UNIVERSITY OF SOUTHAMPTON

Moments of Light-Meson
Distribution Amplitudes

14 - h | from Lattice QCD

by
g .
g Michael Anthony Donnellan
;*'1# A thesis submitted for the degree of
Doctor of Philosophy
|
School of Physics and Astronomy
September 2008 -




Dedicated to my parents.




UNIVERSITY OF SOUTHAMPTON
ABSTRACT |
- FACULTY OF SCIENCE
SCHOOL OF PHYSICS AND ASTRONOMY

" Doctor of Philosophy .

Moments of Light-Meson Distribution Amplitudes from Lattice QCD

Michael Anthony Donnellan

The distributiop var_nplitudesvof mesons parafneterize their structure in partonic terms, at least
insofar as that structure is reievant to collinbearly—factorized exclusive proc;'esses: they essen-
tially describe the valence Fock state’s momeﬁtﬁm distribution. Early applications v&;ere to
form factors such as FE™(Q?) and Fyr,;(Qz), but the development of QCD factorization and
the Soft Collinear Effective Thebry has led to renewed interest motivated by flavour physics.

The lowest moments of the distribution amplitudes can be calculated using Lattice QCD.
As part of the UKQCD/RBC collaborations” Ny = 2+ 1 domain-wall fermion phenomeﬁology
programme, we calculate the ﬁfst two moments for the pseudoscalar mesons 7 and K and the
(iongitudinally—polarized) vector mes_éns p,K* and ¢, as weH as the ratips of vector meson
couplings f3 /fp, fi-/fx- and f] /fo. We obtain the desired quantities with a good precision
and our results are in reason.able agreement with othef recént lattice and QCD sum fule calcu-
iations (but with significantly smaller errors in thé latter case).. In particular, we are able clearly
to discern the expected quark-mass dependence of SU(3) flavour breaking effects.

An important p.art of this research programn‘le is _the. ndn-pertﬁrbative renormalization of
latticé operators using the R/MOM technique. We describe both our successful renormaliza-
tion of the quark bilinears (necesséry for the vector meéoh couplings) and our ongoing éfforts
to overcome some fundamental issues with RI/MOM which currently prevent us from ﬁsing

non-perturbative renormalization for the distribution amplitude moments.
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ground material compiled using a variety of other sources, including for example refs. [1-4],
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Of the original work contained in the remaining chapters, I worked directly on the bare
calculations for both the vector meson couplings and the distribution amplitude moments, as

well as on the non-perturbative renormalization of the quark bilinear operators.
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Chapter 1

Introduction o | :

The Standard Model (SM) embodies our current understanding of the fundamental structure of

- matter, successfully_describing physical phenomena on scales down to around 10~%cm. It is a

quantum theory of fields, with a field corresponding té each of the known types of elementary
particle tplus the as-yet—undiscov.ered'Higgs field) and with the quantized excitations of those
fields representing the particles themselves. The SM represents the culmination of decades
of interplay between, on the one hand, theoretical efforts to recon.cile quantum mechanics
with special relati\;ity, and on the other, painstaking experimental investigation of the sub-
nuclear world. With a structure deterrﬁihed largely by fundamental principles of symmetry and
renormalizability, the SM is a framework of impressive (if not totally satisfactory) underlying
simpiicity: all matter is cdmposed ofa ff;w basic types of spin-1/2 fermion interécting via spin-
1 “gauge’ fields, the latter being formulated around non-Abelian generalizations of the local
U(1) symmetry vpossessed by Maxwell’s electromagnetic field equations.

Asis typicél of quantum field th¢§de§, the SM’s Lagrangian actually defines an unphysical
theory in which ‘ultraviolet’ divergences (infinities ofiginating in its short-distance structure)
are ubiquitous, a sigﬁ fhat it fails as a descriptioq of Nature on the smallest of scales. Given

that it was constructed on the basis of experimental observations made up to limited energy




scales, this is uhsurprising. In addition, its compli}cated structufe and 19 free parameters hint at
some deeper origin, it says nothing at all about 'grav.it.y, and it offers no explanations for such
relatively recent experimental discoveries as neutrino oscillations ‘and dark matter. So the SM
does not provide a complete description of Nature, aﬂd indeed it would have been unrealistic
to have expected it to iﬁclude allio'f the .substruct_l.lre present at as-yet-unreachable scale_s, and
Which presﬁmably renders some true theory finite. .

Nevertheless, the SM can be regarded as an ‘effective field theory’ that piovides a valid
description qf physics up to sbmé cutoff energy scale above which the new, currently-unknown
physics becomes important. Thé effects of the missing ultraviolet physics on the low-energy
physics are _thén encoded in the values of the free parémeters. Within its range of Validity, the
Standard Model provides a b‘redictive calculational framework indépendently of the cutoff if
it is ‘renormalized’: | calculatiéné muét be performed in a ‘regularized’ theory whi;:h is finite
and from which the formally-deﬁneci theory' is ;ecovered in some limit, with some physical
quantities that are divergent in the ‘baré’ unregularized theory - rather than the parameters
appearing in the Lagraﬁgian - held fixed at experimentally-determined values as that limit is
takenf

In this way the theory may be defined, .although the standard techniques, such as dimen-
sioﬁal regularization, do so only at a perturbative level. Such.perturbative definitions of the
theory, however, rﬁakévpossible the calculation of ;(1 vast array ofvphysical cross-sections and
decay rates using renormalized perturbation theory. It is as a result of the accumulation of a
broad range of such caléulations', and their succe:ssful coﬁpMson with experimental résults,
that we have acquired such confidence in the SM and the basic prinéiples ﬁpon which it is built.

One approach to séeking signs of physics beyond the SM is the somewhat indirect one
of precision study of relatively lvow-enervgy‘ processes which are particularly sensitive to the

short-distance structure. In this way, it is hoped that it will be possible to overconstrain the




SM’s parameters. In particvuvlar, in ;ﬂavour physics’ one.wants to overconstrain the CKM ma-
trix which describes how quark flavours mix qnder the weak interaction and which is the sole.
source of CP vidlatibn in the SM (ignoring the strong CP problem). These parameters must,
howevef, be déterrﬁined by stﬁdying weak decays of hadions, which necessarily involve both
the weak interactions and the strong inferacﬁons at low energy. This is an extremely difficult
phenomenélogical problem because, whilst perturbation thé(;ry has been tremendously suc-
céssful when applied to thev electroweak interactions, its usefulness for the strong iriteractions
is limited to high energies. |

In the SM, the strong interactions are descﬁbed by Quantum Chromodynamics (QCD), ac-

~ cording to which strongly interacting matter consisfs of quarks and gluons which interact more

and more weakly on smalle_,r aﬁd smaller length scales (asymptotic freedom). This is compati-

- ble with the observation Qf Bjorkenvscaliné iﬁ deep—iﬁelastic scéttering (DIS) experiments and

- with the success of the Feynman parton model of hadrons, and perturbative QCD (pQCD) may
be used to deséribe some aspects of such processes with goo& accuracy. QCD also possesses
the property of cc.)n_ﬁnement,' however: th¢ interactions_ between quarks and gluons become
stronger as the length scale is increased, to the ‘extent that individual quarks or gluons can-
nbt be séparated from the bound;states and are never observed. Had;ons are therefore unique
axnongsf composite objects, since their constituents do not exist in isqlation.

The strong interactions, then, are unavoidably non-pemnbati\"e; and this will almost always
be relevant to physical processes - if only because hadrons are present in the initial and final
states. The non-perturbative physics of hadronization obscures the ciean electroweak physics of
weak hadronic decays, and in fact the dominant uncertainty iﬁ our descriptiqn of sﬁch processes
is often the theoretical uncertainty on th'é relevant hadronic matrix elements. -

Lattice QCD (LQCD) provides a non—pertufbative ‘definition of QCD and the possibility of

determining Such hadronic matrix elements from ﬁrst_principles, thereby making it possible to




 see pgst the soft, nonperturbative ‘strong intéraction physicsv and to extract signals for the under-
lying electroweak physics. There are a:van'ety of éuantities which in some sénse parameterize -
hadron structure in terms of quarks and giuons. Light-cohe distribution amplitudes are one
such quantity, ents:ring the theorétical deséription of Iex'clusive processes at large momentum
transfer. As we shall discuss, they are an important non-perturbative input in flavour physics.
Ir.1 this. work, we use LQCD to impréve upon our knowlédge of the leading-twist distribution
ampl.itudes of light mesons, via the calculation of their lowest moments.

The remainder of this thesis is structured as follows:

e In Chapter 2 we discuss in some gvervleralityv the QCD Lagrangian and its symmetries. .
We describe how Light—Covne Distribution Amplitudes arise‘in the factorization of hard
exclusive processes, what they can tell us about hadronic structure, how they are studied,
and what is currently known about them. We also discuss somé related non-perturbative

quantities: the vector meson couplings to the vector and tensor currents, fy and f .

¢ In Chapter 3 we review LQCD. We discuss the lattice formulation of fermion and gauge
ﬁelds, focussing in particular oﬁ the domain wall ferrﬁioﬁ (DWF) action used in thisv
study. We also o_utline the éssociated numerical and theoretical techniques, such as
the RI/MOM non-perturbative renormalization a’pprdach which we employ in this work. .
We give the simulationv and measuremeﬁt parameters which describe the UKQCD/RBC

datasets with which we work.

o In Chapter 4 we describe the bare lattice calculations we have performed for the ratios

of vector meson couplings, f7 /fy, and present our unrenormalized results.

o In Chapter 5 we discuss fhe_: non-perturbative renormalization of the fermion bilinear op-
erators on our lattices, with emphasis on the calculation of the renormalization constants

necessary for our vector meson couplings calculation. We also present our final fg /v

4




results.

In Chapter 6 we describe the bare lattice calculations in which we obtain values for the
first 2 moments of the leading-twist distribution amplitudes for the pseudoscalar mesons
x and K and for the vector mesons p, K* and ¢. We present the bare results and discuss

the chiral extrapolation of our data.

Chapter 7 contains a discussion of the renormalization necessary for the distribution
amplitude moments, beginning with the perturbative calculations and moving on to the

current status of our attempts at non-perturbative renormalization.

In Chapter 8 we present our final results for the distribution amplitude moments and
summarize what has been done so far. We discuss both the prospects for further refine-
ment of these results and for the future of lattice studies of distribution amplitudes more

generally.




~Chapter 2
‘QCD and Light-Cone
Distribution Amplitudes

In this chapter, we begin by introducing QCD and outlining some of its more general properties,
focussing on those aspects which are of most direct relevance to this work. We then discuss the

issues and challenges involved in actually using QCD to do strong interaction phenomenology,

". describing the most important calculational approaches and their usefulness and limitations in

understanding physical processes.

We move on to explain the phenomenological oriéin and physical interpretation of the
* hadronic quahtities of primary interest in this work, the light-cone distribution amplitudes. In
éddition, we also discuss thev tvery closely-related) vector meson couplings to the Vectér and
tensor currents, which we also study on the lattice. “We attempt both to place the distribution
amplitudes in context in the larger pictur¢ of hadron structure smdieé, as well as to e‘mphasizé
their more recently-acquired importance for flavour physics analyses - and therefore ultimately
-vfor the understanding of CP Violation‘and the search for new physi‘cs as described in chapter 1.
We discuss the theoretical approaches currently used in the study of distribution amplitudes

and summarize the present status of our knowledge and understanding of them.
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Table 2.1: Current quark mass estimates [S].

q my

o | 15-33Mev
d | 35-6MeV
s 104128 MeV
¢ | 127737 Gev.
b 427047 Gev -
t 171.2+2.1 GeV

21 QCD
QCD is, at least Iat the classical levei, fully defined by its Lagrangian density:

L N .
£ = —ZngF“"V +Zu/i(zy“Du —m) ;. 2.1)

Here we have suppressg:d all spacetime arguments and both the 'Qpin and color indice§ of the
fermionic fields y;. The flavour index i runs over the number of flavours N, which appears
~ to be 6 in Nature, with each flavour consisting of a triplet (;f Dirac_spinors transformihg in the
defining representation of the gauge group SU(3) and being characterized by a mass parame-
ter m;. There is a very clear hierarchy in these masseél, and recent estimates for their values
are given in table 2.1. | | |
The “gamma matrices” y* satisfy the Dirac algebra (i .e;, the Clifford algebra of the Lorentz
group SO(3,1)): |

{Y”;YV} =2, 2.2)

where N*Y is the Minkowski metric. Classically, then, the quark fields would have as their

ISince the quarks are confined, of course, there is some ambiguity in precisely how their masses are defined.

Nevertheless, the existence of a very definite quark mass hierarchy is well-established.




equation of motion the Dirac equation, except that the ordinary spacetime derivative has been
replaced by the gauge covariant derivative D,;, which introduces a coupling to the gauge fields

~ Aj, through the dimensionless parameter g, the gauge coupling:
Dy =3, —igA% (x)T* (2.3)

The T¢ appearing here are the generators, for the defining representation, of the Lie algebra of
SU®), which is defined by: v _
(T4, T?) = if®eTe, (2.4)

where the f% are the structure constants. Théy are conventionally normalized such that:

Te[T°T%) = !

~ sab ‘
2§ (2.5)

The gaﬁge field A}, transforms in the adjoint representation of SU(3), and its dynamics are

specified via the field strength tensor
o = OuAS — OvAL + g U ALAS, _ - (2.6)

the structure of which clearly leads to self-interactions among the gluons.
The form of the QCD Lagrangian is largely determined by a few fundamental principles
- it is constructed such that it possesses a local SU(3) symmetry corresponding to the field

transformations:

v(x) = V) =AXwE) Q7

Au(®) S AG(OT — A;l(x):A(x)AuA_—l(x) + (FuA)AT () 2.8)

for any differentiable field of SU(3) matrices A(x) acting on the colour indices. This require-
ment, as well as the demand that the thebry be renormalizable, essentially determines the struc-

- ture of the QCD Lagrangian..




2.1.1 ' Symmetries

The symm;atries of the QCD Lagrangiaﬁ are émcial to an understanding of its relation.to strong
interaction phenomenology. As we shall discuss, however, those symmetries are for the most
part approximatiohs only, being subject either to an explicit breaking which is in some sense
small or else to spontaneous breaking or breaking by quantum effects.

The quark masses are the only scales présent in the QCD Lagrangian, and so QCD with
fnassless quarks would ai)pear to be Sgale inyaﬁant. In fact, the Lagrangian possesses a slightly
larger symmietry kn.ogvn as conformal symmetry. This symmetry, however, is a symmetry of the
classical theory only and is broken in the quantum theory (even in the absence of quark masses)
because, although it holds for the Lagrangian, it does not hold for th_é path integral measure that
is required to define the full quantum theory. Nonetheless, conformal symmetry can be a useful
tool for the phenomenologist, as we shall discuss when wé introduce the conformal expansion
in section 2.5. | |

This breaking of conformal symmctry by quantum effects is known as the ‘conformal

anomaly’, and can be illustrated by the non-zero value of the B-function, defined via:
N dg
‘ =g-° 29
Ble) =g R 2.9)

where g is a rediormalized coupling and y the corresponding renormalization scale. A one-loop

perturbative calculation for a general gauge group SU(NV,) yields:

S 2
B(g) = —ﬁ [?NC — ng] (2.10)

Since we can define a scale by specifying a particular value taken by the renormalized cou-
pling (i.e., we must introduce a constant of integration), the quantum theory actually generates
a scale ('dimensional transmutation’).  This scale, known as Agcp, serves as a measure of the

point at which QCD becomes non-perturbative, and has a value of approximately 0.5 GeV.




It is with this dynamically-generated sc.ale that the quark masses, and the differences be-
tween them, must be compared. It is usual to divide the quark flavours into the light quarks
(u,d,s) whose masses lie belov? AQCD and the heavy quarks (c,b,t) whose rﬁasses lie-above it.
”fhe heavy flavours are so much heavier, in fact, that it'is often appropﬁate to Wbrk in an effec-
tive the_éry in which they héve been integrated out and their influence has been absorbed into .
the values of the free paramefers. This is the apprpach we take in our Ny = 2+ 1 simulations,

- and in this work we resﬁict our attenfion to light-quark physics (although, as we shall discuss,
our results do have rele.vance to heévy ﬂa§our physics).

Similarities in the_light qﬁérk masses endow QCD with some approximate flavour symme-
tries. As caﬁ be seen> from table 2.1,. there appears to be a significant mass difference between
the u and d quarks. Nevertheleés; predictions based upon SU(2) isospin symmetry hold at
approximately the 1% level, since both masses are so much less than Agcp. Similarly,veven v
SU(3) flavour symmetry holds ét approximately the 30% level, despite the strange quark being
much mbre massive than either the u or the d because the masses of each of the quarks (u,d,s)
is well below the QCD scale. |

In the massless-quark limit, the flavour symmetries are chiral - i.e:. they hold separately for

. left- and right-handed quarks, giving an SU(3).xSU(3)z symmetry. This symmetry is spon- -
taneously broken in QCD, however, leading to the appearance of ‘approximately massless’
bosons in accordance with Goldstone’s theorem (the pseudoscalar mesons are much lighter
than the other hadrons and may be _regardéd as pseudo-Goldstone bosons). By expanding si-
v multaheously in the momenta and @ar_k I_ﬂasses, it is possible_ to write an effective theory for
the low energy physics of QCD‘ in terms of these pseudo-Goldstone bosons - chiral pertilr—
bation theory (xP’i‘ ) [6,7]. xPT can often provide some theoreticgl guidance for the quark
mass extrapolafions that are necessary for LQCD ‘simulati(.)ns, which at present are are only

computationally-feasible with excessively-heavy light-quarks.
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2.2 Factorization

Since hadronic processes necessarily involve the long-distance, strongly-coupled behaviour of
QCD, very little strong interaction physics can bé described directlyr in perturbation theory.
Inclusive cross sections without hadrons in the initial-state, such as the totai cross section for
¢*e~ annihilation into hadrons (or evenv into jets) are the exception. In such cases, the non-
perturbative ph&sics associated with hadronization drops out and a éuark—gluon level calcula- .
tion suffices because, when the details of the hadrons in the final state are ignored, all outgoing
quark- gluou- Qtates contribute.

‘For most processes inuolving the strong interactions, however, some means of systemat-
ically disentang_lin'é the short.— and lung’—distance contributions (factorization) is necessary iu
order for pQCD to be useful. Almost all applications of pQCD rely to some extent upon
one of the several factorization theorems which have been established to varying degrees of
rigour [8]. These factorization theorems are essentially extensions of thé operator product
expansion (OPE) [9], which allows for the separatiun of scules in a physical amplitudg by
re-expressing a product of operators z;s a product of a local operator (whose hadronic matrix el-
ements contain the non-perturbative effects) and a Wilsdn-cpefﬁcient (which can be calculated
in perturbation theory).

The factorization of a QCD process amounts to isolating a perturbatively-calculable quark-

gluon level subprocess from the surrounding soft physics. The full QCD process is then de-

scribed by combining the pertufbative contribution, calculated at some order in 05 = g%/ (4m)?,
with a non-perturbative quantity which supplies the relevant hadrou structure information (i.e.,
whichever aspect of the hadrouic wavefunction controls the process in question). These non-
perturbative quantities can be measured experimentally, 4nd idealvly they will be defined inde-

pendently of the details of a given process, thereby making possible a unified interpretation of
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~ a broad rangé of cxpeximents. Lattice QCD, of Coursé, provides a non-perturbative definition
of QCD and a corresponding calculational methdd, and the;efore allows in some cases for the
ab initio calculation of such quantities.

Light-cone distribution amplitudes, the subjeét _.of this work,bare an important class of non-
perturbative hadronic quantities,,shoWing up in the analysis of hard exclusive processes (i.e.,
processes in ‘which we do concla?n oursélves»with the hagronié reaction products in the final
state) to which “collinear factorization” théore'ms apply. In this section, before giving a formal
definition of the distﬁbution amplitudes, we attempt to establish the bhenpmenOIOgical con-
texts in which they arise, their relation to other quantities which parameterize hadron structure,
and their physical interpretation [16, 11]. We therefore compare, within the physically-intuitive
framework of the quark-panoh model, factorizatién in the in(‘;lusi\-le and exclusive cases. We
\;vill later show how Ligﬁt—Cone Quantization can unify the description of inclusive and exclu-

sive processes and can bridge the gap between the physically-intuitive notion of what DAs are

and their field-theoretic definition.-

2.2.1 Inclusive Processes

The study of inclusive processes has d'ominatedvthe development of QCD phenomenology.
Both experifnentally and theoretically, inclusive processes are more accessible than exclusive
processes: the cross sections and braﬁching ratios fall off much more slowly with momentum
transfer, detection of the final state is simpler, and féctoﬁzétion.is naturally mor;: straightfor-
ward whén particular hadronic final states are not distinguished.

We restrict ourselves here to é brief disbussion 6f perhaps the most important and familiar
of inclusive processes; deep-inelastic lepton ha&on scattering (DIS) [12]. A lepton ! (in the
simplest case, an electron) exchénges alarge morrientum. 0? with a hadron H which breaks hp:

I*H — I=X, with X representing any final state of the hadronic remnant. The differential cross
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section at a given energy is measured with respect to the lepton’s energy and angle of deflection

only.

In the parton model, the hadron is assumed to consist of a cluster of collinear, almost-free.

pointlike constituents. At sufﬁciently high energiés, the relative velocities of the participating
partick':s are nearly lightlike, énd sb the hadronic binding processes are highly time-dilated in
the rest frame of the leptonic probe., aria thé' partonic state of the hadron can be considered to
be “frozen” for the duration .of thé scattering procéss. Furthermore, by éonsidering the process

in the “infinite momentum frame”, in which the hadron has a very large momentum along the

opposite direction to the virtual boson and is therefore seen to be highly Lorentz contracted, it

- is to be expected that the virtual boson couples to'a single parton. At large momentum transfer

it is likely that the struck parton is ‘knocked out’ of the hadron. The process therefore has

two characteristic timescales: there is a fast elastic scatter involving the lepton and a single

parton, and a much slower hadronization process, with the struck parton being knocked well .

clear of the others bgfore the impact can be communicated to them. .There is therefore a lack
of ‘quantum interference befween the long—disténce, hadronic binding and the short-distance
momentum transfer.

The inclusive cross section is concerned only with the outgoing 1épton, and the hadroﬁiza—

o : ) :
tion process which “dresses up” the hadronic remnants into colourless states is irrelevant. The

- arguments above suggest that the deflection of the lepton will be determined by the charge and
- momentum of the struck parton, however, and will be otherwise insensitive to that parton’s

relation to the other hadronic constituents. The relevant hadron structure information is then

simply the probability of the probe encountering a charged parton of type i, in a given hadron

H, carrying a fraction x of the hadron’s momentum, f, /H (x, QZ). These are the parton distri-

bution functions (pdfs). The DIS cross-section is given by a convolution of the pdfs with a_

perturbatively calculable cross-section for the hard subprocess.
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The pdfs are process-independent and intrinsic to a given hadrén. They can therefore also
be used to describe other inclusive processes, such as Drell-Yan processes like Hy +H, —-
p* 4+ +X. The pdfs, however, are single-particle pr_obabilitieé. They are not sensitive eit%her
to particular Fock states within the hadron or to correlations between quarks and gluons. Thus,
~ the study of hard inclusive reactions does not provide information about hadronic struc@e at.

the amplitude level, but rather is limited to telling us about the partonic content of hadrons.

2.2.2 Exclusive Processes

| Although the study of ekcluéivé processes inyolving hadrons has been somewhaf overshadowed
by the study of the inclusive reactibns, thé possibility of applying pQCD to exclusive processes
was established some time ago, with the ffameWork of collinear factorization [13]. Exclusive
processes provide new aﬁd complimentary information on hadron dynz;mics: they allow for
| the study of QCD processes at the amplitilde ievel,: and - Whe'reas‘ inclusive reactiéns reveal
. only the partonic_: content of hadrons - the éxclusive reactions ;:an actually tell us about the
structure of the bound states. As we will disCuss below, this is 'beca'use exclusive processes are
dominated‘by specific, rare confi guratioﬁs of the paﬁonic constituents: either only the valence-
quarks contributé, or else one of £he partons carries most of t.he hadron’s momentum (known as
the soft overlap or Feynrhan méchar_lisrri). The study of exclusive processes is now coming to
the fore .of QCD phenomenology [14]., especjally in the light of the development of approaches
for the theoretical description of Hadronic B decays, given their importance for constrainihg
the CKM matrix and for studies of CP-violation.
As an example we bdiscuss the vsimplest' case, elastic scattering e~ & — ¢~ 7, which is de-

scribed by the pion’s electromagnetic form factor:

(7(p2)IVe(0)[m(p1)) = Fn(Q%)(P1 + P2)u, (2.11)

where V,(0) = ( %eﬁyuu —%ezfyud) is the electromagnetic current for the light quarks and Q% =
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—g* > 0 is the squared-momentum of the virtual photon. There is no term proportional to
(P1 — p2)u because the electromagnetic current is conserved. The form factor F(Q?) contains
both the perturbative and the non-perturbative dynamics of the process. It is .2.1 reasonably
intuitive quantity, descm‘Bing the departure from point (Rutherford) scatterjng, and in a non- -
relativis;dc analysis it can be shown to be essentially the Foﬁrier 'pransform of the hadron’s
charge density. |
As with the incl_usive reactions, the quark-parton model provides a good starting point for
reasoning about factorization in exclusivev précesSes. Again, the partonic state of the hadron can
| be considered to be ‘frozen’ f(;r the duration of the scattering process, and the i)hoton cquples
to a single parton. Because we are now interested in a particular final state, however, we must
consider specific Fock stateé wifhin the hédron. It is unlikely that the outgoing partons will
reform into a pion unlesé they are collinear, and this will not be the case if the struck parton is
unable to communicate the impact to the others. It isvclear, therefore, that hard gluon exchange
must take placé in order to turn all. the partoﬁs of a given Fock state to the final direction, and
since more partons require more hard gluons, the process is dominated by the valence Fock
state.
In fact, there is a caveat to the argumeht presented. above. If one of the partons carries
. almost all of vthé hadron’s momentum, then the remaining partons have very long wavelengths
and can have a significant overlap with any outgoing dire;:tion. In this case',‘t}.le gluon exchange
argument does not hola and thé valencé Fock state is not guaranteed fo dominate. This is
known as the [ soft overlap’ or Feynman mechanism, and threateﬁs the applicability of collinear
factorization.
The relevant hadron structure inform.ation for this hard exclusivé processes, then, vis the
overlap of the pion state with the valence Fock state in which the collinear quark and antiquark

pair have small transverse separation and carry '1ongimdina1 momentum fractions # and # =
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1 —u. This is the pion distribution amplitude ¢ (1, 0%). At large 02, we can then write the
pion’s electromagnetic form factor as a convolution of DAs for the incoming and outgoing

pions with a perturbatively-calculable hard-scattering kernel Ty:

1 rl :
Fi(Q%) = /O dx /0 dy ¢z (%, Q%) T (%, 0% )9x (x, %) 2.12)

23 Meson Distribution Amplitudes

We have seen how hadronic light-cone distribution amplimdés arise it the QCD analysis of

those “classical” hard exclusive processes, such as the pion’s electromagnetic form factor and

the yy* — m transition form factor, to which collinear facforization was shown td apply by

. Brodsky, Lepage and others [13,15~17] almost 30 years ago. The study of DAs - along with
that of the Generalized Partop Distributions v(GPDs) [18,19], which are closely related - is
crucial to the extensiqn of QCD’s descriptive power be);ond- the inclusive processes through
which it historically proved its value as .a fundamental theory.

In :addition tp their conceptual va1u¢ as components of the hadronic wavefunction, and
their phenomenological uses in describing these “classical” processes, however, the distribu-
tion amplitudes have acquired new:rele‘vance and importance as a result Qf field-theoretical _
developments that have taken place in récent years. The develépment of twd competing ap-

~ proaches to the subtle problem.of factorization in B decays, in bqth of 'which the distribution
amplitudes play an important role, and the detailed stﬁdy of such processes at the B-factories
BaBar and Bellé, makes the accurate determination of DAs parﬁcularly pfessing, since now
they are important for the measurement of the CKM matrix, for the study of CP violation, and
in the search for new physics.

Factorization is more difficult to establish iﬁ B-physics because the hard and soft meéh—

anisms contribute at the same order in 1 /mp. Tt has been shown, however, that collinear
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factorization can be applied; to leading order in 1/my, to é large class of nonleptonic B-
decays [20_22']. This framework, known'as “QCD factorization”, makes use of meson DAs
to parameterize the nonperturbative physics. Secondly, DAs also play a crucial role in the
soft-collinear effective theory (SCET) [23-25], which ahﬁs to provide a unified theoretical
framework for the factorization of both ha.rd—collinéaf a_nd soft effects. In this work, we shall .
focus on the distribution amplitudeé of light mesons, specifically the pseudoscalars and vectors.
These are relevant for decays such as B— nmand B — nk. They also appear in light-cone
sum rule (LCSR) expressions for the foﬁn factors of semileptonic decays such as B — rlv.
Our discussion in the previous section actually applies to thel: distn’bution amplitudes of
leading-twist, which control cross-sections and-deca).z ratés at leading-order in Q2. The highef—
twist DAs are associated with power—suppfessed éontn'butions, and originate, for example, in
| higher Fock states [26]. We shz;ll consider only the leading, twist-2 'disti’ibutioﬁ -amplitudes in
| this work. -
The light-cone DAs are defined via vacuum-to-meson matrix elements‘ of quark-antiquark -
light-cone operators, which are essentially non-local continuations of those which define the .

decay constants. In the pseudoscalar case at leading-twist, we have for example:
o _ U ) '
01@%52(@,~)a(~2)\(p)) oo = falipp) [ du e DPipe ) @13)

| where
. v
P(z,—z7) = P exp {——ig/ dw”Au(w)} , (2.14)
—z .
is the path-ordered'expdnve'ntial which is necessary to maintain gauge invariance, and f is the
pion decay constant defined by the local matrix element (0], ¥%59|7(p)) = ifzpyu. The DA’s

normalization is such that:

/Ol dubn(up) =1. - (2.15)

In hard exclusive processes involvin'g the light vector mesons p,K* and ¢, polarization-

\
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dependence provides many opportunities to study the underlying dynamics, with the longitu-

dinally and transversely polarized final vector meson states often corresponding to different

weak interaction physics [27]. Particﬁlarly important examples of vsuch processes are the ex-
clusive semileptonic B — plv,, rare radiative B — p7 or nonleptonic, B — np etc. decays of
B-mesons, which are cmc{al for _extracting‘CKM matrix elements.

Th¢ theoretical description of such procésses 'fequires knowledge éf the vector meson dis-
tribution amplifudes and their normalizhtions, the vector meson decay constants. The leading-

twist vector meson DASs, in the longitudinally-polarized case, are given by:

. 1 L
D2 [Lauersgjun), @16

010 2 @ ~2)a(-2)lp (B5A))—o = fomppi~

where p and 2 are the momentum and polarization state of the vector meson V(p;A) and £ is

the corresponding polarization vector. In addition to the vector meson decay constant f, there

is also its coupling to the tensor current, pr . These quantities are of phenomenological interest

" in their own right, and we now address their definitions and importance.

23.1 Vector Meson Couplings

In this section, we discuss the couplings of the light vector mesons V to the vector and tensor

currents. These couplings fy and £ are defined through the matrix elements:
e A

(0120701 (0)|V(RsA)) = frmveh, 2.17)

(0120)c" a0 [V(mA)) = i W) (hyr' —ehp*), - @19

where we note that 8&) pu=0and otV = %[y", 7¥]. The tensor bilinear operator §,6*V¢; (and

hence £ (1)) depends on the renormalization scheme and scale u (we will ultimately quote
our final results, in chapter 5, in the MS scheme at it =2 GeV).
The decay constants Jv can be determined experimentally. For the charged p and K*

mesons, one can use 7 decays to deduce f, and fx- as illustrated by the diagram in fig. 2.1,
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o . .
i ~p,K*

Figure 2.1: The diagram illustrating how 7 decays can be used to deduce f, and fx-.

where the curly line represents the W-boson. From the measured branching ratios one obtains

the following values for the decay constants [28]: .
Bf('c_ —p V) =(25.0£03)% = f,- ~208MeV 219
Br(t™ — K*~vg) = (129£005)% = fg--o217MeV, (2.20)

where, as in ref. [28], we display only the central values. One can also determine fyo from
the width of the decay of the p into e+e~ which gives fyo = 216(5) MeV. Similarly from the -
width of the decay ¢ — e*e™ one deduces fp ~233 MeV .

The couplings fT can not be obtained directly from experiment but are used as inputs in

- sum-rule calculations (see, for example, refs. [29,30]) and other phenomenological applications

to B-decays (see, for example, refs. [31—34]). They can of course also be determined from sum
rule analyses, but as the uncertainties due to the sum rule approach are difficult to quantify,
it would be preferable to have a lattice determination. Previous lattice results for the vector

meson couplings will be discussed in chapter 5; determinations obtained using QCD sum-rules

are reviewed in [29]. In chapters 4 and 5, we present our calculation and results for fL/f,

which can then be combined with the experimental values of fy to obtain f‘? . As described in

~

- ref. [28], the ratio is itself an important non-perturbative input in sumi rufe expressions for form

- factors for processes such as B — plv, which in turn are important in the extraction of CKM -

matrix elements.

19




24 Light-Cone Quantization

We have beeﬁ discussing the factorizétion of both inclusive and exclusive hadronic processes
within the context of the paf_ton modél, which enabled us to make qualitative f)hysical argu-
ments as to which aspects of the hadronic wavefunction conbtrol these processes. In panicula;,
we have argued that the distribution amplitudes which control hard exclusive processes essen-
tially describe the momentum distribution of the valence quarks.

This discussion of the hadronic wavefunction may seem somewhat poorly motivated, how-
ever, and in particular a discussion in terms of individual Fock states could seem dubious from
a field theoretic perspective. In the standard fonnﬁlation of QCD - or indeed any relativistic
quantum field theory, confining or not - é constituent picture of bound states is problematic
because the physical vacuum of an interacting theory is not in general the Fock vacuum, and
the wavefunction must describe states with an arbitrary numbér of quahta having arbitrary mo--
menta and helicities. Furthermore, boosting such a wavefunction is as compl_ex a problem as
initially solving\ the bound state problem in tile rest frame.

In this section we brieﬁy‘introduce light-cone quantization (LCQ) [35,36], an alternative
to the usual equal-time quantizaﬁon (ETQ) formulation of relativist_ic quantum field theories.
LCQ possesses a number of unique features \"VhiCh make. it pérticularly suitable for the com-
posite description of bound states, and allows us to formulate QCD such that it resembles as far
as po‘ssibl; the parton model.. LCQ éllovsfs fof a unified déscription of inclusive and exclusive
reactions and should clarify our discussion of the hadronic wavefunctibn and thé isoiation of
individual Fock statés, as occurs in the distribution amplitudes.

LCQ originates in a 1949 paper by Dirac [37]), in which the three distinct, reasonable
choices for a ‘time’ parameter in relativistic Hamiltonian dynamics are identified. The ‘instant

form’ of dynamics corresponds to ETQ and is implicitly used in most field theory work, whilst
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the ‘front form’ is the basis for LCQ. Cor.nparativelyblittle work is done in the ‘point form’.
Dirac showed that in this front form of Hamiltonian dynamics a maximum nﬁmber of Poincare
generators become independent Qf the interaction, inclﬁding cértain Lorentz boosts.

In LCQ, then, the quantization s_urface is a null plane tangent to a light-frbnt. It is conve-

nient to introduce light-cone coordinates:

F=x13 x =), : _ 2.21)
such that the magnitude of a 4-vector x is giVen by x2 = xx_ ~552l. We may then take x* =0
to define the quantization surface. To contrast thié approach with ETQ, we consider a simple
scalar field theory. In canonical quantization, we define our field operators in the Heisenberg

Picture by specifying that the canonical commutation relations:

[0(x),7(y)] = i8®) (x —y) (2.22)

[9(x),0(y)] = [r(x),7(y)} =0 | (223
hold on a surface of constant time ¢ for some iﬂertial frame [1]. The ﬁqld operators in the rest
of Spacetime are then determined in the usual way, by the generator of time trghslations - the
~ Hamiltonian: | |

o(x) = e p(x)e (2.24)
This choice correspbnds to a choice of a Fock basis, however, and tﬁe different ﬁeld operators
obtained by using a different quanti_zation surface will operate differently on the Fock space,

creating and destroying different quanta.

24.1 The Fock State Expansion and Hadronic Wavefunctions

The most remarkable feature of this formalism is the apparent simplicity of the vacuum state -

since the total light-cone momentum P* > 0 and is conserved, the physical vacuum appears to -
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coincide with the Fock vacuum. There is thu; no spontaneous .creation of massive fermions in
the ground state, and all constituents in a physical eigenstate are directly related to that state and
not to disconnected vacuum fluctuations. The LCQ Fock State expansion therefo.re provides a
complete relativistic many-particle basis for diagonalizing the full theory.

Using the light-cone Fock basis, it is possible to define uniyersal, process-independenf;

frame-independent hadronic wavefunctions encoding all possible quark and gluon correlations:
(305K iy A W) = Wy (i iy M) (2.25)

where x; =k /p*.

It is now possible to make more definite statemen.rsb about the physical interpretations we
have offered for pdfs and DAs. The pdfs may be:expressed as both an integration over trans-
verse degrees of freedom and a sum over Fock sta'tesv:

- X .
Wn(xi k1i, Ad)| - (2.26)

IQ(XaQZ) =Z/d2hz
n A »

and the (leading-twist) pion distribution amplitude may be written as an integration over trans-

verse momenta for the valence Fock state only:

-Q? = _
0: 0 = [ ey ) 227)

2.5 Parameterization of DAs via Moments

Light-cone distribution amplitudes have traditionally been parameterized in terms of their mo--

~ ments, defined in the usual way:

(€)= [ dEEmou(E.02), 2

" where we have introduced the difference between the longitudinal momentum fractions, & =

u—i=2u—1.
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It is because the ordinary moments:may be related to fnatrix é]ements of local operators
[38] that we may stﬁdy the distribution amplitudes- using léttice QCD (the ligﬁt—cone matrix
elements which define the DAs themselves are of course not amenable to the standard lattice
techniques, since in Euclidean space tﬁ_e light-cone has beeﬁ rotated to the complex direction).
By expanding the non-local operators on the light .éone, we obtain symmetric, traceless twist-2
operators (the twist of an operator being the. difference betweén its bdir.nension and its spin).

The moments can then be obtained from matrix elements such as:

OB EDOKD) = E)ferops (229)
(01(0)% BDuDva(O)|(p)) = ~H(E2)x fepp P ' 230)
(01a(0)% Dus(O)IK* (2, 1)) = (& e fiemic 5 (e + puef), (231)

(0100)1BuBoaO)p(p, 1)) =~ fomo (e pup + e pup -+ poi) -
(2.32)
We note that the same operators also apbear in studies of momenis of GPDs (in that case, how-
ever, we require meson-meson matri.x e_léments rather than meson-vacuum matrix eleﬁents).
In more mbc‘lern analyses, especially those ba'séd_ upon the technique of QCD sum rules
(which we discuss in the next sectio:n),_ one deals instead with the ‘Gegenbauer moments®
which arise from a conformal expansion [39,40]. The conformal expansion is analogous to the
partial wave expansion in érdinary quantum miechanics, in Which we make use of the rotational
vivnvariancc of a spherically-symmétric potential to‘ sepax;ate angular degrees of freedom from
radial ones. |

In the partial wave decomposition, all dependence on the angular coordinates is included

in spherical harmonics Y/ (8,¢), which form an irreducible representation of O(3), and the

dependence on the rerhaining radial coordinate is governed by a one-dimensional Schrédinger
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equation:
Y(r6,0) — R(r)ZlY,L(B, ) (2.33)
' m,
In the c_onfOrrﬁal expansion, one uses instead the coﬁformal in;/ari;mce of maésless QCD to
‘separate longitudinal and transverse degrees of freedom. All depehdence on the longitudinal
momentum fractions bis described Ey onhOgohal éolynomials that form an irreducible fepresen-
fation of the “collinear subgroup’ of the conformal group, SL(2,R). The transverse-momentum
dependencé is represented as ﬁe $ca1e-dependen.ce of the relevant operators and is go.vernéd
by RG equations. | |
Give. that the anomalous breaking of conformél symmetry is a rather ;haraéteristic fe-ature '
of QCD, it may seem somewhat surprising that a conformal expansion is found to be a useful
tool. In fact, the different ‘partial Waves’, labelled by different “conformal spins”, do mix but.
not to leading-logarithmic accuracy. Cbnformal spin is thus a good quantum number in hard
" processes up &o small corrections' of order o2
The asymptotic Q% — o0 DA is known from pe_rturbati?e QCD: ¢,; = 6uii. For the leading- |
twist quark-antiquark DAs that we are interesteci iﬁ, the conformal expansipn can then be writ-

ten:

8(u) = 6ui 3, (WD 2u—1), 234
. . n=0 . :

where C,3,/ 2(2u — 1) are Gegenbauer polynomials. Since the partial waves of different confor-

mal spin do not mix to leading-order accuracy, the Gegenbauer moments renormalize multi-
plicatively:

R ' To-Te)/Bo
an(h) = anfpo) (20 } 235)

The one-loop anomalous dimensions are:

| ) ) 2° n+l )
n+1 o . )
Yo, = Cr (1+4 Y l/j> " (2.37)
‘ J=2
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A;c, they are positive and increase with n, the effects of higher-order Gegenbauers are damped
at higher scales as the DAs api)roach their asymptotic form, and the conformal expansion may
be truncated. Alternatively, we can say, with reference to convolutions suéh és that in eq. 2.12,
that fot the slowly varying kernels Ty which are often encountered for interesting processes,
the st;ongly—oscillating higher—ordér Gegenbauefs will be washed out. The Same conclusioﬁ
is reached by considering, raﬁer than the conformal expénsion, the diagonalization of the
. ERBL eduations [13,16,41,42) which govern the evolution of the DAs much as the DGLAP
equations [43—46] govern the evolution of pdfs.

For the lowest moments, the ordinary énd Gegenbauer moments: are connected by simple

algebraic relations, e.g.:
s | o .
a =.§(.§>, a=—(5(€*)=1), etc. (2.38)

Thus, we can effectively obtain values for the Gegenbauer moments on the lattice.

2.6 Status of Distribution Amplitudes |

In this section, we summarize what is currently known about‘(leading—twist) light-meson dis-
tribution amplitudes. We can make some conclusions i_mmédiately, based on symmetry argu- .
ments alone: for mesons of definite G-parity, there is a symmetry under the interchange u < &
of the 2 momentum fractions. In these cases, the distribution amplitude 1s an even function of
& = u— @ and the odd moments vanish. Thus, (§')7, (51)11, and (él)yb all vanish, and (§!)x
and (& 1)'1'(* are SU(3) flavour breaking effect:s. o

We note that since (El)g is essentially the average difference between the fractions of

longitudinal momentum carried by the strange and light quarks:

(€ (1) = [ dut2u—1) pelu ) = 2u=1), e
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we would expect from constituent quark model insights. that the sign of (1) = %a{( would be

positive. We shall see that this appears to be the case.
In fact, (1) is arather important SU(3) breaking parameter - perhaps the most important
after fx/fr - and is important for predictions of B-decay rates such as B — K, K* [47]. For

example, from light-cone sum rule expressions for semileptonic form factors, we have:

L
FB—ﬂr f:r

(14c1ay+..0, (2.40)
where c1 ~ O(1). There are furthermore some cases, such as the weak radiative decays B — py
vs. B — K*y, where the main theoretical error comes from such SU(3) breaking effects. The
ratio of these decay rates is studied at the B factories Belle and BaBar and allows for the
measurement of the ratio of CKM matrix elements V| [ Vial.

Thére have been three main approaches to the study of DAs: extraction from experimen-
tal data, direct calculations using QCD sum rules, and most recently lattice calculations. The
o§erall normalizations of DAs are given by local hadronic’r'natrix eléments, essentially the de-
céy consmﬁts, which have already been discussed and are partly accessible experimentally,
and partly have to be calculated theéretically. The shapes of the leading-twist distribution am-
plitudes, in the_ form of the Gegenbauer moments, can be determined from experiments by
analysing data on form factors such as Fyyn (Which was studied by the CLEO experiment),
and FZ™. There is a lack of sufficiently accurate data, howéyer, and it is difficult to avoid con-
tamination from other hadrbﬁic uncertainties and higher tv.vist effects. As a result, the existing
experimental cohstrajnts are pot very stringent.

Distribution amplitude moments, then, must lafgely be determined from theory. They have
been the subject of many stuaies using a range of nonpex;turbativé approaches, of which.the
two most important have been QCD sum rules, which we have mentioned several times now,

and Lattice QCD. Lattice studies have until quite recently been limited to the second moment

of the pion’s distribution amplitude [48-51], but the earliest studies were largely exploratory
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and gave results that were not quite phenomenologically useful.

The main tooi for studying light meson DAs has been QCD sum rules [52-54], whose
application to the study of moments of DAs was.pioneered by Chemyai( and Zhitnitsky [10].
In this approéch, analyticity is used to .relate the operator product expansion of a correlation

functions of two currents:
M= / d*ye'? (0|TJ1(y)12(0)]0) = ¥ Cu(g?)(On) = IOPE (2.41)
n
around y =0, to its dispersion relation in terms of hadronic contributions:

= /wds‘ ‘ P(Z.S) P L | | (242)

0 s—q-—i0 :
where p(s) is the speptral density of t_he-correlation function along its physical cut. The OPE
© yields a series of local operators of increasing dimension whose expectation values iﬁ the vac-
uum are the coﬁdensates. There is unfortunately an irreducible error of ~ 20%. associated
with _the sum rule abproach (it is not possible to properly isolate the hadronic states because,
unlike in the non-pexturbative 1atticé formulation, the limit of 1afge Euclidean time cannot be

taken). The first moment of the kaon’s distribution amplitude, for example, has in the past been

determined mainly from QCD sum rules, ahd recent, representative results include:
a{((lGeV) = 0.05(2) [55], 0.10(12) [56], 0.050(25) [57] and 0.06(3) [58]. (243)

These resplts all have the expected sign, but the uncertainties are around 50%. The reduction
of such uncertainties is the chief motivation. of the lattige progfﬁhme. We note that in addition
to the UKQCD/RBC Nf=2+1 domain wall fermion programme for the calculation of distri-
. bution amplitude moments on the lattice, thr;re is a UKQCD/QCDSF programme using Ny =2

improved Wilson quarks.
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Chapter 3

Lattice QCD

As discussed in Chapter .l ,in order to attempt the determination of Standard Model parameters,
and thereby to investigate the extent to which the SM is able to describe experimental results,
it is essential ihat wé are able to extract prediétions for hadronic physics from QCD. Thus,
we require a non-perturbative definition of QCD and a correspondibng vcalculational method.
Currently, the only known way to define- QCD non—perturbafively is via lattice regularization -
. an approach first suggested by Wilson in 1974 [59].

Wilson’s original intention was to make some of the Iintuition z;nd énalytical techniques of
statistical rne_chanics (spéciﬁcally, the high-temperature/strong-coupling expansion) applicable
to quantum field theories [60] .I Within a fevs; years, however, the Monte Carlo siﬁulation tech-

" niques used in statistical mechanics had also been adapted to Lattice QCD {61], and today it is

‘with large-scale numerical computations that LQCD is most often associated. When combined .

with Monte Carlo estimation of the Euclidean path integral, fhe lattice formulation of QCD
allows for the ﬁumerical ‘solution’ of the theory in the sense that it is possible to obtain quan-
titative predictions for physical obséwébles, within statistical errors which can in principle be
made arbitrarily small, and without the introduction of any additional assumptions.

Of course, this last statement ought to be qualified in several ways. The statistical errors
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allowed by current computational resources are far from negligible, and for many physicél
quantities are in fact prohibitive.vMore froublesome; However, are the systematic uncertainties
introduced by the several extrapolations that must be made, and the control of these errors 1s
the main challenge in producing phenomenologically-useful results on the lattice. Extrapola—
tions are necessary both because we are unable to simuia_te at physical light quark masses or at

sufficiently small lattice spacing (for reasons of computational expense), and because the sim-

ulations themselves introduce additional parameters - such as the finite volume - whose effects

must be accounted for. As we will discuss below, theré are also many physical observables
whose calculability in LQCD has bee_:n established only recently, and, even for those quantities
most suited to the lattice approach, it is only in recent years that lattice calculations have had
real phenomenological impact. After approximately 20 years of developments in computer
hardware, algorithms, and ﬁeid theory techniques, however, LQCD is now emerging as the
pre-eminent non-perturbative tooi for studying fhe strong interactions.

In this chapter, we introducé the essentials of LQCD and its associéted numerical tech-
niqges, focussing especially on thosé aspects relevant to the ca}culations performed in this
work. We also describe the simulatioﬁs in wfxich our datasets were generated and give the most

_ general details of the measurements that were performed.

-~

3.1 ' Euclidean Path Integrals

Lattice QCD is based on Feynman’s path integral (or fﬁnctional integral) approach to quantiza-
tion, which has a number of advantages over the older_canonzcal quan_tization procedure. Most
obviously, the Lagrangian-based path integral formalism is maniféstly relativistic, whereas the
Hamiltonian-based alternative is nét (although this comes at the expense of the loss of manifest
unitarity). There are a number of other, formal advahtages to the functional integral approach,

but as we shall now di}s’c.uss», the point most relevant to LQCD is that the Euclidean path integral
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allows us to relate a quantum field theory to a classical _stétistical field theory, and thus LQCD.
can be thought of as a particulaﬂy complicated Ising-type model. | |
Starting from the expression for the transition amplitude in terms of a superposition of
equally-weighted amplitudes forb all possible .classical paths, with phases given by the corre-
sponding classical action, it is possible arrive at a path integral expression for the vacuum ex-
pectation value of a multi-local operator O(x;,x3, .. .‘,x,,) consisting of a time-ordered product

of quark and gluon fields [1]:

mwm¢%”mmm;%/@Qﬂw@meMrwﬁyﬁ 3.1)

where '
zz/ém#@wgweﬂ _ : (B2
and S is the QCD actibn. Such ‘correlation functions’ or ‘Greens functions’ contain essentially .

all of the physical content of the theofy. |

| The functional integral is deﬁned fdrmally as‘ the ‘continuum limit of the well-deﬁne& in-
. tegral appearing in discretized spacetime, and the fermionic fields are represented by (anti-
commuting) Grassmann numbers. The complex exponential, of course, produces oscillatory
behaviour, and one fnay suspect that there will be problems withvth‘e cohvergence of such an
integfal. Itis i)roﬁtable for the purposes of both th-eore'.cic.:al analysis and numerical calculations
to perform a ‘Wick rotation’, i.e. an analytic continuation to imaginary time. One begins by

defining new coordinates:

O =—ixy, ¥=x, , (3.3)

N

and then restricting these new coordinates to the real line.

The Euclidean gamma matrices are then related to the Minkowski gamma matrices by:

T=ih %= G
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and satisfy the Clifford algebra of SO(4):
Y =26 o | (3.5)
The path integral ekpression now contains a min;ls sign rathe; than the imaginary vfactor:
(0]0'(x1,vx2,...”,x,,})|0> = % / 9Au@uf2¢ eSO (x1,%, 0y %0) (3.6)

where Sg is the Euclidean action. The Euc‘lidéah action of QCD is, fortunately, real and
bounded from below, and we therefore do not heed to worry as much about the convergencé of
the pgth intégral, which can be treated as a probability system with a Boltzmann weight eS¢,
Henceforth, we work ifnplicitly in Euclidean ségce, and will suppress the subscript ‘E’ in our
notation. |

In this way, QCD is made more amenable to manipulation and to calculation, but at the
expense of obscuring the ph){sics (althdugh this is offset to some extent by the availability
of analogies with, and intuition.from, statistical méchanics)) In principle,' one would now
‘like to calculate Euclidean cofre]ation functions and then analytically continue them back to-
Minkowski space, which shquld be easier than caléulating the Minkowski space correlation
functions directly. Correlation functions on a Euclidean ]at_tice, however, are clearly not ana-
lytical functions; aﬁd this approach is totally impracticai numerically.

Fortunately, hadronic masses and certain matrix elements may bé obtained directly .in the
Euclidean theory, ;md this is thé approach taken in LQCD. Essentially, the hadronic states that
can be iéo_lated are tﬁe loWest—_enérgy eigenstates of the Hamiltonian with a given set of quantum
ﬁumbers. The calculation of scattering amplitudes and, for example, K — 77 matrix elements
is thus beyond the standard techniques [62], but tilere are interesting theoretical developments
in this area [63]. The extraction of hadronic masses and matrix elements from lattice correlation

functions is outlined in the next chapter for the case of vector meson two-point functions, which

can be thought of as a ‘next-to-simplest’ case
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3.2 Lattice Regularization and Finite Volume

A quantum field theory defined on a spacetime lattice is regularized (i.e., devoid of UV diver-
gences) because, since it does not possess field degrees of freedom at arbitrarily small space-

time separation, it cannot support field oscillations with arbitrarily high frequencies (i.e., it has

a momentum cutoff). Since, as we have already said, the functional integral itself is defined

via spacetime discretization, this is in a sense the most conceptually ecqnbmical regulariza-
tion. In the simplest and most éommon case of a hypercubic lattice of spacing a, consisting of
the points {x:x¢ aZ4}, all pHysical 4-momenta can be represented by those lying within the
vﬁrst Brillouin zone, defined by —z/a < py < 7/a. Aﬁy theory formulated on such a lattice
therefore has a UV cutoff:

A= 3.7

z
=

Functional integrals in the infinite-volume lattice thé()ry possess a denumerable but inﬁnite
set of integration :variables. Since we anticipate performing numerical calculations, however, it
will be necessary also to restrict the theory to a finite spacetime volume, thereby reducing the
functional integrals to well-defined multi-dimensional integrals. Typically, one has a box of
4-volume L3T with periodic bound&y conditions, where the extent T in the (Euclidean) time
direction is chosen to be greater than thé spatial extent L since we are particularly interested in
the limit of large Euclidean time.

A side;effect of going to a finite volume is that thé components p; of hadronic rﬁomenta on
the latfice are restn'ct.ed to integer multiples of 27 /L. Typically, this leads to a momentum res-
olution of order a few hundred MeV. The most important phenomenological disadvéntages of
this restriction arise in relation to momentum-dependent quantities such as the form factors of
weak semileptonic decays of _hadrqns. The récent theoretical development of ‘partiélly—tWisted

boundary conditions’, however, makes it possible to access intermediate momenta, without
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excessive computational effort, by introducing a phase angle into the fermionic boundary con-
ditions only [64-67].

The quantization of momentum is an important issue for the work presented here, in

two main respects. Firstly, this feature of lattice kinematics has important consequences for

hadronic resonances, which as we shall discuss in’ chapter 4 are often stable in lattice simula-
tions as a result. Secondly, and as will be discussed in chapter 6, we must sometimes induce

" some hadronic momentum in order to access our desired matrix elements, and this can push us

uncomfortably close to the lattice cutoff, thereby introducing more serious discretization errors.

and also more statistical imcertainty. Of course, finite volume effects can also be a source of
systematic error, but as they fall off exponentially they are rarely as worrying as discretization

errors, which we discuss more fully in the next section.

3.3 Formulating Lattice Actions

A nonperturbative regularization of QCD may now be defined by transcribing appropriate de-
grees of freedom onto the spacetime lattice and specifying a Lagrangian in which integrations

are replaced by sums and derivatives by finite differences. Any'such system from which the

formal QCD Lagrangian can be recovered in the continuum limit ¢ — 0, and in.which the

fermion doublihg problem (to be (iescribed below) is solved, is in principle acceptable - there
is no unique disc;etiz_ation. In the remainder of this -chapter, we will discu§s in detail sev-
eral specific issues which ari;e when formulating LQCIj with numerical simulations in mind.
Computational cost ivs for example an importaﬁt practical consideration. At this point, how-
ever, we introduce two more gengral, conceptual issues that are involved in designing lattice
regularizations. |

The first such issue, which applies also to the choice of a regulator for continuum perturba-

tive calculations, is that it is desirable to preserve as far as possible the symmetries of the formal
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' Lagrangian in the regulaﬁzed théory. As we will di;éuss below, in the lattice regularization it
is possible to preserve exact gauge invariance at finite a, but Lorentz invariance fs of course
sacrificed and instead the spécetime symrﬁetries are fhose of the finite hypercubic group of
reflections and 7/2 rotafions, 7 Thislfacf has important consequences for our calculations,
as we shall discuss in chapter 6. Panicularly important is the presence of chiral symmetry on
tﬁe lattice, which is perhaps the central coﬁsideration in formulating lattice fermion fields, as
we discuss in the next sectidn. |

The second issue does no£ arise for analytic, perturbative calculations, but is relevant to
LQCD:-because we anticipate performing numerical simulations in the regularized theory. As

" a consequence, and bécause of the constraints imposed by li_mitéd computationél power on the
l;ttice spacing a at which simulations may be performed, it is important that the regularized
theory approaches QCD as quickly as possible as a is reduced, i.e. that our lattipe formulation
remains as QCD-like as possible for as large a lattice spacir:1g as possible.

Since asymptotic freedom implies that the bare coupling vaniéhes as the continaum limit
| is taken;.léttice perturbation theory may. be used to achieve sofne analytic control over the ap-
proach to that limit. In Symanzik’s gnalysis of thq continuum limit in perturbation theory [68],.
the lattice spacing dependence is made explicit by constructing an effective continuum the-
ory, with non-renormalizable terms proportional to-some power of the lattice spacing, which
matchesv the lattice theory at scales well below thé cutoff. With % the contipuum QCD La-
grangian, we then have: | | |
Seit = /d4x (LX) +aB(x) +PLx) +..} (3.8)
where the .%;’s for k > 0 are iihear combina.;[ions .of local operatorsv, of dimension 4 + k, which
are invariant under the symmétries of the lattice theox.'y. For the ‘standard’ formulation of
LQCD with Wilson fermions, the discretization errors begin at O(a) (and at O(a?) in the pure
Yang-Mills case).
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This analysis suggests the possibility of constructing ‘improved’ actions, where the dis-

~ cretization effects begin at O(a?) rather than at O(a), by adding counterterms with coefficients

tuned in order to cancel the discretization effects. - Nlimerically, this can make the difference

between a systematic error of around 13% and'a 'systematié error of around 1.5%:

34 Lattice Fermions

The formulation of lattice fermion fields is more prdblematic than that of lattice gauge fields,

- mainly because it is extremely difficult to preserve chiral symmetries at finite lattice spacing.

Since this discussion is so much more involved, apc_l since the choice of a iattice fermion action
is perhaps the most important. decision to be made whén embarking upon a programmev of
simulations - with the choice of a gauge field action a secoﬁdary consideration - we address the
issue of puttihg quark fields on the lattice first.

Transcription of the fermionic degrées of freedom onto the lattice .is straightfofward enough:
we assign Grassmann numbers, in the appropriate .spinqrial representatién of the Lbréntz group,
to each lattice site. We may then proceed in the obvious ‘way, by replacing spacetime deriva-
tives dy, with finite differences ,A“ (which"caﬁ be made gauge covarian:t using the link variables,
since as We will discuss they ére the parallel transponers associated with gauge invarivance). In
this way, a ‘naive’ lattice fermion action is obtained.

By Taylor expanding the ﬁaiVe action and dropping higher order terms in a, it éan be shown
that the correct continium action is rec’dvgred with discreti_zati'on. errors starting at O(a?).
‘Naive’ lattice fermions do possess the e_xpectéd chiral symmetries, but unfortunately they suf-
fer from the ‘fermion doubling problerri’: tﬁe action describes 2¢ = 16 fermionic statés rather

than one. The momentum space free propagator has a pole at each corner of the Brillouin zone,

and the extra 15 fermion modes are lattice artefacts that do not disappear in the continuum

limit.
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The standard way of removing the doublers proposed by Wilson involves adding to the
action an irrelevant term (which of course cannot ruin the continuum Hmit). The doublers then
acquire masses proportional .to 1/a and decoﬁple as ¢ — 0. But the Wilson term also introduces
an expliciF bréaking of chiral symmetry (eveﬁ in the absence of bare quark masses), which can
now be recovered only in the continuum limit. Consequently, quark masses are not protected
against an additive fenoxmali'zétioﬁ, making it difficult to simulate at small quark mass. Large
subtractions must be performgd in order to keep the vrenormaliied mass close to the bare mass,
and there is the problem of ‘exceptional configurations’: large additive mass renormalizations
can make the reﬁormalized mass negative,in which case the run niust be thrown out. The
renormalization of lattice operators also becomesv much more complicated, as operators of
different chirality may now mix. The number of operators and the mixings ﬁnongst them can-
make renormalization difficult, and even irﬁpossible in practice.

Despite the many disadvantages to the loss of chiral symmeny; it appeared to be an in-
evitéble consequence of solving the doubling problem. This is formalized in the Nielsen-
Ninomiya ‘no-go’ theorem [69], which states that the follévézing four conditions cannot ﬁold

simultaneously for a fermionic theory on the lattice:

D) is local;
"o the Fourier transformed D behaves for p < lasiyiph + 0(p?);
o there are no doublers;

vD +Dys = 0;

34.1 The Ginsparg-Wilson Relation

The loophole that enables these apparent consequences of the no-go theorem to be avoided:

was acvtuallyvhinted at in work which came not long after that of Nielsen and Ninomiya. By
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considering the block-spin RG in QCD, Ginsparg and Wilson arrived at a relation which, if

satisfied by a lattice Dirac operator, provided for a ‘remnant chiral symmetry” [70]:
¥sD+Dys = aDysD : 39

Any lattice Dirac opérator satisfying the Ginsparg-Wilson relation is also automatiéaliy O(a)-

* improved.

As the Ginsparg-Wilson relation was incompletely understood, however, and as it appeared

that it would be exﬁemely difficult to find a soiution for the interacting case, it did not re-
ceive a lot of attention until more recently. In fact, several solutions are novx; known: domain
wall fermions (DWF) [71-73], overlap fermions [74-77] and fixed-point (“classically-perfect™)
fermions [78,79]. As a result, fheGinsparg-Wilson relation has been reexamined and is now
much better understood. It in fact alléws for the existence of a lattice chiral symmetry which re-
duces to the usual cqﬁtipuum chiral éymmetry in the continuum limit, but whié‘h provides all of
the important consequehces of chiral symmetry at finite lattice spacing. It has been shown [80]

that the infinitesimal lattice chiral transformations can be written:

v y+er(1-aD)y | (3.10)

¥ — W+ep(1—aD)y | (3.11)

These are very complicated transformations, and in particular they involve the gauge fields

]

because of the presence of D.

The Nielsen-Ninomiya no_—ng theorem still holds, of course, but its original interpretation
can now be seen as having been s)&e-:‘rly restrictive in the assumption that chiral symmetry had
to be realized in the same way on the lattice as in the continuum. General overviews are given

in refs. [81-83].
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"34.2 Domain Wall Ferrhiohs '

Domain wall fermic_)ns are th¢ most numerically tractable of Ginsparg-Wilsoh fermions, and
provide a tunable chiral symmetry wﬁich,ailows_ a balance between computational cost and
lattice chiral symmetry to bé achieved. In fact, domain wall fer'rhiohs as used in numerical
~ simulations do not exactly satisfy the Ginsparg-Wilson equation, but serve as a controlled ap-
proximation_fo the exact ‘oVe.rlla‘p formulation.
The domain wall construction was _.on'ginally' studied in the conﬁnuum. A Dirac fermion
~ in 5 dimensions, with a mass term depending on the 5th coordinate s and having the form of a
step function (or a tanh function - the mechanism.is robust), has zero modes of a given chirality
bound exponentially to the dofnain wall (or ‘mass defect’), giving rise to a sinéle Weyl fermion
in the 4D théoxjy.
This construction also works oﬁ the iéttice s and if a SD Wilson term is included doublers are
absent from the. 4D theory. Thé mechanism also works in tﬁe presence of gauge fields, and on
7 the lattice one Has 4D gauge fields (and so the 5th dimension_ is perhaps best viewed as a kind of
flavour space). In this case, the domain walls are replaced by Dirichlet boundary cénditions at
either end of the 5th dimension, gnd the modes of opposite chirality ,ére bound to the opposing
walls. The length of the fifth di'men's.ion. in unité of the lattice spacing, L;, then controls the ’
amount of residual chiral syrﬁmetry breaking, and in the L — o0 limit, the Ginsparg-Wilson
relation ‘is satisfied and the overlap formulation is recovered: To leading—orde_r in the lattice
spacing a., the only effects of the finite L, are the appearahce of an additive mass renormal-
ization m,.s, known as the reéidual mass. The number of boints in the 5th dimension, L, can
also be takeh as an approximate éost factor, relating ;he number of floating point operations re-
quired for doméin wall simﬁlatio’ns to the equivalent Wilson fermion calculations. Thus, even

quenched DWF simulations are computationally quite intensive.
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With an input quark mass m, the 5-dimensional DWEF lattice action is given by:

=3 \ny ﬂw 6w
X 5,8 ,
where:
My = 01 ! +8DE , (3.13)
and:
D,ﬂ,x' = - | %%[(I—YM Uy(x) x+ﬂ,x’+(1+7u)U (x ) x—ﬂ,x’] + (4 — M), v, (3.14)
D;fy = - %[( v %)63+1s'+(1+’}’5)5s 19 —2855] | (3.15)

+<
INE

[(1—75) sL—laos + (14 %) s06Ls—13’:|

35 Lattice Gauge Fields

On the lattice, gauge fields are formulated not in tems of vectof fields taking on vaJues in the
Lie algebra of the gauge group, as is the case in perturbatiqn theory, but rather in terms of
variables living on ‘directed links between lattice sites and taking on values in .the gauge group
itself. Thus, the ‘link variable’ U, (x) is an SU(3) matrix living on the link directed from the
site x to the site x + [, with ft a unit lattice vector in the u-direction. The lattice formulation
of gauge fields is closely related to the geometrical picture of gauge theories, in which the
vector gauge fields A} are thought of és a connection, and tile lattice’s link variables are in
fact the discrete analogue of the parallel transporters (or “Wilson lines”) associated with gauge
invariance in the cohtinuﬁm. A vpabrallevl transporter L(x, y) connecting the séacetime points x

and y is related to the usual vector field through the path-ordered exponential:

L(x,y) = Pl #A% @ day (3.16)
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The gauge transformation of such a pafh—ordered'exponentiél depends oniy on the gauge rota—I :

tions V' at its end points:

L(x,y) — V(x)Uu(x)V_l(y). : (3.17)

~So in the discrete case, we may relate the link variables to the gauge fields through:

Uy(x) = ¢iasty (v+al/T? (3.18)

and under a gauge transformation the links transform as

Up() = V(&)U (V' (x + ). (319

It is clear from the gauge transformation properties of link variables that traces of closed

loops formed from them will be gauge inVariant, which suggests an approach to writing down
both an action for the g.auge fields And operators for phyéical observables involving them. The

simplest closed loop is the 1 x 1 plaquette:
Pyy(x) = Up(0)Uy (x +a)U (x+ah)US () . (3.20)

The (;riginal and simplest lattice action for gauge fields, proposed by Wilson, is in fact a sum

over all possible 1 x 1 plaquettes:

Se=p z R [1 - %Trp/zv(x)} ) | ' 3.21)

EyTRY

where B = 6/g%. Expanding the right—hand side in pbwers of the lattice spacing, it is possible to

show that this gives the correct continuum limit, with discretization errors beginning at &(a?).

The definition of lattice gauge fields is not complete without an integration measure, and

we use an invariant group measure, the Haar measure defined by:
/ dUf(U) = / dUF(UV) = / au f(WU) (3.22)

where U,V and W are elements of gauge group SU(3) and f(U) is an arbitrary function over
the group.
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351 Iwasaki Gauge Action

More complicated gauge actions than the Wilson action may be formed by taking into account
more complicated closed loops of link variables. In particular, the next object to consider after
the plaquette would be the 1 x 2, 6-link lattice rectangle R. Taking the traces and real parts

implicitly, we can then write a general lattice action:

Sg:_g_ (1-8c1) ¥ P +ar Y Ru()], - (3.23)
X U<y ' XUAY .

where the constant ¢; may be determined, for example, using Schwinger—Dyson equations
g :(knoWn as the doubly-blocked Wilson, or DBW2 action) or fr.omvrenormalization group flow
(which gives Ehe Iwasaki action [84-86]).

With DWF, the choice of gauge action impécts the amount of residual chiral symmetry
breaking aﬁsing from the finite value of L;. The greater the presence of lattice dislocations,
the larger Myes tends. to be. Lattice dislocations, ‘however, valso drive the change in toplogical
charge - an irﬁportant measure of the ergodicity and devcorvrelatior.l of the simulationé. A balance
must therefore be sought. The UKQCD/RBC collaborations have compared the Iwasaki and

the DBW?2 actions, and have found the Iwasaki action to be the best choice overall [87].

3.6 Numerical Methods

Having formulated a non-perturbative regularization of QCD, it should be possible to establish
some means bof performing noﬁ-pérturbative .calc.:ulations .with it. As we have seen in section
32, thé correlation functions (which embody thev physical content of the theory) can be ex-
pressed as ratios of integréls over all field degree;s of vfreedom, and so the task is:to be able to
perform these integrations. In practice, very different appféaches are taken for the integrations
- over the ‘fermionic fields, which bén be done analytically, than for the gauge field integrations,

for which we must resort to a numerical approach.

41




Since the fennionicvcontribution to the LQCD acﬁon canvalways be written S = [d* My,
for some Dirac operator M, the Grassmaﬁn variable integrations take a standard form. Using
_ ’.the properties of Grassmann variables théy can be réduced essentially to- the rules of ‘Wick
contraction, which are fénilim from perturbation theory: all fermionic observables can be ex-
" pressed in terms of the quark propagator S(x|y) by performing all possible contraétigns; For
quarks of flavour g we héve: |

— _
FDT5) = ()% (x]y). (3.24)

The propagator is obtained by inverting the Dirac operator, with the appropriate quark mass,

on a particular background gauge configuration:
(Sq)ap(xly) = (M) (xly) (3.25)

This step is so computationally expensive (with the cost increasing strongly as the quark rﬁass
decreases) that one generally has to fix the p(;éition of .dne end of the propagator. ‘Since the
propagator also has the property %5 (xly)ys = S(ylx) however, this is not as problematic a
restriction.asv‘it initially seems.‘ Ongoing théoretical and algofithmic dévelopments (in addition,
of course, to improvements in hardware) ‘are making the calculation of ‘all-to-all’ propagators
a more feasible goal [88]. |

The gauge field integrations are in general nét Gaussian in form and therefore cannot Be
handled so easily. Since these integrals are ﬁnite-dimensionél when defined on a finite volume
lattice, however, we would éxpect that in brinciple at least it would be bossible to perform tﬁem

numerically.

3.6.1 Monte Carlo

The rerhajning integration over the gauge fields involves a very large number of integration

variables, but it is nevertheless a perfectly well-defined multi-dimensional integral, and because
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of the eéxponential damping introduced by the e~ factor it is absoluteiy convergent. Typically,
there will be something like 100m integratinn Variables in current iatﬁce simulations, and so it -
is imme&iately apparent that numerical quadrature will be impossible and one must resort to
Monte Carlo methods. | |

Monte Carlo integration Would, however, be hopelessly inefﬁcien't_ without importance sam-
pling. Fortunately, the =5 factor means that only a very small pa'rtb of the integration space
makes a significant contribution to the integral, and LQCD is therefore. particularly well-suited
to this approach: by generz;ting a set of N s gauge conﬁgurations Uy according to the appro-

priate probability distribution, a Monte Carlo estimator for a correlation function is obtained:

1
Ney

N .

(0[T)0) ~ z{, TUq] : (3.26)
. a=1 . o .
The law of large numbers guarantees that in the limit of a very large sarnple the true correlation
" function is obtained, and the central limit theorem guarantees that the sérnple mean has a Gaus-
sian distribution about this n'ue correlation function, with a standard deviation proportional to
1/ \/IV ¢7- In order to obtain an estimate for the statistical uncertainty on the Monte Carlo esti-
mator, it is necessary to resort to some stati_stical resampling technieue, such as the jackknife"
or bootstrap, in whieh new samples ane generated by drawing from the existing samples bu;
with omissions or duplications. |

Inorder to perform this sampling, usually Markov chains are bused, as they can eften be con-
structed such that their equilibrium probability disnibution [89] is the probability distribution
desired. Consecutive samples generated from a Markov ‘chain are not independent, however,
~ and this threatens the reliable estimation of tne statistical error. The extent of the ‘autocorrela-
tion” must somehow be quantified, and only configurations which some adequate separation in
the Monte Carlo history can then be mken as independent samples.

Lattice QCD is one of the most intensive applications of Monte Carlo methods, and the

bulk of the computational effort usually goes into the generation of gauge configurations. The
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quark field integrations introduce the highly non-local fermionic determinant - which cdntéins
the dynamical effects of sea quarks - i'nto the probability measure fqr the sampling of gauge .
fields. The inclusion of these effects is particularly costly, and the ‘quenched’ approximation in
which they are neglected is an uncontrolled approximation which seems to introduce an error of
~ 20%. In practice, the.inversion of the Dirac matrix can be sﬁb§tituted for the éalculation of its
determinant, but since the condition number of the Dirac matrix increases as 1/ mf, simulations
cannot be carried out at physical light quark masses. .Th.e algoﬂthmid “state-of-the-art” is
represeﬁted be Hybrid Monte Carlo (HM‘C)‘[89], which beneﬁté from the efficient exp_lb’ration
of the integration space ihat can be achieved by incorporating molecular aynamics méthods,

without the introduction of a Systematié error which characterized previous techniques.

3.7 Renormalization

Having established both a non-perturﬁétive regularization of QCD anci a calculational methqd
by which hadronic masses and matrix elements may be obtained at finite lattice spacing!, it is
now necessary to coﬁsider how to take the physical ‘continuﬁm limit»aﬁd so make contact with
experimental observations.

We ﬁust first set the free pararﬁéters of the model, thus making it well-defined and pre-
dictive, by holding .a corresponding number of physical _observables fixed (at experimentally-
determined values) whilstithe continuurﬁ limit is taken. For QCD, the natural way to do so
nori-penurbatiYely is 'vig the hﬁdronic spectrum. In orde_r’ to perfor;n a simulation, of course,
bare values of all Lagrangian paraméte_rs r.nust be supplied. Howevér, we need only put in

dimensionless numbers - the bare couplihg go and quark masses am in units of the lattice spac-

ing - and do not set the lattice spacing a directly. Conceptually, basic renormalization [90]

n practice, of course, there are obstacles both theoretical and computational which place limits on the set of

hadronic observables that can be calcula_ted on the lattice.




then involves adjusting the input quark masses such that ratios of hadronic masses match their
physical values:

(amp)/ (amy) = mE3? mS, (327)

~and then ‘setting the lattice scale’, ie. calculating the value of the lattice spacing a by, for

example, setting the 1attice proton'_rria_ss to.its physical value;
a=(am,)/m;®. (3.28)

~ As we discuss in the next section, what is done in practice will usually be more complicated -

we have merely outlined the basic procedure at a conceptual level here. There are a variety of

suggestions for the optimal approach to setting the lattice scale under different circumstances,
and the results obtained can exhibit significant dependence on the method used.
For most observables of phenomenological interest, further renormalization is necessary

because in general normalizations of lattice operators must also be adjusted (and the operators

may mix) as the continuum limit is taken:
Oi(1) = X, Zij(1a,8(a))0;(a) (329)
-5 |

" In pé.nicular, hadronic méxfrix elements calculated on the 1atticev often ariée' in an operator
product expansion, and the coﬁesponding Wilson coefficients are usually evaluated in the
MS scheme of dimensional regularization at the standard, reference renormalization scale
M =2 GeV. In such casés, it i.s necessary to match the lattice operators to thosevdeﬁned in
the same scheme aﬂd at the same scale. Since every lattice formulation defines a different
regularization, the renormalization constants Z;; must be calculated separately for each dis-

cretization.
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3.71 Continuum Extrapolations_‘

Before proceeding to discuss the‘ cal.culation of renormélization constants, however, we make
a brief remark on thé necessity (or, at least, the desirability) of continuum extrapolations of
lattice results. It caﬁ initially be sﬁrprising that, whilst in the context of continuurﬁ perturba-
tive calculations renormalized quantities are often said to be independent of the cutoff (or of
whatever regularization parameter is used), on thé lattice we must nevertheless extrapolate our
spacing-dépendenf renormalized_quénti'ties to fhe'continuum limit.
The reasoﬁ for this difference h.as already been discﬁssed in section 3.3, where we ex-
plained the importance of the ‘improvement’ of lattice formulations. It is a consequence of our |
_restriction to performing numerical simulations at lattice spacings which are smaller, but not
_ much smaller, than the physical ‘sc.ales relevant to the observables in which we are interested.
The issue does not arise in continuum perturbative calculations because then we have anvalyticavl
control over the regularization-parameter dependence, and can therefore always remove it toa
' region where it does not affect the physics (i.e. itis not a problem to take the cutoff much higher
than the physiqal scales of interest). The concept of the effective continuurﬁ theory allows for
. a clear interpretation via the renormalization group: if we had to perform continuum pertur-
bative calculations using a Lagrangian having additional, nén-renormalizabk interactioﬁs with
couplings proportionalv to a parameter Ia that could not be set to zero, we would want to work

only at scales low-enough such that the non-renormalizable terms had negligible effect.

3.7.2 Perturbative Renormalization of Lattice Operators

We can use any convenient states to fix the normalizations of lattice operators, and since we

are. able to fix the Lagrangian paiameters non-perturbatively, we would hope to be able to
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* do the same for operator normalizations2. In fixing the Ifree parameters we used a hadronic
scheme, however, and it is usually undesirable to apply hadronic reﬁorrnalization conditions
to operators. Firstly, this is because it is not helpful when we want to match to a perturbative.

- scheme, and secondiy, it is because we must then'incur an unnecessary loss of predictivity due

‘ té having used ;dditiona] experimental input after fixing the free parameters (i.e., the value for
the hadronic matrix element which goes on the r.h.s of the renormalization vcondition can only
come from experiment, since we have no means other than LQCD by which to evaluate it a
priori).

Since renormélization cbncerhs UV structure, the asymptotic freedom of QCD implies that

: perturbation theory could bé useful for this problem; and indeed the. ‘traditional’ method for

-fenormalizing lattice operators relies updn lattice perturbation theory [91]. One treats the lattice

regularization as a renormalizatién scheme with a renbnnalization scale of _(usﬁally) u=1/a,

and simply matches to, say, vthej MS scheme at ‘this scale by comparing the calculations of

: arﬁputated quark two-point functions; with an inserﬁon of the relevant operétor, in continuﬁm

| and in léttice perﬁnbation'theory. It‘ is important for the success of this approach', of course,

‘that the lattice spacing is fine enough that 1/a is within the perturbative regime.

Since the lattice operators are deﬁned ;uch that (at Jeast for pL /a) their tree-level matrix
elements are the same as those of the originél continuum operators, we can write the one-loop

- expressions:
(qlo¥®|q) = Z(’J+16 2( x°>10gazp2+R"”)>-(qI'O‘}“’lq>, (330)
. J
MS g ee
(qlO¥lg) = z<6,,+16MSZ( 7 log ”2+R ))=<q(o‘;.|q>, (331)
J

where the finite constants Rf.‘;.’ and RZE are to be evaluated by applying. the appropriate Feynman -

20f course, in those cases where we ultimately want matrix elements of operators defined in a perturbative,

continuum scheme, we cannot avoid having to perform a perturbative matching step at some point.
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rules. The relation between the lattice and continuum operators can then be written:

2 ' :
- . _
(4|0 |q) = z(&j — 2% (- %) 0ga?u® + R —R?,“)) (glolg),  (332)
J

and the differences AR,J = R%?‘ — RES determine the matching factors:

Z;j(au, o) =5ij—g—0(~;’}’i(19)10g02[12+ARij),v (3.33)
Having obtained these féctors, one can matgh and then run perturbatively to the desired scale
~ on the MS side. |

The reliance upon lattice perturbation theory is a major disadvantage of this approach: Lét—
tice Feynman rules tend to be extremely complicated, and the presence of a cutoff invalidates
many of the standard cbntinuum tricks. As aresult, ﬁerturbation theory on the lattice is approx-
imately ‘1-loop more complicéted’ than in the continuum, and there; are relatively few calcu-
lations going beyond l—lobp order. Convergence is also usually poorer than in the continuum,
even §vhen tools such as mean-field impro.vement are used to resum some of the larger contribu-
tions (typical n-loop corrections beihg numeﬁcally of O(o) rather than of O((ot/ 47:)")); and
_ there is an ambiguity in the choice of coupling bgtween, for example, some tadpole-improved
Iattice coupling and the m coupling, which can make a signiﬁcént difference fo the results
obtained at 1-loop.

It can also be difficult to estimate the uncertainfy present in perfurbat‘ive renormalization,
and it is in particular. impossible to disentangle reﬁormalizatidn—scale dependence from cutoff
 effects, as gny variation of a is also a variation of the renormalization scale . For calculations

with domain-wa]i feﬁnions, the Feynman rules are cenainly»complicated, and there is the added
~complication that the renormalization coefﬁcien;s caﬁ depend sensitively on the domain wall

héight, which being essentially a Wilsonv férmidn mass is additiveiy rénonnalized. We outline

(mean field imbrovéd) lattice perturbatioh theory with domain waH fermions in section 5.6.

Lattice perturbation theory does have advantages, of course. It can make operator mixing
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more transparent than the nOh—perturbative methods that we .discuss in the next subsection,

. although when operators mix with those of a lower dimension, power divergences arise which

must be subtracted non-perturbatively and then this approach fails entirely.

3.73 Non-Perturbative Renormalization of Lattice Operators

“Non-perturbative approaches to the renormalization of lattice operators [92] involve renormal-
izing initially in an intermediate scheme which can be api)lied both perturbatively' and non-
perturbatively. The use of lattice perturbation theory. is then avoided, but continuum perturba-
tion theory can still be used to match to a standard perturbative scheme. There is therefore a

requirement for the existence of a window in lattice momenta such that:
“Agep < lpl<al, : (334

| which can be relaxed in. principle at the upper limit by performing ‘step scaling’ [93], i.e.
by matching the renormalization conditions successiver to finer (and also smaller in physical
units) lattices. There are two main non-per;urbative renormalization (NPR) techniques: the

| Rome-Southampton RI/MOM approach [94] and finite volume approaches (in which one takes

Cop= L‘tl) based on the Schrt')dinger. Functional (SF) [95,96]. We will only dfséuss fhe RI/MOM
- method in this wofk. » o

It is clear from the previous subsection that in order to renormalize non-perturbatively with-
out sacrificing prédictivity, one must calculate non-perturbatively on the lattice a quéntity that
can also be ca]culéted in perturbation theory (rathef than a hadronic quantity). In thé RI/MOM
approach, one chooses simple renormalization conditions thét can be implemented in any reg-
ularization (i.e. ihey are regularization independent (RI)). The amput.ated vertex function of an
operator between external quark states with large Virtualities is calculated non-perturbatively

~on the lattice and is set equal to its tree-level value, thus mimicking the perturbative matching

procedure. For example, if we consider the generic two-quark operator Or = yI'y, we may
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impose the condition

Ze(plOF P ey = (PIOF=1p), (33%)

© where T is one of the Dirac matrices. This determines the operator'renonhalization constant
Zr up to the quark wave function renorrhalizatio_n. The latter is then..determined by considering
the vertex function of a conserved current. The renor_malizatidn constant ié usually assumed to
be quark mass independent, which can be achieved by imposing therenorm‘al»ization condition
in the chiral limit. | |
Since we have external quark statés, of course, this calculation must be done in a fixed
gauge (usually Landau gauge). As with> any non-perturbati\;e gauge-fixing brocedure, however,
there will inevitably be some uncertainty -associated with Gribov copies [97]. This is generally
found to be much Iéss than the statistiéal erfor [98].
This approach has the advantage that it provides an adaptable, general framework that can
~ be used for a widev Varig:ty of renofmalization problems; including ;he subtraptioﬁ of power
divergences. The RUMOM téchnique \;vor-ks particularly well with dom;in—wall fermioﬁs [99]
" as the DWF improvement and suppression of chiral Qmmetry breaking occur both on- and i

off-shell.

3.8 Simulation Details

( The results described-in this thesis represent a part of the broader UKQCD/RBC domain wgll
fermion phenomenology programme: Our nﬁmerical calculations are based upon gauge field
configurations drawn from the joint U_KQCD/RBC datasets, which were generated in simu- .
lations with Ny = 2 +1 flavours of dynamical domain-wall femﬁons and with the Iwz;saki

. gauge action. These were‘in fact thé first 2+ 1 flavour DWF simulations,vand followed earlier,

quenched RBC studies.
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As we have already stated, the DWF formulation is very expensive computationally, and -
the chief benefit of such chiral formulations of LQCD is the avoidance of mixing of operators _
with those of a different chirality. Quantities for which one profits most from the computational
. - effort associated with these simulatio_ns’are, for example, the neutral-kaon mixing parameter By

- 100,101] and the kaon matrix elements of the AS = 1 weak effective Hamiltonian (102]. Thus,

although domain wall fermions are in some bsense the characteristic feature of our simulations,
- we do not claim that this is a forfnulatioh that would be chosen specifically for the calculation
- of moments of distribution amplitudes.

The inclusion of the strange quark presénts a technical problem for the generation of gauge
conﬁgqratioﬁs,' as the HMC algorithrﬁ requires there to be pairs of degeneraté flavours. The
alternative Po]ynomial HMC and R algorithms have the disad?antégés of reiative inefficiency
and inexactness (i.e., having an inherent systematic érrpr) respectively. ‘The simulations de- ,
scribed here therefore relied upon the Rational Hybrid Monte Carlo (RHMC) [103] algorithrﬁ,

- which was developed specifically in order to avoid these pfoblems -it auows for the inclusion
of an arbi&my number of quark flavours and yet is both_exact and has the efficiency of HMC
This is accomplished Sy the use of rati:onal functions to approximate the rﬁatrix square root.
appearing in the action. All conﬁguratiéns were generated on the purpoée-designed QCDOC
computer {104-106], using the Coiumbia Physics System software.

Our set of gauge configurations includes data with 2 different volumes but at a single lattice
'spaciﬁg, thus giving us some indicatidﬁ of the s'i.ze of finite volume. effec:ts but no ability to.

perform a continuum extrapolation. We therefore have an unavoidable syétemati;: error which
is, however, formally of 0(a2A2QCD).c: 2.5% due to thg automatic O(a)-improvement of the -
DWF action and opefators. Fof boﬂvl'volumes,’we havevattempted to fix the strangé quafk
mass to the physical strange mass, but have produced severai independent ensembles with

differing light-quark masses, all heavier than those found in nature, The hadronic spectrum
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Table 3.1: Lattice scale and unrenormalized quark masses in lattice units. Note 71y = my + Mges.

~ Only the statistical €rrors are given here.

a ' [GeV]  al[fm] i P ms i Piug * g

1.729(28) 0.1141(18) -0.001847(58) 0.001300(58) 0.0343(16) 0.0375(16) 1:28.8(4)

‘and other prOpeﬁies of these configurations have been studied in detail and the reéults have
“been presented in ref. [107] (for the lattice volume (L/a)? x T /a = 16* x 32) and ref. [108]
(for the lattice volume 243 x 64). In both éases the length of the fifth dimenéion is Ly = 16.

The choice of bare parameters in 6uf simulatioﬁs is :ﬁ =2.13 for the bére g;auge coupling, -
amg = 0.04 for the strange quark mass and aﬁq = 0.03; 0.02, 0.01 and, in the 243 case only, |
0.005 for the baré light-quark masses. Our strange quark mass corresponds to 1.150 time.s the
physical strange quark mass (this \&as of course not known ﬁn’til after the sirﬂulations were
complete). With this choice of simpiation parameters vthe lattice spacing is a~! = 1.729(28)
GeV [108], giving physical volumes of (1.83 fm)? and (2.74 fm)*. The lattice‘ spacing was |
(;,btained using the masses Qf the 7 and K pseudoscalar rﬁesons and the triply-strange € baryon
(whiéh, of course, is rélatively insensit:ivg to the light-quark physics). The quark masses ob-

" tained in thé 243 study are shown in.table 3.1. Due to the remnant chiral symmetry break-
_ing, the quark mass has to be corrected additively By the residual mass in‘ the chiral limit,

amyes = 0.00315(2) [108]. The physical pion masses are as follows:

ma = 0.03 (m; ~670MeV); ma=0.02 (m; ~555MeV);

ma =001 (my ~415MeV); . ma=0.005 (my ~330MeV).

Measurements were performed using the Chroma LQCD library [109] and the SciDAC
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Table 3.2: Calculation parameters for our 163 détaset,‘ §vhic_h corresponds largeiy to that of
[107]. The range and measurement separation A are specified in molecular dynamics time
units. Nmea§ is the number of measurements for each source position fg.. The total number of
measurements is therefore Npeas X NS’C’ where Ny is the.number of different values for #g..
In the right-most column, XY-XY denotes contraction of t\yo quark propagators with X-type

smearing at-source and Y-type smearing at sink. G = Gaussian wavefunction. L = point.

my Ra’nge. A Npeas  Isclocations  Smearing
001 500-3990 10 350 0,8,16,24 GL—GL
0.02 | 500-3990. 10 350 0,8, 16, 24 GL—GL
0.03 4030-7600 10 358 0,16 ' GL-GL

Table 3.3: Calculation paramefers for the two separate 243 datasets, DEG and UNI.

my | Dataset Range A Nineas isrc locations
o DEG ~ 900-4460 40 90 0,32
" 0.005 o
UNI  900-4480 20 180 0,32,16
DEG . 1460-5020 40 90 0,32
001 : . -
UNI 800-3940 10 315 0,32
' DEG  1800-3560 40 45 0,32
0.02 ,
UNI  1800-3580 20 90 0,32
DEG  1260-3020 40 45 0,32
0.03 B . ,
UNI  1260-3040 20 90 0,32
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Table 3.4: The different source and sink .contractions of the quark propagators for the UNI
datasét. V =y = 1,2, 3) is one of the spatial cbmponents' of the vector current and T.= Oy
are the caiculated components of the tensor currént. XY-XY denotes contréction of two quark
propagators with a X-type smearing _ét source and a Y—';)}pe smearing at sink. H=hydrogen

S-wave, G=Gaussian wave function (cf. [87]), and L=point.

Contraction | UNI Dataset -
(Csnik Ore) m=o.oo5,o.02,o.o3 | m=0.01
HL-HL : GL-GL
v,vy LL-HL , LL-GL
HL-LL . eLLL
HL-HL - | GL-GL
(T,V) LL-HL LL-GL
| HL-LL '~ GLIL

software stack, again lar_gé]y on the QCDOC. The details ‘are vsumman’zedv in tables 3.2 and
3.3. In this work, we restrict our analysis almost entire.ly to the unitary (UNI) data, in which
the valence and sea quark masses are_.the same, déspite partially-quenched data being used
extensively in ref. [108]. Thus, we do not refe; to the P;PQ (Full Pa&idly-Quenched) da@set
of ref. [108] in table 3.3. .We do, however, give the details of fhe DEG (Degenerate) dajltaset,
which consiéts of hadron correlators with degenerate valence quark mas;es, inclﬁding i)artially-
quenched ones, since the_se'were used in the vector meson inéss fits bresented in chapter 4 In
the 163 case, our dataset differs from that used in ref. [107] in that the Markov chains have _
been e);teﬁded for the heaviest light qﬁark mass (due to fhe observation inrcorrelatior.x functions

of features which suggest that the chains were not sufficiently equilibrated).
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In order to imi)rove the statistical sémpling of correlaﬁon functions, on each configuration
we averégcd tﬁe results obtained from either 2, 3 or 4 sources spaced out along a lattice diag-
onal. This is equivalent, of cburse, to shifting the gauge ﬁelds - since the action is translation
invariant, this does not ruin the proBabilistic sampling, but when measuring operators which are
localized we make more efficient lise of t.he information a§ailable. In the 16> case, for examplé,
the sources used are at the origin, at (4,4,4,8), at (8,8,8,16) and at (12,12,12,24). Statistical
errors for observables are estimated using single—eli‘mination jackknife, with the measurements

made on the same configuration but at different source positions put in the same jackknife bin

due to the strong correlations expected between them. In order to lessen the effect of autocor-

relations, we follow the same blockiﬁg procedures as in {107] and [108]. In the 16° case, the
span of the measurefnents in éach block covers 50 molecﬁlar dynamics time units. In the 243
case, for the ﬁqa = 0.005 and mga = 0.01 ensembles, each jackknife bin contains measure-
ments from every 80 molecular dynamics time units, while for the mq:a = 002 and mga = 0.03
ensembles each bin contains measurements from every 40 molecﬁlar dyﬁamics time units, in
order to have a reasonable number of bins for the analysis.

In order to improve the overlap with thé mesonic states, at the source we employ either

hydrogen S-wavefunction smearing [110] with radius r = 3.5 1in lattice units or gauge invariant

Gaussian smearing [111] with radius r = 4.
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Chapter 4

Vector Meson Couplings:.

Bare Calculation

In section 2.3.1, we introducéd the couplings of the light vector mesons p; K* and ¢ to the
vector anci t_énsor curfenfs; fvand fF respectively. These quantities are closely related to the
corresponding light-cone distribution amplitudes (being essentially their normalizations) and
enter the QCD dcscﬁi)tion of hard exc}ysive processes in_volving vector mesons - we have
~ already discussed their phenomeno]ogic_a] applications and status. In particular, we have ex-
plained the usefulness of an accurate value of the ratio fg' /fv,since as we shall discuss below,
our data éllo;v us to obtain this quantity with rm.lch'better precision than the individual decay .
constants.

In the present chapter, we desc1;ibe our bare lattice calculation of the ratios of Vectox: meson
clouplings, and preéent the unrenorrﬁalized results. The calculation of the relevant renormaliza-
tion constants is the subject of chapter 5, and it i§ there that we present our final results, quoted

in the MS scheme at g = 2 GeV, and compare them with previous lattice studies. This work is

published in ref. [108], with preliminary results having appeared in ref. [112].
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4.1 ~ f¥/ v from Lattice Correlation Functi_ons

The meson-to-vacuum matrix elements occuring in the definitions given in equations 2.17 and

2.18, (O|VE|V(p;A)) and (O|THV|V(p;A)), may be obtained via the following lattice 2-point

functions:

Gy, (1,%) = {0V (1,%) Vv (0)]0), 4.1)

and

Cr,,v, (t,%) = (0| Tp(1,%) V4 (0)|0), ' (42

whére the local operators are given by
Vux) = () ny(x) Top(x) = ¥(x)oppy(x). @3

In each case, we have placed the operator in whose hadronic matrix element we are interested
at the sink, whilst the vector currents situated at the sources of these correlation functions serve
as interpolating operators for the creation of vector meson states, as we shall now discuss.

We begin by partially Fourier transforming each correlator:
R = (/1) REPC(T), (44)

where L3 is the lattice volume. By fhen usihg translation invariance to write the sink operator
in terms of one sited at the 'origin, inserting the complete set of energy eigenstates, and going to
thé limit of 1argé Euclidean time 7, we obtain a projection onto the lowest-energy stété having
the momentum p and the quantum numbers of the vector current interpola;ting operator. These

states are essentially the vector mesons, but there are some important qualifications which

‘ ought to be added to this statement, and which we now address.

Whilst the pseudoscalar mesons 7 and K are energy eigeﬁStates of QCD and have elec-

troweak decays only, the vector mesons are resonances and decay by the strong interaction.
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The p decays to a 77 pair in a, p;wave state with a branching ratio of ~ 100%, the K* de-

cays similariy to K7, and the ¢ decays predominantly to KK states. Nonetheless, it is usually |
possible to project onfo p meson states in lattice studies. One rgason for thié has been that its
strdng decay channels cannot occur in the qﬁenéhed approximation, but even in full QCD stud-
ies such as ours the states can be isolated. Firstly, this is because, with the heavy quark masses
used in lattice simulations, one usually has myz/mp > 0.5, and so the decay is energetically
forbidden. Even when this is not the case, however, the p is stable on the lattice because the
quantization of momentum occuring in finite volume leads to a large minimum non-vanishing
momentum. It is certainly less than satisfactory, however, that we muét extrapolate fhrough the
decay threshola in going to the bhysical quark mass and infinite volume limits, but at this point
in time there is not a great deal that can be vdon;c ab&ut thesei issues.

Taking the above correlation functions at zero momentum, ‘and making use of the defini-
tigns given in‘ equations 2.17 ahd 2.18, as well as the completeness relation for the polarization

vectors of massive vector particles:

Y ek ek = —gyy + PBY 4.5)
) ms

we can obtain bare lattice values for fy and f$ , as well as the vector meson mass my , by fitting

" to the’large ¢ behaviour with particular choices of the Lorentz indices:

1i

Ce) = TAOVIEHV0)]0) =343 fFmye ™ T cosh (my (T/2-1)), (46)

i
cpr@) = YOI (1, %)V2(0)[0) = 3£ fpmye ™™ T2 sinh (my (T /2—1)) . (4.7)
R v
Here,i=1,2,31isa spatial index, and the labéls 51 and s, denote the smearing used at the sink
and at the source of the correlation functions, respectively: The:cosh and sinh factors occur
because of the backwards propagating state that we get with periodic boundary ‘conditions, and '

we get one or the other depending upon the behaviour of the operators under time-reversal

symmetry 7. We note that, in practice, we also make use of the corelation function Cy in the
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analysis.

From the ratio

: Clsz T
R() = C_‘v% - ;—t tanh(my (T /2~ 1)), 8)

in which the L signifies that we must take local operators_»ait the sink, we can obtain the ratio of
the couplings. In this case, we expect to obtain a better signal than for the individual correlation
functions since there should be some suppression of statistic'al. fluctuations in the Monte Carlo
integration as a result of taking the ratio; and also some cancellation of systematic uncertainties
such as the dependence on the lattice spacing. This is the approach taken in elmost all lattice
studies of these quantities, although the QCDSF collaboration have obtained ST directly.
By‘choosing the appropriate quark flavours, we obtéin results for each of the p, K* and .
¢ mesons. In principle, one obtains disconnected contrii)utions in the ¢v‘case, when quark
operators at the same point are contrncted together. Such amplitudes are very challenging
, numerically, however, as they tend to be vextrernely noisy. We argue that these contributions are

Zweig suppressed and can therefore be neglected.

4.2 Ba_re Results

In table 4.1, we summarize our results for the vector meson masses from fits to (4.6) on the
DEG 243 data set (cf. table 3“'.3) and from fits to (4.6) and (4.7) on the UNI data set. In the
latter case we average over various choices of the source smearing function (cf. table 3.4) while
always using a point oink.
On the UNI deita set, again averaging over the same choices for the source and the sink, we
' also evaluate the ratios f7 /fv. In each czise eq. (4.8) exhibits well pronounced plateaus which
we fit to a constant. In table 4.2 we present the bare values of ff/f,. It can be seen that the

measured results are obtained with excellent precision. We have also compared our results with
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Table 4.1: Résults for the measured vector meson masses (DEG and UNI data sets).

meR me o om, DEG UNI

0.005 0005 0005 05053(58) ~0.507(19)
0005 004 . 0.5591(75)
004 004 06227(19) 0.6183(48)

001 001 001 0528845 0.527(17)
001 004 0.5887(89)
0.04 004 0.629518) 0.6319(48)

002 002 002 0.5789(55) 0.584(16)
002 © 0.04 S 0612(13)
0.04 004 0.6453(33) 0.6453(84)

003 003 003 0631733) 0.6239(76)
003 004 0.6447(83)
004 004 06622(27) 0.6609(69) '
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"Table 4.2: Results for the measured ratio of couplings £ /fy, and at the chiral point as given

by linear extrapolation.

amy Volume 0.03 0.02 0.01 0.005 chiral || x?/d.o.f
C 243 0.6806(55) 0.6646(73) 0.645(13) 0.62421) | 0.619(15) || 0.17
Vi ' '
168 0.6885(63) 0.6660(69) 0.6236(80) ;
243 0.6893(55) 0.6781(56) 0.6667(43) 0.6570(68)|0.6498(62)|| 0.11
f]?*/fK* : o
16 0.6879(48) 0.6774(45) 0.6516(46) ;
4% 06047(36) 0.6933(38) 0.6881(22) 0.6866(32)|0.6838(33) || 0.10
To T ' -
163 07023(47) 0.6907(31) 0.6822(33) ]

those obtained on the 163 x 32 x 16 lattices for m; =0.01,0.02 and 0.03 [112]. No significant
finite volume effects were found. |

From fig. 4.1 it can be seen that thev&ependence of the bare Tt on the masses of the light -~ -
quarks is very mild ;and ) wé restricf oﬁr chiral extrapolation to linear and quadratic functions

* in the quark mass as shown in the figure. For the ratio of bare couplings in the chiral limit we

obtain:
. T ' T ‘ ‘T
' fi =0.619(15)(18); U = 0.6498(62)(60); 3 =0.6838(32)(22), . (4.9
fP _ : fK‘ .f¢ .

where the central value corresponds. to the linear extrapolation and the second error is the
difference between the results from the linear and quadratic extrapolations.
The bare results in eq. (4.9) were obtained with the notional strange quark mass of m;, =

~0.04 rather than the physical value of m; = 0.0343 (see table 3.1). The values of the ratios in

1
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Figure 4.1: Chiral extrapolations for 1/ f,, ff./fx+ and fj /fs respectively. The broken red

lines represent a linear fit to the mass behaviour and the solid grey lines a quadratic fit.

62




eq.(4.9) are very similar for the p, K* émd ¢ mesons and we correct for the change in m; by
linear interpolation in the valence quark mass (my, is fixed at 0.04). Thus, for example, for the

K* meson we interpolate between the K* and the p: '

& (m : 0.0343) = J- (;ﬁ,, =0.04) + A (0.6343 —~0.04) (4.10)
fee o o S (0.04 + Mges) ’ '

where A = fL. / ficr(mp, = 0.04) — pr /f». After carrying out a similar extrapolation. for T /s
the corrected bare values are then:

fT . fT. . . fT
?8_ = 0.619(15)(18); f—K— = 0.6457(62) (60);". ??— = 0.6753(32)(22). “4.11)
; » 2 .

p K*
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Chapter 5
Vector Meson C.Ouplings:
| -Renormalizat'i()n

The bare results presented in the previous chapter for the vector meson coupling ratios f7 /f,

calculated at our single lattice spacing of .a_‘1 = 1.73 GeV, require renormalization. In order )

to obtain physical results, which should in principle be independent of both our cutoff and our

choice of lattice formulation, we must multiply these values by the ratio of the renormaliza- -

tion constants for the ténsor and axialicurrents, Zr/Zy, f:orresponding to some renormalization
scheme - and ultirhately we will want.to quote our results in the standardvm scheme of di-
rhensional regularization.

“In this chapter, we discuss in genéral the non-perturbative renormalization, via the RI/MOM
vapproach, of fermion bilinear operatdrs using domain—wali fermions, and include a compari-
son of the résults'thus obtained wifh one-loop perturbative estimates for these coefficients. As
' explained in section 3.7, the RI/MOM technique is particularly appropriate for use with the
| domain—wé.ll férmion formulation, éspécially given the sensitive additive renormalization of

the domaig wall height. We fo_cug on the ratio Zy /Zy, and present here our final results for

the vector meson couplings, matched perturbatively to the MS scheme at 2 GeV. The work
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described in thié chapter corresponds essentially to that published in ref. [101].

5.1 Simulation Details

It is one of the advantages of the Rome-Southampton approach to NPR that it does not require
any additional simulations to be performed. For the non-pertﬁrbative ;:a]culation of renormal-
ization coefficients in the inte_:rmediate RI/MOM scheme, one rnay reuse the same gauge field
configurations that have been used for the measurement of hadr.onic masses and matrix ele-
ments (although this can of course inubduce statistical correlations that ought properly to be
taken into account). In principle, we would like to be éblg to vary the strange quark mass
. as well as the light quark masses, however, because - for compétibility with the perturbative
calculations - the renormalization conditions ought to be imposed in fhe limit where all three
masses vanish. As we do not have such data, we must accept this as a source of systematic
error.

The non-perturbative calculations describéd.below were carried out using lattices drawn
from the 163 dataset detailed ih section 3.8 (this is appropriate since we would not expect fi-
nite volume effects to be significant when considering the renormalization of local bperators).
The statistics are, however, somewhat differentvthan those chosen for the bare measurements:
for each of the three independent ensembles, wi£h tht sea qﬁa.rk masses 0.01,0.02 and 0.03,
we have used 75 conﬁgurationé, starting from trajectory number 1000 and with trajectory sep-
aration 40. Since we take the 243 results for the bare vector meson couplings as our main
results, we do not need to worry abouf correlations between the bare matrixvelemer‘lts and their
non-perturbative renormalization coefﬁcient;.

Foilowing the RI'MOM non-pertufba£ive fenormalization prpcedufe outlirlled in subsectioﬁ
3.7.3, the lattices are first fixed in Landau gauge. Then, on each gauge-fixed configuration, we
measure the point-point quark »propa.gators S ();,xo) with periodic boundary conditions in.space
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and time, where xp is the source position and x is the sink, by inverting the Dirac operator D on

a point source:

Y D, )S(xy) = &,y . - 6.1

x

- We will only need light-quark propagators for what follows. These are the basic building blocks
for all of our subsequent-calcﬁlations.

Using this ‘point source’ approach, therefore,vw_e ‘obtain with one inversion the quark prop-
agator at all separations or r;xofnenta. There is however no volume-averaging - one end of the
propagator is fixed on a particular site (which corresponds to the ppsition of the local operator
being renormal}izedv), suggestiﬁg that we do.not £nake full use of our sampléd gaugé fields. In
order that we can make more efficient use of our lattices by averaging over sevéral positions for
the local operators, we have invested extra computational effox_‘t jn inversions for four different

 sources, approximately equally-spaced along a lattice diagonal:
x € {(0,0,0,0),(4,4,4,8),(7,7,7,15),(12,12,12,24) } . (52)

Next, a discrete Fourier transform is performed on the prdpagators,

S(p,x0) = 3.8 (x,x0)exp[—ip- (x—x0)] (53)
where
P =Zn,, D)

ny is a four-vector of integers and
- sz'Ly;Lzzlé L,;32. - (55)
For the n, we take values in the ranges
nos oy € {=2,-1,0,1,2} and. - n, € {—4,-3, —_2,.—1,0, 1,234} 5.6)

and require that the squared amplitude of the lattice momenta is in the range 0 < p? <2.5

~ (for simplicity of notation we frequently use lattice units for dimensionful quantities suchas p -
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and m, but when we particularly wish to emphasize the nature of the discretization errors we

explicitly reinstate the lattice spacing, writing for example, (ap)? or (am)?). )

5.2 Renormalization of Flavour Non-Singlet Fermion Bilinears

In ref. [101], a non-perturbative calculation of the renormalization coefficients for the quark
bilinears and for the K - K mixing pa.ramete'r:BK was presented. We do not discuss Zp, in
this work, however, and where the quark bilineafs are concerned we focus on the ratio Zr [Zy
(which we need for the vector meson cQuplings calculation) rather than on the renormalization
constants for the quark mass and wavefunction, Zm and Z,.

‘We now consider the renormalization, in 'the RI/MOM scherﬁe, of quark bilinear operators
of the form #l'd, where I" is oxie of the 16 Dirac fnatrices. Because we take the ﬂa\}our non-
siﬁglet case, we do not need to worry about ‘disconnected’ contributions. The corr’espoﬁding

renormalization constant Zr is the factor relating the renormalized and bare bilinear operators:
[ﬁl“d] ren ([,L) = Zr(ua) [ﬁrd]o , N

where ([ is the renormalization scale and we treat only local operators where the lattice fields
gand d in th¢ bilinear operator [#l'd]o .are évaluated.at the same space-time point.. For these
o relatively'vsimple operators, ﬂlere is no mixing under renormalization. Furthermore, Z, v are
determined by .Ward Identities (which are r_espected by the RUMOM scheme) because of chirél
symmetry, and are scale independent.

Following the RWOM prescription, we define the bare Green functions between off-shell
quark lines, and evaluate their momentum-space counterparts Gr o (p)-on the lattice, averaged

over all sources and gauge configurations,

cr,o(p)=;lv—§{ 1 2[Si(P,Xo)r(YsSi-(P,vxo)T'Ys)]}- 58)

=1 source x,
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We then amputate this Green function using the aVeraged propagators,

Tiro () =5~ (7) Gro(p) (1[5 ()] ') (59)

~ where S~ (p) is calculated acco_rding to:

-1

_ LA

S(p)~' = {NZ{ > (p,xo)” ‘ (5.10)
i=1 | Mlsource xy - _ )

and where nsource =4 and i € {1,2,--- ,N} labels each configuration.

The bare vertex amplitudes are then obtained from the amputated Green functions as fol- -

lows:

As(é)=1i2Tr[H1 (1] ; ' | (5.11)
Ar(p)= %Tr[ans L (5.12)
M ()= g | S 7 Y“J | (513
A4 (P) =;1§Tr %Hm (p)m] . | 514
Ar(p) = 5T L;vnaw ® dvn:l - (515)

We estimate stegistical errors for the bare vertex amplitudes using the standard single-

| elimination- jackknife procedure. Because the results for different sources .on a single con-
ﬁguration cannot be assumed to be statistically independent, nowever, we must include the
results for all four sources in a single jackknife bin in order_ that correlations between them do -
not lead 'io these errors being undereetimated. Thus, our approach of using multinle-eourcee
is equivalent to a\.reraging over different positions of the local operators, and is a valid way
to improve the signal without additional gauge field sampling. The resulis from the different
sources do appear to be teasonably independent, and a reduction in statistical‘ error of approxi-
~mately a factor of two has been gained by this quadrupling of the computationel effort. In order

to also have some confidence that autocorrelations between our configurations do not lead to
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underestimation of the étatistical-enors, we have performed additidnél checkbs using jackknife
bin widths of 3 and 5 consecutive conﬁgurations, and we obtain coﬁlpatible results in those
cases.

Results and statistical errors for all five bare vertex ampiitude_s, for eéch of the dynamical
light quark masses, are presented in table 5.1 throu'gh. table 5.3. With these resulvts, by requiring
that the renormalized vertex amplitudes satisfy

Z; : .
Airen = Z—’A,- =1, i€ {S,PV,A, T}, v (5.16)

q

we have es'sentiaily obtained the renormélization constants-for the quark bilinear operators in
the RI/MQM scheme. We‘ must now rémove the Z, factor by taking advantage of a conserved
current; which );ields Z4, perform thé perturbative mnning' to the standard reference scale.of
2 GeV (if necessary), and thefe match perturbatively to the MS scheme.

Equations (5 .7): through eq. (5.16), however, only describe the schematic procedure used
to calculate tﬁe renormalization coefficients of quérk.bilinears. In pracﬁce, with finite quark
‘masses and with a limited range of momenta, we must c‘arefull)ir cénsider lattice artefacts and
other systematic uncertainties. we discuss the details in the next section, before continuing

_ with the details of the calculation for the case of the tensor current operator.

53 The Renormalization ‘Window’, Chiral Symmetry Breaking
and Z, — Zy

As explained in section 3.7, in order that our REMOM scheme renormalization constants are
obtained at sufficiently high scales that perturbative running and matching to a continuum
~ scheme can be applied; without there being excessive contamination by discretization effects,

there must exist on the lattice a window of momenta such that

Agep K |p| <@t (5.17)
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Table 5.1: The five bare vertex amplitudes A;, i € {S,P,V,A,T} averaged over four sources,

with m; = 0.01.

(ap)* As Ap Av. Ay At

0347 2.125(86) 672(19). 1.1702(58) 1.0675(43) 0.8904(43)
0617 1.945(51) 4.45(‘11) 1.1419(37) - 1.0938(30)  0.9404(26)
0.810 1856(37) 3.677(81) 1.1348(31) 1.1025227) 0.9618(19)
1079 1758227) 3.022(57) | 1.1335(29) '1.1135(27) 0.9882(16)
1234 1.71524) 2.792(50) 1.1291(29) 1.1137(27) 0.9935(17)
1388 1.677(21) 2.600(43) 1.1328(26) 1.119124)  1.0065(13)
1542 1.642(19) 12448(38)  1.1355(27) 1.1240(25) 1.0167(14)
1.851 bl..599_€16) 2239(32) 1.1387(29) 1:1301(27) 1.0310(16)

2.005 1.578(15) 2.154(28) 1.1420(27) 1.1342(26) 1.0392(16)

2467 1532(13) 197923) 1.1495(29) 1.143429) 1.0577(19)
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Table 5.2: The five bare_ vertex amplitudes Ai, i € {S,P,V,A, T} averaged over four sources,

: with m; = 0.02.
(@p)?  As Ap Ay Aa Ar
| v 0.347 1.828(45). 5.09(14) 1.1745(46) - 1.0412(28) 0.8930(31)
0617 1.774(30) 3.600(82) 1.1465(30)  1.0838(21) 0.9414(18)
0810  1.721(24) 3052(61) 1.1360(24) 1.0943(19) 0.9614(15)
1.079 1.655(19) | 2.590(45): 1.1331(22) '1.1069(20) 0.9870(12)
1.234 v1.637(1A6) 2.428(40) >1.1307(21) | 1.1083(20) 0.9930(12)
1.388 1.608(15) 2.283(33) 1.1323(21) 1.1141(19) 1.0049(11)
,1.542 1;581(14) 2.175(30) '1.1351(21) 1.1199(20) 1.0159(12)
1.851 .1.552(11) '2.019(24). 1.1389(22)  1.1275(21) 1.0309(12)
- 2005 1.532(11) 1.955(23) 1.1416(23).. 1'-'1315(22) 1.0390(14)
2.467 1.4984(91) 1.819(18) >1.1498(26) 1.1422(25) 1.0580(17)
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Table 5.3: The five bare vertex amplitudes A;, i € {S,P,V,A,T} averaged over four sources,

with m; = 0.03.

(ap)* As o Ap Ay Ag Ar

0347 1723(56) 4.1004) 11809(56) 10357(23) 0.9020(24)
0617 170237) 304987) 1.1457(37) 10769(19) 0.9451(17)
0810 166328) 2658(66) 1.135631) 1.0886(17) 0.9642(14)
1079 161021) 230749 1132527) 1.101508) 0.9883(12)
1234 1591(18) 2.182(42) 1.1294(25) 1.1050(20) 01.9951(12)'
1388 1569(15) 207637 1131225 11105@20) 10061(11)
1542 154813) 1991(33) 1.133726) L115721) 10161(12)
1851 1520(10) ~ 1.86927) 1.1366(26) 1.122822) 10300(13)
2005 1.506596) 1820025) 11395(27) 11271(24)  10382015)

2467 14764(78) 1.717(20) 1.1464(27) 1.1371(26) 1.0561(17)
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1n prgctice, hoWevef, this conditiop is ﬁot e'asily satisfied, and violatigns of Both fe'strictions
lead to systematic uncertainties which rﬁust be quantified.
Due to the .presence ,Of sponténeohs chiral symrhetry breaking at low momenta, which

can be seen in the nbn-trivial difference betweer Z,/Z, and Z,/Zy as we discuss below, we .

are forced to rely on the calculation in fhe relatively high momentum region, where (ap)2 Py

1'. Fortunately, the effects from-breaking tﬁe restriction imposed by the finite lattice spacing
.~ a are small and vpre;iictable. They introduce an error of?ﬁ ((ap)z) to the renormalization
coefficients, which can be removed by quadratic fitting td the mémentum dgpendence. A more
detailed investigation of this issue was presented in an éarlier, quenched RBC paper on NPR
using domain wall fermions, ref. [99].

- Since éur calculations are necessaﬁly carried out at ﬁﬁite momenta, the effects of both the
low energy sponténeous chiral symmetry breaking pfesent in QCD, and of our non-zero quark
masses, are visible. In ordgr to unde;rstand these effects,. We study the difference between the
- off-shell vector and axial vector vertex fﬁnctions. In the limit of a émall mass and a large

- momentum, we expect

Za=Zy, (5.18)

of equivalently,

() = Av(p?) (5.19)

for p* > AQCD,

To determine the extent of chiral symmetry breaking in our calculation, we examine the
relative difference between A4 and Ay. In figure 5 1 we plot the quantity m as a func-
tion of momentum. To obtain the chiral limit here, we hav;: performed a lmear extrapolation
my + Myes — 0. While a quadratic e);tfapélation gives a similar result, this linear choice gener-
ally leads to the smaller 2. |

At relatively low momenta, 0.5 < (pa)? < 1, we observe that this quantity is quite large
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Figure 5.1: The ratio M—’:ﬁj\%/—z plotted as a function of momentum for each dynamical light-
quark mass m;, and in the chiral limit evaluated by linear extrapolation in m;. The 5-10%
difference at low momentum decreases rapidly as the momentum increases. At the scale y ~

2 GeV,or (ap)2 ~ 1.4, the difference is about 1%, which contributes to the systematic error in

our renormalization constants.
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4=Av _ 15 the chiral limit, the difference

A
(~ 5%). Furthermore, even when we extrapo}ate YETY)

between A4 and Ay does not vanish. As is discussed in some detail in ref. [101], this difference _
appears to représent.the high—enérgy tail of QCD dynamical chiral symmetry breaking rather
than coming from the finite value of L; as might be suspected, since the explicit chiral symmetry
breaking terms needed ‘to split A4 and Ay éan be vargued to be &(m2,;) and similar deviations
are seen in quenched data where the finite-Lg effects are expected to be smaller. Naive power
cbunting estimates, however, fail to account for the substantial dif.feren.ce we see, which appeérs
to result from our use of “exceptional momenta” (i.e. kinematiés where a momentum transfer is
Zero, which introduces an extra, infrared scale). Thisbanalysis is supported in ref. ['101] by data
calculated at non-exceptional m(;menta, showing.that the cﬁiral symmetry breaking vanished
almost entirely at medium to la.rge momenta.

While it would be more saﬁsfaﬁtory to perform our calculations using non-exceptional mo-
fnenta, the resulting RI/MOM renormalization conditions would not be consistent with those
for which perturbativerﬁatching calculations have been done. There are alsb many more dis-.
crete lattice momenta that can be used in the exceptional momentum case.

At the scalé which we are most interested in, that is ft ~ 2-GeV or (ap)2 ~1.3, Az and Ay
differ by about 1%. Since we have no way to determine which 'o>f the two quantities has less
contamination from low energy chiral symmetry breaking, we take the average % (Aa+Av) as
the central value for both Z, /Z, and Z,/ Z‘.;. The difference betWeen» Asor Ay and § (Ax+Av)

then provides an estimate for one systematic error in.our final results. The value of % (As+Ay)

is plotted in figure 5.2.
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Figure 5.2: The average %(AA -+ Ay) plotted as a function of momentum and evaluated for
each dynamical light-quark mass and in the chiral limit. The chiral limit is taken using a linear

fit.
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54 Tensor Current Renormalization and Renormalization Group
Running

In section 5.2, we described the n_on—pertﬁrbative calqulation, using bare lattice correlation
functions, of the quantity Ar(p) = Z};I /MOM (p) /ZfTu/ MOM:( D). In order to obtain the tensor
current renormalization constant Zr, or the ratio Zr /Zy, we must remove the Z, factor. For
7 g:ach dynamical .qua;k mass, therefore, we combine the ratios Ay = Z,/Zr and F(Aa+Ay) =
-  Z4/Z4y in order ;co ébtain the ratio of Zy to Zy in the RI/MOM s_éheme:
RI/MOM -
.Zi;—_-(p): EOIE 20
ﬁltimately, we can then use the indeper_xdént hadronic matrjx element calculation of Z,, which |
gives ZA =0.7161(1) [113], to 6b‘tain Zy. Since Z, is just é number andvdoés not have any
" scheme- or scale-dependence, we can quite freely convert back and forth befween Zr and
ZT /Zy in what folloWs. Table 5.4 shows the values obta_ined for Z}T{I /MOM 1in the chiral limit
for a range of lattice momenta. As discussed above we have performed the chiral extrapola- |
tion using a linear functional form, and iﬁgure 53 shbws this linear éxt<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>