to the LHS observed data used in section 4.3, this is not a simulation of a real

transition. Instead, the models describing the data in section 4.3 are used as typical

HSS and LHS spectra, and a typical state transition is modelled, for the purposes

of this exercise. The progress of the state transition is plotted as a lightcurve and

as a HID.

So, initially the HSS is modelled, and the system reaches a steady state after 100

timesteps. The disc then decreases in temperature from 0.39 keV in the HSS to 0.08

keV in the LHS, and, in this example, is set to decrease by 0.01 keV per timestep.

Hence the maximum disc temperature reaches the LHS value in 31 timesteps. The

electron distribution in the HSS is a pure power-law distribution, while in the LHS

it is a pure thermal distribution. In the first 100 timesteps, while the system reaches

a steady state, the injected electron distribution is the pure power-law distribution

of the HSS (see table 5.1). The density of this injected distribution then decreases

linearly to 0 over the same 31 timesteps over which the disc temperature decreases.

Towards the end of this decrease, a thermal electron distribution is injected. This is

the thermal electron distribution of the LHS (see table 5.1), and its density increases

linearly from 0 to the LHS value over timesteps 127-131. A plot of how the injected
2The disc is also slightly smaller than in section 4.3, with an outer radius of 85 Schwarzschild

radii. This makes no significant difference, except that it gives a marginally better fit to the data
in XSPEC when the kinetic equation is not disabled.
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. - 2 6
Lightcurve during the HSS to LHS transition

100 150 200
timesteps

250

Figure 5.1: A lightcurve showing a state transition from the HSS to the LHS.

density of the thermal and power-law electron distributions vary over timesteps

100-131 is shown in figure 5.5, where 'thermal 1' is relevant to this example. The

variation of the disc temperature is also shown in the same figure. In timestep 131

and thereafter the parameters of the system are identical to those of the LHS. A

steady state is reached in the LHS after another ~ 50 timesteps.

The simulated state transition is illustrated in figures 5.1, 5.2, 5.3 and 5.4 by the

lightcurve, a few spectra at different times showing the evolution between the states

and two HIDs. The energy ranges used in Fender et al. (2004) are used in the first

HID, whereas the second HID uses all modelled energies with the boundary between

the soft and the hard flux set to 4.5 keV. This is where the soft bump becomes a hard

power-law tail in the HSS. Comparing the two shows that the general movement of

the source in the HID is fairly independent of the exact energy ranges chosen. Both

HIDs show similar evolution during the state transition to HIDs of observational

data. Hereafter the energy ranges from Fender et al. (2004) are used, for better
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Spectra at various timesteps during the HSS to LHS transition

120ts
14Ots
160ts
200 ts
LHS

10
energy (keV)

10

Figure 5.2: Spectra showing the evolution from the HSS to the LHS. The
spectrum evolves from that labelled HSS, through the spectra at 120, 140, 160
and 200 timesteps and finally reaches the LHS spectrum.
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Figure 5.3: A HID, using the energy ranges from Fender et al. (2004), showing
the evolution from the HSS to the LHS. The shape is similar to that of observed
HIDs during a HSS to LHS transition. The HID is given in two colours so that
the progression of the source on the diagram can be followed. The HSS is at
the top left hand corner, on the curve labelled 'start'. The source progresses
down the blue curve through to the green curve during the state transition.
This progression ends at the bottom right hand corner, i.e. the end of the green
curve labelled 'end', which represents the LHS. This convention is used in all
the HIDs plotted here.
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Figure 5.4: A HID, using all the modelled data, showing the evolution from
the HSS to the LHS. The general movement of the source on the HID during
the state transition does not depend significantly on the energy ranges chosen,
as is seen by comparing this figure to figure 5.3 where different energy ranges
are used. The labels are denned under figure 5.3.

114



Chapter 5 Using HEART to model dynamic systems

x 10

CD

C
o

52
CD

* thermal 1
•*• power-law
o thermal 2

. . . • • < • •

00 105 110 115 120 125 130
timestep

Figure 5.5: How the density of the injected thermal and power-law electron
distributions vary during the modelled state transition. Thermal 1 refers to
the thermal electron distribution used for the state transition, while thermal
2 demonstrates increasing the density of the thermal electron distribution over
the same timesteps as the power-law distribution is decreased. This is used in
figure 5.6.
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Figure 5.6: A HID for the HSS to LHS transition where the power-law electron
distribution is decreased, and the thermal electron distribution is increased, over
the same 31 timesteps as the disc temperature is changed. The shape does not
agree with observations. The labels are defined under figure 5.3.

comparisons to observable scenarios.

This simulation does not last as long as a real state transition. The complete

transition takes place in less than 100 timesteps, which is equivalent to ~ 0.04

seconds. It is, however, not currently possible to run HEART over realistic state

transition timescales, and this is discussed further in section 5.4.

The reason for delaying the injection of thermal electrons is most easily explained

by considering the HID produced if the injection of the thermal electrons is not

delayed. Such a HID is shown in figure 5.6. Here the seed photon injection decreases

due to a decrease of the maximum disc temperature from 0.39 keV to a maximum

disc temperature of 0.08 keV in steps of 0.01 keV over 31 timesteps, and the power-

law electron distribution decreases linearly over the same timesteps, as above. In

this case, however, the injected thermal electron distribution also increases linearly,
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from 0 to 7xlO22 m~3, over the same 31 timesteps, -as shown in figure 5.5 under

'thermal 2'. It can be seen in the HID that the source initially follows a path similar

to that of observed state transitions, and figures 5.3 and 5.4, but finishes off by

softening again.

Initially the source hardens as the luminosity decreases, but a state is reached

in the intermediate steps, while the injected power-law electron distribution de-

creases and the thermal electron distribution increases, where the overall electron

distribution becomes significantly denser than during either the HSS or the LHS. A

blackbody bump is created by the electron distribution at high energies, making the

spectrum considerably harder than in the LHS. As the overall electron distribution

decreases to the thermal one of the LHS, this bump disappears, and the source soft-

ens to reach the LHS spectrum, though the final LHS spectrum is harder than the

initial HSS spectrum. The intermediate spectrum reached in this simulation, which

is harder than the LHS, is very transient, and may not be visible in observational

data if it does exist. As nothing like it has been observed, however, the delayed

injection of the thermal electron distribution is used.

A linear decrease of the power-law electron distribution simultaneously with a

linear increase in the thermal electron distribution is a simple first attempt, with

the more successful delayed increase of the thermal electron distribution being a

similar, simple attempt of modelling the HSS to LHS transition. It is possible that

other combinations of the rate of decreasing the power-law electron distribution and

increasing the thermal electron distribution reproduce the observed HID equally

well. It may be possible to constrain this by studying intermediate spectra, but

the main result here is that HEART can reproduce the observed shape of the HID

during a state transition from the HSS to the LHS by changing the disc temperature

and the injected electron distribution, even without changing the size of the disc,

during a simulation.
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Figure 5.7: A HID for the transition from the LHS to the HSS. This does
not reproduce the typical observed shape of an increase in luminosity while
the spectrum remains hard, and then a softening to the HSS at approximately
constant luminosity. The labels are defined under figure 5.3.
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5.2.1 A state transition from the LHS to the HSS

It should be possible to model a state transition from the LHS to the HSS as well,

to complete the movement of the source in the HID during a complete outburst.

This is not, however, trivial, as it is necessary to increase the luminosity of the LHS

without changing the spectral shape before modelling the state transition. If the

above procedure used in the HSS to LHS state transition is simply reversed, with the

maximum disc temperature increasing from 0.08 to 0.39 in steps of 0.01 keV for 31

timesteps, and the thermal electron distribution increasing linearly and the power-

law electron distribution decreasing linearly over the same 31 timesteps, the HID in

figure 5.7 is produced. Instead of increasing in luminosity and then softening, an

initial softening occurs, before the increase in luminosity. Changing the timing and

rates of the evolving electron distribution does not produce the desired result here,

as it did above in the opposite state transition. As soon as the disc temperature

increases, the spectrum softens.

An investigation into how to increase the luminosity of the LHS without changing

the spectral shape is necessary, perhaps by increasing the area of the accretion disc

providing the seed photons while keeping the disc temperature roughly the same.

Considering an ADAF geometry, the area of the inner disc in the LHS is much larger

than that modelled here, as the inner disc is further from the compact object. The

inner disc in HEART is at 3 Schwarzschild radii, with the contribution from seed

photons from the outer disc being negligible as they are considerably colder. If a

more luminous LHS steady-state spectrum were modelled, perhaps by modelling a

larger inner disc radius, the state transition from the LHS to the HSS could easily

be modelled. The necessary increase in luminosity while remaining in the LHS on

the right-hand side of the HID would still have to be modelled, however, but in a

considerably different geometry where the disc is much further from the compact

object throughout the LHS.

Such an investigation requires significantly more work and is not done here.

The current aim is to demonstrate how HEART models the evolution between two
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distinct steady states, which is done above for a state transition. HEART is also

successfully used, in conjunction with Matlab, to produce lightcurves, HIDs which

agree with observations and spectra throughout the evolution from a HSS to a LHS.

5.3 An X-ray burst in Aql X-l

To further investigate the capabilities of HEART to model dynamic systems, a very

different evolving system is modelled. An X-ray burst on the surface of a neutron

star is simulated here. The similarities between neutron star and black hole X-ray

binaries (BHXBs), and the applicability of models describing BHXBs to neutron

star X-ray binaries, are discussed in the introduction (section 1.3). Although both

systems can be modelled by HEART, the focus here has been on BHXBs. In this

section, however, HEART is applied to describe the behaviour of Aql X-l, a low

mass X-ray binary (LMXB) where the compact object is a neutron star, during a

type 1 X-ray burst, referred to here as an X-ray burst.

A review of X-ray bursts is given in Lewin et al. (1993), and a brief summary

is included here. X-ray bursts have been observed in approximately 40 neutron

star LMXBs, and are most likely caused by a thermonuclear flash on the surface

of the accreting neutron star, hence they are not observed in BHXBs. Hydrogen

and helium accrete onto the surface of the neutron star from the donor star, and

the weight of the accreted matter on the surface of the neutron star builds up until

there is sufficient pressure for fusion of hydrogen and helium into heavier nuclei to

occur. This is likely to be an explosive event, and the energy emitted, in the form

of gamma rays, kinetic energy and neutrinos, eventually emerges from the surface

of the neutron star in the form of X-rays, and is observed as an X-ray burst. Such

bursts typically last only a few seconds to minutes, but can in rare cases last up to

~ 25 minutes. :

A typical spectrum of an X-ray burst is similar to that of a blackbody spectrum,

though a hard tail, possibly from Comptonisation, has also been observed in some

burst spectra. In general, however, the time-dependent X-ray burst spectra are well
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modelled by a blackbody spectrum (Lewin et al., 1993);

5.3.1 Modelling the X-ray burst

Maccarone & Coppi (2003) present RXTE data from Aql X-l, observed during an

outburst in May/June 1999. An X-ray burst was observed during Observation 40047-

01-01-01, which lasted from 22:24:23 to 23:04:15 on May 19th 1999. An increase in

the soft lightcurve (15-30 keV) of ~ 20%, simultaneously with a decrease in the

hard lightcurve (30-60 keV) by a factor ~ 2, is the main signature of this burst

and is shown in figure 5.8. The spectral data is not well constrained, with the high

energy data having particularly large errors associated with them. This observation

is also integrated over a time period when the source is undergoing substantial,

systematic variability due to the burst, and so the integrated spectrum is probably

not representative of a single physical situation in the source. Therefore, only the

general features of the spectra before (Observation 40047-01-01-00) and during the

burst are modelled. The evolution between these spectra then provides a lightcurve

of the source as the burst occurs, and the soft and hard lightcurves are compared.

Steady-state HEART parameters are first found to model the general features

of the spectral data before the burst. These parameters are listed in table 5.2 and

are used throughout this section (see section 2.3 for definitions of each parameter).

Electron evolution is modelled, so the calculation of the kinetic equation is enabled,

but as in the previous section, section 5.2, this not modelled in a physical way

and is used as a simple test of modelling evolution in HEART. Thus the electron

parameters given are not physically meaningful and do not apply to the steady-state

electron distribution. See chapter 6 for a more detailed discussion. The range of

parameters used to obtain this fit is listed in table 5.3.

The distance to Aql X-l, and the value used for nH (3.4 xlO21 cm"2) whenever

fits in XSPEC are referred to (the model phabs is used, as in section 4.3), are those

used in Maccarone & Coppi (2003). The distance modelled by HEART is not im-

portant as the focus here is on the general features of the spectra, and XSPEC is
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Quenching of Corona During a Type I Burst

1000 1200 1400 1600
TIME s

1800 2000

Figure 5.8: A simultaneous drop in the hard lightcurve with an increase in
the soft lightcurve during an X-ray burst between 1600 and 1700 seconds. The
points at 1600 and ~ 1650 seconds correspond to the spectra fitted here. Figure
taken from Maccarone & Coppi (2003).
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HEART parameters
model
nu_min (Hz)
nu_max (Hz)
gamma_min
gamma_max
w (m)
D (pc)
M_bh (M0)
N_H (cm"2)
B(T)
n_e (m 3)
equivalent radial Tth
kT_e (keV)
Q-e(m-3)
q
t-inj
t_esc t.cross^1

kT_max (keV)
r_min (Schwarzschild radii)
r_max (Schwarzschild radii)

value
ECorona
1 x 1016

5 x 1020

1
20.0
826,978
2500
1.4
0
0
8.7 x 1022

1.2
32.0
0
0
0.0
0.5
0.1
3
13

Table 5.2: The parameters used to model the Aql X-l data before the X-ray
burst. See section 2.3 for definitions of the parameters.

HEART parameters
kTanax (keV)
n_e (m~3)
equivalent rth
kT_e (keV)
kT_max_2 (keV)
factor_2
kT_max_3 (keV)
factor_3
r_min (Schwarzschild radii)
r_max (Schwarzschild radii)

Before
0.01 - 0.3
2 xlO22 -.3 xlO23

0.5 - 8.3 '
5 - 150
n/a
n/a
n/a
n/a
3
5-15

Bursts 1, 2 and 3
0.01 - 0.9
1 xlO22 - 3 xlO26

7.3 xlO-8 - 7.4
0.1 - 30
0.1 - 2.5
1 xlO~8 -2.5 xlO-4

0.6-2.0
4 xlO~6 - 8 xHT6

0
8-15

Table 5.3: The range of parameters used to obtain the HEART models de-
scribing the general features of the data before and during the X-ray burst in
Aql X-l.
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Figure 5.9: The ECorona geometry in HEART used to model the X-ray burst
in Aql X-l. The red disc, previously used to model an accretion disc, is here
used to model the neutron star surface. Thermal seed photons are injected from
this area. Seed photons modelling the burst are injected centrally at the blue
diamond. Hot electrons surround the neutron star, and are modelled within the
volume delineated by the cyan line.

allowed to set the normalisation of the model when used for fitting data. A mul-

tiplicative constant also allows different normalisations for different instruments al-

lowing for uncertainties in the absolute calibrations of individual instruments, when

fits in XSPEC are referred to. The mass of Aql X-l is assumed to be the canonical

neutron star mass, as suggested by Maccarone (2003) and Lewin et al. (1993).

The modelled electron and photon energy ranges are smaller than in the work

described previously, but the size of the energy bins is unchanged, and the energy

ranges modelled cover a sufficiently greater energy range than the data to give

equally accurate results3. The same number of cells as previously, a 24 cell diameter,

is modelled.

Similarly to work in previous chapters, the ECorona geometry is used (a hemi-

spherical corona above a circular disc). It would be preferential to use a slab geome-

try, as the surface of a neutron star is being modelled, not a central black hole. One

slab, the neutron star surface, would emit seed photons while the other would act as

the corona surrounding the neutron star. Such a geometry is, however, not properly

tested in HEART, and so the ECorona model is used instead. By using a small

Simulations of both energy ranges have been run and compared, with no detectable difference.
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central disc and injecting seed photons only at the centre, the shortest escape path

of each photon is identical, similarly to a slab geometry. Furthermore, including full

reflection provides a similar effect to those seed photons which travel some distance

parallel to the neutron star surface before escaping from the corona. The boundary

layer and accretion disc are not modelled, but it is often difficult to distinguish be-

tween the emission from the neutron star surface and the disc in observed data, and

the neutron star surface may inject seed photons into the corona as well as, or even

instead of, the accretion disc in some geometries. The modelled geometry is not

ideal, but sufficient for the current purpose of fitting the general spectral features of

the data.

Compton scattering is modelled, while synchrotron radiation and bremsstrah-

lung are disabled to keep the model simple. Sufficiently detailed spectral fitting to

determine any components from these processes is not done. The kinetic equation

is calculated, with continuous injection of thermal electrons and an escape timescale

of half the time taken for light to cross the corona. As mentioned before, this is

not a physical way of modelling an evolving electron distribution. Ideally, reflection

would be modelled over the entire surface of the neutron star. This would, however,

not necessarily follow the same form as reprocessing in an accretion disc, and is

currently only modelled in the disc. Here the disc is too small for reflection to make

a difference to the output spectrum. Reprocessing of absorbed photons in the disc

is not modelled, as is the case throughout.

Fitting the HEART spectrum produced by these parameters and settings, im-

ported as a table model into XSPEC, gives a reduced x2 of 4.8. The phabs model

is used to model the interstellar hydrogen column density and a Gaussian models

the iron line. This is not a very accurate fit, but the general features are consistent

with the observations (as can be seen in figure 5.10, where the steady-state HEART

spectrum and observed data are shown; the other spectrum in this figure is referred

to later), and accurate spectral fitting is not a current aim. The HEART model is

flatter than the data at high energies, but due to the large errors associated with
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HEART parameters
kT_max_2 (keV)
factor_2
kT_max_3 (keV)
factor_3
r_min (Schwarzschild radii)
r_max (Schwarzschild radii)
n_e (m~3)
equivalent rt^
kT_e (keV)

Burst 1
1,5
6 xlO-7

n/a
n/a
0
8
7 x 1025

0.9
0.2

Burst 2
2.5
9 xlO~8

.n/a
n/a
0
8
5 xlO25

0.7
0.2

Burst 3
2.5
8 xlO-8

0.8
4 xlO-6

0
8
5 xlO'25

0.7
0.2

Table 5.4: Three different parameter sets used to model the data during the
X-ray burst in Aql X-l.

the high energy data it is still a good fit. A better overall fit is not found within the

parameter ranges given in table 5.3. The maximum temperature of the seed photons

in HEART, 0.1 keV, is determined by the slope of the data in the energy range 3-20

keV, but is not well constrained as the spectrum of the seed photons themselves

dominate below 1 keV where no observational data is available. The corona is in-

jected with thermal electrons at a temperature of 32 keV and has a radial optical

depth of 1.2 in the steady state.

After determining parameters that describe the features of the spectrum before

the burst, the same is done for the spectrum during the burst. Three such parameter

sets are given in table 5.4 with the range of parameters used to obtain them given

in table 5.3. The first, Burst 1, is discussed here, while the other two parameter sets

are discussed in section 5.3.2.

The blackbody spectrum of the burst is injected in addition to the seed pho-

tons used to model the data before the burst (listed in table 5.2), as the localised

blackbody spectrum from the burst is emitted in addition to the radiation from

the overall neutron star surface. The burst is modelled as a single temperature

blackbody (r_min = 0 sets the seed photons to a single temperature blackbody) of

temperature 1.5 keV, which is scaled by a factor, factor_2, as the area producing

the emission of the burst is much smaller than the surface area of the neutron star.

As the modelled surface area of the neutron star is necessarily small due to the
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geometry discussed above, it is not possible to model a sufficiently smaller area for

the burst, so a normalisation factor is used instead. The actual area of the burst

cannot be constrained from the observations.

The parameters describing the injected electron distribution are different in the

HEART model during the burst and the HEART model before the burst (see tables

5.2 and 5.4). During the burst, the corona is injected with thermal electrons of a

much lower temperature, 0.2 keV, and lower density, producing a lower radial optical

depth of 0.9 (a discussion into whether it is necessary to change the injected electron

distribution is given later in section 5.3.3). The general features of the steady-state

spectrum predicted by HEART during the burst and the data points agree well, as

is shown in figure 5.10.

Now that HEART has produced a steady-state model with the same general

features as the data both before and during the burst, the evolution of the 'switching

on' of the burst is modelled., After the model describing the data before the burst

has reached a steady state, the second blackbody spectrum at 1.5 keV is injected

in timestep 400 and remains on thereafter. The parameters describing the injected

electron distribution are simultaneously changed from those listed in table 5.2 to

those under Burst 1 in table 5.4. The system is then allowed to reach a steady state

with the burst on. This steady state is reached in less time than the duration of a

typical X-ray burst, with a steady state being reached in ~ 200 timesteps, or ~ 0.02

seconds. Only the region close to the compact object is modelled. Hence it makes

sense to model the steady-state spectrum during the burst when comparing to the

current data set.

Figure 5.10 shows the HEART spectra, as well as the data points, before and

during the burst. Error bars are not included, as this is not a fit of the HEART

spectra to the data, but rather an indication that the general features of HEART and

the data are similar. The bolometric (3-190 keV), soft (15-30 keV) and hard (30-60

keV) lightcurves during this evolution are shown in figure 5.11. The soft and hard

energy ranges are those used in Maccarone & Coppi (2003), with the bolometric
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Figure 5.10: HEART spectra before and during the X-ray burst of Aql X-1 as
well as the data points. The burst model shown here is Burst 1. Error bars are
not included as this is not a fit of the HEART spectra to the data, but rather
an indication that the general features predicted by HEART and the data are
similar.
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Bolometric (3-190keV), soft (15-30keV) and hard (30-60keV) lightcurves
10"3°

2
03

£
O
T3
CD „ ,

| io'31

COX
3

E?
c

10
-32

1

-

/V
f\

bolometric (3-190keV)
soft (15 30keV)
hard (30-60 keV)

-

200 400 600
time (timesteps)

800

Figure 5.11: The bolometric (3-190 keV), soft (15-30 keV) and hard (30-60
keV) lightcurves during the 'switching on' of the burst. Parameter set Burst 1
is used here to model the burst. The burst occurs at timestep 400 and is on
thereafter. During the burst, the hard lightcurve decreases (by a factor 1.3)
simultaneously with the soft lightcurve increasing (by a factor 1.1), similarly to
the lightcurves shown in figure 5.8 (Maccarone & Coppi, 2003).

129



Chapter 5 Using HEART to model dynamic systems

energy range being the same as the energy range of the data. The simultaneous

decrease in the hard lightcurve (of a factor 1.3) accompanied by an increase in the

soft lightcurve (of a factor 1.1) is clearly visible. This corresponds to two data points

in the observed lightcurve given in Maccarone & Coppi (2003), one before the burst

and one during the burst, see figure 5.8.

The spike in the lightcurves at timestep 400 is due to the sudden release of energy

stored in the corona as the additional seed photons of the burst are injected and

the electron distribution reduces in temperature and density. If such a phenomenon

is present in the source, it would not be visible in the observed data due to the

long integration time-scales (the spike lasts for less than 100 timesteps, which is

equivalent to ~ 0.01 s). The instantaneous change, throughout the corona, in the

injected electron distribution, is, however, unphysical, as the cause of this change

takes some time to affect the whole corona, but it is not possible to constrain the

short-term evolution of the electron distribution with this data.

Even though the error bars are large at high energies, HEART is systematically

underestimating the high energy slope during the burst. On fitting the HEART

model to data in the energy range 17-190 keV in XSPEC, a reduced %2 of 1.9 is

obtained. A steeper slope in the HEART model would fit the data better at high

energies and make the effect in the lightcurves more pronounced. This is described

by the second and third models of the burst, Burst 2 and Burst 3, in the next section.

5.3.2 Modelling a hotter burst

A hotter burst gives a steeper high energy slope, which is modelled by injecting a

2.5 keVblackbody spectrum instead of the 1.5 keV blackbody spectrum described

above. The injected electron distribution is thermal and has a temperature 0.2 keV,

as above, but with a lower density giving a lower radial optical depth of 0.7. A

list of the HEART parameters used to produce this spectrum is given in table 5.4

under Burst 2. This creates a large discrepancy between the HEART spectrum and

the data at low energies, as can be seen by comparing the steady-state spectrum to
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the data during the burst in figure 5.12. The high energy tail, however, produces a

better fit with a reduced x2 of 1-15 in XSPEC when fitting only the 17 - 190 keV

data.

Instead of directly modelling the evolution of the parameters describing the spec-

trum before the burst to,those of Burst 2, an improvement is first made to the soft

spectrum of the Burst 2 model. A third blackbody spectrum, with a temperature of

0.8 keV, is injected simultaneously with the burst blackbody spectrum, creating a

steady-state situation during the burst which agrees better with the general features

of the low-energy data. This is Burst 3, and this spectrum is also shown in figure

5.12.

This third blackbody spectrum can be viewed as the cooler edges of the burst,

i.e. the third blackbody spectrum is emitted by the outer region of the burst area, or

it could be emitted by the same burst, but at a later time when the burst has cooled.

The hot and cooled burst would be visible in the same spectrum due to the long

integration time used in the observations. Both of these scenarios are better modelled

by a varying blackbody spectrum which decreases in temperature with radius (but

probably not according to equation 2.36) or time, for example according to equation

(3.1) in Lewin et al. (1993) discussed earlier, where the blackbody spectrum changes

with time. This is, however, currently not possible in HEART.

It is also not immediately necessary to model the soft spectrum more accurately

as the overall spectral features are modelled sufficiently with a third blackbody

spectrum. Especially as a typical burst lasts of the order of a few seconds or minutes,

and the observed spectrum is integrated over 29.9 minutes, a single physical model

describing the soft data has limited validity. The slope of the hard data is more

important as it determines the relative shape of the soft and hard lightcurves. This

slope should, perhaps, be considered to be an upper bound to the hard emission

during the burst for the same reason. The long integration time could mean that

all the hard emission is from before and/or after the burst. Table 5.4 lists the

parameter set Burst 3, where factor_2 is slightly lower than in. Burst 2, due to
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Spectra before and during the X-ray burst of Aql X-1
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Figure 5.12: HEART spectra before and during the X-ray burst of Aql X-1, as
well as the data points. Both the HEART spectrum without a third blackbody,
Burst 2, and with a third injected blackbody spectrum, Burst 3, are shown.
Error bars on the data points are not included, as in figure 5.10.

the added contribution from the third blackbody spectrum in Burst 3. Another

normalisation constant is also added for the third blackbody spectrum.

With this improved low-energy spectrum, HEART simulates the evolution be-

tween the parameter set of the spectrum before the burst and parameter set Burst

3. The HEART steady-state spectra before and during the burst, as well as the data

points, are shown in figure 5.12, and the lightcurves of the evolution between these

spectra are shown in figure 5.13. The simultaneous decrease in the hard lightcurve

(of a factor 1.8) with an increase in the soft lightcurve (of a factor 1.1) are more

pronounced than in the previous example of a colder burst.
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Figure 5.13: The bolometric (3-190 keV), soft (15-30 keV) and hard (30-
60 keV) lightcurves during the evolution from the parameter set modelling the
spectrum before the burst to the parameter set Burst 3, modelling the spectrum
during the burst. The burst occurs at timestep 400 and is on thereafter. During
the burst, the hard lightcurve decreases (by a factor 1.8) and the soft lightcurve
increases (by a factor 1.1) in a more pronounced way than in parameter set
Burst 1 in figure 5.11.

HEART parameters
kT_max_2 (keV)
factor_2
r_min (Schwarzschild radii)
r_max (Schwarzschild radii)

Burst
0.1 - 2.5
1 xlO"6 - 1 xlO5

0
1 - 6

Table 5.5: The parameters used to model the X-ray burst in Aql X-l without
changing the injected electron distribution.
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5.3.3 An unchanged injected electron distribution

In both examples considered above, the system evolves from a set of parameters that

fits the general features of the data before the burst to a specified set of parame-

ters describing the spectrum during the burst. Both the injected seed photon and

electron distributions are changed. Instead, it would be interesting to simply inject

a blackbody spectrum, representing the burst, to the steady-state model before the

burst. Without changing any other parameters, such a simulation shows how the

system reacts to a sudden change of the seed photons only. In particular, it will

show whether the extra seed photons from the burst cool the corona sufficiently

through Compton cooling, to produce the observed drop in the hard lightcurve,

without changing the injected electron distribution. This is done for a large range

of burst parameters, covering a range of temperatures and normalisations, which is

listed in table 5.5. Not one of these simulations reproduces the observed decrease in

the hard lightcurve. The hard spectrum during the burst is at best the same as the

hard spectrum before the burst.

The steady-state spectra before and during the burst of such a simulation, where

the injected electron distribution is not changed, but the distribution which is con-

tinuously injected before the burst continues to be injected throughout, are shown

in figure 5.14. This example is of an identical burst to that in parameter set Burst

3, i.e. a blackbody spectrum at 2.5 keV combined with one at 0.8 keV, but without

changing the electron parameters.

The bolometric (3-190 keV), soft (15-30 keV) and hard (30-60 keV) lightcurves

during this evolution are shown in figure 5.15, where the burst occurs at timestep

400 and is on thereafter. Both the hard and the soft lightcurves increase during the

burst. It is clear from these simulations and figures that the additional seed photons

from the burst do not cool the corona sufficiently. Instead, both the soft and hard

photon flux increase.

Thus, in this model, the energy injected into the electron distribution in the

corona must change as the burst occurs, so the mechanism which accelerates the
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Figure 5.14: HEART spectra before and during the X-ray burst of Aql X-1
without changing the injected electron distribution, as well as the data points.
Error bars are not included, as in figure 5.10.
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Figure 5.15: The bolometric (3-190 keV), soft (15-30 keV) and hard (30-60
keV) lightcurves, where the burst occurs at timestep 400 and is on thereafter.
The injected electron distribution is not changed and the hard lightcurve does
not decrease as in the previous hard lightcurves (figures 5.11 and 5.13) and
the one shown in Maccarone &, Coppi (2003), but increases with the soft flux
instead.
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electrons in the corona is affected by the burst. A limitation of the HEART model

which has until now caused no problems, but which may be significant in this case,

however, is the inability of HEART to model bulk electron motion. In longer,

stronger bursts, it is thought that the radiation pressure from the burst causes the

photosphere to expand and cool (Lewin et al., 1993), thus Compton cooling is not

the only mechanism for cooling the corona. Depending on the mechanism invoked

to accelerate the electrons, this acceleration may also be affected by the size of the

corona. For example gravitational dissipation is less effective in parts of the corona

which are further from the neutron star surface after expansion. It is not possible

to determine the length of this burst from the data, and thus the extent of the

expansion effect of radiation pressure in this case.

More importantly, electron evolution is not modelled in a physical way here, with

an infinite energy reservoir for the electrons in the corona. This causes problems,

such as preventing the corona from cooling as is the case here. This is discussed in

more detail in section 6.1.

5.4 Evaluation of dynamic modelling in HEART

Two distinct evolving systems are modelled in this chapter, the state transition which

occurs on comparatively long timescales, and an X-ray burst which occurs on shorter

timescales. The evolution between two known steady states is successfully modelled

using HEART, with every intermediate spectrum being available for inspection, as

well as lightcurves and HIDs. HEART in conjunction with Matlab can even create

an animation of the changing spectra during the evolution. The electron evolution

is, however, unphysical, and would have to be modified for physically significant

dynamic modelling.

The evolution of the 'switching on' of the X-ray burst in Aql X-l is modelled

successfully when evolving from one steady-state model before the burst to another

such model during the burst. Modelling the injection of additional photons during

a burst and studying the subsequent evolution of the system over time is also done,
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but it is possible that the inability of HEART to model bulk electron motion is

restrictive in this case, in addition to the unphysical modelling of electron evolution.

Previously discussed restrictions, in chapters 2 and 4, still apply. Only spectra in

certain parameter ranges can be modelled by HEART and finding good, steady-state

fits to the spectra before and after the change of the state of the modelled system

is computer intensive and can be very time consuming. If intermediate spectra are

also to be compared to data, more time is required. In addition, only a very basic

form of HEART has been tested and used here. In particular, energy balance and

reprocessing of flux in the disc have not been modelled, yet this must be included

for physical consistency and has a significant effect on the emitted spectrum. It will

significantly change, both the spectrum of the LHS in section 5.2 and the effect the

burst has on the corona in section 5.3. This is discussed in section 6.1.

The examples of evolving systems presented here, particularly, the state tran-

sition, are also modelled over shorter timescales than those which are observed in

several sources. As 100 timesteps is equivalent to ~ 0.04 second in the state transi-

tion model presented here, a simulation has to run for 150,000 timesteps to simulate

one minute. As a 400 timestep simulation already takes ~ 8 hours to run (on a

computer specified in section 4.4), it is currently not feasible to run HEART over

physical timescales of minutes. Time must also be allowed for the system to reach

a steady state when necessary.

There is a trade-off between run-time and accuracy, so it is possible to reduce

the run-time of HEART if less accuracy is required. The run-time is approximately

proportional to the number of cells along the diameter cubed, so reducing the corona

from a 24 cell diameter to a 12 cell diameter decreases the run-time by a factor of

8. A 400 timestep simulation then runs in 1 hour rather than 8 hours. A 24 cell

diameter is, however, the minimum number of cells giving a good approximation to

the disc emission for the examples studied here. This also restricts the radial optical

depth to be less than 3, if an optical depth as high as 0.5 is allowed in each cell.

Decreasing the number of energy bins that the photon and electron distributions
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are discretised into also reduces the run-time, but this is only approximately linear

with the product of the number of energy bins used for the electron distribution,

R_e, and the number of energy bins used for the photon distribution, R_ph. Thus by

reducing R_e to 57 and R_ph to 76 (from 96 in both cases) a factor of 96*96/(76*56)

« 2 is gained. Thus a 400 timestep simulation runs in ~ 4 hours. This is done for

the X-ray burst simulations in this section. By reducing R_e and R_ph, however,

either a smaller energy range must be modelled, or the energy bins into which

the electron and photon distributions are discretised become larger. The models

presented here would probably not suffer from modelling slightly smaller energy

ranges. The modelled energy range must, however, always be greater than the energy

range of interest, as higher (or lower) energy electrons and photons can affect those

in the range of interest. For example in processes such as reflection in the disc, where

high energy photons are down-scattered in the outer layers of the disc to energies

between ~ 10 and 300 keV, photons of higher energy than the data may contribute

to the shape of the spectrum energies within the range of the observed data.

HEART is perhaps better suited to modelling short term variability, on time-

scales of milliseconds. This is not modelled here, though the lightcurve in section

3.3.2 varies on very short timescales.

When using HEART in future, an evaluation must initially take place to de-

termine whether the limitations of HEART allow the modelling of a given physical

situation. The necessary accuracy of the model must be compatible with the lim-

itations presented here. These limitations are discussed in more detail in the next

chapter. . " ,
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Chapter 6

A critical analysis of HEART

Throughout most of the work presented here, HEART is tested and used in a very-

basic form, with most of its features disabled. In this basic form Compton scattering

is the only radiative process calculated, the corona is a homogeneous hemisphere over

a circular disc with a thermal electron distribution which does not evolve, i.e. the

calculation of the kinetic equation is disabled. In section 4.2, this basic form of

HEART is found to agree well with the analytic model by Titarchuk (1994) for

small Compton y parameters, but instead of being an improvement on the analytic

model HEART is the opposite. HEART takes several hours to run compared to

a few seconds for the analytic model, and HEART is valid for a more restricted

parameter space, namely small Compton y parameters only.

In order for HEART to be considered for use, it must model more physical

situations than the analytic model. Energy balance and the reprocessing of flux

in the disc must be modelled, as well as the evolution of the electron distribution

and, ideally, more radiative processes. To an extent, some of these are already

implemented, but there are serious problems with all of them.
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6.1 Modelling energy balance and reprocessing

Energy balance is not modelled in HEART, and the basis upon which HEART is

buildt is not suitable for the inclusion of energy balance. This is most easily under-

stood by considering two separate cases: the case where the solution to the kinetic

equation is calculated and electron evolution is modelled and the case where elec-

tron evolution is disabled. Consider first the case where electron evolution is not

modelled, i.e. the calculation of the kinetic equation is disabled. Thus the Comp-

tonised spectrum, assuming that some constant electron distribution is maintained,

is calculated. Any energy lost by the electrons to the photons is implicitly assumed

to be replenished, as the electron distribution does not change. The amount of en-

ergy that is implicitly replenished is not restricted, i.e. there is, in effect, an infinite

energy reservoir available to the cooled electrons.

Including reprocessing of photons in the disc, as described in section 3.1.2, to

such a scenario causes a thermal equilibrium to be reached between the disc and

corona at the electron temperature. Thermal disc photons gain energy from the

electrons in the corona through inverse Compton scattering, without the electrons

losing that energy. Some of those photons return to, and are absorbed by, the disc,

thus heating the disc and adding more energy to the system in the form of hotter

disc photons. This leads to increased hard X-rays from the corona and thus even

more reprocessed energy in the disc and an even hotter disc. A cycle is created

where energy is continuously added to the system until the disc photons reach the

same temperature as the electrons in the corona, at which point, on average, energy

is no longer transferred from the electrons to the photons and so the infinite energy

reservoir is no longer being tapped. A blackbody spectrum is created from the whole

system at the temperature of the electrons. As an infinite energy reservoir is not

available to the electrons in X-ray binaries and AGN, this is not a good model.

Consider now the case where electron evolution is modelled, i.e. the kinetic

equation is calculated in each timestep. If electron number is conserved, i.e. there is

no source or sink term in the kinetic equation, and in the absence of any heating of
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the electrons, the initial energy of the electron distribution is quickly transferred to

the photons and radiated away, leaving a cold electron distribution. It is necessary

to heat the electrons in order to simulate the equilibrium conditions expected in X-

ray binaries and AGN, with an example of the source of this heating being magnetic

reconnection events in the corona.

It is not, however, possible to heat the electrons in HEART. The only way

of increasing the energy in the electron distribution is by adding more high-energy

electrons. This does not conserve electron number, but rather continuously increases

the electron number. The corona becomes increasingly optically thick with the

cooled electrons dominating more with every timestep. It is possible to remove

electrons to obtain an equilibrium situation, as is done in chapter 5, but this is

an ad hoc solution to the problem required by the particular treatment of electrons

implemented in HEART. The addition and removal of electrons in this way is unlikely

to represent a physical system. Also, the electron injection and escape are forced to

maintain a given electron distribution, causing a similar situation to the case above,

where the electron distribution does not evolve. All energy lost by the electrons is

assumed replenished by an infinite energy reservoir, and energy is lost as the energy

of the removed electrons is also removed, so energy balance is not modelled on any

level.

It is possible that energy balance could be modelled by limiting the energy in-

jected into the .electron distribution, i.e. limiting the energy reservoir in some way,

and keeping track of the energy lost by removed electrons. It may then be necessary

to redistribute the energy of the electron distribution in each timestep. This would,

however, be an unphysical method which might be able to reproduce physical spec-

tra. If adding reprocessing to HEART were to be attempted, it would be better to

restructure HEART to allow for the heating of electrons and to include a control of

the amount of power dissipated in the system and where that power is dissipated.

Checks should also be put in place in the code to ensure conservation of energy.
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6.1.1 The LHS with reprocessing modelled

The model used to fit Cyg X-l in the LHS in section 4.3 is unphysical because energy

balance and reprocessing are not included. The fits to the data can therefore only be

taken as confirmation that HEART can reproduce similar fits to those of compTT,

when HEART is used only to model Comptonisation of soft seed photons by a set,'

non-evolving electron distribution in a spherical coronal geometry for low Compton

y parameters. The model is not self-consistent, as the electron distribution does not

evolve, reprocessing and energy balance are not modelled and reflection is added

separately. Instead of being absorbed and heating the disc, the scattered photons

which return to the disc are simply lost.

Haardt &; Maraschi (1993) present detailed calculations to determine the effect"

of including energy balance and reprocessing on Comptonised spectra. They only

consider a slab geometry and an optically thin corona (r < 1), and their spectra

suffer slightly from the use of an exponential cut-off to model the high-energy cut-off

in the spectrum and the assumption that the flux incident on the disc is isotropic

(Poutanen & Svensson, 1996). Apart from the high-energy cut-off and some differ-

ence in the relative strength of the reflected component at high energies, however, the

general shape of the spectra agrees well with those of Poutanen k. Svensson (1996)

where a more accurate treatment is used. Poutanen k Svensson (1996) also treat

spherical and cylindrical geometries, but their model is restricted to r < 0.7. Stern

et al. (1995a) also include energy balance and reprocessing in their model, which is

considerably more flexible in the geometries and optical depths it can model.

For the purpose of discussing the effect of including energy balance and repro-

cessing in HEART the work by Haardt k Maraschi (1993) is most appropriate as

these authors include a detailed discussion of the effect of such an inclusion. The

results of the three models by Haardt k Maraschi (1993), Poutanen k Svensson

(1996) and Stern et al. (1995a) are sufficiently similar that the limitations of the

model by Haardt k Maraschi (1993) are not significant for this general discussion.

The slab geometry is also sufficiently similar to that used in HEART (the covering
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fraction of both is 1) to give a good indication of what HEART would model if

energy balance and reprocessing were included. For detailed spectral fitting with

energy balance and reprocessing included, however, it would be better to use one of

the other two models.

Haardt & Maraschi (1993) find that, in cases where Compton cooling is the

dominant cooling process for the electrons1, and if all the energy is assumed to be

dissipated in the corona2, reprocessing causes the electron temperature to adjust so

as to maintain a roughly constant spectral index, a ~ 1, and also an almost constant

Compton y parameter, independent of the optical depth for r < 0.5. The adjustment

of the electron temperature naturally implies that the ratio of the luminosity in

the soft to hard components of the spectrum does not depend on the total power

dissipated in the system, and so the spectral index is independent of the total power

dissipated in the corona. This depends only weakly on the soft photon temperature.

As the optical depth increases above 0.5, Haardt & Maraschi (1993) find a sudden

decrease in the Compton amplification factor and thus an increase in the spectral

index, a, making the spectrum steeper. They also find that the spectral index

remains within the range 0.4 < a < 1.1 for reasonable parameter values. Stern

et al. (1995a) include a simulation of a hemispherical pair corona of optical depth 2

which reaches equilibrium at a coronal temperature increasing from 31 keV (at the

bottom) to 72 keV (at the top), with energy balance and reprocessing included. This

simulation models very similar conditions to the HEART model in section 4.3, i.e.

a hemispherical corona with electrons of temperature 50 keV and optical depth r =

2.2. With energy balance included, however, Stern et al. (1995a) obtain a spectral

index of 1.09, and this spectrum is shown as the dotted line in figure 6.1. Thus the

spectral index found by both Haardt k, Maraschi (1993) and Stern et al. (1995a) is

significantly steeper than that modelled by HEART in the LHS in section 4.3, and

in this geometry, harder spectra (a < 1) are only produced by lower optical depths
1This imposes a lower limit on the electron density to prevent bremsstrahlung from dominating

over Compton cooling. See equation (1) of Haardt & Maraschi (1993).
2If some power is assumed to be dissipated in the disc, the spectral index is steeper.
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Figure 6.1: A spectrum obtained by Stern et al. (1995a) using similar pa-
rameters to those used in HEART to model the LHS in section 4.3, but with
reprocessing included. The dotted line assumes a thermal electron distribution
in the corona, similarly to that modelled in HEART, while the solid line is for
combined thermal and non-thermal power supplies to the corona. Both spectra
represent the angular range cos 0 > 0.5, where 0 is measured from the normal
to the disc. The figure is taken from Stern et al. (1995a).
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(T < 1). With energy balance and reprocessing included, the HEART spectrum

used to fit the LHS cannot be produced using this geometry.

Thus, if reprocessing were 'switched on' in the steady-state HEART model used

to fit the LHS data of Cyg X-l, then, rather than photons absorbed by the disc

being lost, they would be reprocessed into soft seed flux, increasing the soft seed

flux. Keeping the heating of the electrons constant would then cause an overall

cooling of the electrons and a steeper spectrum. The steady-state spectrum will be

as described by Haardt & Maraschi (1993), Stern et al. (1995a) and Poutanen &

Svensson (1996), and not as modelled by HEART in section 4.3.

6.1.2 The X-ray burst in Aql X-l with reprocessing modelled

The X-ray burst in Aql X-l occurs towards the start of a state transition, so slower

underlying changes are occurring in the system. These take place over a longer

timescale than considered here, so they are ignored for the purpose of this dis-

cussion. The spectrum of Aql X-l before the burst can be approximated by an

equilibrium situation such as those discussed in Haardt & Maraschi (1993). By the

same arguments as in section 6.1.1, the spectrum will be steeper than that mod-

elled by HEART for the same optical depth, if reprocessing and energy balance are

included. Deducing the spectrum during the burst is less straightforward, however,

as it is not an equilibrium situation where all the power is dissipated in the corona.

Considering the seed photons to be an external addition to the equilibrium situ-

ation before the burst, the extra seed photons will initially create more hard X-rays

in the corona as they tap the energy of the electrons. The electrons will not be

reheated to their original temperature, however, because this temperature cannot

be maintained with the increased cooling by the additional seed photons, assuming

a constant amount of heating to the electrons (which is not affected by the burst).

Thus a lower temperature will be reached in the corona, with the Thomson optical

depth remaining unchanged, and therefore the spectrum will be steeper than before

the burst occurred. The increased energy in these additional seed photons will also
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cause the luminosity to increase.

Alternatively, the extra seed photons can be seen as additional energy dissipation,

but occurring in the disc, not the corona. In this case, three effects need to be

considered to find the equilibrium spectrum during the burst: the overall power

dissipated in the system increases, the temperature of the seed photons increases and

some of the power is dissipated in the disc. Increasing the power of the system does

not affect the spectral index. Instead, a similar equilibrium is reached at a higher

bolometric luminosity. More energy dissipation in the corona causes more efficient

re-heating of the electrons, hence more hard X-rays are continually produced, and

more reprocessing occurs. This heats the disc so that the same ratio of soft to hard

luminosity is maintained at a higher bolometric luminosity.

Spectra are only weakly dependent on the temperature of the soft seed photons,

so the increase in seed photon temperature during the burst should only have a

small effect on the spectrum. Haardt & Maraschi (1993) find that higher blackbody

temperatures create slightly flatter spectra (in the energy range 2-20 keV) due to

the hotter corona, assuming that optical depth remains constant. There is also an

increased contribution from the reflected spectrum as the increased effect of the

anisotropy of Compton scattering at higher energies causes more photons to return

to the disc.

So the increased power dissipation, and the increased seed photon temperature

cause little change in the spectral index. One consideration remains: some of the

energy is dissipated in the disc. Such systems are not as well studied, but allowing

some of the energy to be dissipated in the disc causes the spectrum to steepen

(Haardt k. Maraschi, 1993). Thus overall, a steeper spectrum is expected during the

burst.

Both these arguments lead to a steeper spectrum during the burst, as is observed

in Maccarone & Coppi (2003), where the soft luminosity increases during the burst

while the hard luminosity decreases. Therefore, if reprocessing and energy balance

were included in HEART, and electron heating were treated properly, modelling the
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Process
Compton scattering
bremsstrahlung
synchrotron
Coulomb interactions
kinetic equation

reprocessing
pair production
pair balance
annihilation
electron transport

Testing
comparison to compTT
qualitative
qualitative
qualitative
qualitative

not implemented
not implemented
not implemented
not implemented
not implemented

Limitations
Compton y parameter < 3
electron-electron only

only between electrons
no energy balance and
no electron heating
no energy balance

•

Table 6.1: A summary of the limitations of, and testing done on each physical
process in HEART. Qualitative testing refers to the qualitative checks done
in Collins (2004). All the physical processes are also subject to the general
limitations summarised in the text.

'switching on' of the burst should have been more successful, without the necessity of

forcing changes in the electron parameters. Different values for the electron param-

eters would also have been found, given that the geometry modelled is compatible

with the system (unlike in the LHS above).

6.2 Technical limitations to HEART

Many limitations to HEART have been presented throughout this thesis, but a few

still remain that should be mentioned. This is summarised in table 6.1. Firstly,

the physical processes presented in chapter 2 have not all been thoroughly tested.

Simple tests are done for all the radiative processes in Collins (2004) to demonstrate

that the HEART output seems reasonable and qualitatively reproduces the expected

effects of, for example, increasing the temperature and/or density of the electron

distribution. Only Compton scattering has been quantitatively compared to any

other models, however, and it has only been compared to the analytic model by

Titarchuk (1994) in section 4.2. Before trusting the implementations described in

chapter 2 they should all be tested more thoroughly, for example by comparing the

HEART output to Monte Carlo simulations and/or other well-tested models.
I
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Some of the radiative processes are not implemented with all physical situa-

tions taken into account. For example, there is no treatment of any particle other

than electrons. This means that pair production, pair balance and annihilation

are not modelled, and only electron-electron bremsstrahlung is treated. While an

ion accelerated in an electric field emits negligible amounts of energy compared to

an electron, electron-ion bremsstrahlung is significant. Ion synchrotron radiation

is, however, negligible compared to electron synchrotron radiation, as the power

emitted is proportional to m~2, where m is the mass of the particle.

All these processes are important in modelling accretion onto compact objects,

the main application of a code such as HEART. Compton scattering and synchrotron

radiation may either, or both, be the main mechanism for producing hard X-rays.

Bremsstrahlung and Coulomb interactions will occur in these systems, though their

effects may be negligible. Coulomb interactions are important at high electron den-

sities where electrons thermalise on shorter timescales than they cool. In other

words, Coulomb interactions are important when le/ls S> 1, ls < 1 where ls is the

soft photon compactness and le the electron compactness (Coppi, 1992). Brems-

strahlung is negligible under more conditions, but it also important at high electron

densities (see equation (1) of Haardt k, Maraschi (1993)), or if r > 1 and 6 > 1

where 6 = kTe/mec
2 (Skibo Sz Dermer, 1995). The presence of positrons is also

expected, for example from photon-photon pair production, and although annihi-

lation lines have not been detected in most X-ray binaries3, possible smearing of

such lines may have effects at lower energies. Electron transport is also important,

as evaporation from the disc, disc winds and other bulk motion of the electrons is

likely to be occurring and have an important effect on the spectrum. It may even

be necessary to reproduce observed spectra (Beloborodov, 1999). Most importantly,

electron cooling and heating, energy balance and reprocessing occur naturally in the

geometries modelled for these systems and cannot be neglected in a physical model.

Their inclusion has a significant effect on the spectra, as discussed in section 6.1,

3High energy data from Nova Muscae 1991 has been interpreted as showing annihilation lines.
See for example Sunyaev et al. (1992), Gilfanov et al. (1994) and Smith et al. (1995).
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and may even hold the key to understanding the geometry of these systems^

Modifications to the code to include positrons and ions are possible, but thorough

testing of what is already implemented should be prioritised. More importantly, in-

cluding energy balance, reprocessing, controlled energy dissipation, electron heating

and bulk motion of the electrons would require a complete restructuring of the code

to be implemented properly.

HEART is also limited in the geometries it can model. Although almost any

geometry of the corona can be approximated using cubic cells, the restriction of

only modelling the six directions parallel to the sides of a cube significantly limits

the applicability of HEART. Two examples of geometries that HEART cannot model

are illustrated in figure 6.2. It is impossible to model reprocessing in any uncovered

part of the disc in HEART, because photons cannot return to an uncovered part of

the disc. Thus only a covering fraction of 1 can be modelled properly, because a

covering fraction of less than 1 will underestimate the reflected component by not

modelling the reflected photons which escape without a chance of scattering4.

A summary of the limitations of HEART is given here.

• The optical depth per cell must be -C 1. This is to ensure the validity of equa-

tion 2.30 and because the code can only model a maximum of one scattering

per cell.

• A diameter of > 24 cells is required for sufficiently accurate discretisation of

the disc emission, and a diameter of < 24 cells is required to prevent runtimes

from exceeding a few hours.

• Compton scattering is only valid for yNR ^ 3, possibly due to the combined

effect of the two previous items. High optical depths cannot be modelled with

a diameter of < 24 cells because the optical depth per cell is too high.
4An attempt at modelling a spherical corona near the black hole with a disc surrounding it is

done in Collins (2004), and is called the ICorona model. Photons are injected sideways into the
corona instead of upwards, but only the six directions of the ECorona geometry are modelled. This
suffers from the same problems as illustrated here, i.e. scattered photons cannot return to the disc.

150



Chapter 6 A critical analysis of HEART

B

Figure 6.2: These are two examples of coronal geometries which HEART
cannot model in a physical way. The red line represents the cross-section of
a circular accretion disc with the black dot being the black hole. The cyan
regions represent the corona, i.e. volumes with electron populations. Blue lines
represent directions which photons in HEART may travel along, and the purple
lines represent directions which photons in a real system may travel along, but
which are not modelled by HEART.
In example A, disc photons in HEART may either leave the disc directly, or enter
a coronal volume. After entering a coronal volume the photons may return to the
disc and be reprocessed, but the photons cannot then escape the disc without
re-entering a coronal volume. In a real system, however, such photons may
leave the system without re-entering a coronal volume, because the photons
may travel along diagonals.
In example B, disc photons from HEART cannot enter the corona at all, and
even if they could, they can then not return to the disc. Real photons, however,
can easily move from the disc to the corona and then return to the disc again.
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• A small energy transfer from the electron distribution to the photon distri-

bution, compared to the total energy of the electron distribution, must be

ensured in each cell, in each timestep.

• Only a few hundred timesteps can be modelled in a reasonable length of time,

i.e. a few hours, and unless very few, large cells can be used this corresponds

to physical timescales of less than a second.

• Despite the considerable flexibility of the cell-generating algorithm, many phys-

ical geometries cannot be modelled by HEART due to the six direction restric-

tion.

• Energy balance and reprocessing are not modelled. This has a significant effect

on the spectrum, as is discussed in section 6.1.

• Particle number is not conserved when modelling electron evolution due to

the necessity of adding hot electrons and removing cold electrons to simulate

electron heating. If electron addition and removal is not modelled, then the

algorithm used to solve the kinetic equation does conserve particle number

(Park & Petrosian, 1996).

• The physical processes included have not been thoroughly tested.

• Electrons are the only particle modelled. Thus only electron-electron brems-

strahlung and Coulomb interactions are considered and pair production, pair

balance and annihilation are not modelled. Synchrotron radiation from ions is

negligible compared to that from electrons.

• The anisotropy of Compton scattering and reflection are not modelled, and

spectra from different viewing angles cannot be calculated.

• Electron transport between cells is not modelled.
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6.2.1 Comparison to other codes

A short review of other Comptonisation codes is given in section 1.5, and a short

discussion of HEART in this context is given here. The codes can be divided into

two classes: the analytic codes and the numerical codes. Analytic codes include

those by Sunyaev & Titarchuk (1980); Titarchuk (1994); Hua & Titarchuk (1995);

Zdziarski (1985); Poutanen & Svensson (1996) and Coppi (1992), whereas numerical

codes include the Monte Carlo (MC) code by Skibo & Dermer (1995) and the large

particle Monte Carlo (LPMC) code by Stern et al. (1995a). Pozdnyakov et al. (1983)

and Haardt & Maraschi (1991) combine the two.

In general, analytic models run much faster than MC codes, but are also less

accurate and model more limited systems. The analytic models use escape probabili-

ties rather than modelling the photon propagation, and models are generally limited

to simple geometries such as static, homogeneous slab, hemispherical and cylindri-

cal geometries. Within these limitations, however, they agree well with MC codes

(Skibo & Dermer, 1995). Thus the analytic models can give a good indication of the

general spectral features expected from Compton scattering, but cannot accurately

model more complicated systems such as inhomogeneous, dynamic systems.

MC codes take considerably longer to run, with the LPMC code taking over

an hour to run on a SPARC 205, but they allow for much more flexible and phys-

ical modelling. MC codes are also very accurate given that a sufficient number

of particles is modelled, and are often used as tests to determine the accuracy of

other models. The LPMC by Stern et al. (1995a) is capable of inhomogeneous, dy-

namic modelling, but does, as always, have other limitations. It does not obtain

as good particle statistics in low-density volumes and in the low luminosity parts

of the spectrum as other MC codes, and cannot model synchrotron self-absorption

properly without modifications (Stern et al., 1995a).

HEART cannot currently compete with the analytic models or the MC codes.
5This timing specification was given in 1996. On current computers, this would be considerably

faster, but later applications of the LPMC code have been extended and combined with other codes,
slowing the run-time down.
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Although HEART can achieve as accurate spectra as compTT in a restricted pa-

rameter space, it can never compete with an analytic model in situations which

can be modelled analytically. An analytic model will always be much faster, and

probably at least as accurate {compTT is accurate over a larger parameter space

than HEART). HEART, and any other numerical code, must achieve more than an

analytic model in order for the longer run-times to be justified.

In its current form, HEART cannot compete with MC codes, either. The LPMC

code of Stern et al. (1995a) is accurate over a greater parameter range, and achieves

much of what HEART was intended to achieve, i.e. self-consistent, complete, inho-

mogeneous, dynamic modelling. It is considered to be computer intensive, but runs

considerably quicker than HEART. It is, however, not used for more than approx-

imately 7 different regions to model inhomogeneous systems because of run-time

restrictions. A modified HEART would have to do at least as well, as quickly, to

be worth considering, and to achieve this will require modifications taking HEART

beyond recognition.

It is possible that a cell-based code such as HEART can compete with standard

MC codes as far as run-time is concerned, especially in a strongly inhomogeneous

system, as the run-time of HEART does not increase when different electron dis-

tributions are modelled in each cell. Finding a situation which does not suffer

significantly from the other limitations of HEART is, however, unlikely. Again,

modifications taking HEART beyond recognition are necessary.
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Conclusion

A detailed overview of HEART, as created by Collins (2004), is given in chapter

2, with details of the equations used for both the radiative transfer and electron

evolution and the running of the code. An investigation into the capabilities and

validity of HEART is then discussed, making up the majority of this thesis. HEART

is tested for a simple case (in chapter 4), where only Compton scattering is calculated

and the evolution of the electron distribution is disabled. Some of my additions to

the code, detailed in chapter 3, are used in this testing process. For example, full

reflection is used to approximate the geometry of a spherical corona with central

injection used in the model by Titarchuk (1994), to enable the comparison between

output spectra from the two models. In this comparison, the models are found to

agree only at low Compton y parameters, UNR ̂  3. Agreement is poor for high

optical depth and/or high electron temperatures. One possible reasons for this is

that the optical depth must be much less than 1 in each cell for equation 2.30 to be

valid (the equation describing radiative transfer due to Compton scattering). A cell

diameter of 24 is therefore not sufficient to model high coronal optical depths, but

increasing the number of cells sufficiently is prohibitively time-consuming. Another

possible reason is the very simple determination of photon directions after Compton

scattering events, in which scattered photons are distributed evenly into the six

modelled directions.
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It is therefore possible that the valid parameter range of HEART may be in-

creased by including an anisotropic treatment of Compton scattering. It is not

possible to calculate the energy from which a photon is scattered in HEART, how-

ever, due to the method used for calculating Compton scattering. As the photon

direction after scattering depends on its energy prior to the scattering event, it is

therefore difficult to include an anisotropic treatment of Compton scattering within

the current framework of HEART. The, cubic cell structure may also limit the suc-

cess of such a treatment. Thus it is useful to gauge how significant the inclusion of

an anisotropic treatment of Compton scattering is likely to be, before attempting to

re-write the Compton scattering code. An improved, yet still simple, approximation

is therefore implemented, detailed in section 3.5, and is shown to make a significant

difference to the output spectrum.

With this new approximation, agreement is found between HEART and the

model by Titarchuk (1994) at high Compton y parameters, though the isotropic

approximation is better for low Compton y parameters. Thus an improved treatment

of the anisotropy of Compton scattering is likely to make a significant difference to

the output spectra, but how accurately this can be done within the current cell

structure remains uncertain. It may be more important to enable the modelling of

more cells to ensure that the optical depth per cell is much less than 1.

For the purpose of testing HEART further, within the low Compton y parameter

restriction, HEART is used to fit data from Cyg X-l in both the HSS and the LHS

(in chapter 4). The same geometry and physical processes are modelled as those

tested by comparing HEART spectra to the model by Titarchuk (1994) (as discussed

above), though reflection from the disc is also included in the HSS. Reasonable fits to

the observational data are obtained with this simple version of HEART. No attempt

is made to improve upon these fits by including more of the features of HEART, as

these features have not been tested, and including reprocessing and energy balance

will have a more significant effect as discussed in section 6.1. The fits are, however,

sufficient for the purpose of testing this simple form of HEART, and it is found that
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HEART is required to run for roughly a few hundred timesteps, depending on the

optical depth of the corona, to produce accurate spectra (as discussed in section 4.1).

HEART is thus extremely computer intensive, and, even within the parameter range

in which HEART agrees with Titarchuk (1994), HEART is therefore not suitable

for routine spectral fitting (as is discussed in section 4.4).

Instead of attempting to improve on the restrictions to spectral fitting at this

stage, the focus is moved to modelling dynamic systems, a possible strength of

HEART where detailed spectral fitting is less important. HEART, as opposed to

most other models, is designed to simultaneously model the evolution of the electron

and photon distributions, without the dependence on escape probabilities for the

electrons. A better understanding of the capability of HEART for dynamic modelling

is required to evaluate whether improving the spectral fitting of HEART is likely to

be worthwhile. Dynamic modelling must, however, be used within the restrictions

presented so far; only certain parameter ranges can be modelled and any necessary

spectral fitting is computer intensive. •

For the purpose of investigating the capabilities of HEART for dynamic mod-

elling, further additions to the code are presented in chapter 5, some of which build

on modifications discussed in chapter 3. These additions enable the physical param-

eters of the photon and electron distributions to be varied during a simulation, and

output such as lightcurves and hardness-intensity diagrams to be produced. These

new features are used to model a state transition from a typical HSS to a typical

LHS in a BHXB system, as well as an X-ray burst in the neutron star binary Aql

X-l. A lightcurve of short-term variability is also produced in section 3.3.2, where

an inhomogeneous corona of changing active regions is modelled.

HEART successfully models the evolution from one set of parameters, usually

representing some steady state, to another set of parameters. Every spectrum dur-

ing the evolution can be studied and lightcurves and hardness-intensity diagrams

are compared to observed data. As well as modelling the evolution between two

parameter sets, it is also possible to change given parameters and study the effect
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such a change has on the spectrum over time.

The limitations of the spectral fitting in HEART also significantly restrict the

usefulness of HEART for dynamic modelling, however. A more comprehensive dis-

cussion of the limitations of HEART is given in chapter 6. Even in the simple

case where electrons do not evolve, the parameter range over which HEART can be

applied is limited. Spectra from different viewing angles cannot be modelled, yet

observed spectra can change significantly at different viewing angles, and these spec-

tra are greatly affected by the geometry of the source. HEART is also significantly

limited in the geometries it can model, as is discussed in section 6.2. Improving

the angular treatment of Compton scattering within the current cell structure may

improve the valid parameter range, but in order to model different viewing angles

and more physical geometries a more drastic modification is required. Two sugges-

tions, discussed in section 3.5, include a cell structure made up of tessellating cells

with more sides, or storing a distribution of directions with the photon distribu-

tions. Both of these modifications are also approximations, and require yet more

computational resources, and yet HEART is already very computer intensive. It can

only reasonably be run for a few hundred timesteps, with 600 timesteps modelling of

order 0.24 seconds in the source and taking roughly 12 hours to run, so the physical

timescales HEART can model are also limited (as discussed in section 5.4).

One possible way of speeding up HEART might be to parallelise the code. This,

should be possible, as the calculations done in each cell could be done on different

processors. With several runs being required for any form of spectral fitting, how-

ever, speeding up the run-time of a single run on several computers is not necessarily

an advantage over running a slower version of HEART with different parameters sets

simultaneously on several computers. The overall required computing time would

have to be reduced. Alternatively, computers will almost certainly be significantly

faster in future, possibly enabling HEART to run on reasonable timescales even for

routine spectral fitting.

More importantly, however, energy balance and reprocessing are not included
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in HEART. This significantly changes the spectra, as is discussed in section 6.1.

The inclusion of energy balance and reprocessing in HEART requires a complete

restructuring of the code, where the total amount of energy injected into the sys-

tem is controlled, and where electrons are heated rather than being injected and

then escaping. Currently, the heating of the electron distribution is. modelled in

an unphysical way, where high energy electrons are added and colder electrons are

removed, rather than heating a constant electron population, and an infinite energy

reservoir is assumed. Thus electron evolution is not modelled in a physical way

either.

If all the processes implemented in HEART are to be used, further testing is

also required. Only a simple case, where Compton scattering is the only physical

process modelled in a spherical geometry, is tested here. The other modelled physical

processes must be similarly tested before being used.

A code which models spectra simultaneously with the variability of a system is an

important tool in furthering our understanding of X-ray binaries and AGN. HEART

in its current form is not, however, the answer. The limitations outlined above and

in chapter 6 are too large to be overcome without restructuring HEART into a

completely different code. The large particle Monte Carlo (LPMC) code by Stern

et al. (1995a) is currently a good, available code. Fast, analytic Comptonisation N

codes dealing with simple Comptonisation problems have been around for a long

time now, and have established multiple Compton scattering events as a likely cause

of X-ray spectra from X-ray binaries and AGN, and have given a general idea of the

optical depth and coronal temperatures required. To progress in Comptonisation

models, more detail is required, including the effects of different geometries, bulk

motion of the corona, different viewing angles, the structure of the disc and the

variability signature. Reprocessing and energy balance must also be included. The

LPMC code has so far provided a basis for further developments in this direction, as,

for example, in Malzac et al. (2005) where it is combined with another code which

models the structure of the disc. Such models, as well as fast analytic calculations to
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guide the way, combined with improved observational data, should lead to a better

understanding of X-ray binaries and AGN in future.
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Appendix

A.I Coulomb interactions

For Coulomb interactions the treatment of Nayakshin & Melia (1998) is used, and

3aTclnA f n'Jf n'
J ^ y ( 7 ~ 7 )x(7'7 )d7 (A.I)

where In A is the Coulomb logarithm. This is a weak function of energy and

therefore a constant value of 20 is assumed. We also set

-dx x

lx + 1 . p / x - 1 x
•21n I A/ — 1- (A-2)

where 7* = ̂ i{\± pfi).

For the dispersion we use the corrected version given by Blasi (2000),

(A.3).

. where,
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C(7,Y)
7 XZ

-1 1.2(1 + x)
- 1 | dx

+ (7 + Y ) V z 2 - l -
2 [_(! + *)

W z 2 - 1 - [1 + (7 + 7')
2] In (x + Vx2 - l) (A.4)

A.2 Compton Scattering

The photon redistribution functions for the three cases defined in section 2.2.3.3 axe

detailed below.

The solution for case 1 is taken from Coppi & Blanford (1990) and treats the

case of mildly relativistic electrons (7 < 10) interacting with high-energy photons

(fc > 10-2),

/

d-P
—dz
dz

where 4[j is given by:

(A.5)

dP

1

k2(l-/3z)

where e =

2 ak2(2b-a)

), A; =

, 9- ak2
2-2ayok + a2

- y0) -
(A.6)

, a = 1 — /3« — (1 — 7o)/fe, 6 = <5/A; and

2pe(l - (p -

(A.7)
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and p = 'V\/VQ. U0 and v\ are the frequency of the photon before and after

scattering respectively. The integration limits are

(A.9)

where d = 1 + e — ep.

Case 2 uses the treatment of Enfilin & Kaiser (2000) in the situation where mildly

relativistic electrons (7 < 10) interact with low energy photons [k < 10~2),

xFc{x) = ^ { ^ [ ¥ )
[3 + 3^2 + p4 - ^ ( 2 1 n ( p + 7) -

where p is as in case 1 and p =

Case 3 is for ultra-relativistic electrons (7 > 10) (Jones, 1968),

xFcix) = 3aTx< 2q\n(q) + (1 - q) 2q) (All)

where q = x/ (1 ^p-y), the frequency gain p = V\JVQ and p is the electron

momentum.

A.3 Time estimate

In an optically thin corona, photons leaving through surface cells represent the

model output after only a few timesteps. Since most photons traverse the corona

without any interaction with the coronal plasma, the model output will not change

significantly after RCor/Rceii timesteps, where Rceii is the size of a single cell and

Rcor is the diameter of the entire corona.

If the corona is optically thick, significantly more timesteps may be needed before
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the model output 'settles down' to a steady state. Consider the case of an optically

thick corona in which only inverse Compton scattering off a thermal electron pop-

ulation is important. If the temperature of the electrons is Te, then the typical

maximum energy to which photons can be boosted by Comptonisation is 3kTe. The

energy gain per scattering event is Au/u & kTe/{rnec
2), and so after N scattering

events the energy of a photon with initial energy huQ is

kTr
 N N

mec
l

The number of scattering events required for a photon of initial energy hv§ to

reach energy hu is

log P-
j V ^ ^ 9 ( A 1 3 )

Scatterings become less efficient at transferring energy to the photon as hu ~ kTe,

so this is a lower limit for the required number of scattering events.

After N scattering events a photon with the maximum energy must escape from

the corona to be observable. For a spherical corona of radius Rcar and total optical

depth r we can write N = {r/Rcar)cb, where t is the escape time for the photons

with the maximum energy. In HEART there1 are Nc = RCOr/Rceii cells along the

radius of the corona. During a single timestep a photon travels through one cell, i.e.

At = Rceii/c — Rcor/NcC. So, for the photons with the maximum energy to escape

from the corona after N scattering events, we require t/At — NCN/T timesteps. This

provides us with a rough estimate for the minimum number of timesteps we need

to model in HEART before we can expect to observe photons with the maximum

energy attainable to escape the corona. Note here that this estimate only applies for

situations where we want to model a static disc/corona system with a steady-state

spectrum. HEART is designed to simulate evolving situations and for these the

calculation of a minimum number of timesteps to reach a steady state is irrelevant.
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